H ouduetpog tou
Banach-Mazur compactum

AHMHTPHY MHTSOTAKHY

AITTAQOMATIKH EPTAXIA

[IANEOIETHMIO KPHTHY
TMHMA MAOHMATIKON
Anriaiox 2000






H Simhwpotind auth epyactia xatatédnxe oto Turua Madnuotixdy tou Havemot-
ulov Kprtng tov Anpihio tou 2000. EmBAénwy ftav o A. Tavvémouog.

Tnv emttponn a€lohdynone anotéhecay ou: A. Tiavvonouvlog, E. Aehnyidvvn xar X.
IMoradomoviou.






Hept. sxépevoc

1 Ewoaywyy

2 Amnéotacr Banach-Mazur

2.1
2.2

SUUUETPXE XUPTS COUATO XL YWPOL UE VOPUAL . . . . . . . . . . . .
Anéotoon Banach-Mazur . . . . ..o oL

3 To Banach-Mazur compactum

3.1
3.2
3.3

To Afuuo tov Auerbach . . . . . . ..o
To Banach-Mazur compactum . . . . . . .. ... .. ... .....
To Oedpnua twv Ascoli-Arzeld . . . . .. ... ... ... .....

4 To dewpnua tov John: dve @edyua yia TN Siduetpo

4.1
4.2
4.3

EMewpoetdéc uéyiotou dyxou evog xuptob oOUATOS - . . . . . .. . .
To Jedpnua tou John: otoyeddng amddet&n . . . . . . .. ... ...
Ynueto emagnic xon 1 AVATAEdGTAOT TNS TAUTOTLXAS ATELXOVLONC

5 H andotact tovu K;‘ and Tov K;‘

5.1
5.2
5.3
5.4

To p xon g elvon amd v Bl mMhevpdtou 2 . . Lo
To p xan q Beloxovton exatépwidev Tov 2 . . . . ..o
H avioétnta tou Khintchine . . . . . . ... .00 00000
To dedpnua xvptétnTog Tou M. Riesz . . . . ... . ... ... ...

6 To Jedpnua tov Gluskin: xdtw @edyuo yia TN Siduetpo

6.1
6.2
6.3
6.4

To Oewpnua tov Gluskin . . . . ... ... .. oo
Tuyodol ypoL . . . . . . L
Yrodepdc By xou tuyodoc By . . . ..o
Kdtw gedyua yia t SLdueTpo « . . o oL

7 Amnéotacy Banach-Mazur ané tov x0Bo

7.1
7.2
7.3
7.4

To mpdBAnuar . . . . ..
To Muua twv Szarek xor Talagrand . . . .. ... .. .. ... ...
To Mjuua twv Sauer xor Shelah . . . . . ... ... oL
Avo gpdryuor ywoe Ty R . L Lo

13
13
18

25
25
27
29

33
33
36
38

45
45
47
51
33

59
39
60
63
69






Ke:cpo’c)\ou.o 1

Eu Goch)YY']

YOvtoun napovoiaon TNg epyaciog

1. H évvoa tou Banach-Mazur compactum nopéyel éva guotohoyxd mAalclo yia
TNV TOCOTLXY UEAETH TWV YWEWY TENEPACUEVNS dldotaong UE vopua, oTo onolo 7
didotaon mallel TOAD onuAvTXG PONO.

‘Onwg Yo dobue oto Kegdhato 2, xdde n-Sidotatoc mpoyUatinde Stavuouott-
%6¢ YWpog UE vopua elvan L1ooUeTEd LlodUOop@OC Ue Tov R™ av Tov egodidcovue Ue
xatdANAn vopua || - ||. TV awtdy to h6yo, 0 TumxdS YOPOS HE VOpUO TOU UERE-
Tdue oe auTAY TNV gpyaoia, elvon e wopgric X = (R, || - ||). H povadialo undha
Bx ={z € R* : ||z|| <1} tou X elvan éval cupuetpind xuptd ooua. Avtiotpoga, ov
K elvan éva ouupetpd xuptd owua otov R?, téte 10 K endyel otov R® tn vépua
|||k = min{A > 0: 2 € AK}, xor o yopoc (R, || - ||x) €xeL to K ooy uovadialo
pndAo Tou. Me autdv Tov TpéTOo YiveTon cagéc OTL 1 UEAETH TV YWEWY TETEQAUOUE-
V¢ ddoTaong e vopua avamTOOGETAL TURSANNAGL UE QUTHY TWV GUUUETELXMOY XUPTOY
CWUATWY.

Trodétovue 6t n Evxkeldera Sour| otov R™ opiletar amnd éva ecwtepixd yivéuevo
(-,-). Téte, o duixde yodpoc X* tou X éyer vopua ty ||yl = max{|(z,y)|: = € Bx}.
H povadiata undha Bx+« tou X* elvor to moAwd odua tne Bx.

Eotww X xou Y 800 n-dudotartol ywpeol ue vopua. Kdie avtiotpédruog ypouuixog
petaoynuatioude T @ X — Y elvon toouopgioudg twv X xon V. H ardotoon
Banach-Mazur d(X,Y") wwv X xou Y oplleton and vy

d(X,Y) = min{||T|| - ||T || | T:X — Y, ioopopprouos},
xoL UETPAEL TOGO <A Lloduop@oLy elvar ou X xou Y. H yewuetpunr| epunvelo av-

00 T0U optouol elvor 1 e&hc: N d(X,Y) elvar o uixpdTepoc d > 1 yia Tov omolo
urdpyet oouopploude T : X = Y ue vy Wiétna By C T(Bx) C dBy. Aev elvou

7



doxoho va dolue 6t yia xdde X xou Y, d(X,Y) = d(Y, X) (n d elvar ovyuetpl-
xf), d(X,Y) =1 av xow yuévo av o X elvon Loouetpixd tobuoppog ue tov Y, xou
d(X*,Y*) =d(X,Y) 6mov X*,Y* elvon ot Suixol yopot twv X, Y avtictouya.

2. Xvo Kegdhowo 3, opilovue 10 clvolo B, 6hwv twv xAdcewv tooduvaulog n-
SLdoTatwy Ydpwy Ue vépua, 6mou o X Yewpelton toodivauog ue tov X' av xou ubvo av
ot X xou X' elvon toopetpixd wodpopyor. Anodetxviouue 6t to By, yiveton ocuunoayic
UETPXOS Ypoc, Ue uetow Ty logd: 1 terywvind) aviodtnta elvon cUVETELD TNG

d(X,Y) <d(X,Z) d(Z,Y),

1 onolo emadndedeton edxoha yio xdde teudda X, Y, Z € B,. O petpwde yweog
(Bn,logd) eivar to n-didotaro Banach-Mazur compactum. YuvAdwg, avtl yio tnv
log d, yenowwomowlue v d cav uia «TOANATAACIACTIXAY AndoTacY) GToV By,.

To Banach-Mazur compactum 3ev €yet uehetniel tifpwe. Av e€oupécouue uept-
%8 VeUeiddN AmOTEAEGUATA, TA TEPLOCHTEPA EPWTTILATA TTOL EYouy Tedel ot oyéon ue
1 Soun Tou, Tapauévouy avamdvtnta. [ teplocdtepes TANPOQOpiES, TUPATEUTOVUE
Tov avayvootn ota BBiia twv Milman xou Schechtman [MS], Pisier [Pil], [Pi2], xou
Tomczak-Jaegermann [TJ], xodd¢ xou ota dpdpa emoxdénnone [GI2], [LM], [Pel], xou
[SZ2].

3. To mpdto *haowxd amotéhecua Yo TN YewueTpla Tou B, elvar To Oedpnuo Tou
John [J] ywa 0 péyiotn duvath andoTaoy EVOC N-BLACTATOL YWEOL UE VopU and
Tov Eweldeto yopo £5. Eexwvdviog and évay n-ddotato yopo X = (R, ] - |]), o
John dedpnoe tov ypauuxd yetaoynuatioud T € GL(n) ywo tov onolo n Euxheldeia
wovadiata undha By elvat 1o ehheloetdéc uéytotou 6yxou nou neptéyetal oto K =
T(Bx). Onwe Ya dodue oto Kepdhato 4, yonoluonoudvtag authy TNy UEYLOTIXT
WotnToy g BY, unopolue va ndpovue ToAAEC TAnpogopiec Yo to K

(o) Ydpyouv onuelo enapic 1, . . . , Ty TV K xow BY (Snhad?, ||zi||x = |zi] =

1), ot Ay, ...y A > 0 tétowo dote Vo LoyVet 1 axdhouln avamopdoTaoy TNS ToUTo-
TG amewxoviong: o xdde ¢ € R”,

(8) By C K C y/nBj.

Ewdwdtepa, n (B) diver éva dve @pdyua yior v d(X, €3):

Ochpenua Tov John: d(X, (%) < \/n ya kdde X € B,

H extiunon nou udg diver to Oedpnua tou John elvar anohdtwg axplBrc. Amno-
Sewevieton ot d(€%,€8) = d(€}F,45) = +/n. Me dueon egoapuoyh Tne ToAATAAGLAL-
OTWAC TELYWVIXAC AVIGOTNTAC Yol TNV d, TolpVouUE dvew Qpdyua Yo TNV SLAUETPO

Tou By:
diam(B,) :=max{d(X,Y): XY € B} <n.



4. Ye ToMEC onuovTXéS TEPLTTOOoELS, N anbéotaon Banach-Mazur d(X,Y) etvou
oA uLxpdtepn amé n. Nto Kegdhowo 5, ueketdue v nepintwon mou ov X xow YV
etvon ywpot £y, 1 < p < oo. O Gurarii, Kadec xau Macaev [GKM] urohéyioay

oot 188N uevédovs e d(4g, £7):

(W) Av1<p<qg<242<p<q< oo, tote d(p,00) = n'/P=1/,

(B) Av1<p<2<qg<oo, tote ein® < d(ly, 0y) < can®, dmou ¢ > 0 andhuty
otadepd, ¢z > 0 otadepd nou eZaptdtat and o p xou ¢, xot a = max{1l/p—1/2,1/2—

1/q}.

anddelln To amotTel TNV ACT TWV TLVAXWY oL TO A o
H del& ) € ) xwv Walsh, x Oedpnu
Kuptétnrag tou M. Riesz, 1o onolo nopouctdlovue avohutixd.

5. To Baowdtepo (owe mpéBAnua mou mpoxlTteL and o Ocpnua Tou John, eivor
o mpoadioptoude tne diam(By,). H axpBrc ) autic tng nocdtntog elvor yvwot
uévo otny meplntwon n = 2. Tére, yvwpllovue 6t diam(By) = 3/2, and anoteké-
ouarto Twv Asplund [As] xou Stromquist [Str]. To «Arydtepo @AGS0Zoy mpdBANU
TOUL TPOGBLOPLOUOY TNS oWoTAS TdENe ueyEdouc tne diam(B,,) xadde to n telvel oo
dmelpo, mapéUelve avolxtd yia ToARd yedvia. H amdvtnon d69nxe and tov Gluskin
[G11] o 1981:

Ocwpnua tov Gluskin: Yrdpyet andlvn oralepd ¢ > 0 térowa dote
diam(B,) > cn

yia kdOe n.

Emouévwe, n diduetpog tou Banach-Mazur compactum etvon tng td€ng tou n.
Y Aoor mou €dwae yia to npoBinua, o Gluskin Sev édwaoe axplBn neptypapy) evog
Leuyoprol yodpwy X, Y € B, ue andotaon d(X,Y) > cn (Yo tnv axpiBeta, oxduo xou
OTLC UEPEC [HAC BEV UTLAPYEL CUYHEXQPUUEVO TUPABELY UL Y WEWY TOU VoL Y0V ATOCTAOT
ovotaoTxd ueyohUtepn and Cy/n).

H Omapin Ceuyoptob ywewv Ue andotaon tne tééng tou n eaopoliletol UE -
Yoavodewpnuxd envyepuata. O Gluskin [GI2] neplypdget Ty déa Tou we e€hc. Ag
Yewprioovue 10 Levydpl X =Y = £}, xou ag ndpouue oav T évav tuyaio mivaxa
TIOL oL GLYTETAYUEVES ToU elvon aveldptntes standard Gaussian tuyalec uetaBAnTéc.
Aev etvor d0oxolo vo Sobue 6t ovodtnta || T ||T7Y| > en woyler ye peydin
mbavdtnza yia nivoxeg T authc e Hopphc. Autéd Udc divel Ty WBéa 6TL, «mEeLpd-
Covtacy Alyo tov yopo € umopel va netdyovue €va (euydipl ydpwy X xou Y yia
touc onotoug Vo toylet [|T|| [|T Y| > en ywo kde T € GL(n). Auté elvor mpdypartt
EQPLXTO.

H an6detn tou Oewpruotoc divetar oto Kegpdhawo 6. O Gluskin edpnoe ywpoug
mou 1 wovadialar Toug UmdAa efvon €vor CUUUETEXO XUPTH odUa TN Uopprc K =
co{=xe;, £x;,1 < j < 2n}, 6mou {e;}i<n elvar n cuvidng opdoxavovixh Bdon tou
R*, xou ta zj,j < 2n, elvar 2n toyala onuelo mou emAéyovion aveEdptnTa oty
Euxelderar povadialo ogatpa S™1, tnv onola éyovue egodidoet ue to avahholwto
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w¢ Tpog oploymvioug uetaoynUaTlopols uétpo mdavétntag o. Av (X,,Y,) elvou
éva Leuydipt ave€diptniwy «ydewv Gluskiny, unopolue va det€ouvue ot n mdavdTnta

Prob{(Xs,Yn) : 1Tl x,»v, 1T Iy, -x, < cn}

elvon exdetind uwxpn, ouowduoppa we mpoc T € SL(n). Xuvdudlovtac awtd To
dedouévo ue axpBelc extiunoelg yia Tov TAnddpuduo e-3xTtiwy oe XATIAANAOUC Y&~
POLC TEAEGTAV, BAémouue OTL Yol Tal «Teptocdtepay Leuydpla (Xp, Yy), n avicomnta
IT||x,, v, IT v, —x, > cn woyde yio éva apxetd Aentd dixtuo otny SL(n). Eva
TUTILXO ETLElPNUAL, TO OTOlo GUWS xodioTarton duvarTd Yden oTny axp(Bela Twv Topard-
VO EXTYWACENY, USS ETLTPENEL VO TEPACOLUE o To dixTuo otov Tuydévta T € SL(n),
xdtL mou delyvel 6t d(Xy,, Yy) > ¢'nue ¢ =¢/2.

Extéc and v andvinon nou €dwoe oo mpdfBinua g dwauétpou tou By, 1
uédodoc tou Gluskin anodelydnxe ypriowun oe TAdog dhhwy mpofinudtwy. Ot «tu-
yotkol yopoty mapelyay o xatdhhnho mhalclo yior vor dodolv mopadelyuata «mado-
AoYWXAC CUUTEPLYOPACY , xon Boriinoay oTny ETAUGT TOAAGY AVOXTGY TEOBANUATWY
NS AoLUTTWTIXNS Yewploc yhpwy Tenepacuévne didotaong. Eva napddelyua elvon
t0 €Zhic Yewpnua tou Szarek [Sz3]: Ymdpyouv n-SudoTator ydpol UE vopUd, TOU
€youv otadepd Bdone e tééne e v/n. To amotéheouo autd elvar 1 «TETEPACUEVT,
éxdoomy tou grutouévou Yewpruatoc tou Enflo [En] yia v Omopdn Stayweloiuou
xweou Banach mou dev éyel Bdor Schauder.

6. Eow X € B,. XuuPBohilovue ue Rp(X) v «oxtivay tou Banach-Mazur
compactum B,, w¢ npoc X:

R, (X) =max{d(X,Y):Y € B,}.

Me authv TV opohoyia, To Yedpnua tou John udc Met 6t R, (€5) = n'/2. Eivow qu-

otohoywd va {Intrcouue avdhoya anoteréouara, Bdlovtac otn Véon tou €5 dAhoug
YOEUXTNELOTIXOUE N-BLACTATOUE YMpous. Xe auTHY Tnv xatevduvorn, o Pelczynski
[Pel] é0eoe éva mpdBinua Ue oo YEWUETpIXY onuaoio: Told elvon 1 TN Ue-
yédouc tne uéylotng duvathg «anbotaong Banach-Mazur ané tov x0Bo» R, (€L);
MéypL mpbopata, T0 UbVO Tou fitay YVwotéd frav 6t nt/? < R,(ML) < n, anhj
ouvénela Tou Yewpruatog Tou John.

Ot Bourgain xou Szarek [BS] anédeilav 61t R,({%) = o(n). Etnv mpoondield
Toug aUTA, UeAETnoay Boadltepa T oyéon evOC GUUUETELXOL xLETOL cwuatoc K ue
10 eMeLoeLdég eEAdyLoTOoL OYXOL oL To TepEel. Me tnv unddeon 6t 1y By elvon
10 eNeLdoetdéc eNdytotou Gyxou tou K, anédetlav ot yio xde 6 € (0, 1) unopobue
VoL ETMAEEOVUE 21, . . ., T, M > (1 — )N ueTaZl TV onuelwy enaphc wwv K xou BY,
€10l WoTe, Yio xde emhoyy) mporyoTixdv oaptdudyY (t;)i<m,

HORS S - —
n Dot <1 tiw| <Y tiwillx <D Jil-
n i=1 i=1 i=1 i=1

To onuavtixd uépog authc NG oeLRdc avicothtwy elvon BéBota to mpwto. OL Dvo-
retzky xou Rogers [DR] eiyav anodeilel aviiotoym avicdtnro ubvo yia m < /n.
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Avth ™ otryun elvon yvwoté (BAéne [ST], [Gi]) 6t unopolue va ndpoupe f(d) = cd,
xat, 6nwe Yo Sobue oto Kepdhono 7, autd udc odnyel ot éva dvw @pdryuo yLar Thy
R, (L%), To onolo dev poldlet va elvon BéltioTo:

Aréotacy Banach-Mazur and tov x0Bo ([Sz2], [Gi]): Yrdoyouvr atdlutes
otalepés c1,co > 0 tétoles dote

en'’?logn < Ry ((%) = Rp(£}) < ¢on®/8.

To xdtw gpdyua R, (€%) > cin'/?logn opeiieton otov Szarek. O ydpoc mou
éyer anbotaon téEne n'/? logn ané tov L2, etvon duixde «yxdpou Gluskiny.
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Kscpo’c)\ou.o 2

Ano’o‘coccw] Banach-Mazur

2.1 JUUUETELXUA XUPTAH COUATA XKoL Y DEOL UE VORI

(o) Oprowot

Aoviebouyue atov R?, tov onolo €youvue epodidoet pe uio Euxheldeia Sour) nou
optleton and 10 EcwTEPINS YVOUEVO (-, -). H ouviing opdoxavovixn Bdon cuuBoiile-
ton ue {e1,...,e,}. H Ewdeldeia vopua /(z, z) ocvuPoriletar ue | - |, n Euxdeldeia
povodiala undha ue B, xon

D(:r,r):{yER”:|y—:r|§r},

via xéde x € R™ xou x&de r > 0.

Kupté oopa otov R? elvon £vo un xevod, xuptd xou cuunayéc untocbvolo K Tou
R™, mou €yeL un xevd ecwtepind. Oa Aéue 6Tl T0 xUET6 cwua K elval cLUETPLXOG
HE XEVTPO cLUUETPlAC TO 0, av Yl xde x € K éyouvue xou —z € K.

Me tov 6po otoLyeLtddeg oGVOAO avVOPEPOUACTE OE Uldl TENEPAUOUEVY €O
0p0oYWVIKY TOL €Y0LY TS AXUES TOUS TAPdAANAES TGS TOUS GEOVEC GUVTETAYUEVWY
(tic Seudivoels TV 0pYoxavoVIXDY BLaVUoUETWY €;), XL EYOuV ZEVo ECWTEPLXA.
Yuppohilovue ye Z tny xAdon GAWY TWY GTOLYELWIWY GUVOAWY.

Av I eivar éva tét010 0ployY®OVIO, UE UAXT AXUOY al, .. ., G, > 0, ToTe 0pilovyue
TOV 6YX0 TOUL VA LoOVTOL UE

Il =ay...apn.

Av J = U I, elvon éva otouyewddeg ohvolo, t6te opllovue

m
1= l.
k=1

13
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Eotw tdpa A éva un xevé, gpayuévo utocivoro tou R™. Opilovue tov ecwtepL®d
o6yxo tou A uéow g

|A] = sup{|J|: J C A, ] €1},

%ot Tov EEwTEPLXO O7x0 Tou A uéow TN
|A| =inf{|J|: AC J,J € T}.

Ou héue 6t 0 A €xer byxo (elvon Jordan uetpriowo), xou Yo Tov cuuBorilovue
ue |A[, av |A| = |A]. Mnropel xavelc va deler dtu:

KdOe kupté odua otor R éxer dyxo.

O WBLo6TNTES TOL GYXOUL TIOL YENOLUOTOLOVUE GUY VA GTY CUVEYELX Elvan TEAElwS Qu-
OLOAOYLXEC:

(o) O byxoc napauéver avohholToS WS TPOS OTPOYES KoL UETUPOPES.

(B) Av T elvon évac avtiotpéduloc ypauuxoc uetaoynuatiopds tov R, téte yid
x&de cuunayég unocivoro tou R* woylel

[T(5)] = |detT]|K].

TCpdgovue L(R™) yio 10 6OVORO GAwV TV YOUUULXDOY UETACYNULOTLIoU®Y Tou R™,
GL(n) v 10 6OVOAO TV avTLoTEEPLUOY Yoouuxody uetaoynuatiousdy T € L(R™),
xot SL(n) yio 10 cbvoro wwv T € GL(n) ue opllovoa det T = +1. Av T € L(R"?),
o ouluyhe T tou T opileton and ™y

(Tz,y) = (=, T"y), =z,yeR".

