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EPISHMANSH: Ta proteinìmena jèmata ent�ssontai se diaforetikèc perioqèc
twn Majhmatik¸n. H Exetastik  Epitrop  ja epijumoÔse ìpwc asqolhjeÐte me jèmata
pou an koun se perissìterec thc miac perioqèc.

JEMATA ANALUSHS

JEMA 1 1. ApodeÐxte ìti gia x > 0 isqÔei

ln(1 + x) ≥ x− x2

2
.

2. ApodeÐxte ìti h seir�
+∞∑
n=1

(
1

n
− ln(1 +

1

n
))

sugklÐnei.

JEMA 2 'Estw h akoloujÐa sunart sewn fn : R → R me tÔpo

fn(x) =
nx

x2 + n2
, x ∈ R, n ∈ N.

1. BreÐte to f(x) = limn→+∞ fn(x), x ∈ R.

2. ApodeÐxte ìti h prohgoÔmenh sÔgklish, eÐnai omoiìmorfh sto [−M, M ],∀M > 0.

3. ApodeÐxte ìti h prohgoÔmenh sÔgklish den eÐnai omoiìmorfh sto R.

JEMA 3 'Estw f : [0,∞) → R suneq c, tètoia ¸ste limx→∞ f(x) = 0. DeÐxte ìti
h f eÐnai omoiìmorfa suneq c.

JEMA 4 'Estw f : [0, 1] → R me

f(x) =


x ln x
x−1

, 0 < x < 1

0, x = 0

1, x = 1

.

1. DeÐxte ìti

f(x) =
∞∑

n=0

x(1− x)n

n + 1

omoiìmorfa sto [0, 1].

2. DeÐxte ìti ∫ 1

0

f(x)dx = 1−
∞∑

n=2

1

n2(n− 1)
.



JEMA 5 'Estw f : [0, 1] → R. DeÐxte ìti

lim
n→∞

∫ 1

0

f(x) cos nxdx = 0,

upì thn proôpìjesh ìti:

1. f eÐnai suneq¸c diaforÐsimh sto [0, 1],

2. f eÐnai suneq c sto [0, 1].

JEMA 6 'Estw an mia akoloujÐa, tètoia ¸ste

lim
n→+∞

a1 + a2 + · · ·+ an

n
= a,

lim
n→+∞

1

n

n∑
k=2

k(ak − ak−1) = 0.

ApodeÐxte ìti limn→+∞ an = a.

JEMA 7 'Estw f : R → R, tètoia ¸ste lim|x|→+∞
f(x)
|x| = +∞. OrÐzoume th

sun�rthsh f ∗ : R → R me tÔpo

f ∗(λ) = sup
x∈R

(λx− f(x)), λ ∈ R.

1. ApodeÐxte ìti h f ∗ eÐnai kurt  sun�rthsh.

2. BreÐte ìlec tic f pou ikanopoioÔn thn f ∗ = f .

JEMA 8 'Estw f : R → R. ApodeÐxte ìti oi akìloujec prot�seic eÐnai isodÔnamec:

1. Ta sÔnola AM = {x ∈ R : f(x) ≤ M} eÐnai kleist� ∀M ∈ R.

2. Gia k�je akoloujÐa xn, tètoia ¸ste limn→+∞ xn = x, èqoume f(x) ≤ lim infn→+∞ f(xn).

JEMA 9 Jètoume

A =

{
x ∈ `2 : |x(n)| ≤ 1

n
, gia k�je n ∈ N

}
.

DeÐxte ìti to A eÐnai sumpagèc.



ÈÅÌÁÔÁÈÅÙÑÉÁÓ ÁÑÉÈÌÙÍ - ÁËÃÅÂÑÁÓ

ÈÅÌÁ 1ï Íá ëõèåß ùò ðñïò x ç éóïôéìßá 3x + 3x ≡ 5(mod 10). [Õðüäåéîç: Ç ëýóç èá åßíáé ôÞò ìïñöÞò x ≡ ; (mod ; ).]

ÈÅÌÁ 2ï ¸óôù

ϕ (n) := ` {m ∈ N | m ≤ n êáé ìêä(m,n) = 1}

ç áñéèìçôéêÞ óõíÜñôçóç ôïý Euler.

