
 
 

 
 
 

ΓΕΩΜΕΤΡΙΚΟΙ ΜΕΤΑΣΧΗΜΑΤΙΣΜΟΙ 
 
 

ΜΕΤΑΠΤΥΧΙΑΚΗ ΕΡΓΑΣΙΑ 
 

ΑΝΔΡΕΑ  ΒΑΡΒΕΡΑΚΗ 
 
 
 



GEWMETRIKOI METASQHMATISMOIANDREAS BARBERAKHSPANEPISTHMIO KRHTHS6 Dekembr�ou 2006EISAGWGH1 OI METASQHMATISMOI GENIKAH Gewmetr�a èqei w antike�meno th melèth eke�nwn twn idiot twn twn sqhm�twn pouparamènoun anallo�wte w pro ìle ti stereè kin sei. Lègonta stere  k�nhsh enno-oÔme tou gewmetrikoÔ metasqhmatismoÔ tou epipèdou   tou q¸rou pou diathroÔn thnapìstash metaxÔ opoiwnd pote dÔo shme�wn, ti legìmene isometr�e. Auto� e�nai oi le-gìmenoi Eukle�deioi Metasqhmatismo�. H basik  ènnoia th isìthta sthn Gewmetr�a èqei�mesh sqèsh me tou gewmetrikoÔ metasqhmatismoÔ. DÔo sq mata tou epipèdou, giapar�deigma, lème ìti e�nai �sa (isodÔnama �sw ja  tan h lèxh pou apod�dei akribèstera to�dio nìhma), an mporoÔme na ta fèroume se taÔtish mèsw mi� kat�llhlh k�nhsh. Poi�e�nai ìmw aut  h ènnoia th k�nhsh; Mpore� �rage aut  h k�nhsh na g�nei p�nta qwr� naqreiaste� na shk¸soume to sq ma ma apì to ep�pedo;1.1 ORISMOI-SUMBOLISMOIOrismì 1.1 (METASQHMATISMOS) Onom�zoume Metasqhmatismì, k�je mono-s manth apeikìnish T enì sunìlou A se ena �llo sÔnolo B.
f : A −→ BAn anaferìmaste se sÔnola shme�wn, dhlad  uposÔnola tou GewmetrikoÔ Q¸rou, tìteèqoume èna Shmeiakì Metasqhmatismì.Orismì 1.2 (OMOLOGA SHMEIA) An èna shme�o A apeikon�zetai mèsw enì me-tasqhmatismoÔ T se èna shme�o A*, ta shme�a aut� lègontai omìloga shme�a tou meta-sqhmatismoÔ autoÔ.Orismì 1.3 (DIPLA SHMEIA-ANALLOIWTA SQHMATA) An h eikìna enìshme�ou A taut�zetai me ton eautì tou, tìte to A lègetai diplì   stajerì shme�o toumetasqhmatismoÔ. 'Ena sq ma pou apeikon�zetai ston eautì tou, to onom�zoume anallo�wtosq ma tou metasqhmatismoÔ.Orismì 1.4 (TAUTOTIKOSMETASQHMATISMOS) O metasqhmatismì pouapeikon�zei k�je shme�o ston eautì tou, onom�zetai tautotikì metasqhmatismì.Orismì 1.5 (ENELEIKTIKOS METASQHMATISMOS) 'Ena metasqhmati-smì T ja onom�zetai eneleiktikì (involutoric) an èqei thn idiìthta T=T−1
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1.2 PROSANATOLISMENO EPIPEDOSta epìmena ja ma apasqol soun oi 1-1 kai ep� metasqhmatismo� tou didi�statou Eukle�-deiou epipèdou R2 ston eautì tou
f : R2 −→ R2Dhlad  apeikon�zoume k�je èna shme�o tou R2 se èna �llo shme�o tou. Pr¸ta ja asqolh-joÔme me tou metasqhmatismoÔ tou epipèdou pou diathroÔn thn Eukle�deia apìstash, tiIsometr�e dhlad  tou epipèdou h diaforetik� tou Eukle�deiou MetasqhmatismoÔ. Sthnsunèqeia, ja doÔme tou MetasqhmatismoÔ Omoiìthta, dhlad  tou metasqhmatismoÔeke�nou pou diathroÔn ti gwn�e kai tou lìgou twn apost�sewn zeug¸n shme�wn.1.3 GEWMETRIKA PROBLHMATAA doÔme tr�a klassik� probl mata pou mporoÔn na antimetwpistoÔn sta pla�sia tou ma-j mato th Eukle�deia Gewmetr�a pou did�sketai sthn Mèsh Ekpa�deush. Sthn sunèqeiaja doÔme p¸ ja kataste� dunatì mèsa apì thn melèth twn idiot twn twn parap�nw meta-sqhmatism¸n, na doÔme ta probl mata aut� apì diaforetik  skopi� kai gi� na lujoÔn polÔaploÔstera, all� kur�w na melet soume eÔkola genikeÔsei twn problhm�twn aut¸n.Prìblhma 1.1 Na kataskeuaste� tr�gwno ABG, ìtan d�nontai ta kèntra twn tetrag¸nwnpou kataskeu�zontai sti pleurè tou kai exwterik� autoÔ.
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Sq ma 1: Tetr�gwnaApìdeixh:'Estw K, L kai O ta kèntra twn tetrag¸nwn me ant�stoiqe pleurè ti AB, AG kai BG(Sq ma 1). An jewr soume to mèson M th pleur� AB, mporoÔme na d¸soume m�a apìdeixhìpw fa�netai sto sq ma, apodeiknÔonta ìti ta MO kai ML e�nai k�jeta kai �sa h ìti AOkai KL e�nai k�jeta kai �sa.Prìblhma 1.2 Na kataskeuaste� tr�gwno, ìtan d�nontai oi tre� korufè isopleÔrwn tri-g¸nwn pou kataskeu�zontai exwterik� tou zhtoÔmenou trig¸nou sti pleurè autoÔ.Apìdeixh:Ed¸ apodeiknÔetai ìti oi gwn�e DOE, EOZ kai ZOD e�nai �se me 120o, kaj¸ ep�sh ìti2
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Sq ma 2: Isìpleura tr�gwnaOA+OB=OZ, OB+OG=OD kai OG+OA=OE, opìte OA=1
2(OZ+OE-OD). 'Etsi pros-dior�zontai pr¸ta to O kai sthn sunèqeia oi korufè tou zhtoÔmenou trig¸nou.(Sq ma2)Prìblhma 1.3 Na kataskeuaste� ept�gwno ìtan d�nontai ta mèsa twn pleur¸n tou.Apìdeixh:'Estw ABGDEZH to zhtoÔmeno ept�gwno. Ta mèsa twn pleur¸n tou tetrapleÔrou ABZHe�nai korufè parallhlogr�mmou to opo�o epomènw kataskeu�zetai. 'Etsi to prìblhmaan�getai se an�logo gia pent�gwno kai me ìmoio trìpo to an�goume se tr�gwno (Sq ma3).
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ΛSq ma 3: KNLM parallhlìgrammo'Opw ja doÔme ìmw parak�tw, mporoÔme na antimetwp�soume ta prohgoÔmena prìbl -mata ìpw kai poll� �lla, san eidikè peript¸sei mia genikìterh kathgor�a problhm�-twn ta opo�a antimetwp�zontai me èna enia�o trìpo me thn bo jeia twn isometri¸n. Tètoiee�nai oi (par�llhle) metaforè, oi katoptrismo� (  anakl�sei   axonikè summetr�e) kaioi strofè, eidik  per�ptwsh twn opo�wn e�nai oi hmistrofè   summetr�e w pro shme�o.
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2 ISOMETRIES2.1 METAFORA
A

A’

B’BSq ma 4: Metafor� kat� di�nusma ~αOrismì 2.1 H metafor� Tα or�zetai apì èna stajerì di�nusma ~α kai metafèrei ìla tashme�a enì sq mato kat� autì to di�nusma.EÔkola prokÔptei ìti h eikìna enì eujugr�mmou tm mato AB e�nai èna �llo eujÔgrammotm ma A'B' �so kai par�llhlo pro to AB (Sq ma 4). Genikìtera, m�a metafor� diathre�thn kateÔjunsh kai to mègejo twn sqhm�twn.Prìtash 2.1 (SÔnjesh metafor¸n) H sÔnjesh Tβ ◦ Tα dÔo metafor¸n me ant�stoiqa
α
A

B

A*

β
α+β Α∗∗

Β∗∗

B*Sq ma 5: SÔnjesh metafor¸ndianÔsmata ~α kai ~β e�nai ep�sh m�a metafor� Tv kat� di�nusma ~v �so me to �jroisma twndÔo aut¸n dianusm�twn:
~v = ~α + ~β(Sq ma 5)Apìdeixh:Pr�gmati, ta AB kai A**B** e�nai par�llhla kai �sa, �ra to deÔtero prokÔptei apì me-tafor� tou pr¸tou kat� di�nusma ~AA∗∗ to opo�o e�nai �so me to �jroisma twn ~α kai ~β.Profan¸ h sÔnjesh perissotèrwn twn dÔo metafor¸n e�nai metafor� dianÔsmato �soume to �jroisma twn dianusm�twn ìlwn twn metafor¸n.Ant�strofo Metasqhmatismì:Up�rqei p�nta o ant�strofo metasqhmatismì mi� metafor� Tα pou e�nai metafor�antijètou dianÔsmato tou ~α .
T−1

α = T−α4



Orismì metafor� apì zeÔgo omìlogwn shme�wn. D�nontai shme�o A, kaj¸kai h eikìna autoÔ A* mèsw k�poia metafor� Tα. Tìte to di�nusma ~α th metafor�e�nai �so me ~AA∗Parade�gmata metafor� apl¸n sqhm�twn
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Sq ma 6: Metafor� euje�aH eikìna euje�a e mèsw metafor�, e�nai euje�a e' par�llhlh th e pou kataskeu�zetaiapì ti eikìne dÔo tuqa�wn shme�wn A kai B th e (Sq ma 6).
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Sq ma 7: Metafor� gwn�aH eikìna gwn�a O mèsw metafor�, e�nai gwn�a O' �sh th O me pleurè par�llhle twnant�stoiqwn th O, pou kataskeu�zontai apì ti eikìne dÔo tuqa�wn shme�wn A kai B twnpleur¸n th O kaj¸ kai thn eikìna O' th koruf  O. (Sq ma 7).H eikìna kÔklou (O,r) mèsw metafor�, e�nai kÔklo (O',r) �sh akt�na, me kèntro thneikìna tou O. Kataskeu�zetai mè th bo jeia th eikìna th tuqa�a akt�na OA (Sq ma8)H eikìna trig¸nou ABG e�nai �so tr�gwno me pleurè par�llhle tou arqikoÔ. Kataskeu�-zetai apì ti eikìne twn tri¸n koruf¸n tou (Sq ma 9).2.2 EFARMOGES THSMETAFORASSE GEWMETRIKAPROBLH-MATAPrìblhma 2.1 D�nontai dÔo kÔkloi (K, r1) kai (O, r2) kai èna eujÔgrammo tm ma a. Nabreje� euje�a par�llhlh tou a, ¸ste h apìstash twn shme�wn tom  th me tou dÔo kÔklouna èqei tim  to m ko tou a. 5
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Sq ma 8: Metafor� kÔklou
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Sq ma 9: Metafor� trig¸nouApìdeixh:K�noume metafor� tou kÔklou (K, r1) kat� di�nusma mètrou a, epilègonta m�a apì tidÔo kateujÔnsei pou or�zei to dojèn eujÔgrammo tm ma. 'Estw (K∗, r1) kai (K∗∗, r1) oieikìne twn dÔo metafor¸n. K�je tom  aut¸n twn eikìnwn me ton deÔtero dojènta kÔkloma d�nei kai m�a lÔsh tou probl mato [1℄. (Sthn per�ptwsh tou Sq mato 10 èqoume dÔolÔsei).Prìblhma 2.2 Na breje� to shme�o ìpou prèpei na qtiste� m�a gèfura se èna pot�mi pouqwr�zei dÔo pìlei ¸ste h diadrom  apì th m�a sthn �llh na e�nai h suntomìterh dunat .Genikìtera na luje� to �dio prìblhma ìtan oi dÔo pìlei qwr�zontai apì poll� pot�mia.Apìdeixh:A doÔme thn per�ptwsh me dÔo gèfure (ìmoia antimetwp�zetai h genikìterh). 'Estw A kaiB oi dÔo pìlei kai KL, RS ta pl�to twn dÔo potami¸n. (Sq ma 11) K�noume metafor�tou shme�ou A kat� di�nusma KΛ kai met� kat� di�nusma PΣ. 'Estw N h eikìna tou Amèsw aut¸n twn metafor¸n kai S h tom  th BN me thn plhsièsterh sto B par�llhlh. AnRL//AK//BN, h diadrom  AKLRSB e�nai h zhtoÔmenh, kaj¸ ta tm mata KL kai RS e�naita stajer� pl�th twn potam¸n kai to �jroisma AK+LR+SB isoÔtai me to m ko BN toopo�o e�nai h el�qisth diadrom  apì to B sto N. Blèpoume ìti k�je �llh diadrom  ìpw hATZHJB e�nai megalÔterh th AKLRSB, kaj¸ BKΘ+ΘN ≥ BN , ìpou AT//ZH//NJkai AT+ZH=NJ [1℄.Prìblhma 2.3 'Estw D, E kai Z e�nai ta mèsa twn pleur¸n AB, BG kai GA ant�stoiqaenì trig¸nou ABG. An K, O kai L e�nai ta kèntra twn perigeggrammènwn kai I, S kai R6
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Sq ma 10: Metafor� kÔklou
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Sq ma 11: Gèfuretwn eggegrammènwn kÔklwn twn trig¸nwn ADZ, BDE kai GEZ ant�stoiqa, na deiqje� ìtita tr�gwna KLO kai IRP e�nai �sa [1℄.Apìdeixh:Ta tr�gwna ADZ, BDE kai GEZ e�nai �sa kai to k�je èna apì aut� prkÔptei apì metafor�enì apì ta �lla dÔo kat� di�nusma mètrou �sou me to misì mi� pleur� tou trig¸nou ABG.'Ara kai ta ant�stoiqa perikentra kai èkkentra twn parap�nw trig¸nwn, ja e�nai korufètrig¸nwn KLO kai IRP me pleurè �se me ta mètra twn prohgoÔmenwn metafor¸n (Sq ma12).
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Sq ma 12: trig.KOL=trig.ISR
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2.3 STROFH
α
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α

Sq ma 13: Strof  per� to O kat� gwn�a aOrismì 2.2 'Estw stajerì shme�o O sto ep�pedo kai prosanatolismènh gwn�a α̂. AnM e�nai èna tuqa�o shme�o tou epipèdou, sqhmat�zome thn gwn�a ∠MOM∗,�sh pro thn α̂,me OM=OM*. To shme�o M* e�nai h eikìna th strof  R(O,α) kèntrou O kai gwn�a α̂(Sq ma 13).
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Sq ma 14: Strof  euje�a per� to OAnt�strofo Metasqhmatismì:H strof  kèntrou O kai gwn�a �sou mètrou kai ant�jeth for� me thn a, apeikon�zei toshme�o M* sto M. 'Ara o ant�strofo metasqhmatismì R−1
(O,α) e�nai strof  R(O,−α) �dioukèntrou kai ant�jeth gwn�a.H eikìna euje�a e dierqìmenh apì to kèntro strof  O e�nai euje�a e' dierqìmenh apìto O, pou sqhmat�zei me thn e gwn�a �sh me thn gwn�a strof  (Sq ma 14).Parade�gmata strof  apl¸n sqhm�twnGia na kataskeu�soume thn eikìna euje�a e mèsw strof  kèntrou O kai gwn�a a, arke�na kataskeu�soume thn eikìna OK' tou k�jetou eujÔgrammou tm mato OK apì to Opro thn euje�a kai na fèroume euje�a k�jeth sto OK' sto �kro K' (Sq ma 15). H eikìnagwn�a A mèsw strof  kèntrou O, e�nai gwn�a A' �sh me thn A kai kataskeu�zetai me ti9
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Sq ma 15: Strof  euje�aeikìne twn ant�stoiqwn pleur¸n th (Sq ma 16). Ta koin� shme�a M kai N twn omìlogwnpleur¸n br�skontai ston kÔklo AA'O, kaj¸ blèpoun to tm ma AA' me gwn�a �sh me thgwn�a strof . H eikìna kÔklou (K, r) mèsw strof  kèntrou O, e�nai kÔklo �sh akt�na(K', r) kai kataskeu�zetai me ti eikìne tou kèntrou K kai enì shme�ou A tou kÔklou(Sq ma 17).Prìtash 2.2 H eikìna mèsw strof  enì epipèdou sq mato e�nai sq ma �so pro toarqikì kai k�je eujÔgrammo tm ma apeikon�zetai se ant�stoiqo pou sqhmat�zei gwn�a meto arqikì, �sh me thn gwn�a strof . Ep�sh k�je euje�a tou sq mato, sqhmat�zei me thneikìna th gwn�a �sh me th gwn�a strof .Apìdeixh:An AM e�nai tuqa�a euje�a ,A*M* h eikìna th kai K to shme�o tom  tou, apì tn isìthtatwn trig¸nwn OAM kai OA*M* prokÔptei ìti oi gwn�e M kai M* e�nai �se, epomènw tashme�a O, K, M kai M* e�nai omokuklik�. 'Ara h gwn�a twn KM kai KM* isoÔtai me thgwn�a twn OM kai OM*, dhlad  th gwn�a strof .Parat rhsh: Oi strofè per� to �dio kèntro me gwn�e pou diafèroun kat� pollapl�siotou 360o e�nai isodÔname. Dhlad  h strof  gwn�a −α̂ isoduname� me �llh gwn�a 360o−α̂Prìtash 2.3 H sÔnjesh R2 ◦ R1 dÔo strof¸n R1 kai R2 gwni¸n a kai b ant�stoiqa wpro to �dio kèntro O, e�nai strof  gwn�a a+b kèntrou O (Sq ma 19).Prìtash 2.4 H sÔnjesh R2 ◦ R1 dÔo strof¸n R1 kai R2 kèntrwn O kai K kai gwni¸na kai b, ant�stoiqa e�nai strof  kèntrou O �n α̂ + β̂ 6= 360o . To shme�o O* prokÔpteisan tom  twn hmieujei¸n pou fèroume apì ta kèntra O kai K, oi opo�e sqhmat�zoun meto eujÔgrammo tm ma AB gwn�e �se me ta mis� twn ant�stoiqwn gwni¸n strof¸n kaiant�jetou me autè prosanatolismoÔ kai gwn�a �sh me to algebrikì �jroisma twn gwni¸na kai b. Sthn per�ptwsh pou α̂ + β̂ = 360o, tìte h parap�nw sÔnjesh e�nai metafor�(Sq ma 21). Genik�, h sÔnjesh perissotèrwn twn dÔo strof¸n, e�nai strof  gwn�a �shme to �jroisma ìlwn twn gwni¸n sthn per�ptwsh pou autì den e�nai pollapl�sio tou 360o,  metafor� se per�ptwsh pou e�nai.Apìdeixh:'Estw eujÔgrammo tm ma AB , A*B* h eikìna tou kat� thn pr¸th strof  kai A**B**10
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Sq ma 16: Strof  gwn�ah eikìna tou kat� thn deÔterh strof . To teleuta�o eujÔgrammo tm ma èqei strafe� sesqèsh me to pr¸to kata gwn�a �sh me to �jroisma a+b, ìpw fa�netai sto Sq ma 20. Autìpou mènei na prosdior�soume e�nai to kèntro th strof  aut . Sto Sq ma 22 blèpoumeìti h eikìna tou shme�ou O* mèsw twn dÔo strof¸n, e�nai to �dio to shme�o �ra autì e�naito kèntro th sÔnjesh. Sthn per�ptwsh pou a+b=360o (  0o) parap�nw sÔnjesh e�naimetafor� kat� di�nusma �so me to dipl�sio th apìstash twn diqotìmwn twn gwni¸n pousqhmat�zoun me thn �swn me ti ant�jete twn ant�stoiqwn gwni¸n strof . Se aut  thnper�ptwsh h sÔnjesh den all�zei thn kateÔjunsh tou sq mato. 'Opw blèpoume sto sq -ma h eikìna tou shme�ou A th euje�a pou dièrqetai apì to O e�nai to A** th par�llhlhth apì to K.Prìtash 2.5 Orismì strof  apì zeÔgh omolìgwn eujei¸nAn jewr soume èna zeÔgo omìlogwn eujei¸n q kai q', k�je shme�o O twn diqotìmwn twnsqhmatizìmenwn gwni¸n mpore� na jewrhje� san kèntro strof  pou apeikon�zei th m�asthn �llh (Sq ma 23). An jewr soume t¸ra dÔo zeÔgh parall lwn eujei¸n me �se timetaxÔ tou apost�sei, tìte k�je shme�o O th euje�a AB pou or�zetai apì ta shme�atom  twn ant�stoiqwn eujei¸n, e�nai kèntro strof  pou apeikon�zei to èna zeÔgo sto�llo (Sq ma 24).Prìblhma 2.4 Orismì strof  apì dÔo zeÔgh omolìgwn shme�wnD�nontai dÔo �sa kai ìqi par�llhla eujÔgramma tm mata AB kai A'B'. Poiì e�nai o meta-sqhmatismì strof  pou apeikon�zei to shme�o A sto A' kai to B sto B';Apìdeixh:'Estw K to shme�o tom  twn eujei¸n AB kai A'B'. 'Estw O to koinì shme�o twn meso-kajètwn twn AA' kai BB'. Ta tr�gwna OAB kai OA'B' e�nai �sa, epomènw to O e�nai tokèntro th zhtoÔmenh strof , en¸ h gwn�a e�nai �sh me ˆAOA′ = ˆBOB′ . To shme�o Okataskeu�zetai kai san to deÔtero koinì shme�o twn kÔklwn AA'K kai BB'K, ìpw pro-kÔptei apì ta eggr�yima tetr�pleura AA'KO kai BKB'O (Sq ma 25). An ta AA' kai BB'e�nai par�llhla, tìte kai oi mesok�jetè tou e�nai par�llhle, opìte oi parap�nw kÔkloief�ptontai sto K, to opo�o e�nai kai to zhtoÔmeno kèntro strof  (Sq ma 26).Orismì strof  apì zeÔgo omolìgwn tetrag¸nwn11
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Sq ma 17: Strof  kÔklouPrìtash 2.6 D�nontai dÔo �sa tetr�gwna ABGD kai A*B*G*D*. An M, N, L kai K e�naita shme�a tom  twn zeug¸n omolìgwn pleur¸n (AD,A*D*), (BG,B*G*), (GD,G*D*) kai(AB,A*B*) an�stoiqa, na deiqje� ìti MN=KL, oi euje�e MN kai KL tèmnontai k�jeta kaiìti to shme�o tom  tou O e�nai kèntro strof  pou apeikon�zei to pr¸to tetr�gwno stodeÔtero.Apìdeixh:Apì thn Prìtash 2.5, prokÔptei ìti ta shme�a th MN e�nai kèntra strof¸n pou apei-kon�zoun to zeÔgo twn eujei¸n BG kai AD se eke�no twn B*G* kai A*D*. Omo�w tashme�a th KL e�nai kèntra strof¸n pou apeikon�zoun to zeÔgo twn eujei¸n AB kai GDse eke�no twn A*B* kai G*D*. Epomènw, to koinì shme�o O twn MN kai KL, e�nai kèntrostrof  pou apeikon�zei thn tetr�da twn parap�nw eujei¸n BG, AD, AB, GD se aut  twnomolìgwn tou B*G*, A*D*, A*B*, G*D*, dhlad  apeikon�zei to tetr�gwno ABGD stoA*B*G*D*. 'Estw t¸ra S to shme�o tom  twn eujei¸n BD kai B*D*. To shme�o autì,apotele� kèntro strof  kat� orj  gwn�a, pou apeikon�zei ti euje�e AB, GD, A*B*, G*D*sti BG, AD, B*G*, A*D* ant�stoiqa me ìmoio epiqe�rhma ìpw prohgoumènw. H strof aut  apeikon�zei ta shme�a K kai L sta N kai M ant�stoiqa. Epomènw ta tm mata KL kaiMN e�nai k�jeta kai �sa (Sq ma 27).2.4 EFARMOGES THS STROFHS SE GEWMETRIKA PROBLH-MATAPrìblhma 2.5 D�netai èna komm�ti qart� se sq ma tetrag¸nou ABGD. To dipl¸noumeme trìpo ¸ste h koruf  tou A na sumpèsei me to mèso M th BG. Na deiqje� ìti hanadiplwmènh pleur� AD, èstw ZM, tèmnei thn pleur� AB se shme�o E me AE=AB/3.Apìdeixh:'Estw ZMRN to summetrikì tou ABGD w pro thn mesok�jeto tou BM. To shme�o O pouprokÔptei san shme�o tom  twn eujugr�mmwn tmhm�twn pou en¸noun ta shme�a tom  twnapènanti ant�stoiqwn pleur¸n twn dÔo terag¸nwn, e�nai to kèntro strof  pou apeikon�zeito èna tetr�gwno sto �llo, me thn seir� twn koruf¸n ABGD−→ZMRN. To �dio shme�oe�nai kai shme�o tom  twn diagwn�wn AG kai ZR. Epomènw to O an kei sthn mesok�jeto12
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Sq ma 18: Strof  ep�pedou sq matotou BM, �ra olìgo omoiìthta twn omo�wn trig¸nwn AEO kaiDOG, e�nai 1/3, apì ìpouprokÔptei to zhtoÔmeno (Sq ma 28).Prìblhma 2.6 To prìblhma autì anafèretai suqn� san prìblhma tou peirat : K�poiopeirat  èkruye ton jhsaurì tou se èna nhs� prosdior�zonta thn jèsh tou w ex : Stashme�a B kai G up�rqoun dÔo phg�dia, en¸ sto A èna fo�nika. Sti pleurè AB kai AGtou ABG èfere k�jeta kai �sa pro autè tm mata BD kai GH ant�stoiqa, k�je for� prodiaforetikì hmiep�pedo apì eke�no tou ABG. Stp mèson M tou DH èjaye ton jhsaurì. TozhtoÔmeno e�nai p¸ met� apì qrìnia, k�poio pou èqei sta qèria tou ton q�rth ja entop�seito M, me dedomèno ìti up�rqoun mìno ta dÔo phg�dia, en¸ den up�rqei pi� o fo�nika.Apìdeixh:ApodeiknÔetai ìti to shme�o M prosdior�zetai san h koruf  orjogwn�ou isoskeloÔ tri-g¸nou me upote�nousa thn BG. (Profan¸ up�rqoun dÔo pijanè jèsei gia thn koruf ,h M kai h N, blèpe sq ma 29 ). H sÔnjesh twn strof¸n 90o per� ta kèntra G kai B,apeikon�zoun to H sto D. H sÔnjesh ìmw aut  e�nai m�a hmistrof  hµme kèntro to mèsonM tou HD, pou br�sketai ìmw kai me thn bo jeia th sÔnjesh strof¸n san to shme�otom  hmieujei¸n pou sqhmat�zoun gwn�e 45o me thn GB. Rβ ◦ Rγ = hµ. 'Ara to M e�naikoruf  orjogwn�ou kai isoskeloÔ trig¸nou MBG.Prìblhma 2.7 Sti pleurè dojènto tetrapleÔrou ABGD kai exwterik� autoÔ, kata-skeu�zoume tetr�gwna. Na deiqje� ìti ta eujÔgramma tm mata KM kai NL pou or�zontaiapì ta kèntra twn tetrag¸nwn apènanti pleur¸n, e�nai metaxÔ tou k�jeta kai �sa. To-prìblhma autì e�nai gnwstì kai san Je¸rhma V anaubel.13
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OSq ma 19: 'Ajroisma a+b
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Sq ma 20: Strof  gwn�a a+bApìdeixh:To shme�o B apeikon�zetai sto A mèsw strof  R(N, 900 kèntrou N kai orj  gwn�a, en¸sth sunèqeia to A apeikon�zetai sto D mèsw strof  R(M, 900 (Sq ma 30). H sÔnjesh twnparap�nw strof¸n e�nai profan¸ hmistrof  me kèntro to mèso O th BD. Tautìqronaìmw, to kèntro th �dia sÔnjesh prosdior�zetai san h koruf  orjogwn�ou isoskeloÔtrig¸nou me b�sh thn MN. Epomènw to M e�nai h eikìna tou N mèsw strof  R(O, 900.Me ìmoio trìpo prokÔptei ìti to shme�o K e�nai eikìna tou L mèsw th �dia strof . 'Arato MK e�nai h eikìna tou NL mèsw strof  orj  gwn�a.Prìblhma 2.8 Sti pleurè parallhlogr�mmou ABGD kai exwterik� autoÔ kataskeu�-zoume tetr�gwna. Na deiqje� ìti ta kèntra twn tess�rwn aut¸n tetrag¸nwn e�nai korufèenì nèou tetrag¸nou.Apìdeixh:'Estw KNML to tetr�pleuro pou or�zetai apì ta tèssera kèntra twn tetrag¸nwn. SÔm-fwna me to prohgoÔmeno prìblhma, k�je koruf  tou KNML apeikon�zetai mèsw strof 
R(O, 900 sthn epìmenh th. K

