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Stouc goneÐc mou



Eisagwg 

Skopìc aut c thc ergasÐac eÐnai na parousi�sei thn taxinìmhsh twn susthm�twn
riz¸n, mèsw twn diagramm�twn Dynkin. Ta sust mata riz¸n eÐnai peperasmèna
sÔnola se ènan eukleÐdeio q¸ro, ta opoÐa parousi�zoun meg�lh summetrÐa. To
endiafèron gia thn taxinìmhsh twn susthm�twn riz¸n ofeÐletai sto ìti tètoia
sÔnola emfanÐzontai me fusikì trìpo kat� thn melèth di�forwn algebrik¸n
  gewmetrik¸n antikeimènwn. Se aut  thn ergasÐa ja exet�soume eidikìtera
pwc sundèontai me th melèth twn algebr¸n Lie, mèsa apì to par�deigma thc
�lgebrac Lie sl3(R), apì thn opoÐa prokÔptei to sÔsthma riz¸n A2.

Sto kef�laio 1 exet�zoume thn om�da Lie SL3(R), kai blèpoume pwc pro-
kÔptei h algebrik  dom  thc �lgebrac Lie sl3(R) sto efaptìmeno uperepÐpedo
sto oudètero stoiqeÐo TI(SL3). 'Epeita, exet�zontac th suzug  dr�sh sthn
sl3(R) thc abelian c upo�lgebrac H pou apoteleÐtai apì ta diag¸nia stoiqeÐa,
kataskeu�zoume to sÔsthma riz¸n A2.

Sto kef�laio 2 melet�me analutik� ta sust mata riz¸n, en¸ sto epìmeno
blèpoume ton trìpo pou par�gontai. EpÐshc th dr�sh thc om�dac Weyl stic
b�seic tou sust matoc riz¸n, sta qwrÐa Weyl kai se olìklhro to q¸ro E.
'Omwc, autoÔc touc ìrouc ja touc doÔme analutik� sto antÐstoiqo kef�laio.

Sto tètarto kef�laio eis�goume thn ènnoia tou irreducible sust matoc ri-
z¸n. Ta sust mata aut c thc kathgorÐac sqetÐzontai me to pìso eÐnai dunat 
h an�lush tou sust matoc se orjog¸nia uposÔnola. Aut� eÐnai polÔ qr sima
giatÐ sta irreducible anaferìmaste sthn taxinìmhsh.

'Etsi katal goume sto kef�laio 5, k�nontac thn taxinìmhsh. To kef�laio
autì apoteleÐtai apì dÔo mèrh. Sto pr¸to mèroc, jewroÔme èna tuqaÐo irre-
ducible sÔsthma riz¸n kai apodeiknÔoume ìti èqei gr�fhma pou an kei se k�poia
apì tic �perec oikogèneiec grafhm�twn A` −B`, ìpou to ` eÐnai h t�xh tou su-
st matoc riz¸n,   to gr�fhm� tou eÐnai k�poio apì ta peperasmèna graf mata
E6,E7,E8, F4   G2.

Tèloc, to deÔtero mèroc afier¸netai sthn kataskeu  k�poiwn susthm�twn
riz¸n. K�nontac thn kataskeu  ìlwn twn susthm�twn riz¸n pou èqoun gr�-
fhma pou an kei stic prohgoÔmenec oikogèneiec mporoÔme na mil soume gia mÐa
amfimonos manth apeikìnish, metaxÔ twn grafhm�twn kai twn irreducible su-
sthm�twn.

aþ



bþ

To èkto kef�laio ìpou apoteleÐ par�rthma perièqei ìlec ekeÐnec tic bohjh-
tikèc ènnoiec kai kurÐwc l mmata pou ja qrhsimeÔsoun sta prohgoÔmena pènte
kef�laia.



SumbolismoÐ

N eÐnai to sÔnolo twn fusik¸n arijm¸n

N∗ = N− {0}
Z eÐnai to sÔnolo twn akeraÐwn arijm¸n

Z+ eÐnai to sÔnolo twn jetik¸n akeraÐwn arijm¸n

Z+
0 = Z+ ∪ {0}
R eÐnai to sÔnolo twn pragmatik¸n arijm¸n

R+ eÐnai to sÔnolo twn jetik¸n pragmatik¸n arijm¸n

(α, β) eÐnai to eswterikì ginìmeno metaxÔ twn α kai β
(
x, y
)

eÐnai to diatetagmèno zeÔgoc me pr¸to stoiqeÐo to x kai deÔtero
to y

dimX eÐnai h di�stash tou dianusmatikoÔ q¸rou X, orismènoc p�nw apì
k�poio s¸ma K

cardA eÐnai o plhjikìc arijmìc   plhj�rijmoc tou sunìlou A

sign eÐnai h apeikìnish tou pros mou

GL(X) eÐnai to sÔnolo ìlwn twn antistrèyimwn endomorfism¸n tou X

M(n,R)   Mn(R) eÐnai to sÔnolo twn n× n pin�kwn me stoiqeÐa sto R

SL(n,R)   SLn(R) eÐnai h om�da twn n× n pin�kwn me orÐzousa Ðsh me èna

det(A) eÐnai h orÐzousa tou pÐnaka A

tr(A) eÐnai to Ðqnoc tou pÐnaka A

δij eÐnai to dèlta tou Kronecker. Gia dÔo tuqaÐouc akeraÐouc i kai j
to δij isoÔtai me th mon�da e�n i = j kai me mhdèn diaforetik�,
dhlad 

δij =

{
1, i = j
0, i 6= j

i



Kef�laio 1

'Algebra Lie

JewroÔme thn om�da twn antistrèyimwn pragmatik¸n pin�kwn 3×3, me orÐzousa
Ðsh me 1,

SL3(R) = {A ∈ M3(R) : detA = 1},
thn opoÐa gia suntomÐa ja sumbolÐzoume SL3.

ParathroÔme ìti h algebrik  dom  thc om�dac dÐdetai apì ton pollaplasia-
smì pin�kwn, o opoÐoc eÐnai mÐa diaforÐsimh apeikìnish. Autì faÐnetai apì thn
diaforisimìthta twn stoiqeÐwn tou pÐnaka pou prokÔptei apì to ginìmeno twn
�llwn dÔo. Dhlad  èqoume

M3(R)×M3(R) −→ M3(R).

Opìte gia tuqaÐa A,B ∈ M3(R) paÐrnoume
(
A,B

)
7−→ AB

me

AB =



a11 a12 a13

a21 a22 a23

a31 a32 a33





b11 b12 b13

b21 b22 b23

b31 b32 b33


 = [ (AB)ij =

∑
aikbkj ]

ìpou i, j = 1, 2, 3.
EpÐshc, o antÐstrofoc k�je pÐnaka dÐdetai mèsw twn sumparagìntwn apì mÐa

diaforÐsimh apeikìnish sto uposÔnolo tou M3(R) pou apoteleÐtai apì pÐnakec
me mh-mhdenik  orÐzousa. Autì mporoÔme na to doÔme apì ton tÔpo

A−1 =
1

detA
A adj,

ìpou A adj eÐnai o an�strofoc tou pÐnaka twn sumparagìntwn tou pÐnaka A, [2]
(§4.4 sel.271).
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Ta stoiqeÐa tou eÐnai diaforÐsimec sunart seic kai ìtan diairoÔntai me thn
orÐzousa paramènoun diaforÐsima. Sunep¸c h om�da SL3 èqei tautìqrona alge-
brik  kai diaforik  dom . Dhlad  apoteleÐ par�deigma autoÔ pou onom�zoume
om�da Lie, [1] (§7.1 sel.93).

San uposÔnolo tou M3(R), h SL3 eÐnai h isostajmik  uperepif�neia

{A ∈ M3(R) : detA = 1}
kai sunep¸c èqei se k�je shmeÐo èna efaptìmeno uperepÐpedo. E�n A′ eÐnai
èna tuqaÐo stoiqeÐo tou SL3 tìte to efaptìmeno uperepÐpedo sto shmeÐo autì
apoteleÐtai apì ta dianÔsmata taqÔthtac B′(0) ìlwn twn diaforÐsimwn kampul¸n

B : R −→ SL3

oi opoÐec ikanopoioÔn th sqèsh B(0) = A′.
Ja prospaj soume na p�roume plhroforÐec gia thn om�da Lie SL3 qrhsimo-

poi¸ntac to efaptìmeno uperepÐpedo sto oudètero stoiqeÐo thc om�dac TI(SL3).
'Estw

A : R −→ SL3,

ìpou

t 7−→ A(t) =



α11(t) α12(t) α13(t)
α21(t) α22(t) α23(t)
α31(t) α32(t) α33(t)




mÐa diaforÐsimh kampÔlh tou SL3 pou ikanopoieÐ thn isìthta A(0) = I, �ra

αij(0) =

{
1, i = j
0, i 6= j

BrÐskoume to efaptìmeno uperepÐpedo sto I. Efìson h A(t) eÐnai mÐa kampÔlh
sto SL3, ikanopoieÐ thn isìthta det(A(t)) = 1. JewroÔme th sun�rthsh thc
orÐzousac, det : M3(R) −→ R , kai thn uperepif�neia st�jmhc 1. UpologÐzoume
thn bajmÐda sto I,∇det(I).

∇det(I) =



∂det(I)/∂α11 ∂det(I)/∂α12 ∂det(I)/∂α13

∂det(I)/∂α21 ∂det(I)/∂α22 ∂det(I)/∂α23

∂det(I)/∂α31 ∂det(I)/∂α32 ∂det(I)/∂α33


 ,

ìpou αij, i, j = 1, 2, 3 eÐnai oi sunart seic suntetagmènwn.
OrÐzoume sto M3(R) thn kampÔlh B(t) : R −→ M3(R), me B(t) = I + tEij,

ìpou Eij eÐnai o jemeli¸dhc pÐnakac me 1 sth jèsh ij kai 0 pantoÔ alloÔ. Tìte

∂

∂αij
det(I) =

d

dt
det(B(t))

∣∣∣
t=0

=
d

dt
det(I + tEij )

∣∣∣
t=0
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Dhlad ,

∂

∂α11

det(I) =
d

dt
det(I + tE11)

∣∣∣
t=0

=
d

dt
det

(


1 + t 0 0
0 1 0
0 0 1



) ∣∣∣

t=0

=
d

dt
det(1 + t)

∣∣∣
t=0

= 1

kai parìmoia upologÐzoume ta upìloipa. Sunoptik� ta stoiqeÐa tou pÐnaka
dÐdontai apì thn parak�tw sqèsh,

∂

∂αij
det(I) = δij

ìpou to δij eÐnai to dèlta tou Kronecker, [3] (§2.2 sel.20). 'Ara

∇det(I) =




1 0 0
0 1 0
0 0 1


 = I.

Opìte, e�n Γ eÐnai èna tuqaÐo stoiqeÐo tou TI(SL3), dhlad  eÐnai efaptìmeno
sthn isostajmik  uperepif�neia detA = 1, to Γ eÐnai orjog¸nio proc to∇det(I)
wc proc to eukleÐdeio eswterikì ginìmeno sto M3(R)

∇det(I) · Γ = 0.

Sunep¸c, e�n γii, gia i = 1, 2, 3, eÐnai ta diag¸nia stoiqeÐa tou pÐnaka Γ, tìte
γ11 + γ22 + γ33 = 0. Dhlad ,

tr(Γ) = 0

kai epeid  o Γ eÐnai tuqaÐo stoiqeÐo tou TI(SL3), k�je pÐnakac sto efaptìmeno
uperepÐpedo èqei mhdenikì Ðqnoc. 'Ara

TI(SL3) = {X ∈ M3(R) : tr(Γ) = 0} (1.1)

T¸ra, jewroÔme th suzug  dr�sh thc om�dac SL3, [6] (Kef.II §9). E�n
A ∈ SL3, orÐzoume thn apeikìnish

ΨA : SL3 −→ SL3,B 7−→ ABA−1
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h opoÐa eÐnai isomorfismìc om�dwn. Eidikìtera, mèsw aut c thc apeikìnishc,
diathreÐtai stajerì to oudètero stoiqeÐo thc om�dac. AfoÔ ΨA(I) = AIA−1,
dhlad  ΨA(I) = I. 'Etsi, paÐrnontac thn par�gwgo thc ΨA sto I, h apeikìnish
pou prokÔptei eÐnai ènac automorfismìc tou TI(SL3). Dhlad 

DΨA(I) : TI(SL3) −→ TI(SL3).

Autì ton automorfismì to sumbolÐzoume me Ad(A). Opìte

Ad : SL3 −→ Aut(TI(SL3)),A 7−→ {Ad(A) : TI(SL3) −→ TI(SL3)}

All�, h om�da Aut(TI(SL3)) eÐnai èna anoiqtì uposÔnolo tou End(TI(SL3)),
�ra an p�roume thn par�gwgo thc Ad sto I èqoume mÐa apeikìnish

D(Ad)(I) : TI(SL3) −→ End(TI(SL3)),

thn opoÐa sumbolÐzoume me ad,

ad : TI(SL3) −→ End(TI(SL3)).

Upojètoume ìti ta X,Y eÐnai dÔo stoiqeÐa tou TI(SL3), tìte jewroÔme thn
eikìna ad(X)(Y) tou efaptìmenou dianÔsmatoc Y mèsw thc ad(X) pou orÐzei to
X, wc mÐa sun�rthsh dÔo metablht¸n.

Ston efaptìmeno q¸ro sto I orÐzoume mÐa dimel  pr�xh pou ja th sumbolÐ-
zoume me [ , ], ìpou

[X,Y] := ad(X)(Y)

kai

TI(SL3)× TI(SL3) −→ TI(SL3)

(X,Y) 7−→ ad(X)(Y)

JewroÔme mÐa kampÔlh sto SL3,A : R −→ SL3 h opoÐa epalhjeÔei tic sqèseic
A(0) = I kai A′(0) = X, tìte

[X,Y] = ad(X)(Y)

=
d

dt
(AdA(t))Y

∣∣∣
t=0

=
d

dt

(
A(t)YA−1(t)

) ∣∣∣
t=0

= A′(0)YA−1(0) + A(0)Y(A−1(0))′

= XY I + I Y(A−1(0))′ (1.2)
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'Omwc A(t)A−1(t) = I, �ra

d

dt

(
A(t)A−1(t)

)
= 0.

Dhlad  A′(t)A−1(t)+A(t)
(
A−1(t)

)′
= 0 kai sunep¸c (A−1(t)

)′
= −A−1(t)A′(t)A−1(t)

Opìte gia thn tim  t = 0 èqoume
(
A−1(0)

)′
= −A−1(0)A′(0)A−1(0), kai anti-

kajist¸ntac sth (1.2) paÐrnoume:

[X,Y] = XY + Y
(
−A−1(0)A′(0)A−1(0)

)

= XY − Y I X I

= XY − YX

[X,Y] = XY − YX (1.3)

EpalhjeÔoume thn antisummetrik  idiìthta

[X,Y] = −[Y,X], (1.4)

gia ìla ta X,Y ∈ TI(SL3). UpologÐzoume to deÔtero mèloc thc (1.4) :

−[Y,X] = −(YX− XY)

= XY − YX

= [X,Y].

EpÐshc deÐqnoume ìti isqÔei h tautìthta Jacobi:

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y]] = 0 (1.5)

UpologÐzoume k�je prosjetaÐo qwrist�,

[X, [Y,Z]] = X[Y,Z]− [Y,Z]X

= X(YZ− ZY)− (YZ− ZY)X

= XYZ− XZY − YZX + ZYX

Parìmoia gia ta upìloipa,

[Y, [Z,X]] = YZX− YXZ− ZXY + XZY
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kai
[Z, [X,Y]] = ZXY − ZYX− XYZ + YXZ

AntikajistoÔme touc ìrouc sto �jroisma kai paÐrnoume to zhtoÔmeno. Tèloc
qrhsimopoi¸ntac ton tÔpo (1.3) eÔkola epalhjeÔoume ìti h pr�xh [ , ] eÐnai
digrammik .

To efaptìmeno uperepÐpedo TI(SL3(R)) me thn algebrik  dom  pou prosdio-
rÐzetai apì thn pr�xh [ , ], eÐnai èna par�deigma autoÔ pou onom�zetai �lgebra
Lie thc om�dac Lie kai sumbolÐzetai to sumbolÐzoume sl(3,R).

Genikìtera, onom�zoume �lgebra Lie èna dianusmatikì q¸ro me mÐa digram-
mik  dimel  pr�xh, pou epalhjeÔei thn antisummetrik  idiìthta (1.4) kai
thn tautìthta Jacobi (1.5).

SuneqÐzoume to par�deigma tou SL(3,R) kai jewroÔme thn antÐstoiqh �lge-
bra Lie, L = sl(3,R). 'Opwc deÐxame prohgoumènwc aut  apoteleÐtai apì touc
3 × 3 pragmatikoÔc pÐnakec me mhdenikì Ðqnoc. Autìc o dianusmatikìc q¸roc
eÐnai di�stashc 8. Oi akìloujoi pÐnakec apoteloÔn mÐa b�sh tou.

h1 =




1 0 0
0 −1 0
0 0 0


 , h2 =




0 0 0
0 1 0
0 0 −1


 ,

e21 =




0 0 0
1 0 0
0 0 0


 , e31 =




0 0 0
0 0 0
1 0 0


 , e12 =




0 1 0
0 0 0
0 0 0




e13 =




0 0 1
0 0 0
0 0 0


 , e23 =




0 0 0
0 0 1
0 0 0


 , e32 =




0 0 0
0 0 0
0 1 0




ParathroÔme ìti ta h1 kai h2 metatÐjentai, dhlad  h1h2 = h2h1, kai sunep¸c
o grammikìc upìqwroc pou par�goun apoteleÐ mÐa upo�lgebra thc sl(3,R), thn
opoÐa ja sumbolÐzoume H. Exet�zoume th suzug  dr�sh thc H sthn L. Gia
tuqaÐo stoiqeÐo X thc H, èqoume

ad(X) : L −→ L

Y 7−→ ad(X)(Y) =: [X,Y],

gia k�je Y ∈ L. EpÐshc gia ta h1, h2 èqoume ìti

h1 = e11 − e22

kai
h2 = e22 − e33
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Akìmh, afoÔ eij ekl = δjk eil, ìpou δj k eÐnai to dèlta tou Kronecker, prokÔptei
ìti

[eij, ekl] = δjkeil − δliekj
'Eqoume ìti

adh1(e21) = [h1, e21]

= [e11 − e22, e21]

= [e11, e21]− [e22, e21]

= −e21 − e21

= −2e21

adh2(e21) = [h2, e21]

= [e22 − e33, e21]

= [e22, e21]− [e33, e21]

= e21

Dhlad  to e21 eÐnai idiodi�nusma gia thn adh1 me idiotim  −2, kai idiodi�nusma
gia thn adh2 me thn idiotim  1.

adh1(e31) = [e11 − e22, e31]

= [e11, e31]− [e22, e31]

= −e31

adh2(e31) = [e22 − e33, e31]

= [e22, e31]− [e33, e31]

= −e31

Dhlad  to e31 eÐnai idiodi�nusma gia thn adh1 me idiotim  −1, kai idiodi�nusma
gia thn adh2 me thn idiotim  −1.

Parìmoia upologÐzoume kai ta upìloipa kai parathroÔme h b�sh tou sl(3,R)
pou epilèxame apoteleÐtai apì koin� idiodianÔsmata twn adh1, adh2, me tic antÐ-
stoiqec idiotimèc.

Gia k�je di�nusma ei,j, i 6= j kai i, j = 1, 2, 3 up�rqei mÐa grammik  apeikìnish,
αi,j : H −→ R, h opoÐa ikanopoieÐ thn

adh(eij) = αij(h)eij
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di�nusma e12 e21 e13 e31 e23 e32 h1 h2

idiotim  gia adh1 2 −2 1 −1 −1 1 0 0
idiotim  gia adh1 −1 1 1 −1 2 −2 0 0

rÐzec α12 α21 α13 α31 α23 α32 − −

Ta mh-mhdenik� stoiqeÐa tou q¸rou H ∗ twn grammik¸n sunart sewn sto H ,
ta onom�zoume rÐzec kai to sÔnolo

Φ = {α12, α21, α13, α31, α23, α32}

lègetai sÔsthma riz¸n.
Kai an orÐsoume èna kat�llhlo eswterikì ginìmeno ston H mporoÔme na

parast soume to sÔsthma riz¸n sto duðkì q¸ro H ∗ kai na parathr soume
th summetrÐa tou sq matoc. Oi rÐzec tou sust matoc riz¸n brÐskontai stic
korufèc enìc kanonikoÔ exag¸nou.

Sq ma 1.1: To sÔsthma riz¸n thc �lgebrac sl(3,R)

Genikìtera mporoÔme na deÐxoume ìti gia mÐa shmantik  kathgorÐa algebr¸n
Lie, tic hmiaplèc �lgebrec Lie, [9] (§3.2,sel.11), mporoÔme na prosdiorÐsoume
mÐa abelian  upo�lgebra H thc L, kai na kataskeu�soume me an�logo trìpo
èna sÔnolo sunart sewn idiotim¸n thc suzugoÔc dr�shc thc H sthn L,

Φ ⊆ H ∗,

to opoÐo ikanopoieÐ k�poiec aplèc gewmetrikèc idiìthtec. Aut�, ta sÔnola,
ta opoÐa anom�zoume sust mata riz¸n, mporoÔme na ta taxinom soume sqetik�
eÔkola, lìgw thc meg�lhc summetrÐac pou parousi�zoun. H taxinìmhsh twn
susthm�twn riz¸n apoteleÐ to pr¸to b ma gia thn taxinìmhsh twn hmiapl¸n
algebr¸n Lie.



Kef�laio 2

Sust mata Riz¸n

Gia na katal xoume sthn taxinìmhsh ìpou autìc eÐnai o skopìc mac, orÐzou-
me k�poia apl� majhmatik� antikeÐmena, ta sust mata riz¸n. Exet�zoume ton
trìpo pou par�gontai kai k�poiec basikèc idiìthtèc touc.

2.1 SÔsthma Riz¸n

Orismìc. Qrhsimopoi¸ntac ton metasqhmatismì thc an�klashc pou perigr�-
foume sto par�rthma, orÐzoume èna uposÔnolo Φ na eÐnai sÔsthma riz¸n ston
E, ìtan ikanopoioÔntai ta parak�tw axi¸mata:
(R1) To Φ eÐnai peperasmèno, par�gei ton E kai den perièqei to mhdenikì di�nu-
sma.
(R2) An α ∈ Φ tìte ta monadik� suggrammik� dianÔsmata pou an koun sto Φ
eÐnai to +α kai to −α.
(R3) E�n α eÐnai èna stoiqeÐo tou Φ, tìte h an�klash pou orÐzei af nei to Φ
analloÐwto, dhlad  σα(Φ) ⊆ Φ, kai afoÔ h σα eÐnai isomorfismìc telik� èqoume
σα(Φ) = Φ.
(R4) Gia k�je zeÔgoc stoiqeÐwn α, β tou Φ isqÔei ìti:

<β, α> ∈ Z

Ta stoiqeÐa tou sunìlou Φ onom�zontai rÐzec.

Tèloc, e�n sumbolÐsoume me −Φ to sÔnolo {−x : x ∈ Φ} blèpoume apì
to axÐwma (R2)   to (R3), na isqÔei ìti Φ = −Φ, afoÔ e�n α ∈ Φ tìte to
σα(α) = −α ∈ Φ.

9
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2.2 Om�da Weyl

'Estw Φ, èna sÔsthma riz¸n ston E. JewroÔme thn upoom�da tou GL(E) pou
par�getai apì tic anakl�seic σα, me α sto Φ, kai th sumbolÐzoume me W .

An perioristoÔme sta stoiqeÐa tou Φ, èqoume mÐa apeikìnish Φ −→ Φ. SÔm-
fwna me to (R3), h W metajètei ta stoiqeÐa tou sunìlou Φ, ta opoÐa sÔmfwna
me to (R1) eÐnai peperasmèna se pl joc kai to Ðdio to Φ par�gei to q¸ro E.
'Etsi mporoÔme na tautÐsoume to W me mÐa upoom�da thc summetrik c om�dac
tou Φ. Thn W thn onom�zoume om�da Weyl tou Φ.

L mma 2.1 JewroÔme èna sÔsthma riz¸n Φ ston eukleÐdeio q¸ro E kai thn
om�da Weyl W . An σ eÐnai èna stoiqeÐo thc om�dac GL(E) pou af nei to Φ
analloÐwto tìte:

1. σσασ−1 = σσ(α) gia k�je α ∈ Φ

2. <β, α>=<σ(β), σ(α)>gia k�je α, β ∈ Φ

Apìdeixh.

1. 'Estw β mÐa rÐza, tìte σ(β) ∈ Φ efìson h σ af nei to Φ analloÐw-
to. 'Etsi efarmìzontac to ginìmeno anakl�sewn σσασ−1 sth σ(β) paÐr-
noume σσασ−1(σ(β)) = σσα(σ−1σ(β)) = σσα(β). 'Omwc to σσα(β) eÐnai
rÐza, afoÔ h σσα af nei analloÐwto to Φ, �ra lìgw thc isìthtac to
σσασ

−1(σ(β)) eÐnai rÐza. Dhlad  h σσασ−1 af nei to Φ analloÐwto, kai
an antikatast soume to σα(β) me β−<β, α>α telik� paÐrnoume:

σσασ
−1(σ(β)) = σ(β)−<β, α>σ(α) (2.1)

T¸ra, jewroÔme èna tuqaÐo stoiqeÐo tou σ(Pα), èstw a. Autì gr�fetai
sth morf  σ(b) gia k�poio b∈ Pα me thn idiìthta (b, α)= 0. Profan¸c
<b, α>= 0. Opìte an p�roume thn eikìna tou a mèsw thc σσασ−1 èqoume:

σσασ
−1(a) = σσασ

−1(σ(b)) = σ(b)−<b, α>σ(α),

lìgw thc sqèshc (2.1), kai efìson<b, α>= 0 telik� paÐrnoume

σσασ
−1(a) = σ(b) = a.

Dhlad  h σσασ
−1 diathreÐ stajer� ta shmeÐa tou uperepipèdou σ(Pα).

Tèloc, èqoume to σ(α) na apeikonÐzetai mesw thc σσασ−1 sto antÐjetì
tou. Autì prokÔptei k�nontac touc upologismoÔc, dhlad 

σσασ
−1(σ(α)) = σσα(α) = σ(−α) = −σ(α)
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Sumperasmatik�, gia to ginìmeno σσασ
−1 isqÔei ìti, af nei to Φ anal-

loÐwto, dra tautotik� sta shmeÐa tou uperepipèdou σ(Pα) kai up�rqei
stoiqeÐo tou Φ, to σ(α), pou apeikonÐzetai sto antÐjetì tou. 'Ara sÔm-
fwna me to L mma 6.4 ikanopoieÐtai h sqèsh:

σσασ
−1 = σσ(α) gia ìla ta α ∈ Φ.

2. Apo to pr¸to skèloc tou L mmatoc isqÔei ìti σσασ−1 = σσ(α) kai epeid 

σσασ
−1(σ(β)) = σ(β)−<β, α>σ(α)

kai
σσ(α)(σ(β)) = σ(β)−<σ(β), σ(α)>σ(α)

paÐrnoume
<β, α>σ(α) =<σ(β), σ(α)>σ(α)

gia k�je α, β sto Φ kai efìson to α den eÐnai to mhdenikì di�nusma èqoume
<β, α>=<σ(β), σ(α)>gia ìla ta α, β ∈ Φ.

�
Orismìc. 'Estw Φ èna sÔsthma riz¸n ston eukleÐdeio q¸ro E, di�stashc
`. OrÐzoume h t�xh tou Φ pou th sumbolÐzoume me rank Φ, na eÐnai Ðsh me th
di�stash tou E. 'Ara

rank Φ := dimE = `

Parak�tw dÐdoume orismèna paradeÐgmata susthm�twn riz¸n. Sthn perÐptw-
sh t�xewc èna, to sÔsthma perigr�fetai apì dÔo antÐjeta dianÔsmata. En¸,
e�n èna sÔsthma eÐnai t�xewc dÔo, anaparist�tai me èna apì ta tèssera pijan�
sq mata:
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Sq ma 2.1: A1 × A1

Sq ma 2.2: A2

Sq ma 2.3: B2
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Sq ma 2.4: G2

EpalhjeÔoume ta axi¸mata (R1)-(R4) gia to sÔsthma A1 × A1. Se aut 
thn perÐptwsh o q¸roc E par�getai apì dÔo dianÔsmata, èstw α kai β, gia ta
opoÐa proc to parìn upojètoume ìti an koun sto Φ, èqoun Ðso m koc kai tèloc
sqhmatÐzoun orj  gwnÐa. Ta uperepÐpeda pou orÐzoun ta α kai β,Pα kai Pβ

antÐstoiqa eÐnai di�stashc èna, dhlad  h di�stash ìlou tou q¸rou meiwmènh
kat� èna.

