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4 PERIEQ�OMENA



Kef�laio 1

Eisagwg 

1.1 Prìlogoc

To prìblhma twn Busemann-Petty èqei katafatik  ap�nthsh gia n ≤ 4 kai
arnhtik  gia n ≥ 5.
H ergasÐa aut  qwrÐzetai se 3 kef�laia.

To pr¸to kef�laio apoteleÐtai apì k�poia istorik� stoiqeÐa kai merikoÔc
basikoÔc orismoÔc, qr simouc gia thn an�gnwsh thc ergasÐac. Anafèrontai
merikèc apì tic kuriìterec ergasÐec pou èginan p�nw sto jèma, oi opoÐec �llote
ephrèasan ki �llote epibebaÐwsan thn poreÐa proc thn oloklhrwmènh lÔsh.

Sto deÔtero kef�laio asqoloÔmaste me ta tèssera shmantikìtera anti-
paradeÐgmata. Sto 2.1 melet�me to antipar�deigma pou pijanojewrhtik� dh-
mioÔrghsan oi Larman-Rogers, [LR] gia diast�seic megalÔterec apì 11. To
2.2 perièqei dÔo ergasÐec tou Ball, [B1],[B2], o opoÐoc afoÔ arqik� parat -
rhse ìti h mègisth tom  tou monadiaÐou kÔbou ston Rn me (n−1)−di�statouc
upìqwrouc eÐnai

√
2, kataskeÔase èna antipar�deigma gia n ≥ 10. Sto 2.3

melet�me èna antipar�deigma gia n ≥ 7, tou Giannìpoulou, [Gi], en¸ to 2.4
apoteleÐtai apì èna antipar�deigma tou Papadhmhtr�kh [Pa] gia tic diast�seic
5 kai 6.

To trÐto kef�laio thc ergasÐac aut c asqoleÐtai me to prìblhma genik�
gia ìlec tic diast�seic. Anafèrontai arqik� k�poiec qr simec ènnoiec-ergaleÐa
gia thn melèth tou probl matoc (par.3.1). DÐnontai oi orismoÐ twn metasqh-
matism¸n Fourier kai Radon genik� gia katanomèc kai pio eidik� gia jetik�
orismènec katanomèc. Parousi�zoume epÐshc thn sun�rthsh par�llhlwn to-
m¸n, h opoÐa apotèlese basikì kleidÐ gia mia eniaÐa lÔsh. OrÐzoume akìma
ta asterìmorfa s¸mata kaj¸c kai ta s¸mata tom¸n, mia ènnoia pou o Lu-
twak pr¸toc sunèdese me to prìblhma, ([Lu2]). EpÐshc dÐnontai kai k�poiec
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6 KEF�ALAIO 1. EISAGWG�H

qr simec sqèseic pou qrhsimopoioÔntai stic apodeÐxeic.
Sto trÐto kef�laio parousi�zontai epÐshc trÐa kÔria jewr mata.

To pr¸to dÐnei mia ikan  kai anagkaÐa sunj kh gia na èqei to prìblhma
katafatik  ap�nthsh ston Rn. Pio sugkekrimèna apodeiknÔetai oti autì isqÔei
an kai mìno an k�je kurtì summetrikì,wc proc to 0, s¸ma ston Rn eÐnai
s¸ma tom¸n. Parousi�zoume thn apìdeixh, h opoÐa ofeÐletai, gia thn mÐa
kateÔjunsh (ikan  sunj kh) ston Lutwak, [Lu2], en¸ h anagkaiìthta thc
idiìthtac aut c twn swm�twn ofeÐletai ston Zhang, [Z3].

To deÔtero je¸rhma eÐnai mia ergasÐa tou Koldobsky, [K5] o opoÐoc mele-
t�ei pìte èna asterìmorfo s¸ma eÐnai s¸ma tom¸n.To je¸rhma autì dÐnei oti
èna asterìmorfo s¸ma K ston Rn eÐnai s¸ma tom¸n an kai mìno an h ‖x‖−1

K

eÐnai mia jetik� orismènh katanom .
Me to trÐto je¸rhma oloklhr¸netai mia eniaÐa apìdeixh sto prìblhma twn

Busemann-Petty. EÐnai mia ergasÐa twn Gardner-Koldobsky-Schlumprecht,
[GKS] sthn opoÐa exet�zetai pìte h ‖x‖−1

K eÐnai mia jetik� orismènh katanom .
Sto tètarto mèroc tou kefalaÐou autoÔ me qr sh twn tri¸n jewrhm�twn

pou anafèrjhkan parap�nw dÐnetai mia apìdeixh h opoÐa dÐnei �mesa thn ap�-
nthsh sto prìblhma gia ìlec tic diast�seic kai {epibebai¸nei} kata k�poio
trìpo ìla ta prohgoÔmena apotelèsmata.

1.2 Istorik�

To 1956 oi Busemann kai Petty, [BP] dhmosÐeusan èna �rjro, jètontac mia
seir� apì anoikt� probl mata kurt¸n swm�twn. 'Ena apì aut�  tan kai to
prìblhma me to opoÐo asqoloÔmaste sthn ergasÐa aut .

To prìblhma twn Busemann-Petty

'Estw k, L kurt�, summetrik� wc proc to 0, s¸mata ston Rn.
An gia k�je (n− 1)−di�stato upìqwro H isqÔei ìti

|K ∩H|(n−1) ≤ |L ∩H|(n−1),

sunep�getai ìti
|K|(n) ≤ |L|(n);

Parìlo pou to prìblhma mporeÐ plèon na jewrhjeÐ kleismèno, axÐzei na
gÐnei mia mikr  anafor� stic ergasÐec pou èqoun gÐnei, mia kai polloÐ majh-
matikoÐ asqol jhkan me to jèma autì. PolloÐ perissìteroi apì autoÔc pou



1.2. ISTORIK�A 7

anafèrontai sthn ergasÐa aut . Parak�tw tic parousi�zoume sunoptik� qw-
rÐzontac ta apotelèsmata s' aut� pou dÐnoun arnhtik  kai s' aut� pou dÐnoun
katafatik  ap�nthsh, akolouj¸ntac qronologik  seir�.

To 1975 oi Larman kai Rogers, [LR] apèdeixan ìti h ap�nthsh eÐnai arnh-
tik  an n ≥ 12. Me pijanojewrhtikèc mejìdouc èdeixan thn Ôparxh s¸matoc
L -mikrhc parallag c thc EukleÐdeiac mp�lac (me thn ènnoia thc Hausdorff
apìstashc ), tou opoÐou o n−di�statoc ìgkoc eÐnai megalÔteroc apì autìn
thc mp�lac, en¸ o ìgkoc thc tom c tou me (n− 1)−di�stato upìqwro H den
xepern�ei ton ìgko thc Bn−1.

Argìtera (1986-1989) o Ball, [B1], [B2] afoÔ upolìgise ìti h mègisth
(n − 1)−di�stath tom  tou monadiaÐou kÔbou me ènan upìqwro eÐnai

√
2, ka-

taskeÔase èna antipar�deigma qrhsimopoi¸ntac ton monadiaÐo kÔbo kai thn
EukleÐdeia mp�la, kat�llhlhc aktÐnac, gia na deÐxei ìti h ap�nthsh eÐnai ar-
nhtik  kai gia n ≥ 10.

GÔrw sto 1990 o Giannìpouloc, [Gi] èdeixe ìti h ap�nthsh eÐnai epÐshc
arnhtik  ìtan h di�stash eÐnai megalÔterh   Ðsh apì 7. H lÔsh pro lje
kataskeuastik�, jewr¸ntac kÔlÐndro ston Rn tou opoÐou o ìgkoc eÐnai Ðsoc
me ton ìgko thc Bn en¸ oi (n− 1)−di�statec tomèc tou me upoq¸rouc èqoun
ìgko mikrìtero apì autìn thc mp�lac stic n− 1 diast�seic.

Thn Ðdia qroni� o Bourgain, [Bo] èdeixe ìti paÐrnontac thn EukleÐdeia
monadiaÐa mp�la kai s¸ma proerqìmeno apì mikrèc diataraqèc thc h ap�nthsh
eÐnai arnhtik .

To 1991 o Papadhmhtr�khc, [P] kataskeÔase kat�llhlo s¸ma L kai paÐr-
nontac mikrèc diataraqèc tou apèdeixe ìti to prìblhma epimènei na èqei arnh-
tik  ap�nthsh kai stic peript¸seic ìpou n = 5, 6.

LÐgo argìtera oi Gardner, [Ga2] kai Zhang, [Z2], èdwsan to Ðdio apotè-
lesma kataskeu�zontac antiparadeÐgmata apì s¸mata pou den  tan s¸mata
tom¸n ston R5.

To Prìblhma twn Busemann-Petty apodeÐqjhke telik� ìti dÐnei katafa-
tik  ap�nthsh mìno gia tic diast�seic 2,3 kai 4.

Gia n = 2 eÐnai sqedìn profanèc ìti h ap�nthsh eÐnai katafatik  mia kai o
monodi�statoc ìgkoc twn tom¸n twn dÔo summetrik¸n wc proc to 0, swm�twn,
|K ∩H| ≤ |L ∩H| isodunameÐ me K ⊆ L.

To 1963 o Busemann, [Bu1] èdeixe ìti sthn eidik  perÐptwsh ìpou to K
eÐnai elleiyoeidèc h ap�nthsh eÐnai katafatik . LÐgo argìtera, [Bu2] parat -
rhse ìti to Ðdio apotèlesma mporeÐ kaneÐc na p�rei an K eÐnai èna elleiyoeidèc
me kèntro summetrÐac to 0 kai L èna opoiod pote sumpagèc sÔnolo pou periè-
qei to 0.

O Lutwak, [Lu2] to 1988 èdwse katafatik  ap�nthsh ston Rn gia s¸mata
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pou an koun sthn kl�sh twn asterìmorfwn swm�twn, ìpou to s¸ma me thn
pio mikr  kentrik  tom  eÐnai s¸ma tom¸n, sundèontac ètsi ta s¸mata tom¸n
asterìmorfwn swm�twn me to prìblhma twn Busemann-Petty. Sthn apìdeixh
qrhsimopoÐhse th jewrÐa twn duik¸n mikt¸n ìgkwn, thn opoÐa o Ðdioc eÐqe prin
qrìnia orÐsei, [Lu1].
Epiplèon èdeixe ìti an L èna s¸ma me C∞ sÔnoro kai jetik  kampulìthta
to opoÐo den eÐnai s¸ma tom¸n tìte mporoÔme me mikrèc diataraqèc tou na
p�roume èna s¸ma K to opoÐo mazÐ me to arqikì L dÐnoun arnhtik  ap�nthsh.

'Etsi dìjhke èna genikì je¸rhma gia to pìte h ap�nthsh sto prìblhma
twn Busemann-Petty eÐnai katafatik . Kai autì isqÔei an kai mìno an k�je
kurtì summetrikì wc proc to 0, s¸ma ston Rn eÐnai s¸ma tom¸n.

To 1990 o Bourgain, [Bo] èdeixe ìti gia n = 3 h ap�nthsh eÐnai katafa-
tik  paÐrnontac L = B3 kai K s¸ma proerqìmeno apì mikrèc diataraqèc thc
mp�lac.

To apotèlesma tou Lutwak belti¸jhke lÐgo apì touc Gardner, [Ga2] kai
Zhang, [Z2], [Z3]. Sthn ergasÐa mac parousi�zoume thn apìdeixh tou Zhang,
[Z3], sthn opoÐa h ik�nh sunj kh gia na isqÔei to je¸rhma ofeÐletai ston
Lutwak, [Lu2].

To 1992 o Zhang sto Ðdio �rjro èdeixe ìti o monadiaÐoc kÔboc ston R4 den
eÐnai s¸ma tom¸n, opìte h ap�nthsh gia tic tèsseric diast�seic  tan arnhtik .

To 1994 o Gardner, [Ga1] apèdeixe ìti k�je kurtì, summetrikì me kè-
ntro to 0, s¸ma ston R3 eÐnai s¸ma tom¸n, opìte h ap�nthsh gia tic treic
diast�seic  tan katafatik .

Gia merik� qrìnia to prìblhma èdeiqne na èqei kleÐsei, oi diast�seic 2 kai
3 èdinan katafatik  ap�nthsh, en¸ apì tic 4 kai p�nw arnhtik .

To 1997 o Koldobsky, [K4] apèdeixe ìti o monadiaÐoc kÔboc ston Rn eÐnai
s¸ma tom¸n an kai mìno an n ≤ 4. Opìte to apotèlesma tou Zhang apì-
deÐqjhke ìti  tan lanjasmèno. LÐgo argìtera o Ðdioc, [Z1], epibebaÐwse to
apotèlesma tou Koldobsky deÐqnintac ìti ìla ta kurt�, summetrik� wc proc
to 0, s¸mata ston R4 eÐnai s¸mata tom¸n.

Thn Ðdia qroni� o Koldobsky, [K5] èdwse ènan qarakthrismì gia ta s¸mata
tom¸n, apodeiknÔontac ìti èna asterìmorfo s¸ma eÐnai s¸ma tom¸n an kai
mìno an h aktinik  tou sun�rthsh eÐnai mia jetik� orismènh katanom .

To prìblhma èkleise apì touc Gardner-Koldobsky-Schlumprecht, [GKS],
ìpou èdwsan mia genik  apìdeixh, h opoÐa dÐnei ap�nthsh gia ìlec tic diast�-
seic. Sthn apìdeixh aut  faÐnetai plèon {fusiologikì} giatÐ to prìblhma twn
Busemann-Petty èqei katafatik  ap�nthsh gia tic diast�seic 2,3 kai 4, kai
arnhtik  ap�nthsh gia ìlec tic parap�nw.
Ja doÔme parak�tw analutik� tic apodeÐxeic kai twn dÔo teleutaÐwn apotele-
sm�twn pou anafèrame.
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Mia lÐgo diaforetik  apìdeixh apo aut  twn Gardner-Koldobsky-Schlu-
mprecht, èdwsan teleutaÐa oi Barthe-Fradelizi-Maurey, [BFM].
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1.3 OrismoÐ-Eisagwgik�

Sthn ergasÐa aut  o q¸roc p�nw ston opoÐo ergazìmaste eÐnai o EukleÐdeioc
q¸roc Rn.

SumbolÐzoume me kefalaÐa gr�mmata thc latinik c alfab tou A,B, ..K,L..
ta sumpag  uposÔnola tou Rn. O ìgkoc enìc tètoiou sunìlou A stic k dia-
st�seic ja eÐnai |A|(k).
Me Bk ja sumbolÐzoume thn monadiaÐa EukleÐdeia mp�la di�stashc k kai me
Sk−1 thn monadiaÐa sfaÐra ston Rk. Me wk ja sumbolÐzoume ton ìgko thc
Bk, opìte o ìgkoc thc Sk−1 ja eÐnai kwk.
'Etsi an èqoume mia k−di�stath mp�la aktÐnac ρ, o ìgkoc thc ja eÐnai |B(ρ)|(k) =
ρkwk.

H sun�rthsh G�mma eÐnai mia sun�rthsh Γ : (0, +∞) −→ R me

Γ(x) =
∫ +∞

0
tx−1e−tdt

kai gia thn opoÐa isqÔoun oi idiìthtec

i. Γ(x + 1) = xΓ(x)

ii. Γ(1) = 1

iii. an n ∈ N, Γ(n + 1) = n!

([W], sel.208-9)

'Ena olokl rwma pou ja qrhsimopoi soume polÔ, idiaÐtera sto pr¸to mè-
roc thc ergasÐac aut c, eÐnai to

In =
∫ π

2

−π
2

cosn θdθ =
∫ 1

−1
(1− t2)

n−1
2 , n ∈ N (1.3.1)

Gia thn akoloujÐa aut  isqÔei

In+1 =
∫ π

2

−π
2

cosn+1 θdθ =
∫ π

2

−π
2

cosn θ cos θdθ ≤
∫ π

2

−π
2

cosn θdθ = In,

dhlad  h {In} eÐnai fjÐnousa.
Me thn bo jeia tou In kai thc sun�rthshc Gamma, upologÐzetai ìti o ìgkoc

thc monadiaÐac mp�lac ston Rn, eÐnai

wn =
2πn/2

nΓ(n
2 )
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Epiplèon isqÔei ìti
wn

wn−1
= In, n ∈ N (1.3.2)

  alli¸c ∫ 1

0
(1− t2)

n−2
2 dt =

1
2

π
1
2 Γ(n

2 )
Γ(n+1

2 )
(1.3.3)

([W], sel.278-9)

Me H(u)   u⊥ ja sumbolÐzoume ton (n− 1)−di�stato grammikì upìqwro
tou Rn, o opoÐoc eÐnai k�jetoc sto di�nusma u ∈ Sn−1, dhlad 

H(u) = {x ∈ Rn : 〈x, u〉 = 0}.
To sÔmbolo 〈x, y〉 ja dÐnei to eswterikì ginìmeno twn dianusm�twn x, y ∈ Rn.

Sta oloklhr¸mata, ta sÔmbola dx, dξ, . . . , antistoiqoÔn sthn olokl rw-
sh wc proc to mètro Lebesgue kat�llhlhc di�stashc   to epifaneiakì mètro
p�nw sthn sfaÐra kat�llhlhc di�stashc. Se k�je tètoia perÐptwsh ja eÐnai
profanèc to mètro pou ja qrhsimopoieÐtai apì ta sÔnola p�nw sta opoÐa ja
oloklhr¸noume.
Se opoiad pote �llh perÐptwsh, ìpou to mètro den eÐnai k�poio apì ta para-
p�nw, autì ja anafèretai, kaj¸c kai o orismìc tou.

Prìtash 1.3.1 H sun�rthsh tou ìgkou twn (n− 1)-di�statwn tom¸n tou
monadiaÐou kÔbou Qn = [−1

2 , 1
2 ]n me upìqwro pou den eÐnai par�llhloc me

k�poia apì tic èdrec tou Qn, eÐnai suneq c sun�rthsh.

Apìdeixh
Ja deÐxoume genikìtera to ex c:

'Estw K kurtì, sumpagèc s¸ma ston Rn (dhlad  kurtì sumpagèc uposÔnolo
tou Rn me mh kenì eswterikì). 'Estw H ènac (n−1)−di�statoc upìqwroc tou
Rn kai a ∈ Rn\H. JewroÔme th sun�rthsh f(r) = |(H+ra)∩K| =: |Kr|(n−1).
An rm −→ r kai Krm 6= ∅, tìte f(rm) −→ f(r).
Gia na apodeÐxoume to parap�nw isqurismì prèpei na deÐxoume ta ex c:

1. Krm −→ Kr (wc proc thn metrik  tou Hausdorff)
2. An π : Rn −→ H h sun�rthsh probol c p�nw ston upìqwro H tìte

π(Krm) −→ π(Kr)

Opìte ja èqoume ìti |π(Krm)|(n−1) −→ |π(Kr)|(n−1) kai sunep¸c

|Krm |(n−1) −→ |Kr|(n−1)

1.) : IsodÔnama arkeÐ na deÐxoume ìti
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i. an xmn ∈ Krmn
kai xmn −→ x, n → +∞ tìte x ∈ Kr

ii. an x ∈ Kr, tìte up�rqoun xm ∈ Krm me xm −→ x.

i] : JewroÔme akoloujÐa xmn me xmn ∈ Krmn
= (H + rmna) ∩K, gia mia

upoakoloujÐa deikt¸n mn me xmn −→ x, n → +∞.

'Estw H = {x ∈ Rn : φ(x) = 0}, φ grammikì sunarthsoeidèc, φ 6= 0.

An y ∈ H + ra ⇒ x− ra ∈ H tìte φ(x− ra) = 0 ⇒ φ(x) = rφ(a).
'Etsi, k�je èna apì ta s¸mata Krm mporoÔn na perigrafoÔn wc

Krm = {y ∈ K : φ(y) = rmφ(a)}.

'Estw
xmn −→ x

tìte
φ(xmn) −→ φ(x)

dhlad 
rmφ(a) −→ rφ(a)

opìte
rmn → r.

Ki epeid  φ(xmn) = rmφ(a), h isìthta ja isqÔei kai gia ta antÐstoiqa ìria,
dhlad 

φ(x) = rφ(a)

'Ara x ∈ Kr.

ii] : JewroÔme thn akoloujÐa arijm¸n rm, me rm → r. QwrÐc bl�bh thc
genikìthtac mporoÔme na upojèsoume ìti r < rm < r1 gia m > m0. Tìte
up�rqoun λm ∈ (0, 1) tètoia ¸ste

rm = λmr1 + (1− λm)r.

'Estw x ∈ Kr kai y ∈ K ∩ H. Gia k�je λm, m ∈ N orÐzetai akoloujÐa
shmeÐwn

xm = λmy + (1− λm)x.

Gia k�je èna apo ta shmeÐa aut� kai me b�sh ton parap�nw orismì twn Krm ,
èqoume ìti
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φ(xm) = φ
(
λmy + (1− λm)x

)

= λmφ(y) + (1− λm)φ(x)
= [λmr1 + (1− λm)r]φ(a)

'Ara xm ∈ Krm .
AfoÔ rm −→ r, λm −→ 0, paÐrnoume ìti xm −→ x. Sunep¸c up�rqei ako-
loujÐa xm me xm ∈ Krm kai xm −→ x.

2.) : 'Estw π : Rn −→ H h probol  ston upìqwro H. Jèloume

π(Krm) −→ π(Kr)

'Omoia me to (1.) arkeÐ na deÐxoume ìti

i. an xmn ∈ Krm kai πxmn −→ y, tìte y ∈ π(Kr)

ii. an πx ∈ π(Kr), tìte up�rqoun πxm ∈ π(Krm) me πxm −→ πx

i ] : 'Estw xmn ∈ Krm kai πxmn −→ πx.
Sto (1.) deÐxame ìti Krm −→ K, opìte uparqei sumpagèc sÔnolo pou perièqei
ìla ta Krm . AfoÔ xmn ∈ Krm kai Krm −→ Kr, apì to (1.i]) paÐrnoume oti
k�je sugklÐnousa upoakoloujÐa thc xmn sugklÐnei se stoiqeÐo tou Kr. H π
eÐnai suneq c apeikìnish . AfoÔ πxmn ∈ π(Krm), èpetai oti y ∈ π(Kr).

ii ] : 'Estw πx ∈ π(Kr). Dhlad  x ∈ Kr.
Apì to 1.ii] up�rqoun xm ∈ Krm t.w. xm −→ x.
AfoÔ xm ∈ Krm èqoume ìti πxm ∈ π(Krm) kai (xm − x) −→ 0
�ra π(xm − x) −→ π(0) = 0

  alli¸c
πxm − πx −→ 0

dhlad 
πxm −→ πx

'Ara π(Krm) −→ π(Kr), kaj¸c rm −→ r, m → +∞.
Sunep¸c |π(Krm)|(n−1) −→ |π(Kr)|(n−1).
'Ara

|Krm |(n−1) −→ |Kr|(n−1).
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Kef�laio 2

Arnhtik  ap�nthsh gia n ≥ 5

2.1 Antipar�deigma gia n ≥ 12

JewroÔme thn monadiaÐa mp�la Bn ⊆ Rn. Di�legoume N monadiaÐa dianÔ-
smata u1, u2, . . . , uN . Afair¸ntac apì thn Bn, 2N sfairik� {kap�kia} gw-
niak c aktÐnac 0 < ε < π

2 , me kèntra ta ±u1, . . . ,±uN , kataskeu�zetai èna
kurtì s¸ma, to opoÐo ja sumbolÐzoume K(u1, u2, . . . , uN ). H epilog  twn
u1, u2, . . . , uN gÐnetai tuqaÐa, opìte up�rqei perÐptwsh ta kap�kia aut� na
epikalÔptontai. Gi' autì upologÐzoume thn pijanìthta na sumbaÐnei autì ki
epilègoume tic paramètrouc ε kai N, ètsi ¸ste h pijanìthta aut  na eÐnai
mikrìterh apì 1

2 .

Pio sugkekrimèna, to s¸ma K(u1, u2, . . . , uN ) ja eÐnai to sÔnolo twn x ∈
Rn gia ta opoÐa ‖x‖ ≤ 1 kai |x · ui| ≤ cos ε, 1 ≤ i ≤ N.

OrÐzoume thn sun�rthsh

Vn(u1, u2, . . . , uN ) := |Bn|(n) −
N∑

i=1

|C(ui) ∪ C(−ui)|(n),

ìpou C(u), u ∈ Sn−1 eÐnai to kap�ki pou apoteleÐtai apì ekeÐna ta x ∈ Rn

me ‖x‖ ≤ 1 kai x · u > cos ε.

'Opwc ja doÔme parak�tw èna tètoio kap�ki, gwniak c aktÐnac ε, kalÔptei
posostì thc epif�neiac thc Sn−1 pou eÐnai thc t�xhc cεn−1, ìpou c > 0
stajer� pou exart�tai apì thn di�stash.

BHMA 1.
'Opwc eÐnai gnwstì mia mp�la ston Rn me aktÐna r > 0 èqei ìgko |rBn|(n) =

15
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πn/2rn

Γ(1+n
2
) , opìte o ìgkoc tou C(u) ja eÐnai

|C(u)|(n) =
∫ 1

cos ε

π
n−1

2 (1− x2)
n−1

2

Γ(1
2 + n

2 )
dx =

π
n−1

2

Γ(1
2 + n

2 )

∫ ε

0
sinn θdθ

=
π

n−1
2

Γ(1
2 + n

2 )

[ εn+1

n + 1
− n

6(n + 3)
εn+3 + O(εn+5)

]
,

kaj¸c ε −→ 0+ kai h sun�rthsh O ja exart�tai mìno apì thn di�stash.
Autì mporoÔme na to doÔme, an p�roume to an�ptugma Taylor thc sun�rthshc
sinx = x− x3

6 + x5

5! − . . . . Opìte

sinn x =
[(

x− x3

6
)

+ O(x5)
]n

=
(
x− x3

6
)n + n

(
x− x3

6
)n−1

O(x5) +
(n

2

) (
x− x3

6
)n−2

O(x10) + . . .

=
(
x− x3

6
)n + O(xn+4)

= xn − nxn−1 x3

6
+

(n

2

)
xn−2 x6

36
+

(n

3

)
xn−3 x9

63
+ . . . + O(xn+4)

= xn − n

6
xn+2 + O(xn+4)

Tìte, ∫ ε

0
sinn xdx =

∫ ε

0

[
xn − n

6
xn+2 + O(xn+4)

]
dx

=
1

n + 1
εn+1 − n

6(n + 3)
εn+3 + O(εn+5).

BHMA 2.
Ja melet soume t¸ra thn sun�rthsh V (u1, u2, . . . , uN ). 'Eqoume

V (u1, u2, . . . , uN ) = |Bn|(n) −
N∑

i=1

|C(ui) ∪ C(−ui)|(n)

= |Bn|(n) − 2N |C(u)|(n) = |Bn|(n)

(
1− 2N

|C(u)|(n)

|Bn|(n)

)
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(apì to b ma 1.)

= |Bn|(n)

(
1− 2N

π
n−1

2

Γ( 1
2
+n

2
)

π
n
2

Γ(1+n
2
)

{ εn+1

n + 1
− n

6(n + 3)
εn+3 + O(εn+5)

})

= |Bn|(n)

(
1− 2N

Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3 + O(εn+5)

})

= |Bn|(n)r
n
1 ,

ìpou

r1 =
(

1− 2N
Γ(1 + n

2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3 + O(εn+5)

}) 1
n

=
(

1− 2N
Γ(1 + n

2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3

}
+ NO(εn+5)

) 1
n

= 1 +
1
n

(
−2N

Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3

}
+ NO(εn+5)

)

+O

(
(−2N

Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3

}
+ NO(εn+5)

)2
)

= 1− 2N
Γ(1 + n

2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n(n + 1)
− εn+3

6(n + 3)

}
+

1
n

NO(εn+5)

+O

(
−2N

Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n(n + 1)
− n

6(n + 3)
εn+3

}
+ NO(εn+5)

)2
)

.

Ja epilèxoume to N ¸ste na eÐnai thc t�xhc tou ε−a, gia k�poio a > 0, to
opoÐo ja prosdiorisjeÐ argìtera. Gia na mporeÐ na paraleifjeÐ o teleutaÐoc
ìroc ja prèpei na isqÔei

(
Nεn+1

)2
< Nεn+5

dhlad 
ε−2a+2n+2 < ε−a+n+5, gia 0 < ε < 1, opìte

n > a + 3. (2.1.1)
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Sunep¸c ja èqoume

r1 = 1− 2NΓ(1 + 1
2n)

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
}

+ O(Nεn+5). (2.1.2)

BHMA 3.
UpologÐzoume thn pijanìthta ìtan epilègoume ta u1, . . . , uN anex�rthta sthn
Sn−1, me omoiìmorfh katanom , dÔo   perissìtera apì ta dipl� kap�kia
C(ui) ∩ C(−ui), i = 1, . . . , N, na epikalÔptontai.
An p eÐnai to posostì tou embadoÔ thc Sn−1 pou kalÔptetai apì èna diplì
kap�ki gwniak c aktÐnac 2ε, tìte

p =
2|C(u)|(n)

|Bn|(n)
=

2
|Bn|(n)

π
n−1

2

Γ(1
2 + n

2 )

∫ ε

0
sinn θdθ

'Omwc
∫ ε
0 sinn θdθ ≤ ∫ ε

0 sinn−2 θdθ, afoÔ 0 ≤ sin θ ≤ 1. Opìte,

p ≤ c

∫ ε

0
sinn−2 θdθ ≤ c

∫ ε

0
θn−2dθ =

c

n− 1
θn−1

∣∣∣∣
ε

0

= O(εn−1).

'Otan loipìn ja èqoume epilèxei r, 1 ≤ r ≤ N, dianÔsmata p�nw sthn Sn−1,
to posostì pou ja èqei kalufjeÐ apì ta dipl� kap�kia gwniak c aktÐnac 2ε
me kèntra ta ±u1, . . . ,±uN , ja eÐnai to polÔ rp. To diplì kap�ki C(ur+1) ∪
C(−ur+1) ja tèmnei èna apì ta prohgoÔmena an kai mìno an to ur+1 {pèftei}
sthn ènwsh twn r dipl¸n kapaki¸n gwniak c aktÐnac 2ε. Opìte h pijanìthta
na èqoume epik�luyh sto st�dio autì ja eÐnai to polÔ rp.
Sunep¸c h pijanìthta epik�luyhc se k�poio st�dio thc diadikasÐac aut c ja
eÐnai

≤
N−1∑

r=1

rp = p(1 + 2 + · · ·N − 1) =
1
2
N(N − 1)p = O(N2εn−1)

Jèloume h pijanìthta aut , gia mikr� ε, na eÐnai mikrìterh apì 1
2 . An loipìn

N ≈ ε−a, a > 0, prèpei
−2a + n− 1 > 0. (2.1.3)

BHMA 4.
JewroÔme t¸ra ènan grammikì (n− 1)−di�stato upìqwro L tou Rn kai orÐ-
zoume thn posìthta

Vn−1

(
L;u1, . . . , uN

)
:=

∣∣L ∩Bn

∣∣
(n−1)

−
N∑

i=1

∣∣∣L ∩
{
C(ui) ∪ C(−ui)

}∣∣∣
(n−1)

.
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H posìthta aut  exart�tai apì ta tuqaÐa epilegìmena u1, . . . , uN , �ra eÐnai
mia tuqaÐa metablht .
Ja upologÐsoume thn mèsh tim  aut c thc tuqaÐac metablht c kai sthn sunè-
qeia epilègontac mia tim  lÐgo megalÔter  thc, èstw ν1, ja parathr soume ìti
h pijanìthta na èqoume Vn−1

(
L; u1, . . . , uN

)
> ν1 eÐnai polÔ mikr . Par' ìla

aut� k�ti tètoio den mac exasfalÐzei ìti mporoÔme na epilèxoume u1, . . . , uN

¸ste na isqÔei Vn−1

(
L; u1, . . . , uN

) ≤ ν1, gia ìlouc touc (n−1)−di�statouc
upoq¸rouc L.
Gia ton lìgo autì ja jewr soume v1, v2, . . . , vM monadiaÐa dianÔsmata, me
M kat�llhlo (mègisto pl joc) ètsi ¸ste ta sfairik� kap�kia me kèntra ta
v1, v2, . . . , vM kai kat�llhlh gwniak  aktÐna na mhn epikalÔptontai. Opìte an
p�roume touc L1, L2, . . . , LM k�jetouc upìqwrouc twn v1, v2, . . . , vM , ja mpo-
roÔme me kat�llhlh epilog  twn paramètrwn na dialèxoume ta u1, . . . , uN ∈
Sn−1 ètsi ¸ste

i. ta C(ui) ∪ C(−ui), 1 ≤ i ≤ N, ana dÔo na mhn epikalÔptontai,

ii. Vn−1

(
Lj ;u1, . . . , uN

) ≤ ν1, 1 ≤ j ≤ M.

Tìte to s¸ma K(u1, u2, . . . , uN ) ja mporeÐ na kataskeuasteÐ ¸ste na dÐnei to
arnhtikì apotèlesma gia kat�llhla n.

BHMA 5.
Jètoume

W (L; u) :=
∣∣∣L ∩

{
C(u ∪ C(−u)

}∣∣∣
(n−1)

Ja melet soume thn tuqaÐa metablht 

Vn−1

(
L; u1, . . . , uN

)
:=

∣∣L ∩Bn

∣∣
(n−1)

−
N∑

i=1

W (L; ui).

'Estw v = v(L) èna apì ta monadiaÐa k�jeta dianÔsmata tou grammikoÔ upì-
qwrou L kai èstw φ = φ(v, u), h sumplhrwmatik  gwnÐa thc oxeÐac gwnÐac
pou sqhmatÐzoun ta monadiaÐa dianÔsmata ±u, ±v metaxÔ touc. MporoÔme na
perioristoÔme sthn perÐptwsh ìpou φ > 0.

An ε ≤ φ ≤ π
2 , o grammikìc upìqwroc L den tèmnei to kap�ki gwniak c

aktÐnac ε kai kèntrou u, opìte
∣∣L ∩ C(u)

∣∣
(n−1)

= 0.

An 0 ≤ φ ≤ ε, o L tèmnei to kap�ki gwniak c aktÐnac ε kai kèntrou u se
èna (n − 1)−di�stato kap�ki, tou opoÐou h gwniak  aktÐna upologÐzetai wc
exhc:
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An x h zhtoÔmenh gwnÐa, tìte ja èqoume ìti cosx = a
1 , ìpou a = cos ε

cos φ .

Opìte cosx = cos ε
cos φ ki �ra h tom  tou upoq¸rou L me to n−di�stato kap�ki

kèntrou u kai gwniak c aktÐnac ε eÐnai èna (n−1)−di�stato kap�ki gwniak c
aktÐnac arccos( cos ε

cos φ) kai

∣∣L ∩ C(u)
∣∣
(n−1)

=
π

n−2
2

Γ(n
2 )

arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

'Etsi an ε ≤ φ ≤ π
2 ,

W (L;u) =
∣∣∣L ∩

{
C(u) ∪ C(−u)

}∣∣∣
(n−1)

= 0 (2.1.4)

kai an 0 ≤ φ < ε,

W (L; u) =
∣∣∣L ∩

{
C(u ∪ C(−u)

}∣∣∣
(n−1)

=
2π

n−2
2

Γ(n
2 )

arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

<
2π

n−2
2

Γ(n
2 )

∫ ε

0
θn−1dθ =

π
n−2

2

n
2 Γ(n

2 )
εn =

π
n−2

2

Γ(n
2 + 1)

εn (2.1.5)

kaj¸c 0 < arccos( cos ε
cos φ) ≤ ε.

BHMA 6.
Krat¸ntac stajerì ton L ja upologÐsoume thn pijanìthta, an to u epilegeÐ
tuqaÐa sthn Sn−1, h sumplhrwmatik  gwnÐa thc oxeÐac gwnÐac metaxÔ twn u
kai ±v, na eÐnai metaxÔ twn φ kai φ+δφ. An onom�soume S(u) thn epif�neia thc
sfairik c z¸nhc, di�stashc n−1, pou paÐrnoume apo thn parap�nw apaÐthsh,
h zhtoÔmenh pijanìthta ja eÐnai

|S(u)|(n−1)

|Sn−1|(n−1)
.
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Jèloume na upologÐsoume thn sfairik  epif�neia, to |S(u)|(n−1). An je-
wr soume gwnÐa ψ, me φ ≤ ψ ≤ φ + δφ kai jèsoume x = sinψ, tìte
cosψ =

√
1− x2 kai sinφ ≤ x ≤ sin(φ + δφ).

Opìte h epif�neia ja eÐnai

|S(u)|(n−1) = 2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )

∫ sin(φ+δφ)

sin φ
(1− x2)

n−2
2

dx

cosψ

= 2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )

∫ sin(φ+δφ)

sin φ
cosn−2 ψ

dx

cosψ

= 2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )

∫ sin(φ+δφ)

sin φ
cosn−3 ψdx

me x = cosψ, ψ ∈ [0, π
2 ).

Opìte h epif�neia thc sfairik c z¸nhc ja eÐnai perÐpou Ðsh me

2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )
cosn−3 φ

(
sin(φ + δφ)− sinφ

)

≈ 2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )
cosn−3 φ cosφ · δφ

= 2
(n− 1)π

n−1
2

Γ(1
2 + n

2 )
cosn−2 φ · δφ

Sunep¸c h zhtoÔmenh pijanìthta ja eÐnai

2
Γ(1 + n

2 )

nπ
n
2

(n− 1)π
n−1

2

Γ(1
2 + n

2 )
cosn−2 φ · δφ
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BHMA 7.
'Opwc perigr�yame kai sto b ma 4., jèloume na upologÐsoume thn mèsh tim 

thc Vn−1

(
L; u1, . . . , uN

)
:=

∣∣L ∩ Bn

∣∣
(n−1)

−
N∑

i=1
W (L; ui). Arqik� ìmwc upo-

logÐzoume thn mèsh tim  thc W (L;ui) me thn bo jeia twn apotelesm�twn sta
b mata 5 kai 6.

E
(
W

)
=

∫ π
2

0
W (L; u)

2Γ(1 + n
2 )

nπ
n
2

(n− 1)π
n−1

2

Γ(1
2 + n

2 )
cosn−2 φdφ

=
∫ ε

0

2(n− 1)Γ(1 + n
2 )

nπ
1
2 Γ(1

2 + n
2 )

cosn−2 φ

(
2π

n−2
2

Γ(n
2 )

arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

)
dφ

=
2(n− 1)Γ(1 + n

2 )2π
n−3

2

nΓ(n
2 )Γ(1

2 + n
2 )

∫ ε

0
cosn−2 φ

( arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

)
dφ (2.1.6)

'Ustera apì pr�xeic kai upologismoÔc touc opoÐouc ja perigr�youme sto
b ma 9, katal goume sto

E
(
W

)
=

∣∣L ∩Bn|(n−1)×

2(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

[ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

]

(2.1.7)
Opìte gia thn mèsh tim  thc Vn−1

(
L; u1, . . . , uN

)
ja èqoume

EVn−1

(
L; u1, . . . , uN

)
:= E

(∣∣L ∩Bn

∣∣
(n−1)

)
− E

( N∑

i=1

W (L;ui)
)

= |L ∩Bn

∣∣
(n−1)

−NE
(
W (L;ui)

)
,

afoÔ oi tuqaÐec metablhtèc W (L; ui), i = 1, . . . , N, eÐnai isìnomec.
'Etsi, apì thn sqèsh (2.1.7)

EVn−1

(
L; u1, . . . , uN

)
= |L ∩Bn

∣∣
(n−1)

−N |L ∩Bn

∣∣
(n−1)

×

2(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

[ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

]
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= |L ∩Bn

∣∣
(n−1)

×
[
1−N

2(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

(
εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+O(εn+5)

)]

=
∣∣L ∩Bn|(n−1)r

n−1
2 , (2.1.8)

ìpou

r2 =

[
1−N

2(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

×

(
εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

)] 1
n−1

= 1− 1
n− 1

2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

×

(
εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

)

+O

(
2N(n− 1)Γ(1 + n

2 )

Γ(1
2 + n

2 )π
1
2

(
εn+1

n(n + 1)

− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

)2
)

.