R→ N
R→ M

R→ Λ (Sq ma 31). Epomènw to KNML e�nai14
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Sq ma 21: SÔnjesh strof¸n me �jroisma 360
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Sq ma 22: SÔnjesh strof¸ntetr�gwno kèntrou O.Prìblhma 2.9 'Estw tetr�gwno ABGD kai tuqa�o shme�o R èxw apì autì. Fèrnoume tieuje�e RA, RB, RG kai RD. An a e�nai h k�jeth euje�a apì to A pro thn RB, b h k�jeth�pì to B sthn RG kai g h k�jeth apì to g sthn RD, na deiqje� ìti oi tre� euje�e a, b kaig suntrèqoun. Ti g�netai sthnper�ptwsh pou to R br�sketai mèsa sto tetr�gwno; [10℄.Apìdeixh:ParathroÔme ìti h a prokÔptei apì strof  th RB per� to kèntro O tou tetrag¸nou, kat�orj  gwn�a, kata thn for� twn deikt¸n tou rologioÔ. 'Omoia h b e�nai eikìna th RG kai hg th RD p�nta mèsw th parap�nw strof . 'Etsi kai oi tre� dièrqontai apì to shme�oR* pou e�nai h eikìna tou R mèsw tou �diou metasqhmatismoÔ (Sq ma 32). Sthn per�ptwshpou to R br�sketai sto eswterikì tou ABGD ta epiqeir mata exakoloujoÔn na isqÔoun,�ra prokÔptei to �dio sumpèrasma (Sq ma 33).Prìblhma 2.10 'Estw tetr�gwno ABGD kai euje�e ǫ1, ǫ2 dierqìmene apì to A. An E,Z e�nai oi probolè th koruf  G sti ǫ1, ǫ2 kai J, H oi probolè th D sti euje�e autè,na deiqje� ìti ta eujÔgramma tm mata EZ kai JH e�nai k�jeta kai �sa.Apìdeixh:Efarmìzoume strof  kèntrou O (kèntro tou tetrag¸nou) kai orj  gwn�a kat� thnarnhtik  for� (Sq ma 34). H eikìna tou B e�nai to A kai tou A e�nai to D. Ep�sh to E15
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Sq ma 23: Kèntro strof  euje�a
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Sq ma 24: Strof  zeÔgou eujei¸napeikon�zetai sto J kai to Z sto H, kaj¸ oi euje�e ǫ1 kai ǫ2 apeikon�zontai sti euje�eDJ kai DH ant�stoiqa. Epomènw to eujÔgrammo tm ma JH e�nai h eikìna tou EZ mèswth parap�nw strof  [10℄.
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Sq ma 25: Orismì strof 
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Sq ma 26: Orismì strof  me AA'//BB'
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Sq ma 27: Orismì strof  se tetr�gwno

 

A Β

Γ∆

Μ

Ε
Ζ

Ν

Ρ

Σ

Ο

Θ

Sq ma 28: Anad�plwsh tetrag¸nou18
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ΝSq ma 29: BMG isoskelè orjog¸nio
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Sq ma 30: Je¸rhma V anaubel
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Sq ma 31: Korufè tetrag¸nou
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Sq ma 32: Strof  tou R kat� orj  gwn�a
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Sq ma 33: Strof  tou R kat� orj  gwn�a20
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Sq ma 34: Strof  orj  gwn�a per� to O
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Prìblhma 2.11 Na kataskeuaste� n-gwno, ìtan d�nontai n shme�a pou apoteloÔn korufèisoskel¸n trig¸nwn me b�sei ti pleurè tou n-g¸nou me dosmène ti gwn�e twn koruf¸n.
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Sq ma 35: Diadoqikè strofèApìdeixh:'Estw ABGDEZ to pro kataskeu  polÔgwno gia n= 6 (Sq ma 35)me ta isoskel  tr�gwnasti pleurè tou kai exwterik� autoÔ. H eikìna enì tuqa�ou shme�ou Q mèsw th sÔnjeshtwn strof¸n per� ti korufè twn isoskel¸n trig¸nwn me ti ant�stoiqe gwn�e, ìpwfa�netai sto sq ma, e�nai to shme�o M. H sÔnjesh aut  e�nai strof , th opo�a to kèntroe�nai to shme�o A kaj¸ h eikìna tou e�nai to �dio to A. Ta prohgoÔmena isqÔoun upì thnproupìjesh ìt to �jroisma twn gwni¸n twn strof¸n den e�nai pollapl�sio tou 360o. Seaut  thn per�ptwsh h sÔnjesh e�nai metafor�   tautotik , opìte èqoume kam�a   �peirelÔsei ant�stoiqa. DÔo parade�gmata èqoume sti peript¸sei pou ìle oi gwn�e e�nai�se me 180o, dhlad  ta kèntra twn strof¸n e�nai mèsa twn ant�stoiqwn pleur¸n: Sthnper�ptwsh perittoÔ pl jou koruf¸n den èqoume kam�a lÔsh, en¸ sthn per�ptwsh art�oupl jou èqoume �peire lÔsei [1℄.Prìblhma 2.12 Na apodeiqje� ìti ta kèntra twn isopleÔrwn trig¸nwn pou kataskeu�zo-ntai sti pleurè tuqa�ou trig¸nou kai exwterik� autoÔ, e�nai korufè isopleÔrou trig¸nou.Apìdeixh:H sÔnjesh tri¸n strof¸n gwn�a 120o, e�nai metafor�   tautotik . Sthn per�ptws  ma,h koruf  A apeikonizetai sto A mèsw tri¸n tètoiwn strof¸n me kèntra ta shme�a K, Mkai L (Sq ma 36). Epomènw ed¸ èqoume tautotikì metasqhmatismì.
Rl ◦ Rm ◦ Rk = idGia na sumbe� ìmw autì, prèpei h sÔnjesh twn strof¸n Rm ◦Rk na èqei kèntro to shme�oL. To kèntro ìmw autì prokÔptei san shme�o tom  hmieujei¸n pou sqhmat�zoun me thnKM gwn�a �sh me 1

2120o 'Ara to tr�gwno KLM e�nai isìpleuro [1℄.Prìblhma 2.13 Na kataskeuaste� isìpleuro tr�gwno, oi korufè tou opo�ou na br�sko-ntai apì m�a p�nw se tre� par�llhle euje�e.Apìdeixh:'Estw ABG to pro kataskeu  tr�gwno kai ǫ1, ǫ2 kai ǫ3 oi dosmène euje�e. Strèfoume22
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Sq ma 36: KLM isìpleuro
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Sq ma 37: Kataskeu  isopleÔrouìlo to sq ma kat� gwn�a w=120o me kèntro O to kèntro tou trig¸nou. Blèpoume ìti k�jekoruf  tou trig¸nou apeikon�zetai se m�a �llh koruf  tou. 'Etsi oi zhtoÔmene korufèprosdior�zontai ìpw blèpoume sto sq ma san ta shme�a tom  twn ǫ1, ǫ2 kai ǫ3 me tieikìne twn ǫ3, ǫ1 kai ǫ2 ant�stoiqa (Sq ma 37).Prìblhma 2.14 Na kataskeuaste� tetr�gwno, tètoio ¸ste tre� apì ti korufè tou nabr�skontai p�nw se tre� dedomène euje�e.Apìdeixh:'Estw ABGD to pro kataskeu  tetr�gwno kai a, b kai g oi tre� dedomène euje�e, p�nwsti opo�e br�skontai oi korufè A, B kai G ant�stoiqa (Sq ma 38). An a*, b* kai g* oieikìne twn a, b kai g ant�stoiqa mèsw strof  orj  gwn�a per� to kèntro tou tetrag¸nou,blèpoume ìti h a* pern� apì to b kai h b* apì to G, kaj¸ h koruf  A apeikon�zetai sthB kai h B sth G. Epomènw h B prosdior�zetai san tom  th b me thn a* kai h G san tom th g me thn b*. H strof  pou ja efarmìsoume sti tre� euje�e g�netai me tuqa�o kèntro,kaj¸ ìpoio kèntro kai na epilèxoume to telikì sq ma paramènei to �dio.23
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∆Sq ma 38: Kataskeu  tetrag¸nouPrìblhma 2.15 Sti pleurè tuqa�ou trig¸nou ABG kataskeu�zontai isoskel  tr�gwnaBGQ,ABZ kai AGY me gwn�e koruf¸n �se me a, b kai g ant�stoiqa. An a+b+g=360o,na deiqje� ìti oi gwn�e tou trig¸nou EZD e�nai �se me a/2, b/2, g/2. Ti sumba�nei sthnper�ptwsh pou ta isoskel  tr�gwna kataskeuastoÔn apì thn meri� tou �diou tou arqikoÔtrig¸nou; [1℄
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Sq ma 39: Gwn�e trig¸nou QYZApìdeixh:H koruf  A apeikon�zetai ston eautì th mèsw th sÔnjesh Rz◦Rx◦Ry twn tri¸n strof¸nme kèntra ta shme�a Y, Q kai Z kai gwn�e �se me autè twn koruf¸n twn ant�stoiqwntrig¸nwn. Autì ìmw sumba�nei mìno sthn per�ptwsh kat� thn opo�a h sÔnjesh Rx ◦ Ryèqei kèntro to shme�o Z, dhlad  oi gwn�e Q kai Y na e�nai �se me a/2 kai b/2 ant�stoiqa(Sq ma 39). MporoÔme na parathr soume ìti to amèsw progoÔmeno prìblhma e�nai eidik per�ptwsh autoÔ ed¸, gia gwn�e a=b=g=120o.Prìblhma 2.16 Na breje� shme�o O tou epipèdou, tou opo�ou to �jroisma twn apost�-sewn tou apì ti korufè dojènto trig¸nou ABG me gwn�e mikrìtere twn 120o na e�naiel�qisto.Apìdeixh:'Estw tuqa�o shme�o M kai MA, MB kai MG oi apost�sei apì ti korufè tou trig¸nou.Strèfoume to tr�gwno MBG kat� gwn�a w=60o, per� to shme�o B, ¸ste h eikìna th BG nae�nai h BD. To zhtoÔmeno �jroisma isoÔtai me to m ko th tejlasmènh gramm  AMKD(Sq ma 40). 'Omw autì g�netai el�qisto ìtan h tejlasmènh g�nei eujÔgrammo tm ma.24
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Sq ma 40: El�qisto �jroismaDhlad  h el�qisth tim  e�nai to m ko AD. 'Ara h zhtoÔmenh jèsh tou M e�nai p�nw stoeujÔgrammo tm ma pou en¸nei to A me thn koruf  tou isopleÔrou trig¸nou BGD. Omo�wprèpei to shme�o O na br�sketai p�nw st� BE kai GZ, ìpou ta tr�gwna AGE kai ABZ e�naiep�sh isìpleura. 'Ara h jèsh pou elaqistopoie� to zhtoÔmeno �jroisma e�nai h tom  twntmhm�twn AD, BE kai GZ, ta opo�a èqonta koinì shme�o suntrèqoun. Ta tm mata aut�,ektì tou ìti e�nai �sa metaxÔ tou, sqhmat�zoun to èna me to �llo gwn�e 60o, kaj¸ toèna e�nai strof  k�poiou apì ta �lla kat� gwn�a 60o. (p.q. to AE e�nai strof  60o touGZ per� to B). 'Etsi telik� to zhtoÔmeno shme�o O blèpei ti pleurè tou ABG upì gwn�a
120o. To shme�o autì onom�zetai shme�o tou Fermat (  Steiner)Prìblhma 2.17 D�netai tuqa�o oxug¸nio tr�gwno ABG me pleurè a,b kai g kai isìpleurotr�gwno A*B*G* pleur� q. An O e�nai to shme�o Fermat tou ABG kai M shme�o toueswterikoÔ tou A*B*G* me MA=a, MB=b kai MG=g, na deiqje� ìti q=OA+OB+OG.Apìdeixh:Apì to prohgoÔmeno prìblhma gnwr�zoume ìti OA+OB+OG=AD. An kataskeu�soume toisìpleuro tr�gwno ADE strèfonta to ABD per� to D kat� arnhtik  for� me gwn�a 60o,(Sq ma 41) autì isoÔtai me to dosmèno, kaj¸ to shme�o G apèqei apì ti korufè tou D,A kai E apost�sei �se me a,b kai g ant�soiqa. 'Ara q=OA+OB+OG.Prìblhma 2.18 D�netai isìpleuro tr�gwno ABG kai shme�o O sto eswterikì tou. AnOA=a, OB=b kai OG=g e�nai gnwstè timè, na breje� to embadìn tou ABG.Apìdeixh:Strèfoume ta tr�gwna AOG, BOA kai GOB kat� 60o gÔrw apì ta shme�a A, B kai Gant�stoiqa kai jewroÔme san eikìne tou ta tr�gwna AZB, BDG kai AGE ant�stoiqa(Sq ma 42). To embadìn tou exag¸nou AZBDGE e�nai dipl�sio apì to zhtoÔmeno. Akìmaèqoume:
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Sq ma 41: Isìpleuro tr�gwno
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Sq ma 42: Embadìn isopleÔrou trig¸noukaj¸ to ex�gwno apotele�tai apì tr�a isìpleura tr�gwna (pleur¸n a, b kai g) kai tr�a �satr�gwna me pleurè a, b kai g.Prìblhma 2.19 'Estw tr�gwno DEZ eggegrammèno se dojèn ABG. An KLM e�nai totr�gwno pou èqei gia korufè ti tomè twn mesokajètwn twn pleur¸n tou DEZ me ti a-nt�stoiqe diqotìmou tou ABG, na deiqje� ìti to tr�gwno KLM diathre� stajer� ta mètratwn gwni¸n tou ìtan oi korufè D, E kai Z kinoÔntai p�nw sti pleurè BG, AG kaiAB a-nt�stoiqa, kaj¸ kai ìti o perigegrammèno kÔklo tou pern� apì to èkkentro tou trig¸nouABG.Apìdeixh:An K e�nai to shme�o tom  th diqotìmou th gwn�a A me thn mesok�jeto th ZE kaiR, S oi probolè tou p�nw sti AB kai AG ant�stoiqa, parathroÔme ìti ta tr�gwna KRZkai KSE e�nai �sa, opìte èqoume ìti KZ=KE kai ∠ZKE=∠RKS=180o-A. 'Ara h eikìnatou Z mèsw strof  RK 180o-A per� to K e�nai to E. 'Omoia, h eikìna tou E e�nai to Dkai tou D e�nai to Z, mèsw strof¸n RM kaiRΛ kèntrwn M kai L kai gwni¸n 180o-G kai
180o-B ant�stoiqa. H sÔnjesh RΛ ◦ RM ◦ RK twn parap�nw strof¸n sunolik  gwn�a
360o e�nai tautotik , dhlad  metafor� mhdenikoÔ dianÔsmato. Gia na sumba�nei ìmw autì,prèpei to kèntro th strof  RM ◦RK na taut�zetai me eke�no th RΛ. 'Ara oi gwn�e toutrig¸nou KLM e�nai: ∠LKM=90o-A/2, ∠LMK=90o-G/2 kai ∠KLM=90o-B/2. Epomènw26
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Sq ma 43: Tr�gwno stajer¸n gwni¸nto tetr�pleuro IKLM èqei ti apènanti gwn�e tou I kai L paraplhrwmatikè, �ra e�naieggr�yimo (Sq ma 43).Prìblhma 2.20 Sthn koruf  A dojènto trig¸nou ABG fèrnoume eujÔgramma tm mataAD⊥=AB kai AE ⊥ =AG pro diaforetikì p�nta hmiep�pedo apì autì pou br�sketai htr�th koruf  tou trig¸nou. Na deiqje� ìti to Ôyo AH diqotome� thn DE.
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Sq ma 44: DM=MEApìdeixh:Strèfoume to tr�gwno ABG kat� gwn�a w=90o me kèntro O to mèson th BD. H eikìnath BG e�nai h AN pou e�nai proèktash tou AH kai h eikìna th AG e�nai h DN, par�llhlhkai �sh thAE. Epomènw to ADNE e�nai parallhlìgrammo, opìte h AN diqotome� thn DE(Sq ma 44).2.5 HMISTROFHOrismì 2.3 H per�ptwsh strof  kat� gwn�a �sh me 180o onom�zetai hmistrof    sum-metr�a w pro shme�o (sq ma 45). 27
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B*Sq ma 45: Hmistrof 
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KSq ma 46: SÔnjesh hmistrof¸nPrìtash 2.7 (SÔnjesh hmistrof¸n) H sÔnjesh dÔo hmistrof¸n h2 ◦ h1 e�nai metafor�kat� di�nusma �so me 2OK ìpou O kai K e�nai ta kèntra twn h1 kai h2 ant�stoiqa (Sq ma46). H sÔnjesh tri¸n hmistrof¸n h3 ◦ h2 ◦ h1 e�nai hmistrof  w pro kèntro O to opo�oprokÔptei apì metafor� tou kèntrou th tr�th kat� di�nusma ant�jeto tou dianÔsmatopou or�zoun ta dÔo pr¸ta kèntra (sq ma 47 ). Genik� h sÔnjesh �rtiou pl jou hmistrof¸ne�nai metafor� kai perittoÔ pl jou e�nai hmistrof .
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A

A*
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K
Λ

ΜSq ma 47: SÔnjesh tri¸n hmistrof¸nApìdeixh:'Opw blèpoume sta sq mata, h apìdeixh e�nai profan , efarmìzonta to je¸rhma pouanafèrei ìti: To eujÔgrammo tm ma pou en¸nei ta mèsa dÔo pleur¸n trig¸nou e�nai par�l-lhlo kai �so me to misì th tr�th. H sÔnjesh �rtiou pl jou hmistrof¸n e�nai sÔnjeshmetafor¸n   alli¸ strof  kat� gwn�a pou e�nai �rtio pollapl�sio tou 180o �ra metafor�,en¸ sthn per�ptwsh perittoÔ pl jou èqoume perittì pollapl�sio tou 180o, �ra hmistrof .Prìtash 2.8 D�nontai n shme�a sto ep�pedo.H eikìna enì tuqa�ou shme�ou tou epipèdoumèsw diadoqik¸n hmistrof¸n per� ta shme�a O1, O2, ..., On paramènei �dia kai sthn per�ptw-sh pou oi hmistrofè g�noun me ant�strofh seir�, sthn per�ptwsh pou to n e�nai perittì:
hn ◦ hn−1 ◦ ... ◦ h1 = h1 ◦ h2 ◦ ... ◦ hn IsqÔei to �dio sthn per�ptwsh �rtiou n;Apìdeixh:H sÔnjesh perittoÔ pl jou hmistrof¸n, e�nai hmistrof .H hmistrof  ìmw, ìpw kai28



h an�klash, e�nai metasqhmatismì pou taut�zetai me ton ant�strofì tou, dhlad  e�naieneliktikì (involutoric). 'Etsièqoume:(hn◦hn−1◦...◦h1◦h1)
−1 = hn◦hn−1◦...◦h1 ⇐⇒

(h1)
−1◦(h2)

