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4 PERIEQ�OMENA



Kef�laio 1

Eisagwg 

Sthn paroÔsa ergasÐa melet�me to prìblhma logismoÔ metabol¸n

SF
ε (Ω) := ε−2∗ sup

{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

}
, (∗)

gia ε > 0 arket� mikrì, ìpou to Ω eÐnai èna qwrÐo ston Rn, n ≥ 3 kai
2∗ := 2n

n−2
. H sun�rthsh F ikanopoieÐ thn ex c sunj kh.

(F ) H F eÐnai p�nw hmisuneq c kai F 6= 0 sqedìn pantoÔ. Epiplèon isqÔei
h anisìthta

0 ≤ F (t) ≤ α|t|2∗ , t ∈ R (1.1)
gia mia stajer� α > 0.

O q¸roc sunart sewn tou metabolikoÔ probl matoc to opoÐo melet�tai
sthn paroÔsa ergasÐa eÐnai o q¸roc D1,2

0 (Ω), o opoÐoc orÐzetai wc h kleistì-
thta tou C∞

c (Ω) wc proc th nìrma

‖∇u‖2 :=

(∫
Ω

|∇u|2 dx

) 1
2

.

Oi sunart seic tou D1,2
0 (Ω) epekteÐnontai se olìklhro ton Rn tautÐzontac

tic me to 0 sto Rn \ Ω. Epomènwc mporoÔme na jewr soume ìti D1,2
0 (Ω) ⊂

D1,2
0 (Rn).
H genikeumènh stajer� Sobolev eÐnai h stajer� SF := SF

1 (Rn). Sthn pe-
rÐptwsh ìpou F (t) = |t|2∗ , t ∈ R, sumbolÐzoume th bèltisth stajer� Sobolev
me S∗.
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KEF�ALAIO 1. EISAGWG�H

An h sun�rthsh F eÐnai omal  tìte ta akrìtata uε tou metabolikoÔ pro-
bl matoc (∗), dhlad  oi sunart seic uε ∈ D1,2

0 (Ω) tètoiec ¸ste ‖∇uε‖2 ≤ ε
kai SF

ε (Ω) = ε−2∗
∫

Ω
F (uε) dx, ikanopoioÔn thn exÐswsh Euler-Lagrange{

−∆u = λεf(u) , sto Ω

u = 0 , sto ∂Ω,

me f = F ′ kai λε eÐnai ènac pollaplasiast c Lagrange o opoÐoc teÐnei sto
�peiro kaj¸c ε → 0+.

Sthn paroÔsa ergasÐa melet�me th sumperifor� akolouji¸n sqedìn akro-
t�twn sunart sewn gia thn SF

ε (Ω), oi opoÐec orÐzontai wc ex c.
Orismìc 1. Mia akoloujÐa (uε) onom�zetai akoloujÐa sqedìn akrot�twn su-
nart sewn gia thn SF

ε (Ω) an oi sunart seic uε eÐnai apodektèc gia ton orismì
thc SF

ε (Ω), dhlad  u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε, kai

ε−2∗
∫

Ω

F (uε) = SF
ε (Ω) (1 + o(1)) , kaj¸c ε → 0+.

EÐnai profanèc, apì ton orismì, ìti p�nta up�rqei akoloujÐa sqedìn akro-
t�twn gia thn SF

ε (Ω). Den ja asqolhjoÔme me to er¸thma thc Ôparxhc akro-
t�twn.

Sthn perÐptwsh ìpou F (t) = |t|2∗ h sumperifor� twn megistopoious¸n
akolouji¸n tou probl matoc (∗), dhlad  twn akolouji¸n (uk) ⊂ D1,2

0 (Ω)
tètoiec ¸ste ‖∇uk‖2 ≤ ε kai ε−2∗

∫
Ω

F (uk) dx −→ SF
ε (Ω) kaj¸c k → ∞,

èqei melethjeÐ apì ton P. L. Lions ([2]). To prìblhma (∗) gia genikìterec
sunart seic F èqei melethjeÐ apì touc S. Müller, M. Flucher kai thn A.
Garroni([5], [7]).

Arqik�, sto Kef�laio 2, apodeiknÔoume th genikeumènh anisìthta Sobolev,∫
Ω

F (u) dx ≤ SF‖∇u‖2∗
2 , gia k�je u ∈ D1,2

0 (Ω), eidik  perÐptwsh thc opoÐac
eÐnai h klassik  anisìthta Sobolev. Qrhsimopoi¸ntac mia topik  parallag 
thc anisìthtac aut c deÐqnoume èna genikeumèno je¸rhma enallaktikìthtac
sugkèntrwshc - sump�geiac.

Sto Kef�laio 3, basizìmenoi sto Je¸rhma enallaktikìthtac sugkèntrw-
shc - sump�geiac, melet�me thn poiotik  sumperifor� twn sqedìn akrot�twn
kaj¸c ε → 0. Prin diatup¸soume to basikì je¸rhma tou Kef�laiou 3, ei-
s�goume thn ènnoia thc asjenoÔc -* me thn ènnoia twn mètrwn Borel kai thn
ènnoia thc armonik c qwrhtikìthtac.

SumbolÐzoume me Ω̄ thn kleistìthta tou qwrÐou Ω ston q¸ro Rn = Ω ∪
{∞}. Sugkekrimèna h kleistìthta enìc mh fragmènou qwrÐou perièqei to
shmeÐo ∞. H kl�sh twn jetik¸n kai peperasmènwn mètrwn Borel sto Ω̄, thn
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KEF�ALAIO 1. EISAGWG�H

opoÐa sumbolÐzoume meM(Ω̄), tautÐzetai me ta mh arnhtik� sunarthsoeid  tou
q¸rou C(Ω̄)∗. 'Etsi h asjen c -* sÔgklish me thn ènnoia twn mètrwn

µε
∗
⇀ µ ston M(Ω̄), kaj¸c ε → 0+,

isodunameÐ me to ìti ∫
Ω̄

φ dµε →
∫

Ω̄
φ dµ, kaj¸c ε → 0+, gia k�je sun�rthsh

elègqou φ ∈ C(Ω̄).
H armonik  qwrhtikìthta capΩ(A), enìc sunìlou A ⊆ Ω wc proc to Ω

orÐzetai wc ex c.

capΩ(A) := inf

{∫
Ω

|∇u|2 dx : u ∈ D1,2
0 (Ω), u ≥ 1 sto A

}
. (1.2)

An h qwrhtikìthta eÐnai peperasmènh, up�rqei èna monadikì akrìtato gia
to prìblhma (1.2). H sun�rthsh h opoÐa ulopoieÐ thn el�qisth tim  gia to
prìblhma (1.2) onom�zetai dunamikì qwrhtikìthtac tou qwrÐou. EÐnai profa-
nèc ìti to dunamikì qwrhtikìthtac isoÔtai me 1 σ.π sto A.

Jètoume

F+
0 := lim sup

t→0

F (t)

|t|2∗
, F−

0 := lim inf
t→0

F (t)

|t|2∗
, F+

∞ := lim sup
|t|→∞

F (t)

|t|2∗
.

EÐmaste t¸ra ètoimoi na diatup¸soume to pr¸to apì ta dÔo basik� jewr mata
thc paroÔsac ergasÐac.
Je¸rhma 1 (Sugkèntrwsh sqedìn akrot�twn). Upojètoume ìti Ω eÐnai
èna qwrÐo ston Rn, h sun�rthsh F ikanopoieÐ th sunj kh (F ) kai (uε) eÐnai
mia akoloujÐa sqedìn akrot�twn gia thn SF

ε (Ω).

1. An F+
0 = F−

0 kai Ω 6= Rn me thn ènnoia thc qwrhtikìthtac, dhlad 
capRn(Rn \ Ω) > 0, tìte mia upakoloujÐa thc (uε) sugkentr¸netai se
èna shmeÐo x0 ∈ Ω̄, dhlad 

|∇uε|
ε2

2

dx
∗
⇀ δx0 ston M(Ω̄), kaj¸c ε → 0+,

ε−2∗F (uε) dx
∗
⇀ SF δx0 ston M(Ω̄), kaj¸c ε → 0+.

An F+
0 < SF /S∗   an to Ω èqei peperasmèno ìgko, oi upojèseic F+

0 =
F−

0 kai capRn(Rn \ Ω) > 0 den eÐnai anagkaÐec.

2. An isqÔoun oi anisìthtec

F+
∞ <

SF

S∗ , F+
0 <

SF

S∗ ,
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KEF�ALAIO 1. EISAGWG�H

tìte up�rqoun shmeÐa xε → x0 ∈ Ω̄, tètoia ¸ste oi sunart seic

ωε(y) := uε

(
xε + ε

2
n−2 y

)
, oi opoÐec èqoun forèa sto

Ωε := ε−
2

n−2 (Ω− xε),

teÐnoun se èna akrìtato ω thc SF , dhlad  ωε → ω kaj¸c ε → 0+, ston
D1,2

0 (Rn), ‖∇ω‖2 = 1 kai
∫

Rn F (ω) dx = SF .

Apì to Je¸rhma 1 sumperaÐnoume ìti an h sun�rthsh F ikanopoieÐ th
sunj kh (F) kai F+

∞ < SF/S∗,F+
0 < SF/S∗ tìte up�rqei èna akrìtato

gia th genikeumènh stajer� Sobolev SF, dhlad  èna akrìtato gia to
metabolikì prìblhma (∗) gia ε = 1 kai Ω = Rn.

Sto Kef�laio 4 upologÐzoume to asumptwtikì an�ptugma deÔterhc t�xhc
thc SF

ε (Ω) kai prosdiorÐzoume ta shmeÐa sugkèntrwshc sta opoÐa anafèretai
to Je¸rhma 1. E�n to qwrÐo Ω èqei omalì sÔnoro gnwrÐzoume ìti h sun�rthsh
Green gia to prìblhma Dirichlet, sto qwrÐo Ω, gia th Laplasian  dÐnetai apì
th sqèsh

Gx(y) = Kx(y)−HΩ(x, y), x, y ∈ Ω,

ìpou Kx eÐnai h jemeli¸dhc lÔsh thc Laplasian c, me pìlo sto shmeÐo x, kai
h sun�rthsh HΩ(x, ·) eÐnai h lÔsh tou probl matoc Dirichlet{

∆yHΩ(x, y) = 0 , sto Ω

HΩ(x, y) = Kx(y) , sto ∂Ω.

Gia k�je x ∈ Ω to omalì tm ma thc sun�rthshc Green upologizìmeno sto
shmeÐo idiomorfÐac

τΩ(x) := HΩ(x, x)

onom�zetai sun�rthsh Robin tou qwrÐou Ω sto shmeÐo x. 'Ena shmeÐo ela-
qÐstou gia th sun�rthsh Robin sto Ω onom�zetai armonikì kèntro tou Ω.
Prokeimènou na upologÐsoume to asumptwtikì an�ptugma deÔterhc t�xhc thc
SF

ε (Ω) kai na prosdiorÐsoume ta shmeÐa sugkèntrwshc, epekteÐnoume thn èn-
noia thc sun�rthshc Robin τΩ orÐzontac thn mèqri kai to sÔnoro, gia opoio-
d pote qwrÐo, akìma kai an den èqei omalì sÔnoro.

SumbolÐzoume me BF thn kl�sh twn megistopoious¸n akolouji¸n gia thn
SF oi opoÐec apoteloÔntai apì aktinikèc sunart seic kai orÐzoume

w2
∞ :=

2(n− 1)

n SF
inf

{
lim inf

k→∞

∫
Rn

F (ωk)

K(| · |)
dx : {ωk} ∈ BF

}
.

Diatup¸noume t¸ra, to deÔtero basikì je¸rhma thc paroÔsac ergasÐac.
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KEF�ALAIO 1. EISAGWG�H

Je¸rhma 2 (Prosdiorismìc twn shmeÐwn sugkèntrwshc).
'Estw ìti to qwrÐo Ω eÐnai fragmèno kai h sun�rthsh F ikanopoieÐ th sunj kh
(F ). Upojètoume epÐshc ìti 0 < ω∞ < ∞. Tìte isqÔoun ta ex c:

1. 'Estw h akoloujÐa {uε} ⊂ D1,2
0 (Ω) tètoia ¸ste ‖∇uε‖2 ≤ ε. Upojètoume

ìti h {uε} sugkentr¸netai sto shmeÐo x0, dhlad 

|∇uε|2

ε2
dx

∗
⇀ δx0 ,

F (uε)

ε2∗
dx

∗
⇀ SF δx0 , kaj¸c ε → 0+.

Tìte èqoume ìti∫
Ω

F (uε) dx ≤ ε2∗SF

(
1− n

n− 2
w2
∞τΩ(x0)ε

2 + o
(
ε2
))

,

kaj¸c ε → 0+.

2. An h {uε} eÐnai mia akoloujÐa sqedìn akrot�twn gia thn SF
ε (Ω), tìte

èqoume ∫
Ω

F (uε) dx = ε2∗SF

(
1− n

n− 2
w2
∞ min

Ω
τΩ ε2 + o

(
ε2
))

,

kaj¸c ε → 0+.

3. Mia akoloujÐa sqedìn akrot�twn sugkentr¸netai se èna armonikì kèn-
tro, dhlad 

τΩ(x0) = min
Ω

τΩ,

ìpou to x0 eÐnai ìpwc sto J¸rhma 1. An w∞ = 0 tìte SF
ε (Ω) = SF −

o (ε2) gia k�je ε > 0. AntÐstrofa, an SF
ε (Ω) = SF−o (ε2) kai minΩ τΩ >

0 tìte w∞ = 0.

SumperaÐnoume ìti mèqri deÔterhc t�xhc wc proc ε, h mègisth tim  SF
ε (Ω)

exart�tai mìno apì dÔo paramètrouc: Th gewmetrÐa tou qwrÐou Ω h opoÐa
upeisèrqetai mèsw thc sun�rthshc Robin τΩ kai th sun�rthsh F mèsw thc
posìthtac ω∞. ParathroÔme epÐshc ìti to shmeÐo sugkèntrwshc den exart�tai
apì th sun�rthsh F .
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Kef�laio 2

Enallaktikìthta

sugkèntrwshc - sump�geiac

Prin diatup¸soume kai apodeÐxoume to Genikeumèno Je¸rhma enallaktikìth-
tac sugkèntrwshc - sump�geiac ja apodeÐxoume dÔo anisìthtec, thn genikeu-
mènh anisìthta Sobolev kai thn topik  genikeumènh anisìthta Sobolev. Oi dÔo
autèc anisìthtec èqoun ousiastik  efarmog  sthn apìdeixh tou Genikeumènou
Je¸rhmatoc enallaktikìthtac sugkèntrwshc - sump�geiac. Sto epìmeno l m-
ma, qrhsimopoi¸ntac mìno mia allag  klÐmakac thc anex�rththc metablht c,
dÐnoume mia genÐkeush thc klassik c anisìthtac Sobolev. OrÐzoume

SF
ε (Ω) := ε−2∗ sup

{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

}
.

H genikeumènh stajer� Sobolev eÐnai h stajer� SF := SF
1 (Rn). Apì thn

upìjesh (F ) kai thn anisìthta Sobolev∫
Ω

|u|2∗ dx ≤ S∗
(∫

Ω

|∇u|2 dx

) 2∗
2

, gia k�je u ∈ D1,2
0 (Ω),

sumperaÐnoume ìti 0 < SF < ∞.

L mma 2.1. 'Estw ìti h sun�rthsh F ikanopoieÐ th sunj kh (F ) kai Ω èna
qwrÐo ston Rn. Tìte

1. SF
ε (Ω) ≤ SF , gia k�je ε > 0.

2. (Genikeumènh anisìthta Sobolev).∫
Ω

F (u) dx ≤ SF‖∇u‖2∗

2 , (2.1)

gia k�je qwrÐo Ω ⊂ Rn kai k�je u ∈ D1,2
0 (Ω).
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KEF�ALAIO 2. ENALLAKTIK�OTHTA SUGK�ENTRWSHS -
SUMP�AGEIAS

3. SF
ε (Ω) → SF , kaj¸c ε → 0+.

4. F−
0 ≤ SF /S∗, F−

∞ ≤ SF /S∗, ìpou F−
∞ := lim inf |t|→∞

F (t)

|t|2∗ .

Apìdeixh.

1. 'Estw h sun�rthsh u ∈ D1,2
0 (Ω), tètoia ¸ste ‖∇u‖2 ≤ ε. OrÐzontac

ω(x) = u(ε2/n−2x), èqoume ìti

‖∇ω‖2
2 =

∫
ε
−2

n−2 Ω

|∇ω|2 dx =
ε

4
n−2

ε
2n

n−2

∫
Ω

|∇u|2 dx =
1

ε2

∫
Ω

|∇u|2 dx ≤ 1.

Epiplèon, èqoume ìti

ε−2∗
∫

Ω

F (u) dx =

∫
ε
−2

n−2 Ω

F (ω) dx ≤ SF ⇒ SF
ε (Ω) ≤ SF .

2. 'Estw u ∈ D1,2
0 (Ω). Gia ε = ‖∇u‖2 apì to 1. èqoume

1

‖∇u‖2∗
2

∫
Ω

F (u) dx ≤ SF
ε (Ω) ≤ SF .

3. 'Estw δ > 0, x0 ∈ Ω kai R̃ > 0 tètoio ¸ste BR̃
x0
⊆ Ω. Up�rqei

ω ∈ D1,2
0 (Rn) tètoio ¸ste ‖∇ω‖2 ≤ 1 kai∫

Rn

F (ω) dx ≥ SF − δ.

Gia r = r(δ) arket� meg�lo èqoume ∫
Br

0
F (ω) dx ≥ SF − 2δ. 'Estw R >

r. Gia th sun�rthsh φr
R tou L mmatoc 2.2 èqoume ìti ∫Rn |∇ (φr

Rω)|2 dx ≤
1 + δ. OrÐzoume th sun�rthsh

u(x) := (φr
Rω)

((
1 + δ

ε2

) 1
n−2

(x− x0)

)
,

h opoÐa èqei forèa sto B
R

“
ε2

1+δ

” 1
n−2

x0 . Gia ε ≤
(

(1 + δ)
(

R̃
R

)n−2
)1/2

h u

èqei forèa sto Ω kai

‖∇u‖2 =

(∫
Ω

|∇u|2 dx

) 1
2

=

(∫
BR

0

(
1 + δ

ε2

)−1

|∇ (φr
Rω) |2 dx

) 1
2

≤ ε.
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Epomènwc èqoume

SF
ε (Ω) ≥ ε−2∗

∫
Ω

F (u) dx

= (1 + δ)−
n

n−2

∫
BR

0

F (φr
Rω) dx

≥ (1 + δ)−
n

n−2

∫
Br

0

F (ω) dx

≥ (1 + δ)−
n

n−2
(
SF − 2δ

)
.

Apì thn parap�nw sqèsh kai to ìti SF
ε (Ω) ≤ SF gia k�je ε > 0,

epilègontac δ → 0, prokÔptei ìti SF
ε (Ω) → SF , kaj¸c ε → 0.

4. 'Estw ω èna akrìtato gia thn S∗. 'Opwc ja doÔme parak�tw, up�r-
qoun akrìtata gia thn S∗ kai m�lista èqoun th morf  (2.3). OrÐzontac
ωs(x) := ω(x/s), parathroÔme ìti oi sunart seic s−

n−2
2 ωs eÐnai apode-

ktèc gia ton orismì thc SF kai teÐnoun omoiìmorfa sto 0, kaj¸c s →∞.
Epomènwc èqoume

SF ≥
∫

Rn

F
(
s−

n−2
2 ωs

)
dx

= sn

∫
Rn

F
(
s−

n−2
2 ω
)

dx

≥
(
F−

0 + o(1)
) ∫

Rn

|ω|2∗ dx

=
(
F−

0 + o(1)
)
S∗, kaj¸c s →∞.

Kaj¸c s → ∞, èqoume F−
0 ≤ SF /S∗. 'Otan s → 0, me an�logo trìpo,

èqoume F−
∞ ≤ SF /S∗.

L mma 2.2. Gia k�je δ > 0 up�rqei stajer� k(δ) > 0 me thn ex c idiìthta:
An 0 < r < R me r/R ≤ k(δ) tìte up�rqei mia sun�rthsh, me sumpag 
forèa, φr

R ∈ W 1,∞
0 (Rn), tètoia ¸ste φr

R = 1 sthn Br
x, φr

R = 0 ektìc thc BR
x

kai ∫
BR

x

|∇ (φr
Ru) |2 dx ≤

∫
BR

x

|∇u|2 dx + δ

∫
Rn

|∇u|2 dx,

gia k�je u ∈ D1,2
0 (Rn).
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Apìdeixh. MporoÔme na upojèsoume, qwrÐc bl�bh thc genikìthtac, ìti x =
0. San sun�rthsh φr

R epilègoume to n-armonikì dunamikì qwrhtikìthtac thc
mp�lac Br

0 wc proc thn mp�la BR
0

φr
R :=

log(|x|/R)

log(r/R)
, r ≤ |x| ≤ R,

thn opoÐa epekteÐnoume me 1 sthn Br
0 kai 0 ektìc thc BR

0 . Qrhsimopoi¸ntac
èna epiqeÐrhma omogèneiac mporoÔme na deÐxoume ìti (a + b)2 ≤ (1 + β)a2 +(
1 + 1

β

)
b2 gia k�je a, b ∈ R, β > 0. Apì tic anisìthtec Hölder kai Sobolev

èqoume∫
BR

0

|∇ (φr
Ru) |2 ≤ (1 + β)

∫
BR

0

|φr
R|2|∇u|2 +

(
1 +

1

β

)∫
BR

0

|u|2|∇φr
R|2

≤ (1 + β)

∫
BR

0

|∇u|2

+

(
1 +

1

β

)(∫
BR

0

|u|2∗
)n−2

n
(∫

BR
0

|∇φr
R|n
) 2

n

≤
∫

BR
0

|∇u|2

+

[
β + c2

n

(
1 +

1

β

)(
log

R

r

)− 2(n−1)
n

︸ ︷︷ ︸
:=δ(β)

]∫
Rn

|∇u|2

gia k�je β > 0. OrÐzontac α := c2
n

(
log R

r

)− 2(n−1)
n èqoume ìti δ′(β) = 0 ⇔

β2 = α
α+1

kai se aut  thn perÐptwsh an √α ≤
√

1 + δ − 1 èqoume δ(β) < δ.
Epomènwc mporoÔme na epilèxoume

k(δ) := exp

(
−
(

cn√
1 + δ − 1

) n
n−1

)

Pìrisma 2.1. (Topik  genikeumènh anisìthta Sobolev). 'Estw ìti h sun�r-
thsh F ikanopoieÐ th sunj kh (F ). Gia tuqaÐo δ > 0 kai r/R ≤ k(δ), ìpou
k(δ) ìpwc sto L mma 2.2, èqoume:∫

Br
x

F (u) dx ≤ SF

(∫
BR

x

|∇u|2 dx + δ

∫
Rn

|∇u|2 dx

) n
n−2

,∫
Rn\BR

x

F (u) dx ≤ SF

(∫
Rn\Br

x

|∇u|2 dx + δ

∫
Rn

|∇u|2 dx

) n
n−2

,
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gia k�je u ∈ D1,2
0 (Rn).

Apìdeixh. MporoÔme na upojèsoume, qwrÐc bl�bh thc genikìthtac, ìti x = 0.
Apì to L mma 2.2 kai th genikeumènh anisìthta Sobolev (2.1) èqoume∫

Br
0

F (u) dx ≤
∫

BR
0

F (φr
Ru) dx ≤ SF‖∇ (φr

Ru) ‖2∗

2

≤ SF

(∫
BR

0

|∇u|2 dx + δ

∫
Rn

|∇u|2 dx

) n
n−2

.

Gi� th deÔterh anisìthta qrhsimopoioÔme th sun�rthsh apokop c (1− φr
R) φR1

R2me r < R < R1 < R2 kai to apotèlesma èpetai stèlnontac ta R1 kai R2 →∞
ètsi ¸ste R2/R1 →∞.

Je¸rhma 2.1 (P. L. Lions). 'Estw Ω èna qwrÐo ston Rn kai (υε) mia
akoloujÐa ston D1,2

0 (Ω) tètoia ¸ste

‖∇υε‖2 ≤ 1,

υε ⇀ υ0 asjen¸c ston D1,2
0 (Ω),

|∇υε|2 dx
∗
⇀ µ ston M(Ω̄),

|υε|2
∗
dx

∗
⇀ ν∗ ston M(Ω̄), kaj¸c ε → 0+.

Tìte isqÔoun ta ex c:

1. Ta mètra µ, ν∗ èqoun th morf 

µ = |∇υ0|2 dx +
J∑

j=1

µjδxj
+ µ̃, µ(Ω̄) ≤ 1,

ν∗ = |υ0|2
∗
dx +

J∑
j=1

ν∗j δxj
, ν∗(Ω̄) ≤ S∗,

ìpou J ∈ N ∪ {∞}, µj, ν∗j jetikèc stajerèc kai µ̃ ∈ M(Ω̄) èna mh
atomikì mètro. Epiplèon

|υε − υ0|2
∗
dx

∗
⇀

J∑
j=1

ν∗j δxj
, kaj¸c ε → 0+, ston M(Ω̄).

Ta �toma ikanopoioÔn thn anisìthta Sobolev

0 ≤ ν∗j ≤ S∗µ
n

n−2

j gia k�je j.
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2. An ν∗(Ω̄) = S∗, tìte µ(Ω̄) = 1, dhlad  h (υε) eÐnai mia megistopoioÔsa
akoloujÐa gia th bèltisth stajer� Sobolev, kai mÐa apì tic epìmenec dÔo
prot�seic isqÔei:

(a) Sugkèntrwsh: Ta mètra µ, ν∗ sugkentr¸nontai se èna memonomèno
shmeÐo, dhlad  υ0 = 0, µ = δx0 kai ν∗ = S∗δx0 gia k�poio x0 ∈ Ω̄.

(b) Sump�geia: υε → υ0, kaj¸c ε → 0+, sto q¸ro D1,2
0 (Ω), µ =

|∇υ0|2 dx kai S∗ = ν∗ = |υ0|2
∗
dx, dhlad  h sun�rthsh υ0 eÐnai

èna akrìtato gia thn S∗.

To L mma 2.1 efarm¸zetai stic megistopoioÔsec akoloujÐec gia th bèlti-
sth stajer� Sobolev S∗.

Par�deigma 2.1.

To metabolikì prìblhma gia th bèltisth stajer� Sobolev

S∗ = max

{∫
Rn

|u|2∗ dx : u ∈ D1,2
0 (Rn) ,

∫
Rn

|∇u|2 dx ≤ 1

}
, (2.2)

èqei epilujeÐ apì ton Talenti [9] to 1976 kai ìlec oi dunatèc lÔseic èqoun
prosdioristeÐ pl rwc. Sugkekrimèna ìla ta akrìtata gia thn S∗ èqoun th
morf 

υ(x) =
c(

s + |x−x0|2
s

)n−2
2

, (2.3)

ìpou x0 ∈ Rn kai oi stajeréc s > 0, c > 0 eÐnai tètoiec ¸ste ‖∇υ‖2 = 1.
Pr�gmati jewr¸ntac thn exÐswsh Euler-lagrange gia to prìblhma (2.2) kai
qrhsimopoi¸ntac èna epiqeÐrhma allag c klÐmakac mporoÔme na apodeÐxoume
ìti h sun�rthsh

u1 =
1

(c2
1 + |x|2)

n−2
2

eÐnai mÐa lÔsh. H stajer� c1 eÐnai epilegmènh ¸ste ‖∇u1‖2 = 1. 'Olec oi
�llec dunatèc lÔseic prokÔptoun apì metajèseic kai allagèc klÐmakac thc
sun�rthshc u1. Pr�gmati to olokl rwma Dirichlet ston Rn kai h L2∗ nìrma
eÐnai analloÐwtec stic akìloujec diastolèc kai metajèseic:

u(x) = σ−
n
2∗ u1

(
x− x0

σ

)
=

c
2−n

2
1(

σ c1 + |x−x0|2
σ c1

)n−2
2

gia σ > 0 kai x0 ∈ Rn,

16
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dhlad ∫
Rn

|∇u|2 dx =

∫
Rn

|∇u1|2 dx kai
∫

Rn

|u|2∗ dx =

∫
Rn

|u1|2
∗
dx.

