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Ke:cpo’c)\ou.o 1

IIAéypata ooy R™

1.1 IIAéypota

Epyalbuaote otov Euxkeldeto ydpo R™, tov diavuouatixd yhpo GA0V Twv n-ddwy
T = (21,...,%n) TEOYHATIXGY opLdUmyY. LtodeponoloUe 10 ECWTERLXS YLVOUEVO

(x,y) = z1y1 + - .- + TpWYn-

Auté 10 eowtepd Yivéuevo endyet otov R” tnv Ewdeldeia vopua ||z]|2 = /(, x).
YuuBoiiZouue ue Dy, tnv Euxdetdeia uovadiada undha, ue S™1 ) wovadiada ogaipa,
XaL UE wy, Tov n-dtdotato 6yxo e Dy. Opilovue

D(z,r) ={y € R" : lz — yll <r},

xaw 0 = (0,...,0). Tpdpovue L(R™) via 10 0OVOAO TOV YROULUXMDY UETAUTY NULATL-
ouwy tou R?, xar GL(n) yio Ty oudda TV avTLoTREPLUGY YROLULXMY LETATY MU
Topoy Tov R*. Av T € L(R™), o ouluyhc tou T elvor o T* € L(R™) nou opileton
and TN

(Tz,y) = (z, T"y), z,y € R".

Optowég Eva utocivoho A tou R™, n > 2, Aéveton mAEYAL oy UTHPYOLY YpoUL-
%S aveldptnta SlavioudTd Uy, . . . , Uy € R yia tal onola

A={z eR* iz =mqus + ...+ mpup,m; € Z}.

Tote Mpe 6t 10 {ug,. .., u,} elvor Bdomn tou mhéyuatoc A. ‘Eva miéyua unopel vo
el meplodTepe and pio Bdoee (yia v oxpifeta, édnwe Ya dodue napuxdte, xdde
TAEYUa ExEL dnelpes To TAY0C BlopopeTinés BAoELs).

Iapatnenoeig Eva vnocivoro A tou R® elvar mhéypo av xon uévo av umdpyet
T € GL(n) yw tov onolo A = T(Z™). Tlpdyuott, av to A elvar mAéyua ue Bdon to
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{u1,...,un}, ©é61e A =T(Z"™), 6mov T o ypauulxds Letaoynuationds mov opiletan
and twe T'(e;) = u;, i = 1,...,n. Avtiotpoga, av T' € GL(n), téte 10 T(Z") eivan
TAéyua we Bdon to {T'(e1), ..., T (en)}-

Ocekpnua 1.1.1 Kdde mAéyua A oror R elvar duakpier} mpooBetixny vrooudda tou
R™. Aéyovtag dakpizri, evvoolue ér vrdpyet r > 0 dote D(o,r) N (A\{o}) = 0.

Anédeln: Eotw A = T(Z"), T € GL(n). Eivaw povepd 6tL, av z,y € A téte
x—y €A, dnhadh to A elvon mpocdetinr unooudda tou R™.

Enione, av oploovue @ = {z € R" : |z;| < 1}, t61€¢ Z"N Q = {o}. Xpnowo-
TOLOVTOC T0 YEYOvoC 6Tt 0 T elvon éval mpog éval, BAénouue 6Tl

ANT(Q) = T(Z"NQ) = {o}.

‘Ouwc 10 T(Q) elvar avowtd urtocvvoro tou R™ xou 0 € T(Q), dpa undpyet r > 0
wote D(o,r) C T(Q). Enetor 67t D(o,7) N (A\{o}) = 0. O

"Auecec ouvEnELES TOU 0pLoUOL TN BLaxELTAC TpooUeTiXhS ouddag etvon oL e€xg:
(o) Av D(o,7) N A = {0}, t61€ yro x&¥e u € A woyder D(u,r) N A = {u}.

(B) T xdde R > 0, n D(o, R) meptéyel nenepaouéva 1o tAfdog onuela tou A.
Mpdrypoatt, av vy xdmow R > 0 umApyav Staxexpluéva zp,n € N, onuela tou A
oty D(o, R), t6t€ Yo unopoloapue vo Bpolue ouyxhivouoa uraxohovdia (2, ) g
(). Toéte, yio onotodfnote r > 0, Yo unopodooue vor Bpodue m,n € N tétol
OOTE 0 # Ty, — T, € D(0,7) NA. Anhads, To A dev Yo fitay dtoxprth| Tpocdetit
unooudda tou R™.

Ou ypnowonotficouue tic (o) xot (B) yia var SOCOUUE Evay YopAXTNPLOUO TOUL
TAEYHOTOC.

Ocekpnua 1.1.2 Eva uvrnootrodo A tou R elvar mAéyua av kar uévo av mepiéyar n
ypaupikas aveEdptnta diaviouata kar elvar drakpit tpoodetikr) vrooudda tov R™.

Anodergn: H yla xatedduvon anodelydnxe oto Osdpenuo 1.1.1. ot Ty dAAN xa-
tedduvor), vnodétovue 6t A elvon pio dtaxplth tpocletixt| unooudda tou R*, nou
TEPLEYEL TAL YPUUUIXDC AVEESPTNTA DOVOCUNTH X7, ..., Ty, OO XUTAOXEVACOLUE
ula Bdon tou A, dnhadh éva olvoro {uq, ..., Un} YROULUXGS oveEdPTNTWDY dlovu-
oudtwyv oto A ue Ty WoTnTor xdde v € A ypdpeTan UovosHUAYTA OTN UOpYY
V=M1l + ...+ Mulp, OTOL My, ..., my € 7.

Ta ug,...,u, 9o optotoly Sadoyxd. Y10 mpodto Brua, Yewpodue tov Uovo-
dudotato undywpo Fi = (21) mou mopdyeton and TO X1, XU EMAEYOUUE WS Ug EVal
un undevixd ddvuouo Tov F1 N A mou €yel tn wixpdtepn duvath andotaoy and To
o. Il ouyxexpuéva, utopobue va Tdpovue u; = txy, 6mou t > 0 o UxpdTEPOS
duvatéde dote tzr € A, To A elvan roxprtd, dpa to evdiypopuo tuhua (o, z1] da
nepLéyel menepaouéva to Thdoc onuela tou TAéyuatoc. Enouévwe, to uy elvar xokd
0pLOUEVO.



Yuveyllouvpe enaywywd: da delfovue dtL yia xdde k < n unopobue vo Bpodue
Uly.. ., Uk € (T1,...,TE) TETOL WOTE T0 AN(T1, ..., Zg) Vo Topdyetar (Ue oxépatoug
GUVTEAECTES) altd T Ug, - - - , U

Ay :=AN(z1,...,z5) = {miuy + ... + mpuy : m; € Z}.
Me ufa tétolo xaTaoxeLy), Ta w; elvor Yeauuixos aveldptnta xot, yia k = n, €xovue
A={zeR" .z =mius +...+ myu,,m; € Z},

dnhadh to A elvar TAéyuoL.
Lot Ty emhoyt) Tou ug41 Yewpolue t0 Toparlknieninedo

P={x=ajus + ...+ apug + bxp+1,0 < a; < 1,0 < b < 1},

X0l ETMAEYOUUE GOV U1 €VAL oTolYEL0 Tou PN A Yo 10 onolo o cuvteleotrg b elvan
o eldytotog duvatde. To chvorho P N A elvar un xevé yiatl x4 € PN A, xon €yet
nenepaouéva to thidoc onuela (yiatl to A glvon dtoxprth) oudda). Apa, TO Ugy1 Elvor
XONG OPLOUEVO.

To g, ..., up elvon yoouuxde aveldptnTo, xou
k
Up41 = Z a;u; + bxp1
i=1
te b # 0. Autd onuaiver 6Tt g1 & (Wi, ..., ug), dEO TO U1, . .., Upt1 EVIL YPORLUL-

xc aveldptnta. Oo delfouvue 6T

(%) Appr :=AN(21, . Tpg1) = {Mmiuy + ...+ Mpg1Upg1 - My € Z}.
‘Eotw & € Apy1. Tot ur,. .., ugpr elvon Bdon tov (@1, ..., Tk+1), Spa © = t1ur +
cooF U + b1 Uke1 Y XETOWUC Ty, ... tep1 € R Oétovue {2} = z — [#] 10

XAACUATLIXG UEPOC TOU Z, xol VEWPOVUUE TO
' = {t1}U1 +...+ {tk}uk + {tk+1}uk+1 € A.
Tore,

k
= {tl}ul + ...+ {tk}uk + {tk+1} (Z a;u; + bl‘k+1>

i=1

= t'1u1 +...+ t;cuk + {tk+1}b1‘k+1 €A,
dpot, av 0 < {tg4+1} téTE
2 = {t Yuy + ..+ {t Juk + {ter1}bTRer EANP,

10 onolo elvor drono ool {try1}b < b. Enetaw 6w {tg+1} = 0, SnhadA t41 € Z.
Téte duwe,
o ={ti}us + .. {tr ur € AN (z1,...,71),
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XL, omd TNV ETAYWYWXT o unddeoT), mpénel var EYOVUE Ly, ..., t; € Z. Autd amo-
dewevieL TNV (%) xot, EnaywyLxd, To Ye@pnuoL. |

Iapathienon H anddeién tou Yewprjuatog wdg divel tawtdypova évay 1pémo vo tep-
VAUE amb vl Yeouxods aveEdptnto unoalvoro {1, ..., 2, } evoc TAéyuoToc A o
Bdon {u1,-..,up} T0oL A, ue TV WLETHTA

<U1,...,Uk>:<l’1,...,l’k>, ]-Skgn

1.2 Opilovoa evog TAEYULATOG

Opiowds Eotw A éva mAéyua otov R?, xon ug,. .., uy, wla Bdon tou. To mopohhn-
Aeminedo

P:{Zaiui:ogai<l}

i=1

Aeyeton Yeperiddeg noparAnieninedo tou TAéyuatoc. O dyxoc |P| tou P Aéyeton
opifovoa touv mAéyuatog o cuuPBolileta ue det A.

H IIp6taom nou axohoudel Seiyvel 61t 0 dyxog tou Veuehddoug mopahhnhemtinédou
elvan ave€diptnrog and v emthoyy| g Bdong.

IMpétaoy 1.2.1 Eotw A éva mAéyua orov R?, kar P, Q 600 Jepelicddn mapaldnhe-
nimeda tou A. Tére, |P| = |Q)|.

Anéden: ‘Eow {u1,...,un} xou {v1,...,v,} oL Bdoewc tou A nou opilovv Tta
Yeuehoddn maparinienineda P xon Q. Toéte, av U,V elvon oL mivaxeg mou €youv oay
OTAAEC Ta U4, V; avTloToLya, EYouue

|P| = |detU], |Q|=|detV].

Cpdpouue o Sravioparta g plag Bdong cuvapthoel twv dtavbouatwy e dAAng,

XOlL EYOLUE
n n
U; = E m;;jvj, V; = E lij’u]',
Jj=1 j=1

6mov M = (m;;) xon L = (1;5) nivaxeg ue oxéponeg ouvietayuéves. Tote U = VM*
xou V =UL", dpa ML =1I. Anhadr,

|det M| -|det L| =1,
xaw ao det M, det L € Z, naipvovue | det M| = |det L| = 1. Autd onuaiver ot

|P| = |detU| = |det M| - |det V| = |det V| = |Q|. O
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Iapatienon H anddeiln tng Hpdtaong diver 6t av U xou V' elvon 0o Bdoeg tou
Wlou TAéypatog A, téte cuvdéovton uéow evog unimodular nivaxo. Yrdpyer Snhady
nivaxac M ue axépoues ouvtetayuéves xou opllovoa det M = +1, tétolog GoTe
U = VM*. Eb0xola ehéyyouue 6Tt loyVel xou To avtiotpogo: av V' elvan ula Bdon
Tou TAéyuatoc A xou M elvon évac unimodular mivoxag, T6Te oL GTARES TOL Vool
VM* anoteholyv Bdon tou A.

Aol o 6yxog onotoudrinote Yeuehwddoug nopornientnédou tou A elvon Tdvta o
{Sioc, n optlovoa det A tou A opiletar xahd. Mnopobue udhiota Ue ) Bordeld tng
VoL yopoxtnelcovue T Bdoelg Tou A:

Oceopnua 1.2.1 Eoww A éva mAéyua ovov R, kat uq, ..., un € A. Ta uq, ..., up
elvar Bdon tov A av kar pérvo av

| det(ug,...,u,)| = det A.

Anodedn: H ula xateduvon elvon mpogavic and tov opioud tne det A. T Ty
avtlotpogn xatevduvan, €otw U, ..., Uy, € A pe |det(ur,...,u,)| = det A. Aot
det A > 0, ta u; elvan ypouuixde ave&dptnta. Ou dellouue otL anoteroldy Bdorn tou
A

Oewpole ula Bdon V tou A, xou ypdpouue U = VM* xau V =UL*. HV elvae
[Bdom ToU TAEYUATOS Xou TOL Uy AVXOoLY 6T A, dpot 0 M Eyel axépoleg GUVTETAYUEVEC.
Ouwg,

|detU| =|det V| =det A

and v unéleoy uag, dea |det M| = 1. Autd duwe udc eaoparilel 6Tt xou o
L = M~ elvar acéponoc mivaxac, Suott o otouyeta Tou elvon Tne Lop@ric

o idet Mij

l;i = Z.
J det M ©

[M;; elvon o mivaxac mou mpoxdntel and tov M av «SorypdPovUey TNV i-YpoLUh Xow
™V j-othHAN Tov]. Agold V = UL* xaw n V elvon Bdon tou A, ta u; elvar Bdomn tou A.
a

To Oebpnua 1.2.1 udc dvel éva xpLthpto Yo var ano@aciCoLUE av N YRUUULXMS
aveZdptnto dtavbouata evog TAéyuatog anoteloly Bdor tou. Tevixd, dev undpyouv
AMASL YEWUETELXA XELTAPLOL TTOL VoL amavToLY oE awtd To epdTnua. H xotdotaon etvon
TévTwe oanAf oty nepintwon A = Z%:

Ipétaon 1.2.2 Ta ypauuikds aveEdptnra uy,us arotedovy Bdon tov Z2 av kai
Hovo av ato kAewtd tplywro T = {ar1ur + asusz,0 < a; < 1, a1 +as < 1} dev undpye
dAo onpeio tov Z*? ektds tov o,ur, us.

Anodedn: Av o ug, us elvan Bdom, T6TE To LoVeL onuEia TS OPPAS @11 + a2ts UE
a; € Z mou aviAxouy oto T glvon to 0,u1,u2 (6tav (ai,asz) = (0,0) % (1,0) A (0,1)).

Avtlotpoga: €otw 6t T0 {ug,us} dev elvon Bdon tou Z2. Oo Bpolue axépono
onueto oto T* := T\{o,u1,us}. YTmdpyet * € A mou ypdgeton oTn LoEYH T =
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a1 U1 +asus, xoL ot a; dev elvor xan ot 8o axépatot. Toéte, 1o &' = {ag fus+{az}us € A
avAXEL GTO TAPUAANAGY PO

P(Ul,UQ) = {t1u1 + t2U2 :0 S ti S 1}

xat 3ev elvon xopu@n Tou. Av 1o 2’ avixel oto <xdtwy Tplywvo T, tote Bploxetar oto
T™* xou €Y0LUE TENELWOEL. Ay TAL avAXEL 0TO «T8VWY Tplywvo, TOTE T0 Ut + us — &'
avixet oto T xat, Tawtdypova, oo A. |

IMopathenon H guoiohoyun yevixevon tne Hpdtaone 1.2.2 etvon n e€rc. Ta ypauut-
%O ave€dpTNTa SLAVOCUOTA U1, . . . , Uy, Elvol Bdon Tou Z™ av xou uévo av to simplex
UE XOPUPES 0, U1, ..., Uy, OEV TEQLEYEL dANO axépono onuelo. ‘Ouwg autd dev elvon
owotd: ya mapdderyua, o w1 = (1,0,0),us = (0,1,0),us = (1,1,2) oynuotilouy
éva simplex ou Sev meptéyeL dhha oncépona onueta, yoplc vo amoteholy Bdom tou Z2.

H enduevn npdtaon e€acpariler tny Onopén TOAGY SLapopetixdy Bdoewy yio
x&de mhéyua A otov R*, n > 2:

Ilpétaon 1.2.3 Av & = (21,...,Z,) € Z™ ka1 0 péYlotos kowds daipétns twy
Z1,...,%, €lvar 1, Tote to x enextelverarl o€ Pdon tov Z™.
AnoderEn: Mnopolue vo Peolue ya, ..., Yn € Z" T€TOld WOTE TA T, Y2, - -, Yn YO

elvar ypouuxde avegdptnto: ool & # o0, UdpyEL 19 < 1 TETo WOTE T4, # 0, ondte
UTOPOVUE VoL THPOLUE GAV Y; ToL DLvOoUATA €4, & 7 .
atomy xataoxevdlovue Bdon {uq, ..., Uy, 6TwC oto Oepnua 1.1.2, Eexvav-
K C e C) wo 1.1.2, €
ToC And TA T, Y2, - - -, Yn. Hapatnerote 6Tt up = z, yiatl 1o = elvar to TAnoléotepo
Tpo¢ 10 0 axépono onuelo tou (x). Edd ypnowonotelton n vnddeon bt oL x4, ..., Ty
€Y 0LV UEYLOTO XO0WO SLanpéTn TN LoVAdaL. |

IIopiopa 1.2.1 KdOe mAéyua A orov R*, n > 2, éyer drepes to nApdog diagopett-
kég Pdoes.

Anddeln: Apxel va eZetdoovue v meplntwon A = Z". YTndpyouv dnetpeg to

TAl0C n-ddeg Un UNSEVIXDY aXERUWY Z1, . .., Ty TOU €YOUV UEYLGTO XOWVO SLoLpETH
TN povdda. Kde ula and autéc avixel oe ula Bdon tov Z", and tnv Ilpbtaon 1.2.3.
Apa, t0 Z™ éxeL dmelpeg SlapopeTiné BAoELC. o

To tehevtaio anotéhecua auThS TS Tapayedpou diver ulo onuavtixyd Widtnta
70U VeeMddoLE TapoANAETLTESOL (TNy ontola Yol YpNoYLOTOLRCOUUE OpXETES POPES
0T CLVEYELL):

Oewpnua 1.2.2 Fotw A éva nAéyua otov R™, {uy,...,uy} pla Bdon tou A, ka1
P ={aiu; +...+ apu, : 0 < a; < 1} o avtiotoyo Jepehidddes mapaAinieninedo.
Tore,

R* =P ®A.

S . , , . n ,
Anlaon, ot petapopés tov P katd ta onueia touv A, kadvmrouvr tov R* ywpls va
emkalvnTorTal.
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Anodedn: Eotww v € R*. Ta u; elvar Bdon tou R, dpa unopolue va ypdpouue
n 7, 7. ’
T =) ., tiu; yia xdnowouc t; € R. Oewpolue ta Stavhouorta

n

Yy = Z{tz}uz, z= z:[tl]uZ

i=1

Téte, z € A,y € P, xon
r=y+z€P+A.

Kdéde x € R ypdpetar ue uovadixd 1pémo ce authy T wopeh: Av yia xdrow z € R”
elyoue z =y+2z=y1 +21 ye y,y1 € P, xon 2,21 € A, téte Yo elyoue y —y1 € A,
dnhadn

n
Yy — Uy :Zbiui, b, € 7.
i=1

Ouwg, |b;] = |ai(y) — ai(y1)| < 1. Enetor 6w by = 0 vy x8de i < n. Ondte y = 1
xaL z = 21, ToL anodetxviEL To {NToluUevo. O
Mia yprowun epapuoyr Tou Ocwpriuatoc 1.2.2 diveton otny enduevn npdtaomn:

IMpdétaoy 1.2.4 Eotw A éva mAéyua otov R*. Ia kdfe R > 0 oupforilovue ne
N(R) vo mArjfog twv onueiwr tov A N D(o, R). Tore,

lim LGN
R—co wpR?  det A’

Anoden: Oewpolue 1o Yeuehddeg nopornieninedo P tou A wg mpog ula Bdon
{u1,...,un}. Tndpyet a > 0 tétow0 Gote P C D(o,a). o xdde R > 0 opllouue
Ur = AN D(o,R). Tore,

U @+ P)CD(o,R+a),
ue€Ur

xat, and 1o Oedpnua 1.2.2, to u + P dev emxoahOntovton. ‘Apa,

N(R)(det A) = N(R) - |P| = | | (u+P)| wi(R+a)",

ucUr
S,
N(R) _(R+a\" 1 1
< .
() R ( R ) detA  detA

Ané v &M mhevpd, yio ueydra R > 0, éyovue

U (u+ P) D D(o,R —a).
ue€Ur
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Mpdryuatt, av x € D(o, R — a), undpyouy u € A xou p € P (onéte ||pllz < a) tétoa
wote x = u + p. ‘Oung téte,

[ullz < llzll2 + lpll: < R —a+a =R,
dnhad”), u € Ur. ‘Omwg mplv, xatohiyouue otny

N(R) _ (R=a\" 1 1
wp R — R det A det A’

()

Tuvdudlovtag tic (x) xan (sk) malpvouvue to {nroduevo. O

1.3 YromAéypota

Optopdg: 'Eotw A éva mhéyua otov R?, xor Ag C A. Av 10 Ag elvor mhéyua, téHTe
Aeue 6Tt 0 Ag elvar uomAéypa Tou A. Aol t0 Ag elvon uTooUddY ULdc aBeaviic
ouddag, opiletar N opdda mniixo A @ Ag. O mAnddpududs tne Aéyeton delxtng tou
Ao o0 A, xan oupBoriletar e A = Agl.

Me avutév to ouuBorioud, av |A 1 Ag| = s, unopolue va ypddouue to TAEyUa A
oo Evwan s To TANY0C EEVwV GUUTAGX®Y, SNAadY

A=A +a),
i=1

6moL ai,...,as € A. To mpdro Yedpnuo authc g napaypdpou utoloyilel Tov
delxtn Tou uTomhéyuatog Ag oo A:

Ocwpnua 1.3.1 Eotw V = {v1,...,v,} pia Bdon tov Ag. Av P = {31 | a;v; :
0 < a; < 1} elvar to Oeppehiddbes mapaldnAenitedo tov Ay ws mpog tnr V, tdte

A Ao| = |PNA
omou e |A| oupBorilovue tov mAnddpiduo evis nemepacuévov auvdédov A.

Andden: Avys #Fys € PNA, t6t€ y1 + Ag # y2 + Ap. Hpdypate, av y1 + Ap =
Y2 + Ag, t6T€ 1O Y1 — Y2 €lvar un undevixd xou avrixel oto Ag. Emlong, y1 —y2 €
{Z?Zl a;v; ¢ |a;| < 1}, 86t y1, y2 € P. 'Ouwg, to wovadixd onuelo tou Ay mou Exet
auThY TNV Wiétnta elvon 1o undevixd. Emeton ot

IA:Ao| > [P N A

[ioe tnv avtiotpopn aviodna, delyvouue 6t av & € A t6te udpyet y € PNA tétoo
wote x € y + Ag: Ilpdypart, and 1o Oewdpnua 1.2.2, undpyouv y € P xaw z € Ag
o vote £ =y + 2. Apod z € A xow z € Ag C A, daelvar y =2 — 2z € A. "Apa
y € PNA, xouz €y+ Ap. |

To enduevo Yedpnua divel éva «edindy Levydipt Bdoewy o tar Ag xon A (xavovixn
Lop®H xatd Smith):
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Ocwpnua 1.3.2 Eow Ay éva vronAéyua tov mAéyuarog A otov R*. Tndpyovv

Bdoag U = {uy,...,un} tov A ket V = {v1,...,v,} toU Ao, TéT01€G dd0TE
v =miu;, l=14,...,n
Kat
mi|mi+1, i:l,...,n—l.