(B) TuppeTeLxd XVETA CHOUATR

Ocewpolue ulo vopua || - || otov R™. Tére, n povadialo undha Bx = {z € R™ :
[lz|| < 1} tou ydpouv ue vopua X = (R”, || - ||) elvon évar ovuueTpind xuptd ohU
otov R™. To yeyovég 6t 1 Bx elvon cuumayéc ohvoho xan €yeL Un XEVO ECWTERIXO,
ogelieton ot0 6TL N ||+ || elvan toodOvaun ue Ty Euxheldera vopuo. Anhady, undpyouy
a,b > 0 t€tolol HoTe

alz| < ||z|| < blz|, = e€R".

Isod0vaua,
(1/6)By C Bx C (1/a)By,

70 onolo delyvel 61l 1 By elvon ppayiévo cOvolo xan TepLEYEL Ulol avoLXTH) UTdAa UE
%évtpo 0 0. H Bx elvon xhetotd oUvolo, yiatl elvon xheloth we mpoc v || - ||, xo,
and TNV L6odLVAU{ TV YOopUKOY, x&dE XhewoTd clvoro we Tpog TNV || - || elvon xhetotd
w¢ mpog v Ewdeldeta uetpuer. Téhog, n xvptodTnTar xon 1 ouuuetpia e By elvon
amhéc oLVETELES TV WLOTHTWY TN Vopuag: 7 || - || elvon dptiar, Yetind ouoyevig
CLYEETNOT), XOL LXAVOTOLEL TNV TELYWVLXY| avLodTN T
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AvtioTtpoga, ag unodécovue otL K elvon éval cuppetend xuptd ooua otov R”.
O Minkowski 6pioe tnv cuvdptnon

l|z||k = min{\ > 0:z € AK},

xow améderZe 6L elvon vopua, yia Ty omola woyVet ||z||x < 1 av xow ubvo av x € K.
H Onopgn tou heyouevou ouvaptnooetdois tov Minkowski delyvel 61, ue ula
EVVoLdL, 1 LEAET TWY GUUUETPLXGY XVPTOV owudtwy otov R? elvor loodbvoun ue
MEAETT TWV VOpU®Y Tdvw oTov R™:

IIgétaon 2.1.1 Eotw K C R" éva ovppetpikd kuptd odpa. Tote, to ovvaptn-
oo€10és tov Minkowski

l|z||k = min{A > 0:2z € AK}

elvar vépua, kat
K={zeR":||z|x <1}.

Anodedn: To K nepiéyet ulo umdha ue xévtpo 0 o. Ilpdyuart, agol to K €yet
Un XeVo ecwtepnd, utdpyouy = € K xou r > 0 tétoa dote D(z,r) C K. Abyw
ovuuetploc éyovue D(—z,7) C K, xoau Noyw xvptétnrac, D(o,r) = [D(z,r) +
D(-z,r)]/2 CK.

‘Eotww z € R”. Trdpyet A > 0 apxetd yeydho, dote (1/A)z € D(o,r) C K, dpu,
z € AK. Auté Selyvel 61, yia xdde z € R, 10 abvoro {A > 0: 2 € AK} elvar un
%evo, dpa oplleTtan 10

inf{A\ >0:2 € A\K}.

Oewpolue ula yvnolung divouca axolovda Ay =+ A. Trdpyouv y, € K tétola OoTE
T = AgYs, xou AOYw TN cuurdyetac Tou K unopolue vor unodécovue 6Ty, =+ y € K.
Tote, 2 = Ay € K. "Apa 1o infimum elvor minimum, xou 1 ||z]| x elvar xohd oplouévn,.
Enlong, elvor tdpa pavepd 6t ||z||k > 0 v x&de z € R”, xou ||z]|xk = 0 av xou
uovo av T = o.

Ané n ovppetpia tou K w¢ mpog 10 0, €youue £ € MK av xou ubvo av —z € AK.
Auto amodewviel 6Tt

|| —z||lgk =min{A>0: —z € AK} =min{\ > 0: 2z € AK} = ||z]|x.
Enlong, av t > 0, tote
min{A > 0:¢tx € AK} =min{A>0:2 € (\/t)K}
= min{tp:p >0,z € pK} =tmin{p >0:2z € uK}

= tllz[lk.

[l e

Ou 3o mponyolueves oyéoelc anodewxviouy 6t |[tz||k = [t] - ||z||k, yio xdde t € R
xou xdde z € R™.

T v Tty aviodtnta, napatnpobue 6t & € |lz||lk K xou y € ||y||x K,
ondte 1 xuptéTTa Tov K udc efaopohilet 6tz +y € (||z]|x + |yl x) K, dSnhadn

lz +yllx <llzllx + lyllx, =,y €R"
Téhoc, v € K av xat uévo av min{A > 0:z € AK} < 1, dnhadn

lz||x < 1. O
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(v) Icopopgpriopol xon LoopeTpieg

1. BEotww X xa Y ydpor ue vépua. Bvag ypouuwxde tekeotic T : X — Y
AeyeTan peayévog av LTdpyel otodepd ¢ > 0 Tétola oTE

(%) 1Tz|| < cfll|

v xdde = € X.
Av o T elvon gpayuévog, opilovue ) vépua ||T]| tov T cav ) utxpdtepn
otodepd ¢ yio Ty omolal ) (%) woylel yia xdde € X. Tére,
17|

IT|| = sup == = sup ||[Tz|| = sup [Tzl
v20 |zl zeBx lzl|=1

‘Eotw B(X,Y) 1o obvolo twv gpayuévey tekeotov T : X — Y. To B(X,Y)
elvar ypoixds yweoc, xow n || - || : B(X,Y) = R ue T — ||T|| elvor vépuo.

O Buixdg xweog Tou X elvar 0 YEoUULXOC YWeog X ¥ TV QEaryUEV®Y YRoUULXOY
ouvapTnooedey * : X — R Anhadh, X* = B(X, R).

3. 0T : X =Y Aéyetow LOOUORPPLOOG OV EIVOL YOUUUIXOC, EVAL TTPOC EVOL Xl
ent teheothg, xow o T: X =YV, T1: Y — X elvon pporyuévol tehecTée.

OT:X = Y AyeTtaL LOOUETELXOG LOOOPPLOLGG av elval LoouoppLoude
xa, eTLTAEoV, Yo xdde x € X wyle [|Tz|| = ||z]|.

Alo ydpor X xou Y ue vépua AyovToL LOOETPLXE LOOLORQPOL av UTEPYEL LGO-
uetp6g touopplopog T : X = Y. And ) oxomnd tng Yuvaptnotaxhic Avdlvong,
dVo Ttétolol yopol TavtifovTon: £youv TNy Blar Ypouulxh xar HeTewh Sour|, apol
o onuelo toug Beloxovton oe éva mpog éva avtioTolyla Tou Slatneel Tic anooTdoelg
2oL T YeoULXY) Soun Tou Yweou.

IMpotaocy 2.1.2 Eoww X évagn-didotatog xywpos pe vépua. Mmopolue va opioovje
vépua ||-||" otov R™, éror dote 0 X va elvar wopetpikd wdpoppos ue rov (R, || -1|').

ArnéderEn: Eotw || - || n vépua tov X, xou {x1,..., 25} ula Bdon tou. Opilovue
T:X - R", ue
T(tll’l + ...+ tnl’n) = t1€1 + ...+ tnen,

6mouv {e1,...,en} N ouvAdne Bdon tov R*. O T elvor ypouuxde LooUOp@LOUOC.
Optlouue || - ||" otov R™, Yétovog

||t1€1 + ...+ tnen||' = ||t11’1 + ...+ tnmnH
H ||| etvor vopua otov R, xon

o]l = 1T~ (@)ll, = €R".

Apat, o T elvar looUETPXOS LoOUOP@LOUOS UETAHED Twv X xou (R™, || - ||"). i

Mrnopolue Aotnév ndvta var toauti{ovue Evay n-8ldoTato YWeo Ue vopud, UE Evay
. . _ (pn
xépo e poppic X = (R, || -[)).
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(8) To mTOALXS CAOUA EVOG CLILETELXOV XVPTOD COLATOS

Eotw K éva cuuuetpixd xuptd oodua otov R?. To mohuxd copa tou K elvon
T0
K°={yeR":Vz e K, [(z,y)| < 1}.

Ocwpolue 10 ywpo X = (R™,|| - ||x), xou 10 duixd tou yodpo X*. To ypouuixd
ouvaptnooedy) f : X = R avanoplotavton and yy € R*: v xdde f € X* undpyet
povadxd yr € R™ tétoo dote

f(x):@/f:m): xE]Rna

xan avtiotpoga, xde y € R® opllel f, € X™* ue tov (dio tpém0. Mnopolue Aoindy
var Tawtioouue (g Ypoixd ywpeo) tov X* ue tov R™. Metagépoue ) vopia ToU
X* otov R”, opllovtac

1yl = [l£yllx- = max |fy(2)] = max{|{y,z)| : = € K}.
Tote, n wovadiatar umdho touv (R, || - ||«) elvon oxprBéde to K°. Tlpdyuoatt,

E°={yeR" :max|{y,z)| <1} = {y € R" : [lyll. <1}.
"Eyovupe Aotndy anodetéet to e&c:

Ilpétacn 2.1.3 Fotw K ouppetpikd kuptd odua otov R”, kar X = (R, || - || k).
Téte, to K° elvar n povadiaia undda tov dvikov ywpov tov X. a

Ané tov 0plopd ToU TOAXO) GOUATOS, XA OO TOV YUPAXTNELOUS TOU oL Uds Si-
veu 1) mponyoluevr Ilpdtaoy, unopotue ebxola var anodel€ouue e Topoxdte Bootxés
WLoTnTéC TOUL:

IIgétaon 2.1.4 Eoww K, K| ovuuetpikd kuptd oduata otov R*. Tdre,

(a) Av K C K, téte K{ C K°.

(B) (K°)° = K.

(v) Av T € GL(n), téte (TK)° =T *K°.

(0) |K[|K°| = |TK||(TK)°|.

Arédeldn: (o) Av y € K7, t6te vy xdde ¢ € Ky €yovue |(x,y)| < 1, xou apot
K C K; éneton 6ty x&de ¢ € K Vo ebvon [(z,y)| < 1, dnhadf y € K°.

B) O X = (R, - ||x) elvor awtomadic, dpa to K elvon 1 uovadtaio undho tou
X** = (R, || - ||xe)*- Anhadn, to K elvon 10 ToAxd odua tov K°.

(v) Eyouue y € (TK)° av xou uévo av yio xdde z € TK wylbet [{z,y)| < 1,
dnhadh av, yia x&e z € K woylel (Tz,y)| = [(z, T*y)| < 1, dnhadh, av T*y € K°.
Apa, (TK)® = (T*)"H(K°).
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(8) 'Exouue |TK| = |detT|- |K| xou |[(TK)°| = |(T*) Y (K°)| = |det T| | K°|.
Apa,
ITK|-|(TK)°| = |detT| - |K|-[det T|7'|K°| = |K| - |K°|. O

(e) Khaouxol yopot - 6yxog

Ytov R?, Yewpolue Tig vOpUES: ||2||lo = max<i<n |Tk|, xou

n 1/p
lzllp = (Z ka|”> , 1<p<oo.
k=1

Av 1 <p<r<oo, tétE Yo xde x € R™ woylet
11
lzlly < @l < ne ™|l

YuuBorilouue Tov avtiotoryo ydpo (R, [ -|p) ue £;. H uovadiaio undho tou £
ouuPolileton ue By, xou €xel 6Yxo (oo ue

i 20 (1 + )"
Bl = ey
Ewwotepa,
71'"/2
w = |BY| = ———.
= B =

Av K elvar éva cuyuetpd xuptd ooua otov R?, n axtivi) tou cuvdptnon pi
oplleton oty Euxhelderar povadioda ogatpar S™ 1 amd v

1
1911

O 6yxoc tou K oe mohixéc ouvietayUévee, utoloyiletal and tny

pr(8) = =max{\A>0: )\ € K}.

pK(0)
K= [ [ o= 1By [ p@roa) =wn [ Il o),
sn-1 Jo Sn-t Sn-t
OTOL 0 To AVOAROIWTO WC TPOC 0PFOYOVLOUS UETACY NUATIONOVC UETPO TdavoTNTAC
otnv S"L

2.2 Arnoéotaocn Banach-Mazur

Avo ywpor X xou Y mou éyouv tny (Bia tenepacuévn ddotaor elvan toduoppoL. Ay
6uw¢ YeAficouue vo eEETACOVUE O TPOTEXTIXEL TI UETPLXES WLOTNTEC TOUS, TOTE TO
Baowxd npdBAnua elvar to &g 1éco «xovtdy Beloxeton o X oto vaelvar 1o0opeTpikd
1oduop@og Ue oV Y;
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(o) OpLowdg xow LdLéTNTES

H évvoia tng ambéotaone Banach-Mazur eugovileton oto BAlo tou Banach
«Théorie des opérations linéairesy (1932). Eotw X,Y dUo ywpot ue vépua, ATelpns
evdeyouévuc didotaong, xou ag vtodéoouue 6t o X elvar Lobuoppoc Ue Tov Y (ypd-
pouue X ~ Y). Trdpyet Snhadh toukdytotov évag ppayuévos tehecthic T : X — Y
oL ElVaL LEOUOPYLOLAS SLOVUOUATLXGOY YWPwV xot TéTotog Wote o T 1 va etvor enl-
onc gpayuévoc teAecthc. Opilovue tny andotaon Banach-Mazur towv X xou Y
we e€ie:

d(X,Y) =inf{||T|| - ||T | | T:X — Y, ioouopprouss}t

Av ot X xau Y Bev elvar tobuopgol (X £ Y), 0étovue d(X,Y) = +o0.

I8L6tnteg Tng andotacrng Banach-Mazur: ‘Eotw X, Y, Z yopol ue vopua. To-
T€,

() d(X,Y) > 1.

(8) d(X,Y) = d(Y, X).

(v) d(X,Y) < d(X, 2) d(Z,Y).

(3) Av ou X xou Y elvon awtonadelc, tote d(X*,V*) = d(X,Y).

Aréderdn: (o) Eotw Ix : X — X o tawtouxde teheotic. T xdde wwouoppioud
T:X =Y wybe
L= |lIx| = 177 T < IT=H T,

EMOUEVWG,
1<d(X,Y).

(B) Etvor mpogavéc 61t o T : X — Y elvon toopop@ouds oy xat (ovo oy o
T71:Y = X elvor wwouoppioude, xou (T71) ™t =T. 'Eneton 61 d(X,Y) = d(V, X).

(v) Boww T" : X — Z xw T" : Z — Y wouoppiouol. Téte, 0o T =T" o T":
X =Y elvan toouopgLoude, dpa

d(X,Y) ITINIT=H = (17" o THIT) ™ o (T") 1]

<
< T T
xat ool autd toylet yio xdde TV, T éneton Ot
d(X,Y) < d(X,Z)d(Z,Y).

(3) Eow ndht T : X — Y wouopgouds. Téte, o ouluyhc teheotic T
Y* = X* twou T, nou opileton and my T*(y*) = y* o T ywa xdde y* € Y™, elvon
toouoptoude xan xavorotel tie ||T*|| = ||T|, xou (T*)~ = (T1)*. Apa,

ITIIT=Y] = 1T 1T~ > dxe, ve),

xou ooV o T' Htay Ty, Ba Loy LeL

d(X,Y) > d(X*, ™).
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Ac vnodéoouue topa bt ot X xon Y elvar avtonadelc. And to mponyoluevo xou-
udtt tne anddeléng éyouvue d(X*,Y*) > d(X**,Y**). Ouwe, o X elvon toouetpixd
wduoppoc ue tov X**, dnhadh d(X, X**) = 1. 'Ouoa, d(Y,Y**) = 1. 'Encton 61

d(X,Y) <d(X,X™)d(X™,Y™)dY™,Y) = d(X™, V™) <d(X*,Y7),
%ot GLYBLALOVTAG UE TNV TEOTYOUUEVT AVLoOTNTA, BAETOLUE OTL

d(X,Y)=d(X*,Y*). O

(B) Tewpetpixy spunveia

Evdiagépov napouctdlel n yewueTpw epunvelo tne amdotaonc Banach-Mazur:

IMpotaocy 2.2.1 Eoww X kat Y oduopgor ydpor pe vépua. Tore,
d(X,Y)=inf{d > 0: |3T : X = Yioopoppiouos : By CT(Bx) C dBy}.

Ano6dedn: Agunodéoovue 6t d(X,Y) < d < +00. And 0V 0pLloUsd TG andoTaoNC,
undipye wouoppioude T X — Y e ||T|| [T~ < d. And tov opoud g vépuoc
TENEOTH, £YOUUE:

() Tt x0e @ € B, [Tally < Tl |lelx < 1T, dpo

T(Bx) C |IT]| By
(B) D xdde y € By, [T~ yllx <77 lylly < (T, deo
T (By) C|IT™"|| Bx,
1, LoodLvoud,
By CIT7H| T(Bx).
Av ¥éoouue S = ||T7Y| T, éte, and v (o), S(Bx) C ||T|||T~|| By, xou ané
v (8), By C S(Bx). Anhadt}, undpyet S : X — Y tétoi0c ote
By C S(Bx) C dBy.
Avtiotpoga, av By C S(Bx) C dBy yw xdmowov S : X — Y, t6te d(X,Y) <
ISIHISTHI < d. O

Ané Ta mapandve yiveton @avepd 6t n arndotacn Banach-Mazur 30o ydpwy
X, Y elvon uph| av Lmdpyel YoouUOC UETACY NUATIOUOS TN Lovadlalag undhag
Tou X mou «uodlety ue ) Hovadiodor Undha tov Y (neptéyel TRy By xaL TEPLEYETOL
OE «Uxp6y ToAAAdolo g By ).

(v) H andéotaon Banach-Mazur oe ythpoug menepacévng didotaong

‘Eotww X xou Y woéuopgor ydpot ue vopuo. Aev elvon YeVIxd 6woTtd O6TL LTSEYEL
toopopylopdc T : X = Y tétolog wote

d(X,Y) = T |T~.
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I to avuinopddelyua tou Yo ddaoovue, Yo ypetaotobue évay oploud.
Opgiowos ‘Evac ywpoc we vépua (X, || - ||) Aéyeton yvAora xvptdg, av yia xdde
v#y€X pellz)| = |yl = 1 éneton 6w || 2L < 1.

OewpOoVUE THPA TOV SLAYUCUATIXG YWEO Co TWV UNSEVIXMY TEOYUATLXOY AXONOU-
Yoy xou optlovue Tig vépueg

(oo} [ee]
_ Jon” \1/2 _ 21| 1/2
el = supleal + (30 55)  llelh = supleal + (32 F550)

©étovue Xo = (co, || - |lo) ¥ X1 = (co, || - ||l1). EOxoha Brénouvue 61t 0o Xj elvon
Yvhota xuptde, agod av &,y € Xo e © # y xou ||zllo = |lyllo = 1, t61e ||””T+y||0 =1
av ot Ubvo av Loy VEL LOOTNTA OTLC

SUp |2, + Yn| < sup |2, | + sup |y,
n n n

ey

o0 o0 o0
|l°n+yn|2 1/2 |33n|2 1/2 |yn|2 1/2
n=1 n= n=1

Snhadh, av x = ay yio xdmoto a € RT, to onolo dlver z = y yrotl oz, y €youv vépua

fon ue 1.
‘Ouwc 0 X; ev elvon YvnoLoc XUPTOC: AV nocpoups T=e,y=3e + 5e, T6TE
lzllh =1xu flyllh =2+ F =1, &z +y = Ter + Seo, ondre
7 1
= — - =2
eyl =T+ 1 =2
XU T # y.

Ot woouetpxol toouoppouol datneoly Oheg Tig UETEXES BLOTNTEC TWV VOp-
1oy, dpo o Xo xar o Xp dev elvan oouetpd toduoppot. Oa dellouue duwe 6T
d(Xo,X1) = 1.

[ xdde n € N, opllovue Ty, : Xo = X ue

Tn(1'1,1'2,---,1’n,---) = (mnamlax%'"7mnflaxn+1;--')7
xon eNéyyouue eoxoha 61t o T 1Y — X opileton and tny
—1
Tn (1’1,1’2,...,1'”,..-) = (1’2,...,Z’n,1’1,1'n+1,---)-

Extydue npodto v ||Ty||. T xdde x € co,

|21 0l Jenl? |Zm|? 1/
ITa@)lh = sup ol + (G- + + Gty + ga + Y g
m>n+1
n—1 0o
|2 |?\ 1/2 | > \1/2
< Slnllp|l“m|+(z 22m) +( Z 22(m71))
m=1 m=n+1
© 1 1/2
< llallo+swplonl( 3 i)
m=n-+1
< lzflo(1 + an),
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o6mou a, — 0. Tekelwg avdroya,

1T @)l = (@, T B T o
[Emn [ Jz1? [2m|* ) 1/2
= sup|$m|+(z To2m 22n + Z 22m)
m=n-+1
[Zm]? lz1] L\
< sup|xm|+(z 52m ) + = on +sup|mm|( Z 22—m)
m=n+1
< Mzl (T + Bn),
6mov B, — 0. Erneton 6t d(Xo, X1) <inf, (14 ap)(1+ 6y) =1. O

Trodétovue tpa 61t dim X = dimY = n. Sépovyue 61 0 X elvon L.oduoppoc ue
Tov Y. Ye authv Ty nepintwon, n andéotacyn Banach-Mazur twv X xou Y «mdvetony
yio xdmotov teouoppoud T+ X — Y
IMpotacy 2.2.2 Avdim X =dimY =n, tére

d(X,Y) = min{||T|| ||T_1|||T : X = Y oopoppiouos}t
Amnddern: And tov oploud Tou inf, undpyel axorovdia S, 1 X — Y tétola wote
1Sall 1S5 = d(X, V).
Ocwpolue v axoroudo Ty, = ||S; Y| Sp. Tére, (|17 =1 %o
1Tl = ITall 1Tl = [Sall 1S, Ml = d(X,Y).