Ac upojèsoume t¸ra ìti Ω 6= Rn me thn ènnoia thc qwrhtikìthtac, dhlad 
capRn(Rn \ Ω) > 0. Efarm¸zontac èna epiqeÐrhma allag c klÐmakac eÐnai eÔ-
kolo na doÔme ìti h bèltisth stajer� Sobolev den exart�tai apì to qwrÐo,
dhlad  S∗(Ω) = S∗ gia k�je Ω ⊆ Rn. Wstìso h bèltisth stajer� Sobolev
den ulopoieÐtai apì kamÐa sun�rthsh u ∈ D1,2

0 (Ω), diìti diaforetik� ja up r-
qan lÔseic tou probl matoc (2.2), oi opoÐec mhdenÐzontai sto Rn \ Ω kai den
èqoun th morf  (2.3). 'Estw t¸ra (υε) ⊆ D1,2

0 (Ω) mia megistopoioÔsa ako-
loujÐa gia thn S∗, dhlad  ‖∇υε‖2 ≤ 1 kai ∫

Ω
|υε|2

∗
dx → S∗, kaj¸c ε → 0+.

Apì thn anisìthta Sobolev èqoume ìti ‖υε‖2∗ ≤ S∗. 'Etsi apì to je¸rhma
Alaoglou kai thn autop�jeia tou q¸rou D1,2

0 (Ω) èpetai ìti mÐa upakoloujÐa
thc (υε) ikanopoieÐ tic proôpojèseic tou L mmatoc 2.1. Epilègontac san su-
n�rthsh elègqou thn φ ≡ 1, èpetai ìti ν∗(Ω̄) = S∗. An Ðsque h perÐptwsh
(b), dhlad  eÐqame sump�geia, tìte h bèltisth stajer� Sobolev S∗ ja ulo-
poioÔntan apì mia sun�rthsh h opoÐa mhdenÐzetai sto Rn \ Ω, to opoÐo ìpwc
anafèrame eÐnai adÔnato. 'Epetai loipìn ìti isqÔei h enallaktikìthta (b) tou
jewr matoc, dhlad  mia upakoloujÐa thc (uε) sugkentr¸netai se èna memo-
nwmèno shmeÐo x0 ∈ Ω̄, µ = δx0 kai ν∗ = SF δx0 . EÐnai epÐshc dunatì na
kataskeu�soume mia megistopoioÔsa akoloujÐa gia thn S∗ h opoÐa na sug-
klÐnei se èna aujaÐreto prokajorismèno shmeÐo x0 ∈ Ω̄. Apì to gegonìc ìti
h bèltisth stajer� Sobolev den ulopoieÐtai apì kamÐa sun�rthsh sto q¸ro
D1,2

0 (Ω) èpetai ìti ìtan capRn(Rn \Ω) > 0 den eÐnai dunatì na èqoume
sump�geia, dhlad  èqoume p�nta ìti |∇υε|2 dx

∗
⇀ δx0 , |υε|2

∗
dx

∗
⇀ S∗δx0 ston

M(Ω̄), kaj¸c ε → 0+, ìpou x0 ∈ Ω̄.
Apì to par�deigma autì faÐnetai kai h apotuqÐa thc sumpagoÔc emfÔteushc

tou q¸rou D1,2
0 (Ω) ston L2∗(Ω) ìtan to qwrÐo Ω eÐnai fragmèno. Epiplèon apì

to L mma 2.1 èpetai ìti h mình perÐptwsh sthn opoÐa mia fragmènh akoloujÐa
ston D1,2

0 (Ω) den eÐnai sumpag c ston L2∗(Ω) eÐnai ìtan èqoume sugkèntrw-
sh. 'Etsi mia talanteuìmenh fragmènh akoloujÐa (υε) oi klÐseic thc opoÐac
sugklÐnoun asjen¸c all� de sugkentr¸nontai, sugklÐnei isqur� ston L2∗(Ω).

Sto epìmeno je¸rhma genikeÔoume to apotèlesma tou L mmatoc 2.1 (sug-
kèntrwsh megistopoious¸n akolouji¸n) gia to metabolikì prìblhma

SF
ε (Ω) = ε−2∗ sup

{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

}
,

gia genikìterec mh grammikìthtec F . Ja to qrhsimopoi soume gia na apo-
deÐxoume ìti ta sqedìn akrìtata gia thn SF

ε (Ω) sugkentr¸nontai se k�poio
shmeÐo x0 ∈ Ω̄ (Je¸rhma 3.1).

17
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Je¸rhma 2.2. (Genikeumèno Je¸rhma enallaktikìthtac sugkèntrwshc -
sump�geiac I) Upojètoume ìti h sun�rthsh F ikanopoieÐ th sunj kh (F ),
Ω eÐnai èna qwrÐo ston Rn kai (uε) mia akoloujÐa ston D1,2

0 (Ω) tètoia ¸ste
‖∇uε‖2 ≤ ε. OrÐzoume υε := uε/ε. Upojètoume epÐshc ìti

υε ⇀ υ0 asjen¸c ston D1,2
0 (Ω),

|∇υε|2 dx
∗
⇀ µ ston M(Ω̄),

ε−2∗F (uε) dx
∗
⇀ ν ston M(Ω̄), kaj¸c ε → 0+.

Tìte isqÔoun ta ex c:

1. Ta mètra µ, ν èqoun th morf 

µ = |∇υ0|2dx +
J∑

j=1

µjδxj
+ µ̃, µ(Ω̄) ≤ 1,

ν = g dx +
J∑

j=1

νjδxj
, ν(Ω̄) ≤ SF ,

ìpou J ∈ N ∪ {∞}, µj, νj jetikèc stajerèc, µ̃ ∈M(Ω̄) èna mh atomikì
mètro kai g ∈ L1(Ω). H olik  m�za, ta �toma kai to omalì tm ma
ikanopoioÔn thn genikeumènh anisìthta Sobolev

ν(Ω̄) ≤ SF
(
µ(Ω̄)

) n
n−2 ,

νj ≤ SF µ
n

n−2

j ,∫
Ω

g dx ≤ SF

(∫
Ω

|∇υ0|2 dx + µ̃(Ω̄)

) n
n−2

,

g ≤ F+
0 |υ0|2

∗
σ.π sto Ω,∫

Ω

g dx ≤ F+
0 S∗

(∫
Ω

|∇υ0|2 dx

) n
n−2

.

2. An ν(Ω̄) = SF , tìte µ(Ω̄) = 1 kai mÐa apì tic epìmenec dÔo prot�seic
isqÔei:

(a) Sugkèntrwsh: υ0 = 0, µ = δx0 kai ν = SF δx0 gia k�poio x0 ∈ Ω̄.
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(b) Sump�geia:
µ = |∇υ0|2dx + µ̃,

υε → υ0 ston L2∗(Ω), kaj¸c ε → 0+,

SF ≤ α

∫
Ω

|υ0|2
∗
dx,

ε−2∗F (uε) ⇀ g asjen¸c ston L1(Ω), kaj¸c ε → 0+,

SF =

∫
Ω

g dx ≤ F+
0 S∗.

An epiprìsjeta, F+
0 = F−

0 , tìte υε → υ0 ston D1,2
0 (Ω), SF =

F0S
∗, h sun�rthsh υ0 eÐnai èna akrìtato gia thn S∗ kai Ω = Rn

ektìc enìc sunìlou mhdenik c qwrhtikìthtac.

Apìdeixh. B ma 1(Genikeumènh anisìthta Sobolev gia thn olik  m�za).
ν(Ω̄) ≤ SF

(
µ(Ω̄)

) n
n−2 .

Apìdeixh. Apì th genikeumènh anisìthta Sobolev (2.1) èqoume∫
Ω

F (uε) dx ≤ SF

(∫
Ω

|∇uε|2 dx

) n
n−2

= SF

(∫
Ω

|∇υε|2 dx

) n
n−2

ε2∗ .

Epomènwc ∫
Ω

ε−2∗F (uε) dx ≤ SF

(∫
Ω

|∇υε|2 dx

) n
n−2

, gia k�je ε > 0 ⇒

ν(Ω̄) = lim
ε→0

∫
Ω

ε−2∗F (uε) dx ≤ SF lim
ε→0

(∫
Ω

|∇υε|2 dx

) n
n−2

= µ(Ω̄)
n

n−2 ,

ìpou oi isìthtec sthn teleutaÐa sqèsh èpontai apì to ìti h sun�rthsh φ ≡ 1
eÐnai apodekt  sun�rthsh elègqou gia thn asjen  -* sÔgklish ston M(Ω̄).

B ma 2 (AposÔnjesh twn mètrwn µ, ν). Ta mètra µ, ν èqoun th morf 

µ = |∇υ0|2dx +
J∑

j=1

µjδxj
+ µ̃,

ν = g dx +
J∑

j=1

νjδxj
.
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ìpou J ∈ N ∪ {∞}, èna mh atomikì mètro µ̃ ∈M(Ω̄) kai g ∈ L1(Ω).

Apìdeixh. Gia thn akoloujÐa (υε) èqoume ìti ‖∇υε‖2 ≤ 1. Lìgw thc
emfÔteushc tou D1,2

0 (Ω) ston L2∗(Ω) èqoume ìti ‖υε‖2∗ ≤ C ∈ R+. Apì to
je¸rhma sump�geiac tou Alaoglou èpetai ìti |υε|2

∗
dx

∗
⇀ ν∗ ston M(Ω̄), gia

mia upakoloujÐa. Apì to L mma 2.1 gnwrÐzoume ìti to µ èqei thn parap�nw
morf  kai ìti

ν∗ = |υ0|2
∗
dx +

J∑
j=1

ν∗j δxj
.

'Estw U ⊆ Ω anoiqtì kai δ > 0. Up�rqei K ⊆ U sumpagèc kai sun�rthsh
f ∈ C(Ω̄) tètoia ¸ste XK ≤ f ≤ XU kai ν(U) ≤ ν(K) + δ, epomènwc

ν(U) ≤
∫

Ω̄

f dν + δ

= lim
ε→0

∫
Ω̄

ε−2∗f F (uε) dx + δ

≤ lim
ε→0

∫
Ω̄

α|υε|2
∗
f dx + δ

=

∫
Ω̄

αf dν∗ + δ

≤ αν∗(U) + δ.

Epeid  to δ > 0 eÐnai tuqaÐo èqoume ìti ν(U) ≤ αν∗(U), gia k�je anoiqtì
U ⊆ Ω kai apì thn kanonikìthta twn mètrwn ν∗, ν h parap�nw anisìthta isqÔei
gia k�je Borel sÔnolo sto Ω̄. Sugkekrimèna to ν eÐnai apìluta suneqèc wc
proc to ν∗ kai apì to Je¸rhma Radon-Nikodym èpetai ìti up�rqei h ∈ L1 (ν∗)

tètoia ¸ste ν = h dν∗ = h|υ0|2
∗
dx +

∑J
j=1 h(xj)ν

∗
j δxj

.

B ma 3 (Genikeumènh anisìthta gia ta �toma).

νj ≤ SF µ
n

n−2

j .

Apìdeixh: 'Estw δ′ > 0, r > 0 kai xj ∈ Ω̄. Up�rqei anoiqtì sÔnolo
U ⊃ Br

xj
kai f ∈ C(Ω̄) tètoia ¸ste ν(U) ≤ ν(Br

xj
) + δ′ kai XBr

xj
≤ f ≤ XU .
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'Eqoume loipìn

lim sup
ε→0

∫
Br

xj

ε−2∗F (uε) dx ≤ lim
ε→0

∫
Ω

fε−2∗F (uε) dx

=

∫
Ω̄

fdν

≤ ν(U)

≤ ν(Br
xj

) + δ′

Epeid  to δ′ > 0 eÐnai tuqaÐo èqoume ìti

lim sup
ε→0

∫
Br

xj

ε−2∗F (uε) dx ≤ ν(Br
xj

). (2.4)

Up�rqei epÐshc sumpagèc sÔnolo K ⊂ Br
xj

kai sun�rthsh h ∈ C(Ω̄) tètoia
¸ste XK ≤ h ≤ XBr

xj
kai ν(Br

xj
) ≤ ν(K) + δ′, epomènwc

ν(Br
xj

) ≤
∫

Ω̄

h dν + δ′

= lim
ε→0

∫
Ω

h ε−2∗F (uε) dx + δ′

≤ lim inf
ε→0

∫
Br

xj

ε−2∗F (uε) dx + δ′.

Epeid  to δ′ > 0 eÐnai tuqaÐo èqoume ìti

ν(Br
xj

) ≤ lim inf
ε→0

∫
Br

xj

ε−2∗F (uε) dx. (2.5)

Apì tic (2.4) kai (2.5) èpetai ìti

lim
ε→0

∫
Br

xj

ε−2∗F (uε) dx = ν(Br
xj

).

Me to Ðdio epiqeÐrhma apodeiknÔoume ìti

lim
ε→0

∫
Br

xj

|∇υε|2 dx = µ(Br
xj

).
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'Estw δ > 0 kai R > 0 tètoio ¸ste r/R ≤ k(δ) ìpou to k(δ) eÐnai ìpwc sto
L mma 2.2. Apì th genikeumènh topik  anisìthta Sobolev èqoume

νj ≤ ν
(
Br

xj

)
= lim

ε→0

∫
Br

xj

ε−2∗F (uε) dx

≤ SF lim
ε→0

(∫
BR

xj

|∇υε|2 dx + δ

∫
Rn

|∇υε|2 dx

) n
n−2

≤ SF
(
µ
(
BR

xj

)
+ δ
) n

n−2

To apotèlesma èpetai stèlnontac ta r → 0, δ → 0 kai R → 0, ètsi ¸ste
r ≤ k(δ)R. Sthn perÐptwsh ìpou xj = ∞ efarm¸zoume th deÔterh anisìthta
tou PorÐsmatoc 2.1.

B ma 4 (Genikeumènh anisìthta Sobolev gia to omalì komm�ti).∫
Ω

g dx ≤ SF

(∫
Ω

|∇υ0|2 dx + µ̃(Ω̄)

) n
n−2

.

Apìdeixh. 'Estw δ > 0, R1 > 0 kai I < J peperasmèno tètoio ¸ste∑J
j=I+1 µj ≤ δ. Epilègoume R > 0 arket� mikrì ¸ste oi mp�lec BR

x1
, . . . , BR

xIna eÐnai xènec metaxÔ touc. OrÐzoume th sun�rthsh

φ := φR1
R2

I∏
i=1

(1− φr
R(· − xi))

h opoÐa èqei forèa sto BR2
0 \

⋃I
i=1 Br

xi
. Apì th genikeumènh topik  anisìthta

Sobolev up�rqoun r > 0, R2 > R1 tètoia wste
∫

B
R1
0 \

SI
i=1 BR

xi

g dx ≤ ν

BR1
0 \

I⋃
i=1

BR
xi


≤ SF

µ

BR2
0 \

I⋃
i=1

Br
xi

+ δ

 n
n−2

≤ SF

(∫
Ω

|∇υ0|2 dx + µ̃(Ω̄) + 2δ

) n
n−2

.

To sumpèrasma èpetai stèlnontac ta R → 0, R1 →∞ kai δ → 0+.
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B ma 5 (Kat� shmeÐo ektÐmhsh tou omaloÔ tm matoc).
g ≤ F+

0 |υ0|2
∗

σ.π sto Ω,∫
Ω

g dx ≤ F+
0 S∗

(∫
Ω

|∇υ0|2 dx

) n
n−2

.

An F+
0 = F−

0 tìte ∫
Ω

g dx ≤ SF

(∫
Ω

|∇υ0|2 dx

) n
n−2

.

Apìdeixh. 'Estw èna anoiqtì sÔnolo U ⊆ Rn kai δ > 0. Up�rqei sumpagèc
sÔnolo K ⊂ U kai sun�rthsh f ∈ C(Ω̄) tètoia ¸ste XK ≤ f ≤ XU kai
ν(U) ≤ ν(K) + δ, epomènwc

ν(U) ≤
∫

Ω̄

f dν + δ

= lim
ε→0

∫
Ω

fε−2∗F (uε) dx + δ

≤ lim sup
ε→0

∫
U

ε−2∗F (uε) dx + δ.

Epeid  to δ > 0 eÐnai tuqaÐo èqoume ìti

ν(U) ≤ lim sup
ε→0

∫
U

ε−2∗F (uε) dx.

Gia tuqaÐo t > 0 èqoume∫
U

g ≤ ν(U)

≤ lim sup
ε→0

∫
U

ε−2∗F (uε) dx

≤ lim sup
ε→0

∫
U∩{|υε|<t}

ε−2∗F (uε) dx + α lim sup
ε→0

∫
U∩{|υε|≥t}

|υε|2
∗

dx

≤
(
F+

0 + o(1)
)
ν∗(Ū)

+ α 22∗ lim sup
ε→0

(∫
U∩{|υε|≥t}

|υ0|2
∗

dx +

∫
U

|υε − υ0|2
∗

dx

)
.
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'Eqoume ìmwc ìti ‖∇υε‖2 ≤ 1 kai lìgw thc suneqoÔc emfÔteushc tou D1,2
0 (Ω)

ston L2∗(Ω) èqoume ìti ‖υε‖2∗ ≤ C ∈ R+ gia k�je ε > 0, epomènwc

|{|υε| ≥ t}| ≤ 1

t2∗

∫
Ω

|υε|2
∗

dx ≤
(

C

t

)2∗

⇒

lim
t→∞

sup
ε>0

|{|υε| ≥ t}| = 0,

kai se sunduasmì me to Je¸rhma 2.1 èqoume ìti∫
U

g dx ≤ F+
0 ν∗(Ū) + 22∗c

∑
xj∈Ū

ν∗j

≤ F+
0

∫
U

|υ0|2
∗

dx +
(
1 + 22∗c

) ∑
xj∈Ū

ν∗j .

'Epetai ìti g ≤ F+
0 |υ0|2

∗ sqedìn pantoÔ sto Ω. Oloklhr¸nontac thn prohgoÔ-
menh sqèsh kai qrhsimopoi¸ntac thn anisìthta Sobolev èpetai ìti ∫

Ω
g dx ≤

F+
0 S∗ (∫

Ω
|∇υ0|2 dx

) n
n−2 . An F+

0 = F−
0 efìson F−

0 S∗ ≤ SF (L mma 2.1)
èqoume ∫

Ω
g dx ≤ SF

(∫
Ω
|∇υ0|2 dx

) n
n−2 .

B ma 6 (DeÔtero tm ma tou Jewr matoc).
Apìdeixh. 'Estw ν0 :=

∫
Ω

g, µ0 :=
∫

Ω
|∇υ0|2 dx + µ̃(Ω̄). Apì thn upìjesh

ìti SF = ν(Ω̄) kai apì to B ma 1 èqoume

SF = ν(Ω̄) ≤ SF
(
µ(Ω̄)

) n
n−2 ≤ SF ,

epomènwc èqoume µ(Ω̄) = 1. Apì ta B mata 3, 4 èqoume

1 =
ν(Ω̄)

SF
≤

J∑
j=0

µ
n

n−2

j .

Efìson µj ≤ 1 gia ìla ta j, h parap�nw anisìthta isqÔei mìno ìtan ìla ta µj

eÐnai mhdèn ektìc apì èna µj0 = 1, diaforetik� ja eÐqame ìti 1 ≤∑J
j=0 µ

n
n−2

j <∑J
j=0 µj = 1 to opoÐo eÐnai �topo. Apì ta B mata 3 kai 4 èqoume ìti ìla ta

νj eÐnai mhdèn ektìc apì to νj0 = SF . An µ0 =
∫

Ω
|∇υ0|2 dx + µ̃(Ω̄) = 0 tìte

èqoume ν0 = 0 kai isqÔei h enallaktikìthta (a) tou Jewr matoc. Pr�gmati
‖∇υ0‖2 = 0 ⇒ ‖υ0‖2∗ = 0 ⇒ υ0 = 0 σ.π. Epiplèon µ = µj0δx0 = δx0 kai ν =
SF δx0 gia k�poio x0 ∈ Ω̄. An µ0 6= 0 tìte µj = 0 gia k�je j ≥ 1 kai µ0 = 1.
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Apì to B ma 3 èqoume νj = 0 gia k�je j ≥ 1 �ra ∫
Ω

g dx = ν0 = ν(Ω) = SF .
'Etsi apì to B ma 5 èqoume ìti

SF =

∫
Ω

g dx ≤ F+
0 S∗

(∫
Ω

|∇υ0|2 dx

) n
n−2

≤ F+
0 S∗.

Apì to Je¸rhma 2.1 gnwrÐzoume ìti ν∗j ≤ µ
n

n−2

j = 0 gia k�je j ≥ 1 �ra
ν∗ = |υ0|2

∗
dx. 'Eqoume epÐshc

|υε − υ0|2
∗
dx

∗
⇀

J∑
j=1

ν∗j δxj
ston M(Ω̄)

kai epilègontac th sun�rthsh elègqou φ ≡ 1 èpetai ìti
υε → υ0 ston L2∗(Ω).

MporoÔme na deÐxoume thn anisìthta ‖|υε|2
∗ − |υ0|2

∗‖1 ≤ 2 2∗‖υε − υ0‖2∗ ,
qrhsimopoi¸ntac thn anisìthta |xp − yp| ≤ p|x − y| (xp−1 + yp−1) gia k�je
0 ≤ x, y ≤ 1, p ≥ 1 kai thn anisìthta Hölder (sthn perÐptwsh mac èqoume
p = 2∗). 'Epetai ìti |υε|2

∗ → |υ0|2
∗ ston L1(Ω). Apì thn anisìthta (1.1)

èqoume
F (uε)/ε

2∗ ≤ α|υε|2
∗ → α|υ0|2

∗ ston L1(Ω). (2.6)
'Epetai ìti ‖ε−2∗F (uε)‖1 ≤ M ∈ R+ gia k�je ε > 0, arket� mikrì. 'Estw
E ⊂ Ω sÔnolo Borel to opoÐo èqei peperasmèno mètro Lebesgue. Apì to
je¸rhma tou Lusin èqoume ìti gia tuqaÐo ε > 0, up�rqei sun�rthsh f ∈ Cc(Ω)
tètoia ¸ste ‖f‖∞ ≤ 1 kai f = XE, ektìc enìc sunìlou U to opoÐo èqei mètro
Lebesgue λ(U) < ε. Apì thn upìjesh èqoume ìti ε−2∗F (uε) dx

∗
⇀ ν = g dx

ston M(Ω̄), sunep¸c ∫
Ω

(
ε−2∗F (uε)− g

)
φ dx → 0 gia k�je sun�rthsh φ ∈

C(Ω̄). 'Eqoume loipìn ìti∫
Ω

(
ε−2∗F (uε)− g

)
XE dx =

∫
Ω

(
ε−2∗F (uε)− g

)
f dx

+

∫
U

(
ε−2∗F (uε)− g

)
(XE − f) dx.

Stèlnontac to ε → 0, èpetai ìti∫
Ω

(
ε−2∗F (uε)− g

)
XE dx → 0,
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kaj¸c ε → 0. Apì thn puknìthta twn apl¸n sunart sewn ston L∞(Ω) kai
ton isomorfismì tou (L1(Ω))

∗ me ton L∞(Ω) èpetai ìti
ε−2∗F (uε) ⇀ g asjen¸c ston L1(Ω), kaj¸c ε → 0,

gia mia upakoloujÐa. Apì thn (2.6) èqoume epÐshc SF ≤ α
∫

Ω
|υ0|2

∗
dx.

Ac upojèsoume t¸ra ìti F+
0 = F−

0 . Jètoume F0 = F+
0 = F−

0 . Apì to
L mma 2.1 èqoume ìti F0S

∗ ≤ SF kai ìpwc deÐxame parap�nw F0S
∗ ≥ SF �ra

F0S
∗ = SF . MporoÔme na upojèsoume ìti F0 > 0 diìti diaforetik� SF = 0

to opoÐo antitÐjetai sthn upìjesh ìti F 6= 0 σ.π. Apì to B ma 5 èqoume

SF = ν0 =

∫
Ω

g dx ≤ SF

(∫
Ω

|∇υ0|2 dx

) n
n−2

.

SumperaÐnoume ìti ‖∇υ0‖2 = 1 kai efìson υε → υ0 asjen¸c ston D1,2
0 (Ω)

èpetai ìti υε → υ0 isqur� ston D1,2
0 (Ω). Ja deÐxoume t¸ra ìti h sun�rthsh υ0

eÐnai megistopoioÔsa gia th bèltisth stajer� Sobolev S∗. 'Estw mia stajer�
t > 0. UpologÐzoume

∫
Ω

ε−2∗F (uε) dx ≤
∫
{|υε|≤t}

ε−2∗F (ευε) dx + α

∫
{|υε|≥t}

|υε|2
∗
dx. (2.7)

Sto sÔnolo {|υε| ≤ t} isqÔei |ευε| ≤ εt → 0, kaj¸c ε → 0, epomènwc

F0 = F+
0 ≥ lim sup

ε→0

F (ευε)

|ευε|2∗
kai F0 = F−

0 ≤ lim inf
ε→0

F (ευε)

|ευε|2∗
,

sunep¸c

0 ≤ lim inf
ε→0

(
F (ευε)

|ευε|2∗
− F0

)
≤ lim sup

ε→0

(
F (ευε)

|ευε|2∗
− F0

)
≤ 0.

'Etsi èqoume

lim
ε→0

(
F (ευε)

|ευε|2∗
− F0

)
= 0 ⇒ ε−2∗F (ευε) ≤

(
F0 + o (1)

)
|υε|2

∗
,

kajwc ε → 0 kai h (2.7) gÐnetai∫
Ω

ε−2∗F (uε) dx ≤
(
F0 + o (1)

) ∫
Ω

|υε|2
∗
dx + α

∫
Ω

ht(υε) dx, (2.8)
kaj¸c ε → 0, ìpou èqoume jèsei

ht(s) :=

{
|s|2∗ , |s| ≥ t

0 , diaforetik�.
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Efarm¸zontac to L mmma tou Fatou gia tic sunart seic |υε|2
∗ − ht(υε) ≥ 0

èqoume∫
Ω

lim inf
ε→0

(
|υε|2

∗ − ht(υε)
)

dx ≤ lim inf
ε→0

∫
Ω

(
|υε|2

∗ − ht(υε)
)

dx,

�ra
lim sup

ε→0

∫
Ω

ht(υε) dx ≤
∫

Ω

lim sup
ε→0

ht(υε) dx,

diìti υε → υ0 ston L2∗(Ω), epomènwc υε → υ0 σ.π. gia mia upakoloujÐa. Apì
thn p�nw hmisunèqeia thc F èpetai ìti∫

Ω

lim sup
ε→0

ht(υε) dx ≤
∫

Ω

ht(υ0) dx =

∫
{|υ0|≥t}

|υ0|2
∗
dx.

