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Kscpo’c)\ou.o 1

Toroloyla Tov R

1.1 Tevixd

Towg 1 mo onuavtixy évvola 1 onofa e€etdleton oo udinua tou Anelpoott-
xo0 Aoytouob elvar 1 évvola Tou oplov - elte wg dpto axohoudiog eite wg 6pLo
OLUVAETNOTG.

Y10 XEPAAALO OUTO TEOXELTAL VO UEAETHOOUUE OPLOUEVES AXOUY €VVOLES
OYETIXEG UE TO OCUYOAO TWVY TRAYUATIXWY dptdu®y, ot onoleg efvon ouvdedeuéveg
ue TNV €vvola Tou opiou.

Ac¢ Yuundolue yepnd onuavtixd utoctvola tou R.

0 to xevé olhvoho.

Q 0 oUVOho OAWY TWV PNTAV aPIUGY.

Z 10 6ULVOMO OV TV axEPAWY oY,

N 10 6Ovoho dhwv twy Yetxdy axepaiwy (SNA. Y PuonY) apriumy.
Avouxtd Sraothuata: autd eivar ohvola g Lop@hg
(a,0) ={z€eR|a<z<b} (a,b€R, a<b),
(a,40) ={z €R|a <z} (a €R),

(—oo,b) ={z€eR|z<b} (beR),

(—o0,+0) =R.

Kieotd Staotiuarto: dnhadn cbvola tng popphc
[a,b] ={z € R|a<z<b} (a,b € Ra <h),
[a,+00) ={z €eR|a<z} (a €R),
(—00,b] ={x e R |z <b} (beR),

(—o0,+00) =R

Hut-avouxtd ( nui-xAetotd) Sroothuortos:

[a,b) ={z €R|a<z<b} (a,bER, a<b),
(a,b) ={ze€eR|a<z<b} (a,bER, a<b).

5



6 KE®PAAAIO 1. TOIIOAOI'IA TOT R

Hapatnpote 6Tt Tig Nuewdeies (a, +00), [a, +00), (—00, b), (—o0, b] xaddg
xow TNV evdeia (—oo, +00) Tic anoxorodue Sroothuata. H evdeia (—oo, +00)
amoxoheitar xar avorxtd xar xhewotod Jdotnuar to yrati Yo to dodue Alyo
mapaxdtw. Mikdue yia gpaypévo Sidotnua otny neplntwon xotd Ty onola
xon T Vo dxpa elvon mporypatixol apriuol. Ltny avtidetn neplntwon widue
Yo anépavo 1) un-ppaypévo SLdotnua.

A¢ YJuumdolue 61t 1 andotaon avduecoa oe 3o aprduolc a, b exppdleton
and tov aprdud |a — bl.

Optonds 1 Ay a € R xou € > 0, ovoudlouvue e-mepioyn) tov a 1 mepioxn
kévTpov a ka1 aktivag € xar cuuBolilovue Ny () 10 6hvoro Shwv TV apriumdy
ot ontofot améyouy and 10 a andaTaoY) UxpdTepn and To €. AnAady)

Ny(e)={z€R||z—a|<e}=(a—c¢c,a+t¢)

Mpogavae , av 0 < g1 < €2, t61€ Ny(e1) C Ny(e2) (Aoxnon 1). Oray
Aeue meproyn) N, Tov a EVVo0UUE XATOLA E-TEPLOYY| TOU G YLOL XATOLo adleuxpi-
vioto € > 0.

Ytov Anerpoouxd Aoyoud Mue édu n akodoviia {z,} ovykiiver oo z,
av yta xde € > 0 vndpyet guowds ng = ng(e) dote |z, — z| < € yio x&e
n > ng-

AN\ Satinworn autol tou optouol eivon: M {zy} ouyxhivel oo z, av yia
xdde € > 0 undipyet puowds ng = np(e) OGoTe Ty € Ny(e) yia xdde n > ny.

H odlhds : 0 {zn} ouyxhiver oo z, av yia xdde neptoyf Ny tou = undpyet
avtioTtotyog delxtng no Gote 6hot ot bpot tne {xy, } ue deixtn n > ny avixouv
oTNV TEPLOY T AUTH.

Axbun, éoww A C R xou zyp € R. Ytov Anepoouxd Aoyioud 1o x
Myetoaw onuelo ovoodpevong (1 opraxd onueio) tov A, av yia xdde € > 0
undpyet avtiotoyo x = z(e) € A dote |z — zo| < € xou T # Tp.

‘A7 Sratdnwon: To zg AMéyeton onuelo oucowpeuong tou A av xdde me-
proxn Ny, tou 2o meptéyet ototyelo tou A, dragopetixd and 10 zo: Ny, N (A —
{z0}) # 0 (Aoxfoec 3 xou 15).

BAénouue, dnhady, ott ot opiopol Pacxay evvoldy tou Arnep. Aoylouod
SLATUTOVOYTOL XL UE TNY «YADOOU» TWV TEPLOYWYV.

Oglowmoés 2 'Eva vnocOvoho A tou R AMéyeton avoiktd, av yio xdde onuelo ©
tou A undpyet xdmota neptoyfy Ny tou x 1 onola neptéyeton oto A. Anhady,
av ya x&e z € A undpyet € = e(z) > 0 dote Ny(e) C A.
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IHapabdetypara

1. '/Eotww A omotodfjmote avouxtéd didotnua. Av  elvon onolodfnote ornuelo
Tou A, nalpvouyue € (00 UE TNV AndOTACT TOU T AN TO XOVTILVOTERO TPOS TO T
dxpo tou A. (Av A = (—o0, +00), t61€ Taipvoupe onotodhnote € > 0). Térte,
Tpogavws, Ny(e) C A. (Kd&le uixpdrepn neproyt| tou z, dnhadt| pe uixpdtepo
g, meptéyetar xat auth oto A).

’ 4 ’ 4 7 /7 /7

Apa xdie avoxté ddotnua etvon avoxtd ohvoho.

2. 'Eotww 61t 10 A elvon onoodhinote xhewotéd Sidotua [a, b]. Aev undpyer
xautd weptoyf Tou a 1 onolo teptéyetar oto A. To {dto woyler xar yia 10 b.
’ 4 4 4 7 4 4 4
‘Apa undipyel Toukdylotov éva onueio tou A tou onolou xould meployY| dev
nepéyetar oto A. Apa 1o A dev eivor avorxtd olvolro.

To 3o toylet xou yio ta Sraothuota e popphc [a, +00), (—oo, b], [a, b),
(a, b].

Aéue 6t wa akodovdia {z,} repiéyerar oo A f akodovdia {z,} oro A 1
axodovilia {z,} and to A, av 6hot ot bpot g elvon ototyela Tou A.

Optowds 3 Eva unoctvoro A tou R Yo 10 AMue rAeiotd, av €yel Ty e€hg
Wiotntor xde 1o onofo elvon 6pLo axoloudiag and 1o A avixel oto A.

Iapadetypara

1. 'Eotww A onowdfinote xhewotéd ddotnua [a,b] xou onoodfrote z 10
omofo eivar 6pto axohouvdiac {z,} and 1o [a,b]. Anradf a < z, < b yia xdde
n €N xot z, — .

Etvor yvwoté and tov Anepootxd Aoyioud 6t 16t€ @ < x < b, dnA.
z € la,b] .

Apat 10 A elvon xhewot6 olhvoro.

Ouoiwe anodewvieton 1t xdde xhewotd Sdotnua [a, +00), (—o0, b,
(—00, +00) eivon xhetotd clhivolo.

2. Eoww onowdirote avowxté ddotnua A = (a,b). Trdpyer éva Touhd-
X1O0TOV T, ouyxexpluéva 1o £ = a | 10 T = b, t0 omolo elvon bplo axoloudiag
oo (a,b), ouyxexpwéva e o, =a+ (b—a)/2n A g 2, =b— (b—a)/2n
avtiotolywe, ohAd dev avixet oto (a,b). ‘Apa to (a,b) dev eivar xAetoté o0-
voho.

Ouoiwe anodetxvieton 61t 1 (a, +00), (—o00, b), [a, b), (a,b] dev elvar xhet-
0T& 6UVOAAL.
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Hapatnpriceg

1. To (—o0,+00) eivar xor avoxtd cOvoho xou xAewotd ohvoho. Autde
elvar 0 Aoyog Yo Tov omolo ovoudleton xou avoxtd StdoTnu xou XAeoTd did-
otnua. Agv undpyet, OUwe, xovéva dhho dtdotnua To onolo elval xat avolxtd
%o ¥Aewotd olvolo tawtoypdvewe. (‘Aox. 27).

2. Aev mpémel va uelvel ) eviinwon ot xdde utocivolo tou R ogelhet va
elvon efte avoxtd olvolo eite xhewotd ohvoro. To [a, b) dev eivar 00te avoxtd
o0te xhelotd alvoho!

To embuevo Yedpnua uog Aéet mold eivar 1 oY€om AVUESA OTIG EVVOLEG
TOU avoIXTo0 GUVOAOL XA TOU XAELGTOU GUVOAOU.

Ocwpnua 1 Eva vrootvolo A tov R efvar avoikté av kar puévov av to
ouumAfpwud tov elvar kAeiwoté alvolo.

Arédeaén

r 4 /. ’ 4 4 4
Eotww A avouxté urochvoro tou R, ‘Eotw onolod¥note = 1o onofo elvon
bpto axohoudioc {z,} and 1o A°. Oa deilouvye b1tz € A° . Ag unodéoouye,
yia vou pTdoouue o dtoro, 6t x € A . Toéte, agold 1o A elvon avoxtd,
4 4 4 4 7 Z
undpyet mepoyn Ny 1 omola meptéyetan oto A. Anhadf n N dev meptéyet
xavéva atotyelo Tou AC. ‘Ouwg autd Beloxetar oe avtigaon ye 1o 61t 2, — T,
apol o Tehevtaio cuvendyeton Gt Ghot ot bpot e {xy, } -dnhadr otoryelo Tou
A°- and évay delxtn xou épa Poloxovtar oty N,. ‘Apa z € AC.
Yuunepaivouue 61t o AC elvar xhetoTo.

‘Eotw, topa, 61t 10 A givon xhetotd unoctvoro tou R. 'Eotww z € A. Oa
det€ouue 6Tt undpyet teployh Ny 1 onola meptéyetan oto A. T var prdcouue
oe drono, urnodétouue to avtideto, dnhadr bt yia xdde € > 0 1 Ny(e) dev
neptéyetan 6to A. Anhady) 6t yio xdde € > 0 vndpyet onueio Tou A° péoa
oty Ng(e). To eqapudélouvue Srodoyxd yro e = 1, %, %, i, ... Apa yra xde
n € N undpyet onueto z,tou A¢ oty Nyp(2). Anhad? |z — 2| < 2 yia xdde
n € N xou, enopévws, , — z. ‘Apan {z,} nepéyeton oto A°, z, — = xau 10
A° elvar xhewot6 olhvoho. ‘Apa z € AC xar trdooue oe dtoTo. O.E.A.

Apa tor avorxtd olvola lval ToL GUUTANEOUAT TWV XAELOTOV GUVOAWY
xow avTlotponc. (¢ dueon egapuoyy éyovue 6tt 1o B elvan xon avotxtd xan
xhel0T6 60volo aol To ouuTApwUd Tou, To R, elvor xou avoxtd xou xAeotd
olvoho.
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To enduevo Yewpnua Tapoustdlel TPOTOUS XATACKEVAS XAELTTAOVY 1} avoL-
XTOV GUVOAGY amd HBY YVLOTd XAEoTd ¥ avorxTd chvoAaL.

Oehpnua 2 (a) FEotw orowdirote otvolo deiktdry A # 0, avoiktd odvola
Ay ya kdle A € A ka1 M 1 évwonj tous. To M etvar avoiktd.

(B) Eotw nenepaouévov mAnjfous avoiktd ovvola Ay, Ag, ..., An ka1 M n
tourj tovs. To M efvar avoiktd.

(v) Eotw orowdinote alvolo deiktdv A # (), kAewtd olvola Ay ya kdle
A € A ka1 M 1) tounj tovs. To M elvar kAeioTd.

(6) Eotw nenepaouévov mAndovs kkewotd odvoda A1, Ag, ..., AN ka1 M n
évoon) touvs. To M efvar kAeotd.

Anédeén

(a) Eoww z € M. To z avixel oe xdnowo and ta Ay, €otw 010 Ay,.
Agol 1o Ay, elvon avorxtd, undpyet teployr) N, 1 omola meptéyeton oto Ay, .
Enopévwe , agol Ay, C M, n N, mepiéyeton ato M.

(B) Eow z € M. Téte x € Aj,x € Ag,...,z € An. Aol xdde A; eivon
avoxtd undpyouvv neptoyéc Ny(e1) C Ai, ..., Nz(en) C An.

Atahéyoupe € < min(eq,...,en), dnhadf e uxpbdtepo 1 (oo and Gha o
Ely..., EN. TOt€ Ng(e) C Ng(e1) C Ai,...,Nz(e) C Ny(en) C An. Apa
Nm(&?) CAINAN---NAy =M.

(v) Eotw onowdfnote = 1o onolo elvon dpto axohovdiog {z,} and to M.
Enedf M C Ay vy xdde X € A, 0 {z,} nepéyeton oe xodéva and tor Aj.
Apa, emedr xdde Ay elvon xhewotd, 10 T avixet oe xodéva and T Ayx. ‘Apa
z€M.

(3) Eoww onotodfnote = 1o onoio eivan 6pto axorouvdioc {z,} and o
M. Av xadéva and o Ag,..., Ax nepéyel povdya nencpacuévou TAloug
bpoue e {zn}, téte 10 M Yo neptéyer povdya nenepacuévou nhfdouc bpoug
e {zn}. Opwc 1o M rmepéyer 6An v axorovdio. ‘Apo xdmoo and To
Ay, ..., An, éotw 10 Aj, Tepiéyet dnetpoug bpoug S {Zy }, dnhadh ohbxdnen
uro-axohovdia {zg, } ™ {zn}. Aol z, — z, Yo wyler 61 zf, — x. Apol
10 A; elvan xhewoto, ouvendyeton étL x € Aj. Apax € A. 0.E.A.
(Aoxfoec 13, 14)

Hapazrjpnon

Av éyouye dmepou mAdoug avouxtd cOvola, 1 Toun Toug elvon dhhote
avowxté ohvoho xou dhhote Oyt. ILy. we A, = (0,1) vy xdde n € N,
nafpvouvue NS A, = (0,1), dnhadr avoxtéd olvoro. ANNE pe A, = (—1 —
1/n,1+1/n) yia x&de n € N, naipvouue NS, A, = [—1, 1], 10 onoio dev eivon
avoxtd. Ta (o urmopolue vo ToVUE Yia XA TE GUVOAA Xat TNY €VKGT| TOUG.
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IMy. pe A, = [-1,1] yio xdde n € N, éyovue UL, A, = [—1,1], dnhadn
xhewotd obvolo, evd ue A, = [—1+1/n,1 — 1/n] yia xdde n € N, éyouue
> 1An = (—1,1), o onolo dev elvar xAetot6 chvolo.

IHapadetypaza

1. 'Evworn nengpaocuévou mhfdoug xAeot®v Staotnudtwy elvon xAeotd
olvoho.

2. 'Evwon avoxtdy Staotnudtwy eivat avoxté ahvolro.

3. "Eotw 1o ohvoro A = {1, %, %, %, ...}. Eivar xhketot6; Oy, Sidt undpyer
10 =0, 0 onolo dev avrixet oto A xou elvon bpto g z, = 1/n 1 onolo me-
ptéxeton oto A. Ag npoodécouue, hotmdy, 1o 0 oto A. Anhadr éotw 10 hvoro
B = {0, %,%,i,...}. Etvor 10 B xhewot6; ‘Evag tpémog vor amavtcouue
elvaw va xottdZouue to B¢ @ B¢ = (—00,0) U (1,400) U ( %"Zl(ﬁ, %)),
10 0T0{0, WG £VWOT AVOXTWY SLUCTNUATKY, Elvon avoixtd alvoro. Apa to B
elvow xhewot6. (Aox. 23)

4. To ovvoro tov Cantor:

Oewpolyue 10 xhetoté dotnua Iy = [0, 1].

Maipvouue to uvnooivoho tou Iy : I1 = [0,1/3]U[2/3,1]. Kpatdue, dnhad?,
o 300 axpravd StooThuoTa uhxous, To xoéva, 1/3 tou apytxol urxoug tou
Iy. Kdévouue 1o 810 oe xotéva and ta 300 umodiaothuata tou Iy @ Ip =
[0,1/9)U[2/9,1/3] U [2/3,7/9] U [8/9,1].

Yuveyilovue ouolwe Yo va gTidEouue ta I3, Iy, . .. Ue emaywytxd tpdTO.

Av, dnhady), éxouue 10 I ¢ €vwon xAeoT®OY SlaoTnUdTwyY, To xadéva
and autd to Sraothuata Yo «yevvioey dUo xawvolpylo: Ta 800 axptavd Tou
ue whixoc, to xadéva, to 1/3 tou urfxouc tou. BAémouue, dnhady, 6Tt oe
xade Biua to mhfdog Ty Slactnudtwy ditmhactdleton xat, enouévwe, o I,
aroteheitar and 2" xAewotd SraoTAUATH and To omolo To xotéva Exel UHKOg
1/3™, agod ot xdle Pua 10 uhxoc vrotpimhootdletonr. To xdde I, elvou
xheto1d olvoho ue urxog 2™ - 1/3™ = (2/3)".

OpiCovue C' = N5, 1I,,. To C ovoudleton ohvoho tou Cantor xat, wg Tou
YAELGTOV cLVOALY, elvall xAetoTd olvoho.

Mrogeite va «deitey 10 cuUTARPWUA TOU;

Mio evdragépovoa Bémta tou C elvon dtt dev meptéyetl xavéva avoixTo
ddotnua. Tpdyuart, éotw (a,b) C C. Téte (a,b) C I, yia x&de n € N. Apa
b—a < (2/3)" vy x&de n € N. "Avono, di6tt (2/3)" = 0, evd b —a > 0.
(Aoxnon 7).

Opiouds 4 Eow A C R xa z onueio tou A. To z Myetaw eowtepind
onpueio tou A, av undpyet teptoy) Ny 1 onola meptéyeton oto A. To clvoho
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10 omofo éyel wg otoryeia Tou dha ta eowTEPXd onueia Tou A (xou pbvoy
’ 7 7 ’ o
autd) Méyeton eowtepid tov A xan cuuPBohiletor A°.

Mpogavig A° C A. Emniong, and toug oplopois galvetar edxola Tt €val
olvoho A elvor avorxtd ay xou pévov av xdlde onueio tou elvon ecwteptnd Tou
onuelo. Anhadn to A elvon avouxtd av xou yévov av A° = A.

ITpotaon 1 Av A C R, tdte to A° elvar o mo peyddo avoikté olvolo to
omoto mepiéyetal ato A.

Anédeén

O dei€ouue TpdhTa 6Tt T0 A° elvon avowxtd obvoro. Eotw z € A°. Tote
undpyet Ny C A. 'BEotww y € Ni. H Ny, agoi eivar avolxtd didotnua, elvor
avotxtd cOvolo. Apa undpyet Ny C N C A. "Apa 10 y elvon ecwtepind

onuelo tou A. Enouéves: y € Ny = y € A°. Ondéte N, C A°. "Apa 10 A°
efvon avotxtéd oivoro xar A° C A.

Katémy, éotw avouxtd cbvoho B C A. Oa deilovue 61t B C A° xou Yo
éyouvue tehewoel. ‘Eoww y € B. Téte, agold 1o B elvon avouxtd, undpyet
NyCBCA "Apaye A°. O.E.A.

Iapadetypara
1. Av A = [a,b], 161 A° = (a,b).
Av A = {a}, 161 A° =0.
Av A = [a,+00), téte A° = (a, +00).
Av A = (a,b], 161 A° = (a,b).
2. To aOvolo C tou Cantor. To C dev neptéyet xavéva avolxtéd Stdotnua.
Enouévac dev éxel xavéva ecwteptxd onuelo: C° = (.

3.QF =0 = (R\ Q).

Optowds 5 Eotw A C R xow z € R To o Myetan onpueio enagns tou A, av
elvar 6pto axohoutiog 1 onola meptéyetar oto A. To clivoho 10 onolo €yel wg
ototyela 6ha o onueio enaphc Tou A (xow pbvov autd) AMéyeton kAewer Uikn
tou A xou ypdpeton A.

Av z € A, t6te 1 otadepr} axorovdia z, = z, mepéyetan oto A xw,
TEOQAVA, T, — T. Apaz € A. Anhadh A C A.

And toug oprouole mpoxinTel auéows 6Tt éva ohvolo A elvon xAelotéd av
xan uévov av meptéyet Oha tar onuelo enagrc Tou. Anhadh to A elvar xAeotd
av xon uévoy av A = A.
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IIpbtaon 2 Eotw A C R karz € R To x elvar onueio erapng tov A av kai
pévov av kdUe teproxyr) Ny tov x mepiéyer tovddyotor éva onueio touv A.

Anédeén

‘Eotww 61t 10 z elvar onuelo enagrc tou A xou é0tw onoladfnote neptoyh
Ny tov z. Téte undpyer {zn} 1 onola nepiéyeton oto A xou z, — . AnhodA
and évay delxtn xou wépa bhot ot Gpot e {z,} meptéyovton oty Ny. ‘Apa n
N, nepiéyer otoryeia tou A.

Avtiotpdgug, €otw 6t yio x&e € > 0 1 Ny(e) neptéyet otoryela Tou A.
Apa yio x&de n € N, Jewpdvtoag € = 1/n, PAérovue 61t undpyet avticTtoryo
Zn € AN Ng(1/n). Téte, buwe, z, — = xou N {z,} nepéyetar oto A. ‘Apa
10 x elvon onuelo emagrnc touv A. O.E.A.

(Aoxnon 2)

Ilpotaon 3 Av A C R, wére 1o A efvar o pukpdtepo kAewotd ovrodo o omoio
Tepiéyel to A.

Anéoaén

Kot apyfv 9o Set€ouue 61t 1o A elvan xhetoté ohvolo.

"Eotw onowdhrote 10 onofo eivor pto axohoudioc {x,} and 10 A. Oa
dctéouue 6t z € A. 'Eotww, lowndy, nepoyn Ny touv z. Agol =, — z,
UTAPYEL OPOS Tpy WOTE Ty, € Ny . H Ny elvon avouxtd olvoho , dpa umdpyet
Ng,, C Ng. Eneidf z,, € A, undpyery € ANN,, (Ilpbtaom 2). Apay € Ny.
Anhod?| xdde N, mepiéyer otoryeio y tou A. ‘Apa z € A (ndh: Ilpbtaom 2).

H37n yvwplloupe 61t A C A xou yéver va delfouue 61, av 10 B elvon
xhetot6 olvoho To orolo nepLéyet to A, té1e A C B.

Av z € A, téte vrdpyer {z,} 1 onolo nepiéyeton oto A xou T, — T
Enopévoe n {z,} neptéyetar xan 610 B xou, agol 1o B eivan xhewotd, z € B .
‘Apo A C B. O.E.A.

IHapadetypara

1. Av A = [a,b], téte A = [a,b].
Av A = (a,b), t61¢ A = [a,b).
Av A = (a,+00), 161 A = [a, +00).
Av A = (a,b) U (b,c), 161 A = [a,c].

2.C=C, Q=R=R\Q.
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Oplonog 6 Eoww A C R xow z € R To z Ayetouw ovvoprakd onpeio tov A,
7 / Z ’ ’ c ’

av xade neproy) Ny meptéyetl xou onueio tou A xou onueio tou A°. To clvolo

10 omofo meptéyel Gha To cuvoptaxd onuela Tou A (xar uévov autd ) Aéyeton

otvopo tov A xou ypdgpetar OA.

IHapabdetypara
1. Av A = (a,b) 1 [a,b], t61€ OA = {a,b}.
Av A = (a,00), 161 0A = {a}.
2.00=C, 0Q=R=0(R\ Q).
(Aoxfoec 4, 5, 8, 9, 16, 17, 18, 19, 20, 21, 22, 26, 28, 29)

Ac Solue topa Tt éyouue va TOOUE YiaL TIg €vvoleg Tou oplou cuvdpTtnong
xat Tng ouvéyeag. And tov Amep. Aoywoud yvwpillovue 6tun f 1 A= R
elvar ovvexijs oto zg € A, av v xdde € > 0 vndpyet & = d(e) > 0 dote:
€ Axu |z — x| <= |f(x) — flzo)] <e.

‘AN Swatdnwon: 1 f elvar ouveyrc oto zg, av Yo xdde € > 0 umdpyet
d=0(e) >0 wote: x € AN Ny, (0) = f(x) € Np(zg)(e)-

AMog: 1 f ebvou ouvexrfc 010 To, av yia xde meployh Ny(ge)T0u f(T0)
urmdpyet avtiotoyn mepoyf Ny, tou o Oote N ewodva S Ny uéow g f
neplExeTol TNV N ()

f(Nwo N A) C Nf(:co)-

Axoéun , éoww f : A = R, g onuelo ocucowpeuong tou A xar I € R
Aéue 6t limy g, f(z) = 1, av yia x&de € > 0 undpyet § = d(e) > 0 wote:
0<|z—z9| <, z€A=|f(z)—I<e.

AN\ dratOnwon: limg_y 4, f(z) =1, av yia xdde neproyf Ny tou I undpyet
neployt) Ny, T0U o OOTE 1 ExX6VA TG Ny, exTéC {owe TOU To, Uéow TNg f
nepLéyetar oty N,

f ((Nmo - {'TO}) n A) C N;.

(‘Aoxnom 6)
To enduevo Vewpnua cUVSEEL TNV EVVOLA TNG CUVEYELXS UE TIG EVVOLEG TOU
avoIXTOU GUYOAOU ol TOU XAEWGTO) GUVOROL.

Oewpnua 3 Eotw f: R— R. Ta akérovia elvar wvodvvaua:
(a) H f elvar ovvexris oo R.
(B) Na kdde avoikté A C R to f~1(A) efvar avorkté vroaivoro touv R.
(y) I'a kdde khewté A C R o f~1(A) elvar khaotd vroaivoro tou R.

Anédoeaén
(2)=(y) Eotw 6t 10 z elvar bpto axoroudiac {z,} oto f~1(A). Oa
SelZoupe 61tz € f71(A). Ioyler ét f(xn) € A yia xdde n € N xou, enedt
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n f elvar ovveyhc oto z, 6t f(z,) — f(z). Agod 1o A eivar xhewoto,
f(z) € A. Apa z € f1(A).

(v)=(B) Ioyver £ 1(A°) = (f 1(A))° yra x&9e A C R. 'Eotw, Aowndy, 6t
10 A elvor avorxtéd. Téte 1o AC efvon xheiotd o, emopévee, o f~H(AC) elvan
xhewot6. Apa 1o fL(A) elvon avouxté.

(B)= (o) Eotw z € R Oa deifovue 61 1 f eivar cuveyrc oto .

'Eotww onowdfnote Ny tov f(z). Agod auth elvor avowxtéd olvolo, o
ST (N () etvou enlong avouté. Tpogavag z € f~1(Nyy)). Apa umdpyet
Ny C f7H(Ny()) xou, emopévac, f(Ng) C Nyg)- ‘Apan f elvon ouveyric oto
T. O.E.A.

(Aox. 24, 25, 30)

Iapadetypaza:
Eotw f:R+— Rovveynic oo R Ava,beR:
10 {z €R| f(z) >a} = f~((a,+00)) eivar avorxté,
10 {z €R| f(z) < b} = f~1((—00,b]) elvor xhewo14,
o {z€R|a< f(x) <b} = f([a,b]) elvou xhetoT6,
o {zeR|a< f(z) <b}=f1((a,b)) eivor avorxté.
(Aox. 10, 11, 12)

1.2% Aop.v'] TWY AVOLXTWY LTOCLYOAMY Tou R

Edv éyouue uta cuhhoyt| and Eéva avd 300 avouxtd dtaothuata, TOTE 1)
Z z 4 4 4 7, 7 7
évwon toug elvar avotxtd oivoro (Oedpnua 2(a)). Todpa Yo anodeifouue to
avtioTpopo xat Yo EYOUUE ULAY IXAVOTIONTIXY| KEXOVEY TV AVOIXTWY UTOCU-
vohwy tou R.

Ocwpnua 4 Eotw un kevé avoikté vroovrodo A tov R. Tére to A elvar
évoon avd 6o Eévwr avorktdy Saotnudtwy. Iho ouvykekpiuéva: vmdpyet
olvodo Seiktddy A # 0 ka1 avoiktd Saothuara I (A € A) ta ornofa eflvar
Eéva avd dVo date A = Uyepaly. Emiong, to A elvar aprfunoipo, dnkadn eire
nenepaocpévo elte drepo apriurjoyno. Ta Saotiuara Iy (A € A) ovoudlovtar
oVVIOTAOES TOU A.

Anéoeaén

Ocwpolue Tuyoy T € A xou xat’ apyhy Yo anodelovue 6Tt undpyEL HéyioTo
didotnua to onolo meptéyel 10 T xar mepéyetar oto A. Emedr 10 A elvon
avotxtd, undpyet tepoyt ( — €, + €) tou x 1 onolo meptéyeton oto A. H
Wéa elvon vor «TEVTOOOUUEY TNV TEployt) auTh 600 1o Juvatdy TEPLoGHTERD
ywelc va «&epiyewy and 1o A. Kdti tétoto yivetar ue avotned tpémo wg e€hg.
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Oewpolue 800 chvola
K={yeR|[z,y) C A}, A={z€R|(zz] C A}.

Mopatnpotue ot tor K, A elvon un xeva diétt z +¢ € K, £ — ¢ € A.

Q¢ npog 10 K draxpivouue 300 meptntdoec.
1In repittwon: To K Sev eivon dvew @payuévo.

Avuto onuaiver 6Tt oto K neptéyovion aprduol y aneptoplota peyarot. An-
Aod¥ undpyouv aneptbptota peydho y wote [z,y) C A. Autd, 6uwc, oLVETS-
yetow 6t [z, +00) C A. Anhad to A neptéyer ohdxhnen v nureudeio dedid
tou z. Ilpdypartt, éotw tuydv y1 € [z,400). Trdpyet y yeyahitepo and to
y1 wote [z,y) C A. Tote, buwc, y1 € [z,y) xou, enouévec, y1 € A. Apa
[z, +00) C A.
2n mepintwon: To K elvon dvew gpayuévo.

Téte 10 K éyer supremum, 8 = sup(K) < +oo. Eivar oyetixd edxolo va
anodei&ouue 61, t6t€ [z, ) C A. Ilpdypoatt éotw tuydy y1 € [z, 5). Enedr
B = sup(K), undpyet y € K wote y1 < y. Enedr y € K, ovvendyeton 61t
[z,y) C A. Enedy|, duwe, y1 € [z,y), éxovue 6ty € A. Apa [z, 3) C A.

Enlong, edxoha anodewxvieton 6t B € A. Ilpdyuatt, éotw S € A. Enedy
0 A elvar avoxtd Yo undpyet nepoyt| (8 — 6, 6+ ) tou B 1 onola nepLéyeton
oto A. Tére, buwe, Yo elyoaue 6w [z, + §) C A, o onolo onuaiver bt
B+ 0 € K xou to onofo avtipdoxet ue 1o 61 S = sup(K). Apa B & A.

Apa: [z,8) C Axow B & A. Anhady| 1o [z, ) eivon T0 péyoto dldotnua
de&id Tou = 10 omolo meptéyetan oo A.

Avoxegpaionmvouue: ot 8%o teptntioels o 1o K Aéve dTL undpyet UéytoTo
dtdotnua [z, ) deld tou = 10 onolo meptéyetar oto A, bnou eite B = +oo
glte f e R

Me 6uowo tpém0 umopolue va amodetEouUe -YpNoULOTOLOVTS TO GUVOMO
A- 6 undpyer péyioto ddotnua (o, x] aptotepd tou = o onolo mepéyeTan
oto A, 6mou gite a = —0 elte a € R.

"Apa undpyet uéytoto dracthua (a, ) to onolo TeptéyeL To T xon nepLéyETOL
oto A. To ddotnua autd 1o ovoudlouue guriotooa tov A n omoia mepiéyel
o z xou to ouufBoiilovue I(z).

Yulhéyouue ke tic ouviotwoeg I(z) tou A xodde to x dratpéyet o A.
Ot ouviotwoeg autég €youv Tig e€Xg WBLOTNTES.

1. Av z € I(z), t6te I(z) C I(2).

Awdtt 10 I(z) elvon avoxtéd Sdotnua To onolo TEPEYEL TO 2 XU TEPLE-
yetar o0 A xou 1o I(2z) eivar 10 péyoro avowxtéd Sdotnua 1o onofo
neptéyet o z ot meptéyeton oto A.
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2. Av z € I(x), t6te I(z) = I(2).

Ané v 1. ouvendyetan 6n I(z) C I(z). Tére, buwc, enedf z € I(z),
ovvendyetan 6t = € I(z). ‘Apa, and v 1. cuverndyeton 6t I(z) C I(z).

3. Avz e A, ye Axa I(z)NI(y) #0, téte I(z) = I(y).
ATy, éotww 6t z € I(x)N1I(y). Tote, Moyw e 2. I(z) = I(z) = I(y).

H Wiétnra 3. onuaiver 6ti: 8o ouviotwoeg tou A efte elvon Eéveg elte
Towtilovrou.

Ocwpolue TOpa TNV SUALOYT OALY TV cUVICTWoKY Tou A. ‘Ooceg Tawti-
Covtoun Tig makpvouue UL gopd ondTe oL cUVISTWOoES aTEG efvan E€veg ava dlo.
H évwon toug wolton ue 10 A, agol xdite otoryelo z tou A mepiéyeton o€
xdmota ano Tic ouvoTwoes Tou A -ouyxexpiuéva oty I(z). Apa 1o A eivar n
€VOOT TWV CUVLIOTWOKY Tou, oL onoleg elvar Eéva ava 300 avolxTtd StaoTAUATA.

Kée avoxté didotnua meptéyet Touhdytotov €va pnté aptiud.

Emthéyouue évay pntéd apriud oe xdde ouviotwoo tou A. Enedy ot ou-
viotwoeg tou A elvon Eéveg ava 300 ot pntol ot onofor avtiotolyoly ot xdie
ouviotwoa elvon Stapopetixol ava dbo. Eyouue étot ylav augiuovoouaytn
avtototyla and 10 6Gvoho Twv cuvioTwowy tou A oe éva unochvolo A Tou
Q. Anhadt|, oe xdde pntd A € A avtioTtoryel ula cuviot®oo tou A v onola
ouuPoiilouue Iy xou xadods o A Statpéyetl o A, 1o I Sratpéyet oAdxhnpo to
O0UYOAO TV CUVICTWOWY Tou A.

Apa (o) A = Uxealn, agod 1o A eivar 1 éveor Tov cUVIGTOOOY Tou,

(B) T ddpopa I eivon E€var avar 0o,
() 0 A elvon apriuriowo, agol eivon uroohvoho touv Q. O.E.A.

1.3  Aoxroeig

EdOxoleg
1. Arnodeilte 61t UpsoNy(e) = R xon NesoNg(e) = {a}-

2. Iowx elvon 7 Stapopd uetagl onueiov emagrc xar onueiov cuoowpeuong
evog umoouvolou tou R; Trdpyet mapdderyua onuelov enaghc 1o onolo
dev elvon onueio oucowpevong xon TaEdderyUa Yot T0 avtioTpoyo;

3. Eoww A CR . Anodei&te 61t t0 = elvon onuelo cucobpeuorng Tou A av
xar uévov ay xdide meptoyf Tou = mepléyet dnetpa onueio Tou A.

4. Arnodei&te 6Tt xdde un xevéd avowxtéd unoctvoro tou R neptéyet xan pn-
ToUg ol dpenToug apLiuolg.
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10.

11.

12.

13.

Av 10 A C R elvor un xevé xou v gporypévo, anodetéte é1sup A € A.

‘Eotw f: A= R, 6rou ACR. Av 1o z € A elvar onuelo cuoowpeuong
Tou A, t61€ anodeite 6t f ouveyhic 010 = & limy ., f(y) = f(z). Av
0 z € A dev elvan onueio oucowpevong tou A, t6te anodeilte 6T 1 f
elvar ouveyfc oo .

Arnodei€te 61t 10 obvoro C tou Cantor nepiéyet dnetpa onuela.

. Oprowodsg 7 Av A C R t61e 10 60voho 10 omolo teptéyetl Oha To onueia

ovoowpevang Tou A ovoudleton Tapdywyo ovrodo tov A xou YpdpeTon
AI

Tt oxdhouvda ohvohar A amavtiote av elvon avoxtd ¥ xAeloTd 1
tinote xou Bpeite ta A°, A, 04, A’

(o) Ohwv TV ed®Y To StacThAUTA,
(®
(v
(3

omolodnrote NENEPAoUEVO UTooUYOho Tou R,

4
7

xor R\ Q,
1,1/2 1/3,1/4,...},
L n,meN},
1) +L1n,meN},

H_l/n\nEN}

C, 1o o0hvoho tou Cantor.