To di�nusma α orÐzei thn an�klash σα pou apeikonÐzei to α sto antÐjetì
tou, to −α. En¸ to β mèsw autoÔ tou metasqhmatismoÔ paramènei stajerì,
afoÔ an kei sto uperepÐpedo Pα. An�loga to β, orÐzei th σβ pou apeikonÐzei to
β sto −β kai diathreÐ stajerì to σα(α) = −α, diìti to −α an kei sto Pβ.

Efìson upojèsame ìti ta α, β an koun sto Φ, kai ta upìloipa dianÔsmata
pou prokÔptoun apì tic anakl�seic, eÐnai pollapl�sia aut¸n twn dÔo, sumpe-
raÐnoume ìti to Φ par�gei ton E. EpÐshc to sÔnolo Φ eÐnai peperasmèno kai
epiplèon ta arqik� dianÔsmata eÐnai mh-mhdenik�, �ra oi eikìnec touc den eÐ-
nai to mhdenikì di�nusma. Sunep¸c, met� touc teleutaÐouc treÐc isqurismoÔc
ikanopoeÐtai to (R1.)

Apì ton orismì thc an�klashc, to α mèsw thc sÔnjeshc σασβ apeikonÐzetai
sto −α kai to β mèsw thc Ðdiac strof c phgaÐnei sto −β, �ra ikanopoieÐtai to
(R2.)

Gia na deÐxoume ìti isqÔei to axÐwma (R3), arkeÐ na jewr soume èna tuqaÐo
di�nusma tou Φ kai mèsw thc an�klashc pou orÐzei na p�roume p�li stoiqeÐo
tou sunìlou. K�ti tètoio isqÔei, afoÔ ìpoia an�klash ki an jewr soume ja
p�roume α,−α, β   −β, dhlad  to di�nusma ja phgaÐnei sto antÐjetì tou   ja
diathreÐtai stajerì.

T¸ra, to mìno pou mènei na apodeÐxoume ¸ste to Φ na apoteleÐ sÔsthma
riz¸n, eÐnai to axÐwma (R4). Gia ìla ta pijan� zeÔgh dianusm�twn sto Φ h
posìthta<, > na eÐnai akèraioc arijmìc. 'Ustera apì aplèc pr�xeic ston tÔpo
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tou<, >, me dedomènh th gwnÐa twn α, β, èqoume<α, β>=<−α,−β>= 0 ∈ Z,
kai< α,−α >=< β,−β >= −2 ∈ Z. Epomènwc ikanopoieÐtai kai to tètarto
axÐwma. 'Ara to Φ eÐnai sÔsthma riz¸n.

Ac doÔme pio analutik� poia eÐnai h di�taxh twn riz¸n, twn prohgoÔmenwn
susthm�twn sto q¸ro kai ti plhroforÐec mporoÔme na p�roume gia ta sqetik�
m kh twn riz¸n aut¸n.

Parat rhsh 2.2 E�n ϑ eÐnai h gwnÐa metaxÔ twn riz¸n α kai β, tìte isqÔei

<β, α> = 2 · (β, α)/(α, α)

= 2 · ‖ β ‖ · cosϑ/‖ α ‖
Epomènwc gia na ikanopoieÐtai to axÐwma (R4) tou orismoÔ ja prèpei o arijmìc 2·
‖ β ‖ · cosϑ/‖ α ‖ na eÐnai akèraioc. 'Etsi periorÐzontai oi epilogèc twn mhk¸n,
h metaxÔ touc gwnÐa, �ra kai to pl joc twn dianusm�twn pou apoteloÔn rÐza.

Epiplèon, isqÔei ìti<α, β><β, α>= 4 · cos2ϑ to opoÐo eÐnai mh arnhtikìc
arijmìc, afoÔ to tetr�gwno tou sunhmitìnou mÐac gwnÐac fr�ssetai apì to 0
kai to 1. EÔkola sumperaÐnoume ìti

<α, β><β, α>≤ 4

kai
sgn
(
<α, β>

)
= sgn

(
<β, α>

)

En¸ sthn perÐptwsh pou oi α, β den eÐnai suggrammikèc, dhlad  h ϑ eÐnai
diaforetik  twn 0 kai π èqoume cos2 ϑ 6= 1, �ra

<α, β><β, α>< 4

T¸ra, jewroÔme dÔo mh suggrammikèc rÐzec tou Φ, α kai β, me ‖ β ‖≥‖ α ‖ .
Tìte apì ton periorismì 0 ≤<α, β><β, α>< 4 èqoume tic timèc twn<α, β>,
<β, α> na dÐdontai apì ton akìloujo pÐnaka

PÐnakac π©

<α, β> <β, α> ϑ ‖ β ‖2 / ‖ α ‖2

0 0 π/2 den orÐzetai
1 1 π/3 1
-1 -1 2π/3 1
1 2 π/4 2
-1 -2 3π/4 2
1 3 π/6 3
-1 -3 5π/6 3
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ìpou h trÐth st lh upologÐzetai apì th sqèsh<α, β><β, α>= 4 · cos2ϑ. Kai
gia thn teleutaÐa èqoume<α, β>= 2‖ β ‖ cosϑ/‖ α ‖, sunep¸c

‖ β ‖2/‖ α ‖2 = <β, α><β, α>/4 cos2 ϑ

= <β, α><β, α>/<α, β><β, α>

= <β, α>/<α, β>.

Sunep¸c, apì ton PÐnaka π©, aitiologeÐtai o trìpoc pou prokÔptoun ta proh-
goÔmena sust mata riz¸n deÔterhc t�xhc.

Sth sunèqeia, me th bo jeia tou pÐnaka apodeiknÔoume to parak�tw L mma,
sÔmfwna me to opoÐo, an�loga me th gwnÐa twn dÔo riz¸n, mporoÔme na m�joume
e�n to �jroisma   h diafor� touc apoteleÐ rÐza.

L mma 2.3 'Estw α, β dÔo mh suggrammikèc rÐzec, tìte isqÔoun ta parak�tw:

1. E�n h gwnÐa pou sqhmatÐzoun oi α, β eÐnai oxeÐa, dhlad  isqÔei (α, β) > 0,
tìte to α− β apoteleÐ rÐza.

2. E�n h gwnÐa pou sqhmatÐzoun oi α, β eÐnai ambleÐa, dhlad  isqÔei
(α, β) < 0, tìte to α + β apoteleÐ rÐza.

Apìdeixh.

1. DeÐqnoume th sunepagwg :

(α, β) > 0 =⇒ (α− β) ∈ Φ

Jèloume na deÐxoume ìti to di�nusma α− β eÐnai rÐza. ArkeÐ na to para-
st soume wc eikìna enìc stoiqeÐou tou Φ mèsw k�poiac an�klashc. 'Etsi
apo to axÐwma (R3) tou orismoÔ tou sust matoc riz¸n exasfalÐzoume ìti
to α− β ja eÐnai rÐza.
Apì thn upìjesh èqoume ìti (α, β) > 0 kai isodÔnama mporoÔme na
gr�youme ìti (β, α) > 0, efìson to eswterikì ginìmeno eÐnai summe-
trikì. EpÐshc èqoume thn posìthta < β, α > na dÐnetai apì ton tÔpo:
<β, α> = 2 · (β, α)/(α, α), dhlad <β, α>= 2 · (β, α)/‖ α ‖2. 'Omwc
‖ α ‖2> 0, afoÔ apì to axÐwma (R1) prèpei α 6= ~0. 'Etsi apo tic parap�nw
sqèseic sumperaÐnoume ìti:

sgn
(
<β, α>

)
= sgn

(
(β, α)

)
.

Ed¸ sugkekrimèna èqoume ìti (β, α) > 0, opìte apì thn prohgoÔmenh
isìthta prèpei: < β, α >> 0. Profan¸c kai < α, β >> 0. 'Omwc apì
ton PÐnaka π© parathroÔme ìti oi anisìthtec autèc ikanopoioÔntai ìtan
toul�qiston èna apì ta<α, β> ,<β, α>eÐnai Ðso me 1, opìte diakrÐnoume
peript¸seic:
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• E�n< α, β >= 1, tìte h an�klash pou orÐzei h rÐza β ìtan efar-
mìzetai sthn α dÐdei: σβ(α) = α−<α, β > β = α − β. Epomènwc
α − β ∈ Φ, afoÔ apì to axÐwma (R3) tou orismoÔ tou sust matoc
riz¸n h σβ af nei analloÐwto to F.

• E�n<β, α>= 1, tìte h an�klash pou orÐzei h rÐza α ìtan efarmì-
zetai sthn β dÐdei: σα(β) = β−<β, α>α = β −α. 'Ara β −α ∈ Φ,
efìson h σα af nei analloÐwto to Φ. Epomènwc h an�klash tou β−α
wc proc ton eautì thc eÐnai Ðsh me σβ−α(β − α) = −(β−α) = α−β
kai α− β ∈ Φ, apì to axÐwma (R3) tou orismoÔ tou Φ.

2. DeÐqnoume th sunepagwg :

(α, β) < 0 =⇒ (α + β) ∈ Φ

Apì to deÔtero axÐwma tou orismoÔ tou Φ, to −β eÐnai rÐza kai eÐnai mh
suggrammik  thc α, afoÔ oi α, β eÐnai mh suggrammikèc. Efarmìzou-
me to pr¸to skèloc tou L mmatoc stic rÐzec α, −β. Opìte (α,−β) =
−(α, β) > 0 �ra to α− (−β) eÐnai rÐza, dhlad  to α + β eÐnai rÐza.

�

2.3 Strings

Orismìc. 'Estw α, β dÔo mh-suggrammikèc rÐzec tou Φ. To sÔnolo twn riz¸n
pou gr�fontai sthn morf  β + iα gia k�poio i ∈ Z, apoteloÔn to string tou
α pou pern� apì to β,   diaforetik� to α-string wc proc β. An�loga,
sto string tou β pou pern� apì to α an koun ekeÐnec oi rÐzec thc morf c
α + jβ, j ∈ Z.

ShmeÐwsh 2.4 To α-string wc proc β eÐnai oi rÐzec pou brÐskontai sthn eujeÐa
pou dièrqetai apì to β kai eÐnai par�llhlh thc rÐzac α.

JewroÔme touc mègistouc fusikoÔc arijmoÔc r, q gia touc opoÐouc ta dianÔ-
smata β − rα kai β + qα, gia r, q ∈ Z+

0 , eÐnai rÐzec. Dhlad  oi dÔo autèc rÐzec
eÐnai ta �kra tou string.

Parak�tw deÐqnoume ìti èna string riz¸n de diasp�tai apì k�poio di�nusma
pou den eÐnai rÐza.
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L mma 2.5 'Estw α, β dÔo mh-suggrammikèc rÐzec tou Φ. E�n jewr soume to
α-string wc proc β, tìte autì de diasp�tai. Dhlad  gia k�je akèraio i me
−r ≤ i ≤ q, to di�nusma β + iα eÐnai rÐza.

Apìdeixh. Upojètoume ìti up�rqei k�poio i, metaxÔ twn r, q ìpwc ta orÐsame
parap�nw, gia to opoÐo to di�nusma β + iα den an kei sto Φ. Tìte mporoÔme
na broÔme p, s se autì to di�sthma, me p < s tètoio ¸ste, β + pα ∈ Φ en¸
β + (p+ 1)α 6∈ Φ kai β + (s− 1)α 6∈ Φ kai β + sα ∈ Φ.

'Eqoume β + (p+ 1)α 6∈ Φ, �ra sÔmfwna me to L mma 2.3 isqÔei ìti

(α, β + pα) ≥ 0

All� lìgw thc grammikìthtac (α, β + pα) = (α, β) + p (α, α), opìte èqoume
(α, β) + p (α, α) ≥ 0. OmoÐwc gia to β + (s− 1)α 6∈ Φ paÐrnoume thn anisìthta
(α, β) + s (α, α) ≤ 0. Apì tic dÔo teleutaÐec anisìthtec èqoume

p (α, α) ≥ s(α, α)

kai epeid  to α eÐnai rÐza, apì to (R1) paÐrnoume p ≥ s. AntÐfash, diìti arqik�
upojèsame ìti p < s. 'Ara den up�rqei di�nusma sto α-string wc proc β, pou
den eÐnai rÐza.

�

L mma 2.6 H an�klash σα af nei analloÐwto to α-string wc proc β.

Apìdeixh. JewroÔme mÐa tuqaÐa rÐza tou α-string wc proc β. Tìte ja èqei
thn morf  β + iα gia k�poio i ∈ Z. Efarmìzoume se aut  thn an�klash σα kai
èqoume

σα(β + iα) = σα(β) + σα(iα)

= β−<β, α>α− iα
= β − (<β, α>+i)α

All� apì to (R4) o arijmìc< β, α > eÐnai akèraioc kai afoÔ kai to i ∈ Z, h
rÐza β − (<β, α>+i)α an kei sto α-string wc proc β.

�
Pio sugkekrimèna, deÐqnoume ìti ta dÔo �kra tou string metatÐjontai. 'Opwc

deÐxame parap�nw σα(β + iα) = β − (<β, α>+i)α, dhlad 

σα : β + iα 7−→ β − (<β, α>+i)α

Epomènwc, e�n èqoume dÔo suntelestèc n,m gia touc opoÐouc isqÔei n < m
tìte:

−(<β, α>+n) > −(<β, α>+m) (2.2)
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'Otan efarmìzetai stic rÐzec h an�klash σα, orÐzoume thn apeikìnish twn
suntelest¸n τ, τ : s 7−→ t, e�n σα : β+ sα 7−→ β+ tα, me s, t an�mesa sta r, q.

Upojètoume ìti h rÐza β + rα apeikonÐzetai se k�poia rÐza tou string diafo-
retik  thc akraÐac rÐzac. 'Ara τ(−r) < q, tìte up�rqei k�poio j tètoio ¸ste
τ(j) = q. All�, epeid  h β − rα eÐnai sto �kro tou string èqoume ìti −r < j,
all� kai τ(−r) < τ(j).

Autì èrqetai se antÐfash me th (2.2), afoÔ diathreÐtai h di�taxh twn sunte-
lest¸n met� thn efarmog  thc σα.

EpÐshc, èqoume ìti σα(β+qα) = β−(<β, α>+q)α, all� apì ta prohgoÔmena
isqÔei σα(β + qα) = β − rα, �ra r − q =<β, α>.

Tìte, e�n r = 0, to |<β, α>| +1 dÐnei to m koc tou string, ìpou sÔmfwna me
ton PÐnaka π© eÐnai to polÔ 4. En¸ sth genik  perÐptwsh to m koc tou string,
dÐnetai apì ton arijmì r + q + 1.



Kef�laio 3

B�sh sust matoc riz¸n

SuneqÐzoume thn melèth twn susthm�twn riz¸n, kurÐwc ìti afor� th dr�sh thc
om�dac Weyl stic b�seic tou sust matoc riz¸n, sta qwrÐa Weyl all� kai se
olìklhro ton eukleÐdeio q¸ro. 'Omwc, ìla aut� ja ta doÔme analutik� sthn
poreÐa.

Orismìc. JewroÔme èna uposÔnolo ∆ tou sust matoc riz¸n Φ, ston eukleÐ-
deio q¸ro E. To ∆ eÐnai b�sh tou Φ ìtan isqÔei:
(B1) To ∆ eÐnai b�sh tou E.
An ` eÐnai h di�stash tou E tìte card (∆) = ` kai to ∆ eÐnai èna sÔnolo riz¸n
me grammik� anex�rthta dianÔsmata pou par�goun ton E.
(B2) K�je rÐza β tou Φ, gr�fetai me monadikì trìpo sthn morf :

β =
∑
kαα , α ∈ ∆

ìpou oi suntelestèc kα eÐnai stajeroÐ akèraioi arijmoÐ ìloi mh-arnhtikoÐ   ìloi
mh-jetikoÐ.

Oi rÐzec thc b�shc tou Φ kaloÔntai aplèc rÐzec.

Shmei¸noume ìti to ∆ eÐnai gn sio uposÔnolo tou Φ. ArkeÐ na jewr soume
èna stoiqeÐo tou ∆, èstw α, tìte autì eÐnai rÐza tou Φ ìpwc kai to −α, b�sei
tou (R2). 'Omwc to −α den an kei sto ∆, diìti tìte to ∆ de ja  tan grammik�
anex�rthto sÔnolo, ìpwc apaiteÐ o orismìc tou. 'Ara ∆ 6= Φ.

ShmeÐwsh 3.1 H tuqaÐa rÐza β ekfr�zetai wc grammikìc sunduasmìc twn stoi-
qeÐwn thc b�shc kai sÔmfwna me to (B2) an koun eÐte sto Z+

0 eÐte sto Z−0 . Dieu-
krinÐzoume loipìn, ìti toul�qiston ènac apì autoÔc prèpei na eÐnai mh-mhdenikìc.
Diìti, e�n ìla ta kα eÐnai Ðsa me to mhdèn, tìte paÐrnoume wc stoiqeÐo tou su-
nìlou Φ to mhdenikì di�nusma, to opoÐo, ex' orismoÔ, den perièqetai se autì.
AntÐfash.
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Parat rhsh 3.2 Gewmetrik�, ìlec oi rÐzec brÐskontai ston kurtì k¸no pou
par�getai apì tic aplèc rÐzec. Autì ofeÐletai sto (B2) tou orismoÔ thc b�shc tou
Φ, kai sugkekrimèna stouc omìshmouc suntelestèc tou grammikoÔ sunduasmoÔ
twn riz¸n.

H b�sh ∆ orÐzei mÐa merik  di�taxh {≺} sta stoiqeÐa tou q¸rou E. Gia dÔo
sugkrÐsima stoiqeÐa gr�foume β ≺ α e�n kai mìnon e�n, eÐte h diafor� α − β
gr�fetai wc grammikìc sunduasmìc twn apl¸n riz¸n me jetikoÔc pragmatikoÔc
suntelestèc, dhlad 

α− β =
∑

kxx

me x ∈ ∆, kx ∈ R+, eÐte ikanopoieÐtai h isìthta

α = β.

MporoÔme na periorÐsoume th di�taxh ≺ sto sÔnolo twn riz¸n Φ. Tìte
gr�foume β ≺ α, e�n kai mìnon e�n to α − β eÐnai ènac grammikìc sunduasmìc
twn apl¸n riz¸n me jetikoÔc akèraiouc suntelestèc, dhlad 

α− β =
∑

kxx,

me x ∈ ∆, kx ∈ Z+,   diaforetik�

α = β.

T¸ra, e�n èqoume th di�taxh ≺ sto sÔnolo Φ, all� sugkrÐnoume ta stoiqeÐa
tou me to mhdenikì di�nusma kai mìno, tìte aut  h sqèsh metatrèpetai se mÐa
apl  idiìthta twn riz¸n tou Φ. Oi rÐzec ja eÐnai eÐte � 0, eÐte ≺ 0.

E�n β � 0, h β ekfr�zetai wc grammikìc sunduasmìc apl¸n riz¸n me mh-
arnhtikoÔc suntelestèc, �ra

β =
∑

α∈∆ kαα, ìpou kα ∈ Z+
0

kai lème ìti h β eÐnai jetik  rÐza.
En¸, ìtan β ≺ 0, to β gr�fetai wc

β =
∑

α∈∆ kαα, ìpou kα ∈ Z−0
kai lème ìti h β eÐnai arnhtik  rÐza.

To sÔnolo twn jetik¸n kai arnhtik¸n riz¸n wc proc th ∆ sumbolÐzetai me
Φ+ kai Φ− antÐstoiqa, gia ta opoÐa isqÔei Φ+ = −Φ− kai Φ+ ∩ Φ− = ∅.

Gia to pr¸to arkeÐ na deÐxoume touc dÔo egkleismoÔc. An β ∈ Φ−, tìte
gr�fetai wc:

∑
α∈∆−mαα, ìpou mα ≥ 0, �ra lìgw grammikìthtac β ∈ −Φ+.
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Gia ton �llon egkleismì jewroÔme èna stoiqeÐo β ∈ −Φ+. Tìte autì gr�fetai
sthn morf  −∑α∈∆ kαα, dhlad 

∑
α∈∆−kαα, me kα ≥ 0, opìte β ∈ Φ−.

EpÐshc, opoiod pote di�nusma pou an kei sthn tom  twn dÔo aut¸n sunìlwn
anagkastik� eÐnai to mhdenikì. 'Omwc autì eÐnai adÔnato lìgw tou (R1). 'Ara
h tom  touc eÐnai to kenì sÔnolo.

Orismìc. OrÐzoume to Ôyoc mÐac rÐzac β wc proc th b�sh ∆, na eÐnai to
�jroisma to suntelest¸n kα kai to sumbolÐzoume me ht β, dhlad ,

ht β =
∑

α∈∆ kα

Prìtash 3.3 E�n α, β eÐnai dÔo jetikèc rÐzec pou èqoun wc �jroisma rÐza, thn
α + β, tìte aut  eÐnai jetik .

Apìdeixh. 'Eqoume ìti h α eÐnai jetik  rÐza. Epomènwc gr�fetai wc grammikìc
sunduasmìc twn stoiqeÐwn thc b�shc ∆, me suntelestèc sto Z+

0 . Dhlad 

α = k1x1 + k2x2 + . . .+ k`x`,

me ` = dimE, xi ∈ ∆ gia ìla ta i ∈ {1, 2, . . . , `} kai kj ∈ Z+
0 gia ìla ta

j ∈ {1, 2, . . . , `}. OmoÐwc gia th jetik  rÐza β,

β = n1x1 + n2x2 + . . .+ n`x`,

ìpou nj ∈ Z+
0 gia ìla ta j ∈ {1, 2, . . . , `}.

Epomènwc, upologÐzontac to �jroisma α + β èqoume

α + β = (k1 + n1)x1 + (k2 + n2)x2 + . . .+ (k` + n`)x`,

me kj+nj ∈ Z+
0 , wc �jroisma mh-arnhtik¸n akeraÐwn, gia ìla ta j ∈ {1, 2, . . . , `}.

Sunep¸c, h rÐza α + β gr�fetai wc grammikìc sunduasmìc twn stoiqeÐwn thc
b�shc, me mh-arnhtikoÔc akèraiouc suntelestèc, �ra eÐnai jetik .

�

L mma 3.4 E�n ∆ eÐnai mÐa b�sh tou Φ, tìte gia diaforetik� α, β sto ∆ isqÔei
ìti: (α, β) ≤ 0 kai α− β den eÐnai rÐza.

Apìdeixh. Ja to deÐxoume me �topo. Upojètoume ìti gia diaforetikèc rÐzec
α, β sto ∆ isqÔei ìti (α, β) > 0. Tìte sÔmfwna me to L mma 2.3, èqoume
ìti to α − β eÐnai rÐza. Jètoume th diafor� α − β na eÐnai Ðsh me γ, �ra
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γ = α−β = 1·α+(−1)·β. Dhlad  h rÐza γ gr�fetai wc grammikìc sunduasmìc
twn stoiqeÐwn thc b�shc me dÔo eterìshmouc suntelestèc.

'Etsi katal goume se �topo, afoÔ to (B2) apaiteÐ ìloi oi suntelestèc na
eÐnai omìshmoi ¸ste h γ na eÐnai rÐza. Opìte h arqik  upìjesh ìti (α, β) > 0
ìpwc kai to sumpèrasm� thc, ìti to α− β eÐnai rÐza eÐnai lanjasmènh.

�
Prin deÐxoume ìti se k�je sÔsthma riz¸n Φ antistoiqeÐ mÐa b�sh kai perigr�-

youme ton trìpo kataskeu c thc orÐzoume k�poiec bohjhtikèc ènnoiec.

Orismìc. Gia k�je stoiqeÐo γ tou E, jewroÔme to sÔnolo ìlwn twn riz¸n
pou brÐskontai sth jetik  pleur� pou orÐzei to orjog¸nio uperepÐpedo sto γ,
kai to sumbolÐzoume me Φ+(γ) :

Φ+(γ) = {α ∈ Φ|(γ, α) > 0}

An�loga orÐzetai to sÔnolo twn riz¸n pou brÐskontai sthn arnhtik  pleur�.
SumbolÐzetai me −Φ+(γ) kai isoÔtai me:

−Φ+(γ) = {−α : α ∈ Φ+(γ)} = {α ∈ Φ : (γ, α) < 0}.
Profan¸c ta Φ+(γ),−Φ+(γ) eÐnai xèna metaxÔ touc.

Orismìc. 'Ena stoiqeÐo γ tou E lègetai regular, ìtan an kei sto sÔnolo
E−⋃Pα. Diaforetik� onom�zetai singular.

ApodeiknÔoume k�poia shmantik� l mmata, sqetik� me to regular di�nusma,
pou ja qrhsimopoihjoÔn parak�tw.

L mma 3.5 E�n γ ∈ E eÐnai regular kai σ eÐnai èna stoiqeÐo thc om�dac Weyl
W , tìte to σ(γ) eÐnai regular.

Apìdeixh. SÔmfwna me ton orismì tou regular arkeÐ na deÐxoume ìti to σ(γ)
eÐnai èna stoiqeÐo tou E, tètoio ¸ste na mhn an kei se kanèna uperepÐpedo
an�klashc. IsodÔnama mporoÔme na poÔme ìti to σ(γ) an kei sto E kai epiplèon
sqhmatÐzei mh mhdenikì eswterikì ginìmeno me k�je rÐza.

To pr¸to skèloc tou sullogismoÔ eÐnai profanèc. To W eÐnai upoom�da
twn automorfism¸n tou E, opìte amèswc sumperaÐnoume ìti σ(γ) ∈ E.

T¸ra, jèloume na deÐxoume ìti to σ(γ) èqei mh mhdenikì eswterikì ginìmeno
me k�je rÐza. 'Eqoume th σ na eÐnai isometrÐa, wc stoiqeÐo thc om�dac Weyl,
�ra (x, y) = (σ(x), σ(y)), ∀x, y ∈ E. Sunep¸c kai gia γ, α, me α ∈ Φ, èqoume:

(γ, α) = (σ(γ), σ(α)) (3.1)
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'Omwc to γ eÐnai regular, �ra apì ton orismì tou an kei sto sÔnolo E−⋃Pα,
dhlad  (γ, α) 6= 0 gia ìla ta α ∈ Φ. Opìte apì th sqèsh (3.1) sumperaÐnoume
ìti (σ(γ), σ(α)) 6= 0.

All�, efìson h om�da Weyl af nei analloÐwto to Φ, gia k�je rÐza β ∈ Φ
up�rqei k�poio α ∈ Φ tètoio ¸ste β = σ(α). Epomènwc:

(σ(γ), β) = (σ(γ), σ(α)) 6= 0, ∀β ∈ Φ (3.2)

Dhlad  to σ(γ) sqhmatÐzei mh mhdenikì eswterikì ginìmeno me k�je stoiqeÐo
tou Φ.

�

Prìtash 3.6 E�n γ eÐnai èna regular stoiqeÐo tou E, tìte

Φ = Φ+(γ) ∪ −Φ+(γ).

Apìdeixh. DeÐqnoume ton egkleismì ⊆ : An β eÐnai mÐa rÐza tou Φ kai to γ
èna regular stoiqeÐo tou E, tìte metaxÔ touc sqhmatÐzetai eswterikì ginìmeno
gn sia jetikì   gn sia arnhtikì, dhlad  (γ, β) > 0   (γ, β) < 0. Autì ofeÐletai
sthn idiìthta tou γ na eÐnai regular. Epomènwc den mporeÐ na an kei se kanè-
na uperepÐpedo pou orÐzetai apì rÐza. Sunep¸c den eÐnai shmeÐo tou k�jetou
uperepipèdou sth β. Apì thn pr¸th anisìthta amèswc sumperaÐnoume ìti h rÐza
β an kei sto Φ+(γ), en¸ apì th deÔterh ìti h β an kei sto −Φ+(γ). Dhlad 
β ∈ Φ+(γ) ∪ −Φ+(γ).

DeÐqnoume ton egkleismì⊇ : 'Estw ìti β ∈ Φ+(γ)∪−Φ+(γ), tìte β ∈ Φ+(γ)
  β ∈ −Φ+(γ). An β ∈ Φ+(γ) tìte apì ton orismì tou Φ+(γ), β ∈ Φ. An
β ∈ −Φ+(γ) tìte apì ton orismì tou −Φ+(γ) p�li to β ∈ Φ. Dhlad  se k�je
perÐptwsh to β an kei sto Φ.

�

L mma 3.7 'Estw E ènac R-dianusmatikìc q¸roc me eswterikì ginìmeno, Φ
èna sÔsthma riz¸n tou kai ∆ mÐa b�sh tou Φ. E�n to γ eÐnai èna stoiqeÐo tou E
pou sqhmatÐzei jetikì eswterikì ginìmeno me k�je apl  rÐza, tìte eÐnai regular
di�nusma.

Apìdeixh. Prèpei na deÐxoume ìti γ an kei sto sÔnolo E −⋃Pα, me α ∈ Φ.
IsodÔnama, ìti to γ den perièqetai se kanèna uperepÐpedo pou orÐzoun oi rÐzec
tou Φ. Dhlad  den eÐnai orjog¸nio se kamÐa rÐza. 'Ara prèpei na ikanopoieÐtai
h sqèsh (γ, β) 6= 0, gia ìla ta β ∈ Φ.