'Eqoume lopìn ìti o deÔteroc thc (2.8) kuriarqeÐtai asumptwtik� apì thn

lim sup
ε→0

∫
Ω

ht(υε) dx ≤
∫
{|υ0|≥t}

|υ0|2
∗
dx.

Stèlnontac diadoqik� ta ε → 0, t →∞ h (2.8) gÐnetai

lim
ε→0

∫
Ω

ε−2∗F (uε) dx ≤ F0

∫
Ω

|υ0|2
∗
dx (2.9)

'Eqoume ìmwc ìti limε→0

∫
Ω

ε−2∗F (uε) dx = SF = F0S
∗. 'Eqoume epÐshc thn

anisìthta Sobolev ìti F0

∫
Ω
|υ0|2

∗
dx ≤ F0S

∗‖∇υ0‖2∗
2 = F0S

∗. 'Etsi h (2.9)
gÐnetai

F0S
∗ ≤ F0

∫
Ω

|υ0|2
∗
dx ≤ F0S

∗.

Sunep¸c ∫
Ω
|υ0|2

∗
dx = S∗, diìti F0 > 0, dhlad  h υ0 eÐnai megistopoioÔsa

sun�rthsh gia thn S∗. To ìti Ω = Rn ektìc enìc sunìlou mhdenik c qwrhti-
kìthtac èpetai apì to Par�deigma 2.1.

H epìmenh parallag  tou genikeumènou Jewr matoc sugkèntrwshc - sum-
p�geiac I ja efarmosteÐ sth sunèqeia gia thn an�lush thc asumptwtik c
sumperifor�c twn sqedìn akrot�twn gia thn SF

ε (Ω) kont� sto shmeÐo ìpou
sugkentr¸nontai. Sugkekrimèna ja apodeÐxoume sÔgklish kat�llhlwn meta-
jèsewn touc se èna olikì akrìtato gia thn SF ston D1,2

0 (Rn).

Je¸rhma 2.3. (Genikeumèno Je¸rhma enallaktikìthtac sugkèntrwshc -
sump�geiac II) Upojètoume ìti h sun�rthsh F ikanopoieÐ th sunj kh (F ),
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Ω eÐnai èna qwrÐo ston Rn kai (ωε) mia akoloujÐa ston D1,2
0 (Ω) tètoia ¸ste

‖∇ωε‖2 ≤ 1. Upojètoume epÐshc ìti

ωε ⇀ ω asjen¸c ston D1,2
0 (Ω),

|∇ωε|2 dy
∗
⇀ µ ston M(Ω̄),

F (ωε) dy
∗
⇀ ν ston M(Ω̄), kaj¸c ε → 0+.

Tìte isqÔoun ta ex c:

1. Ta mètra µ, ν èqoun th morf 

µ = |∇ω|2 dx +
J∑

j=1

µjδxj
+ µ̃, µ(Ω̄) ≤ 1,

ν = g dx +
J∑

j=1

νjδxj
, ν(Ω̄) ≤ SF ,

ìpou J ∈ N ∪ {∞}, èna mh atomikì mètro µ̃ ∈ M(Ω̄) kai g ∈ L1(Ω)
tètoia ¸ste

ν(Ω̄) ≤ SF
(
µ(Ω̄)

) n
n−2 ,

νj ≤ SF µ
n

n−2

j ,∫
Ω

g dx ≤ SF

(∫
Ω

|∇ω|2 dx + µ̃(Ω̄)

) n
n−2

.

2. An ν(Ω̄) = SF , tìte µ(Ω̄) = 1 kai mÐa apo tic epìmenec dÔo prot�seic
isqÔei:

(a) Sugkèntrwsh: ω = 0, µ = δx0 kai ν = SF δx0 gia k�poio x0 ∈ Ω̄.

(b) Sump�geia: ωε → ω ston D1,2
0 (Ω), F (ωε) → F (ω) ston L1(Ω),

kaj¸c ε → 0+, ω eÐnai èna akrìtato gia thn SF kai µ = |∇ω|2 dx.

H sump�geia mporeÐ na isqÔei mìno ìtan Ω = Rn ektìc enìc sunìlou
mhdenik c qwrhtikìthtac.

Apìdeixh. H apìdeixh tou Jewr matoc eÐnai ìmoia me ekeÐnh tou Jewr matoc
2.2 me thn ex c diafor�: paraleÐpoume to B ma 5 (to opoÐo en gènei den isqÔei)
kai prosjètoume ta akìlouja.

B ma 1: Sthn perÐptwsh thc sump�geiac èqoume isqur  sÔgklish, dhlad 
ωε → ω ston D1,2

0 (Ω), ω eÐnai èna akrìtato gia thn SF kai F (ωε) → F (ω)
ston L1(Ω), kaj¸c ε → 0.
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Apìdeixh. 'Eqoume deÐxei ìti ωε → ω ston L2∗(Ω) epomènwc ωε → ω
sqedìn pantoÔ, gia mia upakoloujÐa, kaj¸c ε → 0. Efarm¸zontac to L mma
tou Fatou , gia tic sunart seic α |ωε|2

∗ − F (ωε) ≥ 0, èqoume
α

∫
Ω

|ω|2∗ dx−
∫

Ω

lim sup
ε→0

F (ωε) dx = α

∫
Ω

lim
ε→0

|ωε|2
∗
dx−

∫
Ω

lim sup
ε→0

F (ωε) dx

≤
∫

Ω

lim inf
ε→0

(
α |ωε|2

∗ − F (ωε)
)

dx

≤ lim inf
ε→0

∫
Ω

(
α |ωε|2

∗ − F (ωε)
)

dx

= α lim
ε→0

∫
Ω

|ωε|2
∗
dx− lim

ε→0

∫
Ω

F (ωε) dx

= α

∫
Ω

|ω|2∗ dx− SF .

'Eqoume ìmwc ìti ∫
Ω
|ω|2∗ dx < ∞. 'Epetai ìti∫

Ω

lim sup
ε→0

F (ωε) dx ≥ SF .

Apì thn p�nw hmisunèqeia thc F kai th genikeumènh anisìthta Sobolev (L mma
2.1), èpetai ìti

SF ≤
∫

Ω

lim sup
ε→0

F (ωε) dx ≤
∫

Ω

F (ω) dx ≤ SF‖∇ω‖2∗

2 ≤ SF .

Epomènwc
‖∇ω‖2 = 1 kai

SF =

∫
Ω

lim sup
ε→0

F (ωε) dx =

∫
Ω

F (ω) dx, (2.10)

dhlad  h sun�rthsh ω eÐnai èna olikì akrìtato gia thn SF . Epiplèon èqou-
me ìti limε→0 ‖∇ωε‖2 = µ(Ω̄) = 1 = ‖∇ω‖2 kai se sunduasmì me thn asjen 
sÔgklish kai thn omoiìmorfh kurtìthta tou q¸rou D1,2

0 (Ω) èpetai ìti ωε → ω
ston D1,2

0 (Ω), kaj¸c ε → 0+. Epomènwc èqoume ∫
Ω
|∇ωε|2 dx →

∫
Ω
|∇ω|2 dx,

kaj¸c ε → 0+. Apì thn upìjesh ìmwc, èqoume ìti |∇ωε|2 dx
∗
⇀ µ =

|∇ω|2 dx +
∑J

j=1 µjδxj
+ µ̃, ston M(Ω̄), kaj¸c ε → 0+. Epilègontac th

sun�rthsh elègqou φ ≡ 1 èpetai ìti µ = |∇ω|2 dx.
Apì thn (2.10) èpetai ìti∫

Ω

(
lim sup

ε→0
F (ωε)− F (ω)︸ ︷︷ ︸

≤0

)
dx = 0 ⇒ lim sup

ε→0
F (ωε) = F (ω) σ.π. (2.11)
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Efarm¸zontac to Ðdio epiqeÐrhma tou B matoc 6 sto Je¸rhma 2.2 èqoume
F (ωε) ⇀ g asjen¸c ston L1(Ω)

gia mia upakoloujÐa, kaj¸c ε → 0.
'Eqoume ìti (F (ω)−F (ωε))

+ ≤ F (ω) kai ∫
Ω

F (ω) dx = SF < ∞. Epiplèon
èqoume ìti (F (ω) − F (ωε))

+ → 0, σ.π gia mia upakoloujÐa, kaj¸c ε → 0.
Efarm¸zontac to Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue èpetai ìti
limε→0

∫
Ω
(F (ω)− F (ωε))

+ dx = 0. Efìson limε→0

∫
Ω

F (ωε) dx =
∫

Ω
F (ω) dx,

èqoume ìti limε→0

∫
Ω

F (ω)− F (ωε) dx = 0. 'Epetai ìti

lim
ε→0

∫
Ω

|F (ω)− F (ωε)| dx = 2 lim
ε→0

∫
Ω

(F (ω)− F (ωε))
+ dx

− lim
ε→0

∫
Ω

F (ω)− F (ωε) dx = 0,

dhlad  F (ωε) → F (ω) ston L1(Ω), gia mia upakoloujÐa, kaj¸c ε → 0.
B ma 2: H sump�geia eÐnai dunatì na isqÔei mìno ìtan Ω = Rn ektìc enìc

sunìlou mhdenik c qwrhtikìthtac.
Apìdeixh. An cap(Rn \ Ω) > 0, tìte gia th sun�rthsh ω ∈ D1,2

0 (Rn)
ja eÐqame ìti ∫Rn ω dx = SF kai ω = 0 sto Rn \ Ω. Autì ìmwc èrqetai se
antÐfash me to gegonìc ìti k�je akrìtato gia thn SF eÐnai gn sia jetikì  
gn sia arnhtikì se ìlo to Rn [4].
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Kef�laio 3

Asumptwtik  sumperifor�

sqedìn akrot�twn

Je¸rhma 3.1. Upojètoume ìti h sun�rthsh F ikanopoieÐ th sunj kh (F ),
Ω eÐnai èna qwrÐo ston Rn kai (uε) eÐnai mia akoloujÐa sqedìn akrot�twn gia
thn SF

ε (Ω). An F+
0 = F−

0 kai Ω 6= Rn me thn ènnoia thc qwrhtikìthtac,
dhlad  capRn(Rn \ Ω) > 0, tìte mia upakoloujÐa thc (uε) sugkentr¸netai se
èna shmeÐo x0 ∈ Ω̄, dhlad 

|∇uε|
ε2

2

dx
∗
⇀ δx0 ston M(Ω̄),

ε−2∗F (uε) dx
∗
⇀ SF δx0 ston M(Ω̄), kaj¸c ε → 0+.

An F+
0 < SF /S∗   an to Ω èqei peperasmèno ìgko, oi upojèseic F+

0 = F−
0 kai

capRn(Rn \ Ω) > 0 den eÐnai anagkaÐec.

Apìdeixh. 'Estw (uε) mia akoloujÐa sqedìn akrot�twn gia thn SF
ε (Ω). Tì-

te h akoloujÐa (uε) ikanopoieÐ tic upojèseic tou Genikeumènou Jewr matoc
enallaktikìthtac sugkèntrwshc - sump�geiac (Je¸rhma 2.2). Efìson h ako-
loujÐa (uε) eÐnai akoloujÐa sqedìn akrot�twn, isqÔei ν(Ω̄) = SF , epomènwc
gia na èqoume sugkèntrwsh arkeÐ na apodeÐxoume ìti den isqÔei h sump�geia.

Ac upojèsoume, gia na katal xoume se �topo, ìti isqÔei h sump�geia.
Tìte ja eÐqame ìti SF /S∗ ≤ F+

0 . Epomènwc h sump�geia apokleÐetai ìtan
F+

0 < SF /S∗. 'Eqoume ìti υε
ε→0−→ υ0 ston L2∗(Ω) �ra kai σ.π. kai epiplèon

υ0 6= 0 σ.π. diìti α
∫

Ω
|υ0|2

∗
dx ≥ SF > 0. To apotèlesma sthn perÐptwsh

ìpou isqÔei F+
0 = F−

0 èpetai apì ton teleutaÐo isqurismì tou Jewr matoc 2.2
sÔmfwna me ton opoÐo an isqÔei h sump�geia tìte Ω = Rn ektìc enìc sunìlou
mhdenik c qwrhtikìthtac to opoÐo antitÐjetai sthn upìjesh mac.
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'Estw t¸ra ìti to Ω èqei peperasmèno ìgko. JewroÔme arqik� thn perÐ-
ptwsh uε ≥ 0. SumbolÐzoume Ω∗ th mp�la h opoÐa èqei kèntro sto shmeÐo 0 kai
|Ω∗| = |Ω|. 'Estw t > 0, arket� mikrì. Jètoume rε(t) thn aktÐna thc mp�lac
{υ∗ε > t}, ìpou υ∗ε dhl¸nei th summetrikopoÐhsh Schwarz thc υε. OrÐzoume th
sun�rthsh ῡε := υ∗ε sth mp�la {υ∗ε > t} kai thn epekteÐnoume se olìklhro ton
Rn tautÐzont�c thn me thn aktinik  armonik  sun�rthsh h opoÐa mhdenÐzetai
sto �peiro.

Ac upologÐsoume èna �nw fr�gma gia to olokl rwma Dirichlet ‖∇ῡε‖2.
'Eqoume∫

Rn

|∇ῡε|2 dx =

∫
{υ∗ε>t}

|∇υ∗ε |2 dx + t2 capRn({υ∗ε > t})

=

∫
{υ∗ε>t}

|∇υ∗ε |2 dx + t2(n− 2)S(n)rε(t)
n−2.

Efìson ‖∇υ∗ε‖2 ≤ ‖∇υε‖2 ≤ 1, mporoÔme na upologÐsoume ton pr¸to ìro gia
to parap�nw olokl rwma Dirichlet:∫

{υ∗ε>t}
|∇υ∗ε |2 dx ≤

∫
Ω∗
|∇υ∗ε |2 dx−

∫
{υ∗ε≤t}

|∇υ∗ε |2 dx

≤ 1−
∫
{υ∗ε≤t}

|∇υ∗ε |2 dx

≤ 1− capΩ∗({υ∗ε > t})

≤ 1− t2(n− 2)S(n)
rε(0)

n−2rε(t)
n−2

rε(0)n−2 − rε(t)n−2
.

Epomènwc èqoume∫
Rn

|∇ῡε|2 dx ≤ 1− t2(n− 2)S(n)
rε(t)

2n−4

rε(0)n−2 − rε(t)n−2
.

SumbolÐzoume me R thn aktÐna thc mp�lac Ω∗ (h opoÐa eÐnai peperasmènh,
efìson to Ω èqei peperasmèno ìgko) kai r(t) := lim infε→0 rε(t). 'Eqoume
rε(0) ≤ R kai upologÐzoume

lim sup
ε→0

∫
Rn

|∇ῡε|2 dx ≤ lim sup
ε→0

(
1− t2(n− 2)S(n)

rε(t)
2n−4

Rn−2 − rε(t)n−2

)
≤ 1− t2(n− 2)S(n) lim inf

ε→0

rε(t)
2n−4

Rn−2 − rε(t)n−2

≤ 1− t2(n− 2)S(n)
lim infε→0 rε(t)

2n−4

lim supε→0 (Rn−2 − rε(t)n−2)

≤ 1− t2(n− 2)S(n)
r(t)2n−4

Rn−2 − r(t)n−2
. (3.1)
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Sth sunèqeia ja upologÐsoume èna asumptwtikì k�tw fr�gma gia to olo-
kl rwma ∫Rn ε−2∗F (εῡε) dx.∫

Rn

ε−2∗F (εῡε) dx ≥
∫
{υ∗ε>t}

ε−2∗F (ευ∗ε) dx

=

∫
Ω

ε−2∗F (ευε) dx−
∫
{υε≤t}

ε−2∗F (ευε) dx

≥ SF − α

∫
{υε≤t}

|υε|2
∗
dx + o(1)

≥ SF − α |Ω| t2∗ + o(1). (3.2)
Gia arket� mikrì t èqoume ìti r(t) ≥ c̄ > 0 diìti υ0 6= 0 σ.π. sto Ω kai

{υ0 > t} ∪ {υε 6→ υ0} ⊆ lim inf
ε→0

{υε ≥ t} ∪ {υε 6→ υ0},

ìpou èqoume jèsei lim infε→0{υε ≥ t} = ∪δ>0∩ε>δ {υε ≥ t}. 'Eqoume ìmwc ìti
|{υε 6→ υ0}| = 0, epomènwc
0 < |{υ0 > t}| ≤ | lim inf

ε→0
{υε ≥ t}| ≤ lim inf

ε→0
|{υε ≥ t}| = lim inf

ε→0
|{υ∗ε ≥ t}|.

'Etsi èqoume
(n− 2)S(n)r(t)2n−4

Rn−2 − r(t)n−2
≥ (n− 2)S(n)c̄2n−4

Rn−2 − c̄n−2
=: M > 0.

Kaj¸c ε → 0, apì tic (3.1), (3.2) kai th genikeumènh anisìthta Sobolev (2.1)
èqoume

SF − α|Ω|t2∗ ≤ lim sup
ε→0

∫
Rn

ε−2∗F (εῡε) dx

≤ SF

(
1− t2(n− 2)S(n)

r(t)2n−4

Rn−2 − r(t)n−2

) n
n−2

≤ SF − SF Mt2.

Epomènwc
t2
∗−2 ≥ SF M

α|Ω|
,

to opoÐo eÐnai �topo, gia arket� mikrì t, diìti 2∗ > 2.
An oi sunart seic uε all�zoun prìshmo tìte efarm¸zoume to prohgoÔmeno

epiqeÐrhma sto jetikì mèroc u+
ε kai to arnhtikì mèroc u−ε twn sunart sewn
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uε kai qrhsimopoioÔme tic sqèseic∫
Rn

∣∣∇u∗+
∣∣2 dx +

∫
Rn

∣∣∇u∗−
∣∣2 dx ≤

∫
Rn

|∇u|2 dx,∫
Rn

F
(
u∗+
)

dx +

∫
Rn

F
(
u∗−
)

dx =

∫
Rn

F (u) dx.

Apì to prohgoÔmeno je¸rhma gnwrÐzoume ìti ta sqedìn akrìtata gia thn
SF

ε (Ω) sugkentr¸nontai se èna memonomèno shmeÐo. T¸ra ja analÔsoume thn
asumptwtik  touc sumperifor� kont� sto shmeÐo autì. Ja doÔme ìti teÐnoun
se èna olikì akrìtato gia thn SF , met� apì kat�llhlh allag  thc anex�rththc
metablht c.

Gia thn apìdeixh tou epìmenou jewr matoc ja qreiastoÔme to ex c l mma.
L mma 3.1 (P. L. Lions [2]). K�je akoloujÐa jetik¸n mètrwn Borel ston
Rn, (σε), tètoia ¸ste σε(Rn) → S > 0, kaj¸c ε → 0, èqei mia upakoloujÐa
gia thn opoÐa mÐa apì tic akìloujec treic prot�seic isqÔei.

1. Sump�geia: Up�rqei mia akoloujÐa apì kèntra (yε) ston Rn tètoia ¸ste
gia k�je δ > 0 up�rqei mia aktÐna R gia thn opoÐa

σε(B
R
yε

) > S − δ

gia k�je ε > 0.

2. Diaqwrismìc: Ta mètra (σε) qwrÐzontai se dÔo xèna tm mata, dhlad 
up�rqoun S1, S2 > 0 me S1 + S2 = S, tètoia ¸ste gia k�je δ > 0
up�rqoun mia aktÐna r kai kèntra (xε), tètoia ¸ste gia k�je R > r

σε(B
r
xε

) ≥ S1 − δ,

σε(Rn \BR
xε

) ≥ S2 − δ,

gia arket� mikrì ε.

3. Exasjènish: Gia k�je aktÐna R isqÔei

lim
ε→0

sup
x∈Rn

σε(B
R
x ) = 0.

34



KEF�ALAIO 3. ASUMPTWTIK�H SUMPERIFOR�A SQED�ON
AKROT�ATWN

Je¸rhma 3.2. 'Estw (uε) mia akoloujÐa sqedìn akrot�twn gia thn SF
ε (Ω).

An isqÔei h sunj kh (1.1) kai

F+
∞ <

SF

S∗ , F+
0 <

SF

S∗

tìte up�rqoun shmeÐa xε → x0, ìpou to x0 dÐnetai apì to Je¸rhma 3.1, tètoia
¸ste oi sunart seic

ωε(y) := uε

(
xε + ε

2
n−2 y

)
, oi opoÐec èqoun forèa sto

Ωε := ε−
2

n−2 (Ω− xε),

teÐnoun se èna akrìtato ω gia thn SF , dhlad  ωε → ω ston D1,2
0 (Rn),

‖∇ω‖2 = 1 kai
∫

Rn F (ω) dx = SF .

Pìrisma 3.1. An h sun�rthsh F ikanopoieÐ th sunj kh (F ) kai F+
∞ <

SF /S∗, F+
0 < SF /S∗, tìte up�rqei èna akrìtato gia th genikeumènh stajer�

Sobolev SF .

Apìdeixh. H diadikasÐa thc apìdeixhc tou Jewr matoc 3.2 eÐnai h ex c: Efar-
m¸zoume to L mma 3.1 gia ta mètra

σε := F (ω̃ε) dx ìpou ω̃ε(x) := uε(ε
2

n−2 x),

gia ta opoÐa èqoume ìti∫
Rn

F (ω̃ε) dx =
1

ε2∗

∫
Ω

F (uε) dx → SF , kaj¸c ε → 0+.

Arqik� apodeiknÔoume ìti èqoume sump�geia, me thn ènnoia tou L mmatoc 3.1,
gia ta mètra σε, afoÔ apokleÐsoume tic peript¸seic tou diaqwrismoÔ kai thc
exasjènishc. Sth sunèqeia efarm¸zontac to Genikeumèno Je¸rhma enalla-
ktikìthtac sugkèntrwshc - sump�geiac (Je¸rhma 2.3) kai apokleÐontac thn
perÐptwsh thc sugkèntrwshc deÐqnoume thn isqur  sÔgklish ston D1,2

0 (Rn),
twn sunart sewn ωε. H sunj kh F+

0 < SF /S∗ apokleÐei thn exasjènish twn
mètrwn σε, me thn ènnoia tou L mmatoc 3.1. H sunj kh F+

∞ < SF /S∗ apo-
kleÐei th sugkèntrwsh twn mètrwn F (ω̃ε) dx kai |∇ω̃ε|2 dx se èna peperasmèno
shmeÐo, me thn ènnoia tou Jewr matoc 3.1.

B ma 1: Apokleismìc tou diaqwrismoÔ.
Apìdeixh. Ac upojèsoume, gia na katal xoume se �topo, ìti ta mètra σε

diaqwrÐzontai me thn ènnoia tou L mmatoc 3.1. QwrÐc bl�bh thc genikìthtac
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mporoÔme na upojèsoume ìti xε = 0. Tìte up�rqoun S1, S2 > 0 me S1 + S2 =
SF ètsi ¸ste, gia k�je δ > 0, up�rqei mia aktÐna r, tètoia ¸ste

S1 − δ ≤
∫

Br
0

F (ω̃ε) dx,

S2 − δ ≤
∫

Rn\BR
0

F (ω̃ε) dx,

gia k�je R > r kai ε arket� mikrì. Gia k�je δ′ > 0 apì th genikeumènh
topik  anisìthta Sobolev (Pìrisma 2.1) up�rqoun dÔo aktÐnec R, ρ tètoiec
¸ste R > ρ > r, r/ρ ≤ k(δ′), ρ/R ≤ k(δ′) kai

S1 − δ ≤
∫

Br
0

F (ω̃ε) dx ≤ SF

(∫
Bρ

0

|∇ω̃ε|2 dx + δ′

) n
n−2

,

S2 − δ ≤
∫

Rn\BR
0

F (ω̃ε) dx ≤ SF

(∫
Rn\Bρ

0

|∇ω̃ε|2 dx + δ′

) n
n−2

.

Prosjètontac tic dÔo anisìthtec èqoume
(

S1 − δ

SF

)n−2
n

+

(
S2 − δ

SF

)n−2
n

≤ 1 + 2δ′.

Gia δ, δ′ arket� mikr� h parap�nw anisìthta den isqÔei.

B ma 2: Apokleismìc thc exasjènishc.

Apìdeixh. Ac upojèsoume gia na katal xoume se �topo ìti

sup
R>0

lim
ε→0

sup
x∈Rn

∫
BR

x

F (ω̃ε) dx = 0. (3.3)

Ja deÐxoume arqik� ìti

sup
r>0

lim
ε→0

sup
x∈Rn

∫
Br

x

|∇ω̃ε|2 dx = 0.
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'Eqoume ∫
BR

x

F (ω̃ε) dx =

∫
Rn

F (ω̃ε) dx−
∫

Rn\BR
x

F (ω̃ε) dx ⇒

sup
x∈Rn

∫
BR

x

F (ω̃ε) dx =

∫
Rn

F (ω̃ε) dx− inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx ⇒

lim
ε→0

sup
x∈Rn

∫
BR

x

F (ω̃ε) dx = SF − lim
ε→0

inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx ⇒

sup
R>0

lim
ε→0

sup
x∈Rn

∫
BR

x

F (ω̃ε) dx = SF − inf
R>0

lim
ε→0

inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx.

Apì thn isìthta (3.3) èqoume

SF = inf
R>0

lim
ε→0

inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx. (3.4)

Apì th genikeumènh topik  anisìthta Sobolev èqoume ìti up�rqei k(δ) > 0
tètoio ¸ste gia k�je R > r > 0 me r/R ≤ k(δ) isqÔei
∫

Rn\BR
x

F (ω̃ε) dx ≤ SF

(∫
Rn\Br

x

|∇ω̃ε|2 dx + δ

∫
Rn

|∇ω̃ε|2 dx

) n
n−2

≤ SF

(
(1 + δ)

∫
Rn

|∇ω̃ε|2 dx−
∫

Br
x

|∇ω̃ε|2 dx

) n
n−2

≤ SF

(
(1 + δ)−

∫
Br

x

|∇ω̃ε|2 dx

) n
n−2

diìti ‖∇ω̃ε‖2 ≤ 1. Epomènwc èqoume

lim
ε→0

inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx ≤ SF lim
ε→0

inf
x∈Rn

(
1 + δ −

∫
Br

x

|∇ω̃ε|2 dx

) n
n−2

.

Kaj¸c δ → 0 apì thn parap�nw sqèsh èqoume

inf
R>0

lim
ε→0

inf
x∈Rn

∫
Rn\BR

x

F (ω̃ε) dx ≤ SF inf
r>0

lim
ε→0

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

) n
n−2

.

Apì thn (3.4) sumperaÐnoume ìti

SF ≤ SF inf
r>0

lim
ε→0

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

) n
n−2

.
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Epomènwc prèpei na isqÔei

inf
r>0

lim
ε→0

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

)
= 1. (3.5)

'Eqoume ìmwc

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

)
= 1− sup

x∈Rn

∫
Br

x

|∇ω̃ε|2 dx ⇒

lim
ε→0

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

)
= 1− lim

ε→0
sup
x∈Rn

∫
Br

x

|∇ω̃ε|2 dx ⇒

inf
r>0

lim
ε→0

inf
x∈Rn

(
1−

∫
Br

x

|∇ω̃ε|2 dx

)
= 1− sup

r>0
lim
ε→0

sup
x∈Rn

∫
Br

x

|∇ω̃ε|2 dx.