Abyw g ovundyeloc g povadiofog undiag tou B(Y, X), unopobue va Bpobue

\

uroaxoroudia Tk_n1 L} S, yw xdmowov S € B(Y, X) ue ||S]| = 1. H {||Tk, ||} elvoe
pporyuévn, dpo uTdpyel utoxorouvdia Ty, L T,o6mov T € B(X,Y). Enlong,

Iy =Ty, oT),' = ToS
xou Iy = T;k1 0Ty, — SoT,dpa ol S, T etvor toouoppiouol xau S =T 1. Téhoc,
IT(IS]] = lim || Tx,,, [Ty, || = d(X,Y).

Anhody,

= d(X,Y). O

IIépiopa 2.2.1 Ay dim X = dimY = n tdre, d(X,Y) = 1 av kar pdvo av o X
elval 1oopeTpLid 1006H0pPoS i€ Tov Y.

Anédedn: Eow 6t d(X,Y) = 1. Tére, obugwva He TNV TponyodUEvn TpdTao,
undpyet touoppopdc T @ X = Y tétooc dote [T | T = d(X,Y) = 1. Apa,
171 = 1/(I -
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‘Eoww z € X. Torte,

_ 1
ol =77 Tal| < |IT 1||||T:v||=mllT:vll
1
< Tl = |-
Tl

Apa, o T' =T/||T|| : X = Y elvou woouetpinds woouopproude. To aviiotpopo elvon
mpogavés: av T @ X — Y elvar woouetpinde oouoppiopde, t6te 1 < d(X,Y) <
ITIT = = 1. O
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qu)o'c)\ou.o 3

To Banach-Mazur
compactum

3.1 To A¥juua touv Auerbach

wo6¢ 'Eotw wpoc ue vopuo. 'Eva dropBoywyio cOotnue 6Tov elvou

(0] E X { { Eva Stopd 0 X

uto ocohoudia Levyopldy (74, 7} )ier € X x X* tétowa dote o} (zj) = 0y, 0,5 € I.
v||zillx = ||lzf]|x- =1, ¢ T6TE To oVOTNUA AEYETOL VORILOELGILEVO.

A x 1,i€1, € DoTnuo Aéye ¢

To Mupo tou Auerbach e€oc@aiilet Tny OopEn «TANPEOUCY VOPUAPLGUEVOL dlop-
YoYDVLOL GLOTAUATOS GE *EVE N-DLACTATO YWEO UE VOPUL:

Adupa 3.1.1 Eow X ydpos pe vépua didotaons n. MropoUue va Bpolue dravv-
ouata Ti, T2, ..., Ty € X ka7, x5, . ..,z € X*, pe ||| =1 ka ||zF|| = 1, téroa
dote xf(x;) = ;.

Andédelln: ‘Eotww eg,es, ..., e, yia Bdon tou X. Téte xdde y € X ypdpeton ovo-
oAuavTo 0T Lophy = Y1 yiei. Do xdide emhoy n Slavuoudtwy Y1, . - ., Yn € X,

Ypdpoupe
n

Yk :Zykieia k=1,...,n.

i=1

Téte, T y1,. .., Yn elvar Ypouxd aveEdpTnTo oy Xou [UOVo av
| det(yi)i k=1] > O.

Ocewpolue tn wovadiala opalpa Sx = {x € X : ||z]| = 1}, xou opllovue f : Sx x
xSy =+ Rue
f(yh Y2,-0 0, yn) = det(ykl)

25
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H cuvdptnon auty elvon cuveynic: Av y,(gm) € Sx, xou y,(cm) — Yk, TOTE

1S wei = 9™eall > S Jyri — 9™
=1 =1

, Oeod 0 , , , o (m)
YLO XATOLA OTAUERA € > TOL EEO(QTO(TO(L HOVO ATO TA €4, QA yki

i,k <n. Tore,

— Yri YLt x&e

dnrad”y i f elvon cuveyhc. Ao 1 f opileton oto cuumayég Sx X --- X Sx, éneton 6T
TolpveL UEYLoTn TLh oE xdmota n-83at (&1, ..., L) € Sx X ---xSx. H f elvan nepttty
WS TPOG XAVE Yy, XL TEOPAVADS UTEEYOLY YoaULXd aveEdpTnTes n-8dec (Yi1,. .., Yn)
oto medlo optouol te. Apa, oto onuelo yeylotou €youue

f(zy,...,z,) > 0.
Tote, opllouue

*(ZE) — f(xla...,mi—1,$,$i+1,...,xn)

flzy,...,z,)

[Mapatnpolue 6T 0 TapovouaoTg elvon otadepds xan didpopog Touv UNBEVHS, EVE O
apriuntic elvar opllovoa tng onolag UeTaBdAeTtar U6vo 1 oThAN tou z. Enlong,

(@) @7 (x;) = 03y, Gpa | > 7 () = 1, o

(8) Av |lzll = 1, <re

|£U:(£U)| _ |f(.’1,'1,...,CCi_l,.’I,',.’Ei+1,...,.’I}n)| < 1

|f(z1,...,z0)] -7

St [l < 1.
Ta (o) %o (B) Stvouv o Lnroluevo. i

IMopathenorn To Muua tou Auerbach €yet Ut ToA) evdLaQEPOLGA YEWUETPLXT EQ-
unvela. Ac unodéoouue 6L 0 X elvar n-SldoTatog YHEOC UE VOpUA, XL T1,. . ., Ty
elvar o povaldtata Staviouota tou pog Sivet To Muua tou Auerbach: Snhady, undp-
xouv i € X* e ||zf|| = 1, térowx dote xf (xj) = 35, 1 = 1,...,n. Ta z; elvon Bdon
Tou X, UTopolUE AOLTOY Vo oploovue «f1 xot Log VopUay oTov X, VéTovTog

I Aiills = Do Nl 1Y Asillo = max |Aq].
i<n i<n i<n =

Ou avtiotouyec povadiales undies elvan: 1 xvpth Miun By = co{£x1,...,£x,} 0V
i, xou 10 TopaAANAeTinedo By UE XOpUYES TaL Y, €5y, € € {—1,+1}.
Av z € By, t6te x = Y, Niz; 6mou YA < 1, xou agot ||| = 1,0 < n,

TEOPAVHS
el =11 Xaall <D Walllaall = D Ixl < 1,
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dpa, x € Bx. Anhady, B, C Bx.
Av mdh, . = >, ., \iz; € By, tote |2 (x)] < 1 yia xdde z* € Bx-, dpo xou
vzt =, i =1,...,n. Anadr,

2 ol (o)] = max D A (@] = max ] = el
Apa, © € Boo. Anhad¥), Bx C By. 'Eneton 61t
B, C Bx C B CnbBy.

3.2 To Banach-Mazur compactum

Me 1 Borjdela tou Afuuatog tov Auerbach, uropodue va Sdoouue ulo tpdn exti-
MnoT Yo TNV andeTaoT WETAEL evog yweou X Sudotaong n xou tou 7.

Ilpétaom 3.2.1 Av X elvar évag xdpog didotaons n ue vépua, tite d(X,€7) < n.

Anodedn: ‘Eyouue del 61t xdde n-didotatoc ywpog Ue vopua elvor LooueToLxd
odpoppoc e ywpo e wopphc (R™,|| - ), utopodue hotndy vor unodécouue Ot
X = (R |- I’

Ané to Auua tou Auerbach, undpyouv x1, s, ..., &, € X xou x7,25,..., 2] €
X* ue ||lzi]] = 1 xau ||z7]| = 1, térowa dote zf(x;) = 0;5. Tére, dnwe eldope otny
TPOMYOUUEVT THPAYEAPO, TAL T1, ..., Ty, oynuotilouv Bdon tou R™, xo, yio xdde
t1,...,tn € R éyovue

1 n n n
- >l < max|t;| < | ot < Y|l
i=1 - i=1 i=1

Opllovue T : 47 — X ue T(e;) = x;. Tote, avy =Y i tie; € L7,

n n
1T = 11D tiall <D 16l = llylley
i=1 i=1
pideih

- 1 — 1
T ()l = 1| Ztil'i“ > - Z |t:| = ;Ilyllq.
i=1 =1

Anhody, yia x&de y € £ éyovue

1
—lylley < Tyl < llylleg-

Ané Ty et oviednta nadpvouue 6t [|T | < n, xou and ) devtepn 6t || T|| < 1.
Auté amodewviel to {nroduevo. a

Ané v mponyoduEYn TEHTACT XL TNV TOMATAACLACTIXT TELYWVIXT| AVLGOTNTA
yia v andotaon Banach-Mazur, nalpvouue éva dvew gpdyua yiar T SLdUETPO TOU
Banach-Mazur compactum:
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IMépiopa 3.2.1 Av X ka1 Y elvai n-Sidoraror xopor je vépua, tére d(X,Y) < n?.

AnédeEn: ‘Eyovue d(X,Y) < d(X,07) -d(l7,Y) <n-n=n> i

To yeyovog 6t o hoydpuduoc g andotacng Banach-Mazur powdlel okl ue
LETELXY), OONYEL GTNY LOEA VoL OP{GOUUE TOV UETELXO YMDEO TWV N-JACTATWY YDEWVY.
Avth n Wéa yiveTton mparyaTIXOTNTO TUEAXATW.

‘Eotww n € N xou B, 1 xhdon 6hwy tov n-Sldotatny yopny ue vopud. Opllouue
uto oyéon wwoduvautoc otny By, ¥étovtag

X ~Y <= dX,Y) =1,

dnradry av o X elvan toouetpnd .oduoppoc ue tov Y. Xuuforilovue ndh ue By, to
oOVONO TV UNSCEWY LoodLVAULNS WS TEOS TNV ~, o 0plloLUE TN UETPLXH p TOUL
endryeton and Ty logd oto By x Bp: Av [X], [Y] elvon ot xhdoels tooduvaulog twy
X o Y, ¥étouue

p(IX], [Y]) = logd(X, V).

H p elvon xokd opiouévn xon ixavornotel tar aglduata e etpnc. O UETpog Y-
poc (Bp,p) ovoudletor Banach-Mazur compactum. Xt cuvéyeta towtilovue
v [X] ue tov X, yiotl oe 6ha to tpofAfiuota tar omtola Yo [ anaoyoAjoouy, Loo-
METELXE LOOUOP@POL YWEOoL ouatacTxd cuunintouy. O dpog compactum duxatohoyelton
amd TNV EMOUEVT TPOTUOT:

Ilpértaom 3.2.2 To Banach-Mazur compactum (By, p) elvar ovurayijs petprkdég
X @pog.

Arédetdn: Ao v anddeln e Hpdtaone 3.2.1 BAénovyue 61, yia xdde [X] € By,
umdpyer X = (R™, ]| - ||) € [X] térot0c doTe:

1
el < llzll < llalleg, = € R

Y ovvéyewa opilovue @, 10 GUVORO GAWV TV vopuKy cTov R™ mou wavonooly
TNV TOPUTAVE OVLGOTNTAL, XA

An ={f:Ser = R| f € &},

70 GUVOAO TWV TEPLOPLOUMY TwV f € @y oty Spr. Xe xdle f € A,, avtiotouyel évag
xopeos (R™, f) mou avixel oe xdmota xhdon [X ]y € B,.

Ocwpolue 10 A, oav utochvoho tou C'(Ser) ue T ouvidn uetpwd || f —gllco- O
det€ouue 6L 0 Ay, elvat 10OGLVEYES, OUOLOUOPPA PEUYEVO oL XAELGTO UTOGUYORO
Tou C(Spr).

() To A, elvan wooouveyée: 'Eotw € > 0. Ilaipvouue § =e. Av x,y € Sp» e
|z = yller <0 %o f € Ap, tote f =] |5q ya xdmow || - || € @,,. Apa,

(@) = ) = [ll2ll = llgll| < lle = yll < llo = yllg <6 =e.



29

(B) To A, elvar ouotduopoa gpayuévo: Eotw f € A,. Téte, undpyet vopua

-1 <1l llep wévow dote f= |- ||, dpa

e 1) = mae ol < ma el = 1
EOxoha ehéyyovue 6tL 10 A, elvan xhewoto, dpa to Oedpnuo Ascoli - Arzeld udc
e€ao@aiilet 6t 10 A, elvon ovunayéc.

Opllouue tdpa ulo anewdvion ¢ : A, —= B, wc e€nc: av f € A,, 161 Ldp)EL
1+ lly otov R™ wétowr dote || - [lflse = F xow Ll lleg <l Ml < NI+ llep. ©¢rovpe
o(f) = [Xy], 6mouv Xy = (R, || - ||)- Iopatnpodue 6t 1 ¢ elvan ent. Agol 1o A,
elvat cuuToy e UETELXOS XDpog, av del&ouue 6Tt 1 ¢ elvar cuveyrig, Vo cuUTEPdVOLUE
ot 0 ¢(Ayp) = By, elvar ouuroyfic UETPOS XOPOS.

[ to oxond avutd, vnodétovue 6t fr,, f € Ay, xou 6t fr, = f ouolbuopea
oy Ser. Ofhovue va dellovue 6t Xy, — Xy wc mpoc tnv anbotaon Banach-
Mazur.

OcwpoluEe Tov TawToTS TENeOTH Ly  (R™, || - [|;m) = (R, || - ]]) xou tuydv e > 0.
Aol || - |lm ouyxdiver opotduopga oty || - || oty Sen, undpyer mo(e) € N tétoto

©OoTE, Yo xde m > mg xou xdde x € Syr, ‘||:v||m - ||a:||‘ < e. Apa,
z]] < flzllm + & < llzllm + enllz]lm = (1 + en)l|z[Im

pdeih
[z]lm < llzl] +& < (1 + en)la]].

Avz e R, t6te | — € Sgr, omoTE YLoL x8)E M > Mo €YOVUE

[@]lep
| == @ +em|=i=| = llzl < @ +em)lallm.
||35||q ||35||q m
Anhadh, |[Im]| < 14 en. Ouota, ||z||m < (1 4+ en)|z||, doa
11511 < (1 +en).
‘Eneton 611

(]l T 1) < Ll 51 S (1 + en)?

yior xéde m > my. ‘Apa,
d(ll - [l 1| - 1) ™51,

70 0mo{0 OAOXANPWOVEL TNV ATOBELEN. a

3.3 To Oewpnua twv Ascoli-Arzela

Ye autrv v nopdypapo Yo anodelfouue to Yedpnua twv Ascoli-Arzeld, to onolo
YENOLUOTOLACUUE GTNY TPONYOVUEVT Topdypapo Yo Vo oploouue to Banach-Mazur
compactum.
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Opiouol (o) Eow (K, p) évag ouunoyhc uetpixds ywpeos. ‘Eva unocivoko S tou
C(K) ovoudleton 1o00vrexés av yio xdde € > 0 undpyet & > 0 tétolo dote av
plx,y) < d t6te |f(x) — fly)] < e yraxdde f € S.

(B) Av S C C(K), 1o S Myetow odrkd ppaypévo av yio xdde € > 0 undpyouy
n € Nxow fi, fo,..., fn €S, 00t S C Up_, D(fr,e).

(v) To S Ayetwu oxetikd ovunayés otov C(K) av n xhetot) Mxn S tou S
elvar ouurayéc utocivoro tou C(K).

Oedpnua 3.3.1 (Ascoli-Arzeld) Eotw K évag ovurayng puetpikds xapos. Eva
S C C(K) elvar oxetikd ouurayés av kar uévo av elvar opodHoppa gpayuévo kat
L00OUVEXES.

Anéderdn: ‘Eoww 6t 1o S elvar oyetind ovunayés. Tote elvan xon (ohxd) gporyuévo
unoocbvoro tou C(K). Eow ¢ > 0. To S nepiéyel éva nenepaouévo e-dixtuo
N ={f1,-.., fa} AnhadA, yra xdde f € S undpyet i < n oo dote ||f — fil| <e.
Téte, yia xdde f € S éyovue

I£1l <&+ max||fil,

dpa o S elvon ouoLdUOpPa PearyUEVO.

Emuniéov, xdde f; elvan ouveyrc, dpa ouotduoppa cuveyhc oto K. Ankadn,
yia to 3o € > 0, undpyet §; > 0 dote yio xde x,y ue d(z,y) < 0; va LoyleL
|fi(z) — fi(y)] < e. Halpvovue § = min; d; > 0. Av f € S xou i < n téT0l0 BOTE
IIf = fill <e, t6te yio x&de z,y ue d(x,y) < § €youue

|f(@) = fW)] < [f(@) = filx)] +1fi(@) = fily)| + | fily) — f(v)]
< e4e+e=3e,

xon, emed) To € > 0 Aoy TuYdY, EmeTon OTL To S elvon LoooUVEYEC.

Avtiotpoga thpa, yia va del€ouue dtL 0 S elvon oYETXE CUUTAYES TTEETEL YLl
TUYOV € > 0, Vol XUTAOXEVACOUIE TETEPATIHEVO £-3(XTUO TOL S. BOewpolue 10 cUVONO
B(K,R) 6hwv tov gpayuévey h: K — R ue andéotoon tny

Ih = gll = sup |h(z) — g()|.
reK

O B(K,R) elvon mhipng HETPLXOC YWPOS, XoL
B(K,R) D C(K) D S.

O Bpolue hi,...,hy € B(K,R) tétoec dote S C Ji, D(hi,2¢). To S elvan
LoocuveyEe, dpo uTdpyel d > 0 tétoto Kote Yo xde f € S xou yio xdde z,y € K
ue d(z,y) < d va éxovue |f(x) — f(y)| < e. Enlong o K elvon ouunoyhc LeTpixds
XWpog, dpa ohxd gpayuévos. Emouévwe, undpyouv xy,...,x2s € K Tétol0 OOTE
K =<, D(x4,6/2). Opilovue

U, = D(z1,6/2)
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U, = D(x2,0/2)\ D(z1,6/2)

S
[

D(x;,6/2)\ | D(x;,6/2)

Jj<i

To S elvon opolbuopga gparyuévo, dpo undpyet didotnua I = [a,b] C R tétoo dote
f(z) € I yio xd¥e x € K xou xdde f € S. Opllovue dauépion a = y1 < ya <
... <y =brov [a,b], ue y; — yi—1 < £, xou Yewpolue dhec tic h 1 K — R mou elvon
otadepéc oe xdde U; xan noalpvouy twuée oo {y1,Y2, ..., yi}. O h elvon nenepaopéves
0 Thdoc.

Eoto f € 5. T xdde i < s undpyet j(i) < 1 tétowo Oote |f(z:) — y;i)| < e
Téte, Yewpolue ™y h : K — R mou madpvel twih yj;) oto Us. Av x € K, undpyet
i < s t€to0 wote x € U;. Tore,

[f(z) = h(2)] < [f (@) = fl@)] +[f(2:) —yje| <e+e=2e
Apa,
N
S ¢ | D(hi,2e).
i=1
Téhoc, nalpvovue fr, € S ue fr, € D(h,2e). ‘Av f € S, undpyet h tétowa Wote

IIf = Al < 2 xou ||frn — h|| < 26. And v tprywvind aviodtnte, ||f — fill < 4e,
dnhadry S C Uy, D(fn,4e). Aol 1o & > 0 Arav tuydy, 1 anddedn elvar mhrene. O
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qu)dc)\ou.o 4

To ﬂsd)pv]pa tovL John: dvwm
cppo'c'mxoc YLoL TN BLo’che:‘cpo

4.1 EM\etdoeldeg UEYLOTOU OYXOU EVOG XURTOU CW-
OLTOG

EXkerdoerdég otov R™ elvon éva xuptd odua Tng Lop@hc

(%) E:{a:ew:i:@’;;>2 31},

i=1 B

6mou {v; }i<y elvan opdoxavovins| Bdon tov R”, xou au, . . ., oy lvan Yetuxol mporyuo-
ol apriuol (ot Steudivoets xon tar Uhxn Twv NuLEdVey Tou E avtiotolya).

Ilpétacn 4.1.1 To E C R™ elvar eAdewpoerdés av kar uévo av vrdpyaer T € GL(n)
tétoog ote E = T(BY).

Anoden: Trnodétovue mpdta 6Tt 10 B elvor ehherdoedéc, opileton Snhadn and tny
(%) yia xdmota opdoxavovixd Bdon {v1, . . ., vy } Tou R”, xon xdnoove aq, - . ., @y, > 0.
‘Eoww T o ypauuixos yetaoynuatiopnoc ou R? nou optletar and e T'(v;) = a;v;,
i=1,...,n. OT elvar mpopaves aviiotpédruog, xou ¢ € T(BY) av xat Uovo ov
UTPYEL Y = E;;l tjv; € BY ue x = Ty. Téte duwg, n wodtnta

n n n 2 n
(z,v:)? <Zj:1 tjavs,v;) 9
Z Ck2 - Z a2 = Zti
i=1

i=1 ¢ i=1 ¢

delyvel 61t o € T'(BY) av xou uévo av x € E, Snhad E = T'(BY).

33
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Avtiotpoga, éotw T € GL(n) xou E = T(BY). Tedgouvue S =T, xou éyouue
I12l1% = lll[§-1(sg) = |Szl|* = (Sz, Sz) = (5" Sz, 2).

