
Diplwmatik  ergasÐa

To Je¸rhma tou Carleson

gia akoloujÐec parembol c ston H∞

D.MaurÐdh
Tm ma Majhmatik¸n
Panepist mio Kr thc

'Anoixh 2006



2



Sta adèrfia mou, Jodwr , 'Artemic, Dan�h.
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Thn epitrop  krÐshc thc ergasÐac aut c apetèlesan oi
M. Papadhmhtr�khc, epiblèpwn,M. Kolountz�khc,J. M tshc,
touc opoÐouc euqarist¸.
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Prìlogoc.

H ergasÐa aut  asqoleÐtai me to prìblhma tou qarakthrismoÔ twn ako-louji¸n parembol c gia ton q¸ro H∞. To prìblhma autì eÐnai èna apìta pio gnwst� thc sÔgqronhc migadik c - armonik c an�lushc kai lÔjhke apìton Lennart Carleson sthn ergasÐa tou An interpolation problem for bounded
analytic functions, American Journal of Mathematics, 80 (1958) 921-930. H lÔ-sh autoÔ tou probl matoc mazÐ me th lÔsh tou probl matoc thc corona kai touprobl matoc thc sÔgklishc twn seir¸n Fourier twn tetragwnik� oloklhr¸si-mwn sunart sewn èkanan di�shmo ton Carleson, o opoÐoc katat�ssetai, plèon,an�mesa stouc megalÔterouc majhmatikoÔc tou eikostoÔ ai¸na.Ed¸ analÔetai mÐa katopinìterh apìdeixh tou probl matoc apì ton Peter
Jones (ènan, epÐshc, meg�lo majhmatikì) sthn ergasÐa tou, L∞ estimates for
the ∂ problem in a half - plane, Acta Mathematica, 150 (1983) 137-152 ìpwcaut  ektÐjetai sto biblÐo tou M. Andersson, Topics in Complex Analysis, Uni-
versitext, Springer, 1996.AparaÐthta ergaleÐa gia thn katanìhsh thc apìdeixhc eÐnai, pèran thc Ôlhctwn tupik¸n proptuqiak¸n majhm�twn Sunarthsiak c kai Migadik c An�lushc,to je¸rhma thc anoikt c apeikìnishc, o q¸roc H∞ twn fragmènwn analutik¸nsunart sewn ston monadiaÐo dÐsko tou migadikoÔ epipèdou kai o rìloc twn gi-nomènwn Blaschke ston q¸ro H∞.H kurÐa MaurÐdh apèkthse tic epiplèon aparaÐthtec gn¸seic (shmeiwtèon ìtiden eÐqe p�rei kan to proptuqiakì m�jhma thc Sunarthsiak c An�lushc) kaiparousi�zei ed¸, sta plaÐsia thc proptuqiak c thc Diplwmatik c ErgasÐac,ta epiplèon aut� ergaleÐa kai, me k�je leptomèreia, thn pl rh apìdeixh toujewr matoc tou Carleson.PisteÔw ìti t¸ra h lÔsh tou fhmismènou autoÔ probl matoc mporeÐ na dia-basteÐ �neta apì ènan kalì proptuqiakì foitht .

M. Papadhmhtr�khc, epiblèpwn kajhght c
Panepist mio Kr thc.
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Kef�laio 1

Eisagwgik�

Prìtash 1.1 'Estw kampÔlh γ : [a, b] → C suneq¸c paragwgÐsimh, Φ suneq c
sto γ∗ = {γ(t) : a ≤ t ≤ b},

F (z) =
∫

γ

Φ(ζ)
ζ − z

dζ, z ∈ C \ γ∗.

Tìte h F eÐnai analutik  sto C \ γ∗ kai

F ′(z) =
∫

γ

Φ(ζ)
(ζ − z)2

dζ, z ∈ C \ γ∗.

Apìdeixh: 'Estw z ∈ C \ γ∗. Up�rqei r > 0, tètoio ¸ste D(z; r)
⋂
γ∗ = ∅.PaÐrnoume w ∈ D(z; r

2 ) kai èqoume
F (w)− F (z)

w − z
=

1
w − z

(∫
γ

Φ(ζ)
ζ − w

dζ −
∫

γ

Φ(ζ)
ζ − z

dζ
)

=
1

w − z

∫
γ

Φ(ζ)
( 1
ζ − w

− 1
ζ − z

)
dζ

=
∫

γ

Φ(ζ)
1

(ζ − w)(ζ − z)
dζ.

Epomènwc,∣∣∣ F (w)− F (z)
w − z

−
∫

γ

Φ(ζ)
(ζ − z)2

dζ
∣∣∣=∣∣∣ ∫

γ

Φ(ζ)
( 1

(ζ − z)(ζ − w)
− 1

(ζ − z)2
)
dζ
∣∣∣

=
∣∣∣ ∫

γ

Φ(ζ)
w − z

(ζ − w)(ζ − z)2
dζ
∣∣∣≤ |w − z|

∫
γ

|Φ(ζ)|
|ζ − w||ζ − z|2

|dζ|

≤ |w − z| M
r3/2

· m koc(γ) = |w − z|2M
r3

· m koc(γ),
11



ìpou M = maxζ∈γ∗ |Φ(ζ)|. 'Ara,
lim
w→z

F (w)− F (z)
w − z

=
∫

γ

Φ(ζ)
(ζ − z)2

dζ.

Je¸rhma 1.1 'Estw Ω anoiqtì uposÔnolo tou C, fn(n ∈ N) analutikèc sto Ω,
f orismènh sto Ω kai fn → f omoiìmorfa se k�je sumpagèc uposÔnolo tou Ω.
Tìte:
(1) H f eÐnai analutik  sto Ω,
(2) f ′n → f ′ omoiìmorfa se k�je sumpagèc ⊆ Ω.

Apìdeixh: (1) 'Estw tuqaÐo z0 ∈ Ω. Up�rqei r > 0 ¸ste D(z0, r) ⊆ Ω. GnwrÐ-zoume ton tÔpo tou Cauchy gia analutikèc sunart seic:
fn(z) =

1
2πi

∫
γ

fn(ζ)
ζ − z

dζ, z ∈ D(z0; r),

ìpou γ(t) = z0 + reit, t ∈ [0, 2π]. H f eÐnai suneq c sto γ∗ diìti k�je fn eÐnaisuneq c sto γ∗ kai fn → f omoiìmorfa sto γ∗. Gia k�je z ∈ D(z0; r)∣∣∣ 1
2πi

∫
γ

fn(ζ)
ζ − z

dζ − 1
2πi

∫
γ

f(ζ)
ζ − z

dζ
∣∣∣=∣∣∣ 1

2πi

∫
γ

fn(ζ)− f(ζ)
ζ − z

dζ
∣∣∣

≤ 1
2π

∫
γ

|fn(ζ)− f(ζ)|
|ζ − z|

|dζ| ≤ 1
2π

supζ∈γ∗ |fn(ζ)− f(ζ)|
r − |z|

2πr.

Epeid  ta r, z eÐnai stajer� kai limn→+∞ supζ∈γ∗ |fn(ζ)− f(ζ)| = 0, èqoume ìti
lim

n→+∞

1
2πi

∫
γ

fn(ζ)
ζ − z

dζ =
1

2πi

∫
γ

f(ζ)
ζ − z

dζ.

EpÐshc, limn→+∞ fn(z) = f(z). 'Ara,
f(z) =

1
2πi

∫
γ

f(ζ)
ζ − z

dζ, z ∈ D(z0; r).

Apì thn Prìtash 1.1 h 1
2πi

∫
γ

f(ζ)
ζ−z dζ eÐnai analutik  sun�rthsh tou z sto C\γ∗.

'Ara h f eÐnai analutik  sto D(z0; r) kai, p�li apì thn Prìtash 1.1,
f ′(z) =

1
2πi

∫
γ

f(ζ)
(ζ − z)2

dζ, z ∈ D(z0; r).

Epeid  to z0 eÐnai tuqaÐo, h f eÐnai analutik  sto W.(2) 'Estw tuqaÐo z0 ∈ W kai r > 0 ¸ste D(z0; r) ⊆ W. Tìte èqoume
f ′n(z) =

1
2πi

∫
γ

fn(ζ)
(ζ − z)2

dζ, f ′(z) =
1

2πi

∫
γ

f(ζ)
(ζ − z)2

dζ, z ∈ D(z0; r).
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'Estw z ∈ D(z0; r/2). Tìte
|f ′n(z)− f ′(z)| = 1

2π

∣∣∣ ∫
γ

fn(ζ)− f(ζ)
(ζ − z)2

dζ
∣∣∣

≤ 1
2π

supζ∈γ∗ |fn(ζ)− f(ζ)|
r2/4

2πr =
4
r

sup
ζ∈γ∗

|fn(ζ)− f(ζ)|.

Epeid  to r eÐnai stajerì kai limn→+∞ supζ∈γ∗ |fn(ζ)− f(ζ)| = 0, sunep�getaiìti f ′n → f ′ omoiìmorfa sto D(z0; r/2). 'Eqoume apodeÐxei ìti gia k�je z ∈ Wup�rqei anoiqtìc dÐskoc D(z) me kèntro to z ¸ste f ′n → f ′ omoiìmorfa ston
D(z).'Estw tuqaÐo sumpagèc K ⊆ W. Tìte K ⊆

⋃
z∈K D(z), opìte up�rqoun

z1, z2, . . . , zn ∈ K ¸ste K ⊆ D(z1)
⋃
· · ·
⋃
D(zn). Epeid  oi dÐskoi eÐnai pepe-rasmènou pl jouc, f ′n → f ′ omoiìmorfa sto K.

Je¸rhma 1.2 'Estw Ω anoiqtì ⊆ C, fn (n ∈ N) analutikèc sto Ω kai gia
k�je sumpagèc K ⊆ Ω kai k�je k ∈ N up�rqei MK,k ¸ste
|fk(z)| ≤MK,k gia k�je z ∈ K. An gia k�je K isqÔei

+∞∑
k=1

MK,k < +∞,

tìte h
+∞∑
k=1

fk

sugklÐnei omoiìmorfa se k�je sumpagèc ⊆ Ω.

Apìdeixh: 'Estw tuqaÐo z ∈ W. To {z} eÐnai sumpagèc, opìte |fk(z)| ≤ M{z},k.Epeid  ∑+∞
k=1M{z},k < +∞, h ∑+∞

k=1 fk(z) sugklÐnei apolÔtwc. 'Ara, orÐzetai hsun�rthsh
s(z) =

+∞∑
k=1

fk(z), z ∈ W.
JewroÔme ta sn(z) =

∑n
k=1 fk(z). PaÐrnoume tuqaÐo K sumpagèc ⊆ W.An z ∈ K,

|sn(z)− s(z)| =
∣∣∣ +∞∑

k=n+1

fk(z)
∣∣∣≤ +∞∑

k=n+1

|fk(z)| ≤
+∞∑

k=n+1

MK,k.

'Ara,
sup
z∈K

|sn(z)− s(z)| ≤
+∞∑

k=n+1

MK,k → 0,

kaj¸c n→ +∞. 'Ara, sn → s omoiìmorfa sto K.
13



Par�deigma: Oi dunamoseirèc ∑+∞
k=0 akz

k. 'Estw
R =

1
lim supk→+∞

k
√
|ak|

> 0.

JewroÔme ton dÐsko D(0;R) kai paÐrnoume tuqaÐo K sumpagèc ⊆ D(0;R).Tìte up�rqei r < R ¸ste K ⊆ D(0; r). PaÐrnoume r1 ¸ste r < r1 < R, opìte
lim supk→+∞

k
√
|ak| = 1

R < 1
r1
. Tìte up�rqei n0 ¸ste k

√
|ak| < 1

r1
gia k�je

k ≥ n0. Gia k�je z ∈ K kai k ≥ n0 èqoume |akz
k| ≤ |ak|rk ≤

(
r
r1

)k.Onom�zoume
MK,k =

( r
r1

)k

, k ≥ n0,

opìte
+∞∑

k=n0

MK,k =
+∞∑

k=n0

( r
r1

)k

< +∞,

diìti 0 ≤ r
r1
< 1. 'Ara, h

+∞∑
k=0

akz
k

sugklÐnei omoiìmorfa se k�je sumpagèc ⊆ D(0;R).
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Kef�laio 2

Apeiroginìmena

'Estw akoloujÐa {an} sto C.

Pr¸th perÐptwsh: an 6= 0 gia k�je n ∈ N.
SumbolÐzoume pn = a1a2 · · · an kai to onom�zoume n-ostì merikì ginìmeno twn
a1, a2, . . . . An h {pn} èqei ìrio p ∈ C

⋃
{∞}, gr�foume

+∞∏
k=1

ak = p.

An p 6= 0 kai p 6= ∞, tìte lème ìti to apeiroginìmeno sugklÐnei sto p. An p = 0  p = ∞, tìte lème ìti to apeiroginìmeno apoklÐnei sto 0   sto ∞ antÐstoiqa.An h {pn} den èqei ìrio sto C
⋃
{∞}, tìte lème ìti to apeiroginìmeno apoklÐnei.

ParadeÐgmata:(1) an = 1 + 1
n , n ∈ N.

pn = (1 + 1
1 )(1 + 1

2 ) · · · (1 + 1
n ) = 2

1
3
2 · · ·

n+1
n = n+ 1 kai pn →∞.

'Ara, ∏+∞
k=1(1 + 1

k ) = ∞ (apìklish sto ∞).(2) an = 1− 1
n+1 , n ∈ N.

pn = (1− 1
2 )(1− 1

3 ) · · · (1− 1
n+1 ) = 1

2
2
3 · · ·

n
n+1 = 1

n+1 kai pn → 0.
'Ara, ∏+∞

k=1(1−
1
k ) = 0 (apìklish sto 0).(3) an = 1− 1

(n+1)2 , n ∈ N

pn = (1 − 1
22 )(1 − 1

32 ) · · · (1 − 1
n2 )(1 − 1

(n+1)2 ) = 1·3
22

2·4
32 · · · (n−1)(n+1)

n2
n(n+2)
(n+1)2 =

1
2

n+2
n+1 →

1
2 . 'Ara, ∏+∞

k=1(1−
1

(k+1)2 ) = 1
2 (sÔgklish sto 1

2 ).
DeÔterh perÐptwsh: Up�rqei m ≥ 2 ¸ste an 6= 0 gia k�je n ≥ m kai up�rqeitoul�qiston èna n < m ¸ste an = 0.

