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1 Eisagwg 
H apotÐmhsh twn dikaiwm�twn �rqise na apoteleÐ antikeÐmeno majhmatik c
èreunac sto q¸ro thc qrhmatooikonomÐac, met� apì th dhmosÐeush twnBlack-
Scholes [BS1] oi opoÐoi metaxÔ �llwn èdeixan ìti h tim  enìc eurwpaðkoÔ di-
kai¸matoc agor�c se mÐa metoq  ikanopoieÐ mÐa diaforik  exÐswsh gia thn
opoÐa ja mil soume sth sunèqeia.

Ena eurwpaðkì dikaÐwma agor�c se mÐa metoq  eÐnai èna par�gwgo qrhma-
tooikonomikì proðìn to opoÐo dÐnei ston k�toqo tou to dikaÐwma, qwrÐc na ton
desmeÔei me k�poia upoqrèwsh, na agor�sei sto mèllon mÐa metoq , se mÐa
sugkekrimènh hmeromhnÐa, pou kaleÐtai hmeromhnÐa l xhc   qrìnoc wrÐman-
shc tou dikai¸matoc kai se mÐa sugkekrimènh tim  pou kaleÐtaitim  �skhshc.
An h tim  thc metoq c eÐnai megalÔterh apì thn tim  �skhshc tìte sun jwc
o k�toqoc tou askeÐ to dikaÐwma, an ìqi to af nei na ekpneÔsei qwrÐc na
pragmatopoi sei k�poia sunallag . O k�toqoc tou dikai¸matoc lème ìti èqei
jetik  jèsh, en¸ autìc apì ton opoÐo agìrase to dikaÐwma èqei arnhtik  kai
lème ìti èqei poul sei, eggr�yei   ekd¸sei to dikaÐwma. 'Estw loipìnP (t) h
tim  thc metoq c th qronik  stigm  t, q h tim  �skhshc kai T h hmeromhnÐa
l xhc. Th qronik  stigm  T b�sei twn parap�nw, agno¸ntac thn agor� tou,
h axÐa tou dikai¸matoc gia ton agorast  eÐnaimax(P (T )− q, 0) en¸ gia ton
pwlht  eÐnai −max(P (T )− q, 0) kaj¸c prèpei na agor�sei th metoq  kai na
thn parad¸sei. Gia na apokt soume autì to dikaÐwma prèpei na plhr¸soume
k�poio antÐtimo ston ekdìth tou. To prìblhma mac loipìn eÐnai h apotÐmhsh
tou dikai¸matoc, dhlad  o kajorismìc thc tim c aut c.

K�tw apì sugkekrimènec upojèseic oiBlack kai Scholes èdeixan ìti up�r-
qei ènac tÔpoc pou mac dÐnei thn tim  aut . Eidikìtera metaxÔ �llwn upèjesan
ìti h metoq  akoloujeÐ gewmetrik  kÐnhsh Brown kai ìti up�rqei h duna-
tìthta epèndushc s' èna trapezikì logariasmì, pou apoteleÐ mÐa epèndush
mhdenikoÔ kindÔnou, apì thn opoÐa plhrwnìmaste b�sei stajeroÔ epitokÐou.
Epiplèon upèjesan ìti mporoÔme na metafèroume kef�laia apì th metoq 
proc ton trapezikì logariasmì kai antÐstrofa, qwrÐc na epibarunìmaste me
kìstoc sunallag c kat� thn agor� kai p¸lhsh metoq¸n. Tìte b�sei enìc
antistajmistikoÔ epiqeir matoc, metakin¸ntac kef�laia apì th metoq  proc
ton trapezikì logariasmì kai antÐstrofa, up�rqei èna dunamikì autoqrh-
matodotoÔmeno qartoful�kio, apoteloÔmeno apì metoqèc kai diajèsima ston
trapezikì logariasmì tètoio ¸ste th qronik  stigm T me pijanìthta èna na
axÐzei max(P (T ) − q, 0). EpÐshc se k�je qronik  stigm  t < T , h axÐa tou
dikai¸matoc isoÔtai me thn axÐa tou isodÔnamou qartofulakÐou, ekfrasmè-
nh se nomismatikèc mon�dec. Lème tìte ìti èqoume thn pragmatopoÐhsh mÐac
pl rouc antist�jmishc. H dunatìthta de thc dhmiourgÐac autoÔ tou isodÔna-
mou qartofulakÐou gia k�je par�gwgo qrhmatooikonomikì proðìn onom�zetai
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pl rwsh thc agor�c. Sugkekrimèna èdeixan ìti h tim  tou dikai¸matocΨ(p, t)
ikanopoieÐ thn exÐswsh,

Ψt + rpΨp +
1

2
σ2p2Ψpp = rΨ, (1.1)

me telik  sunj kh
Ψ(p, T ) = max(p− q, 0), (1.2)

ìpou r eÐnai to stajerì epitìkio qwrÐc kÐnduno,σ eÐnai h stajer� thc astasÐac
(Volatility) thc metoq c kai p h tim  aut c th qronik  stigm  t. Epiplèon
èlusan to prìblhma pou perigr�fetai apì tic (1.1) − (1.2). Sugkekrimèna
èdeixan ìti h tim  tou dikai¸matoc Ψ(p, t), ikanopoieÐ th sqèsh,

Ψ(p, t) = e−r(T−t)[pN(d1)e
r(T−t) − qN(d2)],

ìpou d1 = ln(p/q)+(r+σ2/2)(T−t), d2 = d1−σ
√

T − t. Ston parap�nw tÔpo
N h sun�rthsh katanom c, mÐac kanonik c katanom c mèsou0 kai diaspor�c
1, (blèpe [BS1]).

MÐa apì tic basikèc upojèseic twnBlack kai Scholes sthn parap�nw an�-
lush eÐnai ìti den èlaban upìyh touc to kìstoc sunallag c, kat� thn agor�
kai p¸lhsh metoq¸n, k�ti pou eÐnai arket� shmantikì mia kai de zoÔme ston
kìsmo twn Black kai Scholes. H dhmiourgÐa de autoÔ tou antistajmistikoÔ
qartofulakÐou se mÐa agor� ìpou lamb�noume upìyh mac to kìstoc sunal-
lag c, me to opoÐo epibarunìmaste kat� thn agor� kai p¸lhsh metoq¸n,
kostÐzei arket�. Sthn pragmatikìthta den up�rqei antistajmistikì qarto-
ful�kio, opìte h agor� kai h p¸lhsh dikaiwm�twn emperièqei k�poio kÐnduno
pou prèpei na l�boume upìyh mac.

ProspajoÔme loipìn na k�noume apotÐmhsh dikaiwm�twn se mÐa agor� me
kìstoc sunallag c. Den èqoume plèon tèleia antist�jmish opìte apaitoÔmai
mÐa asjenèsterh antistajmistik  sunj kh, pou eÐnai h axÐa tou qartofulakÐou
na kuriarqeÐ thc axÐac tou dikai¸matoc. Me aut  thn asjenèsterh sunj kh,
up�rqei p�nta to tetrimèno qartoful�kio, pou apoteleÐtai apì th metoq  pou
eÐnai grammèno to dikaÐwma kai thn opoÐa krat�me mèqri th l xh tou kai h
axÐa tou kuriarqeÐ aut  tou dikai¸matoc. H tim  tou dikai¸matoc, b�sei enìc
epiqeir matoc exisoropoihtik c kerdoskopÐac, de mporeÐ na uperbaÐnei thn axÐ-
a tou el�qistou arqikoÔ qartofulakÐou, pou apaiteÐtai gia thn upost rixh
aut c thc antistajmistik c sunj khc. Se mÐa agor� me kìstoc sunallag c oi
Soner-Shreve-Cvitanic èqoun deÐxei ìti to fjhnìtero antistajmistikì qarto-
ful�kiou pou èqei thn idiìthta, h axÐa tou na kuriarqeÐ aut c tou dikai¸matoc,
eÐnai to tetrimmèno [SSC]. FaÐnetai loipìn h anagkaiìthta mÐac enallaktik c
asjenèsterhc upìjeshc ènanti thc tèleiac antist�jmishc.

