
Kokk�nou Qrist�na

Prwtarqikè kanonikè b�sei peperasmènwn swm�twn

Panepist mio Kr thTm ma Majhmatik¸n



2



Perieqìmena0.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 Kef�laio 1 51.1 H sun�rthsh tou Mobius . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51.2 H sun�rthsh tou Euler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61.3 H om�da twn qarakt rwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91.3.1 Ajro�smata Gauss . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 Kef�laio 2 153 Kef�laio 3 21

3



4
0.1 Eisagwg 'Estw q > 1 mia dÔnamh pr¸tou arijmoÔ. Sumbol�zoume èna peperasmèno s¸ma me qstoiqe�a w Fq . Me ton ìro kanonik  b�sh tou Fqm p�nw ap'to Fq ennooÔme mia b�sh thmorf  (a; aq; aq2 ; :::; aqm�1);me a 2 Fqm . Sumbol�zoume me F�qm th pollaplasiastik  om�da tou Fqm . E�nai gnwstì ìti hom�da F�qm e�nai kuklik . Onom�zoume prwtarqikì stoiqe�o tou s¸mato Fqm èna genn torath om�da aut , dhlad  èna stoiqe�o t�xh qm � 1.Stìqo ma e�nai na apode�xoume to ex  je¸rhma: {Sqedìn gia k�je} zeÔgo (q;m),ìpou q e�nai dÔnamh pr¸tou kai m 2 N , up�rqei prwtarqikì stoiqe�o a 2 Fqm tètoio ¸steh (a; aq; aq2 ; :::; aqm�1) na e�nai kanonik  b�sh tou Fqm . Me thn èkfrash {sqedìn gia k�je}ennooÔme gia k�je ektì apo èna peperasmèno pl jo. Mia tètoia b�sh ja thn onom�zoumeprwtarqik  kanonik  b�sh th epèktash Fqm =Fq .Sto kef�leio 1 d�noume tou orismoÔ kai apodeiknÔoume ti basikè idiìthte twn a-rijmhtik¸n sunart sewn, ìpw tou Euler kai tou Moebius, pou ja qrhsimopoi soume sthsunèqeia. Ep�sh or�zoume thn om�da twn qarakt rwn mia peperasmènh abelian  om�dakai apodeiknÔoume ti basikè sqèsei orjogwniìthta.Sto kef�leio 2 melet�me thn dom  twn F�qm kai Fqm blèponta ta w Z kai Fq [X℄ modulesant�stoiqa. Kai sti dÔo peript¸sei de�qnoume ìti ta modules e�nai kuklik�. 'Ameshsunèpeia e�nai h Ôparxh prwtarqik¸n stoiqe�wn kai kanonik¸n b�sewn.Sto kef�leio 3 d�noume ti qarakthristikè sunart sei twn prwtarqik¸n stoiqe�wn ka-j¸ kai twn stoiqe�wn pou par�goun kanonikè b�sei. Sth sunèqeia qrhsimopoioÔme tiqarakthristikè sunart sei gia na apode�xoume ìti prwtarqikè kanonikè b�sei up�r-qoun efìson ikanopoi tai mia sunj kh, h opo�a sqet�zetai me ta q kai m. Telei¸noume thnergas�a me mia seir� analutik¸n upologism¸n pou de�qnoun ìti h sunj kh ikanopoi tai gia{sqedìn ìla} ta q kai m.Gia thn ergas�a aut  qrhsimopoi same ta �rjra [1, 2℄ kai to bibl�o [3℄.



Kef�laio 1H sun�rthsh tou Mobius kai hom�da twn qarakt rwn
1.1 H sun�rthsh tou MobiusJa or�soume th sun�rthsh touMobius tìso gia ta polu¸numa ìso kai gia tou fusikoÔarijmoÔ.Ja perior�soume ìmw ti apode�xei ma mìno sthn per�ptwsh twn poluwnÔmwn, kajìti giatou fusikoÔ arijmoÔ oi apode�xei e�nai an�loge.Orismì.H sun�rthsh tou Mobius gia ta polu¸numa kajor�zetai w ex :'Estw f 6= 0 2 Fq [x℄ tìte,M(f) = 1 an deg f = 0An f = f p11 � � � f pkk kai deg f � 1 tìte:M(f) = (�1)k an p1 = � � � = pk = 1M(f) = 0 an 9pi; i = 1; ::; k t.w. pi 6= 1'Omoia gia tou fusikoÔ arijmoÔ èqoume:�(1) = 1An n = na11 � � �nakk , ni; i = 0; ::; k pr¸toi kai n � 1 tìte:m(n) = (�1)k an a1 = � � � = ak = 1m(n) = 0 an 9ai; i = 1; ::; k t.w. ai 6= 1Je¸rhma 1.1 'Estw f; g 2 Fq [x℄ polu¸numa, g monikì kai f 6= 0 tìte:Pgjf M(g) = 1 an deg f = 0 en¸Pgjf M(g) = 0 an deg f � 1.Ant�stoiqa:'Estw n;m fusiko� arijmo�,An n � 1 tìte:Pdjnm(d) = 1 an n = 1 en¸Pdjnm(d) = 0 an n > 1. 5



6Apìdeixh. 'Estw deg f � 1 kai f = f p11 � � �f pkk .Sto �jroisma PgjfM(g) oi mìnoi mh mhdeniko� ìroi e�nai ta polu¸numa, stwn opo�wn thnkanonik  an�lush den up�rqoun dun�mei.Epomènw:Xgjf M(g) =M(1)+M(f1)+� � �+M(fk)+M(f1f2)+� � �+M(fk�1fk)+� � �+M(f1 � � � fk) =1 + k(�1) + k!(k � 2)!2!(�1)2 + � � �+ k!(k � j)!j! (�1)j + � � �+ k!k! (�1)k = (1� 1)k = 0An deg f = 0 tìte f; g stajer� polu¸numa.Gia f 6= 1 èqoume: Xgjf M(g) =M(f) + Xgjf;g 6=fM(g) = 1 + 0 = 1 �Je¸rhma 1.2 'Estw f; g 2 Fq [x℄ mh mhdenik� polu¸numa me mkd(f; g)=1, tìte:M(fg) =M(f)M(g)'Omoia,'Estw n;m fusiko� arijmo� me, tìte:m(nm) =m(n)m(m)Apìdeixh. 'Estw f = f p11 � � � f pkk ; g = ga11 � � � gallM(fg) =M(f p11 � � � f pkk ga11 � � �gall ) = (�1)k+l an pi = aj = 1; 8i = 1; ::; k; j = 1; ::; l  M(fg) = 0 an 9pi 6= 1   sj 6= 1, i = 1; ::; k; j = 1; ::; lkaiM(f)M(g) = 0 an 9pi 6= 1   sj 6= 1, i = 1; ::; k; j = 1; ::; l  M(f)M(g) = (�1)k(�1)l = (�1)k+l an pi = aj = 18i = 1; ::; k; j =; ::; l �1.2 H sun�rthsh tou EulerJa doÔme k�poia apotelèsmata gia th sun�rthsh tou Euler tìso gia ta polu¸numa ìsokai gia tou fusikoÔ arijmoÔ.Ja perior�soume ìmw ti apode�xei ma mìno sthn per�ptwsh twn poluwnÔmwn, kajìti giatou fusikoÔ arijmoÔ oi apode�xei e�nai an�loge.'Estw f 2 Fq [x℄ monikì or�zoume tìte F(f) = ℄(Fq [x℄=fFq [x℄)� , N(f) = ℄(Fq [x℄=fFq [x℄) =qdeg(f) kai ja apode�xoume:Prìtash 1.3 'Estw f; g 2 Fq [x℄ polu¸numa,tìtea) PgjfF(g) = N(f)



