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H petantuytonn auty| epyacia xatatédnxe to Nocufeio tou 2004 oo Ilo-
vemothuto Keftng. Tny enttpornyy allohdynohc tng anotéheoay, ext6S TOU €-
mBAEmovTa xadnynTy| x.0e6d0vhou Dupeardnr, ot x.Nuidraog TCavdxne xow
xANE€avdpoc KouBuddnc.

Evyagrioticg

H repdtworn e uetamtuytaxic uou epyactog dev elvon ubvo anotélecua mpo-
ownxAg Lou epyactag aAAd xa cuvepYaoLdc Ue avilpwroug Tou UE Borinoay
moh). Oa Hleha va evyaploThon Tov emBAETOVTA xordny T Lo x.Ocbdouho
[agegakdnn vy Ty ddoyn cuvepyaoio uag xar TNV cuoTUaTiX TEooTdELd
TOU VoL LoV PETASWOEL Alyeg amo Tig Yvwoe tou, Tov x.['idvvn Muyd vy tny
Borewa Tou oto Gap 4 mou ypnowonotinxe v TI¢ TEALE oTo Topadely-
uotar xon ya Ty Quye| otheln tou uou magetye. Enlong, molha euyaploto
YewoT® oToug ouugortntég uou otn I'114, tov Avdpéa Tothipavn, Exévn Mn-
A, Bayyéhn Adro, Kobota Paunoldxo xo I'dpyo Zdpaxa yia Ty Bordetd
Toug oTa padAuaTa, Tor euydploTa StaheluaTor xoTa TNV StdpXEL TWY ATEPLO-
PLOTOWY WEWVY UEAETNG XOL TNV LUTOUOVY| Toug oTIC dUoxokeg wpec. Télog, Eva
UEYdAO ELYaEOT® otoug Yovels uou Koota xow Ayyehwd| xou ¢ adeppég
uou Nucohétta xo Ytowpolha Yo TNy aneptoploTh oThREr Toug Oha auTd Ta
YeoVLo.
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Kecde\ou.o 1
ELoocY(o'm

H xdoowr| xpurntoypaglo yenowomnotet tn uédodo secret key 7 symmetric cry-
ptography yta Tny xpuTTOYPAPNCT XU ATOXPUTTOYEAPTCT UNVUUAT®Y, 1) 0Tl
Baotletor oty yeron evog xowol uuoTixol xAeWol avaUEsT GTOY Am0GTo-
Mo xou 6oV TopakTTn Tou unvouatog. To x0plo TedBAnua mou eugaviletar
elval GTNY GLUPGViN TOU UUGTXOU XAEWI00 UETAZ) TwV YenoT®y, Swdtxaoto
mou xadlototar S0oxohn 6Tay 0 apWuOS TV Yenotwy elvar ueydrog 1 Pol-
oxovtol o€ dpopeTinéc Tonodeoieg, ondte elvon anapaltnTn 1 Yerion UEowy
emuowvwviag xou cuverwe elvar o x{vduvo 1 ac@dieta Tou LUOTXON XAEWBLOV.

H 3¢a tou dnuociou xhewdod oty xpuntoypagio tapovcdotnxe to 1976
an6 touc Whitfield Diffie xoar Martin Hellman, mpoxewévou va emhbcouy to
TeoBAnua Stayelplong Tou UUGTIXOU xAeWo0). Lougunva Ue authy, xdie yon-
otng Stodétel Eva Leuydipt xAediwy, To dnuocto xhewdt mou to dnuoctonotel xou
T0 WO Tou xAewl, mou mopauével xpupd. ‘Oleg ou emtxovmvieg xdvouy
Yenon Twv SNuUociny xAEWLOY, EVE XAVEVYL BTG XAEW SeV UETAPEPETAL TO-
€ 1 nopdleton. H xpuntoypagio ue dnuocto xiewdl unopel va yenoruorotniet
OYL UOVO VLot AVTUAAOY Y| UNYUUATWY GAAG oL YLot TLOTOTO{NoT YNnelaxey uto-
Yoapwy, oe aviideon ue v xpurtoypaplo xpupol xAewo) 6Tou 1 Evvola TNg
dnogaxhc uvtoypaprc Sev ugioTaTAL.

Kpuntoypdpnon-Anoxpuntoypdpnon

‘Oray 1 Ahbxn Véher va otelhet Eva xpupd ufvuua oto Bixtopa yenowuonotel to
dnuocto xhewdt tou, xpurtoypapel To uHvuua xou Tou To oTéAvel. O Bixtopoag
OTNV GUVEYELDL YPNOUIOTOWWVTAC TO T Tou xAeWdi amoxpuntoypagel To Ur-
voua xat To Swfdlel. Onotoodrnote unopel vo oTellel €va xpUTTOYPAPNUEVO
urvuua otov Bixtopa aAdd ubévo o tekeutaloc unopel v 10 amoxpURTOYRAUPY-
oEL.



PUnpLaxy vroypopy
H Allxn yioo vo utoypdiber Evar urivuua xdvet Evay UTOAOYLOUO Y eNoULOTOLW-
VTOG TO MUGTIXO TN XAELSE X0t TO UVUUA XA TO ATOTEAEGUO TOU UTOAOYLOUOU
(umoypaph) otéhvetar otov Bixtopa. O Bixtwpoc yu va enakndedoer tny
UTOYPAPY| XAVEL EVAY UTOAOYIOUO TOU EUTAEXEL TO UYL, TNV SNAOVUEVT) L-
Toypagr xat To dnudcto xhewi e Ahlxng xa €dv To anotéheoua eivar akniég
ToTE N LTOYPAYY YivETow BdEXTH ANWS 1) UTOYEAPY| aroppiTTETAL.

[apd to yeyovog 6Tl tar cuoTAuaTo dNUociou xheWdol dev amontody TNy
UETAPORS XAl TNV ATOXSAUYT TV WLOTXOY XAEWBLOY X TEodyouy uedddoug
InpLax®dy LTOYPAP®OY, To UEWVEXTNUA Toug elvar 0Tt 1 uédodog xpumToYEd-
pnomng ue autd ebvon To apYr and onowdrtote ALY undeyouca uédodo xpu-
TToYpedgnone Luotwol xAewol. T'a xpurtoyedgnon 1 xokltepn Moo etvar o
OLVBUAOUOSC TWY GUOTNUATOY xPUPOU XAEWLOL XL dNUOCLOU XAEWBLOYU OOTE Vo
€y oLUE TNV ac@dAelo Tou e€ac@aAilel To dNuUocLo XheWl 660 xou TNV Tary dTNTA
mou Siver 1o xpupod xAewi. To chotnua dnuoctou xAewod uropel va yenot-
uomotnUel Yo vor xpUTTOYPAPHGEL ARy LA TO xPLPS XAEW! MOTE GTNY GUVEYELL
var yenowornotniel To xpURTOGUGTNUA XEUPOD XAEWBLOU TEOXELUEVOL VoL XpU-
mtoypagnUel éva ueydio urvuua. Eva t€tot0 tpwtoxolio xahelton Ynoaxog
pdxeloc ( Digital envelope).

YNV GUYXEXPUIEVY UETATTUY X EpYAoia TaPouUsLdlovToL XPUTTOGUGTH-
uota dnuociov xhewol, Twv onolwy To dnudcto xAewi elvan Eva cUoTUA To-
AUOYLUIX®Y €ELOOOEMY XL TO WIwTxd xAewl eivat, eite éval chvoho mopoé-
TEWY YL TNV XUTAOXEUT, TwV EELOWOEWY, E(TE EVA TOAVWDVUUO CUYXEXPUIEVTS
uop@hc. 110 de0TEPO XEPIAAO TEQLYPAPETAL TO XPUTTOGUGTNUN XPUUUEVGY
UuovwYOUWY Tou Tpotddnxe and toug Imai xou Matsumoto oto Eurocrypt’88
[MI] xau ot Bertuwuéves exdboerc tou, ta Little Dragon xou Big Dragon nou
Tp6tewe o Patarin, agol xatdgepe oto Eurocrypt’95 [NK], [P95] vo ondoet
TO XQUTTOCUOTNUS TOUC. LTNY CUVEYELX TEPLYPAPOUUE EVAL VEO XQUTTOGUCTY-
ua xpuUUEVRY Tohuwviuey eglohoewy 1o HPE tou Ilia Toli [IT1] 6nou to
WL To wAedt elvon Eva ToAUGYLLO BUO UETABANTOY UE CUVTEAEOTEC amd Eval
TENEPACUEVO owua. Mo mogadhay? auTod TOU XPUTTOCUGTHUATOS ESWOE O
Patarin [P96] to HFE, o onofoc Yenouonoince we Wwtind xAedl Eva ToAU®-
YUUO UL LETUPBANTYS.

Y10 1pito xe@dhato avapEpOouUE SO OYHUATA PNPLIXDY UTOYPAPLY TEW-
Tov, to Sflash?® [CGP], 1o onoto oyedidotnxe yio ouyxexpuuévr yphon opol to
x6670¢ TV xhaoowwy olyopiluwy (RSA, DSA, elMewntinéc xaunihec) eivou
TOND UEYSAO o YeNOULOTOLELTAL, TOGO VLol TUPAYWYT| UTOYEAUPHC, OGO XOL YL
motonoiney uroypaghc. Aeldtepov, €va GUGTNUA UTOYEAPHC TOU TPOXUTTEL
ané 1o xpuntooVotnuo HPE tou Ilia Toli [IT1].

To dnuobclo xAedl TwV TAPATAVEL XPURTOGUCTNUATOY, OTWS UVUPERUUE, Ef-
var o0oTnua SeuTEQOPBAIULLY TOAUGVUUXGY EEIOWOEMY TOAMY UETABANTOV.
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[ot Ty %xpUTTAVEALGT AUTOY TOV XPUTTOGUGTNUATKLY anouteital 1 exthuoT ou-
TWV TWY CUCTNUATLY ToU Elval YVWoTd ¢ €va 8UoX0A0 TEOBANUA TdvVw ard
OTOLOBATOTE CWUA. XTO TETUPTO XEPINALO TEQLYPUPOUUE XATOLEC UeVddoug
enthuoTg QUTOY TRV CUCTNUATWY 6Twe ot Bdoe Grébner [JGJG], [CLOJ, n
TEY VT TG ETavaypauuxonoinong, N onola mpotdinxe and toug Aviad Ki-
pnis xou Adi Shamir oo [KS] xou ypnowwonoeitoar yi v entdeon tou HFE
APUTTOCUOTAUATOS o TEAOG €vag VEog alyobprduog, o XL (eXtended Lineari-
zation) olyopriuog, [SPCK], [SKI] mou ouctaotid anhomotel Ty uédodo g
ETAVALY POUUULXOTIOINOTS.

Y10 mopdptnua mapouctdleTon éva mapdderyua Pactouévo oto HFE xpu-
TTocUoTNUA, TEPLYEdpETL 1) Stadixacia TapaywYrc Tou dnuociou xAeWol, 1
APUTTOYRAPNOT XUl ATOXPUTTOYEAPNOT EVOC UNYUUOTOS X)W XL 1) XPUTTO-
védhuoT tou cucTAuatog Ue Ti¢ Bdoeg Grobner, Ty TEY VXY TNG ETAVAYQUU-
uwonoinone xou 1€hog tov XL adyoprduo.






Kecde\ou.o 2

Kpurc'coouc'cf]p.oc‘coc

2.1 To xpuntochotnua Twv Imai, Matsumoto.
KpuntocUoTnua XpLUUUEVELY LOVOYOULLY

Ot Imai, Matsumoto oo [MI] npdtewvay éva xpuntocuotiuata dnuociou xAet-
S0l xpuuuévey uoveyiuwy (Hidden Monomial Cryptosystem), to omofo u-
ThHeCE N amapy ) Yo TRV avdnTudn auTtod Tou EIB0UC TWV XPUTTOGUOTNUTOLY.
Ta yopaxtnetetind tou elvan 6Tt 10 dNuoclo xAewt elvon Eva GOGTNUA TOAUW-
YUULX®Y, UT| YRUUULXWY EELOOOEMY EVE TO T xhewd arnotehelton and Eva
o0UVOO TUPUUETEWY TOU ETLAEYEL O YPNOTNG YLl VA XATAOXEUATEL TIS EELOWOELS.

‘Eotw K enéxtaon Baduot n ndve ard to coua Fy, 6mou g elvon dOvaun tou
2 xan B1,52,. . .,0n € K wa Bdon tou K w¢ Fy— Swvuouatixol yweou. Téco
o xadopd unvOuaTH 66O XL TOL XPUTTOYQRAPNIUEVO UNVOUNTA TUQLOTAVOVTOL
¢ n-adeg mdvew and to F,. Oua yprowonowlue T = (1, 29,...,2,) € F"
Yo 10 xodopd uhvuue xat ¥ = (Y1, Y2, - .-, Yn) € Fy" vl 10 xpunToYpU@NUEVO
UfyuUoL.

[o vy xpuntoyedgpnomn evog unviuatog Yo Soukebouue Ue duo eviidue-
oo Stovoouota, U = (ug, Uz, ..., u,) € F" xav 0 = (vy,v,...,0,) € F,".
Aocuévou dviouatog tou F," da yenowonolobue évtova ypduuota yia vo
dniwoouue 1o avtiotolyo otoyeio Tou K we mpog tny Bdon B;. o tapdderyua
eqv U = (u1, Uz, ..., u,) € F," té61e Bétouue u = w1 B +ugfa+. . . +u,f, € K.

H A\, 7 omota 9€her va xpuntoypagroet éva urivuua, exthéyet éva h,

0 <h <q" g wopphic:

h=¢ +1
mou wavornotel Ty cuvidixn MK.AL(h,¢" — 1) = 1.
[pogavae, agol to ¢ éyer emheyel we dOvaun tou 2, wyber MK.A.(h, ¢" —
1) = 1 xou and 1 oyéon auth TpoxOTTEL 6TL N anexdvion u — u ebvar
ALPULOVOCT UV TY) (eved n avtioTtpogr g amewxovior oplletar we u uh/,
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6mou A’ elvar 0 tohhamhaotaoTindg avtiotpogos tou b (mod ¢" —1)). H Alixn
unopel va un dnuoctonotfioet 1o h, ahhd e@dooy undpyouv ubvo Alyec emthoyeég
yioe 10 h, umopet va Yewpriel 61t elvon yvwoto.

Emniéov, emhéyer Suo xpupec apvixéc anewovioelg, yio Topddelyuo duo
avtoteéduyaouc n X n-nivaxeg A = {a;;hi<ij<n xat B = {b;;}1<ij<n UE OTOL-

yeio and to Fy xau dvo otadepd Stavdouota ¢ = (¢1,¢2,...,¢,) xav d =
(dy,ds,...,d,). O Aoyog UmoEENg TV S0 aPIX®Y amewxovicewy elval vo
h

%€p0POLY TNV ATEXOVIOT] UOVWYLUGY U — U
hidden monomial cryptosystem).