3



Arketèc tètoiec èqoun dojeÐ sthn prosp�jeia na gÐnei apotÐmhsh dikaiw-
m�twn se mÐa agor� me kìstoc sunallag c. Gia par�deigma o Leland [L]
je¸rhse ìti èqoume sunallagèc mìno se diakritoÔc qrìnouc kai èdeixe qrhsi-
mopoi¸ntac èna tupikì antistajmistikì epiqeÐrhma, basikì shmeÐo tou opoÐou
eÐnai ìti isqÔei,

W (t + ∆t)−W (t) ≈
√

2

π

√
∆t, (1.3)

ìti h tim  tou dikai¸matoc ikanopoieÐ p�li mÐa exÐswsh ìmoia me aut  pou mac
dÐnei o tÔpoc twnBlack-Scholes all� me prosarmosmènh stajer� thc astasÐac

σ̂ = σ
(
1 +

µ

σ

√
2

π∆t

) 1
2
. (1.4)

W (·) eÐnai monodi�stath kÐnhshBrown, σ eÐnai h arqik  stajer� thc astasÐac,
µ to analogikì kìstoc sunallag c, dhlad  to posostì epÐ thc tim c thc
metoq c me to opoÐo epibarunìmaste kat� thn agor� kai p¸lhsh metoq¸n
kai ∆t eÐnai h suqnìthta sunallag c. Ston parap�nw tÔpo tìso toµ ìso
kai to ∆t upojètoume ìti eÐnai mikr� kai diathroÔme to µ/

√
∆t t�xhc 1. Gia

par�deigma me σ = 0.2, µ = 0.01 kai mÐa sunallag  an� ebdom�da èqoume ìti
σ̂ = σ1.13.

AxÐzei na shmeiwjeÐ ìti h parap�nw prosèggish touLeland qrhsimopoieÐ-
tai eurÔtata apì autoÔc pou asqoloÔntai me thn leitourgÐa thc agor�c. MÐa
epèktash thc upìjeshc, pou afor� sth kurtìthta twn tim¸n tou dikaiwm�toc
èqei dojeÐ apì touc Avellaneda-Paras [AP]. H beltÐwsh merik¸n apotelesm�-
twn tou Leland, me austhrèc apodeÐxeic, èqei dojeÐ apì toucKabanov-Safarian
[KS].

MÐa deÔterh prosèggish eÐnai aut  twnBoyle-Vorst [BV], oi opoÐoi melè-
thsan to prìblhma se diakritì qrìno, qrhsimopoi¸ntac ena duwnumikì dèntro
gia thn exèlixh thc tim c thc metoq c. Sugkekrimèna èdeixan, qrhsimopoi¸ntac
èna kentrikì oriakì je¸rhma, ìti h tim  tou dikai¸matoc ikanopoieÐ p�li mÐa
exÐswsh tÔpou Black-Scholes all� me prosarmosmènh stajer� thc astasÐac,

σ̂ = σ
(
1 +

µ

σ

√
1

∆t

) 1
2
. (1.5)

Ja prèpei na shmei¸soume pwc ed¸∆t eÐnai to mèso di�sthma gia mÐa allag 
sth tim  thc metoq c kai ìqi h suqnìthta sunallag c.

Mia entel¸c diaforetik  prosèggish eÐnai aut  twn Hodges-Neuberger
[HN], oi opoÐoi qrhsimopoÐhsan mÐa kat�llhlh koÐlh mh fjÐnousa sun�rth-
sh pou onom�zetai sun�rthsh wfelimìthtac kai je¸rhsan th diafor� thc
wfelimìthtac tou telikoÔ qartofulakÐou se dÔo peript¸seic, ìtan up�rqoun
upoqre¸seic se dikai¸mata kai ìtan ìqi.
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O ìroc wfelimìthta anafèretai sthn ikanopoÐhsh pou noi¸jei k�poioc
katanal¸nontac èna agajì, oi katanalwtikèc de protim seic apeikonÐzontai
mèsw mÐac sun�rthshc wfelimìthtac. 'Otan èqoume qrhmatooikonomik� pro-
bl mata tìte anaferìmaste se nomismatikèc mon�dec me thn wfelimìthta sthn
perÐptwsh aut  na metr�ei thn ikanopoÐhsh mac pou sqetÐzetai me ta epÐpeda
tim¸n k�poiou qartofulakÐou. EÐpame parap�nw ìti h sun�rthsh wfelimì-
thtac eÐnai mÐa aÔxousa sun�rthsh epeid  katanal¸nontac   aux�nontac ta
kef�laia mac ìlo kai perissìtero, ginìmaste ìlo kai pio eutuqismènoi. Epi-
plèon eÐnai koÐlh epeid  ta epiplèon pos� thc katan�lwshc p�nw apì èna
epÐpedo, ac poÔme A, aux�noun thn ikanopoÐhsh mac ìlo kai ligìtero se sqè-
sh me to pwc ja ginìtan to parap�nw gia èna epÐpedo B mikrìtero tou A
  an�loga ìso aux�noume ta kef�laia mac, aux�noume ìlo kai ligìtero thn
eutuqÐa mac.

'Otan prospajoÔme na megistopoi soume thn anamenìmenh tim  thc wfe-
limìthtac, me th bo jeia kat�llhlhc ekjetik c sun�rthshc, ìpwc èkanan oi
Hodges-Neuberger, èqoume oikonomÐec ìpou up�rqei abebaiìthta, opìte prè-
pei me k�poio trìpo na qarakthrÐsoume th sumperifor� mac apènanti ston
kÐnduno kai gia na gÐnei autì prèpei na eis�goume mètra apofug c kindÔnou.
Lème loipìn ìti k�poioc apofeÔgei ton kÐnduno (qwrÐc prosdokoÔmeno kèrdoc
  ìfeloc), ìtan den eÐnai prìjumoc na deqjeÐ   eÐnai adi�foroc se èna dÐkaio
paiqnÐdi. 'Ena paiqnÐdi dhlad  pou ja tou èdine kèrdoch1 me pijanìthta π kai
zhmÐa h2 me 1− π, ètsi ¸ste na isqÔei

πh1 + (1− π)h2 = 0. (1.6)

EpÐshc lème ìti k�poioc apofeÔgei austhr� ton kÐnduno, an den eÐnai prìjumoc
na deqjeÐ èna dÐkaio paiqnÐdi. An t¸raU eÐnai h sun�rthsh wfelimìthtac apì
ton orismì thc (austhr c) apofug c tou kindÔnou èqoume

U(W0)(>) ≥ πU(W0 + h1) + (1− π)U(W0 + h2), (1.7)

ìpou W0 eÐnai to arqikì mac posì. Qrhsimopoi¸ntac ton orismì tou dÐkaiou
paiqnidioÔ paÐrnoume ìti

U [π(W0+h1)+(1−π)(W0+h2)](>) ≥ πU(W0+h1)+(1−π)U(W0+h2). (1.8)

Oi parap�nw sqèseic deÐqnoun ìti (austhr  ) apofug  tou kindÔnou ep�gei
(austhr�) koÐlh sun�rthsh wfelimìthtac. EpÐshc antistrèfontac ta b mata
èqoume ìti (austhr�) koÐlh sun�rthsh ep�gei (austhr  ) apofug  tou kindÔ-
nou. Oi �njrwpoi epÐshc ja pl rwnan gia na apofÔgoun dÐkaia paiqnÐdia.

Up�rqoun di�fora mètra apofug c kindÔnou. 'Ena apì aut� pou mac en-
diafèrei kai pou ja qrhsimopoihjeÐ sth sunèqeia eÐnai autì tou apìlutou
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suntelest  apofug c kindÔnou, to opoÐo eis gagan oiPratt - Arrow, orÐze-
tai apì th sqèsh

RA(·) = −U ′′(·)
U ′(·) , (1.9)

kai eÐnai èna mètro thc kampulìthtac thc sun�rthshc wfelimìthtac. Qara-
kthrÐzei de th sumperifor� mac, dhlad  to p¸c antimetwpÐzoume mÐa axÐa pou
emperièqei kÐnduno, ìtan eÐnai na dialèxoume metaxÔ aut c kai mÐac pou den
emperièqei kÐnduno. Sugkekrimèna o Arrow [A] èdeixe ìti ìtan o RA eÐnai
austhr� fjÐnousa sun�rthsh antimetwpÐzoume thn axÐa mac san èna kanonikì
agajì, pou shmaÐnei ìti h z thsh aux�nei kaj¸c aux�noun ta qrhmatik� mac
diajèsima, to antÐstrofo de sumbaÐnei gia aÔxousa sun�rthsh touRA. Tèloc
ìtan èqoume stajerì suntelest  h z thsh den ephre�zetai apì to epÐpedo
tou arqikoÔ mac qartofulakÐou.

