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Prìlogoc

Sthn paroÔsa ergasÐa ja asqolhjoÔme me èna klasikì prìblhma thc
an�lushc pou afor� stic suneqeÐc kai poujen� paragwgÐsimec sunart seic.
Stìqoc mac eÐnai na parousi�soume treic diaforetikèc proseggÐseic autoÔ
tou jèmatoc. Sugkekrimèna sto Kef�laio 2, uiojetoÔme mia topologik  mè-
jodo kai apodeiknÔoume thn Ôparxh tètoiwn sunart sewn k�nontac qr sh
tou jewr matoc kathgorÐac tou Baire. Se kat�llhlo metrikì q¸ro sunart -
sewn apodeiknÔoume ìti to sÔnolo twn suneq¸n kai poujen� paragwgÐsimwn
sunart sewn eÐnai topologik� ��meg�lo”. En suneqeÐa sto Kef�laio 3 kata-
skeu�zoume tètoiec idiìmorfec sunart seic. Autèc oi kataskeuèc aforoÔn
k�poia klasik� paradeÐgmata tètoiwn pajologik¸n sunart sewn kai ofeÐlo-
ntai stouc Bolzano kai Weierstrass. Tèloc, sto Kef�laio 4, parajètoume mia
metro-jewrhtik  prosèggish tou parap�nw probl matoc pou ofeÐletai ston
B. Hunt. Eidikìtera, kataskeu�zoume dÔo suneqeÐc sunart seic g, h ¸ste
h sun�rthsh αg + βh eÐnai suneq c kai poujen� paragwgÐsimh ��sqedìn gia
k�je” epilog  twn pragmatik¸n arijm¸n α, β.
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Kef�laio 1

Eisagwgik�

Xekin¸ntac ja upenjumÐsoume k�poiec basikèc prot�seic kai ènnoiec pou
ja qrhsimopoi soume sth sunèqeia kai apoteloÔn ta basik� ergaleÐa gia tic
opoiesd pote apodeÐxeic parajèsoume sta epìmena kef�laia. H isqÔ k�je
prìtashc pou ja diatupwjeÐ sthn paroÔsa ergasÐa afor� k�poion sugke-
krimèno topologikì q¸ro. O topologikìc autìc q¸roc kajorÐzetai pl rwc
apì ta anoiqt� tou uposÔnola kai aut� me thn seir� touc apì thn metrik  thn
opoÐa èqoume epilèxei. Fusiologikì eÐnai tìte na xekin soume me ton parak�tw
orismì.
Orismìc 1.0.1 'Estw X èna sÔnolo. Mia sun�rthsh d : X×X −→ [0,+∞)
onom�zetai metrik  sto X an èqei tic ex c idiìthtec :

1. d(x, y) = 0 ⇔ x = y ∀ x, y ∈ X

2. d(x, y) = d(y, x) ∀ x, y ∈ X

3. d(x, y) ≤ d(x, z) + d(z, y) ∀ x, y, z ∈ X.

Gia k�je shmeÐo x tou q¸rou kai gia k�je ε > 0 orÐzetai h anoiqt 
mp�la

B(x, ε) = {y ∈ X : d(y, x) < ε)

h opoÐa èqei rìlo ìmoio me ekeÐnon tou anoiqtoÔ diast matoc sto R. Qrhsi-
mopoi¸ntac thn ènnoia thc anoiqt c mp�lac, èna uposÔnolo U enìc metrikoÔ
q¸rou (X, d) ja jewreÐtai anoiqtì an gia k�je x ∈ U up�rqei mp�la aktÐnac
ε > 0 kai kèntrou x h opoÐa perièqetai olìklhrh sto U . K�je shmeÐo tou
sunìlou pou ikanopoieÐ thn prohgoÔmenh idiìthta lègetai eswterikì shmeÐo
tou sunìlou. Ta anoiqt� uposÔnola tou X apoteloÔn mia topologÐa J ston
X. 'Ena uposÔnolo touX lègetai kleistì an to sumplhrwm� tou eÐnai anoiqtì.
EÔkola prokÔptei ìti èna sÔnolo V ja eÐnai kleistì an k�je x to opoÐo eÐnai
ìrio akoloujÐac {xn}n∈N apì to V perièqetai sto V .
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Orismìc 1.0.2 'Estw (X, d) ènac metrikìc q¸roc. H topologÐa Jd ìlwn
twn anoiqt¸n uposunìlwn tou X pou par�gei h metrik  d eÐnai mia oikogèneia
uposunìlwn tou X me tic parak�tw idiìthtec:

1. ∅, X ∈ Jd.

2.
⋃
i∈I Ui ∈ Jd gia opoiad pote oikogèneia {Ui}i∈I stoiqeÐwn apì to Jd.

3.
⋂N
i=1 Ui ∈ Jd gia opoiad pote peperasmènh akoloujÐa {Ui}Ni=1 stoiqeÐwn

apì to Jd.

To eswterikì E◦ kai h kleistìthta E enìc sunìlou E ⊂ X orÐzontai na
eÐnai to megalÔtero anoiqtì pou perièqetai sto E kai to mikrìtero kleistì pou
perièqei to E antÐstoiqa. IsodÔnama, to E◦ eÐnai to sÔnolo pou perièqei ìla
ta eswterik� shmeÐa tou E en¸ to E perièqei ta ìria ìlwn twn akolouji¸n
pou sqhmatÐzontai apì stoiqeÐa tou E. H sÔgklish akolouji¸n se ènan tuqaÐo
metrikì q¸ro (X, d) orÐzetai wc ex c:

xn −→ x ⇔ ∀ ε > 0 ∃ n0 ∈ N : d(xn, x) < ε ∀ n ≥ n0
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Kef�laio 2

To SÔnolo Nd twn Poujen�
ParagwgÐsimwn Suneq¸n

Sunart sewn

2.1 Puknìthta kai JewrÐa KathgorÐac

Se aut n thn enìthta ja parousi�soume to je¸rhma kathgorÐac tou Baire
to opoÐo apoteleÐ basikì ergaleÐo gia ta epìmena. Klasik� biblÐa ta opoÐa
qrhsimopoi same eÐnai ta [4][5][7][8].

H pr¸th kai basikìterh ènnoia pou ja qrhsimopoi soume se autì to
kef�laio, opìte kai ja qreiasteÐ na analÔsoume, eÐnai aut  thc puknìthtac.
'Ena uposÔnolo D enìc metrikoÔ q¸rou (X, d) onom�zetai puknì ston X ìtan
autì apoteleÐ ��mia kal  prosèggish tou X”. Autì shmaÐnei ìti gia opoiod -
pote x ∈ X up�rqoun stoiqeÐa tou D pou brÐskontai osod pote kont� sto x wc
proc thn dosmènh metrik  d. 'Enac prwtarqikìc orismìc gia thn puknìthta
eÐnai o parak�tw
D puknì ston X ⇔ ∀ x ∈ X ∧ ∀ ε > 0 ∃ y ∈ D : d(x, y) < ε.

DÐnontac ènan isodÔnamo orismì mèsw akolouji¸n, prokÔptei ìti to D diathreÐ
thn idiìthta thc puknìthtac an kai mìnon an h kleistìtht� tou eÐnai ìloc o
q¸roc X, sunoptikìtera èqoume

D = X ⇔ ∀ x ∈ X ∃ {xn}n∈N ⊂ D : xn −→ x.

Tèloc o susqetismìc thc puknìthtac me ta anoiqt� uposÔnola tou X diatu-
p¸netai sthn epìmenh prìtash h apìdeixh thc opoÐac paraleÐpetai.
Prìtash 2.1.1 'Estw (X, d) ènac metrikìc q¸roc. 'Ena uposÔnolo D tou
X eÐnai puknì ston X an kai mìnon an tèmnei k�je anoiqtì uposÔnolo tou X.
IsodÔnama
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D = X ⇔ ∀ G ∈ Jd D ∩G 6= ∅

ìpou h Jd eÐnai h topologÐa ston X pou orÐzei h metrik  d.

Sunep¸c to D den ja eÐnai puknì ston X an up�rqei k�poio anoiqtì to
opoÐo den tèmnetai apì to D. GenikeÔontac ton orismì thc puknìthtac p�nw
apì ìla ta anoiqt� sto X orÐzetai h ènnoia tou poujen� puknoÔ uposunìlou.
'Etsi to P ⊂ X eÐnai poujen� puknì ston X ìtan den eÐnai puknì se kanèna
anoiqtì uposÔnolo tou.

P poujen� puknì ston X ⇔

∀ G ∈ Jd ∃ H ∈ Jd : H ⊂ G ∧ H ⊂ X\P

Sthn epìmenh prìtash apodeiknÔoume ìti to sumpl rwma enìc poujen� puknoÔ
sunìlou P ofeÐlei na eÐnai upersÔnolo k�poiou puknoÔ kai anoiqtoÔ sunìlou
kai to antÐstrofo.

Prìtash 2.1.2 To P eÐnai poujen� puknì stonX an kai mìnon an to sumpl -
rwma tou perièqei k�poio anoiqtì kai puknì uposÔnolo tou X .

Apìdeixh: (⇒) 'Estw ìti to P eÐnai poujen� puknì. OrÐzoume to sÔnolo
D wc ex c:

D =
⋃{

H ∈ Jd : ∃ G ∈ Jd H ⊂ G ∧ H ⊂ X\P
}

Efìson to D eÐnai anoiqtì kai uposÔnolo tou X, mènei na deÐxoume ìti eÐnai
puknì. An G eÐnai èna anoiqtì uposÔnolo tou X, autì anagkastik� perièqei
anoiqtìH pou perièqetai stoX\D kai �raH ⊂ D. Tìte profan¸cD∩H 6= ∅
kai sunep¸c D ∩ G ⊃ D ∩H 6= ∅. AfoÔ to G eÐnai tuqaÐo, prokÔptei oti to
D eÐnai puknì.
(⇐) AntÐstrofa, èstw ìti to X\P perièqei èna puknì kai anoiqtì sÔnolo D.
Ja deÐxoume ìti to P eÐnai poujen� puknì. An G eÐnai èna anoiqtì, tìte jè-
toume H = D ∩ G 6= ∅ apì ìpou paÐrnoume ìti H ⊂ G kai H ⊂ D ⊂ X\P .
'Eqoume dhlad  H ⊂ X\P ìpou H ⊂ G, kai autì gia opoiad pote epilog 
anoiqtoÔ G. Opìte to P eÐnai poujen� puknì ston X. 2

AfoÔ to sumpl rwma enìc poujen� puknoÔ sunìlou P perièqei èna anoiqtì
kai puknì uposÔnolo D autì mac exasfalÐzei ìti to P den perièqei kanèna
anoiqtì uposÔnolo. Ja qrhsimopoi soume aut n thn parat rhsh gia na d¸-
soume èna komyìtero orismì gia ta poujen� pukn� sÔnola, ston opoÐo den ja
qrhsimopoi soume to Ðdio to P all� thn kleistìthta tou. Apì autì to shmeÐo
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kai èpeita wc orismìc gia ta poujen� pukn� sÔnola ja jewreÐtai h parak�tw
prìtash miac kai apoteleÐ thn sunoptikìterh perigraf  pou èqoume sunant sei
mèqri t¸ra.

Prìtash 2.1.3 'Estw (X, d) ènac metrikìc q¸roc. 'Ena sÔnolo P ⊂ X
eÐnai poujen� puknì sto X an kai mìnon an h kleistìthta tou èqei kenì
eswterikì, dhlad  an kai mìnon an P ◦

= ∅.

Apìdeixh:(⇒) 'Estw ìti to P eÐnai poujen� puknì. Ja deÐxoume ìti P ◦
= ∅.

Up�rqei k�poio puknì kai anoiqtì sÔnolo D to opoÐo perièqetai sto X\P .
To sÔnolo (X\P )◦ eÐnai to megalÔtero anoiqtì uposÔnolo tou X\P opìte ja
prèpei na perièqei kai to D. Tìte

D ⊂ (X\P )◦ ⇒ D ⊂ (X\P )◦ ⇒ X ⊂ (X\P )◦ ⇒

X = X\P ⇒ X = X\P ◦ ⇒ P
◦

= ∅
kai to zhtoÔmeno apodeÐqjhke.