An to∏+∞
k=m ak den èqei ìrio sto C

⋃
{∞} lème ìti to∏+∞

k=1 ak apoklÐnei. 'Estw
ìti to ∏+∞

k=m ak èqei ìrio p′ sto C
⋃
{∞}. Sthn perÐptwsh pou p′ 6= 0 kai
15



p′ 6= ∞, opìte to ∏+∞
k=m ak sugklÐnei sto p′, lème ìti to ∏+∞

k=1 ak sugklÐnei sto
p =

(∏m−1
k=1 ak

)
p′. Sthn perÐptwsh pou p′ = 0, opìte to ∏+∞

k=m ak apoklÐnei sto
0, lème ìti to ∏+∞

k=1 ak apoklÐnei sto 0. Sthn perÐptwsh pou p′ = ∞ lème ìti
to ∏+∞

k=1 ak apoklÐnei.
TrÐth perÐptwsh: Up�rqoun �peira n ¸ste an = 0.
Tìte lème ìti to apeiroginìmeno ∏+∞

k=1 ak apoklÐnei.
Parat rhsh: SÔgklish tou ∏+∞

k=1 ak kai ∏+∞
k=1 ak = p isqÔei se dÔo mìnopeript¸seic: eÐte p 6= 0 eÐte p = 0. H perÐptwsh p 6= 0 isodunameÐ me an 6= 0 giak�je n kai pn =

∏n
k=1 ak → p 6= 0,∞. H perÐptwsh p = 0 isodunameÐ me to naup�rqei m ≥ 2 ¸ste an = 0 gia èna toul�qiston n < m kai an 6= 0 gia k�je

n ≥ m kai ∏+∞
k=m ak sugklÐnei se migadikì 6= 0.

Prìtash 2.1 An to
∏+∞

k=1 ak sugklÐnei, tìte an → 1.

Apìdeixh: Up�rqei m ¸ste an 6= 0 gia k�je n ≥ m kai ∏+∞
k=m ak = p′ 6= 0,∞.An n ≥ m+ 1, tìte p′n =

∏n
k=m ak → p′ kai p′n−1 → p′. 'Ara,
an =

p′n
p′n−1

→ p′

p′
= 1.

Parat rhsh: Sto ex c sumfwnoÔme na qrhsimopoioÔme to sÔmbolo
+∞∏
k=1

(1 + uk)

gia ta apeiroginìmena. SÔmfwna me ìsa èqoume pei, h sÔgklish tou apeirogi-nomènou sunep�getai ìti to polÔ peperasmènou pl jouc un eÐnai Ðsa me to −1kai ìti un → 0.
Je¸rhma 2.1 'Estw ìti un ≥ 0 gia k�je n ∈ N. Tìte to

∏+∞
k=1(1 + uk)

sugklÐnei an kai mìno an
∑+∞

k=1 uk < +∞.

Apìdeixh: Jètoume pn = (1 + u1) · · · (1 + un), opìte h {pn} eÐnai aÔxousa kai
pn ≥ 1 gia k�je n ∈ N. 'Ara h {pn} eÐte sugklÐnei se arijmì ≥ 1 eÐte apoklÐneisto ∞.(⇐) 'Estw ∑+∞

k=1 uk < +∞. Tìte
pn ≤ eu1 · · · eun = eu1+···+un ≤ e

∑+∞
k=1

uk < +∞.

'Ara h {pn} eÐnai fragmènh, opìte sugklÐnei se arijmì ≥ 1. 'Ara to∏+∞
k=1(1+uk)sugklÐnei.(⇒) 'Estw ìti to ∏+∞

k=1(1 +uk) sugklÐnei. Tìte h {pn} eÐnai �nw fragmènh apì
ton arijmì p =

∏+∞
k=1(1 + uk) kai

1 + u1 + · · ·+ un ≤ (1 + u1) · · · (1 + un) ≤ p < +∞.
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Epomènwc, ∑+∞
k=1 uk ≤ p− 1 < +∞.

Par�deigma: To ∏+∞
k=1(1+ 1

k ) apoklÐnei sto +∞ diìti∑+∞
k=1

1
k = +∞, en¸ to∏+∞

k=1(1 + 1
k2 ) sugklÐnei, diìti ∑+∞

k=1
1
k2 < +∞.

Parat rhsh: Apì thn apìdeixh tou Jewr matoc 2.1 èqoume ìti, an un ≥ 0gia k�je n, tìte
1 +

+∞∑
k=1

uk ≤
+∞∏
k=1

(1 + uk) ≤ e
∑+∞

k=1
uk .

Orismìc 2.1 Lème ìti to
∏+∞

k=1(1 + uk) sugklÐnei apolÔtwc, an∑+∞
k=1 |uk| < +∞.

Parat rhsh: Apì to Je¸rhma 2.1 èqoume ìti to ∏+∞
k=1(1 + uk) sugklÐnei

apolÔtwc an kai mìno an to ∏+∞
k=1(1 + |uk|) sugklÐnei.

L mma 2.1 An 0 ≤ a1, . . . , an ≤ 1 tìte (1−a1) · · · (1−an) ≥ 1−a1−· · ·−an.

Apìdeixh: Me epagwg  sto n.
Je¸rhma 2.2 An to

∏+∞
k=1(1 + uk) sugklÐnei apolÔtwc, tìte sugklÐnei.

Apìdeixh: Epeid  h ∑+∞
k=1 |uk| sugklÐnei, sunep�getai ìti un → 0, �ra to polÔpeperasmènou pl jouc un eÐnai Ðsa me −1.

Pr¸th perÐptwsh:
∑+∞

k=1 |uk| < 1.Tìte kanèna un den eÐnai Ðso me −1. PaÐrnoume n < m kai èqoume
|pm − pn| =

∣∣∣ m∏
k=1

(1 + uk)−
n∏

k=1

(1 + uk)
∣∣∣

=
∣∣∣ n∏

k=1

(1 + uk)
( m∏

k=n+1

(1 + uk)− 1
) ∣∣∣= n∏

k=1

|1 + uk|
∣∣∣ m∏

k=n+1

(1 + uk)− 1
∣∣∣

≤
n∏

k=1

(1+ |uk|)
( m∏

k=n+1

(1+ |uk|)−1
)
=

m∏
k=1

(1+ |uk|)−
n∏

k=1

(1+ |uk|) = qm− qn,

ìpou qn =
∏n

k=1(1 + |uk|) eÐnai to n-ostì merikì ginìmeno tou ∏+∞
k=1(1 + |uk|).Apì to Je¸rhma 2.1 to ∏+∞

k=1(1+ |uk|) sugklÐnei, opìte limm,n→+∞ |qm−qn| =
0. 'Ara, limm,n→+∞ |pm − pn| = 0 kai, epomènwc, h {pn} sugklÐnei. Mènei nadeÐxoume ìti limn→+∞ pn 6= 0.

|pn| =
n∏

k=1

|1 + uk| ≥
n∏

k=1

(1− |uk|) ≥ 1−
n∑

k=1

|uk| ≥ 1−
+∞∑
k=1

|uk| > 0.

'Ara, limn→+∞ |pn| ≥ 1−
∑+∞

k=1 |uk| > 0.
DeÔterh perÐptwsh:

∑+∞
k=1 |uk| ≥ 1.

Up�rqeim ¸ste∑+∞
k=m |uk| < 1. Apì thn pr¸th perÐptwsh, to∏+∞

k=m(1+uk)
sugklÐnei, opìte to ∏+∞

k=1(1 + uk) sugklÐnei.
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Je¸rhma 2.3 'Estw Ω anoiqtì ⊆ C kai un (n ∈ N) analutikèc sunart seic
sto Ω. Upojètoume ìti gia k�je K sumpagèc ⊆ Ω up�rqei MK,k < +∞ ¸ste na
isqÔei |uk(z)| ≤MK,k gia k�je z ∈ K kai k ∈ N.

An
∑+∞

k=1MK,k < +∞ gia k�je K, tìte to p(z) =
∏+∞

k=1

(
1 + uk(z)

)
sugklÐnei

omoiìmorfa se k�je sumpagèc uposÔnolo tou Ω kai orÐzei analutik  sun�rthsh
sto Ω.

Apìdeixh: Gia tuqaÐo z ∈ Ω isqÔei |uk(z)| ≤ M{z},k gia k�je k ∈ N. Epeid ∑+∞
k=1 |uk(z)| ≤

∑+∞
k=1M{z},k < +∞, sunep�getai ìti to ∏+∞

k=1(1 + uk(z)) su-gklÐnei apolÔtwc kai epomènwc sugklÐnei. 'Ara, orÐzetai kat� shmeÐo to
p(z) =

∏+∞
k=1(1 + uk(z)). 'Estw tuqaÐo K sumpagèc ⊆ Ω kai z ∈ K. An m > n,tìte, b�sh thc apìdeixhc tou Jewr matoc 2.2,

∣∣ pm(z)− pn(z)
∣∣≤ qm(z)− qn(z) =

n∏
k=1

(1 + |uk(z)|)
( m∏

k=n+1

(1 + |uk(z)|)− 1
)
,

ìpou qn(z) =
∏n

k=1(1 + |uk(z)|). PaÐrnontac ìrio kaj¸c m→ +∞, èqoume
∣∣ p(z)− pn(z)

∣∣≤ n∏
k=1

(1 + |uk(z)|)
( +∞∏

k=n+1

(1 + |uk(z)|)− 1
)

≤ e
∑n

k=1
|uk(z)|

(
e
∑+∞

k=n+1
|uk(z)| − 1

)
≤ e
∑+∞

k=1
MK,k − e

∑n

k=1
MK,k .

'Ara,
sup
z∈K

∣∣ pn(z)− p(z)
∣∣≤ e

∑+∞
k=1

MK,k − e
∑n

k=1
MK,k .

Epeid  limn→+∞ e
∑n

k=1
MK,k = e

∑+∞
k=1

MK,k , sunep�getai ìti pn → p omoiìmor-fa sto K. Oi sunart seic pn =
∏n

k=1(1 + uk) eÐnai analutikèc sto W, opìte h
p eÐnai analutik  sto Ω.
Parat rhsh: Sto Je¸rhma 2.3 èqoume to ex c epiplèon sumpèrasma. IsqÔei
p(z) = 0 an kai mìno an up�rqei n ¸ste 1 + un(z) = 0. Dhlad , to sÔnolo twnriz¸n thc p eÐnai Ðdio me to sÔnolo ìlwn twn riz¸n ìlwn twn paragìntwn touapeiroginomènou.
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Sth sunèqeia ja doÔme èna polÔ shmantikì par�deigma efarmog c tou Je-wr matoc 2.3.'Estw D = {z ∈ C : |z| < 1}, T = {z ∈ C : |z| = 1} kai a ∈ D.
Orismìc 2.2 An a ∈ D \ {0}, orÐzoume

Φa(z) = − a

|a|
z − a

1− az
, z ∈ C \

{1
a

}
.

An a = 0, orÐzoume
Φ0(z) = z, z ∈ C.

An a = 0, tìte eÐnai profanèc ìti
Φ0 : C

1− 1
−→epÐ C

kai ìti h Φ0 eÐnai analutik  sto C. EpÐshc, an a 6= 0, tìte
Φa : C \

{1
a

}1− 1
−→epÐ C \

{ 1
|a|

}
kai h Φa eÐnai analutik  sto C\

{
1
a

} kai èqei pìlo t�xhc 1 sto 1
a . Pr�gmati,h Φa eÐnai 1-1 diìti

Φa(z1) = Φa(z2) ⇒
z1 − a

1− az1
=

z2 − a

1− az2

⇒ z1 − a− az1z2 + |a|2z2 = z2 − a− az1z2 + |a|2z1
⇒ z1 + |a|2z2 − z2 − |a|2z1 = 0 ⇒ (z1 − z2)(1− |a|2) = 0 ⇒ z1 = z2.

Gia na doÔme ìti h Φa eÐnai epÐ paÐrnoume tuqìn w ∈ C\
{

1
|a|
} kai èqoume

w = − a

|a|
z − a

1− az
⇔ |a|w

a
(1− az) = a− z

⇔ |a|w
a

− |a|wz = a− z

⇔ |a|w
a

− a = |a|wz − z ⇔ |a|w
a

− a =
(
|a|w − 1

)
z

⇔ z =
|a|w − |a|2

a(|a|w − 1)
.

EÐnai profanèc ìti gia k�je a ∈ D h monadik  rÐza thc Φa eÐnai to a.
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L mma 2.2 Gia k�je a ∈ D

1−
∣∣ Φa(z)

∣∣2= (1− |a|2)(1− |z|2)
|1− az|2

.

Apìdeixh:

1−
∣∣ Φa(z)

∣∣2= 1−
∣∣∣ z − a

1− az

∣∣∣2= |1− az|2 − |z − a|2

|1− az|2
=

=
1 + |az|2 − 2Re(az)− |z|2 − |a|2 + 2Re(az)

|1− az|2
=

=
1 + |a|2|z|2 − |a|2 − |z|2

|1− az|2
=

(1− |a|2)(1− |z|2)
|1− az|2

.

Parat rhsh: Apì to L mma 2.2 èqoume ta ex c sumper�smata:
(1) IsqÔei: |z| < 1 ⇔ |Φa(z)| < 1. 'Ara, Φa : D

1−1
→epÐD.

(2) IsqÔei: |z| = 1 ⇔ |Φa(z)| = 1. 'Ara, Φa : T
1−1
→epÐ T .

Je¸rhma 2.4 'Estw akoloujÐa {an} sto D.
(1) An

∑+∞
k=1(1 − |ak|) = +∞, tìte to apeiroginìmeno B(z) =

∏+∞
k=1 Φak

(z)
apoklÐnei sto 0 gia k�je z ∈ D.
(2) An

∑+∞
k=1(1 − |ak|) < +∞, tìte to apeiroginìmeno B(z) =

∏+∞
k=1 Φak

(z)
sugklÐnei omoiìmorfa se k�je sumpagèc ⊆ D kai orÐzei analutik  sun�rthsh
sto D me tic idiìthtec:

(i) B(z) = 0 an kai mìno an z = an gia k�poio n.
(ii) |B(z)| < 1 gia k�je z ∈ D.
(iii) supz∈D |B(z)| = 1.