7

O N

7

1
(—

Il

,_M\r—*ﬂr—"—\f—"—\

I

)
)
)
)
(€)
()
@)
(m)
(%)

PridEte unoolvoho tou R ue axpBac tpla onueia cuoompevone. (Tro-
deiln: yenorponoteiote v nepintwon (€) e doxnong 8).

Eotw f : R — R ouveyric oto R Arnodei&te 6Tt tor axdhouvda elvon

xhetotd oovoha: {z | f(z) = a},{z | f(z) > a}, {z | f(z) =a 7 b7 c}.

AnodelZte 6t 1o {z | 2 < 23 — z < 4}, {z | sinz < € < sinz} elvou
AVOLXTA GUVOAQL.

‘Eotw f,g: R+ R ouveyeic oto R Anodeilte 6w 1o {z | f(z) < g(z)}
elvon avotxtd olvoro xou 6t o {z | f(z) < g(z)}, {z | f(z) = g(z)}
elva xhetotd olvoha.

"Eotww A avotxtd xou B xhetotd vnoolhvoro tou R, Anodeite 6Tt T0
A\ B eivou avouxtd xou 1o B\ A elvon xhetoto.
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14.

15.

16.

17.

18.

KEPAAAIO 1. TOIOAOI'IA TOT R
MeérpLeg

‘Eotw onotodhinote olvoho dewxtdv A # 0 xou Ay (A € A), unooivo-
Ao omotoudinote cuvdrou X. Arnodel€te toug véuoug tou de Morgan:

c c
(U,\eAAA) = Mea A4S, (ﬂ,\eAAA) = Uxea 45-
Me ) Bofdetd touc anodeilte tig tooduvapuies (o)< (Y), (B)<(8) oo
Oewpnua 2.

Eotw A C R Anodeite 6tz € A’ av xon udvov av undpyet axohoudio
{zp} 010 A pe =, # z yia xdde n € N xou z,, — .

"Eotw A C R Anodeilte ot

(o) to A elvar xhetotd av xou uévov av A’ C A,

(B) to A eivou xhewotd av xou uévov av 0A C A.

Eotw A, B, A1, As,..., Ap, Ax (X € A) unooclOvola tou R Anodei&te

4
OTL:

(o) 1o A’ elvon xhewotd,

() A" = (A) (dn\. T A, A éyouy Ta idia onueia cucodpeuorc),

(Y) ACB=ACBxu A CB,

() A=14, (A")! c A'. Boeite ahvoro A dote (A') # A,

() A=AUA,

() (AfUAU...UA,) = A1 UAU...UA,,

(7)) Uxeadr D UpneaAy. Beeite oOvoro Setxtdv A # B xou utochvola

Ax (X € A) 1o R ote Upep Ay # Urea4a,
() NaeaAxr C Naeadr. Beeite d0o ocOvoha A, B Gote (AN B) #
ANB.

BEotww A, B, A1, Ag, ..., Ap, Ax (X € A) unooclOvola tou R Anodei&te
oTL:

o«) AC B= A°C B°,

p’) AOO — AO’

Y) (AiNAyn...NA,)° =A1°NA°N...NA,C,

%)

(
(
(
(8) (Mreadn)® C Nxeads. Bpeite ohvoho dewtdv A # () xon uvnoo-
vohat Ay (A € A) tou R ddote (Nreadr)® # Naen 43,
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19.

20.

21.

22.

23.

24.

25.

26.

27.
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(€) (Uneadn)® D Uxeads. Bpeite d0o olbvoha A, B dote (AU B)° #
A° U B°.

Eotw A C R Anodeifte 61t A° C A°, A° C A. Bpeite albvoho A dote
A° # A° xou ovoho A dote A° # A.
Eotw A CR. Anodeifte b1t (A°)° = (A), (A°)¢ = A°.

Eotw A CR. Anodet€te 6t 04 = A\ A° = ANAc, 0A = 9(A°), A =
AUOA.

() Av 10 A eivor avoxtd # av 10 A eivor xhewotd, anodeilte 6Tt
(0A)° = 0. Bpeite ohvoro A pe (04)° =R

() Av A,B C R, A° = B° = ) xou 10 A eivon xhewotd, anodeiite
6t (AUB)° = (. Bpeite olvoha A, B ye A° = B° = () o
(AUB)° =R.

(Y) Av A,B CR xar AN B =0, anodei&te 61t (AU B) = 0AU IB.

Eqapuélovtac tov opouéd amodeifte 6t 10 obvoro {0,1, 1, %, T}
elvar xAelotd.

Y10 Oedpnua 3 anodeifte xat evdelay tic (Y) (o), (B)e(y), (B)e (o).

Eotww f:R— R Anodei&te 6Tt 1o mopoaxdtw eivor toodbvopua:

(o) H f eivou ouveyrc oto R.
B) F7HA°%) C (f71(4))° Yo xdde A CR

() f(A) C f(A) v xdde A CR

AVoxoleg

(o) Eoww A un xevé C R. Opilouue 10 obvoho Ny(e) = {z € R |
undpyety € A: ly —z| < e}. Anodeilte 6110 N4(e) elvon avorxtd
xon meptéyet to A.

(B") Amodei&te 6t xdde un xevd xhewotd unoolvoro tou R elvar tour
apriuriowon nhflouc avorxtdy cuvorwv. (Téd: Av to A elvor
¥A€w0To, 161€ anodeilte 611 A = ﬂ;’leNA(%) ).

FEotw A C R Av 10 A elvan xou avouxtd xou xAetotd olvoho, toTE
anodeléte 6Tt elte A =0 clice A =R.
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28.

29.

30.
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Oplouog 8 Eoww A CR. To x Ayetaw onuelo ovundkrwons tov A,
av yto x&de € > 0 1 Ny(e) nepéyer vnepapriufotuou thidouc otoryeio
Tou A.

(o) Eotw A apduforpo. Anodeilte 6t 1o A Sev éxer xavéva onueio
OUUTUXVOOTG.

(B) Eoww A vnepaprdurfowuo. Téte, av P eivor 1o 0lvoro bAwv twv
onueiwy ovunixvwons tou A, anodeifte 61 P’ = P xou 61t 10
A\P eivon apriuriowo.

Optowds 9 Xivoha P ue ty wiétnta P/ = P ovoudlovton téAea.

Bpeite pepixd anhd nopadeiypota téhetwy ouvorwy. Eivar to C téheto
7 4 4 7 /7 ’ 4 z

obvoho; Av A elvar omolodfinote xhetotd alvolo, anodeite bt undpyet
4 4 7 4 4 /7 ’,

xanowo Téleto oOvoro P xou xdmoto aprdurowwo cbvoro Z Gote A =

PUZxuw PNZ=0.

Ievixeuon tou Oewpfjuatog 3 : Eotw A C Rxar f: A +— R Anodei&te
ot T axdhouta efvor toodhvoa

(o) H f elvon ouveytic oto A.

(B) T xd&de avowxté P C R umdpyer xdmowo avowxté Q@ C R dote
fT1(P)=QnA

(v) T xdde xheroté P C R undpyet xdmoto xhewoté6 Q@ C R dote
FUP)=QnA.



Kscpo't)\ou.o 2

Ms‘cpmoi Xd)pou

2.1 Tevxd

Y10 mponyoluevo xepdioto eldoue 6Tt oTo olvoho R uropolue va oplcou-
ue e-Teptoy€g, avoLxTd ohVoOha xou XAELGTE GUVOAAL, xou OAL AUTE EYouV dUEDT
oyéon ue v évvota Tou oplou. X’ autd 10 xe@PdIono Vo dolue STt avdho-
YEC €Vvoleg Umopoly va optodoly xou o€ dhha ohvola, extdc and 1o R. Ag
Yuundolue tov oploud tng e-neployfc onueiov x:

Ny(e) ={y € R| n anbotaon tou y and 10 z elvar < €}

H xodoprotuen idéa elvon 611, atv Sodolv dbo omotadrrote otouyeia x, y Tou
R, unopolue vo UETPHOOUUE UE XATOLOV CUYXEXPLUEVO Xl TPoXAOpLoUEVO
TPOTO TNV ANOGTACY) TOV €VOG A6 TO SANO:

anbotoon U T and 0 Yy = |z —y|

Av oe éva un xevo obvoho X elvon xordoptouéyn 1 «ambdotaony aviuesa oe
xdrde 800 otouyeia Tou xar av 1 «andoTACN» AUTH €YEL LEPKES «PUTLONOYLXES
WBLOTNTESY, TOTE UTOPOUUE Vo 0plooUUE EVVOLEG OTWG TIC: E-TEPLOY N, AVOLXTO
olvoho, xhewoTé cOVolo, bpto axoloudiag, 6pto cuvdptnong x.A.w. A&ilel va
TopaTNEHoOVUE OTL, amd TN oTryUr mou €youue oploel Tnv évvola Tng amd-
otaone oto R, umopolue va opicovue e-neptoyéc xor 6Tt OAEC OL UTONOLTES
évvoleg Tou mponyoluevou xepahaiou Bactlovion anoxAeloTind oty €vvola
¢ mepoyfc. Aev avoxatehtnxay tovdevd ot undhoineg WidTNTES Tou R: 00-
1€ Tpdodeon, olte mohharmhactaouds, olvte Sdtaly, olTe a&lwua cUVEYELC.
To 61 1o R unopel va dratarydel ndvew oe oy anépavtn evdela pog forinoe
ubvov MOoTE VoL €YOLUE ULaY ETOTTIXY EXOVA TwY TEPLoY®Y (dnA. 6Tt eivon Sto-
othuata e evdeiog). Lo xepdharo avtd Yo dodue btt m.y. xou To eninedo

21
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XL O TELOJAGTATOS YWPOG EPOSIALOVION UE ULOY «ATOGTAONY o OTL Xl OF
autd o 300 alvola ytileTon To 01x0ddUNUA TOU TPAOTOU XEPAUALOU.
Eotww X éva un xevé olhvolo.

Oprowdg 1 Ovoudlouue petpixr oto X 1 anéotaon oto X xdde cuvdptnon
p 0plouévr 0T0 xopTECLaVd Yivouevo X X X xal UE TEoyMoTIXES TUUES
p: X xX >R
ME TIC TopadTed SLOTNTES:
1. p(z,y) >0, z,y € X,
2. p(z,y) =0 av xou pévov av = =y,
3 p(w y) = p(y,z), z,y € X (ovuperpia),
p(z,y) < p(z, 2) + p(2,9), z,y,z € X (tprywrikij ibiétna).
Aspe 61t 1o Levydipt (X, p) anotekel éva petpixd xopo. Enlone, v tud
p(z,y) oto Levydpt (z,y) Vv ovoudlovye andotaon petaéd tov x,y.

Hapdderyna

Eivou npogavéc 1 1 ouvdptnon p: R x R — R ue tino p(z,y) = |z — y|
€yel T mopamdve WoTNTeg 1 ewg 4. Anhadh 1 p elvar uetpn oto R xou
ouuQwvel ue TV cuynhouévn «andoTUoN» TAVL GTNY EVVELN TWY TEOYUATIXWY
aprduoy. Apa to (R, p) elvor uetpede ywpog.

ITapaztnipnon

Metpixdg ywpog elvar 300 mpdyuoartor palt @ évo un xevé ohvoko X xou
o wetper] p. Tumixd, dnAad, dev umopolue vor UASUE Yiot KUETELXO YWEO
X» mopd uovov dtav €youue 181 xodoploel xot EVVOOUUE ULdl GUYREXPLUEVT
uetpwer| p. Exniong, avti va Mue «o petpinde ywpog (X, p)» unopodue vo Aéue
«0 y0pog X eqodlacuévog Ue T UETELXA p» 1) €0 YOpog X UE TN UETEIXT p».

Iapdderypa
'‘Eotw onotodnrote un xevé clvoro X xou 1 ouvdptnon p: X x X - R

ue Toro:
_J 0, avz=y
p(x,y)—{ 1 ooty

Eivou ebxoho va 3t xaveic (Aox.1) bt n p éyet tic téooeptc WLdtnteg pLog
uetpuenc. H p ovoudleton draxpier) perpricr) xou etvon agronpdoexto dtt optletan
yia omo0drmote un xevé clvoro X.

Enfong BAénoupe 6tt, mpdyuatt, Sev UTOPOUUE VoL ULAGUE YO CUETELXO
xweo X» ywelc va xadoploouue uta wetpixt p, agou, yia mapdderyua, to R
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umopel vau eqodtaotel ue Touhdytotov 800 StapopeTinég UETEIXEG: TNY «ouVNdL-
ouévy p(z,y) = |z — y| xou v Sroxprth. (Aox. 2)

ITowv dwooupe dhhor mopadelyotar UETPXGOY Ywewv Vo enextelvouue ot
xdde wetpxd ydpo (X, p) T évvoleg Tic omoleg Yvwplooue 6to TpoNYolUEVO
XEQPGAOUO.

‘Eotw, howndy, o yetpixde yweos (X, p).

Oploudg 2 Ava € X xou € > 0, ovoudlouue e-meploxrj tov a 1 meptoxn)
KévTpou a kai aktivag € 10 oLYOLo

Nao(e) = {z € X | p(x,a) <&}

H enduevn mpdtaon Aéet xdtt, To onolo otnyv mepintwon tou R elvar mpo-
paveg.

Iapaznpnon

‘Orav avagépoupe 10 R, Yo evvoolue 61t elvar epodiacuévo Ue TNV ouvr)-
topévn petpwr). Mévov 6tav evvoolue dhhn uetpxh oto R -yia mapdderyuo
™V Staxplth petpueh- o TV avapépouue pnTdL.

Ilpbtaon 1 Avz,y € X ka1 x # y, tére vndpyovr nepioyés Ny, Ny ot omoieg
etvar Eéveg.

Arédeén

Agolb  # y, p(z,y) > 0. Oewpolue ¢ = 3p(z,y). Ou deifouue 6t
Nz (e) N Ny(e) = 0. 'Eoww z € Ny(e) N Ny(e). Téte 2e = p(z,y) < p(z,z) +
p(z,y) = p(z,z) + p(z,y) < € + € = 2e. "Atorno!
(Hopatnehote bt o’authy Ty anddeiln ypnordomothinxay dAes ot WddtnTeg
™G LETPIXNAC). O.E.A.

Opgiowog 3 'Eotw axohouvdia {z,} n onolo nepiéyeton ot0 YeTpXd YWPO
(X,p). Aéue 6w n {z,} ovykAiva oto z € X A 61 10 z €elvar dpro Tng
{zn}, xo ypdgpovue z, = z f limz, = z, av yio x&de nepoy Ny 10U T
undpyet avtiototyog deixtne ng € N dote 6hot ot bpot g {z,} ue delxty
n > ng neptéyoviar ot Ny.

(Aox. 8,9)

ITpotaon 2 Kauud axodoviia dev umopel va ouykdiver oe dvo Oagpopetikd
opa.
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Arédaén

‘Eotw {zp} otov (X, p) xow 2, = z, T = y, T # y. LOuQova ye v
ITpéraon 1 undpyouy neptoyés N, Ny ot onoleg evar Eéveg. Tmdpyer deixtng
Ny WOTE : N >Ny = Tp € Ny xou delxtng no OOTE : n > ng = z, € Ny.

Apa, av n > ny = max(ni,ng), 101€ T, € Ny N N,. ‘Atono! O.E.A.

BAérmouue, Aowmdy, 61l 1o dpto utag axolovdiog eivon povooruavta opt-
ouévo and v axohoudio. Enouéveg unopolue va Mue «z elvon o dplo tng
{zn}» bty z, — .

Ipértaom 3 Eotw axodoviia {z,} n ornola nepréyerar orov (X, p). Tdre:
T — T av ka1 pévov av p(x,,z) — 0.

Iapazrjpnon
H {p(xn, )} eivar axohouvdia oto R. ‘Otay, howndy, ypdpouvue p(zy, ) —
0 evvoolue 6t 1 {p(zn,x)} ovyxhivet oto 0 cdugwva ue 1o Kepdhowo 1.

Anéoaén

Kde ypouur elvar toodhvaun ue v mponyoluevy tng:
Ty — T
vt xdde € > 0 undipyet ng = no(e)
yia x&de € > 0 undpyet ng = no(e)
p(Tn,z) =0 O.E.A.

otE: M > ng = Tp, € Ny(e)

o
wote: n > ng = p(xn,x) <€

AxpiBdg dnwg xdvaue oty mepintwon tou R ye ) ovvnbhiouévn andoto-
on xat agol oploaue Tig évvoleg TN Teploy N ot Tou oplou axoloudiag ot
(e PETPUO YOPO, UTOPOUUE VO 0plOOUUE TIC EVVOLEC TOU Onueioy emagris,
¢ kAT Onkng, Tou onueioy CUOTHPEVONS, TOV €0WTEPIKOY TNLEIOY, TOU
owvopiakoU onpeiov, ToLU TUVYEPOU, TOU arolkToy TUVOAOU XAl TOU KA€10ToU OU-
véou oe x&de uetpxd ydeo (X, p). Enione urnopolue, av aviixatactioovue
10 R ue tov onotovdrrote petpixd yopo (X, p), vo Eavadlatundoovue xon va
enavardfouue autoregel Tig anodeiels Twv Oswpnudtey 1,2 xou wwv Ipotd-
oewv 1,2,3 Tou Tp®wTou XEPalaiou.

Optopmog 4 'Eotww 3o petpuxol ywpor (X, p) xou (Y, 7) xou ouvdptnon f :
A=Y, bémou A C X xuwzg €A. Adue 6u n f elvar ouveyris oo o,
av v xéde € > 0 undpyet 6 = d(e) > 0 wote: z € A, p(z,z9) < § =

7(f(x), f(x0)) <e.
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Ilpétaom 4 Eoww perpikol yapor (X, p),(Y,7), ACX, f: A=Y, 5y €
A. H f efvar ovveyris oo zo av kar pévov av : {z,} oto A kar z, — o 070
(X,p) = f(zn) = f(20) oov (Y, 7)

Arnédeén

Trodétouue 6t 1 f elvon ouveyrc oto z9. Eotww omowadfnote {zp} 1
onola meptéyeton ot0 A xou z, — =z otov peTpxd Ywpo (X, p). Atohé-
youue tuydév € > 0. Trndpyet 6 = d(e) > 0 dote: = € A, p(z,z9) <
0 = 7(f(z), f(zg)) < e. Katdmy, undpyet ng = no(d) dote: n > ng =
p(xn,x0) < 6 = 7(f(zn), f(z0)) < &. To ngp eZaptdron and 10 § xou T0 §
eZaptdron and to €. Apa 1o ng e€aptdton and to €. Enouévwe: f(z,) — f(zo)
otov yetpxd ywpo (Y, 7). Aev xdvoue tinote dhho and 1o va enovahdBouue
™Y Yoot anddeln g dtag mpdtaons tou Arnelpootixol Aoyiopold avti-
xahotoviag T [z — zol, [z — zol, |f(z) — f(zo)l, |f(zn) — f(z0)] pe
p(;20), p(2n, o), T(f(2), f(20)), 7(f(2n), f(20)) avrioTolyws. Ac xdver o
avay veotng 1o (3to Yo va arodeilet to avtiotpogo ! O.E.A.

Ac Eavadratunwoet xan ag anodel€el o avayvaotne To Oewpenua 3 Tou TE®-
Tou xepahaiou yia ouvdptnon f : X — Y, émou (X, p), (Y, ) eivon petpixof
yweot. (Aox. 10, 11, 14, 15, 16)

Ilpétaom 5 Kdle e-nepioyr) oe petpixé yapo (X, p) evar avoiktd ovvodo
orov (X, p). Kdle nenepaouévo vnootvoro wov X elvar kkewotd orov (X, p).

Anédeén

(o) 'Eotww zog € X xaw Ngy(e). Eotw € Ngy(e). Oa anodeiZovue v
Onopln neptoyfic Nz (d) n onoia neptéyeton oty Nyo(g). Agol z € Ny (e),
p(zo,z) < e. Halpvouue § = e—p(zg,z) > 0. Avy € Ny(d), t6te p(z,y) < 4.
Apa p(y, o) < p(y, z)+p(z,z0) < §+p(z,z0) = €. Enopévwe: y € Ny(d) =
Yy € Ngo(g). Anhadh: Nz(d) C Ny, (e).

(B) Eoww A = {z1,22,...,2,} C X. Av z € A° 6t p(z,z1) >
0,...,p(z,zn) > 0. Oewpolue € = min(p(z,z1),...,p(z,z,)) > 0. Ipo-
pavae, téte Ny(e) N A = 0, dh. Nyp(e) C A° Apa 10 A eivar avorxtd
oOvoho, ondte 10 A elvan xheloto. O0.E.A.

IIpdétaorn 6 Eotww (X, p) petpikds ydpos. Tére to X elvar kar avoiktd kar
khewrté arov (X, p). To tho wyve kar ya o ().

Anédoaén
Mo onotodfnote z € X xan yta onotadfinote Ny (e) €xouue 61t Ny(e) C X.
Apa 10 X elvon avowxtd otov (X, p). Av {z,} otov X xou z, — = 167€,
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mpopavg, £ € X. Apa 1o X elvar xhewoté otov (X, p).
Io 1o O woyder 6u B¢ = X. O.E.A.

Ipéraon 7 Av{z,} elvar akodovilia n oroia nepiéyetar otov (X, p) kai, petd
ané kdnowov deiktn, elvar otalepr) kat ion pe x, tote T, — .

Arédaén

Eotww 61t ng € N xat z, = z yia n > ng. Téte yia xdde N, undp-
YEL TO GUYXEXPWEVO Mg OOTE : M > ng = Ty = T € Ng. ‘Apa z, — .
0.E.A.

Y10 undhowno pépog Tou xepoaiou Yo e€etdcovue ueptxd Topadelyuata
METPIXADY YWRWY.

Hapdderyna 1
X =R, p n ovvndopévn yetpur: p(z,y) = |z — y|. To nopdderypa awtd
eZeTAoVNUE EXTEVEG OTO TPWTO XEPAAXO.

Hapdderypa 2
X omowodfrote un xevd alvolo, p 1 Sroxprty uetpwxr|. Tote:

[ {z}, av0<e<1
N‘”(g)_{ X, avl<e

’ ’ 3 1 7 ’. .
Av wa axohoudio {zy, } ouyxhiver oto z, T6TE Yo e = 5 undpyet ng € N woTe:

n > mny = on, € Np(3) = {z}, dnhadf| z,, = . Apa 1 {7} elvon, petd amd
xanowoy delxty, otaepr. To avtiotpogo woylel oe xde ueTEPLXS YWPO AoOYW
¢ Tpbtaone 7. Apa ot ouyxhivouoee axolovdiec otov (X, p) eivar exelveg
(xaw pubvov) ot omofeg elvon, uetd and xdnotov deixtn, otodepéc.

Onowodrinote A C X eivon avowxtd otov (X, p), agol, av a € A, t61e
No(3) = {a} C 4.

Enione, onowdfnote A C X elvou xhewot6 otov (X, p), agol, av 10
elva 6pto axohovdioc {z,} and to A téte, Uetd and xdnotov deixtn, zp = ,
Inhadh = € A.

O yopoc (X, p) elvon apxetd amhoixde xat, bnwe eidaue, yvwpilovue dha to
AVOLXTA %ot To XAELGTE UTOGUVOAS ToU xou GAEC T cuyxAivouoeg axoloudieg
Tou. Elvow mnyy mopadetyudtoy xo avTinapadelyudtwy.

Hapdoeryua 3
To olvoho R*(n € N), 1o onoio éyet w¢ ototyeior Ohec Ti¢ drartetaryUuévee
n-8deC TEAYUATIXOY optiudy:

R" ={z = (M, 23 )y | 29 eR j= 1,2,...,n}.
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Mpogavirg: R = R.
O R? ¢yet wg ototyeio Gha to Srotetoryuéva Leuydipta TEoryLoTixdy optd-
MoV, Autd, yewuetpxd, tawtiovton pe ta onueia evog emnédou oto omolo

€youvv xodoptotel 8o oployhviol dEoveg ue xowd onueio 1o O xar dmov oto
Zeuydpt (1), 2(2)) avtiotoyel w0 onueio tou emrédou to onolo éyet we mpo-
Bok#| atov optlévtio dZova 1o (D) xan e mpoBolf 6Tov xataxdpupo dEova To
2.

O R3 nepiéyer dhec Tic SratetayUéveg Tetddeg mpayuatxdy opiumy. Au-
Té¢, YEWUETPXE, Tawti{ovtan Ue Tar onueior TOU YWEOL Uag oToV onolo €youv
xodoptoTel Tpelg opdoynviol UeTaglh toug dEoveg ue xowd onueio to O xan
6mou oty teudda (z(1, 23 23)) avtiotoyel to onueio Tou ydpou to onoio
€xeL wg mpoPolt) otov éva agova 1o x(l), otov dhho &Eova 1o 22 xar otov
tpito dZova To z®3),

T n > 4 Sev undpyet avtiotolyn YewUeTELXT EnonTEloL.

To olvoho R epodidleton ue wia petpixyy p, tny ovoualouevr Evideidia
perpixny 1, Evkdeidra andozaon, 1 onola opileton wg e€g:
avz = (D, 23 . 2y =@M, 4@ y™)) w6t

p(z,y) = () —y)? 4o 4 (2 —y™)2)2

M

Avn =1, 16t p(z,y) = [(z — y)Q]% = |z — y| xou, enouévwe, N p cuurinTeL
ue v ovvniopévn yetewr Tou R Av n > 2, mpénet va del€ouue 6Tl 1) p

avoTolel Ti¢ TEGoEPLS ILOTNTES ULOG METPIXTG.
1. p(z,y) > 0 eivar mpogavéc.

2. p(.’L‘,y) =0 & (:1,‘(1) — y(l))2 e 4 ($(n) _ y("))Q -0 & £ =
3. plz,y) = [(#® —yM)2 4o 4 (z(M) — y())2]
(y™ = 2™)2)> = p(y, z).

D=

= [(y(l) — x(l))2 + cee +

4. Tho va arodet€ouue v WdTNTA 4, YenoyuonotoluE TNy arodtnta
Cauchy - Schwartz: (a1by+---+apbp)? < (a2 +---+a2) (b2 +---+b2)
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vio x80€ a1,09,- .- 0n,01,b9,..., b, ER
Me v Bordeid tng anodewxvietar ) avicdtnTa

1 1 1
(01 4017 + -+ (an +bn)°]2 <[af + - +ag]e + B + -+ 57]2,
av 1 teheutaia vwiel oTo TETEAYWVO XaL Yivouv oToLyELMdES TRAEELS.

Av, thpa, Véoovue a; = 2\ — 20) b = 200) — yU) 1é1e nafpvoupe v
Tprywvr, avisdtnta p(z,y) < p(z, z) + p(z,y). (Aoxnon 6)

Yy mepintwon tou R?, ue epapuoyr tou Tudaydpetou Yewpfjuatog 610
oyfua, ovunepaivouue 6t M p(z,y) eivor 1 Yvwoth «eudlypauuny andotaom
oto eninedo avdueoa ota T, Y.

To {30 ouyPBaiver oyetind pe 10 R xon tov tpi0didotato yopo.

"Apa 1 yewpetpeh exéva tne Ny (€) otov (R?, p) etvon Sloxoc xévtpou T xon
axtivag € (ywelc to onuela tne teptpépetac), eve otov (R?, p) elvor opanpux
undha xévtpou T xou axtivog € (ywplc to onueia e entpdvetag).

Metd and ™y xaTavonon Twy TEPLOYOY UTOPOUUE Vo avTtAn@dolue Tdg
uoLdlouy Tor avorxtd xan Tal xhelotd olvola otov (R?, p) xau otov (R?, p) xan
TL onUaiVeL Ty, — T.

(1) (n)

Ipoétaon 8 Eotw T = (T, .-, Zm’) (m € N), axoloviia otovr R" ka1
= (z,..., M), Téve: zmy — z otov (R, p) av ka1 uévov av 29 = z0)

otov R ya kdfe j =1,2,...,n.

Arédaén

(o) Botww z; — x otov (R?, p). Adyw e Ipbdtaone 3, p(zm,z) — 0.
Ouwe vy xdde j = 1,2,...,n wyler 6T |:c%) — 29| < p(zm,z). Apa
) 5 20,

(B) Eotw, topa, 6t w%) — 29 vy x&9e j = 1,...,n. Téte (:L‘(j) —
z))2 5 0 yiaxdde j =1,...,n. Apa (w%) —zM)24.. -+(:v£,rf)—w(”))2 — 0,
Ihadh| p(zm,z) — 0. IIdh Aéyw e Hpbtaone 3, zm — = otov (R, p).

O.E.A.

H npbtaon auth avéyet ) obyxhon axohoudidv otov (R?, p) otn obyxht-
on axohouthdy mparyatixdy aptdudy. (Aox.3)

Ararodntind unopolue va dtoxpivouue tote Eva oUVoAo efvon avolxtd oTov
(R™, p) av xotopépouvue VoL QTIAEOUUE UL YEWUETPIXY exdva Tou 010 YopT
() o710 PVAAS pog).
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Av éva ohvoho anotekeiton and dha To onuela o onola Bploxovton ot wia
TAEUEA ULag EMLPAVELAS TOTE TO 6UVORO oo elvon avorxtd. H empdvera etvar to
oUVopo ToU GLYVOAOL aVTOV. AV 6T0 GUYOAO AUTO ETLGUYAPOLUE TNY EMPAVELX,
16TE 10 NAUVoLpLo alvolo elvar xAeloTtd. Evag dhhog, o auotneds, Tpdnog va
dtaxplvouue avoxtd oOVoha Elvon Vo To TERLYPAPOVUE UE aVIGOTNTES, dNAadt|
UE TOV Topaxdtew TEOTO.

‘Eotww ouvdptnon f : R* — R owveyris otov (R, p) xaw a € R T6-
1€ 10 obvoho E = {z € R*|f(z) > a} eivar avoxté otov (R”,p), enetdn
E = fY(a,+00)) xou, enopévec, 1o E elvoar aviiotpopn exdva avoxtol
unoouvérou tou R, Ouolwe, 1o {z € R"|f(z) < a} elvouw avorxtd, eved 1o
{z e R"|f(z) > a} xou {z € R"|f(z) < a} eivar xhewotd otov (R”, p).

Avutd, BéBona, mpolmoldéter dti umopolue var avoryvwptlovue Tig ouveyeic
ouvapthoelg R* — R. Ot emdueveg mpotdoelg Yo pag Bondioouy va amoxti-
COULUE EVal ONUAVTIXO ANOVEUA CUVEY WY CGUVAPTHOEWV.

Ipébtaon 9 Eoww (X, p) perpixds xdpos kar f,g : X — R owveyeis oo
z9 € X. Tére :

(a) n af + Bg elvar ovvexnis oo zo (o, B € R),

(B) n fg elvar auvexris oo xy,

(y) n /g etvar ovvexris oo zo,apkel g(zo) # 0.

Anédeén

Bdoer tne npdraonc 4 (émov we (Y, 7) dewpolue tov R e ) ouvnhouévn
uetptxn), vnodétouue 61t z, — xo otov (X, p). Téte

(@) (af+Pg)(2n) = af (zn)+Bg(zn) = af (z0)+Bg(x0) = (af+Bg)(20),

(B) (f9)(zn) = f(zn)g(zn) = f(20)g(x0) = (fg)(0),

() (f/9)(xn) = f(zn)/g(zn) = f(20)/9(20) = (£/9)(0)- O.E.A.

Ipértaon 10 Eoww (X, p),(Y,0),(Z,T) tpeg perpixol xdpor kar f : X —
Y,g: Y = Z. Av n [ elvar ovrexns oto zop € X ka1 1 g elvar ovveynjs oto
yo = f(zo) €Y wéte n h = gof : X — Z elvar owveyrjs oo xy.

Arnédaén
‘Eotww z, — zo otov (X, p). Téte: f(z,) — f(zo) otov (Y, 0). Enouévac
h(zn) = 9(f(zn)) = g(f(x0)) = h(zo) oT0v (Z,7). O.E.A.

Yuvdudlovtag autée Tt 300 nPoTdoEl; UnopoVUE, EEXVMVTAS ond TOAD
amAéc ouveyelc oUVAPTACELS, VO XATAOXEVALOVUE OAO XL O TOAUTAOXES.
Mo opdderyuo otov (R™, p) n ouvdpton j-tpoporri (1 < j < n)
I, : R* - R ue tomo
II(z) = 29, g =(M,... ™)
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elvou ouveyrc otov (R?, p). Aiét, av z,, — x otov (R?, p), t61€, obupwva

ue v [pétaon 8: Ili(zy,) = 29 & 20 = I;(z). Apa, avng: R = R

elvar ouveyfic oto R, tote 1 f : R* = R pe timno
f@) = g(z), z = (&M,...,2™)

efvon ouveyhc otov (R?, p), bt f = goll;. Apal, ToAvwrupikés ovvaptrioe:
R* — R, dnhad?| cuvapthoels Tng Loppnhg:

FzW, . 2™y = azM)er (z@)ez . (gMyan 4 gzW)Br. . (x84

omou ot exdéteg eivar dhot un-apvntixol aprduol xon 1o dpotoua elvon meme-
z s 7 n z /7 /7 4

paouévo, eivon cuveyeic otov (R?, p). Pntéc ouvapthoels, dnhady| xhdouata

ToAVWYLUIXGV, elvar enfone cuveyelc (extéc and ta onueia ota onola undevi-

Ceton 0 TopOVOUAOTHC) GTWE XAt GLUVAPTAOELS Ot oToleg elvon amhol cuvduaouof

eXVETIXWY, TELYWVOUETPIXMOY X.A.T CUVAPTACEMY TWV GUVTETAYUEVGY.

(Aox. 4,5,11,12,13,17,18,19).

2.2 Aoxvoeg

Ov aoxfioeic 1, 2, 3, 6, 13, 15, 16, 17, 18, 19, 20, 21, 22, 25, 26, 28, 29, 30
TOU TPAOTOV XEQPAAX(OU LY VOLY XU OTNV TEPITTWOT YEVIXOU UETEIXOU YOEOY.
Mropeite va Tig EavadtatundoeTe xot v emavahdPete TNy anddetlr toug.

EdOxoleg
1. Anodei€te 6Tt 1 Sroxprth ueTpxn txavorotel Tig Téooeplg LWOTNTES [Lag
METELXAS.
2. T xdde z,y oto R opiCouue:
pl(zay) = (‘T - y)2a pZ('Ta y) = |‘T - y|7p3(xay) = |‘T2 - y2|,ﬂ4($, y) =
— 24, p5(2:9) = 2
|z — 2y, p5(2,Y) = T og-
[oég and t¢ p1,...,p5 elvon yetpxéc oto R ;

T z = (2, 2)),y = (M), y)) opiCouye p(z,y) = [(= — yM)? +
4(z?) —y)2)1/2, Eivan 1 p petpued oo R2;

3. Xrov (R, p), 6mou p eivon 1) Euxheidia petpxn, Yewpobue tic axohoudies
{zm}, {ym} o axohovdio cpdudv {A\p}. Av zp = z,ym = Y, A —
A anodel&te O Ty + Ym = T+ YT Ym — T Yy AnTm — AT
(6mou, av z = (), ..., M)y = (1, ..., y™), w6 z +y = (V) +
y W 2™ 4y A = AW, Az ey = MWy 44
z(™y(m))
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4. T o mopoxdtew oOvora A otov (R?,p), émov p ebvor 1 Euxhetdio

7

MeTELXY, amavTHoTe av elvar avoxTtd 1 xAewotd 1) tinote xau Bpeite ta

A0, A, BA, A'.

() {(z,y) | z* +y* <1},

®) {(zy) [2® +y* <1},

() {(z,y) | 2* +y* > 1},

®) {(z,y) [ 2? +y* > 1},

) {(z,y) | 2* —y* <1},

() {(z,y) | 2> —y* > 1},

@) {(z,y) |z > 0},

) {(z,y) [z =0},

(%) {(n,0) | n €N},

() {(3,0) [ n €N},
() {(5+m) | nym €N},
(B) {(z,0) |a <z < B}, o, BER,
() {(z,0) [ <z < B}, &, BER,
(W) QxQ

(€) (@xQ nlo, 1%,
(1s") C x C (ro olGvoro tou Cantor),
(i) (@nN[0,1]) x {5|n € N},
() @ x (R\Q).

5. 'Eotw un xevé obvoro X xar p n Sroxpity) yetpuer] oto X. Armodei&te
v xdte A C X 6t A= A° = A, 0A = ).

6. Anodeigte v avioétnta Cauchy-Schwarz otov R”.
7. Bpette unooivoro tou (R%, p) ue axppac tpla onuele cuocobpeuorc.

8. Av z, — = oe yetpwd ydpo (X, p), anodeilte bt yia xdde unoaxohou-
Vo {zy, } 1z, >

9. Eow 61t z, = T,yp, — Yy o€ uetpxd ywpo (X,p). Anodeilte bt
p(Tn, yn) = p(2,y).
Trbdeln: anodetlte npdtal 6Tt |p(Zn, Yn) — p(z, )| < p(@n, 2) +p(Yn, y)
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10.