An to N epilegeÐ ìpwc sto b ma 2, (dhlad  na ikanopoieÐ thn (2.1.1) ), èqoume

r2 = 1− 2NΓ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

( εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)

)
+ O(εn+5)

Apì thn sqèsh aut  kai thn (2.1.2) èpetai ìti

r1 − r2 =
2NΓ(1 + n

2 )
Γ(1

2 + n
2 )

εn+3

n(n + 1)(n + 3)
+ O(Nεn+5),

opìte
r1 > r2

gia arket� mikr� ε.

An
ν0 := EVn−1

(
L; u1, . . . , uN

)
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kai

β =
∣∣L ∩Bn

∣∣
(n−1)

2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

εn+3

n(n + 1)(n + 3)
. (2.1.9)

Gr�foume ν1 = ν0 + 1
3β > ν0, opìte

ν1 =
∣∣L ∩Bn

∣∣
(n−1)

×

(
1−2N(n− 1)Γ(1 + n

2 )

Γ(1
2 + n

2 )π
1
2

( εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)

)
+O(Nεn+5)

)

+
1
3

∣∣L ∩Bn|(n−1)

2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

εn+3

n(n + 1)(n + 3)

=
∣∣L ∩Bn

∣∣
(n−1)

×
(

1− 2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

( εn+1

n(n + 1)
− εn+3

6(n + 3)

+
2
3

εn+3

n(n + 1)(n + 3)

)
+ O(Nεn+5)

)
(2.1.10)

BHMA 8.
Ja upologÐsoume t¸ra thn pijanìthta na isqÔei

Vn−1 > ν1

ìtan o upìqwroc eÐnai stajeropoihmènoc kai ta u1, . . . , uN epilègontai tuqaÐa
sthn Sn−1. 'Estw p(ν) h pijanìthta na isqÔei Vn−1 = Vn−1(L; u1, . . . uN ) >
ν.
Arqik� ja upologÐsoume thn mèsh tim  thc exp(λVn−1), λ ≥ 0 kai sthn
sunèqeia ja qrhsimopoi soume to apotèlesma gia na p�roume mia ektÐmhsh
gia thn p(ν1).

E exp(λVn−1) = E exp
(
λ
∣∣L ∩Bn|(n−1) − λ

N∑

i=1

W (L; ui)
)

= exp
(
λ
∣∣L ∩Bn|(n−1)

)
E exp

(
−λ

N∑

i=1

W (L; ui)
)
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= exp
(
λ
∣∣L ∩Bn|(n−1)

)(
E exp

(−λW (L; ui)
))N

,

afoÔ ta u1, . . . , uN eÐnai anex�rthta.
'Eqoume dei ìti, an h sumplhrwmatik  gwnÐa φ thc gwnÐac pou sqhmatÐzoun

ta ±u, ±v, ìpou v eÐnai èna monadiaÐo k�jeto di�nusma ston upìqwro L, eÐnai

ε ≤ φ ≤ π
2 , tìte W (L; u) = 0, en¸ an 0 ≤ φ < ε, tìte W (L;u) < π

n−2
2

Γ(1+n
2
)ε

n,

(sqèseic (2.1.4),(2.1.5) ).
An p�roume

λ =
Γ(1 + n

2 )

π
n−2

2

ε−nε2η, (2.1.11)

me 0 < η < 1 kai η anex�rthto tou ε, tìte gia ε < 1 isqÔei ìti

λ supW (L; u) ≤ ε2η < 1,

ìpou to supremum lamb�netai p�nw apì ìlouc touc upoq¸rouc pou sqhma-
tÐzoun gwnÐa φ me to u, afoÔ

λ supW (L;u) ≤ Γ(1 + n
2 )

π
n−2

2

ε−nε2η
π

n−2
2

Γ(1 + n
2 )

εn = ε2η < 1.

Apì thn anisìthta e−x < 1− x + 1
2x2, gia x > 0, paÐrnoume ìti

exp
(−λW (L; u)

)
< 1− λW (L; u) +

1
2
λ2

(
W (L;u)

)2

< 1− λW (L; u) +
1
2
λε2ηW (L; u).

Opìte gia thn mèsh tim  isqÔei

E exp
(−λW (L;u)

)
< 1− λ

(
1− 1

2
ε2η

)
E

(
W (L;u)

)

< exp
(
1− 1

2
ε2η

)
E

(
W (L; u)

)

apì thn anisìthta 1− x < e−x, x > 0.
Kai ètsi

E exp
(
λVn−1

)
< exp

[
λ
∣∣L ∩Bn

∣∣
(n−1)

− λN
(
1− 1

2
ε2η

)
EW (L; u)

]
.

An loipìn p(ν1) eÐnai h pijanìthta na isqÔei Vn−1 > ν1, apì thn anisìthta
Markov, paÐrnoume ìti

p(ν1) exp(λν1) ≤ E exp(λVn−1)
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Opìte
p(ν1) ≤ exp(−λν1)E exp(λVn−1)

< exp
[
−λν1 + λ

∣∣L ∩Bn

∣∣
(n−1)

− λNEW (L; u) +
1
2
λNε2ηEW (L; u)

]
.

Apì thn sqèsh (2.1.7) kai touc orismoÔc twn β kai ν1 ,sqèseic (2.1.9) kai
(2.1.10) antÐstoiqa, èqoume ìti

ν1 −
∣∣L ∩Bn

∣∣
(n−1)

+ NEW (L; u)− 1
2
Nε2ηEW (L; u)

= ν0 +
1
3
β − ∣∣L ∩Bn

∣∣
(n−1)

+ NEW (L; u)− 1
2
Nε2ηEW (L;u)

=
∣∣L ∩Bn

∣∣
(n−1)

−NEW (L; u) +
1
3
β − ∣∣L ∩Bn

∣∣
(n−1)

+NEW (L; u)− 1
2
Nε2ηEW (L;u)

=
1
3
β − 1

2
Nε2ηEW (L; u)

=
1
3

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)NΓ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

εn+3

n(n + 1)(n + 3)

−1
2
Nε2η

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

×

[ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

]

=
1
3

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)NΓ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

εn+3

n(n + 1)(n + 3)

−1
2
Nε2η

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

( εn+1

n(n + 1)
+ O(εn+3)

)

>
1
6

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)NΓ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

εn+3

n(n + 1)(n + 3)
=

1
6
β,

an p�roume η = 1
4(n+3) kai ε arket� mikrì.

H teleutaÐa anisìthta epitugq�netai giatÐ, an p�roume η = 1
4(n+3) , h anisìthta

isodunameÐ me thn

1
6

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)NΓ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

εn+3

n(n + 1)(n + 3)
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>
1
2
Nε2

∣∣L ∩Bn

∣∣
(n−1)

2(n− 1)Γ(1 + n
2 )

π
1
2 Γ(1

2 + n
2 )

(1
4

εn+1

n(n + 1)(n + 3)
+ O(εn+3)

)

 
1
3

εn+3

n(n + 1)(n + 3)
>

1
4

εn+3

n(n + 1)(n + 3)
+ ε2O(εn+3)

 
4εn+3 > 3εn+3 + ε2O(εn+3)

 
εn+3 > ε2O(εn+3),

to opoÐo isqÔei gia arket� mikr� ε.

Opìte gia thn p(ν1) apì tic sqèseic (2.1.9) kai (2.1.11), paÐrnoume oti

p(ν1) < exp
(−1

6
λβ

)
= exp

(−γnε−nε2Nεn+3
)
,

ìpou γn > 0 pou exart�tai mìno apì thn di�stash n.

To N ja epilegeÐ ¸ste na eÐnai thc t�xhc tou ε−a, a > 0. Opìte p(ν1) <
exp

(−γnε5−a
)
.

Jèloume to p(ν1) na teÐnei sto 0, gia ε −→ 0, opìte ja prèpei na isqÔei
5− a < 0 dhlad  a > 5. Epilègoume loipìn a = 51

4 , �ra N =
[
ε−5 1

4

]
+ 1.

Lìgw thc sqèshc (2.1.3) prèpei na isqÔei n > 2a + 1, dhlad  prèpei n ≥ 12.

H sqèsh (2.1.1) thn opoÐa epÐshc èqoume apait sei, (n > a + 3 ), profan¸c
ikanopoieÐtai. Me aut  thn epilog  èqoume

p(ν1) < exp
(−γnε−

1
4
)
. (2.1.12)

BHMA 9.
P rame mia ektÐmhsh gia thn pijanìthta na isqÔei Vn−1 > ν1.

Prin proqwr soume sthn melèth thc kataskeu c tou s¸matoc K
(
u1, . . . , uN

)
pou ja apoteleÐ to antipar�deigma sto prìblhma gia n ≥ 12, ja d¸soume mia
apìdeixh thc sqèshc (2.1.7):

E
(
W

)
=

∣∣L ∩Bn|(n−1)×

2(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

[ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

]
.
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Apo thn (2.1.6) èqoume ìti

E
(
W

)
=

2(n− 1)Γ(1 + n
2 )2π

n−3
2

nΓ(n
2 )Γ(1

2 + n
2 )

∫ ε

0
cosn−2 φ

( arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

)
dφ.

Jètoume θ = arccos
( cos ψ

cos φ

)
, �ra cos θ = cos ψ

cos φ , opìte sin θdθ = sin ψ
cos φdψ. Opìte

I :=
∫ ε

0
cosn−2 φ

( arccos( cos ε
cos φ

)∫

0

sinn−1 θdθ

)
dφ

=
∫ ε

0

( arccos( cos ε
cos φ

)∫

0

(
sin2 θ

)n−2
2 cosn−2 φ sin θdθ

)
dφ

=
∫ ε

0

( arccos( cos ε
cos φ

)∫

0

(
1− cos2 θ

)n−2
2 cosn−2 φ sin θdθ

)
dφ

=
∫ ε

0

(∫ ε

φ

(
1− cos2 ψ

cos2 φ

)n−2
2 sinψ

cosφ
dψ

)
cosn−2 φdφ

=
∫ ε

0

(∫ ε

φ

(cos2 φ− cos2 ψ

cos2 φ

)n−2
2 sinψ

cosφ
dψ

)
cosn−2 φdφ

=
∫ ε

0

(∫ ε

φ

(
sin2 ψ − sin2 φ

)n−2
2 sinψ

cosφ
dψ

)
dφ

=
∫ ε

0

∫ ψ

0

(
sin2 ψ − sin2 φ

)n−2
2 sinψ

cosφ
dφdψ

T¸ra, epeid  sinψ = ψ − 1
6ψ3 + ψO(ψ4) kai sinφ = φ − 1

6φ3 + φO(φ4),
èqoume ìti

sinψ − sinφ = ψ − φ− 1
6
(ψ3 − φ3) + (ψ − φ)O(ε4)

= ψ − φ− 1
6
(ψ − φ)(ψ2 + ψφ + φ2) + (ψ − φ)O(ε4)

= (ψ − φ)
(
1− 1

6
(ψ2 + ψφ + φ2) + O(ε4)

)
.
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kai
sinψ + sinφ = (ψ + φ)

(
1− 1

6
(ψ2 − ψφ + φ2) + O(ε4)

)
,

gia 0 ≤ ψ, φ ≤ ε.
Opìte,

sin2 ψ − sin2 φ = (ψ − φ)
(
1− 1

6
(ψ2 + ψφ + φ2) + O(ε4)

)
×

(ψ + φ)
(
1− 1

6
(ψ2 − ψφ + φ2) + O(ε4)

)

= (ψ2 − φ2)
(
1− 1

6
(ψ2 + ψφ + φ2) + O(ε4)− 1

6
(ψ2 − ψφ + φ2)

+
1
36

(ψ2 + ψφ + φ2)(ψ2 − ψφ + φ2) + O(ε4)
)

= (ψ2 − φ2)
(
1− 1

3
(ψ2 + φ2) +

1
36

(ψ4 + φ4 + ψ2φ2) + O(ε4)
)

= (ψ2 − φ2)
(
1− 1

3
(ψ2 + φ2) + O(ε4)

)

= (ψ2 − φ2)
(
1− 2

3
ψ2 +

1
3
(ψ2 − φ2) + O(ε4)

)

�ra

(
sin2 ψ − sin2 φ

)n−2
2 = (ψ2 − φ2)

n−2
2

(
1− 2

3
ψ2 +

1
3
(ψ2 − φ2) + O(ε4)

)n−2
2

= (ψ2 − φ2)
n−2

2

[
1 +

n− 2
2

(
−2

3
ψ2 +

1
3
(ψ2 − φ2) + O(ε4)

)]

+O
((−2

3
ψ2 +

1
3
(ψ2 − φ2) + O(ε4)

)2
)

= (ψ2 − φ2)
n−2

2

(
1− n− 2

3
ψ2 +

n− 2
6

(ψ2 − φ2) + O(ε4)
)

(2.1.13)

Epiplèon, afoÔ 1
cos φ = 1 + 1

2φ2 + O(φ4), èqoume

sinψ

cosφ
=

(
ψ − 1

6
ψ3 + ψO(ε4)

)(
1 +

1
2
φ2 + O(ε4)

)

= ψ
(
1− 1

6
ψ2 + O(ε4)

)(
1 +

1
2
φ2 + O(ε4)

)

= ψ
(
1 +

1
2
φ2 + O(ε4)− 1

6
ψ2 − 1

12
ψ2φ2 + O(ε4)

)
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= ψ
(
1 +

1
3
ψ2 − 1

2
(ψ2 − φ2) + O(ε4)

)
(2.1.14)

Opìte jètontac sto I, φ = ψt, paÐrnoume

I =
∫ ε

0

∫ ψ

0

(
sin2 ψ − sin2 φ

)n−2
2

sinψ

cosφ
dφdψ

=
∫ ε

0

(∫ 1

0

(
sin2 ψ − sin2 ψt

)n−2
2

sinψ

sinψt
ψdt

)
dψ

apo tic (2.1.13) kai (2.1.14)

=
∫ ε

0

[∫ 1

0
ψ

(
ψ2 − ψ2t2

)n−2
2

(
1− n− 2

3
ψ2 +

n− 2
6

(ψ2 − ψ2t2) + O(ε4)
)
×

(
1 +

1
3
ψ2 − 1

2
(ψ2 − ψ2t2) + O(ε4)

)
ψdt

]
dψ

=
∫ ε

0

[∫ 1

0
ψn(1− t2)

n−2
2

(
1 +

1
3
ψ2 − 1

2
(ψ2 − ψ2t2)

−n− 2
3

ψ2 +
n− 2

6
(ψ2 − ψ2t2) + O(ε4)

)
dt

)
dψ

=
∫ ε

0

[∫ 1

0
ψn(1− t2)

n−2
2

(
1− n− 3

3
ψ2 +

n− 5
6

ψ2(1− t2) + O(ε4)
)
dt

]
dψ

=
∫ ε

0

[∫ 1

0

(
ψn(1− t2)

n−2
2 − n− 3

3
ψn+2(1− t2)

n−2
2

+
n− 5

6
ψn+2(1− t2)

n
2 + O(εn+4)

)
dt

]
dψ

=
∫ ε

0

∫ 1

0
(1− t2)

n−2
2

(
ψn − n− 3

3
ψn+2

)
dtdψ

+
n− 5

6

∫ ε

0

∫ 1

0
ψn+2(1− t2)

n
2 dtdψ + εO(εn+4)

=
∫ 1

0
(1− t2)

n−2
2

∫ ε

0

(
ψn − n− 3

3
ψn+2

)
dψdt

+
n− 5

6

∫ 1

0
(1− t2)

n
2

∫ ε

0
ψn+2dψdt + O(εn+5)

=
( 1
n + 1

εn+1 − n− 3
3

1
n + 3

εn+3
) ∫ 1

0
(1− t2)

n−2
2 dt
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+
n− 5

6
1

n + 3
εn+3

∫ 1

0
(1− t2)

n
2 dt + O(εn+5) (∗)

Antikajist¸ntac tic sqèseic

∫ 1

0
(1− t2)

n−2
2 dt =

1
2

π
1
2 Γ(n

2 )
Γ(n+1

2 )

kai ∫ 1

0
(1− t2)

n
2 dt =

1
2

nπ
1
2 Γ(n

2 )
(n + 1)Γ(n+1

2 )

(bl. sqèsh (1.3.3) ), h (∗) gÐnetai
(

1
n + 1

εn+1 − n− 3
3

1
n + 3

εn+3

)
1
2

π
1
2 Γ(n

2 )
Γ(n+1

2 )

+
n− 5

6
1

n + 3
εn+3 1

2
nπ

1
2 Γ(n

2 )
(n + 1)Γ(n+1

2 )
+ O(εn+5)

=
1
2

π
1
2 Γ(n

2 )
Γ(n+1

2 )

[ 1
n + 1

εn+1 − n− 3
3

1
n + 3

εn+3

+
n− 5

6
1

(n + 3)
n

(n + 1)
εn+3 + O(εn+5)

]

=
1
2

π
1
2 Γ(n

2 )
Γ(n+1

2 )

[ εn+1

n + 1
− n− 2

6(n + 1)
εn+3 + O(εn+5)

]
.

Opìte h mèsh tim  thc W (L;u) ja eÐnai

EW (L; u) =
2(n− 1)π

n−3
2

Γ(n+1
2 )

π
1
2 Γ(n

2 )
2Γ(n+1

2 )

[ εn+1

n + 1
− n− 2

6(n + 1)
εn+3 + O(εn+5)

]

=
(n− 1)π

n−2
2

Γ(n+1
2 )

2Γ(n
2 + 1)

nΓ(n+1
2 )

[ εn+1

n + 1
− n− 2

6(n + 1)
εn+3 + O(εn+5)

]

=
π

n−1
2

Γ(n+1
2 )

2(n− 1)

π
1
2

Γ(n
2 + 1)

Γ(n+1
2 )

[ εn+1

n(n + 1)
− n− 2

6n(n + 1)
εn+3 + O(εn+5)

]

=
∣∣L ∩Bn

∣∣
(n−1)

×
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2(n− 1)Γ(n
2 + 1)

Γ(n+1
2 )π

1
2

[ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

n(n + 1)(n + 3)
+ O(εn+5)

]

paÐrnoume dhlad  thn sqèsh (2.1.7).

BHMA 10.
SuneqÐzoume thn melèth thc kataskeu c tou K(u1, . . . , uN ). StajeropoioÔme
to u ∈ Sn−1.
An h oxeÐa gwnÐa pou sqhmatÐzoun ta ±u,±v, ìpou v monadiaÐo di�nusma
k�jeto ston upìqwro L, eÐnai π

2 − φ, orÐzoume ψ := min{ε, φ}.
H posìthta W (L; u) exart�tai apì ton (n − 1)−di�stato upìqwro L kai me
thn bo jeia twn sqèsewn (2.1.4) kai (2.1.5), mporoÔme na gr�youme

W (L; u) =
2π

n−2
2

Γ(n
2 )

∫ arccos( cos ε
cos ψ

)

0
sinn−1 θdθ.

JewroÔme t¸ra ènan deÔtero (n− 1)−di�stato grammikì upìqwro L′, me
monadiaÐa k�jeta dianÔsmata ±v′, ta opoÐa sqhmatÐzoun me ta ±u oxeÐa gwnÐa
π
2 − φ′. OrÐzoume ψ′ := min{ε, φ′} kai èqoume

∣∣W (L′;u)−W (L;u)
∣∣

=
∣∣∣2π

n−2
2

Γ(n
2 )

∫ arccos( cos ε
cos ψ′ )

0
sinn−1 θdθ − 2π

n−2
2

Γ(n
2 )

∫ arccos( cos ε
cos ψ

)

0
sinn−1 θdθ

∣∣∣

=
2π

n−2
2

Γ(n
2 )

∣∣∣
∫ arccos( cos ε

cos ψ′ )

arccos( cos ε
cos ψ

)
sinn−1 θdθ

∣∣∣

QwrÐc bl�bh thc genikìthtac mporoÔme na jewr soume ìti ψ < ψ′. Tìte
cos ε
cos ψ′ ≤ cos ε

cos ψ . Epeid  t¸ra

arccos
( cos ε

cosψ

)
< θ < arccos

( cos ε

cosψ′
)

èpetai ìti
0 <

cos ε

cosψ′
< cos θ <

cos ε

cosψ

�ra √
1− cos2 ε

cos2 ψ′
> sin θ >

√
1− cos2 ε

cos2 ψ

kai √
1− cos2 ε

cos2 ψ′
≤

√
1− cos2 ε =

√
1− (

1− ε2

2
+ · · · )2
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=
√

1− (
1− ε2 + O(ε4)

)
=

√
ε2 + O(ε4) = O(ε)

Opìte sinn−1 θ = O(εn−1). 'Etsi èqoume ìti
∣∣W (L′; u)−W (L; u)

∣∣

=
2π

n−2
2

Γ(n
2 )

∣∣∣
∫ arccos( cos ε

cos ψ′ )

arccos( cos ε
cos ψ

)
sinn−1 θdθ

∣∣∣

= O

(
εn−1

∣∣∣ arccos
( cos ε

cosψ′
)
− arccos

( cos ε

cosψ

)∣∣∣
)

= O

(
εn−1

∣∣∣ arcsin

√
cos2 ψ′ − cos2 ε

cos2 ψ′
− arcsin

√
cos2 ψ − cos2 ε

cos2 ψ

∣∣∣
)

.

Sta epìmena periorizìmaste se ε < π
4 . Tìte cos2 ψ−cos2 ε

cos2 ψ
= 1− cos2 ε

cos2 ψ
< 1

2 .

H sun�rthsh arcsin eÐnai Lipschitz sto di�sthma [0,
√

1
2 ], opìte

O

(
εn−1

∣∣∣ arcsin

√
cos2 ψ′ − cos2 ε

cos2 ψ′
− arcsin

√
cos2 ψ − cos2 ε

cos2 ψ

∣∣∣
)

= O

(
εn−1

∣∣∣
√

cos2 ψ′ − cos2 ε

cos2 ψ′
−

√
cos2 ψ − cos2 ε

cos2 ψ

∣∣∣
)

MporoÔme na upojèsoume ìti ψ < ε, afoÔ an ψ = ψ′ = ε sthn parap�nw
sqèsh paÐrnoume 0.

Gia to
∣∣∣
√

cos2 ψ′−cos2 ε
cos2 ψ′ −

√
cos2 ψ−cos2 ε

cos2 ψ

∣∣∣ ektel¸ntac mia seir� apo stoiqei¸-
deic pr�xeic paÐrnoume ìti isoÔtai me

∣∣∣
√

sin2 ε− sin2 ψ′

cosψ′
−

√
sin2 ε− sin2 ψ

cosψ

∣∣∣

=
∣∣∣ cos2 ψ

(
sin2 ε− sin2 ψ′

)− cos2 ψ′
(
sin2 ε− sin2 ψ

)

cosψ′ cosψ
(
cosψ

√
sin2 ε− sin2 ψ′ + cos ψ′

√
sin2 ε− sin2 ψ

)
∣∣∣

=
| sin2 ψ − sin2 ψ′|(1− sin2 ε)

∣∣ cosψ′ cosψ
(
cosψ

√
sin2 ε− sin2 ψ′ + cos ψ′

√
sin2 ε− sin2 ψ

)∣∣



34 KEF�ALAIO 2. ARNHTIK�H AP�ANTHSH GIA N ≥ 5

H par�stash aut  fr�ssetai apì thn

| sinψ − sinψ′|(sinψ + sin ψ′)

c1

√
sin2 ε− sin2 ψ

,

kai qrhsimopoi¸ntac tic anisìthtec 2
π ≤ sinx ≤ x kai | sinx− sin y| ≤ |x−y|,

èqoume gia ton men arijmht  ìti

| sinψ − sinψ′|(sinψ + sin ψ′) ≤ |ψ − ψ′|2ψ′ ≤ |ψ − ψ′|2ε,

gia ton de paranomast , èqontac upojèsei ìti 0 < ψ < ε < π
4 ,

sin ε− sinψ ≥
√

2
2

(ε− ψ)

kai
sin ε + sinψ ≥ sin ε ≥ 2

π
ε

Opìte

sin2 ε− sin2 ψ ≥
√

2
2

ε(ε− ψ) ≥
√

2
π

ε(ψ′ − ψ).

'Etsi

| sinψ − sinψ′|(sinψ + sinψ′)

c1

√
sin2 ε− sin2 ψ

≤ |ψ − ψ′|2ε

c2
√

ε
√

ψ′ − ψ
≤ c

√
ε|ψ − ψ′| 12

dedomènou ìti to ε eÐnai mikrì kai 0 < ψ ≤ ψ′ < ε < π
4 .

Opìte telik� katal goume sthn sqèsh

∣∣∣
√

sin2 ε− sin2 ψ′

cosψ′
−

√
sin2 ε− sin2 ψ

cosψ

∣∣∣ = O
(
ε

1
2 |ψ − ψ′| 12

)
.

'Ara ∣∣W (L′;u)−W (L;u)
∣∣

= O

(
εn−1

∣∣∣
√

sin2 ε− sin2 ψ′

cosψ′
−

√
sin2 ε− sin2 ψ

cosψ

∣∣∣
)

= O
(
εn− 1

2 |ψ − ψ′| 12
)

= O
(
εn− 1

2 |φ− φ′| 12
)
,

afoÔ ψ = min{ε, φ} kai ψ′ = min{ε, φ′}.
An Θ(L′, L) eÐnai h oxeÐa gwnÐa pou sqhmatÐzoun ta dÔo k�jeta dianÔsmata

twn upoq¸rwn L kai L′, gia k�je tuqaÐa epilog  tou u èqoume ìti
∣∣W (L′; u)−W (L; u)

∣∣ = O
(
εn− 1

2
(
Θ(L′, L)

) 1
2

)
,
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afoÔ |φ− φ′| ≤ Θ(L′, L).
An t¸ra jewr soume mia tuqaÐa epilog  u1, . . . , uN , paÐrnoume ìti

∣∣Vn−1(L′;u1, . . . , uN )− Vn−1(L; u1, . . . , uN )
∣∣

= O
(
Nεn− 1

2
(
Θ(L′, L)

) 1
2

)
= O

(
εn−5 3

4
(
Θ(L′, L)

) 1
2

)
,

dedomènou ìti èqoume epilèxei N =
[
ε−5 3

4

]
+ 1.

EÐqame orÐsei (me ton tÔpo (2.1.9) ) to

β =
∣∣L ∩Bn

∣∣
(n−1)

2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

εn+3

n(n + 1)(n + 3)

to opoÐo eÐnai k�tw fragmèno apì cεn−2 1
4 , me c > 0 stajer�, afoÔ N =[

ε−5 3
4

]
+ 1. Opìte

∣∣Vn−1(L′;u1, . . . , uN )− Vn−1(L; u1, . . . , uN )
∣∣ <

1
3
β (2.1.15)

an p�roume |Θ(L′, L)| ≤ ε8 kai ε arket� mikrì, diìti

O
(
εn−5 3

4
(
Θ(L′, L)

) 1
2

)
= O

(
εn−5 3

4 ε4
)

= O(εn−1 3
4 ).

BHMA 11.
JewroÔme èna sÔnolo shmeÐwn v1, . . . , vM p�nw sthn Sn−1, ètsi ¸ste ta
sÔnola C(vj) ∪ C(−vj), j = 1, . . .M, ìpou oi gwniakèc aktÐnec paÐrnontai
Ðsec me 1

2ε8, na mhn epikalÔptontai ki ètsi ¸ste to pl joc M na eÐnai to
mègisto dunatì.
Tìte h (n−1)−di�stath epif�neia pou kalÔptoun ta kap�kia aut� eÐnai frag-
mènh apì thn sunolik  epif�neia thc sfaÐrac tou Rn. H epif�neia pou kalÔptei
èna kap�ki gwniak c aktÐnac 1

2ε8 eÐnai thc morf c cε8(n−1), ìpou c > 0 sta-
jer� pou exart�tai apì thn di�stash. Sunep¸c Mcε8(n−1) ≤ s, ìpou s h
epif�neia thc Sn−1, opìte

M = O(ε−8(n−1)).

An jewr soume èna monadiaÐo di�nusma v, ja up�rqei èna apì ta v1, . . . , vM ,
to opoÐo ja sqhmatÐzei me to v gwnÐa ìqi megalÔterh apì ε8.

'Ara, an p�roume touc (n− 1)−di�statouc upoq¸rouc L1, . . . , LM pou èqoun
ta ±v1, . . . ,±vM wc k�jeta dianÔsmat� touc, tìte gia ènan dosmèno (n −
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1)−di�stato upìqwro L, ja up�rqei èna j, 1 ≤ j ≤ M gia to opoÐo ja isqÔei
Θ(L,Lj) ≤ ε8. Tìte apì thn sqèsh (2.1.15) ja èqoume ìti

Vn−1(L; u1, . . . , uN ) < Vn−1(Lj ; u1, . . . , uN ) +
1
3
β (2.1.16)

gia opoiad pote monadiaÐa dianÔsmata u1, . . . , uN .

StajeropoioÔme touc L1, . . . , LM , paÐrnoume N =
[
ε−5 1

4

]
+ 1 kai epilè-

goume (omoiìmorfa sthn Sn−1 ki anex�rthta metaxÔ touc) shmeÐa u1, . . . , uN .
Gia k�je j, 1 ≤ j ≤ M, apì thn sqèsh (2.1.12) paÐrnoume ìti h pijanìthta
na isqÔei Vn−1(Lj ; u1, . . . , uN ) > ν1 eÐnai mikrìterh apì exp(−γnε−

1
4 ).

Sunep¸c h pijanìthta na up�rqei kapoio j, 1 ≤ j ≤ M gia to opoÐo na isqÔei
Vn−1(Lj ;u1, . . . , uN ) > ν1, ja eÐnai to polÔ

M exp(−γnε−
1
4 ) = O

(
ε−8(n−1) exp(−γnε−

1
4 )

)
.

'Eqontac p�rei mia ektÐmhsh gia thn pijanìthta na up�rqei k�poio j, 1 ≤
j ≤ M, gia to opoÐo Vn−1(Lj ; u1, . . . , uN ) > ν1, mporoÔme na epilèxoume
kat�llhla to ε, ètsi ¸ste h pijanìthta aut  na eÐnai mikrìterh apì 1

2 . Ki
autì giatÐ ε−8(n−1) exp

(−γnε−
1
4

) −→ 0, kaj¸c ε −→ 0+.
'Ara h pijanìthta na isqÔei

Vn−1(Lj ;u1, . . . , uN ) ≤ ν1,

gia k�je j me 1 ≤ j ≤ M eÐnai megalÔterh apì 1
2 .

Epiplèon, sto b ma 3 upologÐsame thn pijanìthta na up�rqoun epikalÔ-
yeic metaxÔ twn N dipl¸n kapaki¸n kai eÐdame ìti gia kat�llhlh epilog 
tou N h pijanìthta aut  eÐnai mikrìterh apì 1

2 . 'Etsi h pijanìthta na mhn
epikalÔptontai ana dÔo ta dipl� kap�kia ja eÐnai megalÔterh apì 1

2 .
Sunep¸c eÐnai dunatì (jetik  pijanìthta) na epilegoÔn u1, . . . , uN ∈ Sn−1

¸ste na isqÔoun tautìqrona oi

i. ana dÔo ta sfairik� kap�kia C(ui) ∪ C(−ui), i = 1, . . . , N, na mhn
epikalÔptontai,

ii. Vn−1(Lj ; u1, . . . , uN ) ≤ ν1, gia k�je j, me 1 ≤ j ≤ M.

'Etsi ja èqoume ìti to kurtì summetrikì s¸ma K = K(u1, . . . , uN ), to opoÐo
kataskeu�zetai afair¸ntac apì thn Bn ta N sfairik� kap�kia kat�llhlhc
gwniak c aktÐnac, ja èqei ìgko

Vn(u1, . . . , uN ) = |Bn|(n)r
n
1 ,
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ìpou

r1 = 1− 2N
Γ(1 + n

2 )

π
1
2 Γ(1

2 + n
2 )

{ εn+1

n + 1
− n

6(n + 3)
εn+3

}
+ O(Nεn+5),

(sqèsh (2.1.2) ).
Epiplèon, gia k�je (n− 1)−di�stato upìqwro L, apì thn sqèsh (2.1.15), ja
isqÔei ìti gia k�poion upìqwro Lj , 1 ≤ j ≤ M,

|K(u1, . . . , uN )∩L|(n−1) = Vn−1(L;u1, . . . , uN ) < Vn−1(Lj ; u1, . . . , uN )+
1
3
β

kai apì to ii.] kai tic sqèseic (2.1.9) kai (2.1.10), eÐnai

≤ ν1 +
1
3
β = |L ∩Bn|(n−1)×

[
1− 2N(n− 1)Γ(1 + n

2 )

Γ(1
2 + n

2 )π
1
2

( εn+1

n(n + 1)
− εn+3

6(n + 3)

+
2
3

εn+3

n(n + 1)(n + 3)

)
+ O(Nεn+5)

]

+
1
3
|L ∩Bn|(n−1)

2N(n− 1)Γ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

εn+3

n(n + 1)(n + 3)

= |L ∩Bn|(n−1)×
[
1− 2N(n− 1)Γ(1 + n

2 )

Γ(1
2 + n

2 )π
1
2

×

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+ O(Nεn+5)

]

= |L ∩Bn|(n−1)r
n−1
3 ,

ìpou
r3 =

[
1− 2N(n− 1)Γ(1 + n

2 )

Γ(1
2 + n

2 )π
1
2

×

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+ O(Nεn+5)

] 1
n−1
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= 1− 2NΓ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+ O(Nεn+5)

+O

((2NΓ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+O(Nεn+5)

)2
)

H epilog  tou N kai thc di�stashc n èqei gÐnei ètsi ¸ste to N2ε2n+2 na eÐnai
mikrìterhc t�xhc apì to Nεn+5, opìte to

O

((2NΓ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+O(Nεn+5)

)2
)

mporoÔme na to fr�xoume me mia sun�rthsh thc t�xhc tou Nεn+5.
'Etsi ja èqoume

r3 = 1−2NΓ(1 + n
2 )

Γ(1
2 + n

2 )π
1
2

{ εn+1

n(n + 1)
− εn+3

6(n + 3)
+

εn+3

3n(n + 1)(n + 3)

}
+O(Nεn+5).

MporoÔme na parathr soume ìti èqontac epilèxei kat�llhlo N kai n ≥ 12
apì thn sqèsh (2.1.2), paÐrnoume ìti

r3 = r1 −
2NΓ(1 + n

2 )
π1/2Γ(1

2 + n
2 )

εn+3

3n(n + 1)(n + 3)
+ O(Nεn+5) (2.1.17)

(An N =
[
ε−5 1

4

]
+1, gia na p�rei to r1 aut  th morf  arkeÐ na isqÔei n ≥ 9.)

ParathroÔme dhlad  ìti gia arket� mikr� ε o deÔteroc ìroc sthn sqèsh aut 
eÐnai megalÔterhc t�xhc apì ton trÐto, opìte isqÔei ìti r3 < r1.
Gia na kataskeu�soume loipìn to kat�llhlo kurtì summetrikì s¸ma K∗ thc
morf c tou K(u1, . . . , uN ) pou ja mac d¸sei to antipar�deigma, ja prèpei na
zht soume

|K∗ ∩ L|(n−1) < |Bn ∩ L|(n−1),

gia k�je (n− 1)−di�stato upìqwro L, en¸

|K∗|(n) > |Bn|(n).

An p�roume

K∗ :=
1√
r1r3

K(u1, . . . , uN )

kai ε > 0 arket� mikrì, ja èqoume

|K∗ ∩ L|(n−1) =
∣∣ 1√

r1r3
K(u1, . . . , uN ) ∩ L

∣∣
(n−1)
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≤ 1

(r1r3)
n−1

2

|Bn ∩ L|(n−1)r
n−1
3 =

(r3

r1

)n−1
2 |Bn ∩ L|(n−1).

Ki epeid  gia kat�llhla mikr� ε > 0, r3 < r1, paÐrnoume ìti

|K∗ ∩ L|(n−1) < |Bn ∩ L|(n−1).

Kai

|K∗|(n) =
∣∣ 1√

r1r3
K

∣∣
(n)

=
1

(r1r3)
n
2

rn
1 |Bn|(n) =

(r1

r3

)n
2 |Bn|(n) > |Bn|(n).

2.2 Antipar�deigma gia n ≥ 10

Mègistec tomèc kÔbou
Estw H ènac (n − 1)-di�statoc grammikìc upìqwroc tou Rn kai a =

(a1, . . . , an) ∈ Rn monadiaÐo k�jeto di�nusma ston H. Upojètoume oti n ≥ 2
kai |ai| < 1, gia ìla ta i = 1, · · · , n.

OrÐzoume f = fH : R −→ [0, +∞) me f(r) = |(H + ra) ∩ Qn|. H f(r)
dhlad  eÐnai o ìgkoc di�stashc n − 1 thc tom c tou Qn me èna uperepÐpedo
par�llhlo ston H pou brÐsketai se apìstash |r| apì autìn, ìpou Qn =
[−1

2 , 1
2 ]n ⊂ Rn, o monadiaÐoc kÔboc.

H upìjesh ìti n ≥ 2 kai |ai| < 1, gia k�je i = 1, . . . , n, exasfalÐzei ìti
o H den eÐnai par�llhloc se kamÐa èdra tou Qn, afoÔ to a = (ai)n

i=1 den
mporeÐ na eÐnai k�poio apì ta ±ei. Opìte h f eÐnai suneq c (bl. eisagwgik�,
paragr.1.3 ,prìtash 1.1).

Me pijanojewrhtikèc mejìdouc mporoÔme na p�roume mia èkfrash gia to

f(0) = |H ∩Qn|.

'Estw X1, . . . , Xn anex�rthtec tuqaÐec metablhtèc, omoiìmorfa katanemhmènec
sto [−1

2 , 1
2 ]. An (Ω, p) o q¸roc pijanìthtac ston opoÐo orÐzontai oi Xi, i =

1, . . . , n, tìte h katanom  tou tuqaÐou dianÔsmatoc (X1, . . . , Xn) eÐnai to mètro
Lebesgue sto Qn. H f eÐnai suneq c opìte

f(r) = lim
s→0

1
2s

∫ r+s

r−s
f(t)dt.