Apìdeixh: (1) 'Estw z ∈ D kai Bn(z) =
∏n

k=1 Φak
(z). Tìte

0 ≤ |Bn(z)|2 =
n∏

k=1

|Φak
(z)|2 =

n∏
k=1

(
1− (1− |Φak

(z)|2)
)

≤ e−
∑n

k=1
(1−|Φak

(z)|2) = e
−
∑n

k=1

(1−|ak|
2)(1−|z|2)

|1−akz|2 ≤ e−
1−|z|2

4

∑n

k=1
(1−|ak|),

diìti 1 − |ak|2 = (1 − |ak|)(1 + |ak|) ≥ 1 − |ak| kai |1 − akz| ≤ 1 + |ak||z| ≤ 2.'Ara,
lim

n→+∞
Bn(z) = 0.
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(2) Efarmìzoume to Je¸rhma 2.3. PaÐrnoume tuqaÐo K sumpagèc ⊆ D.Tìte up�rqei r = r(K) < 1 ¸ste |z| ≤ r gia k�je z ∈ K. An z ∈ K, èqoume
|Φak

(z)− 1| =
∣∣∣ − ak

|ak|
z − ak

1− akz
− 1

∣∣∣
=
| − akz + |ak|2 − |ak|+ |ak|akz|

|ak||1− akz|

≤ |z||ak|(1− |ak|) + |ak|(1− |ak|)
|ak||1− akz|

=
1 + |z|
|1− akz|

(1− |ak|)

≤ 1 + |z|
1− |z|

(1− |ak|) ≤
2

1− r
(1− |ak|)

kai parathroÔme ìti
+∞∑
k=1

2
1− r

(1− |ak|) < +∞.

'Ara to apeiroginìmeno sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo tou
D kai orÐzei analutik  sun�rthsh sto D.
(i) Profanèc.
(ii)|B(z)| =

∏+∞
k=1 |Φak

(z)| < 1.
(iii) Epeid  apì to (ii) isqÔei |B(z)| < 1 gia k�je z ∈ D, sunep�getai

sup
z∈D

|B(z)| ≤ 1.

Jètoume
M = sup

z∈D
|B(z)|.

JewroÔme gia k�je n ∈ N to
+∞∏

k=n+1

Φak
(z) =

B(z)
Bn(z)

,

ìpou
Bn(z) =

n∏
k=1

Φak
(z).

H sun�rthsh Bn eÐnai suneq c ston D kai epeid  o D eÐnai sumpag c, h Bn eÐnaiomoiìmorfa suneq c ston D. PaÐrnoume ε > 0, opìte up�rqei δ > 0 ¸ste:
z1, z2 ∈ D, |z1 − z2| < δ ⇒ |Bn(z1)−Bn(z2)| < ε.
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PaÐrnoume r ¸ste 1− δ < r < 1 kai tuqaÐo z me mètro r. Tìte, an
z′ = z

|z| , isqÔei |Bn(z′)| =
∏n

k=1 |Φak
(z′)| = 1 kai |z′ − z| = 1 − r < δ. 'Ara,

|Bn(z)−Bn(z′)| < ε, apì to opoÐo sunep�getai ìti |Bn(z)| > |Bn(z′)|−ε = 1−ε.'Ara, min|z|=r |Bn(z)| > 1− ε. Tìte, gia k�je z me |z| = r èqoume
∣∣∣ +∞∏

k=n+1

Φak
(z)
∣∣∣= |B(z)|

|Bn(z)|
≤ M

1− ε

kai epomènwc,
max
|z|=r

∣∣∣ +∞∏
k=n+1

Φak
(z)
∣∣∣≤ M

1− ε
.

Apì thn arq  megÐstou gia thn analutik  sun�rthsh ∏+∞
k=n+1 Φak

(z) sunep�ge-tai ìti ∣∣ +∞∏
k=n+1

Φak
(0)
∣∣≤ M

1− ε
.

To ε eÐnai tuqaÐo kai paÐrnontac ìrio ìtan ε→ 0+, brÐskoume
∣∣ +∞∏

k=n+1

Φak
(0)
∣∣≤M

gia k�je n ∈ N. PaÐrnontac ìrio ìtan n→ +∞, brÐskoume
1 ≤M = sup

z∈D
|B(z)|

kai apodeÐqjhke to (iii).
Orismìc 2.3 H sun�rthsh B : D → D pou eÐdame sto Je¸rhma 2.4 onom�zetai
apeiroginìmeno Blaschke me rÐzec ta an, n ∈ N. H sunj kh

+∞∑
k=1

(1− |ak|) < +∞

pou kajorÐzei pìte to apeiroginìmeno sugklÐnei onom�zetai sunj kh Blaschke.
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Kef�laio 3

Q¸roi Banach

Orismìc 3.1 'Estw Q ènac grammikìc q¸roc epÐ tou C. MÐa sun�rthsh
‖ · ‖: Q→ [0,+∞) onom�zetai nìrma ston Q an èqei tic ex c idiìthtec:
(i) ‖ x ‖= 0 ⇔ x = 0.
(ii) ‖ λx ‖= |λ| ‖ x ‖ gia k�je λ ∈ C kai x ∈ Q.
(iii) ‖ x+ y ‖≤‖ x ‖ + ‖ y ‖ gia k�je x, y ∈ Q.

PARADEIGMA 1: O q¸roc
Cn = {(z1, . . . , zn)|z1, . . . , zn ∈ C}

me pr�xeic:
(z1, . . . , zn) + (w1, . . . , wn) = (z1 + w1, . . . , zn + wn)

λ(z1, . . . , zn) = (λz1, . . . , λzn).

Treic nìrmec eÐnai oi ex c:
‖ (z1, . . . , zn) ‖1= |z1|+ · · ·+ |zn|

‖ (z1, . . . , zn) ‖2=
√
|z1|2 + · · ·+ |zn|2

‖ (z1, . . . , zn) ‖∞= max(|z1|, . . . , |zn|).

Orismìc 3.2 An o grammikìc q¸roc X èqei mÐa nìrma, tìte lème ìti eÐnai
q¸roc me nìrma.
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'Estw ‖ · ‖ mÐa nìrma ston Q. OrÐzetai h sun�rthsh: d : Q × Q → [0,+∞)me tÔpo
d(x, y) =‖ x− y ‖, x, y ∈ X.

H d eÐnai metrik  ston Q, diìti:
d(x, y) ≥ 0,

d(x, y) = 0 ⇔‖ x− y ‖= 0 ⇔ x− y = 0 ⇔ x = y,

d(x, y)+ d(y, z) =‖ x− y ‖ + ‖ y− z ‖≥‖ (x− y)+ (y− z) ‖=‖ x− z ‖= d(x, z).

Dhlad , k�je q¸roc me nìrma eÐnai metrikìc q¸roc.
Parat rhsh: xn → x ston metrikì q¸ro X shmaÐnei d(xn, x) → 0  , isodÔna-ma, ‖ xn − x ‖→ 0.

Orismìc 3.3 'Estw grammikìc q¸roc X epÐ tou C me nìrma ‖ · ‖. An o X
eÐnai pl rhc (wc metrikìc q¸roc me thn metrik  pou orÐzetai apì th nìrma),
tìte onom�zetai q¸roc Banach. Pl rhc metrikìc q¸roc shmaÐnei ìti k�je
akoloujÐa Cauchy sugklÐnei se stoiqeÐo tou q¸rou. Dhlad ,

lim
n,m→+∞

‖ xn − xm ‖= 0 ⇒ up�rqei x ∈ X ¸ste lim
n→+∞

‖ xn − x ‖= 0.

Prìtash 3.1 An o X eÐnai q¸roc Banach kai an o Y eÐnai kleistìc grammikìc
upìqwroc tou X me thn Ðdia nìrma, tìte o Y eÐnai epÐshc q¸roc Banach.

Apìdeixh: 'Estw {xn} akoloujÐa Cauchy ston Y . Dhlad ,
lim

n,m→+∞
‖ xn − xm ‖= 0.

Epeid  o X eÐnai pl rhc, sunep�getai ìti up�rqei x ∈ X, ¸ste
lim

n→+∞
‖ xn − x ‖= 0.

Epeid  o Y eÐnai kleistìc kai xn ∈ Y gia k�je n sunep�getai ìti x ∈ Y. 'Ara o
Y eÐnai pl rhc.
PARADEIGMA 2: O q¸roc
l1 =

{
a = (a1, a2, . . .) | ak ∈ C gia k�je k ∈ N kai +∞∑

k=1

|ak| < +∞
}
.

O l1 eÐnai grammikìc q¸roc epÐ tou C me tic pr�xeic
a+ b = (a1, a2, . . .) + (b1, b2, . . .) = (a1 + b1, a2 + b2, . . .),

λa = λ(a1, a2, . . .) = (λa1, λa2, . . .).
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ParathroÔme ìti a+ b ∈ l1 diìti∑+∞
k=1 |ak + bk| ≤

∑+∞
k=1 |ak|+

∑+∞
k=1 |bk| < +∞

kai λa ∈ l1, diìti∑+∞
k=1 |λak| = |λ|

∑+∞
k=1 |ak| < +∞. EÐnai eÔkolo na apodeiqjeÐìti isqÔoun ìlec oi idiìthtec twn pr�xewn enìc grammikoÔ q¸rou.OrÐzoume nìrma me ton tÔpo:

‖ a ‖1=
+∞∑
k=1

|ak|, a = (a1, a2, . . .) ∈ l1.

H ‖ · ‖1 eÐnai nìrma diìti
(i) ‖ a ‖1= 0 ⇔

∑+∞
k=1 |ak| = 0 ⇔ ak = 0 gia k�je k ∈ N ⇔ a = (0, 0, . . .).

(ii) ‖ λa ‖1=
∑+∞

k=1 |λak| = |λ|
∑+∞

k=1 |ak| = |λ| ‖ a ‖1 .
(iii) ‖ a+ b ‖1=

∑+∞
k=1 |ak + bk| ≤

∑+∞
k=1 |ak|+

∑+∞
k=1 |bk| =‖ a ‖1 + ‖ b ‖1 .Ja doÔme t¸ra ìti o l1 eÐnai q¸roc Banach.

'Estw {a(n)} akoloujÐa Cauchy tou l1 ìpou a(n) = (a(n)
1 , a

(n)
2 , . . .) gia k�je

n ∈ N. Dhlad ,
lim

n,m→+∞
‖ a(n) − a(m) ‖1= 0

 , isodÔnama,
lim

n,m→+∞

+∞∑
k=1

|a(n)
k − a

(m)
k | = 0.

StajeropoioÔme tuqaÐo k ∈ N. Tìte, |a(n)
k − a

(m)
k | ≤‖ a(n) − a(m) ‖1, opìte

lim
n,m→+∞

|a(n)
k − a

(m)
k | = 0.

Epeid  o C eÐnai pl rhc, up�rqei ak ∈ C ¸ste limn→+∞ |a(n)
k − ak| = 0.Fti�qnetai ètsi akoloujÐa a = (a1, a2, . . . , ak, . . .) migadik¸n arijm¸n me thnidiìthta:

lim
n→+∞

a
(n)
k = ak, k ∈ N.

(1) BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖1< 1 gia k�je n,m ≥ n0, opìte
‖ a(n) − a(n0) ‖1< 1 gia k�je n ≥ n0. Dhlad ,

+∞∑
k=1

|a(n)
k − a

(n0)
k | < 1, n ≥ n0.

PaÐrnoume tuqaÐo Λ ∈ N kai èqoume
Λ∑

k=1

|a(n)
k − a

(n0)
k | < 1, n ≥ n0.

Sunep�getai
Λ∑

k=1

|a(n)
k | < 1 +

Λ∑
k=1

|a(n0)
k | ≤ 1+ ‖ a(n0) ‖1, n ≥ n0.
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PaÐrnoume ìria ìtan n→ +∞ kai brÐskoume
Λ∑

k=1

|ak| ≤ 1+ ‖ a(n0) ‖1 .

Epeid  to Λ eÐnai tuqaÐo, paÐrnoume
+∞∑
k=1

|ak| ≤ 1+ ‖ a(n0) ‖1< +∞.

'Ara, a ∈ l1.
(2) PaÐrnoume tuqìn ε > 0. BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖1< ε/2 giak�je n,m ≥ n0. Dhlad ,

+∞∑
k=1

|a(n)
k − a

(m)
k | < ε/2, n,m ≥ n0.

PaÐrnoume tuqaÐo Λ ∈ N kai èqoume
Λ∑

k=1

|a(n)
k − a

(m)
k | < ε/2, n,m ≥ n0.

PaÐrnoume ìria ìtan m→ +∞ kai brÐskoume
Λ∑

k=1

|a(n)
k − ak| ≤ ε/2, n ≥ n0.

To Λ eÐnai tuqaÐo, opìte
‖ a(n) − a ‖1=

+∞∑
k=1

|a(n)
k − ak| ≤ ε/2 < ε, n ≥ n0.

'Ara:
lim

n→+∞
‖ a(n) − a ‖1= 0.

'Ara, h tuqaÐa akoloujÐa Cauchy {a(n)} sugklÐnei se stoiqeÐo tou l1. Dhlad ,o l1 eÐnai pl rhc, opìte o l1 eÐnai q¸roc Banach.
PARADEIGMA 3: O q¸roc
l2 =

{
a = (a1, a2, . . .) | ak ∈ C gia k�je k ∈ N kai +∞∑

k=1

|ak|2 < +∞
}
.

O l2 eÐnai grammikìc q¸roc me tic Ðdiec pr�xeic ìpwc ston l1. ParathroÔme ìti,an a = (a1, a2, . . .), b = (b1, b2, . . .) ∈ l2, tìte ∑+∞
k=1 |ak + bk|2 ≤ 2

∑+∞
k=1 |ak|2 +
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2
∑+∞

k=1 |bk|2 < +∞, opìte a+b ∈ l2. EpÐshc, an a = (a1, a2, . . .) ∈ l2 kai λ ∈ C,
tìte ∑+∞

k=1 |λak|2 = |λ|2
∑+∞

k=1 |ak|2 < +∞, opìte λa ∈ l2.H nìrma ston l2 orÐzetai me ton tÔpo
‖ a ‖2=

(+∞∑
k=1

|ak|2
)1/2

, a = (a1, a2, . . .) ∈ l2.

H ‖ · ‖2 eÐnai nìrma, diìti
(i) ‖ a ‖2= 0 ⇔

∑+∞
k=1 |ak|2 = 0 ⇔ ak = 0 gia k�je k ∈ N ⇔ a = (0, 0, . . .).

(ii) ‖ λa ‖2=
(∑+∞

k=1 |λak|2
)1/2

= |λ|
(∑+∞

k=1 |ak|2
)1/2

= |λ| ‖ a ‖2 .
(iii) Gia thn anisìthta ‖ a + b ‖2≤‖ a ‖2 + ‖ b ‖2 apodeiknÔoume pr¸ta thnanisìthta Cauchy − Schwarz.

∣∣∣ +∞∑
k=1

akbk

∣∣∣≤ (+∞∑
k=1

|ak|2
)1/2(+∞∑

k=1

|bk|2
)1/2

(?)