7b) F(f) = N(f)Qgjf(1� 1N(g)), ìpou g monik� an�gwga sto Fq [x℄ kai deg(f) = n > 1'Omoia èstw n 2 N tìte,1) f(n) = nQpjn(1� 1p), ìpou p pr¸to2)Pdjnf(d) = nJa doÔme ìmw pr¸ta èna l mma to opo�o ja ma fane� qr simo sthn apìdeixh tou b).L mma 1.4 'Estw f; g 2 Fq [x℄ monik� kai (f; g) = 1, tìte F(fg) =F(f)F(g).Apìdeixh. 'Estw F(f)=s kai F(g) = t. Onom�zoume f1; ::; fs kai g1; ::; gt, ta polu¸numatwn opo�wn to pl jo or�zoun oi sunart sei F(f) kai F(g) ant�stoiqa.'Etsi:(fi; f) = 1 me deg(fi) < deg(f) 8i = 1; ::; s kai (gj; g) = 1 me deg(gj) < deg(g)8j = 1; ::; tLamb�noume èna h 2 Fq [x℄ me deg(h) < deg(fg) kai (fg; h) = 1'Ara (f; h) = (g; h) = 1Sumpera�noume loipìn ìti h � fi (mod f) kai h � gi (mod g) gia k�poio monadikì zeÔ-go (i; j), 1 � i � s; 1 � j � tAnt�strofa:An ma dwje� èna zeug�ri (i; j), to kinèziko je¸rhma upolo�pwn tou Fq [x℄ ma de�qnei ìti:9!h 2 Fq [x℄ me h � fi (mod f); h � gi (mod g) kai deg(h) < deg(fg)Autì to h ikanopoie� (f; h) = (g; h) = 1 afoÔ (fi; f) = 1 kai (gj; g) = 1. 'Ara (fg; h) = 1'Estw t¸ra A = f(i; j) : 1 � i � s; 1 � j � tg kai B = fh 2 Fq [x℄ : deg(h) <deg(fg); (fg; h) = 1gOr�zoume th sun�rthsh H: A �! B(i; j) 7�! hSÔmfwna me ta prohgoÔmena, parathroÔme ìti h H e�nai èna pro èna. 'Ara ℄A = ℄B. 'Omw℄B =F(fg) kai ℄A = st.Telik� F(fg) = st =F(f)F(g) �A per�soume t¸ra sthn apìdeixh th prìtash 1.3Apìdeixh. Gia to a) :'Estw A= Fq [x℄=fFq [x℄ = fh 2 Fq [x℄ : deg(h) < deg(f)gK�noume m�a diamèrish tou A se xèna sÔnola w ex :Gia k�je monikì polu¸numo g pou diaire� to f or�zoumeAg = fh 2 Fq [x℄ : (h; f) = g; deg(h) < deg(f)g kai èstw ℄Ag = �(g).Blèpoume ìti:An g1; g2 2 Fq [x℄; g1 6= g2 diairète tou f tìte Ag1 TAg2 = ? kai Sgjf Ag = A.Epomènw Pgjf �(g) = N(f) (13).



8'Omw (h; f) = g () (hg ; fg ) = 1 kai deg(h) < deg(f)() deg(hg ) < deg(fg )Jètoume p = hg kai B = fp 2 Fq [x℄ : (p; fg ) = 1; deg(p) < deg(fg )g kai or�zoume th sun�r-thsh L : Ag �! Bh 7�! pGia thn L parathroÔme to ex :'Estw p1 = p2 =) h1g = h2g =) h1 = h2. 'Ara h L e�nai èna pro èna kai faner� e�nai epi.Sunep¸ �(g) = �(fg ) kai ètsi h (13) g�netai Pgjf �(fg ) = N(f).Autì ìmw e�nai isodÔnamo me Pgjf �(g) = N(f) diìti kaj¸ to g 'trèqei� se ìlou toudiairète tou f to �dio g�netai kai me to fg .
ApodeiknÔoume t¸ra to b):'Estw f = f1p1 � � � fkpk h kanonik  an�lush tou f .Tìte �(f) = �(f1p1:::fkpk) = �(f1p1) � � ��(fkpk) (14)'Estw t¸ra èna an�gwgo polu¸numo s 2 Fq [x℄; deg(s) = m kai 0 < e 2 N .Ta polu¸numa h 2 Fq [x℄ me deg(h) < deg(se) = em; (h; se) 6= 1 e�nai akrib¸ aut� ta opo�adiairoÔntai apo to s.Epomènw mporoÔn na grafoÔn sth morf  h = sg, ìpou deg(h) = deg(sg) = deg(s) +deg(g) =) deg(g) = deg(h)� deg(s) < deg(se)� deg(s) = em�m.'Ara up�rqoun qem�m diaforetikè epilogè gia to g.'Etsi odhgoÔmaste sto ex  apotèlesma:�(se) = qem � qem�m = qem(1� q�m).Opìte h (14) pa�rnei th morf :�(f) = �(f1p1) � � ��(fkpk) = qp1 deg(f1) � � � qpk deg(fk)(1� q�deg(f1))::(1� q� deg(fk)) =
qp1 deg(f1)+���+pk deg(fk)(1� 1qdeg(f1) ) � � � (1� 1qdeg(fk) ) = qdeg(fp11 )+::+deg(fpkk ) Ygjf;g���!o(1� 1N(g)) =qdeg(f) Ygjf;g���!o(1� 1N(g)) = N(f)Ygjf (1� 1N(g)) �



91.3 H om�da twn qarakt rwn'Estw G m�a peperasmènh abelian  om�da t�xh jGj me tautotikì stoiqe�o to 1GJa onom�zoume qarakt ra q th G, ènan omomorfismì apo thn G sthn pollaplasiastik om�da C � twn migadik¸n arijm¸n me apìluth tim  1.Dhlad , q: G �! C �q(g1g2)=q(g1)q(g2)ParathroÔme ìti:q(1G)=q(1G)q(1G)=)q(1G)=1 kai(q())jGj = �(jGj) = �(1G) = 1; 8g 2 G. Epomènw oi timè tou q e�nai ìle jGj-ostèr�ze th mon�da.Ep�sh:q(g)q(g�1)=q(gg�1)=q(1G)=1 =)q(g�1)=(q(g))�1:= �(g); 8g 2 GTon qarakt ra � ja ton onom�zoume suzug  qarakt ra tou q.Mèsa sto sÔnolo twn qarakt rwn th G perièqetai o tetrimmèno qarakt ra q0 ìpou:q0(g)=1 , 8g 2 GOi upìloipoi qarakt re onom�zontai mh tetrimmènoi.An ma dwjoÔn peperasmènoi to pl jo qarakt re q1,..,qn th G, mporoÔme na or�soumeto ginìmeno q1� � � qn jètonta:(q1 � � � qn)(g)= q1(g)� � � qn(g), 8g 2 GJa sumbol�zoume to sÔnolo twn qarakt rwn mia peperasmènh om�da G me Ĝ.Apo ìsa proanafèrjhkan , e�nai fanerì oti h Ĝ e�nai mia abelian  om�da.Par�deigma 1.1 'Estw G mia peperasmènh kuklik  om�da t�xh n kai g èna genn torath G.Gia j 2 Z; 0 � j � n� 1 h sun�rthsh�j(gk) = e2�ijk=n; k = 0; 1; :::; n� 1or�zei ènan qarakt ra th G. Ant�strofa, an q e�nai èna qarakt ra th G, tìte to q(g)ja prèpei na e�nai n-ost  r�za th mon�da, dhlad  q(g)=e2�ij=n gia k�poio j; 0 � j � n�1.'Ara q=qj. Epomènw h Ĝ apotele�tai akrib¸ apo tou qarakt re q1,q2,� � �,qn�1Je¸rhma 1.5 'Estw H upo-om�da th peperasmènh abelian  om�da G kai èstw yqarakt ra th H.Tìte o y mpore� na epektaje� se èna qarakt ra th G. Dhlad ,9 q 2 Ĝ me q(h)=y(h), 8h 2 HApìdeixh. 'Estw H $ G. Epilègoume a 2 G me a =2 H.'Estw H1 h upoom�da th G pou genn�tai apo thn H kai to a. 'Estw m o mikrìtero



10jetikì akèraio t.w. am 2 H. Tìte,8g 2 H1: g = ajh, 0 � j < m kai h 2 H.Or�zoume tìte mia sun�rthsh y1 pou lamb�nei timè th H1 w ex :y1(g) =wjy(h) , w 2 C kai wm =y(am)Elègqoume oti y1 e�nai qarakt ra:'Estw g1 = akh1; 0 � k < m; h1 2 HAn j + k < m tìte y1(gg1) = wj+ky(hh1)=y1(g)y1(g1)An j + k � m tìte gg1 = aj+k�m(amhh1) kaiy1(gg1) =wj+k�my(amhh1) =wj+ky(hh1) =y1(g)y1(g1)Faner� y1(h)=y(h), 8h 2 H.An H1 = G tìte telei¸same.Diaforetik�, ektelìnta thn �dia diadikas�a kai met� apo peperasmèno pl jo bhm�twnlamb�noume mia epèktash tou y sthn G �L mma 1.6 Gia k�je dÔo diaforetik� stoiqe�a g1; g2 2 G up�rqei qarakt ra q th Gme q(g1) 6=q(g2)Apìdeixh. Ja de�xoume oti gia h = g1g2�1 6= 1G, 9 q 2 Ĝ me q(h) 6= 1Autì ìmw prokÔptei �mesa ap'to par�deigma 1.1 kai to je¸rhma 1.5 an jèsoume H na e�naih kuklik  upoom�da th G pou genn�tai ap'to h.'Ara 1 6=q(h) =q(g1g2�1) =q(g1)q(g2�1) =q(g1)q(g2)�1=)q(g1) 6=q(g2) �Je¸rhma 1.7 An o qarakt ra q mia peperasmènh abelian  om�da G e�nai mh te-trimmèno tìte: Pg2Gq(g)=0An g 2 G me g 6= 1 tìte: P�2Ĝq(g)=0Apìdeixh. Ef�oson o q e�nai mh-tetrimmèno 9h 2 G me q(h) 6= 1.'Etsi q(h)Pg2Gq(g)=Pg2Gq(hg)=Pg2Gq(g)diìti kaj¸ to g 'trèqei' sthn om�da G, to �dio g�netai kai me to hg.Epomènw(q(h)-1)Pg2Gq(g)=0 =)Pg2Gq(g)=0 (1)Gia to deÔtero mèro:Or�zoume th sun�rthsh ĝ me ĝ(q)=q(g), q2 Ĝ