Sth sunèqeia qrhsimopoi¸ntac kat�llhlh, ekjetik , sun�rthsh wfelimì-
thtac

U ε(ξ) = 1− e−
ξ
ε , ξ ∈ R1, (1.10)

gia thn opoÐa h tim  tou dikai¸matoc eÐnai Ψε,µ(p, t) = zε − zε,f , ìpou oi
sunart seic pou emfanÐzontai sto dexiì mèloc thc prohgoÔmenhc isìthtac ja
oristoÔn sth sunèqeia (selÐda 10), p h tim  thc metoq c th qronik  stigm  t
kai µ eÐnai to analogikì kìstoc sunallag c, ja melet soume th sumperifor�
tou Ψε,µ kaj¸c ε → 0, µ → 0, µ/

√
ε = α. Sugkekrimèna ja deÐxoume ìti h

oriak  tim  ikanopoieÐ thn exÐswsh

Ψt + rpΨp +
1

2
σ2p2Ψpp[1 + S(er(T−t)α2p2Ψpp)] = rΨ, (1.11)

me telik  sunj kh
Ψ(p, T, α) = max(p− q, 0), (1.12)

ìpou r eÐnai to epitìkio qwrÐc kÐnduno kai α = µ
√

γN , ìpou γN := 1
ε
. To

N eÐnai o arijmìc twn dikaiwm�twn pou èqoume poul sei, γ o suntelest c
apofug c kindÔnou kai S(·) mÐa mh grammik  sun�rthsh pou ja oristeÐ sth
sunèqeia. EpÐshc, an w(T ) eÐnai to telikì mac qartoful�kio ja d¸soume gia
t < T kai κ > 0 èna fr�gma gia thn pijanìthta na q�soume thn antist�jmish
kat� èna posì κ. Sugkekrimèna ja deÐxoume th sqèsh

minP
(
w(T ) ≤ −κ|w(t) = Ψ(p, t, α), P (t) = p

)
≤ exp(−α2

µ2
)[κ + O(

µ2

α2
)],

(1.13)
opou P eÐnai èna mètro pijanìthtac, w(t) kai P (t) eÐnai oi diadikasÐec pou
perigr�foun to qartoful�kio mac kai th tim  thc metoq c th qronik  stigm 
t antÐstoiqa kai O(r) eÐnai sun�rthsh mÐac metablht c pou teÐnei sto0 kaj¸c
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r ↓ 0 kai to el�qisto to jewroÔme wc proc ìla ta qartoful�kia. EpÐshc
ja doÔme pwc genikeÔetai autì to apotèlesma se �lla qrhmatooikonomik�
proðìnta kai ja k�noume mÐa sÔgkrish me ta apotelèsmata thc mejìdou tou
Leland.
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2 To montèlo thc apotÐmhshc dikai¸matoc eu-
rwpaðkoÔ tÔpou

2.1 ParousÐash tou montèlou
JewroÔme mÐa agor� h opoÐa apoteleÐtai apì èna qrhmatooikonomikì proðìn,
pou emèic ja onom�zoume omìlogo, to opoÐo èqei tic idiìthtec tou trapezikoÔ
logariasmoÔ pou perigr�yame sthn eisagwg  kai mÐa metoq  h opoÐa ikanopoieÐ
tic sqèseic

dP (s) = P (s)[ads + σdW (s)], s ∈ [t, T ], (2.1)

P (t) = p, (2.2)

ìpou a eÐnai stajer� pou antiproswpeÔei to mèso rujmì pou anamènoume kèrdh
apì th metoq , σ eÐnai h stajer  stajer� thc astasÐac kaiW (·) mÐa sunhji-
smènh monodi�stath kÐnhsh Brown. Gia aplìthta ja jewr soume arqik� to
epitìkio r thc agor�c Ðso me 0 kai ja melet soume th mh mhdenik  perÐptwsh
argìtera.

'Estw X(·), Y (·) oi stoqastikèc diadikasÐec oi opoÐec perigr�foun ta qrh-
matik� mac diajèsima sto omìlogo kai ton arijmì twn metoq¸n antÐstoiqa .
MÐa ependutik  strathgik  eÐnai èna zeÔgoc(L(·),M(·)) apì prosarmosmènec,
arister� suneqeÐc mh fjÐnousec diadikasÐec meL(t) = M(t) = 0, oi opoÐec an-
tiproswpeÔoun to sunolikì arijmì twn metoq¸n pou èqoun metaferjeÐ apì to
omìlogo proc th metoq  kai antÐstrofa. Dojèntoc enìc analogikoÔ kìstouc
sunallag c µ ∈ (0, 1) kai arqik¸n tim¸n x, y to antÐstoiqo qartoful�kio,

X(s) = X(s, t, x, y, L(·),M(·)), (2.3)

Y (s) = Y (s, t, x, y, L(·),M(·)), (2.4)

kineÐtai b�sei twn sqèsewn,

X(s) = x−
∫ s

t

P (τ)(1 + µ)dL(τ) +

∫ s

t

P (τ)(1− µ)dM(τ), s ∈ [t, T ],

(2.5)
Y (s) = y + L(s)−M(s), s ∈ [t, T ]. (2.6)

H prosèggish twn Hodges-Neuberger [HN] gia thn apotÐmhsh enìc dikai¸ma-
toc agor�c me tim  ex�skhshc q kai hmeromhnÐa l xhc T , eÐnai h akìloujh.
'Estw U h sun�rthsh wfelimìthtac. JewroÔme pr¸ta to problhma megi-
stopoÐhshc tou telikoÔ qartofulakÐou ìtan den up�rqoun upoqre¸seic se
dikai¸mata agor�c, opìte h antÐstoiqh sun�rthsh tim¸n eÐnai h parak�tw,

V f (x, y, p, t) := sup
L(·),M(·)

E[U(X(T ) + Y (T )P (T ))]. (2.7)
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Ed¸ ìpwc kai parak�tw, (x, y, p, t) ∈ (R,R,R+, [0, T ]). EpÐshc E, antiprosw-
peÔei th mèsh tim , wc proc èna mètro pijanìthtacP, tou q¸rou mac (Ω, F,P).

Sth deÔterh perÐptwsh jewroÔme ìti èqoume poul seiN dikai¸mata ago-
r�c, opìte to telikì qartoful�kio mac isoÔtai me

X(T ) + Y (T )P (T )−N(P (T )− q)+ (2.8)

kai h antÐstoiqh sun�rthsh tim¸n eÐnai h

V (x, y, p, t) := sup
L(·),M(·)

E[U(X(T ) + Y (T )P (T )−N(P (T )− q)+)]. (2.9)

Oi Hodges-Neuberger èdeixan ìti h tim  tou dikai¸matoc eÐnai Ðsh me th mègisth
lÔsh Λ (sun jwc monadik  ), thc algebrik c exÐswshc

V (x + NΛ, y, p, t) = V f (x, y, p, t). (2.10)

H posìthta Λ exart�tai ektìc apì th sun�rthsh wfelimìthtac kai apì ta
(x, y, p, t) kai to N. Ston parap�nw upologismì agno same to kìstoc pou
qreiazìmaste gia thn �skhsh tou dikai¸matoc, to opoÐo upojètoume ìti den
eÐnai shmantikì.

PeriorÐzoume to endiafèron mac sthn ekjetik  sun�rthsh wfelimìthtac

Uγ(ξ) := 1− e−γξ, ξ ∈ R1, (2.11)

ìpou h par�metroc γ eÐnai o suntelest c apofug c kindÔnou. O lìgoc pou
to k�noume autì eÐnai epeid  mporoÔme na mei¸soume tic metablhtèc pou èqou-
me, k�ti pou mac aplopoieÐ touc upologismoÔc arket�. Mac dÐnei epiplèon th
dunatìthta, na epilÔsoume eukolìtera me arijmhtikèc mejìdouc realistik�
probl mata. EpÐshc oi sunart seic ekjetik c morf c, pou perièqoun ton deÔ-
tero ìro thc parap�nw sqèshc eÐnai oi mìnec pou èqoun stajerì suntelest 
apofug c kindÔnou. Autì mac exasfalÐzei ìti h antistajmistik  mac politik 
den exart�tai apì to an q�same   kerdÐsame stic prohgoÔmenec sunallagèc.