ìtan ∑+∞
k=1 |ak|2 < +∞ kai ∑+∞

k=1 |bk|2 < +∞.An ìla ta ak eÐnai mhdèn   ìla ta bk eÐnai mhdèn, tìte ìla ta akbk eÐnaimhdèn kai h (?) isqÔei wc isìthta, 0=0. Upojètoume ìti ∑+∞
k=1 |ak|2 > 0 kai∑+∞

k=1 |bk|2 > 0 kai jètoume
A =

(+∞∑
k=1

|ak|2
)1/2

> 0, B =
(+∞∑

k=1

|bk|2
)1/2

> 0.

Tìte ∣∣∣ +∞∑
k=1

akbk
AB

∣∣∣≤ +∞∑
k=1

∣∣∣ akbk
AB

∣∣∣≤ 1
2

+∞∑
k=1

|ak|2

A2
+

1
2

+∞∑
k=1

|bk|2

B2
= 1.

'Ara, ∣∣∣ +∞∑
k=1

akbk

∣∣∣≤ AB

kai apodeÐqjhke h (?) se ìlec tic peript¸seic.
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T¸ra, qrhsimopoi¸ntac thn anisìthta Cauchy − Schwarz,
‖ a+ b ‖22 =

+∞∑
k=1

|ak + bk|2 =
+∞∑
k=1

(
|ak|2 + |bk|2 + 2Re(akbk)

)

=
+∞∑
k=1

|ak|2 +
+∞∑
k=1

|bk|2 + 2Re
+∞∑
k=1

akbk

≤
+∞∑
k=1

|ak|2 +
+∞∑
k=1

|bk|2 + 2
∣∣∣ +∞∑

k=1

akbk

∣∣∣
≤

+∞∑
k=1

|ak|2 +
+∞∑
k=1

|bk|2 + 2
(+∞∑

k=1

|ak|2
)1/2(+∞∑

k=1

|bk|2
)1/2

= ‖ a ‖22 + ‖ b ‖22 + 2 ‖ a ‖2‖ b ‖2

=
(
‖ a ‖2 + ‖ b ‖2

)2
'Ara,

‖ a+ b ‖2≤‖ a ‖2 + ‖ b ‖2 .

Ja apodeÐxoume t¸ra ìti o l2 eÐnai q¸roc Banach. H apìdeixh eÐnai parìmoiame thn perÐptwsh tou l1. 'Estw {a(n)} akoloujÐa Cauchy tou l2, ìpou a(n) =
(a(n)

1 , a
(n)
2 , . . .) gia k�je n ∈ N. Dhlad ,

lim
n,m→+∞

‖ a(n) − a(m) ‖2= 0

 , isodÔnama,
lim

n,m→+∞

+∞∑
k=1

|a(n)
k − a

(m)
k |2 = 0.

StajeropoioÔme tuqaÐo k ∈ N. Tìte |a(n)
k − a

(m)
k | ≤‖ a(n) − a(m) ‖2, opìte,

lim
n,m→+∞

|a(n)
k − a

(m)
k | = 0.

Epeid  o C eÐnai q¸roc pl rhc, up�rqei ak ∈ C ¸ste limn→+∞ |a(n)
k − ak| = 0.Fti�qnetai ètsi akoloujÐa a = (a1, a2, . . . , ak, . . .) migadik¸n arijm¸n me thnidiìthta:

lim
n→+∞

a
(n)
k = ak, k ∈ N.

(1) BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖2< 1 gia k�je n,m ≥ n0, opìte
‖ a(n) − a(n0) ‖2< 1 gia k�je n ≥ n0. Dhlad ,

+∞∑
k=1

|a(n)
k − a

(n0)
k |2 < 1, n ≥ n0.
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PaÐrnoume tuqaÐo Λ ∈ N kai èqoume
Λ∑

k=1

|a(n)
k − a

(n0)
k |2 < 1, n ≥ n0.

Sunep�getai
Λ∑

k=1

|a(n)
k |2 < 2 + 2

Λ∑
k=1

|a(n0)
k |2 ≤ 2 + 2 ‖ a(n0) ‖22, n ≥ n0.

PaÐrnoume ìria ìtan n→ +∞ kai èqoume
Λ∑

k=1

|ak|2 ≤ 2 + 2 ‖ a(n0) ‖22 .

Epeid  to Λ eÐnai tuqaÐo, paÐrnoume
+∞∑
k=1

|ak|2 ≤ 2 + 2 ‖ a(n0) ‖22< +∞.

'Ara, a ∈ l2.
(2) PaÐrnoume tuqìn ε > 0. BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖2< ε/2 giak�je n,m ≥ n0. Dhlad ,

+∞∑
k=1

|a(n)
k − a

(m)
k |2 < ε2

4
, n,m ≥ n0.

PaÐrnoume tuqaÐo Λ ∈ N kai èqoume
Λ∑

k=1

|a(n)
k − a

(m)
k |2 < ε2

4
, n,m ≥ n0.

PaÐrnoume ìria ìtan m→ +∞, kai èqoume
Λ∑

k=1

|a(n)
k − ak|2 ≤

ε2

4
, n ≥ n0.

To Λ eÐnai tuqaÐo, opìte
‖ a(n) − a ‖22=

+∞∑
k=1

|a(n)
k − ak|2 ≤

ε2

4
< ε2, n ≥ n0.

'Ara:
lim

n→+∞
‖ a(n) − a ‖2= 0.
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'Ara, h tuqaÐa akoloujÐa Cauchy {a(n)} sugklÐnei se stoiqeÐo tou q¸rou l2,opìte o l2 eÐnai q¸roc Banach.
PARADEIGMA 4: O q¸roc
l∞ =

{
a = (a1, a2, . . .) | ak ∈ C gia k�je k ∈ N kai sup

k∈N
|ak| < +∞

}
.

O l∞ eÐnai grammikìc q¸roc me tic sun jeic pr�xeic akolouji¸n, tic Ðdiec me ticpr�xeic ston l1 kai ston l2. ArkeÐ na doÔme ìti, an a = (a1, a2, . . .) ∈ l∞ kai
b = (b1, b2, . . .) ∈ l∞, tìte supk∈N |ak + bk| ≤ supk∈N |ak|+ supk∈N |bk| < +∞,opìte (a+ b) ∈ l∞ kai an a = (a1, a2, . . .) ∈ l∞ kai λ ∈ C, tìte supk∈N |λak| =
supk∈N |λ||ak| = |λ| supk∈N |ak| < +∞, opìte (λa) ∈ l∞.H nìrma ston l∞ orÐzetai me ton tÔpo

‖ a ‖∞= sup
k∈N

|ak|, a = (a1, a2, . . .) ∈ l∞.

Tìte
(i) ‖ a ‖∞= 0 ⇔ supk∈N |ak| = 0 ⇔ ak = 0 gia k�je k ∈ N ⇔ a = (0, 0, . . .).
(ii) ‖ λa ‖∞= supk∈N |λak| = supk∈N |λ||ak| = |λ| supk∈N |ak| = |λ| ‖ a ‖∞ .
(iii) ‖ a + b ‖∞= supk∈N |ak + bk| ≤ supk∈N(|ak| + |bk|) ≤ supk∈N |ak| +
supk∈N |bk| =‖ a ‖∞ + ‖ b ‖∞ .O l∞ eÐnai q¸roc Banach. Autì ja apodeiqjeÐ ìpwc, perÐpou, stic peri-pt¸seic twn l1 kai l2. 'Estw {a(n)} akoloujÐa Cauchy tou l∞, ìpou a(n) =
(a(n)

1 , a
(n)
2 , . . .) gia k�je n ∈ N. Dhlad ,

lim
n,m→+∞

‖ a(n) − a(m) ‖∞= 0

 , isodÔnama,
lim

n,m→+∞
sup
k∈N

|a(n)
k − a

(m)
k | = 0.

StajeropoioÔme tuqaÐo k ∈ N. Tìte |a(n)
k − a

(m)
k | ≤‖ a(n) − a(m) ‖∞, opìte

lim
n,m→+∞

|a(n)
k − a

(m)
k | = 0.

Epeid  o C eÐnai pl rhc, up�rqei ak ∈ C ¸ste limn→+∞ |a(n)
k −ak| = 0. Fti�qne-tai ètsi akoloujÐa a = (a1, a2, . . . , ak, . . .) migadik¸n arijm¸n, me thn idiìthta

lim
n→+∞

a
(n)
k = ak, k ∈ N.

(1) BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖∞< 1 gia k�je n,m ≥ n0, opìte
‖ a(n) − a(n0) ‖∞< 1 gia k�je n ≥ n0. Tìte gia k�je k ∈ N èqoume

|a(n)
k − a

(n0)
k | < 1
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opìte
|a(n)

k | < 1 + |a(n0)
k | ≤ 1 + sup

k∈N
|a(n0)

k | ≤ 1+ ‖ a(n0) ‖∞, n ≥ n0.

PaÐrnoume ìria ìtan n→ +∞ kai brÐskoume
|ak| ≤ 1+ ‖ a(n0) ‖∞< +∞.

Epeid  to k eÐnai tuqaÐo,
sup
k∈N

|ak| ≤ 1+ ‖ a(n0) ‖∞< +∞

kai, epomènwc, a ∈ l∞.
(2) PaÐrnoume tuqìn ε > 0. BrÐskoume n0 ¸ste ‖ a(n) − a(m) ‖∞< ε/2 gia
k�je n,m ≥ n0, opìte |a(n)

k − a
(m)
k | < ε/2 gia k�je n,m ≥ n0 kai k�je k ∈ N.PaÐrnoume ìria ìtan m→ +∞ kai èqoume

|a(n)
k − ak| ≤ ε/2, n ≥ n0.

Epeid  to k eÐnai tuqaÐo,
‖ a(n) − a ‖∞≤ ε/2 < ε, n ≥ n0.

'Ara,
lim

n→+∞
‖ a(n) − a ‖∞= 0.

'Ara, h tuqaÐa akoloujÐa Cauchy {a(n)} sugklÐnei se stoiqeÐo tou l∞ kai epo-mènwc, o l∞ eÐnai q¸roc Banach.
PARADEIGMA 5: O q¸roc
c0 =

{
a = (a1, a2, . . .) | ak ∈ C gia k�je k ∈ N kai lim

k→+∞
ak = 0

}
.

K�je sugklÐnousa akoloujÐa eÐnai fragmènh, opìte c0 ⊆ l∞. EÐnai profanècìti o c0 eÐnai grammikìc upìqwroc tou l∞, afoÔ �jroisma akolouji¸n pou su-gklÐnoun sto 0 eÐnai akoloujÐa pou sugklÐnei sto 0 kai ginìmeno arijmoÔ meakoloujÐa pou sugklÐnei sto 0 eÐnai akoloujÐa pou sugklÐnei sto 0.Ja apodeÐxoume ìti o c0 eÐnai kleistì uposÔnolo tou l∞. 'Estw {a(n)}akoloujÐa ston c0 h opoÐa sugklÐnei ston l∞ se k�poio a ∈ l∞. Ja deÐxoumeìti a ∈ c0.Gr�foume:
a(n) = (a(n)

1 , a
(n)
2 , . . .), a = (a1, a2, . . .).

GnwrÐzoume ìti limn→+∞ ‖ a(n) − a ‖∞= 0 kai limk→+∞ a
(n)
k = 0 gia k�je

n ∈ N kai jèloume na deÐxoume ìti limk→+∞ ak = 0.'Estw tuqaÐo ε > 0. Up�rqei n0 ¸ste ‖ a(n0) − a ‖∞< ε/2. Gia to n0 up�rqei
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k0 ¸ste |a(n0)
k | < ε/2 gia k�je k ≥ k0.Tìte, gia k�je k ≥ k0 èqoume:

|ak| ≤ |a(n0)
k − ak|+ |a(n0)

k | ≤‖ a(n0) − a ‖∞ +|a(n0)
k | < ε/2 + ε/2 = ε.

'Ara,
lim

k→+∞
ak = 0,

opìte a ∈ c0.'Ara, o c0 eÐnai kleistìc grammikìc upìqwroc tou l∞ kai epeid  o l∞ eÐnaiq¸roc Banach, sunep�getai ìti o c0 (me thn Ðdia nìrma) eÐnai q¸roc Banach.
PARADEIGMA 6: 'Estw opoiod pote mh kenì sÔnolo K. JewroÔme tonq¸ro

B(K) =
{
f | f : K → C kai f fragmènh } .

O B(K) eÐnai grammikìc q¸roc me tic sunhjismènec pr�xeic sunart sewn:
(f + g)(k) = f(k) + g(k), k ∈ K

(λf)(k) = λf(k), k ∈ K.

OrÐzoume nìrma ston B(K) me tÔpo
‖ f ‖∞= sup

k∈K
|f(k)|, f ∈ B(K).

H ‖ · ‖∞ eÐnai nìrma diìti
(i) ‖ f ‖∞= 0 ⇔ f(k) = 0 gia k�je k ∈ K ⇔ f = h mhdenik  sun�rthsh.
(ii) ‖ λf ‖∞= supk∈K |(λf)(k)| = supk∈K |λ||f(k)| = |λ| supk∈K |f(k)| =
|λ| ‖ f ‖∞ .
(iii) Epeid  |f(k)| ≤‖ f ‖∞ kai |g(k)| ≤‖ g ‖∞ gia k�je k ∈ K, sunep�getai
|(f + g)(k)| = |f(k)+ g(k)| ≤ |f(k)|+ |g(k)| ≤‖ f ‖∞ + ‖ g ‖∞ gia k�je k ∈ K.'Ara, ‖ f + g ‖∞= supk∈K |(f + g)(k)| ≤‖ f ‖∞ + ‖ g ‖∞ .O B(K) eÐnai q¸roc Banach. Pr�gmati, èstw akoloujÐa Cauchy {fn} ston
B(K). Dhlad ,

lim
n,m→+∞

‖ fn − fm ‖∞= 0.

StajeropoioÔme tuqaÐo k ∈ K, opìte |fn(k) − fm(k)| ≤‖ fn − fm ‖∞ . 'Ara,
limn,m→+∞ |fn(k) − fm(k)| = 0 kai epomènwc h {fn(k)} eÐnai Cauchy ston C.'Ara, up�rqei to ìrio limn→+∞ fn(k) ston C. OrÐzoume sun�rthsh f : K → Cme tÔpo

f(k) = lim
n→+∞

fn(k), k ∈ K.