11.

12.

13.

14.
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‘Eotw petpwol yodpor (X, p), (Y,0) xu f: A =Y, A C X,zy onuelo
ouaonpeuong tou A. Alatundote Tov oploud Tou

lim f(z)=y €Y

Adx—x0

xo anodeiZte 6Tt aToS 0 optoudes tooduvael e @ o xdde {z, } 1 onola
neptéyeton oto A, ue £, — z otov (X, p) xou zp, # T v xde n € N
wyler 6t f(zn) = yo otov (Y, 0).

Eotw uetpxde yodpoc (X, p), A C X xar zg onueio cuoobdpevons tou
A Eow g,f : A= R Avlimg_, f(z) = [,lim;_,4, g(z) = m téte

limw—m:o (f + g) (.’L‘) =1l+m, limw—)zo (fg) (.1‘) = Im, hmw—)wo (f/g) (.13) =
l/m, apxel m # 0.

Meérpreg

OpLopés 5 e petpxd yodpo (X, p) 1 kA€ot e-repioyr onueiov a € X
elvar 10 oOvoro Ny(e) = {z € X|p(z,a) < €}

Anodeilte 6Tu

(o)
(®)
()
)

N, (e) etvar xhewoté Glvolo.
Na(e) C Naf(e)

oy Vet Tévtote Ny(e) =

_5

( ); (Trbdeln: Sroxprt| wetpuxr|)
Ny(e) Yo xdde a € R, e > 0.

(8) ooy (R, p) woyler Ng(e

Oprowds 6 Evavrocivoho A tou R* Aéyetan xuptd av Yo xdde z,y €
Axouxddet € R yue 0 <t <1 woydel 6t

tr+(l—t)ye A.

owd efvon 1 yewuetpix? onuacio (otoug R2, R®) autod tou opiopol;
Arnodel€te Ot xdde e-meployt| elvon xuptd olvoko xar OtL, av A elvon
%VPTO,TOTE TA A% A eivon enfong xuptd olvola.

Oplopog 7 Eotw petpixde yopoc (X, p) xor A C X. To A ovoudleton
mukvé avov (X,p) av A = X.

IMo mapdderypa A =Q, X =R,

‘Eotww (X, p) petpinde ydpos xau f : X — R ouveytic otov (X, p). Eotw
A muxvé oto (X, p). Av f(z) = 0 yia xdde z € A, téte anodeilte ot
f(z) =0y x&de z € X.
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15.

16.

17.

Opropog 8 'Eotw un xevé urnochvoho E petpixol ywpou (X, p). Opl-
Couue v andotaon onueiov z € X and to E wg &g :

= inf
pE(z) ;ng(w,y)

(o) Arnodei&te v Unoapén tou infimum.

(B") Anodeitte 61 pp(z) =0<= z € E.

(Y) ArnodeiZte 6t |pr(z) — pe(y)| < plz,y), 2,y € X %o 61 1 pE :
X — R eivon ouveyfc otov (X, p).

Eotw un xevd xhewotd &éva vroovvoha A, B uetpixol yopov (X, p).
Optlouue

Arodet&e ot

() n f: X — R eivou ouveyrc otov (X, p),

@) fe)=1leozeBxu f(z) =0z A

OpiCovue K = f1((—00,3)), A = f71((3,400)). Anodeifte 6 100
K, A eivon avowxtd otov (X, p), Zéva xou 61t A C K, B C A.

AVGx0oNES

OpLowdg 9 Metpidc yopoc (X, p) Myetan Siaympionios oy Undpyet
uroohvoho tou A ue Tig ILOTNTES:

(o) A éyer apriufiotuo tAidoc ototyeiwy , ot

(B) A= X (dn\. 10 A eivon muxvé ooy (X, p)).

Anodeigte 6t 1o (B') elvorn 1oodhvapo e To Tapoxdte

(') onowdhnote nepoyf N, omowoudfnote onueiou £ € X rnepéyet
ototyelo tou A.

Eivar 0o R daywpiotuoc; Eivon o (R, p), énov p eivon n Euxkeidio pe-
TpxY, Staywelotuog;

(Trddeln: Ocwpeiote 10 olvoro A twV onuelwy wwy onolwv xot ot n
ouvtetaryuéveg eivar pntol aprduot).
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18.

19.
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‘Eotw yetpixde ywpog (X, p) ue my e&hc diémta: onotodhinote dnelpo

/7 4 z 4 7 7 7
unocUvolo tou X €yel Touhdytotov éva onueio oucowpevong. Anodeilte
6t o (X, p) elvon drarywplotoc.

'Eotw urocivoho A tou (R”, p), bnou p eivon n Euxkeidia petpur. Av to
A elvar xon avoxtd xon xhetotd, anodeifte bt elte A = () efte A = R™.
Trdpyet petpixde ywpoc (X, p) xou unoolvokéd tou A pe v ddtntos
A#0,A#X,A elvan xon avoxtd xon xAeoto;

(Tr6deten: ELovoho X ue touldytotov 8Go ototyeio epodiacuévo ue v

Sraxprth peTpxn).



Kecpdc)\ou.o 3

YUY ELOL

3.1 Tevixd

Mddape 6Tt oe éva petpd ywpo (xan edixdtepa otov R) opouéva uno-
olvoha yopoxtneilovtar «avoXTdy Xl optouéva «xAeloTdy. Trdpyet xou uta
ShAn onuoavTer xotnyoplo CUVOAWY, auTd Tor onolor Aéyovta «ouunayhy. O
dwoovue tov oploud xou Yo amodelfouue ueptxée yevixég WiotnTee. Metd
Vo eZetdooupe v nepintwon tou (R™, p), brnou p eivar 1 Euxheidro uetpuxd.
Téhog, Yo Solue 0 oyéon GUURAYELAS XU GUVEYELXS.

Opiowog 1 Eotw M éva unooivolo uetpixot yopou (X, p). To M ovoud-
Cetan oupmayés, av xdie axoloudia n onola teptéyeton oo M €yel Touldytotov
(o umo-axohoudia 1 onola ouyxhiver oe otouyeio Tou M.

Iapadetypara

Yta mopodelypoata autd o petpixde yweog elvow o R ue tny Euxheldia
METEIXN.

1. M = (0,1]. Ac dewpfioouye Ty oaxohoudia z, = L, n € N. Enedy
zn — 0, xéde vno-axohoudia e ouyxhivet oto 0. Apa n {z,} neptéyeton
oo (0, 1] xou Sev €yet xouio uno-axohoudio 1 onoia cuyxAivet oe ototyeio Tou
(0,1]. "Apa to (0,1] dev eivar ouumaryéc.

2. M =10,1]. Oewpolue tuyoloa axohovdia {z,} n onola neptéyetar oo
[0,1]. H {z,} eivon pparyuévn. Apa, odugpuva ue 10 Oedpnua 1wy Bolzano-
Weierstrass and tov Aneipootind Aoyoud, n {z,} €xet Touhdylotov wa uno-
axohouvdia 1 onofo cuyxhiver: zp, — z. Ened| 1o [0,1] elvar xAetotd xon m
{zk, } teptéyeton oo [0, 1], ouvendyetar 6tz € [0, 1]. Enetdr| unodéoaue 6t
{zn} elvon Tuyovoa axohoudia n onolo neptéyeton oo [0, 1], éyouue anodeilet
6t 1o [0, 1] eivor ouumayéc.

35
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3. M =10,+00). Oewpolue tv axohovdia =, = n, n € N. Exedf z, —
+00, x&e uno-axohoudio tng anoxAivet oto +oo. Apan {z,} nepéyetar oo
[0, +00) xou dev €yer xapia uro-axorovdio n onola cuyxhivel oe otoyeio Tou
[0, +00). Apa 0 [0, +00) Sev elvon ouumaryéc.

Ev yéver, 10 va anodeilouue ot éva cuyxexpiuévo olvoho M dev elva
ouunoyég elvor amhoé tpdPBAnua: apxel vo Bpolue éva nopddety o axohouvdiog 1
ornolo neptéyeton oto M xou xautd uro-axohovdia tng dev ouyxhivel oe atolyeio
Tou M.

Ev®, 10 va anodeilouue 6t éva olvoho M efvar ouumayég etvon mo 30-
oxolo TedPAnuo: mpénet va Yewproovue Ty tuyovoa axohouvdio 1 onola me-
ptéxeton oto M xou var amodet€ouue ott €xet uno-axoroudio 1 omola cuyxAivel
oe otoyeio Tou M.

(Aox. 4,6, 9, 10, 14, 15, 16)

Oprowog 2 Eow M unocOvoho petpxol yopou (X, p). To M Aéyeton
ppayuévo av vndpyet £o € X xou Yetixndg aprdude R wote

M C Ng(R)

IHapadetypara
Y10 R éva unooclvoho M elvon ppoypévo av xatr UOVoY av TEPLEYETUL OF
xdmoto gparyuévo ddotnua. Fevixd, otov R* (6nwe ndvta ye ty Euxheidia
petpwer) éva utoolvoho M eivar QporyUEVo oy xou UOVOY OV TEPLEYETOL OE
xdnoo optoydrio tapaAdnieninedo. Opdoywvia tapodinienineda elvar chvola
™S HopPric
[al,bl] X [ag,bg] X ... X [an,bn] =

={z=(21,...,20) | a;<z;<bj, j=1,...,n}.

Ttov R? givor 1o ouvndiopéva opdoydvio mopod Anhéypopua Ue TheUpéc
TapdAANAeg oToug 0o d€oveg ot GTOV R? 1o oploydviar TopahAnheninedo
ue axués mopdhhnies otoug tpeic d€oveg . To [aj,b;] ovoudleton 0 j akurj
Tou opd. mapalkniemnédouv. Av ta [aj,b;] éxouv 6ha 1o (B0 urxog, TéTE TO
opdoyavio mapodinieninedo ovoudleton kUfog. Ot emdueveg dUo npotdoelg
elval apxeTd yPHOLUES.

IIpétaon 1 Eotww M ouunayés vrootvolo petpikot yapov (X, p). To M
elvar kKAewoté kar gpayuévo.

Anéoeaén
'Eotw z 10 onofo eivon bpto axohoudiag {zy} and 1o M. Enedf o M eivon
ouurayég, undpyet Toukdytotov pio uto-axohoudio {zk, } 1 onola cuyxhiver
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oe otoyelo tou M : z, =y, y € M. Enedq z, — x, ouvendyeton o1t
T, — . Apa x =y xou, enouévwg, £ € M. "Apa 1o M elvor xheotd.

‘Eotww 61t 10 M dev elvan @paypévo. Oewpolue Tuydy g € X. Téte vy
x&den € N: M & Nyi(n). Apa yia x&de n € N vndpyet avtiotoryo ototyeio
ZTn € M, z & Ngo(n). Anhadf z, € M, p(zp,z0) > n.

H axohoudia {z,} neptéyeton oto M xou, enedh) 1o M eivon ouunayée,
undpyet xdmoto uno-oxohoudia {zk, } 1 onolo cuyxhivel oe otoyeio tou M :
zg, = 2, * € M. Enopévwc: p(zg,,z0) — p(z, z0).

AW, and p(zk,, o) > kn Yo xdde n € N, cuvendyeton 6t p(zg,, o) —
+00. Katadfyouue oe avtigaon.

Apa to M elvan gporypévo. O.E.A.

Opiowog 3 'Eotw A un-xevé uvnoolvolo evoe petpeol yoeou (X, p). Ovo-
udlouvyue didperpo tov A xon ovufBorilouue diam(A) to:

diam(A) = sup{p(z,y) | z,y € A}.

To obvoho {p(z,y) | z,y € A} elvon un xevé. Aiétt 1o A elvon un xevéd
xar, av & € A, t61€ 10 p(z,7) = 0 elvon otoyeio tou ouvdlou avtol. Enforng
10 00voho awtd elvar umoalvolo tou R xou tar ototyelor Tou efvar un-opvntixol
apriuol.

Av 10 olvolo autd elvon dvw-@payUévo, TOTE TO Supremum LTAPYEL X
elvar > 0, evéd av t0 Ovolo autd Bev elvar dve-ppayuévo, TOTE g supremum
oplletar 10 +00. Apa 1 Srduetpog Tou A elvon xahedg optouévn xou

0 < diam(A) < +o0.

Adppo 1 Eotw A un-kevd vrootvolo petpikod yopov (X, p). Tore: o A
elvar ppaypévo av kar pévov av diam(A) < +oo.

Anédoeaén

‘Eotww 61t 10 A elvar gporypévo. Anhady| undpyet £ € X xou R > 0 wote:
A C Ng(R). T xdde z,y € A wyder 6t p(z,y) < p(z,z0) + ply, zo) <
R+ R =2R. Apa diam(A) < 2R < +o0.

Avtiotpégug, éotw 6Tt diam(A) < 400, Oewpolue Tuydy o € A xou T0
xpatdue otodepd. Tote yia xdde = € A éxouue p(zo, z) < diam(A).

Av Yéoovue R := diam(A) + 1, téte yia xdde z € A wyler p(zg,z) < R
xo emouéves £ € Ny (R). Apa A C Ny (R). Anhad 1o A eivar gpayuévo.
O.E.A.

(Aox. 12, 13)

To enduevo anotéheoua €yel apxeTéC EQAUPUOYEC.
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Oewpnua 1 Eotw «eykifotionévny akolovdia un-kevdv ovuraydy vroov-
védwv K1 D K2 D ... D Ky D ... evds petpixod ydpov (X, p). Tére n toun
toug NF° Ky, Sev efvar kevf. Ankadn vrdpyer ototyefo to ormofo avijker oe
Aa ta Kp,. Av emnAéoy vnotelel 6n diam(K,,) — 0, tdre to kowd otoyeio
elvar povadikd.

Anédeén

Oewpolyue onolodfnote atolyelo Ty, Tou K. LynuatiCovue tny axoloudi-
o {zm} n onola nepéyeton oo K. Enedr 1o Ky elvon ouunoyée, undpyet uto-
oxohovdiar {zm, } 1 onola cuyxhivel oe ototyeio Tov Kyt oy, — o, z € K.

Oa anodel&ouue 6Tl T0 T aviixel oe oA Tot Koy

‘Eotww tuydy m € N. And xdnowov deixtn ko xou népo: my > m. "Apa,
av k > kg, 161€ Ty, € Ky, C Kpy. Anhadn 1 axolovdia Trmgyr Ly 15 - - -
nepéyetan oto Ky, Emedn 1o Ky, elvon xheotd, 10 6plo g axohoudiog
authc, dnhadn to z, avixel oto Ky,.

Eotw topa 6t diam(Ky,) — 0. Av z,y avixouy xou ta 300 oe dha o
Ky, t6te p(z,y) < diam(Ky,). Apa p(z,y) = 0 xou, enouévws, & = y.
O.E.A.

Ochpnua 2 (Bolzano - Weierstrass) Kdie gpayuévn axodovilia otov
R™ (e tnv EvkAeldra petpikn) éxer ovykdivovoa vro-akodovdia.

Anédeén
'Eotww z,, = (:1;%), e ,a:gf)) axohouvdia otov R*. Av n {z,} eivon gpary-
4 ’ (1) 2. 4 4 ’ 4 4
uévn, téte M {zm’ } elvar gporyuévn axorouvdia tou R. Apa et ouyxhivouoo
uno-axohoudio {z,,, M}

T, — 2.

H uno-axohoudio {zm, } ™c {Zm} €xet, enouévwe, ouyxhivouoes npdteg ouv-
tetoypévee. H {zm, D} elvor gpoyuévn axohoudio oto R, dpa éyel ouyxhi-

/ 2.
vouoa uno-axohoudio {:vmkk( }

2 2
Ty, @ = 1.

‘Apa, 1 uno-axohouwdiar {zm, } Exer ouyxhivouoes mpwteg xon deltepeg ouY-
TeTayUEVES. Buvey({oviag UE TapoUOolo TPOTO UEYEL TS N-00TEG CUVTETAY-
uéveg xou madpvovtag n Stadoynés urno-axohovdiec g {zm} Bploxovue uno-
axohoudior Tng 1 omola €yel Oheg T ouVTETAYUEVES TG ouyxhivouoes. ‘Apa
(ITpbtaom 8, Keg 2) 0 {zm} €xer ouyxhivovoa umo-oxoloudio. O.E.A.

Oehpnua 3 Eotw vtootvoro M tov R (ue tny Evklelda petpixn). To M
elvar ovunayés av kar uévov av elvar KAeioté kar gpayuévo.
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Arnédaén

H Ipétaon 1 amodetxviel Ty ulo xatedduvon.

’ 4 4 4 4 /. /.

Eotw 61t 10 M eivar xhetotd xan gpoyuévo. Oewpolue tuyolon {z,} 1
onoia neptéyeton oto M. Enedr to M elvon gpoayuévo, n {zn} elvon gporyuévn
xo, oOUPeVE ue 10 Oedpnua 2, éxet uro-axohoudia {zk, } 1 onola cuyxhivet:
Zr, — ¢. Enedr 1o M eivar xhewoté xou 1) {zg, } nepéyeton oto M, cuvend-
yetow 6t z € M. Apa ) tuyoloa axolovdia {z,} n onola nepéyeton oto M
4 7 ’7 2. 7 2
€yet uno-axohouvdia 1 omola cuyxiivel oe ototyelo Tou M. Emouévwe 1o M
elvar ouumayég. O0.E.A.

IHapadetypara

1. Onotad#note xheoth undha Ny, (R) elvan ouunayés unootvoro tou R™.
Erionc, onotodfnote opoydvio napakknieninedo (a1, bi] X ... X [an, by] elvor
ovunayés urtoclvoro touv R”.

2. To obvoho tou Cantor C eivar cuunayéc vtoohvoho tou R Sidtt elvan
xheoTd o PpayUEVO.
(Aox. 1,2, 7)

Iapazijpnon

To Oedpnua 3 Aéet 6T To avtiotpogo tng Ilpdtaomg 1 woylet oto ywpo R*
(ue v Euxheidia uetpnr)). Aev eivar duwe owotd 61t toy et oe xdde uetptxd
xwpeo (Aox. 11).

IMpotaon 2 Kdle un kevé ovunayés vrootvolo tov R éyer péyoto kar eAd-
X070 TToLEio.

Arédeén

‘Eotw un xevé ouvunayés unootvoho M tou R. Agol 1o M elvon urn xevo
xar geoyuévo, 10 M €yer supremum: [ = sup M. Apa undpyet axohoudia
{zp} o0 M &ote z, — . Aol 1o M eivou xhewotd, B € M. Apa to (B eivan
10 UéYloto ototyelo tou M. H anddeiln elvon (Star yior Ty Onopén ehoyiotou
oTotyelov. O.E.A.

Ko topa Yo anodeifovye xdmotar anoteréopata yia ) oyéon aviueoo
0TLS £VVOLEG TNG GUUTAYELAS XA TNG CUVEYELIS.

Ocehpnua 4 Eotw ovurayés vrootvolo M uetpikot xydpov (X, p) kar dev-
tepos petpikds yopos (Y, 7). Eotw owvdptnon f: M — 'Y ouvvexrs oto M.
Tére o f(M) elvar ovurayés vrootrodo tov Y.

Arédeén
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‘Eotw {yi} onotadrfinote axohoudia oto f(M). Apxel va anodei€ovue bt
N {yr} éxer vro-axohovdia 1 onola cuyxhiver oe ototyeio tou f(M).

Trdpyer z € M dote f(zg) = yk. Agod 1o M elvar ouynayée undp-
xet uno-axohoudio g {zx} N omola ocuyxhiver oe otoryeio Tov M: xp, —
o € M. Agol n f eivon ouveyric oto M, y, = f(zr,) = f(xo) € f(M).
O.E.A.

Oedpnua 5 Eotw ovunayés vnootvolo M petpikot ydpov (X, p) ka1 ov-
vdptnon f : M — R oweyns oto M. Téte n f elvar ppayuévn kar éyel
péyioTn Tiun kar eAdyotn Tiun).

Arédaén

Arné 1o Oeddp. 4 ouvendyeton 6t 10 f(M) eivan ouvunayéc unoohvolo Tou
R. "Apa eivar gparypévo xon éyet péytoto xar ehdiytoto ototyeio (Ipbtaon 2).
O.E.A.
(Aox. 8, 14)

Iapdderyua

H ouvdptnon f(z,y) = e*1Y, opiouévn o1o alvoro {(z,y) | 22 +y? < 1}
€xet, olupuva ue 1o Oebpnua 5, uéytot xou ehdytotn Tt Mropelte va Tig
unohoyioeTe;

Télog, Yo Sobue TNV yevixeuor Tou 0pLOUOD TNG OUOLOUOPPTC CUVEYELIG
Tov omofo uddaue otov Arnelp. Aoyloud.

Optowog 4 Eotww petpxol yopot (X,p), Y,7), AC X xw f: A—>Y. H
[ Méyeton opoduoppa ouvexns oo A av ya xdde € > 0 undpyet 6 = d(e) > 0
WoTE:

T,y € A, p(z,y) <6 = 7(f(z),f(y)) <e

Oevpnua 6 Eotw M ouvurayés vrootvodo petpikot ydpov (X, p) kar bev-
Tepos petpikds xopos (Y, 7). Eotw ovvdptnon f: M —'Y owveyris oto M.
Téze n f etvar opordpoppa ovvexris oto M.

Anéoeaén

'Eotw 6t 1 f dev elvon ouotduoppa cuveyrc oto M. Tdte undpyet € > 0
wote, v xde 6 > 0 undpyouv zs,ys oto M yio to omola toy et

plas,ys) <0 xan p(f(2s),Flys) 2 e
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[Moipvovue § =1, %, %, - %, ... xot ovoudlouyue ta avtioToy s T, Ys:

ZT1,Y1,T2,Y2 ... Tk, Yk - - - ONAad

plarye) < 1/k o p(F(z) ) >

To M eivar ouprayée, dpon {zx} éxet uno-axohoudio {zx,} n onola cuy-
xhivel og otolyelo tou M @ mg, — w9 € M. Téte bpog: yg, — To. (Aot
P(Yk,» o) < p(Yk,,Tk,) + p(Tk,,To) < é + p(xk,,T0) — 0). Adyw ouvéyetag
s f oto zo : f(zk,) = f(z0), f(yk,) = f(20). Apa

p((or,). (k) < o(Flor,), F(0)) + p( (0, £ (w1,)) = 0.

To teheutaio avtipdoxel ue to: p(f(zk,), f(yk,)) > € yio xdde p. O.E.A.
(Aox 3,5)

Ta 800 teheutatio Yewphuota YeVIixelouy YVWoTd anoteAéouata Tou ATel-
pooTixol Aoytouol otnyv mepintwon xatd Ty onola €youvue cuvdptnon f :
[a,b] = R ouveyn oto [a, b].

3.2*  Metpuxi-Hausdorff

‘Eotw petpée ywpos (X, p). Ocewpolue 10 Zp = {A | A C X, A
pearyuévo }. o xdde A, B € Zp opilouue
p (A,B) = inf{p € R | yio xdde a € A vndpyer b € B wote p(a,b) < p xou
ya x8de b € B undpyet a € A tote p(a,b) < u}.

(o) Anodeilte 6t n P elvan Jeudo-petpixf oo Zp.

(B) Anodei&te ot p (A,B) =0< A= B oty (X,p).

‘Eotww Zpc ={A| A CX, A gpayuévo xou xhewoté }.

Ta xde A, B € Zpc opilouue ue tov idto tino 1o p (4, B).

(v) Amodei&te 6T 1 P etvou UETPXT 0TO ZpC.

Opwoués 5 H p ovoudleton petpikr-Hausdorff otov yweo Zpc twv xhel-
OTOV XL PEAYUEVWY UTOGUVOA®Y EVOC UeETEX00 Ydpou (X, p).

() Q¢ (X, p) Vewpolye tov R™ ue tny euxheidia uetpxt|. "Eotw axoloudia
{An} xhewotdy xou gporyuévev untoouvérwy tou R* xar éotw £ (Ap, A) = 0,
4 4 4 4 Z 7 n 4
6mou 10 A elvon enfong xhetotd xou ppayuévo urocivoro tou R*. Anodeil€te
otL, av 6ha T Ay, efvan xuptd, toTE Mo To A elvan xupTd.
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(e) Hpoomadiote va «deltey Tt onuaiver YewUeTptxd 1 oyéon p (A,B)<e
avdueoa oe 300 xhetotd xon pparypévar (Snhadh cuproyh) uroohvora Tou R
‘ 3
1 Tou R°.

3.3*  Avouxtég xahbderLg

‘Eotw X ornowodfrote un xevé obvoho xou M C X. 'Eotw yla ouxoyévela
vrnoouvéhwv Ay (A € A) tou X, émou A eivar onolodfinote un xevé olhvolo
deTOV.

Oprowog 6 Aéue 6t ta Ay (A € A) anotedotv kdAvyn tov M av M C
Uxeadx. Av, emtmiéov, 10 alvolo dewxtov A eivon nenepacuévo, tote Aéue ot
o Ay (A € A) anoteholy memepaouévn kdAvypn tou M.

Optop6g 7 Av ta Ay (A € A) anoteholy xdhudn touv M, av A} C A xou ta
Ay (X € Ay) enfong amoteholv xdhun tou M, téte Mue 6Tt ta Ay (A € Aq)
anotedoty vno-kdAvhn tov M A bt n kdAvypn Ay (A € A) nepiéyer Ty vno-
kdAvyn Ay (A € Ay) tov M.

Oglowdg 8 Eotww 6u (X, p) elvon petpinde ydpos. Av ta Ay (A € A) anote-
AoV xdhudm tou M xan Sha tar Ay efvan avorxtd utootvora tou (X, p), téte
Meue 6t ta Ay (A € A) arnotedolv avorktr) kdAvyn tov M.

Hapadetypara

1. Eotw X = R xou M = [0,1]. Ocwpolye Ao tar St thuota Tne Lop@hic
Ay = (z — l(l)—o,x + Wlo),a: € R. Ipogavdg, autd anoteholv avorxt xdhudmn
tou [0,1]. Av Eeywploouue xou xpatAGOLUE LoV L T SLAGTAUATA TNG LOPYPTC
Ay, = (zf — ﬁ,wk + ﬁ), 6ToV :

1 k
=0,01 = ——, ..., T = ——,...,T99 = —, =1
B T/ A T M T M
TOTE €YOLUE LAl TEMEQACUEVT, UTO-XSALYT TNG apy xS avorxThg xdhudng.

2. 'Eow X =R xat M = R. Taipvouye ndht ta St Staothuarta (z —
1(1)—0,:1: + T%O),a: € R 1o onolo amoteholy avorxty xdhudn tou R. To mhrdog
Toug elvon drmetpo. Trdpyet menepacuévn uro-xaiudn; Oyt , SdTL av ndpouue
orotadinote nenepacuévou TAloug StacTAUaT

1o 1 L1
17700 T 100\ T 1000 T 100 )
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xa toL StotdEovUE Gote T < Tg < -+ - < TN, TOTE 1 Nuevdela (—oo, x1 — W%o]’
énoe xaw M [Ty + ﬁ, +00) dev xahOntetan ond ta SraoTAuota autd. Apa 1
ouyxexpuuévr avowxth xdhudn tou R dev nepiéyet kauia menepaouévr uno-
xdhudm tou R.

3. EBow X = R xou M = R. Tafpvouue oA ta Srootiwata g Lop@ng
(—n,+00), (—00,n),n € N. Tlpogave, autd anoteloby avorxth xdhudn tou
R ot 300 and awtd , ta (—1,4+00), (—o0,1) anotehody eniong xdhudm tou R.
"Apa 1 ouyxexptuévn avouxt) xdiudm tou R nepiéyel uiar tenepaouévr uno-
xdhudm tou R.

4. 'Eow X =R xawe M = (0,1). Onwg xou oto mopdderypa 1, to Sto-
otfuata (z — 155, % + 155): & € R anotehody avouctd xdhudm tou (0,1). Ta
d¢ (zx — ﬁ, Tr + ﬁ),xh = %, 0 < k < 100 anoterolv mETEpACUEVT,
uno-xdAudm tou (0,1).

"Apat 1 ouyxexpruévn avouxth xdhudn tou (0,1) neptéyet uta tenepaouévr uno-
xdhun tou (0,1).

5. BEow X =R M = (0,1). Ocwpolue 1o avouxtd Sraotipara (1, 1),

n = 2,3,4,5,.... Autd anotelolv avowxth xdhudn tou (0,1). Abt xdde
z 010 (0,1) mepréyeton o€ xdmoto omd ta (L,1). Apxel 10 n va efvon apxetd
UEYSho WOoTE % < z < 1. Av ndpouue omotadinote nenepacuévou Thidoug
and 1o Stao AT AUTE, dMAadY) :

(i,l) , (i,l) (L,l)
n1 no nnN

émou ny < ng < -+ < ny, T61E AVTd dev anoteholy xdhudn tou (0, 1), apod
0 xoupdt (0, %] uéver axdhunto.

"Apat 1) ouyxexpruévn avouxth xdhulr tou (0, 1) dev nepiéyet kapia nenepacuévn
urno-xdAudn tou (0,1).

Méyet thpa

1. Yuc nepintwoeg M = (0,1) xou M = R eidope avowxtée xahbes Toug
oL onoleg TepLéyYouy TMENEPAOUEVES LUTO-XAALPELS TOUG xaL avoXTéC xohOELg
Toug oL onoleg dev mepLéyouy xouia TENEPAUOUEYT UTO-XGALYT.

2. Yy mepinwon M = [0,1] eidaue avorxth xdhudm tou M 7 onofa
TepLéy el TENEPAoUEVT uTo-xdALYY Tou. Efvar Suvatédv va Beodue avouxth| xd-
Audm tou [0, 1] n omofa vo unv teptéyer xapio tenepacuévn uro-xdaudn; Afyo
Topaxdtw Yo anodei€ouue 6t autd elvon addvato !

Metd and oawtd to topadelyata €YOVUE TO

Ocedpnua 7 Eotw perpikés xapos (X, p) kat M C X. Ta rapakdto elvar
1wodvvaua.
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(a) To M elvar ovurayés vrootroro tov X.
(B) Kdte avoiktij kdAvyn tov M mepiéyer touddyiotor pia avoiktrj vro-
kdAvn Tou.

Anéoaén

(B)=(a) Eotw tyoloa {z,} oto M. Ac unodéoouye 6Tt dev undpyet
vro-axohovdia g {zn } N onola cuyxhiver oe otoryeio Tou M. 'H, wwodlvayua,
6t xavéva x € M dev elvon bpro umo-axorovdiog tne {z,}. Autd onuaiver
6ty xdde € M urndpyet neptoxf Ny(e) touv z (1o € e&optdron and to
x), n onolo meptéyet nenepacuévou TAfdous 6pouc e {z,}. Kadde 10 z
datpéyet o M, ot avtiotoryec Ny (e) anoteholy avouth xdhudm touv M. Apa
UTdPYEL TETEPACUEVT UTO-XGALYN Tou M. Ankady undpyouvy Z1,...,TN OOTE
0 M xohdmteton ond ¢ Ny, (€1),..., Ngy (en). Agol x&de pro and auvtée
TIc meployég meptéyet menepaouévou mAdouc bpoug e {zn}, N évwor| Toug,
dpa xou to M, neptéyet nenepacuévou nhfdouc bpouc e {z,}. Auté, duwc,
avTipdoxel e To T ohbxhnen 1 {zy } Teptéyeton oto M.

()=>(B) Brjpa 1. Eoww € > 0. Oo anodeiZouvue b1t vndpyovr memepaoué-
vou mAnjfovg otoela x1,...,zN tov M dote: M C Ny, (¢) U...U Ny, (¢).
Eotw 61t awtd Sev toylet. Arahéyouue tuyév z1 € M. Téte M ¢ Ny, (e).

Apo undpyet £o € M ue xo & Ny, (€). Téte M ¢ Ny, (€) U Ny, (e).

Apa undpyer z3 € M ue z3 & Ny (e) U Ny, (). Toéte M ¢ Ny, (e) U
Nz, (€) U Nas (e).

Apa undpyet £4 € M ue x4 & Ny, (€) U Ny, () U Ny, (e).

Yuveyilovtag emaywynd fAEmovue Tt UTEEYOLY Z1, T2, ..., Ty, ... 0TO M
wote: n>m > 1= p(xn,z,) > €.

Avuté, buwe, anoxheiet tny Suvartétnta va undpyet uno-oxohouvdia e {z, }
7 omoia ouyxhivetl. Avtigoon.

Brjua 2. 'Eotw tuyotoo avorxth xdhudm Ax(A € A) tou M. Oo anodei-
Eoupe 6Tt undpyer € > 0 pe Ty bidtnra: ya kde £ € M to Ny(e) N M
nepréyetar o€ kdnow and ta Ax(A € A).

Oprowdg 9 O apriude € > 0 e v oo aut| ovoudleton apriuds Lebe-
sgue g avotxthc xdhudme Ax(A € A) tou M.

‘Eotw 6t dev undpyet € > 0 ye v dtnrae awth.  Andady yro xdde
e > 0 undpyet z € M dote 10 Ny(e) N M dev meptéyetanr oe xavéva and o
Ax(X € A). EgopuéZovue yire = 1,5, 5, ... Apa yia xdde n € N undpyet
Tn € M Gote 10 Ny, (L) N M Bev mepiéyeton oe xavéva ané ta Ay(A € A).
Trdpyet, buwe, vro-axohoudia {zy, } tne {zn} N onoia ouyxhiver oe xdmoto
zy € M: z, — x9. To zo avixet oe xdnowo ano 1o Ay(A € A). 'Eoww
zo € Ax,- Agol 10 Ay, elvor avouxtd, undpyet § > 0 dote Ny (6) C Ay,-
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Emhéyovue opxetd peydho ky, wote: p(zk,,xo) < g xau é < %. Tére:

kan(%) C Ngo(0) C Ay,- Apa kan(ﬁ) NM C Ay, xot xatohjyovue o€
droro.

Brjua 3. ‘Eotw tyolboa avowxth xdhugn Ax(A € A) tou M. Téte undpyet
apriuog Lebesgue € g xdhudng autrc olbugwva ue to Priua 2. Adyw tou
BrAuarog 1, undpyouy nenepacuévou Thfdoug otovyeta o1, ..., zN Tou M ©ote
M C Ny (e) U...U Ngy (). Kdde éva, dung, and ta Ny, (e) N M nepréyeton
oe xdnow and 1o Ax(A € A). Eotw Ng(e) N M C Ay,. Téoe: M C
(Na;l(e’f)ﬂM) U...U(NzN(6)ﬂM) C Ay, U...UA)\N. Apatat Ay, ..., Ay
anoteholy nenepacuévy uno-xdiudn tou M. O.E.A.

N

To anotehéoua tou Ocwpruatog 7 Tapéyet Evav eVaAAaxTixd oploud Tng
€vvolag NG ouuTdyeLag toodlvauo Ue Tov apyxd: éva utoalvoho M evég
ueTptxol ywpov (X, p) ovoudleton ouunayés, av xdde avorxth xdhudn tov M
TEPLEYEL TOLAAYLOTOY Utal vOLXTH UTo-XdAu(n Tou.

Etvow duvatév ernlong va amodetytody ue Bdorn tov 8eltepo awtdy oploud
ta: Ilpdtaon 1, Oewpnua 1,3, Ipdtaon 2, Oewpnua 4,5,6.

3.4 Aoxnoeig

EOxoleg

1. Bpeite mota and tor gOvola v aoxfioewy: 8, xe@. 1 xou 4, xep. 2 eivon
ouuToY Y.

2. ®1dgte unoclvoro tou R 10 omolo elvar cuumayég xan €xetl dnetpo aprd-
unotwo TAloc onueiwy cUGCHEEVOTC.

3. Avo f: (X,p) = (Y,0), g¢g: (Y,0) = (Z,7) elvou oyotbuoppa
ouvveyeic anodeilte bt xaw n gof : (X, p) = (Z,7) eivan oy. ouveyrc.

4. 'Eotww petpixde yopoc (X, p), A,B C X, A ouvunoyéc xou B xheotd.
Anodelgte 6t 10 AN B elvan ouunayés.

Meérpreg

5. Eotw A C Rxaw f: A = R. Av 1o A eivar gpayuévo xou 0 f
opotéuopga cuveyfic oto A, téte amodetgte otL N f elvon Qpayuévn.
(Tnéd: ndpte € = 1 xou 1o avtiotoyo §. YTndpyouv nenepaouévou
mAfdoug onueio oto A wote xdde onuelo Tou A anéyel and TOUAdYLoTOV
évo and ouTd anbdoTaoT) UxpdTeERn ond §).
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6. Eotw uyetpixde ywpos (X, p) xouw Ay C X, A€ A

(o) Av ta Ay (A € A) eivar ovunay™, T61e T0 Nxep Ay elvon ovumayée.

(B) Av ta Ay (A € A) eivar ouvumaryf xon 1o A elvan nenepaouévo, téte
10 Upep Ay elvon ouumaryée.

Beeite otov R ouunoy? vnocivoha Ay (A € A) dote 10 Upep Ay Vo unv
elvon ovumayéc.