Oloklhr¸nontac thn f(t) = |(H + ta) ∩Qn| paÐrnoume ton n-di�stato ìgko
tou tm matoc tou kÔbou pou sqhmatÐzetai apì ìlec tic par�llhlec tomèc tou
H kata thn metatìpis  tou sthn kateÔjunsh tou a me r − s ≤ t ≤ r + s.
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O ìgkoc autìc eÐnai Ðsoc me ton ìgko tou tm matoc tou kÔbou pou paÐrnoume
apì tic tomèc ìlwn twn upoq¸rwn {x ∈ Rn : 〈x, a〉 = ρ} , r − s ≤ ρ ≤ r − s
me ton kÔbo, dhlad 

f(r) = lim
s→0

1
2s

∫ r+s

r−s
f(t)dt = lim

s→0

1
2s
|{x ∈ Qn : | 〈x, a〉 − r| ≤ s}| =

lim
s→0

1
2s
|{x ∈ Qn : |

n∑

i=1

aixi − r| ≤ s}| = lim
s→0

1
2s

p
(|

n∑

i=1

aiXi − r| ≤ s
)
.

Dhlad , h f eÐnai suneq c sun�rthsh puknìthtac thc t.m. X =
n∑

i=1
aiXi. Me

qr sh thc anisìthtac Brunn-Minkowski

|1
2
A +

1
2
B|(k) ≥

(1
2
|A|

1
k

(k) +
1
2
|B|

1
k

(k)

)k

gia A,B kurt� uposÔnola ston Rk, ja apodeÐxoume oti h f paÐrnei th mègisth
tim  thc sto 0.

O H eÐnai grammikìc q¸roc di�stashc n−1, opìte mporoÔme na ton tautÐ-
soume me ton Rn−1 ki ètsi h parap�nw anisìthta isqÔei gia kurt� uposÔnol�
tou me k = n− 1.

An loipìn p�roume A = H ∩ (Qn + ra) kai B = H ∩ (Qn− ra), tìte lìgw
thc summetrÐac tou Qn wc proc to 0, isqÔei ìti B = −A. Estw x, y ∈ Qn.

Tìte (x+ra)+(y−ra)
2 = x+y

2 ∈ Qn, afoÔ autì eÐnai kurtì. Ara

H ∩Qn ⊇ 1
2
(A + B) =

1
2
(A−A).

Opìte apì thn anisìthta Brunn-Minkowski, paÐrnoume ìti

f(0) = |H ∩Qn| ≥ |1
2
(A−A)| ≥ (

1
2
|A| 1

n−1 +
1
2
|A| 1

n−1 )
n−1

= |A| = f(r).

'Epetai ìti, an to
√

2 eÐnai �nw fr�gma gia touc ìgkouc twn tom¸n tou Qn me
upoq¸rouc di�stashc n−1, to Ðdio isqÔei kai gia tic tomèc tou me uperepÐpeda.
Ki autì mporoÔme na to doÔme wc ex c:
An èqoume ìti |H ∩ Qn| ≤

√
2, ìpou H upìqwroc di�stashc n − 1, tìte

jewr¸ntac èna (n − 1)-di�stato uperepÐpedo E, autì ja eÐnai thc morf c
E = H + ra kai tìte me b�sh ta parap�nw ja èqoume

|E ∩Qn| = |H ∩ (Qn − ra) ≤ |H ∩Qn| ≤
√

2.

K�tw fr�gma
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Je¸rhma 2.2.1 K�je tom  tou monadiaÐou kÔbou Qn ston Rn me ènan (n−
1)-di�stato upìqwro H èqei ìgko toul�qiston 1. O ìgkoc eÐnai akrib¸c 1 ann
o H eÐnai par�llhloc proc mia èdra tou Qn.

H apìdeixh eÐnai �mesh sunèpeia miac apl c pijanojewrhtik c anisìthtac,
h opoÐa sugkrÐnei mia tuqaÐa metablht  me mia omoiìmorfa katanemhmènh t.m.
me thn Ðdia Lp-nìrma. Thn anisìthta aut n thn paÐrnoume apì to parak�tw

L mma 2.2.1 'Estw Y mia t.m. me sun�rthsh puknìthtac g : R −→
[0,+∞). Tìte gia p > 0, isqÔei

‖g‖∞‖Y ‖p ≥ 1
2
(p + 1)−

1
p .

Isìthta èqoume ann h Y eÐnai omoiìmorfa katanemhmènh se k�poio di�sthma
[−t, t] ⊂ R.

Apìdeixh tou L mmatoc
QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti h Y eÐnai summetri-
k . Pr�gmati, an p�roume mia tuqaÐa metablht  X, me puknìthta pijanìthtac
f, mporoÔme na jewr soume thn Y me puknìthta pijanìthtac

g(x) =
f(x) + f(−x)

2
,

h opoÐa eÐnai summetrik  kai oi |X|, |Y | eÐnai isìnomec. Epiplèon,

g(x) =
f(x) + f(−x)

2
≤ ‖f‖∞

�ra
‖g‖∞ ≤ ‖f‖∞.

Opìte, ‖g‖∞‖Y ‖p ≤ ‖f‖∞‖X‖p, afoÔ oi |X|, |Y | eÐnai isìnomec
(‖X‖p =

‖Y ‖p

)
. Upojètoume loipìn ìti h Y eÐnai summetrik . Tìte jètontac

G(x) =
∫ x

0
g(t)dt, x ≥ 0

èqoume ìti G(0) = 0, G(∞) = 1
2 ( diìti h g eÐnai �rtia sun�rthsh ) kai G(x) ≤

x‖g‖∞. Opìte, dedomènou ìti h Gp+1 eÐnai apolÔtwc suneq c (apìdeixh sto
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tèloc thc apìdeixhc tou l mmatoc) kai k�je apolÔtwc suneq c sun�rthsh
eÐnai to aìristo olokl rwma thc parag¸gou thc, èqoume

2−p = 2(
1
2
)
p+1

= 2G(∞)p+1 = 2
∫ ∞

0

(
(G(x))p+1

)′
dx

= 2
∫ ∞

0
(p + 1)[G(x)]pG(x)′dx = 2

∫ ∞

0
(p + 1)[G(x)]pg(x)dx

≤ (p+1)2
∫ ∞

0
g(x)xp‖g‖p

∞dx = (p+1)‖g‖p
∞2

∫ ∞

0
g(x)xpdx = (p+1)‖g‖p

∞‖Y ‖p
p

�ra
1
2
≤ (p + 1)

1
p ‖g‖∞‖Y ‖p,

apì ìpou èqoume thn zhtoÔmenh anisìthta.
Isìthta èqoume ann g(t) = ‖g‖∞   0 σ.π. To eujÔ tou isqurismoÔ eÐnai

profanèc apì tic parap�nw sqèseic.
Gia to antÐstrofo t¸ra, jèloume na doÔme pìte isqÔei

∫ ∞

0
[G(x)]pg(x)dx =

∫ ∞

0
xp‖g‖p

∞g(x)dx,

ìpou G(x) =
∫ x
0 g(t)dt, x > 0. JewroÔme to sÔnolo

A = {x ∈ [0,∞) : G(x) = x‖g‖∞},

dhlad  gia k�je x ∈ A,

∫ x

0
g(t)dt =

∫ x

0
‖g‖∞dt,

apì ìpou paÐrnoume ìti g(t) = ‖g‖∞ σ.π. sto [0, x], x ∈ A. Ara, g(t) = ‖g‖∞
σ.π. sto [0, supA].

'Estw t¸ra x 6∈ A, kai
∫∞
0 [G(x)]pg(x)dx =

∫∞
0 xp‖g‖p∞g(x)dx. Tìte ja

prèpei
[G(x)]pg(x) = xp‖g‖p

∞g(x) σ.π.

'Omwc x 6∈ A kai A = {x ∈ [0,∞) : G(x) = x‖g‖∞}, opìte gia na isqÔei h
isìthta σ.π., ja prèpei g(x) = 0 σ.π. sto Ac.

H Gp+1 eÐnai apolÔtwc suneq c. Autì mporoÔme na to doÔme an jewr sou-
me thn Gp+1 san sÔnjesh twn sunart sewn G(x) =

∫ x
0 g(t)dt, h opoÐa eÐnai

apìluta suneq c kai thc h(t) = tp+1, h opoÐa einai Lipshitz sto [0, 1]. Sqedìn
�mesa paÐrnoume oti h sÔnjes  touc dÐnei mia apolÔtwc suneq  sun�rthsh.
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Apìdeixh tou Jewr matoc
'Estw (ai)n

i=1, (Xi)n
i=1 ìpwc parap�nw (|ai| < 1, gia k�je i) kai èstw f h

suneq c sun�rthsh puknìthtac thc t.m.

X =
n∑

i=1

aiXi.

Jèloume na deÐxoume ìti

|H ∩Qn| = f(0) > 1.

Oi X1, X2, . . . , Xn eÐnai anex�rthtec, isìnomec t.m., me mèsh tim  0, opìte
èqoume,

EX2 =
n∑

i=1

E
(
(aiXi)2

)
=

n∑

i=1

a2
i E(X2

1 )

= E(X2
1 )

n∑

i=1

a2
i = E(X2

1 ) =
∫ 1

2

− 1
2

X2dx =
1
12

.

Opìte

‖X‖2 =
(∫

Ω
X2

) 1
2 =

1
2
√

3
.

Efarmìzontac to parap�nw l mma gia p = 2 kai g = f, paÐrnoume ìti

1
2
√

3
≤ ‖X‖2‖f‖∞ = ‖X‖2f(0)

�ra
1 ≤ f(0). (∗)

H f den eÐnai 0. Epiplèon h f eÐnai puknìthta thc omoiìmorfhc katanom c se
k�poio [−t, t], giatÐ eÐnai suneq c.

Isìthta sthn sqèsh (∗) paÐrnoume mìno sthn perÐptwsh pou o H eÐnai
par�llhloc me mia èdra tou kÔbou, giatÐ tìte f(t) = ‖f‖∞ = 1, gia t ∈ R
tètoio ¸ste (H + ta) ∩Qn 6= ∅.

'Anw fr�gma

Je¸rhma 2.2.2 K�je tom  tou monadiaÐou kÔbou Qn me ènan (n − 1)-
di�stato grammikì upìqwro H, èqei ìgko to polÔ

√
2. To �nw fr�gma pi�netai

ann o H perièqei mia (n− 2)-di�stath èdra tou Qn.
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Apìdeixh
JewroÔme ta (ai)n

i=1 ìpwc prin, gia ta opoÐa mporoÔme epiplèon na upojèsoume
ìti ai ≥ 0, gia k�je i, diìti lìgw thc summetrÐac tou Qn wc proc ta kÔria epÐ-
peda, an gia par�deigma p�roume a = (a1, . . . , an) kai a′ = (a1, . . . ,−ai, . . . , an)
gia k�poio i = 1, . . . , n kai H, H

′ oi antÐstoiqoi k�jetoi proc ta a kai a
′

upìqwroi, oi ìgkoi twn tom¸n

H ∩Qn, H
′ ∩Qn

eÐnai Ðsoi. H apìdeixh qwrÐzetai se duo peript¸seic, an�loga me tic timèc twn
ai.

Sthn pr¸th perÐptwsh upojètoume ìti ai > 1√
2
, gia k�poio i. Gia par�-

deigma a1 > 1√
2
. JewroÔme thn tom  H ∩ Cn, ìpou Cn eÐnai to kulindroeidèc

Cn = {x ∈ Rn : |xi| ≤ 1
2
, 2 ≤ i ≤ n},

thn orjog¸nia probol  T epÐ tou upoq¸rou {x ∈ Rn : x1 = 0} kai S thn
orjog¸nia probol  epÐ tou H. Tìte T (H ∩Cn) eÐnai o monadiaÐoc kÔboc ston
Rn−1 kai

|H ∩ Cn| = |T (H ∩ Cn)| ‖Se‖
‖TSe‖ =

‖Se‖
‖TSe‖ , (2.2.1)

ìpou e = (1, 0, . . . , 0) to monadiaÐo di�nusma kai ‖ · ‖ h EukleÐdeia nìrma ston
Rn. Opìte paÐrnoume

|H ∩ Cn| = 1
a1

<
√

2. (2.2.2)

Kai sunep¸c,

|H ∩Qn| ≤ |H ∩ Cn| <
√

2,

diìti H ∩Qn ⊆ H ∩ Cn.

Sthn deÔterh perÐptwsh, èqoume ìti ai ≤ 1√
2
, gia k�je i. Sthn perÐptwsh

pou gia k�poio i èqoume ai = 0 to prìblhma mporeÐ na melethjeÐ ston Rn−1.
Diìti s` aut n thn perÐptwsh (ai = 0, gia k�poio i), oi ìgkoi twn tom¸n den
all�zoun.
An gia par�deigma èqoume ìti a1 = 0, tìte jewr¸ntac ton (n − 2)-di�stato
upìqwro

F = {(x2, . . . , xn) : x = (x1, . . . , xn) ∈ H}
paÐrnoume ìti

H = R× F
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kai afoÔ Qn = [−1
2 , 1

2 ]×Qn−1, èqoume

H ∩Qn =
(
R× F

) ∩ (
[−1

2
,
1
2
]×Qn−1

)
,

dhlad  |H ∩Qn| = 1 · |F ∩Qn−1|.
Sunep¸c, epagwgik� mporoÔme na upojèsoume ìti ai > 0, gia k�je i.

Opìte h perÐptwsh thc isìthtac ja sun�getai an deÐxoume ìti

|H ∩Qn| <
√

2,

ektìc an n = 2 kai a1 = a2 = 1√
2
. 'Etsi se k�je tètoia perÐptwsh, pou ja

èqoume dhlad  ìti a = (a1, . . . , an) me ai = aj = 1√
2
, i 6= j kai ak = 0 ∀k 6=

i, j me i, j = 1, . . . , n, o H ja perièqei mia (n− 2)-di�stath èdra tou Qn.
An gia par�deigma a = ( 1√

2
, 1√

2
, 0, . . . , 0), tìte o H perigr�fetai wc

H = {x ∈ Rn : 〈x, a〉 = 0} = {x ∈ Rn : x1 = −x2},
opìte o H perièqei thn (n− 2)-di�stath èdra tou Qn, {(−1

2 , 1
2)} ×Qn−2.

AntÐstrofa, an o H perièqei mia (n− 2)-di�stath èdra tou Qn, tìte o H
èqei th morf  {x ∈ Rn : xi = −xj} gia k�poia i, j, opìte to orjokanonikì
ston H, di�nusma a ja eÐnai thc morf c a = (a1, . . . , an) me ai = aj = 1√

2
, i 6=

j kai ak = 0 ∀ k 6= i, j me i, j = 1, . . . , n.

'Estw
(
Xi

)n

i=1
anex�rthtec tuqaÐec metablhtèc, omoiìmorfa katanemhmè-

nec sto [−1
2 , 1

2 ] kai f h suneq c puknìthta pijanìthtac thc X =
n∑

i=1
aiXi. H

t.m. aiXi èqei qarakthristik  sun�rthsh

φi(t) =
∫ 1

2

− 1
2

eiait·xdx =
ei

ai
2

t − e−i
ai
2

t

iait
=

2 sin ai
2 t

ait
.

Opìte h qarakthristik  sun�rthsh thc X ja eÐnai

φ(t) =
n∏

i=1

φi(t) =
n∏

i=1

2 sin ai
2 t

ait

Qr sh tou antÐstrofou metasqhmatismoÔ Fourier, h anisìthta Hölder kai to

L mma 2.2.2
1
π

∫ ∞

−∞

∣∣∣ sin t

t

∣∣∣
p

dt ≤
√

2
p
,

an p ≥ 2, me isìthta ann p = 2.
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dÐnoun gia pi = 1
a2

i
, i = 1, . . . , n, ìti

|H ∩Qn| = f(0) =
1
2π

∫ ∞

−∞

n∏

i=1

2 sin ai
2 t

ait
dt ≤ 1

π

∫ ∞

−∞

n∏

i=1

∣∣∣ sin ait

ait

∣∣∣ dt

≤
n∏

i=1

( 1
π

∫ ∞

−∞

∣∣∣ sin ait

ait

∣∣∣
pi

dt
)1/pi ≤

n∏

i=1

( √
2

ai
√

pi

)1/pi =
n∏

i=1

(
√

2)1/pi , (2.2.3)

Isìthta isqÔei an pi = 2, gia k�je i, dhlad  n = 2 kai a1 = a2 = 1√
2
.

LeptomereÐc apodeÐxeic
Apìdeixh thc sqèshc (2.2.1).

SumbolÐzoume me T ton periorismì ston upìqwro H thc orjog¸niac probol c
ston {x ∈ Rn : x1 = 0}. IsqÔei ìti

|T (H ∩ Cn)| = |detT ||H ∩ Cn|.
An θ h gwnÐa pou sqhmatÐzei o upìqwroc H me ton upìqwro {x ∈ Rn : x1 =
0}, 0 < θ < π

2 , tìte

‖TSe‖
‖Se‖ = cos θ

An t¸ra jewr soume mia orjokanonik  b�sh {fi} tou (n − 2)-di�statou
upìqwrou H ∩ {x ∈ Rn : x1 = 0}, mporoÔme na p�roume mia orjokanonik 
b�sh ston H,

(
f1, . . . , fn−2, η

)
, ìpou η, kanonikì di�nusma ston H kai mia

orjokanonik  b�sh ston {x ∈ Rn : x1 = 0}, (
f1, . . . , fn−2, ξ

)
, ξ kanonikì

di�nusma ston {x ∈ Rn : x1 = 0}, me to ξ na eÐnai suggrammikì me thn probol 
tou η ston {x ∈ Rn : x1 = 0}.
Tìte o T : H −→ {x ∈ Rn : x1 = 0}, prob�llei ta dianÔsmata wc ex c

f1 7−→ f1

· · ·
· · ·

fn−2 7−→ fn−2

η 7−→ ξ cos θ
opìte o pÐnakac tou metasqhmatismoÔ eÐnai

[T ] =




1 0 . . . 0
0 1 . . . 0
...

...
0 0 . . . cos θ


 ,
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kai ètsi |detT | = cos θ. Sunep¸c,

|T (H ∩ Cn)| = ‖TSe‖
‖Se‖ |H ∩ Cn|

�ra

|H ∩ Cn| = |T (H ∩ Cn)| ‖Se‖
‖TSe‖ =

‖Se‖
‖TSe‖ ,

afoÔ o T (H ∩ Cn) eÐnai o monadiaÐoc kÔboc ston Rn−1.

Apìdeixh thc sqèshc (2.2.2).
An e = (1, 0, . . . , 0) tìte Se = (1 − a2

1,−a1a2, . . . ,−a1an), afoÔ Se = e −
〈e, a〉 a. Epiplèon TSe = (0,−a1a2, . . . ,−a1an), opìte apì thn sqèsh (2.2.1)
èqoume ìti

|H∩Cn| = ‖Se‖
‖TSe‖ =

(
(1− a2

1)
2 + a2

1a
2
2 + · · ·+ a2

1a
2
n

)1/2

(
a2

1a
2
2 + · · ·+ a2

1a
2
n

) 1
2

=
((1− a2

1)
2

a2
1

n∑
i=2

a2
i

+1
)1/2

=
( (1− a2

1)
2

a2
1(1− a2

1)
+ 1

)1/2
=

1
a1

<
√

2.

Apìdeixh tou L mmatoc 2.2.2.

1
π

∫ ∞

−∞

∣∣∣ sin t

t

∣∣∣
p

dt ≤
√

2
p
,

an p ≥ 2.

H apìdeixh qwrÐzetai se trÐa mèrh, wc proc tic timèc tou p.
a.] p ≥ 4

ParathroÔme ìti

sin t

t
= 1− t2

6
+

t4

120
− t6

7!
+

t8

9!
− . . . < 1− t2

6
+

t4

120
, t2 < 72 (2.2.4)

kai

e−
t2

6 = 1− t2

6
+

t4

72
− t6

1296
+

t8

644!
+ . . . > 1− t2

6
+

t4

72
− t6

1296
,

an t2 < 30, dhlad 

−e
t2

6 < −1 +
t2

6
− t4

72
+

t6

1296
(2.2.5)
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Prosjètontac kata mèlh tic sqèseic (2.2.4), (2.2.5), èqoume

sin t

t
− e

t2

6 <
t4

120
− t4

72
+

t6

1296
= − t4

180
+

t6

1296
≤ 0,

an t2 ≤ 36
5 . Opìte

0 ≤ sin t

t
≤ e−

t2

6 ,

an t2 ≤ 36
5 , afoÔ 36

5 ≤ π2.

'Estw m = 6√
5
. AfoÔ

∫∞
−∞ e−t2dt =

√
π, qrhsimopoi¸ntac ta parap�nw èqou-

me
1
π

∫ ∞

−∞

∣∣∣ sin t

t

∣∣∣
p

dt

=
1
π

∫ −m

−∞

∣∣∣ sin t

t

∣∣∣
p

dt +
1
π

∫ m

−m

∣∣∣ sin t

t

∣∣∣
p

dt +
1
π

∫ ∞

m

∣∣∣ sin t

t

∣∣∣
p

dt

=
1
π

∫ m

∞

∣∣∣ sin(−t)
t

∣∣∣
p

(−1)dt +
1
π

∫ m

−m

∣∣∣ sin t

t

∣∣∣
p

dt +
1
π

∫ ∞

m

∣∣∣ sin t

t

∣∣∣
p

dt

=
2
π

∫ ∞

m

∣∣∣ sin t

t

∣∣∣
p

dt +
1
π

∫ m

−m

∣∣∣ sin t

t

∣∣∣
p

dt

≤ 2
π

∫ ∞

m

∣∣∣ sin t

t

∣∣∣
p

dt +
1
π

∫ m

−m
e−p t2

6 dt ≤ 1
π

∫ ∞

−∞
e−p t2

6 dt +
2
π

∫ ∞

m
t−pdt

=
√

6√
p
√

π
+

2
π(p− 1)mp−1

≤ 1√
p

(√6√
π

+
4

3πm3

)
<

√
2√
p
,

gia p ≥ 4.

Thn proteleutaÐa anisìthta thn paÐrnoume me stoiqei¸deic pr�xeic logi-smoÔ,
gia p ≥ 4 kai m = 6√

5
. AfoÔ

√
6√

p
√

π
+

2
π(p− 1)mp−1

=
1√
p

( √
6√
π

+
2

π(p− 1)mp−1

√
p

)

kai

2
√

p

π(p− 1)mp−1
≤ 4

3πm3
⇔ 3

√
p

p− 1
≤ 2mp−4 ⇔ 3

√
p

p− 1
≤ 2

( 6√
5

)p−4
,

arkeÐ na deÐxoume ìti
√

p ≤ 2
( 6√

5

)p−4
,
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afoÔ 3
√

p
p−1 ≤

√
p, gia p ≥ 4. Melet¸ntac thn sun�rthsh

h(x) = log 2
( 6√

5

)x−4 − log
√

x = x log
6√
5
− 1

2
log x + log

50
64

,

mporoÔme na doÔme ìti h(x) ≥ 0, gia x ≥ 4.

H teleutaÐa anisìthta isqÔei, afoÔ gia m = 6√
5
,

√
6√
π

+
4

3πm3
= 1, 4039477 <

√
2.

b.]2 < p < 4
Jètoume s = p

2 − 1 kai jèloume na deÐxoume ìti

1
π

∫ ∞

−∞

(sin2 t

t2

)1+s
dt <

1√
1 + s

(
=

√
2
p

)
, (2.2.6)

gia 0 < s < 1.

Gia n = 0, 1, 2, . . . , orÐzoume

an =
1
π

∫ ∞

−∞
e−

t2

π

(
1− e−

t2

π

)n
dt

kai

bn =
1
π

∫ ∞

−∞

sin2t

t2

(
1− sin2t

t2

)n
dt.

Tìte

b0 =
1
π

∫ ∞

−∞

sin2 t

t2
dt =

1
π

∫ ∞

−∞
(−1

t
)′ sin2 tdt =

1
π

∫ ∞

−∞

1
t
2 sin t cos tdt

=
2
π

∫ ∞

−∞

sin 2t

2t
dt =

1
π

∫ ∞

−∞

sin t

t
dt = 1.

T¸ra, gia t 6= kπ, k ∈ Z, isqÔei

(sin2 t

t2

)1+s
=

sin2 t

t2

(
1− (

1− sin2 t

t2
))s

=
sin2 t

t2

∞∑

n=0

( s

n

)
(−1)n

(
1− sin2 t

t2

)n

=
sin2 t

t2

∞∑

n=0

s(s− 1) · · · (s− n + 1)
n!

(
1− sin2 t

t2
)n(−1)n



50 KEF�ALAIO 2. ARNHTIK�H AP�ANTHSH GIA N ≥ 5

=
sin2 t

t2

[
1−

∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

(
1− sin2 t

t2
)n

]
,

diìti (−1)ns(s− 1) · · · (s− n + 1) ≤ 0, an n ≥ 1.
Efarmìzontac to Je¸rhma Monìtonhc SÔgklishc afoÔ oi ìroi tou ajroÐsma-
toc eÐnai mh arnhtikoÐ, paÐrnoume ìti

1
π

∫ ∞

−∞

(sin2 t

t2

)1+s
dt

=
1
π

∫ ∞

−∞

[sin2 t

t2
−

∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

(
1− sin2 t

t2
)n sin2 t

t2

]
dt

= b0 − 1
π

∫ ∞

−∞

∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

(
1− sin2 t

t2
)n sin2 t

t2
dt

= 1−
∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

bn.

Epiplèon, me allag  metablht c t
√

1+s
π = t′ èqoume

1
π

∫ ∞

−∞

(
e−

t2

π

)1+s
dt =

1
π

√
π

1 + s

∫ ∞

−∞
e−t2dt =

1√
1 + s

.

An�loga, epeid 

1√
1 + s

=
1
π

∫ ∞

−∞

(
e−

t2

π

)1+s
dt =

1
π

∫ ∞

−∞
e−

t2

π

(
1− (1− e−

t2

π )
)s

dt,

paÐrnoume ìti

1√
1 + s

= 1−
∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

an.

Opìte arkeÐ na deÐxoume ìti an < bn, n ∈ N. Diìti tìte

1−
∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

bn < 1−
∞∑

n=1

|s(s− 1) · · · (s− n + 1)|
n!

an

ki ètsi ja èqoume thn zhtoÔmenh anisìthta.
Gia tic pr¸tec exi timèc tou n, ìpwc faÐnetai apì ton parak�tw pÐnaka,

isquei ìti an < bn.
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n an bn

1 0,29 0,33
2 0,16 0,22
3 0,11 0,17
4 0,08 0,15
5 0,07 0,13
6 0,05 0,12

Oi upologismoÐ èginan apì ton K.Ball me prosèggish duo dekadik¸n yhfi¸n
kai gia thn perÐptwsh tou bn, ìpwc anafèrei, qrhsimopoÐhse to je¸rhma twn
oloklhrwtik¸n upoloÐpwn.

Gia n ≥ 7 isqÔei oti

1√
2πn

<
1

2
√

π
√

n + 1
− 1

2en
(∗)

afoÔ

1√
2πn

<
1

2
√

π
√

n + 1
− 1

2en
⇔ en2

√
π
√

n + 1 < (en−√π
√

n + 1)
√

2πn,

me stoiqei¸deic pr�xeic katal goume sthn isodÔnamh anisìthta

e2

2e2 + 2e
√

2π + π
>

n + 1
n2

kai gia n = 7 isqÔei 8
49 ' 0, 1632 < 0, 756 ' e2

2e2+2e
√

2π+π
.

Epiplèon, h sun�rthsh h(x) = x+1
x2 eÐnai fjÐnousa sto (−∞,−2) kai sto

(0, +∞), afoÔ h′(x) = − (x+2)
x3 .

Mènei na deÐxoume ìti

an ≤ 1√
2πn

(∗∗)
kai

bn =
1

2
√

π
√

n + 1
− 1

2en
(∗ ∗ ∗),

gia n ≥ 7.
Gia 0 < x ≤ 1, isqÔei ìti 2(1−x)2 ≤ | log x|, afoÔ an p�roume thn sun�rthsh
g(x) = −logx− 2(1− x)2, èqoume g′(x) = − 1

x(2x− 1)2 < 0, dhlad  h g eÐnai
fjÐnousa kai sunep¸c − log x− 2(1− x)2 ≥ 0, gia k�je x ∈ (0, 1].

Gia to
an =

1
π

∫ ∞

−∞
e−

x2

π
(
1− e−

x2

π
)n

dx



52 KEF�ALAIO 2. ARNHTIK�H AP�ANTHSH GIA N ≥ 5

me diadoqikèc allagèc metablht¸n u = x√
π

kai x = e−u2
, opìte

1

2
√
| log x|

(− 1
x

)
dx = du, èqoume

an =
1√
π

∫ ∞

−∞
e−u2(

1− e−u2)n
du =

2√
π

∫ ∞

0
e−u2(

1− e−u2)n
du

=
1√
π

∫ 1

0

x(1− x)n

√
| log x|

1
x

dx ≤ 1√
2π

∫ 1

0
(1− x)n−1dx =

1√
2πn

.

Ki ètsi apodeÐqjhke h (∗∗).
EpÐshc,

bn =
1
π

∫ ∞

−∞

sin2 t

t2
(
1− sin2 t

t2
)n

dt

=
1
π

∫ −1

−∞

sin2 t

t2
(
1−sin2 t

t2
)n

dt+
1
π

∫ ∞

1

sin2 t

t2
(
1−sin2 t

t2
)n

dt+
1
π

∫ 1

−1

sin2 t

t2
(
1−sin2 t

t2
)n

dt

=
2
π

∫ ∞

1

sin2 t

t2
(
1− sin2 t

t2
)n

dt +
1
π

∫ 1

−1

sin2 t

t2
(
1− sin2 t

t2
)n

dt

≥ 2
π

∫ ∞

1

sin2 t

t2
(
1− sin2 t

t2
)n

dt

'Ara

bn ≥ 2
π

∫ ∞

1

sin2 t

t2
(
1− sin2 t

t2
)n

dt (2.2.7)

ParathroÔme t¸ra ìti h 1
t2

(
1 − 1

t2

)n
eÐnai aÔxousa gia 1 ≤ t ≤ √

n + 1

kai fjÐnousa gia t ≥ √
n + 1, afoÔ

[ 1
t2

(
1− 1

t2

)n]′
= −2

1
t3

(
1− 1

t2

)n
+

1
t2

n
(
1− 1

t2

)n−1
2

1
t3

=
(
1− 1

t2

)n−1(
− 2

t3
+

2
t5

+
2n

t5

)
=

(
1− 1

t2

)n−1 2
t3

(n + 1
t2

− 1
)

=
2
t3

(
1− 1

t2

)n−1 1 + n− t2

t2
.

Opìte, an n ≥ 6 tìte
√

n + 1 ≥ √
7 > 2, 57 ' 1 + π

2 ki èqoume oti

√
n+1∫

1+π/2

sin2 t

t2
(
1− 1

t2
)n

dt =

√
n+1−π/2∫

1

sin2(t + π
2 )

(t + π
2 )2

(
1− 1

(t + π
2 )2

)n
dt
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=

√
n+1−π/2∫

1

cos2 t

(t + π
2 )2

(
1− 1

(t + π
2 )2

)n
dt

'Omwc h 1
t2

(
1− 1

t2

)n
eÐnai aÔxousa gia 1 ≤ t ≤ √

n + 1, opìte

√
n+1∫

1+π/2

sin2 t

t2
(
1− 1

t2
)n

dt ≥

√
n+1−π/2∫

1

cos2 t

t2

(
1− 1

t2

)n
dt

kai ∞∫

√
n+1

sin2 t

t2
(
1− 1

t2
)n

dt ≥
∞∫

√
n+1+π/2

cos2 t

t2

(
1− 1

t2

)n
dt,

afoÔ h 1
t2

(
1− 1

t2

)n
eÐnai fjÐnousa gia t ≥ √

n + 1,

'Etsi

∫ ∞

1

sin2 t

t2
(
1− 1

t2
)n

dt ≥ 1
2

[∫ ∞

1

sin2 t

t2
(
1− 1

t2
)n

dt +

∞∫

1+π/2

sin2 t

t2
(
1− 1

t2
)n

dt

]

=
1
2

∫ ∞

1

sin2 t

t2
(
1− 1

t2
)n

dt+
1
2

√
n+1∫

1+π/2

sin2 t

t2
(
1− 1

t2
)n

dt+
1
2

∞∫

√
n+1

sin2 t

t2
(
1− 1

t2
)n

dt

≥ 1
2

∫ ∞

1

1
t2

(
1− 1

t2

)n
dt− 1

2

∫ ∞

1

cos2t

t2

(
1− 1

t2

)n
dt

+
1
2

√
n+1−π/2∫

1

cos2t

t2

(
1− 1

t2

)n
dt +

1
2

∞∫

√
n+1+π/2

cos2t

t2

(
1− 1

t2

)n
dt

=
1
2

∫ ∞

1

1
t2

(
1− 1

t2

)n
dt− 1

2

√
n+1+π/2∫

√
n+1−π/2

cos2t

t2

(
1− 1

t2

)n
dt

≥ 1
2

∫ ∞

1

1
t2

(
1− 1

t2

)n
dt− 1

2
max

1≤t<∞

[ 1
t2

(
1− 1

t2

)n]
√

n+1+π
2∫

√
n+1−π/2

cos2 tdt
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=
1
2

∫ ∞

1

1
t2

(
1− 1

t2

)n
dt− max

1≤t<∞

[ 1
t2

(
1− 1

t2

)n]π

4

kai me allag  metablhthc 1
t = u

=
1
2

∫ 1

0
(1− u2)ndu− π

4
1

n + 1
(
1− 1

n + 1
)n

=
1
2

∫ 1

0
(1− u2)ndu− π

4
1
n

(
1− 1

n + 1
)n+1

. (2.2.8)

Gia to olokl rwma t¸ra, èqoume, me allag  metablht c u = sin t,

1
2

∫ 1

0
(1− u2)ndu =

1
2

∫ π/2

0
(1− sin2 t)n cos tdt =

1
2

∫ π/2

0
cos2n+1 tdt

=
1
2

∫ π/2

0
cos2n t cos tdt =

1
2

sin t cos2n t

∣∣∣∣
π/2

0

+
1
2

∫ π/2

0
sin2 t 2n cos2n−1 tdt

=
1
2
2n

∫ π/2

0
(1− cos2 t) cos2n−1 tdt

=
1
2
2n

∫ π/2

0
cos2n−1 tdt− 1

2
2n

∫ π/2

0
cos2n+1 tdt (2.2.9)

An loipìn,

I2n+1 =
1
2

π/2∫

0

cos2n+1 tdt (2.2.10)

paÐrnoume ìti
I2n+1 = 2nI2n−1 − 2nI2n+1

�ra

I2n+1 =
2n

2n + 1
I2n−1 (2.2.11)

K�nontac ta Ðdia gia to I2n−1, paÐrnoume oti

I2n+1 =
2n

2n + 1
2n− 2
2n− 1

I2n−3

SuneqÐzontac thn Ðdia diadikasÐa, paÐrnoume oti

I2n+1 =
2n

2n + 1
2n− 2
2n− 1

2n− 4
2n− 3

. . .
2
3

1
2

=
2n2(n− 1)2(n− 2)2(n− 3) · · · 2

(2n+1)(2n)(2n−1)(2n−2)···1
2n2(n−1)2(n−2)···2

1
2
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=
2nn!2nn!

(2n + 1)(2n)!2
=

4n

2(2n + 1)

(
2n

n

)−1

(2.2.12)

Apì tic sqèseic (2.2.10),(2.2.11),(2.2.12), h sqèsh (2.2.9) gÐnetai

1
2

∫ 1

0
(1− u2)ndu = 2nI2n−1 − 2nI2n+1

= (2n + 1)I2n+1 − 2nI2n+1 =
4n

2(2n + 1)

(
2n

n

)−1

.

Opìte h sqèsh (2.2.8) paÐrnei th morf 
∫ ∞

1

sin2 t

t2
(
1− 1

t2
)n

dt

≥ 4n

2(2n + 1)

(
2n

n

)−1

− π

4
1
n

(
1− 1

n + 1
)n+1 ≥

√
π

4
√

n + 1
− π

4en
(2.2.13)

H teleutaÐa anisìthta epitugq�netai me thn bo jeia thc prosèggishc tou n!
me ton tÔpo tou Stirling,

n!
nn
√

ne−n
√

2π
−→ 1

kai thc parat rhshc oti h akoloujÐa

4n
√

n + 1
2(2n + 1)

(
2n

n

)−1

eÐnai fjÐnousa en¸ h
(
1− 1

n

)n eÐnai aÔxousa. Pio sugkekrimèna, apì ton tÔpo
tou Stirling paÐrnoume

lim
n

4nn!n!
√

n + 1
2(2n + 1)(2n)!

= lim
n

4nn2nne−2n2π
√

n + 1
2(2n + 1)(2n)2n

√
2ne−2n

√
2π

= lim
n

√
n2 + n

√
π

2(2n + 1)
=
√

π

4
.

Epiplèon,
4n
√

n+1n!n!
2(2n+1)(2n)!

4n+1
√

n+2(n+1)!(n+1)!
2(2n+3)(2n+2)!

=
2n + 3

2
√

n + 2
√

n + 1
> 1.
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Apì thn sqèsh (2.2.13) t¸ra, katal goume sthn

2
π

∞∫

1

sin2 t

t2
(
1− 1

t2
)n ≥ 1

2
√

π
√

n + 1
− 1

2en

kai sunep¸c èqoume thn zhtoÔmenh sqèsh (∗ ∗ ∗),

bn ≥ 1
2
√

π
√

n + 1
− 1

2en
.

g.] an p = 2, eÐnai gnwstì oti isqÔei

1
π

∫ ∞

−∞

∣∣∣ sin t

t

∣∣∣
2

dt = 1.

To antipar�deigma

Je¸rhma 2.2.3 'Estw n ≥ 10, Qn o monadiaÐoc kÔboc ston Rn. Tìte
up�rqei EukleÐdeia mp�la Cn me kèntro to 0 kai kat�llhlh aktÐna ètsi ¸ste
an kai

|Cn|(n) < 1 = |Qn|(n)

isqÔei ìti
|H ∩Qn|(n−1) ≤ |H ∩ Cn|(n−1),

gia k�je (n− 1)−di�stato upìqwro H ⊆ Rn.

Apìdeixh
'Opwc eÐdame sthn prohgoÔmenh enìthta an H ènac (n−1)−di�statoc upìqw-
roc tou Rn, isqÔei ìti |H ∩Qn|(n) ≤

√
2. ArkeÐ na deÐxoume ìti gia n ≥ 10 h

EukleÐdeia mp�la ìgkou 1 ston Rn èqei kentrikèc tomèc twn opoÐwn o ìgkoc
eÐnai megalÔteroc apì

√
2. GiatÐ tìte ja mporoÔme na broÔme mp�la kat�l-

lhlhc aktÐnac me ìgko mikrìtero apì 1, thc opoÐac oi kentrikèc tomèc thc me
k�je (n− 1)−di�stato upìqwro H eÐnai toul�qiston

√
2.

