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ITpbhoyoc

Yty napoloa gpyacia Yo acyolndolue pe Eva xhacixd medBinua tng
AVEAUOTC TOU 0poEd GTIG GUVEYEIC XAl TOVVEVH TopAYWYIOWES CUVAPTACEL.
Ytbyoc pog €fvol Vo TUPOUCIACOUUE TEEIC DIUPORETIXEC TPOOEYYIoE auToU
Tou Véportoc. Buyxexptuéva oto Kegpdhato 2, utodetodue wia Totohoyxtr, pé-
V000 xat amodeixviouue Ty Umapdrn TETOIWY GUVIPTACE®Y XAVOVTaS YeHom
Tou Vewpruatog xatnyoplag Tou Baire. Ye xatdAAnho YETELXO YWEO GUVAUOTY-
OEWY ATOOEIXVOOUUE OTL TO GUVOLO TV CUYVEY®Y Xl ToVYEVE Tapaywyiotuwy
ouvapThoewy eivor Totohoyxd “ueydro”. Ev cuveyeia oto Kegdhato 3 xato-
oxeVALOUUE TETOLES LOLOMOPYES CUVUPTACELS. AUTEC Ol XUTAOXEUES APOPOUY
xdmotat xhaoixd ToapadelyoTa TETOLWY THOAOYIX®Y GUVURTHCEWY Xl 0EiLO-
vtou otoug Bolzano xat Weierstrass. Téhog, oto Kegdhato 4, napadétouye wa
UETEO-JEWENTIXNY TEOGEYYIOT TOU TUEATAVL TEOPBAAUATOS TOU OPElAETAL OTOY
B. Hunt. Ewdwdtepa, xataoxcudlouue 000 cuveyelc ouvapthoelc g, h @oTe
1 ouvdptnon ag + Bh eivar ocuveyrc xot moudevd mapaywyiown “oyedoy yia
#€30e” emhoyY| TV TEayUATIXWY apriumy o, 3.






KegdAiawo 1

Eicaywyixa

Zexwvavtog Yo uneviuplcouue xdmoleg Pacixés TEoTAoES Xl EVVOLES TOU
ol YENOLULOTIOACOUUE OTT GUVEYELL X0l ATOTEAOLUY Ta Bactnd epyaheior Yol TIg
omolec0NToTeE amodellelc Tapaécouue ota exoueva xepdiaa. H oyl xdie
TpoTaong mou Ya Swtutwiel oty tapoloa epyacia agopd xdmoWY GuYXE-
x€pWEVO ToTohoYIXd Ywpo. O tomohoyixde autdg ywpeog xavopiletal TAHEwS
A6 TOL AVOLYTE TOU UTOGUYOAY X0l AUTY UE TNV OELRY TOUS UR6 TNV UETELXY| TNV
omola €youue emhélel. Puotlohoyixd etval TOTE VoL EEXVACOUUE UE TOV TAUEAUXSTE
0pLouo.

Opiopdg 1.0.1 Eoww X éva ovvoro. M ovvdptnond : X x X — [0, +00)
ovoudletar petpixn oto X av éyer 1§ €£1jS 1010TnTeg :

1. dz,y)=0 < zx=y Vr,ye X
2. d(z,y) =d(y,z) VryeX
3. d(z,y) < d(z,z)+d(z,y) Va,yzeX.

Ia kdle onueio x tov ydpov ka1 yia kdde € > 0 opilerar n avorytr
prdAa
B(z,6) = {y € X : d(y,5) < &)

n omola éyer pédo duoio e exeivov tov avoyytov dwaotiuatos oto R. Xpnoi-
porowrTag tny évvowa Tng avotis purdias, éva vrootvodo U €vdg jietpikov
4 /. z 4 V4 7 /.
yopou (X, d) Oa Oewpetrar avoryté av yia kdle x € U vndpyer pundia axtivag
e > 0 ka1 kévzpov = 1 orola mepiéyetar oAdkAnpn oto U. KdOe onpueio tov
ourdAov mou 1kavomolel THY TPONYoUrEVn 1016TNTa AEYETAL €0WTEPIKG oNuUEio
tov oguvrdhov. Ta avorytd vroouvvoda tov X amotedolv pua tomodoyia J otov
X. Eva vrootvodo tov X Aéyetar kAeioté av to ouumAnpwid tov eivai avoryto.
Etrola mpoxvrter éti éva otvodo V' Oa efvar kAewotd av kdle x to omolo eivai

dp1o axodoviiag {xy, }nen and to V mepiéyetar oo V.



Opwoués 1.0.2 Eotw (X, d) évas petpikds yapog. H tomodoyia J; dhwv
Ty avorytwy vroourddwy tov X mou mapdyer n petpikny d efvai pna oikoyéveia
vnoourédwy tou X e s mapakdtw 1010TnTeg:

1. @,X - jd.
2. Uie; Ui € Ty yra onowadninote owcoyévea {U;}icr otoryelwr andé to Jy.

N Z / 7 /7
3. iz, Ui € Ju yra omowadrinote nenepaopérn axokovdia {U;}N, aroryeiwr
ané to Jy.

To eowtepixd E° ka1 n khewotétnra E evés avvérov E C X opilovear va
efvai To peyarvtepo avoryto Tov mepiéyetal oto I kail to kpdTepo KA€10Té ToU
repiéyer to E avtiotorya. Ioodvvaua, to E° efvar to oUrodo mou mepiéyer oAa
ta eowtepikd onueia tov B evad to E mepiéyel ta opia Awv twv akoAovddv
mov oxnuatiovtar aré otoiyeia tov K. H ovykhion axokovthaoy oe évay tuyaio

petpixd yapo (X, d) opilerar ws €£nig:

T, —x < VYe>0 dngeN : d(z,,x)<e Vn>ng



KegdAaio 2

To X0Ovoho N, twv TToudevd
[Topaywylopwwy ZVveywy
2IUVOPTNCEWY

2.1 ITuxvotnta xaw Oewpio Katnyopiog

Ye avtiyy ty evétnra Ja mapovordooupe to Jecdpnua katnyopiag tov Baire
0 omolo amoteAel Baoikd epyadeio yia ta endueva. Klaowkd PifAia ta omoia
xpnoponojoaye etvar wa [4)[5][7][8].

H mpdtn ka1 Paoikdrepn évvoia mov Ja ypnoyonoujoovue oe avtd to
kepdAaio, ondte ka1 Ya ypelaotel va avadvoouue, efvar auty tng TUKrOTNTAC.
‘Eva vrootvodo D evis uetpikot yapov (X, d) ovoudletar tukvd otov X drav
avtd anoteAel “pia kaAn npooéyyion tov X7, Avté onuaiver 6n yia omoiodn)-
rote v € X urndpyovy otoiyeia tov D mov Ppiokortar o0odnmote kovtd oTo & wg
mpog thy doouévn petpikny d. ‘Evag mpwtapyikds opiouds yia tny mukrvoTnTa
efvar o mapakdtw

D nukvé otovr X & VzeX AN Ve>0 JyeD : dxy) <e.

Atvovtag évay 10060vapo opioud péow akodovthav, npoxinte 6t to D dwatnpel
Ty 101dtnTa TS TukvdTnTag av kai uévov av 1 kA€totétntd tov €fvai dAog o
XOpos X, ourontikdtepa €xouvpe

D=X & VzeX FI{z,}penCcD : 1z, — .

Télog o ovoyetiouds tng nukvdTntag e ta avorytd vroouvoda tov X Owatu-
TWyeTal oty enouevn tpotaon n andéocén tng onoiag rapadeitetal.
Ilpéraon 2.1.1 Eoww (X, d) évag petpikés ydpos. ‘Eva vrootvodo D tou
X efvar mrukvd otov X av ka1 pudvov av téuver kdle avorytd vroovrodo tov X.
Toodvvajia



D=X < VGeJ, DNG#0D

omov n Jq €ivar n tomodoyia otov X mov opiler n petpixn d.

Yuverws to D dev Ua elvar mukvd otor X av vndpyer kdmoto avoiyto to
omofo 0cv téuverar and to D. 'evikeovtag tov opioud tng mukvétntag ndvew
amé 6Aa ta avoytd oto X opiletar n) évvoia tov movlevd nukvov vroourdiov.
‘Btor to P C X ¢ivar movlevd mukvd otov X dtav Ocv elval mukvé oc kavéva
aroryté umooUrolo Tov.

P nmovilevd nvkvd oror X &
vVGeJg, dHeJ; : HCG AN HCX\P

Ynr enduevn mpdraon arodeikyiove 6t1 To CUUTANpwua €vo§ tovldevd nukvoy
ovvélov P ogeider va efvar vnepotvodo kdnowov mukvoy kai avorytol ouvvéAov
Kai to avtiotpogo.

Ilpétaon 2.1.2 To P efvar tovdevd mukvd otov X av kai puévov av to oUUTAnR-
pwpa tou mepiéyer kdmoio avorytd kair Tukvd vrootvolo tov X .

Anédaén: (=) Eotww éu to P eivar mrovlevd nukvd. Opilovue to otvolo

D wg €&ns:
p=\J{#ed 36eq mcGnHcx\P}

Egéoov to D efvar avoiyté kar vnoodvodo tov X, péver va oeiovue o eivai
rukvd. Av G efvar éva avorytdé vrooUvoro tov X, avtd avaykaotikd mepiéyel
avorytdé H nov nepiéyetar oto X\ D ka1 dpa H C D. Téte npopavdic DNH # ()
kar ovvencds DNG D DN H # (. Apot to G elvar tuyaio, mpokinter ot to
D eivar mukvo.

(<) Avtiotpoga, éotw dut o X\ P nepiéyer éva tukvd katr avoryté ovvolo D.
Oa deibovue on to P eivar novlervd nukvd. Av G efvar éva avoiytd, tére Dé-
toupe H = DN G # 0 and énov majprovpe éu H C G ket H C D C X\P.
Exouvpe oniady H C X\P dénov H C G, ka1 auté ya omowadnimote €mAoyr
avorytol G. Ondre to P efvar movdevd mukyd otor X. O

AoV to ouutAnpwpa evis tovdevd mukrvol ovvddov P nepiéyer éva avorytd
ka1 Tukré vrootvodo D avtd pas efaopaliler 6t to P dev mepiéyer kavéva
avoryté vnootrodo. Oa ypnoyOTOIOOUE aUTHY TNY Tapatipnon ya va 0w-
oouue éva kouotepo opioud ya ta movbevd mukvd olvoda, otov orolo Oev Ua
xpnoipororjoovpe o 10 to P aAdd tny kAewotdtnta tov. Ané autd to onueio
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ka1 érerra ws oplods yia ta movlevd mukrd ovvoda Ua Dewpeitar n napakdtw
TPOTA TN JIaS KAl ATOTEAE] TNV TUVOTTIKOTEPT) TEPTYPAPT) TOU €YOUUE TUVavVThoEl

Héxp1 Tpa.

Ilpéraon 2.1.3 Eoww (X,d) évas petpikds yopos. Eva ovvolo P C X
eivar movllevd mvkvdo oto X av kar pévov av n KA€0ToTNTA TOU €Y€l KEVO
eowTepikd, onAadn av kar pdvov av P~ = ().

