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P�mpto bibl�o thc Sunagwg�c tou P�ppou tou Alexandr�wc	

O Je
c� axi
time Megej�wn� �dwse stouc anjr�pouc thn idi
thta na katanoon
th sof�a kai ta majhmatik� se �risto kai telei
tato bajm
� �dwse 
mwc kai se
orism�na ap
 ta z�a en m�rei aut�n thn ikan
thta	 Stouc anjr�pouc� pou �qoun
to q�risma tou l
gou� �dwse thn ikan
thta na k�noun ta p�nta smfwna me touc
kan
nec thc logik�c kai thc ap
deixhc� en� sta up
loipa z�a �dwse to q�risma na
k�noun m
no 
�ti e�nai qr�simo kai wf�limo gi� th zw� tou k�je e�douc� smfwna
me k�poia pr
noia thc fshc	 Aut
 mpore� kane�c na to parathr�sei se poll� e�dh
z�wn� kai id�wc stic m�lissec	

E�nai pr�gmati axiojamasth h org�nws� touc kai h peijarq�a touc stic arqh�
goc twn koinwni�n touc� kai ak
mh pi
 axiojamasth h filotim�a kai h kajari
thta
me thn opo�a sull�goun to m�li kai h front�da kai h t�xh me thn opo�a to apojh�
keoun	 Giat� afo� 
pwc x�roume� oi jeo� touc �qoun anaj�sei thn apostol� na
prosf�roun stouc proikism�nouc ap
 tic mosec anjr�pouc aut
 to komm�ti am�
bros�ac� eke�nec den katad�qthkan na to enapoj�toun 
pou tqei sto q�ma � sto
xlo� � se opoiod�pote �llo �morfo kai akat�rgasto ulik
� all�� sull�gontac ta
eugen�stera ulik� ap
 ta wrai
tera �njh pou futr�noun sth g�� kataskeu�zoun
doqe�a gi� thn apoj�keush tou melio� tic leg
menec khr�jrec� pou e�nai 
lec �sec
kai 
moiec metax touc kai �qoun sq�ma ex�gwno	 Kai ja dome am�swc oti aut
 to
mhqaneontai akolouj�ntac �nan gewmetrik
 kan
na	 Aut
 pou endi�fere kur�wc
tic m�lissec �tan na sqhmat�zoun doqe�a pou na e�nai to �na d�pla sto �llo kai
na ef�ptontai kat� tic pleur�c� �ste na mhn eisqwron sta mesodiast�mata x�na
s�mata pou na katastr�foun to m�li	 Aut
 mporosan na to petqoun me tr�a
eujgramma sq�mata� ki enno� b�baia sq�mata kanonik�� is
pleura kai isog�nia�
giat� ta asmmetra sq�mata den �resan stic m�lissec	 Ta is
pleura tr�gwna loi�
p
n� kai ta tetr�gwna kai ta ex�gwna mporon� an topojethjon to �na d�pla sto
�llo� na �qoun tic pleur�c touc efapt
menec� qwr�c ken� pou na katastr�foun th
summetr�a	 Giat� h epif�neia pou br�sketai grw ap
 �na shme�o kalptetai ap
 �xi
is
pleura tr�gwna kai �xi gwn�ec� k�je m�a ap
 tic opo�ec e�nai ta ��� thc orj�c�
� ap
 t�ssera tetr�gwna kai t�sseric orj�c gwn�ec� � ap
 tr�a ex�gwna kai tre�c
gwn�ec exag�nou� pou h k�je m�a touc isoduname� me � kai ��� thc orj�c	 En�
tr�a pent�gwna den arkon gi� na kalyoun thn epif�neia grw ap
 �na shme�o�
kai ta t�ssera perisseoun	 Giat� oi tre�c gwn�ec tou pentag�nou isodunamon me
lig
tero ap
 t�sseric orj�c� en� oi t�sseric gwn�ec isodunamon me periss
tero
ap
 t�sseric orj�c	 En� den e�nai dunat
 na qwr�soun ote tr�a ept�gwna me koi�
n�c pleur�c grw ap
 �na shme�o� giat� oi tre�c gwn�ec eptag�nou isodunamon me
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periss
tero ap
 t�sseric orj�c	 Kai aut
 isqei ak
mh periss
tero gi� ta po�
lugwn
tera sq�mata	 Ef
son loip
n up�rqoun tr�a sq�mata pou na mporon na
kalyoun pl�rwc thn epif�neia grw ap
 �na shme�o� to tr�gwno� to tetr�gwno kai
to ex�gwno� oi m�lissec e�qan th sof�a na epil�xoun gi� to skop
 touc to sq�ma
me tic periss
terec gwn�ec� giat� kat�laban oti eke�no qwr�ei periss
tero m�li ap

ta �lla do	

Kai oi m�lissec b�baia x�roun m�no ��ti touc e�nai qr�simo� oti dhlad� to ex��
gwno e�nai megal�tero ap� to tetr�gwno kai to tr�gwno kai mpore� na qwr�sei pe�
riss�tero m�li� en� gi� thn kataskeu� kai twn tri�n sqhm�twn katanal�sketai h
�dia akrib�c pos�thta uliko�	 Eme�c �mwc pou uposthr�zoume oti e�maste sof�teroi
ap� tic m�lissec� ja exet�soume to j�ma baj�tera	
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EISAGWGH

Sthn ergas�a aut� melet�me to klasik
 isoperimetrik
 pr
blhma ston Rn�
kaj�c kai merik� ap
 ta pio shmantik� isoperimetrik� probl�mata se metrikoc
q�rouc pijan
thtac�

�� To isoperimetrik
 pr
blhma sto ep�pedo e�nai �na pr
blhma elaq�stou�
Ap� �la ta ep�peda qwr�a pou �qoun to �dio embad�n A� na brejo�n eke�na pou

�qoun el�qisth per�metro	
To pr
blhma aut
 apasq
lhse touc gewm�trec ap
 thn arqai
thta� m�sa ap

aploc gewmetrikoc sullogismoc� o Zhn
dwroc kat�lhxe sthn arq� oti o d��
skoc e�nai h lsh tou	 Pol arg
tera� o Steiner �dwse tic pr�tec apode�xeic tou
oti� an up�rqei lsh sto pr
blhma t
te upoqreotai na e�nai o d�skoc	 H austhr�
ap
deixh thc parxhc lshc e�nai sun�peia thc isoperimetrik�c anis
thtac

P ��K� � ��A�K��

pou isqei gia k�je qwr�o me snoro le�a apl� kleist� kamplh	 Sto pr�to m�roc
aut�c thc ergas�ac perigr�foume �nan ap
 touc sullogismoc tou Steiner� kaj�c
kai mia ap
deixh thc isoperimetrik�c anis
thtac pou ofe�letai ston Hurwitz kai
k�nei qr�sh seir�n Fourier	

Sto detero m�roc thc ergas�ac� d�noume do apode�xeic thc isoperimetrik�c
anis
thtac

��K� � njDnj �n jKjn��n
gia kurt� s�mata ston Rn	 H pr�th bas�zetai sthn anis
thta Brunn � Minkowski
pou afor� thn sq�sh an�mesa ston 
gko kai to �jroisma Minkowski� An A�B e�nai
mh ken� sumpag� uposnola tou Rn� t
te

jA�Bj �n � jAj �n � jBj �n �

D�noume do apode�xeic thc anis
thtac Brunn�Minkowski� h m�a qrhsimopoie� ta
leg
mena stoiqei�dh snola �Lyusternik�� h �llh bas�zetai sthn apeik
nish tou
Kn�othe kai d�nei thn anis
thta sthn kurt� per�ptwsh	

Gia thn deterh ap
deixh thc isoperimetrik�c anis
thtac� melet�me thn m�jodo
thc summetrikopo�hshc kat� Steiner	 Me thn m�jodo aut�� xekin�ntac ap
 tu�
q
n kurt
 s�ma kai ektel�ntac diadoqik�c summetrikopoi�seic odhge�tai kane�c se
s�mata osod�pote kont� se mp�la	 O 
gkoc diathre�tai se k�je b�ma� en� h epi�
f�neia mikra�nei	 Ena epiqe�rhma sgklishc pou bas�zetai sto je�rhma epilog�c
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tou Blaschke de�qnei oti h mp�la e�nai h lsh tou isoperimetriko probl�matoc an
perioristome sthn kl�sh twn kurt�n swm�twn	

D�noume do ak
ma efarmog�c thc summetrikopo�hshc	 Parousi�zoume thn
lsh pou �dwse o Blaschke sto pr
blhma twn tess�rwn shme�wn tou Sylvester� kai
m�a pr
sfath apl� ap
deixh thc anis
thtac Blaschke � Santal�o gia to gin
meno twn

gkwn en
c summetriko kurto s�matoc kai tou poliko tou	

�� To genikeum�no isoperimetrik
 pr
blhma gia �nan metrik
 q�ro pijan
thtac
�X� d� �� diatup�netai wc ex�c�

Gi� k�je � � ��� �� kai k�je � � � na brejo�n eke�na ta upos�nola A tou X pou
�qoun m�tro ��A� 	 � kai h ��ep�ktas� touc A� 	 fx � X 
 d�x�A� � �g �qei to
el�qisto dunat� m�tro	

An �na uposnolo tou X e�nai lsh tou parap�nw probl�matoc gia k�je � � ��
t
te l�me oti �qei el�qisth epif�neia gia to dosm�no m�tro �	 Sta pio fusiologik�
parade�gmata metrik�n q�rwn pijan
thtac� h lsh tou parap�nw probl�matoc e�nai
h �dia gia k�je � � � kai emfan�zei poll�c summetr�ec�

�a� An X 	 Sn�� e�nai h Eukle�deia monadia�a sfa�ra me thn gewdaisiak�
metrik� kai to anallo�wto wc proc tic strof�c m�tro pijan
thtac� t
te h lsh tou
isoperimetriko probl�matoc e�nai h d�mp�la

B�x� r� 	 fx � Sn�� 
 d�x� x�� � rg�

D�noume ap
deixh auto tou isqurismo k�nontac qr�sh thc sfairik�c summetriko�
po�hshc	

�b� An X 	 f��� �gn e�nai o q�roc tou Cantor me thn fusiologik� metrik�
d�x� y� 	 �

n jfi � n 
 xi �	 yigj kai to fusiologik
 m�tro apar�jmhshc ��A� 	
jAj��n� t
te p�li h lsh tou isoperimetriko probl�matoc d�netai ap
 tic d�mp�lec	

�g� An X 	 Rn e�nai o q�roc tou Gauss me thn Eukle�deia metrik� kai to m�tro
pijan
thtac pou �qei pukn
thta thn �����n�� exp��jxj����� t
te h lsh tou isope�
rimetriko probl�matoc d�netai ap
 touc hmiq�rouc pou �qoun to dosm�no m�tro
�	 D�noume ap
deixh auto tou isqurismo me b�sh thn sfairik� isoperimetrik�
anis
thta kai thn parat�rhsh tou Poincar�e	

Se 
la ta parap�nw parade�gmata up�rqei m�a ak
ma par�metroc� h di�stash
n	 Sun�peia thc lshc tou isoperimetriko probl�matoc e�nai se kajem�a ap
 tic
parap�nw peript�seic h ak
loujh parat�rhsh�

An A � X kai ��A� 	 �
� � t�te gia k�je � � � isq�ei

��A�� � �� c� exp��c���n��

�pou c�� c� � � ap�lutec stajer�c	
Gia meg�lec diast�seic n� aut
 shma�nei oti an epekte�noume �stw kai l�go �na

uposnolo m�trou ��� t
te aut
 pou perisseei e�nai exairetik� mikr
 ap
 thn �po�
yh tou m�trou	 Oi sumperifor�c dhlad� twn uposun
lwn tou q�rou ap
 thn �poyh
thc metrik�c kai ap
 thn �poyh tou m�trou e�nai pol diaforetik�c	 To fain
meno
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aut
 apokale�tai �sugk�ntrwsh tou m�trou�	 D�noume apeuje�ac apode�xeic t�toiwn
ektim�sewn gia 
la ta parade�gmata pou anaf�rame	 To pleon�kthm� touc e�nai oti
parak�mptoun tic bari�c teqnik�c pou apaitontai gia thn akrib� lsh twn ant�stoi�
qwn isoperimetrik�n problhm�twn� usteron 
mwc ap
 thn �poyh thc dia�sjhshc
me thn �nnoia oti h fsh twn epiqeirhm�twn pou qrhsimopoiontai e�nai m
no me thn
�eurterh �nnoia� gewmetrik�	
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PERIEQOMENA

I� H ISOPERIMETRIKH ANISOTHTA STO EPIPEDO

�� To isoperimetrik
 pr
blhma sto ep�pedo	

�� H lsh tou isoperimetriko probl�matoc ap
 ton Steiner	

�� H ap
deixh thc isoperimetrik�c anis
thtac ap
 ton Hurwitz	

II� H ISOPERIMETRIKH ANISOTHTA STON Rn

�� Orismo� � Sumbolism
c	

�� H anis
thta Brunn � Minkowski	

�� Summetrikopo�hsh kat� Steiner	

�� Ap
stash Hausdor� � To Je�rhma epilog�c tou Blaschke	

�� Ap
deixh thc isoperimetrik�c anis
thtac kai thc anis
thtac Brunn � Minkowski
me th m�jodo thc Steiner summetrikopo�hshc	

�� To L�mma tou C Borell � Sugk�ntrwsh tou 
gkou	

�� To pr
blhma twn tess�rwn shme�wn tou Sylvester	

�� To polik
 s�ma en
c summetriko kurto s�matoc � H anis
thta Blaschke �
Santal�o	

	� H apeik
nish tou Kn�othe � Mi� tr�th ap
deixh thc anis
thtac Brunn � Minkow�
ski	

III� SUGKENTRWSH TOU METROU 
 OIKOGENEIES L�EVY

�� H isoperimetrik� anis
thta sth sfa�ra	

�� Oikog�neiec L�evy	

�� Diakrit� parade�gmata oikogenei�n L�evy	

�� �Isomorfik�� isoperimetrik� anis
thta ston q�ro tou Gauss	
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I� H ISOPERIMETRIKH ANISOTHTA STO EPIPEDO

�� To isoperimetrik� pr�blhma sto ep�pedo�

��� To isoperimetrik
 pr
blhma sto ep�pedo diatup�netai me do tr
pouc�

�a� San �na pr
blhma elaq�stou�

Ap� �la ta qwr�a pou �qoun to �dio embad�n A� na brejo�n eke�na pou �qoun
el�qisth per�metro	

�b� San �na pr
blhma meg�stou�

Ap� �la ta qwr�a pou �qoun thn �dia per�metro P � na brejo�n eke�na pou �qoun
m�gisto embad�n	

��� Pr�pei pr�ta na or�soume ti akrib�c ennoome me ton 
ro qwr�o� Ta qwr�a
pou ja mac apasqol�soun e�nai aut� pou �qoun san snor
 touc mi� apl� kleist�
kamplh	 Me ton 
ro kamplh ennoome thn eik
na sto ep�pedo mi�c suneqoc
sun�rthshc 	 
 �a� b� � R�	 H kamplh l�getai kleist� an 	�a� 	 	�b�� kai
apl� an gi� k�je t� �	 t� sto �a� b� isqei 	�t�� �	 	�t��� me m
nh exa�resh thn
per�ptwsh t� 	 a� t� 	 b	 Gia eukol�a ja jewr�soume ak
ma oti oi kamplec mac
e�nai kat� tm�mata le�ec� an 	�t� 	 �x�t�� y�t��� jewrome oti up�rqei mi� diam�rish
a 	 t� 
 t� 
 � � � 
 tn 	 b tou �a� b� t�toia �ste oi x�t�� y�t� na e�nai suneq�c
paragwg�simec se k�je �ti� ti��� kai na up�rqoun oi pleurik�c touc par�gwgoi se
k�je ti	

��� Ta probl�mata �a� kai �b� e�nai du
k� me thn ex�c �nnoia� K�je lsh tou
probl�matoc �a� e�nai kai lsh tou probl�matoc �b�� kai ant�strofa	

Ap�deixh� Estw K mi� lsh tou probl�matoc �a�	 Dhlad�� an A�K� 	 A�L� t
te
P �K� � P �L�	 Jewrome opoiod�pote qwr�o W me P �K� 	 P �W �	 Br�skoume
� � � t�toio �ste A�K� 	 A��W � 	 ��A�W �	 Pr�pei na isqei P �K� � P ��W � 	
�P �W � 	 �P �K�� sunep�c � � �	 Ara� A�K� 	 ��A�W � � A�W �� dhlad�
to K �qei m�gisto embad
n gi� th dosm�nh per�metro	 To K e�nai kai lsh tou
probl�matoc �b�	

Me an�logo tr
po apodeiknetai oti k�je lsh tou probl�matoc �b� e�nai kai
lsh tou probl�matoc �a�	 �

Ap
 ed� kai p�ra loip
n den ja k�noume di�krish an�mesa sta do probl�mata
kai ja mil�me apl� gi� to isoperimetrik
 pr
blhma	 Mi� ak
ma parat�rhsh e�nai
oti h parxh lsewn gia to pr
blhma �a� � to pr
blhma �b� den e�nai profan�c	
Pr�pei kane�c na apode�xei oti up�rqoun qwr�a me dosm�no embad
n kai el�qisth
per�metro �ant�stoiqa� me dosm�nh per�metro kai m�gisto embad
n�	

��� To isoperimetrik
 pr
blhma apasq
lhse touc gewm�trec ap
 thn arqai
thta	
D�noume ed� merik� apotel�smata gi� polgwna� pou �tan gnwst� ston Zhn
dwro
��oc ai�nac p	Q	�	

����� Jerhma� An�mesa se �la ta n�gwna pou �qoun stajer� embad�n A� to
kanonik� n�gwno �qei thn el�qisth dunat� per�metro	

	



Ap�deixh� Estw K �na n�gwno pou �qei to dosm�no embad
n A kai thn el�qisth
dunat� per�metro	

Ja apode�xoume pr�ta oti 
lec oi pleur�c tou e�nai �sec	 Arke� na to de�xoume
gi� do diadoqik�c pleur�c tou K	 Estw AB�BC diadoqik�c pleur�c me AB �	 BC	
Ja brome �na n�o n�gwno K� pou ja �qei to �dio embad
n me to K all� mikr
terh
per�metro	 Aut
 e�nai �topo	

Gi� to skop
 aut
 antikajistome thn koruf� B tou K me mi�n �llh B� kai
krat�me tic up
loipec	 H epilog� tou B� g�netai �tsi �ste na �qei thn �dia ap
stash
ap
 thn AC me to B all� to tr�gwno AB�C na e�nai isoskel�c �bl�pe sq�ma�	 Ta
tr�gwna ABC kai AB�C �qoun to �dio embad
n� �ra kai ta K� K�	 Omwc� �nac
apl
c upologism
c de�qnei oti P �ABC� � P �AB�C�� �ra kai P �K� � P �K��	

To K �qei loip
n 
lec tou tic pleur�c �sec� kai m�nei na de�xoume oti �qei kai

lec tou tic gwn�ec �sec	 An n 	 �� aut
 e�nai faner
	 Upoj�toume loip
n oti
n � � kai up�rqoun diadoqik�c koruf�c A�B�C�D tou K t�toiec �ste oi gwn�ec
B kai C na e�nai �nisec� kai ja katal�xoume se �topo	 To ABCD �qei b�sh AD
kai AB 	 BC 	 CD� e�nai epom�nwc mh�eggr�yimo afo oi gwn�ec B kai C e�nai
�nisec	 Mporome t
te na to antikatast�soume me �na �llo eggr�yimo tetr�pleuro
AB�C�D pou �qei to �dio embad
n kai mikr
terh per�metro	

Me thn antikat�stash twn B kai C ap
 ta B�� C� pa�rnoume �na n�gwno K�

t�toio �ste A�K�� 	 A�K� 	 A all� P �K�� 
 P �K�	 Aut
 e�nai �topo� sunep�c
to K �qei 
lec tou tic gwn�ec �sec	

Sumpera�noume oti to K e�nai kanonik
	 �

L
gw tou du�smo an�mesa sta probl�mata �a� kai �b� �qoume� Ap
 
la ta n�gwna
me per�metro P � to kanonik
 �qei to m�gisto dunat
 embad
n	 Upolog�zont�c to
san sun�rthsh thc perim�trou P pa�rnoume�

����� Jerhma� Estw n � � kai P � �	 Gi� k�je n�gwno Kn perim�trou P
isq�ei

A�Kn� � A�K�
n� 	

P �

�n
cot
��
n

�
�

�pou K�
n e�nai to kanonik� n�gwno perim�trou P 	

Amesec sun�peiec tou Jewr�matoc �	�	� e�nai oi ex�c�

�a� H akolouj�a �
n cot

�
�
n

�
e�nai gn�sia axousa kai te�nei sto �	 Sunep�c�

A�K�
� � 
 A�K�

� � 
 � � � 
 A�K�
n��

P �

��
�

�b� Kan�na polgwno den mpore� na e�nai lsh tou geniko isoperimetriko probl��
matoc	 An gi� par�deigma to polgwno K �qei n koruf�c� t
te gia to kanonik

�n� ���gwno me thn �dia per�metro isqei

A�K� 
 A�K�
n����

�




�g� An K polgwno embado A kai perim�trou P � t
te ��A 
 P �	 Gi� opoiond�pote
d�sko isqei is
thta� ��A 	 P �	 Ep�shc� ta Jewr�mata �	�	� kai �	�	� de�qnoun
oti 
so pi
 kanonik
 e�nai �na polgwno kai 
so periss
terec koruf�c �qei ��ra

so pi
 kont� br�sketai se kklo�� t
so pi
 kont� br�sketai sto na e�nai lsh tou
probl�matoc	

L�getai oti� sundu�zontac 
lec tic prohgomenec parathr�seic� o Zhn
dwroc
kat�lhxe sthn diatpwsh thc ak
loujhc isoperimetrik�c arq�c�

O d�skoc e�nai h l�sh tou isoperimetriko� probl�matoc	

�� H l�sh tou isoperimetriko� probl�matoc ap� ton Steiner�

To ����� o Steiner �dwse p�nte diaforetik�c apode�xeic tou ex�c jewr�matoc�

��� Jerhma� An up�rqei �na qwr�o K� tou opo�ou to embad�n den e�nai pot�
mikr�tero ap� to embad�n en�c �llou qwr�ou K me thn �dia per�metro� t�te to K�

e�nai d�skoc	

Ap�deixh� D�noume ed� thn pr�th ap
 tic apode�xeic tou Steiner� pou bas�zetai
se aploc gewmetrikoc sullogismoc	 Upoj�toume oti K� e�nai �na qwr�o sto
ep�pedo me m�gisto embad
n gi� dosm�nh per�metro	

B�ma �� To K� pr�pei na e�nai kurt� qwr�o� dhlad� an A�B e�nai do shme�a tou
K� t
te ol
klhro to eujgrammo tm�ma AB pr�pei na peri�qetai sto K�	

Pr�gmati� ac upoj�soume oti to K� den e�nai kurt
	 T
te mporome na brome
do shme�a A kai B tou K� 
pwc sto sq�ma� to upodi�sthma CD tou AB br�sketai
�xw ap
 to K�	 En�nontac to K� me to grammoskiasm�no qwr�o� pa�rnoume �na n�o
qwr�o K� t�toio �ste A�K�� � A�K�� kai P �K�� 
 P �K��� afo to eujgrammo
tm�ma CD �qei mikr
tero m�koc ap
 thn kamplh CZD	 Me kat�llhlh omoiojes�a
tou K� prokptei �na qwr�o K �

� me embad
n A�K �
�� � A�K�� kai per�metro P �K �

�� 	
P �K��� �topo	

B�ma �� To K� e�nai kurt
� kai xekin�ntac ap
 aut
 ja fti�xoume do �lla pi

summetrik� qwr�a K��K� pou �qoun thn �dia akra�a idi
thta me to K�� ta K��K�

�qoun thn �dia per�metro kai to �dio ��ra m�gisto� embad
n me to K�	

H kataskeu� twn K� kai K� g�netai wc ex�c� sto snoro tou K� pa�rnoume
do shme�a A�B pou to qwr�zoun se do t
xa 	� kai 	� me to �dio m�koc� to mis

dhlad� thc perim�trou tou K�	 An O e�nai to m�so tou AB� me 	�� sumbol�zoume
to summetrik
 t
xo tou 	� wc proc O� kai me 	�� to summetrik
 tou 	� wc proc O	
Jewrome to qwr�o K� pou �qei snoro to 	��	��� kai to qwr�o K� pou �qei snoro
to 	� � 	��	

Me aut�n thn kataskeu�� ta K� kai K� e�nai summetrik� wc proc O	 Ap
 ton
tr
po epilog�c twn A kai B� gi� j 	 �� � �qoume

����� P �Kj� 	 l�	j� � l�	�j� 	 �l�	j� 	 P �K���

��




pou me l sumbol�zoume to m�koc kamplhc	 Afo to K� �qei m�gisto embad
n gi�
th dosm�nh per�metro�

����� A�K�� � A�Kj� � j 	 �� ��

Omwc�

����� A�K�� � A�K�� 	 �A�K���

�ra A�K�� 	 A�K�� 	 A�K��	 Dhlad�� kaj�na ap
 ta K��K� �qei ep�shc m�gisto
embad
n	

B�ma �� Ta K� kai K� e�nai d�skoi	

Ja de�xoume gi� par�deigma oti to K� e�nai d�skoc de�qnontac oti gi� k�je
shme�o C sto snor
 tou h gwn�a ACB e�nai orj�	 Ac upoj�soume oti gi� k�poio
shme�o C �aut
 sto sq�ma� h ACB den e�nai orj�	 To K� e�nai summetrik
 wc
proc O� �ra to summetrik
 D tou C wc proc O an�kei sto snoro tou K�� kai to
ACBD e�nai parallhl
grammo	 To K� apotele�tai ap
 aut
 to parallhl
grammo
kai ta t�ssera kampul
gramma qwr�a ��� ��� ��� ��	 Fti�qnoume �na �llo qwr�o
K �

� wc ex�c� pr�ta kataskeu�zoume �na orjog�nio parallhl
grammo A�C �B�D�

me pleur�c A�C � 	 AC kai C �B� 	 CB� kai kat
pin stic t�sserec pleur�c tou
koll�me ta ��� ��� ��� �� 
pwc sto sq�ma	 Me aut�n thn kataskeu�� gi� to qwr�o
K �

� pou prokptei �qoume profan�c P �K �
�� 	 P �K�� en�

����� A�K �
���A�K�� 	 A�A�C �B�D���A�ACBD� � ��

afo to orjog�nio A�C �B�D� �qei thn �dia b�sh kai megaltero yoc ap
 to ACBD	
Aut
 e�nai �topo afo to K� �qei m�gisto embad
n gi� th dosm�nh per�metro	 Ara�
h ACB e�nai orj�� ki afo to C �tan tuq
n� to K� e�nai d�skoc	

B�ma �� To K� 	 K� 	 K� e�nai d�skoc	

Afo ta K��K� e�nai d�skoi� ta 	�� 	� e�nai hmikklia	 Ara kai to K� e�nai
d�skoc �kai beba�wc K� 	 K� 	 K��	 Etsi oloklhr�netai h ap
deixh	 �

To Je�rhma pou m
lic apode�xame mac l�ei pwc an up�rqei lsh gi� to iso�
perimetrik
 pr
blhma sto ep�pedo� t
te aut� e�nai upoqrewtik� o d�skoc	 Den
exasfal�zei 
mwc thn parxh lshc	

Enac tr
poc gi� na parak�myoume aut
 to emp
dio e�nai o ex�c� Gnwr�zoume
oti gi� ton d�sko D isqei

P ��D� 	 ��A�D��

E�dame oti gi� k�je polgwno K isqei P ��K� � ��A�K�	 An de�xoume oti gi�
k�je qwr�o sto ep�pedo isqei h anis
thta

P ��K� � ��A�K��

��



t
te x�roume autom�twc oti o d�skoc �qei m�gisto embad
n gi� dosm�nh per�metro	
Pr�gmati� an K e�nai opoiod�pote qwr�o me P �K� 	 P �D� t
te

A�K� � P ��K�

��
	

P ��D�

��
	 A�D��

Dhlad�� o d�skoc e�nai lsh tou isoperimetriko probl�matoc� kai t�ra to epiqe��
rhma tou Steiner apodeiknei oti e�nai kai h monadik� tou lsh	

Gi� mi� pl�rh loip
n lsh tou probl�matoc sto ep�pedo arke� na de�xoume thn�

Isoperimetrik� Anis�thta� Gi� k�je qwr�o K sto ep�pedo isq�ei

P ��K� � ��A�K��

�pou P h per�metroc kai A to embad�n tou K	

Sthn ep
menh par�grafo ja d�soume mi� ap
deixh aut�c thc anis
thtac� h
opo�a k�nei qr�sh seir�n Fourier kai ofe�letai ston Hurwitz ������	

�� H ap�deixh thc isoperimetrik�c anis�thtac ap� ton Hurwitz�

Upoj�toume ed� gi� eukol�a oti to qwr�o K �qei san snor
 tou mi� le�a apl�
kleist� kamplh 	 
 �a� b� � R�	 Me aut
 ennoome oti an 	�t� 	 �x�t�� y�t���
t
te oi x� kai y� e�nai suneqe�c kai epipl�on �x��t�� y��t�� �	 ��� �� gi� k�je t� to
opo�o exasfal�zei oti h kamplh �qei se k�je shme�o efapt
meno di�nusma to opo�o
metab�lletai me suneq� tr
po	

To m�koc thc kamplhc 	 d�netai ap
 thn

����� P 	

Z b

a

p
�x��t��� � �y��t��� dt�

Ja or�soume pr�ta mi� n�a parametrikopo�hsh thc kamplhc 	� Jewrome thn
apeik
nish s 
 �a� b�� ��� P � me

����� s�t� 	

Z t

a

p
�x��u��� � �y��u���du�

H s e�nai suneq�c kai gn�sia axousa sun�rthsh tou t� sunep�c or�zetai h ant�stro�
f� thc s�� sto ��� P � kai mporome na jewr�soume thn kamplh 	� 
 ��� P � � R�

me 	��s� 	 	�t� 
pou s 	 s�t�	 T
te� an x��s� 	 x�t� kai y��s� 	 y�t� �qoume

�����
dx�
ds

	
dx

dt

dt

ds
	

x��t�p
�x��t��� � �y��t���

kai

�����
dy�
ds

	
dy

dt

dt

ds
	

y��t�p
�x��t��� � �y��t���

�

��



Ap
 tic parap�nw sq�seic bl�poume oti h 	� �qei thn idi
thta �dx��ds�
���dy��ds�

� 	
� gi� k�je t	 Eqoume dhlad� parametrikopoi�sei thn kamplh wc proc m�koc t�xou	

To embad
n tou qwr�ou K upolog�zetai me thn bo�jeia tou Jewr�matoc tou
Green� Jewrome tic sunart�seic Q�x� y� 	 x kai P �x� y� 	 �y	 An me 	� sumbo�
l�soume kai thn eik
na thc kamplhc 	� �to snoro dhlad� tou K�� t
te

�����

Z
��

Pdx�Qdy 	

Z Z
K

�
�Q

�x
� �P

�y

�
dxdy�

kai gi� tic sugkekrim�nec P kai Q pa�rnoume

����� A�K� 	
�

�

Z
��

xdy � ydx�

Epetai oti

����� A�K� 	
�

�

Z P

�

�x��s�y
�
��s�� y��s�x

�
��s��ds

kai me olokl�rwsh kat� par�gontec prokptei

����� A�K� 	

Z P

�

x��s�y
�
��s�ds�

Ja k�noume ak
ma mi� allag� metablht�c� j�toume ��s 	 P� op
te  � ��� ���
kai an 	��� 	 	��s� 	 �x���� y����� �qoume

����� �x�����
� � �y�����

� 	
P �

���

gi� k�je � kai

������ A�K� 	

Z ��

�

x���y
�
���d�

Ja apode�xoume thn ak
loujh isoperimetrik� anis
thta tou Hurwitz�

Jerhma� Estw K qwr�o sto ep�pedo tou opo�ou to s�noro e�nai mi� apl� kleist�
kai le�a kamp�lh	 T�te�

��A�K� � P ��K��

is�thta isq�ei m�no an to K e�nai d�skoc	

Ap�deixh� Mporome na upoj�soume oti to snoro tou K e�nai h eik
na mi�c kam�
plhc 	� 
 ��� ���� R� h opo�a ikanopoie� tic ��	�� kai ��	���	

Oi sunart�seic x��� kai y��� e�nai suneqe�c �ra �qoun seir�c Fourier� kai
epeid� e�nai kai paragwg�simec oi seir�c Fourier touc sugkl�noun s� aut�c�

������ x��� 	
a�
�
�

�X
k��

�ak cos k � bk sin k�

��



kai

������ y��� 	
c�
�
�

�X
k��

�ck cos k � dk sin k� �

Epeid� oi x�� kai y�� e�nai suneqe�c� �qoun seir�c Fourier

������ x���� �
�X
k��

�kbk cos k � kak sin k�

kai

������ y���� �
�X
k��

�kdk cos k � kck sin k� �

H is
thta tou Parseval mac d�nei

������

Z ��

�

�x�����
�d 	 �

�X
k��

k��a�k � b�k�

kai

������

Z ��

�

�y�����
�d 	 �

�X
k��

k��c�k � d�k��

Sundu�zontac me thn ��	�� pa�rnoume

������ P ��K� 	 ���
�X
k��

k��a�k � b�k � c�k � d�k��

Ap
 thn �llh pleur�� h ��	��� mac d�nei

������ A�K� 	

Z ��

�

x���y
�
���d 	 �

�X
k��

k�akdk � bkck��

Afair�ntac pa�rnoume�

������ P � � ��A 	 ���
�X
k��

�
k��a�k � b�k � c�k � d�k�� �k�akdk � bkck�

�

	 ���
�X
k��

k��ak � dk�
� � �bk � ck�

�� � ���
�X
k��

�k� � k�
�
a�k � b�k � c�k � d�k

� � ��

H anis
thta loip
n isqei kai m�nei na exet�soume p
te mpore� na isqei is
thta	
Ap
 thn ��	��� e�nai faner
 oti gi� k � � pr�pei na �qoume ak 	 bk 	 ck 	 dk 	 �

��



�afo k� � k � � an k � ��	 Epipl�on� to pr�to ap
 ta do ajro�smata pr�pei na
mhden�zetai ki aut
� �ra a� 	 d� kai b� 	 �c�	 Dhlad��

x��� 	
a�
�
� a� cos  � b� sin 

kai
y��� 	

c�
�
� b� cos  � a� sin �

Enac apl
c upologism
c de�qnei oti

������
�
x���� a�

�

��
�
�
y���� c�

�

��
	 a�� � b���

dhlad� h kamplh 	� perigr�fei kklo� kai to K e�nai d�skoc	 �

��



II� H ISOPERIMETRIKH ANISOTHTA STON Rn�

�� Orismo� 
 Sumbolism�c�

	 Ja doul�youme ston Rn� n � �	 O Rn e�nai efodiasm�noc me to eswterik


gin
meno h
� 
i to opo�o ep�gei thn Eukle�deia n
rma jxj 	 hx� xi �� 	 Pol suqn� ja
qrhsimopoiome mi� �
qi p�nta thn �dia� stajer� orjokanonik� b�sh fe�� � � � � eng
gi� to dosm�no eswterik
 gin
meno	

Me Dn sumbol�zoume thn Eukle�deia monadia�a mp�la� kai me Sn�� th monadia�a
sfa�ra fx � Rn 
 jxj 	 �g	 Ja qrhsimopoiome ta gr�mmata � �� �� � klp gi�
monadia�a diansmata	 An  � Sn��� me � sumbol�zoume ton �n � ���di�stato
up
qwro pou e�nai orjog�nioc sto �

� 	 fx � Rn 
 hx� i 	 �g�

H probol� P� 
 R
n � � or�zetai ap
 thn

P��x� 	 x� hx� i�

	 Ena kurt� s�ma K ston Rn e�nai �na mh�ken
� kurt
 kai sumpag�c uposnolo
tou Rn me mh�ken
 eswterik
	 Ja l�me oti to kurt
 s�ma K e�nai summetrik� me
k�ntro summetr�ac to � an opoted�pote x � K �qoume kai �x � K	

	 To �jroisma kat�Minkowski do mh�ken�n uposun
lwn A kai B tou Rn e�nai
to snolo

A�B 
	 fa� b 
 a � A� b � Bg�
Ekola el�gqoume oti an ta A kai B e�nai sumpag� �ant�stoiqa� kurt��� t
te kai to
�jroism� touc A�B e�nai sumpag�c �ant�stoiqa� kurt
�	 Eidik
tera� to �jroisma
do kurt�n swm�twn e�nai �na kurt
 s�ma	

	 Me ton 
ro stoiqei�dec s�nolo anafer
maste se m�a peperasm�nh �nwsh orjo�
gwn�wn pou �qoun tic akm�c touc par�llhlec pr
c touc �xonec suntetagm�nwn �tic
dieujnseic dhlad� twn orjokanonik�n dianusm�twn ej� kai �qoun x�na eswterik�	
Sumbol�zoume me I thn kl�sh 
lwn twn stoiqeiwd�n sun
lwn	

An I e�nai �na t�toio orjog�nio� me m�kh akm�n a�� � � � � an � �� t
te or�zoume
ton �gko tou na isotai me

jI j 	 a� 
 � � � 
 an�
An J 	 �mk��Ik e�nai �na stoiqei�dec snolo� t
te or�zoume fusiologik�

jJ j 	
mX
k��

jIk j�

Estw t�ra A ena mh�ken
� fragm�no uposnolo tou Rn	 Or�zoume ton eswterik�
�gko tou A m�sw thc

jAj 	 supfjJ j 
 J � A� J � Ig�

��



kai ton exwterik� �gko tou A m�sw thc

jAj 	 inffjJ j 
 A � J� J � Ig�
Ja l�me oti to A �qei �gko� kai ja ton sumbol�zoume me jAj� an jAj 	 jAj	 Mpore�
kane�c na de�xei oti

K�je kurt� s�ma ston Rn �qei �gko	

Oi idi
thtec tou 
gkou pou qrhsimopoiome suqn� sth sun�qeia e�nai tele�wc fu�
siologik�c�

�i� O 
gkoc param�nei anallo�wtoc wc proc strof�c kai metafor�c	

�ii� An T e�nai �nac antistr�yimoc grammik
c metasqhmatism
c tou Rn� t
te
gi� k�je sumpag�c uposnolo tou Rn isqei

jT �K�j 	 jdetT jjKj�

	 H epif�neia �kat� Minkowski� en
c mh�keno� sumpagoc uposun
lou A tou
Rn or�zetai wc ex�c�

��A� 	 lim inf
����

jA� �Dnj � jAj
�

�

Sthn per�ptwsh pou to A e�nai �na kurt
 s�ma ston Rn� to parap�nw lim inf e�nai

rio� kai o orism
c aut
c thc epif�neiac e�nai isodnamoc me k�je �llo fusiologik

orism
 pou ja mporose na d�sei kane�c	

�� H anis�thta Brunn � Minkowski�

H anis
thta Brunn � Minkowski sund�ei ton 
gko me thn pr�xh thc pr
sjeshc
kat� Minkowski	 Ja d�soume tre�c diaforetik�c apode�xeic� kajem�a ap
 tic opo�ec
sqet�zetai kai me �nan pol shmantik
 kklo ide�n	 H pr�th ap
 aut�c qrhsimopoie�
ta stoiqei�dh snola kai ofe�letai ston Lyusternik �������

��� Anis�thta Brunn � Minkowski� Estw A kai B sumpag�� mh�ken� upos��
nola tou Rn	 T�te�

����� jA�Bj �n � jAj �n � jBj �n �

Ap�deixh� h Per�ptwsh� Exet�zoume pr�ta thn per�ptwsh pou ta A kai B e�nai
orjog�nia me tic akm�c touc par�llhlec proc touc �xonec suntetagm�nwn	 Upoj��
toume oti a�� � � � � an � � e�nai ta m�kh twn akm�n tou A� kai b�� � � � � bn � � ta m�kh
twn akm�n tou B	 T
te� to A � B e�nai ki aut
 orjog�nio me tic akm�c tou pa�
r�llhlec proc touc �xonec suntetagm�nwn kai ant�stoiqa m�kh a�� b�� � � � � an� bn	
Epom�nwc� h ��	�� pa�rnei s�ut�n thn per�ptwsh th morf�

����� ��a� � b�� � � � �an � bn��
�
n � �a� � � � an�

�
n � �b� � � � bn�

�
n �

��



Isodnama� zht�me na de�xoume oti

�����

�
a�

a� � b�
� � �

an
an � bn

� �
n

�

�
b�

a� � b�
� � �

bn
an � bn

� �
n

� ��

Omwc ap
 thn anis
thta arijmhtiko�gewmetriko m�sou to arister
 m�loc thc
��	�� e�nai mikr
tero � �so ap


�����
�

n

�
a�

a� � b�
� � � ��

an
an � bn

�
�

�

n

�
b�

a� � b�
� � � ��

bn
an � bn

�
	 ��

Dhlad�� h anis
thta Brunn � Minkowski isqei s�ut�n thn apl� per�ptwsh	

�h Per�ptwsh� Upoj�toume oti ta A�B e�nai stoiqei�dh snola� kaj�na dhlad�
ap�ut� e�nai peperasm�nh �nwsh orjogwn�wn pou �qoun x�na eswterik� kai akm�c
par�llhlec proc touc �xonec suntetagm�nwn	

Or�zoume san poluplok�thta tou zeugario �A�B� to sunolik
 pl�joc twn
orjogwn�wn pou sqhmat�zoun ta A�B	 Ja apode�xoume thn ��	�� me epagwg� wc
proc thn poluplok
thta m tou �A�B�	 Otan m 	 �� ta A kai B e�nai orjog�nia
kai h ��	�� �qei �dh apodeiqje�	

Upoj�toume loip
n oti m � � kai oti h ��	�� isqei gi� zeug�ria stoiqeiwd�n
sun
lwn me poluplok
thta � m � �	 Afo m � �� k�poio ap
 ta A kai B ��stw
to A� apotele�tai ap
 toul�qiston do orjog�nia	 Estw I�� I� du
 ap�ut�	 Ta
I� kai I� �qoun x�na eswterik�� sunep�c mporome na ta diaqwr�soume me �na
uperep�pedo par�llhlo proc k�poion krio up
qwro tou Rn	 Qwr�c bl�bh thc
genik
thtac upoj�toume oti aut
 to uperep�pedo perigr�fetai ap
 thn xn 	 � gi�
k�poio � � R	 Or�zoume

����� A� 	 A � fx � Rn 
 xn � �g � A� 	 A � fx � Rn 
 xn � �g�
Ta A� kai A� e�nai stoiqei�dh snola� �qoun x�na eswterik� kai kaj�na touc
sqhmat�zetai ap
 lig
tera orjog�nia ap
ti to A �To uperep�pedo xn 	 � to pol
pol na k
bei k�je orjog�nio tou A se du
 orjog�nia� �na sto A� ki �na sto A�	
Omwc� to I� peri�qetai ex olokl�rou sto A� en� to I� sto A��	 Pern�ntac t�ra
sto B� br�skoume uperep�pedo xn 	 s t�toio �ste an B� 	 B � fx � Rn 
 xn � sg
kai B� 	 B � fx � Rn 
 xn � sg na isqei

�����
jA�j
jAj 	

jB�j
jBj �

Ta B� kai B� e�nai stoiqei�dh snola me pl�joc orjogwn�wn pou den xepern�ei
aut
 tou B	 Onom�zoume � ton koin
 l
go 
gkwn sthn ��	��	 Profan�c� � 
 � 
 �	
E�nai faner
 oti

����� A�B 	 �A� �B�� � �A� �B�� � �A� �B�� � �A� �B���

Ap
 thn �llh pleur�� afo A� �B� � fx 
 xn � �� sg kai A� �B� � fx 
 xn �
�� sg� ta A� �B� kai A� �B� �qoun x�na eswterik�	 Qrhsimopoi�ntac kai thn
��	�� pa�rnoume

����� jA�Bj � jA� �B�j� jA� �B�j�

�	



Me b�sh thn kataskeu� pou k�name� efarm
zetai h epagwgik� up
jesh sto dexi

m�loc�

����� jA� �B�j �n � jA�j �n � jB�j �n � jA� �B�j �n � jA�j �n � jB�j �n �
op
te k�nontac pr�xeic sthn ��	�� kai pa�rnontac up
yh thn ��	�� �qoume

jA�Bj �
�
��jAj���n � ��jBj���n

�n
�
�
���� ��jAj���n � ���� ��jBj���n

�n
	 ��jAj��n � jBj��n�n � ��� ���jAj��n � jBj��n�n 	 �jAj��n � jBj��n�n�

ap�opou �petai oti

������ jA�Bj �n � jAj �n � jBj �n �

Genik� Per�ptwsh� Estw A�B tuq
nta mh�ken� sumpag� uposnola tou Rn	 Up�r�
qoun akolouj�ec fAmg kai fBmg stoiqeiwd�n sun
lwn me tic idi
thtec

A � Am � jAmj � jAj � B � Bm � jBmj � jBj � m � N�

T
te A�B � Am � Bm gi� k�je m � N kai mporome na epil�xoume ta Am� Bm

�tsi �ste na �qoume kai jAm �Bmj � jA�Bj� �ra

������ jA�Bj �n 	 lim
m��

jAm�Bmj �n � lim
m��

�jAmj �n � jBmj �n � 	 jAj �n � jBj �n � �

H anis
thta Brunn � Minkowski gi� kurt� s�mata ston Rn suqn� diatup�netai
kai wc ex�c�

��� P�risma� Estw K��K� kurt� s�mata ston Rn	 Gi� k�je � � ��� �� isq�ei

������ j�K� � ��� ��K�j��n � �jK�j��n � ��� ��jK�j��n�
Pi� isqur�� h sun�rthsh f 
 ��� ��� R me f��� 	 j�K�������K�j��n e�nai ko�lh	

Ap�deixh� Arke� na de�xoume oti f�a�� ��� a��� � af��� � ��� a�f��� gi� k�je
�� � � ��� �� kai a � ��� ��	 Eqoume

������ f�a�� ��� a��� 	 j�a�� ��� a���K� � ��� a�� ��� a���K�j �n

	 j�a�� ��� a���K� � �a��� �� � ��� a���� ���K�j �n
	 ja��K� � ��� ��K�� � ��� a���K� � ��� ��K��j �n
� ja��K� � ��� ��K��j �n � j��� a���K� � ��� ��K��j �n

	 aj�K� � ��� ��K�j �n � ��� a�j�K� � ��� ��K�j �n 	 af��� � ��� a�f����


pou qrhsimopoi�same to gegon
c oti an X � Rn kurt
� mh�ken
 kai a� b � � t
te
aX � bX 	 �a� b�X 	 �

�




Mi� �llh sun�peia thc anis
thtac Brunn � Minkowski e�nai h ak
loujh anis
�
thta �h opo�a e�nai anex�rthth thc di�stashc��

��� P�risma� Estw A�B sumpag�� mh�ken� upos�nola tou Rn	 Gi� k�je � �
��� �� �qoume

������ j�A� ��� ��Bj � jAj�jBj����

Ap�deixh� H sun�rthsh log e�nai ko�lh� ki aut
 �qei san sun�peia thn

������ x�y��� � �x� ��� ��y

gi� k�je x� y � � kai � � ��� ��	 Ap
 thn anis
thta Brunn � Minkowski pa�rnoume

j�A������Bj � ��jAj��n������jBj��n�n � �jAj��njBj������n�n 	 jAj�jBj���� �

Mi� pr�th shmantik� sun�peia thc anis
thtac Brunn � Minkowski e�nai h iso�
perimetrik� anis
thta gi� kurt� s�mata ston Rn�

��� Jerhma� Estw K kurt� s�ma ston Rn me jKj 	 jDnj	 T�te�

������ ��K� � ��Dn��

Ap�deixh� Me b�sh ton orism
 thc epif�neiac�

������ ��K� 	 lim
����

jK � �Dnj � jKj
�

� lim
����

�jKj��n � j�Dnj��n�n � jKj
�

	
�jDnj��n � j�Dnj��n�n � jDnj

�
	 lim

����

jDnj��� � ��n � ��

�
	 njDnj�

Omwc� o ant�stoiqoc upologism
c gia thn ��Dn� d�nei ��Dn� 	 njDnj �h anis
thta
Brunn � Minkowski isqei ed� san is
thta�	 Epom�nwc�

��K� � ��Dn�� �

Ara� h mp�la e�nai lsh tou isoperimetriko probl�matoc� an�mesa se 
la
ta kurt� s�mata tou Rn pou �qoun dosm�no 
gko V � h mp�la �qei thn mikr
terh
epif�neia	

Mi� �llh sun�peia thc anis
thtac Brunn � Minkowski e�nai to Je�rhma tou
Brunn gi� tic �n � ���di�statec tom�c en
c kurto s�matoc	 Pi
 sugkekrim�na�
jewrome �na kurt
 s�ma K ston Rn� �na monadia�o di�nusma  � Sn�� kai thn
sun�rthsh f 
 R� R me

������ f�t� 	 jK � �� � t�j

��




pou � e�nai o �n � ���di�statoc up
qwroc o k�jetoc sto 	 H sun�rthsh f
metr�ei to �embad
n� twn par�llhlwn tom�n tou K pou e�nai k�jetec sto 	 Gi�
thn f isqei to ex�c�

��� Jerhma� Estw K kurt� s�ma ston Rn kai  � Sn��	 T�te� h sun�rthsh

g�t� 	 �f�t��
�

n�� 	 jK � �� � t�j �
n��

e�nai ko�lh ston for�a thc	 Ep�shc� h log f e�nai ko�lh ston for�a thc	

Ap�deixh� Taut�zoume ton � me ton Rn�� kai gr�foume K�t� gi� thn probol� thc
tom�c K � �� � t� ston �	 Dhlad��

������ K�t� 	 fx � Rn�� 
 �x� t� � Kg�
Ja apode�xoume oti gi� k�je t� s � R kai � � ��� ��

������ �K�t� � ��� ��K�s� � K��t� ��� ��s��

Pr�gmati� �stw x � K�t� kai y � K�s�	 T
te� �x� t� � K kai �y� s� � K kai
afo to K e�nai kurt
 pa�rnoume ��x � �� � ��y� �t � �� � ��s� � K� dhlad�
�x������y � K��t������s�	 Afo jK�t�j 	 jK � ��� t�j gi� k�je t � R� to
gegon
c oti h g e�nai ko�lh prokptei �mesa ap
 thn anis
thta Brunn � Minkowski	

Sunj�tontac me thn ko�lh sun�rthsh log bl�poume oti h log g �ra kai h log f
e�nai ko�lh ston for�a thc	 �

Poll�c diaisjhtik� faner�c prot�seic pou aforon 
gkouc kurt�n swm�twn apo�
deiknontai me thn bo�jeia thc anis
thtac Brunn � Minkowski	 H qr�sh thc e�nai
sun�jwc ousiastik�� me thn �nnoia oti e�nai dskolo an 
qi adnato na doje� pi

stoiqei�dhc ap
deixh	 Kle�noume aut�n thn par�grafo me do t�toia parade�gmata�

��� P�risma� Estw K �na summetrik� kurt� s�ma ston Rn� kai  � Sn��	 T�te�

������ max
t�R

jK � �� � t�j 	 jK � �j�

Dhlad�� h m�gisth tom� tou K k�jeta sto  e�nai h kentrik�� aut� pou pern�ei
ap� to k�ntro summetr�ac tou K	

Ap�deixh� Amesh ap
 to Je�rhma �	�	 H g e�nai t�ra �rtia kai ko�lh� sunep�c
pa�rnei th m�gisth tim� thc sto �	 �

��� P�risma� Estw A�B kurt� s�mata stonRn� kai oti ta A�B e�nai summetrik��
me k�ntro summetr�ac to �	 T�te� gi� k�je y � Rn �qoume

������ jA � �y �B�j � jA � Bj�

Ap�deixh� Ja de�xoume oti gi� k�je y � Rn

������
�

�
�A � �y � B�� �

�

�
�A � ��y �B�� � A � B�

��



Pr�gmati� an z � A � �y � B� kai w � A � ��y � B�� t
te �z � w��� � A
l
gw kurt
thtac tou A	 Ep�shc� up�rqoun b�� b� � B t�toia �ste z 	 y � b� kai
w 	 �y � b�� op
te �z � w��� 	 �b� � b���� � B	 Ara� h ��	��� isqei	 Ap
 to
P
risma �	� pa�rnoume

������ jA �Bj � jA � �y �B�j �� jA � ��y �B�j �� �
Omwc� qrhsimopoi�ntac thn summetr�a twn A kai B mporome na dome oti

������ ��A � �y �B�� 	 A � ��y �B��

Giat� z � A � ��y � B� an kai m
no an z � A kai up�rqei b � B t�toio �ste
z 	 �y � b� dhlad� an kai m
no an �z � A kai �z 	 y � ��b� � y � B	 Ta
A � �y �B� kai A � ��y�B� �qoun epom�nwc ton �dio 
gko� kai h ��	��� mac d�nei

������ jA � Bj � jA � �y �B�j� �

�� Summetrikopo�hsh kat� Steiner�

Sthn par�grafo aut� ja perigr�youme mi� diadikas�a me thn opo�a xekin�ntac
ap
 tuq
n kurt
 s�ma K odhgomaste me �omal
 tr
po� se 
lo kai pi
 summetrik�
kurt� s�mata	 H diadikas�a aut� qrhsimopoie�tai pol suqn� 
tan j�loume na
de�xoume oti h mp�la e�nai lsh en
c probl�matoc meg�stou�elaq�stou	

Estw K �na kurt
 s�ma ston Rn	 Wc sun�jwc� me  sumbol�zoume �na mo�
nadia�o di�nusma �katejunsh� kai me � ton �n � ���di�stato up
qwro pou e�nai
k�jetoc sto �

����� � 	 fx � Rn 
 hx� i 	 �g�

H probol� P��K� tou K sthn diejunsh tou  apotele�tai ap
 
lec tic probol�c
shme�wn tou K ston �	 E�nai ekolo na de� kane�c oti

����� P��K� 	 fx � � 
 �t � R 
 x� t � Kg�

��� L�mma� Gi� k�je kurt� s�ma K kai k�je  � Sn��� to P��K� e�nai kurt�
s�ma	

Ap�deixh� De�qnoume pr�ta oti to P��K� e�nai kurt
	 Estw x� y � P��K� kai
� � ��� ��	 Up�rqoun pragmatiko� arijmo� t kai s t�toioi �ste x � t � K kai
y � s � K	 Afo to K e�nai kurt
� �qoume

����� ��x� t� � ��� ���y � s� 	 ��x� ��� ��y� � ��t� ��� ��s� � K�

op
te h ��	�� mac d�nei oti �x � ��� ��y � P��K�	 Ara� to P��K� e�nai kurt
	
Ja de�xoume oti to P��K� e�nai kleist
� Estw fxng mi� akolouj�a shme�wn tou

P��K� kai ac upoj�soume oti xn � x	 Up�rqei mi� akolouj�a pragmatik�n arijm�n

��



ftng t�toia �ste xn� tn � K	 Epeid� to K e�nai fragm�no� h ftng e�nai fragm�nh
�ra �qei sugkl�nousa upakolouj�a ftkng	 An tkn � t� �qoume xkn � tkn � x� t�
kai afo to K e�nai kleist
 �petai oti x � t � K	 Sunep�c x � P��K� kai to
P��K� e�nai kleist
	

To oti to P��K� e�nai fragm�no kai �qei mh�ken
 eswterik
 e�nai profan�c� to
K peri�qetai se mi� mp�la me k�ntro to �� �ra to P��K� ja peri�qetai se mp�la
tou � thc �diac akt�nac	 Ep�shc� to K e�nai s�ma �ra peri�qei mp�la k�poiac
jetik�c akt�nac	 To �dio ja sumba�nei me opoiad�pote �n����di�stath probol� tou
�h probol� mp�lac e�nai mp�la me thn �dia akt�na�	 �

Gi� na or�soume thn Steiner summetrikopo�hsh tou K sthn katejunsh tou �
ja qreiaste� na gr�youme to K se mi� pi
 bolik� morf��

��� L�mma� EstwK kurt� s�ma stonRn kai  � Sn��	 Or�zoume d�o sunart�seic
f� g 
 P��K�� R me

����� f�x� 	 minft � R 
 x� t � Kg � g�x� 	 maxft � R 
 x� t � Kg�
T�te� h f e�nai kurt� kai h g e�nai ko�lh	

Ap�deixh� Ja de�xoume oti h f e�nai kurt�	 Arke� na de�xoume oti gi� k�je x� y �
P��K� isqei f�x�y� � � f�x��f�y�

� 	 Ac upoj�soume oti f�x� 	 t kai f�y� 	 s	 T
te�
x� t � K kai y � s � K	 Epeid� to K e�nai kurt
� pa�rnoume

�����
�x � t� � �y � s�

�
	

x� y

�
�
t� s

�
 � K�

Ap
 ton orism
 thc f �petai oti

����� f

�
x� y

�

�
� t� s

�
	

f�x� � f�y�

�
�

Ara h f e�nai kurt�� kai me ton �dio tr
po de�qnoume oti h g e�nai ko�lh	 �

Smfwna me to L�mma �	� mporome na gr�youme to s�ma K sth morf�

����� K 	 fx� t 
 x � P��K� � f�x� � t � g�x�g�
Ant�strofa� an �na qwr�o K ston Rn �qei san probol� ston � �na kurt
 s�ma
P��K� kai gr�fetai sth morf� ��	��� 
pou f kurt�� g ko�lh kai f � g sto P��K��
t
te to K e�nai kurt
	

Or�zoume t�ra thn Steiner summetrikopo�hsh tou K sthn katejunsh tou  wc
ex�c�

����� S��K� 	 fx� t 
 x � P��K� � jtj � g�x�� f�x�

�
g�

Dhlad�� gi� k�je x � P��K� jewrome �na eujgrammo tm�ma par�llhlo sto 
me m�koc g�x� � f�x� kai m�so to x� kai pa�rnoume thn �nwsh 
lwn aut�n twn
eujugr�mmwn tmhm�twn	

��



E�nai faner
 oti to S��K� e�nai summetrik
 wc proc � �aut� h parat�rhsh
dikaiologe� ton 
ro �summetrikopo�hsh� �	 Oi basik�c idi
thtec tou metasqhmati�
smo S� perigr�fontai sto ep
meno l�mma�

��� L�mma� Estw K kurt� s�ma ston Rn kai  � Sn��	 T�te� to S��K� e�nai
kurt� s�ma� kai jS��K�j 	 jKj	
Ap�deixh� Estw x� t� y� s � S��K� kai � � ��� ��	 T
te� x� y � P��K� kai afo
to P��K� e�nai kurt
 �qoume �x� ��� ��y � P��K�	 Ap
 thn �llh pleur��

j�t� ��� ��sj � �jtj� ��� ��jsj � �
g�x�� f�x�

�
� ��� ��

g�y�� f�y�

�

����� � �

�
�g��x� ��� ��y�� f��x � ��� ��y��

epeid� h g � f e�nai ko�lh	 Sunep�c� ��x � t� � �� � ���y � s� � S��K� kai to
S��K� e�nai kurt
	

Gi� ton detero isqurism
 parathrome oti

������ jS��K�j 	
Z
P��K�

�
�g � f��x�

�
� �� �g � f��x�

�
�

�
dx

	

Z
P��K�

�g�x�� f�x��dx 	 jKj� �

Ja de�xoume oti me k�je summetrikopo�hsh Steiner h epif�neia opoioud�pote
kurto s�matoc mikra�nei	 Gi� to skop
 aut
 qreiaz
maste �na ak
ma l�mma�

��� L�mma� Estw K�L kurt� s�mata ston Rn kai  � Sn��	 T�te�

������ S��K� � S��L� � S��K � L��

Ap�deixh� X�roume oti

������ S��K� 	 fx� t 
 x � P��K�� jtj � �gK � fK��x�

�
g

kai

������ S��L� 	 fy � s 
 y � P��L�� jsj � �gL � fL��y�

�
g�

Ara�

������ S��K� � S��L� 	 fx� y � �t� s� 
 x � P��K�� y � P��L��

jtj � �gK � fK��x�

�
� jsj � �gL � fL��y�

�
g�

��



Ap
 thn �llh pleur��

������ S��K � L� 	 fz � � 
 z � P��K � L�� j�j � �gK�L � fK�L��z�

�
g�

Estw x � t � S��K� kai y � s � S��L�	 T
te� x � P��K� kai y � P��L�
�ra up�rqoun t�� s� � R t�toia �ste x � t� � K kai y � s� � L	 Epetai 
ti
x� y � �t� � s�� � K � L� sunep�c x� y � P��K � L�	 Ep�shc�

������ jt� sj � jtj� jsj � gK�x� � fK�x�

�
�
gL�y�� fL�y�

�

	
�gK�x� � gL�y��� �fK�x� � fL�y��

�

op
te smfwna me tic ��	��� kai ��	��� gi� thn ��	��� arke� na de�xoume oti gi� k�je
x� y � P��K�

������ gK�x� � gL�y� � gK�L�x� y� � fK�x� � fL�y� � fK�L�x� y��

Ja de�xoume thn pr�th ap
 tic do anis
thtec� Eqoume x � gK�x� � K kai y �
gL�y� � L� epom�nwc x � y � �gK�x� � gL�y�� � K � L ap�opou sumpera�noume
oti gK�x� � gL�y� � gK�L�x� y�	 �

��� Jerhma� Estw K kurt� s�ma ston Rn kai  � Sn��	 T�te�

������ ��S��K�� � ��K��

Ap�deixh� Estw � � �	 Ekola bl�poume oti S���Dn� 	 �Dn kai to L�mma �	� mac
exasfal�zei oti

������ S��K� � �Dn 	 S��K� � S���Dn� � S��K � �Dn��

H Steiner summetrikopo�hsh diathre� touc 
gkouc� sunep�c jS��K�j 	 jKj kai
jS��K � �Dn�j 	 jK � �Dnj �L�mma �	��	 Epetai oti
������

jS��K� � �Dnj � jS��K�j
�

� jS��K � �Dn�j � jS��K�j
�

	
jK � �Dnj � jKj

�
�

Pa�rnontac 
ria kaj�c �� �� bl�poume oti

��S��K�� � ��K�� �

Or�zoume thn di�metro diam�K� tou kurto s�matoc K j�tontac

������ diam�K� 	 maxfjz� � z�j 
 z�� z� � Kg�
H ep
menh pr
tash de�qnei oti me Steiner summetrikopo�hsh opoioud�pote kurto
s�matoc wc proc opoiad�pote katejunsh� h di�metroc mikra�nei�

��



��� Pr�tash� Estw K kurt� s�ma ston Rn kai  � Sn��	 T�te�

������ diam�S��K�� � diam�K��

Ap�deixh� Estw z�� z� � S��K� t�toia �ste jz� � z�j 	 diam�S��K��	 Ekola
bl�poume oti ta z�� z� pr�pei na e�nai thc morf�c

������ z� 	 x� �
g�x��� f�x��

�
 � z� 	 x� � g�x��� f�x��

�


gi� k�poia x�� x� � P��K�	 Gr�foume gi 	 g�xi� kai fi 	 f�xi�� kai jewrome ta
shme�a

������ wi 	 xi � gi � vi 	 xi � fi� i 	 �� ��

Ta t�ssera aut� shme�a an�koun sto K� kai qrhsimopoi�ntac to Pujag
reio Je��
rhma kai apl�c pr�xeic bl�poume oti
������

jw��v�j��jw��v�j���jz��z�j� 	 jg��f�j��jg��f�j���jg� � f�
�

�
g� � f�

�
j� � ��

Omwc� jw� � v�j� jw� � v�j � diam�K� op
te ap
 thn ��	��� e�nai faner
 oti

������ diam�S��K�� 	 jz� � z�j � maxfjw� � v�j� jw� � v�jg � diam�K�� �

�� Ap�stash Hausdor� 
 To Jerhma epilog�c tou Blaschke�

��� Orism�c� Estw K�L mh�ken�� sumpag� uposnola tou Rn	 Or�zoume thn
ap�stash Hausdor� twn K kai L wc ex�c�

����� d�K�L� 	 minf� � � 
 K � L� �Dn � L � K � �Dng�
E�nai ekolo na dome oti h d e�nai metrik��

	 Gi� k�je K�L isqei d�K�L� � � ex
rismo� kai an d�K�L� 	 � t
te K �
L� �Dn 	 L� f�g 	 L kai 
moia L � K	 Dhlad�� K 	 L	

	 H ��	�� e�nai profan�c summetrik� wc proc K kai L� sunep�c d�K�L� 	
d�L�K�	

	 Gi� k�je K�L kai M �qoume d�K�L� � d�K�M��d�M�L�� Estw a 	 d�K�M�
kai b 	 d�M�L�	 T
te�

����� K �M � aDn � M � K � aDn � M � L� bDn � L �M � bDn�

Epetai oti
K �M � aDn � L� bDn � aDn 	 L� �b� a�Dn

kai
L �M � bDn � K � aDn � bDn 	 K � �a� b�Dn�

��



dhlad� d�K�L� � a � b	 �Qrhsimopoi�same p�li to gegon
c oti an X kurt
 kai
a� b � �� t
te aX � bX 	 �a� b�X 	�

��� Orism�c� Estw K mh�ken
� sumpag�c uposnolo tou Rn	 H kurt� j�kh
co�K� tou K e�nai to mikr
tero kurt
 uposnolo tou Rn pou peri�qei to K	 Mpore�
kane�c ekola na de� oti

����� co�K� 	 f��x� � � � �� �mxm 
 m � N� xi � K��i � ��
mX
i��

�i 	 �g�

Mi� apl� parat�rhsh e�nai oti to K e�nai kurt
 an kai m
no an co�K� 	 K	

To l�mma pou akolouje� de�qnei oti pa�rnontac kurt�c j�kec mei�noume thn
ap
stash Hausdor��

��� L�mma� Estw K�L mh�ken�� sumpag� upos�nola tou Rn	 T�te�

����� d�K�L� � d�co�K�� co�L���

Ap�deixh� J�toume a 	 d�K�L�	 T
te� K � L� aDn kai L � K � aDn	
Estw x � co�K�	 Ap
 thn ��	�� up�rqoun x�� � � � � xm � K kai ��� � � � � �m � �

me
P

�i 	 � t�toia �ste x 	 ��x� � � � �� �mxm	 Gi� k�je i 	 �� � � � �m mporome
na brome yi � L t�toio �ste jxi � yij � a �epeid� K � L � aDn�	 T
te� y 	
��y� � � � �� �mym � co�L� kai

jx� yj �
mX
i��

�ijxi � yij 	 a

mX
i��

�i 	 a�

Epetai oti co�K� � co�L��aDn	 Me an�logo tr
po bl�poume oti co�L� � co�K��
aDn� dhlad� d�co�K�� co�L�� � a 	 d�K�L�	 �

��� Par�deigma� Jewrome san K �nan d�sko akt�nac R � � kai san L thn
perif�rei� tou	 T
te� co�K� 	 K 	 co�L� �ra d�co�K�� co�L�� 	 � en� d�K�L� 	
R	

��� Orism�c� Estw fKmgm�N akolouj�a mh�ken�n� sumpag�n uposun
lwn tou
Rn	 L�me oti h fKmg sugkl�nei se k�poio sumpag�c K � Rn kai gr�foume Km �
K an d�Km�K�� �	

��� Pr�tash� Estw fKmg akolouj�a mh�ken�n� kurt�n kai sumpag�n uposu�
n�lwn tou Rn kai K � Rn sumpag�c t�toio �ste Km � K	 T�te� to K e�nai
kurt�	

Ap�deixh� Estw � � �	 Up�rqei m � N t�toioc �ste d�Km�K� 
 �	 Omwc� to Km

e�nai kurt
 �ra Km 	 co�Km� kai ap
 to L�mma �	� bl�poume oti

d�Km� co�K�� 	 d�co�Km�� co�K�� � d�Km�K� 
 ��

H trigwnik� anis
thta gi� thn d d�nei

d�K� co�K�� � d�Km�K� � d�Km� co�K�� 
 ���

��



kai afo to � �tan tuq
n sumpera�noume oti d�K� co�K�� 	 � dhlad� K 	 co�K�	
Epetai oti to K e�nai kurt
	 �

To basik
 apot�lesma aut�c thc paragr�fou e�nai to Je�rhma Epilog�c tou
Blaschke smfwna me to opo�o ta sumpag� kurt� uposnola opoiasd�pote mp�lac
sqhmat�zoun �nan sumpag� metrik
 q�ro me thn metrik� Hausdor��

��� Jerhma� Estw R � � kai fKmgm�N mi� akolouj�a mh�ken�n� sumpag�n
kurt�n uposun�lwn thc RDn	 T�te� up�rqoun upakolouj�a fKlmg thc fKmg kai
kurt� sumpag�c K � RDn t�toia �ste Klm � K	

Gi� thn ap
deixh ja qreiastome to ak
loujo l�mma�

��� L�mma� Estw � � �	 Me tic upoj�seic tou Jewr�matoc� mporo�me na epil��
xoume upakolouj�a deikt�n l� 
 l� 
 � � � 
 lm 
 � � � me thn idi�thta

d�Kli �Klj � � �

gi� k�je i� j � N	

Ap�deixh� H mp�la RDn e�nai sumpag�c� epom�nwc gi� to dosm�no � � � mporome
na brome x�� � � � � xN � RDn t�toia �ste

����� RDn �
N�
i��

�xi �
�

�
Dn��

Or�zoume E 	 fx�� � � � � xNg	 Gi� k�je m � N j�toume Em 	 E��Km�
�
�Dn�	 K�je

Em e�nai peperasm�no snolo� �ra sumpag�c	 Ja de�xoume oti d�Km� Em� � �
� 	

Ap
 ton orism
 tou Em e�nai faner
 oti Em � Km � �
�Dn	 Estw x � Km	

T
te x � RDn� sunep�c up�rqei i � N t�toio �ste jx�xij � �
� 	 Aut
 shma�nei oti

xi � x� �
�Dn � Km � �

�Dn� �ra xi � Em	 Ap
 thn �llh pleur�� x � xi �
�
�Dn �

Em � �
�Dn	 Ara Km � Em � �

�Dn� kai d�Km� Em� � �
� 	

Gi� k�je m � N �qoume bre� Em � E me thn idi
thta d�Km� Em� � �
� 	 Omwc

to E e�nai peperasm�no snolo� �ra up�rqoun peperasm�nec �lig
terec ap
 �N �
epilog�c uposun
lwn tou	 Epetai oti up�rqoun �peiroi to pl�joc de�ktec l� 
 l� 

� � � 
 lm 
 � � � kai monadik
 E� � E �ste d�Klj � E

�� � �
� 	

An t�ra i �	 j� h trigwnik� anis
thta d�nei

d�Kli �Klj � � d�Kli � E
�� � d�E��Klj � �

�

�
�
�

�
	 �� �

Ap�deixh tou Jewr�matoc� Efarm
zoume diadoqik� to L�mma �	� me � 	 �
m � Gi�

� 	 � mporome na brome upakolouj�a K���K��� � � � �K�m� � � � thc fKmg t�toia
�ste an i �	 j na isqei

d�K�i�K�j� � ��

Pa�rnoume t�ra � 	 �
� kai br�skoume upakolouj�a K���K��� � � � �K�m� � � � thc fK�jg

t�toia �ste an i �	 j na isqei

d�K�i�K�j� � �

�
�

�	



Suneq�zontac �tsi or�zoume diadoqik� upakolouj�a thc upakolouj�ac �tsi �ste gia
thn m�ost� upakolouj�a fKmjg na isqei

d�Kmi�Kmj� � �

m

gi� k�je i �	 j	 Jewrome t�ra thn diag�nia upakolouj�a K�
m 	 Kmm	 Aut� e�nai

upakolouj�a thc fKmg kai ikanopoie� to ex�c� An l� s � N kai l 
 s� t
te oi K�
l �K

�
s

e�nai 
roi thc fKljg� sunep�c

����� d�K�
l �K

�
s � �

�

l
�

Or�zoume to snolo

����� K 	

��
l��

�K�
l �

�

l
Dn��

kai ja de�xoume oti K�
m � K	 Akrib�stera� ja de�xoume oti d�K�

m�K� � �
m gi�

k�je m � N	
Ap
 ton orism
 tou K e�nai faner
 oti K � K�

m � �
mDn	 Estw x � K�

m	 Ap

thn ��	��� gi� k�je s � m mporome na brome xs � K�

s t�toio �ste jx� xsj � �
m 	

Eqoume xs � RDn gi� k�je s� �ra up�rqoun upakolouj�a fxrsg thc fxsg kai
y � RDn t�toia �ste xrs � y	 Afo jx� xrs j � ��m� e�nai faner
 oti

����� jx� yj � �

m
�

Ja de�xoume oti y � K	 Pr�pei dhlad� na exasfal�soume oti y � K�
l �

�
lDn gi�

k�je l � N	 Omwc� telik� �qoume rs � l kai ap
 thn ��	�� bl�poume oti an rs � l
t
te

����� xrs � K�
rs � K�

l �
�

l
Dn�

Pern�ntac sto 
rio� sumpera�noume oti y � K�
l �

�
lDn� kai epeid� to l �tan tuq
n

�qoume y � K	 H ��	�� t�ra mac d�nei

������ x � y �
�

m
Dn � K �

�

m
Dn�

kai epeid� to x � K�
m �tan tuq
n� K�

m � K � �
mDn	 Ara� d�K�

m�K� � �
m � dhlad�

K�
m � K	 To 
ti to K e�nai sumpag�c kai kurt
 �petai ap
 thn ��	��	 To 
ti to

K e�nai mh�ken
 �petai ap
 thn ap
deixh �bl�pe ��	���	 �

�




�� De�terh ap�deixh thc isoperimetrik�c anis�thtac kai thc anis�thtac
Brunn � Minkowski me th m�jodo thc Steiner summetrikopo�hshc�

O pr�toc mac st
qoc s�ut�n thn par�grafo e�nai na de�xoume oti xekin�ntac
ap
 opoiod�pote kurt
 s�ma ston Rn mporome me peperasm�nec to pl�joc dia�
doqik�c Steiner summetrikopoi�seic na to f�roume osod�pote kont� se mi� mp�la	
K�nontac qr�sh auto tou apotel�smatoc ja d�soume mi� deterh ap
deixh t
so
thc isoperimetrik�c anis
thtac 
so kai thc anis
thtac Brunn � Minkowski	

��� L�mma� Estw fKmg mi� akolouj�a kurt�n swm�twn pou sugkl�nei �me thn
Hausdor� metrik�� se �na kurt� s�ma K me r�Dn � K � s�Dn� � 
 r� 
 s�	
T�te� gi� k�je  � Sn���

����� S��Km�� S��K��

Ap�deixh� Mporome na upoj�soume oti gi� k�poia � 
 r 
 r� kai s � s� kai gi�
k�je m � m� isqei rDn � Km � sDn	

Estw � � �	 J�loume na brome m� � N me thn idi
thta d�S��Km�� S��K�� 
 ��
dhlad�

����� S��Km� � S��K� � �Dn � S��K� � S��Km� � �Dn

gi� k�je m � m�	 Pa�rnoume �� 	 r
s� kai ap
 thn up
jesh tou L�mmatoc mporome

na brome m� � N t�toio �ste

����� Km � K �
r

s
�Dn � K � Km �

r

s
�Dn

gi� k�je m � m�	 Epil�goume m� 	 maxfm��m�g	 An m � m�� t
te

����� Km � K �
r

s
�Dn � K �

�

s
K 	

�
� �

�

s

�
K�

Epetai oti
�����

S��Km� �
�
� �

�

s

�
S��K� 	 S��K���S��

�

s
K� � S��K���S��Dn� 	 S��K���Dn�

Me ton �dio tr
po de�qnoume oti

����� S��K� � S��Km� � �Dn�

Ara� d�S��K�� S��Km�� 
 � gi� k�je m � m�	 Dhlad�� S��Km�� S��K�	 �

��� Jerhma� Estw K kurt� s�ma ston Rn� pou peri�qei to � sto eswterik� tou	
Jewro�me thn kl�sh �lwn twn peperasm�nwn Steiner summetrikopoi�sewn tou K

����� S�K� 	 fS�l � � � S���K� 
 i � Sn��� l � Ng�
T�te� gi� k�je � � � mporo�me na bro�me C � S�K� t�toio �ste d�C� �Dn� 
 ��
�pou � � � h akt�na gi� thn opo�a jKj 	 j�Dnj	

��



Ap�deixh� Jewrome ton arijm


����� � 	 inffr � � 
 �C � S�K� 
 C � rDng�
Gi� k�je � � � mporome na brome C� t�toio �ste C� � �� � ��Dn	 Pa�rnontac
� 	 ��m�m � N� br�skoume mi� akolouj�a fCmg kurt�n swm�twn me Cm � S�K�
kai Cm � ��� �

m �Dn	
Ola ta s�mata Cm peri�qontai sthn �����Dn� epom�nwc efarm
zetai to Je��

rhma Epilog�c tou Blaschke� up�rqei mi� upakolouj�a fCkmg thc fCmg me thn
idi
thta Ckm � C� gi� k�poio sumpag�c kurt
 snolo C	

Ja de�xoume oti C 	 �Dn	 E�nai ekolo na dome oti C � �Dn� An � � �� t
te
gi� meg�la m �qoume

����� C � Ckm � �Dn � ���
�

km
�Dn � �Dn 	 ���

�

km
� ��Dn�

Afo ��km � � kai to � �tan tuq
n� C � �Dn	
Ac upoj�soume oti to C e�nai gn�sio uposnolo thc �Dn	 Up�rqei dhlad�

x� � �Sn�� me x� �� C	 To C e�nai kleist
� epom�nwc up�rqei � � � t�toio �ste
�x� � �Dn� � C 	 	

Mporome na brome peperasm�na to pl�joc shme�a x�� � � � � xN � �Sn�� t�toia
�ste

������ �Sn�� �
N�
i��

�xi � �Dn� � �Sn���

Jewrome monadia�o di�nusma �� sthn diejunsh tou eujgrammou tm�matoc �x�x���
kai summetrikopoiome to C sthn katejunsh tou ��	 Mporome t
te na dome oti

������

�
��

i��

�xi � �Dn� � �Sn��
	
� S��C 	 �

Suneq�zoume summetrikopoi�ntac to S��C sthn katejunsh en
c monadia�ou dian�
smatoc �� par�llhlou proc to eujgrammo tm�ma �x�x��	 Opwc prin�

������

�
��

i��

�xi � �Dn� � �Sn��
	
� S��S��C 	 �

Met� ap
 N b�mata� katal�goume sto kurt
 s�ma C� 	 S�N � � � S��C� to opo�o
l
gw thc ��	��� �qei thn idi
thta

������ C� � ��Sn��� 	 �
L
gw sump�geiac sumpera�noume oti up�rqei � � � t�toio �ste

������ C� � ��� ��Dn�

��



Ap
 thn �llh pleur�� afo Ckm � C me diadoqik�c efarmog�c tou L�mmatoc �	�
bl�poume oti

������ S�N � � � S��Ckm � C��

Aut
 shma�nei oti up�rqei m � N arket� meg�lo t�toio �ste

������ S�N � � � S��Ckm � C� �
�

�
Dn � ��� �

�
�Dn�

Aut
 e�nai �topo� giat� Ckm � S�K� �ra kai S�N � � � S��Ckm � S�K�� to opo�o
antif�skei proc thn ��	��	 Ara� C 	 �Dn kai afo Ckm � �Dn gi� k�je � � �
up�rqei C � S�K� t�toio �ste d�C� �Dn� 
 �	 To oti j�Dnj 	 jKj e�nai apl�
sun�peia tou oti h Steiner summetrikopo�hsh diathre� touc 
gkouc� k�je C � S�K�
�qei 
gko jCj 	 jKj� �ra kai j�Dnj 	 lim jCkm j 	 jKj	 �

Qrhsimopoi�ntac to Je�rhma �	� kai to Je�rhma �	�� kai upoj�tontac oti h
epif�neia e�nai suneq�c wc proc th metrik� Hausdor� mporome na d�soume mi�
deterh ap
deixh thc isoperimetrik�c anis
thtac gi� kurt� s�mata�

��� Jerhma� Estw K kurt� s�ma ston Rn pou peri�qei to � sto eswterik� tou�
kai �Dn h mp�la �gkou j�Dnj 	 jKj	 T�te�

������ ���Dn� � ��K��

Ap�deixh� Estw C � S�K�	 Up�rqoun �� � � � � m � Sn�� t�toia �ste C 	
S�m � � � S���K�	 Smfwna me to Je�rhma �	��

������ ��K� � ��S���K�� � � � � � ��S�m � � � S���K�� 	 ��C��

Ap
 thn �llh pleur�� to Je�rhma �	� mac exasfal�zei oti up�rqei akolouj�a fCsg
stoiqe�wn thc S�K� t�toia �ste Cs � �Dn	 Upoj�tontac oti h epif�neia e�nai
suneq�c wc proc thn Hausdor� metrik� sumpera�noume oti

������ ���Dn� 	 lim
s��

��Cs� � ��K�� �

San m�a ak
ma efarmog� thc Steiner summetrikopo�hshc ja d�soume mi� ap
�
deixh thc anis
thtac Brunn � Minkowski �m
no gi� kurt� s�mata�	 H ap
deixh e�nai
basism�nh sto Je�rhma tou Brunn �to opo�o �qoume �dh apode�xei san efarmog�
thc anis
thtac Brunn � Minkowski� bl�pe Je�rhma �	��� kai prohge�tai istorik�	
Me aut
n ton tr
po g�netai kajar
 to oti h summetrikopo�hsh� h anis
thta Brunn
� Minkowski kai h isoperimetrik� anis
thta sqhmat�zoun �nan �enia�o� kklo ide�n	

��� Jerhma tou Brunn� Estw K kurt� s�ma ston Rn kai  � Sn��	 T�te� h
sun�rthsh

g�t� 	 jK � �� � t�j �
n��

e�nai ko�lh ston for�a thc	

��



Ap�deixh� Mporome na brome mi� akolouj�a ap
 monadia�a diansmata s k�jeta
sto  t�toia �ste gi� thn akolouj�a Ks 	 S�s � � � S���K� na �qoume Ks � L� 
pou
L e�nai �na ek peristrof�c kurt
 s�ma me �xona thn euje�a ft 
 t � Rg	 H
diadikas�a aut� l�getai Schwarz summetrikopo�hsh �kai h ap
deixh tou oti k�ti
t�toio e�nai dunat
 e�nai an�logh me thn ap
deixh tou Jewr�matoc �	��	 To s�ma
L �qei tic ak
loujec idi
thtec�

	 Gi� k�je t ston for�a thc g� h tom� L � �� � t� e�nai mi� �n� ���di�stath
mp�la akt�nac r�t�	

	 Gi� k�je t ston for�a thc g� �qoume

������ jL � �� � t�j 	 �n���r�t��n�� 	 �g�t��n���

Eqoume loip
n g�t� 	 cnr�t� gi� k�poia stajer� cn� kai arke� na de�xoume oti h
sun�rthsh r e�nai ko�lh	

Aut
 fa�netai wc ex�c	 Jewrome opoiad�pote didi�stath tom� L�F tou L me
�nan didi�stato up
qwro tou Rn pou peri�qei thn katejunsh 	 To L�F e�nai �na
didi�stato kurt
 s�ma �san tom� kurt�n� kai an taut�soume thn katejunsh tou 
me ton �oriz
ntio �xona� sto F � ekola bl�poume oti h p�nw sun�rthsh tou L� F
e�nai h r �kai h k�tw sun�rthsh tou L � F e�nai h �r�	 Epetai oti h r e�nai ko�lh�
ki aut
 oloklhr�nei thn ap
deixh tou Jewr�matoc	 �

��� Anis�thta Brunn � Minkowski� Estw A�B kurt� s�mata ston Rn	 T�te�

jA�Bj �n � jAj �n � jBj �n �

Ap�deixh� Ston Rn�� jewrome ta snola A� 	 A� f�g kai B� 	 B � f�g	 Or��
zoume t�ra thn kurt� touc j�kh G 	 co�A�� B��	 Ta A�� B� e�nai kurt�� epom�nwc
ekola bl�poume oti

������ G 	 f��x� ��� ��y� �� �� 
 � � ��� ��� x � A� y � Bg�
Gi� k�je t � ��� �� or�zoume

������ G�t� 	 fz � Rn 
 �z� t� � Gg�
thn probol� dhlad� ston Rn thc tom�c tou G me to uperep�pedo xn�� 	 t	 Ekola
bl�poume oti �

� �A � B� � G� �� �	 Ant�strofa� an z � G� �� � t
te �z� �� � � G� �ra
up�rqoun x � A kai y � B t�toia �ste

������ �z�
�

�
� 	 �

�

�
x�

�

�
y�

�

�
��

dhlad� z � �
� �A�B�	 Ara� G� �� � 	

�
� �A�B�	

Ap
 to Je�rhma tou Brunn� h sun�rthsh g�t� 	 jG�fxn�� 	 tgj �n e�nai ko�lh	
Eidik
tera�

g�
�

�
� � �

�
g��� �

�

�
g����

��



dhlad�

������ jG��
�
�j �n � �

�
jG���j �n �

�

�
jG���j �n �

M�alla l
gia�

������ jA�B

�
j �n � �

�
jAj �n �

�

�
jBj �n �

ap�opou �petai h anis
thta Brunn � Minkowski	 �

�� To L�mma tou C� Borell 
 Sugk�ntrwsh tou �gkou�

To L�mma tou C Borell e�nai ap
 teqnik� �poyh mi� efarmog� thc anis
thtac
Brunn � Minkowski�

��� Jerhma� Estw K kurt� s�ma ston Rn me �gko jKj 	 �	 Upoj�toume oti
A e�nai �na summetrik� kurt� s�nolo ston Rn t�toio �ste jK � Aj 	  � �

� 	 T�te�
gi� k�je t � � �qoume

����� j�RnntA� �Kj � 

�
�� 



� t��
�

�

Ap�deixh� Ja de�xoume kat arq�n oti gi� k�je t � �

����� RnnA � �

t� �
�RnntA� � t� �

t� �
A�

Estw oti h ��	�� den isqei	 Aut
 shma�nei oti up�rqei a � A to opo�o mpore� na
grafe� sth morf�

����� a 	
�

t� �
y �

t� �

t� �
a�

gi� k�poia a� � A kai y �� tA	 Enac apl
c upologism
c de�qnei oti t
te

�����
�

t
y 	

t� �

�t
a�

t� �

�t
��a�� � A�


pou qrhsimopoiome to gegon
c oti to A e�nai kurt
 kai summetrik
	 Omwc t
te
y � tA� to opo�o e�nai �topo	

Qrhsimopoi�ntac t�ra thn ��	�� kai to gegon
c oti an X�Y e�nai mh�ken� upo�
snola tou Rn kai K kurt
 snolo t
te gi� k�je � � ��� ��

����� ��X � ��� ��Y � �K � ��X �K� � ��� ���Y �K��

sumpera�noume oti

����� �RnnA� �K � �

t� �
��RnntA� �K� �

t� �

t� �
�A �K��

��



Efarm
zontac thn anis
thta Brunn � Minkowski gi� sumpag� snola ston Rn

pa�rnoume

����� j�RnnA� �Kj � j�RnntA� �Kj �
t�� jA �Kj t��t�� �

Omwc jA � Kj 	  kai j�RnnA� � Kj 	 � � � �ra an j�soume x 	 j�RnntA� �
Kj kai lsoume wc proc x sthn ��	�� pa�rnoume �� � �

t��
� � x

t��
� to opo�o

metasqhmat�zetai sthn zhtomenh

j�RnntA� �Kj 	 x � 

�
�� 



� t��
�

� �

��� Parat�rhsh� H dnamh tou L�mmatoc tou Borell g�netai katanoht� an p	q	
jewr�soume �na summetrik
 A t�toio �ste jA �Kj 	 �

� 	 T
te� to L�mma mac l�ei
oti an �fousk�soume� to A kat� t �an p�roume dhlad� to tA�� to posost
 tou K
pou m�nei �xw ap
 to tA e�nai mikr
tero ap
 ��t��	 Dhlad� mei�netai ekjetik� wc
proc t �!�

Parathr�ste ep�shc� oti h anis
thta ��	�� e�nai anex�rthth thc di�stashc	

Ja d�soume mi� efarmog� tou L�mmatoc tou Borell sthn ap
deixh mi�c ant��
strofhc anis
thtac H�older �anis�thta t�pou Khinchine� gi� grammik�c sunart�seic
orism�nec se kurt� s�mata ston Rn	

Estw K �na kurt
 s�ma ston Rn me 
gko jKj 	 �	 H klasik� anis
thta
H�older diatup�netai wc ex�c�

��� Anis�thta tou H�older� Estw f� g 
 K � R suneqe�c sunart�seic	 An p � �
kai q e�nai o suzug�c ekj�thc tou p � �p �

�
q 	 ��� t�te

�����

Z
K

f�x�g�x�dx �
�Z

K

jf�x�jp
���p�Z

K

jg�x�jqdx
���q

�

Ap�deixh� H anis
thta e�nai ousiastik� sun�peia thc

x�y��� � �x� ��� ��y�

h opo�a isqei gi� k�je x� y � � kai � � ��� ��	 Gi� eukol�a ja gr�foume

kfkp 	
�Z

K

jf�x�jpdx
���p

� kgkq 	
�Z

K

jg�x�jqdx
���q

�

Gi� k�je x � K �qoume

�����

� jf�x�jp
kfkpp

���p� jg�x�jq
kgkqq

���q

� �

p

jf�x�jp
kfkpp �

�

q

jg�x�jq
kgkqq �

dhlad�

������
jf�x�jjg�x�j
kfkpkgkq � �

p

jf�x�jp
kfkpp �

�

q

jg�x�jq
kgkqq �

��



Oloklhr�nontac p�nw sto K pa�rnoume

������

R
K jf�x�jjg�x�jdx
kfkpkgkq � �

p

kfkpp
kfkpp �

�

q

kgkqq
kgkqq 	 ��

ap�opou e�nai faner
 otiZ
K

f�x�g�x�dx �
Z
K

jf�x�jjg�x�jdx � kfkpkgkq� �

Amesh sun�peia thc anis
thtac H�older e�nai h ak
loujh anis
thta�

��� P�risma� Estw K kurt� s�ma ston Rn me �gko jKj 	 � kai f 
 K � R

suneq�c sun�rthsh	 T�te� h

kfkp 	
�Z

K

jf�x�jpdx
���p

e�nai a�xousa sun�rthsh tou p sto ������	

Ap�deixh� Estw p 
 p� sto ������	 Ja qrhsimopoi�soume thn anis
thta H�older
gi� tic sunart�seic jf jp� � kai gi� touc ekj�tec p�

p � � kai ton suzug� tou�

������

Z
K

jf jp 	
Z
K

jf jp�� �
�Z

K

�jf jp�p��p
� p

p�

�Z
K

�

��� p

p�

	

�Z
K

jf jp�
� p

p�

�

Epetai oti

������

�Z
K

jf jp
� �

p

�
�Z

K

jf jp�
� �

p�

� �

Eidik
tera� an f 
 K � R kai p � � t
te

������

Z
K

jf�x�jdx �
�Z

K

jf�x�jpdx
� �

p

�

Se pl�rh genik
thta �gi� k�je dhlad� suneq� sun�rthsh f�� ak
ma kai sthn aplo�
sterh monodi�stath per�ptwsh p	q	 K 	 ��� �� den mpore� kane�c na perim�nei mi�
ant�strofh thc anis
thtac ��	���	 Gi� k�je p � � kai M � � mporome na kata�
skeu�soume suneq� sun�rthsh fM�p 
 ��� ��� R t�toia �ste

kfM�pkp � MkfM�pk��

��� Par�deigma� Or�zoume fM�p�x� 	 � sto ��� a�� fM�p�x� 	 � sto ��a� �� kai
epekte�noume suneq�c kai grammik� sto �a� �a�� 
pou a � � mikr
c jetik
c arijm
c
pou ja epilege� arg
tera	

��



T
te� kfM�pk� 	 �a
� en� kfM�pkp � a��p	 An epil�xoume � 
 a 
 ����M�

p

p�� �
�qoume

kfM�pkp
kfM�pk� �

�

�a��
�
p

� M�

An 
mwc perioristome se grammik� sunarthsoeid� thc morf�c

x� hx� i

pou  � Rn� t
te mporome qrhsimopoi�ntac to L�mma tou Borell na apode�xoume
mi� pol isqur� anis
thta tpou Khinchine�

��� Jerhma� Up�rqei mi� ap�luth stajer� c � � me thn ak�loujh idi�thta� An
K e�nai �na kurt� s�ma ston Rn me �gko jKj 	 �� kai  � Rn� t�te gi� k�je p � �
isq�ei h ant�strofh anis�thta H�older

������

�Z
K

jhx� ijpdx
� �

p

� cp

Z
K

jhx� ijdx�

Ap�deixh� Gi� eukol�a j�toume

������ I� 	

Z
K

jhx� ijdx�

kai or�zoume

������ A 	 fx � Rn 
 jhx� ij � �I�g�
To A e�nai profan�c summetrik
 kai kurt
	 Epipl�on�

I� 	

Z
K

jhx� ijdx �
Z
K�Ac

jhx� ijdx � �I�jK � Acj�

dhlad�

������ jA �Kj � �

�
�

�H sun�rthsh jhx� ij den mpore� na xeper�sei kat� pol th m�sh thc tim� se meg�lo
posost
 tou K �Anis
thta tou Markov��	 Prospajome na fr�xoume ap
 p�nw to

������

Z
K

jhx� ijpdx 	

Z �

�

ptp��jfx � K 
 jhx� ij � tgjdt�

Parathrome oti fx � K 
 jhx� ij � tg 	 K � �Rnn t
�I�

A�	 �Pr�gmati� x � K kai

jhx� ij � t shma�nei jh �I�t x� ij � �I�� dhlad� x � K kai �I�
t x �� A�	 Aut
 shma�nei

oti an t � �I� t
te to L�mma tou Borell arq�zei na efarm
zetai kai mac d�nei oti o

gkoc jfx � K 
 jhx� ij � tgj g�netai pol gr�gora mikr
c	 Gr�foume loip
n
������Z

K

jhx� ijpdx 	

Z �I�

�

ptp��jK � �Rnn t

�I�
A�jdt�

Z �

�I�

ptp��jK � �Rnn t

�I�
A�jdt

��



kai fr�ssoume to pr�to olokl�rwma apl�c ap


������

Z �I�

�

ptp��dt 	 ��I��
p�

en� gi� to detero k�noume thn allag� metablht�c t 	 �I�s kai qrhsimopoiome
to L�mma tou Borell�Z �

�I�

ptp��jK � �Rnn t

�I�
A�jdt 	 ��I��

p

Z �

�

psp��jK � �RnnsA�jds

������ � ��I��
p

Z �

�

psp����s��ds�

Pa�rnontac up
yh tic ��	���� ��	��� kai ��	���� kaj�c kai �nan apl
 upologism
 me
thn ��sun�rthsh pa�rnoumeZ

K

jhx� ijpdx � ��I��
p�c�p�

p

gi� k�poia ap
luth stajer� c� � �� ap�opou �petai oti

�Z
K

jhx� ijpdx
� �

p

� cpI� 	 cp

Z
K

jhx� ijdx� �

��� Parat�rhsh� H isqc thc anis
thtac ��	��� g�netai katanoht� an kane�c
skefte� oti h stajer� cp h opo�a mac exasfal�zei thn antistrof� thc sun�jouc
anis
thtac H�older den exart�tai ote ap
 to  � Rn ote ap
 thn di�stash n ote
ap
 to s�ma K	

�� To pr�blhma twn tess�rwn shme�wn tou Sylvester�

Ja d�soume mi� ak
ma efarmog� thc summetrikopo�hshc kat� Steiner pou od��
ghse sth lsh en
c klasiko probl�matoc twn gewmetrik�n pijanot�twn	 To �����
o JJ Sylvester �jese to ak
loujo er�thma�

Epil�goume tuqa�a t�ssera shme�a sto ep�pedo	 Poi� e�nai h pijan�thta aut�
ta shme�a na sqhmat�zoun kurt� tetr�pleuro�

��� Sntoma �gine katanoht
 oti to pr
blhma �prepe na p�rei pi
 sugkekrim�nh
morf�� pl�joc diaforetik�n apant�sewn pou bas�zontan se diaforetik�c ermhne�ec
tou erwt�matoc kai �moiazan 
lec swst�c prok�lesan eure�a suz�thsh �kai bo��
jhse sthn austhr� jemel�wsh twn gewmetrik�n pijanot�twn�	 To pr
blhma tou
Sylvester p�re telik� thn ex�c morf��

Pr�blhma twn tess�rwn shme�wn� Estw K �na kurt� s�ma sto ep�pedo	 Epi�
l�goume tuqa�a� anex�rthta kai omoi�morfa ap� to K t�ssera shme�a z�� z�� z�� z�	

�	



Na upologiste� h pijan�thta P �K� ta z�� z�� z�� z� na sqhmat�zoun kurt� tetr�pleu�
ro	

Me ton 
ro omoi
morfa� ennoome oti gi� k�je uposnolo L tou K� h pijan
�
thta P �z � L� na br�sketai sto L �na tuqa�o shme�o tou K d�netai ap
 thn

P �z � L� 	
A�L�

A�K�
�

Dhlad�� den up�rqoun komm�tia tou K ta opo�a na �qoun proterai
thta 
tan epi�
l�goume �na shme�o ap
 to K �m
no to m�gej
c touc metr�ei�	

Me ton 
ro anex�rthta� ennoome oti gi� k�je Li � K� i 	 �� � � � � � isqei

P �z� � L�� � � � � z� � L�� 	 P �z� � L�� � � � P �z� � L���

Dhlad�� h epilog� tou kajen
c ap
 ta t�ssera shme�a den ephre�zei ote ephre��
zetai ap
 thn epilog� twn upolo�pwn tri�n	

��� Mpore� kane�c na de� oti ta z�� z�� z�� z� den sqhmat�zoun kurt
 tetr�pleuro
an kai m
no an k�poio ap
 ta zi br�sketai m�sa sto tr�gwno twn upolo�pwn tri�n	
Prospaj�ntac loip
n na upolog�soume thn P �K� gr�foume�

�� P �K� 	 P ��� zi ��� �������o�� ����o ����������o�
	 P ���i��fzi ��o ���	��o ��� ����� �����g�

	 �P �z� � z�z�z��	

Qrhsimopoi�same to gegon
c oti ta t�ssera endeq
mena �to zi e�nai sto tr�gwno twn
�llwn tri�n shme�wn� e�nai x�na kai isop�jana	 Gi� ton pr�to isqurism
� pr�pei na
parathr�soume oti h pijan
thta do � periss
tera ap
 ta zi na taut�zontai� kaj�c
kai h pijan
thta tr�a � kai ta t�ssera ap
 ta shme�a na e�nai suggrammik� e�nai
mhd�n ��ra� ta t�ssera endeq
mena e�nai ousiastik� x�na�	

��� H pijan
thta P �z� � z�z�z�� d�netai ap
 thn m�sh tim�

����� M�K� 	
�

�A�K���

Z
K

Z
K

Z
K

A�z�z�z��

A�K�
dz�dz�dz��

to anamen
meno dhlad� posost
 tou K pou katalamb�nei �na tuqa�o tr�gwno tou
opo�ou oi koruf�c epil�gontai tuqa�a� anex�rthta kai omoi
morfa ap
 to K	

O upologism
c epom�nwc thc P �K� an�getai ston upologism
 thc m�shc tim�c
M�K�� afo

