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1 Eisagwg 
H paroÔsa ergasÐa epikentr¸netai sthn parousÐash dÔo prosf�twn apote-
lesm�twn sqetik� me asumptwtikèc statistikèc idiìthtec twn tuqaÐwn n× n
pin�kwn me stoiqeÐa sto {+1,−1}. O tuqaÐoc pÐnakac par�getai apì ±1
stoiqeÐa anex�rthta metaxÔ touc me Ðsh pijanìthta gia thn k�je tim .

To pr¸to apotèlesma lèei ìti h orÐzousa enìc tuqaÐou pÐnaka n×n eÐnai
me meg�lh pijanìthta polÔ kont� sto

√
n! kai to deÔtero eÐnai mia beltÐ-

wsh enìc apotelèsmatoc twn Kahn, Komlos kai Szemeredi pou lèei ìti h
pijanìthta na eÐnai ènac tuqaÐoc pÐnakac mh antistrèyimoc teÐnei ekjetik�
gr gora sto mhdèn kaj¸c h di�stash megal¸nei proc to �peiro. To fr�g-
ma pou dÐnetai apì to apotèlesma pou ja parousi�soume eÐnai kont� sto
(3
4 + o(1))n, en¸ h pragmatik  tim  aut c thc pijanìthtac eik�zetai ìti eÐnai

(1
2 + o(1))n. ParathroÔme ìti sthn perÐptwsh ìpou ta stoiqeÐa twn tuqaÐwn

pin�kwn eÐnai suneqeÐc tuqaÐec metablhtèc, gia par�deigma Gkaousianèc, to
sÔnolo {An ∈ Rn2 |det(An) = 0} eÐnai mia uperepif�neia pou profan¸c èqei
mètro mhdèn ston Rn2 , opìte P (det(An) = 0) = 0 gia k�je n. Sth diakrit 
perÐptwsh, ìmwc, k�je endeqìmeno èqei jetik  pijanìthta, kai epomènwc den
isqÔei k�ti ìpwc to parap�nw. To deÔtero apotèlesma mac lèei ìti asum-
ptwtik�, h kat�stash sth diakrit  perÐptwsh eÐnai Ðdia me aut  sth suneq 
perÐptwsh.

H istorÐa tou probl matoc thc ektÐmhshc thc P (det(Mn) = 0) gia Ber-
noulli pÐnakec phgaÐnei mèqri to pr¸to misì tou 20oÔ ai¸na. Tìte me èkplhxh
eÐqe diapistwjeÐ ìti den  tan tetrimmèno to na deiqjeÐ ìti P (det(Mn) = 0) →
0 kaj¸c n → ∞. O Komlos pr¸toc to èdeixe gia Bernoulli pÐnakec sto [2]
kai èpeita to epèkteine gia genikìterouc pÐnakec sto [3]. Mia kainoÔria a-
pìdeixh dìjhke to 1995 gia pr¸th for� me ekjetikì fr�gma sto [1] kai apì
tìte �rqise na diafaÐnetai mia dièxodoc proc thn pl rh apìdeixh thc basik c
eikasÐac (h opoÐa par�ola aut� paramènei anoiqt ). Ta apotelèsmata pou ja
parousiastoÔn ed¸ akoloujoÔn to [4].
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2 Mia anisìthta sugkèntrwshc gia thn orÐzousa

2.1 KÔria Apotelèsmata

To basikì je¸rhma pou ja deÐxoume eÐnai to ex c:

Je¸rhma 2.1. 'Estw Mn tuqaÐoc Bernoulli n× n pÐnakac. Tìte

P
(
det(Mn) =

√
n!eO(

√
n ln n)

)
=

1
2
− o(1),

P
(
det(Mn) = −

√
n!eO(

√
n ln n)

)
=

1
2
− o(1).

To mh tetrimmèno stoiqeÐo tou parap�nw jewr matoc dÐnetai apì to akì-
loujo

Je¸rhma 2.2. 'Estw Mn ìpwc parap�nw. 'Eqoume

P
(
| det(Mn)| ≥

√
n!e−29

√
n ln n

)
= 1− o(1). (1)

Apì to je¸rhma 2.2 èpetai eÔkola to 2.1. ParathroÔme ìti V ar(| det(Mn)|)
= E(det(Mn)2) = n! wc ex c: AnaptÔssoume stouc (n!)2 ìrouc, qrhsimo-
poioÔme th grammikìthta thc mèshc tim c kai parathroÔme ìti epibi¸noun
mìno oi n! ìroi pou antistoiqoÔn se ginìmeno dÔo Ðdiwn metajèsewn, me ton
k�je èna na suneisfèrei 1 sto �jroisma. Epomènwc h anisìthta Tchebychev
dÐnei

P
(
| det(Mn)| ≤

√
n!h(n)

)
= 1− o(1) (2)

gia k�je h(x) pou teÐnei sto �peiro kaj¸c x → ∞. Dialègoume h(x) =
e
√

x ln x kai me pijanìthta 1 − o(1) isqÔoun tautìqrona ta endeqìmena stic
(1) kai (2) �ra kai

P
(
| det(Mn)| =

√
n!eO(

√
n ln n)

)
= 1− o(1). (3)

'Epeita apì to gegonìc ìti ta {Mn : | det(Mn)| =
√

n!eO(
√

n ln n) ∧ detMn >

0} kai {Mn : | det(Mn)| =
√

n!eO(
√

n ln n) ∧ detMn < 0} eÐnai isoplhjik�
èpontai amèswc oi exis¸seic tou jewr matoc 2.1.

Ed¸ prèpei na parathr soume ìti afoÔ n! ∼ en ln n−n+O(ln n) h apìklish
apì thn pragmatik  tim  ston ekjèth eÐnai thc t�xhc thc rÐzac thc kÔriac
èkfrashc, opìte pr�gmati up�rqei meg�lh sugkèntrwsh gÔrw apì thn tupik 
apìklish

√
n!.
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2.2 L mmata

Se aut n thn enìthta ja aparijm soume ta l mmata pou ja qrhsimopoih-
joÔn gia thn apìdeixh tou 2.1 kai b�sei aut¸n ja deÐxoume to je¸rhma. Ta
l mmata ja apodeiqjoÔn sthn epìmenh enìthta.