Apywd, v var uetatpédet n Alixn to xadapd ufvuua T € F" oe xpunto-
Yeapnuévo y € Fg" détet

(Yt T0 Adyo autd xat To dvoua

uw=Ax+¢C
Y1 ovvéyela ¥éhel o v € K va elvon oo ue tny h-ooti| d0voun tou u € K
(v =u") xadac entone
_ —1/— n
Yy = B (U - d)a
(dnhadh © = By +d), 6mou v € F,” eivor 10 Sdvuoua tou avistolyel oto
v € K. Ilpoxeweévou va avartilel uor uédodo wote va mepvd aneuwdetac and

10 T 070 ¥, n Ahixn ypnowornoel 6t v =u" xou h = ¢® 4+ 1, ondte xan EyEL:
v=u? u (2.1)
O Teheothic Ohwong oty qk—oc'w'] d0vaun oo Ky onowodfrote bk =1,2,...,n

etvan o Fy-ypouun| ametcdvion xot éotw PP = {pfj}lgjgn o mivanag auThg
NG AMEOVIONE WS Tpog TNV Bdon Bi,. . .,0, v topdderyua,

X n
B =>"p)8;, P €F, (2:2)
j=1

ue 1 <4,k < n. H Alixn, emmhéov, ypdper dha Tar ToparydUeva oTotyela g
Bdiong cuvapTthoel Twv oToyElwy TG, Yo TaUpddELy U

BiBy =Y miub, miy €F, (2.3)
=1

v xde 1 < 4,5 < n. Ondte n E€lowon (2.1) ypdpetar we,

1<lz<nvzﬁl = (;ui@q‘)) <éu]ﬂj>
_ ( 3 pﬁﬁ)m&) (Zn:ujﬁj) (2.4)

1<i,usn

10



Xpnowonowwvtag v Elowon (2.3) %o CUYXEIVOVTAC TOUC GUVTEAECTES TWV
By oto 3e€d xou oplotepd uéhog e EZlowone (2.4) yio xdde | mpoxintouy
eELOWOELS TNS UOoPPS:

v = Z pgz)muﬂuiuj, (2.5)

1<i,j,usn

ot omofeg elvon TpwTOU Porduol w¢ TEOS TO 1, . .., Uy xat SELTEPOL Porduol wg
TEOS TO Ui, ..., Un. Xpnowornotel oty ouvéyew oty Eglowon (2.5) T duo
oy€oElL,
0= AT +¢, o=DBj+d

OTOTE %o €YEL N EELOWOELS, YRUUUXES WE TPOS TO Y1, - . - , Yp X0t SEUTEPOL Pord-
ol WS¢ TEOC TO Ty, ..., Ty. XENOUWOTOWWVTAC YRUUUXT dAYESpa TpoXUTTEL
Eva oLoTNUA N EELOOOEWY OTOU XAVE ¥ EXPEACETAL WS TOAUWYLUO GUVORLXSL
deutépou Baduod we TEOC TA T, T, . . ., Tn. H AAlxn dnuoctonotel autée Tig
eClowoeLc.

Keuntoypdpnon

O Bixtopac v va tne oteilet évo ufvupa (21, Za, . . ., p), avTXaoTd T T;
oTi¢ dnuooLeg eELIOWOELS xaL TalEVEL Eval GUGTNUA EELOWOEWY YRUUUIXO WC TROG
o Y. To hovel xou otéhver oty Aixn 10 ¥ = (Y1, Y2, ..., Yn). Avtideta o
OTAXOVOTHS, YVORILOVTUC UOVO TO XPURTOYRAPNUEVO UHVUUL XaL TIC SNUOCIES
e€lowoete, avTooTd T (Y1, Y2, - - -, Yn) OTIC EELOGOELS Xan EYEL Vo NOGEL €Vl
UN-YeUUUIXG GOGTNUO UE oY VWOTOUS T ;.

Anoxpunrtoypdpnon:

Mo voe amoxpuntoypagroet 1 Ahixn to ufvuua yvwptlovtag ta A, B, c, d xat
10 h umopel va umoloyloet 10 T ywelc va ypewdletar va ADoeL TiC SNUOGIES
eCIOWOEC WC TPOg Ta ;. To mopaxdtw Stdypauua teprypdper Ty Swadtxaoto
ATOXPUTTOYPAPNONS TNG AAlxng:

Y1,92,---5,Yn



To moapaxdtw mapdderyuo meptypdpet Ty Stadixaoio Tapaywyhc EVOC Té-
TOLOU XPUTTOCUCTAUATOC UE TOAD [UXQEC TUIES OTIC TUPUUETPOUC.

Mopdderypa 2.1.1 FEotwqg=2,n=>5ka f(X)= X"+ X"+ X3+ X +1 €
Fo[X] avdywyo modvdvupo réurtov Baduod. Eotw K enéktaon Paljol névze
ndvo ard o Fy kar pua Bdon wov {1, Ba, ..., B} = {1, X, X?, X3 X*}. Em-
mAéov, § =3, h =9 K =7 xa¢c=(1,0,1,1,1),d = (1,0,1,0,0),

1 0 1 1 0 1 0 0 1 1
01 1 0 1 0 0 1 10
A= 1 1.0 0 1|, B= 1 1 0 0 1
01 010 110 0 O
0 0 0 1 1 10 0 0 O
Toe,
0 0 1 11 0 0 0 0 1
1 1 1 1 0 0 0 0 1 1
A7l = 01 01 1|, B'!'= 11 1 1 1
1 1.1 0 0 1 0 1 1 1
1 1 1 0 1 0 01 10

Oétouvue, U = AT + ¢ omdte mpokUmTovy o1 mapakdtw € 100oeg:

Uy, = x1+ax3+24+1,

Uy = xo+ 23+ Ts,
us = !E1+l’2+$5+1,
uy = Ta+ x4+ 1,

Uy = .I‘4+ZL‘5—|—1.

EmmAéor éyoupe,

v =1’ = (u;tus X +us X2 +us X2 +us X ) (ug +us X 8+ug X 104uy X2 4us X32)
avdyoupe to 6e&16 uéhog modulo f(X), ondre exppdlovue to v ovvaptrioer tov
T

v = 1 +SC% + X1T3 + T1X9 + Ty + T4T5 + T1T4 + ToXy + T + T2 + T3T5 +$§

Vo = I5X1 + T3To + :Ef + x9x5 + :v?, + x4+ 2174 + 21 + as?,, + X9 + T3T5.

V3 = I1T3+ 1+ X122 + T3To + X3y + To + X3 + xi + x3x5 + x%

vy = T34+ 03+ 2E w3+ 14 miws + 21wy + 20wy + 22+ 22

vy = $3x2+1+x5x1+:v3~|—x5+:v§+$1x3+$1x2+x4+x1x4+$§+x2+:L“Z—|—x3:1:5.
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Télog, o1 eqiodoag mov oyetilovr To Y e To T Kkat yivortair oOnudoies etvai:

Yy = 5173962+1+:)35171+x3+x5+x§+:E1:L'3+:E1x2+x4+x1$4+x§+$g+xi+$3x5.
Yo = T34+ x% + xox4 + xg + X3To + T5X1 + X5 + T 1T + Ty + x§ + To + T3T5.

y3 = 1423+ + 23+ 24 + X5 + T3 + 2129 + T4T5 + T3To + T3 + ToTs + T3

Yy = 1+x1x4+x§+x2+x3+x5+xi+x3x5+x5:p1+x1x2+x4m5+x%.

Ys = 1+ XT1T9+ T3T2 + To + 375 + x% + x? + T1XT4 + ToXy.

Kpuntavdivon

O Jacques Patarin oto [P95] €deile e umopel xaveic edxola va ondoet to

4 4 4 z 4 4 0 4
xpuntoclotnua. Ilapathenoe o1, edv wdper Ty e€loworn v = u? ! uddoe
xaon tat 800 Ul e oty (¢ — 1) SOvon xon oty cuvéyeta To TOMATAAGLAGEL
ue uv, 1ote Yo EyeL:

uv?’ = u”’v (2.6)

1 omolo 0dnyel o€ €CLOMOELC YRUUUIXES WOC TEOC TA L1, T2, -+ - s Ty Y1, Y25 - - - Y-

O wTo0UcTAC YENOUOTOWWVTAC Yeauutxy| dAyeBoo umopel va Peet autéc
Tic e€lomoelg axoua xou av dev yvwpllet Tic tapauétpoug g Alixng. Ilwavov
aUTEC oL €ELOMOELS VoL UMY ETLTRETOUY VoL TPOGOLOPLGTEL UOVOGHUAVTA TO Xl
PO UVUULL aTtd TO XPUTTOYRAPNUEVO oAAd o Stedodnr| avalitnon do eivon
arodoTix.

O wtaxouotrc Yvwetlovtag 6Tt 1 AAlxr €yel YENOYLOTOIRGEL TO TOEATAV®
xpuntooloTua, Eépet 6TL 1 Edlowon (2.6) xpUPeTar xou 6Tt 0d1yel o€ e€loWoELS

™E Loppric:
(> ) + (D Bawi +vay) + 6 =0, (2.7)

1<4,5<n 1<i<n

[=1,...,n. X1by0¢ T0U €lvar vor oy VoroeL i dnuodaote e€LoMoEelS xat va Poet
xowvoUpLeg xahltepes e€lotoets (2.7) mou Yo elvan YpoUixée Xt we TPog TG
dvo uetafAntéc T, . Apywd, dev yvopllel T0UC GUVTEAESTEC QUTWY TWVY EEL-

ocwoewy enedn dev Eépet oUte TNy Bdom B, . . ., B, 00TE TOUC GUVTEAECTEC TWV
(2.2),(2.3), unopel duwe vo mapdyet éva ueydho aprdud and Lebyn xadopmy
XL XPUTTOYQAPNUEVWY UNVUULTWY X1, T2, - - -, Ty Y1, Y25 - - - 5 Yn YENOULOTOLD-

vtog anhd g dnudoteg e€iowoeg e Ahixng. Kde tétoeg 2n-ddeg avtixa-
Viotavtor oty (2.7) xou Stvouv wa ot e€lowon ue (n+ 1)? dyvwoTtouc
OUVTEAEGTES a4, B35, Vi, 0 o€ Uat EElowon tou thnou (2.7). Me autév tov tpéTO
Yo umopet va Bpet évar uéytoto ohvoho amd L ypouund aveldptntes eCLlOMOOELS
TOU WovoToUVTOL antd 6ha To LeYN TV Xadopdy Xul XQUTTOYRUPNUEVGLY
UNYUUATWY.
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2TV GUVEYELL ETLAEYEL VAL XPUTTOYRAUPNUEVO UHVUUAL Yo O AVTXG T
I ouvteTayUEveS Tou oe dheg Ti¢ Elodoeic (2.7), ondte xau et L ypouutxés
eClOWOEC UE N AYVWOOTOUC L1, ..., Ty. Botw 611 and Ti¢ L autéc e€lowoelg
ot A elvan aveldptnree. And v ypoupw| dAYEBpa 0 y®pog ACEWY Tou
OUCTAUATOC QUTWY TWY EEIGMOEWY Elvar (n — A)-8idotartog UTOYWEOG TOU IFg.
Me dhha Moyra av Sovue T e€L6HOOELS (2.7) wc G0GTNUA YRUUUXOY EELGWOEWY
UE YVWOOTOUC T L1, ..., Ty, UETA TV AVTIXATAOTACT ¥ = Yo, TOTE ot Vo
EyeL axpLBae ¢ Wooetc.

And Vv AN ueptd, autég ol e€lowaoel etval toodivaueg ue Ty Elowon
(2.6), omdte undpyet éva Tpog évar avtioTtoryia ueTald Twv Aoewy tne (2.6) xou
TV Mcewv Tou cuoThuatoc (2.7). T xodoptouévo v = v 1) (2.6) extoc and
v TteTpuévn Aon u = 0, €yel xon uovadixy hoon ug = Vg' ¢ e&lowong
u = v" tou dtay uhwdet oty (¢ — 1)-00th SHvaun Tpoxintel 1) (2.6). Edv u
elvar Lol oxéun un undevixh hoon tne (2.6) ue v = vy, tdte toylet:

o—1 h(¢®—1 01 o_
VI =gl gy vT T = gD

Ydovovroc xow to dVo uéhn e ug(qe_l) = uhld’-1) oty h'-ooth Slvaun
TEOXUTTEL OTL uge_l = u?’"1 Auté onuolvel 6TL 1 U SaPEgEL amd TNV Ug
xatd Evay TapdyovTa, o onolog efvon 1 (qa — 1)—0017’] eila g uovddag oto K.
Trdpyouv toéoe¢ pllec Tng wovddac oto K doeg o M.K.A(q9 —1,q"—1) =
¢’ — 1, 6mou d =M.K.A.(0,n). Av unoroyioouue xou v undevixh Aon téte
UTdEY 0LV aXEBMC ¢ Mogic e Tpoc u ™ (2.6) (UE vV = Vo) xou ETOUEVKS q°
Moelg e tpoc T g (2.7) btav § = Fo. Enouévac,

n—A=d=MKA(0,n). (2.8)

O aprludg otnv (2.8) ONA@VEL 6TL 0 WTAXOVOTAC Ypeetdletan var aler uetalld q°
Stavuoudteny Teoxetuévou va Peet to xoaapd urvuua. Agol to 6 éyel emheyel
étor bwote MK.AL(¢ + 1,¢" — 1) = 1 eivonw mdavév va elvar 1o d = n xay

=n/2 al& xa d = n/3. Enouévac, o wtaxouothc éyel va pdZet oto 1/3
T1¢ SLEOTACTE TOU GUVOAXO) YWEOoU TwVY ToVKDY Unyuudtwy. Autd onualvel
OTL TO TOPUTAVE XPUTTOCUCTNHU BeV Elvat xa)OAOU ACPARES.

2.2 To xpuntochotnua Little Dragon.

O Patarin [NK] uetd v xpuntavdhuon tou cucsthuatoc twy Imai,Matsumoto
TEOTEWE €val VEO %puTTOG)GTNUA To oTolo Qalveton To aviexTind 6Ny Topa-
TV TOTOU XPUTTAVIAUCT).

‘Onwe xar mpwy, £0tw K enéxtaon Baduod n mdvew and To TEREPACUEVO COUL
Fy %o 81,82, . .,0n € Ko don tou K we Fy Stavuouaticod yweou. H Alixn
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BAemer xde otoyyeto Tou K we wa n-dda tdvw arnd to Fy xou yenowonotet to
T = (r1,...,2,) € F} yia 10 xodapd uhvoua xoaw 0 § = (y1,...,Ys) € Fy
Yot T0 xEUTTOYPUPNUEVO Unvuue.  Aoulelel ue duo evdidueca Staviouoto
U= (uy,...,up) € Fy xow v = (v1,...,v,) € Fy xou yio Soouévo didvuoua
Tou ]FZ dnhwver ue €vtova ypduuata to avtiotoryo otoyeto tou K we mpog
™V uvoTixy Bdon ;.

Y10 xpuntooUotnua Little Dragon o exdétng h €yer wor uxer Stapopd
ambd auUTOV Tou cuoTAUATo¢ Twv Imai, Matsumoto. H Alixn emhéyel €vay
exVétn h, 0 < h < ¢", tétoo¢ wote o h + 1 vo ypdgetar we ddpotoua Suo
SLULPOPETIXWY SUVAUEWY TOU (,

h=q +¢°—1, (2.9)

xou emmhéov vau toyter 6Tt o MUKLAL(h, ¢" — 1) = 1. Aev eivor anapoitnto ma
To ¢ va gbval dpTiog evéd ot axépatol 6 xar ¢ emiéyovtar audalpeta and To
olvoho {1,...,n — 1}, étot wote t0 h va eivon mpwto mpog to ¢" — 1. To h
unopel xou va unv yiver Yvwoto, alhd ofyoupa 1 ac@IAEL TOU GUOTAUATOS
dev umopet va Paotovel oe autd.

