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Eisagwg 

H melèth twn diaforik¸n exis¸sewn, sun jwn   merik¸n, apoteleÐ èna meg�-
lo mèroc twn efarmosmènwn majhmatik¸n. Diaforikèc exis¸seic prokÔptoun
apì poll� majhmatik� montèla kai èna meg�lo mèroc touc den eÐnai dunatìn
na epilujeÐ me analutikèc mejìdouc. 'Etsi, h epÐlus  touc me proseggis-
tikèc mejìdouc ston upologist  eÐnai èna shmantikì kef�laio thc arijmhtik c
an�lushc.

S' aut  thn ergasÐa ja asqolhjoÔme me thn upologistik  ektÐmhsh tou s-
f�lmatoc gia sun jeic diaforikèc exis¸seic. Ja upologÐsoume dhlad , ek twn
ustèrwn ektim seic gia to sf�lma poÔ èqoume kat� thn arijmhtik  epÐlush
twn S.D.E. H diadikasÐa aut  eÐnai qr simh kai apoteleÐ thn b�sh arijmhtik¸n
mejìdwn pou prosarmìzoun autìmata to b ma thc diamèris c (adaptive meth-

ods ).

Gia ton skopì autì, ja analÔsoume treÐc filosofÐec oi opoÐec odhgoÔn se
tètoiou eÐdouc ektim seic. Sto pr¸to kef�laio ja analÔsoume thn mèjodo thc
anakataskeu c, mia idèa twn Q.Makrid�kh , R.H.Nochetto kai G.AkrÐbh, bl.[1].
Me thn mèjodo aut  orÐzoume mia sun�rthsh, thn anakataskeu  thc lÔshc, h
opoÐa sqetÐzetai me thn arijmhtik  mac prosèggish kai h opoÐa bohj�ei sto na
par�goume ek twn ustèrwn ektim seic gia to sf�lma.

Sto epìmeno kef�laio ja asqolhjoÔme me thn ektÐmhsh tou sf�lmatoc me
thn qr sh tou duikoÔ probl matoc, bl.[2]. To duikì prìblhma sqetÐzetai me to
arqikì mac kai h lÔsh tou qrhsimopoieÐtai gia na paraqjoÔn oi ek twn ustèrwn
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ektim seic pou jèloume.
Sto trÐto kef�laio ja anafèroume thn mèjodo IDeC , bl.[3] , mia mèjodo

pou basÐzetai sthn idèa tou P.E.Zadunaisky , bl. [4], gia thn ektÐmhsh tou
olikoÔ sf�lmatoc diakritopoÐhshc twn mejìdwn Runge-Kutta .

Tèloc, sto tètarto kef�laio ja parajèsoume k�poia arijmhtik� apotelès-
mata.



Kef�laio 1

Ektim seic sf�lmatoc me qr sh
anakataskeu c

'Enac basikìc qarakt rac twn ek twn ustèrwn ektim sewn tou sf�lmatoc,
s' autì to kef�laio, eÐnai h Crank−Nicolson anakataskeu  Û thc arijmhtik c
prosèggishc U . H sugkekrimènh sun�rthsh ikanopoieÐ dÔo basikèc proôpojè-
seic:(i) eÐnai akrib¸c upologÐsimh kai ètsi h diafor� thc me thn arijmhtik 
lÔsh elègqetai ek twn ustèrwn kai (ii) odhgeÐ se mia kat�llhlh kata shmeÐo
anapar�stash thc exÐswshc tou sf�lmatoc,thc Ðdiac morf c me to arqikì mac
prìblhma. 'Etsi mporoÔme na èqoume mia ektÐmhsh gia to sf�lma thc arijmhtik -
c lÔshc akìma kai se probl mata ìpou h pragmatik  lÔsh eÐnai dÔskolo na
brejeÐ analutik�.

Arqik�, s' autì to kef�laio analÔoume thn arijmhtik  mèjodo pou ja
qrhsimopoi soume. 'Epeita, orÐzoume kai upologÐzoume thn anakataskeÔh thc
prosèggishc. Qrhsimopoi¸ntac teqnikèc apì thn jewrÐa twn S.D.E, par�goume
tic ektim seic tou sf�lmatoc kai deÐqnoume ìti eÐnai kat�llhlhc t�xhc kai
ìti exart¸ntai mìno apì ta arqik� dedomèna tou probl matoc kai apì tic
paramètrouc thc diakritopoÐhshc. Tèloc èqoume thn upologistik  ektÐmhsh
tou sf�lmatoc me qr sh thc anakataskeu c.
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1.1 Grammikì montèlo

'Estw to akìloujo prìblhma

(1.1)





u′(t) + Au(t) = f(t), 0 < t < T

u(0) = u0

ìpou A ènac pragmatikìc, jetik� orismènoc, d × d pÐnakac, f : [0, T ] → Rd ,
u0 ∈ Rd kai èstw 0 = t0 < t1 < ... < tN = T mia diamèrish tou [0, T ], In :=

(tn−1, tn] kai kn := tn − tn−1. Sthn ergasÐa aut  den ja asqolhjoÔme me
thn melèth twn arijmhtik¸n mejìdwn pou ja qrhsimopoi soume. Gia aut  thn
an�lush bl.[5].

H mèjodoc Crank-Nicolson

Gia dosmèno {vn}N
n=0 ja qrhsimopoioÔme to sumbolismì

∂̄vn :=
vn − vn−1

kn

, vn− 1
2 :=

1

2
(vn + vn−1), n = 1, ..., N.

Oi kombikèc proseggÐseic Um ∈ Rd thc mejìdou stic timèc um := u(tm) thc
lÔshc u tou (1.33) orÐzontai wc ex c,

(1.2) ∂̄Un + AUn− 1
2 = f(tn−

1
2 ), n = 1, ..., N

me U0 := u0. AfoÔ to sf�lma um − Um eÐnai deÔterhc t�xhc, gia na exas-
falÐsoume deÔterhc t�xhc prosèggish U(t) tou u(t), gia ìla ta t ∈ [0, T ],
orÐzoume thn Crank - Nicolson prosèggish U thc u wc mia grammik  parembol 
an�mesa stic timèc stouc kìmbouc Un−1 kai Un,

(1.3) U(t) = Un− 1
2 + (t− tn−

1
2 )∂̄Un, t ∈ In.
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OrÐzoume wc upìloipo thc U th sun�rthsh

(1.4) R(t) := U ′(t) + AU(t)− f(t), t ∈ In,

me R(t) ∈ Rd, dhlad  thn posìthta pou apèqei h proseggistik  lÔsh U ap' to
na eÐnai akrib c lÔsh tou probl matoc. T¸ra èqoume

U ′(t) + AU(t) = ∂̄Un + AUn− 1
2 + (t− tn−

1
2 )A∂̄Un, t ∈ In,

ap'thn opoÐa,mazÐ kai me thn (1.2),èqoume,

U ′(t) + AU(t) = f(tn−
1
2 ) + (t− tn−

1
2 )A∂̄Un, t ∈ In,

'Etsi,to upìloipo mporeÐ na grafteÐ me thn akìloujh morf 

(1.5) R(t) = (t− tn−
1
2 )A∂̄Un + [f(tn−

1
2 )− f(t)], t ∈ In.

Profan¸c,to R(t) eÐnai mia ek twn ustèrwn posìthta pr¸thc t�xhc,akìma kai
sthn perÐptwsh miac S.D.E. tou tÔpou u′(t) = f(t). H mèjodoc Crank-Nicolson

eÐnai deÔterhc t�xhc kai afoÔ to sf�lma e := u − U ikanopoieÐ thn e′ + Ae =

−R, efarmìzontac energeiakèc mejìdouc s' aut  thn exÐswsh odhgoÔmaste
anapìfeukta se fr�gmata mikrìterhc t�xhc.

Anakataskeu  Crank-Nicolson

Gia na anakt soume bèltisth t�xh, eis�goume thn Crank-Nicolson anakataskeu 
Û thc U , bl.[1] , èna suneqèc kata tm mata tetragwnikì polu¸numo ston qrìno
Û : [0, T ] → Rd pou orÐzetai parak�tw.Arqik�, èstw ϕ : In → Rd h grammik 
paremb�llousa thc f stouc kìmbouc tn−1 kai tn−

1
2 ,

(1.6) ϕ(t) := f(tn−
1
2 ) +

2

kn

(t− tn−
1
2 )[f(tn−

1
2 )− f(tn−1)], t ∈ In.