Oi ektim seic pou ja gÐnoun gia thn orÐzousa basÐzontai ìlec ston ex c
aplì tÔpo:

det(Mn) =
n∏

j=1

dist(Xj+1,Wj). (4)

Sthn parap�nw exÐswsh Xj eÐnai h j−ost  gramm  tou Mn, Wj =<
X1, · · · , Xj > kai dist h sun�rthsh apìstashc shmeÐou apì ton k�je upìqw-
ro. O parap�nw tÔpoc eÐnai apl� h èkfrash tou ìgkou tou parallhlepipè-
dou pou sqhmatÐzoun ta Xj san b�sh epÐ Ôyoc epagwgik�: sth mÐa di�stash
profan¸c to parap�nw isqÔei. An o ìgkoc enìc n − 1− parallhlepipèdou
dÐnetai apì ton parap�nw tÔpo, to n−parallhlepÐpedo pou sqhmatÐzetai apì
to prohgoÔmeno me prosj kh miac epiplèon di�stashc (se morf  dianÔsmatoc
èxw apì ton upìqwro pou perièqei ta prohgoÔmena), o kainoÔrioc ìgkoc eÐnai
o prohgoÔmenoc epÐ to Ôyoc tou Xn sqetik� me to n − 1−parallhlepÐpedo.
To teleutaÐo eÐnai akrib¸c dist(Xn,Wn−1).

Apì ton parap�nw tÔpo èpetai ìti an katafèroume na petÔqoume anisìth-
tec sugkèntrwshc gia touc par�gontec dist(Xj ,Wj−1) xeqwrist�, mporoÔme
na qrhsimopoi soume thn anexarthsÐa twn endeqomènwn kai na metafèroume
thn anisìthta sugkèntrwshc sto ginìmeno. Me autì to skeptikì, strefìma-
ste stic posìthtec dist(Xj ,Wj−1). Ta l mmata pou akoloujoÔn aforoÔn th
sumperifor� touc wc proc endeqìmena pou mac endiafèroun. Ja d¸soume ed¸
thn apìdeixh tou pr¸tou l mmatoc pou anafèroume mia kai eÐnai polÔ apl 
kai deÐqnei ti eÐdouc antikeÐmena ja metaqeirizìmaste sun jwc sthn poreÐa
twn upìloipwn apodeÐxewn.

L mma 2.3. 'Estw W dedomènoc upìqwroc tou Rn me dim(W ) = d kai X
tuqaÐo ±1 di�nusma. Tìte P (dist(X, W ) = 0) ≤ 2d−n.

Apìdeixh. 'Estw ìti X ∈ W . An jewr soume to W wc ton pur na tou
A ∈ Mn×n mporoÔme me mia apaloif  Gauss na fèroume ton A se trigwnik 
morf , me akrib¸c d grammèc mhdenikèc. Epomènwc apì ekeÐ mporoÔme na
ekfr�soume tic n− d suntetagmènec tou X wc sunart seic twn d eleÔjerwn
suntetagmènwn pou antistoiqoÔn sta mhdenik� thc trigwnik c morf c tou A.
Epeid  o X èqei stoiqeÐa ±1, ja up�rqoun to polÔ 2d epilogèc tou X apì
tic dunatèc 2n, �ra P (X ∈ W ) ≤ 2d−n.

To epìmeno l mma lèei ìti h posìthta dist(X,W ) sugkentr¸netai kont�
sto

√
n− d me meg�lh pijanìthta gia k�je dedomèno upìqwro W di�stashc

d ≤ n− 4.

3



L mma 2.4. 'Estw W dedomènoc upìqwroc tou Rn me dim(W ) = d ≤ n− 4
kai X tuqaÐo ±1 di�nusma. Tìte

E(dist2(X, W )) = n− d. (5)

P (|dist(X,W )−
√

n− d| ≥ 1 + t) ≤ 4e
−t2

16 . (6)

To parap�nw l mma den eÐnai arketì gia na mac d¸sei tic ektim seic pou
jèloume ìtan h di�stash tou W eÐnai kont� sto n. Se ekeÐnh thn perÐptwsh
akìmh kai h plhroforÐa ìti to dist(X,W ) 6= 0 me meg�lh pijanìthta den ex�-
getai apì to (6). To epìmeno l mma mac epitrèpei na qeiristoÔme diast�seic
kont� sto n.

L mma 2.5. 'Estw W upìqwroc paragìmenoc apì tuqaÐa ±1 dianÔsmata me
dimW = d ≤ n− 1 kai X tuqaÐo. Tìte

P

(
dist(X, W ) ≤ 1

4n

)
= O

(
1√
lnn

)
. (7)

To parap�nw l mma isqÔei gia opoiasd pote di�stashc upìqwro, ìmwc
de mporeÐ na qrhsimopoihjeÐ apì mìno tou gia na d¸sei to je¸rhma 2.2 kaj¸c
to fr�gma den eÐnai arket� isqurì ¸ste na upernik sei to meg�lo pl joc twn
ìrwn pou sumb�lloun. Gi�utì ja qrhsimopoihjeÐ to 2.4 gia tic perissìterec
mikrèc diast�seic, en¸ to 2.5 ja kalÔyei tic upìloipec meg�lec diast�seic
pou de mporoÔn na antimetwpistoÔn apì to prohgoÔmeno.

ProtoÔ qrhsimopoi soume ta l mmata gia na apodeÐxoume to kentrikì
je¸rhma, ja qrhsimopoi soume to teleutaÐo l mma gia na deÐxoume ìti

P (detMn = 0) = o(1)

  isodÔnama
P (∃ j : dist(Xj+1,Wj) = 0) = o(1).

Katarq n, apì to 2.3 èqoume ìti P (dist(X, Wj) = 0) ≤ 2j−n gia tuqaÐo
X. H posìthta dist(X, Wj) eÐnai fjÐnousa wc proc j giatÐ Wj−1 ⊂ Wj kai h
apìstash apì èna uposÔnolo eÐnai megalÔterh   Ðsh apì thn apìstash apì
to ìlo sÔnolo. Epomènwc h pijanìthta P (dist(X, Wj) = 0) eÐnai aÔxousa
me to j. 'Ara

P (∃ j : dist(Xj+1,Wj) = 0) ≤
∑

P (dist(X, Wj) = 0)

≤ 2−k + kP (dist(X, Wn−1) = 0),

ìpou sthn teleutaÐa sqèsh ajroÐsame tic ektim seic apo 21−n mèqri 2−k+1

parathr¸ntac ìti to �jroisma eÐnai to polÔ 2−k kai k�name tic upìloipec k
pijanìthtec P (dist(X, Wn−1) = 0). To 2.5 lèei ìti

P (dist(X, Wn−1) = 0) = O

(
1√
ln n

)
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kai epomènwc an b�loume aut n thn ektÐmhsh sthn parap�nw sqèsh kai dia-
lèxoume k = (lnn)ρ me 0 < ρ < 1

2 , h posìthta sth dexi� meri� eÐnai o(1).
T¸ra, basizìmenoi sta l mmata pou diatup¸jhkan parap�nw, mporoÔme

eÔkola na apodeÐxoume to je¸rhma 2.2.