(⇐) 'Estw ìti P ◦
= ∅. Gia na deÐxw ìti to P eÐnai poujen� puknì arkeÐ to

sumpl rwma tou na perièqei èna anoiqtì kai puknì uposÔnolo. PaÐrnoume to
anoiqtì X\P ⊂ X\P kai arkeÐ na deÐxoume ìti eÐnai puknì. ParathroÔme ìti

X\P = X\P ◦
= X\∅ = X

apì ìpou paÐrnoume ìti to X\P eÐnai ìntwc puknì.2

Ta dÔo pio gnwst� paradeÐgmata pukn¸n sunìlwn eÐnai oi rhtoÐ, Q, kai oi
�rrhtoi, R\Q. Aut� ta dÔo sÔnola èqoun mÐa ousiastik  diafor� h opoÐa mac
odhgeÐ na qwrÐsoume ta pukn� sÔnola se dÔo meg�lec kathgorÐec. H diafor�
touc faÐnetai kai apì to ìti to Q eÐnai arijm simo en¸ to R\Q uperarijm simo.
Pr¸ta ja orÐsoume mia asjen , wc proc thn ènnoia thc puknìthtac, kathgorÐa
sunìlwn h opoÐa ja akoloujeÐtai apì ton ìro sÔnola 1ης kathgorÐac. Aut�
ta sÔnola prokÔptoun apì arijm simec en¸seic poujen� pukn¸n sunìlwn. H
deÔterh kathgorÐa ja perièqei sÔnola - pou prokÔptoun ¸c sumplhr¸mata
sunìlwn thc pr¸thc - ta opoÐa onom�zontai Residual   sÔnola 2ης kath-
gorÐac kai apoteloÔn isqurìterec morfèc pukn¸n sunìlwn. Gia na epitÔqoume
k�ti tètoio ja qrhsimopoi soume to je¸rhma kathgorÐac tou Baire.
Orismìc 2.1.1 'Estw (X, d) ènac metrikìc q¸roc. Mia akoloujÐa {xn}n∈N
shmeÐwn tou X lègetai akoloujÐa Cauchy an

∀ ε > 0 ∃ N ∈ N : d(xn, xm) < ε ∀ n,m ≥ N.
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'Enac q¸roc (X, d) ston opoÐo k�je akoloujÐa Cauchy sugklÐnei onom�zetai
pl rhc.

Orismìc 2.1.2 An (X, d) eÐnai ènac metrikìc q¸roc kai E ⊂ X tìte h
di�metrìc tou E orÐzetai wc

diam(E) = sup{d(x, y) : x, y ∈ E}

Je¸rhma 2.1.3 (Cantor) 'Estw (X, d) ènac pl rhc metrikìc q¸roc. Upojè-
toume ìti {Kn}n∈N eÐnai mÐa fjÐnousa akoloujÐa, mh ken¸n, kleist¸n sunìlwn
tètoia ¸ste diam(Kn) → 0. Tìte up�rqei α ∈ X ¸ste⋂

n∈N

Kn = {α}

Apìdeixh: AfoÔ Kn 6= ∅ gia k�je n ∈ N, up�rqei k�poio xn ∈ Kn Ja
deÐxw ìti h akoloujÐa pou sqhmatÐzoun ta xn eÐnai Cauchy. 'Estw ε > 0. H
upìjesh diam(Kn) → 0 exasfalÐzei ìti up�rqei k�poio N ∈ N tètoio ¸ste
diam(Kn) < ε gia k�je n > N . 'Estw t¸ra n,m > N , me m > n. AfoÔ
h {Kn}n∈N eÐnai fjÐnousa, èqoume Kn ⊃ Km, xn, xm ∈ Kn kai h apìstash
aut¸n twn dÔo shmeÐwn eÐnai profan¸c mikrìterh apì thn di�metro tou Kn

d(xn, xm) ≤ diam(Kn) < ε.

Dhlad  h {xn}n∈N eÐnai Cauchy kai sunep¸c sugklÐnei se k�poio α ∈ X.
Ja deÐxoume pr¸ta ìti to α perièqetai se k�je Kn. 'Estw n ∈ N. Tìte

gia k�je m > n ja eÐnai Kn ⊃ Km kai xm ∈ Kn apì to opoÐo sumperaÐnoume
ìti h akoloujÐa {Km}∞m=n perièqetai sto Kn. AfoÔ h {xm}∞m=n anagkastik�
sugklÐnei sto α kai to Kn eÐnai kleistì ja prèpei α ∈ Kn. AfoÔ to n  tan
tuqaÐo prokÔptei ìti

α ∈
⋂
n∈N

Kn

Upojètoume t¸ra ìti up�rqei k�poio y ∈
⋂
n∈NKn me y 6= α. Tìte èqoume

0 < d(y, α) ≤ diam(Kn) ∀ n ∈ N

kai afoÔ diam(Kn) → 0 paÐrnoume y = α to opoÐo eÐnai adÔnato. 'Ara⋂
n∈NKn = {α}. 2
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MporoÔme t¸ra na per�soume sthn diatÔpwsh kai apìdeixh tou jewr -
matoc kathgorÐac tou Baire to opoÐo anafèrei ìti an èqoume mia arijm simh
oikogèneia anoiqt¸n kai pukn¸n sunìlwn h tom  aut c thc oikogèneiac paramè-
nei puknì sÔnolo. Anafèroume ìti k�je sÔnolo to opoÐo prokÔptei wc arijm -
simh ènwsh anoiqt¸n sunìlwn onom�zetai Gδ.

Je¸rhma 2.1.4 (Je¸rhma KathgorÐac tou Baire)
'Estw (X, d) ènac pl rhc metrikìc q¸roc kai {Gn}n∈N akoloujÐa apì

anoiqt� kai pukn� uposÔnola tou X. Tìte to sÔnolo
⋂
n∈NGn eÐnai puknì

ston X.

Apìdeixh: 'Estw U èna opoiod pote anoiqtì ston X. An deÐxoume ìti U ∩⋂
n∈NGn 6= ∅ telei¸same. AfoÔ G1 = X kai to G1 eÐnai anoiqtì, h tom 

G1 ∩ U ja eÐnai mh ken  kai anoiqt . Tìte

∃ x1 ∈ G1 ∩ U kai 0 < ε1 < 1 : B(x1, ε1) ⊂ G1 ∩ U

dhlad  h tom  tou puknoÔ G1 me to U prèpei na perièqei mia kleist  mp�la
me aktÐna mikrìterh tou 1. AfoÔ t¸ra G2 = X h tom  G2∩B(x1, ε1) ja eÐnai
epÐshc mh ken  kai anoiqt . OmoÐwc

∃ x2 ∈ G2 ∩B(x1, ε1) kai 0 < ε2 <
1

2
: B(x2, ε2) ⊂ G2 ∩B(x1, ε1).

AntÐstoiqa, h tom  G2 ∩ B(x1, ε1) ja prèpei na perièqei mia mp�la aktÐnac
mikrìterh apì 1

2
gia thn opoÐa h kleistìthta thc perièqetai sthn pr¸th mp�la.

Epagwgik� kataskeu�zoume akoloujÐa mpal¸n {B(xn, εn)}n∈N tètoia ¸-
ste:

1. xn ∈ Gn ∩B(xn−1, εn−1) kai εn <
1
n

2. B(xn, εn) ⊂ Gn ∩B(xn−1, εn−1)

kai gia thn opoÐa o n−ostìc ìroc perièqetai exolokl rou sthn tom  tou proh-
goÔmenou me to Gn kai h aktÐna tou n−stou ìrou eÐnai mikrìterh apì 1

n
.

Jètoume K =
⋂∞
n=1B(xn, εn). Tìte èqoume

diam(B(xn, εn)) = 2εn <
2

n
→ 0

kai epiplèon afoÔ

B(xn, εn) ⊂ Gn ∩B(xn−1, εn−1) ⊂ B(xn−1, εn−1) ⊂ B(xn−1, εn−1)
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sumperaÐnoume ìti
B(xn, εn) ⊃ B(xn+1, εn+1) ∀ n ∈ N.

Epomènwc ikanopoioÔntai oi sunj kec tou jewr matoc tou Cantor kai �ra
K = {x} 6= ∅. AfoÔ oi mp�lec èinai uposÔnola tou U , isqÔei ìti x ∈ U
kai tèloc U ∩

⋂
n∈NGn = {x}. 2

AkoloujeÐ mÐa prìtash-pìrisma tou jewr matoc tou Baire thn opoÐa ja qrhsi-
mopoi soume gia na apodeÐxoume k�poia shmantik  idiìthta twn Gδ kai pukn¸n
sunìlwn.
Prìtash 2.1.4 'Estw (X, d) ènac pl rhc metrikìc q¸roc kai {Gn}n∈N ako-
loujÐa apì Gδ kai pukn� uposÔnola tou X. Tìte to

⋂
n∈NGn eÐnai Gδ kai

puknì ston X.

Apìdeixh: To Gn eÐnai Gδ opìte gia k�je n up�rqei akoloujÐa anoiqt¸n
{U (n)

m }m∈N tètoia ¸ste

Gn =
⋂
m∈N

U (n)
m ⇒ Gn ⊂ U (n)

m ⇒ Gn ⊂ U
(n)
m ⇒ X = U

(n)
m ∀ n,m ∈ N

apì ìpou paÐrnoume ìti ta U (n)
m eÐnai kai pukn�. 'Etsi⋂

n∈N

Gn =
⋂
n∈N

⋂
m∈N

U (n)
m =

⋂
(n,m)∈N×N

U (n)
m

kai tèloc to
⋂
n∈NGn apodeÐqjhke 2ης kathgorÐac. 2

Orismìc 2.1.5 'Estw (X, d) ènac metrikìc q¸roc. To F ⊂ X onom�zetai
sÔnolo 1ης kathgorÐac an mporeÐ na anaparastajeÐ wc arijm simh ènwsh
apì poujen� pukn� uposÔnola tou X.

An upojèsoume ìti F eÐnai èna sÔnolo 1ης kathgorÐac tìte autì gr�fetai
E =

⋃
n∈N Fn ìpou ta Fn eÐnai poujen� pukn� uposÔnola tou X. 'Opwc èqoume

 dh apodeÐxei, to sumpl rwma k�je tètoiou sunìlou Fn, prèpei na perièqei èna
puknì kai anoiqtì uposÔnolo ,Gn, tou X. Tìte gia to sumpl rwma tou F
isqÔei to ex c:

X\F = X\
⋃
n∈N

Fn =
⋂
n∈N

(X\Fn) ⊃
⋂
n∈N

Gn

afoÔ Gn ⊂ X\Fn. To sumpl rwma dhlad  perièqei èna Gδ to opoÐo apì
to je¸rhma tou Baire eÐnai puknì. O epìmenoc orismìc aporrèei apì aut n
akrib¸c thn parat rhsh.
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Orismìc 2.1.6 'Estw (X, d) ènac metrikìc q¸roc. To E ⊂ X onom�zetai
Residual   sÔnolo 2ης kathgorÐac an to E perièqei èna Gδ kai puknì u-
posÔnolo. To sumpl rwma k�je Residual sunìlou eÐnai p�nta sÔnolo 1ης

kathgorÐac.

Gia par�deigma, èstw mia arÐjmhsh {qn : n ∈ N} twn rht¸n arijm¸n.
An gr�youme to Q sth morf  Q =

⋃
n∈N{qn} sumperaÐnoume ìti eÐnai sÔnolo

1ης kathgorÐac. Apì thn �llh to sÔnolo twn arr twn gr�fetai wc

R\Q = R\
⋃
n∈N

{qn} =
⋂
n∈N

R\{qn}

kai afoÔ ta sÔnola R\{qn} eÐnai anoiqt� kai profan¸c pukn�, to R\Q eÐnai
èna sÔnolo 2ης kathgorÐac.

Mia apì tic basikìterec idiìthtec enìc sunìlou E 2ης kathgorÐac eÐnai ìti
k�je stoiqeÐo tou q¸rouX mporeÐ na anaparastajeÐ wc �jroisma dÔo stoiqeÐwn
apì to E me thn proupìjesh ìti o X èqei epiplèon dom  dianusmatikoÔ q¸rou,
dhlad 

∀ x ∈ X ∃ e1, e2 ∈ E : x = e1 + e2.