Andbaén:(=) Eow éu to P eivar tovdevd mukvd. Oa deifouue du P° = .
Yrdpyer kdnow mukrd kar avoryté ovvolo D to omolo mepiéyetar oo X\ P.
To ovvoro (X\P)° €ivar to peyalitepo avoryté vnootvoro tov X\ P ondre Oa
mpémel va mepiéyel ka1 to D. Tote

D C(X\P)° = DcC(X\P)° = X C (X\P)e =

X=X\P = X=X\P" = P =0
ka1 to {nrovuevo anodefyOnke.
(<) Eotww éu P’ = 0. Ia va ociéw dt1 to P efvar movdevd mukvéd apkel to

ouumAnipwpa Touv va mepiéyel éva avoiytoé kar tukvé vnootvolo. Ilaipvouue to
avoryté X\P C X\P ka1 apkel va detéovpe dur efvar nukvd. Hapatnpolue ot

X\P=X\P'=X\0=X

and énov maipvoupe dur o X\ P elvar ovws tukvd.O

Ta 6¥o mo yvwotd napadeiypata tukvay owvidwr efvar o1 pnrot, Q, kai o1
7 7 a 7/ /. 7 7 7 /7
dppnror, R\Q. Avtd ta 6o olvoda éyovr uia ovowaotikn duagopd n onola pag
oonyel va ywpioovue ta tukvd olvoda oe dUo jeydAes katnyopies. H drapopd
Tous gaivetar kar and to 6tr to Q eivar apidurjopo eve o R\Q vrepapipnioo.
Ilpdsta Oa opioovue pa aolern, ws npog Ttny évvoia tng TukvéTnTag, Katnyopia
ovrddwv n ornota Ja akodovlettar andé tov dpo ovvora 17 katnyopiag. Avtd
ta oUvoda mpokUntovy and apridunoipes evwoeas novlerd tukvwr ovvddwr. H
dettepn katnyopia Ja mepiéyer olvoda - moU MPOKUTTOUY 3§ CUMTANPOUATE

Ve 4 / v . / / ’r]q
oUréAwy NS TPaTNS - Ta omoia ovoudlovtar Residual 1j olvora 27 xaTn-
yopiag ikai anoTteAoUy 10 UpOTEPES LOPPES Tukvwy owvddwy. Ta va emriyovue
kdt1 téroio Oa ypnoiporomrjoovue to Jecdhpnua katnyopiag tov Baire.

Oprondg 2.1.1 Eorww (X, d) évas petpids ydpos. Mia axodovdia {x, Fnen
onpetwy tov X Aéyetar akodovldia Cauchy av

Ve>0 dINeN : dx,,zm) <e Vn,m>N.
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Evag yapos (X,d) otov omolo kdle axodovdia Cauchy ovykAiver ovoudletar

A Tjp1)S.

Opwoués 2.1.2 Av (X,d) eivar évag petpixds yopos kar £ C X téte n
didueTpds tov E opiletar wg

diam(FE) = sup{d(z,y) : z,y € E}

Ocdpnua 2.1.3 (Cantor) Eotw (X, d) évag nAipng petpixds ydpos. Trnodé-
toupe 6t { K, nen €fvar pia gOivovoa akodoviia, un kevdv, kAeiotdy ouvddwy
térota dote diam(K,,) — 0. Tdre vndpyer o € X dote

ﬂ K, ={a}

neN

Anédeitn: Apob K, # 0 yua kdle n € N, vrdpyer kdnow x, € K, Oa
Oeiéw dt1 n akodovBia mov oynuatilowv ta x, eivar Cauchy. Eotw e > 0. H
undteon diam(K,) — 0 eaogalila éu vrdpya rkdnow N € N térow dote
diam(K,) < € yu kd0¢ n > N. Eotw tdpa n,m > N, ue m > n. Agov
n { Ky} nen €var pOivovoa, éyovpe K, O Ky, p, xm € K, ka1 n andéotaon
autwy twv U0 onueiwy efval Tpopavas Jukpdtepn ané tny oiduetpo tov K,

d(xp, xm) < diam(K,) < e.

AnAadn n {z, }nen €tvar Cauchy ka1 ovvends ovykAiver oc kdmowo o € X.

Oa detéovue mpwta ot o o mepréyetar o€ kdle K,,. Forw n € N. Tdre
yia kde m > n Va eivar K,, O K,,, ka1 x,, € K,, and to onolo cuunepaivoupe
6t n axokovdia {K,, }0_,, mepiéyetar oto K,,. Apod n {x,}2_,, avaykaotikd

Z /. Z /7 4 Z
ouykAiver oto o ka1 to K, efvar kkewoté Oa mpérer o € K,,. Agot to n njrav

tuyaio mpokUntel 4t
a € ﬂ K,

YroOéroupe tdhpa dut vndpyer kdnow y € (), .y Kn pe y # a. Tére éyouue

neN

0 <d(y,a) <diam(K,) VneN

ka1 apoV diam(K,)) — 0 maiprovue = « to ornolo efvar advvato. Apa
% n PYOULE Y P

Npen Kn = {a}. O
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Mrmopotue tipa va mepdoovue otnr Owatinwon kai arédeén tov Jewpr)-
Hato§ katnyopias tov Baire to omofo avagéper étr av éyovue pa apriunioiun
01KOYEVEIq avol(TWY Kal TUKVWOY TUVOAWY 1) TOUI) QUTNS TNS 01KOYEVelas Tapajé-
vel Tukvo ouvodo. Avagpépouue 6t kdOe oUvodo to omolo Tpokintel ws aprdur-
oun évwon avorytwy owidwy ovoudletar Gs.

Ocdpnua 2.1.4 (Ockpnua Katnyopiag tov Baire)

Eoww (X,d) évas mAnipns petpikds yadpos kar {Gytnen axodoviia and
avotytd kai nvkvd vrootvola tov X. Téte o alvoro ),y Gy €lvar Tukvi
otov X.

Aréoeién: Eoww U éva omowdnmote avoryté otov X. Av odetbouvue 6u U N
Nnen G # 0 tedadoape. Agot Gy = X ka1 to Gy €fvar avortd, n toun
G1NU Oa etvar un kevny kar avorytry. Tote

dryeGiNU ka1t 0<e; <1 : B(z,e) G NU

onkaon n toun tov tuvkrov Gy pe to U _npénez va mepiéyer pia kA€ot undia
e axtiva pukpdtepn tov 1. Agot tdpa Gy = X 1 toun) GoN B(xy,€;1) Ua efva
enions un kevn kar avoytn. Opoiws

1 -
Jday € GoN B(xy,e1) kar 0<eg < 5 : B(wg,e9) C GoyN B(zy,e1).

Avtiotowa, n tourj Go N B(xy,e1) Oa mpéna va mepiéyear pa undia axtivag
JuKpdTepn and 5 yia Ty omola N KAC10TETNTA TS TEPLéYETAl 0TNY TPCTH UTdAd.

Eraywyicd kataokevdlovpe axodoviia umakév {B(x,,€,) tnen tétoa o-
ote:

1. 2, € GaNB(xp_1,6n-1) ka1 &, < %

2. B(l’n, €n) cG,N B(ZEn_l, 5n—1)
ka1 yia tny omoia 0 n—o0TdS dpog Tepiéyetal eEolokAripov oTnY TOUI) TOU TPON-
yoluevov ue to Gy, kai n aktiva Tov n—otov 6pou elvar JiKkpdtepn amd %
O¢vovpe K = ()", B(zy,&,). Tdte éyovue

 — 2
diam(B(xp,e,)) = 26, < — — 0
n
ka1 emmAéoy agov

B(zp,e,) C Gy N B(xp_1,6n-1) C B(xp_1,6n-1) C B(xp_1,6n-1)
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ouumepaivovue ot

B(zp,en) D B(pi1,6n01) ¥YneN.

Ernouévawg 1ikavorowotvtar o1 ovviinkes tov Jewpnjuatos tou Cantor kai dpa
K = {z} # 0. Agob o undles éwar vrootvora wov U, wyvea éu x € U
ka1 ©éhog U N[, ey Gn = {z}. O

Akodovlel uia mpéraon-répioua tov Jewpnipatos tov Baire tny onoia Ya ypnoi-
poromnooupe yia va arodeiéovue kdrowa onuartikn wwtnta wwv G5 kai Tukyoy
oWOoAwY.

Ilpéraon 2.1.4 Eoww (X, d) évas mAnipns petpikds yapos kar {Gp }nen ako-
Aovtia ané Gs kar mukvd vrooUvola tou X. Téte to () . Gn €lvar G5 kar
Tukvo otov X.

neN

Aréoeién: To G, elvar G5 ondre ya kdOe n uvndpyer akolovOia avorytdv
{US Y en TéTod dote

Go=(UW = G, cUY = G, cUY = X=U ¥YnmeN

meN

Y / 7 (n) / ¢ 7
ano omov TalPYouUlE 0Tl Td Um etvar ka1 tukvd. Eto

Ne-N A= ) o

neN neNmeN (n,m)eNxN

ka1 Tédog o (),ey Grn amodetyOnke 2" katnyopiag. O

Oprondg 2.1.5 Eoww (X,d) évas petpixds yapos. To F C X ovoudletar
ovvodo 17 karnyopiag av unopel va avarapaotalel ws apiiunoun évwon
aré movlerd mukvd vmoovyroda tou X.

Av vnotéoovue du F' efvar éva ovvoro 1 katnyopias téte avtd ypdpetar
FE = UneN F,, énov ta F,, eivar rovlevd mukrd vrootvoda tov X. Onws éyoupe
7 e 7 7 7 Ve / /. yd
1non arodeilel, To ouumANpwa kdle Tétowov ouvvddov F,, mpémer va mepiéyer éva
Tukvé kair avoryté vrnootvoko ,G,, tov X. Téte yia to ovurAnpopa tov F

wyve to €€ng:

X\F=X\|JF.=(X\F,)>[)Gn
neN neN neN
apot G, C X\F,. To ouumAipwua 6nAadr) mepiéyer éva G to omnoio and
to Jecdpnua tov Baire eivar mukvd. O enduevos opiopds anoppéer and avtry

aKpipas TNy Tapatipnomn.
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Opwoués 2.1.6 Eotw (X, d) évag petpixds ydpos. To E C X ovoudletar
Restidual 1 olvolo 2™ xaznyopiag av to E mepiéye éva G5 kai mukve v-
rootvoro. To ouumAnfpwpa kdOe Residual ouvvédov eivar ndvta ovvodo 17

katnyopiag.

TNa mapdderypa, éotw qua apiiunon {g, : n € N} wwv pntdv apidudy.
Av ypdpoupe wo Q ot popen Q = U, ,enldn} ovpnepatvoupe éu efvar odvoro
1" katnyopiag. Ané tnv dAAn to olvoko twv appritwy ypdeetal wg

R\Q = R\ U {Qn} = ﬂ R\{QH}

neN neN

ka1 apov ta ovvoda R\{q,} evar avoytd ka1 mpopards nukvd, to R\Q eivar
éva oulvodo 2™ katnyopiag.