Tìte h tim  tou dikai¸matoc Λ exart�tai apì ta (x, y, p, t), γ,N . B�sei
twn (2.10)− (2.11), prokÔptei ìti: H Λ1 := Λ(Nx, Ny, p, t; γ,N), ikanopoieÐ
th sqèsh

V1(Nx + NΛ1, Ny, p, t) = V f
1 (Nx, Ny, p, t),

me Uγ1(ξ) = 1−e−γ1ξ = 1−e−γξ. EpÐshc h Λ2 := Λ(x, y, p, t; Nγ, 1), ikanopoieÐ
th sqèsh

V2(x + Λ2, y, p, t) = V f
2 (x, y, p, t),

me Uγ2(ξ) = 1−e−γ2ξ = 1−e−γNξ, ìpou V1, V2, orÐzontai ìpwc h V stic (2.7)−
(2.9). B�sei twn parap�nw sqèsewn kai thc grammikìthtac twn(2.5)− (2.6),
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prokÔptei ìti :

V f
1 (Nx,Ny, p, t) = sup

L(·),M(·)
E

[
1− exp

(−γ[NX(T ) + NY (T )P (T )]
)]

,

V f
2 (x, y, p, t) = sup

L(·),M(·)
E

[
1− exp

(−γN [X(T ) + Y (T )P (T )]
)]

.

'Ara V f
1 (Nx, Ny, p, t) = V f

2 (x, y, p, t) kai epomènwc

Λ(Nx,Ny, p, t; γ, N) = Λ(x, y, p, t; γN, 1). (2.12)

Opìte poul¸ntac N dikai¸mata me suntelest  apofug c kindÔnou γ odhgeÐ
sto Ðdio apotèlesma me to na poul soume èna dikaÐwma me suntelest γN .

2.2 Asumptwtik  An�lush
H prohgoÔmenh sqèsh mac odhgeÐ sto na jewr soume mÐa asumptwtik  an�-
lush kaj¸c to γN teÐnei sto �peiro. Jètoume loipìn

ε := 1/γN (2.13)

U ε(ξ) := 1− e−ξ/ε, ξ ∈ R1. (2.14)

Tìte ta dÔo probl mata beltistopoÐhshc (2.7), (2.9), twn Hodges-Neuberger,
ìpou U ≡ U ε, V f (x, y, p, t) ≡ uε,f (x, y, p, t) kai V (x, y, p, t) ≡ uε(x, y, p, t),
paÐrnoun th morf 

uε,f (x, y, p, t) = 1− inf
L(·),M(·)

E exp

(
−1

ε
[X(T ) + Y (T )P (T )]

)
, (2.15)

uε(x, y, p, t) = 1− inf
L(·),M(·)

E exp

(
−1

ε
[X(T ) + Y (T )P (T )− (P (T )− q)+]

)
,

(2.16)
ìpou to f dhl¸nei ìti den èqoume upoqre¸seic se dikai¸mata. OrÐzoume tic
sunart seic zε,f , zε, oi opoÐec dÐnontai apì tic sqèseic

uε,f (x, y, p, t) = 1− exp

(
−1

ε
[x + yp− zε,f (x, y, p, t)]

)
, (2.17)

uε(x, y, p, t) = 1− exp

(
−1

ε
[x + yp− zε(x, y, p, t)]

)
, (2.18)

kai èqoume

zε,f (x, y, p, T ) = 0, zε(x, y, p, T ) = (p− q)+. (2.19)
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Epiplèon h tim  tou dikai¸matoc ikanopoieÐ th sqèsh

Λ(x, y, p, t; 1/ε, 1) = zε(x, y, p, t)− zε,f (x, y, p, t). (2.20)

Stìqoc mac eÐnai na melet soume tic idiìthtec twn zε,f , zε. Autì ja gÐnei
sthn Prìtash 2.1, pou ja dojeÐ amèswc met� thn apìdeixh tou epìmenou
jewr matoc.

Je¸rhma 2.1 Oi uε, uε,f ìpwc orÐsthkan stic (2.15)− (2.16), eÐnai oi mona-
dikèc, (asjeneÐc) , lÔseic ix¸douc thc exÐswshc dunamikoÔ programmatismoÔ,

min
{
−ut− 1

2
σ2p2upp−apup;−uy +p(1+µ)ux; uy−p(1−µ)ux

}
= 0. (2.21)

Sth sunèqeia prin thn apìdeixh tou Jewr matoc 2.1, ja d¸soume mÐa mh au-
sthr  aitiolìghsh, thc exÐswshc programmatismoÔ pou ikanopoioÔn oiV , V f ,
apì tic opoÐec prokÔptoun oi uε, uε,f . Sugkekrimèna ja deÐxoume ìti oi V, V f ,
ikanopoioÔn th sqèsh,

max
{

Vt +
1

2
σ2p2Vpp + apVp; Vy − p(1 + µ)Vx;−Vy + p(1−µ)Vx

}
= 0. (2.22)

JewroÔme proswrin� mÐa mikrìterh kathgorÐa ependutik¸n strathgik¸n, ètsi
¸ste (L(s),M(s)) na eÐnai apìluta suneqeÐc kai na dÐnontai apì tic exis¸seic,

L(s) =

∫ s

t

l(ξ)dξ, M(s) =

∫ s

t

m(ξ)dξ, (2.23)

ìpou oi sunart seic l(ξ),m(ξ), eÐnai jetikèc kai omoiìmorfa fragmènec apì
to κ pou eÐnai peperasmèno. Opìte oi exis¸seic pou perigr�foun thn kÐnhsh
thc metoq c kai thn exèlixh twn X(s), Y (s) paÐrnoun th morf ,

dX(s) = −P (s)(1 + µ)l(s)ds + P (s)(1− µ)m(s)ds, s ∈ [t, T ], (2.24)

dY (s) = l(s)ds−m(s)ds, s ∈ [t, T ], (2.25)
dP (s) = P (s)ads + P (s)σdW (s), s ∈ [t, T ]. (2.26)

To parap�nw sÔnolo exis¸sewn apoteleÐ sÔsthma stoqastik¸n diaforik¸n
exis¸sewn, ìpou gia to prìblhma megistopoÐhshc thc mèshc tim c thc wfelimì-
thtac, b�sei thc jewrÐac tou bèltistou stoqastikoÔ elègqou (blèpeFleming
- Soner [FS], Je¸rhma 4.1- Sel. 168), anex�rthta thc sun�rthshc wfelimì-
thtac, gia opoiad pote apo tic V   V f , h exÐswsh Bellman èqei th morf ,

max
0≤l,m≤κ

{
(Vy− (1+µ)pVx)l− (Vy− (1−µ)pVx)m

}
+Vt +apVp +

1

2
σ2p2Vpp = 0.

(2.27)
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H bèltisth ependutik  strathgik  kajorÐzetai jewr¸ntac tic parak�tw treic
pijanèc peript¸seic :

(1) Vy − (1 + µ)pVx ≥ 0, Vy − (1− µ)pVx > 0, (2.28)

opìte èqoume to mègisto giam = 0 kai l = k, agor�zoume dhlad  sto mègisto
rujmì κ.

(2) Vy − (1 + µ)pVx < 0, Vy − (1− µ)pVx ≤ 0, (2.29)

opìte èqoume to mègisto gia l = 0 kai m = k, poul�me dhlad  sto mègisto
rujmì κ.

(3) Vy − (1 + µ)pVx ≤ 0, Vy − (1− µ)pVx ≥ 0, (2.30)

opìte èqoume to mègisto gia l = 0 kai m = 0, pou shmaÐnei ìti den pragmato-
poioÔme kamÐa sunallag .

To parap�nw apotèlesma mac deÐqnei ìti èqoume èna prìblhma eleujèrou
sunìrou ìpou an h sun�rthsh tim¸n V (x, y, p, t) eÐnai gnwst , h bèltisth
strathgik  tou ependut  kajorÐzetai apì tic �nw anisìthtec. To sÔnolo
twn katast�sewn qwrÐzetai se trÐa qwrÐa, ta opoÐa onom�zoume antÐstoiqa,
qwrÐo agor�c, p¸lhshc   qwrÐo mhdenik c sunallag c. Ta qwri� agor�c kai
p¸lhshc saf¸c den tèmnontai. Ta antÐstoiqa sÔnora de twn �nw qwrÐwn me
to qwrÐo kamÐac sunallag c ta sumbolÐzoumai me∂B, ∂S antÐstoiqa.