H apìdeixh thc parap�nw prìtashc sthrÐzetai sto pìrisma tou jewr matoc
tou Baire. UpenjumÐzoume ìti ènac omoiomorfismìc T : X → Y eÐnai mÐa
apeikìnish metaxÔ dÔo topologik¸n q¸rwn h opoÐa eÐnai èna proc èna kai epÐ
kai oi apeikonÐseic T, T−1 eÐnai kai oi dÔo suneq c.

Prìtash 2.1.5 'Estw (X, d), (Y, ρ) dÔo pl reic metrikoÐ q¸roi kai T : X →
Y ènac omoiomorfismìc. An G eÐnai Gδ kai puknì ston X tìte to T (G) eÐnai
Gδ kai puknì ston Y .

Apìdeixh: Afou to G eÐnai Gδ gr�fetai wc G =
⋂
n∈NGn gia k�poia Gn

anoiqt� sto X. 'Etsi

T (G) = T (
⋂
n∈N

Gn) =
⋂
n∈N

T (Gn)

kai afoÔ ta T (Gn) eÐnai anoiqt� to T (G) eÐnai Gδ. Mènei na deÐxoume ìti eÐnai
kai puknì. 'Estw y ∈ Y kai ε > 0. Up�rqei x ∈ X tètoio ¸ste T (x) = y kai
afoÔ x ∈ T−1(B(y, ε)) up�rqei δ > 0 ¸ste

B(x, δ) ⊂ T−1(B(y, ε)).

Gia to x ∈ X up�rqei g ∈ G me d(x, g) < δ Autì shmaÐnei ìti g ∈ B(x, δ) kai
�ra g ∈ T−1(B(y, ε)). 'Etsi paÐrnoume

T (g) ∈ B(y, ε)
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kai opìte ρ(T (g), y) < ε pou oloklhr¸nei thn apìdeixh.2

Prìtash 2.1.6 'Estw (X, d) ènac pl rhc dianusmatikìc q¸roc. An G eÐnai
Gδ kai puknì ston X tìte X = G+G.

Apìdeixh: StajeropoioÔme k�poio x ∈ X kai orÐzoume thn apeikìnish Tx :
X → X me tÔpo Tx(y) = x − y. H Tx eÐnai omoiomorfismìc afoÔ eÐnai èna
proc èna kai epÐ kai oi T, T−1 eÐnai kai oi dÔo suneqeÐc. Apì thn prìtash pou
mìlic apodeÐxame to Tx(G) eÐnai Gδ kai puknì opìte èqoume Tx(G) ∩ G 6= ∅.
'Ara up�rqoun g1 ∈ Tx(G) ∩G kai g2 ∈ G ¸ste

Tx(g2) = g1 ⇒ x = g1 + g2.

AfoÔ to x eÐnai tuqaÐo prokÔptei ìti G+G = X. 2

2.2 KathgorÐa sto Nd

O q¸roc ston opoÐo ja apodeÐxoume thn Ôparxh poujen� paragwgÐsimwn
sunart sewn eÐnai to sÔnolo ìlwn twn suneq¸n pragmatik¸n sunart sewn
me pedÐo orismoÔ to kleistì di�sthma [0, 1] kai pedÐo tim¸n to R. H apìdeixh
pou ja parajèsoume, eÐnai apì to biblÐo tou Oxtoby, ”Measure and Category”
blèpe [5]. Prin proqwr soume sthn apìdeixh tou apotelèsmatoc aut c thc
enìthtac ja prèpei na melet soume k�poiec basikèc idiìthtec tou q¸rou C[0, 1]
ston opoÐo kai ja ergastoÔme. Pr¸ta prèpei na efodi�soume to q¸ro autìn me
mia kat�llhlh metrik . Efìson oi sunart seic orÐzontai sto sumpagèc [0, 1]
ja epilèxoume thn supremum metrik , %, h opoÐa orÐzetai apì thn sqèsh:

%(f, g) = sup
x∈[0,1]

|f(x)− g(x)| ∀ f, g ∈ C[0, 1].

H topologÐa ston C[0, 1] epilègetai na eÐnai aut  pou fusiologik� aporrèei apo
thn parap�nw metrik . Gia na efarmìsoume th jewrÐa pou apodeÐxame sthn
prohgoÔmenh enìthta ja prèpei pr¸ta na deÐxoume ìti o q¸roc (C[0, 1], %) eÐnai
pl rhc.

Prìtash 2.2.1 O q¸roc (C[0, 1], %) eÐnai pl rhc.

Apìdeixh: 'Estw {fn}n∈N mÐa akoloujÐa sunart sewn apì to C[0, 1] h opoÐa
eÐnai Cauchy. IsqÔei to ex c:

∀ ε > 0 ∃ N ∈ N : %(fn, fm) < ε ∀ n,m ≥ N ⇒
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∀ ε > 0 ∃ N ∈ N : sup
x∈[0,1]

| fn(x)− fm(x) |< ε ∀ n,m ≥ N ⇒

∀ ε > 0 ∃ N ∈ N : | fn(x)− fm(x) |< ε ∀ n,m ≥ N ∀ x ∈ [0, 1]

Opìte gia k�je x ∈ [0, 1] h akoloujÐa twn arijm¸n {fn(x)}n∈N eÐnai Cauchy
kai anagkastik� ja sugklÐnei se ènan arijmì f(x). An sthn teleutaÐa sqèsh
af soume to m na p�ei sto +∞ paÐrnoume:

∀ ε > 0 ∃ N ∈ N : | fn(x)− f(x) |≤ ε ∀ n ≥ N ∀ x ∈ [0, 1]

pou shmaÐnei ìti h fn −→ f omoiìmorfa. 2

Sth sunèqeia ja qreiasteÐ na qrhsimopoi soume mia eidik c morf c
akoloujÐa sunìlwn thn opoÐa sumbolÐzoume me {En}n∈N kaj¸c kai mÐa kat�
tm mata grammik , periodik  sun�rthsh φ(x). Prin proqwr soume sthn
apìdeixh ja parajèsoume k�poiec basikèc idiìthtec aut¸n.

H sun�rthsh φ(x) = min(x− [x],x + 1− [x]).

H φ(x) eÐnai h sun�rthsh thc apìstashc enìc arijmoÔ x apì to plh-
sièstero se autìn akèraio. O tÔpoc thc se ìlo to R eÐnai:

φ(x) =


x− n, n ≤ x < n+ 1

2
,

−(x− n) + 1, n+ 1
2
≤ x < n+ 1.

H φ eÐnai fragmènh afoÔ 0 ≤ φ(x) ≤ 1
2
gia k�je x ∈ R, eÐnai periodik  me

perÐodo T = 1 kai h par�gwgìc thc, pou orÐzetai se ìlh thn pragmatik  eujeÐa
ektìc twn shmeÐwn {n + 1

2
: n ∈ Z} ∪ Z eÐnai Ðsh me ±1. 'Estw t¸ra ε > 0

kai m ∈ N. JewroÔme thn sun�rthsh σ : R → R me σ(x) = εφ(mx). H σ
dÐnetai apì to tÔpo

σ(x) = εφ(mx) =


εm(x− n

m
), n

m
≤ x < n

m
+ 1

2m
,

−εm(x− n
m

) + 1, n
m

+ 1
2m
≤ x < n+1

m
.

kai èqei tic parak�tw idiìthtec:

1. 0 ≤ σ(x) ≤ ε
2

2. σ(x+ 1
m

) = σ(x), dhlad  h σ eÐnai 1
m
-periodik ,

3. σ′(x) = ±εm.
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An y = αx+ β eÐnai mÐa eujeÐa ja doÔme p¸c akrib¸c ephre�zetai an thc
prosjèsoume thn σ(x). H η(x) = σ(x) + αx + β apoteleÐ mia gem�th gwnÐec
morfopoÐhsh thc eujeÐac, to pl joc twn opoÐwn exart�tai apì to m en¸ to
Ôyoc touc apì to ε. IdiaÐtera shmantik  eÐnai h ektÐmhsh pou afor� to pìso
kont� brÐskontai autèc oi dÔo sunart seic.

%(η, σ) = sup
x∈[0.1]

| η(x)− σ(x) |= sup
x∈[0,1]

| εφ(mx) |= ε

2
.

Ta sÔnola En.

OrÐzoume to ex c sÔnolo:
En

=
{
f ∈ C[0, 1] : ∃ x ∈ [0, 1− 1

n
] | f(x+h)−f(x) |≤ nh ∀ h ∈ (0, 1−x)

}
.

An p�roume n = 1 tìte to E1 mporeÐ na grafeÐ sth morf :

E1 =
{
f ∈ C[0, 1] : −1 ≤ f(h)− f(0)

h
≤ 1 ∀ h ∈ (0, 1)

}
Sto E1 perièqontai ìlec oi suneqeÐc sunart sei sto [0, 1] oi opoÐec apì to 0 kai
met� egklwbÐzontai metaxÔ twn eujei¸n l(t) = t+ f(0) kai l(t) = −t+ f(0).

E2

=
{
f ∈ C[0, 1] : ∃ x ∈ [0,

1

2
] −2 ≤ f(x+ h)− f(x)

h
≤ 2 ∀ h ∈ (0, 1−x)

}
.

AntÐstoiqa sto E2 perièqontai autèc oi sunart seic pou apì k�poio x ∈ [0, 1
2
]

kai dexiìtera egklwbÐzontai sthn perioq  pou oriojetoÔn oi eujeÐec l(t) =
2(t−x)+f(x) kai l(t) = −2(t−x)+f(x). Oi klÐseic aut¸n twn eujei¸n, ìpwc
faÐnetai kajar� apì tic exis¸seic touc, eÐnai 2 kai -2. Genikìtera gia k�poio
meg�lo n, mia sun�rthsh f mporeÐ na summetèqei sto En an diajètei k�poio
x ∈ [0, 1− 1

n
] ¸ste apì autì to x kai dexiìtera to gr�fhma thc f na brÐsketai

k�tw apì thn l(t) = n(t−x)+f(x) kai p�nw apì thn l(t) = −n(t−x)+f(0).
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Parat rhsh 2.2.1 ParathroÔme ìti gia polÔ meg�la n oi eujeÐec l(t) teÐ-
noun na apokt soun katakìrufec klÐseic. Autì shmaÐnei ìti oi periorismoÐ
pou mporoÔn na epifèroun sto an�ptugma mia sun�rthshc den eÐnai idiaÐtera
isquroÐ kai ek pr¸thc ìyewc, lÐgec sunart seic ja meÐnoun èxw apì ta En. An
p�roume dhlad  mÐa tuqaÐa f , aut  gia na summetèqei se k�poio En ja prèpei
na up�rqei k�poio x, osod pote kont� sto 1, ¸ste apì autì to x kai dexiìtera
to gr�fhma thc f na periorÐzetai metaxÔ dÔo ��sqedìn” katakìrufwn eujei¸n
dierqìmenwn tou shmeÐou (x, f(x))!

SÔmfwna me thn parap�nw parat rhsh, to sumpl rwma tou E = ∪n∈NEn
ja perimèname na perièqei ��lÐga” stoiqeÐa. Autì pou ja deÐxoume sto epìmeno
je¸rhma eÐnai ìti ìqi mìno den perièqei ��lÐga” stoiqeÐa all� eÐnai tìso meg�lo
¸ste diajètei èna Gδ kai puknì uposÔnolo. Me autìn ton trìpo ja apodeÐxoume
thn Ôparxh twn mh-paragwgÐsimwn sunart sewn, afoÔ autèc ja perièqontai
se k�poio sÔnolo pou wc puknì, den ja eÐnai kenì.

Je¸rhma 2.2.1 To sÔnolo Nd twn poujen� paragwgÐsimwn sunart sewn
sto [0, 1] eÐnai sÔnolo 2ης kathgorÐac.

17



Apìdeixh: Gia k�je n ∈ N èqoume orÐsei to sÔnolo En na eÐnai Ðso me:

En

=
{
f ∈ C[0, 1] : ∃ x ∈ [0, 1− 1

n
] | f(x+h)−f(x) |≤ nh ∀ h ∈ (0, 1−x)

}
kai omoÐwc jewroÔme to

Fn

=
{
f ∈ C[0, 1] : ∃ x ∈ [

1

n
, 1] | f(x)− f(x− h) |≤ nh ∀ h ∈ (0, x)

}
wc to sÔnolo twn sunart sewn oi opoÐec egklwbÐzontai metaxÔ dÔo eujei¸n,
klÐshc n kai −n antÐstoiqa apì k�poio shmeÐo x kai arister�. Sth sunèqeia
paÐrnoume thn ènwsh aut¸n twn dÔo sunìlwn

E =
⋃
n∈N

En kai F =
⋃
n∈N

Fn

kai ja apodeÐxoume ta parak�tw l mmata.