EpÐshc orÐzoume èna kat� tm mata tetragwnikì polu¸numo Φ me

Φ(t) :=

∫ t

tn−1

ϕ(s)ds, t ∈ In
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p.q.

(1.7) Φ(t) = (t− tn−1)f(tn−
1
2 )− 1

kn

(t− tn−1)(tn − t)[f(tn−
1
2 )− f(tn−1)].

Mia shmantik  idiìthta thc Φ eÐnai ìti

(1.8) Φ(tn−1) = 0, Φ(tn) = knf(tn−
1
2 ) =

∫

In

f(tn−
1
2 )dt.

T¸ra eis�goume thn Crank-Nicolson anakataskeu  Û thc U wc ex c,

(1.9) Û(t) := Un−1 −
∫ t

tn−1

AU(s)ds + Φ(t) ∀t ∈ In.

  diaforetik�,
Û ′(t) + AU(t) = ϕ(t), t ∈ In.

UpologÐzontac to olokl rwma sthn (1.9) me thn mèjodo tou trapezÐou, èqoume

(1.10) Û(t) = Un−1 − 1

2
(t− tn−1)A[U(t) + Un−1] + Φ(t) ∀t ∈ In,

to opoÐo mporeÐ na grafteÐ kai wc ex c,

Û(t) = Un−1 − A[(t− tn−1)Un−1 +
1

2
(t− tn−1)2∂̄Un] + Φ(t) ∀t ∈ In.

Profan¸c Û(tn−1) = Un−1. EpÐshc apo tic (1.8) kai (1.2) , èqoume

Û(tn) = Un−1 − knAUn− 1
2 + Φ(tn)

= Un−1 + kn[−AUn− 1
2 + f(tn−

1
2 )] = Un−1 + kn∂̄Un = Un.

Parat rhsh 1.1.1. (Epilog  thc ϕ).'Estw t̃ ∈ In. AfoÔ f(t) = f(t̃) +

f ′(t̃)(t−t̃)+O(k2
n), t ∈ In, eÐnai eÔkolo na doÔme ìti oi mìnec grammikèc sunart -

seic ϕ pou na ikanopoioÔn thn

sup
t∈In

|f(t)− ϕ(t)| = O(k2
n)
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eÐnai autèc thc morf c

ϕ(t) = f(t̃) + [f ′(t̃) + O(kn)](t− t̃) + O(k2
n)

Profan¸c
∫

In

ϕ(t)dt = knf(t̃) +
1

2
[f ′(t̃) + O(kn)](tn − t̃)2 − (tn−1 − t̃)2 + O(k3

n),

ètsi, gia f ′(t̃) 6= 0, h apaÐthsh
∫

In
ϕ(t)dt = knf(t̃) odhgeÐ sto t̃ = tn−

1
2 kai

ϕ(t) = f(tn−
1
2 ) + [f ′(tn−

1
2 ) + O(kn)](t− tn−

1
2 ).

'Epipleon, h (1.6) eÐnai h epilog  mac diìti gia ìlec tic grammikèc sunart -
seic ϕ sta In èqoume

∫
In

ϕ(t)dt = knϕ(t̃) kai ètsi h proôpìjesh apì thn (1.8),∫
In

ϕ(t)dt = knf(tn−
1
2 ), ikanopoieÐtai an kai mìno an h ϕ paremb�lei thn f sto

tn−
1
2 . Gia na bebaiwjoÔme ìti h ϕ(t) eÐnai deÔterhc t�xhc prosèggish thc f(t),

af noume thn ϕ na paremb�lei thn f s�ena epiplèon shmeÐo tn,? ∈ [tn−1, tn].
Sthn perÐptwsh pou tn,? = tn−

1
2 , h ϕ eÐnai to polu¸numo Taylor thc f sto

tn−
1
2 . Parak�tw ja èqoume tn,? := tn−1.

Apì tic (4.3) kai (1.6) , prokÔptei

(1.11) Û ′(t) + AU(t) = f(tn−
1
2 ) +

2

kn

(t− tn−
1
2 )[f(tn−

1
2 )− f(tn−1)], ∀t ∈ In.

'Etsi, to upìloipo R̂(t) thc Û

(1.12) R̂(t) := Û ′(t) + AÛ(t)− f(t), t ∈ In,

mporeÐ na grafteÐ sthn morf 

R̂(t) = A[Û(t)− U(t)]

+ {f(tn−
1
2 ) +

2

kn

(t− tn−
1
2 )[f(tn−

1
2 )− f(tn−1)]− f(t)}, ∀t ∈ In.
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1.1.1 EktÐmhsh tou Û − U

S�ut  thn par�grafo ja ektim soume thn posìthta Û −U h opoÐa ja eÐnai
qr simh sthn sunèqeia.

Apo thn (1.10) èqoume

Û(t)− U(t) = Un−1 − U(t)− 1

2
(t− tn−1)A[U(t) + Un−1] + Φ(t)

= −(t− tn−1)∂̄Un − 1

2
(t− tn−1)A[U(t) + Un−1] + Φ(t).

'Etsi,kai apì thn sqèsh (1.2)

Û(t)− U(t) = (t− tn−1)[AUn− 1
2 − f(tn−

1
2 ]− 1

2
(t− tn−1)A[U(t) + Un−1] + Φ(t)

= −1

2
(t− tn−1)A[U(t)− Un] + Φ(t)− (t− tn−1)f(tn−

1
2 ),

kai qrhsimopoiìntac thn (1.7), gia t ∈ In

(1.13) Û(t)− U(t) = (t− tn−1)(tn − t)
(1

2
A∂̄Un − 1

kn

[f(tn−
1
2 )− f(tn−1)]

)
,

ap�opou amèswc parathroÔme ìti maxt∈In|Û(t) − U(t)| = O(k2
n), afoÔ kai to

∂̄Un eÐnai fragmèno. Ac gr�youme t¸ra thn (1.13) kai sthn morf 

(1.14) Û(t)− U(t) =
1

2
(t− tn−1)(tn − t)(A∂̄Un − ρf,n)

ed¸ ρf,n = ρCN
f,n me

(1.15) ρCN
f,n :=

2

kn

[f(tn−
1
2 )− f(tn−1)]

1.1.2 Ektim seic sf�lmatoc omal¸n dedomènwn

'Estw ta sf�lmata e kai ê pou orÐzontai wc e = u−U kai ê = u− Û . Apo
thn (1.11), to arqikì prìblhma kai touc parap�nw orismoÔc eÔkola èqoume ìti

(1.16) ê′(t) + Ae(t) = Rf (t)

me Rf = RCN
f gia thn mèjodo Crank −Nicolson na orÐzetai wc

(1.17) RCN
f := f(t)− f(tn−

1
2 ) +

2

kn

(t− tn−
1
2 )[f(tn−

1
2 )− f(tn−1)], t ∈ In.
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Ektim seic enèrgeiac

E�n p�roume sthn (1.16) to eswterikì ginìmeno me to ê(t) èqoume

(1.18)
1

2

d

dt
|ê(t)|2 +

(
Ae(t), ê(t)

)
=

(
Rf (t), ê(t)

)

T¸ra,
(
Ae(t), ê(t)

)
=

1

2

(‖e(t)‖2 + ‖ê(t)‖2 − ‖ê(t)− e(t)‖2
)

kai
(
Rf (t), ê(t)

) ≤ ‖Rf (t)‖2
? +

1

4
‖ê(t)‖2

ètsi h (1.18) gÐnetai

(1.19)
d

dt
|ê(t)|2 + ‖e(t)‖2 +

1

2
‖ê(t)‖2 ≤ ‖Û(t)− U(t)‖2 + 2‖Rf (t)‖2

?.

JumÐzoume ìti ‖v‖ = |A1/2v| kai ‖v‖? = |A−1/2v|.