(i) Íá áðïäåé·èåß üôé ïé öõóéêïß áñéèìïß n ∈ Nr{4}, ãéá ôïõò ïðïßïõò éó·ýåé ϕ (n) ≡ 2 (mod 4), åßíáé åßôå

ôÞò ìïñöÞò n = pk åßôå ôÞò ìïñöÞò n = 2pk, üðïõ k ∈ N êáé p Ýíáò ðñþôïò áñéèìüò ìå p ≡ 3 (mod 4).

(ii) Íá áðïäåé·èåß üôé äåí õðÜñ·åé öõóéêüò áñéèìüò n ìå ϕ (n) = 14.

ÈÅÌÁ 3ï (i) ÅÜí ï p åßíáé Ýíáò ðñþôïò áñéèìüò êáé ï k Ýíáò áêÝñáéïò, íá áðïäåé·èåß üôé p | kp + (p− 1)! k.
(ii) ¸óôù p Ýíáò ðåñéôôüò ðñþôïò. Íá áðïäåé·èåß ç éó·ýò ôùí éóïôéìéþí:

∙µ
p− 1
2

¶
!

¸2
≡

⎧⎪⎨⎪⎩
−1 (mod p) , üôáí p ≡ 1 (mod 4) ,

1 (mod p) , üôáí p ≡ 3 (mod 4) .

ÈÅÌÁ 4ï (i) ÅÜí ç (G, ·) åßíáé ìéá áâåëéáíÞ (ðïëëáðëáóéáóôéêÞ) ïìÜäá ìå ïõäÝôåñü ôçò óôïé·åßï ôï e, a, b äõï óôïé·åßá

ôÞò G, êáé r, s, t ∈ N, ãéá ôïõò ïðïßïõò éó·ýåé ìêä(r, s) = ìêä(s, t) = ìêä(t, r) = 1, íá áðïäåé·èåß ç

óõíåðáãùãÞ h
ar = bs = (ab)t = e

i
=⇒ a = b = e.

(ii) ÐáñáìÝíåé áõôü ôï óõìðÝñáóìá åí éó·ý áêüìç êáé üôáí çG åßíáé ìç áâåëéáíÞ;

ÈÅÌÁ 5ï Ìéá ïìÜäá G êáëåßôáé ðåðåñáóìÝíùò ðáñáãüìåíç üôáí ðáñÜãåôáé áðü ðåðåñáóìÝíïõ ðëÞèïõò óôïé·åßá

ôçò. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) ÊÜèå ðåðåñáóìÝíùò ðáñáãüìåíç õðïïìÜäá ôÞò (Q,+) åßíáé êõêëéêÞ.

(ii) Ç ßäéá ç (Q,+) äåí åßíáé ðåðåñáóìÝíùò ðáñáãüìåíç.

(iii) ÅÜí (ãéá êÜèå öõóéêü áñéèìü n ≥ 1) çHn óõìâïëßæåé ôçí õðïïìÜäá ôÞò (Q,+) ôçí ðáñáãüìåíç áðü ôï

óôïé·åßï 1
n!
, ôüôåH1 $ H2 $ · · · $ Hi $ Hi+1 $ · · · êáé

Q =
[
n≥1

Hn.

(Ùò åê ôïýôïõ, ç åí ëüãù ïìÜäá ãñÜöåôáé ùò Ýíùóç áñéèìçóßìïõ ðëÞèïõò êõêëéêþí õðïïìÜäùí ôçò, ·ùñßò

ç ßäéá íá åßíáé êõêëéêÞ.)

(iv) Ôï õðïóýíïëï ôùí ñçôþíáñéèìþíL :=
©
a
b ∈ Q

¯̄
a, b ∈ Z, üðïõ a ≡ 0(mod 2), b ≡ 1(mod 2)

ª
áðï-

ôåëåß ìéá ãíÞóéá õðïïìÜäá ôÞò (Q,+) ðïõ äåí åßíáé êõêëéêÞ.