Dhlad , fn → f kat� shmeÐo sto K.Up�rqei n0 ¸ste ‖ fn−fm ‖∞< 1 gia k�je n,m ≥ n0, opìte ‖ fn−fn0 ‖∞<
1 gia k�je n ≥ n0. Sunep�getai

|fn(k)− fn0(k)| < 1, k ∈ K,n ≥ n0.
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PaÐrnoume ìrio gia n→ +∞ kai èqoume
|f(k)− fn0(k)| ≤ 1, k ∈ K.

'Ara,
|f(k)| ≤ 1 + |fn0(k)| ≤ 1+ ‖ fn0 ‖∞, k ∈ K.

'Ara,
sup
k∈K

|f(k)| ≤ 1+ ‖ fn0 ‖∞< +∞

kai, epomènwc, f ∈ B(K).PaÐrnoume tuqaÐo ε > 0. Up�rqei n0 ¸ste ‖ fn − fm ‖∞< ε/2 gia k�je
n,m ≥ n0. Tìte gia k�je k ∈ K

|fn(k)− fm(k)| < ε/2, n,m ≥ n0.

PaÐrnoume ìrio gia m→ +∞ kai èqoume
|fn(k)− f(k)| ≤ ε/2, n ≥ n0.

'Ara,
‖ fn − f ‖∞= sup

k∈K
|fn(k)− f(k)| ≤ ε/2 < ε, n ≥ n0.

'Ara, fn → f ston B(K).H nìrma ‖ · ‖∞ ston B(K) onom�zetai nìrma thc omoiìmorfhc sÔgkli-shc sunart sewn sto K   supremum-nìrma sto K.
PARADEIGMA 7: 'Estw ìti to K eÐnai mh kenì uposÔnolo metrikoÔ q¸rou.OrÐzoume ton q¸ro

BC(K) =
{
f | f : K → C, f fragmènh kai suneq c sto K }

⊆ B(K).

To BC(K) eÐnai grammikìc upìqwroc tou B(K) kai to efodi�zoume me thn
‖ · ‖∞ . Ja apodeÐxoume ìti to BC(K) eÐnai kleistì uposÔnolo tou B(K) kaiepomènwc eÐnai q¸roc Banach.'Estw {fn} sto BC(K) kai limn→+∞ ‖ fn − f ‖∞= 0, ìpou f ∈ B(K).Ja deÐxoume ìti f ∈ BC(K). 'Omwc, ‖ fn − f ‖∞→ 0 shmaÐnei ìti fn → fomoiìmorfa sto K. Epeid  k�je fn eÐnai suneq c sto K, paÐrnoume ìti h feÐnai suneq c sto K, opìte f ∈ BC(K).An to K eÐnai mh kenì sumpagèc uposÔnolo metrikoÔ q¸rou, tìte

BC(K) = C(K) =
{
f | f : K → C, f suneq c sto K }

.

PARADEIGMA 8: 'Estw W èna anoiqtì uposÔnolo tou C. JewroÔme tonq¸ro
H∞(Ω) =

{
f | f : Ω → C, f analutik  kai fragmènh sto Ω

}
⊆ BC(Ω) ⊆ B(Ω).
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O H∞(Ω) eÐnai grammikìc upìqwroc tou BC(Ω) kai ton efodi�zoume me thnnìrma ‖ · ‖∞ tou B(Ω) kai tou BC(Ω):
‖ f ‖∞= sup

z∈Ω
|f(z)|, f ∈ H∞(Ω).

Gia na apodeÐxoume ìti o H∞(Ω) eÐnai q¸roc Banach, arkeÐ na apodeÐxoumeìti eÐnai kleistì uposÔnolo tou B(Ω).'Estw akoloujÐa {fn} sto H∞(Ω) kai limn→+∞ ‖ fn− f ‖∞= 0 gia k�poia
f sto B(Ω). Mènei na deÐxoume ìti f ∈ H∞(Ω)  , isodÔnama,ìti h f eÐnaianalutik  sto W. Autì isqÔei lìgw tou Jewr matoc 1.1, afoÔ ìlec oi fn eÐnaianalutikèc sto Ω kai h (fn) sugklÐnei sthn f omoiìmorfa sto Ω.Sthn eidik  perÐptwsh Ω = D sumbolÐzoume H∞ ton H∞(D). Dhlad ,

H∞ = H∞(D).

PARADEIGMA 9: 'Estw D = D(0, 1). JewroÔme ton q¸ro
A(D) =

{
f | f : D → C, f suneq c sto D kai analutik  sto D }⊆ C(D).

O A(D) eÐnai grammikìc upìqwroc tou C(D) kai ton efodi�zoume me thnnìrma tou C(D):
‖ f ‖∞= sup

z∈D

|f(z)|, f ∈ A(D).

Ja apodeÐxoume ìti isqÔei h isìthta:
‖ f ‖∞= sup

z∈D
|f(z)|, f ∈ A(D).

Profan¸c supz∈D |f(z)| ≤ supz∈D |f(z)|. Gia thn antÐjeth anisìthta jètou-
me M = supz∈D |f(z)|. 'Estw tuqìn z ∈ D \ D = ϑD. Tìte (1 − 1

n )z ∈ D kai
limn→+∞(1 − 1

n )z = z. Sunep�getai limn→+∞
∣∣ f((1 − 1

n )z
) ∣∣= |f(z)|. Epeid ∣∣ f((1 − 1

n )z
) ∣∣≤ M gia k�je n ∈ N, paÐrnoume |f(z)| ≤ M . 'Ara, gia k�je

z ∈ D èqoume |f(z)| ≤M. Dhlad , supz∈D |f(z)| ≤ supz∈D |f(z)|.'Ara, isqÔei h isìthta pou jèlame na apodèixoume.'Estw akoloujÐa {fn} ston A(D) kai limn→+∞ ‖ fn − f ‖∞= 0, gia k�poia
f ston C(D). Apì to Je¸rhma 1.1 sunep�getai ìti h f eÐnai analutik  ston D.'Ara, o A(D) eÐnai kleistìc grammikìc upìqwroc tou C(D), opìte o A(D) eÐnaiq¸roc Banach.
Je¸rhma 3.1 'Estw f ∈ H∞ kai upojètoume ìti h f den eÐnai h mhdenik  su-
n�rthsh. Tìte h f eÐte èqei peperasmèno pl joc riz¸n eÐte oi rÐzec thc apoteloÔn
akoloujÐa {an} me thn idiìthta

∑+∞
k=1(1− |ak|) < +∞.

Apìdeixh: 'Estw ìti h f den èqei peperasmèno pl joc riz¸n sto D, diìti sthnantÐjeth perÐptwsh èqoume telei¸sei. EpÐshc, upojètoume proc to parìn ìti
f(0) 6= 0.Epilègoume opoiesd pote apì tic rÐzec thc f , èstw a1, . . . , an, kai jew-roÔme to Bn(z) =

∏n
k=1 Φak

(z). 'Opwc kai sthn apìdeixh tou Jewr matoc
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2.4, paÐrnoume ε me 0 < ε < 1 kai brÐskoume δ > 0 ¸ste: z1, z2 ∈ D,
|z1 − z2| < δ ⇒ |Bn(z1)−Bn(z2)| < ε. Katìpin, paÐrnoume r me 1− δ < r < 1kai èqoume ìti min|z|=r |Bn(z)| > 1− ε.Tìte gia k�je z me |z| = r èqoume

|f(z)|
|Bn(z)|

≤ ‖f‖H∞

1− ε
.

Apì thn arq  megÐstou sunep�getai |f(0)|
|Bn(0)| ≤

‖f‖H∞

1−ε kai, epeid  to ε eÐnai ìso
mikrì jèloume, èqoume ìti |f(0)|

|Bn(0)| ≤ ‖f‖H∞ pou gr�fetai isodÔnama
n∏

k=1

1
|ak|

≤ ‖f‖H∞

|f(0)|
.

Sunep�getai
n∑

k=1

(1−|ak|) ≤
n∑

k=1

1− |ak|
|ak|

=
n∑

k=1

( 1
|ak|

−1
)
≤

n∏
k=1

(( 1
|ak|

−1
)

+1
)
≤ ‖f‖H∞

|f(0)|
.

Apì thn anisìthta aut  pou isqÔei gia opoiesd pote rÐzec thc f sunep�getai
ìti se k�je dÐsko |z| ≤ R < 1 perièqontai to polÔ ‖f‖H∞

|f(0)|(1−R) < +∞ rÐzec thc
f . Diìti, an a1, . . . , an eÐnai opoiesd pote rÐzec thc f s' autìn ton dÐsko, tìte
n(1 − R) ≤

∑n
k=1(1 − |ak|) ≤ ‖f‖H∞

|f(0)| . Autì sunep�getai ìti oi rÐzec thc f
eÐnai arijm simec kai, epomènwc, sqhmatÐzoun akoloujÐa {an} me |an| → 1 ìtan
n → +∞. EpÐshc, epeid  sthn anisìthta ∑n

k=1(1 − |ak|) ≤ ‖f‖H∞

|f(0)| to n eÐnaiaujaÐreto, èqoume
+∞∑
k=1

(1− |ak|) ≤
‖f‖H∞

|f(0)|
.

Sthn perÐptwsh f(0) = 0, èstw m h pollaplìthta thc rÐzac 0, opìte oirÐzec thc f eÐnai a1 = · · · = am = 0 kai am+1, am+2, . . . oi opoÐec eÐnai di�-
forec tou 0. Tìte h g(z) = f(z)

zm eÐnai epÐshc ston H∞ kai èqei rÐzec ta
am+1, am+2, . . . . Epeid  g(0) 6= 0, efarmìzoume to prohgoÔmeno apotèlesmakai èqoume ∑+∞

k=1(1− |ak|) = m+
∑+∞

k=m+1(1− |ak|) < +∞.
Je¸rhma 3.2 'Estw f ∈ H∞, h opoÐa den eÐnai h mhdenik  sun�rthsh kai
{an} h akoloujÐa twn riz¸n thc f , opìte isqÔei ìti

∑+∞
k=1(1 − |ak|) < +∞ kai

jewroÔme to B(z) =
∏+∞

k=1 Φak
(z). Tìte:

(1) h sun�rthsh F (z) = f(z)
B(z) eÐnai analutik  sto D.

(2) h F eÐnai fragmènh sto D kai ‖ F ‖H∞=‖ f ‖H∞ .

Apìdeixh: (1) EÐnai profanèc, diìti oi f kai B mhdenÐzontai sta Ðdia shmeÐa.
(2) StajeropoioÔme tuqìn z0 ∈ D. JewroÔme gia k�je n ∈ N to Bn(z) =
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∏n
k=1 Φak

(z). H sun�rthsh Bn eÐnai suneq c ston D kai epeid  o D eÐnai su-mpag c h Bn eÐnai omoiìmorfa suneq c ston D. PaÐrnoume ε > 0, opìte up�rqei
δ > 0 ¸ste:

z1, z2 ∈ D, |z1 − z2| < δ ⇒ |Bn(z1)−Bn(z2)| < ε.

PaÐrnoume r ¸ste max(|z0|, 1 − δ) < r < 1 kai tuqaÐo z me mètro r. Tìte,an z′ = z
|z| isqÔei |z′ − z| = 1 − r < δ, opìte |Bn(z) − Bn(z′)| < ε, opìte

|Bn(z)| > |Bn(z′)| − ε = 1− ε. 'Ara, min|z|=r |Bn(z)| > 1− ε. Tìte, gia k�je zme |z| = r èqoume ∣∣∣ f(z)
Bn(z)

∣∣∣≤ ‖ f ‖H∞

1− ε
.

kai apì thn arq  megÐstou sunep�getai ìti∣∣∣ f(z0)
Bn(z0)

∣∣∣≤ max
|z|=r

∣∣∣ f(z)
Bn(z)

∣∣∣≤ ‖ f ‖H∞

1− ε
.

To ε eÐnai tuqaÐo kai paÐrnontac ìrio ìtan ε→ 0+, brÐskoume∣∣∣ f(z0)
Bn(z0)

∣∣∣≤‖ f ‖H∞ .

PaÐrnontac ìrio ìtan n→ +∞ èqoume
|F (z0)| =

∣∣∣ f(z0)
B(z0)

∣∣∣≤‖ f ‖H∞ .

Epeid  to z0 eÐnai tuqaÐo shmeÐo tou D,
‖ F ‖H∞≤‖ f ‖H∞ , (α)

opìte h F eÐnai fragmènh sto D.Antistrìfwc, epeid  |B(z)| < 1 gia k�je z ∈ D, èqoume
|f(z)| < |F (z)| ≤‖ F ‖H∞ gia k�je z ∈ D. 'Ara,

‖ f ‖H∞≤‖ F ‖H∞ . (β)

Apì tic (α), (β) sunep�getai ìti
‖ F ‖H∞=‖ f ‖H∞ .
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Kef�laio 4

GrammikoÐ MetasqhmatismoÐ

Orismìc 4.1 'Estw X kai Y dÔo grammikoÐ q¸roi epÐ tou C kai sun�rthsh
T : X → Y . H T onom�zetai grammikìc metasqhmatismìc   grammikìc
telest c an:
(1) T (x1 + x2) = Tx1 + Tx2 gia k�je x1, x2 ∈ X.
(2) T (λx) = λTx gia k�je x ∈ X kai λ ∈ C.

An o T eÐnai grammikìc telest c, tìte T0 = T (0 + 0) = T0 + T0, opìte
T0 = 0. Dhlad  o T apeikonÐzei to mhdenikì stoiqeÐo tou X sto mhdenikìstoiqeÐo tou Y . EpÐshc eÐnai profanèc ìti T (x1 − x2) = Tx1 − Tx2, diìti
T (x1 − x2) + Tx2 = T (x1 − x2 + x2) = Tx1.

Orismìc 4.2 'Estw X,Y dÔo grammikoÐ q¸roi epÐ tou C kai grammikìc tele-
st c T : X → Y. OrÐzoume:

R(T ) =
{
Tx | x ∈ X

}
⊆ Y,

N(T ) =
{
x ∈ X | Tx = 0

}
⊆ X.

To R(T ) eÐnai to sÔnolo tim¸n tou T kai to N(T ) onom�zetai mhdenìqwroc
tou T   pur nac tou T .

Prìtash 4.1 'Estw X,Y grammikoÐ q¸roi epÐ tou C kai grammikìc telest c
T : X → Y. Tìte to R(T ) eÐnai grammikìc upìqwroc tou Y kai to N(T ) eÐnai
grammikìc upìqwroc tou X.

Apìdeixh: (1) 'Estw y1, y2 ∈ R(T ) kai λ1, λ2 ∈ C. Tìte up�rqoun x1, x2 ∈ X¸ste y1 = Tx1, y2 = Tx2. Sunep�getai
λ1y1 + λ2y2 = λ1Tx1 + λ2Tx2 = T (λ1x1 + λ2x2) ∈ R(T ).