Aréderdn: Eow U = {u;} xau V = {v;} 300 Bdoewc twv A xou Ag avtiotoyo.
Kde v; € V' ypdgpeton povooruavta otr hop

Vi = Mi1Ul + - .+ Miplhp,  Myj €.

Maipvovue €tol évay axépono mivaxa M = M(U,V) o onolog e€optdtar and tny
emAoyY) Twv Pdoewy U xau V, yia Tov onolo toylet 1 oyéon mvdxwy

V=UM".

Ocewpolue v xhdon M = {M (U, V), U Bdon tou A, V Bdon tov Ag}. H xhdon
M uéver avolholwtn we Teog TN dpdoT AATOLWY UETACYNUATIOUMY TULVAXWY:

(o) Av uetadtéoovue v i ue TV j ypauun tou ivaxa M, toalpvouue Tov mivoxa
My € M nov avuotouyel ot Bdoewe U xaw Vi =V (ue petddeon tov vg, v;).

(B) Av petadéoovue Ty i Le Ty j oA Tou Tivaxa M, nadpvouue Tov mivoxa
My € M nouv avtiotoryel ot Bdoewg Uy = U (ue petddeon tov u;, uj) xou V.

(v) Av toAhamhaoctdoovue Ty § ypouuh ue —1, tpoxinteL o nivaxac My € M

mou avtotowyel otic Bdoec U xou Vi = {v1,..., —vi, ..., un}
(3) Av moMamhaotdoovue Ty i oTHAN ue —1, mpoxinteL o tivaxag My € M nou
avtiotouyel ote Bdoewc Uy = {ug, ..., =y .., un} xou V.

(e) Av mpoodécovue oTNy i-ypauu TV j-Yeou) ToMamhactaoUévn el xdmoLo
s € Z, mpoximtel o wivaxac M; € M mou avtotolyel otic Bdoewg U xou Vi =

{vi,..., 05+ svj,..., 0, }.

(o1) Av npoc¥écouue oty i-oTAAN TV j-oTAAN Tolhamhaclaouévn el xdmoto
s € Z, mpoxOrteL o nivaxac My € M mou avtiototyel ote Bdoewc Uy = {uq, ..., u; —
SUj, ..., Up} xou V.

Ou napatnprioets autés delyvouv otL undpyet M € M ue mir > 0. Autd gaiveton
evxoha yratl, Eexvdvtag ue toydvta My € M xon eEXTEADYTAC XATEAANA XEToLoUS
and TOUG UETACYNUATIOUOUE TOU TEPLYPAPIUUE, UTOPOVUE VoL XAVOUUE OTOLOBHTOTE
un undevixd otoryelo tou M Jetxd xon vo to gépovue otny (1, 1) Yéon.

Ocwpolue dhoug toug M € M ue my; > 0, xau xpatdue €vay ue eEAdyLoTo My .
(awtd 10 Pua xohotd v anddelln un xataoxevootxh). Toéte, may | My, maj
vy xdde 4,5 = 1,...n. Hpdyuartt, av oe xdnota nepintwor elyaue to avtideto, yio
TAPABELY UL AV TO M2 OEV HTAY TOMATAAOLO TOL M1, TOTE XdvovTag Ty Slafpeon Yo
elyoe mo; = my1m + v Y xdmowo 0 < v < mqy, v € Z. Toéte, tolhaniaotdlovtoc
TNV TEATN YEUUUT HUE T XOL aQatptdvTag TNy and tn debtepn, Yo nalpvoue My € M
HE Mo = v. L1 ouvéyela, avtiuetodétovtog tny SedTepn UE TNV Te®TN Ypoun, Yo
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nalpvaue évay véo mivaxo My € M o omnolog otn 9éon (1,1) da elye 10 v < may,
x4t mou elvar dtomo and Ty emAoyY| Tou mivaxa M.

Aol howndy ma1|mar, maj yaxdde i, j = 1,...n, UnopodUe, apatptvTaC XUTdA-
AnAho ToAamAdoLaL ToL My and xde ypourun xow GTAAY Tou Tivaxa, va undevicouvue
TNV TEMOTN YEUUUT X0L TNV TN OTAHRN Tou Tivaxa: v Tdpovue Snhadh My € M ue
0 my1 oty (1,1)-0éon xaw my; = my =0, 4, = 2,...,n. Emniéov unopolue va
anodel&ovue 6L otov My 10 myq elvon dlanpétng Ghwy Twv mi; (GAAMMS, UE ENLTEE-
nto0¢ Hetaoynuatiounols uropoluE va Beotue A € M tétolov bote 0 < arr < maq).

Oewpolue dhoug Toug mivoxeg M € M mou €youv TG TOPUTAVEL WLOTNTES: TO
mi1 > 0 elvon to eAdiytoto Suvatd oty M, tamyr, maj =0 av i, j # 1, xou x&de my;
elvor moAhamhdoto tou my;. Halpvovue mivaxa auTtAc Tng LopPhc YE To maz > 0 xon
eAdytoto, xon cuveyllovue dnwe TElv (AYVOOVTAS TNV TPDTN YPUUUR XoL TNV TeT)
oTHAT, oL onoleg €youv optotixonotnlel). Xe n BAucta, Yo gtdoovue oty {ntobuevn
Lop@r. O

H ypenowudtnta tneg xavovixhc popphc tou Smith gatveton and to enduevo Yedpnuo.
Ocwenua 1.3.3 Eow Ay éva vromAéyua tov nAéyuatos A otov R*. Av U ka1 V

elvar Bdoes twrv A ka1 Ay avtiotoya, kar P elvar to Jepelicddes mapaldnienimedo
Tov Ay w¢ mpog Ty V, téte

det Ag
PNnA|l=|A:Ao| =|det M(U,V)| = .
| m | | 0| | € ( Y )| det~

Anddein: H mpdtn wootnta anodelydnxe oto Oemdpnua 1.3.1, xou yio xdde Leuydipt
Bdoewv U,V v A, Ay éxovue

_|det V| _ det Ag
©|detU]  detA”

| det M (U, V)]

Apxel hotndy va detovue 6t |det M (U, V)| = |P N A| yio kdroto LeuydpL Bdoewy
U,V v A, Ap. Ané 10 Oedpnua 1.3.2, unopolue va emhéEouyue Bdoewg U, V tétoteg
wote

v =mgt;, m; €4, t=1,...,n.

Téte, elvar @avepd 6T
det M(U,V) =mimy...my,.

Anouével va petprioovue o mARlog Twv onuelwy Tou A Tou avixouy oto P. ‘Oung,

AOYWw TNg oYéoeEwS v; = mju; EYOLUE OTL, Yo xdde i = 1,...,n, oto gudbypau-
uo AU [o,v;) undpyouv m; to mhdog onuela touv A. ‘Apa oto P Yo €yovue
mims ... my onuelo tou A, ta t1v1 + ...+ tyop, t; € {0,1,...,m; — 1}, Autd
anodewxviet To {nroluevo. O

IMapathenon: To Oemdonuo 1.3.3 éxet Tic e€fic dueces, ahAd EVOLOPEPOUCES, GUVE-
TELES:

(o) Av 10 Ag elvon vromhéyua tou A,téte yia xdde Bdon V' tou Ag, to mARdog
Twv onuelwy tou A ou avixouv oto Veuehlddeg Taparlknieninedo tou Ay wg PO
v V elvar otadepd, xon (oo ue |A 1 Agl.
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(B) Mia evdagpépouoa eldix| neplntwon €yovue av ndpovue cov A to Z". Av
Vi, .., Up elvon yoouuxods avegdptnta dtaviouata tou R® ue axépoeg ouvtetay-
Héveg, téTe T0 mopodnieninedo P nou opllovv mepéyel Téou axépono onuela 660g
elvaw 0 6yxog tou. Tatl, av Ag elvan To uToTAEY U TOL Z™ TOL TaPAYOLY Tt V;, Antd
10 Oewpnua 1.3.2 éyovue

|P| = |det Ao| = |Z™ : Ao| = |Z"N P).

o & evdLapépouvca epapuoyr elvor o TOTOC To ick yio to TARloc Ty axe-
Mio &N ) L 0 v Pick N
palwy onuelwy Tou TEpLEYEL Eva XUPTO TOADYWVO UE AUEQOLES XOPUPES.

Ocwpnua 1.3.4 To Ao twr akepaiwy onuelwy péoa o€ éva kupté todywro K
L€ Kopupés axépara onuela, elvar (oo ue

|Z2 N bd(K)|

AE) + =

+1,
émov A(K) to euPadév tov K, kar bd(K') to odvopo tov K.

Andderln: Ilpohta arodewxviovue Tov t0mo yia éva Tplywvo T'. Xwplc meploptousd
NS YEWXOTNTAS, UTopoUUE Vo utodécouue 6Tl 1 ula xopupy) tou T' elvon t0 0. Av
a, b elvor oL ddhec dVo xopupéc tou T', Yewpolue o mapolnidypopo P = {ta + sb :
0 < t,s <1} nov mapdyouy ta a,b. At to Oewpnua 1.3.2,

|Z2N P| = A(P) = 2A(T).

XwpiZovue 10 P oe d0o tplywva Th =T xow T5 -T0 «Tvem» XalL TO <XATWY- PEPVOVTIC
™ Staydvio ab. Aev elvar S0oxoho va dolue Gt

22N TY| = |22 N T3],
xaw av ypdouue B yia to mhjdog twv axepolwy onuelwy oto ecwtepind tou T xou
C vio to TAfdoc Twy axepaiwy onuelwy 0to clvopd Tou, ExovuE
|Z*NP|=2B+C -2,
vl ta axépanar onuetor g Staywviov Beloxovton dha oto P, extdg amd o a,b.
‘Emeton 61U
A(P)
2

C c
+ o F1=AD) + 5 + 1,

B+C:%UW0H+C+QZ 5

oL elvon to {NToduUEVo.
Eotw tdpa xuptd Tohdywvo K ue n > 3 xopugéc. IIdA uropolue vo vtodécou-

pe ot plor and autég elvon To 0, xoL oL UTOAOLTES Elvae oL ag, - - ., Gp—2. Xwpllovue
10 TOAOYWVO oe n — 2 tplywva 11, ... T _2 @€pvovtac Tic Slaywvioug 0ay, . . ., 00y 3.
Xpnowomoudvtag tov TOno mou wolG anodelEaue yia o Tplywva, EYouUE
2 Ci .
|Z°NT;| = A(T)+ —+1, i=1,...,n—2,

2
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6mou C; 10 mARlog Twv axepalnwy onuelwy ato abvopo tou T;. Ilpocdétovtag xatd
WEAN, éyouvue
n—2 n—2

1
Z’NT = AK)+ ) Ci+(n—2).
>IN T = AK) + 3 3 Cit (02
Ta eowtepind onueio Twv dtaywvinv éyouv uetpniel dVo Qopéc oTo aploTEPS UENOC,
TOL EOWTEPXA oNUEld TWY AUV TOL K oL OL XOPLYES a1, . . ., Gp—3 EYOLY UeTENIEL
300 QopEc, oL XOPUPES Ao, Gr—a Uld POPA, xou To 0 ueTpRINXE (n — 2) gopéc. Apa,
av D elvar o TARdoC Twv EcwTepdY onueiwy Twv Slaywvimwy, £youue

n—2
S I1ZPNTi| =|Z° N K|+ D +2(n - 3).

i=1
AvticTouya, oto de€ld uéhog Eyouue

n—2

Y Ci=2D+E+(n-3)+(n-3),

i=1

6mov E 1o mhjdoc twv axepalnv onuelnyv 6to abvopo tou K, yiatl To o eugpavileto
(n—2) gopéc, oL ag, an—1 and ula, xou oL unéhotnes (n — 3) xopugés tov K and Slo.
Apa,

E
|Z20K|+D+2(n—3):A(K)+D+5+(n—3)+(n—2),

an’ éTou éneton OTL g
|Z*N K| = A(K) + 3 +L O

1.4 Avuixd nAéypa

Opiopds Eotw A éva miéyua otov R”. To chvoro
AN :={yeR": Ve e A, (z,y) €Z}

ovoudletat dutxd mAEYUA ToL A.

Yy enduevn npdtact) anodetxvoovue 6Tl 1o A* elvar 6vtwe TAEYUa, oL TERL-
yedpouue to A* cuvapthoel Tou A:

Ilpétaom 1.4.1 To A* elvar mAéyua otov R*. Av uq, ..., uy, elvar pla fdon tou A,
Tdte ta Oavvouata uj,...,u) mov opilovtar and g

(’U,Z,U,;> :(51']', ’L,] :1,...,n

anotelov Bdon tov A*.
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Anoden: H anddeln da Paciotel oo yeyovdg ot
(Zn)* — Zn.

Mpdrypott, av z = (21, ...,%,) € (Z™)*, t61€ z; = (z,e;) € Z yraxdde i =1,...,n,
dpor z € Z". Avtiotpbpwe, av & € Z" tdte, mpogaves (x,y) € Z v xdde y € Z™,
dnhadh x € (Z™)*.

(o) Aglyvouue mpwta 61t to A* elvor TAéyua. YTrdpyer T € GL(n) tétolog Hote
A=T(Z"). Tére,

x €A Vye A (z,y) €Z
VzeZ" (z,Tz) €L
VzeZ"™ (T"z,z) € Z
T*z € (Z")* = Z"

x € T*(ZM).

[ A

Ouwe, T* € GL(n). Apa, to A* = T7*(Z") elvor mAéyua.

(B) T tov debtepo Loyuptoud, ag utodécovue 6t {u, ..., un} elvon uia Bdon
tou A. Oewpolue tov T € GL(n) mou oplletar and e T'(e;) = ui, @ = 1,...,n.
Téte, A = T(Z"). Av 9éoovue uj = T *(e;), t6te 0 {uf, ..., up} elvor Bdon tou

T—*(Z™) = A*, xou

(ui,u;) = <T6i,T7*€j> = (TﬁlTei,€j> = <€i:ej> = (5” a
H Bdon {uf,...,ul} tou A* nou oploaue otny Ipbtaon 1.4.1 ovoudleton Sutxn
Bdom e {u1, ..., un}-

1.5 A-unoywepot

Ogiopol (o) Eotw A éva miéyua otov R™. Evag k-Sudotatog yeauuixds undyweog
F twou R" ovoudletar A-undywpog av 1o F N A elvan mhéyua otov F. Anhadn av
LUTdPYOLY V1, . ..,V € F Tétola hoTE

FnA={muv +...+mpu, : m; € Z}.
(B) Eotww F évag k-dudotatog A-undywpoc tou R™. Eva cOvoho onuelwy vi, . .., v €

A ovoudleton mpwTapytxdé yia To F'NA av ta vi,...,v; anoteholdy Bdor tou
nhéyuotoc FFNA.

Ocdenua 1.5.1 Av o F elvar A-undywpos kat to {vi,...,v;} mpwtapyikdé ya to
F N A, tére enextelverar oe Bdon tov A.
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Anddedn: To A mepiéyel n ypouuxods aveldptnta daviouatd, ETOUEVWS UTO-
POVUE VAL BEOVUE Upt1, ..., Uy € A TETOLA OOTE TAL V1, ..., Uk, Ukt 1, - - -, Uy VO ELVOL
Yoouuixoe aveEdotnta. ZexvodvTtac and autd o Staviouota, xotaoxeudlovue Bdon
Tou A 6nwe oto Oedpnuoa 1.1.2. Tta npwta k BAuota, n xataoxeur) yivetow otov F,
%o ool ToL U1, . . ., U elvon Bdom tou F N A nopouévouy auetdBAnTo. O

Optow6g Eotw F évac A-undywpoc. Opllovue
Ft={yeR":(z,y) =0, Vz € F}.
Oevpnua 1.5.2 O F+ efvar A*-undywpos.

Aréderdn: O F elvar A-undywpoc, dpo undpyet Bdon {v1, . .., vk} tou FNA. Xpnot-
uomodvTas to Oedpnua 1.5.1, Ty enextelvovue oe Bdon {v1, ..., Vk, Vk+1,---,Un}
Tou A. Oewpolue t duixt| Bdon {u1, ..., un} Tou A*. Téte, yiaxdde k+1<j<n
€YOLUE

(’Ui,’LL]'> = 0, 1= ].,...,k?,

Spouj € FLj=k+1,...,n To upsr,.-., U, elvor yoouuxde aveEdpTnTo xon
aviprouy otov B+ N A*, enouévac o FL elvon A*-unbywpoc. O



Ke:cpo’c)\ou.o 2

Kup‘co’c oo’)p.oc‘coc otov R"

2.1 Kuptd copata

(ot) Opropot

Kuptdé oopa otov R? elvon £vo un xevod, xuptd xou cuunayéc untocbvolo K Tou
R™, mou €yeL un xevé ecwtepnd. Oa héue 6Tt T0 xVPTd cwua K elval CURLETELXO
HE XEVTPO GLUUETPlAC TO 0, av Yl xde x € K éyouvue xou —z € K.

[Tohhéc popécg, Vo ypelaoTel vor ULAACOLUE YLoL AVOLXTA XUETE ST, AuTd
elvol Tl €E0WTEPXE TWV XVPTWY owUdTwY. loydel 6t av K elvon éva xuptd ovua,
t61e 10 K ovunintel ue v xAewoth| 9% Tou EcwTERLXOL TOL.

To &dporopa xatd Minkowski S0o un xevdv utocuvorwy A xaw B tou R”

elvor To oOvoho
A+B:={a+b:ac Abec B}.

Edxoha ehéyyovue 6t av tor A xou B elvon cuumoyy| (avtiotorya, xuptd), TOTE Xou T0
ddpotoud toug A + B elvon ouurayéc (avtiotouya, xuptd). Ewbdtepa, to ddpowoua
300 %xVPTHOY CLWUITWY ElVaL XUPTO GOUA.

Me tov 6po oToLXELDSEG CUVOAO AVaPEPOUACTE Ot Uld TEMEPACUEVT EVwon
optoywviny Tou €YoLV TLC axéc TOUC TUPSAANAES PGS TOUC GEOVEC GUVTETAYUEVWY
(tic Steudivoels Twv 0ptoxavovXDY SLavUoUETWY €;), XL EYOouV ZEVo ECWTEPLXA.
Yuupohilovue ue Z tny xhdom GAWY TWY GTOLYELWSWY GUVOAWY.

Av I elvar éva 1010 0p0oYOVIO, UE UAXT AXUOY a1, - . ., Gy > 0, T6TE 0pllovue
TOV OYX0 TOU VI LooUTOL UE

Il =a;...a,.

Av J = U I, elvon éva otouyewddeg ohvolo, t6te opllovue

m

1= 3" |1l

k=1

21
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Eotw tdpa A éva un xevé, gpayuévo utocivoro tou R™. Opilovue tov ecwtepL®d
o6yxo tou A uéow g

|A] = sup{|J|: J C A, ] €1},

%ot Tov EEwTEPLXO O7x0 Tou A uéow TN
|A| =inf{|J|: AC J,J € T}.

Oa Mue 6t 10 A éxer byxo (elvon Jordan uetpriowo), xou Yo tov cuufBorilovue
ue |A|, av |A| = |A|. Mnropel xavelc va dellet ot

KdOe kupté odua otor R éxer dyxo.

O WBLoTNTES TOL GYXOUL TOL YENOLUOTOLOVUE GUY VA GTY CLVEYELX Elvon TEAElwS Qu-
OLOAOYLXEC:

(o) O byxoc napauével avohholdToC WS TPOC GTPOYES KoL UETUPOPES.

(B) Av T elvon évac avtiotpéduuoc yeauuxoe uetaoynuatiopnds tov R, téte yid
x&e ouumayég unochvoro Tou R™ woylet

T(K)| = |detT||K].
(v) Eotww K xvptd coua otov R?. T x&de r € N, opllovue
1
N,.=-Z"nK.
r

Ocwpolue to Yeuehddec opdoydvio @ tou (1/7)Z", xan Ty évwon

U (z+Q).

zZEN,

O byxoc e elvan {oog ue [N, |/r™. Eivow hoywé var unodécovue (xon unopolue vo
anodelZovue) 6L xodde To T — +00, TaAlpYOUUE GMO Xot XOADTEPN TPOGEYYLOT| TOU
6yxou tov K. Anhady, woylel to e€hc:

N,
lim [N |

r—00 |K|7"n B

(B) ZvppeTpixnd xLETA COUATR

Oewpolue ulo vopua || - || otov R™. Tére, n povadialo undha Bx = {z € R" :
lz|| < 1} tou yodpou ue vopua X = (R",|| - ||) elvor éva ouuueTpixd xUpTd GOU
otov R™. To yeyovég 6t 1 Bx elvon ouurnayéc ohvoho xan €yeL Un XEVO ECWTERIXO,
ogelieton o0 bTL 1 |- || elvan toodOvaun ue Ty Euxheldeia vopuo. Anhady, undpyouvy
a,b > 0 t€towol Kote

allzlls < |12l < bllz]l2, = € R™.
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Isod0voua,
(l/b)Dn C Bx C (I/G)Dn’

T0 omolo delyvel 6L N By elvor @poryuévo cOVoAo xon Tepléyel ulol avouxth umdha Ue
xévtpo 1o 0. H Bx elvon xhewotd oOvoho, yratl elvon xhewoth we mpog v || - ||, o,
and TNV L6oduva{o TV Yop KOV, xdde xAeloTd 6hVolo we Tpog TV || - || elvar xhewotd
w¢ mpog Ty Ewdeldeio uetpur. Téhog, 1 xuptdTnTa Xon 1 ovuuetpla Tne Bx elvon
anhés ouVETELES TV WOTHTLVY TNe vépuas: 7 || - || elvar dptio, Yetixd ouoyevic
GUVEPETNON), XAl LXAVOTOLEL TNV TELYWVLXY| AVLGHTNTAL.

AvtioTtpoga, ag unodécovue otL K elvon évar cuppetend xuptd ooua otov R”.
O Minkowski 6pioe tnv cuvdptnon

[lz|]|k = min{\A > 0:z € AK},

xon amédetZe 6L elvon vépua, yia Ty omola oyVet ||z||x < 1 av xou ubvo av z € K.
H 0nopén tou Aeyduevou ouvvaptnooedols tov Minkowski Selyver 61, ue ula évvola,
N UEAETN TV CLUUETOXWOV XUPTWY OwUdTwv oTov R elvon loodOvoun ue tn UeAéTn
TWVY YopU®Y Tdvw otov R”:

IIgétaon 2.1.1 Eotw K C R" éva ovppetpikd kuptd odpa. Tote, to ovvaptn-
oo€10és tov Minkowsks

l|z||k = min{A > 0:2z € AK}

elvar vopua, kat
K={zeR":||z|x <1}.

Anoéden: To K mepiéyel ulo umdha ue xévtpo 1o o. Ipdyuatt, apold 1o K éyel
U xevéd ecwtepxd, utdpyouy ¢ € K xou r > 0 tétowa wote D(z,r) C K. Adyw
ovuuetplag éyovue D(—z,r) C K, xaw MNoyw xvptétnuag, D(o,r) = [D(z,r) +
D(—z,7)]/2 CK.