Mia arnd ng Paoikdtepes 1016tnTeg €v6s ovvddov B 2° katnyopiag eivar on
kd e otoryeio Tov ywpov X pmopel va avarapaotael ws dUpoioua dVo otoryeiwy
aro to B pe v mpouvrndeon dti o X éyer emmAéov douny diavvouaticol Ywpou,
onkaon

VeeX de,ea€E : x=e1+es.

H arnéoeién wng maparndvew mpétaong otnpiletar oto mépiopa tov Jewpnuatog
v Baire. TrevOuuilovue our évag opoopoppionuss T+ X — Y efvar uia
areikoévion peta&d 0o TomoAoyikdY xwpwy n omola efvar éva mpog éva kai ent
ka1 o1 anewcovices T, T efvar ka1 o1 0o ourexr.

Ilpéraon 2.1.5 Eoww (X, d), (Y, p) 6o mAripe petpirol ydpor kar T : X —
Y évag opoopoppiouds. Av G etvar Gs kar tukvd otov X tite wo T(G) elvar
G ka1 tukvé otov Y.

Andéoein: Agov to G etvar Gy ypdgetar wog G = ()
avorytd oto X. Eton

v
neny Gn y1a kdrowe Gy,

T(G) =T([\Gn) = () T(Gn)

neN neN

kar apov ta T'(G,,) evar avorytd o T'(G) etvar Gs. Méva va deibovue du etvai
xar tukvd. FEotw y € Y kare > 0. Trdpyea v € X térow dove T(x) =y kai
agov x € T~ (B(y,¢)) vndpyer 6 > 0 dote

B(z,0) c T"H(B(y,¢)).

INa oz € X vndpyer g € G ue d(x, g) < 6 Avté onuatver éu g € B(x,0) ka
dpa g € T~ (B(y,e)). Eror naiprovue

T(g) € B(y,e)
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ka1 onéte p(T'(g),y) < € mov odokAnpdver Tny anédeén.0

Ilpéraon 2.1.6 Eotw (X, d) évag mAijpng diavvopatikds yopos. Av G elvar
Gs kar tukyd otov X e X = G+ G.

Anédealn: XraOepomootue kdmow x € X kar opilovue tny ameixévion T, :
X — X pe wono T,,(y) = v —y. HT, elvar opoopopgiopds agpov eivar éva
mpos éva kar ent kar on T, T~ efvar kar o §Yo ouveyels. Ané tyy rpdraon Tou
pokis anodetbapie o T,(G) eivar G5 ka1 tukvd ondre éxyovpe T.(G) NG # 0.
Apa vrdpyovr g1 € T,(G) NG ka1 g € G dote

To(92) =1 = T=g1+0.

Aot to x efvar tuyaio mpoxvntel 6t G+ G = X. O

2.2 Katnyopia oto N

O yawpos orov omofo Oa amodeibovpe tny Unapén movlevd rapaywyioiwy
ouvaptrigewy €ivar To oUVoA0 CAwy TwY TUVEXWY TPAYHATIKGY TUVAPTATEWY
jie medio opiopol to kA€ot didotnua [0, 1] kar medlo Tipdy o R. H anddeén
mov Ja mapatéoovue, efvar ané to FifAio tov Oxtoby, "Measure and Category”
PAére [5]. Ipw mpoywprioovue otnr anddein tov anoteAéopato§ avTris tng
evdtnras Ua npénel va pedetioovue kdnoie§ Baoikés 1idtnes tov yopouv C0, 1]
otov onolo kai Ua epyactolje. Ilpadta mpémer va egpooid oovpe To YWpo avtov pe
pia katdAAnAn petpikn. Egdoov o1 ovvaptioes opilovtar oto ouunayés [0, 1]
Ja emiAéEovpe Ty supremum petpikn, o, 1 onoia opiletar and Ty oyéon:

o(f,g) = sup |f(x) —g(x)] V f,ge€C0,1].

z€0,1]
H wonodoyia oror C|0, 1] emAéyetar va elvar avth mov uoiodoyikd aroppéer amo
v mapandve petpikn. Ia va epapudoouvue tn Jewpia mov arodeiaye oTny
mponyoUpern evétnta Ua mpérer mpddta va detéovpe 6t o yaopos (C[0, 1], o) eivai
mArjpns.

Ilpéraon 2.2.1 O ydpos (C[0,1], o) €ivar mAripns.

Andoeén: Eoww { fn}nen pia axodovdia owvaptioewr ané to C0, 1] n onola
etvar Cauchy. Ioyve to €&ng:

Ve>0 dNeN : olfu,fm)<e ¥Ynm>N =
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Ve>0 INeN : sup |fulz) = fulz)|<e Ynm>N =
z€]0,1]

Ve>0 INeN : | folx)—fulr)|<e ¥Ynm>N Vazel0,1]]

Orndre ya kdle x € [0,1] n akodovdia twv apidudy { f,(z)}nen €ivar Cauchy
ka1 avaykaotikd Ua ovykiiver o€ évay apidud f(x). Av otnr tedevtaia oxéon
agpnooupe to m va mdel 0To +00 Taiprouue:

Ve>0 INeN : | folx)—f(z)|<e Vn>N Vzel0l]
mov onuatver 6t n f,, — f opoiduopga. O

Yn owéyea Oa ypeaotel va ypnoyuonojoovpue pa enikng Uopeng
axokovdia owvdkwr tnr orola oupBorilovue pe {Ey}nen kalds kar pla katd
tufuatae ypapukn, wepodikny ovvdptnon ¢(x). Lpw mpoywpricovue otny

aréoeén Va mapaéoovue kdmoie§ Paoikég 1010TNTES AUTAY.

H ovvdptnon ¢(x) = min(x — [x],x + 1 — [x]).

H ¢(z) etvar n ovvdptnon wng anéotaons e€vds apidpol x and to mAn-
o1éotepo o€ autdy axépaio. O timog tng o€ dAo o R eivai:

T —n, n§x<n+%,

¢(r) =
—(z—n)+1, n+i<z<n+l

H ¢ etvar gpaypévn agov 0 < ¢(z) < 1 ya kdle x € R, efvar nepodikr] pe
mepiodo T' = 1 ka1 n mapdywyds Tns, mov opiletal o€ dAn tny npayuatixn evleia
€kTls Twv onueiwr {n + % :n € Z} UZ etvar ion pe £1. Eotw tdpa € > 0
kar m € N. Oewpolue tnr ovvdptnon o : R — R e o(z) = ep(ma). Ho
dtvetal amé to tmo

5m(x—%), %§x<%+ﬁ,
o(z) = ep(mx) =
—em(z—2)+1, 241 <gp<ntl

ka1 éyel TS Tapakdtw 1016TNTES:
L. 0<o(x) <3
2. o(z+ L) =o(x), onkadij n o elvar = -reprodixn,

3. o'(x) = £em.
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Av y = ax + (3 efvar pia evlela Oa dolue mids akpifag ennpedletar av tng
mpootéoovue tnr o(x). Hn(x) = o(z) + ax + [ anoteAel pua yeudtn ywries
popgonoinon tng evleiag, to tAnlog twy orolwy efaptdtar and to m evd o
Uihog tous amd to €. Idwatrepa onuavtiki eivar n ektiunon mov agopd to né00
kovtd Ppioiovtar avtés o1 6V0 ourapTroe.

9
o(n,0) = sup |n(z) —o(z)[= sup |eg(ma) |= 5.
ze[0-1 ze0.1

Ta odvora E,.

Optlovpe to €ng ovvolo:
L,

1
:{fGCMH:ermJ—E]|f@+@—f@ﬂ§nh Vhemj—@}
Ay ndpovpe n = 1 téte to By umopel va ypagel otn popen:

f(h) = (0)

Elz{feG[O,l]:—lg -

<1 Vhelo, 1)}
Yvo Ey mepiéyovtar Aes ot ouveyels ovvaptjoer oo [0, 1] o1 omoleg and to 0 kat
petd eykAwBilovtar petad twv evdadv [(t) =t + f(0) ka1 I(t) = —t + £(0).

Es

Ly faeh =i

2 h
Avtiotoga oo By mepiéyortal avtés o1 ouvaptioes tov atd kdmow x € [0, 5]
ka1 debi6tepa e ykAwpBilovtar otny mepoyn) mov opletoly o1 evleies I(t) =
2(t—x)+ f(x) ka1 l(t) = =2(t—z)+ f(z). O kAives avtdv twv evdady, dtwg
paiverar kalapd and tg efiodoeg Tous, efvar 2 kai -2. I'evikdrepa yia kdmoio
peydio n, pa ovvdptnon f unopel va ovupetéyer oo L, av hadére kdrowo
z € (0,1 —2] dote and avtd wo & ka1 de&idrepa o ypdgnua s f va Ppioketar
kdtw ané nr l(t) = n(t —x) + f(x) kai tdvew and tmr l(t) = —n(t —x) + f(0).

:{feC[O,l]:er[O <2 Vhe(0,1-x)

——
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f(x+h)

I(t) = -n(t-x)+f(x)

X 1-1/n x+h 1

Mia ouvdptnon f n otoia TepiéxeTal oo E,

Iapazijpnon 2.2.1 Iaepatnpolue éu yia oAU peydia n o1 evieles [(t) el
YouY va amoKTHOOUY Katakdpupes kAloels. Avtd onuaiver ot o1 mepopiojol
Tou Umopoly va em@épovy 0To avdmTUYMa pia ouvdpTnong oev efval 101aitepa
10X UpOT Kat €k TPATNS Gews, Atyes avvaptioes Oa peivovy é€w and ta E,. Av
ndpovue OnAadn uia Tuyaia f, avtr) yia va ovupetéyer o€ kdmowo E, Ua mpénea
va vndpyet kdmoio x, 00001ToTE KOvTd 070 1, hoTe and avtd to x Kkai deé1dtepa
0 ypdgnua s f va nepopiletar petalt 6vo “oyedor”’ kataxdpvpwy evdedy
drepyduevawr tov onpueiov (x, f(x))!

YUlupwra pe Ty tapardve: tapatipnomn, to ovumAnpwua tov B = UyenEy,
Ja mepipuévape va nepréye “Afya” otoyeia. Avtd mov Ja deiovpe oo enduero
Jecdpnua eivar 6t1 dy1 povo dev mepiéyer “Afya” oroiyeia aArd eivar téoo peydio
/. / z Z / Z Z e
wote datérer éva G5 ka1 tukvd vrootvolo. Me avtdy tov Tpomo Ua arodeibovue
v Unapén twy un-rapaywyiowy ovvaptrioewy, apotl avtés Ha mepiéyovtal
o€ Kkdmoio ovrolo mov wg Tukvd, oev Ua efvar kevo.