'Anw fr�gma

AfoÔ ê(0) = 0, e�n oloklhr¸soume thn (1.19) apì 0 e¸c t ≤ T ,èqoume

|ê(t)|2 +

∫ t

0

(‖e(s)‖2 +
1

2
‖ê(s)‖2

)
ds(1.20)

≤
∫ t

0

‖Û(s)− U(s)‖2ds + 2

∫ t

0

‖Rf (s)‖2
?ds.

Apì thn (1.20) eÔkola katal goume sthn

max
0≤τ≤t

{|ê(τ)|2 +

∫ τ

0

(‖e(s)‖2 +
1

2
‖ê(s)‖2

)
ds}(1.21)

≤
∫ t

0

‖Û(s)− U(s)‖2ds + 2

∫ t

0

‖Rf (s)‖2
?ds.
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'Estw t¸ra to β na eÐnai

(1.22) β :=

∫ 1

0

t2(1− t)2dt =
1

30

tìte profan¸c ∫

In

(t− tn−1)2(tn − t)2dt = βk5
n.

'Etsi, me aut  thn parat rhsh kai apì thn (1.14) èqoume

(1.23)
∫ tm

0

‖Û(t)− U(t)‖2dt ≤ β

2

m∑
n=1

k5
n

(|A3/2∂̄Un|2 + ‖ρf,n‖2
)
.

K�tw fr�gma

Profan¸c,
‖Û(s)− U(s)‖ ≤ ‖e(s)‖+ ‖ê(s)‖

kai ètsi,

(1.24) ‖Û(s)− U(s)‖2 ≤ 3
(
‖e(s)‖2 +

1

2
‖ê(s)‖2

)

Sundi�zontac to p�nw kai to k�tw fr�gma èqoume

1

3

∫ t

0

‖Û(s)− U(s)‖2ds ≤
∫ t

0

(‖e(s)‖2 +
1

2
‖ê(s)‖2

)
ds(1.25)

≤
∫ t

0

‖Û(s)− U(s)‖2ds + 2

∫ t

0

‖Rf (s)‖2
?ds.

Parathr¸ntac thn (1.20), blèpoume ìti to |ê(t)|2 kuriarqeÐtai apì to s-
f�lma sthn nìrma enèrgeiac,

∫ t

0

(‖e(s)‖2 + 1
2
‖ê(s)‖2

)
ds kai apì thn metabol 

twn dedomènwn,
∫ t

0
‖Rf (s)‖2

?ds. Parak�tw ja ektim soume to k�tw fr�gma san
sun�rthsh twn Un kai twn dedomènwn ìpwc kai sto �nw fr�gma sthn (1.23).
Pr¸ta loipìn parathroÔme ìti h (1.13) gÐnetai

‖Û(t)− U(t)‖2 ≥ 1

4
(t− tn−1)2(tn − t)2

(1

2
|A3/2∂̄Un|2 − ‖ρf,n‖2

)
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kai qrhsimopoi¸ntac thn (1.22), èqoume

(1.26)
∫ tm

0

‖Û(s)− U(s)‖2ds ≥ β

8

m∑
n=1

k5
n|A3/2∂̄Un|2 − β

4

m∑
n=1

k5
n‖ρf,n‖2.

Telik�, apì tic (1.25), (1.23) kai (1.26) paÐrnoume thn akìloujh sqèsh

β

24

m∑
n=1

k5
n|A3/2∂̄Un|2 − β

12

m∑
n=1

k5
n‖ρf,n‖2(1.27)

≤
∫ tm

0

(‖e(s)‖2 +
1

2
‖ê(s)‖2

)
ds

≤ β

2

m∑
n=1

k5
n

(
|A3/2∂̄Un|2 + ‖ρf,n‖2

)
+ 2

∫ tm

0

‖Rf (s)‖2
?ds

E�n h f eÐnai stajer , ta �nw kai k�tw fr�gmata diafèroun mìno kata mia
stajer�, dhlad 

β

24

m∑
n=1

k5
n|A3/2∂̄Un|2 ≤

∫ tm

0

(‖e(s)‖2 +
1

2
‖ê(s)‖2

)
ds(1.28)

≤ β

2

m∑
n=1

k5
n|A3/2∂̄Un|2

Sthn perÐptwsh aut  loipìn h ektÐmhsh (1.25) gia t = tm mporeÐ na grafteÐ
sthn morf  (1.28) me to na pollaplasi�soume to k�tw fr�gma me 2 kai to �nw
me 1/2.

L mma 1.1.1. (Eust�jeia). 'Estw {Un}N
n=0 oi proseggÐseic thc Crank −

Nicolson gia to (1.33),

(1.29) ∂̄Un + AUn− 1
2 = f̄n

ìpou f̄n = f(tn−
1
2 )   f̄n = 1

kn

∫
In

f(s)ds.Tìte h akìloujh ektÐmhsh isqÔei gia
m ≤ N :

(1.30)
m∑

n=1

kn|A3/2∂̄Un|2 + |A2Um|2 ≤ |A2U0|2 +
m∑

n=1

kn|A3/2f̄n|2.
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Apìdeixh. Efarmìzoume ton A sto sq ma mac,

A∂̄Un + A2Un− 1
2 = Af̄n,

kai paÐrnoume to eswterikì ginìmeno me to 2knA
2(Un − Un−1) kai ètsi

2kn|A3/2∂̄Un|2 + |A2Un|2 − |A2Un−1|2 = 2kn(Af̄n, A2∂̄Un).

AjroÐzontac t¸ra apì n = 1 e¸c m, èqoume
m∑

n=1

2kn|A3/2∂̄Un|2 + |A2Um|2 = |A2U0|2 + 2
m∑

n=1

kn(Af̄n, A2∂̄Un)

kai qrhsimopoi¸ntac thn anisìthta tou arijmhtikoÔ gewmetrikoÔ mèsou kai thn
Cauchy − Schwarz paÐrnoume

m∑
n=1

2kn|A3/2∂̄Un|2 + |A2Um|2 ≤ |A2U0|2

+
m∑

n=1

kn|A3/2f̄n|2 +
m∑

n=1

kn|A3/2∂̄Un|2

kai ètsi h apìdeixh telei¸nei.

Apì tic (1.20), (1.23), (1.30) kai (1.14) katal goume sto akìloujo je¸rhma.

Je¸rhma 1.1.1. (Ektim seic sf�lmatoc). 'Estw {Un}N
n=0 na eÐnai oi proseg-

gÐseic thc lÔshc tou problhmatoc (1.33) apì thn Crank−Nicolson ,e = u−U

kai ê = u− Û . H akìloujh ek twn ustèrwn ektÐmhsh isqÔei gia m ≤ N

(1.31) |ê(tm)|2 +

∫ tm

0

(
‖e(s)‖2ds+

1

2
‖ê(s)‖2

)
ds ≤ β

2

m∑
n=1

k5
n|A3/2∂̄Un|2 +E [f ]

me to β apì thn (1.22) kai

(1.32) E [f ] := 2

∫ tm

0

‖Rf (s)‖2
?ds +

β

2

m∑
n=1

k5
n‖ρf,n‖2

me ta Rf kai ρf,n apì tic (1.17) kai (1.15) antÐstoiqa gia thn mèjodo twn
Crank −Nicolson
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1.1.3 Upologistik  ektÐmhsh tou sf�lmatoc

'Eqoume orÐsei prohgoumènwc ìti e = u − U kai ê = u − Û , opìte an
antikatast soume to e sthn sqèsh (1.16) me to ê + Û − U paÐrnoume thn
akìloujh exÐswsh

ê′(t) + Aê(t) = −A(Û − U) + RCN
f

me

RCN
f := f(t)− f(tn−

1
2 ) +

2

kn

(t− tn−
1
2 )[f(tn−

1
2 )− f(tn−1)].

EpÐshc, ê(0) = 0, opìte katal goume se èna prìblhma thc Ðdiac morf c me to
arqikì mac





ê′(t) + Aê(t) = −A(Û − U) + RCN
f , 0 < t < T

ê(0) = ê0 = (0, 0)

all� me �gnwsth sun�rthsh to ê kai diaforetikì dexÐ mèloc. EpilÔontac autì
to sÔsthma p�li me thn Ðdia arijmhtik  mèjodo èqoume thn prosèggish tou ê

stouc kìmbouc thc diamèris c mac. Thn posìthta Û−U thn èqoume upologÐsei,
opìte paÐrnoume mia ek twn ustèrwn ektÐmhsh gia to sf�lma mac, e ' ê+Û−U .