ÈÅÌÁ 6ï ¸óôù üôé ï n åßíáé Ýíáò öõóéêüò áñéèìüò ≥ 1, ôïK Ýíá óþìá, ç

GLn (K) := {A = (aij) ∈Matn×n (K) | det (A) 6= 0K}

ç (ðïëëáðëáóéáóôéêÞ) ãåíéêÞ ãñáììéêÞ ïìÜäá ôùí (n × n)-ðéíÜêùí (ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü
ôïK) êáé ç

SLn (K) := {A = (aij) ∈ GLn (K) | det (A) = 1K}



ç áíôßóôïé·ç åéäéêÞ ãñáììéêÞ ïìÜäá. Íá áðïäåé·èïýí ôá áêüëïõèá:

(i) H GLn (K) åßíáé ìç áâåëéáíÞ ãéá ïéïíäÞðïôå n ≥ 2.
(ii) H GLn (K) åßíáé ðåðåñáóìÝíç åÜí êáé ìüíïí åÜí ôï óþìáK åßíáé ðåðåñáóìÝíï.

(iii) GLn (K)/SLn (K) ∼= K×, üðïõK× ç ðïëëáðëáóéáóôéêÞ ïìÜäá ôùí ìç ìçäåíéêþí óôïé·åßùí ôïýK.

(iv) EÜí ôï óþìáK åßíáé ðåðåñáóìÝíï ìå ðëçèéêü áñéèìü ßóïí ìå q, ôüôå

|GLn (K)| =
n−1Y
i=0

³
qn − qi

´
= q

n(n−1)
2

nY
j=1

³
qj − 1

´
êáé

|SLn (K)| = 1
q−1 |GLn (K)| .

[Õðüäåéîç: Ãéá ôçí åýñåóç ôÞò ôÜîåùò ôÞò ïìÜäáò GLn (K) êáôáìåôñþíôáé üëïé ïé áíôéóôñÝøéìïé (n × n)-
ðßíáêåò ìå ôéò åããñáöÝò ôïõò åéëçììÝíåò áðü ôïðëçèéêïý áñéèìïý q óþìáK.Ôé óçìáßíåé ç áíôéóôñåøéìüôçôá
åíüò (n× n)-ðßíáêá ãéá ôéò ãñáììÝò ôïõ (Þ, áíôéóôïß·ùò, ãéá ôéò óôÞëåò ôïõ);]

(v) Ïé ïìÜäåò SL2 (Z3) êáé S4 (=: óõììåôñéêÞ ïìÜäá óå ôÝóóåñá óýìâïëá) åßíáé äõï ìç éóüìïñöåò ïìÜäåò
ôÜîåùò 24. [Äéåõêñßíéóç: Èåùñåßôáé ùò ãíùóôü ôï üôé êÜèå óôïé·åßï ôÞò S4 Ý·åé ôÜîç 1, 2, 3 Þ 4, êáèþò êáé
ôï üôé ç SL2 (Z3) ðáñÜãåôáé áðü ôïõò ðßíáêåò

C =

Ã
[1]3 [1]3
[0]3 [1]3

!
êáé D =

Ã
[1]3 [0]3
[1]3 [1]3

!
.

Ãéá ôçí áðüäåéîç áñêåß ð.·. ï ðñïóäéïñéóìüò åíüò óôïé·åßïõ ôÞò SL2 (Z3) ôÜîåùò≥ 5.Âåâáßùò, åõðñüóäåêôç
èá åßíáé êáé ïéáäÞðïôå Üëëç ïñèÞ, åíáëëáêôéêÞ áðüäåéîç.]

ÈÅÌÁ 7ï (i) ¸óôù R Ýíáò ìåôáèåôéêüò äáêôýëéïò, ôÝôïéïò þóôå Z ⊆ R ⊆ Q. Íá áðïäåé·èåß üôé ï R åßíáé ðåñéï·Þ

êõñßùí éäåùäþí.

(ii) Íá áðïäåé·èåß üôé ôï óýíïëï R := {0} ∪
©

a
2n

¯̄
a ðåñéôôüò áêÝñáéïò êáé n ∈ Z

ª
⊂ Q (ùò ðñïò ôéò

óõíÞèåéò ðñÜîåéò) åßíáé Ýíáò äáêôýëéïò ôïý åßäïõò ðïõ ðåñéåãñÜöç óôï (i), íá ðñïóäéïñéóèåß ç ðïëëáðëá-

óéáóôéêÞ ïìÜäáR× ôùí áíôéóôñåøßìùí óôïé·åßùí ôïõ êáé íá åîåôáóèåß ãéá êáèÝíá ôùí óôïé·åßùí 2 (= 1
2−1 )

êáé 6 (= 3
2−1 ) ôï êáôÜ ðüóïí åßíáé Þ äåí åßíáé ðñþôï åíôüò ôïý äáêôõëßïõ R.