7. 'Eotww ouyxhivovoa axohoudia {z,}, =, — = otov R". Arnodeilte 61t
10 oOvoro {z,z, | n € N} eivon ouurayéc.

AUDOx0AEG

8. 'Eotw ocuura éC utooGvoho A xar xhewotd uvrochvolo B tou R*, dote
)
ANB= @ AKOBEiE e 6Tt UTCd(p)(El ) >0 WOTE

z €A, y€ B= p(z,y) >4

(Tréd: Vewpeiote vy ouvdptnom pp : R* — R ¢ doxnong 15, xeq.
2. O reproplouds g oto A elvan ouveyfic xou > 0. Apa €yet Yetind
minimum).

9. Eotw ACR", BCR"™ xou f: A — B nonola elvon ouveyng oto A xou
augLuovoofuavty and 1o A ent tou B. Av 10 A elvon ovunayée, téte
anodelEte 61t ) avtiotpogn f1 1 B — A elven ouveyrhc oto B.

10. Eoww A C R xow f: A — R To vrooOvoro E = {(z, f(z)) | z € A}
tou R? ovoudletoa ypdonua g f.

4 ’ 4 ? 4 4 4 4 4
(o) Eotw bt f etvar ppaypévn. Anodeilte 6t f elvon cuveyrc oo
A av xou pévov av 10 E elvar xhetoté vrosihvoro tou R2.

(B) Eow 6u 10 A eivar ovunayés. Anodeilte ot n f elvon ouveyhc
oto A av xou uévov av 1o E elvan ouunayée urtochvoho tou R2.

11. 'Eotw X un xevé ohvoho xar p 1 draxprty puetpnr) oto X. Av A C X
anodei&te 6t 1o A elvon ovunayée otov (X, p) av xou ubvov av 10 A
elvar tenepacuévo. Av 1o A €xel dnetpo mAlog otouyelwy: elvon xheloTtod
xat QEAYUEVO oA Syl cuuToyEq.

12. "Eotw petpinds xopos (X, p) xaw A C X. Anodel€te 6t diam(A) =
diam(A).
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13. 'Eotw un xevé cvunayés M unocOvoho uetpixol yopeou (X, p). Ano-
detlte 6tL undpyouy z,y € M dote p(z,y) = diam(M).

14. (o) Eotw un xevé ovunayéc M unoosivolo uetptxol ydpou (X, p) xou
z € X. Anodeite bt undpyer y € M dote p(z,y) = pum(z).

(B) Eotw un xevd xhewoté M urnoolvoro tou R ue v euxheldia
uetptxh xou z € X. Anodei&te 6t undpyer y € M dote p(z,y) =
pum ().

15. Eoww 6m 10 M elvon ouurayée unootvoho tou (X, p). Anodeilte 6mt
undpyet apriunotuo A C M dote A =M.

16. 'Eotw M # 0 xou M C X1, M C X, émouv (X1, p1), (X2, p2) elvon dvo
UETPLXOL YMPOL XAl OL p1, P2 «CLUPLVOLYY oto M. Anhadh: pi(z,y) =
p2(z,y) yio x&de z,y € M.

Arnodeigte 6ti: to M eivar ovunayéc untoohvoro tou (X1, p1) < 10 M
elvon ouurayéc utooivoro tou (Xa, p2).

Anhadn 1 ovundyeta touv M elvar drdtnta tov M xodeautod (xou g
peTpric Tou) xon dev e&opTdTon amd TOV PETPXO YWPO GTOV OTolo mE-
ptéyeton o M.
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Kscpo’c)\ou.o 4

DIELRES MEAYUATLXMY ASLTUOY

4.1 Tevixa

Oprowds 1 Av éyouue ura axorovdia {a, } oo R, Yewpolue v axohoudia:

$1=a1 , S2=ai1+az , S3=ai1+azx+az , ..., Sp,=ai+...+ay, ,

Av 1 {s,} ouyxhiver oe nparypatixd aprdud s, ToTE Ypdpouue
s=a1+ax+...+a,+...

XpnotuonotolUEe enioNg TIC GUVTOUEVOELS: Sy = D 1 G, X0, OV 1 {Sp} OUY-
x\ivel o€ Tporypotixd aprdud s, s =y 02 | a.

‘Ot ypdgpoupe 10 cOUBoro Y p ;| ak ¥ To obuPoro ai + as + ... ypnot-
uomnotolue tov bpo oepd Twv {ag} f oepd Y po  ar | ocipd ai +az + ... xau
dev npolnodétovye tinote yio ) obyxhion e {s,}. ‘Otay, buwce, ypdgpouue
s = Y poqar evvoolue 6t 1 {sp} ouyxhiver otov apdud s xou Méue 6t n
oepd twv {ag} f n oeapd Y p—; ar | 1 oeapd a1 + ag + ... ovykAivel 070 s.
Eniong, av s, — 400 | av s, = —00 ypdpouue > o2 ax = +00 fi —oo A
ai+az+... =400 —oo avtuotolywe xou AMue bt n ogepd twv {ax} f n oapd
Yoreiak f n oapd ai + as + ... arokAiver 0To +00 ¥ 0T0 —00 AVTLETOlYWG.

Cevixd, av 1 {sn} dev ouyxhiver oe npaypotixd apdud, Mue ot n oepd
tov {ag} i n oapd Y 72| ag f n oapd ai + ag + ... arokAivew

To s, ovoudleton n-00té pepikd dipowpa tng oepds xar M {s,} ovoud-
Leton axodovilia twv pepikdy adpoiopdrwr g oepds Y o | ag 1j TS o€pds

a1+ az +. ... Mepuée popéc eugpaviletar xou 6pog ap mpty and 10ug ai, as, . - .,
onote €YOUUE

o
so=ay , Si=ag+a , sao=ap+ar+az , ... ,S=D 17,0k XAT.

49
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Ané ta mapandve gatvetar 6tL 1 e€étaon g alyxhiong 1 andxhiong ULdg
oetpdg dev elvar timote dAAo and tnv e€€taot g olYXAoNG 1 amdxhong ULdg
axohoudiog (twy uepxdv adpoloudtwy e oepdc). Enedr, duwe, ov oepée
epgaviCovton Tohh cuyvd oty YadnuaTer avdAuoT xou oTig EQAPUOYES TNG o
TIC MEAETNOOVUE EEYWELOTA and Tig axohoudiec.

Av éyouue 800 oelpéc Y 1 4 Ak, D pe g b, UTOPOUUE VO oy NuaTicOLUE TOY
Ypautxd ouvduaous toug Y e (Aag + pbi), 6mouv A, p € R.

IMpbtaon 1 Av D p2 ak =8, 9 peq bk =1, tdte

o (e} o0
Z()\ak + pbk) = As+ ut = )\Zak +quk.
k=1 k=1 k=1

Anéoeaén

Av sp =D p 1ak, th =D 1 bk, un = Do (Aag + pby) elvon Ta
n-00Td Ueptxd adpolopata TV aelpdy, TOTE and Tig aAYePptxéc dTNTES TOU
R éyovue: up = Asy + ptn. Agol s, = s, tp =t @ uy = As + ut.
O.E.A.

Ilpéraom 2 (a) Av anadetipovue nenepaouévo tAriog «apxikdvy dpwy
g oepds, dev emnpedletar n oUykAion 1) 1 arékhior) Tng.

(B) Av aAddéovue merepaopérov mAnifous dpouvs uids oepds, bev ennped-
Letar n oVykhion 1) ) ardkhion Tng.

Arédaén

(o) Eotw 1 oetpd > ooy ag. Amodelpouue toug 6pouc ag,ag, ..., an—1.
H xouvolpyta oetpd Ypdpetar Y po s ak. AV sp %ot by elvor o n-0018 pepIxd
adpolopata Twy 300 oelpny avtiotolyws, téte dtay n > M:

Sp=a1+ax+...+ay1t+apy+...tap=a1+ ... +apy—1+th—m+1

Apa 1) {sp} ouyxhiver av xar wévov av 1 {tn—ar41} ouyxhivew, dnhadr ov xou
uévov av 1 {tn} ovyxhiver xou, av sp, = s, t, > t, éte s=a1+ag+ ...+
apr—1 + t. Anhody

oo 1)
Zakzal—l—...—i—aM_l—i— Z ag.
k=1 k=M

(B) Eow n oepd > 71 ak. ANGLovue menepacuévou mAidouc Gpouc.
Apo undipyer M wote o ar (k> M) yévouy ta idta. Enouévac n mokd xon
1 xawvolpytal oetpd €xouv To (Bo xouudtt Y po 1, ak. Egapudlouvue to uépog
(o). O.E.A.
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Ilpbtaon 3 (a) Av > 72, ak = s, TéTe a, — 0.
(B) Av n 332, ax ovykdive, téte ya kdle € > 0 vndpyet N = N(e) € N

AOTE:

o
nZN:>‘ Z (1k‘<6.

k=n+1
Anédeén
(o) Av sp, = ), A, TOTE G = S — Sp—1 = s — 5 = 0.
(B)AvY 2 ap=s,tbt€ Y 10 ap =85 — 5, = 0. O.E.A.
IHapadetypara

1. H yeoperpixij oapd S 50,2, émou z € R (2% = 1). Anhodi

ap =z (k=0,1,2,...). Apa:
il S #1

=14z4+2’+.. . +a"= g1
Sn T T xT { n—}—]_, —

(i) Avz=1, b sp,=n+1—- +oo.
(ii) Ava>1, 1téte 3" — +oo, onbre s, — +oo.

0 oL 1 TEPLTTO
(iii) Avz=-1, t6te s, = Y e
1, ywn dpro,

on6te | {sp} amoxhivet.

s SN Y& 1 TEPLTTO
(iv) Avz < —1,t6te 8, = S ’
- - 4 z
po — +00, Yl N AETLO,

on6te oL 1 {sp } amoxhiver, xuuatvoueyY avduesa oo +00, —00.
(v) Av|z| <1, téte 2™ — 0, onbre s = 7.

Apa

i$k:{ ﬁa |$|<1

P 400, z>1.
Ye xdde G mepintwon N Y pe o zF Sev ouyxhivel o apriué olte amoxhiver
070 +00 1 6T0 —00.

Yy nepintwon |z| > 1 unopolue, enione, va egapudoovue ty Mpbdtaon
3(a) mapatnpwvtag 6Tt |ag| = |z|” > 1, ondte anodewxviouue pe dhhov tpbdno
OTL 1) OELEd AmOXALVEL.

2. Tnleoromkés oepés. Av ywa tny axohovdio {ar} undpyetr ulor GAAn
{b} dote ag = bp1 — by (k € N), t61€ 1 oepd Y oo | ax ouyxAiver av xou
uévov av 1 axohovdio {by} ouyxhiver. Aidtu:

sn:a1+...-|—an:(bg—bl)+(b3—b2)+...+(bn+1—bn):bn+1—b1,



52 KE®AAAIO 4. YEIPEY IIPATMATIK(N APIOM(IN

ondte: by, — b av xou uoévov av s, — b — by.
Ac Solue yia mopdderypa Ty oEpd Y e ﬁ Téte

1 1 1

- =~ = —b
TR+l k k+1 LR
6mou b, = —1. ‘Apa
1 1 1 1 1 1

Anhad Pyl it k+1) =1. (Aox. 1 a, o71)

Oedpnua 1 (Kewthero Cauchy) . Eotw oepd Y 32 | ap. Avtij ovykdiver
av ka1 uévov av wyve éu ya kdde € > 0 vndpyet N = N(e) € N dote:

N<m<n = ‘Z ak‘:|am+1+...+an|<e.
k=m+1

Anéoaén

‘Eotw s, = a1 + a2 + ... + ap 10 n-ootd yepxd dpotoua. H oepd
ouyxAiver av xou uévov av 1 {s, } ouyxhiver. Anhod¥, av xow uévov av 1 {sn }
efvor Cauchy, 1o onolo onuaiver: yia xdde € > 0 undpyet N = N(e) € N dote
N<m<n=lapt1+...+ay| =l(a1+...+ap) — (a1 +... +ap)| =
|sn — sm| < €. O.E.A.

Hapdderyna

H appoviki oepd Y 5o +.

Ed3 an = 1 n e N apotnpodue 6t btav n > m: amir + .. + ap =
m—|-1+m—|-2+ +%an

Ecpocppo{oups T0 Xpl‘t'f]plo Cauchy. Av 1 apuovixy oelpd ouyxhivet, téte,
Talpvovtag € = 4, Yo undpyer N € Noote: N<m<n= |apt1+...+

1
an| < Z'
Av buwg m = N xar n = 2N, 16T€ €Y0oLUE avTipaon UE TO an+1 + ... +
> 2N-N _ 1
42N N T2

"Apa n apuovixt| oetpd anoxhiver. To avtiotpogo tne Ipot. 3(a) dev woylet.
(Aox. 11B, 12a)

4.2 XYelp€g UE UN-0EVNTLXOUG GPOUG

Ochpnua 2 Eotw oeipd Y oo ar pe ap > 0 ya kdde k € N kar s, =
Y k1 ak- H oeipd ovyrdiver av xar uévov av n {s,} eltvar dvw gpaypévn. Av
n {sn} Sev elvar dver gpayuévn, tére Y 3o, ar = +oc.
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Arédeén

Av 1 {sp} elvor dve gparyuévn téte, napatnpdviac dtt elvar abouoa axo-
Aovdio (ol Spy1 = Sp + Apt1 > Sp), ouumepalvouue 6Tt ouyxhiver xou,
emouévwe, 1 oetpd ouyxhiver. Av 1 {s,} dev elvon dve gparyuévn tdte, agod
glvar adZovoa, s, — +00. O.E.A.

Iapaznpnon

[Tpémer va tovioet Ott, odugwva ue 10 Oewp. 2, ULal OELRE UE UT-aPVNTL-
x0Ug bpoug elte ouyxhivel eite amoxAivel oto +o00. Ta mapdderypa, 1 apuo-
ieh 0eLpd Y pe; £ 5 g0l BeY ouyxAiveL, amoxhivel 6To +00 1 Y opey § = +00.

Hapdderyua
Hoepd Yo g =1+ 4 +a+5+... (G=1).
lNak>2: k':123k>122:2k71/Apa
k—l(popég
Ssn=Ypom=1+d+tg+...+H5<1+1+34+ . + 575 <14+1+1+
tger ot =141 =3
2

‘Apacn {sp} elvor dves gporyuéwn, omdre > 50 o a7 ouyxhiver. To ddpooua
¢ oeLpdc auths o cuufollovue UE e:

21
e = Z E
k=0
(Aox. 14)

TTol\éc popéc ouVaVTAUE OELPEC Y oo | ag TV oTolwy ot 6pot ay gdivouy
mpoc 10 0: agy1 < ag vy x&e k € N xaw ap — 0. To axdroudo elvon éva
xpLthpto olYAAoNS YPNoLUL0 OE TETOLEC MEQINTWOELS:

IIp6taom 4 (Ketthpro ouundxvwong tou Cauchy) Av n oeapd
Y rey ak éxer dpoug o1 orolor gdivour mpog To 0, Téte avty ouykAivel av kai
uévov av n oapd Y 5o 28 ag ovyrkive.

Anédoaén

Eotw 61t 1Y g 2Fag ouyxhiver. Téte 1o pepind adpoloypora ar + 2as +
day + ... + 2"agn elvon dvew gpayuéva, €0tw and tov aprdud M. Apxel va
anodeifouue To (Blo yia tot pepnd odpolopora e Y pey ak (Ocwp. 2). Eotw
Sm = a1+ ... + ap. O apiuds m Beloxetar avduecoa oe dho Sadoytxés
Suvduelc Tou 2, éotw 2" < m < 2" Tére, ypnowonowwvtac 6t 1 {ay}
elvar @iivouvoa:

Sm=a1+ (a2 +a3)+ (ag+as+ag+a7)+...+ (agn-1 +... +agm_1)+



54 KE®AAAIO 4. YEIPEY IIPATMATIK(N APIOM(IN

+(agn + ...+ ay) < ay +2a0+4ag+ ...+ 2" Lagn-1 +2"agm < M
Avtiotpdgug, €otw 6TL N D oo ak cUYXAivel, Snhadh 6TL N {sp, } elvor dvew
peayUévn: Sy < M Yo xdde m € N. Tore:
a1 +2a9 +4a4+ ...+ 2n_1a2n—1 + 2" agn

<2a1+2a2+2(az+asg)+...+2(agn-1,1 + ...+ am)
= 2s9n < 2M.
Apa ) D052 2Faqge ouyxhiver (Oewp. 2). O.E.A.

Iapadetypaza

LY, &, peR
E3 ar = 5. Av p <0, t61€ a > 1, ondte 1 oepd dev ouyxhiver (Tlpot.
3(w) ). Av p > 0, t61€ 7 {ax} @divel mpog 10 0. Emopévec Yooy 2Faw =

[

b

k
Y oreo QkW = > s (2,,%1) . H tedevtaio oetpd elvor yewuetpxh ue © =
QP%I. Avuth) ouyxhiver av z = 2,,%1 < 1, 3nh. av p > 1 xon amoxAivel av
:1::2!,%121, Onh. av p < 1.
‘Apotm oelpd Y oo kl—,, ouyxAiver av p > 1, xoit anoxAivel oto +oo av p < 1.

i
2. Z?;Qw, pE]R, p>0
TIéh Y2, 2Fag, = Y2, 2% Qk(logl(Qk))p = (log12)p > or 1 7 1 orola ouyxhiver
av p > 1 xou anoxhiver av p < 1. (Aox. 2)

4.3 T'evixég oeLpeEg

Optowbg 2 Aéue 6Tt uiol oelpd Yoo | g OUYKALVEL arodlTwg, av 1)
Y orey lak] ouyxhiver. Aéue bt D opo | ag ouyxhiver und ourdnkn, oy cuyxhivel
oAAG BV cuYHAIVEL amoADTKC.

Ilpétaon 5 Av n Y ;2 ak ovykdivel atodUtws, tdte ouykAivel

Anédoeaén

Egapuélovue 1o xpithpio Cauchy. Eotw € > 0. Agob 1 > p2, |ak| ovy-
whiver, undpyer N € Ndote: N <m<n =Y lax] <e Ouwc téte:
‘EZ:m—I—l a’k‘g Zz:m—kl |a’k| <e

Apon Y opoy ai weavornotel To xprtfipto Cauchy xau, enouévwe, ouyxhiver.
O.E.A.

Iapadetypara
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(-t
n2

- n-1 7. 7 '3 7.
LHY X, % oUYXAVEL, 0ol oUYXAIVEL AmOAGTWG: ZZ":l‘

(=)

= 2211

. Oa detlouue tpa OTL oumr'] n oepd ouyxAlvel, dnhady étL cuyxrhiver urnod
k—1
Guvﬂnxn Avsn—Z:,C 1 ) TéTESszl—%+%—%+...+2m%l—L:

2m
1_2 + 3_4 + 5_6 + ...+ m. "Apa m uno- cxxo)\ouﬂicx {32m} elvan ch')Eouocx.

n—1
22.HY > (—12L dev ouyxhiver amohitwe, agol Y o0

En{ mAéov etvon xou dve gpayuévn, SLoTL sop, < 12 + 32 + 52 +.iit——=, xot

(2m-1)

10 deltEpo UéNOC TN avtodTnTog elvor utxpdtepo and 1o (2m—1)-0016 ueptxd
ddpotoo TG oepdc Y pey 77 1) omola cuyahiver. Apa 1) uro-axohoudia {szm }
ouYxAlvel otov aprdud, €otw, S 1 Sy — 8. ‘Ouwe: Somi1 = Som + Wlﬂ —
s+0=s."Apa s, = s. (Aox. 13)

Ocdpnua 3 (Zoyxpion oepdv) Eotw oepés Y po i ak , Y peq by dmov
by > 0 ya xdOe k € N.

(a) Av vrdpyer apriués M dote |ag| < Mby, ya kdde k € N | téte, av n
Y roy by ouykAivel, ovykAiver anoAUtwg n Y o ay -

(B) Av n {3t} ovyrdiver oe mpaypaticd apiud, wée, av n Y pey by ouy-
KAfvel, ovykAiver atoddTws N pe | ak -

Anédoeaén

(a) Botw sp = Y p_q |ag|,tn = D op_q bi . Tote, npogavac: s, < Mty,.
Av n Y72 b ouyxhiver, téte m {t,} elvon dvew gpayuévn. Apo xar 1 {s,}
efvon dve Qporyuévn xou, ETOUEVWES, N D pe  |ak| cuyxhivet.

(B) Avn {“’“} ouyxhiver, ToTe elvon ppayuévn. Anhodh |- | < M vy x&de
k €N, vy xdnowo M. Apa |ag| < Mby yioo x&de k € N xon ecpozppoloups T0
(or). O0.E.A.

IHapadetypara
].Z smkz( ER) H |n ‘< A Z L
k=1 gz~ (T APATNPOVUE lccm 52 7z Aol Y il 5
oLYRAIVEL, oUYXMVEL AmONITOC 1) Y pe Smlgf)
1
o0 k+1 ’ 3 k+1 _ l 1+E ’
2. Yo, Tkes. Hopatnpolue Ot s = 73 i e Apa, av
ar = H_’ﬁ%,bk = k—lg, té1e %’lj — 1. Agol n Y72, kl—s ouyxAlvel, ouyxAlvel

©  k+l
AnONITOE N Y ey k4+;:2+3.

o k41 , ; L k41 1 1++
3. ) opeg k24-—|-2‘ Onwe oto mponyoluevo mopddetyua: k2_:-2 = EF%— Ay
by, =

kkz%,ak k? té1e bk — 1. Avn D32 by ouyxhiver, Tote xoun Y po q ak
ouyxhivet. Atono. (Aox. la,Be,or, 8,9, 10, 11a,y, 120)
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Ocdpnua 4 (Keuthpro Aoyou - D’ Alembert) Eotw oapd Y oo a
M€ pun-undevikois épous.

(a) Av limsup |a’jl—:1\ <1, wére n Y 5o 4 ap ovykAiver anoAUtws.

(B) Av lim inf\afl—:w > 1, tdre n Y po ai anokAiver

(y) Av lim inf GZ—;:I

<1 < limsup , Oev undpyel yeviké ovurépaopa.

Ak+1
Ok

Anéoeaén

(a) Awhéyouue apdud = GoTe: limsup|%| < z < 1. Téte undpyer
N € N dorte: \aZ:1| <z ydxdde k> N. Etou |lans1| < zlan|, |aniz2] <
zlani1] < z?|an| xon enayeyd: |ag| < zF"N]ay| yid x&de k > N.

Yuyxpivouue tig oeLpée Z,;’o ~lak] s Sy oF L Toyter bt |ag| < Mok,

_ \aN|

brov M = - H Y2 v 7F ouyahiver, Subm mpoépyeton and Ty YewueTewH
oelpd Zk:O‘T (e amoholp v Tpdtwy Spwv e) xou 0 < z < 1. Apa 1
Y ore v lak| ouyxhiver xon, emouévec, Y po |ak| ouyxhiver.

(B) Trdpyer N € N dote : |GZ—ZI| > 1y xdde k > N. Ank. |ag| >
lag—1] > ... > lan| > 0. Apo ar, /4 0 xou n D72 ap dev elvon Suvatdyv va
ouyxAiiver .

(y) Tty 3252, 7, 0 onofo dev oUYx)\ivz-:L: % kL+1 — 1. T v
> ooy 77> 1 omolor ouyxhivel: | = (kH)Q — 1. O.E.A.
UapaSel’yyara

— __k! ’ Ok

LY 0k|. a;:l = Gy = kH—)O Apa lim sup +1 =0<1xu

1 oelpd GUYXAlveL.
k+1

2. 3% 2t afl—:l = “”z;: = |z| = |z|. Av |z| < 1, té1e limsup a’““

= |z| < 1 xou n oepd ouyxhiver. Av |z| > 1, téte liminf | %) = |z > 1
k

xar N oepd anoxhivel. Av |z| = 1, dnA. x = =1 10 xputfipto Adyou dev

diver ovurnépaoua, ondte Pdyvouue ye dhho tpémo. (To éxouue 7hdn xdver
XL EUTLYAS, BLOTL N YEWUETPLXY OElpd yenotuonotinxe otny anddeln tou
Yewpriuatoc!) (‘Aox. 3,4)

Ocdpnua 5 (Keithpro pilag tou Cauchy) Eoww gepd Y325 ax.

(a) Av limsup {/|ag| < 1, tére n oepd ovykAiver anodvTeg.

(B) Ay limsup {/|ax| > 1, tére n oepd aroxAiver.

(v) Av limsup /|ax| = 1, dev vrdpyer yeviké ovunépaoua.

Anéoeaén

(a) Arohéyovue apdud z dote : limsup {/|ax| < z < 1 .Téte undpyet
N € Ndotwe: k> N = Yag| < ¢ = |ar] < zF. Zuyxpivouue tic
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oepéc S50 v lakl, vy ¥ Agol x < 1, 1 Sebtepn oelpd ouyxhiver. Apa 1
Y oren lak| ouyxhiver xou, enopéverc, N D e ag cuyxhiver amohitws.

(B) Trdpyouv dnerpot bpot tne { §/]ax|} ot onofot eivan peyahitepot amé 1.
Anhad| yro dmerpa k woyler: |ag| > 1. Apaag 40 .

(y) Tt tic 30021 &, Yopey 72 toyler 6t §/Jax] — 1. H mpdtn anoxhiver
eve 1 Seltepn ouyxAivet. O.E.A.

IHapdoerypara
k
LY % (reR).
Yak| = LL\/I‘E — |z]. Av |z] < 1, téte limsup {/|ax| = |2| < 1 xou 1 oeLpd
ouyxhiver anohbtwe. Av |z| > 1, tote limsup {/|ag| = |z| > 1 xou 1 oepd
amoxhivet. Av |z] = 1 1o xputfpo pilac dev diver ovunépaoua. Mo z =1

k
nafpvouue >0 £ N omofa amoxhiver. T o = —1 modpvouue Y0, (_;)
n omofo ouyxhivet. Apa 1 oetpd ouyxhivet povdya étay —1 < = < 1 (xou
ouyxhiver anohltwe dtay —1 < z < 1)

2k

2. Y % (zER),

Topa {/|ag| = %2 — 2. Apa limsup /]ag| = 2. Av |z| > 1 1 oepd
amoxhiver. Av |z| < 1 n oepd ouyxhiver anohdtwe. Av |z| = 1 1o xpitfpo
pilac dev divel cuurépooua. Ouwe 6tav £ = +1 7 oepd yiveton Y oo k% xau
ouyxhivet. ‘Apa 1 oetpd ouyxhiver anohbtwe 6tav |z| < 1. (Aox. 13, 3, 4, 16)

Méypt otryung pehetioaue ta xprtipta olyxptong, Adyou xou ptlag, To
ormola, 6uwg, elvar xpLTAPLAL Yol VoL GUUTEPAYOUUE AV Uta O€lpd elvar amoAd-
tws ouykAivovoa. Xprotuo Yo RToy xou XAmOoLo xptthplo Yo Oetpés oL OToleg
ouyxAivouv adhd ywplc va ouyxhivouy amolbtwe (SnAadr yio oetpée oL onoleg
ouyxAivouy und ouviixn). Ou dodue Thpa Uiar apxeTd onuavTixy uédodo yu
VTGV TO GXOTO.

AQupa 1 (Adporom xatd wéen — Abel) Eotw 6o akodovdies {ay},
{bn}. Opilovpe sp,=a1+...+ap,s0=0. Av1 <m <n, tdre:

n n—1
Z apby = Z 5k (bk — bry1) + Snbp — Sm—1bm-
k=m k=m

Anédeén
D ohem kb =D g (S — Sk—1)bk = D i Skbk — D f— Sk—10k =
n n—1 n—1
—m — —m— — —m - — — . Ju.A.
Zk Skbg Zk 1 Skbk+1 Zk Sk(bk bk+1)—|—8nbn Sm—1bm-. O.E.A

Agv elvon xah6 va mpoonadfoet xavelc var «dupdtony avthy Vv todtnTal
Apxel 1 13éa: to &dpotoua Yy, arpby avtixadiototon e éva dhho, oT0 omolo
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Vv Yéon Ty ai Taipyouv To Stadoytxd Ueptxd otpolouaTd TouG Sk o TNV
Véon twv by malpvouy ot Swdoyixés Stapopéc toug by — bri1. EugaviCovro
xou 300 «axpatoty bpot : Spby, Sm—1bm.

Oehpnua 6 (Dirichlet) Eotw 600 axodovdies {an}, {bn} ne ng 1616tnreg:
(a) H {b,} ¢Oiva npog to 0.
(B) H{spn} (sn = a1+ ... +ay) elvar gpaypévn: |sp| < M ya kden € N.
Tére n 'y ;" 4 anbpovyKiiver.

Arédaén

Oa ypnotuonotioovue 1o xptthpto Cauchy. Eow € > 0. Adyw e (a),
undpyer N € N wote 557 > by > byy1 > by > ... > 0. Av N <

m < mn, o€ : >, axbk| = ‘ Z;}n Sk(be — bgs1) + Snbp — Sm—1bm| <

b (k11D = B1| + |30l [bn| + |sm—1][bm| < M 355 (b = bi1) + Mby +
Mby, = 2Mby, < 2M 557 = €. ‘Apan 3.2, apby ouyxhiver. O.E.A.
Hapdderyua.

Yelpéc ue eVl OUEY TPdONUAL D oo (—=1)*by, bmou n {b} @diva mpog
7o 0.
oty {(—1)F} woyter 61 o pepund odpotouord e elvon pporyuévar, ol
s — 0 , avonelvou dptiog
"l -1 , avon elvou neprttéc.

k
Apa urar tétota oelpd ouyxhiver. Do nopdderyuo 0 oepd D oy %

(Aoxnon 5,7)
4.4 TI'wopevo - Cauchy celpwy

Eotw 300 Gelpée Y po g Gk , O pep bk DymuariCouue wia xowvolpto oetpd
Y reo Ck w¢ eEAe:

co = agbg , c1 = a1by + agb1 , ca = asbg + a1b1 + agby ...

n
cp = apbg +ap,_1b1 + ... +a1b,—1 + agb, = Z an—_kbg, - - -
k=0

Opropog 3 H oepd Y po ¢, ovoudleton ywduevo - Cauchy v Y p o ak,
2 k=0 b

H 13¢a yra t€totou gldoug noAAamhactaoud Tpoépyeton ond TiC SUVOUOOEL-
péc, dnhad oetpéc e wopdrc S ore axz”. Eidaue 7310 nopadeiypota étoiwy
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oepdy (T.y. Y YewueTpxn) xow Yo xdvouue To Aentouepr eZétaoy Toug o€
enduevo xepdhono. ‘Av todkarhaotdoouvue 800 oetpée Y pe o akz®, Y oae brz®,
6mw¢ toAamhaotdlovue 800 TOALGYLUA -ouadoToLO VTS (Bteg Suvdpel Tou z-
Brémoupe dtL oynuotileton 1 oepd Y po o ek, e omotac ol ouvtekeotée ¢
divovtar and Toug Tapandve TOToUC.

Ocdpnuat 7 Av o1 Y 12 gk, > pep bk oUyKAIvOUY anoAltwg Kar Y ey ap =
A, 3P by = B, tdte n Y po ¢k oUyKAlvel anoddtwg kar Y oo o = AB.

Anédeén.

‘Eotw S, = ZZ:O lak| , Tn = ZZ:O |bk| , Un = ZZ:O |ck|-
Tére
U, = |a0b0| + |(1,1b() + aobl| + |a1b() +a1b; + a0b2| + ...

oot |anby + an—1b1 + ... + a1bp—1 + aghy| <
< laol[bo| + (la1][bo| + |ao|[b1]) + (az|[bo| + |a1[[b1] + |ao||b2]) + ...
oo+ (lan|bo| + |an—1]|b1] + - .. + |a1]|bn=1] + |ao||brn]) =
= lao|(|bo| + [b1] + [b2] + ... + [ba]) + la1|([bo] + [b1] + ... + |bp—1])+
+ .o+ fan—1|([bo| + |b1]) + |anl|bo]
< lao|Tn + |a1|Tn + ... + |an 1 |Th + |an| T = SpTy

Ou {Sp}, {Tn} eivan dve ppayuéves. Apa m {Uy,} elvon dve pporyuévn xou,
ETOUEVWC, N D pe o Ck OUYXAIVEL omONITWG.

'Eot T0pa OTL Sp = D 508k s tn = D p—o Dk » Un = D _p_o Ck- L vepilou-
ue 6t s, = A, t, = B xou Yo det&ouvue 6Tt uy — AB.

Un, = agby+(a1bo+agbr)+(agbo+aibi+agbs)+. . .4+ (anbo+an—1b1+. . .+agby)
= ag(bo+b1+...4+bp)+ar(bo+br+...4+bp1)+...+an_1(bo+b1)+anbo
=agt, +a1tp—1+-.-+ap_1t1 + anto

‘Av oploovue t,* =t, — B, t6te t,* = 0 .
up = ao(ty,™ + B) + a1(tn—1"+ B) + ...+ an—1(t1" + B) + a,(to* + B) =
=aoty" +aitn_1" + ... +ap_1t1* +anto* + (ao+a1+ ... +a,)B
=aoty,* +aitn_1"+... tap_1t1* +apto” + s, B

Agou s, B — AB , apxel va del€ouue 6Tt

aotn* + altn_l* + ...+ an_ltl* + G,nt()* —0
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‘Eotw tdpa 611 S = D220 |ak| xou [t*] < M vy xdde k € N Agod
t* — 0 xow agol 1 Y pe, |ak| ouyxhiver mpoxinter 61t yio onowdhrote € > 0
urndpyet N € N @orte:

[te*| < 55 vy x&de k> N xon Y02 v lag] < 57
(Twoe o dettepo: Ipbraom 3P)

Apa, av n > 2N :

laotn™ + a1tn—1™ + ... + an_1t1™ + antp™| <
<laolltn™| + la1|[tn—1"| + --- + |an—n|[tN"| + |an-Ni1|[tn—1"] + ...
e |an|to"]-

€
< ﬁ(|a0| +lai|+ ...+ |an—n|) + M(|lan—n+1] + - -+ |an])

€ o o
§ﬁ2|ak|+M Z |ag|
k=0 k=n—N+1
Aol buwgcn—N+1>N +1:
|a0tn* +art, 1*+...+ ant0*| < %S + Mﬁ = €. O.E.A.

Hapdderypa.
Twépevo Cauchy e Y50, 2% pe Tov eavtd e
Av |z] <1 n oepd ouyxAiver anoAitwe xot TakpYOuuE :

ap =28  bp=2" =2kl +F e+ F ok 4 12k = (B + D)2t
"Apa 1 oetpd Y po o (k + 1)z ouyxhiver amohltwg étay |z] < 1 xou

S+ et = (145)

4.5 AvodiatdEelg oeLpwY

Oprouog 4 Eotww {a,} ua axohoudio. Oewpolue uta 1-1 xon ent anewxd-
vio

0: N> N, Non—o(n) eN

Anhadh ot aprduoi o(n) (n € N) nepthaufdvouy and uio popd xdde Quotxd

aprdud B, ue dhha Aoy, amoTehoVY Lo avodtdTagn TwY QUOLX®Y oELIUOY.

Av déoouye a,, = Ag(n) Yo x8e n € N, t61E 1) {a,} ovoudleton avadidratn
o

™m¢ {an}. Erniong Mue éu n oepd > ° a,, ivan wior avadidraln ™G OELEdg

Z:,OZI an.
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Av sy =>4 g ak, S, = Y gy G, TOTE ot aprduol sy, s;, dev elvan (dror. To
Sp, TEPLEYEL TOUS 1,02 ... Ay, EVD TO S), TEPLEYEL TOUC Ug(1)s Ao (2)s - - - 5 Bor(n)-
Enopévwe dev elvar xotdhou PBéBano xar ev yéver dev woylel ott, av s =
o0 4 3 — o ! z !
Y heq Gk, ONAADY, 8, — 5, TOTE S = Y, 4y, dSnhadh| 57, — 8.

IHapdderypa.
Hoepg 00, CU T g Lyl 1y Aiver., Qo pTidE
oEEd Y e = 5 +3— 1+ ouyxhivel. Oa gprid€ouue wia
avadidtag g N omola AmOXAIVEL, YENOLUOTOUDVTAS TO YEYOVOS OTL 1) OELpd
1 1 1 _ o0 1 , 7 ’ 7
I+g+s+z+... =) 02 557 anoxhivet 670 +00. (Autd cuvendyeton UeTd

amb o0YAEIoN UE TNV apuovix oelpd > e 4 7.) Emouévec, av xédouue 6ooug
apyxols 6pouc BéNouE, 1) «0vpd»> st + ans T anE T - - - Dot amoxhiver
xat auTh 0To +00. ‘Apa, Talpvovtog apxeTd UEYGAO M, unopolue Vo xdvouue
T0 ﬁ + ﬁ +...+ ﬁ 600 peydho Béhovue. Ptdyvouue howndy 1
Cntobuevn avoadtdtaln we e€hg:

IMotpvouue 2N7 + 1 apxetd yeydho wote: 14 % + é +...+ 2Niﬁ > 100.

