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JEMATA APEIROSTIKOU LOGISMOU

JEMA 1 a. Na deÐxete ìti h katwtèrw seir� sugklÐnei:

∞∑
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b. Na exet�sete wc proc th sÔgklish gia tic di�forec timèc tou x > 0 th seir�
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1 + x2n
.

JEMA 2 DeÐxte ìti gia k�je x ≥ 0 kai p ≥ 1 èqoume (1 + x)p ≤ 2p−1(1 + xp).

JEMA 3 BreÐte ìlec tic paragwgÐsimec sunart seic f : R3 −→ R gia tic opoÐec:
∂f
∂x

(x, y, z) = x + yez

∂f
∂y

(x, y, z) = y + xez

∂f
∂z

(x, y, z) = xyez.

JEMA 4 UpologÐste to akìloujo olokl rwma:∫ ∞

0

∫ ∞

0

hm(x + y)e−(x+y) dx dy

JEMA 5 BreÐte to el�qisto thc sun�rthshc f : R3 → R me tÔpo

f(x, y, z) = x4 + y4 + z4,

upì th dèsmeush
x2 + y2 + z2 = 1.

JEMA 6 UpologÐste to ìrio
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JEMA 7 'Estw f : [−1, 1] → R suneq c sun�rthsh me
∫ 1

−1
f(s) ds = 1, kai

S = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

An (α, β, γ) ∈ S kai σ to stoiqeÐo embadoÔ sthn S, na upologÐsete to olokl rwma∫
S

f(αx + βy + γz) dσ.

JEMA 8 Na deÐxete ìti an h seir�
∑∞
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k
sugklÐnei, tìte:
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JEMA 9 'Estw f : [0, 1] → R paragwgÐsimh sun�rthsh, ¸ste:

m ≤ |f ′(x)| ≤ M, ∀x ∈ (0, 1).

gia k�poia m,M ≥ 0. ApodeÐxte ìti:

1

12
m2 ≤

∫ 1

0

f 2(x) dx−
(∫ 1

0

f(x) dx

)2

≤ 1

12
M2.

(Upìdeixh: Jewr ste arqik� to olokl rwma
∫ 1

0

∫ 1

0
(f(x)− f(y))2dx dy.)

JEMATA GRAMMIKHS ALGEBRAS

JEMA 10 'Estw T : R3 −→ R3 o grammikìc metasqhmatismìc pou orÐzetai apì ton
tÔpo:

T (x, y, z) =

(
1

2
(3x− y + 5z), x + y − z,

1

2
(x + 3y − 5z)

)
, ∀(x, y, z) ∈ R3.

BreÐte ton pur na kai thn eikìna tou T . UpologÐste tic diast�seic kai prosdiorÐste
mia b�sh twn anwtèrw upoq¸rwn tou R3.

JEMA 11 Jewr ste to akìloujo sÔsthma exis¸sewn:
x + 3y + 2z + w = a

2x + 5y + 3z = a

x− z = −b

y + z = b

a. Gia poiec timèc twn a, b ∈ R èqei to sÔsthma lÔsh ston R4;
b. An up�rqei lÔsh poia eÐnai h genik  thc morf ;

JEMA 12 a. 'Estw A ènac n × n pÐnakac me grammik¸c anex�rthtec st lec. Na
deÐxete ìti to Ðdio sumbaÐnei kai gia ton pÐnaka A2.
b. An o A2 èqei n grammik¸c anex�rthtec st lec, isqÔei to Ðdio kai gia ton A;

JEMA 13 a. DeÐxte ìti to sÔnolo M = {I + s xyT ; s ∈ R}, ìpou I o monadiaÐoc
n× n pÐnakac kai x, y ∈ Rn, eÐnai kleistì wc proc ton pollaplasiasmì pin�kwn.
b. An x · y 6= −1, deÐxte ìti o pÐnakac I + xyT eÐnai antistrèyimoc kai upologÐste ton
antÐstrofì tou.
g. UpologÐste ton antÐstrofo tou n× n pÐnaka
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.



JEMA 14 BreÐte ìlouc touc 2× 2 pÐnakec A gia touc opoÐouc isqÔei ìti

A2 =

(
1 1
0 1

)
.

JEMA 15 DÐnetai o n× n pÐnakac

A =


0 . . . 0 1
0 . . . 1 0
... . .

. ...
...

1 . . . 0 0


.

a. BreÐte tic idiotimèc tou A.
b. EÐnai o pÐnakac A diagwniopoi simoc;
g. BreÐte touc idiìqwrouc pou antistoiqoÔn se k�je idiotim  tou A.

JEMA 16 UpologÐste th di�stash tou dianusmatikoÔ q¸rou twn n × n pin�kwn,
k�je gramm  kai k�je st lh twn opoÐwn èqei �jroisma mhdèn.

JEMA 17 'Estw h akoloujÐa pragmatik¸n arijm¸n
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pou orÐzetai apì touc anagwgikoÔc tÔpouc:

an+1 = an + 2bn, bn+1 = an + bn.

Diagwniopoi ste ton pÐnaka A gia ton opoÐon isqÔei h isìthta:(
an+1

bn+1

)
= A

(
an

bn

)
kai prosdiorÐste ènan ekpefrasmèno tÔpo gia touc an, bn. DeÐxte sth sunèqeia ìti

lim
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=
√

2.

JEMA 18 'Estw ìti oi A,B eÐnai duo n× n pÐnakec.
a. Na deÐxete ìti oi AB kai BA èqoun tic Ðdiec idiotimèc.
b. Na deÐxete ìti an o AB eÐnai antistrèyimoc, tìte oi AB kai BA èqoun to Ðdio
el�qisto polu¸numo.
g. BreÐte 2 × 2 pÐnakec A kai B, tètoiouc ¸ste oi AB kai BA na mhn èqoun to Ðdio
el�qisto polu¸numo.

KALH EPITUQIA!

H Epitrop  Axiolìghshc:

Miq�lhc Loul�khc,
Dhm trioc Nta c,
Aqillèac TertÐkac.