ÈÅÌÁ 8ï ¸óôù üôé ïm åßíáé Ýíáò öõóéêüò áñéèìüò≥ 2 ìå√m /∈ Z êáé üôé ï p åßíáé Ýíáò ðñþôïò áñéèìüò ðïõ ðëçñïß
ôéò áêüëïõèåò óõíèÞêåò: p < m, p | m+ 1, p2 - m+ 1. ÅÜí

R :=

(Ã
a b

√
m

−b√m a

!
∈Mat2×2(R)

¯̄̄̄
¯ a, b ∈ Z

)
êáé

I :=

(Ã
x (py + x)

√
m

− (py + x)
√
m x

!
∈Mat2×2(R)

¯̄̄̄
¯ x, y ∈ Z

)
,

íá áðïäåé·èïýí ôá áêüëïõèá:

(i) Tï óýíïëï R áðïôåëåß Ýíáí ìåôáèåôéêü õðïäáêôýëéï ôïý Mat2×2(R) ìå ìïíáäéáßï (ùò ðñïò ôéò óõíÞèåéò

ðñÜîåéò).

(ii) O R åßíáé (óõí ôïéò Üëëïéò) êáé áêåñáßá ðåñéï·Þ.

(iii) Ôï óýíïëï I åßíáé Ýíá éäåþäåò ôïý R.

(iv) Ôï I äåí åßíáé êýñéï éäåþäåò. (Ùò åê ôïýôïõ, ï R äåí åßíáé ðåñéï·Þ êõñßùí éäåùäþí.) [Õðüäåéîç: Ãéá ôá

(ii) êáé (iv) óõíéóôÜôáé ç ìåëÝôç ôùí éäéïôÞôùí ôùí ïñéæïõóþí ôùí ðéíÜêùí ðïõ èá åîåôáóèïýí.]



ÈÅÌÁ 9ï (i) ÅÜí ï n åßíáé Ýíáò ðåñéôôüò áêÝñáéïò áñéèìüò ≥ 1, ϕ ∈ R êáé c = cosϕ, íá åêöñáóèåß ôï cosnϕ ùò

ðïëõþíõìï ôïý c ìå áêåñáßïõò óõíôåëåóôÝò.

(ii) ÅÜí ï p ≥ 3 åßíáé Ýíáò ðñþôïò áñéèìüò êáé ôï ϕ ∈ R ôÝôïéï, þóôå íá éó·ýåé cos pϕ = p
p+1

, íá áðïäåé·èåß

üôé ôï cosϕ áðïôåëåß èÝóç ìçäåíéóìïý åíüò áíáãþãïõ ðïëõùíýìïõ f(X) ∈ Z[X] âáèìïý p. [Äéåõêñßíéóç:

Ç åöáñìïãÞ ôïý êñéôçñßïõ áíáãùãéìüôçôáò ôïý Eisenstein (·ùñßò ôçí ðáñÜèåóç ôÞò áðïäåßîåþò ôïõ) åßíáé

åðéôñåðôÞ.]

ÈÅÌÁ 10ï (i) ÅÜí ôá K êáé L åßíáé äõï óþìáôá ìå K ⊆ L êáé a, b ∈ L, êáé åÜí õðïôåèåß üôé ìêä(m,n) = 1, üðïõ

m := [K(a) : K] , n := [K(b) : K] , íá áðïäåé·èïýí ïé éóüôçôåò

[K(a, b) : K] = mn, K(a) ∩K(b) = K.

(ii) Íá ðñïóäéïñéóèåß óôïé·åßï u ∈ R, ôÝôïéï þóôå íá éó·ýåé Q (u) = Q(
√
2, 3
√
5) êáé íá õðïëïãéóèåß ï

âáèìüò
£
Q
¡√
2, 3
√
5
¢
: Q
¤
.



ÈÅÌÁÔÁ ÄÉÁÖÏÑÉÊÇÓ ÃÅÙÌÅÔÑÉÁÓ

ÈÅÌÁ 1ï ¸óôù β : R −→ R3 ç êáìðýëç ç ïñéæüìåíç ìÝóù ôïý ôýðïõ

β (s) := (es cos s, es sin s, es) .