Emniéov, emhéyel Suo xpupec apixéc anewovioelg, yio Topddelyuo duo
avtotpédusouc nxn-tivaxes A = {a;; b1<ij<n xat B = {bi; }1<i j<n UE oTOLYEl
ané 1o F,. Apyuxd, Vétel

o= AZ, kaw §= B'0,
Vélet to v € K va efvon ioo ue tnv h-ooth dvoun tov u € K, (v =u")
ondte and v (2.9) n oyéon auth yivetou:

uv = u’'u?’ (2.10)

2ty cuvéyela yenotuonotel To yeyovog OTL v onowadfrote K = 1,...,n 1
Uworn oty q"“’—ooﬂ’] d0vaun oto K etvon Fo-yoouuwd| anewdvion. I, €otw

k Ve /7 7/ 7
Pk = {pgj)}lgmgn o mivoxag aUTHS TNG ATEXOVIONE WS TEOC TNV Bdon Bi,. . .,0,
(2.2) xou éotww my; oL ouvtekeotés Otay Ta B3 YEAPOVTOL WS YROUULXOS
ouvduaouode twy G (2.3). Ondte 1 (2.10) diver otu:

Z Uivjﬁzﬂj = Zulﬂq Zugﬂqw

1<i,j<n
= Z Pl uzﬁu > oplws),  (211)

lﬁuuén 1<jv<
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edv yenowonoicouue v EZlowon (2.3) xou otV cuvéyEta GLYXEIVOUUE
TOUC OUVTEAEOTEC TwV 3 070 de&td xou aptotepd uéhog tne (2.11), malpvouue

vl xdde I
Z MUV = Z pgz)pﬁ»f)mwluiuj. (2.12)

1<ij<n 1<i,juv<n

H Al yvwetlet Toug ouvtelesTtég myj xat pfj, Yenouonotel oTny GUVEYELXL
TIC OYETELC
o= Az, ©= By,

YLOL VOL AV TIXOTAOTAOEL TOL Uj ME D) i)y XOL T U; UE D, bjsYy 0Ty (2.12),
0mOTE TEOXVUTTOUV N €ELCWOELS TNG UOPPNS:

Z Cij T3y + Z dijwixj =0 = 1, .o, n. (213)

1<ij<n 1<i<j<n
H Ahixn dnuootetel tnv E&iowon (2.13).

Keuntoypdpnon

O Bixtopag yw vo otether éva ufvuua T aviwodiotd o z; oty Ellowon
(2.13) omote éyet éva aloTnua N EELODOEWY YRUUUIXO WE TRPOS TA Y, TO 0T0(0
ouvéyeta hovel ue anarowpr) Gauss w¢ meoc o ¥ And Ty dhAY, 0 WTAXOL-
OTAC €YEL VoL AUGEL €vaL U1} YeUUUXO GUGTNUN WE TEOS TOUS ALY VWO TOUS T;.
Arnoxpuntoypdpnon

H A\ixn AMduPavel o xpuntoypagpnuévo ufvoua § xat yvwpllovtag ta A, B kau h
npoonalel vo avaxthoet 1o T ywels vo ypetdleton va Aooetl tny EZiowaon (2.13)
o¢ mpo¢ T z;. ‘Eotw A’ o todaniactaotixde aviiotpogoc tou h modulo ¢ —1
€TOL WOTE 1) ATEWXOVIOT U = v v etvan 7 avTioTEOYY TNG ATEXOVIONG U = vh
mévw anéd 1o K. Apywd unoloyiler to © = By, udavet to v = Y v € K
oTnV h'—oo‘n’} SOvon To omolo WwolTan Ue U xar TEAxd utoloyilet To T = A1,
To mapaxdtw Sdypouuo Teptypdgel TNy dtadixactor amoxEUTTOYEAPNoTC:

Y1,Y92,---5,Yn



2.3 To xpuntochotnua Big Dragon

‘Eotww K enéxtaon aduod n ndve and to nenepacuévo cwnua F, yopaxtnet-
othc 2 xar By, Ba, ..., By € K wa Bdon tou K w¢ Fy-Sravuouatieod yo-

pouv. Onwg xau mpw ue T = (r1,...,7,) € F; dnhdvovue o xadapd
ufpvoue, Ue ¥ = (Y1,---,%) € Fy 1o xpuntoypagnuévo urvuua xar ue
= (ur,...,up) € F} 0= (=wv1,...,v,) € F duo evdidueca dtaviouo-

Ta o omolar oyetiovTal UE ToL T ol ¥ UE TS EELOWOEL:

u=Az+¢ ©v=DBy+d,

K

6mou ot mivaxeg A xou B xan tor xodoptouéva dtaviouota ¢ xo Jﬂswpo()th
xpUGAL.
H ANn emhéyer évav axépato h tne Lop@nc:

h=q¢" + ¢ — g7 — ¢*? (2.14)

1o wote o MK.A(h,¢" — 1) = 1. v ouvéyeta emhéyer pior xpupn Fo-
Ypouuwxt| anewévion (Umopel vo etvon xon aguixf) ¢ : K — K. H oyéon
AVAUESH OTOL U XL V Elva:

uh:M v u,v e K/v#0. (2.15)
v
IoodOvaua, €youue:
u?" 1%y = ey (v) (2.16)

Egbcov ¥éhel va undpyet uta éva tpog €var avTiotolylor UETad) Twy U xou v, 1 1
Va mpénet va emtheyel ol dote 1) anexdvion v — (V) /v va elvar évar Tpog
eva Tévw amd 1o ouvoho K* twv un-undevixwyv ototyelnv tou K. Ernavaioufd-
vovtog Ty Stadixacio Tou Exave xot oTol SU0 TUPATAV® XPUTTOCUCTAUNTI YL
v tapdiyet Tig dnuobote eZlowoelg Eextvd and v EZiowon (2.16) xat ue avd-
AOYO TEOTO XUTAAAYEL OE 1 TONUWYUUIXES EELOOCELS GUVOAXE Teltou Boduoy
0¢ Tpo¢ T UETOPANTES {@1, ..., T, Y1, - - -, Yn } AARE UOVO TpdTOU Bodiuol we
TEOS ¥ 0L TIC ONUOGLOTOLEL.

Kpuntoypdpnon

O Bixtopog, o omolog ¥éhel va otellel éva urvuuo T oty ANben avtodt-
OT8 TIC CUVTETAYUEVES TOU UNVOUATOC T 0TS €CIOWOELS XL AUVEL TO YROUUUXO
cUCTAUA WS TEOSC TOL i YL VO OVOXTACEL TO XPUTTOYREAPTIUEVO U VUL ).
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Arnoxpuntoypdpnon
H Akixn unopel va ypnotuorotjoer v Eiowon (2.15) yio va amoxpunto-
Yoagprioel 1o ufvuua. Apyxd, arnd v oyéon v = By + d Bploxel To v xou

unoloyilet: /
u = (¢(v)/v)"

6mou b’ o avtiotpogoc tou h (mod ¢" —1). Tehxd and v eliowon u = Az+¢
avoxTd TO T.

2.4 Kpun‘cool')o‘cv]p.a xpup.p.évwv no)\uwvuy.mdw
eClomwoewy (HPE)

O Ilia Toli oto [IT1] npbtewve éva véo xpuntooclotnua ue dnuoato xhewdi éva
oVUOTAUO TOAUWVLUXGDY EELOWOEWY Xl TG AWl €va ToAumvuUuo Suo
UeTABANTOVY. XTtodyoc g AAixng etvar var xpUeL amd ToV ®TAXOUoTH auTH TO
TOALGYULUO.

H Alixn emiéyer duo nenepacuéva couata Fy < Kxow uta Bdon Bi, o, - . ., By
Tou K w¢ Fy Stavuouatixol yweou. Yuvideg elvan ¢ = 2, adhd uropel va ef-
vau omolodhmote p” yia xde p mpwto xou r € N. Xtnv cuvéyela nalpver Eva
TOAWYLUO 800 UETUBANTOY TNG LopQTC:

foey) =) ayxy’ € K[x,y] (2.17)

ij

étol wote va umopel va Bpel dhec T pllec oto K we npog x,V y € K, edv
umdpyouv. T v xpurtoypdgnon evog unvouatoc 1 Ahixrn Yo Soukéder ue
0o evdidueca Saviouata, & = (U, ..., Up) XV = (V1, ..., Vp), UEU, D € F}
xau u, v ta avtiotorya ototyelo Tou K, ondte Yéten:

Zal-juivj =0. (2.18)
ij

[ a;j # 0 éyeu:

ng

n
i= Zqoi’“ Ko J = quﬁk, (2.19)
k=1

k=1

Yy ovvéyeta i Alxn avixadotd tyy Eliowon (2.19) otouc exdétec tng
EZiowonge (2.18) xau mofpve:

Z (a;; exp(u Zq““ )exp(v Zqﬂ“ = (2.20)
ij
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1 onolo etvou:

T "y 0
> (ai [Ju J[v*") =0 (2.21)
ij k=1 k=1

Aedouévou 6Tt 0 tekeoThc UYwong oty qk—oow’] SUvaun eivar Fy yoouuw a-
newéwion wybouy ot E&iodaoe (2.2) xou (2.3). Ytny ouvéyewa avuxahotd ta
U = (Ul, U, . .. ,Un), a;; = (aiﬂ, @52, - - - ,ai]’n),’l_) = (’Ul,UQ, Ce ,Un) qoL TS EE_,L—
ohoe (2.2), (2.3) oty (2.21) xar avantiooet. ‘Etot tpoxintet éva chotnuo
n e€lowoewy Paduol t wg Tpog u, v, 6Tou

t = max{n; +n; : a;; # 0}. (2.22)

Enouévwe o ocuvohixog Podude tou u'v’ elvar n; + nj. LXOTOC AUTOU TOU
XPUTTOCUOTAUATOS Elval Vo Topdiyet €vat 0OVOAO TOAUWVOUXGDY EEIGWOEWY,
YOUUUIXWY WS TEOS TO EVA GUYOAO UETOBANTOVY XL U1 YRUUULX®Y WS TEOG
10 dhho. [ to Adyo autd cuoyetilouvue tic Eiohoec (2.18), (2.19) dote
va éyouue: a;; # 0 = {n; > 1,n; = 1}. Anb v dhkn uepd to uéyedoc
Tou dnuoctou xhewot PK etvar O(n'™), Snhadh awdvetar mohuwvuuxd og
TEOS N xoL EXVETIXA W¢ TPOg t. OFEAeL VoL xpaTHOEL TO T dPXETA ULxpO, dnAadY)
t = 2,3, neplnov, ondte emhéyel 1 7, j oty Ediowon (2.19) mpoxewwévou va
xpathoeL 1o T x4t and Eva xadoploUévo pedyua.
Yty cuvéyela Talpvet ¢, de [y xou YeTer:

u=7+¢ kar v=9y+d (2.23)

6mou T = (z1,%2,..., %), ¥ = (Y1,Y2, - - ., Yn) Elvor ot StavioUATO TOV UETO-
BAntédy. Avtxadiotd v EZlowon (2.23) otig napandve eElo®oel; Twy u, v
X0l AVOTTUOGEL, OTOTE o TalpVeL Eval GUOTNUA N-EELOWCEWY YRUUUIXO WS TPOG
Y XL UNFYeaUUIXd o¢ Tpog T

To dnuéoLo xheldl elvou:

e To clotnua Twv e€I6HOEWY KBS TEOS T, Y.

e To coua F,.

e To ahgdfnro: éva ohvoro ctotyeiwy tou Iy 1 cuufolooeipéc autav.

To tdLwTixd xAeLtdl slvow:

e To nohudvupo (2.17).

e Ov ECwodoec (2.18) ewe (2.23).
o H Bdon {f1,...,5n}-
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Keuntoypdagpnon:
O Bixtopoag avtixadiotd to ufvoua T = (x1,Z2,...,2,) OTIC dnudoteg elow-
oewe, Peloxel uot Noom ¥ = (Y1, Y2, - - -, Yn) XU OTEAVEL TO § oTnV Ahixn).

Arnoxpuntoypdpnon:

H Akixn urohoyilet 10 0 = § + de K > F,, vnoloyilet To v, avtixohotd
oty (2.18) xou Beloxet dheg tic Mot oto K, undpyet touldytotov . Edy
elvat T 1o xoapd unvuua xat 1o U 6twe oty EZiowon (2.23), avuxadiotd
TO T = U — € xou Ue movotnto ~ 1 Aol 1ol AmOTEAEGUATY, EXTOC AT €V TOU
Bixtopa, dev €youv xouula oyéon UE To ahpdnTo.

2.5 To xpun‘coot')o'cnp.oc Snp.ooi.ou KAELOLOV)
(HFE)

O Patarin oto [P96] édwoe o mopaihayy| tou xpuntocuvotiuatoc HPE, to
xpuntoovotnuo HFE (Hidden Field Equation). ‘Onwe xon npty Souheler néve
and éva nenepacuévo ooua K O Fy ue [K: Fy] = n xou {B1, Fs, ..., B} ua
Bdon tou K we Fy Stoavuouatixol yweou.

Emhéyer €va xpupd mohu®VLLO ULag UETABANTAC NS Lop@1c:

f(x) = Z ﬁijxq% I Z a;x™ + jug,
ij i

10 omoto unopel va exppaciel wg cloTnUa N TOAVWYLUXKY eElooEwy P, ..., P,
ue n UETABANTES X1, . .., Ty. H auotner emhoyt v exdetdv Tou P Siaoga-
AMCer 6L o tar B elvon ouoyevr Seutepofdiuta ToAumvua.

YNV CUVEYELX YENOLLOTOUVTOL U0 XpUPEC TUYOLES avTIOTREPLUES Yoo~
uwég anewovioeg S xou T’ ndvw and n-adeg otoryeiwy tou F,.
H Swdwacto mapaywyrc tou dnuociou xAedlol TEpLYRAPETAL OTO TOPUXATR
SLdry pouuaL:

T = (11,%2,...,%y)
\’
S(Z)=u=u
\

) =vZo
\’

T(w) =y



Enouévwe av T etvar o xadopd urvuuo xat § To XQUTTOYRa@NUEVO THTE Loy UEL:

U1 :G1<l’1,...,l’n)
y=T(f(5(x)) rau :
Yn = Gp(x1, ..., 2p)

Ov n mrohvwvuuég eClonoec Gy, . . ., Gy, mou TEoxUTTOLY, oL oToleg eivar deu-
€00 Barduol W TEOSC TAL T; XAl YRUUUXES WS TEOE TA Y, ATOTEAODY TO SNUOCLO
el

To xpupd xhetduid elvau:

e H Bdon tou K w¢ Fy-dravuouatindc yopoc.

e To nohudvupo f(x) € Kix].

e Ou ypauuixéc avtiotpéduueg anewovioeg S, 7.

Keuntoypdpnon
H xpurntoypdenon evoc unviuatog arartel uovo v entluct eVOg YpouULXoL
OUGTAUATOS W TPOS T Yj.

Anoxpuntoypdpnon:

o vou amoxpurntoypaghoet 1 Ahixn 1o ufvuua axoloudel tnyv e€rc Staduaocto:
e Egopuéler tpy T o710 4.

e Avanapotd 10 T71(y) wc otoryelo tou K.

e Me €16 uéhog autd to ototyeio mopayovtonotel To xpUPSd TOAVWYUUO ULIG
UETUBANTYC Tou ETENEEE GTNY Y.

o Egopuolet tny S~ 6T1c oUVIGTOOEC NE Mone xat TAlpVEL TO T = (21, .. ., Tp).

To mapaxdtw Sudypouua Teptypdgel TNy Stadixacior AToXEUTTOYRAPNOTC:

=192, Yn)

4
T 2y
\
fx) =Y
(! (raparyovTomoinon)
S™x)=1=x

O wrtaxovoTthc dev umogel va yenoytorotioel authy TNy Stadxacto epbdcov dev
yYvowpilel Tic amewxovice S, T. 'Eva napdderyua ue Bdon 1o HFE xpuntoci-
otnua Peloxetor 6To TapdpTNUA.
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Kecde\ou.o 3
Exvjp.oc‘coc \Ilv]cpt.ocxd)v Tnoypoccpo’w

3.1  Xyhuo vroypaprs UE BAoT To %pURTOGHGTY-
wo HPE.

O Ilia Toli oto [IT1] édwoe éva oyfua dnplaxic vroypaphc Bactouévo ato
xpuntooUotnua HPE. O Bixtopag, yw va unopéoet va unoypdder éva urvu-
ua, udyver éva xpuntoototnua HPE énwe nopandve ue [Kg : Fy ] = np.
Trovétouue 6Tl oL GuvapThce “xopTeC ” (Hash Functions) eivow dnuocta So-
OUEVEC oL OTENVOLY TaL UNVOUATA O N-Adec Ue ototyelo amd to [y .