Telik� apì thn (3.5) èqoume

sup
r>0

lim
ε→0

sup
x∈Rn

∫
Br

x

|∇ω̃ε|2 dx = 0. (3.6)

'Estw t¸ra δ > 0, r > 0. Efarm¸zontac th genikeumènh topik  anisìthta
Sobolev gia th sun�rthsh

G(t) :=

{
0 , t ∈ Bδ

0

1 , t 6∈ Bδ
0,

(h opoÐa plhreÐ tic proôpojèseic) èqoume

|{|ω̃ε| ≥ δ} ∩Br
x| =

∫
Br

x

G(ω̃ε) dx

≤ SF

(∫
BR

x

|∇ω̃ε|2 dx + δ′
∫

Rn

|∇ω̃ε|2 dx

) n
n−2

,

gia k�je δ′ > 0 kai R > 0 tètoio ¸ste r/R ≤ k(δ′). Stèlnontac to δ′ → 0
kai lamb�nontac upìyin thn (3.6) èqoume

lim
ε→0

sup
x∈Rn

|{|ω̃ε| ≥ δ} ∩Br
x| = 0 gia k�je δ > 0, r > 0. (3.7)

Apì thn upìjesh ìti F+
0 < SF /S∗, èpetai ìti up�rqei t0 > 0 tètoio ¸ste

sup
|t|≤t0

F (t)

|t|2∗
<

SF

S∗ . (3.8)
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OrÐzoume tic sunart seic

F1(t) :=

{
F (t) , |t| < t0

0 , |t| ≥ t0,
F2 := F − F1 =

{
0 , |t| < t0

F (t) , |t| ≥ t0.

'Eqoume ìti limt→±∞

(
|t|

|t|−t0/2

)2∗

= 1 ⇒
(

|t|
|t|−t0/2

)2∗

≤ C ∈ R+, gia k�je
|t| ≥ t0, sunep¸c

F2(t) ≤ F3(t) := α C

(
|t| − t0

2

)2∗

+

.

Isqurizìmaste ìti

lim
ε→0

∫
Rn

F2(ω̃ε) dx = lim
ε→0

∫
{|ω̃ε|≥t0}

F (ω̃ε) dx = 0. (3.9)

Gia na apodeÐxoume ton parap�nw isqurismì kalÔptoume ton Rn me touc mona-
diaÐouc kÔbouc Qz := z + [0, 1)n, z ∈ Zn kai apì thn (3.7) èqoume ìti

lim
ε→0

sup
z∈Zn

∣∣∣∣{|ω̃ε| >
t0
2

}
∩Qz

∣∣∣∣ = 0.

'Epetai ìti |{(|ω̃ε| − t0/2)+ 6= 0} ∩Qz| < M ∈ (0, 1), gia arket� mikrì ε > 0.
MporoÔme loipìn na efarm¸soume to L mma 3.2, apì to opoÐo èpetai ìti∫

Qz

F3(ω̃ε) dx ≤ α C

∫
Qz

(
|ω̃ε| −

t0
2

)2∗

+

dx ≤ c

(∫
Qz

|∇ω̃ε|2 dx

) n
n−2

,

gia arket� mikrì ε kai stajer� c anex�rthth tou z. Apì thn parap�nw ani-
sìthta èqoume thn ektÐmhsh∫

Rn

F2(ω̃ε) dx ≤
∫

Rn

F3(ω̃ε) dx

≤ c
∑
z∈Zn

(∫
Qz

|∇ω̃ε|2 dx

) n
n−2

= c
∑
z∈Zn

((∫
Qz

|∇ω̃ε|2 dx

) 2
n−2

(∫
Qz

|∇ω̃ε|2 dx

))

≤ c sup
z∈Zn

(∫
Qz

|∇ω̃ε|2 dx

) 2
n−2
∫

Rn

|∇ω̃ε|2 dx.
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Stèlnontac to ε → 0 kai lamb�nontac upìyin thn (3.6) èpetai h (3.9). Telik�
apì thn (3.8) èqoume ìti

SF = lim
ε→0

∫
Rn

F (ω̃ε) dx = lim
ε→0

(∫
Rn

F1(ω̃ε) dx +

∫
Rn

F2(ω̃ε) dx

)
= lim

ε→0

∫
Rn

F1(ω̃ε) dx

<
SF

S∗ lim sup
ε→0

∫
{|ω̃ε|<t0}

|ω̃ε|2
∗
dx

≤ SF ,

to opoÐo eÐnai �topo.
Apì ta dÔo prohgoÔmena b mata kai to L mma 3.1 èpetai ìti up�rqei mia

akoloujÐa shmeÐwn yε ∈ Rn tètoia ¸ste ta mètra F (ω̃ε) dx na eÐnai sumpag 
me thn ènnoia tou L mmatoc 3.1.

B ma 3: Apokleismìc thc sugkèntrwshc twn mètrwn F (ω̃ε(·+ yε)) dx kai
sÔgklish thc akoloujÐac (ωε) se èna olikì akrìtato ω, dhlad  ωε → ω ston
D1,2

0 (Rn), kaj¸c ε → 0+, ‖∇ω‖2 = 1 kai ∫Rn F (ω) dx = SF .

Apìdeixh. Gia tic sunart seic ω̃ε(·+ yε) = uε(ε
2

n−2 (·+ yε)) èqoume
‖∇ω̃ε(·+ yε)‖2

2 =

∫
ε
− 2

n−2 Ω−yε

|∇ω̃ε(·+ yε)|2 dx =

∫
Ω

|∇uε|2

ε2
dx ≤ 1.

'Ara apì to je¸rhma tou Alaoglou èqoume ìti gia mia upakoloujÐa thc (ω̃ε(·+
yε)), |∇ω̃ε(·+ yε)|2 dx

∗
⇀ µ ston M(Ω̄), kaj¸c ε → 0+. 'Eqoume epÐshc ìti∫

Rn

F (ω̃ε(·+ yε)) dx =
1

ε2∗

∫
Ω

F (uε) dx → SF , kaj¸c ε → 0+.

SumperaÐnoume ìti mia upakoloujÐa thc (ω̃ε(· + yε)) ikanopoieÐ to Genikeumè-
no Je¸rhma sugkèntrwshc - sump�geiac II (Je¸rhma 2.3), gia Ω = Rn kai
ν(Rn) = SF .

H sump�geia twn mètrwn F (ω̃ε) dx, me thn ènnoia tou L mmatoc 3.1, apo-
kleÐei th sugkèntrwsh sto �peiro twn mètrwn F (ω̃ε(· + yε)) dx. Pr�gmati
sthn perÐptwsh thc sump�geiac twn mètrwn F (ω̃ε) dx, èqoume ìti gia k�je
δ > 0 up�rqei mia aktÐna R gia thn opoÐa

σε(B
R
yε

) > S − δ,

gia k�je ε > 0. 'Epetai ìti
SF ≥

∫
BR

0

F (ω̃ε(x + yε)) dx =

∫
BR

yε

F (ω̃ε(x)) dx = σε(B
R
yε

) > SF − δ.
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gia k�je ε > 0. Wstìso h sugkèntrwsh twn mètrwn F (ω̃ε(·+ yε)) dx sto ∞
sunep�getai ìti∫

Rn\Br
0

F (ω̃ε(·+ yε)) dx
ε→0−→ SF , gia k�je r > 0,

to opoÐo èrqetai se antÐfash me thn prohgoÔmenh ektÐmhsh.
H sugkèntrwsh se èna peperasmèno shmeÐo apokleÐetai apì th sunj kh

F+
∞ < SF /S∗. Pr�gmati, sthn perÐptwsh aut  èqoume ìti up�rqei t0 > 0

tètoio ¸ste
sup
|t|≥t0

F (t)

|t|2∗
<

SF

S∗ . (3.10)
An ta mètra F (ω̃ε(·+yε)) dx sugkentr¸nontai se èna peperasmèno shmeÐo tìte

SF = lim
ε→0

∫
{|ω̃ε(·+yε)|≥t0}

F (ω̃ε(·+ yε)) dx

<
SF

S∗ lim
ε→0

∫
{|ω̃ε(·+yε)|≥t0}

|ω̃ε(·+ yε)|2
∗
dx

≤ SF ,

to opoÐo eÐnai �topo.
Apì to deÔtero mèroc tou Jewr matoc 2.3 èpetai ìti uε(ε

2
n−2 (· + yε)) =

ω̃ε(· + yε)
ε→0−→ ω ston D1,2

0 (Rn), ω eÐnai èna akrìtato gia thn SF , ‖∇ω̃ε(· +
yε)‖2 = 1 kai F (ω̃ε(·+ yε)) → F (ω) ston L1(Ω), kaj¸c ε → 0. To sumpèra-
sma, gia tic sunart seic uε(xε + ε

2
n−2 ·), èpetai epilègontac xε = ε

2
n−2 yε.

B ma 4: Gia mia upakoloujÐa èqoume xε → x0, ìpou to shmeÐo x0 dÐnetai
apì to Je¸rhma 3.1.

Apìdeixh. Apì to Je¸rhma 3.1 gnwrÐzoume ìti up�rqei shmeÐo x0 ∈ Ω̄
tètoio ¸ste

|∇uε|
ε2

2

dx
∗
⇀ δx0 ston M(Ω̄), kaj¸c ε → 0,

gia mia upakoloujÐa. 'Eqoume ìti ‖∇ω‖2 = 1, epomènwc

0 <

∫
BR

0

|∇ω|2 dx = lim
ε→0

∫
BR

0

|∇ωε|2 dx = lim
ε→0

∫
BRε

xε

|∇uε|2

ε2
dx,

gia arket� meg�lo R kai Rε := ε
2

n−2 R. H parap�nw anisìthta ìmwc den isqÔei
an h (xε) den teÐnei sto x0. Pr�gmati, sthn perÐptwsh aut  up�rqei R1 > 0
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tètoio ¸ste gia mia upakoloujÐa èqoume BR1
x0
∩ BRε

xε
= ∅. Up�rqei epÐshc

sun�rthsh f ∈ C(Rn) tètoia ¸ste XRn\BR1
x0

≤ f ≤ XRn\BR2
x0

, R1 > R2 > 0.
Epomènwc èqoume

lim sup
ε→0

∫
BRε

xε

|∇uε|2

ε2
dx ≤ lim sup

ε→0

∫
Rn\BR1

x0

|∇uε|2

ε2
dx

≤ lim
ε→0

∫
Rn

f
|∇uε|2

ε2
dx

≤
∫

Rn

fdδx0

≤ δx0

(
Rn \BR2

x0

)
= 0.

'Epetai ìti limε→0

∫
BRε

xε

|∇uε|2
ε2 dx = 0.

Efarmog  3.1. (Sunarthsiakì ìgkou).

Gia th sun�rthsh

F (t) :=

{
0 , t < 1

1 , t ≥ 1,
(3.11)

to metabolikì prìblhma

sup

{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

}
,

mporeÐ na ekfrasteÐ isodÔnama sth morf 
sup{|A| : A ⊆ Ω, capΩ(A) ≤ ε2}

ìpou ∫
Ω

F (u) = |A| kai ∫
Ω
|∇u|2 = capΩ(A).

Pr�gmati, an A ⊆ Ω, me capΩ(A) ≤ ε2, tìte up�rqei sun�rthsh u ∈
D1,2

0 (Ω), h opoÐa eÐnai to dunamikì qwrhtikìthtac tou sunìlou A, tètoia
¸ste |A| =

∫
Ω

F (u) dx kai ‖∇u‖2 ≤ ε. AntÐstrofa, an gia k�poia sun�r-
thsh u ∈ D1,2

0 (Ω) èqoume ìti ‖∇u‖2 ≤ ε, tìte jètontac A = {u ≥ 1}
èqoume ìti capΩ(A) ≤ ε2 kai |A| =

∫
Ω

F (u) dx. 'Epetai ìti ta sÔnola{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

} kai {|A| : capΩ(A) ≤ ε2} tautÐzon-
tai kai m�lista èna akrìtato u ∈ D1,2

0 (Ω) gia to metabolikì prìblhma

sup

{∫
Ω

F (u) dx : u ∈ D1,2
0 (Ω), ‖∇u‖2 ≤ ε

}
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eÐnai to dunamikì qwrhtikìthtac tou sunìlou A := {u ≥ 1}.
H asjen c morf  thc exÐswshc Euler-Lagrange eÐnai to prìblhma eleÔje-

rou sunìrou tou Bernoulli : Dojèntoc enìc qwrÐou Ω kai enìc arijmoÔ Q > 0,
na brejoÔn èna sÔnolo A ⊂ Ω (me eleÔjero sÔnoro ∂A) kai mia sun�rthsh
u : Ω \ A → R ètsi ¸ste

−∆u = 0 sto Ω \ A,

u = 0 sto ∂ Ω,

u = 1 sto ∂A,
∂u

∂ν
= Q sto ∂A.

H kataskeu  thc sunoriak c sunj khc mazÐ me mÐa leptomer c an�lush autoÔ
tou probl matoc kai k�poiec efarmogèc tou mporeÐ na brejeÐ sto [8]. Ta olik�
akrìtata tou oloklhr¸matoc ìgkou dÐnontai apì metajèseic twn sunart sewn

ω(x) =


(

R
|x|

)n−2

, |x| > R

1 , |x| ≤ R,

ìpou to R eÐnai tètoio ¸ste
‖∇ω‖2

2 = (n− 2)S(n)Rn−2 =
1

K(R)
= capRn

(
BR

0

)
= 1 ⇒

R =
1

((n− 2)S(n))
1

n−2

.

H klÐsh sto eleÔjero sÔnoro eÐnai Q = (n − 2)/R. H genikeumènh stajer�
Sobolev se aut  thn perÐptwsh dÐnetai apì th sqèsh

SF =

∫
Rn

F (ω) dx =
∣∣BR

0

∣∣ = (n(n− 2))
n

2−n |B1
0 |

2
2−n .

H genikeumènh anisìthta Sobolev (2.1) gia to sunarthsiakì ìgkou eÐnai h
isoperimetrik  anisìthta h opoÐa susqetÐzei ton ìgko kai th qwrhtikìthta
enìc qwrÐou A:

|A| ≤ SF cap
n

n−2

Ω (A).

Sthn perÐptwsh ìpou Ω = BR
0 to prìblhma eleÔjerou sunìrou tou Bernoulli

mporeÐ na lujeÐ �mesa. SumbolÐzoume me

K(r) =
1

(n− 2)S(n)rn−2
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th jemeli¸dh anwmalÐa thc Laplasian c. Ta bèltista sÔnola eÐnai omìkentrec
mp�lec Aε = Br

0. Oi antÐstoiqec megistopoioÔsec sunart seic dÐnontai apì

uε(x) =
K(|x|)−K(R)

K(r)−K(R)
, r ≤ |x| ≤ R

oi opoÐec epekteÐnontai me 1 sthn mp�la Br
0 me

ε2 =

∫
BR

0

|∇uε|2 dx

= capBR
0
(Br

0) =
1

K(r)−K(R)
.

Apì ed¸ kajorÐzetai h sqèsh metaxÔ twn ε kai r. EpÐshc se genik� qwrÐ-
a ta bèltista sÔnola Aε sugkentr¸nontai se èna memonomèno shmeÐo ìpwc
prokÔptei apì to Je¸rhma 3.1.

Sto B ma 2, tou Jewr matoc 3.2, qrhsimopoi same mia parallag  thc
anisìthtac Poincare-Sobolev h opoÐa dÐnetai apì to akìloujo l mma.
L mma 3.2. 'Estw Q sunektikì qwrÐo peperasmènou ìgkou me Lipschitz sÔ-
noro kai θ ∈ [0, 1). Tìte up�rqei mia stajer� c(Q, θ) tètoia ¸ste

‖ω‖2∗ ≤ c(Q, θ)‖∇ω‖2,

gia k�je ω ∈ H1(Q) me |{ω 6= 0}| ≤ θ|Q|.

Proof. 'Estw ìti den isqÔei o parap�nw isqurismìc. Tìte up�rqei mia ako-
loujÐa (ωk) ⊆ H1(Q) tètoia ¸ste ‖ωk‖2∗ > k ‖∇ωk‖2, gia k�je k ∈ N
kai |{ωk 6= 0}| ≤ θ|Q|. OrÐzontac υk := ωk/‖ωk‖2∗ èqoume ìti ‖υk‖2∗ = 1,
|{υk 6= 0}| ≤ θ|Q| kai

‖∇υk‖2 <
1

k
→ 0. (3.12)

Apì to je¸rhma sump�geiac twn Rellich-Kodrachov èpetai ìti up�rqei upa-
koloujÐa (υkj

) kai sun�rthsh υ ∈ L2(Q) tètoia ¸ste
υk → υ ston L2(Q). (3.13)

Apì th sqèsh (3.12) èqoume ìti gia k�je φ ∈ C∞
c (Q) kai i = 1, . . . , n∫

Q

υφxi
dx = lim

kj→∞

∫
Q

υkj
φxi

dx = − lim
kj→∞

∫
Q

υkj ,xi
φ dx = 0.
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Epomènwc υ ∈ H1(Q) kai ∇υ = 0 σ.π sto Q kai epeid  to Q eÐnai sune-
ktikì èqoume ìti υ = t ∈ R σ.π. Apì thn (3.12) èpetai ìti υk → υ ston
H1(Q) kai lìgw thc suneqoÔc emfÔteushc tou H1(Q) ston L2∗(Q) èqoume
ìti υk → υ ston L2∗(Q) �ra ‖υ‖2∗ = 1, epomènwc t 6= 0. 'Eqoume ìmwc ìti
|{|υk − t| > δ}| ≤ 1

δ2

∫
Q
|υk − t|2 dx → 0, k →∞. Epilègontac δ < |t| èqoume

ìti 0 < (1 − θ)|Q| < |{υk = 0}| ≤ |{|υk − t| > δ}| → 0, k → ∞, to opoÐo
eÐnai �topo.
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Kef�laio 4

Qarakthrismìc twn shmeÐwn

sugkèntrwshc

4.1 Aktinik  summetrÐa kai rujmìc exasjèni-

shc olik¸n akrot�twn

Sthn par�grafo aut  sunoyÐzoume tic basikèc idiìthtec twn olik¸n akrot�-
twn gia thn SF ([4]). K�je aktinik  sun�rthsh ston D1,2

0 (Rn) fjÐnei toul�qi-
ston ìpwc h r−

n−2
2 (Strauss [13]). To epìmeno je¸rhma mac lèei ìti ta olik�

akrìtata gia thn SF fjÐnoun taqÔtera.
SumbolÐzoume me K th jemeli¸dh lÔsh thc Laplasian c, h opoÐa dÐnetai

apì ton tÔpo
K(x) = K(r) =

1

(n− 2) S(n) rn−2
, x ∈ Rn \ {0},

ìpou r = |x| kai S(n) eÐnai to embadìn thc epif�neiac thc monadiaÐac sfaÐrac
ston Rn.

Je¸rhma 4.1. 'Estw ìti isqÔei h upìjesh (F) kai èstw ω èna akrìtato gia
thn SF . Tìte isqÔoun ta ex c:

1. EÐte ω < 0 eÐte ω > 0, ston Rn.

2. Up�rqei mÐa mp�la Br0
x0

tètoia ¸ste h sun�rthsh ω tautÐzetai me th
summetrikopoÐhsh Schwarz ω∗ èxw apì aut  thn mp�la.

3. An ω > 0 kai x0 = 0, tìte h sun�rthsh r 7→ ω(r) eÐnai gnhsÐwc
fjÐnousa sto di�sthma (r0,∞) kai

ω(r) = W∞K(r)
(
1 + O(r−2)

)
ω′(r) = W∞K ′(r)

(
1 + O(r−2)

)
,
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kaj¸c r →∞, ìpou

W 2
∞ =

2(n− 1)

n SF

∫
Rn

F (ω)

K (| · |)
dx.

4. Sugkekrimèna ω(r) ≤ c r2−n, F (ω(r)) ≤ c r−2n kai∫
Rn\BR

0

|∇ω|2 dx ≤ cR2−n,

∫
Rn\BR

0

F (ω) dx ≤ c R−n,

gia k�je R > 0.

5. An h sun�rthsh F eÐnai mh-fjÐnousa sto R+ kai mh-aÔxousa sto R−

tìte h Br0
0 tautÐzetai me to sÔnolo {ω = max ω}.

4.2 Sun�rthsh Robin kai armonikì kèntro

Sthn paroÔsa par�grafo upojètoume ìti to Ω eÐnai èna fragmèno qwrÐo ston
Rn. To shmeÐo sugkèntrwshc twn akrot�twn ja qaraqthrisjeÐ me touc ìrouc
pou aforoÔn th sun�rthsh Robin, dhlad  th diag¸nio tou omaloÔ kommatioÔ
thc sun�rthshc Green gia to prìblhma Dirichlet sto qwrÐo Ω, gia ton telest 
Laplace. OrÐzoume to sÔnolo

Ux := {u : h sun�rthsh u eÐnai uperarmonik  sto Ω kai
lim inf

z→y
z∈Ω

u(z) ≥ Kx(y) gia k�je y ∈ ∂Ω}.

Gia k�je shmeÐo x ∈ Ω∪∂ Ω orÐzoume to omalì komm�ti thc sun�rthshc Green,
HΩ(x, ·) wc th lÔsh me thn ènnoia twn Perron-Wiener-Brelot tou probl matoc
Dirichlet {

∆yHΩ(x, y) = 0 , sto Ω

HΩ(x, y) = Kx(y) , sto ∂Ω

dhlad  HΩ(x, y) := infu∈Ux u(y) gia k�je x ∈ Ω ∪ ∂Ω kai y ∈ Ω.
H sun�rthsh Green tou probl matoc Dirichlet gia th Laplasian  dÐnetai

apì th sqèsh
Gx(y) = Kx(y)−HΩ(x, y).

H sun�rthsh Green, to omalì komm�ti kai to idiìmorfo komm�ti eÐnai ìlec
summetrikèc sunart seic sto Ω× Ω.
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Gia k�je x ∈ Ω∪ ∂Ω epekteÐnoume thn H(x, ·) se mia uperarmonik  sun�r-
thsh se olìklhro ton Rn wc ex c: Gia k�je y ∈ ∂Ω jètoume

H̃Ω(x, y) := lim inf
z→y
z∈Ω

HΩ(x, z)

kai H̃Ω(x, y) := Kx(y) gia k�je y ∈ Rn \ Ω̄. EpekteÐnoume t¸ra thn H̃(·, ·) se
olìklhro ton Rn × Rn jètontac H̃Ω(x, y) := Kx(y) gia k�je x ∈ Rn \ Ω̄.

Orismìc 4.1. Gia k�je x ∈ Ω ∪ ∂ Ω to omalì tm ma thc sun�rthshc Green
upologizìmeno sto shmeÐo idiomorfÐac

τΩ(x) := H̃Ω(x, x)

onom�zetai sun�rthsh Robin tou qwrÐou Ω sto shmeÐo x. H armonik  aktÐna
tou qwrÐou Ω sto shmeÐo x orÐzetai apì th sqèsh

K(r(x)) = τΩ(x),

isodÔnama r(x) :=
(
(n − 2)S(n)τΩ(x)

) 1
2−n . 'Ena shmeÐo elaqÐstou gia th su-

n�rthsh Robin (isodÔnama èna shmeÐo megÐstou gia thn armonik  aktÐna) sto
Ω ∪ ∂ Ω onom�zetai armonikì kèntro tou Ω.

Kont� sthn idiomorfÐa, h sun�rthsh Green mporeÐ na anaptuqjeÐ wc ex c:
Gx(y) = Kx(y)− τΩ(x) + O(|x− y|).

'Opwc ja doÔme parak�tw h armonik  aktÐna eÐnai mia jetik  suneq c sun�r-
thsh sto Ω. Metab�lletai omal� se omalèc metabolèc tou qwrÐou. DÐnoume
t¸ra k�poia paradeÐgmata:
H armonik  aktÐna thc mp�lac BR

0 dÐnetai apì th sqèsh
r(x) = R− |x|2

R

kai h armonik  aktÐna tou sumplhr¸matoc (BR
0 )c apì th sqèsh

r(x) =
|x|2

R
−R.

EpÐshc h armonik  aktÐna tou hmiq¸rou {x1 > 0} isoÔtai me
r(x) = 2x1.

ParathroÔme ìti to armonikì kèntro miac mp�lac eÐnai monadikì kai tautÐzetai
me to kèntro thc. EpÐshc èqei apodeiqjeÐ apì touc Cardaliaguet kai Tahraoui
[15] ìti gia opoiod pote kurtì kai fragmèno qwrÐo up�rqei mìno èna armonikì
kèntro. Sthn epìmenh prìtash parajètoume tic basikìterec idiìthtec thc
armonik c aktÐnac.
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Prìtash 4.1 (Basikèc idiìthtec thc armonik c aktÐnac).

1. (Jetikìthta) Sto eswterikì tou qwrÐou Ω h armonik  aktÐna eÐnai omal ,
jetik  sun�rthsh.

2. (MonotonÐa) An Ω ⊆ Ω̃ tìte rΩ(x) ≤ rΩ̃(x) gia k�je x ∈ Ω, ìpou rΩ, rΩ̃

eÐnai oi armonikèc aktÐnec twn qwrÐwn Ω, Ω̃, antÐstoiqa. Sugkekrimèna
èqoume r(x) ≥ d(x) := dist(x, ∂Ω).

3. (Allag  KlÐmakac) An Ω̃ = λΩ tìte r̃(λx) = λr(x).

SumbolÐzoume me BF thn kl�sh twn megistopoious¸n akolouji¸n gia thn
SF oi opoÐec apoteloÔntai apì aktinikèc sunart seic.
Je¸rhma 4.2. 'Estw ìti isqÔei h upìjesh (F) kai orÐzoume

w2
∞ :=

2(n− 1)

n SF
inf

{
lim inf

k→∞

∫
Rn

F (ωk)

K(| · |)
dx : {ωk} ∈ BF

}
.

Tìte isqÔoun ta ex c:

1. w∞ = 0 an kai mìno an up�rqei akoloujÐa sto q¸ro BF h opoÐa sugken-
tr¸netai sto 0.

2. 0 < w∞ < ∞ an kai mìno an kamÐa akoloujÐa sto q¸ro BF de sugken-
tr¸netai sto 0 kai up�rqei èna akrìtato gia thn SF .

3. w∞ = ∞ an kai mìno an k�je akoloujÐa sto q¸ro BF sugkentr¸netai
sto ∞.

Apìdeixh. 'Estw tuqaÐa akoloujÐa {ωk} ∈ BF . Gia mia upakoloujÐa ikano-
poioÔntai oi proôpojèseic tou Genikeumènou Jewr matoc enallaktikìthtac
sugkèntrwshc - sump�geiac II (Je¸rhma 2.3). Epomènwc akrib¸c mÐa apì tic
akìloujec treic prot�seic isqÔei.
(A) Sugkèntrwsh sthn arq : |∇ωk|2 dx

∗
⇀ δ0 kai F (ωk) dx

∗
⇀ SF δ0 ston

M(Ω̄), kaj¸c k →∞.

