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EuqaristÐec

Jèlw na euqarist sw ton kajhght  mou k.Kolountz�kh Miq�lh gia thn ka-
jod ghs  tou kai ton qrìno pou mou afièrwse, kaj¸c kai ta �lla dÔo mèlh
thc epitrop c, k.Karabèla Menèlao kai ton k.Garefal�kh Jeìdoulo, gia thn
prosektik  melèth thc ergasÐac kai tic qr simec parathr seic touc. EpÐshc,
euqarist¸ touc goneÐc kai suggeneÐc mou, gia thn oikonomik  st rixh ìla aut�
ta qrìnia kaj¸c kai touc fÐlouc mou gia tic apÐsteutec ¸rec {blakeÐac} pou
per�same mazÐ. Tèloc, èna meg�lo {Euqarist¸} sthn kopèla mou Aggelik 
gia thn upomon  thc.



PerÐlhyh

Skopìc thc ergasÐac pou akoloujeÐ eÐnai na deÐxei thn {dÔnamh} twn pijano-
jewrhtik¸n mejìdwn, q�rh stic opoÐec telik� mporoÔme na apofanjoÔme e�n
telik� k�ti {up�rqei} qwrÐc anagkastik� na to kataskeu�soume. 'Etsi, sta
kef�laia 1 kai 2, deÐqnoume thn Ôparxh uposunìlwn tou N ta opoÐa èqoun
k�poiec sugkekrimènec idiìthtec. Sugkekrimèna, sto kef�laio 1, deÐqnoume
thn Ôparxh asumptwtik c prosjetik c b�shc me sun�rthsh anapar�stashc
megèjouc O(log(x)), en¸ sto kef�laio 2, thn Ôparxh kai kataskeu  se po-
luwnumikì qrìno enìc sum-free sunìlou, apì èna dedomèno uposÔnolo tou
N. Sta kef�laia 3 kai 4, asqoloÔmaste me thn sun�rthsh parity kai qrh-
simopoi¸ntac pijanojewrhtik� epiqeir mata p�li, deÐqnoume ìti den mporeÐ na
upologisteÐ apì logik� kukl¸mata stajeroÔ b�jouc kai poluwnumikoÔ megè-
jouc kaj¸c kai k�poia �lla fr�gmata.
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Kef�laio 0

Eisagwg 

H paroÔsa ergasÐa ekpon jhke sto plaÐsio tou diatmhmatikoÔ metaptuqiakoÔ
progr�mmatoc spoud¸n {Majhmatik� kai Efarmogèc touc}, tou Majhmati-
koÔ Tm matoc tou PanepisthmÐou Kr thc. 'Opwc martur� kai o tÐtloc thc
ergasÐac, ja asqolhjoÔme me pijanojewrhtikèc mejìdouc kai sto megalÔte-
ro mèroc thc asqoloÔmaste me thn sun�rthsh parity, h opoÐa gia eÐsodo n
metablht¸n ∈ {0, 1}, upologÐzei to �jroism� touc mod2. H sugkekrimènh
sun�rthsh, emfanÐzetai se arketoÔc tomeÐc sth jewrÐa upologist¸n kaj¸c
sqetÐzetai me arketèc �llec sunart seic, ìpwc gia par�deigma h sun�rthsh
majority. Dikaiologhmèna loipìn up rxe endiafèron gia thn poluplokìthta
thc kai upologismoÔ k�tw fragm�twn gi' aut n. O ìroc, {poluplokìthta ku-
kl¸matoc}, eis qjh apì ton Shannon to 1948 [1], me ton opoÐo kai ennooÔse
to mègejoc tou {mikrìterou} kukl¸matoc pou upologÐzei thn sun�rthsh, afoÔ
polÔ apl� ton endièfere h elaqistopoÐhsh tou hardware gia ton upologismì
thc sun�rthshc. Argìtera, to 1965, oi Hartmanis & Stearns [2], sunèdesan
thn ènnoia thc poluplokìthtac me tic mhqanèc Turing, en¸ to 1972 o Savage
[3], sunèdese thn poluplokìthta kat� Turing miac sun�rthshc me thn polu-
plokìthta tou kukl¸matìc thc. 'Eprepe na perimènoume mèqri to 1984, gia na
apodeiqjoÔn kalÔtera fr�gmata pèra twn grammik¸n (Paul, 1977, [4] ) kai twn
tetragwnik¸n (Nečiporuk, [5]). Sthn ergasÐa touc, oi Furst, Saxe & Sipser
[14], k�nontac qr sh miac nèac tìte teqnik c, onomazìmenhc {tuqaÐoi periori-
smoÐ} ( {random restrictions} ), kat�feran na apodeÐxoun uperpoluwnumik�
fr�gmata sthn perÐptwsh stajeroÔ b�jouc kuklwm�twn. To Ðdio apotèlesma,
eÐqe apodeiqjeÐ kai apì ton Ajtai [6], anex�rthta èna qrìno nwrÐtera, qrhsi-
mopoi¸ntac diaforetik  mèjodo, all� {sunduastik c} fÔsewc p�li. Sugke-
krimèna, h kentrik  idèa thc mejìdou, sunoyÐzetai sthn timodosÐa metablht¸n,
tuqaÐou uposunìlou twn metablht¸n, ¸ste na {exaleifjoÔn} k�poiec pÔlec
tou kukl¸matoc kai sunep¸c na prokÔyei kÔklwma mikrìterou megèjouc kai
�ra pio eÔkolo sthn an�lus  tou. K�nontac qr sh thc Ðdiac mejìdou all� me
perissìterh an�lush, o Yao [15], èna qrìno argìtera, kat�fere na apodeÐxei
ekjetik� k�tw fr�gmata gia thn sun�rthsh parity en¸ o H̊astad [16] to 1989,
k�nontac qr sh miac isqurìterhc morf c thc idèac twn Furst, Saxe & Sipser,
kat�fere na deÐxei bèltista, sqedìn, fr�gmata. Na shmei¸soume, ìti sta Ðdia
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apotelèsmata me touc Furst, Saxe & Sipser, katèlhxan kai oi Razborov - Smo-
lensky [18], [19] to 1987, qrhsimopoi¸ntac ìmwc diaforetikì pijanojewrhtikì
epiqeÐrhma se sunduasmì me algebrikèc mejìdouc.
Sto upìloipo komm�ti thc ergasÐac, sta kef�laia 2 kai 3 dhlad , anapar�-
goume apotelèsmata thc doulei�c tou Paul Erdös, ìpou me pijanojewrhtik�
epiqeir mata, deÐqnoume thn Ôparxh uposunìlou tou N tètoiou ¸ste, k�je
{arket�} meg�lo x na mporeÐ na grafeÐ wc �jroisma 2 stoiqeÐwn tou sunìlou
autoÔ, en¸ akìma deÐqnoume, pwc mporoÔme na ex�goume apì èna sÔnolo, se
poluwnumikì qrìno, èna uposÔnolì tètoio ¸ste kanèna stoiqeÐo tou uposu-
nìlou na mhn mporeÐ na grafeÐ wc �jroisma 2 �llwn stoiqeÐwn.
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Kef�laio 1

Asumptwtik  Prosjetik 
B�sh

'Ena sÔnolo E ⊆ N, ja to onom�zoume asumptwtik  prosjetik  b�sh t�xhc
2, e�n h sun�rthsh anapar�stashc r me

r(x) = rE(x) = |{(a, b) : a, b ∈ E me a ≤ b& x = a+ b}|

eÐnai jetik  gia ìla ta {arket�} meg�la akèraia x.
DÔo profan  paradeÐgmata tètoiwn sunìlwn, eÐnai to sÔnolo twn fusi-

k¸n N kai to sÔnolo {1,2,4,6,. . . }. Profan¸c, sta parap�nw paradeÐgmata,
h sun�rthsh r(x) èqei t�xh megèjouc O(x). Endiaferìmaste na doÔme an
up�rqei asumptwtik  b�sh thc opoÐac h sun�rthsh anapar�stashc eÐnai mi-
krìterh. Parousi�zontai dÔo trìpoi gia na apant soume sto er¸thm� mac:
EÐte deÐqnoume me k�poio trìpo thn Ôparxh enìc tètoiou sunìlou E, eÐte akì-
mh kalÔtera, to kataskeu�zoume. Profan¸c, h deÔterh prosèggish faÐnetai
duskolìterh kai sunep¸c teÐnoume proc thn pr¸th, ìpou o Paul Erdös [7], [8]
èqei  dh apant sei gia mac. Sugkekrimèna apèdeixe ìti up�rqei asumptwtik 
prosjetik  b�sh t�xhc 2 kai jetik� c1, c2 tètoia ¸ste:

c1 log(x) ≤ r(x) ≤ c2 log(x) , gia arket� meg�la x.

M�lista, o lìgoc c1/c2 mporeÐ na p�rei timèc ìso kont� sto 1 epijumoÔme.
Gia arq , orÐzoume tic pijanìthtec

px = K

(
log(x)

x

)1/2

,

gia ìla ta x gia ta opoÐa to dexÐ mèloc èqei nìhma, dhlad  px ∈ [0, 1] alli¸c
jètoume px = 0. H stajer� K ja prosdioristeÐ argìtera an�loga me tic
an�gkec mac.

OrÐzoume t¸ra èna sÔnolo E, jètontac

P[x ∈ E] = px, anex�rthta gia ìla ta x.
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Mìlic orÐsame èmmesa, èna sÔnolo to opoÐo jèloume na melet soume kai eÐma-
ste ètoimoi na deÐxoume ìti me meg�lh pijanìthta èqei thn apaitoÔmenh idiìthta:

c1 log(x) ≤ rE(x) ≤ c2 log(x), gia k�je fusikì arijmì x.

OrÐzoume en suneqeÐa, tic anex�rthtec deÐktriec tuqaÐec metablhtèc Xj

Xj =

{
1 , ean j ∈ E
0 , alli¸c

me mèsh tim 
E[Xj] = pj .

ParathroÔme t¸ra, sÔmfwna me ton trìpo pou èqoun oristeÐ oi Xj, ìti

r(x) =

bx
2
c∑

j=1

XjXx−j (1.1)

kai �ra

E[r(x)] = E
[ bx2 c∑
j=1

XjXx−j
]

=

bx
2
c∑

j=1

E[XjXx−j] =

bx
2
c∑

j=1

pjpx−j (1.2)

ìpou sthn teleutaÐa isìthta ekmetalleut kame thn anexarthsÐa twn Xj.
'Enac trìpoc gia na dei kaneÐc thn orjìthta thc exÐswshc 1.1, eÐnai na

parathr sei ìti oi monadikoÐ trìpoi ¸ste na ekfr�sei k�poioc ton arijmì x
wc �jroisma dÔo mh arnhtik¸n arijm¸n a, b eÐnai:

{(a, b) = (j, x− j), j = 1, . . . , bx
2
c}

ìpou j ∈ {1, 2, 3, . . . , bx
2
c} epeid  akrib¸c apaitoÔme 1 ≤ a ≤ b. Sunep¸c mac

endiafèrei na exet�soume gia aut� ta j, e�n oi arijmoÐ j & x − j ∈ E. 'Ara,
sÔmfwna me ton trìpo pou èqoun oristeÐ oi metablhtèc Xj,

j ∈ E⇔ Xj = 1

kai �ra
j & (x− j) ∈ E⇔ XjXx−j = 1

kai �ra pr�gmati èqoume thn posìthta r(x) tou dexioÔ mèlouc.

An k�noume thn antikat�stash pj = K
(

log(j)
j

) 1
2
, tìte katal goume

E[r(x)] =

bx
2
c∑

j=1

K2

(
log(j) log(x− j)

j(x− j)

) 1
2

(1.3)
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Parathr¸ntac kaneÐc, ìti h sun�rthsh f(t) = log(t) log(x − t) eÐnai aÔxousa
sto di�sthma [1, x

2
] kai gnwrÐzontac ìti

x

2
≥ x

log(x)
≥ 1 (gia arket� meg�lo x, p.q. x > 10)

katal gei sto ex c:

(
log
( x

log(x)

)
· log(x− x

log(x)
)
)1/2 bx

2
c∑

j= x
log(x)

K2(j(x− j))−1/2

≤ E[r(x)] ≤

log(x/2)

bx
2
c∑

j=1

K2(j(x− j))−1/2

kai k�nontac qr sh thc anisìthtac

log

(
x− x

log(x)

)
≥ log

(
x

log(x)

)
(epÐshc isqÔei gia arket� meg�lo x)

paÐrnei san apotèlesma

log

(
x

log(x)

) bx
2
c∑

j= x
log(x)

K2(j(x−j))−1/2 ≤ E[r(x)] ≤ log(
x

2
)

bx
2
c∑

j=1

K2
(
j(x−j)

)−1/2
(1.4)

Gr�foume t¸ra to dexÐ �jroisma thc (1.4) wc ex c:

bx
2
c∑

j=1

(j(x− j))−1/2 =

bx
2
c∑

j=1

[( j
x

(1− j

x
)
)−1/2

· x−1
]

=
1

x

bx
2
c∑

j=1

[( j
x

(1− j

x
)
)−1/2]

=
1

x

[(1

x
(1− 1

x
)
)− 1

2 +
(2

x
(1− 2

x
)
)− 1

2 + · · ·+
(x/2
x

(1− x/2

x
)
)− 1

2

]
An antikatast soume to 1

x
ston pr¸to ìro me s kai jewr soume th sun�rthsh

f me tÔpo

f(s) =
(
s(1− s)

)− 1
2 ,

tìte h akoloujÐa apoteleÐ èna Riemann �jroisma thc f stic jèseic:

ξ1 =
1

x
, ξ2 =

2

x
, . . . , ξx/2 =

x/2

x
(= 1/2) (ξ1 → 0, ξbx

2
c →

1

2
) ìtan x→∞

'Etsi, to zhtoÔmeno �jroisma, sthn perÐptwsh ìpou x → ∞, sugklÐnei sto
orismèno olokl rwma thc f sto di�sthma [0, 1

2
] dhlad  me:∫ 1/2

0

(
s(1− s)

)− 1
2 ds
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Ergazìmenoi ìmoia kai gia to �jroisma pou fr�ssei apì {k�tw} thn posìthta
E[r(x)] sthn sqèsh (1.4), katal goume kai p�li sto Ðdio akrib¸c olokl rwma.
PaÐrnontac t¸ra ton lìgo twn 2 megej¸n pou fr�ssoun thn posìthta E[r(x)]
blèpoume ìti

lim
x→∞

log(x
2
)K2

∑bx
2
c

j=1(j(x− j))−1/2

log( x
log(x)

)K2
∑bx

2
c

j= x
log(x)

(j(x− j))−1/2
=

lim
x→∞

log(x
2
)

log( x
log(x)