Metd naipvouue 2Ng + 1 apxetd peydho Gote: ﬁ +...+ 2N;ﬁ > 100.
Yuveylovue enaywywd. Av éyouue Peet 10 2Ny, + 1 maipvouue 2Ny 41 + 1
APXETE UEYANO DOTE: m +...+ m > 100.

E€avtholue étol dhoug Toug TepltTols TopovoudoTés. Amouével povdyo
va Bdhouue evBLduETa Toug dETIOUG:
1434+ +topm—s+towmt - tonm—itmst- tawer -
St omtoanems et oaN T mE T

H xawvolpytor oelpd elvar avadidtaln g apyixnc Oelpdc Xalt, TEOPavKS,

anoxhivel 0To 00.
H emtuylo authg g xotaoxeuhc €yet wg Poditepn outlor to dtL 1 apyixh
4 7 7 7 /7 4 4 4 4
oElpd GUYXAIVEL AAAS Oyt amollTws. Mdhota undpyet To e€1¢ anoTéAeoua Tou
Riemann, to onofo dev Yo amodetouue, av xar 1 anddetéy tou mepLéyel TV
(St axptBdg 13 oL YPNOULOTIOLOUUE GTO TAHPABELYUAL.

Ocehpnua 8 (Riemann) Eotw noepd Y o, ar n otola ovykAivel vnd ovr-
njkn.  Av dofovy omowadninote x,y pe x < y (dnov emrpérovrar ta +o0o),
vndpyer avadidraln > L, aj dote:

liminf s}, = =, limsup s}, = y.

And v &A1 ueptd, €youue To:

Ochpnua 9 Eotw dtt n Y oo ar OUykAivel amoAUTtws Kat Y poq ap = S.
Tére omowadrirote avadidraln Y po 4 a}, ovykAivel eniong anoAUtwg kai
D ker G = S
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Anédaén.

Eotw 61t Y ooy lak| =S. Av S), =37 la}|, t6te S), < S, agob o Gpou
@y« lap|, dnhadh ov bpot |ag()ls-- -, |agml, Evon opiouévor uévov and
tou¢ |a1l, |ag,.... Apan {Sh} elvon dvew gporyuévn, erouéves Y e |af|
ouYxAiveL.

Méver va Solbue av Y o 4 ap = 5. Agobn D 22 | ax cuyxhiver anohiteg xou
enedr s, = s, Yo omotodfinote € > 0 undpyer N € N bote Y 020 vy |ax| < §
xow: n> N = s, —s| < 5.

Oa cuyxplvouue TP Ta Sy, Sh, YLo LEYEAA 7.

Awohéyovue M apxetd uyeydho wote ov deixtec o(1),0(2),...,0(M), va
repthoufBdvouy toug 1,2, ..., N. Téte, av n > max (N, M), oto s, — s}, dev
neprhaufdvovion oL 6pot a1, ay, ...,an. Apx: [sp —sp| < 30 N lax| < e
Onéte |s;, — s| < [s), — sn| + |8 — 8| < § + § =€ Y1 x&de n > max(M, N).
Apa s], — s. O.E.A. (‘Aoxnon 13)

4.6 AexadLxn TAPACTACY) TEAYUATLXOY ALY

Ocwpolue oelpég TNg LopYng
o
S gt
10 10 102

k=0

orov ag € Z xon af, € {0,1,2,3,4,5,6, 7 8,9} vy xdde k > 1.
Ened n stpsrpmn ostpoc Zk 0 10k OUYXALVEL Xa sn&:LBn 0<{& < 10%

Yo xdde k > 1, noepd Y52 ) 1o, olugeva ue 1o Yedpnua ohyxpiong oepdy,
ouyxhiver xou opiC&:L évay mporypotixd apuud x =y 2 o .

Afupa 2 Ay N > 1 kat a; € {0,1,2,...9} ya xdfe k > N, tére 0 <
dohen e < 101\,%. H apiotepr) aviodtnta wyver wg wdétnta av kar pévov
av a = 0 ya dAa ta k > N ka1 n 6e&id aniodtnta wydea ws wdtnta av kat
Hoévov av ay, =9 yia 6Ada ta k > N.

Arédaén

L. Z?;Nmk—zk Nik:O-

Av a = 0 vy Gho T k > N, 16T, TPOYAVAOS Y pe - 1t = 0. Avnorpo—

PWS, AV Gy > 1 yia xdnolo m > N, 16t d oo n l%kk = ig% -I-Zk_N,k#m ToF =

1 o0 0 _
mom + Lion 1or = qom > 0.
o0 ay 9 _ 9 1, 1 1
2. 2 ok=N 10f < 2k 108 10V (1+ 0 T 70z T - ) 10V-1-
Av arp =9y Sha T k > N, t61€, mpogavie z:,cc’oj\,lao’“,G = N10k =

10N T- Avnc‘tpoq)wg, av am,m < 8 v xdrowo m > N, 161e:
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ZEON ﬁ)k = 1_0%_"_2’“ TJX 10k = 10m+2k Z 10k = mim_w%+zz=éz % =
10m + 2k Nik - 101m + 101%—1 < 10N—1 O.E.A.

To enduevo Muua elvor and 11 oToryet®dr apriuntix:

AAppa 3 Eotw un apvnuikég axépaiogn kar N > 0. Téte vndpyovr aképai-
o1 Po, P1,---Ppn dote: p € {0,1,2,...9} yia 0 < k < N —1, pxy > 0 ka
n=pn10Y +py_ 110V "1 4+ ... 4 p110 + po.

Anédeén

Kdvouue Sradoyixée Sranpéoeis:
n = 7110 + pg, 0<po<9 , 11 >0
T = 7210+ p, 0<p1 <9 , 2 >0
2 = n310 + py, 0<p2<9 , 13 >0
iv-1 = anl0+py1, 0<py1<9 ,1ny20

‘Apa, emoywyid: n = 1110+py = 12102+ p110+py = 13103 +p2102+p; 10
+po=...=1n10Y + py_110Y 149110 + po. Oétovue py =ny.  O.E.A.

Ochpnua 10 (a) Kdle un apynuikds tpaypatikés apriuds x unopel va ypa-
gtel, pe Tovddyotoy évay Tpdmo, ws o€lpd:

o0
k
Tt T

émov ag € {0} UN ka1 ay € {0,1,2,...,9} ya kdOe k > 1. To yeyovds avté
w0 exgpdlovue: o x éel TNy dekadiki) TapdoTaon T = Gp.a16203 . . ..

(B) Or aprbpof tng popeiis * = o5& (m € N, N > 0) ka1 pdvov avrol
éxovr akpifag dvo dekadikés tapaotdoeg:

T =ag.a1a2...a59999... = ag.a1az...ay—1(ay + 1)000...
‘OAotr o1 dAAor un-apvnrikol apifpol éxovr povadikn dexadikr) napdozaon.

Anédeén
(a) Eotw = > 0. Trdpyet un apvntixde oxéponog ag, 10 oxépono Uépog
TOU T, WOTE:
ag < x<ag+1.
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To ddotnua [ag,ap + 1) 10 ywpllovue oe 10 unodothuata (cou uh-
%X0Ug %. To z Va Pploxeton oe éva and autd. Apa undpyet aprdude a; €
{0,1,2,...,9} dore:

ao+% §x<a0+a11—gl.
To xowvolpyto oawtd Sdotnua éyet phxos 15 xou To ywpilovue oe 10 (oo
UTOBLUCTAUAT (T XOUG # 10 xoéva. To z Ya Bploxeton o éva and autd,
Gpa umdipyet apduds as € {0,1,2,...,9} dote:

ai ag ar  ag+1
— 4+ =< — :
a0+10+102_w<a0+10+ 102

Toveyiouue emaywyd xar éyovue yia xde k > 1 apdud ax € {0,1, ...,
9} wote:

aq ag aq ap +1
a0+10+ +10k_x<a0+10+ + 10%

Enopéveg 1o pepixd adfpolopara s tng oelpds Y p2  1d 1 omola Snutoup-
yelton, txovomotoly Tny:

1
sk LzT<sp+-——=2>0<z—5;,<

10% = 105

af

‘Apa s, — x, Snhadf 2 = D007 1.
(B) Ac unodéoouye, thpa, 6Tt évag apriude = éxer dbo Tovddyiotor dago-
peTixéc Sexadnég mopaotdoetg. Anhadi:

T =ag.0103 ... = by.biba...,

6mou ag, by € NU {0}, ag,br € {0,1,2,...,9} v xdde k > 1, xou ap, 7# by
yta Touhdytotov éva m > 0.

Bagtilouue N > 0 tov ehdytoto m Yiot ToV 0Tol0 LoYVEL Gy 7# by, Anhody
ap = by, a1 = b1, a1 =by,...,an_1 = bny_1, an # by xou ac vrodécovue
xoplc BASEN e yevixdmtag, 6t ay < by. Téte and my oyxéon Y20 v 1o =
YN 1’% ouvendyeTor Ot
Tov < B = 320 v T — Srent 1 < 1ov — 0= 1o
oluQwva Ue to Afuuo 2.

Apa dhec oL aviodTNTES LoYUOLY WS odTNTES XL ETOL:

o0 o

_ Qg . 1 bk _
by—av=1 >, fr=gm D =0
k=N+1 k=N+1
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Apa, clugpwva ue To AMuua 2:

by = an+1,
ar, = 9, vvak>N+1,
by = 0, yiak>N+1.

Apa, av o = €yel meploodtepeg amd plo dexadixég nopaotdoelg, TOTE €YEL
axpifa§ 000 TUPACTACELS X0 AUTES ElvaL:

T =ag.a1a2...a5999... = ap.a1az...ay—1(ay +1) 00...
’ 7 ’ ’ ’, . a a
Evag té€tolog aprduog etvar, tpogavas, g wopehc: ap + 7§ ﬁ +...+
aN-—1 an+1 _ 10Yao+10¥"la1+..4+10ay_1+an+1l _ m
10N—1 +

108 — 10V 108>
N > 0.

Avtiotpbgwe, av T = 15, 6nouv m € N xow N > 0, to Afupo 3 iveu:

6mov m € N xa

m = pn10"Y + py 110N + ..+ p110 + py,

émov py € NU {0} xou pg € {0,1,...,9} Yo 0 < k< N — 1.
Av o pp, elvar 0 TpdTOg UN-UNdEVIXGS apriudg otV axoloudia p, p1,

10N +... 10™ _
.y PN-1,PN, ToTE 1 = BX b :pN+p]\1701+--.+10]J)Vﬂim

=pN-PN-1---Pm000... =pn.pN-1..-(pm —1) 99.... O.E.A.

4.7 Aoxnoeig

EdOxoleg
1. EZetdote ) obyxhion # andxhon g OEpds Y oo | ak, AV @y Elvou :

(@) VE+1 -k
B) VI+E2—k
() YEE=E
(®) (Vk—1)F
(E) 1—}—1mk

(07) k(k+1§(k+2)

Yy (e) Bpeite yio totég Tywég Tou T 1 oepd ouyxAivel xar otig (o), (o7T)
Beelte to ddporoua g oeLpdc.

(Trédeln: ot (o), (B), (v), (o7) ovyxpivate ye oepés e Uoprc
> &, ot (3) epapudore 1o xpurfipwo pilac, oty (€) delte méte ap — 0
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xan oLYxpivaTe UE ULal YEwUETpxT| oetpd. Enlone nopatneriote bt ot (a),
(o1) elvon tnAeoxomnixéc).

. EZetdote ) o0yxhion tTne oelpdc Y pe g m, avdhoya UE TNV

T tou p € R

. Egapudote ta xpitipta Aoyou kat ptlag otig axdhovieg oetpée:

() SR, ot
®B) S04
() T2, &
(3) E:?lokka
(e) Y2 Lot
(o) o, 22t
() 322, Eeat

T mapatnpeite; Mropeite va anogacioete ) clyxhon 1 andxAiorn Twy
OELPWVY Yla T TWWES Tou T Yl Tig omoleg Ta dUo xpithpla dev divouy
andvTInom;

4 7 / 4 7,
. E&etdote 1 olyxhion 1 andxMon TV CELRQOY

1+1+1+1+1+1+1+1+
2 3 22 32 923 33 94 34 7
1 1 1 1 1

11
Sl ot — e — 4 —F ...
st i Tt et s T T

e@apuolovtag ta xprthpta Adyou xou pilag.

. Tv unopeite va eite yia ) oOyxhion 1 andxhion TV GELPOV:

(@) Y2, (—1)klosk
(B) T2, (~1)F & (a € R);

MEeérpreg

6. E€etdote wg mpog ) olyxhion Ti¢ oelpég:

(@) 25, (log k)P
(B) X2 PR (0 < p)
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(v) 20 2kp %4 (0<qg<p)
5 Zkl 1+1

)

)

€) Dhe 1 pF_gF (0<Q<p)

(07) Dok= 1@

© S i

(1) 2R3 GogrogpyeeToe®

(0) gz B (ﬁ_m>

O S5 b (VEFT—2vE+VE=1)

‘Onov eugaviCovton ot TapdueTpol p, g, Beeite Tic TLWég Toug Yot Tig ontol-
€¢ ouyxhivouy oL avtioTotyec oelpéq.

. Eotww oaxohovdia {ar} n omolo @diver mpoc 1o 0. Anodeilte 61, av

=3, (=D)klay, 161 0 < (—=1)"(s — 85) < A1

. Eotw 61t a, > 0 v x80e n € N Av 1 D722, a ouyxhiver, t6te ot

2
o] 2 [ee) ag [ee) ay ’ ’
D k1 0k Dkt T+ag’ D ket 1+a2 ouyxhivouy exiomng.

(Trddeln: Oedpnuo olyxptong.)

. Bow 6t ap, > 0 yra xdde n € N. Av n Y72, a ovyxhiver, téte

anodeffte 6Tt ouyxhver xon 0 Y peq \/akart1. Anodel&te 6tt, av 1 {ag}

7 2 7 /7 7
elvon xou pdivouoa, téte akndeler xou to avtioTpogo.

(Trédeiln: zy < 3% + Sy

Eotw 6t a, > 0 yoo x89e n € N Av n > 7, ap ovyxhiver, téte

a
amodeite 6T ouyahiver xou N Y pe g YrE.

(Trédeln: zy < a:2 + 2y y

‘Eotww 6t a, > 0 yiaxdde n €N, s, = a1 +az + ...+ a, xau 6T 7
D pey @k AmOXAVEL.

(o) Anodeilte 61t > oo, THo- amoxhiveL.
(Trddeln: Oedpnua obyxplong)

(B) Anodeilte Syl 1 < m < n : %+"'+Z_Z > 12
(Trédeln: n {s,} eivon adfouoa) xou ouunepdvare bt n Y o2, &

amoxhivet. (Trddeln: xprrhpio Cauchy xon s, — +00.)
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(v) Anodeilte 611 %Z < Sn% - é (Trnddeln: ap = sp — Sp—1) U

z 7 o0 ap 3
ouunepdvate 6tL N o7 P oUYXAIVEL.

12. Eotw an > 0 v xdde n € N xon 61t Y oo 4 ap ouyxhiver. Opilouue

Tn = Zzo:n ag

(o) Amodeilte bt yiao 1 < m < n : ;‘—:Z 4+ ..+ ‘T‘Z >1-— r":;l WO
2 / o0 a {.
ouunepdvate 6TL N D oo 7 OmOXAiveL.
(Tr6deln: xprripto Cauchy xou ry — 0.)

(B) Arnodeilte 6t “;’n < 2(./7‘n ,/rn+1) X0l GUUTEQAVATE OTL 1)
Y opo = ouyxhiver.

VTE
AUDOXOAEG
13. Eow 1 oqu)\wouooc oupoc 1 — % + % i + % — % + .... Oewpolue
™y avadidtaln 1 + 7 — = —|— + -1t % + % — % + .... Anodei&te
ot 1) deltepn oelpd O'UY}(MVEL anicng oahhd o€ SLapopeTnd 6plo amd TNV

TEATY).

(Trodetln: yia va amodetyVel 61t 1 Seltepn oelpd ouyxhiver , Yewpriote
o ueptxd odpoiouorta s, xou anodeilte bt 1 {s3n} ouyxhiver xou 6Tt
83n — S3n+1 — 0, 83n — 8342 — 0.

Avt—l——+———+ omoBeiEraéut<1——+3 %
AVS:1+§_§+5+7—i+...,anoBsiErec’ms>1+%—% %)
14. AnodeiZte 6 e = limy o0 (1+ )", 6m0U éxoupe oploet e =1+ 7 +
%+%+”“
n 7
)" té1e

(Trnédeln: Av s, =1+ % + ...+ # xo t, = (1 +
1

= L) ) ot () ot () g = A (- )
L+ EOA-H -3 -+ + 5011 (-2
Apa t, < sp %o, enouéveg, limsupt, < limsups, =e.

n

Axéun, av k < n, té1e: 1, >1—|—1,+2,(1__) ki _;)(1_
2y .. (1-EL), onbre liminft, > 1+ L+ 4 +.. _|_kL:

k. "Apa hmlnft > limsg =e.)

15. 'Eotw n axoloudia ny < ng < ng < ... TV Quotx@yv apuuey ot onolot
dev mepLéyouy 1o Ynelo 0 otn dexaduxr) Toug tapdotacy. Anodelgte ot
N> ey é ouyxhivel oe aprdud wxpdtepo and 90. (Trodeln: Peelte
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16.

n6oot 6pot g {ny } Beloxovton avdueoa oe dbo dradoytxés Suvduels Tou
10.)

Av {a,} eivon oxohouvdio Yetixdv aprdudy anodeilte o

liminf “2+ < liminf /a, < limsup {/a, < limsup —aZ“.

an

Yuurepdvate 6Tt 6tay 10 xpLtrieto Adyou delyvel olyxAiorn oelpds , TO
(S0 ovuPaiver xar ye to xprthplo pilag xar 6tay To xprthplo pilag dev

delyvel timota to (Bto cuuPaiverl xou Ue To xpLTHPLo AdYOUL.
(Trédeln: Eotw x > limsup . Trdpyer N € N dote 24 < g
n n
a a —
v x&de n > N. Apa btoy n > N: do = Ml =Nd2 Ao o g N
an ay ant1 Qn—1

; _N , .
Onéte {/a, < zz~» {/an xo, enouévwe, limsup {/a, < z.)
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Kscpo’c)\ou.o 5

Axolovdieg 2uvopTHoELY

5.1 Katd onuelo chyxhion

Eotw ouvdptnon f xaw axohouvdio ouvaptioewy {fn}, 6mouv dhec o ou-
vapthoelg efvar oplouéveg oe éva omolodnnote un xevé alvoro A xon matpvouv
mpaypatixée Twés: fr A= R, fr: A= Ry xdde n € N YuvAdwg 10 A
elvar utoolvoho tTou R A Tou R™ ¥ evog uetpinol ywpou.

Oprowds 1 Aéue 6t n {fn} ovykdive katd onueio oty f oto otrolo A
xon oupPoiiloupe fn, =3 f oto A, av v xdde t € A 1 axohoudia aprdudy
{fn(t)} ouyxhiver otov aprdud f(t), dnhadr

fu(t) = f(t) yio xdde t € A.

H odlodc: fr, =3 f oto A, av yio xdde t € A xon yio x8de € > 0 undipyer
no = no(e, t) € N dote:

n>ng = |fu(t) — f(t)] <e.

IHapadetypara

1. Bow A # @ xu f: A~ R Ay dewphoovue fr(t) = f(t) + % Yol
x8den €N, 16t fr,: A= Rxan fr, =3 f oto A, agol v xdde t € A oy ler
ot fn(t) = f(2).

2. Av fp, 1 [0,00) = R ye fu(t) = ﬁ, téte: Yoot = 0 wydet ot
fn(0) =0 — 0 xou yra t > 0 woyder 6t fr(t) = ﬁ — 0. Apa fr(t) = 0 v
x&de ¢ € [0,00), ondte fr, =30 oto [0,00). Otav ypdyouue 0 evvoolue TNV
pundevikn ovvdptnon f : [0,4+00) — R ue tono f(t) = 0 yra xdde t € [0, +00).

71
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3. fn:[0,1] = R ye tino

O3 |=

t
t

- =

<t<
<t<

1
fn(t) = { W’
2t
Avt =0, t6te fr,(0) =0— 0.
Av 0 <t <1 t6te, 6tay 10 n Yiver apxetd UEYSAO xot GUYXEXPLUEVL OTAY
n > 1 wyder 61 fo(t) = ﬁ — 0. Apa fn(t) = 0 vy x&de ¢t € [0,1].
Anady fr, =30 oo [0,1].
4. frn:(0,1] = R ye fo(t) = 1+nt
AvOo<t<l, rorsfn()—> ‘Apa fr, =30 o70 (0,1].
5. fn: R Ruye fo(t) = 2t. Téte fn(t) = 0 yia xéde t € R. Apa fr, =3
0ot R
6. fn:(1,00) = Rue fp(t) = t+n Téte fr, =30 o0 (1, 00).
7. fn:]0,00) = Rue fr(t) = t+n2 8L fr, =30 670 [0, 00).
8. fo:[0,1] = R e fult) =
Avt=1,16te fr(1)=1— 1.
Av 0 <t <1, t6te folt) =t" = 0. Apa fr, =3 f o710 [0,1], bn0u 7 f
optleton and tov tomo:

0, 0<t<1
f(t)_{ 1, t=1.

1

TN, l <t
9. frn:[0,1] =» R ue fo(t) = { r(zgjf—l)t_l 8<_t

Avt =0, t6te f(0) =0— 0.

Av 0 <t <1, téte yio apxeTd UEYENO M toYVEL OTL % < 't, ondte fpo(t) =
W — 0. Apa fr, 30 om0 [0, 1]

10. fn:[0,27] = R pe fo(t) = sm(nt)

Io xdde t € [0, 2n] woyder bt |fn( )| <10 Apa f, 30 o710 [0, 27).

11. fpn :[0,2n] = R pe fo(t) = cos(nt). Avt = r, téte cos(nn) = (—1)"
onéte 1 {fn(m)} de ouyxnhiver. ‘Apa n fr, de ouyxhiver xotd onueio oe xoutd
ouvdptnon oto [0,2x].

IN A
:I»—‘ —

Ipbétaon 1 Av f, =3 f oto A ka1 gn, =3 g oto A, téte Afp+ pgn =5 Af + ug
00 A (LA € R) kat frgn =3 fg oo A.

Anédeén
‘Eotw onowdfnote t € A. Téte (Mfn, + ugn)(t) = Afn
M () +ug(t) = (M +ug)(t) xou (fagn)(t) = (fn(t)gn(t) — f(()) g(t)

AOY® YVOOTOV IBOTATWY TwV axoAoutdY aptdumy. A

(t) + pgn(t) —
= (f9)(1),
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Ot nopoxdte epwTthoELg elvon TOAY onuarvtikés yia TNy wodnuotixr| oavaiu-
on.
Epdtnon 1

Av f, 53 f 010 A xou xdde f, etvor ouveynhc oto A, woylet 6t n f elvon
ouveyfg oto A ;
Andvtnon

'Oyt névtote. BAéne nopdderyua 8.

Epdtnon 2

Ay fr, =3 f oto A xou xdde fy, elvon napaywylown oto A, wybet 6t f
elvon mapaywylown oto A xou 6t f, =3 '
AndvTnon

'Oyt ndvtote. BAéne nopadeiypora:

2. fn, 30 070 [0,00). H otodepn ouvdptnon 0 eivon napoaywyiowrn. ANG

@) = m xow yroe t = 0 woylet 6t f1(0) =1 — 1, evad yae ¢ > 0 oy let

6t fl(t) = 0. Anhady f;, ;Z;O’ = 0 o710 [0,00).

8. Edw xdde f, elvar moporywylown, odhd v f dev eivou.

10. E36 f), = cos(nt), ahhd n f}, dev ocuyxhiver o€ xoqud ouvdptnom, énec
delyvel o mopdderypa 11.
Epdtnon 3

Av f, =3 f oto [a,b] xou x&de fp, elvor R-ohoxhnpdowun oo [a, b], woylet
6t f etvon R-ohoxhnpmotun oo [a, b] xou 61t fab fn — f;f;
AndvTnon

'Oyt ndvtote. Xto mapdderypa 9: fol fo=1+ 2%—? — . AN fol f=
fio=0.

Avut)  aduvopio xatagatixnc andvinong oo tponyolueva Teia epeTh-
potar Aoveton o peydho Badud, av oploovue éva Seltepo eidog obyxhiomng
axohoudiog cUVIPTHOEWY.

5.2 Ouoiopopyn cOYXALGT

Oewpolue éva un xevo obvoro A xon 30o ouvaptioe f: A= R, g: A —
R. OptCouue v éxgpoon:

o(f,9) = jgglf(t) —g(t)]

Anhod? yia xdde t € A Bploxouue Ty andotaon wwy aprduody f(t), g(t) xou
UETA Bploxouue To supremum oUTOY TWV ATOCTACEWY xowS To T StaTeéYEL TO
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xotv6 nedio optouol A. To 6OVOLO AUTOY TWV ATOGTACEWY VAL TROPAVARG UM
xevo, aol undpyet Touldytotov évat oto A (A # 0). Av 1o olvoho auté eivar
xa Gve ppayuévo, T6te 1o p(f, g) umdpyet xan elvon mparypotixde aprdude (xan
UGALoTaL UN-opynTiX6e, apol Gheg oL anootdoels elvot un-opvntinéc). Av duwe
70 6UVOAO TWY ATOCTACEWY AUTOY deV elvar dvw ppayuévo, tote p(f, g) = +oo.

IHapadetypara
1. £,g:[0,1] = R ye f(t) =t, g(t) =t

Téte |f(t) —g(t)| = |t — 2] =t — 12, ondre o(f,g) = sup (t—12) = %.

te[0,1]

2. f,g: R Rye f(t) = 15, g(t) =0.
7 2 ’ 2
Téte |f(t) —g(t)] = 13_—,52, onéte p(f, g) = sup, # =1.
3. fLg:R—=Rue f(t)=t, g(t) =1.
Tove [f(#) —g(t)| = |t — 1], onbre p(f,9) = sup,__ [t —1] = +o0.

Oprowog 2 Eotww axohovdio ouvaptioewy {fn} ve frn : A = R yio xdde
n € Nxa f: A= R Aébue 6u n {fn} ovykdiver ouorduopga otny f oto A
xot oupPBohilovue fr, =3 f oto A, av

e(fn, ) =0,

dnhadn
sup | f(t) — f ()] = 0.
teA

H adhodg: fr, =3 f 010 A, av Y %8¢ € > 0 undpyet ng = no(e) € N
WOTE:

n > ng = sup|fu(t) — f(t) <,
teA

dnhad?
n>mng = |fa(t) — f(t)] < e v xdde t € A.

[TpooéEte 1N Stapopd Tou 0pLoPoL AaUTOL and TOV 0pLoUd TNG XATd onuEeio
olyxhong:

Av fr, 5 f oto A, t61€ yio %8 € > 0 undpyet ng, To onofo efaptdrar ano
70 €, xou pog divel 6t | fir(t) — f(t)] < € vy Ghat T m > g kar yia e ta
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te A Evoav fr, =3 f 010 A, té1E Yo %dde € > 0 xon yra xdde ¢ € A undpye
ng, To onofo e€aptdran and 1o € kar and to t, xou yoc diver |fn(t) — f(t)| < e
yiat 6hal T 1 > myg.

Yy opotduopy alyxhion 1 enthoyt| tou ng e€optdton and 10 € AN
elvar «opotdpoppNn» ws Tpog 10 t € A. Trdpyet éva ng Yo dAa ta t € A. Evod
oty xotd onueio olyxhon Srapopetind ¢t xadopilouv (lowe) Srapopetind nyg
(v to B0 € > 0).

Ac xortd&ouue 1o nopdderyua 4:
fa(t) = gy fu: (0,1] = R, £, =30 070 (0,1].

Ac mdpoupe onowdinote t € (0,1]. Téte: |fr(t)—0| <e < n>1(1-1).
Anhadt| to xatdAAnio ng elvon 10 ng = [% (é — 1)] = no(t, ). Topatnpot-
ue 6t 600 To t elvon xovtitepa 6to 0, T660 TO MY UEYAAGDVEL Xt UAALOTA
no(t,e) — +oo xadde t — 0F. Apa dev undpyer éva ng to onofo va diver
| fr(t) — 0] < eyt 6ha o t oo (0, 1] xou Yt dhat o 1 > ng. ‘Apa 1 oOyxAon
elvon xortd onueiov ahhd byt opotduoppr oto (0,1].

Ac¢ xatavoioouUE TU ONUAIVEL KYEWUETELXAY UL AVIGOTNTA TNS UoP@Ng
o(f,9) < e. Ac urnodéoouue 6Tt to A elvon unochvoro tou R, ondte ot f,g
éxouv ypapuata oto R2.

o(f,9) < e @ sup  [f(t) —g(t)] < e & g(t) —e < f(t) < g(t) +
€ v x&de t € A.

Enouévwe 1o ypdgnua g f Beloxeton ohdxhnpo avdueoa oto Ypdgpnua
™G g+€ xaL 070 YRAPNUA TNS g — €, dSNhadt| uéoa otn Lwvrn mou Snutovpyeiton
YOpw amd To Ypdonua NS g xou €xel xatoxdpupo thdrog 2¢. Apa f, = f oto
A onuatver 61t yra xdde € > 0, amd Evay delxtn xon épa, ToL YPAPHLOTA OAWY
v fn Peloxoviar oAdkAnpa péoa otn Cwvn xataxdpugou TAdTouS 2¢ Yipw

and To ypdgnua S f.

Savayupvdue oto nopdderyua 4: fr, =30 oto (0,1]. T pixpd € > 0 1o
Yeopiuoata TV fr €xouv Oha xdmolo xouudtt toug €w and Tt wvn yipw
and 1o Ypdonua tne 0 xotaxbépugou Thdtoug 26 . Apa f, £ 0 oto (0,1].
(Aoxnon 1).

[I&vtog toyle 1 :

Ipétaon 2 Av f, =5 f oto A, téte fr, =5 f oto A. Ankadn n oporduopen
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oUykAion elvar mo wxvpn and tny katd onueio ovykAwon.

Anédeén
‘Eotw onowdfrote t € A xou € > 0. Awkéyouue ng GOote: n > ny =

o(fn, f) < € Opec [falt) = f(B)] < p(fn, f). Apa n 2 ng = | fn(t) = F(2)] <
e. Anhadt woyler bt fr(t) = f(t). O.E.A.

Metd and auth v npdtaoy unopolue mo edxoha va Bpolue Ty (&yve-
011)) CUYAETNOT PO TNY ontola LY XAIVEL ootOUopYa Uta Soouévr axolovdia
{fn}. Mpora Pploxoupe f Gote fr, =5 f. Auté eivor elxoho, diétt yia xdde
t éyouue va xdvouue e axohoudia apidudy { fr(t)}. Bploxouue 1o bptd g,
10 ovoudlouye f(t) xon petd péver vo e€etdoouue av fn, =3 f.

A¢ Eavaegetdoovue ta TapadelyUaTd oG

1. o(fn, f) = sup, |fn(t) — Ft)| = % — 0. Apa fr, =50 o710 A.

2. o(fn,0) = sup ... ant = % — 0. Apa fr, 230 o710 [0, 00).

< "
3. o(fn,0) = SUP <1 |fa(t)] = l ‘Apa fr 740 oo [0, 1].
4. o(fn,0) = SuP0<t<1 1+nt = 1. "Apa fpn 74>0 oo (0,1].
5. p(fn,0) =sup __|[5t| = +oo. Apa fr 70 o0 R,
6. o(fn,0) = sup t+_n =1. Apa fn 74>0 ot0 (1,00).
7o p(fa0) =sup i = - Apx fo 50 070 [0,00).

ou
8. o(fn, f) = SUp | [t" — f(t)| = supOSKlt = 1. Apa fr, /4 f o710
[0,1].
ou

9. o(fn,0) = |fn( )| = n. 'Apoc fn /0 o710 [0,1].
10. p(fn,0 ) sup_ Lsin(nt)| = 1. ‘Apa f, 230 oo [0, 27).

0<t<2T I

11. n {frn} dev ouyxdiver opotduoppa oe xauio ouvdptnon Adyw tne Ipd-
taome 2. (Aoxfoec 1, 2, 3, 4, 5, 6, 8, 12).

Optowde 3 Mio axohoudia ouvapthoewy {fn} ue frn : A — R yio xdde
n € N ovoudletou oporduoppa gpayuévn aro A, av undpyet M to ornolo eivar
%06 Qodyua yia OAeg TS fr. Anhady

|fn(t)] < M vy xdde t € A xou yia xdde n € N.

Ipbtaon 3 (a) Av fn, =5 f, gn 3 g 00 A, Téte Afy + pgn =5 Af + pg ov0
A (n, A €R).

(B) Av, emnAéov, ot {fn}, {gn} €lvar ka1 oporduoppa @payuéveg, tdre
fngn = fg 010 A.
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Arédeén
(a) Eotw ¢ > 0. Bploxoups no = no(e) € N dote v x&de n > ny
wybouy |fn(t) — f(2)] < 2|)\|, lgn(t) — g(t)] < 5 \M v x&e t € A.

Téte vy xdde n > ng woyter: |(Afn(t) + ugn(t)) — (Af(E) + ug(t))] <
M fn(8) = FO] + |ullgn(®) — 9] < [M 555 + gy = € v xdde t € A.

(B) Trdpyer M &ote |[fn(t)] < M xou |gn(t)] < M yia x&de n € N xou
v %8 t € A. Hopatnpolue 61, agol fr, =3 f ot0 A, fr =3 f 010 A
étot, i x&de t € A wyder fr(t) — f(t). ‘Apa |f(t)] < M vy xdde t € A.
(Anhadt| o 06 Pedyua GAwY TwY fr eivar xo PedyUo TG CUYEETNONG-OpLo
f)-

‘Eotww onowdfrote € > 0. Awhéyouue ng = no(e) Gdote yia n > ny
wybowv |fn(t) = F(O)| < 557, lgn(t) —g(t)| < 537 Yra xdde t € A. Tore
i xéde 1 > o soy0es |fu(t1galt) — 1(9(0)] < fa(0ga(t) — £ (lgn(t)] +

[F@)gn () = FR)g@)] = [fn(&) = F(O)llgn )] + | f )9 (t) — ()] < 577 M +
M5 = € vy xdde t € A. 0.E.A.
(Aox. 11).

Thpodo Sodue 6Tt UE TNY 0UOLOUOPPY GUYHAGCT £YOUUE TLO LXAVOTOTIXES
anavtioel ot Tplo epwtAuata TG oehidag 75 an’ dtt ue TV xotd onueio
oY xALo).

Ochpnua 1 Eotw vrootvoro A evés petpikot xydpov (X, 1), fn: A — R
via kdben €N, f: A= Rrarty € A. Av fn 35 f 0w A ka1 kdOe fp
elvar owvexnis oo ty, Téte kar 1) f elvar ovvexris oto tg. Apa av kdle fr, elvar
ourexns oto A, tote ka1 ) f elvar ouvexns oto A.

Arnédeén

‘Eow ¢ > 0. H 3o elvon va Bpolue mpodta wiat f, 1 onola eivar «ouoto-
MOPYA XOVTAY aTNY f o UETE Vo YpNOLUOTOOOUUE TN CUVEYEL NS fp OTO
to.

Agol fr =3 f 010 A, undpyet ng Gote p(frg, f) < 5. Enetdh n fn, etvan
ouvexﬁg 070 to, undpyert 0 > 0 wote: t € A, 7(t,10) < 8= |fne(t)— fno(to)| <

5- Apw: t € A, T(t,t0) <8 = [f(t) — f(to)| < |f(t) = fro(®)] + [fno(t) —
fno(to)| + Ifno(to) = ()l < p(fro, f) + | fno(t) = fro(to)| + p(fro, f) < 5+
tti=e. 0.E.A.

Egappoyr

Yo nopdderypa 8, ywpic unoloytoud tne o(fr, f), unopolyue vo cuunepd-

vouue ot fr, ;Z) f ot0 [0,1], agol xdde f, eivar cuveyhc oto [0, 1] odh& 7 f
dev elvon ouveyhc oto [0,1]. (Aoxnoec 1, 2, 9, 10).
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Ocdpnua 2 Eoww du kdde fy, : [a,b] — R elvar R-odokAnpdoun oo [a,b]
kar 6t fn = f ovo [a,b]. Tére n f etvar R-olokAnpdowun oo [a,b] kar

J2 n = 13 8-
Anédoaén

o x&de t € [a, b] wyber bt | fn(t)— ()] < o(fn, f) xon emouévec fr(t)—
o(fn, f) S F () < falt) + o(fn, f)- Apa

® l%f—ph, /f</f</'n+pn,)

rb b
Yuvendyeton 61t 0 < / f —/ f<2(b—a)e(fn, f) =0

Apa f_;'f = _fabf, onote 1 f etvon R-ohoxhnpodoiun.
Erouévwe  ® ouverdyeton fab fn—(O—=a)(fn, f) < f f< f fn+

a)p(fn, f). Apa < (b—a)p(fn, f) —= 0. 0.E.A.
Egappoyn
Yto nopdderyuo 9 eldoue bt fol o= %—1-212:5'_71‘ — 3, AN\ fol f=0."Apa

dev woyler 6Tt fr, = f o710 [0,1]. (Aoxnon 4).