11ParathroÔme oti o ĝ e�nai qarakt ra th peperasmènh abelian  om�da ĜAutì o qarakt ra e�nai mh-tetrimmèno, afoÔ apo to l mma 1.6 gnwr�zoume pw up�rqeiqarakt ra q2 Ĝ, q(g) 6= 1GEpomènw apo thn (1) blèpoume oti:P�2Ĝq(g)=P�2Ĝ ĝ(q)= 0 �ParathroÔme oti:an q=q0 tìte Pg2Gq(g) =Pg2Gq0(g) = jGj kaian g = 1G tìte P�2Ĝq(g) =P�2Ĝ 1G = jĜjJe¸rhma 1.8 To pl jo twn qarakt rwn mia peperasmènh abelian  om�da isoÔtaime jGj.Apìdeixh. jĜj =Pg2G P�2Ĝq(g) =P�2Ĝ Pg2Gq(g) = jGj �Je¸rhma 1.9 Mia peperasmènh abelian  om�da G e�nai isìmorfh me thn om�da Ĝ twnqarakt rwn th.Apìdeixh. Gnwr�zoume oti:G = C1 � � � � � Cn , ìpou C1; ::; Cn kuklikè om�de.'Estw t¸ra C =< a > kai jCj = mOr�zoume qak : C �! C �a 7�! e 2�im k ; 0 � k � m� 1Blèpoume oti, an f: C �! Ĉak 7�! �akmia sun�rthsh, tìte:1) H f e�nai omomorfismì:qakan(a) = e 2�im (k+n) = e 2�im ke 2�im n = �ak�an(a)2) H f e�nai èna pro èna:An qak(a) = �an(a) =) e 2�im k = e 2�im n =) k � n (mod m) =) ak = an3) H f e�nai faner� ep�.Epomènw h f e�nai isomorfismì.An p�roume G1 = C1 � C2 me C1 =< a1 >;C2 =< a2 > mporoÔme na or�soume tote:qa1k1a2k2 : G1 �! C �



12qa1k1a2k2 (a1a2) := qa1k1 (a1)�a2k2 (a2) kaif1 : G1 �! Ĝ1 = ^C1 � C2a1k1a2k2 7�! �ak11 �ak22ParathroÔme t¸ra oti:1) H f1 e�nai faner� ep�.2) H f1 e�nai èna pro èna:An qa1k1a2k2 = �a1l1a2l2 =)�a1k1a2k2 (x) = �a1l1a2l2 (x); 8x 2 Cm1 =) �a1k1 (x) = �a1l1 (x); 8x 2 Cm1 =)�a1k1 = �a1l1 (2)AfoÔ Cm1 ' ^Cm1 (2) =) a1k1 = a1l1Omo�w:qa1k1a2k2 = �a1l1a2l2 =)�a1k1a2k2 (y) = �a1l1a2l2 (y); 8y 2 Cm2 =) �a2k2 (y) = �a2 l2 (y); 8y 2 Cm2 =)hia2k2 = �a2l2 (3)AfoÔ Cm2 ' ^Cm2 (3) =) a2k2 = a2l23) H f1 e�nai omomorfismì:qa1k1a2k2�a1l1a2l2 = �a1k1�a2k2�a1l1�a2l2 = �a1k1a1l1�a2k2a2l2 := �a1k1a2k2a1l1a2l2'Ara f1 isomorfismì.Epagwgik� de�qnoume oti:An G = Cm1 � � � � � Cmn tìte G ' Ĝ = ^Cm1 � � � � � Cmn �Je¸rhma 1.10 'Estw H upoom�da mia peperasmènh abelian  om�da G. To sÔnoloA = f� 2 Ĝ : �(h) = 1; 8h 2 Hg e�nai upoom�da th Ĝ me t�xh jGjjHj .Apìdeixh. Faner� to A e�nai upoom�da th Ĝ.'Estw t¸ra j: A �! ^G=H� 7�! ��ìpou ��(aH) = �(a).H j e�nai kal¸ orismènh kaj�oti qjH=1 kai o �� e�nai qarakt ra afoÔ:An aH = bH tìte a = bh; h 2 H.Epomènw ��(aH) = �(a) = �(bh) = �(b) = ��(bH).Ep�sh �1�2(aH) = �1�2(a) = �1(a)�2(a) = ��1(aH) ��2(aH)'Ara �� omomorfismì.Gia th j parathroÔme ta ex :An ��1 = ��2 () ��1(aH) = ��2(aH)() �1(a) = �2(a)() �1 = �2'Ara h j e�nai èna pro èna.An m e�nai èna qarakt ra th G=H tìte or�zoume q(g)=m(gH) kai q(h)=1 8h 2 H.'Ara q 2 A



13Katal goume loipìn oti h j e�nai ep� kai afoÔ e�nai kai èna pro èna tìte up�rqei antistoi-qe�a th A me thn om�da twn qarakt rwn ^G=H.Epomènw h t�xh tou A e�nai �sh me thn t�xh th ^G=H h opo�a ìpw èqoume de� e�nai jGj=jHj�'Estw q pr¸to kai m 2 Z. S�ena peperasmèno s¸ma Fqm ; up�rqoun dÔo peperasmèneabelianè om�de, h prosjetik  om�da kai h pollaplasiastik  om�da tou s¸mato.'EtsidiaforopoioÔme tou qarakt re se prosjetikoÔ kai pollaplasiastikoÔ ant�stoiqa.'Estw h apeikìnish tou �qnou Tr : Fqm �! Fqa 7�! a + aq + � � �+ aqm�1H sun�rthsh q1 gia thn opo�a �1() = e2�iTr()=p; 8 2 Fqm e�nai èna qarakt ra th pro-sjetik  om�da tou Fqm ,afoÔ gia 1; 2 2 Fqm èqoume �1(1 + 2) = �1(1)�1(2) (arke�na doÔme ìti Tr(1 + 2) = Tr(1) + Tr(2)).Or�zonta �b() = �1(b); 8 2 Fq gia b 2 Fmq , e�nai fanerì ìti o �b e�nai prosjetikìqarakt ra Jètonta b = 0 sto parap�nw je¸rhma, prokÔptei o tetrimmèno qarakt ra�01.3.1 Ajro�smata Gauss'Estw q qarakt ra th prosjetik  kai y qarakt ra th pollaplasiastik  om�da touFqm . MporoÔme na epekte�noume tou qarakt re th F�qm se olìklhro to Fqm jètontay(0)=0 gia y6=y0 kai y0(0)=1.To �jroisma Gauss or�zetai tìte w ex :G( ; �) =P2Fqm  ()�()Blèpoume eÔkola ìti:An  =  0; � = �0 tìte:G( ; �) =P2Fqm  0()�0() =P2Fqm 1 = qmAn  =  0; � 6= �0 tìte:G( ; �) =P2Fqm  0()�() =P2Fqm �() = 0An  6=  0; � = �0 tìte:G( ; �) =P2Fqm  ()�0() =P2Fqm  () =P2Fqm  () = 0Ti g�netai ìtan  6=  0; � 6= �0Ja apode�xoume oti se aut  th per�ptwsh jG( ; �)j = qm=2ParathroÔme to ex :jG( ; �)j2 = G( ; �)G( ; �) = X2Fqm X12Fqm  ()�() (1)�(1) = X2Fqm X12Fqm  (�11)�(1�)Jètoume �11 = d.Tìte:



14 jG( ; �)j2 = X2Fqm Xd2Fqm  (d)�((d� 1)) = Xd2Fqm  (d) X2Fqm �((d� 1))To eswterikì �jroisma èqei tim  �sh me qm an d = 1 kai 0 an d 6= 1, ìpw prokÔpteiapo to Je¸rhma 1.7Epomènw jG( ; �)j2 =  (1)qm = qm.



Kef�laio 2H kuklik  dom  twn peperasmènwnswm�twn'Estw q > 1 mia dÔnamh pr¸tou arijmoÔ, sumbol�zoume thn algebrik  j kh tou Fq me Fqkai or�zoume ton automorfismì tou Frobenius:� : Fq �! Fqa 7�! aq ; 8a 2 Fq'Estw t¸ra f =Pni=0 fixi 2 Fq [x℄; fi 2 Fq kai a 2 Fq , or�zoume:f Æ a =Pni=0 fi�i(a)Ja de�xoume oti h prosjetik  om�da th Fq efodiasmènh me thn exwterik  pr�xh f Æ a e�naièna Fq [x℄�module.Gia to skopì autì ìmw ja qreiastoÔme ta ex  2 l mmata:L mma 2.1 O �i; i 2 N e�nai automorfismì kai stajeropoie� to Fq .Apìdeixh. O � e�nai automorfismì, �ra kai o �Æ� = �2 e�nai automorfismì. Epagwgik�de�qnei kane� ìti �i e�nai automorfismì. Akìmh parathroÔme ìti gia � 2 Fq , �(�) = �q =� kai epagwgik�, �i(�) = �i�1(�(�)) = �i�1(�) = �. �Me th bo jeia tou parap�nw apotelèsmato blèpoume t¸ra to ex :(a1 + a2 + � � �+ am)qi = �i(a1 + a2 + � � �+ am) = �i(a1 + (a2 + � � �+ am)) =�i(a1) + �i(a2 + (a3 + � � �+ am)) = � � � = �i(a1) + � � �+ �i(am) =a1qi + � � �+ amqi (5)
15