OrÐzoume cn na eÐnai o (n − 1)−di�statoc ìgkoc thc tom c thc mp�lac
Cn, n−di�statou ìgkou 1, me ton upìqwro H. An ρ h aktÐna thc Cn, dhlad 
Cn = Bn(ρ) kai Bn h monadiaÐa mp�la ston Rn tìte cn = |Bn−1(ρ)|(n−1), kai

1 = |Cn|(n) = |Bn(ρ)|(n) = ρn|Bn|(n)
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�ra ρn = 1
wn

dhlad  ρ = 1

w
1/n
n

, ìpou wn o ìgkoc thc monadiaÐac mp�lac ston
Rn. Tìte

cn = |Bn−1(ρ)|(n−1) = ρn−1|Bn−1|(n−1) =
1

w
n−1/n
n

wn−1.

Apì tic sqèseic

wn =
π

n
2

Γ(n
2 + 1)

, wn−1 =
π

n−1
2

Γ(n+1
2 )

paÐrnoume ìti

cn =
wn−1

w
n−1/n
n

=
π

n−1
2 Γ(n

2 + 1)
n−1

n

π
n
2

n−1
n Γ(n+1

2 )
=

Γ(n
2 + 1)

n−1
n

Γ(n+1
2 )

.

Qrhsimopoi¸ntac ton tÔpo tou Stirling, èqoume

cn ≈ (
√

2π)
n−1

n e−(n
2
+1)n−1

n e(n
2
+1− 1

2
) log(n

2
+1)n−1

n

√
2πe−(n−1

2
+1)e(n−1

2
+1+ 1

2
) log(n−1

2
+1)

= e−
n2+n−2

2n
+n+1

2

(
n+2

2

)n2+2n−3
2n

(
n+1

2

)n
2
+1

(2π)−
1
2n

= e
1
n

(n + 2
n + 1

)n
2
+1

(n + 2)−
3
2n 2

3
2n (2π)−

1
2n

=
(
1 +

1
n + 1

)n+1
2

(
1 +

1
n + 1

) 1
2
( e√

2(n + 2)

) 1
n (2π)−

1
2n

Apì ìpou paÐrnoume ìti
cn −→

√
e,

kaj¸c n −→ +∞.
UpologÐzoume to a10, kai brÐskoume a10 ≈ 1, 420 dhl. a10 >

√
2.

Mènei na deÐxoume ìti h akoloujÐa {cn} eÐnai aÔxousa, opìte ja èqoume ìti

|H ∩Qn|(n−1) ≤
√

2 < cn = |H ∩ Cn|(n−1)

gia n ≥ 10.

L mma 2.2.3 'Estw cn o ìgkoc thc kentrik c tom c mp�lac ìgkou 1 me
ènan (n− 1)−di�stato upìqwro tou Rn. Tìte h akoloujÐa (cn) eÐnai aÔxousa.
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Apìdeixh
JewroÔme thn sun�rthsh

F (x) =
(x + 1

x

)2x+1
(2.2.14)

H F eÐnai fjÐnousa sto (0,+∞).
An thn paragwgÐsoume, paÐrnoume

F ′(x) =
(x + 1

x

)2x+1(
2 log(x + 1)− 2 log x− 1

x + 1
− 1

x

)

Gia na eÐnai h F fjÐnousa arkeÐ

2 log(x + 1)− 2 log x− 1
x + 1

− 1
x
≤ 0

  isodÔnama

log
x + 1

x
≤ 2x + 1

2x(x + 1)
(2.2.15)

H anisìthta aut  isqÔei, giatÐ

log
x + 1

x
= log(x + 1)− log x =

x+1∫

x

1
t
dt

(logw tou oti h 1
t eÐnai kurt )

≤ 1
2
(
1
x

+
1

x + 1
=

2x + 1
2x(x + 1)

.

'Ara h F eÐnai fjÐnousa sto (0, +∞).
JewroÔme t¸ra th sun�rthsh

G(x) =
( x

x− 1

)2x−1− 1
x
, (2.2.16)

x ∈ (1,+∞). H G eÐnai aÔxousa.
Gia thn par�gwgì thc isqÔei

G′(x) =
( x

x− 1

)2x−1− 1
x
[
(2 +

1
x2

) log
x

x− 1
− 2x + 1

x2

]

Gia na eÐnai h G aÔxousa, arkeÐ na isqÔei
(
log

x

x− 1

)
≥ 2x + 1

2x2 + 1
, x > 1.
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IsqÔei

log x− log(x− 1) =

x∫

x−1

1
t
dt

(lìgw tou oti h grafik  par�stash thc 1
t brÐsketai p�nw apo thn efaptomènh

sto shmeÐo (x, 1
x) )

≥
x∫

x−1

(1
x
− t− x

x2

)
dt =

2x + 1
2x2

≥ 2x + 1
2x2 + 1

Qrhsimìpoi¸ntac th monotonÐa twn sun�rt sewn (2.2.14) kai (2.2.16), mpo-
roÔme na deÐxoume ìti gia n ≥ 3,

(n− 1
n− 2

) n−3
2n−5

(n + 1
n

) n
2n−1

<
n

n− 1
(2.2.17)

H (2.2.14), ìpwc eÐdame, eÐnai fjÐnousa sto (0, +∞), opìte
(n + 1

n

)2n+1
<

( n

n− 1

)2n−1

�ra

n + 1
n

<
( n

n− 1

) 2n−1
2n+1

dhlad  (n + 1
n

) n
2n−1

<
( n

n− 1

) n
2n+1 (2.2.18)

kai h (2.2.16) eÐnai fjÐnousa sto (1, +∞), opìte

(n− 1
n− 2

)2n−3− 1
n−1

<
( n

n− 1

)2n−1− 1
n

�ra
(n− 1

n− 2

) (n−2)(2n−1)
n−1

<
( n

n− 1

) (2n+1)(n−1)
n

dhlad 
n− 1
n− 2

<
( n

n− 1

) (2n+1)(n−1)2

n(n−2)(2n−1)
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(n− 1

n− 2

) n−3
2n−5

<
( n

n− 1

) (2n+1)(n−1)2(n−3)
n(n−2)(2n−1)(2n−5) (2.2.19)

Pollaplasi�zontac thn (2.2.18) kai thn (2.2.19), paÐrnoume

(n− 1
n− 2

) n−3
2n−5

(n + 1
n

) n
2n−1

<
( n

n− 1

) (2n+1)(n−1)2(n−3)
n(n−2)(2n−1)(2n−5)

+ n
2n+1

.

Mènei na deÐxoume ìti gia n ≥ 3

(2n + 1)(n− 1)2(n− 3)
n(n− 2)(2n− 1)(2n− 5)

+
n

2n + 1
≤ 1,

opìte ja èqoume thn (2.2.17). IsodÔnama arkeÐ

(2n + 1)(n− 1)2(n− 3)
n(n− 2)(2n− 1)(2n− 5)

≤ 1− n

2n + 1

 
(2n + 1)2(n− 1)2(n− 3) ≤ n(n + 1)(n− 2)(2n− 1)(2n− 5)

kai me stoiqei¸deic pr�xeic katal goume sto 8n2−5n+3 ≥ 0, to opoÐo isqÔei
gia k�je n ∈ N.

OrÐzoume t¸ra gia n ≥ 1,

un =
(In−1

In

)n−1
,

ìpou In =
∫ π

2

−π
2

cosn θdθ, n ≥ 0.

IsqÔei ìti
cn =

wn−1

w
n−1

n
n

=
wn−1

wn
w

1
n
n

kai qrhsimopoi¸ntac thn wn
wn−1

= In, sqèsh (1.3.2), paÐrnoume ìti

cn =
w

1
n
n

In
.

Tìte, paÐrnoume diadoqik� tic sqèseic

cn−1 =
w

1
n−1

n−1

In−1
⇔ cn−1

n−1 =
wn−1

In−1
n−1

⇔ c
n−1

n
n−1 =

w
1
n
n−1

I
n−1

n
n−1
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⇔ u
1
n
n c

n−1
n

n−1 = u
1
n
n

w
1
n
n−1

I
n−1

n
n−1

=
( un

In−1
n−1

) 1
n
w

1
n
n−1

ki epeid  In−1
n−1 = unIn−1

n , paÐrnoume ìti

u
1
n
n c

n−1
n

n−1 = I
1−n

n
n w

1
n
n−1 =

(Inwn−1)
1
n

In
=

w
1
n
n

In
,

dhlad 

cn = u
1
n
n c

n−1
n

n−1 , (2.2.20)

gia n ≥ 2.

OrÐzoume c1 := 1.

Gia n = 2, c2 = w
1/2
2
I2

= 2√
π

= u
1/2
2 c

1/2
1 .

IsqÔei ìti c1 = 1 < u2 = I1
I2

= 4
π . Apì thn sqèsh (2.2.20) kai upojètontac

epagwgik� ìti
cn−1 < un

paÐrnoume

u
1
n
n c

n−1
n

n−1 < u
1
n
n u

n−1
n

n = un,

�ra
cn < un, n ≥ 2.

Ja apodeÐxoume parak�tw ìti h {un} eÐnai aÔxousa akoloujÐa ki ètsi ja
èqoume ìti cn < un+1. Opìte ja isqÔei ìti cn−1 < un, gia k�je n ≥ 2, kai
paÐrnoume ìti

c
1
n
n−1 < u

1
n
n

 

c
1
n
n−1c

n−1
n

n−1 < u
1
n
n c

n−1
n

n−1

kai lìgw thc (2.2.20) paÐrnoume ìti

cn−1 < cn, n ≥ 2.

Mènei na deÐxoume ìti h akoloujÐa {un} eÐnai aÔxousa.
OrÐzoume

xn :=
(un+1

un

) 1
2n−1

, n ≥ 1.
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IsqÔei ìti

In+1 =
∫ π

2

−π
2

cosn+1 θdθ = sin θ cosn θ
∣∣π

2

−π
2

+ n

∫ π
2

−π
2

cosn−1 θ sin2 θdθ

= n

∫ π
2

−π
2

cosn−1 θ(1− cos2 θ)dθ = n

∫ π
2

−π
2

(cosn−1 θ − cosn+1 θ)dθ

= nIn−1 − nIn+1

�ra
In+1 =

n

n + 1
In−1

 
In−1

In+1
=

n + 1
n

(2.2.21)

Opìte

xn =

(
In

In+1

) n
2n−1

(
In−1

In

) n−1
2n−1

=
In

I
n−1
2n−1

n−1 I
n

2n−1

n+1

=
In

In−1

(In−1

In+1

) n
2n−1 =

In

In−1

(n + 1
n

) n
2n−1 (2.2.22)

'Eqoume ìti xn < xn−2, gia n ≥ 3, afoÔ

xn < xn−2

dhlad 
In

In−1

(n + 1
n

) n
2n−1

<
In−2

In−3

(n− 1
n− 2

) n−2
2n−5

opìte
In−3

In−1

(n + 1
n

) n
2n−1

<
In−2

In

(n− 1
n− 2

) n−2
2n−5

.

Logw thc (2.2.21), h teleutaÐa sqèsh eÐnai isodÔnamh me thn

n− 1
n− 2

(n + 1
n

) n
2n−1

<
n

n− 1

(n− 1
n− 2

) n−2
2n−5

dhlad  me thn (n− 1
n− 2

) n−3
2n−5

(n + 1
n

) n
2n−1

<
n

n− 1
,
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h opoÐa eÐnai akrib¸c h sqèsh (2.2.17).

Epiplèon, mporoÔme na doÔme ìti xn −→ 1, kaj¸c n −→ +∞.
Exet�zontac xeqwrist� gia �rtia kai peritt� n, èqoume:
Gia n = 2k, n ≥ 4, apì thn (2.2.21)

In

In−1
=

(n− 1)
n

In−2

In−1
=

(n− 1)
n

(n− 1)
(n− 2)

In−2

In−3
= · · ·

· · · = (n− 1)
n

(n− 1)
(n− 2)

(n− 3)
(n− 2)

(n− 3)
(n− 4)

· · · 5
4

3
4

3
2

1
2

π

2

=
(n− 1)2(n− 2)2(n− 3)2 · · · 52423222

n(n− 2)4(n− 4)4 · · · 4424

π

2
=

[
(2k − 1)!

]2

2k24(k−1)
[
(k − 1)!

]4

π

2
.

Qrhsimopoi¸ntac ton tÔpo tou Stirling, paÐrnoume

In

In−1
≈ 2π

[
e−(2k−1)e(2k−1+ 1

2
) log(2k−1)

]2

k24k−3(2π)2
[
e−(k−1)e(k−1+ 1

2
)(log(k−1))

]4

π

2

=
e−4k+2e2(2k− 1

2
) log(2k−1)

k24k−2e4(k− 1
2
) log(k−1)e−4k+4

1
2

=
e(4k−1) log(2k−1)

k24k−2e(4k−2) log(k−1)

1
2

1
e2

=
(2k − 1)4k−1

k24k−2(k − 1)4k−2

1
2e2

=
1
2k

(2k − 1)4k−1

(2k − 2)4k−2
e−2

=
1
2k

(2k − 1
2k − 2

)4k−1
(2k − 2)e−2

=
k − 1

k

[(
1 +

1
2k − 2

)2k−2
]2(2k − 1

2k − 2

)3
e−2

=
(
1− 1

k

)[(
1 +

1
2k − 2

)2k−2
]2(2k − 1

2k − 2

)3
e−2

=
(
1− 1

k

)[(
1 +

1
2k − 2

)2k−2
]2

−→ 1e2e−2 = 1. (2.2.23)

Gia n = 2k + 1, n ≥ 3, paÐrnoume

In

In−1
=

I2k+1

I2k
=

1
I2k

I2k+2

I2k+2

I2k+1

=
1

2k+2
2k+1

I2k+2

I2k+1

−→ 1, (2.2.24)
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apì thn prohgoÔmenh perÐptwsh (gia n �rtio).

Kai epeid 
(

n+1
n

) n
2n−1 −→ 1, katal goume sto ìti

xn −→ 1,

kaj¸c n −→ +∞.
'Eqoume loipìn ìti xn < xn−2, gia n ≥ 3 kai xn −→ 1, opìte xn ≥ 1, gia
k�je n ≥ 1.Dhlad  (un+1

un

) 1
2n−1 ≥ 1

�ra
un+1 ≥ un,

gia k�je n ≥ 1.

2.3 Antipar�deigma gia n ≥ 7

JewroÔme to summetrikì kurtì s¸ma (kÔlindroc)

An(a, β) =
{

x = (x1, . . . , xn) ∈ Rn :
n−1∑

i=1

x2
i ≤ a2, |xn| ≤ β

}
, aβ > 0,

ston Rn. Jètoume γ =
(

a
β

)2
kai orÐzoume thn sun�rthsh f : [0, 1] −→ R, me

f(x) =
√

1 + γx

∫ 1

0
(1− xt2)

n−2
2 dt.

Prìtash 2.3.1 An n ≥ 4, h f eÐnai fjÐnousa sto [0, 1] an kai mìno an
γ ≤ n−2

3 .

Apìdeixh
K�nontac allag  metablht c, s =

√
xt, h f paÐrnei thn morf 

f(x) =
√

1 + γx
1√
x

∫ √
x

0
(1− s2)

n−2
2 ds.

Opìte

f ′(x) =
γ

2
√

1 + γx

1√
x

∫ √
x

0
(1−s2)

n−2
2 ds−

√
1 + γx

1
2x
√

x

∫ √
x

0
(1−s2)

n−2
2 ds
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+
√

1 + γx
1√
x

(1− x)
n−2

2
1

2
√

x

IsqÔei
f ′(x) ≤ 0 ⇔

⇔ γx

∫ √
x

0
(1−s2)

n−2
2 −(1+γx)

∫ √
x

0
(1−s2)

n−2
2 ds+(1+γx)

√
x(1−x)

n−2
2 ≤ 0

⇔ −
∫ √

x

0
(1− s2)

n−2
2 ds + (1 + γx)

√
x(1− x)

n−2
2 ≤ 0

'Eqoume dhlad  ìti h f eÐnai fjÐnousa sto [0,1] an kai mìno an

x(1 + γx2)(1− x2)
n−2

2 ≤
∫ x

0
(1− s2)

n−2
2 ds, x ∈ [0, 1]. (2.3.1)

Jètoume

g(x) := x(1 + γx2)(1− x2)
n−2

2 −
∫ x

0
(1− s2)

n−2
2 ds.

Tìte g(0) = 0 kai

g′(x) = (1 + γx2)(1− x2)
n−2

2 − (1− x2)
n−2

2 +

x2γx(1− x2)
n−2

2 − (n− 2)x2(1 + γx2)(1− x2)
n−4

2 .

Opìte

g′(x) ≤ 0 ⇔ (1− x2)
n−2

2 3γ ≤ (n− 2)(1 + γx2)(1− x2)
n−4

2

⇔ 3γ(1− x2) ≤ (n− 2)(1 + γx) ⇔ 3γ − 3γx2 ≤ (n− 2) + (n− 2)γx2

⇔ 3γ − (n− 2) ≤
(
3γ + (n− 2)γ

)
x2, ∀ x ∈ [0, 1].

Jètontac x = 0 paÐrnoume oti gia na isqÔei h sqèsh (2.3.1) prèpei na isqÔei
3γ ≤ n− 2.
AntÐstrofa, an 3γ ≤ n− 2, èqoume ìti

(1− x2)
n−2

2 3γ ≤ (1− x2)
n−2

2 (n− 2) = (1− x2)
n−4

2 (n− 2)(1− x2)

≤ (n− 2)(1− x2)
n−4

2 (1 + γx2)
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�ra
(1− x2)

n−2
2 3γ − (n− 2)(1− x2)

n−4
2 (1 + γx2) ≤ 0,

dhlad  g′(x) ≤ 0, x ∈ [0, 1].
Opìte gia x > 0 isqÔei ìti g(x) ≤ g(0) dhlad  g(x) ≤ 0.
Sunep¸c, h sunj kh 3γ ≤ n− 2 eÐnai ikan  ki anagkaÐa gia na isqÔei h sqèsh
(2.3.1).

Je¸rhma 2.3.1 Gia u ∈ Sn−1, jètoume H(u) =
{

x ∈ Rn : 〈x, u〉 =

0
}

,
(
(n− 1)−di�statoc upìqwroc tou Rn

)
. Tìte gia n ≥ 4 isqÔei

sup
u
|An(a, β) ∩H(u)|(n−1) = 2wn−2a

n−2β max
0≤x≤1

f(x),

me γ =
(

a
β

)2
, n ≥ 4.

Apìdeixh
'Estw u = (u1, . . . , un) ∈ Sn−1. MporoÔme na upojèsoume ìti un ≥ 0.
Jètoume φ0 = arccot

(
a
β

)
kai φu = arccosun.

Dhlad  φ0 eÐnai h mègisth gwnÐa pou mporeÐ na sqhmatÐzei k�poioc upìqwroc
H(u0) me ton H(en), qwrÐc na tèmnei tic b�seic tou kulÐndrou, ìpou en =
(0, . . . , 0, 1) kai φu eÐnai h gwnÐa pou sqhmatÐzei o H(u) me ton H(en).
MporoÔme ètsi na qwrÐsoume thn apìdeixh se duo peript¸seic:

a.] 0 ≤ φu ≤ φ0,

dhlad  φu ≤ arccot
(

a
β

)
. Epeid  h sunefaptomènh eÐnai fjÐnousa sun�rthsh

sto [0, π
2 ], paÐrnoume ìti cot2 φu ≥

(
a
β

)2

  cos2 φu ≥
(

a
β

)2
(1− cos2 φu)

 
(
1 + a2

β2

)
cos2 φu ≥ a2

β2

  cos2 φu ≥ a2

a2+β2

  |un|2 ≥ a2

a2+β2   |un| ≥ a√
a2+β2

.

'Estw Pn : Rn −→ Rn, h orjog¸nia probol  ston H(en).
H probol  thc tom c tou upìqwrou H(u) me ton kÔlindro An(a, β), ston
H(en) eÐnai mp�la di�stashc n− 1, me kèntro to 0 ki aktÐna a.
Dhlad ,

Pn

(
An(a, β) ∩H(u)

)
= Bn−1(a)
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=
{

x = (x1, . . . , xn−1) ∈ H(en) :
n−1∑

i=1

x2
i ≤ a2

}
.

Opìte

|An(a, β) ∩H(u)|(n−1) =
1

| 〈u, en〉 | |Pn

(
An(a, β) ∩H(u)

)|(n−1),

dhlad 

|An(a, β) ∩H(u)|(n−1) =
1

| cosφu|wn−1a
n−1 =

1
|un|wn−1a

n−1.

Ki epeid  isqÔei ìti |un| ≥ a√
a2+β2

, paÐrnoume ìti

|An(a, β) ∩H(u)|n−1 ≤ wn−1a
n−2

√
a2 + β2

= 2wn−2a
n−2

∫ 1

0
(1− t2)

n−2
2 dt

√
a2 + β2 = 2wn−2a

n−2βf(1), (2.3.2)

afoÔ wn−1 = 2wn−2

∫ 1
0 (1− t2)

n−2
2 dt (sqèseic (1.3.1) , (1.3.2) ).

'Eqoume dhlad  ìti sthn perÐptwsh pou o upìqwroc H(u) den tèmnei tic b�seic
tou kulÐndrou An(a, β), (φu ≤ φ0) isqÔei

|An(a, β) ∩H(u)|(n−1) ≤ 2wn−2a
n−2βf(1).

Kai an φu = φ0, dhlad  |un| = a√
a2+β2

, èqoume isìthta.
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b.] φ0 ≤ φu ≤ π
2 ,

dhlad  arccot
(

a
β

) ≤ φu �ra a
β ≥ cotφu > 0 �ra a2

β2 ≥ cot2 φu.

JewroÔme to v = 1√
1−u2

n

(u1, . . . , un−1, 0) ∈ Sn−1 kai thn orjog¸nia pro-

bol  Pv : Rn −→ Rn ston upìqwro H(v).
Gia |t| ≤ β, orÐzoume

[
Pv

(
An(a, β) ∩H(u)

)]
t
:= Pv

(
An(a, β) ∩H(u)

)
∩ {

x ∈ Rn : xn = t
}
.

'Estw x ∈ An(a, β) ∩H(u), xn = t kai
n−1∑
i=1

x2
i = d2 ≤ a2.

Parathr¸ntac to sq ma mporoÔme na doÔme ìti isqÔoun oi sqèseic

Pv(x) = x− 〈x, v〉 v , Pv(x) = x + (t cotφu)v

kai
|Pv(x)− ten|2 = d2 − t2 cotφ2

u.

Epiplèon isqÔei ìti
Pv(x)− ten ∈ [v, ten]⊥.

Tic parap�nw sqèseic mporoÔme na tic p�roume ki wc ex c
JewroÔme mia orjokanonik  b�sh f1, f2, . . . , fn−2 tou (n − 2)−di�statou u-
pìqwrou H := H(u) ∩H(en) ⊆ H(v). Tìte, ta f1, f2, . . . , fn−2, v, en apote-
loÔn orjokanonik  b�sh tou Rn, afoÔ eÐnai monadiaÐa ki epiplèon kaje èna apì
ta fi, i = 1, . . . , n−2 eÐnai k�jeto sto en, (fi ∈ H(en), i = 1, . . . , n−2), to
v eÐnai k�jeto ston H

(
H ⊆ H(v)

)
kai to v eÐnai k�jeto sto en, (vn = 0).
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'Ara up�rqoun ai ∈ R, i = 1, . . . , n t.w.

x = a1f1 + a2f2 + · · ·+ an−2fn−2 + an−1v + anen

kai tìte,
Pv(x) = a1f1 + a2f2 + · · ·+ an−2fn−2 + anen,

opìte
x− Pv(x) = an−1v

Kai

〈x, v〉 = a1 〈f1, v〉+a2 〈f2, v〉+ · · ·+an−2 〈fn−2, v〉+an−1 +an 〈en, v〉 = an−1

�ra
〈x, v〉 v = an−1v

Apì tic parap�nw sqèseic paÐrnoume ìti

Pv(x) = x− 〈x, v〉 v.

Gia thn deÔterh sqèsh t¸ra, gr�foume v = u−unen
|u−unen| . Apì thn pr¸th

sqèsh èqoume ìti x−Pv(x) = 〈x, v〉 v. Opìte arkeÐ na deÐxoume ìti 〈x, v〉 v =
−(t cotφu)v. IsqÔei ìti

〈x, v〉 =
1

|u− unen| 〈x, u− unen〉 = − un

|u− unen| 〈x, en〉

= − tun√
1− u2

n

= − t cosφu√
1− u2

n

= −t cotφu

�ra
〈x, v〉 v = −(t cotφu)v,

afoÔ
〈x, u〉 = 0, 〈x, en〉 = t, cosφu = 〈en, u〉 = un.

H trÐth sqèsh |Pv(x) − ten|2 = d2 − t2 cotφ2
u prokÔptei �mesa apì to

Pujagìreio Je¸rhma. En¸ to di�nusma Pv(x) − ten an kei ex orismoÔ tou
ston k�jeto upìqwro tou upoq¸rou pou par�goun ta dianÔsmata v kai ten.

SuneqÐzontac ton prohgoÔmeno sullogismì, an p�roume èna y k�jeto sto
v, dhlad  〈y, v〉 = 0, me yn = t, |t| ≤ β kai |y − ten|2 = d2 − t2 cotφ2

u, ìpou
0 ≤ d ≤ a kai jèsoume x = y − (t cotφu)v èqoume xn = t, afoÔ vn = 0.
Epiplèon

n−1∑

i=1

x2
i =

n−1∑

i=1

(
yi − (t cotφu)vi

)2
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=
n−1∑

i=1

y2
i − 2

n−1∑

i=1

yivi(t cotφu) + t2 cot2 φu

n−1∑

i=1

v2
i . (2.3.3)

AfoÔ |y− ten|2 = d2− t2 cotφ2
u kai y− ten = (y1, y2, . . . , yn−1, 0), èqoume ìti

n−1∑
i=1

y2
i = d2 − t2 cotφ2

u.

Epiplèon 〈y, v〉 = 0, opìte 0 =
n∑

i=1
yivi =

n−1∑
i=1

yivi kai tèloc u ∈ Sn−1.

Sunep¸c h sqèsh (2.3.3) gÐnetai

n−1∑

i=1

x2
i = d2 − t2 cotφ2

u + t2 cotφ2
u = d2 ≤ a2.

'Ara x ∈ An(a, β). EpÐshc

〈x, u〉 = 〈y − (t cotφu)v, |u− unen|v + unen〉

= −t cotφu|u− unen|+ tun = 0.

'Ara x ∈ An(a, β) ∩H(u). Tèloc isqÔei

Pv(x) = Pv(y)− (t cotφu)Pv(v) = Pv(y) = y

afoÔ 〈y, v〉 = 0.
Dhlad , gia k�je t, me |t| ≤ β, an x ∈ An(a, β) ∩ H(u) me xn = t, tìte
h probol  Pv(x) ston H(v) an kei ston affinikì upìqwro ten + [v, ten]⊥.
AntÐstrofa, k�je shmeÐo thc tom c tou affinikoÔ upoq¸rou ten +[v, ten]⊥ me
to An(a, β) eÐnai probol  mèsw thc Pv akrib¸c enìc shmeÐou tou An(a, β) ∩
H(u). (O periorismìc thc Pv ston H(v) eÐnai 1-1, afoÔ v 6= H(u).) Ta shmeÐa
thc tom c tou ten + [v, ten]⊥ me to An(a, β) ∩ H(u) eÐnai akrib¸c ekeÐna ta
shmeÐa autoÔ tou affinikoÔ upoq¸rou, twn opoÐwn h apìstash apo to ten

eÐnai mikrìterh   Ðsh apo a2− t2 cot2 φu, opìte ìla aut� ta shmeÐa apoteloÔn
mia (n− 2)−di�stath mp�la aktÐnac (a2 − t2 cot2 φu)1/2 H(v).
'Etsi to sÔnolo

[
Pv

(
An(a, β) ∩H(u)

)]
t
= Pv

(
An(a, β) ∩H(u)

) ∩ {
x ∈ Rn : xn = t

}

eÐnai akrib¸c mia (n − 2)−di�stath mp�la me kèntro to ten kai aktÐna (a2 −
t2 cot2 φu)1/2 ston affinikì upìqwro ten + [v, ten]⊥. Opìte

|Pv

(
An(a, β) ∩H(u)

)|(n−1) = wn−2

∫ β

−β
(a2 − t2 cot2 φu)

n−2
2 dt.
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Ki epeid 

|An(a, β) ∩H(u)|(n−1) =
1

| 〈u, v〉 | |Pv

(
An(a, β) ∩H(u)

)|(n−1)

kai | cos(û, v)| = sin φu, èqoume ìti

|An(a, β) ∩H(u)|(n−1) =
1

sinφu
wn−2

∫ β

−β
(a2 − t2 cot2 φu)

n−2
2 dt

=
√

1 + cot2 φuwn−2

∫ β

−β
(a2 − t2 cot2 φu)

n−2
2 dt.

Jètontac cotφu = a
β x èqoume ìti x ∈ [0, 1] afoÔ 0 ≤ cotφu ≤ a

β kai

|An(a, β) ∩H(u)|(n−1) = wn−2

√
1 +

a2

β2
x2

∫ β

−β
(a2 − a2

β2
x2t2)

n−2
2 dt

= wn−2a
n−2

√
1 + γx2

∫ β

−β
(1− 1

β2
x2t2)

n−2
2 dt

kai me allag  metablht c 1
β t = s

= wn−2a
n−2β

√
1 + γx2

∫ 1

−1
(1− x2s2)

n−2
2 ds

opìte katal goume sthn sqèsh

|An(a, β) ∩H(u)|(n−1) = 2wn−2a
n−2βf(x2). (2.3.4)

'Otan h gwnÐa φu paÐrnei tic timèc metaxÔ φ0 kai π
2 , to x = β

a cotφu paÐrnei
ìlec tic timèc metaxÔ 0 kai 1, �ra to Ðdio isqÔei kai gia to x2. H sqèsh (2.3.4)
deÐqnei dhlad  oti

sup
φ0≤φu≤π/2

|An(a, β) ∩H(u)|(n−1) = 2wn−2a
n−2β max

0≤x≤1
f(x),

lamb�nontac up' oyin kai thn sqèsh (2.3.2) paÐrnoume to je¸rhma.

Je¸rhma 2.3.2 An n ≥ 7 mporoÔme na dialèxoume a, β > 0 tètoia ¸ste
gia ton kÔlindro

An(a, β) =
{

x = (x1, . . . , xn) ∈ Rn :
n−1∑

i=1

x2
i ≤ a2, |xn| ≤ β

}
,

na isqÔoun tautìqrona oi sqèseic
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i. |An(a, β)|(n) = wn

ii. ∀ u ∈ Sn−1, |An(a, β) ∩H(u)|(n−1) < wn−1.

Apìdeixh
Ja deÐxoume arqik� to je¸rhma gia thn perÐptwsh ìpou n = 7.

Jèloume na broÔme a, β > 0 tètoia ¸ste na isqÔei A7 = w7.

O n−di�statoc ìgkoc tou An(a, β) eÐnai

|An(a, β)|(n) = 2wn−1a
n−1β (2.3.5)

Jèloume dhlad 
2w6a

6β = w7 (2.3.6)

kai epiplèon gia thn (ii.) jèloume

sup
u∈Sn−1

|A7(a, β) ∩H(u)|(6) = 2w5a
5β max

0≤x≤1

√
1 + γx

∫ 1

0
(1− xt2)

5
2 dt < w6.

An isqÔei h sqèsh (2.3.6) èqoume ìti

β =
w7

2w6a6
=

I7

2a6
,

afoÔ, ìpwc eÐdame kai sto pr¸to kef�laio, isqÔei ìti In = wn
wn−1

, me In =

2
∫ 1
0 (1− t2)

n−2
2 dt (sqèseic (1.3.1), (1.3.2) ). Opìte γ = a2

β2 =
(

2a7

I7

)2
, �ra

γ =
4a14

I2
7

(2.3.7)

kai
2w5a

5β

w6
=

2a5I7

I62a6
=

I7

I6

1
a
.

Opìte apì thn sqèsh (2.3.7) èqoume

2w5a
5β

w6
=

I7

I6

( 2
I7

)1/7 1
γ1/14

.

Jèloume loipìn na broÔme γ > 0 tètoio ¸ste

I7

I6

( 2
I7

)1/7 1
γ1/14

max
0≤x≤1

√
1 + γx

∫ 1

0
(1− xt2)

5
2 < 1.
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IsqÔei ìti

(1− xt2)
5
2 =

∞∑

k=0

(
5/2
k

)
(−1)kxkt2k ≤ 1− 5

2
xt2 +

15
8

x2t4

giatÐ oi upìloipoi ìroi eÐnai arnhtikoÐ.
'Etsi

∫ 1

0
(1− xt2)

5
2 dt ≤

∫ 1

0

(
1− 5

2
xt2 +

15
8

x2t4
)
dt = 1− 5

6
x +

3
8
x2.

OrÐzoume

fγ(x) =
√

1 + γx
(
1− 5

6
x +

3
8
x2).

Ja upologÐsoume to γ ètsi ¸ste na isqÔei

I7

I6

( 2
I7

)1/7 1
γ1/14

max
0≤x≤1

fγ(x) < 1 (2.3.8)

EÐnai fanerì oti an kajorisjeÐ to γ, up�rqoun a, β > 0, me γ =
(

a
β

)2
, ¸ste

na ikanopoieÐtai h sqèsh (2.3.6).
Sthn Prìtash 2.3.1 eÐdame ìti h f eÐnai fjÐnousa sto [0,1] me mègisth tim 
sto 0, to 1, ann γ ≤ n−2

3 . Sthn perÐptwsh pou n = 7, h sunj kh aut  eÐnai
γ ≤ 5

3 . Ja epilèxoume to γ lÐgo megalÔtero apì 5
3 ètsi ¸ste h fγ na èqei

mègisto kont� sto 0 me tim  lÐgo megalÔterh apì 1.
ParagwgÐzoume thn fγ kai paÐrnoume

f ′γ(x) =
γ

2
√

1 + γx

(
1− 5

6
x +

3
8
x2

)
+

√
1 + γx

(
−5

6
+

3
4
x
)

=
1

2
√

1 + γx

(15
8

γx2 − 15
6

γx +
3
2
x + γ − 5

3

)
.

An loipìn zht�me h fγ na èqei mègisto sto 1
20 , ja prèpei

f ′γ(
1
20

) = 0

 
1

2
√

1 + γ 1
20

(15
8

γ
1

400
− 15

6
γ

1
20

+
3
2

1
20

+ γ − 5
3

)
= 0

  ( 3
640

− 1
8

+ 1
)
γ =

5
3
− 3

40
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γ =
3056
1689

≈ 1, 8 > 1, 666 ≈ 5
3
.

Gia thn tim  aut  tou γ, h fγ èqei dÔo mègista ki èna el�qisto. Mègisto h fγ

parousi�zei sta x1 = 1
20 , x2 = 1 ki el�qisto sto x3 = 0, 841. Me

fγ(
1
20

) =

√
1 +

3056
1689

1
20

(
1− 5

6
1
20

+
3
8

1
400

)
=

√
18418
16890

9209
9600

≈ 1, 0014 > 1,

fγ(1) ≈ 0, 9 kai fγ(0, 841) ≈ 0, 897.
'Etsi loipìn h sqèsh (2.3.8) gÐnetai

I7

I6

( 2
I7

)1/7 1
γ1/14

fγ

( 1
20

)
=

512
175π

(35
16

) 1
7
(1689

3056

) 1
14

(18418
16890

) 1
2 9209
9600

≈ 0, 999998... < 1

T¸ra ja deÐxoume to je¸rhma gia n ≥ 8.
Jèloume na broÔme a, β > 0 ètsi ¸ste na isqÔoun oi sqèseic

i. |An(a, β)|(n) = wn

ii. 2wn−2a
n−2β < wn−1

iii. γ ≤ n−2
3

Apì thn sqèsh (2.3.5) h (i.) gr�fetai

2wn−1a
n−1β = wn

 
an−1β =

wn

2wn−1
.

Tìte h (ii.) gÐnetai

wn−2
1
a

wn

wn−1
< wn−1

 
a >

wnwn−2

w2
n−1

(2.3.9)

kai h (iii.)

γ =
(a

β

)2
=

(2wn−1a
n

wn

)2
≤ n− 2

3
(2.3.10)
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PaÐrnoume
a =

wnwn−2

w2
n−1

kai apì thn sqèsh (1.3.2), h (2.3.10) gÐnetai

(2wn−1

wn

wn
nwn

n−2

w2n
n−1

)2
=

(2wn−1
n wn

n−2

w2n−1
n−1

)2
≤ n− 2

3

  ( 2wn
nwn

n−2

wn
n−1w

n
n−1

wn−1

wn

)2
≤ n− 2

3

  (
2

In
n

In
n−1

1
In

)2
≤ n− 2

3

  [
2
( In

In−1

)n−1 1
In−1

]2

≤ n− 2
3

 

2
( In

In−1

)n−1
≤

√
n− 2

3
In−1 (2.3.11)

Gia n = 8 h sqèsh (2.3.11) alhjeÔei diìti

2
(I8

I7

)7
= 2

(w8w6

w2
7

)7

= 2
(1225π

4096

)7
≈ 1, 29274... < 1, 29299... =

√
2
32
35

=
√

2
w7

w6
=
√

2I7.

JewroÔme tic akoloujÐec

pn =
( In

In−1

)n−1
, sn =

√
n− 2

3
In−1.

Ja deÐxoume ìti
2pn ≤ sn,

gia n ≥ 8.

a.]H {pn} eÐnai fjÐnousa.
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Apìdeixh
Jètoume

yn =
pn+1

pn
=

( In+1

In

)n

(
In

In−1

)n−1 =
In
n+1I

n−1
n−1

I2n−1
n

Qrhsimopoi¸ntac thn sqèsh (2.2.21), h {yn} paÐrnei thn morf 

yn =
( n

n + 1

)n I2n−1
n−1

I2n−1
n

.

Jèloume na isqÔei yn ≤ 1. ArkeÐ na deÐxoume ìti

y
1

2n−1
n =

In−1

In

( n

n + 1

) n
2n−1 ≤ 1

H akoloujÐa {In} eÐnai fjÐnousa (bl. paragrafo 1.3) opìte

1 ≤ In−1

In
≤ In−2

In
=

n

n− 1
,

opìte ( n

n + 1

) n
2n−1 ≤ y

1
2n−1
n ≤ n

n− 1

( n

n + 1

) n
2n−1

'Ara

y
1

2n−1
n −→ 1,

kaj¸c n −→ +∞, afoÔ

lim
n

( n

n + 1

) n
2n−1 = lim

n

n

n− 1

( n

n + 1

) n
2n−1 = 1

Jètoume zn := y
1

2n−1
n .

Mènei na deÐxoume ìti gia n ≥ 3, zn−2 < zn, giatÐ tìte ja èqoume ìti zn =

y
1

2n−1
n < 1, opìte h {pn} ja eÐnai fjÐnousa.