(B) Sump�geia: ωk → ω ston D1,2
0 (Rn), kaj¸c k →∞, ω eÐnai èna akrìtato

gia thn SF kai F (ωk) → F (ω) ston L1(Rn), kaj¸c k →∞.
(G) Sugkèntrwsh sto �peiro: |∇ωk|2 dx

∗
⇀ δ∞ kai F (ωk) dx

∗
⇀ SF δ∞ ston

M(Ω̄), kaj¸c k →∞.
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Den eÐnai dunatì na èqoume sugkèntrwsh se k�poio shmeÐo x1 tètoio ¸ste
x1 6= 0, x1 6= ∞. Pr�gmati, èstw x2 6= x1 tètoio ¸ste |x1| = |x2| kai
|x1 − x2| > r > 0. Tìte gia th sun�rthsh φx0 ∈ C∞

c (Rn) me

φx0(x) :=

{
e

r2

|x−x0|2−r2 , |x− x0| < r

0 , |x− x0| ≥ r,

èqoume

0 = SF

∫
Br

x2

φx2 dδx1 = lim
k→∞

∫
Rn

φx2F (ωk) dx

= lim
k→∞

∫
Rn

φx1F (ωk) dx

= SF

∫
Br

x1

φx1 dδx1 = e−1

to opoÐo eÐnai �topo.
1. An w∞ = 0 tìte up�rqei akoloujÐa {ωk} ∈ BF tètoia ¸ste∫

Rn

F (ωk)

K(| · |)
dx → 0, kaj¸c k →∞.

Ja deÐxoume ìti h akoloujÐa {ωk} sugkentr¸netai sto 0. DeÐqnoume
arqik� ìti eÐnai adÔnato na èqoume sump�geia. Ac upojèsoume gia na
katal xoume se �topo ìti èqoume sump�geia. Apì th sqèsh∫

Rn

F (ωk)

K(| · |)
dx =

∫
BR

0

F (ωk)

K(| · |)
dx +

∫
Rn\BR

0

F (ωk)

K(| · |)
dx

≥
∫

BR
0

F (ωk)

K(| · |)
dx +

1

K(R)

∫
Rn\BR

0

F (ωk) dx.

èqoume ìti
1

K(R)

∫
Rn\BR

0

F (ωk) dx ≤
∫

Rn

F (ωk)

K(| · |)
dx−

∫
BR

0

F (ωk)

K(| · |)
dx → 0,

kaj¸c k →∞, gia k�je R > 0. 'Epetai ìti limk→∞
∫

Rn\BR
0

F (ωk) dx =

0, gia k�je R > 0. 'Ara gia R → 0 èqoume ìti ∫Rn F (ωk) dx
k→∞−→ 0.

'Omwc ∫Rn F (ωk) dx
k→∞−→

∫
Rn F (ω) dx �ra 0 < SF =

∫
Rn F (ω) dx =

0, to opoÐo eÐnai �topo. Mènei na deÐxoume ìti h akoloujÐa {ωk} den
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sugkentr¸netai sto �peiro. An h akoloujÐa {ωk} sugkentr¸netai sto
∞ èpetai ìti∫

Rn

F (ωk)

K(| · |)
dx ≥ 1

K(R)

∫
Rn\BR

0

F (ωk) dx
k→∞−→ SF

K(R)
, gia k�je R > 0.

Stèlnontac to R →∞ èqoume

lim
k→∞

∫
Rn

F (ωk)

K(| · |)
dx = ∞ ,

to opoÐo eÐnai �topo. Epomènwc h akoloujÐa {ωk} sugkentr¸netai sto
0. AntÐstrofa, an up�rqei mia megistopoioÔsa akoloujÐa {ωk} ∈ BF h
opoÐa sugkentr¸netai sto 0 tìte èqoume

ω2
∞ ≤ 2(n− 1)

n SF

1

K(r)
lim inf

k→∞

∫
Br

0

F (ωk) dx

≤ 2(n− 1)

n

1

K(r)
→ 0, kaj¸c r → 0.

2. An kamÐa akoloujÐa, sto q¸ro BF , den sugkentr¸netai sto 0 tìte
apì thn perÐptwsh 1 èqoume ìti w∞ > 0 kai an up�rqei èna akrìta-
to ω gia thn SF , tìte apì to Je¸rhma 4.1 èqoume ìti w2

∞ ≤ W 2
∞ =

2 (n−1)
n SF

∫
Rn

F (ω)
K(|·|) dx < ∞. AntÐstrofa, an 0 < w∞ < ∞ tìte an k�poia

akoloujÐa sugkentr¸nontan sto 0, apì thn pr¸th perÐptwsh ja eÐqame
ìti w∞ = 0, to opoÐo antitÐjetai sthn upìjesh mac. Epiplèon an den
up�rqei akrìtato gia thn SF tìte den ja eÐqame sump�geia, sunèpeia
thc opoÐac eÐnai h Ôparxh akrot�tou gia thn SF . Tìte k�je akoloujÐa
{ωk} ∈ BF ja sugkentr¸nontan sto ∞ apì to opoÐo èpetai ìti∫

Rn

F (ωk)

K(| · |)
dx ≥ 1

K(R)

∫
Rn\BR

0

F (ωk) dx
k→∞−→ SF

K(R)
, gia k�je R > 0.

Stèlnontac to R →∞ èqoume

lim inf
k→∞

∫
Rn

F (ωk)

K(| · |)
dx = ∞,

gia k�je {ωk} ∈ BF . 'Ara w∞ = ∞, to opoÐo eÐnai �topo.
3. An k�je akoloujÐa sugkentr¸netai sto ∞, ìpwc deÐxame parap�nw

èqoume ω∞ = ∞. AntÐstrofa, èstw ω∞ = ∞. An mia akoloujÐa
sugkentr¸netai sto 0, apì thn pr¸th perÐptwsh èqoume w∞ = 0, to
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opoÐo eÐnai �topo. Epomènwc kamÐa akoloujÐa sto q¸ro BF den sugken-
tr¸netai sto 0. An èqoume sump�geia tìte h SF epidèqetai akrìtato
ω ∈ D1,2

0 (Rn) opìte apì th deÔterh perÐptwsh ja eÐqame w∞ < ∞, to
opoÐo eÐnai epÐshc �topo. 'Ara k�je akoloujÐa {ωk} ∈ BF sugkentr¸-
netai sto ∞.

Apì ta Jewr mata 4.1 kai 3.1 parathroÔme ìti sthn perÐptwsh ìpou 0 <
ω∞ < ∞ èqoume ìti ω2

∞ ≤ W 2
∞. San sunèpeia twn Jewrhm�twn 4.1 kai 4.2

èqoume to epìmeno krit rio sump�geiac.
Pìrisma 4.1. An h sun�rthsh F ikanopoieÐ th sunj kh (F ) kai

F+
∞ <

SF

S∗ , F+
0 <

SF

S∗ ,

tìte h SF epidèqetai èna aktinikì akrìtato ω, 0 < w∞ < ∞ kai ω(r)/K(r) →
w∞, kaj¸c r →∞.

GnwrÐzoume ìti se k�je sunoriakì shmeÐo to opoÐo ikanopoieÐ th sunj kh
omalìthtac Wiener, h sun�rthsh Robin teÐnei sto ∞. Epomènwc k�je frag-
mèno qwrÐo Ω me omalì sÔnoro, èqei toul�qiston èna armonikì kèntro sto
Ω. Sthn akìloujh prìtash ja apodeÐxoume ìti h sun�rthsh Robin eÐnai k�tw
hmisuneq c sto Ω ∪ ∂ Ω. Apì thn k�tw hmisunèqeia thc τΩ, èpetai ìti k�je
fragmèno qwrÐo, qwrÐc aparaÐthta na èqei omalì sÔnoro, èqei toul�qiston
èna armonikì kèntro.

Gia k�je x0 ∈ ∂Ω sumbolÐzoume me Ωρ(x0) to sÔnolo Ω∪Bρ
x0
. EpÐshc gia

k�je x ∈ Ω ∪ ∂ Ω sumbolÐzoume me HΩρ(x0)(x, ·) th lÔsh me thn ènnoia twn
Perron-Wiener-Brelot tou probl matoc{

∆yHΩρ(x0)(x, y) = 0 , sto Ωρ(x0)

HΩρ(x0)(x, y) = Kx(y) , sto ∂Ωρ(x0).
(4.1)

SumbolÐzoume thn epèktash thc HΩρ(x0) se ìlo to Rn × Rn me H̃Ωρ(x0) kai me
τΩρ(x0) thn antÐstoiqh sun�rthsh Robin.

Prìtash 4.2. 'Estw x0 ∈ ∂ Ω. Tìte gia k�je x, y ∈ Rn, h sun�rthsh
H̃Ωρ(x0)(x, y) aux�nei proc thn H̃Ω(x, y) kaj¸c to ρ fjÐnei sto 0.

Sugkekrimèna h τΩρ(x0)(x) sugklÐnei auxanìmenh sto τΩ(x) kaj¸c ρ → 0,
gia k�je x ∈ Ω∪ ∂ Ω kai h sun�rthsh τΩ eÐnai k�tw hmisuneq c sto Ω∪ ∂ Ω.

53



4.2. SUN�ARTHSH ROBIN KAI ARMONIK�O K�ENTRO

Apìdeixh. 'Estw x0 ∈ ∂Ω, x ∈ Ω∪ ∂ Ω, ρ2 > ρ1 > 0 kai HΩρ2
, HΩρ1

oi lÔseic
tou probl matoc (4.1) gia ρ = ρ1 kai ρ = ρ2, antÐstoiqa.

HΩρ2
(x, y) ≤ Kx(y) ≤ lim inf

z→y
z∈Ωρ1

HΩρ1
(x, y) = HΩρ1

(x, y).

Epomènwc aux�nei shmeiak� sto Ω proc th lÔsh, me thn ènnoia twn Perron-
Wiener-Brelot , tou probl matoc Dirichlet me sunoriakèc timèc oi opoÐec tau-
tÐzontai me thn Kx(y) toul�qiston sto sÔnolo ∂Ω \ (Z ∪ {x0}), ìpou to
sÔnolo Z eÐnai to sÔnolo twn idiìmorfwn shmeÐwn tou ∂Ω. Efìson to Z èqei
mhdenik  qwrhtikìthta, èqoume ìti h HΩρ(x0)(x, y) sugklÐnei sthn HΩ(x, y),
kaj¸c ρ → 0, gia k�je x ∈ Ω ∪ ∂ Ω kai y ∈ Ω.

Sugkekrimèna h τΩρ(x0)(x) sugklÐnei sthn τΩ(x), kaj¸c ρ → 0, gia k�je
x ∈ Ω ∪ ∂ Ω. H sun�rthsh τΩ eÐnai suneq c sto Ω. 'Estw t¸ra x0 ∈ ∂Ω kai
xj ∈ Rn tètoia ¸ste xj

j→∞−→ x0. Apì thn k�tw hmisunèqeia twn sunart sewn
τΩρ(x0) sto x0 èqoume ìti

lim inf
j→∞

τΩ(xj) ≥ lim inf
j→∞

τΩρ(x0)(xj) ≥ τΩρ(x0)(x0)
ρ→0−→ τΩ(x0).

'Epetai ìti h sun�rthsh Robin τΩ eÐnai k�tw hmisuneq c sto Ω ∪ ∂ Ω.

Prìtash 4.3. Gia k�je y ∈ Rn h sun�rthsh x 7→ H̃Ω(x, y) eÐnai uperarmoni-
k  ston Rn. Epiplèon h sun�rthsh (x, y) 7→ H̃Ω(x, y) eÐnai k�tw hmisuneq c
ston Rn × Rn.

Apìdeixh. 'Estw y ∈ Rn. Gia na deÐxoume h sun�rthsh H̃Ω(·, y) ìti eÐnai
uperarmonik  arkeÐ na deÐxoume ìti èinai k�tw hmisuneq c kai

H̃Ω(x, y) ≥ −
∫

Bs
x

H̃Ω(t, y)dt, (4.2)

gia k�je x ∈ Rn kai s > 0.
An y ∈ Rn \ Ω̄ tìte H̃Ω(x, y) = Kx(y) gia k�je x ∈ Rn h opoÐa eÐnai

uperarmonik .
An y ∈ Ω kai x ∈ Rn \ Ω̄   x ∈ Ω, tìte h H̃Ω(x, y) isoÔtai me Kx(y) kai

HΩ(x, y) antÐstoiqa, oi opoÐec eÐnai uperarmonikèc sunart seic.
Ja elègxoume t¸ra thn uperarmonikìthta thc H̃Ω( · , y0) stic upìloipec

peript¸seic. An y ∈ ∂Ω kai x ∈ Rn \ Ω̄ tìte H̃Ω(x, y) = Kx(y) kai h
H̃Ω( · , y) eÐnai k�tw hmisuneq c sto x. StajeropoioÔme x0, y0 ∈ Ω∪∂ Ω, ìpou
toul�qiston èna apì ta x0, y0 an kei sto ∂Ω, kai ac apodeÐxoume arqik� ìti h
H̃Ω( · , y0) eÐnai k�tw hmisuneq c sto x0. 'Estw x ∈ Rn kai Hρ,r(x, ·) h PWB
lÔsh tou probl matoc
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{
∆yHρ,r(x, y) = 0 , sto Ω ∪Bρ

x0
∪Br

y0
,

Hρ,r(x, y) = Kx(y) , sto ∂
(
Ω ∪Bρ

x0
∪Br

y0

)
.

Apomènei na deÐxoume th sunj kh (4.2) gia k�je x0, y0 ∈ Ω ∪ ∂ Ω kai
toul�qiston èna apo ta x0, y0 an kei sto ∂Ω.

H̃ρ,r(x0, y0) = H̃ρ,r(y0, x0) ≥ −
∫

Bs
x0

H̃ρ,r(y0, t)dt

= −
∫

Bs
x0
\Z

H̃ρ,r(y0, t)dt

= −
∫

Bs
x0

H̃ρ,r(t, y0)dt.

Gia na apodeÐxoume t¸ra thn k�tw hmisunèqeia thc H̃Ω sto (x, y), apì thn
uperarmonikìthta thc H̃Ω sto (x, y) èqoume

lim inf
t→x z→y

t,z ∈Ω

H̃Ω(t, z) ≥ lim inf
t→x
z→y

−
∫

Bs(t)

−
∫

Bl(z)

H̃Ω(ξ, η)dξdη

= lim
t→x
z→y

−
∫

Bs(t)

−
∫

Bl(z)

H̃Ω(ξ, η)dξdη

= −
∫

Bs(x)

−
∫

Bl(y)

H̃Ω(ξ, η)dξdη.

Epomènwc èqoume

lim inf
t→x z→y

t,z ∈Ω

H̃Ω(t, z) ≥ sup
s,l∈R+

−
∫

Bs(x)

−
∫

Bl(y)

H̃Ω(ξ, η)dξdη = H̃Ω(x, y).

L mma 4.1. Gia stajerì x ∈ Ω h sun�rthsh Green Gx ikanopoieÐ ta ex c:

1. Gia k�je t > 0 isqÔei ∫
{Gx<t}

|∇Gx|2 dx = t,∫
∂{Gx>t}

|∇Gx| dx = 1.
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2. Kaj¸c t → ∞ èqoume Br−
x ⊂ {Gx > t} ⊂ Br+

x me r± = r ± O(rn) kai
to r orÐzetai apì th sqèsh t = K(r)− τΩ(x).

Apìdeixh. H sun�rthsh Gx ∧ t an kei ston D1,2
0 (Ω) kai eÐnai tautotik� Ðsh

me t se mÐa perioq  tou x. Me èna proseggistikì epiqeÐrhma mporoÔme na
p�roume thn Gx ∧ t san sun�rthsh dokim c gia thn isìthta −∆Gx = δx, apì
to opoÐo èpetai h pr¸th isìthta. Oloklhr¸nontac kat� mèrh sthn pr¸th
isìthta, èpetai h deÔterh isìthta.

O deÔteroc isqurismìc èpetai apì thn ektÐmhsh Gx(y) = Kx(y)− τΩ(x) +
O(|x− y|), kaj¸c x → y.

Prìtash 4.4. 'Estw Ω∗ h mp�la me aktÐna RΩ kai kèntro to 0, tètoia ¸ste
|Ω∗| = |Ω|. Tìte r(x) ≤ RΩ gia k�je x ∈ Ω ∪ ∂ Ω.

Apìdeixh. Gia x ∈ Ω h apìdeixh èqei gÐnei sto [3], Pìrisma 14. An x ∈ ∂Ω
efarm¸zoume to prohgoÔmeno apotèlesma gia to sÔnolo Ωρ = Ω ∪ ∂Bρ

x kai
èqoume rΩρ(x) ≤ RΩρ gia k�je ρ > 0, ìpou rΩρ(x) eÐnai h armonik  aktÐna tou
Ωρ sto shmeÐo x. Epomènwc K(rΩρ(x)) ≥ K(RΩρ), dhlad  τΩρ(x) ≥ K(RΩρ).Kaj¸c ρ → 0 h aktÐna RΩρ sugklÐnei sthn RΩ kai apì thn Prìtash 4.2
èqoume ìti h τΩρ(x) sugklÐnei sthn τΩ(x). 'Etsi èqoume ìti τΩ(x) ≥ K(RΩ) ⇒
K(r(x)) ≥ K(RΩ) ⇒ r(x) ≤ RΩ.

Me b�sh thn prohgoÔmenh prìtash mporoÔme na broÔme mia ektÐmhsh gia
ta sÔnola st�jmhc thc sun�rthshc Green.
Prìtash 4.5. 'Estw x ∈ Rn, t > 0 kai r > 0. MetaxÔ ìlwn twn qwrÐwn Ω,
ta opoÐa perièqoun to x, tètoia ¸ste rΩ(x) = r, h posìthta∫

∂{Gx>t}

1

|∇Gx|
,

elaqistopoieÐtai ìtan Ω = Br
x.

Apìdeixh. Jètoume Ωt
x := {y : Gx(y) > t}. Apì thn anisìthta Cauchy-

Schwarz kai to L mma 4.1, èqoume ìti∫
∂Ωt

x

1 dx ≤
(∫

∂Ωt
x

|∇Gx| dx

) 1
2
(∫

∂Ωt
x

1

|∇Gx|
dx

) 1
2

=

(∫
∂Ωt

x

1

|∇Gx|
dx

) 1
2

.

Apì thn isoperimetrik  anosìthta, h opoÐa sundèei ton ìgko kai to embadì,
me bèltisth stajer� cn, èqoume ìti |∂Ωt

x| ≥ cn |Ωt
x|

n−1
n . 'Epetai ìti∫

∂Ωt
x

1

|∇Gx|
dx ≥ |∂Ωt

x|2 ≥ cn |Ωt
x|

2(n−1)
n .
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Apì thn Prìtash 4.4 èqoume ìti
|Ω| ≥ |Br(x)

0 | = |{r > 0 : K(r) ≥ τΩ(x)}|, gia k�je x ∈ Ω̄. (4.3)
Sthn perÐptwsh ìpou τΩ(x) < +∞ èqoume ìti x ∈ Ωt

x := {y : Gx(y) >
t}, t > 0. Efarm¸zontac thn (4.3) gia to sÔnolo Ωt

x kai lamb�nontac upìyin
ìti GΩt

x,x = Gx − t ⇒ τΩt
x
(x) = t + τΩ(x) èqoume ìti

|{Gx > t}| ≥ |{K > t + τΩ(x)}|. (4.4)
Sthn perÐptwsh ìpou to qwrÐo Ω eÐnai mp�la, ìlec o parap�nw anisìthtec
eÐnai isìthtec, apì tic opoÐec èpetai o isqurismìc.

L mma 4.2. 'Estw {Ak} mia akoloujÐa sumpag¸n uposunìlwn tou Rn tètoia
¸ste |Ak| = |B1

0 | kai capRn(Ak) → capRn(B1
0) kaj¸c k → ∞. Tìte up�rqei

mia akoloujÐa {xkm} tètoia ¸ste |Akm − xkm M B1
0 | → 0, kaj¸c m → ∞.

Epiplèon an oi sunart seic uk kai u eÐnai to dunamikì qwrhtikìthtac twn Ak

kai B1
0 antÐstoiqa, tìte h akoloujÐa {ukm(xkm + ·)} sugklÐnei sthn u isqur�

ston D1,2(Rn).

Apìdeixh. 'Eqoume ìti ‖∇uk‖2
2 = capRn(Ak) ≤ M ∈ R+ kai apì thn au-

top�jeia tou q¸rou D1,2
0 (Rn) èpetai ìti up�rqei upakoloujÐa {ukl

} h opoÐa
sugklÐnei asjen¸c ston D1,2

0 (Rn). Jètoume

F (t) :=

{
0 , t < 1

1 , t ≥ 1.

Ja efarm¸soume to L mma 3.1 gia ta mètra σk := F (uk) dy, apodeiknÔon-
tac ìti èqoume sump�geia, me thn ènnoia tou L mmatoc. Apì thn upìjesh
èqoume ìti σk(Rn) = |Ak| = |B1

0 |, gia k�je k ∈ N. Ja apokleÐsoume arqik�
thn perÐptwsh tou diaqwrismoÔ. QwrÐc bl�bh thc genikìthtac mporoÔme na
upojèsoume ìti xk = 0. Ac upojèsoume, gia na katal xoume se �topo, ìti
up�rqoun S1, S2 > 0 me S1 + S2 = |B1

0 | ètsi ¸ste gia k�je δ > 0 up�rqei mia
aktÐna r, tètoia ¸ste

S1 − δ ≤
∫

Br
0

F (uk) dx,

S2 − δ ≤
∫

Rn\BR
0

F (uk) dx,

gia k�je R > r kai k arket� meg�lo. Gia k�je δ′ > 0 apì th genikeumènh
topik  anisìthta Sobolev (Pìrisma 2.1) up�rqoun dÔo aktÐnec R, ρ tètoiec
¸ste R > ρ > r, r/ρ ≤ k(δ′), ρ/R ≤ k(δ′) kai
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S1 − δ ≤
∫

Br
0

F (uk) dx ≤ SF

(∫
Bρ

0

|∇uk|2 dx + δ′capRn(Ak)

) n
n−2

,

S2 − δ ≤
∫

Rn\BR
0

F (uk) dx ≤ SF

(∫
Rn\Bρ

0

|∇uk|2 dx + δ′capRn(Ak)

) n
n−2

.

Prosjètontac tic dÔo anisìthtec èqoume(
S1 − δ

SF

)n−2
n

+

(
S2 − δ

SF

)n−2
n

≤ (1 + 2δ′) capRn(Ak)
k→∞−→ (1 + 2δ′) capRn(B1

0).

'Eqoume ìmwc ìti SF (capRn(B1
0))

n
n−2 = |B1

0 |, epomènwc h parap�nw ektÐmhsh
gÐnetai (

S1 − δ

|B1
0 |

)n−2
n

+

(
S2 − δ

|B1
0 |

)n−2
n

≤ (1 + 2δ′) ,

to opoÐo eÐnai �topo gia δ, δ′ arket� mikr�. Apì to gegonìc ìti |{uk ≥ 1}| =
|Ak| = |B1

0 | èpetai �mesa o apokleismìc thc exasjènishc (me thn ènnoia tou
L mmatoc 3.1). 'Epetai, wc proc mia upakoloujÐa, ìti up�rqei mia akoloujÐa
shmeÐwn xk ∈ Rn tètoia ¸ste ta mètra F (uk) dy na eÐnai sumpag  me thn ènnoia
tou L mmatoc 3.1. 'Eqoume epÐshc ìti

1

capRn(Ak)
n

n−2

∫
Rn

F (uk) dx =
|Ak|

capRn(Ak)
n

n−2

→ SF , kaj¸c k →∞,

dhlad  h (uk) eÐnai mia megistopoioÔsa akoloujÐa gia to sunarthsiakì ìgkou.
SumperaÐnoume ìti wc proc mia upakoloujÐa h (uk) ikanopoieÐ to genikeumèno
je¸rhma sugkèntrwshc - sump�geiac. H sump�geia me thn ènnoia tou l mma-
toc apokleÐei th sugkèntrwsh sto �peiro. H sugkèntrwsh se peperasmèno
shmeÐo apokleÐetai apì to gegonìc ìti |Ak| = |B1

0 |. Epomènwc, apì to Ge-
nikeumèno Je¸rhma enallaktikìthtac - sump�geiac, h akoloujÐa (uk (xk + ·))
sugklÐnei ston D1,2

0 (Rn) se mia sun�rthsh u ∈ D1,2
0 (Rn), toul�qiston wc

proc mÐa upakoloujÐa. Apì thn suneq  emfÔteush tou q¸rou D1,2
0 (Rn) ston

L2∗(Rn) èpetai ìti h akoloujÐa (uk(xk + ·)) sugklÐnei ston L2∗(Rn) sthn u kai
�ra up�rqei upakoloujÐa h opoÐa sugklÐnei kat� shmeÐo sthn u, σ.π. ston Rn.
'Epetai ìti |{u > 1−η}| ≥ lim infk→∞ |{uk ≥ 1}| = |B1

0 | gia k�je η > 0. Efì-
son capRn(Ak) = ‖∇uk‖2

2
k→∞−→ ‖∇u‖2

2 èqoume ìti ∫Rn |∇u|2 dx = capRn(B1
0),sunep¸c to sÔnolo {u ≥ 1} eÐnai mia mp�la aktÐnac 1 kai h sun�rthsh u

eÐnai to dunamikì qwrhtikìthtac aut c thc mp�lac. Epiplèon mporoÔme na
epilèxoume ta shmeÐa xk ètsi ¸ste {u ≥ 1} = B1

0 .
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KEF�ALAIO 4. QARAKTHRISM�OS TWN SHME�IWN SUGK�ENTRWSHS

Apì thn isoperimetrik  anisìthta gia thn qwrhtikìthta, gnwrÐzoume ìti
metaxÔ ìlwn twn sunìlwn, ta opoÐa èqoun ton Ðdio ìgko, h mp�la èqei thn mi-
krìterh qwrhtikìthta wc proc ton Rn. Sunèpeia tou prohgoÔmenou l mmatoc
eÐnai h akìloujh prìtash h opoÐa ousiastik� dhl¸nei ìti e�n h qwrhtikìthta
enìc sunìlou proseggÐzei thn qwrhtikìthta thc summetrikopoÐhshc tou, tìte
to sÔnolo eÐnai sqedìn mia mp�la.
Prìtash 4.6. Up�rqei sun�rthsh ω : R+ → R+, me limδ→0+ ω(δ) = 0 me
thn epìmenh idiìthta. 'Estw A èna uposÔnolo tou Rn me mh mhdenikì mètro
kai orÐzoume ρ > 0 tètoio ¸ste |A| = |Bρ

0 |. Upojètoume ìti

capRn(A)

capRn(Bρ
0)
≤ 1 + δ.

Tìte up�rqei y ∈ Rn tètoio ¸ste

|A4Bρ
y |

|Bρ
y |

≤ ω(δ).

Apìdeixh. EÐnai arketì na apodeÐxoume ton isqurismì gia ρ = 1 diìti tìte to
apotèlesma ja isqÔei gia k�je ρ > 0. Pr�gmati, e�n gia èna sÔnolo A èqoume
ìti |A| = |Bρ

0 | kai
capRn(A)

capRn(Bρ
0)
≤ 1 + δ,

èpetai ìti
capRn(1

ρ
A)

capRn(B1
0)

=
capRn(A)

capRn(Bρ
0)
≤ 1 + δ.

Epomènwc up�rqei y ∈ Rn tètoio ¸ste
|A4Bρ

y |
|Bρ

y |
=
|1
ρ
A4B1

y |
|B1

y |
≤ ω(δ).