Kaj¸c to κ teÐnei sto∞, h kl�sh twn ependutik¸n strathgik¸n sumpÐptei
me aut  pou orÐsthke arqik�. Upojètoume ìti o q¸roc katast�sewn paramènei
p�li qwrismènoc s' èna qwrÐo agor�c, èna qwrÐo p¸lhshc kai èna qwrÐo pou
de pragmatopoioÔme sunallagèc. Tìte h bèltisth ependutik  strathgik  mac
dhl¸nei ìti prèpei na k�noume mÐa sunallag  e¸c to sÔnoro∂B   ∂S an�loga
an briskìmaste sto qwrÐo agor�c   sto qwrÐo p¸lhshc, sunodeuìmenec apì
sunallagèc topikoÔ tÔpou sto sÔnoro.

Sto qwrÐo agor�c h sun�rthsh tim¸n paramènei stajer  kat� m koc tou
monopatioÔ to opoÐo mac dÐnei h bèltisth strathgik  epèndushc (blèpe Flem-
ing - Rishel [FR] Je¸rhma 3.2- SelÐda 82). Epomènwc isqÔei,

V (x, y, p, t) = V (x− (1 + µ)pδyb
, y + δyb

, p, t), (2.31)

ìpou δyb
eÐnai o arijmìc twn metoq¸n pou agor�sthkan apì ton ependut . An

δyb
→ 0 h parap�nw exÐswsh gÐnetai,

Vy(x, y, p, t)− (1 + µ)pVx(x, y, p, t) = 0. (2.32)

Parìmoia sto qwrÐo p¸lhshc h sun�rthsh tim¸n ikanopoieÐ thn

V (x, y, p, t) = V (x + (1− µ)pδys , y − δys , p, t), (2.33)
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ìpou δys eÐnai o arijmìc twn metoq¸n pou poul jhkan apì ton ependut . An
δys → 0 h parap�nw exÐswsh gÐnetai,

Vy(x, y, p, t)− (1− µ)pVx(x, y, p, t) = 0. (2.34)

Sto qwrÐo ìpou den èqoume sunallagèc h sun�rthsh tim¸n ikanopoieÐ p�li
tic parap�nw exis¸seic pou isqÔoun gia thn kl�sh twn apìluta suneq¸n
strathgik¸n epèndushc kai epomènwc h sun�rthsh tim¸n dÐnetai apì thn

Vt + apVp +
1

2
σ2p2Vpp = 0. (2.35)

SunoyÐzontac èqoume ìti : Sto qwrÐo agor�c hV ikanopoieÐ th sqèsh (2.32)
kai epÐpleon ìti,

−Vy(x, y, p, t) + (1− µ)pVx(x, y, p, t) < 0.

Sto qwrÐo p¸lhshc h V ikanopoieÐ th sqèsh (2.34) kai epÐshc ìti,

Vy(x, y, p, t)− (1 + µ)pVx(x, y, p, t) < 0.

Tèloc sto qwrÐo mhdenik c sunallag c h V ikanopoieÐ th sqèsh (2.35) kai
epÐpleon ìti,

Vy(x, y, p, t)−(1−µ)pVx(x, y, p, t) ≥ 0, Vy(x, y, p, t)−(1+µ)pVx(x, y, p, t) ≤ 0.

To parap�nw sÔnolo exis¸sewn epeid  isqÔei h(2.27) sunoyÐzetai sth sqèsh,

max
{

Vy−(1+µ)pVx;−(Vy−(1−µ)pVx); Vt +apVp +
1

2
σ2p2Vpp

}
= 0, (2.36)

gia (x, y, p, t) ∈ (R,R,R+, [0, T ]).
Apìdeixh Jewr matoc 2.1: Ja deÐxoume ìti h sun�rthsh tim¸nV (x, y, p, t),
ìpou V = uε   uε,f , ìpwc autèc orÐzontai apì tic (2.15)−(2.16), eÐnai asjen c
lÔsh ix¸douc thc exÐswshc,

min
{
−Vt− 1

2
σ2p2Vpp−apVp;−Vy +p(1+µ)Vx; Vy−p(1−µ)Vx

}
= 0. (2.37)

Sthn periptws  mac h kat�stash S eÐnai h (x, y, p, t) kai èstw ìti to
shmeÐo, S0 = (x0, y0, p0, t0) ∈ E × [0, T ], ìpou E eÐnai to sÔnolo, (x, y, p) ∈
(R,R,R+). Apì apotèlesma tou Zhu [Z], up�rqei mÐa bèltisth epèndush, pou
mac dÐnoun oi (L∗(s),M∗(s)) ìpou S∗0(s) = (X∗

0 (s), Y ∗
0 (s), P ∗

0 (s), s), eÐnai h
bèltisth troqi� me S∗0(t0) = S0.
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B�sei tou orismoÔ thc lÔshc ix¸douc, pou dÐnetai sto par�rthma A, prèpei
na deÐxoume ìti h V eÐnai upìlush kai uperlÔsh thc exÐswshc pou perigr�fetai
apì th sqèsh (2.37). Gia na deÐxoume arqik� ìti h V eÐnai upolÔsh, prèpei
gia k�je sun�rthsh elègqou φ(S), tètoia ¸ste h V (S) − φ(S) èqei topikì
mègisto sto S0 na isqÔei,

min
{
−φy(S0) + p0(1 + µ)φx(S0); φy(S0)− p0(1− µ)φx(S0) (2.38)

;−φt(S0)− 1

2
σ2p2

0φpp(S0)− ap0φp(S0)
}
≤ 0.

QwrÐc bl�bh thc genikìthtac upojètoume ìti V (S0) = φ(S0) kai V ≤ φ sto
E× [0, T ]. 'Estw ìti den isqÔei to zhtoÔmeno. Tìte b�sei thc exÐswshc (2.38)
èqoume ìti,

−φy(S0) + p0(1 + µ)φx(S0) > 0, (2.39)

φy(S0)− p0(1− µ)φx(S0) > 0, (2.40)

kai up�rqei θ > 0, tètoio ¸ste

−φt(S0)− 1

2
σ2p2

0φpp(S0)− ap0φp(S0) > θ. (2.41)

Apì to gegonìc ìti h φ eÐnai omal  sun�rthsh èqoume ìti,

−φy(S) + p(1 + µ)φx(S) > 0, (2.42)
φy(S)− p(1− µ)φx(S) > 0, (2.43)

−φt(S)− 1

2
σ2p2φpp(S)− apφp(S) > θ, (2.44)

ìpou S = (x, y, p, t) ∈ B(S0), mÐa perioq  touS0 . B�sei tou l mmatoc5.1, pou
ja deÐxoume sto par�rthma A, h sun�rthshS∗0(s) den èqei phd mata P sqedìn
bebaÐwc sto S0 = S∗0(t0). Epomènwc an τ(ω) = inf{s ∈ [t0, T ] : S∗0(s) /∈
B(S0)}, eÐnai megalÔtero tou t0, P sqedìn bebaÐwc. B�sei twn (2.42)−(2.44),
èqoume ìti

θ E (τ − t0) (2.45)

< E
∫ τ

t0

[−φy(S
∗
0(s)) + P ∗

0 (s)(1 + µ)φx(S
∗
0(s))]dL∗(s) +

+ E
∫ τ

t0

[φy(S
∗
0(s))− P ∗

0 (s)(1− µ)φx(S
∗
0(s))]dM∗(s)

+ E
∫ τ

t0

[−φt(S
∗
0(s))−

1

2
σ2(P ∗

0 (s))2φpp(S
∗
0(s))− aP ∗

0 (s)φp(S
∗
0(s))]ds

= E [I1] + E[I2] + E[I3],

14



ìpou (L∗(s),M∗(s)) eÐnai h bèltisth strathgik  stoS0. An efarmìsoume ton
kanìna tou Ito (blèpe B. Oksendall [O]. Je¸rhma 4.2.1 - SelÐda 48), sth
φ(S), èqoume ìti isqÔei,

φ(S∗0(τ)) = φ(S0) +

∫ τ

t0

φt(S
∗
0(s))ds−

∫ τ

t0

φx(S
∗
0(s))P

∗
0 (s)(1 + µ)dL∗(s)

+

∫ τ

t0

φx(S
∗
0(s))P

∗
0 (s)(1− µ)dM∗(s) +

∫ τ

t0

φy(S
∗
0(s)dL∗(s)

−
∫ τ

t0

φy(S
∗
0(s)dM∗(s) +

∫ τ

t0

φp(S
∗
0(s))aP ∗

0 (s)ds

+

∫ τ

t0

φp(S
∗
0(s))σP ∗

0 (s)dW (s) +
1

2

∫ τ

t0

φpp(S
∗
0(s))σ

2(P ∗
0 (s))2ds.

