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�a epijumoÔse na asqolhjeÐte me �èmata pou an koun se perissìterec thc miac perioq c.



ALGEBRA-JEWRIA ARIJMWN

'Askhsh 1. Na upologÐsete ìlec tic om�dec t�xewc 6 (modulo isomorfÐa).

'Askhsh 2. Na apodeÐxete ìti to ide¸dec 〈x2 + 1〉 tou daktulÐou R[x] eÐnai mègisto kai ìti to s¸ma

R[x]/〈x2 + 1〉
eÐnai isìmorfo proc to s¸ma twn migadik¸n arijm¸n.

'Askhsh 3. Na apodeiqteÐ ìti to sÔnolo

R =

{ a
3n : a ∈ Z, n = 0, 1, 2, 3, . . .

}

apoteleÐ akeraÐa perioq  wc proc thn prìsjesh kai ton pollaplasiasmì �ht¸n. Sth sunèqeia na �rejoÔn
oi mon�dec tou R kai na exetasjeÐ an oi arijmoÐ 3 kai 6 eÐnai an�gwga stoiqeÐa tou R.

'Askhsh 4. Na apodeÐxete ìti Q(
√

2,
√

5) = Q(
√

2 +
√

5). Poiì eÐnai to an�gwgo polu¸numo tou
√

2 +
√

5
wc proc to s¸ma Q, to s¸ma Q(

√
2) kai to s¸ma Q(

√
5)?

'Askhsh 5.
(1) Na apodeiqteÐ ìti gia k�je n ∈ N, n > 1, o n! den eÐnai tèleio tetr�gwno.

(Upìdeixh: MporeÐte na qrhsimopoi sete to {axÐwma tou Bertrand} sÔmfwna me to opoÐo an�mesa
stouc �usikoÔc arijmoÔc n kai 2n, gia n > 1, up�rqei p�ntote ènac pr¸toc p, dhlad  n < p < 2n.)

(2) Gia poioÔc �usikoÔc n, n ≥ 1, o arijmìc

n! + (n + 1)! + (n + 2)!

eÐnai tèleio tetr�gwno ?

'Askhsh 6. O kom thc tou Halley 
Ôgwse arket� th Gh kai  tan emfan c kat� ta èth 1835, 1910 kai
1986. Prìkeitai na emfanisteÐ kai to 2061. Na apodeiqjeÐ ìti :

18351910 + 19862061 ≡ 0 (mod7).
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ANALUSH

'Askhsh 1. DeÐxte ìti h akoloujÐa

γn =

n∑

k=1

1
k
−

∫ n

1

dx
x

sugklÐnei.

'Askhsh 2.
(1) Exet�ste wc proc th sÔgklish kai thn apìluth sÔgklish tic seirèc

∞∑

n=2

cos(πn)

(
1 + 1

n

)n

n ln n
,

∞∑

n=1

(−1)n 1√
n

sin
1√
n
.

(2) Exet�ste wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish th seir�
∞∑

n=1

1
1 + n2x2 , x > 0.

'Askhsh 3. 'Estw an mia akoloujÐa tètoia ¸ste

nan → 0, kai
∞∑

n=1

an = a.

UpologÐste to ìrio thc seir�c
∞∑

n=1

n(an − an+1).

'Askhsh 4. 'Estw A ⊂ R. Jètoume

B = {x ∈ A : to x den eÐnai shmeÐo suss¸reushc tou A}.
DeÐxte ìti to B eÐnai to polÔ arijm simo.

'Askhsh 5. 'Estw f : [0, 1] → R mia suneq c sun�rthsh, kai An mia �jÐnousa akoloujÐa (dhlad 
An+1 ⊆ An) kleist¸n uposunìlwn tou [0, 1]. DeÐxte ìti

f


∞⋂

n=1

An

 =

∞⋂

n=1

f (An).

'Askhsh 6. Jewr ste gnwstì ìti k�je anoiqtì uposÔnolo tou R eÐnai ènwsh xènwn an� dÔo anoiqt¸n
diasthm�twn (k�poio apì ta �kra mporeÐ na eÐnai �peiro).

