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[Téunto BiBiio tne Tvvaywyris tou [Idnnou tou AleZavdpéwe.

O Oebe, a€idtiue Meyediwy, €3woe 0ToUS AaVIPMOTOUS TNV LBLOTNTO VaL XATAVOOLY
™ cogpla xou Tor Lordnuatixd ot dploto xou teleldtato Bodud, Edwoe duwS o oE
optopéva amd o {oda eV UEPEL AUTAY TNV LXavOTNTaL L Toug avilpdroug, Tou €Y0ULY
TO YdpLoua ToU AOYOU, EBWOE TNY LXAVOTNTOL VAL XEYOUY TAl TAVTAL GUHPOVA UE TOUG
XAVOVES TNS ANoYIXAS xat TNg amodeing, eved otar urtdhotno Lo EBWoE To YdpLoua Vol
%3&voLuy ovo 6T elvon yperowo xot weéhtuo yid ) {oY tou xdle eldous, ohupwv
ue xdmota Tpdvola Tng puong. Autd unopel xavelc va To TopaTneroel o TOAAG (3T
Lowy, xou Wilwg otic péllooeg.

Eivow mpdryuott agiodaduactn n opydvwon toug xou 1 netdopylo Toug oTig apyn-
YOUS TV XOVWYLOY TOUG, xou axdun mé aliodaduootn n guhotiula xat 1 xadopldotnta
UE TNV omolol GUAAEYOUY TO WERL Xou 1) ppovTida xan 1 Té&n ue v onola to anodn-
xeVouv. [oatl agol, dnwe Eépouue, ol Yeol Toug €youv avadécel TNy amOGTON Vo
TPOGPEPOUY GTOUS TPOLXLGUEVOUS amtd TLg oVoES avip®dToug ouTd TO XOUUATL au-
Bpootlag, exelveg dev xatadéyTnxay vo To evamodétouy 6mou TOYEL OTo Y®UA 1 OTO
E0No, 1 oE OTOLOBNTOTE GANO SUOPQPO Yot OXUTEPYACTO LALXG, GAAS, CUAAEYOVTOC Ta
EUYEVEGTEQPA LALXE OO TAl WEOLOTEPA GvUT) TTIOU QUTRPKOVOLY GTN YT, XATACXEVALOUY
doyela yid tnv amodixeuon tou uehoU, Tig Aeyoueveg xnerdpeg, tou elvar dAeg (oeg
xa 6uoteg Letagd Toug o €xouy oy eEdywvo. Kou o dodue auéows ott autd 10
UnyaveLovToL axohoUIOVTAC EVay YEWUETPLXG xavova. Autd mou evdiépepe xuplwg
T Uehooeg frav vo oynuatilouy Soyela mou vo elvar to éva dlmha oTo dAho xon
VoL EQATTOVTAL XATE TLC TAEURES, DOTE Val UNV ELTYwpeolY aTa UecodaoThuat Eéva
OWUATO TOU YO XUTAGTREPOLY 1o UEAL. AuTéd umopoloay vo 1o Tetdyouy Ue tpla
eudOypoUa oY AT, XL EVWOW BEBona oY HUATO XOVOVLXG, LOOTAEURA XL LOOY MWL,
yotl tar aoOuuEeTpa oyfuata dev dpecay otig uéMooeg. Ta todmieupa Telywva Aot-
OV, %o To TETPY WV xou Ta dywva Unopoly, av totodetniolv to éva dimha oto
dhho, var €YOLV TIC TAEUPES TOUG EPUTTOUEVES, YWPIC XEVE TOU VOL XATAGTEEPOLY TN
ovuuetplo. [t n empdvela nov Bploxetar yOpw and éva onueio xahdnteton amd €8t
tobmhevpa tplywva xat €EL ywviee, xdle uia and Tic onoleg glvon ta 2/3 g opiivg,
1) and TEooEPA TETPAYWVA XL TEGOEPLS 0p¥EC Ywvies, 1 and Tpla e€dywva xou Tpelc
ywvieg e€aydvou, mou n xdde ulo toug woduvauel ue 1 xow 1/3 e opdfc. Evod
Tpla mevtdywva Sev apxoly Y& vor xaAOdouy Ty empdvela YOpw and éva onuelo,
xon tot téocepa teptooebouy. [atl ol Tpelc Ywvieg Tou TEVTAYOYOL LlooduVaUoLY UE
Aybtepo and téooeplc 0p¥Ec, EVE oL TECOEPLS YWVIEC LOOBUVAODY UE TEPLOGOTERO
and téooeplg opléc. Evd Sev elvon Suvartd var ywpécouv o0te tplal entdywvo UE XOL-
véc TAeupE YUpw amd €va onuelo, yiatl ol Tpelc Ywvleg EnTay®vou 1ooduvaoly UE



neploo6tepo and técoeplc op¥éc. Kou autd woyder axdun neploobtepo yid tol mo-
AywvoTepa oyfuata. E@bécov howmdv undpyouv tplar oyfuata mou va unopodyv va
%xoAOPouy TApwe TNV EmLpdveLa YOpw antd va onuelo, To Tplywvo, TO TETPAYWVO oL
T0 e€dywvo, oL UENooES elyav TN coplo var ETAEEOUY YL TO GXOTO TOUG TO Gy AU
UE TIC MEPLOGOTERES YWVIES, Yiortl xatdhaBoy 0Tl exelvo Ywpdel TEpLoGETEPO HENL antd
ot dAAa 80o.

Kai o1 péiooes péBara Eépovr udrvo 6,tt tous elvar yprioiuo, ott dnAadn to €&d-
Ywvo €lvar ueyalitepo amd to TeTpdywro kal To Tplywro kal umopel va XYwpéoel me-
PLOTOTEPO HéNL, €vdd Mid TNy KaTATKEVN kal TwV TPV OXNHATOY katavaAloketal i
ora akpiBads moodtnra vAikoU. EuelS duws mou vrootnpilovpe ot €luacte aopdtepot
and s péiooes, Ja e&erdoovue o Oéua Babitepa.



EIXATOQI'H

Ty epyooio auth UeleTdUE TO xAAOXO LOOTEPLUETELXS TpdPBAnua otov R”,
x0dS xou UEPXS amd TA O ONUAYTIXGL LOOTEPUUETPLXA TPOBAAUATA OE UETELXOVS
X WEOLS THAVOTNTOC:

1. To wonepLuetpd TpoPAnua oto eninedo elvar éva TedBAnua ehoyioTtou:

Ané dla ta enineda ywpia mov éxovr o 610 epfador A, va Bpeody exelva mov
éxovr eddyiotn mepijeTpo.
To mpdfinuo autd AmAoYOANCE TOUC YEWUETPES AN TNV OPYOLOTNTO: UECO ontd
anholc YEWUETPOUE GUANOYLOUOUS, 0 Znvodwpos XatéAnie otnyv apyh ot o di-
oxoc elvon 1 Ao tou. ITohO apydtepa, o Steiner €dwoe T mpwtes anodellels Tou
oTL, av UTdpyEL Aoom oTo TpdBAnua tdte unoypeolTaL va lvon o dloxog. H avotney
anddetgn tne Vroapéng Aoong elvol GUVETELX TNE LEOTEPUUETELXMNG VLOGOTITOG

PY(K) > 4mA(K),

oL Loy el Yo xde ywolo ue obvopo Aelar amhy| XAELoTH XoUTUAN. XTo TpWTo WEPog
aUTHC TNE epyaciog meplypdpouue €vay and Toug cuAhoYLoUolE Tou Steiner, xodog
xow o amddeldn tne LoomepLUETPIXAS aviodTnTac ou ogelleton otov Hurwitz xon
xdvel ypron oetpwv Fourier.

Y10 deltepo uépog g epyaotiag, divovue d0o amodellelc NG LGOTEPUUETELXNS
avLooTNTaC
ES n—1
O(K) > n|Dy|™ K] =

yia xuptd oouata otov R™. H npdytn Baciletar oty avicdtnra Brunn - Minkowski
TOL APOPd TNV oYM avdUETH 6TOY 6YX0 xat To d¥potopa Minkowski: Av A, B elvon
un xevd cuurayr vtochvoha Tou R™, téte

|A+ B|» > |A|" + |B]|~.

Alvouue dVo anodelfelc g avioétnrag Brunn-Minkowski: n ula yenowwonotel ta
Aeybueva otoyelddn obvola (Lyusternik), n dAin Booileton otnv anewxdvion tou
Knoéthe xon diver tnv avieétnra otny xupth neplntwon.

[ v dedtepn anddelln Tng LOOTEPLUETEIXAC AVLGOTNTAS, UEAETAUE TNy LéJodo
e ovuueTpeonoinang xatd Steiner. Me tnv uédodo outy, Zextvdvrag amd Tu-
YOV xUPTO COUN X EXTEADVTAS StadoyLxéc CUUUETELXOTOLACELS odnyeltar xavelc o
cwuata 0003ATOTE xovTd ot undha. O dyxog datnpelton oe xdde BrAua, eved N emt-
pdvetor upatvel. Eva emyelpnua odyxhiong mou Baoileton oto Yedpnua emAoynic



tou Blaschke delyvel oti 1 undha elvon n Aoom tou LooTEPLUETELXOU TEOBAYUATOS oV
TEPLOPLOTOVUE GTNY XAJOT] TWY XUPTOY COUSTWY.

Alvovue 0o axdua epapuoyés tne oudpetpixornolnons. Hapovoidlovue tny
AOoom mou €dwoe o Blaschke oto mpdBinua twy tecodpwy onueiwy Tou Sylvester, xon
uto mpdopatn anhy anddelin tne avioétntag Blaschke - Santald yia to ywvéuevo twy
OYXWY EVOS GUUUETELXOU XUPTOU GMUATOS XAl TOU TOAXOU TOL.

2. To yevxeuuévo LOOTEPLUETEXS TEOBANUL Yo €V UETPLXO YWEo TavOTNTIS
(X, d, n) datumdvetan we e€he:

I'd kdOe a € (0,1) xar kdOe € > 0 va Bpedolv exelva ta vroovroda A tov X mou
éxouvr pétpo p(A) = a ka1 n e-enékraor) tovs A. = {x € X : d(z, A) < e} éea o
eAdyoTo duvatd pétpo.

Av éva unocivoro tou X elvon Abon tou tapamdve tpoBAfuaTtog Yo xdde € > 0,
THTE AEUE OTL EYEL EASYLOTY) ETLYAVELD YL TO SOOUEVO UETPO @ LT O PUCLOAOYLXSL
TOPOBElYUOTA UETEIXADY YDpwV TdaveTnTac, 1) AOUoT TOL TUEATdvVEL TEOBA UATOC Elvor
n (S yra xdde € > 0 xou eugpavilel tohhég ouupeTpleg:

(@) Av X = S"! elvan n Euwdeldeto povadiabo ogalpo ue v yewdowotaxh
METELM oL TO AVUAAOIWTO WS TPOE TS GTPOYES UETpo TdavdTntag, TéTe 1 AOoT TOou
toomepLeTEo) TeofBAAuaToc etvon 1 d-umdhoa

B(z,r) = {z € S"' :d(z,z0) < r}.

Alvouyue arddeln autod Tou LoYUELoHOU XAVOVTAS YPNOT TNS CPALELXNS GUUUETPLXO-
nolnong.

(B) Av X = {-1,1}" elvou 0 ydpoc tou Cantor UE TNV PUCLOAOYLXY| UETELXN
d(z,y) = L|{i < n: =z # yi}| xou t0 puolohoyd pétpo omopltdunone u(A) =
|A|/2", t6te ndhL 1 Ao Tou LoneptueTeLol TpoBMuatos Sivetar and tig d-undiec.

(v) Av X = R" elvaw o ywpoc tou Gauss ue tnv Euxheldeta uetpuxn xou to uétpo
TdavéTNTaC TOL éyEl TuXVGTTAL TV (27) /2 exp(—|2]?/2), Tdte N ADom Tou toone-
pLueTEW0L TpolAruaTog SiVETaL amd TOUG NULYWEOUS TIOL €Y0UV TO SO0CUEVO UETPO
a. Alvovue amddelln autod ToL WYLELOHOV UE BACT TNV GPULELXY| LOOTEPUIETELXN
aviodTnTo xou Ty Tapatienon Tou Poincaré.

Ye 6ha tor mopamdivey TopadelyaTor UTdpyEL Wial axduo TURdUETEOC: 1) dtdoTao
n. Xuvénela e Adong Tou LooneplueTpxod Tpofhiuartog elvar oe xadeulo amd Tig
TOPOTAVE TEPLTTWOELS 1) axdhoudn TopaThenoT):
Av AC X xai p(A) = 3, tdre ya kdde e > 0 1wxla
(A > 1 — ¢ exp(—c2e®n),

omov ¢, ca > 0 andAutes otalepés.

DN peydhec Swaotdoeig n, avtd onualvel ot av emextelvouue €0tw xou Alyo éva
UTooOVONO UETpoL 1/2 tdte auTéd TouL TEpLoTEVEL Elva EEonpPETIXE Uitxpb amtd TNV dmo-
¢ tou uétpou. Ot cuuTepLPopEc dNAadT TWY LTOGUYOAWY TOU YWEOL and TNV dnon
NS UETEXAC o amd Ty dmodm tou uétpou elvar moAd dtapopetixés. To @awvéuevo



T amoxaAeltol «CLYXEVTEWET Tou UETpouy. Alvouue aneuldeiag anodel€elg TETolwy
exTWAOEWY Yia OAa Tar topadelyuota tou avagépaue. To mAgovéxtnud Toug lvar ot
TOPOXAUTTOLY TLS Boptés TeyVixég mou anoutodvTar yio TNy axp31 Abon Twy avtioTtol-
YWYV LOOTEPUIETPLXWY TEOBANUETWY, VGTEPOLY Guwe and Ty dmodn tne dalodnong
UE TNV €VVoLa OTL 1} QUOT) TWV ETLYELPNUATOY TOU YENOLLOTOL00VTAL Efvol UOVO UE THY
KEVPUTEPT) EVVOLAY YEWUETOELXT.



ITEPTEXOMENA

I. H IXNOITIEPIMETPIKH ANIXOTHTA XTO EIIIIIEAO
1. To wonepuetpixd mpéBinua oto eninedo.

2. H Mon tou woonepluetpixod npoBAfuatog and tov Steiner.
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. H anddeiln e wonepiuetpuinic avioétntag and tov Hurwitz.

II. H IXNOITEPIMETPIKH ANIXOTHTA XTON R"
1. Opiouol — XuuBohioude.

2. H avieétnta Brunn - Minkowski.

3. Yuypetpuonolnon xatd Steiner.

4. Anéotaon Hausdorff — To Oedpnua emhoyric tou Blaschke.

5. Anédel&n tne wonepueTprc aviodtnTag xan tne aviodtntag Brunn - Minkowski
ue ™ uédodo tng Steiner cuuueToxonolinong.

6. To Arupa tou C. Borell — Yuyxévtpwon tou dyxov.
7. To mpdPBAnua v tTecodpwy onuelwy tou Sylvester.

8. To moAwd odua evéc cuuueTpixol xVptol couatog — H aviodtnta Blaschke -
Santald.

9. H amewdvion tou Knéthe — Mid tpltn anddein tne avioétntac Brunn - Minkow-
ski.

III. SYTKENTPQXH TOY METPOY — OIKOTENEIES LEVY
1. H comepuuetpxn oaviobtnta 0Tr ogolpa.

2. Owoyéveeg Lévy.

3. Auaxprtd napadeiyuota owoyevelwy Lévy.
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. «loouoppuhy LoomepLueTELXY aviodTnTaL GToV Ypeo Tou Gauss.



I. H IXOIIEPIMETPIKH ANIXOTHTA XTO EIIIITEAO

1. To wocomepLuetpLxd TEOPANUA oTo eninedo.
1.1 To woneptuetpxd mpdBAnua oo entnedo diatunidveton Ue SO TPOTOUC:
(o) Bav éva TpdBAnua eAayiotou:

Ané d\a Ta ywpla mou éxour to (610 euPaddér A, va Bpebody exelva mou éxour
eAdy1oTn TepijeTpo.

(B) Zav éva npbBAnua peylotou:

Ané 6ha Ta xwpla mov éxovy tnr dla nepluetpo P, va Bpelody exelva mov éxovr
péyoto eufadov.

1.2 Ipénel mpdtar vo oploovue TL oxplPdc evvoolue UE Tov 6po ywplo: To ywpla
7oL Vo oG Aoy OARCOLY Elvol AUTd oL €YoLY Gay GlVOpPd TOUC ULl ATTAY) XAELGTH
xaumOAT. Me Ttov 6po xaunUAn evvoolue Ty ewxdva oTo eninedo ULdc cuveyolg
owdptnone v : [a,b] - R H xournOhn Myetor xhewoth av y(a) = v(b), xou
amhf av Y& x&de t1 # t2 oTo [a,b] woyler y(t1) # (t2), ue povn elalpeon v
neplntwon t1 = a,ts = b. I'a euxohio Yo Yewproovue axduo oTL oL xoUTOAES Uag
elvow xortd tuuara heleg: av (t) = (2(¢), y(t)), Yewpolue ot undpyet wid Siopépton
a =ty <t <...<t,=>b1ou [a,b] tétowax Gote oL x(t),y(t) va elvor cuvey®e
napaywylowes o xde (t;,t;41) %ot VoL UTEPYOULY OL TAEVPLXES TOUG TAPAYWYOL OE
x3&e t;.

1.3 Tao npoPBifuota (o) xon (B) elvon dvikd pe tnv eZrc évvora: Kdde Abon tou
mpoPAfuaToc (o) elvar xou Abon tou teoBiiuaros (B), xou avtiotpopa.

Anddaén: Eotw K ud Noon tou npofAfuatoc (o). Anhadn, av A(K) = A(L) téte
P(K) < P(L). Ocewpolue onowdhnote ywelo W ue P(K) = P(W). Bploxouue
A > 0 tétow0 dote A(K) = AAW) = XN2A(W). Tpéret va woyler P(K) < POAW) =
AP(W) = AP(K), ouvenwxc A > 1. Apa, A(K) = NAW) > A(W), Snhadn
0 K éyel uéyoto euBadov yid ) Socuévn mepluetpo. To K elvon xan Abon tou
roffuaroc (B).

Me avdloyo tpémo amodexvieton ott xdde Aoon tou TpoPhiuatog (B) elvon xon
Aoon tou TpoPBAuartog (o). O

Ané 3 xon népar hoiov Sev Vo xdvouue didxplon avdueoa oo dVo TpoBifuata
xow Yo UASUE amAd YL TO LOOTEPUUETELXG TEOBANUa. Mid oxxdua mapathpnor elvon
ott 1 Umapén MNocewv Yo to TedBAnua (o) B to medBinua (B) Sev elvor mpogavic.
[péner xavelc vo amodelfel ot uTdpyouy ywela e doouévo eufoaddy o eNdylotn
nepluetpo (avtiotouya, ue Soouévn tepluetpo xou Héyioto eufBaddy).

1.4 To womeplueTpxd TEOBANUA AMACYOANCE TOUS YEWUETPES OO TNV APy oLOTNTA.
Alvouue €3¢ uepd amoteréouata Yid TOAIY®VAL, TOL HTOY YVWOTS GTOV ZNnvodwpo
(20¢ awddvag . X.).

1.4.1 Oewpnuoa. Avdueoa o€ dla ta n—ywva mov éovy otalepd eufaddr A, o
Kavoviké n—ywro éxel tny eldyiotn dvrvatn mepiuetpo.



Andoeitn: Eotw K éva n—ywvo mou €yel 1o Soouévo eufaddv A xou tnv ehdytotn
duvarty| meplueTpo.

Ou anodelfouue TpMTa 0Tl GAeC oL TAeLpES ToL elvan (oeg. Apxel va to detouue
vid 800 dradoyxés mhevpés Tou K. Eotww AB, BC Swadoywéc nhevpéc ue AB # BC.
Oa Bpolue €va véo n—ywvo K mou Yo €yel to (Blo eufaddy ue 1o K ahhd utxpodtepn
neplpetpo. Autéd elvon droto.

I o oxond autd aviuxadotobue v xopuph B tou K ue widv dAAn By xou
xpatdue Tig uTohotneg. H emhoyr tou By yivetow €ToL WOTE va €xeL Ty (Bla amdotaom
and v AC ue to B adhd 10 tplywvo AB1C va elvon woooxeléc (Bhéne oyfua). Ta
tplywva ABC xow AB1C éyouv 1o (8o eufaddy, doa xar to K, Ki. Ouwng, évag
anh6c vnoroyloude delyvel ot P(ABC) > P(AB;C), dpa xou P(K) > P(Kj).

To K éyel howndv dheg Tou Tig TAEUpES (oeg, o HéveL va BelEouUE oTL ExEL Xon
Ohec Tou Tic Ywviee (oec. Av n = 3, autd elvan povepd. YmoVétouue Aomdy ot
n > 4 xou vndpyouvv ddoyxés xopuéc A, B,C, D tou K tétolec OoTE 0oL YWViES
B xou C va elvon dvioeg, xow Yo xatadhouue ot drono. To ABCD éyel Bdon AD
xaw AB = BC' = CD, eivon enopéveg un—eyypdduuo agpot ol ywvieg B xou C' elvon
dvioeg. Mopolue TOTE Vo TO AVTIXATACTHCOUUE UE €Vl GANO EYYPAPLUO TETPATAEUPO
AB;C1D mou éyet o (dto euPaddv xou uxpdtepn neplUeTpo.

Me v avuxatdotaon wv B xou C' anéd ta By, C; nalpvouue éva n—yovo K
tétowo wote A(K;) = A(K) = A adhé P(K;) < P(K). Auté eivar dtono, cuvenoe
10 K éyeL dheg Tou TIC Ywvieg (oec.

Yuunepalvouue ot to K elvar xovovixd. O
Abyow tou duicuol avdueoa ota TpoBhiuata (o) xou (B) €xouvue: And dha T n—ywva
ue mepluetpo P, 10 xavovixd €yel to uéyioto duvatd eufBadov. Ymohoyilovtdg to
ooV ouVdETNOT NS Teptuéteou P malpvouue:

1.4.2 Oewpnua. Eotw n > 3 kat P > 0. Id kd0¢ n—ywvo K, mepiuérpov P
Vel
p? ™
A(K) S A(K) = -cot (2)),
omov K €elvar to kavoviké n—ywvo tepiuétpov P.

Aueoeg ouvéneleg tou Oewpriuatog 1.4.2 elvon oL e€h¢:

(o) H acohoudia I cot (Z) elvon yvhotor abZouvoo xou Telver oto 1. Tuverde,

P2
AKS) < A(Kp) < ... < A(K;) = e

(B) Kavéva molbywvo dev unopel va elvat Abom tou Yevxo) LoOTEPLUETELXOU TPOBAT-
uotoc. Av yud nopddetyuo to ToAOYwvo K €xel n x0opu@éc, TOTE Yia TO XUVOVLXO

(n 4+ 1)—ywvo ue v (o tepluetpo Loy vet

A(K) < A(Kj4q)-

10



(v) Av K nohdywvo eufadol A xou nepyuétpou P, t6te 4 A < P2. Té onotovdhnote
dloxo woyleL wétnor 4rA = P2 Enlong, to Oswphuata 1.4.1 xou 1.4.2 Selyvouy
0Tt 600 6 xovovxd elvon €va TOAOYWVO X 600 TEPLOGOTEPES XOpLYES ExeL (dpa
600 T xovtd Beloxetar o x0¥0), Té6o0 M6 xoVTd Beloxeton oT0 Vo elvon AVon Tov
TpoBAAUATOC.

Aéyetan ott, cuvdudlovtag dhec Tic TPONYOVUEVES TAPAUTNPENCELS, O ZNvOdwpog
xatéhnZe oty Statimwon TNg axOhoVING LooTEPLUETPLKNIS apx NS

O dioxog elvar n Adon tov 10omepipeTpikol TPoPANUATOS.

2. H Abom tou woconepLluetpixod TpofAfjuatog and tov Steiner.
To 1841, o Steiner édwoe névte dpopetixéc anodellelc Tou e€hc Yewpruoros:

2.1 Oedpnua. Av vndpye éva ywplo Ky tov omolov to eupadév dev elvar moté
HIKpOTEPO amd to €pfadov €vés dAAov ywplov K pe tny (da mepiuetpo, tote to Ky
elvar dlowog.

Anddeidn: Alvouue ed¢d v mpwt and T anodellelc Tou Steiner, mou Pooileton
oe anholg YEWUETpX0oUS oulhoylouols. Trolétovue ott Ky elvon éva ywplo oto
eninedo ue Uéyioto euBaddy yid doouévn meplueTpo.

BApa 1: To Ky mpénet va elvon kuptd ywplo, dnhadh av A, B elvar d0o onuela tou
Ky tdte ohdxhnpo 1o evdlypauuo tuiua AB mpénel va teptéyeton oo K.

Ipdryuart, ac vtodécovue ot To Ko dev elvon xuptd. Téte unopolue va fpodue
dVo onueia A xou B tou Ko 6nwe oto oyfuc: to unodidotnua CD tou AB Beloxeton
€€w and 1o Ko. Evdvovtag 10 Ko Ue T0 Ypouuooxtaouévo ywplo, nolpvouue éva véo
yweto K; tétoo wote A(Ky) > A(Kyp) xou P(K;1) < P(K)p), agod 10 eudiypouuo
Tufua CD éyel uixpdtepo unrog and tny xauriin CZD. Me xatdAAnin ouotodeoio
tou K mpoxintel éva ywplo K ue eufoddv A(KT) > A(Kp) xou nepluetpo P(KY) =
P(Ky), dromo.