‘Eotww z € R*. Trdpyet A > 0 apxetd yeydho, dote (1/A)z € D(o,r) C K, dpu,
z € AK. Auté Selyvel 611, yia xdde z € R”, 10 olvoro {A > 0:x € AK} elvar un
%evé, dpa oplleton to

inf{A\ >0:2 € A\K}.

Oewpolue ula yvnolong gdivouoa axolovda Ay =+ A. Trdpyouv y, € K tétola dote
T = Ag¥s, XU AOYW TG cuuTdyelag Tou K unopodue vo unodécovue 6tLys — y € K.
Téte, z = Ay € K. "Apa 1o infimum eivor minimum, xou 1 ||z]| x elvor xohd optouévn,.
Eniong, elvon tdpa gavepd 6t ||z]|x > 0 yia xdde x € R”, xou [|z]|x = 0 av xou
uovo av T = o.

Ané n ovppetpia tou K w¢ mpog 10 0, €youvue £ € AK av xou udvo av —z € AK.
Auto amodewviel 6Tt

| —z||lk =min{A>0: —z € AK} =min{\ > 0: 2z € AK} = ||z]|x.
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Eniong, av t > 0, téte
min{\ >0:tx € AK} =min{A >0:2 € (\/t)K}
min{tp: p >0,z € pK} =tmin{u >0:z € uK}

= tllzflk.

Il

Ou 0o mponyoluevee oyéoelc anodewvbouy 6t ||tz||x = |t] - [|z||k, yio x&de ¢t € R
xon xde x € R™.

Cio v tptywvix) oviebtnra, nopatneotue ot ¢ € ||z||x K xou y € ||y||x K,
on6te 1 xuptéTTa Tou K udc efaopaiilet 6tz +y € (||z]|x + ||yl x) K, dnhadn

Iz +yllx <llellx +llyllx, 2,y eR™.

Téhog, x € K ov xow uévo av min{A > 0:z € AK} <1, dnhady,

:L’”K <1 O

(v) To mOAtxS SOPA EVOS GLUUIETELXOV XLETOD COLATOS
‘Eotww K ouuuetpnd xuptéd cwua otov R*. To mohuxd ocoua tou K elvon 10
K°={yeR":Vz e K, |[(z,y)| <1}.
Ocewpotue tov yweo X = (R™, ] - ||x), xar tov Suixd tou ydpo X*. Ta ypauulxd

ouvaptnooedy) f : X — R avanoplotavton and yy € R*: v xdde f € X* undpyet
wovadixd yr € R tétolo dote

flx) =(y,z), zecR",
xon avtiotpoga xdde y € R* opiler f, € X™* ue tov do tpdémo. Mnopolue Aoindy
va Tawtioouue (¢ ypouuxd yopeo) tov X* ue tov R”. Metagépouue ) vopuo Tou
X* otov R?, opllovtac

il = Ifyllx- = max |fy(2)] = max{|{y,z)| : = € K}
Térte, n wovadiada udho tov (R™, || - ||«) elvar oxprBée to K°. Ipdyuatt,

K® ={y € R* :max|(y,z)| <1} = {y € R" : [Jy]l. < 1}.
‘Eyouue Aowndy anodeléel 1o e€nic:

Ilpéraom 2.1.2 Fotw K ovppetpixd kuptd odua otov R?, kar X = (R, || - || k).
Téte,to K° elvar n povadiaia pmdia tov 6vikov ydpov touv X. |

Ané tov 0ploud TOL TOAXOD GOUATOS, XAl UTO TOV YAUPAXTNELGUG TOU TOL [d¢ divel
n nponyoluevn Ipbtaon, unopolue edxola va anodetéovue Tic Topaxdtw Booixéc
WLéTnTéC TouL:
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IIgdétaoy 2.1.3 Eow K, K ovupetpikd kuptd oduata ooy R*. Tdre,
(a) Av K C K, téte K{ C K°.

(B) (K°)° = K.

(v) Av T € GL(n), téte (TK)° =T *K°.

() |K||K°| = ITK||(TK)°|.

Arédeldn: (o) Avy € K7, téte yia xdde ¢ € Ky €yovue |{(x,y)| < 1, xou apot
K C K éneton 6ty x&de ¢ € K o ebvon [(z,y)| < 1, dnhadf y € K°.

B) O X = (R, |- ||rg) elvor awtoradfc, dpa to K elvon 1 uovadialor undio tou
X* =R, || - ||ge)*- Anhady, to K eivar o todxd oodua tou K°.

(v) Eyouue y € (TK)° av xou uévo av yio xdde z € TK wylet [{z,y)| < 1,
dnhadh av, yia xdde z € K wylder [(Tz,y)| = [(z, T*y)| < 1, dnhadnh, av T*y € K°.
Apa, (TK)° = () (K°).

(3) Eyouvue |TK|=|detT|- |K| xu |(TK)°| = |(T*)~'(K°)| = | det T|~}|K°|.
Apa,

ITK||(TK)°| = |detT|-|K|-|detT| Y| K°| = |K|-|K°|. O

2.2 H OLVL()'é‘C‘f]‘tOL Brunn-Minkowski

H ovicétnto Brunn-Minkowski cuvdéet tov dyxo ue v npdin tne npdoleons xotd
Minkowski. Qu Sdcouue plo anodelln mou yenolUomoLel T GTOLYELWIT GUVOAL Xou
ogeiheton otov Lyusternik (1940):

Ocdpenua 2.2.1 (Aniodrnra Brunn-Minkowski). Eotw A kat B ovurayn, un
kevd vroovvola tov R™. Tdre,

|A+B|1/n > |A|1/n + |B|1/n

Anodedn: In Hepintwon: E€etdlovue npdta tnyv nepintwon mov ta A xou B elvon
oploydvia UE TLC axUES TOUS TIOPIAANAES TIPOg Toug dEoveg cuvTeTayUévewy. Trodé-
TOVUE OTL @1, - . ., Gy, > 0 elvar tor urpm twv oxudy tou A, xow by, ..., by > 0 ta ufun
Ty oxuey tou B. Téte, 10 A+ B elvon xt autd 0ploydvio UE TIC axUES TOU Topdh-
Ankec mpoc Toug GEovES GUVTETAYMEVWY, Xat avtioTorya Ui a1 + bi, ..., ap + by.
Ermouévwe, n avioétnto nodpvel T wopen

((ar +b1) ... (an +b2)™ > (a1 an) ™ + (by ... by) Y™

Iood0vaua, {ntdue va det€ouvue 6Tt

( al an >l/n+< bl bn )1/TL< 1
ar +b1 ap + by, a1 +b1 " an + by -
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‘Ouwg and Ty aviodtnta aprduntixol-YEWUETEXXO) UECOU, TO JPLOTERS WENOS NG
teheutatog aviobTnTog elvon uxpdtepo 1) (oo and

1 1
Tl oy e N (b b =1.
n \a; +b; a, + b, n \a; +b; a, + b,

Anhadn, n aviodtnto Brunn-Minkowski toylet o authv tnv amh teplntwon.

2n Ieptntwon: Yrodétouue 61t ta A, B elvar otouyetddn cbvola, xodéva dniady
and autd elval TENEPACUEVT] EVWOT 0pY0YWVIWY TOU €Y0LY €V ECOTEPLXSL o UXUES
TAUPAAANAES TPOS TOUS GEOVES CUVTETAYUEVWY.

OptZouvue ooy mohurhoxoTnTa Tou Levyapol (A, B) 1o cuvolwxd mhidoc twv
opdoywviny mou oynuatilouv ta A, B. ©Oa anodeifovue v avioétnta Brunn-
Minkowski ue emaywy? e npog v molumhoxétntom tou (A4, B). Otav m = 2, ta
A xou B elvon optoydvia xon 1 aviedtnta €xel 731 anodelydet.

Trodétovue howndy 61t m > 3 xou 6L 0 Lnroduevo toydet yid Levydpla oToL-
YELWIOV GLYOAWY UE TohumhoxotnTa < m — 1. Agod m > 3, xdmow amd ta A xou
B (¢oww 10 A) anotelelton and toukdytotov do opdoywvia. Eotww I, I 300 and
autd. To I; xou Io éyouv Eéva ECWTEPLXA, CUVETS UTOPOVUE VoL Ta dtaywploouue
ue éva unepeninedo mapdAAnho mpog xdmowov xVpo utdyweo tou R™. Xweic BAEEN
NS YEVXOTNTOC UTOYETOLUE OTL aUTH TO LTEPETINESO TEPLYPAPETOL ATO TNV Ty, = P
yi& xdnowo p € R. Opilovue

At=An{zeR":z,>p} , A =An{zeR":2,<p}

To AT xor A7 elvor otouyewddn olvoha, éyouv Eéva ecwteptxd xan xaévo Toug
oynuotileton and Mydtepa opdoywvia an’ 6t 10 A (To unepeninedo z, = p oty
XELpoTER TEpinTwon yweller xdde oploydvio tou A oe dbo oploydvia, éva oTo
At éva oto A7, Opowe, o ) nepéyeton €€ ohoxhfpou oto AT evd to I oto
A7), Hepvivac toHpa oto B, Peloxovue urepeninedo z, = s tétoo wote av BT =
Bn{zxeR":xy, >s} xwe BT =BN{z e R":x, <s} vawoyle

|A*| _ |B*|
(+) o2
Al |B]

Ta Bt o B~ elvon ototyewddn obvola ue nhfdoc opdoywviwy tou Sev Eemepvdet
auté Tou B. Ovoudlouue A tov xowé Adyo byxwv oty (x). Ipogavae, 0 < A < 1.
Etvow gavepd ot

A+B=(A"+BNHUAT"+B)U(A” +BTH U4 +B).

Ané Ty AN Thevpd, awob AT + BT C{z:zy, > p+spxow A+ B~ C{z:xz, <
p+s}, 10 AT+ BT xou AT + B~ éyouv Eéva ecwtepixd. Emopévec,

|A+ B| > |AT + BT|+|A” +B|.

Me Bdion tnv xotaoxevy tou xdvoue, epopudletar 1 etaywywxr vddeon oto de€Ld
uélog:

|At _+_B+|1/n > |A+|1/n + |B+|1/n , AT +B—|1/n > |A—|1/n + |B_|1/n,
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on6Te xdvovtog TpdEels, xou malpvovtog L g Ty (*) éxouue
[A+B > (AN + BDY™) 4+ (1= V1A + (1 = )|B)Y")
= ANA+ B+ (L= WA+ | B = A 4 B

art’ 6Tov éneton OTL
|A+B|1/n Z |A|1/n + |B|1/n

Ievikn Ilepintwon: ‘BEotw A, B tuyovta un xevd cuumayt unocbvoha tov R . Tndp-
youv axohovdiec {Apy} xow {By,} oTouelndhY cUVOAWY UE T LLdTNHTES

An CA |An| = 1|A] ,BnCB , |Bnl—1|Bl , meN
Toéte Ay + By, € A+ B yud xdde m € N xou
|A+ B|"" > limsup|Ap + Bn|'/™

m—0o0

lim sup[| Ap |/ + | Bm|'/"]
m—0o0

\Y

|A|1/n+ |B|1/n 0

H avicétnta Brunn-Minkowski yid xuptd oduata otov R® cuyvd Satumdyveton
w¢ e€nc:

ITépiopa 2.2.1 Eotw K1, Ks kuptd oduata otov R*. T'd kdde A € (0,1) wyve
MK 4 (1= N K™ > MK Y™ + (1= M) | KoY/
AnAadi, n owdptnon f:[0,1] = R pe f(A) = MK, + (1 — N K2|'/™ efvar xoidn.

Anoden: Apxel va del€ouue 6t f(ad+ (1 —a)p) > af(A) + (1 —a)f(p) yd x&de
A, p € 10,1] xou a € (0,1). Eyouvue

flax+ (1 —a)p) = |(aA+ (L —a)p)Ki + (1 —aX— (1 —a)p) K"/

(X + (1 = a)p) K1 + (a(1 = X) + (1 — a)(1 — p)) Ko |'/"
= [a(AKy + (1= N)Ey) + (1 = a)(uK7 + (1 = p)Ky)['/"
[a(AKy + (1= NEG) V™ + [(1— a) (uEy + (1 — p)Ky)["
= aAKy + (1= NEK['" + (1 — a)|uKy + (1 — p) Ko |/

= af(A) + (1 —a)f(n),

6Tou yerouwLonotjoaue To YEYovog 6Tt av X C R™ »uptd, un xevd xar a,b > 0 téte
aX +bX =(a+b)X. O

Y%

Mito gAAN ouvérela tng aviootntag Brunn-Minkowski elvon 1 axdrouvdn avicdtnta
(n omola elvon ave&dpTnTn s Oidotaons):
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IIépiopa 2.2.2 FEoww A, B ouvurayn, un kevd vroovvoda tou R™. Id kdOe A €

(0,1) éxouvpe
A+ (1 - N)B| > AP B

Ano6dergn: H ouvdptnon log etvon xolAr, xu autd éyel cav ocuvénela Ty
2yt A <A+ (1- Ny
yid x&de z,y > 0 xow A € (0,1). And v avioétnte Brunn-Minkowski naipvouue

IMA+(L=N)B| > A"+ (1=X)| BV > [|AM" BN/ = AP B O

2.3 To Yewpnua tov John

EXAevdoetdég otov R™ elvon éva xuptd odpa Tng Lopphc

(%) E:{xeﬂ&":i:%gl},

i=1 B

6mou {v;}i<n elvan oploxavovixy| Bdon tov R”, xou oy, . . ., @y, elvon Yetixol mporyuo-
ol aprduol (oL devdivoels xa to Uhxn Twv NuLtaEévey tou E avtiotouya).

Ilpétaom 2.3.1 To E C R™ elvar eAdewpoerdés av kar puévo av vrdpyer T € GL(n)
térowog vote E =T(D,,).

Anddelgn: Trodétovue tpodta 6Tt 10 E elvor ehheroedéc, opileton dnhadn and tny
(%) yia xdmota opYoxavovixd| Bdon {vi, - . ., vp} Tou R, xaw xdmowoug o, . . ., ay > 0.
‘Eotww T o ypauuxde petaoynuatiouéds tou R™ tov opiletor and e T'(v;) = a;v;,
i=1,...,n. OT elvar npogavic aviotpédruog, xou € T'(D,) ov xou ubévo av
UTHEYEL Y = Z?Zl tjv; € Dy ue x = Ty. Téte buwg, n LodTnTa

n n n 2 n
(z,v:) <Ej:1 tjovj, v;) 9
> =2 > =24
i i i=1

i=1 ¢ i=1

delyver 6 & € T(Dy) av xou wévo av & € E, dnhadf E = T'(D,,).
Avtlotpoga, éotw T € GL(n) xou E = T(D,,). Tpdgpouue S =T, xou éyouue

I2ll% = llll3-1(p,) = ISzl = (Sz, Sz) = (S* Sz, ).

O S§*S elvon ouuuetpxdg xon Yetixd oplouévog, dpa Ypo’«gstoa otn wopery U*DU
6mou D Srarydvioc Tivaxac ue Yetixd Staydvia ototyela ay . .., a2, xor o U glvon
opdoyiviog mivaxag. Oewpolue Tov dtarydvio nivaxa Dy = v D ue Siarydvia otouyeia
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twal, ..., ant. Agol o U eivor opdoydwiog, éyouue S*S = A2, 6nov A = U*D,U.
Anhodn,

2 2 2 2 - (U$76i>2 - (:r,vi>2
lalfy = (4%, 2) = || 2llg = | DyUalf = 32 Spt = 30
i=1 i i=1 i

6mou T v; = U*e; amoteholy oploxavovixy Bdon tou R*. 'Eneton 6t € E av
xoL Uévo av xavorotelton 1 (k) yior Tor CUYXEXPUUEVA V; X g, dNAadh To E elvon
eMherpoedéc. O

IMopathenorn: And v anddetln elvan gavepd 6Tt o 6yxoc touv E toobton ue
n
|E| = | Dl [ -
i=1

BOewpolue THpa €val cLUUETEWO XVPTH cwua K otov R™ xau v owoyévela
E(K) 6hwv v eMewdoetdoy tou nepéyoviar oto K. O F. John [J] (1948) €deile
6t udpyel Lovadxd elhewdoedéc E mou meptéyetan oto K xou €xel Tov UEYLOTO
duvatd byxo. Ouo héue 6Tl 1o E elvor 10 eARetdoetdég méytotou oyxouv tou K.
o v amddelln), BAénovue tawtdypova 6Tl LTdpYEL Lovadixd eAlelfoedéc £ tou
nepteEyeL To K xou €yel eNdyLoTto 6yxo:

Ilpétaom 2.3.2 FEotw K ovupetpikd kuptd odua otov R, kar E'(K) n oikoyévea
Awv twr eAdetpoelddy mov mepiéyovy to K. Trdpyel povadixs eAdewpoeidés E €
E'(K) pe eldxioto dyxo.
Anodedn: Oewpolue tov aptdud

V =inf{|E|: E€ &' (K)} >0.
Yrdpyet axorovdia Ty, € GL(n) étor wote B = T,,1(Dy,) O K xon

| D

Ep| = ——2nl
Bl = et )

- V.

Aol |Ty, : Xk — €3] <1, m € N, unopobue vo Bpolue vroxoroudo {Tk,, } xou
S e L(R") ue Ty,, — S. Tére,

|det(S)| = |Dn|/V > 0,
emouévwe, S € GL(n). Opllovue E = S71(D,,). Eyouue

IS : Xk — £3|| = im ||T%,, : Xk — €3]] <1,

dpoo E D K. Agol |E| =V, 10 E elvon éva ehheloetdéc mou meptéyet to K, ue tov
ehdiyLoto duvatod byxo.
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Aelyvouue thpa 6Tt UTdpyEL Eval U6V eEMeLPoEdEC ue auThy Ty WidtnTa. Eotw
ot to By xan By mepéyouy 1o K xan €youv eAdyioto dyxo. Xwplc meploptoud tng
yevoTnToC UmopoLue va unodéoovue 6Tt By = D, elvar 1 BuxAeldeia povadiala

UTdAaL, xo
Ey = {a: eR": Z(m,vi)Q/a? < 1} .

i=1

Oewpolue éva tpito ehheldoeldée, Tov KUEGO POy TOUg
n N~ L -2 2
F:{mE]R :;§(1+ai )z, v;) Sl}.
Etvow gavepd 6tL F' 2 E1 N Ey O K, enouéved
(%) |F| > |Ey| = |Es|.

Agol Ey = Dy, n (%) madpver ) Lopoh

n 2
i=1 i=1

IN
—=
—
+
[\
&

ondte, 20; = 1+ a? yuxdde i = 1,...,n. Téte buwe, a; = 1,i=1,...,n. Apa,
E, =FE,. O

H ITpdtaon 2.3.2 uag diver v Omapln xon ) pwovadixdtnta tou ehherdoetdoi
uéytotou dyxou tou K:

Ocsopnua 2.3.1 Eotw K ovupetpiké kupté odpa otov R*. Trdpyer povadikd
eAewpoeidés E € E(K) ue uéyoro dyko.

Anddeln: Eidoue 61t umdpyet povadind elherpoetdéc F' eNdytotouv 6yxou mou me-
ptéyer o K°. Oewpolue 1o E = F°. Ané tny Ilpbtaon 2.1.3(x),(B) éxovue E C K,
xaw av Ey elvan éva dAo elheroedéc ue By C K, t6te EY D K°, dpa |EY| > |F|.
Enopévac, yenowonowdvtag tnyv Mpdrtaon 2.1.3(3), BAénovue 6t

_1Dal? _ IDul? _

|Er| = Tm5r < = |E].
12 |F|

Io6tnta unopel vau woylel wévo av EY = F, dnhadn By = E. Apa, 10 E elvar 10
uovadixd erherfoeldéc uéyiotou 6yxou tou K. O

O F. John [J] édei&e 6t av n D, elvor 10 elhewfoeldéc uéytotou byxou mou
TEPLEYETOL 0TO CLUUETPLXS xLpTé oy K, t6te K C v/nD,, (Ocdpnua tov John):
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Ocwpnua 2.3.2 Eow K ouppetpiké kupté odua orov R*. Trobérovue du n
EvkAeloaia povadaia undra D, elvar to eAdetpoerdés uéyrotov dykov mov nepiéyetat

oto K. Tore,
K C+/nD,,.

AmnddelEn: Trnodétouue 6T To ocuvumépaopa dev woylel. Toéte, undpyel & oto GU-
vopo tou K 1o orolo Peloxetar é€w and v /nDy,. ANELovtoc cuvteETayUEVES oV
xpeLaoTel, unopolue vo utodécouue OTL & = aeq, 6Tou a > \/n. Ané Tt cvuuetpla
touv K éneton o1,

K D> W =co{D,, tae; }.

T xdde v, 6 > 0 opilovue t0 elhetPoerdég

|H
=i
=

Bs={se®: 3 +Y 2 <1},

2

n
=2

Ioyvptomés. Av vy > 1 xo 72 < a® —a?6* + 6%, t6te B, 5 CW C K.

[Mpdryuart: AMyw tne ogatpixiic ovuuetpiog tou Ey 5 xou tou W we npog g (n — 1)
televtalec petoPAntée, umopolue va unodéoovue 6t n = 2. Téte, 1o W opileton
and ¢ epantoueves and to (£a, 0) otov dloxo Ds, xor tov Dy. To onueia enagpric
TWV TECCHPWY EPATTOUEVWY UE Tov dioxo elvar ta

1 P
NI St B
a a

%ol oL ELODCELS TWY TECTAPWY EQATTOUEVKDY EIVOL OL

+a+x

v= a? -1

Av v > 1, t6te n éNedn E, 5 Yo meptéyetor oto W av dev téuvel Tic T€00ERLS
eudelec, xat, e€etdlovtac T deutepoPdiuta eZlowon mou TPOXVOTTEL, XUTUAYOVUE
ot cuvdixn Tou Loyvplouo.]

Ané v & mhevpd, o byxoc Tou B, 5 woolton we |Ey 5| = |Dplyd™ . Av
howmdy y6" 1 > 1, w6t |Ey 5] > |Dyl. Me v unédeon 61t a > /n, Yo etfouue 6t
umdpyovy ¥ > 1 xaw § > 0 ToL WEVOTOLOVY TAVTOYEOVA TLS

"> 1 42 =a? —ad%8? + 0%

Auto elvon dromo, ot Yo €yovue Beel ehherdoedéc mou mepéyetan oto K xan €xel
6Yx0 yvAoLa UeyohOTEPo antd Tov 6yxo ™S Dy,.