(1) DeÐxte ìti ta monadik� uposÔnola tou R ta opoÐa eÐnai tautìqrona anoiqt� kai kleist� eÐnai to ∅
kai to R.

(2) 'Estw A mh kenì gn sio uposÔnolo tou R. DeÐxte ìti h qarakthristik  sun�rthsh

χA(x) =


1, an x ∈ A
0, an x < A

èqei toul�qisto èna shmeÐo asunèqeiac.
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ARIJMHTIKH ANALUSH

'Askhsh 1. Jewr ste thn exÐswsh f (x) := αex− x = 0, ìpou 0 < α <
1
e

dedomènh stajer�. Jewr ste epÐshc
dedomèno ìti h exÐswsh aut  èqei akrib¸c duo pragmatikèc �Ðzec ρ1 < ρ2 me 0 < ρ1 < 1 kai ρ2 > − lnα.

(1) DeÐxte ìti h akoloujÐa (xn): xn+1 = φ(xn), n = 0, 1, 2, . . ., ìpou φ(x) = αex sugklÐnei sth �Ðza ρ1 gia
k�je x0 ∈ [0, 1]. DeÐxte epÐshc ìti

xn+1 − ρ1

xn − ρ1
→ ρ1, n→ ∞.

(2) Jewr ste thn akoloujÐa (yn), n ≥ 0, pou par�gei h mèjodoc tou NeÔtwna gia thn prosèggish twn
�iz¸n thc f . ApodeÐxte ìti an y0 < − lnα, tìte yn → ρ1 kai ìti an y0 > − lnα, tìte yn → ρ2. Ti �a
sumbeÐ an y0 = − lnα?

'Askhsh 2. Jewr ste to grammikì sÔsthma Ax = b, ìpou

A =


1 1 1
α 1 1
β γ 1

 ,

ìpou α, β, γ eÐnai pragmatikèc stajerèc. Jewr ste akìmh thn epanalhptik  mèjodo


1 1 1
0 1 1
0 0 1

 x(k+1) +


0 0 0
α 0 0
β γ 0

 x(k) = b, k = 0, 1, 2, . . . ,

gia tuqaÐo x(0) ∈ R3. ProsdiorÐste ìlec tic timèc twn stajer¸n α, β, γ, ¸ste h akoloujÐa (x(k))k=0,1,2,... na
sugklÐnei gia opoiad pote x(0) kai b ∈ R3 sth lÔsh x tou grammikoÔ sust matoc. An α = γ = 0, mporeÐte
p�nta na �reÐte th lÔsh me dÔo to polÔ epanal yeic ?

'Askhsh 3. 'Estw ‖ · ‖ mia nìrma ston Rn kai h paragìmenh apì aut n �usik  nìrma pÐnaka ston Rn×n.

(1) An A, B ∈ Rn×n eÐnai pÐnakec, me A antistrèyimo kai B mh antistrèyimo, deÐxte ìti
1

‖A − B‖ ≤ ‖A
−1‖.

(2) 'Estw C ∈ Rn×n, tètoioc ¸ste ‖I −C‖ < 1. DeÐxte ìti o C antistrèfetai.

(3) DeÐxte ìti an D ∈ Rn×n kai ‖D‖ < 1, tìte o I − D antistrèfetai kai ‖(I − D)−1‖ ≤ 1
1 − ‖D‖ .

'Askhsh 4. 'Estw s1(x) = 1 + c(x + 1)3, ìpou c eÐnai mia pragmatik  stajer�. UpologÐste to polu¸numo
s2(x) ètsi ¸ste h sun�rthsh

s(x) :=
{

s1(x) an −1 ≤ x < 0
s2(x) an 0 ≤ x < 1

na eÐnai kubik  spline wc proc to diamerismì x0 = −1, x1 = 0, x2 = 1 tou diast matoc [−1, 1] me sunj kec
sta �kra s′′(−1) = s′′(1) = 0.