2.3 Apìdeixh tou Jewr matoc 2.2.

'Opwc eÐpame sthn eisagwg , gia thn apìdeixh tou jewr matoc arkeÐ na e-
lègxoume k�je par�gonta dist(Xj+1,Wj). Gi�utì qwrÐzoume tic diast�seic
se mikrèc kai meg�lec, me shmeÐo diaqwrismoÔ to d0 = n− (lnn)

1
4 . Jètoume

γj = 7

√
ln(n− j)

n− j

gia 1 ≤ j ≤ d0. Ta γj gÐnontai osod pote mikr� kaj¸c megal¸nei to n, epo-
mènwc apì to l mma 2.4 èqoume ìti h pijanìthta na isqÔei dist(Xj+1,Wj) ≤
(1− γj)

√
n− j ìtan dim(Wj) = j eÐnai to polÔ

4e−γ2
j (n−j)/16 = 4e−49/16 ln(n−j) ≤ 1

(n− j)2

ìtan to j eÐnai sto eÔroc pou anafèrame pio p�nw. Autì diìti apì to l mma
èqoume

P (|dist(X, W )−
√

n− d| ≥ t + 1) ≤ 4e−
t2

16

opìte

P (dist(X, W ) ≤ (1− γj)
√

n− j) = P (dist(X, W )−
√

n− j ≤ −γj

√
n− j)

= P (
√

n− j−dist(X, W ) ≥ γj

√
n− j) ≤ P (|dist(X, W )−

√
n− j| ≥ γj

√
n− j)

= P (|dist(X, W )−
√

n− j| ≥ 1 + γj

√
n− j − 1)

≤ 4e−
γ2
j (n−j)−1

16 <<
1

(n− j)2
.

Epomènwc k�je dist(Xj+1, Wj), j ≤ d0 eÐnai toul�qiston (1 − γj)
√

n− j me
pijanìthta ≥ 1−∑d0

j
1

(n−j)2
= 1− o(1).

Exet�zoume t¸ra ta dist(Xj+1,Wj) ìtan d0 < j ≤ n − 1. Apì to 2.5,
h posìthta dist(Xj+1,Wj) eÐnai megalÔterh tou 1

4n gia k�je tètoio j me
pijanìthta 1−∑

d0<j<n O
(

1√
ln n

)
= 1− o(1).

Apì tic parap�nw ektim seic èqoume me pijanìthta 1−o(1) thn anisìthta

n∏

j=1

dist(Xj+1,Wj) ≥
√

n!√
(n− d0)!

(
1
4n

)n−d0 d0∏

j=0

(1− γj)
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apl� pollaplasi�zontac tic epÐ mèrouc anisìthtec. O ìroc 1√
(n−d0)!

(
1
4n

)n−d0 =

e−1/2(n−d0) ln(n−d0)e−4(n−d0) ln(n) = e−o(ln(n)2) diìti n− d0 = o(ln n). Epomè-
nwc o ìroc autìc de sumb�llei ousiastik�. O ìroc pou sumb�llei perissì-
tero eÐnai to ginìmeno twn 1− γj . Gia autìn ton ìro èqoume

d0∏

j=1

(1− γj) ≥ e−2
Pd0

j=0 γj ≥ e
−14

Pd0
j=0

q
ln(n−j)

n−j .

Gia to �jroisma ston ekjèth qrhsimopoioÔme thn prosèggish apì to antÐstoi-
qo olokl rwma kai paÐrnoume

∑d0
j=0

√
ln(n−j)

n−j ≤
√

lnn
∫ n
0 x−

1
2 = 2

√
n lnn.

B�zontac aut n thn ektÐmhsh sta parap�nw paÐrnoume ìti me pijanìthta
1− o(1) isqÔei

n∏

j=1

dist(Xj+1,Wj) ≥
√

n!e−28
√

n ln n−o(ln2 n) ≥
√

n!e−29
√

n ln n.

2.4 ApodeÐxeic twn Lhmm�twn

Se aut n thn enìthta ja oloklhr¸soume thn apìdeixh tou 2.2 apodeiknÔo-
ntac ta l mmata pou qrhsimopoi jhkan. Kat� pr¸toic apodeiknÔoume thn
anisìthta sugkèntrwshc (6).

Apìdeixh tou 2.4. JewroÔme ton pÐnaka thc orjog¸niac probol c P = (pij)
ston W , sumbolÐzoume me D ton pÐnaka pou apoteleÐtai apì th diag¸io tou
P kai A = P −D to ektìc diagwnÐou komm�ti tou P . O A = (aij) eÐnai prag-
matikìc, summetrikìc pÐnakac me mhdenik� sth diag¸nio kai k�je stoiqeÐo
tou P èqei apìluth tim  to polÔ èna. 'Epeita to pujagìreio je¸rhma mac
dÐnei dist(X, W )2 = X2 − P (X)2 gia èna opoiod pote X ∈ Rn. Epomènwc
ìtan to X = (ε1, · · · , εn) eÐnai tuqaÐo ±1 di�nusma èqoume |X|2 = n kai o
prohgoÔmenoc tÔpoc gÐnetai dist(X, W )2 = n − P (X)2. JumÐzoume ìti gia
ènan pÐnaka probol c èqoume P 2 = P kai epomènwc

P 2(X) = P (X) =
∑

i,j≤n

εjεjpij

=
n∑

i=1

ε2i pii +
∑

i6=j

εiεjpij = tr(P ) +
∑

i,j

εiεjaij .

To Ðqnoc tou P ìmwc eÐnai d = dim(W ) giatÐ mènei analloÐwto apì allag 
b�shc kai se kat�llhlh b�sh o pÐnakac P eÐnai probol  ston ed+1 = · · · =
en = 0. Sundu�zontac ta parap�nw èqoume

dist(X,W )2 = n− d−
∑

i,j

εiεjaij .
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PaÐrnontac mèsec timèc kai sta dÔo mèlh paÐrnoume

E(dist(X, W )2) = n− d−
∑

i,j

E(εi)E(εj)aij

apì thn anexarthsÐa twn εi kai afoÔ èqoun mèsh tim  mhdèn, sunep�getai ìti
E(dist(X,W )2) = n − d. Aut  eÐnai h pr¸th exÐswsh sto l mma. T¸ra an
jèsoume Y =

∑
i,j εiεjaij èqoume ìti

Y 2 =
∑

i,j≤n

ε2i ε
2
ja

2
ij +

∑

i6=k∨j 6=l

εiεjεkεlaijakl.