A/ 6 Z 6 — azf’y2 )\ 4 7z
0OVOVTAG WG TPOG 0, EYOVUE T, XU UENETAUE TN SLVEPTNO

9 oy 5t
a”—7

ﬂﬂ=7<ﬁ_l>2 , 1<y<a.
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H f éyel uéyioto oto v = a/y/n, 0 onolo woobtor e

flon) = 2= <\/ﬁ\/n£——11> o1

®4TL oL UnopoluE vo delfouue topatnedvtac 6t 1 g(r) = 2™/ (2 — 1) 1/2 giva
abZovoa 6o (y/n, +00). O



Kscpo’c)\ou.o 3

To Tcpd)‘co ﬂsd)pv]poc TOV
Minkowski

3.1 To Yewpnua tou Minkowski

H Tewuetplo tov Aptdudy acyoleltor xvplng Ue TpofAfuata e e€fc wopphc: Al-
vovtat ula cuvdptnon F: R — R ue F(0,...,0) = 0, xot évag 9etinds mporyuartinds
apuiuog A To {nroduevo etvon va Bpedolv axépouot ai, .. ., ay, oYL 6AoL undév, yia
TOUC OTtOlOUC

(1) |F(ai,...,an)| < A

Ocewpolue v TuyoLoa N-dda & = (Z1,...,%,) € R cov onueio tou Euxieldetou
ywpeou R™, xou cuuBorilovue ue K 10 olvolo 6Awv twv £ € R™ nou wxavomowoly
™mv

2) |F(2)| = |F(z1,. .., 20)| <\

Tote, 10 apyxd uag mpdBinua dwtundveton toodivoua we e&fg: Kdtw and noiég
npobnodécel; 1o olvoro K mepiéyel anuelo u € Z™\{o}; Tndpyouv 8o onuovtixés
Wéec mlow and avtAy T YeTdppaot Tou tpoBAiuatoc. Ilpdtov, talpvouue v’ by
pog T Tég e Fooe xdde x € R, xon byt wévo T Twwée g ota u € Z". Kat’
AUTOV TOV TEOTO, elval SuVATS VoL YENOYOTOLACOVUE avohUTEC UeddSoug Yio TNy
avVTLIETOTON Tou TeoBAAuatoc. Aegbtepov, 1 gpunvela tou divovue oo TEOBAnua
elvorl YEWUETPLXY, xdTL TTOL ELVOEL TNV ELoAYWYY| VEDVY EVVOLGY xot UeDE3wY oL omtoleg
Baollovton ot Yewuetow wog Stalodnon.

Cewpetpinéc uédodol awtod tou tonou elyav #dn yenotuonomndel and tov Gauss
[Ga] xou tov Dirichlet [Di], ot omolot epydlovtay oe mpoBAAUaTo GYETIXE UE TLS
Vetind oplouéves tetpaywvixés poppéc. Ilpdtog duwe o Minkowski [Mil] avéntuZe
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uto ouoTnuatixe Yewplar, anédelée Eva Yevixd Yempnua Lo n-SldoTotol XU TS GEOUATA
K, xou 10 gpdpuoce oe ueydro mhidoc onuavtxwdy npoBinudtwy. H véa dewpla
OVOUAOTNXE «YEWUETPlA TwV apudumvy ard tov (Blo To Minkowski.

To 1850, o Hermite [Her] anédeile 61, av F elvon ulo deuxd opiouévn tetpo-
YoV Lop@h n UeTHBANTGY, T6Te 1 (1) éxer un Ttetpuupévn axépata AOon av To
A Eemepvder ulo Tiuh mou e€optdton (ovo amd to n xar TN dxplvouca tne £ H
anddetln tou Nrav aprdunuxic @boewe. O Minkowski petégpace 1o anotéhecua
tou Hermite cav éva Yedpnua yior eAAewdoetdr), xon €dwoe ulo vEo YEWUETELXY and-
del&h tou. LN cuvEyELa TaPATAENCE OTL, oL WOVES WOLOTNTES ToL EAAELPOELdOUS TTOL
amatTOUYTOY YLor TNV amddeLEn), HToy 1) XUETOTNTA XoL 1) GUMMETPLA TOL WS TPOS TO 0.
KatéhnZe étol oto eic Yedpnua (mpdto Jeddpnua tov Minkowski):

Ocopnua 3.1.1 Eotw K aroiktd, CUHNETPIKS WS TPOS TO 0, KUPTS odua otor R™.
Av |K| > 2", téte to K mepiéyer tovkdyiotor éva u € Z™\{o}.

To anotélecuo autd dev emdéyeton Behtiwon. Av Jewproovue tov x0Bo Q =
{z:|z;] <1,i=1,...,n}, 161 |Q| = 2", cAN& Q@ N Z"™ = {o}.

To Oevdpnua 3.1.1 yevixelbetor ouéows yia tuydy mhéyua A otov R™. Apxel va
napatnpricovue 6t A = T(Z™) ya xdmowov T' € GL(n) ue |detT| = det A, xou va
yenowonothoouue o Oedpnua 3.1.1 yia 10 cuUUETEXS xUPTH cwua T HK):

Ocwpnua 3.1.2 Eow A éva mAéyua otov R*, kar K éva avolktd, OUUUETPLKS wS
mpog to 0, kupté odua otov R*. Av |K| > 2™ det A, tdre o K nepiéyer tovddyiotoy
éva u € A\{o}. O

IepLypdipovue mptdta Ty apyxy anddel&n touv Minkowski: Ocwpolue éva
XNELOTOH, CUUUETPXO WS TPoS To 0, xVpTd ohua K. Io xdde A > 0, Jewpoldue t0
oouo AK. Aol to K elvar pparyuévo, yia uixpd A éxovue AKNZ™ = {o}, xow apot
t0 K mepLéyet plo umdha Ue xévTpo 1o o, yia peydha A Yo éyovue AKN(Z™\{o}) # 0.

Agol o € MK, and tny xuptémta tou K émeton 6t av 0 < A < X, t6te AK C
XK. Talpvovtoc v’ édv xou 1o yeyovéds 6t 1o K elvor xAeloTt6, GUUTEPAVOLUE
otL, Yo xdde A > 0,

AK = ({NK : X > AL
Ewwdtepa, av oploovue
A =inf{A > 0: AK N (Z™\{o} # 0},
ToTE
(%) ME N (Z™\{o}) # 0,

uTdipyeL dnAadn évag edylotog A1 > 0 yior Tov omolo to A K meptéyel un undevixd
axépono onueto (to onolo, BéRona, Va Boloxeton 610 clvopd tou). Ta Ty anddelén
e (x), otodeponotolue A > A1 xou Yewpolue @vouoa axohoudia Ay > fin, — Ap.
To MK mepiéyel nencpaocuéva 1o mtAlog un undevixd oxépanar onueia, xou, yia
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xdde n, xdmolo and autd avixel 6to p, K. YTndpyouv howndv u # o, u € Z", xou
vrocohoudial py, TéTola Wote u € g, K yio xdde n. Tote,

we (V. K = MK,
n

Yn ouvéyela, v xdde A > 0, Yewpodue 1o aOvoha AK +u, u € Z™. Tiot uixpd A, ta
oUvoha AK 4-u elvon Eévar avd d0o. Me éva emiyelpnuo avdAoyYo Tpog T0 TeoTYOUUEVO,
delyvouue OtL LTdpyEL eNdytoToc Ag > 0 yia Tov omolo undpyet u € Z™\{o} tétolo
WoTE )\0K N ()\0K + U) 75 @

Aqupa 3.1.1 Ia kdOe khewoto odua K wydea n wdétnta A\ = 2X¢.

Anodein: Eotw x € MK N (MK +u), u € Z™\{0}. Téte, Moyw tne ovuuetplog
Tou K, éyovue u—x € Ao K xau € MoK, dpa u € 209 K. Enouévwc,

A < 2)o.

Ané v S mhevpd, av uw € MK N (Z™\{o}), t61€, mapatnpdviac 6Tt —u/2 €
(A1/2)K and tn ovuuetpla Tou K, ypdgpouue

u U A1 A1
v__t Mgn ik
5 2+u€ 5 ﬂ<2 +u>,

enouéves, Ag < (A1/2). m|

O Minkowski ohoxAfpwve to emyelpnud touv wg e€hg: Ta MK + u, u € Z™,
€youv Zéva ecwtepd. Autd €yel cav cuvérelo TNy aviodtnTa | Ao K| < 1 (Afuua
tou Blichfeldt, PAéne mapoxdtw). Tougwva we 1o Auua, avtd onuoiver ot

XIIK] < 2n

Av uvno¥éoouue 61t 1o K Bev meptéyetl un undevixd axépono onueto, té6te Ay > 1,
dnhadn | K| < 2™, Enouéves, xdde xAetotd, cLUUETELXS WS TPOS TO 0 XUETH U
K ye 6yxo |K| > 2", neptéyet un undevixd u € Z™

[ Ty teplntwon tou avowtod K, vtodétovtac 6t |K| > 27, Bploxovue A < 1
tétoto Hote \'|K| > 2%, onéte |AK| = A"|K| > 2", Egopuéloviac To Tponyoluevo
anotéheoua, Bploxovue un undevixd axépono onuelo u € AK C K. o

IMagatneRoeig: To emyelponua touv Minkowski (edixdtepa 1 eloaywyh twv napa-
Hé€TpwY Ao, A1 xar To Afuue 3.1.1), elvon onuoavtixd yia wotopixols Aéyoue. Tov
0dYNoE oTOV Oplold TNE VOpUaS oL EndyeTon and To K (tov omolo cuvavTh-
ooue oto Kegdhowo 2), xou atov oploud wwy Stadoxixdy elayictwy tou K (1o
onola Yo cuvavticovue oto Kegdhawo 4).

H anédei&n diver 61, av 1o K unotedel xheloto, téte n avicdtnra | K| > 2™ elvon
apxeTh yio v e€acaiicovue un undevixd axépono onueio oto K.

Alvouue topa Ty anddelgn tou Afuuotog tou Blichfeldt [Bll], to omolo yen-
owonotfinxe oto emtyelonua tou Minkowski, xau xatoémy anodetxviouue o TEWTO
Yedpnua tou Minkowski ywplc va xdvouvue yprion Twv TapauETewY Ag xoL Ap:
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Oedpnua 3.1.3 Eotw M éva Jordan petprowuo vroodvolo tov R™, pe | M| > 1.
Yrdpyovr x #y oto M térowa dote x —y € Z™\{o}.

Anéderdn: H anhr anddelln mou Yo ddboouue, ogeileton otov Hajos [Hal. Yrodé-
Tovue Ot |[M| > 1. Av to M Bev elvon gpayUévo, Tapatneodue 6Tt 1 Tour Tou M
e UTdAaL XATIAANAL UEYSANG oxTivag Yo €xel 6yxo ueyahbtepo and 1. YTrodétovue
rowmdy, ywelc meploploud tng yewxdtntag, 6T to M etvon gpayuévo. Oewpolue to
Yepehiddec nopornieninedo tou Z"

P={zeR":0<z;<1l,i=1,...,n}

To clvoro v u € Z™ vy to onola (u + P) N M # 0, elvor nenepacuévo, og
vrodéoovue 6t elvar to {ul,...,u™}. Tw xdde r = 1,...,70, opllovue M, =
(u" + P) N M, xou naipvovue ) petagopd M, = M, —u” C P. Tlopatnpolue 61,
and 1o Oevpnua 1.2.2,

70 0 0
YMAMI =DM =) | + P)nM|= > |(w+ P)nM|=|M]|>1,
r=1 r=1 r=1

ueZL™
dpor T M mpénel var emxohOntovton.  Yrdpyouy Snhadh r # s € {1,...,1r0} xou
z € Ml N M. Téte, wwa =z+u" xuy = z+u® avixouy oo M, xov ¢ —y =
u" —u® € Z"\{o}. O

IMopathpnon To Bio woyler av utodécouue 6t To M elvor PpayUévo, XAELOTO, XoL
M| > 1. Tl av mwdpoupe ula @divovoo axohoudia A, — 1, éxouue |A\.M| > 1,
dpat LTPYOLY Ty, Y € A M TETOWL OOTE 0 # Tp — Yy € L™ Torte, oL (xy), (yr)
gyouv vnoxoroudiec . — = € M, yp, = y € M, xou ebxoha EAEYYOULUE OTL
x —y € Z"\{o}.

Anéderldn tou Jewphuatog 3.1.1: Oewpolue 1o M = K/2. To M elvou Jordan
UeTproto o, and Ty unddeoh wog, |M| > 1. And to Afuua tou Blichfeldt,
umdpyouy z,y € M tétowa hote 0 # x —y € Z". Ouwe, and tov opoud tou M,
uTdpyoLY wi,wy € K ue & = wy /2 xou y = wa/2. To K elvon cuuuetpind wg mpog
10 0, dpa —w2 € K, xou xuptd, dpa

wy + (—ws)

m—yszK.

Anhadi, oFx —y € KNZ™ O

3.2 'ANkec anodeilelg xaw YEVIXEVCELG TOL VEWENLA-
TOC

Alvouue thpa 300 axdua anodeilelc Tou TpwTou VYewpruatoc tou Minkowski. H
npedTn Baoileton oe ula enéxtaon tou Afuuartog tou Blichfeldt, tnv onolo anédelle
o Mordell [Mor]. H anédel& e ypnovuonotel v apyy) tou Dirichlet, etvar dnhoady
apriunTiXAc QUoERS:
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Adppa 3.2.1 Eorw k € N, kat M Jordan petpriowo vrootvoro tov R™ ue | M| >
k. Tére, vndpyer z € R* wéroo dote to M + z va mepiéyer tovddyiotov k + 1
duaxexpipéva axépaia onpela.

Aréderdn: T x&de r € N, dewpolue to mhéyua (1/r)Z". ZuuBorilouvue ue N,
Tov TAnddprduo tou cuvdbrov M N (1/r)Z". And tov optoud tou Jordan yetprioyuou
oLVoloL o TG TapatnEroels otny [apdypagpo 2.1(w), éyovue

lim 7|M| =
r—oo Nr(]_/r)n ’

dnAad”, yior UEYEAA T LoYVEL 1) aVLGHTN T
N, >r"k.
Mafpvouue éva tétoto 1 € N, xan Yewpolue 10 cOVOAO
A ={ueZ™: (1/r)u e M}.

To A, éye. tAnddpuduo N, > r"k, xou tor onuelol ToU avixoLy e 1™ 10 TOAD XAJCELS
vroroinwy modr. Emnopévwc, uropodue va Beolue ul,...,ufT! € A, 1o onota
k+1

avixouy oty Bta xAdon modr. Téte, Ta onuela -, ..., “=— avixouv oto M, xou
™
i _ gl
ut —u .
xT; = ez” i=1,...,k+1.
r
"Apa, av 9éoovue z = (1/r)ut, to M + z tepiéyet k + 1 aépona onuela. O

Xpnowonotdvtac 1o Afuua tou Mordell, o van der Corput [vdC] yevixeuoe o
npaTo Yedpnuo tou Minkowski we e€rc:

Ocevpnua 3.2.1 Eoww k € N, kat K éva avoiktd, oUHNETPIKS S TPOS TO 0, KUPTO
odpa orov R*, pe dyro |K| > 2"k. Téte, to K mepiéya toukdyrotor k Levydpla
axepaiwy onuelwy £u’ # o.

Aréderdn: To K/2 éye 6yxo peyaldtepo and k. And to Afuuo tou Mordell,
undpyouy z € R® xan vt ... v* ! Srokexpruéva axépona onueta, tétola Hote

c1
z+v’E§K, i=1,...,k+1.

Mropotue va unodécouye oL ta v elvan BrateTaryuéve Aeguxoypapxd. Anhadi,
av i < i’ t6te v} < vl , 6Tou s elvo o mpddTog delxtng Yo Tov omolo v # vl . Tore,
yioxdde i =1,...,k éyovue

ul =0 —o! = (240" — (z+0h) € <%K - %K) N(Z™"\{o}) = KN(Z™\{o}),
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xou, T Levydptar Fuls i = 1,.. .k, efvor droncexpruéva, yiott xdde ul éyel Yetind Ty
TEOTH Un undevixn| ouvtetayuévn tou (omdte, dev unopel var ouuPel ut = —ul av
i # J)- m

O Siegel [Si] anédel&e évav yevixd tOno and tov omolo TPoxVOTTEL WS ToOPLoU
0 mpwto Yedpnua tou Minkowski. H anddeiln autod tou tdnou yenotuonoel tnv
tawtétnTa Tou Parseval. H éa elvan 1 e€nc:

‘Eotw K avouxtd cuuuetpxd xuptd odua otov R, X 1) yopaxtnelotiny) cuvdp-
nom tou K/2, xou

o(x) = 3 x(u+2).

uEL™

Téte, n d(x1,...,2,) elvon TepLodnh we mpog xdde uetafBAnty, ue meplodo 1. Av
P={z:0<ua <1li=1,...,n} e 10 cbvndec Jeuehmddec napalhnieninedo
Tou Z", o timog Tou Parseval udc dlvet

/P Pds =Y e,

UEL™

6o
a(u) = /gzﬁ(a;)e_%i(“’””)dm
P
Z/X(u+a:)e_2”<“””>dm
P

UEL™

/ X(Z’)€72ﬁi<u’z>dl‘,

elvow ot ouvteheotég Fourier g ¢.

Ocwpnua 3.2.2 Eoww K avolktd ouppetplkd kupté odua otov R® mov dev mepié-
X€L 1N underiké axépaio onueio, kat ¢, a énws napandvw. Tote,

n 4n
2 :|K|+m > ).
uweZ™\{o}

ArédetEn: Agpob K NZ" = {0}, ta cbvora u + %K, u € Z™, elvar Eéval, ETOUEVWLC
uZu = x(xr+u)x(z+u)=0.
Auté éyel oav ouvérela T ¢ = ¢ otov R, dpo
a0) = [ s@is = [ F@ir=la@F+ 3 lat]
P P ueZm\{o}

Ouwc,

\

K]

a) = [ x(yz =,
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K K|?
P-EL S e
ueZ™\{o}

xau 1 anddelln ohoxAnp@vetan ov TOAAATAAGLEcOLHE Tor 800 UEAN TS TEAEuTalaC
wotnroc ue 4" /| K. m|

IMépropa 3.2.1 Eow K avoikté ouppetpiké kupté odua ovov R*. Av KNZ" =
{0}, téte |[K| < 2. O

Eotw K x\ewotd x0pTtd odua otov R?, 10 onolo mepléyel 10 0 0T0 E0WTEPLXS
tou. O ocuvteleoctig aovpeTplag Tou K we mpog To o, elvan 0 Uxpdtepog o =
o(K) > 0 ywo tov onolo

re K= —recoK.

MopatneioTte 6T, 0(K) > 1y xdde K, ue wodtnro av xou uévo av o K elvon ovu-
HETES we Tpog to 0. O Mahler [Mahl] nopathipnoe 6t n anddelin touv Yewphiuotog
Tou Minkowski yio 1 cuuuEeTp TEpinTWOY), OLCLACTIXG YENOLUOTOLEL TO YEYOVOC
ot o =1, xou anédelle v e€Ac yevixeuor tou:

Ocwpnua 3.2.3 Eow K kupté odpa otov R™, nov nepiéyel to o oto eowtepikd
tou. Av |K| > (1+ o(K))", tére K N (Z™\{o}) # 0.

AnéddelEn: Ocwpolue to odua K1 = (1+0)7 K. Téte, |Ki| > 1, dpo undpyouy
z,y € Ky tétowa dote y —x € Z™\{o}. Ta K xou K; elvon ouotodetixd, dpa €youy
Tov (8l0 cuvteheoTh aouuuEeTplag, xat agol = € K cuurepalvouue 6t —otz € K.
Tote, yenolwonol®dvtag Ty xuptotnTa tou K, BAénovue étu

o -1

y—x:(1+a)< y+1+—g(—a x)>€(1+0)K1:K.

1+o
Anpadh, y —z € K N (Z™\{o}). O

3.3 Eg@oapuoyvég ot Jewpla TV apLtimy

(o) Opoyevels ypourpuixés Loppeg

H mé6 yvwoti| egapuoyt Tou Oewpriuatoc Tou Minkowski agopd cucstiuato ouo-
YEVOV YRAUUUIXDY LOPQGV:

Ocdenua 3.3.1 Eotw &i(T1,...,%n) = anT1+...+0inTn, i = 1,...,n, opoyevels
VPAUMIKES UOPPES, 1€ TPAYUATIKOUS TUVTEAEOTES a5, Kal un unoevikn opilovoa A.
Av ty,...,tn > 0 kat tity...t, = |A], tdte vndpxe (z1,...,x,) € Z™\{0} térow0
woTE

|€i($1,...,£ﬂn)| S ti, 1= 1,...,TL.
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Anddeldn: Oewpolue t0 Topahhnieninedo
P=A{x:|(x1,...,zn)| < t,i=1,...,n}.

Av T elvar o ypouude petaoynuatiowds touv oplleton and tov nivaxa (a;;), TOTE
P =T7YP), 6mou
P ={z:|z;| <t;i=1,...,n}.

Apa,
~ |Py| tity .. tn
|P| =T (P)| = — =2"— " =2".
Al Al
Ané 1o Oedpnua tov Minkowski, undpyet z € P N (Z"\{o}). O
Egopuoyn Eow aq,...,a, € R. Yrdpyovr axépaiot uy,. .., Upt1 TETOLOL DOTE
[tnt1a; —ug] < s =L
un+1
Anédeldn: Oétovue Ent1(T1,.- .-, Tnt1) = Tpg1, XOU
§i(T1,. o Tng1) = Tp1a; — g, T=1,...,n.

Téte |A| =1, dpa yia xdde ¢ > 1 undpyer (Ui, - .., Unt1) € Z™\{o} ue v WBLéTT

—1/n
unt1] <t |ungra; —ug| < 7™
To up41 dev unopel var elvon (oo ue undéyv, yatl t6te dhoL oL u;, ¢ < n VYo Aty
amoAUTWS ULxpoTepoL Tou 1, dnhady| (ool ue undév. Erlong, avtxadiotdvrag, av
yeelaotel, dhoug Toug u; UE Toug avtldetole Toug, umopolue va utodécovue OTL
Up4+1 > 0. 'Eneton 6t

1 1
[Unt1a; —u;s| < i/ < 1,...,n. O
un+1

(B) Tetpaywvixés poppés
Y ouvéyela, epapudlouvue to Oewpnua tov Minkowski oe ula Yetixd oplouévn
TETPAYWVLXY| LOPQT:
Ochpnua 3.3.2 Eoww A = (a;;) ovupetpirds, Jetikd opiopévos n x n mivakag.
Ocwpoljie TNy teTpaywvikny Hopen
T(z1,...,zn) =T (z) = (Az, ).
Av D = det(a;j) etvar n daxpivovoa tns T, umopolue va BpoUue (ui, ..., u,) €

Z™\{o} térowo dote

4 1/n
T(uy,... un) < — (F(E + 1)20) .
T 2
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AnddelEn: YTrdpyer ovupetpde, Yetind oplouévoc B tétoloc dote B? = A. Opl-
Covue

K,={zeR":T(z) <r},
6mou r > 0. Eyouue T(z) < r av xou uévo av ||Bz|3 < r. Anpodf, K, =
VrB~Y(D,). Enouévuc,

| | rn/2 Tn/2 ,/Tn/2
rl = T o Wn

det(B) "~ YDT(Z+1)

Eméyoupe 1o > 0 étol wote va éyovue | K, | = 2". Tére, and 10 Oewpnua tou
Minkowski, unopolue va Bpolue (u1, ..., un) € Kyy N (Z™\{0}), dnhadn,

4 1/n
T(ul,...,un)groz—(F(g+l)2D) .o
™

(v) TwWoUEVD YROUAALXDY (LOPPHDY

Eotww &(1,...,%n) = ai1®1 + ... + @in%n, @ = 1,...,n, oyovevelc ypouuulxéc
HOPPES, LE TROYMOTLXOUS CUVTEAESTES @y, xou un undevixr| opillovoa A. Iaipvovtog
t1 = ... =t, = |A]"" o0 Oedpnua 3.3.1, BAérouue 6Tt udpyer (T1,...,2,) €

Z™\{o} tétol0 Hote
n

[ €@, ... 20l < 1AL

i=1
Mrnopolue va dhaouvue Evar XaMOTERO Ve QEAYUAL YLOL TO YLVOUEVO TwV &;:

Ocdenua 3.3.3 Av¢; kat A dnws napardrvw, vrdpyel (1, ..., xy,) € Z™\ {0} térowo

oTe
n

n!

i=1

Anédegn: To ywplo {z: [Ti, |&] <7}, r >0, dev elvon xvptd, Tepéyel duwe To
K, ={zeR":Y |&(@)] < nr'/m},
i=1

yiorl, amd Ty aviedThTa apLdunTixol - YEwUETELXoL UEoou, Yo XddE Z1, ..., T, € R,

n

I 1@ < (%Zm(xn) .

i=1

Av T elvor o ypouuixde yetaoynuatiopos mov oplletar and tg &, tote K, =
T-YK}), 6mou

n
K!={x: Z |z;| < nrt/m}.
i=1



Apa,
K| = |K} _ 2"y
" |detT|  nlA]T

Autée Ya elvon ioog pe 2™ av r = 19 = nl|A|/n", xo 61, T0 Oepnua Tov Min-
kowski udc e€acpariler x € Ky, N (Z"\{0}), dnhadh, z € Z™\{o} yLa t0 onolo

n

[ &) < (%Z|§i(m)|> <r = %|A|. O

i=1

(8) To Oewpnua tov Lagrange

Xpnotuonoldvtag to Oedenua tou Minkowski, Yo amodel€ovue to e€rc Oebdpnua
tou Lagrange:

Ochpnua 3.3.4 Kdde puoikds apdudsn ypdpetat otn popepin = xi+a3+ai+3,
OmoU T1,To,x3,2L4 € 7.