Ocdpnua 2.2.1 To otvoro Ny twr movderd mapaywyionuwy ovvaptrioewy
oo [0, 1] efvar ovvolo 2™ katnyopiag.
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Anéoaén: I'a xkdle n € N éyouue opioer to otvodo E, va efvar oo ue:

E,

={fecp.: 3%[0,1—%] | fla+h) = f@) |<nh Vhe ©1-x))

ka1 opolws Jewpolue to
Ey

~{reco: axe[%,u | f@) — fle—h) |<nh Vhe (0}

7 4 7 7/ 7 7 7/
w¢ T0 0UVoAO Twy ouvaptioewy o1 omoles eyikAwpPilovtar puetal ovo evlewy,
kAfong n ka1 —n avtiototya and kdrowo onueio x kar apotepd. XTn ouvéyea
Taiproupe TNY évwon auTwy Twy U0 OUVOAwWY

E:UEn Kai F:UFn

neN neN

N 7/ z Z
ka1 Oa amodeioupe ta mapakdtw Anpuata.

Anfupa 2.2.2 To otvolo EUF mepiéyel 6AeS Tis mapaywylioues ouvvaptioe.

Arédeaén: Eotw pua ovvexns ovvdptnon f n ormola eivar mapaywyioun ané
ta 0ebid o€ éva onuelo x € [0,1) ka1 n rapdywyos avtr) eivar ion pe kdmnooy
apiud f'(xz*) € R. Avté nov Oéhouue va emtiyouue eivar va Bpolue éva
oeiktn n apketd pueydio wote n f va mepiéyetar ovo E,. Hpdta Oa mpémer va
anartrjooupe va wxvetn >| f'(x1) | kar perd to n va anotedel éva dvo ppdypa
yia ta mnAika twv owagopwy mov opilovy to E,. I'a avtdv tov Adyo opilovue
v owvdptnon L : 0,1 —z] — R pe tino:

\f(iH‘h}z—f(ﬁ)\’ he (0’ 1— ZE],
L(h) =
|f/ ()], h = 0.

H L etvar ovreyng oo (0,1 — ] ws mnAiko owvexdr owaptioewr. Eniong n
ovvéyea s L oo 0 mpoxUrter and tnyy napaywyroiudtnta s f oto v and
ta de&id. Agov Aowndr n L etvar opiopévn oto ouunayés [0,1 — x] da npéra
va maipver pia péyiotn tpn o€ avtd, ag ty nolue N. Av emidééovpe n > N
ka1 apketd peydho dove v € 0,1 — L) wre f € E, ka1 kd¥e ovvdprnon
f € C[0, 1] mov mapaywyilerar and ta be&rd TovAdyrotov o€ éva onpueio
Tov [0,1) Ja mepréyetar o€ kdrow E, kar dpa £ € E. Axodovidvtag toug
dous ouAoy1o0US ouumepaivoupe étt kdBe ovrdpTnon f € C[0,1] nov
napaywyiletar ané ta apotepd TtovAdyiotov oe éva onueio tov (0,1]
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Ua mepiéyetar o€ kdnow F, xair dpa f € F xa1 évor n andoaén tov Anp-
Hatog odorkAnpodinke. O

Afjupa 2.2.3 Ta olvora E,, F, elvar kAewotd ya kdOe n € N.

Andoaén: Eoro {fi}ren pia axodovlia ouvaptrioewy oto E, mov ovykAive
oe kdrowa f. Ia kdUe fi, € E,, vndpyer éva avtiotoyo x), TéT010 HOTE:

1
xp €1[0,1— E] kot | fi(zg +h) — fu(zg) [<Knh Yhe (0,1 —xy)

Agot 0 (0,1 — 2] efvar ouunayés o vndpyer pia vroaxodovdia tng {xp tren
n omofa Ua ouykAiver o€ kdmowo = € [0,1 — %] EmAéyovue tnr vroarxodovdia
avtrj ka1 Ywpls BAIBN tng yevikdtnrag (dnws Ja mpoxliher and twa mapakdrw)
propolue va vrodéoouue 6t n vroakodovdia eivai n {xy }ren. Ot mponyolueves
oxéoeis mov ioyvay ya thy apxikn akodovdia dwtnpolvtar wg éxovy agol

wyvouvr yia kdOe k € N. EmnAéov
| flx+h)— f(o) |<] floe+h)— flzr+h) |+ ] flzr+h) — felve +R) |+

+ [ felwn + ) = fulwe) [+ [ felwe) = fan) [+ ] f2n) = fz) |<
<[ flz+h) = f(xr+h) | +o(f, fv) + nh+ o(fe, )+ | flax) — f(z) |

Owav k — +o00 téte o(f, fr) — 0 Adyw opoiduoperis ovykiions s { fi}
kat | f(x 4+ h) — flze+h) |,] f(z) — f(x) |— 0 Adyw ovvéyewas tns | oto
T. A(poﬁw’)paogmkgl—%Kalxk—>xﬁa éXOU}lEOSJ)Sl—% Kai

| f(x+h)— f(x) |<nh Vhel01l—xa]

mov onuaiver 6t n f avniker oto E,,.0

Anjppua 2.2.4 To C[0,1]\E,, eivar tukvd.

Anédaén: Eoww f € C[0,1] ka1 ¢ > 0. Eivar yvwoté du kdde oweyng
ovrdptnon propel va mpooeyyiotel, oo0odnmote kovtd, and katd TuRpaTa ypap-
k€S ovvaptioes. Trnodérw on h efvar pua vérowa mpooéyyion ns f ya tnr
orola wxver o(f,h) < 5. Oewpolue Tty ovvdptnon ¢(x) = min(x — [z], z +
1 — [z]) ka1 péow avtrijs Ya duatapdéovpe tny ypappuxdtnta ng h e térow
om0 wote 1 ovvdptnon mov Ya mdpouue o€y Ua mepiéyetar oto E,. EmAé-
youpe g(z) = h(x) + ep(ma) ané drov rajprouvue du ¢'(x) = h'(x) £em. Av
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topa M eivar n péyiotn, katd aréAvtn tiun, KAonN Twy Ypapupkoy ouvioto-
odv s h téte and tny uia Ja wyder —M < W (x) < M erd and wr dAAn
Oa Oéhaue o1 kAioeis tng g va eivai efte peyalitepes and n eite pukpdtepes amo
—n. EmAéyovue téroio m wote me > n+ M. Téte o1 mapardtw ekniunoe:

b (x)4+em>—-M+em>n
h(x)—em < M —em < —n

otvouv ot g € C[0,1]\E,. Téog, and doa éyovr eimwiel npw tnr datdnwon
g

tov Dewpniatos, 1w0yve o(g, h) = 5 ka1 teAird:

o(f,9) <o(f,h)+o(h,g) < -+ =e.

DO ™

Orndre o C[0, 1]\ E,, eivar tukvd. Opoiws arodeikrietar 6u kar to C[0, 1]\ F,
efvar tukvé otov C|0,1].0

Apod o1 mapaywyioues ovvaptijoas oo [0, 1] mepiéyortar oto E U F,

éyouue
Cl0,1\(EUF) C Ny

Ka1 omdte

C[0,1\(EUF) =CI[0,1\EUC[0,1]\F
= (N co.ne)J(N o)
neN neN
Andé vo Afjuua 2.2.3 w E,, F, cvai khaotd dpa w C[0,1)\E,, C[0, 1]\ F),

. z 4 z z 7/ . z 7
etvar avorytd evey and to Anqupa 2.2.4 ta vedevtaia elvar xar tvkvd. Apa to
Ny mepiéyer otvoro 2™ katnyopiag, dpa elvar kar to o 2 katnyopiag. O
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Kegdiaio 3

[Topaodeiypato ITovdeva
[Topaywylopwwy ZVveywy
2IUVOPTNCEWY

3.1 Kataoxeur piag novdevd nopaywyiowng
ouveY0UE CLVAPTNONG

O mAéov kAao1kdS TPOTOS KATATKEVHS TETOIWY 10100PPWY TUVAPTHOEWY €l-
var avtés mouv 1 {nroluevn ouvdptnon TPOKUTTElL WS TO  OMOOHOPPO
dp1o kdmoiag, katdAAnAa emAeyuérns, oeipds ouveywy ouvaptrioewy. 2§ TpaTo
napdderyua, PAéne [6] oedida 154, mapadérovue pua ouvvdptnon ywa tny onoi-
a n anéoeén ng un mapaywyrouctntag Jewpeitar elkodn oe oyéon pe dAda
onuogiA1) tapadetyuata, dvo and ta onoia napovordlovtal 0TS €MOEVeS TEAIDES.

Ocwpolue tnr ovvdptnon ¢ : R — R n onoia yia —1 < x < 1 evai
fon pe Y(x) = |x| ka1 oty ovvéyaa Ty enevtelvouue tepodixd oTny vrdkoitn

mpaypatikry evlela. Ankadnj éyovpe (z+2) = (x), yia kdle x € R. Opilovue

Ty ouvdptnon
o0 3 n
W(r) = Z@ v(4")

n=0

yia kdte v € R ka1 Oa deiéovpe o1 elvar ovveyns kai movdevd mapaywyioun
oo R.

Ocwpnua 3.1.1 H ovvdptnon ¥ eivar ovvexns ikar novlerd mapaywyioun
o€ 6ho o R.
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Andoeén: Ta ty ¢ wyva 0 < |p(x)| <1 ka1 dpa

Z(Z) Y(4"z) < (Z) < +o00.
n=0 n=0

Eropévws n nponyoluern oepd ovykiver ounduoppa otny V(x) n onola efvai
owvexns oo R w¢ opoiduopgo dpro ouveydv. Oa betbovpe 6 n V(x) dev
rapaywyiletar rovdevd. Eotw x € R. EmAéyovue akorovdia x,, = x + 0, pe
O = 347 ka1 o Tpdono va €lvar TéTolo HGoTE Ya unY TEPIéYETal aképaios
avdpeoa orouvs apiduovs 4Mx kar 4™ (x + 6,y,). Téte

S0)
i)

i(§)"¢(4”(w+5m)) — Y(4") >
" (3.1)
_ Y ) —p(ame)

4 Om
omov 7y, = - . Oa vnodoyioovpe o v, Via Ti§ O1dPopeS TIUES
v n. Av n > m téte o apiuds 4™, elvar évag dptios axépaios kar apov n
Y efvar 2-reprodikny éxyovpe (4" (x4 d,,)) = Y(4"x) ka1 v, =0 evdd av n=m
ToTe |y | = 4. Ta tw o) emmdéor wyter 6u [P(x) —(y)| < |z —y| ya kdOe
x € R, éror yia n < m éovue vy, < 4". H 3.1 tére yiverar

"I’(ﬂfm) — V(=)

Ty — T

n=0

U(zn) — V()] |a=/3\" —/3\"
pr— —_— > —_— —

=T 52 () ez el - S (5) ol
m—1 1

kaOng m — +00 kai onére n ¥ Oev napaywyiletar oto x. O

3.2 H ocuvdptnorn tov Bolzano.(~ 1830)

To mpato mapdoderyua movbevd napaywyioiung ovvexols ovrdptnons mbavdy
mpoépyetal and to yvwotd Toéyo nainuaticé Bernard Bolzano (1781-1848).
H rata okevnj avtng tng owvdptnong katdg kar n andoeén tng un wapay-
wyropudTntag mepiéyovrar o€ éva and ta yeipoypaga tov Bolzano €v ovduat
"functionenlehre”. To mapdderyua avtd, mapdlo mov elye ypagrel yUpw 0TO
1830, onpooietiinike oxedov évav aidva apydtepa, to 1930, apol kar avakaAv-
pUnke to 1920 otny Edvikn Biphiolnkn g Biévvng and tov Toéyo padn-
patiké Martin Jasek. I'a evdrapépovta iwotopikd ototyeia kai fifAoypagpia mov
agopd wov Bolzano napanéunovue ota [3][8]. Xvykekpiuéva n ovvdptnon tov
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Bolzano ypdgtnke ws éva mapdderyua ovveyols ovvdptnong o€ éva didotnua
[a,b] n onoia oe kdOe vrodidotnua tov [a,b] dev efvar povétorn. Xn ouwvé-
xeta o Bolzano arédeile ot to ovolo twr onueiwv ota omoia n ouvvdptnon
dev éya mapdywyo elvar tukvé oto [a,bl. Adyw touv du n onuepvny Jewpla
Tepl TUKYWY OUVOAwY O€v UTHPYE €KEVO ToV Kaipd, auvtd mou akpifws édeiée
o Bolzano nrav én peta&d onoordnmote dvo onueiwy ota oroia 1 ovvdpTnon
dev mapaywyiletai, vrdpyer €va emmAéor onueio pn napaywyrouéTnTas.