(2) 'Estw x1, x2 ∈ N(T ) kai λ1, λ2 ∈ C. Tìte
T (λ1x1 + λ2x2) = λ1Tx1 + λ2Tx2 = λ10 + λ20 = 0.

'Ara, λ1x1 + λ2x2 ∈ N(T ).
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Prìtash 4.2 'Estw X,Y grammikoÐ q¸roi epÐ tou C kai grammikìc telest c
T : X → Y. Tìte: o T eÐnai èna proc èna an kai mìno an N(T ) = {0}.

Apìdeixh: 'Estw ìti o T eÐnai èna proc èna. An x ∈ N(T ), tìte Tx = 0 = T0,opìte x = 0. 'Ara, N(T ) ⊆ {0}. To ìti {0} ⊆ N(T ) eÐnai profanèc, opìte
N(T ) = {0}. Antistrìfwc, èstw N(T ) = {0}. An Tx1 = Tx2, tìte T (x1−x2) =
Tx1 − Tx2 = 0, opìte x1 − x2 ∈ N(T ), opìte x1 − x2 = 0, opìte x1 = x2. 'Ara,o T eÐnai èna proc èna.
Prìtash 4.3 'Estw X,Y grammikoÐ q¸roi epÐ tou C kai grammikìc telest c
T : X → Y.
(1) O T eÐnai antistrèyimoc an kai mìno an R(T ) = Y kai N(T ) = {0}.
(2) An o T eÐnai antistrèyimoc, tìte o T−1 : Y → X eÐnai grammikìc telest c.

Apìdeixh: (1) Profanèc, lìgw thc Prìtashc 4.2.
(2) 'Estw y1, y2 ∈ Y. Jètoume x1 = T−1y1, x2 = T−1y2, opìte y1 = Tx1, y2 =
Tx2. Tìte y1 + y2 = Tx1 + Tx2 = T (x1 + x2), opìte T−1(y1 + y2) = x1 + x2 =
T−1y1 + T−1y2.'Estw y ∈ Y kai λ ∈ C. Jètoume x = T−1y, opìte y = Tx. Tìte λy =
λTx = T (λx). 'Ara, T−1(λy) = λx = λT−1y. 'Ara, o T−1 eÐnai grammikìctelest c.
Orismìc 4.3 'Estw X kai Y dÔo grammikoÐ q¸roi epÐ tou C me nìrmec ‖ · ‖X

kai ‖ · ‖Y antÐstoiqa. 'Estw epÐshc kai grammikìc telest c T : X → Y .
O T onom�zetai fragmènoc an up�rqei arijmìc c ≥ 0 ¸ste

‖ Tx ‖Y≤ c ‖ x ‖X , x ∈ X.

Prìtash 4.4 'Estw X kai Y grammikoÐ q¸roi epÐ tou C me nìrmec ‖ · ‖X kai
‖ · ‖Y kai grammikìc telest c T : X → Y . Ta parak�tw eÐnai isodÔnama:
(1) O T eÐnai fragmènoc.
(2) O T eÐnai suneq c san sun�rthsh apì ton metrikì q¸ro X ston metrikì
q¸ro Y .

Apìdeixh: (1) ⇒ (2) 'Estw ìti o T eÐnai fragmènoc, opìte up�rqei c ≥ 0 ¸ste
‖ Tx ‖Y≤ c ‖ x ‖X gia k�je x ∈ X. PaÐrnoume tuqaÐo x ∈ X kai akoloujÐa
{xn} ston X me xn → x ston X. Tìte,

‖ Txn − Tx ‖Y =‖ T (xn − x) ‖Y≤ c ‖ xn − x ‖X→ 0.

'Ara, Txn → Tx ston Y kai epomènwc o T eÐnai suneq c sto tuqaÐo x ∈ X.'Ara, o T eÐnai suneq c.
(2) ⇒ (1) 'Estw ìti o T eÐnai suneq c. Upojètoume, gia na katal xoume seantÐfash, ìti o T den eÐnai fragmènoc.
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Sunep�getai ìti gia k�je n ∈ N up�rqei xn ∈ X ¸ste ‖ Txn ‖Y > n ‖ xn ‖X .EÐnai profanèc ìti xn 6= 0 gia k�je n ∈ N, opìte orÐzoume zn = 1
n‖xn‖X

xn ∈ X.Tìte
‖ zn ‖X=

1
n ‖ xn ‖X

‖ xn ‖X=
1
n
→ 0

kai epomènwc, zn → 0 ston X. 'Omwc,
‖ Tzn ‖Y =

∥∥∥∥ 1
n ‖ xn ‖X

Txn

∥∥∥∥
Y

=
1

n ‖ xn ‖X
‖ Txn ‖Y > 1.

'Ara, Tzn 6→ T0 = 0 ston Y kai autì antif�skei me to ìti o T eÐnai suneq csto 0 tou X.
Prìtash 4.5 'Estw X,Y grammikoÐ q¸roi epÐ tou C me nìrmec ‖ · ‖X kai
‖ · ‖Y kai fragmènoc grammikìc telest c T : X → Y . Tìte o N(T ) eÐnai
kleistìc grammikìc upìqwroc tou X.

Apìdeixh: O T eÐnai suneq c sun�rthsh kai to N(T ) = {x ∈ X |Tx = 0} =
T−1({0}) eÐnai h antÐstrofh eikìna tou kleistoÔ uposunìlou {0} tou Y . 'Ara,to N(T ) eÐnai kleistì uposÔnolo tou X.
Prìtash 4.6 'Estw X,Y grammikoÐ q¸roi epÐ tou C me nìrmec ‖ · ‖X kai
‖ · ‖Y kai fragmènoc grammikìc telest c T : X → Y . Tìte:
(1)

sup
x∈X,x 6=0

‖ Tx ‖Y

‖ x ‖X
= sup

x∈X,‖x‖X=1

‖ Tx ‖Y < +∞.

(2) An jèsoume ‖ T ‖= supx∈X,x 6=0
‖Tx‖Y

‖x‖X
, tìte o ‖ T ‖ eÐnai o el�qistoc

mh-arnhtikìc arijmìc c gia ton opoÐo isqÔei h anisìthta ‖ Tx ‖Y≤ c ‖ x ‖X gia
k�je x ∈ X.

Apìdeixh: (1) AfoÔ o T eÐnai fragmènoc, up�rqei c ≥ 0 ¸ste ‖ Tx ‖Y≤ c ‖ x ‖Xgia k�je x ∈ X. 'Ara, gia k�je x ∈ X me x 6= 0 isqÔei ‖Tx‖Y

‖x‖X
≤ c kai epomènwc,

supx∈X,x 6=0
‖Tx‖Y

‖x‖X
≤ c < +∞. OmoÐwc, gia k�je x ∈ X me ‖ x ‖X= 1 isqÔei

‖ Tx ‖Y≤ c, opìte supx∈X,‖x‖X=1 ‖ Tx ‖Y≤ c < +∞. Jètoume
c1 = sup

x∈X,x 6=0

‖ Tx ‖Y

‖ x ‖X

kai
c2 = sup

x∈X,‖x‖X=1

‖ Tx ‖Y

kai ja deÐxoume ìti c1 = c2.PaÐrnoume tuqaÐo x ∈ X me x 6= 0. Tìte∥∥∥∥ x

‖ x ‖X

∥∥∥∥
X

=
1

‖ x ‖X
‖ x ‖X= 1,
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opìte
‖ Tx ‖Y

‖ x ‖X
=
∥∥∥∥ 1
‖ x ‖X

Tx

∥∥∥∥
Y

=
∥∥∥T( x

‖ x ‖X

)∥∥∥
Y
≤ c2.

'Ara,
c1 = sup

x∈X,x 6=0

‖ Tx ‖Y

‖ x ‖X
≤ c2.

PaÐrnoume tuqaÐo x ∈ X me ‖ x ‖X= 1. Tìte x 6= 0, opìte
‖ Tx ‖Y =

‖ Tx ‖Y

‖ x ‖X
≤ c1.

'Ara,
c2 = sup

x∈X,‖x‖X=1

‖ Tx ‖Y≤ c1.

(2) Gia k�je x ∈ X, x 6= 0 isqÔei ‖Tx‖Y

‖x‖X
≤‖ T ‖, opìte ‖ Tx ‖Y≤‖ T ‖‖ x ‖X .

H anisìthta aut  isqÔei profan¸c kai gia x = 0. 'Ara, o ‖ T ‖ eÐnai ènacmh-arnhtikìc arijmìc c gia ton opoÐo isqÔei h ‖ Tx ‖Y≤ c ‖ x ‖X gia k�je
x ∈ X. An p�roume tuqaÐo c ≥ 0 gia to opoÐo isqÔei ‖ Tx ‖Y≤ c ‖ x ‖X gia
k�je x ∈ X, tìte ‖Tx‖Y

‖x‖X
≤ c gia k�je x ∈ X me x 6= 0, opìte
‖ T ‖= sup

x∈X,x 6=0

‖ Tx ‖Y

‖ x ‖X
≤ c.

Orismìc 4.4 'Estw X,Y grammikoÐ q¸roi epÐ tou C me nìrmec ‖ · ‖X kai
‖ · ‖Y kai fragmènoc grammikìc telest c T : X → Y . Tìte o arijmìc ‖ T ‖ pou
orÐsthke sthn Prìtash 4.6 onom�zetai nìrma tou T .

L mma 4.1 'Estw X metrikìc q¸roc me metrik  d, anoiktì sÔnolo A ⊆ X,
a ∈ A kai jetikìc arijmìc δ. Tìte up�rqei jetikì ε < δ ¸ste D(a; ε) ⊆ A.

Apìdeixh: Epeid  a ∈ A kai A eÐnai anoiktì, up�rqei ε1 > 0 ¸ste D(a; ε1) ⊆ A.PaÐrnoume opoiod pote jetikì ε < min(ε1, δ). Tìte af' enìc ε < δ. Af' etèrou,an x ∈ D(a; ε), sunep�getai d(x; a) ≤ ε < ε1, opìte x ∈ D(a; ε1), opìte x ∈ A.Epomènwc, D(a; ε) ⊆ A.
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Je¸rhma 4.1 (Baire) 'Estw X ènac pl rhc metrikìc q¸roc me metrik  d.
An ta A1, A2, . . . eÐnai uposÔnola tou X ètsi ¸ste X =

⋃+∞
n=1An, tìte up�rqei

k�poio n ¸ste to sÔnolo An na perièqei toul�qiston mÐa anoikt  mp�la tou X.

Apìdeixh: Upojètoume, gia na katal xoume se antÐfash, ìti gia k�je n ∈ Nto An den perièqei kamÐa anoikt  mp�la tou X.PaÐrnoume opoiod pote x1 ∈ X kai mp�la D(x1; ε1) me opoiod pote jeti-kì ε1 < 1. Lìgw thc upìjeshc isqÔei D(x1; ε1) 6⊆ A1, opìte up�rqei x2 ∈
D(x1; ε1) ∩A

c

1. To sÔnolo D(x1; ε1) ∩A
c

1 eÐnai anoiktì, wc tom  dÔo anoikt¸nsunìlwn, opìte up�rqei jetikì ε2 < 1
2 ¸ste

D(x2; ε2) ⊆ D(x1; ε1) ∩A
c

1.

Lìgw upìjeshc isqÔei D(x2; ε2) 6⊆ A2, opìte up�rqei x3 ∈ D(x2; ε2) ∩ A
c

2.To D(x2; ε2) ∩A
c

2 eÐnai anoiktì, opìte up�rqei jetikì ε3 < 1
3 ¸ste

D(x3; ε3) ⊆ D(x2; ε2) ∩A
c

2.

SuneqÐzontac epagwgik� me autìn ton trìpo, kataskeu�zoume akoloujÐec
{xn} ston X kai {εn} jetik¸n arijm¸n ¸ste gia k�je n ∈ N na isqÔoun:
(1)

D(xn+1; εn+1) ⊆ D(xn; εn) ∩Ac

n,

(2)

εn <
1
n
.

EÐnai profanèc ìti gia k�je m,n ∈ N me m > n isqÔei:
D(xm; εm) ⊆ D(xm−1; εm−1) ⊆ · · · ⊆ D(xn; εn)

kai epomènwc xm ∈ D(xn; εn). 'Ara, lìgw thc (2),
d(xm, xn) < εn <

1
n
→ 0 ìtan n→ +∞,

pou shmaÐnei ìti h {xn} eÐnai akoloujÐa Cauchy ston X. Epeid  o X eÐnaipl rhc sunep�getai ìti up�rqei k�poio x ∈ X ¸ste xn → x.PaÐrnoume t¸ra tuqaÐo n ∈ N. Gia k�je m > n+ 1 isqÔei:
xm ∈ D(xn+1; εn+1) ⊆ D(xn+1; εn+1).

AfoÔ to D(xn+1; εn+1) eÐnai kleistì kai xm → x, èqoume x ∈ D(xn+1; εn+1).'Ara, lìgw thc (1), sunep�getai x ∈ Ac

n, opìte x /∈ An kai epomènwc x /∈ An.ApodeÐxame ìti gia k�je n ∈ N isqÔei x /∈ An kai autì antif�skei me to ìti
X =

⋃+∞
n=1An.

Se èna grammikì q¸ro X epÐ tou C, gia tuqìnta A,B ⊆ X kai tuqìn λ ∈ CorÐzoume:
λA = {λa | a ∈ A},
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A+B = {a+ b | a ∈ A, b ∈ B}.

An X,Y eÐnai grammikoÐ q¸roi epÐ tou C kai T : X → Y eÐnai grammikìctelest c, tìte eÐnai profanèc ìti:
T (A+B) = T (A) + T (B),

T (λA) = λT (A)

gia k�je A,B ⊆ X kai k�je λ ∈ C.An X eÐnai grammikìc q¸roc epÐ tou C me nìrma ‖ · ‖X ja sumbolÐzoume
B(x; r) = {z ∈ X | ‖ z − x ‖< r}.