BApa 2: To Ky elvon xuptod, xou Eextvidvtag amd autd Yo gudéouvue d0o dilo mo
ouUUETEWE Ywpla K, Ky mou éyouv tny (Sto axpator ddtntoa ue o Ko: ta K, K>
€youv Vv (Blat tepluetpo xan to (Blo (dpa péyioto) eufoaddy ue to K.

H xatooxeun twv K xaw Ko yivetow g e€hc: oto olvopo tou Ky malpvouue
d0o onuela A, B mou 1o ywpellovv oe 300 t6Ea y1 xat 2 UE TO (Blo UuAxog, To Lo
dInhadh tne mepuétpou tou Ky. Av O elvon to péoo tov AB, ue v; ouvufBohilovue
TO GUUUETEXXS THEO TOU Y1 WS TPog O, xoL UE Y5 TO GUUUETPLXO TOL Y2 we Tpog O.
Oewpolue 10 ywpio K1 mov éyet oOvopo to 1 U7, xat 10 yweio Ky tou éyel o0vopo
T0 2 U .

Me authv v xatooxeur, to K1 xow K elvar ovuuetpind ¢ tpog O. Amd tov
Tp6To emAoYrc Twv A xou B, yid j = 1,2 éyovue

(2.1) P(K;) = 1(v;) +1(v}) = 21(v;) = P(Ko),
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6mou ue [ ouufolilouvue to unxog xoumding. Agold 1o Ky €xel uéyioto euPadov yid
N doouévn meplueTpo,

(2.2) A(Ko) > A(Kj) , j=1.2
Ouwe,
(2.3) A(K,) + A(K3) = 2A(K)),

dpor A(Kq) = A(K») = A(Ko). Anhadh, xodéva and to K1, Ko éxel enlong uéyloto
euBodov.

Brua 3: Toa K xou Ky elvon dloxot.

Ou dellouue YLd mapddelyua ot o K elvon Sloxog delyvovtac ot yid xdde
onueio C' 610 60vop6 Tou N Ywviat ACB elvar 0pd1). Ac unodécouue ot yLd xdmoto
onuelo C' (awtéd oto oyfua) n ACB dev elvan opdn. To Ky elvon ovuuetpind wg
npoc O, dpa to ocuuuetpxd D tou C we mpoc O avixel oto cbvopo tou Ky, xou o
ACBD eivar mopodnhoypauuo. To Ky anotelelton and awtd 10 mopol\nhéypauuo
XL To TECOEPU XOUTUAGYpaal Ywela Ty, Te, T3, Ta. Py vouue évar dAho ywelo
K| w¢ eghc: mpota xotaoxevdlouvpe éva opoydvio topaliniéyeauuo A'C'B'D’
ue mheupéc A'C' = AC xow C'B' = CB, xot xotémv oTic TE0CEREC TAEVPES TOU
XOAMNGUE T Ti, T, T3, T4 OTWS OTO Oyfua. Me auThv TNV xotaoxevy|, Yid to ywelo
K| mou mpoxintet éyovue npogavie P(K]) = P(K) evd

(2.4) A(K!]) — A(K,) = A(A'C'B'D') — A(ACBD) > 0,

apol 1o opoydvio A'C' B' D' éyel tny (Bua Bdon xan ueyokitepo Oog and 1o ACBD.
Auté elvan dromo agol to K €yel uéyioto eufaddv yid tn doouévr nepluetpo. Apa,
n ACB elvar 0pd1), x agol 1o C' ftay tuyov, 1o K elvar Sloxoc.

Brua 4: To Ky = K| = K» elvoe loxoc.
Agol ta Ky, Ky elvon dloxot, o y1,72 elvon nuixdxhia. Apat xou to Ky elvon
dloxog (xan Befoiwe Ko = Ky = K»). Etol ohoxhnpdveton 1 anddelln. O

To Oewpnua mouv udhig anodellope Uag Aéel nwg av vndpyet Adon YLd T0 Loo-
nepyeTed TPdBANUa oto eninedo, totE qwTH Elvon LToYPEWTXE 0 dloxoc. Aev
eZaopolilel duwe Ty Umapén Aoonge.

Evag tpénoc yid vo napaxdudouue autd 1o eunodo elvar o e€hg: I'vwpilovue
otL Yid tov Sloxo D woylel

P%(D) = 4w A(D).

Eidaue ot yid x&de ntohbywvo K woyler P?(K) > 4rA(K). Av detfouue ot yd
kdOe ywplo oto enlnedo woyleL 1 aviodTnTa

P?(K) > AT A(K),

12



té1E E€pouuE auTOUdTWS OTL 0 Bloxog €xel uéyioto euPBaddv Yid Socuévn nepluetpo.
Mpdryuatt, av K elvon onowdrinote ywpelo ue P(K) = P(D) téte

_ PXK) _ PAD)

A(K) < 47 47

= A(D).
Anhadn, o dloxog elvor AOoT| TOL LOOTEPLUETEIXOU TPOBANUATOS, XoL TP TO EMLYE(-
enuo Tou Steiner amodewxviet ott elvan xai 1) povadikr} Tou Abo,.
[é uid mhen Aowndy Abon tou TpoPBAruatog oo entnedo apxel va Sel€ovue tnv:
Ioonepipetpixr) Avicotnrae I'd kdle ywpio K oto eninedo 10yvel
P2 (K) > 4 A(K),
dmouv P n mepipetpos kar A to epfadév tov K.

Yy enduevn mapdypapo o ddoovue Ul amddelln auThSC TG AVLoOTNTAS, N
omola xdver ypfon oelptv Fourier xou ogelheton otov Hurwitz (1901).

3. H anddellrn tng LoonEpLLETELXNG avicdtnTag and tov Hurwitz.

Trodétouue €36 YLd euxolio ot To ywplo K €yel oav obvopd Tou uid Aelor amhr
YAELWOTH xouTOA ¥ ¢ [a,b] = R?. Me auwtd evvoolue ot av () = (z(t),y(t)),
t6te oL &' xan y' elvon ovveyeic xou emmiéov (2'(t),y'(t)) # (0,0) yd xdde t, to
onolo egaopalilel ott 1 xaunOAN Exel oe xde onueio epantduevo didvuoua T onolo
UETOBAANETOL UE GUVEYY| TEOTO.

To urxoc e xaunOANG v dlveton amd tnv

b
(3.1) P / VIEOE W OF dt.

Oa oploovue TEMTA ULd VEX TUPAUETPXOTOMGT TNE XAUTOANE ¥: Oewpodue Tty
anewévon s : [a,b] — [0, P] ue

(3.2) s(t) = / VE@PE + [y (w)Pdu.

H s elvar ouveyric xaw yvrota ad€ouca cuvdptnon tou ¢, cuvende oplletat 1 avtioTtpo-

o1 e s~ oo [0, P] xau unopolue v dewpricouue v xopunidn v ¢ [0, P] — R?
ue 11(s) = (t) 6mov s = s(t). Tote, av z1(s) = z(t) xou y1(s) = y(t) €xouue
(3.3) dr _ drdi_ o

ds — dtds /W (OF + [y’ O]
Hol

!

(34) i e

ds  dt ds [2'()]2 + [y ()]
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Ané tic nopandve oyéoelc BAérovue ot Y éxel Ty Wbt (dy /ds)? +(dy /ds)? =
1 yid xéde t. Eyouvue dnhody| mopoleTptxomotAceL TNV xo oA S Tpog pkos Téou.

To eufadov touv ywelov K unoloyileton pe v Bordela tov Oewpriuatoc tou
Green: Oewpolue Tic ouvopthoes Q(x,y) = = xau P(x,y) = —y. Av ue 11 ouvufo-
Moouvue xou Ty exdva e xodtOAne v1 (to oUvopo dnhady| Tou K), téte

(3.5) /n Pdz + Qdy = //K (?)_3 — g—;) dzdy,

XL VLA TIG ouyxexpuléves P xo () malpvouue

(3.6) AK) = %/ xdy — ydz.
Eneto ot
1 P ! !
(37) AE) = 5 [ (61 ) = (o) ()

%ol UE ONOXAAPWOT XATA TAPdYOVTES TPOXVTTEL
P
(3.8) A(K) = / x1(8)y} (s)ds.
0

Oa xdvoupe axduo uLd arhayr uetaBinthc: Vétovue 2ms = P6, ondte 6 € [0, 27]
xat av Y2 (6) = v1(s) = (22(0),y2(8)), éyovue

(39) 4O + BAOF = 1
yid xdde 6, xon
(3.10) A(K) = /0 " s (0)4(6)d6.

Oa anodelEovue Ty axdloudT) toonepuueTpix) aviaotnta Tou Hurwitz:

Ocwpnua. Eoww K ywplo ato eninedo tou onolov to ovvopo elvar yud arnkn) kAewoen
kat Aeta kaunvAn. Tdre,
4mA(K) < P*(K),

wétnta wyver uovo av to K elvar dlowros.

Arnddeién: Mnopolue va urtodécoupe ot To obvopo Tou K elvar 1 etxdva uidic xo-
TOAME 72 : [0,27] = R? 7 onota icavorotet tic (3.9) xon (3.10).

Ou ouvaptroelc x2(6) xou y2(0) elvon cuveyelc dpa éxouv oelpée Fourier, xou
enewdn elvon xon nopaywyioues ou oelpég Fourier toug cuyxivouv 6" autée:

Q, > .
(3.11) z2() = 70 + 1; (ay, cos k6 + by, sin ko)
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xou

¢ o0

0 .
(3.12) y2(0) = > + ; (cr cos kB + dj, sin k6) .
Enedf ou o xou vy elvar ouveyelc, éyouv oelpéc Fourier

oo

(3.13) 25 (8) ~ > (kby cosk6 — kay, sin k)
k=1

pidein

(3.14) yh(0) ~ > (kdy cosk6 — kcy sin k) .

B
Il

1

H wwétnta tou Parseval pag divel

2m 0
(3.15) / [w5(6)d0 = 7 5" k(a2 + B2)
0 k=1
en
2m o
(3.16) /0 [y5(0)1°d6 = 7 Y k> (ci + d}).
k=1
Tuvdudlovtac ue v (3.9) nolpvouue
(3.17) P*(K) =2r* k*(a} + b} + ¢ + d}).
k=1

Anb v &N mhevpd, 1 (3.10) woc dtve

(3.18) A(K) = / " o260l (0)d6 = 13" K(awdi — becy).
0 k=1

Agapdvtag malpvouyue:

(3.19) P? —axA =27 " (k*(a} + b} + ¢ + d}) — 2k(ady — brcy))
k=1

= 272 Zk[(ak — dk)2 + (bk + Ck)Q] + 272 Z(kQ — k?) (az + bi + Ci + dz) > 0.
k=1 k=2

H avioétnra Mooy woyer xou uével va e€etdoouvue note Unopel var Loy Vel lobtnTaL.
Ané v (3.19) elvon @avepd ot yid k > 2 mpémel vou éxoupe a = by = ¢ =d, =0
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(opol k* —k > 0 av k > 2). Emnhéov, o tpdto and ta SVo adpolouora Tpénet va
undevileton xt autod, dpa a1 = di xou by = —ci. Anhady,

x2(0) = a_20 +aicosf + by sinf

o

y2(0) = %0 — by cos8 + a; sin 6.

Evoc anhéc unoloylouog delyvet ot

(3.20) (2200~ 2)" + (1206) - L) =t 4%

INAadn 1 xoumOAn 2 TEpLYpdpel xOxho, xat To K elvon dloxog. O
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II. H IXOITEPIMETPIKH ANIXOTHTA Y¥TON R".

1. Optopol — SupBoliouds.

e Oa doukédouue otov R™, n > 2. O R" elvar e@odlacuévoc Ue T0 ECWTEPLXO

yYwouevo (-, ) to onolo endyel Tnv Ewdeldeta vopua x| = (z,z)2. ITohd cuyvd Yo

xpnotonowlue uid (6t mdvta v (o) otadepr|; opdoxavovixr, Bdon {er,...,en}
Y& T0 S0GUEVO ECWTEPLXG YLVOUEVO.

Me D,, suuPohilovue Ty Ewdetdero wovadiato umdha, xow ue S~ 1n uovadioda
ogaipa {x € R™ : |z| = 1}. Ou ypnowonowolue 1o ypduuoata 8, ¢,&,n XAt yid
uovadiato Stavbouarta. Av 6 € S™1 ue 61 ouuBorilovue tov (n — 1)-ddotato
UGy Wpo Tou elvar opdoywviog oto §:

0+ = {z € R": (2,0) = 0}.
H npofBohf Py : R — 61 opileton amd v

Py(z) =z — (z,0)6.

e Eva kuyptd odua K otov R™ elvon éva un-xevé, xuptd xan cuumnayéc utochvoho
Tou R" ue un—xevo ecwtepixd. Oo hAéue o1t t0 xVpTd odua K elvon ouppetpikd ue
%évtpo cuuuetploc o 0 av onotedrinote & € K éyovue xou —z € K.

e To dOpowpa kard Minkowski d0o un—xevév utocuvolwy A xar B tou R"™ elvan
70 6UVOAO
A+B:={a+b:a€ Abe B}.

Edxola ehéyyoupe ot av o A xan B elvar ovunoryn (avtiotouyo, xuptd), téte xou to
ddpoloud toug A + B elvon ovunayés (avtiotouya, xuptd). Ewdiwdtepa, to ddpotoua
300 XLVPTAV CWUATWY elval EVal XUPTH WU

e Me tov 6p0 otoryelddes ovvolo avagepduaote oe Ula TenepaoUévn évwor oplo-
YWV TOL EY0LV TIC OXUES TOUS TUPAAANAES PGS TOUS GEOVES GUVTETAYUEVWLY (TiC
Steudivoeis dnhadn twv opoxavovixdy Slavuoudtwy e;) xa €xouy Eéva ecwTeptxd.
Yuupolilouvue e Z tnv xAAoT OAWY TV GTOLYELWIDOY GUVOAWY.

Av I elvon éva 1010 0p00OYOVI0, UE UAXN OXUDY a1, - .., an > 0, TéTE 0pllovue
TOV YKo TOU VoL LGOUTOL UE

Il=ay-... ap.

Av J = UL, Ii; ebvon éva otolyelddeg oUVOAO, T6Te 0pllouue QUALOAOYLXS

[Tl =Y Lil.
k=1

Eotww tdpa A eva un—xevé, gpayuévo uvrtocbvoro tou R™. Opilovue tov eowtepikd
dyko Tov A uéow g
4] = sup{|J| : ] C A, J € T},
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xow Tov e€wtepikd dyko tou A uéow tng

[A] = inf{|J| : AC J,J € T}.

Ou Mue otL t0 A éyer dyko, xou Yo tov cuuBorilouue pe |A], av |A| = |A]. Mnropet
xowvelc va detéet ot

KdOe xuptd oddua arov R™ éyer 6yko.

Ou WBubétnTEC ToL dYXOUL TOL YPNOULOTOLOVUE GUY VS TN cuvEyEeLa efvon TEAelwS Qu-
OLOAOYLXEC:

(1) O éyxoc Topoével avaANOIWTOS WS TPOS CTPOPES XAl UETAUPOPES.

(W) Av T elvon évog avtioTpédLuog ypouutxés uetaoynuattousés tou R™, téte
yid xdde cuunayéc unocbvoro tou R™ oylel

[T(5)] = |detT]|K].

o H emgdveaa (xatd Minkowski) evéc un—xevol, cuunayols utosuvorou A tou
R" op{letar wg e€nc:

A+eD,|—|A
9(A4) =lim inf w
e—07t €
Yy nepintwon mou 1o A elvar éval xuptéd cdpa otov R™, 10 mapandve lim inf etvor
6pLO, XA O OPLOUOS AVTOS TNE EMLPAVELS ElVaL LoodUVaOg UE Xdde S0 puaLoloYLXd
opLou6 Tou Yo UTopoloE VoL SWOEL XAVE(S.

2. H avioétnta Brunn - Minkowski.

H avioétnta Brunn - Minkowski cuvdéel tov éyxo pe tnv mpdén g npdodeong
xatd Minkowski. ©a dcddcouue Tpelc dtapopetixés anodeiele, xadeulo and g onoleg
oyetileton xan Ue Evay ToAD anuavtind x0xho Wedv. H npdtn and autée ypnoylonotet
oL OTOLYELWDN oUvoha xou ogelleton otov Lyusternik (1940):

2.1 Aviootnta Brunn - Minkowski: Eoww A kat B ouunayr), un—kevd vnoov-
voda tov R™. Tdre,

(2.1) |A+ B|= > |A|" + |B|~.

Andoeén: 1n Iepinrwon: Eletdlouvue mpodta tnv mepintwon mouv o A xau B elvon
0pdoy®dVLL UE TIC aXUES TOUS TIOPIAANAES TIPOS TOUC GEOVES GUVTETAYHEVKDY. T To¥Eé-
TOUUE OTL Gy, ..., Gy > 0 elvar to urpnm twv oudy v A, xou by, ..., by, > 0 ta uhixn
Ty oy tou B. Tote, 1o A + B elvor ut avtd opdoydvio UE T oxuée Tou ma-
PEANNAES PO TOUS GEOVES GUVTETAYMEVWY Xou avtioTtorya Uixn a1 + by, - .., an + by.
Enouévue, 1 (2.1) malpver 63uthv Ty meplntemon T Lopdh

(2.2) (@1 +01) - (an + b)) > (@1 -..an)® + (b ...bp)".
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Iood0vaua, {Intdue va det€ouue ot

1 1
ajq (07%% n b1 bn n
2.3 + < 1.
(2.3) <a1+b1 an—l-bn) <a1+b1 an-i—bn) -

Ouwe and v aviedtnta apiuntixol—yenUeTEXo) UEGOU TO aploTepd UEAOC TNQ
(2.3) elvon uixpoéTEEO 1) (o0 Amd

1 ai an 1 b1 by
24) = . — 1.
24) n<a1+b1+ +an+bn>+n<a1+b1+ +an+bn>

Anhadn, n aviedtnra Brunn - Minkowski toylel odutiv tny amnhi neplntwon.

2n Ileptnrwon: Yrodétovue ot ta A, B elvar otolyelddn olvola, xodéva dniady
andutd elvon TETEPACUEVT EVKGT 0pY0YWVIWY TOU EXOLY EEVOL ECWTEPLXE XOL AXUES
TAPAAANAES TPOGS TOUS GEOVEC GUVTETAYUEV®Y.

Optlovue cav movmdoxdrnta tou Leuyaplol (A, B) to cuvokxd mhdoc twv
opdoywviey mou oynuatilovy ta A, B. Qo anodet&ovue ty (2.1) pe enaywyh wg
mpoc TV nohuvmhoxdtna m tou (A, B). Otav m = 2, ta A xou B elvow ogdoydvia
xor M (2.1) éyer O anoderydel.

Trodétovue howndy ot m > 3 xou ott 1 (2.1) wyder yid Levydpta oTOLYELWIHY
oLVOAWY UE ToAuThoxoéTnta < m — 1. Agod m > 3, xdmoto and o A xar B (Eotw
10 A) amotehelton and touhdytotov dbo opdoyidvia. Eotw I, I dubd andutd. Tao
I xou I €youv &éva ecwTEPXE, GUVETKC UTOPOVUE Vo To dlaywploouue Ue éva
unepeninedo mapdAAnio Tpog xdmotov xlplo umdyweo tou R™. Xwpelc BAIBH e
YeEVIXOTNTAC UTOYETOVUE OTL aUTH TO LUTEPETINEDO TEPLYPAPETAL Ad TNV Ty, = P Y4
xdmow p € R. Opllovue

(2.5) At =An{zeR":2,>p} , A" =An{zrecR":2, <p}

To AT xor A7 elvor otouyewddn obvoha, €youv Zéva ecwteptxd xor xadéva Toug
oynuotileton and Aydtepa opoydvia andt 1o A (To unepeninedo z, = p 0 TOAD
Toh0 va x6Bet xdde opdoymvio tou A oe Sub oploydvia, éva oto AT xi éva oo AT
Ouwe, o I; mepiéyeton €€ ohoxhpou oto AT eved to I, oto A™). Hepvivtag thpa
oto B, Bploxouue vrepeninedo z,, = s tétowo dote av Bt = BN {z € R" : z, > s}

xae BT =BN{z € R": z, < s} va oylel
AT _ |BY]

(2.6) — =

Al B

Ta Bt xou B~ elvon otoLyewddn obvola pe nhfdoc opdoywviwy tou Sev Eemepvdet
awt6 oL B. Ovoudlouue A tov xowd Moyo byxwy otny (2.6). Ilpogaveds, 0 < A < 1.
Elvow gavepd ot

(2.7) A+B=(A"+BYYU(At+B)U(A” +BY)U(A™ +B").

Ané v A Thevpd, agob AT + BT C{z 2, > p+stxaw A+ B C{z:z, <
p+s} 1w AT + Bt xou A™ + B™ éyouv Eéva e0wTepnd. XpnoLLoToLdvIac XoL Ty
(2.7) nafpvouue

(2.8) |A+B|>|AT + BY|+|A” +B7|.
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Me Bdion v xataoxeu) tou xdvoue, epapudletol 1 etaywywxr vnddeon oto de€Lo
uélog:

(29) AT+ B 2 AT B AT BT 2 A B
om6TE xdvovtac TpdEels oty (2.8) xou malpvovtag vddn Ty (2.6) éyouue

A+ B| > (AN + ABYY) "+ (((1 = N]ADY™ + (1= 2)|B))

= MAM™ 4 [BIYM" + (L= N[AM™ + BV = (|41 + B,
on’onou E€NETAL OTL
(2.10) |A+ B|* > |A|" +|B|".
Tevikn Heptnrwon: Eotw A, B tuyévta un-xevd cuunoyy) utoctvoha tov R™. Trdp-
xouv axohovdiec {Apm} xouw {Bpm} otoyeuwddy cuVOAY UE Tic WBLOTNTES
ACA, ,|An|— 4] ,BCB, , |Bn|—|Bl , meN.

Téte A+ B C Ay, + By, v xde m € N xow unopolue va emhé€ovue ta Ay, By
€ToL WoTE va €YoLUE XL |Ay + B | — |A + B|, dpa

(2.11) [A+B|% = lim |Ay+Bpul* > lim [[An|* +|Bul*] = |A|* +|B|+. O
H avieétnta Brunn - Minkowski yid xuptd oduata otov R™ cuyvd Slatunedveton

xoL we e€ng:

2.2 Mépiopa. Eotw K1, Ky kuptd oduata otov R™. Td kdfe X € (0,1) wylea

(2.12) MKy + (1= \) Ko™ > XKy |M" 4 (1= \)| Ko/

ITi6 1wy upd, n ovvdptnon f: [0,1] = R pe f(N) = MK + (1= A) Ko |'/™ efvar koidn.

Arnddeidn: Apxel va detZovue ot f(ad + (1 —a)u) > af(A) + (1 —a)f(p) yid x&de
A, p € 10,1] xou @ € (0,1). Eyouue

(213)  flax+ (1 —a)p) = |[(aX + (1 — a)u) K1 + (1 — aX — (1 — a)p) K| »
= (e + (1 = @)Ky + (a(l = ) + (1 = ) (1 = p)) Kol
= [a(AKy + (1= N K2) + (1= a) (K1 + (1= p) )| 7
> |a(AKy + (1= NEo)|™ + (1= a)(uK1 + (1 = p) Ko)| ™
= Ky + (1= VK| + (1= )|k + (1= p) o[ = af (V) + (1= ) f (1),
omou yenotuomothoaue o Yeyovég ot av X C R™ xuptd, un-—xevé xo a,b > 0 téte

aX +bX =(a+b)X. O
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M.ud &AAn ouvémeia tng aviootntag Brunn - Minkowski etvon 1 océhouvdn avico-
mra (n onola elvar aveEdptnTn s didotaons):

2.3 Iépiopa. Eotw A, B ouurayn, un—kevd vrmooutroda tov R™. Id kdOec A €
(0,1) éyoupe

(2.14) IAA + (1 = \)B| > |A]N B

Andoeién: H ouvdptnon log elvon xolAn, %L autod €xel ooy cuVETEL TNV

(2.15) 2yt <Az + (1= Ny

yid xdde z,y > 0 xow A € (0,1). And v avioétnte Brunn - Minkowski nadpvouue

AA+(1=N)B| > WA+ (1= N)[BI/] > |47 Bj0-N/]n = |4} B, O
M mpdytn onuavtie cuvéneta tng aviedtntag Brunn - Minkowski elvar 1 too-

TEQLUETPLXY| Vo OTNTAL Y8 xUPTA cwuata otov R™:

2.4 Oewpnua. Eotw K kupté odua otov R™ e |K| =|D,,|. Tdre,

(2.16) O(K) > 0(Dy).
Amdoeién: Me Bdor tov 0ploud Tng EMLQAVELAC,

K +eD,| - |K K|Y/n D, |V/"" — |K
lim| +eDy| IIth[II + [eDn| /"] — |K]|

e—0t IS e—0t IS

2.17)  9(K) =

1/n 1/nn _
DM + D D]
€ e—0t

Ouwe, o avtiotoryoc utoloylouds yia Ty A(Dy,) diver (D) = n|Dy| (n aviodtnta
Brunn - Minkowski woyUet €3 coav woétnta). Enouévec,

d(K) > d(D,). O

Apa, 1 undha elvow Aoon Tou LGOTEPLUETELXOV TPOBAAUATOS: AVAUESH GE OAXL
ToL xLETA oduata Tou R™ mou €youv doouévo dyxo V, 1 undha €xel tnv UtxpdTepn
ETLQAVELAL.

