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Kscpo’c)\ou.o 1

IpofAfuarta eSLG0pEOTNCTS

oL owucpuo’c‘ccov

1.1 Kuptd coupata

(at) Opropot

Aovievovue otov R™, tov onolo €youue QodLdoeL UE TO ECWTERXO YLVOUEVO
(-,-) xou v Ewaeldeta vopua |z = 1/ (z, x) mou endyeton and autd. Tpdyouvue Dy,
v Ty EvaelSetar povadtader undhar, xow S™ 1 yia tnv EvdelSerar povadiala ogaipor.
Me D(z,r) ovuBohilovue TNV xheLoTH UTdha UE XEVTPo & xon axtiva r > 0.

Kupté obpa otov R” elvon £vo un xevod, xuptd xou cuunayéc untocbvolo K Tou
R™, mou €yeL un xevd ecwtepnd. Oa Aéue 6Tt T0 xUETS6 cwua K elval cLUETPLXOS
HE XEVTPO cLUUETPlUC TO 0, av Yl xde x € K éyouvue xou —z € K.

Ye yepéc meplntooelg, Yo YpelaoTel Vo ULACOUUE YOl dVOLXTE XLPTA Cw-
potee. Autd elvor o E0WTEPXE TWY XUPTOY owUdtwy. Ioylel bt av K elvor éva
%VpT6 cwua, ToTE To K ocuurintel ue v xAewoty| 9% Tou EcwTEPLXOL Tou.

To &dporopa xatd Minkowski S0o un xevdv unocuvorwy A xaw B tou R”

elvar to cvolo
A+B:={a+b:a€ Abe B}

Edxoha ehéyyovue 6t av tor A xou B elvon ouumoyy| (avtiotorya, xuptd), TOTE xou T0
ddpotoud toug A + B elvon ouurayéc (avtiotouya, xuptd). Ebdtepa, to ddpowoua
300 AVPTWY CLWUATKY Elvol xUPTH CWUAL.

Me tov 6po otoLyeLtrdeg oOVOAO avVOPEPOUACTE O Ulal TENEPAUOUEVY €Vwon
optoywviny Tou €Youy TLC axéc TOUC TUPSAANAES PGS TOUC GEOVEC GUVTETAYUEVWY
(tic Steudivoels TV 0ptoxavOVIXDY DLaVUoUETWY €;), XL EYXOUV ZEVo ECWTEPLXA.
Yuppolilovue ye Z v xAdon GAWY TWY GTOLYELWIWY GUVOAWY.
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Av I eivar éva €100 0ploydvio, Ue uhnn oxudy ai, ..., a, > 0, téte opllovue
TOV OYX0 TOU Yo LooUTOL UE
Il =a;...a,.

Av J = UL, I1; elvon éva otouyetddec olvolo, tote opllovue

m
171= "1l
k=1

‘Eotww tdpa A éva un xevo, peayiuévo utocivoho tov R”. Opilouue tov EcwTERpLXO
o6yxo tou A uéow e

|A] = sup{|J|: J € A, ] € T},

%ot Tov EEwTEPLXO O7x0 Tou A uéow TN

|A| =inf{|J|: AC J,J €T}
Oa Mue 6t 10 A éxer byxo (elvon Jordan uetpriowo), xou Yo tov cuufBorilovue
ue |A], av [A] = |A]. Mropel xaveic va Seilel 6t
KdUe xupté oddpa otov R* éyer dyko.

O WBLoTNTES TOL GYXOUL TIOL YENOLUOTOLOVUE GUY VA GTY CLVEYELX Elvon TEAElwS Qu-
OLOAOYLXEC:

(o) O byxoc napauével avohholdToC WS TPOC GTPOYES XA UETUPOPES.

(B) Av T elvon évac avtiotpéduuoc yeauuxoe uetaoynuatiopnds tov R, téte yid
x&de ouunayég unocivoro K tou R™ woydet

[T(K)| = |detT| - |K].
(v) Eotw K xuptd ooua otov R?. T xdde s € N, opllovue
1
N; = ‘—Z" N K‘
s
Ocwpolue to Yeuehddec opdoydvio @ = [0,1/5)™ tou (1/5)Z™, xon TV évwon

U (z+Q).

zZEN;

O 6yxoc e elvar {ooc ue Ng/s™. Eivar hoywé va unodécovue (xow UTopoOUE va
anodelfovue) 6Tt xadds T0 s — 400, TAPVOLUE RO X0 XOADTERT TPOGEYYLON TOUL
6yxou tou K. Anhady, woydel to e€hc:

lim =
s—>00 |K|s" B




(B) TuppeteLxd xLETA CHOUATR

Ocwpolue plo vopua || - || otov R™. Téte, n wovadialo undha Bx = {z € R" :
[|z|| < 1} tou yopou ue vopua X = (R, || - |]) elvon éva cuuuetpind xLETd chU
otov R". To yeyovég 6t n By elvar cuunaryéc cOVORO xou €YEL UM XEVO ECWTEPLXO,
ogelhetan 670 6TL 7 || - || elvor LoodUvaun ue Ty Evieldeta vépuo. Anhady, undpyouv
a,b > 0 tétolx wote

alz| < ||lzf| < blz|, x € R".

Iood0voua,

70 omolo delyvel 6Tl 1 Bx elvon @poaryuévo obvolo xou Tepléyel ula ovouxTr Undha Ue
xévtpo 10 0. H Bx elvon xhewotd oOvoro, yratl elvon xhewoth we mpog v || - ||, xou,
and TNV LeoduVaUlo TV VopIKY, X8de xAeLoTO GhVOLO WS Tpoc TV || - || elvan xhelotd
w¢ npog v Euxdeldeia uetpinry. Téhog, n xvptdnta xon 1 ovuuetpla tng Bx elvon
anhés ouVEnEelee TV WOTHTLVY TNe vépuas: 7 || - || elvar dptio, Yetixd ouoyevic
GUVEPETNO), XAl XAVOTIOLEL TNV TELYWVLXY AVLEOTNTAL.

AvtioTtpoga, ag unodécovue otL K elvon €val cuppetend xuptd ooua otov R”.
O Minkowski épioe tnv cuvdptnon

l|lz||k = min{\ > 0:2z € AK},

xow améderZe 6L elvon vopua, yia Ty omola woyVet ||z||x < 1 av xow ubvo av x € K.
H 0nop€n tou Aeyduevou ouvvaptnooedols tov Minkowski Selyver 6ti, ue ula évvola,
N MEAETN TOV CUUUETEIXMY XVPTHOV owUdTwy otov R™ elvon toodlvoaun ue ) uelétn
TWV VOPU®Y Tdvw oTov R™:

IMgétaon 1.1.1 Eow K C R* éva ovupetpixs kupté odua. Tote, to ovvaptn-
ooe€10és tov Minkowsks

l|z||k = min{A > 0:2z € AK}

elvar vopua, kat
K={zeR":|z||x <1}

Anodedn: To K nepiéyet ulo umdha ue xévtpo 10 o. Ilpdyuart, agol to K €yet
U xevéd ecwtepxd, undpyouy & € K xou 1 > 0 tétowa wote D(z,r) C K. Adyw
ovuuetploc éyovue D(—z,7) C K, xoau Noyw xvptétnrac, D(o,r) = [D(z,r) +
D(-z,r)]/2 CK.

Eow x € R”. Trdpyet A > 0 apxetd yeydho, dote (1/A)x € D(o,r) C K, dpa,
z € AK. Auté Selyvel 61, yia xdde z € R, 10 abvoro {A > 0: 2 € AK} elvar un
%evo, dpa oplleTton 10

inf{A\ >0:2 € AK}.

Oewpolue ula yvnolong gdivouoa axolovda Ay =+ A. Trdpyouv y, € K tétola dote
T = Ag¥s, XU AOYW TG cuUTdyeLag Tou K unopolue vo unodécovue 6tL ys — y € K.
Tote, 2 = Ay € K. "Apa 1o infimum elvor minimum, xou 1 ||z]| x elvar xohd oplouévn,.
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Enlong, elvon tdpa gavepd 6t ||z||x > 0 yia xdde z € R, xou ||z]||x = 0 av xou
uovo av T = o.

Ané mn ovuuetplo tou K we mpog to o, €yovue £ € AK ov xo ubvo av —z € AK.
Auté anodetxviet 6t

| —z|lxk =min{A>0: —z € AK} =min{A >0:2 € AK} = ||z]|x.

Enlong, av t > 0, té1e

[tz]|lxk = min{A>0:tx € A\K} =min{A >0:z € (\/t)K}
= min{tp:p >0,z € uK} =tmin{pu >0:z € uK}
= tlzllx-.

Ou do mponyoluevee oyéoelc anodewxviouy 6t |[tz||k = [t] - ||z]|x, yio xdde t € R
xou xdde x € R™.

Tty Tptywvix aviedtnta, topatnpolue ot © € ||z||xk K xou y € ||y||x K,
om6TE N xUpTéHTNTAL ToL K udic eZaopolilel 6t & +y € (||z]|x + ||yl x) K, dnhadn

Iz +yllx <llellx +llyllx, 2,y eR™.

Téhog, x € K ov xow uévo av min{A > 0:z € AK} <1, dnhady

:L’”K <1 O

1.2 To Yewpnua twv Beck xow Fiala

To yevxd npdBAnua ue to onolo Yo acyohndouue oe authy v epyaocia elvor to
eZhc. Mdc divouv d0o vépuec || - ||a xou || - ||B otov R™, xou évay guoxd apudud
m. Oéloule vo exTioovue TN uxpdtepn otadepd C = C(A, B,m,n) > 0 yw v
omnola avoroteitan To e€ic:

Avug, ..., um € R" pelluj|la <1, tdre vndpyovr mpéonua €1, ..., em € {—1,1}
TéTola HotTe
||61U1 +...+ Emum“B < C.

Iood0vaua, av A, B elvor cuppetpixd xuptd odpota otov R (to ontola endyouy
otov R tic vépuec || - |la xou || - ||B avtiotowya), Tntdue ) uxpdtepn otadepd
C =C(A,B,m,n) > 0 yw v onolo:

Avug, ..., uy € A, téte undpyovy mpdonua €1, ...,em € {—1,1} térowa dote
giuL + ...+ epum € CB.
Yy mapdrypapo auty|, Yot SOGOUUE £VaL TEWTO TUPASELYUO ATOTEAEGHATOS AUTOV

tou gldouc. Eivar 10 Osdpnua twv Beck xou Fiala [BF], to onolo anodeiydnxe to
1980:
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Ocopnua 1.2.1 Av ui,...,uy, € R” pe |lyjli < 1, vdre vrdpyovr mpdonua
€1y Em € {—1,1} téroa dote

||81U1 + ...+ Sm’u,m”OO <2.

Aréderdn: Tpdgouue u; = (a1j,a2j,.--,an5), § = 1,...,m, xou Yewpodue tov
nxm nivaxo A = (a;;) mov éyel oav othres Ta dtaviouata uj. H vnddeor| uag etvor
oty xdde j=1,...,m,

n
> lai] = llugll < 1.
i=1

Ou oploovue m-ddeg (pgk), e ,pgf)) €e[-1,1", k=0,1,2,..., dwdoywxd. e xdde
Brua, opilovue
Je={j<m :pg.k) # +1}.

(o) Av j & Ji, téte Mue 6T 1) j-othAAN elvon TeEALxR. ANNbS, AéyeTon Tpoow-
pLvN.
(B) Av yia xdmowo k xou xdmoto i éyouue
Z |aij| > 1,
J€Jk

ToTE N P-ypoun Aéyetan k-evepyn. AN, TV ayvooLue. Tuufolilovue ue Iy
T0 GOVONO BEUTAV TWY k-EVERYDV YRUUUMY.
Me awtiv v oporoyia, n Baow tapatipenon etvon 1 e€ic:

Aqupa 1.2.1 Ye kdOe Briua, to TAndos twv evepydy ypauudy elvar uikpdtepo and
t0 TA00S TV TPOTWPIVHY TTNADY.

Anoden: And oV 0ploud TG EVEPYNHS YPUUUNC,
Tl =3 1<) ) lagl
i€y, i€l jeJk

Ouwg, v xdde 7,

n

> il <3 lag| < 1.

i€l i=1
Apa,
<Y Sl < Y 1= 14l 0
JET i€Tn JET
Axoloudolue tov e€hc olydprduo. Xto 0-BrAuc, Vétovue p§°> =...=p% =0

OewpoluEe 10 cloTNUA

Z tjaij =0, 1€ .
Jj€Jo
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Agot

Iy| < |Jol, to clotnua autd éyel un tetpydpévn Aoon (t5)jer,. Emhéyovue
A > 0 pe my WBiétnton pj = pgo) + Xt; € [-1,1] vy xdde j € Jp, xou ToUNdyLoTOY
éva p; € {—1,1}. Opilouue

(0) ;
1 pj ) J ¢ JO:
p; =

!

P; , OAALODC.

Y10 Bua autd €yovue BéBara pg-l) = pj i x&de j < m. Ioapatnerote ot
m
S pai =0, i€l
j=1

Yuveyilovue ) dradiaoto ue tov (dlo tpono: Xto k-Briuc, Yewpobue 10 cboTnua

Z tjaij =0, €.
JE€Jk

Aol |I;| < |Jk|, to cbotnua autd éxel un tetptuuévn Aoon (t5) er, . Emiéyovue
A >0 pe ty WibTnTor pl = pg-k) + Xt; € [-1,1] yia xdde j € J, xon ToUuNdyLoTOY

éva p; € {—1,1}. Opilouue

(k) :
(k+1) _ pj yJ ¢ Jk;
p; =

Py, aAhdC.

[Mopatneodue méAL ot
m
Zpngrl)aij =0, €I
j=1

H oxohoudia |Ji|, £ > 0 elvor yvnolwe @divouoa. Apa, uetd and mEREPACUEVO
mAdoc Brudtey Yo éyouvue pjko) =¢; =F1l yaaxdde j =1,...,m. Ou decilouvyue
OTL QUTH 1) ETLAOYT| TPOCHUWY txavorotel To {nTodUEVO.

OewpoluEe TV i-ypoun: Av mopouével Evepyh we To k-Briua, €xet TNy WBLoTnTa

m
Zpgk)%' =0.
j=1
Av ayvoinxe (v mpddtn @opd) oto k-Brua, avtd onuoiver 6t

> lai < 1.

JEJk
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Ouwg tote,
m
1Y ejanl = 1D g+ Y eja)
j=1 JE Ik JEJk
k

= 1> i ai; + > ejaijl

J€Jk JE€Jk

m
k k

= |ZP§ Jay + Z(gj —pg- Magj|

j=1 JEJk

k

= | Z(Ej —p§- ))aij|

JE€EJk

k

< > le =) layl

JEJk
< 2) al <2

JE€Jk

Anhadn,

||51u1+...+5mum||oo <2, 0O

1.3 To Jewpnua twv Barany xow Grinberg

To debtepo Yewpnua «e€looppdmnoncy mou Vo TopOUCLACOLUE, elvor To Yedpnuo Twy
Barany xou Grinberg [BG], to onolo anodelydnxe to 1980:

Oceopenua 1.3.1 Eotw || - || Tvyoboa vdpua otov R*, kat ui,...,uym € R* ue
llujll <1, 5=1,...,m. Téte, vndpyer emAoyn TpooHuwY €1,...,em € {—1,1} ya
Tnv ornola

llerur + - .. + emuml|| < 2n.

Hopotnperiote 6t ||-||la = || -||B o0 cLuyXeXpuévo TpdBAnua. To Oedonua uws
oyVeL yla omoladnmote vopua xat onotodrinote mAfdoc Siavuoudtwy. To Baocuxd
AMupo tov Bardny xou Grinberg etvat to e€c:

Adupa 1.3.1 Av m > n kat uy,...,u, € R*, dre vndpyovr t1,...,t;m € R e
[t;] < 1, ta omofa ikavomoody Tig

tiug + ...+ tpUy =0

kat |[{j <m:t; #£1} <n.
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Anéderdn: Apywd nalpvoupe Jo = {1,...,m} xou tgo) =... =ty =o. ITpogpaveg

0 — T . +(0) — ’
It;7|=0<1,0M&[{j <m:t;" #=£1} =m>n. Toobotnua

m
E )\j’u]' =0
j=1

€xeL n eSLOMOELS oL M > N oy VOOTOUS, dpa €xel un undevixi Aoom (B;)j<m- Aol

|t§.0)| < 1y xdde j < m, unopolue va Bpodue pi > 0 tétolo HGoTE oL

1 0
4= 4 s,

v efvo 6hoL amohOTwe ULxpdtepol 1) (ool Tou 1, o TouldyLoToV €vag amd auTods Vo
( : — (i ey : =)
elvor £1. O¢roupe J1 = {j <m: |t 7] < 1}, xou xpotdyue touc tj =t 7, j & Ji.