Epeid  to β eÐnai rÐza, sÔmfwna me to (B2) tou orismoÔ thc b�shc, gr�fetai
wc

β =
∑
α∈∆

kαα,
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ìpou oi suntelestèc kα an koun sto Z+
0   sto Z−0 kai toul�qiston ènac apì

autoÔc eÐnai mh-mhdenikìc.
JewroÔme to eswterikì ginìmeno tou γ me to β, �ra (γ, β) =

∑
α∈∆ kα(γ, α).

'Omwc to γ sqhmatÐzei jetikì eswterikì ginìmeno me k�je apl  rÐza, epomènwc
(γ, α) 6= 0 kai afoÔ up�rqei toul�qiston mÐa apl  rÐza sthn opoÐa antistoiqeÐ
mh-mhdenikìc suntelest c, èqoume (γ, β) 6= 0.

�

L mma 3.8 'Estw E ènac R-dianusmatikìc q¸roc, me eswterikì ginìmeno, Φ
èna sÔsthma riz¸n tou kai ∆ mÐa b�sh tou Φ. E�n γ eÐnai èna regular di�nusma
tou E kai sqhmatÐzei jetikì eswterikì ginìmeno me ìlec tic aplèc rÐzec, tìte
isqÔei h isìthta, Φ+ = Φ+(γ).

Apìdeixh. DeÐqnoume ton egkleismì Φ+ ⊆ Φ+(γ). JewroÔme èna tuqaÐo stoi-
qeÐo x tou Φ+. Tìte, gr�fetai wc grammikìc sunduasmìc twn stoiqeÐwn tou ∆,
me ìlouc touc suntelestèc sto Z+

0 kai toul�qiston ènan mh-mhdenikì. Dhlad 
x =

∑
kαα, ìpou α ∈ ∆ kai kα ∈ Z+

0 .
Efarmìzoume sto x eswterikì ginìmeno me to γ, opìte

(γ, x) =
∑

kα(γ, α) > 0,

diìti (γ, α) > 0 kai kα 6= 0, gia toul�qiston mÐa apl  rÐza. Epomènwc, gia to
stoiqeÐo x tou Φ+ pou an kei kai sto Φ, efìson Φ+ ⊆ Φ, ikanopoieÐtai h sqèsh
(γ, x) > 0. 'Ara to x eÐnai stoiqeÐo tou Φ+(γ). Opìte Φ+ ⊆ Φ+(γ).

OmoÐwc deÐqnoume kai ton egkleismì Φ− ⊆ −Φ+(γ). JewroÔme èna tuqaÐo
stoiqeÐo y tou Φ− kai to gr�foume wc grammikì sunduasmì twn apl¸n riz¸n me
suntelestèc sto Z−0 . Tìte, paÐrnontac to eswterikì ginìmeno me to γ prokÔptei
gn sia arnhtikì apotèlesma. 'Ara, epeid  Φ− ⊆ Φ, telik� to y an kei sto Φ
kai afoÔ sÔmfwna me ta parap�nw (y, γ) < 0, sumperaÐnoume ìti to y eÐnai rÐza
tou −Φ+(γ). Epomènwc Φ− ⊆ −Φ+(γ).

DeÐqnoume ìti Φ+ = Φ+(γ). Sthn arq  thc apìdeixhc eÐdame ìti Φ+ ⊆ Φ+(γ).
Mènei na apodeÐxoume ton egkleismì Φ+(γ) ⊆ Φ+. 'Estw ìti up�rqei k�poio
stoiqeÐo z tou Φ+(γ) pou den an kei sto Φ+. Tìte upoqrewtik� to z ja eÐnai
stoiqeÐo tou Φ−, �ra kai tou −Φ+(γ), lìgw thc deÔterhc paragr�fou. Dhlad 
to z eÐnai koinì stoiqeÐo twn sunìlwn Φ+(γ) kai −Φ+(γ). 'Omwc aut� ta dÔo
eÐnai xèna metaxÔ touc. Epomènwc den up�rqei rÐza tou Φ+(γ) pou den an kei
sto Φ+, �ra Φ+(γ) ⊆ Φ+. Opìte Φ+ = Φ+(γ).

�
Orismìc. 'Estw γ èna regular di�nusma tou E. E�n to α eÐnai stoiqeÐo tou
sunìlou Φ+(γ) kai analÔetai se �jroisma toul�qiston dÔo riz¸n tou Φ+(γ),
tìte onom�zetai decomposable rÐza,

α = β1 + β2
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gia k�poia β1, β2 sto Φ+(γ). Diaforetik� onom�zetai indecomposable.

Je¸rhma 3.9 'Estw γ èna regular di�nusma tou E. Tìte to sÔnolo ∆(γ) pou
apoteleÐtai apì ìlec tic indecomposable rÐzec tou Φ+(γ), eÐnai mÐa b�sh tou Φ,
kai k�je �llh b�sh tou eÐnai aut c thc morf c.

Apìdeixh. H apìdeixh ja gÐnei se b mata.
B ma (1): K�je rÐza tou Φ+(γ) gr�fetai wc grammikìc sunduasmìc twn stoi-

qeÐwn tou ∆(γ) me mh-arnhtikoÔc akèraiouc   mhdenikoÔc suntelestèc. Ono-
m�zoume A to sÔnolo twn jetik¸n riz¸n pou de gr�fontai wc Z+

0 -grammikìc
sunduasmìc twn stoiqeÐwn tou ∆(γ) kai ja deÐxoume ìti eÐnai to kenì.

Upojètoume ìti to A den eÐnai to kenì. Epeid  to A eÐnai uposÔnolo tou Φ
pou eÐnai peperasmèno, up�rqei k�poio stoiqeÐo tou pou sqhmatÐzei to el�qisto
eswterikì ginìmeno me to γ. Dhlad  gia k�poio α ∈ A, (γ, α) ≤ (γ, β) gia ìla
ta β ∈ A. 'Omwc h α eÐnai decomposable rÐza, diìti diaforetik� de ja  tan
stoiqeÐo tou A. 'Ara gr�fetai wc �jroisma jetik¸n riz¸n,

α = β1 + β2

Tìte gia na an kei h α sto A ja prèpei epiplèon, toul�qiston ènac apì touc
dÔo prosjetaÐouc, èstw o β1, na mhn gr�fetai wc Z+

0 -grammikìc sunduasmìc
twn stoiqeÐwn tou ∆(γ).

Epomènwc, lìgw thc grammikìthtac tou eswterikoÔ ginomènou, èqoume

(γ, α) = (γ, β1) + (γ, β2),

�ra
(γ, β1) = (γ, α)− (γ, β2)

kai epeid  h β2 eÐnai stoiqeÐo tou Φ+(γ) isqÔei (γ, β2) > 0.
Sunep¸c h rÐza β1 èqei me to γ eswterikì ginìmeno mikrìtero apì autì thc

α me to γ. AdÔnato, diìti arqik� upojèsame pwc h α sqhmatÐzei to el�qisto
eswterikì ginìmeno me to γ. 'Etsi, to sÔnolo A eÐnai to kenì kai k�je rÐza tou
Φ+(γ) eÐnai ènac mh-mhdenikìc, Z+-grammikìc sunduasmìc twn stoiqeÐwn tou
∆(γ).

B ma (2): An α, β eÐnai dÔo diaforetikèc rÐzec tou ∆(γ), tìte (α, β) ≤ 0.
Ja to deÐxoume me �topo. 'Estw ìti isqÔei (α, β) > 0, tìte apì to L mma 3.4
to α − β eÐnai rÐza. 'Omwc sÔmfwna me thn Prìtash 3.6, to Φ na gr�fetai wc
Φ = Φ+(γ) ∪ Φ−(γ). Sunep¸c to α − β an kei se èna apì ta Φ+(γ),Φ−(γ),
dhlad 

α− β ∈ Φ+(γ)

 
β − α ∈ Φ+(γ)
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An α − β ∈ Φ+(γ), tìte h α gr�fetai wc α = β + (α − β), ìpou β ∈
∆(γ) ⊆ Φ+(γ). 'Ara ekfr�zetai wc �jroisma dÔo riz¸n tou Φ+(γ) opìte eÐnai
decomposable rÐza. AntÐfash, diìti arqik� upojèsame ìti h α eÐnai stoiqeÐo
tou ∆(γ).

An β − α ∈ Φ+(γ), tìte h β gr�fetai wc β = α + (β − α), ìpou α ∈
∆(γ) ⊆ Φ+(γ). 'Ara h β eÐnai decomposable rÐza tou Φ+(γ). 'Atopo, diìti h
β eÐnai indecomposable, efìson apì thn upìjesh an kei sto sÔnolo ∆(γ).
Sunep¸c se k�je perÐptwsh katal goume se antÐfash. 'Etsi sumperaÐnoume ìti
(α, β) ≤ 0.

B ma (3): To ∆(γ) eÐnai grammik� anex�rthto sÔnolo. Apì to B ma (2)
opoiesd pote dÔo rÐzec tou ∆(γ) èqoun mh-jetikì eswterikì ginìmeno �ra h
metaxÔ touc gwnÐa eÐnai ambleÐa. Opìte b�sei tou L mmatoc 6.1 to sÔnolo
∆(γ) eÐnai grammik� anex�rthto.

B ma (4): To ∆(γ) apoteleÐ mÐa b�sh tou Φ. DeÐqnoume to (B1) tou ori-
smoÔ thc b�shc: Dhlad  ìti to ∆(γ) eÐnai èna grammik� anex�rthto sÔnolo
kai par�gei ìlo to q¸ro E. To pr¸to èqei apodeiqjeÐ sto prohgoÔmeno b ma.
Mènei na deÐxoume ìti k�je di�nusma tou E mporeÐ na ekfrasteÐ wc grammikìc
sunduasmìc twn riz¸n tou ∆(γ).

Apì ton orismì tou sust matoc riz¸n Φ gnwrÐzoume ìti par�gei ton E, ètsi
k�je di�nusma gr�fetai wc grammikìc sundusmìc twn riz¸n tou. 'Omwc gia to
regular γ isqÔei ìti Φ = Φ+(γ) ∪ Φ−(γ) kai afoÔ isqÔei Φ−(γ) = −Φ+(γ),
opoiad pote rÐza ekfr�zetai wc grammikìc sunduasmìc twn riz¸n tou Φ+(γ).

All�, apì to B ma (1) thc apìdeixhc k�je rÐza tou Φ+(γ) eÐnai ènac Z+
0 -

grammikìc sunduasmìc twn stoiqeÐwn tou ∆(γ). 'Ara opoiod pote di�nusma tou
E gr�fetai wc grammikìc sunduasmìc twn riz¸n tou ∆(γ).

DeÐqnoume to (B2) tou orismoÔ thc b�shc: Dhlad  ìti k�je stoiqeÐo tou
Φ gr�fetai wc grammikìc sunduasmìc twn stoiqeÐwn tou ∆(γ), me ìlouc touc
suntelestèc sto Z+

0   sto Z−0 . Autì èqei deiqjeÐ sto tèloc tou prohgoÔmenou
b matoc.

B ma(5): K�je b�sh ∆ tou Φ eÐnai thc morf c ∆(γ) gia k�poio regular γ ∈ E.
Apì to (B1) tou orismoÔ tou ∆, èqoume ìti to ∆ eÐnai b�sh tou E. Epomènwc,
sÔmfwna me to L mma 6.2 up�rqei k�poio di�nusma γ, tètoio ¸ste (γ, α) > 0
gia ìla ta α ∈ ∆, to opoÐo eÐnai regular b�sei tou L mmatoc 3.7. Epomènwc,
apì to L mma 3.8 isqÔei h isìthta Φ+ = Φ+(γ).

DeÐqnoume ìti to ∆ eÐnai uposÔnolo tou ∆(γ). Dhlad  e�n α eÐnai k�poia
tuqaÐa rÐza thc b�shc ∆ tìte eÐnai indecomposable wc proc to Φ+(γ). Qrhsi-
mopoi¸ntac thn eic �topo apagwg , upojètoume ìti h α ∈ ∆ kai ìti up�rqoun
β1, β2 sto Φ+(γ) tètoia ¸ste

α = β1 + β2

'Omwc Φ+(γ) = Φ+, epomènwc ta β1, β2 gr�fontai wc: β1 =
∑

x∈∆ kxx, me
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kx ≥ 0 kai β2 =
∑

x∈∆ `xx, me `x ≥ 0, �ra

α =
∑
x∈∆

mxx

ìpou mx = kx + `x ≥ 0 gia ìla ta x ∈ ∆. All� h α ∈ ∆ kai autì shmaÐnei
ìti ìtan ekfr�zetai wc grammikìc sunduasmìc twn stoiqeÐwn tou ∆, ìloi oi
suntelestèc eÐnai mhdenikoÐ ektìc apì ènan, ekeÐnon thc α pou eÐnai Ðsoc me 1.
'Ara mα = kα + `α = 1 kai epeid  ta kα, `α eÐnai akèraioi arijmoÐ èqoume kα = 0
kai `α = 1   kα = 1 kai `α = 0.

Sthn pr¸th perÐptwsh èqoume ìti α = β2, dhlad  h α eÐnai indecomposable.
En¸ h deÔterh perÐptwsh dÐnei α = β1 kai paÐrnoume Ðdio apotèlesma. 'Ara
∆ ⊆ ∆(γ).

Tèloc, sto B ma (4) thc apìdeixhc deÐxame ìti to sÔnolo ∆(γ) eÐnai mÐa b�sh
tou Φ, opìte an rank(Φ) = n tìte card ∆(γ) = n. 'Omwc, apì thn upìjesh kai
to ∆ eÐnai b�sh tou Φ, �ra èqoume card ∆(γ) = card ∆ = n kai epeid  ∆ ⊆ ∆(γ)
èqoume ìti ∆ = ∆(γ). Epomènwc ìlec oi b�seic eÐnai thc morf c ∆(γ).

�
K�je rÐza α tou Φ orÐzei èna orjog¸nio uperepÐpedo Pα. An jewr soume

ìla ta Pα pou sqhmatÐzontai sto E prokÔptei mÐa diamèrish tou E −⋃Pα se
sunektikèc sunist¸sec, ètsi ¸ste k�je stoiqeÐo tou sunìlou mac na an kei
se akrib¸c mÐa apì autèc. Autèc oi sunektikèc sunist¸sec tou E − ⋃Pα

onom�zontai qwrÐa Weyl tou E.
T¸ra, an jewr soume èna regular stoiqeÐo tou E, èstw γ, an kei kai autì

se akrib¸c mÐa sunektik  sunist¸sa tou E − ⋃Pα, afoÔ apì ton orismì tou
den mporeÐ na eÐnai stoiqeÐo k�poiou k�jetou uperepÐpedou se rÐza. To qwrÐo
Weyl sto opoÐo an kei to tuqaÐo regular γ sumbolÐzetai me C(γ).

Orismìc. E�n ∆ eÐnai mÐa b�sh tou Φ, orÐzoume C(∆) na eÐnai to qwrÐo Weyl
pou perièqei k�poio regular stoiqeÐo γ, tètoio ¸ste ∆ = ∆(γ). To C(∆) ono-
m�zetai jemeli¸dec qwrÐo Weyl wc proc th b�sh ∆.

Sto parak�tw sq ma blèpoume ta Weyl qwrÐa tou A2 :
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Sq ma 3.1: Ta qwrÐa Weyl tou A2

Prìtash 3.10 'Estw dÔo regular dianÔsmata tou E, γ kai γ′. Tìte ta akìlouja
eÐnai isodÔnama:

1. Ta γ kai γ′ brÐskontai sthn Ðdia pleur� gia k�je uperepÐpedo pou orÐzetai
apì tic rÐzec tou Φ

2. C(γ) = C(γ′)
3. Φ+(γ) = Φ+(γ′)

4. ∆(γ) = ∆(γ′)

Apìdeixh. DeÐqnoume th sunepagwg  1 =⇒ 2. Upojètoume ìti ta γ, γ′
an koun sthn Ðdia pleur� gia k�je uperepÐpedo pou orÐzoun oi rÐzec tou Φ. 'Ara
an koun sthn Ðdia sunektik  sunist¸sa tou E−⋃Pα, opìte C(γ) = C(γ′).

DeÐqnoume th sunepagwg  2 =⇒ 1. Efìson isqÔei C(γ) = C(γ′), tìte gia
k�je α ∈ Φ èqoume ìti

sgn
(

(α, γ)
)

= sgn
(

(α, γ′)
)

Epomènwc ta γ kai γ′ brÐskontai sthn Ðdia pleur� gia k�je uperepÐpedo pou
orÐzetai apì tic rÐzec tou Φ.

DeÐqnoume th sunepagwg  1 =⇒ 3. Apì thn upìjesh gnwrÐzoume ìti to γ
eÐnai regular �ra apì ton orismì tou den eÐnai orjog¸nio se opoiad pote rÐza.
Epomènwc sqhmatÐzei mh mhdenikì eswterikì ginìmeno me k�je stoiqeÐo tou Φ,
sunep¸c (γ, x) > 0 gia k�poia x ∈ Φ kai(γ, x′) < 0 gia k�poia x′ ∈ Φ, gia
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diaforetik� x, x′. An�loga gia to regular γ′, (γ′, y) > 0 gia k�poia y ∈ Φ kai
(γ′, y′) < 0 gia k�poia y′ ∈ Φ, me y 6= y′. Opìte afoÔ ta γ, γ′ brÐskontai sthn
Ðdia pleur� gia k�je uperepÐpedo, èqoun gia tic Ðdiec rÐzec omìshmo eswterikì
ginìmeno. Dhlad  oi jetikèc ìpwc kai oi arnhtikèc pleurèc touc tautÐzontai.
'Ara Φ+(γ) = Φ+(γ′), profan¸c isqÔei kai Φ−(γ) = Φ−(γ′).

DeÐqnoume th sunepagwg  3 =⇒ 1. Apì ton orismì twn sunìlwn sumperaÐ-
noume ìti ta γ, γ′ brÐskontai sthn Ðdia pleur� gia k�je uperepÐpedo pou orÐzetai
apì tic rÐzec.

DeÐqnoume th sunepagwg  3 =⇒ 4. To ∆(γ) ex' orismoÔ apoteleÐtai apì ta
indecomposable stoiqeÐa tou Φ+(γ), �ra ∆(γ) ⊆ Φ+(γ). OmoÐwc gia to ∆(γ′),
∆(γ′) ⊆ Φ+(γ′). 'Omwc apì to 3 isqÔei h isìthta Φ+(γ) = Φ+(γ′), �ra ta dÔo
sÔnola ∆(γ) kai ∆(γ′) tautÐzontai.

DeÐqnoume th sunepagwg  4 =⇒ 3. K�je rÐza tou Φ+(γ) ìpwc kai tou
Φ+(γ′) gr�fetai wc �jroisma k�poiwn indecomposable riz¸n tou antÐstoiqou
sunìlou. 'Omwc oi indecomposable rÐzec twn Φ+(γ) kai Φ+(γ′) eÐnai koinèc,
opìte ta sÔnola Φ+(γ), Φ+(γ′) isoÔntai.

�

Prìtash 3.11 Up�rqei kanonik  amfimonos manth apeikìnish (1-1 kai epÐ)
metaxÔ twn b�sewn enìc sust matoc riz¸n kai twn qwrÐwn Weyl.

Apìdeixh. Upojètoume ìti to γ eÐnai èna regular di�nusma tou E kai ∆(γ) h
b�sh pou kajorÐzetai apì autì. An to ∆ eÐnai mÐa b�sh tou Φ, me ∆ = ∆(γ)
tìte C(∆) = C(γ). 'Estw loipìn h antistoÐqish ∆ 7−→ C(∆). Arqik� deÐqnoume
ìti aut  h antistoÐqish eÐnai kal� orismènh apeikìnish.

ApodeiknÔoume ìti mÐa b�sh den mporeÐ na antistoiqÐzetai se dÔo   perissì-
tera qwrÐa Weyl. To deÐqnoume me �topo. 'Estw γ, γ′ dÔo regular stoiqeÐa tou
E kai C(γ), C(γ′) ta antÐstoiqa qwrÐa Weyl sta opoÐa an koun. Upojètoume ìti
C(γ) 6= C(γ′) kai jewroÔme ∆ na eÐnai h b�sh pou antistoiqÐzetai kai sta dÔo.
Efìson h b�sh eÐnai monadik  kai den kajorÐzetai monos manta apì ta regular
dianÔsmata isqÔei ìti ∆ = ∆(γ), ∆ = ∆(γ′) �ra ∆(γ) = ∆(γ′).

Epomènwc apì thn Prìtash 3.10 èqoume C(γ) = C(γ′). 'Atopo, afoÔ arqik�
upojèsame ìti C(γ) 6= C(γ′). Sunep¸c gia k�je b�sh ∆ up�rqei akrib¸c èna
qwrÐo Weyl pou eÐnai h eikìna thc mèsw thc parap�nw antistoÐqishc. 'Ara eÐnai
kal� orismènh.

DeÐqnoume ìti se k�je qwrÐo Weyl antistoiqÐzetai akrib¸c mÐa b�sh ∆. 'Estw
èna qwrÐo Weyl, C kai γ èna regular stoiqeÐo tou. Tìte isqÔei,

C(∆) = C

kai ∆ = ∆(γ) eÐnai h antÐstoiqh b�sh. E�n t¸ra jewr soume èna �llo regular
di�nusma tou C, èstw γ′, tìte èqoume ìti C(γ′) = C(γ). Epomènwc apì thn
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Prìtash 3.10 paÐrnoume ìti ∆(γ) = ∆(γ′).
�

Prìtash 3.12 'Estw ∆ mÐa b�sh tou Φ. To C(∆) eÐnai to anoiqtì, kurtì
sÔnolo pou apoteleÐtai apì ìla ekeÐna ta stoiqeÐa x tou E tètoia ¸ste:

(x, α) > 0, gia ìlec tic aplèc rÐzec α.

Apìdeixh. JewroÔme th b�sh ∆ tou Φ. Tìte up�rqei γ ∈ E, regular tètoio
¸ste ∆ = ∆(γ). Epomènwc to C(∆) eÐnai to qwrÐo Weyl pou perièqei to γ. 'Ara
gr�foume C(∆) = C(γ). Profan¸c apì ton orismì twn qwrÐwn Weyl to C(∆)
eÐnai anoiqtì, kurtì sÔnolo.

Mènei na deÐxoume ìti C(∆) = {x ∈ E : (x, α) > 0,∀α ∈ ∆}. SÔmfwna me
thn Prìtash 3.10 to C(∆) eÐnai to sÔnolo

C(∆) = {x ∈ E− ∪α∈ΦPα : sgn(γ, α) = sgn(x, α) ∀α ∈ Φ}.
All� isqÔei ìti ∆ = ∆(γ) ⊆ Φ+(γ), kai sunep¸c (γ, α) > 0 gia k�je α ∈ ∆.

�

L mma 3.13 JewroÔme èna R-dianusmatikì q¸ro E, me eswterikì ginìmeno
kai Φ èna sÔsthma riz¸n se autìn. E�n σ eÐnai èna stoiqeÐo thc om�dac Weyl,
W kai γ ∈ E èna regular di�nusma tìte:

σ(C(γ)) = C(σ(γ))

Dhlad  h om�da Weyl apeikonÐzei qwrÐa Weyl se qwrÐa Weyl.

Apìdeixh. JewroÔme èna di�nusma x sto qwrÐo Weyl tou γ, C(γ). Tìte C(x) =
C(γ). Epomènwc, sÔmfwna me to Prìtash 3.10 èqoume ìti

sgn(x, α) = sgn(γ, α),

gia ìla ta α ∈ Φ. 'Ara afoÔ to σ eÐnai isometrÐa, kai sunep¸c diathroÔntai ta
m kh kai oi gwnÐec metaxÔ twn dianusm�twn, èqoume

sgn(σ(x), σ(α)) = sgn(σ(γ), σ(α))

gia ìla ta σ(α), ta opoÐa eÐnai stoiqeÐa tou Φ. Epomènwc, to x mèsw thc σ,
apeikonÐzetai sto qwrÐo Weyl tou σ(γ).

�

L mma 3.14 JewroÔme èna R-dianusmatikì q¸ro E, me eswterikì ginìmeno
kai Φ èna sÔsthma riz¸n se autìn. E�n ∆ eÐnai mÐa b�sh tou kai σ eÐnai èna
stoiqeÐo thc om�dac Weyl, W , tìte h σ apeikonÐzei th ∆ sto σ(∆) pou eÐnai ki
autì b�sh.
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Apìdeixh. To ∆ eÐnai mÐa b�sh tou Φ. Epomènwc up�rqei k�poio regular γ ∈ E,
tètoio ¸ste ∆ = ∆(γ), ìpou to ∆(γ) eÐnai to sÔnolo twn indecomposable
riz¸n tou Φ+(γ). JewroÔme èna stoiqeÐo tou ∆(γ), èstw α. Tìte mèsw thc σ
apeikonÐzetai sto σ(α) pou an kei sto σ(∆(γ)). ArkeÐ loipìn na deÐxoume ìti
σ(∆(γ)) = ∆(σ(γ)). Gia x ∈ E, jewroÔme to eswterikì ginìmeno (σ(x), σ(α)).
All�, afoÔ h σ eÐnai isometrÐa autì isoÔtai me (x, α). 'Omwc to teleutaÐo eÐnai
jetikì. Epomènwc to σ(∆(γ)) apoteleÐtai apì ta dianÔsmata pou sqhmatÐzoun
jetikì eswterikì ginìmeno me tic aplèc rÐzec.

�
L mma 3.15 'Estw Φ èna sÔsthma riz¸n kai ∆ mÐa b�sh tou. E�n to α eÐnai
mÐa jetik  rÐza all� ìqi apl , tìte up�rqei k�poia apl  rÐza β tètoia ¸ste to
α− β na eÐnai jetik  rÐza.

Apìdeixh. Arqik� ja deÐxoume me eÐc �topo apagwg , ìti up�rqei k�poia rÐza
tou ∆ pou sqhmatÐzei jetikì eswterikì ginìmeno me thn α. 'Estw ìti gia thn
α ∈ Φ+ ikanopoieÐtai h anisìthta (α, β) ≤ 0,∀β ∈ ∆. To ∆ eÐnai mÐa b�sh tou
Φ �ra par�gei ìlo to q¸ro E. 'Etsi k�je di�nusm� tou gr�fetai wc grammikìc
sunduasmìc twn apl¸n riz¸n, me toul�qiston ènan mh-mhdenikì suntelest .
K�ti tètoio isqÔei kai gia th rÐza α afoÔ den eÐnai apl .

'Omwc apì to L mma 6.1 èqoume ìti to sÔnolo ∆ ∪ {α} eÐnai grammik� ane-
x�rthto kai ètsi katal goume se �topo, afoÔ h α den ekfr�zetai wc grammikìc
sunduasmìc twn stoiqeÐwn tou ∆. Opìte (α, β) > 0 gia k�poio β ∈ ∆.

SÔmfwna me to L mma 2.3 to di�nusma α − β eÐnai mÐa rÐza tou Φ. Sunep¸c
apì to (B2) tou orismoÔ tou sust matoc riz¸n to α−β gr�fetai wc grammikìc
sunduasmìc twn stoiqeÐwn tou ∆ me omìshmouc ìlouc touc suntelestèc.

Dhlad  α− β =
∑

γ∈∆ kγγ �ra

α = β +
∑
γ∈∆

kγγ

me kγ ≥ 0   kγ ≤ 0, ∀γ ∈ ∆ kai β ∈ ∆.
'Ara h rÐza α ekfr�zetai wc grammikìc sunduasmìc twn stoiqeÐwn thc b�-

shc me toul�qiston èna jetikì suntelest , ekeÐnon tou β. Opìte apì to (B2)
sumperaÐnoume ìti ìloi oi suntelestèc eÐnai mh-arnhtikoÐ, kai afoÔ oi α, β eÐnai
diaforetikèc metaxÔ touc èna toul�qiston apì ta kγ eÐnai gn sia jetikì. Sune-
p¸c α − β =

∑
γ∈∆ kγγ, ìpou kγ ≥ 0, ∀γ ∈ ∆. 'Ara h α − β eÐnai jetik  rÐza

gia k�poio β ∈ ∆.
�

Pìrisma 3.16 K�je jetik  rÐza β mporeÐ na grafteÐ wc diatetagmèno �jroisma
apl¸n riz¸n, α1 + . . . + αk, ìpou αj ∈ ∆ gia k�je j = {1, . . . , k} kai ta αj
den eÐnai aparaÐthta diaforetik� metaxÔ touc, ètsi ¸ste to merikì �jroisma
α1 + . . .+ αi, na apoteleÐ rÐza.
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Apìdeixh. K�noume epagwg  wc proc to Ôyoc.
Arqik� jewroÔme mÐa rÐza Ôyouc 1, dhlad  ht(α) = 1. Tìte aut  eÐnai apl 

kai isoÔtai me αm, gia k�poio m = 1, . . . , `, kai h prìtash alhjeÔei.
Upojètoume ìti gia tuqaÐa rÐza β me Ôyoc < n, to merikì �jroism� thc na

eÐnai rÐza. Opìte e�n β = α1 + . . .+ αs tìte to α1 + . . .+ αi eÐnai rÐza.
'Estw t¸ra mÐa rÐza γ, Ôyouc n, ht(γ) = n. Tìte h γ den eÐnai apl  rÐza.