Ye oyéon pe dAda mapadelypata pn napaywyioiwy ouvapTioewy Tov
Pacilovtar otny mpooeyyioes uéow anepooeipay, n ovvdptnon touv Bolzano
TPOEPYETAL ATO A VEWUETPIKT) KATAOKEVT] Kal TPOKUTTEL (S OP10 J1aS aKOAOU-
Oiag, xatd Tunupata ypappikoy, OUveEXwY OUVapTNOEwy OPIOUEVwY O€ €va
KkAewotd idotnua [a,b]. Xng oeAdides mov akokovdoly mepiéyetar n kataokeun
TS ourdpTnomns, n anédeén twy 10y Upopwy tov Bolzano kai pna tAnpng and-
oeitn ywa tny owéyea tns ovvdptnons. EmnAéov Oa anodeibovue ét1 dvTews n
B etvar movlevd napaywyioun oo medio opiopuot ns.

H Kataokevi) tng Axorovidiag {B,(X) fnen-

Ocwpolue dvo tuyaies tipés A, B ka1 emAéyovpe By : [a,b] — [A, B] va
etvar n ovvdptnon ue etlowon:

Yn owéyeaa ywpilovue to Ifl) = [a,b] owa axdélovda 4 vrodiaotipata

3
A”:m@+§w—an

g”:m+§w—@ém+@]

1 7
17 = [5(a+b).a+g(b—a)
@) 7
I =la+5(b—a)b

ka1 naipvouvpe Bo(z) va efvar n katd tuiuata ypappikn owvdptnon mov ota

onueta Owauépions aiprer TIUES:



BQ(%(CH- b)) = A+ %(B ~A)

Bg(a+g(b—a)) —B+ %(B—A)

Bo(b) = B

Ye kde vnodidotna IZ-(Z),i =1,2,3,4 n Bs(z) opiletar axkpipus 6nws n Ba(z)
oT0 ]1(1). Avtn) np dwadikaoia ovveyiletar yia kdOe guoiké n kai to dpio Tng

akodoviliag { B, (x) }nen mou oynuatiletar elvar n ovvdptnon B(x) tov Bolzano.

S
7/
7/ ~
J
S
VA
r"
r"
/// ,,,,
e
7
// N /'/"_'
// N4
/ -
/7 Lo
/A B,(X) eemmcmccns
L
L
/ - B,(X) -—m—m————
/ L
s B.(x)
S
Ve
/e
724
0 1

O1 TpeIg TTpwToI 6POI TNG akoAoubiag Tou Bolzano pe
a=A=0kaib=B=1.

Ocdpnua 3.2.1 H ovvdptnon B(z) tov Bolzano eivai ouveynjs kat to odvoro
twy onpeiwy ota oroia n B dev mapaywyiletal elvar tukvé oo [a, b).

Anédaén: Tlpdra Oa deifovpe du n B etvar owveyris. Ag opioovpe C™ va
efvar ) otkoyévaa twy daotnudtwy ypappukdtntas s By (z),

o — {J,@ k=12, ...,4”—1}

Kar wg
DM — {M,ﬁ"),k — 1,2, ...,4"*1}

to oUroko mou mepiéyer Tis kAivews kdle ypapukns ouiotooas g By (x), o€
avuotoryia jie o opiopd g C™. To mAARbog twy atoweiwy avtdy twr dlo
ouddwv efvar 4" kar tpogavdg C = {[a,b]} ke DY = {E=4},

24



Av vnoléooupe ot Bpioxduaote o€ kdnow ddotnua I ,in) = [a,(gn), bl({n)] uN

B,,(x) tdte n khion tng By (x) ndve and to ovykekpipévo idotnua Ya tajprea
4 tijuég o1 omoleg etvar ioeg pe:

Bn(ak + g(bk — ak)) — Bn(ak) g(Bk — Ak) 5

*k ar + 2(by — ax) — ay s(br—ax) 3 ‘
A7) Bn(5(ak + i) — Bn(ar + (b — ax)) _ —3(Br — Ap) Y0
igt1 1 o, 3(h _ 1y _ k

3 (ak + bk) Qe ] (bk CLk) g (bk bk)

me1)  Bolax + $(0x —ap)) = Ba(g(ax +b1))  5(Bi—Ax) 5

MY — — — 2p™
e t2 Qg + %(bk — ak) — %(ak + bk) %(bk — ak) 3 k
(1) Bn(bk) — Bn(ax + §(bp — ar))  —5(Bp — A) (n)
Mik+3 = 7 = 1 = —M;
bk — ap — g(bk — ak) g(bk — bk)

yvia kdrow i, € {1,2,..,4" '}, Ta a, by, Ag, Br avapépovrar otnr B, kai
kavovikd Ua émpeme va ovrodevovtal and évay dvw Oeliktn n o omolog Ouws tapa-
Aefmetar yia Adyovs arAdtnrag. Xtn ouvéyea Ua vrnodoyioouue tny uéyorn,
katd amélvTn Tun, kAion s B,. Ané tous mponyoluerous vrodoyiopuols
raiprovue ot av

M, = sup{\ M,g") k=12, ...,4"_1}

n—1
M, < <§>
—\3

Aot and kdle trdotnpa [,gn) rapdyovrar 4 véa draoTnuata, 2 pniKovg %f(],gn))

Oa elvar
B—-A

b—a |

ka1 dAAa 2 unkouvg %E([,En)), av L, efvai to unkog tov pueyaAvtepov tiaotnuatos
oto O™ tére Oérovrag

L, = sup{f(],gn)) k=12, ...,4"_1}

n—1
L, = (2) b—al.

Eotw ],i") = [ax,bx] € C™. Tére oe avté to Bdotnua o ypagrijaca
twv B, ka1 B,y Onpovpyoly kdnowa tpfywrva o€ kaléva ard ta omoia n uia

Taiproupe
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mAevpd avncer oto ypdenua tns B, evd ot dAAes 2 oto ypdenua tns B, 1. H
péyiotn katd anddven upry dwpopd By (x) — By(x) gpdooetar tdéte and to
ywouevo My 1Ly 1. Ondte ya kdle n € N ioyver:

5 n
sup |Bralo) = By(o)l < () 18- Al
z€[a,b]

Oa o€iéoupe tpa éut B,y — B ouoiduoppa. Yny Ilpdraon 2.2.1 deiape o
o xapos (Cla,b], 0) eivar mAripns, onéte apkel va amodeibovue 6t n { By }nen
etvar opodpoppa Cauchy. Eorw m,n € N pe m > n. Téte éyovue

m—1
Sup [Bu(e) = Buw)| < sup (3 |Brne) = Be()])
z€[a,b] z€la,b] N 2,
m—1
< sup |By+1(z) — Bi(2)]
—n z€la,b]
1
<

2 () -
- (X 6)-20))

1 1
— |B—A]<1—5—1—5>:0
8 )

kali§ m,n — +00. Apol o1 B, (x) eivar ovveyels n B(x) npénea enions va
efvar ovveyns.

Yt owéyaa Ja detbouvue ét to olvodo twy onueiwy mouv n B(x) dev
elvar tapaywyioun eivar tvkvé oo [a,b]. Oétouue

N={z,yeR:3nkeN [z,y]= ;E;n)}

Eotw x € [a,b]. Oa Bpolpe {x,}nen C N dote x, — x. Av x € N Oev
éyw tinote va deléw. ‘Eotw éu x € [a,b]\N. Téte vndpyer pua axolovdia
dwwotnudtwy J, = [an, by] térowe dote

1. J,eC™ | V¥YneN

2.xzedJ; , VneNrxa

3 0(J) < L, — <g)"_1|b _al.
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Egappdélovrag to Ueddpnua tov Cantor otny akokovdia J, maipvovue én

ﬂ Jn = {z}

ondéte a, — x,b, — x Kkalds n — oo kar agol a,,b, € N o N
arnodetylnie mukrd oo [a,b]. Av delbouue 6n n napdywyos ts B oe kdle
onueio tov owvdkov N dev vrdpyer teAeisoaue. Forww x € N. Av ndpovue
TpaTa TV mepittwon x = a téte 1 akodovdia x, = a+ (£)"|b—a| ovykiiva
otoa. Apovz, € N ya kdOen € N arnd tny kataokevr tns B, ouunepaivovue
ou B(z) = Bpyi(xy,) ya kdfe n € N. Eror B(a) = A evd oo z,, naiprel
; _ (5\"|B=A N ; _ (3\n
my apn B(w,) = (3)" 575 (@0 — a) + A 0nkeon B(z,) = (3)"|B — A| + A.
Telird

B - B 5B - A "B —A
(zn) — B(a) _ (33)71 | _ (§> .
Ty — @ (3)"|b—al 3 b—a
kaOog n — 400 kai arodeilaue ot1 n B oOev mapaywyiletar oto x = a.

FEotw tdpa v € N\{a}. Tére to x Oa elvar de&i drpo kdmoov daotrijatog

[,Ep) € CW) prrous £y yia kdrowo p € N. Autd to didotnua da dapepiotel oc 4
véa dwotrjpata and ta onoia avtd mov Ua éyel to x w 0e&l dipo Ja éyer unjiog
%EO. Yuveyilovtag avtry tn Owoikaoia tajprovue tny akoloviia twy aprotepwv
dKpwy aUTWY Ty 01aoTNUETWY Ty, = x—(%)”fo n omoia puoikd oUykAivel 0To T.
Tevikdrepa Oa 1wyer B(x,) = Bpin(z,) kar av K Oewprjoovue tny khion tng

)

B, ndvw and vo I ,ﬁp tdte n kAion tng By ndvew and o didotnua mov tpokUnTel

amé Tov OaUeEPIoIS TOU I,gp) ka1 éyer 6e&t drpo to x Oa efvar ion pe —K. Arné
avtd ouprepaivovpe 6t B(x,) = (—1)"K (2, —x)+ B(x) pe to K va ucavornorel
wy anodtnra |K| > |B=2]. Avadvnicérepa B(z,) = (—1)"K(%)"lo + B(x)
Kai

B,)— Bla) (V"KL

Tn—z — (1)t = (=K.