[Mopatneriote ot
Z tg.l)uj =o.
j=1

Av |J1] > n, Yewpolue t0 clotnua
Z )\juj =0,
JjEJ1

0 onolo éyel n ellowoelg xau |[Ji| > n ayvodotoug, dpa €yel un undevixr Adon
(Bj)je.- Agol |t§.1)| < 1y x8e j € Ji, umopolue vo Bpodue p2 > 0 tét0l0 HOTE
oL

(2) _ (1)

tj _tj + p23;

vau efvon 6hot amohbTwe Ulxpdtepol 1) (ool Tou 1, xou ToUAdyLoToV évag and autols Vo
elvow £1. Oétovue Jo = {j € Jy : |t§-2)| < 1}, %o xpotdue toug tj := t§-2), Jj € i\Ja.
[Mopatneriote ot
) @), . _
th uj + th uj = o.
i¢J1 JEJ

Yuveyilovue ue tov Bo tpdémo. Xe k Bruora, éyouue oploel ta E€va GOVOAXL
Jo\J1, Ji\Jz, ..., J—1\Jk

xa oL pbonua t;s) € Js—1\Js, étoL Hote

k
(%) Sy P+ Sy =,

s=ljeds—1\Js JETk

‘Ouwce, n axoroudia |Ji| elvon yvnolwe pdivousa (oo |Ji| > n). Apa, xdmota ottyur
o éyouvue |Ji| < n yio mpdtn popd. TV awtd 1o k, oL cuVTEREOTES TwY u;j oTNy (*)
XAVOTIOLOVY TLC OMALTHoELS Tou ARuuaToc. O
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Amnédeldn tov Oewpfuatog 1.3.1: Alvovior ug,...,u, € R ue ||ui]| < 1.
Av m < n, t61e 10 anotélecua Wy VEL TEOPAVOS: TalpVouUE €5 = 1, xou and Ty
TELY VLX) OVLGOTNTO,

lur + ... +upl <m < n.

‘Eotw Aowdy 6t m > n. And to Auua 1.3.1, cdhdlovtag av ypetaotel tnv apldunon
WV Uj, UTopoVUE va Beolue © < n, ti,. ..t € [-1,1] xot €r41,...,6m € {—1,1},
TETOLL WOTE

(%) Zt uj + Z Ejuj = 0.

j=r+1

Emnéyovue €1 = ... =¢, = 1. Torte,

m
1Y ejuill = ||Z 1-t; UJ+ZMJ+ Z ejuj|
j=1

j=r+1
= ||Z(1—tj)uj||
j=1

r

< Y=ty gl

j=1
< 2r <2n,
and Ty () xou to yeyovée 6t r <, [Jujl| <1, xon |1 -2 <2,5=1,...,r. O

1.4 Avoywyr tou npofARuatog 6T N BLAVOCUATA

To yevixd poc npéBinua Statundinxe Yo 0codHTOTE SLaVOCUATA Ul, . ..\ U, E
aUTAY TNV Tapdypapo Yo Sobue 6Tl UTopolUE TdvTa var utovétouue 6Tt m < n:

Oceopnua 1.4.1 Eoww A kat B 6Uo ouupetpikd kuptd oduata otov R*. Yro-

Oérovpe dnt vndpyer otallepd o térowa wote: av r < n kat ui,...,u, € A, tdre
urdpyour €1, ..., € {—1,1} ya ta onoia €yuy + ... + e,u, € 0B. Tore, yra kde
m € N kat kdOe uy, ..., U, € A vidpyowv e1,...,em € {—1,1} téroia dote

Zeju] (20)B

Tty anddeén, Ya ypetactodue xdmoto cuuBoloud: Av r < nxot ug, ..., u, € A,
Yétovue
P={tivi+...+tu,:0<t; <1,j=1,...,r},
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Hol
PY={tius + ...+ tpup o t; =1/2%1=0,1,....2% j=1,...,r}, k=0,1,2,....

H anédeln tou Oewprjuatog 1.4.1 Yo Baociotel oto Afuua 1.3.1 xon o €€hc dbo

AU

Aqppo 1.4.1 Ta kdOe k =0,1,2, ..., égovue

9 B

k+1 k
PMUC P+ e B

AnédelEn: ‘Eotw z € PHHL. To o vpdpeton otn uoppn

_my My
x = 2k+1“1+"'+—2k+1““

6mouv m; € {0,1,...,2FF1}. Opllovue T = {j < r : m; € 2N — 1}. Tére, elxola
EAEYYOLUE OTL

1
w=2m2w+y
jerl

Yo xdmowo y € PE. Agot |I| < r < n, undpyouy g; € {—1,1}, j € I, tétowa HoTe

(*) Z&‘ju]' €oB.

Jjel
[Mopatneodue 6Tt

1 mj m]-:I:l k
pi=ed gy S = ) St + D e W € P
Jjel JéEI JjeI

yratl mj dptioc av j ¢ I, xawmj£1dptiocav j € I. Xpnowwonotwvtog tn cupuetpla
tou B xou v (%), ouunepaivovue 6t

1

— . k
.T—Z‘FW —ZE]’U,] epP +2k+1B'
Jjel
Agol 70 © € PFF frav tuydy, éneton o {ntoduevo. i

Adppa 1.4.2 Me tov mponyotuevo avpfoioud, P C P° + oB.

AnédelEn: Iopatnpolue 6t 1 (adZouca ) évwon twv PF k > 0 elvon tuxv| oto P:
TeptéyeL Oha o onuelar qrug + ...+ g, pe 0 < q; <1, g5 € {1/2% 1 k e NI < 2%},



17

And v AN Thevpd, YENOLLOTOLWVTAS TNV xLpTdTNTA Tou B, BAénovue enaywyixd
6T

k k-1, 7
P*C P4 p
k—2 o o
C PB4+ B
c ...
o o
C P +- et =
= P+2B+ +2kB
1 1
_ po
= P+U<2_k+"'+§>B
C P°+oB
yio xé&de k > 1. 'Apa, P C P° + oB. |

Anodeln tov Oeswpfuatog 1.4.1: Eotw m > n xo ug,...,um € A. Anéd 10

Arppa 1.3.1, adddlovtac av ypewaotel ™y apliunon twv u;, urtopodue va Bpodue

r<n, ty,...,tr € [-1, 1] xot €p41,...,6m € {—1, 1}, tét010 DOTE
tiur + ...+ LUy + Epp1Upyr + oo F EUMm = 0.
To didvuoua

ty+1 t,+1
w = 2 u1+...+

yott 0<t; +1<2,i=1,...,r. An6 10 Ajuua 1.4.2, w € P* + oB. Kdde z € P°
OUWS YEAPETAUL OTT LOPYY
e1+1 er+1
z= +...+

u, € P,

2 (5% . 2 Uy
yLoe xotdhAnha tpbonud €1, .. ., & € {—1,1}. Anhody,
t1+1 n +tr+1 e1+1 n +5,«4—1 n
up + ... Up = U+ ... Up + v
2 1 2 r 2 1 2 r )
yia xdnowo v € o B. Eneton 6t
T T
th’u]' - Z&‘ju]' = 2v € 20B.
j=1 j=1
"Ounc 167,
m T m T T
ZSJ'U]' = th’u]'-F Z EjUuj; — thu]' —ZE]'U,]'
j=1 j=1 j=r+1 j=1 j=1

T T
= 00— E tj’u]'— E EjUj
j=1 j=1

€ 20B. O
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1.5 H ewxaocia tov Komlos xow to Yempnua tou Spe-
ncer

TuuBorilovue ue | - | v Ewdeldeta vépua otov R*. O J. Komlés Swatdnwoe vy
eZhc ewaoto

Ewcacio tov Komlés Yrdpyer anéAvtn otadepd C' > 0 e tnr axdélovdn i0idtnra:
Avur, ... upm € R” pe|uj| <1, vndpyovr e1,...,em € {—1,1} térowa dote

||81U1 + ...+ smumHoo <C.

Ané 10 Oewpnuo 1.4.1 elvon copéc ot apxel va e€etdoovue tnv neplntwon m =
n. A&ilel Tov x6m0 Vo SoVUE TEMOTA TNV TEPITTWOT OV TA UL, . . . , Uy OYNUATI{OUY
opYoxavovixy| Bdon tou R*. Téte, ta onuela g1ug +. .. + €pltp VUL OL XOPUPES TOU
x0Bouv U(Q), 6mou Q = [—1,1]" xou U o oploydviog petaoynuatiousds mou oplleton
and tic Ule;) = uq, 0 = 1,...,n. Av n exaoio tou Komlds elvar owots, téte autd
onuotver 6T, dmwe xt av «atpldouuey Tov x0Bo Q, ulo amd Tic xopUPES TOL Yo EYEL
«uEN || - [|oo-VOpuoy. Anhady|, Yo €xel ONEG TLC GUVTETAYUEVES TNG PPAYUEVES ATtO
anéhutn oTadepd.

Axbua xou oe avthy TV edixr tepintwon (n onola duwe umopel va elvon xon 1)
xeLpodTEPN), 1 exxacia Tou Komlds mopauéver avowxt. Ioyldel duwe to e€hc:

Oedpnua 1.5.1 Eotw {uy,...,un} opdokavorikrj Bdon tov R™. Yrdpyour mpdon-
pa g5 € {—1,1} wéroa dore

llerur + ... + entin]leo < cy/logn,

omov ¢ > 0 andAvtn otalepd. ad

T v axp(ela, o néoog 6pog e |letur + ... + eptn|loo VW and dheg
T emhoyéc Tpoohuwy € = (1,...,6n) € {—1,1}" elvon g wé&nc e VIogn (n
an6delén nopahelneTon).

H ewaoto tou Komlds eivar avowth. To 1986, o Spencer [Spl] anédetle 6tu:
Trdpyetl andAutn otodepd ¢ > 0 ye v oaxdhoudn Widtntor Av ug, ..., Uy, € R? pe
luj| <1, urdpyouy e1,...,em € {—1,1} tétot0 doTE

(%) lletur + ...+ emtum|loo < clogn.

Yo Kegdhona 2 xan 3 meprypdipouue 8o uetddoug mou od8nyoly oe autd T0 amoTére-
oua: TN uédodo tou dyxou xar T uédodo tou uétpou Gauss. To 1997, o Banaszczyk
[Ban] édwoe xahltepo dvw @pdyua Yo To mpoBinua, avixadiotdvtas tov logn e

Viogn oty (x).

Ocedpnua 1.5.2 Trdpyer anédven otalepd ¢ > 0 pe tnr axddovdn bistnra: Av
Ul, ..o Um € R pe |uj| < 1, undpyow €1, ...,em € {—1, 1} téroa dote

llerur + ... + emtim]|co < c/logn.
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Oa dolue Y anddelln autold tou Bewpruatoc oto Kegpdhowo 4. H anddellr| tou
Baolletor oty avioétnra tov Ehrhard [Eh1,2] yio to puétpo tou Gauss. To Oecdpnua
Tou Banaszczyk elvar 1o xaAOTepO YVWOTO amotéAecua Uyl CHUERAL.

To Oewpnuo Tou Spencer a@opd TO YEVXO Uog TEOBANUa oTny TeplnTwon
- la =111z =1 - [loo:

Ocewpnua 1.5.3 Trdpye andlven owalepd C' > 0 pe wny axdlovdn 6iétnra: Av
Ut, .., Um € R? pellujlloo < 1, undpyouvr e1,...,em € {—1,1} térowa dote

lletur + ...+ emtmlloo < CV/n.

Oo anodel&ovue avtéd to Vewpnua oto Kepdrowo 3. Hapatnphote 6t to Yedpnua
tou Spencer Yo Atav dueon cuvérewa tne ewaciog Tou Komlds: Av |lujlle < 1,
T67€ |uj| < +/n, xow av 1 exooto tou Komlds woydet, unopolue va Bpodue tpdonuo
g; € {—1,1} térowa tdote

u1

||81\/ﬁ

u
+...+smT’:L||00 <C,
dnhady,
||61U1 +...+ Emum”oo < C\/E
H nopdhhnin uerétn tov 800 mpofAnudtwy oto Kepdiowo 3 delyver xodapd yuortd
0 TEoBANua tou Komlés elvar Suoxoldtepo: av |uj| < 1, Sev €youue txovomolnTixy
TAnpopopla yial T0 LEYEVOS TWV GUVTETAYUEV®DY TOU.
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Ke:cpo’c)\ou.o 2

H pédodog tou oy%ou

2.1 Ilepuypagn tng pnedodou

Y10 Kegpdharo awtd dlvouvue ulor mpodytn extiunon yia tnv ewxascto tov Komlds:

Ocwpnua 2.1.1 Trdpye anédvtn otalepd C > 0 pe tr e&ng ididtnta: ya kdle
emAoyn Savvoudtwr ui,. .., u, € R® pe |uj| < 1, uropotue va Bpolue mpéonua
€1,...,n € {—1,1} térora dote

lletur + ...+ eptplloo < Clogn.

H uyédodog nou Yo axoloudricovue yonoytronotel axpiBr) anoteAécUTA YIaL TOV
OYXO TOUGY GUUUETEXWY Awpidwy otov R™. H Baoud déa etvor n e€hc: Trodétovue

Ot T < M OXOL U, ..., Up Elvan DavOouota otov R, e |u;| < 1. Tpdgouvue u; =
(@1, .-, an;) xat a; = (@, ---,air), j < 1,1 <n. Hopatnpodue ot [|ziur + ...+
Trtp|loo < B av xow uévo av [{z,a;)| < B vy x&de i < n, 6nov & = (z1,...,2,).

Anhadn, ov YewpioOVUE TO GUUUETPXO XUETO GOVORO

K={zeR :[(z,a;)| <1,i=1,...,n},

|z1u1 + ... + Zrty||o < B <= x € BK.

Yxonée pog elvar vo amodelEouvue to e€hc:

Ocdenua 2.1.2 Mropolue va Bpolue €1,...,&, € {—1,0,1} mov wkavonowov ta
SN

(@) |{j <7:ej =0} <o,
Kat

(IB) (61)"'767“) € BK’
ormov 6 € (0,1) xar B > 0 andlures oradepés.

21
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To Oedpnua 2.1.1 tpoxintel and 10 Oewpnua 2.1.2 ue ulo amhy) enovolnmtixy Stodt-
xaoto. o Ty anddelén touv Oewpnuoartog 2.1.2, yeNnolonolo0UE TNV aVLGHTN T TOU
Vaaler:

Ocsopnua 2.1.3 Eotw wi, .. . ,wy, darvouata tov tapdyovy tov R . Ocwpolue to
OUULETPLKS KUPTO TidUa

W={zeR :|(z,w;)| <1,i=1,...,n}.

Wl/r>2 n;-
W 22\ s s

Egpopudlovue tnv avioétnta tou Vaaler yior 10 GUUUETEXO XUpTH oodU

Tore,

W =BKN(2-6)-1,1].

Me xotdhinin emhoy twv andutwy otadepndy B > 0 xo 6 € (0,1), unopodue va
eZaopodicovue 6t |[W| > 2727/2. Ané éva Yedpnua tou van der Corput mou yevi-
xeVeL To mpwTo Yewpnuao Tou Minkowski, 6to W unopolue va Bpodue TouAdylotov
27/2 Sroexpuuéva Levydpra axepalwv onuelwy. ‘Ouwe, W C (2 —6)[—1,1]", dpo dhat
autd o axépono onpela oynuatilouy éva chvolo

AC{-1,0,1}".

Aol |A| > 27/% undpyouv § € (0,1) xon e € A ue

H{j<r:e; =0} <or

Auté ohoxhnpddver Ty anddelln tou OewpHuotos.

H anédeiln touv Yewpruotoc tou van der Corput mopouctdletor oTny ENOUE-
V1 Topdypapo, eV 0TS Tapaypdpous 2.3-2.5 Sivouue Ty anddelin e aviooTNToG
tou Vaaler. A&ileL va onueiwdel 1L undpyouy TOAAS dAN amOTEAEGUATA TTOU dlVouv
oL} xdte pdryaTal YLl ToV 6YX0 TOURS CUUUETELXOY AwplBwy (BAéne [Gl], [BP]).
Xpnowonotdvtag v dtar teplnou Wéa, umopel xavels vor ddoeL amddeldn xat yio To
Yewprnua Tou Spencer. ‘Onwe duwe Yo JoLUE 0TO ENOUEVO XEPIAALO, YETOULOTOLWDY-
Tag 10 Y€tpo tou Gauss (Afuua tou Siddk), unopolue va SMooLUE GUVTOUSTEPES Ko
amholotepes anodellelc xon twv dVo anoteleoudtwy. o to0 Adyo autd, oto TopEdY
xepdiono meploptlouacTte oto TedBinua tou Komlds.