O Bixtopag umoypdget €va urivuua wg eCHC:

e Trohovyilet o H(M) = (Y1, Y2, - -, Yny) = Up oL VéteL U = §p + dp.

e Troloyilet to vp € Kp xou Pploxel uio AMon up 10U xpu@ol ToAUmVIUoU
fB(uB,VB) =0 o7o KB.

e Trohoyilel 0 up xo VételL & = up — Cp.

o To (x1,29,...,2s,) elvon 1 utoypoPy ToU UNVOUATOC M.

[N v motonowioet 1 AMxn v uroypapy| unokoyilet to H (M) = (y1, Yo, --

3 Yng)- BV (@1, 22, Ty ), (Y1, Y2, - - 5 Yny ) EbVOL KOO TOU Suociou xhet-

100 Tou Bixtopa 16T AmodEYETO TO UTOYEYPAUUEVO UNVUUAL, UAAMDS XOUTONOL-
Batver 6Tt €yel emEUBEL 0 WTUXOUCTAC XL TO ATOPEITTEL.

Edv o wtaxouvothc 9éhet va unodudel tov Bixtopa yia va otelhet oty Ahixn

10 36 Tou URvuua ue T ®6eT Y = (Y1,¥Y2,-- -, Yny), TOTE Yiot Vo Boel
UL UTOY RO (X1, %2, ..., Tny) TEETEL VoL AOoEL TIC €EIGWOELS TOU GUOTAUATOS
Tou Bixtopa w¢ mpog (x1,22,...,%n,). H duoxolia avtol tou TeoPAAuaTOog

eCacahilel xou TNV ac@dAelo TG audevTixoTnTaS TNg unoypapnc. Me duoto
TEOTO BOVAEUEL XOU TO Oy U UTOYRAPHC Tou xpurtocuothuatoc HFE.
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3.2 Yyfua vroypaphc Sflash™.

Ou N.Courtois, L.Goubin xou J.Patarin oto [CGP] npétewvay évo oyfiuo uto-
Yeapric dnuociouv xAewol To Sflash”® 1o onolo anotelel uta véa €x300T TwYv
Sflash*! xou Sflash”?. To Sflash*® éyer oyeduaotel Yo cuyxexpyévee amouth-
OELg, YL TS OTOlEC TO XOGTOC TWV XAAGGIXWY XPUTTOYEAPIX®Y aAyopliuwy
(RSA, DSA, ehhetntinés xaunilec) elvan mohl ueydho, ette eivon mold apyol,
elte 10 uéyedog tne umoypagrc etvan ueydho. Avtideta To Sflash®? etvar éva
TOAD YP1YOpO OY iU UTOYQRUGHC TOGO YL TNV TUQAYWY T UTOYRAUPHSC 6GO %o
v v exardevon) tne. Emmiéoy, to eninedo aoqdhetdc tou elvon 280 ieleidolle
UE To UTdEYOVTA BEBOUEVA GTNV LXAVOTNTA XPUTTAVAAUGNC, EVK 1) XUAUTERT
enfdeon mou €yeu yiver amontel 2100 TEAEE.
Oa dnhwvouue ue || v dtadixacio cuvapuoyhc, Snhadhedv A = (Ao, ..., Am)

xo o = (Lo, - - -, fn) SUO oUVOLA GTOLYEIWY EVOC SooUvou oOUATOC, TOTE UE
All g Vo €xoupe to €€hic olvolo oTotyeiwy:

)\H,U = ()‘07"'7)‘m7,u07"'7un)'

Enfong, yia docuévo A = (Aoy -+ s Am) %ot Suo AXEQAULOUG T, § TETOLOUC WOTE
0 <r <s<m, opilovue 10 [A],_s va elva:

[)‘]?"Hs = ()‘W )‘7"+17 tt )\5717 )\s)

Iapduetpol tou Alyopiduovu.

O ahyopriuog yenowomolel TeL TETEPUOUEVA CWUATA.

e To K = Fiag, T0 onolo elvar opouévo wg K = Fo[X]/ mod (X7 + X + 1).
OptZouue v anexdvion 7 : {0,1}" — K étor dote:

Vb= (by...,bs) €{0,1}7, 7(b) = b X+ ...+ 01X + by mod (X" + X +1).

e To £ = K[X]/(X 4+ X° + X? + X + 1). Opilovue tnv anexbvion ¢ :

K" — L tétota GoTe:

Vw = (wp,... we) €K7 ow)=weX%+. . +wX+wy mod (X+X°+ X2+ X +1).

O alybprduoc yenowornotel duo aguixéc anetxovicec s xat t and 1o K57
oto K97, xodeuld anoTteAeltan and Eva xpuod Yeouuxo uécoc Sp aviioTtorya
Ty, xou and éva otadepd uépog S avtiotorya Te.
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Keugpég napdueteor.
o Mo xpugn ypouuxy arewxovion and 1o K9 oto KO nopiotdveton ue évay
67 x 67 tetpaywvixd mivaxa ue ototyeio and to K ypauuéva we mpog tny xo-
vovix| Béon tou K. Anhdvouue ue Sp autdv tov mivaxa.
o Mo axdun ypouuwh arexdvion and to K oto K7 ropotdvetar ue évay
67 X 67 teTpaywvixd mivaxa ue otolyeia and to K, o onolog dnhavetar ue 1.
o Mo 80-bit xpup?, cuuBolooelpd mou dnhwvetar ue A.

Hui-dnuodoreg napduretpotl.
To otadepd uépn Twv s xou t opilovTon we:

’ 7 / 67 ’ 7 i ’ /
e 'Bva ddvuoua and 1o K*', 1o onolo nopiotdvetar and évav mivaxa oThAN
67 x 1 tov Sc.
e ‘Ao éva ddvuoua and o K, 1o onoto TUELOTAVETOL ATO TOV Tivaxa GTAAY
Tc.

Aev éyer vonua va xpaToouUEe xpupd Tor otadepd Uépn Twv s xou tyartl
xaw vor Yivouv Yvwotd dev emnpedleton 1) acpdieta Tou Sflash, amhd dev cuvi-
OTATAL VO ONUOCLEVOVTAL TPOXEWUEVOU YO YALTOOOUUE Y WO XL Y eOvo Stddoaorng
TOU dNUOGLOU XAEWBLOU.

ANUoOCLEG ToEAUETEOL.
To dnuoclo xhewt arotehelitan and uto GuVdETNOT G : K7 — K56 tétola hote:

X)= |t Y F X

GO = |7 (Fletsom))]

omouv F': L — L, ebvan uia cuvdptnomn mou opileton og:
VA€ L, F(A) = A7+

XAl TO (391 MAC ETLTEETEL VoL TWdpOoLUE 56 amd Tic 67 elowoeLS.

Ané v xataoxeut| Tou aiyopiduou, n G etvon wa deutepoBdiuto amelxo-
vion mévew and 1o K, dnhadh edv (Y, ..., Yss) = G(Xo,. .., Xgs) T0T€ UnOPE!
l0odUvoud Vo Yeupel wg:

Y():PO(X())’"aXﬁﬁ)

Y55 = Pss(Xo, - .., Xes)
omou xdde P elvon éva deutepofdiuto ToALGYUUO TN LORGHC:

Pi(Xo, ..., Xn) = Z Gij e XjXp + Z vi i Xj + pi,

0<j<k<67 0<j<67

xa Ohat oL otovyetar G 4k, Vi j xon p; lvon uéoca and 1o K.
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IMopaywyr YTroyeapns Mnviuatog.
To urfvuua M dtvetar oav axohoudio amd bits xou 1 unoypag” Tou S AaufdveTon
AAVOVTOC TNV TopaxdTe dodixacia:

1. 'Eotw My, My, My ko Mz vo glvon tpelg axohoudieg 160-bit oplouéveg

we:
My, = SHA—-1(M),
M, = SHA — 1(M,||0200),
M, = SHA —1(My||0z01),
My = SHA—1(My||0202),

ue 0200 €w¢ 0202 dnhdvouue Evay yapaxthpa 8-bit Tou mpootiletal 6To
M.

2. 'Eotw V' wa 392-bit tuyala axoloudia mou oplletar wg:

V= [Mi]o-isg || [M2]o—se || [Mslo—71-

3. 'BEotw W wa axoloudia and 77-bit opiouévn we:
W =[SHA = 1(V || A)]o—7s.
4. 'Botw Y wa axoloudia 56 ototyeiny tou K mou opiCovton we:
Y = (7([Vlomg 7(VIr), - 7([VIsss-aon)).
5. 'Eotw R uta axohoudio and 11-bit opiouévn we:
R= (W([W]0—>677T([Wh—»13), e ,w([W]m_%)).
6. 'Eotw B ototyeio Tou L nou opiletar we:
B =yt (Y| R)).
7. 'Eotww A otoryeio tou L nou optleton wg:
A=FY(B).
H ouvdptnon F éyel opiotel napandvew ondte o A = F~1(B) unopolue
VoL T0 TdpouuE antd Ty oyéon A = B" 6r0u h givar o avtioTpoog Tou

12833 4+ 1 modulo (1287 — 1).

26



8. 'Eotw X = (Xo,..., Xg) U axohoudio and 67 otoyeia tou K:

X = (Xp,..., Xes) = s (o7 (A)).

9. Téhog, n uroypa?, S etvan 1 469-bit cuuPoroceipd Tou diveton we:

S=a1Xo) || ... || 7 (Xes)-

ITvotonoinon Yroypapns.
O mapaxdte alyopriuog, yio dedouévo urvuua M xou utoypagn S, anogacile
TNV EYXUROTNTA 1| OYL TG UTOYPUPHC.

1. 'BEotww My, My, My kow M3 va gtvon tpeig axohouvdieg 160-bit opiouéveg

(O]
My, = SHA-—1(M),
M, = SHA—1(M,|0z00),
M, = SHA —1(My||0z01),
My = SHA —1(Mp||0202),

ue 0200 €w¢ 0202 dnhwvouue Evay yapaxthpa 8-bit tou tpootietar oTo
M.

2. 'Eotw V' wa 392-bit tuyaia axoloudia mou oplletar wg:

V' = [Mi]o—1s0 || [Mz]o—1s50 || [M3]o—71.
3. 'Eotw Y wa axoloudia and 56 ctovyeia Tou K nou opileton we:
Y = (7([VIomo, m([VIrts)s- o 7([V]sss o) ).
4. 'Eoto Y’ uta axoloudio and 56 ototyeia tou K nou opiletar we:

- (w([S]M, 7([S]71s), - .. ,7r<[5]38%391)).

5. ¢ Edv Y =Y’ téte 1 unoypagr yiveton dexth.
o ADuwe, 1 uToYPAYT] ATOPEITTETAL .

H aogdhera tou Sflash Baoileton xupiwe oto N P-npdBinua exthuong ou-
oTNUdTOY deutepoPBdiulwy eElCMOOENY TdVw and EVa TETEPAOUEVO COUA. AV
xaL ot emécelg Tou ylvovtow o€ autd T0 TEOBANUA EYOUY CUELOCEL UEY AT
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Ted0odo Ta TEheuTalaL Ypovia, EvToUTowg Qatveton 6Tt TeptopilovTal and alyeBptL-
%(€¢ WLOTNTES TOL IBEWBOUE TOU ToEdYOLY AUTA Tal SNUOCLAL TOALWYUULA X ®S
XL OO TNV T LTNTA TV ohyopliuwy.

Fevixd Xopaxtnplotixa Tou Sflash3.

e Myjxog uroypagrc: 469 bits.

e Mvjxog dnuociou xhewdov: 112, 3 Kbytes.

o Myxoc xpugol xhewdot: 7,8 Kbytes.

e Xpbvog unoypagric UnvouaTog: Ayotego and 1 ms.

e Xpdvog meTonolnong utoypaprc: Aydtepo and 1 ms.

e Xpdvog mapaywyhg evog Lebyoug Bnpooiou\t&oﬂmo() AheWov: MyoTERD O
76 1 ms.

e Kohltepn entdeon: mepioodtepol and 2% urohoytouot.
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Kecde\ou.o 4

Kpurc*cowo’c)\ucm

4.1 Ilepuypopy| Twv Bdoewy Grobner.

H xpuntavdluor twv cuctnudtwy dnuoctiou xhewdol tou reptypddaue otnpi-
Ceton otny eniluon evog cuoThuaTog SeuTepoBdutwy EELOMOEMY TOAWY UE-
TaffANT@V Tévew and Eva renepacuévo owua. ‘Evag tpénoc enthuong elvon o
Bdoewe Grobner [JGJG],[CLO], ot onolec atoyebouy otny elpeon utac Bdong
Yot T0 WEMBES TOU ToEdYOLY Ol EELCMOELS TOU GUOTAUATOS UE ATOTENECUA VO
AVAYOUAOTE OTNY EXLAUGT, EVOC EUXOROTEPOU GUOTAUATOC.

‘Eotww F ocoua, R = Flxy, ..., z,] évac TOAUWYLULXOC SaXTUMOC UE M Ue-
TafBAnTéc Tdvew and 1o F oxon fi,..., fs € R. Ta mohucdvuua fi,...,fs € R
ToEdYOLY TO IEWVES

I={fi,....f)={>_ afi: e <R}

1<i<s

V) ={uelF": f(u)=0yna oda Ta fe€I}
elvon 10 aAyeBpwd clvolo mou opiletar and to I, To onoio Yo cuuBoriouue

ue V(fi,..., fs) avti tou V(< fi,..., fs >).

Mepuxn dLdtagn < evog cuvolou S efvar utor un-ovoxAas T xat UeTaBotixy
oyéo:

oxt (< a) kot a < f<y=a<vyyadlTaa,f,7,€S.
Ov ouvifixec urtodnhwvouy oTL dev elvon ouuueTex. Mo ugpur dtdtaln Aéye-
Tou %o 0Ly Sudtagm edv, yia xde Levyog (o, B) € S x S woyler a = f,
elte a < f3, elte a > [ xouw xahy SLdtogn edv, emnpocieta, xde un xevod
utoclvolo Tou S €yel éva ehdyloTo GToLYElD.
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Tautonowlue 1o Stdvuoua o = (v, ..., o) € N” Ue T0 UoVGYLUO

x*=a"...z

Qn
n

Optopog 4.1.1 Mia 6rdtaén povwvduwy oto R =Fxy,. .., z,] evar jna
oxéon < oo N" térowa wore:

1. H < elvar ok ordraén,
2 a<B=a+y<p+7yadlawa,ByeN,

3. H < elvar kaAn ddraén.

IMapdderypa 4.1.1 Tpeg dwapopetikés datrdées povwriuwy elvar or €6ng:
Fotww o = (aq,...,0p), 0= (01,...,0n) € N*. Tére:

1. Ae&Erkoypagrkn 6rdtaén:
a <iep B = 10 MO aploTEPS UN-undeviKé otoyelo tov o — B elvai
apvnTKo.

2. Bauwtn Ae&rkoypagprkn 6rdraén:

a <griex B = Z a; < Z Bi 1 (Z Q; = Z Bi Hab&%lexﬁ)-

1<i<n 1<i<n 1<i<n 1<i<n

3. Avtiotpogn Patuwrn Aebrkoypaprkr) drdraln:

Oé'<g'revlewﬁ<:> Z a; < Zﬁzf/ (Zaz: Zﬂimo{b

1<i<n 1<i<n 1<i<n 1<i<n

o mo 6e&16 ototyelo Tov o — B € Z" elvan 1961:1;«5.)