Mud dAAn ocuvénela g aviodtnrac Brunn - Minkowski efvor to Oedpnuo tou
Brunn yiéd tic (n — 1)-Sdotates touéc evoc xuptold owuatoc. b ouyxexpiuéva,
Vewpolue éva xptd owua K otov R, éva wovadialo Sudvuoua 6 € S xou v
ouvdptnon f: R — R ue

(2.18) f(t) =K n (6 +t9)|
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6mou 1 etvor o (n — 1)-Bidotatoc undywpoc o xdetoc oto f. H ouvdptnon f
UETEdEL TO «eUPBadovy TwV TapdAANAwY Toudy Tou K mou elvon xddeteg oto §. T'd
v f oybel To e€ne:

2.5 Oewpnua. Eotw K kuptd odua otov R™ ka1 § € S"~1. Tére, n ouvdptnon
1 1
g(t) = [f(O]=T = [K N (6" +16)]7

elvar koikn oov gopéa tng. Enlong, nlog f elvar koikn otor gopéa tng.

Arédaén: Tavtilouue tov 8+ ue Tov R xaon ypdpouue K (t) yid Ty mpofokf tne
toufic K N (0+ +t6) otov 0+, Anrady,

(2.19) Kit)={zecR"":(2,t) € K}.
Oa anodelfovue ott Y& x&de t,s € R xow A € (0,1)
(2.20) AK(t)+ (1= NK(s) CKAt+ (1 —X)s).

Mpdryuart, éoww = € K(t) xaw y € K(s). Tére, (z,t) € K xo (y,s) € K xou
agol to K elvon xvptéd malpvovue (Az + (1 — Ny, At + (1 — N)s) € K, dnhady
Az + (1= Ny € K(At+(1=X)s). Aol |K(t)] = |[KN (0 +t0)] yid xdde t € R, t0
yeyovdg oTL 1) g elvar xolAn tpoxdnteL dueca and Ty avicotnta Brunn - Minkowski.

Yuviétovtoc ue tnyv xolAn cuvdptnon log BAémovue ot 1 log g dpa xou 7 log f
elvar xoflhn otov @opéa tng. O

[Tohhéc Bonc¥ntixd Qavepéc TEOTAGELS TOU APOPOUY GYAOUS XUPTHOV GWUATWY mo-
dewevbovton e v Bordela g aviooétntag Brunn - Minkowski. H yerion tng eivon
ouvidwe ovoLaoTiXT, UE TNV €vvola ot elvon d0oxoho av Oyt adlvato vo dodel o
otouyeLddng amodelln. Kielvoupe authiy v noapdypapo ue dbo tétola mopadelyuatos

2.6 Ilépiopa. Eotw K éva ovupetpixd kuptd odua otov R™, ka1 @ € S*~1. Tére,
(2.21) rtnal,%(|Kr‘|(9J‘+t0)| =|K Nt
€

Anladn, n péyomn tour wov K kdOeta ovo 0 elvar n kevpikn}: avt mov meprdel
and to kévtpo oupuetplag tov K.

Anddeidn: Aueon and o Oewdpnua 2.5. H g elvar tdhpa dptior xan o, cuvendg
nodpver T wéyiotn T g oto 0. O

2.7 ITopropa. Eotw A, B kuptd oduara otov R”, kat ot ta A, B efvat ovupetpird,
pe xévrpo ovupetplag wo 0. Tore, yid kdle y € R™ éyovpe

(2.22) |[An(y+ B)| < |ANB|.
Andéoaén: Oa dellouvue ot yid xdde y € R™

(2.23) %[Am(y+B)]+%[Am(—y+B)]gAmB.
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Opdypot: av 2z € AN(y+ B) xav w € AN(—y + B), t6tc (z +w)/2 € A
Aoy xuptdtnrac touv A. Ernlong, undpyouv bi, by € B tétowa dote z = y + by xouw
w = —y + by, ondte (z +w)/2 = (b1 +b2)/2 € B. Apa, 1 (2.23) woydel. Anb 1o
[Iépioua 2.3 natpvouue

(2.24) |IANB| > |AN (y + B)|?|AN (—y + B)|>.
Ouwe, ypnotuonowdvtag Ty cuuuetpla Twyv A xou B unopolue va Sodue ot
(2.25) -[ANn(y+B)=An(-y+ B).

Tl 2 € AN (—y + B) av xow uévo av z € A xou undpyet b € B 1010 (HOTE
z = —y +b, dnhadf av xow uévo av —z € A xaw —z = y + (—=b) € y + B. Ta
AN (y+ B) xou AN (—y + B) €youv enouévnc tov (Bto dyxo, xou 1 (2.24) uoc divet

(2.26) IANB| > |AN(y+B). O

3. Tuppetpixonoinon xatd Steiner.

Yy nopdypago auth Yo teptypddovue uid dradixactio ue Ty onola Eexvdvtag
amd TuydY xVET6 cwua K od8NnyoludoTe Ue «OUahS TPOTO» GE GAO oL TLO CUUUETOLXS.
xVptd oouata. H Stoduaocio auth yenowonoeitar mohd cuyvd 6tav Y€hovue va
det€ouue ott 1 umdAa elvar Abom evég npoBafuatog ueyiotou—elayiotou.

Eotww K éva xupté ooua otov R™. Q¢ cuviduce, pe 6 cuuforilovue éva Uo-
vodiato Sidvuoua (xaredduvon) xou pe 81 tov (n — 1)-SidoTato undywpo Tou Elvor
x&detoc oo 0:

(3.1) 6+ = {z € R": (z,0) = 0}.

H npoporiy Py(K) tou K otnv diedduvon tou 6 anotelelton and Ohec Tt Tpoforéc
onuelwy tou K otov 6L. Elvor e0xoho v Sel xaveic ot

(3.2) Py(K)={z€ft:THecR:zx+th c K}.

3.1 Afupon Id kdde kupté odua K ka1 kdle § € S, to Pyp(K) efvar xuptd
odua.

Arndbeién: Aciyvouue npota ot 10 Py(K) elvar xvptd. Eotww z,y € Py(K) xou
A € (0,1). Ymdpyouv npayuatixol apuduol t xou s tétolor Bote x + th € K o
y+s0 € K. Apol 1o K elvan xuptd, €youvue

(33)  Az+td)+ (1 =Ny +s0) =X+ (1-Ny]+[M+(1-Nslf € K,
on6te 1 (3.2) woe dtvet ot Az + (1 — Ny € Py(K). Apa, 10 Pp(K) elvar xupto.

Oa deiZovue ot 0 Py(K) glvon xhetotéd: Eotw {x,} utd axoloudia onuelony tou
Py(K) xon ag vntodéoouue ott &, — 2. Trdpyet utd oxohovdo nporyotixdv aptdudy
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{tn} térolo otE 2, + 1,0 € K. Enedr| 1o K elvar gpaypévo, n {t,} elvow gporyuévn
dpa Exer ouyxhivovoa vroxoroudia {tr, }. Av ty, — t, éxovue g, +tr, 0 — © + 16,
xar ool to K elvan xhewotd éneton ot ¢ 4+t € K. Xuvende ¢ € Py(K) xou 10
Py(K) elvar xhetoto.

To ot 10 Py(K) elvon pparyuévo xon €yel un—xevéd ecwtepnd elvol Tpogavés: to
K mepiéyetor oe ud undho pe xévtpo to 0, dpa to Pp(K) da neptéyeton oe undho
tou B tnc dac anctivoc. Emiong, to K elvor odua dpo mepléyel Undha xdmotag
Yetuhc axtivac. To (8o Yo cuuBaiver pe onotadhrote (n — 1)-Sidototn Tpofolr| Tou
(n mpoPBolf undhac elvar unda pe v da oxtivar). O

I'é va oploovue v Steiner cuuuetpixonoinon tov K oty xatebiuvon tou 6,
Yo ypetaotel va ypdpouue o K oe uid md Bohuny| uopen:
3.2 Afupa. Eotw K kupté odua otor R™ ka1 € S"~L. Optlovue 500 ovrvaptioas
fr9:Ppy(K) = R e
(34) f(z)=min{tecR:z+t0c K} , g(z)=max{teR:z+1th € K}.

Tére, n f elvar kypt} ka1 n g €lvar Koidn.

Andoeidn: Oa det€ovue ot n f elvon xvpth. Apxel va del€ouue ot yid xdde z,y €

Py(K) wyler f(H2) < M Ac urodécouvue ou f(z) =t xou f(y) = s. Tore,

x4+t € K xouy+ s € K. Enedf to K elvon xupt6, malpvovue
(x+t0)+(y+s0) =x+y t+s

: = K.
(3.5) 5 5 + 5 0 e

Ané tov oploud e f énetar ot

() < e S i),

(36) 2 2 2
Apa 1 f elvan xupTh, xou ue tov Blo tpdmo delyvouue ot 1 g elvar xolkn. O

Toupwva ue 1o Afupo 3.2 utopolue va Ypddouue to oduo K otn uopen
(3.7 K={z+1t0:z€ P(K), f(xr) <t<gx)}

Avtiotpoga, av éva ywpto K otov R™ éyel cav mpoBolf otov 64 éva xuptéd ohua
Py(K) nou ypdpeton otn woper (3.7), énou f xvpth, g xolhn xau f < g oto Py(K),
t6te 0 K elvan xvpto.

Oplloupe thpa v Steiner cuuuetpuxonoinon tou K otny xateduvern tou 6 we
elnc:

(3.8) So(K)={x+t0:z € Py(K), |t| < M}_

Anhady), yid x8de x € Py(K) Yewpolue évo evdiypauuo tuiua napdhinho oto 6

ue ufxog g(x) — f(z) xa Puéoo 0 , xou TAPVOUUE THY EVWOT OADV AUTOV TWY
eLBLYEAUUWY TUNUITWY.

24



Eivor gaveptd ot 10 Sp(K) elvon ouuuetpd o mpoc 81 (auth 1 mopatienon
Suxaroroyel tov bpo «ovuuetpxonoinony ). O Baoiuée WETATES TOL UETAUTY NUATL-
ouol Sy TEpLYPdPOVTOL OTO ENOUEVO AAUUL

3.3 Adupo. Eotw K kupté odua orov R™ ka1 § € S, Tére, o Sp(K) elvar
kyptd odua, kar |Se(K)| = |K|.

Arndoeién: Eoww z + 10,y + s8 € Sp(K) xow A € (0,1). Tére, x,y € Py(K) xor oot
10 Py(K) elvon xupt6 éxovue Az + (1 — Ny € Py(K). And v dhn mhevpd,

AL+ (1= A)s| < At|+ (1= N)s| < )\M La _A)M

(3.9) < 5l + (1= Ny) — f(Az + (1= Ny)]

N | =

ened n g — f elvor xolhn. Buvende, A(x + ) + (1 — N)(y + s0) € Sp(K) xou 10
Sy (K) elvon xvptd.
I'ié tov Bebtepo LoyLploUd ToEATNEOVUE OTL

(3.10) |1Sy(K)| :/P(K) ((g—f)(a:) _ (_(g—f)(:n))> du

2 2
= [ lge) - f@lde = K. O
Py (K)
Oo delouue ot pe xde cuuueTpixontoinan Steiner 1 empdvela onoLOLINTOTE

%VpTOL cWatos Uxpalvel. T'd to oxond autd ypetalduocte Evo axdio AU

3.4 Aupo. Eotw K, L kuptd oduata orov R"™ ka1 § € S" L. Tére,

(3.11) So(K) 4+ Sy(L) C Sy(K + L).

Arnééaén: Zépouue ot

(3.12) So(K) = {z +1t0: 2 € Py(K), |t < M}
xol

(3.13) So(L)y={y+s8:y € Py(L),l|s| < (gL;QfL)(y)}
Apa,

(3.14) So(K)+Se(L)y={z+y+ (t+s)0:2 € Py(K),y € Py(L),

(95 — fr)() (91 — fL)(y)}
2 2 '

|t < |8 <
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Ané v dAAn mhevpd,

(3.15) Se(K+L)={2+p0:2€ Py(K +1L),|p| < (9x+1 —Qme)(z) N

Eotw x +t0 € Sy(K) xon y + s € Sy(L). Téte, x € Py(K) xon y € Py(L)
dpar undpyoLy t1,s1 € R tétow wote x + 410 € K xau y + 510 € L. Emeton 6t
z+y+ (t1 +s1)0 € K + L, ouvendc ¢ +y € Pp(K + L). Erlong,

(z) g [k (z) + gr(y) ; fr(y)

(9 (7) +9.(y) — (fx(®) + fL(y))
2

on6te oluQwva Le Tic (3.14) xon (3.15) yid v (3.11) opxel va del&ouue ot yid x&e
T,y € Py (K)

(3.16) It +s| < |t] +|s| < 2K

(3.17) 9 () +9.(y) <gxvr(x+y) , fx(@)+ foy) > frro(z +y).

Ou delovue Ty TP and Tic dvo aviobdtntes: Eyovue = + gr(2)8 € K xou y +
gr.(y)8 € L, enouévee = +y + (g9r(z) + 91 (y))8 € K + L an’onov cuunepaivovue
ot gk (2) +9r(y) < gr+r(z +y). O

3.5 Oewpnuo. Eotw K kupté odpa otov R™ ka1 § € SP~t. Tdre,
(3.18) 9(Sp(K)) < O(K).

Anddaén: Eoww e > 0. Ebxola BAénovpe ot Sp(eDy,) = €Dy, xou 1o Afjupo 3.4 uog
eZaopolilel ot

(3.19) Sg(K) +eDy, = Sy(K) + So(eDy) C So(K +¢€Dy).
H Xtewvep ovuuetpixonoinon dwtnpel toug dyxous, ouvends |Se(K)| = |K| xou
|Se(K + eDy)| = |K + €D, | (Afuua 3.3). Eneton ot
(3.20)
S0 (K) +eDn| = |So(K)| _ |So(K +eDy)| = [Sp(K)| _ |K +eDn| ~ |K]
e - e e ’

[Modpvovrac dpLa xodidg € = 0 Brémouue ot
9(Sp(K)) <9(K). O
Optlouvyue v didpetpo diam(K) touv xuptol cwuatoc K ¥étovag
(3.21) diam(K) = max{|z1 — 22| : 21,22 € K}.

H enduevn mpdraor Selyver otl ue Steiner cuppetpixomolnon onooudrinote xupToL
CWUITOS WS TEOS oTotadToTe xatebduvon, 1 didueTpog Ulxpalvel:
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3.6 Ipétoom. Eoww K kyptd odua otov R™ ka1 § € S~ L. Tére,

(3.22) diam(Sp(K)) < diam(K).

Arnddeién: Eotw 21,22 € Sp(K) tétowo @ote |21 — 22| = diam(Sp(K)). EOxoha
BAEMOLUE OTL T 271, 22 TPETEL Vo Elva TN Lop@nc

(3.23) z1 =21 + MG , 2y =Ty — Mg
Y& xdmota 1, x2 € Pp(K). Tpdyovue g; = g(x;) xon fi = f(x:), xou Yewpodue o
onueloa

(324) w; =T + g,ﬂ , Uy =T; + f,9, 1=1,2.

To téooepa awtd onuela avixouy oto K, xou yenoyuonowwvtag to [Tudaydpeio Oew-
pnuor xou amhéc TpdEelc BAETOVUE OTL
(3.25)
g—h 92— f
w1 =02l +wz =01 =21 = 2 = gy = ol +lg2 = i = 2T+ F 2 > 0.

Ouwg, |wi — va|, |lwe — v1| < diam(K) ondte and v (3.25) elvon pavepd ot

(3.26)  diam(Sy(K)) = |z1 — 22| < max{|wy — va|,|wz — v1|} < diam(K). O

4. Anéotaon Hausdorff — To Oebpnua entloyrs tov Blaschke.

4.1 Opiopdg. Eotw K, L un-xevd, cvunoayy vrtocbvora tou R™. Opilovue tny
anéoraon Hausdorff twv K xou L o e€hc:

(4.1) d(K,L)=min{A\>0: K CL+AD, , LCK + AD,}.

Etvor edxolo va Sobue otL 1 d elvon petpunn:

o I'd xdde K, L wylber d(K,L) > 0 eZbptouol, xou av d(K,L) = 0 t61e¢ K
L+0D, =L+ {0} =L xo 6uot L C K. Anhadh, K = L.

N

e H (4.1) elvar mpogavie ouuuetpnh) we npog K xav L, ouvende d(K,L) =
d(L, K).

o I xdde K, L xor M éyovue d(K,L) < d(K,M)+d(M,L): Ectwa = d(K, M)
xow b=d(M,L). Tére,

(42) KCM+aD, , MCK+aD, , MCL+bD, , LCM+bD,.

Ereton ot
KCM+aD,CL+bD,+aD,=L+ (b+a)D,

Hol
LCM+bD,CK+aD,+bD, =K+ (a+b)D,,
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dnhadh d(K,L) < a+ b. [Xenowonotiooue mdhl 10 yeyovée ott av X xuptd xou
a,b >0, 6t aX +bX = (a +b) X ]

4.2 Opiopds. Eow K un—xevd, ovunayéc utocbvoro tou R™. H xuptr) Onjkn
co(K) tou K elvor o uxpdtepo xuptd utochvoro tou R™ nou neptéyet to K. Mnopel
xavelc edxoha va del otL

m
(4.3) co(K) = {Mz1+ ...+ AnTm :m € Nyzy € K, 0 >0, N =1}

i=1
Mud amhfy mapatipnon elvar ot to K elvor xuptd av xar uévo av co(K) = K.

To Muuo mou axoloudel delyvel otl malpvovtag xUPTéC VAxEC UELWVOLUE TNV
anéotacr, Hausdorff:

4.3 Aqupoe Eotw K, L un—kevd, ovunayn vroovrola tov R™. Tdre,
(4.4) d(K,L) > d(co(K),co(L)).

Arndbeién: Oétovue a = d(K,L). Téte, K C L+ aD, xu L C K +aD,,.

Eow z € co(K). And v (4.3) undpyouy x1,...,Tm € K xot A1,..., Ay >0
e YA =1 tétow dote £ = M1 + ...+ AT T8 %80 i =1,...,m unopolue
va Beobue y; € L tétowo oote |z — v < a (ened) K C L+ aD,). Téte, y =
Ayr 4 -+ Amym € co(L) %o

m m
|z — y §Z)\i|xi—yi| :aZ)\i:a.
i=1 i=1

Eneton ot co(K) C co(L) +aD,,. Me avdloyo tpéno BAénovyue ot co(L) C co(K) +
aDy,, dn\ad| d(co(K),co(L)) <a=d(K,L). D

4.4 IMTopdderypa. Ocwpolue cav K évav dloxo axtivac B > 0 xou cav L tny
nepLpépeld tou. Torte, co(K) = K = co(L) dpa d(co(K),co(L)) =0 eve d(K,L) =
R.

4.5 Opiopods. Eotw {Ky}men oxohovdio un-xevodv, GUUTAYGOY LTOGUVOAWY TOL
R"™. Aéue o n {K,,} ouyxiivel oe xdmowo cuunayéc K C R™ xou ypdgouvue K, —
K av d(Kp,K) — 0.

4.6 Ilpétaon. Eoww {K,,} akodovdia un—xevdr, kyptdy kal oupumaydy vrnoou-
vodwy tov R™ kat K C R"™ ouurayés térow dote K, — K. Tote, to K elva
KUPTO.

Arnddeién: Eotw € > 0. Tndpyer m € N tétoroc wote d(Kp, K) < €. Ouwg, 10 Ky,
elvon xupTé dpar Ky, = co(Kpy,) xon and to Auua 4.3 BAénovue ot

d(K,,co(K)) = d(co(Ky),co(K)) < d(Kp,, K) < e.
H tprywvud] aviobdtnta yid tny d Sivet

d(K,co(K)) < d(Kp, K) + d(K,,co(K)) < 2,
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xa ool To € firay tuy 6y ouunepatvouvue ot d(K, co(K)) = 0 dnhadh K = co(K).
Emeton o1l to K elvon xvpt6. O

To Baowxd anotéhecua autrc Tne Topaypdpou elvon 1o Oeddpnua Emdoyris tov
Blaschke cOu@wva ue to omolo Tor LUTAYT| XVETA LTOGUVOAX OTOLAGIHTOTE UTAAAS
oynuatilouvy évay cuunoyy| UeTpxd ¥wpeo ue tnv uetpwr) Hausdorft:

4.7 Oewpnua. Eotw R > 0 kat {Ky,}men Hid axolovdia un—xevdv, ovurnaydv
KypTdy vnoouvdwr tns RD,,. Téte, vndpyovr vraxolovdia {K;, } tns {Ky,} kat
kupté ovunayés K C RD,, tétowa wote K;,, — K.

I v anddeln Yo yperootolue To axdloudo Muua:

4.8 Adjupo. Eotw € > 0. Me ng vroléoeis tov Ocwpnpatos, umopolue va emAé-
Eovpe vrakodovOla detxtaor Iy <y < ... <l < ... pue tnr ididenra

d(Kli7KlJ‘) S €
yid kdOe i,j € N.

Anéoaén: H undho RD,, elvon cuunayic, enouévee yid 1o Socuévo £ > 0 unopolue
va BpolUE 1, ...,2N € RD,, tétola BoTE

N
(4.5) RD, C | J(z + %Dn).

i=1

Opllovue E = {z1,...,zn}. Idxdde m € N dérouue E,, = EN(K,,,+5D,,). Kdde
Ep, elvou nenepacuévo oivolo, dpa ouunayés. Oa deifouue ot d(Kp, En) < 5.

Ané tov opoud tou Ey, elvan gavepd ot By C Ky + 5§Dy, Eotw © € Kpy,.
Téte x € RDy, cuvends utdpyet @ < N tétowo hote |z — ;| < 5. Auté onuaiver ot
vi €x+ 5D, C Ky + 5Dy, dpa x; € Eyy. And Ty dAAN mhevpd, = € o3 + 5D, C
Em + 5Dn. Apa Ky, C Epy + 5Dy, xou d(Kyy,, Eyy) < 5.

I'é xdde m € N éyouue Beel Eyp, C E pe my Wbtnta d(Kp, En) < 5. Ouoeg
t0 E elvar menepaouévo ohvolo, dpa undpyouv menepacuéves (hybtepee amd 2NV)
emAOYEC UTOGUVOAWY Tou. Eneton ot undpyouv dretpol to mAdog delxteg I < Iy <
con <l < oooxan povadind E* C B oote d(Ky;, E*) < 5.

Av tdpa @ # j, n Tetyvix avicdtnta divel

d(K,,, K1) < d(Ki,, E*) + d(E*, K,) < +g:5. 0

N ™

Arddeatn tov Oecwpipatos: Egapudlovue Soadoyxd to Afuuo 4.8 e e = L: Tud
e = 1 unopolue va Bpodue vroxoroudo Ki1, Ki2,..., Kipm,... e {Ky} tétow
“oTE AV © # J va oy Ve

d(Ki;, Kqj) < 1.
1

Mofpvouue thpa e = 5 xau Bploxouue vnoxohoudia Koi, Koo, ..., Ko, ... Tne { K1}
TETOLOL WOTE AV & 7 J VoL Loy Vel

1
d(Kai, Koj) < 5
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Yuveylovtag étot opllovue StadoyLxd vraxorovdia tne unoxoroutiog €Tol WOTE YLa
™V m—ootH utoaxohoutia { Ky} v toyde

1

Y& xde ¢ # j. Oewpodue tdpa TNV dtarydvia utoxorovdio K = Kpm. Auth elvon
uroxohoudia tne { K, } xou txavorotel to e€fc: Av i, s € Nxowl < s, téte o K, K}
elvow bpot e { K}, ouvende

1
(4.6) AKT LKD) < 7.
Optlouvue 10 cbvoro

(4.7) K = ﬁ(K,* + 1o,

)
=1

xor Yo del€ovue ot K, — K. Axpféotepa, du delfovue ont d(K}, K) <
xdde m € N.

Ané 7ov opioud tou K etvan goveps ot K C K + +Dy,. Eow z € K. Ané
™y (4.6), Y18 xdde 5 > m urnopolue va Bpolue T € K této10 Gote |z — 35 < L.
Eyovue zs € RD, Yy xdde s, dpa undpyovv umoxohoudia {z, } e {xs} xou
y € RD,, tétowat OoTE Xy, = Y. Aol |z — x| < 1/m, elvon Qavepd ot

1 ’
el gl

1
4.8 -yl < —.
(48) -yl <=
Oo detfovue ot y € K. Tpémer Snhadh vor eZacgohicovue ot y € K[ + 1D, 118
xde | € N. Ouwe, tehxd éxovue rs > I xou and v (4.6) PAémovue ot av g > 1
ot

1
(4.9) T, € K CK[+ 7Dn.