L mma 2.2.2 To sÔnolo E∪F perièqei ìlec tic paragwgÐsimec sunart seic.

Apìdeixh: 'Estw mia suneq c sun�rthsh f h opoÐa eÐnai paragwgÐsimh apì
ta dexi� se èna shmeÐo x ∈ [0, 1) kai h par�gwgoc aut  eÐnai Ðsh me k�poion
arijmì f ′(x+) ∈ R. Autì pou jèloume na epitÔqoume eÐnai na broÔme èna
deÐkth n arket� meg�lo ¸ste h f na perièqetai sto En. Pr¸ta ja prèpei na
apait soume na isqÔei n ≥| f ′(x+) | kai met� to n na apoteleÐ èna �nw fr�gma
gia ta phlÐka twn diafor¸n pou orÐzoun to En. Gia autìn ton lìgo orÐzoume
thn sun�rthsh L : [0, 1− x] → R me tÔpo:

L(h) =


|f(x+h)−f(x)|

h
, h ∈ (0, 1− x],

|f ′(x+)|, h = 0.

H L eÐnai suneq c sto (0, 1− x] wc phlÐko suneq¸n sunart sewn. EpÐshc h
sunèqeia thc L sto 0 prokÔptei apì thn paragwgisimìthta thc f sto x apì
ta dexi�. AfoÔ loipìn h L eÐnai orismènh sto sumpagèc [0, 1 − x] ja prèpei
na paÐrnei mia mègisth tim  se autì, ac thn poÔme N . An epilèxoume n ≥ N
kai arket� meg�lo ¸ste x ∈ [0, 1 − 1

n
) tìte f ∈ En kai k�je sun�rthsh

f ∈ C[0,1] pou paragwgÐzetai apì ta dexi� toul�qiston se èna shmeÐo
tou [0,1) ja perièqetai se k�poio En kai �ra f ∈ E. Akolouj¸ntac touc
Ðdiouc sullogismoÔc sumperaÐnoume ìti k�je sun�rthsh f ∈ C[0,1] pou
paragwgÐzetai apì ta arister� toul�qiston se èna shmeÐo tou (0,1]
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ja perièqetai se k�poio Fn kai �ra f ∈ F kai ètsi h apìdeixh tou l m-
matoc oloklhr¸jhke. 2

L mma 2.2.3 Ta sÔnola En, Fn eÐnai kleist� gia k�je n ∈ N.

Apìdeixh: 'Estw {fk}k∈N mia akoloujÐa sunart sewn sto En pou sugklÐnei
se k�poia f . Gia k�je fk ∈ En up�rqei èna antÐstoiqo xk tètoio ¸ste:

xk ∈ [0, 1− 1

n
] και | fk(xk + h)− fk(xk) |≤ nh ∀ h ∈ (0, 1− xk)

AfoÔ to [0, 1 − 1
n
] eÐnai sumpagèc ja up�rqei mÐa upoakoloujÐa thc {xk}k∈N

h opoÐa ja sugklÐnei se k�poio x ∈ [0, 1 − 1
n
]. Epilègoume thn upoakoloujÐa

aut  kai qwrÐc bl�bh thc genikìthtac (ìpwc ja prokÔyei apì ta parak�tw)
mporoÔme na upojèsoume ìti h upoakoloujÐa eÐnai h {xk}k∈N. Oi prohgoÔmenec
sqèseic pou Ðsquan gia thn arqik  akoloujÐa diathroÔntai wc èqoun afoÔ
isqÔoun gia k�je k ∈ N. Epiplèon

| f(x+ h)− f(x) |≤| f(x+ h)− f(xk + h) | + | f(xk + h)− fk(xk + h) | +

+ | fk(xk + h)− fk(xk) | + | fk(xx)− f(xk) | + | f(xk)− f(x) |≤
≤| f(x+ h)− f(xk + h) | +%(f, fk) + nh+ %(fk, f)+ | f(xk)− f(x) |

'Otan k −→ +∞ tìte %(f, fk) −→ 0 lìgw omoiìmorf c sÔgklishc thc {fk}
kai | f(x+ h)− f(xk + h) |, | f(xk)− f(x) |−→ 0 lìgw sunèqeiac thc f sto
x. AfoÔ t¸ra 0 ≤ xk ≤ 1− 1

n
kai xk −→ x ja èqoume 0 ≤ x ≤ 1− 1

n
kai

| f(x+ h)− f(x) |≤ nh ∀ h ∈ [0, 1− x]

pou shmaÐnei ìti h f an kei sto En.2

L mma 2.2.4 To C[0, 1]\En eÐnai puknì.

Apìdeixh: 'Estw f ∈ C[0, 1] kai ε > 0. EÐnai gnwstì ìti k�je suneq c
sun�rthsh mporeÐ na proseggisteÐ, osod pote kont�, apì kat� tm mata gram-
mikèc sunart seic. Upojètw ìti h eÐnai mia tètoia prosèggish thc f gia thn
opoÐa isqÔei %(f, h) ≤ ε

2
. JewroÔme thn sun�rthsh φ(x) = min(x− [x], x +

1 − [x]) kai mèsw aut c ja diatar�xoume thn grammikìthta thc h me tètoio
trìpo ¸ste h sun�rthsh pou ja p�roume den ja perièqetai sto En. Epilè-
goume g(x) = h(x) + εφ(mx) apì ìpou paÐrnoume ìti g′(x) = h′(x)± εm. An
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t¸ra M eÐnai h mègisth, kat� apìluth tim , klÐsh twn grammik¸n sunistw-
s¸n thc h tìte apì thn mÐa ja isqÔei −M ≤ h′(x) ≤ M en¸ apì thn �llh
ja jèlame oi klÐseic thc g na eÐnai eÐte megalÔterec apì n eÐte mikrìterec apì
−n. Epilègoume tètoio m ¸ste mε > n+M . Tìte oi parak�tw ektim seic:

h′(x) + εm > −M + εm > n

h′(x)− εm < M − εm < −n

dÐnoun oti g ∈ C[0, 1]\En. Tèloc, apì ìsa èqoun eipwjeÐ prin thn diatÔpwsh
tou jewr matoc, isqÔei %(g, h) = ε

2
kai telik�:

%(f, g) ≤ %(f, h) + %(h, g) ≤ ε

2
+
ε

2
= ε.

Opìte to C[0, 1]\En eÐnai puknì. OmoÐwc apodeiknÔetai ìti kai to C[0, 1]\Fn
eÐnai puknì ston C[0, 1].2

AfoÔ oi paragwgÐsimec sunart seic sto [0, 1] perièqontai sto E ∪ F ,
èqoume

C[0, 1]\(E ∪ F ) ⊂ Nd

kai opìte
C[0, 1]\(E ∪ F ) = C[0, 1]\E ∪ C[0, 1]\F

=
(⋂
n∈N

C[0, 1]\En
)⋃(⋂

n∈N

C[0, 1]\Fn
)

Apì to L mma 2.2.3 ta En, Fn eÐnai kleist� �ra ta C[0, 1]\En, C[0, 1]\Fn
eÐnai anoiqt� en¸ apì to L mma 2.2.4 ta teleutaÐa eÐnai kai pukn�. 'Ara to
Nd perièqei sÔnolo 2ης kathgorÐac, �ra eÐnai kai to Ðdio 2ης kathgorÐac. 2
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Kef�laio 3

ParadeÐgmata Poujen�

ParagwgÐsimwn Suneq¸n

Sunart sewn

3.1 Kataskeu  miac poujen� paragwgÐsimhc
suneqoÔc sun�rthshc

O plèon klasikìc trìpoc kataskeu c tètoiwn idiìmorfwn sunart sewn eÐ-
nai autìc pou h zhtoÔmenh sun�rthsh prokÔptei wc to omoiìmorfo
ìrio k�poiac, kat�llhla epilegmènhc, seir�c suneq¸n sunart sewn. Wc pr¸to
par�deigma, blèpe [6] selÐda 154, parajètoume mia sun�rthsh gia thn opoÐ-
a h apìdeixh thc mh paragwgisimìthtac jewreÐtai eÔkolh se sqèsh me �lla
dhmofil  paradeÐgmata, dÔo apì ta opoÐa parousi�zontai stic epìmenec selÐdec.

JewroÔme thn sun�rthsh ψ : R −→ R h opoÐa gia −1 ≤ x ≤ 1 eÐnai
Ðsh me ψ(x) = |x| kai sth sunèqeia thn epenteÐnoume periodik� sthn upìloiph
pragmatik  eujeÐa. Dhlad  èqoume ψ(x+2) = ψ(x), gia k�je x ∈ R. OrÐzoume
thn sun�rthsh

Ψ(x) =
∞∑
n=0

(
3

4

)n

ψ(4nx)

gia k�je x ∈ R kai ja deÐxoume ìti eÐnai suneq c kai poujen� paragwgÐsimh
sto R.

Je¸rhma 3.1.1 H sun�rthsh Ψ eÐnai suneq c kai poujen� paragwgÐsimh
se ìlo to R.
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Apìdeixh: Gia thn ψ isqÔei 0 ≤ |ψ(x)| ≤ 1 kai �ra
∞∑
n=0

(
3

4

)n

ψ(4nx) ≤
∞∑
n=0

(
3

4

)n

< +∞.

Epomènwc h prohgoÔmenh seir� sugklÐnei omoiìmorfa sthn Ψ(x) h opoÐa eÐnai
suneq c sto R wc omoiìmorfo ìrio suneq¸n. Ja deÐxoume ìti h Ψ(x) den
paragwgÐzetai poujen�. 'Estw x ∈ R. Epilègoume akoloujÐa xm = x+ δm me
δm = ±1

2
4−m kai to prìshmo na eÐnai tètoio ¸ste na mhn perièqetai akèraioc

an�mesa stouc arijmoÔc 4mx kai 4m(x+ δm). Tìte∣∣∣∣Ψ(xm)−Ψ(x)

xm − x

∣∣∣∣= ∣∣∣∣ ∞∑
n=0

(
3

4

)n
ψ(4n(x+ δm))− ψ(4nx)

δm

∣∣∣∣= ∣∣∣∣ ∞∑
n=0

(
3

4

)n

γn

∣∣∣∣
(3.1)

ìpou γn = ψ(4n(x+δm))−ψ(4nx)
δm

. Ja upologÐsoume to γn gia tic di�forec timèc
tou n. An n > m tìte o arijmìc 4nδm eÐnai ènac �rtioc akèraioc kai afoÔ h
ψ eÐnai 2-periodik  èqoume ψ(4n(x+ δm)) = ψ(4nx) kai γn = 0 en¸ an n = m
tìte |γm| = 4n. Gia thn ψ epiplèon isqÔei ìti |ψ(x)−ψ(y)| ≤ |x−y| gia k�je
x ∈ R, ètsi gia n < m èqoume γn ≤ 4n. H 3.1 tìte gÐnetai∣∣∣∣Ψ(xm)−Ψ(x)

xm − x

∣∣∣∣= ∣∣∣∣ m∑
n=0

(
3

4

)n

γn

∣∣∣∣≥ |γm| − m−1∑
n=0

(
3

4

)n

|γn|

≥ 3m −
m−1∑
n=0

3n =
1

2
3m +

1

2
−→ +∞

kaj¸c m −→ +∞ kai opìte h Ψ den paragwgÐzetai sto x. 2

3.2 H sun�rthsh tou Bolzano.(∼ 1830)

To pr¸to par�deigma poujen� paragwgÐsimhc suneqoÔc sun�rthshc pijanìn
proèrqetai apì to gnwstì Tsèqo majhmatikì Bernard Bolzano (1781-1848).
H kata skeu  aut c thc sun�rthshc kaj¸c kai h apìdeixh thc mh parag-
wgisimìthtac perièqontai se èna apì ta qeirìgrafa tou Bolzano en onìmati
”functionenlehre”. To par�deigma autì, parìlo pou eÐqe grafteÐ gÔrw sto
1830, dhmosieÔjhke sqedìn ènan ai¸na argìtera, to 1930, afoÔ kai anakalÔ-
fjhke to 1920 sthn Ejnik  Biblioj kh thc Biènnhc apì ton Tsèqo majh-
matikì Martin Jasek. Gia endiafèronta istorik� stoiqeÐa kai bibliografÐa pou
afor� ton Bolzano parapèmpoume sta [3][8]. Sugkekrimèna h sun�rthsh tou
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Bolzano gr�fthke wc èna par�deigma suneqoÔc sun�rthshc se èna di�sthma
[a, b] h opoÐa se k�je upodi�sthma tou [a, b] den eÐnai monìtonh. Sth sunè-
qeia o Bolzano apèdeixe ìti to sÔnolo twn shmeÐwn sta opoÐa h sun�rthsh
den èqei par�gwgo eÐnai puknì sto [a, b]. Lìgw tou ìti h shmerin  jewrÐa
perÐ pukn¸n sunìlwn den up rqe ekeÐno ton kairì, autì pou akrib¸c èdeixe
o Bolzano  tan ìti metaxÔ opoiond pote duo shmeÐwn sta opoÐa h sun�rthsh
den paragwgÐzetai, up�rqei èna epiplèon shmeÐo mh paragwgisimìthtac.