Ocwpnua 4.1.2 Ot <jep, <griex KOl =greviea, €lval dlatdées povoripwy.

Anodelén:

[ow Ty am6delln tou Topamdve YewpRuatoc amhd eEAEYYETAL €AY oY DOLY O
ouvinxec 1, 2, 3 Tou opouol 4.1.1 ya xde Ut and Tic Statdlelc EEYwELoTA.
Yuyxexpuyuéva, Yoo Ty Boaduwth avtioTeogn hAedoypapxh SWTAL, <grevies;
Eépouue 0T elvan ueptnr) didtadn xon ya xde o, B € N ue o # 3, éyouue elte
ZISiSn Qj < Zlgign Gi 1 Z1§ign Bi < Z1gi§n o M Z1§z’§n o = Zlgz’gn Bi
xaL 6TNV TEAevTala TEp{TTWON Elte T0 o BedLd un-undevixd ctotyelo Tou a— 3
etvon Yetnd, elte to mo delo un-undevixd ctoryeio tou B — a elvon YeTnd.
Enouévng, 1 <grevies Etvar ohuxr Sidtaln.
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[o v cuvdrinn 2 €youue:

Z a; < Z fi <= Z (i +7) < Z (Bi + 1),
1<i<n 1<i<n 1<i<n 1<i<n

ouoing yoo “ = "xow o — f = (@ +y) — (B4 ). Téhoc ya v cuviinn 3,
edv S C N" éva un xevo oivoho xou T' C S 10 6UVOAO TWV UOVWYUUWY TOU
S ue ouvohxd uxpodtepo Badud, téte 1o T elvon nenepaouévo (epdoov yia
omowdfnote m € N undpyouv nenepaoUévo Lovmyuud oUVoAxoU Baduol m)
xot min 7" = min 5.0

Ogropog 4.1.3 Eoww [ =) cyn Ca®® € R éva un-undevicé moAvdvupo jie
co € F ka1 < pua owdraén povwviuwy. Tote:

1. KdOe cox® € co # 0 €elvar dpos wov f.

2. O moAvBaiduég tov f elvar: mdeg(f) = maxo{a € N" : ¢, # 0}, drov
max_ €lvalt To marimum ws Tpos TNy < .

3. O emkepaldijc ovvtedeotiig tov [ elvar le(f) = Cmaegr) € F \ {0}
4. To emregadnic povérvuo tou f civar: Im(f) = 2™ € R.

5. O emkepaldtis épog tou f etvai: lt(f) =lc(f) - Im(f) € R.

Afuua 4.1.4 Fotw < pa odraén povoviuwy ndvew ané to R xar f,g €
R\{0}. Ioxver:

1. mdeg(fg) = mdeg(f) +mdeg(g).

2. Edv f+g # 0 tére mdeg(f +g) = max{mdeg(f), mdeg(g)}, pe wétnta
edv mdeg(f) # mdeg(g).

Ytoyoc uog etvan va dwoovue évay alyoprduo dwadpeorng ue utolotro oto .
Edv f, fi,..., fs € R nohuovuua Oélovue vo yeddovue f = q fi+...+qsfs+r
UE qi,...,qs,” ano To R.

31



ANyoprduog dralpeong TOALGVOUGY TOA®Y UETABANTOY UE
UTLOAOLTTO.

Eicodog: Mn undevixd nohudvuua f, fi,..., fs € R = Flzy,...,x,], 6nov
0 IF elvon oo xon < etvon Stdtaln uovwviuwy ndve and to k.

'E€0d0¢: q1,...,qs,7 € R. tétowa bote f = qif1 + ... + qsfs + 7 xow xavéva
uovovuo tou 1 dev dtapeltar and o lt(f1), ..., It(fs).

1.r«—0, p—1Ff
I'ai=1,...,s9éoce ¢; «— 0O

2. 'Oco 10 p # 0 %xdve

3. Edv o lt(f;) Swupel o lt(p) ywo xdmow i € {1,...,s}

ToTE enéhele xdmow i, ¢ — q; + %, p—p— %fi

oAALG T — 1+ Ut(p), p— p—lt(p)
4. enlotpede qi,. .., qs, 1

Edv xdvouue tov ahyopriuo onttoxpatind, emhéyovtag xde Qopd To Uxpd-
TEPO 1 0TO Brua 3, TOTE To TNAIXA ¢1, - . ., ¢s XU TO UTOOLTO 1 Efvon Lovadixd
oplouéva.

Opiopog 4.1.5 Eva 16ewdeg povwvduwr I C R elvar to 10ewdeg mov ma-
pdyetar ané ta povdvuua touv R, ya ta omola vrdpyer vroovrodo A C N”
He:

I = (z%) = {2%: a € A}).

Adupa 4.1.6 Eoto I = (1) C R éva 1deddeg povoripwy kar 3 € N™. Tére:
el 3JacA 2|

Amnodeldn

“e= "Edv 10 2” elvor molamhdoto tou ¢ yio xdmow o € A, téte o 28 € 1
e oplouoy Tou WEMSoUC.

“—= "BEdv 2° € I, 161 27 = Y, gz pe ay, ..., a5 € Axowq,...,qs € R.
Kde uovdvuuo tou 8e€ol uéhoug dtanpeitar and xdmowo ¢ ue o € A, ondte
authd Yo Loy Ve xo Yo To cplotepd péhog, to zP.0
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Aquua 4.1.7 Eotw I C R éva 10eidoes povoripwr kar f € R. Tote ta
rapaxdtw elvar wodlvaua:

1. fel,
2. KdUe dpog tou f elvar oo I,

3. To f elvar F-ypappukds ovvdovaouds twv povwriuwy tov I.

Ocwpnua 4.1.8 To Afjuua tov Dickson

KdOe 10ecdde povwviuwr tapdyetar ard éva nerepaopuévo ovvolo povwvipwy.
Yuykekpipuéva, ya kde A C N" vndpyer merepaouévo vnootvodo B C A
téroo dote: {(x?) = (xP).

[ xde unoolvoho G C R Sagopetind tou O xar tou {0} opilovue It(G) =
{it(g) : g € G}. Eav I C R eivor éva 13emdec, TOTE UTHPYEL TENEPACUEVO
vroolvoro G C R tétow wote (It(G)) = (I) (and to Muua tou Dickson).
Mrnogel 6uwe va cuuPel to mencpacuévo cbvoho G va moapdyel to I odAd

(It(G)) C (I).

Afppa 4.1.9 Eoww I éva 10edddes tov R = Flay, ..., x,]. Edv G C I éva
nemepaopévo vrootrodo tétow dote: (It(G)) = (lt(1)), tote (G) = 1.

Amodedn

‘Eotww G ={g1,...,9s}. Edv 10 f eivan éva audaipeto nohudvuuo tou I, t61e
amd Tov akydprduo dwipeonc ue urtodrotto €youue, f = qi1g1+. ..+ qsgs + 1, UE
Q-5 qs, 7 € R €100 OOoTe, elte 1 = 0, elte xavévag 6pog Tou r dev Sronpelton
amd AAVEVAL TPOTIOTO 600 TV g;. Ouwe, 1= f —qig1 — ... — qsgs € I, ondTe
Ilt(r) € (1) € (It(gr), ..., 1tgs)). Autd pali ue 1o Ajuua 4.1.6 tpoxinTel
6nur =0. Apa, f €(g1,...,95) = (G).O

Ocwpnua 4.1.10 (Oekdpnua Pdong tov Hilbert)
Kdle 106ecddes I tov R = Flay, ..., x,] elvar nemepaouéva mapayduevo. Ei-
dikdtepa, vrdpyer memepaouévo vrootvodo G C I térow dote (G) = I kar

{t(G)) = (It(1)).

Opiopog 4.1.11 Eoww < a odraén povwriuwy kar I C R éva 10e€d0cg.
‘Eva nerepaouévo ovvoko G C I elvar Pdon Grobner tov I wg mpog tnr <, edv

(It(G)) = (It(1)).

IMépropa 4.1.12 Kde 1decddes I tov R =Flxy,. .., x,] éya Bdon Gribner.
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Aquua 4.1.13 Eotw G a fdon Grobner evég decddovs I C R kar f € R.
Tére vndpyer povadikd moAvavuvuo r € R e

1. f—rel,
2. kavévag dpog tou 1 dev dapeitar and kavéva povdvupo tou it(G).

Anodeldn

O ahyopriuog datpeone divel 6Tt f = a1 g1 +. ..+ gy +71 610U TO T XAVOTOLEL
™V ouvirun 2 xoadwg xow Ty ouvirixn 1 agold f —1r = aig; + ... + g € 1.
Auté amodewvier Ty Unapén tou 7. T'a va amodellouue Ty LovadixoTnTA
UTOUETOUUE OTL UTEEYOUY BUO TETOLL TOAUWVUUA T1, Ty TETOWL WOTE f = g1 +
T1 = g2+7r2 UE g1, 92 € I xan xavévac 6po¢ TV 11, T2 deV Stonpeltan amd xavéva
bpo tou lt(G). Tote rp — 19 = go — g1 € I xou 10 lt(r1 — 13) Va Sroupeiton amd
xdmoto 1t(g;) ue g; € G and 1o Muua 4.1.6. Tdte npoxintel 61ty —ry = 0.0

Ocwpnua 4.1.14 FEorw G ja pdon Grobner evég 10ecddovs I C R w§ mpog
tnr oudraén povwviuwy < kar f € R. Téte, o f € I edv to vrddomo g
dwaipeons tou f pe to G elvar unoév.

To Yewpnua Bdone tou Hilbert dev poag diver Tov 1pdm0 LTOAOYIGUOY ULC
Bdone Grobner evég weddoug I and i Soouévr Bdorn G. Ilpoxewévou va
xataoxeudoouue U Bdorn Grobner epeuvolue mote 1 G Yo amothyyove va
elvon Bdorn Grobner. Evag ndavog Aoyog elvon 6TL 0 ypouuxdg ouvduaouog
az®g+bz’h Suo TOANWVOULY g, h ue a,b € F xow o, 3 € N umoget va odnyioet
o€ €Va TOAUWYLUO TOL 0To{oU 0 TEMOTIOTOE GPOC Vo UNV Slonpeitan amd xavEva
[t(G) ue anahop TV TEOTGTOY 0p®Y.

Optopog 4.1.15 Eoww g, h € R un undevicd,a = (ou, . .., o) = mdeg(g), B =

(/617 s 7ﬁn) = mdeg<h) kar vy = (ma’X{Oélvﬁl}v s 7maX{an7 ﬁn}) To S-
ToAvavvpo twr g, h elvai:

il x7

“ () 7 ut(n)

S(g,h) heR

Ioyter 6w, S(g, h) = —S(h, g) xavepboov z7 /1t(g), 7 /it(h) € R té1e S(g,h) €
(9, h).

Ocdpnua 4.1.16 Eva nenepaouévo otvoro G = {g1,...,9s} C R elvar fdon
Grobner tov 10ecddouvs (G) av kar pdvor av to vmédowmo tns Oaipeons Ttou
S(i, g5) pe o (gr,...,9s) €lvar lvo pe undéy ya 1 <i < j <s.

Ynv ouvéyewa mepypdgouue Tov akydprluo tou Buchberger, o onolog uag
emrpénel va unohoyilouue Bdoec Grobner.
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ANybprduog urnohoyLopot Bdoewy Grobner

Eicodog: Ta tohvdvuua fi,..., fs € R=TFlzy,...,x,] xouw n Sidtaln pove-
youwy < .

‘E€od0og: Muw Bdon Grobner G C Ry 1o Wewdeg [ = (fi,..., fs) wc mpoc
™y Sdtaln < ue fi,..., fs € G.

1. G<—{f1,...,f8}

2. emavdhofe

3. S—0

dtétale ue xdmoto tpémo Ta oTotyela Tou G we g1, ..., G
INal<i<j<txdve

r «— vnéhotno v {S(g:, 95), (91,---, )}
Eav r #0 t6te S «— SU{r}.

4. Edav S = O tote enlotpede 10 G alhdg G «— G US.

Iopdderypa 4.1.2 Yo tapdoerypa avtd Ja vrodoyioovue na pdon Grobner
yia to 10eides I = (fy, f2). Oa onidrvovue pe f rem G wo vrdlomo tng
owaipeons tou f pe o G.

Eotw <==<griex HEY < T, [1 = ° — 2zy ka1 fo = 2%y — 2y + 2 €
Qlz,y]. To G = {f1, fa} Oev etvar Bdon Grobner apot S(fi1, fa) = —a? ka
It(S(f1, f2)) = —2* & (23, 2%y) = (It(Q)). Xenr owréyaa teplapfdvovue to
f3=S(f1, f2) rem(f1, f2) = —a* oy Pdon nag ondre da éyovue:

S(f1, f2) rem(f1, fa, f3) = 0.

Axdun,
S(fi, fs) =1 fr—(=2) - fs = —2xy,

S(fr, fa)rem(fi, fa, f3) = —2xy = fa,

to omolo mpootétouue otnr Pdon uas, étor dote S(f1, f3) rem (f1, fa, fs, fa) =
0. Eyouvue,

S(fi,fa) =y-fi— (—%ZEQ) fa= 2wyt =y fu,
onéve S(f1, fa) rem (f1, fa, f3, fa) = 0 xkar

S(fo, f3) =1+ fo— (—y)fs = —2y* + 2.
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Aot mpooiéoovue kar o f5 = S(fa, f3) rem (f1, far f3, 1) = —2y* + z,
eAéyyouue kar TpokUnTel oTi:

S(fhfj)rem(fla cee 7f5) =0 eze 1 S { <] S 57
emopuévas n fdon Grébner evar {f1,..., f5}.

Adppo 4.1.17 Edv G Bdon Grébnertovl C R, g € G karlt(g) € (It(G\{g})),
téte to G\{g} elvar Bdon Grobner tov I.

Ogiopog 4.1.18 Eva vrnootrodo G C R kaAefrar eAdyroTn pdon Grobner
tov I = (G), edv avtd etvar Bdon Grébner tov I kar ya kdOe g € G woyver:

1. le(g) =1,
2. lt(g) & (It(G\{g}))-

‘Eva otoyelo g uag Bdone Grobner etvar avnyuévo wg mpog to G €dv
xovéva uovevuuo tou g dev eivan oo (IL(G\{g})). M ehdyiotn Bdor Grobner
G tou I C R xadelton avnye€vr €dv 6ha ta ototyelor T elvan avnyuéva »g
meog 10 G.

Ochpnua 4.1.19 Kdle 10ecd0es éyer povadixn) avnyuévn fdon Grobner.

Or Bdoeic Grobner yenouonotovvion npoxeuévou va fonidfcouy oty eniluo
OUCTNUATOY TOAUWYUULXWY EEIGWOEWY TOAWY UETUBANTOY. XUYAEXQUIEVA,
Beloxovtag v Bdon Grobner tou Wewdoug mou Tapdyouv ot eEIGWOE TOU
ouoThuatog xou dedouévou 6Tt To ahyefBoend alvolo Tou optleton and auTHV
TautiCetan ue to ahyefowd alvoho Tou oplletl To Wewdeg, cuyvd etvar mo €0-
x0ho Vo Bpolue Ti¢ MOOELC TOU GUOTAUATOC.

Ocwpolue éva abotnua A deutepofdluiwy e€lodoemy TOAGOY UETABANTOY
[; =0, (1 <j<m)ndve and éva tenepacuévo ooua K, 6mou xdde [; eivou
e wopphc fi(z1, ..., xn) — b ue f; € Kx] : Klzq, ..., 2,] xou b; € K,

ll(l'l,...,l‘n) =0
A: :
lo(z1,...,2,) = 0.