Epomènwc apì to L mma 3.15 èqoume ìti up�rqei αp ∈ ∆ ìpou p = 1, . . . , `
tètoio ¸ste γ = δ + αp me δ ∈ Φ+. 'Omwc profan¸c to Ôyoc eÐnai grammikì,
�ra ht(δ) = ht(γ − αp) = ht(γ) − ht(αp) = n − 1 < n. 'Ara sÔmfwna me thn
upìjesh, h δ gr�fetai wc �jroisma apl¸n riz¸n me di�taxh ¸ste k�je to merikì
�jroisma na eÐnai rÐza. Opìte kai h rÐza γ gr�fetai me tètoio trìpo.

�

L mma 3.17 E�n α eÐnai mÐa apl  rÐza tou Φ, tìte h an�klash pou orÐzei,
apeikonÐzei k�je jetik  rÐza diaforetik  thc α, se k�poia �llh jetik  rÐza. Me
�lla lìgia h σα af nei analloÐwto to uposÔnolo Φ+ − {α}.

Apìdeixh. JewroÔme mÐa jetik  rÐza β diaforetik  thc α, β 6= α, tìte gr�fe-
tai monadik� wc β =

∑
γ∈∆ kγγ me kγ ≥ 0, gia ìla ta γ pou an koun sth b�sh ∆

tou Φ kai afoÔ h β den eÐnai Ðsh me th rÐza −α, diìti tìte h β ja  tan arnhtik 
rÐza, èqoume ìti h β den eÐnai suggrammik  thc α. Opìte up�rqei toul�qiston
mÐa apl  rÐza diaforetik  thc α me mh-mhdenikì suntelest .

JewroÔme thn an�klash pou orÐzei h α, σα : Φ −→ Φ kai thn efarmìzoume
sth β �ra σα(β) = β− < β, α > α. 'Omwc o arijmìc < β, α > eÐnai akèraioc,
lìgw tou (R4), epomènwc σα(β) = β − rα, me r ∈ Z. 'Ara

σα(β) =
∑
γ∈∆

kγγ − rα =
∑
γ∈∆

mγγ,

ìpou mγ = kγ − r ìtan γ = α,   mγ = kγ diaforetik�. Dhlad  to σα(β)
ekfr�zetai wc grammikìc sunduasmìc apl¸n riz¸n me toul�qiston èna jetikì
suntelest , gia k�poia rÐza diaforetik  thc α.

Tèloc, apì to (R3) tou sust matoc riz¸n kai to (B2) tou orismoÔ thc b�shc,
sumperaÐnoume ìti to σα(β) eÐnai mÐa rÐza tou Φ kai ìloi oi suntelestèc sthn
parap�nw èkfras  tou eÐnai jetikoÐ arijmoÐ.

Epomènwc h σα(β) eÐnai jetik  rÐza kai m�lista σα(β) 6= α. Diìti an Ðsque
k�ti tètoio, σα(β) = α kai σα(−α) = α, ìmwc h σα eÐnai 1-1 �ra β = −α,
adÔnato.

Sunep¸c σα(β) ∈ Φ+ − {α}, dhlad  opoiad pote jetik  rÐza apeikonÐzetai
se k�poia �llh jetik  all� ìqi sthn α.

�
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Pìrisma 3.18 'Estw δ = 1
2

∑
β�0 β. Tìte σα(δ) = δ − α, gia ìla ta α ∈ ∆.

Apìdeixh. DiamerÐzoume to sÔnolo Φ+ sta uposÔnola Φ′ = Φ+ − {α}
kai {α}, ìpou α eÐnai mÐa tuqaÐa apl  rÐza. 'Ara to δ gr�fetai wc: δ =
1
2

[∑
β∈Φ′ β + α

]
kai efarmìzontac thn an�klash pou orÐzei h α sto δ èqou-

me σα(δ) = σα

[
1
2

(∑
β∈Φ′ β + α

)]
= 1

2

[∑
β∈Φ′ σα(β) + σα(α)

]
. 'Omwc apì to

L mma 3.17 oi rÐzec tou Φ′ apeikonÐzontai mèsw thc σα sto sÔnolo sto Φ′.
Opìte

σα(δ) =
1

2

[∑

β′∈Φ′
β′ − α

]
=

1

2

[∑

β′∈Φ′
β′ + α

]
− α =

1

2

∑

β′∈Φ+

β′ − α =
1

2

∑

β′�0

β′ − α

All� δ = 1
2

∑
β′�0 β

′, �ra σα(δ) = δ − α gia thn tuqaÐa apl  rÐza α, opìte
isqÔei gia ìlec tic aplèc rÐzec, σα(δ) = δ − α, ∀α ∈ ∆.

�

L mma 3.19 JewroÔme èna sÔsthma riz¸n Φ kai mÐa b�sh tou ∆. 'Estw
α1, . . . , αt stoiqeÐa tou ∆, ìqi aparaÐthta diaforetik� metaxÔ touc. Gr�fou-
me σi = σαi , thn an�klash wc proc thn apl  rÐza αi. An h sÔnjesh σ1 · · ·σt−1

apeikonÐzei thn αt se arnhtik  rÐza, tìte up�rqei k�poioc deÐkthc s me 1 ≤ s ≤ t,
tètoio ¸ste σ1 · · ·σt−1 = σ1 · · · σs−1σs+1 · · ·σt−1.

Apìdeixh. JewroÔme th rÐza βi, ìpou βi = σi+1 · · · σt−1 gia 0 ≤ i ≤ t − 2
kai βi = αt gia i = t − 1. Apì thn upìjesh èqoume ìti h sÔnjesh ìlwn twn
anakl�sewn dÐdei arnhtik  rÐza, dhlad  β0 ≺ 0. EpÐshc, ìpwc orÐsame th βt−1

na eÐnai Ðsh me αt, èqoume amèswc ìti βt−1 � 0, afoÔ h αt eÐnai apl  rÐza.
Genik� apì tic sunjèseic paÐrnoume eÐte jetik�, eÐte arnhtik� apotelèsmata.

Autì pou de xèroume eÐnai me poi� seir� emfanÐzontai. Dhlad  eÐnai �gnwsto
e�n arqik� èqoume arnhtikèc rÐzec kai ìti akoloujoÔn oi jetikèc. SÔmfwna
me thn prohgoÔmenh par�grafo, ta mìna pou gnwrÐzoume eÐnai h pr¸th kai h
teleutaÐa rÐza.

Epilègoume ton mikrìtero deÐkth s pou dÐdei jetik  rÐza, dhlad  βs � 0 gia
k�poio 1 ≤ s ≤ t− 1. 'Etsi exasfalÐzoume ìti to βs−1 eÐnai arnhtikì, ìpwc kai
ìla ta prohgoÔmen� tou.

Efarmìzoume th σs sto βs, σs(βs) = σs(σs+1 · · · σt−1(αt)) kai epeid  isqÔei h
prosetairistik  idiìthta mporoÔme na apaleÐyoume tic parenjèseic, �ra

σs(βs) = σsσs+1 · · ·σt−1(αt) = βs−1.

'Omwc epeid  s− 1 < s, isqÔei

σs(βs) = βs−1 ≺ 0.
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All� apì to L mma 3.17, efìson βs � 0, paÐrnoume σs(βs) = σαs(βs) � 0 e�n
βs 6= αs kai σs(βs) = σs(αs) = −αs ≺ 0 e�n βs = αs.

Opìte, afoÔ σs(βs) = βs−1 ≺ 0 eÐmaste sth deÔterh perÐptwsh. 'Ara βs =
αs. En¸ apì to L mma 2.1, gia τ ∈ GL(E) me τ(Φ) ⊆ Φ, isqÔei ìti τσατ−1 =
στ(α), gia ìla ta α sto Φ. 'Ara gia τ = σs+1 · · · σt−1, èqoume τ−1 = σt−1 · · · σs+1

kai sunep¸c

σs+1 · · · σt−1(σt)σt−1 · · ·σs+1 = τσαtτ
−1 = στ(αt) = σβs = σαs = σs

Dhlad  τσt = σsτ, opìte σs+1 · · · σt−1(σt) = σsσs+1 · · · σt−1 kai pollaplasi�-
zontac apì arister� me σ1 · · · σs−1 èqoume

σ1 · · · σt = σ1 · · · σs−1σs+1 · · · σt−1.

Epomènwc, e�n isqÔei h upìjesh σ1 · · ·σt−1(αt) ≺ 0, tìte h sÔnjesh σ1 · · ·σt
mporeÐ isodÔnama na ekfrasteÐ apì mÐa sÔnjesh me dÔo ligìterec sunjèseic.

�

Pìrisma 3.20 'Estw α1, . . . , αt k�poia stoiqeÐa thc b�shc ∆, ìqi aparaÐthta
diaforetik� metaxÔ touc. JewroÔme σ èna stoiqeÐo thc om�dac Weyl sth morf 
σ = σ1 · · · σt, ìpou aut  h graf  eÐnai h pio sÔntomh sÔnjesh anakl�sewn wc
proc aplèc rÐzec pou ekfr�zei thn isometrÐa σ. Tìte σ(αt) ≺ 0.

Apìdeixh. 'Eqoume ìti σ(αt) = σ1 · · · σt(αt) = −σ1 · · · σt−1(αt). 'Omwc sÔm-
fwna me to L mma 3.19 èqoume σ1 · · ·σt−1(αt) � 0, diaforetik�, de ja  tan h
suntomìterh èkfrash tou σ. 'Ara σ(αt) ≺ 0.

�

Je¸rhma 3.21 'Estw ∆ mÐa b�sh tou sust matoc riz¸n Φ. Tìte:

1. H om�da Weyl, W dra metabatik� sto sÔnolo twn qwrÐwn Weyl. Eidikì-
tera, e�n γ ∈ E eÐnai regular, tìte up�rqei k�poio σ stoiqeÐo tou W tètoio
¸ste (σ(γ), α) > 0 gia k�je α ∈ ∆.

2. H om�da Weyl dra apl� metabatik� sto sÔnolo twn b�sewn tou Φ :

(aþ) E�n ∆′ eÐnai mÐa b�sh tou Φ, up�rqei k�poio stoiqeÐo σ touW tètoio
¸ste σ(∆′) = ∆, kai

(bþ) E�n to σ an kei sto W kai σ(∆) = ∆, tìte σ = id.

3. K�je rÐza tou Φ eÐnai suzug c me mÐa apl  rÐza. Dhlad  e�n α ∈ Φ tìte
up�rqei k�poio σ ∈ W tètoio ¸ste σ(α) ∈ ∆.
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4. H om�da Weyl par�getai apì tic anakl�seic wc proc tic aplèc rÐzec. Dh-
lad  W =< σα : α ∈ ∆ > .

Apìdeixh. JewroÔme thn upoom�da W ′ thc W pou par�getai apì tic anakl�-
seic wc proc tic aplèc rÐzec. Arqik� ja apodeÐxoume ta 1, 2, 3 gia thn W ′ kai
met� ja doÔme ìti aut  tautÐzetai me th W .

1. JewroÔme èna stoiqeÐo δ, na isoÔtai me δ = 1
2

∑
β�0 β. Tìte sÔmfwna me

to Pìrisma 3.18 èqoume ìti σα(δ) = δ−α, gia ìla ta α ∈ ∆. 'Estw γ èna
regular di�nusma tou E. Efìson to W ′ eÐnai peperasmèno, wc upoom�da
peperasmènhc om�dac, up�rqei k�poio σ ∈ W ′ tètoio ¸ste to (σ(γ), δ)
na lamb�nei mègisth tim . Opìte e�n α eÐnai mÐa apl  rÐza, tìte gia th
sÔnjesh σασ ∈ W ′ isqÔei ìti

(σ(γ), δ) ≥ (σασ(γ), δ).

'Omwc

(σ(γ), δ) ≥ (σασ(γ), δ) = (σ(γ), σα(δ))

= (σ(γ), δ − α)

= (σ(γ), δ)− (σ(γ), α)

Dhlad  (σ(γ), δ) ≥ (σ(γ), δ) − (σ(γ), α), �ra (σ(γ), α) ≥ 0. 'Omwc to γ
eÐnai regular, �ra sqhmatÐzei mh mhdenikì eswterikì ginìmeno me k�je rÐza.
Sunep¸c kai gia α ∈ ∆, èqoume (σ(γ), α) = (γ, σ−1(α)) 6= 0. Epomènwc
(σ(γ), α) > 0, gia k�je α ∈ ∆. Tìte b�sei thc Prìtashc 3.12 to σ(γ)
an kei sto qwrÐo Weyl C(∆). 'Ara h σ apeikonÐzei to qwrÐo Weyl C(γ)
sto C(∆). Epomènwc h W ′ dra metabatik� sto sÔnolo twn qwrÐwn Weyl.

2. (aþ) 'Estw ∆′ mÐa b�sh tou Φ. Tìte up�rqei k�poio regular di�nusma γ ∈
E kai apì to 1., up�rqei k�poio σ ∈ W ′, tètoio ¸ste σ(γ) ∈ C(∆).
All� tìte σ(∆′) = ∆(σ(γ)) = ∆. Epomènwc h W ′ dra matabatik�
sto sÔnolo twn b�sewn tou Φ.

(bþ) Autì to skèloc ja apodeiqjeÐ teleutaÐo me th bo jeia tou 4.

3. ArkeÐ na deÐxoume ìti k�je rÐza α an kei se mÐa toul�qiston b�sh ∆′. Apì
to 2(a') sumperaÐnoume ìti up�rqei k�poio σ ∈ W ′ tètoio ¸ste σ(α) ∈ ∆.
'Estw t¸ra mÐa tuqaÐa rÐza α sto Φ, tìte gia k�je β ∈ Φ − {+α,−α},
ta uperepÐpeda Pα,Pβ eÐnai diaforetik� metaxÔ touc. Epomènwc h tom 
Pα ∩ Pβ eÐnai upìqwroc tou Pα di�stashc `− 2.

Epeid  to Φ − {+α,−α} eÐnai peperasmèno, up�rqei k�poio γ ∈ Pα to
opoÐo den an kei se kanèna apì ta Pβ, me β ∈ Φ− {+α,−α}.
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JewroÔme th sun�rthsh fβ =| (x, β) | − | (x, α) |, gia x ∈ E kai β ∈
Φ − {+α,−α}. H fβ eÐnai suneq c sun�rthsh, kai sunep¸c to sÔnolo
Aβ = {x ∈ E : fβ > 0} eÐnai anoiqtì kai perièqei to γ. Sunep¸c kai
h peperasmènh tom  A =

⋂{Aβ : β ∈ Φ − {+α,−α}} eÐnai anoiqtì
uposÔnolo tou E kai perièqei to γ.
Dialègoume èna stoiqeÐo γ′ sto A tètoio ¸ste (γ′, α) > 0. Tìte | (γ′, β) |
> (γ′, α) gia k�je β ∈ Φ − {+α,−α}. 'Eqoume ìti h rÐza α an kei sto
Φ+(γ′). E�n up�rqoun β1, β2 ∈ Φ+(γ′) gia ta opoÐa α = β1 + β2, kai
efarmìsoume eswterikì ginìmeno me to γ′ èqoume

(γ′, α) = (γ′, β1) + (γ′, β2).

AdÔnato, afoÔ (γ′, βi) > 0 kai (γ′, βi) > (γ′, α), gia i = 1, 2. Epomènwc h
α eÐnai indecomposable sto Φ+(γ′), �ra an kei sth b�sh ∆(γ′).

4. ArkeÐ na deÐxoume ìti k�je stoiqeÐo thc upoom�dac W ′ eÐnai sÔnjesh
anakl�sewn wc proc aplèc rÐzec. SÔmfwna me to 3 up�rqei k�poio σ ∈
W ′, to opoÐo eÐnai sÔnjesh anakl�sewn wc proc aplèc rÐzec, tètoio ¸ste
σ(α) ∈ ∆. All� tìte σσ(α) = σσασ

−1, �ra σ(α) = σ−1σσ(α)σ ∈ W ′.
Tèloc, deÐqnoume to 2(b'). Upojètoume ìti σ(∆) = ∆ kai ìti σ 6= id. Ja

katal xoume se �topo. Apì to 4, gnwrÐzoume ìti h σ ekfr�zetai wc sÔnjesh
anakl�sewn wc proc aplèc rÐzec. JewroÔme mÐa tètoia èkfrash me ton perio-
rismì ìti ekfr�zetai me ton pio sÔntomo trìpo. Dhlad  σ = σα1 · · · σαt , me
αi ∈ ∆, gia i = 1, . . . , t. Tìte apì to Pìrisma 3.20 sumperaÐnoume ìti σαt ≺ 0.
Epomènwc σαt 6∈ ∆, �topo.

�
Orismìc. 'Estw σ èna stoiqeÐo thc om�dac Weyl. Onom�zoume reduced
morf  tou σ thn pio sÔntomh èkfras  tou wc ginìmeno anakl�sewn wc proc
aplèc rÐzec k�poiac b�shc ∆. Opìte σ = σα1 · · · σαt , ìpou ta αi eÐnai aplèc
rÐzec kai to t eÐnai to el�qisto dunatì.

H σ se aut  thn morf  eÐnai to ginìmeno anakl�sewn wc proc k�poia stoiqeÐa
tou ∆, ìqi aparaÐthta ìlwn kai Ðswc orismènec apì autèc na epanalamb�nontai.
EÐnai mÐa sÔnjesh anakl�sewn pou perièqei ligìterec   Ðsec anakl�seic apì
opoiad pote �llh isodÔnamh èkfrash. 'Etsi gia k�je tètoia morf  orÐzoume to
m koc thc σ.

Orismìc. JewroÔme èna stoiqeÐo σ thc om�dac Weyl sth reduced morf 
σ = σα1 · · · σαt , me αi ∈ ∆, orÐzoume to m koc tou σ na eÐnai o arijmìc pou
dhl¸nei to pl joc twn ìrwn pou apartÐzoun to ginìmeno kai sumbolÐzetai me
`(σ). Tìte `(σ) = t. EpÐshc, orÐzoume `(1) = 0.
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SumbolÐzoume me n(σ) to pl joc twn jetik¸n riz¸n ìpou e�n efarmosteÐ se
autèc èna stoiqeÐo σ thc om�dac Weyl dÐdoun arnhtik  rÐza. Dhlad 

n(σ) = pl joc twn α ∈ Φ+ me thn idiìthta: σ(α) ≺ 0.

'Enac enallaktikìc trìpoc gia na prosdiorÐsoume to m koc enìc stoiqeÐou σ
tou W , eÐnai o arijmìc n(σ). ArkeÐ na apodeÐxoume to akìloujo L mma.

L mma 3.22 Gia ìla ta σ tou W , isqÔei `(σ) = n(σ).

Apìdeixh. JewroÔme thn apeikìnish ` :W −→ Z+
0 , ìpou σ 7−→ `(σ).K�noume

epagwg  sto `(σ).
'Eqoume `(σ) = 0, �ra h σ eÐnai h tautotik  apeikìnish. Se aut  thn pe-

rÐptwsh ìlec oi rÐzec apeikonÐzontai mèsw thc σ ston eautì touc. Dhlad  oi
jetikèc se jetikèc kai oi arnhtikèc se arnhtikèc. 'Ara den up�rqoun jetikèc
rÐzec pou na apeikonÐzontai se arnhtikèc. Opìte n(σ) = n(1) = 0. Sunep¸c
`(σ) = n(σ) = 0.

Epagwgikì b ma: 'Estw ìti isqÔei `(τ) = n(τ) gia ìla ta stoiqeÐa τ tou W
pou èqoun mikrìtero m koc apì autì thc σ. Gr�foume th σ se reduced morf 
σ = σα1 · · · σαt , me αi ∈ ∆, gia k�poia b�sh ∆. Tìte apì to Pìrisma 3.20
sumperaÐnoume ìti σ(αt) ≺ 0.

EpÐshc, to n(σσαt) eÐnai o arijmìc twn jetik¸n riz¸n x pou apeikonÐzontai se
arnhtik  rÐza, dhlad  σ(σαt(x)) ≺ 0. 'Omwc apì to L mma 3.17 h an�klash wc
proc thn apl  rÐza αt af nei analloÐwto to sÔnolo Φ+−{αt} kai ìlec oi jetikèc
rÐzec ektìc apì thn αt, apeikonÐzontai se jetikèc. 'Ara n(σσαt) = n(σ) − 1.
Apì thn �llh èqoume σσαt = σα1 · · · σαt−1σαtσαt = σα1 · · ·σαt−1 . Epomènwc to
m koc thc σσαt isoÔtai me `(σσαt) = `(σ) − 1 < `(σ) �ra gia to σσαt isqÔei,
`(σσαt) = n(σσα). Sunep¸c apì thn epagwgik  mèjodo `(σ) = n(σ), gia k�je
σ ∈ W .

�

L mma 3.23 'Estw γ ∈ C(∆). Tìte σ(γ) ≺ γ gia ìla ta σ ∈ W . An γ ∈ C(∆),
tìte σ(γ) = γ mìnon ìtan σ = 1.

Apìdeixh. JewroÔme to ∆, me ∆ = {α1, . . . , αn} na eÐnai mÐa b�sh tou Φ,
ìpou n = rankΦ kai to tuqaÐo stoiqeÐo σ thc om�dac Weyl, me ton periorismì
σ 6= 1. To σ wc stoiqeÐo tou W gr�fetai se reduced èkfrash.

JewroÔme th sun�rthsh twn deikt¸n i : {1, . . . , t} −→ {1, . . . , n}, me σαi(j) =
σi(j) kai j ∈ {1, . . . , n}, �ra σ = σαi(1) · · · σαi(t) = σi(1) · · · σi(t), ìpou t eÐnai
o el�qistoc fusikìc arijmìc ¸ste h σ na mhn isodunameÐ me kamÐa sÔnjesh
anakl�sewn mikrìterou m kouc. Epomènwc h σ−1 isoÔtai me σ−1 = σi(t) · · · σi(1)

kai eÐnai se reduced morf , afou h σ eÐnai reduced.
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T¸ra, jewroÔme to merikì ginìmeno twn apl¸n anakl�sewn thc σ−1, dhla-
d  σ′ = σi(t) · · ·σi(s), gia k�poio s, 1 ≤ s ≤ t. H σ′ eÐnai se reduced morf ,
diìti diaforetik� oÔte h σ−1 ja  tan ekfrasmènh se reduced graf . 'Ara
apì to Pìrisma 3.20 èqoume ìti σ′(αi(s)) ≺ 0 kai antikajist¸ntac paÐrnoume
σi(t) · · · σi(s+1)σi(s)(αi(s)) ≺ 0 opìte σi(t) · · · σi(s+1)(−αi(s)) ≺ 0, �ra

σi(t) · · ·σi(s+1)(αi(s)) � 0.

Efarmìzoume th (σi(s+1) · · · σi(t))−1 sto eswterikì ginìmeno

(σi(s+1) · · · σi(t)(γ), αi(s))

kai prokÔptei
(

(σi(s+1) · · · σi(t))−1(σi(s+1) · · · σi(t))(γ), (σi(s+1) · · · σi(t))−1αi(s)

)
. Ta

dÔo eswterik� ginìmena eÐnai Ðsa, afoÔ ta stoiqeÐa thc om�dac Weyl diathroÔn
to eswterikì ginìmeno. 'Omwc, ìpwc deÐxame parap�nw to σi(t) · · · σi(s+1)(αi(s)) ∈
Φ+ kai afoÔ to γ an kei sthn kleist  j kh tou C(∆) telik� èqoume ìti
(γ, σi(t) · · ·σi(s+1)αi(s)) ≥ 0.

Qrhsimopoi¸ntac to prohgoÔmeno apotèlesma ja deÐxoume thn anisìthta
σ(γ) ≺ γ. Dhlad  gia na p�roume to σ(γ) ja prèpei na afairèsoume apì to
γ èna �jroisma apl¸n riz¸n me mh-arnhtikoÔc suntelestèc.

Efarmìzoume th σ, me σ = σi(1) · · ·σi(t) sto γ kai thn upologÐzoume apì ta
dexi� proc ta arister�. Sto pr¸to b ma: to σi(t)(γ) isoÔtai me

σi(t)(γ) = γ − 2(γ, αi(t))αi(t)/(αi(t), αi(t))

all� o deÔteroc ìroc aut c thc diafor�c eÐnai jetikìc   mhdèn, afoÔ to γ ∈
C(∆) kai ètsi (γ, αi(t)) ≥ 0. Opìte σi(t)(γ) ≺ γ.

Se èna endi�meso b ma thc efarmog c tou σ sto γ : Gr�foume th σ wc
σ = σi(1) · · · σi(s)σi(s+1) · · · σi(t) kai an σi(s+1) · · ·σi(t)(γ) = γ′ èqoume

σi(s)(γ
′) = γ′ − 2(γ′, αi(s))αi(s)/(αi(s), αi(s))

me to deÔtero ìro mh arnhtikì, afoÔ (γ′, αi(s)) = (σi(s+1) · · ·σi(t)(γ), αi(s)) ≥
0. Opìte σi(s)(γ′) ≺ γ′. Dhlad  se k�je b ma afairoÔme jetik�   mhdenik�
pollapl�sia twn stoiqeÐwn thc b�shc.

Sthn perÐptwsh pou den afairoÔme k�poia posìthta apì ìla ta b mata isqÔei
ìti σ(γ) = γ. Autì sumbaÐnei eÐte ìtan (γ, αi(r)) = 0, gia ìla ta r, 1 ≤ r ≤ t
kai tìte to γ an kei sto sÔnoro thc perioq c C(∆), eÐte ìtan to t = 0, dhlad 
ìtan h σ eÐnai h tautotik  apeikìnish, σ = 1.

�



Kef�laio 4

Irreducible sust mata riz¸n

Se autì to kef�laio eis�goume thn ènnoia tou irreducible sust matoc riz¸n.
Ta sust mata thc kathgorÐac aut c sqetÐzontai me to pìso eÐnai dunat  h
an�lush tou sust matoc se orjog¸nia uposÔnola. H epìmenh kÐnhs  mac eÐnai
na ta orÐsoume kai na doÔme an autoÔ tou eÐdouc h di�spash metafèretai stic
b�seic,   akìma kai se ìlo to q¸ro.

Orismìc. JewroÔme èna sÔsthma riz¸n Φ. To Φ onom�zetai irreducible e�n
den mporeÐ na diameristeÐ se dÔo gn sia uposÔnola tètoia ¸ste, k�je rÐza tou
enìc sunìlou na eÐnai orjog¸nia se k�je rÐza tou �llou.

Dhlad , den up�rqoun Φ1,Φ2 me Φi  Φ, i = 1, 2 tètoia ¸ste (Φ1,Φ2) = 0.
Epomènwc gia k�je x1, x2 pou an koun sta Φ1,Φ2 antÐstoiqa, isqÔei (x1, x2) = 0
kai Φ1 ∪ Φ2 = Φ.

ShmeÐwsh 4.1 Apì ta sust mata riz¸n pou èqoume exet�sei mìno to
A1×A1 de qarakthrÐzetai wc irreducible. Autì mporoÔme eÔkola na to deÐxoume
kataskeu�zontac ta uposÔnola tou Φ, Φ1 = {α,−α} kai Φ2 = {β,−β}.
L mma 4.2 'Estw ∆ mÐa b�sh tou Φ. Upojètoume ìti h b�sh diamerÐzetai se
dÔo orjog¸nia, gn sia uposÔnol� thc. Tìte orÐzetai diamèrish sto Φ, se Φ1 kai
Φ2, ìpou kajèna apì ta Φi brÐsketai ston upìqwro Ei tou E pou par�getai apì
to ∆i, gia i = 1, 2, kai mìnon apì autì.
Profan¸c, to parap�nw genikeÔetai kai se diamèrish tou ∆ me perissìtera apì
dÔo uposÔnola.

Apìdeixh. To ∆ diamerÐzetai se orjog¸nia uposÔnola, �ra gr�fetai wc ∆ =
∆1∪∆2, me ∆1∩∆2 = ∅ kai (∆1,∆2) = 0. SÔmfwna me to Je¸rhma 3.21.3 , gia
k�je rÐza tou Φ, up�rqei k�poio stoiqeÐo thc om�dac Weyl, ètsi ¸ste h eikìna
thc rÐzac mèsw autoÔ na eÐnai apl  rÐza. 'Opwc diamerÐsame to ∆ se ∆1 kai ∆2

mporoÔme na diasp�soume to Φ k�nontac thn ex c diamèrish: Φ = Φ1∪Φ2, ìpou
Φi eÐnai eÐnai to sÔnolo twn riz¸n pou èqoun suzug  rÐza sto ∆i.