Jèloume loipìn

In−3

In−2

(n− 2
n− 1

) n−2
2n−5

<
In−1

In

( n

n + 1

) n
2n−1

  (n− 2
n− 1

) n−2
2n−5

(n + 1
n

) n
2n−1

<
In−1

In

In−2

In−3
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  (n− 2
n− 1

) n−2
2n−5

(n + 1
n

) n
2n−1

<
n− 2
n− 1

n

n− 1
 

n− 1
n− 2

(n− 2
n− 1

) n−2
2n−5

(n + 1
n

) n
2n−1

<
n

n− 1
  (n− 1

n− 2

) n−3
2n−5

(n + 1
n

) n
2n−1

<
n

n− 1
,

to opoÐo isqÔei (sqèsh (2.2.17) ).

b.]H {sn} eÐnai aÔxousa.

Apìdeixh
OrÐzoume tn =

√
nIn. Tìte

tn+1

tn
=
√

n + 1√
n

In+1

In
=

√
1 +

1
n

In+1

In
−→ 1, n −→ +∞,

(sqèseic (2.2.23), (2.2.24) ).
PaÐrnoume to phlÐko

tn+3

tn+2

tn+1

tn

=
tn+3tn

tn+2tn+1
=
√

n + 3√
n + 1

√
n√

n + 2
In+3

In+1

In

In+2

=
√

n + 3√
n + 1

√
n√

n + 2

(n + 2
n + 3

)(n + 2
n + 1

)
=

√
n(n + 2)√

(n + 1)(n + 3)
n + 2
n + 1

,

apì ìpou me stoiqei¸deic pr�xeic paÐrnoume ìti

tn+3

tn+2

tn+1

tn

< 1, ∀ n ∈ N.

'Etsi, èqoume oti xn := tn+1

tn
−→ 1, n −→ +∞, kai xn+2 < xn. Sunep¸c xn >

1 gia k�je n. Opìte h {tn} eÐnai aÔxousa ki ètsi gia thn sn =
√

n−2
3 In−1 =

1√
3

√
n−2
n−1 tn−1, ja èqoume

sn+1

sn
=

√
n−1

n tn√
n−2
n−1 tn−1

=

√
(n− 1)2

n(n− 2)
tn

tn−1
> 1,
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afoÔ (n− 1)2 > n(n− 2).
PaÐrnoume dhlad  ìti h {sn} eÐnai aÔxousa.

SunoyÐzontac, paÐrnoume ìti 2pn ≤ sn gia n ≥ 8, opìte isqÔei h sqèsh
(2.3.11) kai m�lista isqurìtera èqoume ìti gia k�je n ≥ 8

2
( In

In−1

)n−1
<

√
n− 2

3
In−1.

'Eqontac dhlad  epilèxei a = wnwn−2

w2
n−1

paÐrnoume ìti isqÔei me gn sia anisìthta

γ =
(2wn−1a

n

wn

)2
<

n− 2
3

.

An t¸ra dialèxoume lÐgo megalÔtero a, ja isqÔoun tautìqrona oi sqèseic
(2.3.9) kai (2.3.10). Ki ètsi èqontac epilèxei to a mporoÔme me thn bo jeia
thc (i) na p�roume kai to kat�llhlo β.

2.4 Antipar�deigma gia n = 5, 6

JewroÔme sÔnolo

A =
{
x = (x1, . . . , xn) ∈ Rn : |xn| ≤ ϕ

(√
x2

1 + · · ·+ x2
n−1

)
,

ìpou h ϕ eÐnai (mh stajer ) fjÐnousa kai koÐlh sun�rthsh. An t = r(θ) cos θ, s =
r(θ) sin θ, θ ∈ [0, π

2 ], tìte h r(θ) eÐnai suneq c sun�rthsh tou θ.
Epeid  h ϕ eÐnai fjÐnousa, koÐlh, eÐnai mh arnhtik  mìno se èna fragmèno

di�sthma. 'Ara to A eÐnai fragmèno. EÐnai kleistì lìgw thc sunèqeiac thc ϕ
kai kurtì lìgw tou ìti h ϕ eÐnai koÐlh kai fjÐnousa.

MporoÔme na elegxoume ìti to A eÐnai kurtì wc ex c:
'Estw x, y ∈ A, x = (x1, . . . , xn), y = (y1, . . . , yn) kai t ∈ [0, 1]. Prèpei

tx + (1− t)y ∈ A

IsqÔei |xn| ≤ ϕ
(√

x2
1 + · · ·+ x2

n−1

)
, kai |yn| ≤ ϕ

(√
y2
1 + · · ·+ y2

n−1

)
.

Jèloume

|txn + (1− t)yn| ≤ ϕ
(√(

tx1 + (1− t)y1

)2 + · · ·+ (
txn−1 + (1− t)yn−1

)2
)

IsqÔei
|txn + (1− t)yn| ≤ t|xn|+ (1− t)yn|
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≤ tϕ
(√

x2
1 + · · ·+ x2

n−1

)
+ (1− t)ϕ

(√
y2
1 + · · ·+ y2

n−1

)

≤ ϕ
(
t
√

x2
1 + · · ·+ x2

n−1 + (1− t)
√

y2
1 + · · ·+ y2

n−1

)

= ϕ
(√

(tx1)2 + · · ·+ (txn−1)2 +
√

(1− t)2y2
1 + · · ·+ (1− t)2y2

n−1

)

≤ ϕ
(√(

tx1 + (1− t)y1

)2 + · · ·+ (
txn−1 + (1− t)yn−1

)2
)
,

afoÔ gia thn ϕ isqÔei tϕ(v) + (1− y)ϕ(u) ≤ ϕ
(
tv + (1− t)u

)
, eÐnai fjÐnousa

kai
√

x2
1 + · · ·+ x2

n−1+
√

y2
1 + · · ·+ y2

n−1 ≥
√

(x1 + y1)2 + · · ·+ (xn−1 + yn−1)2.

'Estw x = (x1, . . . , xn) ∈ A dhlad  |xn| ≤ ϕ
(√

x2
1 + · · ·+ x2

n−1

)
.

AfoÔ ϕ
(
r(θ) cos θ

)
= r(θ) sin θ, me

√
x2

1 + · · ·+ x2
n−1 = r(θ) cos θ, to A

eÐnai h ènwsh enìc sunìlou (n−1)−di�statwn mpal¸n, pou èqoun antÐstoiqec
aktÐnec r(θ) cos θ, kèntra sto Ôyoc r(θ) sin θ, θ ∈ [−π

2 , π
2 ] kai �xona summe-

trÐac ton {x : xn = 0}⊥ .

To A eÐnai summetrikì wc proc ton upìqwro {x : xn = 0} , opìte o ìgkoc
tou ja eÐnai

|A|(n) = 2wn−1

∫ π
2

0
r(θ)n−1 cosn−1 θd

(
r(θ) sin θ

)

(H perigraf  tou ìgkou tou A me thn bo jeia tou oloklhr¸matoc prokÔptei
me trìpo an�logo me autìn tou upologismoÔ thc sfairik c epif�neiac sto
antipar�deigma gia n ≥ 12 sto b ma 6, (par�grafoc 2.1) ).
'Etsi,

|A|(n) = 2wn−1

∫ π
2

0
rn−1(θ) cosn−1(θ)

(
r′(θ) sin θ + r(θ) cos θ)

)
dθ
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= 2wn−1

∫ π
2

0

(
rn−1(θ)r′(θ) cosn−1(θ) sin θ + rn(θ) cosn θ

)
dθ

= 2wn−1
1
n

rn(θ) cosn−1 θ sin θ
∣∣π

2
0

−2wn−1
1
n

∫ π
2

0
rn(θ)

(−(n− 1) cosn−2 θ sin2 θ + cosn−1 θ cos θ
)
dθ

+2wn−1

∫ π
2

0
rn(θ) cosn θdθ

= 2wn−1
n− 1

n

∫ π
2

0
rn(θ) cosn−2 θ sin2 θdθ

−2wn−1
1
n

∫ π
2

0
rn(θ) cosn θdθ + 2wn−1

∫ π
2

0
rn(θ) cosn θdθ

= 2wn−1
n− 1

n

∫ π
2

0
rn(θ) cosn−2 θ(1− cos2 θ)dθ

+2wn−1
n− 1

n

∫ π
2

0
rn(θ) cosn θdθ

= 2wn−1
n− 1

n

∫ π
2

0
rn(θ) cosn−2 θdθ.

JewroÔme t¸ra ènan (n− 1)−di�stato upìqwro L ⊆ Rn.

An o upìqwroc eÐnai o {x ∈ Rn : xn = 0} , tìte o ìgkoc thc tom c tou A me
ton L ja eÐnai

|A ∩ L|(n−1) = wn−1r
n−1(0).

Sthn perÐptwsh pou o L sqhmatÐzei gwnÐa θ > 0 me ton {x ∈ Rn : xn = 0} ,
tìte h tom  tou A ∩ L me k�je uperepÐpedo
{x : xn = a} , ja eÐnai mia (n− 2)−
di�stath mp�la, an |a| ≤ r(θ) sin θ,

(h tom  eÐnai ken  an |a| > r(θ) sin θ.)
'Estw ìti o upìqwroc {x : xn = a} ,

brÐsketai se Ôyoc r(φ) sin φ, me 0 < φ ≤ θ. Tìte h apìstash tou (0, . . . , 0, a)
apì ta shmeÐa tom c tou sunìrou tou A me to L∩{xn = a} eÐnai r(φ) sin(π

2 −
φ) = r(φ) cos φ. To kèntro thc (n − 2)−di�stathc mp�lac ja brÐsketai se
apìstash |a| tan(π

2 − θ) apì to (0, . . . , 0, a), dhl. r(φ) sin φ cot θ.
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Sunep¸c h aktÐna ρ thc mp�lac ja eÐnai

ρ =
√

r2(φ) cos2 φ− r2(φ) sin2 φ cot2 θ = r(φ)
√

cos2 φ− sin2 φ cot2 θ,

opìte o ìgkoc tou A ∩ L, ja eÐnai

|A ∩ L|(n−1) = 2wn−2

∫ θ

0
rn−2(φ)

(
cos2 φ− sin2 φ cot2 θ

)n−2
2 d

(r(φ) sin φ

sin θ

)

= 2wn−2r
n−2(φ)

(
cos2 φ− sin2 φ cot2 θ

)n−2
2

r(φ) sinφ

sin θ

∣∣∣
θ

0

−2wn−2
1

sin θ

∫ θ

0
r(φ) sinφ

[
(n− 2)rn−3(φ)r′(φ)

(
cos2 φ− sin2 φ cot2 θ

)n−2
2

+rn−2(φ)
n− 2

2
(
cos2 φ− sin2 φ cot2 θ

)n−4
2 ·

(−2 cos φ sinφ− 2 sin φ cosφ cot2 θ
)]

dφ

= −2wn−2(n− 2)
∫ θ

0
rn−2(φ)r′(φ)

sinφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−2
2 dφ

+2wn−2(n−2)
∫ θ

0
rn−1(φ)

sinφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ

= −2wn−2
n− 2
n− 1

rn−1(φ)
sinφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−2
2

∣∣∣
θ

0

+2wn−2
n− 2
n− 1

∫ θ

0

rn−1(φ)
sin θ

[
cosφ

(
cos2 φ− sin2 φ cot2 θ

)n−2
2

+sin φ
(−2 cos φ sinφ−2 sinφ cosφ cot2 θ

)n− 2
2

(
cos2 φ−sin2 φ cot2 θ

)n−4
2

]
dφ

+2wn−2(n−2)
∫ θ

0
rn−1(φ)

sinφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ

= 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−2
2 dφ

−2wn−2
(n− 2)2

n− 1

∫ θ

0
rn−1(φ)

sinφ

sin θ

(
cos2 φ−sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ

+2wn−2(n−2)
∫ θ

0
rn−1(φ)

sinφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ
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= 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−2
2 dφ

+2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ

Jètoume

I = 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

sinφ

sin θ

(
cos2 φ−sin2 φ cot2 θ

)n−4
2 sinφ cosφ

1
sin2 θ

dφ

ki èqoume

|A ∩ L|(n−1) = 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 ·

(
1− sin2 φ− sin2 φ cot2 θ

)
dφ + I

= 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2

(
1− sin2 φ

sin2 θ

)
dφ + I

= 2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 dφ

−2wn−2
n− 2
n− 1

∫ θ

0
rn−1(φ)

cosφ

sin θ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2

sin2 φ

sin2 θ
dφ + I

= 2wn−2
n− 2
n− 1

1
sin θ

∫ θ

0
rn−1(φ)

cosn−3 φ

cosn−4 φ

(
cos2 φ− sin2 φ cot2 θ

)n−4
2 dφ

= 2wn−2
n− 2
n− 1

1
sin θ

∫ θ

0
rn−1(φ) cosn−3 φ

(
1− tan2 φ cot2 θ

)n−4
2 dφ.

ParathroÔme dhlad  ìti o (n−1)−di�statoc ìgkoc thc tomhc A∩L exart�tai
apì thn gwnÐa θ pou sqhmatÐzei o upìqwroc L me ton {x : xn = 0} .
'Etsi mporoÔme na jèsoume

R(θ) :=
∫ θ

0
rn−1(φ) cosn−3 φ

(
1− tan2 φ cot2 θ

)n−4
2 dφ

Blèpoume loipìn oti an ta s¸mata thc morf c tou A ta perigr�foume me
thn bo jeia thc sun�rthshc r(θ), θ ∈ [0, π

2 ], ìpwc sthn arq  thc paragr�fou,
tìte o ìgkoc touc dÐnetai apì thn sun�rthsh R(θ).
An loipìn zht�me èna antipar�deigma sto prìblhma, prèpei na broÔme dÔo
sunart seic r1(θ), r2(θ) ètsi ¸ste
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i. oi r1, r2 na eÐnai kata tm mata duo forèc suneq¸c paragwgÐsimec

ii. h ri(θ) sin θ na eÐnai fjÐnousa kai koÐlh sun�rthsh tou ri(θ) cos θ, i =
1, 2

iii. an θ = 0, r1(0) ≤ r2(0), en¸ gia θ ∈ (0, π
2 ], R1(θ) ≤ R2(θ)

iv.
∫ π

2
0 rn

1 (θ) cosn−2 θdθ >
∫ π

2
0 rn

2 (θ) cosn−2 θdθ.

I.] Exet�zoume thn perÐptwsh ìpou n=6.

Jèloume na broÔme dÔo sunart seic r1(θ), r2(θ) pou na ikanopoioÔn tic
i.-iv.. Eidikìtera, ja isqÔei R1(θ) ≤ R2(θ) kai

∫ π
2

0
r6
1(θ) cos4 θdθ >

∫ π
2

0
r6
2(θ) cos4 θdθ, θ ∈ (0,

π

2
].

Epomènwc zht�me mia arnhtik  metabol  thc R(θ), h opoÐa na dÐnei jetik 
metabol  gia thn posìthta

∫ π
2

0
r6(θ) cos4 θdθ.

Ed¸ isqÔei ìti

R(θ) =
∫ θ

0
r5(φ) cos3 φ

(
1− tan2 φ cot2 θ

)
dφ

=
∫ θ

0
r5(φ) cos5 φ

(
1− tan2 φ cot2 θ

) dφ

cos2 φ

=
∫ θ

0
r5(φ) cos5 φ

(
1− tan2 φ cot2 θ

)
d
(
tanφ

)

Jètoume x = tan θ, y = tanφ, ϕ(y) = r(φ) cos φ, f(y) = ϕ5(y) kai F (x) =
R(θ). Tìte h parap�nw sqèsh paÐrnei thn morf 

F (x) =
∫ x

0
f(y)

(
1− y2

x2

)
dy =

∫ x

0
f(y)dy − 1

x2

∫ x

0
f(y)y2dy.

Jètoume g(x) :=
∫ x
0 f(y)dy ki èqoume

F (x) = g(x)− 1
x2

∫ x

0
f(y)y2dy
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= g(x)− 1
x2

g(x)x2 +
1
x2

∫ x

0
g(y)2ydy

=
2
x2

∫ x

0
g(y)ydy =

2
x2

∫ x

0
y

(∫ y

0
f(t)dt

)
dy

�ra
x2

2
F (x) =

∫ x

0
y

(∫ y

0
f(t)dt

)
dy

 
d

dx

(x2

2
F (x)

)
= x

∫ x

0
f(t)dt

 
1
x

d

dx

(x2

2
F (x)

)
=

∫ x

0
f(t)dt

 
d

dx

(
1
x

d

dx

(x2

2
F (x)

))
= f(x) (2.4.1)

Me tic allagèc metablht¸n pou èginan parap�nw, oi sunj kec pou zht�me gia
tic r(θ), r(θ) sin θ allazoun morf . AfoÔ ϕ(x) = r(θ) cos θ paÐrnoume ìti

xϕ(x) =
sin θ

cos θ
r(θ) cos θ = r(θ) sin θ.

Jèloume h ϕ(x) na eÐnai kata tm mata duo forèc suneq¸c paragwgÐsimh kai
h xϕ(x) na eÐnai fjÐnousa kai koÐlh sun�rthsh thc ϕ(x).
Efarmìzoume epiplèon to metasqhmatismì ϕ(x) = z dhlad  x = ϕ−1(z). 'Etsi
zht�me h zϕ−1(z) na eÐnai fjÐnousa kai koÐlh sun�rthsh tou z. Dhlad 

0 ≥ d

dz

(
zϕ−1(z)

)
= ϕ−1(z) + z

(
ϕ−1(z)

)′ = ϕ−1(z) + z
1

ϕ′(x)

=
xϕ′(x) + ϕ(x)

ϕ′(x)
= x +

ϕ(x)
ϕ′(x)

.

AfoÔ x ≥ 0, ϕ(x) ≥ 0, h sqèsh aut  mporeÐ na isqÔei mìno an ϕ′(x) < 0 kai
se aut  th perÐptwsh eÐnai isodÔnamh me thn

xϕ′(x) + ϕ(x) ≥ 0 (2.4.2)

Epiplèon, h zϕ−1(z) eÐnai koÐlh an kai mìno an

0 ≥
(

ϕ−1(z) + z
(
ϕ−1(z)

)′)′
=

(
ϕ−1(z)

)′
+

(
z

ϕ′
(
ϕ−1(z)

)
)′
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=
1

ϕ′
(
ϕ−1(z)

) +
ϕ′

(
ϕ−1(z)

)− z
(
ϕ′

(
ϕ−1(z)

))′
[
ϕ′

(
ϕ−1(z)

)]2

=
1

ϕ′
(
ϕ−1(z)

) +
ϕ′

(
ϕ−1(z)

)− zϕ
′′(

ϕ−1(z)
)(

ϕ−1(z)
)′

[
ϕ′

(
ϕ−1(z)

)]2

=
1

ϕ′(x)
+

ϕ′(x)− ϕ(x)ϕ
′′
(x) 1

ϕ′(x)[
ϕ′(x)

]2 =
2ϕ′2(x)− ϕ(x)ϕ

′′
(x)[

ϕ′(x)
]3

  isodÔnama
2
[
ϕ′(x)

]2 ≥ ϕ(x)ϕ
′′
(x) (2.4.3)

afoÔ ϕ′(x) ≤ 0. 'Ara h (ii) isodunameÐ me tic sqèseic

ϕ′(x) ≤ 0, xϕ′(x) + ϕ(x) ≥ 0, 2
(
ϕ′(x)

)2 ≥ ϕ(x)ϕ
′′
(x).

JewroÔme mia mikr  arnhtik  metabol  thc R(θ), dhlad  thc F (x). Tìte apì
thn sqèsh (2.4.1), èqoume

δf(x) =
d

dx

(
1
x

d

dx

(x2

2
(
F + δF

)))
− d

dx

(
1
x

d

dx

(x2

2
(
F (x)

)))

kai lìgw thc grammikìthtac twn parag¸gwn, paÐrnoume

δf(x) =
d

dx

(
1
x

d

dx

(x2

2
δF

))
(2.4.4)

JewroÔme t¸ra to V :=
∫ π

2
0 r6(θ) cos4 θdθ =

∫ π
2

0 r6(θ) cos6 θd
(
tan θ

)
kai

me touc Ðdiouc metasqhmatismoÔc ìpwc parap�nw ( gia thn R(θ) ), dhlad 
x = tan θ, f(x) = r5(θ) cos5 θ paÐrnoume

V =
∫ ∞

0
f

6
5 (x)dx

Tìte h antÐstoiqh metabol  tou V ja eÐnai

δV =
∫ ∞

0

(
f + δf

) 6
5 (x)dx−

∫ ∞

0
f

6
5 (x)dx

=
∫ ∞

0
f

6
5 (x)

(
1 +

δf

f

) 6
5
dx−

∫ ∞

0
f

6
5 (x)dx
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=
∫ ∞

0
f

6
5 (x)

(
1 +

6
5

δf

f
+ O

((δf

f

)2
)
dx−

∫ ∞

0
f

6
5 (x)dx

=
6
5

∫ ∞

0
f

6
5
δf

f
dx +

∫ ∞

0
f

6
5 (x)O

((δf

f

)2
)
dx

=
6
5

∫ ∞

0
f

1
5 δfdx +

∫ ∞

0
f

6
5 O

((δf

f

)2
)
dx

Ja epilèxoume thn δF ètsi ¸ste aut  (�ra kai h δf ) na mhdenÐzetai èxw apì
èna di�sthma (α, β) me 0 < α < β < ∞, sto opoÐo oi anisìthtec pou apaitoÔme
gia thn ϕ eÐnai gn siec. Tìte, an h δf epilegeÐ ètsi ¸ste aut , h pr¸th kai
h deÔterh par�gwgìc thc na eÐnai mikrèc, oi anisìthtec ja exakoloujoÔn na
isqÔoun gia thn ϕ + δφ. Tìte

∫ ∞

0
f

6
5 O

((δf

f

)2
)
dx =

∫ β

α
f

6
5 O

((δf

f

)2
)
dx = O

((δf

f

)2
)
.

'Etsi,

δV =
6
5

∫ ∞

0
f

1
5 δfdx + O

((δf

f

)2
)

=
6
5

∫ ∞

0
ϕ(x)δfdx + O

((δf

f

)2
)
. (2.4.5)

Jèloume δV > 0, opìte arkeÐ na isqÔei
∫ ∞

0
ϕδf > 0.

GiatÐ tìte, an epilèxoume th metabol  λδf gia arket� mikrì λ > 0, èqoume

δV = λ

(
6
5

∫ ∞

0
ϕ(x)δfdx + λO

((δf

f

)2
)

> 0.

Apì thn sqèsh (2.4.4), èqoume
∫ ∞

0
ϕδfdx =

∫ ∞

0
ϕ

d

dx

(
1
x

d

dx

(x2

2
δF

))
dx

= ϕ(x)
1
x

( d

dx

(x2

2
δF

))∣∣∣
∞

0
−

∫ ∞

0
ϕ′(x)

1
x

( d

dx

(x2

2
δF

))
dx.

O pr¸toc prosjetèoc eÐnai 0, afoÔ h δF mhdenÐzetai èxw apì to (α, β). Opìte
∫ ∞

0
ϕδfdx = −ϕ′(x)

1
x

x2

2
δF

∣∣∣
∞

0
+

1
2

∫ ∞

0

(ϕ′

x

)′
x2δFdx.
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Jèloume loipìn na broÔme mia ϕ, h opoÐa na ikanopoieÐ tic apaitoÔmenec
sunj kec (i), (ii) ki epiplèon

(
ϕ′
x

)′
< 0, se k�poio di�sthma, wc upodi�sthma

tou opoÐou ja epilèxoume to (α, β). GiatÐ tìte
∫ ∞

0

(ϕ′

x

)′
x2δFdx = 2

∫ ∞

0
ϕδfdx > 0,

ki ètsi telik� apì thn sqèsh (2.4.5) ja èqoume ìti δV > 0.

Mia tètoia ϕ eÐnai

ϕ(x) =





3−α
2 , 0 ≤ x ≤ α

3−α
2 − (x−α)2

2(1−α) , α ≤ x ≤ 1
1
x , 1 ≤ x ≤ +∞, 0 < α < 1.

Me stoiqei¸deic pr�xeic mporoÔme na doÔme ìti h sun�rthsh aut  ikanopoieÐ
ìlec tic sunj kec pou qreiazìmaste. To di�sthma (α, β) pou anafèrjhke
parap�nw ed¸ eÐnai to (α, 1).

II.] n=5
Ed¸ èqoume

R(θ) =
∫ θ

0
r4(φ) cos2 φ

(
1− tan2 φ cot2 θ

) 1
2 dφ,

en¸ o n−di�statoc ìgkoc tou s¸matoc ja eÐnai

8
5
w4

∫ π
2

0
r5(θ) cos3 θdθ

'Opwc sthn perÐptwsh n = 6, k�noume allag  metablht¸n x = tan θ, y =
tanφ, ϕ(y) = r(φ) cos φ, f(y) = ϕ4(y), F (x) = R(θ). Tìte

R(θ) =
∫ θ

0
r4(φ) cos4 φ

(
1− tan2 φ cot2 θ

) 1
2 dφ

cos2 φ

�ra

F (x) =
∫ x

0
f(y)

(
1− y2

x2

) 1
2 dy

 

F (x) =
∫ x

0

f(y)
x

(
x2 − y2

) 1
2 dy
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xF (x) =
∫ x

0
f(y)

(
x2 − y2

) 1
2 dy

 

2xF (x) =
∫ x

0

f(y)
y

(
x2 − y2

) 1
2 2ydy

Jètoume s = x2, t = y2, G(s) = 2xF (x), g(t) = 1
yf(y), opìte h parap�nw

sqèsh gÐnetai

G(s) =
∫ s

0
g(t)(s− t)

1
2 dt.

ParagwgÐzontac èqoume

G′(s) = g(s) · 0 +
∫ s

0
g(t)

dt

2
√

s− t
(2.4.6)

Ja qrhsimopoi soume thn isìthta

πf(0) =
∫ s

0

f(0)√
t
√

s− t
dt

Aut  isqÔei diìti an p�roume to
∫ s
0

dt√
t(s−t)

kai k�noume allag  metablht c

x =
√

t ja p�roume

∫ s

0

dt√
t(s− t)

= 2
∫ √

s

0

dx√
s− x2

kai an x =
√

s cos y

= −2
∫ 0

π
2

√
s sin y√

s− s cos2 y
dt = 2

∫ π
2

0
dy = π

Sunep¸c, πf(0) =
∫ s
0

f(0)√
t
√

s−t
dt

'Etsi apì thn sqèsh (2.4.6), èqoume

2G′(s)− πf(0) =
∫ s

0

g(t)√
s− t

dt−
∫ s

0

f(0)√
t
√

s− t
dt

kai �ra

2G′(s)− πf(0) =
∫ s

0

(
g(t)− f(0)√

t

) dt√
s− t

. (2.4.7)
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Efarmìzoume t¸ra to tÔpo antistrofhc tou Abel (bl. Sumplhrwmatik�) me
a = 0, b = 1, h(x) = 2G′(s) − πf(0) kai f(t) = g(t) − f(0)√

t
, opìte h sqèsh

(2.4.7) mac dÐnei

g(s)− f(0)√
s

=
sin π

2

π

∫ s

0

1√
s− t

(
2G′(t)− πf(0)

)′
dt

�ra

g(s)− f(0)√
s

=
2
π

∫ s

0

G
′′
(t)√

s− t
dt. (2.4.8)

An�loga me parap�nw, efarmìzoume tic allagèc metablht¸n s = x2, t =
y2, G(t) = 2yF (y), kai g(s) = 1

xf(x) opìte èqoume oti

G′(t) = 2
d

dt

(
yF (y)

)
= 2

[ 1
2y

F (y) + y
dF (y)

dy

dy

dt

]
=

1
y

[
F (y) + yF ′(y)

]
=

1
y

(
yF (y)

)′

kai
G
′′
(t) =

(1
y

(
yF (y)

)′)′dy

dt
=

1
2y

(1
y

(
yF (y)

)′)′
.

'Etsi h sqèsh (2.4.8) paÐrnei th morf 

f(x)
x

− f(0)
x

=
2
π

∫ x

0

(1
y

(
yF (y)

)′)′ dy√
x2 − y2

 

f(x)− f(0) =
2
π

x

∫ x

0

(1
y

(
yF (y)

)′)′ dy√
x2 − y2

'Omoia me thn perÐptwsh n=6, jewroÔme mia mikr  arnhtik  metabol  thc
F (y), h opoÐa mhdenÐzetai èxw apo èna di�sthma thc morf c (α, β), 0 < α <
β < ∞. 'Etsi,

δf(x) =
(
f + δf

)
(x)− f(x)

=
2
π

x

∫ x

0

(1
y

(
y(F + δF )

)′)′ dy√
x2 − y2

=
2
π

x

∫ x

0

(1
y

(
yF

)′)′ dy√
x2 − y2

to opoÐo isoÔtai me

2
π

x

∫ x

0

(1
y

(
yδF

)′)′ dy√
x2 − y2

. (2.4.9)
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'Etsi, an x >
√

β

δf(x) =
2
π

x

∫ β

α

(1
y

(
yδF

)′)′(
x2 − y2

)−1/2
dy

=
2
π

x

∫ β

α

(1
y

(
yδF

)′)′ 1
x

(
1− y2

x2

)−1/2
dy

=
2
π

∫ β

α

(1
y

(
yδF

)′)′(1 +
1
2

y2

x2
+

3
8

y4

x4
+ O

(y6

x6

))
dy

=
2
π

∫ ∞

0

(1
y

(
yδF

)′)′
dy +

3
4π

∫ ∞

0

(1
y

(
yδF

)′)′ y4

x4
dy

+
1
π

∫ ∞

0

(1
y

(
yδF

)′)′ y2

x2
dy +

2
π

∫ β

α

(1
y

(
yδF

)′)′
O

(y6

x6

)
dy

=
2
π

1
y

(
yδF

)′∣∣∣
∞

0
+

1
π

1
y

(
yδF

)′ y2

x2

∣∣∣
∞

0
−+

2
π

∫ ∞

0

(
yδF

)′ 1
x2

dy+
3
4π

1
y

(
yδF

)′ y4

x4

∣∣∣
∞

0

− 3
π

∫ ∞

0

(
yδF

)′ y2

x4
dy +

2
π

1
y

(
yδF

)′
O

(y6

x6

)∣∣∣
∞

0
− 2 · 6

π

∫ ∞

0

(
yδF

)′
O

(y4

x6

)
dy.

Gia na upologÐsoume to teleutaÐo olokl rwma thc parap�nw par�stashc (e-
farmozìntac paragontik  olokl rwsh) prèpei na parathr soume oti O

( y6

x6

)
=

∞∑
k=3

(
−1/2

k

)(
− y2

x2

)k
, opìte h par�stash gÐnetai

− 2
π

yδF
1
x2

∣∣∣
∞

0
− 3

π
yδF

y2

x4

∣∣∣
y2

x4 +
3 · 2
π

∫ ∞

0
δF

y2

x4
dy

−12
π

yδF ·O(y4

x6

)∣∣∣
∞

0
+

12 · 4
π

∫ ∞

0
δF ·O(y4

x6

)
dy

=
6

πx4

∫ ∞

0
y2δFdy +

48
π

∫ ∞

0
δF ·O(y4

x6

)
dy

IsqÔei oti ∫ ∞

0
δF ·O(y4

x6

)
dy = O

( 1
x6

)
,

afoÔ δF ≡ 0 èxw apo to di�sthma (α, β), opìte
∫ ∞

0
δF ·O(y4

x6

)
dy =

∫ β

α
δF ·O(y4

x6

)
dy =

∫ β

α
δFy4dy ·O( 1

x6

)
(2.4.10)
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Opìte èqoume oti

δf(x) =
6

πx4

∫ ∞

0
y2δFdy + O

( 1
x6

)
(2.4.11)

Apì thn sqèsh (2.4.10) èpetai oti to O
(

1
x6

)
eÐnai mikrì, an to δF eÐnai mikrì.

PaÐrnoume t¸ra to olokl rwma pou emfanÐzetai ston tÔpo tou n−di�statou
ìgkou tou s¸matoc A,

V =
∫ π

2

0
r5(θ) cos3 θdθ =

∫ π
2

0
r5(θ) cos5 θd(tan θ)

Me allag  metablht c r4 cos4 θ = ϕ4(x) = f(x), x = tan θ, èqoume

V =
∫ ∞

0
f

5
4 (x)dx

Opìte gia thn metabol  δV tou ìgkou, pou antistoiqeÐ sthn metabol  δf ja
èqoume

δV =
(
V + δV

)
− V =

∫ ∞

0

(
f + δf

) 5
4 (x)dx−

∫ ∞

0
f

5
4 (x)dx

=
∫ ∞

0
f

5
4 (x)

(
1 +

δf

f

) 5
4
dx−

∫ ∞

0
f

5
4 (x)dx

=
∫ ∞

0
f

5
4 (x)

(
1 +

5
4

δf

f
+ O

((δf

f

)2
))

dx−
∫ ∞

0
f

5
4 (x)dx

=
5
4

∫ ∞

0
f

5
4
δf

f
dx +

∫ ∞

0
f

5
4 (x)O

((δf

f

)2
)
dx

=
5
4

∫ ∞

0
f

1
4 δfdx +

∫ ∞

0
f

5
4 (x)O

((δf

f

)2
)
dx

=
5
4

∫ ∞

0
ϕ(x)δfdx +

∫ ∞

0
f

5
4 (x)O

((δf

f

)2
)
dx (2.4.12)

Jèloume h posìthta δf
f na eÐnai omoiìmorfa mikr  sto [0, +∞), giatÐ tìte to

O
(( δf

f

)2
)

ja eÐnai omoiìmorfa mikrì kai ètsi to 2o olokl rwma sthn sqèsh
(2.4.12) ja eÐnai mikrì.

H δf
f = δf

ϕ4 eÐnai omoiìmorfa fragmènh sto (0, +∞), diìti h xϕ(x) =
r(θ) sin θ eÐnai fragmènh apo k�tw kaj¸c x −→ +∞.



92 KEF�ALAIO 2. ARNHTIK�H AP�ANTHSH GIA N ≥ 5

H teleutaÐa parat rhsh prokÔptei apo thn sqèsh (2.4.11) apì thn opoÐa è-
qoume

∣∣∣δf(x)
f(x)

∣∣∣ ≤ 6
πx4ϕ4(x)

∣∣∣
∫ ∞

0
y2δFdy

∣∣∣ + O
( 1
x6

) 1
ϕ4(x)

= O
( 1

x4ϕ4(x)

)
.

Epiplèon, apì thn (2.4.11) èqoume oti h δf
f eÐnai kai omoiìmorfa mikr , ìtan h

δF eÐnai mikr .
'Eqoume p�rei loipìn mia mikr  arnhtik  metabol  thc F kai jèloume na

èqoume jetik  metabol  tou n−di�statou ìgkou V. Apì thn sqèsh (2.4.12)
arkeÐ na isqÔei oti ∫ ∞

0
ϕ · δf > 0,

diìti, an
∣∣∣ δf(x)

f(x)

∣∣∣ < n tìte

δV =
5
4

∫ ∞

0
ϕ(x)δf(x)dx +

∫ ∞

0
ϕ(x)δf ·O

(δf

f

)
dx.

'Ustera apo mia seir� pr�xewn, qrhsimopoi¸ntac thn sqèsh (2.4.9), to para-
p�nw olokl rwma gÐnetai

∫ ∞

0
ϕ · δfdx =

2
π

∫ ∞

0
δFy2

∫ ∞

y

(ϕ′

x

)′ dx√
x2 − y2

dy (2.4.13)

H apìdeixh thc (2.4.13) brÐsketai sthn teleutaÐa par�grafo (bl. Sumplhrw-
matik�).

Gia na èqoume loipìn

2
π

∫ ∞

0
δFy2

∫ ∞

y

(ϕ′

x

)′ dx√
x2 − y2

dy > 0

arkeÐ ∫ ∞

y

(ϕ′

x

)′ dx√
x2 − y2

< 0,

afoÔ èqoume jewr sei δF < 0. M�lista afoÔ δF ≡ 0 èxw apo èna upodi�-
sthma tou (α, β) arkeÐ na isqÔei

∫ ∞

y

(ϕ′

x

)′ dx√
x2 − y2

< 0,

gia y ∈ (α, β).
Sunep¸c, prèpei na epilèxoume kat�llhlh sun�rthsh ϕ, omoÐwc me thn perÐ-
ptwsh n=6, h opoÐa na ikanopoieÐ tic apaitoÔmenec sunj kec
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i. oi ϕ(x) kai xϕ(x) na eÐnai suneqèic sto [0, +∞)

ii. xϕ′ + ϕ ≥ 0, 2(ϕ′)2 − ϕ · ϕ′′ ≥ 0 kai ϕ′ ≤ 0

iii.
∫∞
y

(
ϕ′
x

)′
dx√

x2−y2
< 0, se k�poio di�sthma (α, β) me 0 < α < β < ∞

JewroÔme thn sun�rthsh

ϕ(x) =





1 + d(1− α)2, 0 ≤ x ≤ α
1 + d(1− α)2 − d(x− α)2 α ≤ x ≤ 1
c
x − c−1

x2 , 1 ≤ x ≤ +∞, 0 < α < 1.

me 0 < α < 1, 1 < c < 2 kai d = 2−c
2(1−α) .

EÔkola mporoÔme na doÔme oti oi ϕ kai xϕ eÐnai suneqeÐc. Gia thn (ii) pa-
rathroÔme oti sto [0, α] isqÔei ϕ(x) = 1 + d(1 − α)2, �ra oi sunj kec pou
apaitoÔntai eÐnai �mesec, afoÔ xϕ′+ϕ = 1+d(1−α)2 > 0, 2

(
ϕ′

)2−ϕ·ϕ′′ = 0
kai ϕ′ = 0.
Sto [α, 1] isqÔei

xϕ′ + ϕ = x
(−2(x− α)

)
+ 1 + d(1− α)2 − d(x− α)2.

H sun�rthsh aut  èqei par�gwgo thn −2d(3x − 2α) h opoÐa eÐnai arnhtik 
sto di�sthma [α, 1]. 'Ara h sun�rthsh eÐnai fjÐnousa se autì to di�sthma.
Sto 1 paÐrnei thn tim  c− 1 > 0 �ra eÐnai jetik  sto [α, 1]. Epiplèon,

2
(
ϕ′

)2 − ϕ · ϕ′′ = 8d2(x− α)2 + 2d
(
1 + d(1− α)2 − d(x− α)2

)
> 0,

afoÔ 1− α > x− α > 0. EpÐshc, ϕ′(x) = −2d(x− α) ≤ 0.
Gia x > 1,

xϕ′ + ϕ = x
(− c

x2

)
+ x

2(c− 1)
x3

+
c

x
− c− 1

x2
=

c− 1
x2

> 0,

2
(
ϕ′

)2 − ϕ · ϕ′′ =

2
(
− c

x2
+

2(c− 1)
x3

)2
−

( c

x
− c− 1

x2

)(2c

x3
− 6(c− 1)

x4

)
=

2(c− 1)2

x6
> 0

kai
ϕ′(x) = − c

x2
+

2(c− 1)
x3

=
2c− 2− cx

x3
≤ 0,

afoÔ x ≥ 1 ≥ 2(c−1)
c .