Téte ue v Bodewa g mopadte TEdTAONE UTOPOVUE Vo Bpolue TN AboT
TOU GUOTAUATOS, €4V auTY elvar uovadixy.
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Hapatienoy 4.1.1 H avnyuévn Pdon Grobner tov 10ecddovg mov mapdyetat
ané dAes g eqivdoas tov A ko rg xf — x;, 1 = 1,2,...,n evar n {x; —
A1,y Ty — Ay}

Ilpétaon 4.1.1 Eotww A éva ovotnua mtoAvwrvukoy eiodoewy ard to

/7 7 7z /
Fylz1, ..., 2] ka1 T4 1o 10ecdbes mov mapdyetar and ng eqwodoas tov A kat
us xf —x;, @ = 1,2,...,n. Téte 1o A éya wg Adon y (x1,...,T,) =
n /. /
(a1,...,a,) € FY av kar povo av to {xy — ay, ..., o, — a,} evar n avnyuévn

pdon Grobner tov Zy.

IMapdderypa 4.1.3 Ocwpolje to ovotnua efi0ooewy:

2yt 42 =1
42 =
T = z

oto C3.

Avtés o ebwocsoeg opilovr wo I = (?+y*+22—1, 2%+ 22—y, x—2z) C Clz, y, 2].
Oéloupe va Ppolue dAa ta onueia touv V(I). Apyikd vrodoyilovue tny Bdon
Grobner tov I, n onola elvar G = {g1, g2, g3} pe

g1 = T—%
go = —y+22°
g3 = 2"+ (1/2)2* —1/4

Iapatnpotje ént to moAvavuuo gs efaptdrar povo ard to z, omndte eUkoda Ppi-
oKkoupe TS Téooepis pileg Tov,

y = i%\/i\/g— 1.

Yy ovvéyea avtikathotdue tg Tjués tov z ot ewowoes gy =0, go = 0, o
omofe emAvovtar povaoikd wg mpos x, y. Télog, mpoxintowy téooepis Avoeg
yia ts €fiovoes g1 = g = gz = 0 0vo mpayuatikés kal Ovo @avraoTikE.
Egéoov, V(I) =V (g1, g2, g3) éxovpe Bper dheg Tig Aboes tov apyikol ovoth-
Hacos.

To x6670¢ uTohoyloUol TwY Bdoewv Grobner mapouctdler exdetiny| ald-
7, 7 4 / 7. /7 z /7
&non. ‘Otav dovledouue mdvw and to cwua Fa, 161 0 péyiotog Baduog D
TWY TOAWYOU®Y TOU CNUELWYOVTOL GTOV LTOAOYIOUO Twv Bdoewy Grobner,
TEQLAUPBAVOUEVLY TV EELOWOEWY TOU GWUATOS mf = x;, elval UxpdTEROS O-
76 n. H mohumhoxdtnta Tou 6uVoAxol utoloylouol elvar @payugvn and Eva
TOAUGOVLUO TNE TCewg 2™,
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4.2  KpuntavdAivor tou xpuntocuctiuatos HFE
ME BACT TNV TEYVLXY TNG ENMALVOLYLUAALXO-
noinorng.

Ouv A Kipnis, A.Shamir oto [KS] entyeipnoav ue tny teyvin| tne enavorypo-
uwonoione va ondoouy to HFE xpuntoctotnua. H entdeorn otnpiletar otny
ToEATARNOT OTL OTOLSATOTE GUOTNUA N TOAVWVOUWY UE 1 UETABANTES Tdvw
amd €va upd owua I uropel va napactadel we évar TohudYLUO Lo UETO-
BANTAC, oUYXEXPLUEVNE UopPHC, Thvw and uia enéxtaon K tou F Baduod n.
XpNoWoTolUE AUTHY TNY AVATORAGTACT] TEOXELIEVOU VO AV OUUE TO AQYLXO
TeéPBANuUa enthuong cuothuatog n SeutepofBdiutwy elGMOEWY UE N UETIPATN-
TéC TAvw and To Uxpd cwua I, oe éva véo mpdPBinua em? deutepofdiutwy
eCloOoEWY UE M UETABANTES Tdvw and to ueydro owua K émou € > 0. H
ANACOIXT, TEYVIXY) YpauUXoTonong Yot TNV eRAUCT, TETOLWY CUOTNUATWY O-
viathotd xdde YVOUEVO UETUBANTOY TNG LORPHC T5T; UE ULl VEA UETUBANTY
Yij OTOTE TEOXVTTOUY em? Yoouuxéc eELIOWOELC UE m2/2 véeg UETOPBANTES V5

Yy entdeor) wog elvar avaryxalo va etvon 1o € < 1/2, ad\d t61e 1 TEY VXN
NG Yeuuuxoroinong Tupdyel TOAES dypnoTtec AoElC Tou dev avtamoxpivo-
VIO OTIC TEAYUATIXEC ADCE TwV apytxwy deutepoldlutwy ellowoewy. To
TEOBANUA auTd aVTIETWTICETOL AVOTTOOCOVTAC UL VEX TEYVIXR, TNV EMOVOL-
Yeauutxoroinoy, 1 onola avauévetar vo hooel tuyalo cucThAuaTa deutepo3d-
UtV eEI0WOEWY O TOAOVLUIXG YeOVOo Yl ontolodrroTte € > 0.

Aquua 4.2.1 Fotw A pa ypaupukn arneikévion aré n-dde§ o€ n-does jue

nués and to F. Tore vndpyovr owvtedeotés ayp,...,a,—1 ané to K téroo

bote ya omoreadnmote dvo n-ddes pe otowela ané o F, (xg,...,z,-1) (TOU
, -1 ,

avaotoyel oto x =y . x;w; 0to K) kat (Yo, ..., Yn—1) (mov avuoroel oo

y =S yiws oto K), wxder: (yo,--.,Yn-1) = A(Zo, ..., Tp-1) av ka1 pévo
avy =31 ot

Afppa 4.2.2 Eotw Py(zg, ..., Tn-1), ..., Puo1(z0,...,20-1) éva olvoro n
roAvwriuwy pe n petaPAntés mdrvw and to F. Tote vndpyovr ouvvteAeotéq
Qo, . - ., gn_1 and to K téroio diote yia omoreadrmote 6vo n-doe§ (zo, - . ., Tp_1),
(Y0, - -, Yn—1) pe ororyeta and o F, y; = Pj(xo,...,2p-1) Y@ Aa ta 0 < j <
n—1av ka1 uévo av y = Z,io_l ;' émov T = Z?:_Ol Tiw; Kaly = Z?:_Ol Yiw;
elvar ta ovotyela tov K mov avniotoyyolv oe dvo dwavvopata ndvew and o F.

Aquua 4.2.3 Fotw C pa ovAdoyr) and n opoyevn moAvdvuua n petapAntady

Paduov d ndvw ardé to F. O udéveg dvvdueg tov x mov mapatnpovvtar pe un-
HNOeVIKOUS oUrTeAcoTéS otny avtiotolyn tapdotact) Tous and €va TOAVWY UUo
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G(x) pag petafAneig ndve ard to K elvar atpolopata akpifas d dvvduewr
Tov ¢, dy1 artapartites dagopetikdy, ¢ + ¢ + ...+ ¢". Edv o d efvar qua
otalepd téte to G(x) elvar apaid kar o1 TUrTEA€OTES TOU OOV va Ppedody
o€ TOAVWYUULKS X povo.

Y10 xpuntoclotnua dnuociou xhewod HFE tou Patarin [P96] dewpolue to
dnuooo clotnua Twv deutepoldutwy ToAvwviuwy Gy, ..., Gy UE UETO-
Bantéc wo, ..., Tp—1. Kdde molucdvuuo unogel va ypagel otny tetporywvixy
TOU UOopQN 7Gxt bmou Gy elvan évac n X n wvoxac GUVTEAECTOYV, TO T &l-
Vol 10 Stévuouo Ypouus Tov UETIBANTOV (To, .. ., Tp_1) X0 T' T0 AVAGTPOYO
Tou. [ v entleon yenowwonowiue 1o Muua 4.2.3 yio Ty ToedoTtacy) Tou
dnuoctou xAewdtol K¢ TOALOYLUO oG LETUBANTHE Tdvw ard to K:

[y
—_

n—

G(z) = gij:pq”rqj = 2Gz' omov G = [gij] kaw z = (2@ 20 2.

n—

i

Il
o
T
o

H ropamdve teTparywvixy| uopgy| etvon apxetd acuvithotn agol to Stdvucua T
aroteheltan and cuoyeTillOueves UETUBANTES xon oyl aveldpTtnTes, xadog xou
61t 10 T elvan Stdvuoua ue ototyelo amd to F, eved to  elvon ddvuouo ue
otowyeto and 1o K. Axdun, ot ypouuxéc anewxovioec S, T unopoly vo topo-
oTooly WS TOAUOYLUA Utag UETUPANTAC XAl ETOUEVKDS TO ONUOsLo Xhedl va
Teoxtdel wg 6vViesT ToAwViULY Utag UetaBinthc G(z) = T(P(S(x))) ndvew
amé 1o K. Eavarypdgouue tny eZlowon T-HG(z)) = P(S(x)), 6mou 1o S éyel
™y wopyt S(x) = Z?:_Ol s;x? xon to T mou elvon eniomg Yoot amexdvion
éyer ™y wopoh T Hz) = S0 tiad'. Stbyoc uag eivor vor pehethoouue Ty
entdpaon Tne moAvwvuutxhic ouvideone TG (x)) xou P(S(x)) otouc mivonee
AVATAPACTAGHC TOUS OE TETEAYWVLXY| [LORYT.

Ocewpnua 4.2.4 O nivakag TS TETPAYWVIKAG HOPPHS 0TO T TOU TaploTdvel
ty toAvwruuih otvleon T~(G(x)) etvar 31— tsG**, émov G** mportmrel
aré tov n X n mvaka tapdotaons tov G vhdvorvtas kdle otoryelo tov aTny
q" ovvaun oto K kair kukdikd evaAddooovtag o€ k Prpata téoo Tg ypapjég
600 kat Ti§ oTAe§ Tov anoteAéoparos. O mivakag TS TETPAYWVIKAS UOPPNS
oo & Tov mapiotdrer tny toAvwruuikij otvieon P(S(x)) etvar W PW?, drou o
W = [w;;] efvar évag n x n nivarxag tov opiletar wg wi; = (s;_;)7, pe ta j —i
va vrodoyilovtar modulo n.

Amodeldn
7 / —1 7 n—1 qk 7
H rmoluwvuuned avaropdotaon tou T H(z) elvon Y 51— tra? o tou G () elvan
anl n—1 o qz+q3 H )\ / ’ 'ﬂ / )\ 7
im0 20 9ix? 7. H moluwvuuif toug olvdeon uropel vo umohoyloTel
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YPNOWOTOLOVTOS TO YEYOVOS OTL 1) Owon adpoloudtwy otny q dUvaur etvor
YOUUULXY| ATEWUOVIOT:

n—1 n—1 n—1 n—1 n—1 n—1
i i k
T7(G(z)) = Ztk( gy YT =N ", (gi)* =\« “+a7)q"
k=0 =0 7=0 k=0 =0 7=0

7 ’ ’ ’ n 0
Ou exdétec Tou g unopoly va avaydolv modulo n agol 27" = 27 = x o
Ta. adpolouata UmopolyY Vo EVOAAIGOOVTAL XUXAXA €AY €)0UV LUTOAOYIGVEL
modulo n.

n—1 n—1 n—1 n—1 n—1 n—1
1 . q* z+k+j+k_ k giggd
T (G(aj)) - 2% gzy 1 = E tg (gi—k,j—k)q 4T,
k=0 =0 7=0 k=0 =0 7=0

O rnivaxog oty ozvoucozpozo'rozon ozurou TOU TOAU®VOUOU GE TETPO(YO.)VLXT] uopoN
ue dpouc w¢ mpoc  eivar G = th*k, omou 1o oTolyeta Tou G** otc
k
7 . . 7 q
Véoewc (i, 7) etvon 9§k ke
Me buoto tpomo anodewvieton xou 1 obvdeon P(S(z)) :

,_.

n—1 n— n—1 n—1 n—1 n—1 - n—1 ]
1+q] . qu ql qv q]
pii(D_ sk = pij (D sut® )T () suz?)

k=0 =0 j=0 u=0 v=0

I\
o

=0 7

‘Orwe xot T, YeNnoULOTOWWYTAS TNV YRUUUXOTNTO XL TNV XUXALXY| EVOANAYT
TWV SEIXTWY €Y OUUE:

n—1n-1 n—1 el
P(S(z)) = Z Zpij(z Sgixq““)(z ngxqv+j)
=0 j=0 u=0 v=0
== = i w el v
= S st s )
i=0 j=0 u=0 =0

Avadiatdocovtog Ty Gelpd TV apoloUdTOY XAl TWY TOMATAACLIUCTIXGY O-
oWV TalPVOUUE:

i
—
3
|

—
3
|

—
3
|

—

P(S(x)) = 2L py s a7 = gWPW'a'.O

u

Il
o
Il
o

i

Il
o
T
o

v

H extdeor, dedouévou tou dnudciou xhewdod, Baciletar otny eiowor mvdxwy
mhvw and 1o Kty G' = WPW?! tou xaleiton Veuehadrg elowor. O nivaxoag
G umoget edxola va utohoyiolel and mv ToPdOTACT, TOU Bnpéotou X AEWLO0
¢ TOANUWYUUO LIS psto@)\mng mdvew and 1o K xou ev ouveyeta and Tnv gV-
pEON TN TETPaYWYXAC TOu Uop@ic. Oewpolue tov Tivoxa G = > )~ t Gk
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k

7 Ve 7 7’ 7 . . q
UE oTouyela ToU var elvar Ypoutxol ouvBuUaGUOLl TwY YVOOTOY (Gi—kj—k)? UE
&YVWoTOUS CUVTEAECTEC to, 1, ..., Th—1 amd T0 K. O mivaxag P elvon xupung
YVWOTOC ool UOVO TA TAVW APLOTER 7 X 7 oTotyelol Tou 1 X n wivoaxo lvon
un-undevixd xow 1 < < n. O wivaxag W etvor dyvwotog, adrd undpyouy Toh-
A oyéoeg UETAl) TV n? otoyelwy Tou agol dha autd xoopiloviar and n

TUPUUETEOVS, UECW TWV Wij = s?:i. 210y0¢ Uag elval Vo YeNoULOTOGOUUE
OAEC qUTEC TIC ToPATNENOEL TEOXEWEVOU Vo Aocouue TNy Veueiddy e&iowon

OE TOAUWYUUIXO YPOVO.

Avdaxtnon tov T

Apywd, Yo meprypddouvue Ty Stadcasia avdxtnong TV to, ..., t,—1 A6 TNV
Veuehddn ellowon G’ = WPW?!, 6mou xéde otowyelo Tou G’ elvan ypauuxog
ouVBLAoUOS TV t, UeTABAnToY. O nivaxag P arotehelton to Toh) amd r un-
undevixéc ypouuéc onote 1600 1) Padulda tou 660 xar 1 Poduida Tou WPW?
dev unopel va Eemepdoet To 1. Tl Tuyalor EMAOYT TWIOY TWY t, 1) AVOUEVOUEVT
Boduida tou mivaxa G’ elvor mOAD x0vtd 610 n. Autd TOU XAVEL TNV ETLAOYT
TV TWWOV T oot elvon 6Tl UToYEEWVODUE TO G’ va éye acuvhdoTn uxen
Baduida {on ue r.