Se sqèsh me �lla paradeÐgmata mh paragwgÐsimwn sunart sewn pou
basÐzontai sthn proseggÐseic mèsw apeiroseir¸n, h sun�rthsh tou Bolzano
proèrqetai apì mia gewmetrik  kataskeu  kai prokÔptei wc ìrio miac akolou-
jÐac, kat� tm mata grammik¸n, suneq¸n sunart sewn orismènwn se èna
kleistì di�sthma [a, b]. Stic selÐdec pou akoloujoÔn perièqetai h kataskeu 
thc sun�rthshc, h apìdeixh twn isqurism¸n tou Bolzano kai mia pl rhc apì-
deixh gia thn sunèqeia thc sun�rthshc. Epiplèon ja apodeÐxoume ìti ìntwc h
B eÐnai poujen� paragwgÐsimh sto pedÐo orismoÔ thc.

H Kataskeu  thc AkoloujÐac {Bn(x)}n∈N.

JewroÔme dÔo tuqaÐec timèc A,B kai epilègoume B1 : [a, b] → [A,B] na
eÐnai h sun�rthsh me exÐswsh:

B1(x) =
B − A

b− a
(x− a) + A.

Sth sunèqeia qwrÐzoume to I(1)
1 = [a, b] sta akìlouja 4 upodiast mata

I
(2)
1 = [a, a+

3

8
(b− a)]

I
(2)
2 = [a+

3

8
(b− a),

1

2
(a+ b)]

I
(2)
3 = [

1

2
(a+ b), a+

7

8
(b− a)]

I
(2)
4 = [a+

7

8
(b− a), b]

kai paÐrnoume B2(x) na eÐnai h kat� tm mata grammik  sun�rthsh pou sta
shmeÐa diamèrishc paÐrnei timèc:

B2(a) = A

B2(a+
3

8
(b− a)) = A+

5

8
(B − A)
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B2(
1

2
(a+ b)) = A+

1

2
(B − A)

B2(a+
7

8
(b− a)) = B +

1

8
(B − A)

B2(b) = B

Se k�je upodi�sthma I(2)
i , i = 1, 2, 3, 4 h B3(x) orÐzetai akrib¸c ìpwc h B2(x)

sto I(1)
1 . Aut  h diadikasÐa suneqÐzetai gia k�je fusikì n kai to ìrio thc

akoloujÐac {Bn(x)}n∈N pou sqhmatÐzetai eÐnai h sun�rthsh B(x) tou Bolzano.

Je¸rhma 3.2.1 H sun�rthsh B(x) tou Bolzano eÐnai suneq c kai to sÔnolo
twn shmeÐwn sta opoÐa h B den paragwgÐzetai eÐnai puknì sto [a, b].

Apìdeixh: Pr¸ta ja deÐxoume ìti h B eÐnai suneq c. Ac orÐsoume C(n) na
eÐnai h oikogèneia twn diasthm�twn grammikìthtac thc Bn(x),

C(n) =
{
I

(n)
k : k = 1, 2, ..., 4n−1

}
kai wc

D(n) =
{
M

(n)
k , k = 1, 2, ..., 4n−1

}
to sÔnolo pou perièqei tic klÐseic k�je grammik c sunist¸sac thc Bn(x), se
antistoiqÐa me to orismì thc C(n). To pl joc twn stoiqeÐwn aut¸n twn dÔo
sunìlwn eÐnai 4n−1 kai profan¸c C(1) = {[a, b]} kai D(1) = {B−A

b−a }.

24



An upojèsoume ìti briskìmaste se k�poio di�sthma I(n)
k = [a

(n)
k , b

(n)
k ] thc

Bn(x) tìte h klÐsh thc Bn+1(x) p�nw apì to sugkekrimèno di�sthma ja paÐrnei
4 timèc oi opoÐec eÐnai Ðsec me:

M
(n+1)
ik

=
Bn(ak + 3

8
(bk − ak))−Bn(ak)

ak + 3
8
(bk − ak)− ak

=
5
8
(Bk − Ak)
3
8
(bk − ak)

=
5

3
M

(n)
k

M
(n+1)
ik+1 =

Bn(
1
2
(ak + bk))−Bn(ak + 3

8
(bk − ak))

1
2
(ak + bk)− ak − 3

8
(bk − ak)

=
−1

8
(Bk − Ak)

1
8
(bk − bk)

= −M (n)
k

M
(n+1)
ik+2 =

Bn(ak + 7
8
(bk − ak))−Bn(

1
2
(ak + bk))

ak + 7
8
(bk − ak)− 1

2
(ak + bk)

=
5
8
(Bk − Ak)
3
8
(bk − ak)

=
5

3
M

(n)
k

M
(n+1)
ik+3 =

Bn(bk)−Bn(ak + 7
8
(bk − ak))

bk − ak − 7
8
(bk − ak)

=
−1

8
(Bk − Ak)

1
8
(bk − bk)

= −M (n)
k

gia k�poio ik ∈ {1, 2, ..., 4n−1}. Ta ak, bk, Ak, Bk anafèrontai sthn Bn kai
kanonik� ja èprepe na sunodeÔontai apì ènan �nw deÐkth n o opoÐoc ìmwc para-
leÐpetai gia lìgouc aplìthtac. Sth sunèqeia ja upologÐsoume thn mègisth,
kat� apìluth tim , klÐsh thc Bn. Apì touc prohgoÔmenouc upologismoÔc
paÐrnoume ìti an

Mn = sup
{
|M (n)

k |, k = 1, 2, ..., 4n−1
}

ja eÐnai
Mn ≤

(
5

3

)n−1∣∣∣∣B − A

b− a

∣∣∣∣.
AfoÔ apì k�je di�sthma I(n)

k par�gontai 4 nèa diast mata, 2 m kouc 3
8
`(I

(n)
k )

kai �lla 2 m kouc 1
8
`(I

(n)
k ), an Ln eÐnai to m koc tou megalÔterou diast matoc

sto C(n) tìte jètontac

Ln = sup
{
`(I

(n)
k ) : k = 1, 2, ..., 4n−1

}
paÐrnoume

Ln =

(
3

8

)n−1

|b− a|.

'Estw I
(n)
k = [ak, bk] ∈ C(n). Tìte se autì to di�sthma to graf mata

twn Bn kai Bn+1 dhmiourgoÔn k�poia trÐgwna se kajèna apì ta opoÐa h mÐa
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pleur� an kei sto gr�fhma thc Bn en¸ oi �llec 2 sto gr�fhma thc Bn+1. H
mègisth kat� apìluth tim  diafor� Bn+1(x) − Bn(x) fr�ssetai tìte apì to
ginìmeno Mn+1Ln+1. Opìte gia k�je n ∈ N isqÔei:

sup
x∈[a,b]

|Bn+1(x)−Bn(x)| ≤
(

5

8

)n

|B − A|.

Ja deÐxoume t¸ra ìti Bn −→ B omoiìmorfa. Sthn Prìtash 2.2.1 deÐxame ìti
o q¸roc (C[a, b], %) eÐnai pl rhc, opìte arkeÐ na apodeÐxoume ìti h {Bn}n∈N
eÐnai omoiìmorfa Cauchy. 'Estw m,n ∈ N me m > n. Tìte èqoume

sup
x∈[a,b]

|Bm(x)−Bn(x)| ≤ sup
x∈[a,b]

(m−1∑
k=n

|Bk+1(x)−Bk(x)|
)

≤
m−1∑
k=n

sup
x∈[a,b]

|Bk+1(x)−Bk(x)|

≤
m−1∑
k=n

(
5

8

)k

|B − A|

= |B − A|
(m−1∑
k=0

(
5

8

)k

−
n∑
k=0

(
5

8

)k)
−→ |B − A|

(
1

1− 5
8

− 1

1− 5
8

)
= 0

kaj¸c m,n −→ +∞. AfoÔ oi Bn(x) eÐnai suneqeÐc h B(x) prèpei epÐshc na
eÐnai suneq c.

Sth sunèqeia ja deÐxoume ìti to sÔnolo twn shmeÐwn pou h B(x) den
eÐnai paragwgÐsimh eÐnai puknì sto [a, b]. Jètoume

N = {x, y ∈ R : ∃ n, k ∈ N [x, y] = I
(n)
k }

'Estw x ∈ [a, b]. Ja broÔme {xn}n∈N ⊂ N ¸ste xn → x. An x ∈ N den
èqw tÐpote na deÐxw. 'Estw ìti x ∈ [a, b]\N . Tìte up�rqei mia akoloujÐa
diasthm�twn Jn = [an, bn] tètoia ¸ste

1. Jn ∈ C(n) , ∀ n ∈ N

2. x ∈ J◦n , ∀ n ∈ N kai

3. `(Jn) ≤ Ln =
(

3
8

)n−1

|b− a|.
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Efarmìzontac to je¸rhma tou Cantor sthn akoloujÐa Jn paÐrnoume ìti
∞⋂
n=1

Jn = {x}

opìte an −→ x, bn −→ x kaj¸c n −→ ∞ kai afoÔ an, bn ∈ N to N
apodeÐqjhke puknì sto [a, b]. An deÐxoume ìti h par�gwgoc thc B se k�je
shmeÐo tou sunìlou N den up�rqei telei¸same. 'Estw x ∈ N . An p�roume
pr¸ta thn perÐptwsh x = a tìte h akoloujÐa xn = a+ (3

8
)n|b− a| sugklÐnei

sto a. AfoÔ xn ∈ N gia k�je n ∈ N apì thn kataskeu  thc Bn sumperaÐnoume
ìti B(x) = Bn+1(xn) gia k�je n ∈ N. 'Etsi B(a) = A en¸ sto xn paÐrnei
thn tim  B(xn) = (5

3
)n|B−A

b−A |(xn − a) + A dhlad  B(xn) = (5
3
)n|B − A| + A.

Telik�
B(xn)−B(a)

xn − a
=

(5
3
)n|B − A|

(3
8
)n|b− a|

=
(5

3

)n∣∣∣B − A

b− a

∣∣∣−→ +∞

kaj¸c n −→ +∞ kai apodeÐxame ìti h B den paragwgÐzetai sto x = a.
'Estw t¸ra x ∈ N\{a}. Tìte to x ja eÐnai dexÐ �kro k�poiou diast matoc
I

(p)
k ∈ C(p) m kouc `0 gia k�poio p ∈ N. Autì to di�sthma ja diameristeÐ se 4
nèa diast mata apì ta opoÐa autì pou ja èqei to x wc dexÐ �kro ja èqei m koc
1
8
`0. SuneqÐzontac aut  th diadikasÐa paÐrnoume thn akoloujÐa twn arister¸n

�krwn aut¸n twn diasthm�twn xn = x−(1
8
)n`0 h opoÐa fusik� sugklÐnei sto x.

Genikìtera ja isqÔei B(xn) = Bp+n(xn) kai an K jewr soume thn klÐsh thc
Bp p�nw apì to I(p)

k tìte h klÐsh thc Bp+1 p�nw apì to di�sthma pou prokÔptei
apì ton diamerismì tou I(p)

k kai èqei dexÐ �kro to x ja eÐnai Ðsh me −K. Apì
autì sumperaÐnoume ìti B(xn) = (−1)nK(xn−x)+B(x) me toK na ikanopoieÐ
thn anisìthta |K| ≥ |B−A

b−a |. Analutikìtera B(xn) = (−1)nK(1
8
)n`0 + B(x)

kai
B(xn)−B(x)

xn − x
=

(−1)nK(1
8
)n`0

−(1
8
)n`0

= −(−1)nK.