O §*S elvon ovuueTpnde o Jetxd optouévoe, dpa Ypd«gsrw ot wopehy U*DU
6mou D Srarydviog Tivaxac ue Yetind Sarydvia ototyela ay ... a2, xor o U elvon
opdoydviog Tivoxag. Oewpoliue Tov Storydvio tivaxa D1 = v D ue Soydvia otouyela
taarl, . ant. Agol o U eivar opdoydviog, éyouue S*S = A2, 6rou A = U*D,U.
Anhody,

n 2 2
2 2 2 2 (Uz,ei) (z,vi)
lally, = (A%, 2) = |Az]? = |DyUaf? = 3 0 = 5~ 0
; a; ;
i=1 ¢ i=1 ¢
6mov ta v; = U*e; anoteholv oploxavoviny| Bdon tov R*. Encto 6t z € E av
XL UOVO AV LXOVOTIOLELTOL 1) (%) YLOL TOL CUYXEXPUIEVA ¥; Xalt o, dNAadY) to E elvow

eMewpoetdéc. O

IMopathpnon And ty anddelln elvon pavepd 6L 0 6yxog tou E ooltat Ue
n
i n
|| = 1B [ ] e
i=1

Ocwpolue TP €va CLUUUETEXG %LETO cwua K otov R xou tnv owoyévela
E(K) 6hov v eAdetpoedddy mou meptéyovtar oto K. O F. John (1948) €deile 61t
undpyeL povadixd erheroetdéc E ou neptéyetat oto K xou €yel tov uéyloto Suvatéd
6Yxo. Oo Aéue 61l 10 E elvar 10 eAeLdoeldég péyiotouv dyxou tou K. Tty
anddelln, BAénovue Tawtdypova OTL UTdpyEL Lovadixd eAewpoedéc E mou TepLéyEt
10 K xou €xel endytoto 6yxo:

IMpotaocy 4.1.2 Eoww K ouvupetpixé kupté odpa ovov R*.  Trdpyer povadixé
elMewpoadésc E DO K e eddyioto dyxo.

Anédetdn: Oewpolue Ty owxoyéveta E'(K) 6Awv twv eMeLPOEdOY Tov TepLéyouy
0 K, xou tov apudud
V =inf{|E|: E€&'(K)}>0.

Yrdpyer axorouvdia T,, € GL(n) étor dote Ep = T,,1(BY) D K xou

B3|

Ep| = ——2
Bl = et

- V.

Agol |Th, : Xk — (3| < 1, m € N, unopobue va Bpolue vraxoroudio {Tk,, } xou
S e L(R") ye Ty,, — S. Tére,

|det(S)[ = |By|/V >0,
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enouévee, S € GL(n). Opllouue E = S™1(BY). 'Exouue
IS : Xk — €3] = lim ||T%,, : Xk — €3]] <1,

dpoo E D K. Agol |E| =V, 10 E elvon éva ehheroetdéc mou neptéyet 1o K, ue tov
ehdiyLoto duvatod byxo.

Aelyvouue topa 6TL UTdpyEL Evar U6V ENELPoEdEC UE auThY Ty WdTTa. Eotw
ot ta By xan By mepiéyouv to K xon €youv edytoto byxo. Xwplc meploploud tng
yevxotnrac unopobue va uvrnodéoovue 6t By = By elvar 1 Euxeldela uovodiota
TN, Xl

E, = {x eR” :Xn:(m,vi)Q/a? < 1}.

i=1

OewpoluEe éva tplto ehherdoeldéc, Tov <UEGO POy TOug
1
F = {x eR": Z 5(1 + a7 ) (z,v;)? < 1} .
i=1
Etvow @avepd 610 F' D Ey N Ey D K, emouéveg
(*) |F| > |E1| = |Es|.

Agol Ey = B, n (x) malpvel tn Lopoh

n 2
(i) < s
i=1 i=1

AN
—
-
R+

onéte, 2a; = 1+ af yio xdde i = 1,...,n. Téte buwe, a; = 1,0 =1,...,n. Apa,
E, =F,. O

H Ipétaon 4.1.2 udg diver v Ontopdn xow v govadixotnta Tou eAeLPoeLdoig
uéytotou dyxouv tou K:

Ocvpnua 4.1.1 Eotww K ovupetpiké kupté odpa otov R*. Trdpyer povadixd
elMewpoeidés E € E(K) pe uéyaro dyko.

Anodedn: Edaue 6t undpyet wovadixd enhewdoedéc F eNdyiotou byxou tou K°.
Oewpolue 10 E = F°. Téte E C K, xou av Ey elvan éva dhho ehheldoetdéc ue
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E, C K, t6te EY D K°, dpo |EY| > |F|. Enouévwe, Ypnoylomnoudvtas xot tny
[Tpbtaon 2.1.4, natpvouue

B _ B3P _
| 1|_ Eo — F _| |
| EY| |F|

Io6tnta unopel vau woylel wévo av EY = F, dnhadn By = E. Apa, 10 E elvar 10
Hovadd enherdoeldéc uéyotou 6yxou tou K. O

4.2 To Jevpnua tov John: octolyeLwdng anddelén

O F. John [J] é8eiZe 6t av ) BY elvar 1o elhewoetdéc eNdytotou dyxou nou Teptéyet
10 GLUUETPXS VPTé otua K otov R™, t6te BY C \/nkK. "Aucon ouvérelo awtod
Tou Woyvplouol efvon évar dvw @edyua yia Ty andéotaon Banach-Mazur tuydvtog
n-JIoTUTOL YWEOL UE Vopua and Tov 5.

Oewpnua 4.2.1 Ia kdde n-tidotato xydpo pe vipua X éxovpe d(X, %) < /n.

Anéderdn: Mnopolue va utodéoovue 61t X = (R”, || - ||). Ocwpolue ) povadiaia
undia Bx tou X, xou 10 ehheldoetdéc erdytotou dyxouv E e Bx. Av 3eytobue 10
Yewpnua Tou John, woylel

1
—FECBx CE.
o= x &

‘Ouwc 7o E etvor eMerdoetdéc, dpa undpyer T € GL(n) tétowoc dote E = T H(BY).
Apa,
1

7B CT(Bx) € By,

‘Ereton 6L

AX, ) <|T:X = G- |77 5 » K[| <1-va=vn. O

To Oetdpnua 4.2.1 xou 1 TOMATAACLACTIXY TELYWVIXT] avlodTnTaL Yia TNV d Udg
dtvouv €va dvw ppdiyua yio T Siduetpo Tou Banach-Mazur compactum.

Ocwpnua 4.2.2 Av X ka1 Y elvar 6Vo n-6idotator xdpol e vépua, tote
dX,Y)<n. O

Anhady), n diduetpoc diam(B,,) Tou n-ootob Banach-Mazur compactum elvon utxpod-
tepn 1) lon Tou n.

Alvouue topa ula otolyelddn anddeln tov Oewpriuatog tou John:
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Ocwpnua 4.2.3 Eoww K ouppetpiké kupté odua orov R*. Trobérouue du n
Evkleloaia povadaia prndra B3 elvar to eAAeipoeldés eddyiotov 6ykov mou mepiéyet
to K. Tbre,

By C VK.

AndderEn: Trodétouue 6Tl T0 ouumépaoua dev oylel. Tote, undpyel £ 0T0 GUVOREO
tou K 70 onolo elvor ecwtepixd onuelo tne (1/4/n)BY. AXdlovtoc cuvTetayUEéveS
av ypeLaoTel, unopolue va unodécovue 6T To eantéuevo urepeninedo tou K oto
x elvow mopddnio ue to {z : 1 = 0}. Anhadn,
1
KCP:{Q}GR”:|$1|§E},

omou ¢ > /n. T xdde a,b > 0 opilovue 1o eMeroeldéc

n
Eop = {z € R : a’a? +b22m? <1}
=2

Ioyvptowods. Av azc_zb2 +b2 <1, t6t€ K C Eqp.
[Mpdrypot: av y € K, t6t€e y € PN BY. Apa,

1 n
<=, D oyi<l
i=1

c
"Ereton 61U
n n
T R (e e S
=2 i=1
2_b2
< 4w
c
< 1

Anhadn, y € Eqp.]

Ané Ty & Thevpd, o éyxoc Tou B,y woolton we |Ey | = |BR|/(ab™71). Av
rowmdy ab™ "t > 1, t6te |Eap| < |BE|. Me tny unddeon 6t ¢ > /n, Yo Sel€ouue 6t
uTdEyoLY a,b > 0 ToL LxaVoTOLVY TALTOYEOVAL TLC

a? — b?

ab t>1 — +b <1
C

Auté elvan drromo, yratl Yo éyoupe Bpel eMerdoetdéc mou meptéyel To K xon €xel 6yxo
yviioLa wixpotepo and tov dyxo tne BY.

T xdde € € (0,1/2), 9étovue b = 1 — & xon a. = (1 + &+ 2e?)"~L. Tére,

a bt =[1-e)14+e+2)]" =1+ -2 > 1.



a? — b? (1+¢e+2e%)%nD N (

c2

= %[1+2(n—1)5+0(52)] <l—cl>(1—26+6)
= 1+26(——1)+O(62).

Agol (n/c*) — 1 < 0, elvon gavepd 6L 1) ToodTTo T Yiveton Uixpdtepn ond 1 av
aghooupe To € = 0. T uxpd howtdy € > 0, to edherdoerdéc E,_ p. udc odnyel oe
drono. i

Yty nopdypago mou axoloudel Yo Sobue TNV TAHEY LopPY| Tou OEWpRUATOC TOU
John, cav népioua Tou onolou Yo ndpovue xou To Oewpnua 4.2.3. H Aentouepéotepn
avdhuon mou Ya xdvouue, Yo yenoruonondel oto Kepdhowo 7.

4.3 Ymuelo emoprg xoL 1) AVATAEACTACY] TNG TALTO-
TULXNG AMELXOVLOTG

Trodétovue 6t t0 eMelfoedéc uéyiotou byxou tov K elvow n BY. To u € R?
Ayetow onuelo eragphg twv K xow BY av |u| = |Jullg = 1, Snhadh av avixet
oTNV ot TV cLVopwy touc. To Yewpnua Tou John neprypdpel TNV xaTavouY| TwY
onuelwy enaphc mdvw otr uovadiala opalpa S™

Ockpnua 4.3.1 Av n BY elvar to eAdepoeidés uéyatov dykov tov K, téte vndp-
XoUV onuela emagng ui,...,um twv K kai By, kat Oetixol mpayuatikol apiduol

ALy evey A TETOWOL DOTE
m
E Aj(z, uju
j=1

ya kdle x € R™.

IMopatnenoeig To Oewpnua 4.3.1 udc Aéer ot 1 Tawtotxn anewédviorn I tou R?
avamoplotatal oTn Lopdh

m
I = Z)\ju]' D uj,
j=1

6mov u; ® u; elvon N TEoBolA oty debduvon tou ujr (uj ® uj)(z) = (T, u;)u;.
[Mopatneodue 61, yia xdde z € R?

m
|z)? = Z/\] (z,u;)?
j=1
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Enione, nolpvovtac ¢ = e;, 4 = 1,...,n, 6nou {e;} n cuvidne opdoxavoviny| Bdon
Tou R™, éyouue

n

no= ) el =)0) Aei uy)?
=1

i—1 j=1
m n m
= DN lenu) =D Aluyl
=1 =1 j=1
m

= Z >‘j-
j=1

Anodedn tov Oewpuatog: And Tig TapaTNENOELS TOL TEONY N ALY, v UTAPYEL

N {nroduevn avanopdotaon Ya mpénet va toyber Y (Aj/n) = 1. Auté lowndv mou

xeewdleton va detZovue elvar bt 1 I/n ypdpeton ooy xUpTdS CUYBUAOUES TLVEXWY

™NC LopYnc U ® u, 6o u onuelo enagnc twv K xa BY. Opilovue dnlady
W={u@u:|uf = |lullx =1},

xa Setyvouue 6t I /n € co(W). Hapatnpolue dtL to co(W) elvar xhetoté utocvoro
o0 R %o 61t W # 0: av n B3 dev axouvurodoe to obvopo tou K, Yo unopoloaue
va Bpobue rBy C K ue to r Myo ueyahltepo and 1, ondte n By dev Yo oy 10
ehherpoedéc uéylotou oyxou tou K.

Trodétovue 6tL I/n ¢ co(W). And Saywptotind Yedpnuo, urnoplue vo Bpolue
o€ R xou r € R té7010 hoTE

(6,I/n) <r < (¢, 4)
v x&de A € co(W). EWlduxdtepa, yior xdde onuelo enaphic u twv K xou By éyouue
(¢,1/n) <1 < ($u®u).

Ou nivaxes I'/n xan v ® u elvon ouuuetpxol, ondte nalpvovtag tov P = (¢ + ¢*)/2
avtl Tou ¢ €youue 6Tl 0 P elvar cuUPETEOC xon eEaxoloulel var txavoTotel Ty

(V,I/n) <7 < (Y,u®u)

v xdde u®@u € W. Eotw 8 = tr(¢))/n. Apol tr(I/n) =1 xa tr(u®@u) = Y u? =
1, BAémouvue ot
(’QZJ—B[,I/TL> = <1/}7I/n>_6
= 0<r—-p
<¢_BI>U®’U‘>

v xdde u ®@ u € W. Ilalpvoviag B = ¢ — BI, éyouue:

IN
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Appa 4.3.1 Ay I/n ¢ co(W), tdre vndpyovr s > 0 kar B ouvppetpikds pe
tr(B) =0 éror dote
(Byu®u) > s

ya kdleu®@u € W. O

T § > 0 apxetd upd, Yewpolue to eEMeloeLdéc
Es={xeR":((I+0B)zx,z) <1}.

[Av M = max{|(Bz,y)| : |z| = |y| = 1} xo0 0 < 6 < 1/M, t6t€ 0 I + IB elvar
OLUMETEXOC xow VETXd oplouévos, dpa Exel cuUUETEH Vet TeTparywvixy| pila
Ss, xou By = S(;l(Bg)]

Oa detfovue 6L Es C K av 10 d glvon uixpd, delyvoviog 6t pg, (v) < pr(v) yia
x8de v € S"L:

1n Ilepintwon: Eotw U 1o cbvoro twv onuelwv enagphc wwv K,BY. Avu e U
xou v € S" 1 ue |u —v| < s/2M, tote and 10 Afuua 4.3.1,

((I +é6B)u,u) > 1+ s,
EVOD

|{(v 4+ 6 Bv,v) — (u + § Bu, u)]

6|<BU7U> - (B’U,,U,>|
0|(Bv,v — u)| + §|{Bu,u — v)|
2M6|u — v| < ds.

INIA

Apa, av t0 v € S"1 améyel anbdotaon wixpdtepn e §/2M and o U, téte
(I +0B)v,v)y >1+0s—ds=1,

dSnadh v ¢ Es. Ouwc, v € BY C K vy x&9e v € S" 1. "Apa, oe awthv v
neplnTwon woydeL ot

pes(v) <1< p(v).
27 Hepintwon: Eotw V 10 60voro tov v € S~ tou anéyouy toukdyLotov s/2M
and 1o U. Téte, 10 V elvon ovunoyéc xou r = max{||v|]| : v € V} < 1. Oétouvue
A = min{(Bv,v) : v € V}. Hopatmpriote 6t o 7, A dev eaptddvton and o §
(eZapTddvTon uévo amd tov B xar to U). Av 0 < 8 < (1 —1712)/|\|, 161

(1 +B) /el o/ ol = LEoEt)

146X
2

> > 1,

”
dnhadh v/||v|| ¢ Es. Autd onualver 6t pg,; (v) < pr(v).

Yuvdudlovtag o Tapamdve XAUTIAYOUUE 6To eEAG:
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Adupa 4.3.2 Trdpyer §p > 0 térowo wore Es C K ya kdfe 0 < § < §p. O

Mmnopolue tépa va xartahigovue oe dromo: Ialpvouue § > 0 apxetd uixpd wote
o I4+6B va elvar Yetixd optouévog xan o elketoetdéc Es va neptéyeton oto K. Aol
n B elvar to ehhewoedéc uéyiotou byxou tou K, éyovue |Es| < |BE|. Ouwg,

|Es| =S5 (B)| = |B3|/v/det(I + 6B).

Apa, det(I +6B) > 1. Anb tny dhhn mhevpd, 1 aviabTnTaL apLdUnTXoi-YEWUETELXOD
Hé€oou udc dlvel

tr(B)

[det(I + 6B)]* < -

=144 =1

tr(I 4+ 0B)
n )
yiatl tr(B) = 0. Tw vo toyOouy ta Tapamdve, TEEREL var EXOUUE todTnTa oTny
avta 6Tt apLiUnTLXoU-yewUeTeLXoL wécou. Téte duwe, Ohec ot Wottuéc Tou I +IB
elvar {oeg, dnAadh I + 0B = pl. Enetoar 61t 0 B elvor TOAATAAGLO TOU TALTOTIXOU
nivaxar, xa ool tr(B) = 0 nafpvovue B = 0.
Auté elvor dromo, yiotl and to Afuua 4.3.1 éyovue (Bu,u) > s > 0, u € U.
Enouéveg I/n € co(W), xou 1 anddeln elvon mhfene. O

H avanapdotaon g tavtotixhc anewdviong mov udg divel to Oewdpnua 4.3.1,
yopoxtnellel to eMheloedéc Uéylotou dyxou Ue Ty e€Xig évvola:

Ocwpnua 4.3.2 Eoww K ovupetpixd kuptd oodpa ovov R*, nov nepiéyet tny Ev-

KkAeldewa povadraia urdia BY. YrmoOérouue dtt vrdpyouvr onuela enapng ui, . . ., Um
twv K kar BY xat Octirol mpayuatixol apiouol Ay, ..., Ay, T€TO0l doTE
m
I= E /\]"LL]' QUj.
i=1

Téte, n BY elvar to eAdewpoeidég uéyrotov dyxov tou K.

Ano6dergn: Opilovue
L={yeR": [(u;,y)| <1,j=1,...,m}.

Téte K C L, ondte opxel va anodet€ouue 6tu 1 BY elvon 1o elheroetdéc uéylotou
oyxou tou L. Eotww

n
E={yeR":) a*(y,u)’ <1},
i=1
omou {v;} elvan opdoxavovinr| Bdon tov R™ xou a; > 0. Trodétovue 6t E C L. T

x&e j =1,...,m €youvue

n

n —1/2
y(u;) = (Z Oé?(uj,vi>2> > ai(uj,viyv; € EC L,
i=1

i=1
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on6te N |{uj, y(uj))| < 1 3iver
n

(%) Za?(uj,m)?gl , J=1,...,m
i=1

[Molhamhaotdlovtog Ue A; xou mpoc¥étovtag, BAémovue ot

m n 1/2 m
ZAJ' (Z a?(“’javi>2> < Z)\j =
Jj=1 i=1

Agol = Y Nz, u;)? yio xdde x € R™, xou 1o v; oynuatilouy opdoxavovixn
Bdom, yenowwonoldvtag Ty () tolpvouue

n

. — 2
5 a; = E 5 ;A ’U“’LL]
i=1

i=1 j=1
= Z/\] (Zai(vi,uj)2>

j=1 i=1
m n 1/2 , p 1/2
DN (Z a?(vi,uj>2> (Z(Uiauj>2>
j=1 i=1 i

m n 1/2
= Z/\j (Za?(vi,uj>2> <n.

j=1 i=1

Ané v aviodtnTa aprduntiot-yeouetewol uéoou ([T ;)™ < Y a;/n < 1, eno-
uévwe |E| < |BZ|. Anhadh, n BY elvou to elhewoerdéc uéyiotou dyxou tou K.
a

IN

Mmnopolue tdpa va ddoouue uia debtepn anddelln ya to Yewpnuo tou John:

ITpétaoy 4.3.1 Av B elvar to elewpoadés uéyotov dykov tou K, téte K C

\V/nBY.

Anddeldn: Oewpolue TNV AvaTApdGTAOT) TS TAUTOTLXNAG ATELXOVLONG

m
E Aj(z, uju
j=1

Tou Oewphuatoc 4.3.1. Agol uj € S"7!, éyouue
L= (uj, uy) < lujllelluslliee = llujllxe  5=1,....m

Ané v dhkn mhevpd, ot xdde u; to K xan BY €youv 1o (B0 epantouevo unepeninedo
ue xddeto didvuoua to u; (o T umdha, To egantouevo urepeninedo ot xdle onuelo
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u € S" 1 éyer xddevo Sidvuoua to u). Enouévec, yioa x&de z € K éyouue (T, uj) <
1, xar Aoyw cvuuetplog Touv K,

() ({2, uj)] < 1.
Auté onuaiver ot
lujlle = llujllce = lugl =1, 5 =1,....m.

‘Eoww tpa z € K. Téte, and v (x)

2 = >N u)?

j=1
S Z )\j =n.
j=1
Anhodih, |z < /. Apa, BY C K C \/nBj. O

Ohoxnpidvovue autéd to Kegdharo ue uia oxdua mopathpenon. Av n B3 elvon
T0 eAewoeldéc uéyiotou byxou tou K, tote ) By elvon to ehderdoeldéc ehdylotou
6yxou tou K°. Enfong, xdde onuelo enaghc twv K xau By elvor, onwe eldaue otny
anddegn e Hpdtaone 4.3.1, onuelo enaprc twv K° xou BY. Apa, cdhhdlovtag Toug
péroug Twy K xou K°, BAémouue 6Tt 1) avamapdoTaoT) TG THUTOTIXAG ATEXOVLONG [UE-
ow onuelwy enaprc eacparileton xar otny nepintwon tou ehheldoeldois ehdylotou
oY%O0U:

Ocopnua 4.3.3 Av n BY elvai to eldepoeidés eddyrotov dykov tou oupLeTpLcol

kuyptoU oduatos K, tére vndpyouvr onuela enagng ui,...,un wv K kat BY, kai
Oetikol npayuatikol apiipol A1, ..., Ay TéTOL0l HOTE

x = Z/\j(a:,uj>uj
j=1
ya kdle x € R™.

To Oewpnua tou John ce aut T LopwY), Yo yenoluomolndel to Kegpdiowo 7.
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Ke:cpo’c)\ou.o 5!