)
= 1

kai �ra, se sunduasmì me thn sqèsh (1.4) sumperaÐnoume ìti

lim
x→∞

log(x
2
)K2

∑bx
2
c

j=1(j(x− j))−1/2

E[r(x)]
= 1

H teleutaÐa sqèsh, mporeÐ na grafeÐ se pio {sumpag } morf  me th bo jeia
tou sumbìlou ” ∼ ” wc ex c:

E[r(x)] ∼ IK2 log(x), I =

∫ 1/2

0

(
s(1− s)

)− 1
2 ds (1.5)

OrÐzoume t¸ra wc {anepijÔmhta} gegonìta Ax, gegonìta dhlad  ta opoÐa
den ja jèlame na pragmatopoihjoÔn, ta ex c:

Ax = {x : |r(x)− E[r(x)]| > 1

2
E[r(x)]}}, x = 1, 2, . . .

Jèloume na exasfalÐsoume ìti oi posìthtec {r(x)} den ja {apèqoun polÔ} apì
thn anamenìmenh tim  touc. Sthn perÐptwsh mac, to {polÔ} eÐnai 1/2, parìlo
pou opoiad pote stajer� kai na epilèxoume sth jèsh tou 1/2, mporoÔme an
orÐsoume kat�llhla ta c1 kai c2 na epitÔqoume to zhtoÔmeno apotèlesma

c1 log(x) ≤ r(x) ≤ c2 log(x),

arkeÐ bèbaia na epilèxoume kat�llhla kai th stajer� K.
Sto shmeÐo autì, ja anafèroume èna je¸rhma sqetik� me ta fr�gmata

Chernoff [10], to opoÐo kai ja efarmìsoume stouc upologismoÔc mac:

Je¸rhma 1 'Estw X tuqaÐa metablht , me X = X1 + · · · + Xk kai Xj

anex�rthtec deÐktriec tuqaÐec metablhtèc. Tìte,

∀ε > 0 : P
[
|X − E[X]| > εE[X]

]
≤ 2 exp(−cεE[X])

ìpou to cε exart�tai apì to ε me tètoio trìpo ¸ste

cε = min{− log(eε(1 + ε)−(1+ε)), ε2/2}
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ParathroÔme t¸ra, ìti an stajeropoi soume to x, h posìthta

r(x) =

bx/2c∑
j=1

XjXx−j

ikanopoieÐ tic proôpojèseic tou Jewr matoc 1 afoÔ an jèsoume

XjXx−j = X ′j, j = 1, 2, . . .

tìte pr�gmati
r(x) = X ′1 + · · ·+X ′bx/2c

dhlad  �jroisma deÐktriwn metablht¸n. Kai sunep¸c mporoÔme plèon na e-
farmìsoume to Je¸rhma 1 kai na p�roume ìti:

P[Ax] = P
[ ∣∣r(x)− E[r(x)]

∣∣ > 1

2
E[r(x)]

]
≤

2e−c1/2IK
2 log(x) ≤ 2e−

1
2
c1/2IK

2 log(x) = 2x−a

ìpou a = 1
2
c1/2IK

2 kai c1/2 stajer� pou exart�tai apì to 1/2 me trìpo pou
anafèretai sto je¸rhm� mac.

An t¸ra epilèxoume th stajer� K ètsi ¸ste na p�roume a > 1, ja èqoume
katal xei se k�ti polÔ bolikì: apì th stigm  pou h seir�

∑
P[Ax] eÐnai

sugklÐnousa, èpetai ìti gia opoiad pote stajer�, ìso kont� sto 0 epijumoÔme,
ac poÔme ed¸ gia par�deigma 1/2 tìte

∃ no ∈ N :
∑
x≥n0

P[Ax] <
1

2

'Ara, me pijanìthta toul�qiston 1 − 1
2

= 1
2
, kanèna apì ta Ax, x ≥ n0,

den pragmatopoieÐtai, ìpou wc Ax orÐsame ta gegonìta pou ja jèlame na
apokleÐsoume.

Sundu�zontac ta parap�nw, katal goume sthn Ôparxh sunìlou E ⊆ N
tètoiou ¸ste

1

2
IK2 log(x) ≤ rE(x) ≤ 3

2
IK2 log(x), ∀x ≥ n0

to opoÐo  tan kai to zhtoÔmeno.
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Kef�laio 2

Exagwg  enìc sum-free
uposunìlou apì èna sÔnolo

se poluwnumikì qrìno

'Ena sÔnolo akeraÐwn E, ja to onom�zoume sum-free e�n

x+ y 6= z ∀ x, y, z ∈ E .

Gia par�deigma, k�je uposÔnolo twn peritt¸n ìpwc kai sÔnola thc morf c
{N/2, . . . , N} apoteloÔn sÔnola me aut n thn idiìthta.

Dedomènou enìc sunìlou A = {k1, . . . , kN} ìpou ki ∈ Z ∀i, ja deÐxoume
p¸c mporoÔme na ex�goume èna sum-free E ⊆ A me |E| > 1

3
|A|. EpÐshc, ja

doÔme ìti o algìrijmoc mac ulopoieÐtai se poluwnumikì qrìno wc proc to
mègejoc thc eisìdou.

'Eqei apodeiqjeÐ apì touc Erdös, Alon kai Kleitman [11], [12] ìti k�je
sÔnolo

A = {k1, . . . , kN} me A ⊆ Z ,

perièqei èna sum-free uposÔnolo E, ìpou |E| > 1
3
N . H apìdeixh eÐnai pija-

nojewrhtik  kai m�lista tèjhke to er¸thma apì touc Alon kai Kleitman,
e�n mporeÐ na kataskeuasteÐ algìrijmoc poluwnumikoÔ qrìnou wc proc to
mègejoc tou probl matoc tètoioc ¸ste na ex�gei èna sum-free uposÔnolo E.
EÔkola blèpei kaneÐc, ìti to mègejoc tou probl matoc sthn perÐptwsh mac
eÐnai

l =
N∑
j=1

log2(kj) ,

afoÔ tìsa duadik� yhfÐa apaitoÔntai gia na anaparastajoÔn autoÐ oi N arij-
moÐ.
Ja deÐxoume ìti, k�nontac k�poiec mikrèc tropopoi seic, h apìdeixh twn Alon
kai Kleitman mporeÐ na metatrapeÐ se ènan tètoio algìrijmo. 'Enac parìmoioc
algìrijmoc kataskeu�sthke anex�rthta kai apì touc Alon, Kriz kai Nesetril
[13].
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Mia perÐptwsh ìpou ènac tètoioc algìrijmoc apodeiknÔetai qr simoc, eÐnai
sthn prosèggish twn arijm¸n Ramsey . Poll� k�tw fr�gmata gia touc arij-
moÔc Ramsey èqoun brejeÐ, analÔontac èna sÔnolo se sum-free uposÔnola.
Na jumÐsoume ed¸, ìti o arijmìc Ramsey , R(m,n), eÐnai o el�qistoc arijmìc
koruf¸n ètsi ¸ste k�je gr�fhma me sÔnolo koruf¸n megèjouc R(m,n), eÐte
perièqei klÐka megèjouc m, eÐte perièqei anti-klÐka megèjouc n.

Sumbolismìc: 'Estw p pr¸toc. Tìte Zp = {0, 1, . . . , p− 1} en¸ me Z∗p ja
sumbolÐzoume thn pollaplasiastik  om�da, dhlad  Z∗p = {1, 2, . . . , p− 1}.

Je¸rhma 2 'Estw p pr¸toc thc morf c p = 3k+2 kai w(x) mÐa mh arnhtik 
sun�rthsh orismènh sto Z∗p. OrÐzoume

w =
∑
x∈Z∗p

w(x)

kai upojètoume akìma ìti w > 0.
Tìte up�rqei èna sum-free uposÔnolo E ' tou Z∗p gia to opoÐo isqÔei ìti∑

x∈E′
w(x) >

1

3
w .

Apìdeixh: 'Estw S = {k + 1, . . . , 2k + 1}. ParathroÔme t¸ra ìti gia
opoiad pote 2 stoiqeÐa x, y ∈ S èqoume to ex c :

x+ y = (k + j) + (k + l), 1 ≤ j ≤ l ≤ k + 1

⇒ x+ y = 2k + (j + l), 2 ≤ j + l ≤ 2k + 2

⇒ 2k + 2 ≤ x+ y ≤ 4k + 2

⇒ x+ y (mod p) ∈ [1, k] ∪ [2k + 2, 3k + 2]

⇒ @ z ∈ S : x+ y ≡ z (mod p)

kai �ra èqoume deÐxei ìti to sÔnolo S eÐnai sum-free kai epÐshc |S| > p−1
3
.

'Estw t¸ra tuqaÐa metablht  t, omoiìmorfa katanemhmènh sto Z∗p kai f t.w.

f(t) =
∑

(t·x)∈S

w(x)

PaÐrnoume mèsh tim  kai èqoume

E[f(t)] = E
[ ∑
(t·x)∈S

w(x)
]

=
∑

(t·x)∈S

E[w(x)] = |S| w

p− 1
>
w

3
(2.1)

Gia na katal xoume sthn teleutaÐa isìthta prèpei pr¸ta na parathr soume
ìti h apeikìnish T me

T : Z∗p → Z∗p
x→ t · x , t ∈ Z∗p

eÐnai {1-1} kai {epÐ}.
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• {1-1} 'Estw x, y tètoia ¸ste x 6= y kai èstw ìti tx = ty

⇒ t ·(x−y) = 0⇒ t = 0   x−y = 0 (Zp s¸ma ⇒ @ mhdenodiairètec)

ìmwc
t 6= 0 afoÔ t ∈ Z∗p kai x 6= y ex' upojèsewc, �topo.

• {epÐ} 'Eqoume  dh deÐxei ìti h apeikìnish T eÐnai {1-1} kai se sunduasmì
me to gegonìc ìti

tx ∈ Z∗p , ∀x

èqoume kai thn idiìthta tou {epÐ}.

Gurn�me p�li pÐsw kai mporoÔme plèon na sumper�noume lìgw thc (2.1)
ìti

∃ t0 ∈ Z∗p t.w. f(t0) >
w

3

Se antÐjeth perÐptwsh, an dhlad  Ðsque ìti f(t) ≤ w
3
∀t, tìte ja eÐqame kai

ìti
E[f(t)] ≤ w

3
, to opoÐo den sumbaÐnei.

OrÐzoume t¸ra to sÔnolo E ′, ètsi ¸ste E ′ = t0
−1S. Sunep¸c kai to E ′ eÐnai

kai autì sum-free, giatÐ alli¸c den ja  tan oÔte to sÔnolo S sum-free kai
epiplèon ikanopoieÐ kai th sqèsh∑

x∈E′
w(x) =

∑
(t0·x)∈S

w(x) = f(t0) >
w

3

K�noume t¸ra thn ex c parat rhsh: O mègistoc arijmìc pr¸twn paragìntwn
pou mporoÔn na emfanistoÔn sthn an�lush enìc arijmoÔ n eÐnai to polÔ log2(n)
to pl joc. Pr�gmati, an

n = pv11 · · · p
vk
k

me pi diaforetikoÔc pr¸touc par�gontec kai vi ≥ 1, tìte pi ≥ 2 kai �ra

n ≥ 2v1 · · · 2vk = 2v1+...vk ≥ 2k

kai telik�
k ≤ log2(n).

Sunep¸c, to pl joc twn pr¸twn pou emfanÐzontai sthn paragontopoÐhsh ì-
lwn twn arijm¸n pou an koun sto A eÐnai to polÔ l, ìpou l na jumÐsoume
isoÔtai me to mègejoc thc eisìdou. K�nontac t¸ra qr sh tou jewr matoc
pr¸twn arijm¸n gia arijmhtikèc proìdouc, mporoÔme na isquristoÔme ìti o
(l+ 1)-iostìc pr¸toc, eÐnai mikrìteroc apì (l+ 1) log(l+ 1), �ra kai mikrìte-
roc apì 3l log2(l). T¸ra xèroume, ìti an�mesa se toul�qiston l + 1 pr¸touc
kai apì th stigm  pou oi pr¸toi diairètec tou sunìlou A eÐnai to polÔ l, ìti
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up�rqei ènac pr¸toc thc morf c p = 3k + 2, o opoÐoc den diaireÐ kanèna stoi-
qeÐo tou A.
OrÐzoume t¸ra

w(x) = |{t ∈ A : t ≡ x (mod p)}|

kai jèloume na upologÐsoume thn posìthta

w =
∑
x∈Z∗p

w(x) .

Gia eukolÐa, ac sumbolÐsoume me Ax to sÔnolo {t ∈ A : t ≡ x (mod p)}.
'Enac eÔkoloc trìpoc gia na ergastoÔme eÐnai na doÔme ìti h sqèsh (mod p)
epÐ enìc sunìlou, ep�gei sqèsh isodunamÐac kai �ra diamerÐzei, sthn perÐptws 
mac, to sÔnolo A stic kl�seic isodunamÐac Ax. Eidikìtera, to sÔnolo Ap eÐnai
kenì, afoÔ o p den diaireÐ kanèna stoiqeÐo tou A kai sunep¸c

|A| =
∑
x∈Zp

|Ax| =
∑
x∈Z∗p

|Ax| =
∑
x∈Z∗p

w(x)

'Ara

w =
∑
x∈Z∗p

w(x) = |A| = N

kai k�nontac t¸ra qr sh tou Jewr matoc 2, mporoÔme na sumper�noume
ìti

∃ E′ ⊆ Zp
∗ t.w.

∑
x∈E′

w(x) >
1

3
w me E′ sum-free.

'Omwc∑
x∈E′

w(x) =
∑
x∈E′
|{t ∈ A : t ≡ x (mod p)}| = |t ∈ A : t mod p ∈ E′| = |E|

kai epÐshc
w = N

Sundu�zontac tic 2 teleutaÐec sqèseic sumperaÐnoume ìti

∃ E ⊆ A me |E| > 1

3
N .

Epiplèon, to sÔnolo E eÐnai kai autì sum-free, kai autì giatÐ an upojèsoume
to antÐjeto, tìte ja up rqan x, y, z ∈ E′ t.w. x + y = z kai sunep¸c kai
x+ y ≡ z (mod p).
'Omwc x mod p, y mod p, z mod p ∈ E′ (ex' orismoÔ), pou ja s maine pwc to
sÔnolo E′ den ja  tan sum-free, to opoÐo den eÐnai alhjèc.

Perilhptik� ta b mata tou algorÐjmou eÐnai ta ex c:

1. UpologÐzoume ìlouc touc pr¸touc ≤ 3l log2(l).
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2. BrÐskoume ènan pr¸to p = 3k + 2 t.w. p den diaireÐ kanèna x, ìpou
x ∈ A.

3. UpologÐzoume th sun�rthsh w(x) ∀x ∈ Z∗p.

4. BrÐskoume me dokimèc èna t0 ∈ Z∗p t.w. f(t0) >
N
3
kai kataskeu�zoume

to sÔnolo E ′ = t−10 S.