PaÐrnontac mèsec timèc kai parathr¸ntac ìti aii = 0 blèpoume ìti E(Y 2) =∑
i,j≤n a2

ij = tr(A2). P�li apì to P 2 = P paÐrnoume d = tr(P ) = tr(P 2) =∑
i,j≤n p2

ij kai fusik� tr(P ) =
∑n

i=1 pii. H anisìthta Cauchy-Schwarz e-
farmosmènh sta (1, 1, · · · , 1), (p11, p22, · · · , pnn) dÐnei d2 = (

∑n
i=1 pii)2 ≤

n
∑n

i=1 p2
ii ⇒

∑n
i=1 p2

ii ≥ d2

n . Epomènwc tr(A2) =
∑

i,j≤n p2
ij −

∑n
i=1 p2

ii ≤
d− d2

n ≤ min{d, n− d}.
T¸ra ja qrhsimopoi soume aut� ta fr�gmata gia na fr�xoume to median

thc dist(X, W ) p�nw kai k�tw, ¸ste na qrhsimopoi soume thn anisìthta tou
Talagrand gia na p�roume to apotèlesma. Pio sugkekrimèna, ja deÐxoume
ìti to endeqìmeno dist(X, W ) ≤ √

n− d− 1 èqei pijanìthta megalÔterh tou
1/2 kai ìti to endeqìmeno dist(X, W ) ≥ √

n− d + 1 èqei pijanìthta to polÔ
1/2, epomènwc to median brÐsketai an�mesa sta dÔo. Gia to dist(X, W ) ≥√

n− d + 1 èqoume

P (dist(X, W ) ≥
√

n− d + 1) ≤ P (dist2(X, W ) ≥ n− d + 2
√

n− d)

= P (Y ≥ 2
√

n− d)

≤ P (Y 2 ≥ 4(n− d)) ≤ E(Y 2)
4(n− d)

=
1
4

ìpou h teleutaÐa anisìthta eÐnai h anisìthta tou Markov. Apì thn �llh,

P (dist(X, W ) ≥
√

n− d− 1) ≤ P (Y ≤ −2
√

n− d + 1))

≤ P (Y 2 ≤ 4(n− d)− 4
√

n− d + 1) ≤ E(Y 2)
4(n− d)−√n− d + 1

≤ 4
9

apì ìpou paÐrnoume to zhtoÔmeno, dhlad  ìti to median M ikanopoieÐ
√

n− d− 1 ≤ M ≤
√

n− d + 1.

H anisìthta tou Talagrand dÐnei, gia thn kurt , 1-Lipschitz sun�rthsh dist(X,W )
sto {−1, 1}n ìti h apìstash apì to median ikanopoieÐ

P (|dist(X,W )−M | ≥ t) ≤ 4e−
t2

16 .

Sundu�zontac autì me to
√

n− d−1 ≤ M ≤ √
n− d+1 èpetai to l mma.
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Pern�me t¸ra sthn apìdeixh tou epìmenou l mmatoc, to opoÐo mac epi-
trèpei na elègxoume th sun�rthsh dist(X, W ) gia upìqwrouc meg�lhc di�-
stashc(kont� sto n) me meg�lh pijanìthta. Gi�utì to skopì orÐzoume thn
ènnoia tou l-tupikoÔ upìqwrou W . 'Enac upìqwroc W paragìmenoc apì tu-
qaÐa Xi lègetai l-tupikìc an k�je k�jeto di�nusma u ∈ W⊥ èqei toul�qiston
l suntetagmènec oi opoÐec èqoun apìlutec timèc toul�qiston 1

2n . Gia tètoiou
eÐdouc upìqwrouc èqoume to ex c apotèlesma:

L mma 2.6. 'Estw W upìqwroc paragìmenoc apì tuqaÐa ±1 dianÔsmata kai
l ≤ n tètoio ¸ste o W na eÐnai l-tupikìc. Tìte

P

(
dist(X, W ) ≤ 1

4n

)
= O

(
1√
l

)
. (8)

Apìdeixh. QwrÐc bl�bh genikìthtac mporoÔme na upojèsoume ìti up�rqei
k�jeto w = (w1, · · · , wn) tètoio ¸ste |w1|, · · · , |wl| ≥ 1

2n . Gr�foume X =
(x1, · · · , xn). An ekfr�soume thn apìstash dist(X, W ) sunart sei tou ka-
jètou w èqoume

P (dist(X, W ) ≤ 1
4n

) = P (|x1w1 + · · ·xnwn| ≤ 1
4n

)

≤ sup
x∈R

P (|x1w1 + · · ·xlwl − x| ≤ 1
4n

).

K�nontac thn antikat�stash y = 2nx− 1
2 to parap�nw supremum gÐnetai

sup
y∈R

P (2nx1w1 + · · · 2nxlwl ∈ [y, y + 1]).

To l mma Littlewood-Offord lèei ìti an a1, · · · , an èqoun apìlutec timèc tou-
l�qiston èna, tìte gia k�je di�sthma I m kouc to polÔ èna isqÔei P (

∑
i aixi ∈

I) ≤ 1√
n
. Efarmìzontac autì to gegonìc sto parap�nw supremum paÐrnou-

me to apotèlesma.

Apìdeixh tou 2.5. An apodeÐxoume to l mma gia uperepÐpeda, ja èqoume te-
lei¸sei, diìti ìso mikraÐnei h di�stash tou upìqwrou(arqÐzontac apì èna
uperepÐpedo kai periorizìmenoi se fwliasmènouc upìqwrouc), tìso h posì-
thta dist(X, W ) megal¸nei, epomènwc h pijanìthta na eÐnai h apìstash mi-
kr  mei¸netai. 'Estw loipìn ìti to W eÐnai tuqaÐo uperepÐpedo. An jèsoume
l = ln n

10 arkeÐ tìte na deÐxoume ìti h pijanìthta to W na mhn eÐnai l-tupikì
eÐnai O

(
1√
n

)
. An to W den eÐnai l-tupikì tìte èna monadiaÐo k�jeto di�nu-

sma w sto W èqei toul�qiston n− l suntetagmènec mikrìterec kat�pìluth
tim  apì èna(èstw V to sÔnolo aut¸n twn w). Autèc katanèmontai an�mesa
stic n suntetagmènec tou w me

(
n
l

)
trìpouc. Epeid  to X èqei isokatane-

mhmènec suntetagmènec, èqoume ìti h pijanìthta to W na mhn eÐnai l-tupikì
fr�ssetai apì to

(
n
l

)
P (w ⊥ W ) gia k�poio w = (w1, · · · , wn) tètoio ¸ste
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|wl+1|, · · · , |wn| ≤ 1
2n . 'Estw ìti W =< X1, · · · , Xn >. Tìte gr�foume

Xi = (xi1, · · · , xin) kai èqoume
∑

j xijwj = 0 gia k�je j. Epeid  xij = ±1
kai ìla ta |wj | ≤ 1

2n gia j > l èqoume

|
n∑

j=l+1

xijwj | ≤ n− l

2n
≤ 1

2
.