Sto teleutaÐo kef�laio parajètoume kai ta arijmhtik� apotelèsmata aut c
thc diadikasÐac.
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1.2 Mh grammikì montèlo

'Estw to akìloujo prìblhma

(1.33)





u′(t) + Au(t) = B(t, u(t)), 0 < t < T

u(0) = u0

ìpou A ènac pragmatikìc, jetik� orismènoc, d×d pÐnakac, B : [0, T ]×Rd → Rd

, u0 ∈ Rd kai èstw 0 = t0 < t1 < ... < tN = T mia diamèrish tou [0, T ], In :=

(tn−1, tn] kai kn := tn − tn−1.

H mèjodoc Crank-Nicolson

Oi proseggÐseic thc mejìdou Crank-Nicolson Um ∈ Rd stic timèc thc lÔshc
tou (1.33) stouc kìmbouc um := u(tm) orÐzontai wc ex c

(1.34) ∂̄Un + AUn− 1
2 = B(tn−

1
2 , Un− 1

2 ), n = 1, ..., N

me U0 := u(0). 'Opwc kai prÐn, orÐzoume thn Crank-Nicolson prosèggish U thc
u paremb�llontac grammik� tic timèc stouc kìmbouc Un kai Un−1,

(1.35) U(t) = Un− 1
2 + (t− tn−

1
2 )∂̄Un, t ∈ In.

Anakataskeu  Crank-Nicolson

'Estw h b(t) : In → Rd na eÐnai h grammikh sun�rthsh parembol c tou
B(·, U(·)) stouc kìmbouc tn kai tn−

1
2 ,

b(t) = B(tn−
1
2 , Un− 1

2 )(1.36)

+
2

kn

(t− tn−
1
2 )[B(tn−

1
2 , Un− 1

2 )−B(tn−1, Un−1)], t ∈ In.

OrÐzoume p�li thn Crank-Nicolson anakataskeu  Û thc U wc

(1.37) Û(t) = Un−1 − A

∫

In

U(s)ds +

∫ t

tn−1

b(s)ds, t ∈ In
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  alli¸c

Û(t) =Un−1 − 1

2
(t− tn−1)A[U(t) + Un−1] + (t− tn−1)B(tn−

1
2 , Un− 1

2 )

(1.38)

+
1

kn

(t− tn−1)(tn − t)[B(tn−
1
2 , Un− 1

2 )−B(tn−1, Un−1)], t ∈ In

1.2.1 EktÐmhsh tou Û − U

E�n paragwgÐsoume thn (1.37) èqoume amèswc

(1.39) Û ′(t) = −AU(t) + b(t), t ∈ In

kai ektimoÔme thn posìthta Û − U gia t ∈ In

Û(t)−U(t) =(1.40)
1

2
(t− tn−1)(tn − t)

{
A∂̄Un − 2

kn

[B(tn−
1
2 , Un− 1

2 )−B(tn−1, Un−1)]
}
, t ∈ In

1.2.2 Upologistik  ektÐmhsh tou sf�lmatoc

'Opwc kai sthn perÐptwsh tou grammikoÔ probl matoc antikajistoÔme sthn
arqik  mac exÐswsh tic sqèseic e = u− U kai ê = u− Û . 'Etsi èqoume

ê′(t) + Û ′(t) + Au = B(t, u(t))

h opoÐa mesw thc (1.39) gÐnetai

ê′(t) + Ae = B(t, u(t))− b(t).

E�n antikatast soume ìpou e to ê + Û − U paÐrnoume

ê′(t) + Aê = −AÛ − U + B(t, u(t))− b(t).
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kai epeid  ê(0) = 0 katal goume s�ena sÔsthma ìmoio me to arqikì mac prìblh-
ma 




ê′(t) + Aê(t) = −A(Û − U) + B(t, u(t))− b(t), 0 < t < T

ê(0) = ê0 = (0, 0).

Sthn perÐptwsh aut  den mporoÔme na dr�soume akrib¸c ìpwc sto grammikì
montèlo, diìti sto dexÐ mèloc thc exÐswshc up�rqei h pragmatik  lÔsh, h opoÐa
den eÐnai gnwst . Gi�utì ton lìgo antikajistoÔme thn u me ê + Û kai to
prìblhm� mac paÐrnei thn morf 





ê′(t) + Aê(t) = −A(Û − U) + B(t, ê + Û)− b(t), 0 < t < T

ê(0) = ê0 = (0, 0)

To prìblhma pou kaloÔmaste na epilÔsoume t¸ra èqei monadikì �gnwsto to ê.
Me thn Ðdia arijmhtik  mèjodo par�goume thn prosèggish tou ê kai ètsi mèsw
thc e = ê+ Û −U , odhgoÔmaste se mÐa ek twn ustèrwn ektÐmhsh gia to arqikì
mac sf�lma.



Kef�laio 2

Ektim seic sf�lmatoc me qr sh
tou duðkoÔ probl matoc

S�utì to kef�laio ja asqolhjoÔme me mÐa all  prosèggish thc ek twn
ustèrwn ektÐmhshc tou sf�lmatoc. Arqik� ja analÔsoume thn arijmhtik  mè-
jodo pou ja efarmìsoume sto prìblhm� mac kai èpeita ja orÐsoume to duðkì
prìblhma. To duðkì prìblhma, to opoÐo prokÔptei apì to arqikì, ja mac faneÐ
qr simo sto na katal xoume stic ek twn ustèrwn ektim seic pou epijumoÔme
gia to sf�lma

'Estw to prìblhma arqik¸n tim¸n thc morf c





u′(t) + Au(t) = f(t), 0 < t < T

u(0) = u0

me tic Ðdiec upojèseic tou kefalaÐou 1 to opoÐo to gr�foume sthn morf 

(2.1) u′(t) = g(u(t)), 0 < t ≤ T, u(0) = u0,

ìpou g(u(t)) = f(t)− Au(t), g : Rd → Rd.

21
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H mèjodoc backward Euler

Gia thn arijmhtik  lÔsh tou (2.1) èqoume : 'Estw 0 = t0 < t1 < ... < tn−1 <

tn < ... < tN = T mia diakritopoÐhsh tou qrìnou me b ma kn = tn − tn−1 kai
ta antÐstoiqa diast mata In = (tn−1, tn]. H mèjodoc backward Euler ja mac
d¸sei tic proseggÐseic U(tn) sÔmfwna me ton akìloujo tÔpo

(2.2) U(tn) = U(tn−1) + kng(U(tn)),

kai U(0) = u0

2.1 EktÐmhsh sf�lmatoc

H mèjodoc backward Euler

'Estw h sun�rthsh U(t) h opoÐa orÐzetai sto [0, T ] kai sqetÐzetai me tic
timèc thc proseggistik c lÔshc stouc kìmbouc U(tn), n = 0, 1, ..., N wc ex c

U(t) = U(tn), t ∈ (tn−1, tn].

Dhlad , h U(t) eÐnai mia arister� suneq c sun�rthsh, kat� tm mata sta-
jer  sto [0, T ] kai Ðsh me U(tn) sto In kai ètsi èqei èna �lma apì to ìrio apì
ta arister� U(t−n−1) = U(tn−1) sto ìrio apì ta dexi� U(t+n−1) = U(tn) ston
qrìno t = tn−1.T¸ra gr�foume thn backward Euler sthn morf 

U(tn) = U(tn−1) +

∫ tn

tn−1

g(U(t))dt,

  diaforetik�

(2.3) U(tn) · v = U(tn−1) · v +

∫ tn

tn−1

g(U(t)) · vdt,

gia k�je v ∈ Rd kai me thn teleÐa na sumbolÐzei to bajmwtì ginìmeno ston
Rd.Aut  h mèjodoc anafèretai kai wc dG(0), h discontinuous Galerkin t�xhc
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mhdèn, pou antistoiqeÐ sto na proseggÐzetai h akrib c lÔsh u(t) apì mia kata
tm mata stajer  sun�rthsh U(t) h opoÐa ikanopoieÐ thn sunj kh orjogwniìth-
tac Galerkin (2.3).