Iepvavtog ot0 6plo, cuunepaivovue ot y € K + 1Dy, xon enewdi| to [ Aoy Tuy6y
gyouue y € K. H (4.8) twpo uoc dlver

1 1
(4.10) x€y+—DynCK+—Dy,
m m
o eneldh to € K, frrav tuyov, Ky C K + L D,. Apa, d(K7,, K) < =, Snhadf

K} — K. To 6t 10 K elvon ouumoryée xou xVpté éneton and ty (4.7). To 6t 1o
K elvar un—xevé éneton and v amddelln (Bhéne (4.10». O
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5. Ae0TeEpY ANOJELEM TG LOOTMERLILETELXNGS AVLOOTNTAS XAl TNG AVLCOTNTAS
Brunn - Minkowski pe tn wédodo tng Steiner cuppetpixonoinong.

O mpdtog uag otoy0c GAUTAY TNV TaEdypapo etvon va del&ouue ot Eexwvdvtag
and onolodfrote xLpTd ocOua otov R™ umopolue ue menepaocuévec to TARdog Sia-
doyxéc Steiner CUUUETOIXOTIOLACELS VoL TO PEPOVUE OGOBATOTE XOVTE O ULdL UTGAAL.
Kdvovtac yprion auvtod tou anotedéouatog Yo ddcouue uid debtepn anddelén 1600
NG LOOTEQUUETELXAC AVLoOTNTAC 660 xon TN aviodtntac Brunn - Minkowski.

5.1 Adupa. Eotw {Kp} pid axodovdia kuptdy owudtwv mov ovykAiver (ue tny
Hausdorff petpikn) oe éva xupté odpa K pe riD,, C K C 51Dy, 0 < r; < s57.
Tére, yid kdle § € S*~1,

(5.1) So(Km) — Sp(K).

Anéoaién: Mnropolue va unodécouue ott yid xdmotar 0 < r < 7 xou 8 > 81 X Y&
x&de m > my woybel rDy, C K, C sD,.

Eotw e > 0. ©@éhouue va Bpodue my € N pe v Widtnra d(Se (K ), Se(K)) < e,
dnhad

(5.2) So(Km) C Ss(K) +eDy , Sp(K) C Sp(Km) + Dy

Y& xdde m > myg. Hoadpvouue €' = e xou amd v urddeon Tou Afjupotog UTopoluE
va Bpolue ma € N tétolo dote

(5.3) Kn CK+ gsDn , KCK,+ ngn
Y& %&de m > ma. Enhéyouue mo = max{mi,ma}. Av m > mog, t61¢
(5.4) Km§K+stn§K+5K:(1+5)K.

S S S

Ereton ot
(5.5)

1
So(Km) € (14 2) Sa(K) = So(K)+2Ss(S K) € So(K)+2S0(Dy) = Sy(K)+£Dp.
Me tov (S0 TpdTO delyvouue ot
(5.6) So(K) € Sp(Km) +eDn.

Apa, d(Sp(K), Se(Knm)) < € yié xdde m > mg. Anhady|, Sp(Ky,) — Se(K). O

5.2 Oewpnua. Eotw K kuptd odua orov R™, mov nepiéyet to 0 0to eowteptkd tov.
Ocwpole tnr kKAdon AAwv twv Tenepaouévwv Steiner ovupetpikonotioewy tov K

(5.7) S(K)=1{Sp,...Sp,(K):6; € S"' 1 € N}.

Tére, yid kdOe € > 0 uropodue va Ppovpe C € S(K) térow dote d(C,pD,,) < g,
émou p > 0 n aktiva yid tny ormota | K| = |pDy).
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Amdoeién: Oewpolue tov apriud
(5.8) p=inf{r>0:3C € S(K):C CrD,}.

['é x&de & > 0 unopolue va Bpodue C. tétowo dote Cr C (p + €)Dy. Haipvovtog
e =1/m,m € N, Bploxouvue uid axorovdio {Ch,} xvptdy cwudtwy ue Cp, € S(K)
ot Cm, C (p + =)D,

Ohat ta ooduarta Cpp, meptéyovion otny (p+ 1) Dy, enouévs epopudletor 1o Oed>-
enua Emhoyhc tou Blaschke: undpyer wd vroxohouvdia {Cy,. } e {Cm} ue my
Wotnta C,, — C, yid xdmoto cuunayég xuptd cbvoro C.

Ou del€ovue ot C' = pD,,. Eivor edxolo va Solue ot C C pDy: Ave > 0, tote
Y& uEYSAA M €y ouUE

1 1
(5.9) CCC, +eD,C(p+-—)Dp+eD,=(p+-— +¢€)Dy.
km km
Aol 1/kp — 0 xou 10 € Atay tydy, C C pDy,.
A¢ vnodécouue ot 1o C elvan yvroto unocOvolo tng pD,,. Ymdpyer dnhady

zg € pS™ L ue wo ¢ C. To C elvon xheot6, enouévwe utdpyer § > 0 tétolo wote
[zo +0Dx]NC = .

Mropolue vo Bpolue Tenepaciuéva 1o Thhdoc onueta 1, ..., oy € pS™~! tétowa
wote
N
(5.10) pS™™ C | Jlzi + 6D N pS™
i=0

Ocwpolue wovadialo didvuoua & otny dtediuver tou evddypauou TuRUATOS [Toz1],
xou cuuueTponoolue To C otny xatebduvon tou & . Mropolue téte va SoLue ot

1
(5.11) (U[a:i +6D,,] mp5"1> N Se, C = 0.

i=0

Yuveyilovue cuuuetpLxomowdviag 10 Sg, C' oty xateduvor evdg yovadialou Stavi-
ouartog & mapdhhnhou mpog to eudiypauUo TUAUY [ToTa]. Onwe mpLy,

2
(5.12) (U [z; + 0D, N pS"—1> N Se, Se, C = 0.
i=0

Metd and N Bruarta, xatolfyovue oto xuptéd ooua Cp = Sey ...S¢ C, 10 onolo
Aoyw g (5.10) éyer Ty WBLoTnTaL

(5.13) Cin(pS™ 1) = 0.
Abyw ouumdyelag cuunepalvouue otL uTdpyel € > 0 TéTolo BoTE

(5.14) Cy € (p—¢)Dn.
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Ané v dhkn mhevpd, agol Ck,, — C ue dadoyxés epapuoyéc tou Afuuartog 5.1
BAémouue ot

(515) SgN . Sglckm — Cl.

Auté onuaiver ot undpyer m € N opxetd peydho tétolo hote

(5.16) Sen ... Se,Ch.. € Cy + %Dn C(p— %)Dn.

Auté elvon dromo, vyl Ck,, € S(K) dpo xou Sey .. S, Ch,, € S(K), t0 omolo
avtupdoxet mpog Vv (5.8). Apa, C = pD,, xat agol Cy,, = pDy yid x&de ¢ > 0
undpyet C € S(K) térowo wote d(C,pD,) < e. To ou |pDy,| = |K| elvon amh
OULVETELY TOL OTL 1 LteLvep cuuueTtpxonolnon Statneel toug dyxouc: xdde C € S(K)
€yeL 6yxo |C| = |K|, dpa xou |pDyp| = lim |Cy,, | = |K|. O

Xpnowuomowdvtag 10 Oedpnua 3.5 xou To Oewpnua 5.2, xoL LUTOVETOVIOC OTL 1|
empdvela etvon ouveyrc wg mpog Tt uetpwr] Hausdorff unopoldue va Sdooupe uid
detepn amodEn TNG LOOTEPUUETPLXNAS AVIGOTNTOC YL XUPTS GEOUOTAL:

5.3 Oewpnua. Eotw K kuypté odua otov R™ mov nepiéyet to 0 0to €0wtepikd Tov,
kat pDy, n urdAa dyxov |pDy,| = |K|. Tdre,

(5.17) d(pDn) < O(K).

Anédaén: Eotww C € S(K). TYndpyouv b1,...,0, € S" 1 tétox dote C =
So,, - --Se, (I). Tougwva pe 1o Oedpnua 3.5,

(5.18) AK) > 8(So,(K)) > ... > D(Sh,, ... S0, (K)) = D(C).

Ané v & Thevpd, To Oewpnua 5.2 pog eZaogahilel ot undpyet axorovdio {C}
otowyelwy g S(K) tétowa wote Cs — pD,. YTrodétovtag ot 1 empdvela elvor
ouveyric wg tpog v Hausdorff petpixr) cuunepatvouue ot

(5.19) d(pD,,) = lim 9(C,) < A(K). O

§—>00

Yav plo oxdua egopuoyn Tne Steiner cuuuetpixonoinong Yo Swoovue ULl amd-
detZn tne aviodtnrog Brunn - Minkowski (évo yid xuptd owuora). H anddetén etvor
Baotouévn oto Oedpnua tou Brunn (to onolo éyouvue AdN anodelel cov epoapuoyt
¢ oviobtnroc Brunn - Minkowski, BAéne Osdpnuo 2.5), xou mponyelton LoToptxd.
Me autév tov TpéTo YiveTon xodapd To OTL 1) GUUUETELOTOlNGTY), 1) aviedTnTa Brunn
- Minkowski xau 0 toonepuuetpix| aviodtnta oynuoatilouy évay (Eviofo) xOxho edY.

5.4 Oewpnua tov Brunn. Eotw K kuptd odua orov R™ kar § € S" L. Tére, n
ovvdptnon
g(t) = K N (6% +10)| =

elvar koiAn otov gopéa Tns.
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Amdoeén: Mnropolue va Bpodue uLd oxoroudio and povadiato Staviouota O xddeta
o070 € tétowa wote yid Ty axoroudlo Ky = Sp, ... Sp, (K) va éyoupe Ky — L, 6mov
L eivor éva ex mepLoTpo@hc xuptd oo Ue dZova Ty eudela {t6 : t € R}. H
Staduaoior auth Aéyeton Schwarz cuuuetpixonoinon (xow 1 anddelln tou ot xdtt
tétoto elvon duvartd elvon avdhoyn ue Ty amddelln tou Oewpruotos 5.2). To odua
L éyel tic axdroudeg BLotnec:

o ['W xde t oTov popéa e g, 1 Tou LN (0 + t6) elvor uid (n — 1)-Sidotorn
umdha ooxtivog r(t).

o ['id xdde t ooV opéa e g, €xouue
(5.20) |LN(6F +t0)| = wnei[r(8)]" = [g(t)]" .

Eyouue howndv g(t) = cpr(t) yid xdmolo otodepd cp, xou apxel va del&ouue ot N
ocuvdptnon r elvar xolhn.

Auté galveton we e€rc. Oewpoliue omoadrrote dddotatn TouR LN F tou L ue
évay Sudidotato undywpeo tou R™ nou teptéyetl ty xatedduvon 6. To LN F elvan éva
SdtdoTato xupETd oW (oay ToUR XVPTWY) xaL av TAUTIcoLUE T xatebiduver Tou 6§
ue tov «optlévtio dZovay oto F, ebxola BAénouue ott N tévew cuvdptnon tov LN F
glvow n 7 (xou 1 xdtw ouvdptnon tou LN F elvow i —r). Enetor ow ) r elvon xolAy,
%L AUTO OAOXANEAOVEL TNV amddelln Tou Oewpruatog. O

5.5 Avieétnta Brunn - Minkowski. Eoww A, B kuptd odpara otov R™. Tore,
A+ B|™ > A7 + B

Arédaén: Ltov R dewpolue 1o oOvora A; = A x {0} xow By = B x {1}. Opi-
Covue tohpa TNy xVpTH Toug Wxn G = co(A1, B1). Ta A1, By elvar xvptd, EToUEVHS
eOxola BAémovue ot

(5.21) G={Az+(1-XNy,1 =N :A€0,1],z € A,y € B}.
I xdde t € [0, 1] opilovue
(5.22) G(t) ={z € R" : (2,t) € G},

Vv ool dnhadn otov R™ tng tourc tou G ue 10 unepeninedo T,41 = t. Edxola
Brémouue ot 3[4 + B] C G(3). Avtiotpoga, av z € G(3) t6t€ (2,3) € G, dpa
umdpyouy € A xou y € B tétolo ot

1 1 1 1
2 N=(Zg+ 2y, =
(5.23) (Za2) (235 2%2),

Snhad) z € $[A + B]. Apa, G(3) = 3[A+ B].
A6 0 Oebpnuo tou Brunn, n ouvdetnon g(t) = |G N{zu1 = t}]+ elvan xolhn,.
Ewwodtepa,

1

o(3) > 5900) + 590,
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dInhadn
(5.24) |G(

M’oh Ao AbyLa,

A+ B, 1

1 1 1 1
) > Z|Alx + Z|B|=
(525 A8 s L+ L

am’omou €retar 1 aviodtnTo Brunn - Minkowski. O

6. To Afuua touv C. Borell — Yuyxévipwon Tov 6yxovu.

To Afuua tou C. Borell elvar amd teyvin) drnodn uid epapuoyh e aviodtTnTag
Brunn - Minkowski:

6.1 Oecwpnua. Eotw K kupté odua otov R™ pe éyxo |K| = 1. Yrodérovue ot
A etvar éva ovppetpid kupté ovodo otov R™ térow dote |[K N A| =60 > &, Tére,
yud kdle t > 1 éxovue

t41

(6.1) (R"\tA) N K| <8 <10%0> o

Amdoedn: Ou detovue xatapyrv ot yid xdde ¢t > 1

2 t—1
6.2 R™"™AD —(R"\tA) + —A.
(62) \ _t+1( \ )+t+1
Eotw ot 1 (6.2) dev woydet. Autd onuaiver ott undpyel a € A 1o onolo unopel va
Yeaget oTn HopeH
2 N t—1
BEES LA b

(6.3) a

yid xdmow a; € A xon y ¢ tA. Evoc anhdc unohoytoude Selyvel ott t6te

1 41 t-1

(6.4) —y =

e+ S (cae4a
t 5 ¢ o (—ar) € 4,

OTIOL YENOWOTOLOVUE TO YEYOVOS 0Tl T0 A elvan xupTd xaL cuuuetpd. Ouwg tdte
y € tA, To onolo glvar droTo.

Xpnowuonodvrae thpa Ty (6.2) xou 10 Yeyovéc ot av X, Y elvon un—xevd uro-
oOvoha Tou R™ xar K x0ptéd clvoho t6te Yid x&de A € (0,1)

(6.5) AX+A-MD)Y)NKDAXXNK)+(1-M)YNK),
CUUTEPALVOUUE OTL

(6.6) (R™MA)N K D Hil[(Rn\tA) NK] + i;—i(/x NK).
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Egopuélovtag v avioétnta Brunn - Minkowski yid cuunayy cbvora otov R”
nolpvouue

(6.7) (R™\A) N K| > [(R"\tA) N K|7T[AN K|+

Ouwc |[ANK| = 0 xou [(R"A) N K| =1-0, dpa av Y¢covue z = |[(R"\t4) N
K| xou Mooouue w¢ npog = oty (6.7) malpvouue (1 — 9)= > 207 0 omolo
uetaoynuatileton oty {ntoduevn

t+1

(R™\tA) N K| =2 < 0 (ITTG> 0

6.2 IMapathenon. H dOvoun tou Afuuartog tou Borell yiveton xatavonts av m.y.
Vewphicouue éva cuupetpxd A tétowo Gote [AN K| = 2. Téte, 1o Afuua pog el
OTL oV «QoLoXWooLUEY To A xatd t (av Tdpouue dnhadh to tA), To Tocootd Tov K
Tou uével 5w ané To tA ebvan Updtepo amd 272 Anhadi ueidvetan exdeTind we
npoc t (1)

HMapatnphote enione, ot n aviedtna (6.1) elvon aveEdpTnn tngs didotaons.

O ddoouue wd epapuoyy) Tou Afuuatog tou Borell oty anddelln uide avti-
otpogne aviedtnrag Holder (aviodenta tomov Khinchine) yid ypouuixéc cUVORTAOELS
0pLOUEVES OE XVPTd ouaTa oTov R™.

Eotw K éva xupté ooua otov R™ ue dyxo |[K| = 1. H xhaowr aviedtnra
Holder diotunédvetor wg e&hc:

6.3 Avicotnta tov Holder. Eoto f,g9 : K = R owveyeis ouvaptioes. Avp > 1
kat q etvar o ovlvyns exérng tov p (% + % =1), tdre

(68) [ st < ([ If(w)|p>1/p (f |g<:c>|Qdm)l/q.

Andoeén: H aviobétnta elvon ouctaotixd cuvénea g
2yt A <z 4 (1= Ny,

1 omnola toyVel yd x&de z,y > 0 xou A € (0,1). T'ud euxollo Yo ypdpovue

i = (/. If(:v)lpdw)l/p = ([ |g<w>|qdm)l/q.

[d xdde z € K éyovue

(6.9) (lf@r)l”)”” <|g<x>|q>”q LLi@P g

/1l g1l “p B llglld

Srhad

@@ _ 1 @P | 1]g@)
(6.10) Flely =2 A8 T a Tald
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Ohoxnpidvovtag téve oto K nalpvouue

Ji lf@llg(@)|dz _ 1IAIE 1 llgllg
1fllollglla — — 2 IAllE  allgllz

(6.11)
am’omou elvaL Yavepd OTL

/ f(@)g(e)de < / F@)lg(@)ldz < I fllllglly. O
K K

Ayeon ouvénea tng aviodtnrag Holder eivon 1 oxdhoudn aviobtntas

6.4 Ilépiopa. Eotw K kyptd odua otov R™ pe dyko |[K| =1 xar f : K - R
ovvexns ovvdptnon. Tdte, n

i1 = (. If(ﬂf)lpdw>1/p

elvar avéovoa ovvdptnon tov p oto (0, +00).

Anéddaén: Eotw p < p1 oo (0,+00). Oa ypnowonotficovue v avioétnta Holder
yid tic ouvaptioes | fIP, 1 xow yid toug exdétec % > 1 ot tov ouluy"| Tou:

12 [ur=[1sras ([ (Ifl”)”l/p>:1</K 1)1:1:(/1( |f|"1>:1-

Ereton ot

(6.13) </K|f|”>%s</K|f|’“>ﬁ- -

Ewwdtepa, av f 1 K — R xow p > 1 t6te

(6.14) [ 1< ([ If(m)lpdwf .

e mhien vevixdtnto (yid xdide dnhady) cuvey ) cuvdptnon f), axdua xat otny omhol-
otepn uovodidotatn neplntwon .. K = [0,1] 3ev umopel xavelc vo neptuével uid
avtiotpogn e avicotntog (6.14). Tid xdde p > 1 xow M > 0 UTOpOVUUE VoL XaTa-
OXEVEoOLUE cLVEY cuvdptnon farp : [0,1] = R tétola dote

1 fapllp > M| farplls-

6.5 ITopdderypa. Opilovue frrp(z) = 1 ot0 [0,a], farp(x) = 0 oto [2a,1] xou
ETEXTEVOLUE CUVEYWC XA YPaUUULXS 670 [a, 2a], 6Tov a > 0 utxpde Yetinde aptiude
mou Yo emAeyel apyodTeEpOL.
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Téte, |[faplli = 32 evo || farplly, > a'/?. Av endéZouue 0 < a < (3/2M)7T,
€Y OUUE
2
||fM,p||p > — > M.
I faplls = 30>

Av buwe TeploptoTolUE G YpauULXE CUVAETNCOELSY TNG LopPHS
x — (x,0)

6mouv 0 € R™, téte unopolue yenowdonotovtac 1o Afuua tou Borell va anodeifovue
wd mohd woyvey| avicétntar Tomou Khinchine:

6.6 Oewpnua. Yrdpyer pid anéAven oradepd ¢ > 0 pe tnr akdélovdn 16idtnra: Av
K elvar éva kuptd odpa otov R™ pe dyko |K| =1, ka1 6 € R", tére yud kdde p > 1
Vel n avtiotpogn aviodtnra Holder

(6.14) (/K |(:r,0>|pda:>; < cp/K |(z,0)|dz.

Anéoaén: T'ié euxohia Y€tovue

(6.15) L = / [(z,0)|dz,
K
xow 0pllovue
(6.16) A={zeR": |(z,0)| <3L}.

To A elvon mpogavdde cuuuetpxd xan xuptd. Entmhéoy,

I :/ |{z,0)|dx 2/ [(z,0)|dz > 3| K N A°|,
K KnA-

dInhadn

2
(6.17) [ANK| > 3.
[H ouvdptnon [(z, )| Sev unopel vor Zenepdioel xotd ol T éon tne Y| o€ Ueydho
1060016 oL K (Avioétnta tou Markov)]. ITpoonodolue va godEovue and ndve to
(6.18) / \(z,0)[Pdz :/ ot U{z € K : |(z,0)] > t}|dt.

K 0

Mapatnpolue ot {z € K : [{(z,0)] >t} = KN (R”\ﬁA) (Tpdrywatt, x € K xon
[(z,0)| > t onuodver |(2z,0)| > 311, Snhadf| 7 € K xou 2tz ¢ A). Autéd onuoiver
ott av t > 31 téte To Afuua tou Borell apyilet va epapuoleton xow uag Slvel ot o

oyxoc {z € K : [(z,0)] > t}| yivetow mohl ypriyopa utxpods. T'pdpouue hotndy
(6.19)

311 o0
/|<x,o>|de:/ ptp—1|Km(R"\iA)|dt+/ ptPUK A (R™\ =1 A)[dt
K 0 3I1 3]1 3I1
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%O PEACGOUUE TO TPWTO OAOXAAPWUO ATAGE amtd

311
(6.20) / ptP~rdt = (31)P,
0

EV® Y& To delTepo xdvouue TNy adhay UeTaBAnTAC ¢t = 3115 oL ypenoLuonolovue
t0 Afjupa tou Borell:

/ptp*1|Kﬂ(R”\iA)|dt:(3Il)p/ psP YK N (R™\s4)|ds
31, 30 1

(6.21) < (311)1’/ psP1275/2 .
1

Hotpvovtag unddn tic (6.19), (6.20) xon (6.21), xadde xou Evay amhd LTONOYLOUS UE
v ['—ouvdptnor nalpvouvue

/ (&, )Pdz < (B1,)P(c:p)?
K

v xdmotor améALTY oTardepd ¢ > 0, am’omou €reTaL OTL

</K|<m’0>|pdw>p =ph :cp/Kl<w,0>|dx. g

6.6 ITopathienon. H woylc e avioémrog (6.14) yiveton xoravont av xovelg
oxeptel ot 1 otadepd cp N omola wog e€aopalilel Tnv avtoteon g cuvidoug
avicdtntog Holder Sev e€aptdton olte and 1o 8 € R™ olte and tnv didotaon n olte
and To ooua K.

7. To mpoPAnua Twv teccdpwy onueiwy tou Sylvester.

Ou dOGOLUE ULd axdU EQUPUOYT TNS CLUUETELXOTONOTC XaTd Steiner mou odh-
ynoe otn AooT evoc xhaood TEoBAAUATOC TV yewuetpikdy mbavotrjtwy. To 1864,
o J.J. Sylvester édece to axdhovdo epddtnua:

EmAéyoupe tuyala téooepa onpela oto eninedo. Ilod elvar n mBavdtnta avtd
Ta onueta va oxnuatilovy kupté terpdnAevpo

7.1 Y0vtoua €ywve xotovontd otl To TEOBANUL ETPENE Vo TPEL TLO CUYXEXOUUIEVT
Hop@ry: TARBOC SLapope Ty amavToEwY 1oL Bactloviay oe JPopeTIXES epnVEleg
0L EpwTAUNTOS Xat éuotalay dhec owotéc mpoxdheoay eupela culhtnon (xou Bor-
Unoe oty awotney| Yeuellwon v yewuetpxody mdovothitwy). To mpbBinua tou
Sylvester mfpe TeAxd Ty e€hc Lop@:

IMe6pANua Ty Tecodpwy onuelwy: Eoww K éva kupté odua oo eninedo. Em-
Aéyoupe Tuyatia, aveEdptnta kar opoidpoppa and to K téooepa onuela z1, 22, 23, 24.-
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Na vrodoyorel n mavétnra P(K) ta z1, 2, 23, 24 va oxnuatilovr kuptd tetpdniev-
po.

Me Ttov 6po ouotduoppa, evvoolue ot yid xdde utocbvoro L tou K, 1 mdovo-
mta P(z € L) va Pploxeton oo L éva tuyado onueio tou K diveton and ty
A(L
P(zeL)= AL
A(K)
Anhadn, dev undpyouv xouudtio Tou K o omola VoL £Y0LV TEOTEPOLOTNTA GTAY ETL-
Aéyouue éva onuelo and 1o K (Ubvo 1o uéyeddc touc UeTpdel).
Me tov 6po aveldptnra, evvoolue ot yd xdle L; C K i =1,...,4 woybet

P(Zl €Li,...,2 €L4) :P(21 ELl)...P(Z4 €L4).

Anhadn, n emhoyt) Tou xadevog and to téooepa onuela dev ennpedlel obte ennped-
Ceton amd TNV ETLAOYT| TWV UTONOITWY TELOVY.

7.2 Mnopel xovelc vo el otl ta 21, 22,23, 24 dev oynuatilouy xUPTS TETPETAELPO
av xou Ubvo av xdmolo and Tt z; Bploxeton uéoa oto Telywvo Twv LToholnwy TELWY.
Mpoonaddvrac howndy va unoroyicovue Ty P(K) ypdpouue:

1— P(K) = P(ra z; dev oxnuri{ovy KUPTO TETPaTAEVPO)
= P(U}_ {z o0 Tprywro Twr el wv Tpuwv})
= 4P(Z4 € 2’12’22’3).