−1◦ ...◦(hn)−1 = hn◦hn−1◦ ...◦h1 ⇐⇒ h1◦h2◦ ...◦hn = hn◦hn−1◦ ...◦h1 Sthnper�ptwsh pou to n e�nai �rtio, h sÔnjesh e�nai metafor�, h opo�a ìmw den taut�zetaime ton ant�strofo metasqhmatismì, ektì an to di�nusma th e�nai mhdenikì (tautotikìmetasqhmatismì). Autì sumba�nei ìtan up�rqei kleist  polugwnik  gramm  me pleurèpar�llhle kai �se me ta dianÔsmata O1O2, O3O4, ..., On−1On. 'Ena tètoio par�deigmaèqoume sto ex�gwno ABGDEZ ìpou pou blèpoume sto sq ma 48 [1℄.
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ΕΖSq ma 48: To M apeikon�zetai sto MPrìblhma 2.21 D�nontai tre� �soi kÔkloi kèntrwn O, K kai L kai akt�na R, dierqìmenoiapì koinì shme�o M. An A, B kai G ta upìloipa shme�a tom  tou, na deiqje� ìti operigegrammèno kÔklo tou trig¸nou ABG isoÔtai me tou �llou tre�.
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Sq ma 49: 'Isoi kÔkloiApìdeixh:Pr¸to trìpo: Apì tou rìmbou AOMK, KGLM kai OBLM (Sq ma 49) blèpoume ìti totr�gwno ABG prokÔptei apì hmistrof  tou OKL gÔrw apì k�poio kèntro, dhlad  e�nai �sa.To tr�gwno OKL èqei perigegrammèno kÔklo kèntrou M kai akt�na �sh me MO, dhlad me tou �diou m kou me thn R. Epomènw to �dio ja sumba�nei kai me to tr�gwno ABG.DeÔtero trìpo: O k�je kÔklo prokÔptei apì metafor� enì apì tou �llou dÔo kat�di�nusma mètrou �sou me thn apìstash twn dÔo kèntrwn kai kat�llhlh for� (Sq ma 50).29
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Sq ma 50: 'Isoi kÔkloiOi eikìne tou koinoÔ shme�ou A twn kÔklwn K kai L mèsw metafor¸n dianusm�twn KΛkai ΛK e�nai ta shme�a B* kai G* ant�stoiqa. 'Omoia gia ta shme�a B kai G. Epoènw, tatr�gwna ABG*, A*BG kai AB*G e�nai �sa metaxÔ tou kaj¸ k�je èna apì aut� e�nai eikìnamèsw metafor� tou �llou. 'Ara to tr�gwno ABG e�nai �so me ta tr�a prohgoÔmena.
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2.6 ANAKLASHOrismì 2.4 Or�zoume san an�klash   summetr�a   katoptrismì Fε pro euje�a e touepipèdou pou onom�zoume kai �xona, ton metasqhmatismì eke�no kat� ton opo�o k�je shme�oM tou epipèdou apeikon�zetai sto M*, ètsi ¸ste h euje�a e na e�nai mesok�jeto toueujugr�mmou tm mato MM*.Profan¸ m�a an�klash af nei amet�blhta ìla ta shme�a tou �xona. E�nai eÔkolo ep�shna parathr soume ìti o ant�strofo metasqhmatismì F−1
ε e�nai �so me ton Fε kaj¸

Fε ◦ Fε = id.Prìtash 2.9 (SÔnjesh dÔo anakl�sewn) 'Estw F = Fε2
◦Fε1

h sÔnjesh dÔo anakl�-sewn pro euje�e ε1 kai ε2. Diakr�noume dÔo peript¸sei:a) An ε1 ‖ ε2 tìte h sÔnjesh e�nai metafor� Tα dianÔsmato �so me to dipl�sio th apì-stash d twn dÔo axìnwn, me for� apì ton pr¸to ston deÔtero.b)An ε1 kai ε2 tèmnontai se shme�o O, tìte èqoume strof  kèntrou O kai gwn�a w �sh meto dipl�sio th prosanatolismènh gwn�a twn ε1 kai ε2.
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Sq ma 51: Par�llhloi �xone
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Sq ma 52: Temnìmenoi �xoneApìdeixh:a)MM∗∗ = MM∗ + M∗M∗∗ = 2AM∗ + 2M∗B = 2ABb)H gwn�a MOM** e�nai dipl�sia th gwn�a twn dÔo eujei¸n, kai me ton �dio prosanato-lismì. 'Omoia exet�zoume ti peript¸sei pou to M br�sketai se �lle jèsei w pro tidÔo euje�e. 31
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Sq ma 53: SÔnjesh dÔo strof¸n2.7 EFARMOGES THSANAKLASHSSE GEWMETRIKAPROBLH-MATAPrìblhma 2.22 'Estw euje�a e kai A, B dÔo shme�a pro to �dio mèro th e. Na breje�shme�o M th euje�a, tètoio ¸ste ta eujÔgramma tm mata AM kai BM na sqhmat�zoun�se gwn�e me thn e.
A

A*

B

ε
Μ

φωωSq ma 54: w=fAn A* e�nai h eikìna tou A mèsw an�klash sthn euje�a e, to M e�nai h tom  tou AB methn e (Sq ma 54).Prìblhma 2.23 D�netai euje�a e kai dÔo kÔkloi pro to �dio mèro th e. Nabreje� shme�oM th e, tètoio ¸ste èna apì ta efaptìmena tm mata apì ta M pro ton pr¸to kÔklo kaièna pro ton deÔtero, na sqhmat�zoun �se gwn�e me thn e [1℄.Apìdeixh:'Estw (O*,r) h eikìna tou kÔklou (O,r) mèsw an�klash w pro thn euje�a e. Fèrnoumeta koin� efaptìmena tm mata tou (O*,r) me ton �llo kÔklo (K,a). Ta koin� shme�a aut¸ntwn tmhm�twn me thn euje�a e apoteloÔn lÔsei gia to prìblhma (Sq ma 55).Prìblhma 2.24 'Estw euje�a e kai A, B dÔo shme�a pro to �dio mèro th e. Na breje�shme�o M th euje�a, tètoio ¸ste ta eujÔgramma tm mata AM kai BM na sqhmat�zoungwn�e me thn e tètoie ¸ste h m�a na e�nai dipl�sia th �llh [1℄.Apìdeixh:a' trìpo:'Estw A* kai B* oi eikìne twn A kai B mèsw an�klash sthn euje�a e.Profan¸ h euje�a A*M diqotome� thn gwn�a BMK ìpou M e�nai to zhtoÔmeno shme�o. 'Etsian K e�nai to summetrikì tou B w pro A*M, autì br�sketai p�nw sthn e kaiA*K=A*B.'Etsi to K br�sketai san tom  tou kÔklou kèntrou A* kai akt�na A*B me thn e. Sthnsunèqeia to M prokÔptei san tom  th mesokajètou tou BK methn e (Sq ma 56). b'trìpo:'Estw kÔklo kèntrou A efaptìmeno sthn e. To M prokÔptei san tom  touefaptìmenou tm mato apì to B* pro ton kÔklo [1℄.32



ε
Μ

Ο

Κ

O*Sq ma 55: Efaptìmena tm mata
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Sq ma 56: Gwn�a BMK=2AMNPrìblhma 2.25 'Estw tre� euje�e suntrèqouse kai èna shme�o A se m�a apì autè.Kataskeu�ste tr�gwno ABG, to ìpo�o èqei ti euje�e autè gi� diqotìmou.Apìdeixh:'Estw Z kai E ta summetrik� tou A w pro ti diqotìmou twn gwni¸n B kai G. Ta shme�aaut� br�skontai p�nw sthn BG. Br�skonta ta shme�a aut�,fèrnoume thn euje�a ZE h opo�ama prosdior�zei ta B kai G sta shme�a ìpou tèmnei ti �lle dÔo dosmène euje�e (Sq ma57). An dÔo apì ti tre� dosmène euje�e è�nai k�jete metaxÔ tou, to prìblhma den èqeilÔsh [1℄.Prìblhma 2.26 D�netai kÔklo  kai tre� euje�e dierqìmene apì to kèntro tou. Nakataskeuaste� tr�gwno tou opo�ou oi korufè br�skontai p�nw s�utè ti euje�e kai e�naiperigegrammèno ston dosmèno kÔklo [1℄.Apìdeixh:Epilègoume èna tuqa�o shme�o A* p�nw se mi� apì ti doje�se euje�e kai kataskeu�zoumeme ton trìpo tou prohgoÔmenou probl mato, èna tr�gwno A*B*G* me korufè p�nw sti33
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Ε ΖSq ma 57: E kai Z e�nai shme�a th BG
Γ

Α

Β

Α∗

Β∗
Γ∗

Ι

Sq ma 58: Eggegrammèno kÔklodoje�se euje�e. Sth sunèqeia fèrnoume par�llhle pro ti pleurè autoÔ tou trig¸nou,pou na ef�ptontai ston dosmèno kÔklo (Sq ma 58).2.8 SUNJESH ISOMETRIWN GENIKA- KAJOLIKOTHTA ANA-KLASEWN
O K

A

A**

A*
O*

ε

ε1
ε2

Sq ma 59: a//b//gBlèpoume ìti k�je strof  kaj¸ kai k�je metafor�, gr�fontai san sÔnjesh anakl�-sewn. Genikìtera ja apode�xoume parak�tw ìti k�je isometr�a tou epipèdou e�nai sÔnjeshìqi parap�nw apì tri¸n anakl�sewn.Me thn bo jeia th prohgoÔmenh prìtash mporoÔme na doÔme t¸ra piì xek�jara thnsÔnjesh dÔo strof¸n me kèntra O, K kai gwn�e a, b ant�stoiqa. AntikajistoÔme thn pr¸thme dÔo anakl�sei w pro ti OO* kai OK kai thn deÔterh ep�sh me dÔo anakl�sei wpro ti euje�e OK kai O*K. H sÔnjesh tou e�nai strof  kèntrou O* kai gwn�a dipl�siaapì aut  pou sqhmat�zoun oi O*O kaiO*K (Sq ma 59).A doÔme ìmw pr¸ta ti sumba�nei sthn sÔnjesh tri¸n   genikìtera n anakl�sewn.34



Prìtash 2.10 (SÔnjesh tri¸n anakl�sewn) H sÔnjesh tri¸n anakl�sewn me par�l-lhlou �xone a//b//g   me �xone pou suntrèqoun se shme�o O e�nai an�klash se �xonapar�llhlo me tou tre�   pou pern� apì to O ant�stoiqa.
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Sq ma 60: a//b//g
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Sq ma 61: Suntrèqouse euje�eApìdeixh:'Estw ìti èqoume tre� euje�e par�llhle: a//b//g (Sq ma 60). H sÔnjesh twn dÔopr¸twn anakl�sewn e�nai ìpw blèpoume metafor� kat� di�nusma AB = 2d. H metafor�aut  isoduname� me sÔnjesh dÔo anakl�sewn w pro euje�e e//g, ìpou h e e�nai metafor�th g kat� di�nusma �so me −d. 'Etsi telik� èqoume F = Fγ ◦Fβ ◦Fα = Fγ ◦Fγ ◦Fε = Fεdhlad , an�klash w pro e. Sthn per�ptwsh suntreqous¸n eujei¸n (Sq ma 61), h sÔnjeshisoduname� me eke�nh strof  per� to O kat� gwn�a �sh me thn gwn�a twn eujei¸n a kai b,me an�klash w pro �xona g. Epomènw èqoume an�klash w pro euje�a e sÔmfwna methn epìmenh prìtash.Prìtash 2.11 (SÔnjesh strof  me an�klash) H sÔnjesh strof  Ro kèntrou Okat� gwn�a a me an�klash Fε w pro euje�a e dierqìmenh apì to O, e�nai an�klash wpro euje�a d pou prokÔptei apì strof  th e per� to O kat� gwn�a ant�jeth kai �sh me tomisì th a. 35
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Sq ma 62: Strof  kai an�klashApìdeixh:MporoÔme na antikatast soume thn strof  me dÔo anakl�sei w pro euje�e twn opo�wnh gwn�a isoÔtai me a/2. Epilègoume thn pr¸th, èstw d na e�nai strof  th e me kèntro Okai gwn�a -a/2, opìte h deÔterh e�nai h �dia h e. Dhlad  Ro = Fε ◦ Fδ. Epomènw èqoume:
Fε ◦ Ro = Fε ◦ Fε ◦ Fδ = FδPrìtash 2.12 (SÔnjesh strof  me metafor�) H sÔnjesh strof  Ro kai gwn�af me metafor� Tα dianÔsmato a, e�nai strof  �dia gwn�a per� k�poio kèntro O*.

α

φ
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M

M* M**

O

O*

ε1 ε2 εSq ma 63: Strof  kai metafor�Apìdeixh:AntikajistoÔme thn metafor� me thn sÔnjesh dÔo anakl�sewn se par�llhle euje�ee1//e2, me apìstash a/2 metaxÔ tou, epilègonta thn e1 na pern� apì to O:
Tα = Fε2 ◦ Fε1Thn strof  thn antikajistoÔme me thn sÔnjesh dÔo anakl�sewn sti e (pou pern� apì toO) kai e2, ¸ste na sqhmat�zoun gwn�a �sh me f/2:
Ro = Fε1 ◦ Fε36



'Etsi èqoume:
Tα ◦ Ro = Fε2 ◦ Fε1 ◦ Fε1 ◦ Fε = Fε2 ◦ Fε = Ro∗Dhlad  katal xame sth sÔnjesh dÔo anakl�sewn pou isodunamoÔn me strof  gwn�a fper� to shme�o O*, tom  twn eujei¸n e kai e2 (Sq ma 63).
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2.9 EFARMOGES TWN ISOMETRIWNSE GEWMETRIKAPROBLH-MATAPrìblhma 2.27 a) D�netai n-gwno me �rtio pl jo pleur¸n perigeggrammèno (  peri-gr�yimo) se kÔklo. Na deiqje� ìti gi� k�je shme�o M mi� pleur� tou up�rqei kleist diadrom  (pou arq�zei kai telei¸nei sto M) apoteloÔmenh apì n tìxa kèntrwn sti korufètou n-g¸nou kai me �kra p�nw sti ant�stoiqe diadoqikè pleurè (Sq ma 64 gi� n=6).Dhlad  to shme�o M apeikon�zetai ston eautì tou mèsw n diadoqik¸n strof¸n sti korufètou n-g¸nou me gwn�e ti ant�stoiqe se k�je koruf .b) D�netai tuqa�o n- gwno gia n perittì. Na deiqje� ed¸ ìti gia k�je shme�o M mi�pèur� tou up�rqei kleist  diadrom  apì to M sto M pou apotele�tai genik� apì 2n tìxa(se k�poia eidik  per�ptwsh ma ft�noun n tìxa). Dhlad  ed¸ to M taut�zetai me toneautì tou met� apì 2n diadoqikè strofè sti korufè tou n-g¸nou, pern¸nta 2 forèapì k�je m�a (Sq ma 65 gi� n=5).
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Μ5Sq ma 64: Kleist  gramm  n tìxwn
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Sq ma 65: Kleist  gramm  2n tìxwnApìdeixh:a) H sÔnjesh n strof¸n sunolik  gwn�a pollapl�siou twn 360o, kaj¸ to n-gwno èqei�rtio pl jo pleur¸n, e�nai metafor�   tautotik . O �dio ìmw metasqhmatismì prokÔ-ptei met� apì sÔnjesh anakl�sewn sti diqotìmou twn gwni¸n tou n-g¸nou. Kaj¸ ìmwoi diqotìmoi suntrèqoun sto kèntro tou eggegrammènou sto polÔgwno kÔklou, h sÔnjeshaut  e�nai strof  me kèntro to shme�o autì. Epomènw èqoume èna toul�qiston stajerìshme�o, �ra thn tautotik  apeikìnish. 38



b) Ed¸ arqik� èqoume sÔnjesh n strof¸n sunolik  gwn�a pollapl�siou twn 180o, giat�to n e�nai perittì. 'Etsi genik� prokÔptei hmistrof  w pro k�poio shme�o O th pleur�pou xekin same. San sÔnjesh ìmw perittoÔ pl jou anakl�sewn sti diqotìmou twngwni¸n tou n-g¸nou, èqoume olisjan�klash   an�klash. To shme�o O ìmw e�nai stajerìkai stou dÔo metasqhmatismoÔ twnprohgoÔmenwn sunjèsewn. Epomènw èqoume an�kla-sh w pro �xona k�jeto sto M sthn pleur� tou polug¸nou. An epanal�boume thn �diasÔnjesh, prokÔptei sÔnjesh an�klash me ton eautì th, �ra h tautotik  apeikìnish [1℄.Apì ta prohgoÔmena prokÔptei ìti:Prìtash 2.13 H sÔnjesh strof¸n me kèntra ti korufè enì n-g¸nou me perittì n kaigwn�e ti ant�stoiqe se k�je koruf , e�nai hmistrof  me kèntro shme�o mi� pleur� ( th proèktash th) tou polug¸nou (Sq ma 66).
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Sq ma 66: SÔnjesh n strof¸nPrìblhma 2.28 Na deiqje� ìti h sÔnjesh twn strof¸n Rγ ◦ Rβ ◦ Rα me kèntra ti ant�-stoiqe korufè trig¸nou ABG kai gwn�e strof  dipl�sie eke�nwn tou trig¸nou kai mefor� ant�jeth th for� ABG (apì G pro B, apì A pro G kai apì B pro A ) e�nai htautotik  apeikìnish. IsqÔei ant�stoiqh prìtash gi� tuqa�o n-gwno;
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2β 2γ

ΜM*

M**Sq ma 67: To M apeikon�zetai ston eautì touApìdeixh:'Estw tuqa�o shme�o M tou epipèdou kai M* kai M** oi eikìne tou mèsw twn pr¸twn dÔo39



strof¸n. Ja de�xoume ìti h sÔnjesh twn dÔo aut¸n me thn tr�th strof  apeikon�zei telik�to shme�o M ston eautì tou (Sq ma 67). H k�je m�a apì ti parap�nw strofè, isoduname�me sÔnjesh dÔo anakl�sewn sti ant�stoiqe pleurè tou trig¸nou. Dhlad :
Rα = Fγ ◦ Fβ

Rβ = Fα ◦ Fγkai
Rγ = Fβ ◦ Fα'Etsi èqoume:

Rγ ◦ Rβ ◦ Rα = (Fβ ◦ Fα) ◦ (Fα ◦ Fγ) ◦ (Fγ ◦ Fβ) = Fβ ◦ Fβ = idìpou Fα, Fβ kai Fγ e�nai oi ant�stoiqe anakl�sei sti pleurè tou ABG. Omo�w apodei-knÔetai h �dia prìtash gi� tuqa�o n-gwno [1℄.Prìblhma 2.29 D�netai parallhlìgrammo ABGD kai dÔo �soi kÔkloi c1 kai c2 pou dièr-qontai apì ti korufè A, B kai B, G ant�stoiqa. An E e�nai to deÔtero koinì shme�o twnparap�nw kÔklwn, na deiqje� ìti o kÔklo pou dièrqetai apì ta shme�a E, A kai D, e�nai�so me tou dÔo pr¸tou.
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Sq ma 68: Tre� �soi kÔkloiApìdeixh:To mèson O th koin  qord  twn dÔo dedomènwn kÔklwn apotele� kèntro summetr�a pouapeikon�zei ton c1 ston c2. An E* e�nai h eikìna tou A mèsw autoÔ tou metasqhmatismoÔ,èqoume ìti ta EE*, AB kaiDG e�nai par�llhla kai �sa metaxÔ tou. 'Ara o perigegrammènokÔklo tou trig¸nou EAD e�nai metafor� tou c2 kat� di�nusma �so me Γ∆, �ra �so meautìn (Sq ma 68).2.10 OLISJANAKLASHOrismì 2.5 D�netai euje�a e kai di�nusma a par�llhlo me authn. H sÔnjesh Fε ◦Tα thmetafor� Tα me thn an�klash Fε w pro thn euje�a, onom�zetai olisjan�klash (Sq ma69). 40
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Sq ma 69: Olisjan�klashProfan¸ o metasqhmatismì autì, gr�fetai san sÔnjesh tri¸n anakl�sewn. E�nai eÔ-kolo ep�sh na doÔme ìti h parap�nw sÔnjesh paramènei �dia kai an all�xoume thn seir�twn metasqhmatism¸n pou thn apart�zoun
Fε ◦ Tα = Tα ◦ Fε. Ep�sh, h sÔnjesh dÔo olisjanakl�sewn e�nai metafor� dipl�siou dianÔsmato:

(Fε ◦ Tα) ◦ (Fε ◦ Tα) = (Tα ◦ Fε) ◦ (Fε ◦ Tα) = Tα ◦ Tα = T2αPrìtash 2.14 (SÔnjesh tri¸n anakl�sewn se pleurè trig¸nou) H sÔnjeshtri¸n anakl�sewn se �xone ana dÔo temnìmenou se shme�a A,B kai G, e�nai m�a oli-sjan�klash. H olisjan�klash aut  èqei �xona m�a pleur� tou podikoÔ trig¸nou tou ABGkai di�nusma metafor� �sou me thn per�metro tou podikoÔ trig¸nou.
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Sq ma 70: Anakl�sei se pleurè trig¸nouApìdeixh:'Estw M èna tuqa�o shme�o tou epipèdou kai M*, M** kai N oi eikìne tou mèsw twn diado-qik¸n anakl�sewn sti b,a kai g. Sto sq ma blèpoume anakl�sei tou trig¸nou ABG stipleurè tou. Apì thn idiìthta tou podikoÔ trig¸nou na sqhmat�zoun oi pleurè tou �se41



gwn�e sti pleurè tou ABG, prokÔptei ìti h euje�a ZE pern� apì ta �qnh twn uy¸n kai twnsummetrik¸n trig¸nwn. ParathroÔme (Sq ma 70) ìti KN*=RS=RE+EZ+ZS=DE+EZ+ZDkai MK=NN* lìgw twn anakl�sewn tou ABG.Mènei na doÔme thn per�ptwsh kat� thn opo�a èqoume an�klash se zeÔgo parall lwnkai m�a tèmnousa autè euje�a.Prìtash 2.15 (SÔnjesh tri¸n anakl�sewn se dÔo par�llhle kai m�a tèmnou-sa) H sÔnjesh tri¸n anakl�sewn se tre� �xone a,b kai g apì tou opo�ou oi dÔo e�naipar�llhloi kai o tr�to tou tèmnei, e�nai m�a olisjan�klash.
Ο

Μ

M**

M*

δ 2δ

α
β

γ

α1 β1β2 γ1ΝSq ma 71: Olisjan�klashApìdeixh:'Estw a kai b temnìmene sto O kai g//b. 'Estw M èna tuqa�o shme�o kai M*, M** kai Noi eikìne mèsw diadoqik¸n anakl�sewn Fα(M) = M∗, Fβ(M∗) = M∗∗, Fγ(M∗∗) = N stia, b kai g ant�stoiqa (Sq ma 71). Dhlad  èqoume:
Fγ ◦ Fβ ◦ Fα(M) = NH sÔnjesh Fβ ◦Fα isoduname� me Fβ1

◦Fα1
, ìpou oi euje�e α1 kai β1 dièrqontai apì to O,sqhmat�zoun gwn�a �dia me aut  twn a kai b kai β1 ⊥ γ. 'Etsi èqoume:

Fγ ◦ Fβ ◦ Fα = Fγ ◦ Fβ1
◦ Fα1AntikajistoÔme t¸ra th sÔnjesh Fγ ◦ Fβ1

me thn Fγ1
◦ Fβ2

, ìpou oi euje�e β2 kai γ1 è�naik�jete metaxÔ tou kai β2parallelα1. 'Etsi èqoume:
Fγ ◦ Fβ1

◦ Fα1
= Fγ1

◦ Fβ2
◦ Fα1All� h sÔnjesh Fβ2

◦Fα1
e�nai metafor� dianÔsmato 2d ìpou d h apìstash twn parall lwn

β2 ‖ α1, opìte katal goume se olisjan�klash me �xona thn g. 'Omoia ergazìmaste seìle ti upìloipe peript¸sei an�klash se tre� euje�e pou den e�nai ìle par�llhlekai den suntrèqoun.Genik� isqÔei h akìloujh prìtash.Prìtash 2.16 (SÔnjesh anakl�sewn genik�) H sÔnjesh �rtiou pl jou anakl�sewne�nai strof    metafor�, en¸ gi� perittì pl jo èqoume an�klash   olisjan�klash.Apìdeixh:Pr�gmati, ana dÔo oi anakl�sei antikaj�stantai apì strof    metafor�. All� h sÔnjeshstrof¸n   metafor¸n e�nai p�li strof    metafor�. An t¸ra èqoume m�a ep� plèon an�-klash, h sÔnjesh isoduname� me strof    metafor� kai an�klash, dhlad  telik� sÔnjeshtri¸n anakl�sewn. 42



Prìtash 2.17 'Estw F1, F2, F3 anakl�sei w pro tre� suntrèqouse euje�e. An toshme�o A anaklasje� diadoqik� sti tre� kai katìpin sti �die me thn �dia p�li seir�, htelik  eikìna e�nai p�li to A:
F3 ◦ F2 ◦ F1 ◦ F3 ◦ F2 ◦ F1 = id. Genik� isqÔei to �dio gi� perittì pl jo suntreqous¸n eujei¸n. Gi�   suntrèqouseeuje�e den isqÔei to �dio, kaj¸ ja èqoume sÔnjesh dÔo �swn olisjanakl�sewn, dhlad metafor�.