'Askhsh 5. 'Estw I :=
∫ 1

−1
|x| dx kai T h prosèggish tou I pou dÐnei o sÔnjetoc tÔpoc tou trapezÐou gia

ènan omoiìmorfo diamerismì pl�touc h tou [-1,1]. DeÐxte ìti |T − I| ≤ h2

4
.
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DIAFORIKH GEWMETRIA

'Askhsh 1. 'Estw I ⊂ R èna anoiqtì di�sthma, kai γ : I → R mia C∞ kampÔlh parametrismènh me to
m koc thc (dhlad  ‖γ ′‖ = 1) me kampulìthta k > 0 kai strèyh τ. Na apodeiqteÐ ìti to γ(I) �rÐsketai p�nw
se mia sfaÐra tìte kai mìno tìte ìtan up�rqei mia C∞ sun�rthsh f : I → R gia thn opoÐa isqÔoun

f · τ =

(
1
k

)′
kai f ′ +

τ

k
= 0.

'Askhsh 2. Na apodeiqteÐ ìti to sÔnolo

M = {(x, y, z) ∈ R3 : x2 + y2 − z2 = 1}
eÐnai epif�neia ek peristrof c (me �xona peristrof c ton k�jeto) kai na upologisteÐ h kampulìthta
Gauss thc M se k�je shmeÐo thc.

'Askhsh 3. 'Estw M ⊂ R3 mia C∞ epif�neia kai γ : I → M mia C∞ kampÔlh parametrismènh me to m koc
thc, ìpou I ⊂ R èna anoiqtì di�sthma. 'Estw k > 0 h kampulìthta thc γ kai τ h strèyh thc. An gia
k�je s ∈ I h kanonik  kampulìthta thc M sto shmeÐo γ(s) ∈ M kat� th dieÔjunsh tou γ ′(s) ∈ Tγ(s)M
mhdenÐzetai, na apodeiqjeÐ ìti h kampulìthta Gauss thc M sto γ(s) dÐnetai apì ton tÔpo

k(γ(s)) = −(τ(s))2.
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DIAFORIKES EXISWSEIS

'Askhsh 1. Na lujeÐ me th mèjodo twn qarakthristik¸n to prìblhma
ux + 2yuy = 0, Rx ×Ry

u(0, y) = y
.

'Askhsh 2. Jewr ste to mh omogenèc prìblhma

ut = κ · uxx + f (x, t), κ > 0, 0 < x < L, t > 0
u(0, t) = g(t), u(L, t) = h(t)
u(x, 0) = ϕ(x)

.

(1) Oi sunoriakèc sunj kec autoÔ tou probl matoc eÐnai Dirichlet   Neumann?
(2) ApodeÐxte to monos manto twn lÔsewn tou probl matoc.

'Askhsh 3. Jewr ste to prìblhma arqik¸n tim¸n

3 · utt + uxx − 4 · uxt = 0, −∞ < x < ∞, t > 0
u(x, 0) = x
ut(x, 0) = 0

.

(1) To parap�nw prìblhma eÐnai parabolikoÔ, uperbolikoÔ   elleiptikoÔ tÔpou (diakaiolog ste thn
ap�nths  sac).

(2) BreÐte th lÔsh tou probl matoc.

'Askhsh 4. Na lujeÐ h diaforik  exÐswsh

y ′′ + 4y ′ + 5y = 5 · e−2t · cos t.

'Askhsh 5. Jewr ste to prìblhma arqik¸n tim¸n
y ′ = y
y(0) = 1

.

(1) Na upologistoÔn oi 2 pr¸tec Picard proseggÐseic y1(t), y2(t) an y0(t) = 1.
(2) Na �rejeÐ h yn(t). Dikaiolog ste thn ap�nths  sac.

'Askhsh 6. JewroÔme to sÔsthma diaforik¸n exis¸sewn
x ′ = (x + y)(x − 1)
y ′ = (x − y)(x + 1)

.

(1) Na prosdioristoÔn ta shmeÐa isorropÐac kai na prosdioristeÐ o tÔpoc kai h eust�jei� touc.
(2) Sqedi�ste to di�gramma ��shc.
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PIJANOTHTES-STATISTIKH

'Askhsh 1.
(1) Epilègoume tuqaÐa duo uposÔnola tou {1, 2, 3, . . . , n}. BreÐte thn pijanìthta ta duo sÔnola na

eÐnai xèna.
(2) 'Estw X, Y duo anex�rthtec, �etikèc, akèraiec tuqaÐec metablhtèc, tètoiec ¸ste

P [X = k] = P [Y = k] =
1
2k

gia k�je k ∈ N. Na upologisteÐ h pijanìthta h X na diaireÐ thn Y.