‘Onwe gatvetar and ta mapadetypora 10, 11 dev uropolue va teptuévouue
avéhoyo Yedpnua yio moporydyyous. Anhadh n fr, =3 f 010 A, dev ouvendyeton
névrote 61 f =3 f! oo A.

Trdpyet, Suws, xdtt AMyo mo toAbmhoxo xou otny avtidety xatedduvon.

Oenpnua 3 Eotw fr:[a,b] — R ya kdfen €N, g:[a,b] = R. FEotw du
kdUe fp, etvar tapaywyioun ovo [a,b] ka1 n tapdywyds tng f), elvar ouveyiis
oo [a,b]. Av:

(a) fi =3 g ovo [a,b] kar

(B) n {fn(to)} ouykdiver yia tovddyrozov éva ty € [a,b],
téte n {fn} ovykdiver opoiduopga oe kdnowa f owo [a,b], n orola elvar napa-
yoylowun oo [a,b] kar f' = g.

Arédaén
Ané 10 Oeuehiddec @empnpoc TOU Anapoonxou AOYLO'HOU fn( ) = fu(to)
+ft [} Ané 10 mponyoluevo Yedpnuo ouvendyeTo ft = ft . ‘Apa

t
nmﬁo+/%

to
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6mou Ue o maptotdvouue to 6pto g { frn(to)}-

Ho+ ftf] g elvou uia ouvdptnom tou ¢t v omolo armoxaholue f(t). And
0 Oeuehddec Oedpnua Tou Anetpootinol Aoytopo éyxovue 6t f(t) = g(t)
Yo x&de t € [a,b]. Méver va elfouue 6t f, =3 f o710 [a, b]. Tpdypatt:

t t
Fall) — £ = ‘(fn(to)+ RoECHy g>‘

< |falto) — ol + / (fh —g)

< [fnlto) — ol + It —tole(£7,9)
< [fnlto) = ol + b — alp(f7, 9) 1ot xdde t € [a, b].

‘Apat o(frs f) < | fn(to) — of + (b—a)e(f:,g) = 0. 0.E.A.

AN

IHapatnprioes

Y10 Ospnua 3:

1. Trodétouue Ty opotbuopyn ovyxhon e { f1, }xon cuurepadvouue Ty
opotopoppn obyxhon e {fn}

2. T my {fn} apxel va unodéoovue v xoatd onueio oOyxhon oe éva
M6vo oruelo o.

3. H ouvéyeta twv napaydYov f} eivar «agiotuny g vnédeon. To Oedpr-
po toy et xou ywelc auth TV unddeon 1 anddeldn duws eivar StapopeTint| xon
Myo mo dvoxohn. (Aox. 5, 6).

Ozdpenua 4 (Kputhero Cauchy) Eotw fr, : A— R ya kdfen € N. H
{fn} ovykdAiver opoiduoppa o€ kdnowa ovvdptnon oto A av ka1 pdvo av yua
kdOe € > 0 vndpye ng = ng(e) doze: n,m > nyg = p(fn, fm) < €, 6nAadnj
|fn(t) — fm(t)] < € ya kdOe t € A.

Arnédeén

(a) Ectw fr, = f 010 A xon onowodfinote € > 0. Téte undpyet ng = np(e)
wote: n > ng = |fult) — f(t)] < § vy xdde t € A Apa n,m > ng =
) = Fn)] < 1fn®) = SO+ 1) — F(B)] < 5+ 5 = € yio ¥ 1 € A.

(B) To avtiotpogo. Xradeponowiue t € A. H vnbddeon ouvendyeton ot
yia xdde € > 0 undpyet ng Gote: n,m > ng = |fn(t) — fm(t)] < e. Apan
axohoudia { fr(t)} eivor Cauchy. Apa cuyxhiver ot xdmotov aprdud, o onoiog
eCoptdton and 1o t. Te xdde t € A avuotoyilovue to bpo e {fr(t)}, o
onoto ovoudlovyue f(t). Apa fn == f oto A.

H urédeon eivan b1t yro xdide € > 0 undpyet ng = no(e) Gote: n,m > ng =
|fr(t) — fm(t)] Yo xdde ¢ € A. Aghvouue 1o m — 400 xo éyoupe: n >
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no = |fa(t) — f(t)] < e yia xdde t € A. Apa fr, =3 f ot0 A. O.E.A.
(Aoxnon 7).

5.3 O HeTtpLxog YWEOS TWY CUVEY WY CLUVARTACEWY

O ouuPBohoude o(f,g) pac pépvet 010 UVOAS Tic MEEELC: «UETPLXAY» Xow
«améoTaony. L authy TNV mapdypapo Yo emBefordaovue Ty unodlo auth
xan Yo Stxanohoyfioouue tov cuufolioud.

‘Eotw upetpéde ywpos (X,1) xow ovunayés vnoolvoro A tou X. Kat’
apY RV UTOPOVUE Vo OXEPTOUAOTE Tov R w¢ mapddetypor LeTpixol yhpou ot
éval xhetoté pparyuévo ddotnua [a, b] wg Tapdderyuo ouutoyolc uToouvélou
A. Oewpolue 10 ohvoho dAwV TwV cuvapthoewy and 10 A o1o R ot ornoleg
efvan ouveyeic oto A. To chvoro avtd ouyPorilouvue C(A):

CA)={f]|f:A—=Rxou f ouveyhc oto A}.

Av f,g € C(A) t6te xou 1 f — g xaddc xou v | f — g| aviixouy oto C(A).
Agoi, howndy, 1 | f — g| elvanr ouvdptnom cuveync oe ouurayéc chvoho A, etvan
peoryUEvn xon Exel UEYLOTN TLUY:

o(f.9) = sup |f(t) —g(t)] = max If(t) — g(t)] < +oc.

Oa dolue, thpa, 6Tt 1 ouvdptnom p : C(A) x C(A) — R éyet ¢ téooepig
Widtnteg ptag petpxnc xon dpa o (C(A),p) elvon petptxde ydpog.

1. ITpogavag, wydet o(f, g) > 0 yia xdde f,g € C(A).

2. Av f = g 161¢, npogavie, p(f,g) = maxica |f(t) — g(t)] = 0.
Avtiotpbdonc, av p(f,g) = 0, dnhadf maxsca |f(t) — g(t)| = 0, tote |f(t) —
g(t)| =0y x&de t € A, dnhad?| f(t) = g(t) Yo xdde t € A. Apa f = g.

3. o(f,9) = maxsea [f(t) — g(t)| = maxea |g(t) — F ()] = p(g, f).

4. 'Eotww onowdfnote t € A. Téte |f(t) — g(t)| < |f(t) — h(t)| + |h(t) —
9@ <e(fsh) +p(h, 9). Apap(f,g) < e(f,h) +p(h, g).

Aev Ya evdrapeplodue vo Tepty pdpouUE To AVOLXTE UTOGUVORA Xl ToL XAEL-
074 UTOG\OVORa AUTOU TOU UETELXOV YWEOU, AV Xo To GUUTAYY) UTOGUVOAG TOU
elvan 1d1aitepa onuavtikd yior TNy Yadnuotier avahuoT xat TG EQpUOYES TNG.
Mepixéc duwe mapatneroels:

1. fn = f oto petpd ywpo (C(A),p) onuaiver p(fr, f) — 0 xou awtd
onuaivet, €€ optopol, 61t fr, =3 f oto A.

'V awté o petpde ydpos (C(A), p) ovoudletor xar HETPIKES X DPOS TNS
opoduopeng ovykAions oto A, 1 8¢ uetpix| o oVoUALETOL METPIKT) TS OMOLD-
Hopens ovykAiong ato A xon opoiduopen anéotaon ovvaptioewy ato A.
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2. Ny(e) ={f € C(A)lp(f,9) < }. Tn yewuetpur onuacta g Ny(e),

oty nepintwon xata v onola A C R, v avakbooue otn oekida 78.

5.4 Aoxnoeg

EdOxoleg

. Bow fp(t) = ﬁ, t € [0,1]. Anodei&te 6t n {fn} ouyxhiver xotd
onueiov, alhd byt opotbuopga, ot xdnowa cuvdptnor f oto [0,1]. o
elvar 1 f;

t2n

2. BEow fo(t) = 1w, t € R AnoBeigte 6nt 1 {fn} ouyxhiver xord
onuelo, aAAd oyt ouoldbuoppa, o xdmota cuvdptnon f oto R. Ilowd
elvar 1 f;

(Trédeln: nepintdoeic |t > 1, |t <1, |t| =1.)

, [0 t< A hs <t Y
3. Eotw fo(t) = { sin? (I) | %_H Sy . Anodei&te 6t {fn}

oy
ovyxAlver xatd onuelo oe xdnota f ouveyr oto R. Ioylel 6w fr, = f
ot R;

4. 'Botw fo(t) = nPt(1—12)", t € [0, 1], ue p nopducteo oto R. Anodeifte
6t ytaxdde p € Rn {fn} ovyxhiver xotd onueiov oe xdnota f oo [0,1].
IMo motég Tég tou p etvon 1 abyxhion opolduopen; T'a motés Tiuég Tou
p oylet 6T f01 fn— fol f;

(Trédeln: nPa™ - 0y 0<a<1, p>0).

Meépreg

5. Eotw fu(t) = H#’ t € R. Anodei&te 6L undpyer f wote fr, — f
oto R Anodeilte 6t f)(t) — f'(t) av t # 0, ahr& f1,(0) 4 f'(0).

6. Eotw fn(t) = %e‘"%z, t € R Anodet&te 6t f, —0 oo R xou

[l =50 oto R Anodeifte 6T oe xd&de didotnua Yetinod urfxoug 1o
onofo meptéyer 1o 0 1 f) Sev ouyxhiver opotbuopga ot undevixf ou-
véptnom, eved ot xdle didotnuo kAewtd to onolo Sev meptéyer to 0 1 f,
oLYXAIVEL OpOLOUOPQA OTT UNBEVIXT] CUYAETNON.

7. Av f, = f 010 A xou uio Touldiytotoy fr, elvar pparyuévn oto A, téte

N {fn} elvow opotbuoppa gpoyuévn oto A.
(Yrnddeln: xpirhipro Cauchy, € = 1.)
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'Eotw f,fn : A [a,b] yio xdde n € N xou f, — f 010 A. 'Eotw
g : [a,b] = R ouveyfc oto [a,b]. Anodelite b1 gof, — gof oto A.
(Trddeiln: n g elvon ouolduoppa cuveyhc oto [a, b]).

‘Eotww (X,1) yetpixde ywpos, A C X, f,fn : A — R ouveyeic oto A
v xéde n € N xou fr, = f 010 A. Eotww 6t n {z,} mepéyeton oto
A, 1p € A xon z,, — xo. Anodeilte 6t fr(z,) = f(zo).

(TﬂéBEliﬂi |fn($n) - f($0)| < |fn($n) - f(wn)| + |f($n) - f(xO)D

AbOoxoleg

‘Eotw petpixde yopoc (X,1), A C X, f,fn: A — R ya xdde n €
N xu fn, = f o0 A. 'Eotw ty onuelo oucchpevong tou A xou
limy_sty fr(t) = zp, € R. Anodeilte 6t

o 1 {zn} ovyxhiver oto R xow
B. limy_siy f(t) = limp—ooTn. Anhadh: limy_siolimp oo fn(t) =
limn—)oolimt%tofn(t)-

Bepeite axohouvdiec { fr}, {gn} optouévec oe olvoro A, ot onoleg ouyxAi-
vouv ouotéuopga, 0AE N { frgn} dev ouyxhivet ouotbuopga.

‘Eotw fp(t) = t" oto [0,1] xou g : [0,1] — R ouveyhc oto [0,1] ue
g(1) = 0. Anodei&te 6w 1 {gfn} ouyxhiver opotbuopga oto [0,1].
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To ﬁsd)pv]y.oc Weierstrass

6.1

Y10 xepdiono autd Yo anodeilouue €va udvo Yedpnua.

Ocshpnua 1 (Weierstrass) Av n f : [a,b] — R elvar ovveynis oo [a,b),
téte ya kdde € > 0 vndpyer moAvdvupo P dote

|f () — P(t)] < e ya kdOe t € [a,b].

Hapazrjpnon
Me tov ouyPolioud tou tponyoluevou xegahaiou: p(f, P) < e. Taipvo-
vtog Stadoyxd e =1, %, Treea - XU T AVT{OTOLY O TOAUGOVLUL Py, Po, P3,

oy P,y ... éyovpe: p(f, Py) < % — 0. "Apa, uta toodivoun dtatdinwon tou
Yewpruatog etva:

Ocehpnua 1 (Weierstrass) Av n f : [a,b] — R efvar ovveyris oo [a, b,
téte vndpyer akolovdia toAvwviuwy {P,} n onola ovykAiver opoibuopga otny
f ovo [a,b)].

Trdpyouv mohhég anodeilelc autol tou Yewpruatog. H anddeln mou o
Tapouctaotel €3¢ elvon tou Serge Bernstein.

O petaoynuatiopde: t =t(z) = (b—a)z + a eivon augLruovooRuavTog xou
petatpénel o z-ddotnua [0, 1] oto t-Sdotnua [a, b].

O avtiotpogog petaoynuatiouds: = = z(t) = b — 7% uetotpénel,
puowxd, to t-dtdotnua [a,b] oto z-Sdotnua [0, 1].

83
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Ot yetaoynuatiouol autol Uag ETLTRENOVY VoL UETATPETOUUE CUVORTAOELS
optouévec oo [0, 1] o€ ouvapthoelc optouéves oto [a, b] xou avtioTpdpwc.

Av n ouvdptnon f : [a,b] — R eivar cuveynfc oo [a, b], Té1E 1 oLVETNON
g :[0,1] — R nov opiletor ue tov t0R0

g(z) = f(i(z)) = f((b—a)z + a)

elvou ouveytic oto [0, 1].

Av 1o P(t) eivon tohu@yuuo tou t, t61e 10 Q(z) nou opileton ue Tov tHno:
Q(z) = P(t(z)) = P((b— a)z + a) elvor ToAucdYLUO TOU T Xxou PdAoTaL (Btou
Barduov.

T mopdderypo: av P(t) = 2t3 + 3t — 4, t61e Q(z) = 2((b — a)z +a)” +
3((b—a)z+a)—4 = 2(b—a)®z +6a(b — a)’z? + (6(b—a)a® +3(b—a))z +
(2a® + 3a — 4).

Av anodei&ouue to Yedpnua otny Tepintwon tou draothuatog [0, 1], tote,
av éyouue f ouveyd oto [a, b], Beloxouue Ty g(z) = f(t) n onola elvor cuveyhic
oo [0,1]. Katémy Bploxovue nohuwvuupo Q(z) tétoro wote:

3

lg(z) — Q(z)| < & yo xdde z € [0,1].

Metd Bpioxouue 1o mohudvuuo P(t) = Q(z) to omolo, npogavag, txavorotel
™mv:
|£(t) = P(#)] = [g9(z) = Q(z)] < € yia x&de ¢ € [a, b].

Apa apxetl va anodei&ouue to Yedpnua oty nepintwon a = 0,b = 1.

Adppal (@) Y, (Mak1 —2)"F =1,
B) Yoo k(})z*(1 —2)" " = na,
(¥) > k=0 kQ(Z)wk(l - Jl)n_k = (n? — n)z? + nz.

Anéoaén
Xenowonoolue Tov Stwvuuixd Tomo

Zn: (Z)tksnfk =(t+s)"

k=0

(a) Oétovue t =z, s =1 — .

(B) Hopaywyilovue tov Stwvuuxd t10mo we tpog ¢, tolanhactdlovue Ty
lodTNTAL TOU TEOXUTTEL UE t xou Yétoupe t =, s =1 — .

(y) Hopaywyilovue debtepn popd we npoc t, tolamhactdlovue Ue t xon
Yétovue t =z, s=1—=. O.E.A.

Anéoaén tov Oewpnuaros yia a =0, b= 1.
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‘Eotww f:[0,1] = R ouveytc oto [0, 1]. Oewpolue 10 ToAudVUUO:

) =3 (1)1 (&) st -ar

k=0

Oa deifouue 61, yro € > 0 dedouévo, av ndpouue 10 n = n(e) apxetd
ueydho, to By, elvon to {ntoduevo P, dnhadi:

|Bn(z) — f(z)] < € v xdde z € [0,1].

Adbyw tou AMupatog 1(a):

k=0 k=0

Agonpdvtag xatd uéhn:

n
n k
B _ _ ( ) AN k(1 _ gk
0 -1 =3 ({1 () - 1@} Ha-a
k=0
Kpatdue otodepd 1o n xow 10 = € [0, 1] xar aprivouue tov axépato k va
nabpver g pég 0, 1,2, - - -, n. Téte o Adyog % rabpvet g Tpég 0, %, %, R %, l.l
IMo xdmoteg tyuég tou k o Aoyog % neptéyeton oo ddotnua [z — %n, z+

&), Brikadt

exTté¢ TOU JtaoTHUATOS, dNAadT|

k 1 ’ z / ks
T — ﬁ‘ < T AL YL TIC unéhotneg TWES Tou k o Aoyog - elvor

_ E‘ 1
7 ’ 7 n ’ ’ . ! "
Xmetloupe, Aotndy, o ddpotoua Y. oe dvo adpoiouoTor Y, Y.
Y10 )" adpoilovue udvo toug Gpouc ol omolot avtiotoyolyv ota k To onol-
/ k 1 n 7 3
o avorowdy my |z — £| < ;XU OO >0 adpoilouue touc umbhottoug
6poug, dnhadr| autolc ot onolot avtioToryoly ot kK T omola txayomotoly Ty
o — k| > L
n In-

YuyuPoiilovue
en = max |f(z)—f(y)l

1
|$—y|§%

Téte yio 1o k 10U pdhrou adpoiouartoc S woyte 6t |f(%) — f(@)| < en.
Apat:
k
S ({0 - s@) oo - o
k
SHWITEEIE

:(;k(l _ w)n—k <
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En Z' (Z) oF(1— )"k < eni (Z) f(1—2)"F =¢, (AMfupa 1(a)).

k=0

Acpou T] f ebvan ouvaxng oo [0,1], éxer xdmoto dvew ppdyuo M. Apa
[f(3) = F@)| < |[FCD| +1f ()] < 2M.

Exoupa Aotndv:

S () {76 - s@) ot

< Z//('Z)2M$k(1_x)nfk
- 2MZ”< ) k(1 — )k

= 2MZ”(% — x)z (:) (1 —z)nk

.’L‘
2

2M )" %%?2 (:) F(1 — )"k
= 2M\/EZ”(% —z)? (Z) Dl ) L

< 2M\/EZ(% — 1)2 (Z) oh(1 — )k
k=0

IN

. zzwai (’“_ oFerat) (1) 2 e

n

- 2M\/_{ 2Zk2( ) a1 -z
—%Zk(:)wk(l—w)"_k—l—agzn:(Z)wk(l—x)"_k}
k=0

= 2M\/_{ ((n —n)z? -l-n:v)—%nx-i—xQ}
2Mz(1 — ) < M
Vi T 2yn

‘Eyouue, Aotmdv, uéypt thpa Ot

Ba(e) — 1) = |2+ | < [+ [T <ent 22
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‘Eotw Aowmdy € > 0. Agot n f elvon ouveyric oto [0, 1], efvar xou opotd-
uopgpa ouveyfc oto [0,1]. Apa undpyet 6 > 0 dote: |f(z) — f(y)] < § av
|z —y| < 6. Awhéyouue n dote: % < § xou % < 5. Téte ye awtd o n
éxouue en, < 5. Apa | By (z)—f(z)| < &:n—l—\/— <5+5 =eyaxddex € [0,1].
O.E.A.

IHapdoeryua
f(z) = y/z 070 [0,1] xou e = 0.0001 = m =10"*.

Bpioxouye npdta 10 6 dote: 0 <z —y < = /T — < 5. Hotpvouue

awé

x:y-l-éxouéxoups\/_—\/_—\/flff—\/g?g+f< V6. Apa, av
V6= Bn)\a&q 0 = &, té1e €youpe 1O anoupevo 0: 0 = % 1078

To M elvo npocpowwq = 1. Apa 9éhouye - I < 11078 xou % <1104,
Srhodh: n > 4% 1032, Me n = 41032 éyoupe 10 Cntoupsvo TOAUGVUUO:

44 1032

Z 441032 xk(]_ _ $)441032_k k
k 441032°

k=0

Auté elvon mohudyuuo Barduod 441032,

6.2 Aoxvosig

EdOxoleg

1. (of) AnodeiZte 61t undpyet mohudvupo P(z) dote ||z] — P(z)| < 1905
v x&e x pe —100 < z < 100. Bpeite éva tét010 TOAUGVUUO.
(B") Erionc undpyer nohuwyvuo Q(z) ue Q(0) =0 xon |sinz — Q(z)| <
ﬁ yio x&e z pe —100 < z < 100.

Meérpreg

2. 'Eoww ouveyig f [0,1] —» R pe TV WibtnTa fo t"f(t)dt = 0 yro xdde
= 0,1,2,3,.... Anodeilte 6t f = 0. (YTnddeiln: Eotww ¢ > 0.
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Trdpyer nohvwdvuuo P(t) wote |f(t) — P(t)| < € yra xdde t € [0,1].

Tére:
/f )t = /f dt+/ (O (2) — P(t)}d

IN

1
Auwww—mmﬁ

1
5/0 F(0)\dt.

IN

Apar [y F2(t)dt = 0)

. '‘Botw f : [1,400) — R ovveytic oo [1, +00) dote 1o limg_, o0 f(2) elvon

mpaypotixdg apriuds. Anodel€te 6Tt o xdde € > 0 undipyet cuvdpETNOT
me uopyiic Q(z) = mohudvuuo tou L Gote |f(z) — Q)| < e yia xdde

z > 1.

. 'Botww f : [0,4+00) — R ovveytic o7o [0, +00) dote 1o limg_, o0 f(z) elvon

mpaypotixdg aprdudg. Anodel€te 61t o xdde € > 0 undipyet cuvdpTnoT
e popphc Q(z) = moluvdvupo tou e T Gote |f(z) — Q(z)] < € v
xdde z > 0.
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DELRES LUVURTHOEWY

7.1 Tevixd

Optowds 1 'Eotw n axolovdia mpayuotixdy ouvaptioewy {fr} optouévev
oe un xevé aOvoho A, fr, : A= R yia xdde n € N. Ocwpolue 1o ditpoioua
Sp, TWV APYIXWY N N6 AUTEG:

Sn:f1+f2+"'+fn:A'_)]Ra

Ihadh| s, (t) = f1(t) + fa(t) + -+ + fn(t) yio xdde ¢ € A.

Av unidpyet cuvdpnom s : A — R ote s, =3 s 670 A, 161 My 6L 1 oEL-
& Y r | fr ovykAivel katd onueio oTny s oto A xoun Ypdpouue: Y oo fi =S
oto A.

Av, buwg, s, =% s 010 A, t61E Mue 61t 1) oELPd Y reo fr ouyKAiver opoté-
popga otny s oto A xou ypdpoupe: Y rey fr = s oo A. (Aoxnon 6)

Enouévwg 1 obyxhion oelpmy cuvapThoE®Y avdyeton o€ 6OYXALOY axolou-
TV oUVPTHoEWY.

IHapdoderyua

H yvooth yog Yewuetpuxd oepd S re o tF.

EdG fir(t) = tF (k =0,1,2,...). Tvwpilouye 61t 610 Sdotnua (—1,1) 7
oe1pd ouYxhiver xad onueio otn ouvdptnon s(t) = . Anhadf: Do tFE
= oto (—1,1). Ac dolue av 1 olyxhon e oelpdc efvon ouotdUopen oo
(-1,1).

_¢n+1 n+1
Tt € (=1,1) = sa(t) = kg th = 11%1:7 sn(t) —s(t) = _t1—t'
oy

Av s, = s 010 (—1,1), Yo npéner yio x&de € > 0 vor undipyet ng = ng(e)

% = |sp(t) — s(t)| < € v xdde n > ng xou xdde t pe —1 <t < 1.

WOoTE

89



90 KE®AAAIO 7. YEIPEY, Y¥TNAPTHXYESIN

‘t|n+1

Auté buwg etvor adbvarto, StéTt yia omotodnrote n €yovue limy ;- T =

+00.
Ipotaon 1 Av Y 72| fi=s ot A, tére Y poy fx =1 ot0 A.

Anédeén
‘Ayeon and v Hpdtaon 2, Keg. 5 vy ty {sp }. O.E.A.

Ipotaon 2 Av Y o2 | fx=s, Y pey gk=5s 0t0 A, TlTe

o

Z()\fk + pgr)EXs + ut oto A
k=1

(A, p € R). To (610 wyver yia tny kard onueio ovykhon.

Anéoeaén
"Aueon and ti¢ Ipotdoerg 1 xon 3(a), Keg 5. O.E.A.

ITp6taom 3 (Kevthpro Cauchy) H 77, fi ovykkivea opoduoppa oo A
(o€ kdrowa ouvdpTnon) av kair puévov av 1wyve to €€ng: ya kdle e > 0 vndpyer
no = no(e) € N dore:

ng <m<n=|fmp(t)+---+ fu(t) < e ya kdde t € A.

Anédeén
‘Aueon and 10 Oewpnua 4, Keg. 5 epoapuoouévo oty axohoudia {sy}.
O.E.A.

Oehpnua 1 (Keuthpro Weierstrass) Eotw 0t supe 4 | fn(t)] < My,
(Ank. to M, efvar dve gpdypa tns |fr|) kar du n oepd apidudy Y o2 | My,
ovykAiver. Téte n 'y po fr ovykAiver opoiduopga oo A. (Aok. 3,7,9,13)

Anédaén

Ia xdde t € A woybet 6u | fr(t)| < My, ondte, clugwva ue to Yedpnua
GOYXPLONG OELPGOY TRAYUATIXOV oprduddy, N oetpd Y ooy fi(t) ouyxhiver oe
xénoov apud tov onolo ovoudloupe s(t). Anhadd Yopo, fr'='s oto A.

Topa:
> Filt)

k=n+1

o0

DI = fr()
k=1

k=1

|s(2) = sn(8)] =

o

o0
< RIS DD Myyaxdde t € A.
k=n+1 k=n+1
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Apo supye a|s(t) — sn(t)| < Ypepis My — 0 bty n — 00. Apat 5,73 s

oto A xou, enopévec Y re fr=s oto A. O.E.A.
Iapdoderyua:
Py Sirjc(ft) yioo xdde t € R
E36 fi(t) = s"}c(—ft) Apa |fr(t)] < k% Yo x&de t € R. Enedf n Y poy k%

ouyxhivet, 1 oelpd uog ouyxhiver ouolduopga oe xdmota ouvdptnom oto R.
(Aox. 3,7,9,13).

Ocdpnua 2 Eotw netpikds yipos (X, 1) kat A C X. Axdun éotw Y po  fk
= s oto A. Av Bheg o1 fr, elvar ouvexels oto A, téte kar n s efvar ouveyris
oto A. Tho yevikd, av dAeg o1 fy, elvar ovveyels o€ kdrow ty € A, tote ka1 n
s efvar ouvexns oo ty.

Anédoeaén
‘Aueon and 1o Oedpnua 1, Keg. 5, yo v {sp}. O.E.A.
(Aox. 8,10,15)

Ocsvpnua 3 Eotw éu Y ooy frr = s o0 [a,b] ka1 éu dhes o1 fr efvar R-
olokAnpdopes oto [a,b]. Tdte n s elvar emiong R-odokAnpdowun oo [a,b]

kar 25 =S50 (J2 1) Anad [2S5 ) = SR (2 Fi)-

Anédeén
"Aueon and 10 Oedpnua 2, Keg. 5, yioo mv {s,}. O.E.A.
(Aox. 16)

Ocdpnua 4 Fotw fi : [a,b] — R napaywyloun ozo [a,b] xar f, ovveyiis
oo [a,b] yia kdle k € N. Av:

(a) Y521 f}. = g ovo [a,b] ka1

(B) n >y fe(to) ovykdiver y1a rovddyiotor éva tg € [a, bl
tdte 1 Y poy fr oUyKAlvel opoiduopga o€ kdnowa ovvdptnon s ovo [a,b], n s
elvar napaywyioun oto [a,b] ka1 s’ = g. Anhadi (372, fu)' = 2opet fr-

Anédeén
Ayeon and 1o Oewpnua 3, Keg. 5, yia v {s,}. O.E.A.

Ot mapatnenoeig oto Oebpnua 3, Keg. 5, woybouv xar 3.
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7.2  Avvoooelpég

Thpo Yo e€eTACOVUE ULal TOAU ONUAVTLXT XATNYOPlOL CELPWY CUVAPTHCEWY,
TG AEYOUEVES OUVaNOTEIPES.

Optowds 2 Av {ai} eivon onotadrinote axohoudia oto R, 1) oetpd
S22 o axt® ovoudloupe Suvapocepd pe ourtedeatés ay.

To t dtatpéyet 6o 10 R xou 10 TpdTo TEOPANUA elvon va Bpolue Oha Tot ¢
yta Toe omota 1) Suvopooelpd cuyXALveL.
Eotww a = limsup ¥/|ag|. Téte 0 < a < +oo0.

Opwowds 3 Tov opriud R = % ovoudlovue aktiva oUykAong g duvauo-

oepdic. Aeyduaote 61t § = 400, ~=- = 0 (Aoxnon 4)

' Too

Apa 0 < R < 400. Auth 1 ovouaoia tou R dixonohoyeiton and to mopa-
xATR VewpnUaL.

Oevpnua 5 (a) Avt € (—R, R) n durapooeipd ovykiiver arodtwg oo t.
(B) Av t ¢ [—R, R] n duvapooepd anoxAiver oo t.
(y) INa t = £R dev vndpyer yevikd ovunépaopa.
(6) H Y32, axth ouykiver opordpoppa oe orowdrirote tidotnua [a,b] o
onoto mepiéyetar oto (—R, R), 6nhad] —R < a < b< R.

Opropog 4 To ddotnua (—R, R) ovoudleton didotnua ovykAiong e du-
VOLOGELRAG.

Anéoeaén
Ia o (@), (B) epapubélovue to xprthpto g pilac Yo oOYXMOY OELPMY.
(a) Av |t| < R t61e limsup {/|axt*| = |t|limsup {/|ax| = |t|a = % <1.
(B) Av |t| > R t61e, opotwg, limsup ¥/ |agth| = % > 1.
(y) Tty 322, tF umohoyilouue R = 1. Twu t = +1 éyouue Tic oetpée
S0 1k, S22 o (—1)F o1 onofeg Bev ouyxhivouy.
thk

T ™y D pey F+1)? vrohoyiCouue R = 1. T t = £1 éyouye tig oetpée

o 1 o0 —1 k 7 2.
> heo (CFSEE D heo ﬁ oL ontoileg ouYxAivouy.

Tt Ty D pep kt—jl vrohoyiCovue R = 1. Tha t = £1 éyouue tg oelpég

4 ? _1 k 4 4
Y reo k%_l n onolor amoxhiver, Y po o % 1 omolo GuyXAlvel.

(6) Avt € [a,b] téte [t| < max(|al,|b]) < R. Ouotactixd Yo Eavaxdvouue
v anddet&n tou xprtnpiov e pilac. Atoakéyouue aprdud r dote max(|al, [b])
<r < R. Tée £ > % =a = limsup ¥/]ax|. Apa undpyer N € N Gote:

r
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Y9ar| < L vy xéde k > N. Opwg, téte v xdde k > N: |apt®| <

k
|:—’,Z < (M) . Apa o0 ddotnua [a,b] epapudletar o xprThpto ToOU

k
max(|al, b))

pad . ) ouyxhiver (apod

Weierstrass, Sttt 1 YEQUETEXT OERd D 0o (
max(|al,|b

a (IT LD < 1)
(Aoxmon 2, 4).

CApan SO0 apth ouyxhiver opotbuopea oo [a,b].  O.E.A.

Iapaznpnon

To Jewpnua Aéel 6Tt piar Suvauooelpd ouyxAivel ouolduoppa o oToLodN-
rote ddotnua [a, b] teptéyeton «yynolwe» oto dtdotnua ovyxhong e Suva-
uooetpds. Anhady to a umopel va efvon 660 xovtd Véhovue oto —R xan to b
600 xovtd ¥éhovye oto R.

AMNG mpémer v yiver xatavontd 6Tt To @ dev EMITEEMETAL «EV YEVELY VAl
4 /7 4 4 z 4 z.

elvar —R o0te 10 b va elvon R, 3nhadt| 1 Suvauooelpd «<ev Yévery dev auyxive
opotéuoppa oto (—R, R). Ouunieite to napdderyua tne yewUETptxAS oeLpdc.

Bénouye, hotndy, ot uia Suvopooetpd S 720 akth ouyxhiver yio xdde ¢
T0 onofo avixet ot éva cbvoro A. To olhvoho A elvon 1o Sdotnua obyxhiong
(—R, R) ¢ duvauooetpds oto onolo umopel va éyet tpootedel éva and ta A
xan to 800 dxpa £ R:

A= (~R,R) % (~R,R| 4 [-R,R) # [-R, R]

Apa ot0 A 1) duvauooelpd cuyxhivel xatd onueio o pla ouvdptnon s :
A — R. Aéue t6te 611 1) Suvauooelpd opiler tny cuvdptnon s : A — R xou 6tL )
s: A —= R opilerar and v duvopooelpd. Io napdderyua 1 yewuetpixny) oetpd
F29tk opiler v s 1 (—1,1) — R pe tomo s(t) = = Y xdde t € (—1,1).
‘Onwe gaiveton xou 010 TaEddetypa, elvon SuVaTdV 1 CLYVAETNOT S VoL ETE-
xtelveton xou extég Tou cuvérou A. Anhadt| va undpyet ouvdptnon f : B — R
ue B D A, B # A dote f(t) = s(t) yia x&de t € A. Ilpdyuatt, oto no-
edderyuo n f : R\{1} — R pe t0mo f(t) = & vt x&de t € R\{1} elvon
enéxtoon g s. ‘Ouwg mpooélte 6Tl 1 duvauooelpd cuyxhivel xatd onueio
otV s, dnhadr otov meploploud g f oto A, xou oyt oty f.
Yta endpeva [Moplopata 1,2,3 Yo e€etdoovue yepixés onuavtixés t3totn-
TEC NG ouvdpnong s 1 omola opleton and uia SUVUUOCELRE 6TO BtdoTNUA
oY xhoRg TNe.
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IIépiopa 1 (Xvrvéyxera dvrapooerpdr) . Eotww ty € (—R, R). Awoakéyou-
ue omowodfitote ddotnua [a,b] Tepéyel To ) wC ecwTEpd Tou oNuEeio xat
nepéyetan oto (—R, R).

Tére oL ouvapthoelc axth eivor ouveyelc oto ty xou, eneld n Suvapooetpd
ouyxAiver opotduopga 6To [a,b] otn cuvdptnon s, elvar xou 1 s cLVEYTC O0TO
to. Apa: n ovvdpTnon n onota opiletar ané pa dvvapooepd elvar ovvexng oe
kdUe onueio Tov draotriuatog oUykA0TS.

ITégropa 2 (OAokAtjpwon dvrapooerpsr) . ‘Eow [a,b] C (—R,R). O
ouvapthoelc axth eivor R-ohoxhnpdotuec oto [a,b]. Agol 1 Suvapooetpd ouy-
xhiver opotbuopya 610 [a,b] otn ouvdptnon s, eivar xon 1 s R-ohoxhnpdotun
o070 [a, b] xou wylet

/bs:/b iaktk dt:i/baktkdt:ia—k(bkﬂ—ak"'l).
a @ \k=0 k=0"0 k:0k+1

Edwétepa, av b= s, a =0, 6nov s € (—R, R), t61¢:

k k—|—1
/ (Zakt)dt k+1 :

IIépiopa 3 (Ilapaydyron dvvapooerpdr) . Av JewpRcovue T Topoy-
Youc (axtF)’ = kagth 1, n oepd toug éxer axtiva ohyxhomC

R = 1 - L —R.

limsup *{/|kax] lim “Vk - limsup */|ak]

"Apo. 1) Buvaooelpd TV TopaYGYWY, Y re; kagtt 1, éyel to (B0 ddoTnua
obyxhong (—R, R) ue vy apyxf duvauooepd. ‘Eotw twpa tg € (—R, R).
Arahéyoupe it onoodrinote didotnua [a, b] teptéyet 1o ty we eowTEPXd TOU
onueio xou teptéyeton oto (—R, R). Liugpova ue 1o Oshpnua 5 1 duvauooetpd
OV TOPAYOYWY oLYXAIVEL opoLéUOpPa o€ Xdmota cuvdpTNoT g oTo [a,b] xat
N apyx) SuvaooEpd oUYXAIVEL ouoLdUOoppa oTNY ouvdptnon s (tny omola
opilet) oto [a,b]. Apa, chugwva pe 10 Oewpnua 4, 1 s elvor Tapaywylown
oto [a,b] xau §'(t) = g(t) v x&de ¢ € [a,b]. Edwdrepa: s'(to) = g(to)-
(XCkzo aktk)lt:to = > ey kagto®

Suunepaivouue, howndy, 6t ) ouvdptnon n orola opiletar and pa dvva-
Hooepd elvar tapaywyionun oe kdle onpeio tov Sraotiuatog oUykAong kat n
Tapdywyos Tng wovtal pe TNy ouvvdptnon n onola opiletar ané Tny duvapooer-
pd Ty tapaydywy. Anhady, uta Suvouooelpd uropel va nopoywytodel «xotd
bpoucy ot onotodfnote anueio Tou StacTAUATOS GUYXMOHS TNG.
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IToAAéc popég ot duvauooepés eugpavilovtal 6TNY LopPh
o0
Z ak(t — t())k (to € R).