5. Kataskeu�zoume tèloc to sÔnolo E = {t ∈ A : t mod p ∈ E ′}.

Me mia gr gorh ektÐmhsh, mporoÔme na katal xoume sta ex c fr�gmata gia
ta kìsth twn bhm�twn 1 èwc 5:

• Gia to b ma 1, qrhsimopoi¸ntac to {Kìskino tou Eratosjènh}, blèpou-
me ìti èqoume mÐa lÐsta apì 3l log2(l) arijmoÔc, {1, . . . , 3l log2(l)}. EpÐ-
shc, se k�je b ma tou algorÐjmou autoÔ, gÐnontai to polÔ 3l log2(l)

2
{dia-

grafèc} sth lÐsta, ìso kai to mègisto pl joc diairet¸n tou 3l log2(l))

dhlad , en¸ ta b mata eÐnai 3l log2(l)
2

, autìc eÐnai kai o mègistoc duna-
tìc diairèthc tou 3l log2(l) kai �ra blèpoume ìti ulopoioÔntai sunolik�
O(l2 log2(l)) = O(l3) b mata.

• Gia to b ma 2, èqontac  dh th lÐsta ìlwn twn pr¸twn apì to b ma
1, {krat�me} ìlouc touc pr¸touc ≡ 2 (mod 3)(to opoÐo gÐnetai se
O(l log(l)) = O(l2) b mata, afoÔ tìso eÐnai kai to mègejoc thc lÐstac)
kai t¸ra gia k�je ènan tètoio pr¸to p, oi opoÐoi eÐnai sunolik� pl jouc
O(l2)) k�noume |A| = N ≤

∑N
j=1 log2(kj) = l diairèseic, gia na doÔme

an diaireÐ k�poio stoiqeÐo tou sunìlou A. 'Ara to sunolikì kìstoc gi'
autì to b ma eÐnai t�xewc O(l3).

• Gia to b ma 3, ìpou èqoume na upologÐsoume th sun�rthsh w,∀x ∈
Z∗p, blèpoume ìti èqoume na upologÐsoume p ≤ 3l log2(l) ≤ 3l2, �ra
O(l2) timèc thc sun�rthshc w. 'Omwc, gia dedomènh eÐsodo x0 kai gia
kat�llhlo pr¸to p, gia na upologisteÐ h w(x0), qrei�zetai to polÔ
|A| = N = O(l) b mata, an jewr soume ìti h pr�xh x0 mod p èqei
kìstoc 1. Epomènwc, gia to b ma 3 apaitoÔntai sunolik� O(l3) b mata.

• Gia to b ma 4, blèpoume ìti èqoume arqik� na upologÐsoume to polÔ p
timèc thc sun�rthshc f , dhlad  O(l2) timèc. Gia na upologisjeÐ ìmwc
mÐa tim  thc sun�rthshc f , qrei�zontai na ajroistoÔn to polÔ |S| ≤ p =
O(l2) timèc thc sun�rthshc w, h opoÐa upologÐsame sto b ma 3 ìti èqei
kìstoc O(l). 'Ara gia thn eÔresh enìc t0 ∈ Z∗p : f(t0) >

N
3
, qrei�zontai

to polÔ O(l5) b mata. Katìpin gia na kataskeÔasoume to sÔnolo E ′ =
t−10 S, den èqoume par� na k�noume |S| ≤ p = O(l) pollaplasiasmoÔc.
Telik�, to kìstoc tou b matoc 4 eÐnai thc t�xewc tou O(l5).

• Gia to b ma 5, den èqoume par� na exet�soume ∀t ∈ A, dhlad  O(|A| =
O(l)) b mata, an t (mod p) ∈ E ′, dhlad  O(|E ′|) = O(|S|) = O(p) =
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O(l2) sugkrÐseic, �ra sunolik� O(l3) b mata, ìpou kai p�li deqìmaste
ìti h pr�xh a mod b èqei kìstoc 1.

Telik�, gia to sunolikì kìstoc tou algorÐjmou mac, den èqoume par� na
ajroÐsoume ta epimèrouc kìsth twn bhm�twn 1 èwc 5 kai sugkekrimèna:

O(l3) +O(l3) +O(l3) +O(l5) +O(l3) = O(l5)

to opoÐo profan¸c mac dÐnei èna poluwnumikì fr�gma wc proc to mègejoc thc
eisìdou.
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Kef�laio 3

K�tw fr�gmata gia thn
sun�rthsh PARITY

3.1 Kukl¸mata AND-OR

Lègontac sun�rthsh parity, PARITY, ennooÔme thn �peirh oikogèneia su-
nart sewn

parn : {0, 1}n → {0, 1}, n = 1, 2, 3, . . .

me

parn(x1, . . . , xn) =
( n∑
i=1

xi

)
mod 2

Dedomènou t¸ra ìti arketèc sunart seic mporoÔn na ekfrastoÔn me th bo -
jeia thc sun�rthshc parity, eÔkola mporeÐ kaneÐc na katano sei to endiafèron
gia thn kataskeu  ìso to dunatìn {mikrìterou} sunduastikoÔ kukl¸matoc to
opoÐo na ulopoieÐ thn parap�nw sun�rthsh.

Sthn paroÔsa f�sh, me ton ìro {kÔklwma}, ja anaferìmaste se kukl¸-
mata ta opoÐa apoteloÔntai mìno apì pÔlec AND kai OR me aperiìristo
eÔroc eisìdou kai ìpou ta dedomèna ja apoteloÔntai apì tic metablhtèc xi  
tic arn seic touc xi.
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PÔlec tou Ðdiou tÔpou, ìpou h mÐa sundèetai apeujeÐac me thn �llh, sto
sq ma mporoÔn na sugqwneujoÔn se mÐa qwrÐc na epèljei allag  sth sun�r-
thsh pou ulopoieÐtai apì to kÔklwma.

'Etsi loipìn, tètoiou tÔpou kukl¸mata, mporoÔn na metasqhmatistoÔn se
isodÔnama kukl¸mata, apl� prosjètontac pÔlec me eÔroc eisìdou 1:

'Eqontac k�nei loipìn tic parap�nw metatropèc sto kÔklwm� mac, èqoume
katal xei se èna kÔklwma to opoÐo èqei sto pr¸to epÐpedo mìno pÔlec OR,
en¸ sto deÔtero epÐpedo mìno pÔlec AND. MporoÔme na suneqÐsoume ìmoia
¸ste telik� na enallassìmaste metaxÔ epipèdwn ta opoÐa apoteloÔntai mìno
apì èna eÐdoc pÔlhc, OR   AND.

3.2 K�poia {eÔkola} fr�gmata

K�noume t¸ra merikèc parathr seic sqetik� me ta kukl¸mata mac, stic opoÐec
ja sthriqtoÔme argìtera gia na deÐxoume ta fr�gmat� mac.

Gia arq  mporoÔme eÔkola na doÔme ìti opoiad pote sun�rthsh Boole
n metablht¸n, mporeÐ na ulopoihjeÐ apì èna kÔklwma 2 epipèdwn. Kai autì
giatÐ mporoÔme na metatrèyoume th dedomènh sun�rthsh se isodÔnamh kanonik 
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suzeuktik  morf  eÐte se kanonik  diazeuktik  morf  kai �ra prokÔptei èna
kÔklwma AND−OR b�jouc 2 sthn pr¸th perÐptwsh, eÐte èna kÔklwma
OR−AND kai p�li b�jouc 2 sthn deÔterh perÐptwsh. Gia par�deigma, an
upojèsoume ìti eÐqame thn ex c sun�rthsh

f = (x1 ∧ x2) ∨ (x1 ∧ x3) ∧ (x4 ∨ x5),

ja mporoÔse na metasqhmatisteÐ wc ex c:

f = (x1∨x1)∧(x2∨x1)∧(x1∨x3)∧(x2∨x3)∧(x4∨x5) (kanonik  suzeuktik  morf )

eÐte

f = (x1 ∧ x2) ∨ (x1 ∧ x3 ∧ x4) ∨ (x1 ∧ x3 ∧ x5) (kanonik  diazeuktik  morf )

Genik� ìmwc, up�rqei kai perÐptwsh ekjetik c aÔxhshc twn emfanÐsewn twn
metablht¸n, to opoÐo kai faÐnetai sto parak�tw par�deigma:

f = (x1 ∧ y1) ∨ (x2 ∧ y2) ∨ · · · ∨ (xn ∧ yn)

h opoÐa metasqhmatÐzetai se kanonik  suzeuktik  morf 

f = (x1 ∨ · · · ∨ xn−1 ∨ xn)∧ (x1 ∨ · · · ∨ xn−1 ∨ yn)∧ · · · ∧ (y1 ∨ · · · ∨ yn−1 ∨ yn)

me sunèpeia oi n diazeÔxeic na auxhjoÔn se 2n suzeÔxeic.
'Estw t¸ra, ìti èqoume èna kÔklwma b�jouc d kai megèjouc s, to opoÐo

ulopoieÐ thn parn. Tìte, èqontac kat� nou touc kanìnec DeMorgan

x ∨ y = x ∧ y

x ∧ y = x ∨ y
gia na p�roume èna kÔklwma pou na ulopoieÐ thn parn den èqoume par� na
antikatast soume tic eisìdouc xi me xi kai antÐstrofa kai ìlec tic pÔlec
AND me pÔlec OR kai antÐstrofa. ParathroÔme ìti to prokÔpton kÔklwma
èqei to Ðdio b�joc kai mègejoc me to arqikì.

MÐa akìmh idiìthta pou mporoÔme eÔkola na elègxoume thn isqÔ thc, eÐnai
pwc dedomènou kukl¸matoc upologismoÔ thc parn kai me to na jèsoume k�poiec
apì tic metablhtèc mac Ðsec me 1 kai k�poiec �llec Ðsec me 0, to kÔklwma den
upologÐzei tÐpote �llo par� thn sun�rthsh parity   thn antÐjet  thc se
ligìterec plèon metablhtèc. Gia na peisteÐ kaneÐc, den èqei par� na jumhjeÐ
ton orismì:

parn(x1, . . . , xn) =

(
n∑
i=1

xi

)
mod 2

kai �ra an upojèsoume ìti

• x1 = 0 tìte,

parn(x1, . . . , xn) = parn(0, x2, . . . , xn) = parn−1(x2, . . . , xn)

en¸ an
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• x1 = 1 tìte,

parn(x1, . . . , xn) = parn(1, x2, . . . , xn) = 1+parn−1(x2, . . . , xn) = parn−1

Ergazìmenoi ìmoia, gia opoiod pote uposÔnolo tou {xi}ni=1 kai opoiad -
pote timodosÐa ∈ {0, 1}, blèpoume ìti pr�gmati kai p�li upologÐzoume eÐte thn
parity eÐte thn parity, se ligìterec ìmwc metablhtèc.

Jèloume t¸ra na doÔme, e�n h PARITY mporeÐ na ulopoihjeÐ mèsw ku-
klwm�twn stajeroÔ b�jouc kai poluwnumikoÔ megèjouc. Ja jèlame dhlad 
na exet�soume, e�n up�rqei stajer� d kai polu¸numo p, tètoia ¸ste gia ìla
ta n h sun�rthsh parn na mporeÐ na ulopoihjeÐ mèsw kukl¸matoc b�jouc d
kai megèjouc to polÔ p(n).

Je¸rhma 3 H PARITY den mporeÐ na ulopoihjeÐ mèsw OR−AND ku-
kl¸matoc poluwnumikoÔ megèjouc kai b�jouc 2.

Apìdeixh:
Ac jumhjoÔme gia arq , ìti an èqoume x1, . . . , xn metablhtèc, tìte sto kÔ-

klwma mporoÔn na emfanistoÔn kai ta x1, . . . , xn, �ra sunolik� 2n to pl joc
dedomèna. Xekin�me deÐqnontac ìti k�je pÔlh AND sto pr¸to epÐpedo, ja
prèpei anagkastik� na èqei akrib¸c n dedomèna wc eÐsodo kai pio sugkekri-
mèna, se k�je pÔlh ja emfanÐzetai eÐte to xi eÐte to xi. Upojètoume, gia na
katal xoume se antÐfash, ìti se k�poia pÔlh den emfanÐzetai k�poia metablh-
t  xj all� oÔte kai h �rnhs  thc xj. ParathroÔme t¸ra, ìti me kat�llhlh
an�jesh tim¸n stic metablhtèc   stic arn seic touc, pou emfanÐzontai wc eÐ-
sodoi sthn pÔlh aut , mporoÔme na p�roume wc apotèlesma thn tim  1 apì thn
pÔlh AND kai sunep¸c kai thn tim  1 wc apotèlesma apì ìlo to kÔklwma.
T¸ra, ìti tim  kai na jèsoume sth metablht  xj, to apotèlesma tou kukl¸-
matoc paramènei anephrèasto, pr�gma to opoÐo deÐqnei ìti to kÔklwm� mac den
upologÐzei thn parn, �topo. EpÐshc, den mporoÔn na up�rxoun pÔlec me eÐsodo
tìso th metablht  xj ìso kai th metablht  xj, diìti tìte to apotèlesma thc
pÔlhc AND ja eÐnai p�nta 0. 'Ara oi pÔlec AND sto pr¸to epÐpedo, ja
èqoun akrib¸c n dedomèna wc eÐsodo. 'Omwc autì shmaÐnei, p¸c k�je pÔlh
AND mporeÐ na sull�bei mìno mÐa gramm  apì ton pÐnaka alhjeÐac thc parn.
Apì th stigm  ìmwc pou up�rqoun 2n−1 grammèc ston pÐnaka alhjeÐac, me
thn tim  1, sumperaÐnoume ìti apaitoÔntai telik� 2n−1 pÔlec AND kai ed¸
oloklhr¸netai h apìdeix  mac.