An jewr soume th mèsh tim , katal goume sth sqèsh,

E[φ(S∗0(τ))] = φ(S0)− E[I1]− E[I2]− E[I3]. (2.46)

AfoÔ V (S) ≤ φ(S) kai gia ìla ta S ∈ B(S0) kai V (S0) = φ(S0), apì tic
sqèseic, (2.45)-(2.46), èqoume ìti,

E[V (S∗0(τ))] ≤ V (S0)− E[I1]− E[I2]− E[I3] < V (S0)− θE[τ − t0]. (2.47)

All� lìgw thc bèltisthc idiìthtac twn (L∗(s),M∗(s)), ja èprepe na eÐqame
antÐjeth for� sthn anisìthta.

Sth sunèqeia gia na deÐxoume ìti h V eÐnai uperlÔsh, prèpei gia k�je
sun�rthsh elègqou φ(S), tètoia ¸ste h V (S) − φ(S) èqei topikì el�qisto
sto shmeÐo S0 na isqÔei,

min
{
−φy(S0) + p0(1 + µ)φx(S0); φy(S0)− p0(1− µ)φx(S0) (2.48)

;−φt(S0)− 1

2
σ2p2

0φpp(S0)− ap0φp(S0)
}
≥ 0.

QwrÐc bl�bh thc genikìthtac upojètoume ìti V (S0) = φ(S0) kai V ≥ φ sto
E × [0, T ]. ApodeiknÔoume ìti k�je ìroc thc parap�nw exÐswshc eÐnai mh
arnhtikìc.

JewroÔme thn strathgik  L(s) = L0, t0 < s kai M(s) = 0, t0 < s. Epeid 
S0 = (x0, y0, p0, t0), eÐnai to shmeÐo pou xekin�ei h bèltisth troqi� èqoume,

V (x0, y0, p0, t0) ≥ V (x0 − (1 + µ)p0L0, y0 + L0, p0, t0). (2.49)

Aut  h anisìthta isqÔei epÐshc kai gia thn φ(x, y, p, t), opìte diair¸ntac me
to L0 kai af nontac to L0 → 0 èqoume,

φy(S0)− (1 + µ)p0φx(S0) ≤ 0. (2.50)
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Omoia gia na deÐxoume ìti o deÔteroc ìroc eÐnai mh arnhtikìc, qrhsimopoioÔme
thn L(s) = 0, t0 < s kai M(s) = M0, t0 < s. Tèloc jewroÔme thn perÐptwsh
ìpou kamÐa sunallag  de lamb�nei q¸ra. Tìte èqoume,

EV (Sd
0) ≤ V (x0, y0, p0, t0), (2.51)

ìpou Sd
0(s), eÐnai h troqi� ìtan M(s) = L(s) = 0, t0 ≤ s ≤ T . Aut  dÐnetai

apì th sqèsh,

Sd
0(s) = (x0, y0, p0 exp[(a− 1

2
σ2)(s− t0) + σ(W (s)−W (t0))], s) (2.52)

kai Sd
0(s) ∈ B(S0). Efarmìzoume ton kanìna tou Ito, ìpwc akrib¸c kai sto

prohgoÔmeno mèroc thc apìdeixhc sto φ(x, y, p, t) kai afoÔ jewr soume th
mèsh tim  paÐrnoume ìti,

E φ(Sd
0(s)) = φ(S0(s))

+ E (

∫ s

t0

[φt(S
d
0(ξ)) + aP d

0 (ξ)φp(S
d
0(ξ)) +

1

2
σ2(Sd

0(ξ))
2φpp(S

d
0(ξ))]dξ).

Apì thn parap�nw sqèsh kai th (2.51), prokÔptei ìti

E(

∫ s

t0

−[φt(S
d
0(ξ)) + aP d

0 (ξ)φp(S
d
0(ξ)) +

1

2
σ2(Sd

0(ξ))
2φpp(S

d
0(ξ))]dξ) ≥ 0.

(2.53)
Epilègontac to s → t0, èqoume kai ton trÐto ìro mh arnhtikì (gia leptomerè-
sterh apìdeixh blèpe Lions [L1] ).

Gia thn apìdeixh thc monadikìthtac parapempoÔme stouc Davis-Panas-
Zariphopoulou [DPZ] kai Ishii-Lions [IL]. ¤

Sugkentr¸noume tic idiìthtec twn zε kai zε,f sth parak�tw prìtash.

Prìtash 2.1 Gia k�je ε > 0 oi zε,f , zε, eÐnai anex�rthtec tou x kai eÐnai
suneqeÐc lÔseic ix¸douc (viscocity solutions) thc

max
{
−zt− 1

2
σ2p2zpp− 1

2ε
σ2p2(zp− y)2− ap(zp− y); |zy| − µp

}
= 0, (2.54)

sto R1 × R+ × [0, T ]. Epiplèon

− εa2

2σ2
(T − t) ≤ zε,f (y, p, t) ≤ zε(y, p, t), (2.55)

zε,f (y, p, t) ≤ µp|y|, zε(y, p, t) ≤ p + µp|y − 1|, (2.56)

ϕ(p, t)− εa2

2σ2
(T − t) ≤ zε(y, p, t), (2.57)

ìpou ϕ lÔnei th mh grammik  exÐswsh twn Black-Scholes , pou perigr�fetai
apì th sqèsh (1.1) .
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Apìdeixh : Oi sunart seic zε,f , zε pou orÐzontai mèsw thc ekjetik c sun�r-
thshc wfelimìthtac kai dÐnontai apì tic sqèseic,

uε,f (x, y, p, t) = 1− exp

(
−1

ε
[x + yp− zε,f (x, y, p, t)]

)
, (2.58)

uε(x, y, p, t) = 1− exp

(
−1

ε
[x + yp− zε(x, y, p, t)]

)
, (2.59)

eÐnai anex�rthtec tou x. Pr�gmati apì tic sqèseic,

uε,f (x, y, p, t) = 1− inf
L(·),M(·)

E exp

(
−1

ε
[X(T ) + Y (T )P (T )]

)
, (2.60)

uε(x, y, p, t) = 1− inf
L(·),M(·)

E exp

(
−1

ε
[X(T ) + Y (T )P (T )− (P (T )− q)+]

)
,

(2.61)
èqoume ìti

uε,f (x, y, p, t) = 1− exp(−1

ε
x) inf

L(·),M(·)
E exp

(
−1

ε
[W ε,f (T )]

)
, (2.62)

uε(x, y, p, t) = 1− exp(−1

ε
x) inf

L(·),M(·)
E exp

(
−1

ε
[W ε(T )]

)
, (2.63)

ìpou W ε,f (T ), W ε(T ), dÐnontai apì tic sqèseic,

W ε,f (T ) = X(T )− x + Y (T )P (T ),

W ε(T ) = X(T )− x + Y (T )P (T )− (P (T )− q)+,

apì ìpou faÐnetai (blèpe (2.5)−(2.6)), ìti eÐnai anex�rthtec toux. Epomènwc
èqoume to zhtoÔmeno. Jètontac

u(x, y, p, t) = 1− exp(−1

ε
[x + yp− z(y, p, t)]), (2.64)

ìpou z = zε   zε,f kai u = uε   uε,f antÐstoiqa, epeid  h ekjetik  sun�rthsh
eÐnai omal , prokÔptei ìti:

uy =
1

ε
(p− zy) exp(−1

ε
[x + yp− z]), (2.65)

ux =
1

ε
exp(−1

ε
[x + yp− z]), (2.66)

ut = −zt

ε
exp(−1

ε
[x + yp− z]), (2.67)

up =
(y − zp)

ε
exp(−1

ε
[x + yp− z]), (2.68)
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upp = −[
zpp

ε
exp(−1

ε
[x + yp− z]) +

(y − zp)
2

ε2
exp(−1

ε
[x + yp− z])]. (2.69)

Sundu�zontac tic parap�nw sqèseic, b�sei thc

min
{
−ut− 1

2
σ2p2upp−apup;−uy +p(1+µ)ux; uy−p(1−µ)ux

}
= 0, (2.70)

paÐrnoume th sqèsh

max
{
−zt− 1

2
σ2p2zpp− 1

2ε
σ2p2(zp− y)2− ap(zp− y); |zy| − µp

}
= 0. (2.71)

Epomènwc oi zε,f , zε eÐnai monadikèc lÔseic ix¸douc thc parap�nw exÐswshc
kai eÐnai anex�rthtec tou x.