����� P �K� 	 �� �M�K��

��� M�a ak
ma arqik� parat�rhsh e�nai oti h pos
thta M�K� e�nai anallo�wth wc
proc a�ne metasqhmatismoc tou epip�dou� an dhlad� U 
 R� � R� e�nai �nac
antistr�yimoc grammik
c metasqhmatism
c kai a � R�� t
te

M�U�K� � a� 	M�K��

�




H ap
deixh aut�c thc is
thtac g�netai me apl� allag� metablht�c	 H parat�rhsh
aut� de�qnei oti to pr
blhm� mac afor� kl�seic a�nely isodun�mwn swm�twn kai

qi memonwm�na s�mata	 Gi� par�deigma� upolog�zontai ta ex�c�

�a� M�D� 	 �������� kai h m�sh aut� tim� ja e�nai h �dia gi� k�je d�sko kai
genik
tera gi� k�je �lleiyh	

�b� M�T � 	 ���� gi� �na is
pleuro tr�gwno T � kai h m�sh aut� tim� ja e�nai h
�dia gi� k�je tr�gwno afo me grammik
 metasqhmatism
 kai metafor� mporome
na metabome ap
 �na tr�gwno se opoiod�pote �llo	

�g� M�Q� 	 ������ gi� �na tetr�gwno Q� �ra kai gi� k�je parallhl
grammo
sto ep�pedo	

��� Ta parade�gmata aut� de�qnoun oti h ap�nthsh sto pr
blhma twn tess�rwn
shme�wn exart�tai ap
 to s�ma K �� kaltera ap
 thn kl�sh sthn opo�a an�kei�	
To sq�ma tou qwr�ou pa�zei r
lo� epom�nwc to pr
blhma pr�pei na diatupwje� san
�na pr
blhma meg�stou�elaq�stou�

Pr�blhma� Gi� poi� s�mata K g�netai h M�K� m�gisth � el�qisth�

Me b�sh thn parat�rhsh thc �	� mporome na upoj�soume oti A�K� 	 �	 Rwt�me
loip
n gi� poi� s�mata K embado � elaqistopoie�tai �ant�stoiqa megistopoie�tai�
to pollapl
 olokl�rwma

����� M�K� 	

Z
K

Z
K

Z
K

A�z�z�z��dz�dz�dz��

Thn ap�nthsh sto er�thma aut
 �dwse o Blaschke �������

��� Jerhma� Estw K kurt� s�ma sto ep�pedo me A�K� 	 �	 T�te�

M�D� �M�K� �M�T ��

�pou D o d�skoc embado�  kai T �na tr�gwno embado� 	 Is�thta isq�ei arister�
an kai m�no an to K e�nai �lleiyh� kai dexi� an kai m�no an to K e�nai tr�gwno	

H ap
deixh thc arister�c anis
thtac bas�zetai sthn Steiner summetrikopo�h�
sh� en� h ap
deixh thc dexi�c anis
thtac se �nan ant�strofo metasqhmatism
 �thn
Sch�uttelung � �antisummetrikopo�hsh� � pou se ant�jesh proc thn Steiner summe�
trikopo�hsh odhge� se 
lo kai pi
 �asmmetra� s�mata	

Pi
 sugkekrim�na� jewrome mi� euje�a ��� sto ep�pedo� thn opo�a mporome
qwr�c bl�bh thc genik
thtac na taut�soume me ton oriz
ntio �xona� kai gr�foume
to K sth morf�

K 	 f�x� t� 
 a � x � b� f�x� � t � g�x�g�

pou �a� b� e�nai h probol� tou K sthn ���� h f e�nai kurt� kai h g e�nai ko�lh sto
�a� b�� kai f�x� � g�x� gi� k�je x � �a� b�	 T
te� h Steiner summetrikopo�hsh tou K
wc proc ��� e�nai to s�ma

SK 	 f�x� t� 
 a � x � b�� �g � f��x�

�
� t � �g � f��x�

�
g�

��



Eqoume dei oti h Steiner summetrikopo�hsh diathre� ta embad�� dhlad� A�SK� 	
A�K� 	 �	 Ja de�xoume thn ak
loujh pr
tash�

��� Pr�tash� M�SK� �M�K�	

Ap�deixh� H m�sh tim� M�K� gr�fetai san �na exapl
 olokl�rwma wc ex�c�
�����

M�K� 	

Z b

a

Z b

a

Z b

a

Z g�x��

f�x��

Z g�x��

f�x��

Z g�x��

f�x��

A�cof�xi� ti�g�dt�dt�dt�dx�dx�dx��

Or�zoume

����� MK�x�� x�� x�� 	

Z g�x��

f�x��

Z g�x��

f�x��

Z g�x��

f�x��

A�cof�xi� ti�g�dt�dt�dt�

gi� k�je tri�da ap
 xi � �a� b�	 T
te�

����� M�K� 	

Z b

a

Z b

a

Z b

a

MK�x�� x�� x��dx�dx�dx��

Ant�stoiqa gr�foume thn M�SK� kai or�zoume thn sun�rthsh MSK�x�� x�� x��	 H
Pr
tash �	� e�nai �mesh sun�peia tou ak
loujou L�mmatoc�

��� L�mma� Gi� k�je x�� x�� x� � �a� b� �qoume

MSK�x�� x�� x�� �MK�x�� x�� x���

Pr�gmati� arke� kat
pin na oloklhr�soume aut�n thn anis
thta wc proc xi	 Gi�
thn ap
deixh tou L�mmatoc �	� ja qreiaste� na gr�youme thn pos
thta MK�x�� x�� x��
l�go diaforetik�� Gi� k�je i 	 �� �� � jewrome thn katak
rufh euje�a Hxi pou per�
n�ei ap
 to �xi� ��	 Aut� t�mnei to K se �na eujgrammo tm�ma me �kra �xi� f�xi��

kai �xi� g�xi��	 J�toume pi 	
f�xi��g�xi�

� 	 Dhlad�� to shme�o �xi� pi� e�nai to m�so

tou K � Hxi 	 J�toume ak
ma li 	 g�xi��f�xi�
� � to mis
 dhlad� tou m�kouc tou

K �Hxi 	 K�nontac thn allag� metablht�c ti 	 pi � si �qoume

����� MK�x�� x�� x�� 	

Z l�

�l�

Z l�

�l�

Z l�

�l�
A�cof�xi� pi � si�g�ds�ds�ds��

L
gw summetr�ac twn diasthm�twn ��li� li� aut
 e�nai �so me

�����

Z l�

�l�

Z l�

�l�

Z l�

�l�
A�cof�xi� pi � si�g�ds�ds�ds��

kai telik��

����� MK�x�� x�� x��

	

Z l�

�l�

Z l�

�l�

Z l�

�l�

A�cof�xi� pi � si�g� �A�cof�xi� pi � si�g�
�

ds�ds�ds��

��



Ja de�xoume to ak
loujo L�mma�

��	 L�mma� Gi� k�je jsij � li �qoume

A�cof�xi� pi � si�g� �A�cof�xi� pi � si�g� 	 �maxfA�cof�xi� pi�g�� A�cof�xi� si�g��

Ap�deixh� To embad
n en
c trig�nou me koruf�c �xi� ri�� i 	 �� �� � d�netai ap
 thn
sq�sh

A�cof�xi� ri�g� 	 �

�
jdet��x��r� �e�j


pou �x 	 �x�� x�� x��� �r 	 �r�� r�� r�� kai �e 	 ��� �� ��	 Gi� suntom�a ja sumbol�zou�
me aut�n thn or�zousa me D��r�� enno�ntac oti e�nai sun�rthsh m
no twn r�� r�� r��
afo ta x�� x�� x� e�nai stajer� se 
ti afor� to L�mma �	�	 Me aut
n ton sumbo�
lism
� gi� thn ap
deixh tou L�mmatoc �	� arke� na apode�xoume thn

������ jD��p� �s�j� jD��p� �s�j 	 �maxfjD��p�j� jD��s�jg�

h opo�a l
gw grammik
thtac thc or�zousac wc proc thn deterh st�lh g�netai

������ jD��p� �D��s�j� jD��p��D��s�j 	 �maxfjD��p�j� jD��s�jg�

Aut� h teleuta�a isqei� afo gi� tuq
ntec pragmatikoc arijmoc a kai b �qoume
thn taut
thta

������ ja� bj� ja� bj 	 �maxfjaj� jbjg� �

Ap�deixh tou L�mmatoc ���� Estw �xi� qi� ta m�sa twn eujugr�mmwn tmhm�twn
SK �Hxi 	 Profan�c� qi 	 �� i 	 �� �� �	 Ep�shc� douleontac akrib�c 
pwc kai gi�
to K �qoume

������ MSK�x�� x�� x��

	

Z l�

�l�

Z l�

�l�

Z l�

�l�

A�cof�xi� qi � si�g� �A�cof�xi� qi � si�g�
�

ds�ds�ds��

An p�roume up
yh mac to L�mma �	�� gi� na oloklhr�soume thn ap
deixh tou
L�mmatoc �	� e�nai arket
 na exasfal�soume oti

������

Z l�

�l�

Z l�

�l�

Z l�

�l�
maxfjD��q�j� jD��s�jgds�ds�ds�

�
Z l�

�l�

Z l�

�l�

Z l�

�l�
maxfjD��p�j� jD��s�jgds�ds�ds��

Omwc� jD��q�j 	 � � jD��p�j� giat� �q 	 ��	 H gewmetrik� ermhne�a e�nai oti ta
m�sa �xi� qi� sto SK e�nai suggrammik�� sunep�c to embad
n tou trig�nou pou
sqhmat�zoun e�nai mhd�n � opwsd�pote mikr
tero � �so tou embado tou trig�nou

��



pou sqhmat�zoun ta ant�stoiqa m�sa �xi� pi� sto K	 Epetai oti gi� k�je s�� s�� s�
isqei

������ maxfjD��q�j� jD��s�jg � maxfjD��p�j� jD��s�jg�

kai oloklhr�nontac wc proc si pa�rnoume

������ MSK�x�� x�� x�� �MK�x�� x�� x��� �

Ap�deixh thc Pr�tashc ���� H sun�rthsh MSK den xepern�ei thn MK � an epom�nwc
oloklhr�soume sto �a� b�� �a� b�� �a� b� pa�rnoume

������ M�SK� 	

Z b

a

Z b

a

Z b

a

MSK�x�� x�� x��dx�dx�dx�

�
Z b

a

Z b

a

Z b

a

MK�x�� x�� x��dx�dx�dx� 	M�K� �

Or�zoume t�ra �nan detero metasqhmatism
� thn antisummetrikopo�hsh TK
tou K wc proc ���� me ton ak
loujo tr
po�

TK 	 f�x� t� 
 a � x � b� � � t � �g � f��x�g�

H mhdenik� sun�rthsh e�nai kurt� kai h g�f e�nai ko�lh kai mh�arnhtik� sto �a� b��
epom�nwc to TK e�nai kurt
	 Ep�shc�

A�TK� 	

Z b

a

�g�x�� f�x��dx 	 A�K��

dhlad� ki aut
c o metasqhmatism
c diathre� ta embad�	 Ja de�xoume thn ak
loujh
pr
tash�

���� Pr�tash� M�K� �M�TK�	

Ap�deixh� Opwc kai sthn ap
deixh thc Pr
tashc �	�� arke� na de�xoume oti gi� k�je
x�� x�� x� � �a� b� isqei

MK�x�� x�� x�� �MTK�x�� x�� x���

Jewrome kai p�li tic katak
rufec euje�ec Hxi pou pernon ap
 ta �xi� �� kai ta
m�sa �xi� wi� twn eujugr�mmwn tmhm�twn TK � Hxi 	 Aut� th for� �qoume wi 	
g�xi��f�xi�

� 	 O metasqhmatism
c mac diathre� kai p�li ta m�kh twn eujugr�mmwn
tmhm�twn� gi� k�je x � �a� b� �qoume oti ta K � Hx kai TK � Hx �qoun to �dio
m�koc	 Ara�

������ MTK�x�� x�� x��

��



	

Z l�

�l�

Z l�

�l�

Z l�

�l�

A�cof�xi� wi � si�g� �A�cof�xi� wi � si�g�
�

ds�ds�ds��

Me b�sh to L�mma �	�� h anis
thta pou j�loume na de�xoume g�netai

������

Z l�

�l�

Z l�

�l�

Z l�

�l�
maxfjD��p�j� jD��s�jgds�ds�ds�

�
Z l�

�l�

Z l�

�l�

Z l�

�l�
maxfjD��w�j� jD��s�jgds�ds�ds��

Aut� h teleuta�a ja isqei an kai m
no an

������ jD��p�j � jD��w�j�

Ac jumhjome pwc or�zontai ta pi kai wi� E�nai

pi 	
g�xi� � f�xi�

�
� wi 	

g�xi�� f�xi�

�
�

an loip
n gi� k�je sun�rthsh h 
 �a� b� � R sumbol�soume me D�h� thn or�zousa

det��x��h��e�� 
pou �h 	 �h�x��� h�x��� h�x���� t
te aut
 pou zht�me e�nai

������ jD�f � g�j � jD�g � f�j�

Ap
 grammik
thta thc or�zousac wc proc thn deterh st�lh� �qoume D�f � g� 	
D�f��D�g� kai D�g�f� 	 D�g��D�f� kai uy�nontac sto tetr�gwno bl�poume oti
arke� na dome oti oi D�f� kai D�g� e�nai eter
shmec	 Anaptssontac thn or�zousa
pa�rnoume

������ D�f� 	 �x� � x��

�
x� � x�
x� � x�

f�x�� �
x� � x�
x� � x�

f�x��� f�x��

�
�

Ac upoj�soume pr�ta oti x� 
 x� 
 x�	 T
te� ekola bl�poume oti x� 	
x��x�
x��x�x��

x��x�
x��x�x�� kai to gegon
c oti h f e�nai kurt� exasfal�zei oti D�f� � �	 An�logoc
upologism
c de�qnei oti D�g� � �� dhlad� D�f�D�g� � � pou �tan to zhtomeno	

An h di�taxh twn xi e�nai diaforetik�� antimetaj�toume tic gramm�c thc or��
zousac D�f� me t�toio tr
po �ste na �qoume thn pr�th st�lh axousa	 Aut� h
allag� mpore� na metab�lei to pr
shmo thc D�f�� h �dia 
mwc allag� ja metab�lei
kai to pr
shmo thc D�g� me ton �dio tr
po	 To telik
 gin
meno ja e�nai mikr
tero
� �so tou mhden
c� �ra kai to arqik
� gi� k�je dunat� di�taxh twn xi �qoume

D�f�D�g� � ��

Aut
 apodeiknei oti MK�x�� x�� x�� �MTK�x�� x�� x�� gi� k�je x�� x�� x� � �a� b��
kai me m�a ak
ma olokl�rwsh pa�rnoume

M�K� �M�TK�� �

��



Eqoume de� oti me diadoqik�c Steiner summetrikopoi�seic mporome na f�roume to
tuq
n kurt
 s�ma pol kont� se mp�la �me thn Hausdor� metrik��	 Ant�stoiqa�
sto ep�pedo isqei oti me diadoqik�c antisummetrikopoi�seic mporome na f�roume
k�je kurt
 qwr�o pol kont� se tr�gwno	 Pi
 sugkekrim�na�

���� Jerhma� Estw K �na kurt� s�ma sto ep�pedo me A�K� 	 �	 T�te�

�i� Up�rqei akolouj�a eujei�n f��n�g t�toia �ste� an Kn 	 S�n � � � S��K t�te
Kn � �D� �pou A��D� 	 �	

�ii� Up�rqei akolouj�a eujei�n f��n�g t�toia �ste� an K �
n 	 T�n � � � T��K t�te

K �
n � T � �pou T tr�gwno me A�T � 	 �	 �

Qrhsimopoi�ntac tic Prot�seic �	�� �	�� kai to Je�rhma �	�� mporome na
apode�xoume to Je�rhma tou Blaschke�

Ap�deixh tou Jewr�matoc ���� Estw K kurt
 s�ma sto ep�pedo me A�K� 	 �	
Jewrome tic akolouj�ec fKng kai fK �

ng pou mac d�nei to Je�rhma �	��	 Me b�sh
thn Pr
tash �	� �qoume

M�K� �M�K�� �M�K�� � � � � �M�Kn��M��D� 	M�D��

en� ap
 thn Pr
tash �	�� �petai oti

M�K� �M�K �
�� �M�K �

�� � � � � �M�K �
n��M�T ��

Mi� prosektik� dierenhsh twn bhm�twn thc ap
deixhc de�qnei oti an to arqik

s�ma den e�nai �lleiyh t
te mporome na k�noume to pr�to b�ma �tsi �ste M�K� �
M�K��	 Ara� M�K� � M�D�	 Omoia� an to arqik
 s�ma den e�nai tr�gwno t
te
mporome na k�noume to pr�to b�ma �tsi �ste M�K� 
 M�K �

��	 Ara� M�K� 

M�T �	 Dhlad�� M�K� 	 M�D� an kai m
no an to K e�nai �lleiyh kai M�K� 	
M�T � an kai m
no an to K e�nai tr�gwno �den ja mpome stic leptom�reiec�	 �

Epistr�fontac sto pr
blhma tou Sylvester kai qrhsimopoi�ntac thn ��	�� kai
tic tim�c M�D� 	 �������� M�T � 	 ����� bl�poume oti gi� k�je kurt
 s�ma K
isqei

����� � � � 	 P �T � � P �K� � P �D� � ������ � � �

�� To polik� sma en�c summetriko� kurto� smatoc 
 H anis�thta
Blaschke � Santal�o�

Sthn par�grafo aut� jewrome m
no summetrik� kurt� s�mata K ston Rn me
k�ntro summetr�ac to � �par
lo pou poll�c ap
 tic �nnoiec pou ja qrhsimopoihjon
or�zontai kai sth mh�summetrik� per�ptwsh�	

��� Orism�c� H aktinik� sun�rthsh �K tou K or�zetai sthn Sn�� wc ex�c� an
 � Sn��� t
te

����� �K�� 	 maxf� � � 
 � � Kg�

��



E�nai faner
 oti an mac doje� h aktinik� sun�rthsh � en
c summetriko kurto
s�matoc t
te aut
 prosdior�zetai monos�manta� se k�je diejunsh  � Sn�� pr�pei
na proqwr�soume se ap
stash ��� �wc 
tou sunant�soume to snoro tou s�matoc	

��� Orism�c� H sun�rthsh st�rixhc hK en
c summetriko kurto s�matoc K
or�zetai sthn Sn�� wc ex�c� an  � Sn��� t
te

����� hK�� 	 maxfhx� i 
 x � Kg�

��� Parat�rhsh� To sq�ma de�qnei thn sq�sh an�mesa sthn aktinik� sun�rthsh
�K kai thn sun�rthsh st�rixhc hK gi� dosm�nh diejunsh  � Sn��� e�nai faner

oti �K�� � hK��	

Gi� mi� austhr� ap
deixh parathrome oti �K�� � K� epom�nwc

����� hK�� 	 max
x�K

hx� i � h�K��� i 	 �K��h� i 	 �K���

Ja or�soume �na detero s�ma ston Rn� to polik� s�ma Ko tou K	 O ori�
sm
c mpore� na doje� me do diaforetikoc tr
pouc	 Pr�ton� an perigr�youme thn
aktinik� sun�rthsh tou Ko j�tontac

����� �Ko�� 	
�

hK��
�  � Sn���

Deteron� d�nontac apeuje�ac orism
 tou sun
lou Ko�

����� Ko 
	 fy � Rn 
 hx� yi � ���x � Kg�

��� L�mma� Oi d�o orismo� sump�ptoun	

Ap�deixh� Estw y � fy � Rn 
 hx� yi � ���x � Kg	 Up�rqei  � Sn�� t�toio �ste
y 	 �	 Ja de�xoume oti � � ��hK��	 Eqoume

����� �hK�� 	 �max
x�K

hx� i 	 max
x�K

hx� �i 	 max
x�K

hx� yi � ��

Ant�strofa� an y 	 � gi� k�poio  � Sn�� kai k�poio � � ��hK��� t
te gi� k�je
x � K �qoume

����� hx� yi 	 hx� �i 	 �hx� i � �hK�� � ��

Sunep�c� y � fy � Rn 
 hx� yi � ���x � Kg	 �

Pa�rnontac up
yh thn summetr�a tou K mporome na gr�youme to Ko st�
morf�

����� Ko 	
�
x�K

fy � Rn 
 jhy� xij � �g�

��



to opo�o de�qnei oti�

��� L�mma� To polik� Ko en�c summetriko� kurto� s�matoc K e�nai summetrik�
kurt� s�nolo	 �

��� Parade�gmata� �a� An K 	 Dn e�nai pol ekolo na dome oti hK�� 	 �
gi� k�je  � Sn��� Eqoume jhx� ij � jxjjj � � gi� k�je x � Dn� kai h� i 	 �	
Epetai oti �Ko�� 	 �� dhlad� Ko 	 Dn	

Tele�wc an�loga bl�poume oti gi� k�je r � � isqei �rDn�
o 	 �

rDn	

�b� Estw K 	 Q� 	 f�x� y� � R� 
 jxj � �� jyj � �g� �na tetr�gwno sto
ep�pedo	 Den e�nai dskolo na dome oti Ko 	 L 	 f�t� s� � R� 
 jtj� jsj � �g� �nac
r
mboc sto ep�pedo	 Pr�ta�pr�ta� an �x� y� � K kai �t� s� � L t
te jxt � ysj �
jxjjtj� jyjjsj � jtj� jsj � �	 Ara� L � Ko	

Ant�strofa� an �t� s� � Ko� t
te afo �signt� signs� � Q� 	 K �qoume tsignt�
ssigns � �� dhlad� jtj� jsj � �	 Ara� �t� s� � L dhlad� Ko � L	

O �dioc akrib�c sullogism
c de�qnei oti an K 	 Qn 	 fx 	 �x�� � � � � xn� 

jxij � �� i 	 �� � � � � ng� t
te

Ko 	 fy 	 �y�� � � � � yn� 


nX
i��

jyij � �g�

h �monadia�a mp�la tou �n�� �cross�polytope�	

�g� An � 
 p 
 �� kai q o suzug�c ekj�thc tou p � �p �
�
q 	 ��� t
te to polik


s�ma thc monadia�ac mp�lac tou �np

Bn
p 	 fx 	 �x�� � � � � xn� 


nX
i��

jxijp � �g�

e�nai h monadia�a mp�la tou �nq

Bn
q 	 fy 	 �y�� � � � � yn� 


nX
i��

jyijq � �g�

To gegon
c oti to polik
 s�ma Ko en
c summetriko kurto s�matoc K e�nai

ntwc kurt
 s�ma ��qei dhlad� mh ken
 eswterik
 kai e�nai fragm�no�� e�nai �mesh
sun�peia tou ak
loujou jewr�matoc�

��� Jerhma� Estw K�L d�o summetrik� kurt� s�mata ston Rn	 Isq�oun ta
ex�c�

��� An K � L� t�te Lo � Ko	
��� An T e�nai �nac antistr�yimoc grammik�c metasqhmatism�c tou Rn� t�te

�TK�o 	 T�t�Ko�	
��� An K � RDn� t�te

�
RDn � Ko	

��� An K � �Dn� t�te K
o � �

	Dn	

��



Ap�deixh� ��� Estw y � Lo	 T
te� hy� xi � � gi� k�je x � L� kai afo K � L
�petai oti hy� xi � � gi� k�je x � K	 Ara� y � Ko	

��� Eqoume y � �TK�o an kai m
no an hz� yi � � gi� k�je z � TK� an kai m
no an
hTx� yi � � gi� k�je x � K� an kai m
no an hx� T tyi � � gi� k�je x � K� an kai
m
no an T ty � Ko� dhlad� an kai m
no an y � T�t�Ko�	

������� E�nai �mesec sun�peiec twn ��� kai ���	 Arke� na parathr�soume oti RDn 	
�RId��Dn� kai �Dn 	 ��Id��Dn�	 �

Ja mporosame na epanal�boume thn diadikas�a orismo tou poliko s�ma�
toc poll�c for�c� xekin�ntac ap
 �na summetrik
 kurt
 s�ma K� pa�rnontac to
polik
 tou Ko� to polik
 tou poliko �Ko�o� to polik
 tou poliko tou poliko
��Ko�o�o kai otw kajex�c	 To Je�rhma pou akolouje� de�qnei oti aut� h diadika�
s�a stamat�ei sto detero ki
lac b�ma� isqei �Ko�o 	 K	 To K kai to polik

tou apotelon �zeug�ri�	

��� Jerhma� Estw K summetrik� kurt� s�ma ston Rn	 T�te� �Ko�o 	 K	

Ap�deixh� O egkleism
c K � �Ko�o apodeiknetai ekola� �stw x � K	 An
y � Ko� t
te hx� yi � � ap
 ton orism
 tou Ko	 Omwc t�ra� afo to y � Ko e�nai
tuq
n� ap
 ton orism
 tou �Ko�o pa�rnoume x � �Ko�o	

H ap
deixh tou �llou egkleismo ja basiste� se �na diaqwristik� je�rhma	

��	 L�mma� Estw K mh�ken� sumpag�c upos�nolo tou Rn� kai x �� K	 T�te�
up�rqei z � K t�toio �ste