MporoÔme ìmwc na deÐxoume ìti h PARITY mporeÐ na ulopoihjeÐ mèsw
poluwnumikoÔ megèjouc kukl¸matoc, b�jouc O

(
log(n)

)
. Gia eukolÐa stouc

upologismoÔc, upojètoume ìti to pl joc twn metablht¸n eÐnai dÔnamh tou
2, dhlad  n = 2k gia k�poio k ∈ N. Q�rin komyìthtac kai aplìthtac, ja

qrhsimopoi soume sto kÔklwm� mac pÔlec X̂OR, twn opoÐwn th leitourgÐa
ja exhg soume amèswc parak�tw. Sqhmatik�, to kÔklwma mac parousi�zei th
morf  {isorrophmènou} duadikoÔ dèndrou:
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EÐnai fanerì, ìti to b�joc tou kukl¸matoc, gia eÐsodo n metablht¸n, eÐnai
thc t�xewc O(log(n)), en¸ to mègejoc eÐnai thc t�xewc O(n log(n)) = O(n2)

dhlad  poluwnumikì, wc proc tic pÔlec X̂OR. Mènei loipìn na analÔsoume
ton trìpo leitourgÐac twn pul¸n aut¸n. Sqhmatik�, parousi�zoun thn ex c
dom :

ParathroÔme, ìti apoteloÔntai mìno apì pÔlec OR kai AND kai m�lista

me eÔroc eisìdou 2. To gegonìc epÐshc ìti k�je pÔlh X̂OR apoteleÐtai apì
6 pÔlec, 4 pÔlec OR kai 2 pÔlec AND mac epitrèpei na poÔme pwc telik�
to sunolikì kÔklwma èqei mègejoc thc t�xhc O(n2), wc proc pÔlec OR kai
AND, kai b�joc O(n log(n)) = O(n2). ParathroÔme epÐshc, pwc h k�je pÔlh

X̂OR, prokeimènou na ulopoi sei thn pr�xh XOR(x, y), qrei�zetai tìso tic
metablhtèc x, y ìso kai tic arn seic touc, x & y, kai autìc eÐnai kai o lìgoc
pou tautìqrona me k�je pÔlh XOR ulopoioÔme kai mÐa pÔlh XOR.
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3.3 PARITY /∈ AC0

Sumbolismìc: Me ACk ja sumbolÐzoume thn kl�sh ìlwn twn sunart sewn
Boole, oi opoÐec mporoÔn na ulopoihjoÔn mèsw kuklwm�twn poluwnumikoÔ
megèjouc kai O(logk(n)) b�jouc, apoteloÔmena apì pÔlec OR kai AND
aperiìristou eÔrouc eisìdou. Mìlic prin deÐxame ìti

PARITY ∈ AC1.

Skopìc mac ìmwc eÐnai na deÐxoume ìti

PARITY /∈ AC0.

Me to Je¸rhma (3), èqoume  dh k�nei to pr¸to mac b ma, to opoÐo ja
apotelèsei kai th b�sh thc epagwg c mac. H apìdeixh apoteleÐ èrgo twn Furst,
Saxe & Sipser [14], oi opoÐoi èkanan qr sh miac nèac tìte teqnik c, me to ìnoma
{tuqaÐoi periorismoÐ} kai h opoÐa èqei èktote qrhsimopoihjeÐ arketèc forèc.
To apotèlesma autì belti¸jhke argìtera, apì {mh poluwnumikì mègejoc}
se {toul�qiston ekjetikì}, arqik� apì ton Yao [15] kai argìtera apì ton
H̊astad [16], tou opoÐou m�lista h apìdeixh jewreÐtai polÔ prwtoporiak .

Ed¸ ìmwc ja anaferjoÔme sthn asjenèsterh ekdoq  twn Furst, Saxe &
Sipser h opoÐa èqei to pleonèkthma na eÐnai pio apl  kai apoteleÐ kai mia kal 
eukairÐa na exoikeiwjoÔme me touc {tuqaÐouc periorismoÔc}. Prin proqwr -
soume ìmwc, ac jumhjoÔme merik� pr�gmta apì JewrÐa Pijanot twn:

• Diwnumik  Katanom  'Otan diex�goume èna peÐrama me 2 pijan� apote-
lèsmata, èstw epituqÐa kai apotuqÐa, ta opoÐa sumbaÐnoun me pijanìthtec
p kai 1−p antÐstoiqa, tìte h pijanìthta na èqoume k akrib¸c epituqÐec,
se n anex�rthtec epanal yeic eÐnai(

n

k

)
pkqn−k

An X h tuqaÐa metablht  pou metr�ei to pl joc epituqi¸n se n dokimèc,
me pijanìthtec epituqÐac kai apotuqÐac ìpwc kai prin, tìte

E[X] = np kai V ar[X] = np(1− p).

• Anisìthta Chebyshev Xekin�me apì thn anisìthta tou Markov h opoÐa
lèei pwc an X tuqaÐa, mh arnhtik  metablht , me peperasmènh mèsh tim 
kai t > 0, t ∈ R tìte

P[X ≥ t] ≤ E[X]

t
Gia na p�roume thn epijumht  anisìthta den èqoume par� na jewr soume
wc X thn (X − E[X])2 kai wc t ton arijmì t2 kai �ra paÐrnoume plèon
wc apotèlesma

P[(X − E[X])2 ≥ t2] ≤ E[(X − E[X])2]

t2
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ParathroÔme ìmwc ìti

(X − E[X])2 ≥ t2 ⇔ |X − E[X]| ≥ t

kai �ra se sunduasmì me to ìti E[(X −E[X])2] = V ar[X] katal goume
sto ex c:

P[|X − E[X]| ≥ t] ≤ V ar[X]

t2

• 'Ena diaforetikì fr�gma gia th diwnumik  katanom : P[X ≥ a] ≤ pa2n

P[X ≥ a] =
n∑
i=a

(
n

i

)
pi(1− p)n−i ≤

n∑
i=a

(
n

i

)
pi ≤ pa

n∑
i=a

(
n

i

)
≤ pa2n

Profan¸c h anisìthta aut  eÐnai qr simh mìno e�n pa2n ≤ 1.

Epistrèfoume p�li sto kurÐwc mèroc thc apìdeixhc kai gia na deÐxoume ìti h
PARITY den mporeÐ na ulopoihjeÐ apì kÔklwma poluwnumikoÔ megèjouc kai
stajeroÔ b�jouc, eÐnai arketì na deÐxoume ton ex c isqurismì:

Isqurismìc 1 ∀t ∀c ∀polu¸numo p, h PARITY den mporeÐ na ulopoihjeÐ
mèsw kukl¸matoc megèjouc p(n) kai b�jouc t to opoÐo na èqei eÔroc eisìdou
≤ c, fragmèno dhlad  eÔroc sto arqikì epÐpedo.

Je¸rhma 4 PARITY /∈ AC0

To teleutaÐo je¸rhma eÐnai �mesh sunèpeia tou IsqurismoÔ 1. Gia na to dei
kaneÐc, den èqei par� na upojèsei to antÐjeto, ìti dhlad  PARITY ∈ AC0.
Autì ja s maine ìti up�rqei oikogèneia kuklwm�twn, poluwnumikoÔ megèjouc,
kai stajeroÔ b�jouc t. E�n t¸ra enswmat¸soume èna akìmh epÐpedo, prin to
pr¸to epÐpedo tou kukl¸matoc, apoteloÔmeno apì pÔlec eÐte OR eÐte AND,
me trìpo tètoio ¸ste k�je metablht  pou emfanizìtan wc eÐsodo sto arqikì
kÔklwma, na apoteleÐ plèon th mÐa kai monadik  eÐsodo se akrib¸c mÐa apì tic
pÔlec tou {nèou} epipèdou, kai apo kei na emfanÐzetai stic pÔlec ìpwc eÐqame
arqik� upojèsei, ja èqoume katafèrei na kataskeu�soume èna nèo kÔklwma,
b�jouc t + 1, poluwnumikoÔ kai p�li megèjouc, me stajerì eÔroc eisìdou 1
sto arqikì epÐpedo, pr�gma to opoÐo èrqetai se antÐjesh me ton Isqurismì 1.

Ja prèpei loipìn t¸ra na apodeÐxoume ton Isqurismì 1. 'Eqoume  dh deÐxei
nwrÐtera, stoJe¸rhma 3, ìti pr�gmati sthn perÐptwsh ìpou to b�joc t tou
kukl¸matoc eÐnai Ðso me 2, tìte den up�rqei kÔklwma poluwnumikoÔ megèjouc,
opoioud pote eÔrouc eisìdou, to opoÐo na ulopoieÐ thn parity.

Gia th genik  perÐptwsh, upojètoume ìti o Isqurismìc 1 eÐnai analhj c.
'Ara up�rqei k�poio t > 2, tètoio ¸ste h PARITY na ulopoieÐtai apì kÔ-
klwma poluwnumikoÔ megèjouc, b�jouc t kai me fragmèno, apì stajer�, eÔroc
eisìdou sto arqikì epÐpedo. 'Estw loipìn o el�qistoc tètoioc arijmìc t kai
èstw k arijmìc, austhr� megalÔteroc apì to bajmì tou poluwnÔmou pou
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fr�ssei to mègejoc tou kukl¸matoc kai c h stajer� pou fr�ssei to eÔroc ei-
sìdou sto arqikì epÐpedo. Ja deÐxoume ìti b�sei tou upojetikoÔ kukl¸matoc,
me tic parap�nw idiìthtec, mporoÔme na kataskeu�soume èna �llo kÔklwma,
pou na ulopoieÐ thn parity, poluwnumikoÔ p�li megèjouc, me fragmèno eÔroc
eisìdou all� plèon me b�joc t − 1, to opoÐo ja èrqetai se antÐjesh me thn
elaqistìthta tou t kai �ra ja èqoume apodeÐxei thn orjìthta tou IsqurismoÔ
1.

Gia thn kataskeu  twn nèwn kuklwm�twn, ja akolouj soume thn ex c
strathgik : 'Estw S = S1, S2, . . . h oikogèneia kuklwm�twn b�jouc t pou u-
pologÐzei thn PARITY. To kÔklwma Srn, b�jouc plèon t−1, ja kataskeu�-
zetai paÐrnontac èna stoiqeÐo thc akoloujÐac S me deÐkth megalÔtero tou n,
ac poÔme ed¸ gia par�deigma 4n2, kai dÐnontac tìte timèc stic {kat�llhlec}
(4n2 − n) metablhtèc mèsw thc tuqaÐac timodosÐac r. Tìte to kÔklwm� mac
ja exart�tai plèon apì n metablhtèc. EpÐshc, ja kataskeu�soume me tètoio
trìpo to kÔklwma, ¸ste oi pÔlec tou deÔterou epipèdou na èqoun fragmèno
eÔroc eisìdou met� ton periorismì, ¸ste ìtan efarmìsoume touc kanìnec epi-
merismoÔ gia na all�xoume tic jèseic twn epipèdwn 1 kai 2, na mhn prokÔyei
ekjetik  aÔxhsh sto kÔklwma, ìpwc anamènetai na sumbeÐ sth genik  perÐptw-
sh. EpÐshc to kÔklwm� mac, met� thn enallag  pr¸tou kai deÔterou epipèdou,
ja èqei p�li fragmèno eÔroc eisìdou sto {nèo} arqikì epÐpedo kai epiplèon
to deÔtero kai trÐto epÐpedo apì th stigm  pou ja apoteloÔntai apì pÔlec thc
Ðdiac leitourgÐac, ja mporoÔn na sugqwneujoÔn se èna epÐpedo, odhg¸ntac se
kÔklwma b�jouc t − 1. To mègejoc tou Srn ja eÐnai tetragwnikì wc proc to
mègejoc tou arqikoÔ kukl¸matoc, O

(
(4n2)k

)
= O(n2k) kai sunep¸c o bajmìc

tou poluwnÔmou pou ja fr�ssei to mègejoc ja diplasiasteÐ.
Up�rqei ìmwc to prìblhma tou p¸c ja epilèxoume tic {kat�llhlec} meta-

blhtèc stic opoÐec ja anajèsoume timèc, kai ed¸ brÐsketai h basik  idèa thc
apìdeixhc: Dokim�zoume ènan {tuqaÐo periorismì}   alli¸c mÐa {tuqaÐ-
a antikat�stash}. E�n mporèsoume na deÐxoume ìti h pijanìthta tou na
p�roume ènan kat�llhlo periorismì, dhlad  èna kat�llhlo kÔklwma met� thn
efarmog  tou periorismoÔ, eÐnai jetik , tìte mporoÔme na sumper�noume ìti u-
p�rqei pr�gmati ènac tètoioc. Ja efarmìsoume ton ex c {tuqaÐo periorismì}:
Gia k�je metablht  xi, anex�rthta apì tic �llec, ekteloÔme to akìloujo
peÐrama, me ta ex c 3 pijan� apotelèsmata:

• Me pijanìthta 1√
n
h metablht  xi paramènei metablht 

• Me pijanìthta
1− 1√

n

2
h metablht  xi paÐrnei thn tim  0

• Me pijanìthta
1− 1√

n

2
h metablht  xi paÐrnei thn tim  1

H logik  me thn opoÐa orÐsthkan oi parap�nw pijanìthtec eÐnai h ex c: Gia
arq , oi pijanìthtec sÔmfwna me tic opoÐec h metablht  xi paÐrnei k�poia
tim  ∈ {0, 1}, anamènetai na eÐnai Ðsec, ¸ste an anagkastoÔme sto epiqeÐrhma
pou ja akolouj sei, na mporèsoume na all�xoume touc rìlouc twn pul¸n
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AND kai OR kai xi me xi kaj¸c kai 1 me 0, qwrÐc na qreiasteÐ na proboÔme
se nèouc upologismoÔc. EpÐshc, apodeiknÔetai qr simo praktik� h pijanìthta
miac metablht c na parameÐnei metablht , na eÐnai ìso to dunatìn mikrìterh kai
eidikìtera gia lìgouc pou ja fanerwjoÔn argìtera, poluwnumik� mikrìterh
apì to n.

'Estw r, o sumbolismìc tou {tuqaÐou periorismoÔ} kai xir to apotèlesma
tou xi met� thn efarmog  tou periorismoÔ ètsi ¸ste xir ∈ {0, 1, xi} kai èstw
Srn to kÔklwma Sn, met� ton periorismì. 'Eqoume  dh deÐxei ìti to Srn ja ulo-
poieÐ kai autì eÐte th sun�rthsh parity eÐte th sun�rthsh parity se ligìterec
plèon metablhtèc. Se k�je perÐptwsh p�ntwc, èqoume kai p�li  dh deÐxei,
ìti up�rqei kÔklwma Ðdiou b�jouc kai megèjouc, pou na ulopoieÐ thn parity.
Qrhsimopoi¸ntac JewrÐa Pijanot twn, to anamenìmeno pl joc metablht¸n
X sto kÔklwma Srn eÐnai:

E[XSr
n
] = nE[X1Sr

n
] = n

1√
n

=
√
n

kai

V ar[XSr
n
] = nV ar[X1Sr

n
] = n

1√
n

(
1− 1√

n

)
≤
√
n

T¸ra faÐnetai ìti to pl joc X twn metablht¸n pou paramènoun metablhtèc
sto kÔklwma Sn met� ton periorismì, prèpei na ekfr�zetai poluwnumik� wc
proc to arqikì pl joc, ¸ste na katafèroume na d¸soume èna poluwnumikì
�nw fr�gma mèsw thc anisìthtac Chebyshev ìpwc kai ja k�noume t¸ra:

P[X ≤
√
n

2
] = P[X ≤ E[X]

2
]

≤ P
[
|X − E[X]| ≥ E[X]

2

]
≤ V ar[X]

E2[X]
4

≤ 4
1√
n

= O
(

1√
n

)
Sunep¸c, gia n arket� meg�lo, h pijanìthta aut  teÐnei sto 0, dhlad 

P[X ≤
√
n

2
]→ 0 , n→∞

Me �lla lìgia, me meg�lh pijanìthta, ja parameÐnoun toul�qiston
√
n
2

metablhtèc sto kÔklwma Srn met� ton periorismì.
KaneÐc mporeÐ na antiteÐnei se autì to shmeÐo, ìti den eÐnai kajìlou xek�ja-

ro to p¸c ja paraqjeÐ mÐa akoloujÐa kuklwm�twn Sr = Sr1 , S
r
2 , . . . qwrÐc ken�.