H genik  mèjodoc dG(q) paÐrnei thn morf  (2.3), me ton periorismì thc lÔshc
U(t) se k�je qronikì di�sthma In kai me thn sun�rthsh test v se k�je qronikì
di�sthma In na eÐnai polu¸numo bajmoÔ q.

T¸ra ja par�goume mia ek twn ustèrwn ektÐmhsh tou sf�lmatoc, me skopì
na elègqoume to ginìmeno tou sf�lmatoc e(T ) = (u−U)(T ) ston telikì qrìno
T me èna di�nusma ψ, ìpou upojètoume ìti to ψ eÐnai kanonikopoihmèno ètsi
¸ste ‖ψ‖ = 1. Ed¸, me ‖ · ‖ sumbolÐzoume thn EukleÐdeia nìrma ston Rd.
AkoloÔjwc eis�goume to grammikopoihmèno duðkì prìblhma , bl.[2], to opoÐo
trèqei antÐjeta ston qrìno,

(2.4) −φ′(t) = B>(t)φ(t), 0 ≤ t < T, φ(T ) = ψ,

me

B(t) =

∫ 1

0

g′(su(t) + (1− s)U(t))ds,

ìpou u(t) eÐnai h akrib c lÔsh, U(t) h proseggistik , g′ h Iakwbian  thc g kai
me > sumbolÐzoume ton an�strofo. 'Eqoume ìti

−B(t)(U(t)− u(t)) =

∫ 1

0

∂g

∂u
(su(t) + (1− s)U(t))ds(u− U)

=

∫ 1

0

∂g

∂s
(su(t) + (1− s)U(t))ds

= g(u(t))− g(U(t))

Xekin�me me thn tautìthta

e(T ) · ψ = e(T ) · ψ +
N∑

n=1

∫ tn

tn−1

e · (−φ′ −B>φ)dt,
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kai oloklhr¸noume kata mèrh se k�je di�sthma (tn−1, tn) gia na p�roume thn
anapar�stash tou sf�lmatoc :

e(T ) · ψ =
N∑

n=1

∫ tn

tn−1

(e′ −Be) · φ dt−
N∑

n=1

(U(tn)− U(tn−1)) · φ(tn−1),

ìpou oi teleutaÐoi ìroi prokÔptoun apì ta �lmata thc U(t) stouc kìmbouc
t = tn−1.'Eqoume loipìn ìti h u lÔnei thn diaforik  exÐswsh u′ − g(u) = 0 kai
ìti U ′ = 0 se k�je qronikì di�sthma (tn−1, tn), ètsi

e′ −Be = u′ − g(u)− U ′ + g(U) = −U ′ + g(U) = g(U)

sto di�sthma (tn−1, tn) all� kai

e(T ) · ψ = −
N∑

n=1

(U(tn)− U(tn−1)) · φ(tn−1) +

∫ T

0

g(U) · φdt.

Qrhsimopoi¸ntac thn orjogwniìthta Galerkin (2.3) me v = φ̄n,thn mèsh tim 
thc φ sto In, sun�getai

e(T ) ·ψ = −
N∑

n=1

(U(tn)−U(tn−1)) · (φ(tn−1)− φ̄n)+
N∑

n=1

∫ tn

tn−1

g(U) · (φ− φ̄n)dt.

Mèqri t¸ra ∫ tn

tn−1

g(U) · (φ− φ̄n)dt = 0,

diìti h g(U(t)) eÐnai stajer  sto (tn−1, tn] kai h anapar�stash tou sf�lmatoc
paÐrnei thn morf 

e(T ) · ψ = −
N∑

n=1

(U(tn)− U(tn−1)) · (φ(tn−1)− φ̄n).

Telik�,apì thn ektÐmhsh

‖φ(tn−1)− φ̄n‖ ≤
∫ tn

tn−1

‖φ′(t)‖dt,
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paÐrnoume thn akìloujh ek twn ustèrwn ektÐmhsh sf�lmatoc gia thn mèjodo
dG(0)

(2.5) |e(T ) · ψ| ≤ Sc(T, ψ) max
1≤n≤N

‖U(tn)− U(tn−1)‖,

ìpou Sc(T, ψ), orÐzetai wc

(2.6) Sc(T, ψ) =

∫ T

0

‖φ′(t)‖dt.

Megistopoi¸ntac wc proc ψ me ‖ψ‖ = 1, èqoume ek twn ustèrwn èlegqo thc
eukleÐdeiac nìrmac tou sf�lmatoc e(T ):

(2.7) ‖e(T )‖ ≤ Sc(T ) max
1≤n≤N

‖U(tn)− U(tn−1)‖,

me

(2.8) Sc(T ) = max
‖ψ‖=1

Sc(T, ψ)

IsodÔnama, mporoÔme na gr�youme

(2.9) ‖e(T )‖ ≤ Sc(T ) max
0≤t≤T

‖k(t)R(U(t))‖,

ìpou k(t) = kn = tn − tn−1 gia t ∈ (tn−1, tn], kai R(U(t)) = (U(tn) −
U(tn−1))/kn = f(U(tn) to upìloipo to opoÐo paÐrnoume e�n b�loume thn di-
akrit  lÔsh sthn diaforik  exÐswsh.

'Enac �lloc trìpoc na ekfr�soume thn ektÐmhsh (2.5) eÐnai

(2.10) |e(T ) · ψ| ≤
∫ T

0

k(t)R(U(t))‖φ′(t)‖dt,

ìpou t¸ra h lÔsh tou duðkoÔ Ôparqei wc b�roc se èna olokl rwma wc proc ton
qrìno pou perièqei to upìloipo R(U(t)).Megistopoi¸ntac wc proc k(t)R(U(t))

kai oloklhr¸nontac thn ‖φ′(t)‖ paÐrnoume thn arqik  ektÐmhsh (2.9).
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H mèjodoc Crank-Nicolson

Thn mèjodo Crank-Nicolson thn analÔsame sto prohgoÔmeno kef�laio. To
duðkì prìblhma (2.4) paramènei to Ðdio, all� oi ektim seic tou sf�lmatoc pou
par�goume parap�nw den isqÔoun gi' aut  thn mèjodo diìti qrhsimopoioÔme
idiìthtec thc backward Euler .

'Estw loipìn UCN na eÐnai to di�nusma thc proseggistik c lÔshc tou (2.1)
pou paÐrnoume apì thn mèjodo Crank-Nicolson kai èstw U na eÐnai èna polu¸nu-
mo parembol c thc UCN . EmeÐc ja qrhsimopoi soume to grammikì polu¸numo
parembol c pou p rame kai sto pr¸to kef�laio.

Gia thn ektÐmhsh tou sf�lmatoc èqoume

e(T ) · ψ = e(T ) · ψ − e(0) · φ(0) +

∫ T

0

e · (−φ′ −B>φ)ds

= [e(t) · φ(t)]T0 −
∫ T

0

e · φ′ds−
∫ T

0

e ·B>φds

=

∫ T

0

e′ · φds−
∫ T

0

Be · φds

=

∫ T

0

(e′ −Be) · φds

kai apì thn sqèsh

e′ −Be = u′ − g(u)− U ′ + g(U) = −U ′ + g(U)

èqoume

(2.11) e(T ) · ψ =

∫ T

0

(−U ′ + g(U)) · φds

  isodÔnama, qrhsimopoi¸ntac thn sqèsh (1.5)

(2.12) e(T ) · ψ =

∫ T

0

R · φds
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'Opwc eÐdame, to R(t) eÐnai mia ek twn ustèrwn posìthta pr¸thc t�xhc kai
ètsi katal goume se mia ek twn ustèrwn ektÐmhsh tou sf�lmatoc.

E�n jèloume na sundu�soume thn idèa thc anakataskeu c me aut� pou
analÔoume s' autì to kef�laio, h diadikasÐa èqei wc ex c:

'Eqoume deÐ ìti to ê eÐnai mÐa kal  prosèggish tou e. E�n bg�loume loipìn
mÐa ektÐmhsh gia to ê, aut  ja eÐnai kal  ektÐmhsh kai gia to pragmatikì sf�lma
thc mejìdou.