Ac upojèsoume gia na katal xoume se antÐfash ìti den isqÔei h prìtash.
Epilègoume sunart seic ωk : R+ → R+, k ∈ N, tètoiec ¸ste limδ→0+ ωk(δ) =
0 kai akoloujÐa shmeÐwn {δk}∞k=1 ⊂ R tètoia ¸ste δk → 0, kaj¸c k → ∞
kai inf{ωk(δk), k ∈ N} ≥ ω > 0. Gia par�deigma epilègoume ωk(δ) = k

√
δ kai

δk = γk, γ < 1. Efìson oi sunart seic ωk den ikanopoioÔn ton isqurismì thc
prìtashc, mporoÔme na broÔme sÔnola Ak gia ta opoÐa, gia k�je k ∈ N, isqÔei
ìti |Ak| = |B1

0 |,
capRn(Ak)

capRn(B1
0)
≤ 1 + δk,
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kai epiplèon
|Ak 4B1

y |
|B1

y |
> ωk(δk) ≥ ω > 0,

gia k�je y ∈ Rn. 'Eqoume loipìn ìti capRn(Ak) → capRn(B1
0) kai apì to L m-

ma 4.2 èpetai ìti up�rqoun yk ∈ Rn tètoia ¸ste ∣∣Ak M B1
yk

∣∣ = |Ak − yk M B1
0 | →

0, kaj¸c k →∞, to opoÐo eÐnai �topo.
L mma 4.3 (Asumptwtikì an�ptugma thc qwrhtikìthtac). Upojètou-
me ìti Ω eÐnai èna anoiqtì uposÔnolo tou Rn.

(i) 'Estw x0 ∈ Ω∪∂ Ω kai èstw Ak mia akoloujÐa uposunìlwn tou Ω tètoia
¸ste |Ak| > 0 kai

1

|Ak|
XAk

dx
∗
⇀ δx0 , ston M(Ω̄), kaj¸c k →∞.

Tìte

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ τΩ(x0). (4.5)

(ii) 'Estw t¸ra ìti to Ω eÐnai fragmèno kai Ak ⊆ Ω, me |Ak| > 0 kai
|Ak| → 0. Tìte

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ min

Ω
τΩ.

Apìdeixh. (i) Ja apodeÐxoume arqik� thn (4.5) sthn perÐptwsh ìpou x0 ∈
Ω. Me èna proseggistikì epiqeÐrhma eÐnai arketì na upojèsoume ìti
ta sÔnola Ak eÐnai sumpag . Epiplèon mporoÔme na upojèsoume ìti to
lim inf sthn (4.5) eÐnai lim, efìson eÐnai to ìrio k�poiac upakoloujÐac.
Apì thn upìjesh thc sugkèntrwshc èpetai ìti |Ak| → 0, kaj¸c k →∞.
Pr�gmati epilègontac mia sun�rthsh f ∈ Cc(B

ε
x0

), Bε
x0
⊂ Ω, tètoia

¸ste f(x0) = 1 kai f ≤ 1, èqoume ìti

1 ≥ lim inf
k→∞

1

|Ak|

∫
Bε

x0
∩Ak

1 dx ≥ lim
k→∞

1

|Ak|

∫
Ω

XAk
f dx = f(x0) = 1.

Epomènwc èqoume ìti limk→∞ |Ak| ≤ lim infk→∞ |Bε
x0
∩ Ak|

ε→0−→ 0. EpÐ-
shc mporoÔme na upojèsoume ìti

lim sup
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
< ∞, (4.6)
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diaforetik� to sumpèrasma èpetai �mesa. 'Estw rk > 0, k ∈ N, tètoia
¸ste |Ak| = |Brk

0 |. Efìson |A∗
k| = |Brk

0 | → 0, kaj¸c k → ∞, èqoume
ìti capRn(A∗

k) = 1
K(rk)

→ 0, kaj¸c k → ∞. Epomènwc apì thn (4.6)
èqoume ìti limk→∞ capΩ(Ak) = 0 kai

0 ≤ lim sup
k→∞

capΩ(Ak)

capRn(A∗
k)
− 1

= lim sup
k→∞

capΩ(Ak)

(
1

capRn(A∗
k)
− 1

capΩ(Ak)

)
= 0.

'Epetai ìti
lim
k→∞

capΩ(Ak)

capRn(A∗
k)

= 1. (4.7)

Epomènwc apì tic sqèseic capRn(Ak) ≤ capΩ(Ak) kai capRn(A∗
k) ≤

capRn(Ak) èqoume ìti

1 = lim
k→∞

capΩ(Ak)

capRn(A∗
k)
≥ lim sup

k→∞

capRn(Ak)

capRn(A∗
k)
≥ 1,

apì thn opoÐa èpetai ìti

lim
k→∞

capRn(Ak)

capRn(A∗
k)

= 1. (4.8)

Gia ta sÔnola
(
|B1

0 |
|Ak|

) 1
n

Ak èqoume ìti
∣∣∣∣( |B1

0 |
|Ak|

) 1
n

Ak

∣∣∣∣ = |B1
0 |. Epiplèon apì

ton tÔpo gia ton ìgko kai th qwrhtikìthta thc mp�lac A∗
k wc proc ton

Rn èqoume ìti
|Ak| = |A∗

k| = (n(n− 2))
n

2−n |B1
0 |

2
2−n cap

n
n−2

Rn (A∗
k).

Lamb�nontac upìyin kai thn (4.8), èqoume ìti

capRn

((
|B1

0 |
|Ak|

) 1
n

Ak

)
=

|B1
0 |

|Ak|

n−2
n

capRn(Ak)

=
1

K(1)

capRn(Ak)

capRn(A∗
k)

k→∞−→ capRn(B1
0).

Epomènwc ta sÔnola
(
|B1

0 |
|Ak|

) 1
n

Ak ikanopoioÔn tic proôpojèseic tou L m-
matoc 4.2, apì to opoÐo èpetai ìti ta sÔnola aut� asumptwtik� teÐnoun na

61



4.2. SUN�ARTHSH ROBIN KAI ARMONIK�O K�ENTRO

gÐnoun mp�lec kai ta antÐstoiqa dunamik� qwrhtikìthtac uk sugklÐnoun
isqur� ston D1,2

0 (Rn), met� apì kat�llhlec metajèseic. SumbolÐzon-
tac me uk to dunamikì qwrhtikìthtac tou sunìlou Ak sumperaÐnoume ìti
up�rqei shmeÐo x̄ ∈ Ω̄ tètoio ¸ste

|∇uk|2

capΩ(Ak)
dx

∗
⇀ δx̄. (4.9)

Efìson ta sÔnola Ak sugkentr¸nontai sto shmeÐo x0 èqoume ìti x = x0.
Ja deÐxoume t¸ra ìti oi sunart seic

υk :=
uk

capΩ(Ak)

sugklÐnoun sth sun�rthsh Green. 'Estw µk h katanom  qwrhtikìthtac
tou Ak dhlad  èna mh arnhtikì mètro Radon me forèa sto Ak tètoio
¸ste −∆uk = µk me thn ènnoia tou H−1(Ω). Sugkekrimèna èqoume∫

Ak

φdµk =

∫
Ω

∇uk∇φ dx, (4.10)

gia k�je sun�rthsh elègqou φ ∈ D1,2
0 (Ω). Ja deÐxoume ìti ta mè-

tra λk := µk/capΩ(Ak) sugklÐnoun sto δx0 sthn asjen  -∗ topologÐ-
a. Epilègontac gia sun�rthsh elègqou sthn ∆υk = λk th sun�rthsh
φuk ∈ D1,2

0 (Ω), ìpou φ ∈ C∞
0 (Ω), èqoume∫

Ak

φuk dλk =

∫
Ak

φ dλk

=

∫
Ω

φ
|∇uk|2

capΩ(Ak)
dx +

∫
Ω

∇φ
uk∇uk

capΩ(Ak)
dx. (4.11)

O pr¸toc ìroc sto parap�nw �jroisma, apì thn (4.9), sugklÐnei sto
φ(x0). Gia to deÔtero ìro, apì thn anisìthta Hölder èqoume ìti gia
k�je ρ > 0∫

Ω

∇φ
uk∇uk

capΩ(Ak)
dx ≤(∫

Ω\Bρ
x0

|∇uk|2

capΩ(Ak)
dx

) 1
2
(∫

Ω\Bρ
x0

u2∗

k

capΩ(Ak)
2∗
2

dx

) 1
2∗

×

×

(∫
Ω\Bρ

x0

|∇φ|n dx

) 1
n

+ Cρ.
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'Eqoume ìmwc ìti∫
Ω\Bρ

x0

|∇uk|2

capΩ(Ak)
dx → 0 kaj¸c k →∞,

epomènwc, gia ρ → 0, èqoume ìti∫
Ω

∇φ
uk∇uk

capΩ(Ak)
dx → 0 kaj¸c k →∞.

Telik� apì thn (4.11) èqoume ìti λk
∗
⇀ δx0 . 'Opwc èqoume anafèrei autìshmaÐnei ìti h akoloujÐa (υk) sugklÐnei isqur� ston W 1,p

loc (Ω) gia k�je
p < n

n−1
sthn sun�rthsh Green Gx0 , dhlad  sth lÔsh me thn ènnoia tou

Stampacchia tou probl matoc −∆Gx0 = δx0 . Epiplèon gia k�je t > 0
èqoume ìti ∫

Ω
|∇(υk ∧ t)|2 =

∫
{υk<t} |∇υk|2 ≤ t. Apì thn prìtash 4.1

(1) èpetai ìti h akoloujÐa (υk ∧ t) sugklÐnei isqur� sthn Gx0 ∧ t ston
D1,2

0 (Ω).
Ja deÐxoume t¸ra ìti

lim
k→∞

capRn({υk > t}) = capRn({Gx0 > t}) (4.12)

gia t ∈ R σ.π. Gia δ > 0 jètoume Dδ
k = {|υk ∧ 2t − Gx0 ∧ 2t| > δ}.

'Eqoume ìti

capRn(Dδ
k) ≤ C

‖∇(υk ∧ 2t)−∇(Gx0 ∧ 2t)‖2
2

δ2

k→∞−→ 0.

Efìson {υk > t} ⊆ {Gx0 > t − δ} ∪ Dδ
k kai {υk > t} ∪ Dδ

k ⊇ {Gx0 >
t + δ}, èpetai ìti

capRn({Gx0 > t + δ})− capRn(Dδ
k) ≤ capRn({υk > t})

≤ capRn({Gx0 > t− δ})
+capRn(Dδ

k).

To sumpèrasma èpetai stèlnontac ta k → ∞ kai δ → 0, efìson h
sun�rthsh t 7→ capRn({Gx0 > t}) eÐnai suneq c σ.π sto R.

'Estw t¸ra s > 0 tètoio ¸ste s capΩ(Ak) < 1. OrÐzoume ta sÔnola
Bk := {υk > s} = {uk > s capΩ(Ak)}. 'Eqoume capΩ(Ak) → 0, kaj¸c
k → ∞. Epomènwc up�rqei ks > 0 tètoio ¸ste s capΩ(Ak) < 1 gia
k�je k ≥ ks, dhlad  Ak ⊆ Bk gia k�je k ≥ ks. Efìson ta sÔnola Bk
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eÐnai sÔnola st�jmhc twn dunamik¸n qwrhtikìthtac twn sunìlwn Ak

gia k ≥ ks, èqoume
1

capΩ(Ak)
=

1

capBk
(Ak)

+
1

capΩ(Bk)
.

Epiplèon èqoume ìti
1

capRn(A∗
k)
≥ 1

capRn(Ak)
≥ 1

capBk
(Ak)

+
1

capRn(Bk)
.

Afair¸ntac tic parap�nw sqèseic èqoume
1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ 1

capRn(Bk)
− 1

capΩ(Bk)

=
1

capRn(Bk)
− s.

Epomènwc apì th sqèsh (4.12) èqoume

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ 1

capRn({Gx0 > s})
− s. (4.13)

gia σ.π s ∈ R. Apì thn prìtash 4.1(2) èqoume ìti {Gx0 > s} ⊆ Br+

x0ìpou r+ = r + O(rn) kai to r orÐzetai apì th sqèsh

s = K(r)− τΩ(x0) ⇒ r =
(
(n− 2)S(n) (s + τΩ(x0))

) 1
2−n .

Epomènwc èqoume
1

capRn({Gx0 > s})
≥ 1

capRn(Br+

x0
)

= K
(
r + O(rn)

)
≥

(
s + τΩ(x0)

)(
1 + O

(
s

n−1
2−n

))
= s + τΩ(x0) + O

(
s

1
2−n

)
,

kaj¸c s →∞. Apì thn (4.13) kaj¸c s →∞ èpetai ìti

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ τΩ(x0).
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An x0 ∈ ∂Ω, efarm¸zontac to prohgoÔmeno epiqeÐrhma gia ta sÔnola
Ωρ(x0) = Ω ∪Bρ(x0), gia ρ > 0, èqoume ìti

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩρ(x0)(Ak)
≥ τΩρ(x0)(x0).

Efìson Ω ⊂ Ωρ(x0) èqoume ìti capΩρ(x0)(Ak) ≤ capΩ(Ak) kai apì thn
Prìtash 4.2 èqoume ìti limρ→0 τΩρ(x0) = τΩ(x0). 'Epetai ìti

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ lim inf

k→∞

1

capRn(A∗
k)
− 1

capΩρ(x0)(Ak)

≥ τΩρ(x0)(x0)
ρ→0−→ τΩ(x0).

(ii) IsqÔei h (4.9), epomènwc epiqeirhmatolog¸ntac ìpwc sthn perÐptwsh
(ii), gia x̄ ∈ Ω̄, èqoume ìti

lim inf
k→∞

1

capRn(A∗
k)
− 1

capΩ(Ak)
≥ τΩ(x̄) ≥ min

Ω̄
τΩ.

4.3 Asumptwtikì an�ptugma thc bèltisthc

stajer�c

Prin diatup¸soume kai apodeÐxoume to basikì je¸rhma thc paroÔsac paragr�-
fou apodeiknÔoume k�poiec ektim seic gia to rujmì exasjènishc twn aktinik¸n
akrot�twn. Oi ektim seic autèc perigr�fontai sto epìmeno l mma kai èqoun
ousiastik  efarmog  sto je¸rhma to opoÐo akoloujeÐ. SumbolÐzoume me D1,2

∗to sÔnolo ìlwn twn jetik¸n sunart sewn u sto q¸ro D1,2
0 (Rn) oi opoÐec eÐ-

nai aktinik� summetrikèc kai fjÐnousec. Ja upojèsoume gia lìgouc aplìthtac
ìti h anisìthta (1.1) ikanopoieÐtai gia α = 1.

L mma 4.4 (Ektim seic rujmoÔ exasjènishc gia ta aktinik� akrìtata
qamhl c enèrgeiac). 'Estw stajer� c > 0. Up�rqoun stajerèc c0, γ0 me
0 < γ0 < 1 kai ε0 oi opoÐec exart¸ntai mìno apì th di�stash n, thn SF kai th
stajer� c me tic akìloujec idiìthtec:

An isqÔei h upìjesh (F ) (gia α = 1) kai 0 < ε < ε0 kai an h sun�rthsh
u ∈ D1,2

∗ ikanopoieÐ thn anisìthta∫
Rn

F (u) dx ≥
(
SF − c ε2

)
‖∇u‖2∗

2 , (4.14)
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tìte up�rqoun ρ > 0 kai u∞ > 0 tètoia ¸ste

u(r) ≤ c0ρ
n−2

2 ‖∇u‖2 K(r) (4.15)
gia 1 ≤ r

ρ
≤ ε−

2
n−2 ,∫

Rn\Br
0

|∇u|2 dx ≤ c0ρ
n−2‖∇u‖2

2 K(r) (4.16)

gia 1 ≤ r

ρ
≤ ε−

2
n−2 ,∫

Rn\Br
0

|u|2∗ dx ≤ S∗c
2∗
2

0 ρn‖∇u‖2∗

2 K(r)
2∗
2 (4.17)

gia 1 ≤ r

ρ
≤ ε−

2
n−2 ,

|u(r)− u∞K(r)| ≤ c0ρ
n−2

2 ‖∇u‖2 K(r)

(
ρ

r
+ ε

(
r

ρ

)n−2
2

)
(4.18)

gia 1 ≤ r

ρ
≤ ε−

2
n−2 ,

kai to ρ qaraqthrÐzetai wc h mègisth aktÐna h opoÐa ikanopoieÐ th sunj kh∫
Rn\Bρ

0

|∇u|2 dx = γ0‖∇u‖2
2. (4.19)

Epiplèon èqoume

c−1
0 ≤ u∞

ρ
n−2

2 ‖∇u‖2

≤ c0. (4.20)

Apìdeixh. EÐnai arketì na apodeÐxoume ton isqurismì upojètontac ìti ρ = 1
kai ‖∇u‖2 = 1. Pr�gmati, èstw ìti h sun�rthsh u ikanopoieÐ thn upìjesh
(4.14) kai ρ > 0 eÐnai h mègisth aktÐna h opoÐa ikanopoieÐ th sunj kh (4.19).
Tìte gia thn uρ(y) = u(ρy) èqoume∫

Rn

F (uρ) dx =
1

ρn

∫
Rn

F (u) dx

≥
(
SF − c ε2

) ‖∇u‖2∗
2

ρn

=
(
SF − c ε2

)
‖∇uρ‖2∗

2 ,

�ra kai h sun�rthsh uρ ikanopoieÐ thn (4.14). 'Epetai ìti h sun�rthsh ũ :=
uρ

‖∇uρ‖2 ikanopoieÐ thn anisìthta (4.14) an h F antikatastajeÐ apì thn F̃ (t) :=
F (‖∇uρ‖2t)

‖∇uρ‖2
∗

2

. 'Etsi èqontac deÐxei ton isqurismì mac gia th sun�rthsh ũ : r̃ →
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ũ(r̃) (dhlad  èqontac dedomènec tic ektim seic (4.15)-(4.18) kai (4.20) anti-
kajist¸ntac to r me r̃ gia 1 ≤ r̃ ≤ ε−

2
n−2 ), jètontac ũ(r̃) = u(r)

‖∇uρ‖2 , r := ρ r̃

èpetai o isqurismìc gia th sun�rthsh u. 'Estw loipìn ìti∫
Rn

F (u) dx ≥
(
SF − c ε2

)
. (4.21)

Jètoume
γ(R) :=

∫
Rn\BR

0

|∇u|2 dx.

OrÐzoume th sun�rthsh U ∈ D1,2
0 (Rn) ¸ste U = u sth mp�la BR

0 kai ∆U = 0
sto Rn \BR

0 . Tìte èqoume∫
Rn

|∇U |2 dx =

∫
BR

0

|∇U |2 dx +

∫
Rn\BR

0

|∇U |2 dx

=

∫
BR

0

|∇u|2 dx + u(R)2capRn(BR
0 )

= 1− γ(R) +
u(R)2

K(R)
. (4.22)

Apì th genikeumènh anisìthta Sobolev kai thn (4.21) èqoume
SF (1− c ε2) ≤

∫
Rn

F (u) dx =

∫
BR

0

F (u) dx +

∫
Rn\BR

0

F (u) dx

≤
∫

Rn

F (U) dx + SF γ(R)
n

n−2 .

Epomènwc ∫
Rn

F (U) dx ≥ SF
(
1− c ε2 − γ(R)

n
n−2

)
. (4.23)

Apì th genikeumènh anisìthta Sobolev kai thn (4.22) èqoume∫
Rn

F (U) dx ≤ SF

(
1− γ(R) +

u(R)2

K(R)

) n
n−2

. (4.24)
IsqÔei ìmwc ìti

γ(R)

u(R)2
=

∫
Rn\BR

0

|∇u|2

u(R)2
dx ≥ capRn(BR

0 ) =
1

K(R)
.

'Eqoume loipìn u(R)2/K(R) ≤ γ(R) ≤ γ0 < 1 kai gia th sun�rthsh f , me
f(x) = (1−x)n/n−2 èqoume ìti f(x) = 1− n

n−2
(1− ξx)

2/n−2x, gia x ∈ [0, 2γ0],
ìpou 0 ≤ ξx ≤ 2γ0. 'Etsi gia x := γ(R)− u(R)2

K(R)
h (4.24) gÐnetai
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∫
Rn

F (U) dx ≤ SF

(
1− Cγ(R) + C

u(R)2

K(R)

)
(4.25)

kai C → n
n−2

> 1, kaj¸c γ0 → 0. Sundu�zontac to k�tw kai to �nw fr�gma
gia to olokl rwma ∫Rn F (U) dx, ta opoÐa dÐnontai antÐstoiqa apì tic anisì-
thtec (4.23) kai (4.25) prokÔptei ìti

c ε2 + γ(R)
n

n−2 ≥ C γ(R)− C
u(R)2

K(R)
⇒

γ(R) ≤ u(R)2

K(R)
+

1

C
γ(R)

n
n−2 + c̄ ε2. (4.26)

Efìson γ(R) ≤ 1 èqoume ìti γ(R)
n

n−2 ≤ γ(R) kai gia γ0 arket� mikrì, h
(4.26) gÐnetai

c γ(R) ≤ u(R)2

K(R)
+ c̄ ε2. (4.27)

Apì thn anisìthta Cauchy-Schwarz èqoume(∫ 2R

R

u′ dr

)2

=

(∫ 2R

R

u′r
n−1

2 r
1−n

2 dr

)2

≤
∫ 2R

R

|u′|2rn−1 dr

∫ 2R

R

r1−n dr.

Lamb�nontac upìyin kai ton tÔpo gia th jemeli¸dh anwmalÐa gia thn Lapla-
sian , K(r), èqoume thn ektÐmhsh

γ(R)− u(2R)2

K(2R)
≥ γ(R)− γ(2R) =

∫ 2R

R

∫
∂B(0,r)

|∇u|2dHn−1dr

= S(n)

∫ 2R

R

rn−1|u′|2 dr

≥ S(n)

(∫ 2R

R
u′ dr

)2(∫ 2R

R
r1−n dr

)
≥ (u(R)− u(2R))2

K(R)−K(2R)
.

'Etsi èqoume
K(R)γ(R)

u(R)2
≥

(
1− u(2R)/u(R)

)2
1−K(2R)/K(R)

+
u(2R)2K(R)

u(R)2K(2R)

=

(
1− u(2R)/u(R)

)2
1− 22−n

+
u(2R)2/u(R)2

22−n
.
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Epomènwc apì thn ektÐmhsh (1 − x)2/(1 − λ) + x2/λ ≥ 1 + c(λ)(x − λ)2 gia
x = u(2R)/u(R) kai λ = 22−n èqoume

γ(R) ≥ u2(R)

K(R)

((
1− u(2R)/u(R)

)2
1− 22−n

+
(u(2R)/u(R))2

22−n

)

≥ u2(R)

K(R)

(
1 + C

(
u(2R)

u(R)
− 22−n

)2
)

,

gia mia stajer� C > 0. Apì thn parap�nw sqèsh kai thn anisìthta (4.26)
èpetai ìti (

u(2R)

u(R)
− 22−n

)2

≤ C̄
K(R)

u(R)2
(γ(R)

n
n−2 + ε2). (4.28)

Ac ektim soume t¸ra epagwgik� to rujmì exasjènishc thc u. OrÐzoume
αi := u(2i)

K(2i)
. Ja deÐxoume ìti up�rqei α ∈ (0, n−2

n
) kai stajer� c2 > 0 tètoia

¸ste
αi ≤ c2 2iα, ìtan 2i ≤ ε

−2
n−2 , i ∈ N. (4.29)

Gia i = 0 o isqurismìc èpetai apì to ìti u(1)2 ≤ γ0K(1). Gia na proqw-
r soume epagwgik� diakrÐnoume dÔo peript¸seic. An αi ≤ 22−nc2, efìson h
sun�rthsh u eÐnai fjÐnousa èqoume ìti

αi+1 =
u(2i+1)

K(2i+1)
≤ 2n−2u(2i)

K(2i)
= αi2

n−2 ≤ c2 ≤ c2 2(i+1)α.

An αi ≥ 22−nc2 tìte èqoume
K(2i)

u(2i)2
ε2 =

ε2

α2
i K(2i)

≤ 22n−4 (n− 2) S(n) 2i(n−2) ε2 c−2
2 ≤ c c−2

2 , (4.30)

ìpou sthn teleutaÐa anisìthta qrhsimopoi same to ìti 2i ≤ ε
−2

n−2 epomè-
nwc ε2 ≤ 2i(2−n). Jètoume t¸ra sthn (4.27) R = 2i, pollaplasi�zoume me
K(2i)
u(2i)2

γ(2i)
n

n−2 kai lamb�nontac upìyin thn (4.30), èqoume ìti
K(2i)

u(2i)2
γ(2i)

n
n−2 ≤ γ

2
n−2

0

(
C + c−2

2

)
. (4.31)

Apì tic ektim seic (4.30), (4.31) kai thn (4.28) gia R = 2i, èqoume ìti(
αi+1

2n−2αi

− 22−n

)2

≤
(

u(2i+1)

u(2i)
− 22−n

)2

≤ C̄
K(2i)

u(2i)2
(γ(2i)

n
n−2 + ε2)

≤ C̄γ
2

n−2

0

(
C + c−2

2

)
+ C̄c c−2

2 .
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'Epetai ìti
αi+1

2n−2αi

− 22−n ≤ C1 γ
1

n−2

0 + C2 c−1
2 ⇒

αi+1

αi

≤ 2n−2

(
22−n + C1 γ

1
n−2

0 + C2 c−1
2

)
≤ 2α,

epilègontac arket� meg�lo c2 kai arket� mikrì γ0. Epomènwc èqoume αi+1 ≤
2ααi ≤ c2 2(i+1)α kai ètsi apodeÐqjhke o isqurismìc (4.29).

'Estw 1 ≤ R ≤ ε
−2

n−2 . Up�rqei k�poio i ∈ N tètoio ¸ste 2i ≤ R ≤ 2i+1.
Efìson oi sunart seic u kai K eÐnai fjÐnousec èqoume

u(R)

K(R)
≤ u(2i)

K(2i+1)
= 2n−2 u(2i)

K(2i)
.

'Etsi apì thn (4.29) èqoume u(R)
K(R)

≤ c 2iα ≤ c Rα, �ra
u(R) ≤ C 2iαR2−n ≤ C R2−n+α. (4.32)

ProkÔptei ìti u(R)2

K(R)
≤ cn R2−n+2a, epomènwc apì thn (4.27) kai to ìti ε2 ≤

R2−n ≤ R2−n+2α, èpetai ìti
γ(R) ≤ c1 R2−n+2α + c2 ε2

≤ (c1 + c2) R2−n+2α. (4.33)
'Epetai �mesa ìti

γ(R)
n

n−2 ≤ c R−n+2∗α. (4.34)
Pollaplasi�zontac thn anisìthta (4.28) me u(R)2

K(2R)2
, èqoume(

u(2R)

K(2R)
− 22−nu(R)

K(2R)

)2

≤ C̄
K(R)

K(2R)2

(
γ(R)

n
n−2 + ε2

)
⇒(

u(2R)

K(2R)
− u(R)

K(R)

)2

≤ C Rn−2
(
γ(R)

n
n−2 + ε2

)
.

Lamb�nontac upìyin kai thn (4.34) èqoume thn ektÐmhsh∣∣∣∣ u(2R)

K(2R)
− u(R)

K(R)

∣∣∣∣ ≤ c̃

(
Rn−2

(
c R−n+2∗α + ε2

)) 1
2

≤ c̄ R
n−2

2

(
R

−n+2∗α
2 + ε

)
= c̄

(
R

2∗α−2
2 + εR

n−2
2

)
. (4.35)
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Efìson 2∗α = 2n
n−2

α < 2, efarm¸zontac epanalhptik� thn prohgoÔmenh ektÐ-
mhsh èqoume

u(2i)

K(2i)
− u(1)

K(1)
≤ c

(
1 + ε(2i)

n−2
2

)
≤ 2c ⇒ u(2i) ≤ C K(2i)

gia k�je i ∈ N tètoio ¸ste 2i ≤ ε
−2

n−2 . Epomènwc gia 1 ≤ R ≤ ε
−2

n−2 kai i ∈ N
tètoio ¸ste 2i ≤ R ≤ 2i+1 èqoume

u(R) ≤ u(2i) ≤ C K(2i) =
C 2n−2

(n− 2) S(n) 2(i+1)(n−2)

≤ C 2n−2

(n− 2) S(n) R(n−2)

= C 2n−2 K(R).