2.2 To Yewpnua touv Minkowski

To Oedpnua tou Minkowski eZacpahilel Ty Onapn un undevixol axepatov onueiou
o€ xd&de GLUUETEXO xVETO auUa atov R nou €yel 6yxo ueyallTepo and 2":
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Ocwpnua 2.2.1 Eoww K avolktd, CUUETPLKS w§ TPpos To 0, Kuptd odua otov R .
Av |K| > 27", téte 1o K mepiéyer tovkdyiotor éva u € Z™\{o}.

To anotéheoua autod elvon Béhtioto. Av Yewprioovue tov x0Bo @ = {z : |z;| <
1,i=1,...,r}, téte |Q| = 2", ad\&d Q N Z" = {0}.

O yenowuonotiocouue uia enéxtaon tou Yewpruatog tou Minkowski, 1 omola
opelheton otov van der Corput. H anddeilrn Baoiletar ot évo Mjuuo tov Mordell:

Aqupa 2.2.1 Eotw k € N, kat M Jordan petprioyio vrootvolo tov R" pe | M| > k.
Tére, undpyerz € R" téroto ddote to M 4z va mepiéyet tovddyiotor k+1 Owaxexpiuéva
aképaia onueta.

Aréderdn: o xdde s € N, Yewpolue to mAéyua (1/s)Z". TuuBorilouue ue N
Tov Thnddpriuo tou cuvérou M N (1/s)Z". Eyovue

M
lim ——— =1
oo Ny(1fs)7

dnAad”, yior UEYEAA § LoYUEL 1] aVloOTNTL
Ng > s"k.
Mafpvouue éva tétoto s € N, xo Yewpolue 10 GOVOAO
A;={u€elZ":(1/s)u e M}.

To Ay éxer manddpriuo Ny > sk, xou tar onueior Tou avixouy oe 8" 10 TohD xAJoELS
urohoinwy mod s. Emouévewc, umopodue vo Bpolue ul, ..., uf*t € A, o onola
k41

+
avixouy oty (Bt xhdom mod s. Téte, ta onuela -, ..., “— avixouy 610 M, xou
™
i 1
u'—u .
T = ez, i=1,...,k+1.
s
‘Apat, av Oéoovue z = (1/s)u', 1o M + 2z nepiéyer k + 1 oxépono onueto. O

Xpnowonowdvtac o Afuua tou Mordell, o van der Corput yevixeuoe 1o TpohT0
Yedpnuo tou Minkowski wg e€nc:

Ocevpnua 2.2.2 Eotw k € N, kat K éva avoiktd, oUppETPIKS S TPOS TO 0, KUPTO
odpa orov R", pe dyxo |K| > 2"k. Tére, to K mepiéyer tovddyrotor k Levydpla

axepaiwy onuelwr £u’ # o.

Aréderdn: To K/2 éye 6yxo peyaldtepo and k. And to Afuuo touv Mordell,
urdipyouy z € R™ xaon v, ..., vt Sroexpruéva axépona onueta, tétola dote

o1
z+v’€§K, i=1,...,k+1.
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’ , , i ’ ’ ;
Mropouiue va unotécouye ot o v elvan Buatetayréva Aeguxoypagpuxd. Anhadi,
av i < i téte vl < vl , 6mou s elvon o TpwToc delxtng Yo Tov onolo v # vl . Tore,
vy xdde ¢ = 1,...,k éyouue

, , ) 1 1
u =0t —pl = 2+ 0" — (24 0h) € <§K - §K> NZ"\{o} = KN (Z"\{0}),
xou, T Levydptar Fuls i = 1,.. ., k, etvor droncexpruéva, yiott xdde ul éyel Yetind Ty
TEOTN UN UNdevixh cuvtetayévn tou (omdte, dev unopel vo cuufel ul = —ud av
i # ). O

2.3 H avicotnta twv Prékopa xou Leindler

H »dacuer oviodtnta Brunn-Minkowski cuvdéet to didpoioua Minkowski ue tov 6yxo
otov R":

Ocwenua 2.3.1 Eow K kat T 600 un kevd ovunayr) vroovvoda tov R". T,
|K+T|1/r > |K|1/r + |T|1/r

Yy meplntwon mov ta K xou T elvar xuptd oouata, wootnta 6to Oewenua 2.3.1
umopel va toydel wévo av o K xon T' elvon ouotodetixnd.

H avicétnra Brunn-Minkowski exqpdlel ue plo €évvola 10 yeyovog otl o 6yxog
elvar xoiAn cuvdptnor we mpoc TV mpdovesr xatd Minkowski. I'ta to Aéyo autd
oLy Vvd ypdpetar oty axdrovdn uopeR: Av K, T elvor un xevd cuunoyy| UTocUVora
tou R” xow A € (0,1), t61e

IAK + (1= XN)TM" > XKV + (1= X\)|T|]'/".
XpNouwomoLOVTAC TNV TEAEUTALO AVICOTATO XOL TNV AVLeOTNTA aeLdunTLXol - YEWUE-
TeLoU EGOU, UTOPOUUE axdiua va Ypdpouue:
() IAK + (1= NT| > KT
H aoctevéotepn auth woppt| tne avicotntac Brunn-Minkowski €yel to mAcovéxtnua
ot elvon aveZdptnTy Tne StdoTaonge.

H avioétnra twy Prékopa xou Leindler [Pis] elvow 1 «cuvaptnotaxt éxdoony tne
avieotnroac Brunn-Minkowski.

Ochpnua 2.3.2 (Anodrnra Prékopa-Leindler) Eoto f,g,h: R" — Rt mpeg
petpopues ouvaptioes, kat A € (0,1). Yrodérovue ot o f kar g elvar odokAnpd-
owueg, kat ott, yla kdde x,y € R”

h(Az + (1= Ny) > f(z) gy) .

for= (L) (L)

Tore,
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Anodedn: Oo delfouue TNV aVOOTNTA UE ENAYWYTH S TPOg TNy SudoTaoT .

(o) r = 1: Mrnopolue vo unodécouue ot oL f xou g elvon cuveyelc xan yvhoLa YeTixéc.
H anédei&n mov Yo Sdoouue Baocileton otny WEa TNg UETAPORAS TOL UETEOU.

Optlouue z,y : (0,1) = R yéow wwv

[Lo=ifse [Lomtfs

Me Bdion tic unodéoelc uac oL z,y elvon nopaywyiotues, xau yia x&de ¢ € (0,1)
EYOLUE

2 (1) f(a(t) = / f Y e®) = / 0.
Oplloupe z: (0,1) - R e

z(t) = Az (t) + (L = AN)y(t).

Ot z xou y elvan yvAola ab€ovoec. Eneton ot i 2z elvon xt ot yvAota ab€ouvoo o,
amd TNV avtedTNTA aELdUNTIXOU-YEWUETELXOV UETOUL,

(1) = A () + (1= Ny () > (2" () (y'(t)"

Mnopolue Aotméy vo exTACOLUE TO OAOXAfipwUd TS h xdvovtag Ty odhayr ue-
aBAnTRY s = 2(1):

/h = /1h(z(t))z’(t)dt

; h(Az(t) + (1= Ny () (@' () (' (1)) ~dt

/01 F®)g ™ wit) <f({v({f))>A @éé)))u o

- ()

(B) Emaywyikd Bripa: YTrodétovue ot r > 2 xon ott 10 Oetdpnuo €yet amodetyVel
vy k € {1,...,r —1}. Eow f,g,h énwc oto Ocdpnua. T xdde s € R opilovue
hs : R'=Y — R ue hs(w) = h(w, s), xou ue avdhoyo tpémo optlovye fs, gs : R™71 —
RF¥. Ané v unéddeon o vy tic f, g, h éneton oL, av z,y € R™™! xou 5,81 € R
T6TE

v

Y%

h)\sl—i-(l—}\)so (/\iL’ + (1 - A)y) Z fs1 (1‘))‘950 (y)likv
xa 1 enaywyxr unddeon udc divel

H(si +(1—A)so) = / N
Rr—1

</R*1 fsl) ,\ </R"1 gso> a =: F*(51)G"*(s0).

Y%
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Egopudloviog tdpa Eavd v enaywyu utddeon v r = 1 otig ouvaptiioec F,G
xou H, matpvouue

[r= L= (L) (L) = ([ ([5)

Anddeln tov OewpRartog 2.3.1: Eotw K, T cuunoy? un xevd UTocUVOAd TOU
R, xau A € (0,1). Opllovue f = xK, 9 = XT, ¥ h = Xak+a—n7- BiOxoha
EAEYYOLUE OTL LxavoToloLVTAL oL UTOYECELS Tou Oewpriuatoc 2.3.2, ondte

MK4%1—MTM=/h2(/V)A(/gy_xzﬂﬂWﬂ“*

Auté anodewevier Ty (x) ya xdde tpddo K, T, A. Lo va ndpovue ty aviodtnta
Brunn-Minkowski, Yewpoiue K xou T ue |K| > 0, |T'| > 0, xou opllovue

Ki= K"K, 1=, = —
1_| | ’ 1—|| ) _W'

Ta K xow Th €xouv 6yxo 1, onéte and ty (*) malpvovue
[AK: + (1 =XM1 > 1.

Ouas, K+T

)\Kl + (1 - )\)Tl = W,

EMOUEVWC,
K +T) > (1K + 7). o

2.4 X07xpLorn hoyoprduixd xolAwy UETPLY
Oprowdg Mia ouvdptnon f: R — RT Aéyetor Aoyapuduixd xoikn av, yo xéde
z,y € R" xou xdde X € (0,1),

FOT+ (1= Ny) > [F@)P I

BOewpolue Ty xAdon M, 6hwv twv Borel uétpnv ndavétnrag p otov R”, mou €youy
™ LopPH
w(A) = [ futayds,

6mou f, : R" — R* dptia, hoyoprduixd xolhn cuvdptnon, ue

\

fu(z)de =1.
RT
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Aéue 6t n f, elvon n muxvéTnTa Tou p. Opilovue ulo uepry didtadn oty M,
¢ e€hc: Av p, v € M., Mue 61t «10 1 elvor UeYAADTEPO amd TO ¥y, XL YPAPOUUE
w= v, oy

p(4) =2 v(A)

yior x&e ouUUETPLXG xon xLET6 uToclvoro A tou R.

Iopadetlypota wétpwy oty M,
(o) "Eotw K ouuuetpind xuptd odua otov R”, ue byxo | K| = 1. Opilovyue éva
pé€tpo mbavotnroc ux otov R, ¥€tovtag

nrc(A) = [K 1 A| = /A i (@)de

yia xde Borel A C R". Adyw tne xvptdémroc xou g ovuuetplog tov K, 0 Xk
elvon dptior xou hoyaprduwxd xolhn cuvdptnon, deo i € M.

(B) Twat xdde ¢ > 0, 1 ouvdptnon fe(z) = exp(—c|z|?) elvor dpTio xou AoyoprduLxd
xolhn otov R": Ilopatnpodue 6t n Evdeldeiar vopua elvan xupth cuvdptnon, xou 1
t — ct? elvon entong xwpth. Apa n oOVIecH Touc

clz[* = —log f(z)
elvow plor dpTiar, xvpTh cuvdptnon.

Auté onuaiver 61, yia xdde ¢ > 0, 0 uétpo

Yre(A) = % /Aexp(—c|x|2)dm

6mou I(c) = [5. exp(—c|z|*)dz, avixel oty xhdon M,..

OpLowés ‘Eva Borel uétpo mdavdtntag p otov R™ AMyeton cuuuetoid xon hoyaptd-
(d xolho, av yia xdde A, B un xevd Borel unoctvohra tou R" xou xdde A € (0,1),
oy oLy oL

ey
POAA+ (1= N)B) > [p(A)P [u(B)] .

H Ipétaom mou axohowdel delyver dtL n xAdon M, anotehelton and Uétpa mou €youy
ALTEC TLC LOLOTNTES:

IMpoétaom 2.4.1 Av pu € M,, tite to |t elvar ovupetpixs kar Aoyaptiuixd xoilo.

Anode&n: Agol p € M,, utdpyer f : RN — RT dptiar xon hoyoprduxd xolhn
oLVEETNOY, TETOLA DOTE

u(A) = /A f(x)d.

Aqgob 1 f elvon dptia, talpvouvue

pa) = [ fae= [ fo)ia = [ fa)e = ua),
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dnhadh to p elvar ouuuetpxd. Eotw A € (0,1) xau A, B un xevd Borel uvroctvola
tou R". ©éhouvyue va det€ouue 6Tt

p(AA + (1 =N)B) = /RTXAA+(1—>\)B(1')f(m)dm

> ([ oer@n) ([ wwseas)

= [u(A)Pu(B) .
OplCoue w(z) = xa(@)f(2), 9(z) = xB(2)f(2), xou h(z) = Xaat(1-nB(@)f(2).

Oa del&ouvue 6Tl aUTA 1 TELEdA GUVAPTAGEWY XaVOTOLEL Tig UTOVETELS TNG AVIGOTNTOG
Prékopa - Leindler: yia xdde x,y € R",

(%) h(Az + (1= N)y) > [w(@)]Mg(y)]' ™.
Mpdyuat, av e ¢ ARy ¢ B, 16t 10 3eid uéhoc tne (*) yiveton ioo ue undév, ondte

dev éyouue tinota vo anodellovue. Av téh & € A xou y € B, 161 Az + (1 — Ny €
AA + (1 = N)B, xou n (%) madpver tn (Lopon

FOa+ 1 =Ny) > [f@PF I,

1 omola woyVet, yiotl n f elvan Aoyoprduixd xolAn cuvdptnon.
Ané v avicétnta Prékopa-Leindler, cuunepaivouue dtt

/Th(m)dm > (/Tw(a:)da:>>\ </Tg(m)da:>l)\,

70 onolo elvar axpBwe To {nToduevo. O
To enduevo Muua do yenouwwonoundel apxetés Qopéc oTn cLVEYELAL:
Afppa 2.4.1 Eoww p € M,, ue ntukvétnra w owvdptnon f. Av h : R" — RF
uetpnoun, tote
o0
/ h(z)f(z)dx = / w(x : h(z) > t)dt.
r 0

Anddegn: I'odgpouue

| h@) s =

h(z)
) (/ 1dt> flz)dx

/ f(x)dzdt
{w:h(2) >t}

o]

w(z : h(z) > t)dt. O

Il
S— S— T
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Optowés Eotww py € My, xou py € My, ue nuxvétntee fi xou fo avtiotorya. To
YUVOEVO [ @ fiz TV fi1 X0L fy opileton ota Borel utocivoha tou RF k2 gné tny

(11 ® pio)(T) = / / £1() fa(y)dady,

6mou Ypdypouue (z,y) yia T0 TuYdY onuelo tou RM R evvodvtac mpogavie 6t
z € R yau y € RF2,
Lo xdde T C RE1TR2 e wéde y € RE2 ) opilouue

T(y) ={z € R" : (z,y) € T}.

Tote, unopodue va yeddouue 10 (1 @ po)(T') ot poper

(1 ® p2)(T) = /R;Q ( r )fl(l”)dl“) f2(y)dy.