Autì pou gnwrÐzoume sta sÐgoura, eÐnai ìti gia dedomèno n, an efarmìsoume
ton periorismì sto kÔklwma S4n2 , ja p�roume èna kÔklwma me anamenìmeno
pl joc metablht¸n 2n kai me meg�lh pijanìthta p�nw apì n metablhtèc.

E[XSr
4n2

] = 2n , V ar[X] = 4n2 1√
n

(
1− 1√

n

)
≤ 4n

√
n
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kai

P[XSr
4n2
≤
√

4n2

2
= n] ≤ P[|X − E[X]| ≥ E[X]

2
] ≤ 4√

n
= O

(
1√
n

)
'Ara, sÐgoura up�rqei èna kÔklwma m metablht¸n me m: n ≤ m ≤ 4n2.
Jètoume loipìn tic epiplèon (m − n) metablhtèc Ðsec me 0 kai plèon èqoume
to epijumhtì kÔklwma n akrib¸c metablht¸n.

Sth sunèqeia ja d¸soume �nw fr�gmata gia ta endeqìmena ìpou to kÔ-
klwm� mac ja èqei anepijÔmhtec idiìthtec. E�n katafèroume na deÐxoume ìti
k�je èna apì aut� ta endeqìmena, peperasmèna sto pl joc, sumbaÐnoun me
pijanìthta pou teÐnei sto 0 kaj¸c n → ∞, tìte gia meg�la toul�qiston n,
mporoÔme na isquristoÔme ìti sto kÔklwm� mac den pragmatopoieÐtai kanèna
ap' aut� ta endeqìmena. Pr¸ta ja deÐxoume ìti me meg�lh pijanìthta oi pÔlec
sto epÐpedo 2, met� thn efarmog  tou periorismoÔ, ja exart¸ntai mìno apì
stajerì pl joc metablht¸n. Gia na to petÔqoume autì, mporoÔme na upojè-
soume ìti sto pr¸to epÐpedo èqoume pÔlec OR en¸ sto deÔtero pÔlec AND.
E�n h kat�stash eÐnai anestrammènh, mporoÔme na epanal�boume to epiqeÐrhma
mac antistrèfontac touc rìlouc twn pul¸n AND kai OR, 0 kai 1, xi kai xi.

Gia ton upologismì twn pijanot twn twn endeqomènwn pou jèloume na e-
lègxoume, ja jewr soume mÐa opoiad pote, prokajorismènh pÔlh AND sto
deÔtero epÐpedo kai ja doÔme ìti o {tuqaÐoc periorismìc} èqei anepijÔmhtec
idiìthtec, sthn perÐptwsh mac ex�rthsh apì pollèc metablhtèc, me pijanì-
thta to polÔ O( 1

nk ). 'Omwc apì th stigm  pou up�rqoun s' ìlo to kÔklwma
to polÔ O(nk−1) pÔlec, sumperaÐnoume ìti h pijanìthta opoiad pote pÔlh
AND sto deÔtero epÐpedo, na exart�tai apì pollèc metablhtèc, eÐnai to polÔ
O( 1

nk )O(nk−1) = O( 1
n
). 'Ara me meg�lh pijanìthta, kamÐa apì tic pÔlec

AND sto deÔtero epÐpedo den ja èqei aut n thn anepijÔmhth idiìthta (ex�r-
thsh apì pollèc metablhtèc) met� thn efarmog  tou {tuqaÐou periorismoÔ}.
Qrhsimopoi¸ntac epagwg  ja apodeÐxoume ton parak�tw isqurismì:

Isqurismìc 2 Gia k�je AND−OR kÔklwma, to opoÐo èqei eÔroc eisìdou
to polÔ c, kai mègejoc to polÔ p(n), ìpou p(n) polu¸numo bajmoÔ < k, up�rqei
stajer� e = e(c, k), exart¸menh dhlad  mìno apì ta c kai k, ètsi ¸ste h
pijanìthta met� ton {tuqaÐo periorismì}, k�poia prokajorismènh pÔlh AND
na exart�tai apì perissìterec apì e metablhtèc, na eÐnai to polÔ O( 1

nk ).

Apìdeixh IsqurismoÔ 2
'Opwc eÐpame kai prin, h apìdeixh ja gÐnei me epagwg  sto c. H b�sh thc

epagwg c eÐnai gia c = 1. Se aut n thn perÐptwsh, den up�rqoun pÔlec OR,
afoÔ ta dedomèna {pern�ne} apeujeÐac sto epÐpedo 2 kai �ra èqoume mìno thn
pÔlh AND. Ja exet�soume 2 peript¸seic, an�loga me to pìso meg�lo eÔroc
eisìdou èqei h pÔlh AND.

• PerÐptwsh B1: To eÔroc thc pÔlhcAND eÐnai toul�qiston 4k ln(n).

Se aut n thn perÐptwsh eÐnai polÔ pijanì, na up�rqei toul�qiston mÐa
metablht , h opoÐa met� thn efarmog  tou {tuqaÐou periorismoÔ}, na
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èqei p�rei thn tim  0 kai �ra h pÔlh AND den exart�tai apì kamÐa
metablht .

Apìdeixh PerÐptwshc B1

P[h pÔlh AND den dÐnei 0] = P[kamÐa metablht  den èqei p�rei tim  0]

= P[mÐa sugkekrimènh metablht  den èqei p�rei tim  0]#metablht¸n

≤
(

1− 1− 1/
√
n

2

)4k ln(n)

≤
(

3

4

)4k ln(n)

(isqÔei gia n ≥ 4)

= n4k ln( 3
4
) ≤ n4k(− 1

4
) = n−k

ìpou sthn teleutaÐa gramm  efarmìsame

aln(b) = bln(a) kai ln(1− x) ≤ −x

• PerÐptwsh B2: To eÔroc eisìdou thc pÔlhc AND eÐnai mikrìtero
apì 4k ln(n).

Se aut n thn perÐptwsh eÐnai polÔ pijanì met� thn efarmog  tou {tuqaÐ-
ou periorismoÔ}, na parameÐnei mìno stajerì pl joc metablht¸n. Thn
diaÐsjhs  mac aut n, thn enisqÔei toul�qiston to gegonìc ìti an X eÐnai
to pl joc twn metablht¸n pou paramènoun met� ton periorismì, tìte

E[X] ≤ 4k ln(n)
1√
n
→ 0, n→∞

Apìdeixh PerÐptwshc B2

P[h pÔlh AND exart�tai apì perissìterec apì m metablhtèc]=

4k ln(n)∑
i=m+1

(
4k ln(n)

i

)(
1√
n

)i(
1− 1√

n

)n−i
≤

4k ln(n)∑
i=m

(
4k ln(n)

i

)(
1√
n

)i

≤
(

1√
n

)m 4k ln(n)∑
i=m

(
4k ln(n)

i

)
≤
(

1√
n

)m
24k ln(n)

≤ n−
m
2 n4k ln(2)

= n4k ln(2)−m
2

An t¸ra jèsoume m = 2k [4 ln(2) + 1] paÐrnoume telik�:
P[h pÔlh AND exart�tai apì perissìterec apì m metablhtèc]=O(n−k)
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'Eqoume apodeÐxei th b�sh thc epagwg c, ìpou e(1, k) = 2k
[
4 ln(2) + 1

]
.

Upojètoume loipìn t¸ra, ìti o Isqurismìc (2) isqÔei gia eÔroc eisìdou
èwc kai c − 1, dhlad  gia eÔroc eisìdou i, i ∈ {1, 2, . . . , c − 1}, up�rqoun
stajerèc {ei}c−1i=1 , tètoiec ¸ste h pijanìthta mÐa prokajorismènh pÔlh AND
sto deÔtero epÐpedo na exart�tai apì perissìterec apì e(i, k) metablhtèc,
eÐnai O(n−k).

Epagwgikì B ma

• PerÐptwsh 1: Prin ton {tuqaÐo periorismì}, h pÔlh AND sto deÔ-
tero epÐpedo èqei toul�qiston 4ck ln(n) pÔlecOR apì k�tw thc, me xènec
metablhtèc.

Se aut n thn perÐptwsh dhlad , up�rqoun perissìterec apì 4ck ln(n)
pÔlec OR oi opoÐec ana dÔo den èqoun koinèc metablhtèc. Ja deÐxoume
ìti met� thn efarmog  tou {tuqaÐou periorismoÔ}, eÐnai polÔ pijanì se
mÐa apì tic pÔlec OR, ìlec oi eÐsodoi na èqoun p�rei thn tim  0, to
opoÐo shmaÐnei me th seir� tou pwc kai to apotèlesma thc pÔlhc AND
ja eÐnai 0. Dhlad  sthn perÐptwsh aut , h pÔlh AND den exart�tai
apì kamÐa metablht , opìte o isqurismìc mac èqei apodeiqjeÐ.

Apìdeixh PerÐptwshc 1

P[h pÔlh AND den dÐnei 0] = P[kamÐa apì tic pÔlec OR den dÐnei 0]

≤ P[mÐa prokajorismènh pÔlh OR den dÐnei 0]#pul¸n

=
(
1− P[mÐa prokajorismènh pÔlh OR dÐnei 0]

)#pul¸n

≤

(
1−

(1− 1√
n

2

)c)4ck ln(n)

≤
(
1− 4−c

)4ck ln(n)
= n4ck ln(1−4−c) ≤ n4ck(−4−c)

= n−k

ìpou p�li sthn proteleutaÐa gramm , qrhsimopoi same to gegonìc ìti
ean n ≥ 4 tìte

1− 1√
n

2
≥ 1

4
⇒

(
1− 1√

n

2

)c

≥
(

1

4

)c
kai sunep¸c

1−

(
1− 1√

n

2

)c

≤ 1−
(

1

4

)c
• PerÐptwsh 2: Prin ton {tuqaÐo periorismì}, h pÔlh AND sto e-
pÐpedo 2 èqei ligìterec apì 4ck ln(n) pÔlec OR apì k�tw thc, me xènec
metablhtèc.
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Apìdeixh PerÐptwshc 2

Se aut n thn perÐptwsh, dialègoume èna megistikì sÔnolo pul¸n OR
me xènec metablhtèc kai èstw H to sÔnolo twn metablht¸n pou emfanÐ-
zontai stic pÔlec autèc. Apì upìjesh, to eÔroc eisìdou fr�ssetai apì
th stajer� c kai �ra mporoÔme na sumper�noume ìti |H| ≤ c4ck ln(n)
kai na poÔme me bebaiìthta ìti se k�je pÔlh OR tou pr¸tou epipèdou,
emfanÐzetai toul�qiston mÐa metablht  apì to sÔnolo H, alli¸c to sÔ-
nolo H den ja  tan megistikì. Up�rqoun l = 2|H| dunat� dianÔsmata
∈ {0, 1}|H|, an�loga me thn tim  pou mporoÔme na anajèsoume sthn k�je
metablht . An t¸ra epilèxoume èna di�nusma apì ta parap�nw kai to
jewr soume wc eÐsodo sto AND−OR kÔklwm� mac, tìte toul�qi-
ston mÐa metablht  se k�je pÔlh OR paÐrnei tim  kai paÔei plèon na
apoteleÐ metablht . Dhlad , to eÔroc eisìdou twn pul¸n OR sto pr¸-
to epÐpedo, mei¸netai kai fr�ssetai plèon apì th stajer� (c− 1). Kai
t¸ra mporoÔme plèon na efarmìsoume thn epagwgik  upìjesh. 'Estw
A1, A2, . . . , Al ta l pijan� kukl¸mata pou mporoÔn na prokÔyoun me au-
tìn ton trìpo. K�je èna dhlad  apì ta l dianÔsmata {dÐnei} diaforetikì
kÔklwma. SÔmfwna p�li me thn epagwgik  upìjesh, h pijanìthta ¸ste
h sun�rthsh tou kukl¸matoc Arj , dhlad  to kÔklwma Aj met� thn e-
farmog  tou {tuqaÐou periorismoÔ}, na exart�tai apì perissìterec apì
e(c− 1, k) metablhtèc, eÐnai thc t�xhc O(n−k).

H sun�rthsh f , pou upologÐzei to kÔklwm� mac, mporeÐ na ekfrasteÐ me
th bo jeia twn {Aj}lj=1 . Gia par�deigma, upojèste ìti H = {x1, x2}.
'Ara l = 4 kai �ra

f = (x1 ∧ x2 ∧ A1) ∨ (x1 ∧ x2 ∧ A2) ∨ (x1 ∧ x2 ∧ A3) ∨ (x1 ∧ x2 ∧ A4)

T¸ra antÐ na qrhsimopoi soume to kÔklwma ¸ste na kajorÐsoume thn
ex�rthsh thc f met� ton {tuqaÐo periorismì} apì tic metablhtèc, mac
boleÔei perissìtero na ergastoÔme me thn isodÔnamh anapar�stash me
th bo jeia twn {Aj}lj=1.

Me meg�lh pijanìthta met� ton {tuqaÐo periorismì}, to sÔnolo H ja a-
poteleÐtai mìno apì stajerì pl joc metablht¸n kai �ra kai to pl joc
twn ìrwn (pl joc diazeÔxewn) sthn anapar�stash thc f , ja fr�ssetai
kai autì apì mÐa stajer�. Autì sumbaÐnei diìti, e�n upojèsoume ìti q
apì tic |H| metablhtèc p�roun tim , eÐte 0 eÐte 1, tìte akrib¸c 1 apì tic
2q timodosÐec dÐnei tim  1 apì th sÔzeuxh aut¸n twn q metablht¸n kai
�ra mènoun sthn anapar�stash thc f , 2#metablht¸n ìroi pou den eÐnai tau-
totik� Ðsoi me 0. 'Estw loipìn XH , h tuqaÐa metablht  pou metr�ei to
pl joc twn metablht¸n tou sunìlou H met� thn efarmog  tou {tuqaÐou
periorismoÔ}. GnwrÐzontac ìti h XH akoloujeÐ diwnumik  katanom  me
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p = 1√
n
kai jètontac 4ck = d upologÐzoume:

P[XH > a] =

cd ln(n)∑
i=a

(
cd ln(n)

i

)(
1√
n

)i(
1− 1√

n

)cd ln(n)−i
≤
(

1√
n

)a
2cd ln(n) ≤ n−

a
2 · ncd

= n−
a
2
+cd

An jèsoume a = 2cd+ 2k paÐrnoume telik�

P[XH > 2cd+ 2k] = O(n−k) .