DeÐxame loipìn thn ektÐmhsh (4.15) (upenjumÐzoume ìti ρ = 1 kai ‖∇u‖2 = 1),
en¸ gia na deÐxoume thn (4.16) antikajistoÔme thn parap�nw ektÐmhsh gia thn
u(R) sthn (4.27) kai èqoume ìti∫

Rn\BR
0

|∇u|2 dx = γ(R) ≤ C1 K(R) + C2 ε2 ≤ (C1 + (n− 2) S(n) C2) K(R).

H ektÐmhsh (4.17) èpetai apì thn ektÐmhsh (4.16) kai apì thn anisìthta
Sobolev

∫
Rn\Br

0
|u|2∗ dx ≤ S∗

(∫
Rn\Br

0
|∇u|2 dx

)2∗/2. Apì tic (4.15), (4.16)
èpetai ìti oi ektim seic (4.32), (4.33), (4.34) isqÔoun gia α = 0, �ra h (4.35)
gÐnetai ∣∣∣∣ u(2R)

K(2R)
− u(R)

K(R)

∣∣∣∣ ≤ c
(
R−1 + εR

n−2
2

)
. (4.36)

'Estw j ∈ N tètoio ¸ste 2j ≤ ε−
2

n−2 ≤ 2j+1. OrÐzoume thn posìthta u∞ :=
u(2[j/2])/K(2[j/2]). Efarm¸zontac epanalhptik� thn (4.36) gia R = 2i, i =
[j/2], . . . , j èqoume

|u(2i)− u∞| ≤ c
(
2−[j/2] + ε 2

n−2
2

i
)
≤ c̄ ε 2

n−2
2

i.

An�loga efarm¸zontac epanalhptik� thn (4.36) gia R = 2i, i = [j/2], . . . , 1
èqoume |u(2i) − u∞| ≤ c 2−i. Sundu�zontac tic autèc ektim seic pèrnoume
thn (4.18) gia k�je r > 0 thc morf c r = 2i ≤ ε−2n−2. Gia na deÐxoume
thn (4.18) gia ìla r ∈ [1, ε

−2
n−2 ] parathroÔme ìti ergazìmenoi an�loga me thn

(4.28) èqoume thn ektÐmhsh(
u(λR)

u(R)
− λ2−n

)2

≤ c
K(R)

u(R)2

(
γ(R)

n
n−2 + o(ε2)

)
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gia k�je λ ∈ [2, 4]. Apomènei na deÐxoume thn ektÐmhsh (4.20). Gia r = ρ h
(4.15) gÐnetai

u(ρ)

K(ρ)
≤ c0ρ

n
n−2‖∇u‖2.

EpÐshc gia r = ρ apì thn (4.18) èqoume
u(ρ)

K(ρ)
− u∞ ≤ c0‖∇u‖2(1 + ε)ρ

n
n−2 .

Afair¸ntac kat� mèlh tic dÔo parap�nw ektim seic èpetai to p�nw fr�gma
sthn (4.20). Ac upojèsoume t¸ra ìti to k�tw fr�gma sthn (4.20) den isqÔei.
Tìte up�rqei akoloujÐa εk → 0 kai sunart seic uk = uεk

∈ D1,2
∗ me ‖∇uk‖2 =

1, oi opoÐec ikanopoioÔn tic ektim seic∫
Rn

F (uk) dx ≥
(
SF − c ε2

k

)
, (4.37)

uk(r) ≤ c0 K(r) gia 1 ≤ r ≤ ε
− 2

n−2

k , (4.38)∫
Rn\Br

0

|∇uk|2 dx ≤ c0 K(r) gia 1 ≤ r ≤ ε
− 2

n−2

k , (4.39)∫
Rn\Br

0

|uk|2
∗
dx ≤ S∗c

2∗
2

0 K(r)
2∗
2 (4.40)

gia 1 ≤ r ≤ ε
− 2

n−2

k ,

|uk(r)− uk,∞K(r)| ≤ c0 K(r)

(
1

r
+ εk r

n−2
2

)
(4.41)

gia 1 ≤ r ≤ ε
− 2

n−2

k ,∫
Rn\B1

0

|∇uk|2 dx = γ0. (4.42)

kai epiplèon uk,∞ → 0. Efìson oi sunart seic uk eÐnai jetikèc, aktinikèc
kai fjÐnousec sunart seic, èpetai apì thn emfÔteush Sobolev ìti (gia mia
upakoloujÐa) h (uk) sugklÐnei omoiìmorfa sto [1, +∞) se mÐa sun�rthsh u0.
'Etsi apì thn (4.41) èpetai ìti

u0(r) ≤ c0 K(r)r−1 (4.43)
gia k�je r ≥ ρ = 1. Apì thn (4.27) èqoume th sqèsh

γk(R) ≤ C

(
u2

k(R)

K(R)
+ ε2

k

)
(4.44)
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gia k�je k, h opoÐa mazÐ me thn (4.43) mac dÐnei ìti

lim
k→∞

γk(R) ≤ C
u2

0(R)

K(R)
≤ C1

K2(R)

R2K(R)
= cR−n. (4.45)

omoiìmorfa sto [1,∞). Epomènwc efarm¸zontac thn (4.35) gia tic sunar-
t seic uk kai lamb�nontac upìyin thn omoiìmorfh sÔgklish twn uk kai thn
(4.45) èqoume∣∣∣∣u0(2R)

K(2R)
− u0(R)

K(R)

∣∣∣∣ ≤ cK(R)
1

n−2

(
u0(R)

K(R)

) n
n−2

= cR

(
u0(R)

K(R)

) n
n−2

.

'Etsi jètontac αi := u0(2i)
k(2i)

kai R = 2i, h parap�nw ektÐmhsh gÐnetai

|αi+1 − αi| ≤ C 2−iα
n

n−2

i .

Apì thn (4.43) gia r = 2i, èqoume ìti αi ≤ C2−i. Ja deÐxoume t¸ra ìti αi = 0
gia k�je i. 'Estw δ > 0 arket� mikrì kai i0 o megalÔteroc akèraioc tètoioc
¸ste ai0 ≥ δ. Tìte gia k�je l ≥ i0 tètoio ¸ste C2−l < 1 èqoume ìti

αl ≤
∞∑

j=l+1

C2−jα
n

n−2

j < C2−lδ
n

n−2 < δ

to opoÐo eÐnai �topo. 'Epetai ìti u0 = 0 sto di�sthma [1, +∞) kai apì thn
(4.44) èqoume ∫

Rn\B0(1)

|∇uk|2dx = γk(1) → 0

to opoÐo antif�skei me thn upìjesh ìti∫
Rn\B0(1)

|∇uk|2dx = γ0‖∇uk‖2
2 = γ0.

Epomènwc
c−1
0 ≤ u∞

ρ
n−2

2 ‖∇u‖2

.

EÐmaste t¸ra ètoimoi na apodeÐxoume to basikì je¸rhma tou parìntoc
kefalaÐou. Ja deÐxoume ìti o deÔteroc mh tetrimmènoc ìroc sto asumptwti-
kì an�ptugma thc SF

ε (Ω) exart�tai apì thn tim  thc sun�rthshc Robin sto
shmeÐo sugkèntrwshc. Autì ja mac epitrèyei na qaraqthrÐsoume to shmeÐo
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sugkèntrwshc (B ma 7). H apìdeixh basÐzetai kurÐwc se dÔo basik� apote-
lèsmata. To pr¸to eÐnai o taqÔc rujmìc exasjènishc twn sqedìn akrot�twn
(L mma 4.4). To deÔtero apotèlesma eÐnai o proseggistikìc tÔpoc gia th
qwrhtikìthta mikr¸n sunìlwn, ton opoÐo apodeÐxame sto L mma 4.3. Sugke-
krimèna o tÔpoc autìc den apaiteÐ kamÐa omalìthta gia to qwrÐo Ω. Epiplèon,
upojètontac ìti to qwrÐo Ω eÐnai fragmèno èqoume ìti minΩ̄ τΩ > 0. Pr�gmati,
sÔmfwna me thn Prìtash 4.4 èqoume ìti

min
Ω̄

τΩ ≥ min
Ω̄∗

τΩ∗ > 0.

Je¸rhma 4.3 (Prosdiorismìc twn shmeÐwn sugkèntrwshc).
'Estw ìti to qwrÐo Ω eÐnai fragmèno kai isqÔei h upìjesh (F ). 'Estw epÐshc
ω∞ ìpwc orÐsthke sto Je¸rhma 4.2 kai upojètoume ìti 0 < ω∞ < ∞. Tìte
isqÔoun ta ex c:

1. An gia thn akoloujÐa {uε} ⊂ D1,2
0 (Ω) èqoume ìti ‖∇uε‖2 ≤ ε kai sug-

kentr¸netai sto shmeÐo x0, dhlad 

|∇uε|2

ε2
dx

∗
⇀ δx0 ,

F (uε)

ε2∗
dx

∗
⇀ SF δx0 , kaj¸c ε → 0+,

tìte èqoume ìti∫
Ω

F (uε) dx ≤ ε2∗SF

(
1− n

n− 2
w2
∞τΩ(x0)ε

2 + o
(
ε2
))

,

kaj¸c ε → 0+.

2. An {uε} eÐnai mia akoloujÐa sqedìn akrot�twn tìte èqoume∫
Ω

F (uε) dx = ε2∗SF

(
1− n

n− 2
w2
∞ min

Ω
τΩ ε2 + o

(
ε2
))

,

kaj¸c ε → 0+.

3. Mia akoloujÐa sqedìn akrot�twn sugkentr¸netai se èna armonikì kèn-
tro, dhlad 

τΩ(x0) = min
Ω

τΩ,

ìpou to x0 eÐnai ìpwc sto J¸rhma 3.1. An w∞ = 0 tìte SF
ε (Ω) =

SF − o (ε2) gia k�je ε > 0. AntÐstrofa, an SF
ε (Ω) = SF − o (ε2) kai

minΩ τΩ > 0 tìte w∞ = 0.
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Apìdeixh.
B ma 1

SF
ε (Ω) ≥ SF

(
1− n

n− 2
w2
∞ min

Ω
τΩ ε2 + o(ε2)

)
,

kaj¸c ε → 0.

Apìdeixh. GnwrÐzoume, apì ta jewr mata 4.1 kai 4.2, ìti up�rqei mia akti-
nik  megistopoioÔsa sun�rthsh ω gia thn SF tètoia ¸ste ω∞ = W∞ :=
limr→∞ ω(r)/K(r). MporoÔme na upojèsoume ìti ω > 0. UpenjumÐzoume ìti
h el�qisth dunat  tim  gia to W∞ eÐnai to ω∞. 'Estw z èna armonikì kèntro
gia to Ω. Sugkekrimèna τΩ(z) < +∞ kai h armonik  aktÐna r(z) eÐnai gn sia
jetik . Gia mia aktinik  sun�rthsh U ∈ D1,2(B

r(z)
0 ) orÐzoume th sun�rthsh u

(harmonic transplantation) wc ex c. 'Estw GB,0 h sun�rthsh Green gia thn
mp�la B

r(z)
0 me pìlo sto mhdèn kai h sun�rthsh φ tètoia ¸ste U = φ o GB,0.

OrÐzoume u := φ o GΩ,z ∈ D1,2
0 (Ω). H teqnik  thc harmonic transplanta-

tion eÐnai klassik  kai sumplhrwmatik  thc summetrikopoÐhshc, me thn ènnoia
ìti mac promhjeÔei me k�tw fr�gmata ìtan h summetrikopoÐhsh mac dÐnei �nw
fr�gmata kai antÐstrofa. O metasqhmatismìc autìc diathreÐ to olokl rwma
Dirichlet (Je¸rhma 18, [3]). 'Eqoume epÐshc ìti∫

Ω

F (u) dx ≥
∫

B
r(z)
0

F (U) dx. (4.46)

H parap�nw ektÐmhsh èqei apodeiqjeÐ sto [3] sthn perÐptwsh ìpou z 6∈ ∂Ω.
Sth genik  perÐptwsh ìpou z ∈ Ω̄ kai τΩ(z) < +∞ to apotèlesma prokÔptei
apì ton tÔpo sunembadoÔ kai thn ektÐmhsh (4.4) gia ta sÔnola st�jmhc thc
sun�rthshc Green. Apì thn ektÐmhsh (4.46) èqoume ìti

SF
ε (Ω) ≥ SF

ε (B
r(z)
0 ). (4.47)

Jètoume t¸ra
rε := ε−

2
n−1 r(z), Rε := ε−

2
n−2 r(z)

kai orÐzoume tic sunart seic Wε ∈ D1,2
0

(
BRε

0

) wc ex c.
{

Wε = ω , sthn Brε
0

∆Wε = 0 , sthn BRε
0 \Brε

0

.
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Apì to Je¸rhma 4.1 èqoume ìti ∫Rn\Br
0
F (ω) dx = O(r−n), epomènwc∫

BRε
0

F (Wε) dx ≥
∫

Brε
0

F (Wε) dx

=

∫
Rn

F (Wε) dx−
∫

Rn\Brε
0

F (Wε) dx

= SF −O(r−n
ε )

= SF − o(ε2) , kaj¸c ε → 0. (4.48)
Sth sunèqeia brÐskoume mia ektÐmhsh gia to �nw fr�gma tou oloklhr¸matoc
Dirichlet.

‖∇Wε‖2
2 =

∫
Brε

0

|∇ω|2 dx +

∫
BRε

0 \Brε
0

|∇Wε|2 dx

= 1−
∫

Rn\Brε
0

|∇ω|2 dx +

∫
BRε

0 \Brε
0

|∇Wε|2 dx

= 1−
∫

Rn\Brε
0

|∇ω|2 dx + ω(rε)
2capBRε

0
(Brε

0 )

≤ 1− ω(rε)
2
(
capRn(Brε

0 )− capBRε
0

(Brε
0 )
)

= 1− ω(rε)
2

(
1

K(rε)
− 1

K(rε)−K(Rε)

)
= 1 +

(
ω(rε)

K(rε)

)2
(

K(Rε)

1− K(Rε)
K(rε)

)

= 1 +
(
ω2
∞ + o(1)

)( K(Rε)

1− K(Rε)
K(rε)

)
, kaj¸c ε → 0. (4.49)

Apì ton orismì tou armonikoÔ kèntrou èqoume ìti
K (Rε) = K

(
ε−

2
n−2 r(z)

)
= ε2K (r(z)) = ε2τΩ(z) = ε2 min

Ω̄
τΩ.

'Eqoume epÐshc ìti K(Rε)/K(rε) = ε2/n−1 → 0, kaj¸c ε → 0, �ra
1

1− K(Rε)
K(rε)

= 1 + o(1).

kai h ektÐmhsh (4.49) gÐnetai
‖∇Wε‖2

2 ≤ 1 + ω2
∞ min

Ω̄
τΩε2 + o

(
ε2
)
, kaj¸c ε → 0. (4.50)
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OrÐzoume t¸ra tic sunart seic W s
ε ∈ D1,2

0

(
BsRε

0

) me W s
ε (x) = Wε(x/s), s :=

‖∇Wε‖
− 2

n−2

2 ≤ 1. 'Epetai ìti ‖∇W s
ε ‖2 = 1 kai apì tic (4.47), (4.48), (4.50)

èqoume ìti
SF

ε (Ω) ≥ SF
ε

(
B

r(z)
0

)
≥ SF

ε

(
B

sr(z)
0

)
≥ 1

ε2∗

∫
B

sr(z)
0

F
(
W s

ε

( x

ε2/n−2

))
dx

=

∫
BsRε

0

F (W s
ε ) dx

= ‖∇Wε‖
− 2n

n−2

2

∫
BRε

0

F (Wε) dx

≥
(

1 + ω2
∞ min

Ω̄
τΩε2 + o(ε2)

)− n
n−2 (

SF − o
(
ε2
))

≥ SF

(
1− n

n− 2
ω2
∞ min

Ω̄
τΩε2 + o

(
ε2
))

,

kaj¸c ε → 0. Sto shmeÐo autì oloklhr¸jhke h apìdeixh tou B matoc 1.
'Estw t¸ra mia akoloujÐa {uε} ⊂ D1,2

0 (Ω) tètoia ¸ste ‖∇uε‖2 ≤ ε h opoÐa
sugkentr¸netai sto shmeÐo x0 ∈ Ω̄, dhlad  |∇u|2

ε2 dx
∗
⇀ δx0 , ε−2∗F (uε) dx

∗
⇀

SF δx0 . Gia na apodeÐxoume to pr¸to tm ma tou Jewr matoc mporoÔme na
upojèsoume ìti ∫

Ω

F (uε) dx ≥
(
SF − Cε2

)
‖∇uε‖2∗

2 ,

gia arket� meg�lo C, diaforetik� o isqurismìc èpetai �mesa.
EÐnai eÔkolo na doÔme ìti oi summetrikopoi seic Schwarz u∗ε kaj¸c epÐshc

kai oi sunart seic ω∗
ε(r) := u∗ε(ε

2
n−2 r) ikanopoioÔn tic upojèseic tou L mmatoc

4.4, apì to opoÐo sumperaÐnoume ìti up�rqoun ρε > 0 kai u∞,ε > 0 tètoia
¸ste u∗ε(r) = u∞,εK(r)(1 + o(1)), gia ρε � r � ρεε

− 2
n−2 kai oi aktÐnec ρε

qaraqthrÐzontai apì th sqèsh

ρε = sup

{
ρ > 0 :

∫
Bρ

0

|∇u∗ε|2

ε2
dx = (1− γ0)

‖∇u∗ε‖2
2

ε2

}
,

me 0 < γ0 < 1.
B ma 2 'Eqoume ìti c ε

2
n−2 ≤ ρε ≤ C ε

2
n−2 , c > 0.

Apìdeixh. DeÐqnoume arqik� ìti ρε
ε→0−→ 0. Efìson h akoloujÐa |uε|2

∗

ε2∗
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sugkentr¸netai sto x0 (Je¸rhma 2.1), èpetai ìti h akoloujÐa |u∗ε |2
∗

ε2∗ sugken-
tr¸netai sto 0. 'Etsi èqoume ìti ε−2∗F (u∗ε) dx

∗
⇀ SF δ0, diìti

lim
ε→0

∫
Rn

ε−2∗F (u∗ε) dx = lim
ε→0

∫
Ω

ε−2∗F (uε) dx = SF

kai ε−2∗F (u∗ε) ≤ α |u∗ε |2
∗

ε2∗ . Efarm¸zontac to Je¸rhma enallaktikìthtac sug-
kèntrwshc - sump�geiac I (Je¸rhma 2.2) gia tic sunart seic u∗ε èpetai ìti

|∇u∗ε|2

ε2
dx

∗
⇀ δ0 (4.51)

kaj¸c ε → 0, diìti diaforetik� ja Ðsque h perÐptwsh thc sump�geiac, dhlad 
ja eÐqame ìti u∗ε/ε → υ0 ston L2∗ to opoÐo antif�skei sth sugkèntrwsh thc
(u∗ε/ε). 'Etsi apì ton orismì tou ρε kai thn (4.51) èpetai ìti ρε

ε→0−→ 0.
An upojèsoume t¸ra ìti ρε � ε

2
n−2 , dhlad  Rε := ρε ε

−2
n−2 → 0, tìte apì

thn (4.16) ja eÐqame ìti gia k�je rε → 0 tètoio ¸ste Rε � rε � R
−2

n−2
ε isqÔei∫

Rn\Brε
0

|∇ω∗
ε |2 dx ≤ C

(
Rε

rε

)n−2

→ 0,

opìte h |∇ω∗
ε |2 sugkentr¸netai sto 0, �ra apì to Je¸rhma 4.2 ω∞ = 0, to

opoÐo eÐnai �topo.
Mènei na deÐxoume ìti ρε ≤ C ε

2
n−2 . OrÐzoume rε := ρ

1
n
ε kai èqoume ìti

rε → 0, rεε
2

n−2 /ρε → 0 kai ρε/rε → 0, kaj¸c ε → 0. OrÐzoume epÐshc ta
sÔnola Aε := {uε > u∞,εK(rε)} kai r̃ε > 0 tètoio ¸ste A∗

ε = B r̃ε
0 . Epomènwc

èqoume ìti
u∗ε(r̃ε) = u∞,εK(rε). (4.52)

Ja deÐxoume ìti |Aε| → 0, kaj¸c ε → 0. Apì thn (4.18) èpetai ìti gia k�je
r tètoio ¸ste ρε ≤ r ≤ ρεε

− 2
n−2 isqÔei ìti

|u∗ε(r)− u∞,εK(r)| ≤ c0ρ
n−2

2
ε ‖∇u∗ε‖2 K(r)

(
ρε

r
+ ε

(
r

ρε

)n−2
2

)
,

kai apì thn (4.20) èpetai ìti∣∣∣∣ u∗ε(r)

u∞,εK(r)
− 1

∣∣∣∣ ≤ C

(
ρε

r
+ ε

(
r

ρε

)n−2
2

)
.

Apì th sqèsh ρε ≥ c ε
2

n−2 èqoume∣∣∣∣ u∗ε(r)

u∞,εK(r)
− 1

∣∣∣∣ ≤ C
(ρε

r
+ r

n−2
2

)
.

78
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Efìson ρε � rε � ρεε
− 2

n−2 kai rε → 0 èqoume
∣∣∣∣ u∗ε(rε)

u∞,εK(rε)
− 1

∣∣∣∣ ≤ C

(
ρε

rε

+ r
n−2

2
ε

)
= o(1), kaj¸c ε → 0.

Epomènwc apì thn (4.52) èpetai ìti r̃ε/rε → 1 kai efìson rε → 0 èpetai ìti
r̃ε

ε→0−→ 0 �ra |Aε| = |A∗
ε| = |B r̃ε

0 |
ε→0−→ 0.

Efìson ta sÔnola Aε eÐnai sÔnola st�jmhc gia tic sunart seic uε, èqoume
ìti ∫

A∗ε

|∇u∗ε|2 dx ≤
∫

Aε

|∇uε|2 dx.

OrÐzoume th sun�rthsh Uε : Rn → R h opoÐa tautÐzetai me thn u∗ε mèsa sthn
mp�la A∗

ε kai epekteÐnetai ektìc thc A∗
ε apì thn aktinik  armonik  sun�rth-

sh h opoÐa mhdenÐzetai sto �peiro. Ac ektim soume èna �nw fr�gma gia to
olokl rwma Dirichlet ‖∇Uε‖2. 'Eqoume ìti

1

ε2

∫
Rn

|∇Uε|2 dx =
1

ε2

∫
A∗ε

|∇u∗ε|2 dx +
1

ε2

∫
Rn\A∗ε

|∇Uε|2 dx

≤ 1

ε2

∫
Aε

|∇uε|2 dx +
1

ε2

∫
Rn\A∗ε

|∇Uε|2 dx

=
‖∇uε‖2

2

ε2
− 1

ε2

∫
Ω\Aε

|∇uε|2 dx +
1

ε2

∫
Rn\A∗ε

|∇Uε|2 dx

≤ 1− 1

ε2

∫
Ω\Aε

|∇uε|2 dx +
1

ε2

∫
Rn\A∗ε

|∇Uε|2 dx. (4.53)

'Eqoume ìmwc ìti
∫

Ω\Aε

|∇uε|2 dx ≥ uε|2∂Aε
capΩ(Aε) = u2

∞,εK(rε)
2capΩ(Aε)

kai apì thn sqèsh (4.52) èqoume ìti
∫

Rn\A∗ε
|∇Uε|2 dx = u∗ε(r̃ε)

2capRn(A∗
ε) = u2

∞,εK(rε)
2capRn(A∗

ε).
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Epomènwc h (4.53) gÐnetai
1

ε2

∫
Rn

|∇Uε|2 dx ≤ 1− 1

ε2
u2
∞,εK(rε)

2
(
capΩ(Aε)− capRn(A∗

ε)
)

= 1− 1

ε2
u2
∞,εK(rε)

2capRn(A∗
ε)capΩ(Aε)×

×
(

1

capRn(A∗
ε)
− 1

capΩ(Aε)

)
≤ 1− 1

ε2
u2
∞,εK(rε)

2capRn(A∗
ε)

2

×
(

1

capRn(A∗
ε)
− 1

capΩ(Aε)

)
. (4.54)

Efarm¸zontac to L mma 4.3 (ii) kai tic tautìthtec capRn(A∗
ε)=capRn(B r̃ε

0 )=
1

k(r̃ε)
èqoume

1

ε2

∫
Rn

|∇Uε|2 dx ≤ 1− 1

ε2
u2
∞,εK(rε)

2K(r̃ε)
−2 min

Ω̄
τΩ

(
1 + o(1)

)
,

kaj¸c ε → 0. 'Eqoume ìmwc ìti r̃ε/rε → 1, �ra K(rε)
2K(r̃ε)

−2 = 1 + o(1),
kaj¸c ε → 0. Lamb�nontac upìyin kai thn (4.20) sumperaÐnoume ìti

1

ε2

∫
Rn

|∇Uε|2 dx ≤ 1− c−2
0 ρn−2

ε

(
min

Ω̄
τΩ + o(1)

)
, kaj¸c ε → 0.

Ac ektim soume t¸ra èna k�tw fr�gma gia to olokl rwma ∫Rn F (Uε) dx.
Apì to k�tw fr�gma tou B matoc 1, thn (4.17) kai apì to gegonìc ìti r̃ε ≈
rε = ρ

1/n
ε èqoume ìti

1

ε2∗

∫
Rn

F (Uε) dx ≥ 1

ε2∗

∫
A∗ε

F (u∗ε) dx

≥ 1

ε2∗

∫
Aε

F (uε) dx

≥ 1

ε2∗

∫
Ω

F (uε) dx− 1

ε2∗

∫
Ω\Aε

F (uε) dx

≥ SF
(
1− Cε2

)
− 1

ε2∗

∫
Rn\Br̃ε

0

F (u∗ε) dx

≥ SF
(
1− Cε2

)
− α

ε2∗

∫
Rn\Br̃ε

0

|u∗ε|2
∗
dx

≥ SF (1− Cε2)− C̄

(
ρε

rε

)n

≥ SF
(
1− Cε2 − cρn−1

ε

)
.
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Apì th genikeumènh anisìthta Sobolev (L mma 2.1), èqoume ìti

SF
(
1− Cε2 − cρn−1

ε

)
≤ 1

ε2∗

∫
Rn

F (Uε) dx ≤ SF
(
ε−1 ‖∇Uε‖2

)2∗
.

Telik� apì to �nw fr�gma gia thn posìthta ‖∇Uε‖2 èpetai ìti
(
1− Cε2 − cρn−1

ε

)
≤
(

1− C̄ρn−2
ε min

Ω̄
τΩ

) 2∗
2

≤ 1− C̄ρn−2
ε min

Ω̄
τΩ,

epomènwc

ρn−2
ε

(
C̄ min

Ω̄
τΩ − cρε

)
≤ Cε2 ⇒ ρn−2

ε

ε2
≤ C

C̄ minΩ̄ τΩ − cρε

ε→0−→ c̄ ,

apì to opoÐo èpetai ìti ρε ≤ Cε
2

n−2 , gia mia stajer� C > 0.
B ma 3 (SÔgklish ston D1,2

0 (Rn) twn sunart sewn uε, Ôstera apì ka-
t�llhlh allag  klÐmakac thc anex�rththc metablht c). Up�rqei akolou-
jÐa shmeÐwn xε ∈ Rn tètoia ¸ste xε

ε→0−→ x0 kai oi sunart seic ωε(x) =

uε(xε + ε
2

n−2 x) sugklÐnoun ston D1,2
0 (Rn) se èna akrìtato ω gia th genikeu-

mènh stajer� Sobolev SF .
Apìdeixh. Ja efarm¸soume to L mma 3.1 gia ta mètra

σε := F (υε) dx ìpou υε(x) := uε(ε
2

n−2 x),

gia ta opoÐa èqoume ìti∫
Rn

F (υε) dx =
1

ε2∗

∫
Ω

F (uε) dx → SF , kaj¸c ε → 0.