Agot tdpa o (—1)"K bev ouykdiva n B dev unopel va elvar tapaywyion
oto x € N\{a}. Apa to olvoro twrv onuelov un mapaywyroipétntas s B
elvar Tukvo apol, énws arodeibape, to N efvar urooUvodo tou kai eival emions
rukvo. O

Aetéape 6t n B Oev mapaywyiletar oto N, to omoio N eivar éva apie-
td peyddo vrootvolo wou [a,b]. Xn owéyeaa Oa deléovpe dtr to odvodo un
rapaywyioudtntas s B eivar oAékAnpo to didotnua [a, b].

Ocwvpnua 3.2.2 H ouvvdptnon B Oev mapaywyiletar e kavéva onueio tov
[a, b].

27



Anédaén: Eotw x € [a,b]\N, drnov to N €ivar to olvodo oto omolo éyoupe
non amodeier tnv un mapaywyioipdtnta s B. Ornwg kai vwpitepa vrdpyer
akodovllia kAewoty Saotnudtwy J, = [a,,b,| C |a,b] mov tepiéyovr to x ya
kdOe n € N térowa dove a, — x kai b, — x kalo§ n — 0o. Tére, Adyw
opotdpopens oUykdions s { By (x) bnen, éxouvpe 6ut B(x) = limy, o B ().
Ye owdvaoud pe o éu B(b,) = By, (by), yia omowdritote m > n, éyouvue

lim M = lim lim Bm(bn) - Bm(x) — lim Bn(bn) - Bn(llj)
n—oo bn — n—o0 Mm—0o0 bn — X n—oo bn — X
Yn owéyaa Gérouue
9 — B, (by) — By ()

b, — x
ka1 Ua Oetéovpe on1 to dpro tng VU, dev vmdpyel. Amé tny katackevn tng
axokovdias { By, }nen ouumepaivovue éu 9, = gﬁn_l N, = —0,_1. Optlovue
T0 OUVOAO

)
A:{nEN:ﬂn:§19n_1}

/7 7/ 4 /. 7 7 yd
ka1 maiprouue 0Vo mepintaoes. Av to A elvar menepacuévo tote emAéyouue
ny = marA kai étor kataAnyovue oty oxéon

Uy = (—=1)"""0,, n > ng

Z 7 /. z z 4 4 /0
amé Ty onola gaivetar 6t to dpio TS U, Oev vndpyel. Av twpa to olvodo A
/ ’ / / 7 7 5
etvar drepo Ya vrndpyer pua vroakodovdia {Vy, }ren tétoe dote ¥y, = 30
z
yia kdUe k € N ka

Nk—1

5 k—1
‘ﬁnk’ = (g) |19n1| — 400 , k— 400

pe [0, | > %’g‘. Avté onuaiver 6u n 9, efte dev ovykAiver efte amorAiver oto
drepo. Omndre oe kdle nepintwon n de&id tapdywyos tng B oto x dev umopet
z /. /. /' Z / 7
va vrdpyel. AxodovOdvtag axkpifos ta e Pripata kai péow tng akokoviiag
an, 1N omola oUykAiver oto x and o6€fid, umopolue va amnodeiéoupe 6tT1 oUte n

apiotepn) napdywyos tns B vndpye, kataAnyovtag étor oto {nrovuevo. O

3.3 H ouvdptnorm touv Weierstrass.(1872)

To IovAio touv 1872 oto Baoilikr) Akadnuia twv Emotnudy oto Bepolivo
o Karl Weierstrass édwoe pna 01dAeén pe 9éua éva mapdoeryua pnag ovvexols
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ka1 movlevd mapaywyinung ovrdptnong pe medio opiopol 6An thy evlela twv
mpaypatikwy apriucy. H ovvdptnon tov Weierstrass nrav to mpwto napdoer-
YHa Un mapaywyionung ovrdptnons mov dnuooieltnke, mpdyua to omoio éyiwve
to 1875 andé tov Paul du Bois-Reymond. H ouvdptnon avtn Aarolpynoe
emiong ka1 ws éva 10yupd avuirapdderyua yia tov nuopévo €kelvng Tng €no-
XNS 10y Up1od Tov Ampere o omofog ouvontikd aikodovoloe Ttny napadoyn ot
“kdBe ovrexns ovvdptnon elvar tapaywyioun navtov éxtog and kdrowa Afya
ka1 aropovwpéva onueia”. H arédeién mov akodovlel oto mapakdtw Jecdpnua,

des [8], €ivar apretd kovtd oe avtrj tou Weierstrass.

H 1pooéyyion Tng ouvdptnong Tou Weierstrass yia aBpoicua 10
opwv (n=10) pe a = 0.5 ka1 b = 5.

Oecwpnua 3.3.1 H ovvdptnon tov Weierstrass,
W(z) = Z a” cos(b"mx),
n=0

omov 0 < a < 1l,ab>1+ %71’ ka1 b > 1 mepittds aképaios, eivar ovveyng kai
rovlevd mapaywyioiun oo R.

Aréoeién: Ipdta Ua deifovpue ot n oeipd ovykAiver opoibuoppa o€ kdrowa
ouvexn) ovvdptnon. Avté anodeikvietar elkoda péow tov Jewpnpatos opoid-

Hopgns oUykhiong tov Weierstrass kai tng oyéong

oo o 1
ngzo |a" cos(b"mx)| < nEZO "= <
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n omola 1wyver Adyo tng vréleons 0 < a < 1. Oa oOctbovpe tipa 6u n W
etvar movlervd mapaywyionun. ‘Eotw v € R. Ia kdfe m € N emAéyovue
katdAAnAo p,, € R dote Ty = "2 — pyy, € (—5, 5] Yn owéyeaa opilovue
1 akoAovlieg

Pm — 1 Pm + 1

p— tm p—
bm

Sm pm
4 4 7 Z 4 ]. 1
m —
Ka1 Adyw ToU 6Tl T0 Tpmy1 Ppioretal ndvra oto oidotnua (—3, 5] kat

14 i 1 — T
Sm—xz—b—m<0<b—m:tm_$
Taipvoupe 0t S, < T < ty, Kai S, — x and ta apwovepd €ve t, — T and
7 / 7 7 e Z Z
ta 0cfid. Méow avtdy twy axodovthwy Ya oetéovue tny pn mapaywyioudtnta

s W. Ilpata maipvovue to mnAiko

W(sm) — W(z) _ i o cos(b"ms,y,) — cos(b" )

Sm Sy — X

n=0

m—1 cos b 7T8m) — COS(b 7T$) n Z ntm coS(bn+m7rsm) — COs(bn+m7Tx) _
b (S — ) Sm — T
n:O n=0
- Sl + 52.
AovAevortag mpawta e o Sy ka qumpomwﬁl/mg TIS TPIYWVOUETPIKES OYETEIS
cos(z) — cos(y) = —2sin(*F¥) sin(5Y) kar |sm )| < 1 Bpioxoupe
m—1 s b (sm—1)
b (s, + @) sin(—5—)
Si| = —1)(ab)" 2
5 ;} ) sin( R
ab)™ =1 _ _(ab)™
< <
- WZab ab—l =Tab—1

éva dvew gpdypa tou |S1|. Ta to Sy apot to b > 1 elvar mepirtds axépaiog kai
TO Dy, €lval €mionS aképaio§ UTopoUle va TPOYwPHIOOUUE WS €£T)S

—1
cos(b" " ws,,) = cos(b”+m7T(pmb—m)) = cos(b"m(p,, — 1)) =
= (1) (o~ 1) = ~ (-1
Kai
cos(b"rx) = cos prtmg Lmtl T Pm +pm)

( =
= cos(b"xpy1m) cos(b"py ) — sin(b "z, 1) sin(b"py, )
= cos(D" Ty ) (—1)P"Pm — sin(b"wyq17) - 0

= (=1)Pm cos(b"xpi17).
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Ondre y1a to Sy éyouue

> —(—1\Pm _ (_1)\Pm T
S, = Zamm (—1) (—=1)Pm cos(b" T i1)

S — T
TN 1+ cos(b"mpt1)
_ Za + [_(_1)127”] e
n=0 - bn
> 1+ cos(b" 7ra:m+1)
= )P (ab)™
Z 1+ Tm+41

=0

E@boov Tpi1 € (—3, 1] 01 6por g napandvew oapds efvar etikof, étot o npdTog
amd aurols Ya eivar pikpdrepos and to dpio Tng oeipds

o0

Z 1+cos ey > 1 4 cos(mxp41) > 1 - = (3.2)
o 1+ Tygr 1+ T 1+1
katadrfyortas otny extiunon |Sa| > 2(ab)™. Ttn ovvéyea éyoupe
W(sm) —W(x
e IR
-
2 (ab)"
> —(ab)™ —
- 3(a ) Tab—1
m (2 T
= (ab) (5 ab— 1>—> e
agod n vrdleon ab > 1+ 31 ckaogarila éu (ab)™ — 400 ka1 2 — = T >0

ka1 ovvenas N rapdywyog tng W and apiotepd oto v € R dev vndpyer.
Aovketortag avtiotoya pe tny axokovdia {t,,} dapoppdvouue to tnAiko

)
W(sm) — W(z)

P— =51+ 5

pe ta S,y va mpoxUntovy akpifos 6nws ta Sy, Se mponyovpévas. Ia to S)
etaxodovOel va 10y Vel n extiunon

b)™
o (a
11l = T —1
ka1 yia to Sh éyouvpe
LN e C0s(b"TM T, ) — cos(b" )
S, = Z a P—

n=0
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_ ZGW o — (~1)P7 cos(H T 1)
1 Tm+1

pm

o0
B o Z _ 1 + cos(b™ meH)
n=0 1- Tm+1

7 / 7 7 1
Orws vopitepa kai Adyw v 6Tt Ty € (—3, 3] 100

(e 9]

Z o 14 cos(bymxmit) S 1+ cos(mxma1) S 1 _ 2
l—Zpyr — 1—(—3) 3

—0 1-— Lm+1
Eropévwg ovunaipévovue on

2
1S3 2 Z(at)"

ka1 étol kataAyovue

) = WD > sy 1571 = (™ (3 - o

3 ab—1>—)+oo

kads m — 400 ka1 onéte n mapdywyos tng W and ée&id oto x € R
Oev vrdpyer O
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Kegdiaiwo 4

Mia petpo-UewpnTtinn
npocéyylon tou Ny

Yo deltepo kepdAaio amooelyOnke n Unapén twv un napaywyioowy kai
ovveywy owvaptioewy kar tapdAdnia 06Unke kai pna ektiunon yia to péye-
fog Tou ouvdAov Toug o€ oxéon pe To TUrONO CAWY TwWY TUVEXYWY TUYAPTHOEWY.
Yn owéyea, oto tpito kepdAaio, 66Unkay kdroia kAaoikd Tapadefyuata un
rapaywyioijwy ouvvaptrioewy. Xto napdv kepdAaio mapatifevtar kdnoleS emi-
mAéov extiunoegs ya to uéyetos tou Ny and tny pétpo-ewpnuikn mevpd kai
rapdAAnia mapéyovpe “‘ma edypnotn pébooo” kataokevns un tapaywyiouwy
ovvaptrioewy péow omolaodnTote ourexyous ouvvdptnons. Ta anoteAéopata mov
Oa mapatéoouvue opeilovtar orov B. Hunt [1], BAéne emiong [2].