(i) Íá õðïëïãéóèïýí ôá óôïé·åßá Frenet κ, τ , T,N,B (êáìðõëüôçôá, óôñÝøç êáé ðñùôåýïíôá äéá-
íýóìáôá, áíôéóôïß·ùò) ôÞò β.

(ii) Íá ðñïóäéïñéóèïýí ôï êÝíôñï êáìðõëüôçôïò êáé ç åîßóùóç ôïý åããõôÜôïõ åðéðÝäïõ ôçò.

ÈÅÌÁ 2ï ¸óôù I ⊆ R Ýíá áíïéêôü äéÜóôçìá êáé Ýóôù γ : I −→ R3 ìéá êáíïíéêÞ, ëåßá êáìðýëç ðáñá-
ìåôñïýìåíç áðü ôï ìÞêïò ôüîïõ, ç ïðïßá Ý·åé êáìðõëüôçôá κ > 0 êáé óôñÝøç τ . ÅÜí õðÜñ·ïõí
u ∈ R3 êáé c ∈ R, ïýôùò þóôå íá éó·ýåé ç éóüôçôá

hγ0 (s) , ui = c, ∀s ∈ I,

íá áðïäåé·èåß üôé

τ (s) = ± c√
1− c2

κ (s) , ∀s ∈ I.

ÈÅÌÁ 3ï ¸óôù

M :=
n
(coshu · cos v, coshu · sin v, u) | 0 < v < 2π, |u| < log(1 +

√
2)
o

êáé Ýóôù

N := { (u · cos v, u · sin v, v) | 0 < v < 2π, |u| < 1} .

(i) Íá áðïäåé·èåß üôé ïéM êáé N åßíáé ëåßåò åðéöÜíåéåò.

(ii) Íá áðïäåé·èåß üôé ç áðåéêüíéóç F :M −→ N ç ïñéæüìåíç ìÝóù ôïý ôýðïõ

F ((coshu · cos v, coshu · sin v, u)) := (sinhu · cos v, sinhu · sin v, v)

åßíáé ìéá áìöéäéáöüñéóç.

(iii) Íá åîåôáóèåß ôï êáôÜ ðüóïí ç ùò Üíù F åßíáé Þ äåí åßíáé éóïìåôñßá.

ÈÅÌÁ 4ï Íá áðïäåé·èåß üôé ôï óýíïëï

M :=
©
(x, y, z) ∈ R3

¯̄
x2 + y2 − z2 = 1

ª
åßíáé ìéá åðéöÜíåéá äçìéïõñãïýìåíç åê ðåñéóôñïöÞò êáé íá õðïëïãéóèåß ç êáìðõëüôçôá ôïý
Gauss óå êÜèå óçìåßï ôÞòM.

ÈÅÌÁ 5ï ¸óôù λ : (−π
2 ,

π
2 ) −→ R ìéá C∞-óõíÜñôçóç. Íá õðïëïãéóèåß ç êáìðõëüôçôá Gauss ôÞò åðéöá-

íåßáò

M :=
©
(ρ · cos θ, ρ · sin θ, ρ+ λ (θ)) ∈ R3

¯̄
ρ > 0, |θ| < π

2

ª
óå êÜèå óçìåßï ôçò.



JEMATA DIAFORIKWN EXISWSEWN

JEMA 1 BreÐte th genik  lÔsh thc Diaforik c ExÐswshc

ty′′(t)− y′(t)− (t− 1)y(t) = 0.

JEMA 2 ApodeÐxte ìti h mhdenik  lÔsh tou probl matoc

x′ = −x + 2x2 + y2,

y′ = −2y + x2 + 2y2,

eÐnai asumptwtik� eustaj c lÔsh.

JEMA 3 ApodeÐxte ìti h lÔsh tou probl matoc

y′(t) = (1 + t2)y2(t)− 1, t > 0,

y(0) = 0

orÐzetai se ìlo to di�sthma [0, +∞).

JEMA 4 BreÐte th lÔsh tou probl matoc

utt = uxx, 0 < x < π, t > 0,

u(0, t) = u(π, t) = 0, t > 0,

u(x, 0) = sin x− sin 2x, 0 < x < π,

ut(x, 0) = 0, 0 < x < π.