Cioe Ty anddetgn Yo ypetaotolue €vor Mo

Aqppa 3.3.1 Eotw ci,...,cm €LY, KAl K1, . .., km € N. Optlovue
A={x€Z": (z,¢;) =0(modk;),i =1,...,m}.
Tére, to A elvar mAéyua, kat detA < Ky ...kKmp.

Andden: Edxola ehéyyouvue 6t 10 A elvan mpoodetixs) unooudda tou Z", dpa
elvon xon Staptth urooudda tou R®. Av Yécouue k = Ki ... Ky, TOTE TO TAEYHA

KZ" = {kz : xz € Z"}

nepéyeton oo A, xon autd delyver 6Tl 10 A mepéyel N Ypouxds aveEdptnTa Sua-
voouoto:  ylo topddetyua, to ke;, ¢ = 1,...,n. Apa, 1o A elvar urnomAéyua tou
™.

Erniong, detA = |Z™ : A|, dpa, yio va ddoovue @pdyua yo Ty detA, opxel va
nepLypdpovue tar chumioxa Tou Z" we tpog to A. Oewpolue T0 GUVORO

A={a=(a1,...,an) € Z™,0<a; < K;}.

To A éyet mndpuduo K1 ...ky. Do xdde a € A, otadeponoobue z, € Z™ (av
UTdPYEL), TETOLO DOTE

(Ta,¢;) = ai(modk;),i =1,...,m.

Tote,

z" = J@. + 0),
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enouéves, |Z™: Al < |A| =K1 ... Em. m|

Anodedn tov Bewpruatog: Efetdlovue mpodta tnv mepintwon mou o n eivor
ehellepog TETPAYWVWY, SNAASH, 1 = D1 ... Dy, OTOU Pf SLOXEXEUIEVOL TPWTOL.

Ioyveropog: Av p TpdTog, UTAEYOLY ap, by € Z tétolol hote ay+b2+1 = 0(modp).

Anédaén: Av p = 2, nalpvouue as = 1 xou by = 0. Av o p elvar mepitdg npwtog,
ehéyyouue 6Tt oL a?, 0 < a < p/2 elvon avioobmdhoitor modp, ot To (3o oy leL Yo
touc —1 —b%, 0 < b < p/2. Agol to TARdoc TV a xou b etvon p + 1, undpyouy S0o
and autole oL avixouy oty o ¥Adon modp. Autd onualvel LUToypPEWTIXS 6TL
undpyouvy 0 < ap, by, < p/2 ye Ty WBLoTTa

a; = —1 - b2 (modp),
Smhad, a; + b2 + 1 = 0(modp). i
Optlovue
A={z€Z*: 21 = apxs + by,xs(modp;), xo = by, x3 — ap,z4(modp;), i < m}.
Sougpova e 1o Afuua 3.3.1, to A elvon mhéypa, xou
detA < (p1...pm)> =n>.
Oewpolue ™ undha B = {z : 27 + 23 + 2} + 2§ < 2n}. O dyxoc 1rg elvor (oog e
|B| = 2n°7? > 16n? > 2*detA.

Ané 1o Oedpnua tou Minkowski, undpyet (1,2, 23, 24) € A €010 BGOTE

(%) 0 <] +a3+a3+2; <2n.
Ouwg,
i+ +as+a; = (apas +bp,wa)® + (bpiws — ap,xa)® + 23 + 23 (modp;)
= (a, +b + )3+ (a, + b5, + 1)z] (modp;)
= 0(modp;)
v %8¢ i = 1,...,m, dpa nlz? + 23 + 23 + x5, And my (x) cuurepaivouue 6T

n =z} + 23+ 2%+ 3.

Y1 Yevu Teplntwon, Yedpouue Tov Quoxd oprdud n ot popwl n = I>m émou
o m elvar eAelgpOC TETPAYOVWY, Xot EQUPUSLOVIE TO TEONYOVUEVO Yial VoL YpdpouUE
TovV ™M o7 Uop@h m = Yy +y3 + y3 + yi, yi € Z. Tére,

n = (ly1)> + (ly2)* + (lys)* + (lya)®>. O

(e) To Oedenua tpocéyyiong tou Dirichlet

Oa epapudoovue 10 Oedpnua tou Minkowski oto mpdBinua tne npocéyyiong
TpoLyATIX@Y optdudy and pntols (Yedpnuo tou Dirichlet):
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Ocwpnua 3.3.5 Yrdpyel otalepd ¢ > 0 pe tnr 1didenta: ya kde a € R, vndpyovy
q € N oooonnote peydlog, kar p € Z, tétolol tote

p C
la — =] < —.
¢ ¢

Anddelgn: Xpnolonotobue v (dia Wéa e auvthv tne Egoapuoyrc 3.3.1. Mropolue
vor utodécovue 6T o a elvar dpprtog (av o a elvor pntoc, ToTe 1o TEGBANUA Sev EYEL
xauulo duoxoiic). Eotw M > 0. Agol a ¢ Q, undpyet @ > 1 tétotoc wote

1
tayr = min{lag—p|:q < M,qeN,p € Z} > 0

Opllouvue
1
K ={(z,y) € R : Jaz —y| < §,|9€| <Q}.

To K eivar mapahknhoypouuo, ue epufodév |K| = (2Q)(2/Q) = 4. And 1o Oedpnua
tou Minkowski, undpyet (¢,p) € K N (Z?\{o}). Exovue ¢ # 0, yotl odode Yo
elyaue |p| < 1/Q, dnhadh p = 0. Eniong, Moyw g ouuuetplog tou K, unopolue
va utodéoovue 6tL ¢ > 0 (Snhadh, ¢ € N). Autéd onuaiver 611 0 < ¢ < @ xou
|aq _p| S 1/Q> d(pO(

Télog, and tov oploud Tou tar, Eyovue

1
lag — p| < 0 <twm,

dpat, g > M. O
To Oedpnua 3.3.5 yevixeleton we e€Re:

Ocwpnua 3.3.6 Yrdpyel oralepd ¢ > 0 pe tnr 1didTna: av ay, .. .,a, € R, vrdp-

xouv q € N ooodrimote pueydlog, kat py,...,pn € Z, tétol0t Hote
bi C
|al - E S q1+% .

Andden: Eotw M > 0. H anddeln elvon eviehde avdhoyn ye authy tou Ocw-
puatog 3.3.5: unopolue vo LTOYEGOUUE OTL OL @y, . . ., Gy dev elvon 6ot pntol. To
napaAAnAeninedo oto onolo egapubdlovue 1o Oewpenua tou Minkowski, etvor to

1
K = {(x>y1)"'7yn) € Rn+1 : |aix_yi| S W)kﬂ S Q}:
6mov ) > 1 1600 ueydhog WaTe

1
ty = min{m<ax{|aiq—pi| :q< M,qg€eN,p; € Z}} > 0 a
i<n



Ke:cpo’c)\ou.o 4

To 6&:01&:90 ﬁeo’)pnpoc TOL
Minkowski

4.1  AilaboyLxd EAAYLOTA CLUUETELXOD %XUETOD CW-
AOLTOG

Y10 Kegdhowo autd Yewpolue €va avolxtd, GUUUETEIXG W TEOS TO 0 XVPTH GO
K otov R*. O Minkowski épioe ta dadoyikd edyiora tov K w¢ e€hic: Ta xdde
A > 0 Yewpodue 10 odua AK. To K elvon goayuévo, av Aotmdv 1o X elvon apxetd
e, t6te AK NZ™ = {0}. And ty dhhn mhevpd, to K mepiéyet ulo undha e
%év1po 10 0. Av holndy 10 A elvar apxetd UEYEAO, TOTE TO0 AK TEQLEYEL 1 YRAUUULXGMS
avegdptnta dwaviouata tou Z". Enouévwe, v xdde i = 1,...,n, undpyouv A > 0
Tétola WoTE 10 AK v TEPLEYEL TOLAGYLOTOY  Ypoxeds avedotnta Staviouorta
Tou Z". Opilouue

Ai =inf{A > 0:dim(AK NZ") >i}, i=1,...,n,

6mov dim(AK N Z™) elvon 1 SLAGTACT TOL UTOYWPOL TOU TOPAYETAUL UG TOL OXEPOLL
onueta Tou AK.

Aupa 4.1.1 Ioyve

A :={A>0:dim(AK NZ" >i} = (N, 00).
Anoden: Elvow qovepd 6t ov A € A; xow p > A, t6te p € A;. Apa, 0 A; elvan
didotnua. Méver howndv va Sobue 6t Ay ¢ A;. Av 1o MK meplelye ¢ ypouuixds

avegdptnta axépara onuela, tote To (Blo Yo loyue xou Yo xdmoto AK ue to A Aiyo
ULxpOTEPO and 1o Ay, yiatl to K éyet unotedel avouxto. a
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Ou apriuol A; ovoudlovtar Sradoyixd ehdytoto tou K (we mpoc To mAéyua
Z™). Eivow govepd 6t
0< A <A< <A,

Mropel vo cLUBEel xdmota amd tar A; var ebvan (oo Tuor mopdderyua, av K = {z : |z;] <
1}, t6te Ay =... =\, = 1.
IMpétaon 4.1.1 Eotw K avoiktd, ouupetpiké kupté owpa otov R*. Trdpyovv
ypaupikas aveEdptnta Savvopata ui, . .., U, € Z" wov wkavomoolv ta €€ng:

(a) u; & (ur,...,ui—1),i=1,...,n.

(B) g ¢ /\lK, 1= 1,...,n.

(y)ui € NK,i=1,...,n.

Anédegn: Opllovue enaywyd uy, . . ., Uy € Z™ 10U avorotoly o (a)-(y): Yro-
Uétouue 6Tl €xouv OploTEL T U1, ..., Uj, XU OTL A; < Ajp1 (O€touue Ag = 0 xou
uo = 0). Téte uy,...,u; € Aj41 K, xou 1o AMuua 4.1.1 ude eZaoparilel 6t

dim()\j_HK N Zn) = ]

Aelyvouue tpdTo 6T T0 A1 K EpLéyel TouldyLoTov j+1 ypauuixnde aveldptnTa
axépona onueto: Oewpolue X' > Ajp1. To NK mepiéyel nenepoouéva 1o mhfdog
axépona onueto. ‘Eotw B’ 10 o0volo twy axepalwy onuelwy tou X' K mou dev avixouy
oto Aj+1 K. To B’ elvow un xevo, yiatt X' > Ajpq1. ‘'Ol ta u € B' mou dev avixouy
070 \j+1 K éyouv Yetieh ambotaon and to Ajr1 K, xou elvon menepacuéva to Thfdoc,
dpar umopolue va Bpolue X € (Ajr1,N) ue v Wbt AK NZ" = \j K N Z™
Ouwe A > Ajy1, dpo dim(AK NZ™) > j + 1. ‘Eneton 61t

dim(A\j; K NZ") =k > j.
Trdpyouy NOLTOV YRoUUULXDS AVEESRTNTAL Ujt1, - - -, Uk OTO GOVOPO TOL Ajy1 K,

o ontola dev avixouy otov LTdYwEo (Aj+1 K NZ™). To ug,...,ur wovotolody To
(o0)-(v), xou amd THY XATAGKELN,

A]'+1 — ... :Ak.
Yuveyilouue ue tov Do tpémo, opllovtas T u; xatd ouddec. O
IMopatAenon Tao A; opllovton uovoohuavta and o K, evéd to {u1, ..., us} Unopel

vou unyv emAéyetar xotd wovadixd tpdmo. To Siavbouota u; tng Hpdtoone 4.1.1
ovoudlovtar ehaytotixd Staviopata tou K (g npoc to Théyua Zm).

Tougwva ue to tptto Yewpnua tou Minkowski, agod M K NZ™ = {0}, 10 M K
TEETEL VoL EXEL 6YX0 To oAU (0o ue 2™:

Oedpnua 4.1.1 Eotw K ouupetpikd kuptd odua otov R™. Tdre, AT | K| < 2™. O
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Mafpvovtag v’ 6w tou dha tar Sladoyixd eNdytota Ag,. .., A, T0U K, o Min-
kowski [Mi2] anédetZe xdtt toyvpbdtepo (1o devtepo Jecdpnua tov Minkowski):

Ocopnua 4.1.2 Eotw K ouuuetpicé kuptd odua otov R*. Tote,
)\1)\2>\n|K| SQ” O
‘Aueon yevixevon touv Oewpruatog 4.1.2 yio Tuydy TAéyua A otov R* elvon 1o
e&nie:

Ocopnua 4.1.3 Eoww A mAépyua orov R*, kar K ouvppetpikd kuptd odua otov
R™. Tére,

)\1A2 .. An|K| S 2" detA,
émov

A =inf{A>0:dim(AKNA)>i}, i=1,...,n O

Y1 endueveg d0o mapaypdpoug Ya Sodue 8o apxetd dapopeTtinés anodeiielg
oL Oewpruartog 4.1.2.

4.2 Tlpwtn anédel&n Touv Yewpruotog

H Wéa e npdtne anddeng Yo yiver méd xodoph and tny e€hc (havdaouévn) omd-
netpa: Alvetor o avoxtd cLUUETEG xLpTd cwua K otov R™, unodétouue 6T
Ut,- .., Uy €lvor Ul ETAOYT EAAYLOTINDY SLOYUOUSTWY TOU, oL OTL

A2 ... )\n|K| > 27,

Oewpolue tov Ypopuxd uetaoynuatioud T nou optleton and e T'(u;) = Aju;,
i=1,...,n. Téte, 1o W = T(K) éyer 6yxo |[W| = A ... A\ K| > 27", ondte 10
T To Yedpnuo tou Minkowski udg Sivet aq, ..., a, € R tétola dote

0Fw=a1Auy + ...+ aAuy, € WNZ™
Agob w # o, undpyeL k < n ue Ty WLOTTA
ar #0, ap41 =...=ap =0.
Fpdpovue 0 w oty e€hc Lopern:
(x) w=A(a1ur+...+agug)+Aa—A1)(asus+. . .+agug)+. ..+ (A —Ap—1)rUp-

Agob w = T(ajuy + ... + aguy), yvwpilovue 6t ajug + ... + apur, € K. Ac
unodécoLUE PGS oTLYURY OTL Ta SlavloudTd sty + ... + QpUg, . . ., Rty Elvon OAa
péoa oto K. Téte, and ty xvptdtnta tou K xou tny (x), cuunepalvouue ot

we MK+ ()\2 — )\1)K+ . ()\k — /\kfl)K =\ K.
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Avuté buwcg elvon drono. Oa elyoue
w e AkK\<’U’17 B 7uk—1>7

dnradh o w VYo fitay oxéparo onuelo tou A K ypauuxode aveEdptnto mpog Ta
Up, .., Up—1, XOTL TOL OVTLPACKEL TPOS TOV OPLOUO TOU A XL TWV Uj.

O Minkowski ypnoiuonoinoe autiv oxplBdc Ty LW TOU UETAGYNUATIOUOLY
Tov oouatog K

Anddeln tov Oewpruatog 4.1.2: Onwg xar mpw, Yewpolue xdmola eNoyloTixd

dravOouota ug, ..., U, U K, xou ypdpouue to tuydv cToyelo tou K otn uopey
a=a1U] + ...+ aplpy-
Naxdde a = ajug + ...+ apu, € R* xav k =1,...,n — 1, opilovue
n
n . — —
L(ak+17---;an) = {93 = E ziu; € R™ 1 xpq1 = apyr, ..., T = an},
i=1

TOV CUGYETIGUEVO UTOYWPO TWVY ONUELWY TOL CUUTITTOVY UE TO @ OTLC CUVTETAYUEVEC
y y y

Tht1,---, Ty (WS TPOC TN Bdon {u1,...,u,}). T a € K opllovue blagti, ..., an)
70 év1p0 Bdpouc Tov K N L(ak+1,---,an). [Hpogavoe, b(ai,. .., ay) = a.] Anhadi,
n i ouvtetoryuévn (i < k) tou b(ag+1,-. ., a,) dlvetar and To
ci(Arg1y--,an) ::/ zidxy . ..dT.
KNL(ak+1,---,an)
To blakt1,---,an) avixet 610 K N L(ap+1,---,a0n), XoL OAEC oL anewxovioes a
b(agi1, .- .,an) elvor Topaywylowes we npoc a; oto K.

Aqupa 4.2.1 O petaoynuatiopds T : K — K rov opiletar ané tnr
a=(a1,...,an) = Arb(ar,...,an)+A2—A1)b(az, ..., an) +. ..+ (An—Ap_1)b(an)

elvar éva mpog éva.

Arédeldn: To b(agy, ... ,a,) YdgeToL 0T LOPPH

k

n
b(ak+1)"'>an):ch(ak+17"'>an)uj+ Z a;ug,
j=1 j=k+1

OTOL ¢ GUVAPTAHTELS TOU EEUETAOVTOL LOVO ATd T Gfg1, .- -,0n, § = 1,..., k.
‘Eotw a=Y,_, apup € K. Téte, T'(a) =) _, dpuy, 6mov

n—1

(x)  dr = Apag + Z(AjJrl = Xj)ci(@ry1y .-y an) = Apag + h(agss, ..., a,).
=k
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[uo va det€ouue dtL o T elvan Eva mpog €var, apxel val EAEYEOLUE OTL OL GUVTETAYHEVES
dr, mpoodlopilouv uovoohuavta Ti¢ ouvtetayuéves ag. Lo k = n, n (%) dvel d,, =
Anln, 800 ap = dp/Ay. Tote,

dnfl = Anflanfl + h(dn/An);

an’ 6mov TpocdloplleTon TO ap—1, xat Tnyalvovtag Tpoc to Tlow mpoodiopllovuEe
LOVOCHUOVTY T Gp—2, - . -, a1 Yo T onola T'(a) = 22:1 diug. a

Aupa 4.2.2 O petaoynuatiopds T «noAandaoidlery tov éyko tov K e tov na-
pdyovta A ... \p:
IT(K)| = A ... A\ K.

Anodedn: Agol o T elvon éva mpog éva xou SLapoploLuog, apxel Vo TapaTneoOVUE
ot optlovoa tng ToxwBraviic tou T' elvon otodepr) xan lon e Ar ... A, 010 K. Auté
elvow ouvémeta Tou optouol tou T H TaxwBiovy tou T elvar dvew TeLywvixds mivaxag

(to dj, eaptdton wévo and T ag, ..., Gy), XoL
odi(ag,...,a
W:Ak, k':l,...,n,
and ™y (). O

Ac unodéoovue Tdpa 6TL Ay ... AR | K| > 2. And to Afupa 4.2.2 xou 1o Yedpnua
avtlotpogne anewdvione, 1o T(K) elvar avouxtd xou ppayuévo, xou |T(K)| > 27,
ondte, epapuodlovtag to Afuua tou Blichfeldt ywa o T(QK), Beloxouue y* # y? €

T(K) tétow dote

1,2
9—75§L-e Z™{o}.

Oewpolue to (Lovadixd) a! # a® € K yw 1o onota T'(al) = y* xou T'(a?) = y2, o

Ypdpoupe

n n

a' = Za;uj, a’ = Za?uj.

j=1 =1
Agol a* # a®, utdpyel k < n tétolo dote ay £ ai, xow aj = a3, j =k+1,...,n.
Tore,

1_ .2
— 1
Q—?TE— = Mg 0(al o a) —ba,..,a2) + ..
1
+ (- Ak_l)i(b(ak’ cey a;) — b(ai, cey a%))

And v xvptéTTA X0 TN cuuuEeTplor Tou K, xou amd To yeYovos OTL OheC ot b
nodpvouy TLéc oto K, ouunepalvouue ot
1,2
y -y

B E/\1K+...+(/\k—>\k,1)K:)\kK.
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Anhody, L
y —y
2

€ MK N (Z™ {o}).

‘Ouwc, N k-oth ouvtetayuévn tou (y' — y?)/2 (¢ npoc w0 Bdon {u,...,u,}) evor

1 1
3 (Akaj, + h(agyq,- .- an) — Aeag — h(agiq,...,a2)) = ikk(ak —al) #0,
dnhad” to (y' — y?)/2 etvor ypouuxde aveldpnto omd To ug, - . ., ug—1. AuTé elvon
dtomo, ool 1o A\ K Bev umopel va tepléyet k ypauuixms avegdptnta axépata onuela.
a

4.3 AcOtepn anddely Tov Jewpruatog

H 3eltepn anddelin nou Yo dwoouue opelleton otov Estermann [Es], xou Booileton
otV TATEN exuetdhevon g texvixfc tou Blichfeldt. Ovoudlovue ki, ..., K, Ta
Sradoyxd eNdytota tov D(K) = K — K. Av 1o K elvor ouypetpxd, téte D(K) =
2K, onbte éyouue k; = Ai/2,i=1,...,n. Apxel howndy va del&ouue bt

(%) K1k ... kn K] < 1.

Oewpolue ula EMAOYRH U1, ..., Uy EAXYLOTXGY Slovuoudtwy tou D(K). Tao
U, .., Uy EWVOL YPUUULXOS aveEdpTnTa, ETOUEVLS, amd To Osdpnua 1.1.2 undpyet
Bdon {w1, ..., wy} TOL Z™ YE TNV WLOTHTA

uie(wl,...,wi>, 1=1,...,n.

IMapatienon: Oewpolue Tov Ypouuxd uetaoynuatiopd I' mov opileton and Tic
T(e;) = w;, 6mou {e;}i<n M ouvAdng Bdon touv Z™ Téte, |detT]| = 1 xou o T
aphver avelholwto to Z™, dpa T T (K) xon K éyouv Tov (8o dyxo xon To (8ot
Sradoynd eNytota, ool u € AK NZ™ av xou uévo av T~ H(u) € THAK NZ") =
AT HK)NZ" X > 0. Emnhéov, woyber T H(D(K)) = D(TY(K)), apxel hotmdy vo

delZoupe v (%) ue v emmiéov unddeon otL w; = e, i =1,...,n.