Téte ahhdlovye yetoBinth T = t—tg xou 1 Suvaooetpd Ypdpetar Y o axT*.
Sovpeve ue 1o Oedpnua 5 undpyet R dote 1 3120 arTF ouyahiver yia xdde

€ (—R,R). Apan 3 1% ay(t—1o)* ouyihiver yio xédde t € (to— R, o+ R).
To (to — R, to + R) eivan, enouévee, to dtdotnua obyxhone e Suvauooetpdc
aUTAS.

Anhadn €youue anhy| yetatdmion xévipou and 1o 0 oo ty xou (Brar oxtiva
olyxhong. Elvou ebxolo, tdpa, va det xavelg Tt wopen o mdpouy to Oewpnua
5 xou 1o Topioyorta Tou yia Suvaposetpée Y420 ax(t — to)*. (Aoxnon 5)

Mopoadelyporta

1. H yewpetpixn) oeipd

S oth = 15 yw xdde ¢t € (—1,1). Moapaywyiloviag obugwva ue 1o
Méptopa 3: (1% Sord Ktk = 5% (k4 1)tF yio xdde t € (—1,1).
(Tov B0 tino tov anodeilaue ypnotuonotdvag 1o yvéuevo-Cauchy oetpdv).
Enavohaufdvouue v mapaydyton 6oeg @opéc Bélovue, dtatnpadviag To (o
xdde @opd dtdotnua olyxhong:

2 k=2 _ N
=5 = Zk 1)t kzok+2 )(k + 1)t

n!

(= Kk —1)-- (k—n+ 1)tk

NE

=
Il

n

(k+n)(k4+n—1)---(k+1)t*

I
[M]8

B
Il

0
OloxAnpwyvovtag ) YEwUETPXY oElpd obugpuva ue to Ildploua 2: fot =
ds=3 120 ’;Ck% v xddet € (—1,1). Anhodn: log (%_t) = % yio xdie

€ (—1,1). Hoewpd Yz, %, 1 onola ovoudleton Aoyaprdunkn oepd, €xel we
drdotnua obyxhone to (—1,1) xou cuyxhivet xatd onuelo oto ddoTnua awtd

otnv ouvdptnon log (l%t) = —log(1 —t).
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2.H exletixnj oepd
Ytov Anetpootind Aoyloud yYvepiooue v exdetind cuvdptnon e! xon Tic

Wibtntéc te. Ebduxdtepa, av f(t) = et téte:

0 1. I 1 1
f(0)=¢€e"=1,f(1) =e —e—klg{)lo(l—i-n) 1—i—1|+2
(deq dox. 14, Keg. 4) xou f(t+ ) = f(t)f(s), t,s € R Eniong yvwplooue ™
oetpd Taylor tng el dnAadt| amodel&oue ot el = lim, 00 (1+ % + t2—2. +--t :L—".)
v xdde t € R. Enfone eldoue 6t f/(t) = (&) = €' = f(¢) yioa x&de t € R.
Edw Ya axoloudfioouvue tny avtiotpogn nopelo: Yo Eextvioouue and tnv oeLpd
Taylor xou Yo pTidEouue v exdetinr) cuvdptnon.
Ocwpotye T duvapooepd Y p o k. (exdetiki oepd).

P

H axtiva obyxhofic e elvon 400, agol limsup ¢ % = 0 (Av autd

10 6plo Qaiveton meplmAoxo, TOTE Ag YPNOULOTOOOUUE TO XPLTHRo AdYyou:
k+1 /. 4 ’ 7z

%/;;1)" = k‘—ﬂl — 0 xoddg kK — 0o v xdde t € R Apa n oepa

Y reo Z—k, ouyxhiver yio xdde ¢ € R, ondte o Sdotnua obyxhiong tng elvon to
(—00,+00). Apat R = +00, onéte 0 = % = limsup {/ 4).

Apa, obugwva ue ta Hoplouoata 1,3, N ouvdptnon E(t) = Y020 4tk
(t € R) eivar ouveyhc xou mopaywyiown oto R xat

+00 1 +00 1

+00 k

_ k—1 __ k-1 _ k

=> gt = > oD 1)!7: —k't = E(t).
k=1 k=1 k=

Entl mhéov, obupwva ue 1o Oshpnua 5, 1 octpd ouyxhivel amohltwg yia xdie
t € R xat opotbuopga ot x&de ddotnua [a,b] C R.
Eqapuélovtag 10 Oempnua 7, Keg. 4 (ywéuevo-Cauchy) éyouue

o0 n tk Sn—k
w0 -5 (% foa)

S (S retae)
(z o)

t+s)" = E(t+s).

Il
M8 I M8 ||M8

S

I

(=)
?>_|H
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Apa E(s)E(t) = E(s +t) yio x&le s,t € R.

Agitepog TpoTOC amddeling authg g todtTog elvon o e€hg. Oewpolue
™ ouvdptnom f(t) = E(s1 —t)E(t). Téte f'(t) = —E'(s1 —t)E(t) + E(s1 —
t)E'(t) = —E(s1 —t)E(t) + E(s1 —t)E(t) = 0 yroa xdde t € R. ‘Apan f elvon
otaepn oto R. Ondte E(s; — t)E(t) = f(t) = f(0) = E(s1)E(0) = E(s1).
Téhog, Bétovue 51 = s + 1.

Emnéov: E(0) = 1, E(1) = e. Ilpogavae, av t > 0, téte E(t) =1+ 4 +
%+- -+ >1>0. Enedf E(—t)E(t) = E(—t+t) = E(0) = 1, ouvendyeton 61t
E(t) >0y xdde t < 0. Apa E(t) > 0y xdde t € R. Ané E'(t) = E(t) >0
v x&de t € R mpoxdinter 6t 1 E elvan yvnolwg adovoa oto R Axdur, av
t >0, t6tc E(t) > 1+ 4 =1+t Apalimy, o E(t) = +oo. Anb v
E(—t)E(t) = 1 npoxintel oquéows 6u limy, o E(t) = 0. Emtnhéov, av t > 0,

t6te E(t) > (anTJrll), Apa 0 < ﬁ < (nH) v x&de t > 0 xou emouéves

limy ¢ oo % =0 (neN).

Avoaxegaiomvovtag, n E €xet tig mapaxdtw 3dTnTES:

(o) elvan ouveyfic xon nopaywyiown ot R xou E' = E,

(B) E(0) =1,E(1) =e

(v) E(t+s) = E(t)E(s) vy xdde t,s € R,

(3) elvon yvnoiwe adZovsa oto R xar Ve,

(e) limyy oo E(t) = +o00,limy, oo E(t) =0 hmt—>+oo E( =0(neN).

Apa 1 E éyer axpPadg tig (deg 1dtdtnTeg Tic omoleg €xet xou 1 et. Mé-
vel va anodel€ouue ot elvar 1) (br1a ovvdpTnon. Oa €yovue étol éva debtepo
TPOTO TROGEYYLONG NS exdeTinrg ouvdptnong. O pev mpdtog TpdToC, dNhadt
auTOC Tou TEpLypdgpeton oTov Amelpootixd Aoyloud elvar otwodnmote o mo
puotoloYLxdg, yiotl «@pTidyvery tny exdetnr] ouvdptnon apyilovtag and ta
«otoyetddny. Eve o Sebtepog ypetdletar Yvahon twy LBLOTY’}T@V WV duvouo-
oelpwv. Me tov mpwTo TeéTOo N anddeEn TNg tdTNTAG elts = ele’ elvan ocuecm,
eve Ue tov deltepo tpémo M anddeln e E(t + s) = E(t)E(s) nepvder eite
uéoa and 1o «S30oxohoy Yewpnua Yo To Ywouevo-Cauchy oepdyv eite péoa
and TIC IOTNTES TOPAYWYICWUOTNTAS TwV JuVoooelp®y. ATd TNy GAAN ueptd
n E' = E onodelytnxe elxoha, eva 1 (€')' = e éyel nepinhoxn anddetln.

T var omodetfoupe 6t ef = E(t) undpyouy didgpopor tpbdmot. O évoc
elvon va Sel€oupe 61t ef = limy i oo(l + % + t2—2, + e+ %n') OTWS xAVAUE
otov Anepootixd Aoyoud. Alhoc eivon va ypnoronoiooupe 61 B = E
xow E(0) = 1: (E(t)e t) = E'(t)et + E(t)(e?) = E(t)e ! — E(t)e ! =
0 v x&9e t € R. "Apa E(t)e™t = otodepd = E(0)e™® = 1. Ondte E(t) = e
yoo xdde ¢ € R. Tpitog tpérog eivar var ypnowwonotfoouue 6t E(t + s) =
E(t)E(s) yw xdde t,s € R, 6t n E eivar ovveyfic oto R xou 61t E(1) = e.
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Téte ue enoywy?

E(n)=E(1)E(1)--- E(1) =€" yia xdden € N.
n-gopéc
Erione E(0)E(1) = E(0+1) = E(1) = E(0) = 1 = €. Téhoc E(—n)E(n) =
E(—n+n)=E0)=1= E(-n ):m:%:e_"Ylocx&ﬂsnEN. Apa
E(t)=¢ yaxddet€Z. Avt=2€Q (n>0, meZ), téte:

(E)" = E(t):-- E(t) = E(nt) =

N———

n—QOpES

Anodf E(t) = et v xdde t € Q. Av topa t € R\Q, nadpvouue axoroudio
tn, € Q Gote t, = t. And v ouvéyela g E:

E(t) = lim E(t,) = lim e'» = ¢

=e
tn—t tn—t
3.O1 tprywvopetpikés oepég

Ornwg o pe ™y exdetinen ouvdptnon, Yo Eextvioouue and Tig oelpée Tay-
lor Twv cos z, sinz xou Yo anodel&ovye dAeg TIg oNUAVTIXES IBLOTNTES TOUG

, , 2k 2k+1

Eotw ot duvopooetpéec S0 (—1)F Lo 5700 (—1)k L

(DK R
Yy npwtn:
_ 1)k
ay, = K—L(Qllc)! , Ywen =2k
0, yian =2k + 1.

Eve ot 3eltepn:

)L wn=2k+1
ap ={ @0 Y
0, v n = 2k.

Kot otig 300 nepintdoetc limsup {/|an| = 0, ondte xou ot %0 éyouy axtiva
7 4 7
obyxhiong R = +oo xou ddotnua olyxhong to R

(‘H unopolue vo T
ovyxpivouue pe v exdetixt| oepd). Opilouue, tdpo:

o0 t o t2k—|—1
c(t) = Z(—l)k( Z k T v xdde t € R.
k=0 =0

Egopuélovtag ta Moplopata 1,3 €youue 61t ot ¢, s elvon ouveyeic xat mo-
paywyiotues oto R xou 61U
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() - i( 1y thQk 1 i(—l)k 12k—1 _ —i(—l)k $2k+1 _
P (2k)! p (2k —1)! prt (2k +1)!
= —s(t) yra xdde t € R,
00 42k 00 . 12
kZ:O k(2K +1) m =kz:%(—1) @Rt = c(t) v xdde t € R.

Av oploouue h(t) = s%(t) + c2(t) yio xéde t € R, té1e b/ (t) = 2s(t)s'(t) +
2¢(t)d (t) = 2s(t)c(t) — 2¢(t)s(t) = 0 yo xdde t € R. Apo 1 b elvor otadepn
xon h(t) = h(0) = s2(0) +c?(0) = 1 yio x&9e t € R. Anhad| s%(¢) +c*(t) =1
yia xdde t € R Apa |s(t)] < 1 xon |c(t)] < 1y xdde t € R (*) . Todpo:
c(0) = 1. Oua deiZouue 6Tt undpyet t > 0 dote ¢(t) = 0. Eotw 6t c(t) > 0
yioe x&de ¢ > 0. Tére, agol s'(t) = c(t) > 0 yo x&de ¢ > 0, 1 s eivon Yvnoiog
abouoa oto [0,400). Agol s(0) = 0, éyouue Yo omoodfnote tg > 0 6t
s(t) > s(to) > 0 yro xdde t > tg.

Tougwva ye 10 Oedpnua péong tuihc, undpyet £ € (to,t) dote c(t) —
c(to) = d(&)(t — to). Apa: c(t) — c(to) = —s(&)(t — to) < —s(to)(t — to).
Ondte limy 1 oo(c(t) — c(tp)) = —oo, dhadh limy o0 c(t) = —00. Autd,
buwc, eivar drono Aéyw e (*).

"Apa umdpyet xdmowo t > 0 dote ¢(t) < 0 ondte, olupwva ue T0 Ocmpnua
evdidueone Tunie, undpyet xdnoto t > 0 wote ¢(t) = 0. Enoyévee to ohvoko
{t > 0:¢c(t) = 0}, wc un xevd xar xdtw gpayuévo (reptéyeton oto [0, +00)),
éyeLinfimum, éoto tg. Téte undpyer axohovdio t, — to ue c(ty,) = 0. Adyw
ouvéyelag e ¢, c(tp) = lime(t,) = 0. "Apa 1o by eivon o pixpdrepog Vetinde

s

apriude-hoon g e€iowong c(t) = 0. Autd to ty ouuPohifouue ue 7. Apa
c(t) > 0y xdde t ue 0 <t < 5, ¢(§) = 0. Hs' = ¢ diver 61t q s elvan
Yvnotec abZovoa 010 [0, 5] xou s(0) = 0,s(%) =1, Myw e s* +c> =1. H
d(t) = —s(t) < 0y x&de ¢ € (0, 5] diver 61t 1 ¢ eivan Yynoiwg gdivousa oto

[0, 3]-

Mropotue, eniong, va anodet€ovue bt
c(s+t) = c(s)c(t) — s(s)s(t) (t,s € R),

s(s+1t) = s(s)e(t) + s(t)c(s) (t,s € R)
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apxel va xdvouue tohhanhaotacuois-Cauchy (‘Onwe, tepinou, xdvaue yio v
E(s+1t) = E(s)E(t)). O tohumv vixd!!!

"AXN\og tpdmog elvon vo oploovue Ty ouvdptnon f(t) = c(s1—t)c(t) —s(s1—
t)s(t) (t € R) xon v anodei€ovue mohh edxoha 6t f/(t) = 0 yio x&de t € R.
Yuunepaivouue 6ty f elvon otodepn oto R, ondre ¢(s1—t)c(t) —s(s1—1t)s(t) =
F(0) = c(s1) yro xdde t € R. Metd 0étoupe s1 = s+ xou anodetxviovue v
TN WwétnTa. Me duoto 1pémo amodetxviouue xan TNy dedtepn LodTNTAL.

And autég Tig 1o6TNTEC TAPYOUUE:

T 3
c(t+35) = —s(t), et +m) = —c(t), c(t+ =) = s(t), et +27) = c(t),
ané Tic onoleg Stanpivouye T ouuTEPLopd TG ¢ ot dasthuata [T, ], [, 2X],
[32,27] xon 671 1) ¢ ebvon meptoduxi| pe mepiodo 2. Ouoiwe yio Ty s.
Mrnopolue thpa var anodet&ovue 6Tt oL ¢, s tTawtilovton UE TS YVWOTEG
TELYWVOUETEIXES OUVAPTHOELS cos T, sint wg e€XC.

[(c(t) —cost)? + (s(t) —sint)?) = 2(—s(t) + sint)(c(t) — cost) + 2(c(t) —
cost)(s(t) —sint) = 0 vy xdde ¢t € R.

‘Apa (c(t) — cost)? + (s(t) —sint)? = otadepd = (¢(0) — cos 0)? + (s(0) —
sin0)% = 0.

Apa c(t) = cost,s(t) =sint yio x&de t € R. (Aox. 1,11,12)

7.3 Aoxvoeg

EdOxokeg

1. Anodeilte 61t E' = E ypnouonoudvtog Tov oploud e mapoy@dyou, 4Tt
E(s+t) = E(s)E(t) yia xdle s,t € R xaw ) ouvéyeta v duvapooet-

’

pQV.

2. 'Eoww duvopooelpd Z;ﬁ% ait®, 6mou ap + Aag_1 + Bay_o = 0 yia xéde

k > 2. Arnodei€te 6tL ot0 ddotnua olyxhofg g N oetpd cuyxAivel
oTY CLVEPTNOT % (Tréd: adpoiote tpewg oepéc). Mnopeite
va Beeite v oxtiva o0yxhong g oetpdc authc; (Tréd: ay — pak—1 =
o(ag—1 — pag—_2), 6mou p+ o0 = —A, po = B).

3. Eotw 6t 2130:1 ag ovyxhiver anohltwe. Arnodel€te btt oL oeLpéc

Y oreq agsin(kt) , dp2 ag cos(kt) ouyxhivouy ouotbuopga 6to R.
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. Eotw 6t n axtiva 6Oyxhons e > pey artk elvor R. Bepeite Tig axtiveg

OUYHMOTNG TV OELMVY oo alth, 320 apt™, 320 ) apmt”, émov
m € N.

. Bow f(t) = Y pogak(t —to)* ye Sidotnua obyxhone (to — R, to + R)

(R > 0). AnodeiEte 6t f*)(t9) = klay yio xdde k € N.

Meérpreg

. Anodeifre 6t Y opeo(l — z)zF ouyxhiver xatd onueio, ahhd byt opord-

uopga oo [0,1]. (Trdd: Beeite to uepd adpoloparta.)

. Anodeiite bt Do, (1° sin(1 + £) ouyxhiver ouolbuopga ot xdie

N
drdotnua e pwopyrc [—A, A]. (Tréd: Xenowonotfote étesin(z+y) =
sinz cosy + coszsiny, [sinz| <|z|, | —cosz| < 1|z|?)

. Eotw n oepd > ooy Hk%tQ.ATcOBEiETE OTL 1 oElpd ouyxAiver Yo xdde

t # 0 xou 61 omoxhiver v t = 0 (Yr6d: olyxpion ue Ty Y ope; 77)-
Arnodel€te 61 1) oELpd GLYAAiVEL oUOLOUOPPA OE X &E BLATTNUA TNG LOp-
phe [a, +00) % (—o0,—a] brov a > 0. (Trbd: xprthipio Weierstrass).
H oepd auth opilet, tpogavade, wia ouvdptnon S(t) = > pey lﬂc%t? uE
nedio optopol 1o R\ {0}.Eivor 1 S ouveynic oto nedio optopot tne; Eivor
n S gpayuévn; Luyxhiver n oepd ouotduoppa oto (—o0,0) U (0, +00);

4 4 7 2 2 4
. AmodeiEte 61 1) oetpd Y he, (—1)FEFE suyxhiver opotbuopga o onoto-

k
dmote dtdotnuo e popphc [—A4, A]. (Trdd: ywpiote vy oe dbo oelpée
xan yta ) wlo e@apudote xprtipto Weierstrass) addd 61t dev ouyxivet
amohltwg yia xauia Ty Tou .

"Eotww

0, avz <0
I($)_{ 1, avz>0.

‘Eotw axohouvdia {z,} dapopetinddy avd dvo onueiny evic draotiua-
10¢. 'Eotw oelpd ZZ’;I cx 1 omolo ouyxhivel amohitwg. Anodeite 6T 1
Y oroq ekl (z — zk) ouyxhiver opotbuopgo 670 BdoTHU xon Tt 1 GUVSiE-
o 1 onota optleton and authy TN oelpd efvan cuveyic oe xde onuelo
Tou draothuartog extég and ta onueia e {z,}. (Tr6d: Yo o Tp®TO
uépog yenotuornotfote 1o xpltripto Weierstrass, yta to deltepo uépog 10
Oedpnua 2).
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alaz)--lakt1) 4 Ay 6 a ctvan

Eotw a € R. Oewpolue tn oetpd 1+ 72 (
0ToL0GdNTOTE PuUaLXOS aptiuds 1) To Undéy téTE 1) oetpd yivetan €va amhd
Tohudvuuo xat, udhota, efvar fon ye (14t)%. Sto e&fc vnodétouye bt
a e R\{0,1,2,3,...}.

Anodeifte bt n axtiva oOyxhione g oelpdc elvar 1. Apaoto (—1,1) 7
oetpd opilel uta ouvdptnon f(t). Anodeilte ot :

(1+2)f'(t) = af(t) yra xdde tye —1 <t < 1.

Hapatnpeiote b1t N Yvwoth pac cuvdptnon (1 + t)* wavorotel Ty (St
eglowon. Anodeilte 6t f(t) = (1 +¢)® vy xdde t oto (—1,1). 'Etot
mafpvouue 1o YEVIXO Srwrupikd Timo tou Newton

- —1).(fa—k+1
(1+t)azl+za(a ) ];a ket )t’C vy xde t € (—1,1).
k=1 )

(Tros: (%)' =0)

Arnodei&te ue noAaniactaouois Cauchy 6t
c(s+t) = c(s)c(t) — s(s)s(t)
s(s+1t) = s(s)e(t) + s(t)c(s)

vl x&de s,t € R.

Anodeilte 6tin Y oy m (a > 1) ouyxhiver ouotbpoppa oto R.

AOoxoleg
Anodei&te 6T Z,Zio(t;,:—j_i - ;Z—:_lz) ouyxhiver xotd onueiov adAd oyt
opotéuopgpa oto [0,1].

Arnodei€te 6L 1 oepd g doxnomng 10 elvon acuveyrc o xdie onueio
™me {Zn} xou 61 oe xdde tétoro onueio napovotdlel acuvéyela of eidoug
pe «mhdnuoy 1.

Eotw {z} = z — [z],z € R Arnodellte 6 0 < {z} < 1 xo 610
n oewpd > ooy {’;ij} ouyxhivel opotéuopga oto R. Anodei€te ot xdde
entog elvon onuelo acuvéyetag e f 1 omola oplleton and v oelpd,
evd xdde dppnrog elvan onueio ouvéyetag tne f. Anodetgte 6t ) f elvon
R-oloxhnphorun ot xdie ppayuévo Stdotnua.
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Fevmsupéva Okox)\v]po')p.oc‘coc

81 Tevixd

Ytov Amelpootind Aoyloud e€etdlovUe TOTE Ula PRy UEVY CUVARTNOT
fifa,b] — R

oplouévn o éva Qpayuévo xhelotéd didotnua eivar R-ohoxAnpworur. Ouud-
poaote 6Tt dvo Tétoleg xatnyoples R-ohoxhnpdotuwy cuvapthoewy elvar ot
ouveyeic ouvapThoelc oto [a, b] xou ot yovdtoves ouvaptioe oto [a, b].

Ané tov oploud twv R-ohoxhnpdotuwy cuvaptioewy dev xakintovion d0o
ONUAVTIXEG TEPLTTWOELS :

(o) ouvapthoels ot omolec dev elvar QporyUévee

(B) ouvapthoetc ot omofec opiovton oe un gpayuévo ddotnua [a, +00),
(=00, b], (—o0, +00) 1 oe un xAewt6 ddotnua (a,b), (a, b], [a,b), (a, +00),
(—o0, b).

Ilepintwon 1 Eotww npoypatixd ouvdptnon f optouévn oe didotnua [a, b)
omov a € Rxow b € R 1 b = 400. Exnl nhéov unodétoupe 6t yra xdde ¢ pe
a < c<bn f elva R-ohoxhnpioun oo [a,c]. Av 10 dpto tou [ f, xodede
10 ¢ = b—, umdpyel xan elvon mparyuaTinog apriude, T6te héue 6L N f Exel
yevikeuuévo ohokAripwpa oo [a,b). H tyur tou yevixeuuévou ohoxhnpduotog

’ : c ’ —b
glvon to lim,_yp_ fa f wou ouuPBohileton fa f:

—b c
f:= lim / f.
a c—=b— Jq

Enlong héue 61t to yevikevpuéro odokAnpwua fa_)b f ovykdiver. Ay to nopand-

7 ’ / ’ ’ ’ ’ z ’ —b
v 6pto Bev umdipyet A dev elvan Tparyuatinds aprdude, téte Mpe 6o [ f

103
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’ 7 ’ 7 ’ ] ’ —b /
amokAiver, xon ov 10 bpto eivan +00 § —oo 161e Mue 6t 10 [ f anoxAiver

070 +00 1) 0T0 —00 AVTIOTOLYWS XAl YPAPOLUE : fa_wf = 4001 — o0.

Iapadetypaza
1. f:[1,400) — R ue f(t) = t% H f etvar R-ohoxhnpdowun oo [1, ¢]
yioe xéde ¢ > 1, xou flc t%dt =1- % Apat fl_)+°° t%dt = lim¢_, 4 o0 ff t%dt =1.
2. f:[l,+00) — R ye f(t) = 7. H f eivor R-ohoxhknprowun oo [1,c]
Yo xéde ¢ > 1 xou [ $dt = loge. Apa f1_>+°° 1dt = limg_, ;o log ¢ = +o00.
3. f:[0,1) — Ruye f(t) = ;5. H f evor R-ohoxhnpdoyun oo
[0,¢] Yot xdide ¢,0 < ¢ < 1 xan [; 77dt = log(1 — ¢). Apa 0—»1 Adt =
lim, ;- log(1l — ¢) = —o0.

4. f:]0,1) — Rue f(¢) = \/%—t H f eivar R-ohoxhnpdowun oo [0, ¢|

’ ’ —1
Yot xdde ¢,0 < ¢ < 1 xan f§ f(t)dt = 2 — 2y/1—c. Apa [ \/%dt =
lim,,1_2—2y/1—c=2

H enduevn mpdraom Selyvet 61t 1o yevixeuuévo ohoxhfpwua etvon yevixeuon
tou R-ohoxhnpwuaroc.

Ll

IIpétaon 1 Eoww f : [a,b] — R ma R-odokAnpdoun ovvdptnon oo [a, b].
Téte n f éxer yevikeuuévo ohokAripwua oo [a,b) xat fa_)b f= fab f-

Anédaén

Agol 7 f elvar R-ohoxhnpdowun oo [a, b], Do elvor xon ppoarypévn. Anhadi,
Yo xdmowo M, wyber |[f(t)] < M ywa <t < b Axéun, n f ebvor R-
ohoxAnpwotun o€ xde vro-dildotnua Tou [a,b], etouéves xow oe xde [a, |
ue a < ¢ < b. Méver vo defZoupe 61t lime [ f = f;f Agob fabf =
[+ fcbf, apxel va del€oupe 6Tt lim, 5 fcbf = 0. Opwc :

b b
|/ fls/ Sl<Mb-0 %0 OEA

IlepitTmwon 2 AxpiBdg ta avdhoya woylovy, énwe otny nepintwon 1, o
oyéon Ue 1o aptotepd dxpo a € R A a = —oo. Anhadt, éxovpe f : (a,b] — R
xat, Yo xdde ¢ pe a < ¢ < b, n f elvor R-ohoxhnpdowun oto [c, b]. Opilouue
10 yerikeupuéro odokAnpwua s f oo (a,b] og o

b b
fo = [

oV UTEPYEL TO 6Pl QUTO XAT. XAT.
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Ioyber  Hpbtaorn 1 npocapuoouévn xatddinia. (AtatundoTte xot oro-
deite).

Ilepintwon 3 Av f : (a,b) — R, émova € Rfja = —ocoxa b€ R
b = 400, ywpilouue 10 (a,b) ye onoodfnote evdidueso onueio d (a < d <
b). Av 10 fd_mf ouyxAlver oL To f(i_f ouyxhivel, T6te Aue 6T 1 f éye
yevikeupérvo odokAfpwpa oo (a,b)

[ [

d —b 7. 7 z / —b
Ay touldyiotoy éva and ta fm_ I, fd, [ amoxAlver, téte Aéue 6Tl TO fa(_ f
aroxAiver. Av xon o 300 bpLo UTdEYOUY XAt TOUAdYLoTOV éva efvar +00 1§ —00

3

f 6T o fm_ [ ovykdiver.

toTE MUE OTL TO faibf amoXAlVEL 0TO 400 1] —00, apXel VoL UNY €YOVUE TIG
TEPIRTWOELS (+00) + (—00) A (—o0) + (+00).
EOxoha BAéner xavelc 61t n emhoyt| tou evdidueoou d dev emnpedlel
’ 7 ’ 7 / —b
olyxhon | ty andxhon Aty tuh tou [0 f (Aox.1)

Ipéraon 2 Eotww f : [a,b] — R ma R-olokAnpdoiun avvapmaq oo [a,b].
Tére n f éxer yerikevuévo odokAnpwpa oo (a,b) xar f f f f.

Anédoeaén
IMpogavic Aoyw g Ipdtaong 1. O.E.A

Iapadetypara

L. f(0,2] — Rue f(t) = % lNa0<ce<2 ff%dtz?x/i—%/(_:. Apa
f0<— \/-dt—Z\/_

2. f£:(0,2] — Ruye f(t) = 1. T 0 < e <2 [*1dt =log(2). Apu
f02<— %dt:

3.f:(—oo,0]—>Ruef(t):ﬁ rlac<of 2dt—1
, 0
Apa [ ﬁdt: 1.

4. f:(—o0,+00) — R ue f(t) =

C

Téte f_H_OO L_dt =

t2+1 t2+1
lime o0 [y tjﬂd lim,, o0 5l0g(1 + ¢?) = +o00, e o g dt =
lim,_, _ 00fc tzt dt = lim,_, o —3% log(1 4+ ¢*) = —oc0. Apa 0 f_;:ﬁo tZildt

amoxliver xau 8€v opi{Cetar Tywy Tou.

5. f:(—00,+00) — R e f(t) = zi_l Térsf_H'oo
lim,_y 00 fo tzl dt = lim,_, arctan(c) = % fo tQildt
) = % ‘Apa f_H—oo dt = .

oo t2+1

dt =

t24+1

)
limg—y oo fc t21 dt = limg, _oo(— arctan(c)
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IlepitTwon 4 H neplntwon auth ouvdudlet dheg Tig mponYOVUEVES TEQL-
nthoec. Oewpolyue f 1 onola eivan optouévn oe ddotnua (a,b)(énov o a,b
umopoly vo elvon dmetpa) extds, (owe, and menepacuévou nhfdous onueio.
Anhadr, unopet var undpyouy &1, &g, ...En GOTE

f : (aagl) U (§1a£2) u...uU (gnflagn) U (é.nab) — R

Av 6hot ot YEVIXELUEVA OAOXANEOUATA faz& f, f_>§2 Foooy [T f, fj(b_f

14+ En—1¢
UTdPY oLV, TOTE AEUE OTL UTEPYEL TO YEVIXEUUEVO OhoxApwua ¢ f oTo (a,b)
xon N T Tou elvon

—&1 n-l gy —b
/ ey / f+ f-
a+— =1 fj(_ En+—

H tun elvon 400, av éva Touldytotov amd tor ohoxhnpduota eivar 400
xon xavéva dev elvon —oo. Eved ) Ty elvon —oo, av éva TouAdytotov and To
ohoxAnpouata elvor —oo xat xavéva Sev elvar +-00.

YuuBoiiowog

Aré €06 ka1 mépa ta yevikeuuéva olokAnpauata faﬁb fs fab(_ fs f‘:_bf Kai

70 yevikevpéro ohokAfpwpa e ta dSidpopa &1, ..., &, 0T0 €0wTEPLKS TOU (@, b)
, b
fa ta ovppodilovue [ f. )

Aev undipyet xivduvog olhyyuone ue to R-ohoxhipwuaf) f, détt, oty Te-
pintwon xoto Ty onofa 1o R-ohoxhfpwua e f oto [a, b] undpyet, téte undp-
XEL X0l TO YEVIXEUUEVO OAOXARpwUA Xo Ot TIWES Toug ouunintouy. YTrotideta,
BeBalwg, o1, avakdyws g ouyxrexptuévng xdde popd f, uropolue ebxoha va
draxplvoupe av mpdxettar yior yevixeuuévo B yia auvniiouévo R-ohoxAfpwua.

ITapaztnipnon

And €30 xon mépa otny Yewpnuxn pag oulhtnon Ya repropotodue oty
mepintwon 1. Anhody, To yevixeuuévo ohoxirpmua fabf Yo elvon To fa_)bf.
Avuté onuaiver 6T n f elvon R-ohoxhnpdowun oo [a, ¢ yra x&de ¢, a < ¢ < b,
%ol f:f = f:b f=lime, [°f. e xdde dAhy nepintwon ta anoteréouota
elva avdhoya xon amodexviovion Ue EVIEADS avdhoyo TpdTo.

Ipéraom 3 (Ilpooietikétnta wg tpog Ta vrodaotiuata). Ay to fab f ovy-

b
KAlvel, ka1 a < d < b, tdre ka1 to fd [ ovykdiva ka1

Lbzldf+/1bf.
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Em nAéov, limg_yp_ f; f=0.

Anédoaén

‘Eow a < d < c <b Arnbd my npocdetixdtnra tou R-ohoxinpmuatog
c[Of = fff + [7f. To limeyy— [ f undpyer. Apa Abyw g teheutadog
to6TnTag uTdpyEet xon o lime [ f xou: limgyp [ f = fad fHlime [T f,
Shadt [0 f = [ f+ [ f. Tdpw: limgp— [ f = limgse (f° = [2f) =
Pr-frr=o. O.E.A.

Ipétaon 4 (Tpapprkdrnra wg mpog Ty ovvdptnon) Av ta f: 1, f:g
ouykAivowr téte, yia A\, € R, to fab()\f + pg) ovykdiver kat fab()\f + pg) =
Mif+nlle

Anédoeaén

Sty [N +pg) = X[+ [ g nodpvouue bpro xadde ¢ — b—.
O.E.A.

Ozhenua 1 (Kpitijpro Cauchy) To f:f ouykAiver av kai udvov av wyver:
yia kde € > 0 vndpyer co = ¢o(e) pea < co < b dote

c2
c0§c1<c2<b:>|/ fl<e.
a

Arédeén
(¢) Eotw 61t 10 fab f ouyxhiver. Téte, yroe > 0, undpyet co = co(€) dote

c b €
cogc<b=>|/ f—/f|<§.

Ouwg, 1618 ¢ <1 <cp < b= fccf f‘ — ‘fa” f—- facl f|

IEr= g+ =g <5 +5=-

(B) Eoww onotadfnote axohovdio {c,} ye a < ¢, < b, n € N xou pe
cn — b. aipvouue € > 0. Téte undpyel 10 ¢ = cp(e) Ye Tic OTNTES TN
unddeons. Agol ¢, — b, undpyet N € N cdote: n > N = ¢y < ¢, < b.
Apo: N <m <n=| [ f| <ehwodbvape: | [ f — [ f| < e Apan
{[ £} efvon axohoudio Cauchy. Apa umdpyer apdude s Gote [ f — s.
‘Av mdpoupe prov SAAY axohoudia {cl,} ue ¢, — b, t61E N WixT oxohoudia
c1, ), c2,ch, c3,¢%, ... ouyxhiver xou auth 670 b xou, oUWV UE ToL TapaTdve,

Y] ’ ’
[ ] s

<
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ouyxhiver o xdnowo 6plo. Agol, duwg fac" f —> s, T0 6plo auto elvon onwo-
!
7 ’ C ’ / 4 7 7
dfnote 10 5. Apa [ f — s. Tndpyet, howmdy, Cakplﬁa)g évag aprdude s
Gote ya kdde oxohovdia {cp} ue ¢ — broyder [ f — 5. Autd, buw,

onuolivel 6t facf — 5§ xodedg ¢ —> b— xo, eEnoUEVWLE, TO f:f ouyxAivel.
0.E.A.

8.2 M cqpyNTLXES CUVAPTHOELG

Oedpnua 2 Fotw f(t) >0, a <t <b. To fabf ovykhive, av o [ f
elvar ppaypérvo ws ourdpTnon Tov ¢, €va, f:f = 400, av 10 [} f bev elvar
ppayuévo.

Arédaén

Iopotneolue 6t to [1 f elvor adZousa ouvdpTnon Tou ¢, ool to a <
c1 < ¢g < b ovvendyeton 4t

/:Zf=/:1f+/:f2/:lf-

Enouévace, av to facf elvar dve gporyuévo, téte 10 lim,_yp facf UTAPYEL
xon elvon mporypotixdg apriude, eV, av To fab [ dev elvon dve ppayuévo, t6te
10 lim,_yp_ fabf uTdipyet, ohhd efvor +00. O.E.A.

‘Eyouue topa éva ToAD ypRowwo dedpnua mou divel TNy oyéorn oelpmy xou
YEVIXEUUEV®Y OAOXANPOUATWY.