Ytbyoc poc elvon va anodelfovue bt av pi,v; € My,, i =1,...,m, UE u; > v;
vy xdde i <m, TOT€ (1 @ ... Q fiyy > V1 Q... @V, 6TNY Mg 4 4k, ['a T0 oxond
auto, Yo ypetaotolUe uia oELpd amd AfUoTL

Aupa 2.4.2 Eowo T ovppetpicd, kupté vrootvolo tov RF+kE2. H guvdptnon
h:RFz — RY, e

hy) = [ s
T'(y)
elvar dptia kair AoyapiOuikd xoidn.
Anédeln: Iopatnpotue mpdta 6t ['(—y) = —T(y), y € RF2. Tpdyuot, ov

z € ['(—y) t6te (z,—y) € [, dpa (—2,y) € T, dnhadf —z € ['(y). Autd delyvel 6L
I(—y) C —I'(y), xou o avtioTtpopog eyxhelouds amodetxvieta 6uola. ‘Eneton ot

/ fi(z)dz = / fi(z)dz = fi(=2)dz
I(—y) —T(y) I'(y)

f1(z)dz = h(y),
I'(y)

OTIOU YPNOULOTOLRCAUE TO YEYOVOC 6Tl 1) fi elvan dpTiat.
[ v Set€ovue 6L 1 h elvar Aoyaprduwxd xolkn, Bélovue va det€ouvue 6Tt

/ fi(@)de = / XE Ot 13y (@) o ()
Ty +(1=N)y2) R”

X (D) A XT () (%) f1 (w)d o
(i) ([ st
</F(y1) fi (x)da:> (/F(yz) f (x)da:>

= [Aly)P Ay2)]"

h(—y)

h(Ay: + (1 = N)yo)

v
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Optlouue tpelc ouvaptioec: tc F(z) = Xr(yl)(l')fl (z), G(z) = X[‘(yz)(l’)fl (z),
xot H(T) = Xr(ayi+(1=M)y2) (7)1 (7). Oa Sel€ovue 6TL auth n Tpiddal cLVaPTHCEWY
weavorotel g unodéaele tne avtobtrtac Prékopa - Leindler: yia xé&de z, 2z € ]Rkl,

(%) H(\z + (1= X)2) > [F(@)MG(2)]'

Mpdryuatt, av ¢ T'(y1) f 2 ¢ T'(y2), t6t€ 10 de&ld uéhog e (¥) yivetar (oo we
undév, ondte dev éyovue timota va anodelfovue. Av tdh € T'(y1) xou z € ['(y2),
t6te Az + (1 — Nz € T(Ay1 + (1 — A)y2), yrotl and tny xuptéTnte Tou T,

TAys + (1= Nyz) 2 AL(y1) + (L= AL ().
[Av z; € T(y;), t6t€ (z5,y:) € T, dpa AMx1,y1) + (1 = N (22,12) = (Azg + (1 —
A2, Ayr + (L = Ny2) € T, dnhadh, Azy + (1 — XN)zz € DAy + (1 — Nyz).]
Tére, n (x) molpvel T Lopph

Az + (1 =X22) > [ AE]

n omola woyVet, yatl 1 fi elvon Aoyaprduxd xolhn cuvdptnon. And v aviedtnia
Prékopa-Leindler, cuunepatvouue ot

1-X

CCE ( /R § F(x)dxy( N G(a:)da:) ,

70 onolo elvar axpBwe To {nToduevo. O

Afppa 2.4.3 Eoww h: R" — RT ufa dptia, Aoyapiduxd xoidn ouvdptnon. Tore,
yia kd0e t > 0, to ovvoro Hy = {z € R" : h(z) > t} elvar ovuperpiké kyptd
vroovvodo tov R”.

Anodergn: H ovuuetplo tov Hy éneton amd 1o 61L 1 h elvon dptio. Eyouvue y € Hy
av xou u6vo av h(—y) = h(y) > t, dnhadf —y € Hy.

H xvptdémnta tou Hy éneton and to 61t 1 h elvon Aoyoprduxd xolhn. 'Eotw
x,y € Hy xor X € (0,1). Tére,

h(hz + (1= Ny) > [M@)[hy)]' > M2 =1,
Snhad®), Az 4+ (1 — N)y € H;. O
Afupa 2.4.4 Av gy € My, kar ps € My, T6T€ p1 @ po € My 4k, -

Anéderdn: Apxel va del€ouue 6t n ouvdptnon f(z,y) = fi(x)f2(y) elvon dptio xou
Aoyaprduwd xoihn otov RE1FR2 "Oucwe autéd etvor dueom ouvéneta twv avtiotorywy
WBothtwy v fi xa fo. a

Afppa 2.4.5 Eoww p,v € M,, kat h : R" — RY uia dpuia, Aoyapiuxd xoidn
ouvdptnon. Av u > v, téte

[ m@ @i [ b @
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Anodedn: XpnoluonolwvTtag T0 YEYOVOS 6Tt [t > v xon tor Afuuorta 2.4.1 xon 2.4.3,
rafpvouue

M) fuads = [t hi) 2 0= [ uoa
/0 v(H;)dt = /0 v(z : h(z) > t)dt

h(z)f,(x)dz. O

R™

R™

v

IMpoétaom 2.4.2 Av puy > vy oy My, kat iy = va oty My, T6t€ 11 © g >
Vi @ vy 0Tty My 4k, -

AnédelEn: Eotww I éva oupuetpind xupté utootvoro tou RF TR2 Todgouue

(1 ) () = [

R

Q“n@m§M@@= h(y) fyo (),
*2 \J/T(y) RF2

o, on6 o Afupa 2.4.2, 1 h elvor dptior xon hoyaprduixd xoihn otov R*2. Ané o
Aupa 2.4.5, agol py > Ve, TAlEVOLUE

[ @ty > [ b fon )y,
R¥2 R¥2
Ouoc,

(1 @ ve)(T) = /

R

( ful(ﬂf)dl“) fuo(y)dy = / h(y) fv. (y)dy,
k2 \JT(y) R¥2

dpar,
(11 ® p2)(T) > (11 ® v2)(T).

Aldlovtog tn oeLpd TNE OAOXAPWONS, XAl XPTOULOTIOLOVTAS TNV i1 > V1, TUEVOLUE

(1 @ v2)(T) > (v1 @ v2)(D).

"Encton 6L
(p1 @ p2)(T) > (1 @ v2)(T),

xon ool to I' Aoy TuY oV, p1 ® po = V1 ® va. O
Eraywywd, and v Hpdtoon 2.4.2 nalpvouye:

Ocwpnua 2.4.1 Eoww p;,v; € My, 1 = 1,...,m, pe p; > v; yia kde i < m.
Tote, 1 @ ... @ i = V1 @ ... @ Uy O



32

To Oewpnua 2.4.1 udc emttpénel vo cuyxpivouue AoyapLduLxd xolho uétpa YLvo-
WEvaL UE avarywyr otn wovodidotatn tepintwon. ‘Eva nopdderyua epapuoyiic avthg
e TEYVIXAG, TO ontolo Yo YPELGTOVUE GTNV ENOUEVY Tapdypapo, elvar To eEhc:

IMapdderypa [Va] Oewpolue tov x0po @, = [—1/2,1/2]" otov R™. To g, civar

€va CLUUETPXG, hoyoptduxd xolho UETpo, xan

HQ, = HQy & - O UQ; -

Mpdyuart, av A C R?, t6te

. (4) =101 41 = [ xo.(@itr = [ T[xar@ds = (ugy ... gy ().

Ouolwe, 10 Yp,x elvan dptio, hoyapuduixd xolho uétpo otov R, xau évoc amhég
umoloytopode delyver ot I(m) = 1. Agol

I(m)

fal@) = — exp(—rlaf?) = [[ exp(~ra?),
=1

BAémouue 6T
Tn,we = V,m Q... Y,7-

Oa dellovue OTL B, > Yn,r, X, cOUQwva UE To Oewpnuo 2.4.1, apxel vo amodel-
Eouue to e€nic:

Adppa 2.4.6 Ta kdOe ovpperpikd idotnua J, = [—a,al, a > 0 wydet po, (Jo) >
V1,7 (Ja)-

Anéden: Ava > 1/2, t6te po, (Jo) = |Q1] =1 > 1,2(Js), 0ol 10 1 5 elvan
wétpo miavotnrac. Yrodétovue owndy 6t 0 < a < 1/2. Tére,

1Qi(Ja) = |Ja| = 2a,

EVE),
a

V1,7 (Ja) :/ exp(—nt?)dt S/ 1dt = 2a.

—a —a

Apat, V1,7 (Ja) < 1, (Ja).- =

2

Ané 1o Afupo éneton OTL pg, > Yi,x, xou and 0 Oedpnua 2.4.1 éyouue:

Ocwpnua 2.4.2 I'a kdlen € N, pg, > Yn,x- i
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2.5 H avicotnta Tou Vaaler

H avicétnra touv Vaaler [Va] udc Siver xdtw @pdyua yia tov éyxo e touhc n
CUUUETPLXOY AWpSwY

Pi={zeR :|(z,w;)] <1}, i=1,...,n,
, . , n 2 /
OUVOPTAHGEL TOU «UEGOU UAXOUCY » . |w;]|? twv Stavuoudtwy w;:

Ocevpnua 2.5.1 Eotw wi, ..., w, dariouata mov tapdyovr tov R". Ocwpolje to
OUMUETPLKS KUPTO TdUa

K={zeR :|(z,w;)| <L,i=1,...,n}.

r
A JyR———
>im wil?

O EXUETAAAEVTOVUE TO YEYOVOS OTL f1Q, > Yn,x YL Vo amodeifovue Ty e€xc:

Tore,

IMeoétaom 2.5.1 Avn >r kat A évagn X r nivaxag pe tdén r, tote
/ XQ., (Azx)dz > / exp(—7|Az|?)dz.

IMopatnerote 61L, oty meplntwon n = r, N avioétnta e pdtaong 2.5.1 woylel
oav LlodTNTO: dEV EYOUUE TORd VoL XEVOUUE TNV ahharyy) UETIBANTAC 2 = Az xou va
YETNOULOTIOLACOVUE TO YEYOVOC OTL TA [1Q,, XA Vn x €lvor UETpa mdavOTNTIC.

Anoden: Oswpolue Tov UTGYWEO F' mou moapdyouv oL oTthAec Tou A, xat évay
n x (n—r) nivaxa B mou éyel ooy othAkec uta opdoxavovixd Bdon tou FL. T xdde
e > 0, opllouue tov n x n nivaxa T, = [A | eB]. Oswpolue 10

R" x anr = {(1‘,]/) eER":ze€ Rr)y € anr}v

xaw epapudlovpe to Oedpenua 2.4.2 Yo 1o suUUETEXS xVETd cUVORO T (R™ X Qp—r):

/ / efn\Az+€By|2dydx — / e*ﬂ'|TEZ|2dZ
TS Qnr R™"XQn—r

1 2
_ —7|w]| d
= _ e w
|det To| J1 (R x@n_.)

1
| det Tg| TE(RTxQni"‘)

- / Xou (To2)dz
R"XQn—r

/ / XQ.,, (Az + eBy)dydz.

XQ,, (w)dw
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Moipvovtag dplo xadme € — 0F, éyouue

// e*ﬂIAHEBdeyda: — // e’“'A””deda:

= |Qn—r| e_ﬂ"Am‘zdm
R’V‘

2
= /e‘“lAwl dx.

Anb v dAn Theupd, Yo xdde (z,y) Loylet
Xq. (Az +eBy) = xq, (Az)

xodog € — 0. "Apa, drwg Topamdve,
/ / . (Az + eBy)dyde — |Qpn— r|/ X, (Az)dz.

"Ereton 6t

/XQH(A:L’)CI:L’Z/ exp(—7|Az|*)dz. O

Anodeln tov Oewpnuatog 2.5.1: Iopatnpodue tpwta 6Tt & € K av xou uévo
av Az € 2@y, 6mov A 0 n X 1 nivaxag Tou éyel ypouués to w;, § < n. ‘Apa,

|K| = / X20, (Az)dz = 2"/ X, (Ax)dzx
R’r‘ T

Ané v Hpdtaon 2.5.1, naipvouue

K]

— >/ e_”‘Ax‘zdm:/ e~ ™ATATT) g
2T 7 Jpr -

O A*A elvar ouuueTpxdg xat Yetnd oplouévoc r X 1 niivoxac, dpo UTAPYEL GUUUE-
TpLede xon VeTLnd oplouévoc T X r ivoxac B tétowoc wote B2 = A*A. Anhadi,

|K| —n|Bz|? 1
> ™ =
o = .. 9 =3B

1
det(A*A)

Mpémel howmdy va Beolue dvw gedyua yiortny det(A* A). Tlopatnpotue étu (A*A); =
2221 w/%i’ dpa

tr(A*A) = Z (A*A); = ZZU}M ZZU}%Z = Z lwg |2
k=1

i=1 k=1 k=1 i=1
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H opilouoa tou A* A elvar 10 YvoUEVO TV WBLOTLUOY ToU, evé To tr(A*A) elvon to
ddpotoud toug. Agol o A*A elvar cuuueTpixog xon VeTixd 0plouévog, oL LOLOTUUES
Tou elva Yetixol mparyuatixol aprduol. And ty aviodtnta aptduntxol-yewUeTpLXo0

uéoou,
* r n 2\ T
st (SUDY_ (Sia ol
r r
Anhadn,
K| < r )”2
o> 2\l )
2 2imt lwil
xa o Oewpnuo anodelyvnxe. a

2.6 Avo gpdypa yia Ty euxacia Tou Komlos

Trodétovue 6t r < n xow uq,...,u, evor daviouata otov R?, ue |u;| < 1. Tpd-
povue u; = (@1j,...,0n5) ¥ &; = (@s,...,air), j <7, i < n. Iopatnpodue 61t
|lz1ur + ... 4+ Zrtp|loo < B av xow uévo av |(z,a;)| < B yio xdde i < n, 6mou
z=(T1,...,%p). Anhad?, av VewpHooLUue T0 GUUUETEXO xVETO GOVONO

K={zeR :|(z,a;)| <1,i=1,...,n},

téte
|z1u1 + ... + Zrty||o < B <= x € BK.

[Av o u; elvon ypouuixds aveldptnta, T6te 10 K elvon xvptd obdua.] Exonde uac
elvow vor amodet&ouue o e€rc:

Ocdenua 2.6.1 Mropolue va Bpolue €1,...,&, € {—1,0,1} mov wkavonowov ta
€gng:

(a) |{j <r:e;=0}| <or,
Kat

(IB) (51)"'757“) € BK’
érov § € (0,1) ka1 B > 0 andlutes otadepés.

Anodedn: To onuelo mou Pdyvovue uéoa oto K Exel axépoleg GUVTETAYMEVES
{oec ue —1,0 A 1. Oewpolue Aotmdy To xVPTO CWUL

W= 8K N (2=0)-1,1) = {z € B : [(z,a:)| < 8, I(@,e;)| < 2= 6,i <n,j <r}.

To W elvar Tour; GUUUETEXWY Awp{Bwy Tou optlovtan and ta Stavbouata a;/f Tou
XAVOTIOLOOY TNV
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xat T e /(2 —0) mou éyouv urxog uxpdtepo and 1/(2 —6). Anbd to Oedpnua 2.5.1,
€Y OLUE EVOL XATW PEAYUAL YLOL TOV OYXO TOUL:

W > —
Zz 1 B2 +EJ 1 —0)2

7t e
23(2 - 6)
B2+ (2-6)2

|W| > 9or ﬂ(2_0) '
= 3+ (2-0)

Mmnopolue vo emhé€ouvue 6 > 0 apxetd utxpd xow B > 0 apxetd ueydho, dote

Anhadn,

-9 .5
B2+ (2 —6)2 '

[To bpto authc TN TocdTNTaS XS S — 00, elvar (oo pe 2 —6.] Emiéyouue howndy
étoL v (ambéhutn) otadepd B, xou €xouue

|W| > 2727/,

Ané 1o BOewpnua tou van der Corput, oto W umopolue vo Bpoldue TouAdyLGTOV
2712 Leuydipua axepalewv onuetwy. Ané tov opoud tou W buwe, éxouue W C (2 —
0)[—1,1]". Apa, 6ho awtd T axéponar onuelor avhixouy oto {—1,0,1}". Agob W C
BK, éyovue

|BK N{-1,0,1}7| > 27/2.

Opilovue A = K N{-1,0,1}".

Afupo 2.6.1 Av 1 <k <r/2 xap=Fk/r, téte

() s

Jj=0

AnoderEn Eyouvue

g() k+1)<k> :(k+1)k!(+ik)!'

XpNoUWOTOLOVTAC TNV AVLGOTNTA
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rafpvouue

r!