H arndéotoon tov /7 arnd tov /7
P q

Y& ToAéc onuavtixéc TEPLTTOOELS, N andotacn Banach-Mazur d(X,Y) 800 yopwv
ue vopua X xar Y didotaong n, elvon mohd uxpdtepr and n. Xe autd 1o Kegpdhowo, Yo
MEAETHOOLUE avohuTLXd TV TeplnTwon mou o X xou V' elvon yopor £, 1 < p < oo.
Ou Gurarii, Kadec xor Macaev [GKM] vnohdyioav ) owoth t¢&n ueyédoug tne

d(ty, 07):
/ ’ — ,1/p—1
(@) Av1<p<g<L2R2<p<g<Loo, totedly,ly) =n /p=1/q,
(B) Av1<p<2<qg<oo, tote ein® < d(ly, 07) < can®, dmou 1 > 0 andhuty

otadepd, ¢z > 0 otadepd nou eZaptdtar and o p xou ¢, xot a = max{1l/p—1/2,1/2—
1/q}.

Oa ddoouue ThApn anddelin autdy Ty extiufoewy. H anddeiZn tou (B) amou-
tel v Yeron twv mvdxwv Walsh, tny aviedtnta tou Khintchine, xat 1o ©Oedpnua
Kuptétnrag tou M. Riesz, ta onola avanticcouue o EeywploTés Topoypdpous.

5.1 To p xow g elvow and tny (8L mhevpd Tou 2

H xatdotaon ed elvor anhf. O «xepbtepocy toouopplouds avduesa otoug £ xou
€7 elvon 1 TawtoTe anewxovion. EZetdlovue mpota Ty nepintwon 2 =p < g.

1_1
n 27 g

Ocedpnua 5.1.1 Av g > 2, tére d(l3,4;) =n

Anodelgn: INa xdde z € R® woybouy oL aviodTnteg
11
lzlly < llzfla < n>"llz]ly.

Anhadn,

=

1
7

Md: 63— 2| <1, [[Id: 62— 3| <n

45
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an’ émou matpvouue

Ay, 03) < \Id = 65 = G| - |1d = € — 31| < m3™7,

29 %q

Eotw todpa T': £ — €5 wouoppioude, e ||T: 6 — (3] = 1. Av {e;}j<n ebvor 7

xovovixt| Bdon tou R, téte €yovue
L= lejlly = 1T (Teplly < NT™ 2 05 = G111 Tejllz, =

‘Ouwe, and tov xavéva ToL TUEAAANAOYEAUUOU,

n
> ITesll3
j=1

IN

n
Avee, |3 ejes [, = n?/",

j=1

yuath || X551, gjejlly = n'/? yio x&de emhoyh mpootuwy g = +1.

ke {1,...,n} yio t0 onoto n|[Tex||3 < n?/?, Smadh
I Texllz < ni~2.

"Ereton 6t L
IT~1 oty = 0| > | Texlly >n="a.

Apa

1
7

=

T - 67 — 6| - T~ ey — Ll >n

xon apol o T' fay TuYGY,

S, M.

n n
Avesj:il || Z EjTej ||§ = Avegj:il ||T(Z 8]'6]') ||§

j=1 j=1

Apa, undpyEt

Me moA0 Myo %610 umopolUE TOpa Vo XONDPOUUE Xot TIG UTOROLTES TEPLTTAOGELS:

Ozwpnua 5.1.2 Av 1 <p<qg<21)2<p<q<+oo, tdre d(ly, by

):n%

_1
q-

Ano6dergn: Ac unodéoouvue tpdta 6t 2 < p < ¢ < +00. And TV TOAATAAGLACTIXA

TOLY OV avLoOTNTAL,
d(ty, b3) < d(ty, £y)d(6;, 63),

q°"p

3=

xor ané to Oevenua 5.1.1, d(ly, (3) n?T v d(ly,ly) = n3-

1_1
d(ly,ly) >nr~s.
H avtiotpogn avicdtnta elvar dueon cuvémneta tng

1

1_1
zlly < fllly < [lellynr=s, = eR",

. 'Emeton 6tL
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an’ 61ou Tatpvouue

1_1
d(ep, ey < ||Id: €y — €7 - ||Id : €y — 2] < v 3.
Téhoc, av 1 < p < g < 2, tote oL ouluyelc exdétec ¢/, p’ wavonololy v 2 < ¢’ <
p' < +00, dpa, amd duioud nalpvouue

11

d(f", 0" = d((% (") =n7 ¥ =n

P’ g '

Q=
O

S =

5.2 Ta p xou g Beloxovion exatépwiey Tou 2

E&etdlovue tdpa Ty mepintwon 1 < p < 2 < ¢ < 4+00. Ou det€ovue dtL uTdpyEt
otadepd ¢(p, ) > 0 ya v onola

n® <d(ly,4;) <clp,gn®, neN

1 1 1 1
Q@=maxq———, - —— .
p 22 ¢

‘Onwe Yo Solue otn ouvéyeta, oty tepintwon n = 2% k € N, unopel xavelc va
avTtxataothoel ) otodepd ¢(p, ¢) ue 1.

L
V2

6mou

(o) Mehetdue mpdtar T0 dve Ppdryua, xdvoviag Tic emnhéov unodéoeg n = 2°

xou @ = + — 1 Oa yperaotodue Toug Tivaxeg Walsh. Autol etvor opdoydvior 2F x 2%

2 q”
nivaxeg, mou opllovton emaywyxd we eZhc: Oétovue Wy = [1], xou

-

Enaywywd arodewvbouvue bt xdde Wy elvar opdoydviog nivaxas. Av howndy T -
R" — R" eivor o teheotiic oL avtiototyel otov Wi, n = 28 éyouue

Wit Wi

k> 1.
Wi—1 _Wk1:| ’ -

T -3 — 2| = 1.

And v dhhn mheupd, Ohec oL ouvtetayuéves tov Wy elvan +£1/4/n, dpa ||Tejlloc =
1/v/m, j=1,...,n. Apol x&de & € B} elvon xuptdc cLVdLOCUGS TWY te;, CUUTE-
patvouue ot
1
1T 6 = L5l = —=

v
Egapudlovue 1o Oempnua xuptdtnrac tou M. Riesz (Biéne Mapdypago 4). Eyouvue
1 1-60 6

p 1 +§’
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6mov § = 2 — (2/p). Enouévwc,

l\:'h-l
=

T : Z”—>K"||<< >

Eyouue vrodéoe 6t & — % >

5 q > p'. Enouévwc,

= I'—‘
ol

T €2 = €2 < |[T: 60— €|~ | Id = €8 — £7]] < 0375
Erione,

Tt =l < |Id:y — |- Tt 0y — 03] - || Id: 0y — 4]

1 1

1
= n2 a.1-nr

N

)

dipot
— 1_1
T -6 — |- [|T 1:(2—)52” <n27a,
an’ 6Tov cuuTEpalvoLUE OTL

(€2, 07) <n* % =ne,

(B) Ou deifouue pe emaywyh ot d(£},€7) < c(p,g)n® yioa xdde n € N, otny
nepintwon a = (1/2) — (1/q). H Orapén xon n enthoyR tne otadepdc c(p, ) Yo yiver
cophc and 10 ENUYwYLxd Briud.

Trovérouvue howndy bt d(4y, £) < e(p,g)m® av 1 <m < 2%, Eotwn = 2F+m,
6mou 1 < m < 2%, Tpdpouue

o= (& @e;,n)p,

, ) ) , ; .2k 2
xot, olUQwYaL UE To Brua (o) xou Ty enaywyur| unddeon, Beloxovue Ty : 6 — (]
xou Ty : é;" — l;” TTOU LXOVOTIOLOVY TLC

IT| = 17| < 2472

pidei
ITall = 175711 < Velp, )m®2.

Oewpolue tov T =11 + 15 :Z;’ — Kg. Ave =z +xs € Z;’ = (K%k @Z;”)p, t6TE

1Tzlly = [Tz + Tozslg < [|[Thanllq + [[T222]lg
< 2Kz ||y, + Ve(p, m®? |2l
1/q
S (Hxlng + ||m2||£)1/1) (qua/2 + c(p, q)lI/qua/Q)
1/q
= lally (2572 + c(p, ) *m/?)
< lally (272 + Velp, yme2)
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Av ndpovue c(p, q) = (2%/% — 1)72, ehéyyouue ebxoha 6TL
2koz/2 + c(p,q)ma/Z S c(p,q)(2k+m)a/2’ k:0)172)"') 1 Sm < 2k
Apa,
ITzlly < v/elp, )n® |l

S, |7 < e(p,g)n®/?. Ouota, agot T~ = T7 + Tyt Selyvouue 6t
1T < Velp, n®/?. ‘Apa,

d(t,,t7) < cp,gn®, neN

(v) Av >1- %, t6te 1 < ¢’ <2< p' < +00. Ouwg tdpa,

=

_ =-—Z->--Z=

N | =

1
7

"=
N =
N =
Q| =

1
v

N | =

MrnopoUue howndv va epapudoovue o Bua (B) yio toug p', ¢

1
7

1_
d(ly, 6y) < c(p',d )"+ = c(p',qd)n

=
N

= ¢(p,q)n®.

Mapatnedvrac 6t ¢(p’,q') = (2272 — 1)72

oUUTEPAULVOLUE 6TL

= ¢(p,q) xou ypnotuonodvtas Sulous,

dlty, 6) = d((6)", (63)") = d(€3, ) < e(p, )

p’Tq q'*p'
Tuvdudlovtac ta (a)-(Y), éxovue anodellel to eZhc:

Oceopnua 5.2.1 Fotw 1 < p <2< g < 4+o00. Trdpyer otalepd c¢(p,q) > 0 ya
v omola d(£},£7) < ¢(p,q)n® ya kdde n € N, drov

a = max{(1/p) - (1/2),(1/2) = (1/9)}-

Tiot 10 %8t gpdryua Yo Y pelaoToOUE TNV EVWoLd ToL GLYTUTOL-2 (Yo n StaviouaTa):

Oprowog 'Eotw X n-didotatog xoeos ue vopuo. H otadepd cuvtinouv-2 tou X yia
n dtavdouata, elvon 1) ixpdtepn Vet otadepd C ou wxavorotel to e€hc: o x&e
emAoYY| SLavuoudTwy 21, ..., Ty € X,

n n
> lzsl* < C*Ave—wa > el
j=1

=1

Adupa 5.2.1 H otalepd ovvtinov-2 tov £y, 1 < p < 2, efvar gpaypévn and pia
otalepd C > 0 (ave&dptnTn twrv n kar p).
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Ano6deldn: Eotww z1,..., 2, € by, ue z; = (zj1,...,%jn). Tote,
Aves,—u1 |1 Y g5l > Aves—ui|| Y gzl
j=1 =1
n n
= AVGEJ.::H Z|Z€j1’ji|p
i=1 j=1

n n

p

= D Avee—ni|y el
i=1 j=1

n

n
> > | Ave—wa|) ] ejmil

i=1 j=1

Anb v avisétnta tou Khintchine (BAéne Iapdypago 3),

P p/2
n n
AveEj:i1|Zsja:ji| > A11° Z|Cﬂji|2
j=1 j=1
vy xdde i =1,...,n. Anhady),
p/2 p/2
n n n
Avee,—x1|| Y g5y > AN Dl
j=1 i=1 \j=1

Ané v avioétnta tov Minkowski, 1 teheutalo tocdtnTa elvan peyohbtepn 1 lon and

p/2

n n 2/p p/2 n
> (Z Iwﬂl‘”> = A7 (ST [l 2
j=1

j=1 \i=1

n n
> llzlly < A Avee,—all Y ejally. O

j=1 j=1

Oevpnua 5.2.2 Av 1 <p <2< q< +oo, tore d(ly, (7)) > %n yia kde n € N,

émov
a =max{(1/p) - (1/2),(1/2) = (1/9)}.
Anéddeln: Eoto T : l) — £ woouoppiouos. Tote,

Avec,= ﬂIIZ&J Heplly < IT7H*Ave = ﬂﬂllZEaegll2 = (1T Pn®/e.
j=1
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An6 tnv S mhevpd, av oplooupe z; = T~ (e;) € £, and to Afupa 5.2.1 nadpvouue

" esill? A?
Ave., _jE1||2:5J Hel2 > AZZHT e;)2 > A2 Z]Hilf::;nq _ ”:I}ﬁ;.

j=1

Yuvdudlovtoag tic Vo aviedtnTee, BAénovue 6T
||| - T4 > Ayn=75,

Auté Betyver ot d(€y, ly) > Ain® av (1/2) — (1/q) > (1/p) — (1/2). Ze avtidet
neplntwon, Yewpodue toug SUiXOlC YWPOUC, OTIWE XAVOUE XL YLOL TO Avw PEdyUL.
Eivor yvooté 61t n xohbtepn duvath Tyuh tne A etvor Ay = 1/v/2, ondte 1 anddelin

elvon TAene. O

5.3 H avicotnta Tou Khintchine

Ocwpolue tov EY = {—1,1}" cav ydpo mdavétnrac, opilovtac u(A) = |A|/2". O
ocuvapthoels Rademacher r; : E} — {—1,1} mou opilovton and tig

ri(e) =ri(er,...,en) =€ i=1,...,nm,

elvow aveZdptntec tuyales uetoBAntéc otov (EF, p): Av iq,...,ip € {1,...,n} %o
Oiyy.o oy 04 € {—1,1}, téte

1

P(Eil :6i1>---;5ik :(5%) :P(5i1 :621)P(5zk :6%) = Q_k

Ty anédeln tou xdtw gedyuatoc v Ty d(€y, ), YeNOUWOTOLACOUE TNV oL
océtnta Tou Khintchine, 1 onola umopel va Statunwiel coav ula aviodtnta yia Tig

ouvapthoelc Rademacher:

Ocdpnua 5.3.1 I'a kdle 1 < p < oo vndpyovr Jetikés oralepés Ay kar By, tétoieg
dote: ya kdOe n kar kdOe emloyn mpaypatikdy aptdudv ai, .. . ,an,

n 1/2 1/p n
Ay (Z |a%|> < ( /. Zam |Pde> <3, (Z |a%|>
i=1 E3 i=1

Anoéden: H aviodtnta elvon ouoyevic ue Bodud 1, emouévwe unopolue vo UTo-
Béoovue 6t D1, af = 1. Aelyvouue v 8elid aviebtnTa, mpdta Yo p = k € N:
OplZouue f(e) = D1 airi(e). Tote,

1/2

1F(e)|* < klelF ] < p! (ef(e) I e—f(e)) _
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Anéd v avelaptnola twv r;, Talpvouue

/ ef(E)d6 — / Hexp a rl dg = H/ exp a; TZ de

2 2 =1
= Hcosh(ai).
i=1

Motpvovtac avartiyuata Taylor eréyyovue tnv avicétnto cosh(z) < exp(z?/2),
OTOTE GUUTEPAVOLUE OTL

/ el de < Hexp(a?/?) = \e.

i=1

Abyw ovupetpiog woyler xou 1 [ e/ (Ede < \Je. Anhadi,

( / ., |Zam ) d5>1/k < (2/ek!)"" (2;@2)

mou elvon 1 e aviodtnTa Yo p = k, ye By ~ k. ‘Eow p > 2. Oswpbdvtac tov
puoxd apdud k = [p] + 1 xon v avioétnta tov Holder Bhérouvue bt

1/2

1/p 1/k
(/ |Zam |Pd5> < (/ |Zar, |d€>

" 1/2

< ck (Za?)
i=1
" 1/2

< 20p<2a?> .
i=1

Auté onuaiver 6Tt By < ep. Luumhnpddvouvue ty anddelln delyvovtoag tny aptotep)
avicdtnra oty mepintwon 1 < p < 2. Bploxouvue 6 € (0,1) tétowo dote 2 =
pf +4(1 —6), dSnhadh 8 = 2/(4 — p). Tére, and vy aviodtnta Tov Holder,

[ erde = [ s

2 2

0 1-0
( /. If(S)I”d8> ( /| |f(6)|4d8> .

Ané Ty Se€Ld aviobnra (apol By < (484/e)Y/* < 3),

[, era < ( L, If(e)l”d6>931‘9 ( /.

2

IN

2(1-0)
|f(€)|2d6> :
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T0 onolo pog divel

3t /
E.

Apa, Ay > 3375, O

1/2 1/p
|f(e)] d€> < (/E; |f(5)|”d5> .

n
2

5.4 To Yewpnua xvptotntag Tou M. Riesz

‘Eow T : R* - R ypauuwde teheothc. Zupforilovue ye T xar tov mivoxo
(@ij)i,j<n TOU HETACYNUATIOUOV, xardide xou TN duypaiixny| wop®r| tou opileton and
auTov. Anhadn,

n
T(z,y) = (Tz,y) = > agwy;, ©=(z;),y = (y;) € R".
i,j=1
Fedipouue axdua

n n
Xj = E aijri, Yi= E Qijyj,
i=1 j=1

onoTE,
n n
(1) T(x,y) =Y Xy =y Vi
j=1 i=1

Ané v (1) xou v aviedtnta Tou Holder ouunepaivouue 6t

(2) T (@, )| < IX|lgllyllys 1T (2, 9)] < 2llpY]]p

omou X = (X1,...,Xp) xau Y = (Y1,...,Y,).
[T xdde 1 < p,q < oo, Yétovue o = % xou B = % (ovupwvodue 6t 1/00 = 0).
OptZouue
M (e, 3) = max{[T'(z,y)| : [|lz|l, < 1, [lylly <1},

6oL ¢' 0 cLluyhc exdtétng Tou ¢ (xt ed cLUPLVOLUE 6Tt ot 1 xon oo elvar culuyelc
extétec). Hopammpriote 6t M(a, B) elvon n uixpdtepn otadepd yia Ty onola

3) T (z,y)| < M(a, B)|z]lpllylly

yio x&e x,y € R™.

Me awtév 10 cuufohioud, to Oedpnua xuetétntag tou M. Riesz Siatundveton wg
e&nie:
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Oedpnua 5.4.1 H ovvdptnon M(a, ) elvar loyapiduikd kuptn oto tplywvo A =
{(a,):0< B <a <1}

Me tov épo «hoyopuduixd xupthy evvoolue bti: av (a1, 1) xou (g, B2) elvon d0o
onuelo Tou A, xou av 6 € (0,1), téte

MOy + (1 —0)as, 081 + (1 —6)Bs) < [M(an, 51)]°[M (as, B2)]* 7.

Anhadn, n ouvdptnon log M elvar xupth oto A.

7

Lo Ty amddetén Yo ypnoyonoticouvue d0o Muuato:

Adupa 5.4.1 H otadepd M = M (a, 5) woltar pe

(4) M = max [|X[l; = max [[Y]],.

ax
llzll, <1 lyllg <1

Eminkéov, av ||z||, < 1, |lylly < 1, kar|T(z,y)| = M, tdre, yra kdOei,j € {1,...,n},
(5) X1 = Mly;|" 7, Vil = Ml

Anédeln: Oétovue N = max{||X||q : [|zllp < 1}. And v (2), av ||z, < 1 xo
[yller <1, Exoupe
T (z,y)| < I Xl < N,

dpa, M < N. Avtiotpoga, av udc dwoouv x € R™ e ||z]|, < 1, unopolue va
Beovue y € R ue ||ly|ly <1 yia to onolo

n
T(x,y) =Y X;y; = 1 X|lg-
j=1

Apa || X|lg £ M, xow agod 1o z Arav tuyxdy, N < M. AnodelZoue €toL TRy npddtn
wodtnta oty (4), evd 1 Sebtepn anodetxvieton Ue tov (Blo axplBie tpémo.
Téhoc, av [T (z,y)| = M, npénel va woyle ||z, = ||ylly = 1 xon, towtdypova,

n n
> Xy = 1Xllwlly s Y e = lallpllY ]l -
j=1 i=1

[ var €yovue duwe todtnta otny aviedtnta Tou Holder, mpénel vou undpyouyv ¢, d
TETOLNL WOTE
! .
(Xt =cly;|*, G=1,-..om
xow

|xi|p:d|yvi|p” Z:].,,TL

Avtxodiotdviog avtée T TLués oTic (4), xo YPMOLLOTOLOVTNS TO YEYOVOS 6T
/

lzll, = llylly = 1, Brémovue 61t ¢ = M? xaw d = M P, arn’ 6nou émoviaL ot

(5). O
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Adppa 5.4.2 Mia ovvexris ovvdptnon f elvar kuptrj o€ éva Srdotnua J = [a,b] av
kat pévo av ya kdOe vrodidotnua [w, z] tov J vrndpyer touddyotov éva 6 € (0,1)
yla to onolo

f0w+ (1 —0)2) <Of(w) + (1 —6)f(2).

Anoden: Av n f elvon xupth oto J téte v xdlde vrodidotnua [w, 2] Tou J xou
yia xde 0 € (0, 1), éyovue

f0w+ (1 =0)z) <O0f(w) + (1-0)f(2).

Avtiotpoga thpa vrodétovue 6t N f dev elvan xupth. Térte, undpyouv By € (0,1)
xou ay, by € J,a1 < by, t€tola OoTE

f(Boar + (1 —00)b1) > by f(ar) + (1 —6o) f(b1).

Oétouue zo = bBpar + (1 —6p)bi. H f elvar cuveyhc oto J, dpo undpyet 6 > 0 tétoto
dote yio x&e 8 € (6 — 0,60 + 0) va Loy et

(%) f(fay + (1= 6)b1)) > 0f(a1) + (1 —0)f(by).
Opilovue
w=inf{z =0a; + (1 —0)by : f(z) > bf(a1) + (1 —60)f(b1)},

Xl
2 = sup{z = fay + (1= O)by : (z) > 0 (@) + (1= 0) F(br)}.