16L mma 2.2 'Estw fj; gi 2 Fq ; j = 0; ::; n; i = 0; ::; m tìte:nXj=0 fj mXi=0 gi = n+mXs=0 ( sXt=0 ftgs�t)Apìdeixh. nXj=0 fj mXi=0 gi = nXj=0 fj(g0 + � � �+ gm) = nXj=0 fjg0 + � � �+ nXj=0 fjgm(6)K�noume th sÔmbash fj = 0 gia j > n kai gi = 0 gia i > m, ètsi:(6) = n+mXj=0 fjg0 + � � �+ n+mXj=0 fjgm = n+mXj=0 fjg0 + � � �+ n+mXj=0 fjgn+m =(f0g0 + f1g0 + � � �+ fn+mg0) + � � �+ (f0gn+m + f1gn+m + � � �+ fn+mgn+m(7)n+mXs=0 ( sXt=0 ftgs�t) = f0g0 + ( 1Xt=0 ftg1�t) + � � �+ ( 1Xt=0 ftgn+m�t) =f0g0 + (f0g1 + f1g0) + (f0g2 + f1g1 + f2g0) + � � �+ (f0gn+m + f1gn+m�1 + � � �+ fn+mg0)(8)Parathr¸nta thn isìthta twn sqèsewn (7) kai (8) katal goume sto zhtoÔmeno. �E�maste loipìn t¸ra se jèsh na de�xoume oti oti h prosjetik  om�da th Fq efodiasmènhme thn exwterik  pr�xh f Æ a, ikanopoie� ti idiìthte enì module. 'Eqoume loipìn:1) fi 2 Fq kai �i(a) 2 Fq ; 8i = 0; ::; n. 'Ara f Æ a 2 Fq .2) f Æ (a + b) = nXi=0 fi�i(a + b) = nXi=0 fi(�i(a) + �i(b)) = nXi=0 (fi�i(a) + fi�i(b)) =nXi=0 fi�i(a) + nXi=0 fi�i(b) = f Æ a+ f Æ b:3)g =Pmi=0 gixi.'Estw qwr� periorismì th genikìthta oti max(m;n) = n, me th sÔmba-sh gi = 0 gia i = m+ 1; ::; n pa�rnoume g =Pni=0 gixi kai ètsi èqoume:(f + g) Æ a = max(m;n)Xi=0 (fi + gi)�i(a) = nXi=0 (fi�i(a) + gi�i(a)) =



17nXi=0 fi�i(a) + nXi=0 gi�i(a) = f Æ a+ g Æ a4)K�noume th sÔmbash fj = 0 gia j > n kai gi = 0 gia i > m, sunep¸:(fg) Æ a = (n+mXi=0 ( iXj=0 fjgi�j)xi) Æ a = n+mXi=0 ( iXj=0 fjgi�j)�i(a). f Æ (g Æ a) = f Æ ( mXi=0 gi�i(a)) = nXj=0 fj�j( mXi=0 gi�i(a)) =apo sqèsh (5)nXj=0 fj mXi=0 �j(gi�i(a)) = nXj=0 fj mXi=0 giqj(aqi)qj = nXj=0 fj mXi=0 giqjaqi+j =(apo l mma 2.1) nXj=0 fj mXi=0 giaqi+j =(apo l mma 2.2) n+mXs=0 ( sXt=0 ftgs�t)�s(a)
Sth sunèqeia ja doÔme thn antistoiqe�a metaxÔ gnwst¸n idiot twn th pollaplasiasti-k  om�da th Fq me thn prosjetik  om�da th Fq ìtan thn blèpoume w Fq [x℄�moduleGia thn pollaplasiastik  om�da loipìn:'Estw m 2 N kai Fqm to monadikì upìswma th Fq , t�xh qm.Gia 0 6= a 2 Fq èqoume:a 2 Fqm () �m(a) = aqm = a() aqm�1 = 1Autì ma de�qnei oti h pollaplasiastik  t�xh tou a (thn opo�a ja sumbol�zoume meord(a)),e�nai peperasmènh kai pr¸th pro to q 80 6= a 2 Fq kai isqÔei oti:a 2 Fqm () ord(a)jqm � 1() qm � 1 � 0 (mod ord(a))Ja sumbol�zoume to bajmì tou an�gwgou poluwnÔmou enì stoiqe�ou a 2 Fq p�nw ap'toFq me deg(a).SÔmfwna me ta prohgoÔmena blèpoume ìti:O deg(a) e�nai to mikrìtero m ¸ste gia 0 6= a 2 Fq [x℄=pa = Fqdeg(a) = Fqm , pa =min(a; Fq ),tìte



18 qm � 1 (mod ord(a)) (9)MporoÔme loipìn t¸ra na de�xoume oti:An 0 6= a 2 Fq ; ord(a) = n, tìte deg(a) e�nai �so me thn pollaplasiastik  t�xh tou(q (mod n)) sthn om�da (Z=nZ)�.Autì prokÔptei an parathr soume oti h t�xh tou (q (mod n)) = q+(n) e�nai to mikrìteros 2 N tètoio ¸ste:(q + (n))s = 1 + (n)() qs + (n) = 1 + (n)() qs � 1 (mod n)Apo (9) sumpera�noume oti s = m afou s � m (w el�qisto) kai s � m (w el�qisto)A doÔme t¸ra ta ant�stoiqa apotelèsmata gia th prosjetik  om�da th Fq .'Estw a 2 Fmq () �m(a) = a epomènw:(Xm � 1) Æ a = �m(a)� �0(a) = aqm � aq0 = a� a = 0; 8a 2 Fq (10)A koit�xoume to ex  sÔnolo:Ia = ff 2 Fq [x℄ : f Æ a = 0g1) An f 2 Ia kai g 2 Fq [x℄ tìte:(fg) Æ a = (gf) Æ a = g Æ (f Æ a) = g Æ 0 = 0 =) gf; fg 2 Ia2) Avf; g 2 Ia tìte:(f � g) Æ a = f Æ a� g Æ a = 0 =) f � g 2 IaApo 1) kai 2) blèpoume loipìn oti Ia e�nai ide¸de tou Fq [x℄ kai ef�oson to Fq [x℄ e�naieukle�deio daktÔlio ep�goume oti to Ia e�nai kÔrio kai ètsi Ia =< f >.Apo (10) parath-roÔme oti auto to f e�nai diairèth tou Xm � 1 kai f 6= 1.Ja sumbol�zoume me Ord(a) to monadikì monikì polu¸numo f 2 Fq [x℄ to opo�o genn�eiautì to ide¸de.Apo (10) èqoume:a 2 Fmq () Ord(a)jXm � 1kai ara Ord(a) e�nai pr¸to pro to X.Kat�nalog�a me thn pollaplasiastik  om�da de�qnoume ìti:An a 2 Fq kai Ord(a) = f tìte o deg(a) e�nai �so me thn pollaplasiastik  t�xh tou(X (mod f)) sthn om�da (Fq [x℄=fFq [x℄)�.H t�xh tou X (mod f) = X + (f) e�nai o mikrìtero l 2 N tètoio ¸ste:(X + (f))l = 1 + (f)() X l + (f) = 1 + (f)() X l � 1 (mod f):'Ara (X l � 1) Æ a = (1� 1) Æ a = 0 Æ a = 0(11) kai (X l � 1) Æ a = aql � a(12)Apo (11),(12) blèpoume pw to l e�nai o mikrìtero jetikì akèraio ¸ste aql = a.'Omw autì e�nai to deg(a).'Ara l = deg(a).



19Sth sunèqeia ja melet soume, k�nonta qr sh th sun�rthsh F tou Euler, k�poia apo-telèsmata gia th prosjetik  om�da th Fq akrib¸ ìmoia me aut� th pollaplasiastik .A koit�xoume en suntom�a ti ma e�nai gnwstì gia thn Fq �:Gnwr�zoume ìti f(n)=℄fa 2 Fq � : ord(a) = n; 1 < n 2 N ; (n; q) = 1g.'Etsi gia n = qm � 1, blèpoume ìti stoiqe�a a 2 Fqm � me ord(a) = n up�rqoun (to pl jotou e�nai �so me f(qm � 1)) kai e�nai akrib¸ oi prwtarqikè r�ze tou Fqm .Gia thn prosjetik  om�da t¸ra:'Estw èna polu¸numo f =Pni=0 biX i 2 Fq [x℄, or�zoume tìte:f � =Pni=0 biXqiFaner�, f �(a) =Pni=0 biaqi = f Æ a 8a 2 FqEpomènw to pl jo twn a 2 Fq me Ord(a)jf e�nai �so me to pl jo twn diaforetik¸nriz¸n tou f � afoÔ Ord(a)jf () f Æ a = 0.To polu¸numo f � èqei to polÔ qdeg(f) r�ze kai blèpoume oti:'Otan (f;X) = 1 tìte df�dX = b0 6= 0 =) (f �; (f �)0) = 1.Sunep¸ ìle oi r�ze tou f � e�nai aplè.Sumpera�noume loipìn oti to f � èqei akrib¸ qdeg(f) r�ze.Or�zoume gia f jXn � 1:Af = fa 2 Fq : Ord(a) = fgBlèpoume oti:a 2 Af =) f Æ a = 0 =) (Xn � 1) Æ a = 0 =) aqn = a =) a 2 Fnqkai afoÔ Ag1 TAg2 = ? gia g1 6= g2, èqoume:Pg=f ℄Ag = ℄Sg=f Ag = ℄fa 2 Fqn : Ord(a)jfg = N(f)Je¸rhma 2.3 ℄Af = �(f)Apìdeixh. An f jXn � 1 kai deg(f) = 1 tìte:q = qdeg(f) =Xgjf ℄Ag = ℄A1 + ℄Af = 1 + ℄Af =) ℄Af = q � 1 = �(f)Upojètw oti gia f jXn � 1 me deg(f) � k � 1 isqÔei.'Estw f jXn � 1 kai deg(f) = k, tìte:N(f) =Xgjf ℄Ag = Xgjf;deg(g)<deg(f) ℄Ag + ℄Af = Xgjf;deg(g)<k�(g) + ℄Af'Omw N(f) = Xgjf;deg(g)<k�(g) + �(f) =) Xgjf;deg(g)<k�(g) = N(f)� �(f)