_ _ k—1,.k
T (r=1)...(r k+1)<ek+1e T

(k+1)r
< (%)
- ()

Mapatnpavtag 6t /plog(l/p) — 0 xodde p — 07, ovunepaivouue étu undpyeL
anéhutn otadepd ¢ > 0 tétola ot

62 pr
() s -
)

(k+1)

Adppa 2.6.2 Trdpyer § € (0,1) pe wr e&ng widtnra: av A C {—1,0,1}" kat
|A| > 27/2, téve vndpyer e = (e1,...,6,) € A térot0 doe

Hj<r:e; =0} <or

Arédergn: To mvidoc twv e € {—1,0,1}" mou éxouv axpBide s UNdevixéc ouv-
tetoryuéveg, etvan (1)277%. Apa, to TAMfdoc auTtdy Tou €xouv TEploobTERES amd O
HNOEVIXEC GUVTETAYUEVES, ElvoL

(1=6)r

EQr e 50510

s=0r s=0r s=0
Ané 1o mponyoluevo Muua, 1 Toe6THTaL QLT Elvol ULXPOTERY antd
1-6 VIi—s Vi—é 2
2( )7“2(:1 r S 9c2 r < 2r/ ,
av To 0 elvon opxeTtd xovtd oto 1 (aveldptnra dume and to r). ‘Encton o1t undpyet
e€Ayue|{j<r:ej =0} < or. O

Emotpépouue tdpa otny anddelén tou Oewpruatoc 2.6.1. Egapudlovtag to Afuua
2.6.2ywwt0 A=pKnN{-1,0,1}", Bploxovue ¢ € {—1,0,1}" tou wxavonotel to (o)
xon (B). |

Ocewpnua 2.6.2 Trdpye anédven oralepd C > 0 pe ty e&ng idtna: ya kdle
emAoyn Savvoudtwr ui,. .., u, € R® pe |uj| < 1, uropotue va Bpolue mpéonua
€1,.-.,n € {—1,1} térora dote

lletur + ...+ eptplloo < Clogn.
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AnéddelEn: Oétouue o = {1,...,r}. Anb 10 Oedpnua 2.6.1, undpyouv el ... ek €

{=1,0,1} térow wote: av oy = {j <r:ef =0}, tote o] < o7, xon

IS gl = letur + .+ 2l < 6.
j€0'0\0'1

Kpotdue ta €}, j € ao\o1, xou Yewpolue ta Srovbouata uj, j € o1. Autd €youv
mfdog |o1] < 0r xan vépua |uj| < 1, ondre epapudleton M to Oetdpnuo 2.6.1.
Trdpyouv €5 € {=1,0,1} téroia dote: av oy = {j € 01 : &5 = 0}, t61€ 02| <

2 =
Sloi| < 8%r, xou
2 2
I D" Suillo = 1Y Fujllo < 5.
jEo1\o2 j€Eo1

Tuveyilouvue ue Tov (8o Tpdmo, uéypt Tov uoxd ko yia Tov omolo Va €xouue |og, | <
2. Tétooc guowxée undpyet, vyt § € (0,1) dpa |og| < 6fr — 0. Emniéov,
ko < ¢(6) logn. e xdde Briua, wovonotelton 1

|| Z S.I;U’]HOO S 67
JjEOK-1\0k
omou 5? o mpbonua mou emthéydnxay oto k-Bruc. [ x&de j € op_1\o Fétovue
gj = 6?, EVOD av j € ok, Vétovue €5 = 1. 'Eyouue étol yla enthoyy| mpochuwmy
€1,...,&r € {—1,1}, vy Tnv omnola
r ko
1> euille < D01 D eyl +11 D ujlle
j=1 k=1 j€Eor—1\ok JEOK,
< kof+2<2+4c¢(d)Blogn
< Clogn,

xau 1) otadepd C' elvon andhutn, apol ot F, 6 elvon andiutee otadepéc. O
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H pédodog tou uetpouv Gauss

3.1 Ilepiypagpr tng wedodou

OewpoluE T0 T-didototo Pétpo tou Gauss 7y, To onolo opileton and Ty

1 P
(A = ———— —1=17/2 4.
7o (A) (%)T/z/Ae v

To v, €yel ToAég xahég WdTNTeg, TI¢ onoleg Y yprotuonoolue eAedlepas:
(o) To 7, elvon hoyoprduixd xolho: av A, B eivor Borel untocOvora tou R xou
A€ (0,1), téte
Tr(AA+(1-N)B) > [’YT(A)]A[’YT(B)]I_A-

(B) To v, elvon uétpo ywouevo (BAéne Kepdharo 2):
Yr=71& ... M.

(v) To v, elvon avodholwto we npoc otpogéc: av U elvan évag oploydviog ueta-
oynuatiouds touv R”, téte

7 (U(4)) = 7:(A).

TroYétovue 6L 1 < N UL U, ..., U, Elvar Staviouata otov R?, ue |uj| < 14
lujlloo < 1. Tpdpovue uj = (a1j,.-.,an;) o a; = (Qi1,...,0i), § <7, 0 < n.
‘Onwe xou 610 TEONYOLUEVO XEQPHANLO, VEWPOVUE TO GUUUETELXS VPTG GUVOAO

K={zeR :|(z,a;)| <1,i=1,...,n}.
Ané ) ovupetpla Tou K xan Tic WLOTNTES TNG TUXVOTHTAS TOUL Yy, ETETOL OTL

Yo(e + BK) > e~ F 4, (BK) = /27, (BE)

39
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yia xdde S > 0. Lto onuelo autd yenowwonolobue to Afupo tou Siddk [Sid] yio va
Swoovue xdtw Qedyua o 10 Y (BK):

ARppa touv Siddk Ay Py, ..., P, elvar ouppetpikés Awpides otov R”, tdte

Y (PLN...NPy) > v (Pr)...v.(Py).

To BK elvon tour cuppeteixoy hwpidwy, dpa to Arjuua tou Sidak epopudletar v’
awtd. Ta xatdAinin emthoy tne otadepds B, unopolue va del&ouue ot v, (BK) >
27P" v xdmora andbhutn otadepd p € (0,1). Téore,

/]R Z Xe+8K (@)Y (dz) = Z (e + BK) > 2P17,

Teef{-1,1}" ee{—1,1}"

vt xdmota AN otadepd p1 € (0, 1), dpa undpyer A C {—1,1}" ue |A| > 2P'", tétoo
Wote
() (e +BK) #0.

c€EA

Aol |A| > 2P undpyouy e e() € A ue

H{i<r: 5;.1) = 5§.2)}| < or.

Azé v (eM + BK) N (e® + BK) # B xor w0 ouuuetpla tou K, éneton 6t
(1) _£(2)
SLLELLpy

Snhodn,
llerur + ...+ erttr]| oo < B,

xoau [{j <7 :e; =0} < or. H anddeln tou Jewpridatoc tou Spencer xou tng
«log n-extiunoney yia v ewxactor tou Komlds, ohoxAnpwvovion ue emavaAnmiinég
dtadixaoleg avdhoyeg autrc tou Kegpahalou 2.

Oo anodeilovue 1o Arupa tou Siddk otny emduevn napdypapo, xat Yo Sboovue
TApelc amodel€elg Twv Tapandvew Bnudtwy otig tapaypedpous 3.3 ot 3.4.

3.2 To Mupa touv Sidak

Oewpolue 1 GUUUETELXES Awpldeg
Pi={z eR :|(z,w;)| <}, i=1,...,n

otov R”, énov w; € S" L xou t; > 0,4 =1,...,n. To Afuua tou Siddk Stver xdrw
pedryua Yo To r-Sidotato uétpo Gauss Tng Toung Toug:
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Ocwpnua 3.2.1 Ay Py,..., P, elvai ouppuetpikés Awpides orov R”, téte

Y (PLN . .NPB) > (Pr) .o oye(Pn)-
H onodeln o yivel ye emaywyn wg npog 1o tARlog twv Awpidwy, 1 onola Bacileton
oto €&rc:
Ocevpnua 3.2.2 Eotw K ovuuetpikd, kAeotd kat kupté vroovvolo tov R”, kar P
ovupetpikn Awptda otov R™. Tdre,

Yr (K N P) > 5 (K)ye(P).

[ty amddetén tou Oswpriuatog 3.2.2, Yo yenoylonoLicouUE UEPLXEC ATAES oot
NEHoELS:

(o) Eotw K ovuuetpeixd, xhetotéd xou xuptd uvrooivoro tou R, [ xdde s € R,
optlouue
Ky={z e R~ :(z,5) € K}.

Av Jg = {s € R: K, # 0}, t61€ vy x30e 51, 82 € Ji xou x&de A € (0, 1), éyouue
K)\sl+(1—)\)sz 2 /\Ks1 + (]- - /\)KS2.

Autéc o eyrdeioude mpoxinTeL dueca and Ty xuptdTTa ToL K. Mio mpddytn cuvénetd

Tou glvow 6Tl 10 Ji elvon évar GUUUETEXS SLACTNUA.

(B) To vr—1 elvon hoyaprduixd xolho, dpa

Vo1 (K sy +(1-0)s2) > [Yrm1 (KM rr—1 (K]
yia xde sq, S2 € Ji xow xdde A € (0,1). Optlovue f: Jg = Rue f(s) = vr—1(Ks).
H f elvan dptior xon hoyoprduwnd xoikn. Enouévwe, to chvoro
Ix(z) :={s € Jx: f(s) >z}
elvow éva suuuetpd (lowg xevéd) uroddotnua tou Ji, yia xdde z > 0.

Anoden touv Oewpfuatog 3.2.2: H anddeln Yo yiver ue emaynyn wg mpog
didotaon. Avr =1, téte ta K, P elvar ocuuuetpund diaotiuata oto R, dpeo to KNP
elvar évar amd ta K, P. Aol to 71 elvon uétpo ndavétnrag,

(K N P) =min{v: (K),71(P)} > 1 (K)7n(P).

Trodétovue bt 10 Vewpnuo éxet anodeydel av 1 < ' < r. Eotww K ocvuuetpxd,
XAELGTO xat xUpT6 uroalvolo tou R”, xou P ouuuetpnh Awpldo atov R™. Agob to
r elvon avohholwto e Tpog oTpogés, UTopolUe vo utodécouue 6tt P = {z € R" :
|z, | <t} yia xdmoto ¢ > 0. Torte,

W(KNP) = / 1 () ()

-/ T X (9)f () (ds)

— 00

= /00071(3 1 f(s) > z,s € [—t,t])dz



42

ané 10 Afuua 2.4.1. Ouwe, agod 10 Oewpnua €yel anodelyVel oy meplntwon
r' =1, éyouue

(s 5 1) 2 2,5 € [, 1) = (T (2) N [=4:8) > (=, D (T (),
yrotl xdde Ik (z) elvon ouuuetpxd Sdotnuo. Apa,
WEAP) > (-t [ )
= (=t [ mleR: f0) 2 )

= () [ o (K)ds

— 00

" ([_tv t])')/r (K).

Télog,

2Py = [ [ s = [ (=t e = nil-ta).

,ApO(, ’y,.(KﬂP) > 'YT(K)'YT(P)- O

Anddelln tov OewpRpartog 3.2.1: Trnodétovue 61 10 Oewpnua €xel anodelyVet
av 10 TAflog Twv Awpldwy elvon uxpdtepo and n. ‘Eotw Pi,..., P, cuuuetpxég
Mpldeg otov R". To K = Py N...N Py_; elvol SUUUETEXG, XAELOTO xou xLETH, dpat

’YT(le---mPn—lmPn)Z'Yr(le---mPn—l)'Yr(Pn)a

and 10 Oewpnua 3.2.2. Topa, UTOPOVUE VA EQUPUOCOVUE TNV ETAYWYLXTH LUTOUEST
vyt Py .., Py

’)/T(Plﬂ...ﬂpn) ’Yr(le---mPnfl)')/r(Pn)

Yr(Pr) - e (Pr—t) v (Pr). O

vV v

‘Eva oAb Yvwot6 oyetind npdBhnua (mou napauével avolxtd) elvon 1 Aeyouevn
«ewaotor TS YETUAC CUGYETLONGY VLA CUUMETELXA XUPTd cwuata otov R™:

Ewcaoio: Av K xon Ky elvon ouuuetpixd xuptd oduata otov R, tote

¥ (K1 N Ka) > 5 (K1) (Ka).

H ewxaoia auth éyet anodelydel and tov Pitt [Pi] otnv replntwon r = 2, xodde
XOlL Y0l OpLOUEVES ELBXESC UAdoELS owudTwy oTov R”, 7 > 2 (BAéne [SSZ]).
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3.3 Andédel&n tou Yewpruatog Tou Spencer

To Jedpnua tou Spencer etvon oyYedov dueon cLVETELX TOU EENC ATOTENECUATOC:

Oceopnua 3.3.1 Trdpyovr B > 0 ka1 0 < § < 1, térowa dote: Av r < n kai
Ut, ..., U € R" ue Jujlloo <1, tdte umopolue va Bpoluce e, ..., e € {—1,0,1} mov
wkaromololv ta €€ng:

(a) {j <r:e; =0} <or.

(B) lerur + ...+ epurllo < BTy /log(2E).
Anodedn: Oewpolyue tov n X r nivaxa A mou €yel ooy GTHAES TOL U, XOL YPAPOUUE
a;, i =1,...,n v ¢ ypoppéc tov A. Av x = (z1,...,2,) € R, té1e
|z1u1 + ... + Trtp)|oc <M <=2 € K = K(M),

omov
K(M)={zeR :|(z,a;)] < M,i=1,...,n}.

Oa yenowwonoticovue 800 amhd AT

Adupa 3.3.1 Av K elvar éva ouupetpiké kupté odua otov R kar z € R”, tdre

1212

Yr(z + K) > e 2 3. (K).

Anodedn: I'odgouue

1 2 1 2
= —|21*/2 4, = —lz+z[7/2
wlEtK) = (2m)r/2 /Z+K ‘ = (2m)r/? /K ‘ -

Abyw ovuuetplag tou K, éyouvue xat T

1 a2
’yr(z+K): (27-[-)1‘/2/1(6 ‘Z -T‘ /le_,

xou TpooUETovTag TG dU0 LooTNTEC TalpVouUE

7T(Z+K): dx.

1 / o—le—al?/2 | o~ lz—al?/2
(2m)/? [ 2

And v xuptdTTA TG EXdETXNC CUVPTNONS ENETOL OTL

1
vz 4+ K) > W/ o~ (lzal+z=al®) /4 gy
K

xa ue T Boridela Tou xAVOVAL TOU TURUAATAOYPAUUOU, XUTUATYOUUE GTNY

1 122 _1zl? gt
%(Z+K)ZW/K6 12F/2e=1252 g — e~ 1217/24, (K). O
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Appa 3.3.2 (a) I'a kdde s > 0,
—\/2 /s e12qt > 1 — /2,
21 Jo -
(B) Av s > 2, téte 1 — e=s"/? > exp (—26—82/2).

Arédeldn: (o) Me amhf ahharyh) LeTaBANTAS, €YOVUE

o 2 Foo 5
= / = o [y
21 Js 2w Jo
2 2 +oo 2
— _Z - /2 —st_—t /Zdt
e e e
vV 2m 0
6—32/2i oo e—t2/2dt — 6—32/2_

Enopévac,

2 [Tty 2 - 2> 1 — e /2
e = — e — € .
\/27‘(’ 0 vV 2 s -

(8) Oétouue z = e /2. Tére, n {nroduevn aviobmto yiveton 1 — 2 > e~ %
1
—2z
e < <1l-=z
T 1+227

av 0 < z < 1/2, 10 onolo xavonoteltol 6Ty TEPINTHOT UaC.

[ xdde i = 1,...,n, opllovue

Pi={zeR :|(z,a;)| < M}.

. ‘Ouuwx,

Kdde P; elvon ouuuetpi Awpida ue mhdtoc M/|a;]. Ouwe, |a;| < /r yatl xdde
a; €YEL GAEC TLC CUVTETAYUEVES TOL AmOAUTWS UxpbTepeS 1 (oec Tou 1 (autd mpoxd-
ntel and v vnddeot| pag Ot ||ujllee < 1). Xenowonowdvtag to Aduua 3.3.2(w),

BAémouue 6T

M/\/r

1 2 2
P) > _ - —t7/2=1U1*/2 gy, dt
77‘( l) - \/ﬁ/M/f %1 /Rn716 € y
T Von /M/f e /2t
21 J My
_ L/M/ﬁe—tzmdt
V21 Jo
> 1—exp(—M2/2r).

Xpnowonowdvtag xou 1o Afuua tou Sidak, xatahfiyouue ce €va xdtw QedyUd Yo

10 v, (K):
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Ilpétaon 3.3.1 Ia kdde p € (0,1), vndpyer = B(p) > 0 pe tny 1bidtna: Av

2
K ={o e B : |(r,a;)| < Bv/ry[log(T),i < n},
téte v, (K) > 277",

Anédergn: Mapotnpolue 6T, av mépouue M = f/r/log(22), téte

M 2n
— = [y/log(—) > log2 > 2
7 og(~-) 2 fv/log2 > 2,
apxel o B va elvon apxetd peydho. Tote, and tov mPoNYoLUEVO UTONOYLOUO XOL TO
Afuua 3.3.2(8), Brénouue bt
Y (P;) > 1 — exp(=M?/2r) > eXp(—Q(fB2 log(2n/)/2y,

Ané tov opioud tou K xou 1o Arjupa tou Sidak,

W(K) = ywFPiNn...NPk,) > H'Yr(Pi)

n

[T (1 — exp(—M?/2r)) > exp (_Qne—M2/2r)

i=1

v

= exp <— - 102gT(L2n/r)/2)> '

Zmtdue v, (K) > 27P7, dnhadt apxel vo Bpodue B > 0 mou va ixavorotel tTny

2n
< prlog?2.
exp(82log(2n/r)/2) = 7%

Iood0vaua, {ntdue

2n 2n

2

—) > .