F3 ◦ F2 ◦ F1 = F3 ◦ F2 ◦ F1Genik�, gi� perittì pl jo suntrèqous¸n eujei¸n, h sÔnjesh den all�zei.Gi� anakl�sei se tèsseri suntrèqouse euje�e èqoume:
F4 ◦ F3 ◦ F2 ◦ F1 = F2 ◦ F1 ◦ F4 ◦ F3gi� anakl�sei se tèsseri suntrèqouse euje�e.Gi� tre� tuqa�e euje�e sto ep�pedo, isqÔei:

(F3◦F2◦F1)◦(F3◦F2◦F1)◦(F1◦F3◦F2)◦(F1◦F3◦F2) = (F1◦F3◦F2)◦(F1◦F3◦F2)◦(F3◦F2◦F1)◦(F3◦F2◦F1)Apìdeixh:H an�klash ìpw kai h hmistrof  e�nai enelliktikì metasqhmatismì, dhlad  isoÔtai meton ant�strofo tou. Ep�sh h sÔnjesh perittoÔ pl jou anakl�sewn se suntrèqouseeuje�e e�nai an�klash. H apìdeixh e�nai ìmoia me eke�nh th ant�stoiqh prìtash gi�hmistrofè. Gi� tèsseri suntrèqouse euje�e èqoumeìti h sÔnjesh twn 4 anakl�sewne�nai sÔnjesh dÔo strof¸n (h sÔnjesh dÔo anakl�sewn e�nai strof  w pro to shme�otom  twn axìnwn tou). Ed¸ kai ta dÔo zeug�ria eujei¸n èqoun koinì shme�o tom , �ra hsÔnjesh den all�zei an all�xoume th seir� twn strof¸n. Gi� tre� tuqa�e (ìqi apara�thtasuntrèqouse) euje�e, h sÔnjesh twn tri¸n anakl�sewn e�nai an�klash   olisjan�klash.H sÔnjesh ìmw mi� olisjan�klash me ton eautì th e�nai m�a metafor� (sthn per�ptwshan�klash e�nai tautotik ). 'Etsi h teleuta�a allag  sth seir� twn tri�dwn anakl�sewne�nai sthn ous�a enallag  dÔo metafor¸n.Prìblhma 2.30 D�netai tr�gwno ABG kai D, E kai Z tr�a shme�a sti pleurè tou BG,AG kai AB ant�stoiqa. 'Estw akìmh AD*, BE* kai GZ* oi eikìne twn anakl�sewn twnAD, BE kai GZ sti diqotìmou twn gwni¸n A, B kai G ant�stoiqa. Na deiqje� ìti an tatr�a prìtupa suntrèqoun (Sq ma 72, tì �dio sumba�nei kai me ti eikìne tou. An p�li taprìtupa e�nai par�llhla, to �dio ep�sh isqÔei gi� ti eikìne tou [1℄.Apìdeixh:SÔmfwna me thn prìtash 2.17, h sÔnjesh tri¸n anakl�sewn, an epanalhfje� me thn �diaseir�, ma d�nei thn tautotik  apeikìnish, an kai mìno an oi tre� �xone suntrèqoun   e�naipar�lhle. Dhlad  an F1, F2 kai F3 e�nai oi anakl�sei sti AD, BE kai GZ ant�stoiqa,tìte èqoume:
(F3 ◦ F2 ◦ F1) ◦ (F3 ◦ F2 ◦ F1) = idArke� na apode�xoume ìti isqÔei to �dio kai gia anakl�sei F1∗, F2∗ kai F3∗ sti AD*, BE*kai GZ* ant�stoiqa. ParathroÔme ìti h sÔnjesh twn anakl�sewn diadoqik� sti AB, ADkai AG isoÔtai me thn an�klash sthn AD*. Autì isqÔei giat� h gwn�a twn dÔo pr¸twnisoÔtai me thn gwn�a twn AD* kai AG*, �ra h sÔnjesh tou (pou e�nai strof  kèntrouA kai gwn�a �sh me thn dipl�sia th gwn�a twn dÔo axìnwn) isoÔtai me thn sÔnjeshtwn anakl�sewn stou �xone AD* kai AG (Sq ma 74). Lamb�nonta up' ìyin kai togegonì ìti h sÔnjesh dÔo �swn anakl�sewn e�nai tautotik , èqoume: (Me Fα, (Fβ kai Fγsumbol�zoume ti anakl�sei sti pleurè a, b kai g tou ABG ant�stoiqa)

Fβ ◦ (F1 ◦ Fγ) = Fβ ◦ (Fβ ◦ F1∗) = F1∗43
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Sq ma 72: An�klash suntreqous¸n
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Ο Sq ma 73: An�klash parall lwnkai omo�w prokÔptoun oi isìthte:
Fγ ◦ (F2 ◦ Fα) = Fγ ◦ (Fγ ◦ F2∗) = F2∗

Fα ◦ (F3 ◦ Fβ) = Fα ◦ (Fα ◦ F3∗) = F3∗Epomènw èqoume:
F3∗ ◦ F2∗ ◦ F1∗ = Fβ ◦ F1 ◦ Fγ ◦ Fγ ◦ F2 ◦ Fα ◦ Fα ◦ F3 ◦ Fβ = Fβ ◦ F1 ◦ F2 ◦ F3 ◦ Fβ ⇒

⇒ (F3∗ ◦F2∗ ◦F1∗) ◦ (F3∗ ◦F2∗ ◦F1∗) = (Fβ ◦F1 ◦F2 ◦F3 ◦Fβ) ◦ (Fβ ◦F1 ◦F2 ◦F3 ◦Fβ) =

= Fβ ◦ (F1 ◦ F2 ◦ F3) ◦ (F1 ◦ F2 ◦ F3) ◦ Fβ = Fβ ◦ Fβ = id(Kaj¸ (F1 ◦F2 ◦F3) ◦ (F1 ◦F2 ◦F3) = id). 'Etsi apode�xame to zhtoÔmeno. An oi AD, BEkai GZ e�nai par�llhle, me thn �dia diadikas�a apodeiknÔoume ìti oi AD*, BE* kai GZ*suntrèqoun (Sq ma 73).Prìblhma 2.31 D�netai tr�gwno ABG kai D, E kai Z tr�a shme�a sti pleurè tou BG, AGkai AB ant�stoiqa. 'Estw akìmh D*, E* kai Z* ta summetrik� twn D, E kai Z ant�stoiqa44



A

B
Γ∆∆∗Sq ma 74: Summetriko� �xonew pro ta mèsa twn tri¸n pleur¸n tou trig¸nou (Sq ma 75). Na deiqje� ìti an oi k�jetepro ti antistoiqe pleurè sta shme�a D, E kai Z suntrèqoun, to �dio sumba�nei kai meti k�jete sta shme�a D*, E* kai Z* [1℄.
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Sq ma 75: Summetrikè w pro ta mèsaApìdeixh:'Estw a, b kai g oi pleurè tou ABG kai d, e, z, d*, e*, z* oi k�jete sta ant�stoiqashme�a D, E, Z, D*, E*, Z* (Sq ma 75). H an�klash w pro d* isoÔtai me thn sÔnjeshtwn anakl�sewn sti q, d kai y (Sq ma 76):
Fy ◦ (Fδ ◦ Fx) = Fy ◦ (Fy ◦ Fδ∗) = Fδ∗'Ara

Fδ∗ = Fα ◦ hβ ◦ Fδ ◦ hβ ◦ Fαkaj¸ oi anakl�sei sti q kai y isodunamoÔn me sunjèsei th an�klash sthn a me tiant�stoiqe hmistrofè sta B kai G ant�stoiqa: Fx = hβ ◦ Fα kai Fy = hγ ◦ Fα K�nontato �dio kai me ti anakl�sei sti e* kai z*, pa�rnoume san apotèlesma (lamb�nonta p�ntaup�oyin ìti h sÔnjesh dÔo �swn hmistrof¸n   anakl�sewn e�nai tautotik ) ìti:
(Fδ∗ ◦ Fε∗ ◦ Fζ∗) ◦ (Fδ∗ ◦ Fε∗ ◦ Fζ∗) = id
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Sq ma 76: Anakl�sei se par�llhle
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Prìblhma 2.32 'Estw tre� suntrèqouse euje�e kai èna shme�o M mi� apì autè. Nabreje� tr�gwno ABG sto opo�o to M na e�nai mèso th pleur� BG kai oi tre� euje�e nae�nai mesok�jetoi twn pleur¸n tou trig¸nou [1℄.
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Β ΓΜ
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ε δ

Sq ma 77: Tre� mesok�jetoiApìdeixh:Profan¸, h euje�a BG ma e�nai gnwst . Epomènw h koruf  A prosdior�zetai san tom twn euje¸n e kai d, summmetrik¸n th BG w pro ti �lle dÔo doje�se euje�e (Sq ma77).Prìblhma 2.33 'Estw tr�gwno ABG kai H to orjìkentro tou. An c1, c2, c3, c4 e�nai oiperigegrammènoi kÔkloi twn trig¸nwn BGH, AGH, ABH, ABG kai L, M, K, O ta kèntratou ant�stoiqa, de�xte ìti:a) Oi tèsseri kÔkloi e�nai �soi metaxÔ tou.b) To tetr�pleuro LMKO prokÔptei apì to ABGH me hmistrof .
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Sq ma 78: AMKO=ABGHApìdeixh:a) O kÔklo c1 e�nai summetrikì tou c4 w pro BG giat� to summetrikì tou orjìkentrouw pro m�a pleur� enì trig¸nou, e�nai shme�o tou perigegrammènou tou kÔklou. Epomè-nw c1=c4 (ìmoia kai me tou �llou dÔo kÔklou).b) To tetr�pleuro AHLO e�nai parallhlìgrammo giat� èqei LO//AH kai LH=AO (Sq ma78).47



(Den mpore� na e�nai isoskelè trapèzio, kaj¸ oi par�llhle pleurè tou den èqoun koin mesok�jeto). 'Ara AL kai HO èqoun koinì mèso, to opo�o profan¸ e�nai to kèntro thzhtoÔmenh hmistrof .Prìblhma 2.34 Na apodeiqje� ìti to tr�gwno elaq�sth perimètrou pou eggr�fetai sedojèn oxug¸nio tr�gwno ABG, e�nai eke�no pou èqei korufè tou ta �qnh twn uy¸n tou, to o-nomazìmeno podikì   orjikì tr�gwno tou ABG. To prìblhma autì tèjhke pr¸ta to 1775 apìton ItalìMajhmatikì I.F.Fagnano. LÔsei èdwsan metaxÔ �llwn kai oi Schwarz, Samelson, Izvolskykai Fejer.
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Sq ma 79: Tr�gwno elaq�sth perimètrouApìdeixh:'Estw DEZ tr�gwno eggegrammèno sto dojèn ABG, me stajer  thn koruf  D se tuqa�oshme�o th pleur� BG kai ti korufè Z kai E na kinoÔntai sti pleurè AB kai AGant�stoiqa. Br�skoume ta shme�a S kai R summetrik� tou D w pro AB kai AG ant�stoiqa(Sq ma 79). H per�metro tou DEZ isoÔtai me to m ko th tejlasmènh gramm  SZER,�ra e�nai mikrìterh apì to m ko tou eujugr�mmou tm mato SR, to opo�o isoÔtai me thnper�metro tou trig¸nou DNM, ìpou N kai M ta shme�a tom  th SR me ti AB kai AGant�stoiqa. 'Ara, apì ìla ta eggegrammèna sto ABG tr�gwna me stajer  koruf  sto D, thnel�qisth per�metro èqei to DNM. ParathroÔme ìmw ìti h SR e�nai b�sh tou isoskeloÔtrig¸nou ASR to opo�o èqei stajer� ta mètra twn gwni¸n tou (epomènw kai ti analog�etwn pleur¸n tou, kaj¸ h gwn�a th koruf  tou ∠SAR e�nai dipl�sia th stajer  ∠BAG.'Etsi, gia na elaqistopoi soume to m ko SR arke� naelaqistopoi soume to m ko AS.All� AS=AD kai h el�qisth tim  tou AD epitugq�netai ìtan to AD e�nai Ôyo tou ABG,dhlad  taut�zetai me to AK. Tìte ìmw to DEZ taut�zetai me to podikì tr�gwno KLJ toopo�o e�nai telik� to zhtoÔmeno tr�gwno elaq�sth perimètrou (LÔsh Fejer).Prìblhma 2.35 'Estw A, B, G ,D tèssera omokuklik� shme�a se kÔklo c kai H, J, Z, E taorjìkentra twn trig¸nwn ADB, ABG, ADG, BGD. Na apodeiqje� ìti: a) To tetr�pleuroEZHJ prokÔptei apì hmistrof  tou ABGD me kèntro k�poio shme�o O. b) Oi tetr�deABJH, GDZE, ADHZ, BGJE, BDHE, AGZJ, EZHJ e�nai omokuklikè kai an koun sekÔklou �sou pro ton c. 48
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Sq ma 80: EZHJ=ABGDApìdeixh:a)To summetrikì tou orjìkentrou k�je trig¸nou w pro m�a pleur� tou, br�sketai p�-nw ston perigegrammèno tou kÔklo. 'Etsi an K kai L e�nai ta summetrik� twn H kai Jant�stoiqa w pro thn euje�a AB, to GDKL e�nai trapèzio eggegrammèno se kÔklo, �raisoskelè. Epomènw to KL kai DG e�nai summetrik� w pro thn koin  mesok�jeto twnb�sewn tou isoskeloÔ trapez�ou. Telik� to HJ e�nai h eikìna tou DG mèsw th sÔnjeshdÔo anakl�sewn me par�llhlou �xone, epomènw e�nai m�a metafor�. 'Ara DJ kai HGèqoun koinì mèso (èstw O). Me ìmoio trìpo apodeiknÔoume ìti ìla ta eujÔgramma tm matapou en¸noun ant�stoiqe korufè twn ABGD kai EZHJ èqoun koinì mèson to shme�o O(Sq ma 80).b)Lìgw th summetr�a twn HJ kai KL, h eikìna tou c mèsw an�klash w pro BG e�naikÔklo �so pro auton pou pern� apì ti korufè tou ABJH. 'Omoia kai me ti �lletetr�de.Prìblhma 2.36 D�nontai n euje�e sto ep�pedo. Na kataskeuaste� n-gwno tou opo�ou oidosmène euje�e na e�nai:a) Mesok�jetoi twn pleur¸n tou.b) Eswterikè   exwterikè diqotìmoi twn gwni¸n tou [1℄.Apìdeixh:a) Profan¸ h eÔresh èstw mi� koruf  tou polug¸nou, odhge� sthn kataskeu  tou. 'E-stw M èna tuqa�o shme�o tou epipèdou. H eikìna tou M* mèsw diadoqik¸n anakl�sewnsti mesokajètou twn pleur¸n AB,BG,... enì polug¸nou ABG... èqei thn idiìthta naapèqei me to M thn �dia apìstash apì thn koruf  A, kaj¸ MA=KB=LG=...=M*A (Stasq mata 81 kai 82 èqoume peript¸sei gia n=4   5). 'Etsi h koruf  A br�sketai p�nwsthn mesok�jeto th MM*. Omo�w br�sketai p�nw sthn mesok�jeto th EE* gia k�poio�llo shme�o E kai thn eikìna tou E* mèsw twn �diwn anakl�sewn. 'Etsi prsdior�zetai toA san tom  twn dÔo mesokajètwn. Se aut  thn diadikas�a ìmw den fa�nontai poiè e�naioi pro�pojèsei Ôparxh   mh lÔsh tou probl mato (mi�   perissotèrwn). A doÔmem�a �llh antimet¸pish ìpou g�netai faner  kai h anagkaiìthta di�krish twn peript¸sewngia n perittì   �rtio arijmì. H sÔnjesh �rtiou arijmoÔ anakl�sewn e�nai m�a strof   metafor�. Sthn per�ptwsh loipìn tou �rtiou n, h koruf  A prosdior�zetai san to stajerì49
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Sq ma 81: n=4
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Sq ma 82: n=5shme�o th prohgoÔmenh sÔnjesh, dhlad  to kèntro an aut  e�nai strof . Dhlad  èqou-me monadik  lÔsh. Sthn per�ptwsh pou èqoume metafor� (mh mhdenikoÔ dianÔsmato), denèqoume lÔsh. Tèlo sthn per�ptwsh pou hsÔnjesh twn n anakl�sewn e�nai o tautotikìmetasqhmatismì, tìte èqoume �peire lÔsei kaj¸ k�je shme�o e�nai stajerì.Gi� n perittì arijmì, h parap�nw sÔnjesh e�nai olisjan�klash   an�klash. H men pr¸thden èqei stajer� shme�a, �ra den ma d�nei lÔsh, h de deÔterh èqei stajer� ìla ta shme�atou �xona th �peire lÔsei).b)Ed¸ ma arke� h eÔresh tou forèa mi� pleur� tou n-g¸nou. 'Estw h per�ptwsh tou sq -mato 83 gi� n=5. H euje�a AE e�nai h stajer  euje�a th sÔnjesh ìlwn twn anakl�sewnw pro ti diqotìmou twn gwni¸n A, B, G, D kai E. Genik�, gi� thn per�ptwsh perittoÔn, h parap�nw sÔnjesh e�nai olisjan�klash   an�klash. Sthn olisjan�klash �qoume m�astajer  euje�a, ton �xona, opìte èqoume monadik  lÔsh. Sthn per�ptwsh pou h sÔnjeshtwn anakl�sewn sti n euje�e e�nai an�klash, èqoume �peire lÔsei kaj¸ ektì apì ton�xona summetr�a, stajerè èqoume ìle ti k�jete se autìn euje�e.Gi� �rtio pl jo eujei¸n, h sÔnjesh e�nai strof  gwn�a w per� k�poio kèntro O,  metafor� kat� di�nusma a,   tautotik  apeikìnish. Sthn pr¸th per�ptwsh to prìblhmagenik� den èqei lÔsh, kaj¸ o metasqhmatismì th strof  den èqei stajer  euje�a.50
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∆ΕSq ma 83: Kataskeu  polug¸nouExaire�tai ed¸ h per�ptwsh th hmistrof  (w=180o), opìte èqoume �peire lÔsei tieuje�e pou dièrqontai apì to O. Kai sthn per�ptwsh th metafor� èqoume �peire lÔseiìle ti par�llhle pro to di�nusma a euje�e, en¸ �peire lÔsei èqoume sthn per�ptwshpou h sÔnjesh e�nai tautotik , kaj¸ opoiad pote euje�a tou epipèdou mpore� na jewrhje�san forèa th pleur� tou pro kataskeu  n-g¸nou.Prìblhma 2.37 D�nontai n-1 euje�e kai shme�o M tou epipèdou.Na kataskeuaste� n-gwnosto opo�o to M na e�nai:a)Mèson th mi� pleur� tou kai oi dedomène euje�e mesok�jetoi twn upolo�pwn pleur¸ntou.b)Shme�o th diqotìmou mi� gwn�a tou A h opo�a na èqei dedomènh tim  a kai oi euje�ena e�nai diqotìmoi twn upolo�pwn gwni¸n tou [1℄.
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Sq ma 84: M mèso th ABApìdeixh:a)'Estw ABGDEZ (Sq ma 84) to pro kataskeu  n-gwno (n=7).To zhtoÔmeno ed¸ e�nai nabroÔme to stajerì shme�o th sÔnjesh mi� hmistrof  per� to O me n-1 anakl�sei stimesokajètou twn upolo�pwn pleur¸n, kaj¸ h koruf  A apeikon�zetai ston eautì thmèsw tou parap�nw metasqhmatismoÔ. Gnwr�zonta ìti h hmistrof  isoduname� me sÔnje-sh dÔo anakl�sewn, èqoume sunolik� n+1 anakl�sei. Sthn per�ptwsh perittoÔ n èqoume�rtio pl jo anakl�sewn,dhlad  genik� strof  (  metafor�   tautotik ). H strof  èqeièna stajerì shme�o (monadik  lÔsh), en¸ h metafor� kanèna (kam�a lÔsh) kai h tautotik �peira (�peire lÔsei). Sthn per�ptwsh �rtiou n, (perittì pl jo anakl�sewn), èqoume51



A
B

Γ

∆

Ε
Ζ

Η

Θ
Μ

αSq ma 85: M shme�o th diqotìmou th aolisjan�klash   an�klash, dhlad  kam�a   �peire lÔsei, ta shme�a tou �xona th an�-klash.b)'Estw ABGDEZHJ (Sq ma 84) to zhtoÔmeno polÔgwno (n=8).To prìblhma ed¸ antime-twp�zetai me ton �dio akrib¸ trìpo ìpw kai to prohgoÔmeno. H strof  per� to A kat�gwn�a 180o-a apeikon�zei thn AB sthn BG. H teleuta�a apeikon�zetai p�li sthn AB èpeitaapì n-1 anakl�sei sti diqotìmou twn upolo�pwn gwni¸n. 'Etsi zht�me stajer  euje�-a sthn sÔnjesh strof  me n-1 anakl�sei, dhlad  p�li n+1 anakl�sei. Gia n perittìèqoume adÔnato prìblhma gia thn strof  kai �peire lÔsei gi� ti peript¸sei pou h sÔn-jesh e�nai hmistrof , metafor�   tautotik . Gi� n �rtio, èqoume monadik  lÔsh gia thnper�ptwsh th olisjan�klash kai �peire sthn an�klash.Prìblhma 2.38 Na eggrafe� n-gwno se dedomèno kÔklo ètsi ¸ste:a)Oi pleurè tou na e�nai par�llhle se n dedomène euje�e.b)H mi� tou pleur� na pern� apì dedomèno shme�o M kai oi upìloipe na e�nai par�llhleme n-1 dedomène euje�e.
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Sq ma 86: Eggraf  n-g¸nouApìdeixh:a) 'Estw ABGDEZHJ to zhtoÔmeno polÔgwno tou sq mato 86(gi� n=8). H eikìna thkoruf  A mèsw anakl�sewn sti mesokajètou twn diadoqik¸n pleur¸n tou e�nai h �dia hkoruf  A. 'Etsi anazht�me p�li to stajerì shme�o th sÔnjesh aut¸n twn anakl�sewn.52



Oi mesok�jetoi twn pleur¸n jewroÔntai gnwstè kaj¸ èqoun gnwst  dieÔjunsh kai de-domèno to koinì tou shme�o O. Sthn per�ptwsh pou to n e�nai �rtio, h parap�nw sÔnjeshe�nai strof  per� to O, to opo�o e�nai kai to mìno stajerì th shme�o. 'Etsi se aut  thnper�ptwsh to prìblhma den èqei lÔsh, par� mìno an prokÔptei tautotik  apeikìnish. Gi�n petittì, h sÔnjesh perittoÔ pl jou anakl�sewn se suntrèqouse sto O euje�e, e�naian�klash se �xona dierqìmeno ep�sh apì to O. Ta koin� shme�a autoÔ tou �xona me tondedomèno kÔklo ma d�noun dÔo lÔsei sto prìblhma, kaj¸ kai ta dÔo e�nai stajer� shme�ath an�klash.b)Kai se aut  thn per�ptwsh oi mesok�jetoi twn n-1 pleur¸n e�nai gnwstè. H eikìna thkoruf  B mèsw twn n-1 anakl�sewn, e�nai h koruf  A tou polug¸nou ma. Diakr�noumep�li ti peript¸sei �rtiou   perittoÔ n. Sthn per�ptwsh tou �rtiou, èqoume perittì pl joanakl�sewn, �ra telik� an�klash w pro �xona dierqìmeno apì to O. Gnwr�zonta to sh-me�o M th pleur� AB, kataskeu�zoume thn pleur� aut  fèrnonta k�jeth apì to M proton gnwstì plèon �xona. Dhlad  èqoume monadik  lÔsh. Gi� perittì n, èqoume sÔnjesh�rtiou pl jou anakl�sewn, dhlad  strof  per� to O kat� gnwst  gwn�a f. Epomènwgnwr�zoume kai to apìsthma th qord  AB. 'Etsi h pleur� AB kataskeu�zetai fèrnontaapì to shme�o M efaptìmena tm mata pro ton kÔklo kèntrou O kai akt�na �sh me tognwstì apìsthma. mpore� ed¸ na prokÔyoun dÔo, m�a   kam�a lÔsh. Kam�a lÔsh èqoumekai sthn per�ptwsh pou h parap�nw sÔnjesh d�nei thn tautotik  apeikìnish.Prìblhma 2.39 Na exetaste� pìte m�a fwtein  akt�na anakl¸menh diadoqik� se dÔo ep�-peda k�toptra pou sqhmat�zoun metaxÔ tou gwn�a a, anakl�tai telik� se ant�jeth kateÔ-junsh, par�llhla pro thn arqik . Sugkekrimèna, na deiqje� ìti autì sumba�nei met� apìn anakl�sei kai sta dÔo k�toptra (2n sunolik� anakl�sei), gia gwn�a
α =

900

ν(IsqÔei ìti anafèrei o nìmo th an�klash, ìti dhlad  prosp�ptousa kai anakl¸menhsqhmat�zoun �se gwn�e me to k�toptro) [1℄.
Ο