MporoÔme na orÐsoume to duðkì prìblhma kai antÐ ton pÐnaka B na èqoume
ton pÐnaka B̂ o opoÐoc orÐzetai wc ex c

B̂(t) =

∫ 1

0

g′(su(t) + (1− s)Û(t))ds,

ètsi ja èqoume

−B̂(t)(Û(t)− u(t)) =

∫ 1

0

∂g

∂u
(su(t) + (1− s)Û(t))ds(u− Û)

=

∫ 1

0

∂g

∂s
(su(t) + (1− s)Û(t))ds

= g(u(t))− g(Û(t))

Gia thn ektÐmhsh tou sf�lmatoc xekin�me p�li me thn tautìthta

ê(T ) · ψ = ê(T ) · ψ − ê(0) · φ(0) +

∫ T

0

ê · (−φ′ − B̂>φ)ds

= [ê(t) · φ(t)]T0 −
∫ T

0

ê · φ′ds−
∫ T

0

ê · B̂>φds

=

∫ T

0

ê′ · φds−
∫ T

0

B̂ê · φds

=

∫ T

0

(ê′ − B̂ê) · φds

kai apì thn sqèsh

ê′ − B̂ê = u′ − g(u)− Û ′ + g(Û) = −Û ′ + g(Û)
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èqoume

(2.13) ê(T ) · ψ =

∫ T

0

(−Û ′ + g(Û)) · φds

Apì thn sqèsh (1.12), h (2.13) gÐnetai

(2.14) ê(T ) · ψ =

∫ T

0

R̂ · φds

kai ètsi, afoÔ èqoume ektim sei thn posìthta R̂ katal goume se mÐa ek twn
ustèrwn ektÐmhsh tou sf�lmatoc.

Tèloc, e�n jèloume na qrhsimopoi soume �llo polu¸numo parembol c ja
prèpei na èqoume mÐa antÐstoiqh ektÐmhsh thc posìthtac −U ′ + g(U).



Kef�laio 3

Ektim seic sfalm�twn me qr sh
thc mejìdou IDeC

Parak�tw ja asqolhjoÔme me mia mèjodo pou sthrÐzetai sthn idèa tou
Zadunaisky , bl. [4], gia thn ektÐmhsh tou olikoÔ sf�lmatoc diakritopoÐhshc
twn mejìdwn Runge-Kutta .

Me thn mèjodo aut , gia na ektim soume to sf�lma pou èqoume sthn diakri-
topoÐhsh twn montèlwn pou anafèrame sta prohgoÔmena kef�laia, kataskeu�-
zoume èna �llo prìblhma, to legìmeno geitonikì prìblhma. To geitonikì
prìblhma èqei wc akrib  lÔsh èna polu¸numo pou paremb�llei thn lÔsh tou
arqikoÔ mac probl matoc kai ètsi mporoÔme na gnwrÐzoume to sf�lma tou. Tè-
loc me to sf�lma tou geitonikoÔ probl matoc ektimoÔme to arqikì sf�lma pou
èqoume.

Analutikìtera, h mèjodoc èqei wc ex c:
JewroÔme to prìblhma arqik¸n timwn thc morf c

(3.1)





u′(t) + Au(t) = f(t), t ∈ (0, 1]

u(0) = u0

Upojètoume oti gnwrÐzoume thn proseggistik  lÔsh, u
[0]
h := uh, pou èqoume

29
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apì thn èmmesh Euler sto plègma ∆h, h = 1
mN1

= 1
N

kai sumbolÐzoume p[0](t) =

p
[0]
i (t), t ∈ Ji, i = 0, ..., N1 − 1, to kata tm mata polu¸numo bajmoÔ m pou

paremb�llei tic timèc thc u
[0]
h ,

p
[0]
i (tj) = u

[0]
j , j = im, ..., (i + 1)m, i = 0, ..., N1 − 1.

Qrhsimopoi¸ntac thn paremb�llousa sun�rthsh, bl.[3] , kataskeu�zoume èna
geitonikì prìblhma to opoÐo sqetÐzetai me to arqikì kai lÔnetai akrib¸c apì
thn p[0](t) :

(3.2)





u′(t) + Au(t) = f(t) + d[0](t), t ∈ (0, 1]

u(0) = p[0](0) = u0

ìpou
d[0](t) := p[0]′(t) + Ap[0](t)− f(t).

T¸ra lÔnoume to geitonikì prìblhma me thn Ðdia arijmhtik  mèjodo kai
paÐrnoume mia proseggistik  lÔsh p

[0]
h gia thn p[0](t). Autì shmaÐnei ìti gia thn

lÔsh tou geitonikoÔ probl matoc (3.2) gnwrÐzoume to olikì sf�lma to opoÐo
mporoÔme na qrhsimopoi soume gia na ektim soume to �gnwsto sf�lma tou
arqikoÔ probl matoc (3.1):

(3.3) εh = Rh(u)− uh ≈ δ
[0]
h := Rh(p

[0])− p
[0]
h = u

[0]
h − p

[0]
h .

ìpou Rh(x) eÐnai h probol  tou x stouc kìmbouc thc diamèris c mac.
O P.E.Zadunaisky diatÔpwse to akìloujo epiqeÐrhma gia na douleÔei aut  h

mèjodoc : E�n oi timèc uh eÐnai kalèc proseggÐseic twn tim¸n thc akriboÔc lÔshc
sta shmeÐa thc diamèrishc, tìte h sun�rthsh p[0](t) eÐnai kal  prosèggish thc
lÔshc u(t). Sunep¸c, to upìloipo d[0](t) eÐnai mikrì kai to geitonikì prìblhma
(3.2) me to arqikì prìblhma (3.1) eÐnai kont�. Autì shmaÐnei ìti to olikì
sf�lma thc lÔshc tou (3.2) eÐnai kont� sto olikì sf�lma thc lÔshc tou (3.1)
kai ètsi h ektÐmhsh (3.3) ja mac d¸sei plhroforÐec gia to mègejoc tou.
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'Eqontac thn ektÐmhsh gia to olikì sf�lma thc lÔshc u
[0]
h mporoÔme na

belti¸soume thn lÔsh mac jètontac

u
[1]
h = u

[0]
h + δ

[0]
h = u

[0]
h +

(
Rh(p

[0])− p
[0]
h

)
.

QrhsimopoioÔme autèc tic timèc gia na orÐsoume mia nèa sun�rthsh parembol c
p[1](t) apait¸ntac p

[1]
i (tj) = u

[1]
j , j = im, ..., (i + 1)m, i = 0, ..., N1 − 1, kai to

antÐstoiqo upìloipo na eÐnai

d[1](t) := p[1]′(t) + Ap[1](t)− f(t).

'Etsi to epìmeno geitonikì prìblhma eÐnai

(3.4)





u′(t) + Au(t) = f(t) + d[1](t), t ∈ (0, 1]

u(0) = p[0](0) = u0

kai to lÔnoume p�li me thn Ðdia mèjodo,gai na p�roume thn prosèggish p
[1]
h h

opoÐa qrhsimopoieÐtai gia na diorj¸soume thn basik  mac lÔsh :

u
[2]
h = u

[0]
h + δ

[1]
h = u

[0]
h +

(
Rh(p

[1])− p
[1]
h

)
.

H diadikasÐa mporeÐ na suneqisteÐ antistoÐqwc.
To ìti h mèjodoc sugklÐnei, bl.[], to gnwrÐzoume mìno gia thn mèjodo pou

qrhsimopoi same. Stic efarmogèc pou k�name efarmìsame thn IDeC kai me thn
mèjodo Crank-Nicolson kai diapust¸same, peiramatik�, ìti sugklÐnei .

Tèloc, to p¸c mporoÔme na sundu�soume aut  thn mèjodo me thn idèa thc
anakataskeu c to analÔoume sto epìmeno kef�laio.