20Epomènw:N(f) = Xgjf;deg(g)<k�(g) + ℄Af = N(f)� �(f) + ℄Af =) �(f) = ℄Af �K�noume t¸ra thn ex  parat rhsh:Gia a 2 Fmq h oikogèneia (a; aq; :::; aqm�1) e�nai b�sh tou Fqm p�nw ap'to Fq an kai mìno anta a; aq; :::; aqm�1 e�nai grammik� anex�rthta, dhlad  an kai mìno an:�Pdeg(f)i=0 biX i = f 2 Fq [x℄; f mh mhdenikì, deg(f) < m me f Æ a = 0OdhgoÔmaste loipìn sto parak�tw:Gia a 2 Fq , h oikogèneia (a; aq; ::; aqm�1) e�nai b�sh tou Fqm p�nw ap'to Fq an kai mìno anOrd(a) = Xm � 1 kai to Fq [x℄� ��omodule tou Fq pou genn�tai apo to a e�nai �so me toFqm .Maz� me th gn¸sh tou Jewr mato 2.3 prokÔptei oti kanonikè b�sei tou Fqm p�nw ap'toFq up�rqoun.Autì to sumbol�zoume me :Fqm �= Fq [x℄=(Xm � 1)Fq [x℄ w Fq [x℄�modules.To opo�o e�nai an�logo me :F�qm �= Z=(qm � 1)Z w Z�modulesMe ìsa e�dame mèqri t¸ra, e�maste se jèsh na epanadiatup¸soume to kentrikì ma je¸rhma:Je¸rhma 2.4 'Sqedìn gia k�je' zeÔgo (q;m), q =pr¸to,m 2 N up�rqei stoiqe�oa 2 F�qm me Ord(a) = Xm � 1 kai ord(a) = qm � 1



Kef�laio 3Apìdeixh tou jewr mato 2.4Me ìsa e�dame sto kef�laio 1, e�maste se jèsh na melet soume thn ex  sunart sh:!(a) =Xdjn �(d)'(d) X�2Ĝ;ord(�)=d�(a)(15)ìpou a 2 G;G peperasmènh abelian  kuklik  om�da, jGj = n; ord(�) einai h t�xh tou qsthn Ĝ h opo�a e�nai ep�sh kuklik .A xekin soume th melèth th sun�rthsh ma de�qnonta ìti:f(d) = Xord(�)=d�(a) = Xord(�1)=d1 �1(a) Xord(�2)=d2 �2(a) = f(d1)f(d2)ìpou (d1; d2) = 1 kai d = d1d2.Or�zw thn apeikìnish: Y : Ĝd1 � Ĝd2 �! Ĝd(�1; �2) 7�! �1�2 = �ìpou me Ĝd1 ; Ĝd2; Ĝd sumbol�zoume ta uposÔnola twn qarakt rwn pou èqoun t�xh d1; d2kai d ant�stoiqa.H apeikìnish aut  e�nai kal¸ orismènh afoÔ:�d = (�1�2)d = �d1�d2 = (�d11 )d2(�d22 )d1 = �0 =) ord(�)jd�0 = �ord(�) = (�1�2)ord(�) = �ord(�)1 �ord(�)2 =) �d2ord(�)1 = �0 kai �d1ord(�)2 = �0 =)d1jord(�) kai d2jord(�) =) djord(�)Epomènw d = ord(�)'Estw t¸ra �1�2 = �01�02 () (�1�2)d2 = (�01�02)d2 () �d21 = �0d21 () �1 = �01ìpou h teleuta�a sunepagwg  isqÔei diìti d�12 d2 = 1 (mod d1). 'Omoia:�1�2 = �01�02 () (�1�2)d1 = (�01�02)d1 () �d12 = �0d12 () �2 = �02ìpou h teleuta�a sunepagwg  isqÔei diìti d�11 d1 = 1 (mod d2).'Ara h Y e�nai èna pro èna. 21



22(d1; d2) = 1 =) 9x; y 2 Z t.w. 1 = d1x+ d2yor�zw �1 = �d2y kai �2 = �d1y: Tìte:� = �d1x+d2y = �1�2Epomènw h Y e�nai ep�. 'Etsi:f(d) = Xord(�)=d�(a) = Xord(�1)=d1;ord(�2)=d2 �1�2(a) = Xord(�1)=d1;ord(�2)=d2 �1(a)�2(a) =Xord(�1)=d1 �1(a) Xord(�2)=d2 �2(a) = f(d1)f(d2)
Ja de�xoume t¸ra oti an (n;m) = 1 kai (mn) = (n)(m) tìte Æ(nm) = Pdjnm (d) =Æ(n)Æ(m)AfoÔ (d1; d2) = 1 èpetai oti:Æ(nm) =Xdjnm (d) = Xd1jn;d2jm (d1d2) =Xd1jnXd2jm (d1)(d2) =Xd1jn (d1)Xd2jm (d2) = Æ(n)Æ(m)
Me ìsa e�dame e�maste se jèsh na antilhfjoÔme ìti:gia n = pa11 � � � pakk ìpou pi pr¸to,i = 1; ::; kg(n) =Xdjn �(d)�(d) X�2Ĝ;ord(�)=d�(a) =Ypjn Xdjpap �(d)�(d)f(d) =Ypjn apXi=0 �(pi)�(pi) Xord(�)=pi �(a) =Ypjn (�(p0)�(p0) Xord(�)=p0 �(a) + apXi=0 �(pi)�(pi) Xord(�)=pi �(a))(16)�(pi) = 0 an i > 1 �ra :(16) =Ypjn (1 + �(p)�(p) Xord(�)=p�(a)) =Ypjn (1� 1p� 1f(p))(17)Se autì to shme�o mporoÔme na doÔme ta ex :1)An ord(a) 6= n tìte 9 2 G t.w.:a = !a11 :::!att = (!a1�11 :::!att )!1 = �!1 ìpou !i =pr¸to,!ijn; i = 1; ::; tBlèpoume epomènw ìti 9 pr¸to p; pjn kai � 2 G t.w. a = �p. Epomènw�(a) = �(�p) = (�(�))p = 1 ìtan �p = 1'Ara X�2Ĝ;ord(�)=p;pjn�(a) = X�2Ĝ;ord(�)=p;pjn�p(�) = �(p) = p� 1



23Sunep¸ (17) = Ypjn;p=��!�o&(1� p� 1p� 1) = 02)An t¸ra ord(a) = n parathr¸ ìti:Xord(�)=p;p=��!�o& �(a) = Xord(�)jp;p=��!�o& �(a)� �0(a) = �1'Estw H = fap : a 2 Gg � G kai A = f� 2 Ĝ : ord(�)jpg = f� 2 Ĝ : �(h) = 18h 2 HgEpomènw sÔmfwna me to je¸rhma 1.10 A �= F̂�qH A mh xeqn�me ìti:P�2Ĝ �(a) = 0 an a 6= 1   jGj an a = 1EpomènwP�2A �(a) =P��2 F̂�qH ��(aH) = 0 an aH 6= H   |F�qH | an aH = H.Blèpoume ìti aH = H =) a 2 H =) a = �p'Omw èqoume ord(a) = n kai pjn, epomènw a 6= aH kai ètsi:P�2A �(a) = 0 =)P�2Ĝ;ord(�)=p �(a) = �1 kai tìte:(17) =Ypjn (1� 1p� 1(�1)) =Ypjn ( pp� 1) = n�(n)afoÔ n�(n) = pa11 ���pakkpa1�11 ���pak�1k (p1�1)���(pk�1) = p1p1�1 � � � pkpk�1Efarmìzonta ìsa e�dame gia G = F�qm ; n = qm � 1 tìte! : F�qm �! C ; !(a) =Pdjqm�1 �(d)�(d)P�2Ĝ;ord(�)=d �(a); � 2 ^F�qm :
Suneq�zonta ja doÔme thn analog�a th !(a) gia thn prosjet�kh om�da th Fqm .'Estw ^Fqm o duðkì th prosjetik  om�da th Fqm .Or�zoume:(�f)(a) = �(f Æ a) gia � 2 ^Fqm ; f 2 Fq [x℄; a 2 Fqm .Tìte:1) � 2 ^Fqm ; f Æa 2 Fqm�f(a+ b) = �(f Æ (a+ b)) = �((f Æa)+ (f Æ b)) = �(f Æa)�(f Æ b) =�f(a)�f (b).'Etsi �f 2 ^Fqm2)(�1�2)f (a) = (�1�2)(f Æ a) = �1(f Æ a)�2(f Æ a) = �f1(a)�f2(a):3) �f+g(a) = �((f + g) Æ a) = �((f Æ a) + (g Æ a)) = �(f Æ a)�(g Æ a) = �f(a)�g(a):4) �fg(a) = �((fg) Æ a) = �(f Æ (g Æ a)) = �f(g Æ a) = (�f)g(a)Epomènw h prosjetik  om�da ^Fqm efodiasmènh me thn exwterik  pr�xh �f(a) e�nai ènaFq [x℄�module.MporoÔme loipìn na parathr soume ta ex :An a 2 Fqm tìte: �Xm�1(a) = �((Xm � 1) Æ a) = �(0) = 1 (18)