Tèloc, gia x = 1, ϕ′(1) = c− 2 < 0, ϕ(1) = 1.
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'Eqontac epilèxei thn ϕ prèpei na exet�soume an ikanopoieÐtai h sunj kh
(ii). Apì thn sqèsh (2.4.11) paÐrnoume oti

ϕ + δϕ =
(
f + δf

) 1
4

=
[
ϕ4 +

6
πx4

∫ ∞

0
y2δFdy + O

( 1
x6

)] 1
4

 

1 +
δϕ

ϕ
=

[
1 +

6
πx4

1
ϕ4

∫ ∞

0
y2δFdy +

1
ϕ4

O
( 1
x6

)] 1
4

opìte
δϕ

ϕ
= −ρ +

k

x
+ O

( 1
x2

)
= −ρ +

k

x
+ T (x) (2.4.14)

ìpou

ρ = 1−
{

1 +
6

πc4

∫ ∞

0
y2δFdy

} 1
4

k =
6(c− 1)

πc5

∫ ∞

0
y2δFdy

{
1 +

6
πc4

∫ ∞

0
y2δFdy

}− 3
4
.

AfoÔ δF ≤ 0, isqÔei oti
∫∞
0 y2δFdy < 0, dhlad  1 > 1 + 6

πc4

∫∞
0 y2δFdy,

opìte ρ > 0, k < 0. Epiplèon ìtan δF eÐnai mikrì tìte kai ta ρ, k, O eÐnai
mikr�. EpÐshc den eÐnai dÔskolo na apodeÐxoume oti T ′(x) = O( 1

x3 ), T
′′
(x) =

O
(

1
x4

)
.

'Etsi me th bo jeia twn parap�nw kai thc sqèshc (2.4.14) paÐrnoume oti

2
((

ϕ + δϕ
)′)2

− (
ϕ + δϕ

)(
ϕ + δϕ

)′′
> 0

kai
x
(
ϕ + δϕ

)′ + (
ϕ + δϕ

)
> 0,

kaj¸c x −→ +∞.

Sunep¸c, an to δF eÐnai mikrì, h
(
ϕ + δϕ

)
ikanopoieÐ thn (ii).

T¸ra mènei na apodeÐxoume thn sunj kh (iii):

J' apodeÐxoume oti
∫∞
α

(
ϕ′(x)

x

)′
dx√

x2−α2
< 0, opìte ja isqÔei h (iii) gia èna

di�sthma pou ja perièqei to α. IsqÔei oti

∫ ∞

α

(ϕ′(x)
x

)′ dx√
x2 − α2

= −
∫ 1

α

2αd

x2
√

x2 − α2
dx + A
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me allag  metablht c x = αt to olokl rwma eÐnai Ðso me

−2d

α

∫ 1
α

1

dt

t2
√

t2 − 1
dx + A,

ìpou A eÐnai o fragmènoc ìroc
∫∞
1

[
3c
x4 − 8(c−1)

x5

]
dx√

x2−α2
.

'Etsi an α → 0+ paÐrnoume oti h teleutaÐa posìthta −→ −∞.

SUMPLHRWMATIKA

1. Metasqhmatismìc Abel

An gia dÔo sunart seic u kai v isqÔei ìti

u(s) =
∫ s

0

v(t)
(s− t)α

dt, 0 < α < 1

Tìte

v(s) =
sin(πα)

π

d

dt

∫ s

0

u(t)
(s− t)1−α

dt

=
sin(πα)

π

[∫ s

0

du

dt

dt

(s− t)1−α
+

u(0)
s1−α

]

Gia thn apìdeixh thc sqèshc (2.4.8) efarmìzoume ton parap�nw metasqhmati-
smì me u(s) = 2G′(s)− πf(0), v(t) = g(t)− f(0)√

t
kai α = 1

2 . Opìte me aplèc
pr�xeic h sqèsh (2.4.7) mac dÐnei ìti

g(s)− f(0)√
s

=
2
π

∫ s

−

G
′′
(t)√

s− t
dt

(sqèsh (2.4.8) ), afoÔ 2G′(0)− πf(0).

2. Apìdeixh thc sqèshc (2.4.13)

π

2

∫ ∞

0
φ(x)δf(x)dx =

∫ ∞

0
xφ(x)

∫ x

0

(1
y
(yδF )′

)′ dy√
x2 − y2

dx

=
∫ ∞

b
ϕ(x)

∫ b

0

(1
y
(yδF )′

)′( x√
x2 − y2

− 1− 1
2

y2

x2

)
dydx

+
∫ b

0
φ(x)

∫ x

0

(1
y
(yδF )′

)′ x√
x2 − y2

dydx
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=
∫ b

0

(1
y
(yδF )′

)′ ∫ ∞

b
ϕ(x)

( x√
x2 − y2

− 1− 1
2

y2

x2

)
dxdy

+
∫ b

0

(1
y
(yδF )′

)′ ∫ b

y
ϕ(x)

x√
x2 − y2

dxdy

=
∫ b

0

(1
y
(yδF )′

)′ ∫ ∞

b
ϕ(x)

(√
x2 − y2 − x +

1
2

y2

x

)′
dxdy

+
∫ b

0

(1
y
(yδF )′

)′ ∫ b

y
ϕ(x)

(√
x2 − y2

)′
dxdy

=
∫ b

0

(1
y
(yδF )′

)′{−ϕ(b)
(√

b2 − y2 − b +
1
2

y2

b

)

−
∫ ∞

b
ϕ′(x)

(√
x2 − y2 − x +

1
2

y2

x

)
dx

}
dy

+
∫ b

0

(1
y
(yδF )′

)′{
ϕ(b)

√
b2 − y2 −

∫ b

y
ϕ′(x)

√
x2 − y2dx

}
dy

= −
∫ b

0

(1
y
(yδF )′

)′ ∫ ∞

b
ϕ′(x)

(√
x2 − y2 − x +

1
2

y2

x

)
dxdy

−
∫ b

0

(1
y
(yδF )′

)′ ∫ b

y
ϕ′(x)

√
x2 − y2dxdy

=
∫ b

0

1
y
(yδF )′

∫ ∞

b
ϕ′(x)

(
− y√

x2 − y2
+

y

x

)
dxdy

−
∫ b

0

1
y
(yδF )′

∫ b

y
ϕ′(x)

y√
x2 − y2

dxdy

=
∫ b

0
(yδF )′

∫ ∞

b

ϕ′(x)
x

(
1− x√

x2 − y2

)
dxdy

−
∫ b

0
(yδF )′

∫ b

y

ϕ′(x)
x

x√
x2 − y2

dxdy

=
∫ b

0
(yδF )′

{
−ϕ′(b)

b
(b−

√
b2 − y2)−

∫ ∞

b

(ϕ′(x)
x

)′(x−
√

x2 − y2)dx
}

dy

−
∫ b

0
(yδF )′

{ϕ′(b)
b

√
b2 − y2 −

∫ b

y

(ϕ′(x)
x

)′√
x2 − y2dx

}
dy

= −
∫ b

0
(yδF )′

∫ ∞

b

(ϕ′(x)
x

)′(x−
√

x2 − y2)dxdy



Kef�laio 3

Mia eniaÐa lÔsh sto
prìblhma

3.1 Qr simec ènnoiec

3.1.1 OrismoÐ

S¸ma onom�zoume k�je sumpagèc uposÔnolo tou Rn me mh kenì eswterikì,
opìte kurtì s¸ma onom�zetai k�je s¸ma ston Rn pou eÐnai kurtì. Ja upojè-
toume ìti ìla ta kurt� s¸mata perièqoun to 0 sto eswterikì touc. To sÔnolo
twn kurt¸n swm�twn me thn Hausdorff topologÐa ja to sumbolÐzoume me Kn,
en¸ to sÔnolo twn kurt¸n summetrik¸n swm�twn me kèntro summetrÐac to 0
ja eÐnai to Kn

e .
Sun�rthsh st rixhc enìc s¸matoc K ston Rn onom�zoume th sun�rthsh

hK(x) = max{〈x, u〉 , u ∈ K}, x ∈ Rn.

H sun�rthsh st rixhc kajorÐzei to kurtì s¸ma K. Dhlad , an K, L kurt�
s¸mata kai hk = hL, tìte K = L.
Pr�gmati: 'Estw oti up�rqei u ∈ K me u /∈ L. Tìte up�rqei uperepÐpedo pou
diaqwrÐzei to u apo to L, dhlad  up�rqei x ∈ Rn me 〈x, u〉 > max{〈x, v〉 :
v ∈ L}. 'Ara hK(x) > hL(x).
An h sun�rthsh st rixhc enìc s¸matoc eÐnai �rtia, tìte to s¸ma ja eÐnai
summetrikì me kèntro summetrÐac to 0. Autì mporoÔme na to doÔme wc ex c:

h−K(x) = max{〈x, u〉 , u ∈ −K} = max{〈x, u〉 ,−u ∈ K}
= max{〈x,−u〉 , u ∈ K} = max{〈−x, u〉 , u ∈ K}
= hK(−x) = hK(x).
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Sto ex c ja gr�foume 0-summetrikì enno¸ntac oti to s¸ma eÐnai summe-
trikì me kèntro to 0.

Aktinik  sun�rthsh enìc s¸matoc K onom�zetai h sun�rthsh

ρK(u) = sup{λ > 0, λu ∈ K}, u ∈ Rn \ {0}.

Gia s¸mata pou perièqoun to 0 sto eswterikì touc h aktinik  sun�rthsh eÐnai
jetik  kai omogen c t�xhc −1, dhlad 

ρK(cx) = c−1ρK(x), c > 0

SumbolÐzoume me C(Sn−1) ton q¸ro twn suneq¸n sunart sewn p�nw sth
Sn−1, en¸ C∞

e (Sn−1) ja eÐnai o q¸roc twn �rtiwn C∞ sunart sewn pou
orÐzontai p�nw sthn Sn−1, efodiasmènoc me thn topologÐa thc omoiìmorfhc
sÔgklishc ìlwn twn parag¸gwn.

TrÐa basik� ergaleÐa tou kefalaÐou autoÔ eÐnai o metasqhmatismìc Fou-
rier, o metasqhmatismìc Radon kaj¸c kai o sfairikìc metasqhmatismìc Ra-
don.

Ja sumbolÐzoume me S to sÔnolo twn test functions, to opoÐo orÐzetai
na eÐnai h kl�sh twn C∞ sunart sewn φ sto Rn me timèc sto C, oi opoÐec
<<fjÐnoun polÔ gr gora sto �peiro>>, en¸ me S ′ ja sumbolÐzoume to q¸ro twn
katanom¸n p�nw apo to S.

Pio sugkekrimèna, o q¸roc S apoteleÐtai apì tic sunart seic twn opoÐwn ìlec
oi merikèc par�gwgoi up�rqoun, eÐnai suneqeÐc kai gia tic opoÐec isqÔei

sup
x∈Rn

|xα(Dβφ)(x)| < ∞,

gia ìlec tic n-�dec α = (α1, . . . , αn) kai β = (β1, . . . , βn) mh arnhtik¸n a-
keraÐwn. Ta α, β onom�zontai poludeÐktec kai orÐzontai, gia x ∈ Rn, xα =
xα1

1 xα2
2 · · ·xαn

n kai Dβ = ∂β1+β2+···+βn/∂xβ1
1 ∂xβ2

2 · · · ∂xβn
n .

To sÔnolo S ′ ìlwn twn suneq¸n grammik¸n sunarthsoeid¸n sto S apote-
leÐ ton q¸ro twn tempered katanom¸n, ìtan sto S jewroÔme thn topologÐa
pou perigr�foume parak�tw.

Gia k�je diatetagmèno zeÔgoc (α, β) apo n-�dec mh arnhtik¸n akeraÐwn o-
rÐzoume thn hminìrma ραβ(φ) = sup

x∈Rn
|xα(Dβφ)(x)| ston S kai thn hmi-metrik 

d′αβ(φ, ψ) = ραβ(φ − ψ). An d′1, d
′
2, . . . eÐnai ìlec oi hmi-metrikèc aut c thc

morf c, jewroÔme thn dn := d′n
1+d′n

, n = 1, 2, . . . . H dn eÐnai mia hmi-metrik ,
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isodÔnamh me thn d′n kai epiplèon dn ≤ 1. H metrik  h opoÐa orÐzei thn topo-
logÐa tou S, orÐzetai tìte na eÐnai h

d =
∞∑

n=1

2−ndn.

EÔkola mporoÔme na doÔme ìti φk
d−→ φ an kai mìno an φk → φ wc proc k�je

dn, kaj¸c k → +∞. 'Etsi, paÐrnoume ìti oi dianusmatikèc pr�xeic

(φ, ψ) −→ φ + ψ

(α, φ) −→ αφ, α ∈ C

eÐnai suneqeÐc, opìte o q¸roc
(S, d

)
eÐnai ènac topologikìc dianusmatikìc

q¸roc.
'Eqontac orÐsei thn topologÐa tou S, mporoÔme na doÔme ìti

'Ena grammikì sunarthsoeidèc L ston S eÐnai tempered katanom  an kai mìno
an up�rqei stajer� c > 0 kai akèraioi arijmoÐ m kai l t.w.

|L(φ)| ≤ c
∑
|α|≤l
|β|≤m

ραβ(φ),

gia k�je φ ∈ S ( [S.W.], sel.22).
An f ∈ S ′, φ ∈ S, qrhsimopoioÔme kai to sÔmbolo 〈f, φ〉 antÐ tou f(φ).

O metasqhmatismìc Fourier miac sun�rthshc f ∈ L1(Rn) orÐzetai wc ex c:

f̂(x) =
∫

Rn

f(ξ)e−iξ·xdξ.

An φ ∈ S, isqÔei kai φ̂ ∈ S. An f ∈ S ′ , o metasqhmatismìc Fourier f̂ thc
katanom c orÐzetai wc h katanom  pou dÐnetai apo ton tÔpo

〈
f̂ , φ

〉
=

〈
f, φ̂

〉
, φ ∈ S

An h φ ∈ S eÐnai �rtia, tìte

(φ̂)∧ = (2π)nφ

An o q den eÐnai akèraioc, tìte o metasqhmatismìc Fourier thc sun�rthshc
|z|q, z ∈ R, isoÔtai me ( [G.V.] vol.1, sel.173)

(|z|q)∧(t) = −2Γ(1 + q) sin
qπ

2
|t|−q−1, t ∈ R (3.1.1)
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Mia katanom  f onom�zetai �rtia omogen c t�xhc p ∈ R, an
〈
f, φ(

·
t
)
〉

= |t|n+p 〈f, φ〉 ,

gia k�je φ ∈ S, t ∈ R me t 6= 0. O metasqhmatismìc Fourier miac �rtiac
omogenoÔc katanom c t�xhc p eÐnai mia �rtia omogen c katanom  t�xhc −n−p,
([D], sel.154 ).

Mia katanom  f lègetai jetik� orismènh, an gia k�je φ ∈ S
〈
f, φ ∗ φ̃

〉
≥ 0,

ìpou φ̃(x) = φ(−x).
Mia katanom  eÐnai jetik� orismènh an kai mìno an eÐnai o metasqhmatismìc
Fourier enìc tempered mètrou ston Rn, ( [G.V.] vol.1, sel.152).

'Ena mh arnhtikì mètro µ lègetai tempered, an gia k�poio a > 0
∫

Rn

(1 + ‖x‖2)−adµ(x) < ∞.

Genik�, k�je jetik  katanom  f (dhlad  tètoia ¸ste 〈f, φ〉 ≥ 0 gia k�je mh
arnhtik  φ ∈ S ) eÐnai èna tempered mètro ( [G.V.] vol.1, sel.147).
Opìte mia katanom  ja eÐnai jetik� orismènh an kai mìno an o metasqhmatismìc
Fourier thc eÐnai mia jetik  katanom .

O sfairikìc metasqhmatismìc Radon eÐnai ènac fragmènoc telest c sto
C(Sn−1), o opoÐoc orÐzetai me ton tÔpo

Rf(ξ) =
∫

Sn−1∩ξ⊥
f(x)dx, f ∈ C(Sn−1), ξ ∈ Sn−1.

EÐnai autosuzug c, dhlad  gia f, g ∈ C(Sn−1)

〈f, Rg〉 = 〈Rf, g〉 . (3.1.2)

Thn idiìthta aut  tou metasqhmatismoÔ mporoÔme na thn doÔme wc ex c:
An f, g ∈ C(Sn−1), èqoume

〈f,Rg〉 =
∫

Sn−1

f(x)Rg(x)dx =
∫

Sn−1

f(x)
∫

Sn−1∩x⊥
g(ξ)dξdx

=
∫

Sn−1

∫

Sn−1∩x⊥
f(x)g(ξ)dξdx =

∫

Sn−1

∫

Sn−1∩ξ⊥
f(x)g(ξ)dxdξ

=
∫

Sn−1

g(ξ)
∫

Sn−1∩ξ⊥
f(x)dxdξ =

∫

Sn−1

Rf(ξ)g(ξ)dξ = 〈Rf, g〉 .
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An periorÐsoume ton metasqhmatismì sto C∞
e (Sn−1), tìte oi timèc tou R

an koun ston Ðdio q¸ro kai o

R : C∞
e (Sn−1) −→ C∞

e (Sn−1)

eÐnai suneq c, 1-1 kai epÐ, ([He], sel.161).
Ja sumbolÐzoume me De(Sn−1) ton q¸ro twn �rtiwn katanom¸n sthn Sn−1.
O De(Sn−1) eÐnai o duikìc tou C∞

e (Sn−1).
O R eÐnai suneq c, 1-1 kai epÐ apeikìnish apì to C∞

e (Sn−1) sto C∞
e (Sn−1),

opìte to Ðdio ja isqÔei kai gia ton an�strofì tou R∗, o opoÐoc antistoiqeÐ
ston metasqhmatismì Radon gia tic katanomèc

R∗ : De(Sn−1) 7−→ De(Sn−1).

Gia ton R∗ isqÔei to ex c:
An F ∈ De(Sn−1), katanom  pou antistoiqeÐ se mia sun�rthsh f ∈ C∞

e (Sn−1),
dhlad  F (g) =

∫
fg, gia k�je g ∈ C∞(Sn−1), tìte o sfairikìc metasqhmati-

smìc Radon thc katanom c F ja eÐnai

R∗F (g) = F ◦R(g) =
∫

fRg =
∫

Rfg.

MporoÔme sunep¸c na poÔme ìti o R∗ eÐnai epèktash tou R. 'Etsi kai gia thn
perÐptwsh tou metasqhmatismoÔ Radon gia katanomèc, ja qrhsimopoioÔme ton
sumbolismì R antÐ tou R∗.

An t¸ra µ eÐnai èna peperasmèno Borel mètro sthn Sn−1, tìte o sfairikìc
metasqhmatismìc Radon tou µ orÐzetai wc to mètro Rµ sthn Sn−1, gia to
opoÐo isqÔei

〈Rµ, g〉 = 〈µ,Rg〉 =
∫

Sn−1

Rg(ξ)dµ(ξ),

gia k�je g ∈ C(Sn−1). MporoÔme eÔkola na doÔme ìti o tÔpoc autìc orÐzei
mètro, afoÔ

∣∣∣
∫

Sn−1

Rf(ξ)dµ(ξ)
∣∣∣ ≤

∥∥Rf
∥∥
∞µ

(
Sn−1

) ≤ c‖f‖∞.

AfoÔ o R, eÐnai 1-1, epÐ kai suneq c apeikìnish, to Ðdio isqÔei kai gia ton R∗,
opìte apì to Je¸rhma Anoikt c Apeikìnishc prokÔptei ìti kai o (R∗)−1 eÐnai
mia 1-1, epÐ kai suneq c apeikìnish apì to C∞

e (Sn−1) ston eautì tou. Opìte
an�loga mporoÔme na èqoume ton antÐstrofo sfairikì metasqhmatismì Radon
kai gia thn perÐptwsh twn katanom¸n, ton opoÐo sumbolÐzoume me R−1.
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'Etsi an ν èna peperasmèno mètro Borel sthn Sn−1, o antÐstrofoc metasqh-
matismìc Radon tou ν, orÐzetai wc h katanom  gia thn opoÐa isqÔei

R
(
R−1ν

)
= ν.

'Eqontac orÐsei touc dÔo metasqhmatismoÔc, mporoÔme na doÔme kai tic
sqèseic pou touc sundèoun.
Gia k�je ξ ∈ Sn−1 kai gia k�je �rtia φ ∈ L1(Rn), h sun�rthsh t 7−→
φ̂(tξ), t ∈ R, eÐnai o metasqhmatismìc Fourier thc sun�rthshc
z 7−→ ∫

〈x,ξ〉=z

φ(x)dx, afoÔ

φ̂(tξ) =
∫

Rn

φ(x)e−itξ·xdx =
∫

R

e−itz

∫

〈ξ,x〉=z

φ(x)dxdz (3.1.3)

'Opwc eÐdame kai pio prin, an f ∈ S ′, �rtia, tìte (f̂)∧ = (2π)nf, opì-
te o metasqhmatismìc Fourier thc katanom c t 7−→ φ̂(tξ) ja eÐnai Ðsoc me
2π

∫
〈ξ,x〉=z

φ(x)dx. Kai an φ ∈ L1(Rn) �rtia kai φ̂(tξ) ∈ L1(R), tìte

∫

R

φ̂(tξ)e−itzdt = 2π

∫

〈ξ,x〉=z

φ(x)dx (3.1.4)

JewroÔme t¸ra φ ∈ L1(Rn), h opoÐa eÐnai oloklhr¸simh kai se upere-
pÐpeda kai ξ ∈ Sn−1, t ∈ R. Tìte o metasqhmatismìc Radon thc φ sthn
kateÔjunsh tou ξ sto shmeÐo t orÐzetai wc ex c:

Rφ(ξ; t) =
∫

〈x.ξ〉=t
φ(x)dx

En¸ gia tuqaÐo di�nusma ξ ∈ Rn \ {0} o metasqhmatismìc Radon sthn kateÔ-
junsh tou ξ sto t eÐnai

Rφ(ξ; t) =
1

‖ξ‖2
Rφ

( ξ

‖ξ‖2
;

t

‖ξ‖2

)
,

ìpou ‖ · ‖2 eÐnai h EukleÐdeia nìrma. 'Opwc kai sthn perÐptwsh tou sfairikoÔ
metasqhmatismoÔ Radon, h sqèsh pou sundèei ton metasqhmatismì Fourier me
to metaqhmatismì Radon gia ξ ∈ Rn kai t ∈ R eÐnai h (3.1.3), isodÔnama h

φ̂(sξ) =
(
Rφ(ξ; ·))̂ (s), (3.1.3′)

gia k�je ξ ∈ Rn \ {0} kai s ∈ R, ([He], sel.4).
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3.1.2 Asterìmorfa s¸mata, s¸mata tom¸n kai h su-
n�rthsh par�llhlwn tom¸n.

Asteroeidèc sÔnolo (wc proc to 0 ) lème k�je sÔnolo gia to opoÐo k�je to
eujÔgrammo tm ma pou sundèei èna shmeÐo tou me to 0 brÐsketai mèsa sto
sÔnolo.

Asterìmorfo s¸ma onom�zetai èna mh kenì asteroeidèc s¸ma, tou opoÐou
h aktinik  sun�rthsh eÐnai suneq c kai jetik  sthn Sn−1.
To sÔnolo aut¸n twn swm�twn ja to sumbolÐzoume me Sb, en¸ to sÔnolo twn
swm�twn pou epiplèon eÐnai 0-summetrik�, me Sbe. Gia K,L ∈ Sb isqÔei

K ⊆ L ⇔ ρK ≤ ρL (3.1.5)

S¸ma tom¸n enìc asterìmorfou s¸matoc L ⊆ Rn, n ≥ 2 me aktinik 
sun�rthsh ρL onom�zetai to asterìmorfo s¸ma IL, gia to opoÐo isqÔei

ρIL(u) = |L ∩ u⊥|(n−1) =
1

n− 1

∫

Sn−1∩u⊥
ρL(v)n−1dv = R

( 1
n− 1

ρn−1
L

)
(u),

(3.1.6)
gia k�je u ∈ Sn−1. H ρIL ìpwc orÐzetai (san sun�rthsh ìgkou) eÐnai suneq c
kai jetik . To sÔnolo twn swm�twn tom¸n asterìmorfwn swm�twn ja sum-
bolÐzetai me I, en¸ gia ta s¸mata tom¸n pou proèrqontai apì 0-summetrik�
ja qrhsimopoioÔme ton sumbolismì Ie.

'Ena asterìmorfo s¸ma K ⊆ Rn lègetai s¸ma tom¸n an up�rqei èna
peperasmèno, �rtio, mh arnhtikì Borel mètro µ sthn Sn−1, tètoio ¸ste ρK =
Rµ.

An K 0-summetrikì asterìmorfo s¸ma, tìte h sun�rthsh

‖x‖K = min{a > 0 : x ∈ aK}, x ∈ Rn,

lègetai sunarthsoeidèc tou Minkowski pou par�getai apì to K. IsqÔei ìti
ρK(x) = ‖x‖−1

K .
IsodÔnama loipìn mporoÔme na poÔme oti s¸ma tom¸n onom�zetai èna aste-
rìmorfo s¸ma K ⊆ Rn an up�rqei peperasmèno, (mh arnhtikì) �rtio Borel
mètro µ sthn Sn−1 ètsi ¸ste ta ‖ · ‖−1

K kai Rµ sumpÐptoun wc sunarthsoeid 
sto C(Sn−1). 'Opwc anafèrjhke kai parap�nw Rµ eÐnai to peperasmèno mètro
Borel sthn Sn−1, pou orÐzetai wc ex c

〈Rµ, f〉 = 〈µ,Rf〉 =
∫

Sn−1

Rf(θ)dµ(θ)

gia k�je f ∈ C(Sn−1).
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'Ena s¸ma tom¸n IK enìc asterìmorfou s¸matoc K eÐnai epÐshc èna s¸ma
tom¸n afoÔ ρIK = Rµ, ìpou µ to mètro pou antistoiqeÐ sthn sun�rthsh

1
n−1ρn−1

K .
To antÐstrofo den isqÔei en gènei.

Gia par�deigma ([Ga3],J. 8.1.16, Rem. 8.1.17) ènac kÔlindroc ston R4 den eÐ-
nai s¸ma tom¸n enìc asterìmorfou s¸matoc, eÐnai ìmwc s¸ma tom¸n. Parìla
aut� o Zhang, [Z3], èdeixe oti èna s¸ma tom¸n L ⊆ Rn me ρL ∈ Cn−1(Sn−1)
eÐnai s¸ma tom¸n enìc asterìmorfou s¸matoc.

'Estw K ∈ Sbe. H katanom  R−1ρK onom�zetai duik  genn tria katanom 
tou K kai sumbolÐzetai me µ̃K .
'Enac isodÔnamoc loipìn orismìc eÐnai o ex c:
'Ena asterìmorfo 0-summetrikì s¸ma K lègetai s¸ma tom¸n an h duik  gen-
n tria katanom  µ̃K eÐnai mètro. Kai an to µ̃K eÐnai proshmasmèno mètro
ja lègetai genikeumèno s¸ma tom¸n. Apì ton orismì thc duik c genn triac
katanom c kai tou antÐstrofou metasqhmatismoÔ Radon paÐrnoume ìti

µ̃K(f) =
〈
ρK , R−1f

〉
f ∈ C∞

e (Sn−1). (3.1.7)

H katanom  µ̃K eÐnai mètro an kai mìno an µ̃K(f) ≥ 0, gia k�je f ≥ 0, me
f ∈ C∞

e (Sn−1). [ Sc]. An jèsoume g = R−1f, tìte apì thn sqèsh (3.1.7), èna
s¸ma K ∈ Sbe eÐnai s¸ma tom¸n an kai mìno an

∫

Sn−1

ρK(u)g(u)du ≥ 0, (3.1.8)

gia k�je Rg ≥ 0, me g ∈ C∞
e (Sn−1).

Gia k�je ξ ∈ Sn−1, orÐzoume thn sun�rthsh par�llhlwn tom¸n, z 7−→
Aξ(z), z ∈ R, enìc 0-summetrikoÔ asterìmorfou s¸matoc K wc ex c

Aξ(z) = |K ∩ (ξ⊥ + zξ)|(n−1) =
∫

〈x,ξ〉=z
χ(‖x‖K)dx = Rχ(‖ · ‖K)(ξ; z),

ìpou χ h qarakthristik  sun�rthsh tou [-1,1]. Gia tuqìn ξ ∈ Rn\{0} jètoume

Aξ(z) =
1

‖ξ‖2
Rχ(‖ · ‖K)

( ξ

‖ξ‖2
;

z

‖ξ‖2

)
.

H sun�rthsh par�llhlwn tom¸n eÐnai log−koÐlh kai an to s¸ma K eÐnai 0-
summetrikì, �rtia.

Apì thn sqèsh (3.1.3'), gia k�je stajerì ξ ∈ Rn \ 0, o metasqhmatismìc
Fourier thc sun�rthshc par�llhlwn tom¸n ja eÐnai

Âξ(t) =
(
χ(‖ · ‖K)

)∧(tξ).
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Gia t ∈ R, èstw t+ = max{0, t}. An p�roume φ ∈ S h opoÐa mhdenÐzetai
se mia perioq  tou 0, tìte to

〈
tq+, φ(t)

〉
=

∫ ∞

0
tqφ(t)dt

up�rqei gia k�je q ∈ C kai epiplèon h sun�rthsh

q 7−→
∫ ∞

0
tqφ(t)dt

eÐnai diaforÐsimh sto C kai sunep¸c analutik . (♦)

Apìdeixh tou (♦) :
'Estw F : R×C −→ C metr simh sun�rthsh, gia thn opoÐa up�rqei h ∂F

∂q (t, q)
ki èqei thn idiìthta ìti gia k�je q0 ∈ C up�rqei perioq  V tou q0 kai oloklh-
r¸simh sun�rthsh g : R −→ R ètsi ¸ste

∣∣∂F

∂q
(t, q)

∣∣ ≤ g(t),

gia k�je q ∈ V, t ∈ R. Tìte h sun�rthsh

I(q) =
∫

R
F (t, q)dt, q ∈ C,

eÐnai analutik . Autì apodeiknÔetai wc ex c:
An p�roume to ìrio tou phlÐkou

I(q0 + h)− I(q0)
h

=
∫

R

F (t, q0 + h)− F (t, q0)
h

dt

gia h −→ 0, h sun�rthsh pou oloklhr¸noume sugklÐnei sthn ∂F
∂q (t, q0). 'Ara

arkeÐ na mporoÔme na efarmìsoume to Je¸rhma Kuriarqhmènhc SÔgklishc gia
k�je akoloujÐa hn me hn −→ 0.
Epilègontac perioq  V kai sun�rthsh g ìpwc sthn upìjesh, isqÔei telik�
gia ìla ta n ìti

∣∣∣F (t, q0 + hn)− F (t, q0)
hn

∣∣∣ =
∣∣∣ 1
hn

∫ q0+hn

q0

∂F

∂q
(t, q)dq

∣∣∣ ≤ g(t), t ∈ R

'Ara
I(q0 + h)− I(q0)

h
−→

∫

R

θF

θq
(t, q0)dt,
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kaj¸c h −→ 0.

Efarmìzontac ton parap�nw sullogismì gia thn

F (t, q) = tq+φ(t),

opìte
∂F

∂q
(t, q) =

{
0, t ≤ 0
tq log tφ(t), t > 0

paÐrnoume ìti h sun�rthsh

q 7−→
∫ ∞

0
tqφ(t)dt

eÐnai analutik  sto C.

'Ara gia k�je q ∈ C orÐzetai to sunarthsoeidèc

φ −→ 〈
tq+, φ

〉

gia ekeÐna ta φ ∈ S, ta opoÐa mhdenÐzontai se mia perioq  tou 0. K�je èna
apo aut� ta sunarthsoeid  gia q 6= −1,−2, . . . epekteÐnetai se mia katanom 
me thn diadikasÐa pou perigr�fetai parak�tw.
'Estw φ ∈ S kai Tkφ to polu¸numo Taylor bajmoÔ k thc φ (wc proc to 0).
Tìte isqÔei

|φ(t)− Tkφ(t)| ≤ |t|k+1

(k + 1)!
sup
|x|≤|t|

|φ(k+1)(x)|,

gia k�je t ∈ R.

An q ∈ C, to olokl rwma
∫ 1
0 tqdt up�rqei an kai mìno an Req > −1, afoÔ

|tq| = tReq. Sunep¸c, an m ∈ N me Req + m > −1, tìte to olokl rwma
∫ 1

0
tq

(
φ(t)− Tm−1φ(t)

)
dt

up�rqei, afoÔ
tq

(
φ(t)− Tm−1φ(t)

)
= O

(
tm+Req

)
.

'Estw q ∈ C \ {−1,−2, . . .} kai m o el�qistoc fusikìc arijmìc gia ton opoÐo
isqÔei Req > −m− 1. OrÐzoume gia k�je φ ∈ S

〈
tq+, φ

〉
=

∫ 1

0
tq

(
φ(t)− Tm−1φ(t)

)
dt +

∫ +∞

1
tqφ(t)dt +

m∑

k=1

φ(k−1)(0)
(k − 1)!(q + k)
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An h φ mhdenÐzetai se mia perioq  tou 0, tìte h parap�nw par�stash gr�fetai
∫ 1

0
tqφ(t)dt +

∫ +∞

1
tqφ(t)dt,

�ra o orismìc tou
〈
tq+, φ

〉
sumpÐptei me ton prohgoÔmeno.

O parap�nw tÔpoc orÐzei èna grammikì sunarthsoeidèc sto S, to opoÐo
eÐnai suneqèc.
H sunèqeia prokÔptei apo tic ex c anisìthtec:

∣∣∣
∫ 1

0
tq

(
φ(t)− Tm−1φ(t)

)
dt

∣∣∣ ≤ 1
m!

sup
x
|φ(m)(x)|

∫ 1

0
tReq+mdt,

∣∣∣
∫ +∞

1
tqφ(t)dt

∣∣∣ ≤
(∫ +∞

1
t−(m+1)dt

)
sup

x

∣∣x[Req]+m+1φ(x)
∣∣

kai ∣∣∣
m∑

k=1

φ(k−1)(0)
(k − 1)!(λ + k)

∣∣∣ ≤
m∑

k=1

1
(k − 1)!

1
|λ + k| sup

x
|φ(k−1)(x)|.

Sunep¸c, gia k�je q ∈ C \ {−1,−2, . . .} orÐzetai h katanom  tq+.
Aut  h oikogèneia katanom¸n eÐnai {analutik }, dhlad  gia k�je φ ∈ S h
sun�rthsh

q 7−→ 〈
tq+, φ

〉
, q ∈ C \ {−1,−2, . . .}

eÐnai analutik .
Pr�gmati, mporoÔme na parathr soume kat' arq n ìti o orismìc tou

〈
tq+, φ

〉
paramènei o Ðdioc an epilèxoume opoiod pote fusikì arijmì m me Req > −m−
1. GiatÐ, an m o el�qistoc fusikìc pou ikanopoieÐ aut  thn anisìthta kai
n > m, tìte oi antÐstoiqoi tÔpoi gia ta n,m diafèroun kat� thn posìthta

∫ 1

0
tq

(
Tm−1φ(t)− Tn−1φ(t)

)
dt +

n∑

k=m+1

φ(k−1)(0)
(k − 1)!(q + k)

= −
∫ 1

0
tq

(φ(m)(0)
m!

tm + · · ·+ φ(n−1)(0)
(n− 1)!

tn−1
)
dt+

n∑

k=m+1

φ(k−1)(0)
(k − 1)!(q + k)

= 0.

'Estw loipìn q0 me Req0 > −m− 1 gia k�poio m ∈ N. Tìte h Ðdia anisìthta
isqÔei gia k�je q se mia kat�llhlh perioq  tou q0. O trÐtoc prosjetèoc pou
emfanÐzetai ston orismì tou

〈
tq+, φ

〉
, eÐnai faner� analutik  sun�rthsh tou

q. Oi �lloi dÔo prosjetèoi eÐnai thc morf c
∫

I
F (t, q)dt.
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'Ara arkeÐ h F na ikanopoieÐ tic sunj kec ìpwc anafèrjhkan sto (♦).
Sthn perÐptwsh tou pr¸tou prosjetèou, èqoume

F (t, q) = tq
(
φ(t)− Tm−1φ(t)

)
,

�ra
∣∣∂F

∂q
(t, q)

∣∣ =
∣∣tq log t

(
φ(t)− Tm−1φ(t)

)∣∣ ≤ ctReq+m| log t|,

ìpou c = 1
m! sup

x
|φ(m)(x)|.

Epilègoume èna α me −1 < α < Req0 + m, kai perioq  V tou q0 ètsi ¸ste na
isqÔei α < Req + m gia k�je q ∈ V. Tìte, gia t ∈ (0, 1) kai q ∈ V isqÔei

∣∣∂F

∂q
(t, q)

∣∣ ≤ ctα| log t|

kai ∫ 1

0
ctα| log t| < +∞,

afoÔ an α > β > −1, tìte tα| log t| = o(tβ).
Sthn perÐptwsh tou deÔterou prosjetèou èqoume

F (t, q) = tqφ(t),

�ra ∂F
∂q (t, q) = tq log tφ(t). Opìte

∣∣∂F

∂q
(t, q)

∣∣ ≤ t[Req]+4|φ(t)|t−2 ≤ ct−2,

ìpou c = sup
x

∣∣x[Req]+4φ(x)
∣∣ kai

∫ +∞

1
ct−2dt < +∞.

ParathroÔme ìti oi dÔo pr¸toi prosjetèoi orÐzontai kai eÐnai analutikèc su-
nart seic se olìklhro to C. Sunep¸c se k�je jèsh −m, m ∈ N, h sun�rthsh
q 7−→ 〈

tq+, φ
〉
èqei aplì pìlo me oloklhrwtikì upìloipo φ(m−1)(0)

(m−1)! .

H sun�rthsh q 7−→ Γ(q+1) èqei epÐshc aploÔc pìlouc sta shmeÐa−m, m ∈ N
me antÐstoiqa oloklhrwtik� upìloipa (−1)m−1

(m−1)! , ([M.H], sel.413, 417). Epiplè-
on, h sun�rthsh Γ den èqei rÐzec. 'Ara h sun�rthsh

q 7−→
〈
tq+, φ

〉

Γ(q + 1)
,
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thc opoÐac h tim  sta shmeÐa−m, m ∈ N, orÐzetai na eÐnai o arijmìc (−1)m−1φ(m−1)(0),
eÐnai akèraia.
QrhsimopoioÔme kai gia thn perÐptwsh ìpou q = −m, m ∈ N, ton sumbolismì
〈tq+,φ〉
Γ(q+1) gia thn antÐstoiqh tim  thc akèraiac sun�rthshc.

An to sÔnoro tou K eÐnai C∞, tìte h sun�rthsh Aξ einai C∞ sto di�sthma
(−t0, t0), ìpou t0 = hK(ξ)

‖ξ‖2 . (H aitiolìghsh dÐnetai sto tèloc thc paragr�fou.)
Sto R \ [−t0, t0] h Aξ profan¸c mhdenÐzetai. Epilègoume 0 < ε1 < ε2 < t0
kai mia C∞ sun�rthsh ψ me

ψ(t) =
{

1, |t| < ε1

0, |t| > ε2

OrÐzoume thn ex c dr�sh twn katanom¸n tq+, q ∈ C \ {−1,−2, . . .} epÐ thc
Aξ :

〈
tq+, Aξ

〉
=

〈
tq+, Aξψ

〉
+

∫ +∞

0
tqAξ(t)

(
1− ψ(t)

)
dt.