Apì thn �llh to �jroisma twn apolÔtwn tim¸n mèqri kai to wl ikanopoieÐ

l∑

j=1

|wj | ≥
l∑

j=1

|wj |2 = 1−
n∑

j=l+1

|wj |2 ≥ 1− n− l

4n2
≥ 1− 1

4n
.

Epomènwc gia k�je i = 1, · · · , n − 1 k�poio xijwj , j ≤ l prèpei na eÐnai
arnhtikì, alli¸c to

∑n
j=1 xijwj ja  tan jetikì apì tic parap�nw anisìthtec.

'Ara an dialèxoume yi, i ≤ l prìshma tètoia ¸ste to yiwi > 0, i ≤ l, oi
akoloujÐec (xij)j≤l kai (yj)j≤l de sumpÐptoun gia kanèna i ≤ n− 1. Autì to
teleutaÐo endeqìmeno èpetai apì to endeqìmeno to w ⊥ W gia w orismèno
ìpwc parap�nw, epomènwc h antÐstoiqh pijanìthta ja eÐnai megalÔterh apì
ekeÐnh tou w ⊥ W gia tètoia w. Epomènwc

P (w ⊥ W,w ∈ V ) ≤
∑

y1,··· ,yn∈−1,1

P ((xij)j≤l 6= (yj)j≤l).

Epeid  ta xij eÐnai isokatanemhmènec, anex�rthtec Bernoulli tuqaÐec metablh-
tèc, èpetai ìti oi pijanìthtec mèsa sto �jroisma eÐnai Ðsec me (1− 2n−l)n−1,
�ra telik� to �jroisma eÐnai 2l(1 − 2n−l)n−1. Epomènwc h pijanìthta o W

na mhn eÐnai l-tupikìc fr�ssetai apì
(
n
l

)
2l(1− 2n−l)n−1 ≤ nl2le−2l(n−1) pou

eÐnai ìqi mìno ìti zhtoÔsame, all� kai ekjetik� mikrì.
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3 H pijanìthta ènac tuqaÐoc Bernoulli pÐnakac na
eÐnai mh antistrèyimoc

3.1 KÔrio Apotèlesma

Mia anafor� sthn istorÐa twn ektim sewn pou ja parousiastoÔn ed¸ gÐnetai
sthn eisagwg . T¸ra ja aparijm soume ta basik� apotelèsmata me ta opoÐa
ja asqolhjoÔme sthn paroÔsa enìthta. Gia eukolÐa sto sumbolismì ja
jèsoume N = 2n. EpÐshc orÐzoume ε1 na eÐnai h monadik  lÔsh sto (0, 1

2) thc
exÐswshc h(ε1) + ε1

log2
16
15

= 1 ìpou h(x) = −x log2 (x)− (1− x) log2 (1− x) h
sun�rthsh entropÐac. Tìte èqoume to ex c basikì je¸rhma:

Je¸rhma 3.1. 'Estw Mn tuqaÐoc Bernoulli n × n pÐnakac me grammèc
X1, · · · , Xn. Tìte

P (det(Mn) = 0) = N−ε1+o(1). (9)

3.2 Anagwgèc

Autì to je¸rhma ja prokÔyei apì mÐa seir� anagwg¸n se ìlo kai pio eÔkola
elegqìmena antikeÐmena. Ja d¸soume t¸ra touc orismoÔc kai ta antÐstoiqa
l mmata pou ja odhg soun sthn apìdeixh tou jewr matoc. H pr¸th anagwg 
gÐnetai parathr¸ntac ìti mporoÔme na upojèsoume ìti to < X1, · · · , Xn >
eÐnai uperepÐpedo, lìgw tou akìloujou l mmatoc:

L mma 3.2.

P (det(Mn) = 0) ≤ No(1)P (dim < X1, · · · , Xn >= n− 1) .

Fusik� an deÐxoume ìti
∑

V

P (< X1, · · · , Xn >= V ) ≤ N−ε1+o(1),

ìpou ìtan gr�foume V ja ennooÔme p�nta uperepÐpeda, ja èqoume telei¸-
sei kai pr�gmati ètsi ja kinhjoÔme. 'Omwc gia na qeiristoÔme to parap�nw
�jroisma, ja qreiastoÔme epiplèon anagwgèc. Ja lème ìti èna uperepÐpedo
V eÐnai mh tetrimmèno an par�getai apì ±1 dianÔsmata,   isodÔnama ìti h
P (< X1, · · · , Xn >= V ) 6= 0. Apì ed¸ kai pèra ja melet�me mìno mh te-
trimmèna uperepÐpeda ektìc an anafèretai alli¸c. Epiplèon èna uperepÐpedo
V ja lègetai ekfulismèno an up�rqei k�jeto di�nusma w me to polÔ log log n
suntetagmènec mh mhdenikèc. To parak�tw l mma epitrèpei thn anagwg  se
mh ekfulismèna(kai fusik� mh tetrimmèna) uperepÐpeda.

L mma 3.3. To pl joc twn ekfulismènwn uperepipèdwn fr�ssetai apì No(1).

An jumhjoÔme ìti gia opoiod pote V h pijanìthta P (X ∈ V ) ≤ 1
2 pq.

apì to l mma 2.3, èpetai ìti to parap�nw �jroisma p�nw sta ekfulismèna
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uperepÐpeda fr�ssetai apì N−1+o(1), epomènwc arkeÐ na deÐxoume to je¸rhma
gia mh ekfulismèna uperepÐpeda.

T¸ra k�noume ènan pio leptì diaqwrismì twn uperepipèdwn, b�sei thc
diakrit c sundi�stas c touc. Lème ìti èna V èqei diakrit  sundi�stash d(V )
an to d(V ) eÐnai to monadikì pollapl�sio tou 1

n tètoio ¸ste

N− d(V )
n
− 1

n2 < P (X ∈ V ) ≤ N− d(V )
n .