XpnouomoltAcaUE TO YEYOVOS OTL Tol TEGOEPXL EVIEYOUEVA KTO z; £lval 6To Tplywvo Twv
MY TELOY onuelwvy elvon E€va xan wooniava. ['d tov tpdto oyvploud, tpénet va
TapatnEhoovue oTL 1 miavotnTa dUo 1 TEPLECOTERA and Ta 2; VoL ToauTi{ovTan, xadng
xon 7 mdavétnTa Tplar X xon oL Téocepa amd Tl oNUEial VoL Elvo GUYYPAUUULXG. ElvorL
undév (dpo, to técoepa evdeydueva elvor ouotaoTixd Eévar).

7.3 H mdoavéinto P(z4 € z12223) dlveton and v uéon N

B 1 A(z12223)
(7.1) M(K)_W/K/K/KTK):*d%szdzl,

T0 avauevouevo dnhadn Tococtéd Tou K mou xatohoufdver évar tuyaio Tplywvo tou
omolou oL xopLEEs emhéyovta Tuyala, aveEdptnta xoL ouolduoppa and to K.

O vnohoyioude enouévae e P(K) avdyeton 0Tov UTOAOYLoMO TG Uéons TYUhS
M(K), apol

(7.2) P(K)=1-4M(K).
7.4 Mio oaxdua apyinh tapathenon elvor ot n tocétntor M () elvon avodholwtn we
mpoc affine yetaoynuatiouole Tou emnédou: av dnhadf U : R? — R? elvon évac

avTLoTEéPLIOC YpoUXdS peTaoyUationds xaL a € R?, téte

M(U(K) + a) = M(K).
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H anddeén authc e todtnrag yiveton pe amhh olkayt) wetofintic. H nopatripnon
auth Selyvel otL To TEOBANUS uag agopd KAdoeg affinely 1ooduvduwy cwudtwy xon
Oyt pepovouéva oouota. Lid nopdderyua, utoroyilovion to e€ic:

(o) M(D) = 35/48m%, xon n uéon auth T Yo ebvor 1) (3L L& xdde Stoxo xou
vYeVXOTepa YLd x&de EAAeLdT).

(B) M(T) = 1/12 yid éva tobmhevpo tplywvo T', xan 1 uéon owth T da elvor 1
Bt yid xd&de tplywvo ool UE YPOUUIXG UETACYNLATIOUS YO UETAPOPE UTOpOVUE
vo uetaBodue and éva tplywvo oe onolodhnote dAlo.

(v) M(Q) = 11/144 y18 éva tetpdywvo @, dpa xou YLd xdde TopolAnAdypauuo
oto eninedo.

7.5 Ta mapadelyuata autd delyvouv oTL 1 AdVTNON OTO TEOBANUN TWV TECCAPWY
onuelwy eaptdton and 10 owua K (H xahbtepa and v xhdon otny omolo avhxeL).
To oyfua tou ywelou nailel podho, ENOUEVKS TO TPOBATUA TEETEL Vo Statunwiel Gay
éva TpdBAnua ueylotov—elayiotou:

IIp6BAnuo: Iid mowd oduata K yivetar n M(K) péypotn i eldxiotn:

Me Bdon vy nopathienon e 7.4 unopolue vo utotécovue ot A(K) = 1. Pwtdue
Aoty yid mowd owuata K eufadol 1 ehayiotonoeiton (avtiotorya peylotonotelton)
TO TOANATAG ONOXAPWUAL

(7.3) M(K):/K/K/K A(z12223)dz3d2od2; .

Tnv andvtnon oto gpwtnua avtd édwoe o Blaschke (1914):

7.6 Oewpnua. Eotw K kuptd odpa oto eninedo pe A(K) = 1. Tdre,
M(D) < M(K) < M(T),

omov D o dlokog eupadov 1 xar T éva tptywrvo epfadod 1. Iodtnta wyvel apiotepd
av kat pévo av to K elvar édewpn, ka1 6e&id av kar pévo av to K elvar gpiywvo.

H anddeiln e apiotepric aviooétntog Boaoileton otny Steiner cuuuetpuxonolin-
on, VO 1 anddeldn T SelLdc aviodtntag e Evay avtioTpopo UeTaoynuaTiond (tny
Schiittelung # «avtiovuuetpixonoinony ) mov oe avtideorn npog v Steiner cuuue-
Tewxonoinon odnyel oe dho o T «acVUUETEOY COUAT.

II6 ouyxexpyléva, Yewpolue ud evdela (€) oto eninedo, v onola unopolue
xwelc BAIBN e yevixdtnrae va tauticovue Ue tov optldvTio dEova, xoL YpapouUE
0 K otn uoppn

K={(z,t):a<a<b fz) <t<g()}

émou [a, b] elvar 1 mpoPol; Tou K otny (g), n f elvan xupth xou 1 ¢ elvon xolhn oo
[a,b], xau f(z) < g(x) yid& xde z € [a,b]. Téte, n Steiner cuuuetpxonoinon tou K
w¢ mpog (g) elvar To ooua

(g — =)
2

(g — f)(x)

SK ={(z,t):a <z <b,— <t< 5 1.
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Eyouue det ot 1 Steiner ocuuuetpixonoinon diatneel tar euBadd, dnhadf A(SK) =
A(K) = 1. Ou deiZoupe v axdrovdn tpbdtaon:

7.7 Ilpotaom. M(SK) < M(K).
Anddaén: H uéon tuh M(K) yedpetar ooy éva eZamhd ohox A howuo g eEHc:

(7.4)
g(z2) pg(xs)
/ / / / / / CO{ i, l)})dt3dt2dt1d$3d$2d$1
flz1) Jf(x2) Jf(zs)

Opllovue
g(z1) rg(z2)

(75) MK 1’1,1’2,1’3 / / / CO{ l'l, )})dt3dt2dt1
f(z1) Jf(z2) Jf(w3)

yid x&de tprdda and x; € [a,b]. Tore,

b b b
(76) M(K):/ / / MK($1,$2,563)d563d562d561.

Avtiotouya ypdgouvue tnv M (SK) xou optlouvue tny ouvdptnon Mgk (21,22, z3). H
pétaon 7.7 elvon dueon cuvéneta Touv axdrovdouv Auuotoc:

7.8 Ao Id kdOe 1, x2, 3 € [a,b] éxovue

Msk (21,2, 23) < Mg (21,22, 23).
IMpdryuott, apxel xaTdmY var OAOXANPOGOLUE AUTHY TNY AVLGOTNTO WE TIPS Z;. L'\
v an6deln touv Afjuuatog 7.8 Yo Xpstuorsi vaL ypdpouue Ty nooétnta Mg (21,2, 23)
Ayo Swagopetixd: I'id xdde ¢ = 1,2, 3 Yewpolue Ty xocrocxopuq)n evdela H,, mou mep-

véet and o (;,0). Auth téuvel To K oe éva eVYUYPoLILO TURUO UE Sxpa (:vz, fx))

xat (24, 9(x;)). ©ftouvue p; = w Anhod¥, 1o onuelo (z;,p;) elvar to uéoo

tov K N Hy,. ©étovue axdua l; = M, T0 Ued dnhadrh Tou urxoug Tou
K N H,,. Kdvovtag tnv alhay? para@\nrﬁg t; = p; + s; £ouvue

(7.7) Mg (z1,22,x3) / / A (co{(zi, p; + si)})dszdsads;.
Adyw ouuuetploc Twy BLaornpdcto)v -1, li] autd elvon (0o UE

(7.8) / / Aco{ 20 pi — 5} dssdssdsy,

oL TEALXL,

(79) MK($1,$2,$3)

/ / /13 A(co{(mi,pi +s:)}) -;A(co{(a:i,pi - Si)})d83d82d81.
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Oa del€ouue 0 axdroudo Afuua:
7.9 Afppon Id kdOe |s;| < 1; éxovpe

A(co{(zi,pi + si)}) + A(co{(zi, pi — 5:)}) = 2max{A(co{(zi, pi)}), A(co{(zi, s:)})-

Andbaén: To euPaddy evic TpLyvou UE xopuéc (z;,T;),i = 1,2, 3 dlveton and tny
oyéon

Alcof (s, )}) = g ldet(, 7, )]

onov & = (1, x2,23),7 = (r1,r2,73) xou € = (1,1,1). T'i& ouvtouio Ya cuuBoiilov-
ue avthy Ty opllouvoa pe D(), evvomdvToc ot elvol GUVAPTNOT UOYO TV T1,T2,T3,
apol T T1, &2, 3 elvon otaepd oe dTL apopd to Afupa 7.8. Me autdy tov cupfo-
Aoud, yid v anddetgn tou Afuuatoc 7.9 opxel vo anodelfouvue Ty

(7.10) (D@ + 3)| + D@~ 8)| = 2max{|D(H)|, [D(3)[},
7 onolo Aoyw Ypouuxotntag g optlovoas we mpog Ty dedtepn oTHAY yiveTton
(7.11) [D(@) + D(3)| + [D(p) = D(3)| = 2max{|D(B)], |D(5)[}-

Auth n tekevtala loylet, agold Yid TuyovTeS TparyaTixols aptduole a xat b éyouue
TNV TTOTN T

(7.12) |a + b] + |a — b] = 2max{|a|, |b]}. O
ArnddeiEn rov Afupatog 7.8: Eotw (z;,¢;) @ yéoa twv evduypduuwy tunudtwy

SKNH,,. Hpogavae, ¢; = 0,7 =1,2,3. Enlong, doviebovrtoc axptBoe 6nwe xot yid
0 K €youue

(7.13) Msk(z1,72,73)

:/h/”/“ﬂm%%m+MH;Mw%mw—wD
—ly J—ls J -3

d83d82d81.

Av mdpovue unédn uag to Afuua 7.9, Yid var ohoxhnptdoovue TV amddelEy Tou
Afuporoc 7.8 elvon apxetd va eZacpallcovue ot

l1 lo I3
(7.14) / / max{|D(d)], |D(5)|}dssdssds:
—1l1 J—1ls J—l3

b opla pls
S/ / max{|D(p)|,|D(5)|}dssdsads;.
B Y P
Ouws, |D(Q)| = 0 < |D@)], yrott ¢ = 0. H yeouetpuei epunvela eivar ot ol

uéoa (z;,q;) oto SK elvon ouyypauuixd, cUVETHDS TO eUPadOY TOU TPLYOVOU TOUL
oynuatilouy elvar undév — onwodrrote Uxpdtepo 1 (oo tou euBadold Tou TELYHVOL

43



nou oynuoatifouy ta avtiotolya uéoa (z4,p;) oto K. Eneton ot yid xdde s1, 52,83
oy Vet

(7.15) max{|D(q)|,|D(5)|} < max{|D(p)|, |D(5)[},
2O OAOXANEWVOVTAS WS TPOS §; TolEVOLUE
(7.16) Mgk (w1, 72,73) < Mk (21,22, 23). O

Anéoaén tng Ilpdraons 7.7: H cuvdptnon Mgk dev Eenepvder tny Mg, av ETOUEVHS
ohoxhnpwoouue oto [a,b] X [a,b] X [a, b] Talpvovue

b b b
(717) M(SK):/ / / MSK(1'1,1'2,1’3)d£L’3d£L’2d£L’1

b b b
S/ / / MK($1,$2,$3)d1'3d1'2d1'1:M(K) a

Oplloupe topa évay BelTEPO UETATYNUOTIOUS, TNV avTiouuueTpixonoinon T K
tou K w¢ mpog (g), ue tov axdrouvdo tpdmo:

TK ={(z,t) :a <z <b,0<t<(g— f)(z)}.

H undevixni ouvdptnon etvar xupth xou 1 g — f elvon xolhn xow un—opvntxd oto [a, b],
enouévee o TK elvan xuptéd. Eniorng,

b
ATK) = [ lo(e) - F)de = A(K),
IAad”) ut awToC 0 UeTaoy NUaTIopOS Statneel to euPBadd. Oa del€ouue Ty axdhouin
TpbTOoN:
7.10 Ilpéraom. M(K) < M(TK).
AndoeiEn: Onwg xou oty anddegn tng lpdtaong 7.7, apxel va Sel€ouvue ot yid xde
x1, T2, T3 € [a,b] oylel

Mk (21,22,23) < Mri (21,22, 23).

Ocwpolue xan AL Tig xataxdpuges evdelec Hy, mou mepvoly and ta (z;,0) xou to
uéoa (x;,w;) v evduypdupoy tunudtoy TK N Hy,. Auti ) gopd éyovue w; =
% O uetaoynuoatiouds uog Statneel xon TEAL Tor Urxn Twv evduypdUUWY
Tunudtwy: Y xdle x € [a, b] éyovue ot ta K N Hy xow TK N H, éyouv To (o
unxog. Apa,

(7.18) Mg (21,29, 3)
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/‘/ f«hm%wwsm;Amm%w—mnwmﬂ&

Me Bdon to Afuua 7.9, 1 avicétnta tou Yéhovue var del&oupe yiveton

(7.19) / / 3max{|D(;5‘)|,|D(§')|}d33d32d31

/ / max{|D( 5)|,1D(5)| }dssdsads:
Auth n tehevtalo Yo oyOeL av xou U6vo oy

(7.20) |D(p)| < |D()].
Ac Yuundolue o opllovton ta p; xou wy: Elvon

9@+ fl@) o g(@) — flzi)
pl - 2 ) T 2 )

av hoLmoy yid xdde ouvdptnon h : [a,b] = R cuvufolicovpue ue D(h) v opilouca
det(Z, h, &), 6mou h = (h(z1), h(z2), h(zs)), Tote auté TOU Unrdwe elvon

(7.21) ID(f +9)| < |D(g = f)I-

Ané ypaupxdtnTa e opllovoas we mpog Ty deltepn oA, éxovue D(f + g) =
D(f)+D(g) xou D(g—f) = D(g)—D(f) xar vdpcdvovtag 010 teTpdywvo BAémovyE ot
apxel vor Sobue ot ot D(f) xaw D(g) etvan etepbonuec. Avantbooovtag tny optlovoa
nafpvouue

T3 — T2 Iy —T1

(7.22) szm—m( ) +

r3 — T1 r3 — T1

o) = 1(2))

Ac unodéoovue tpdta ot 1 < T3 < 3. Tote, edxola BAénovye ot zy = ;z—;f T+
ii iiw;;, xai To yeyovoc ot 1 f elvon xvpth e€acgahiler ott D(f) > 0. Avdloyoc
umoloytopode delyver ott D(g) < 0, dnradh D(f)D(g) < 0 nov Arav to {ntolduevo.

Av 7 dudtaln v z; elvan BLo«popserv’], AVTLUETONETOVUE TS YPAUUUES TNE opl-
Covoag D(f) pe tétolo tpbmo Wote var €YouUe TNV TEdTH oTHAN adZovoa. Auth 1
ooy ) wmopel vou ueta3dhet To mpbdonuo tne D(f), n (B duwe ooy Yo uetoBdhe
%ot o Tpdonuo e D(g) ue tov (dto tpdémo. To tehxd ywvouevo Yo elvon Uixpbdtepo
1 {00 ToL UNdevie, dpa xow To apyYxd: Yid xde duvaty| Stdtaln Twy T; EXOVUE

D(f)D(g) < 0.

Autéd anodewviel ot Mk (21,22, 23) < Mri (21,22, 23) Y& x&0e z1, 22, 23 € [a, b],
xow e Wl oxdua ohoxAfipwon Talpvouue

M(K)< M(TK). O
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Eyouue 8¢l ott ue diadoyixéc Steiner GLUUETPIXOTOLOELC UTOPOVUE VO PEPOVUE TO
TUYOY XUPTO oWUA TOAD xovtd ot undha (e Ty Hausdorff uetpur). Avtictouya,
oto eninedo Loy Uel 0Tl UE SLadoYIXES AVTIOVUUETPLXOTOLACELS UTOPOVUE VO PEROVUE
%>8e xVpTd Ywplo TOAD xovTd ot Tplywvo. IId cuyxexpuévar

7.11 Oedpnua. Eotw K éva kupté odpa oto eninedo pe A(K) = 1. Tdre,

(1) Yrdpyer akodovdia evdady {(e,)} térowa dote: av K,, = S, ... S K tdte
K,, — pD, énouv A(pD) = 1.

() Yrdpyer axolovdia evdadv {((,)} tétowa dote: av K|, = T¢, ... T¢, K téte
K] — T, émov T zplywvo pue A(T) =1. O

Xpnowornowdvtag Ti¢ Ilpotdoeig 7.7, 7.10 xou 1o Oedpnuo 7.11 unopobue vo
anodetgovue 10 Oewpnua tou Blaschke:

ArnddeiEn tov Oewprjpatos 7.6: Eotww K xvptd odua oto eninedo ye A(K) = 1.
BOcewpolue Tic axohoudiec { K, } xou { K} nou yoc diver to Oedpnua 7.11. Me Bdon
v Hpdtaon 7.7 éyovue

M(K) > M(Ky) > M(K>) > ... > M(K,) - M(pD) = M(D),
eve amo Ty Hpdtaon 7.10 €reton ot
M(K) < M(Kj) < M(K3) <... < M(K,) = M(T).

M mpooextixy| diepebvnon twv Brudtwy tng anddeting delyvel otl av o apyLxod
omuo dev elvan ENkewdn téte unopoluEe va xdvoue To TpnTo Bua étol dhote M (K) >
M(Ky). Apa, M(K) > M(D). Ouola, av t0 apyixd omua dev elvon Tplywvo tdte
UTOpOUUE Vo XAVoulE To TpwTo Brua étot dote M(K) < M(K7). Apa, M(K) <
M(T). Anadn, M(K) = M(D) av xou uévo av to K elvon éNkewdn xow M(K) =
M(T) av xou pévo av 1o K elvan tolywvo (Sev Yo umobue otic Aentouépetes). O

Enotpégpovtag oto mpdBinua tou Sylvester xat yprnotuonotwvtas tny (7.2) xou
Tic Téc M (D) = 35/48w%, M(T) = 1/12, Brénouue ot yid xdde xvptd oduo K
oy Vet
0.666...=P(T) < P(K) < P(D) ~0.7045.. ..

8. To moAxd ocwua evog oLULUETELXOD xLETOl cwuatog — H avicotnta
Blaschke - Santalé.

Yty nopdypago auth Yewpolue udvo cuuueTexd xVpTd couata K ctov R™ ue
%€évtpo ouuuetplac To 0 (nopdho mov ToAAES and Tic Evvoles tou Vo ypnotuonoindoiy
optlovton xou ot Un-ouuueteL neplntwon).

8.1 Opiopég. H axtnixh ouvdptnon px touv K opiletor otnv S™! wc e€Ac: av
6 € S"1, t6te

(8.1) pr(0) =max{\>0: )0 € K}.

46



Eivow gavepd ott av pag dodel 1 onctivixy) cuvdptnom p evog GUUUETELXOD XUETOU
oouatog THTE aUT6 TPocdloptleTon LovoohuavTa: ot xde diedduvon € ST npénel
val IO WPHoOLUE o€ andotaot p(f) €we 6TOL CUVAYTACOVUE TO GUYOPO TOU GHOUATOC.

8.2 Opiowds. H owvdptnon otnipiéns hix evds ouuuetpixol xvptol couatog K
oplleton oty S" ! we e€hc: av B € S"TL, t6te

(8.2) hk(0) = max{(z,0) : x € K}.

8.3 IMapatipnon. To oyrua delyvel TNV oy€oT aVAUEST GTNY OXTWIXT CUVAETNON
pr oL Ty ouvdpTtnot otheting hik yié Soouévn Biebduvon 6 € S elvon gavepd
ot pic(8) < hic(6):

[ué uLd avotner| anddelln nopatneolue ot pi (0)8 € K, emouéves

(8.3) hi(0) = max(z,0) > (px (0)6,0) = px (0)(0,0) = px (6).

reEK

O oploovyue éva debtepo obua otov R™, 10 moAikd odpa K° tou K. O opt-
oude unopet var dodel ue dvo dapopetixole tpdmous. Hpdtov, av teptypddouue Ty
oax Ty cLVEETNOT Tou K Yétovtoc

(8.4) prco(0) = #@ , Besmt

Aeltepov, divovtag aneudeloc opioud tou cuvohou KO:
(8.5) K°:={yeR": (z,y) <1,Vze K}.

8.4 Afupa. Ot 6U0 opiojiol ovpnintovy.

Anddaén: Eoto y € {y € R": (z,y) < 1,Vz € K}. Trdpye. 6 € S" ! tétowo dote
y = M. Oa deiZovue ot A < 1/hg(0). Eyouue

. p—y p—y = < .
(8.6) Ahg (6) )\Iglea%(m,()) Iznea%(a:,)\ﬂ) Iznea}%((a:,w_l

Avtiotpoga, av y = M yid xdmowo 6 € S~ xou xdmoto A < 1/hk (), téte Yi1d %S&de
x € K €youue

(87) <1‘,y> = (Z’,/\0> = /\($,0> < AhK(a) <L

Yuvenoe, y € {y e R : (z,y) < 1,Vz € K}. O

Mofpvovtag unddn v cuuuetpla tou K umopodue va yeddouue 0 K° ot
HopPN

(88) K°= ({y eR": [(y, )| <1},
zeK
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T0 onolo delyvel otu:

8.5 Afupa. To moliké K° evis ouupetpikol kuptol oduatos K elvar oupuetpikd
KUpTo oUrolo. O

8.6 IMapadeiypata. (o) Av K = D, elvar nohd edxolo va Sobue ot hi () =1
yi& xdde 6 € S L Eyouue |(z,0)| < |z||8] < 1 yid %8¢ = € D,,, xou (6,60) = 1.
Eneton ot pro(6) =1, dnhadh K° = D,,.

Tehetos avdhoyo Brénovue ot Y& x&de r > 0 woyler (rDy)° = 1D,,.

() Eoww K = Q2 = {(z,y) € R? : |z| < 1,|y| < 1}, éva tetpdywvo oto
eninedo. Aev elvor SOoxoho va Solue ot K° = L = {(t,s) € R? : [t| +]|s| < 1}, évac
péuBoc oto eninedo. Ipdta—mnpdta, av (z,y) € K xou (t,s) € L téte |ot + ys| <
2lltl + ylls] < 1+ 5] < 1. Apo, L C K°.

Avtiotpoga, av (t,s) € K°, t6te agol (signt, signs) € Q2 = K éyouvue tsignt +
ssigns < 1, Snhod” [t] + |s| < 1. Apa, (t,s) € L dnhadh K° C L.

O Blog axpBde culhoyioude delyvel ot av K = @ = {2 = (21,...,25) :
lz;| <1,i=1,...,n}, t6t€

n
K ={y =, - un): »_luil <1},
i=1

1 «Hovadiodo undha tou £y (cross—polytope).

(v) Av 1< p <400 xu g o ovluyhc exdtétne tou p (+ + + = 1), té1€ T0 TOAXS

L
’, 4 7 n q
owua TNe povasLatag undhag tou £y

1
P

n
Bg = {,’Ij: (fl,...,l'n) . Z|.’If7,|p S ]‘}7
i=1

elvon n povadiota umdha Tou £y
i=1

To yeyovéde ot 10 mohxd owuo K¢ evdg cuupeTpixod xuptob onuatoc K elvon
OVTWE XVPTO oOU (Exel SNAadY| Un XEVO ECWTEPLXG Xau elvar PparyUEéVo), elvon deo
oLVETELX TOU axdAoLDoL VewphuaTog:

8.7 Ocwenua. Eow K,L 6Vo ovupetpikd kuptd oduata orov R"™. Ioyvovr ta
egrjs:

(1) Av K C L, tére L° C K°.

(2) Av T elvar évag avuotpéruos ypappukss petaoynuatiopnds tov R™, tdte
(TK)° =T HK°).

(3) Av K C RD,, téte D, C K°.

(4) Av K D pD,, tére K° C %Dn.
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Arndoeién: (1) Eoww y € L°. Tére, (y,z) < 1 yid xdde z € L, xaw opo’ K C L
gnetow ot (y,z) < 1 yid x&de z € K. Apa, y € K°.

(2) Exouue y € (TK)® av xou u6évo av (z,y) < 1 yid x&de z € TK, av xow wévo av
(Tz,y) <1y xdde z € K, av o uévo av (z,Tty) < 1 yid x&de = € K, av xou
uévo av Tly € K°, Snhadf av o uévo av y € TH(K?).

\

(3),(4) Etvon dueoec ouvéneies twv (1) xou (2). Apxel va topatnpricovue ott RDy, =
(RIA)(D,) %2 pDy = (pld)(Dy). O

Oa umopoloaue vo enavaldBouue TNy dtadixacia 0plouod Tou TOAXOL GOU-
TOC TOAAES QOpES, EEXVOVTOC amd €Vol GUUUETELXO XUpTo oua K, malpvovias to
oA Tou K9, 10 Tohxd tou ool (K°)°, To moAxd Tou ToAxoV Tou TOAXOD
((K?)?)° xou o0t xodeZhic. To Oewpnua mou axolovdel delyver ot awth 1 Stadixo-
olo otopotdel oo devtepo xbhag Bruc: toylel (K°)° = K. To K xou to noAxd
oL amoteholy «LeuydpLy.

8.8 Oewpnuo.. Eotw K ovupetpikd kuptd odua otov R"™. Tote, (K°)° = K.

Arndoeidn: O eyxhewoude K C (K°)° anodetxvietar gdxoha: éotw = € K. Av
y € K°, t6te (z,y) < 1 anbd tov optoud tou K°. Ounc thpa, apol to y € K° elvon
TLYGV, and Tov oploud Tou (K°)° ntalpvouvue x € (K°)°.