O orismìc èqei nìhma, afoÔ h sun�rthsh Aξψ an kei sto S (eÐnai C∞ me
sumpag  forèa ) kai h Aξ(1 − ψ) eÐnai metr simh me sumpag  forèa sto
(0, +∞).

H sun�rthsh
q 7−→ 〈

tq+, Aξ

〉

eÐnai analutik  sto C \ {−1,−2, . . .} :
H analutikìthta tou deÔterou prosjetèou prokÔptei ìpwc sthn perÐptwsh
tou deÔterou prosjetèou thc

〈
tq+, φ

〉
(kai se ekeÐnh thn perÐptwsh den eÐqe

qrhsimopoihjeÐ h omalìthta thc φ, para mìno to ìti oi sunart seic thc morf c
tαφ(t)β eÐnai fragmènec, pr�gma pou isqÔei kai sthn perÐptwsh thc Aξ(1−ψ)).
O pr¸toc prosjetèoc eÐnai analutik  sun�rthsh sto C.
'Ara se k�je shmeÐo −m, m ∈ N, h sun�rthsh q 7−→ 〈

tq+, Aξ

〉
èqei aplì pìlo

me oloklhrwtikì upìloipo
(
Aξψ

)(m−1)
(0)

(m−1)! =
A

(m−1)
ξ (0)

(m−1)! . Sunep¸c orÐzetai kai
ed¸ h akèraia sun�rthsh

q 7−→
〈
tq+, Aξ

〉

Γ(q + 1)
,

h opoÐa sta shmeÐa−m, m ∈ N, paÐrnei antÐstoiqa tic timèc (−1)m−1A
(m−1)
ξ (0).

Gia q ∈ C kai ξ ∈ Rn \ {0}, orÐzoume

A
(q)
ξ (0) =

〈 t−q−1
+

Γ(−q)
, Aξ

〉
. (3.1.9)
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An m ∈ N kai Req < m, q 6= 0, 1, 2, . . . ,m− 1, tìte

A
(q)
ξ (0) =

1
Γ(−q)

∫ 1

0
t−q−1

(
Aξ(t)ψ(t)− Tm−1

(
Aξψ

)
(t)

)
dt+

1
Γ(−q)

∫ +∞

1
t−q−1Aξ(t)ψ(t)dt +

1
Γ(−q)

m−1∑

k=0

(
Aξψ

)(k)(0)
k!(k − q)

+
1

Γ(−q)

∫ 1

0
t−q−1Aξ(t)

(
1− ψ(t)

)
dt +

1
Γ(−q)

∫ +∞

1
t−q−1Aξ(t)

(
1− ψ(t)

)
dt.

Kai afoÔ
(
Aξψ

)(k)(0) = A
(k)
ξ (0) èpetai ìti

A
(q)
ξ (0) =

1
Γ(−q)

∫ 1

0
t−q−1

(
Aξ(t)ψ(t)− Tm−1

(
Aξ

)
(t)

)
dt

+
1

Γ(−q)

∫ +∞

1
t−q−1Aξ(t)ψ(t)dt +

1
Γ(−q)

m−1∑

k=0

(
Aξ

)(k)(0)
k!(k − q)

+
1

Γ(−q)

∫ 1

0
t−q−1Aξ(t)

(
1− ψ(t)

)
dt +

1
Γ(−q)

∫ +∞

1
t−q−1Aξ(t)

(
1− ψ(t)

)
dt

=
1

Γ(−q)

∫ 1

0
t−q−1

(
Aξ(t)−Aξ(0)− tA′ξ(0)− · · · − tm−1

(m− 1)!
A

(m−1)
ξ (0)

)
dt+

1
Γ(−q)

∫ ∞

1
t−q−1Aξ(t)dt +

1
Γ(−q)

m−1∑

k=0

A
(k)
ξ (0)

k!(k − q)
(3.1.10)

kai an m− 1 < Req < m, tìte

A
(q)
ξ (0) =

1
Γ(−q)

∫ ∞

0
t−q−1

(
Aξ(t)−Aξ(0)−tA′ξ(0)−· · ·− tm−1

(m− 1)!
A

(m−1)
ξ (0)

)
dt.

afoÔ

∫ +∞

1
t−q−1

tkA
(k)
ξ (0)

k!
dt =

A
(k)
ξ (0)

k!

∫ +∞

1
t−q+k−1dt = −

A
(k)
ξ (0)

(k − q)k!
,

ìtan Re(k − q) < 0.

Me ton parap�nw sumbolismì gia k = 0, 1, 2, . . . isqÔei

A
(k)
ξ (0) = (−1)k ∂k

∂tk
Aξ(t)

∣∣
t=0

.
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AfoÔ to K eÐnai summetrikì, h sun�rthsh t 7−→ Aξ(t) eÐnai �rtia kai gia
k�je �rtio m isqÔei

A
(q)
ξ (0) =

1
Γ(−q)

∫ ∞

0
t−q−1

(
Aξ(t)−

(m−2)/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt, (3.1.11)

ìtan m− 2 < Req < m.

Ja d¸soume merikoÔc akìma orismoÔc oi opoÐoi qarakthrÐzoun thn epif�-
neia enìc kurtoÔ s¸matoc.

'Ena kurtì s¸ma K lègetai t�xhc Ck, 1 ≤ k ≤ ∞, an to sÔnorì tou eÐnai
mia Ck− uperepif�neia ston Rn, dhlad  sumpÐptei topik� me to gr�fhma miac
Ck−sun�rthshc n − 1 metablht¸n (apì tic x1, . . . xn). AfoÔ oi antistrèyi-
moi grammikoÐ metasqhmatismoÐ eÐnai C∞−diaforÐsimoi, h idiìthta aut  eÐnai
anex�rthth apì to epilegìmeno sÔsthma suntetagmènwn.

An to K eÐnai C∞ s¸ma, ξ ∈ Rn\{0}, kai Aξ(t) = |K∩(ξ⊥+tξ)|(n−1), t ∈
R, tìte h Aξ eÐnai C∞ sto di�sthma (t0,−t0), ìpou t0 = hK(ξ)

‖ξ‖2 .

Mia skiagr�fhsh thc apìdeixhc thc idiìthtac aut c eÐnai h ex c:
QwrÐc blabh thc genikìthtac mporoÔme na upojèsoume ìti to ξ brÐsketai p�nw
se ènan apì touc kÔriouc �xonec. MporoÔme na qwrÐsoume to K se tm mata, to
kajèna apo ta opoÐa periorÐzetai apì èna tm ma enìc uperepipèdou par�llhlou
proc èna apì ta kÔria uperepÐpeda kai to gr�fhma miac C∞ sun�rthshc. To
Aξ(t) upologÐzetai wc to �jroisma twn ìgkwn pou antistoiqoÔn se aut� ta
tm mata. O qwrismìc tou K mporeÐ na gÐnei ètsi ¸ste oi epi mèrouc ìgkoi na
eÐnai C∞ sunart seic, opìte to Ðdio ja isqÔei gia thn Aξ(t).

'Estw M mia uperepif�neia t�xhc C2 ston Rn. Se k�je shmeÐo thc M
orÐzontai oi n − 1 kÔriec kampulìthtec k1, . . . , kn−1 thc M. To ginìmeno
k1, · · · , kn−1 lègetai kampulìthta Gauss thc M sto en lìgw shmeÐo ,([Ko],
sel.214-215, [S], sel. 105-106).
An dojeÐ mia parametrik  par�stash S, h kampulìthta Gauss ekfr�zetai su-
nart sei twn merik¸n parag¸gwn deÔterhc t�xhc twn suntetagmènwn, ([Ko],
3.37). Eidikìtera, an K èna C2−s¸ma, mia parametrik  par�stash tou sunì-
rou tou K eÐnai h

Sn−1 −→ Rn : u 7−→ ρK(u)u

'Ara h kampulìthta Gauss ekfr�zetai sunart sei twn merik¸n parag¸gwn
deÔterhc t�xhc thc aktinik c sun�rthshc.

SumbolÐzoume me F2
e to sÔnolo twn summetrik¸n kurt¸n C2 swm�twn

ston Rn twn opoÐwn to sÔnoro èqei pantoÔ jetik  kampulìthta Gauss .
ApodeiknÔontai ta ex c:
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i. an K ∈ F2
e tìte ρK ∈ C2(Sn−1), ([S], sel.111),

ii. to sÔnolo F2
e eÐnai puknì sto Kn

e , ([S], sel 160).

3.1.3 DuikoÐ MiktoÐ 'Ogkoi

O Lutwak, [L1] ìrise touc duikoÔc miktoÔc ìgkouc, oi opoÐoi èqoun an�logec
idiìthtec me touc miktoÔc ìgkouc, klasik  ènnoia thc kurt c gewmetrÐac pou
eÐqe eisaqjeÐ apì ton Minkowski.

OrÐzetai me autìn ton trìpo mia apeikìnish

Ṽ : Kn ×Kn × . . .×Kn
︸ ︷︷ ︸

n

−→ R.

Orismìc 3.1.1 Duikìc miktìc ìgkoc twn A1, . . . , An ∈ Kn eÐnai o arijmìc

Ṽ (A1, . . . An) =
1
n

∫

Sn−1

ρA1(u) · · · ρAn(u)du

Orismìc 3.1.2

Ṽi(A,B) := Ṽ (A, . . . , A︸ ︷︷ ︸
n−i

, B, . . . , B︸ ︷︷ ︸
i

).

Apo ton orismì twn duik¸n mikt¸n ìgkwn paÐrnoume ìti

Ṽi(A,A) = Ṽn(A, . . . , A) =
1
n

∫

Sn−1

ρn
A(u)du = |A|(n) (3.1.12)

kai
Ṽi(A,B) =

1
n

∫

Sn−1

ρn−i
A (u)ρi

B(u)du, i = 1, 2, . . . , n (3.1.13)

IDIOTHTES

i. Ṽ suneq c

ii. Ṽ (A1, . . . , An) > 0

iii. Ṽ (λ1A1, . . . , λnAn) = λ1 · · ·λnṼ (A1, . . . , An), λi > 0, i = 1, . . . , n

iv. An gia k�je i Ai ⊂ Bi, tìte Ṽ (A1, . . . , An) ≤ Ṽ (B1, . . . Bn) me isìthta
ann Ai = Bi, gia k�je i.
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v. Ṽ (A, . . . , A) = |A|(n)

([L1] sel. 532). Oi parap�nw idiìthtec ektìc apì thn sunèqeia thc Ṽ isqÔoun
kai sthn perÐptwsh pou ta s¸mata eÐnai asterìmorfa kai emeÐc gia tètoia ja
tic qrhsimopoi soume parak�tw. Oi apodeÐxeic twn i, ii, iii kai v eÐnai �mesec
apo ton orismì twn duik¸n mikt¸n ìgkwn. H idiìthta thc sunèqeiac tou Ṽ
gia kurt� apodeiknÔetai wc ex c:
An Kn,K ∈ Kn, Kn −→ K kai 0 ∈ K◦,
tìte ρKn(u) −→ ρK(u) gia k�je u ∈ Sn−1 kai oi ρKn eÐnai omoiìmorfa
fragmènec.
H sÔgklish twn ρKn prokÔptei apì tic parak�tw parathr seic.

1.)An Kn −→ K kai x ∈ K◦ tìte x ∈ Kn telik�.
Diìti, an gia k�je n èqoume oti x /∈ Kn, tìte up�rqei uperepÐpedo H me
x ∈ H, H ∩Kn = ∅.
'Estw ε > 0 me B(x, ε) ⊆ K.
Tìte, an y monadiaÐo k�jeto di�nusma ston H, isqÔei x + εy /∈ Kn   x− εy /∈
Kn. 'Ara d(Kn, K) ≥ ε.

2.)'Estw ρK(u) = λ. Tìte, an ε > 0 isqÔei ìti (λ − ε)u ∈ K◦, �ra
(λ−ε)u ∈ Kn telik�, opìte ρKn(u) ≥ λ−ε telik�. Sunep¸c lim inf ρKn(u) ≥
λ.

3.)'Estw ìti lim sup ρKn(u) > λ + δ, δ > 0.
Tìte, gia �peira n, isqÔei ìti (λ+δ)u ∈ Kn. Opìte paÐrnoume ìti (λ+δ)u ∈ K,
to opoÐo eÐnai �topo.

Ja qrhsimopoioÔme kai ton parak�tw sumbolismì gia touc duikoÔc miktoÔc
ìgkouc asterìmorfwn swm�twn.
OrÐzoume loipìn

Ṽ (A, i; B, j; C) := Ṽ (A, . . . , A︸ ︷︷ ︸
i

, B, . . . , B︸ ︷︷ ︸
j

, C, . . . , C︸ ︷︷ ︸
n−i−j

)

kai pio eidik�

Ṽ (A, i; C, 1;Bn) = Ṽ (A, · · · , A︸ ︷︷ ︸
i

, C, Bn, · · · , Bn︸ ︷︷ ︸
n−i−1

)

'Eqontac orÐsei touc duikoÔc miktoÔc ìgkouc ja orÐsoume kai to s¸ma
tom¸n t�xhc i.
'Estw L ∈ Sb (opìte ρL ∈ C(Sn−1) ), i ∈ N. Tìte, s¸ma tom¸n t�xhc i tou
L onom�zoume to 0-summetrikì asterìmorfo s¸ma IiL, gia to opoÐo isqÔei

ρIiL(u) =
1

n− 1

∫

Sn−1∩u⊥
ρi

L(v)dv = W̃n−1−i(L ∩ u⊥), u ∈ Sn−1. (3.1.14)
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Apo thn sunèqeia thc ρL kai thn sump�geia thc Sn−1 prokÔptei h sunèqeia
thc ρIiL, h opoÐa epÐshc eÐnai jetik , afoÔ to Ðdio isqÔei kai gia thn ρL.

Oi posìthtec W̃i(L), i = 0, 1, 2, . . . , n eÐnai ta duik� Quermassintegrals
tou asterìmorfou s¸matoc L, ta opoÐa orÐsthkan apo ton Lutwak, [L2] kai
eÐnai oi apeikonÐseic W̃i : Sb −→ Rn, gia tic opoÐec isqÔei

W̃n−i(L) := Ṽn−i(L,Bn) =
1
n

∫

Sn−1

ρi
L(u)du. (3.1.15)

Apo ton orismì profan¸c prokÔptei ìti W̃0(L) = |L|(n) kai W̃n(L) = |Bn|.
'Eqoume loipìn ìti to s¸ma tom¸n enìc s¸matoc L eÐnai to s¸ma tom¸n

t�xhc n− 1, dhlad 
IL = In−1L. (3.1.16)

SumbolÐzoume me Gn,k, 1 ≤ k ≤ n, thn pollaplìthta Grassmann, h opoÐa
orÐzetai wc h pollaplìthta pou perièqei ìlouc touc k-di�statouc upoq¸rouc
tou Rn me metrik  thn apìstash Hausdorff an�mesa stic monadiaÐec mp�lec
twn duo upoq¸rwn,

ρ(s, t) = sup
x∈Sn−1∩t

d
(
x, Sn−1 ∩ s

)
,

ìpou d eÐnai h EukleÐdeia apìstash shmeÐou apì sÔnolo.
'Estw (M, ρ) ènac sumpag c metrikìc q¸roc kai G om�da, ta stoiqeÐa thc

opoÐac droun wc isometrÐec p�nw apì ton M.
O M onom�zetai omogen c q¸roc M thc om�dac G an h dr�sh thc G p�nw
ston M eÐnai metabatik , dhlad  an gia k�je s, t ∈ M up�rqei g ∈ G t.w.
gt = s.
Tìte apì to Je¸rhma Uparxhc monadikoÔ kanonikopoihmènou Borel mètrou ν,
analloÐwtou wc proc thn dr�sh thc om�dac p�nw ston q¸ro (mètro Haar),
paÐrnoume ìti gia dosmèno k me 1 ≤ k ≤ n isqÔei

∫

Sn−1

fdν =
∫

Gn,k

∫

Sn−1∩ξ
f(t)dνξ(t)dνk(ξ), (3.1.17)

gia k�je f ∈ C(Sn−1), ìpou νξ eÐnai to kanonikopoihmèno mètro Haar p�nw
sth (k− 1)-di�stath sfaÐra Sn−1 ∩ ξ, ν sto aristerì mèroc thc isìthtac to
kanonikopoihmèno mètro Haar sthn Sn−1 kai νk to kanonikopoihmèno mètro
Haar p�nw sthn pollaplìthta Gn,k, ([M.S.], sel.4). Wc om�da G ed¸ jew-
roÔme thn om�da twn orjog¸niwn metasqhmatism¸n ston Rn gia ta ν kai νk

kai ston ξ gia ton ξ.
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'Eqontac orÐsei ta duik� Quermassintegrals mporoÔme na doÔme pwc sundè-
ontai oi ìgkoi twn i-di�statwn tom¸n enìc s¸matoc K me to (n−i)-osto duikì
Quermassintegral tou. Pio sugkekrimèna isqÔei ìti, ( [L2], 2.12)

W̃n−i(K) =
wn

wi

∫

Gn,i

|K ∩ ξ|(i)dνi(ξ). (3.1.18)

3.1.4 Merikèc qr simec sqèseic

Apì thn idiìthta (iv) paÐrnoume ìti an A ⊆ B tìte

Ṽ1(C, A) ≤ Ṽ1(C,B), (3.1.19)

gia k�je A,B, C ∈ Sb.

IsqÔei epÐshc ìti gia K, L ∈ Sb

Ṽ1(L, IK) = Ṽ1(K, IL), (3.1.20)

afoÔ apo ton orismì tou sfairikoÔ metasqhmatismoÔ Radon kai tic sqèseic
(3.1.6) kai (3.1.13), paÐrnoume

Ṽ1(L, IK) =
1
n

∫

Sn−1

ρn−1
L (u)ρIK(u)du

=
1
n

∫

Sn−1

ρn−1
L (u)R

( 1
n− 1

ρn−1
K

)
(u)du

=
1
n

∫

Sn−1

R
(
ρn−1

L

)
(u)

1
n− 1

ρn−1
K (u)du

=
1
n

∫

Sn−1

(n− 1)ρIL(u)
1

n− 1
ρn−1

K (u)du = Ṽ1(K, IL).

Apo ton orismì twn duik¸n mikt¸n ìgkwn, èqoume akìma ìti

Ṽ1(K, K) = |K|(n). (3.1.21)

'Allh mia sqèsh pou ja qrhsimopoi soume parak�tw eÐnai h

IiK ⊆ IiL ⇔ ρIiK ≤ ρIiL (3.1.22)

h opoÐa eÐnai eidik  perÐptwsh thc sqèshc (3.1.5).
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Mia epÐshc qr simh sqèsh eÐnai kai h duik  anisìthta tou Minkowski [L1],
sel.535)

Ṽ1(K,L)
n ≤ |K|n−1

(n) |L|(n), K, L ∈ Sb (3.1.23)

kaj¸c kai h

Ṽ (K, i; L, j; C)i+j ≤ Ṽ (K, i + j;C)iṼ (L, i + j; C)j K, L, C ∈ Sb. (3.1.24)

[L1] - [Z3]
Oi parap�nw sqèseic, ìpwc tic ìrise o Lutwak, anafèrontai se kurt� s¸mata.
Ousiastik� ìmwc gia tic apodeÐxeic touc qrhsimopoioÔntai mìno oi idiìthtec ìti
ta s¸mata èqoun jetikèc kai suneqeÐc aktinikèc sunart seic. Sthn ergasÐa
aut  qrhsimopoioÔme tic sqèseic autèc gia asterìmorfa s¸mata, ta opoÐa
èqoun tic parap�nw idiìthtec.
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3.2 To Pr¸to KÔrio Je¸rhma

L mma 3.2.1 An K ∈ Sb, tìte

ρIiK(u) =
1

n− 1
(
Rρi

K

)
(u).

Apìdeixh
Apo ton orismì tou sfairikoÔ metasqhmatismoÔ Radon kai jewr¸ntac stic
sfaÐrec mh kanonikopoihmèna embad�, èqoume

(
Rρi

K

)
(u) =

∫

Sn−1∩u⊥
ρi

K(v)dv.

Efarmìzontac thn sqèsh (3.1.17) ston q¸ro u⊥ to olokl rwma gÐnetai

(n− 1)wn−1

iwi

∫

G(n−1,i)

∫

Sn−1∩u⊥∩ξ

ρi
K(t)dµξ(t)dνi(ξ)

Apì thn (3.1.6) to parap�nw olokl rwma isoÔtai me

(n− 1)wn−1

wi

∫

G(n−1,i)
|K ∩ u⊥ ∩ ξ|(i)dνiξ

en¸ apì tic sqèseic (3.1.14) kai (3.1.18) paÐrnoume ìti h parap�nw posìthta
eÐnai Ðsh me

(n− 1)W̃n−1−i(K ∩ u⊥) = (n− 1)ρIiK(u).

Prìtash 3.2.1 'Estw K s¸ma tom¸n enìc asterìmorfou s¸matoc, L aste-
rìmorfo s¸ma ètsi ¸ste

|K ∩ u⊥|(n−1) ≤ |L ∩ u⊥|(n−1)

gia k�je u ∈ Sn−1. Tìte
|K|(n) ≤ |L|(n).

Apìdeixh
To K eÐnai s¸ma tom¸n enìc asterìmorfou s¸matoc, opìte to Ðdio eÐnai aste-
rìmorfo s¸ma. 'Estw u ∈ Sn−1. Apì ton orismì twn swm�twn tom¸n isqÔei
ìti

ρIK(u) = |K ∩ u⊥|(n−1), ρIL(u) = |L ∩ u⊥|(n−1).
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Opìte ρIK ≤ ρIL, ìpou IK to s¸ma tom¸n tou K kai IL to s¸ma tom¸n tou
L. Ta IK, IL eÐnai asterìmorfa s¸mata opìte apo thn sqèsh (3.1.5) èqoume

IK ⊆ IL (∗)
To K eÐnai s¸ma tom¸n enìc asterìmorfou s¸matoc, dhlad  up�rqei èna
K0 ∈ Sb tètoio ¸ste K = IK0. Apo ton orismì twn duik¸n mikt¸n ìgkwn
èqoume ìti an M, N ∈ Sb tìte

M ⊆ N ⇒ Ṽ1(K0,M) ≤ Ṽ1(K0, N),

gia k�je K0 ∈ Sb (sqèsh (3.1.19) ). Opìte apì tic sqèseic (∗), (3.1.20),
(3.1.21) kai thn idiìthta pou anafèrjhke parap�nw, paÐrnoume ìti

Ṽ1(K0, IK) ≤ Ṽ1(K0, IL)

�ra
Ṽ1(K, IK0) ≤ Ṽ1(L, IK0)

kai sunep¸c
|K|(n) = Ṽ1(K,K) ≤ Ṽ1(L,K).

Efarmìzontac t¸ra thn duik  anisìthta tou Minkowski, (sqèsh (3.1.23) ),
èqoume,

|K|(n) ≤ |K|n−1/n
(n) |L|1/n

(n)

kai �ra
|K|1/n

(n) ≤ |L|1/n
(n) .

L mma 3.2.2 'Estw K, L asterìmorfa s¸mata.An

IiK ⊆ IiL

tìte gia k�je N ∈ I isqÔei

Ṽ (K, i; N, 1;Bn) ≤ Ṽ (L, i; N, 1;Bn).

Apìdeixh
To N eÐnai s¸ma tom¸n opìte h duik  genn tria katanom  tou R−1ρN eÐnai
mètro, èstw µ̃N . Apo ton orismì twn duik¸n mikt¸n ìgkwn, tou sfairikoÔ
metasqhmatismoÔ Radon kai thc sqèshc (3.1.2), qrhsimopoi¸ntac ìti h ρi

K

eÐnai suneq c sthn Sn−1 kai ìti h R−1ρN eÐnai katanom , èqoume

nṼ (K, i; N, 1;Bn)− nṼ (L, i; N, 1;Bn)



3.2. TO PR�WTO K�URIO JE�WRHMA 119

=
∫

Sn−1

ρi
K(u)ρN (u)du−

∫

Sn−1

ρi
L(u)ρN (u)du =

〈
ρi

K , ρN

〉− 〈
ρi

L, ρN

〉

=
〈
Rρi

K , R−1ρN

〉− 〈
Rρi

L, R−1ρN

〉
.

Apo to l mma 3.2.1, katal goume sthn

nṼ (K, i;N, 1;Bn)− nṼ (L, i; N, 1;Bn)

= (n− 1)
∫

Sn−1

(
ρIiK(u)− ρIiL(u)

)
dµ̃N (u).

Opìte to olokl rwma ja eÐnai arnhtikì an ρIiK ≤ ρIiL, to opoÐo ex orismoÔ
tou isqÔei an kai mìno an IiK ⊆ IiL (sqèsh (3.1.22) ).

L mma 3.2.3 'Estw N èna puknì uposÔnolo tou Ce(Sn−1). Tìte èna 0-
summetrikì asterìmorfo s¸ma K eÐnai s¸ma tom¸n an kai mìno an

∫

Sn−1

ρK(u)g(u)du ≥ 0,

gia k�je g ∈ N me Rg ≥ 0.

Apìdeixh
'Estw N puknì uposÔnolo tou Ce(Sn−1). Ja deÐxoume ìti to sÔnolo {g ∈
N : Rg ≥ 0} eÐnai puknì sto {g ∈ Ce(Sn−1) : Rg ≥ 0}. ArkeÐ na deÐxoume
ìti to {g ∈ N : Rg ≥ 0} eÐnai puknì sto {g ∈ Ce(Sn−1) : Rg > 0}, afoÔ
R(g + a) = Rg + a(n− 1)wn−1.
PaÐrnoume loipìn g ∈ {g ∈ Ce(Sn−1) : Rg > 0}.
AfoÔ to N eÐnai puknì sto Ce(Sn−1) ja up�rqei akoloujÐa (gm)m∈N sto
N me gm −→ g ∈ Ce(Sn−1). Jèloume gia meg�la m, na isqÔei Rgm ≥ 0.
Upojètoume ìti autì den isqÔei. Tìte ja up�rqei mia akoloujÐa stoiqeÐwn
sthn sfaÐra (xk)k∈N me xk −→ x ∈ Sn−1 kai upoakoloujÐa (gmk

) thc (gm)
me Rgmk

(xk) < 0. AfoÔ Rg ∈ Ce(Sn−1) kai Rgmk
−→ Rg omoiìmorfa, (afoÔ

gmk
−→ g ∈ Ce(Sn−1) omoiìmorfa ), ja èqoume

0 < Rg(x) < Rg(x)−Rgmk
(xk) = Rg(x)−Rg(xk)+Rg(xk)−Rgmk

(xk) −→ 0

to opoÐo eÐnai �topo. 'Ara to {g ∈ N : Rg ≥ 0} eÐnai puknì sto {g ∈
Ce(Sn−1) : Rg ≥ 0}.

Apì thn sqèsh (3.1.8) èqoume ìti èna 0-summetrikì asterìmorfo s¸ma K
eÐnai s¸ma tom¸n an kai mìno an

∫
Sn−1 ρK(u)g(u)du ≥ 0 gia g ∈ C∞

e (Sn−1)
me Rg ≥ 0. 'Omwc to C∞

e (Sn−1) eÐnai puknì sto Ce(Sn−1).
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Sunep¸c, h sunj kh pou emfanÐzetai sthn (3.1.8) eÐnai isodÔnamh me thn sun-
j kh pou emfanÐzetai sto L mma 3.2.3, afoÔ kai oi dÔo eÐnai isodÔnamec me to
ìti

∫
Sn−1 ρK(u)g(u)du ≥ 0, gia k�je g ∈ Ce(Sn−1) me Rg ≥ 0.

Prìtash 3.2.2 'Estw K 0-summetrikì asterìmorfo s¸ma. An to K eÐnai
s¸ma tom¸n kai L, M summetrik� asterìmorfa s¸mata L,M, isqÔei

IiL ⊆ IiM ⇒ Ṽ (L, i; K, 1;Bn) ≤ Ṽ (M, i;K, 1;Bn) (∗)
AntÐstrofa, èstw M èna kurtì s¸ma sto F2

e (sÔnolo twn kurt¸n C2 swm�twn
me jetik  kampulìthta Gauss). Tìte, an isqÔei h (∗) gia k�je L pou an kei
se k�poio puknì k¸no tou sunìlou Kn

e twn kurt¸n summetrik¸n swm�twn, to
K eÐnai s¸ma tom¸n.

Apìdeixh
To eujÔ thc prìtashc prokÔptei �mesa apì to L mma 3.2.2.
Gia to antÐstrofo t¸ra, jewroÔme kurtì s¸ma M ∈ F2

e kai mia �rtia sun�r-
thsh q ∈ C2(Sn−1). Tìte h aktinik  sun�rthsh ρM tou M eÐnai epÐshc �rtia
kai an kei sto C2(Sn−1) (ìpwc eÐdame kai sto tèloc thc paragr�fou 3.1.2),
opìte to Ðdio isqÔei gia k�je sun�rthsh ρM (u)− tq(u), t > 0. Kai gia mikr�
t, afoÔ ρM > 0 kai to Sn−1 eÐnai sumpagèc, isqÔei ìti

ρM (u)− tq(u) > 0, u ∈ Sn−1.

Gia k�je t > 0 pou ikanopoieÐ aut  th sqèsh, jewroÔme to sÔnolo

Mt =
{
ru : u ∈ Sn−1, 0 ≤ r ≤ ρM (u)− tq(u)

}
.

JewroÔme s¸ma Mt, me kèntro to 0 kai aktinik  sun�rthsh ρM − tq. EpÐshc
jewroÔme tic kleistèc epif�neiec ϑMt pou dÐnontai apì tic apeikonÐseic thc
Sn−1 ston Rn,

u 7−→ ρM (u)u− tq(u)u.

OrÐzetai ètsi mia oikogèneia mikr¸n paramorf¸sewn tou ϑM.
H kampulìthta Gauss thc ϑMt ekfr�zetai sunart sei twn parag¸gwn

deÔterhc t�xhc thc sun�rthshc ρM (u)u− tq(u)u (bl. tèloc thc paragrafou
3.1.2 ). AfoÔ h kampulìthta Gauss thc ρM eÐnai pantoÔ jetik , èpetai ìti
gia mikr� t h epif�neia ϑMt èqei epÐshc jetik  kampulìthta, �ra to Mt an kei
sto F2

e .
Oi sunart seic q, ρM an koun sto C2

e (Sn−1), to opoÐo eÐnai puknì sto Ce(Sn−1)
kai

ρi
M−(ρM− tq)i = ρi

M −ρi
M (1− tqρ−1

M )i = ρi
M −ρi

M

(
1− itqρ−1

M +O(t2q2ρ−2
M )

)
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= itqρi−1
M + O(t2) ∈ C2

e (Sn−1).

JewroÔme t¸ra to sÔnolo

N =
{
cρi

M − ρi
L : c > 0, L ∈ Kn

e

}

Apì thn parap�nw sqèsh èqoume ìti to N eÐnai puknì sto{
qρi−1

M : q ∈ C2
e (Sn−1)

}
, afoÔ gia tuqoÔsa q ∈ C2

e (Sn−1) h qρi−1
M proseg-

gÐzetai apì thn 1
itρ

i
M − 1

itρ
i
L, ìpou L to s¸ma me aktinik  sun�rthsh thn

ρM − tq kai 1
itρ

i
L =

(
ρ(it)−1/iL

)i
. Jèloume na deÐxoume ìti to N eÐnai puknì

sto Ce(Sn−1).
'Estw g ∈ Ce(Sn−1). H sun�rthsh ρi−1

M eÐnai gn sia jetik , suneq c kai �rtia,
opìte g

ρi−1
M

∈ Ce(Sn−1). Kai afoÔ to C2
e (Sn−1) eÐnai puknì sto Ce(Sn−1) mpo-

roÔme na broÔme sunart seic q ∈ C2
e (Sn−1) pou na proseggÐzoun thn g

ρi−1
M

,

opìte mporoÔme na broÔme sunart seic qρi−1
M oi opoÐec ja proseggÐzoun thn

g ∈ Ce(Sn−1).
'Ara to {qρi−1

M : q ∈ C2
e (Sn−1)} eÐnai puknì sto Ce(Sn−1) kai sunep¸c to N

eÐnai puknì sto Ce(Sn−1).
'Estw g ∈ N . H g èqei th morf  g = cρi

M − ρi
L gia k�poio L ∈ Kn

e . Tìte
apì to l mma 3.2.1 èqoume ìti

c−1Rg = (n− 1)
(
ρIiM − ρIi(c−1/iL)

)
(∗∗)

kai

c−1

∫

Sn−1

ρK(u)g(u)du =
∫

Sn−1

ρK(u)
(
ρi

M − c−1ρi
L

)
(u)du

=
∫

Sn−1

ρK(u)ρi
M (u)du−

∫

Sn−1

c−1ρK(u)ρi
L(u)du.

Apì ton orismì twn duik¸n mikt¸n ìgkwn paÐrnoume telik� ìti

c−1

n

∫

Sn−1

ρK(u)g(u)du = Ṽ (M, i; K, 1;Bn)− Ṽ (c−1/iL, i; K, 1;Bn) (∗ ∗ ∗)

'Estw ìti Rg ≥ 0. Apì thn (∗∗) èpetai ìti Ii(c−1/iL) ⊆ IiM.
'Estw C o puknìc k¸noc pou anafèretai sthn upìjesh.

JewroÔme akoloujÐa swm�twn (Ln) ∈ C Ln −→ L wc proc thn metrik 
Hausdorff. Tìte, up�rqoun an > 0 ètsi ¸ste

anLn −→ L, n −→∞
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kai
anLn ⊆ L,

gia k�je n. Opìte paÐrnoume ìti Ii(c−1/ianLn) ⊆ IiM.

'Etsi apì thn upìjesh èqoume ìti

Ṽ (c−1/ianLn, i; K, 1;Bn) ≤ Ṽ (M, i; K, 1;Bn),

kai lìgw thc sunèqeiac twn duik¸n mikt¸n ìgkwn

Ṽ (c−1/ianLn, i; K, 1;Bn) −→ Ṽ (c−1/iL, i; K, 1;Bn).

Opìte
Ṽ (c−1/iL, i;K, 1;Bn) ≤ Ṽ (M, i; K, 1;Bn).

Apì thn (∗ ∗ ∗) paÐrnoume tìte ìti
∫

Sn−1

ρK(u)g(u)du ≥ 0,

gia k�je g ∈ N me Rg ≥ 0. Ki ètsi to l mma 3.2.3 mac dÐnei ìti to K eÐnai
s¸ma tom¸n.

Prìtash 3.2.3 'Estw K kurtì s¸ma, sto F2
e , to opoÐo den eÐnai s¸ma

tom¸n. Tìte k�je puknìc k¸noc sto Kn
e perièqei èna kurtì s¸ma L ètsi ¸ste

IiL ⊂ IiK,

all�
W̃n−1−i(K) < W̃n−1−i(L).

Apìdeixh
Apì thn prìtash 3.2.2, an p�roume K = M, afoÔ to K den eÐnai s¸ma tom¸n,
se k�je puknì k¸no tou Kn

e ja up�rqei èna s¸ma L tètoio ¸ste IiL ⊂ IiK,
all�

Ṽ (L, i; K, 1;Bn) > Ṽ (K, i + 1;Bn) = W̃n−1−i(K) (∗)
Apì thn sqèsh (3.1.24) paÐrnoume

Ṽ (L, i;K, 1;Bn)i+1 ≤ Ṽ (L, i + 1;Bn)iṼ (K, i + 1; Bn)

= W̃n−1−i(L)iW̃n−1−i(K)
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kai lìgw thc (∗) èqoume

W̃n−1−i(K)i+1 < W̃n−1−i(L)iW̃n−1−i(K)

�ra
W̃n−1−i(K) < W̃n−1−i(L).

Pìrisma 3.2.1 'Estw K kurtì s¸ma, sto F2
e , to opoÐo den eÐnai s¸ma

tom¸n. Tìte se k�je puknì k¸no tou Kn
c up�rqei s¸ma L, ètsi ¸ste

IL ⊂ IK

all�
|K|(n) < |L|(n).

Apìdeixh
An sthn prìtash 3.2.3 p�roume i = n − 1 tìte apì ton orismì twn duik¸n
Quermassintegrals isqÔei oti W̃0(K) = |K|(n) kai In−1K = IK. Sunep¸c
to apotèlesma eÐnai �meso.

Je¸rhma 3.2.1 To prìblhma twn Busemann-Petty èqei katafatik  ap�-
nthsh ston Rn an kai mìno an k�je kurtì s¸ma, me kèntro to 0, eÐnai s¸ma
tom¸n.

Apìdeixh
Apì thn prìtash 3.2.1 èqoume ìti ikan  sunj kh gia na èqoume katafatik 
ap�nthsh eÐnai, k�je kurtì 0-summetrikì s¸ma na eÐnai s¸ma tom¸n.

Ja deÐxoume t¸ra ìti h Ôparxh swm�twn pou den eÐnai s¸mata tom¸n dÐnei
arnhtik  ap�nthsh. Upojètoume ìti èqoume èna 0-summetrikì kurtì s¸ma K
to opoÐo den eÐnai s¸ma tom¸n. Tìte apì thn prìtash 3.2.2 me i = n− 1 kai
M = Bn, (profan¸c Bn ∈ F2

e ) up�rqei kurtì s¸ma L tètoio ¸ste na isqÔoun
tautìqrona oi

IL ⊆ IBnṼ1(L,K) > Ṽ1(Bn,K) (∗)
Ta kurt� summetrik� s¸mata pou proèrqontai apì mikrèc metabolèc (wc proc
thn metrik  Hausdorff) tou K exakoloujoÔn na ikanopoioÔn thn anisìthta
(lìgw thc sunèqeiac twn duik¸n mikt¸n ìgkwn gia kurt� s¸mata). Sunep¸c
p�li apì thn prìtash 3.2.2, aut� den eÐnai s¸mata tom¸n. Kai afoÔ to F2

e
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eÐnai puknì sto Kn
e mporoÔme na broÔme kurt� s¸mata sto F2

e , ta opoÐa den
eÐnai s¸mata tom¸n. MporoÔme dhlad  na upojèsoume ìti to K an kei sto
F2

e opìte, apì to pìrisma 3.2.1, ja up�rqei kurtì s¸ma L t.w.

IL ⊂ IK

all�
|K|(n) < |L|(n).

Autì dÐnei arnhtik  ap�nthsh sto prìblhma twn Busemann-Petty.

3.3 To DeÔtero KÔrio Je¸rhma

L mma 3.3.1 'Estw µ tempered mètro ston Rn, to opoÐo eÐnai epiplèon �rtia
omogen c katanom  t�xhc −n + 1.Tìte up�rqei èna peperasmèno Borel mètro
µ0 sthn Sn−1, tètoio ¸ste

〈µ, φ〉 =
∫

Rn

φ(x)dµ(x) =
∫

Sn−1

∫

R
φ(tθ)dtdµ0(θ),

gia k�je φ ∈ S.