Sth sunèqeia an jèsoume z̃(y, p, t) = − εa2

2σ2 (T − t) èqoume

− z̃t − 1

2
σ2p2z̃pp − 1

2ε
σ2p2(z̃p − y)2 − ap(z̃p − y) = (2.72)

− εa2

2σ2
− 1

2ε
σ2p2y2 + apy = −σ2

2ε
(py − aε

σ2
)2 ≤ 0

O parap�nw upologismìc mac deÐqnei ìti h sun�rthsh
V (x, y, p, t) := U ε(x + yp− z̃(y, p, t)), (2.73)

eÐnai uperlÔsh thc exÐswshc dunamikoÔ programmatismoÔ,

min
{
−ut− 1

2
σ2p2upp−apup;−uy +p(1+µ)ux; uy−p(1−µ)ux

}
= 0. (2.74)

Sunep¸c, epeid  h uε,f eÐnai lÔsh, b�sei thc arq c sÔgkrishc èqoume ìti
uε,f ≤ V , opìte kai zε,f ≥ z̃, ap' ìpou èpetai ìti zε ≥ z̃. Epomènwc deÐxame th
(2.55).

Sth sunèqeia ja deÐxoume th sqèsh (2.56). Upojètoume arqik� ìti y = 1.
Dialègoume L̂ ≡ M̂ ≡ 0. Tìte (X̂(s), Ŷ (s)) = (x, 1), lÔnei tic exis¸seic

X(s) = x−
∫ s

t

P (τ)(1 + µ)dL(τ) +

∫ s

t

P (τ)(1− µ)dM(τ), s ∈ [t, T ],

(2.75)
Y (s) = y + L(s)−M(s), s ∈ [t, T ] (2.76)

kai epomènwc èqoume,

uε(x, 1, p, t) = 1− exp(−1

ε
[x + p− zε(1, p, t)]) (2.77)

= supE[U ε(X(T ) + Y (T )P (T )− (P (T )− q)+)]

≥ E[U ε(X̂(T ) + Ŷ (T )P (T )− (P (T )− q)+)]

= E[U ε(x + P (T )− (P (T )− q)+)] ≥ U ε(x)

= 1− exp(−x

ε
),
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opìte zε(1, p, t) ≤ p.
'Estw t¸ra y > 1. Dialègoume L̂ ≡ 0, M̂(s) = y − 1, s > t, kai parath-

roÔme ìti to zeÔgoc (X̂(s), Ŷ (s)) = (x+p(1−µ)(y−1), 1), lÔnei tic exis¸seic
pou perigr�foun thn kÐnhsh twn X(s), Y (s) kai parìmoia èqoume,

uε(x, y, p, t) = 1− exp(−1

ε
[x + py − zε(y, p, t)]) (2.78)

= supE[U ε(X(T ) + Y (T )P (T )− (P (T )− q)+)]

≥ E[U ε(X̂(T ) + Ŷ (T )P (T )− (P (T )− q)+)]

= E[U ε(x + p(1− µ)(y − 1) + P (T )− (P (T )− q)+)]

≥ U ε(x + p(1− µ)(y − 1))

= 1− exp(−x + p(1− µ)(y − 1)

ε
),

opìte paÐrnoume ìti,

x + py − zε(y, p, t) ≥ x + p(1− µ)(y − 1),

opìte prokÔptei ìti zε(y, p, t) ≤ p+pµ(y−1). 'Estw t¸ra y < 1. Dialègoume
L̂ = 1−y, M̂(s) ≡ 0, s > t kai parathroÔme ìti sthn perÐptwsh aut  to zeÔgoc
(X̂(s), Ŷ (s)) = (x− p(1 + µ)(1− y), 1), lÔnei tic exis¸seic pou perigr�foun
thn kÐnhsh twn X(s), Y (s) kai parìmoia èqoume,

uε(x, y, p, t) = 1− exp(−1

ε
[x + py − zε(y, p, t)]) (2.79)

= supE[U ε(X(T ) + Y (T )P (T )− (P (T )− q)+)]

≥ E[U ε(X̂(T ) + Ŷ (T )P (T )− (P (T )− q)+)]

= E[U ε(x− p(1 + µ)(1− y) + P (T )− (P (T )− q)+)]

≥ U ε(x− p(1 + µ)(1− y))

= 1− exp(−x− p(1 + µ)(1− y)

ε
).

Apì thn prohgoÔmenh sqèsh èpetai ìti,

x + py − zε(y, p, t) ≥ x− p(1 + µ)(1− y),

opìte zε(y, p, t) ≤ p + pµ(1 − y). P rame loipìn to �nw fr�gma gia to
zε(y, p, t). 'Omoia paÐrnoume gia to zε,f (y, p, t), afoÔ pr¸ta deÐxoume ìti,
zε,f (0, p, t) ≤ 0.
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Oloklhr¸noume thn apìdeixh mac jewr¸ntac th sun�rthsh,

ẑ(y, p, t) = ϕ(p, t)− εa2

2σ2
(T − t), (2.80)

ìpou ϕ, lÔnei th grammik  exÐswsh twn Black-Scholes kai èqoume,

− ẑt − 1

2
σ2p2ẑpp − 1

2ε
σ2p2(ẑp − y)2 − ap(ẑp − y) (2.81)

= − ϕt − εa2

2σ2
− 1

2
σ2p2ϕpp − 1

2ε
σ2p2(ϕp − y)2 − ap(ϕp − y)

= − εa2

2σ2
− 1

2ε
σ2p2(ϕp − y)2 − ap(ϕp − y)

= − σ2

2ε

(
p(y − ϕp)− aε

σ2

)2

≤ 0,

ìpou sth deÔterh sqèsh o pr¸toc kai o trÐtoc ìroc mhdenÐzontai, afoÔϕ
ikanopoieÐ thn grammik  exÐswsh. O parap�nw upologismìc mac deÐqnei ìti h
sun�rthsh,

V (x, y, p, t) := U ε(x + yp− ẑ(y, p, t)), (2.82)

eÐnai uperlÔsh thc exÐswshc dunamikoÔ programmatismoÔ,

min
{
−ut− 1

2
σ2p2upp−apup;−uy +p(1+µ)ux; uy−p(1−µ)ux

}
= 0. (2.83)

Sunep¸c epeid  h uε eÐnai lÔsh, b�sei thc arq c sÔgkrishc èqoume uε ≤ V ,
opìte kai zε ≥ ẑ . 2

Sthn sunèqeia dÐnoume èna k�tw fr�gma gia to zε, pou ja qrhsimopoi -
soume parak�tw. H apìdeixh tou eÐnai sunèpeia thc parap�nw prìtashc kai
dÐnetai sto par�rthma.

L mma 2.1 Gia k�je µ ≤ 1/2, 0 < η ≤ T up�rqei stajer� K(η), tètoia
¸ste:

zε(y, p, t) ≥ µp|y| −K(η)Tε, (2.84)

gia k�je 0 ≤ t ≤ T − η, p ∈ (0,∞) kai y ∈ R1.
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3 MÐa mh grammik  exÐswsh tÔpouBlack-Scholes

3.1 ParousÐash kai mÐa �mesh sunèpeia tou kurÐou jew-
r matoc

Anafèroume to kÔrio je¸rhma, tou opoÐou h apìdeixh ja dojeÐ sth sunèqeia.

Je¸rhma 3.1 Upojètoume ìti µ = α
√

ε, gia k�je stajerì α > 0. Kaj¸c
ε ↓ 0,

zε,f → 0, zε → Ψ. (3.1)

Ψ eÐnai h monadik  lÔsh ix¸douc thc exÐswshc,

Ψt + rpΨp +
1

2
σ2p2Ψpp[1 + S(er(T−t)α2p2Ψpp)] = rΨ, (3.2)

sto [0,∞)× [0, T ] me telik  sunj kh

Ψ(p, T, α) = max(p− q, 0), (3.3)

pou ikanopoieÐ
lim
p→∞

Ψ(p, s)

p
= 1, (3.4)

omoiìmorfa gia s ∈ [0, T ], ìpou h S(A) eÐnai h monadik  lÔsh thc diaforik c
exÐswshc

d

dA
[S(A)] =

S(A) + 1

2
√

AS(A)− A
, ∀A 6= 0, A ∈ R, (3.5)

me S(0) = 0.