Eidik¸tera, sumbolÐzoume
BX = B(0; 1)

th monadiaÐa mp�la tou X me kèntro 0 kai aktÐna 1. EÐnai profanèc ìti
λB(x; r) = B(λx; |λ|r)

gia k�je x ∈ X, k�je r > 0 kai k�je λ ∈ C \ {0}. Eidik¸tera,
λB(0; r) = B(0; |λ|r)

gia k�je r > 0 kai λ ∈ C \ {0}. Pr�gmati: z ∈ λB(x; r) isodunameÐ me 1
λz ∈

B(x; r) isodunameÐ me ‖ 1
λz−x ‖X< r isodunameÐ me ‖ z−λx ‖X< |λ|r isodunameÐme z ∈ B(λx; |λ|r).EpÐshc isqÔei:

B(x1; r1) +B(x2; r2) = B(x1 + x2; r1 + r2)

gia k�je x1, x2 ∈ X kai r1, r2 > 0. Pr�gmati, èstw z1 ∈ B(x1; r1) kai z2 ∈
B(x2; r2). Tìte,

‖ (z1 + z2)− (x1 + x2) ‖X≤‖ z1 − x1 ‖X + ‖ z2 − x2 ‖X< r1 + r2,

opìte z1 + z2 ∈ B(x1 + x2; r1 + r2). 'Ara,
B(x1; r1) +B(x2; r2) ⊆ B(x1 + x2; r1 + r2).

Antistrìfwc, èstw z ∈ B(x1+x2; r1+r2). Jètoume z1 = x1+ r1
r1+r2

(
z−(x1+x2)

)
kai z2 = x2 + r2

r1+r2

(
z − (x1 + x2)

), opìte,
‖ z1 − x1 ‖X=

r1
r1 + r2

‖ z − (x1 + x2) ‖X< r1

kai omoÐwc,
‖ z2 − x2 ‖X=

r2
r1 + r2

‖ z − (x1 + x2) ‖X< r2.
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'Ara, z1 ∈ B(x1; r1) kai z2 ∈ B(x2; r2) kai
z1 + z2 = x1 + x2 +

r1 + r2
r1 + r2

(
z − (x1 + x2)

)
= z,

opìte z ∈ B(x1; r1) +B(x2; r2). Epomènwc,
B(x1 + x2; r1 + r2) ⊆ B(x1; r1) +B(x2; r2).

L mma 4.2 'Estw X kai Y dÔo q¸roi Banach epÐ tou C kai T : X → Y ènac
fragmènoc grammikìc telest c, o opoÐoc eÐnai epÐ tou Y . Tìte up�rqei k > 0
¸ste

BY ⊆ kT
(
BX

)
= T

(
kBX

)
.

Apìdeixh: (1) EÐnai profanèc ìti X =
⋃+∞

k=1 kBX . Epeid  o T eÐnai epÐ tou Y ,isqÔei:
Y = T (X) = T

(+∞⋃
k=1

kBX

)
=

+∞⋃
k=1

T
(
kBX

)
.

O Y eÐnai pl rhc metrikìc q¸roc, opìte apì to je¸rhma tou Baire sunep�getaiìti up�rqei k0 ∈ N ¸ste to T (k0BX) na perièqei k�poia anoikt  mp�la. Dhlad ,up�rqoun k0 ∈ N, y0 ∈ Y kai r0 > 0 ¸ste
B
(
y0; r0

)
⊆ T

(
k0BX

)
= k0T

(
BX

)
. (α)

Eidik¸tera, isqÔei:
y0 ∈ T

(
k0BX

)
= k0T

(
BX

)
. (β)

(2) Den eÐnai dÔskolo, me b�sh ta (α) kai (β), na deÐxoume ìti
rBY ⊆ T

(
r
2k0

r0
BX

)
= r

2k0

r0
T
(
BX

)
(γ)

gia k�je r > 0. Pr�gmati, gia tuqìn w ∈ rBY èqoume ìti 1
rw ∈ BY , opìte

‖ ( r0
r w+ y0)− y0 ‖Y < r0, opìte r0

r w+ y0 ∈ B(y0; r0). Apì thn (α) sunep�getaiìti up�rqoun y′n ∈ T (k0BX) ¸ste y′n → r0
r w + y0 ston Y . EpÐshc, apì thn

(β) sunep�getai ìti up�rqoun y′′n ∈ T (k0BX) ¸ste y′′ → y0 ston Y . Jètoume
yn = y′n − y′′n, opìte:

yn ∈ T
(
k0BX

)
+ T

(
k0BX

)
= T

(
k0BX + k0BX

)
= T

(
2k0BX

)
kai yn → r0

r w + y0 − y0 = r0
r w. Sunep�getai ìti r

r0
yn → w kai

r

r0
yn ∈

r

r0
T
(
2k0BX

)
= T

(
r
2k0

r0
BX

)
.

'Ara, w ∈ T (r 2k0
r0
BX) kai apodeÐqjhke h (γ).

(3) Ja deÐxoume t¸ra ìti
BY ⊆ T

(
8k0

r0
BX

)
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kai ja telei¸sei h apìdeixh me autì to apotèlesma.PaÐrnoume tuqìn y ∈ BY . Apì thn (γ) me r = 1 sunep�getai ìti up�rqei
x1 ∈ 2k0

r0
BX ¸ste:

‖ y − Tx1 ‖Y <
1
2
.

Apì thn (γ) me r = 1
2 sunep�getai ìti up�rqei x2 ∈ 1

2
2k0
r0
BX ¸ste:

‖ y − Tx1 − Tx2 ‖Y <
1
22
.

Apì thn (γ) me r = 1
22 sunep�getai ìti up�rqei x3 ∈ 1

22
2k0
r0
BX ¸ste:

‖ y − Tx1 − Tx2 − Tx3 ‖Y <
1
23
.

SuneqÐzontac epagwgik�, brÐskoume akoloujÐa {xn} ston X ¸ste gia k�je
n ∈ N na isqÔei
(i)

xn ∈
1

2n−1

2k0

r0
BX ,

(ii)

‖ y − Tx1 − · · · − Txn ‖Y <
1
2n
.

H akoloujÐa {sn}, ìpou sn = x1 + · · ·+xn, eÐnai akoloujÐa Cauchy. Pr�gmatigia k�je m,n ∈ N me n < m èqoume
‖ sm − sn ‖X=‖ xn+1 + · · ·+ xm ‖X≤‖ xn+1 ‖X + · · ·+ ‖ xm ‖X

<
2k0

r0

(
1
2n

+ · · ·+ 1
2m−1

)
<

2k0

r0

1
2n−1

,

opìte ‖ sm − sn ‖X→ 0 ìtan m,n→ +∞.Epeid  o X eÐnai pl rhc metrikìc q¸roc sunep�getai ìti up�rqei x ∈ X ¸ste
sn → x ston X. Sunep�getai ìti Tsn → Tx ston Y , afoÔ h T : X → Y eÐnaisuneq c. Apì thn (ii) sunep�getai ìti ‖ y − Tsn ‖Y <

1
2n , opìte Tsn → y ston

Y . 'Ara,
y = Tx. (δ)

EpÐshc, apì thn (i) sunep�getai ìti:
‖ sn ‖X≤‖ x1 ‖X + · · ·+ ‖ xn ‖X<

2k0

r0

(
1 +

1
2

+ · · ·+ 1
2n−1

)
<

4k0

r0
.

PaÐrnontac ìrio, èqoume:
‖ x ‖X≤

4k0

r0
<

8k0

r0
. (ε)

Apì tic (δ) kai (ε) sunep�getai x ∈ 8k0
r0
BX kai y ∈ T ( 8k0

r0
BX

). 'Ara,
BY ⊆ T

(
8k0

r0
BX

)
.
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Je¸rhma 4.2 (Anoikt c Apeikìnishc) 'Estw X kai Y dÔo q¸roi Banach
epÐ tou C kai T : X → Y fragmènoc grammikìc telest c, o opoÐoc eÐnai èna proc
èna kai epÐ tou Y . Tìte o antÐstrofoc grammikìc telest c T−1 : Y → X eÐnai
kai autìc fragmènoc.

Apìdeixh: Apì to L mma 4.2 sunep�getai ìti up�rqei k > 0 ¸ste
BY ⊆ T

(
kBX

)
.

PaÐrnoume tuqaÐo y ∈ Y , y 6= 0. Tìte 1
2‖y‖Y

y ∈ BY , opìte T−1
(

1
2‖y‖Y

y
)
∈

kBX . 'Ara,
1

2 ‖ y ‖Y
T−1(y) ∈ kBX ,

opìte
1

2 ‖ y ‖Y
‖ T−1(y) ‖X< k

opìte
‖ T−1(y) ‖X< 2k ‖ y ‖Y .

H anisìthta aut  isqÔei kai gia to y = 0, opìte o T−1 eÐnai fragmènoc.
Je¸rhma 4.3 'Estw X kai Y q¸roi Banach epÐ tou C kai T : X → Y frag-
mènoc grammikìc telest c o opoÐoc eÐnai epÐ tou Y . Tìte up�rqei k�poio M > 0
me thn ex c idiìthta: gia k�je y ∈ Y up�rqei x ∈ X ¸ste
(1) Tx = y kai
(2) ‖ x ‖X≤M ‖ y ‖Y .

Apìdeixh: 'Estw tuqìn y ∈ Y , y 6= 0. Tìte y
2‖y‖Y

∈ BY . Apì to L mma 4.2
sunep�getai ìti up�rqei k > 0 ¸ste BY ⊆ T (kBX), opìte y

2‖y‖Y
∈ T (kBX).

Epomènwc, up�rqei x1 ∈ BX ¸ste T (kx1) = y
2‖y‖Y

.
Jètoume x = 2k ‖ y ‖Y x1, opìte

Tx = y.

EpÐshc,
‖ x ‖X= 2k ‖ y ‖Y ‖ x1 ‖X≤ 2k ‖ y ‖Y .

'Ara paÐrnontac M = 2k ta (1), (2) isqÔoun gia k�je y 6= 0. EÐnai profanècìti aut� isqÔoun kai gia y = 0, paÐrnontac x = 0.
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Kef�laio 5

To Je¸rhma tou Carleson

Jumìmaste ìti o H∞ eÐnai o q¸roc me stoiqeÐa ìlec tic sunart seic f : D → Coi opoÐec eÐnai analutikèc ston monadiaÐo dÐsko D = {z ∈ C | |z| < 1} kaifragmènec. O H∞ eÐnai q¸roc Banach me nìrma
‖ f ‖∞= sup

z∈D
|f(z)|, f ∈ H∞.

JewroÔme mian akoloujÐa {an} ston dÐsko D me diaforetikoÔc ìrouc. An p�-roume mia tuqaÐa f ∈ H∞, parathroÔme ìti h akoloujÐa tim¸n thc f sta an,dhlad  h {f(an)}, eÐnai stoiqeÐo tou l∞. Pr�gmati,
|f(an)| ≤‖ f ‖∞, n ∈ N

kai epomènwc {f(an)} ∈ l∞ kai m�lista
‖ {f(an)} ‖∞= sup

n∈N
|f(an)| ≤‖ f ‖∞ .

Dhlad , h nìrma thc {f(an)} ston l∞ eÐnai mikrìterh   Ðsh apì thn nìrma thc
f ston H∞.
Orismìc 5.1 H akoloujÐa {an} onom�zetai akoloujÐa parembol c gia ton
H∞ an, antistrìfwc, gia k�je {bn} ∈ l∞ up�rqei k�poia f ∈ H∞ ¸ste bn =
f(an) gia k�je n ∈ N.

Je¸rhma 5.1 (Carleson) H akoloujÐa {an} ston D eÐnai akoloujÐa parembo-
l c gia ton H∞ an kai mìno an up�rqei k�poio δ > 0, to opoÐo exart�tai apì thn
{an}, ètsi ¸ste na isqÔei

+∞∏
j=1
j 6=k

∣∣∣ aj − ak

1− ajak

∣∣∣≥ δ, k ∈ N. (1)
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To apeiroginìmeno pou emfanÐzetai sthn (1) eÐnai to mètro tou apeirogino-mènou Blaschke me rÐzec ta aj , j 6= k gia z = ak. 'Ara, h (1) sunep�getai thsunj kh Blaschke, ∑+∞
j=1
j 6=k

(1− |aj |) < +∞ kai epomènwc thn
+∞∑
j=1

(1− |aj |) < +∞.

Apìdeixh tou anagkaÐou:

'Estw ìti h {an} eÐnai akoloujÐa parembol c gia ton H∞. SqhmatÐzoumethn apeikìnish T : H∞ → l∞ me tÔpo:
T (f) = {f(an)}, f ∈ H∞.

H apeikìnish aut  eÐnai grammik . Pr�gmati gia k�je f, g ∈ H∞ kai k�-je λ, µ ∈ C isqÔei T (λf + µg) = {(λf + µg)(an)} = {λf(an) + µg(an)} =
λ{f(an)}+ µ{g(an)} = λT (f) + µT (g).To ìti h {an} eÐnai akoloujÐa parembol c gia ton H∞ eÐnai isodÔnamo meto ìti o grammikìc telest c T eÐnai epÐ tou l∞. EpÐshc, o T eÐnai fragmènocgrammikìc telest c, afoÔ

‖ T (f) ‖∞=‖ {f(an)} ‖∞≤‖ f ‖∞ .

Dhlad , h nìrma tou T eÐnai ≤ 1.Apì to Je¸rhma 4.3 èqoume ìti up�rqei k�poio M ≥ 0 me thn ex c idiìthta:gia k�je {bn} ∈ l∞ up�rqei f ∈ H∞ ¸ste
(i) T (f) = {bn}, dhlad  f(an) = bn gia k�je n ∈ N, kai
(ii) ‖ f ‖∞≤M ‖ {bn} ‖∞ .PaÐrnoume t¸ra sugkekrimènec akoloujÐec {bn} ston l∞. Gia k�je k ∈ NjewroÔme thn akoloujÐa

{δjk}j ∈ l∞,

me tÔpo
δjk =

{ 1, an j = k,

0, an j 6= k.
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Profan¸c isqÔei ‖ {δjk} ‖∞= 1 gia k�je k ∈ N, opìte gia k�je k ∈ Nup�rqei fk ∈ H∞ ¸ste
(i) fk(aj) = δjk gia k�je j ∈ N,
(ii) ‖ fk ‖∞≤M .JewroÔme gia k�je k ∈ N th sun�rthsh

Fk(z) =
fk(z)∏+∞

j=1
j 6=k

(
− aj

|aj |
) z−aj

1−ajz

.

Tìte ‖ Fk ‖∞=‖ fk ‖∞≤M , opìte |Fk(ak)| ≤‖ Fk ‖∞≤M .'Ara, ∣∣ fk(ak)
∣∣∣∣ ∏+∞

j=1
j 6=k

(
− aj

|aj |
) ak−aj

1−ajak

∣∣ ≤M,

opìte,
+∞∏
j=1
j 6=k

∣∣∣ ak − aj

1− ajak

∣∣∣≥ 1
M

kai paÐrnoume δ = 1
M .