() 5 log(*) > log(—— )

Aev elvor 30oxolo vo dolue 6tL 1) (x) weavorotelton av emthéouue B > cy/log(1/p).
Me authy TV emAOYY IXAVOTOLOOVTOL XAl OL TPOTYoUUEVOL Teploptouol Tov YEoaue,
ondte 1 anddelln elvar TAENG. O

Adppa 3.3.3 Trdpyery € (0,1): av to B elvar apketd peyddo, ka
2n. .
K={zeR :|(z,a;)| < BVr 10g(7),z <n},

téte vndpyer A C {—1,1}" pe nrAnddpiduo |A| > 27", térowo dote
) (+K)#0.

c€EA
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Anéderdn: Trtadeponowobue p, B(p) xou M(p) énws otnyv pdraon 3.3.1. Xpnowo-
notwvtag xat to Afuua 3.3.1, éyouvue

/R S Xerx(@)n(dn) S et K)

Tee{-11} ec{-1,1}"
_lel?
Z e~ lel /2%(}()
ee{-1,1}"
27"6—7'/22—107'

Y%

1
2(1_21052 —p)r‘

Eméyouue tdpa po = % (1 — @), %t awt6 opilet to f = B(po) xou o K. Tt 10
ouyxexpluévo K, éyovue
/ Z Xe+k (T)7r (dz) > 277,
R™ cef-1,1}
dpa umdipyeL o € R™ ue
Z Xe+k (T0) > 2777,
ee{-1,1}"

xaw av Véoovue A = {e:xp € e + K}, tote |A] > 2P0 xau

() (e +K)#0.
€EA
Auté ohoxhnpGver TNy omdBeLEn Ue ¥ = po = % (1 - 21;g2). o

Tuveytlovue axpBoe édnwe otny HMapdypago 2.6. Tndoyer § = d(y) € (0,1) e
Ty WoTNTA
[6r]+1

> (2) <2,

s=0

Ytadeponototue e € A. Agov |A| > 277, undpyet €@ € A ue
P { ¢ 24 {
i <riel) =Py < om

Aré my (e + K)N (@) + K) # 0 xon tny cuuuetpio tou K, éneton 6t
S _ o2

=—cK
£ 5 € K,

SMhadY,
2n
||€1U1 +...+ Erur”oo < /B\/F lOg(T)

Eumkéov ¢ € {-1,0,1}", xou [{j < r : g5 = 0} < or. Apo, n anddelZn tou
Oewpuaroc 3.3.1 elvon TAHeNC. i

Xwplc oA %610, unopolue Thpa Vo del&ouue xdTL LoyLEGTERO:
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Ocewpnua 3.3.2 Trdpye anéiven otalepd C > 0 pe tny e&ng bidtnra: Avr <n
Kat ui,...,ur € R* pel|ujlloo < 1, tére umopotpe va Ppoduc e1,...,e, € {-1,1}
TéTola HoTe

2n
lletur + ...+ ertir]|oe < CV/T log(?).

AnéddelEn: Oétouue og = {1,...,r}. Anb 10 Oedpnua 3.3.1, undpyouv el, ... ek €
{-1,0,1} tétowx wote: av oy = {j <r: 5} = 0}, w6t |o1| < dr, xon

2n
)" cjujlloo = lletur + .. + ehurlloo < BVTF log(=~).

jEO’o\o’l

Kpatdue Ta 5;, J € 00\o1, xou Yewpolue tar Stavdouata uj, j € o1. Autd éyouv
mafdoc |o1] < 6r xon vopua ||ujlle < 1, ondte epopudleton T To Oewpenua 3.3.1.
Trdpyouv 3 € {—1,0,1} térow Gote: av oy = {j € 01 : &F = 0}, t61€ 02| <
Slor| < 82, xou

2n
I Z 8§Uj||oo = || Z s?ujHoo < BVor 10g(ﬁ)_

jEo1\o2 jEo1
[H ouvdptnon t — t\/log(2n/t) elvar adZouca oto Sdotnua tou SoukelouuE].
Tuveyilovue pe tov (Sto Tpdmo, uéypt Tov uoxd ko yia Tov omolo Va €xovue ok, | <
Vry/log(22). Térolog guoxde umdpyet, yiott 6 € (0,1) dpa |o] < 6Fr — 0. Ze
x&de Briva, teavornolelton 1

I Y ullee < BVFTr log(son),
JEOK_1\Ok
6Tou 5? Ta mpbonua mou emAéydnxay oto k-Briua. Ta xdde j € op_1\ox Vétoupue

gj = 5?, eV av j € oy, ¥étovue £; = 1. 'Eyouue étol ula emhoyn npochuwy
€1y...,6r € {—1,1}, vy TV omnola

r ko
1> ejusllo oD el 1Y wslls
j=1

k=1 j€or—_1\ok JETky

ko—1
Z B\/&T\/log log( )
k=0

< (B+ l)ﬁ\/log(QTn) ié’“” + B\/Fié’“”\/log(é"“)-
k=0 k=0

Ot 300 autéc oelpéc cuyxAivouy, doo

IN

IN

I ciuille < B+ DAGW los() + BBOWVF
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< 0(8,0)rlos2D)

Ou B xan § oy andlutes otadepés, dpa o (Bto toylet xou yior Ty C. O

[Mafpvovtag r = n oto Oevpnua 3.3.2, nalpvouue o Oewpnua tou Spencer:

IMépiopa 3.3.1 Yndpyer andven oralepd C > 0 térowa dove: Avug,...,u, € R?
He ||ujlloo < 1, ToTe umopolpe va Bpoduc e, ..., en € {—1,1} e

lletur + ...+ entinlloe < Cv/n. O

3.4 Avew gpdyua yia Ty euxacia Tou Komlos

Trodétovue 6t 1 < noxow w1, ..., u, elvon Savbouata otov R, ue |u;| < 1. Tpd-
PoVUE U; = (a1j,...,Gn;) Xt a; = (Qi1,...,aQ;), § < 7, 0 < n. Avdhoya ue v
TPONYOVUEVN TARdYEA(PO, VEWPOVUE TO GUUUETELXO XUPTO GOVONO

K={zeR :[{z,a;)| <1,i=1,...,n}.
Yxomée pog elvar vor amodel&ouvue to e€hc:

Ochdpnua 3.4.1 Mropolue va Ppolue €1, ...,e, € {—1,0,1} nov wavorowolv ta
egrjs:

(@) [ <7ie; =0} <o,
Kkat

(18) (515"'787") € BK7
drnov 6 € (0,1) xar B > 0 andAvtes oTadepés.

Arnéderdn: Ttadeponowolue S > 0, xan ya xdde € € {—1,1}" Yewpolue to € + K.
Ané 1o Afuua, yia xdde € éxyovue

(e + BE) > e Py (BK).

Ou ddoovue xdtw Pedyua yia 0 v (K), ypnowonowvtas to Aduua tou Siddk:
[Mopatneodue 6t to BK elvon 1 Tou| TWV CUUUETELX®Y Awpldwv

1
Pi={zeR :|(z

ISl i=loon

Ané to Afupa tou Sidak,

n n Bllail
Yr(BK) > H’Yr(Pi) = H (\/g/o e ® /2d3> )

i=1
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Oplloupe I; = |a;|/B. Tvwpilovue 6

n T
Do lail’ =Y JuyP <y
i=1 j=1

EMOUEVLC,

Afupa 3.4.1 Trdpyer andven Genikny otalepd ¢ pe Tny 6iétna: avly, ..., 0, >0

kar Y 12 =M, téte
n l/ll'
H (\/2/ 6_32/2d8> > M.
i=1 T Jo

Anoden: Opilovue ta abhvola

A:{ign:li<%},

pigei
Co,={i<n:2°<[; <2}, p=0,1,2,....

Iopatnpodue 6t
Col27 < Y 17 < M,
i€C,

dpa |C,| < M/2%0. Ouolwc, |B| < 4M. Xpnoworotdvtoc 1o Afupa 3.3.2, nodpvou-

ue
2 1/t 2 2
H _/ e 5 /st > H 672exp(71/2li)
icA T Jo =
Z H 674[12 — 674 ZiEA l?
i€EA
> 674M

Tehelwe avdhoya, v to B éyouue

I1 (\/%/OW 652/2d5>

i€EB

\V \V
— > o
Al =
\_/E SEEY)
= =
vV m"
7N r:‘;
e
v B
2 N—
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oty xdde p=0,1,2, ...,

(V2" )

icC,

V
—
N
e
ISal T
N——

(A
7N\
3w
N~
™
/N
)
=
—
N~
Q
>

(A
7N\
3w
~
M)
N
ti
/N
D | =
N—
(VM)
ek
g

Molhamhaotdlovtog xotd UENY, TodpvouUE

n l/ll'
H \/2/ e~ /2ds > M,
i=1 T Jo

1 /2 \2TE00 smFr /1 Zozo 5%
CcC = — — - . D
et (71'6) <e>

Adupa 3.4.2 MnropoUue va Bpodue A C {—1,1}" ue |A| > 2P", térowo dote
) (e +BK) #0,

c€A

61OV

drnov p € (0,1) kar B > 0 andAvzes oradepés.

AnédetEn: Emhéyouue p € (0,1) ue v Wdiémra 2P < 2/+/e, xou B = B(p) > 0
APAETE UEYTAO WOTE
201/687

NG

6moL ¢ N otoepd Tou TponyoLuevou Aduuartos. Térte,

/ i > Xewsx@rldr) = > (e +BK)

Blee{-1,1} e€{-1,1}"

> 27'6—7'/207"/62
182\ "
- (%ﬁ) > 207,
e
Apa, umdpyer zg € R tét010 dOTE Yo cf g 13- Yr(€ + BK) > 277 Oftovue A =

{e € {-1,1}" 29 € e+ BK}. To A wavomnolel TiC ATUTAOELS UK. O
Aol |A| > 2P, undpyouv § = §(p) € (0,1) xon eV, e?) € A ue

> 9P,

H{i<r: 5;.1) = 5§.2)}| < or.
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Ané tny (eM + BK) N (e® + BK) # B xon w0 cuuuetpla tou BK, éneton 6T

G E)

= K.
€ 5 €p

Emmiéov € € {—1,0,1}", xou |[{j < 7 :g; = 0} < or. Autd ohoxhnp@ver tny
anddelgn tou Oewphuatog 3.4.1. a

Mmnopolue tdpa va dwoouue uia extiunon yio to tpéBinua tou Komlés:
Ocwpnua 3.4.2 Trdpye anédvtn otalepd C > 0 pe tyr e&ng iidtnta: ya kdle
emAoyn Savvoudtwr ui,. .., uy, € R? pe |uj| < 1, uropotlue va Bpolue mpéonua
€1,...,n € {—1,1} térora dote

lletur + ...+ epuplloo < Clogn.

H anéder&n eivar axpiBog ouota e tnv anddetln tou Oewphuatog 2.6.2.
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Ke:cpo’c)\ou.o 4

H suxoocia tov Komlos

4.1 H avicotnta tov Ehrhard

Yo Kegdhoro 2 eldaue dtL t0 uétpo tou Gauss 7, eivon Aoyaprduixd xotho. Anhady),
av A, B elvor Borel utocUvola tou R xow A € (0, 1), téte

(%) (A4 + (1= N)B) > [y (A) (B

OewpoVUE TN CLVAPTNON XATAVOUNC

®(z) = 1 ((—o0,2]) = \/% /_z e~ 24t

H®:R— (0,1) elvar yvnolwe adouoa, xa enl. H avioétnra tou Ehrhard [Eh1,2]
elvar uia toyvpdtepn Exdoon e (x), Yo xUPTd uTooUVOAa Tov R™:

Oceopnua 4.1.1 Av A, B elvar kuptd vroovroda tov R”, kar A € (0,1), tdre
7 (m(AA + (1=2)B)) 2 287 (yu(4)) + (1 = V)T (1(B)).

Eivor dyvwoto av 1o Oedpnua 4.1.1 wybel yia tuydvta Borel unocivora tou R”
(toyVet mdvtwg av éva and tor A xou B elvon xupté, Bréne [La]). Aelyvouvue nptdta
OTL €YEL OOV GUVETELDL TO OTL TO 7Y, €lvon Aoyaprduixd xolho, oV TEPLOPLOTOVUE GTNHY
HAGOT| TWY XUPTWY CUVOAWY.

Ilpétaom 4.1.1 H anodtnta tov Ehrhard elvar woxvpdrepn and tnr (*).

Anoden: Aelyvovue mpdhta 6t 1 log @ etvon xolhn. Ilpdyuatt,

(log ®)'(x) =

93
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dipot

_ ¥"(2)0(x) — [@'(2)]?

- o2 (z) ’

apxel emopévec va ehéyLouue Ty & (z)@(z) < [®(z)]?, n onola elvor tooB0vaun e
mv

(log @) ()

T
g(z) = e/ 4 CE/ e2dt >0, zeR
—00
Hapaywyllovtac Ty g, talpvouvue
T
g'(z) = —we™* /2 4 ge=®"/? +/ e~ 2at > 0,
—00

dnrad”, 1 g elvon yvnolws adlouoa oto R. Antd tny &N TAeupd, yenouLomoLOYToG
Tov xavovo tou L’Hospital, Bhénouvpe 6t g(x) — 0 btav  — —oo. ‘Apa, g > 0 xou
n log @ elvar xolhn.

‘Eotww topa A, B xuptd unoctvora tou R?, xou A € (0,1). And v

7 (A + (1= 1)B)) 2 A7 (yu(4)) + (1 = N2 (1(B)),
XPnouloToLdvTaS To YEYovog 6Tl n @ elvan adouca, malpvouue
A4+ (1 =N)B) > 8\ (yn(4)) + (1 = )& ((B))).-
‘Ouowe n @ elvar Aoyapuduixd xolkn, dpa

A (1a(4)) + (1= N2 (1 (B))) > [2(2 (v ()M @(2 ! (va(B)))]
[ (AP I (B)]'

Anhadn), 1 (*) toyVet Yo xVpTd GOVOAQL. O

To mhalow oto omolo mpdxetton va e@apudéoovue TNy aviedtnta Tou Ehrhard,
elvar to e€ic. Oewpolue éva xupté V C R™, xou yio xdde = € R opilovue

Ve={ye€ R (z,y) € V1
Téte, Sev elvan dVoxoho va eAEYEOLUE OTL:

Appa 4.1.1 Av V, # 0, téte o V, elvar kuptd vrootvodo tov R L. Eniong, av
Viys Vi, # 0 kar X € (0,1), tére

/\VI1 + (1 - /\)sz - V)\mﬁ—(l—)\)zz- o
"Aueon ouvéneta Tou Afupatoc elvar 1 axdrovdn Ilpdtaon:

Ilpétaom 4.1.2 Eotw V kAewotd kar kuptd vrootvoro tov R™. Opilovue I = {z €
R:V, #0}. Tére, n ovvdptnon f: I — R, mov opiletar and tnv

f(z) = <I>_1('yn,1(Vz)),

efvar koikn.
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Anddeldn: Av 2,72 € I xau A € (0,1), ©6t€ Vg4 (1=r)an 2 AViy + (1 = A)Vay,
dipat
Y1 (Mazy+(1=2)zs) = Va1 (AVz, + (1= A)V,).
H &~ elvor abEouoa, enouévec
O (Va1 (Va4 (1=n)22)) = @ (1 (AWVay + (1= NVa,)).

Ané v avieémta tou Ehrhard nolpvouue

f()\wl + (1 — )\)372)

! (Va1 (Vagy+(1-2)z2))

> 7 (Y1 WV, + (1= N)Vay))
Z /\(I>_1(7nfl(vz1)) + (1 - A)‘P_l(yn,l(sz))
= Af(z1) + (1= A) f(z2),
70 onolo amodewxvieL to {nToduUEVo. O

‘Exovtac ot Sudidect| poag tny xolkn cuvdptnon f, opllouue
W={(z,y) e R :xely< fa)}
Aol n f elvon xolhn, To W elvar xuptd uTocbvolo tou emédov. Emniéoy, o (W) =

Yn(V):

Oceopnua 4.1.2 FEotw V kleotd kar kuptd vrootvolo touv R™. Opilovue f(x) =
®L(y,-1(V)), ya exetva ta x mov wkavorowdy tr V, = {y € R*! : (z,y) €
VI#£0. Av W ={(z,y) e R? :z € I,y < f(x)}, tére, o W elvar kupté, kat

12 (W) =7 (V).
Anodedn: And ) plo mhevpd,

]. 722+y2
R(W) = o xw(z,y)e” 2 dxdy
T Jr2

Ané v &M mheupd,

1 22 4|y|?