H Baowr| npocéyyion yiveton exgpdlovtac tny cuvifxn mou undpyeL yia
v Paduida Tou mivaxa we éva ueydho apriud eEloOoEWY UE UXed apdud ue-
oBAntey. H Baduido tou mivoxa G eivon 1o ToAd 7 xon 0 aploTEROS TUPHVAC
10U, 0 ontolog oplleTaL WC TO GUYORO GAWV TWV SAVUCUETWY UE YPUUUES T TV
ar6 to K mou wavonooly tnv TG =0, eivon évac (n — 7’)—&&010{07}@ Yoouuut-
%€0¢ undywpeoc. Enouévae, avauévetar va Beedolv n— 1 ypouuixd aveldptnTa
SLovOoUATO X1, . - .y Ty, OXOUT) XOL AV UTOYPEWCOUUE TA TEWTAL 1L — ' GTOL-
yetor Tou Ty var €youy ouyxexpluévee tuéc. Ta undhoina r ototyela oe xdie
éva and tae 1 — 7 daviouota Ty optlovtor we véeg uetofAntec. Kdve Sravu-
ouatixn e€iowon TG = 0 uropolue va v dolue cav n Poatuwtés e&lowoele
Tévew and 1o K ondte nalpvouue cuvolxd n(n —r) e€owoec ue r(n —r) +n
uetaBAnTég, 6Tou oL r(n—r) UETABANTES TPOERYOVTAL OO TOL Ty, EVE) OL M ATO
o t;. To mpdPhnua etvan 6Tt autég oL e€lowoelg elvar deutepoPdiutes xar dev
Eépouue ¢ va AOoouuE TéTola UEYdha cucsThuata deutepofBdiuwy eflow-
OEWY OE TOAUWVUUXO YpOVO oANd To VeTid elvar 6TL avtl Tou cucThAuUATOC
WY N ELOMOOEWY UE N oY VOOTOUC TROXOTTEL €val 6UGTNUAL n? eEloMoEnY ue
mep{mou T oy vwoToug, OTou 1 < < n. Od YENOULOTOLACOUUE TNV TEYVIXY TNS
ETAVAYPOUUULXOTIOINOTS TEOXEWEVOU VAL AOGOUUE TO TUEATAVL GUCTAU.
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OewpolUE 10 YEVIXO TEOBANUA ETIALGTC € TUY ALY TUPAYOUEVLY OUOYEVKDY
deuetepoPBdiulwy eClowoewy ue n uetafintéc. H teyvind| tne yeouuxonolnong
avtixadotd xde duo uetofAnTéc Ty v i < J omd UL Vo UETUBANTY Yij,
UE ATOTEAECUA O GLUVOAXOC aEWIUOC TwV VEWY WETUBANTOV Vo glvon n(n +
1)/2. Enouévag, xde apyur SeutepoPBdiuta eliowon ue UeTaBANTéC we Teog
x umopel va ypaget wg ypauuwxt e€iowon ue véeg UeTaBAnTéc we mpog y. Edv to
Ao twy eglowoewy wavoroel Ty e > n(n+1)/2 nepuévouue to olotnua
vau €yeL wovadxt] Moo, uwe edy e << n(n + 1)/2 nepuuévouue to ypouuuxd
obotnua vo €yet exdetind TARYoC dyenoTwy ACEWY ¥ TOU SEV AVTIOTOLYOUY
o€ MOGELC TOU aEYIX0U GUCTAUATOC.

Y mepintwon pag €youue m X rn UETABANTEC AAAd ubvo e = em? e-
ELOWOELC OTTOU TO € = 1/7"2 elvon uxpdTEROD Ao 1/2 xou éto1 n wévodog tng
YOUUUIXOTOINOTC AMOTUYYAVEL. LT CUVEYELXL TEPLYPAPOUUE TNV TEYVIXY| TNS
ETAVAYPOUUULXOTIONOTNS TOU AVOUEVETAL VoL AUGEL TETOLOL GUOTAUATY BEVUTEPO-
Bdiuiwy e€lomoewy Yo onodhtote € > 0 6 TOAUWYLULXO YPOVO.

H Teyvixn tng Ernavaypouutxonoinong

Ocwpolue €va choTnua em? ouOoYEVQY deuTtepofdiutwy eEIGMOEWY UE M Ue-
TUSANTEC Ty, . .., T ME TNV avTIXQTAOTAON ¥ = T Yo © < J TEOXUTTEL
Eva oo TNUA em? eEloMoEWY ue m2/2 VEEC UETABANTES Y5, TOL OToloU 0 YWEOC
AMoEwY elval YeoUUXdg LTOYWEOC SLEAGTACTG (1/2—€)m? ondre xou xde Ao
uropel va exgpaciel we ypouuner ouvdptnom twy (1/2 — e)m? véwy uetafin-
TV 2k AuTth ) topaueTew| Aoor uroget edxoha va Peedel ue anororgpr) Gauss.
Ov meplocdTepeg amod TiC ¥i; Avoelg tou Peloxovion ue authy Ty Staducacto dev
avtioTolyoly oe twavég x; Aooec. ['a 1o Adyo autd mpénel va tpociécouue
emnAéov oUVITXESC TOU Vo GUVIEOUY TIC ;5 UETAPBANTESC peTadd Toug amd Tov
TEOTO 0PIGUOY TOUG.

‘Eotw wo tetpdda dewtwyv 1 < a < b < ¢ < d < m, 161€ 670 YWWOUEVO
TaTpTelq UTOPOVUE VA BANOVUE TIC TUPeVIETEIC UE TPELC DLapopeTIXolE TRO-
TOUC:

(-Iaxb) (:chd) = (xaxc)(xbxd) = (xaxd) (.Z'b.TC) = Yab¥ed = YacYbd = YadYbe

Yrdpyouv m* /4! Supopetinot TpdTOL Yo Vo TAEEOUUE StoTEToryUEVES TETPS
dec twv Sxprtey dewtadyv. Kde uta emthoyy| Siver 2 e€odhoeie, ondte maip-
YOUUE m4/12 deutepofdiuteg ¢EloWoELC UE m2/2 Yij UETABANTES, oL omoleg
elvon Ypouud avedotnteg. Mnopolue Vo UELWOOUUE TOV apdud TwY UETO-
Bantov oe (1/2 — e)m? avicodiotovrog x8de Ut and Tic ¥ UeTaBAnTéc and
TNV TOUEUUETEXT TOUS AVATOEAOTAUCT) WC YPUUULXOS CUVSUAOUOC TV VEWY 2
UETUBANTOY.
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H uédodoc tne emavaypauuixonoinone Baoiletor otny nopathenoyn 6T ot
véec m*/12 SeutepoPdiutec eflomoe ue tic véeg (1/2 — e)m? z; uetafhntéc
urtopolv va yeouutxoroundoiy Zavd avtixadotoviag xdie 225 vt < j and
war véo wetoPAnTy vi;. To véo clotnua €ye m4/12 Yoouuxéc eCLlOWOE UE

2 2 4 Z 4 7 7

((1/2 = €)ym*)?/2 vy uetoPintéc. Ilepwuévouue autd ypouuixd GOOTNUO Vo
éyer wovadx Aoon dtav m*/12 > ((1/2 — e)m?)?/2. Auté wavoroteiton 6ty
e>1/2— 1/\/6 ~ 0.1 mou etvon 10 éva méunto Tou TAROUC TWV EELOWOEWY
TOU AMOUTOVVTAL GTNY ATAY| Ypouuxonolnor. Oa detovue 6Tt yior omolodY|noTe
€ > 0 umdpyet éva oY HUa ETAVOY PUUUIXOTOINOTC TO 0Tolo AVAUEVETAL VoL AUGEL
O€ TOANWYLUWXG YEOVO TuYala GUOTAUNTA em? deutepofBdiuiwy eCloWMOEWY UE
m UeTafAnTéC.

Emotpégouue 010 apyd mpdBinua avdxtnong tou 1" and tny Veuehoddn
eiowon G' = WPW?. Egbocov éyouue n? deutepoPdiutec edlowoelc e
UETUBANTEC TOlPVOUUE € R 1/r%. T ueydho owuoto IF, 1o 7 xot to n téprouy
apxeTd €dv xpathcouuE xadoplouéva 1660 To Podud " Tou xpUPOD TOALKV-
uou 660 ot to ueyedog ¢" tou xoapol unvouatog. H yewdtepn neplntwon
elvaw 6ty ¢ = 2 xou r = 13 ondte 10 € & 0.006, 161E YpnoWWOTOLWVTIS TO
oYU TNG ETavaypauUxoToinone 6tay €YOoUUE 8 SLpORETING T; €YOUUE VA
Aicouue éva ueydho clotnua and O(n®) yeouuwéc efiomoec ue O(n®) ue-
TafSAnTéc, 10 omolo elvor ToAuwyLUXG aAAG un TeoxTd. ['ar Tapddetyuo v
avTixataothoouue 1o [y and 1o Fr, tdte T0 1 négTel and 1o 13 610 4 xou To N
an6 1o 100 oto 36. ‘'Oco uxpdTERO TO T TG0 ALEAVETAL TO € UE ATOTEAECUA
YETOULOTOLOVTIS TO OY AU TG ETUVOLYRUUUIXOTOINOTE VA TEOXOTTOUY ULXEO-
tepa ouothuata and O(n’) A xaw O(n*) efiowoeic ue UxpdTERO N ToU Bivel
T EQPUXTEC ANDOELC.

Avaxtnon tov S

To teheutaio o1ddo g entdeong etvan n avdxtnon tou S, P étav 1o T' elvan
Yvwoté. O wivaxac G' = ZZ;Ol t:G** oty Yeuehwdn eliowon G' = WPW!
elvon maL €vag Yvwotog nivoxac. O mivaxoag P meptéyel 10 ToAD 1 un undevixég
Yeauuéc onote N Poduida tou xan 1 Paduida Tou G' = WPW?! dev UTOEOUY
va Eemepdoouy To 7. Trodétouue, ywplc BAABN e yevixotntag, 6TL 1 Pord-
utda tou P etvon axpiBog 1 xan 6t 1) Boduida tou W elvon axpiBwg n. ‘Eotw
V1, ..., Up—yp Vo Elvon piar Bdor tou aptotepol muphiva tou G'. Egboov o W'
elvo avTIoTEEPLIOS, O dPLOTEPOS TUPTVIC TOU W PW? elvon {ooc UE TOV dpl-
otepod mupriva Tou WP, O apiotepde tuprvag tou PP arotehelton axpBog and
exetvar T Staviouata mou €youvy undév ot mpwTeg T-UEcEC xan €T0L T v;
avtiotoryilovian uéow tou W oe Swavicuata authc g Hopghc. Egdcov o
G’ elvon YVwoT0g, 0 JpLoTEROS TOU TUEHYVAC UTOPEL EUXOAX VoL UTOAOYIOVEL Xou
xadéva amd toe n — 1 Staviouata Bdone odnyoly ot 1 eEIGWMOEC UE dYVKOoTA
Ta otowyeta Tou WL
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To mpdPinua potdler va elvon ampoadiéploto €yovTag r(n—r) YEOUULUKES
eflomoelc xon n? uetaBAntéc. Mrmopolue va uetwoouue to TAdog Twv ueTo-
Aoy and n? oe n avixadotdhvTac xdde W;j ATO 5;’»_2- ahhd toTE Vo Tdpouue
un-yeauuwég e€lowoets. H Boaowr| mapatApnomn etvan 6t autéc oL un-ypouuixég
edlonoelg Tdvew and 1o K yivovtar ypouuxés edv tic exhdBouue we e€lowoelg
ndvw and to IF :

Avtiadiotodue xde s; and Enfl 5;;W; OTOU T S;; Elvat Eval VEO GUVOAO Ao
H i j=1 SijWj ij

n? uetaBAnTéc ndvw and to F. Kde 3?11- YEAUPETAL WC YEUUUXOS CUVBUAGLOS
Suy METABANTOV xou xde e&lowon mdvw and to K Siver utar sulloyr and n
Yoauuéc e€lowoelg mvw and to F. Erouévwg €youue r(n — r)n e&lohoelg
ue n? véec uetofAnTéc mdve amd F oxan yu xdde r > 1 obotnuo etvar xokd
oplouévo epboov r(n —r)n >> n2. Ou MNoelc Twy OMOYEVQY EEIGWOEWY TPOO-
Sopilovtar moAhamhactaouéveg Ue Uta otadepd ahhd xde tétowa Ao ebvon
IXOVOTIOLNTLXY).  1TO TUPdETNUA UTEQYEL XPUTTOGUCTIUN TOU XQUTTAVUAUETOL

ME TNY TEYVIXT) TTNC ETEO(VO(YPO({J[JLXOTEO“]OT]C.
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4.3 O Ahyopuduog XL.

Ouv Patarin, Courtois, Klimov xot Shamir oto [SPCK] Eurocrypt 2000 mo-
couotaocoy Ul enéxtoon g Hedodou enavaypauuxonoinong, tov XL (eX-
tended Linearization) ahyderduo, yio tnv enthuorn cuotnudtoy deutepofBdn-
v e€lowoenwy UE ToAég uetafintéc. O akydprluog unopel va Yewpniel wg
ouvduaoude v Grobuer Bdoewv (nepoptouévou Poduod) xar e pedddou
yeauuwonoinone. H Bacuer| Tou wWéa elvar 1 tapaywyr and xdile Tohuwvuuxy
elowon evog ueydhou aprduol uetaBAnT®y ueydhou Boduol Tou tpoxiTTOUY
amd Tov TolhamAactacud xdie eicwong ue oha T Tava LOVGVLUL QEorYUE-
vou Baduo) xow 6T GUVEYELL 1) YRUUUIXOTONCT] TOU THPAYOUEVOU GUGTHUATOC.

ITepuypapr Tov ANyopLdpon XL

‘Eotww K éva nenepacuévo ooua xou A éva cbotnua deutepoBdiuiwy eflowm-
oewY TOAMGY uetofAntédv I; =0, (1 < j < m) omou xdle I, eivon e popghic
fil@y, .. xn) —bjue f; € Kx] : Kz, ..., 2] xou b; € K.

ll(xl,...,xn) =0
Al
ln(z1,...,2,) =0

O e&iowoe [ etvar mdvta deutepofdiiuteg aAAd UTopoUY Vo TEPLEYOLY TAU-
ThYPOVA YPAUULXOUC OPOUC Xat oTaEpEC.

Trovétovtag 6Tt T0 GhoTHU A éyel uovadur| Moo, To TedBAnua €yxettat
oto va Bpolue wa Non & = (21, ..., 2,) € K" yi doouévo b = (by,...,b,) €
K", Enewdn 1o de€t6 péhoc twv edlowoewy (21, . . . , Ty, elvor TédvTa undév, n
elowon x1 - la(x1, ..., z,) = 0 dnhdveTar anhadc we e&iowon x1ly. Ou Aéue 6Tt
ot e€LOWOELS TNE UOPPTC H;?:l zi; - l; = 0, ue dha ta i; va elvon xatd Cebym
StapopeTind, elvan Tou TUTOU 2F1 o Vo ovuforilovue ue 2%l 10 6Uvoro GAwY
TV TV eflowoewy. a napdderyua ot apyxés eglowoelc tou A eivar tou
tonou [. Tlapatnpodue axdun 6t xde x mou elvan Adon Twv edlowoewy [; Yo
elvan AOon X TV EELCOOEWY TOU TUTOU ¥l Yt omoodrinote k > 0. Emnicoy,
Yo dnAcvouue ue ¥ 10 6UVoro HAwY TV bpwv e Baduod axpBoc k, H5:1 Ty

‘Eotww D € N, Jewpolue oha tar TOAUGYLU Hj Ti;l; ouvolxol Baduol
< D xowZp 0 YPoUUXOS YWEOC TOU TURAYEL TO GOVORO AUTWY TwV EELOWOEWY,
dnhad? To Ip Yo efvon 0 YRoUUIXOSC YWEOS TOU TUPAYETOL ot O TA k1,0 <
E<D-—2xulp CZ, 6nouv I 1o Wewdeg mou magdyetow and ta [j. O
oxomog Tou ahyopriuou XL etvon va Bpel éva olotnua e€ilowoewy oto Zp Tou
Yo emAVETAUL EUXOAOTERPAL ATO OTL TO APYIXO CUCTNUA ECLOWOEWY.
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O ahyopriuog axolowdel ta mapadte BrAuoto:

1. IToAanhaotacwés: Tlapaywyh Ghwy Twv ototyelwy H?Zl xi;-ly € Ip
ue k <D —2.

2. Teappixonoinon: Oewpolue xdde uovinvuuo tou x; ue Bodud < D we
utar véar uetaBAnTy| xon egapudlovue Atahorgr Gauss otic e€LlOWOEL TOU
mewtou Buatog. H didraln twv povwviuwy teénet va elvon tétota wote
6hot oL Gpot Tou TEPLEYoLY Uta LETOPANTH (€0Tw TNV X1) Vo amokelpovto
TeAeuTalot.