H anddeln tou dAhou eyxhetouol Yo Baototel oe éval dtaywplotikd Jeddpnpa.

8.9 Afupa. Eotw K un-kevé ouvumayés vrootvolo tou R™, kar ¢ ¢ K. Torte,
vndpyel z € K tétow dote

(8.9) |z — z| =min{|z —y|: y € K}.
Arnddeién: Opllovue p = inf{lz —y|:y € K} > 0. ['d xdde € > 0 undpyet y. € K
w00 Gote p < |z —y.| < p+e. Emhéyovtace = 1,3,...,+,..., Bploxovue y, € K

ue v Wbt p < [z —y,| < p+ 2, n eN.

n
Erewdn to K elvon ouumayée, undpyouy z € K xou utoxohoudia {y, } UE Yk, —

z. Ewan qavepd ot
(8.10) |z —z| =lim |z —yg, | =p. O
n

Yy meplntwon mov 1o K elvar xuptd xou cuumayég, To z Tov Afupatoc 8.9 elvan
LovadLx6:

8.10 Aqupa. Eotw K un-kevd, kuptd kar ovurayés vroovvolo tov R™. Tore,
undpyet povadixé z € K térolo ddote

|z —z| = p=min{|lz —y|:y € K}.
Anddaén: Anbd to AMuua 8.9 Eépovue ott undpyouy o 2. Eotw ot |z — 21| = p.

Av z € K, t6te y18 x&de X € (0,1) éyovue Az + (1 — A)z; € K (enewdhy o K elvon
%VpTO), ETOUEVWLC

(8.11) lt — 21 <|z— Az + (1 =XNz)]? =|(x —21) = Az — 21)|?
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=t — 21 —2XMx — 21,2 — 21) + A%|z; — 27,
an’oTou ENETAL OTL
(8.12) (x — 21,2 —21) < Nz1 — 2)%,
xou mabpvovtag A — 07 Brérouue ot
(8.13) (x — 21,2 —21) <0

yid xde z € K. H ouviixn auty uog Aéel ott ta Stavbouata 21T xou 21z aynuati{ovy
auPelor yovio yid x&de z € K, dnhadr ot to unepeninedo {z : (z,x —z1) = (21,2 —
z1)} apriver ohoxAnpo to K «amd ) Wid ueptd tou R™».

Eotw ot umipye xou dedtepo onuelo 2o € K tétow0 dote |z — 22| = p. Téte Yo
{oyue to avdhoyo g (8.13) ue 10 22 ot Véomn oL 21, dSNhAdY,

(8.14) (z2 —x,20 —2) <0

yid xdde z € K. Iaipvoviac z = 2o oty (8.13) xou z = 2z oty (8.14) xou
npoc¥étovtag xatd uéhn Talpvouue

(8.15) (20 — 21,22 — 21) <0,

70 onolo LoyVeL Uovo av 2o = z1. O

8.11 Araywerotixd Ochpnua. Eotw K kuptd odua otor R™, kavx ¢ K. Tore,
undpyel vrepeninedo mov dtaywpilel yviowa to x ané to K. Anladn vrdpyouvr o € R
ka1 § € S"! térowa dote

(8.16) max(z,0) < a < (z,6).

zeK

Anddaén: Bploxovue 21 € K ue ehdytotn andotaon and 1o z. And vy (8.13)
€Y OUUE

(8.17) (2,2 — z1) < (21,2 — 21)
yid xdde z € K. And tny dAAn mheupd, (& — 21,2 — 21) > 0 enouéveg
(8.18) (21,2 —21) < (z,2 — 21).

Ané e (8.17) xou (8.18) elvon gavepd ot av 0 = (x — z1)/|x — 21| toTE LTdPYEL
a € R tétowo Gote

(8.19) %%((z,ﬁ) = (z1,0) <a<(z,0). O

Ywvéyea tng anddeitns tov Ocwprijpatos 8.8: Eyouvue el ot K C (K°)°. Ac

unodéoovue ot undpyer € (K°)°\K. Agob 10 x dev avixer oto K, undpyouy
0 € S xau a € R tétola dote: yid xdde z € K,

(8.20) (2,0) < a < (z,6).
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O a elvon yvrota Yetixdg aprduog enedr) to K nepiéyet 1o 0 010 eowtepnd tou. Av
y = 0/a, téte and v aploteph aviobtnta e (8.20) BAénovue ott y € K°. Agol
xz € (K°)°, npénet va oyVel (y,z) < 1 1o onolo épyeton oe avtipoon ue v delid
avicdtnta e (8.20). Atomo, enouéve K = (K°)°. O

Ané 1o Oedpnua 8.7(2) eivar gavepd otl 6oo T «ueydhoy glvan éva odua K
1600 MO «UxEoy elvar To oS Tou. I'd v axpiBeta, T0 YoUEVO TwY dYxwY

[ K[| K
elvat avaA Aol To WS TPOS AVTLOTREPLUOUS YRUUULXOVS UETACY NUATLOMOVC:

(8.21) ITK|| T~ (K°)| = |detT|| K ||detT || K°| = |K||K°|.

8.12 ITp6PAnua. Na Spebody ot kAdoels owudtwy yid T onole§ to YLvopevo twy
dykwr | K||K°| yivetar uéyoto 1 eldyroro.

To mpéBAnua Tou peyiotou anavtidnxe and tov Blaschke (otic tpelc daotdoerc)
xou and Tov Santald (yid omowadrinote ddotaon). To ywduevo twv Syxwv evéc
OMUATOS XAl TOU TOAMXOU TOU yiveton UEYLoTo av Xat (Ldvo av To odua elvar Umdha (1
eMelpoeldéc). Alvouvue €86 utd andden twv M. Meyer xar A. Pajor nou Baotleton
otn uédodo tng Steiner cuuuEeTpconoinong:

8.13 Ocdpnua. Eotw K cuupetpikd kuptd odua otov R™ kar § € S*~1. Ay
K, = Sy(K) elvar n Steiner ovupetpixonoinon tov K otnr katevduvon tov 0, tite

(8.22) [ K] < [K | ()]

Anddaén: H ovuuetpuxonoinon Steiner dtatnpel toug dyxoug, dnhady |K| = |K;|.
Apxel emouéve va delfouue ot |K°| < [(K71)°.
I'id euxolla utodétouue ot 0+ =R L. Acev elvar Shoxoho va el xavelc ot

t1 — 12
2

(8.23) So(K) = Ky = {(, ):x € PBK,(z,t1) € K, (z,t2) € K}.

Q¢ ouvidwg, Yd xdde A C R™ ypdgpouue

At) ={z e R" ' : (x,t) € A).

Ioyupropdg: T'id xdde s € R woyet

K°(s) + K°(=s5)

(8.24) 5

C (K1)%(s)-

Arnddeién: Eotww y1 € K°(s) xow y2 € K°(—s). Autd onualvel ou (y1,s) € K°
xat (y2,—s) € K° Oéhovue va detovue ott (y1 + y2)/2 € (K1)°(s), dnradr ot
(152, 5) € (K1)

ol



Eow (z, 852) € Ky, dnhadf (z,t1) € K xou (z,12) € K. Apxel va SelZouue
oTL

(8.25) (2, 2 ;tz),(y1 <t

Ouwg, n toobdtnTa auTh etvorn lom ue

(:L‘ U+ y2> + st1 — sty ((matl)) (y175)> + <(1‘,t2), (y27 _S)>

= <
2 2 2 =1
dnhadh n (8.25) — dpa xou 1 (8.24) — woyleL.
H avieétnto Brunn - Minkowski tdpo Sivet
o o 1 o 1

[(E1)?(s)] = [K°(s)[2[K°(=9)[2,
xon enedn |K°(s)| = |K°(—s)| Noyw ovuuetploc tou K, nalpvouue
(8.26) [(K1)%(s)] > |K°(s)]
yid xdde s € R. Me ohoxAfipwon cuunepalvouue ot

+00 +oo

= [ el > [ K )lds = ]

8.14 Aviootnta Blaschke - Santalé. Eoww K oupjetpiké kuptd odpa otov R™.
Tére,

(8.27) K[| < |Dal?.
Andbaén: Eotw S(K) nxhdon OAwV Twy TETEpAoUEVGLY Steiner GUUUETPLXOTOLAOEWY
tou K. Ané 10 Oeddpnuoa 8.13 éneton ot

[KJIK°] < |C|C7|

yid xdde C € S(K). Zépouue ot undpyet axohouvdia {Cp,} otowyelwv e S(K) e
Cm — rD,,. Tote,

(8.28) |K||K?] < lim [Cp||(Cm)°| = |rDnl|(rDn)°| = [Dul*. O

To mpdBAnua Tou elaylotou mopauével avolytéd. Tmdpyel N Aeyduevn exaoia
tou Mahler: T xdde ouuuetpnd xVptd odua K otov R™ woylel
8.29 K||K°| > 4"
(829) I

Av 10 ehdyloto elvar 6vtweg awt, thte éxouue obtnta oty (8.29) av to K elvor
x0Boc (xon o€ UEPLXEC axOUO TEPLTTOOELS).
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8.15 ITapatripnom. Evac anidc utoloyioude delyver ot av 1 ewxacta tou Mahler
elvar owoTth, TéTE YId *de cuUUETELXS xLETO cwua K otov R™ éyouvue

1

c
— <
-

4 ot n C2
< (KEDF < Do <2,

(8.30) i S

6moL c¢q, ¢z > 0 elvon d0o andiutee otadepéc. H Onopén d0o tétowwy otadepidv €xet
anodewydel and toug J. Bourgain xar V.D. Milman ( «aocdevicy Aoon tou tpoBiiua-
To¢ Tou Mahler):

8.16 Oswpnua. Eoww K ouuperpixd kupté odua otov R™. Tire,

C1 C2

1
— < (|[K||[K°|)» < =
L < (KIReDT < 2

omov ¢, ¢y > 0 €elvar 6o andlutes oralepés.

9. H anewxovior tou Knothe — Miud tpitn andédellr tng avicotntag Brunn
- Minkowski.

O xAeloovue auTo TO xEPIANLO UE UL Tpltn amddeln e avicdtntoc Brunn -
Minkowski, nou otnpileton otnv aneikérvion tov Knaothe.

9.1 H anewxdvior tov Knothe. Etadepornolotue uio opdoxavovid Bdon {ei, ..., en}
otov R", xan Yewpodue 800 avouytd xon xuptd un-xevd unocbvora A xou B tou R™.
T xdde i =1,...,n xon s = (s1,...,5;) € R* Yewpolue v toun

As={yeR"":(s,9) € A}
oL A, xou buota yid o B. Qo oploovue ula éva—npoc—Eva anewxdvion tou A ent tou
B wc e€ne:

Av ez =(x1,...,2,) € A, t61te A, # 0. Opillovyue t61e ¢1(2) = ¢1(21) péow
e oxéong

1 Ty 1 #1(z1)
(91) W/ |Asl|n—1d31 = E/ |Bt1|n_1dt1.
— 00 —00

Anhadn, mpoywedue oty dtéuduvon Tou er uEypL va «x6douuey mococtd Tou B
{oo ue 0 Mocootd Tou A Tou xatahoBdvel o AN {s = (s1,...,8n) : 51 < 21}
Hapatnerote ot N @1 oplletar 610 A adhd 1 Tur e e€optdtan U6VO amd TNy TEW
ouvtetayuévn Tou « € A. Enfong,

3¢1 |B| |Az1|nfl
9.2) 901 _ 1Bl_Asifnt
Or1  |Al|Bg,(z1)ln—1

Tuveyilovue ue enaywyh. Trodétouue ot €youue opioel tic ¢1(z) = ¢1(z1),
d2(x) = Pa(x1,22), Pj—1(x) = Pj—1(®1,...,xj_1) Y& xdmowo j > 2. Av z =
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(T1,...,2n) € A, T0T€ Ay, 0, ) # O xon opilovye ¢j(z) = ¢j(z1,...,7;) uéow
e oxéone

1

|A(-T17---7-’”j—1) |n*j+1

T
9.3) / R
— 00

1 i (@1,000s25)
= |B(¢ @) rr (@1 )| i1 / |B(¢1(I1)7~~~y¢j—1(I17~~~:$j—1)ytj)|"—J'dtj'
1(%1),---,P5—1(T1,-.-,Tj5—1) N~ —00

Elvow Tk govepd ot

(94) % — |B¢1(z)r"'r¢j*1(z)|n_j+1 |Am1!"'7Ij|n7j

O |[Aay iz ln—jrt 1Boi(a),s (@) n—j

Tuveyilovtag €tol, opilovpe wid ouvdptnon ¢ = (¢1,...,¢,) : A - B. Eiva
glxoho va SoUuUE otL 1 ¢ glvon Eva-mpoc—Eva ot exl, v and v (9.4) Brénoupe ot
oL ueptxéc mapdywyol O¢;/0x; elvar un—opvnuixés oto A. And tnyv xotaoxeun g 1
¢ elvon tpLyovinh (Snhadh ¢ () = ¢j(z1,. .., 2;)), emouévws Yid v ToxeBrave g
¢ €yovue

i |B|
Oz | Al

(9.5) J(z) = Det(D¢) = ﬁ

yid xdde © € A, bdnou ypnowonooue tic (9.2) xou (9.4). H anewxdvion ¢ Aéyeton
anewxoévion Tou Kndthe:

9.2 Pevdpnua. Eotw A, B un—kevd, avorytd kar kuptd vroovrola tov R™. Trdpyer

s _ / / A , B ¢ / 0¢; > A

éva-mpog—éva tpywriktj aretkévion ¢ tov A eni Tov B térowa vote .- > 0 oo A,
J

tng onolag n IakwPravn ikavonoiel Tnv

yud kdle z € A. O

Me tnv Bordeia tng amewxoviong tou Kndthe unopoldue va Sdoouue ula tpltn
anédeln e aviedtnrac Brunn - Minkowski:

9.3 Aviootnto Brunn - Minkowski. Eotw A, B kuptd oduata otov R™. Tdte,
|A+ B|» > |A]* +|B|~.

Anddeidn: H aviodtnta mov YENOLUE vor amodel€ouue apopd 6YX0US, UTOPOUUE ETO-
LEVWS Y& TO oXoTo6 autd va «tawticovuey o A xou B Ue to EcmTEPLXE TOUC.
Oewpolue Ty anewdévion tou Knothe ¢ : A — B. Efvow govepd ot

(9.6) (Id + ¢)(A) C A+ ¢(A) = A + B.
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Enopévoc,

/( Hgij 1/">nda::|A| <1+(%)1/n>n

= (|A|1/n+ |B|1/n)n- 0
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III. SYTKENTPQYH TOY METPOY — OIKOTENEIEY LEVY.

1. H LcOomEpLUETPLXY] AVLGOTNTA OTT oQPaip.

Oewpolue TNy Lovadiato ogatpa S otov R™ egodloouévn e Tny yewdowotox
uetpwd| p: 1 andotaon p(z,y) Svo onuelwy z,y € S™ ! elvar 1) xVpTA YwVila Toy cTo
eninedo mou oplleton and TV apy TV aZdvwy o xot T z,y. H "1 yiveton ydpoc
TdavoTnTag UE T0 Lovadnd avaAAOlwTo WS TPOS GTPOPEC UETPO 0 TO OTOl0 UETEJEL
T0 TOCOOTH TNC EMLPAVELNS TNE o@alpac Tou xotahoBdver x&de Borel A C S~

Elvow ebxolo va 8l xavelc ott av p(x,y) = 6 to1e
.0
(1.1) |z — y| :251115,

CUVETOC 1 YEwdoolaxh xou 1) euxheldela amdotaon twv o,y € S™! cuyxpivovton
uéow TNe

2
;p(w,y) <lz -yl < plx,y)-

(1.2)

Av A C 8", tébte yid xdde e > 0 opllovue Vv e—enéktaon A. tou A we &rc:
(1.3) A. ={z e S" ' :p(x,A) <e}.

[ xdde z € S L xow v > 0, n undAa pe kévpo to & kar aktiva r elvor ©c cuvAdLS
0 oOvoro {y € S"! : p(y,x) < r}, éva «oxouply UE XEVTPO TO T XoU YWVLOXA
oxtivar 7.

To wwonepyuetpind tpoBinua ot opalpa StaTundveTHL WS eEAC:

Atvovtar o € (0,1) ka1 € > 0. Avdueoa o€ dla ta vrootvola A tng ogaipag
yiud ta onola 0(A) = a, va Bpebovr exelva yid ta onola eAayiotonoieltal n empdvela
o(A;) tng e—enéxtaons.

H andvtnon odutéd 1o epdtnua Sivetar and to axdrovdo Yewpnuor

Iconepiuetpixy avicotnTa otn ogaipa. Eotw o € (0,1) kat B(z,r) jud pundla
oty S" ! pe axtiva r > 0 térowa dote o(B(z,r)) = a. Tére, yid kdde A C S™L
pne o(A) = a kar kde € > 0 éovpe

(1.4) o(Ae) > o(B(z,r):) = a(B(z,r +¢)).

Anhadn, yid onotodrinote docuévo UETEO @, OL UTHAEC UETPOL a dlvouv TN Ao
TOUL LOOTEPLUETEIXOV TEOPBAAUTOS, aveldptnTo amd TNy Ty Tov € > 0. Hapatnpelote
ott 1) aviodtnTa Brunn - Minkowski uag €duve o axpBic avdhoyo yid Tov dyxo oTtov

R™: Av K elvor ovunayéc utocOvoro tou R™ ue detxd dyxo, xou av |K| = |rDy|
yi& xdmoto r > 0, to6te Y& xdde € > 0 toylel

(1.5) |K +eDy| > |rDy + Dy
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H anddelén tne LooneptueTpnAc aviobTNTaS YIVETAL UE GPOLELXY) CUUUETELXOTOM
oM xoU ETAY WYY WS Tpog TN didotaon. Oa neptypdouue Ty anddelén tne oto Télog
auTthc TNg Tapaypedpou. Hpwv duwe andutd Yo culnrioovue xdmnoleg TOMND CNUAVTIXES
EQapUOYEC TNG.

Oewpolue Ty eldix| tepinttwon a = L. Av 0(A) = 1 xa e > 0, 6t unopOLUE
VoL EXTYIICOUUE TO UEYEDOC TNG e—EMéXTAONC Ae YPNOLUIOTOLOVTAS TNHY LOOTEPUIETELXY
avLeoT T

(1.6) dAJZa@%Lg+5D

yid xdde € > 0 xor z € S™ 1. H (1.6) odnyet oty oxdhouvdn aviodtnros

1.1 Ocdbpnua. Eotw A C S e o(A) = § kare > 0. Tore,

(1.7 o(A.) > 1 —+/7/8exp(—e’n/2).

Andoadn: Aoyw g (1.6), apxel va gpdouue and xdtw to o(B(x, 5 +¢)). Ano to
oy Auo ETETOL OTL

S4e .
T J27" sin™ 0df
1.8 B — —J0 " "7
(18) oAle, 5 +2) = el

on6te Yétovtog hie,n) =1 —o(B(z, T +¢)), {ntdue dvo gpdyua yid Ty

£, sin" 0df 3 cos™ dd
(1.9) ey = 5pe S0 [ cos pdp
fo sin™ 6d@ 21,

orov I, = foﬁ/2 cos™ pdg. Kdvovtac tny ahhayh| uetaBantic t = ¢y/n naipvouue
Fvn

cos"(t/v/n)dt.

Yuyxplvovtag to avartOyuota Taylor twv cuvopthoewy cost xou exp(—t%/2) Bré-
TOLUE OTL

(1.11) cost < exp(—t?/2)

oo [0,7/2], enouévwe 1 (1.10) uoc diver

L RV 1 G-ova )
n Jey/n n Jo

< W /Ooo exp(—s°/2)ds = \/—Z ;j exp(—£°n/2).
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[é v anddelln tou Yewphiuatog apxel Aowndv v dovue ot /nl, > 1 yd xdde
n > 1. Twd 1o oxond autd TapatneolUe ot and Ty avadpoux| oyéon (n+2) I o =
(n+ 1)1, éreton ot

n+1 n+1

T0 onolo onualvel 0Tt apxel vor EAEYEOVUE TiC

w/2
11:/ cospdp =1>1
0

o

w/2
V2I, = \/5/ cos? pdep = \/ig > 1.
0

Auté ohoxhnpdvel Ty amddetén e (1.7). O

1.2 ITapathpnon. H Baocuxn napatipnon 6cov agopd v aviedtnra (1.7) elvar ott,
600 uxpd £ > 0 x av SlohéZouue, 1 oxohoudio exp(—e?n/2) — 0 xon udhoto e
TOND Ty pudud (exdetind we mpoc n). Enouévwe, 10 mocootéd tne opalpac mou
uéver €20 amd TNy e-enéxTaoT omolLdATOTE UtoouVhou A e S™T ue o(A) = 1
elvar oyeddv undevixd av 7 dudotaon n elvon dpxeTd UEYEAT, 0GOSATOTE UIXEd XL OV
elvon To €.

I'd mopdderyua, av ndpouue évar SoyTUASL A ywvioneic axtivag € > 0 yOpw and

Tov wonuepd e ST téte A = B(z, § 4+ ¢) N B(—x, 5 +¢) enouéveg

o(A) >1—2exp(—e*n/2) = 0
ex¥eTd g mpoc n. Anhady, yid ueYdAec DUCTACELS TO UETPO T GUYXEVTPWVETIL
eviunwolaxd yopw amé onotovdAnote uéyioto xhxho g ST

[ tnv anddelln touv Oewpriuatog 1.1 xdvoe oLVCLIGTIXY YEHON TNS LOOTERLUE-
Tewc aviooTnTag ot ogalpa. T'id Tic meplochTERES OUWS EQPAUPUOYES TIOL EYOLUE
oto voU wag elvar apxeth uLd aviedtnra ooy v (1.7) xow oyt n oxetBric Aoor tou
LOOTEPUUETELXOV TEOBAAUATOC.

Xpnotuomoldvtag TNy avio6tnta Brunn - Minkowski unopolue va 8ddcouue amin
anddelln e (1.7) ywplc va tepdoovue oo and Ty LoonepeTpix) avicdtnta. H
TapaThEToN aUTY elvon TpdopaTy, xou Bacileton oTo axdhovio Auua:

1.3 Afupo. Ocwpolue to pérpo mbavitnras up e up(A) = |[AN Dy|/|Dy| yid
kdO¢ Borel AC D,. Av A, B C D,, ouvunay), kai

0(A,B) :=min{la—b|:a€ A,be B} =p >0,
ToTE

(1.13) min{up(A), ip (B)} < exp(—p*n/8).
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Amdoedn: Oewpolue t0 chvolo A"'TB. Egopuélovtag tnv avicdtnta Brunn - Min-
kowski napvouue |4EE| > min{|Al, | B|}. Suvende,

(1.14) po (A;B) > min{un(A), un (B)}.

And v dAAn mhevpd, av a € A xat b € B o xavévag tou topalnhoypduuou Sivet

(1.15) la + b* = 2|a|® +2[b]* — |a — b]* < 4 — p?,
EMOUEVWC
2

(1.16) AtB G _Pyep,

2 4
Tuvdudlovtac Tic (1.14) xou (1.16) BAémovue ot
(1.17)

. p’ " 2 n/2 2
min{up(4), pp(B)} < (1= ) < (exp(=p*/4))"" = exp(=p*n/8). O

Anddaén s (1.7) (ue Ayo yetpdrepeg otodepés): Eotw A C S ! ue o(A) = £, xau
g > 0. Oewpolue A € (0,1) — 1o onolo Yo emAEEOLUE GTO TENOC — XAl TG UTOGUVOAD,
e Dy

(118) Ay ={pa:a€ A,AN<p<1} , Bi={pa:a€ S" "4, A<p<1}.

EOxoho eNéyyouue ot

(1.19) (A1, By) > 2)\sin% > 928
™
Ané 1o Ajuua 1.3 ouunepalvouue ot
4\%e2 n
(1.20) [B1] < exp(=8%1/8)|Dy| < exp(~—2)|Dy |

Ouwg, |Bi| = (1 — A™)o(AL)| Dy xon cuvdudlovtac pe v (1.20) Brénovue ot

1 A2 n

(1.21) o(A) < T exp(— "o 1).

Eméyoviac my. A = 1, xotohyouuE o€ uid extiunon tne puopphc
(1.22) o(A.) > 1 — ¢y exp(—cae®n)

6mou ¢1, ¢ > 0 ambhuteg otodepés, to axpBéc dnhady) avdroyo e (1.7). O
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1.4 Lipschitz cuvaptfoeig tdve otn ogalpa. Eotw f: S" ! — R cuveyfc
ouvdptnon. O péoog kard Lévy tne f elvon évoc aprdude My ue tnv WBLotnta

(1.23) oz f@ > M > 5, oz flr) < Mg > L.

N | =

Aev elvor d0oxolo va Sel xavelc ot o My opileton povooruavta yid cuveyh f.