39
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JewroÔme èna stoiqeÐo σ thc om�dac Weyl, ja deÐxoume ìti gr�fetai wc gi-
nìmeno anakl�sewn wc proc aplèc rÐzec enìc apì ta ∆i.Upojètoume ìti h σ eÐnai
ginìmeno anakl�sewn wc proc aplèc rÐzec tou ∆, dhlad  σ = σα1σα2 · · · σαk · · · σαt .
Efarmìzoume th σ se k�poia apl  rÐza α tou ∆1, �ra σ(α) = σ1σ2 · · · σk · · ·σt(α)
me σi = σαi kai αi ∈ ∆. Tìte k�poia apì ta αi an koun sto ∆1 kai k�poia �lla
sto ∆2.

B�sei tou L mmatoc 6.3 gia tic rÐzec twn k�jetwn sunìlwn ∆1,∆2 mporoÔme
na jewr soume thn met�jesh twn deikt¸n % : {1, . . . , t} −→ {1, . . . , t}, tètoia
¸ste na susswreÔontai oi anakl�seic wc proc k�poia stoiqeÐa tou ∆1 arqik�,
en¸ met� na akoloujoÔn oi anakl�seic wc proc rÐzec tou ∆2. 'Ara

σ(α) = σ%(1) · · · σ%(k)σ%(k+1) · · ·σ%(t)(α)

ìpou α%(1) . . . α%(k) ∈ ∆1 kai α%(k+1) . . . α%(t) ∈ ∆2, me thn idiìthta
(α%(j), α%(`)) = 0 gia ìla ta j = 1, . . . , k, ` = k+1, . . . , t. All� gia k+1 ≤ i ≤ t
èqoume (α, αi) = 0, kai sunep¸c σαi(α) = α. Epomènwc

σ(α) = σ%(1) · · · σ%(k)(α)

'Omwc an antikatast soume to σ%(k)(α) me ton tÔpo thc an�klashc prokÔptei
ènac grammikìc sunduasmìc twn apl¸n riz¸n tou ∆1.

UpologÐzoume tic anakl�seic apì ta dexi� proc ta arister� kai k�je for�
h σ efarmìzetai se k�poion akèraio grammikì sunduasmì. 'Omwc, afoÔ eÐnai
grammik  apeikìnish to apotèlesma ja eÐnai p�li k�poioc grammikìc sunduasmìc
twn apl¸n riz¸n tou ∆1. Sunep¸c, opoiad pote apl  rÐza α tou E1, ekfr�zetai
wc grammikìc sunduasmìc twn stoiqeÐwn tou ∆1.

�

Prìtash 4.3 'Estw ∆ mÐa b�sh tou Φ. Ta akìlouja eÐnai isodÔnama:

1. To Φ eÐnai irreducible sÔsthma riz¸n

2. H b�sh ∆ de diamerÐzetai se dÔo gn sia uposÔnola ètsi ¸ste k�je rÐza
tou enìc na eÐnai orjog¸nia se k�je rÐza tou �llou

Apìdeixh. DeÐqnoume thn kateÔjunsh 2. =⇒ 1. E�n to ∆ de diamerÐzetai
tìte to Φ eÐnai irreducible,   isodÔnama, e�n to Φ den eÐnai irreducible tìte
to ∆ diamerÐzetai. Upojètoume ìti to Φ den eÐnai irreducible, opìte up�rqoun
gn sia uposÔnola tou Φ, ta Φ1,Φ2 tètoia ¸ste: Φ = Φ1 ∪ Φ2 me thn idiìthta
(Φ1,Φ2) = 0.

JewroÔme ìti h b�sh ∆ perièqetai ex' olokl rou se k�poio apì ta uposÔnola
tou Φ, èstw ìti ∆ ⊆ Φ1. 'Omwc, epeid  (Φ1,Φ2) = 0 telik� paÐrnoume (∆,Φ2) =
0 kai afoÔ to ∆ par�gei to q¸ro E, isqÔei (E,Φ2) = 0. Sunep¸c ta dianÔsmata
tou Φ2 eÐnai k�jeta se ìla ta dianÔsmata tou q¸rou.
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Aut  thn idiìthta thn èqei mìno to mhdenikì di�nusma, �ra Φ2 ⊆ {0}. 'Omwc
to Φ2 den perièqei to mhdenikì di�nusma, lìgw tou (R1) ston orismì tou Φ,
opìte Φ2 = ∅. Epomènwc Φ = Φ1 kai to Φ de diamerÐzetai.

AntÐfash, diìti arqik� deqj kame ìti to Φ diamerÐzetai apì ta Φ1 kai Φ2.
'Ara, h arqik  upìjesh ìti to ∆ perièqetai olìklhro sto Φ1 eÐnai lanjasmènh
kai sunep¸c diamerÐzetai se uposÔnola.

DeÐqnoume thn kateÔjunsh 1. =⇒ 2. Upojètoume ìti to Φ eÐnai irreducible
kai ja deÐxoume ìti to ∆ de diamerÐzetai. Dhlad  ìti e�n to ∆ gr�fetai wc
∆ = ∆1 ∪∆2 me ∆1 ∩∆2 = ∅ kai (∆1,∆2) = 0 tìte èna apì ta ∆1,∆2 eÐnai
to kenì. H di�spash tou ∆ odhgeÐ sth an�lush tou Φ me Φ = Φ1 ∪ Φ2, ìpou
Φi eÐnai to sÔnolo twn riz¸n pou èqoun suzug  rÐza sto ∆i. SÔmfwna me to
L mma 4.2, to Φi brÐsketai ston upìqwro Ei tou E pou par�getai apì to ∆i me
i = 1, 2 kai mìnon apì autì.

Autì shmaÐnei ìti ta stoiqeÐa tou Φi gr�fontai wc grammikìc sunduasmìc
twn stoiqeÐwn tou ∆i. Epomènwc, e�n α ∈ Φ1 kai β ∈ Φ2, tìte (α, β) = 0, afoÔ
(∆1,∆2) = 0. All� to Φ eÐnai irreducible sÔsthma riz¸n, �ra anagkastik� èna
apì ta Φ1,Φ2 prèpei na eÐnai to kenì sÔnolo, Φ1 = ∅   Φ2 = ∅. Opìte ∆1 = ∅
  ∆2 = ∅ kai epeid  ∆ = ∆1 ∪∆2 me (∆1,∆2) = 0, èqoume ∆ = ∆1   ∆ = ∆2,
ètsi to ∆ de diamerÐzetai.

�

L mma 4.4 'Estw Φ èna irreducible sÔsthma riz¸n. An ∆ eÐnai mÐa b�sh tou
Φ, tìte sthn merik  di�taxh ≺ pou orÐzei, up�rqei monadik  mègisth rÐza β.
Sugkekrimèna, an h β eÐnai h mègisth, tìte htα < htβ me α 6= β. EpÐshc, h
mègisth rÐza sqhmatÐzei me ìlec tic aplèc rÐzec mh-arnhtikì eswterikì ginìmeno,
dhlad  (β, α) ≥ 0, gia ìla ta α ∈ ∆. En¸, ìtan ekfr�zetai wc Z-grammikìc
sunduasmìc twn apl¸n riz¸n ìloi oi suntelestèc eÐnai gn sia jetikoÐ.

Apìdeixh. JewroÔme th b�sh ∆ tou Φ,∆ = {α1, . . . , α`}, ìpou rankΦ = `.
'Estw β mÐa mègisth rÐza thc merik c di�taxhc ≺ . Arqik� ja deÐxoume pwc oi
suntelestèc sto grammikì sunduasmì twn apl¸n riz¸n pou antistoiqeÐ sto β
eÐnai gn sia jetikoÐ.

SÔmfwna me to (B2) tou orismoÔ thc b�shc tou Φ, to β gr�fetai wc gram-
mikìc sunduasmìc twn apl¸n riz¸n tou ∆ me omìshmouc ìlouc touc suntele-
stèc. 'Omwc apì ton trìpo pou orÐzetai h di�taxh èqoume β � 0, opìte an
β =

∑
kαiαi, tìte kαi ≥ 0.

DiamerÐzoume to ∆ se dÔo uposÔnola ∆1 kai ∆2, me

∆1 = {αi ∈ ∆| kαi > 0}

kai
∆2 = {αi ∈ ∆| kαi = 0}
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Upojètoume ìti to ∆2 eÐnai mh-kenì sÔnolo. Apì to L mma 3.4 isqÔei ìti k�je
zeÔgoc apl¸n riz¸n sto ∆, sqhmatÐzei mh-jetikì eswterikì ginìmeno kai epeid 
to ∆2 eÐnai mh-kenì, (αi, αj) ≤ 0, αi ∈ ∆2, αj ∈ ∆.

All� to Φ eÐnai irreducible, �ra up�rqei toul�qiston mÐa rÐza sto ∆2, èstw
h αk gia k�poio k ∈ {1, . . . , `} pou den eÐnai orjog¸nia se toul�qiston mÐa rÐza
tou ∆1. 'Ara (αk, β) =

∑
αi∈∆1

(αk, αi), ìmwc epeid  to eswterikì ginìmeno twn
stoiqeÐwn twn ∆1 kai ∆2 eÐnai genik� mh-jetikì kai toul�qiston gia mÐa rÐza
tou ∆1 sqhmatÐzetai gn sia arnhtikì eswterikì ginìmeno me to αk, telik� to
�jroisma ja diathreÐtai mh-mhdenikì. 'Ara (αk, β) < 0.

'Etsi apì to L mma 2.3 to αk + β apoteleÐ rÐza kai m�lista αk + β > β,
efìson h apl  rÐza αk gr�fetai wc αk + β − β.

Dhlad  wc proc th di�taxh ≺, proèkuye rÐza megalÔterh thc β pou upojè-
same ìti eÐnai mègisth. Opìte katal goume se �topo kai ètsi sumperaÐnoume ìti
to sÔnolo ∆2 eÐnai kenì. 'Ara kαi > 0 gia ìla ta αi sto ∆.

Epomènwc (αi, β) ≥ 0, ∀αi ∈ ∆. EpÐshc h perÐptwsh pou to β eÐnai orjo-
g¸nio se ìla ta stoiqeÐa tou ∆ aporrÐptetai, lìgw tou (B1) tou orismoÔ thc
b�shc ∆. Autì shmaÐnei ìti up�rqei toul�qiston èna apì ta αi, èstw αm me
m ∈ {1, . . . , `}, gia to opoÐo isqÔei (αm, β) > 0. Tèloc apodeiknÔoume thn
monadikìthta thc mègisthc rÐzac.

Th deÐqnoume me �topo. Arqik� upojètoume ìti up�rqei kai mÐa deÔterh
mègisth rÐza β′ diaforetik  thc β. Tìte sÔmfwna me ta prohgoÔmena, up�rqei
k�poio αk ∈ ∆ gia to opoÐo (αk, β) > 0 kai

β =
∑
αi∈∆1

kαiαi

me kαi > 0. OmoÐwc kai gia th β′, up�rqei k�poio αj ∈ ∆ gia to opoÐo isqÔei
(αj, β

′) > 0 kai
β′ =

∑
αi∈∆1

nαiαi

me nαi > 0. Profan¸c gia k�poio i, kαi 6= nαi ¸ste na èqoume β 6= β′.
PaÐrnoume to eswterikì ginìmeno thc β′ me th β, opìte

(β, β′) =
∑
αi∈∆

nαi(αi, β)

me (αi, β) ≥ 0, kai afoÔ up�rqei toul�qiston èna αk ∈ ∆ gia to opoÐo isqÔei
(αk, β) > 0 èqoume (β, β′) > 0.

Epomènwc apì to L mma 2.3 h diafor� β′ − β eÐnai rÐza wc proc th b�sh
∆. 'Ara apì to (R2) tou sust matoc riz¸n Φ kai to β − β′ eÐnai rÐza. 'Etsi
anagkastik� to èna an kei sto Φ+ kai to �llo sto Φ−.
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Dhlad , lìgw tou (B1) tou orismoÔ tou ∆, eÐte to β − β′ eÐte to β′ − β
gr�fetai wc �jroisma jetik¸n pollaplasÐwn apl¸n riz¸n. Sunep¸c β′ � β  
β ≺ β′. Kai oi dÔo anisìthtec dÐdoun to Ðdio apotèlesma, diìti brÐskoume rÐza
megalÔterh thc mègisthc. Epomènwc h arqik  upìjesh ìti up�rqoun perissì-
terec apì mÐa mègisth rÐza eÐnai lanjasmènh. 'Ara β = β′.

�

L mma 4.5 'Estw E ènac R-dianusmatikìc q¸roc kai Φ èna irreducible sÔsth-
ma riz¸n tou. Tìte, h Weyl om�da tou Φ dra irreducibly sto E. EpÐshc e�n α
eÐnai mÐa rÐza, tìte h W-troqi� tou α par�gei ìlo to q¸ro E.

Apìdeixh. JewroÔme ènan mh-mhdenikì upìqwro tou E, analloÐwto apì toW ,
èstw E′. Dhlad  gia ton E′ isqÔei ìti σ(E′) = E′ afoÔ h σ eÐnai isomorfismìc
kai o q¸roc eÐnai peperasmènhc di�stashc.

JewroÔme to orjog¸nio sumpl rwma tou E′, èstw E′′. Autì paramènei anal-
loÐwto k�tw apì th Weyl om�da. Diìti, e�n α eÐnai èna stoiqeÐo tou E′′, tìte
(x, α) = 0 gia k�je x ∈ E′′. 'Omwc epeid  to σ eÐnai isometrÐa èqoume ìti
(σ(x), σ(α)) = 0. Epomènwc to di�nusma σ(α) eÐnai orjog¸nio se ìla ta dianÔ-
smata tou σ(E′). All� epeid  σ(E′) = E′ tìte to σ(α) eÐnai orjog¸nio se k�je
di�nusma tou E′. Sunep¸c σ(α) ∈ E′′, kai ètsi to E′′ eÐnai analloÐwto apì to σ.

'Ara apì to L mma 6.5 eÐte α ∈ E′, eÐte E′ ⊆ Pα. E�n E′ ⊆ Pα, tìte h
rÐza α eÐnai orjog¸nia sto E′ kai epomènwc α ∈ E′′. 'Etsi katal goume sto
sumpèrasma ìti k�je rÐza tou Φ′′ ja an kei eÐte sto E′, eÐte sto E′′.

Jètoume Φ′ = Φ ∩ E′ kai Φ′′ = Φ ∩ E′′. Tìte Φ′ ∪ Φ′′ = Φ, kai (Φ′,Φ′′) =
0. 'Omwc to Φ eÐnai irreducible, �ra èna apì ta Φ′,Φ′′ eÐnai to kenì sÔnolo.
Upojètoume ìti Φ′′ = Φ. Tìte Φ  E′′ kai efìson to Φ par�gei to E, èqoume
ìti E′′ = E kai E′ = {0}. 'Omwc arqik� upojèsame ìti E′ 6= {0}, �ra Φ  E′.
Epomènwc afoÔ to Φ par�gei to E, sumperaÐnoume ìti èna apì ta E′,E′′ ja eÐnai
Ðso me to E, kai to �llo me to {0}. Epomènwc oi monadikoÐ upìqwroi pou eÐnai
analloÐwtoi apì to W eÐnai to E kai to {0}, kai to W dra irreducibly.

�

L mma 4.6 E�n to Φ eÐnai èna irreducible sÔsthma riz¸n, tìte

1. oi rÐzec tou èqoun to polÔ dÔo diaforetik� m kh kai

2. oi rÐzec tou Ðdiou m kouc eÐnai suzugeÐc k�tw apì to W

Apìdeixh.

1. SÔmfwna me to L mma 4.5, ìloc o q¸roc E par�getai apì thn troqi�
tou W . Dhlad  apì ìla ta σα gia k�poio α ∈ Φ. Epomènwc den eÐnai
dunatìn ìla ta σα na eÐnai orjog¸nia se mÐa opoiad pote rÐza β. 'Ara e�n
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(α, β) 6= 0, apì ton PÐnaka π©, gia dÔo mh suggrammikèc rÐzec oi pijanoÐ
lìgoi twn tetrag¸nwn twn mhk¸n eÐnai 1, 2, 3, 1/2, 1/3. Upojètoume ìti
up�rqoun trÐa diaforetik� m kh stic rÐzec tou Φ. 'Estw α, β, γ me ‖ β ‖2

/ ‖ α ‖2= 2 kai ‖ γ ‖2 / ‖ β ‖2= 3. Tìte prokÔptei ‖ γ ‖2 / ‖ α ‖2= 6
pou de sumperilamb�netai stic pijanèc timèc. Opìte mporoÔme na èqoume
to polÔ dÔo diaforetik� m kh.

2. Upojètoume ìti oi rÐzec α kai β èqoun to Ðdio m koc. Tìte apì ton PÐnaka
π© èqoume

<α, β>=<β, α>= +1   −1.

• E�n<α, β>= +1 tìte profan¸c<β, α>= +1, opìte

(σασβσα)(β) = σασβ(σα(β))

= σασβ(β−<β, α>α)

= σασβ(β − α)

= σα(σβ(β)− σβ(α))

= σα(−β − α+<α, β>β)

= σα(−β − α + β)

= σα(−α)

= α

'Ara oi α kai β eÐnai suzugeÐc k�tw apì to W .

• E�n<α, β >= −1 tìte profan¸c< β, α >= −1. Opìte<α, −β >= 1
kai < −β, α >= 1. Apì to prohgoÔmeno, σασ−βσα(−β) = α kai epeid 
σα(−β) 6= β   −β èqoume

σασβσα(−β) = α �ra σασβσα(β) = −α

Dhlad  σβσα(β) = α kai ètsi oi α, β eÐnai suzugeÐc k�tw apì to W .

�
Sthn perÐptwsh pou to sÔsthma riz¸n eÐnai irreducible kai metaxÔ twn riz¸n
up�rqoun dÔo diaforetik� megèjh sta m kh touc, tìte mil�me gia makrièc kai
kontèc rÐzec. En¸, ìtan ìlec oi rÐzec èqoun to Ðdio m koc, lème ìti ìlec eÐnai
makrièc.

L mma 4.7 'Estw Φ èna irreducible sÔsthma riz¸n me dÔo diaforetik� m kh
stic rÐzec. An β eÐnai h mègisth rÐza wc proc th di�taxh ≺, tìte eÐnai makri�.
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Apìdeixh. ArkeÐ na deÐxoume ìti opoiad pote rÐza α ikanopoieÐ thn

(β, β) ≥ (α, α).

JewroÔme th b�sh ∆ tou Φ pou orÐzei thn merik  di�taxh≺, me ∆ = {x1, x2, . . . , x`}
kai rank(Φ) = `.

PaÐrnoume th suzug  eikìna tou α sto C(∆) kai thn onom�zoume α′, tìte
efìson h β eÐnai h mègisth rÐza wc proc thn ≺, isqÔei β � α′. 'Ara apì to
orismì thc di�taxhc, h diafor� β−α′, eÐte isoÔtai me to mhdenikì di�nusma, eÐte
eÐnai �jroisma jetik¸n riz¸n.

Profan¸c an isqÔei h pr¸th ekdoq , èqoume (β, β) = (α′, α′). Diaforetik�,
e�n to β − α′ eÐnai �jroisma jetik¸n riz¸n tìte gr�fetai sthn morf 

β − α′ = z1 + . . .+ zn me zi � 0.

'Ara zi =
∑

xj∈∆(kxj)ixj, ìpou (kxj)i ≥ 0 kai j = 1, . . . , `, i = 1, . . . , n. Epomè-
nwc to β − α′ eÐnai grammikìc sunduasmìc twn apl¸n riz¸n me mh-arnhtikoÔc
suntelestèc, opìte β − α′ � 0.

E�n p�roume to eswterikì ginìmeno tou β−α′ me ta shmeÐa tou C(∆) èqoume
mh-arnhtikì apotèlesma, �ra kai gia β ∈ C(∆) isqÔei (β, β − α′) ≥ 0, opìte
(β, β) ≥ (β, α′). EpÐshc gia α′ ∈ C(∆) èqoume (β, α′) ≥ (α′, α′), �ra (β, β) ≥
(α′, α′).

�



Kef�laio 5

Taxinìmhsh

Se autì to kef�laio sundèoume ta sust mata riz¸n me majhmatik� ergaleÐa,
pio eÔqrhsta kai oikeÐa apì afhrhmènec ènnoiec. AntistoiqÐzoume se kajèna
apì aut� ènan pÐnaka. 'Opwc ja doÔme parak�tw ìtan dÔo sust mata ekfr�-
zontai apì ton Ðdio pÐnaka tìte eÐnai isìmorfa. 'Epeita me th bo jeia aut¸n twn
kajìlou tuqaÐwn pin�kwn eis�goume k�poia graf mata pou me th qr sh touc,
ektìc thn perigraf  tou sust matoc pou mporoÔme na k�noume, ìpwc me touc
pÐnakec, ta qrhsimopoioÔme kai sth taxinìmhsh.

5.1 O pÐnakac Cartan tou Φ

Orismìc. 'Estw Φ èna sÔsthma riz¸n t�xhc `. JewroÔme mÐa diatetagmènh
b�sh apl¸n riz¸n, {α1, . . . , α`}. O pÐnakac me stoiqeÐa (<αi, αj>) onom�zetai
pÐnakac Cartan tou Φ kai ta stoiqeÐa tou lègontai stoiqeÐa Cartan.

Gia par�deigma oi pÐnakec Cartan susthm�twn t�xhc 2 pou èqoume  dh dei
eÐnai:
gia to A1 × A1 :

[
2 0
0 2

]
, gia to A2 :

[
2 −1
−1 2

]
, gia to B2 :

[
2 −2
−1 2

]

kai gia to G2 :

[
2 −1
−3 2

]
. Analutik� blèpoume thn perÐptwsh tou B2. Sum-

bolÐzoume to zhtoÔmeno pÐnaka me X kai xij, gia i, j = 1, 2, ta stoiqeÐa tou.
JewroÔme th diatetagmènh b�sh ∆ = {α1, α2}, kai apì ton tÔpo thc pr�xhc
<, > èqoume x11 =<α1, α1>= 2 , x22 =<α2, α2>= 2. Gia ta upìloipa stoi-
qeÐa sumbouleuìmaste ton pÐnaka π© kai thn Parat rhsh 3.2 opìte paÐrnoume
x12 =<α1, α2>= −2 kai x21 =<α2, α1>= −1. 'Etsi prokÔptei o parap�nw
pÐnakac.

Parat rhsh 5.1 Sto par�deigma blèpoume ìti e�n h di�taxh thc b�shc  tan
diaforetik  prokÔptei o an�strofoc pÐnakac. 'Omwc apì to Je¸rhma 3.21 h
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om�da Weyl dra metabatik� stic diaforetikèc b�seic tou Φ. Dhlad  up�rqei
k�poia σ ∈ W tètoia ¸ste σ(∆′) = ∆ gia ∆′,∆ b�seic tou Φ me ∆′ 6= ∆.
'Ara o pÐnakac Cartan enìc sust matoc riz¸n den exart�tai apì thn epilog 
thc b�shc.

Prìtash 5.2 JewroÔme dÔo eukleÐdeiouc q¸rouc E kai E′, me sust mata ri-
z¸n t�xhc `, Φ kai Φ′ antÐstoiqa. Se kajèna apì aut� jewroÔme mÐa dia-
tetagmènh b�sh, ∆ = {α1, . . . , α`} kai ∆′ = {α′1, . . . , α′`}. Upojètoume ìti
< αi, αj >=< α′i, α

′
j >, gia 1 ≤ i, j ≤ `, tìte h apeikìnish αi 7−→ α′i meta-

xÔ twn apl¸n riz¸n twn dÔo b�sewn epekteÐnetai monadik� se ènan isomor-
fismì φ : E −→ E′ apeikonÐzontac to Φ sto Φ′, ikanopoi¸ntac th sqèsh
< φ(α), φ(β) >=< α, β >, gia ìla ta α, β sto Φ. Opìte, o pÐnakac Cartan
tou Φ prosdiorÐzei to Φ kat� prosèggish isomorfismoÔ.

Apìdeixh. Oi q¸roi E kai E′ eÐnai thc Ðdiac di�stashc, �ra eÐnai isìmorfoi.
'Omwc epeid  ta stoiqeÐa thc b�shc prosdiorÐzontai monadik�, o isomorfismìc
φ : E −→ E′ eÐnai monadikìc. JewroÔme α, β sto ∆, tìte

σφ(α)(φ(β)) = σα′(β
′)

= β′−<β′, α′>α′
= φ(β)−<β, α>φ(α)

= φ(β−<β, α>α)

= φ(σα(β))

SÔmfwna me to Je¸rhma 3.21 h om�da Weyl enìc sust matoc riz¸n par�getai
apì aplèc anakl�seic. Epomènwc, e�n to σ an kei sto W , tìte gr�fetai wc
σ = σα1 · · · σαk , gia k�poio k ≥ 1. Opìte to φσφ−1 isoÔtai me

φσα1 · · · σαkφ−1 = φσα1φ
−1φσα2φ

−1 · · ·φσαkφ−1

= σφ(α1) · · · σφ(αk)

ìpou φ(αi) ∈ ∆′.
'Ara to φσφ−1 gr�fetai wc ginìmeno apl¸n anakl�sewn tou ∆′, epomènwc

an kei sto W ′ kai ètsi orÐzetai apeikìnish W −→W ′ : σ 7−→ φσφ−1.

H apeikìnish aut  eÐnai epÐ tou W ′, fanerì eÐnai ìti gia k�je φσφ−1 up�rqei
toul�qiston èna stoiqeÐo stoW . EpÐshc, e�n σ1, σ2 ∈ W me φσ1φ

−1 = φσ2φ
−1,

tìte pollaplasi�zontac kat� mèlh me φ−1 sta arister� kai me φ sta dexi�
èqoume σ1 = σ2, dhlad  h apeikìnish eÐnai 1-1. 'Ara oi om�dec Weyl eÐnai
isìmorfec kai to σα apeikonÐzetai, sÔmfwna me to L mma 2.1, sto σφ(α) me
α ∈ ∆.
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All� apì to Je¸rhma 3.21 k�je rÐza β tou Φ eÐnai h suzug c eikìna k�poiac
apl c rÐzac. Dhlad  up�rqei stoiqeÐo α sto ∆, tètoio ¸ste to β na gr�fetai
wc β = σ(α), gia k�poio σ sto W . Opìte

φ(β) = φ(σ(α)) = φσ(φ−1φ(α)) = φσφ−1(φ(α))

ìpou φ(β) ∈ Φ′, φ(α) ∈ ∆′ kai φσφ−1 ∈ W ′. Epomènwc to Φ apeikonÐzetai sto
Φ′ mèsw thc φ pou ìpwc deÐxame parap�nw eÐnai 1-1 kai afoÔ ta sÔnola Φ kai
Φ′ eÐna peperasmèna, h φ eÐnai amfimonos manth.

�
Me thn prohgoÔmenh prìtash faÐnetai ìti èna sÔsthma riz¸n prosdiorÐzetai
pl rwc apì ton pÐnaka Cartan. Parak�tw blèpoume pwc apì ènan tètoio pÐnaka
mporoÔme na kataskeu�soume to antÐstoiqo sÔsthma riz¸n. Autì mporoÔme
na to k�noume e�n kataskeu�soume ìla ta strings ìlwn twn apl¸n riz¸n. Ja
doulèyoume mìno me ta strings wc proc tic jetikèc rÐzec.

Xekin�me me tic rÐzec Ôyouc 1, dhlad  tic aplèc. DeÐqnoume th diadikasÐa gia
tic aplèc rÐzec αi kai αj. Dhlad  ja prosdiorÐsoume to αi-string wc proc αj.
JewroÔme touc mègistouc fusikoÔc r, q gia touc opoÐouc èqoume αj − rαi ∈ Φ
kai αj + qαi ∈ Φ. SÔmfwna me to L mma 3.4 to di�nusma αi − αj den eÐnai rÐza.
EpÐshc apì to L mma 2.5 to string de diasp�tai apì k�poio di�nusma pou den
eÐnai rÐza, �ra èqoume r = 0. Epomènwc, antikajist¸ntac ston tÔpo
<αj, αi >= r − q thn tim  tou r kai thn posìthta<αj, αi > pou èqoume apì
ton pÐnaka Cartan, brÐskoume thn tim  tou q.

EpÐshc, ìpwc mac plhroforeÐ o PÐnakac π© to m koc tou string den uperbaÐnei
tic 4 rÐzec. 'Ara q < 4, kai oi rÐzec tou eÐnai thc morf c

αj

αj + αi

αj + 2αi
... ... ...

αj + qαi

Aut  th diadikasÐa th suneqÐzoume gia ìla ta diatetagmèna zeÔgh apl¸n
riz¸n pou mporoÔme na sqhmatÐsoume. Dhlad , an broÔme ta strings ìlwn twn
apl¸n riz¸n wc proc ìlec tic aplèc rÐzec sÐgoura ja èqoume ìlec tic aplèc
rÐzec tou sust matoc riz¸n.