Dhlad  me meg�lh pijanìthta èqoume ìti XH ≤ 2cd + 2k kai �ra se
aut n thn perÐptwsh, h anapar�stash thc f , apoteleÐtai to polÔ apì m
ìrouc, ìpou m := 22cd+2k ≥ 2XH .
Jètoume t¸ra e(c, k) = (2cd+ 2k) +m · e(c− 1, k) kai paÐrnoume:

P[h f exart�tai apì perissìterec apì e(c, k) metablhtèc]

≤ P[XH > 2cd+ 2k]

+m · P[èna prokajorismèno Aj exart�tai apì perissìterec apì e(c− 1, k) metablhtèc]

≤ O(n−k) + m · O(n−k)

= O(n−k)

apotèlesma to opoÐo oloklhr¸nei thn apìdeixh tou IsqurismoÔ 2.

T¸ra ìmwc eÐmaste se jèsh na apodeÐxoume kai ton Isqurismì 1. Prèpei
na up�rqei ènac {periorismìc}, o opoÐoc {af nei} arketèc metablhtèc, all�
telik� oi pÔlec sta epÐpeda 1 kai 2 na exart¸ntai mìno apì stajerì pl joc
metablht¸n. 'Etsi, me stajerì plèon kìstoc, mporoÔme na enall�xoume tic
jèseic tou pr¸tou kai tou deÔterou epipèdou ¸ste na èqoume sto pr¸to epÐ-
pedo pÔlec AND kai sto deÔtero pÔlec OR. 'Omwc t¸ra, ta epÐpeda 2 kai 3
apoteloÔntai apì pÔlec OR kai ta dÔo opìte kai mporoÔn na sugqwneujoÔn
se èna epÐpedo. telik�, kataskeu�same kÔklwma poluwnumikoÔ megèjouc kai
p�li, stajeroÔ eÔrouc sto epÐpedo 1, all� b�jouc t− 1, to opoÐo èrqetai se
antÐjesh me thn elaqistìthta tou t.
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Kef�laio 4

H sun�rthsh PARITY xan�

4.1 PARITY /∈ AC0: MÐa diaforetik  apì-

deixh

To prohgoÔmeno apotèlesma twn Furst, Saxe & Sipser, dhlad  ìti h sun�rth-
sh parity den mporeÐ na upologisteÐ apì kÔklwma thc kl�shc AC0 (stajerì
b�joc, poluwnumikì mègejoc, aperiìristo eÔroc eisìdou), apodeÐqjhke argì-
tera me entel¸c diaforetikì trìpo apì touc A.Razborov [18] & R.Smolensky
[19]. To parìn kef�laio asqoleÐtai me aut n thn apìdeixh kai k�poia apotelè-
smata pou phg�zoun �mesa apì thn ergasÐa touc. H teqnik  pou qrhsimopoÐ-
hsan eÐnai algebrik c fÔsewc, all� qrhsimopoieÐ epÐshc kai pijanojewrhtikì
epiqeÐrhma. H basik  dom  thc apìdeixhc eÐnai:

1. Pr¸ta deÐqnoume ìti k�je sun�rthsh f pou mporeÐ na ulopoihjeÐ apì
kÔklwma thc kl�shc AC0, mporeÐ tìte na proseggisteÐ apì èna polu¸-
numo p, mikroÔ bajmoÔ. Prosèggish sthn perÐptws  mac shmaÐnei ìti
gia {arketèc} n-adec (a1, . . . , an) ∈ {0, 1}n isqÔei:

f(a1, . . . , an) = p(a1, . . . , an)

2. Katìpin ja deÐxoume ìti h sun�rthsh parity den mporeÐ na proseggisteÐ
me aut n thn ènnoia apì polu¸numo mikroÔ bajmoÔ.

Xekin�me loipìn me to pr¸to b ma. Profan¸c h sun�rthshAND(x1, . . . , xn)
mporeÐ na anaparastajeÐ mèsw tou poluwnÔmou p

p =
n∏
i=1

xi , xi ∈ {0, 1}

H sun�rthsh OR eÐnai ligìtero profan c, all� an jumhjoÔme touc kanìnec
DeMorgan kai ìti NOT(x1) = 1− x1, tìte

OR(x1, . . . , xn) = x1 ∨ · · · ∨ xn = x1 ∧ · · · ∧ xn = 1−
n∏
i=1

(1− xi)
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To prìblhma t¸ra eÐnai, ìti en gènei ta polu¸numa èqoun bajmì n kai autì
giatÐ perièqoun mon¸numa sta opoÐa emfanÐzontai ìla ta xi. MporoÔme ìmwc
na xeper�soume autì to prìblhma, qrhsimopoi¸ntac mÐa mèjodo pou ofeÐletai
stouc Valiant & Vazirani [17]. Kataskeu�zoume loipìn èna tuqaÐo polu¸numo
wc ex c:

'Estw S0 = {1, . . . , n}. Epiplèon, jewroÔme ta tuqaÐa kataskeuasmèna
sÔnola

Si+1 ⊆ Si

ètsi ¸ste
∀j ∈ Si ⇒ j ∈ Si+1 me pijanìthta 1/2.

Dhlad  e�n èqoume to sÔnolo Si, brÐskoume to Si+1, rÐqnontac apì èna amerì-
lhpto nìmisma gia k�je stoiqeÐo tou Si, anex�rthta gia ìla ta stoiqeÐa. Jew-
roÔme t¸ra thn akoloujÐa S0, S1, . . . , Slog(n)+2 kataskeuasmènh me ton trìpo
pou mìlic perigr�yame kai èstw qi o sumbolismìc gia to tuqaÐo polu¸numo

qi(x) =
∑
j∈Si

xj

to opoÐo eÐnai profan¸c bajmoÔ 1. DiakrÐnoume 2 peript¸seic:

• OR(x1, . . . , xn) = 0 opìte kai xi = 0 ∀i 1, . . . , n
'Ara kai ìla ta qi èqoun thn tim  0 kai sunep¸c to polu¸numo

1− p(x1, . . . , xn) (4.1)

me

p =

log(n)+2∏
i=0

(1− qi)

isoÔtai me 0. Parathr ste ìti to p èqei bajmì O(log(n)).

• OR(x1, . . . , xn) = 1
Dhlad  up�rqei èna toul�qiston xi me thn tim  1. Ja deÐxoume, ìti se
aut n thn perÐptwsh, h pijanìthta k�poio qi na èqei akrib¸c thn tim  1
eÐnai megalÔterh apì 1

2
. 'Ara

P[1− p = 1] = P
[
1−

log(n)+2∏
i=0

(1− qi) = 1
]
=

P[

log(n)+2∏
i=0

(1− qi) = 0] = P[∃i : qi = 1] ≥ 1

2

Mèqri ed¸, autì pou èqoume deÐxei eÐnai pwc gia k�je x = (x1, . . . , xn) h
pijanìthta P[OR(x) = 1 − p(x)] eÐnai megalÔterh   Ðsh apì 1

2
. Bèbaia, to

zhtoÔmeno, to opoÐo kai deÐqnoume lÐgo parak�tw, den eÐnai akrib¸c autì all�
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pwc to pl joc twn shmeÐwn x sta opoÐa OR kai 1 − p sumfwnoÔn, eÐnai
perissìtera apì ta mis�.

'Ara, to polu¸numo (1 − p) {proseggÐzei} thn sun�rthsh OR kat� mÐa
ènnoia. MporoÔme ìmwc na to belti¸soume shmantik�, dhmiourg¸ntac epi-
plèon anex�rthta polu¸numa pk, èstw p1, . . . , pt kai tìte na sqhmatÐsoume to
polu¸numo

p1 · . . . · pt
bajmoÔ O(t log(n)) gia thn prosèggis  mac. H pijanìthta l�jouc bèbaia se
aut n thn perÐptwsh eÐnai < (1

2
)t. 'Etsi, e�n jèloume na exasfalÐsoume pwc

to perij¸rio l�jouc thc prosèggishc thc sun�rthshc

OR(x1, . . . , xn)

apì to polu¸numo (
1− (p1 · . . . · pt)

)
(x1, . . . , xn)

ja eÐnai mikrìtero apì èna dedomèno ε, tìte den èqoume par� na epilèxoume to
t ètsi ¸ste

1

2t
≤ ε⇔ 1

ε
≤ 2t ⇔ log2(1/ε) ≤ t. (4.2)

MporoÔme akìma na ekfr�soume thn sun�rthsh AND mèsw thc sun�rthshc
OR:

AND(x1, . . . , xn) = NOT
(
OR

(
NOT(x1), . . . ,NOT(xn)

))
dhlad  telik�

AND(x1, . . . , xn) ≈ p(1− x1, . . . , 1− xn) (4.3)

Mènei ìmwc na deÐxoume ìti gia k�je epilog  mh kenoÔ sunìlou T , pou anti-
stoiqeÐ sto sÔnolo twn metablht¸n xj me tim  1, T ⊆ S0, h pijanìthta na
up�rqei èna toul�qiston i ∈ {0, . . . , log(n) + 2} tètoio ¸ste |T ∩Si| = 1 eÐnai
megalÔterh apì 1/2.

Gia ton upologismì thc zhtoÔmenhc pijanìthtac, diamerÐzoume ton q¸ro
sumb�ntwn sta ex c gegonìta:

Ec = {∀i isqÔei ìti |T ∩ Si| > 1}, E = {∃i tètoio ¸ste |T ∩ Si| ≤ 1}

ìpou kai to gegonìc E diamerÐzetai sta ex c gegonìta:

Ej = {|T ∩ Sj| > 1, |T ∩ Sj+1| ≤ 1}, j = 0, 1, . . . , log(n) + 1

An me K sumbolÐsoume to epijumhtì gegonìc, dhlad 

K = {∃i tètoio ¸ste |T ∩ Si| = 1}
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tìte prokÔptei h ex c sqèsh

P[K] = P[K|Ec] · P[Ec] + P[K|E] · P[E] (4.4)

EÔkola blèpei kaneÐc ìti ta gegonìta Ec kai K eÐnai asumbÐbasta kai �ra
P[K|Ec] = 0. Mènei loipìn na upologÐsoume tic posìthtec P[K|E] kai P[E].

• UpologÐzoume thn posìthta P[E]:
P[E] = 1 − P[Ec] kai P[Ec] = P[∀i isqÔei |T ∩ Si| > 1] pr�gma pou
sunep�getai kai ìti P[|T ∩Slog(n)+2| > 1]. H sunepagwg  prokÔptei apì
thn idÐothta twn sunìlwn {Si} kai sugkekrimèna Si+1 ⊆ Si, gia k�je i.
'Ara,

P[|T ∩ Slog(n)+2| > 1] ≤ P[|Slog(n)+2| ≥ 1]

kai k�nontac qr sh thc anisìthtac Markov èqoume ìti :

P[|Slog(n)+2| ≥ 1] ≤
E[|Slog(n)+2|]

1
= E[|Slog(n)+2|] = n · 2−(log(n)+2) =

1

4

Telik�, P[E] = 1− P[Ec] ≥ 1− 1
4

= 3
4

• UpologÐzoume thn posìthta P[K|E]:

P[K|E] =
1

P[E]
P[K ∩ E]

=
1

P[E]

[
P[(K ∩ E1) ∪ · · · ∪ (K ∩ Elog(n)+1)

]
=

1

P[E]

log(n)+1∑
j=1

P[K ∩ Ej]

Dhlad 

P[K|E] =
1

P[E]

log(n)+1∑
j=1

P[K|Ej]P[Ej]

Gia na upologÐsoume t¸ra thn pijanìthta aut n, ja deÐxoume ìti P[K|Ej] ≥
2
3
gia k�je j kai �ra telik�

P[K|E] ≥ 2

3

1

P[E]

log(n)+1∑
j=1

P[Ej] =
2

3
(4.5)

afoÔ ìpwc èqoume  dh pei, ta Ej apoteloÔn diamèrish tou E. UpologÐ-
zoume loipìn, gia to tuqìn j, thn posìthta P[K|Ej]:

P
[
|T ∩ Si| = 1

∣∣∣|T ∩ Sj| > 1,|T ∩ Sj+1| ≤ 1
]

=
P
[
|T ∩ Si| = 1, |T ∩ Sj| > 1, |T ∩ Sj+1| ≤ 1

]
P
[
|T ∩ Sj| = 1, |T ∩ Sj+1| ≤ 1

]
=

P
[
|T ∩ Sj+1| = 1, |T ∩ Sj| > 1

]
P
[
|T ∩ Sj+1| ≤ 1, |T ∩ Sj| > 1

]
=

P
[
|T ∩ Sj+1| = 1

∣∣∣|T ∩ Sj| > 1
]
· P
[
|T ∩ Sj| > 1

]
P
[
|T ∩ Sj+1| ≤ 1

∣∣∣|T ∩ Sj| > 1
]
· P
[
|T ∩ Sj| > 1

]
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E�n upojèsoume ìti |T ∩ Sj| = t > 1, antikajist¸ntac sthn parap�nw
sqèsh paÐrnoume:

P
[
|T ∩ Sj+1| = 1

∣∣∣|T ∩ Sj| = t
]

P
[
|T ∩ Sj+1| ≤ 1

∣∣∣|T ∩ Sj| = t
]

UpologÐzoume tic pijanìthtec kai èqoume:(
t
1

)
(1
2
)t(

t
0

)
(1
2
)t +

(
t
1

)
(1
2
)t

=
t

t+ 1
≥ 2

3

AntikajistoÔme sthn sqèsh (4.4) kai paÐrnoume telik�:

P[K] ≥ 2

3
· 3

4
=

1

2

Sth sunèqeia jèloume na deÐxoume pwc ulopoieÐtai proseggistik� èna kÔ-
klwma thc kl�shc AC0, megèjouc s kai b�jouc d me th bo jeia twn poluwnÔ-
mwn pou kataskeÔasame nwrÐtera. Upojètoume, gia lìgouc eukolÐac wc proc
thn epopteÐa, ìti to kÔklwma eÐnai se {kanonikopoihmènh} morf , se k�je e-
pÐpedo dhlad  emfanÐzontai eÐte mìno pÔlec OR eÐte mìno pÔlec AND. E�n
jèloume na èqoume pijanìthta sf�lmatoc mikrìterh apì ε gia to polu¸numo
pou perigr�fei olìklhro to kÔklwma, eÐnai arketì se k�je mÐa apì tic s pÔlec,
na èqoume antÐstoiqh pijanìthta sf�lmatoc, mikrìterh apì ε/s. SÔmfwna me
thn sqèsh 4.2, arkeÐ na sqhmatÐsoume log2(s/ε) to pl joc polu¸numa gia na
to exasfalÐsoume autì. GnwrÐzoume apì th sqèsh 4.3 ìti ta polu¸numa pou
proseggÐzoun eÐte pÔlh OR eÐte pÔlh AND, èqoun ton Ðdio bajmì. EpÐshc,
èna �nw fr�gma plèon gia to eÔroc eisìdou twn pul¸n tou kukl¸matoc kai
sunep¸c gia to bajmì twn poluwnÔmwn, apoteleÐ ìqi to pl joc n twn me-
tablht¸n, all� to mègejoc s tou Ðdiou tou kukl¸matoc. Sundu�zontac ta
parap�nw, blèpoume ìti ta polu¸numa ja èqoun bajmì O

(
log(s/ε) · log(s)

)
.