4.1 Merpo Lebesgue xou movdevd nopay wylolues
CUVAETHOELG

To Ny w§ ouvodo 27 katnyopias pmopel owawinuind va Jewpnlel peydio
oUVOAO ka1 and TomoAoY1knS TA€upds avtd eival yeyovds. Xpnoyonowsvtas to
pétpo Lebesgue Oa dratvndoovue ka1 Ua anodeibovue kdmole§ mpotdoe§ mov
agopoly emiong to péyedos tov Ny kai divouvr pua Siagopetikn eikéva yia tny
katavour tov péoa ovo C[0, 1].

Opiwoudg 4.1.1 Av E C R wdte 1o €bwrepixd pétpo Lebesque tov E ovpfo-
Atlevar pe p*(E) kar optletar va elvar oo e

1 (E) = inf{i (L) :EC @ In}
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omov ta I, efvar avorytd dlaoTHuaTa TETEPATUEVOU UNKOUS.

Opioudg 4.1.2 Eva E C R Aéyerar Lebesgue petpriouo av ya kde A C R
1wyvel
p(E) = (ANE) +p (AN E°).

H oikoyéveia wwy Lebesgue petpnoiuwy ovvédwy ovpuPoliletar e M.

Opioudg 4.1.3 O repiopiopds tov ewtepikot pétpov Lebesgue otny o-dAye-
Bpa M ouuforiletar ue j1 ka1 ovoudletar pétpo Lebesgue.

Etvar yrwoté éu to Q eivar otvoro 1" katnyopiag evd to R\Q 27 ka-
tnyopias. Or avtiotoes extiunoes tov pétpov Lebesgue ya ta mapandve
otvoda etvar p(Q) = 0 ka1 p(R\Q) = oo o1 onoles drmwoinuxd ovpgpwrody
pe Ts mponyoUueres tomodoyikés. To epdtnua mov mpokUnTer efvar av kai Kkai
katd méoo to pétpo Lebesgue ovupwrel ue tnr Jewpnuata katnyopiag 6mnws
avtd éyovr datunwiel oto kepdAaio 2. H ardvTnon oto nponyolero epdtnua
efvar apvnTiki) ka1 vrootnpiletar and to yeyovds oti oto R™ unopel kdmoiog va
kataokevdoelr TotoAoyikd “ueydAa’ olvoda mov to uétpo Toug OuwS €fvai ioo
pe 0. ‘Eva térowo mapdderypa eivar kar to odvolo E 1 kataokevr) tov oroiov
rapatidetar auéows petd kar Paoiletar ota odvora tov Cantor.

TINa d = 4%, érov k puoikds, Yewpolue to ovvodo Dy = [0, 1] to omoio ka
ywptlovpe oe tpla kAewotd dadoyikd dwotiuata. Agaipolue to peoaio anoé
avtd pnikovs 1/d kar majprovue wg Dy tnr évwon twy vrodoitwy 6o, ioov
punkovs. EravadauBdvouvue tny o Madikaoia xar apaipolie 2 dwaotiuata,
¢va and kdde ocunotdoa tov Dy, prjkous 1/d* avtr T gopd, kar avtd mou
péver efvar to Dy. Yo tpfro Pripa agaipotue 2 Suotiuata pfkovs 1/d* and
t0 Dy ka1 éror grdvoupe oo n-oto Prija

1. Dy, D Dpyy ya kden € N,

2. W(Dy) = p(Dn-1) — 2”71(1%.

C:ﬂDn

neN

To ovvoro

z. V4 /0 V4 /. /7 /7 7 V4
etvar éva otvodo Cantor to HETPO TOU OO0V UTOPEL VA UEO/\O}JIO"CGI w§ €§T)S‘

;L(O):u([o,l])—u([o,l]\C):1—(é+%+%+ )

S g G D)
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aré énov yia d = 4% éyovue

e d

i, A

N

©

IN

o

.0 O O O

Ta oUvoAa D,, n Toun Twv otroiwyv Trapdyel To cuvoAo Cantor C,.
TNV TTapoUoa KATAoKEUR To d EMAEXTNKE va gival ioo pe 4%

Ilpétaon 4.1.1 To ovvoro Cy, elvar novlevd tuxvé yia kdOe k € N

Anéoeaén: To Cy elvar kAeoté ws apidunoiun toun kAewotdy, ondte apkel
va Oetéoupe 0T1 T0 e0wTEPIKO TOU €fval kevd. Av autd dev ouuPaiver téte vnd-
pxet avoryté oidotnua (o, f) mov mepiéyetar ovo Cp. Apa uvrdpyer akolou-
Ola khaotdy daotnudrwr pe (o, ) C I, C D, ya kdle n € N. And
ty kataokev twv D, ouvurepaivoupe én U(1,) = 5-pu(D,) kar tapdAdnia
TapatnpoUle ot

1 1

0< oop(Dn) < 5op

<o u((0,1]) = o~ — 0.

2n

Orndére ((1,) — 0 xald¢ n — +o00. Eyouue duws vrotéoa éu kde I,
nepze’XOUV Kkdmo1o aVOIXw’ odotnua kar dpa ((1,) > [ — a ya kdde n € N
o omolo pag odnyel e atono Agot tipa to avorytd Gy dev mepiéye kavéva
avoryté O1doTnUa mpémel C’k = (.0

7 7/ _ /7 z. 4 ~ ng‘ 7/ ~
Opilovue tadpa vo F' = oy Cr w0 omoio €tvar mpogpavas 1™ katnyopias
ka1 to uétpo tou eival foo ue 1. Avtd mpoxvnter and tny aviodtnta

p(Cr) < p(F) < p([0,1])

kar agov pu(Cy) =1 — 4k—£2 — 1 kalws k — +oo najprvouue to (nrotuevo
u(F) =1. To E = [0,1]\F Oa eivar éva oivvoro 2" katnyopias ka1 Ja éyel
pétpo p(E) =1 — p(F) = 0.
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Ipoywpdvtas akdua naparépa PAémovue dtr av dapepicovue tny mpa-
ypatikny evdela oe khaotd dwotiuata prjkovs 1, R = J, 5[, n + 1], ya
kaOéva and avtd Ya vrdpyer otvoro F,, C [n,n+ 1], 1" katnyopiag pe puétpo
w(F,) = 1. Etor o F = |, ., F, mpoxinze va elvar 1" katnyopilas apot
pmopel va ypagel otny pHopen

r=r=UJUya’= U <o

neZ n€eZ keN (n,k)€ZxN

neL

e C,gn) = n+Cy evé t0 pétpo tou F etvar dreipo apot u(F) = S u(F,) =
+00. Etor av emAééovue E = [0, 1]\ F téte avtd eivar ovoro 2™ katnyopiag
pe pétpo p(E) = 0.

Oéhovtas tdpa va ovoyetioovue to olvodo Ny pe to pétpo Lebesgue
Ja ypnoiuonojooupe TNy YpaupikoTnTa TOU YW@POU TwY OUVEXWY TUVapTh)-
oewy yatl w§ yrwotdr o yapos C[0,1] elvar évas ypappurds yapos ndvw and
0 R. Yvykekpipéva otig endueves oedides Oa anodetbovue dtr vndpyovy 0vo
owvaptioes g, h € Ny tétoies dote ya kde f € C[0,1] va wyde

f(@) + ag(x) + h(z) € Ny

ka1 avtd oxeddr ya kdde (o, 3) € R%. Av dolue tg ovvaptioeas g, h wg
pdon kdrowv duavvopatikol vrdywpov touv C[0,1], tdre avtd mov mapdyouvy
efvar kdmoov €fdovs “‘emmnédoV’ Mdotaong 2. Ye avtd to emninedo, onAaor) o-
o P = {ag(z) + Bh(x) : (o, B) € R?}, addd kai o¢ kdOe pevagopd f + P
avtot, “oyeddr dAe§” o1 ouvapthioegs eivar un tapaywyioyes. Agod tdpa o
TapdAAnAes petagopés [+ P ekavthodr dho to C[0, 1] umopolue va 1woyvpio-
toUue ot hraOétovpe ia 101010pPn aAAd ovoIaoTIKT) €KTIUNOT, At TNy TAcUpd
tou pétpou Lebesque, ya to péyedog tov Ny o¢ oxéon ue wo C[0, 1].

Mia 10waitepa evhagpépovoa napatipnon eivar éu n didotaon tov P eivar
n eAdyrotn dvvatn. Avtd onuaiver 6n n napandvw mpétacn oev Ua pmopoloe
va 10y 0el yia netapopés vndywpov didotaons 1. Av owéBave kdti tétowo, ag
noUe and Tov xopo mov tapdyer kdtow g € Ny, emAéyortag f(x) = —xg(x)
n owvdptnon f(z) + ag(x) = (a — x)g(z) Ya evar rapaywyioun ovo v = «
yia kdle a € [0, 1].

Ia Ty arédaén tov wyvpiopot Ja ypeiaotolie tny e€ng tpdtaon:

Ilpéraon 4.1.2 Trdpye otalepd ¢ > 0 térowa wote ya kdde o, f € R kai
yie kdOe xhewotd I C [0,1] pe ((I) = e < 1 1w0yder w0 €&ng

may(og(e)+ 51(s) ~miplote) + o) = YL
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émou
o0

1

g(z) = Z 1 cos(2"mx) ﬁ )

2
n
n=1 n=1

Aréoeién: Amodeikviouue tpadta to akélovlo Poninuiké Anuua.

Anjppa 4.1.4 Av I C [0,1] eivar éva khaoté Bidotnua ufkovs ((I) = 27™
yia kdmolo m € N téte yia kdOe ovveyry ovvdptnon f woyve n avicétnta

max f(z) — min f(z) > 2m7r/f(:1:) cos(2™TMOnr + @) dx
xel I

zel

yia kdOc my € N ka1 kdle ¢ € [0, 27).

Aréoeiln: EmAéyouue tpaypatikd apiud n téroov bdote
max(f(z) +n) = —min(f(z) +n) = M.