Apìdeixh
Kat' arq n ja deÐxoume ìti to µ({0}) = 0.
To µ mporeÐ na grafteÐ wc µ = µ1 + aδ, ìpou µ1 mètro, me µ1({0}) = 0 kai δ
to mètro Dirac me m�za sto 0.
To µ eÐnai omogenèc t�xhc −n + 1 opìte gia k�je mh arnhtik  test function
φ me φ(0) > 0 kai gia k�je t > 0, isqÔei ìti

〈µ, φ(x/t)〉 = t 〈µ, φ〉

'Ara
t 〈µ, φ〉 −→ 0, (3.3.1)

kaj¸c t −→ 0+.

Apì thn �llh

〈µ, φ(x/t)〉 = 〈µ1 + aδ, φ(x/t)〉 = 〈µ1, φ(x/t)〉+ aφ(0). (3.3.2)

AfoÔ φ ∈ S, isqÔei lim
t→0+

φ(x/t) = 0.
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Epiplèon, an a > 0 tètoio ¸ste
∫

Rn

(
1 + ‖x‖2

)−a
dµ < ∞

tìte |φ(x)| ≤ c
(
1 + ‖x‖2

)−a gia k�poio c > 0, �ra

‖φ(x/t)| ≤ c
(
1 +

‖x‖2

t

)−a ≤ c
(
1 + ‖x‖2

)−a
,

an t < 1. Sunep¸c apì to Je¸rhma Kuriarqhmènhc SÔgklishc èpetai ìti

〈µ1, φ(x/t)〉 −→ 0

opìte apì tic sqèseic (3.3.1),(3.3.2) paÐrnoume ìti a = 0.
Gia k�je Borel sÔnolo A ⊂ Sn−1 kai di�sthma (a, b] ⊂ [0,∞) orÐzoume to

sÔnolo
A× (a, b] := {x ∈ Rn : x = tθ, t ∈ (a, b], θ ∈ A}.

'Estw φ mh arnhtik  C∞ sun�rthsh me
∫

φ = 1 kai suppφ ⊆ Bn. Qrhsi-
mopoi¸ntac thn mèjodo prosèggishc sth mon�da, orÐzoume

φε(x) =
1
εn

φ(
x

ε
).

Tìte h φε eÐnai ∈ C∞ sun�rthsh me
∫

φε = 1, suppφε ⊆ Bn(ε), ìpou Bn(ε)
h anoiqt  mp�la me kèntro to 0 kai aktÐna ε > 0.
Tìte, χA×[0,1] ∗ φε ∈ S kai

χA×[0,1] ∗ φε −→ χA×[0,1] σ.π.,

kaj¸c ε −→ 0+, ([W.Z.], sel.123).
Kai, epeid  to µ eÐnai omogenèc t�xhc −n + 1

〈
µ,

(
χA×[0,1] ∗ φε

)
(x/k)

〉
=

∫ (
χA×[0,1] ∗ φε

)
(x/k)dµ(x)

= k

∫ (
χA×[0,1] ∗ φε(x)dµ(x) = k

〈
µ,

(
χA×[0,1] ∗ φε

)〉
(3.3.3)

'Estw Fε(y) =
(
χA×[0,1] ∗ φε

)
(y), 0 < ε < 1. Oi Fε eÐnai fragmènec apì mia

µ−oloklhr¸simh sun�rthsh. Pr�gmati gia k�je y isqÔei

Fε(y) =
(
χA×[0,1] ∗ φε

)
(y) =

∫

Rn

χA×[0,1](z)φε(y − z)dz.
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H oloklhroÔmenh sun�rthsh den mhdenÐzetai mìno an z ∈ A × [0, 1], y − z ∈
Bn(ε) opìte y ∈ (

A× [0, 1]
)

+ Bn(ε) ⊆ A× [0, 1] + Bn = D. 'Ara

|Fε| ≤ ‖Fε‖∞ · χD

Epiplèon, ∣∣Fε(y)
∣∣ =

∣∣∣
∫

Rn

χA×[0,1](y − u)φε(u)du
∣∣∣

≤
∫

Bn(ε)
φε(u)du =

∫

Bn(ε)

1
εn

φ(
u

ε
)du =

∫

Bn(ε)
φ(u)du = 1

'Ara |Fε| ≤ χD, gia k�je 0 < ε < 1. Opìte efarmìzontac to Je¸rhma
Kuriarqhmènhc Sugklishc, paÐrnoume

〈
µ,

(
χA×[0,1] ∗ φε

)
(x/k)

〉 −→ 〈
µ,

(
χA×[0,1]

)
(x/k)

〉

kai
k

〈
µ,

(
χA×[0,1] ∗ φε

)〉 −→ k
〈
µ,

(
χA×[0,1]

)〉

kaj¸c ε −→ 0+.
Opìte apì thn (3.3.3) kai tic parap�nw sqèseic prokÔptei ìti

〈
µ, χA×[0,1](x/k)

〉
= k

〈
µ, χA×[0,1]

〉
= kµ(A× [0, 1]).

IsqÔei loipìn ìti gia k�je Borel A ⊂ Sn−1 kai k > 0,

µ(A× [0, k]) =
〈
µ, χA×[0,1](x/k)

〉
= kµ(A× [0, 1]), (3.3.4)

afoÔ χA×[0,k](x) = χA×[0,1](x/k).
'Etsi, gia k�je Borel A ⊂ Sn−1 kai gia k�je a, b me 0 ≤ a < b, paÐrnoume ìti

µ
(
A× (a, b]

)
= µ

(
A× [0, b]

)− µ
(
A× [0, a]

)

= bµ
(
A× [0, 1]

)− aµ
(
A× [0, 1]

)
= (b− a)µ

(
A× [0, 1]

)

OrÐzoume t¸ra mètro p�nw sthn Sn−1, µ0, me

µ0(A) = µ(A× [0, 1]),

gia k�je Borel, A ⊂ Sn−1.
Kai tìte

∫

Sn−1

∫

R
χA×(a,b](tθ)dtdµ0(θ) =

∫

Sn−1

∫

R
χA(θ)χ(a,b](t)dtdµ0(θ) =
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∫

Sn−1

χA(θ)(b− a)dµ0(θ) = (b− a)µ0(A)

= µ
(
A× (a, b]

)
=

∫

Rn

(
χA×(a,b]

)
dµ.

Sunep¸c h zhtoÔmenh isìthta isqÔei gia sunart seic thc morf c

χA × (a, b].

Gia na apodeiqjeÐ gia φ ∈ S, arkeÐ na apodeiqjeÐ gia tic sunart seic φ+, φ−.
K�je mÐa ìmwc apì autèc eÐnai ìrio miac aÔxousac akoloujÐac sunart se-
wn ψn ≥ 0, oi opoÐec eÐnai grammikoÐ sundiasmoÐ sunart sewn thc parap�nw
morf c. 'Ara h isìthta isqÔei gia tic ψn, opìte kai gia thn φ.

Je¸rhma 3.3.1 'Ena asterìmorfo s¸ma K eÐnai s¸ma tom¸n an kai mìno
an h ‖x‖−1

K eÐnai jetik� orismènh katanom .

Apìdeixh
An φ ∈ S kai θ ∈ Sn−1, tìte

∫

R
φ(tθ)dt =

1
(2π)n

∫

R
(φ̂)∧(tθ)dt.

Apì thn sqèsh (3.1.4), me z = 0 kai k�nontac allag  metablht c x = tξ,
paÐrnoume ∫

R
φ(tθ)dt =

1
(2π)n−1

∫

θ⊥
φ̂(x)dx

=
1

(2π)n−1

∫

Sn−1∩θ⊥

∞∫

0

tn−2φ̂(tξ)dtdξ. (3.3.5)

Upojètoume ìti to K eÐnai s¸ma tom¸n. 'Estw µ èna mètro p�nw sthn Sn−1

tètoio ¸ste Rµ = ‖θ‖−1
K . Gia k�je mh arnhtik  test function φ, afoÔ h

‖x‖−1
K eÐnai topik� oloklhr¸simh sun�rthsh, apì thn sqèsh (3.3.5) èqoume

〈
(‖x‖−1

K )∧, φ
〉

=
〈
‖x‖−1

K , φ̂
〉

=
∫

Rn

‖x‖−1
K φ̂(x)dx.

Me allag  metablht c x = tθ kai afoÔ h ‖x‖−1
K eÐnai omogen c t�xhc -1

paÐrnoume ìti
〈(‖x‖−1

K

)∧
, φ

〉
=

∫

Sn−1

∫ ∞

0
tn−1φ̂(tθ)‖tθ‖−1

K dtdθ
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=
∫

Sn−1

∫ ∞

0
tn−2φ̂(tθ)‖θ‖−1

K dtdθ =
∫

Sn−1

‖θ‖−1
K

∫ ∞

0
tn−2φ̂(tθ)dtdθ

=
〈
‖θ‖−1

K ,

∫ ∞

0
tn−2φ̂(tθ)dt

〉
=

〈
Rµ,

∫ ∞

0
tn−2φ̂(tθ)dt

〉

=
〈

µ,R
(∫ ∞

0
tn−2φ̂(tθ)dt

)〉
=

〈
µ,

∫

Sn−1∩θ⊥

(∫ ∞

0
tn−2φ̂(tξ)dt

)
dξ

〉

= (2π)n−1

〈
µ,

∫

R
φ(tθ)dt

〉
≥ 0.

H teleutaÐa isìthta prokÔptei apì thn sqèsh (3.3.5). Kai afoÔ h φ eÐnai
opoiad pote mh arnhtik  test function, paÐrnoume ìti h ‖x‖−1

K eÐnai jetik�
orismènh katanom .

AntÐstrofa, upojètoume ìti h ‖x‖−1
K eÐnai mia jetik� orismènh katanom .

Tìte -ìpwc eÐdame kai sth par�grafo 3.1.1- o metasqhmatismìc Fourier thc
eÐnai èna tempered mètro µ ston Rn. San metasqhmatismìc Fourier miac o-
mogenoÔc katanom c t�xhc -1, to mètro autì eÐnai omogen c katanom  t�xhc
−n + 1, h opoÐa eÐnai epiplèon �rtia epeid  to K eÐnai summetrikì.
Apì to l mma 3.3.1, up�rqei èna peperasmèno Borel mètro µ0 sthn Sn−1 tètoio
¸ste gia k�je φ ∈ S

〈µ, φ〉 =
∫

Rn

φ(x)dµ(x) =
∫

Sn−1

∫

R
φ(tθ)dtdµ0(θ)

Apì to l mma 3.3.1 kai thn sqèsh (3.1.4) jètontac z = 0, èqoume ìti gia k�je
φ ∈ S 〈‖x‖−1

K , φ
〉

=
1

(2π)n

〈(‖x‖−1
K

)∧
, φ̂

〉
=

1
(2π)n

〈
µ, φ̂

〉

=
1

(2π)n

∫

Sn−1

∫

R
φ̂(tθ)dtdµ0(θ) =

1
(2π)n−1

∫

Sn−1

∫

〈θ,x〉=0
φ(x)dxdµ0(θ)

=
1

(2π)n−1

〈
µ0,

∫

〈θ,x〉=0
φ(x)dx

〉

kai k�nontac allag  metablht¸n se sfairikèc suntetagmènec, x = tθ, èqoume

〈‖x‖−1
K , φ

〉
=

1
(2π)n−1

〈
µ0,

∫

Sn−1∩θ⊥

∫ ∞

0
φ(tξ)tn−2dtdξ

〉

=
1

(2π)n−1

〈
µ0, R

(∫ ∞

0
φ(tθ)tn−2dt

)〉
=

1
(2π)n−1

〈
Rµ0,

∫ ∞

0
φ(tθ)tn−2dt

〉
.

(3.3.6)
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Epiplèon
〈‖x‖−1

K , φ
〉

=
∫

Rn

‖x‖−1
K φ(x)dx =

∫

Sn−1

∫ ∞

0
‖θ‖−1

K tn−2φ(tθ)dtdθ

=
∫

Sn−1

‖θ‖−1
K

∫ ∞

0
tn−2φ(tθ)dtdθ (3.3.7)

To olokl rwma
∫
Rn ‖x‖−1

K φ(x)dx up�rqei kai autì mporoÔme na to doÔme
akolouj¸ntac ton parak�tw sullogismì:
To K eÐnai fragmèno opìte up�rqei stajer� c > 0 me ‖x‖−1

K ≤ c‖x‖−1
2 . 'Ara

∫

Bn

‖x‖−1
K |φ(x)|dx ≤ c

∫

Bn

‖x‖−1
2 |φ(x)|dx ≤ ‖φ‖∞c

∫

Sn−1

∫ 1

0
tn−1t−1dtdθ

= ‖φ‖∞
∫ 1

0
tn−2dt < +∞,

an n ≥ 2. Epiplèon,∫

Rn\Bn

‖x‖−1
K |φ(x)|dx ≤ c

∫

Rn\Bn

‖x‖−1
2 |φ(x)|dx.

AfoÔ φ ∈ S, isqÔei ìti lim
x→+∞

‖x‖−1
2 |φ(x)|

‖x‖−n−1
2

= 0, �ra up�rqei stajer� b > 0 me

‖x‖−1
2 |φ(x)| ≤ b‖x‖−n−1

2

gia k�je x ∈ Rn \Bn. 'Ara
∫

Rn\Bn

‖x‖−1
2 |φ(x)|dx ≤ b

∫

Rn\Bn

‖x‖−n−1
2 dx = b

∫

Sn−1

∫ ∞

1
t−2dtdθ < +∞.

'Estw v mia �peirec forèc paragwgÐsimh sun�rthsh tou θ p�nw sthn Sn−1.
K�je tètoia sun�rthsh mporeÐ na parastajeÐ me thn morf 

∫∞
0 tn−2φ(tθ)dt gia

k�poio φ ∈ S. Diìti, eÐnai dunatì na jewr soume mÐa mh arnhtik  sun�rthsh
u ∈ S h opoÐa mhdenÐzetai se mia perioq  tou 0 kai èqei thn idiìthta ìti∫
R tn−2u(t)dt = 1, opìte h sun�rthsh v ja mporeÐ na grafteÐ wc

v(θ) =
∫ ∞

0
tn−2u(t)v(θ)dt ∈ S

kai h sun�rthsh φ(x) = u(t)v(θ), ìpou x = tθ, an kei sto S.

'Etsi, apì tic sqèseic (3.3.6), (3.3.7) prokÔptei ìti oi posìthtec ‖θ‖−1
K kai

1
(2π)n−1 Rµ0, an tic doÔme san sunarthsoeid  sto C(Sn−1), sumpÐptoun gia k�-
je sun�rthsh φ ∈ C∞(Sn−1). Epeid  to C∞(Sn−1) eÐnai puknì sto C(Sn−1),
ta sunarthsoeid  aut� eÐnai Ðsa, opìte apo ton orismì twn swm�twn tom¸n,
to K eÐnai tètoio.
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3.4 To TrÐto KÔrio Je¸rhma

L mma 3.4.1 An φ ∈ S �rtia sun�rthsh ξ ∈ Sn−1 kai −1 < q < 0, isqÔei
∫

Rn

| 〈ξ, x〉 |−q−1φ(x)dx =
−1

2Γ(1 + q) sin qπ
2

∫ +∞

−∞
|t|qφ̂(tξ)dt.

Apìdeixh
'Eqoume ìti
∫

Rn

| 〈ξ, x〉 |−q−1φ(x)dx =
∫

R
|t|−q−1

∫

〈ξ,x〉=t
φ(x)dxdt =

〈|t|−q−1, Rφ(ξ; t)
〉

(apì thn sqèsh (3.1.1) )

=
〈 −1

2Γ(q + 1) sin qπ
2

(|s|q )̂ (t), Rφ(ξ; t)
〉

=
−1

2Γ(q + 1) sin qπ
2

〈(|s|q )̂ (t), Rφ(ξ; t)〉

=
−1

2Γ(q + 1) sin qπ
2

〈
(|s|q), (Rφ(ξ; t)

)̂
(s)

〉
.

Thn teleutaÐa isìthta thn p rame lìgw thc antimetajetikìthtac tou meta-
sqhmatismoÔ Fourier sto eswterikì ginìmeno. Qrhsimopoi¸ntac thn sqèsh
(3.1.3′) katal goume sthn zhtoÔmenh isìthta

∫

Rn

| 〈ξ, x〉 |−q−1φ(x)dx =
−1

2Γ(q + 1) sin qπ
2

〈
(|s|q), φ̂(sξ)

〉

=
−1

2Γ(q + 1) sin qπ
2

∫

R
|t|qφ̂(tξ)dt.

Je¸rhma 3.4.1 'Estw K 0-summetrikì asterìmorfo s¸ma ston Rn me
C∞ sÔnoro. Upojètoume ìti ξ ∈ Sn−1 ki èstw Aξ h sun�rthsh par�llhlwn
tom¸n tou K. Gia q ∈ C me Req > −1, q 6= n− 1, isqÔei oti

A
(q)
ξ (0) =

cos qπ
2

π(n− q − 1)
(‖x‖−n+q+1

)∧(ξ)



3.4. TO TR�ITO K�URIO JE�WRHMA 131

Apìdeixh
Upojètoume arqik� ìti−1 < q < 0. H sun�rthsh Aξ(z) =

∫
〈ξ,x〉=z χ(‖x‖K)dx

pou orÐsthke sth par�grafo 3.1.2 eÐnai �rtia, afoÔ to K eÐnai 0-summetrikì.
Apì thn sqèsh (3.1.9) èqoume

A
(q)
ξ (0) =

〈
t−q−1
+

Γ(−q)
, Aξ(t)

〉
=

1
Γ(−q)

∫ ∞

0
z−q−1Aξ(z)dz

=
1

2Γ(−q)

∫ ∞

−∞
|z|−q−1

∫

〈ξ,x〉=z
χ(‖x‖K)dxdz

=
1

2Γ(−q)

∫

Rn

| 〈ξ, x〉 |−q−1χ(‖x‖K)dx

kai k�nontac allag  metablht¸n se sfairikèc suntetagmènec, paÐrnoume ìti

A
(q)
ξ (0) =

1
2Γ(−q)

∫ ∞

0

∫

Sn−1

rn−q−2| 〈ξ, θ〉 |−q−1χ(r‖θ‖K)dθdr

=
1

2Γ(−q)

∫

Sn−1

| 〈ξ, θ〉 |−q−1

∫ ∞

0
rn−q−2χ(r‖θ‖K)drdθ

=
1

2Γ(−q)

∫

Sn−1

| 〈ξ, θ〉 |−q−1

∫ 1/‖θ‖K

0
rn−q−2drdθ

=
1

2(n− q − 1)Γ(−q)

∫

Sn−1

| 〈ξ, θ〉 |−q−1‖θ‖−n+q+1
K dθ.

JewroÔme thn A
(q)
ξ (0) san sun�rthsh tou ξ ∈ Rn \ {0}, opìte gia k�je �rtia

φ ∈ S, èqoume 〈
A

(q)
ξ (0), φ(ξ)

〉
=

∫

Rn

A
(q)
ξ (0)φ(ξ)dξ

=
∫

Rn

1
2(n− q − 1)Γ(−q)

(∫

Sn−1

| 〈ξ, θ〉 |−q−1‖θ‖−n+q+1
K dθ

)
φ(ξ)dξ

=
1

2(n− q − 1)Γ(−q)

∫

Sn−1

‖θ‖−n+q+1
K

∫

Rn

| 〈ξ, θ〉 |−q−1φ(ξ)dξdθ =

( apì to l mma 3.4.1)

=
−1

4(n− q − 1)Γ(−q)Γ(1 + q) sin qπ
2

∫

Sn−1

‖θ‖−n+q+1
K

∫ +∞

−∞
|t|qφ̂(tθ)dtdθ

=
cos qπ

2

π(n− q − 1)

〈(‖x‖−n+q+1
K

)∧(ξ), φ(ξ)
〉

. (3.4.1)
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Thn teleutaÐa isìthta thn paÐrnoume wc ex c:
Gia thn sun�rthsh G�mma isqÔei ìti

Γ(−q)Γ(1 + q) =
−π

sin qπ
=

−π

2 sin qπ
2 cos qπ

2

�ra
2 sin

qπ

2
Γ(−q)Γ(1 + q) =

−π

cos qπ
2

,

([W] sel.212) . Epiplèon
〈(‖x‖−n+q+1

K

)∧(ξ), φ(ξ)
〉

=
∫

Rn

(‖x‖−n+q+1
K

)∧(ξ)φ(ξ)dξ

=
∫

Rn

‖x‖−n+q+1
K φ̂(x)dx.

Me sfairikèc suntetagmènec x = tθ to teleutaÐo olokl rwma eÐnai Ðso me
∫ ∞

0

∫

Sn−1

(‖θ‖Kt
)−n+q+1

tn−1φ̂(tθ)dθdt

=
∫ ∞

0

∫

Sn−1

(‖θ‖K

)−n+q+1
tqφ̂(tθ)dθdt

=
1
2

∫

Sn−1

‖θ‖−n+q+1
K

∫ +∞

−∞
|t|qφ̂(tθ)dtdθ

Kai ef' ìson h sqèsh (3.4.1) isqÔei gia k�je �rtia test function φ paÐrnoume
to je¸rhma gia −1 < q < 0, afoÔ oi dÔo sunart seic tou ξ pou emfanÐzontai
sto sumpèrasma tou jewr matoc eÐnai �rtiec.

Ja deÐxoume t¸ra thn zhtoÔmenh sqèsh gia k�je q me Req > −1 kai
q 6= n− 1.
H

(‖x‖−n+q+1
K

)∧ eÐnai analutik  wc proc to q sto {q ∈ C : Req> −1}, (h
apìdeixh akoloujeÐ met� to tèloc thc apìdeixhc tou jewr matoc).
Gia k�je �rtia φ ∈ S oi sunart seic

q 7−→ cos qπ
2

π(n− q − 1)

〈(‖x‖−n+q+1
K

)∧(ξ), φ
〉

kai
q 7−→

〈
A

(q)
ξ (0), φ(ξ)

〉

(ìpwc eÐdame sthn par�grafo 3.1.2 gia thn A
(q)
ξ (0)) eÐnai analutikèc sto su-

nektikì sÔnolo {q ∈ C : Req > −1, q 6= n− 1}.
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Sto pr¸to mèroc thc apìdeixhc tou jewr matoc eÐdame ìti oi sunart seic
autèc sumpÐptoun sto di�sthma −1 < q < 0, opìte ja sumpÐptoun kai sto
{q ∈ C : Req > −1, q 6= n − 1} (arq  thc analutik c sunèqishc). Kai afoÔ
h φ ∈ S  tan tuqoÔsa �rtia sun�rthsh, katal goume sto zhtoÔmeno.

H sun�rthsh
q 7−→

〈(‖x‖−n+q+1
K

)∧(ξ), φ(ξ)
〉

eÐnai analutik  sto {q ∈ C : Req > −1}.
Apìdeixh

'Estw φ ∈ S. Apì ton orismì tou metasqhmatismoÔ Fourier gia katanomèc
èqoume

〈(‖x‖−n+q+1
K

)∧(ξ), φ(ξ)
〉

=
〈
‖x‖−n+q+1

K , φ̂
〉

=
∫

Rn

‖x‖−n+q+1
K φ̂(x)dx

Jèloume to olokl rwma na eÐnai analutik  sun�rthsh tou q. ArkeÐ na deÐ-
xoume ìti up�rqei to

lim
h→0

1
h

∫

Rn

(‖x‖−n+q+h+1
K − (‖x‖−n+q+1

K

)
φ̂dx

sto C.
OrÐzoume f(q, x) = ‖x‖−n+q+1

K φ̂(x). Tìte

1
h

∫

Rn

[
f(q + h, x)− f(q, x)

]
dx =

∫

Rn

∫ q+h

q

∂f

∂r
(r, x)drdx

diìti h sun�rthsh r 7−→ ∂f
∂r (r, x) = ‖x‖−n+r+1

K ln ‖x‖K φ̂(x) eÐnai analutik .
('Opwc apodeiknÔetai parak�tw, up�rqei oloklhr¸simh sun�rthsh g(x), x ∈
Rn, ètsi ¸ste

∣∣∂f
∂r (r, x)

∣∣ ≤ g(x), kai lìgw tou ìti φ̂ ∈ S èqoume ton parap�nw
isqurismì.)
Ektel¸ntac mia allag  metablht c r = q + th to parap�nw olokl rwma
paÐrnei thn morf  ∫

Rn

∫ 1

0

∂f

∂q
(q + th, x)hdtdx.

H sun�rthsh ∂f
∂q (q + th, x) eÐnai epÐshc oloklhr¸simh sto [0, 1] × Rn, opì-

te efarmìzontac ton Je¸rhma tou Fubini katal goume sto ìti gia na eÐnai
analutik  h sun�rthsh f(q, x) arkeÐ na up�rqei to

lim
h→0

1
h

∫ 1

0

∫

Rn

∂f

∂q
(q + th, x)hdxdt.
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Prèpei loipìn
1.)h ∂f

∂q (q, x) na eÐnai suneq c, opìte ja èqoume ∂f
∂q (qn, x) 7−→ ∂f

∂q (q, x),
kaj¸c qn 7−→ q.

2.) na mporoÔme na efarmìsoume to Je¸rhma Kuriarqhmènhc SÔgklishc,
giatÐ tìte ja isqÔei kai h sÔgklish twn antÐstoiqwn oloklhrwm�twn.

'Eqoume
∂f

∂q
(q, x) = ‖x‖−n+q+1

K ln ‖x‖K φ̂(x).

1.): H apeikìnish q 7−→ ∂f
∂q (q, x) eÐnai profan¸c suneq c.

2.):ArkeÐ gia k�je q me Req > −1, na up�rqei ε > 0 kai g(x) oloklhr¸simh
sun�rthsh sto Rn tètoia ¸ste

∣∣∂f

∂r
(r, x)

∣∣ ≤ |g(x)|,

gia ìla ta r me |r − q| < ε kai gia k�je x ∈ Rn.
AfoÔ φ̂ ∈ S, h sun�rthsh

‖x‖−n+q+1φ̂

eÐnai oloklhr¸simh an kai mìno an h

‖x‖−n+q+1
K ln ‖x‖K φ̂(x)

eÐnai oloklhr¸simh, afoÔ makri� apo to 0 h ‖x‖−n+q+1
K φ̂ eÐnai mikrìterhc

t�xhc apo opoiad pote rht  sun�rthsh, en¸ kont� sto 0 autì exasfalÐzetai
apo thn sunj kh Req > −1.
OrÐzoume loipìn g ∈ L1(Rn) me

g(x) =
{ ‖x‖−n+a+1

K | ln ‖x‖K φ̂(x)|, ‖x‖K ≥ 1
‖x‖−n+b+1

K | ln ‖x‖K φ̂(x)|, ‖x‖K ≤ 1

me a >Req kai −1 < b <Req, (èqoume p�rei Req > −1). Tìte
∣∣∣∂f

∂r
(r, x)

∣∣∣ = ‖x‖−n+Rer+1
K | ln ‖x‖K ||φ̂(x)| ≤ |g(x)|,

an |r − q| < min{a− Req, Req − b}. Efarmìzoume Je¸rhma Kuriarqhmènhc
SÔgklishc kai èqoume ìti

lim
h→0

1
h

∫

Rn

(‖x‖−n+q+h+1
K − ‖x‖−n+q+1

K

)
φ̂dx =

∫

Rn

∂f

∂q
(q, x)dx.

Sunep¸c h katanom 
(‖x‖−n+q+1

K

)∧ eÐnai analutik  sun�rthsh tou q sto {q ∈
C : Req > −1}.
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Je¸rhma 3.4.2 'Estw K 0-summetrikì asterìmorfo s¸ma ston Rn me C∞

sÔnoro ki èstw k ∈ N ∪ {0}, k 6= n − 1. Upojètoume ìti ξ ∈ Sn−1 kai èstw
Aξ h sun�rthsh par�llhlwn tom¸n tou K.

a.)An k �rtioc, tìte
(
ρn−k−1

K

)∧(ξ) = (−1)k/2π(n− k − 1)A(k)
ξ (0)

b.)An k perittìc, tìte

(
ρn−k−1

K

)∧(ξ) = ck

∫ ∞

0

Aξ(z)−Aξ(0)−A
′′
ξ (0) z2

2 − · · · −A
(k−1)
ξ (0) zk−1

(k−1)!

zk+1
dz,

ìpou ck = (−1)k+1/22(n− 1−k)k!, A
(k)
ξ (0) h par�gwgoc k t�xhc thc sun�r-

thshc Aξ(z) sto 0 kai
(
ρn−k−1

)∧ o metasqhmatismìc Fourier thc katanom c.

Apìdeixh
An to k eÐnai �rtio, tìte apì to je¸rhma 3.4.1, jètontac q = k, paÐrnoume ìti

A
(k)
ξ (0) =

cos kπ
2

π(n− k − 1)
(‖x‖−n+k+1

K

)∧(ξ)

kai afoÔ cos kπ
2 = (−1)k/2, èqoume

(‖x‖−n+k+1
K

)∧(ξ) =
(
ρn−k−1

K

)∧(ξ) = π(n− k − 1)(−1)k/2A
(k)
ξ (0).

'Estw t¸ra k perittìc.
Oi perittèc par�gwgoi miac �rtiac sun�rthshc sto mhdèn, eÐnai mhdèn, �ra
èqoume 0 kai sta dÔo mèlh thc sqèshc tou jewr matoc 3.4.1.
'Estw q ∈ C \ N me Req > −1. Tìte

A
(q)
ξ =

cos qπ
2

π(n− q − 1)
(‖x‖−n+q+1

K

)∧(ξ),

opìte
Γ(−q)A(q)

ξ = Γ(−q)
cos qπ

2

π(n− q − 1)
(‖x‖−n+q+1

K

)∧(ξ)

IsqÔei ìmwc (sqèsh (3.1.11) )

Γ(−q)A(q)
ξ (0) =

∫ ∞

0
t−q−1

(
Aξ(t)−

m−2/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt,
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an m− 2 < Req < m, m �rtioc. Jètoume m = k + 1 kai èqoume

Γ(−q)A(q)
ξ (0) =

∫ ∞

0
t−q−1

(
Aξ(t)−

k−1/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt,

opìte

lim
q→k

Γ(−q)A(q)
ξ (0) = lim

q→k

∫ ∞

0
t−q−1

(
Aξ(t)−

k−1/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt

=
∫ ∞

0
t−k−1

(
Aξ(t)−

k−1/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt (3.4.2)

afoÔ h
∫∞
0 t−q−1

(
Aξ(t)−

k−1/2∑
j=0

t2j

(2j)!A
(2j)
ξ (0)

)
dt eÐnai analutik  sun�rthsh sto

{q ∈ C : q 6= 0, 1, 2, . . . , k − 1 <Req < k + 1} (bl. paragr. 3.1.2).
Epiplèon

cos
qπ

2
= sin

((q + 1)π
2

)

= sin
((q + 1)π

2
− (k + 1)π

2
)
(−1)k+1/2

= sin
((q − k)π

2
)
(−1)k+1/2 (3.4.3)

kai lìgw thc idiìthtac Γ(λ + 1) = λΓ(λ), (paragr. 1.3), me diadoxikèc efar-
mogèc thc, paÐrnoume

Γ(−q) =
Γ(−q + 1)

(−q)

=
Γ(−q + 2)

(−q)(−q + 1)
. . . =

Γ(−q + k + 1)
(−q)(−q + 1) · · · (−q + k)

(3.4.4)

Opìte apì tic sqèseic (3.4.3), (3.4.4), èqoume

lim
q→k

Γ(−q) cos
qπ

2
= lim

q→k

Γ(−q + k + 1)
(−q)(−q + 1) · · · (−q + k)

sin
((q − k)π

2
)
(−1)k+1/2

= lim
q→k

Γ(−q + k + 1)
q(q − 1) · · · (q − k + 1)

sin q−k
2 π

(q − k)
(−1)k+1/2 =

π

2
1
k!

(−1)k+1/2 (3.4.5)

Apì to je¸rhma 3.4.1 kai tic sqèseic (3.4.2), (3.4.5), o metasqhmatismìc Fou-
rier thc ρn−k−1 gÐnetai
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(
ρn−k−1

)∧(ξ) =
π(n− k − 1)

cos kπ
2

A
(k)
ξ (0)

= π(n− k − 1)
1

lim
q→k

Γ(−q) cos qπ
2

lim
q→k

Γ(−q)A(q)
ξ (0)

= 2k!(−1)k+1/2(n− 1− k)
∫ ∞

0
t−k−1

(
Aξ(t)−

k−1/2∑

j=0

t2j

(2j)!
A

(2j)
ξ (0)

)
dt,

opìte èqoume to zhtoÔmeno.

3.5 Mia eniaÐa lÔsh sto prìblhma

Me thn bo jeia twn tri¸n kÔriwn jewrhm�twn pou parousi�same stic proh-
goÔmenec enìthtec mporoÔme plèon na p�roume mia eniaÐa lÔsh sto prìblhma
twn Busemann-Petty.

H ap�nthsh sto prìblhma eÐnai katafatik  gia n ≤ 4

Apì to je¸rhma 3.2.1 arkeÐ na deÐxoume ìti k�je kurtì 0-summetrikì s¸ma
ston Rn, n ≤ 4 eÐnai èna s¸ma tom¸n. Epeid  h tom  enìc s¸matoc tom¸n
K me èna uperepÐpedo H, pou perièqei to 0, eÐnai epÐshc s¸ma tom¸n, ([Ga3],
sel.304) arkeÐ na deÐxoume ìti k�je 0-summetrikì, kurtì s¸ma ston R4 eÐnai
s¸ma tom¸n, diìti tìte k�je kurtì, 0-summetrikì s¸ma ston R3 ja mporoÔme
na to jewr soume san tom  enìc s¸matoc tom¸n ston Rn me èna uperepÐpedo,
opìte kai to Ðdio ja eÐnai s¸ma tom¸n.

JewroÔme loipìn èna kurtì, 0-summetrikì s¸ma K ⊆ R4.

Apì thn prìtash 3.2.2 prokÔptei oti to sÔnolo twn swm�twn tom¸n eÐnai
kleistì sto Kn

e wc proc thn metrik  tou Hausdorff. 'Ara mporoÔme na upojè-
soume ìti to K èqei C∞ sÔnoro, afoÔ èna 0-summetrikì kurtì s¸ma pou den
eÐnai s¸ma tom¸n mporeÐ na proseggisteÐ ( me thn Hausdorff metrik  ) apì
0-summetrik� kurt� s¸mata me C∞ sÔnoro, ta opoÐa epÐshc den eÐnai s¸mata
tom¸n.
An loipìn sto je¸rhma 3.4.2 jèsoume n = 4, k = 2 paÐrnoume ìti

(ρK)∧(ξ) = −πA
′′
ξ (0), ∀ ξ ∈ S3 \ {0}.

H sun�rthsh par�llhlwn tom¸n Aξ(t) = |K ∩ (ξ⊥ + tξ)| eÐnai log−koÐlh kai
�rtia, gia k�je dieÔjunsh ξ ∈ Sn−1, afoÔ to K eÐnai 0-summetrikì.
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Opìte
A
′′
ξ (0) ≤ 0,

afoÔ gia k�je t ∈ Rn, A
′′
ξ (t)Aξ(t)−A′ξ

2 ≤ 0 opìte kai gia t = 0
(
A′ξ(0) = 0

)
isqÔei h parap�nw sqèsh.
Sunep¸c h ρK eÐnai mia jetik� orismènh katanom  (afoÔ èqei jetikì metasqh-
matismì Fourier). 'Etsi apì to je¸rhma 3.3.1 katal goume sto ìti to K eÐnai
s¸ma tom¸n.

H ap�nthsh sto prìblhma eÐnai arnhtik  gia n ≥ 5

SÔmfwna me thn parat rhsh pou d¸same parap�nw, ìti dhlad  h tom  enìc
s¸matoc tom¸n me èna uperepÐpedo pou perièqei to 0, eÐnai epÐshc s¸ma tom¸n,
arkeÐ na deÐxoume ìti gia n = 5 den isqÔei ìti k�je kurtì, 0-summetrikì s¸ma
ston R5 eÐnai s¸ma tom¸n.

Jètoume loipìn sto je¸rhma 3.4.2 n = 5, k = 3. Tìte

(ρK)∧(ξ) = 12
∫ ∞

0

1
z4

(
Aξ(z)−Aξ(0)−A

′′
ξ (0)

z2

2
)
dz.

Apì to je¸rhma 3.3.1 arkeÐ na deÐxoume ìti h aktinik  sun�rthsh den eÐnai
jetik� orismènh katanom , dhlad  up�rqei k�poia dieÔjunsh ξ ∈ Sn−1 gia thn
opoÐa to parap�nw olokl rwma den eÐnai ≥ 0.

'Estw ε ∈ (0, 1).
OrÐzoume thn sun�rthsh fε(x) = (1−x2− εx4)

1
4 kai paÐrnoume arijmì aε > 0

tètoion ¸ste fε(aε) = 0 kai 1− x2 − εx4 > 0 sto (0, aε).
H fε èqei mègisto sto 0, afoÔ f ′ε = −1

2x(1− x2 − εx4)−
3
4 (1 + 2εx2) kai

f
′′
ε (x) = −(

1
2

+ 3εx2)(1− x2 − εx4)−
3
4 − 3(−1

2
x− εx3)2(1− x2 − εx4)−

7
4 < 0

sto [0, aε]. Autì faÐnetai ektel¸ntac stoiqei¸deic pr�xeic diaforikoÔ logi-
smoÔ, apo tic opoÐec paÐrnoume ìti h f

′′
ε (x) eÐnai fjÐnousa ( f

′′′
ε < 0) kai ìti

f
′′
ε (0) = −1

2 .

Sunep¸c h fε(x) eÐnai gn sia koÐlh sto di�sthma [0, aε].
OrÐzoume to s¸ma

K =
{

(x1, . . . , x5) ∈ R5 : x5 ∈ [−aε, aε],
( 4∑

i=1

x2
i

)1/2 ≤ fε(|x5|)
}

.

To K eÐnai gn sia kurtì s¸ma afoÔ h fε eÐnai mia gn sia koÐlh sun�rthsh.



3.5. MIA ENIA�IA L�USH STO PR�OBLHMA 139

Gia 0 ≤ z ≤ aε, to s¸ma

K ∩ {
(x1, . . . , x5) ∈ R5 : x5 = z

}

eÐnai mp�la aktÐnac fε(z). JewroÔme thn dieÔjunsh ξ = (0, 0, 0, 0, 1) ∈ R5.
Tìte h sun�rthsh par�llhlwn tom¸n sthn dieÔjunsh aut  eÐnai

Aξ(z) =
π2

2
fε(z) =

π2

2
(1− z2 − εz4),

gia z ∈ [0, aε]. Opìte

(ρK)∧(ξ) = 12
∫ aε

0

1
z4

(π2

2
(1− z2 − εz4)− π2

2
+

π2

2
z2

)
dz,

apì ìpou me stoiqei¸deic pr�xeic paÐrnoume ìti

(ρK)∧(ξ) = −6π2εaε < 0.

ParathroÔme dhlad  ìti gia to kurtì s¸ma K o metasqhmatismìc Fourier thc
aktinik c tou sun�rthshc, sthn sugkekrimènh dieÔjunsh eÐnai mia arnhtik 
katanom . Sunep¸c to s¸ma den eÐnai s¸ma tom¸n ston R5, epibebai¸nontac
thn arnhtik  ap�nthsh (kef�laio 2) sto prìblhma twn Busemann-Petty.
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