24A doÔme to sÔnolo: Ja = ff 2 Fq [x℄ : �f = 1g.1)An f 2 Ja kai g 2 Fq [x℄ tìte �gf = �fg = (�f)g = 1g = 1. Epomènw fg; gf 2 Ja.2)An f; g 2 Ja tìte �f+g = �f�g = 1. 'Ara f + g 2 Ja.Sunep¸ to Ja e�nai ide¸de tou Fq [x℄. 'Omw to Fq [x℄ e�nai eukle�dio daktÔlio kai è-tsi Ja e�nai kÔrio. Dhlad  Ja =< f >.Ja kaloÔme Ord(�) enì qarakt ra l to monikì polu¸numo f , to opo�o genn�ei to Ja.Apo thn (18) blèpoume oti f jXm � 1.Je¸rhma 3.1 'Estw f monikì diairèth tou Xm � 1 2 Fq [x℄. Tìte up�rqoun F(f) qa-rakt re � 2 ^Fqm me Ord(�) = f .Gia thn apìdeixh tou jewr mato ja qreiastoÔme to ex  l mma:L mma 3.2 'Estw f; g polu¸numa tìte:Pgjf ℄f� : Ord(�) = gg = N(f)Apìdeixh. Pg=f ℄f� : Ord(�) = gg = ℄f� : �f = 1g.Ti mporoÔme na poÔme gia to sÔnolo H = f� : �f = 1g;Faner� to H e�nai uposÔnolo th ^Fqm kaiH = f� : �f = 1g = f� 2 ^Fqm : �f(b) = 1; 8b 2 Fqmg = f� 2 ^Fqm : �(f Æ b) = 1; 8b 2Fqm ; f 2 Fq [x℄g'Estw H1 = fb 2 Fqm : b = (f Æ a) gia k�poio a 2 Fqm g � Fqm tìte:H = f� 2 ^Fqm : �jH1 = 1g.'Epomènw apo to je¸rhma 1.10H �= F̂qH1 kai jHj = j F̂qH1 j = jFqmH1 j = qmjH1j .Gia na broÔme thn jH1j or�zoume thn apeikìnish:L : Fqm �! Fqma 7�! f �(a)H gn¸sh ìswn èqoume de� mèqri t¸ra gia to f �(a) ma odhge� �mesa sto ìti L grammik .Akom�:ImL = H1; kerL = fa 2 Fqm : f �(a) = 0; f 2 Fq [x℄g kaia 2 kerL() f �(a) = 0() f Æ a = 0() Ord(a)jfEqoume de�xei ìmw oti to pl jo twn a 2 Fqm me Ord(a)jf e�nai �so me to pl jo twndiaforetik¸n riz¸n tou f �; f � =Pmi=0 biXqi. Sunep¸,℄fa 2 Fqm : f �(a) = 0; f 2 Fq [x℄g = qdeg(f)Epomènw,dimkerL + dimImL = m =) deg(f) + dimImL = m =) dimImL = m� deg(f)



25'Etsi jH1j = qm�deg(f)'Ara jHj = qmqm�deg(f) = qdeg(f) = N(f) �ApodeiknÔoume t¸ra to je¸rhma 3.1Apìdeixh. A jumhjoÔme oti jèloume na de�xoume:�(f) = ℄f� 2 ^Fqm : Ord(�) = fg := jBf jParathroÔme to ex :Pgjf jBgj = jSgjf Bgj = ℄f� 2 ^Fqm : Ord(�)jfg = N(f)'Opou h pr¸th isìthta isqÔei diìti Bg1 TBg2 = ? gia g1 6= g2De�qnoume ìti jBf j = �(f) me epagwg  sto deg(f)An f jXm � 1 kai deg(f) = 1 tìte:q = qdeg(f) =Pgjf jBgj = jB1j+ jBf j = 1 + jBf j =) jBf j = q � 1 = �(f)Upojètw oti gia f jXm � 1 me deg(f) � k � 1 isqÔei.'Estw f jXm � 1 kai deg(f) = k tìte:N(f) =Pgjf jBgj =Pgjf;deg(g)<deg(f) jBgj+ jBf j =Pgjf;deg(g)<n �(g) + jBf j.'Omw N(f) =Pgjf;deg(g)<n �(g) + �(f) =)Pgjf;deg(g)<n �(g) = N(f)� �(f).EpomènwN(f) =Pgjf;deg(g)<n �(g) + jBf j = N(f)� �(f) + jBf j =) �(f) = jBf j �Proqwrìnta or�zoume analìgw me to w(a).
 : Fqm �! Cme 
(a) =PgjXm�1 M(g)�(g) P�;Ord(�)=g �(a); � 2 ^Fqm .'Estw F (g) =POrd(�)=g �(a)Gia g = g1g2 kai (g1; g2) = 1Or�zw thn apeikìnish: Z : Ĝg1 � Ĝg2 �! Ĝg(�1; �2) 7�! �1�2 = �ìpou me Ĝg1 ; Ĝg2; Ĝg sumbol�zoume thn om�da twn qarakt rwn pou èqoun Ordg1; g2 kai gant�stoiqa.Ti isqÔei gia th Z ;1) kal¸ orismènh:�g = (�1�2)g = �g1�g2 = �0 =) Ord(�)jg�0 = �Ord(�) = (�1�2)Ord(�) =) �Ord(�)1 = ��Ord(�)2 =) �g2Ord(�)1 = �0 kai �g1Ord(�)2 =�0 =) g1jg2Ord(�) kai g2jg1Ord(�) =) g1jOrd(�) kai g2jOrd(�) =) gjOrd(�).'Ara Ord(�) = g2) 'Ena pro èna:An �1�2 = �01�02 =) (�1�2)g2 = (�01�02)g2=) �g21 = �0g21 =) �1 = �01'Opou h teleuta�a isodunam�a isqÔei diìti:(g1; g2) = 1 �ra to g2 èqei ant�strofo modulog1 dhlad  an g�12 o ant�strofo tou g2 tìteg�12 g2 = 1mod(g1).



26Omo�w de�qnoume:�1�2 = �01�02 =) �2 = �02.3) Ep�:(g1; g2) = 1 =) 9h1; h2 2 Fq [x℄ t.w. 1 = g1h1 + g2h2Or�zw �1 = �g2h2 kai �2 = �g1h1 =) � = �g2h2+g1h1 = �1�2.'Etsi: X�2 ^Fqm ;Ord(�)=g �(a) = X�12 ^Fqm ;Ord(�1)=g1 �1(a) X�22 ^Fqm ;Ord(�2)=g2 �2(a)'Opw prin e�nai eÔkolo na apode�xoume oti:An (g; h) = 1 kai �(gh) = �(g)�(h) tìte �(gh) =Pf=gh �(f) = �(g)�(h)Katal goume loipìn ìti:Xm � 1 = hp11 � � �hpkk , h1; ::; hk monik� an�gwga.
(a) = XgjXm�1 M(g)�(g) X�;Ord(�)=g �(a) = YhjXm�1Xgjhph M(g)�(g) X�;Ord(�)=g �(a) =YhjXm�1 phXi=0 M(hi)�(hi) XOrd(�)=hi �(a) = YhjXm�1(1 + M(h)�(h) XOrd(�)=h�(a))(afou M(hi) = 0 an i > 1)= YhjXm�1(1� 1qdegh � 1 X�;Ord(�)=h�(a))(20)AnOrd(a) 6= Xm�1 tìte 9hjXm�1 kai  2 Fqm t.w. a = fÆ� = (hg)Æ� = hÆ(gÆ�) = hÆ'Ara �(a) = �(h Æ ) = �h() = 1 ìtan Ord(�) = h'Ara X�2Fqm ;Ord(�)=h�(a) = X�;Ord(�)=h�(h Æ ) = X�;Ord(�)=h�h() = �(h) = qdeg h � 1'Etsi (20)=0An t¸ra Ord(a) = Xm � 1 tìtePOrd(�)=h;h�o���o���!o �(a) =POrd(�)jh;h�o���o���!o �(a)� �0(a)'EstwH = f� 2 Fqm : � = h Æ a; h 2 Fq [x℄g � Fqm faner� kai B = f� 2 ^Fqm : �h = 1g = f� 2^Fqm : �h(�) = 18� 2 HgApo je¸rhma 1.10 èqoume:B �= F̂mqH �= FmqHP�2B �(a) =P��2 F̂mqH ��(a+H)(21)an a +H 6= H tìte (21)=0 en¸ an a+H = H tìte (21)=℄ FqmhÆFqmAn a+H = H =) a 2 H =) a = h Æ b'Omw Ord(a) = Xm � 1 kai hjXm � 1. 'Ara a 6= a +H