H diakrit  sundi�stash èqei to skopì na perigr�yei kat� pìso èna uperepÐ-
pedo sumperifèretai san uperepÐpedo wc proc ton ”ìgko”ìtan to koit�zoume
mèsa sto {−1, 1}n. OrÐzoume Ωd na eÐnai to sÔnolo twn uperepipèdwn dia-
krit c sundi�stashc d. Apì ton orismì tou d(V ) faÐnetai ìti 1 ≤ d(V ) ≤ n,
kai epeid  eÐnai pollapl�sio tou 1

n up�rqoun n2 = No(1) to pl joc kl�seic
Ωd. Epomènwc mporoÔme na periorÐsoume to �jroisma se mÐa kl�sh kai na
deÐxoume ìti:

L mma 3.4.
∑

V ∈Ωd

P (< X1, · · · , Xn >= V ) ≤ N−ε1+o(1).

Den ja qeiristoÔme ìla ta Ωd me ton Ðdio trìpo. Ta meg�la d, aut�
dhlad  kont� sto n−1, eÐnai eÔkola sth metaqeÐrish. Sugkekrimèna, èqoume
to ex c, tou opoÐou thn apìdeixh parajètoume �mesa lìgw thc eukolÐac thc.

L mma 3.5. 'Estw d ≥ (ε1 − o(1))n. Tìte
∑

V ∈Ωd

P (< X1, · · · , Xn >= V ) ≤ N−ε1+o(1).

Apìdeixh. An V =< X1, · · · , Xn >, èqoume n trìpouc na epilèxoume n − 1
apì ta Xi pou na par�goun  dh to V . Epomènwc
∑

V ∈Ωd

P (< X1, · · · , Xn >= V ) ≤ n
∑

V ∈Ωd

P (< X1, · · · , Xn−1 >= V )P (X ∈ V )

≤ nN− d
n

∑

V ∈Ωd

P (< X1, · · · , Xn−1 >= V )

≤ nN− d
n = N− d

n
+o(1).

Ta kÔria sustatik� thc parap�nw apìdeixhc  tan to mègejoc tou d kai
to gegonìc ìti ta endeqìmena V =< X1, · · · , Xn−1 > eÐnai xèna gia diafore-
tik� V . Gia ta mikrìtera d èna tètoio aplì epiqeÐrhma den douleÔei kai ja
qreiastoÔn pio perÐplokoi mhqanismoÐ. Parak�tw parajètoume ta l mmata
pou sunistoÔn autoÔc touc mhqanismoÔc.
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3.3 MhqanismoÐ gia ton qeirismì mikr¸n diakrit¸n sundia-
st�sewn

Apì ed¸ kai pèra to d ja brÐsketai sto eÔroc 1 ≤ d ≤ (ε1 − o(1))n. To
basikì ergaleÐo pou qrhsimopoioÔme eÐnai h ex c tropopoÐhsh twn tuqaÐwn
metablht¸n Xi:

Orismìc 3.6. 'Estw 0 ≤ µ ≤ 1 kai x(µ) tuqaÐa metablht  pou paÐrnei
thn tim  mhdèn me pijanìthta 1 − µ kai tic timèc ±1 me Ðsh pijanìthta µ

2 .
Tìte sumbolÐzoume me X(µ) = (x(µ)

1 , · · · , x
(µ)
m ) ìpou oi suntetagmènec eÐnai

anex�rthtec.

H sqèsh pou sundèei ta dÔo eÐdh tuqaÐwn metablht¸n dÐnetai apì to akì-
loujo:

L mma 3.7.

P (X ∈ V ) ≤ (
1
2

+ o(1))P (X(µ) ∈ V ).

Epiplèon orÐzoume

γ =
d

n log2
16
15

.

Apì to eÔroc sto opoÐo brÐsketai to d èpetai ìti 0 < γ < 1. Jètoume
ε2 = min(ε1, γ). An onom�soume BV to gegonìc ìti ta X1, · · · , Xn par�goun
to V , to zhtoÔmeno je¸rhma paÐrnei th morf 

∑

V ∈Ωd

P (BV ) ≤ N−ε1+o(1).

Gia thn ektÐmhsh autoÔ tou ajroÐsmatoc ja paremb�lloume ta endeqìmena
AV pou orÐzontai gia k�je V na eÐnai to endeqìmeno ta X

( 1
16

)

1 , · · · , X
( 1
16

)

(1−γ)n,

X ′
1, · · · , X ′

(γ−ε2)n na eÐnai mèsa sto V kai grammik� anex�rthta. EnnoeÐtai
ìti oi metablhtèc eÐnai ìlec anex�rthtec metaxÔ touc kai oi tonismènec èqoun
kanonik� Bernoulli suntetagmènec. H idiìthta tou AV thn opoÐa de moir�zetai
me to BV pou ja qrhsimopoi soume eÐnai h ex c:

L mma 3.8.
P (AV ) ≥ N (1−γ)−(1−ε2)d−o(1).

Me aut� ta ergaleÐa eÐmaste t¸ra ètoimoi na apodeÐxoume to basikì
je¸rhma aut c thc enìthtac.

3.4 Apìdeixh tou jewr matoc

Apì ta parap�nw l mmata arkeÐ na apodeÐxoume ìti
∑

V ∈Ωd

P (BV ) ≤ N−ε1+o(1),
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dhlad  to l mma 3.4 gia mikr� d. Parathr¸ntac ìti ta AV kai BV eÐnai
anex�rthta, èqoume

P (BV ) =
P (BV ∧AV )

P (AV )
≤ N−(1−γ)+(1−ε2)d+o(1)P (BV ∧AV )

apì to 3.8. An èqoume loipìn dianÔsmata X
( 1
16

)

1 , · · · , X
( 1
16

)

(1−γ)n, X ′
1, · · · , X ′

(γ−ε2)n,

X1, · · · , Xn pou ikanopoioÔn kai to AV kai to BV tìte apì ta X1, · · · , Xn

up�rqoun ε2n − 1 dianÔsmata pou mazÐ me ta dianÔsmata pou emfanÐzontai
sto AV par�goun to V . Aut� ta ε2n − 1 dianÔsmata moir�zontai an�mesa
sta n me

(
n

ε2n−1

)
= Nh(ε2)+o(1) trìpouc, opìte mporoÔme na upojèsoume ìti

ta dianÔsmata aut� eÐnai ta X1, · · · , Xε2n−1. 'Estw loipìn CV to endeqìmeno
aut  h sullog  na par�gei to V . Tìte

P (BV ) ≤ N−(1−γ)+(1−ε2)d+h(ε2)+o(1)P (CV ∧ {Xε2n, · · · , Xn} ∈ V ).