JEMA 5 ApodeÐxte to monos manto twn lÔsewn tou probl matoc

ut = uxx, 0 < x < π, t > 0,

u(0, t) = 0, t ≥ 0,

2ut(π, t) + ux(π, t) = 0, t ≥ 0,

u(x, 0) = φ(x), 0 < x < π.



JEMATA PIJANOTHTWN kai STATISTIKHS

JEMA 1 'Estw ìti oi X, Y eÐnai tuqaÐec metablhtèc me timèc sto {−1, 1} gia tic
opoÐec:

P(X = 1) =
1

2
, kai P(Y = 1|X) =

1

2
− X

6
.

a. Gr�yte thn apì koinoÔ katanom  twn X, Y.
b. Poia eÐnai h pijanìthta to tri¸numo P (z) = z2 +Xz +Y na èqei pragmatikèc rÐzec;
g. Dedomènou ìti to P (z) èqei pragmatikèc rÐzec, upologÐste thn anamenìmenh tim 
thc megalÔterhc apì autèc.

JEMA 2 'Ena estiatìrio diajètei N pi�ta ston kat�logì tou kai k�je for� pou
to episkèptesje dialègete èna apì aut� sthn tÔqh (anex�rthta apì ti èqete dialèxei
tic �llec forèc dialègete k�je pi�to me pijanìthta 1/N .) DeÐxte ìti o anamenìmenoc
arijmìc episkèyewn mèqri na dokim�sete ìla ta pi�ta tou katalìgou eÐnai:

N

N∑
k=1

1

k
.

JEMA 3 'Estw X1, X2, . . . akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n
me koin  katanom  omoiìmorfh sto di�sthma [0, e].
a. UpologÐste th mèsh tim  kai th diakÔmansh thc ln(X1).
b. Qrhsimopoi¸ntac to kentrikì oriakì je¸rhma (  diaforetik�) upologÐste to ìrio:

lim
n→∞

P(X1X2 · · ·Xn ≥ 1).

g. Poia katanom  akoloujeÐ h Y1 = 1− ln(X1);

JEMA 4 Elègxte thn upìjesh ta dedomèna:

{+0.04,−1.85, +0.23, +0.16, +1.17,−1.21,−0.36, +1.75,−0.11}
na proèrqontai apì kanonik  katanom  N (−1, 1), ènanti thc upìjeshc na proèrqontai
apì kanonik  katanom  N (1, 1), me epÐpedo shmantikìthtac α = 0.001. UpologÐste
thn isqÔ tou elègqou sac. (Ja qreiasteÐte ton pÐnaka gia thn ajroistik  tupopoihmènh
kanonik  katanom  pou episun�ptetai.)

JEMA 5 a. An oi X, Y eÐnai anex�rthtec tuqaÐec metablhtèc pou akoloujoÔn
katanom  Poisson me paramètrouc λ, µ antÐstoiqa, breÐte thn katanom  thc X + Y .
UpenjumÐzetai ìti an X ∼ Poisson(λ), tìte

P(X = k) = e−λ λk

k!
, k = 0, 1, 2, . . .

b. 'Estw X1, X2, . . . , Xn anex�rthtec, isìnomec, tuqaÐec metablhtèc pou akoloujoÔn
katanom  Poisson me par�metro θ ≥ 0. UpologÐste thn

Pθ(X1 = k1, X2 = k2, . . . , Xn = kn|Sn = k1 + k2 + · · ·+ kn),

ìpou Sn = X1 + · · ·+ Xn kai sumper�nete ìti h Sn eÐnai epark c gia thn ektÐmhsh thc
θ. DeÐxte ìti h Sn eÐnai kai pl rhc.
g. UpologÐste thn Eθ(X

2
1 |Sn). (Upìdeixh: H g(Sn) = Eθ(X

2
1 − X1|Sn) èqei gia k�je

θ ≥ 0 thn Ðdia anamenìmenh tim  me thn (S2
n − Sn)/n2.)



JEMATA ARIJMHTIKHS ANALUSHS

JEMA 1 DeÐxte ìti h exÐswsh f(x) := e−x − x = 0 èqei mìno mia pragmatik  rÐza
ρ, me ρ ∈ (0, 1), sthn opoÐa sugklÐnei h akoloujÐa (xn) pou par�gei h mèjodoc tou
NeÔtwna gia opoiod pote x0 ∈ R. DeÐxte akìmh ìti:

lim
n→∞

xn+1 − ρ

(xn − ρ)2
= − 1

2(1 + eρ)
.