Opllovue Ay = {z € S"': f(x) = My}. Tore, éxovue Ty e&fc amhi| nopath-
enon Y& tny e—enéxtact tou Ay

1.5 Afupon I'd kdde € > 0, 1oy vet
(1.24) (Ap)e = ({z: f(2) 2 My}). N ({z: fz) < My}), .

Anddaén: Eow y € {z : f(z) > My}-Nn{z : f(z) < Mp}.. Auto onuaiver ot
undpyouv 1 € S" ! tétoo dote f(z1) > My xou p(y, 1) < €, xou xy € S™!
towo Gote f(r2) < My xon p(y, z2) < €. Oewpolue Ty undha B = B(y,¢). Téte
x1, T2 € B, dpa undpyel xoumOAn v C B mou Eexwvder and T0 1 XL XAUTUAAYEL OTO
Tz. Ao to Oedpnuo evdidueonc TiWic undpyel ¢ € v tétolo wote f(x) = Mjy.
Enetor ot

(1.25) y € B(,2) C (47)..
Auté anodeviel tov évay eYxAELoUd TOU MUUATOC, EVE 0 dAhog elvon Tpopavic. O

1.6 Ilépiopa. Eoto f: S"™' — R oureyris ouvdptnon, My o péoog Lévy tns f,
kat Ay = {x € S"7': f(x) = M;}. Tére,

(1.26) o((Af):) > 1 —ci exp(—cae’n),

omov ¢, ca > 0 andAutes otalepés.

Andoeién: Ané tov optoud tou péoou Lévy xan and to Oewpnua 1.1 énetar ot
o({z: f(x) > My}.) > 1 — ¢y exp(—cae’n)

XolL
o({z: f(z) < My}.) > 1 — cp exp(—cee’n).
H (1.26) elvon t61€ dueon ovvéneta tou Afupartog 1.5. O

Oewpolue thpa wid Lipschitz cuveyh ouvdptnon f : S" 1 — R. Trndpyet
dnrad”y otodepd L > 0 ye tnv Widtnta

[f(x) = f(W)] < Lp(z,y)

Y& x&9e z,y € S"!. Omwe xou mply, opllovue Ay = {z : f(z) = My} xo
Vewpolue tnv e—eméxtach tou. Av y € (Ay). L, t6te UTdpyeL = € Ay téT0l0 GBOTE
p(z,y) < e/L, xou nunédeoy| pog yid Ty f delyver ot

(1.27) [f(y) = Myl =1f(y) = f(@)| < Lply,z) <e.
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Anhody,
(1.28) {y:1f () — My| > e} © S"\(Ay)/1-

Xpnowonodvtog xot to Iépoua 1.6 xotahiyovue oto e€nc:

1.7 Oevpnua. Eotww f : S"~' — R Lipschitz ouveyris ouvdptnon e otalepd
L > 0. Tére, yiud kdUe € > 0 éyovue

2

(1.29) o ({y € S" | f(y) — My| > 8}) <c exp(—qﬁ),

omov ¢y, ¢y > 0 andAureg oTalepés. O

Mopatnpodue ot av otadeponotioovuc € > 0 (ocodhnote Uixpd) xou Yewpricovue
Lipschitz cuveyelc ocuvaptioeic ue Socuévn Lipschitz otodepd L > 0, téte av 7
didotaon n elvon Ao xan UEYOADTERN OL CUVOPTACELS TE(VOLY VoL €YOUV TLUES TOU
CLYXEVTPWVOVTAL OAO oL TEPLOGHTEPO YUpw amd tov Yéoo Lévy My tng f, ue tny
évvola 0Tl To cOvolo 6mou 1 f Biagépet amd Ty T My Teplocbtepo amd € elvon
TOAD Uxpd: €xEL UETPO TO TOAD

exp(—cze?n/L*) — 0

xadde n — 400, xan udhota e exdetind pudusd. To gavduevo autd Guyvd dortu-
TOVETAL XU we eENG:

«Or Lipschitz ovvexels ovvaptioes ndvw o€ uid opalpa peydAng didotaons elval
ox€06y otalepécy.

Aéyovtac oyeddv otadepéc, evvoolue €30 ot ou Lipschitz cuvaptrioeic nafpvouy
Tég oyedov {oec ye tov Lévy péoo toug oe éva olvolo ueydho pe tnv évvola
TOL UETPOL: OTO GUVTELTTIXG TOCOGTO Twv onuelwy e ogalpac. IohAéc opéc
xeetalouacte xdtt TéTolo Yid Eval UEYSAO UTOGUVONO TN oQalpac UE €L0LKT) Uoper).
[ mopdderyua, yid 6ha o onuelo z € S(F) := S"" 1 N F, énov F undywpog tou
R" ue 600 yivetar ueyolUtepn dudotaor. Oa deifouue ott xdtt tétolo elvon duvatd.
Apyilovyue pe éva anhd Muua:

1.8 Afppo. Id kdfe € € (0,1) pmnopotpe va Ppovue N < exp(klog(3/e)) kat
x1,...,xNx € SF1 téroa dote

(1.30) Sk=1 C UN | (z; +eDy).

Anédetn: Oewpolyue éva cOvoro onuelwy Ty, ..., zy € S¥71 ue boo ylvetor ueyo-
AOTepo TANYdpLduo xdtw and TNy analtnon vo oy be

(131) |£Ui—$j|28 , 1<i<j<N.

Eoxoha Brénovue ot S¥71 C UN | (z; + eDy): av unipye = € S¥1 ue tyy Wbt
|z — x| > eyid x&de i =1,...,N, t6t€ 10 {2,21,...,28} Vo xavomoLoUGE TNV
(1.31) xon Yo elye mnddprduo N + 1.
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An6 v (1.31) énetan ot (z; + 5D%) N (2 + 5Dp) = 0 av i # j. Enlong, eivon
(pavepd oTL

€ €
(1.32) Ui (@i + 5 Dx) C (1+ 5) Dy,
EMOUEVWS HE G0YXPLOT OYXwY BAémoLUE oTL

5 € 5
(1.3 (1 + DD 2 | U, (i + S| = NHIDl,
ant’oTou ENETAUL OTL

(1.34) N < (;)k(l + %)k =(1+ ;)k < exp(klog(3/e)). O

1.9 Oevpnua. Eotww f : S"~' — R Lipschitz ouveyris ouvdptnon pe otalepd
Lipschitz L > 0. Id xdde ¢ > 0 vndpyowr k > ko = [ce?n/L?log(c'L/e)] rat
k—didortarog vndywpos F' touv R™ téroiog dhote

[f(y) = My| < 2¢
yd kdey € S(F) := S" "' NF, énov My efvar o péoog Lévy tns f.
Amndoeién: Oewpolue 0 GOVOLO
A(e) = {w € "1 ¢ |f(z) - My| < &}.
Ané 1o Oedpnua 1.7, undpyouy otadepés ¢, ca > 0 tétoleg Bote
o(A(e)) > 1 — ¢y exp(—c2en/L?).

Yradeponotolue évav undywpo Fy didotaong ko, xou Vo det€ouvue ot umdpyet
otpophy T' tou R™ tétowa dote av F' = T'(Fp) va woylter S(F) C A(2¢).
Av z € S(Fp), téte n mdavétnra va @épouue Ue otpopl| To x oto A(e) elvan {on

ue o(A(e)) > 1 — ¢y exp(—cae®n/L?). Eneton ot av 1, ...,xn5 € S(Fp) t61€
N

(1.35)  Prob(T:Tx; € A(e),i=1,...,N} >1— ) Prob(T : Txz; ¢ Az))
i=1

= 1- N(1 - o(A())
> 1— Nej exp(—cae®n/L?).
Av N < éexp(@szn/Lz), t6te N mapamdve havétnro elvar et Anhadn,
urdpyet otpoph T mou otéhver dha ta z; oto A(€).
Ocewpolue éva 0-dixtvo otnv S(Fy). Amd to Afuua 1.8 undpyet éva tétolo
oOvoho {z1,...,xn} C S(Fp) ue N < exp(kolog(3/6)). Enouévwe, av

(1.36) exp(ko log(3/0)) < éexp(0252n/L2),
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téte uTdpyetl otpophy T tétowa dote Y& 1o 0-dixtvo y; = Tx;, ¢ = 1,...,N ¢
S(F) = S(TFp) vo woylet

(1.37) yi€ Ale) , i=1,...,N.

Eotw y € S(F). YTndpyer i < N tétowo dote |y — y;| < 0, dnhadh py,y:) < 56.
Ereton ot |f(y) — f(y:)| < L50. Tuvende,

T
(1.38) [f(y) = Myl < 1F(y) = fQa)l + 1f (yi) = My| S Lof+e <2
av emthéEouue and tny opyh 8 = 2e/wL. Autéd onualvel ot

|f(y) — My| <2

yia x&e y € S(F'), apxel vo ixavoroteitor 1 (1.36) ue 0 = 2¢/w L. Avohbovtag authiv
v oyéon BAénovue ot xavornoteltan Y ko = [ce?n/L%log(c'L/¢)]. O

1.10 Anédelgn tng oponpixig LooneptueTeLxfg aviodtntag. Oewpolue A C
S deoto, xon undho tne wopphc B(z,r) tétow dote o(A) = B(z,r). Ou
detouue ot 0(A:) > o(B(z,r):) Yd xdde € > 0.

H anédeln Yo yiver ue oponpxry CUUUETEIXOTONGT] XL ENAYWYY) WS TPOS TNV
Sudotaor. Oewpolue Tuydy (euydpL avTtnodwy onuelwy To, —zg € S™ 1 xor TUY OV
UEYLoTO NUXOXALO ¥ oL Tepvdet andutd. Optlovue TNV opaipikr) ouppetpikoroinon
ou A w§ mpog v ue tov axdrovdo tpéTo:

I'é xdde y € v Yewpolue o unepeninedo HY mou nepvdel and o y xaL elvon
x89eT0 oty gudela [—xo, To]. TuuBorilovue ue S™*Y v ogalpa SN HY, xou
Yétouue

(1.39) AY = ANHY C S"2Y,

Z Z

[ %x&de y € v Yewpolue wid undha BY otny S™ %Y ue xévtpo 0 y xou axtivo r¥
TETOLH WOTE

(1.40) On—2,y(BY) = op_2 y(A4Y),

OTOU TO Opp—2 5 METEYEL TNV EMLPAVELY UTOCUVOAWY TN S~ %Y. Téloc, optlouue
(1.41) Sy(A) = Uye,BY.

Mdutév tov optoud, to g (A) elvor CUUMETPIXS 1S TPOS ¥ XAl XAVOTIOLEL TNV
(1.42) o(S,(4)) = a(A4).

To S, (A) elvar 1 ooupuxh cuuueTpixorolnon Tov A we mpog 7.

Eotw A xhewotd unoohvoro e S L. Bewpolue v xhdon M(A) dhov tov
xAeoT®dY vnocuvdhey C e S™ 1 nou wavornowolv: o(C) = o(A4) xou o(C.) <
0(Ae) yid xéde € > 0. To Boowxd pac Afuua elvon téte t0 €hc:
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1.11 Adupa. Eotw A C 8" kdaotd, kat vy éva nuxtrlo. Tore, S, (A) € M(A).
Anladn, yd kdde e > 0,

(1.43) o((Sy(A4)):) < o(A:).

Aréda&n: TuuBorilouue ue u to Uéco Tou v, Snhadh S 3 elvon o LonuepdC TS
opalpac.

Opllouue Ty Ty—mpoPorrj wg e&hc: Av w € SV, w # Fxg, Yewpolue Tov ue-
onuBewd —zowzy. Autdc Téuver Ty S2 oe xdmowo onuelo To onolo ovoudlovue
Ty (w). Tué xdde y € v oplleton oL Wb amewxdvion 7, : STHY — Sn=2u,

Ioyveiowéds 1. Yrdpye ovykekpyiévn avvdptnon f térowa dote: Avwy € S 241
Kar wy € S™2Y2 | thre

(144) p(wlva) = f(y17y2>p(Ty1 (wl))Tyz (w2)))

Me dMho Moy, av pog mody totd elvon 1) andotaon Twv Ty, (w1) xou Ty, (w2) oty
St zhte yvwpllouue Ty andoTaon Twv Wi, we oty S"L

E&nynon: Ta xdre onuela npoodopilouy ta wae, w) oty S"~2¥2. To w} mpoo-
dtopilel o wy oty Sn=2¥1 O mAdyloc LEYLoTOC XOXNOC IOV TEPVEEL Amd TOL W , W
elvon n awtdg Tpoodloplouévoe, dpa xor N p(wr, ws). H mopatipnon elvar ot to
oMo oynua dev e€optdton and e axpBelc Véoelc Twv xdtw onuelwy, ohlkd and Ty
oyetxh Toug Véon (Snhady|, Ty anbdotact| toug). Mropel xavelc va Beel xat TOTo Yid
™y f, oAA& awtod Bev €yel Wialtepn onuaocia.

Ioyvptopég 2. Av C = {w} C S"2¥1 tére
(145) Tys (Cﬁ n Sn72,y2) = (Ty1 C)n(yuyzﬁ) n Sn72’u’
ormov to n €€aptdrar povo and Ta yi,ys Kaie.

E&nynon: H amdéotaon tov yi,y2 xa 10 € xadopilovy moéco peydhn elvon
«xboavny touf Ce N S™2Y2 (av BéPoa dev etvon xevA). Kotdm, n ambotoon
TOL Y2 Amd TO U XU TO UEYEVOG TNC «HOXXVNCY TOURC OTNV Sn—=2,y2 xodopilouy to
uéyedoc Tou Ty, (Ce N SP2¥2) gy S=2%. To 7 elvow To Pod TOL UAXOUS AUTOD
TOU TOEOU (TPOYAVAS, TO Ty, (W) elvon TO UECO ToU %dTw TEE0L).

Ioyveiowéds 3. Av C efvar tuydv vrootvolo tng S™ %Y1, tére ndh

(1.46) Tyo (Ce NS 292 = (1, C) ya ) N S™ 2,

Y1,Y2,
JLE TO 1) TOU TPONYOUUEVOU 10X UPLOLOU.

Eériynon: Eotw x € 1,,(C. NS™=2¥2). Auté onuaiver ot = 7, (2), 6T0UL
z € 8"72Y2 you z € C- (Snhadn, undpyer w € C tét00 Wote 2 € {w}.).

64



Ané tov nponyoluevo oyLpLloUs,

(1-47) T € {Tyl (w)}n(yl,yz,s) c (Tyl(c))n(y1,y2,5) N Sniz’u-
Yuvenwe,
(1.48) Ty, (C= N S22y C (T C)n(yr,yose) N Sn—u,

O avtilotpogoc eyxheltoude anodetxvieton avaAoya.

Ioyvpiowdg 4. Id kdle y € v éxovue
(1.49) Ty((A)") = Useyp(z) <= (T2 A ) n(z0.0) -

E&rjynon: Eyovue w € (A:)Y ov xon ubvo av w € S™"2Y xou undpyouy z €
ue p(z,y) < e xow w' € A% ue p(w,w') <e. Téhre,

(1.50) w € (A%). NSy
xon and tov Ioyvpltoud 3 éretar otL
(1.51) Ty(w) € Ty ((A%)- N S™2Y) = (T A7) 1 (20) -

To avtiotpogo amodewvieton mdAL ue ) Bordela Tou Ioyveiouot 3.

EnavahauBdvovtag tolcg (Stoug toyuptonole yid to Sy (A) xatalfyovue otic

(1.52) (Ae)¥ = T,y_l (Uzemp(z,y)ﬁe(TZAZ)n(zﬁyﬁ))
Ol
(1-53) ((S’YA)E)y = ngl (Uzev,p(Z,y)gs(Tz(S'YA)Z)n(z,y,e)) .

Ané v xotaoxeun, yid xdde z € v Eyoupe
On—2,:(A%) = 0n2,:((S,4)7)
dipot
On—2,u(T:A%) = 0n_2,u(7:(SyA)?).
To 7.(S,A)* elvar undha, cuvende

(154) On—2,u ((TZAZ)T[) > On—2,u ((TZ (U’YA)Z)H)

yid xdde z € v xow n > 0.
Emmiéov, oty (1.53) 6k tar (75(S4A)%), elvon undhes ue xowd xévipo 1o u,
dpor uTdPYEL 2o € ¥ HE p(20,Y) < € TETOW DOTE

(1-55) On—2,u (Uzew,p(ay)SE(Tz(S'YA)Z)n(z,y,e)) = Un—Q,U((TZO (S’VA)ZO)n(ZO,y,E))-
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Ané vy (1.54) awto elvon 10 TOND (o0 e
(1.56) Tn—2,u((T20 A% ) n(20,,6)) < Tn—2,u (Uzemp(z,y)Se(TZAZ)n(zﬁyﬁ)) .
H ovio6tnra o Swatnendel av egapudcovue xau ota 300 péhn ty 7,71 Anhad,
(1.57) Tn-2,y((4)") > o2, [((5,4))"]-
OhoxAnpdvovTag WS TPOg Y TAlEVOLUE
o((574):) < o(4e),

dnhad”) 1 anddetén tou Aduuartog elvon Thpng. O

I %80 A C S~ opllovue Ty axtiva Tou A
(1.58) r(A) =min{r >0:3z € S"': A C B(z,r)},
%ol Y18 XAELoTE, UN—%evd urochvora tne S™ ! Ty andotaon

(1.59) 0(A,B) =min{p >0: ACB,,BCA,}

1.12 Adupa. Eotw A C 8" kdaotd. Yrdpye C* otnr kkdon M(A) térowo dote
r(C*) = min{r(C) : C € M(A)}.

Andbaén: Eow p = inf{r(C) : C € M(A)}. Trdpyet axorovdia otoryeiwv Cp, e
M(A) pe my Buomna r(Cr) < p+ =

Ané ouundyeta (tou amodetvietan dnwe xou 1o Oedpnua emhoyric tou Blaschke
tou Kegahaiou II), undpyer urtaxohouvdia Cy, mou cLyxAivel oe xdmoto cuuTayéc
C C 8"~ E0xoha Brérouue ot 1 ooctiva 1 ebvon cuveyfc wc Tpog TNy UeTpuxt 4.
Enouévwe, p = r(C) = limy, r(C,, ).

Auté mou uéver va delfouvue elvan ot C' € M(A). Oéhovue dnhadn va delfovue
ott 0(C) = o(A) xou 0(Ce) < 0(A:) yd xdde € > 0. Autd elvor cuvénela Tng
GUVEYELAC TOU 0 WS TTPog TNy 6. O

1.13 Adppa. Eoto G C S™1 nov dev elvar umndda. Tére, vndpyovr puéyiota
NUIKOKALE Y1, . . ., Ym TETOWA HOTE

(1.60) PG (s - (0, (@) < 7).
Amdoeién: Avédhoyn ue authy tou Oewphuatog I1.5.2. O

Arédaén g 1wonepuetpikis aniodtnras: Eotw A C S™1 xdewotéd. Autd mou
Untdpe elvon ot undpyel Undha B € M(A).

Ané to AMyuua 1.12 undpyer B € M(A) ue v erdyotn Suvath axtive. Eotw ot
0 B dev elvon umdha. Ané to Afuua 1.13, unopodue var Bpolue uéyiota nuixdxA
Yiy.eo,Ym TT0WL OoTE 7(B') < r(B), énov B' = 0, ... 0., (B). Autd onuoivel ot

(1.61) B' ¢ M(A).
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Ioxveiopmos. Av C € M(A) kar vy péyoro nuikirdio, téte S,(C) € M(A).

Anddaén: Tpogavae, o(S,(C)) = o(C) = o(A4). And 1o Ajuua 1.11, yud xdde
e > 0 éyouvue

(L62) o((5,(0)).) < o(C.) < ().

Enouévac, S,(C) € M(A). O
Eyouue B € M(A), dpa S4,(B) € M(A), S,,54, (A) € M(A), xon telxd

(1.63) B'=8,.5, ,...5,(B)€ M(A),

T0 onolo avtupdoxel npog Ty (1.61). O

2. Owxoyéveieg Lévy.

2.1. To amotehéouata TNC TEONYOLUEVNS TUPAYEAPOU, Xal EWBXGTEPH TO OEwpnUaL
1.1, evtdooovtoe 0To YeVIXOTEPO TANLGLO Ty owoyeveldy Lévy:

Me tov 6po petpikds xdpos mbavétntas avapepdOUUoTE O £V UETPIXO YOO
(X,p) o omolog elvar tawtdypova epodlacuévos xat Ue éva PéTpo TdaveTnToS [,
TuvAdwg utodétouue ot 1 dduetpog tou X elvon nenepacuévr, xou diamX > 1.

Ané ) otyur; tov o X elvan uetpixdg xdpog, YLd xdie un-xevé urtoctvoro A
Tou X xou xde € > 0 unopolue va oploovue v e—enéktaon A. touv A we e€hc:

(2.1) A.={z e X :p(z,A) <e}.

2.2 Opwowés. H ouvdptnon ovykévrpwons a(X,e) tou X opileton yid x&de € > 0
and Ty

(2.2) o(X,2) = 1~ inf{u(4.) : u(4) > 5},

Yo nopddetyua tne ogolpac S™T! ue TV yeoBouolon] UETPLXH p Xou TO ovah-
Molwto we mpog T otpogéc Uétpo mavétntog o, and To Oedpnua 1.1 (tocotixt
eXDOY A TS CPAULPUAC LOOTEPULETPIXAS AVLOGTNTACS) To{pVOUUE

(2.3) a(S" 1 e) < ¢ exp(—c2e?n),

6moL ¢y, c2 > 0 andhuteg otadepéc. Emmiéov, €youue ulo ouxoyévela Tétolwy Y-
pwv, TV {S" 1 }en, xon 1) Bidotaon n taller ohoéva UEYANOTEPD PONO GTNV VLo~
™t (2.3) 1e TRy évvola ot To dvew Ppdryua @iiver extdetind oto 0 xadde n — oo.
To @awvduevo auTd TN CLYXEVTPWONS TOL UETPOL UdC €8woe xdmola TEWTo U~
OVOUEVOUEVOL ATOTEAEOUOTA YL& TNV cLuUTEPLPopd Twv Lipschitz cuvoptAcewy mdvw
oty S™1 btav o n elvar ueydho.

Me npdtuno autd 1o Tapdderyua, divovue tov axdrloudo YeVxS oplousd:
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2.3 Oprowds. Mid owovévera (X, pn, fn) UETPUXOV YOpwV Tiavétntog AEye-
o (xavovixn)) owoyévelo Lévy ue otadepéc 1,2 0V 0L CUVOPTHOELS CUYXEVTPWONS
a(Xy,e) wavonowly Ty

(2.4) (X, €) < ¢ exp(—cae’n)

yid xdde € > 0.

2.4. Ye xdle owoyévela Lévy mapatnpolue 10 QUUVOUEVO TNC CUYXEVTPWOTS TWY
TWOY wde ouvdptnone Lipschitz yOpw and tov uéco Lévy me. Av f: X — R elvow
wid Lipschitz cuveyhc cuvdptnomn ue otadepd L > 0, téte yid xdde € > 0 €yovue

I3

(2.5) p(fo € X+ [f() = Myl <2}) > 1= 2a(X, 2).

H anédetln etvan oxpiBde (Bta ue awthiy tou Bewphuatoc 1.7. Av n ocuvdptnon ocuy-
xévtpwone a(X,e) elvon apxetd Uixpr, xdtt mouv cuuBalver oe ULl owxoyévela Lévy
{X,} v ueydha n, téte xdde L-Lipschitz cuvdptnon elvar «oyeddév otadephy xon
fon ue My oto ueyalltepo xouudt tou X.

Yty enduevn nopdypapo o UEAETHOOLUE Eval SLaxpLTd TUPASELY U OLXOYEVELOC
Lévy.

3. Avaxpitd napadelypata otxoyevetwdy Lévy: O ywpog tou Cantor EY.

Ocwpolue t0 chvoho EF = {—1,1}" 6hwv twv axohovhov & = (x1,...,2Ty)
urfxoug m, émov x; = 1, 7 = 1,...,n. Elvaw yprowo va BAénovue tautdypova
tov EF cav utocUvoho tou R™: amotelelton and dhec Tic xopugéc tou x0Bou @y =
[-1,1]™

Oplloupe uid petpuny| d,, otov E3 9étovtag

n

1 1
. =—i<n:x if| = — i — Yi
(3.1) dn(z,y) n|{z <n:z; Zyil o E |zi — vil,

i=1

6moL UE | - | oupBorilouue €36 xou tov TANddpLduo evébe nenepaciuévou GuVONOL.
[H debtepn wobétntar Suxatoloyelton and to yeyovde ott av yid xdmoto i < n woydet
x; # Yi, 10T |z, —yi| = 2.]

Téhog, Yewpolue 10 puatoroyxd uétpo miavotntog otov B Av A C B3, t6te

_ AL A

O (EZ,dp, pn) elvar té1€ évac UeTpixde ydpoc mdavitntac, UTopolUE CUVETHDS Vo
oLLNTEE VL& TNV LOOTEPLUETRLXT] AVLGOTITAL X0 TNHY CUVEETNOY CUYXEVTRPWOTNS auToU.