Téte, av a = (a,...,a,) € k;D(K)NZ" wylet 61t a; = ... = a, = 0 (10
a TEEMEL VoL AVAXEL GTOV UTOYWEO TOL TUPAYETOL oM T U, - . - , Ui—1, EA YEAPETOL
oay YPUULUXOS GUYDUOOUOS TV €1, . .., ei—1). Zuvopiloviag OAEC aUTEC TIC Tapo-

tneNoele, BAémouue 6Tt ywpelc meploploud TN YevotnTag, o {nTodUEvo elvol To
e€nc:

Oewpnua 4.3.1 Eotw K (ouppetpikd) kupté odua, kart0 < k1 < ... <k, € R ta
dradoyikd eddyrota tov D(K). Trolérouvue dtr, av a = (a1, ...,an) € k;D(K)NZ",

wte a; = ... = a, = 0. Tdre,

K1 ...kp|K| <1



ol

H cuuuetplo tou K Bev elvon amopaltntn yio Ty anddelén touv Ocwpruoatog 4.3.1.
Optowég INa xdde i =1, ..., n, opllovue p; : R* = R™, ue
pi(T1, o Tiy. o ) = (@1, {Ti ), ., Th)-

Enlong, opilovue P; = pio...0p;, xou Py = Id.
Adppa 4.3.1 Ta kdOe z € R™, wyVe |Py (K + 2)| = |Pp(K)|.

Anoden: o xdde u € Z™ xou z € R, woylel Po(K + z +u) = Ppo(K + 2).
Mrnopolue hotnév var UTOUEGOLUE OTL TO 2 = z1€1 +. . . + 2,6, AVIXEL OTO VEUEALODES
TapahAnAeninedo touv Z" we mpog T ouviin Bdon. Anhodr, 611 0 < z; < 1, j =
1,...,n.

Enlong, opxel vo anodel&ouue to {nroduevo otny neplntwon z = z;e;. ol 161,

|Po(K +2)| = |Po(K+z1e1 4+ ...+ zpey)]
= |Pn(K+ z1e1+ ...+ Zn,16n71)| =...= |Pn(K +21€1)|
= [Pa(K)|.

Trodétovue howndy, ywelc meploploud tng yevuotntag, 6t 2 = zeg, 0 < z1 < 1.

OptZouue
A=P,(K)N{z:0<z1 <1—2%}, B=P,(K)N{z:1—2z <z <1}.

Tore,
Pn(K-l- Z) = (A +21€1) U (B + (Zl - 1)61) = A1 U Bl,

xow ooV Ay N By = 0, Brénovue ot
|Po(K + 2)| = |A1] + |Bi| = |A| + |B| = |P,(K)|. O
Adppa 4.3.2 Avt > 1, tdte |P,(tK)| > |Po(K)].

Anoden: Av o € K, téHte and tny xuptdtnia tou K éneton ott K C K, ondte 1o
{ntoluevo elvor tpogavés. Av oy, emthéyouue z € R™ tétoo dote o € (K + 2), xou
epapuolovue 10 Afuua 4.3.1:

|Po(tK)| = |Pa(tK +t2)] = [P (t(K + 2))| 2 [Po(K + 2)| = |[Po(K)|. O

II6 yevxd, yio xdde ¢ = 1,...,n nalpvouue:

Adupa 4.3.3 Av t > 1, téte |P;(tK)| > t" Y| Pi(K)|.
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Anéderdn: Ttadeponowolue @ < n — 1. o xdlde 2 € R* ypdgpovue © = (2, 2"),
omov &’ = (x1,...,%;), 2" = (Tit1,...,2n). Av M CR”, opllouue

(M;2"y ={z' e R : (2',2") € M}, 2" € R"".
Ioyvpiomog: Avt >0, tote
(Pi(tM);tz") = Py((tM;ta")) = Pi(t(M,z")).
Anodergn: H deltepr wétnta elvar mpogavic. Ta tny mpdty, Yewpodue Tuydy
y € (Pi(tM);tz"). Tote, (y,tz’") € Pi(tM), dnhadh vndpyer (z,w) € tM tétowo
dote Pi(z,w) = (y,tz"). Aol o yetaoynuatiouds Py unopel vo uetoBddhel ubvo

TS TPAOTEC § CUVTETAYMEVES TOL (2, w), énetar 6Tt w = tz' xou Pi(z) = y. Anhadn,
z € (tM;tx"), dpay € P;((tM;tz")). Etor, anodelydnxe n

(Pi(tM);tz") C P;((tM;tz")).
O avtiotpogog eyxieioudc anodeixvieTal aviloya. O
Ou YpNOULOTOLACOLUE TOV LEYLELOUS, oL TNV Tapathenon otL, av t > 1 téte
|P;(t(K; ")) | > [P (K 2™))],

1 onola elvon ouvéneta Tou Afuporos 4.3.2, apod x&de (K; z'") elvon xuptd uTocbvoro
Tou R*:

Ohoxhnpdovovtag mpwta we Tpos &' € R xow uetd we tpog 2" € R™ ™, ypdpouue
Tov 6Yx0 ToL P;(tK) otn uopeh

P = [ PRl
Rn—i
Kdvovtag v odhoyh uetanmic '’ = ty" xaw ypnoylonoldvtag tig napatnenoets
OIS, €YOLUE

P(K)| = / (P.(K sty dy”
Rn—i

— / Py ldy”

n—i

> i / P ") ldy”

= t"7|P(K)I.

H neplntwon ¢ = n xohOnteton and 1o Aduuo 4.3.2. O

Appa 4.3.4 Eorw W kyptd odpa otov R”. Av D(W)NZ™ = {o}, tdre |p;(W)| =
|[W| yia kdlei=1,...,n.
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Anodedn: H anddeiln elvon eviehde avdloyn pe autryv tou Afuuatog tou Blich-
feldt. Av Yewprioovue ta obvora (u + P) N W 6nouv u € Z™ xou P 1o olvndeg
Yeuehiddee tapodneninedo tou Z", t6te ta p;((u + P) N W) Sev emxoldntovTo,
alide o D(W) Yo meptelye un undevixd axéparo onueio, napdhhnho mpoc to e;.
"Apa,

i) = lpi((w+ PYNW)[ = |(u+P)nW|=[W|. O

u

Anodeldn tov Oewpfuartog 4.3.1: H anddeln Yo Booiotel otov axdroudo toyu-
ploud:

Ioyveromos: T xdde i =1,...,n, €youue
|Pi(k:iK)| = |Pie1 (ki K)|.
Anodedn: Apod P = p;o Pi_1, olugwva ue to Ajuua 4.3.4 apxel va del&oupe 6Tt
(Pi_l(lﬂ‘,iK)—Pi_l(lﬁ‘,iK))mZn:{O}, ’LZI,,TL

‘Eotww 6t undpyouwv z,y € k; K tétow wote 0 # Pi_1(z) — Pi_1(y) € Z". Tore,
z—y € (kD(K))NZ"™ xo and v unédeon tou Oewphuatog TEEMEL VoL Loy Vel
zj =y, j=1,...,n. Ouwg t6t€, Pi_1(x) = P;_1(y), dtomo. a

Egapuélovrtag topo to AMupa 4.3.4 yioto P_q (k; K) ue t = k;/ki—1 > 1, nolpvouue

K

n+l-—12
|PZ(KJZK)| = |Pl,1(hlzK)| Z ( > |Pi,1(h3i,1K)|, 1= 2,. Y (B

Ki—1
I i = 1 ypdgpouue amhidg

|P1 (k1 K)| = [k1 K| = K7 |K].
IMolomhaotdlovtog xotd (e, BAémouue dTu

Ki

n n+1l—1:
|P,(knK)| 2@1‘[( ) |K| = kiks ... 6n|K].
=2

Ki—1
Ouwe P (knK) C P, dpa |Pp(kpK)| < 1. 'Enetot 610

Kika...ko|K| < 1. O

Aev elvar dVoXONO Vo BOOOVUE XATW PEAYUA YLOL TO YIWWOUEVO Af ...Ap TWY
dradoywdv ehaylotwy Tou K. O Minkowski anédetée to e€nc:

Ocopnua 4.3.2 Eotw K ovppetpikd kupté odpa otor R, kat A1, ..., A\, ta dwa-
doyikd eldyiota tov K. Tdre,

n

2
n.
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Anddergn: Trdpyouv ypauuixos avegdptnta Stavoouota u; € Z"™ tétola HoTe xdde
u; Vo avixeL oto obvopo tou N; K. Opilovue

Tére, £v; € K yio %8¢ 4, dpa 1 xupth Oxn A = co{xvy, ..., 2v,} tov £v; éye
byxo 1o ol (oo ue |K|. ‘Ouwc,

2™ det .., Up
JA] = [cofun, .., 0, = 2 19HOL- - 00)]

)

n!
det N, 1
et(ur,...,Un
det(vy, ..., = > ,
[det(v, o)l = o A 2 Ae .
yeatl To u; elvon axépona Staviouata, ondte det(uq,. .., uy,) € Z\{0}. Tuvdudlovtac

TOL TOPATIAVE, EYOVUE

2"|det(u1,...,un)| 2m
n! n!

Ao - Al K] > Mo Al Al >



Ke:cpo’c)\ou.o 5!

To ﬂsd)pvqpoc twv Minkowski
xow. Hlawka

5.1 To Yewpnua emtAoyyg tou Mahler

Yxonbe yac oe quThY T Topdypapo elvar var amodelEouue To Oedpnuo emAoYrg
tou Mahler, to onolo e€aoc@aiilel v Oapsn «ouyxAlvouoacy umaxolovdiog yio
x&de «pparyuévny axoloudio mheyudtwy. [a tn datdnwor tov Oewprjuatoc, npénet
Tp®TA Vo oploovue awotned T elvar €va PpaylUEvo GUVONO TAEYUATOVY, XS XoL
Ny évvola e oYX oL Yo YeNoULOTOLACOUUE.

Ogiopol (o) Eow K ouupetpixd xuptéd ooua otov R*. ‘Eva miéyua A Aéyeton

anodextd Yo 10 K, av 1o yévo onuelo tou A mou avixel 6to eowtepxd Tou K

elvow 10 0. To A Méyeton awotned anodextéd yia 1o K av K N A = {o}.

(B) T x&de p > 0, cuuBorilovue ue pDy T UNEAA UE XEVTPO TO 0 Xa axTivaL p:
pDy = {z € R" : [|z]]2 < p}.

‘Eva oOvoho L mheyudtwy tou R” Aédyeton @ppayévo, av undpyouy detixég otadepéc
p Ol O TETOLEC DOTE:

(i) Kdde A € L elvon anodextéd yia v pD,,.

(ii) T xdde A € L, woylel det A < 0.

(v) T x&de n x n nivaxa B, opllouvue ||B|| = max; ; |b;;|- H || - || elvon vépua otov
YWPO TWV TiXwY (ovolaoTxd, N || - |l oTOV R ). Ou Baowéc Widtnres autic e
vopuac teptypdpovion oto € Afuua:
Adppa 5.1.1 (a) Fotw Ay, A € L(R"). Tore, ||An — Al = 0 av ka1 pévo av
ai;n — a;j ya kdOe i, j < n.

(B) I'a kdde A, B € L(R™), ||AB|| < n||A]| - | B]|.

(v) I'a kd% A € L(R™) kat kdOe x € R", ||Az||2 < n||4]| - ||z]|2-

95
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Anéderdn: To (o) elvon poveps, apold
— (m)
|Am — Al = anl‘%)fl |aij — agjl-

Tw 7o (B), napartnpodue 6t (AB);j = > 7, aibrj. Ouwc, yio xdde i,j < n,

n n n
S bl <3 laigllbil < STIAL- 18] = nllAll - 18]
k=1 k=1 k=1

dpat,

n
= xbij| < -||BJ|.
IAB]| g}}%ﬁl;ambul < nllA|l- 1Bl

[ to (), yenoiuonolotue v aviedtnta Cauchy-Schwarz:

o\ 1/2
n n
Azl = Z Zaiﬂ’j
i=1 \j=1
1/2
n n n
S DI DILE N DI
i=1 \j=1 j=1
1/2
n
= llzll2 | D ai
i,j=1
1/2
< lzlla (21417)
Snpadi, [|Azllz < nf[All - [|zl2. o

Me ™ Bordeio awthc Tne vopuac opllovue ula évvolo «meptoyfcy yiar Tat TAEY T
Tou R™:

‘Eotww A éva mhéyua tou R?, xou A = {us,...,u,} ula Bdon tou A, tnv onola
tavtilovue ue tov mivaxo A;; = (uj,e;). To xdde € > 0, 1 (A4, €)-yertovid tov A
elvon 10 6UVORO OV TwY TAeyudtwy A’ Tou R” to onola €youv xdmora Bdon A" e
omolag o mivaxac avoroel Ty ||A — A'|| < e.

(3) H évvoa tne (A, e)-yertovde udc emTpéneL va oploouue oOYXALOT oxohoudLdy
mheyudtov. Aéue 6t 1 oxohouda mheyudtwy {Ay} cuyxAivel oto TAéyua A Tou
R™ wc npoc ) Bdon A tou A, av yia xde € > 0, undpyet mo(e) € N tétoloc Gote:
yia xdde m > my, 10 Ay avixer oty (A4, €)-yvertovd tou A, Aéue bt 1 axorouvdia
heyudtov {Ay,} ovyxhiver oto TAéyua A tou R™, av cuyxhivel oto A w¢ mpog
x&e Bdon A tou A.

YOppova Ue auTtoéy Tov 0plous, Yo va ehéyEovue Ot Ay, — A, mpénel var ehéy-
Eouue ) oOYxALom Yo TuyoLoa emhoyr g Bdong A tou A. Onwe Yo Sodue dung,
apxel va ekeyydel n obyxhion we tpog xdmota Bdon A tou A:
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Afupa 5.1.2 Eow du A, = A wg npog kdnowa Bdon A wov A. Tére, A,,, — A.

Anéderdn: Agol Ap, — A wg mpog v A, undpyel axoloudio {Ar,} Bdoewy twy
A, avtlotowya, ye
lAm — A|| = 0.

‘Eotww B ula AN Bdon tou A. Trdpyer oaxéparog nivaxac U ue det U = £1, tétolog
wote B = AU. Opilovue B, = A,U. Toérte, xdde B, elvon Bdon tou Ay, xon

1B — Bl = [|AmU — AU|| = [|(Am — AU < nf|U]] - | A — All = 0.

Apa, Ay, = A ¢ npoc Ty B. O

To enduevo Yedpnua delyvel 6Tt auTdC 0 OpLEUGS CUYXALOTC ElVaL KOWOTHCH: AV
A — A, t67e, yia ueydha m, o onuelo Tov Ay, Beloxovtow «xovtdy oto onueia
Tou A:

Ocwpnua 5.1.1 Eoww Ay, A ntAéyuara otov R*, pe Ay, — A Tore,

(a) INa kdde x € A, vndpyerl akodovlia onuelwy Ty, € Ay, HE Ty — .

(B) Av ya kdnow x € R™ vrndpyer akodovdia onuelwv T, € Ay, e Ty — ,
téte © € A.

Aréderdn: (o) Eow x € A. Av A elvon ula Bdon tou A, to & ypdpetar ot Lop®h
xz = Au, 6mov u € Z"™. Aol Ay, — A, undpyouv Bdoec Ay, v Ay, avtiotouya, Ue
[| A — A|| = 0. Opllovue , = Apu. Tote, 2y € Ay, %o

lzm —zll2 = [|(Am — A)ullz < nl|Ap — Al - [lullz = 0.

Anhod", T, — .

(B) Etadepomoloue Bdoeis Ap, A v Ay, A. Kdde x4, vpdpeton Ty = Aptm
OTOU Uy, € Z". Aol 1 Bdon A tou A elvan Bdorn tou R, 10 = ypdpetar = Ay vy
xdmowo y € R™. Lxonde uag elvon va del€ovue 6t y € Z™.

O A elvar avtiotpéduuog, xou n z = [|Az||s elvon cuveyhc oty S™L. ‘Apa,
natpvel ehdylotn yviola Yetixh Tiun a. Anhady,

|42l >a, zesS" L
Agol A, = A, undpyer mo € N ue v Wibdtnra: yia xdde m > my, ||An — 4| <
a/2n. Téte, ypnowonowwvtoc o Afuua 5.1.1, BAénoupe 6t yio xdde m > mg xou
xdde z € S*1,
a
[Amzllz > |Az]l2 = [|(Am = A)2ll2 > a = 2| Am — Al - [l2]l2 > 5.

Anhadn, av m > myg, €youvue

a
[Amzll2 > Sllzll2, 2z € R



o8

And e Apty, = Ty = = Ay xou Apy — Ay, énetan 6t Ay (U — y) = 0. ‘Apa,
ylow m > myo,

2
llum = yll2 < —llAm(wm = y)llz = 0,

INAadA, Uy, — Y. Aol Uy, € Z™ yia x&e m, ouunepaivovue 6t y € Z". ‘Eneton
o = Ay € A. |

T tnv anddelén touv Oewphuatos tou Mahler Yo ypetaotolue enlone to e€hc:

Oebdpnua 5.1.2 Ia kdle n € N vrndpyea otalepd C(n) > 0 pe tnr axdlovdn
wistnta: Av A elvar éva tAéyua otov R, téte vndpyer fdon A = {us,...,up} T0U
A térowa dore

[T lluill2 < C(n) det A.
H Omopén tétoiwv <avnyuévov Bdoewvy, xadog xat dldpopa QedyuaTta Yo T
otadepd C'(n), Yo culnindoldy Aentoueptds oto Kepdhowo 7.

Ocwpnua 5.1.3 Kdle ppayuévn axolovdia mheyudrwr éxel ouykdivovoa unako-
AovOia.

ArnéderEn: Eotw {Ap} ppayuévn axohoudio mheypdtwy otov R”. Anhady, undp-
youv Yetixée otadepéc p xon o tétoleg wote: v x&e m € N, (pDy)° N Ay, = {o}
xou det A, < 0. Hapotnpolue 6t

|pDy| = wpp™ < 2™ det Ay,
and 10 TpwTto Yewpnua tou Minkowski, Sniady

inf det A,,, = a > 0.

meN

Twa xdde m, emhéyouue Béon Ay, = {ul™ .. ul™} tou Ay, ue Ty BiéTro

H [ut™ |2 < C(n) det Ay, < C(n)o.

Aol x&de Ay, elvon emitpentd v v pDy,, cuunepaivovue 6tL ||u§m)||2 > p oy
xemeN, i=1,...,n. Apa,

m C
)y < €7 N =1,

Ané 10 Yedpnuo Bolzano-Weierstrass, undpyouv abdZouca axohoudiar Quody kpy,
oL U, ..., U, € R”, €10l BoTE

(km) -
u; —u;, t=1,...,n.
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To A = {uy,...,un} elvon ypouuwxds aveZdptnro, yiotl det A = limdet Ay, =
limdet Ag,, > a. Oewpolue 0 mMAéyua A mou mapdyeton and to A. Térte, det A =
limdet Ag,, <o, xou |[u;||z = lim ||u§k’")||2 > p, dnradn to A elvar anodextod yia Ty
pD,,. Télog,
14k, — Al < max[luf™ —uills =0,
i<n

enouévwg, Ak, — A. O

5.2 H xplowun optlovoa

‘Eotww K ouupetpixd xupté odua otov R*. H xploiun opifovoa A(K) tou K
elvar 7o inf det A, émou 1o infimum nofpveton ndvew and dha tar TAEyuaTa A Tou etvon
anodextd (Loodvvaua, avotned arodextd) yia to K.

To mpwto Yedpnua tou Minkowski ude dlvel auéows éva xdtw Qedyua yia Ty
xplowun opllovoa touv K:

IMeoétaoy 5.2.1 Ia kdle ouppetpixé kupté oodpa K otor R, éyovue

A(K) > 27"|K].

Anodedn: Eoww A éva miéyua, anodextd yio to K. Aol 1o K 3ev neptéyet un
undevixd otolyelo tou A, to TpwTto Yewpnuoa tou Minkowski udg Aéet ot

|K| < 2™ det A.

IMafpvovtag infimum we mpog 6har tor K-omodextd mhéyporta, xatalhyovue oto {n-
TOUMEVO. o

IMapatienon Aniéc cuvénetes Tou oplouol e xplotuns optlovoag elvon oL e€ig:

(o) Av K CW, t6te A(K) < A(W).

(B) T xdde t > 0, A(tK) = t"A(K).

(v) Av A € GL(n), t6te A(AK) = |det AJA(K).

O Mahler anédetZe 6t yia xde ocuuueTpLxd xVpTd ooua K undpyel TOLAdYLOTOY
évo, K-amodextd mhéyuo Ue Ty eNdytotn Suvath opilovoa (dniadi, To infimum ctov
optoud e A(K) elvor minimum). Autde Arav xo évag and toug AGYous yia Toug
onoloug anédetée to Yewpnua emhoyric tng Hopaypdpou 5.1:

IMpdétaoy 5.2.2 Eotw K ouupetpiké kuptd odua otov R*. Yrdpyer mAéyua A to
omolo elvar arodextd ya to K kar éyer opilovoa

det A = A(K).
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Andden: To K mepiéyet plo undio ue x€vtpo to o xou axtive p > 0. ‘Enetan 61,
x&de mAéyua mou elvon anodextod yia to K elvar anodextd yio v pD,,. Oewpolue
axohovdio Ay, amodextdv yio to K mheyudtwy, Ue

det Ay, — A(K).

H {An} elvon gpoyuévn axorovdio: xdde Ap, elvon amodextd yia tny pDy, xou 7
{det A} elvar ouyxhivovoa oxohoudia, dea @eayuévn. Amd to Oedpnua emtho-
yhc Tou Mahler, nepvédvtoc oe unaxohoudia, unopobue va unodécovue 6Tl UTdPYEL
mhéyua A otov R?, tétowo dote Ay — AL Hpogavde,
det A = lim det A, = A(K).
m— 00

Méver va del€ovue 61t to A elvar amodextd yw 1o K. YTrodétouue to aviidero.
Tote, undpyer € A, 10 onolo elvon ecwtepxd onueio tou K. And 1o Oedpnua
5.1.1, undpyet axorovdio {2}, Tm € Am, HE Tm = 2. Aol T0 T elvol eowTEELXS
onueio tou K, ylot UeYdAo m 0 Ty, Yo elvor ecwtepixd onuelo tou K. Autd duwc
elvar dtomo, yiatl dho ot Ay, elvor K-amodextd. |

To gpdtnua to onolo mpoxdntel and ta mapoamdv, elvar av o Adyoc A(K)/|K|
elvon dvew gpayuévoc. O Minkowski [Mil] woyuplotnxe 6t yior x&de ovuueteixd
%0ptd ovua K e 6yxo |K| < 2((n) =2(1+27"+37"+...), undpye. K-anodextd
mhéyua A pe opilovoa det A = 1. Aniady,

AK) _ 1
|K| ~ 2¢(n)’

Auth n ewxaoior tov Minkowski amodelydnxe 1o 1944 anéd tov Hlawka [HI]. Trnv ané-
3etZn awtol Tou Yewpriuatog (to onolo avagpépetor we Oewenua Minkowski-Hlawka),
Yo culnTioovuE otV ENdUEVY TapdYPUPO.