Σ

Μ

Α

ΒSq ma 87: Anakl�sei se gwn�a 90Apìdeixh:Sthn per�ptwsh pou a=900, blèpoume eÔkola ìti to zhtoÔmeno g�netai met� apì m�a a-n�klash se k�je pleur� kaj¸ oi gwn�e A kai B e�nai paraplhrwmatikè (Sq ma 87).Apara�thth bèbaia sunj kh ed¸ ìpw kai sti epìmene peript¸sei, e�nai h gwn�a th pr¸-th prosp�ptousa na e�nai di�forh th orj , kaj¸ se aut  thn per�ptwsh anakl�taisthn �dia diadrom . 'Estw t¸ra a=450 (n=2). Blèpoume ed¸ ìti aut  h per�ptwsh an�ge-tai sthn prohgoÔmenh, an antikatast soume thn diadrom  ABGDM me thn ABZDM, ìpouOZ e�nai h summetrik  th OG w pro thn OB (Sq ma 88). 'Omoia mpore� na qeiristoÔmekai ti peript¸sei n=3,4,...klp. (Gi� n=3 de to sq ma 89). MporoÔme ìmw na to doÔmegenikìtera, efarmìzonta thn sÔnjesh anakl�swn. H sÔnjesh dÔo anakl�sewn sti dÔo53



Ο

Σ
Α

Β

Γ

∆
Μ

ΖSq ma 88: Anakl�sei se gwn�a 45
Ο

Σ

Μ

Α

Β

Γ

∆

Ε

ΖSq ma 89: Anakl�sei se gwn�a 30pleurè th gwn�a a, e�nai strof  kèntrou O kai gwn�a 2a. Gia na èqoume loipìn telik an�klash me ant�jeth kateÔjunsh, prèpei na èqoume sunolik  strof  gwn�a 1800. 'Ara
2να = 1800 ⇔ α =
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3 ISOTHTA SQHMATWNPrìtash 3.1 (Omorrìpw �sa sq mata) K�je dÔo omorrìpw �sa sq mata mporoÔnna èrjoun se sÔmptwsh me thn efarmog  mi� strof  h mia metafor�.
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Sq ma 91: Kèntro strof Apìdeixh:An ta eujÔgramma tm mata AB kai A∗B∗ e�nai par�llhla kai �sa, èqonta thn �dia kateÔ-junsh, tìte m�a metafor� kat� di�nusma AA' ma e�nai arket .A doÔme t¸ra thn per�ptwsh kat� thn opo�a ta AB kai A'B' sqhmat�zoun gwn�a w,ìpou 0 ≤ ω ≤ 1800.Ta eujÔgramma tm mata AB kai A∗B∗ sump�ptoun èfarmìzonta strof  kèntrou Okai gwn�a w, ìpou to O e�nai h tom  twn mesokajètwn twn AA∗ kai BB∗ . Sthn per�-ptwsh kat� thn opo�a ta tm mata e�nai par�llhla me diaforetik  kateÔjunsh isqÔoun taprohgoÔmena me w=180o. To parap�nw shme�o O prokÔptei san to deÔtero shme�o tom twn perigegrammènwn kÔklwn twn trig¸nwn AA∗K kai BB∗K To teleuta�o e�nai �meshsunèpeia th isìthta twn trig¸nwn me b�sei ta AB kai A∗B∗, kai koin  koruf  to O,jewr¸nta to san to deÔtero koinì shme�o twn parap�nw kÔklwn, an parathr soume ìti oipar� ti b�sei gwn�e ba�noun sto �dio tìxo k�je kÔklou.'Estw dÔo omorrìpw �sa sq mata Q kai Q* kai dÔo shme�a A kai B tou pr¸tou kaita ant�stoiq� tou A* kaiB* tou deÔterou. Profan¸ isqÔei h isìthta AB=A*B*, opìteup�rqei strof  (  metafor�) pou apeikon�zei to tm ma AB sto A*B*. Ja de�xoume ìtik�je shme�o M tou pr¸tou sq mato apeikon�zetai mèsw autoÔ tou metasqhmatismoÔ stoant�stoiqo th tou deutèrou sq mato, dhlad  ìlo to Q apeikon�zetai mèsw tou metasqh-matismoÔ sto Q*. 'Estw M* h eikìna tou M mèsw tou parap�nw metasqhmatismoÔ. Jade�xoume ìti to M* e�nai to ant�stoiqo shme�o tou M sto sq ma Q*. Prèpei na epilèxoumeme poi� apì ti duo korufè twn trig¸nwn tou Q* pou sqhmat�zontai me b�sh thn A*B*sump�ptei to M*. (Kai ta dÔo tr�gwna èqoun pleurè �se me autè tou ABM kai e�nai55
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Sq ma 92: Omorrìpw �sa sq matasummetrik� w pro A*B*, blèpe sq ma 92). H eikìna tou ABM mèsw strof    meta-for� e�nai tr�gwno �diou prosanatolismoÔ. Ep�sh, ta sq mata Q kai Q* èqoun ton �dioprosanatolismì. Epomènw den mpore� h eikìna tou M mèsw tou metasqhmatismoÔ kai toant�stoiqo shme�o tou M sto Q* na e�nai summetrik� w pro AB, kaj¸ ja ìrizan tr�gwnaant�jewn prosanatolism¸n.Prìtash 3.2 (Antirrìpw �sa sq mata) K�je dÔo antistrìfw �sa sq mata sto e-p�pedo, mporoÔn na tautisjoÔn me qr sh mi� an�klash   olisjan�klash.
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Sq ma 93: An�klash   olisjan�klashApìdeixh:Ja de�xoume pr¸ta ìti dÔo �sa eujÔgramma tm mata mporoÔn na èrjoun se sÔmptwsh, mèswmi� an�klash   olisjan�klash me �xona euje�a e Sq ma 93. 'Estw e o zhtoÔmeno�xona kai AB=A*B* ta dÔo �sa tm mata. K�noume metafor� tou deÔterou se jèshAG//=A*B*. An A**B** h eikìna tou AB mèsw an�klash w pro e, tìte profan¸A**B**//AG. Ep�sh h diqotìmo d twn AB kai AG e�nai par�llhlh th e (h sÔnjesh twnanakl�sewn tou AG w pro d kai e d�noun tm ma par�llhlo tou). 'Ara h e pern� apìto mèson M th AA*, opìte mpore� na prosdioriste� kaj¸ h dieÔjunsh th e�nai ep�shgnwst  (aut  th d).'Estw t¸ra dÔo antirrìpw �sa sq mata Q kai Q* kai dÔo shme�a A kai B tou pr¸toukai ta ant�stoiq� tou A* kaiB* tou deÔterou. Me ìmoio trìpo ìpw prohgoumènw ìti han�klash   olisjan�klash pou apeikon�zei to AB sto A*B*, apeikon�zei k�je shme�o tou Qsto Q*, �ra olìklhro to pr¸to sq ma sto deÔtero (Sq ma 94). H mình diafor� ed¸ e�nai56
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B*Sq ma 94: Antirrìpw �sa sq mataìti kai o metasqhmatismì all�zei ton prosanatolismì, all� kai ta Q, Q* èqoun ant�jetoprosanatolismì.Apì ti prot�sei 3.1 kai 3.2 prokÔptoun ta akìlouja sumper�smata:Prìtash 3.3 K�je dÔo �sa sq mata tou epipèdou mporoÔn na sumpèsoun mèsw enì me-tasqhmatismoÔ strof , metafor�, an�klash   olisjan�klash.Prìtash 3.4 K�je dÔo �sa sq mata tou epipèdou mporoÔn na sumpèsoun mèsw enì me-tasqhmatismoÔ pou e�nai sÔnjesh anakl�sewn se dÔo euje�e e1 kai e2,   mi� an�klashse euje�a e kai mi� hmistrof  kèntrou OApìdeixh:O metasqhmatismì th metafor� �soduname� me sÔnjesh dÔo anakl�sewn se par�llh-lou �xone. H strof  gr�fetai san sÔnjesh anakl�sewn se temnìmene euje�e. Holisjan�klash e�nai sÔnjesh tri¸n eujei¸n e1, e2 kai e3 apì ti opo�e oi dÔo pr¸te e�naipar�llhle metaxÔ tou kai k�jete sthn tr�th. H sÔnjesh ìmw twn kajètwn e2 kai e3e�nai hmistrof  w pro to shme�o tom  tou.Sundi�zonta ìla ta prohgoÔmena sqetik� me thn sÔnjesh twn Eukle�deiwn metasqh-matism¸n tou epipèdou sumpera�noume ìti:Prìtash 3.5 K�je dÔo �sa sq mata tou epipèdou mporoÔn na sumpèsoun mèsw enì me-tasqhmatismoÔ pou e�nai sÔnjesh to polÔ tri¸n anakl�sewn se eje�e e1, e2 kai e3. Su-gkekrimèna sthn per�ptwsh twn omorrìpw �swn sqhm�twn ma arkoÔn dÔo anakl�sei,(sq ma 95).Apìdeixh:Pragmatik� blèpoume ìti epilègonta gi� �xona th pr¸th an�klash, thn mesok�jetotou tm mato QQ* pou en¸nei èna shme�o tou pr¸tou sq mato me to ant�stoiqo tou toudeÔterou kai th deÔterh thn mesok�jeto tou Q*Q**(ìpou Q** h eikìna tou Q mèsw thpr¸th an�klash), epitugq�noume sÔmptwsh tou trig¸nou QUZ me to �so tou Q*U*Z*(Sq ma 95). Sthn per�ptwsh antirrìpw �swn sqhm�twn qreiazìmaste m�a   tre� anakl�-sei (Sq ma 96). An QUZ kai Q*U*Z* dÔo antirrìpw �sa tr�gwna, oi euje�e e1 dierqìmenhapì ta U kai Z, e2 mesok�jeto tou ZZ* kai e3 mesok�jeto tou Q*Q** e�nai oi �xonetwn zhtoÔmenwn anakl�sewn.3.1 GENIKA PROBLHMATAPrìblhma 3.1 D�nontai dÔo euje�e e1 kai e2 kai apì èna shme�o A kai B se k�je m�aapì autè. Na breje� euje�a e, pou na tèmnei ti dÔo pr¸te se shme�a Q kai Y ant�stoiqa,57
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Sq ma 95: An�klash se dÔo euje�e
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Sq ma 96: An�klash se tre� euje�eme AQ=BY kai tètoia ¸ste:a)Na e�nai par�llhlh pro doje�sa m.b)Na pern� apì dedomèno shmeio M.g)To tm ma QY na èqei dojèn m ko a.Apìdeixh:Pr¸to trìpo: 'Estw ìti èqoume kataskeu�sei thn zhtoÔmenh euje�a e kai oi dedomèneeuje�e e�nai temnìmene sto S sqhmat�zonta gwn�a w (Sq ma 97). Ta tm mata AQ kaiBY èrqontai se sÔmptwsh mèsw strof  kat� gwn�a w, me kèntro O to opo�o br�sketai metìn trìpo pou anafèroume sthn 3.1 san shme�o tom  tou kÔklou SAB me thn mesok�jetotou AB (Me to shme�o B na apeikon�zetai sto A kai to Y sto Q).a) 'Estw m* kai e* oi eikìne twn m kai e ant�stoiqa mèsw th parap�nw strof . Heuje�a e* pern� apì to Q kai h OQ diqotome� thn gwn�a twn e, e* ìpw kai eke�nh twn m,m*. Epomènw to shme�o Q prosdior�zetai san shme�o tom  th euje�a e1 me aut n pouor�zetai apì to O kai thn tom  twn m kai m*.b)'Estw M* h eikìna tou M mèsw th strof . Kaj¸ h gwn�a twn m kai m* e�nai gnwst (�sh me thn gwn�a w), to shme�o Q blèpei thn MM* upì gnwst  gwn�a, �ra br�sketai se58
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Sq ma 97: EÔresh euje�a e)gnwstì tìxo.g) To isoskelè tr�gwno OQY èqei gnwstè gwn�e kai gnwstì m ko a th b�sh �ragnar�zoume to m ko twn dÔo �swn pleur¸n tou. 'Ara to shme�o Q br�sketai se kÔklokèntrou O kai gnwst  akt�na, �ra e�nai tom  gnwstoÔ kÔklou me thn e1. DeÔterotrìpo: Ed¸ ja qrhsimopoi soume thn prìtash 3.2 gi� ta antirrìpw �sa sq mata. To AQ
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µSq ma 98: EÔresh euje�a eèrqetai se sÔmptwsh me to BY mèsw olisjan�klash . H olisjan�klash pou apeikon�zei toAQ sto BY, èqei �xona an�klash x par�llhlo th diqotìmou th gwn�a twn dedomènwneujei¸n kai dierqìmeno apì to mèso th AB kai di�nusma metafor� d �so me A*B, ìpouA* e�nai h eikìna th an�klash tou A ston x(Sq ma 98).a) To tr�gwno QQ*U èqei gnwstì to m ko YQ*=d kai gnwst� ta mètra twn gwni¸n tou59



kaj¸ e�nai orjog¸nio kai oi pleurè tou YQ* kai QY èqoun gnwstè dieujÔnsei (Ti dkai m ant�stoiqa). Epomènw to m ko QQ* e�nai gnwstì, �ra kai h apìstash tou shme�ouQ apì thn euje�a x. 'Ara to Q br�sketai p�nw se gnwst  par�llhlo th x.g)Kai ed¸ to parap�nw tr�gwno QQ*U èqei gnwst� m kh pleur¸n, kaj¸ gnwr�zoume tiQY=a kai Q*U=d [1℄.Prìblhma 3.2 D�nontai tre� euje�e e,d kai l, kaj¸ kai tr�a shme�a A, B kai G aut¸nant�stoiqa. Na breje� euje�a pou tèmnei ti tre� se shme�a Q, Y kai Z, tètoia ¸steAQ=BY=GZ.
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Sq ma 99: 'Isa tm mataApìdeixh:'Estw ìti èqoume bre� thn zhtoÔmenh euje�a (Sq ma 99) kai èstw O to kèntro strof  Ropou apeikon�zei to AQ sto BY kai K to ant�stoiqo kèntro strof  Rκ pou apeikon�zei toBY sto GZ. Oi strofè autè èqoun ant�stoiqa gwn�e �se me eke�ne pou sqhmat�zoun h eme thn d, ((ε̂, δ)) kai h d me thn l, ((δ̂, λ)) ant�stoiqa. 'Ara X̂OΨ = (ε̂, δ) kai Ψ̂KZ = (δ̂, λ).Epomènw to gnwstì tm ma OK fa�netai apì to shme�o Y me gnwst  gwn�a:
ÔΨK =

X̂OΨ ± Ψ̂KZ

2Prìblhma 3.3 D�netai tr�gwno ABG. Na breje� euje�a e tèmnousa ti pleurè tou ABkai AG se shme�a D kai E ant�stoiqa, ¸ste:
B∆ = ∆E = EΓApìdeixh:Pr¸to trìpo: 'Estw ìti èqei breje� h zhtoÔmenh euje�a (Sq ma 100). To shme�o tom M th mesokajètou th BG me ton perigegrammèno kÔklo tou trig¸nou, e�nai to kèntrostrof  gwn�a �sh me thn Â, mèsw th opo�a to shme�o B apeikon�zetai sto G kai to Dsto E. ParathroÔme ìti sto isoskelè tr�gwno ODE h gwn�a th koruf  tou isoÔtai me60
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Sq ma 100: BD=DE=EG
Â, dhlad  ma e�nai gnwst . Epomènw o lìgo twn pleur¸n tou ma e�nai gnwstì. 'Araèqoume:

M∆

∆B
=

M∆

∆E
= λ'Ara to D an kei sto gewmetrikì tìpo twn shme�wn twn opo�wn o lìgo twn apost�sewnapì ta M kai B e�nai gnwstì (Apoll¸nio kÔklo).emphDeÔtero trìpo: 'Estw O èna par�kentro tou trig¸nou ADE, dhlad  shme�o tom mi� eswterik  (th gwn�a A) kai dÔo exwterik¸n (twn gwni¸n D kai E) diqotìmwntou. To tm ma BD apeikon�zetai sto EG mèsw th sÔnjesh anakl�sewn sti dÔo autèexwterikè diqotìmou DO kai EO. H sÔnjesh ìmw aut  e�nai strof  oer� to O, gwn�adipl�sia th gwn�a twn eujei¸n aut¸n. Profan¸ aut  h gwn�a strof  isoÔtai me thnexwterik  th gwn�a A tou trig¸nou, dhlad  me 180o −α. Akìma, to shme�o O blèpei thnBG upì gnwst  gwn�a, �sh me:

B̂OΓ =
3

2
(90o − α

2
)'Ara h jèsh tou O prosdior�zetai san tom  th diqotìmou th gwn�a A me gnwstì tìxo(Sq ma 100) [1℄.Prìblhma 3.4 D�netai euje�a e kai diadoqik� eujÔgramma tm mata DE,EZ kai ZH p�nwse aut . Me b�sei aut� ta tm mata kataskeu�zoume isoskel  tr�gwna kai sthn sunèqeiarìmbou ètsi ¸ste na dhmiourghje� èna plègma apoteloÔmeno apì �sa eujÔgramma tm mataìpw to Sq ma 101. Na deiqje� ìti h koruf  A tou plègmato isapèqei apì ta akra�a shme�aD kai H th e. H prìtash isqÔei anex�rthta apì to pl jo twn diadoqik¸n eujugr�mmwntmhm�twn.Apìdeixh:Kataskeu�zoume to summetrikì tou sq mato me �xona summetr�a thn e. 'Eqoume è-tsi dhmiourg sei èna megalÔtero plègma apoteloÔmeno apì rìmbou me �se pleurè. Htejlasmènh gramm  HJ!K!A! e�nai eikìna mèsw par�llhlh metafor� th ABGD. 'Arata eujÔgramma tm mata AD kai HA! e�nai par�llhla kai �sa. Epomènw to tetr�pleuroADA!H e�nai parallhlìgrammo me �xona summetr�a thn e, �ra e�nai rìmbo [18℄.
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4 METASQHMATISMOI OMOIOTHTASOi metasqhmatismo� omoiìthta e�nai shmeiako� metasqhmatismo� pou apeikon�zoun èna sq -ma se èna ìmoio tou, dhlad  diathroÔn ti gwn�e kai toÔ lìgou twn antisto�qwn apost�-sewn. Epomènw apeikon�zoun èna eujÔgrammo tm ma se eujÔgrammo tm ma, m�a euje�ase �llh euje�a, èna tr�gwno ABG se èna ìmoiì tou, èna kanonikì polÔgwno se èna ep�-sh kanonikì me �dio pl jo pleur¸n, èna zeÔgo parall lwn eujei¸n se zeÔgo ep�shparall lwn eujei¸n, èna kÔklo se èna �llo kÔklo. 'Opw ja doÔme sthn sunèqeia, giak�je zeÔgo omo�wn sqhm�twn up�rqei èna monadikì metasqhmatismì omoiìthta pouapeikon�zei to èna sq ma sto �llo.4.1 OMOIOJESIA
O
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A

B

A*

A*

B*

A

Sq ma 102: Jetik  omoiojes�a
O

O

AA*

A

A*
B

B*

Sq ma 103: Arnhtik  omoiojes�aOrismì 4.1 'Estw shme�o O tou epipèdou kai arijmì k ∈ ℜ. Or�zoume omoiojes�a
H(O, k) kèntrou O kai lìgou k ton metasqhmatismì H : E −→ E tou epipèdou ston eautìtou pou apeikon�zei k�je shme�o A tou E sto A* ètsi ¸ste OA : OA∗ = k. An o lìgo e�naijetikì, h eikìna A* br�sketai sthn hmieuje�a OA (Sq ma 102), en¸ gia arnhtikì lìgo, oihmieuje�e OA kai OA* e�nai antike�mene (Sq ma 103). Omoiìjeta lègontai dÔo sq matagia ta opo�a up�rqei omoiojes�a H(O, k) pou apeikon�zei to èna sto �llo.O ant�strofo metasqhmatismì H−1(O, k) e�nai omoiojes�a H(O, 1

k
) kèntrou O kai lìgou

1
k
. ParathroÔme ìti ta omoiìjeta eujÔgramma tm mata AB kai A*B* e�nai se k�je per�-ptwsh par�llhla metaxÔ tou kai o lìgo tou A*B*:AB isoÔtai me thn apìluth tim  toulìgou omoiojes�a.SUNJESH OMOIOJESIWNH sÔnjesh H2(Σ, k2) ◦H1(O, k1) e�nai ìpw ja doÔme omoiojes�a H(P, k) ìpou k = k2 · k1.63
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Sq ma 104: SÔnjesh omoiojesi¸nPrìtash 4.1 D�nontai sq ma Q kai omoiojes�e H(O, k1) kai H(Σ, k2) mèsw twn opo�wnto Q apikon�zetai pr¸ta sto Q* kai met� sto Q**. 'Estw A* h eikìna shme�ou A enì sq -mato Q mèsw omoiojes�a H(O, k1) kai A** h eikìna shme�ou A* tou Q* mèsw omoiojes�a
H(Σ, k2). Tìte to shme�o A** e�nai eikìna tou A mèsw omoiojes�a H(P, k) to kèntro Rth opo�a e�nai shme�o th euje�a OS tètoio ¸ste OP

PΣ = k2−1
k1k2−k2

kai k = k2 · k1 (Sq ma104). H euje�a p�nw sthn opo�a br�skontai ta tr�a kèntra O, S kai R twn omoiojesi¸n,onom�zetai �xona omoiìthta twn sqhm�twn Q, Q* kai Q**.Apìdeixh:'Estw B h par�llhlh pro thn OS probol  tou A* p�nw sthn AR. Tìte èqoume ti ana-log�e:
PO

RΣ
=

PO

BA∗
· BA∗

PΣ
=

PA

AB
· A∗A∗∗

A∗∗Σ
=

OA

AA∗
· A∗A∗∗

A∗∗Σ
=

1

k1 − 1
· k2 − 1

k2
=

k2 − 1

k1k2 − k2Parat rhsh:An A2 e�nai h eikìna tou A mèsw th sÔnjesh H1(O, k1) ◦ H2(Σ, k2) tìte h euje�a pouen¸nei to A2 me to A**, e�nai par�llhlh tou �xona omoiìthta .H parap�nw prìtash mpore� na apodeiqje� kai me qr sh tou jewr mato tou Menel�ou.MporoÔme ìmw na thn qrhsimopoi soume gia na apode�xoume to Je¸rhma autì, ìpw kaito antistoiqo tou Ceva .4.2 JEWRHMATA MENELAOU-CEV APrìtash 4.2 An m�a euje�a tèmnei ti pleurè AB, AG ,BG (h ti proekt�sei tou) do-jènto trig¸nou se shme�a K, L, M ant�stoiqa,tìte
AK

KB
· BM

MΓ
· ΓΛ

ΛA
= 1(Je¸rhma Menel�ou).Apìdeixh:JewroÔme dÔo omoiojes�e H1(K, k1) kai H2(L, k2) me lìgou k1 = AK

KB
kai k2 = ΓΛ

ΛA
pouapeikon�zoun to B sto A kai to A sto G ant�stoiqa. H sÔnjesh tou H2◦H1 e�nai omoiojes�a64
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ΜSq ma 105: Suneujeiak� shme�a
H3 pou apeikon�zei to B sto G. To kèntro ìmw aut  th omoiojes�a, br�sketai p�nw sthneuje�a BG kai sthn euje�a twn kèntrwn K kai L, �ra e�nai to shme�o M. O lìgo k3 = MΓ

BMth sÔnjesh aut  isoÔtai me to ginìmeno k2·k1, apì ìpou prokÔptei to zhtoÔmeno. (Sq ma105)Prìtash 4.3 An K, L, M e�nai shme�a twn pleur¸n BG, AG, AB ant�stoiqa, tuqa�outrig¸nou ABG kai oi AK, BL, GM suntrèqoun sto O, tìte
AM

MB
· BK

KΓ
· ΓΛ

ΛA
= 1(Je¸rhma Ceva) Oi AK, BL, GM onom�zontai sebianè tou shme�ou O gia to tr�gwno ABG.
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Sq ma 106: Suntrèqouse euje�eApìdeixh:JewroÔme ti omoiojes�e: H1(M, k1), H2(O, k2), H3(A, k3) kai H4(Γ, k4) me k1 = MA
MB

,
k2 = OB

OΛ , k3 = AΓ
AΛ kai k4 = ΓA

ΓΛ . Apì tou metasqhmatismoÔ autoÔ èqoume:H2(Λ) = B,
H1(B) = A, (H2 ◦ H1)(Λ) = A �ra