AfoÔ t¸ra to (−1)nK den sugklÐnei h B den mporeÐ na eÐnai paragwgÐsimh
sto x ∈ N\{a}. 'Ara to sÔnolo twn shmeÐwn mh paragwgisimìthtac thc B
eÐnai puknì afoÔ, ìpwc apodeÐxame, to N eÐnai uposÔnolo tou kai eÐnai epÐshc
puknì. 2

DeÐxame ìti h B den paragwgÐzetai sto N , to opoÐo N eÐnai èna arke-
t� meg�lo uposÔnolo tou [a, b]. Sth sunèqeia ja deÐxoume ìti to sÔnolo mh
paragwgisimìthtac thc B eÐnai olìklhro to di�sthma [a, b].

Je¸rhma 3.2.2 H sun�rthsh B den paragwgÐzetai se kanèna shmeÐo tou
[a, b].
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Apìdeixh: 'Estw x ∈ [a, b]\N , ìpou to N eÐnai to sÔnolo sto opoÐo èqoume
 dh apodeÐxei thn mh paragwgisimìthta thc B. 'Opwc kai nwrÐtera up�rqei
akoloujÐa kleist¸n diasthm�twn Jn = [an, bn] ⊂ [a, b] pou perièqoun to x gia
k�je n ∈ N tètoia ¸ste an −→ x kai bn −→ x kaj¸c n −→ ∞. Tìte, lìgw
omoiìmorfhc sÔgklishc thc {Bn(x)}n∈N, èqoume ìti B(x) = limm→∞Bm(x).
Se sunduasmì me to ìti B(bn) = Bm(bn), gia opoiod pote m ≥ n, èqoume

lim
n→∞

B(bn)−B(x)

bn − x
= lim

n→∞
lim
m→∞

Bm(bn)−Bm(x)

bn − x
= lim

n→∞

Bn(bn)−Bn(x)

bn − x
.

Sth sunèqeia jètoume
ϑn =

Bn(bn)−Bn(x)

bn − x

kai ja deÐxoume ìti to ìrio thc ϑn den up�rqei. Apì thn kataskeu  thc
akoloujÐac {Bn}n∈N sumperaÐnoume ìti ϑn = 5

3
ϑn−1   ϑn = −ϑn−1. OrÐzoume

to sÔnolo
A = {n ∈ N : ϑn =

5

3
ϑn−1}

kai paÐrnoume dÔo peript¸seic. An to A eÐnai peperasmèno tìte epilègoume
n0 = maxA kai ètsi katal goume sthn sqèsh

ϑn = (−1)n−n0ϑn0 n ≥ n0

apì thn opoÐa faÐnetai ìti to ìrio thc ϑn den up�rqei. An t¸ra to sÔnolo A
eÐnai �peiro ja up�rqei mia upoakoloujÐa {ϑnk

}k∈N tètoia ¸ste ϑnk
= 5

3
ϑnk−1

gia k�je k ∈ N kai

|ϑnk
| =

(
5

3

)k−1

|ϑn1| −→ +∞ , k → +∞

me |ϑn1| ≥ B−A
b−a . Autì shmaÐnei ìti h ϑn eÐte den sugklÐnei eÐte apoklÐnei sto

�peiro. Opìte se k�je perÐptwsh h dexi� par�gwgoc thc B sto x den mporeÐ
na up�rqei. Akolouj¸ntac akrib¸c ta Ðdia b mata kai mèsw thc akoloujÐac
an, h opoÐa sugklÐnei sto x apì dexi�, mporoÔme na apodeÐxoume ìti oÔte h
arister  par�gwgoc thc B up�rqei, katal gontac ètsi sto zhtoÔmeno. 2

3.3 H sun�rthsh tou Weierstrass.(1872)

To IoÔlio tou 1872 sto Basilik  AkadhmÐa twn Episthm¸n sto BerolÐno
o Karl Weierstrass èdwse mia di�lexh me jèma èna par�deigma miac suneqoÔc
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kai poujen� paragwgÐsimhc sun�rthshc me pedÐo orismoÔ ìlh thn eujeÐa twn
pragmatik¸n arijm¸n. H sun�rthsh tou Weierstrass  tan to pr¸to par�dei-
gma mh paragwgÐsimhc sun�rthshc pou dhmosieÔthke, pr�gma to opoÐo ègine
to 1875 apì ton Paul du Bois-Reymond. H sun�rthsh aut  leitoÔrghse
epÐshc kai wc èna isqurì antipar�deigma gia ton fhmismèno ekeÐnhc thc epo-
q c isqurismì tou Ampere o opoÐoc sunoptik� akoloujoÔse thn paradoq  ìti
��k�je suneq c sun�rthsh eÐnai paragwgÐsimh pantoÔ èktoc apì k�poia lÐga
kai apomonwmèna shmeÐa”. H apìdeixh pou akoloujeÐ sto parak�tw je¸rhma,
dec [8], eÐnai arket� kont� se aut  tou Weierstrass.

Je¸rhma 3.3.1 H sun�rthsh tou Weierstrass,

W (x) =
∞∑
n=0

an cos(bnπx),

ìpou 0 < a < 1, ab > 1 + 3
2
π kai b > 1 perittìc akèraioc, eÐnai suneq c kai

poujen� paragwgÐsimh sto R.

Apìdeixh: Pr¸ta ja deÐxoume ìti h seir� sugklÐnei omoiìmorfa se k�poia
suneq  sun�rthsh. Autì apodeiknÔetai eÔkola mèsw tou jewr matoc omoiì-
morfhc sÔgklishc tou Weierstrass kai thc sqèshc

∞∑
n=0

|an cos(bnπx)| ≤
∞∑
n=0

an =
1

1− a
<∞
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h opoÐa isqÔei lìgo thc upìjeshc 0 < a < 1. Ja deÐxoume t¸ra ìti h W
eÐnai poujen� paragwgÐsimh. 'Estw x ∈ R. Gia k�je m ∈ N epilègoume
kat�llhlo pm ∈ R ¸ste xm+1 = bmx− pm ∈ (−1

2
, 1

2
]. Sth sunèqeia orÐzoume

tic akoloujÐec
sm =

pm − 1

bm
tm =

pm + 1

bm

kai lìgw tou ìti to xm+1 brÐsketai p�nta sto di�sthma (−1
2
, 1

2
] kai

sm − x = −1 + xm+1

bm
< 0 <

1− xm+1

bm
= tm − x

paÐrnoume ìti sm < x < tm kai sm → x apì ta arister� en¸ tm → x apì
ta dexi�. Mèsw aut¸n twn akolouji¸n ja deÐxoume thn m  paragwgisimìthta
thc W . Pr¸ta paÐrnoume to phlÐko

W (sm)−W (x)

sm − x
=

∞∑
n=0

an
cos(bnπsm)− cos(bnπx)

sm − x
=

m−1∑
n=0

(ab)n
cos(bnπsm)− cos(bnπx)

bn(sm − x)
+

∞∑
n=0

an+m cos(bn+mπsm)− cos(bn+mπx)

sm − x
=

= S1 + S2.

DouleÔontac pr¸ta me to S1 kai qrhsimopoi¸ntac tic trigwnometrikèc sqèseic
cos(x)− cos(y) = −2 sin(x+y

2
) sin(x−y

2
) kai | sin(x)

x
| ≤ 1 brÐskoume

|S1| =

∣∣∣∣m−1∑
n=0

(−1)(ab)nπ sin(
bnπ(sm + x)

2
)
sin( b

nπ(sm−x)
2

)

bnπ sm−x
2

∣∣∣∣
≤ π

m−1∑
n=0

(ab)n = π
(ab)m − 1

ab− 1
≤ π

(ab)m

ab− 1

èna �nw fr�gma tou |S1|. Gia to S2 afoÔ to b > 1 eÐnai perittìc akèraioc kai
to pm eÐnai epÐshc akèraioc mporoÔme na proqwr soume wc ex c

cos(bn+mπsm) = cos(bn+mπ(
pm − 1

bm
)) = cos(bnπ(pm − 1)) =

= (−1)b
n

(pm − 1) = −(−1)pm

kai

cos(bn+mπx) = cos(bn+mπ
xm+1 + pm

bm
)

= cos(bnxm+1π) cos(bnpmπ)− sin(bnxm+1π) sin(bnpmπ)

= cos(bnxm+1π)(−1)b
npm − sin(bnxm+1π) · 0

= (−1)pm cos(bnxm+1π).
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Opìte gia to S2 èqoume

S2 =
∞∑
n=0

an+m−(−1)pm − (−1)pm cos(bnπxm+1)

sm − x

=
∞∑
n=0

an+m[−(−1)pm ]
1 + cos(bnπxm+1)

−1+xm+1

bn

= (−1)pm(ab)m
∞∑
n=0

an
1 + cos(bnπxm+1)

1 + xm+1

.

Efìson xm+1 ∈ (−1
2
, 1

2
] oi ìroi thc parap�nw seir�c eÐnai jetikoÐ, ètsi o pr¸toc

apì autoÔc ja eÐnai mikrìteroc apì to ìrio thc seir�c
∞∑
n=0

an
1 + cos(bnπxm+1)

1 + xm+1

≥ 1 + cos(πxm+1)

1 + xm+1

≥ 1

1 + 1
2

=
2

3
(3.2)

katal gontac sthn ektÐmhsh |S2| ≥ 2
3
(ab)m. Sth sunèqeia èqoume∣∣∣∣W (sm)−W (x)

sm − x

∣∣∣ ≥ |S2| − |S1|

≥ 2

3
(ab)m − π

(ab)m

ab− 1

= (ab)m
(2

3
− π

ab− 1

)
−→ +∞

afoÔ h upìjesh ab > 1 + 3
2
π exasfalÐzei ìti (ab)m −→ +∞ kai 2

3
− π

ab−1
> 0

kai sunep¸c h par�gwgoc thc W apì arister� sto x ∈ R den up�rqei.
DouleÔontac antÐstoiqa me thn akoloujÐa {tm} diamorf¸noume to phlÐko

wc
W (sm)−W (x)

tm − x
= S ′1 + S ′2

me ta S ′1, S ′2 na prokÔptoun akrib¸c ìpwc ta S1, S2 prohgoumènwc. Gia to S ′1
exakoloujeÐ na isqÔei h ektÐmhsh

|S ′1| ≤ π
(ab)m

ab− 1

kai gia to S ′2 èqoume

S ′2 =
∞∑
n=0

an+m cos(bn+mπtm)− cos(bn+mπx)

tm − x
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=
∞∑
n=0

an+m−(−1)pm − (−1)pm cos(bnπxm+1)
1−xm+1

bm

= −(ab)m(−1)pm

∞∑
n=0

an
1 + cos(bnπxm+1)

1− xm+1

.

'Opwc nwrÐtera kai lìgw tou ìti xm+1 ∈ (−1
2
, 1

2
] isqÔei

∞∑
n=0

an
1 + cos(bnπxm+1)

1− xm+1

≥ 1 + cos(πxm+1)

1− xm+1

≥ 1

1− (−1
2
)

=
2

3
.

Epomènwc sumpairènoume ìti

|S ′2| ≥
2

3
(ab)m

kai ètsi katal goume∣∣∣∣W (tm)−W (x)

tm − x

∣∣∣≥ |S ′2| − |S ′1| = (ab)m
(2

3
− π

ab− 1

)
−→ +∞

kaj¸c m −→ +∞ kai opìte h par�gwgoc thc W apì dexi� sto x ∈ R
den up�rqei. 2
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Kef�laio 4

Mia metro-jewrhtik 

prosèggish tou Nd

Sto deÔtero kef�laio apodeÐqjhke h Ôparxh twn mh paragwgÐsimwn kai
suneq¸n sunart sewn kai par�llhla dìjhke kai mia ektÐmhsh gia to mège-
joc tou sunìlou touc se sqèsh me to sÔnolo ìlwn twn suneq¸n sunart sewn.
Sth sunèqeia, sto trÐto kef�laio, dìjhkan k�poia klasik� paradeÐgmata mh
paragwgÐsimwn sunart sewn. Sto parìn kef�laio paratÐjentai k�poiec epi-
plèon ektim seic gia to mègejoc tou Nd apì thn mètro-jewrhtik  pleur� kai
par�llhla parèqoume ��mia eÔqrhsth mèjodo ” kataskeu c mh paragwgÐsimwn
sunart sewn mèsw opoiasd pote suneqoÔc sun�rthshc. Ta apotelèsmata pou
ja parajèsoume ofeÐlontai ston B. Hunt [1], blèpe epÐshc [2].