����� jx� zj 	 minfjx� yj 
 y � Kg�

Ap�deixh� Or�zoume � 	 inffjx� yj 
 y � Kg � �	 Gi� k�je � � � up�rqei y� � K
t�toio �ste � � jx�y�j 
 ���	 Epil�gontac � 	 �� �� � � � � �

�
n � � � �� br�skoume yn � K

me thn idi
thta � � jx� ynj 
 �� �
n � n � N	

Epeid� to K e�nai sumpag�c� up�rqoun z � K kai upakolouj�a fykng me ykn �
z	 Einai faner
 oti

������ jx� zj 	 lim
n
jx� ykn j 	 �� �

Sthn per�ptwsh pou to K e�nai kurt
 kai sumpag�c� to z tou L�mmatoc �	� e�nai
monadik
�

���� L�mma� Estw K mh�ken�� kurt� kai sumpag�c upos�nolo tou Rn	 T�te�
up�rqei monadik� z � K t�toio �ste

jx� zj 	 � 	 minfjx� yj 
 y � Kg�

Ap�deixh� Ap
 to L�mma �	� x�roume oti up�rqoun t�toia z	 Estw oti jx� z�j 	 �	
An z � K� t
te gi� k�je � � ��� �� �qoume �z � �� � ��z� � K �epeid� to K e�nai
kurt
�� epom�nwc

������ jx� z�j� � jx� ��z � ��� ��z��j� 	 j�x� z��� ��z � z��j�

�	



	 jx� z�j� � ��hx� z�� z � z�i� ��jz� � zj��
ap�opou �petai oti

������ hx� z�� z � z�i � �jz� � zj��
kai pa�rnontac �� �� bl�poume oti

������ hx� z�� z � z�i � �

gi� k�je z � K	 H sunj�kh aut� mac l�ei oti ta diansmata �z�x kai �z�z sqhmat�zoun
amble�a gwn�a gi� k�je z � K� dhlad� oti to uperep�pedo fz 
 hz� x� z�i 	 hz�� x�
z�ig af�nei ol
klhro to K �ap
 th mi� meri� tou Rn�	

Estw oti up�rqe kai detero shme�o z� � K t�toio �ste jx� z�j 	 �	 T
te ja
�sque to an�logo thc ��	��� me to z� sth j�sh tou z�� dhlad�

������ hz� � x� z� � zi � �

gi� k�je z � K	 Pa�rnontac z 	 z� sthn ��	��� kai z 	 z� sthn ��	��� kai
prosj�tontac kat� m�lh pa�rnoume

������ hz� � z�� z� � z�i � ��

to opo�o isqei m
no an z� 	 z�	 �

���� Diaqwristik� Jerhma� Estw K kurt� s�ma ston Rn� kai x �� K	 T�te�
up�rqei uperep�pedo pou diaqwr�zei gn�sia to x ap� to K	 Dhlad� up�rqoun � � R
kai  � Sn�� t�toia �ste

������ max
z�K

hz� i 
 � 
 hx� i�

Ap�deixh� Br�skoume z� � K me el�qisth ap
stash ap
 to x	 Ap
 thn ��	���
�qoume

������ hz� x� z�i � hz�� x� z�i
gi� k�je z � K	 Ap
 thn �llh pleur�� hx� z�� x� z�i � � epom�nwc

������ hz�� x� z�i 
 hx� x� z�i�
Ap
 tic ��	��� kai ��	��� e�nai faner
 oti an  	 �x � z���jx � z�j t
te up�rqei
� � R t�toio �ste

������ max
z�K

hz� i 	 hz�� i 
 � 
 hx� i� �

Sun�qeia thc ap�deixhc tou Jewr�matoc �	�� Eqoume de� oti K � �Ko�o	 Ac
upoj�soume oti up�rqei x � �Ko�onK	 Afo to x den an�kei sto K� up�rqoun
 � Sn�� kai � � R t�toia �ste� gi� k�je z � K�

������ hz� i 
 � 
 hx� i�

�




O � e�nai gn�sia jetik
c arijm
c epeid� to K peri�qei to � sto eswterik
 tou	 An
y 	 ��� t
te ap
 thn arister� anis
thta thc ��	��� bl�poume oti y � Ko	 Afo
x � �Ko�o� pr�pei na isqei hy� xi � � to opo�o �rqetai se ant�fash me thn dexi�
anis
thta thc ��	���	 Atopo� epom�nwc K 	 �Ko�o	 �

Ap
 to Je�rhma �	���� e�nai faner
 oti 
so pi
 �meg�lo� e�nai �na s�ma K
t
so pi
 �mikr
� e�nai to polik
 tou	 Gi� thn akr�beia� to gin
meno twn 
gkwn

jKjjKoj

e�nai anallo�wto wc proc antistr�yimouc grammikoc metasqhmatismoc�

������ jTKjjT�t�Ko�j 	 jdetT jjKjjdetT�tjjKoj 	 jKjjKoj�

���� Pr�blhma� Na brejo�n oi kl�seic swm�twn gi� tic opo�ec to gin�meno twn
�gkwn jKjjKoj g�netai m�gisto � el�qisto	

To pr
blhma tou meg�stou apant�jhke ap
 ton Blaschke �stic tre�c diast�seic�
kai ap
 ton Santal�o �gi� opoiad�pote di�stash�	 To gin
meno twn 
gkwn en
c
s�matoc kai tou poliko tou g�netai m�gisto an kai m
no an to s�ma e�nai mp�la ��
elleiyoeid�c�	 D�noume ed� mi� ap
deixh twn M Meyer kai A Pajor pou bas�zetai
sth m�jodo thc Steiner summetrikopo�hshc�

���� Jerhma� Estw K summetrik� kurt� s�ma ston Rn kai  � Sn��	 An
K� 	 S��K� e�nai h Steiner summetrikopo�hsh tou K sthn kate�junsh tou � t�te

������ jKjjKoj � jK�jj�K��
oj�

Ap�deixh� H summetrikopo�hsh Steiner diathre� touc 
gkouc� dhlad� jKj 	 jK�j	
Arke� epom�nwc na de�xoume oti jKoj � j�K��

oj	
Gi� eukol�a upoj�toume oti � 	 Rn��	 Den e�nai dskolo na de� kane�c oti

������ S��K� 	 K� 	 f�x� t� � t�
�

� 
 x � P�K� �x� t�� � K� �x� t�� � Kg�

Wc sun�jwc� gi� k�je A � Rn gr�foume

A�t� 	 fx � Rn�� 
 �x� t� � Ag�

Isqurism�c� Gi� k�je s � R isqei

������
Ko�s� �Ko��s�

�
� �K��

o�s��

Ap�deixh� Estw y� � Ko�s� kai y� � Ko��s�	 Aut
 shma�nei oti �y�� s� � Ko

kai �y���s� � Ko	 J�loume na de�xoume oti �y� � y���� � �K��
o�s�� dhlad� oti

�y��y�� � s� � �K��
o	

��



Estw �x� t��t�� � � K�� dhlad� �x� t�� � K kai �x� t�� � K	 Arke� na de�xoume
oti

������ h�x� t� � t�
�

�� �
y� � y�

�
� s�i � ��

Omwc� h pos
thta aut� e�nai �sh me

hx� y� � y�
�

i� st� � st�
�

	
h�x� t��� �y�� s�i� h�x� t��� �y���s�i

�
� �

dhlad� h ��	��� � �ra kai h ��	��� � isqei	

H anis
thta Brunn � Minkowski t�ra d�nei

j�K��
o�s�j � jKo�s�j �� jKo��s�j �� �

kai epeid� jKo�s�j 	 jKo��s�j l
gw summetr�ac tou Ko� pa�rnoume

������ j�K��
o�s�j � jKo�s�j

gi� k�je s � R	 Me olokl�rwsh sumpera�noume oti

j�K��
oj 	

Z ��

��
j�K��

o�s�jds �
Z ��

��
jKo�s�jds 	 jKoj� �

���� Anis�thta Blaschke � Santal�o� Estw K summetrik� kurt� s�ma ston Rn	
T�te�

������ jKjjKoj � jDnj��

Ap�deixh� Estw S�K� h kl�sh 
lwn twn peperasm�nwn Steiner summetrikopoi�sewn
tou K	 Ap
 to Je�rhma �	�� �petai oti

jKjjKoj � jCjjCoj
gi� k�je C � S�K�	 X�roume oti up�rqei akolouj�a fCmg stoiqe�wn thc S�K� me
Cm � rDn	 T
te�

������ jKjjKoj � lim
m
jCmjj�Cm�

oj 	 jrDnjj�rDn�
oj 	 jDnj�� �

To pr
blhma tou elaq�stou param�nei anoiqt
	 Up�rqei h leg
menh eikas�a
tou Mahler� Gi� k�je summetrik
 kurt
 s�ma K ston Rn isqei

������ jKjjKoj � �n

n�
�

An to el�qisto e�nai 
ntwc aut
� t
te �qoume is
thta sthn ��	��� an to K e�nai
kboc �kai se merik�c ak
ma peript�seic�	

��



���� Parat�rhsh� Enac apl
c upologism
c de�qnei oti an h eikas�a tou Mahler
e�nai swst�� t
te gi� k�je summetrik
 kurt
 s�ma K ston Rn �qoume

������
c�
n
� �

�n����n
� �jKjjKoj� �n � jDnj��n � c�

n
�


pou c�� c� � � e�nai do ap
lutec stajer�c	 H parxh do t�toiwn stajer�n �qei
apodeiqje� ap
 touc J Bourgain kai VD Milman � �asjen�c� lsh tou probl�ma�
toc tou Mahler��

���� Jerhma� Estw K summetrik� kurt� s�ma ston Rn	 T�te�

c�
n
� �jKjjKoj� �n � c�

n
�

�pou c�� c� � � e�nai d�o ap�lutec stajer�c	

	� H apeik�nish tou Kn�othe 
 Mi� tr�th ap�deixh thc anis�thtac Brunn
� Minkowski�

Ja kle�soume aut
 to kef�laio me mi� tr�th ap
deixh thc anis
thtac Brunn �
Minkowski� pou sthr�zetai sthn apeik�nish tou Kn�othe	

	�� H apeik�nish touKn�othe� Stajeropoiome m�a orjokanonik� b�sh fe�� � � � � eng
ston Rn� kai jewrome do anoiqt� kai kurt� mh�ken� uposnola A kai B tou Rn	

Gi� k�je i 	 �� � � � � n kai s 	 �s�� � � � � si� � Ri jewrome thn tom�

As 	 fy � Rn�i 
 �s� y� � Ag

tou A� kai 
moia gi� to B	 Ja or�soume m�a �na�proc��na apeik
nish tou A ep� tou
B wc ex�c�

An x 	 �x�� � � � � xn� � A� t
te Ax� �	 	 Or�zoume t
te ���x� 	 ���x�� m�sw
thc sq�shc

�����
�

jAj
Z x�

��
jAs� jn��ds� 	

�

jBj
Z 
��x��

��
jBt� jn��dt��

Dhlad�� proqwr�me sthn di�ujunsh tou e� m�qri na �k
youme� posost
 tou B
�so me to posost
 tou A pou katalamb�nei to A � fs 	 �s�� � � � � sn� 
 s� � x�g	
Parathr�ste oti h �� or�zetai sto A all� h tim� thc exart�tai m
no ap
 thn pr�th
suntetagm�nh tou x � A	 Ep�shc�

�����
���
�x�

	
jBj
jAj

jAx� jn��
jB
��x��jn��

�

Suneq�zoume me epagwg�	 Upoj�toume oti �qoume or�sei tic ���x� 	 ���x���
���x� 	 ���x�� x��� �j���x� 	 �j���x�� � � � � xj��� gi� k�poio j � �	 An x 	

��



�x�� � � � � xn� � A� t
te A�x������xj��� �	  kai or�zoume �j�x� 	 �j�x�� � � � � xj� m�sw
thc sq�shc

�����
�

jA�x������xj���jn�j��

Z xj

��
jA�x������xj���sj�jn�jdsj

	
�

jB�
��x�������
j���x������xj���jn�j��

Z 
j�x������xj�

��
jB�
��x�������
j���x������xj����tj�jn�jdtj �

E�nai p�li faner
 oti

�����
��j
�xj

	
jB
��x������
j���x�jn�j��
jAx������xj�� jn�j��

jAx������xj jn�j
jB
��x������
j�x�jn�j

�

Suneq�zontac �tsi� or�zoume mi� sun�rthsh � 	 ���� � � � � �n� 
 A � B	 E�nai
ekolo na dome oti h � e�nai �na�proc��na kai ep�� en� ap
 thn ��	�� bl�poume oti
oi merik�c par�gwgoi ��j��xj e�nai mh�arnhtik�c sto A	 Ap
 thn kataskeu� thc h
� e�nai trigwnik� �dhlad� �j�x� 	 �j�x�� � � � � xj��� epom�nwc gi� thn Iakwbian� thc
� �qoume

����� J�x� 	 Det�D�� 	
nY

j��

��j
�xj

	
jBj
jAj

gi� k�je x � A� 
pou qrhsimopoiome tic ��	�� kai ��	��	 H apeik
nish � l�getai
apeik
nish tou Kn�othe�

	�� Jerhma� Estw A�B mh�ken�� anoiqt� kai kurt� upos�nola touRn	 Up�rqei

�na�proc��na trigwnik� apeik�nish � tou A ep� tou B t�toia �ste
�
j
�xj

� � sto A�

thc opo�ac h Iakwbian� ikanopoie� thn

J�x� 	
jBj
jAj

gi� k�je x � A	 �

Me thn bo�jeia thc apeik
nishc tou Kn�othe mporome na d�soume m�a tr�th
ap
deixh thc anis
thtac Brunn � Minkowski�

	�� Anis�thta Brunn � Minkowski� Estw A�B kurt� s�mata ston Rn	 T�te�

jA�Bj �n � jAj �n � jBj �n �

Ap�deixh� H anis
thta pou j�loume na apode�xoume afor� 
gkouc� mporome epo�
m�nwc gi� to skop
 aut
 na �taut�soume� ta A kai B me ta eswterik� touc	

Jewrome thn apeik
nish tou Kn�othe � 
 A� B	 E�nai faner
 oti

����� �Id � ���A� � A� ��A� 	 A�B�

��



Epom�nwc�

����� jA�Bj �
Z
�Id�
��A�

dx 	

Z
A

jJ�Id � ���x�jdx 	

Z
A

nY
j��

�
� �

��j
�xj

�x�

�
dx

�
Z
A



�� � �

nY
j��

��j
�xj

�x����n

�
A
n

dx 	 jAj
�
� � �

jBj
jAj �

��n

�n

	
�
jAj��n � jBj��n

�n
� �

��



III� SUGKENTRWSH TOU METROU 
 OIKOGENEIES L�EVY�

�� H isoperimetrik� anis�thta sth sfa�ra�

Jewrome thn monadia�a sfa�ra Sn�� ston Rn efodiasm�nh me thn gewdaisiak�
metrik� �� h ap
stash ��x� y� do shme�wn x� y � Sn�� e�nai h kurt� gwn�a xoy sto
ep�pedo pou or�zetai ap
 thn arq� twn ax
nwn o kai ta x� y	 H Sn�� g�netai q�roc
pijan
thtac me to monadik
 anallo�wto wc proc strof�c m�tro � to opo�o metr�ei
to posost
 thc epif�neiac thc sfa�rac pou katalamb�nei k�je Borel A � Sn��	

E�nai ekolo na de� kane�c oti an ��x� y� 	  t
te

����� jx� yj 	 � sin


�
�

sunep�c h gewdaisiak� kai h eukle�deia ap
stash twn x� y � Sn�� sugkr�nontai
m�sw thc

�����
�

�
��x� y� � jx� yj � ��x� y��

An A � Sn��� t
te gi� k�je � � � or�zoume thn ��ep�ktash A� tou A wc ex�c�

����� A� 	 fx � Sn�� 
 ��x�A� � �g�
Gi� k�je x � Sn�� kai r � �� h mp�la me k�ntro to x kai akt�na r e�nai wc sun�jwc
to snolo fy � Sn�� 
 ��y� x� � rg� �na �skouf�� me k�ntro to x kai gwniak�
akt�na r	

To isoperimetrik
 pr
blhma sth sfa�ra diatup�netai wc ex�c�

D�nontai � � ��� �� kai � � �	 An�mesa se �la ta upos�nola A thc sfa�rac
gi� ta opo�a ��A� 	 �� na brejo�n eke�na gi� ta opo�a elaqistopoie�tai h epif�neia
��A�� thc ��ep�ktashc	

H ap�nthsh s�ut
 to er�thma d�netai ap
 to ak
loujo je�rhma�

Isoperimetrik� anis�thta sth sfa�ra� Estw � � ��� �� kai B�x� r� mi� mp�la
sthn Sn�� me akt�na r � � t�toia �ste ��B�x� r�� 	 �	 T�te� gi� k�je A � Sn��

me ��A� 	 � kai k�je � � � �qoume

����� ��A�� � ��B�x� r��� 	 ��B�x� r � ����

Dhlad�� gi� opoiod�pote dosm�no m�tro �� oi mp�lec m�trou � d�noun th lsh
tou isoperimetriko probl�matoc� anex�rthta ap
 thn tim� tou � � �	 Parathre�ste
oti h anis
thta Brunn � Minkowski mac �dine to akrib�c an�logo gi� ton 
gko ston
Rn� An K e�nai sumpag�c uposnolo tou Rn me jetik
 
gko� kai an jKj 	 jrDnj
gi� k�poio r � �� t
te gi� k�je � � � isqei

����� jK � �Dnj � jrDn � �Dnj�

��



H ap
deixh thc isoperimetrik�c anis
thtac g�netai me sfairik� summetrikopo�h�
sh kai epagwg� wc proc thn di�stash	 Ja perigr�youme thn ap
deix� thc sto t�loc
aut�c thc paragr�fou	 Prin 
mwc ap�ut
 ja suzht�soume k�poiec pol shmantik�c
efarmog�c thc	

Jewrome thn eidik� per�ptwsh � 	 �
� 	 An ��A� 	 �

� kai � � �� t
te mporome
na ektim�soume to m�gejoc thc ��ep�ktashc A� qrhsimopoi�ntac thn isoperimetrik�
anis
thta�

����� ��A�� � ��B�x�
�

�
� ���

gi� k�je � � � kai x � Sn��	 H ��	�� odhge� sthn ak
loujh anis
thta�

��� Jerhma� Estw A � Sn�� me ��A� 	 �
� kai � � �	 T�te�

����� ��A�� � ��
p
��� exp����n����

Ap�deixh� L
gw thc ��	��� arke� na fr�xoume ap
 k�tw to ��B�x� �� � ���	 Ap
 to
sq�ma �petai oti

����� ��B�x�
�

�
� ��� 	

R �
�
��

� sinn dR �
� sinn d

�

op
te j�tontac h��� n� 	 �� ��B�x� �� � ���� zht�me �nw fr�gma gi� thn

����� h��� n� 	

R �
�
�
��

sinn dR �
�
sinn d

	

R �
�

�
cosn �d�

�In
�


pou In 	
R ���
� cosn �d�	 K�nontac thn allag� metablht�c t 	 �

p
n pa�rnoume

������ h��� n� 	
�

�
p
nIn

Z �
�

p
n

�
p
n

cosn�t�
p
n�dt�

Sugkr�nontac ta anaptgmata Taylor twn sunart�sewn cos t kai exp��t���� bl��
poume oti

������ cos t � exp��t����

sto ��� ����� epom�nwc h ��	��� mac d�nei

������ h��� n� � �

�
p
nIn

Z �
�

p
n

�
p
n

e�
t�

� dt 	
�

�
p
nIn

Z ��
�
���pn

�

exp���s��
p
n�����ds

� exp����n���
�
p
nIn

Z �

�

exp��s����ds 	
p
���p
nIn

exp����n����

��



Gi� thn ap
deixh tou jewr�matoc arke� loip
n na dome oti
p
nIn � � gi� k�je

n � �	 Gi� to skop
 aut
 parathrome oti ap
 thn anadromik� sq�sh �n���In�� 	
�n� ��In �petai oti

p
n� �In�� 	

p
n� �

n� �

n� �
In 	

n� �p
n� �

In �
p
nIn�

to opo�o shma�nei oti arke� na el�gxoume tic

I� 	

Z ���

�

cos�d� 	 � � �

kai
p
�I� 	

p
�

Z ���

�

cos� �d� 	
p
�
�

�
� ��

Aut
 oloklhr�nei thn ap
deixh thc ��	��	 �

��� Parat�rhsh� H basik� parat�rhsh 
son afor� thn anis
thta ��	�� e�nai oti�

so mikr
 � � � ki an dial�xoume� h akolouj�a exp����n��� � � kai m�lista me
pol taq rujm
 �ekjetik� wc proc n�	 Epom�nwc� to posost
 thc sfa�rac pou
m�nei �xw ap
 thn ��ep�ktash opoioud�pote uposun
lou A thc Sn�� me ��A� 	 �

�
e�nai sqed
n mhdenik
 an h di�stash n e�nai arket� meg�lh� osod�pote mikr
 ki an
e�nai to �	

Gi� par�deigma� an p�roume �na daqtul�di � gwniak�c akt�nac � � � grw ap

ton ishmerin
 thc Sn��� t
te � 	 B�x� �� � �� � B��x� �� � �� epom�nwc

���� � �� � exp����n���� �

ekjetik� wc proc n	 Dhlad�� gi� meg�lec diast�seic to m�tro � sugkentr�netai
entupwsiak� grw ap
 opoiond�pote m�gisto kklo thc Sn��	

Gi� thn ap
deixh tou Jewr�matoc �	� k�name ousiastik� qr�sh thc isoperime�
trik�c anis
thtac sth sfa�ra	 Gi� tic periss
terec 
mwc efarmog�c pou �qoume
sto no mac e�nai arket� mi� anis
thta san thn ��	�� kai 
qi h akrib�c lsh tou
isoperimetriko probl�matoc	

Qrhsimopoi�ntac thn anis
thta Brunn � Minkowski mporome na d�soume apl�
ap
deixh thc ��	�� qwr�c na per�soume m�sa ap
 thn isoperimetrik� anis
thta	 H
parat�rhsh aut� e�nai pr
sfath� kai bas�zetai sto ak
loujo l�mma�

��� L�mma� Jewro�me to m�tro pijan�thtac �D me �D�A� 	 jA � Dnj�jDnj gi�
k�je Borel A � Dn	 An A�B � Dn sumpag�� kai

��A�B� 
	 minfja� bj 
 a � A� b � Bg 	 � � ��

t�te

������ minf�D�A�� �D�B�g � exp����n����

��



Ap�deixh� Jewrome to snolo A�B
� 	 Efarm
zontac thn anis
thta Brunn � Min�

kowski pa�rnoume jA�B� j � minfjAj� jBjg	 Sunep�c�

������ �D

�
A� B

�

�
� minf�D�A�� �D�B�g�

Ap
 thn �llh pleur�� an a � A kai b � B o kan
nac tou parallhlogr�mmou d�nei

������ ja� bj� 	 �jaj� � �jbj� � ja� bj� � �� ���

epom�nwc

������
A�B

�
� ��� ��

�
����Dn�

Sundu�zontac tic ��	��� kai ��	��� bl�poume oti
������

minf�D�A�� �D�B�g �
�
�� ��

�

�n��
� �exp��������n�� 	 exp����n���� �

Ap�deixh thc ����� �me l�go qeir
terec stajer�c�� Estw A � Sn�� me ��A� 	 �
� � kai

� � �	 Jewrome � � ��� �� � to opo�o ja epil�xoume sto t�loc � kai ta uposnola
thc Dn

������ A� 	 f�a 
 a � A� � � � � �g � B� 	 f�a 
 a � Sn��nA�� � � � � �g�

Ekola el�gqoume oti

������ ��A�� B�� � �� sin
�

�
� �

��

�
�

Ap
 to L�mma �	� sumpera�noume oti

������ jB�j � exp����n���jDnj � exp�������

��
n

�
�jDnj�

Omwc� jB�j 	 ��� �n���Ac
��jDnj kai sundu�zontac me thn ��	��� bl�poume oti

������ ��Ac
�� �

�

�� �n
exp������

��
n

�
��

Epil�gontac p	q	 � 	 �
� � katal�goume se mi� ekt�mhsh thc morf�c

������ ��A�� � �� c� exp��c���n�


pou c�� c� � � ap
lutec stajer�c� to akrib�c dhlad� an�logo thc ��	��	 �

�	



��� Lipschitz sunart�seic p�nw sth sfa�ra� Estw f 
 Sn�� � R suneq�c
sun�rthsh	 O m�soc kat� L�evy thc f e�nai �nac arijm
c Mf me thn idi
thta

������ � �fx 
 f�x� �Mfg� � �

�
� � �fx 
 f�x� �Mfg� � �

�
�

Den e�nai dskolo na de� kane�c oti o Mf or�zetai monos�manta gi� suneq� f 	

Or�zoume Af 	 fx � Sn�� 
 f�x� 	 Mfg	 T
te� �qoume thn ex�c apl� parat��
rhsh gi� thn ��ep�ktash tou Af �

��� L�mma� Gi� k�je � � �� isq�ei

������ �Af �� 	 �fx 
 f�x� �Mfg�� � �fx 
 f�x� �Mfg�� �

Ap�deixh� Estw y � fx 
 f�x� � Mfg� � fx 
 f�x� � Mfg�	 Aut
 shma�nei oti
up�rqoun x� � Sn�� t�toio �ste f�x�� � Mf kai ��y� x�� � �� kai x� � Sn��

t�toio �ste f�x�� �Mf kai ��y� x�� � �	 Jewrome thn mp�la B 	 B�y� ��	 T
te
x�� x� � B� �ra up�rqei kamplh 	 � B pou xekin�ei ap
 to x� kai katal�gei sto
x�	 Ap
 to Je�rhma endi�meshc tim�c up�rqei x � 	 t�toio �ste f�x� 	 Mf 	
Epetai oti

������ y � B�x� �� � �Af ���

Aut
 apodeiknei ton �nan egkleism
 tou l�mmatoc� en� o �lloc e�nai profan�c	 �

��� P�risma� Estw f 
 Sn�� � R suneq�c sun�rthsh� Mf o m�soc L�evy thc f �
kai Af 	 fx � Sn�� 
 f�x� 	Mfg	 T�te�
������ ���Af ��� � �� c� exp��c���n��
�pou c�� c� � � ap�lutec stajer�c	

Ap�deixh� Ap
 ton orism
 tou m�sou L�evy kai ap
 to Je�rhma �	� �petai oti

��fx 
 f�x� �Mfg�� � �� c� exp��c���n�
kai

��fx 
 f�x� �Mfg�� � �� c� exp��c���n��
H ��	��� e�nai t
te �mesh sun�peia tou L�mmatoc �	�	 �

Jewrome t�ra mi� Lipschitz suneq� sun�rthsh f 
 Sn�� � R	 Up�rqei
dhlad� stajer� L � � me thn idi
thta

jf�x�� f�y�j � L��x� y�

gi� k�je x� y � Sn��	 Opwc kai pr�n� or�zoume Af 	 fx 
 f�x� 	 Mfg kai
jewrome thn ��ep�ktas� tou	 An y � �Af ���L� t
te up�rqei x � Af t�toio �ste
��x� y� � ��L� kai h up
jes� mac gi� thn f de�qnei oti

������ jf�y��Mf j 	 jf�y�� f�x�j � L��y� x� � ��

�




Dhlad��

������ fy 
 jf�y��Mf j � �g � Sn��n�Af ���L�

Qrhsimopoi�ntac kai to P
risma �	� katal�goume sto ex�c�

��� Jerhma� Estw f 
 Sn�� � R Lipschitz suneq�c sun�rthsh me stajer�
L � �	 T�te� gi� k�je � � � �qoume

������ �
�fy � Sn�� 
 jf�y��Mf j � �g� � c� exp��c� �

�n

L�
��

�pou c�� c� � � ap�lutec stajer�c	 �

Parathrome oti an stajeropoi�soume � � � �osod�pote mikr
� kai jewr�soume
Lipschitz suneqe�c sunart�seic me dosm�nh Lipschitz stajer� L � �� t
te an h
di�stash n e�nai 
lo kai megalterh oi sunart�seic te�noun na �qoun tim�c pou
sugkentr�nontai 
lo kai periss
tero grw ap
 ton m�so L�evy Mf thc f � me thn
�nnoia oti to snolo 
pou h f diaf�rei ap
 thn tim� Mf periss
tero ap
 � e�nai
pol mikr
� �qei m�tro to pol

exp��c���n�L��� �

kaj�c n� ��� kai m�lista me ekjetik
 rujm
	 To fain
meno aut
 suqn� diatu�
p�netai kai wc ex�c�

�Oi Lipschitz suneqe�c sunart�seic p�nw se mi� sfa�ra meg�lhc di�stashc e�nai
sqed�n stajer�c�	

L�gontac sqed
n stajer�c� ennoome ed� oti oi Lipschitz sunart�seic pa�rnoun
tim�c sqed
n �sec me ton L�evy m�so touc se �na snolo meg�lo me thn �nnoia
tou m�trou� sto suntriptik
 posost
 twn shme�wn thc sfa�rac	 Poll�c for�c
qreiaz
maste k�ti t�toio gi� �na meg�lo uposnolo thc sfa�rac me eidik� morf�	
Gi� par�deigma� gi� 
la ta shme�a x � S�F � 
	 Sn�� � F � 
pou F up
qwroc tou
Rn me 
so g�netai megalterh di�stash	 Ja de�xoume oti k�ti t�toio e�nai dunat
	
Arq�zoume me �na apl
 l�mma�

��� L�mma� Gi� k�je � � ��� �� mporo�me na bro�me N � exp�k log������ kai
x�� � � � � xN � Sk�� t�toia �ste

������ Sk�� � �Ni���xi � �Dk��

Ap�deixh� Jewrome �na snolo shme�wn x�� � � � � xN � Sk�� me 
so g�netai mega�
ltero plhj�rijmo k�tw ap
 thn apa�thsh na isqei

������ jxi � xj j � � � � � i 
 j � N�

Ekola bl�poume oti Sk�� � �Ni���xi � �Dk�� an up�rqe x � Sk�� me thn idi
thta
jx � xij � � gi� k�je i 	 �� � � � � N � t
te to fx� x�� � � � � xNg ja ikanopoiose thn
��	��� kai ja e�qe plhj�rijmo N � �	

��



Ap
 thn ��	��� �petai oti �xi �
�
�Dk� � �xj �

�
�Dk� 	  an i �	 j	 Ep�shc� e�nai

faner
 oti

������ �Ni���xi �
�

�
Dk� � �� �

�

�
�Dk�

epom�nwc me sgkrish 
gkwn bl�poume oti

������ �� �
�

�
�kjDkj � j �Ni�� �xi �

�

�
Dk�j 	 N�

�

�
�kjDkj�

ap�opou �petai oti

������ N � �
�

�
�k�� �

�

�
�k 	 �� �

�

�
�k � exp�k log������� �

��	 Jerhma� Estw f 
 Sn�� � R Lipschitz suneq�c sun�rthsh me stajer�
Lipschitz L � �	 Gi� k�je � � � up�rqoun k � k� 	 �c��n�L� log�c�L���� kai
k�di�statoc up�qwroc F tou Rn t�toioc �ste

jf�y��Mf j � ��

gi� k�je y � S�F � 
	 Sn�� � F � �pou Mf e�nai o m�soc L�evy thc f 	

Ap�deixh� Jewrome to snolo

A��� 	 fx � Sn�� 
 jf�x��Mf j � �g�
Ap
 to Je�rhma �	�� up�rqoun stajer�c c�� c� � � t�toiec �ste

��A���� � �� c� exp��c���n�L���

Stajeropoiome �nan up
qwro F� di�stashc k�� kai ja de�xoume oti up�rqei
strof� T tou Rn t�toia �ste an F 	 T �F�� na isqei S�F � � A����	

An x � S�F��� t
te h pijan
thta na f�roume me strof� to x sto A��� e�nai �sh
me ��A���� � �� c� exp��c���n�L��	 Epetai oti an x�� � � � � xN � S�F�� t
te

������ Prob�T 
 Txi � A���� i 	 �� � � � � Ng � ��
NX
i��

Prob�T 
 Txi �� A����

	 ��N��� ��A�����

� ��Nc� exp��c���n�L���

An N 
 �
c�
exp�c��

�n�L��� t
te h parap�nw pijan
thta e�nai jetik�	 Dhlad��
up�rqei strof� T pou st�lnei 
la ta xi sto A���	

Jewrome �na �d�ktuo sthn S�F��	 Ap
 to L�mma �	� up�rqei �na t�toio
snolo fx�� � � � � xNg � S�F�� me N � exp�k� log�����	 Epom�nwc� an

������ exp�k� log����� 

�

c�
exp�c��

�n�L���

��



t
te up�rqei strof� T t�toia �ste gi� to �d�ktuo yi 	 Txi� i 	 �� � � � � N thc
S�F � 	 S�TF�� na isqei

������ yi � A��� � i 	 �� � � � � N�

Estw y � S�F �	 Up�rqei i � N t�toio �ste jy � yij � � dhlad� ��y� yi� � �
� 	

Epetai oti jf�y�� f�yi�j � L�
� 	 Sunep�c�

������ jf�y��Mf j � jf�y�� f�yi�j� jf�yi��Mf j � L
�

�
 � � 
 ��

an epil�xoume ap
 thn arq�  	 ����L	 Aut
 shma�nei oti

jf�y��Mf j � ��

gi� k�je y � S�F �� arke� na ikanopoie�tai h ��	��� me  	 ����L	 Analontac aut�n
thn sq�sh bl�poume oti ikanopoie�tai gi� k� 	 �c��n�L� log�c�L����	 �

���� Ap�deixh thc sfairik�c isoperimetrik�c anis�thtac� Jewrome A �
Sn�� kleist
� kai mp�la thc morf�c B�x� r� t�toia �ste ��A� 	 B�x� r�	 Ja
de�xoume oti ��A�� � ��B�x� r��� gi� k�je � � �	

H ap
deixh ja g�nei me sfairik� summetrikopo�hsh kai epagwg� wc proc thn
di�stash	 Jewrome tuq
n zeug�ri antipodik�n shme�wn x���x� � Sn�� kai tuq
n
m�gisto hmikklio 	 pou pern�ei ap�ut�	 Or�zoume thn sfairik� summetrikopo�hsh
tou A wc proc 	 me ton ak
loujo tr
po�

Gi� k�je y � 	 jewrome to uperep�pedo Hy pou pern�ei ap
 to y kai e�nai
k�jeto sthn euje�a ��x�� x��	 Sumbol�zoume me Sn���y thn sfa�ra Sn�� �Hy� kai
j�toume

������ Ay 	 A �Hy � Sn���y�

Gi� k�je y � 	 jewrome mi� mp�la By sthn Sn���y me k�ntro to y kai akt�na ry

t�toia �ste

������ �n���y�By� 	 �n���y�Ay��


pou to �n���y metr�ei thn epif�neia uposun
lwn thc Sn���y	 T�loc� or�zoume

������ S��A� 	 �y��By�

M�ut
n ton orism
� to ���A� e�nai summetrik
 wc proc 	 kai ikanopoie� thn

������ ��S��A�� 	 ��A��

To S��A� e�nai h sfairik� summetrikopo�hsh tou A wc proc 		

Estw A kleist
 uposnolo thc Sn��	 Jewrome thn kl�sh M�A� 
lwn twn
kleist�n uposun
lwn C thc Sn�� pou ikanopoion� ��C� 	 ��A� kai ��C�� �
��A�� gi� k�je � � �	 To basik
 mac L�mma e�nai t
te to ex�c�

��



���� L�mma� Estw A � Sn�� kleist�� kai 	 �na hmik�klio	 T�te� S��A� � M�A�	
Dhlad�� gi� k�je � � ��

������ ���S��A���� � ��A���

Ap�deixh� Sumbol�zoume me u to m�so tou 	� dhlad� Sn���u e�nai o ishmerin
c thc
sfa�rac	

Or�zoume thn �y�probol� wc ex�c� An w � Sn���y� w �	 �x�� jewrome ton me�
shmbrin
 �x�wx�	 Aut
c t�mnei thn Sn���u se k�poio shme�o to opo�o onom�zoume
�y�w�	 Gi� k�je y � 	 or�zetai �tsi mi� apeik
nish �y 
 S

n���y � Sn���u	

Isqurism�c �� Up�rqei sugkekrim�nh sun�rthsh f t�toia �ste� An w� � Sn���y�
kai w� � Sn���y� � t�te

������ ��w�� w�� 	 f�y�� y�� ���y��w��� �y��w�����

Me �lla l
gia� an mac pon poi� e�nai h ap
stash twn �y��w�� kai �y��w�� sthn
Sn���u� t
te gnwr�zoume thn ap
stash twn w�� w� sthn Sn��	

Ex�ghsh� Ta k�tw shme�a prosdior�zoun ta w�� w
�
� sthn Sn���y� 	 To w�� pros�

dior�zei to w� sthn Sn���y� 	 O pl�gioc m�gistoc kkloc pou pern�ei ap
 ta w�� w�

e�nai ki aut
c prosdiorism�noc� �ra kai h ��w�� w��	 H parat�rhsh e�nai oti to

lo sq�ma den exart�tai ap
 tic akribe�c j�seic twn k�tw shme�wn� all� ap
 thn
sqetik� touc j�sh �dhlad�� thn ap
stas� touc�	 Mpore� kane�c na bre� kai tpo gi�
thn f � all� aut
 den �qei idia�terh shmas�a	

Isqurism�c �� An C 	 fwg � Sn���y� � t�te

������ �y��C� � Sn���y�� 	 ��y�C��y��y���� � Sn���u�

�pou to � exart�tai m�no ap� ta y�� y� kai �	

Ex�ghsh� H ap
stash twn y�� y� kai to � kajor�zoun p
so meg�lh e�nai h
�k
kkinh� tom� C� � Sn���y� �an b�baia den e�nai ken��	 Kat
pin� h ap
stash
tou y� ap
 to u kai to m�gejoc thc �k
kkinhc� tom�c sthn Sn���y� kajor�zoun to
m�gejoc tou �y��C� � Sn���y�� sthn Sn���u	 To � e�nai to mis
 tou m�kouc auto
tou t
xou �profan�c� to �y��w� e�nai to m�so tou k�tw t
xou�	

Isqurism�c �� An C e�nai tuq�n upos�nolo thc Sn���y� � t�te p�li

������ �y��C� � Sn���y�� 	 ��y�C��y��y���� � Sn���u�

me to � tou prohgo�menou isqurismo�	

Ex�ghsh� Estw x � �y��C� � Sn���y��	 Aut
 shma�nei oti x 	 �y��z�� 
pou
z � Sn���y� kai z � C� �dhlad�� up�rqei w � C t�toio �ste z � fwg��	

��



Ap
 ton prohgomeno isqurism
�

������ x � f�y��w�g�y��y���� � ��y��C���y��y���� � Sn���u�

Sunep�c�

������ �y��C� � Sn���y�� � ��y�C��y��y���� � Sn���u�

O ant�strofoc egkleism
c apodeiknetai an�loga	

Isqurism�c �� Gi� k�je y � 	 �qoume

������ �y��A��
y� 	 �z���	�z�y�����zAz��z�y����

Ex�ghsh� Eqoume w � �A��
y an kai m
no an w � Sn���y kai up�rqoun z � 	

me ��z� y� � � kai w� � Az me ��w�w�� � �	 T
te�

������ w � �Az�� � Sn���y�

kai ap
 ton Isqurism
 � �petai oti

������ �y�w� � �y
�
�Az�� � Sn���y

�
	 ��zA

z��z�y����

To ant�strofo apodeiknetai p�li me th bo�jeia tou Isqurismo �	

Epanalamb�nontac toc �diouc isqurismoc gi� to S��A� katal�goume stic

������ �A��
y 	 ���y

��z���	�z�y�����zAz��z�y���
�

kai

������ ��S�A���
y 	 ���y

��z���	�z�y�����z�S�A�z��z�y���� �
Ap
 thn kataskeu�� gi� k�je z � 	 �qoume

�n���z�Az� 	 �n���z��S�A�z�

�ra
�n���u��zAz� 	 �n���u��z�S�A�z��

To �z�S�A�
z e�nai mp�la� sunep�c

������ �n���u ���zAz�� � �n���u ���z���A�z��

gi� k�je z � 	 kai � � �	
Epipl�on� sthn ��	��� 
la ta ��z�S�A�

z� e�nai mp�lec me koin
 k�ntro to u�
�ra up�rqei z� � 	 me ��z�� y� � � t�toio �ste

������ �n���u
��z���	�z�y�����z�S�A�z��z�y���� 	 �n���u���z��S�A�

z���z��y�����

��



Ap
 thn ��	��� aut
 e�nai to pol �so me

������ �n���u���z�A
z���z��y���� � �n���u

��z���	�z�y�����zAz��z�y���
�
�

H anis
thta ja diathrhje� an efarm
soume kai sta do m�lh thn ���y 	 Dhlad��

������ �n���y��A��
y� � �n���y���S�A���y��

Oloklhr�nontac wc proc y pa�rnoume

���S�A��� � ��A���

dhlad� h ap
deixh tou L�mmatoc e�nai pl�rhc	 �

Gi� k�je A � Sn�� or�zoume thn akt�na tou A

������ r�A� 	 minfr � � 
 �x � Sn�� 
 A � B�x� r�g�
kai gi� kleist�� mh�ken� uposnola thc Sn�� thn ap
stash

������ ��A�B� 	 minf� � � 
 A � B	� B � A	g�

���� L�mma� Estw A � Sn�� kleist�	 Up�rqei C� sthn kl�shM�A� t�toio �ste
r�C�� 	 minfr�C� 
 C �M�A�g	
Ap�deixh� Estw � 	 inffr�C� 
 C �M�A�g	 Up�rqei akolouj�a stoiqe�wn Cm thc
M�A� me thn idi
thta r�Cm� 
 �� �

m 	
Ap
 sump�geia �pou apodeiknetai 
pwc kai to Je�rhma epilog�c tou Blaschke

tou Kefala�ou II�� up�rqei upakolouj�a Ckm pou sugkl�nei se k�poio sumpag�c
C � Sn��	 Ekola bl�poume oti h akt�na r e�nai suneq�c wc proc thn metrik� �	
Epom�nwc� � 	 r�C� 	 limm r�Ckm �	

Aut
 pou m�nei na de�xoume e�nai oti C � M�A�	 J�loume dhlad� na de�xoume
oti ��C� 	 ��A� kai ��C�� � ��A�� gi� k�je � � �	 Aut
 e�nai sun�peia thc
sun�qeiac tou � wc proc thn �	 �

���� L�mma� Estw G � Sn�� pou den e�nai mp�la	 T�te� up�rqoun m�gista
hmik�klia 	�� � � � � 	m t�toia �ste

������ r���m ���m�� � � � �����G���� 
 r�G��

Ap�deixh� An�logh me aut�n tou Jewr�matoc II	�	�	 �

Ap�deixh thc isoperimetrik�c anis�thtac� Estw A � Sn�� kleist
	 Aut
 pou
zht�me e�nai oti up�rqei mp�la B � M�A�	

Ap
 to L�mma �	�� up�rqei B �M�A� me thn el�qisth dunat� akt�na	 Estw oti
to B den e�nai mp�la	 Ap
 to L�mma �	��� mporome na brome m�gista hmikklia
	�� � � � � 	m t�toia �ste r�B�� 
 r�B�� 
pou B� 	 ��m � � � ����B�	 Aut
 shma�nei oti

������ B� �� M�A��

��



Isqurism�c� An C � M�A� kai 	 m�gisto hmik�klio� t�te S��C� �M�A�	

Ap�deixh� Profan�c� ��S��C�� 	 ��C� 	 ��A�	 Ap
 to L�mma �	��� gi� k�je
� � � �qoume

������ ���S��C���� � ��C�� � ��A���

Epom�nwc� S��C� �M�A�	 �

Eqoume B �M�A�� �ra S���B� � M�A�� S��S���A� � M�A�� kai telik�

������ B� 	 S�mS�m�� � � � S���B� �M�A��

to opo�o antif�skei proc thn ��	���	 �

�� Oikog�neiec L�evy�

���� Ta apotel�smata thc prohgomenhc paragr�fou� kai eidik
tera to Je�rhma
�	�� ent�ssontai sto genik
tero pla�sio twn oikogenei�n L�evy�

Me ton 
ro metrik�c q�roc pijan�thtac anafer
maste se �nan metrik
 q�ro
�X� �� o opo�oc e�nai taut
qrona efodiasm�noc kai me �na m�tro pijan
thtac �	
Sun�jwc upoj�toume oti h di�metroc tou X e�nai peperasm�nh� kai diamX � �	

Ap
 th stigm� pou o X e�nai metrik
c q�roc� gi� k�je mh�ken
 uposnolo A
tou X kai k�je � � � mporome na or�soume thn ��ep�ktash A� tou A wc ex�c�

����� A� 	 fx � X 
 ��x�A� � �g�

��� Orism�c� H sun�rthsh sugk�ntrwshc ��X� �� tou X or�zetai gi� k�je � � �
ap
 thn

����� ��X� �� 	 �� inff��A�� 
 ��A� � �

�
g�

Sto par�deigma thc sfa�rac Sn�� me thn gewdaisiak� metrik� � kai to anal�
lo�wto wc proc tic strof�c m�tro pijan
thtac �� ap
 to Je�rhma �	� �posotik�
ekdoq� thc sfairik�c isoperimetrik�c anis
thtac� pa�rnoume

����� ��Sn��� �� � c� exp��c���n��


pou c�� c� � � ap
lutec stajer�c	 Epipl�on� �qoume m�a oikog�neia t�toiwn q��
rwn� thn fSn��gn�N� kai h di�stash n pa�zei olo�na megaltero r
lo sthn anis
�
thta ��	�� me thn �nnoia oti to �nw fr�gma fj�nei ekjetik� sto � kaj�c n � �	
To fain
meno aut
 thc sugk�ntrwshc tou m�trou m�c �dwse k�poia pr�ta mh�
anamen
mena apotel�smata gi� thn sumperifor� twn Lipschitz sunart�sewn p�nw
sthn Sn�� 
tan to n e�nai meg�lo	

Me pr
tupo aut
 to par�deigma� d�noume ton ak
loujo genik
 orism
�

��



��� Orism�c� Mi� oikog�neia �Xn� �n� �n� metrik�n q�rwn pijan
thtac l�ge�
tai �kanonik�� oikog�neia L�evy me stajer�c c�� c� an oi sunart�seic sugk�ntrwshc
��Xn� �� ikanopoion thn

����� ��Xn� �� � c� exp��c���n�

gi� k�je � � �	

���� Se k�je oikog�neia L�evy parathrome to fain
meno thc sugk�ntrwshc twn
tim�n mi�c sun�rthshc Lipschitz grw ap
 ton m�so L�evy thc	 An f 
 X � R e�nai
mi� Lipschitz suneq�c sun�rthsh me stajer� L � �� t
te gi� k�je � � � �qoume

����� ��fx � X 
 jf�x��Mf j � �g� � �� ���X�
�

L
��

H ap
deixh e�nai akrib�c �dia me aut�n tou Jewr�matoc �	�	 An h sun�rthsh sug�
k�ntrwshc ��X� �� e�nai arket� mikr�� k�ti pou sumba�nei se mi� oikog�neia L�evy
fXng gi� meg�la n� t
te k�je L�Lipschitz sun�rthsh e�nai �sqed
n stajer�� kai
�sh me Mf sto megaltero komm�ti tou X 	

Sthn ep
menh par�grafo ja melet�soume �na diakrit
 par�deigma oikog�neiac
L�evy	

�� Diakrit� parade�gmata oikogenein L�evy� O qroc tou Cantor En
� �

Jewrome to snolo En
� 	 f��� �gn 
lwn twn akolouji�n x 	 �x�� � � � � xn�

m�kouc n� 
pou xj 	 ��� j 	 �� � � � � n	 E�nai qr�simo na bl�poume taut
qrona
ton En

� san uposnolo tou Rn� apotele�tai ap
 
lec tic koruf�c tou kbou Qn 	
���� ��n	

Or�zoume mi� metrik� dn ston En
� j�tontac

����� dn�x� y� 	
�

n
jfi � n 
 xi �	 yigj 	 �

�n

nX
i��

jxi � yij�


pou me j 
 j sumbol�zoume ed� kai ton plhj�rijmo en
c peperasm�nou sun
lou	
�H deterh is
thta dikaiologe�tai ap
 to gegon
c oti an gi� k�poio i � n isqei
xi �	 yi� t
te jxi � yij 	 �	�

T�loc� jewrome to fusiologik
 m�tro pijan
thtac ston En
� � An A � En

� � t
te

����� �n�A� 	
jAj
jEn

� j
	
jAj
�n

�

O �En
� � dn� �n� e�nai t
te �nac metrik
c q�roc pijan
thtac� mporome sunep�c na

suzht�me gi� thn isoperimetrik� anis
thta kai thn sun�rthsh sugk�ntrwshc auto	

H isoperimetrik� anis�thta ston En
� 	 H ��ep�ktash en
c A � En

� e�nai wc
sun�jwc to snolo A� 	 fx � En

� 
 dn�x�A� � �g	 Oi tim�c pou mpore� na p�rei
h dn e�nai peperasm�nec to pl�joc� �� �n �

�
n � � � � � �	 Aut�c loip
n e�nai kai oi tim�c

��



tou � gi� tic opo�ec h ��ep�ktash tou A parousi�zei endiaf�ron� me thn �nnoia oti
to A� param�nei amet�blhto 
tan to � pa�rnei tim�c se �na di�sthma thc morf�c
� kn �

k��
n �	

To er�thma ed� e�nai to ex�c� M�c d�noun �nan fusik
 m 	 �� �� � � � � �n kai
k�poio � 	 k

n � k 	 �� � � � � n	 Gi� poi
 snolo A me pl�joc stoiqe�wn m e�nai h
k
n�ep�ktash tou A h mikr
terh dunat�"