Ocdhpenua 3 (OdokAnpwrtikd kprrijpro obykAiong oepdg) Eotw én f :
[1,400) — R eftvar un apvnuki kar pdivovoa mpog to 0 kaddg to t —
+o00. Opilovue S(c) = [[f xar Sp = f(1) + f(2) + ... + f(n). Tére (a)
S(n+1) <8, <S(n)+ f(1) kar (B) o f1+°°f ovykAiver av kar pérvov av n
oepd 352, (k) ovyrkdive. Enfong: [[7°f <300, f(k) < f(1) + [ f.

Arédaén

(a) Apob 7 f eivou pdivovoa, f(m+1) < f;lnﬂ f < f(m). Ipootétovtac
I optoTepé aviodtnes and m = 1 éwg m = n — 1 nafpvouue: Sy, — f(1) <
flnf = S(n). Ipoodétovtac tic deliéc aviobnteg and m = 1 éoc m = n
natpvouye: S(n+1) < Sp. Apa S(n+1) < S5, < S(n) + f(1).

(B) H avioétnta tou (o) deiyver bt to ueptnd odpoloparta e oeLpds, Sy,
efvon dve gparyuéva oy xon pbvoy av 1o S(c) = [[ f elvon dvew gpoaryuévo cav
ouvdpTnon Tou ¢. ‘Apa, olugwva ue o Oempnua 2, Keg. 4,10 [ f ouyxhivel
av xou puévov av 1 oepd [, f(k) ouyxhiver.
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Enl mhéov, and tnv (St oyéomn nalpvouye :

lim S(n+1) < lim S, < hm S(n) + f(1),

n—oo n—oo

Smhadit [ f < 3Ry f(k) < F(1) + [ F- O.E.A.

IHapdoderyua

S &.p > 0.
FBotw f:[1,400) — Rue f(t) = &. Téte f(k) = &,k €N
Agol p >0, n f elvon pdivouoa xar telver Tpog 10 0 xarddg ¢ — +o00.

/ /_dt {logp(()lp—l), iiim.

, 400, 0<p<1 , ,

Apa [[7f = { B P = Ermouévec n Y50, 75 ouyxhiver av xou
= 1, p>1.

wévov av p > 1 xou o= L <y E <1 —|-p%1=p’%16va>1.

8.3 T'evixég cuvaptvoeLg

Oplopds 1 Aéps 6T 10 fbf ovykAiver atodUTmg, oy To fb|f| oUYx)\iVE:L
Aéue 61 10 f f ovykdivar vré ovvidirkny (f kataypnotikds), av to f f
ouYXAlveL 0AAG Oyt amohiTRG.

IIgotaon 5 Av o fab f ovykdiva anodvtwg, téte ovykAiver.

Anédeén
Egoaguélouyue 1o xputripto Cauchy. Eotw € > 0. Agol 1o f: | f| ouyxAive,
undpyet ¢o = co(e) pe a < cp < b dote : ¢ < ¢1 < ¢ <b:>fcclz|f| <e=>

fcclz f‘ < €. "Apa, olugwva e o xpitrpto Cauchy, to f: f ouyxhiver. O.E.A.
(Aox.8)

Iapadetypara
1. To [’ +oo o8t dt cuyxhiver amohiToc.
"Eyouye 61t f |0st| dt < [€ Ldt. To [7°° Ldt ouyxhivey, dpato [€ Ldt
swou dve pparyuévo we cuvdptnon tou ¢. To LBLo LoYVEL, EMOUEVMS, XAl Yo TO
[2|<8t| dt. "Apa o f+°° |<%5L| dt ouyxhiver. (Oempnua 2)
2. To f+°° S’:t”:dt ouyxhivel und cuviRxny.
[osintar = —fc L(cost)'dt = €BT _ 8¢ _ [ CO8tgy (e ohoxhfipwon xatd

c T t2
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COi

uéen). Ipogavae: lime oo = 0. Erionec o hmc_,oof COStdt UTdPYEL
oto R, obugpwva ue 1o nponYoupsvo Topdderypa. ‘Apa 1o hmc_mo [ Sl;‘tdt
UTaPYEL.

O : f+oo |S8L| dt = +o0. Apxst vau 3el€ouue 61t limy, o0 [ [S2E| dt

= +o00. Mpdypom: [ |80t gt = 377 19(71:4—1) |SIft‘dt_

(e oc)\)\ocw] uetofhnthc t =" + k7r)
in(t+k T sin
= Y1 ko %dt = Y1l Sredt = f7 Slnt{Zk 1t+k7r}dt a

fo smt{zk 1 7H_lm}alt L3+3+...+ 1] [Fsintdt =

1 ’ ’, .
Za4+%+...+ 1] — +oo. (Aox. 2, deltepo uépoc)

n

Ocdpnua 4 (XVykpron odoxAnpwpdrtwv) Eotw f,g : [a,b) — R, ue
g(t) > 0, a <t <b Ay vrdpye apiduds M doze: |f(t)] < Mg(t) ya
t € [a,b), tdte, av o0 ff g ovykAivel, to f: f ovykdiva arodvtwg.

Anéoeaén

Toa < ¢ < béyoupe [T]f] < M[g. Av o f;g ouyxhiver, to [1g
elvar dve gpayuévo wg auvdptnon tou ¢. To (B0, hotrdy, ouufalvel xar Ue o

JE1S)- Aeato [ f] ouysiver. O.E.A.
Iapadetypaza

To f1+°° Slntdt ouyxhivel amollTwg, enetdy ‘Smt‘ < t% X0 TO fl th
ouyxAlvet.

Ac dolue, thpa, Ueptxd TopadelyUaTa CUVIPTACEWY g, Ol OTOLES YENOLUO-
ToLoUVTAL CUYVOTATA WG GUVIPTHOELS “olYXpLoNS .
1. g(t) = %, p> 0, oo dboua [a, +00),a > 0.

logc —loga p=1
c1 _ )
Juwt = {#(clp—alp), p>0p#1.

1-p
Apa
400, 0<p<l1
fa-l—oo %dt _ i RS
=1 P > 1.

2. g(t) = &,p > 0, 010 Sbotnua (0,a), a > 0.
loga —logc,p=1
few={

c¥ | 5@ =), p>0p#£l
Apa
o0, p>1
a 1 )
=dt = 1—

3. g(t) =t"exp—At®, r e R, A > 0,b > 0, 010 didotnua [a, +o0),a > 0.
Arokéyoupe guowd aprdué m, Gote m > T
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, m b m _ b 7
Tote : e > L7 = eAt” > ’;‘n—!tbm = g(t) = t"e AP < %tbm%r Enedn

bmn—r>1, 10 fa+°° tb,,}_,dt ovyxhiver (TTap. 1). Enouévec, odugpuwva ue 1o

Yewpnua o0Yxpiong, 10 fa+°° g ouyxhivet enlomg.
(Aox. 2,3,4,5,7,9,10,12,13,18,19)

Mio ototyewndng, adkd oAl yefowurn mpdTao elvon 1

Ilpbrtaom 6 (a) (OrokAtripwon katd uépn) Av o f,g éxovr ovvexrj tapd-
ywyo o7o [a,b), tdte

c—b—

b b
/ F(g(t)dt = Tim (f(O)g(c)) — f(a)gla) - / F()g (t)dt.

() (ANhayi iceapher) Av n calayi cwhneics 1= 1)
[a',b) iy [a,b) elvar yynoing avéovoa kar éyar ovvexr] napdywyo, téte

b o
[ 0= [ st

(Aoknon 11)

Arnédoeaén

(a) Dwaxdde ¢, a < ¢ < b, wyderdu [ f'(t)g(t)dt = f(c)g(c)—f(a)g(a)—
[2 F(t)g (t)dt. Tapa, amhé malpvoude To 6plo Twv 300 Theupdy xordde ¢ —
b—

(B) Eow a < < b xuc=s(). Tétea < ¢ < bxwwec— b—
xodde ¢ — b'—. Apa lime - [; f(t)dt = limep— [ f(t(s))'(s)ds =
[ f(t(s))#(s)ds. O.E.A.

Optowés 2 'Eotww ouvdpmon f : [a,b) U (b,c] — R, n onoioa eivor R-
ohoxAnpdowun oe xdde ddotnua [a,d],a < d < b, xou oe xdde Sdoua
[d,c], b<d<ec

OvoudZovue mpwtedovoa Tipr Tou YEVixeuuévou ohoxhnpduartos [, f tov
aprdud (av undpyet) lim. o4 (fabfs f+ [y f) xat tov ouuPorilouue
b
PV.[)f.

Etvon Suvatév var uny undpyet 10 YEVIXELUUEVO ONOXATIpWUA, AAAS VoL UTde-
XEL 1) mpwtebouoa Tuh tou. Do mapdderyua, éotw f(t) = § oto [—1,0) U

(0,1]. To yevixeuuévo ohoxhipwua fil %dt dev undpyet, aAAd P.V. fil %dt =

lime 04 ( JEig %) = 0. O
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Ipbtaon 7 Av to yevikevuévo odorkArpopa [ f vidpye, téte n mpotedovoa
Tipun) Tov vrdpyer kai éyovr Tny b Tiun.

Anéoaén

Av 10 facf UTAPYEL, TOTE €€ OPLOMOL T fab 7, fbcf urdpyouv. Apa ta
limg_y5— ff [y limgpy [ f undpyouv. Apa: PV. [ f =
lime oy ([0S + fiye ) =limeor [0 f +lime oy [ f= [0 f 4[5 f
= fac f- O.E.A.

8.4 OAoxAMpOUATA UE TUEHULETPO

‘Eotw ouvdptnon f(t,x), 6mou 1o t avixer oe ddotnua [a,b) xat 0 x oc
didotnua I. Oa ohoxknpwyvouue wg mpog t xar 1o x Yo mailet To pého utag
TpOUETEOV:

b
/ ft,z)dt, x € I.

Av vy xdde £ 010 I 10 YEVIXELUEVO OhOXATIpLUO GUYXAivEL, TOTE OpileTan ULla
ouvdptnon g : I — R e tono

b
:/ f(ta)dt, o€l

Méver va dolue xdtw and notég cuviixeg 1 g elvon ouvey g 1 noparywyiown
oto I.

Iapadetypara
1. fooo e~ ®dt,z € R.
_l(,cx
AchO,foce_mdt:{ w(e 1), =#0
c, =

, . oo, <0
Apa [(7 e dt = { :’ >0

"Apa, av To 7 efvan 010 didoua I = (0, +00), to1€ g(z) = [, e Hdt =
[Mopatnpotue 61t 1 g elvon ouveyRg xon TapaywYlowurn 6To I

2. f0+°° Mdt,x eR

Kot apyniyv, av £ = 0 t61€ 10 ohoxhrjpwua éxet v tuh 0. Eotw,
topa, 6Ttz > 0. H odhoyn yetofhntic ¢ = t(s) = 2 elvan tétoia Bote

(,1-1
: [0, 400 ) RN [0, +00) eivar yvnoiwe adZovoa xou napaywyiown. Apa

t ’ 7 7
+°° sin(tz) g, f+°° sin s 1d = f+°° smsds Eyouue anodeiet 6Tt 10
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Jo e

Av z <0, té1e 0+°° ﬂf—wldt =— f0+°° m%ﬂﬂudt =
_ oo sin(t|w|)dt — _A

ds ouyxhiver xon éotw A 1 Ty Tou. Apa [;7° Singtm) dt=A4A, z>0.

=~ Jo t
' A, z>0
Apo : g(z) = [, %dw =<0, z=0, I=R Oudobue aué-
—A, <0

owg 6Tl 0 apudg A etvon Yetixdg. Enouévwg 1 g dev elvar ouveyrg oto 0,
eved elvan ouveyrc xou napaywyiown oto (—o0,0) U (0, +00).
Me ohoxhpwon xatd pépn : A = [F0 sintgy = [ Wdt =

iy oo (LS08€) 4 [0 L=Gost gy — 400 1=Costgy > [12 1oC0st gy > () Bubm -

c
1=eost) > 0 yia xdde ¢ xan, oo Sidotnuo (0, 5): 1_2%@) > 0. H i tou 4

7 7 7 7 7. 7 4 4
elvon 5 oAAG awt6 elvor Bhoxoho va amodetydel xou , Yio 6molov evdiapépeTan,
elvar doxnon oto Téhog Tou xePaiaiou.

Opiowdg 3 Aéue 6t 10 fab f(t, z)dt ovykdiver oty g(z) kard onuelo oto I
av, Yo x&de = oto I, 1 Tiur Tou Yevixeuuévou ohoxhnpouatog eivar g(z). 'H
odhtéde (av Yuundolue Tov 0ptoud Tou YEVIXEUUEVOU OAOXATNPOUATOS), AV VLol
xde € > 0 undpyet ¢p = ¢o(e, z) o070 [a,b) dote :

co < c<b=lg(x) —/ £t z)dt] < e.

Opiopog 4 Aéue 6Tt 10 f: f(t,z)dt ovykdiva otnr g(x) opoduopga oo 1
av ,yta xdde € > 0 undpyel ¢g = cole) oto [a,b) dote: ¢ < ¢ < b =
lg(z) — [ f(t,z)dt| < ey xdde z € 1.

Iapaznpnon
Ytov 3eltepo 0ploud 1) enthoyT| Tou cg eEapTdTaL UOVOY and To € ot Oyl and
’, 4 4 /. z 4 7
T0 . 10V TP®TO 0ploud autd dev toylel. Anhady, ue 1o dto €, ahkdlovtag
10 T aANACEL, mdavoy, xou 1 ETAOYY| TOU Cp.

Ilpbtaon 8 Av 1o fabf(t,x)dt ouykdiver atnr g(z) opoibuopga oto I, tdte
ovykAiver ka1 katd onueio oty g(x).

Arédeén
[Tpogavic and toug dbo optouols.  O.E.A.

IHapdoderyua
% =g(z) = f0+°° e dt,z € (0,+00).
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c_—ix

H obyxhion dev elvan opolduopen oto (0, +00). Mpdyuart: |g(z)— [ e
dt| <ee le @ <eee> dlog(L). Apa g = Llog(L).
Ko mapatnpodue étt, av £ — 0+, té1€ 9 — +00.

Ac ndpouvue piov axohovdia {c,} oto [a,b) ye ¢, — b. Oewpolyue, Yo
xade n, TNV cuvdpTNno

gn(@) = / "t ),

6mou 10 ohoxhpwua elvon R-ohoxhfpwua.

Mopatnpolue OTL, CUUPEVA UE TOUC 0PLOUOLS & gn —% g f gn, — g OTO
I,avto fub f(t, z)dt ouyxhiver xotd onueiov ¥ opotbuopga, aviiotoiyws, oTny
g(z) oto I.

Oo UEAETATOUUE, hOLTOY, TG LBLOTNTES CUVEYELAG 1) THPAY WYLOLUOTNTOS TNG
g opxel vor UEAETHOOVUE TIg avTioTOLYES WBLOTNTES TWV gr XOU YO YPYNOULOTOLT
ooupe 1o Oeswpuata 1,3 tou Keg. 5 yio obyxhion axohouvdiog ouvapthoeny.

Oa ypeetaotolue To axdrouda d0o Afuuora.

Adupa 1 Eotw npaypatiks) ovvdptnon f(t, z) ovvexns ovo [a,c] x 1. Téte
n owdptnon g(z) = [; f(t,z)dt evar ovvexris oo I

Afupa 2 Eotw mpaypatiks) ovvdptnon f(t,z) ovvexnis oto [a,c] x I kat
éotw, erniong, 6t n fi(t,z) (6nkadn n pepixr tapdywyos wg mpos x) elvar ov-
vexijs ovvdptnon oo [a, ] x I. Tére ng(z) = [7 f(t, z)dt etvar rapaywyioun
oo I ka1 g'(z) = [ fo(t,z)dt, yia kdOe z € 1.

Iapazrpnon

To vonua tou tehevutaiov AMjuuatog elvon 6T, Ue T xatdAAnieg npolino-
Véoeic, N Topdywyos meprder Yéoo oto ohoxAfpwua. (Aox.15)

Kou 1o 800 Muporto avopépovtan oe cuvihouévo R-ohoxhfpwua [ Mé-
VEL VO TERPACOUUE GTO 6plo ¢ — b— Yyl va amodel€ouue avdhoya amoTeAé-
OUOITOL YLOL YEVIXEUUEVOL ONOXANOOUOTAL.

Oehdpnua 5 FEotw rpaypatiki ovvdptnon f(t,x) ovvexns oo [a,b) x I. T6-
e ng(z) = fab f(t,z)dt elvar ovveyris oo I, apkel to f: f(t,z)dt va ovykdiva
oporéuopga otnr g(x) ovo I.

Arédaén

OpiCouue 11¢ ouvapTthoec gn(x) = [ f(t,z)dt. Av 10 fabf(t, z)dt ouy-

xAiver opotbuopga oty g(z) oto I, t61e g — g 010 I. Ouwe 1 (¢, ) etvon
ouveyfc 010 [a,cp] X I (umooshvoho tou [a,b) X I). Liougwva ue 1o Afuua
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1, m gn elvar ouveydc oto I. Apa, Aoyw ouotduopgns olyxhiong, 1 g elvon
ouveyfg oto I. O.E.A.

Oehpnua 6 Eotw npayuatikn ovvdptnon f(t,z) ovvexiis oo [a,b) x I ka1
éotw, eniong, 6t n fi(t,z) elvar ovvexns oo [a,b) x I. Av (a) To f: f(t,zo)dt
ovykAiver yia kdmowo xo oto I kar (B) o fab fz(t, z)dt ovykAiva opoiduoppa
o€ pia owdptnon h(z) ozo I, tdre o f;f(t,:(;)dt ouykAiver opoibuoppa oe
pia owdptnon g(z) ovo I, n onola elvar tapaywyioun oto I ka

% </abf(t, :v)dt) _ %g(w) — h(z) = /ab folt,z)dt.

To I ovo Ueddpnua avtd mpérer va elvar éva kA€woto gpayuévo adoTnua.

Anédeén

"BEotw méh gn(z) = [ f(t, z)dt. Lougwva ye to Afuuo 2:
gn(x) = [T fo(t, z)dt xou cOugwva pe to AMfuua 1, 7 gr, () evon ouveyrc
oto I. Emone, My e unédeonc (B), gh(z) = h(z) oto I . Apa, olupwva
ue 1o Oewpnua 3, Keg 5, n {gn} ouyxiiver opotduoppa oe xdmota cuvdptnom
g(z) oo I,3nhad

o) = [
pidei) ‘ \
g (x) = h(z) = / Folt, )t
O.E.A.

Etvon mpogavég 4Tt Yiot TNV EQUEUOYY| TWV Topandve Jewpnudtwy ypeto-
CouaoTe éva xpLThpto oUoLdUoPYNG GUYXALONS YEVIXEUUEV®Y ONOXANLOUATDY.
‘Eva tohd onuoavtixd xprtiplo ouotduopepng olyxhiong do 3OOOUUE ThEA ,
10 omnolo potdlel ToAd ue To xptthipto Weierstrass yia ouotduopen alyxhion
OELPWY CUYOPTHOEWY.

Oedpnua 7 Eotw f(t,x) npaypatikri ovvdptnon opiopévn oto [a,b) x I.
Eotw én vrdpye ovvdptnon F(t) opiopévn oo [a,b) dote:

|f(t,z)| < F(t), te[a,b),zel.

Av o fab F(t)dt ovykdive,téte to fab f(t,z)dt ovykAiver oporéuopga oo I.
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Arédaén
‘Ano 0 Yewpnua clyxEIoNG YEVIXEUUEVWY ONOXANPWUATOY CUUTERALVOU-

UE OTL TO fabf(t,:v)dt ouyxhiver yia xdde x € I. Opileton, emouévig UL

oLVAETNOY)
b
_ / F(t,z)dt

Mévet vo do0ue av 1o f: f(t, z)dt ouyxhiver oporduopga oty g(z) oo I.

Aol 1o f; F(t)dt ouyxhive, yia xéde € > 0 urdpyet co = co(€) oo [a, b]
dote: ¢g < e < b= ‘ff F(t)dt — facF(t)dt‘ <e= [PF(t)dt < e. Opox
Wt g <c< b=

o) - [ o] -

(b o)t — /cf(t,x)dt‘

v x&de x € 1. O0.E.A.
Hapdderyna

Oa yeheticoLUE TY]V ouvdptnon g(z fo tsin(tz)dt.

Ed3o f(t, x) = e tsin(tz), (t,z) € [0, oo)x]R Hocpocw]poups 61t av oploou-
ue Fi(t) = et t6te |f(t,z)| < Fi(t) , (t,z) € [0, oo) xR To [;7° Fi(t)dt
ouYXAlveL. Apoc obugpwva 10 Oewpnua 7, TO fo tsin (ta:)dt OUYXAlveL

ouotéuoppa oty g(z). H ouvdptnon f(t,z) eivar ouveyfc oto [0, +00) x R.
Apa, cOupwva e to Oewpnua 5, 1 g elvon ouveyis oto R.

Yrohoyilouye: fi(t,z) =tet cos(tw), n ornota elva cuveyRc oTo
[0, +00) x R. "Av Yéoovue Fo(t) = te™ o70[0,00), 161¢ |fu(t, z)| < Fa(t),
(t,z) € [0,00) x R xou 1o [;° Fa(t)dt ouyxhiver.

Oa anodei&ouue thpa oL 1 g( ) elvor Toparywyiown oto R xat otz g(z) =
Jo~ te™t cos(t)dt. To Oedpnuo 6 amantet 10 I vor efvan xherotd xon gparyuévo
didotnuo. H arnaitnon autd, av xar anoyopelet va Soukédouue oto didotnua
I = R, dev arotekel ovotaotind npdPfAnua. Aot BLa)\éyoupe TUYOV To OT0
R xou petd Srahéyouue orcomBmtore xheLoTo (ppocyusvo didotnua I 1o ornolo
TepEYEL 10 To. Aol To fo F5(t)dt ouyxhiver, To fo fz(t, z)dt ouyxhiver
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oe uta ouvdptnon h(z) opotduopga oto I. ‘Eyouue, eniong, 131 anodeilet ot
10 O+°° f(t, z)dt ouyxhiver ot g(z) oto I. Apa, ano to Oedpnuo 6

+o0
§'(z) = h(z) = /0 Fult, )dt

oto I. "Apa ¢'(zg) = 0+°° fa(t, zo)dt, apol 10 xy neptéyeton oto I. To xp
fray avdalpeta emtheyuévo ano to R xou teletdoaue tny anddetln tou thnou
d +o0 +o00
— e !sin(tz)dt = / te™" cos(tx)dt, z € R.
dzx 0 0

(Aox. 16,17,20,21)

8.5 H ouvdptnon I' (ouvdptnon-T'duua)
Eotww z > 0 xou ag Yewprioouue tnv cuvdptnon
flt,z) =t""tet, 0 <t

EynuoatiCovue 10 YEVIXEUUEVO OAOXAPOU

+o0 +oo
/ f(t,z)dt = / t*le~tdt.
0 0

r 4 z 7 7 4
Etot opiletar pta ouvdptnon tou z, 1 onoia ouuPorileton I'(z) xar ovoud-
Cetar ovvdpTnon-I'dupa. Puoixd, mpénet vo anodelEouue OTL T0 YEVIXEUUEVO
ohoxhipwuo GUYXALvEL.

IIpotaomn 9 To yevikevuéro ohokAnpwua f0+°° t*letdt radds ka1 To
O+°° t*Y(logt)"e~tdt, n € N, ovykAivour ya kdbe x > 0. Ernf mAéov,
ouykAivowr opoduopga o€ kdtle —odotnua I tng poperic I = [A, B] dénov

0< A< B< +oc.

Arédeén

To mpdhto ohoxhipwua uropel va Yewpniel wg edur nepintwon tou deu-
tépou ue n = 0. To [;"t*"(logt)"e tdt ywpiletu oe duo yevixeuuéva
oloxhnp®uoTo

1 +o0
/ t* ! (log t) e tdt, / t2(logt) e~ dt.
0 1

Oewpotue 0 < A < B < 400 xa z € [A, B].
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‘Avt > 1, té1e [t*7 L (logt)"e~t| < gntatle=t < ¢Bintle—t

O¢rouue F(t) =t et Agol 1o [{° F(t)dt ouyxhiver, to
[T 1% (logt)™ e~ tdt ouyxhiver ouolbuopga oto I = [A, B.

Av 0 < t < 1, 16t [t* H(logt)"et| < tA7Ylogt|". Oétouue F(t) =
t4~1logt|™. Agol 10 fol F(t)dt ouyxhiver (yrazi;), to

1
/ t* (logt)"e tdt
0

ouyxhivet ouotbuoppa oto [A, B).

Apa o [° 157 Hlogt)™e " dt cuyxhiver opotduopga oo [A, B.

[Mo v amodelouue twpa 6Tt 10 ohoxhfpwua ouyxAlvel Yo xdde = > 0,
e@apuolovue TN Yvwotr Staduxacio. Anhady taipvouue tuydy = > 0, petd
drakéyouue Sdotnua [A,B] ue 0 < A < B < oo 1o onolo mepéyeL to .
Ao\ éyouue anodeiet 61t 10 ohoxhpwua ouyxhivet(opolbuopga) oto [A, B,
ouunepalvouue 6Tt cuyxAivel xar oto z. O.E.A.

Ochpnua 8 To yerkevpuévo okordiipopa I'(z) = [ " te~ dt opila ma
owvdptnon ozo (0,+00), n onola elvar drepes Popés mapaywyloun kai
I (z) = I " Hlogt)"e7tdt, n €N, 0 < z < +oo0.

Anéoeaén

‘Av 0 < A < B < o0, t61€ 010 ddotnua [A, B] 1 obyxhon Shwv twv Ye-
VIXELUEVOY ohoxANpwudTwy efvor opotbuopen xat ol cuvapthoelc t2 1 (log )"
et ewon ouveyelc oto (0,+00) X [A, B] Apa, clugwva ue 10 Oedpnua 6,
OUUTEQAUVOUUE OTL,

+oo
M(z) = /0 folt, x)dt

6mou f(t,x) =t* e . Apa I (z) = [;7 1% (logt)e 'dt oo [A, B]. Agol ta
A, B elvon avdaipeta,n wdtnta Yo woyber oe ohdxhnpo 1o (0,00). Av ndpouue
xt AN Topdywyo Yo epgaviotel o (logt)? x.ox. O.E.A.

Oewpnua 9 H ovvdptnon I'(z) éya tg tapakdtw 1616tnteg:
(a) Etvar Oetikn ka1 T'(z) — 400 kaldg z — 07 1§z — 400
B)T(1)=1,T'(n)=(n—-1),neN
(y) T(z+1) =2I'(z),z > 0.

(6) HT' elvar xuptrj.

Anéoaén
(a) Ago) t*~te™t > 0 vy 0 < t < 400, Tpogavdg: T'(z) > 0.
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I(z) > fol tr=le7tdt > et fol > ldt = é Apa I'(z) — 400 xadidg
z— 0T,

D(z) > [[Pt*te7tdt > 2771 [e~ldt = 6%235_1, 6tav z > 1. Apa
['(z) = +o0 xadde £ — +00.

() Me ohoxhMipwon xotd pspn F(x—l—l f tve tdt = [t (—e ') dt
= lime_y00C® (—€ ™€) =lim,_, g+ a®( )=o) (e Ydt =z [° tw 1 _tdt
=al(z )

B) T fooo e~tdt = 1. Me enoywy#, oo v [(z + 1) = 2T(z),

Gupnspouvouus 6uln)=n—-1)I'n-1)=Mn—-1)n-2)'(h—-2)=...=
(n—l)(n—Z) -1T(1) = (n — 1)L
(6) I"(z) = [;°t* " (logt)?e~'dt > 0. O.E.A.

BAénouue, dnhad, 6t 1 ouvdptnon I' elvor oplouévn oe ohdxAnen tny
nutevdeio (0, +00) xar oo Sroprtd onueia tou N tawtileton ye Ty ouvdptnom
«TAPAYOVTLXOY.

(Aox. 6, 14, 22)

8.6 Aoxnoeig

EdOxoleg

1. Xtov optoud tou f::f anodetlgte 6Tt 10 evdidueco onuelo d dev enn-
pedlet v olYXAWoN | TNV amdXAoT OUTE TNV TUH TOU YEVIXELUEVOU
OAOXANEOUATOC

2. Arnodei&te 61, avr > 1, 10 foo Sm‘”dt ouyxAiver anolltwe (Tréd: ouy-
xplvate ue x—r) eve, av 0 < 7 < 1, 1o (3o ohoxAfpwuo ouyxAivel und
oLy,

(Trdd: pundeite to napdderyya ye r = 1).

3. Arnodeite 6t 10 f2 "(log z)%dt cuyxhiver av xou uévov av
(@)r<-14@)r=1,¢<-L
(Trdd: ahhory petoPhntic = €b).
ITowd oyéon obupwva ue 10 Oewpnua 3, UTAPYEL UE OELRES TRALYMATIXOY
apriudy;

4. AnodeiZre 6t ta [V sin?(1)dz, [;Cz"e *dx (r,q > 0) ouyxhivouv.
(Trod: |sint| < [¢]).

5. Anodei&te bt T fo log zlog(1 + z)dz, ! wcﬁ GLUYXAIVOLY
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10.

11.
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(Tr6d: log(14+z) < z yroez > 0 xa, yia t0 deltERO, Ahhary ) LETOUPBANTHS
1—-z=c¢e?).

Xenotuonotdviag ot [y e~ dt = i X0 XAVOVTAS XATIAANAT oAAory N
uetofBhntic deifte 6 () = /7. AnoBELEre ot

1 NG
F(n+2) (2n)! i ',n—0,1,23

To 1 < 7 < 0o opilouye {(z) = Y jo; 7 Arnodeifte o

() C(@) = @ [ vt
(B) C@) = 2 — o [ Ha

Arnodel€te 6Tt 10 TR®TO OAoXAApwUA GUYXAIVEL YioL T > 1 €V To debTERD
ouyxAivel vy z > 0.

‘Eotww f:[0,00) = R ue tino f()—( Dl yan—1<t<mn,(n€N).
Arodelgte bt to [ f ouyxhivel und ouvﬁnxnv

Eotw 6t n f : [0,1] — R eivor ouveyrhc oto [0,1] xou ot f(0) =

0, f'(0) vndpyer (xou elvon mpoyuotixde aprduds). Arnodellte étt TO
1 ;3 4 /7

Jo f(@)z2 dz ouyxhiver amolitwc.

(Yr6d: lim, o+ @ = f'(0). "Apa 1 @ optleton oto [0,1] xou efvon
ouveyrc oto [0, 1]. Apa eivar gparyuévr. Suyxpivate ye to fol z%dz)

[Tpoodropiote Tic Tiwée Tou z Yo Tic onolec o xadéva ano T

’

o oo cos(tx) dt

1-+¢2

(o)

( ’) fO x2+t2dt
( ,) oo sin? tw)dt
(¥)

¥ fo e~ cos(2tx)dt
ouyx)\wst

(Trdd: (o) obyxptom ue H—%’ (B) alharyh petafhntic t = xs, npocédte
0 z =0, () oto [1,00) cOyxplon ue t%, () olyxpton ue e )

(o) Xpnmponow']ore ™V sin(2z) = 2sinz cos ¢ pall pe tov tOno

X sing X sinzcosz s
fo BEdr = § v va Setete o1t f SRR dr = 7.
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SlIl T ™

(8) Me ohoxMpwon xara uépn oty (o) deliwe 6m [ A0 = 7.

(Y) Ané v (B),tnv sin® z + cos? z = 1,xon ohhay? = 22 onodeiZte
S Sig;zdx =1

(¥) Aro ) (y) delEte 6w [;° Sin’ e g — I

T

Merpreg

12. Bpeite motd and o mopoaxdte ohoxhneduota oLy xhivouy und cuvinixny
ot Totd amoAOTWC

oo logt dt
1 /21

(¥) J;° e sin(})dt.

13. Bpeite Tic Tés TV P, g Yo TIC OTOEC TA TMOPUXATL ONOXANPOUATA
ouyxhivouy elte amolltwg elte und cuViRxny

(&) fo tP(1 — t2)4dt,
©) o~ te " at,
() J5 o,
(B’) [e'9) sm!x” d

, 1
(E) Oo lm-’;-g}q L.

14. Arnodeite 6t,0v m,n € N

; smt)Z""'1 7 (2n)!
(o fo Al = g (n)2>

(B) [ ghrdt = o,

) —1)!
() fo (14 1) g = By

1 g—2?(t?+1)

15. Eow 6u f(z) = ([ e “dt)?, g(z) = Jo Pyt b

(o) Aci&te 6t f'(z)+g'(z) = 0 yra xdde z xou b6 f(z) +g(z) = § o
xde z (Yndd: g(0) =7) (Tndéd: epapudote oty g(z) 10 Afuua
2)
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16.

17.

18.

19.

20.
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®) Xpnolporcow’)vrag 10 (o) defte om [i° e dt = @ (Trbd: 0 <
g(z) < [, 1+t2dt %e*’cz — 0yl z — +00)

Botww F(z) = [;° e cos(2tz)dt, z € R (Sec doxnomn 103) Egopudote

10 @ewpnya 6 xon anodetfte bt F'(z) + 2z F(z) = 0 ywo xdde z. 'Etou

arodeite 6t F(z) = 46*5‘”2 yioe xéde z (Trdd: F'(z)+2zF(z) =0 =

(e” F(z)) =0 = ¢ F(z) =ota) . Oéoote = 0 %o Yenoluonoteiote

™y doxnon 150)

Yy doxnon 7 anodetgte 6Tt 10 MP®TO OhoXANPWUA CUYXALVEL OUOLO-
uopga oe xde ddotnua e wopyhc [A, B], étov 1 < A < B < 0.
Enlong 1o 3eltepo ohoxhipwua cuyxAivel opotduoppa oe xdite Stdotnua
e popetic [A, B] émou 0 < A < B < co. Anodei€te v ouvéyela g
¢(x) oo (1,00) xadwg xon bt

limg_1+¢(z)(z —1) =1

AUOcxoleg

T npdPAnua UTAEYEL UE TOL OAOXANPOUATO
(&) [5° e " log(cos? z)dz,
@) [ (loga)?(sinz)~Hda;
Kou 1t éyete va nelte oyetxd ye ) obyxhion 1 andxhion Toug ;
Anodei&te 4Tt

w0 [P z2e 25072 g0 suvaiver
Y )

(0‘) 0

(B') 0+00 .’L‘3€_$8 sin? Tz = +oo,
’ +

(v) wo [ mdx oLYXAlveL,
’ 400

(8 ) 1 142 sm2 wdx = Fo0.

Eotww 6t f elvor R-ohoxdnpworun oe xdde didotnua [a, b] émov 0 <
a<b<oo.

OpLCoups ™y Guvocp'mcv] g(t) = 1 fl s)ds,t > 0. Eotw 61t 10 bplo
= limy_s100g(t) undpyet (oro R).

Av a,b> 0, téte
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(@) J) L2dt = g(b) - g(a) + [, “at.
(8) limroyoo [ip L2dt = Blog(L).
(v) foo LSt gy — Blog(t) + [> LBgs.
(3") 'Eotww 61t undpyet (ot0 R) 10 dpto A = lzmt_>0+tft ss) ds. Téte

1 f(at bt
[ La=16) gy

—Alog(a) fab fgt)dt.
’ ’ ’ o0 at)—F (bt
() Ano (v) xou (¥) [, wdt =

(B—A) log(%).

Xpnowornoleiote To TponyolUEVA Yia VoL utohoYloeTE TaL

_ e—bt

r

21. Eotww F(z 0

AnoB&:LETE 6t F'(z) = —

§ —arctanz,z > 0.

Metd anodei&te 61t

I

sint
—dt = limg_,o+

cos(at) — cos(bt) &t /°° et
"Jo

fOO —tx s1nt

dt.

t t

Edt vz > 0.

m,m > 0. A edd npoxdnter bt F(x)

sint
I dt = lzmwﬁ0+(g

00
|
0

—arctanz) =

b 3

(Tr6d.Two 1o F'(z) epopudote 10 Oedpnuo 6 xar unoloyiote 10 oho-
xMpwU TOU TPOXUTTEL UE BLTO\Y'] ohoxAMipwor xatd uéen.

Katémy: F(x)

Anodei&te 6,

av a — +0o0

— F(a) = [} 1+t2 dt = — arctan z + arctan a.

limg—+00F (a) = 0 ypnowonotdvag to

(o] o0
/ e ‘ / e dt — 0
0 0

. Sint

L —
t

Twt 10 limg o+ [y e_m%”dt epapuodote xpithiplo Cauchy xau

sint = (—cost)’ v ohoxhnpdomn xotd uéprn yia vo amodeifete dTL 10
YEVIXEUUEVO o)\ox)\v’]pwpa ouyxhivet opotbuopga oo [0, 00).

Agotl xdie Fo(
xau 1 F ().

fn —tz smtdt elvar ouveyfg oto [0, +00) Yo eivon

22. Arnodei&te ot n ouvdptnon I' gidiver oto (0,1] xon aw&évet oo [1,00).