Ta dÔo endeqìmena CV kai {Xε2n, · · · , Xn} ∈ V eÐnai anex�rthta, afoÔ to
pr¸to den exart�tai apì Xi me i ≥ ε2n. Epomènwc

P (CV ∧ {Xε2n, · · · , Xn} ∈ V ) = P (CV )P (X ∈ V )n−ε2n+1,

apì ìpou paÐrnoume, lamb�nontac upìyin ìti V ∈ Ωd,

P (BV ) ≤ N−(1−γ)+(1−ε2)d+h(ε2)+o(1)N− d
n

(n−ε2n+1)P (CV )

= N−(1−γ)+h(ε2)−ε1+o(1)P (CV ).

AjroÐzontac wc proc ìla ta V ∈ Ωd kai parathr¸ntac ìti ta di�fora CV

eÐnai xèna endeqìmena, èqoume
∑

V ∈Ωd

P (BV ) ≤ N−(1−γ)+h(ε2)−ε1+o(1).

T¸ra parathroÔme ìti d
n ≤ ε1, ε2 ≤ ε1,

1
log2

16
15

− 1 ≥ 0 kai h sun�rthsh

entropÐac eÐnai aÔxousa sto (0, 1
2). Epomènwc apì ton orismì tou γ kai tic

parap�nw anisìthtec èqoume

∑

V ∈Ωd

P (BV ) ≤ N
h(ε1)+ε1( 1

log2
16
15

−1)−1+o(1)

kai apì ton orismì tou ε1 paÐrnoume akrib¸c autì pou jèlame.
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3.5 ApodeÐxeic twn Lhmm�twn

Apìdeixh tou 3.2. 'Estw d ≤ n − 1 tètoio ¸ste na up�rqoun X1, · · · , Xd+1

tètoia ¸ste dim(< X1, · · · , Xd+1 >) = d. Efìson ta dianÔsmata eÐnai gram-
mik� exarthmèna, èna tètoio d p�nta ja up�rqei. Up�rqoun to polÔ n − 1
tètoia d, epomènwc arkeÐ na deiqjeÐ ìti

P (dim(< X1, · · · , Xd+1 >) = d) ≤ CP (dim(< X1, · · · , Xd+1 >) = n− 1)

gia k�poia stajer� C > 0. 'Omwc

P (dim(< X1, · · · , Xd+2 >) = d+1|dim(< X1, · · · , Xd+1 >) = d) ≥ 1−2d−n

apì to l mma 2.3, epomènwc me diadoqikèc efarmogèc tou nìmou thc olik c
pijanìthtac paÐrnoume

P (dim(< X1, · · · , Xd+1 >) = n− 1)

≥
n−d∏

k=2

(1− 2−k)P (dim(< X1, · · · , Xd+1 >) = d)

≥
∞∏

k=2

(1− 2−k)P (dim(< X1, · · · , Xd+1 >) = d)

=
1
C

P (dim(< X1, · · · , Xd+1 >) = d)

apì ìpou paÐrnoume autì pou jèloume.

Apìdeixh tou 3.3. 'Estw èna w k�jeto sto V me k ≤ log log n suntetagmènec
di�forec tou mhdenìc. Up�rqoun to polÔ

∑
k≤log log n

(
n
k

) ≤ log log nnlog log n ≤
No(1) jèseic gia autèc tic suntetagmènec, epomènwc upojètoume ìti oi mh mh-
denikèc suntetagmènec eÐnai oi w1, · · · , wk. Epomènwc to sÔnolo twn V pou
antistoiqoÔn se aut� ta dianÔsmata kajorÐzetai pl rwc apì tic timèc twn
Xi apì ta opoÐa par�gontai stic pr¸tec k ≤ log log n suntetagmènec, diìti
opoiesd pote kai na eÐnai oi timèc twn Xi stic upìloipec suntetagmènec, to
eswterikì ginìmeno me to w den all�zei tim , epomènwc kajorÐzoun to Ðdio
V . To pl joc aut¸n twn Xi loipìn fr�ssetai apì 22log log n

= No(1), kai
èpetai to apotèlesma.

Mènei t¸ra na apodeÐxoume ta l mmata 3.7 kai 3.8 pou qrhsimopoi jhkan
sthn apìdeixh tou jewr matoc (to 3.7 ja qrhsimopoihjeÐ mìno sthn apìdeixh
tou 3.8).
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Apìdeixh tou 3.7. Ta ergaleÐa pou ja qrhsimopoihjoÔn gia aut n thn apì-
deixh diafèroun apì aut� stic prohgoÔmenec enìthtec. Ed¸ ja ekfr�soume
thn pijanìthta P (X(µ) ∈ V ) me ìrouc thc an�lushc Fourier. Xekin�me pa-
rathr¸ntac ìti an to V orÐzetai apì èna monadiaÐo k�jeto v, tìte

P (X(µ) ∈ V ) = P (X(µ)v = 0) = E

(∫ 1

0
e2πitX(µ)vdt

)

=
∫ 1

0
E(e2πit(η

(µ)
1 v1+···η(µ)

n vn))dt

=
∫ 1

0

n∏

j=1

((1− µ) + µ cos(2πtvj)) dt.

Ja qrhsimopoi soume aut n thn par�stash gia µ = 1 pou antistoiqeÐ sthn
perÐptwsh twn unbiased Bernoulli metablht¸n, kai gia µ = 1

16 pou antistoiqeÐ
se mia bebarumènh èkdosh. PaÐrnoume epomènwc

P (X ∈ V ) =
∫ 1

0

n∏

j=1

cos(2πtvj)dt,

P (X( 1
16

) ∈ V ) =
∫ 1

0

n∏

j=1

(
15
16

+
1
16

cos(2πtvj)
)

dt.

Fr�ssoume to pr¸to olokl rwma wc ex c:

∫ 1

0

n∏

j=1

cos(2πtvj)dt ≤
∫ 1

0

n∏

j=1

| cos(2πtvj)|dt

=
∫ 1

0

n∏

j=1

| cos(πtvj)|dt

kai èpeita jètoume

F (t) =
n∏

j=1

| cos(πtvj)|,

G(t) =
n∏

j=1

(
15
16

+
1
16

cos(2πtvj)
)

.