H 1wonepiperpixny aviodtnra otov EF. H e—enéxtoon evéc A C EF elvor wg
ouviidws to cbvoro A. = {z € EF : dy(x,A) < e}. Ot twuée nou umopel vo mdpet
n d,, elvon menepaocuévec to TARdog: 0 L2 1. Autéc howdy elvon xon ot IV

ndn’”
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TOU € Yid Ti¢ onoleg N e—enéxtaot Tou A Tapoucldlel evBlapEROY, UE TNV EVVoLla OTL
T0 A, mopoével aUETEBANTO GTay To € Talpvel TWES oE éval SLdoTnUa TG MopPRg

[ 25
n, L ) 4 4 7. 7 4 7. z 7

To epdnuo €86 elvar to e€ic: Mdic Slvouv évav guowxd m = 1,2,...,2™ xou
xdmolo € = %, k=1,...,n. I'd no6 cbvoro A ue mhidoc otolyelwy m elvor 7

E _enéxtoom Tou A 1 uupdtepn Suvarth:

H nopatripnon elvon ott 1o A Yo npénetl var €xel 660 T0 SuvATOY «ALYOHTEPA XEVEY.
Av mepéyel ud n-dda & = (21,...,%,), toTE Vo TPEMEL VoL TEPLEYEL XATE GELPG
TEOTEPALOTNTAC XAl TIG KYELTOVXECY TNC N—AdEC, ALTES SNAadt| Tou dtapépouy amd TNy
x og Ula cLVTETAYUEVN, BUO cUVTETAYUEVES, X.0.X. (EQPbGOY TO TARDOC TwY oToLyElWY
tou A enopxel). Autd, vyl ) nopautxe enéxtaon tou A Yo i cuuTERLAEBEL 0UTWS
1 AW,

Ta b owxovouxd cbvola elvan ou dp—undhec (ot Aeyduevec Hamming undiec
Tou EY). Amodewvieton 1 ax6houdn LooTEpLUETELXT aviadTnTa Yid tov El:

3.1 Oewenua (Harper). Eotw A C El pem = 22:0 (%) otowceta. Tére, yid kdOe
s=1,...,n —1, éovue

1 [+s

(3.3) pa(dy) > 5> (Z) = (B, 1)y). 0

k=0

H wonepiuetpuny) auty aviodtnta odnyel oe uid extiunon tng ouvdpetnone cuy-
xévtpwone tou EF. Td xdde € > 0, toyet

1
(3.4) a(EY,e) < iexp(—252n).

Anhadh, 0 {(E,dn, pn) : 1 € N} elvor ouxoyéveir Aéd ue otadepés (3,2). H (3.4)
epunveleToL we eZhc: ya v extiunooue Ty a(EY,e) apxel vo Yéoovue | = n/2
xaw s = en oty (3.3). Tére,

NEEPEEDS (").

i=(htem M

T0 onolo @iivel exdetxd oo 0 xaddg n — 0o, Yol ou «axpatoly dwvupixol cuvte-
Aeotég elvan TOAD uLxpol e clYXpLoT UE TOUS «UEGAOUSY 6TaY TO N elvar UEYSAO.

Aev Yo anodelZouvue tny avioétnta tou Harper (n anddetdn elvar cuvduaotixd xon
yiveton e emaywY T we Tpog n). Oo BHCOLUE GUWS ULd ATdBELEN TNS KTPOCEYYLOTXAS
LOOTEPUUETEIXNC aVteoTNTaCY oTov EZ, aneudelog dnAadn extiunon e ouvdptnong
ouyxévtpworc Tou. To emyelonua opeiletan otov Talagrand, xar exuetadiedeTon
Vv Yewetpia Tou ydeou tou Cantor:

3.2 Aupa. Eotw A pun—kevé vrootvolo tov {—1,1}" C R™. Ocwpolue tny kuyptr
Onkn co(A) ka1 yid xdOe x € {—1,1}" opilovpe

(3.5) da(z) = min{|z —y| : y € co(4)}.
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Tére, 10xVer n aviodtnta

2
(3.6) /| | X @) /Ddin) < o
Anddeidn: EZetdlouvpe mpidtor v mepintwon mou 1o A éyel éva otouyelo. Xwplc
BAEBN e yevudTnTae Unopolue vor UTOVECOLUE 0Tl To (Lovadixd) ototyelo Tou A
elvaw To y = (1,...,1). Ipogavie co(A) = A, xaw yid xéde i = 0,1,...,n vndpyouy
axpBoe (1) otouelo 2 tou EY tor omolor Slopépouy oe i T0 TAAYOS GUVTETOYUEVES
aré o y. Tid xdde oo = éyouue da(r) = 2V/i, dpo

(3.7) /E exp(d2 () /8)djun (z) = 2in zn: (’Z) yif2

n .
2 i=0

n

_ <1+\/E> <on_ 1 .
2 - fin(A)

Tavtdypova €yovue anodeléel mhpwe to Afuua oty meplntwon n = 1, agol 7
uovadixy teplntwon mou amopével vo eZetdoouue elvor n A = {—1,1}: t6te da(z) =

0 yud xdde z € {—1,1} xou 1 (A) =1, dpa éxovue wétnta oty (3.6).
H anédei&n tou Afjuuotog Yo Yivel Ue ETOY®YH WS TPOS N UTOVETOVUE OTL LoYVEL
Y& Tov QU6 1 xon Yo To amodel&oupe yid tov Quowd n + 1. Mnropolue eniong
var unodéoouue ot o A €yel Toukdylotov d0o otouyela To omola Stapépouy oty
teheutofa touc ouvtetayuévn. Toutilovtac to By ue to E x {—1,1}, unopolue

vor yedhouue to A ot woppn

(3.8) A=A | x {~1}UA x {1}

6mov tor A_q1, A4y elvor un—xevd urocUvora tou EF. Télog, unopoldue vo unolé-

oovue ot fn(A_1) < pn(At1).
Eotw x € E3. YTmdpyer w € co(A41) oo dote da,, (z) = |z — w|. Ouwg
téte (w, 1) € co(A4), ouvende

(3.9) da((z,1)) < |(2,1) = (w,1)| = |z — w| = da,, (x).

Ioyvpiomog: Ave € EY ka1 0 < a <1, tdre

(3.10) & ((z, 1)) < 4o’ + adly, (z) + (1 —a)dy | (z).

Arnddeién tov wyuptopot: T i = 1, —1 Yewpolyue z; € co(4;) Tétola HOTE |z — 2| =
da;(x). Elvow pavepb ott (2;,1) € co(A), enouévwe z = (az41+(1—a)z_1, —1+2a) €
co(A). Armé to Mudarybpeto Yewpnua otov R naipvoupe

(3.11)

(@, ~1) =2 = 40> +|o—(azy1+(1—a)z ) = da?+la(z—z41)+(1-a)(z—z 1),
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X0l YPNOLULOTOLOVTOS TNV TRLYWVLXH OVLOOTNTOL XoL TNV XUpTéTNTaL TS = — 22 BAé-
TOLUE OTL

(3.12)

|(z, —1)—z|* < 4o’ +alz—2z01 |*+(1—a)|z—2_1]* = 4a2+ad?4+1(x)+(l—a)d?4_l(a:).

Eneton 1 (3.10). O

Tuveyilovue v anddelln tou Afuuatoc we e€hc: Xpnowonowdvtas e (3.9)
xat (3.10), yid xdde 0 < a < 1 éyouvue

(3.13) [ e @)/ (@
Eptt
= 2n1+1 (Z exp(d ((z,1))/8) + > exp(di((x,—1))/8)
z€EEY zEEZ
< %/En exp(dy, , (x)/8)dpn () + % /En exp(a?/2

+ady,, (2)/8 + (1 - a)d}_, (2)/8)dpn ().

Ouwg and tny emaywywr) unddeon €yovue

1
3.14 /expd2 z)/8)dun () < ——,
(3.14) s (da,, (2)/8)dpn () A
xau epapuolovrac Ty avioétnta tou Holder talpvouue
(3.15) /E" exp(a?/2 + ad?4+1(a:)/8 + (1= a)dy_, (z)/8)dpy ()
2

exp(di+1/8>dun> ( /| exp(dil/s)dun>

2

ea2/2
<7 (

: 2/ <un<ix+1>>a <un<f11_1>>1a‘

Oétovue © = 1/pn(A41), y = 1/pn(A_1). And v unddeon uoc elvar z < y.
Tuvdudlovrac tic (3.13), (3.14) xon (3.15) Brémoupe ot apxel yia doouéva 0 < ¢ <y
va Bpovue a € [0,1] tou va ixavorotel TV

T 1 - 2
3.16 e T e —
( ) 2 T 2° vy —xlyyl
Enéyovue a =1 — % H emoyt auth ouctaotixd Aéel ot 660 To UeYdAo elvon
0 Ay and 0 Ay 600 T peYdho pdro YEhovue var madZel oty (3.10), dnhadr
eETAEYOLUE To a xovtd oto 1. H (3.16) madpver téte ) Lopeh

4

1 14+e*/2(1 —a)t <
(3.17) +e*/2(1-a) <52

)
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yLd Ty omolo ehéyyouue ot loylet Yo xdde a € [0,1]. O

Eotww A un—xevé vrocivoro tov EF. H cuvdptnon da touv Afuuatog 3.2 xau
oLVdpTNON ambaTAoNS and To A

n

o1
dn(z, 4) = min{5 - > i —yil ry € A}

i=1
ouyxplvovton oOUQWv UE TOo ETOUEVO ARUUAL:

3.3 Ao I'd kdOe un—kevé A C EY éyovue

(3.18) 2v/ndy(x,A) <da(z) , x€ E}.

Arnddeién: Eotw x € EY. Twd xdde y € A woylet
n

(3.19) (@ —y,x) = miwi — yi) = 2ndp(2,y) > 2ndy(z, A).
i=1

Anb v (3.19) éneton o yid xd&de y € co(A)
(3.20) Vnlz —y| > (z —y,z) > 2nd,(z, A).

Auté anodewxviet Ty (3.18). O

Yuvdudlovtag ta dVo mapandve Auuato SelyVOUUE TNV LOOTEPLUETELXT| OVLGHTT-
o YLd Tov B

3.4 Ochpnuo. Eotw A C EY e pn(A) = . Tére, yid kde e > 0 éyovpe

(3.21) pn(A2) > 1 —2exp(—e?n/2).

Arnddaén: Ava ¢ A., t6te dy(z, A) > € xou to AMupa 3.3 Selyver ot da(z) > 2ey/n.
Ouwg, and to Auua 3.2 éyouvue

(3.22) eszn/Qlun(q; cda(z) > 2ey/n) < /E; exp(d (z)/8)dpun, (x) < () =2,

70 omolo onualvel otL

(3.23) pn(AS) < pn( : da(z) > 2ev/n) < 2exp(—e’n/2). O

H avioétnra tou Oewpruatog 3.4 Siver tny extiunon
CK(ES,E) < 28Xp(—€2n/2),

Tou elvar Alyo aolevéotepn and v (3.4).
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4. H woomepipueteixr) avicotnta otov xweo tou Gauss.

Yduthy v Toapdypapo, o xoeog miavotntag mou Yo weketricouue elivon o =
R"™ pe v Ewxdeldeiar petpuxd] | - | xon 10 U€tpo miavdTnac v, Tou €xeL TuxvoTnTa
TNV oLVPTNON

(4.1) Yn(w) = (2m) /212,

Anhadn, av A elvan éva un-xevd unocivoro tov R”, téte

(4.2) Yn(A) = Prob(z € A) = (27;;"/2 A€7|I|2/2dx.

To 7y, ovoudleton pétpo tov Gauss xou 0 UeTPLOS Ywpoc mdavotntac (R™, |- |, vn)
xpos tov Gauss.

H otevh oyéon avdueoa oto uétpo tou Gauss xou 10 UETPO OV oQalpa EYEL
napatnendel and g apyéc Tou cwdva. To v, elvon avaAlolnto we TEog T TTPOYES
6T xou 10 0 oty ST TI6 cuyxexpuuéva, uTopel xavelc Vo TépeL To Yy, ooy 6pLo
oQatpxdy UEtpwy. Auth elvar 1 Aeyouevn mapatrjpnon tov Poincaré:

Lo %89 N > n, Yewpolue ) undha tou RY mou éyet xévipo 0 0 xou oxtival
V'N. Opilovue éva pétpo mdavétnioc vy, otov R™ wc efhc: T Soouévo ouunayée
unocivoro A tou R dewpolue tov x0Mvdpo Ky n(A) = {z € RY : Py ,(z) € A},
wou Ty Touf 10U K n(A) NV NDy ue tny VNDy. Oétouue

_ |Enn(A) NVNDy|
(4.3) v (A) = NDx .

Eneton ot (yiao N peydho)

N-—n

_ fA |DN—n|(N - |5U|2) dx

(44) VN,TL(A) NN/2|DN| )

xou évag UTohoyloude ue tnyv cuvdptnon Iduuo Selyvel ot

(4.5) UNn(A) — (27r)_"/2/ exp(—|x|2/2)da: = v,(A)
A
xodde N — o0.

Telelwg avdroya, unopodue va oploovue ULd axoloudia pétpwy mdavdTnTag
1N,n otov R™ uéow tne

(4.6) pnn(A) = on (KN,H(A) N \/NSN*) , N>n.
Tote,
(4.7) BN (A) = n(A4)
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xade N — oo, yid xdde Borel unocivolo A tou R™.

Me Bdomn autiv v Topatienor) UropolUE Vo amodelZoVUE ULl LGOTEPUIETPLXT
avlooTNTL Y8 oV XOpo Tou Gauss, ZEXVOVTUC amd TNV CQULPLXT] LOOTEPUIETELXN
aviootnto. H e—enéxtaon tou A oplletar xu edd we ouvhdnce:

(4.8) A.=A+eD,={zeR":JyeA:|z—y|<e}

Pwrtdue Aowndv 1o e€hc:

Atvovtar a € (0,1) kar € > 0. And dla ta Borel vrootvola A tov R" e
T (4) = a, va Bpebodr exelva yid ta omola eAayrotoroiettat to yp(Ae).

To Yewpnuo mov Yo anodetfovue Tapaxdte opelietar otov C. Borell xat woyupl-
Ceton ot 1 Abom Tou LooTEPLUETELXOD TPOBAUNTOC GToV Yweo Tou Gauss Sivetow and
TOUG NULYWEOUS TOL XatdAnhou uétpou. H anddelln Baociletan otny nopatripnon tou
Poincaré (elvar yprowo va napatnefoer xavelc ot av H elvar nuiywpoc, téte yia
ueydha N 1 touf tou Ky (H) ue ty VNSV elvon prar undho oty VNSV n
ANoom Snhadt| Tou LonepLETPX0) TROBAAULATOC 0T opolpa):

4.1 Oedpnua. Eotw a € (0,1), 0 € S 1, ket H = {x € R" : (z,0) < A} évag
nuixwpos tov R™ pe v,(H) = a. Tdre, yid kdOe € > 0 kar kd9¢ Borel A C R™ e
M (4) = a, éyovue

(4.9) Yn(Ae) > va(He:).
Andoedn: Xwplc neptoploud g yevixotntog unodétouue ot 1o A elvon cuunayéc.

Ocewpotue X' < A, xou tov nuiywpeo H' = {2 € R" : (z,0) < X'}, Téte v,(4) >
o (H'), emouévwe n (4.7) uoac Sive

(4.10) 0(Py1n(4) > o(Py,(H")

Yo peydha N, 6mou Py 5, 1 opdoydvia mpoPord tou RY otov R™. T yeydda N 1o
Pyt (H') eivon undho oty VNSNL ondte 1 oporpixd| loomEpUIETPL AVGETNTAL

,
woc dlvet

(4.11) o([Px,(A))) > o [Py}, (H")):)
v xdde € > 0. Enlong, ebxola eAéyyouvue ot
(4.12) Pyl (A2) 2 [Py (A

,n

A6 v 80 mhevpd [Pyl (H')]. = Py (F), émou F = {z € R" : (z,0) <
N +¢e(N)} xou e(N) = ¢ étov N — oo.

Haipvovtac dpra otny (4.11) cuunepalvouue ot

(4-13) 'Yn(As) > 'Yn(Hé):
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xaw ool o H' glvoar ocodfnote xovtd otov H, oloxhnpdvouue tnv anddetln tou
Yewprjuatog. O

4.2 Ilépropon. Av yp(A) > 5 kate > 0, tdte

1
2

(4.14) 1= m(A2) < g exp(~"/2)

Amdoeién: Ané 1o Oedpnua 4.1 Eépouye otu
1 =7 (A:) <1 —n(H:)

6mou H nuiyweoc uétpou 1. Mropolue va utodécouue ot H = {z € R" : 2y < 0},
oTOTE OROXANPOYVOVTIS TEWOTA WE TEOS T2, - - - , Ty, DAETOULUE OTL

1 2
4.15 1— v (H.) = — e /24t
(1.15) ) = o= [
Hapaywyilovtag Selyvouue ot 1 cuvdptnon
F(z) = e’ /2 / e 124

elvow pdivovoa oto [0, 00), xor 6e cuvdLooUs e TNy (4.15) Talpvouue Ty (4.14). O

4.3 Iopathienon. H avicdtnra (4.14) extyudel thy ouvdpetnon cuyxévipewons otov
Y®po touv Gauss we e€ng:

(4.16) a(Qp;e) < %exp(—sz/Q).

Moudlet Sapopetinty (xon aodevéotepn) and Tic avtioTOLYES EXTLUNOELS TOL TAPUUE
Y& g owoyéveleg Lévy twv nponyouvuévwy napaypdewy. H Boaouxr dtapopd dumg
elvar oTL €8¢ €youue dmelpr) SLAUETPO YLd TOV UETPXO Yo THavOTNTOC TOU UEAE-
tdue. Moo, évag anhog LTohoYLoUOS Sely Vel 0Tl To YEYOADTEPO TOGOGTH TOL Yy,
elvol GUYXEVTPWUEVO OE évay Aemtd Photd yYipw amd T ogalpa /nS" 1. Me authy
™V éwvola, 1 «ouctaoTy dtduetpoc tou ywpou (R™,| - |,v,) elvon mepinov /n.
H aviednra Aowtndv nou Sel€apue elvar «LloodOvouny UE TNV oQoLplXr] LOOTEQULETOLXT
aviebtnTo YL Ty /S Avtl yid Ty e—enéxtao evég cuvdhou A Yo Aoy b
puotohoyxd va Yewpolue Ny ey/n—enéxtaon tou A. Téte, n (4.14) Yo émonpve TV
YVOPULY LA Lopg!

(4.17) 1= (A7) < %exp(—82n/2).

Oa ddoouue ula oxdua anddelln tou Iloplouartog 4.2 (ue Ayo yewpdrepes ota-
Oepéc). Tid o oxond awtd amodetxviouue mpodta TNV arwodtnta twy Prékopa kat
Leindler n onolo unopel ovotaotind va Yewprniel wid tétaptn anddelln e aviedtn-
Toc Brunn - Minkowski:
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4.4 Oempnua. Eoto f,g,m : R™ = R uerprjoiues ovvaptijoes, kat A € (0,1)
1€ Ty 1016tnTa

(4.18) m((1 =Nz +Xy) > f(2)' g(y)*

yid kd0e z,y € R™. Tore,

o (1) (1)

Iapatiipnon. H avieétnra Brunn - Minkowski elvon dueomn cuvéneta tou Oswpriuatog
4.4. Av A, B elvon unxevd, ovunayf xou A € (0,1), apxel va ndpouue oav f, g xou m
TS yopoxtnetoTixés ouvapthoels Twv A, B, xou (1 — A)A + AB avtictoyo. Edxola
ENEYYOUUE OTL QUTH 1) TLddor teavorotel Ty (4.18), xon 1 (4.19) uoc dive

@) a-NA+AB = [m> (/f) (/g) — AN B,

To yeyovéc on 1 (4.20) woyler yid x&de A € (0,1) uac eCaopaliler Ty aviobdtnta
Brunn - Minkowski yt& ta A xou B.

Amndoe&n tov Ocwpnjparog 4.4: Loy npodto Briuc Tng amodel&ng eEAEYYOVUE TNV UOVo-
didotatn aviedtnta Brunn - Minkowski. Eotw A xou B un-xevd cuunayy| utocUvora
e mparyatixhc evdeloc. Autéd mou Yéhovue va SelZoupe elvar ott yid xdde A € (0,1)
oy Vet

(4.21) (1= A)A+AB| > (1 - \)|A4] + A|B|.

H (4.21) elvon aveZdptnm and uetopopéc twv A xou B, unopolue eTOUEVRS Vo
unodécouue ot to A €yel 3e€td Tou dxpo to 0 xor To B €xeL aplotepd Tou dxpo To
0. Téte, to (1 — A)A + AB nepiéyel Eéva avtituno twv (1 — A)A xor AB, enouévec
T0 UETPO TOU Elva TOLAYLOTOY TO dipoLoUd TWV UETPWY AUTKOY WV 300 CUVOAWY.

Aetyvouue mpdTa To Oewpnua oty teplttwon n = 1. Eotw f,g,m : R - R*
7oL xavorotoly Ty (4.18). Mnopolue vo vtodécovue ott ot f xon g elvor pparyUévec,
xo Sronpeovroc av ypetaotel e f,g,m Ue || flloo, 19]loo 20t || FI15 M lglld, umopolue
var uto¥écouue ot sup f =supg = 1.

Ané v (4.18), av t > 0 xou f(z) > t, g(y) > t, t61€

(4.22) m((1 =Nz +Ay) > f(2) Pgy)* >t =+,
dnAad” yid xdde t > 0 woyler 0 eyxhelouog

(423)  foim(@) >4} (1- Mo f(@) > th+ Ma s g(o) > 1),
Xpnotuonowdvrag v (4.21) éyovue

(4.24) {m >t} = (1= NHf =2 8} + Al{g = t}]
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yid x&de ¢ > 0. [pdpovtac tor 0AoxANEOUATA GUVIPTATEL TWV GUVOAOY GTdIUNG
BAémouue ot

(4.25) [m= [Tz otz [z o

z(1—A>/01|{f2t}|dt+x/01|{g2t}|dt=(1—A>/f+x/g.

Ané v avicdtnTa apriunTiXol—YEWUETEIX0U UEGOU GUUTEPALYOUUE OTL

(1) ()

Trodétouue Tdpa ot 1 > 1 xan otL To Yedpnua Exet amodetydel otny nepintwon
n—1. T xdde t € R Yewpolue v ouvdptnon fr : R" 1 = R ue fi(y) = f(y,t),
xau avdhoyo optlovue tic gp xow my. H vnddeon (4.18) uac Aéet ot yd xdde t,s € R
oy el

(4.27) m(l—A)t+As((1 — Az +Ay) > ft(m)l_)‘gs(y)x

v xédde z,y € R" 1. Egopuéleton hotndv 1) enoryeyixh unddeon o €youue

(4.28) [Rn_l (1 N)t+As = <[Rn_1 ft) o <[Rn_1 gs>)\

yid xdde t, s € R. Autd onualver ott oL cuVaPTACELS

(4.29) t—>/ft,t—>/gt,t—>/mt

enlone wavorowoty v (4.18). Egopudélovtac howndy 1o Oedpnuo Eavd (tnyv mepi-
nwon n = 1 authy TN popd) Talpvouue

o fo [ mone ([ 09)” ([ )
() ()

Auté amodewxviel To emaywywd Bruo xar 1o Oedpnuo. O

Mrnopolue thpa vor anodelovue ULd TEOCEYYLOTIXY LGOTEPUIETELXY] OVLGOTN T
Yid tov xodpo touv Gauss. H déa elvon mpdopartr xou €yel oyéon ue to emtyelpnua tou
Talagrand nou napovcldoaue xotd ) ueAéTn Tou Ey:

4.5 Oevdpnuo. Eotw A un—revé Borel vrootvolo tov R™. Tdre,

4.31 / ed@ A /gy (1) < :
(4.31) ) Yu(z) < @
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1 z
5 TOoTE

onov d(z, A) = inf{|z —y| : y € A}. Enopévag, av v,(A) =
(4.32) 1 — yn(A:) < 2exp(—€>/4)

yid kd0e € > 0.
Andsadn: TuuBohlovue e v, (x) ™y ouvdptnon (2m) "2 exp(—|z|?/2), xor Yew-

POUUE TG GUVOPTHOELS:

(4.33) fl@) =@y (@), g(@) = xa(@) (@), m(@) = Ta(@).

[ xdde z € R™ xon y € A éyouue
2
n = 2 g2 a2 r—y
(130) (2m)"f@)g(y) = "= oo 2012 < exp( T2 YE I WL

|z + y|? Lz+y
= exp(———) = (exp(—§|T|2))2

T+y
= @n)" ()P,

OTOL YENOULOTIOLCUUE TOV XAUVOYOL TOU TpahANAOYpdiuitou xou To Yeyovog ot d(z, A) <

|z—y|. Aedouévovottg(y) =0avy ¢ A, n(4.34) woc AéeL otL ot f, g, m xavomolody

¢ unodéoelc Tng avioétntac Prékopa - Leindler e A = 5. Egapuélouue Aoty o

Oewpnua 4.4 xou Eyovue

s (fermaan)an= (15) ()= () -

Autéd anodewxviel Tov TpwTo Loyvetoud Tou Yewpruatos. T'id tov debtepo, nopatn-

poluE 0Tl av Y (A) = £ téte

(4.36) 662/4’)/”(1‘ td(z,A) >e) < /ed(’”’A)2/47n(da:) <

Anhadi, 1, (AS) < 2exp(—e?/4). O

4.6 ITopatienon. Anodewxvieton ott 1o wétpo tou Gauss elvar Aoyoprduixd xollo.
Av A, B elvon un—xevd Borel utocivoha touv R™ xou A € (0,1), téte

(4.37) Ya((L = N)A+AB) > [ya (A (B

H anédeiln Booileton oty avicoétnto Brunn - Minkowski xou €yel tohhéc opoldtnteg
ue v anddegn tou Oewpruatog 4.1.
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