OB

OΛ
· MA

MB
=

AΓ

ΓΛkai ìmoia H2(Λ) = B, H1(B) = Γ, (H2 ◦ H1)(Λ) = Γ �ra
OB

OΛ
· KΓ

KB
=

AΓ

AΛ65



apì ti opo�e me dia�resh kat� mèlh prokÔptei to zhtoÔmeno. (Sq ma 106)
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Sq ma 107: Sebianè shme�ou OPrìtash 4.4 An oi AD, BE kai GZ e�nai tre� sebianè shme�ou O tuqa�ou trig¸nou ABG,tìte
AZ

ZB
+

AE

EΓ
=

AO

O∆(Sq ma 107) H parap�nw prìtash, anafèretai san Je¸rhma vanAubel [19℄.Apìdeixh:JewroÔme t omoiojes�e: H1(Z, k1), H2(E, k2), H3(B, k3) kai H4(Γ, k4) me k1 = AZ
ZB

,
k2 = AE

EΓ , k3 = BΓ
B∆ kai k4 = BΓ

Γ∆ To D apeikon�zetai mèsw th H4 sto B kai autì me thseir� tou, mèsw th H1 sto A. 'Ara h eikìna tou D mèsw th sÔnjesh (H1 ◦H4), e�nai toA. H sÔnjesh aut  e�nai omoiojes�a me kèntro to koinì shme�o twn DA kai GZ, dhlad  toO kai lìgo AO
O∆ . Epomènw AO

O∆ = BΓ
Γ∆ · AZ

ZB
. 'Omoia apodeiknÔoume ìti:AO

O∆ = BΓ
B∆ · AE

EΓ . All�
(
Γ∆

BΓ
) + (

B∆

BΓ
) = 1 ⇒

AZ
ZB
AO
O∆

+
AE
EΓ
AO
O∆

⇒ AZ

ZB
+

AE

EΓ
=

AO

O∆OMOIOJETA SQHMATA
O K K*
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E

E*

Z

Z*Sq ma 108: Exwterikì kèntro dÔo kÔklwnPrìtash 4.5 M�a omoiojes�a H(O, k) kèntrou O kai lìgou k, apeikon�zei kÔklo kèntrouK kai akt�na r se kÔklo kèntrou K* kai akt�na r* �sh me |κ| · ρ. Ant�strofa, dÔo �nisoikÔkloi me diaforetika kèntra, e�nai p�nta omoiìjeta sq mata me kèntro omoiojes�a shme�oth diakèntrou aut¸n kai lìgo �so kat' apìluth tim  me ton lìgo twn akt�nwn tou. Tokèntro omoiojes�a e�nai to shme�o tom  twn eswterik¸n h exwterik¸n tou efaptomènwnsti peript¸sei pou autè up�rqoun. (Sq ma 108 h Sq ma 109) Genikìtera kai gia ti66
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Sq ma 109: Eswterikì kèntro dÔo kÔklwnpeript¸sei eke�ne sti opo�e den up�rqei koin  eswterik  h exwterik  efaptomènh, takèntra omoiojes�a qwr�zoun to eujÔgrammo tm ma KK* twn dÔo kèntrwn se eswterikìkai exwterikì lìgo �so me ton lìgo twn antisto�qwn akt�nwn tou.Apìdeixh:To omoiìjeto th tuqa�a akt�na KA e�nai to K*A* par�llhlo tou KA kai me stajerìlìgo. To omoiìjeto th k�jeth se koin  efaptomènh akt�na e�nai h k�jeth apì to K*pro thn koin  efaptomènh. An A kai A* e�nai �kra par�llhlwn akt�nwn twn dÔo kÔklwn,h euje�a AA* pern� apì to kèntro omoiojes�a.
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Sq ma 110: Kèntra omoiojes�a tri¸n kÔklwnPrìtash 4.6 'Estw tre� kÔkloi diaforetik¸n kèntrwn kai akt�nwn. Oi kÔkloi auto�67



èqoun an� dÔo, èna eswterikì kai èna exwterikì kèntro omoiojes�a. Ta èxi aut� kèntrabr�skontai an� tr�a se tèsseri �xone omoiìthta twn sqhm�twn aut¸n (Sq ma 110).Sugkekrimèna k�je èna apì tou tre� �xone perièqei èna kèntro jetik  kai dÔo arnhtik omoiojes�a kai o tètarto perièqei ta tr�a kèntra jetik  omoiojes�a.Apìdeixh:H apìdeixh e�nai �mesh apì thn prìtash pou anafèretai sth sÔnjesh omoiojesi¸n, para-thr¸nta ìti h sÔnjesh dÔo arnhtik¸n omoiojesi¸n e�nai jetik  omoiojes�a.
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Sq ma 111: Jetik� omoiìjeta tr�gwna
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Α!
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Γ!Sq ma 112: Arnhtik� omoiìjeta tr�gwnaPrìtash 4.7 To omoiìjeto trig¸nou ABG w pro omoiojes�a H(O, κ) kèntrou O pouden an kei se pleur� oÔte sump�ptei me koruf  tou trig¸nou ABG, e�nai tr�gwno A!B!G!ìmoio tou arqikoÔ me lìgo omoiìthta �so me |κ| kai pleurè par�llhle me ti ant�stoiqetou arqikoÔ. Ant�strofa, dÔo ìmoia tr�gwna me par�llhle pleurè e�nai omoiìjeta, mekèntro omoiojes�a to shme�o tom  twn AA!, BB! kai GG! oi opo�e eÔkola apodeiknÔetaiìti suntrèqoun. An to shme�o sto opo�o suntrèqoun oi parap�nw euje�e e�nai exwterikìtwn ant�stoiqwn eujugr�mmwn tmhm�twn èqoume jetik  omoiojes�a (Sq ma 111), en¸ seant�jeth per�ptwsh èqoume arnhtik  omoiojes�a ( Sq ma 112). An to kèntro omoiojes�asump�ptei me koruf  tou arqikoÔ trig¸nou, ta dÔo apì ta tr�a zeÔgh omolìgwn pleur¸nèqoun koinì forèa ,(Sq ma 114) en¸ an to kèntro O an kei se pleur� tou ABG, h pleur�aut  èqei koinì forèa me thn omìlog  th.(Sq ma 113)Apìdeixh:Ta tr�gwna OAB kai OA!B! e�nai ìmoia me lìgo omoiìthta k, �ra AB kai A!B! e�nai68
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Sq ma 113: To O an kei sthn AG
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=Sq ma 114: To O taut�zetai me to Apar�llhla kai A!B!:AB=k. An AB//A!B! kai A!B!:AB=k tìte ta tr�gwna OA!B! kai OABe�nai ìmoia me lìgo omoiìthta �so me k, ìpou O e�nai to shme�o tom  twn AA! kai BB!.Prìtash 4.8 H euje�a pou en¸nei to shme�o tom  twn diagwn�wn me eke�no twn mh pa-rall lwn pleur¸n enì trapez�ou ABGD, pern� apì ta mèsa twn parall lwn pleur¸ntou.Apìdeixh:Oi par�llhle pleurè k�je trapez�ou e�nai omoiìjeta eujÔgramma tm mata w pro dÔoomoijes�e. M�a jetik  me kèntro to shme�o tom  twn mh parall lwn pleurwn tou kai m�aarnhtik  me kèntro to shme�o tom  twn diagwn�wn tou. Kai sti dÔo autè omoiojes�e,to mèson th m�a pleur� apeikon�zetai sto mèson th �llh. H euje�a pou or�zetai apìdÔo omìloga shme�a pern� apì to kèntro omoiojes�a(Sq ma 115).4.3 EFARMOGH THS OMOIOJESIAS SE PROBLHMATAPrìblhma 4.1 D�netai trapèzio ABGD. Me pleurè ti par�llhle pleurè AB kai GD,kataskeu�zoume isìpleura tr�gwna ABZ, GDE kai GDJ ìpw sto Sq ma 116. Na deiqje�ìti h Zj pern� apì to shme�o tom  twn diagwn�wn kai h ZE apì to shme�o tom  twn ADkai BG. 69
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Sq ma 115: Omoiojes�a sto trapèzio
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Sq ma 116: Isìpleura se trapèzioApìdeixh:Ta tr�gwna ABZ kai GDJ e�nai omoiìjeta me eswterikì kèntro omoiojes�a to K, en¸ taABZ kai GDE e�nai omoiìjeta me exwterikì kèntro omoiojes�a to O (Sq ma 116). To �diosumba�nei an ant� gia isìpleura, kataskeu�soume ìmoia metaxÔ tou tr�gwna (Sq ma 117)Prìblhma 4.2 An AB kai GD e�nai oi par�llhle pleurè trapez�ou ABGD kai E toshme�o tom  twn diagwn�wn tou, na deiqje� ìti oi perigegrammènoi kÔkloi twn trig¸nwnABE kai GDE, ef�ptontai exwterik� sto E kai h di�kentro tou pern� apì to E.Apìdeixh:To shme�o E e�nai kèntro arnhtik  omoiojes�a pou apeikon�zei thn AB sthn GD, �ra kaitotr�gwno ABE sto GDE. Epomènw to shme�o E e�nai kèntro omoiojes�a, �ra kai shme�oepaf  twn dÔo kÔklwn.Prìblhma 4.3 Na eggrafe� tetr�gwno se dojèn tr�gwno ABG, me thn m�a pleur� ep� thBG kai ti �lle dÔo korufè ep� twn AB kai AG.70
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Sq ma 117: 'Omoia tr�gwna se trapèzioApìdeixh:To tetr�gwno BGDJ pleur� BG e�nai omoiìjeto tou zhtoÔmenou me kèntro omoiojes�ato A kai lìgo JK:DE. Br�skonta ta J kai K, prosdior�zoume ta D kai E.(Sq ma 119)Prìblhma 4.4 Se dojèn tetr�pleuro ABGD na eggrafe� rìmbo, me pleurè par�llhlepro ti pleurè tou tetrapleÔrouApìdeixh:'Estw KLMN o zhtoÔmeno rìmbo (Sq ma120). Kataskeu�zome rìmbo BDZE me pleur�thn diag¸nio BD tou tetrapleÔrou. Oi dÔo rìmboi e�nai omoiìjeta sq mata me kèntro thnkoruf  A, giat� A e�nai to exwterikì kèntro twn omoiìjetwn tmhm�twn BD kai LK. 'Etsi hzhtoÔmenh kataskeu  e�nai p�nta dunat , kaj¸ oi AE kai AZ tèmnoun p�nta ti BG kaiGD,�ra ta shme�a M kai N prosdior�zontai.Prìblhma 4.5 Na aqje� euje�a, dierqìmenh apì dojèn shme�o M kai to shme�o tom  dÔodojèntwn temnìmenwn eujei¸n.Apìdeixh:Or�zoume omoiojes�a kèntrou M kai lìgou arket� mikroÔ ¸ste oi eikìne twn dojèntwneujei¸n mèsw tou metasqhmatismoÔ autoÔ na tèmnontai se shme�o O pou e�nai prosegg�simo.H euje�a OM dièrqetai kai apì to mh prosegg�simo shme�o tom  twn dojèntwn eujei¸n,kaj¸ dièrqetai apì to kèntro omoiojes�a kai apì thn eikìna tou (Sq ma 121) [2℄.Prìblhma 4.6 Na aqje� euje�a dierqìmenh apì dojèn shme�o M kai par�llhlh pro thneuje�a pou or�zetai apì ta dÔo shme�a tom  dÔo dojèntwn zeug¸n temnìmenwn eujei¸n, taopo�a den mporoÔme na prosegg�soume se k�poio sq ma.Apìdeixh:'Estw e1, e2 kai e3, e4 dÔo zeÔgh temnìmenwn eujei¸n. Kataskeu�zome ti eikìne tou71
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Sq ma 118: Efaptìmenoi kÔkloimèsw omoiojes�a kèntrou M kai lìgou arket� mikrou, ¸ste oi eikìne tou na tèmnontaise shme�a pou mporoÔme na prosegg�soume (Sq ma 122) [2℄.Prìblhma 4.7 Na apodeiqje� ìti to barÔkentro enì trig¸nou ABG br�sketai sthn euje�apou or�zetai apì to orjìkentro H kai to per�kentro O (euje�a tou Euler) kai qwr�zei toeujÔgrammo tm ma OH se lìgo 1:2.Apìdeixh:To tr�gwno MNL pou en¸nei ta mèsa twn pleur¸n tou ABG e�nai omoiìjeto autoÔ mekèntro G kai lìgo −1
2 . To per�kentro O e�nai orjìkentro tou MNL, �ra apeikon�zetai stoH, epomènw h euje�a pou or�zoun pern� apì to kèntro omoiojes�a G kai OG

GH
= 1

2(Sq ma123).Prìblhma 4.8 Na deiqje� ìti oi euje�e pou �gontai apì ta mèsa twn pleur¸n tuqa�outrig¸nou ABG par�llhle pro ti diqotìmou twn apènanti gwni¸n, suntrèqoun se shme�oK pou br�sketai p�nw sthn euje�a pou en¸nei to èkkentro I me to barÔkentro G tou trig¸noukai KG
GI

= 1
2Apìdeixh:'Opw kai sto prohgoÔmeno prìblhma, ta tr�gwna MNL kai ABG e�nai omoiìjeta. Oieuje�e pou fèrame par�llhla me ti diqotìmou tou ABG e�nai omoiìjete me autè wpro thn �dia omoiojes�a, �ra suntrèqoun se shme�o K, pou e�nai h eikìna tou èkkentrou I.(Sq ma 124)Prìblhma 4.9 D�netai tr�gwno ABG, o eggegrammèno tou kÔklo (I,r), kaj¸ kai oitre� pareggegrammènoi se autì kÔkloi (Iα, ρα), (Iβ , ρβ) kai (Iγ , ργ). Na deiqje� ìti:a)To antidiametrikì shme�o tou shme�ou epaf  tou (I,r) me m�a pleur� tou ABG (èstwZ antidiametrikì tou shme�ou epaf  E me thn a) kai to shme�o epaf  tou ant�stoiqoupareggegrammènou kÔklou me thn �dia pleur� (èstw K), e�nai suneujeiak� me thn ant�stoiqh72
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Θ ΚSq ma 119: Eggraf  tetrag¸nou se tr�gwnokoruf  (dhlad  ta A, K kai Z e�nai suneujeiak�).b)Oi AK, BS kai GR suntrèqoun se shme�o N, suneujeiakì me ta I kai G kai isqÔei IG
GN

= 1
2 ,ìpou S kai R ta ant�stoiqa shme�a epaf  twn (Iβ , ρβ) kai (Iγ , ργ) me ti ant�stoiqepleurè. To shme�o N onom�zetai shme�o Nagel tou trig¸nou (Sq ma 125).Apìdeixh:a) Fèrnoume thn par�llhlh apì to Z pro thn BG, h opo�a ef�ptetai tou eggegrammènoukÔklou kai tèmnei tie AB kai AG sta J kai L. Ta tr�gwna AJL kai ABG e�nai omoiìjetame kèntro A kai lìgo AJ:AB, �ra to �dio isqÔei kai gia tou kÔklou (I,r) kai (Iα, ρα).'Ara to shme�o K e�nai h eikìna tou Z.b) To mèso M th BG e�nai mèso kai th EK kaj¸ BE=KG=t-b, ìpou t h hmiper�metrotou ABG. 'Ara h AK e�nai par�llhlh th IM kai to �dio isqÔei gia ti BS kai GR me ti IEkai IP ant�stoiqa. 'Etsi oi AK, BS kai GR suntrèqoun sto shme�o N me IG

GN
= 1

2 lìgw thomoiojes�a twn trig¸nwn MEP kai ABG me kèntro to G.Prìblhma 4.10 Na deiqje� ìti ta mèsa L, M, N twn pleur¸n tuqa�ou trig¸nou ABG, ta�qnh twn uy¸n tou kai ta mèsa twn tmhm�twn pou en¸noun ti korufè tou me to orjìkentrotou, e�nai omokuklik� shme�a kai to kèntro tou kÔklou tou e�nai to mèso th OH, ìpou Oto per�kentro kai H to orjìkentro tou trig¸nou (KÔklo twn ennèa shme�wn, h kÔklo tou
Euler).Apìdeixh:To tr�gwno LMN pou ìpw e�dame e�nai omoiìjeto tou arqikou, èqei per�kentro to K,thneikìna tou O mèsw th omoiojes�a kèntrou G kai lìgou 1

2 . 'Ara GK
GO

= 1
2 . Epomènw to Ke�nai mèso tou HO kai h akt�na tou kÔklou e�nai ,ìpou R h akt�na tou per�kuklou tou ABG.Arke� na de�xoume ìti kai ta upìloipa 6 shme�a an koun ston kÔklo (K,R2 . To tr�gwnoSRP e�nai omoiìjeto tou ABG me kèntro H kai lìgo 1

2 , �ra o per�kuklo tou e�nai o (K,R2 .Ta �qnh tèlo twn tri¸n uy¸n e�nai shme�a tou �diou kÔklou kaj¸ ta summetrik� tou wpro �xone k�jetou sti ant�stoiqe pleurè, e�nai ta mèsa twn pleur¸n aut¸n. (Sq ma126). 73
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Sq ma 120: Eggraf  rìmbou se tetr�pleuro
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Sq ma 121: Shme�o tom  dÔo eujei¸n
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Sq ma 122: DÔo zeÔgh temnìmenwn eujei¸n74
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Sq ma 123: Euje�a Euler
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Sq ma 124: Suntrèqouse euje�e
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Sq ma 125: Suneujeiak� kèntra
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Sq ma 126: KÔklo 9 shme�wn
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4.4 OMOIOTHTA OMORROPOS((Spiral Similarity)