T¸ra, kataskeu�zoume to string ìlwn twn apl¸n riz¸n pou pern� apì rÐzec
Ôyouc 2. Upojètoume ìti h α eÐnai Ôyouc 2, tìte aut  gr�fetai sthn morf 
α = αn + αm gia k�poiec aplèc rÐzec αn, αm. Y�qnoume to string thc apl c
rÐzac αk pou pern� apì thn α. DiakrÐnoume peript¸seic gia to deÐkth k :
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• e�n k = n   k = m, tìte h diafor� α − αk = αn   α − αk = αm e�n
eÐnai rÐza ja eÐnai apl . Sunep¸c ed¸ èqoume to r = 1. EpÐshc, lìgw thc
grammikìthtac tou < ,> wc proc thn pr¸th metablht , èqoume

<αn, αk> +<αm, αk>= r − q.
'Ara antikajist¸ntac se aut  thn isìthta upologÐzoume to q. Dhlad 
oi rÐzec tou string gia tic opoÐec èqoume ton periorismì q < 4, eÐnai thc
parak�tw morf c

α − αk

α

α + αk

α + 2αk
... ... ...
α + qαk

• e�n k 6= n kai k 6= m, tìte h diafor� α−αk b�sei tou orismoÔ thc b�shc
den eÐnai rÐza kai ìpwc anafèrame parap�nw to string de diasp�tai apì
k�poio di�nusma. 'Ara upoqrewtik� èqoume r = 0. Epomènwc antikaji-
st¸ntac ston tÔpo

<αn, αk>+<αm, αk>= r − q
tic gnwstèc posìthtec brÐskoume to q, to opoÐo eÐnai < 4. 'Etsi oi rÐzec
se autì to string eÐnai oi

α

α + αk
... ... ...
α + qαk

Sunep¸c e�n akolouj soume thn Ðdia diadikasÐa, kataskeu�zontac ta strings
ìlwn twn apl¸n riz¸n, pou pernoÔn apì ìlec tic rÐzec Ôyouc 2, ja èqoume brei
tic rÐzec tou sust matoc Ôyouc 2.

SuneqÐzoume ìmoia kai sta upìloipa b mata. Sunoptik� èqoume ìti, e�n h αp
eÐnai mÐa apl  rÐza kai h αt mÐa rÐza Ôyouc ` pou gr�fetai wc

αt = αs1 + . . .+ αs`

tìte èqoume tic parak�tw peript¸seic.
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• E�n to q eÐnai k�poio apì ta s1, . . . , s` tìte h diafor� αt − αp e�n eÐnai
rÐza, eÐnai Ôyouc ` − 1. 'Omwc aut  th rÐza thn èqoume brei sto akri-
b¸c prohgoÔmeno b ma. 'Etsi se aut  thn perÐptwsh den paÐrnoume k�ti
kainoÔrgio.

• E�n to q eÐnai diaforetikì apì ta s1, . . . , s` to αq − αp den eÐnai rÐza kai
ètsi k�noume èna b ma parap�nw brÐskontac rÐzec Ôyouc `+ 1.

H kataskeu  telei¸nei ìtan sunant soume ekeÐnh th rÐza pou èqei thn idiìthta
na dÐdei q = 0, se ìpoio string ki an an kei. H monadikìthta thc mègisthc rÐzac
ofeÐletai sto L mma 4.4.

Sumperasmatik�, e�n kataskeu�soume ta strings ìlwn twn apl¸n riz¸n wc
proc ìlec tic jetikèc rÐzec ja p�roume to Φ+. Profan¸c met� mporoÔme na
p�roume ìlo to sÔsthma riz¸n.

5.2 To gr�fhma Coxeter kai to di�gramma Dyn-

kin

Orismìc. 'Estw Φ èna sÔsthma riz¸n t�xhc ` kai α, β dÔo diaforetikèc jeti-
kèc rÐzec tou. Apì thn Parat rhsh 2.2 èqoume ìti<α, β><β, α>= 0, 1, 2, 3.
OrÐzoume to gr�fhma Coxeter tou Φ na eÐnai èna gr�fhma pou apoteleÐtai apì
` korufèc, en¸ h i-ost  koruf  sundèetai me thn j-ost  me<αi, αj><αj, αi>
akmèc.

Parak�tw blèpoume ta graf mata twn susthm�twn pou èqoume dei èwc t¸ra:

Sq ma 5.1: A1 × A1

Sq ma 5.2: A2
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Sq ma 5.3: B2

Sq ma 5.4: G2

Sugkekrimèna, gia to B2 èqoume ìti eÐnai t�xhc 2, ètsi sumperaÐnoume ìti to
gr�fhma apoteleÐtai apì dÔo korufèc. EpÐshc, apì ton PÐnaka π© to ginìmeno
twn dÔo diaforetik¸n < , > pou orÐzontai eÐnai Ðso me 2, �ra oi dÔo korufèc
sundèontai me dipl  akm .

Aut� ta graf mata eÐnai polÔ genik�. IdiaÐtero endiafèron parousi�zoun
ta sust mata riz¸n pou perièqoun rÐzec diaforetikoÔ m kouc. Gia autèc tic
peript¸seic orÐzoume ta diagr�mmata Dynkin.

Orismìc. To di�gramma Dynkin enìc sust matoc riz¸n eÐnai èna gr�fhma pou
diaforopoieÐtai apì to Coxeter mìnon ìtan ta m kh twn apl¸n riz¸n den eÐnai
ìla Ðsa. 'Otan loipìn parousi�zetai aut  h diafor� prosjètoume sto gr�fhma
èna bèloc pou kateujÔnetai apì thn makri� sthn kont  rÐza.

Gia par�deigma, ta diagr�mmata Dynkin twn B2 kai G2 eÐnai ta akìlouja:

Sq ma 5.5: B2
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Sq ma 5.6: G2

Parat rhsh 5.3 Blèpoume ìti apì ta parap�nw graf mata mporoÔme na p�-
roume plhroforÐec gia to Ðdio to sÔsthma riz¸n, �ra kai gia ton pÐnaka Cartan
tou. Dhlad  apì to pl joc twn koruf¸n brÐskoume th di�stash tou Φ, sunep¸c
kai th di�stash tou pÐnaka, apì to pl joc twn akm¸n kai th sqèsh twn mhk¸n
touc èqoume thn posìthta<αi, αj>gia i 6= j.

Gia na prosdiorÐsoume pl rwc ton pÐnaka mènei na upologÐsoume ta diag¸-
nia stoiqeÐa, dhlad  touc arijmoÔc < αi, αi > gia k�je i ∈ {1, . . . , `}. 'Olh h
diag¸nioc eÐnai p�nta Ðsh me 2, afoÔ <αi, αi>= 2(αi, αi)/(αi, αi) = 2.

DeÐqnoume analutik� pwc prokÔptei o pÐnakac Cartan tou B2 me dedomèno to
di�gramma Dynkin. To di�gramma apoteleÐtai apì 2 korufèc, tic onom�zoume α1

kai α2 en¸ upojètoume ìti to bèloc kateujÔnetai apì thn α1 sthn α2. Sunep¸c
h t�xh tou Φ eÐnai 2.

EpÐshc oi α1, α2 sundèontai me dipl  akm , �ra < α1, α2 >= 2. 'Omwc oi α1

kai α2 eÐnai aplèc rÐzec, �ra sÔmfwna me thn Prat rhsh 3.2 kai ton pÐnaka
π© èqoume eÐte < α1, α2 >=−1 kai < α2, α1 >=−2, eÐte < α1, α2 >=−2 kai
<α2, α1>=−1.

E�n isqÔei h pr¸th perÐptwsh sundu�zontac tic dÔo isìthtec katal goume
sto sumpèrasma ìti to m koc thc rÐzac α2 eÐnai mikrìtero apì autì thc α1,
k�ti pou den isqÔei. Epomènwc, isqÔei h deÔterh perÐptwsh kai sÔmfwna me thn
Parat rhsh 5.3 h diag¸nioc eÐnai Ðsh me 2, opìte o pÐnakac Cartan tou B2 eÐnai
o: [

2 −2
−1 2

]
.

5.3 Irreducible sunist¸sec
SÔmfwna me ton orismì tou irreducible sust matoc riz¸n, e�n to Φ èqei autì
to qarakthrismì tìte den mporeÐ na diameristeÐ se dÔo gn sia uposÔnola, orjo-
g¸nia metaxÔ touc. All�, ìpwc eÐdame prohgoumènwc, se k�je sÔsthma riz¸n
antistoiqÐzetai akrib¸c èna gr�fhma Coxeter, opìte ìtan to Φ de diamerÐzetai
to antÐstoiqo di�gramma eÐnai sunektikì kai antistrìfwc.
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An genikeÔsoume thn parap�nw kat�stash sumperaÐnoume ìti e�n èna sÔsth-
ma apoteleÐtai apì sunektikèc sunist¸sec tìte kai to gr�fhma Coxeter èqei ton
Ðdio arijmì sunektik¸n upografhm�twn.

'Estw ∆ mÐa b�sh tou Φ pou diamerÐzetai se uposÔnola, orjog¸nia metaxÔ
touc, dhlad  ∆ = ∆1 ∪ · · · ∪ ∆t. SÔmfwna me to L mma 4.2 to Φ diamerÐzetai
se orjog¸nia uposÔnola kai m�lista oi upìqwroi tou E pou par�gontai apì
ta uposÔnola tou ∆ eÐnai orjog¸nioi. EpÐshc, an� dÔo h tom  touc eÐnai to
mhdenikì di�nusma, opìte to E gr�fetai wc E = E1 ⊕ · · · ⊕ Et.

Epomènwc to sÔsthma riz¸n analÔetai monadik� wc ènwsh irreducible upo-
susthm�twn Φi tètoia ¸ste to E na ekfr�zetai wc to orjog¸nio eujÔ �jroisma
E = E1 ⊕ · · · ⊕ Et.

5.4 Taxinìmhsh
Prohgoumènwc eÐdame ìti èna irreducible sÔsthma riz¸n mporeÐ na perigrafeÐ
kai mèsw tou antÐstoiqou sunektikoÔ graf matoc Coxeter. Opìte gia thn taxi-
nìmhsh twn susthm�twn arkeÐ na ergastoÔme me aut� ta graf mata. Bohjhtik�
orÐzoume to akìloujo sÔnolo.

Orismìc. JewroÔme ènan eukleÐdeio q¸ro E kai U = {ε1, . . . , εn} èna sÔnolo
n grammik� anex�rthtwn monadiaÐwn dianusm�twn ta opoÐa ikanopoioÔn ta akì-
louja:
(A1) (εi, εj) ≤ 0 gia k�je i 6= j
(A2) 4(εi, εj)

2 = 0, 1, 2,   3 gia k�je i 6= j.
'Ena tètoio sÔnolo to onom�zoume admissible.

To U apoteleÐ b�sh enìc sust matoc riz¸n me diairemèna ta stoiqeÐa tou me
to m koc touc.

Je¸rhma 5.4 E�n to Φ eÐnai èna irreducible sÔsthma riz¸n t�xewc `, tìte to
di�gramma Dynkin pou antistoiqeÐ se autì eÐnai èna apì ta parak�tw:

Sq ma 5.7: A`(` ≥ 1)
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Sq ma 5.8: B`(` ≥ 2)

Sq ma 5.9: C`(` ≥ 3)

Sq ma 5.10: D`(` ≥ 4)

Sq ma 5.11: E6
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Sq ma 5.12: E7

Sq ma 5.13: E8

Sq ma 5.14: F4

Sq ma 5.15: G2
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IsodÔnama kajèna apì aut� mporoÔme na to antistoiqÐsoume se ènan apì touc
akìloujouc pÐnakec Cartan. AfoÔ, apì ton orismì twn pin�kwn kai twn dia-
gramm�twn aut¸n prokÔptei to èna apì to �llo.

A` :




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −1
−1 2




B` :




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −2
−1 2




C` :




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −1
−1 2 −1

−2 2




D` :




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −1
−1 2 −1 −1

−1 2 0
−1 0 2




E6 :




2 0 −1 0 0 0
0 2 0 −1 0 0
−1 0 2 −1 0 0

0 −1 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2
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E7 :




2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0

0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2




E8 :




2 0 −1 0 0 0 0 0
0 2 0 −1 0 0 0 0
−1 0 2 −1 0 0 0 0

0 −1 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 2




F4 :




2 −1 0 0
−1 2 −2 0

0 −1 2 −1
0 0 −1 2




G2 :

[
2 −1
−3 2

]

ShmeÐwsh 5.5 (1). Ta prohgoÔmena eÐnai graf mata Coxeter, all� gia ekeÐ-
na ta sust mata riz¸n me diaforetik� m kh, mporoÔme eÔkola me th bo jeia
tou pÐnaka π© na katal xoume sta diagr�mmata Dynkin.
(2). Oi sumbolismoÐ A`,B`,C`,D`,E6,E7,E8,F4 kai G2 se autì to shmeÐo dhl¸-
noun apl� tic oikogèneiec twn grafhm�twn. Argìtera ja doÔme ìti antistoiqoÔn
sta  dh gnwst� sust mata riz¸n pou melet same se prohgoÔmena kef�laia.

Apìdeixh. Skopìc mac eÐnai na taxinom soume ta sust mata riz¸n. IsodÔ-
nama, na taxinom soume ta graf mata Coxeter. Gia autì to lìgo agnooÔme ta
m kh twn apl¸n riz¸n, jewroÔme ìti ìlec eÐnai Ðsec kai upojètoume ìti to m koc
eÐnai 1.

Parathr¸ntac ta graf mata, blèpoume ìti, apì èna sÔsthma riz¸n mporoÔme
na orÐsoume èna admissible sÔnolo U , jètontac εi = αi/ ‖ αi ‖, efìson gewme-
trik� ta (A1) kai (A2) tou orismoÔ emfanÐzontai. Sto sÔnolo U antistoiqÐzoume
èna gr�fhma Γ.

To Γ perièqei tìsec korufèc ìsec eÐnai oi aplèc rÐzec, en¸ to pl joc twn
akm¸n metaxÔ dÔo tuqaÐwn koruf¸n tou, dÐdetai apì ton arijmì 4(εi, εj)

2, gia
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i 6= j. 'Etsi, sundèoume k�je sunektikì gr�fhma me èna admissible sÔnolo
dianusm�twn. H apìdeixh ja gÐnei stadiak�.

B ma (1): E�n exairèsoume k�poia apì ta dianÔsmata εi tou sunìlou U , to
sÔnolo pou apomènei eÐnai kai autì admissible, tou opoÐou to gr�fhma prokÔptei
apì to arqikì apaleÐfontac tic antÐstoiqec korufèc εi kai ìlec tic sunup�rqousec
akmèc.

Onom�zoume U ′ to sÔnolo pou proèkuye met� thn exaÐresh k�poiwn dianusm�-
twn. Dhlad  U ′ = U \{εk, k = 1, . . . , n}. Prèpei na deÐxoume ìti ikanopoioÔntai
oi idiìthtec (A1) kai (A2) kai epiplèon ìti ta dianÔsmata tou nèou sunìlou
eÐnai monadiaÐa kai grammik� anex�rthta. To U eÐnai admissible, �ra ex' orismoÔ
eÐnai èna grammik� anex�rthto sÔnolo. 'Omwc an exairèsoume k�poio pl joc
dianusm�twn paramènei grammik� anex�rthto. EpÐshc, ta m kh twn dianusm�twn
pou apèmeinan den metab�llontai �ra paramènoun monadiaÐa.

Tèloc, apì ton orismì tou admissible sunìlou U , ikanopoioÔntai ta (A1)
kai (A2) kai afoÔ autèc oi idiìthtec isqÔoun gia k�je zeug�ri diaforetik¸n
dianusm�twn ja isqÔoun kai gia ìla ta zeug�ria tou U ′. Met� apì ìla aut� to
U ′ eÐnai èna admissible sÔnolo dianusm�twn.

B ma (2): To pl joc twn zeug¸n twn koruf¸n pou sundèontai me akm  sto
Γ eÐnai gn sia mikrìtero tou n.

Jètoume

ε =
n∑
i=1

εi

Profan¸c ε 6= 0, afoÔ ta εi eÐnai grammik� anex�rthta. Epomènwc èqoume
(ε, ε) > 0. Epiplèon,

(ε, ε) = (
n∑
i=1

εi,

n∑
i=1

εi) =
n∑
i=1

‖ εi ‖2 +2
∑
i<j

(εi, εj)

all� epeid  ta εi eÐnai monadiaÐa dianÔsmata telik� gia to eswterikì ginìmeno
paÐrnoume

(ε, ε) = n+ 2
∑
i<j

(εi, εj).

Anazht�me ton pl joc twn zeug¸n (i, j), gia ta opoÐa (εi, εj) 6= 0. Apì to
(A1) kai ton akrib¸c prohgoÔmeno periorismì gia to eswterikì ginìmeno, èqoume
(εi, εj) < 0. EpÐshc apì to (A2) to pl joc twn akm¸n metaxÔ dÔo koruf¸n
dÐdetai apì ton tÔpo 4(εi, εj)

2 = 0, 1, 2, 3. 'Ara 2(εi, εj) = −1,−√2,−√3, opìte
2(εi, εj) ≤ −1.

Upojètoume ìti o arijmìc pou y�qnoume eÐnai o k. Gia aut� ta zeÔgh koruf¸n
ikanopoieÐtai h anisìthta 2(εi, εj) ≤ −1. Epomènwc

∑
i<j 2(εi, εj) ≤ k, sunep¸c

0 < (ε, ε) ≤ n− k �ra k ≤ n− 1.
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B ma (3): To gr�fhma Γ pou antistoiqeÐ sto admissible sÔnolo U den
perièqei kÔklouc.

Sq ma 5.16: kÔkloc

Ja to deÐxoume me �topo. Upojètoume ìti to Γ perièqei k�poion kÔklo,
èstw Γ′. SÔmfwna me to b ma (1) up�rqei admissible uposÔnolo dianusm�twn
tou U sto opoÐo antistoiqeÐ. 'Estw ìti autì eÐnai to U ′. 'Omwc to gr�fhma
Γ′ apoteleÐtai apì akmèc Ðsec se pl joc me ton arijmì twn koruf¸n, k�ti pou
èrqetai se antÐfash me to b ma (2).

B ma (4): Apì opoiad pote koruf  tou Γ den eÐnai dunatì na xekinoÔn
perissìterec apì treÐc akmèc.

'Estw ε èna stoiqeÐo tou U kai η1, . . . , ηk oi korufèc pou sundèontai me
autì. Profan¸c afoÔ ta ηi, gia i = 1, . . . , k, eÐnai diaforetik� tou ε èqoume
(ε, ηi) < 0,∀i = 1, . . . , k. EpÐshc, sÔmfwna me to b ma (3) dÔo η den eÐnai dunatì
na en¸nontai diìti tìte dhmiourgeÐtai kÔkloc sto Γ, epomènwc (ηi, ηj) = 0 gia
i 6= j. Dhlad  to sÔnolo {η1, . . . , ηk} par�gei ènan upìqwro tou E kai eÐnai mÐa
orjokanonik  b�sh tou.

All�, efìson to ε den an kei ston upìqwro autì, up�rqei monadiaÐo di�nusma
η0, orjog¸nio proc ta η1, . . . , ηk, kai tètoio ¸ste ε =

∑k
i=0(ε, ηi)ηi, me (ε, η0) 6=

0. 'Ara,

1 = (ε, ε) = (
k∑
i=0

(ε, ηi)ηi,
k∑
i=0

(ε, ηi)ηi)

=
k∑
i=0

(ε, ηi)
2

dhlad 
∑k

i=0(ε, ηi)
2 = 1 opìte

∑k
i=1(ε, ηi)

2 + (ε, η0)2 = 1. 'Omwc (ε, η0) 6= 0,
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�ra
∑k

i=1(ε, ηi)
2 < 1. Epomènwc

k∑
i=1

4(ε, ηi)
2 < 4,

all� h posìthta 4(ε, ηi)
2 dhl¸nei to pl joc twn akm¸n metaxÔ tou ε kai tou

ηi, gia ìla ta i.
B ma (5): To monadikì sunektikì gr�fhma Γ tou admissible U pou perièqei

tripl  akm  eÐnai autì tou G2.

Sq ma 5.17: G2

Sthn perÐptwsh ìpou to gr�fhma perièqei tripl  akm  metaxÔ dÔo koruf¸n
kai qrhsimopoi¸ntac touc sumbolismoÔc tou b matoc (4), èqoume 4(ε, ηj)

2 = 3

gia k�poio j = 1, . . . , k. 'Omwc, apì to b ma (4), h anisìthta
∑k

i=1 4(ε, ηi)
2 < 4

apaiteÐ h koruf  ε na mh sundèetai me kamÐa �llh koruf . Epomènwc to monadikì
gr�fhma me aut  thn idiìthta eÐnai to G2.

B ma (6): 'Estw {ε1, . . . , εk} ⊆ U me upogr�fhma:

Sq ma 5.18: aplì gr�fhma

E�n U ′ = (U − {ε1, . . . , εk}) ∪ {ε}, ìpou ε =
∑k

i=1 εi, tìte to U ′ eÐnai
admissible sÔnolo.

DeÐqnoume ìti ta dianÔsmata tou U ′ eÐnai grammik� anex�rthta, monadiaÐa kai
ìti ikanopoioÔn ta (A1) kai (A2) tou orismoÔ. Arqik� deÐqnoume ìti to U ′
eÐnai grammik� anex�rthto. Upojètoume ìti U = {ε1, . . . , εn}, tìte an jèsoume
ei = εk+i, to U ′ gr�fetai sthn morf  U ′ = {e1, . . . , en−k} ∪ {ε}.

Epomènwc, e�n up�rqoun suntelestèc ci sto R, tètoioi ¸ste

c1e1 + c2e2 + . . .+ cn−ken−k + c0ε = 0
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gia na p�roume to zhtoÔmeno arkeÐ na deÐxoume ìti ìloi eÐnai mhdenikoÐ. Antika-
jist¸ntac me thn tim  ε èqoume,

c1e1 + c2e2 + . . .+ cn−ken−k + c0ε1 + c0ε2 + . . .+ c0εk = 0.

'Omwc ta ei, gia i = 1, . . . , n− k kai ta εj, gia j = 1, . . . , k eÐnai ta stoiqeÐa
tou U pou eÐnai grammik� anex�rthta, afoÔ eÐnai admissible sÔnolo. 'Ara ta
ci = 0, gia ìla ta i = 1, . . . , n − k kai c0 = 0. Sunep¸c to U ′ eÐnai grammik�
anex�rthto sÔnolo.

T¸ra, ja deÐxoume ìti to U ′ apoteleÐtai apì monadiaÐa dianÔsmata. Epeid 
to gr�fhma twn εi gia ìla ta i = 1, . . . , k eÐnai aplì, k�je koruf  sundèetai
mèsw apl c akm c mìno me thn epìmenh koruf , �ra 2(εi, εi+1) = −1 gia k�je
i = 1, . . . , k− 1 kai (εi, εj) = 0 e�n j > i+ 1. Opìte (ε, ε) = k+ 2

∑
i<j(εi, εj),

ìpwc prokÔptei apì to b ma (2), mìno pou antÐ gia n dianÔsmata t¸ra èqoume
k. 'Ara

(ε, ε) = k +
∑
i<j

2(εi, εj) = k + (k − 1)(−1) = 1.

Epomènwc to ε eÐnai monadiaÐo di�nusma kai afoÔ kai ta εi gia ìla ta i =
1, . . . , k eÐnai monadiaÐa, wc stoiqeÐa tou U , tìte to U ′ apoteleÐtai apì monadiaÐa
dianÔsmata.

SuneqÐzoume epalhjeÔontac to (A1). 'Estw η mÐa tuqaÐa koruf  sto sÔnolo
U−{ε1, . . . , εk}. Tìte eÐte ja èqei mhdenikì eswterikì ginìmeno me thn ε, dhlad 
h η de sundèetai me kamÐa apì tic korufèc εi, gia i = 1, . . . , k eÐte sundèetai me
k�poiec apì autèc.

To teleutaÐo prokÔptei apì th grammikìthta tou eswterikoÔ ginomènou, kai
m�lista h η den en¸netai me perissìterec apì mÐa koruf , diìti diaforetik� ja
sqhmatizìtan kÔkloc, adÔnato lìgw tou b matoc (3).

Opìte (η, ε) = 0   (η, ε) = (η, ε`) gia k�poio ` = 1, . . . , k. All� ta η, ε`,
eÐnai stoiqeÐa tou admissible U , �ra (η, ε) ≤ 0. Mènei na doÔme e�n isqÔei to
(A1) gia ta stoiqeÐa tou U − {ε1, . . . , εk}. 'Eqoume U − {ε1, . . . , εk} ⊆ U kai
to U ìpwc èqoume  dh anafèrei eÐnai admissible, �ra ikanopoieÐtai to (A1) sto
U − {ε1, . . . , εk}.

Tèloc, ja deÐxoume to (A2). Gia to tuqaÐo η thc prohgoÔmenhc paragr�fou
èqoume (η, ε) = 0   (η, ε) = (η, ε`) gia k�poio ` = 1, . . . , k, all� gia ta η, εi sto
U isqÔei ìti 4(η, ε`)

2 = 0, 1, 2, 3, �ra 4(η, ε)2 = 0, 1, 2, 3.
EpÐshc, an jewr soume dÔo diaforetik� stoiqeÐa tou U−{ε1, . . . , εk}, èstw εi

kai εj me i, j 6= 1, . . . , k, an koun kai sto U , tou opoÐou ta stoiqeÐa ikanopoioÔn
th

4(εp, εq)
2 = 0, 1, 2, 3

gia ìla ta p, q, �ra kai gia ta i, j. Opìte ìla ta stoiqeÐa tou U ′ epalhjeÔoun
thn idiìthta (A2).
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B ma (7): To gr�fhma pou antistoiqeÐ se èna sÔnolo U , èstw Γ, den perièqei
kanèna upogr�fhma thc morf c:

Sq ma 5.19: (α′)

Sq ma 5.20: (β′)

Sq ma 5.21: (γ′)

Upojètoume ìti k�poio apì ta parap�nw perièqetai sto Γ. Tìte apì to b ma
(1) to gr�fhma ja antistoiqeÐ se k�poio admissible sÔnolo. 'Omwc sÔmfwna
me to èkto b ma, afoÔ kai ta trÐa graf mata perièqoun aplì upogr�fhma e�n
jewr soume to sÔnolo qwrÐc tic korufèc pou summetèqoun sto upogr�fhma, kai
sumperil�boume akìmh thn koruf  pou gr�fetai wc �jroisma twn koruf¸n tou
aploÔ tìte autì eÐnai admissible. Dhlad  b�sei tou b matoc (6) ta graf mata
twn parak�tw tÔpwn eÐnai admissible.

Sq ma 5.22: tÔpou (1)
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Sq ma 5.23: tÔpou (2)

Sq ma 5.24: tÔpou (3)

'Omwc se k�je perÐptwsh up�rqei koruf  apì thn opoÐa xekinoÔn tèsseric
akmèc, antÐfash lìgw tou b matoc (4). 'Ara den up�rqei gr�fhma Γ pou na èqei
wc upogr�fhma k�poio apì ta parap�nw graf mata.

B ma (8): MÐa apì tic parak�tw morfèc eÐnai to sunektikì gr�fhma Γ, enìc
admissible sunìlou U .

Sq ma 5.25: (α)

Sq ma 5.26: (β)
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Sq ma 5.27: (γ)

Sq ma 5.28: (δ)

Pr¸ta apì ìla e�n to gr�fhma perièqei tripl  akm  kai eÐnai sunektikì tìte
apì to b ma (5) eÐnai anagkastik� to gr�fhma (γ). T¸ra ja deÐxoume ìti èna
gr�fhma den mporeÐ na èqei perissìterec apì mÐa dipl  akm .

'Estw èna sunektikì gr�fhma pou perièqei dÔo diplèc akmèc. Tìte perièqei
upogr�fhma thc morf c (α′). 'Omwc autì eÐnai adÔnato lìgw tou b matoc (7).
'Ara se sunektikì gr�fhma to pl joc twn dipl¸n akm¸n, efìson up�rqoun,
eÐnai èna.

Epiplèon, e�n to Γ èqei dipl  akm  den mporeÐ na perièqei kìmbo,afoÔ p�li ja
perièqei upogr�fhma thc morf c (β′). 'Ara ìtan èna gr�fhma èqei dipl  akm ,
tìte èqei thn morf  tou (β), diìti apì to b ma (3) de sqhmatÐzontai kÔkloi.
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Sq ma 5.29: Kìmboc

Tèloc, an èna gr�fhma èqei mìno aplèc akmèc, de gÐnetai na perièqei dÔo
kìmbouc, lìgw tou b matoc (7). EpÐshc de ja apoteleÐtai apì kÔklouc kai
autì ofeÐletai sto b ma (3). Sunep¸c, to mìno pijanì gr�fhma pou ikanopoieÐ
touc periorismoÔc mac eÐnai to (δ).