Agov n auvdptnon cos(2"TMOr + @) éyer mepiodo T = 2?,:% Kai to UiKog
tov I etvar 2T (toAdamAdoo tng mepiddou) to odokAnpwud g tdve and
o I Ua etvar 0, éyovpe

2m7r/f(x) cos(2™Ony + @)dx = 2™ /(f(x) +n) cos(2™ MO + @)dx
I

I

2
<2™mmM / | cos(2" ™y + @)|dr = 2T M2 ™= = 2M
I T

= max(f(2) + 1) — min(f(2) + 1) = max f(x) — min f(z)

xzel zel zel

ka1 n arédeién ookAnpwinke. O

—m

Kai

Oa epappéoovpe to Afjupa 4.1.4 vrodérovtag apyicd ou (1) =
yvia f(z) = ag(x) + Bh(x) n onola eivar ion pe

f(z) :i;{acos@ mx) + [ cos(2"mx } \/042—1-522—008 (2"mx +0)
n=1

yvie xkdrnow 0 € [0,27) mov efaprdrar pévo and wa o, . Ondre vnobérortag

mpoowpvd 6t \/a? + 2 = 1 ka1 naiproveas ¢ = 0, éyovue

max f(z) — min f(x) > 2™7 /Z — cos(2"mz + 0) cos(2™ MOz + 0)dr =

zel zel
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= Z o2 {/cos ((2mtmo 4+ 2"y + 20)dx + /cos((2m+m° — 2")7m)dg;},

I

Méver va vrodoyioouue 0ud odorkAnpouata, ndvw and to I, ovvaptioewy g
Hopgnis cos((2™1M0 + w) T + ¢) dnov w = £2™ kar ¢ = 0 1} 26.
Avn>m téte n =m+ M kai

/cos((2m+m° + 2" + 20)dx = /(:05(2"1(2’”0 +2M)rx + 20)dx =
I I

4 Z . I /. M A V4 /5 e
agov 1o UNKOS ToU €1al aKepalo TAAAATAATI0 TNG TEPIOO0U, €V

0 M #m
m+mo __on _ m(omg oM — ) 05
/1COS((2 2"\ dx /1003(2 (2m—2" ) dx {2m7 M=mg

I'a n < m ypnoyonowdue tny tapardtw avicétnra érov ws y Jewpolpe to
apiotepd akpd touv I

/(:08((2"””’”‘0 +w)Tx + @)

I
_sin((27TM0 4 w) Ty + (27T 4 w) w27 4 @) — sin((27T0 + w) Ty 4 @)
- Qe 4 o
_osin((2m0 4 w)my + wr2™" 4 @) — sin((27F0 + w) Ty + @)
B 2mmo 4
27w |w]

C(2mEme f oy 2m(2mimo 4 )
Eto1 n apyikn extiunon majpver tny popen
D)

oM oMy on on
> =T _(9m i) { }
> St maE @ 0 =) G g ) T g 5

B s _ i 2 7'('{ 1 n 1 }
—2(m + my)? 2n2 | 2m+mo 4 on © gmimo _ On

> N _ Z 2 2
~ 2(m+ myg)? — 2n2 2mtmo _ on

M on

™ ™

~ 2(m+4mg)?2  2m(2mo — 1) — n?
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I'a va PeAtidoovpe twpa tnr aviodtnta vrootnpilovue ot

t0 omolo gavepd 1wxVer yia m = 1,2,3,4 evd ya peyaditepous puotkols
uropel va anoderydel enaywyikd péowm g aviodrntag (m — 1)? > (16/25)m?.
‘Ero1 Aowndr éyovue

s om

H;g;(f(:c) B Ia?el?f(x) = 2(m+mg)2  (2m0 — 1)m?

omov dv emiAééovpe my = 10 ka1 m > 2 kataAnyovue oTny

™ o
— mi > _
max f(x) —min f(2) 2 520907 ~ @i = D2

S s T 27
~2(6m)2  200m%  225m?2’

Av I C [0,1] efvar éva khe0td idotnua prkovs ((I) = & < 5 vrdpyer
kdmo10§ guoikds m > 2 térowg wote 2" < g < 21-m  Tére yia kdUe kAewotd

odotnua J C I pnkovs £(J) = 27™ wydel

max f(x) —min f(r) > max f(z) — min f(z) >

27 m (log 2)m
> > > .
— 225m? — 450(m — 1)2 — 450(loge)?

log 2)2
Oérwrtag c = (0553 ka1 enavapépovtag tov 6po /o + % kataArjyovue otny
{nTovuevn aviodtnta

max f(z) — min f(z) > ver+ B

el el — (loge)? -

O

Eotww tdpa pa ovvdptnon f € C[0,1]. Av ya xdnoio x € [0, 1] vndpye
otatepos apiiucs M tétoiog wote

[f(@) = f) < Mz —y|  ya xdbey € [0,1]

tote n f Aéyetar M — Lipschitz oto x. Onwg 1non éyovue anooeiber otny
rapdypago 2.2. kdle ovvdptnon f n omoia mapaywyiletar o€ kdmoo onueio
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x € [0,1] ogeider oo 10 onueio va wcavoroiel tny owvdnkn Lipschitz ya
kdrowa otalepd M > 0. ‘Etor to oUvodo dAwy twy onueiwy tov napaywyiletal
n [ evar vnootrodo exeivou tov ouvddov mou mepiéyer ta onueia Lipschitz
s f. Ye avtryy tyy mapatiipnon Paciletar n andéoeén tov Jewpnuatog mov
aicoAovel.

Oedpnua 4.1.5 (B. Hunt) Yrdpyovr ovvaptijoes g,h € Ny tétoes dote
ya kdle f € C[0,1], n owdptnon f + ag + Bh eivar tovlevd napaywyioun
oxedoy ya kdde (a, 3) € R

Andédeaén: Katapyrjy o1 6o ouvaptioes g, h elvar avtés akpifag nov oplotnkay
vwpitepa otny Ilpdtaon 4.1.2. Oecwpolue twpa ta olvola

S = {(a,ﬁ) €R?: n f + ag + Bh etvar tapaywyioun oe kdrow x € [0, 1]}

T = {(a,ﬁ) € R?: n f + ag + Bh elvar Lipschitz e kdrow x € [0, 1}}

Hpopavag éxovpe 6t S C T kar yia va detéovue ot pu(S) = 0 apel p*(S) =0
yiatl kdle otvodo elwtepicot pétpov 0 efvar Lebesgue petpnoiio kai to petpd
tov efvar 0. Tdpa ya va etvar p*(S) = 0, aprel p*(T') = 0 pe o T va avadetar

o€
7= Tu
M>0
omov oto Ty mepiéyovtar dAes o1 ovvaptrioes mov eivar M — Lipschitz oe
kdroto x € [0,1]. IoodUvaua propolue va ypdipovue T =, - Tm 6mov a T,
optlovtar amd tn oyéon

meN

T, = {(a,ﬁ) €R?: n f+ ag+ Bh elvasm — Lipschitz e kdrow x € [0, 1]}

ka1 autd mov mpopavds Ya mpooradrioovue va detbovue tdpa etvar 6t p*(T,,) =
0 ya kdOe m.

YraOepormoolue kdnoo m € N, ywpilovue o [0,1] oe N ioa xAewtd
dadoyird Saorripata {1, }N_| unkovs €(1,) = € = 1/N ka1 optlovpe to ovoro

J, = {(mﬁ) €R?:n f+ ag+ Bh eivarm — Lipschitz oc kdmow x € [n}.
AapBdvoveas vrdyn éu T, = U, J, Oa deifovpe éu ta J, nepréyovrar oe
dtoxovs axtivas ce(loge)? ya pia otadepd ¢ avetdptnn twr I,,e. Téte Oa
éyoupe deiter 6t1 To 1), umopet va kadvglei ané N to tAnfog avorytols diokoug
T0 €upaddy twv omoiwy unodeviletar kadws to N avédrver mpog to +00. FEotw
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(a1, B1), (a2, B2) € Jn, Fiy = [+ ;g + Bih ya i = 1,2 ka1 vroOérovpe x; € I,
va etvar to avtiotoyo onueio oto omoio n F; efvar m — Lipschitz. Téte ya
kdOe x € I, éyoupe

|Fi(x) — Fi(x;)| < mlx —x;] < me i=1,2.
Méow tng avwétnrag |x — y| < |z| + |y| majprovue
|Fi(z) — Fy(x) — (Fi(z1) — Fa(xe))| < 2me  yia kdOe x € I,
K@l oUVeETws

max(Fy — Fy) —min(F — Fy) < 4me.

z€ly zely,

Hapaztnpdvras 6u Fy — Fy = (aq — ag)g + (B1 — B2)h ka1 ypnoiponoidvrag
tny aviwodtnta s Hpdraong 4.1.2 kataAnyovue otny

C\/(Oél —a2)? + (51 — B2)?
(loge)?

< 4dme

1} 10000vaua

Vi —a2)? + (B — )2 < 4Tm£(log £)?.

7 / 7 / ’ ‘ / ’ 4_m 2\2
Avté onpaivea 6 kdde J,, tepiéyetar oe kdnoiov dloko epfadod 2m(“Fe(loge)?)
ka1 €Tot éyoupe

N
w (1) < Z,u*(Jn) < Cme(loge)! — 0 katdg e — 0.

n+1

Apa p*(S)=0.0

Méxpr otyunis éyovue ota yépia pag kdnowa ouykekpiyuéva otoryeia tov
Ny kar eivar Aoyikd péow avtdr va npooradrioovpe va kataokevd oovje Tepio-
00TepeS ouveYEls kal un mapaywyionies ovvaptioes. Aol to Ny elvar 27
katnyopias ard tny Ipdraon 2.1.6 éyovue Ny + Ny = C[0,1], and drov
rapatnpole ot mpooétortag un mapaywyionues ovvapTioe UTopelS KavelS
va mdper onowdnmote otoryeio tov C0.1].

Aot n npéoleon dev datnpel tny un napaywyroistnta otnpilduacte
oto Occopnua 4.1.5 ya va mapdyovpe vées un mapaywyioipes ouvapTrioe.
YroOérovpe o1 f eivar pua orowadnmote ouveyng ovvdptnon Kai taiprovue Tny
F = f+ag+ Bh. Agob o1 g, h etvar gpaypéves Oa evar |g(x)| < M, kar
|h(x)] < My yia kdnowe My, My € R. Etot nafpvoupe

|F(x) = fx)] = |ag(z) + Bh(z)| < |a| My + |5] M,
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ka1 emAéyovtas moAU pukpd o, 3 propolue va mpooeyyioovue tny f éoo kadd
Oélovue e pia un mapaywyioun ovvdptnon. H emAoyn pépaia towv a,f3
dev umopel va efvair omowadnmote: oUupwra pe to Ocdpnua 4.1.3 ya kdle
tétoia ovvdptnon [ nov a Sudééw vrdpyer éva otvolo E C R? éror dote
av emdééw (o, B) € E n owdptnon f + ag + Bh dev Oa elvar avayraotixd
mun mapaywyioun. To yeyovds duws ott to puétpo Lebesgue tov E efvar 0 pag
etaopalila 6 n “miavdtnra va ovuPel kdn térowo efvar 0. Etor oyedov
afyovpa n ovvdptnon f + ag + Bh Oa elvar pun napaywyioun. (2§ rapdoeryua
taiproupe pua un mapaywyioun tpooéyywon g f(x) = e v n popery Tng
omolag gaiverar oto oxNua oTNY €niuern oeioa.
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0.97¢

Mia pn Trapaywyioiun Kai ouvexng Tpooéyyion Tng Gaussian,
pea=0.01, B =0.012 kai n = 20.
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