27Sunep¸: X�2Fqm ;Ord(�)=h�(a) =X�2B �(a)� 1 = �1kai(20) = YhjXm�1(1� 1qdeg h�1 (�1)) = YhjXm�1(1 + 1qdeg h�1 ) = YhjXm�1( qdeg hqdeg h�1 ) = qm�(Xm � 1)'Opou h teleuta�a isìthta alhjeÔei diìti:qm�(Xm � 1) = qmqmQhjXm�1(1� 1qdeg h ) = YhjXm�1( 1qdeg h�1qdeg h ) = YhjXm�1( qdeg hqdeg h � 1)A prospaj soume na sundi�soume ta apotelèsmat� ma:'Eqoume loipìn !(a) = 0 an ord(a) 6= qm � 1 , 
(a) = 0 an Ord(a) 6= Xm � 1Epomènw !(a)
(a) = 0 an ord(a) 6= qm � 1 kai Ord(a) 6= Xm � 1Jètonta �(0) = 0 gia � 6= 1 kai �0(0) = 1 epekte�noume tou qarakt rre th F�qm se ìloto Fqm'Etsi !(0)
(0) = 0Prìtash 3.3 'Estw s to pl jo twn diaforetik¸n pr¸twn diairet¸n tou qm� 1 kai t topl jo twn diaforetik¸n monik¸n anag ģwn poluwnÔmwn tou Xm � 1 2 Fq [x℄.'Estw oti isqÔei:(2s � 1)(2t � 1) < qm=2Tìte 9a 2 F�qm me Ord(a) = Xm � 1 kai ord(a) = qm � 1.Apìdeixh. 'Estw oti den isqÔei,tìte ap�osa èqoume de�:!(a)
(a) = 08a 2 Fqmkai Xa2Fqm !(a)
(a) = 0(21)'OmwXa2Fqm !(a)
(a) = Xdjqm�1 XgjXm�1 �(d)M(g)�(d)�(g) X�;ord(�)=d X ;Ord( )=gG( ; �)= Xdjqm�1;d6=1 �(d)�(d) XgjXm�1;g 6=1 M(g)�(g) Xord(�)=d XOrd( )=gG( ; �)+ XgjXm�1;g 6=1 M(g)�(g) XOrd( )=gG( ; �0)+ Xdjqm�1;d6=1 �(d)�(d) Xord(�)=dG( 0; �) +G( 0; �0)



28 = Xdjqm�1;d6=1 �(d)�(d) XgjXm�1;g 6=1 M(g)�(g) Xord(�)=d XOrd( )=gG( ; �) + qm=)Xa2Fqm !(a)
(a)� qm = Xdjqm�1;d6=1 �(d)�(d) XgjXm�1;g 6=1 M(g)�(g) Xord(�)=d XOrd( )=gG( ; �)Kai me th bo jeia th (21) katal goume loipìn ìti:�qm = Xdjqm�1;d6=1 �(d)�(d) XgjXm�1;g 6=1 M(g)�(g) Xord(�)=d XOrd( )=gG( ; �)'Opw èqoume dei up�rqoun �(d) qarakt re q me ord(�) = d kai �(g) qarakt re y meOrd( ) = g.'Araqm = j � qmj = j Xdjqm�1;d6=1 �(d)�(d) XgjXm�1;g 6=1 M(g)�(g) Xord(�)=d XOrd( )=gG( ; �)j� Xdjqm�1;d6=1 j�(d)�(d) j XgjXm�1;g 6=1 jM(g)�(g) j Xord(�)=d XOrd( )=g jG( ; �)j� Xdjqm�1;d6=1 j�(d)j�(d) XgjXm�1;g 6=1 jM(g)j�(g) qm=2 Xord(�)=d XOrd( )=g 1= Xdjqm�1;d6=1 j�(d)j�(d) XgjXm�1;g 6=1 jM(g)j�(g) qm=2�(d)�(g)= qm=2 Xdjqm�1;d6=1 j�(d)j XgjXm�1;g 6=1 jM(g)j = qm=2(2s � 1)(2t � 1)'Atopo!Gia na katano soume thn teleuta�a isìthta a doÔme to ex :'Estw qm � 1 = qa11 � � � qass kai djqm � 1.Epeid  �(d) 6= 0 mìno an sthn an�lush tou d denup�rqoun dun�mei,ma arke� na doÔme pìsa d up�rqoun t.w. djq1 � � � qsTo pl jo aut¸n ìmw e�nai:1 + s+ s!(s�2)!2 + � � �+ s!(s�k)!k! + � � �+ s+ 1 = 2skai epeid  d 6= 1 èqoume Pdjqm�1;d6=1 j�(d)j = 2s � 1Akrib¸ ìmoia blèpoume oti PgjXm�1;g 6=1 jM(g)j = 2t � 1. �Gia na axiopoi soume thn parap�nw prìtash ja qreiastoÔme k�poia fr�gmata gia ta s; t.A xekin soume meletìnta to t.L mma 3.4 'Estw q mia dÔnamh pr¸tou > 1 kai m 2 N .Tìte to pl jo t twn monik¸nanag ģwn paragìntwn tou Xm � 1 sto Fq [X℄ d�detai apo:t = Xdjm;(d;q)=1 �(d)k(d) ;k(d) e�nai h t�xh tou q (mod d)) sto (Z=dZ)�



29Apìdeixh. JewroÔme gnwstì oti h an�lush tou Xm � 1 e�nai h ex :Xm � 1 =Qdjm �d;�d =Qa2 �Fq ;ord(a)=d(X � a)E�dame oti up�rqoun �(d) stoiqe�a me ord(a) = d epomènw o bajmì tou �d e�nai �(d).Ef�oswn k(d) e�nai h t�xh tou q (mod d) sto (Z=dZ)� kai gnwr�zoume oti autì sunep�-getai deg(a) = k(d), antilambanìmaste oti k�je an�gwgo par�gonta tou �d èqei bajmìk(d).Epomènw to �d èqei �(d)k(d) an�gwgou par�gonte kai epeid  Xm � 1 = Qdjm �d sum-pera�noume oti t =Pdjm;(d;q)=1 �(d)k(d) �L mma 3.5 'Estw q;m; t ìpw prin kai e 2 N . 'Estw D èna sÔnolo apo jetikoÔ diairètetou m ètsi ¸ste 8d 2 D na isqÔei (d; q) = 1 kai to D na perièqei ìlou tou jetikoÔdiairète tou mkd(m; qe0 � 1) 8e0 2 N ; e0 < e. Tìte:t � me +Xd2D �(d)( 1k(d) � 1e)Apìdeixh. Arqik� parathroÔme ìti 8djm; d =2 D =) k(d) � e.To blèpoume autì w ex :'Estw djm; d =2 D kai k(d) < e. AfoÔ qk(d) � 1 (mod d) =) qk(d)� 1 � 0 (mod d) =)djqk(d) � 1 =) dj��Æ(m; qk(d) � 1)(afou djm).'Ara d 2 D. 'Atopo!Epomènw:t = Xdjm;d=2D �(d)k(d) +Xd2D �(d)k(d) � Xdjm;d=2D �(d)e +Xd2D �(d)k(d) =Xdjm �(d)e �Xd2D �(d)e +Xd2D �(d)k(d) =me +Xd2D �(d)( 1k(d) � 1e) �H amèsw epìmenh sqèsh pou ja de�xoume ¸ste na axiopoi soume ta apotelèsmat� maafor� to s.L mma 3.6 8m > 0; m 2 R isqÔei 2!(m) � 4:9m1=4ìpou !(m) e�nai to pl jo twn diaforetik¸n pr¸twn tou m kai 2!(m) to pl jo twn diai-ret¸n tou m twn opo�wn h an�lush den èqei tetr�gwna.Apìdeixh. 'Estw m = ma11 � � �makk h an�lush tou m se pr¸tou par�gonte, tìtem > m1 � � �mk.(22)Sthn an�lush tou m epilègw mi diaforetikoÔ pr¸tou, mikrìterou apo 16.Epomènw:(22) > m1 � � �ms24(k�s) =) 24k < 24sm1:::msm =) 2k < 2s(m1:::ms)1=4m1=4Me th qr sh tou upologist  mporoÔme na de�xoume ìti 8m 2 N èqoume 2s(m1���ms)1=4 < 4:9