B ma (9): To monadikì sunektikì gr�fhma Γ, thc deÔterhc oikogèneiac tou
b matoc (8), eÐnai to F4

Sq ma 5.30: F4

  to Bn pou tautÐzetai me to Cn efìson agnooÔme ton prosanatolismì

Sq ma 5.31: Bn ≡ Cn

Me touc Ðdiouc sumbolismoÔc ìpwc sta prohgoÔmena b mata, jètoume

ε =
∑p

i=1 iεi kai η =
∑q

i=1 iηi.
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Apì thn morf  tou graf matoc (β) k�je koruf  en¸netai mìno me thn epìmen 
thc, �ra

2(εi, εi+1) = 2(ηj, ηj+1) = −1,

gia k�je i ∈ {1, . . . , p} kai gia k�je j ∈ {1, . . . , q} epÐshc,

(εj, εk) = 0

gia ìla ta j, k ∈ {1, . . . , p} me k 6= j + 1 kai

(ηj, ηk) = 0

gia ìla ta j, k ∈ {1, . . . , q} me k 6= j + 1.
Opìte (ε, ε) = (

∑p
i=1 iεi,

∑p
i=1 iεi). All� ìla ta eswterik� ginìmena pou pe-

rièqoun mh diadoqik� ε eÐnai mhdenik�, giatÐ oi antÐstoiqec korufèc tou graf ma-
toc den en¸nontai. EpÐshc, epeid  to eswterikì ginìmeno eÐnai antimetajetikì,
efìson briskìmaste p�nw apì to R, ìla ta eswterik� ginìmena ektìc apì ta
p thc morf c (iεi, iεi) emfanÐzontai dÔo forèc. 'Ara, afoÔ aut� ta ginìmena
apoteloÔntai apì ìrouc me diadoqikoÔc deÐktec, anagkastik� to èna ε ja èqei
�rtio deÐkth en¸ to �llo perittì.

E�n i+ 1 = 2m me m ∈ Z∗, tìte
(iεi, (i+ 1)εi+1) = 2m(iεi, ε2m)

= m(2(εi, ε2m) + . . .+ 2(εi, ε2m))

me i prosjetaÐouc. Antikajist¸ntac to 2m me i + 1 kai èpeita thn posìthta
2(εi, εi+1) me −1, paÐrnoume (iεi, (i+ 1)εi+1) = −mi = −i(i+ 1)/2.

'Ara

(ε, ε) =

p∑
i=1

(iεi, iεi) + 2

p−1∑
i=1

(iεi, (i+ 1)εi+1)

=

p∑
i=1

i2 − (

p∑
i=1

i2 + i) + p2 + p

= p2 + p−
p∑
i=1

i

= p(p+ 1)/2.

An�logh diadikasÐa akoloujoÔme gia ton upologismì tou (η, η), opìte

(η, η) = q(q + 1)/2.

Epiplèon (ε, η) = (
∑p

i=1 iεi,
∑q

i=1 iηi). Epeid  ìmwc oi korufèc ε sundèontai
mìno me tic ε kai oi η me tic η, ektìc apì thn perÐptwsh thc εp me thn ηq pou
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en¸nontai me dipl  akm , ìla ta eswterik� ginìmena eÐnai 0. Opìte (ε, η) =
p q(εp, ηq), �ra

(ε, η)2 = p2q2(εp, ηq)
2 = p2q2/2.

Parak�tw deÐqnoume ìti ta dianÔsmata ε kai η eÐnai grammik� anex�rthta
¸ste na p�roume k�poia plhroforÐa e�n qrhsimopoi soume thn anisìthta tou
Schwartz, [2] (§3.2 sel.171).

'Estw ìti up�rqoun pragmatikoÐ suntelestèc tètoioi ¸ste, c1ε + c2η = 0
antikajistoÔme ta dianÔsmata me to �jroisma pou isoÔtai to kajèna kai telik�
prokÔptei ènac mhdenikìc grammikìc sunduasmìc twn εi kai twn ηi.

'Omwc aut� eÐnai grammik� anex�rthta, �ra ìloi oi suntelestèc eÐnai mhde-
nikoÐ. 'Etsi mhdenÐzontai kai ta c1, c2. Sunep¸c h anisìthta Schwartz dÐdei,
(ε, η)2 < (ε, ε)(η, η) kai antikajist¸ntac èqoume (p− 1)(q − 1) < 2. Me autìn
ton periorismì kai to gegonìc ìti to ginìmeno (p− 1)(q − 1) eÐnai fusikìc, wc
ginìmeno fusik¸n, katal goume stic ex c dÔo peript¸seic:

• (p− 1)(q − 1) = 1 �ra p = q = 2 kai paÐrnoume to F4,

• (p − 1)(q − 1) = 0, tìte eÐte p = 1 kai q otid pote, eÐte q = 1 kai p
otid pote, opìte paÐrnoume to Bn gia n ≥ 2.

B ma (10): To monadikì sunektikì gr�fhma thc tètarthc oikogèneiac, sto
b ma (8), eÐnai to gr�fhma Dn

Sq ma 5.32: Dn

  to En (n = 6, 7, 8).
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Sq ma 5.33: En(n = 6, 7, 8)

Kai se autì to b ma qrhsimopoioÔme touc Ðdiouc sumbolismoÔc me parap�nw.
Jètoume

ε =

p−1∑
i=1

iεi, η =

q−1∑
i=1

iηi, ζ =
r−1∑
i=1

iζi

Profan¸c ta ε, η, ζ eÐnai an� dÔo orjog¸nia, afoÔ oi korufèc εi, ηi, ζi, gia ìla
ta i se k�je perÐptwsh, de sundèontai mèsw akm c. 'Ara (εi, ηj) = (εi, ζk) =
(ηj, ζk) = 0 gia ìlouc touc sunduasmoÔc twn deikt¸n.

EpÐshc, ta trÐa aut� dianÔsmata eÐnai grammik� anex�rthta, lìgw thc orjo-
gwniìthtac. Epomènwc, an onom�soume V to q¸ro pou par�gei h orjog¸nia
b�sh {ε, η, ζ}, tìte to ψ tou graf matoc den an kei se autìn. 'Etsi analÔetai
se dÔo orjog¸nia mèrh. Sto ψ1 pou eÐnai h orjog¸nia probol  tou ψ sto or-
jog¸nio sumpl rwma tou V, kai sto ψ2 pou eÐnai h orjog¸nia probol  sto V.
'Ara gr�fetai wc

ψ = ψ1 + ψ2.

All� to ψ2 ekfr�zetai wc grammikìc sunduasmìc twn stoiqeÐwn thc b�shc,
opìte

ψ = ψ1 + x1ε+ x2η + x3ζ

kai an ψ0, ε
′, η′, ζ ′ eÐnai ta monadiaÐa dianÔsmata pou antistoiqoÔn sta ψ1, ε, η, ζ,

tìte to ψ gr�fetai wc

ψ = y0ψ0 + y1ε
′ + y2η

′ + y3ζ
′,

gia k�poiouc pragmatikoÔc y0, y1, y2, y3. Sunep¸c ta ψ0, ε
′, η′, ζ ′ apoteloÔn dia-

nÔsmata mÐac orjokanonik c b�shc, �ra oi suntelestèc eÐnai oi

y0 = (ψ, ψ0), y1 = (ψ, ε′), y2 = (ψ, η′), y3 = (ψ, ζ ′).

UpologÐzoume to tetr�gwno tou mètrou tou ψ,

(ψ, ψ) = y0(ψ, ψ0) + y1(ψ, ε′) + y2(ψ, η′) + y3(ψ, ζ ′),
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ìmwc apì ton orismì tou admissible (ψ, ψ) = 1. 'Ara sÔmfwna me ìsa anafèrame
parap�nw èqoume (ψ, ψ0)2 + (ψ, ε′)2 + (ψ, η′)2 + (ψ, ζ ′)2 = 1, dhlad  (ψ, ψ0)2 +
cos2 ϑ1 + cos2 ϑ2 + cos2 ϑ3 = 1, ìpou ϑ1, ϑ2, ϑ3 eÐnai oi gwnÐec pou sqhmatÐzei to
ψ me ta ε, η, ζ antÐstoiqa. All� (ψ, ψ0)2 > 0, diìti an  tan Ðso me mhdèn, to ψ
ja  tan orjog¸nio sto ψ0. 'Ara ja èprepe na an kei sto V, antÐfash. Opìte

cos2 ϑ1 + cos2 ϑ2 + cos2 ϑ3 < 1.

EpÐshc, an stouc upologismoÔc pou èginan sto b ma (9), mei¸soume kat� èna
to �nw �kro tou ajroÐsmatoc se kajèna apì ta ε, η kai ζ paÐrnoume

(ε, ε) = p(p− 1)/2, (η, η) = q(q − 1)/2 kai (ζ, ζ) = r(r − 1)/2.

Akìmh,

(ψ, ε) = (ψ,

p−1∑
i=1

iεi) =

p−1∑
i=1

i(εi, ψ)

'Omwc h koruf  ψ sundèetai mèsw akm c mìno me thn εp−1. 'Ara (εi, ψ) = 0,
gia ìla ta i = 1, . . . , p − 2, kai 4(εp−1, ψ)2 = 1, opìte (εp−1, ψ) = −1/2.
Epomènwc (ψ, ε) = −(p− 1)/2, ìmoia upologÐzoume ìti (ψ, ζ) = −(r− 1)/2 kai
(ψ, η) = −(q − 1)/2.

Apì ton tÔpo tou eswterikoÔ ginomènou èqoume,

cos2 ϑ1 = (ψ, ε)2/ ‖ ψ ‖2‖ ε ‖2

= (1− 1/p)/2

cos2 ϑ2 = (ψ, ζ)2/ ‖ ψ ‖2‖ ζ ‖2

= (1− 1/r)/2

kai

cos2 ϑ3 = (ψ, η)2/ ‖ ψ ‖2‖ η ‖2

= (1− 1/q)/2

�ra antikajist¸ntac sthn anisìthta me ta tetr�gwna twn sunhmitìnwn, paÐr-
noume

1/p+ 1/r + 1/q > 1 (5.1)

MporoÔme na upojèsoume ìti p ≥ q ≥ r ≥ 2. Diìti an k�poio apì ta p, q kai
r isoÔtai me 1 tìte epistrèfoume sto gr�fhma A` .

Sunep¸c 1/p+ 1/r + 1/q > 1 kai 1/p ≤ 1/q ≤ 1/r ≤ 1/2, �ra 1/3 < 1/r ≤
1/2 kai afoÔ to r eÐnai fusikìc arijmìc, paÐrnoume r = 2.
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Antikajist�me sthn anisìthta (5.1) thn tim  tou r kai èqoume 1/p + 1/q >
1/2. All� 2/q ≥ 1/p + 1/q > 1/2, dhlad  2/q > 1/2, �ra q < 4. 'Omwc epeid 
q ≥ 2 paÐrnoume q = 2   q = 3.

Epomènwc gia ta graf mata èqoume,

• r = 2, q = 2 kai p = otid pote kai

• r = 2, q = 3 kai h tim  tou p dÐdetai apì thn anisìthta 1/p > 1/6.
Dhlad  p < 6, pou prokÔptei an antikatast soume ta r, q sthn anisìthta
1/p + 1/r + 1/q > 1. 'Omwc epeid  p ≥ q = 3, oi dunatèc epilogèc gia to
p eÐnai 3   4   5.

'Etsi ta antÐstoiqa diagr�mmata eÐnai ta akìlouja:

(p, q, r) = (p, 2, 2) = Dp+2 = Dn (n ≥ 4)

(p, q, r) = (3, 3, 2) = E6

(p, q, r) = (4, 3, 2) = E7

(p, q, r) = (5, 3, 2) = E8

�

Parat rhsh 5.6 Me to prohgoÔmeno je¸rhma kai thn taktik  thc apìdeixhc,
apokleÐoume apì ta sust mata riz¸n, ìla ekeÐna pou to gr�fhm� touc den an kei
sto sÔnolo twn �peirwn oikogenei¸n A`−D` kai twn peperasmènwn oikogenei¸n
E6,E7,E8,F4 kai G2.

5.5 Kataskeu  susthm�twn riz¸n
Sthn prohgoÔmenh par�grafo orÐsame ìla ta pijan� diagr�mmata Dynkin. Autì
pou apomènei na broÔme eÐnai ta sust mata riz¸n sta opoÐa antistoiqoÔn au-
t� ta graf mata. Sunolik� èqoume tic oikogèneiec susthm�twn A`,B`,C`,D`,
E6,E7,E8,F4 kai G2 ìpou h onomasÐa proèrqetai apì thn antistoiqÐa twn dia-
gramm�twn me ta sust mata riz¸n. Ja k�noume thn kataskeu  gia dÔo apì
aut�.

Orismìc. 'Estw o dianusmatikìc q¸roc Rn me eswterikì ginìmeno kai
{ε1, . . . , εn} mÐa orjokanonik  tou b�sh. To sÔnolo ìlwn twn Z-grammik¸n
sunduasm¸n twn dianusm�twn aut c thc b�shc apoteleÐ èna lattice pou sum-
bolÐzoume me I.

Gia par�deigma e�n o q¸roc mac eÐnai di�stashc 2, tìteh k�je di�nusma tou
q¸rou autoÔ ja èqei wc pèrac k�poio apì ta shmeÐa tou plègmatoc.
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Sq ma 5.34: Lattice

Parak�tw ja jewroÔme to E na eÐnai o q¸roc Rn   k�poioc upìqwrìc tou me
to eswterikì ginìmeno tou meg�lou q¸rou. 'Ustera dÐnoume k�poia paradeÐg-
mata gia thn kataskeu  twn pin�kwn Cartan pou antistoiqoÔn sta sust mata
riz¸n.

A` gia ` ≥ 1 :
JewroÔme to dianusmatikì q¸ro R`+1 kai {ε1, . . . , ε`+1} mÐa orjokanonik 

b�sh tou. 'Estw E to orjog¸nio sumpl rwma tou q¸rou pou par�getai apì
to di�nusma ε1 + . . .+ ε`+1. SumbolÐzoume me I′ thn tom  twn sunìlwn I kai E,
I′ = I ∩ E. Dhlad  k�je di�nusma tou I′ gr�fetai wc Z-grammikìc sunduasmìc
twn stoiqeÐwn thc b�shc tou q¸rou R`+1 kai eÐnai orjog¸nio sto q¸ro pou
par�gei to di�nusma ε1 + . . .+ ε`+1.

Onom�zoume Φ to sÔnolo ìlwn twn dianusm�twn tou I′ me m koc
√

2. Opìte
e�n x ∈ Φ kai x =

∑`+1
i=1 kεiεi, tìte h kajetìthta twn x, ε1 + . . . + ε`+1 dÐdei

mhdenikì �jroisma suntelest¸n,
∑
kεi = 0 kai epeid  to x èqei m koc

√
2,

èqoume
∑
k2
εi

= 2. All� oi suntelestèc kεi eÐnai akèraioi kai èqoun �jroisma
Ðso me mhdèn, �ra up�rqoun toul�qiston dÔo mh-mhdenikoÐ kai m�lista eÐnai Ðsoi
me 1 kai −1. 'Etsi h morf  twn stoiqeÐwn tou Φ eÐnai εi − εj, me i 6= j, kai eÐnai
se pl joc (`+ 1)2 − (`+ 1). EÔkola, lìgw thc grammikìthtac tou eswterikoÔ
ginomènou, epalhjeÔoume ìti (εi − εj, εi − εj) = 2.

JewroÔme to uposÔnolo ∆ tou Φ, me ∆ = {αi = εi − ε`+1, i = 1, . . . , `}.
Tìte k�je di�nusma tou Φ, εi − εj gr�fetai wc

εi − εj = (ε1 − εi+1) + (εi+1, εi+2) + . . .+ (εj−1 − εj) ìtan i < j,

kai me suntelestèc −1 ìtan i > j. 'Etsi k�je stoiqeÐo tou Φ, εi − εj, gr�fetai
wc grammikìc sunduasmìc twn dianusm�twn tou ∆, me ìlouc touc suntelestèc
jetikoÔc sthn pr¸th perÐptwsh, kai arnhtikoÔc sth deÔterh. EpÐshc to ∆
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eÐnai grammik� anex�rthto. Diìti, e�n c1α1 + . . . + c`α` = 0 me pragmatikoÔc
suntelestèc ci, i = 1, . . . , `, tìte antikajist¸ntac ta αi paÐrnoume

c1ε1 + (c2 − c1)ε2 + . . .+ (c` − c`−1)ε` = 0.

All� ta εi gia k�je i = 1, . . . , `, eÐnai grammik� anex�rthta. Epomènwc ci = 0
gia ìla ta i = 1, . . . , `. Opìte ta αi eÐnai grammik� anex�rthta dianÔsmata, �ra
perièqontai se mÐa b�sh tou q¸rou E. 'Omwc, epeid  dimE = `, telik� to ∆
eÐnai b�sh tou E, dhlad  ton par�gei.

T¸ra deÐqnoume ìti to sÔnolo Φ eÐnai èna sÔsthma riz¸n ston E. Pr¸ta apì
ìla, apì ton orismì tou, perièqei diaforèc peperasmènou pl jouc dianusm�twn,
�ra eÐnai peperasmèno. 'Opwc deÐxame parap�nw to uposÔnolo ∆ tou Φ, eÐnai
b�sh tou E, �ra to Φ par�gei ton E. Tèloc, apì ton trìpo pou orÐsame to Φ
den perièqei to mhdenikì di�nusma. 'Etsi ikanopoieÐtai to (R1) tou orismoÔ tou
sust matoc riz¸n.

JewroÔme èna di�nusma α tou Φ kai thn an�klash σα pou orÐzei. Efarmìzou-
me th σα se èna tuqaÐo di�nusma x tou Φ. Ta α, x wc stoiqeÐa tou Φ, gr�fontai
sthn morf  α = εi − εj me i 6= j kai x = εk − εm me k 6= m. 'Etsi

σα(x) = σεi−εj(εk − εm)

= (εk − εm)− (εk − εm, εi − εj)(εi − εj)

UpologÐzoume qwrist� to (εk − εm, εi − εj). Lìgw grammikìthtac èqoume

(εk − εm, εi − εj) = δki − δkj − δmi + δmj,

ìpou δab eÐnai to dèlta tou Kronecker. PaÐrnoume ìlec tic dunatèc peript¸seic
gia tic timèc twn deikt¸n me touc periorismoÔc i 6= j kai k 6= m.
'Etsi

σα(x) = (εk − εm)− (
+

−1)(εi − εj)

= (εk − εm)
+

−(εi − εj)

'Ara,

• an k = i tìte j 6= m kai σα(x) = εj − εm ∈ Φ

• an m = j tìte k 6= i kai σα(x) = εk − εi ∈ Φ

• an k = j tìte i 6= m kai σα(x) = εi − εm ∈ Φ

• an m = i tìte k 6= j kai σα(x) = εk − εj ∈ Φ.
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ParathroÔme ìti se k�je perÐptwsh h eikìna eÐnai stoiqeÐo tou Φ, �ra
σα(Φ) ⊆ Φ kai ètsi ikanopoieÐtai to (R3).

Efarmìzoume th σα sto α, opìte

σα(α) = σεi−εj(εi − εj)
= (εi − εj)− 2(εi − εj)
= −(εi − εj)
= −α.

All� epeid  ìla ta dianÔsmata tou Φ èqoun m koc
√

2, to −α eÐnai to monadikì
suggrammikì di�nusma tou α. Epomènwc ikanopoeÐtai to axÐwma (R2).

Mènei na deÐxoume ìti gia opoiod pote zeÔgoc dianusm�twn α, β tou Φ h
posìthta<β, α>eÐnai akèraioc arijmìc. Ta α, β wc stoiqeÐa tou Φ ekfr�zontai
wc α = εp− εq, gia p 6= q kai β = εr− εt, gia r 6= t, me (α, α) = (β, β) = 2. 'Ara

<β, α> = 2(β, α)/(α, α)

= (εr − εt, εp − εq)
= δrp − δtp − δrq + δtq

E�n jewr soume tic tèsseric dunatèc peript¸seic gia touc deÐktec, paÐrnoume
gia thn posìthta<β, α> tic timèc +1 kai −1. Opìte ikanopoieÐtai to axÐwma
(R4) kai ètsi to sÔnolo Φ eÐnai sÔsthma riz¸n sto E. M�lista to ∆ eÐnai mÐa
b�sh tou Φ. Prohgoumènwc deÐxame ìti autì to sÔnolo eÐnai mÐa b�sh tou E kai
k�je di�nusma tou Φ, εi−εj, gr�fetai wc grammikìc sunduasmìc twn stoiqeÐwn
tou ∆ me omìshmouc ìlouc touc suntelestèc.

AfoÔ, loipìn epalhjeÔsame ìti to sÔnolo Φ pou jewr same eÐnai sÔsthma
riz¸n kataskeu�zoume ton antÐstoiqo pÐnaka Cartan. Ta stoiqeÐa stic jèseic
ij, dÐnontai apì to<αi, αj> ìpou αi, αj ∈ ∆ gia ìla ta i, j ∈ {1, . . . , `}.

• 'Otan j = i, èqoume<αi, αi>= 2(αi, αi)/(αi, αi) = 2

• 'Otan j = i + 1, èqoume (αi, αi+1) = (εi − εi+1, εi+1 − εi+2) = −1, �ra
<αi, αi+1>= 2(αi, αi+1)/(αi+1, αi+1) = −1

• 'Otan j 6= i− 1, i, i+ 1, èqoume

(αi, αj) = (εi − εi+1, εj − εj+1)

= (εi, εj)− (εi, εj+1)− (εi+1, εj) + (εi+1, εj+1)

= 0

�ra<αi, αj>= 0.
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Opìte o pÐnakac Cartan eÐnai megèjouc ` × `, èqei sth diag¸nio thn tim  2,
stic dÔo geitonikèc diagwnÐouc thn tim  −1 kai se ìlec tic upìloipec jèseic 0.
Dhlad 




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −1
−1 2




kai ètsi paÐrnoume to di�gramma Dynkin

Sq ma 5.35: A`

B` gia ` ≥ 2 :
'Estw E = R` kai {ε1, . . . , ε`} mÐa orjokanonik  b�sh tou R`. JewroÔme to

Φ na eÐnai to uposÔnolo tou I pou apoteleÐtai apì ìla ta dianÔsmata pou èqoun
m koc 1  

√
2, dhlad  Φ = {α ∈ I| (α, α) = 1, 2}. Tìte to Φ gr�fetai wc

Φ = {+εi,−εi, εi − εj,−(εi − εj), εi + εj,−(εi + εj), i < j}.
Ta opoÐa se pl joc eÐnai 4(`2 − `)/2 + 2`, dhlad  2`2.

EÔkola epalhjeÔoume ìti ta m kh eÐnai 1 kai
√

2. Sugkekrimèna
(+
−εi,

+
−εi) = 1 kai (+

−(εi
+
−εj),

+
−(εi

+
−εj)) = 2,

me ìlouc touc sunduasmoÔc pros mou.
JewroÔme to uposÔnolo tou Φ,

∆ = {αi = εi − εi+1, α` = ε` , i = 1, . . . , `− 1}.
Tìte, efìson to {ε1, . . . , ε`} eÐnai grammik� anex�rthto sÔnolo kai ta dianÔ-
smata tou ∆ eÐnai grammik� anex�rthta. EpÐshc, afoÔ dimE = `, ta αi gia ìla
ta i = 1, . . . , ` apoteloÔn mÐa b�sh tou E.

Upojètoume ìti i < j opìte

εi − εj = (εi − εi+1) + (εi+1 − εi+2) + . . .+ (εj−1 − εj)

=

j−1∑

k=i

(εk − εk+1)
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kai

εi + εj = 2ε` +

j−1∑

k=i

(εk − εk+1) + 2
`−1∑

k=j

(εk − εk+1).

En¸ ìtan i > j, èqoume to di�nusma −(εi − εj), me

−(εi − εj) = −
j−1∑

k=i

(εk − εk+1)

kai to

−(εi + εj) = −2ε` −
j−1∑

k=i

(εk − εk+1)− 2
`−1∑

k=j

(εk − εk+1).

Epomènwc ta +
−(εi

+
−εj), me i 6= j, ekfr�zontai wc grammikìc sunduasmìc twn

dianusm�twn tou ∆ me ìlouc touc akèraiouc suntelestèc mh-arnhtikoÔc   ìlouc
mh-jetikoÔc.

DeÐqnoume ìti to Φ eÐnai sÔsthma riz¸n. To sÔnolo autì eÐnai peperasmèno,
afoÔ apì ton trìpo pou to orÐsame, apoteleÐtai apì peperasmènou pl jouc
diaforèc dianusm�twn kai epiplèon èna akìma di�nusma. EpÐshc, p�li apì th
upìjesh, den eÐnai dunatì na an kei se autì to mhdenikì di�nusma, afoÔ i 6= j.
'Opwc deÐxame prohgoÔmenwc to ∆ par�gei ton E kai afoÔ eÐnai uposÔnolo tou
Φ, tìte kai to meg�lo sÔnolo par�gei to q¸ro E. Sunep¸c ikanopoieÐtai to
(R1).

Gia na elègxoume ìti isqÔei to axÐwma (R3), arkeÐ na jewr soume èna tuqaÐo
di�nusma tou Φ+, èstw α, kai na deÐxoume ìti h �naklash pou orÐzei ja apeiko-
nÐzei ta dianÔsmata tou Φ+ xan� sto Φ+. Se aut  thn perÐptwsh sto sÔnolo
Φ+ an koun ekeÐna ta dianÔsmata tou Φ pou èqoun mh-arnhtikoÔc suntelestèc
sth graf  touc.

DiakrÐnoume peript¸seic gia to α. E�n eÐnai thc morf c εi   εi+
−εj, me i 6= j.

JewroÔme èna tuqaÐo di�nusma β ∈ Φ+. Endeiktik�, dÐnoume ènan apì touc pol-
loÔc sunduasmoÔc pou èqoume gia tic morfèc twn α, β. 'Etsi loipìn upojètoume
ìti up�rqoun r,m, n ∈ {1, . . . , `} me m 6= n tètoia ¸ste α = εr kai β = εm−εn.
Tìte an efarmìsoume th σα sto β paÐrnoume,

σα(β) = β − 2(β, α)α

= εm − εn − 2(εm − εn, εr)εr
= εm − εn − 2δmrεr + δnrεr

'Ara

• an m = r tìte n 6= r, �ra σα(β) = εn − εm ∈ Φ+
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• an m 6= r kai n = r, tìte σα(β) = εm ∈ Φ+

• an m 6= r kai n 6= r, tìte σα(β) = εm − εn ∈ Φ+.

SuneqÐzontac me tic upìloipec peript¸seic telik� blèpoume ìti ikanopoieÐtai
to axÐwma (R3). To Ðdio isqÔei kai gia to (R2), upologÐzontac ìlec tic anakl�-
seic twn pijan¸n dianusm�twn (ekfr�sewn) kai met� apì pr�xeic, sumperaÐnoume
ìti to monadikì suggrammikì di�nusma tou α eÐnai to antÐjetì tou. 'Opwc kai
to (R4), ikanopoieÐtai gia k�je zeÔgoc dianusm�twn sto Φ. P�li, lìgw twn
poll¸n peript¸sewn pou èqoume, deÐqnoume mÐa apì autèc. 'Otan α = εi kai
β = εm − εn gia m 6= n. Tìte

<β, α> = 2(β, α)

= 2(εm − εn, εi)
= 2 δmi − 2 δni

• An m = i tìte n 6= i, �ra<β, α>= 2 ∈ Z
• An m 6= i kai n = i, tìte<β, α>= −2 ∈ Z
• An m 6= i kai n 6= i, tìte<β, α>= 0 ∈ Z
'Ara to Φ eÐnai sÔsthma riz¸n sto E kai to ∆ sth morf  pou dÐdetai eÐnai

mÐa b�sh tou. 'Opwc èqoume deÐxei to ∆ eÐnai b�sh tou q¸rou E, epÐshc k�je
di�nusma tou Φ ekfr�zetai wc grammikìc sunduasmìc twn dianusm�twn tou ∆,
me omìshmouc ìlouc touc suntelestèc, �ra to ∆ apoteleÐ mÐa b�sh tou Φ.