Tote, a1 <w <z < by and my (%), avw = 0'a; +(1—0")by xou z = 6"a; +(1—6")by
€youue

fw) =0"f(a1) + (1 =0)f(b1), f(z) =06"f(ar) + (1 =6")f(br),
xou yioe xde y = Bay + (1 —0)by € [w, z] woylel
fly) > 0f(ar) + (1= 6)f(br).

Ané v unddeon bunce, urdpyet y = Aw + (1 —A)z = (A0 + (1 — X)8")a; + (A(1 —
0"+ (1—=X)(1—-0"))b € [w,z] tétowo GoTe

Fly) < M (w)+1=2)f(2) = (A +(1=X)6") f (a1)+(A(1=0")+(1=A)(1=0")) f (b1),

’ ’ .
TO OTOLO ELVAL ATOTO. O

Anéderdn touv Jewphuartog: Iaipvovue tuydvta onuela (aq, f1) xou (az, f2) Tou
A, ypdgovue My = M(aq, (1) xou My = M(as, B2), xo (cOupwve ue o Afuua
5.4.2), rpoonodolue va Bpodue kdmoto 6 € (0,1) oo dote, av Yécouue

a:0a1+(1—9)a2, ,8:9614-(1—9)62, M:M(a,ﬂ),
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vaL Loy Vel
(6) M < MiMmLY.
[ to Tuydy B € (0, 1) (to onolo tehxd Yo emheyel xatdhhnha), Bploxouue x,y € R”
ve |zl = llylly = 1, yio o onota |T'(z,y)| = M. Av p; = 1/a; xou q; = 1/5;
(¢ =1,2), to Afuua 5.4.1 ude diver

1/

1/p 1/p
M (pr“p’l) = (Z mv”l) <MD Ml )
J

i i
o

1/q2 1/q2

1/P2
M Z|yj|(q —1)gz Z|Xj|qz < M, (Z |xi|p2> )
J J 7

Tddvovue Ty npdTn avicotnta oty dOvaun 1 — 6, tn dedtepn otn dovaun 6, xou
noAamiaotdlovue. ‘Etot, xatalfyovue otny

(1=6)/p}
(7) M (Z |x,»|<”—1“°1> > Iyl
i J

0/a2

(1-6)/4}

0/?2
< MMy (Z |1'i|p2> D lysla
J

i
[ va tdipovue v (6) and Ty (7), Yo Yéhoe var amokelPovue o &; xou y; and Ty
(7). Tt 0 oxond autd mpoonadolue vo Bpolue A, i € [0,1] yio tor onola

p2=Ap—1pi+(1—=Np, ¢ =pld —1)g+(1—pd,

6mov p = 1/a xon ¢ = 1/5. O e€lotioeic autég €xouy ANoon Tny

1-6\ p  \a
A= — = Y B
(®) < 7 >p'1’ a <1—0> .

dev €youue buwe axdua erokndedoet 6Tt autd Ta A, p Bploxovton oto [0, 1]. Av to de-
XTO0UE TPog oTLYUT, epapuolovtag TNy aviobtnta tou Holder, xou yenowwonotdvrog
0 Yeyovoe 6t ||z||, = |lyllg = 1, naipvouue

A 1= A
Z|mi|ms<2|mi|@—”"’l> (Zw) =<Z|mi|@—l>p’1> :

o

1—p Iz

m
Sl < (Sl ) (Sl )= Sl
J J J J
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XpnouuonoldvTtag auTés TG EXTULROELS, XS XAl TOV 0pLoUb Twv A, i oty (8), and
v (7) madpvouue tnv (6).
Ta A, p elvan olyoupa un apvntind. Oo emaéEouvue hotndy thpa To 6, €toL Wote
vor 1y Eenepvoly to 1. And my (8), n A, u < 1 elvon toodbvaun ue v
] 1-9 ]
9) Lot
42 0 b2
Ouoc ta (a;, Bi) avixouvy oto A, xar awtd onualver 6t pr < ¢1 (dpa, g < ph) xow
P2 < q2. Enouévac,
! !
KIRp 4t
42 P2
xait apol To xhdoua (1 —0)/0 nalpver onotadAnote Vet Tiuh xodde to 0 ueTo3dh-
Aetar oo (0,1), undpyet Twuh tou 8 yior Ty omola toylel 1 (9). TV awthv v Tun
oL 6, wylel 1 (6):

)

M < M} =M.
H apyiny uag nopathenon Seiyver 6t nlog M elvar xupt oo A, xon 1 amddeldn etvon
TAeng. ad
‘Onwe napatneAoope oty opyh, M(a,S) elvon 1 uxpdtepn otadepd yia v
ornola

T(z,y)| < M(a, B)l[z]lpllyllr,
dnhadr|, 0T YADCH TV TEAECTOV,
M (e, ) = IT = £ = £,

av YpNoLLonoLicouue 1o Suloud uetall Twv £y xou L. To Jewpnuo tou M. Riesz
€yeL hotmdv v e€nc el Lopen.

Ocwpnua 5.4.2 Eoww T : R* = R ypapjukds vedeowns. I'a kdde 1 < p < 2
opilovpe My, = ||T : £y — £3,]|. Tére, av 1 < p1,p2 < 2 kar

1 1-6 6

P D1 o’

éxoupe
M, < M~*MPE .

Anddeldn: Agol 1 < py,ps < 2, éyovue pr < pi xon po < ph. Eniong, o Suicudc
dlvel

1 1-6 0
Poop Py
Mrnopolue Aotndv va epapudcouue o Oewpnua 5.4.1. O

[woc v extlunon e andotaone Banach-Mazur tov £ xou £ oty topdypogpo
5.2, yenowonotioaue TNy eduxr Teplntwon

p1:17 p2:27 pe[172]
Tou Oewpruatog 5.4.2.
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Kscpo’c)\ou.o 6

To ﬂsd)pvqpoc toL Gluskin: xdTw

(decnxoc YLoL TN Bbd%xs‘cpo

6.1 To Oswpnua tou Gluskin

H extiunon diam(B,) < n mou Sivet to Oedpnua tou John potdlet ToAd «eUxoAny yio
va efvon axpl3ric. To mopadelyuata mou eldaue oto mponyoluevo Kegdhato delyvouv
OTL Yo «TOAD StapopeTixolcy ywpous X xou Y (bnwe o £ xan o 1), n anbdotaon
d(X,Y) dev Zenepvdet Ty téEN e /1 xadde to n Telvel oo dmelpo.

‘Ouwc, o E.D. Gluskin [Gl1] anédeiZe 61t 1 owoth 1¢&n ueyédoue e diam(B;,)
xode To n telvel oo dmelpo, elvar n. H axpBrc Siatinwor tou BOewprjuatoc tou
Gluskin (to onolo mpoxdhece ueydin evivnwon), elvar n e€he:

Ocdenua 6.1.1 (Gluskin, 1981) Yrndpyer anéivtn otalepd ¢ > 0 pe v €€ng
widtnra: I'a kdde n € N, vrndpyovr xdpot ue vépua Ey, Ey 0idotaons n tétoiol
dote yia kdle T € SL(n) va wxvet

IT:E = Es||>cyn , ||[T':Ey— Ei||>cvn.

Apa, d(E, E2) > c?n.

Auté nou mpoxdiece axdua ueyohltepn eviinwon, elvar n uédodog anddeléng
Tou Yewpruatog, 1 onola elvar miavodewentixr: n Umopén twv Ei, By e&ac@ahi-
Cetan e Vet mboavdtnta uéoo and plo xAdomn Levyapldy «tuyaiwy ywpwvy. O
Gluskin decdpnoe ydpoug mou 1 yovadiato Toug UndAa efvon €var GUUUETELXS XUETS
odua e popprfic K = co{xe;, +x;j,1 < j < 2n}, émou {e;}i<n elvon 1 cuvAdng op-
Yoxavovuixn Bdon tou R, xou ta x5, j < 2n, elvar 2n tuyalo onuelo tov enthéyovton
aveZdptnta otnv Eudeldelo povadiata opalpa S™ 1, tnv onola éyouue epodidoe. ue
TO AVAAAOLWTO WS TPOS 0PUOYMVIOUEC UETACY NUATIONOVS UéTpo mdavdtntag o. Xty

99
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TPy papo 6.2 TMEPLYPAPOULUE AUTAY TNV XAJCT), XoL TS YEWUETPLXES WOTNTES TN
HovodLafag UTEAG CUTMY TWY YWOEOV.

Av (X,,,Y,,) elvar éva Leuydipr aveldptntoy «yxwewv Gluskiny, unopodue vo def-
Eouue 6Tl N mdavdTnTa

Prob{(Xs,Yn) : 1Tl x,»v, 1T Iy, -x, < cn}

elvon exdetind uwxpn, ouowduoppa we mpoc T € SL(n). Xuvdudlovtac awtd To
dedouévo ue axpBelc extiunoelg yia Tov TAnddpuduo e-3xTtiwy oe XATIAANAOUC Y&~
POLC TENECTOY, BAETOVUE OTL Yo Tar «Teploadtepay Leuydpla (Xp, Yy), n aviodtnta
IT||x,, v, IT v, —x, > cn woyde yio éva apxetd Aentd dixtuo otnv SL(n). Eva
TUTILXO ETLElPNUAL, TO OTOlo GUWS xodioTarton duvarTd Yden oTny axp(Bela Twv Topard-
VO EXTUIACEDY, LS ETLTPETEL VAL TEPGGOUUE antd To dixtuo otov tuyévta T’ € SL(n),
%t mov delyvel 6t d(Xp, Yy) > ¢'n ue ¢ = ¢/2. H axpBric dtatdnwon xou anddelln
TV Topamdve Stvetar oTLC Taparypdipous 6.3 xon 6.4.

6.2 Tuyalol ywpot

Tradeponololue uta opdoxavovixd Bdomn {e1,. .., e, } Tou R". Me S~ cuuforilou-
ue v Ewdeldeio povadiator ogalpa, xor ue o to avorrolwto we mpog opdoydvioug
uetaoyMUoTiopolc uétpo miavétntac oty ST

[ xdde m € N Yétouue

A =8"1 x .. x 8" ={(21,...,2m) : x; € S"},

70 6UVOAO TWY M-dwv and povadiala dtaviouota. Av x = (1,...,&m) € Am,
optloupe évav ywpeo ue vépua Ex = (R”, ] - ||x), nolpvovtog cav povadioda tou
WA TO CUUUETELXO XUETO COUA

Ky =co{te;,£z; : 1 <i<n,1<j<m}.

Mopatnerote 6t 10 Ky €yel urn xevd ecwtepnd yrotl meptéyet tn wovodiofo umdia
co{=xe; : 1 <i < n} tou £7. Ib ouyxexpyléva, 1 aviedTnTa

(*) =l < Vnlz|, zeR"
eCaoanilet to e€nic:

Afppa 6.2.1 Ta kdOe x € Ay, woxvea Kx D ﬁB;‘

Anéderdn: And tny (%) éneton 6T
1 n n
—BY C B =co{xey,...,te,} CKyx. O
n

7
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To Ky meptéyel tn undha axtivac 1/y/n, %ot €yl x0pupéc TOAD oROUAXPUOUE-
veg and authv: o *e;, kx5 elvar oe andotaon lon ue 1 and 10 0. Ou xopupég
dnuLovpyoly «ox(decy: aUTEC TOL AVTLOTOLYOUY OTA €; Elvol GUUUETELXA TOTOVETH-
MEVES, AUTEC BUME TOL AVTLOTOLYOLUY GTNY Tuyala EMAOYY TwV T; elvon oxatdoTaTa
daoxopmiopévee otov R*. Oa Sodue 6T av To m dev elvoe ueydho, 161€ 0 6YXOC

, P P , , 1 n , ,
Tou Ky dev elvon mold yeyahitepog and autédy g WBT Lot Ty amddeln autric
e extiunonge ypeeraldpacte to Oedpnua tov Kopodeodwer:

Adppa 6.2.2 Ay A CR” karz € co(A), téte 1o x elvar kuptds ovvdlaouds ypaj-
pikd aveEdpTntwy onuelwy tov A. Eidikdtepa, to x elvat kuptdS ouytiaopués to noAd
n + 1 onuelwv tov A.

Anédergn: To onuelo x € co(A) ypdgpeton

k k
xr = E ANiZi, Z’iEA,Ai>0, E =1
i=1 i=1
yia xdmoto k € N, nou elvar 1o utxpdtepo duvatd. Tnodétouue 6T o T1,..., Tk
elvon affinely e€optnuéva. Téte undpyouy aq,...,ar € R™, oyl ko undéy, ue

k k
E a;T; =0 K,OéLE a; = 0.
i=1 i=1

AtAéyouue m TovV ENEYLOTO QUOLXS YLOL TOV OTIOLO TO Ay, /G, lva YeTixd (mopartn-
pHoTe 6Tt T A; elvar DeTind xow ToLAGYLoTOY éva amd Tt a; elva Vetxd). Tote, oty
XLPTH AVOTAUPACTAOT

k

Am
=Y (N — i)
: am
=1
6hoL oL GUVTEAEOTEC elvar Un apvnTuxol xou ToLAdYLoToV évag amd auTolg elvor UNJEV.
Auté épyeton oe avtideon ue to 6t 1o k elvan To UtxpoTeEpD duvartd. Apa T Ty, . .., Tg
elvan affinely ave&dptnta, an’ émou éneton 61t kK < n+ 1. O

Adppa 6.2.3 Ta kdle x € Ay, 10x0e

n
Kol < (20720
n

Anédeldn: Eoww x € Ay, xau B(x) = {+xe;, £x;}. T xdde {y1,-..,yn} C B(x),
Yewpolue To simplex

S(yh"')yn) = CO{O)yla"')yn}-

Tore,

(1) Kng::US(yla---;yn)'
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[ty anddelén e (1) oxegptéuacte we e€hc: Av z € Ky, Yewpolue tnv nuteudei-
o mou Eexwvdel amd To 0 xat TepvdeL amd To z (unopolue BéRona vo unodécouue 6L
z # 0). Auth téuvel 10 6Uvopo Tou Ky o€ xdmowo onueio b(z). To b(z) avixel oe %3
nowa €dpa F'(Kx, z) touv Ky, %ot oL xopugéc tne F (K, z) elvon otouyeia tov B(x). H
F(Kx, z) elvar (n—1)-didotatn, ondte to Oewpnua touv Kapadeodwpt| udc eZaopai-
Cer 61t 10 b(2) elvorn xLpTdHS UYBLACUGS HETOLWY Y1 (Z), . . ., Yn(2) € B(x)NF(Kx, 2).
To z elvar xvpToC cUVBLACUGS TwY 0 xat b(2), dpa z € S(y1(2),...,yn(2)) C W.
Ané v (1) ovurepaivouue 6t

(2) Kl <D 1Sy ym)l,

67oL 10 ddpoloua elvon Thvew ard Ok tar Suvatd {y1,...,yn} C B(x). Kdde sim-
plex S(y1,.-.,Yn) €lvor ypouuxf exéva Touv «xavovixoly simplex S(eq,...,e,) =
co{o,e1,...,ep} uéow Tou T : R* — R™ mov opileton and e T(e;) = yi, & =
1,...,n. Enouévwc,
(3) [S(y1y.-.yn)| = |detT| - |S(e1,...,en)l-
Me enaywyn we tpog ) didotaot, ebxola BAénouue 6T

1
(4) |S(€1,---,6n)|=m,

eved 1 aviootnta tou Hadamard udc e€acpailer ot
n

(5) |detT| = |det(ys, ..., yn)| < [ luil = 1.
i=1

[H |det(y1,...yn)| Slvel tov byxo evbe noparinheminédou ue oaxués |y;|, n ueyohiTepn
rowmdy T mou umopel vor mdpet efvon dtav o mopolinieninedo elvon opdoydvio,
dInhadh 6tay ta y; elvon oploydvia, omdTe elvon (on e To YWWOUEVO TwY oy |y;].]

Téhoc, 10 mdoc v {y1,...,yn} C B(x) elvon (oo ue (z(anr”)), xoL 0 TUTOG
Tou Stirling Selyvel 6t

o () o BoenP | wen)' (e

n —  n*(2m + n)?mtn n 2m+n

< <2e(mn+ n))n .

Eniotpégpoviag oty (2), xou ouvdudlovtac tic (3)-(6), BAénouue 6t

K| < (W)nl < (M>n O

n! — n?

Xpnowomowdvtag o 800 AMuuaTa XaL T0 YEYovdS 6Tl 0 dyxog tng BY toobton

B i (e)”
n — >
155 F(%+1)_<\/ﬁ>

6mou ¢ > 0 andhutn otodepd, xataAfiyoue otny €NC TEPLYPAQT TV COUATLY Ky :
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Ocewpnua 6.2.1 Trdpyer anéiven orabepd C' > 0 pe tnr ididtnta: I'a kde m € N
kat kdOe x € A, éxovue Kx D ﬁBg Kat

1/n
|1Kx |n < Cmax{m, n}
|\/_ﬁBQ| n

Anodedn: O eyxheouds anodelydnxe oto Ajuuoe 6.2.1. Ané 1o Afuua 6.2.3 éneton

otL
Bl o e (VY (2200 0))"
BE| c n?

T
v
4e* max{m,n}\"
cn ’

IN

an’ 6moL éneton To {nrobuevo, ue C = 4e?/c. [H Ty e ¢ elvon acuuntotnd (wg
npoc n) ton ue (2em)'/2, onére, yio peydho n unopolue va ndpouue C < 10, O

6.3 Xrtadepog Ly xow tuyolog Ly

Tradeponototue npdta y € Ay, xou T € SL(n). Ipoomattodue va extiuiooude ty
||T : Ex = Ey|| xad¢dc to x dtatpéyet 10 Apy,. O dolue 6Tt «ue ueydhn mdavotnoy,
N vopuo tou T' elvon UEYIAT.
Afupa 6.3.1 Av a = (36 /7)'/2, tére ya kdde 0 < p < 1 éyovpe

n3/2
Prob ||T:Ex = Ey|| < p——— ) <p™™.
rob (x € A | o) <

/

3/2
Andde&n: Oétovue r = E% H ||T : Ex = Ey|| < r elvon 10od0von ue tmy

T(Kx) CrKy, xow ogob zj € Ky, j =1,...,m, cuunepaivouue 6t
Prob(x €Ay ||T: Ex = Ey|| < r) < Prob(x €Ap :T(z;) € rKy,j < m)

’

‘Ouwe ta z;j emhéyovron aveldptnra and Ty S, Apa,

Prob(x €An :||T: Ex = Ey|| < r) < {Prob (x e S ||Tz|lg, < r)}

= <a(rT—1(Ky) N 5”—1)> m.

To T (rKy) elvor oupuetpind xuptéd ooua. Eldixdtepa, 1o 0 elvon ecwtepixd tou
onuelo. Av Yécouye

W={w=rz:0<r<1,2€ S"'NT'(rKy)},
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Wl T 0]
“r
(T M (Ky)n sty = 1L < 20
Y | B3| | B3|
2oL, Moy xvptétntac, W C T~ (rKy). Eyouue |detT| = 1, emopévwc to Afuua
6.2.3 xou 1 emAoyY| Tou o Pdc e€acpoiilovy ot

TR K]
| B3| | B3|
< (262m+n>” L(§ +1)
— n2 /2
< ot
Yuvdudlovtag ta tapandve, BAEToVUE OTL
3/2

n
Prob T :Ex = Eyl| < p——— ) <p™*. O
rob (x € A | S s ) <0

Yxomoe vog elvon var Bpolue ydpoue Eyx xou Ey ue tny Wbidtnto:
«a kd% T € SL(n), ||T : Ex — Ey|| > ¢y/n.»
Kpatdpue tov By otadepd. Agol e; € Ky, i =1,...,n yio xde x € Ay, €youue

1T+ Ex = By|| > max||Teil|g, ,

dnhadh, o oxonde wog eumnpetelton (yia xdde x € Ay,) and xdde teheot| T : R —
R™ y.& tov onolo

T?Sa;(HT@iHEy > /n.

Mg evdiapéper hotmdy 10 uéyedog Tou «xaxoLy GUVOAOU
My = {T € SL(n) : |Teillp, <vVn,i=1,... ,n}.

Opiowds Av e > 0 xou K elvon éva utoclvolo evog yodpou ue vépua X, t6te 10
L C K Myetou e-8ixtuo yia to K av yio xdde x € K undpyet y € L ue v W3iétnta
[z —yll <e.

Y10 endpevo Muua, divovue extiunon yio tov TAnddprduo evéc e-8uxtdou yia
0 My wc npoc tn vopua ||-: 05 — £7]|.

Adppa 6.3.2 Eowwy € Ay, kat to oVrodo My mov oplotnke maparndvw. Ia kdOe
e > 0 vndpyer e-6iktvo Ny(e) C My touv My wg mpog ty ||- = €8 — €3]], ne
mAnOdp10po

2

N (0)] < (cm”)n ,

ne

omov ¢ > 0 andAvtn otalepd.
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Anédergn: Toavtilovue tov T': R — R™ ue tv axohovdia (2;)i<n € (R?)™, 61ou
x; = Te;. Tote,

My = {(a:,) € (R")" : |det(z1,...,zn)| = L,z; € VnKy,i = 1,...,n}.

Suppohilovue Ye || - oo ™ VOpua TOL endyeTon otov (R™)™ and v ||- : €5 — €3]],
xa ue Use TNV avtiotolyr wovodiatar umdha.