H parat�rhsh e�nai oti to A ja pr�pei na �qei 
so to dunat
n �lig
tera ken��	
An peri�qei mi� n��da x 	 �x�� � � � � xn�� t
te ja pr�pei na peri�qei kat� seir�
proterai
thtac kai tic �geitonik�c� thc n��dec� aut�c dhlad� pou diaf�roun ap
 thn
x se m�a suntetagm�nh� do suntetagm�nec� k	o	k	 �ef
son to pl�joc twn stoiqe�wn
tou A eparke��	 Aut
� giat� h paramikr� ep�ktash tou A ja tic sumperil�bei otwc
� �llwc	

Ta pi
 oikonomik� snola e�nai oi dn�mp�lec �oi leg
menec Hamming mp�lec
tou En

� �	 Apodeiknetai h ak
loujh isoperimetrik� anis
thta gi� ton En
� �

��� Jerhma �Harper�	 Estw A � En
� me m 	

Pl
k��

�
n
k

�
stoiqe�a	 T�te� gi� k�je

s 	 �� � � � � n� l� �qoume

����� �n�A s
n
� � �

�n

l�sX
k��

�
n

k

�
	 �n��B�

l

n
� s
n
�� �

H isoperimetrik� aut� anis
thta odhge� se mi� ekt�mhsh thc sun�rthshc sug�
k�ntrwshc tou En

� 	 Gi� k�je � � �� isqei

����� ��En
� � �� �

�

�
exp�����n��

Dhlad�� h f�En
� � dn� �n� 
 n � Ng e�nai oikog�neia L�evy me stajer�c � �� � ��	 H ��	��

ermhneetai wc ex�c� gia na ektim�soume thn ��En
� � �� arke� na j�soume l 	 n��

kai s 	 �n sthn ��	��	 T
te�

��En
� � �� �

�

�n

nX
j�� �

�
���n

�
n

j

�
�

to opo�o fj�nei ekjetik� sto � kaj�c n��� giat� oi �akra�oi� diwnumiko� sunte�
lest�c e�nai pol mikro� se sgkrish me touc �mesa�ouc� 
tan to n e�nai meg�lo	

Den ja apode�xoume thn anis
thta tou Harper �h ap
deixh e�nai sunduastik� kai
g�netai me epagwg� wc proc n�	 Ja d�soume 
mwc mi� ap
deixh thc �proseggistik�c
isoperimetrik�c anis
thtac� ston En

� � apeuje�ac dhlad� ekt�mhsh thc sun�rthshc
sugk�ntrws�c tou	 To epiqe�rhma ofe�letai ston Talagrand� kai ekmetalleetai
thn gewmetr�a tou q�rou tou Cantor�

��� L�mma� Estw A mh�ken� upos�nolo tou f��� �gn � Rn	 Jewro�me thn kurt�
j�kh co�A� kai gi� k�je x � f��� �gn or�zoume

����� dA�x� 	 minfjx� yj 
 y � co�A�g�

�	



T�te� isq�ei h anis�thta

�����

Z
En
�

exp�d�A�x����d�n�x� �
�

�n�A�
�

Ap�deixh� Exet�zoume pr�ta thn per�ptwsh pou to A �qei �na stoiqe�o	 Qwr�c
bl�bh thc genik
thtac mporome na upoj�soume oti to �monadik
� stoiqe�o tou A
e�nai to y 	 ��� � � � � ��	 Profan�c co�A� 	 A� kai gi� k�je i 	 �� �� � � � � n up�rqoun
akrib�c

�
n
i

�
stoiqe�a x tou En

� ta opo�a diaf�roun se i to pl�joc suntetagm�nec

ap
 to y	 Gi� k�je t�toio x �qoume dA�x� 	 �
p
i� �ra

�����

Z
En
�

exp�d�A�x����d�n�x� 	
�

�n

nX
i��

�
n

i

�
ei��

	

�
� �

p
e

�

�n
� �n 	

�

�n�A�
�

Taut
qrona �qoume apode�xei pl�rwc to L�mma sthn per�ptwsh n 	 �� afo h
monadik� per�ptwsh pou apom�nei na exet�soume e�nai h A 	 f��� �g� t
te dA�x� 	
� gi� k�je x � f��� �g kai ���A� 	 �� �ra �qoume is
thta sthn ��	��	

H ap
deixh tou L�mmatoc ja g�nei me epagwg� wc proc n� upoj�toume oti isqei
gi� ton fusik
 n kai ja to apode�xoume gi� ton fusik
 n � �	 Mporome ep�shc
na upoj�soume oti to A �qei toul�qiston do stoiqe�a ta opo�a diaf�roun sthn
teleuta�a touc suntetagm�nh	 Taut�zontac to En��

� me to En
� � f��� �g� mporome

na gr�youme to A sth morf�

����� A 	 A�� � f��g � A�� � f�g


pou ta A��� A�� e�nai mh�ken� uposnola tou En
� 	 T�loc� mporome na upoj��

soume oti �n�A��� � �n�A���	
Estw x � En

� 	 Up�rqei w � co�A��� t�toio �ste dA��
�x� 	 jx � wj	 Omwc

t
te �w� �� � co�A�� sunep�c

����� dA��x� ��� � j�x� ��� �w� ��j 	 jx� wj 	 dA��
�x��

Isqurism�c� An x � En
� kai � � � � �� t�te

������ d�A��x����� � ��� � �d�A��
�x� � ��� ��d�A

��
�x��

Ap�deixh tou isqurismo�� Gi� i 	 ���� jewrome zi � co�Ai� t�toia �ste jx�zij 	
dAi

�x�	 E�nai faner
 oti �zi� i� � co�A�� epom�nwc z 	 ��z��������z��������� �
co�A�	 Ap
 to Pujag
reio je�rhma ston Rn�� pa�rnoume
������
j�x�����zj� 	 ����jx���z��������z���j� 	 ����j��x�z����������x�z���j��

�




kai qrhsimopoi�ntac thn trigwnik� anis
thta kai thn kurt
thta thc x � x� bl��
poume oti
������
j�x�����zj� � �����jx�z��j�������jx�z��j� 	 �����d�A��

�x�������d�A
��
�x��

Epetai h ��	���	 �

Suneq�zoume thn ap
deixh tou L�mmatoc wc ex�c� Qrhsimopoi�ntac tic ��	��
kai ��	���� gi� k�je � � � � � �qoume

������

Z
En��
�

exp�d�A�x����d�n���x�

	
�

�n��



�X
x�En

�

exp�d�A��x� ������ �
X
x�En

�

exp�d�A��x��������
�
A

� �

�

Z
En
�

exp�d�A��
�x����d�n�x� �

�

�

Z
En
�

exp�����

��d�A��
�x��� � ��� ��d�A

��
�x����d�n�x��

Omwc ap
 thn epagwgik� up
jesh �qoume

������

Z
En
�

exp�d�A��
�x����d�n�x� � �

�n�A���
�

kai efarm
zontac thn anis
thta tou H�older pa�rnoume

������

Z
En
�

exp����� � �d�A��
�x��� � ��� ��d�A

��
�x����d�n�x�

� e�
���

�

�Z
En
�

exp�d�A��
���d�n

	��Z
En
�

exp�d�A
��
���d�n

	���

� e�
���

�

�
�

�n�A���

���
�

�n�A���

����
�

J�toume x 	 ���n�A���� y 	 ���n�A���	 Ap
 thn up
jes� mac e�nai x � y	
Sundu�zontac tic ��	���� ��	��� kai ��	��� bl�poume oti arke� gia dosm�na � 
 x � y
na brome � � ��� �� pou na ikanopoie� thn

������
x

�
�

�

�
e�

���x�y��� � �

x�� � y��
�

Epil�goume � 	 � � x
y 	 H epilog� aut� ousiastik� l�ei oti 
so pi
 meg�lo e�nai

to A�� ap
 to A�� t
so pi
 meg�lo r
lo j�loume na pa�xei sthn ��	���� dhlad�
epil�goume to � kont� sto �	 H ��	��� pa�rnei t
te th morf�

������ � � e�
������ ����� � �

�� �
�

��



gi� thn opo�a el�gqoume oti isqei gia k�je � � ��� ��	 �

Estw A mh�ken
 uposnolo tou En
� 	 H sun�rthsh dA tou L�mmatoc �	� kai h

sun�rthsh ap
stashc ap
 to A

dn�x�A� 	 minf �

�n

nX
i��

jxi � yij 
 y � Ag

sugkr�nontai smfwna me to ep
meno l�mma�

��� L�mma� Gi� k�je mh�ken� A � En
� �qoume

������ �
p
ndn�x�A� � dA�x� � x � En

� �

Ap�deixh� Estw x � En
� 	 Gi� k�je y � A isqei

������ hx� y� xi 	
nX
i��

xi�xi � yi� 	 �ndn�x� y� � �ndn�x�A��

Ap
 thn ��	��� �petai oti gi� k�je y � co�A�

������
p
njx� yj � hx� y� xi � �ndn�x�A��

Aut
 apodeiknei thn ��	���	 �

Sundu�zontac ta do parap�nw l�mmata de�qnoume thn isoperimetrik� anis
th�
ta gi� ton En

� �

��� Jerhma� Estw A � En
� me �n�A� 	

�
� 	 T�te� gi� k�je � � � �qoume

������ �n�A�� � �� � exp����n����

Ap�deixh� An x �� A�� t
te dn�x�A� � � kai to L�mma �	� de�qnei oti dA�x� � ��
p
n	

Omwc� ap
 to L�mma �	� �qoume

������ e�
�n���n�x 
 dA�x� � ��

p
n� �

Z
En
�

exp�d�A�x����d�n�x� �
�

�n�A�
	 ��

to opo�o shma�nei oti

������ �n�A
c
�� � �n�x 
 dA�x� � ��

p
n� � � exp����n���� �

H anis
thta tou Jewr�matoc �	� d�nei thn ekt�mhsh

��En
� � �� � � exp����n����

pou e�nai l�go asjen�sterh ap
 thn ��	��	

��



�� H isoperimetrik� anis�thta ston qro tou Gauss�

S�ut�n thn par�grafo� o q�roc pijan
thtac pou ja melet�soume e�nai o � 	
Rn me thn Eukle�deia metrik� j 
 j kai to m�tro pijan
thtac 	n pou �qei pukn
thta
thn sun�rthsh

����� 	n�x� 	 �����n��e�jxj
����

Dhlad�� an A e�nai �na mh�ken
 uposnolo tou Rn� t
te

����� 	n�A� 	 Prob�x � A� 	
�

����n��

Z
A

e�jxj
���dx�

To 	n onom�zetai m�tro tou Gauss kai o metrik
c q�roc pijan
thtac �Rn� j 
 j� 	n�
q�roc tou Gauss	

H sten� sq�sh an�mesa sto m�tro tou Gauss kai to m�tro sthn sfa�ra �qei
parathrhje� ap
 tic arq�c tou ai�na	 To 	n e�nai anallo�wto wc proc tic strof�c

pwc kai to � sthn Sn��	 Pi
 sugkekrim�na� mpore� kane�c na p�rei to 	n san 
rio
sfairik�n m�trwn	 Aut� e�nai h leg
menh parat�rhsh tou Poincar�e�

Gia k�je N � n� jewrome th mp�la tou RN pou �qei k�ntro to � kai akt�nap
N 	 Or�zoume �na m�tro pijan
thtac �N�n ston Rn wc ex�c� Gia dosm�no sumpag�c

uposnolo A tou Rn jewrome ton klindro KN�n�A� 	 fx � RN 
 PN�n�x� � Ag�

kai thn tom� tou KN�n�A� �
p
NDN me thn

p
NDN 	 J�toume

����� �N�n�A� 	
jKN�n�A� �

p
NDN j

jpNDN j
�

Epetai oti �gia N meg�lo�

����� �N�n�A� 	

R
A
jDN�nj�N � jxj��N�n� dx

NN��jDN j �

kai �nac upologism
c me thn sun�rthsh G�mma de�qnei oti

����� �N�n�A�� �����n��
Z
A

exp��jxj����dx 	 	n�A�

kaj�c N ��	

Tele�wc an�loga� mporome na or�soume mi� akolouj�a m�trwn pijan
thtac
�N�n ston Rn m�sw thc

����� �N�n�A� 	 �N

�
KN�n�A� �

p
NSN��

�
� N � n�

T
te�

����� �N�n�A�� 	n�A�

��



kaj�c N ��� gi� k�je Borel uposnolo A tou Rn	
Me b�sh aut�n thn parat�rhsh mporome na apode�xoume mi� isoperimetrik�

anis
thta gi� ton q�ro tou Gauss� xekin�ntac ap
 thn sfairik� isoperimetrik�
anis
thta	 H ��ep�ktash tou A or�zetai ki ed� wc sun�jwc�

����� A� 	 A� �Dn 	 fx � Rn 
 �y � A 
 jx� yj � �g�

Rwt�me loip
n to ex�c�

D�nontai � � ��� �� kai � � �	 Ap� �la ta Borel upos�nola A tou Rn me
	n�A� 	 �� na brejo�n eke�na gi� ta opo�a elaqistopoie�tai to 	n�A��	

To je�rhma pou ja apode�xoume parak�tw ofe�letai ston C Borell kai isqur��
zetai oti h lsh tou isoperimetriko probl�matoc ston q�ro tou Gauss d�netai ap

touc hmiq�rouc tou kat�llhlou m�trou	 H ap
deixh bas�zetai sthn parat�rhsh tou
Poincar�e �e�nai qr�simo na parathr�sei kane�c oti an H e�nai hm�qwroc� t
te gia
meg�la N h tom� tou KN�n�H� me thn

p
NSN�� e�nai mia mp�la sthn

p
NSN��� h

lsh dhlad� tou isoperimetriko probl�matoc sth sfa�ra��

��� Jerhma� Estw � � ��� ���  � Sn��� kai H 	 fx � Rn 
 hx� i � �g �nac
hm�qwroc tou Rn me 	n�H� 	 �	 T�te� gi� k�je � � � kai k�je Borel A � Rn me
	n�A� 	 �� �qoume

����� 	n�A�� � 	n�H���

Ap�deixh� Qwr�c periorism
 thc genik
thtac upoj�toume oti to A e�nai sumpag�c	
Jewrome �� 
 �� kai ton hm�qwro H � 	 fx � Rn 
 hx� i � ��g	 T
te 	n�A� �
	n�H

��� epom�nwc h ��	�� mac d�nei

������ ��P��N�n�A�� � ��P��N�n�H
���

gia meg�la N � 
pou PN�n h orjog�nia probol� tou RN ston Rn	 Gia meg�la N to

P��N�n�H
�� e�nai mp�la sthn

p
NSN��� op
te h sfairik� isoperimetrik� anis
thta

mac d�nei

������ ���P��N�n�A���� � ���P��N�n�H
�����

gia k�je � � �	 Ep�shc� ekola el�gqoume oti

������ P��N�n�A�� � �P��N�n�A����

Ap
 thn �llh pleur� �P��N�n�H
���� 	 P��N�n�F �� 
pou F 	 fx � Rn 
 hx� i �

�� � ��N�g kai ��N�� � 
tan N ��	

Pa�rnontac 
ria sthn ��	��� sumpera�noume oti

������ 	n�A�� � 	n�H
�
���

��



kai afo o H � e�nai osod�pote kont� ston H � oloklhr�noume thn ap
deixh tou
jewr�matoc	 �

��� P�risma� An 	n�A� � �
� kai � � �� t�te

������ �� 	n�A�� � �

�
exp��������

Ap�deixh� Ap
 to Je�rhma �	� x�roume oti

�� 	n�A�� � �� 	n�H��


pou H hm�qwroc m�trou �
� 	 Mporome na upoj�soume oti H 	 fx � Rn 
 x� � �g�

op
te oloklhr�nontac pr�ta wc proc x�� � � � � xn bl�poume oti

������ �� 	n�H�� 	
�p
��

Z �

�

e�t
���dt�

Paragwg�zontac de�qnoume oti h sun�rthsh

F �x� 	 ex
���

Z �

x

e�t
���dt

e�nai fj�nousa sto ������ kai se sunduasm
 me thn ��	��� pa�rnoume thn ��	���	 �

��� Parat�rhsh� H anis
thta ��	��� ektim�ei thn sun�rthsh sugk�ntrwshc ston
q�ro tou Gauss wc ex�c�

������ ���n� �� � �

�
exp��������

Moi�zei diaforetik� �kai asjen�sterh� ap
 tic ant�stoiqec ektim�seic pou p�rame
gi� tic oikog�neiec L�evy twn prohgoum�nwn paragr�fwn	 H basik� diafor� 
mwc
e�nai oti ed� �qoume �peirh di�metro gi� ton metrik
 q�ro pijan
thtac pou mele�
t�me	 M�lista� �nac apl
c upologism
c de�qnei oti to megaltero posost
 tou 	n
e�nai sugkentrwm�no se �nan lept
 floi
 grw ap
 thn sfa�ra

p
nSn��	 Me aut�n

thn �nnoia� h �ousiastik�� di�metroc tou q�rou �Rn� j 
 j� 	n� e�nai per�pou
p
n	

H anis
thta loip
n pou de�xame e�nai �isodnamh� me thn sfairik� isoperimetrik�
anis
thta gi� thn

p
nSn��	 Ant� gi� thn ��ep�ktash en
c sun
lou A ja �tan pi


fusiologik
 na jewrome thn �
p
n�ep�ktash tou A	 T
te� h ��	��� ja �pairne thn

gn�rim� mac morf�

������ �� 	n�A�
p
n� �

�

�
exp����n����

Ja d�soume m�a ak
ma ap
deixh tou Por�smatoc �	� �me l�go qeir
terec sta�
jer�c�	 Gi� to skop
 aut
 apodeiknoume pr�ta thn anis�thta twn Pr�ekopa kai
Leindler h opo�a mpore� ousiastik� na jewrhje� mi� t�tarth ap
deixh thc anis
th�
tac Brunn � Minkowski�

��



��� Jerhma� Estw f� g�m 
 Rn � R� metr�simec sunart�seic� kai � � ��� ��
me thn idi�thta

������ m���� ��x � �y� � f�x����g�y��

gi� k�je x� y � Rn	 T�te�

������

Z
m �

�Z
f

�����Z
g

��
�

Parat�rhsh	 H anis
thta Brunn � Minkowski e�nai �mesh sun�peia tou Jewr�matoc
�	�	 An A�B e�nai mh�ken�� sumpag� kai � � ��� ��� arke� na p�roume san f� g kai m
tic qarakthristik�c sunart�seic twn A� B� kai ��� ��A � �B ant�stoiqa	 Ekola
el�gqoume oti aut� h tri�da ikanopoie� thn ��	���� kai h ��	��� mac d�nei

������ j��� ��A� �Bj 	
Z

m �
�Z

f

�����Z
g

��
	 jAj���jBj��

To gegon
c oti h ��	��� isqei gi� k�je � � ��� �� mac exasfal�zei thn anis
thta
Brunn � Minkowski gi� ta A kai B	

Ap�deixh tou Jewr�matoc �	�� San pr�to b�ma thc ap
deixhc el�gqoume thn mono�
di�stath anis
thta Brunn � Minkowski	 Estw A kai B mh�ken� sumpag� uposnola
thc pragmatik�c euje�ac	 Aut
 pou j�loume na de�xoume e�nai oti gi� k�je � � ��� ��
isqei

������ j��� ��A� �Bj � ��� ��jAj� �jBj�

H ��	��� e�nai anex�rthth ap
 metafor�c twn A kai B� mporome epom�nwc na
upoj�soume oti to A �qei dexi
 tou �kro to � kai to B �qei arister
 tou �kro to
�	 T
te� to ��� ��A � �B peri�qei x�na ant�tupa twn ��� ��A kai �B� epom�nwc
to m�tro tou e�nai toul�qiston to �jroisma twn m�trwn aut�n twn do sun
lwn	

De�qnoume pr�ta to Je�rhma sthn per�ptwsh n 	 �	 Estw f� g�m 
 R � R�

pou ikanopoion thn ��	���	 Mporome na upoj�soume oti oi f kai g e�nai fragm�nec�
kai diair�ntac an qreiaste� tic f� g�m me kfk�� kgk� kai kfk���� kgk�� mporome
na upoj�soume oti sup f 	 sup g 	 �	

Ap
 thn ��	���� an t � � kai f�x� � t� g�y� � t� t
te

������ m���� ��x � �y� � f�x����g�y�� � t���t� 	 t�

dhlad� gi� k�je t � � isqei o egkleism
c

������ fx 
 m�x� � tg � ��� ��fx 
 f�x� � tg� �fx 
 g�x� � tg�
Qrhsimopoi�ntac thn ��	��� �qoume

������ jfm � tgj � ��� ��jff � tgj� �jfg � tgj

��



gi� k�je t � �	 Gr�fontac ta oloklhr�mata sunart�sei twn sun
lwn st�jmhc
bl�poume oti

������

Z
m 	

Z �

�

jfm � tgjdt �
Z �

�

jfm � tgjdt

� ��� ��

Z �

�

jff � tgjdt� �

Z �

�

jfg � tgjdt 	 ��� ��

Z
f � �

Z
g�

Ap
 thn anis
thta arijmhtiko�gewmetriko m�sou sumpera�noume oti

������

Z
m �

�Z
f

�����Z
g

��
�

Upoj�toume t�ra oti n � � kai oti to je�rhma �qei apodeiqje� sthn per�ptwsh
n��	 Gi� k�je t � R jewrome thn sun�rthsh ft 
 R

n�� � R� me ft�y� 	 f�y� t��
kai an�loga or�zoume tic gt kai mt	 H up
jesh ��	��� mac l�ei oti gi� k�je t� s � R
isqei

������ m�����t��s���� ��x� �y� � ft�x�
���gs�y��

gi� k�je x� y � Rn��	 Efarm
zetai loip
n h epagwgik� up
jesh kai �qoume

������

Z
Rn��

m�����t��s �
�Z
Rn��

ft

���� �Z
Rn��

gs

��

gi� k�je t� s � R	 Aut
 shma�nei oti oi sunart�seic

������ t�
Z

ft � t�
Z

gt � t�
Z

mt

ep�shc ikanopoion thn ��	���	 Efarm
zontac loip
n to Je�rhma xan� �thn per��
ptwsh n 	 � aut�n th for�� pa�rnoume

������

Z
m 	

Z
R

�

Z
Rn��

mt�dt �
�Z
R

�

Z
Rn��

ft�dt

�����Z
R

�

Z
Rn��

gt�dt

��

	

�Z
f

�����Z
g

��
�

Aut
 apodeiknei to epagwgik
 b�ma kai to Je�rhma	 �

Mporome t�ra na apode�xoume mi� proseggistik� isoperimetrik� anis
thta
gi� ton q�ro tou Gauss	 H id�a e�nai pr
sfath kai �qei sq�sh me to epiqe�rhma tou
Talagrand pou parousi�same kat� th mel�th tou En

� �

��� Jerhma� Estw A mh�ken� Borel upos�nolo tou Rn	 T�te�

������

Z
Rn

ed�x�A�
���d	n�x� � �

	n�A�
�

��



�pou d�x�A� 	 inffjx� yj 
 y � Ag	 Epom�nwc� an 	n�A� 	 �
� t�te

������ �� 	n�A�� � � exp�������

gi� k�je � � �	

Ap�deixh� Sumbol�zoume me 	n�x� thn sun�rthsh �����n�� exp��jxj����� kai jew�
rome tic sunart�seic�

������ f�x� 	 ed�x�A�
���	n�x� � g�x� 	 �A�x�	n�x� � m�x� 	 	n�x��

Gi� k�je x � Rn kai y � A �qoume

������ ����nf�x�g�y� 	 ed�x�A�
���e�jxj

���e�jyj
��� � exp�

jx� yj�
�

� jxj�
�

� jyj�
�

�

	 exp��jx� yj�
�

� 	 �exp���

�
jx� y

�
j����

	 ����n�m�
x� y

�
����


pou qrhsimopoi�same ton kan
na tou parallhlogr�mmou kai to gegon
c oti d�x�A� �
jx�yj	 Dedom�nou oti g�y� 	 � an y �� A� h ��	��� mac l�ei oti oi f� g�m ikanopoion
tic upoj�seic thc anis
thtac Pr�ekopa � Leindler me � 	 �

� 	 Efarm
zoume loip
n to
Je�rhma �	� kai �qoume

������

�Z
ed�x�A�

���	n�dx�

�
	n�A� 	

�Z
f

��Z
g

�
�
�Z

m

��

	 ��

Aut
 apodeiknei ton pr�to isqurism
 tou jewr�matoc	 Gi� ton detero� parath�
rome oti an 	n�A� 	

�
� t
te

������ e�
���	n�x 
 d�x�A� � �� �

Z
ed�x�A�

���	n�dx� � �

	n�A�
	 ��

Dhlad�� 	n�Ac
�� � � exp�������	 �

��� Parat�rhsh� Apodeiknetai oti to m�tro tou Gauss e�nai logarijmik� ko�lo	
An A�B e�nai mh�ken� Borel uposnola tou Rn kai � � ��� ��� t
te

������ 	n���� ��A� �B� � �	n�A��
����	n�B����

H ap
deixh bas�zetai sthn anis
thta Brunn � Minkowski kai �qei poll�c omoi
thtec
me thn ap
deixh tou Jewr�matoc �	�	

��
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