5.3 To Jewpnua twv Minkowski xow Hlawka

Oa anodeiZovue o Oebpnua twv Minkowski-Hlawka, yio cuuuetpied xuptd oduota.
To (B0 anotéheoua toyler yio pior eLEOTERT AAAOT CUUUETELXWY UTOGUVOAWY TOU
R™ (ta Aeybuevo actpduoppa yweio).

Ocwenua 5.3.1 Eow K ovupetpikd kupté odua otov R*. Tdre,

(K|~ 2((n)

H anédetgn Yo Baoctotel oe dVo yevixdtepa AMjuuota yio Riemann-ohoxinpedotueg
ouvopThoelg ue ocuurayr gopéa. To mpwto ogelleton otoug Davenport xow Rogers
[DR], eve 1o debtepo elvan to Booixd AMuua tou Hlawka [HIJ:

AK) _ 1
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Aqupa 5.3.1 Eow f:R* = R pia ovvexris ovvdptnon mov undevilerar ééw and
éva ppayuévo otvodo (éxel ovurayn gopéa). I'a kdde v € R, opilovue

:/ / flzy,. .. @p_1,y)dzy ... dT) 1.

Eotw N éva nAéyua otov R=1 e optlovoa det A'; kar éotw 6 > 0. Ia kdOe
Y= (Y1, Yn—1) € R* 1, oupPorilovpe e Ay to tAéypa mov napdyetar and ta A’
kat (y,0). AnAadn),

Ay={z+m(y,0):z € N ,mel}

Tére, vndpyer z = (21,...,2n—1) HE TNV 1016TNTA
(¥ Y f@<n X Vi),
zEA;,x, 70 iez\{0}

AnédelEn: Yrdpyer avtiotpédruoc ypouuixde uetaoynuotionéc Ty tou R 1é-
toog Gote A = To(Z"7Y). Tov enexteivouue oe évav T € GL(n), optlovtag
T(en) = ep. Hopatnpolue ot

Vi(y) = (det A")Vyor(v)

pe )

Yo fl@)= > (foT)(2)

€N,z F#0 z€(Zn— 1T 1y),x, #0

6mou (Z" 1, T~ (y)) to TAéyua mou mapdyetor and Tov Z" 1 xou to T7H(y). Av
Aowmdv utodécovue 6Tt To Afuua oyler oty Teplntwon AN = Z"1) nepvdue ot
yevx meplntwon e e€fc: av ude dwoovy f 1 R" — R cuveyy|, ue cuunoyy popéa,
Beloxouue w € R*! tétolo wote

S (oD@ < Y Vier(id),

2 E(Zn—1,(w,0)),2, 20 iez\{0}

xat Vétovrag z = Tp(w) éxovyue

> f@) = > (foD)(z)

TEA:,T,F#0 z€(Z" " w),z,#0

Z VfoT (16)

iEZ\{O}

= det > V(i)
zEZ\{O}

IN

Mropolue hotrdy va urodécovue ot A’ = Z" L,
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Ioyvpiomog: Ioylel 1 wotnTa

/ / f@) | dyr . dyny = Y Vi(id).

zEAy,zn;éO 1€Z\{0}
Ano6delgn tou oyveLtoot: ‘Eyovue unodéoel 6T
N ={(mi,....,mp_1):mi,...,mpu_1 €ZL}.

Apa,

Yo f@=d Y flmitiy, masy Fiya-,id).

TEAy,xnF#0 i#0 my,...,mp_1€Z

Kpatdue otadepd to i@ € Z\{0}, xon Jewpolue to

J(i,0) / / Z flmy+iy,...,mp_1 +iyn_1,i0)dys ... dyn—_1.

Mn—1€7Z

To ohoxhfpwua autd umdpyet, yatl 1 f elvon cuveyhc xou €xel ouumayy Qopéa,
on6te T0 G¥poloUd TOU OAOXANEOVOLUE Elval OLCLACTIXG AYPOLCUN TENEPAUCUEVWY
0 mAflog cuveyy cuvapthicewy. Kdvovtag v odhayr uetoBAntic 2, = Yk,
k=1,...,n—1, éyouvue

in— 1 / / Z f(m1 +21,...,mn,1 +Zn,1,i5)d21...d2n,1.

My _1E€EZ

J(i,0) =

‘Ouwe, 1 mpoc ohoxhpwor cuvdptnor elvar TepLodixf wg mpog xdde ulo and Tig
npdhtec (n — 1) ouvtetayuévee, ue neplodo 1 (yiotl, Toe my, ..., mp—_1 datpéyYouy 10
Z , xou adpollovue we mpog Oheg Tic emhoyéc Toug). ‘Enetor 41t

1 1
J(z,é) = /0 /0 Z f(m1 +Zl,...,mn,1+Zn,1,i6)d21...d2n,1

LyeeeMn—1€Z
= / / flz1,. oy 2no1,i0)dzy .. .dzp 1
= Vi(id).
Adpollovrac we npoc i € Z\{0}, nalpvouue to {nrolduevo. O
Ané tov woyuptoud éneton dueca TL UTEPYOLY 21, .. ., Zp—1 € [0, 1] Tétola toTe
Yo fl@)< Y Vi),
zEA;,xn#£0 t€Z\{0}

%o 1) AmdIELE ) Tou AMUUaTog elval TARENG, CUUPWVIL UE TG AP YLXES LS TIORATNENOEL.
O
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Afupa 5.3.2 Eow g : R* = R Riemann-odoxAnpdowun ovvdptnon, pe ovunayn
popéa, kat éotw € > 0. Tore, vndpyer mAéyua A ovor R”, pe opilovoa det A = 1,

TéTO10 DOTE
Z g(x) </ g(x)dz +e.

zeA\{o} "

Anédeln: Mnopolue va Bpolue cuveyr f : R® — R ue ovumayn @opéa, tétola
wote: f > g mtavtol, xou

. fz)dz < /n g(x)dz + %

Ioyveiomodg: Av 10 § > 0 elvor apxetd uLxpd, tote

€
52/ / flzy,...,@p_1,i0)dzy ... dEH_1 < Rnf(:r)d:r+§.

i#0

Aréderdn tou Loyuprtopot: Trdpyet xOBoc Q = [—M, M|™ tétotoc wote f(x) =0
avz ¢ Q. H f elvar ouveyhic oto Q, dpa ouotduoppa cuveyhc. Ymdpyet hotmdy
6o > 0 tétowo wote: av 0 < § < g, toTE

€

||1‘ —1"“2 <0 = |f(1') - f(:L")| < 2(2M)"_1(2M+ 2)'

‘Eotw 0 < § < min{dp, 1}. Oétovue Q1 = [-M, M]"~t C R*, xou k = [M/] + 1
Torte,

flx)de = /fa:l,..., Ydxy . ..dxy,

Z/ f (Z1,.. ., Tp_1,Tp)dxy .. .dT,
z 1

(i4+1)8
/ f(xla -7mn—1,xn)d1}1 d.’]fn’
i Q1

R~

+

i=—k

ey

5> Vi(is) = 52/ / f@y, . wn ,i0)day . dey

i#0 z;é()

= Z f xl,...,mn_l,i(S)dml ...da:n_l

+ Z f 1‘1, . ,l’nfl,i(S)dl'l N dl‘n,1
i=—k
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k 5
= Z/ f@i,. .., 2n_,id)dzy ... dzy,
o Ji-ns Jan

_

i=—k 710

(i4+1)8
flzy,...,xp_1,i0)dz ...dz,.
Q1

Agapdvtag, Bhénovue ot

5 ZVf(ié)—/Rnf(x)dm

i#£0

k
= 2

i=1

—1 (i+1)8
+ Z [f(z1,...,2p—1,00) — f(@1,..., Tpn_1,2y)]|dzy .. .d2y
i6 1

i=—k
2kde(2M )1 <€
22M)"1(2M 1+ 2) "2

i

/ [f(z1,. .., Zpn_1,10) — f(Z1,..., Tp_1,Zpn)]dzy ... dTs_
(i-1)5 J Q1

O

Emiéyouue 10 § < dp va elvor 1660 Uixpd Gote, Tautdypova, va toylel 6t f(z) =0
av |z| > 1/6Y(=D_ Qewpolue o mhéyuo

r_ 1 n—1
T 51/ (n—1)
otov R*™1. Téte, vy xdde z = (21, .-, 2n—1) € R*™1 éyovue det A, = 1.
Mopatnpodue 6tz # 0 yia x&de = € A \{o} ue f(z) # 0. And to AMuua
5.3.1, umdipyet z = (21,-..,2n—1) ME TNV WBLOTNTA
Y. fo o= > f@)
z€A\{o} ZEA.,xn#0
1
< 1 .
= detAl > Vilid)
1€Z\{0}
= 5 > Vi),
1€Z\{0}

XOL, YENOUIOTOLOVTAS TOV LOYLELOUS, GUUTEPALVOLUE OTL
€
Z f(z) < (z)dx + 3
2€A.\{o} Rn
Maipvovtag v’ 6y Tov TpdTO optouol e f, PAénovue 6Tt

Z g(m)</ g(x)dx + €.

zeh.\{o} "



65

Ané v xataoxevr), det A, = 1. Apa, nofpvovtag A = A, éyouue anodel€el to
Aupuo. a

Ano6delln tov Oswpruatog Minkowski-Hlawka: Apxel va Setouue 1 ouve-
YWY
|K| < 2((n) = A(K) < 1.

OcewpoluEe TN cLVAPTNON
9(@) =Y n(i)xx (iz),
i=1

6mou 4 elvai 1 ouvdpTnon tou Mébius, n onolo opileton we e€hc: (i) =1 av i =1,
p(i) = 0 av undpyeL mpdrtoc p ue p2li, xou p(i) = (=) av i = pi...p, 60U p;
drapopetixol avd dVo mpwTotL.

[io x&de miéypa A, ovoudZovue éva z € A\{o} mpwTtaeytxd yia to A, av 10
avoLyté eVdUYPUUUO TUHO TTOL GUVSEEL Tat 0 xat & Bev TepLéyel onueio tou A. Tore,
av M elvor 10 6OVORO TV TPWTAUPYIXWOY ONUElWY ToL A, Eyouue

Y 9@ YD glin)

zeA\{o} zEM j=1

= D3> wlixx(ijz)

zeM j=1 i=1

= S wkka) Y uli)

€M k=1 i|k

= > xx(),

zeEM

OTIOU Y PTOULOTIOLACOUE TO YEYOVOS OTL

> uk)=0, k>2.

ilk

H tavtétnro auth elvon dueon ouvéneta tov oplouol g p: av k = pi' ... p%e, téte
oL un undevixol 6poL 6To TapaTdve dtpoloua TEopyovTa Ubvo and Toug eEAeliepoug
TETPAYOVWY dlonpétes Tou k. IId ocuyxexpuuéva,

%}u(i) = (1) + (1> (—1)! + (2> e (D(_l)s ey

To K elvar cupuetpxd, dpa To

> gl@) =) xx(@)

z€A\{o} zeM
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elva dpTLog puoxdg 1 0. And v dhAn mAeupd, and Ty unddeon yag Yo Tov 6Yxo
wou K,

K]

. N
xic(iz)dz = ;u@)'i—n' - Hl<s,

JRCEE Zu(i) /

OTIOL Y PTOULOTOLACUUE TNV

n

. 1 ,
/HXK(zx)dx:i—n/nxK(y)dy:T, i €N,
xoL TNV T TOTNTA

oyt~ (3]
7

i=1

Ané 1o Afuua touv Hlawka, yior xotdAAnio uwxpo € > 0, undpyet mhéypa A tou R?
ue opllovoa det A = 1, tétoo wote

Z xk(z) = Z g(z) < /ng(w)da:+5 < 2,

zeM veA\{o}

10 onolo onualvel 61t M N K = . Agol to K 8ev neptéyet tpwtopyixd onueia tou
A, ovunepaivouue 6t AN K = {o}. Apa,

A(K)<detA=1. O



Ke:cpo’c)\ou.o 6

Packings tng coaigag

6.1 Ogplopol

Suppohilovue ue £, Ty xAdoT Ghwv Twv eENeLPoeddY Tou R™ tou dev teptéyouv oo
eowTepLXd ToUG Xavéva onueio Tou Z™\{o}. To mpbBinua mov Yo udc anacyohioel
oe awtd 1o Kepdhawo elvar vor Sodolv axplfelc extiunoelc yiow tnv tocdtnta

an, =sup{|E|: E € &,}.

Aev elvon dboxohro va del xavelc 6Tl t0 TPOBAnU auTtd elvon LGodUYIUO UE TO TRO-
BAne Tou untohoytouol e xplowune opilovoac A(D,,) e urdhag (to onolo ouln-
TAOQUE YLoL YEVIXO GUUUETPIXG XxVpTS o@ua K oto tponyoluevo Kepdhowo).

Ilpétaom 6.1.1 A(Dy)a, = wpy.
Anéode&n: Yrdpye nhéyua A = T(Z™) 1o omolo elvor Dp-amodextd, xou ExeL opi-
Couoa det A = det T = A(D,,). Tére, 10 ehhewoerdéc T—1(Dy,) € &y, dpo

Wn Wn

an 2 [T7H (D)l = 257 = A(D,)

Loty avtiotpogn avicdtna, topatnpolue 6ttav E = S(D,,) elvor éva elerdoetdéc
mou wavornotel Ty S(Dy) N Z™ = {o}, 161 T0 TAéyUar A = STHZ") elvor D,,-
anodextd. ‘Apa,

w w w
1B = det g” - detnA = A(Dnn)
‘Ereton 611 w
an, =sup{|E|: E€&,} < A(];n),
70 0molo OAOXANPWOVEL TNV ATOBELEN. a

67
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Mio évvola mou cuvdéeton otevd ue to mpoBAnua, elvon 1 évvola tou packing
and undhec otov R”. Mia owoyévewa P = {z; + rDy, : i € I} and undhec axtivog
r > 0, Méyetow packing av ou ; + rD), éyouv Eéva ecwtepxd.

Oplloupe dvw xon xdte TuxveTNTR 0L P 0 e€hc: Yo xdde R > 0, Yewpolue
v RD,, xou ¢ x; + rD, ol onoleg téuvouy v RD,. Av N(R) elvor 10 nhidog
Twv otowyelwy touv {i € I : (z; +rDy) N (RD,,) # 0}, opllovue

~ . N(R)wy,r™

press ()
.. N(R)wpr™
=t =

Ou aprduot 3(P) xou §(P) eivor 1 dve o xdtw muxvétnta tou P, avtiotolyo. Av
d(P) = d(P), t6te awth 1 xown tun elvar n tuxvétnta 6(P) tou P.

‘Eotw A éva tiéyua otov R". ‘Eva packing ue xévtpa oto A elvor éva packing
™S Hopgric

P={z+rD,:x €A}

Ilpétaom 6.1.2 Eotw P = {x +rD, : x € A} éva packing jie xévtpa oto tAéyua
A. Tére,

wpr™

oP) = 3o i

ArédetEn: 'Eotw R > 0. To nifdoc N(R) wwv ¢ + 7Dy, x € A, Tou TéUvouy Ty
RD,,, wavorolel Ty aviobtnTa

|[RD, NA| < N(R) < |(R+7)Dp NAJ.

Apa,
|[RD,NA| N(R) < [(R+7)Dy NA]
[RDn| = [RDx| — |RDy|

[Mafpvovtag dpo xodde R — 00, xou yenouuomowdviag tny Hpdtaon 1.2.4, BAénovue
ot

I i N(R)

det A  R=oo wpR™’

"Apa, undpyeL To
. NR)w,r™  w,r"
d(P)=1 = .
(P) e wp R™ det A

Oploupe d,, to supremum twv 6(P), é6nov P packing ue umdheg oxtivag 1 xou
xévtpa oe xdmoto mhéyua A tov R”. Tére,

5, = sup —2
= su ,
" Ap det A
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6mou To sup elvat Tdvw amd Gha tar mAéyuota A yia o omola 1 owoyéveld P =
{z + D,, : x € A} elvar packing. ITapatnpodue bt éva mhéyua A emdéyeton packing
and undheg axtivag 1 av xou u6vo av elvoe 2D,-anodexto. ‘Apa,

Wn

(%) o= SA(D

H (%) »o n Hpdtaon 6.1.1 udc Sivouv to e€ig:

Ocwpnua 6.1.1 a, = 2"6,. O

6.2 H uédodog tou Blichfeldt

Yy nponyoluevn nopdypapo etdaue 6t oy, = 2"6,. Qo neptypddouue Ty uédodo
tou Blichfeldt [BI2] yio v extiunon tng 4, and ndvw. e cuvduaoud ue tny
Tapamdve odTnTa, To anotéleoua tou Blichfeldt Sivel to e€xc:

Ocwpnua 6.2.1 I'a xdle n € N, wyve n aviodtnta

2
an < %2”/2.

H anédeln autrc e aviodtntog Bactleton oe d0o AMjuuota.

Afupa 6.2.1 Eotw D : [0,+00) — [0,4+00) ouvexris ouvvdptnon, kat tg > 0 e
v bitnta: D(t) = 0, ya kdde t > tg. Trobérouue 6t ya kdOe packing P =
{z; + Dy, :i € N} tou R arnd undles axtivag 1, kar yia kdde y € R, 1w0yvel

ZD(HZJ —zil|2) < 1.
i1

Tore,
1

o & ——————.

n [,° tn=1D(t)dt
Anddelln: 'Eotw P éva packing tou R? and undheg axtivac 1. Oewpoldue tuydv
(Heydro) R > 0. Ou undhec tou P mou téuvouy v RD,, elvar nenepoouéves to
hdoc, xat ywelc TEpLopLoUs TNG YEVIXOTNTAS UTopoVUE Vo LToUEcoLUE OTL elval oL
ri+Dy,i=1,...,N.

Ocewpotue ™y (R + 1)D,,. Aol (z; + Dy,) NRD,, # 0, i < N, cuunepaivouue
ot

zi€ (R+1)D,, i=1,...,N.
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Enopévawce, and tnv unddeor| uag bt D(t) = 0 av ¢t > to, Prénovue 6t yiow xdde
i=1,...,N, éovue D(|ly — zil]2) =0 avy ¢ (R +to+ 1)Dy. Anhadn,

Dy — zilla)dy = / D(ly - will)dy, i=1,...,N.

Rn (R+to+1)D,,

Xenowuonowbvtag xou Ty Yooy D(||ly — zil]2) < 1, éyouue

wp(R+to+1)" = / 1dy
(R+t0+1)Dn

Y

N
> / S D(|ly - will2)dy
(R+to+1)Dn i=1

N

- / D(lly = illa)dy
» (R+to+1)D,

i=1

N
- / D(ly - zill2)dy
=1 R™

= N [ D(||w]z)dw.
R~

Troloyllouue 10 TEAELTAO OAOXNAPWUO GE TOAXEC CUVTETAYUEVES: Y PNOLULOTOLDV-
tag o yeyovoc 6t 1 D(||wl|2) eZaptdtar uévo and to unRxoc tou w, xou undevileton
av ||w]lz > to, nolpvouue

t() tO
/ D(||w||2)dw:/ / t"*lD(t)dtdeznwn/ t" "1 D(t)dt,
R™ Sn—=1.J0 0

yioth To «euPBadovy e ST elvan (oo e nwy,. Buvdudloviac to Topamdve, modp-
VOLUE

to
(R+to+1)" > Nn/ t" 1 D(t)dt.
0
Trodétovue tdpa 6Tt 10 P €yel xévipa oe éva mhéypa A. Tore,

N(R)wp, . R+ty+1\" 1
—7 — < lim 7
R n [,° tv=1D(t)dt

0(P) = lim

Arné tov oproud oL Iy,

1
o< ———— O
n [," t"=1D(t)dt

O Blichfeldt enéie€e xatddhnin cuvdptnon D, yenoytonolwdvtag Ty &g Topo-
wenon (avioétnta tou Blichfeldt):
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Aupa 6.2.2 Av y,zq,...,z, € R?, tdte

ZZ llo: — ;5 < QmZ lly = will3-

i=1 j=1

Anodedn: Hopatnpolue mpdta 6Tt apxel vo anodelZovue Ty aviobTnTa oTny nep(-
ntworn y = O:

(%) ZZ i — ;I3 < QmZ [lill3-

i=1 j=1

(Kotémy egapudlovue authy Ty eldxr TEpINTwon YId T8 0,y — T1,...,Y — Timy.)
[ Ty anddetZn e (x), ypdpouue

m m m m
YD Mwi—aills = D (lwlls — 26wi,z5) + lljll3)
i=1 j=1 =1 j=1

m m m
= 2m ) [l — 20> =i, Y =)
i=1 i=1 j=1
m
2m >y |lzill3. O
i=1

IN

Ocdpnua 6.2.2 4, < 2E2277/2,
Anodeln: Oewpolue TN cuvdpTnoN

1-t 0<t<+2
D(t) = 7 » JSts
®) {0 . t>/2.

‘Eow P ={z;+ D, :i € I} éva packing tov R". T xdde y € R, Yewpolue o z;
yio ta omola |ly — x;|a < V2. Eivon gavepd 611 o thidoc toug eivor temepaouévo,
HTOpOUUE AOLTOV var Tt optHUNCOUUE OOV L1, . - ., Ty, OOV M = m(y). T dha o
uréhoina z;, €xovue D(||ly — z;]|2) = 0, and tov opioud e D. Apa,

>~ iyl ; (ly—ill2) ;( b= m’“z)Zm—%g“y—mi”%-

Ané v aviodtnta tou Blichfelds, ypnouuonowdvac xot 1o Yeyovéc Ot ||z —z||2 > 2
av i # 7, molpvouue

Z ly — il > 25 ZZ i = ;13 > —4m( —1) =2(m—1).

zlzl



Apa,
1
S D(lly — ills) < m — 2(m —1) = 1.
iel
Troloyilovue o

V2 n n+2 V2 n/2 n/2
t t 2 2 2
/ R 22,
0 n o 2n+2)], n n+2 nln+2)

Agob n D wavonotel Tic utodéoelg Tou Auuatos 6.2.1, cuunepaivouue 6Tt

]. o n+227n/2

S O

<
n [ -2y 2

Agol ay, = 2"6,, n anddelin Tou Bewpriuatoc 6.2.1 eivor TAENC.

6.3 EM\etdoedn ywplc axépona onueia

Ye authv v mapdypago eZetdlovue to avtiotpopo medlAnuo: vo Beedel elhet-
Poewdéc ue 6oo yivetar ueyahbtepo dyxo, To onolo Sev meptéyel axépata oNUElo GTO
eowtepx6 tou. To xahltepo yvwotd anotéheoua opelheton otov K. Ball [Bal, xou
xenowonotel to Ajuua tou Bang [Ban]:

Afupa 6.3.1 Eow 1, ..., Ty, povadlaia dtavvouata ooy R™, kat wy, . .., wy, Oe-
kol mpaypatikol apiduol. Trdpyer emAoyr mpooiuwy €1,...,em € {—1,1}, térowa
boTE To U =Y, £;w;x; va tkavomolel Tig

[u, )| > w;, i=1,...,m.

AnodeiEn: Do xdde € = (e1,...,6m) € {—1,1}™, Yétovue u(e) = D10, ciw;w;.
Enmléyouue exelvo 1o u = u(e*) mou €xel 10 UeYOAITEPO UHXOC (atv LTIEPYOLY TEPLD-
obtepal amd €va Tétola u(€), EmAEYoLUE omolodfnote and ouTd).