Kef�laio 4

efarmogèc

S' autì to kef�laio efarmìzoume kai sugkrÐnoume tic parap�nw idèec gia thn
ek twn ustèrwn ektÐmhsh tou sf�lmatoc sthn arijmhtik  epÐlush susthm�twn
S.D.E. Arqik� ja asqolhjoÔme me èna aplì grammikì sÔsthma S.D.E. kai
èpeita me èna mh grammikì.

4.1 Grammikì montèlo

JewroÔme to akìloujo prìblhma arqik¸n tim¸n:
na brejeÐ u : [0, T ] → R2 pou na ikanopoieÐ:

(4.1)





u′(t) + Au(t) = 0, 0 < t < T

u(0) = u0

ìpou u0 = (1, 1) , T = 10 kai A =

[
1 0

0 1000

]

32
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4.1.1 Anakataskeu 

Arqik�, lÔnoume to (4.1)me thn mèjodo Crank-Nicolson . ProseggÐzoume
to pragmatikì sf�lma e = u − U apì thn sqèsh e = ê + Û − U , ìpou u

h pragmatik  lÔsh tou parap�nw probl matoc, U h grammik  parembol  thc
prosèggishc pou èqoume apì thn arijmhtik  mèjodo, Û h anakataskeu  thc U

kai ê = u− Û .
To ê to proseggÐzoume epilÔontac to parak�tw sÔsthma p�li me thn mèjodo

Crank-Nicolson .




ê′(t) + Aê(t) = A(Û − U), 0 < t < 10

ê(0) = ê0 = (0, 0)

to opoÐo prokÔptei apì to (4.1) e�n antikatast soume thn u apì tic sqèseic
e = u− U kai e = ê + Û − U .

Sta parak�tw graf mata epalhjeÔetai ìti to ê eÐnai mia kal  prosèggish
tou pragmatikoÔ sf�lmatoc e = u− U
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Sq ma 4.1: Sto aristerì gr�fhma emfanÐzetai h diafor� tou proseggistikoÔ
sf�lmatoc meion to pragmatikì gia thn pr¸th sunist¸sa thc lÔshc mac kai
sto dexi� gia thn deÔterh.
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4.1.2 duikì

Sto Ðdio sÔsthma efarmìsame thn idèa tou deutèrou kefalaÐou. Aut  h
mèjodoc ustereÐ upologistik� twn �llwn duo, diìti odhgeÐ sthn ektÐmhsh tou
sf�lmatoc gia mia mìno qronik  stigm . 'Etsi gia na èqoume mia kal  ektÐmhsh
gia to sf�lma prèpei na epilÔsoume arket� duik� probl mata.
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Sq ma 4.2: Sto aristerì gr�fhma emfanÐzetai h diafor� tou proseggistikoÔ
sf�lmatoc meion to pragmatikì gia thn pr¸th sunist¸sa thc lÔshc mac kai
sto dexi� gia thn deÔterh.

EpilÔoume to (4.1) me thn èmmesh Euler . 'Epeita kataskeu�zoume to duðkì
prìblhma ìpwc sthn (2.4) me arqik  sunj kh ψ = (1, 0) ìtan elègqoume to
sf�lma thc pr¸thc sunist¸sac thc lÔshc kai ψ = (0, 1) ìtan elègqoume to
sf�lma thc deÔterhc. EpilÔoume to duðkì prìblhma p�li me thn èmmesh Euler ,
gia di�forouc telikoÔc qrìnouc kai proseggÐzoume to sf�lma se k�je telikì
qrìno apì thn sqèsh

e(T ) · ψ = −
N∑

n=1

(U(tn)− U(tn−1)) · (φ(tn−1)− φ̄n)

Sugkekrimèna, epilègoume dèka kìmbouc thc diamèris c, lÔnoume dèka duðk�
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probl mata kai proseggÐzoume to sf�lma gia k�je sunist¸sa thc lÔshc apì
thn parap�nw sqèsh.

4.1.3 IDec

Tèloc, gia thn mèjodo tou trÐtou kefalaÐou epilÔoume p�li to (4.1) me thn
èmmesh Euler kai par�goume thn proseggistik  lÔsh {Un}N

n=1. JewroÔme èna
tetragwnikì polu¸numo thc morf c

p(t) = Un−1+
Un − Un−1

kn

(t−(n−1)kn)+
Un+1−Un−1

2kn
− Un−Un−1

kn

kn

(t−(n−1)kn)(t−nkn)

pou paremb�llei thn proseggistik  mac lÔshc stouc kìmbouc Un−1, Un, Un+1.
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Sq ma 4.3: Sto aristerì gr�fhma emfanÐzetai h diafor� tou proseggistikoÔ
sf�lmatoc meion to pragmatikì gia thn pr¸th sunist¸sa thc lÔshc mac kai
sto dexi� gia thn deÔterh.

'Epeita, ìpwc analÔoume sto kef�laio 3, kataskeu�zoume to geitonikì
prìblhma pou lÔnetai akrib¸c apì to p(t) kai proseggÐzoume to sf�lma tou
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(4.1) apì to sf�lma tou geitonikoÔ probl matoc.
Aut  h mèjodoc, antÐjeta me aut n tou deutèrou kefalaÐou, èqei thn Ðdia

poluplokìthta me thn anakataskeu , qrei�zetai thn epÐlush dÔo susthm�twn
S.D.E. gia na katal xoume sthn ektÐmhsh tou sf�lmatoc.

4.2 Aplì mh grammikì sÔsthma

'Estw to akìloujo sÔsthma

(4.2)





u′(t) = Au(t) + B(u), 0 < t < 10

u(0) = u0

ìpou A =



−1 0 0

0 −1 0

0 0 −1


 kai B(u) =




0

−u1u1

−u1u2


.

Me arqik  sunj kh u0 = (1, 1, 1/2). To par�p�nw sÔsthma èqei lÔsh to
di�nusma u(t) = (e−t, e−2t, 1

2
e−3t)

4.2.1 anakataskeu 

Arqik�, lÔnoume to parap�nw sÔsthma me thn mèjodo Crank-Nicolson .
ProseggÐzoume to pragmatikì sf�lma e = u−U apì thn sqèsh e = ê+ Û−U ,
ìpou u h pragmatik  lÔsh tou parap�nw probl matoc, U h prosèggish pou
èqoume apì thn arijmhtik  mèjodo, Û h anakataskeu  thc U kai ê = u− Û .

To ê to proseggÐzoume epilÔontac to parak�tw sÔsthma p�li me thn mèjodo
Crank-Nicolson .




ê′(t) = Aê(t) + A(Û(t)− U(t)) + B(ê(t) + Û(t))−B(U(t)), 0 < t < 10

ê(0) = ê0 = (0, 0, 0)
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Sq ma 4.4: Sta parap�nw graf mata emfanÐzetai h diafor� tou proseggis-
tikoÔ sf�lmatoc meion to pragmatikì gia k�je sunist¸sa thc lÔshc antÐs-
toiqa.

4.2.2 duikì

AkoloÔjwc epilÔoume to (4.3) me thn èmmesh Euler . 'Epeita kataskeu�-
zoume to duðkì prìblhma ìpwc sthn (2.4) me arqik  sunj kh ψ = (1, 0, 0)

ìtan elègqoume to sf�lma thc pr¸thc sunist¸sac thc lÔshc, ψ = (0, 1, 0)

ìtan elègqoume to sf�lma thc deÔterhc kai ψ = (0, 0, 1). EpilÔoume to duðkì
prìblhma p�li me thn èmmesh Euler , gia di�forouc telikoÔc qrìnouc kai pros-
eggÐzoume to sf�lma se k�je telikì qrìno apì thn sqèsh

e(T ) · ψ = −
N∑

n=1

(U(tn)− U(tn−1)) · (φ(tn−1)− φ̄n)

Sugkekrimèna, epilègoume dèka kìmbouc thc diamèris c, lÔnoume dèka duðk�
probl mata kai proseggÐzoume to sf�lma gia k�je sunist¸sa thc lÔshc apì
ton parap�nw tÔpo.
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Sto parak�tw gr�fhma parathroÔme ìti h epilog  thc arqik c sunj khc
sta duðk� probl mata, skot¸nei thn mh grammikìthta tou montèlou mac. Autì
bèbaia den eÐnai genikì, eÐnai mia idiaiterìthta tou probl matoc pou èqoume
epilèxei.
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Sq ma 4.5: Sto parap�nw gr�fhma emfanÐzontai to sf�lma k�je sunist¸sac
thc lÔshc kaj¸c kai h prosèggis  touc, hopoÐa eÐnai h mh omal  kampÔlh .