'Eqoume ìmwc paramel sei to gegonìc ìti to kÔklwma èqei b�joc d, apote-
leÐtai dhlad  apì d epÐpeda. Me �lla lìgia, afoÔ k�je epÐpedo perigr�fetai
eÐte apì thn sun�rthsh OR eÐte apì thn AND, h sun�rthsh pou perigr�fei
olìklhro to kÔklwma, dÐnetai apì th sÔnjesh twn antÐstoiqwn poluwnÔmwn,
dhlad  polu¸numo kai p�li kai sugkekrimèna bajmoÔ Ðsou me to ginìmeno twn
bajm¸n twn epimèrouc poluwnÔmwn, dhlad 

O
(
logd(s/ε) · logd(s)

)
An upojèsoume gia par�deigma, ìti jèloume na perigr�youme èna kÔklwma
b�jouc 2 OR−AND:

OR
(
AND(x1, x3, . . . , xn−1, xn), . . . ,AND(x1, x2, . . . , xn)

)
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tìte ja katal game sto ex c polu¸numo P sÔmfwna me tic sqèseic 4.1 kai
4.3:

P = 1− p
(
p(1− x1, 1− x3, . . . , 1− xn−1, 1− xn), . . . , p(1− x1, x2, . . . , xn)

)
EÐnai fanerì ìti deg(P ) = deg(1−p) ·deg(p) = deg2(p) kai pwc h Ðdia diadika-
sÐa mporeÐ na efarmosteÐ gia na perigr�yei kÔklwma opoioud pote b�jouc d.
AfoÔ peisteÐ kaneÐc gia ta prohgoÔmena, tìte mporeÐ antÐ gia tic proseggÐseic
1− p kai p, na qrhsimpopoi sei ta polu¸numa

1− p1 · . . . · pt kai p1 · . . . · pt ,

an�loga me thn pij�nothta sf�lmatoc pou epijumeÐ.
Telik�, mporoÔme na isquristoÔme ìti k�je sun�rthsh f h opoÐa an kei

sthn kl�sh AC0, mporeÐ na proseggisteÐ apì k�poio tuqaÐo polu¸numo p,
mikroÔ bajmoÔ, ètsi ¸ste

∀(a1, . . . , an) ∈ {0, 1}n èqoume ìti P[f(a1, . . . , an) = p(a1, . . . , an)] ≥ 1− ε

kai ac poÔme ed¸ gia par�deigma ìti 1−ε = 0, 9. Tìte, an me Xp sumbolÐsoume
to pl joc twn shmeÐwn sta opoÐa f kai p sumfwnoÔn, eÔkola faÐnetai ìti

E[XP ] ≥ 0, 9 · 2n

ap' ìpou kai sumperaÐnoume pwc
up�rqei k�poio sugkekrimèno polu¸numo p to opoÐo sumfwneÐ me thn f se
toul�qiston 0, 9 · 2n shmeÐa kai ed¸ oloklhr¸netai to pr¸to komm�ti thc
apìdeixhc, ìpwc proanafèrame sthn arq  tou kefalaÐou.

Xekin�me t¸ra to deÔtero komm�ti thc apìdeixhc kai to pr¸to mac b -
ma eÐnai na asqolhjoÔme me to jèma thc anapar�stashc twn logik¸n tim¸n
TRUE kai FALSE , ìpou mèqri t¸ra tic antistoiqÐzame stic timèc 1 kai 0.
Apì ed¸ kai sto ex c ìmwc, ja apodeiqjeÐ pio qr simo na qrhsimopoi soume
to grammikì metasqhmatismì me tÔpo:

x 7→ 1− 2x

kai �ra
0 7→ 1 & 1 7→ −1

AntistoiqÐsame dhlad  thn tim  TRUE sthn tim  −1 kai thn tim  FALSE
sthn tim  1. Profan¸c o antÐstrofoc metasqhmatismìc dÐnetai apì ton tÔpo

x 7→ 1− x
2

'Etsi loipìn, efarmìzontac ton metasqhmatismì autìn sto polu¸numo p, paÐr-
noume to ex c polu¸numo q, Ðdiou bajmoÔ, akrib¸c epeid  o metasqhmatismìc
eÐnai grammikìc:
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q(y1, . . . , yn) = 1− 2p

(
1− x1

2
, . . . ,

1− xn
2

)
, xi ∈ {−1, 1}

to opoÐo {sumfwneÐ} me thn f se 0, 9 · 2n stoiqeÐa tou {−1, 1}n.
Upojètoume t¸ra ìti h sun�rthsh parity an kei sthn kl�sh AC0. Su-

nep¸c, prèpei na up�rqei mÐa sun�rthsh q, polu¸numo gia thn akrÐbeia, ìpwc
parap�nw, gia thn parity . Dhlad , gia toul�qiston 0, 9 · 2n stoiqeÐa tou
{−1, 1}n prèpei na isqÔei

q(y1, . . . , yn) = par(y1, . . . , yn) =
n∏
i=1

yi

Kai autì sumbaÐnei diìti, met� ton metasqhmatismì, h sun�rthsh parity an-
tistoiqeÐ akrib¸c ston pollaplasiasmì twn metablht¸n. Me �lla lìgia, o
metasqhmatismìc autìc, apeikonÐzei to di�nusma (x1, . . . , xn) sto (y1, . . . , yn)
kai �ra e�n èqoume perittì(  �rtio) pl joc apì {1} sto (x1, . . . , xn) ja è-
qoume par(x1, . . . , xn) = 1 (0 antÐstoiqa) kai epÐshc perittì(�rtio) kai p�li
pl joc apì {-1} sto (y1, . . . , yn) kai �ra

∏n
i=1 yi = −1 (1 antÐstoiqa) dhlad 

par(x1, . . . , xn) −→
n∏
i=1

yi

Proqwr�me t¸ra se èna l mma to opoÐo kai ja oloklhr¸sei kai thn apì-
deixh mac.

L mma 1 Den up�rqei polu¸numo bajmoÔ
√
n
2
to opoÐo na {sumfwneÐ} me thn

sun�rthsh
∏n

i=1 yi se 0, 9 · 2n stoiqeÐa tou {−1, 1}n.

Wc �mesh sunèpeia tou parap�nw l mmatoc, paÐrnoume to ex c apotèlesma:

PARITY /∈ AC0.

Apìdeixh L mmatoc 1: Upojètoume, gia na katal xoume se antÐfash, pwc h

sun�rthsh parity ∈ AC0 kai �ra sÔmfwna me ta prohgoÔmena, up�rqei po-

lu¸numo q, bajmoÔ
√
n
2

kai sÔnolo S me |S| ≥ 0, 9 · 2n, tètoia ¸ste q kai
parity na {sumfwnoÔn} se k�je stoiqeÐo S. H parn(x1, . . . , xn) ìmwc, mè-
sw tou metasqhmatismoÔ pou orÐsame prin, antistoiqeÐ plèon sthn

∏n
i=1 yi to

opoÐo sunep�getai pwc up�rqei polu¸numo q me:

q(y) =
n∏
i=1

yi ∀y ∈ S.

Gia na katal xoume se �topo, ja suneqÐsoume wc ex c:

1. AntistoiqÐzoume, me th bo jeia tou poluwnÔmou q, k�je sun�rthsh apì

to S sto R me èna polu¸numo bajmoÔ ≤ n+
√
n

2
. H di�stash tou q¸rou

pou autèc sqhmatÐzoun, eÐnai akrib¸c |S| afoÔ gia na prosdioristeÐ mÐa
tètoia sun�rthsh, qreÐazontai |S| to pl joc shmeÐa.
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2. UpologÐzoume to pl joc monwnÔmwn n metablht¸n, bajmoÔ ≤ n+
√
n

2
, to

opoÐo kai ja mac d¸sei th di�stash tou q¸rou poluwnÔmwn n metablh-

t¸n, bajmoÔ ≤ n+
√
n

2
.

• DeÐqnoume pwc pragmatopoieÐtai h antistoÐqish

'Estw f : S → R kai S ⊆ {−1, 1}n. AntistoiqÐzoume thn f me èna
polu¸numo pf ètsi ¸ste f kai pf sumfwnoÔn se k�je stoiqeÐo tou S,
mèsw thc ex c antistoÐqishc:

pf (x1, . . . , xn) =
∑
y∈S

f(y)
n∏
i=1

yixi + 1

2
(4.6)

ParathroÔme ìti e�n y 6= x, tìte up�rqei toul�qiston ènac deÐkthc j
tètoioc ¸ste yj 6= xj kai �ra

n∏
i=1

yixi + 1

2
= 0 afoÔ yj, xj ∈ {−1,+1}

Sunep¸c, apì to �jroisma thc sqèshc 4.6, mìno ènac ìroc {epizeÐ} kai
sugkekrimèna autìc gia ton opoÐo isqÔei x = y. ParathroÔme ìmwc ìti o
bajmìc tou pf eÐnai en gènei n. MporoÔme ìmwc, antÐ gia to polu¸numo
pf na antistoiqÐsoume thn f me èna polu¸numo p̂f to opoÐo eÐnai bajmoÔ

to polÔ n+
√
n

2
kai ed¸ ja qreiastoÔme to polu¸numo q. E�n k�poio

polu¸numo èqei bajmì > n
2
, sunep�getai pwc ja apoteleÐtai apì k�poia

mon¸numa bajmoÔ megalÔterou apì n
2
. K�je tètoio mon¸numo, ja èqei

thn ex c morf :
∏

i∈T xi me |T | >
n
2
. T¸ra, gia k�je x ∈ S èqoume to

ex c:

∏
i∈T

xi =
n∏
i=1

xi ·
∏
i/∈T

xi

= q(x1, . . . , xn) ·
∏
i/∈T

xi

AntikajistoÔme dhlad  k�je tètoio mon¸numo, apì to ginìmeno tou po-
luwnÔmou q epÐ to {sumplhrwmatikì} mon¸numo. Apì th stigm  ìmwc

pou to q eÐnai to polÔ bajmoÔ
√
n
2

kai to {sumplhrwmatikì} mon¸numo
eÐnai to polÔ bajmoÔ n

2
, mporoÔme loipìn na gr�youme to polu¸numo

pf wc p̂f , to opoÐo sumfwneÐ me thn f se k�je stoiqeÐo tou S kai eÐnai

bajmoÔ to polÔ n+
√
n

2
. PetÔqame dhlad , na anaparast soume thn f ,

p�nw sto sÔnolo S, apì polu¸numa me bajmì to polÔ n+
√
n

2
.

• UpologÐzoume to pl joc twn monwnÔmwn n metablht¸n, bajmoÔ èwc kai
n+
√
n

2
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Profan¸c, up�rqoun

L =

n+
√
n

2∑
i=0

(
n

i

)
tètoia mon¸numa. Gia na upologÐsoume t¸ra to L ergazìmaste wc ex c:

L =

n+
√
n

2∑
i=0

(
n

i

)

=

n
2∑
i=0

(
n

i

)
+

n+
√

n
2∑

i=n
2
+1

(
n

i

)

<
1

2
· 2n +

√
n

2

(
n

n/2

)
≤ 1

2
· 2n +

√
n

2

1√
πn
2

· 2n

≤
(

1

2
+

1√
2π

)
· 2n

< 0, 9 · 2n

Sundu�zontac ta 2 prohgoÔmena apotelèsmata èqoume:

0, 9 · 2n = |S| = dim{q¸roc sunart sewn f me f : S ⇒ R}

≤ dim{q¸roc poluwnÔmwn bajmoÔ ≤ n+
√
n

2
}

< 0, 9 · 2n

Oloklhr¸netai loipìn ed¸ h apìdeixh tou IsqurismoÔ 1.

4.2 MAJORITY /∈ AC0

MporoÔme plèon na qrhsimopoi soume to prohgoÔmeno apotèlesma,

PARITY /∈ AC0 ,

gia na deÐxoume ìti to Ðdio sumbaÐnei kai me k�poiec �llec sunart seic Boole,
ìpwc gia par�deigma h sun�rthsh majority . Gia ton skopì autì, prin proqw-
r soume, ja eis�goume mÐa ènnoia anagwg c, h opoÐa sundèetai me thn kl�sh
AC0:

MÐa oikogèneia sunart sewn Boole F = (f1, f2, . . . ), ìpou

fn : {0, 1}n → {0, 1}
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ja onom�zetai AC0− anag ģimh se mÐa oikogèneia G = (g1, g2, . . .), e�n
∃ d, p (d stajer� kai p polu¸numo) tètoia ¸ste,

∀n ∃ kukl¸mata ulopoÐhshc thc fn, b�jouc ≤ d kai megèjouc ≤ p(n),

ta opoÐa na apoteloÔntai apì pÔlec AND kai OR all� kai apì pÔlec gi, ìpou
i tuqaÐo.

Anafèroume t¸ra èna l mma to opoÐo kai ja apodeÐxoume:

L mma 2 'Estw F AC0− anag ģimh sth G kai G ∈ AC0. Tìte,

F ∈ AC0.

Apìdeixh

G ∈ AC0 ⇔ ∃ d kai polu¸numo p tètoia ¸ste:

∀i isqÔei ìti b�joc (gi) ≤ d kai mègejoc (gi) ≤ p(i)

'Omwc, afoÔ F eÐnai AC0− anag¸gimh sth G⇔ ∃ d′ kai polu¸numo p′ tètoia
¸ste

∀i b�joc(fi) ≤ d′ kai mègejoc (fi) ≤ p′(i)
pou ìmwc t¸ra ta kukl¸mata {fi} apoteloÔntai ektìc apì pÔlec AND kai
OR kai apì kukl¸mata gi.
EÐnai profanèc, ìti èna �nw fr�gma gia to b�joc twn {fi} apoteleÐ h stajer�

d · d′ . (4.7)

(JewroÔme thn akraÐa perÐptwsh gia par�deigma, ìpou ìlo to kÔklwma fi
apoteleÐtai mìno apì pÔlec - kukl¸mata gk)
'Omoia skeptìmenoi loipìn, èna �nw fr�gma gia to mègejoc tou fi prokÔptei
wc ex c:
'Estw ìti apoteleÐtai mìno apì pÔlec - kukl¸mata gk, gia k�poiouc deÐktec k.
Xèroume ìmwc ìti mporeÐ na apoteleÐtai to polÔ apì p′(i) pÔlec - kukl¸mata
thc oikogèneiac G kai èna polu¸numo pou fr�ssei to mègejoc twn {gi} eÐnai to
p. Dedomènou ìmwc, ìti k�je pÔlh-kÔklwma gk pou emfanÐzetai sto kÔklwma
fi, mporeÐ na èqei wc eÐsodo to polÔ ìso to mègejoc tou fi, sumperaÐnoume ìti
èna �nw fr�gma gia ta megèjh twn {gk} pou emfanÐzontai sto fi eÐnai to

p(p′(i)).