O

A

A*

A**Sq ma 127: Omìrroph omoiìthtaOrismì 4.2 Onom�zoume ommìrropo omoiìthta (spiralsimilarity h homology) thn opo�asun jw onom�zoume apl� omoiìthta, ton metasqhmatismì pou e�nai sÔnjesh mi� omoio-jes�a H(O, κ) kai mi� omorrìpou isìthta. Dhlad  m�a omoiìthta, isoduname� p�ntame sÔnjesh mi� jetik  omoiojes�a me m�a strof  R(O, θ)(Sq ma 127). To kèntro Oonom�zetai kèntro h diplì shme�o omoiìthta tou metasqhmatismoÔ.Parat rhsh E�nai eÔkolo na parathr soume ìti h parap�nw sÔnjesh e�nai antimetajetik .An h omoiojes�a H(O, κ) e�nai jetik , h ant�stoiqh sÔnjesh me arnhtik  omoiojes�a e�naiisodÔnamh me sÔnjesh jetik  omoiojes�a me strof  kat� gwn�a megalÔterh kat� p kaj¸h arnhtik  omoiojes�a e�nai sÔnjesh th ant�stoiqh jetik  me m�a hmistrof :
H(O,−κ) = H(O, κ)◦R(O, π) ⇒ H(O,−κ)◦R(O, θ) = H(O, κ)◦R(O, π)◦R(O, θ) = H(O, κ)◦R(O, π+θ)Prìtash 4.9 Dedomènwn dÔo omorrìpw omo�wn sqhm�twn Q kai U, up�rqei m�a monadik omoiìthta pou apeikon�zei to Q sto U. Omorrìpw ìmoia, lègontai dÔo ìmoia sq mata Qkai Y, tètoia ¸ste an Q* e�nai h eikìna tou Q mèsw jetik  omoiojes�a lìgou �sou me tolìgo omoiìthta tou Y pro to Q, ta Q* kai U e�nai omorrìpw �sa.KÔklo omoiìthta D�nontai dÔo kÔkloi diaforetik¸n kèntrwn K kai L kai diaforeti-k¸n akt�nwn. O Apoll¸nio kÔklo twn K kai L me lìgo �so me ton lìgo twn ant�stoiqwnakt�nwn tou, onom�zetai kÔklo omoiìthta(similaritycircle) twn dÔo kÔklwn kai e�naio gewmetrikì tìpo twn kèntrwn omoiot twn pou apeikon�zoun ton èna kÔklo ston �l-lo (Sq ma 128). O kÔklo omoiìthta, sthn per�ptwsh xènwn metaxÔ tou kÔklwn, èqeiprofan¸ di�metro to eujÔgrammo tm ma pou èqei �kra to eswterikì kai to exwterikìkèntro omoiojes�a twn dÔo kÔklwn. Sthn per�ptwsh temnìmenwn kÔklwn, o kÔklo autìpern� apì ta koin� shme�a twn dÔo kÔklwn (Sq ma 129). Sthn per�ptwsh omìkentrwnkÔklwn, up�rqei èna mìno kèntro omoiìthta, to koinì tou kèntro,to opo�o e�nai kèntroth omoiojes�a pou apeikon�zei ton èna ston �llo.Prìtash 4.10 'Estw dÔo temnìmenoi se shme�a A kai B kÔkloi, kèntrwn O kai K. K�jeèna apì ta shme�a tom  e�nai kèntro omoiìthta gwn�a �sh me thn gwn�a ÔAK kai lìgou�sou me ton lìgo twn akt�nwn tou. Ep�sh to eujÔgrammo tm ma pou en¸nei dÔo omìlogashme�a dièrqetai apì to deÔtero shme�o tom  twn dÔo kÔklwn.Apìdeixh:Kèntro omoiìthta dÔo kÔklwn 'Estw QQ* èna eujÔgrammo tm ma me �kra stou dÔokÔklou, pou pern� apì to B. To tr�gwno AQQ* paramènei ìmoio pro eautì kai ìmoiopro to stajerì AOK. 77
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Sq ma 128: KÔklo omoiìthta
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Sq ma 129: KÔklo omoiìthta temnìmenwn kÔklwnPrìblhma 4.11 D�netai orjog¸nio ABGD eggegrammèno se kÔklo kai shme�o S tou kÔ-klou. An oi par�llhle apì to S pro ti pleurè tou orjogwn�ou tèmnoun ti pleurè AB,GD, AD kai BG (  ti proekt�sei tou) sta shme�a E, Z, H kai J ant�stoqa, na deiqje�ìti oi EH kai JZ e�nai k�jete kai tèmnontai p�nw sthn diag¸nio BD [10℄.Apìdeixh:Apì thn omoiìthta twn orjogwn�wn ESJB kai HSZD, prokÔptei ìti to S e�nai kèntroomoiìthta orj  gwn�a pou apeikon�zei ton per�kuklo tou pr¸tou se eke�no tou deÔterou.H eikìna tou B e�nai to D, tou J e�nai to Z kai tou E to H. Epomènw ta eujÔgrammatm mata BD, JZ kai EH pern�ne apì to deÔtero koinì shme�o twn dÔo kÔklwn, to O. Ep�plèon to S apotrle� kai kèntro omoiìthta orj  gwn�a, twn omo�wn orjogwn�wn SEAHkai SJGZ. Epomènw oi omìloge diag¸nie tou EH kai JZ tèmnontai kajeta (Sq ma131).Prìtash 4.11 'Estw A*B*G* h eikìna enì trig¸nou ABG mèsw mi� omoiìthta kai A!,B! kai G! shme�a pou qwr�zoun ti AA*, BB* kai GG* se �sou lìgou. Tì tr�gwno A!B!G!78
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Sq ma 130: Kèntro omoiìthta dÔo kÔklwn
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Sq ma 131: Eggegrammèno orjog¸nioe�nai ìmoio me to arqikì.Apìdeixh:An O to stajerì shme�o th arqik  omoiìthta, tìte e�nai to stajerì shme�o �llhomoiìthta pou apeikon�zei to AA* sto BB*, �ra kai to AA! sto BB!. 'Etsi up�rqeiomoiìthta kèntrou O kai gwn�a �sh me thn AOA! pou apeikon�zei to AA! sto BB!. 'Arah omoiìthta kèntrou O kai gwn�a �sh me ÂOB apeikon�zei to AB sto A!B!. Me ton �diotrìpo apodeiknÔetai ìti h teleuta�a omoiìthta, apeikon�zei to AG sto A!G! kai to BG stoB!G!, dhlad  telik� to tr�gwno ABG sto A!B!G! (Sq ma 132).4.5 OMOIOTHTA ANTIRROPOS((Dilative Reflection)Orismì 4.3 Ant�rropo   speiroeid  omoiìthta (dilativereflection h antihomology)onom�zetaio metasqhmatismì pou e�nai sÔnjesh mi� omoiojes�a H(O, κ) kai mi� ant�rroph isìth-ta. Dhlad  m�a ant�rropo omoiìthta, isoduname� p�nta me th sÔnjesh mi� omoiojes�a79
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Sq ma 132: 'Omoia tr�gwnakèntrou O kai mi� an�klash se �xona e pou pern� apì to O. To shme�o O onom�zetaikèntro th ant�rroph omoiìthta. (Sq ma 133)
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Sq ma 133: Ant�rropo omoiìthtaPrìtash 4.12 Dedomènwn dÔo antirrìpw omo�wn sqhm�twn Q kai Y, up�rqei m�a mo-nadik  ant�rropo omoiìthta pou apeikon�zei to Q sto Y. Antirrìpw ìmoia lègontai dÔoìmoia sq mata Q kai Y, tètoia ¸ste an Q* e�nai h eikìna tou Q mèsw omoiojes�a lìgou�sou me to lìgo omoiìthta tou Y pro to Q, ta Q* kai U e�nai antirrìpw �sa.Apìdeixh:'Estw AB kai A*B* dÔo omìloga eujÔgramma tm mata tou metasqhmatismoÔ. An O e�naito diplì shme�o tou metasqhmatismoÔ, tìte oi lìgoi OA/OA* kai OB/OB* e�nai �soi meton lìgo AB/A*B*. Epomènw o �xona e tou metasqhmatismoÔ pern� apì ta shme�a Mkai N pou qwr�zoun ta AA* kai BB* se lìgou �sou me tou tre� parap�nw kai diqotome�ti gwn�e pou sqhmat�zoun oi OA me OA*, OB kai me OB*, ìpw ep�sh e�nai par�llhloth diqotìmou d th gwn�a pou sqhmat�zei to AB me thn hmieuje�a Aq, par�llhlh touA*B*. 'Estw A!B! to summetrikì tou AB w pro thn e. To shme�o O prosdior�zetai sankèntro omoiojes�a twn A!B! kai AB (Sq ma 134).Parat rhsh 1:Me ton �dio trìpo mporoÔme na ekfr�soume thn parap�nw ant�rropo omoiìthta, sansÔnjesh an�klash se euje�a e! k�jeth sthn e kai par�llhlh th exwterik  diqotìmouth gwn�a pou sqhmat�zei to AB me thn hmieuje�a Aq (Sq ma 135). Kai h e!, ìpw he, dièrqontai apì to shme�o O, to opo�o e�nai to shme�o tom  twn Apoll¸niwn kÔklwntwn eujugr�mmwn tmhm�twn AA* kai BB* me lìgo AB/A*B*. To O e�nai kèntro jetik 80
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Sq ma 134: Kèntro omoiìthtaomoiojes�a tou A!B! me to AB, en¸ e�nai kèntro arnhtik  omoiojes�a tou A!!B!!, (èikìnaan�klash tou AB w pro e!) me to AB. H euje�a e onom�zetai euje�a twn analìgwndiairèsewn gia ti euje�e AB kai A!B!.Parat rhsh 2:Sthn per�ptwsh pou o lìgo omoiìthta e�nai �so me 1, dhlad  èqoume AB=A*B*, heuje�a e onom�zetai euje�a twn mèswn ìpw thn onìmase pr¸to o Chasles to 1860. Sthnper�ptwsh aut , to èna tm ma apeikon�zetai sto �llo mèsw olisjan�klash me �xona thne (Sq ma 136).Prìtash 4.13 'Estw tuqa�o tetr�pleuro ABGD, L, N ta armonik� suzug  twn B, D melìgo �so pro AB/GD kai K, M ta armonik� suzug  twn A, G me ton idio lìgo. Tìte oiLK kai MN tèmnontai k�jeta se shme�o O pou e�nai kèntro speiroeidoÔ omoiìthta pouapeikon�zei thn pleur� AB sthn GD.Apìdeixh:ProkÔptei �mesa apì thn prohgoÔmenh prìtash, kaj¸ to shme�o O e�nai koinì shme�o twnant�stoiqwn Apoll¸niwn kÔklwn twn dÔo diagwn�wn (Sq ma 137).Parat rhsh:To deÔtero koinì shme�o S twn dÔo kÔklwn e�nai kèntro omìrroph omoiìthta pou apei-kon�zei thn AB sthn GD, epomènw e�nai koinì shme�o kai twn kÔklwn ARB kai GRD, ìpouR e�nai to koinì shme�o twn AG kai BD.Prìblhma 4.12 Na kataskeuaste� tetr�pleuro ABGD ìtan d�nontai ta m kh twn tess�-rwn pleur¸n tou kai to �jroisma dÔo apènanti gwni¸n tou.Apìdeixh:'Estw ABGD to pro kataskeu  tetr�pleuro. Me pleur� BG, kataskeu�zome tetr�pleu-ro BGZE ìmoio tou arqikoÔ, ètsi ¸ste to teleuta�o na e�nai eikìna tou arqikoÔ, mèswantirrìpou omoiìthta pou apeikon�zei to eujÔgrammo tm ma AD sto GB.
∆̂AB + ÂBΓ + Γ̂BE + B̂EZ = 3600Epomènw to ADZE e�nai trapèzio kai kataskeu�zetai apì ta gnwst� m kh twn tess�rwnpleur¸n tou, kaj¸ oi pleurè AE kai DZ e�nai b�sei trg¸nwn AEB kai DZG ant�stoiqa,ta opo�a èqooun gnwst� m kh twn �llwn dÔo pleur¸n kai ti perieqìmene gwn�e �se meta ajro�smata twn apènanti gwni¸n tou ABGD. (Sq ma 138).81
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Sq ma 135: Kèntro omoiìthtaPrìblhma 4.13 Na apodeiqje� ìti apì ta tetr�pleura ABGD me dedomèna m kh pleur¸n,to mègisto embadìn èqei to eggr�yimo.Apìdeixh:Efarmìzoume thn omoiìthta tou prohgoÔmenou probl mato kai kataskeu�zoume to tetr�-pleuro DGEZ. Sthn jèsh ABMN pou to arqikì tetr�pleuro e�nai eggr�yimo, oi pleurèNH kai MJ tou ìmoioÔ tou NMJH, e�nai proekt�sei twn AN kai BM (Sq ma 139). Ep�shapodeiknÔetai ìti h probol  th pleur� HJ p�nw sthn AB e�nai stajer  gia ti di�forejèsei twn koruf¸n G kai D, an krat soume stajer  th jèsh th AB kai ta m kh twnpleur¸n tou arqikoÔ tetrapleÔrou. Epomènw to trapèzio ABJH èqei to mègisto Ôyoapì ìla ìsa sqhmat�zontai, epomènw kai to mègisto embadìn.4.6 SHMEIA BROCARDPrìtash 4.14 'Estw O1 kai O2 ta shme�a Brocard tuqa�ou trig¸nou ABG kai Q toshme�o tom  twn AO1 kai BO2, R to shme�o tom  twn ΓO1 kai AO2 kai U to shme�otom  twn BO1 kai ΓO2. Tìte ta O1 kai O2 isapèqoun apì to per�kentro O tou ABG kai
Ô1OO2 = 2ω ìpou w h gwn�a Brocard tou ABG. Ep�sh to tr�gwno URQ e�nai antirrìpwìmoio tou ABG kai oi korufè tou an koun ston kÔklo O1O2O (kÔklo Brocard). Totr�gwno URQ onom�zetai pr¸to tr�gwno Brocard tou trig¸nou ABG.Apìdeixh:'Estw DEZ to tr�gwno pou or�zetai apì ta shme�a tom  me ton per�kuklo tou ABG, twneujei¸n pou or�zontai apì to O1 kai k�je m�a apì ti korufè tou arqikoÔ trig¸nou (Sq ma140). Ta tìxa BD, GZ kai AE èqoun mètro dipl�sio th gwn�a Brocard w. Epomènw totr�gwno DEZ e�nai eikìna tou ABG mèsw strof  per� to O kai gwn�a �sh me 2w. Apì82
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Sq ma 136: Euje�a twn mèswnti eggegrammène gwn�e Â∆E = B̂Z∆ = Γ̂EZ = ω, prokÔptei ìti to shme�o O1 e�naideÔtero shme�o Brocard tou trig¸nou DEZ. Epomènw to O1 e�nai eikìna tou O2 mèswstrof  kèntrou O kai gwn�a 2w. Apì tatr�gwna AQB, BUG kai GRA, blèpoume ìti
B̂XO1 = Ô1ΥO2 = ÂPO1 = 2ω, epomènw ta shme�a Q, U kai R an koun ston kÔklo
O1OO2. 'Ara gwn�e tou trig¸nou QUR e�nai:

X̂ = P̂O1Υ = Γ̂, Υ̂ = X̂O2P = Â, P̂ = X̂O1Υ = B̂Prìblhma 4.14 Na deiqje� ìti to pr¸to tr�gwno Brocard enì trig¸nou ABG èqei koinìbarÔkentro me to ABG.Apìdeixh:'Estw RLS to pr¸to tr�gwno Brocard kai G to barÔkentro tou ABG. An Q e�nai tosummetrikì tou R w pro thn BG (Sq ma 141), ta tr�gwna SBQ kai LQG e�nai �sa metaxÔtou kaj¸ e�nai kai ta dÔo ìmoia me to ABG (me ant�stoiqa kèntra omoiìthta ta Bkai G) kai ep� plèon èqoun BQ=QG. Epomènw AS=SB=LQ kai SQ=LG=AL. Apì toparallhlìgrammo ASQL prokÔptei ìti oi AQ kai SL diqotomoÔntai. 'Ara to shme�o Ge�nai barÔkentro tou ARQ, epomènw kai tou RSL.Prìblhma 4.15 Na deiqje� ìti oi probolè twn dÔo shme�wn Brocard tuqa�ou trig¸nousti pleurè tou, e�nai omokuklik� shme�a kai ta tr�gwna pou or�zontai apì ti probolèautè e�nai �sa.Apìdeixh:'Estw O1 kai O2 to pr¸to kai deÔtero shme�a Brocard tou trig¸nou ant�stoiqa kai
A1, B1, Γ1, A2, B2, Γ2 oi probolè tou sti pleurè tou(Sq ma 142). Ta tr�gwna A1B1Γ1kai A2B2Γ2 e�nai eikìne tou ABG omoiot twn lìgou λ = O1A1

O1A
= O2A2

O2A
, gwn�a �sh me w(kat� ant�jete forè) kai kèntrwn O1 kai O2 ant�stoiqa. Epomènw ta tr�gwna aut� e�nai�sa. Ep�sh, oi eikìne tou per�kentrou O tou ABG mèsw twn parap�nw metasqhmatism¸ntaut�zontai me to mèso K tou O1O2 kaj¸ to tr�gwno O1O2O e�nai isoskelè me gwn�akoruf  Ô = 2ω ìpou w e�nai h gwn�a Brocard tou trig¸nou ABG.Prìblhma 4.16 'Estw tr�gwno ABG kai A1, B1, Γ1 shme�a tou perigegrammènou tou kÔ-klou, tètoia ¸ste oi euje�e AB1, BΓ1, ΓA1 na sqhmat�zoun �se gwn�e me ti pleurè AB,BG, GA ant�stoiqa. Tìte to tr�gwno DEZ pou sqhmat�zetai apì ti euje�e autè e�nai83
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Sq ma 137: Anallo�wte euje�e tetrapleÔrouìmoio me to ABG me koinì pr¸to shme�o Brocard (èstw O1). To tr�gwno A1B1Γ1 e�nai �some to arqikì kai èqei koinì to deÔtero shme�o Brocard (èstw O2) meto DEZ. Ep�sh to O1e�nai kèntro omoiìthta twn ABG kai DEZ kai to O2 e�nai kèntro omoiìthta tou DEZ meto A1B1Γ1.Apìdeixh:Apo ta eggegrammèna tetr�pleura AO1∆B,ΓO1ZA kai BO1EΓ prokÔptoun oi isìthtegwni¸n:
Ẑ∆O1 = ÂBO1, Ô1∆E = Ô1AB = Ô1BΓ ⇒ B̂ = Ẑ∆Ekai ìmoia apodeiknÔetai ìti ∆̂EZ = Γ̂ kai ∆̂ZE = Â (Sq ma 143). Apì ti parap�nwisìthte prokÔptei ep�sh ìti to O1 e�nai kèntro omoiìthta pou apeikon�zei to ABG stìDEZ. To tr�gwno A1B1Γ1 e�nai �so me to arqikì ABG, kaj¸ e�nai strof  tou ABG katagwn�a �sh me to misì twn �swn tìxwn BB1, ΓΓ1, AA1. An jewr soume t¸ra san arqikìtr�gwno to A1B1Γ1, prokÔptei to �dio sumpèrasma gia ta tr�gwna DEZ kai A1B1Γ1 mekèntro omoiìthta to O2.Prìblhma 4.17 D�nontai tre� kÔkloi (O1, r1)(O2, r1) kai (O3, r3) , ana dÔo temnìmenoi.'Estw A, B ta shme�a tom  twn duo pr¸twn kÔklwn, G, D tou deÔterou me ton tr�to kaiE, Z tou tr�tou me ton pr¸to, ìla diaforetik� metaxÔ tou. 'Estw P1 tuqa�o shme�o toupr¸tou kÔklou, P2 to deÔtero shme�o tom  th P1A me ton deÔtero, 3 todÔtero shme�otom  th P2G me ton tr�to kai P4 toant�stoiqo shme�o tom  th P3E me ton pr¸to kÔklo.84
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Sq ma 138: Omoiìthta tetrapleÔrou'Omoia or�zoume ta shme�a P5, P6 kai P7 me qr sh twn �llwn shme�wn tom , B, D kai Z.Na deiqje� ìti to P7 taut�zetai me to P1 (Sq ma 144).Apìdeixh:To P2 e�nai eikìna tou P1 mèsw metasqhmatismoÔ omoiìthta kèntrou A pou apeikon�zeito O1 sto O2. 'Omoia or�zontai kai ta P2, P3 kai P4. 'Etsi to P4 e�nai eikìna tou R1mèsw sÔnjesh tri¸n omoiot twn twn opo�wn to ginìmeno twn lìgwn isoÔtai me r1

r2

r2

r3

r3

r1
=

1, �ra e�nai strof  kèntrou O1 kai gwn�a �sh me to �jroisma twn tri¸n omoiot twn.'Omoia to P7 e�nai eikìna tou P4 mèsw sÔnjesh ant�stoiqwn omoiot twn �diwn lìgwn all�ant�jetwn gwni¸n me ti prohgoÔmene. 'Etsi to P7 e�nai eikìna tou P4 mèsw ant�strofoumetasqhmatsmoÔ autoÔ pou apeikìnize to P1 sto P4. Epomènw to P7 taut�zetai me to P1.4.7 TRIGWNO OMOIOTHTAS-KUKLOS OMOIOTHTASPrìtash 4.15 'Estw Σ1, Σ2 kai Σ3 tr�a ìmoia sq mata kai O1, O2 kai O3 ta kèntraomoiìthta twn (Σ2, Σ3), (Σ1, Σ3) kai (Σ1, Σ2) ant�stoiqa. To tr�gwno O1O2O3 onom�zetaitr�gwno omoiìthta twn tri¸n sqhm�twn kai o perigegrammèno tou kÔklo onom�zetaikÔklo omoiìthta twn sqhm�twn aut¸n. An A1B1, A2B2, A3B3 tr�a ant�stoiqa tm matatwn sqhm�twn aut¸n kai KMN to tr�gwno pou sqhmat�zetai apì tou fore� twn tri¸ntmhm�twn (Sq ma 145), tìte: a) Oi euje�e NO1, MO2, KO3 suntrèqoun se shme�o toukÔklou omoiìthta. b) Oi per�kukloi twn trig¸nwn A1A2K, A2A3N kai A1A3M èqounkoinì shme�o pou br�sketai ston kÔklo omoiìthta twn tri¸n sqhm�twn.Apìdeixh:'Estw R to shme�o tom  twn MO2 kai KO2. Apì ta eggr�yima tetr�pleura XO2B1M kai
XB1KO3 prokÔptei ìti oi gwn�e Ô2XO3 kai M̂PK e�nai paraplhrwmatikè. Epomènwta shme�a O2, O3, R kai Q e�nai omokuklik�. Me ìmoio trìpo apodeiknÔetai ìti ta shme�a
O2, O3, R kai U e�nai omokuklik�. Epomènw oi MO2 kai KO2 tèmnontai p�nw ston kÔklo
XΥO2 (o o•po�o pern� kai apì to shme�o O3. 'Omoia apodeiknÔoume ìti kai oi MO2 kai85
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Sq ma 139: Omoiìthta tetrapleÔrou
NO1 tèmnontai •p�nw ston �dio kÔklo (Sq ma 145).Prìtash 4.16 D�nontai dÔo eujÔgramma tm mata, to A1B1 kai to A3B3 kai to shme�o
O2 pou e�nai kèntro th omoiìthta S(O2) pou apeikon�zei to pr¸to sto deÔtero. An apei-kon�soume t¸ra to A1B1 sto A3B3 mèsw sÔnjesh omoiojes�a H(O3, λ) tuqa�ou kèntrou
O3 kai lìgou λ = A3B3

A1B1
me stof  R(O1) kat�llhlou kèntrou O1, to tr�gwno O1O2O3paramènei ìmoio pro eautì, anex�rthta apì thn epilog  tou shme�ou O3.Apìdeixh:'Estw L h ant�strofh eikìna tou O1 mèsw th H(O3, λ). Tìte, to L e�nai ep�sh ant�strofheikìna tou O1 mèsw th omoiìthta S(O2). Epomènw to tr�gwno O1O2Λ paramènei ìmoiopro eautì. kaj¸ ìmw to L diaire� to O1O3 se stajerì lìgo, ètsi kai to tr�gwno

O1O2O3 paramènei ìmoio pro eautì (Sq ma 146). Sthn ous�a, h prìtash aut  apotele�eidik  per�ptwsh th prohgoÔmenh, gi� thn per�ptwsh pou to A1B1 e�nai par�llhlo me to
A2B2.Prìblhma 4.18 D�netai tetr�pleuro ABGD eggegrammèno se kÔklo (O,r). Na deiqje�ìti ta barÔkentra twn trig¸nwn ABG, ABD, BGD kai AGD e�nai korufè tetrapleÔrouìmoiou me to arqikì. To �dio sumba�nei me ta kèntra twn tess�rwn kÔklwn Euler twnparap�nw trig¸nwn. Oi kÔkloi Euler auto� dièrqontai apì koinì shme�o [16℄.Apìdeixh:To tetr�pleuro H1H2H3H4 twn orjokèntrwn twn tess�rwn kÔklwn Euler trig¸nwn e�naieikìna hmistrof  tou arqikoÔ, me kèntro to shme�o K. Ta tetr�pleura twn barukèntrwnkai twn kèntrwn twn kÔklwn Euler twn parap�nw trig¸nwn e�nai omoiìjeta tou H1H2H3H4me kèntro O. Oi kÔkloi Euler kai twn tess�rwn trig¸nwn pern�ne apì to shme�o K (Sq ma147).
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Sq ma 140: 6 omokuklik� shme�a
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XSq ma 141: Kèntro b�rou trig¸nou Brocard
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Sq ma 142: 6 omokuklik� shme�a88
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Sq ma 143: Koinì shme�o Brocard
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Sq ma 144: Diadoqikè omoiìthte
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Sq ma 145: Tr�gwno omoiìthta90
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Sq ma 146: Kèntra omoiìthta
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Sq ma 147: Omoiìjeta tetr�pleura
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4.8 KENTRO EGGRAFHS TRIGWNOUPrìtash 4.17 'Estw tr�gwno ABG kai tr�a tuqa�a shme�a D, E, Z, apì èna se k�jepleur� tou AB, BG, GA ant�stoiqa. Oi per�kukloi ADZ, BDE kai GEZ �qoun koinì sh-me�o O to opo�o e�nai kèntro omoiìthta tou trig¸nou DEZ me to tuqa�o tr�gwno D!E!Z!eggegrammèno sto arqikì kai ìmoio pro to DEZ.
Α
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Sq ma 148: Kèntro eggraf  trig¸nouApìdeixh:An jewr soume to O san shme�o tom  twn kÔklwn ADZ kai BDE, o kÔklo GEZ pern�apì to O kaj¸ to tetr�pleuro GEOZ e�nai eggr�yimo ìpw prokÔptei apì thn isìthtatwn gwni¸n B̂EO = Ô∆A = ÔZΓ. An strèyoume ti hmieuje�e OD, OE kai OZ katagwn�a w per� to O kai onom�soume D!, E! kai Z! ta nèa shme�a tom  me ti pleurè tpuABG, èqoume tr�a nèa eggr�yima tetr�pleura, ta BE!OD!, GE!OZ! kai AZ!OD!. Apì tiisìthte gwni¸n pou prokÔptoun, katal goume ìti ta tr�gwna D!E!Z! kai DEZ e�nai ìmoiakai to O èqei thn �dia jèsh kai sta dÔo aut� tr�gwna. 'Etsi h jèsh tou shme�ou O exart�taimìno apì ta mètra twn gwni¸n tou trig¸nou DEZ pou ja eggr�youme sto ABG. (Sq ma148)Prìblhma 4.19 Se dojèn tr�gwno ABG, na eggrafe� tr�gwno DEZ ìmoio me to arqikì,me thn koruf  D p�nw sthn BG, thn E sthn GA, thn Z sthn AB kai k�je gwn�a tou DEZna isoÔtai me thn apènanti tou ABG. Na deiqje� ìti to kèntro omoiìthta twn dÔo trig¸nwne�nai to per�kentro tou ABG.Apìdeixh:SÔmfwna me thn prohgoÔmenh prìtash, arke� na broÔme to kèntro omoiìthta tou ABGme èna opoiod pote egeggrammèno ìmoiì tou. Epilègoume to tr�gwno pou or�zetai apì tamèsa twn pleur¸n tou ABG, to opo�o e�nai omoiìjeto autoÔ me kèntro to O. (Sq ma 149)Prìblhma 4.20 Sti pleurè dojènto trig¸nou ABG, kataskeu�zoume ta tr�gwna ABD,BGE kai GAZ, omorrìpw ìmoia metaxÔ tou. Na deiqje� ìti ta t�gwna ABG kai DEZ èqounkoinì kèntro b�rou. 93



A

Β Γ∆

Ε

Ζ

Ο

Sq ma 149: Eggraf  omo�ou trig¸nouApìdeixh:'Estw G to kèntro b�rou tou ABG. JewroÔme ìti h koruf  A metakine�tai sthn jèsh Dkai oi �lle dÔo korufè paramènoun stajerè. Tìte to kèntro b�rou metakine�tai apì to
G sto shme�o J, ìpou to di�nusma GΘ e�nai omoiìjeto tou AD me lìgo 1/3 kai kèntroto mèso th BG, dhlad  èqoume →

GΘ= 1
3

→

A∆. An metakin soume t¸ra thn koruf  B stoE, èqoume ant�stoiqh metak�nhsh tou kèntrou b�rou J sto shme�o Z me →

ΘZ= 1
3

→

BE.Tèlo, metakin¸nta to G sto Z, èqoume metak�nhsh tou teleuta�ou kèntrou b�rou, apìto shme�o Z, kat� di�nusma �so me 1
3

→

ΓZ. Epomènw, →

A∆ +
→

BE +
→

ΓZ= 1
3(

→

A∆ +
→

BE

+
→

ΓZ) =
→

0 , kaj¸ ta →

A∆,
→

BE kai →

ΓZ e�nai eikìne omoiot twn �diwn lìgwn kai gwni¸n,twn dianusm�twn →

AB,
→

BΓ kai →

ΓA. Sq ma 150Prìblhma 4.21 D�nontai dÔo �sa tr�gwna ABG kai DEZ, eggegrammèna ston �dio kÔklokèntrou O, kai èstw S, Q kai Y ta shme�a tom  twn zeug¸n twn �swn pleur¸n tou. Tìteto tr�gwno SQY e�nai ìmoio twn dÔo arqik¸n.Apìdeixh:TO DEZ e�nai eikìna strof  tou ABG me kèntro to O kai gwn�a w. To shme�o O e�naikoinì shme�o twn diqotìmwn twn gwni¸n pou sqhmat�zontai apì ti �se pleurè twn dÔotrig¸nwn. Epomènw, an M, N kai L e�nai ta mèsa twn AB, BG kai GA, oi OM, ON kai OLsqhmat�zoun me ti OS, OQ kai OY gwn�e �se me ω
2 . 'Ara totr�gwno SQY e�nai eikìnatou MNL, mèsw omoiìthta kèntrou O, gwn�a ω