D xdde j =1,...,m, opllovue

u; = u(e”) — 2ejw;z;.
Kde u; eivor tne popgiic u(e), ue &; = e} av i # j, xou g = —;. Apa,
lu@E@)E > lluslls = llu(e”) — 2e5wja;ll3

lu(e)3 — 4w;je;(u(e”), 2;) + 4wj ||z 3.

"Ereton 6t

. o s 4w?||z;3
(u(e”), )] 2 ej(ule™), 25) > — ===
w;
yaxde j=1,...,m. |

H axpiBrc Sratdnwon tou Yewpruatog tou Ball etvon 1 e€xc:
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Ocewpnua 6.3.1 I'a kde e > 0 vndpyel eAewpoerdés E ooy R™ nov dev mepiéyet
onueta rov Z™\{o}, kat éyer dyko

|E|>2(n—1) —e.

Anoden: Oewpolue Ty xAdon GAwY TV EMELPOELDDY TNg Loppic
Er={z € R": (u,z)* + ||z||3 < R*}, u€R",R>0.

T xdde R > 0, tpoonodolue apyixd va eodue u = ug € R*, tétolo bote 10 Eg va
UNV TEpLEYEL axépona onueia extoc and to 0. Anhady, Intdue yia xde z € Z™\{o}
VoL Loy Vel

(u,2)” + |23 > R*.

H avicémto auth icavorotelton npogovae av ||z]|2 > R. Ieproptlbuacte hotndy ot
0 < ||z]l2 < R, xou {ntdpe

R2
[, ——)] > | 5 — 1
[EE [HE

Oétouue w, = v/ (R/||2]|2)? — 1, xpatdue éva ubvo Z amd to 2 yra xdde 0 < ||z]|2 <
R, xou epapudélovue to Afjuua tou Bang: undpyouv €5 € {—1,1}, tétola wote

Z
(S esws 2, 2
— Izl (12|

[S 3

| >Z’LU§, 0<||Z||2<R
2

Iood0vaua, undpyouy €, € {—1,1}, tétowa BoTe To ddvuoua

1 z
’U,:’U,(R):§ Z Szwzm

0<||zll2<R

VoL LXOLVOTIOLEL TLC

z
|<U,,W>| >w,, 0<|z]2 <R.

IV authv v emhoyh tou u éyouue eacpolioer 6t Egr NZ™ = {o}. T tov
UTOAOYLOUO TOL BYX0UL Tou ER, ypewalduacte ulo extiunon yio to urixoc tov u. I
T0 oxond autd, Yewpolue To Lovadiato Sidvuopa 6 ot diedduvon tou u. Av K(R)
elvow o urxog tou u, €yovue

KB =l =(wt) = 5 ¥ et
0<||z[l2<R
< Loy [&O I RR).

-
2, T TR
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Oétouvue v = z/R. Téte,

Km=s 3

vELZ"ND,\{o}

ol [1

ol \/ llll3

Koo 1o R — 00, o Topandve ddpotoua (todamhactacuévo enl R™™) elvor éval

d¥potoua Riemann yio to
1 0 1
_/ |<U7 >| 5 _].dU.
2 /b, llollz \ llvll3

K 1 6 1
llm (R) - |<'U, >| 5 _ ].d'U
R—oo wp R 2wy, Jp o [v]l2 llvl|3

Anhody,

[ Tov uTohoyloud Tou TEAELTALOL OAOXATEWUATOS, TAUEVOUUE TOMXES CUVTETOYUE-

VEC:
. IN((R) _ nwn n 1 /
Rh—l;noo wan o an /Sn 1/ | QS, ldpa(d¢))

3 UL / p"*ﬂdp.

2

Mopotneolue 6Tt To TMTO ohoxMpwua elvon aveZdptnto Tou § € S~ Mropolue
houndy va unodécouue 6t § = e;. I'odpouue

1
[ faldz =, [ (enlotds)- [ prap= T2 [ feniotas)

n

%ol )
/ 21 |dz = 2/ wn_1t(1 — )=y,
n 0
oToTE,
Qop_1 [L (1 — 2) (D)2
[ lebyotds) = Jy
gn-1 (nwp)/(n + 1)
1
— 2(” + l)wn,1 _ 1 (1 _ t2)(n+1)/2
nWny, n+1 0
_ 2wn71
T nwy
Téloc,

1 1
1 ne
/ﬂ"*x/l—p?dp 5/ -
0 0

L((n - 1)/2)I'(3/2)
2T ((n+2)/2)
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Modpvovroc un’ 6w ty wy = 78/2 /T ((k/2) + 1), xatohfyovue oTny

b KB 200 D5
R—o0 wy, R™ nw, (%)
_ 27D 4 )T
n /2025 +1)  20(%)
B 1
2(n—1)"
Avuté onualver 6T, ya peydia R,
n
Bl o1y £
K(R) 2

IMopatnpoldue enlone 6t lim K(R) = 400, ahAhide Yo elyoue

- K(R) _
Rh—l;noo wan =0

Ané v &M Thevpd, o 6yxoc tou Eg elvan (oog ue tov dyxo tou
2 2 2
Ef ={z e R" : (K(R)e1,z)” + ||z|]3 < R*},
o onolog vnohoyiletan ebxoho: 10 B éxel (n — 1) nuid€oves (oouc ue R, xou évay

{oo ue R/\/1+ K2(R). Apa,

wpR™ wpR™
|Er| =

1+ K2(R) — 1+K2(R)

)

70 omolo yia ueydia R elvon peyaldtepo amd

w,R™ €

e —=>2(n-1)—e¢.

TR
‘Etot, éyoupe anodelel 61t undpyouy ehhetgoeldn ywplc un TeTpLUUéva oxépata oN-
weta, o omola €xouy 6yxo ocodinote xovtd oto 2(n — 1). a

"Aueon ouvéneta elvar T0 axdhoudo xdTw PEAYU YL TO iy

Oebdpnua 6.3.2 Ia kdden €N, a, > 2(n —1). |

Iagatnehoeig (o) Mehetdvtog udvo ta mpwtapyLxd onueia Tov Z™ xoL Yenotuo-
TOLOYTAC TN oLVdpETNoT Tou Mobius 6nwe oty anddelgn tou Oewprjuatog Minkowski-
Hlawka, umopel xavels va anodeléer xdtt Ayo toyvpdtepo:

ay, > 2(n —1)¢(n).
(B) Ty xatetuvon touv Oewphiuatos tou Blichfeldt, to xahbdtepo yvwotd anoté-
Aeoua efvor autd twv Kabatjanskii xow Levenstein [KL]:

ay, < (1.32)" ~ 2(0-401F0n(D)]n
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Ke:cpo’c)\ou.o 7

AVNYUEVES BACELS

7.1 To npdfBinua

Yy anddeln tou Oewpuatoc Emhoyhc tou Mahler, ypnowonoumooue to €€rg
Yewpnuo:

Ocdenue 7.1.1 Ia kdden € N vrdpyer oralepd C(n) > 0 mov tkavomotel to €£ng:
Av A elvar éva tAépua otov R, tére undpyer Pdon A = {us,...,un} tov A pe tnv
dTnTa

H [|uillz < C'(n)det A.
i=1

Téroiec Bdoewg ovoudlovtar avnyéves. To yevind mpdlBinuo tne «avaywyncy
dratundvetan we e€Xc: Alveton éva mhéyua A otov R?, xow {ntdue évav alydprduo
o omnolog va mpoodiopilet ula Bdon {u1, ..., up} 0V A (avnyuévn Bdon), n onola va
EYEL <XOAECY YEWUETPIXES 1) apLdunTixég Lot TES.

To mpoBinua autéd anacydinoe toug Lagrange, Seeber, Gauss, Dirichlet, Her-
mite, Korkin xow Zolotarev, xou dAoug. Luvidng 1 npoondieia fray va Bpedel Bdon
Tou A 7 omolo va txavomolel QEdyua T Uop@ric

[T luill: < C(n) det A,
i=1

yio plor 600 yivetonw xahbtepn otadepd C(n). AZiler vo avagépouue d0o tétoloug
«ohy6pLduoug avaywyRicy:

(o) Avaywyh xatd Minkowski. ITalpvouue cov ug to ddvuoua u € A\{o} tou
EYEL TO UXPOTERO UHXOC:

llullz = min{[Jull; : v € A\{o}}.

7
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Av 1o ug, ..., up €xouv emAEYELl, TO Upt1 EMAEYETOL £TOL OOTE TO {U1,. .., Uk41}
vo efvon tpwtapynd obvoro (Bhéne Kepdhowo 1), xou 10 ugy1 var €xEL T0 WUixpdTEPO
duvatd uixoc. Me awtédy Tov 16T 0pLoUol TV U;, UTopel xavels vo anodelfet bt

A\"? (n+1) (3

Cn) < (= r =
= (z) (%))
(B) Avaywyn xatd Korkin-Zolotarev. ‘Onwg mplv, ui elvon un undevixd did-
vooua tou A mou éyel eENdytoTo URXoc. AV To Ui, .., U EYOUV EMAEYEL, TO Ukt1
emAéyeTon 10l MOTE Vo ehaytoTonolel TV TpoBohf oTov (U, ..., uE)t avdueca oe

6ot v € Ay o omolar o {ua, - .., ug, v} elvon mpwtopyxd ovvoho. O Schnorr
[Sc] anédelle 6Tt oe auTAY TV TepinTwon,

(n—=1)(n—2)
2

C(n) < n",

70 onolo elvor xat To xaNUTEPO anotérecua Yo TNV C'(n) (Tdve and GAeS T YVWOTES
uedddouc avarywyhc).

Aev elvar yvwotd av o ahybprduoc twv Korkin xow Zolotarev [KZ] extehelton
OE TOANUWYLULXOS YEOVO. LNV ENOUEVY TOpAYpa(po Vol TUPOUCLACOUVUE TOV JAYOpLdUOo
twv Lenstra, Lenstra xou Lovész: o ahydprduoc awtde Eexwvdel ue tuyoloo Bdon
Tou TAéYUOToS Xau TNy petaoynuatilel oe avnyuévr. Aev divel 16c0 LoyLeh extiun-
on yw Ty C(n), elvon buwe Tohd ypRowoc otic epapuoyéc, yiatt arowtel O(ns)
aprdunuxée Tpdiel, tou s To PéyLoTo Unfxoc (oe Pnela) TwY CUVTETAYUEVWY TWY
Stavuoudtwy Tne apyxhc Bdone.

7.2 O ahyopuiuog twyv Lenstra, Lenstra xow Lovasz

Ye autrv TV mopdypapo mapouctdlouue Tov ohydprduo avaywyhc twv Lenstra,
Lenstra xow Lovasz [LLL]. T v meptypagr) Tou olyoplduou do ypetaotodue tny
optoywviornoinon Gram-Schmidt:

‘Eotww u1, ..., uy yeouuxoe aveldptnta Staviouata otov R™. Opilovue oplo-

YOVLOL DOVOOUATO W1, - - . , Wy, AVIDPOMIXE, we eEhc: OETouue w1 = w1, Xou

k—1 (g, w;)

Ty

(%) U’k:uk—Zi’ Llw;, k=2,...,n.

1 (wj, w;)

‘77
EOxoho eNéyyouue OTL To Wi, - . ., Wy Elvar avd 300 xddeTar, o

(Wi, ..., wgy = (ur,...,ur), k=1,...,n.

Ewwoétepa, wdde u; yedpeton ot UopoN

i—1

U; = w; + E QijW;
Jj=1
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yio xdmowoug a;; ER, j=1,...,i— 1.
Iogatnehoers (o) Ta napodnheninedo mou opillovion and o {ur,...,un} xou
{w1,...,wp} &yxovv tov Blo byxo:

n
| det(us, ..., un)| = |det(wy, ..., w,)| =[] llwll2-
j=1

(B) Avj <ixout € R, T16TE T SLVOOUATO U1, - - -, Ui, Ug — LU, - - ., Uy ELVOL YPOUL-
Hxde aveldpTtna, o T0 GOVOAO SLavuoUdtwy Tou TpoxVUTTEL UEe oploywvionolnon
Gram-Schmidt ané avtd, elvor dht 1o {wy,. .., w,}.

() Av avtiueta}éc0LUE Ta Uy, Uit1, oV INAASH VEWPHOOLUE TO GUVONO BLavuoUATLY

! ! ! ! !
U = Up, e UG = U1, U = W1, Uiy = Uiy e ey Uy = U,
t61E T0 GUVONO BLavuoud {wj 3 § O {
udtwv {wl, ..., w)} mou npoxdnteL ue TNV opdoywvionolnom

Gram-Schmidt oaré Ta u;- IXOVOTIOLEL TIC

I ! _ ! _ !
Wy =Wry---, Wy = Wi—1,W;49 = Wi42,...,W

n = Wn.

Anhadn, av xdmota and tor wj etaBAndoly, avtd Yo elvon UbGVO ToL Wi, Wit .
Ou woyvplouol (a)-(y) mpoxdntouy dueoa and Ty (x).

Opiopods Eotww A éva mhéyua otov R?, {uq, ..., up} Bdon tou A, xou {ws,...,wp}
1 opdoywvionoinon Gram-Schmidt tne Bdone. T x&de u € R™, ypdgovue u(i) yio
v opdoydvio TpoBolf Tou u otov utdywpo (w; : j > i). Elxbtepa, u;(i) = wy,
1=1,...,n.

Aéue 6t n Bdon {u1, ..., uy} eivor LLL-atvnyévn av uavornoel ta e€hc:
(o) T x&e i < m, oty avdhuon

i—1
U; = w; + E aijWw;

i=1
oL u; €xovue |a;;| <1/2,j=1,...,i—1
B) T xdde i =1,...,n,
N s 4 NP 2
lui@lz = llwillz < glluiv1(Dllz = gllwivs + @iy willz-

Ocevpnua 7.2.1 Kdde mAéyua A orov R éyer pia LLL-aviyyuévn Bdon.
Amnéderdn: Zexwdue ue tuyoloa Bdon {uq,. .., un}t T0U A, xou extehobuE To e€AG
BruaTo

BAupa 1: Oewpolue v oploywwviotoinon Gram-Schmidt {wy,...,wy} xow ehéy-
youue av Loy Vel ) cuvirxn (o).
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Av urndpyouy cuvteheotés a;j Ue |a;;| > 1/2 oty (%), emiéyouue Leuydpl (i, 5)
ue |aij| > 1/2 xou 10 § uéyloto. Oewpolue TOV TANCLECTEPO TPOS TOV jj OXEPOLO
t;j, xou TpomomoloVUE T Bdon, Talpvovtag Tor StavdouaTa

I
Uryeeoy Uj—1,U; = Uy —tijuj,ui+1,...,un.

7 ! ’ ’.
H opdoywwvionoinon twv u; ebvan Tor wj, XaL TWE
i—1
1 !
u; = w; + a;; Wy,
j=1

uE aj; = aij — tij, Snhodn

a;;] < 1/2. Enavodhapufdvovtac autiv ) Saduacta to
Toh0 (1) gopée, malpvouue ula véa Bdon {u1, ..., u,} Tou A, 1 ogdoywvionolnon tne
orolag wavoroLel To (o).

BAua 2: 'Ectw i < n (1o ehdytoto duvatd) yior 1o onolo dev txavormotelton 1 cuviixn
(B). MetafBdrhovue T Bdon avTULETHIETOVTAS TO U; XA Ujg1:

' ’ ’ ’ ’ '
Up ZUlyeeey Uy g = Uj—1,U; = Ui 1, Uiy g = Uiy Ujy o = Ujp2,...,U

n = Un.

Tore, yio Ty opdoywvionolnon wj twv uj éyouue
u;(z) = Uj+1 (Z)> u;’—i—l (Z) = ui(i)a
dnhadry eavoroteiton 1 (B).

Yoveyilovue Ty extéleon autdy Twv 800 Brudtwy 600 glivor Suvatdv. Av xdmota
oTiyur) dev unopodue vo exTeEAéGOLUE xavéva amd To S0, ToTE auTd onualvel 6T
éyouvue xotariiel oe LLL-ovnyuévn Bdon tou A. Autd nou npénet vo del€ouue elvan
6Tt 0 ahyopriog Tou meptypddoue Yo TepUATIoEL OTWOINTOTE.

I to oxond autd, Yewpolue Ty TocdHTNTA

n
D(ul, e ,’U,n) = H ||wi||g_’+1,
i=1

6mouv {ws, ..., w,} elvor 1 opdoywvionoinon tne Bdong otnv onola Beloxduacte ™
dedouévn otyur. To BAua 1 dev uetofdiher v mocdtnta D(uq, ..., uy) yrot
aprver avolholwtn v opdoywwionolnon tne Bdone. Apxel howndv vo egetdoovue
TN LeTaBoAn Tou mpoxahel 1 extéleon Tou Briuatog 2. To BAuc autd uetaBdhier Ta
Stavbouato w;, Wit 1, dEa

D(uf, . yup) _ lwills™  llwi [l

D(ur,-un) — Jwglly ™ fJwiga [l

Ioyvelonog: Ioybouy ol aviedtnteg

[will: _ flwisill2 _ V3

lwilla — [lwipllz ~ 2
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Anodedn tov woyvpiopmod: Ta v mpdtn avioéTTa TAPATNEOVUE OTL, ApoU
exteloluUE To BAua 2, €yovue

) 4 . 4
s (D15 = lwill3 > Slluisr (I = Fllwisr + aipriwills.

Me v avtwuetddeon 6UOS TV u;, Uiy, Vo €xovue w; = ujy (0 + 1) = u;(i + 1),
dipo

:
4
Lot deltepn aviobtnta, Yewpolue 1o Sidtdotato undywpo H = (w;, wit1). Ho-
patneolue 6t ta Sraviouarta w; = u; (1) = ujy (i), wip1, w; = wip1(d), xon wi,
avrixouy otov H. To opdoydvia tplywva ow;yw; xon ow;w;, ; eivon duoLa, dpa

Jwill3 = [l (0 + DS = flus(i + DIIE < S llwill3-

||w;»+1||2 _ llwii1l
l|wi |2 l|lwil]2
o ,
QAT OTTOL ETETAL OTL ,
lwipallz _ [lwill
lwitillz  ||will2

Xpnowonoldvtag tov Loyuptoud, BAénouue 6Tt

D(uy, - yup) _ Mwills ™ Hlwi 377 flwjll: _ V3
D(ut,...,un) w3~ w270 Nlwill ~ 27
dnhadn, xdde popd Tou exterolUE To BAua 2, 1 D(u1, ..., Up) UELOVETOL KYEWUETPL-

>3y

Ioyveiowdg: Oétovue A = min{|lullz : v € A\{o}}. Xe xdde BAua, wylbel 7
avooTNTA
D(uy,...,un) > c,

6mou ¢ = ¢(A,n) > 0.

Am68el&n Tou Loyvptopmol: Eotw Ay 10 TAEYUN TOL THPRYETAL ATO TA U1, . . - , Uf.
H unddo axtivag A otov undywpo (ui, ..., ug) dev neptéyet un undevixd onueio tou
Ay, ondte 1o mpdTo Yedpnuo tou Minkowski udic Sive

k
WXt < 2 det Ay = 25 T llwslla-

i=1

IMolomhaoidlovtog xotd Uéhn, TodpvouUEe

n -
I lwillz =
i=1

= ﬁ det Ak
k=1

Dlur, .-, un)
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. kak
> [ 5
k=1

by n(n+1)/2 n
k=1

Autoé onualver 6t dev umopel var cuuPel en’ dretpov emavdindn tou BAuartog 2.
Av Dy elvon 0 apywef ) e D(ua, ..., up), TOTE UETE and m enoavaliPers Tov
BrAuatog 2, o éyovue

3 m
D(u1,...,uyn) < Do (%_) <c

av 1o m unepBel xdmoto my. Aedouévou 6Tl Exovue oL Evar dvw PedyUa Yo TO
TARdoc Twv ahhay v Bdorng ot xdde eqapuoyn Tou BAuatog 1, unopolue va dhcovue
dved ppdryua yior To TAY0C Twv ahhay @y Bdong mou anottodVTAL Yol TOV TEPUATIONO
Tou ahyoplduou. Autd ohoxhnpdvel TNy anddelln Tou YewpruaTog. o

Acelyvouue tdpa 61t xde LLL-avnyuévn Bdon uxavonotel aviodtTnTo Tne Lop@nc
H [|uill2 < C'(n)det A.
i=1

Ou ypelaotolUE Eva AfuuL:

Appa 7.2.1 Eoto A éva ndépua otov R™, {uy, ..., un} tuyoloa Pdon tou A, kai
{wy,...,wy} n oploywrioroinon Gram-Schmidt tng Bdons. Tdrte,

min{|jul| : w € A\{o}} > minf|lwils, ..., lwall2}-

Anéderdn: Eow u € A\{o}. To u ypdyeton otn popen

k
u = E )\iui
i=1

onov A € Z\{0} xou k < n. Dvwpilovue ot
i1
u; = w; + Zaijwj, 1t <m,
j=1

k
U= Z Biwi)
i=1

xou B € Z, Br # 0. And v xadetdnta Twv w; Tolpvouue
lull3 = BEllwall3 + ... + Bellwil5 > flwell3,

Srhad,

llulls = min{[jwi[fs, . ., [Jwnll2}. B
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Ocdenua 7.2.2 FEotw A mAépua otov R, kat {ui,...,u,} pia LLL-avnyuérn
Bdon tou A. Tére,

(@) [Jur]l> < 2=V min{]Julls : u € A\{o}}.
(B) [lur]]2 < 2(v=D/4(det A)L/7.

() luallz - funllz < 25 det A
Anéderdn: (o) Oua delEouue 6L
(%) lluillz < 207 D72||will2, i=1,...,n.
Torte,
llurllz < min{207D7 lwil|z,i < n} < 207D min{jJwil2, i < n},

xaL 0 oyuptonde éneton and to AMuua 7.2.1. To Ty anddelln e (*), Topatnpolue
6tL 1 Bdon pog weavorotel T ouvidxes (o) xan (3) tou oplouod e LLL-ovnyuévng
Bdone, doot

[Jews I3

IN

§||wi+1 + ag1iwgl[3

4
= Sllwiaallf+ gaZ il

4 1
< Sl + gllwil,

emouéveg, |lwirt]l3 > (1/2)]|wi]|3- HoMamhaowdlovtoc xatd wéhn xon TolpvovTog

o’ gy TV wy = uq, TolpvouUE
() Jwillz > 2" |3 = 2" [Jua 13-
(B) HoMamhaordlovtoc TNV (k) xotd UENT, €YOVUE
n ) n
3" < TT 277 TT lhwill3 = 27972 (det A)?
i=1 i=1

yrotd

det A = |det(ur, ..., un)| = [det(wr, ..., wn)| = ] lwill.-
i=1

Auté anodewviet o (B).

() Xenowonowdvtag tn ouvidien (o) Tou oplouod tne LLL-avnyuévne Bdong, éxoupe

i—1 i—1
1
luills = IIwiII§+Za?jlle||§SIIwi||§+ZZIijII§
Jj=1 j=1

i—1

llwill3 + > 27wl = 2 Hwill3,
=1

IN
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%O, TOAAATAUGLALOVTOC XATd LEAT], TalpVOLUE

T luil3 < 27072 T Ilwsll? = 25) (det ). O
=1 =1
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