Kai afoÔ anafèrame, ìti mporeÐ na up�rqoun to polÔ p′(i) to pl joc {gk},
tìte to polu¸numo pou fr�ssei to mègejoc twn kuklwm�twn thc F eÐnai to

p′ · (p ◦ p′) (4.8)

Sundu�zontac tic 4.7 kai 4.8 sumperaÐnoume ìti F ∈ AC0.
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DÔo oikogèneiec tètoiwn kuklwm�twn, apoteloÔn oi

PARITY = (par1, par2, . . . ) kaiMAJORITY = (maj1,maj2, . . .)

ìpou

majn(x1, . . . , xn) = 1⇔ ∃ toul�qiston n

2
deÐktec i t.w. xi = 1.

Pr�gmati, h anagwg  thc PARITY sth MAJORITY eÐnai polÔ eÔkolh an
prohgoumènwc doÔme ìti:

• H sun�rthsh majority apoteleÐ eidik  perÐptwsh twn sunart sewn Tk,
ìpou

Tk(x1, . . . , xn) = 1⇔ toul�qiston k apì ta xi eÐnai tètoia ¸ste xi = 1.

Dhlad 
majn(x1, . . . , xn) = Tn/2(x1, . . . , xn)

Me th bo jeia thc majority mporoÔme na ekfr�soume opoiad pote Tk:

∗k < n
2

Tk(x1, . . . , xn) = maj2(n−k)(x1, . . . , xn, 1, . . . , 1︸ ︷︷ ︸
n−2k

)

Pr�gmati, maj2(n−k) = 1⇔ toul�qiston (n− k) {xi}2(n−k)i=1 èqoun
tim  1⇔ toul�qiston (n− k)− (n− 2k) = k apì ta {xi}ni=1 èqoun
tim  1⇔ Tk(x1, . . . , xn) = 1

∗k ≥ n
2

Tk(x1, . . . , xn) = maj2k(x1, . . . , xn, 0, . . . , 0︸ ︷︷ ︸
2k−n

)

Pr�gmati,

maj2k(x1, . . . , xn, 0, . . . , 0︸ ︷︷ ︸
2k−n

) = 1⇔ toul�qiston k apì ta {xi}ni=1 èqoun tim  1

⇔ Tk(x1, . . . , xn) = 1

• Me th bo jeia t¸ra twn Tk mporoÔme na kataskeu�soume tic Ek:

Ek(x1, . . . , xn) = 1⇔ k akrib¸c apì ta xi èqoun tim  1.

H Ek ulopoieÐtai wc ex c:

Ek(x1, . . . , xn) = Tk(x1, . . . , xn) ∧ Tk+1(x1, . . . , xn)
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Epistrèfoume p�li, sthnAC0−anagwg  thcPARITY sthMAJORITY.
EÔkola blèpei plèon kaneÐc, p¸c mporeÐ na ulopoi sei th sun�rthsh parity
me th bo jeia twn Tk, dhlad  thc majority:

parn(x1, . . . , xn) = E1 ∨ E3 ∨ . . . ∨ En−2 ∨ En

Sto sq ma parak�tw, me x sumbolÐzoume to di�nusma x = (x1, . . . , xn, x1, . . . , xn)
kai jewroÔme to n perittì.

Profan¸c to parap�nw kÔklwma èqei stajerì b�joc 2 kai an analÔsoume
tic pÔlec Ei se pÔlec Ti kai Tn−i, to b�joc aux�netai se 3 kai den eÐnai
dÔskolo na doÔme, ìti to mègejoc metroÔmeno se pÔlec AND kai OR kai
pÔles-kukl¸mata majority eÐnai 3n

2
+ 1, dhlad  thc t�xhc tou O(n).

Wc �mesh sunèpeia loipìn twn parap�nw, èqoume to ex c:

Je¸rhma 5 MAJORITY /∈ AC0

Sthn pragmatikìthta, an�loga epiqeir mata mporoÔn na qrhsimopoihjoÔn
gia na deÐxei kaneÐc ìti ìlec oi summetrikèc sunart seic mporoÔn na anaqjoÔn
sth sun�rthsh majority mèsw AC0−anagwg c. Me ton ìro {summetrik }
qarakthrÐzoume mÐa sun�rthsh thc opoÐac h tim  mènei analloÐwth k�tw apì
opoiad pote met�jesh twn metablht¸n, dhlad  h tim  thc exart�tai mìno apì
to �jroisma twn metablht¸n

∑n
i=1 xi.

MÐa tètoia sun�rthsh f , mporeÐ na prosdioristeÐ ex' olokl rou apì èna di�-
nusma tim¸n thc morf c

(f0, f1, . . . , fn)

ìpou k�je fk dÐnei thn tim  thc f ìtan
∑n

i=1 xi = k. Sunep¸c, up�rqoun akri-
b¸c 2n+1 diaforetikèc summetrikèc sunart seic. Epiplèon, mporeÐ kaneÐc na
deÐxei ìti ìlec oi summetrikèc sunart seic an koun sthn kl�shNC1(fragmèno
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eÔroc, b�joc O(log1(n))) kai ìti h sun�rthshmajority den an�getai mèsw thc
AC0 sth sun�rthsh parity. 'Ola ta parap�nw apeikonÐzontai sqhmatik� wc
ex c:

4.3 Kukl¸mata perceptrons kai h sun�rth-

sh parity

Sth sunèqeia, ja anaferjoÔme se mÐa diaforetik  teqnik , gia na deÐxoume ìti
mÐa sun�rthsh den mporeÐ na ulopoihjeÐ apì èna kÔklwma, k�poiwn sugkekri-
mènwn qarakthristik¸n, to opoÐo prwtoeis qjh apì touc Minsky & Papert
[21]. Pio sugkekrimèna, ja {perigr�youme} èna sugkekrimèno eÐdoc analo-
gikoÔ kukl¸matoc, to perceptron, mèsw tou poluwnÔmou tou kai ja sugkrÐ-
noume to bajmì autì me to bajmì tou el�qistou poluwnÔmou pou upologÐzei
th sun�rthsh parity. Lègontac perceptron, ennooÔme èna kÔklwma b�jouc
2 to opoÐo èqei wc pÔlh exìdou mÐa pÔlh-kat¸fli. Deqìmaste ìti oi pÔlec
sto pr¸to epÐpedo mporoÔn na upologÐsoun opoiad pote sun�rthsh Boole.
MporoÔme ìmwc opoiad pote sun�rthsh Boole na thn metasqhmatÐsoume se
kanonik  diazeuktik  morf  kai �ra telik� na èqoume mìno pÔlec AND sto
pr¸to epÐpedo. 'Eqontac d¸sei loipìn, oi pÔlec tou pr¸tou epipèdou ta a-
potelèsmat� touc ai ∈ {0, 1}, b�sei twn sunart sewn pou upologÐzoun, sth
sunèqeia k�je ai pollaplasi�zetai me èna b�roc wi ∈ R kai prokÔptei wc
apotèlesma èna �jroisma thc morf c:∑

i

aiwi

Tèloc, autì to �jroisma sugkrÐnetai me thn tim  t thc pÔlhc - kat¸fli kai an
to �jroisma eÐnai megalÔtero apì t, to kÔklwma dÐnei apotèlesma 1, alli¸c
dÐnei apotèlesma 0. Me �lla lìgia

perceptront(x1, . . . , xn) =

{
1, e�n

∑
i aiwi ≥ t

0, alli¸c.
(4.9)
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'Ena perceptron loipìn prosdiorÐzetai apì to eÔroc eisìdou n, apì tic
boolean sunart seic tou pr¸tou epipèdou, ta b�rh wi kai to kat¸fli t. Na
shmei¸soume ìti h pÔlh-kat¸fli mporeÐ na èqei aperiìristo eÔroc eisìdou. H
efarmog  tètoiwn kuklwm�twn ston tomèa thc anagn¸rishc protÔpou(pattern
recognition) all� kai wc biologikì montèlo tou neur¸na, ¸jhse k�poiouc sto
na ereun soun thn perÐptwsh ìpou oi pÔlec sto epÐpedo 1, den exart¸ntai
apì ìla ta dedomèna eisìdou x1, . . . , xn, all� apì èna mikrìtero uposÔnolì
touc. Up rqe h diaÐsjhsh ìti metab�llontac kaneÐc tic timèc twn bar¸n wi,
tìte tètoiou tÔpou kukl¸mata ja mporoÔsan na upologÐsoun ( {na m�joun})
opoiad pote sun�rthsh Boole. Oi Minsky & Papert èdeixan ìmwc, ìti tètoia
kukl¸mata den mporoÔn na upologÐsoun th sun�rthsh parity. To apotèlesma
autì, to opoÐo ja deÐxoume sth sunèqeia, eÐnai kai autì sto opoÐo qre¸netai
h diakop  qrhmatodìthshc ereun¸n p�nw sta neurwnik� dÐktua, ¸spou mìlic
prìsfata h axÐa touc anagnwrÐsthke ek nèou.

Prin proqwr soume me thn apìdeixh twn Minsky kai Papert, na jumÐsou-
me ìti mÐa pÔlh AND mporeÐ na perigrafeÐ mèsw enìc poluwnÔmou kai pio
sugkekrimèna apì to ginìmeno twn metablht¸n pou emfanÐzontai wc eÐsodoi
sthn pÔlh. Gia par�deigma, èstw ìti se mÐa pÔlh AND, ta x1, x2, x3 apote-
loÔn eÐsodo. Tìte, to polu¸numo pou antistoiqeÐ se aut n thn pÔlh eÐnai to
x1 · x2 · (1− x3). Profan¸c gia pedÐo tim¸n to {0, 1}, to sÔnolo tim¸n eÐnai
p�li to {0, 1} kai �ra to polu¸numo upologÐzei akrib¸c th sun�rthsh AND.
Epiplèon, o bajmìc tou poluwnÔmou eÐnai Ðsoc me to pl joc twn metablht¸n
pou emfanÐzontai sthn pÔlh kai �ra mikrìteroc apì n. Diatup¸noume t¸ra
to je¸rhma twn Minsky & Papert:
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Je¸rhma 6 H sun�rthsh parity den mporeÐ na ulopoihjeÐ apì èna perceptron,
ìpou k�je pÔlh eisìdou exart�tai apì ligìterec apì n metablhtèc.

Apìdeixh: 'Estw fi, i = 1, . . . ,m, to polu¸numo bajmoÔ s < n to opoÐo
ulopoieÐ thn i−ost  pÔlh AND tou kukl¸matoc. Tìte, ta polu¸numa aut�
pollaplasi�zontai pr¸ta me ta antÐstoiqa b�rh wi kai katìpin prosjètontai
metaxÔ touc

∑m
i=1wifi. ProkÔptei loipìn, èna polugrammikì polu¸numo baj-

moÔ < n. Me thn proôpìjesh ìti èna tètoio kÔklwma perceptron mporeÐ na
upologÐsei th sun�rthsh parity, tìte ja up�rqei mÐa stajer� t tètoia ¸ste:

m∑
i=1

wifi ≥ t⇔ par(x1, . . . , xn) = 1

Dhlad  to prìshmo tou poluwnÔmou p, me

p =
m∑
i=1

wifi − t

kajorÐzei to apotèlesma thc sun�rthshc parity gia eÐsodo (x1, . . . , xn). Sth
sunèqeia, ja k�noume qr sh thc summetrikìthtac thc sun�rthshc parity. Dh-
lad , gia opoiad pote met�jesh π tou sunìlou {x1, . . . , xn} isqÔei:

parn(x1, . . . , xn) = parn(π(x1), . . . , π(xn))

Met�, kataskeÔazoume to ex c polu¸numo q:

q(x1, . . . , xn) =
∑
π

p(π(x1), . . . , π(xn))

Blèpoume ìti to q eÐnai kai autì bajmoÔ < n kai kataskeuasmèno ètsi ¸ste
na eÐnai summetrikì. EpÐshc, gia k�je di�nusma x ∈ {0, 1}n èqoume ìti q(x) =
n!p(x) kai sunep¸c exakoloujeÐ na isqÔei h sqèsh

q(x) > 0⇔ par(x) = 1 (4.10)

Epomènwc to polu¸numo q, mporeÐ na grafeÐ sthn ex c morf :

q(x1, . . . , xn) =
s∑

d=0

Ad td(x1, . . . , xn)

ìpou Ad eÐnai suntelestèc kai td eÐnai to �jroisma ìlwn twn monwnÔmwn baj-
moÔ d, dhlad 

td(x1, . . . , xn) =
∑

S⊆{1,...,n}
|S|=d

∏
j∈S

xj (4.11)

'Eqoume ìmwc thn ex c idiìthta:

q(1, 0, . . . , 1, . . . , 1, 0︸ ︷︷ ︸
k to pl joc apì ”1”

) = q(1, 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
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'Omwc,

q(1, 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0) =
s∑

d=0

Ad td(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0) (4.12)

Xanagurn�me sthn 4.11 kai blèpoume ìti h posìthta td(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0) mac

deÐqnei sthn pragmatikìthta me pìsouc trìpouc mporoÔme na p�roume uposÔ-
nola megèjouc d tou sunìlou {x1, x2, . . . , xn} sta opoÐa emfanÐzontai mìno
{1}. 'Ara,

td(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0) =

(
k

d

)
kai antikajist¸ntac sthn 4.12, èqoume:

q(1, 1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0) =
s∑

d=0

Ad

(
k

d

)

Eis�goume loipìn, to polu¸numo r miac metablht c, pou orÐzetai apì ton tÔpo:

r(x) =
s∑

d=0

Ad

(
x

d

)
To polu¸numo r ìmwc, eÐnai miac metablht c, bajmoÔ s < n me thn idiìthta

r(k) > 0⇔ q(x1, . . . , xn) > 0⇔ par(x1, . . . , xn) = 1

dhlad ,

r(k) > 0⇔ k ∈ {0, 1, . . . , n} kai k perittìc

kai tautìqrona

r(k) < 0⇔ k ∈ {0, 1, . . . , n} kai k �rtioc

EÐnai profanèc, ìti apì th stigm  pou up�rqoun n diast mata sta opoÐa to
polu¸numo r all�zei prìshmo, tìte ja èqei kai toul�qiston n rÐzec. 'Omwc
èna polu¸numo to opoÐo èqei n rÐzec, prèpei na eÐnai toul�qiston bajmoÔ n
en¸ to polu¸numo q eÐnai bajmoÔ < n, �topo.
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