W) = G [ we T dady

1 1 . 2
_‘y‘ /2 —x /2
\/%/R ((%)(nl)/a /V € dy) e dx
1 2
__ e Vz — /Qd )
57 f e

Apat, 2 (W) = 1, (V). H xuptétnra tou W elvar cuvéneta touv 6w 1 f elvon xolhn. O
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4.2 H ewxoocla twv Banaszczyk xow Szarek
Ogiowds Eotw V ouppeteind xuptd oodua otov R®. Opilovue
B(V) = inf{p >0:VYuy,...,u, € D, Jeq,...,e, € {—1,1}: Z&'Ui € pV}.

Ou Banaszczyk xou Szarek [BSz] npoondiinoay va 3doouy dvw gedyua yio to S(V)
ouvapThoel ToL Y, (V). To anotéheoud toug dev oyetileton SUECH UE TO TUPAUTAVL
EPWOTNUA, Elvol 6UWS TO TPWTO Tou eldoug:

Ocwpnua 4.2.1 Trdpyer 8 > 0, § ~ 1.3489795, ue ty e&ng wbidtnra: Eoww V
K\€w0td kat kuptd uroovolo tou R pe v,(V) > 1/2, kat uy,...,up, € R* e
luj| < 0. Av Oewprioovpe to TAéyua

L=L(u,...,up) = {ijuj tmj €L},
mov mapdyetal and ta uj, vove: Yia kdde x € R?,
(x+L)NV #£0.
Lot Ty amddetén awtod tou Yewprjuatog, Yo YpetaotoduUe Evar AL

Appa 4.2.1 Eorw V kAewtd kar kuptd vrootvolo tov R* pe v,(V) > 1/2. Ay
F etvar k-Oiudotatos vndywpos tov R*, 1 <k <n — 1, téte

Ww(EFNV) >1/2.

Anddeln: Iopatnpolue mpwta 6Tt apxel vo anodel€ovue To AMuua 6Tny Tep(tTwon
E = n—1 (xatémy, npoywpdue ue emaywyr). Emiéyouue opdoxavovixnd Bdon
{e1,...,en—1} TOU F, Vv omnola enextelvouue oe opYoxavovin Bdon {e1,...,en}
tou R". Towtilouue dnhadh tov F ue tov R (awté elvon Suvartd, ool 1o 7, elvor
aveEdptnto g emhoyic opdoxavovinic Bdong).

Ou anodelZouue to {nToduevo Ue anaywyT ot dtoto. Trodétovue 6Tt yp—1(F N
V) < 1/2. Bewpolue ta Vy C F énwe otny Tponyolievn Topdypapo, xou opllovue

W = {(z,y) € R : y < f(2)},
6mou f(z) = &1 (-1 (Vz)). Hopatnpolue 6t Vo = FNV, dpa
£(0) = @7 (-1 (V0)) < @71(1/2) = 0.

Ané tov opioud tou W éneton 6t (0,0) ¢ W. ‘Ouwe to W elvor xhetotd xot xuptd
uTooOVOLO TOL eTLnESoL, xou ool dev meptéyel to (0,0) Saywplleton yvAolo and
ot ue ulo evdelo. Anhady|, utdpyet nuieninedo H tou dev teptéyet 1o (0,0), tétowo
wote W C H. Téte buwnc, and 1o Osdonua 4.1.2,

Yu(V) = 7(W) <y (H) <1/2,
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T0 onolo efvon dtomo and TNy unddeot| pag ya o V. a

Anoden tou Jewpfuatog: Opilovue 6 > 0 and v e&lowon

1 e, 1
n([-0/2,0/2) = / =

Oo anodelfouue 0 Yebdpnua He enaywy wS TEOC T ddoTaon n. LNy TEplnTwon
k = 1, éyovue éva ddvuopa ur € R ue |ui| < 6, xou xdmowo 2 € R, 1o ornolo
(ropoluE vo utodécovue bt avixet oo eudiypauuo Tufue [0,u1]. To V elvor xuptd
xou xhewoTh, Snhady| Sudotnua oty Tparypate| evdelo. Av Aoy (z+L(ui))NV = 0,
T0 Uhxoc tou V Y énpene va elvon Utxpdtepo amd |ui|. ‘Ouwe, av to uixog touv V
elvow 21 < |uq|, tétE

(V) <n(=51) <n((-0/2,6/2]) = 1/2,

0 onolo elvor drono. Apa, (z+ L) NV # 0, yio xdde z € R.

[ o enaywywd Brua, vtodétouue 6Tt o Yewpnua toylel yia k =1,...,n—1,
Yewpolue V' xhewotd xow xuptéd otov R™ pe v (V) > 1/2, ypauuxde aveldptna
dtavbouata ug, ..., U, € R® e |u;| < 6, xou vnodétovue 6t undpyer ¢ € R™ ue
(z+L)NnV =0.

Ocwpolue Tov UTOYWPo F' = (u1, . .., Up—1), xat «TPOBIANOVUEY TO T+ L, motpdh-
Ao tpoc tov F, otny eudela (uy,). Xwplc neploptoud tne yevixdtnrog (o euxolio
oto cLUPohious), uropolue vo uodécouue 6T F = R (3ev Yo ypnowwonoticou-
ve xadetdTnTa, moudevd oto emtyelpnua). Av & = (&, 2,) = (Z1,...,%,) ©OS TEOS T
Bdon {u;}, téte n npofor tov & + L oty (u,) elvon to

M ={(m+z,)u, : meZ}.
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[ x&e z € (uy,) opillovue V, ={w € F:w+z € V} xa
W ={(v,2) €R? :0 < ® ' (y,_1(V2))}.

Téte, V.N(Z+LNF) =0y xdde z € M, dpo v,—1(V>) < 1/2. Autd onuaive
ot (0,2) ¢ W,z € M.
Ané v dkn buwe Thevpd, éyouue Y2 (W) = v, (V) > 1/2, dpa

(W N (un)) > 1/2

and 1o Auua 4.2.1. Ereton 6t 1o W N (uy) xow M = zpupn + L(uy,) wovorowoby
T UToYETELS Tou OewpruaTog, xat ol BeloxduacTe 0Tn LovodLdoTaty TeplnTwaon,
yvwpilovue 6Tl UTpyEL 2o € M e TNy WBLoTTA

(20 N (W N (un))) # 0,

dnhadh (0, z0) € W. Autd To dtomo GUUTANEGOVEL TNV AndSen,. O

IMopathenon To Oedpnua wyv Banaszczyk xow Szarek diver to eZhc: av 7, (V) >
1/2, téte yuo xdde emhoyr dovuoudtwy w1, ..., u, € R* ue |uj| < 6, undpyouv
TEELTTOL OX€PAUOL Aq, ..., Ay TETOWOL OOTE AUr + ... + Aup € 2V, Hpdyuatt, av
Veoovue & = 3, u;/2, urdpyet w = tiur + ... + taty, t; € Z, TT00 OoTE

n n
Zuj + thuj eV.
j=1 j=1

Auté anodewxviel Tov toyLploud Uog, Ue Aj =2t + 1,5 =1,...,n.

Me Bdon tov opioud tou B(V), 1 ewxaocto tou Komlds elvon o eZrc woyvptoude:
urdpyer amdlutn otadepd C' > 0 pe v Widtnta B(Qn) < C ya xdde n € N
O Banaszczyk xon Szarek mpoywencav oe ula yevixotepn ewaoctia, 1 onola eivor
ac¥evéotepn and v ewxaocto tou Komlds otnyv nepintworn tou x0Bou:

DN | =

Ewxoocio twv Banaszezyk xow Szarek Yrdpyer pOivovoa ovvdptnon f: (0,1) —
R* e v ibidTna

BV) < Flm(V))

ya kd9 klewotd kar kupté vroovvodo V. tou R™. Eibikdrepa, av v, (V) > 1/2, téte
B(V) < C, érnov C > 0 andlvrn otalepd.

To deltepo uépoc TNne ewxaciac TPOXVTTEL antd 10 TPWTO, Yot av v, (V) > 1/2, téte
BV) < flm(V)) < f(1/2) = C.
Ixomde pog e8¢ elvon var delZovue Ty axdhoudn Mpdtaon [Gil:

ITpotaocy 4.2.1 Av V elvar ovupetpikd, kAewotd kat kupté vrmoovrolo tov R™ e
(V) >1/2, tére f(V) < Clogn.

H anédeln e Ipdraone Yo Baociotel oe 0o Muuarta:



29

Afupa 4.2.2 Trobérovpe du 7 < r < n. Av ui,...,u, € R* pe |uy;| < 1, ©6-
e vndpyow o C {1,...,r} pe lo| > r/2 kare; € {-1,1}, j € o, térowa dote
Ejea- Ejuj € 4V.

Anodedn: T xdde € = (e1,...,6r) € {—1,1}", opllovue

L(S) =guy +...+¢epu, € R
To mAfdog autdv twv davuoudtey etvon 27, Ta xadéva and autd, Yewpodue
petagopd tou V' xotd L(e)/4. Anhodn, dewpobue 2" n-Sudotota «avtlypopay tou

V, ue xévtpa to L(e) /4. Tto Kegpdhowo 3 eldoue 6t

[To péyedoc touv v,(z + V) elaptdron ubvo amd ta |z| xou vp(V).] And v dhn
TAEUR, O XAVOVAC TOU TUPAUAANAOYESUUOL UdC dlvel

1 T
Ave.c(_113-|L(e)]* = > Z letur + ... +epu? = Z lug? < r.
i=1

r
ee{—-1,1}"

"Apat, ¥ENOLLOTOLOVTAG XaL TNV XVETHTNTA TNG EXVETLXNG cLVAPTNONS, TalpVouUE

Z Tn <% + V) > 2i Z 67% 2T7n(v)

|
N

ce{—1,1} ee{—1,1}"
1 L(e)|?
> e | Y EO
ee{-1,1}"
T 1 - 2
= 2"y, (V)exp —3—22|Uz|
=1
> 277
Z 20{7‘,
omov o =1 — % - 32%112' O,
L(e)
TR S e
EE{_171}T EE{_171}T

"Apa, undpyeL z € R™ tétowo dote

ar
> Xy (@) 2277,
ee{—-1,1}~
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dnhadn, undpyer A C {—1,1}" ue |A]| > 27, tétolo Hote
L

N <¥ + V) #0.

e€A

Tougwva pe tny emhoyn twv napauétewy (tou odnyel oto cuyxexplévo a), To
emyetpnua Tou Afuuatoc 3.3.3 Setyver 6t undpyouy (M), e(?) € A tétowa bote To
o={j<r: 55-1) # 55-2)} var éyet TAanddprduo |o| > r/2. Axdua,

1 . LEW)  LE®)
1 225]- uj = 1 — 1 e 2V

j€o

amd TNV xLETOHTNTA oL T GUUUETPla Tou V', dnhady,

Z 6§-1)uj € 4V.
jEo
(1)

Autéd ohoxhnpever Ty an6Belln, ue g; =¢€; ', j € 0. O

Appa 4.2.3 Av v, (V) > 1/2, téte o V nepiéyer tn undda pD,, ya kdnow p >
1/2.

Anédegn: To V elvon cuuuetpind xou xupto, UE v, (V) > 1/2, dpo mepLéyet xdmota
umdia ue x€vtpo 10 o. Eotww pD, 1 eyyeypouuévn undio oto V. Bewpodue
rwplda P = {z € R" : |(z,0)| < p}, 6mov 8 € S" ! uia Setuvon otny onola ) pDyy
«axovundely o V. Téte, V C P, dpa

5 <) <(P) = o= [ e s T
— = e S -
2 == T L, = Vor
Auto delyvel 6t p > V21 /4 > 1/2. O

Andéddeln tng Ilpdtaong: Alvovtan ui, ..., u, € Dy. Mnopolue va unodécovue
6t n > 7. Egapudlovtac 1o Afuua 4.2.2 vy r = n, Bploxoupe o1 C {1,...,n} ye
lo1] > n/2, xaw e; = £1, j € 01, TéTOLL (OTE Ejeal eju; € 4V.

Y ouvéyela Sewpolue o uj, j ¢ o1. Av |of| > 7 epopudlovue mdhl to Afuua
4.2.2 ue r = |of| xou Bploxovue oo C of ye |o2| > |of]/2 xou €5, j € o2 TéTOLXL DOTE
Y jco, ity € 4V Topatneolue 6t |(o1 Uoz)?| < n/2%.

Yoveyilovue ue tov o tpdmo: 600 1N Sradixacio emtpéneton Bploxovue Eéva
01,05 WE [(Ui<k0i)®] < n/2k, xow e; = £1, j € 0y tét0100 dhoTE

D eju; €4V, i=1,... k.
JjEaoi

Trowatdue oto Tp@to ko yiot T0 onolo |(Ui<k,03)¢| < 6. Amd tov tpémo oplouol
Twv 0; éyouue 7 -2kl < n. doa

ko < c1logn
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yia xdmota andAuTty otadepd ¢1 > 0. ‘Eyouv ueivel s < 6 Swavdouota ug,, . .., Ui, Yo
Ta ontolat dev Eyouue Tpoodloploel tpdonua. Ao TOV XAVOVA TOL TUPUAANAOYESLLOU,

s s
Ave| Y ey [P =) |uy|* <5 <6,
=1 =1

dipat, pe T BorRdeta xow Tou Auuotoc 4.2.3, e€acpalilovue emAoyy| TEOCHUWY TETOLN
0ot

Bl
> e, € V6D, C 2V6V.
=1

[ Ty emhoy mpochuwy €5, j < n mou neptypdaue, toydet
n
> eju; € 4koV +2v6V C clogn,
j=1
6mou ¢ > 0 amdéhuty otadepd, dnhadr| To {ntoduevo. ad

To oanotéheoya autéd diver pla mpodtn extiunon yio 1o S(V) ue v unddeon
(V) > 1/2. To delbrepo uépog tne ewxaoctog Twv Banaszezyk xaw Szarek anodelydn-
xe amd tov Banaszezyk. To dedpnua autd Yo ueketnidel otny emduevn mopdypopo.
ITpoc to mapdy, Yo SoLue Told elvan 1 cuvETELd Tou Yia Ty ewxacio Tou Komlds:

Oebdpnua 4.2.2 5(Qy) < c/logn, drou ¢ > 0 andlvtn otalepd.

Anoden: 'Eotw r > 0. 'Exyovue

1 2 L[ e !
_ 1 —lal/2 g, — (2 —t2q¢
’YH(TQH) (2,”)77,/2 /rQne o <V2’/T /—7‘6 )
()

Av 10 n elvon apxetd peydho, xan av emiégovue r = 2y/logn, tote

v

)

N | =

Yn(24/lognQy,) > (1 —n=2)" >

dpo, av deytolue TNV ewooia twv Banaszczyk xou Szarek, $(2v/1logn@,) < C.
Ouwg autd onualver ot

B(Qn) < 2C/logn < ¢'v/logn. O

Avut elvar 1 xahOtepn Yvwoth extiunon oyetixd ue v ewxaocto tou Komlds.
Aev elvon Yvwoto av 1 ewaotia oy Vet 1 oyt.
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4.3 To Oswpnua tou Banaszczyk

Yy mapdypago auth Yo dellouue 6Tt 1 ewacio twv Banaszezyk xou Szarek etvon
owot! [Ban]:

Oedpnua 4.3.1 Eotw K kuptd odua otov R, pe v, (K) > 1/2. Tére, f(K) < c,
émov ¢ > 0 andlvtn otalepd.

H oanéden tou Oewpruatoc Ya yiver ue enoywyh, n onolo Baoiletor oto e€ngc:

Oewpnua 4.3.2 FEotw K kuptd odua otov R* pe v, (K) > 1/2, kat u € R* pe
lu| < 1/5. Tére, to (K +u)U (K —u) tepiéyet éva kupté odua K' pe v, (K') > 1/2.

Me 3edouévo to Oedpnua 4.3.2, n anddeln tov Oewpruatos 4.3.1 elvon TOAD
oA

Anéderldn: Oo detfovue 6T, av ug, ..., Uy, € R? xau |uj| < 1/5, t6te undpyouy
€1y +s6m € {=1,1} térola dote 371 gju; € K.

‘Eow 6t yo(K) > 1/2, ahhd 1o mopandve dev toylel.  Yrdpyouv dniadn
UL, ..., Um € R e |uj| < 1/5, ta onola éxouy Ty témtor yio x80€ €1, ...,6m €

{_17 1}7
m
ZE]'U,]' ¢ K.
j=1

Ané 1o Oedpnua 4.3.2, undpyet xuptd odua K1 C (K 4+um)U(K —um) Ue v, (K1) >
1/2. Tére, yroa xdde e1,...,em_1 € {—1,1},

m—1
EjUuj ¢ Kl.
j=1

’ ’ % - ’ _ m—1 4 .
Mpdryuatt, av yia xdmoto € € {-1,1}, j <m —1, elyope v = ijl gjuj € Ky,
t6te Yo frav: elte v € K +uy, onéte v—uy, € K, elte v € K —uypy, onéte v+u,, € K.
Ye xdde meplntwon, awtd elvon dtono amd Ty unddeoh uoc.