4.1 Mètro Lebesgue kai poujen� paragwgÐsimec
sunart seic

To Nd wc sÔnolo 2ης kathgorÐac mporeÐ diaisjhtik� na jewrhjeÐ meg�lo
sÔnolo kai apì topologik c pleur�c autì eÐnai gegonìc. Qrhsimopoi¸ntac to
mètro Lebesgue ja diatup¸soume kai ja apodeÐxoume k�poiec prot�seic pou
aforoÔn epÐshc to mègejoc tou Nd kai dÐnoun mia diaforetik  eikìna gia thn
katanom  tou mèsa sto C[0, 1].

Orismìc 4.1.1 An E ⊂ R tìte to exwterikì mètro Lebesque tou E sumbo-
lÐzetai me µ∗(E) kai orÐzetai na eÐnai Ðso me

µ∗(E) = inf
{ ∞∑
n=1

`(In) : E ⊂
∞⋃
n=1

In

}
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ìpou ta In eÐnai anoiqt� diast mata peperasmènou m kouc.

Orismìc 4.1.2 'Ena E ⊂ R lègetai Lebesgue metr simo an gia k�je A ⊂ R
isqÔei

µ∗(E) = µ∗(A ∩ E) + µ∗(A ∩ Ec).

H oikogèneia twn Lebesgue metr simwn sunìlwn sumbolÐzetai me M.

Orismìc 4.1.3 O periorismìc tou exwterikoÔ mètrou Lebesgue sthn σ-�lge-
bra M sumbolÐzetai me µ kai onom�zetai mètro Lebesgue.

EÐnai gnwstì ìti to Q eÐnai sÔnolo 1ηςkathgorÐac en¸ to R\Q 2ης ka-
thgorÐac. Oi antÐstoiqec ektim seic tou mètrou Lebesgue gia ta parap�nw
sÔnola eÐnai µ(Q) = 0 kai µ(R\Q) = ∞ oi opoÐec diaisjhtik� sumfwnoÔn
me tic prohgoÔmenec topologikèc. To er¸thma pou prokÔptei eÐnai an kai kai
kat� pìso to mètro Lebesgue sumfwneÐ me thn jewr mata kathgorÐac ìpwc
aut� èqoun diatupwjeÐ sto kef�laio 2. H ap�nthsh sto prohgoÔmeno er¸thma
eÐnai arnhtik  kai uposthrÐzetai apì to gegonìc ìti sto Rn mporeÐ k�poioc na
kataskeu�sei topologik� ��meg�la” sÔnola pou to mètro touc ìmwc eÐnai Ðso
me 0. 'Ena tètoio par�deigma eÐnai kai to sÔnolo E h kataskeu  tou opoÐou
paratÐjetai amèswc met� kai basÐzetai sta sÔnola tou Cantor.

Gia d = 4k, ìpou k fusikìc, jewroÔme to sÔnolo D0 = [0, 1] to opoÐo kai
qwrÐzoume se trÐa kleist� diadoqik� diast mata. AfairoÔme to mesaÐo apì
aut� m kouc 1/d kai paÐrnoume wc D1 thn ènwsh twn upoloÐpwn dÔo, Ðsou
m kouc. Epanalamb�noume thn Ðdia diadikasÐa kai afairoÔme 2 diast mata,
èna apì k�je sunist¸sa tou D1, m kouc 1/d2 aut  th for�, kai autì pou
mènei eÐnai to D2. Sto trÐto b ma afairoÔme 22 diast mata m kouc 1/d3 apì
to D2 kai ètsi ft�noume sto n-sto b ma

1. Dn ⊃ Dn+1 gia k�je n ∈ N,

2. µ(Dn) = µ(Dn−1)− 2n−1 1
dn .

To sÔnolo
C =

⋂
n∈N

Dn

eÐnai èna sÔnolo Cantor to mètro tou opoÐou mporeÐ na upologisteÐ ¸c ex c:

µ(C) = µ([0, 1])− µ([0, 1]\C) = 1−
(1

d
+

2

d2
+

22

d3
+ . . . .

)
= 1− 1

d

(
1 +

2

d
+

(2

d

)2

+
(2

d

)3

+ . . . .
)
= 1− 1

d(1− 2
d
)

= 1− 1

d− 2
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apì ìpou gia d = 4k èqoume

µ(Ck) = 1− 1

4k − 2

Prìtash 4.1.1 To sÔnolo Ck eÐnai poujen� puknì gia k�je k ∈ N

Apìdeixh: To Ck eÐnai kleistì wc arijm simh tom  kleist¸n, opìte arkeÐ
na deÐxoume ìti to eswterikì tou eÐnai kenì. An autì den sumbaÐnei tìte up�-
rqei anoiqtì di�sthma (α, β) pou perièqetai sto Co

k . 'Ara up�rqei akolou-
jÐa kleist¸n diasthm�twn me (α, β) ⊂ In ⊂ Dn gia k�je n ∈ N. Apì
thn kataskeu  twn Dn sumperaÐnoume ìti `(In) = 1

2nµ(Dn) kai par�llhla
parathroÔme ìti

0 ≤ 1

2n
µ(Dn) ≤

1

2n
µ([0, 1]) =

1

2n
−→ 0.

Opìte `(In) −→ 0 kaj¸c n −→ +∞. 'Eqoume ìmwc upojèsei ìti k�je In
perièqoun k�poio anoiqtì di�sthma kai �ra `(In) ≥ β − α gia k�je n ∈ N
to opoÐo mac odhgeÐ se �topo. AfoÔ t¸ra to anoiqtì Ck

o den perièqei kanèna
anoiqtì di�sthma prèpei Ck

o
= ∅.2

OrÐzoume t¸ra to F =
⋃
k∈NCk to opoÐo eÐnai profan¸c 1ης kathgorÐac

kai to mètro tou eÐnai Ðso me 1. Autì prokÔptei apì thn anisìthta

µ(Ck) ≤ µ(F ) ≤ µ([0, 1])

kai afoÔ µ(Ck) = 1 − 1
4k−2

−→ 1 kaj¸c k −→ +∞ paÐrnoume to zhtoÔmeno
µ(F ) = 1. To E = [0, 1]\F ja eÐnai èna sÔnolo 2ης kathgorÐac kai ja èqei
mètro µ(E) = 1− µ(F ) = 0.
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Proqwr¸ntac akìma parapèra blèpoume ìti an diamerÐsoume thn pra-
gmatik  eujeÐa se kleist� diast mata m kouc 1, R =

⋃
n∈Z[n, n + 1], gia

kajèna apì aut� ja up�rqei sÔnolo Fn ⊂ [n, n+ 1], 1ης kathgorÐac me mètro
µ(Fn) = 1. 'Etsi to F =

⋃
n∈Z Fn prokÔptei na eÐnai 1ης kathgorÐac afoÔ

mporeÐ na grafeÐ sthn morf 

F =
⋃
n∈Z

Fn =
⋃
n∈Z

⋃
k∈N

C
(n)
k =

⋃
(n,k)∈Z×N

C
(n)
k

me C(n)
k = n+Ck en¸ to mètro tou F eÐnai �peiro afoÔ µ(F ) =

∑+∞
n=−∞ µ(Fn) =

+∞. 'Etsi an epilèxoume E = [0, 1]\F tìte autì eÐnai sÔnolo 2ης kathgorÐac
me mètro µ(E) = 0.

Jèlontac t¸ra na susqetÐsoume to sÔnolo Nd me to mètro Lebesgue
ja qrhsimopoi soume thn grammikìthta tou q¸rou twn suneq¸n sunart -
sewn giatÐ wc gnwstìn o q¸roc C[0, 1] eÐnai ènac grammikìc q¸roc p�nw apì
to R. Sugkekrimèna stic epìmenec selÐdec ja apodeÐxoume ìti up�rqoun dÔo
sunart seic g, h ∈ Nd tètoiec ¸ste gia k�je f ∈ C[0, 1] na isqÔei

f(x) + αg(x) + βh(x) ∈ Nd

kai autì sqedìn gia k�je (α, β) ∈ R2. An doÔme tic sunart seic g, h wc
b�sh k�poiou dianusmatikoÔ upìqwrou tou C[0, 1], tìte autì pou par�goun
eÐnai k�poiou eÐdouc ��epipèdou” di�stashc 2. Se autì to epÐpedo, dhlad  s-
to P = {αg(x) + βh(x) : (α, β) ∈ R2}, all� kai se k�je metafor� f + P
autoÔ, ��sqedìn ìlec” oi sunart seic eÐnai mh paragwgÐsimec. AfoÔ t¸ra oi
par�llhlec metaforèc f + P exantloÔn ìlo to C[0, 1] mporoÔme na isquris-
toÔme ìti diajètoume mia idiìmorfh all� ousiastik  ektÐmhsh, apì thn pleur�
tou mètrou Lebesque, gia to mègejoc tou Nd se sqèsh me to C[0, 1].

Mia idiaÐtera endiafèrousa parat rhsh eÐnai ìti h di�stash tou P eÐnai
h el�qisth dunat . Autì shmaÐnei ìti h parap�nw prìtash den ja mporoÔse
na isqÔei gia metaforèc upìqwrou di�stashc 1. An sunèbaine k�ti tètoio, ac
poÔme apì ton q¸ro pou par�gei k�poia g ∈ Nd, epilègontac f(x) = −xg(x)
h sun�rthsh f(x) + αg(x) = (α − x)g(x) ja eÐnai paragwgÐsimh sto x = α
gia k�je α ∈ [0, 1].

Gia thn apìdeixh tou isqurismoÔ ja qreiastoÔme thn ex c prìtash:

Prìtash 4.1.2 Up�rqei stajer� c > 0 tètoia ¸ste gia k�je α, β ∈ R kai
gia k�je kleistì I ⊂ [0, 1] me `(I) = ε < 1

2
isqÔei to ex c

max
x∈I

(αg(x) + βh(x))−min
x∈I

(αg(x) + βh(x)) ≥ c

√
α2 + β2

(logε)2
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ìpou
g(x) =

∞∑
n=1

1

n2
cos(2nπx) h(x) =

∞∑
n=1

1

n2
sin(2nπx)

Apìdeixh: ApodeiknÔoume pr¸ta to akìloujo bohjhtikì l mma.

L mma 4.1.4 An I ⊂ [0, 1] eÐnai èna kleistì di�sthma m kouc `(I) = 2−m

gia k�poio m ∈ N tìte gia k�je suneq  sun�rthsh f isqÔei h anisìthta

max
x∈I

f(x)−min
x∈I

f(x) ≥ 2mπ

∫
I

f(x) cos(2m+m0πx+ φ)dx

gia k�je m0 ∈ N kai k�je φ ∈ [0, 2π).

Apìdeixh: Epilègoume pragmatikì arijmì η tètoion ¸ste

max
x∈I

(f(x) + η) = −min
x∈I

(f(x) + η) = M.

AfoÔ h sun�rthsh cos(2m+m0πx + φ) èqei perÐodo T = 2−m

2m0−1 kai to m koc
tou I eÐnai 2m0+1T (pollapl�sio thc periìdou) to oloklhrwm� thc p�nw apì
to I ja eÐnai 0, èqoume

2mπ

∫
I

f(x) cos(2m+m0πx+ φ)dx = 2mπ

∫
I

(f(x) + η) cos(2m+m0πx+ φ)dx

≤ 2mπM

∫
I

| cos(2m+m0πx+ φ)|dx = 2mπM2−m
2

π
= 2M

= max
x∈I

(f(x) + η)−min
x∈I

(f(x) + η) = max
x∈I

f(x)−min
x∈I

f(x)

kai h apìdeixh oloklhr¸jhke. 2

Ja efarmìsoume to L mma 4.1.4 upojètontac arqik� ìti `(I) = 2−m kai
gia f(x) = αg(x) + βh(x) h opoÐa eÐnai Ðsh me

f(x) =
∞∑
n=1

1

n2

{
α cos(2nπx)+β cos(2nπx)

}
=

√
α2 + β2

∞∑
n=1

1

n2
cos(2nπx+ θ)

gia k�poio θ ∈ [0, 2π) pou exart�tai mìno apì ta α, β. Opìte upojètontac
proswrin� ìti

√
α2 + β2 = 1 kai paÐrnontac φ = θ, èqoume

max
x∈I

f(x)−min
x∈I

f(x) ≥ 2mπ

∫
I

∞∑
n=1

1

n2
cos(2nπx+ θ) cos(2m+m0πx+ θ)dx =
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=
∞∑
n=1

2mπ

2n2

{∫
I

cos((2m+m0 + 2n)πx+ 2θ)dx+

∫
I

cos((2m+m0 − 2n)πx)dx
}
.