Ioyveiowmog: Ioylel o eyxieicude
Uso C{(z;) € (R")" : 2; € V/nKy,i=1,...,n} = (v/nKy)".
Anoédegn: ‘Eyovue Ky O B D \%BQ, dpat

lwlle, < vnlwl

v xdde w € R”. "Eotww (z;) € Use, SN [|(z:)]|oo < 1. Trdpyer T : R* — R™ ue
[|T: €% — 3] <1, vy tov omolo @; = Te;, i =1,...,n. Tore,

|zills, = ITeillp, < Vn|Tei| < VnllT : 65 — €3]] es] < v/n,
yoxdde i =1,...,n. Anpadi, z; € VnKy,i=1,...,n. |

‘Ectw € > 0. Oewpoiue Ny(e) C My ueyiotixd g npog Ty Wiétnro: Av w # w'
oto Ny (e), tote [[w — W'|| > €.
Aol 1o Ny(e) elvan ueyiouxd we mpog autiv v Wiétnta, 10 Ny (e) elvon e-
dixtvo. Anhady),
MyS | (w+Ux)
wENy(g)

Eriong, ané tov 1p6m0 optouol tou, to Ny (&) éyel tic e€fc dvo dibtnrec:

(o) Taw + SUs €youv Zéva eowtepind, Yot [|[w — W'|loo > & av w # w'.

() Ta w + 5Us meptéyoviar oto (1+ 5)(v/nKy)™. Hpdyuatt, agold ta Us o
M, mepiéyoviar oto (VRKy)™, o xdlde w € Ny (e) éyouue

w+ gUOO C My + %Uoo C(1+ g)(\/ﬁKy)”.
O¢touvue N = card(Ny(e)). And to (B) éxouue

)
n2

s‘(l+—§)(vﬁka)”

n2

€
‘UW+f@
w
xaL ypnotuonolwvtog 1o (o) BAémouue 61t
2

g\" g n2
N(§) [Usoln2 < (1+§) |\/ﬁKy|Z
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Ané 1o Afupa 6.2.3,

m—+n "
| Kyln < <2€27> )

ondte, av unodécovue emnmAéoy 6Tl € < 1, malpvouvue

2 2
1 2\" m+n 1 m+n\"
N<—(1+4°= 22 —— < 6e>
N |U00|n2 < - 5) < TL3/2 > |Uoo|n2 < © n3/26>

Y10 Afuua mou axoroudet, Yo delfouue 6T

C1 n?
2 > | —

6mou ¢ > 0 andiutn otadepd, an’ émou éneton To {nTOVUEVO. O

2

Afupa 6.3.3 Tndpyer anédven owadepd ¢; > 0 téroa dote

TL2
C
sl > (S5)

’ 7, 4 ’ 7 2 ’
Anddeln: Oewpolue v Euxdeldetor povadiaior undia Us tou R™, tn wovadiata
ogaipa S, xaL 10 aVaAholwTo WE TEOS 0PUOYWYLOUC UETACY NUATIONOVS UETPO Tdo-
vétntag o otny S. Elvor yvwotd 6t

2
" /2

Uylp = —
Va2 T(Z +1)

xa oy ypdpouvue tov 6Yx0 e Usy 0E TOMXES GUVTETUYUEVES, XUTUANYOUUE OTNY

[Usoln2 = |U2|n2/Sll(wi)ll;"za(d(wi))-

Ané v aviedtnta tou Holder,

U= [l ||ooda<(/|| rottar) ([ Weaizar)”

2

([ o) ([ ieonzar)

1/n?
e > |U2| 1/2 z - 1/2°
(Js ll(z:)l12.do) n (fs ll(:)l[2.do)

/2

IN

Usol,y>
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Ioyveiomog: Ioylel n avicdtnta

([1eolza) < 2

Arnédeldn: Oewpolue ulo axoroudo {g;;} and aveldptniec standard Gaussian

tuyoleg ueToBANTég o évav ywpo mdavotnroac Q. Toéte, Yétoviac m = n? xou

TolpvovTac TOMXES CUVTETAYUEVES, EYOUUE
1 IRTOTE
/Q||(gij(w))||<2>odw = W/ (x| 2oe N2 (d ()
m|By*
= G [ [ e o)

m [ e Eeotde).
Apxel howndv va det€ouue 6T

[ Mg nlide < én.
Q

Mopatnpodue tpota 6t yior xdde T' = €8 — £F vndpyer y € R™ ue |y| = 1, tétoo
wote: yia xde x € R™,
[y, )| - ITN| < [T].

Mpdrypott, undpyer z € R™ ue |z| = 1 yia to onolo |T*z| = ||T*|| = ||T||. Téte, av
ndpovue y = T*z/||T||, éxovue |y| =1 xou

[y, )| - [IT]] = (T2, 2)| = [(2, Tx)| < |T'x|

yio x&e ¢ € R™.
[ x8de w € Q, Yewpolue tov T, : 5 — €5 ue T,e; = (g55(w)), xou pe Bdon
TNV TEONYOUUEVY] TUPATAENOT) EMAEYOUUE ¥, TETOLO OOTE

[y, 2)| - ITw || < | Tz

yioe x&e x € R™. Tére,

/Q/SH_lexp (a|Tuz|?) o(dz)dw > /Q/SH_lexp (a (Y, )| T ||?) o (da) dw
= /Q/Sn_l exp (aler, z)?|| T ||°) o(dz)dw

> oo lera 21/2) [ ew (SILIP) do
Q
—n a 2
> 4 Kfm(ﬂnnym
>

4" exp (/ 9||Tw||2dw>.
Q2
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Xpnowonotiooue xatd celpd T0 YEYOVHC 6TL T 0 elvar avolholwTo we tpog opdo-
YOVLOUG UETACY NUATIOUOUS (ETOUEVODE UTOPOVUE Vil VTIXATACTACOUUE TO Yy, UE TO
e1 6TV ohoxMpwon évew oty S"Y), to yeyovée 6t oz : (er, )% > 1/2) > 477,
XolL THY XVpTdTNTA TN eEXVETIXAS ouvdptnone (aviodtnta tou Jensen). Tehxd,

(%) exp (/Q %||Tw||2dw> < 4n/9/5 exp (a|TuaP) o(d)do.

Anb v &N Theupd, av vtodéoouue 6t 0 < a < 1/2, téte

/Q/S"ﬂexp (a|Twz|?) o(dz)dw = /Q/STH1 exp aZ(Zgij(w)xj)2 o (dz)dw

:/S /Qexp a;(;gﬁ(w)@)? dw | o(dz),

o ool M Y ; gijarj oxohoudel Ty (Bua xoravour ue Ty gi; Yot xdde © € ST, xon
oL gi; elvon aveZdptnteg, 0 TeAeUTao OAOXAPLU LooVTOL UE

/SH /QeXP (azi:g?i(w)> dwo(dx) = /QeXp (U/zi:g?i(w)> dw
- ([ exp(agi(w))dw)"

1 n
B <7\/1—2a> '
Anhody,

(55) /Q/Sn_lexp (alTo2l?) o (d)de = <\/1%_2a>n

Yuvdudlovtag tic (%) xan (xx) Talpvovue

o ([ Sgsonias) < (=) .

an’ 6Tou éneton OTL

2 4
[ N < (2105 2 n = .

Auté amodewxviel Tov Loyuplous. o

Elvor tdpa govepd ot

T 7z 2 = ,
! n (fqll(z:)l|2do) / ca/v/n /n

xau 1) amdSeldn tou Muuatog elvor TAYenS. O

1% |1/n2 S c c/n c1
oo
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6.4 Kdrtw pedyua yia Tn dudueteo
Eluaote todpa o ¥éon va dwdoovue tnv o) diatimwon xar tny anddelén tou
Ocwpriuatog tou Gluskin:

Oceopnua 6.4.1 Avm = 2n, tdte pe peyddn mbavétnta ws tpos (x,y) € Amx Ay,
wyve to €&ng: INa kdde T € SL(n),

IT : Ex = Ey|| > cv/n, ||T:Ey — Ex|]|>cvn
émov ¢ > 0 andAven otalepd.

Amo6delln: Oewpolue e > 0 ta omola Yo emtheyoly xatdhhnia, otodeponolobue
y € Asp, xou opllovyue

Ly = {x € Ao, | 3T € SL(n) : ||T : Ex = Ey|| < (r—s)\/ﬁ}.

And 1o AMupa 6.3.2, av 0 < e < 1, undpyet e-8ixtuvo Ny () = {T4,...,Tn} tou My

HE
TL2
ve (%)
€
6mou ¢ > 0 andéhuty otadepd. Eotww x € Ly. Yrdpyer T € SL(n) ya tov onolo
IT : Ex — Ey|| < (r —e)v/n.
Avr—e <1, t6te T € My, enouévwe vndpyet k € {1,..., N} tétoloc dote
| Ty — T : 03 — €3] <e.
Ouwc, yio xdde S € L(R™),

VlSw| < VnllS : 63 = &3] |w]
VallS = by = 63 lwl|e,

[Swlle, <
<

yioe x&de x,y € Ay, xot w € R, "Apa, $€tovrac S = T), — T, nalpvouue
Ty, — T : Ex — Ey|| < ev/n,
xo, amd TV TELYWVLXY avledTnTAL,
Ty : Ex — Ey|| < rv/n.
Anhadn, woylel o e€nc:
Afupa 6.4.1 Av x € Ly, téte undpyet k € {1,..., N} ya to oroio
|Ty : Ex = Ey|| <ry/n. O
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‘Aueon ouvéneta Tou Afuuatog etvan 6T

N
Prob(Ly) < Y Prob(x € Asp : ||Tk : Bx — Byl < ry/n).
k=1

Epyouacte tdpa oto Afuua 6.3.1, xow opllouue to r and tnv
b rm,
3
dnradr r = p/3a. ‘Onoto xt av elvan 1o p € (0, 1), éyovue

2 2 n
Prob(Ly) < Np*™ < (%) :

Enuiéyouue tdpa To p €ToL QOOTE

p
—e=——-—¢<1
r—e 3a 9

xon
3cp®> 1
<=
€ 2
Ou 0o autéc aviodtntes cuufiBdlovton av € = p/6a xou To p elvor dpxETd UXEO.
’ / _p ’ ’ _ 3 1/2 7
Tl téte r — ¢ = ta < 1 (Yuundeite 61 a = (3€3/m)Y/2 > 1), xou ue authy T
4 3cp” __ ’ ’ ’ ’ ’
emhoyn tou €, *£- = 18cap, to omolo Uropel va yiver uxpdtepo and 1/2 av 1o p
elvor upd (oL ¢ xou a elvor ambruteg Yetinéc otadepéc). Eyouue Aotmdv anodeliet
0 e€hc:

Afupa 6.4.2 Trdpyer ¢ > 0 andlven owalepd, pe tny oidtna: I'a kdley € Ly,

Prob(Ly) < (%) )

émou

Ly = {x € Aop | AT € SL(n) : ||T : Ex — Ey|| < c\/ﬁ} m|

Oewpolue Twpa Tov YWeo mavdtntog Az, X Ay, xou 10 eVv3ey6UEVO
G={(xy):xeLy}U{(xy):y €L}

Elvow @oavepd 6t

Prob(G) = / / xa(z,y)dzdy
Aan J Aan

IN

2//1% Prob(Ly)d(y)

2

()

N
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"Apa undpyouy (ue peydhn wdhota tavotnta) X,y € Azp pe v Wiétror T
xdde T € SL(n),

IT : Ex —» Ey|| > cv/n, ||T:Ey — Ex|| > cyn.

H anédetn tou Oewpriuatos elvar TAieng. ad

"Aueon ovvémeta tou Oewpluatog elvar o 6Tt N ddueTpoc Tou Banach-Mazur

compactum etvor ueyohvtepn A {on tou ¢n:

Ocwpnua 6.4.2 Trdpye ¢ > 0 anddvtn otalepd e tny e€ng ididtnta: Ia rkdde
n € N pmopoUue va Bpolje n-6idotatovs xwpous pe vipua Ey kar Ey tétoiovg dote

d(Ey,Ey) > c*n.

Anoden: Oewpolue X,y € Asy dnwe 610 Oedpnua 6.4.1, xau opllovue By = Fx,
Ey=FEy. AvT € SL(n), t6te xor o T~! € SL(n). "Apa,

T :Ey = Es||- |T™" : By = Ei|| > [ev/n]? = P,

onou ¢ > 0 1 otadepd Tou Oewprjuatog 6.4.1. a

H extiunon tou Gluskin xou 1o Gewpnua tou John divouv oplotixd) amdvtnon
070 poPANud vac. H Siduetpoc tou Banach-Mazur compactum elvar tne td&ng tou
n:

¢®n <max{d(X,Y) : dimX = dimY =n} <n.
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Ke:cpo’c)\ou.o 7

Ano’o‘coccw] Banach-Mazur omro
TOV xl')po

7.1 To npdBinua

To mpdBAnua mou Yo ude anacyorfioel oe autd To Kepdhato mopauével avolxtd xou
apopd TV TéEN ueyédoug tne ueyolltepnc duvathc andotaorc Banach-Mazur ané
Tov L2 . Opilouue

R> = max{d(X,() : dimX = n}.

Ané 1o Oedpnuo Tou John xou Y TOAMATAAGLACTIXY TELYWVLXTH AVlGHTNTA Yol ThHY
d Brénovue 6t R < n, evd oto Kegdhowo 5 eldoue 6t d(,05) = /n. Apa,
vn < R < n. To gpdtnuo vo tpoodloptoTel 1 doUUTTWTLXH cuUTERLPoEd Tne R,
xadde To n telvel oTo dmelpo, dnxe and tov A. Pelczynski [P].

O S.J. Szarek [Sz.1], ypNOWOTOLOYTAC TUXHOUS YWOPOUS TAPOUOLOUS UE TOUS
xopouc tou Gluskin mou culnticoaue oto Kegpdhato 6, édeile 61t R > cy/nlogn.
Anpadh, n R éyer td€n ueyédouc yviota ueyahltepn and /n (o L2 dev elvou
«OOLUTTWTLXS XEVTPoy Tou Banach-Mazur compactum).

Ané v &M mheupd, ot J. Bourgain xou S.J. Szarek [BS] anédeilav 61t RY =
o(n), xor apydtepa, ot S.J. Szarek xou M. Talagrand [ST] é8woav 10 xaAOTEPO dve
ppdyua R < en/8. Txonbe uag evar vo Sdoouue Thhpn amddelln tou e€ric omo-
TENEOUATOS:

Oebdpnua [Gi] Yrdpye andluen otalepd ¢ > 0 térowa dote: ya kdde n € N,
R™ < en®/®.
Mepwéc napatnprioel ey v anddelén. Adyw duicuol, av oploovue RY =
max{d(X,(}) : dimX = n}, wyle
R}, = RY.
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Oa npoonadficovue hotnéy va ppdiovue ty d(X, £}), émou X tuydv n-didotatog
XWpoC UE vopua. Amo tov oploud tng andotaone Banach-Mazur, unopolue otn 9éon
Tou X Vol TdPOUUE OTOLOVIHTOTE Yo Y Tou Elvol LGOUETEXA LobUOPPOC UE Tov X.
Ou utodéoovue hotndy, ywplc Teploploud TN yYevixdtntag, 6Tt X = (R™, || - |]), xou
6Tt t0 eMeL)oeldéc eNdyLoTOU GYXOL TOL TEPLEYEL TN Yovadialo Undhat Bx tou X
elvar 1 Euxeldeia povadiafor undio BY.

Yxonéeg uag elvor var Bpodue n Stavboudtd ug,...,u, € R* tétowa dote: yla
x3€ ty,...,t, € R

1 & n n
75 oIt < [ tawal| < D1l
i=1 i=1 1

i=

[otl téte, av oploovue T : 7 — X ue Te; = u; 6mou e; 1 cuvHing opdoxavovixy
Bdon tou R™, éyoupe ||T]] < 1 xou |T~| < en®/S, Srradh

d(X, 1) < ||T||- )17 < en®S.

Ta Boowd epyodelo tou Yo odnyricouvy oty anddelln tou Jewpruotoc elvat: éva
Arupo tomov Dvoretzky-Rogers yia v xotavour| twv onuelwy enagric tne Bx xou
e B3 mou ogeiheton otoug Szarek xon Talagrand, xon éva cuvduaotind Afuuo twy
Sauer xat Shelah. Tao 300 autd anoteAéouaTa AVATTUCCOVIOL OTLS EMOUEVES 80O T
parypdpous, eved To Baowxd entyelpniua mou Yo udc Sdoet To Oewpnuo tapovotdleto
otnyv Hapdypagpo 7.4.

7.2 To Mpupa twv Szarek xow Talagrand

Agetnpla pog elvar 1o Yedpnua tou John yio v avamapdotacn ™S TUUTOTLXNG
amexbvoNg UEcw onUelwy enaphc EVEC GUUUETELXOV XVPTOD CWUATOS TOU EYEL TNV
Ewdeldeta povadiato undha BY cav eMelfoedéc eAdytotou dyxou.

Ocwpnua 7.2.1 Av n BY elvat to eAdewpoeldés eddyiomouv 1j péyrorov dykou tov K,
ToTe undpyovr onuela €napng Ui, ..., um v K kat BY, kar Oeticol mpayuatixol
apdpol A, . .., Ay T€TO0L DOTE

m

T = Z Aj (T, uju;
j=1
yia kd0e x € R™.

IMapatneioerg Lto Kepdhawo 4 eldope 6t and to Oetdpnua 7.2.1 éneton 1o e€hc:
Mo xdde z € R,

o = (z,2) = Njz,up)”.

m
J=1
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To Oewpnua 7.2.1 poc Aéel ue ulo Evvola 6Tl LUTEPYOLY TOAAS onueiar emaprc
AVEUEC OE EVAL GUUMETELXG XVPTH GOUA X T0 EAAELPOELIEC ENSYLOTOU GYXOU TOU.
Evag tpdmoc nocotxnc meptypapiic autol Tou toyuptouol elvat o e€ig:

IMpdétaom 7.2.1 Av n By elvar to eAdewpoeldég eddyiotov 1§ péyrotov dykov tov K,
téte ya kdOe T € L(R™,R") vndpyer onuelo enagng twv K kar BY pe tyr ibidenra:

tr’l
(u, Tu) > =
n

Amnéderdn: And to Oeddpnuo 7.2.1, av T € L(R™,R™) t6te

T = (T, 1) = > N(T,u; ® uy).

j=1

Moipvovtac Ut 6w xou Ty D Aj = n, CUUTEPAUVOUUE OTL UTEPYEL U AVAUETH 0T
uj ue Ty WoTNTAL

tr’l

(w,Tu) = (T,u @ u) >

O Dvoretzky xar Rogers €deilov oxpi3| amoteléopator YLd Ty XoTtavou] Tev

oNUEelwV ETaPrc TNV ETLPAVELD TOL EMELPOELSOUE UEYLoTou GYXou. Ola Toug eEXPEd-

Couv ue tov éva 1} Tov ko Tp6To THY dpy ) GTL, av o oL VOpUES | - | xau || - || wropet

VoL BLOPEPOLY WC AL /T VLA XATOLAL &, UTEPYOLY TOAES Xoll KAUPXETE 0pYoYOVLECY
devtivoelg otic onoleg oL Vo VopUES cLYXPVOVTIL XOhd:

IMedétaom 7.2.2 Ay By elvar to eAdewpoerdés péyrotov dykov touv K, vrdpyer opto-

kavovikn akodovlia y1, ..., yn otov R" térowa dote
. 1/2
n—i+1 .
(") <l <=1, i1

Anoéder€n: Optlovye ta ¥; enayoyxd. Loy y; UnopolUe Vo TAPOUUE OTOLOSHTOTE
onuelo enaprc v K xau BY. Ac vnodécouvue 6tL €youv emAeyel To Yi,. .., Yio1.
O¢touue F; = span{yi,...,yi—1}. Toéte, tr(Ppr) =n —i+ 1, xou and tny Hpbdtoon
7.2.1 undipyeL onuelo enaghc u; Tétow Gote

n—i+1

|PFl.Lui|2 = (Ui;PFiiui> Z n

Enetow 6w ||Pruillk < |Prui] < /(i —1)/n. Opllovue y; = Ppiu;/|Pprug|.
Torte,

. 1/2
n z+1> g

L= )2 ol 2 )| = Pl > (2
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IIépiopa 7.2.1 TroOérovpe drr n BY elvar to eAdewpoeidés uéyrotov dykov touv K.
Av k = [n/2] + 1, unopolue va Bpolue opfokavovikd draviouata y,. ..,y térowa
woTe 1

O Szarek xou Talagrand [ST] yenowuonolinoay Ty avanapdotoon Tne THUTOTIXAS
ATELXOVLONG UE DLAPOPETLXS TpOTO, o amédetéay Eva dANo «Aruua totou Dvoretzky-
Rogersy:

IMpoétacy 7.2.3 Yrolérovue 6u n By elvai to eAdenpoerdés eAdyiotov 6ykov tov K.
Ia kdOe € € (0,1), purnopotue va Boolue k > (1 — e)n kar onuela enaprs yi, ..., Yk
wv K kat By, pe wy &g bistnra: Av j € {1,...,k} ka1 F; = span{y; : ¢ # j},
TdTe

|PFJL(y])|Z\/Ea ]:laak

Anddeln: 'Eow k < n. And 10 Osdpnua 7.2.1, unopolue va Ppodue onueia
EMOPAC L1, - -, Ty TV K o BY, xou Aq, ..., Ay > 0, €t0100 BOTE

m
T = Z)\j(x,xj>mj, z € R".

j=1
Ané dhec Tic k-ddec mou unopoluE vo emhégovue péco and to {1, ..., Ty}, €L
Aéyouue exelval To Y1,...,Yk YW o omola Ueylotonoleltor o k-dldoTtatog 6Yxog

lco{£y1, ..., xyr}|. Tote, av F; = span{y; : i # j}, éyovue
P )| 2 |Prs @)l §=1oeok, i=1,...,m.
Auté woyler yatl: éyouue
lco{Ey, -, Fyp} = |co{=yi 10 # j}H - [Pr (v5)],

oméTE, av Uhpye onuelo emaghc z; Twv K xoau BY ue ty Wibtnta |Ppe(y;)] >
J
| P (x;)], ot n co{txs, £y, ..., £Yj—1, £Yjt1,- .-, £Yr} Yo elye ueyohltepo 6v-
J
%o ond y co{tyi, ..., £yr}-
Ané v Hpdraon 7.2.1, undpyel x; yio T0 onolo
tr(PFJ.J-) n—k+1

|Prp (@)l = (@i, Pryp (0:)) 2 ———= = ——

Maipvovtac k = [(1 — €)n] + 1, BAénovue 61

—-k+1
1P ()] = max | Py (o0)| > (/2= > Ve, j=1,. .k O

To Anupa twv Szarek xon Talagrand uyall ue to Afuua twv Sauer xou She-
lah, mou Yo amodel€ouvue oty enduevn nopdypapo, eivar to Baotud GUOTATIXG TNG
extlunonic uag Yo v RY,.
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7.3 To Mpupa twv Sauer xow Shelah

Ou Sauer xou Shelah (BAéne [S], [Sh]) anédetlav, o évac aveldptnta and tov dhhov,
€var oLVBLACTLXG A o Yo ket Baowd poho otny extiunon mou Ya ddoovue
vy v RZ. To Muua dwrtundvetar e moAlolg dtapopetixole Tpomous. o to
dwxd uac oxond, Yewpolue to chvoro EF = {—1,1}" ohwv twv n-ddwv (€1,...,&p)
ue g5 = £1, xau v xdde 0 C {1,...,n} Yewpolue ) cuvdptnon nepLopLoOD
ocuvtetaywévey P, EY = {-1,1}" = {-1,1}" ue (e1,...,en) = (&j)jco. Téte
Loy Vel to eENC:

BOedpnua 7.3.1 Eotw A C EY = {—1,1}" ue mnddpbuo |A| > (5) + (1) +... +
(})- Yrdpxero C {1,...,n} pe lo| > k, tétow dote n anaxérion P, va elvar erl,
AnAadn),

P,(A) ={-1,1}°.