Kataskeu�zoume ton antÐstoiqo pÐnaka Cartan upologÐzontac ta stoiqeÐa
tou<αi, αj>, gia ìla ta i, j ∈ {1, . . . , `}.
'Eqoume

• an i = j, tìte<αi, αi>= 2(αi, αi)/(αi, αi) = 2

• an i 6= ` − 1, tìte èqoume (αi, αi+1) = (εi − εi+1, εi+1 − εi+2) = −1, �ra
<αi, αi+1>= 2(αi, αi+1)/(αi+1, αi+1) = −1

• an i = ` − 1, tìte èqoume (αi, αi+1) = (α`−1, α`) = (ε`−1, ε`) − (ε`, ε`) =
−1, opìte<α`−1, α`>= 2(α`−1, α`)/(α`, α`) = −2

• an i 6= j − 1, j, j + 1, tìte gia tic rÐzec èqoume tic parak�tw ekdoqèc:
'Otan i = 1, . . . , `− 1 èqoume αi = εi − εi+1, diaforetik� αi = ε`.
En¸ ìtan j = 1, . . . , `− 1 èqoume αj = ε`, diaforetik� αj = ε`.

i. Efìson jèloume i 6= j, dhlad  oi rÐzec αi, αj na eÐnai diaforetikèc
metaxÔ touc, h perÐptwsh αi = αj = ε` aporrÐptetai.
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ii. E�n αi = εi − εi+1 kai αj = εj − εj+1 me i 6= j ∈ {1, . . . , ` − 1},
tìte (αi, αj) = δji − δj(i+1) − δ(j+1)i + δ(j+1)(i+1) = 0. Epomènwc
<αi, αj>= 0.

iii. E�n αi = εi−εi+1 me i = 1, . . . , `−1 kai αj = ε` , tìte (αi, αj) = δ` i−
δ`(i+1). Profan¸c i 6= `, �ra δ` i = 0 kai ètsi (αi, αj) = −δ`(i+1). E�n
i = `− 1 tìte (αi, αj) = (α`−1, α`) kai anagìmaste se prohgoÔmenh
perÐptwsh. EpÐshc, e�n i 6= ` − 1 tìte èqoume (αi, αj) = 0. 'Ara
<αi, αj>= 0.

iv. E�n αi = ε` kai αj = εj − εj+1, me j = 1, . . . , ` − 1, tìte apì thn
akrib¸c prohgoÔmenh perÐptwsh<αi, αj>= 0.

Opìte o pÐnakac eÐnai megèjouc ` × `, afoÔ dimE = `. 'Eqei sth diag¸nio
thn tim  2, stic dÔo geitonikèc diagwnÐouc thn tim  −1 me exaÐresh th jèsh
<α`−1, α`> pou èqei −2 kai se ìlec tic �llec 0.
Dhlad 




2 −1
−1 2 −1

−1 2
. . .

. . . . . . −1
. . . 2 −2
−1 2




Kai to sÔsthma riz¸n anaparist�tai apì to di�gramma Dynkin:

Sq ma 5.36: B`

ShmeÐwsh 5.7 Kataskeu�zoume to B2. 'Estw E = R` kai {ε1, ε2} mÐa orjoka-
nonik  b�sh tou. Se aut  thn perÐptwsh to Φ isoÔtai me

Φ = {ε1,−ε1, ε2,−ε2, ε1 − ε2,−(ε1 − ε2), ε1 + ε2,−(ε1 + ε2)}
kai ∆ = {α1 = ε1 − ε2, α2 = ε2}. Tìte < αi, αi >= 2, ìpou i = 1, 2, kai
(α1, α2) = (ε1 − ε2, ε2 − ε3) = δ12 − δ13 − δ22 + δ23 = −1, �ra<α1, α2>= −1
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kai<α2, α1>= −2. Epomènwc o pÐnakac Cartan eÐnai o
[

2 −2
−1 2

]
.

To mìno pou apomènei ¸ste na prosdioristeÐ pl rwc to sÔsthma riz¸n, eÐnai
na broÔme tic gwnÐec metaxÔ twn riz¸n. UpologÐsame ìti (α1, α2) = −1, kai
apì ton tÔpo tou eswterikoÔ ginomènou èqoume cosϑ1 = −√2/2, �ra ϑ1 =
3π/4, ìpou ϑ1 eÐnai h gwnÐa twn α1, α2. Onom�zoume kai tic upìloipec rÐzec tou
Φ+ pou ja qrhsimopoi soume gia thn kataskeu , β = ε1, γ = ε1 + ε2. Opìte
(β, α2) = (ε1, ε2) = 0, �ra cosϑ2 = 0, �ra ϑ2 = π/2, ìpou ϑ2 eÐnai h gwnÐa
pou sqhmatÐzoun ta β, α2. Tèloc, (γ, α1) = (ε1 + ε2, ε1 − ε2) = 0, epomènwc
e�n sumbolÐsoume me ϑ3 th gwnÐa twn γ, α1, èqoume cosϑ3 = 0, �ra ϑ3 = π/2.
Sunep¸c to B2 parist�netai apì to akìloujo sq ma:

Sq ma 5.37: B2

C` gia ` ≥ 3 :
Ed¸ orÐzoume to sÔnolo Φ na isoÔtai me

{+2εi,−2εi, εi − εj,−(εi − εj), εi + εj,−(εi + εj), me i 6= j}.
'Omoia me to B` apodeiknÔetai ìti to Φ eÐnai sÔsthma riz¸n kai ìti to sÔnolo
∆ = {αi = εi − εi+1, α` = ε` , i = 1, . . . , `− 1} eÐnai mÐa b�sh tou.

Shmei¸noume se autì to shmeÐo ìti h t�xh tou C` eÐnai gn sia megalÔterh
tou 2. Sthn perÐptwsh tou C2, èqoume

Φ = {+2ε1,−2ε1,+2ε2,−2ε2, ε1 − ε2,−(ε1 − ε2),−(ε1 + ε2), ε1 + ε2}

kai
∆ = {ε1 − ε2, ε2}.

Ta m kh twn riz¸n eÐnai 2 kai
√

2. Sugkekrimèna (+
−2εi,

+
−2εi) = 4 kai

(
+

−(εi
+

−εj),
+

−(εi
+

−εj)) = 2,
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to teleutaÐo me ìlouc touc sunduasmoÔc pros mou.
H b�sh autoÔ tou sust matoc tautÐzetai me ekeÐnh tou B2. 'Ara, afoÔ o pÐ-

nakac Cartan kataskau�zetai mèsw twn apl¸n riz¸n, oi pÐnakec aut¸n twn dÔo
susthm�twn riz¸n tautÐzontai. 'Etsi, sÔmfwna me thn Prìtash 5.2 orÐzetai
isomorfismìc metaxÔ twn B2 kai C2, φ : B2 −→ C2. O pÐnak�c touc eÐnai o

[
2 −2
−1 2

]
.

'Omwc, aut� ta dÔo sust mata riz¸n ektìc apì isomorfik� eÐnai kai duðk�.
ParathroÔme ìti to pl joc twn kont¸n, ìpwc kai twn makri¸n riz¸n sta

dÔo sust mata eÐnai to Ðdio. MporoÔme apì to èna na odhghjoÔme sto �llo.
Se ènan eukleÐdeio q¸ro E jewroÔme to grammikì metasqhmatismì thc anti-
strof c wc proc ton kÔklo aktÐnac r. Dhlad 

E −→ E

me tÔpo

α 7−→ α∗ =
r2

‖ α ‖2
· α

Gia na prokÔyei apì to B2 to C2 k�noume antistrof  wc proc ton kÔklo
aktÐnac

√
2. 'Etsi oi rÐzec tou B2 sth morf  +

−εi pollaplasi�zontai me
+
−2, me

antistoiqÐa sta prìshma. Dhlad , met� apì autìn to metasqhmatismì eÐnai thc
morf c +

−2εi. En¸ oi rÐzec +
−(εi

+
−εj) paramènoun stajerèc, afoÔ pollaplasi�-

zontai me to 1.

Epomènwc oi kontèc rÐzec tou B2, metasqhmatÐzontai se makrièc tou C2 kai
oi makrièc tou B2 t¸ra pia eÐnai oi kontèc tou C2.
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Sq ma 5.38: To B2 eÐnai to duðkì sÔsthma riz¸n tou C2

SuneqÐzontac me tic kataskeuèc twn upoloÐpwn katal goume sto sumpèrasma
ìti up�rqei mÐa amfimonos manth apeikìnish metaxÔ twn diagramm�twn Dynkin
kai twn irreducible susthm�twn riz¸n. AfoÔ h antistoÐqish eÐnai kal� orismènh,
lìgw thc Prìtashc (5.2), kai epiplèon apì thn kataskeu , gia k�je oikogèneia
susthm�twn riz¸n up�rqei akrib¸c èna di�gramma Dynkin.



Kef�laio 6

Par�rthma

6.1 Dianusmatikìc q¸roc
Bohjhtik�, apodeiknÔoume k�poia basik� l mmata se dianusmatikoÔc q¸rouc,
p�nw apì to s¸ma twn pragmatik¸n arijm¸n.
L mma 6.1 'Estw E ènac R-dianusmatikìc q¸roc me eswterikì ginìmeno. K�-
je sÔnolo dianusm�twn pou perièqontai se ènan anoiqtì hmiq¸ro tou E, kai
sqhmatÐzoun an� dÔo ambleÐec gwnÐec, eÐnai grammik� anex�rthto.
Apìdeixh. JewroÔme to dianusmatikì q¸ro E me eswterikì ginìmeno, ori-
smèno p�nw apo to s¸ma twn pragmatik¸n arijm¸n R. Upojètoume ìti gia ta
dianÔsmata tou sunìlou, èstw A, up�rqoun pragmatikoÐ arijmoÐ ¸ste na isqÔei:

n∑
i=1

kiαi = 0

ìpou n = cardA. AfoÔ oi suntelestèc an koun sto R k�poioi apì autoÔc eÐnai
jetikoÐ   mhdèn kai k�poioi �lloi eÐnai arnhtikoÐ.

'Etsi, diamerÐzoume to sÔnolo twn deikt¸n se dÔo uposÔnola. Sto sÔnolo
twn deikt¸n pou antistoiqoÔn se jetikoÔc   mhdenikoÔc suntelestèc kai se
ekeÐno tou opoÐou oi deÐktec antistoiqoÔn se arnhtikoÔc suntelestèc. Ta sum-
bolÐzoume I kai I′ antÐstoiqa. 'Ara, o grammikìc sunduasmìc paÐrnei thn ex c
morf :

∑

i∈I
rixi −

∑

j∈I′
sjyj = 0

ìpou yj, xi eÐnai ta dianÔsmata me arnhtikì suntelest  kai jetikì   mhdenikì
suntelest  antÐstoiqa kai ri ≥ 0, sj > 0. 'Ara

∑

i∈I
rixi =

∑

j∈I′
sjyj.
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Skopìc mac eÐnai na apodeÐxoume ìti to A eÐnai grammik� anex�rthto, arkeÐ
loipìn na deÐxoume ìti ri = 0 gia ìla ta i ∈ I kai ìti to I′ eÐnai to kenì sÔnolo.
Jètoume

ε =
∑

i∈I
rixi

(
=
∑

j∈I′
sjyj

)
.

Tìte apì tic idiìthtec tou eswterikoÔ ginomènou èqoume ìti (ε, ε) ≥ 0. EpÐshc
isqÔei

(ε, ε) =

(∑

i∈I
rixi,

∑

j∈I′
sjyj

)
=
∑

i∈I

∑

j∈I′
risj (xi, yj).

'Omwc ta xi, yj gia ìlouc touc diaforetikoÔc deÐktec sqhmatÐzoun ambleÐa
gwnÐa, �ra èqoun arnhtikì eswterikì ginìmeno, (xi, yj) ≤ 0 kai risj ≥ 0. Opìte
(ε, ε) ≤ 0 kai telik� paÐrnoume (ε, ε) = 0. Sunep¸c ε = ~0.

Epiplèon, jewroÔme to k�jeto di�nusma sto sÔnoro tou anoiqtoÔ hmiq¸rou
kai to onom�zoume γ. To γ èqei thn idiìthta na sqhmatÐzei me k�je di�nusma tou
A omìshmo eswterikì ginìmeno. 'Otan to γ eÐnai sthn Ðdia pleur� me ta dianÔ-
smata tou A tìte èqoun gn sia jetikì eswterikì ginìmeno, en¸ ìtan brÐskontai
se diaforetik  pleur� èqoun gn sia arnhtikì. Efarmìzoume sto γ eswterikì
ginìmeno me to ε

(γ, ε) =
∑

i∈I
ri(γ, xi).

To ε eÐnai to mhdenikì di�nusma, �ra (γ, ε) = 0. Epomènwc, afoÔ ta (γ, xi)
eÐnai ìla jetik�   ìla arnhtik�, èqoume upoqrewtik� to ri = 0, gia ìla ta i ∈ I.
T¸ra, jewroÔme to eswterikì ginìmeno tou γ me thn �llh tim  tou ε

(γ, ε) =
∑

j∈I′
sj(γ, yj).

All� (γ, yj) > 0   < 0 kai sj > 0, �ra den eÐnai dunatì na ikanopoieÐtai h
parap�nw isìthta se sunduasmì me th (γ, ε) = 0. Opìte den up�rqoun arnhtikoÐ
deÐktec ston grammikì sunduasmì twn dianusm�twn tou A pou isoÔntai me 0,
dhlad  to I′ eÐnai to kenì. Epomènwc to A eÐnai grammik� anex�rthto sÔnolo.

�

L mma 6.2 'Estw E ènac R-dianusmatikìc q¸roc me eswterikì ginìmeno, kai ∆
mÐa b�sh tou, ∆ = {α1, . . . , αn}. Tìte h tom  twn jetik¸n anoiqt¸n hmiq¸rwn
pou orÐzoun ta stoiqeÐa tou ∆ eÐnai mh ken .
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Apìdeixh. 'Estw αj èna stoiqeÐo thc b�shc ∆, gia k�poio j ∈ {1, . . . , n}.
Onom�zoume E′ ton upìqwro pou par�getai apì ta stoiqeÐa thc b�shc ektìc
tou αj. E�n δj eÐnai h probol  tou αj sto orjog¸nio sumpl rwma tou E′, tìte
èqoume ìti E = Rδj⊕E′, ìpou Rδj eÐnai h eujeÐa pou par�getai apì to δj. 'Etsi,
k�je di�nusma x tou E, ekfr�zetai wc

x = kδj +
∑

`iαi

me i = 1, . . . , n, i 6= j kai k, `i ∈ R.
PaÐrnoume stoiqeÐo γ tou E na isoÔtai me γ = δ1 + δ2 + . . . + δn, tìte an

efarmìsoume me ìla ta dianÔsmata tou ∆ eswterikì ginìmeno, se k�je perÐ-
ptwsh up�rqei akrib¸c ènac mh-mhdenikìc ìroc, o (δj, αj). Sugkekrimèna eÐnai
jetikìc, afoÔ h gwnÐa pou sqhmatÐzoun ta δj, αj eÐnai oxeÐa, en¸ ìla ta upìloi-
pa eswterik� ginìmena eÐnai mhdenik�, epeid  ta antÐstoiqa dianÔsmata an koun
se orjog¸nia sumplhr¸mata.

Epomènwc, br kame èna di�nusma tou E pou èqei gn sia jetikì eswterikì
ginìmeno me ìla ta dianÔsmata tou ∆. 'Ara h tom  twn jetik¸n hmiq¸rwn eÐnai
mh ken .

�

6.2 Anakl�seic
JewroÔme ènan dianusmatikì q¸ro E, peperasmènhc di�stashc, p�nw apì to
s¸ma twn pragmatik¸n arijm¸n. Efodi�zoume ton E me th jetik� orismènh,
digrammik  pr�xh tou eswterikoÔ ginomènou ( , ) ,

( , ) : E× E −→ R

Gia k�je di�nusma α tou E, mporoÔme na orÐsoume ton metasqhmatismì thc
an�klashc, me uperepÐpedo an�klashc Pα. To Pα eÐnai o upìqwroc tou E pou
apoteleÐtai apì ta orjog¸nia dianÔsmata tou α.

Pα = {β ∈ E | (β, α) = 0}

me
dim(Pα) = dim(E)− 1.

Dhlad  jewroÔme thn apeikìnish σα : E −→ E, ìpou β 7−→ σα(β) me tÔpo

σα(β) = β − 2
(β, α)

(α, α)
α (6.1)
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gia k�je β ∈ E kai an sumbolÐsoume me < , > thn posìthta 2(β, α)/(α, α),
èqoume

σα(β) = β−<β, α>α (6.2)

Profan¸c to< , > eÐnai grammikì wc proc thn pr¸th metablht , lìgw thc
grammikìthtac tou eswterikoÔ ginomènou. En¸ gia th deÔterh metablht  den
isqÔei k�ti tètoio, afoÔ all�zei o paranomast c. EpÐshc, apì ton tÔpo (6.1)
blèpoume ìti h σα, gia opoiod pote di�nusma α tou E, eÐnai orjog¸nioc meta-
sqhmatismìc.

'Estw σα : E→ E, h an�klash pou orÐzei to stoiqeÐo α, tou dianusmatikoÔ
q¸rou E p�nw apo to R, me eswterikì ginìmeno. Gia na deÐxoume ìti h σα eÐnai
orjog¸nioc metasqhmatismìc, arkeÐ na apodeiqjeÐ ìti diathreÐtai to eswterikì
ginìmeno, dhlad  an jewr soume β, γ ∈ E tìte prèpei na isqÔei:

(β, γ) = (σα(β), σα(γ)) gia k�je β, γ ∈ E.

Apì ton tÔpo thc an�klashc èqoume:

σα(β) = β−<β, α>α kai σα(γ) = γ−<γ, α>α

'Ara

(σα(β), σα(γ)) =

(β−<β, α>α, γ−<γ, α>α) =

(β, γ)−<β, α>(α, γ)−<γ, α>(β, α)+<β, α><γ, α>(α, α) =

(β, γ)− 2 · (β, α)

(α, α)
(α, γ)− 2 · (γ, α)

(α, α)
(β, α) + 2 · (β, α)

(α, α)
· 2 (γ, α)

(α, α)
(α, α) = (β, γ).

H σα dra tautotik� sta shmeÐa tou uperepipèdou Pα. Ac jewr soume èna
stoiqeÐo γ tou uperepipèdou Pα, tìte to γ ikanopoieÐ th sqèsh (γ, α) = 0.
Opìte antikajist¸ntac sth (6.1) paÐrnoume σα(γ) = γ.

Tèloc, deÐqnoume ìti to orjog¸nio di�nusma α sto Pα, apeikonÐzetai mèsw
thc σα sto antÐjetì tou, −α. PolÔ eÔkola ston tÔpo (6.1) b�zoume sth jèsh
tou β to α kai amèswc paÐrnoume σα(α) = −α.

L mma 6.3 'Estw E, ènac R-dianusmatikìc q¸roc me eswterikì ginìmeno. An
α, β eÐnai dÔo orjog¸nia dianÔsmata tou E, tìte oi anakl�seic pou orÐzoun anti-
metatÐjontai. Dhlad  isqÔei σασβ(x) = σβσα(x), gia ìla ta x sto E.
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Apìdeixh. UpologÐzoume tic posìthtec σασβ(x), σβσα(x), gia k�poio tuqaÐo
x ∈ E. Gia thn pr¸th èqoume:

σασβ(x) = σα(x−<x, β>β)

= x−<x, α>α−<x, β>(β−<β, α>α)

= x−<x, α>α−<x, β>β.

OmoÐwc gia th deÔterh èqoume: σβσα(x) = x− < x, β > β− < x, α > α. 'Ara
σασβ(x) = σβσα(x) kai epeid  h epilog  tou x  tan tuqaÐa h isìthta alhjeÔei
gia k�je di�nusma sto E.

�

L mma 6.4 'Estw Φ èna peperasmèno sÔnolo pou par�gei to q¸ro E. Upojè-
toume ìti ìlec oi anakl�seic σx pou orÐzoun ta stoiqeÐa tou Φ af noun to Φ
analloÐwto. An h σ ∈GL(E) af nei to Φ analloÐwto, diathreÐ stajer� ta sh-
meÐa k�poiou uperepipèdou P tou E, kai stèlnei k�poio stoiqeÐo tou Φ, èstw α,
sto arnhtikì tou, tìte σ = σα (kai P = Pα) .

Apìdeixh. JewroÔme th grammik  apeikìnish τ : E −→ E, τ = σσα. Apì thn
upìjesh èqoume ìti oi σ, σα af noun to sÔnolo Φ analloÐwto. 'Omwc, epeid 
to Φ eÐnai peperasmèno èqoume σ(Φ) = σα(Φ) = Φ.

Epomènwc, τ(Φ) = σσα(Φ) = Φ kai τ(α) = σσα(α) = α. An ` eÐnai h
di�stash tou E tìte E = P ⊕ Rα, afoÔ dimE = dimP + dimRα = ` kai
P ∩ Rα = {0}, [3] (§2.3 sel.32). Diìti h monadik  perÐptwsh pou ta P kai Rα
èqoun mh-mhdenik  tom  eÐnai ìtan h eujeÐa Rα perièqetai sto uperepÐpedo, all�
tìte epeid  h σ diathreÐ stajer� ta shmeÐa tou P perimènoume kai sto α na dra
tautotik�, k�ti pou den isqÔei.

JewroÔme thn epagìmenh apeikìnish

τ̃ : E/Rα −→ E/Rα, u+ Rα 7−→ τ(u) + Rα,

gia u ∈ E. H τ̃ eÐnai kal� orismènh, arkeÐ na deÐxoume ìti dÔo diaforetik�
stoiqeÐa thc Ðdiac kl�shc isodunamÐac apeikonÐzontai mèsw thc τ̃ sto Ðdio upo-
sÔnolo tou E/Rα. 'Estw v, w ∈ u+ Rα, tìte v = u + kα kai w = u + lα �ra
v − w = (k − l)α ∈ Rα, ìpou k, l ∈ R. Gia thn τ èqoume ìti dra tautotik�
sto sÔnolo Rα, autì ofeÐletai sto gegonìc ìti eÐnai grammik  apeikìnish kai
diathreÐ stajerì to stoiqeÐo α.

Mènei na deÐxoume ìti to Ðdio isqÔei gia th dr�sh thc τ̃ sto phlÐko E/Rα.
Dhlad  ìti ikanopoieÐtai h isìthta τ̃(u+Rα) = u+Rα, isodÔnama ìti τ(u)−u ∈
Rα   σ−1(τ(u)− u) ∈ Rα, afoÔ σ−1(α) = −α kai ètsi σ−1(Rα) = Rα.

Epeid  o q¸roc gr�fetai wc to eujÔ �jroisma twn P kai Rα gia to u ∈ E
up�rqoun u′ ∈ P kaim ∈ R tètoia ¸ste u = u′+mα. Kai epeid  σ(u′) = u′−nα,
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gia k�poio n ∈ Z, èqoume

σ−1(τ(u)− u) = σα(u′ +mα)− σ−1(u′ +mα)

= u′ + nα−mα− u′ −mα
= nα

to opoÐo an kei sto Rα. 'Ara h τ dra tautotik� se ìlo to q¸ro E.
Sunep¸c h monadik  idiotim  thc τ eÐnai to 1 me algebrik  pollaplìthta Ðsh

me th di�stash tou E. 'Ara to qarakthristikì polu¸numì thc eÐnai to (T − 1)`

kai afoÔ èqei wc rÐza thn τ diaireÐtai apì to el�qisto polu¸numo [4] (§4.1
sel.26).

Epiplèon èqoume ìti to Φ eÐnai peperasmèno sÔnolo, dhlad  up�rqei k�poioc
fusikìc arijmìc r me r ≥ card Φ, ètsi ¸ste τ r = 1. JewroÔme to polu¸numo
T r − 1 pou èqei kai autì wc rÐza ton telest  τ, �ra diaireÐtai apì to el�qi-
sto polu¸numo. Epomènwc to el�qisto polu¸numo ja an kei sto sÔnolo twn
diairet¸n tou mègistou koinoÔ diairèth twn parap�nw poluwnÔmwn.

'Omwc m.k.d.((T − 1)`, T r − 1) = T − 1 pou eÐnai pr¸tou bajmoÔ, �ra to
el�qisto polu¸numo eÐnai to T−1 kai afoÔ h τ mhdenÐzei to el�qisto polu¸numo
èqoume τ = 1. Dhlad  σ = σα, �ra kai ta antÐstoiqa uperepÐpeda P kai Pα

tautÐzontai.
�

L mma 6.5 JewroÔme èna R-dianusmatikì q¸ro E, me eswterikì ginìmeno.
Onom�zoume E′ ènan upìqwrì tou E kai upojètoume ìti h an�klash σα pou orÐzei
to tuqaÐo di�nusma α af nei ton E′ analloÐwto. Tìte, eÐte α ∈ E′ eÐte E′ ⊆ Pα.

Apìdeixh. 'Estw oi logikèc prot�seic p, q, me p na eÐnai: to α eÐnai stoiqeÐo
tou E′ kai h q: to E′ eÐnai uposÔnolo tou Pα. H di�zeuxh twn p, q, eÐnai alhj c
ìtan toul�qiston mÐa apì autèc eÐnai alhj c.[5] (Kef.4, sel.50.)

Upojètoume ìti h q eÐnai yeud c, dhlad  up�rqei k�poio stoiqeÐo β tou E′
pou den an kei sto Pα. Efarmìzoume thn an�klash σα sto di�nusma β kai
èqoume σα(β) = β−<β, α>α. Tìte epeid  gia to β isqÔei ìti (α, β) 6= 0, kai
<β, α> 6= 0, �ra to σα gr�fetai wc

σα(β) = β − `α,

ìpou ` =<β, α>∈ Z− {0}. Dhlad  α = ( β − σα(β) )/`.
'Omwc apì thn upìjesh, h σα af nei analloÐwto ton E′ �ra σα(β) ∈ E′

kai afoÔ β ∈ E′ apì thn teleutaÐa isìthta to α an kei ston E′. Epomènwc h
prìtash p eÐnai alhj c, �ra h di�zeuxh twn p kai q eÐnai alhj c.

�
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6.3 Dr�sh om�dac
JewroÔme mÐa om�da G kai èna sÔnolo X. Lème ìti h G dra sto sÔnolo X, e�n
up�rqei mÐa apeikìnish ∗,

∗ : G× X −→ X, (g, x) 7−→ g ∗ x = gx = y ∈ X

me tic ex c idìthtec:

• ex = x, gia k�je x sto X,

• (g1g2)(x) = g1(g2x), gia k�je x ∈ X kai gia k�je (g1, g2) ∈ G2,

ìpou e eÐnai to oudètero stoiqeÐo thc G, [6] (Kef.II §9).
Dhlad  eÐnai ènac {pollaplasiasmìc} enìc stoiqeÐou g tou G epÐ èna stoi-

qeÐo x tou X me tim  k�poio stoiqeÐo sto X. Gia par�deigma, e�n X eÐnai èna
peperasmèno sÔnolo kai SX h om�da twn metajèse¸n tou, tìte h SX dra sto X.
AfoÔ an jewr soume thn apeikìnish

SX × X −→ X

me
(σ, α) 7−→ σ(α)

ikanopoioÔntai oi prohgoÔmenec idiìthtec, id(α) = α gia k�je α sto X, kai h
isìthta me aut  th seir� twn dÔo ginomènwn.

Parat rhsh 6.6 Upojètoume ìti h om�da G dra sto sÔnolo X. Tìte e�n

fg : X −→ X : x 7−→ g ∗ x = gx,

gia g ∈ G, profan¸c h fg eÐnai amfimonos manth apeikìnish. 'Ara se k�je
stoiqeÐo g thc om�dac G antistoiqeÐ ènac metasqhmatismìc tou sunìlou X.

Mia eidik  perÐptwsh eÐnai ìtan h om�da G dra ston eautì thc, mèsw tou
metasqhmatismoÔ pou apeikonÐzei k�je stoiqeÐo h sto suzugèc tou mèsw tou g,

fg : h 7−→ ghg−1

Th dr�sh sut  thn onom�zoume suzug  kai thn antÐstoiqh apeikìnish th
sumbolÐzoume me adg : G −→ G, ad : G × G −→ G me (g, h) 7−→ ghg−1 =
(adg)h. H adg ikanopoieÐ tic idiìthtec thc dr�shc. 'Eqoume

ehe−1 = h
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kai

ad(g1g2)h = (g1g2)h(g1g2)−1

= (g1g2)h(g−1
2 g−1

1 )

= g1(g2hg
−1
2 )g−1

1

= adg1(adg2)h

Orismìc. Upì th dr�sh thc om�dac G orÐzoume sto X thn akìloujh sqèsh
isodunamÐac:
Gia ìla ta x1, x2 sto X gr�foume x1 ≈ x2 e�n kai mìnon e�n up�rqei stoiqeÐo
thc G tètoio ¸ste gx1 = x2.

Oi antÐstoiqec kl�seic isodunamÐac eÐnai oi troqièc sto X. Opìte e�n to x
eÐnai èna stoiqeÐo tou X, h troqi� tou, [6] (Kef.II §9), eÐnai to sÔnolo

Gx = {gx | g ∈ G}

Tèloc dÐnoume k�poiouc orismoÔc pou aforoÔn th dr�sh mÐac metajetik c
om�dac.

Orismìc. 'Opwc anafèrame prohgoumènwc h om�da twn metajèsewn enìc su-
nìlou X dra sto sÔnolo autì,

SX × X −→ X, (σ, α) 7−→ σ(α)

'Otan gia diaforetik� α1, α2 up�rqei σ ètsi ¸ste:

σ(α1) = α2

tìte lème ìti h om�da dra metabatik� sto X, [7] (Kef.3 sel.50).
'Otan h σ eÐnai monadik  h parap�nw dr�sh onom�zetai apl� metabatik ,
[8] (Kef.3 §3).
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