30ap�opou èpetai kai to zhtoÔmeno. �Ja k�noume t¸ra orismène ektim sei gia to pl jo t twn monik¸n anag¸gwn diairet¸ntou Xm � 1 kai ja doÔme oti h apa�thsh (2s � 1)(2t � 1) < qm2 th prìtash 3.3 ikano-poie�tai 'sqedìn gia k�je' zeÔgo (q;m). 'Ara 'sqedìn gia k�je' zeÔgo (q;m) ja 9a 2 F�qmme Ord(a) = Xm � 1 kai ord(a) = qm � 1, ètsi ja èqoume apode�xei kai to kentrikì maje¸rhma.Jèloume na ikanopoie�tai (2s � 1)(2t � 1) < qm2 , ìmw:(2s � 1)(2t � 1) < 2s2t < 4:9qm4 2t < 22:4qm4 2tEpomènw arke� 22:4qm4 2t < qm2 =) 22:42t < qm4Epilègoume e = 3 sto l mma 3.5, mporoÔme ètsi na k�noume ti ex  ektim sei:t � m3 + Xdj(m;q�1) �(d)(1� 13) + Xdj(m;q2�1)�(d)(12 � 13) (22)F An m � q2 tìte,(22) < m3 + Xdjq�1�(d)23 + Xdjq2�1�(d)16 = m3 + 23(q � 1) + 16(q2 � 1)kai ètsi zht�me, 22:42m3 + 23 (q�1)+ 16 (q2�1) < qm4Dhlad  jèloume, 2:4 + m3 + (q � 1)23 + (q2 � 1)16 < log2 qm4opìte arke� 1:6 + q2 + 4q6 < m4 log2 q � m3 = m12(3 log2 q � 4)kai epeid  m � q2 jèloume telik�,1:6 + q2 + 4q6 < q212(3 log2 q � 4)()19:2q2 + 8q + 2 < 3 log2 q � 4()19:2q2 + 8q + 6 < 3 log2 q (23)



31'Estw oti ikanopoie�tai h (23) gia k�poio q kai èqoume q0 > q > 0 tìte,19:2(q0)2 + 8q0 + 6 < 19:2q2 + 8q + 6 < 3 log2 q < 3 log2 q0Arke� loipìn na broÔme k�poio q pou na ikanopoie� thn (23) kai tìte 8q0 > q ja ikano-poie�tai.ParathroÔme met� apo dokimè ìti gia q = 7 ikanopoe�tai.Pr�gmati,19:2q2 + 8q + 6 = 19:272 + 87 + 6 < 0:4 + 1:15 + 6 = 7:55 < 3 log2 7 = 3 log2 qF An q � 1 � m < q2 tìte,(22) < m3 + Xdjq�1�(d)23 +Xdjm �(d)16 = m2 + 23(q � 1)kai ètsi zht�me 22:42m2 + 23 (q�1) < qm4Dhlad  jèloume, 2:4 + m2 + (q � 1)23 < log2 qm4opìte arke� 1:74 + 2q3 < m4 log2 q � m2 = m4 (log2 q � 2)kai epeid  m � q � 1 telik� arke�1:74 + 2q3 < q � 14 (log2 q � 2)()6:96q � 1 + 8q3(q � 1) < log2 q � 2()6:96q � 1 + 83(q � 1) + 83 + 2 < log2 q (24)'Estw oti ikanopoie�tai h (24) gia k�poio q kai èqoume q0 > q > 0 tìte,6:96q0 � 1 + 83(q0 � 1) + 143 < 6:96q � 1 + 83(q � 1) + 143 < log2 q < log2 q0Arke� loipìn na broÔme k�poio q pou na ikanopoie� thn (24) kai tìte 8q0 > q ja ikano-poie�tai.



32ParathroÔme met� apo dokimè ìti gia q = 33 ikanopoe�tai.Pr�gmati,6:96q � 1 + 83(q � 1) + 143 < 6:9632 + 896 + 4:7 < 0:22 + 0:09 + 4:7 = 5:01 < log2 33 = log2 qKaj¸ ìmw jèloume to q na e�nai dÔnamh pr¸tou sumera�noume oti q � 37F An 2 � m < q � 1 tìte,(22) < m3 +Xdjm �(d)(23) +Xdjm �(d)(16) = m3 + 23m+ m6 = 7m6kai ètsi zht�me 22:42 7m6 < qm4Dhlad  jèloume, 2:4 + 7m6 < log2 qm4 ()2:4 < m4 log2 q � 7m6 = m12(3 log2 q � 14)kai epeid  m � 2 jèloume telik�,2:4 < 2(3 log2 q � 14)()1:2 < 3 log2 q � 14()15:2 < 3 log2 q (25)'Estw oti ikanopoie�tai h (25) gia k�poio q kai èqoume q0 > q > 0 tìte,15:2 < 3 log2 q < 3 log2 q0Arke� loipìn na broÔme k�poio q pou na ikanopoie� thn (25) kai tìte 8q0 > q ja ikano-poie�tai.ParathroÔme oti, 5:06 < 15:23 < log2 q () q � 34Kaj¸ ìmw jèloume to q na e�nai dÔnamh pr¸tou sumera�noume oti q � 37An t¸ra epilèxoume e = 4 sto l mma 3.5 ja èqoume:t � m4 + Xdj(m;q�1) �(d)(1� 14) + Xdj(m;q2�1) �(d)(12 � 14) + Xdj(m;q3�1)�(d)(13 � 14)



33
< m4 + Xdjq�1�(d)(34) + Xdjq2�1�(d)(14) + Xdj(q3�1)�(d)( 112)= m4 + (q � 1)34 + (q2 � 1)14 + (q3 � 1) 112'Etsi jèloume : 22:42m4 +(q�1) 34+(q2�1) 14+(q3�1) 112 < qm4 ()2:4 + m4 + (q � 1)34 + (q2 � 1)14 + (q3 � 1) 112 < log2 qm4 ()2:4 + (q � 1)34 + (q2 � 1)14 + (q3 � 1) 112 < m4 log2 q � m4 ()2:4 + (q � 1)34 + (q2 � 1)14 + (q3 � 1) 112 < m4 (log2 q � 1) (26)'Epomènw,F gia q = 3 (26) = 2:4 + 32 + 2 + 136 < m4 (log2 3� 1)()24:23 < m4 (log2 3� 1)()96:83 < m(log2 3� 1)()'Omw 1:5 < log2 3 epomènw arke�,96:83 < m(1:5� 1)()64; 5 < mF gia q = 4 (26) = 2:4 + 94 + 154 + 214 < m4 (log2 4� 1)()54:64 < m4 (log2 4� 1)()54:6 < m(log2 4� 1)()54:6 < mF gia q = 5



34 (26) = 2:4 + 3 + 6 + 313 < m4 (log2 5� 1)()34:23 < m4 (log2 5� 1)()136:83 < m(log2 5� 1)()'Omw 2:3 < log2 5 epomènw arke�,136:83 < m(2:3� 1)()35; 1 < mEpilègonta t¸ra e = 5 sto l mma 3.5 ja èqoume:t � m5 + Xdj(m;q�1) �(d)(1�15)+ Xdj(m;q2�1)�(d)(12�15)+ Xdj(m;q3�1)�(d)(13�15)+ Xdj(m;q4�1)�(d)(14�15)< m5 + Xdjq�1�(d)(45) + Xdjq2�1�(d)( 310) + Xdj(q3�1)�(d)( 215) + Xdj(q4�1) �(d)( 120)= m5 + (q � 1)45 + (q2 � 1) 310 + (q3 � 1) 215 + (q4 � 1) 120'Etsi jèloume : 22:42m5 +(q�1) 45+(q2�1) 310+(q3�1) 215+(q4�1) 120 < qm4 ()2:4 + m5 + (q � 1)45 + (q2 � 1) 310 + (q3 � 1) 215 + (q4 � 1) 120 < log2 qm4 ()2:4 + (q � 1)45 + (q2 � 1) 310 + (q3 � 1) 215 + (q4 � 1) 120 < m4 log2 q � m5 ()2:4 + (q � 1)45 + (q2 � 1) 310 + (q3 � 1) 215 + (q4 � 1) 120 < m20(5 log2 q � 4) (27)'Epomènw,F gia q = 2 (27) = 2:4 + 45 + 910 + 1415 + 1520 < m20(5 log2 2� 4)()34760 < m20 ()115:7 < mSton epìmeno p�naka sunoy�zoume ti timè twn q kai m gia ti opo�e apode�xame ìtiup�rqei prwtarqik  kanonik  b�sh tou Fqm p�nw apì to Fq . Parathte� kane� ìti h Ôparxhtètoiwn b�sewn den èqei deiqje� gia peperasmèno pl jo zeug¸n (q;m).



35q = 2 m � 116q = 3 m � 65q = 4 m � 55q = 5 m � 3631 � q � 7 m � q2q � 37 8m



36



Bibliograf�a[1℄ S.D. Cohen and S. Huzynska. The primitive normal basis theorem|without a om-puter. J. London Math. So., 2(67):41{56, 2003.[2℄ H.W. Lenstra Jr. and R. Shoof. Primitive normal bases for �nite �elds. Math. Comp.,48(177):217{231, 1987.[3℄ R. Lidl and H. Niederreiter. Finite Fields, volume 20 of Enylopedia of Mathematisand Its Appliations. Addison-Wesley, Reading, Mass., 1983.

37