'Askhsh 2.
(1) 'Estw X suneq c tuqaÐa metablht  me sun�rthsh puknìthtac fX. Upojètoume ìti up�rqei µ ∈ R

tètoio ¸ste fX(µ − x) = fX(µ + x) gia k�je x ∈ R. DeÐxte ìti E[X] = µ.
(2) Jewr ste mia akoloujÐa apì anex�rthtec, isìnomec, tuqaÐec metablhtèc X1, X2, . . . me timèc sto

di�sthma [0,∞) kai puknìthta pijanìthtac :

f (x) =
α

(1 + x)α+1 , x ≥ 0,

ìpou α eÐnai mia �etik  stajer�.
EÐnai �anerì ìti h YN = max{X1, . . . , XN} eÐnai aÔxousa akoloujÐa tuqaÐwn metablht¸n kai �èloume
na prosdiorÐsoume thn t�xh megèjouc thc kaj¸c to N → ∞. DeÐxte ìti

lim
N→∞

P
[
YN ≤ xN

1
α

]
= e−x−α , ∀x > 0,

kai sumper�nete ìti h N−
1
α YN sugklÐnei kat� katanom  se mia tuqaÐa metablht  me sun�rthsh

katanom c:

F(x) =


0 , an x ≤ 0
e−x−α , an x > 0.

'Askhsh 3. Se mia akoloujÐa dokim¸n Bernoulli, èstw X o arijmìc twn dokim¸n mèqri thn pr¸th epituqÐa,
kai Y o arijmìc twn dokim¸n apì thn pr¸th mèqri th deÔterh epituqÐa. StajeropoioÔme èna �usikì arijmì
n. Na �rejeÐ h desmeumènh sun�rthsh pijanìthtac thc X dedomènou ìti X + Y = n.

'Askhsh 4. Se èna koutÐ topojetoÔme 2m nomÐsmata. 'Ena apì aut� eÐnai elattwmatikì kai èqei dÔo ìyeic
me kefal , en¸ ta upìloipa èqoun mia ìyh me kefal  kai mia me gr�mmata. Epilègoume èna nìmisma
sthn tÔqh kai to strÐboume m �orèc.
Dedomènou ìti to apotèlesma kai twn m �Ðyewn eÐnai kefal :
a) �reÐte thn pijanìthta na èqoume epilèxei to elattwmatikì nìmisma, kai
�) �reÐte thn pijanìthta pm na �èroume kefal  an strÐyoume akìmh mia �or� to nìmisma pou eklèxame.
Poiì eÐnai to ìrio thc pm kaj¸c m→ ∞;

'Askhsh 5. Se èna tuqaÐo deÐgma n genn sewn (n meg�lo), o arijmìc twn agori¸n eÐnai c. Elègxte se
epÐpedo shmantikìthtac α, ìti h pijanìthta na gennhjeÐ agìri eÐnai Ðsh me thn pijanìthta na gennhjeÐ
korÐtsi.

'Askhsh 6. Duo paÐktec A, B paÐzoun to ex c paiqnÐdi : xekin¸ntac apì ton A �Ðqnoun enall�x èna 
�ri
mèqri eÐte o A na �èrei èxi (opìte kerdÐzei o A), eÐte o B na �èrei �so   dÔo (opìte kerdÐzei o B).

(1) Poi� eÐnai h pijanìthta tou endeqomènou to paiqnÐdi na telei¸sei se mÐa   dÔo 
arièc ?
(2) Poi� eÐnai h pijanìthta na èqei kerdÐsei o A dedomènou tou parap�nw endeqomènou ?
(3) Poi� eÐnai h pijanìthta na kerdÐsei o A ?
(4) Poiìc eÐnai o anamenìmenoc arijmìc 
ari¸n mèqri na oloklhrwjeÐ to paiqnÐdi ?
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