4.2.3 IDeC

Tèloc, gia thn mèjodo IDeC epilÔoume p�li to (4.1) me thn èmmesh Euler

kai par�goume thn proseggistik  lÔsh {Un}N
n=1. JewroÔme èna tetragwnikì

polu¸numo thc morf c

p(t) = Un−1+
Un − Un−1

kn

(t−(n−1)kn)+
Un+1−Un−1

2kn
− Un−Un−1

kn

kn

(t−(n−1)kn)(t−nkn)

pou paremb�llei thn proseggistik  mac lÔshc stouc kìmbouc Un−1, Un, Un+1.
'Epeita, kataskeu�zoume to geitonikì prìblhma pou lÔnetai akrib¸c apì to
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p(t) kai proseggÐzoume to sf�lma tou (4.1) apì to sf�lma tou geitonikoÔ
probl matoc.

0 5 10
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 5 10
−0.04

−0.02

0

0.02

0.04

0.06

0.08

0 5 10
−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

Sq ma 4.6: Sta parap�nw graf mata emfanÐzetai h diafor� tou proseggis-
tikoÔ sf�lmatoc meion to pragmatikì gia k�je sunist¸sa thc lÔshc antÐs-
toiqa.
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4.3 IDeC - Anakataskeu 

Tèloc k�name èna "peÐrama", sundu�same tic idèec tou pr¸tou kai tou trÐtou
kefalaÐou gia thn apl  perÐptwsh tou grammikoÔ montèlou.

'Estw loipìn to akìloujo prìblhma,





u′(t) + Au(t) = 0, 0 < t < T

u(0) = u0

ìpou u0 = (1, 1) , T = 10 kai A =

[
1 0

0 1000

]

Upojètoume oti gnwrÐzoume thn proseggistik  lÔsh, u
[0]
h := uh, pou èqoume

apì thn Crank − Nicolson sto plègma ∆h, h = T
mN1

= T
N

kai sumbolÐzoume
p[0](t), to kata tm mata polu¸numo bajmoÔ 2 pou paremb�llei tic timèc thc u

[0]
h

stouc kìmbouc thc diamèrishc,

p
[0]
i (tj) = u

[0]
j , j = im, ..., (i + 1)m, i = 0, ..., N1 − 1.

Autì to polu¸numo, to paÐrnoume na eÐnai h anakataskeu  thc proseggistik c
mac lÔshc, h opoÐa orÐstike sto pr¸to kef�laio na eÐnai

p[0](t) = Û(t) := Un−1 −
∫ t

tn−1

AU(s)ds ∀t ∈ In.

ìpou
U(t) = u

n− 1
2

h + (t− tn−
1
2 )∂̄un

h

h grammik  parembol  thc uh sta shmeÐa un−1
h kai un

h

Qrhsimopoi¸ntac thn paremb�llousa sun�rthsh, kataskeu�zoume èna geitonikì
prìblhma to opoÐo sqetÐzetai me to arqikì kai lÔnetai akrib¸c apì thn p[0](t) :





u′(t) + Au(t) = d[0](t), 0 < t < T

u(0) = p[0](0),
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ìpou

d[0](t) := p[0]′(t) + Ap[0](t) = Û ′(t) + AÛ(t)

= A(Û − U)

T¸ra lÔnoume to geitonikì prìblhma me thn Ðdia arijmhtik  mèjodo kai
paÐrnoume mia proseggistik  lÔsh p

[0]
h gia thn p[0](t). Autì shmaÐnei ìti gia

thn lÔsh tou geitonikoÔ probl matoc gnwrÐzoume to olikì sf�lma to opoÐo
mporoÔme na qrhsimopoi soume gia na ektim soume to �gnwsto sf�lma tou
arqikoÔ probl matoc :

εh = Rh(u)− uh ≈ δ
[0]
h := Rh(p

[0])− p
[0]
h = u

[0]
h − p

[0]
h .

'Eqontac thn ektÐmhsh gia to olikì sf�lma thc lÔshc u
[0]
h mporoÔme na

belti¸soume thn lÔsh mac jètontac

u
[1]
h = u

[0]
h + δ

[0]
h = u

[0]
h +

(
Rh(p

[0])− p
[0]
h

)
.

0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
x 10

−6

e−new

e 

e^

0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

−1

−0.5

0

0.5

1

e 

e^

e−new

Sq ma 4.7: Sto aristerì gr�fhma emfanÐzontai ta sf�lmata gia thn pr¸th
sunist¸sa thc lÔshc mac kai sto dexi� gia thn deÔterh.

Parap�nw blèpoume to sf�lma thc beltiwmènhc lÔshc, e − new, thc ek-
tÐmhshc pou èqoume apì to pr¸to kef�laio ê, kai tou arqikìu sf�lmatoc pou
èqoume apì thn Crank-Nicolson , e.
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4.4 Duðkì - Crank-Nicolson

Ed¸ lÔnoume p�li to grammikì montèlo, all� aut  thn for� me thn mèjo-
do Crank-Nicolson . LÔnoume to duðkì prìblhma me thn èmmesh Euler me tic
Ðdiec arqikèc sunj kec ìpwc kai prÐn, ètsi ¸ste na elègqoume to sf�lma thc
k�je sunist¸sac thc lÔshc. 'Epeita upologÐzoume to sf�lma apì thn sqèsh
(2.14) qrhsimopoi¸ntac thn mèjodo tou trapezÐou kai thn ektÐmhsh (1.5) gia to
upìloipo. Analutikìtera h sqèsh gia to sf�lma gÐnetai ¸c ex c

e(T ) · ψ =
N∑

n=1

1

2
kn[

1

2
A(Un − Un−1) · (φ(tn)− φ(tn−1))]

Parak�tw èqoume ta arijmhtik� apotelèsmata èpeita apì thn lÔsh 20 duðk¸n
problhm�twn.
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Sq ma 4.8: Sto parap�nw gr�fhma emfanÐzetai h prosèggish tou sf�lmatoc
gia thn pr¸th sunist¸sa thc lÔshc,arister� kai kai gia thn deÔterh sta dexi�.

Tèloc, lÔnoume to mh grammikì montèlo me thn parap�nw diadikasÐa. PaÐrnoume
mÐa ektÐmhsh tou sf�lmatoc kai gia tic treÐc sunist¸sec tou probl matoc.
Autì sumbaÐnei diìti oi arqikèc sunj kec sta duðk� probl mata pou epilÔoume
skot¸noun touc mh grammikoÔc ìrouc tou montèlou mac.
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Sq ma 4.9: Sto parap�nw gr�fhma emfanÐzetai h prosèggish tou sf�lmatoc
gia to mh grammikì montèlo .

4.5 SÔsthma Lorenz

Tèloc, k�name mia efarmog  thc mejìdou thc anakataskeu c kai aut c tou
deutèrou kefalaÐou me thn Crank-Nicolson sto sÔsthma Lorenz .

To majhmatikì montèlo èqei wc ex c,

(4.3)





u′(t) = Au(t) + B(u), 0 < t < 2

u(0) = u0

ìpou A =



−10 10 0

28 −1 0

0 0 −8/3


 kai B(u) =




0

−u1u3

u1u2


.

Me arqik  sunj kh u0 = (1, 0, 0). Parak�tw emfanÐzontai ta graf mata thc
lÔshc tou sust matoc, kaj¸c kai thc prosèggishc tou sf�lmatoc pou èqoume
apì tic dÔo mejìdouc.
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Sq ma 4.10: Sto parap�nw gr�fhma emfanÐzetai h prosèggish thc lÔshc tou
sust matoc Lorenz .
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Sq ma 4.11: Sto parap�nw gr�fhma emfanÐzetai arister� h prosèggish tou
sf�lmatoc gia k�je sunist¸sa apì thn diadikasÐa thc anakataskeu c kai dexi�
apì to duðkì prìblhma.
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