Yuveyilovtac Ue tov (Blo TpdTo, opllovue axoloudio xLETdY cwudtwy K, s =
1,2,..., ue v (Ks) > 1/2 xou

m—s
E EjUyj ¢ KS
j=1

yLo x&de EMAOYH TPOGHUWY €1, . ..,Em—s € {—1,1}. X100 BAua s = m — 1, tpoxdntet
%x0pté oOUd K1 UE Yu(Kpm—1) > 1/2, xou tu; ¢ Kp—1. Ouwg t61e, undpyet
%x0ptd odu Ky = W C (Kp—1 4+ u1) U (Kpp—1 — uq), 1010 Oote: v,(W) > 1/2
xor o ¢ W. Auté elvon dromo, yratl to W npénel va Stoywpiletar yviola and 1o o,
dnhadry vou mepLéyeton yvrota oe évay nulyweo H ue v,(H) < 1/2. i

Apxel howndy va anodeifouvue 10 Oedpnua 4.3.2. Mnropolue vo utodécouvue 6t
u = re,. Oewpolue Tov XOAVdPo Z nov anotelelton ond dAec tic eudeleg | mou elvon
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TPAAANAES TIEOC TO U o €YOLY TNV WLOTHTA To Urxog Tou K NI va elvon ueyolltepo
1 oo tou 2r.

Opilovue
Kxu:=[(K+u)U(K —-u)]NnZ

Ané tov b0 oplouol tou Z, npoxdntel 6t K xu = KN Z+ {tu : |t| < 1}, dpa
10 K % u glvon xupt6 (BAéne oyhua), xaw K *u C (K 4+ u) U (K —u). Autéd nou da
del&ovue elvon ot

Oceopnua 4.3.3 Av v, (K) > 1/2 kar r < 1/5, tote v (K xu) > v, (K) > 1/2.

[ Ty anddetZn autod Tou toyuptouoy, Yedgpouue ¥(K) yio tnv mpoBolf tou
K otov R, Tére, udpyouy cuvapTAoels hi, ha : P(K) — R, tétolec wote

K= {(xyl'n) eER":z€ 1/J(K),h1(1‘) <zp < h2(m)}7

6mov hy xUpTH, ha xoil\n, xaw hy < hy oto P(K). Oétouue A = int(yP(K)), xou
optlouue h3 : A = R uyéow tng

hs(z) hz ()
/3 e*t2/2dt:/ : e*t2/2dt, x € A
hl(I)

— 00

Xpnowonowdvtag Ty avioétnta tou Ehrhard yia n = 2, BAérnovue 6t n hs elvon
xoikn oto A. Enouévec, 1o

U={(z,z,) ER* : 2 € Az, < hz(x)}
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elvar xVptd LTochvoho Tou R™. Emimiéoy,

1 hale)
W) = o= /A / e~ dtry,_y (da)

hz(I

7= Lo,
21 Jy(K) Jhi(2)
Yn(K)

) e
et 2 dty,_y (d)

Optlouue a = sup{hs(z) : z € A}. Anb v Y, (U) = 5 (K) > 1/2 éneton 6L a0 > 0.
Oewpolue T ahvora

B = {z € ¢(K) : ha(z) — hy(z) > 2r}

pidein
C={xeA:hsx)>—p},

610U P o apLiude Tou oplletan and T oyEon

/OO et 2dt =2 / et 24t
P 0

Oa yenotuonoticovue didpopa ARUUATA TOU TPOXVTTOUY ANd GTOLYELOSELS BLOTNTES
2
Tne ouvdptnong et /2

Adupa 4.3.1 Avr < 1/5, tére p > 1. Eibixdrepa, p > r/2. O
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Aqupa 4.3.2 Eow r > 0. H ovrdpTnon
T+r R
T / e~/ 2dt
T

elvar avéovoa oo (—oo, —r /2] kar pdivovoa oto [r[2,+00). Ia kdle x > 0,

r+r 5 T 5
/ e t12qt < / e V/2qt. O
z T—r

Afupa 4.3.3 Eoww a,b € R pea < b. Tore,
b (b—a)/2
/ et 12qy < 2/ e 24t O
a 0

Adppa 4.3.4 Eow a,b,c € R, mov ikavorooty tny

b c
/67t2/2dt:/ e t/2qt.

Tére, yia kdOe r > 0 éyovue

b+r R c+r R
/ e U 2dt > / e t/24t. O
a—r —00

‘Exovue B = ¢(K)N Z, xou 1o C elvon un xevd, yiatl a = sup hy > 0. Eniong,
0 C elvon xwpto, yrotl n hs elvon xolkn. Oa dellouvpe 61 C' C B: 'Eow z € C.

Torte,
r 2 > 2 P 2
2/ e R4t = / e U124t :/ e U124t
0 p —00

hs(z) ha(z)
< /3 e*t2/2dt:/ : e 244
—00 hi(z)

ha(@)—hy(2)

< 2 ’ et 2t.
0

Apa, ha(z) — hi(x) > 2r, dnhadh z € B.
Epyduaote oto K * u. 'Eyouue

Kxu={(z,z,) ER* :x € B,hi(z) — 1 < m < ha(z) + 7},
xoL, oy YewpRoOLUE TO

V={(2,) e R" : 2 € C,z,, < ha(x) +r},
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ToTE,

1 hg(z)+7‘ 7t2/2

h2 (z)+r t2/2
< U Edtyy,—1 (dx
< Tw//m 3 o1 (dz)
= (K xu),

ywtl, C' C B 6nwg eldaue, xou and tny

hs(x) ha(x)
/3 e_t2/2dt:/ et 2dt
—0o0 hi(z)

hsz(z)+r ho(z)+r
e 24t < / et 2qt
h

1(z)—r

gneTon M)

— 00

v xdde > 0 (Aduua 4.3.4). Bhénovue howndy 6tL 10 Oedpnuo Yo anodetydel ov
oy Vet to e€nc:

IIpétaomn 4.3.1 7, (V) > v, (U).

Anéderdn: T xdde t € R opllovue Hy = {(x,zy) : 2, = t}, xou ulo cuvdptnon
fi(—00,a) = R péow e

) e
\/% [ e 2ds = yp_1 (Y(U N Hy)).
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Ané v avieétna tov Ehrhard, n f elvon xolhn. EOxola ehéyyouue 6t glvar xon
@pOivovoa (Bréne oynfua). Enlong,

1 a £(t) 242
7n(K) = 7n(U) = %/ / e 2 dsdt.

AxpBide bnwe yio to U, opilovue yio to V ouvdptnon g : (—oo,a+ 1) = R mou va
weavorotel Tnv

1 g9(t) 5
\/T/ e 5 2ds = 1 (P(V N Hy)), —oco<t<a+r
T J -

Mnopolue vo ex@pdlooLUE TNV g CLUVOPTACEL TNS f:
f(_p) ,—OO<tS—p+T,
g(t) =
fE—r) ,—p+r<t<a+r.

Me ) Bordeta g g, T0 1o (V) yedpetar otn Lopet

1 atr  rg(t) $2142
)= [ e s
T J -0 —00

Auto howndy mov Intdue va detouue elvan 1 aviodTnTYL

—p+r  rf(=p) 52142 atr  pf(t—r) 52442
(%) / / e 2 dsdt + / / e” 2 dsdt
—00 —00 —p+rJ—oo

a f(t) 2442
/ / e dsdt,

v
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€yovtac e€aogatioet Tic e€fc tpobroléceic: (o) to  elvor YeTxd, o apxeTd Uixpd.
B) fp+oo e~V 2dt = . e /2dt, xan av r < 1/5 t6te p > 1 (Afuuo 4.3.1).
(y) a>0.
(®) H f: (—o0,a) = R elvar gdivovoa, xoikn, ue f(0) > 0.

Avutég elvan ou poéveg unodéoelg mou Yo ypetaoToVUE and 36 xon TEPA.

Afupa 4.3.5 Ioyvea n aviodétnra

400 5 p+r 5
/ e P Pdt < / et /24dt.
2p p

+oo 5
U (z) :/ et /24dt,

xow {ndue my ¥(2p) < ¥(p) — ¥(p+r). Hopatnpolue étL 1 ouvdptnon p — E(p+
r)/¥(p) elvar @divouca. Ipdyuatt, ebxolo eNéyyouue 6Tt 1 log ¥ elvon @itivouoa,
xan owtd pde egaopakilet ot

Yp+n)\ _Vptr) V()
log =22 () = -
v(p) Y(p+r) ¥p)
Apat, YENOLLOTOLWOVTOS XAl TOV OPLOUO TOU P TOlPVOULUE

¥p) - Tptr)  20)—¥() _ L)
¥(p) ¥(0) 20(0)’

Anddergn: Opilovue

< 0.

Sadt,
i U(p) —¥(p+r) 1 ¥3(p)
¥(2p) 2¥(0) ¥(2p)°
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Ouotwce, 1 ouvdptnon p — ¥2(p)/ T (2p) elvar adZovoa, yrotl

(10g ‘I’z(p)>'( W) _20e)

T (2p) ¥(p) ¥(2p)
dpar,
U(p) —¥(p+r) 1 wp) 1 v
T(2p) 20(0) T(2p) = 2T(0) ¥(2)’

70 onolo umopolue edxola v dolue 6TL Eemepvdel o 1. Autd cuuTAnE®vEL TNHY
anodetln. O

Afupa 4.3.6 Eotw r > 0 kat g > 0. Téte, n ovvdptnon

U(y) —P(y+r)

Y —
¥y +q)

elvar avéovoa ovvdptnon tov y.

Anodedn: Xty anddeln tou mponyoluevou Afuuotog eldoue 6Tt 1 cuVdETNHON
U(y +7)/¥(y) eivon @divovoa. Me tov (o tpbémo eréyyouue 6Tt n U(y + q)/¥(y)
elvan enlong @divouca. Apxel tdpa va TopatneooLUE OTL

U(y) - Yy +r) _ (1 B ‘I’(y+r)> Y@
(y +q) ¥ (y) T(y+aq)

Anéderdn tng (x): Xwplc meploploud g yevxdtnrag, unopolue va unodécouue
ot f elvan yynolwe divouoa xon limy_,q f(t) = —oo. Tpdyouvue b = lim;—,_ o, f(t)
xow Yewpolue v avtiotpoen ocuvdptnon e f, h: (—00,b) = (—o00,a). H h elvou
xolAn, yvnolwe @divouca, h(0) > 0, xou 1 () modpver TV LoodUvaun Lop®H

b h(s) 24,2 f(=p) phis)+r 24,2
(%) / / e 2 dtds < / / e~z dtds.
f(=p) J—o0 —o0 h(s)

Tpdgpovue u = f(—p) xow v = f(—r/2). Anbd 1o Afuua 4.3.1, p > r/2 dpa u > v.
‘Eotww | n ypouuxh ouvdptnon we l(u) = —p xow I(v) = —r/2 (n ] ouurinter ye v
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h otou xou v). H 1 elvon yvnolwe @divouso.

Ioyvelonog: Ioybouy ol aviedtnteg

oo pl(s) 2452 b ph(s) 2452
(1) / / e” 2 ditds > / / e” 2 dtds,
w -0 u J—o0o
u l(s)+r 2452 u h(s)+r 2452
(2) / / e 2 ditds < / / e 2 dtds.
—oo JI(s) —oo Jh(s)

Anddelln tou woyvpiopot: H A elvon xolhn xow tavtileton e v | ota u xon v.

Apa,

3) I(s) 2 h(s), —o0<s<w,
(4) I(s) < h(s), v<s<u,
(5) I(s) > h(s), u<s<b.

H avioémnta (1) elvor dueon cuvénewa e (5). And e (3), (4) xou to yeyovéde 6t n

ze [T e " 12dt elvan adZouca oo (—o0, —1/2] (Afuuo 4.3.2), Talpvouue

I(s)+r h(s)+r
/ e 2t < / et /2qt
I(s) h(s)

vy x8e s < u (eZetdlouye YwploTd TiC MEPLTTWOES § < v xoL § > v). Autd
anodewviel Ty (2). m|
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Me Bdion tov toyuploud, yio Ty amddetén tne (xx) opxel vor amodel&ouvue TV

oo rl(s) 52142 u U(s)+r $2442
(6) / / e” 2 dtds < / / e~ 2 dtds.
u —o0 —oo JI(s)

H f etvar yvnoloe @divousa, f(0) > 0, xaw —r/2 < 0, dpa v = f(-r/2) > 0.
Oétovtoc s = 0 oty (3), madpvouue 1(0) > h(0) > 0. Tpdyovue w = 171(0), ondte
w > 0. Ago0 l(u) = —p < 0, éneton 6t w < u. Opilovue d = v —w. T v
anddelZn e (6), apxel va delfoupe Tic axdloudee Tpelc aviodTntec:

1 futd pls) $2442 w pl(s)+r 5 0

(7) —/ / et dtdsg/ / e~ dtds,
2 u —00 w JI(s)
1 ut+d pl(s) 2.2 w l(s)+r S2442

(8) = / / e~ 2 dtds < / / e~ dtds,
2 u —00 w—d J1(s)

oo rl(s) 52442 w=d pl(s)+r 52442
9) / / e” 2 ditds < / / e~ 2 dtds.
u+d J—o0 —00 I(s)

Agob 0 < w < u, éyovue

(10) e—(s+u)2/2 < e—(siw)2/2
yia x&de s > 0. H [ elvon yvnolwe @divouoa xa I(w) = 0, dpa

I(s)=—-m- (s —w)
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yia xdmotov ouvvieheot| m > 0. H ouvdAxn l(u) = —p divet —m - (u — w) = —p,
dhadh m - d = p. Ov aviobéree (7) xou (8) ypdpovton

(s+u) (s gu)2 42 I(s+w)+r et 12
(11) // +)+dds<// e T s
I(s+w)

o

U(s+u) (stu t2 w—s 2
12 LS s < Lo s
(12)
H(w—s)

avtiotolya. Ytadepormoolue s € (0,d). Me Bdorn touc optopolc uac, UTOpoUUE Vo
Yodpoue

I(s+u)
/ e 12t

ms+uw

et /2qt = / e t/2qt
m-(s+d)

= / e~y
ptm:s

Ané tov oploud tou p xou 10 Afuua 4.3.6,

f;f_':Jrr et /2dt . for et /2dt 1
L s e BR2dt T [ et 2

pt+m-s

Emouévwe, and to Afuua 4.3.2,

1 oo 5 m-s+r 5 m-s 5
—/ et 2dt < / e V24t S/ e /24t
2 pt+m-s m-s m-s—r

Apa,
I(s+u) m-s —m-s+r
1/ e lPdt < et = / e~/ dt
2 —00 m-s—r m-s
I(s+w)+r
= / et /2qt,
I(s+w)
now

I(s+u) m-s+r l(w—s)+r
1/ e_t2/2dt</ e_t2/2dt:/ et
2 —0o0 m-s l(w—s)

Xpnowonotwvtac v (10), yedpouue

1 ) I(s4u) ) . I(s+w)+r R
56—(s+u) /2/ P20t < o—(stu) /2/ 2t

00 I(s+w)

Ao

1 5 I(s+u) R . l(w—s)+r R
56—(s+u) /2/ 2t < o= (W) /2/ /24t
- (

00 l(w—s)
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XalL OAOXANEAOVOVTAC aLTEC TS avtadTntes we nipoc s € (0,d), naipvoupue tic (11) xou
(12) avtiototyo.
H (9) etvor .ood0voyun ue ty

+o00 (s+u) 2,2 +o00 2
(s u) (w s)
/ / e~ et dtds </ / = dtds.
l(w—s)

Tradeponotolyue s € (d, +00). Tote, m-s > m-d = p. Xpnowonowdvtog o Afuporta
4.3.5 xou 4.3.6, malpvouue

fm s+r ot /th f;H-T e—t2/2dt
[ o CRd [ et /2dt =1
2p

pt+m-s

I(s+u) —m-(s+u—w) 400
/ e lat = / e 12t = / e 2t
— 0 —c0 m-(s+d)

—+o0 5 m-s+r 5
= / e t12qt g/ e t2qt
p+m-s m-s

l(w—s)+r
= / e_tQ/th.
l

(w—s)
Maipvovtac ur’ édy xou v (10), éxovue
I(s+u) l(w—s)+r
67(”")2/2/ e V2d < 6701]75)2/2/ €7t2/2dt,
—00 l(w—s)

xalt OAOXANEAOVOVTAC WS TTPoc § € (d, +00) nalpvouue Ty (9). o
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