Autì pou jèloume na deÐxoume gÐnetai
∫ 1

0
F (t)dt ≤

(
1
2

+ o(1)
)∫ 1

0
G(t)dt.
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Ja k�noume tic ex c ektim seic gia tic F, G:

F (t) ≤ G(t)4 (10)

F (t)F (t′) ≤ G(t + t′)2, t, t′ ∈ [0, 1] (11)
∫ 1

0
G(t)dt = o(1) (12)

h teleutaÐa asumptwtik  sqèsh fusik� jewreÐtai wc proc n. Gia thn pr¸th
ektÐmhsh arkeÐ na deÐxoume kat� shmeÐo ìti

| cos(t)| ≤
(

15
16

+
1
16

cos(2t)
)4

.

An gr�youme cos(2t) = 1− 2x, x ∈ [0, 1], paÐrnoume | cos(t)| = (1− x)2 kai h
anisìthta gÐnetai

(1− x)
1
2 ≤ (1− x

8
)4.

Aut  ìmwc h anisìthta èpetai �mesa apì to gegonìc ìti h sun�rthsh

log
1

1− x

eÐnai kurt .
Gia th deÔterh ektÐmhsh proqwr�me p�li kat� shmeÐo. Ed¸ prèpei na

deÐxoume ìti

| cos t|| cos t′| ≤ (
15
16

+
1
16

cos 2(t + t′))2.

MporoÔme fusik� na upojèsoume ìti t, t′ ∈ (−π
2 , π

2 ) kai qrhsimopoioÔme t¸ra
to gegonìc ìti h sun�rthsh log cos t eÐnai koÐlh sto (−π

2 , π
2 ), epomènwc

cos t cos t′ ≤ cos2
t + t′

2
=

1
2

+ fraccos(t + t′)2.

T¸ra ìpwc parap�nw jètoume cos(t + t′) = 1 − 2x kai me aplèc algebrikèc
pr�xeic paÐrnoume to apotèlesma.

Gia thn trÐth ektÐmhsh upojètoume, qwrÐc bl�bh thc genikìthtac, ìti
w1, · · · , wK 6= 0,K > log log n. Tìte paÐrnoume apì thn anisìthta tou Hol-
der

∫ 1

0
G(t)dt ≤

∫ 1

0

K∏

j=1

(
15
16

+
1
16

cos(2πtvj)
)

dt

≤
K∏

j=1

(
∫ 1

0

(
15
16

+
1
16

cos(2πtvj)
)K

dt)1/K
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=
∫ 1

0

(
15
16

+
1
16

cos(2πtvj)
)K

dt = o(1)

epeid  K > log log n.
T¸ra ja qrhsimopoi soume tic ektim seic mazÐ me mia anisìthta pou a-

for� sÔnola ajroism�twn(sum sets). H deÔterh ektÐmhsh pou k�name (11)
dÐnei ton egkleismì

{F (t) > a}+ {F (t) > a} ⊂ {G(t) > a}, t ∈ [0, 1].

PaÐrnontac mètra kai qrhsimopoi¸ntac thn anisìthta twn Mann, Kneser kai
Mcbeath |A + B| > min(|A| + |B|, 1) paÐrnoume min(2|{F (t) > a}|, 1) ≤
|{G(t) > a}|. An a > o(1) h asumptwtik  fjor� thc

∫
G dÐnei ìti |{G(t) >

a}| < 1, �ra |{F (t) > a}| ≤ 1
2 |{G(t) > a}|, a > o(1). Oloklhr¸nontac thn

anisìthta wc proc a, paÐrnoume
∫

F (t)>o(1)
F (t)dt ≤ 1

2

∫ 1

0
G(t)dt.

Gia to upìloipo eÔroc olokl rwshc, ìpou t < o(1), h pr¸th ektÐmhsh mac
dÐnei F ≤ o(F 1/4) ≤ G kai epomènwc

∫

F (t)<o(1)
F (t)dt ≤ o(1)

∫ 1

0
G(t)dt.

AjroÐzontac autèc tic dÔo paÐrnoume to apotèlesma.

Apìdeixh tou 3.8. Katarq n parathroÔme ìti h posìthta N (1−γ)−(1−ε2)d−o(1)

eÐnai h pijanìthta tou endeqomènou A′V ta X
( 1
16

)

1 , · · · , X
( 1
16

)

(1−γ)n, X ′
1, · · · , X ′

(γ−ε2)n

na an koun sto V . Epomènwc an deÐxoume ìti P (AV |A′V ) = No(1) ja èqou-
me telei¸sei qrhsimopoi¸ntac to nìmo olik c pijanìthtac ìpwc sto l mma
(3.2). To V ∈ Ωd kai epomènwc P (X ∈ V ) = (1 + O(1/n))2−d ⇒ P (X( 1

16
) ∈

V ) = (2 + O(1/n))2−d. 'Opwc sto (2.3) blèpoume ìti P (X( 1
16

) ∈ W ) ≤
(15
16)n−dimW gia k�je upìqwro W . Epomènwc o nìmoc olik c pijanìthtac

dÐnei P (X( 1
16

) ∈ W |X( 1
16

) ∈ V ) ≤ (2+O(1/n))−12d(15
16)n−dimW . An jèsoume

Ek na eÐnai to endeqìmeno ta X
( 1
16

)

1 , · · · , X
( 1
16

)

k na eÐnai grammik� anex�rthta,
ta parap�nw dÐnoun

P (Ek+1|Ek ∧AV ) ≥ 1− (2 + O(1/n))−12d(
15
16

)n−k

ìtan k ≤ (1 − γ)n. T¸ra an efarmìsoume to nìmo thc olik c pijanìthtac
paÐrnoume apì ton orismì tou γ

P (E(1−γ)n|A′V ) ≥ N−o(1)
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. T¸ra upojètoume ìti γ > ε1 giatÐ alli¸c èqoume telei¸sei. Apì th
sqèsh P (X ∈ V ) = (1 + O(1/n))2−d paÐrnoume P (X ∈ W |X ∈ V ) ≤
(1 + O(1/n))−12d(1

2)n−dimW . An isqÔei to E(1−γ)n kai jèsoume W =<

X
( 1
16

)

1 , · · · , X
( 1
16

)

(1−γ)n > tìte an Uk to endeqìmeno ta X1, · · · , Xk,W na eÐnai
anex�rthta,

P (Uk+1|Uk ∧A′V ) ≥ 1− (1 + O(1/n))2d(1/2)n−k−(1−γ)n

≥ 1− 1
100

2k+(ε1−γ)n, k < (γ − ε1)n

kai epomènwc o nìmoc olik c pijanìthtac dÐnei

P (AV |A′V ) ≥ No(1)
∏

k<(γ−ε1)n

P (Uk+1|Uk ∧A′V ) = No(1)

.
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