Arqik� apodeiknÔoume ìti èqoume sump�geia, me thn ènnoia tou L mmatoc 3.1,
gia ta mètra σε, afoÔ apokleÐsoume tic peript¸seic tou diaqwrismoÔ kai thc
exasjènishc. Sth sunèqeia efarm¸zontac to Genikeumèno Je¸rhma enalla-
ktikìthtac sugkèntrwshc - sump�geiac (Je¸rhma 2.3) kai apokleÐontac thn
perÐptwsh thc sugkèntrwshc deÐqnoume thn isqur  sÔgklish ston D1,2

0 (Rn),
twn sunart sewn ωε.

Ac apokleÐsoume arqik� to diaqwrismì twn mètrwn F (υε) dx, me thn ènnoia
tou L mmatoc 3.1. Ac upojèsoume, gia na katal xoume se �topo, ìti ta
mètra σε diaqwrÐzontai me thn ènnoia tou L mmatoc 3.1. QwrÐc bl�bh thc
genikìthtac mporoÔme na upojèsoume ìti xε = 0. Tìte up�rqoun S1, S2 > 0
me S1 + S2 = SF ètsi ¸ste gia k�je δ > 0 up�rqei mÐa aktÐna r, tètoia ¸ste
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S1 − δ ≤
∫

Br
0

F (υε) dx,

S2 − δ ≤
∫

Rn\BR
0

F (υε) dx,

gia k�je R > r kai ε arket� mikrì. Gia k�je δ′ > 0 apì th genikeumènh
topik  anisìthta Sobolev (Pìrisma 2.1) up�rqoun dÔo aktÐnec R, ρ tètoiec
¸ste R > ρ > r, r/ρ ≤ k(δ′), ρ/R ≤ k(δ′) kai

S1 − δ ≤
∫

Br
0

F (υε) dx ≤ SF

(∫
Bρ

0

|∇υε|2 dx + δ′

) n
n−2

,

S2 − δ ≤
∫

Rn\BR
0

F (υε) dx ≤ SF

(∫
Rn\Bρ

0

|∇υε|2 dx + δ′

) n
n−2

.

Prosjètontac tic dÔo anisìthtec èqoume(
S1 − δ

SF

)n−2
n

+

(
S2 − δ

SF

)n−2
n

≤ 1 + 2δ′.

Gia δ, δ′ arket� mikr� h parap�nw anisìthta den isqÔei.
Gia na apokleÐsoume thn exasjènish twn mètrwn F (υε) dx, me thn ènnoia

tou L mmatoc 3.1 ja qreiastoÔme thn ektÐmhsh
|{υε > δ}| ≥ C δ

n
n−2 , gia k�je ε > 0, ε2 � δ � 1. (4.55)

H ektÐmhsh aut  èpetai apì tic sqèseic u∗ε(r)
(4.18)
≈ u∞,εk(r)

(4.20)
≈ ε2K(r) ≈

(ε
−2

n−2 r)2−n gia ρε � r � ρεε
−2

n−2 , dhlad  ε
2

n−2 � r � 1, efìson ρε ≈ ε
2

n−2 .
Jètontac R = ε

−2
n−2 r èpetai ìti υ∗ε(R) ≈ Rn−2 gia 1 � R � ε

−2
n−2 , apì to

opoÐo èpetai �mesa h (4.55).
'Estw t¸ra ìti èqoume exasjènish twn mètrwn F (υε) dx, me thn ènnoia tou

L mmatoc 3.1. Gia k�je aktÐna R isqÔei
lim
ε→0

sup
x∈Rn

∫
BR

x

F (υε) dx = 0.

'Opwc kai sthn apìdeixh tou Jewr matoc 3.2 (B ma 2) mporoÔme na deÐxoume
ìti

sup
r>0

lim
ε→0

sup
x∈Rn

∫
Br

x

|∇υε|2 dx = 0.
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Ac deÐxoume t¸ra thn exasjènish thc |υε|2
∗ . SumbolÐzoume me φr

R to n-
armonikì dunamikì qwrhtikìthtac thc mp�lac Br

y wc proc thn mp�la BR
y

φr
R(x) :=

log(|x− y|/R)

log(r/R)
gia r ≤ |x− y| ≤ R

kai φr
R(x) = 1 gia x ∈ Br

y, φr
R(x) = 0, x ∈ Rn \ BR

y . Apì thn anisìthta
Sobolev kai to L mma 2.2, èqoume ìti(

1

S∗

∫
Br

y

|υε|2
∗
dx

)2/2∗

≤
∫

BR
y

|∇(φr
Rυε)|2 dx

≤
∫

BR
y

|∇υε|2 dx + δ

∫
Rn

|∇υε|2 dx

kai to apotèlesma èpetai apì to ìti δ → 0, kaj¸c r/R → 0.
KalÔptoume t¸ra ton Rn me touc monadiaÐouc kÔbouc Qz = z+(0, 1)n, z ∈

Zn kai jètoume λε
z = |{υε > δ} ∩ Qz|, µε

z = |{υε > δ/2} ∩ Qz|. Apì thn
exasjènish twn |υε|2

∗ èpetai ìti limε→0 supz∈Zn(λε
z + µε

z) = 0. Sugkekrimèna
h sun�rthsh (υε − δ/2)+ mhdenÐzetai se èna sÔnolo me ìgko 1− µε

z ≥ 1/2 se
k�je kÔbo Qz, gia 0 < ε < ε0, ε0 > 0. Efarm¸zontac to L mma 3.2 èqoume
ìti

(λε
z)

2/2∗
(

δ

2

)2

≤

(∫
Qz

(
υε −

δ

2

)2∗

+

dx

)2/2∗

≤ c

∫
Qz

|∇υε|2 dx.

'Eqoume ìti∑z λε
z = |{υε > δ}| kai lamb�nontac upìyin thn (4.55), èpetai ìti

0 < C δ
n

n−2

(
δ

2

)2∗

≤
(

δ

2

)2∗

|{υε > δ}|

≤
(

δ

2

)2∗ ∑
z∈Zn

λε
z

≤ c
∑
z∈Zn

(∫
Qz

|∇υε|2 dx

) 2∗
2

= c
∑
z∈Zn

((∫
Qz

|∇υε|2 dx

) 2
n−2
(∫

Qz

|∇υε|2 dx

))

≤ c

(∫
Rn

|∇υε|2 dx

)
sup
z∈Zn

(∫
Qz

|∇υε|2 dx

) 2
n−2

.
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SumperaÐnoume ìti∫
Rn

|∇υε|2 dx ≥
(

sup
z∈Zn

∫
Qz

|∇υε|2 dx

) −2
n−2

c(δ) →∞,

kaj¸c ε → 0, to opoÐo eÐnai �topo.
'Epetai loipìn ìti up�rqoun shmeÐa yε ∈ Rn tètoia ¸ste ta mètra F (υε) dx

eÐnai sumpag  me thn ènnoia tou L mmatoc 3.1.
Gia tic sunart seic υε(yε + ·) = uε(xε + ε

2
n−2 ·) èqoume

‖∇υε(yε + ·)‖2
2 =

∫
ε
− 2

n−2 (Ω−xε)

|∇υε(yε + ·)|2 dx =

∫
Ω

|∇uε|2

ε2
dx ≤ 1.

Epomènwc, apì to je¸rhma tou Alaoglou kai th genikeumènh anisìthta Sobolev,

èqoume ìti gia mia upakoloujÐa thc (υε(yε + ·)), |∇υε(yε + ·)|2 dx
∗
⇀ µ,

F (υε(yε + ·)) dx
∗
⇀ ν, ston M(Ω̄), kaj¸c ε → 0. 'Eqoume epÐshc ìti∫

Rn

F (υε(yε + ·)) dx =
1

ε2∗

∫
Ω

F (uε) dx → SF , kaj¸c ε → 0.

SumperaÐnoume ìti mia upakoloujÐa thc (υε(yε + ·)) ikanopoieÐ to Je¸rhma
enallaktikìthtac sugkèntrwshc - sump�geiac II (Je¸rhma 2.3) gia Ω = Rn

kai ν(Rn) = SF .
H sugkèntrwsh se peperasmèno shmeÐo apokleÐetai apì to gegonìc ìti an

oi summetrikopoihmènec sunart seic υ∗ε sugkentr¸nontai sto 0, tìte apì to
Je¸rhma 4.2 èqoume ìti ω∞ = 0, to opoÐo antif�skei sthn upìjesh mac.

H sump�geia twn mètrwn F (υε) dx, me thn ènnoia tou L mmatoc 3.1, apo-
kleÐei th sugkèntrwsh sto ∞ twn mètrwn F (υε(yε + ·)) dx. Pr�gmati sthn
perÐptwsh thc sump�geiac twn mètrwn σε = F (υε) dx, èqoume ìti gia k�je
δ > 0 up�rqei mia aktÐna R gia thn opoÐa

σε(B
R
yε

) > S − δ,

gia k�je ε > 0. 'Epetai ìti

SF ≥
∫

BR
0

F (υε(yε + x)) dx =

∫
BR

yε

F (υε(x)) dx = σε(B
R
yε

) > SF − δ.

gia k�je ε > 0. Wstìso h sugkèntrwsh twn mètrwn F (υε(yε + ·)) dx sto ∞
sunep�getai ìti∫

Rn\Br
0

F (υε(yε + ·)) dx
ε→0−→ SF , gia k�je r > 0,
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to opoÐo èrqetai se antÐfash me thn prohgoÔmenh ektÐmhsh.
Apì to deÔtero mèroc tou Jewr matoc 2.3, èpetai ìti uε(ε

2
n−2 (yε + ·)) =

υε(yε + ·) ε→0−→ ω ston D1,2
0 (Rn), ìpou ω eÐnai èna akrìtato gia thn SF ,

‖∇υε(yε + ·)‖2 = 1 kai F (υε(yε + ·)) → F (ω) ston L1(Ω), kaj¸c ε → 0.
To sumpèrasma, gia tic sunart seic uε(xε + ε

2
n−2 ·), èpetai epilègontac xε =

ε
2

n−2 yε.
B ma 4 (Sugkèntrwsh sunìlwn st�jmhc). Up�rqei η0 > 0 tètoio ¸ste

an h akoloujÐa {uε} sugkentr¸netai sto x0 ∈ Ω̄, tε/ε
2 → ∞, kaj¸c ε → 0

kai tε ≤ η0, tìte ta sÔnola {uε > tε} sugkentr¸nontai sto x0, kaj¸c ε → 0.
Apìdeixh. 'Estw t > 0 kai ρt,ε > 0 tètoio ¸ste |Bρt,ε

0 | = |{ωε > t}|,
dhlad  B

ρt,ε

0 = {ωε > t}∗. Apì thn (4.18) kai to B ma 2 èqoume ìti
|{ωε > t}| ≈ t−

n
n−2 , ρt,ε ≈ t−

1
n−2 , (4.56)

gia k�je t, tètoio ¸ste ε2 � t � 1. Ja apodeÐxoume arqik� ìti
capRn({ωε > t})

capRn(B
ρt,ε

0 )
≤ 1 + C

(
ε2

t
+ t

2
n−2

)
. (4.57)

Pr�gmati sumbolÐzontac me ω̃ε thn armonik  epèktash thc ω∗
ε èxw apì thn

mp�la B
ρt,ε

0 , apì thn (4.17) èqoume∫
Rn

F (w̃ε) dx ≥
∫

B
ρt,ε
0

F (ω∗
ε) dx ≥ SF − Cε2 − C

∫
Rn\B

ρt,ε
0

|ωε|2
∗
dx

≥ SF − Cε2 − c ρ−n
t,ε .

'Eqoume epÐshc thn ektÐmhsh∫
Rn

|∇ω̃ε|2 dx =

∫
B

ρt,ε
0

|∇ω̃ε|2 dx +

∫
Rn\B

ρt,ε
0

|∇ω̃ε|2 dx

=

∫
B

ρt,ε
0

|∇ω∗
ε |2 dx + t2capRn(B

ρt,ε

0 )

≤
∫
{ωε>t}

|∇ωε|2 dx + t2ρn−2
t,ε capRn(B1

0)

≤ ‖∇ωε‖2
2 −

∫
{ωε<t}

|∇ωε|2 dx + t2ρn−2
t,ε capRn(B1

0)

≤ 1−
∫
{ωε<t}

|∇ωε|2 dx + t2ρn−2
t,ε capRn(B1

0).
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Apì tic dÔo parap�nw ektim seic kai thn anisìthta Sobolev èqoume

SF − Cε2 − c ρ−n
t,ε ≤

∫
Rn

F (ω̃ε) dx ≤ SF

(∫
Rn

|∇ω̃ε|2 dx

) 2∗
2

≤ SF

(
1−

∫
{ωε<t}

|∇ωε|2 dx + t2ρn−2
t,ε capRn(B1

0)

) 2∗
2

≤ SF

(
1−

∫
{ωε<t}

|∇ωε|2 dx + t2ρn−2
t,ε capRn(B1

0)

)
.

'Epetai ìti ∫
{ωε<t}

|∇ωε|2 dx ≤ c̄
(
ε2 + ρ−n

t,ε

)
+ t2ρn−2

t,ε capRn(B1
0),

kai apì ton orismì thc qwrhtikìthtac isqÔei

capRn({ωε > t}) ≤ 1

t2

∫
{ωε<t}

|∇ωε|2 dx.

'Eqoume loipìn
capRn({ωε > t})

capRn(B
ρt,ε

0 )
≤

∫
{ωε<t} |∇ωε|2 dx

t2ρn−2
t,ε capRn(B1

0)

≤ 1 +
c

t

(
ε2 + ρ−n

t,ε

)
≤ 1 + C

(
ε2

t
+ t

2
n−2

)
.

H sqèsh (4.57) mporeÐ na grafeÐ sth morf 
capRn({ωε > t})

capRn(B
ρt,ε

0 )
≤ 1 + δ(η0), ìtan 1

η0

≤ t ≤ η0. (4.58)

Efarm¸zontac thn Prìtash 4.6 èpetai ìti up�rqoun zt,ε tètoia ¸ste
|{ωε > t} 4B(zt, ε, ρt, ε)|

|B(zt, ε, ρt, ε)|
≤ ω(δ(η0)). (4.59)

ìpou ω(δ) → 0, kaj¸c δ → 0.
Ja deÐxoume t¸ra ìti an ε2/η0 ≤ t < t′ ≤ η0, tìte

|zt, ε − zt′, ε| ≤ Cρt, ε. (4.60)
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Ac upojèsoume arqik� ìti t ≥ t′/2. Apì thn (4.56) èqoume ìti
|{ωε > t} ∩ {ωε > t′}|

|{ωε > t}|
=
|{ωε > t′}|
|{ωε > t}|

≥ c
t

n
n−2

t′
n

n−2

≥ c0
t′

n
n−2

t′
n

n−2

≥ c0 > 0.

Apì thn parap�nw sqèsh kai thn (4.59) èqoume
|B(zt, ε, ρt, ε) ∩B(zt′, ε, ρt′, ε)|

|{ωε > t}|
≥ |{ωε > t} ∩ {ωε > t′}|

|{ωε > t}|

− |{ωε > t} 4B(zt, ε, ρt, ε)|
|B(zt, ε, ρt, ε)|

− |{ωε > t} 4B(zt′, ε, ρt′, ε)|
|B(zt′, ε, ρt′, ε)|

≥ c0 − 2 ω(δ(η0)) > 0,

ìtan to ω èinai arket� mikrì, to opoÐo mporeÐ na gÐnei epilègontac to η0 arket�
mikrì. 'Ara oi mp�lec B(zt, ε, ρt, ε) kai B(zt′, ε, ρt′, ε) tèmnontai, epomènwc

|zt, ε − zt′, ε| ≤ ρt, ε + ρt′, ε ≤ 2ρt, ε (4.61)
kai ètsi apodeÐqjhke h (4.60) sthn perÐptwsh ìpou t ≥ t′/2. Gia na apo-
deÐxoume thn (4.60) sth genik  perÐptwsh, èstw j ∈ N tètoio ¸ste 2−j t′ ≥
t ≥ 2−j−1 t′ kai orÐzoume t0 = t′, ti = 2−i t′ gia i = 1, . . . , j kai tj+1 = t.
Efarmìzwntac th sqèsh (4.61) gia ti kai ti+1, i = 0, . . . , j èqoume

|zt′, ε − zt1, ε| ≤ 2ρt1, ε,

|zt1, ε − zt2, ε| ≤ 2ρt2, ε,
...

|ztj , ε − zt, ε| ≤ 2ρt, ε.

Apì tic parap�nw sqèseic kai thn anisìthta c t
1

2−n ≤ ρt, ε ≤ Ct
1

2−n , èqoume

|zt, ε − zt′, ε| ≤ 2

j+1∑
i=1

ρti, ε

≤ 2C

j+1∑
i=1

t
1

2−n

i

≤ 2C

((
j∑

i=1

2
i

2−n

)
+ 1

)
t

1
2−n

≤ C̄ρt, ε.
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H akoloujÐa (ωε) sugklÐnei se mia megistopoioÔsa sun�rthsh ω gia thn SF

kai apì to Je¸rhma 4.1 èqoume ìti up�rqei r0 ≥ 0 tètoio ¸ste ω = ω∗ ston
Rn \ Br0

0 kai h sun�rthsh ω eÐnai gnhsÐwc fjÐnousa gia r ≥ r0. Epilègontac
arket� mikrì η0 tètoio ¸ste η0 < ω∗(r0) èqoume ìti {ω > η0} = Br

0 gia k�poio
r > r0 kai

|{ωε > η0} 4 {ω > η0}| −→ 0. (4.62)
'Epetai ìti zη0,ε → 0. 'Eqoume t¸ra ìti

|ztε,ε|
ρtε,ε

≤ |ztε, ε − zη0, ε|
ρtε,ε

+
|zη0, ε|
ρtε,ε

kai apì thn (4.60) gia t′ = η0 èqoume
|ztε, ε − zη0, ε|

ρtε,ε

≤ C.

Apì ta parap�nw èpetai ìti

lim sup
ε→0

|ztε,ε|
ρtε,ε

≤ C, ìtan ε2

η0

≤ tε ≤ η0.

Apì thn ektÐmhsh (4.59) èqoume
|{uε > tε} 4B(xε + ε

2
n−2 ztε,ε, ε

2
n−2 ρtε,ε)|

|{uε > tε}|
ε→0−→ 0. (4.63)

Apì thn upìjesh tε/ε
2 → ∞, èqoume ìti ε

2
n−2 ρtε,ε ≈ (ε2/tε)

1
n−2 → 0, kaj¸c

ε → 0, epomènwc
lim sup

ε→0
|xε + ε

2
n−2 ztε,ε − x0| ≤ lim sup

ε→0
|xε − x0|+ lim sup

ε→0
|ε

2
n−2 ztε,ε|

≤ lim sup
ε→0

|xε − x0|+ C lim sup
ε→0

ε
2

n−2 ρtε,ε

= 0.

Dhlad  xε + ε
2

n−2 ztε,ε → x0 kai apì thn (4.63) èpetai ìti ta sÔnola {uε > tε}
sugkentr¸nontai sto x0.

B ma 5 (P�nw fr�gma gia tic akoloujÐec oi opoÐec sugkentr¸nontai sto
x0). 'Estw ω to ìrio miac upakoloujÐac thc {ωε} kai upenjumÐzoume ìti

W 2
∞ =

2(n− 1)

nSF

∫
Rn

F (ω)

K(| · |)
dx.
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Tìte èqoume ìti
1

ε2∗

∫
Ω

F (uε) dx ≤ SF

(
1− n

n− 2
W 2

∞τΩ(x0) ε2 + o
(
ε2
))

, kaj¸c ε → 0.

Apìdeixh. 'Opwc kai sto B ma 2, sumbolÐzoume me Uε : Rn → R thn ar-
monik  epèktash thc u∗ε èxw apì thn mp�la A∗

ε, ìpou Aε = {uε > u∞,εK(rε)},
rε = ρ

1/n
ε kai |A∗

ε| = |B r̃ε
0 |. Apì thn (4.17) kai thn ektÐmhsh ρε ≈ ε

2
n−2 èpetai

ìti
1

ε2∗

∫
Ω\Aε

F (uε) dx ≤ 1

ε2∗

∫
Rn\A∗ε

F (u∗ε) dx

≤ α

ε2∗

∫
Rn\Br̃ε

0

|u∗ε|2
∗
dx

≤ c

(
ρε

rε

)n

≈ ε
2(n−1)

n−2 = o
(
ε2
)
.

Epomènwc èqoume
1

ε2∗

∫
Rn

F (Uε) dx ≥ 1

ε2∗

∫
A∗ε

F (u∗ε) dx

≥ 1

ε2∗

∫
Aε

F (uε) dx

≥ 1

ε2∗

∫
Ω

F (uε) dx− 1

ε2∗

∫
Ω\Aε

F (uε) dx

≥ 1

ε2∗

∫
Ω

F (uε) dx− o
(
ε2
)
.

Apì th genikeumènh anisìthta Sobolev èpetai ìti
1

ε2∗

∫
Ω

F (uε) dx ≤ 1

ε2∗

∫
Rn

F (Uε) dx + o
(
ε2
)

≤ SF

(
1

ε2

∫
Rn

|∇Uε|2 dx

) n
n−2

+ o
(
ε2
)
. (4.64)

Ac ektim soume t¸ra èna �nw fr�gma gia to olokl rwma Dirichlet ‖∇Uε‖2.
Apì thn (4.54) èqoume

1

ε2

∫
Rn

|∇Uε|2 dx ≤ 1− 1

ε2
u2
∞,εK(rε)

2capRn(A∗
ε)

2

×
(

1

capRn(A∗
ε)
− 1

capΩ(Aε)

)
. (4.65)
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'Eqoume deÐxei sto B ma 3 ìti oi sunart seic ωε, me ωε(x) = uε(xε + ε
2

n−2 x),
sugklÐnoun ston D1,2

0 (Rn) se èna akrìtato ω gia thn SF . Apì to Je¸rhma 4.1
èqoume ìti ω = ω∗ ston Rn\Br0 gia k�poio r0 > 0 kai ω∗(R) = W∞K(R)(1+
o(1)), kaj¸c R →∞.

Ja deÐxoume t¸ra ìti u∞,ε/ε
2 → W∞, kaj¸c ε → 0. Pr�gmati gia ε2 �

t � 1 ìpwc sthn (4.62), èqoume |{ω∗
ε > t}| = |{ωε > t}| → |{ω > t}| kai apì

thn (4.18), gia ρ ≈ ε
2

n−2 kai r = ε
2

n−2 R, èqoume

|ω∗
ε(R)− u∞,εK(ε

2
n−2 R)| ≤ c0ε

2K(ε
2

n−2 R)

 ρε

ε
2

n−2 R
+ ε

(
ε

2
n−2 R

ρε

)n−2
2


gia ρε ≤ ε

2
n−2 R ≤ ε

−2
n−2 ρε, (4.66)

apì thn opoÐa, lamb�nontac upìyin ìti ρε ≈ ε
2

n−2 , èpetai ìti
|ω∗

ε(R)− u∞,ε

ε2
K(R)| ≤ c0K(R)

(
1

R
+ εR

n−2
2

)
gia 1 � R � ε

−2
n−2 .

'Epetai ìti
|{ω∗

ε > t}| = c
(u∞,ε

ε2

) n
n−2

t−
n

n−2

(
1 + O

(
t +

ε2

t

))
,

OmoÐwc èqoume ìti
|{ω > t}| = c W

n
n−2
∞ t−

n
n−2 (1 + o (1)) ,

kaj¸c t →∞. Lamb�nontac upìyin thn (4.62) kai stèlnontac ta t →∞ , ε →
0, èpetai ìti u∞,ε/ε

2 → W∞, kaj¸c ε → 0.
Apì to B ma 4 èqoume ìti ta sÔnola Aε sugkentr¸nontai sto x0 kai

efarm¸zontac to L mma 4.3(i), h (4.65) gÐnetai
1

ε2

∫
Rn

|∇Uε|2 dx ≤ 1−W 2
∞K(rε)

2capRn(A∗
ε)

2τΩ(x0)ε
2(1 + o(1))

= 1−W 2
∞K(rε)

2K(r̃ε)
−2τΩ(x0)ε

2(1 + o(1))

= 1−W 2
∞τΩ(x0) ε2 + o

(
ε2
)
.

Apì thn parap�nw anisìthta kai thn (4.64) èqoume ìti
1

ε2∗

∫
Ω

F (uε) dx ≤ SF
(
1−W 2

∞τΩ(x0) ε2 + o(ε2)
) n

n−2 + o(ε2)

≤ SF

(
1− n

n− 2
W 2

∞τΩ(x0) ε2 + o
(
ε2
))

≤ SF

(
1− n

n− 2
ω2
∞τΩ(x0) ε2 + o

(
ε2
))

, kaj¸c ε → 0.
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B ma 6 (Asumptwtik  sumperifor� sqedìn akrot�twn).
Apìdeixh. Apì to Je¸rhma 3.1 k�je akoloujÐa sqedìn akrot�twn {uε}

sugkentr¸netai se k�poio shmeÐo x0 ∈ Ω̄. Epomènwc apì to prohgoÔmeno
b ma èqoume

SF
ε (Ω) (1 + o(1)) =

1

ε2∗

∫
Ω

F (uε) dx

≤ SF

(
1− n

n− 2
W 2

∞τΩ(x0) ε2 + o(ε2)

)
≤ SF

(
1− n

n− 2
ω2
∞ min

Ω̄
τΩ ε2 + o(ε2)

)
, kaj¸c ε → 0.

Apì to B ma 1 ìmwc, èqoume to k�tw fr�gma

SF
ε (Ω) ≥ SF

(
1− n

n− 2
w2
∞ min

Ω
τΩ ε2 + o(ε2)

)
,

apì to opoÐo èpetai h ektÐmhsh
1

ε2∗

∫
Ω

F (uε) dx = SF

(
1− n

n− 2
ω2
∞ min

Ω
τΩ ε2 + o

(
ε2
))

.

Epiplèon èqoume W∞ = ω∞, dhlad  oi sunart seic ωε sugklÐnoun se ekeÐna
ta akrìtata ω gia thn SF ta opoÐa ulopoioÔn thn el�qisth tim  tou W∞ =

lim ω(r)
K(r)

.

B ma 7 (Qaraqthrismìc twn shmeÐwn sugkèntrwshc).
Apìdeixh. Apì to deÔtero tm ma tou jewr matoc kai apì to pr¸to tm ma

to opoÐo isqÔei gia k�je akoloujÐa h opoÐa sugkentr¸netai sto x0, èpetai ìti
minΩ̄ τΩ ≥ τΩ(x0) ⇒ τΩ(x0) = minΩ̄ τΩ, dhlad  oi megistopoioÔsec akoloujÐ-
ec sugkentr¸nontai se èna armonikì kèntro gia to Ω.
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