Gia thn apìdeixh tou ikanoÔ ja qreiastoÔme ta parak�tw:
Orismìc 5.2 Ja lème ìti h akoloujÐa {aj} eÐnai diaqwrismènh an up�rqei
arijmìc c > 0 ¸ste ∣∣∣ aj − ak

1− ajak

∣∣∣≥ c > 0, j 6= k.

L mma 5.1 H akoloujÐa {aj} ikanopoieÐ th sqèsh (1) an kai mìno an eÐnai
diaqwrismènh kai up�rqei C > 0 tètoio ¸ste gia k�je k

+∞∑
j=1

(
1− |aj |2

)(
1− |ak|2

)
|1− ajak|2

≤ C. (2)

Apìdeixh: An 0 < c ≤ x ≤ 1, sunep�getai ìti
1− x ≤ − log x ≤ 1

c
(1− x).

'Estw Ajk oi ìroi tou ajroÐsmatoc sth sqèsh (2). Tìte
1−Ajk =

|aj − ak|2

|1− ajak|2
.

'Estw ìti h {aj} ikanopoieÐ thn (1). Tìte gia k�je j 6= k isqÔei ∣∣ aj−ak

1−ajak

∣∣≥ δ,
opìte h {aj} eÐnai diaqwrismènh.
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EpÐshc,
+∞∑
j=1

Ajk = 1 +
+∞∑
j=1
j 6=k

Ajk ≤ 1−
+∞∑
j=1
j 6=k

log (1−Ajk) =

= 1− 2 log

(
+∞∏
j=1
j 6=k

∣∣∣ aj − ak

1− ajak

∣∣∣) ≤ 1− 2 log δ,

opìte isqÔei h (2) me C = Cδ = 1− 2 log δ.'Estw ìti isqÔei h (2) kai h ∣∣ aj−ak

1−ajak

∣∣≥ c, j 6= k. Sunep�getai 0 < c2 ≤
1−Ajk ≤ 1, opìte

−2 log
+∞∏
j=1
j 6=k

∣∣∣ aj − ak

1− ajak

∣∣∣ = −
+∞∑
j=1
j 6=k

log
(
1−Ajk

)
≤ 1
c2

+∞∑
j=1
j 6=k

Ajk ≤
1
c2
(
C − 1

)
.

'Ara,
+∞∏
j=1
j 6=k

∣∣∣ aj − ak

1− ajak

∣∣∣≥ exp
(
− 1

2c2
(
C − 1

))
> 0,

opìte h {aj} ikanopoieÐ thn (1) me δ = exp
(
− 1

2c2 (C − 1)
).

Apìdeixh tou ikanoÔ:

'Estw {bk} ∈ l∞. ArkeÐ na broÔme Gk ∈ H∞ tètoiec ¸ste h ∑+∞
k=1 bkGk nasugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo tou D kai ¸ste

Gk(aj) = δjk, j ∈ N, (3)

kai
+∞∑
k=1

|Gk(z)| ≤ C, z ∈ D, (4)

diìti tìte h f(z) =
∑+∞

k=1 bkGk(z) lÔnei to prìblhma. Pr�gmati, h f eÐnai
analutik  sto D diìti h ∑+∞

k=1 bkGk sugklÐnei omoiìmorfa se k�je sumpagècuposÔnolo tou D. Akìmh èqoume:
f(aj) =

+∞∑
k=1

bkGk

(
aj

)
= bj , j ∈ N,

kai
|f(z)| ≤

+∞∑
k=1

|bk||Gk

(
z
)
| ≤‖ {bk} ‖∞ C, z ∈ D.

Epomènwc h f eÐnai fragmènh kai
‖ f ‖∞≤ C ‖ {bk} ‖∞ .
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MÐa pr¸th dokim  gia thn eÔresh thc Gk eÐnai h ex c.JewroÔme to ginìmeno Blaschke
Bk(z) =

+∞∏
j=1
j 6=k

− aj

|aj |
z − aj

1− ajz

to opoÐo sugklÐnei diìti h {aj} ikanopoieÐ th sunj kh ∑+∞
j=1(1− |aj |) < +∞.OrÐzoume

Gk(z) =
Bk(z)
Bk(ak)

=
+∞∏
j=1
j 6=k

( z − aj

1− ajz

/ ak − aj

1− ajak

)
, z ∈ D.

H Gk(z) ikanopoieÐ thn (3), ìmwc den ikanopoieÐ th sqèsh (4).MetasqhmatÐzoume th Gk(z) wc ex c. OrÐzoume
Gk(z) =

+∞∏
j=1
j 6=k

( z − aj

1− ajz

/ ak − aj

1− ajak

)(1− |ak|2

1− akz

)2

W (ak, z), (5)

ìpou h W (ζ, z) ja epileqjeÐ parak�tw ¸ste na eÐnai analutik  wc proc z ∈ Dkai W (ζ, ζ) = 1. Tìte h Gk(z) ikanopoieÐ p�li thn (3) kai ja deÐxoume ìtih W mporeÐ na epileqjeÐ ètsi ¸ste na ikanopoieÐtai h (4) kai na sugklÐnei h∑+∞
k=1 bkGk se k�je sumpagèc uposÔnolo tou D.ArijmoÔme thn {aj} kat� aÔxousa apìluth tim :

0 ≤ |a1| ≤ · · · ≤ |aj | ≤ |aj+1| ≤ · · ·

kai orÐzoume
ψ(ζ, z) =

∑
|aj |≥|ζ|

(1 + ajz

1− ajz
− 1 + ajζ

1− ajζ

)(
1− |aj |2

)
, ζ, z ∈ D.

An |z| ≤ r < 1 èqoume:∣∣∣ 1 + ajz

1− ajz

∣∣∣ (1− |aj |2
)
≤ 1 + |aj ||z|

1− |aj ||z|
(
1− |aj |2

)
≤ 4

1− r

(
1− |aj |

)
.

Epeid  ∑+∞
j=1(1 − |aj |) < +∞, apì to Krit rio tou Weirstrass sunep�getaiìti h seir� pou orÐzei thn ψ(ζ, z), sugklÐnei omoiìmorfa se k�je dÐsko kèntrou0 kai aktÐnac r < 1. 'Ara h ψ(ζ, z) eÐnai analutik  sun�rthsh tou z ston D.EpÐshc, ψ(ζ, ζ) = 0.PaÐrnoume to pragmatikì mèroc thc ψ(ζ, z):
<ψ(ζ, z) =

∑
|aj |≥|ζ|

(1− |aj |2|z|2

|1− ajz|2
− 1− |aj |2|ζ|2

|1− ajζ|2
)(

1− |aj |2
)
.
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ParathroÔme ìti, an |aj | ≥ |ζ|, tìte
1− |aj |2|ζ|2 ≤ 1− |ζ|4 =

(
1 + |ζ|2

)(
1− |ζ|2

)
≤ 2
(
1− |ζ|2

)
.

Jètoume t¸ra
W
(
ζ, z
)

= exp
(
−ψ
(
ζ, z
))
, z ∈ D

opìte h W eÐnai analutik  sun�rthsh tou z, wc sÔnjesh analutik¸n sunart -sewn, kai W (ζ, ζ) = 1.T¸ra,
|W (ak, z)| = exp

(
−<ψ(ak, z)

)
=

= exp
(
−

∑
|aj |≥|ak|

(1− |aj |2|z|2

|1− ajz|2
− 1− |aj |2|ak|2

|1− ajak|2
)(

1− |aj |2
))

=

= exp
(
−

∑
|aj |≥|ak|

(
1− |aj |2|z|2

)(
1− |aj |2

)
|1− ajz|2

)
·

· exp
( ∑
|aj |≥|ak|

(
1− |aj |2|ak|2

)(
1− |aj |2

)
|1− ajak|2

)
.

IsqÔei 1− |aj |2|ak|2 ≤ 2(1− |ak|2), afoÔ |aj | ≥ |ak|, opìte apì thn (2) èqoume
∑

|aj |≥|ak|

(
1− |aj |2|ak|2

)(
1− |aj |2

)
|1− ajak|2

≤
∑

|aj |≥|ak|

2
(
1− |ak|2

)(
1− |aj |2

)
|1− ajak|2

≤ 2Cδ.

'Ara,
exp

∑
|aj |≥|ak|

(
1− |aj |2|ak|2

)(
1− |aj |2

)
|1− ajak|2

≤ exp 2Cδ

kai paÐrnoume
|W (ak, z)| ≤ exp 2Cδ exp

(
−

∑
|aj |≥|ak|

(
1− |aj |2|z|2

)(
1− |aj |2

)
|1− ajz|2

)
. (6)

EpÐshc, W (ak, ak) = 1.Apì tic (1), (5) kai (6) paÐrnoume
|Gk(z)| =

+∞∏
j=1
j 6=k

(∣∣∣ z − aj

1− ajz

∣∣∣/∣∣∣ ak − aj

1− ajak

∣∣∣)(1− |ak|2

1− akz

)2

|W (ak, z)| =

=
+∞∏
j=1
j 6=k

∣∣∣ z − aj

1− ajz

∣∣∣ 1∏+∞
j=1
j 6=k

∣∣ aj−ak

1−ajak

∣∣(1− |ak|2

1− akz

)2

|W (ak, z)|
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≤ 1
δ
ck(z) exp 2Cδ exp

(
−

∑
|aj |≥|ak|

(
1− |aj |2|z|2

)(
1− |aj |2

)
|1− ajz|2

)
, (7)

ìpou
ck(z) =

(
1− |ak|2

)2
|1− akz|2

.

IsqÔei ìti
+∞∑
j=1

cj(z) =
+∞∑
j=1

(
1− |aj |2

)2
|1− ajz|2

≤ 1(
1− |z|

)2 +∞∑
j=1

(
1− |aj |2

)2

≤ 1(
1− |z|

)2 +∞∑
j=1

(
1− |aj |2

)
≤ 2(

1− |z|
)2 +∞∑

j=1

(
1− |aj |

)
< +∞.

'Ara, h seir� ∑+∞
j=1 cj(z) sugklÐnei kai epomènwc

lim
k→+∞

+∞∑
j=k

cj(z) = 0.

IsqÔei
exp
(
−

∑
|aj |≥|ak|

(
1− |aj |2|z|2

)(
1− |aj |2

)
|1− ajz|2

)
≤ exp

(
−

∑
|aj |≥|ak|

(
1− |aj |2

)2
|1− ajz|2

)

≤ exp
(
−

+∞∑
j=k

cj(z)
)
.

Me b�sh thn anisìthta aut  metasqhmatÐzoume thn (7):
|Gk(z)| ≤ exp 2Cδ

δ
ck(z) exp

(
−

+∞∑
j=k

cj(z)
)
. (8)

An c1, c2, · · · eÐnai opoioid pote jetikoÐ arijmoÐ me ∑+∞
j=1 cj < +∞, tìte

∫ ∑∞
j=k

cj∑+∞
j=k+1

cj

exp(−t)dt ≥
∫ ∑+∞

j=k
cj∑+∞

j=k+1
cj

exp
(
−

+∞∑
j=k

cj

)
dt,

epeid  h exp(−t) eÐnai fjÐnousa sun�rthsh kai èqoume
∫ ∑+∞

j=k
cj∑+∞

j=k+1
cj

exp
(
−t
)
dt ≥ exp

(
−

+∞∑
j=k

cj

)(+∞∑
j=k

cj−
+∞∑

j=k+1

cj

)
= ck exp

(
−

+∞∑
j=k

cj

)
.
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AjroÐzontac thn (8) wc proc k, paÐrnoume
+∞∑
k=1

|Gk(z)| ≤ exp 2Cδ

δ

+∞∑
k=1

ck(z) exp
(
−

+∞∑
j=k

cj(z)
)

≤ exp 2Cδ

δ

+∞∑
k=1

∫ ∑+∞
j=k

cj(z)∑+∞
j=k+1

cj(z)

exp(−t)dt

=
exp 2Cδ

δ

∫ ∑+∞
j=1

cj(z)

0

exp(−t)dt

≤ exp 2Cδ

δ

∫ +∞

0

exp
(
−t
)
dt =

exp 2Cδ

δ
.

'Ara, ikanopoieÐtai kai h (4) me C = exp 2Cδ

δ .
Apomènei na apodeiqjeÐ h omoiìmorfh sÔgklish thc∑+∞

k=1 bkGk sta sumpag uposÔnola tou D.PaÐrnoume r < 1. Gia |z| ≤ r h sqèsh (7) gÐnetai:
|Gk(z)| ≤ 4 exp 2Cδ

δ
(
1− |z|

)2 ck exp
(
−

∑
|aj |≥|ak|

(1− |aj |2|z|2)(1− |aj |2)
|1− ajz|2

)
,

ìpou ck =
(
1− |ak|

)2.IsqÔei
exp
(
−

∑
|aj |≥|ak|

(
1− |aj |2|z|2

)(
1− |aj |2

)
|1− ajz|2

)
≤ exp

(
−

∑
|aj |≥|ak|

(
1− |aj |2

)2(
1 + |aj |

)2 ) =

= exp
(
−

∑
|aj |≥|ak|

(
1− |aj |

)2)

≤ exp
(
−

+∞∑
j=k

cj

)
.

'Ara gia |z| ≤ r èqoume
|bkGk(z)| ≤ 4 exp 2Cδ

δ
(
1− r

)2 |bk|ck exp
(
−

+∞∑
j=k

cj

)
.

EÐnai profanèc ìti ∑+∞
j=1 cj =

∑+∞
j=1(1− |aj |2) ≤

∑+∞
j=1(1− |aj |) < +∞, opìte

lim
k→+∞

+∞∑
j=k

cj = 0.
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T¸ra,
+∞∑
k=1

4 exp 2Cδ

δ
(
1− r

)2 |bk|ck exp
(
−

∞∑
j=k

cj

)
≤ 4 exp 2Cδ

δ
(
1− r

)2 ‖ {bk} ‖∞ +∞∑
k=1

ck exp
(
−

+∞∑
j=k

cj

)

≤ 4 exp 2Cδ

δ
(
1− r

)2 ‖ {bk} ‖∞ +∞∑
k=1

∫ ∑+∞
j=k

cj∑+∞
j=k+1

cj

exp
(
−t
)
dt

=
4 exp 2Cδ

δ
(
1− r

)2 ‖ {bk} ‖∞ ∫ ∑+∞
j=1

cj

0

exp
(
−t
)
dt

≤ 4 exp 2Cδ

δ
(
1− r

)2 ‖ {bk} ‖∞< +∞.

Apì to Krit rio tou Weierstrass, gia k�je r < 1 h ∑+∞
k=1 bkGk(z) sugklÐneiomoiìmorfa gia |z| ≤ r. 'Ara, h f eÐnai analutik  ston D.
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