3. EniAvon: Trodétouue 61t to Briua 2 Sivel Touldytotov o e€iowon Ue
Suvduele wag LwetaBintrc ondte xon Advouue authy TNy e€ioworn Tdvw
and 10 MENEQUACUEVO COUA.

4. Eravddndn: Anhonoolue tig e€lowoelg xat enovokoudvouue tny dio-
duxacta €0pEOTC TWY TWWY TV IAAWY UETUBANTOY.

O XL alyoprduog mepléyet To anoTEAEGUAT TV TOMATAACLACUDY TWV AP L-
xWV m e€lowoewy [; ue 6l to mdavd povaoyuua Baduod to ol wg D — 2,
€10l WOTE 0 GUVOALXOS Boduds TwY TEAXGY e€loWoewy va elvar D. Lougpuva
UE TIC TUQATAV® TORATNEHOEL T0 GUVORO UTAOY TwV eElowoewy xakeltal Ip.
‘Eotw R o aprdudc 1wy e€lo®oewy tou tapdyouy 10 Ip xat T o aprdudc 6hwv
TV woveviuwy. Tote €youue:

e ()= ()

1=0

Etvor mdavdy ol e€lowoeig vo uny etvan ypouuxd aveldotntes, yia T0 AdY0
autd Yo dnAwvouue ue Free tny dwdotaon tou Ip ondte Vo woylel Free < R
xan amopoutAtwg Free < T H Bacuh apyr Tou adydprduou elvar 1 axdrouvdn:
v xdmow D Yo €yovue R > T xou nepyuévouue va etvan Freex~ T' agol dev
unopel va Eenepdioet to 1. ‘Otayv Free> T' — D tote elvar moAd mdoavd v mpo-
x0der uta eélowon ue uta LeTaBANTY, on6TE 0 AAYOEIUOC ETLTUY Y AVEL.

Hopaderypa 4.3.1 Fotww p # 0. Oecwpolue to npdéfAnua enidvong tov ov-
oTAMATOS:

v pTiT, = « (4.1)

2
xy+vrire =
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[a D = 4 xau dptiou Poduol uovidvuua ot eEIGWOEE TOU ToEAYOVTOL GTO
, / 7 2 ’ ’ 2 ’

menTo BrAua elvar Uz, ot ontoleg elvar oL Suo apyxéc e€lowoelg xon oL 6 = 23

emmAEOVY ECLOWOELS TOU TR YOVTOL ATO TOV TOMATAAGLIAGUS TWY SUO 0Oy LXWY

eZl0O0EWY [j UE Toug TpELS Gpoug : &1, Z1Ts, 15 € x* Paduol 2.

x‘ll + }Ll’i’ﬂfg
x%x% + I/C(]i).fg
Tias + paies

x% + l/xgxl
x?xg + ,ua:facg

xlxg + l/xfxg

ar?

2
By

2
oy

B3
ATL1T9

Brixs

Y10 deltepo Brua analelgouue xor utohoyilovye:
2

Ané (4.1

Tehxd and v

=2 -2
23 = (8 — %) + Lat
x?mz%x%—%

et = - i 4

nwd = 22 + (22 — By — Z)a?
- (2

o? + 23 (apy — Bup* — 2a) + 21(1 — pv) = 0.

V2 4
—Zx
w 1

) (28 4 B2 — 22)a? +
(4.5) madpvouue pto e&lowon Ue Utar u6vo UETOBANTH Ty 1 :

2y
m

4
1

N N N N N S
- s R e e
O ~J O Ot = W
~— O N N N~

xow Ty emthdouue. I'vwpilovtag to 21 utoloyilouue 6TV GUVEYEL XaL TO Ts.

O XL ahyodpruog enttuyydvel tévta Ty eAUGT GUOTNUATOY TOAUDVUULXWY
elowoewy otay PeloxduaoTe mdve and éva nenepaouévo owuo Fy [SKI].
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Kecde\ou.o 5
Hocpo’cp‘cv]poc

5.1 Ilopddelyua BACLOUEVO GTO XPUTTOGUG TN
HFE.

Y10 nopddetypa mou axoloudel teptypdpouue Ty Stadixacia TapaywYhHC TOU
dnuoctou xhewdol yua 1o xpuntoclotnua HFE, tny xpuntoypdgnon xo aro-
APUTTOYPAYNOT EVOC UNYOUATOC XS xo TEEL ETWECELS 0TO XPUTTOGVGTTU
ue Tic Baoec Grobner, Ty ey v TN enavaypauuUxoroinong xow tov XL
alyoprduo. [Ma to mapdderyud uog ov anewoviceg S, T tou eugavilovtor 6Tny
TEQLYPAPT] TOU XPUTTOCLOTHUATOC Yo Elval OL TAUTOTIXES.

'Eotw ¢ = 2 xou f(z) = 2° + 2% + 1 avdywyo TohumyLLo Téve atd 1o
F,lz]. Ocwpotue v enéxtaon K = Fyfz]/ < 2® + 22 + 1 > ndvw and 1o Fy
Baduot 3 xou {1, 8, %} uwa Péomn tou we Fo-Stavuouatixol yoeou, étou 5 1
xhdon tou x mod f(x). LuuPorilovue ue T = (xg, x1,x2) € F3 to xadapd
uRvoua xow Ue ¥ = (Yo, Y1,Y2) € F3 7o APUTTOYRAPNUEVO Ufyuua, onoTe Yo
evar X = 29+ 2184+ 2232 € K xon Y = yo + 113 + 125% € K.

ITopoywyy dnuociov xAetdLod

e To xpupd TohuwvLUO Tou ETAEYEL 0 YpehoTng elvaw:

F(X) = X 4 xatl — x5 4 X3
Aviadiotovtag ue X = x9 + 215 + x23% o ue mpdec (Maple) éyouue:
F(X) = (zg + 201 +20T2) + (21 + T2 + 201 +T021) B+ (21 + 2221 + 2022) 5.
Ondte 10 dnuocio xhewdt etvow:

Yo = T + Tox1 + Tox2
Yy = I + i) + Lo -+ 2T
Y2 = T1 + ToX1 + Tox2
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Keuntoypdpnon

[ var xpuntoypaghoouue 1o ufvuue (2o, 1, 22) = (1,1,
o 7; 0TS dnudotes eElooelc xat TalpYouuEe (Yo, Y1, Y2) =
AQUTTOYQRAPNUEVO U VUL

Arnoxpuntoypdpnon

[ Ty amoxpuntoypdgnon yvewpeilovtac to xpupd moluvkdvuuo F(X) =Y,
vrohoyilouue apywd 0 Y = y, + 115 + 182 = 1+ 32 o oTNY GUVEYELL
nopayovtonowlue o F(X) =Y, émou F(X) toluwyuuo tou X mdve ond 1o
K. To xodapd unvupo Yo dtvetat and toug ypouutxols 6pouc mou eugaviCovton
otnv napayovioroinoy, dnhadh Yo £yovue:

1), avtxadiotodue
(1,0,1) va elvon 10

FX)=Y=(X+34+8+D(X+8+1)(X>+ 38X + X + ).

Hapatneolue 6Tt npoxintouy duo mavd unvouata, elite X = E+p+1=
z=(1,1,1)elte X =0+1=2=(1,1,0). Eva and ta dvo Yo tarptdler 010
ahQBNTO UAS WOTE VoL EYEL VOTUA TO Uvuud Tou oTdhinxe xor autr Yo efvon
1 TporyuoTx AOor).

O wtaxoustic yvwpeilovtag uévo Tig dnudoleg e€lGMOEC XAl TO XPUTTO-
YEAUPNUEVO UnvuUL €YEL VO AUGEL TO TORUXAT UY) YRUUULXG GUGTNUAL

X1+ Tog + XX + Tox1 = 0

$2+$01‘1+$0I2—1:0
A {
$1+l’21’1+$0$2—1:0

e Kpuntavdhvuon pe Bdoeig Grobner.

Me tnv Bordeia Tou Buchberger akyopiduou xar emdéyovtag v Aeixoypa-
puxry Sdtaln o wroxouotrc Tpoonadel va utoloyioer Ty Grobner Bdor Tou
Wewdoug I = (f1, fa, f3), 6ToU:

f1<.l’0, Ty, [L‘Q) = T2 + o1 + Tolg — 1
fg(l’o,l’l,.%g) = I +l’2 +£C01’1 +.I'2£L'1
f3(®o, T1,22) = X1+ ToT1 + Tox2 — 1

O ahybpduoc Eexwvd and v Bdon G = (fi1, f2, f3), utoroyletta S(fi, f;), 1 <
i < j <3 xon ehéyyel edv to undhotno tne dadpeone toug UE To (fi, f2, fs)
elvor undév.
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S(fi, f2) = wowa+ mwe+ 21+ 1, S(fi1, f2) rem (f1, fa, f3) =0
S(fi, f3) = wowa+ w2, S(f1, f3) rem (f1, f2, f3) = 21+ 1 #0.

Yy ouvéyewa, agol S(fi, f3) rem (f1, f2, f3) # 0, Oéter fo = 21 + 1 xon t0
npociétel ot Bdon G, ondte Va éyen:

S(f1, f2) rem (f1, fa, f3, f4) =0
S(fr, f3) rem (f1, f2, [3, f4) = 0
S(f2, f3) rem (f1, fo, f5, f1) = 0
S(fs, fa) rem (f1, fa, f3, f4) =0

A)\G mpoxtmtel xan OTu:

S(f17f4) rem <f17f27f37f4> =9+ 1 7£ 0
S(f2, fa) rem (f1, fo, f3, fa) =20 +1#0

"Apa, 070 embuevo Briua tpoclétel To f5 = zo + 1 oty Bdon G, urohoyilet Ta
S(fi, fi),1 <i < j <5 xa npoxintet 6t

S(fis f3) rem (f1, fo, f3, fas f5) =0 Vi, jpe 1 <i < j <5

Enouévwe, 1 Grobner Bdon tou I etvow:
G ={f, f2, f3, 00 + 1,21 + 1}.
Evéy n avryuévn Grobner Bdorn tou I etvau:
G ={xo+ 1,21+ 1}.

Enewdn 1o ahyeBpixd ovvoro V(I) nou opileton and to I eivon idto ue to ahye-
Bewd clvoho V(G') mou opileton and 1o G, 10 6Uvoho MIGEWY TOU 0Py IX0U
ouothuatog A eivon: {9 = 1,21 = 1,22 € Fy}. Enouévec, npoxintouv duo
AoeLC:

(xo,21,22) = (1,1,1) Ko (xg, 1, 22) = (1,1,0).
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o Kpuntavdhuor e TNy TEYVLXY TN ENAVAYpoLULXOTOINGTS.

Apyxd, mpoxewévou va ypouuwonotfoel to chotnua A détel v = ;15 UE

7
Yo1 = Tox1, Yo2 = ToT2, Y21 = T1X2, Y1 = T1, Y2 = T2 XA Y;5 € Fy onote o
Ypouuwxd clotnua A’ mou mpoxintet eivar:

Yor+Ye2t+y2+1 = 0
Yooty t+yit+y2 = 0
Yoo +ya1t+ty1+1 = 0
Advovtag 1o clotnua ue arahorpr Gauss €youue:

Yor = Y1+ 1+ Yo
Yoo = Yau+uyi+1

Y21 = Y2
y = U
Y2 = Y2

OETw Y21 = 23, Y1 = 21, Yo = 22 ONOTE EYw:
Yor =23+ 21+ 22, Yoo =23+ 21+ 1

O emmAgov cuvihixeg mou Tpootievton elvou:
> (l’o.ﬁCl)(l'Ql’l) = ($0$2)(3§'1$1)

= Yo1Y21 = Yo2U1

= (2'3 + 21+ 22)23 = (23 +z1 + 1)21

= ’Z3+23Z2 = 0‘

> To(To1) = (T220)T1 = Y2Yo1 = Yo2t1
= 22(23 +z1 + 22) = (Zg + z1 + 1)21
= ’2322 + 2129+ 2321+ 20 =0

> l‘g(ﬂ?gl’l) = (l’gl’z)[ﬂl
= Y2Y21 = Y2Y1

= Z9Z3 = 2921

= ’22234—2221 = 0‘

["oouutxonowd 1o choTNUA TV TELOY TEAEUTAKY EELOWOENY Xot YETw:
Vij = ZiZj UE V23 = 2923, V12 = 2122 V13 = 2123, U3 = Z3.
To ypauuxd choTHUA TOU TEOXUTTEL lvaL:

’1)3—1-?)23:0
U23+012+U13+02:0
U23+U12:O
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Advovtag to €youue:
V13 = V2, V23 = V12 = V3.

I>U2:1:>22:y2:$2:1
Yuvdudlovtag Tic €ELOOOELS TPOXUTTEL OTL
Ty = x1 = Tz = 1, on6TE T0 Aapd ufvuue Vo elvan: (x, 21, 22) = (1,1, 1).

>v2:O:>22:y2:x2:O
Me avdhoyeg mpdlelc €youvue 6Tt éva emmiéoy mavo ufvuua efva:
(5150,%,902) = (1, 170)-

e Kpuntavdhvon ue tov aAyoprduo XL.
O£ENovUE Vo AOGOUUE TO TORUXATE CUGTNUAL

11: l‘2+$ol‘1+$0$2+1:0
lg: X1+ To + Tox1 + ToXq =0
l32 x1+x2x1+x0x2+1:0

e Eniéyw D=4, 0< k<2

4 7/ 4 7 ’ ’
o [Topdyw dha Tor povwvuua Boduol k = 2, to omola elvar: Tox1, ToTz, T1T2.
o [ToMamhaotdlw xde eioworn [j Tou CUOTAUATOG UE TA TUPATAVE LOVEVL-
uo.
O emmAéov e€loWOELC TOU TEOXUTTOLY Efval:

ToT1T2 + X129 =0
Toxg + Tox1T9 = 0

® OETw: 21 = X1,29 = T9,23 = ToT1, 24 = ToTa, Z5 = XToX1, 25 = LoL1Ta, XL
AoV 1o cloTnua Tou TeoxOTTEL Ue anaholpt| Gauss.

29+ z2z3+24+1=0
Z1+22+2’3+25:O
z21t+za+2zs+1=0
Z5—|—ZGIO
24+ 26 =

Ot Moete etvau:

Zl:1,Z4ZZ5ZZG7ZQ+Z3+Z4:1.
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Agouv 2 = 11 = 1 emdéyow:
o Av2zs=0 = 2921 =0 = 25 =0.
t+zm=1=>r+x9r1=1= 29 = 1.
Apot, (ZL’Q,JTl,ZEQ) = (1, 1,0)
e Avzs=1 =211 =1 = 2o = 1.
+23=0=>20+x001=1= 29 =1.
Apa, (20,21, 22) = (1,1,1).
Enouévwe, npoxintouy mdt Suo mdavd xadopd unviuota.
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