Anoédergn: Kdvouue enaywyh wg npoc k xou n — k.

Avk=0xu Al > (j) =1, t6t€ oto A unopolue va Bpolue e’ ue € # €.
Trdpyer hownév j € {1,...,n} této0 dote g5 = 1 xu e = =1 f¢g; = —1 xou
g7 = 1. Xe xde neplntwon, oplloviac o = {j}, épovue o] = 1 > 0 = k, xou
P,(A) ={-1,1}".

Avmidin—k=1,8padk=n—1,xu [A| > (§)+ (1) +...+(,",) =2"—1,
t6te |A] = 27, Snhad A = EF. e authy tnv teplntwon malpvovue o = {1,...,n},
ondte |o| =n >k, xou P,(A) = P,(E}) = E}.

Ac vrodécouue 6Tt o Muua éxel anodetyVel yio tov EY av k <m —1,1 <
n —k <m [o tponyoluevoc culoylopde delyvel 6Tt auTo elvon owoTo Yo m = 1J.
Oa delouue 6Tl T0 Mupa oyler Yo k <m, 1 <n -k <m+ 1L

Enaywyuxd Bhuc: Yrodétovue 61t A C B, xau [A| > () +... 4+ (}), xu k <m,
1<n—k<m+ 1 BOewpolue 0 chvoro A; C EF~' nou oynuatileton av and
xdde otoryelo tou A agaipéoovue T n-0oTH cuvtetayUévn Tou. Ataxpivouue d0o
TEPLTTWOELS:

Av [Ay] > ("g") 4+ 4+ (%)) e n — 1 — k < m. Mnogolue homdy vo
eQapubCOLUE TV EnaywYL uddeon (v tov EyT! oty 9éon tou EY), xou va
Beolue o1 C {1,...,n — 1} ye |o1| > k, v 10 onolo P, (A1) = {—1,1}7*. Ouwc
P,, (A) = P,, (A1), dpa to Lnroluevo woyleL Ue 0 = ;.

Av i [Ar] < (M50 + ..o+ (§), téte amb To Tpiywvo Tou Pascal éyouue

£ ) 578 )

Térte, Yewpolue o cOVOAL

Blz{l'EAli(l',].)eA}, BQZ{I'EAli(Z’,—].)EA},
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XOL TNV TOUN TOUC
C={zxe€d :(z,1) €A (z,—-1) € A}.

‘Eyovue |Bi| + |Bz| = |A] xou |A1] = |Bi] + |Bz| — [B1 N By, dpa
k—1 n—1
cl=1BinEl = - L > 3 ("),
i=0

Aol k—1 < m, uTopolUE VoL EPapUGCOLUE TNy ETaYwYLXH uTddeoT (yio Tov By~
ot ¥éon tou EF), o va Beodue o1 C {1,...,n — 1} ye |o1| > k — 1, tétot0 dote
P0'1 (C) = {_1> 1}0—1'
Ouwe, C x {1}UC x {—1} C A. Av howndy Yoouue o = o1 U {n}, éyouue
lo| > k %o
P,(A) D P,(C x{1}uC x{-1})={-1,1}°. O

Eivow ypriotuo va oxeptouacte ta otoryelo tou B3 ooy T x0pu@ég tou xUBou
Qn = [-1,1]" otov R*. H ouvdptnon neploplopod cuvtetayuéveoy Py Sev elvor
tinote dhho and TNV oploywvia TEoBoAY oTov LTdYWEo cuvteTayuévwy R7. Tote,
70 Muua v Sauer xou Shelah ude Aéel ot

Av A C {-1,1}" C R*, ka1 |4] > Ef:o (%), wre vrdpyer o C {1,...,n} ne
|o| > k ya o omolo: n opBoyddvia mpofolrj Py(co(A)) tng kuptris Onkng twy onueiwy
wov A otor R” elvar oAdkAnpog o povadiaiog xkvBog tov R :

Py (co(A)) = Qy = [~1,1]°.

Ye auth ToL TN YopYY|, To Ocwpnua 7.3.1 €yel copéc YEWUETEUS TEQLEYOUEVO
(%o awTh T Lopet Tou Yo yenoLULoToLCoUUE).

’ I4 mn
7.4 Avo gpaypa yia tny R
To mpdro vac Afuua elvon uia ewdu teplntwon tov Afuuatos twv Sauer xou Shelah:
Appa 7.4.1 Ay M elvar éva vrootvolo tov {—L,L}™, L > 0, pe tAnddpiduo
|M| > 2m~1 téte umopotpe va Bpodue o C {1,...,m}, lo| > 2, térow dote n
oUvapTNOT) TEPLOPLOUOU TUVTETAYUEVWY
Py : (95)j<m = (95)jes

va anetkovilel to M eni tov {—L, L}°. O

Xoenotuonotdvtac to Afupa 7.4.1 xou éva enaywyxd entyelonua nolpvouue:
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Appa 7.4.2 Eotw uy,...,us € R?, |u;| < 1. Ocwpolue to ouppetpikd kuptd
ovrolo

E={(0;)j<s € R | > dju;|* < 2s}.
i=1

Téte, yia kdOe e € (0,1) vndpyero C {1,...,s} pe TAnddpiduo |o| > (1—¢)s, térowo
woTE

PO'(E) 2 c\/g [_1’ 1]07

omov ¢ > 0 elvar andhuen owadepd, kar P, n oploydvia npofodn ent tov R .

SupBoiiopde: Ty anddelin Vétovue S = {1,...,s},Q = [-1,1]°, Q, = [-1,1]"
yia x&de 7 C S, xon

k—1

k—1
ap=» 27 B=> 2, k=1.2,...
r=0

r=0

Aréderdn: Oewpolue Gha to onuelo TN LopPAc (6](-1))]53 € R?, ue 6](-1) =+1. Aré
TOV Xav6va TOL TAPAAANAOYpduUOU,

el s
1 2
Ave5§1)2i1|26§. )“j| = Z |uj [ < s.
j=1 j=1

Xenotuonotdvtac Ty avioétnta tou Markov, Beloxouue M C {—1,1}% ue mindd-
pwduo |[M1 > 2571 této0 dote, Yo xdde (551)) € M*,

|Z 6](.1)u]-|2 < 2s.
j=1

Ané 1o Afuua 7.4.1 unopolue va Bpodue o1 C S, pe mainddpduo |oy| > 5, yia
0 onolo Py, (M1) = {—1,1}7'. Agob M! C ENQ xo to teheutado chvoro glvor
%VpTO, ouunepalvouue OTL
Qor C P (ENQ).

Ou anodelfouue Ue enaywyY w¢ tpoc k to e€nc:
Ioyverowodg T k = 1,2, ..., unopolue va Bpodue o C S ue manddpduo |og| >
(1 — 55)s, TéT0l0 GOTE

Qa’k g Pa'k (akE N BkQ)

Av k =1, o woyvploude éneton and o mpwdTo Brida Tng anddelgng xou Tov oploud Twy
o, B



80

Enaywywxd PAuo: Ocwpodue 6ho tor onueior tng uop@ric 5](.k+1)

6§k+1) =0avj € o xou 6§k+1) = 4282 av j ¢ o4. Téte, and tov xavdva Tou

TopolAnhoypduou Talpvouue

Ave(é(kﬂ) Z(S(k+1 T = Z 2k|uj|2 < s.

Jtor

, 7 < s, 6mou

Mapatnerote 6t o TAnddpuduog ToL GUVOOL TwWV (5(k+1))]<s etvan 25717kl Xon-

owoTOLOVTIC THY aviodTnTa Tou Markov, unopodue va Bpolue M*AFL C [0,, x
{—2k/2 2k/2YS\ok ] N E e [MFH| > 2= o1 Téte, o0 Anuuoc 7.4.1 pdc e€oopa-
Mlevof,, C S\og, ue mhnddpwduo |of, | > (s - |ak|) TETOLO DOOTE

P, (M*H1) = 0, x {—2F/2 2K/2} k0

kUL
Agoy M*+1 C EN2%/2Q xou to teheutaio ohvolo elvan xupté, éneton 6Tt

Oak X QkQUZJrl - PakUa,*;Jrl (2k/2E n QkQ)

Ac umodéoovue 6Tl a € Qo %ot b € Qoz, . A6 TV eTayWYWXH Lac utddeon,
umopolue va BpoluE wq € BrQoy,, Yiot T0 orolo

(a,wa) € Pryuoy,, (kBN BrQ).
Optlovue vq,p = b — wq. Elvon govepd 6t vy € (Br + 1)Qa;;+1 = QkQJ;H, dpa
(05, va0) € Poyior,, (2"?EN2Q).
Ouwc 167,

(a,b) = (a,wa) + (Oﬁkvva,b)
Pakua;+1 (akE N BkQ) + Pa'kUa';;Jrl (2k/2E n QkQ)
Paka-Z+1 (akJFlE n ﬂk+1 Q)

N m

‘Exouue howndy deléet 6Tt

QJkUO":+1 g Pa'k UO’Z+1 (akJrlE N 6k+1Q)-
Oétovue op11 = op U oj, . Edxoha ehéyyovue 6Tt [ogy1| > (1 — #)s, oL ouTh
ONOXANPWYEL TO ETAYWYLXO BUa TN amddeling Tou Loy uptoUoU.

Ewwdtepa, o woyvploude wdc divel 6tL yia xde k = 1,2,..., undpyel o C S e
lok| > (1 = 5%)s, o0 wote

2k/2

[-1,1]7* C Py, (ﬁ

E).
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Apa,

1 g
Pou(B) 2 ¢35z L1117,

6mou ¢ = v/2—1. H «ovveyfic éxdoony tou Afjupatoc éreton dueoa, Le Mo yeLpbtepn
T g otoepdc c. a

TMapdderypa Molpvovue n = s+ 1 xow u; = %(ei +en),i=1,...,5, 6mou {e;}i<n
elvar 1 xavovixr) optoxavovixt Bdon tou R*. Tore,

Yol =5 [+ (e,
j=1 j=1

Jj=1

emouévwe avayxaleg ouviixeg Bote 1o (6;)<s Vo avixel oto E elvon ot

St . |34 <2vE
j=1

i=1
‘Eow ¢ € (0,1), xou o tuydv unocdvoro tou {1,...,s} ue |o| =m > (1—¢)s. Tére,
éva onuelo (t,t,...,t) avixer oty Py (E) uévo av undpyet (0;);¢, Yio T0 omolo

LXOVOTIOLOVVTOL OL

mt2+z5]2-§4s , |mt+26j|§2\/§,
i¢o jgo
xau, Ypnowtonoldvrag v avioétnta Cauchy-Schwarz, unopolue vo Sobue 6tL awtd

elvon duvartd udvo av |t < ey/e.
To nopddetypa autd delyver 6Tt to Ajuua 7.4.2 elvon BéATioTO.

Ilpétaom 7.4.1 Ocwpolue tov yopo pe vipua X = (R, || - ||), kat éva € € (0,1).
YroOéroupie 6t to eAAerpoeIdES eddyiotou Gykou mou mepiéyel Tn povadiaia undla Bx
wov X elvar n EvkAeldewa povadiaia undra By, Tove, pumopodue va fpolie draviouaca
21,y 2m 0tov X pe ||zl = |zi] = 1 ket m > (1 — €)n, nov ikavorowoly to e&rig:
yia kdOe emdloyn mpaypatikdy aptdudy t, ..., t,, W0XUVe

m 6m
>zl = ez Yl

émov ¢ > 0 andAven otalepd.

Anodedn: Xoupuva ue to Ajuuo twv Szarek xou Talagrand, unopolue vo emhé-

Eouue 1,...,2, € Bx ye s > (1 — 5)n, tétowa dote

dist (z;, span{z;,j #i}) > , ,7=1,...,s.

€
2
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‘Ouwce tote, undpyouy v; L span{z;, j # i} mou oynuatilouy dopdoymvio cboTnua
ue ta x; (Snhadt, (z;,v;) = 1) xou éyouv uhxoc |v;| < \/g Anhady, vndpyouy

v1,-..,Us € R" yia ta onola

2 ..
|’Ui| S \/; , (.Ti,’l}j> :6ij, 1,] = 1,...,8.

OplZouue u; = /5 vi, xou egopudlovrac to Afuua 7.4.2 Beloxouue o C {1,...,s}
ue o] > (1 - 5)s, yio To onoto

P,(E) D cy/e [-1,1]°.
Eivar gavepd 6t o] > (1 —e)n. Av (t:)ies €lvon tuyoboa ETAOYH TROYUATIXGDY
apLduwy, éyovue
DIt =) tiw, Y sign(t;)v; ).
i€o i€o j€o
Aol (cy/e sign(t)))jes € Pyr(E), unopolue va Beolue (65)<s oto E, tétola dote

d; = cy/e sign(t;) av j € 0. Hopatnpolue bt av i € o xou § ¢ o t61€ (x4, v;) =0,
ETOUEVWC

(3t Y sienlt)oy) = = DN

i€o JjEoT i€o
1 2 o
< Sl 213 dl
cve i€o ¢ ia
2y/s
< — |thl°z|
e i€o
vn
< P |§tzxz|
Emuiéyovue oav z;, ¢ = 1,...,|0] = m, exelva ta & vl to omolat j € o, xou
an6delln elvon TARENG. O

Mmnopolue tipa va anodelfovue T0 dvw @pdryua yio Ty R :
Ocdhpnua 7.4.1 R < en®/8, 6rov ¢ > 0 andlun oradepd.

Anéderdn: Oewpolue Tuydvta Yweo ue vopua X = (R™, ||-]|) xor, ywelc neproptoud
e yewxdtntog, LToUETOLUE OTL TO EAAELPOELIEC ENGYLOTOU HYXOU TOL TEPLEYEL 1|
wovadiatar undha Bx tou X elvor 1 Ewxdkeldeior uovadiodo umdhor BY. Oewpolue
T 21, 2m TG pbtaone 7.4.1: m > (1 — e)n, 6mov 10 € € (0,1) Yo emheyel
xatdMnha. Opllovue F = (z1,. .., zm), xo nadpvouue tuyoboo opdoxavovixy Bdomn
Yly- > Yn—m 00 FL. Amé T0 Ocdpnua tou John, yia x&de j = 1,...,n —m oylet

lyil < lly;ll < Vnly;| = Vn.
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Apa, av 9écovue w; = y;/l|y;ll, éxovue [|w;|| = 1 xou |wj| > 1/y/n, j=1,...,n—m.

OewpolUE Ta N SLAVOSUAT 21, .« 5 Zm, Wi, + -« , Wn—m. Hapatnerote 61t n—m <
en. 'Eotw t1,...,tm,S1,.--,8n—m € R. Tb1e,
m n—m m n—m
Dotz Y sws| < 3otz Y swi
i=1 j=1 i=1 j=1
m n—m
< D ltal+ D Isil:
i=1 j=1
o6mou yenowuonolhooue Ty K C BY, tny Tptywvixh aviedtnta, xou Tie ||| = |lw;|| =
1.
Am6 Ty GAAN TheLpd, Tar D3, tizi xon Y sjw; elvon xddeton Apa,
1/2
D otiz+ D s = [ til [ 3 siwl
i=1 j=1 i=1 j=1
1 m n—m
Z % |Zz:;ti2i|+|jz::18j’wj|
1/2
1 m n—m
— 20, |2
= 5 |Z:tlzz| + Z EHEA
i=1 j=1
1 [ e & 1 1
> —= | —= ti| + — s
> AL = X
S 1 {ce 1 } i|t|+n§§n| |
min{ — , — » 5j
- \/5 \/_ ’ en i=1 ' j=1 !
Anhodn,

d(X,€}) < V2max{y/n/ce,/en}

v x&de € € (0,1). To Béhnoto € avomoel T
Vi =ce?’n = e =1/*n'/3.
' authy Ty LUy Tou €, mafpvouue

V2
d(X,00) < mn5/6.
Agob o X ftav tuy®y, cuunEpalvouUE OTL

RZ = R} < en®,
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6ToL ¢ = \/5/01/3 Vet andiutn otadepd. Av xavelc Tpooglel Tic TWES TV oTa-
Yepddv ota BAuata e anddeéne, BAénel 6Tl 010 TEMXS AmOTENECUA UTOPOVUUE Vol
ndpouvue ¢ < 3. |



BLp)\Loypoccptoc

[LM]

[MS]

[Pel]

[Pi1]

E. Asplund, Comparison between plane symmetric convex bodies and parallelo-
grams, Math. Scand. 8 (1960), 171-180.

S. Banach, Théorie des opérations linéaires, Warszawa 1932. New Edition 1979.

J. Bourgain and S.J. Szarek, The Banach-Mazur distance to the cube and the
Dvoretzky-Rogers factorization, Israel J. Math. 62 (1988), 169-180.

A. Dvoretzky and C.A. Rogers, Absolute and unconditional convergence in nor-
med linear spaces, Proc. Nat. Acad. Sci. USA 36 (1950), 192-197.

P. Enflo, A counterexample to the approximation property, Acta Math. 130
(1973), 309-317.

A.A. Giannopoulos, A note on the Banach-Mazur distance to the cube, Operator
Theory: Advances and Applications, Vol. 77 (1995), 67-73.

E.D. Gluskin, The diameter of the Minkowski compactum is approximately equal
to n, Funct. Anal. Appl. 15 (1981), 72-73.

E.D. Gluskin, Probability in the geometry of Banach spaces, Proc. Int. Congr.
Berkeley, Vol. 2 (1986), 924-938.

V.E. Gurarii, M.I. Kadec and V.E. Macaev, On the distance between isomorphic
L, spaces of finite dimension, Math. Sb. 70 (1966), 481-489.

F. John, Extremum problems with inequalities as subsidiary conditions, Courant
Anniversary Volume, Interscience, New York (1948), 187-204.

J. Lindenstrauss and V.D. Milman, The local theory of normed spaces and its ap-
plications to convexity, Handbook of Convex Geometry (Edited by P.M. Gruber
and J.M. Wills) (1993), 1149-1220.

V.D. Milman and G. Schechtman, Asymptotic Theory of Finite-Dimensional Nor-
med Spaces, Lecture Notes in Mathematics, Vol. 1200 (1986).

A. Pelczynski, Structural theory of Banach spaces and its interplay with analysis
and probability, Proc. Int. Congress Math. 1983, North-Holland, Amsterdam
(1984), 237-269.

G. Pisier, Factorization of Linear Operators and the Geometry of Banach Spaces,
CBMS, Vol. 60 (1986).

85



86

[Pi2]

[Sh]

[Str]

[Sz1]

[Sz2]

[Sz3]

[ST]

[TJ]

G. Pisier, The Volume of Convex Bodies and Banach Space Geometry, Cambridge
Tracts in Math., Vol. 94 (1989).

N. Sauer, On the density of families of sets, J. Comb. Theory, Ser. A, 13 (1972),
145-147.

S. Shelah, A combinatorial problem: stability and order for models and theories
in infinitary languages, Pacific J. Math. 41 (1972), 247-261.

W. Stromquist, The maximum distance between two dimensional spaces, Math.
Scand. 48 (1981), 205-225.

S.J. Szarek, Spaces with large distance to {3, and random matrices, American J.
Math. 112 (1990), 899-942.

S.J. Szarek, On the geometry of the Banach-Mazur compactum, Lecture Notes
in Mathematics 1470 (1991), 48-59.

S.J. Szarek, The finite dimensional basis problem, with an appendix on nets of
Grassman manifold, Acta Math. 159 (1983), 153-179.

S.J. Szarek and M. Talagrand, An isomorphic version of the Sauer-Shelah lemma
and the Banach-Mazur distance to the cube, GAFA Seminar ’87-88, Lecture
Notes in Mathematics 1376 (1989), 105-112.

N. Tomczak-Jaegermann, Banach-Mazur Distances and Finite-Dimensional Ope-
rator Ideals, Pitman Monographs, Vol. 38 (1989).