Mènei na upologÐsoume duì oloklhr¸mata, p�nw apì to I, sunart sewn thc
morf c cos((2m+m0 + ω)πx+ φ) ìpou ω = ±2n kai φ = 0   2θ.

An n > m tìte n = m+M kai∫
I

cos((2m+m0 + 2n)πx+ 2θ)dx =

∫
I

cos(2m(2m0 + 2M)πx+ 2θ)dx = 0

afoÔ to m koc tou I eÐnai akeraio pallapl�sio thc periìdou, en¸∫
I

cos((2m+m0−2n)πx)dx =

∫
I

cos(2m(2m0−2M)πx)dx =

{
0 , M 6= m0,
2−m, M = m0

.

Gia n ≤ m qrhsimopoioÔme thn parak�tw anisìthta ìpou wc y jewroÔme to
aristerì akrì tou I ∫

I

cos((2m+m0 + ω)πx+ φ)

=
sin((2m+m0 + ω)πy + (2m+m0 + ω)π2−m + φ)− sin((2m+m0 + ω)πy + φ)

2m+m0 + ω

=
sin((2m+m0 + ω)πy + ωπ2−m + φ)− sin((2m+m0 + ω)πy + φ)

2m+m0 + ω

≥ − |2−mπω|
(2m+m0 + ω)π

= − |ω|
2m(2m+m0 + ω)

.

Etsi h arqik  ektÐmhsh paÐrnei thn morf 

max
x∈I

f(x)−min
x∈I

f(x)

≥ 2mπ

2(m+m0)2
(2−m + 0)−

m∑
n=1

2mπ

2n2

{ 2n

2m(2m+m0 + 2n)
+

2n

2m(2m+m0 − 2n)

}
=

π

2(m+m0)2
−

m∑
n=1

2nπ

2n2

{ 1

2m+m0 + 2n
+

1

2m+m0 − 2n

}
≥ π

2(m+m0)2
−

m∑
n=1

2nπ

2n2

2

2m+m0 − 2n

≥ π

2(m+m0)2
− π

2m(2m0 − 1)

m∑
n=1

2n

n2
.
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Gia na belti¸soume t¸ra thn anisìthta uposthrÐzoume ìti
m∑
n=1

2n

n2
≤ 5

2m

m2

to opoÐo faner� isqÔei gia m = 1, 2, 3, 4 en¸ gia megalÔterouc fusikoÔc
mporeÐ na apodeiqjeÐ epagwgik� mèsw thc anisìthtac (m− 1)2 ≥ (16/25)m2.
'Etsi loipìn èqoume

max
x∈I

f(x)−min
x∈I

f(x) ≥ π

2(m+m0)2
− 5π

(2m0 − 1)m2

ìpou �n epilèxoume m0 = 10 kai m ≥ 2 katal goume sthn

max
x∈I

f(x)−min
x∈I

f(x) ≥ π

2(m+ 10)2
− 5π

(210− 1)m2

≥ π

2(6m)2
− π

200m2
=

2π

225m2
.

An I ⊂ [0, 1] eÐnai èna kleistì di�sthma m kouc `(I) = ε < 1
2
up�rqei

k�poioc fusikìc m ≥ 2 tètoioc ¸ste 2m ≤ ε < 21−m. Tìte gia k�je kleistì
di�sthma J ⊂ I m kouc `(J) = 2−m isqÔei

max
x∈I

f(x)−min
x∈I

f(x) ≥ max
x∈J

f(x)−min
x∈J

f(x) ≥

≥ 2π

225m2
≥ π

450(m− 1)2
≥ (log 2)2π

450(log ε)2
.

Jètwntac c = (log 2)2π
450

kai epanafèrontac ton ìro
√
α2 + β2 katal goume sthn

zhtoÔmenh anisìthta

max
x∈I

f(x)−min
x∈I

f(x) ≥ c

√
α2 + β2

(log ε)2
.

2

'Estw t¸ra mia sun�rthsh f ∈ C[0, 1]. An gia k�poio x ∈ [0, 1] up�rqei
stajerìc arijmìc M tètoioc ¸ste

|f(x)− f(y)| ≤M |x− y| gia k�je y ∈ [0, 1]

tìte h f lègetai M − Lipschitz sto x. 'Opwc  dh èqoume apodeÐxei sthn
par�grafo 2.2. k�je sun�rthsh f h opoÐa paragwgÐzetai se k�poio shmeÐo
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x ∈ [0, 1] ofeÐlei sto Ðdio shmeÐo na ikanopoieÐ thn sunj kh Lipschitz gia
k�poia stajer� M > 0. 'Etsi to sÔnolo ìlwn twn shmeÐwn pou paragwgÐzetai
h f eÐnai uposÔnolo ekeÐnou tou sunìlou pou perièqei ta shmeÐa Lipschitz
thc f . Se aut n thn parat rhsh basÐzetai h apìdeixh tou jewr matoc pou
akoloujeÐ.

Je¸rhma 4.1.5 (B. Hunt) Up�rqoun sunart seic g, h ∈ Nd tètoiec ¸ste
gia k�je f ∈ C[0, 1], h sun�rthsh f + αg + βh eÐnai poujen� paragwgÐsimh
sqedìn gia k�je (α, β) ∈ R2.

Apìdeixh: Katarq n oi dÔo sunart seic g, h eÐnai autèc akrib¸c pou orÐsthkan
nwrÐtera sthn Prìtash 4.1.2. JewroÔme t¸ra ta sÔnola

S =
{

(α, β) ∈ R2 : h f + αg + βh eÐnai paragwgÐsimh se k�poio x ∈ [0, 1]
}

T =
{

(α, β) ∈ R2 : h f + αg + βh eÐnai Lipschitz se k�poio x ∈ [0, 1]
}
.

Profan¸c èqoume ìti S ⊂ T kai gia na deÐxoume ìti µ(S) = 0 arkeÐ µ∗(S) = 0
giatÐ k�je sÔnolo exwterikoÔ mètrou 0 eÐnai Lebesgue metr simo kai to metrì
tou eÐnai 0. T¸ra gia na eÐnai µ∗(S) = 0, arkeÐ µ∗(T ) = 0 me to T na analÔetai
se

T =
⋃
M>0

TM

ìpou sto TM perièqontai ìlec oi sunart seic pou eÐnai M − Lipschitz se
k�poio x ∈ [0, 1]. IsodÔnama mporoÔme na gr�youme T =

⋃
m∈N Tm ìpou ta Tm

orÐzontai apì th sqèsh

Tm =
{

(α, β) ∈ R2 : h f + αg + βh eÐnai m− Lipschitz se k�poio x ∈ [0, 1]
}

kai autì pou profan¸c ja prospaj soume na deÐxoume t¸ra eÐnai ìti µ∗(Tm) =
0 gia k�je m.

StajeropoioÔme k�poio m ∈ N, qwrÐzoume to [0, 1] se N Ðsa kleist�
diadoqik� diast mata {In}Nn=1 m kouc `(In) = ε = 1/N kai orÐzoume to sÔnolo

Jn =
{

(α, β) ∈ R2 : h f + αg + βh eÐnai m− Lipschitz se k�poio x ∈ In
}
.

Lamb�nontac upìyh ìti Tm =
⋃N
n=1 Jn ja deÐxoume ìti ta Jn perièqontai se

dÐskouc aktÐnac cε(logε)2 gia mÐa stajer� c anex�rthth twn In, ε. Tìte ja
èqoume deÐxei ìti to Tm mporeÐ na kalufjeÐ apì N to pl joc anoiqtoÔc dÐskouc
to embadìn twn opoÐwn mhdenÐzetai kaj¸c to N aux�nei proc to +∞. 'Estw
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(α1, β1), (α2, β2) ∈ Jn, Fi = f + αig + βih gia i = 1, 2 kai upojètoume xi ∈ In
na eÐnai to antÐstoiqo shmeÐo sto opoÐo h Fi eÐnai m − Lipschitz. Tìte gia
k�je x ∈ In èqoume

|Fi(x)− Fi(xi)| ≤ m|x− xi| ≤ mε i = 1, 2.

Mèsw thc anisìthtac |x− y| ≤ |x|+ |y| paÐrnoume

|F1(x)− F2(x)− (F1(x1)− F2(x2))| ≤ 2mε gia k�je x ∈ In

kai sunep¸c
max
x∈In

(F1 − F2)−min
x∈In

(F1 − F2) ≤ 4mε.

Parathr¸ntac ìti F1 − F2 = (α1 − α2)g + (β1 − β2)h kai qrhsimopoi¸ntac
thn anisìthta thc Prìtashc 4.1.2 katal goume sthn

c

√
(α1 − α2)2 + (β1 − β2)2

(log ε)2
≤ 4mε

  isodÔnama √
(α1 − α2)2 + (β1 − β2)2 ≤ 4m

c
ε(log ε)2.

Autì shmaÐnei ìti k�je Jn perièqetai se k�poion dÐsko embadoÔ 2π(4m
c
ε(log ε)2)2

kai ètsi èqoume

µ∗(Tm) ≤
N∑
n+1

µ∗(Jn) ≤ Cmε(log ε)4 −→ 0 kaj¸c ε −→ 0.

'Ara µ∗(S) = 0 . 2

Mèqri stigm c èqoume sta qèria mac k�poia sugkekrimèna stoiqeÐa tou
Nd kai eÐnai logikì mèsw aut¸n na prospaj soume na kataskeu�soume peris-
sìterec suneqeÐc kai mh paragwgÐsimec sunart seic. AfoÔ to Nd eÐnai 2ης

kathgorÐac apì thn Prìtash 2.1.6 èqoume Nd + Nd = C[0, 1], apì ìpou
parathroÔme ìti prosjètontac mh paragwgÐsimec sunart seic mporeÐc kaneÐc
na p�rei opoiod pote stoiqeÐo tou C[0.1].

AfoÔ h prìsjesh den diathreÐ thn mh paragwgisimìthta sthrizìmaste
sto Je¸rhma 4.1.5 gia na par�goume nèec mh paragwgÐsimec sunart seic.
Upojètoume ìti f eÐnai mia opoiad pote suneq c sun�rthsh kai paÐrnoume thn
F = f + αg + βh. AfoÔ oi g, h eÐnai fragmènec ja eÐnai |g(x)| ≤ M1 kai
|h(x)| ≤M2 gia k�poia M1,M2 ∈ R. 'Etsi paÐrnoume

|F (x)− f(x)| = |αg(x) + βh(x)| ≤ |α|M1 + |β|M2
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kai epilègontac polÔ mikr� α, β mporoÔme na proseggÐsoume thn f ìso kal�
jèloume me mÐa mh paragwgÐsimh sun�rthsh. H epilog  bèbaia twn α, β
den mporeÐ na eÐnai opoiad pote: sÔmfwna me to Je¸rhma 4.1.3 gia k�je
tètoia sun�rthsh f pou ja dialèxw up�rqei èna sÔnolo E ⊂ R2 ètsi ¸ste
an epilèxw (α, β) ∈ E h sun�rthsh f + αg + βh den ja eÐnai anagkastik�
mh paragwgÐsimh. To gegonìc ìmwc ìti to mètro Lebesgue tou E eÐnai 0 mac
exasfalÐzei ìti h ��pijanìthta na sumbeÐ k�ti tètoio eÐnai 0”. 'Etsi sqedìn
sÐgoura h sun�rthsh f + αg + βh ja eÐnai mh paragwgÐsimh. Wc par�deigma
paÐrnoume mia mh paragwgÐsimh prosèggish thc f(x) = e−x

2 h morf  thc
opoÐac faÐnetai sto sq ma sthn epìmenh selÐda.
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