JEMA 2 a. 'Estw ìti o n × n antistrèyimoc pÐnakac A analÔetai se ginìmeno
A = LU , ìpou L eÐnai ènac n×n k�tw trigwnikìc me mon�dec sth diag¸nio kai U �nw
trigwnikìc. DeÐxte ìti mia tètoia an�lush eÐnai monadik .
b. 'Estw x ∈ Rn \ {0} h akrib c lÔsh tou sust matoc Ax = b, ìpou A eÐnai ènac
n × n antistrèyimoc pÐnakac kai b ∈ Rn. 'Estw t¸ra x∗ ∈ Rn mia prosèggish tou x
kai r = Ax∗− b. DeÐxte ìti gia k�je nìrma ‖ · ‖ ston Rn (kai antÐstoiqh fusik  nìrma
pin�kwn) isqÔei:

‖x− x∗‖
‖x‖

≤ κ(A)
‖r‖
‖b‖

, ìpou κ(A) = ‖A‖‖A−1‖.

P¸c ermhneÔete aut  thn anisìthta;

JEMA 3 'Estw h sun�rthsh

f(x) =

{
0, 0 ≤ x ≤ 1,

(x− 1)4, 1 < x ≤ 2.

a. ProseggÐste thn f sto di�sthma [0,2] me mia tmhmatik� poluwnumik  sun�rthsh
p(·) thc morf c:

p(x) =

{
0, 0 ≤ x ≤ 1,

a + b(x− 1) + c(x− 1)2 + d(x− 1)3, 1 < x ≤ 2.

ProsdiorÐste ta a, b, c, d upojètontac ìti p ∈ C1([0, 2]) kai ìti p(0) = f(0), p′(0) =
f ′(0), p(1) = f(1), p(2) = f(2), p′(2) = f ′(2).
b. SumpÐptei h sun�rthsh p(·) me thn paremb�lousa kubik  spline s(·) thc f sta shmeÐa
{0,1,2} me sunoriakèc sunj kec s′(0) = f ′(0), s′(2) = f ′(2);

JEMA 4 ProseggÐzoume to olokl rwma thc sun�rthshc f(x) = e−x sto di�sthma
[0,1] me ton sÔnjeto tÔpo tou trapezÐou wc proc ènan omoiìmorfo diamerismì me b ma
h. DeÐxte ìti h t�xh thc mejìdou eÐnai 2.

JEMA 5 Jewr ste to katwtèrw prìblhma arqik¸n tim¸n gia èna 2 × 2 sÔsthma
sun jwn diaforik¸n exis¸sewn me agn¸stouc p(t), q(t) :

ṗ(t) = −2q(t), t ≥ 0

q̇(t) = 1
2
p(t), t ≥ 0

p(0) = 1, q(0) = 0.



a. DeÐxte ìti isqÔei o nìmoc diat rhshc p2(t) + 4q2(t) = 1,∀t ≥ 0.
b. Jewr ste tic proseggÐseic (pn, qn), n ≥ 0, pou par�gei h mèjodoc tou Euler gia
to parap�nw sÔsthma kai stajerì h > 0. DeÐxte ìti (pn)2 + 4(qn)2 → ∞, kaj¸c
n →∞.
g. Jewr ste tic proseggÐseic (pn, qn), n ≥ 0, pou par�gei h mèjodoc tou trapezÐou
gia to parap�nw sÔsthma kai stajerì h > 0. DeÐxte ìti (pn)2 + 4(qn)2 = 1, ∀n ≥ 0,
dhlad  h mèjodoc tou trapezÐou ikanopoieÐ to diakritì an�logo tou suneqoÔc nìmou
diat rhshc tou erwt matoc (a).
d. Ti mporoÔme na poÔme gia thn posìthta (pn)2 + 4(qn)2 gia tic proseggÐseic pou
par�gei h peplegmènh mèjodoc Euler;

KALH EPITUQIA!

H Epitrop  Axiolìghshc:

Miq�lhc Loul�khc,
Dhm trioc Nta c,
Aqillèac TertÐkac.