2 kai lìgou �sou me OΣ
OM

(Sq ma 151)Prìblhma 4.22 Se dojèn tr�gwno ABG na eggrafe� tr�gwno ìmoio me autì kai me pleurèk�jete sti ant�stoiqe tou arqikoÔ.Apìdeixh:An qrhsimopoi soume ta dÔo shme�a Brocard (pr¸to kai deÔtero shme�o strof ), blè-poume ìti up�rqoun dÔo tr�gwna eggegrammèna sto arqikì, to A1B1Γ1 pou prpkÔptei meomoiìthta kèntrou O1 kai gwn�a orj  me jetik  for� (me to A1 p�nw sthn AB) kai to
A2B2Γ2 me omoiìthta arnhtik  orj  gwn�a (me to A2 p�nw sthn AG). Ta dÔo aut�tr�gwna e�nai �sa lìgw twn �swn (kat� mètro) gwni¸n omoiìthta kai ta per�kentr� tou94
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Sq ma 150: Tr�gwna me koinì kèntro b�rousump�ptoun me to antidiametrikì ston kÔklo OO1O2 (kÔklo Brocard) shme�o tou per�-kentrou O, èstw shme�o L. Autì sumba�nei giat� oi gwn�e Λ̂OO1 kai Λ̂OO2 e�nai �se methn gwn�a Brocard w, epomènw oi lìgoi O1Λ/O1O = O2Λ/O2O isoÔntai me ton koinìlìgo twn ant�jetwn omoiot twn pou metasqhmat�zoun to ABG sta dÔo zhtoÔmena tr�gwna(Sq ma 152). To shme�o L e�nai to shme�o tom  twn summetrodiamèswn tou ABG   shme�o
Lemoin. To teleuta�o prokÔptei an parathr soume ìti h A1A2 e�nai antipar�llhlo thBG kai to L e�nai mèso aut  kaj¸ èqoume:

AA1

AA2
=

A1Γ1

A2B2
=

AΓ

AB.Prìblhma 4.23 D�nontai tre� kÔkloi (O, R1), (K, R2) kai (I, R3) me koin  qord  AB.Na deiqje� ìti k�je efaptomènh sto a se k�je èna apì autoÔ, diaire�tai apì ti �lledÔo se tm mata an�loga. 'Estw M kai N ta shme�a tom  th efaptomènh sto A tou
(O, R1) me tou (K, R2) kai (I, R3) ant�stoiqa, kaj¸ kai R, S ta ant�stoiqa shme�a tom th efaptomènh sto A tou (K, R2) me tou �llou kÔklou kai E, Z ta shme�a tom efaptomènh sto A tou (I, R3) me tou �llou kÔklou. Tìte ja de�xoume ìti:

AN

MN
=

AE

AZ
=

AP

PΣ(Sq ma 153)Apìdeixh:'Estw M kai N ta shme�a tom  th efaptomènh sto A tou (O, R1) me tou (K, R2) kai
(I, R3) ant�stoiqa, kaj¸ kai R, S ta ant�stoiqa shme�a tom  th efaptomènh sto A tou
(K, R2) me tou �llou kÔklou kai E, Z ta shme�a tom  efaptomènh sto A tou (I, R3)me tou �llou kÔklou. Tìte ja de�xoume ìti:

AN

MN
=

AE

AZ
=

AP

PΣ(Sq ma 153) 95
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Sq ma 151: 'Isa tr�gwna eggegrammèna se kÔkloTo shme�o B e�nai kèntro omoiìthta lìgou �sou me R1/R2 pou apeikon�zei ton kÔklo
(K, R2) ston (O, R1) me to shme�o M na apeikon�zetai sto A kai to E sto Z. Ep�sh, to Be�nai kèntro �llh omoiìthta pou apeikon�zei ton (I, R3) ston (O, R1) me to shme�o N naapeikon�zetai sto A kai to A sto Z. Apì thn omoiìthta twn trig¸nwn MBA ≈ EBZ kai
BNA ≈ BAZ prokÔptei ìti AN

MN
= AE

AZ
. 'Omoia apodeiknÔetai kai h �llh isìthta.Prìblhma 4.24 Na deiqje� ìti oi per�kukloi twn tess�rwn trig¸nwn pou sqhmat�zontaiapì tèsseri an� dÔo temnìmene euje�e, mh dierqìmene tre� apì to �dio shme�o, èqqounkoinì shme�o. To shme�o autì, onom�zetai shme�o Miqel th tetr�da aut . Ep�sh, takèntra twn tess�rwn kÔklwn e�nai omokuklik� shme�a.Apìdeixh:'Estw ABK, BGM, ADM kai GDK ta tèssera sqhmatizìmena tr�gwna me per�kentra ta S,N, R kai E ant�stoiqa. An jewr soume to O san koinì shme�o twn kÔklwn ABK kai BGM,tìte to shme�o autì, e�nai kèntro omoiìthta pou apeikon�zei to AK sto MG. Epomènw tatr�gwna OKG kai OAM e�nai ìmoia, me kèntro omoiìthta to O. 'Ara to O e�nai koinì shme�okai twn kÔklwn ADM kai GDK. H gwn�a Σ̂OE isoÔtai me th gwn�a B̂MΓ, ìpw prokÔpteiapì thn omoiìthta kèntrou O, tou trig¸nou OAB me to OGD. Tèlo, apì ti omoiìthtetwn trig¸nwn OSE me OAD kaiOEN me ODM, prokÔptei ìti kai ta tr�gwna SEN kaiADM e�nai ìmoia me kèntro to O. Epomènw ta shme�a S, N, R kai E e�nai omokuklik�(Sq ma 154).Prìblhma 4.25 'Estw tuqa�o tr�gwno ABG kai dÔo tr�gwna, to MKL kai to RTS, eg-96
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Sq ma 152: Shme�o lemoingegrammèna sto arqikì, pou sqhmat�zoun �se gwn�e me ti ant�stoiqe pleurè tou ABG,me to M na an kei sthn AB, to K sthn BG kai to L sthn AG gi� to pr¸to, en¸ to R an keisthn AG, to T sthn AB kai to S sthn BG. Na deiqje� ìti ta tr�gwna aut� e�nai �sa kai oikorufè tou apoteloÔn omokuklik  ex�da shme�wn.Apìdeixh:Ta dÔo tr�gwna, e�nai profan¸ eikìne omoiot twn kèntrwn O1 kai O2 ant�stoiqa (shme�a
Brocard tou ABG) kai antijètwn gwni¸n Apì thn omoiìthta twn trig¸nwn O1MA kai
O2PA prokÔptei ìti oi dÔo omoiìthte èqoun �dio lìgo. Epomènw ta tr�gwna MKL kaiRTS e�nai �sa. 'Estw shme�o Q rh diqotìmou th gwn�a Ô1OO2 tètoio ¸ste oi gwn�e
X̂O1O kai X̂O2O na e�nai �se me thn gwn�a twn dÔo omoiot twn. Apì thn omoiìthta twn�swn trig¸nwn XO1O kai XO2O me ta O1MA kai O2PA, prokÔptei ìti to shme�o Q e�naih eikìna tou per�kentrou O mèsw kai twn dÔo omoiot twn, �ra to Q e�nai koinì per�kentrotwn MKL kai RTS. (Sq ma 155)Prìblhma 4.26 a)To orjikì tr�gwno trig¸nou ABG e�nai omoiìjeto tou trig¸nou pousqhmat�zetai apì ti efaptìmene tou per�kuklou tou ABG sti tre� korufè tou (Sq ma156). b)To tr�gwno twn shme�wn epaf  tou eggegrammènou se tr�gwno ABG kÔklou, e�naiomoiìjeto tou trig¸nou pou or�zetai apì ta kèntra twn pareggegrammènwn kÔklwn touABG (Sq ma 157)[17℄.Apìdeixh:a)Oi pleurè tou orjikoÔ trig¸nou e�nai antipar�llhle twn antisto�qwn pleur¸n tou ABG.Oi efaptìmene tou per�kuklou tou ABG sti tre� korufè tou e�nai kai autè antipar�l-lhle pro ti apènanti pleurè. Epomènw to orjikì tr�gwno èqei pleurè par�llhlepro ti ant�stoiqe efaptìmene. b)Oi pleurè tou trig¸nou epaf  e�nai k�jete stiant�stoiqe eswterikè diqotìmou, �ra par�llhle pro ti exwterikè diqotìmou .Prìblhma 4.27 a)To orjikì tr�gwno tou trig¸nou epaf¸n enì trig¸nou ABG e�nai o-moiìjeto tou ABG (Sq ma 158).b)To tr�gwno epaf¸n tou orjikoÔ trig¸nou enì trig¸nou ABG e�nai omoiìjeto tou trig¸-97
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Sq ma 153: Efaptìmene tri¸n temnìmenwn kÔklwnnou pou sqhmat�zetai apì ti efaptìmene tou per�kuklou tou ABG sti tre� korufè tou(Sq ma 159).Apìdeixh:a)ProkÔptei �mesa me efarmog  tou a) tou prohgoÔmenou probl mato sto tr�gwno epaf¸ntou ABG.b)ProkÔptei �mesa me efarmog  tou b) tou prohgoÔmenou probl mato sto orjikì tr�gwnotou ABG, kaj¸ oi pleurè tou ABG e�nai exwterikè diqotìmoi tou orjikoÔ trig¸nou.Prìblhma 4.28 'Estw mh orjog¸nio tr�gwno ABG, H to orjìkentro tou kai m�a tuqa�aeuje�a e dierqìmenh apì to H. Na deiqje� ìti oi èikìne th e mèsw anakl�sewn sti tre�pleurè tou ABG tèmnontai se shme�o tou per�kuklou tou trig¸nou. Ep�sh, an m�a �llheuje�a ef�ptetai se stajerì kÔklo kèntrou H, tìte oi eikìne th mèsw twn parap�nwanakl�sewn, ef�ptontai kÔklou th �dia akt�na, to kèntro tou opo�ou e�naishme�o touper�kuklou tou trig¸nou [2℄.Apìdeixh:Ta summetrik� tou orjokèntrou e�nai shme�a tou perigegrammènou kÔklou enì trig¸nou.Epomènw oi summetrikè th e w pro ti AB kai AG pern�ne apì ta shme�a K kai Lant�stoiqa (Sq ma160). Ep� plèon h metaxÔ tou gwn�a e�nai dipl�sia th A, kaj¸ hm�a e�nai eikìna th �llh mèsw strof  gwn�a dipl�sia th A (diaforetik  th euje�agwn�a) ìpw prokÔptei apì thn sÔnjesh �nakl�sewn se temnìmene euje�e. To tìxo KALèqei mètro �so me 1800 − 2Â. 'Ara to shme�o tom  twn summetrik¸n th e w pro AB kaiAG br�sketai p�nw ston per�kuklo tou ABG. An h arqik  euje�a e den pern� apì to H all�ef�ptetai kÔklou kèntrou H, fèrnoume thn par�llhlh th e apì to H. Oi summetrikè thw pro ti AB, AG kai BG, ef�ptontai summetrik¸n kÔklwn w pro ti tre� pleurè, en¸kai oi tre� ef�ptontai kÔklou �dia akt�na kai kèntrou O (Sq ma160).Prìblhma 4.29 An oi summetrikè mi� euje�a e w pro ti pleurè mh orjogwn�outrig¸nou suntrèqoun se shme�o O, tìte h e pern� apì to orjìkentro H kai to O an keiston per�kuklo tou ABG. An oi euje�e den suntrèqoun, tìte to tr�gwno pou sqhmat�zounparamènei ìmoio pro eautì kai to èkkentro tou an kei ston per�kuklo tou ABG [2℄.Apìdeixh:Apì to prohgoÔmeno prìblhma prokÔptei ìti to tr�gwno twn tri¸n eikìnwn th e èqeiexwterikè gwn�e �se me to dipl�sio twn antisto�qwn gwni¸n tou ABG. H mình per�ptwsh98
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Sq ma 154: Shme�o miquelautè oi tre� euje�e na suntrèqoun, e�nai h arqik  euje�a e na pern� apì to orjìkentroH Anakl�sei euje�a sti pleurè trig¸nou.Prìblhma 4.30 D�nontai tre� �soi kÔkloi dierqìmenoi apì koinì shme�o A kai temnìmenoiek nèou sta shme�a R, J kai N. 'Estw HSQ to tr�gwno pou sqhmat�zetai apì ti koinè touefaptìmene. Na deiqje� ìti to embadìn tou HSQ e�nai toul�qiston ennèa forè megalÔteroapì eke�no tou RJN.Apìdeixh:'Estw K, L kai M ta kèntra twn tri¸n kÔklwn. To shme�o O e�nai per�kentro tou KLM kaito tr�gwno RNJ èqei gi� korufè tou ta summetrik� tou O w pro ti pleurè tou KLM.Epomènw to tr�gwno pou or�zetai apì ta mèsa twn pleur¸n tou KLM e�nai omoiìjetotou RNJ w pro omoiojes�a H(O, 1/2) . Kai to tr�gwno KLM ìmw e�nai omoiìjeto toutrig¸nou twn mèswn twn pleur¸n tou w pro omoiojes�a H(G,−2) ìpou G to barÔkentrotou KLM. H sÔnjesh ìmw twn parap�nw omoiojesi¸n e�nai omoiojes�a H(E,−1) ìpouE e�nai to kèntro tou kÔklou twn ennèa shme�wn tou KLM o opo�o e�nai kai kÔklo twnennèa shme�wn gi� to tr�gwno RNJ. Epomènw ta tr�gwna RNJ kai KLM e�nai �sa. An Rkai r e�nai oi akt�ne tou perigegrammènou kai eggegrammènou kÔklou tou KLM,o lìgoomoiìthta tou HSQ prì to KLM e�nai λ = R+ρ
ρ

= 1 + R
ρ
≥ 3 lìgw tou jewr mato tou

Euler: R ≥ 2ρ. Epomènw (HΣX)
KΛM

≥ 9. (Sq ma 162)Prìblhma 4.31 D�nontai dÔo ìmoia tr�gwna ABG kai A*B*G*. An apì tuqa�o shme�o Otou epipèdou fèroume tm mata par�llhla kai �sa twn tmhm�twn AA*, BB* kai GG* pousundèoun omìloge korufè, tìte to tr�gwno A!B!G! e�nai ìmoio pro ta dÔo dojènta.99
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Sq ma 155: 'Isa eggegrammèna tr�gwnaApìdeixh:Metafèroume ta OA!, OB! kai OG! kat� di�nusma →

v=
→

OΓ. H eikìna tou G! e�nai profan¸to G* kai èstw D kai E oi eikìne twn A! kai B! ant�stoiqa. Tìte ta A*D kai B*E e�naipar�llhla kai �sa me ta AG kai BG ant�stoiqa. Epomènw A∗Γ∗

A∗∆ = Γ∗B∗

B∗E
kai ∆̂A∗Γ∗ =

ÊB∗Γ∗. Epomènw ta tr�gwna ∆A∗Γ∗ kai EB∗Γ∗ e�nai ìmoia me kèntro omoiìthta toshme�o Γ∗. 'Ara kai ta A∗B∗Γ∗ kai Γ∗∆E e�nai ìmoia me to �dio kèntro omoiìthta (Sq ma163).Je¸rhma 4.1 An èna sq ma kine�tai sto ep�pedo (paramènonta anallo�wto) me trìpo¸ste dÔo mh par�llhle euje�e tou na dièrqontai apì dÔo stajer� shme�a, tìte k�je �llheuje�a tou, dièrqetai apì stajerì shme�o,   ef�ptetai stajeroÔ kÔklou.Apìdeixh:'Estw A kai B ta stajer� shme�a kai O to koinì shme�o twn dÔo eujei¸n. To shme�o Okine�tai sto tìxo AOB tou stajeroÔ kÔklou AOB. K�je euje�a e tou S pou dièrqetai apìto O, tèmnei ton kÔklo autì se stajerì shme�o K. K�je �llh euje�a par�llhlh uh e,ef�ptetai se stajerì kÔklo kèntrou K kai akt�na �sh me thn apìstash tou K apì aut n,kaj¸ h apìstash aut , paramènei stajer  kat� th k�nhsh tou S [2℄(Sq ma 164).Je¸rhma 4.2 An èna sq ma kine�tai sto ep�pedo (paramènonta anallo�wto) me trìpo¸ste dÔo shme�a tou na kinoÔntai se dÔo temnìmene se shme�o O euje�e, tìte up�rqeièna kÔklo, ìla ta shme�a tou opo�ou kinoÔntai se euje�e, dierqìmene apì to O.Apìdeixh:'Estw A, B kai A*, B* dÔo diaforetikè jèsei twn shme�wn tou sq mato, ta opo�a kinoÔ-ntai se dÔo temnìmene sto O euje�e. An M kai M* e�nai oi diaforetikè jèsei tuqa�oushme�ou tou S pou an koun stou kÔklou AOB kai AOB, ta shme�a O, M kai M* e�naisuneujeiak�, kaj¸ ta ant�stoiqa tìxa twn dÔo kÔklwn e�nai �sa [2℄ (Sq ma 165).100



Α

Β

Γ

∆

Ε
Ζ

Η

Κ

Λ

Μ

Sq ma 156: Orjikì tr�gwnoJe¸rhma 4.3 An èna sq ma S kine�tai sto ep�pedo ètsi ¸ste na paramènei ìmoio pro toneautì tou kai tr�a shme�a tou kinoÔntai se euje�e, tìte k�je shme�o tou kine�tai se euje�a.Apìdeixh:'Estw S kai S* dÔo diaforetikè jèsei tou sq matì ma. An K, L kai M ta shme�a tom twn tri¸n eujei¸n kai A, A*, B, B* kai G, G* oi diaforetikè jèsei tri¸n shme�wn tousq mato, oi kÔkloi ABK, AGM kai BGL èqoun koinì shme�o O, to opo�o e�nai stajerì kaianex�rthto apì ti jèsei twn A, B kai G p�nw sti ant�stoiqe euje�e (Sq ma 166).To�dio sumba�nei kai sthn per�ptwsh pou oi tre� euje�e suntrèqoun [2℄ (Sq ma 167).Je¸rhma 4.4 An èna sq ma S kine�tai sto ep�pedo ètsi ¸ste na paramènei ìmoio pro toneautì tou kai tre� mh suntrèqouse euje�e tou dièrqontai apì tr�a stajer� shme�a, tìtek�je euje�a tou S dièrqetai apì stajerì shme�o kai k�je shme�o tou kine�tai se kÔklo.Apìdeixh:'Estw S kai S* dÔo diaforetikè jèsei tou sq matì ma. An A, A* ,B, B* kai G,G* ta shme�a tom  twn tri¸n eujei¸n sti dÔo autè jèsei, oi tetr�de shme�wn pousqhmat�zontai apì èna apì ta prohgoÔmena zeug�ria shme�wn kai dÔo apì ta tr�a stajer�shme�a, e�nai omokuklikè kai oi ant�stoiqoi kÔkloi e�nai stajero� kai tèmnontai se stajerìshme�o O. Epomènw to O e�nai kèntro omoiìthta pou apeikon�zei èna tuqa�o shme�o tousq mato sto shme�o A. 'Ara to shme�o M kine�tai se kÔklo pou e�nai h eikìna mèsw thparap�nw omoiìthta, tou kÔklou, p�nw ston opo�o kine�tai to A. Ep�sh, an m�a euje�ae tou sq mato pern� apì stajerì shme�o R diaforetikì tou O, k�je �llh euje�a d tousq mato, ja pern� apì �llo stajerì shme�o R*, to opo�o ja e�nai h eikìna tou R mèswth omoiìthta kèntrou O pou apikon�zei thn e sthn d [2℄ (Sq ma 168).Prìblhma 4.32 Sta Optik� kai sugkekrimèna sto bibl�o V tou IbnAl − Haytam, gnw-stoÔ kai san Alhazen emfan�zetai to prìblhma th an�klash se sfairikoÔ, kulindrikoÔ  kwnikoÔ kajrèfte. O suggrafèa sthr�zei thn lÔsh tou se èxi gewmetrik� l mmata.'Ena apì aut� e�nai to parak�tw: Apì dedomèno shme�o kÔklou dedomènh diamètrou d=ZL,na aqje� euje�a, h opo�a na tèmnei ton kÔklo kai thn di�metro se shme�a S kai R, twn o-po�wn h apìstash na isoÔtai me dosmèno m ko a. Kataskeu : JewroÔme thn isoskel 101
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Sq ma 157: Tr�gwno shme�wn epaf uperbol  kèntrou O, dierqìmenh apì to shme�o M antidiametrikì tou O kai me asÔmptwteti euje�e OZ kai OL. Me kèntro to M kai akt�na �sh me δ2/α h opo�a tèmnei thn uperbol se shme�o T (mpore� na up�rqoun mèqri tèssera t�toia shme�a). H par�llhlh apì to Opro thn MT e�nai h zhtoÔmenh.Apìdeixh:'Estw S kai R ta shme�a tom  th zhtoÔmenh euje�a me ton kÔklo kai thn di�metroant�stoiqa. Arke� na apode�xoume ìti ta tr�gwna OMT kai RSJ e�nai ìmoia ìpou J e�naito shme�o tom  th MT me ton kÔklo, kaj¸ ep�sh kai to antidiametrikì tou S. H isìthtatwn èggegrammènwn gwni¸nM kai S e�nai profan . 'Estw N to mèson th MT. Apì gnwst idiìthta th uperbol  prokÔptei ìti to N e�nai mèso kai tou QU, ìpou Q kai U ta shme�atom  th MT me ti dÔo asÔmptwte th uperbol . H gwn�a ÔNΥ e�nai dipl�sia th
ÔXΥ h opo�a isoÔtai me thn hmidiafor� twn tìxwn ZM kai OJ, dhlad  to misì tou tìxouJL. Epomènw to mètro th gwn�a ÔNΥ isoÔtai me to mètro tou tìxou JL. 'Ara oi gwn�e
ÔNΥ kai P̂KΣ e�nai �se. Epomènw ta tr�gwna RSJ kai OMT e�nai ìmoia, me ti RK kaiON na e�nai di�mesoi twn trig¸nwn RSJ kai OMT ant�stoiqa. 'Ara

PΣΘ ≈ OMT ⇒ ΣP

OM
=

ΣΘ

MT
⇒ ΣP =

δ2

MT
= α102



Α

Β

Γ

∆

Ε

Ζ
Κ

Λ
Μ

Η

Sq ma 158: Orjikì trig¸nou epaf¸n(Sq ma 169)Je¸rhma 4.5 Apì tuqa�o shme�o O sto eswterikì tuqa�ou trig¸nou QUZ, fèroume pa-r�llhle pro ti pleurè tou. JewroÔme ta tr�a ìmoia tr�gwna pou sqhmat�zoun autè oieuje�e me ti pleurè tou QUZ. An strèyoume ta tr�gwna aut� per� to O se tuqa�e jèseiOAB, OGD kai OEZ (Sq ma 170), tìte to tr�gwno pou or�zetai apì ta mèsa L, M kai K twnBG, DE kai AZ ant�stoiqa, e�nai p�nta ìmoio me to arqikì (Je¸rhma Clifford−Cayley)Apìdeixh:Ta tr�gwna ZEO kai ODG e�nai ìmoia. Epomènw kai to tr�gwno SMR pou or�zetai apìta mèsa twn eujugr�mmwn tmhm�twn ZO, ED kai OG pou en¸noun ti omìloge korufè,(Prìtash ) e�nai ìmoio me aut�. Ep�sh parathroÔme ìti ta tm mata SK kai RL, sanpar�llhla kai �sa me ta mis� twn OA kai OB ant�stoiqa, èqoun lìgo �so me ton lìgo
OA
OB

= MΣ
MP

kai gwn�a �sh me thn ÂOB = Σ̂MP . Epomènw ta tr�gwna MSK kai MRL e�naiìmoia, me kèntro omoiìthta to M, �ra kai ta SMR kai KML e�nai ìmoia me to �dio kèntroomoiìthta.Prìtash 4.18 'Estw ABG kai A!B!G! dÔo (omorrìpw ìmoia tr�gwna). Me pleurè taeujÔgramma tm mata pou en¸noun ti omìloge korufè, kataskeu�zome tr�a ìmoia metaxÔtou tr�gwna AA!A*, BB!B* kai GG!G*. Tìte to tr�gwno A*B*G* e�nai ìmoio me ta dÔoarqik� (Sq ma 171). H prìtash exakolouje� na isqÔei an ta shme�a A*, B* kai G* qwr�zounta AA!, BB! kai GG! se �sou lìgou (Sq ma 172).Apìdeixh:'Estw O to kèntro omoiìthta twn arqik¸n trig¸nwn ABG kai A!B!G! pou apeikon�zei toAB sto A!B!. To O e�nai kèntro �llh omoiìthta pou apeikon�zei to AA! sto BB!, �ra103
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Sq ma 159: Tr�gwno epaf¸n orjikoÔkai to tr�gwno AA!A* sto BB!B*. Dhlad  homoiìthta aut  apeikon�zei to AA* sto BB*.Epomènw up�rqei omoiìthta kèntrou O pou apeikon�zei to AB sto A*B*. 'Omoia, sume-ra�noume ìti up�rqei omoiìthta kèntrou O pou apeikon�zei to AG sto A*G*. Oi dÔo ìmwteleuta�e omoiìthte e�nai �se kaj¸ apeikon�zoun to A sto A*. Epomènw h omoiìthtaaut  apeikon�zei to tr�gwno ABG sto A*B*G*.
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TSq ma 160: Anakl�sei sti pleurè trig¸nou
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ΖSq ma 161: Anakl�sei sti pleurè trig¸nou105
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Sq ma 162: Tre� �soi kÔkloi
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