Sthn an�lush pou èqoume k�nei mèqri t¸ra upojèsame ìti to epitìkio thc
agor�c eÐnai Ðso me mhdèn. H perÐptwsh pou afor� sto mh mhdenikì epitìkio kai
h antÐstoiqh perigraf  twn exis¸sewn tou montèlou mac melet�tai parak�tw
sth Par�grafo 3.3.

Sth sunèqeia ìtan h ex�rthsh apì toα eÐnai shmantik , ja qrhsimopoioÔme
to sumbolismì Ψ(p, s, α), diaforetik� to Ψ(p, s). Sto parap�nw je¸rhma h
sÔgklish tou zε,f sto 0 eÐnai �mesh apì th Prìtash 2.1. H sumperifor� tou
zε,f kaj¸c ε → 0 me stajerì µ, èqei melethjeÐ apì touc Whalley-Willmott
[WW]. AxÐzei epÐshc na shmeiwjeÐ ìti h mh grammik  epèktash thc exÐswshc
tou Leland, pou èdwsan oi Avellaneda-Paras [AP], èqei thn Ðdia morf  me thn
(3.2), me

Ŝ(A) =

√
2

π

µ

σ
√

∆t

A

|A| , (3.6)

ìpou ∆t eÐnai h suqnìthta sunallag c.
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Sth sunèqeia apodeiknÔoume mÐa sunèpeia tou jewr matoc, pou eÐnai èna
�nw fr�gma gia thn pijanìthta na q�soume thn antist�jmish kat� èna posì
Ðso me κ.
Je¸rhma 3.2 Gia dedomèna α, κ, stajer�, jetik� kai arqik� dedomèna,
X(t) = x, Y (t) = y, P (t) = p , èqoume ìti

inf
L(·),M(·)

P
(
X(T ) + Y (T )P (T )− (P (T )− q)+ ≤ −κ

)
(3.7)

≤ exp

(
−α2

µ2

[
κ + x + yp−Ψ(p, t, α) + O(

µ2

α2
)

])
,

ìpou O(r) sumbolÐzei k�je sun�rthsh mÐac metablht c, meO(r) → 0 kaj¸c
r ↓ 0.
Apìdeixh : Jètoume,

ε :=
µ2

α2
, Z(T ) := X(T )+Y (T )P (T )−(P (T )−q)+, F (ξ) := e−ξ/ε. (3.8)

Tìte èqoume,

inf
L(·),M(·)

P(Z(T ) ≤ −κ) = inf
L(·),M(·)

E(1{Z(T )≤−κ})

= inf
L(·),M(·)

P(F (Z) ≥ F (−κ))

≤ inf
L(·),M(·)

E

(
F (Z)

F (−κ)

)
= (1− uε(x, y, p, t))e−κ/ε

= exp

(
−1

ε

[
κ + x + yp− zε(y, p, t)

])

= exp

(
−α2

µ2

[
κ + x + yp−Ψ(p, t, α) + O(

µ2

α2
)

])
,

ìpou sthn teleutaÐa sqèsh qrhsimopoi same thn asumptwtik  sumperifor�
tou zε, sÔmfwna me to basikì je¸rhma. 2

AxÐzei na shmei¸soume ìti an up�rqei bèltistì zeÔgoc(L∗(s),M∗(s)), tìte
to �nw je¸rhma mporeÐ na efarmosteÐ gia na l�boume mÐa ektÐmhsh qwrÐc to
infimum.

3.2 Mh austhr  paragwg  thc mh grammik c exÐswshc
tÔpou Black-Scholes

SuneqÐzoume dÐnontac mÐa mh austhr  aitiolìghsh thc exÐswshc(3.2), gia thn
perÐptwsh mhdenikoÔ epitokÐou r. H austhr  apìdeixh ja dojeÐ sthn epìmenh
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par�grafo. Upojètoume arqik� ìti h sun�rthsh zε èqei th morf ,
zε(y, p, t) ≈ Ψ(p, t) + εC(rε, A), (3.9)

ìpou Ψ kai C eÐnai dÔo sunart seic pou ja kajoristoÔn parak�tw kai epi-
plèon upojètoume ìti,

rε = rε(y, p, t) := αp
Ψp(p, t)− y√

ε
,

A = A(p, t) := α2p2Ψpp(p, t).

Sthn prosp�jeia mac na deÐxoume to zhtoÔmeno ja qrhsimopoi soume to gego-
nìc ìti h sun�rthsh zε eÐnai lÔsh thc exÐswshc dunamikoÔ programmatismoÔ,

max
{
−zt− 1

2
σ2p2zpp− 1

2ε
σ2p2(zp− y)2− ap(zp− y); |zy| − µp

}
= 0, (3.10)

to opoÐo ja mac d¸sei tic exis¸seic tic opoÐec ikanopoioÔn oiΨ, C. Opìte
arqÐzoume lamb�nontac proseggistikèc ekfr�seic gia tozε, paragwgÐzontac
thn proseggistik  sqèsh pou èqoume. Stouc upologismoÔc autoÔc pou ja
akolouj soun, upojètoume ìti to rε èqei t�xh èna kai krat�me mìno touc
ìrouc t�xhc èna. All� afoÔ o suntelest c tou zε

p sthn parap�nw exÐswsh
eÐnai ε−1, krat�me mìno touc ìrouc pou eÐnai t�xhc

√
ε sto an�ptugma tou zε

p.
EpÐshc ìpwc eÐqame pei µ = α

√
ε, opìte b�sei twn parap�nw parathr sewn

paÐrnoume ìti
zε

t ≈ Ψt, zε
y ≈ −µpCr,

zε
p ≈ Ψp + εrε

pCr = Ψp + ε
(rε

p
+

αpΨpp√
ε

)
Cr ≈ Ψp +

√
ε
( A

αp

)
Cr,

zε
pp ≈ Ψpp + ε(rε

p)
2Crr ≈ Ψpp +

( A

αp

)2

Crr.

O periorismìc |zε
y| ≤ µp, sth sqèsh (2.56), eÐnai isodÔnamoc me th sqèsh

|Cr| ≤ 1. Jètoume sthn sunèqeia,

Iε := −zε
t −

1

2
σ2p2zε

pp −
1

2ε
σ2p2(zε

p − y)2 − ap(zε
p − y), (3.11)

opìte b�sei twn parap�nw sqèsewn èqoume,

Iε ≈ −Ψt − 1

2
σ2p2(Ψpp +

A2

α2p2
Crr)

− 1

2ε
σ2p2(Ψp − y +

√
ε

A

ap
Cr)

2 − ap(Ψp − y)

= −Ψt − 1

2
σ2p2Ψpp − σ2

2α2
A2Crr − σ2

2α2
(rε + ACr)

2 − a
√

ε
rε

α

≈ −Ψt − 1

2
σ2p2Ψpp − σ2

2α2

[
A2Crr + (rε + ACr)

2
]
.

23



Sth sunèqeia b�sei thc proseggistik c èkfrashc gia to Iε, h sqèsh (3.10),
gr�fetai sth morf 

max
{
−Ψt − 1

2
σ2p2Ψpp − σ2

2α2
[A2Crr + (rε + ACr)

2]; |Cr| − 1
}

= 0, (3.12)

gia ìla ta p, t, rε. AfoÔ h exÐswsh isqÔei gia ìla ta y kai epomènwc gia ìla
ta r, sumperaÐnoume ìti up�rqei sun�rthshH tou A ètsi ¸ste na èqoume ìti,

−Ψt(p, t)− 1

2
σ2p2Ψpp(p, t) = H (A(p, t)) (3.13)

Jètontac sth sunèqeia

S(A) :=
2α2

Aσ2
H (A), (3.14)

kai koit�zontac ton orismì tou A(p, t) blèpoume ìti b�sei thc parap�nw exÐ-
swshc an antikatast soume th sun�rthsh H (A) sth (3.13), h Ψ ikanopoieÐ
thn exÐswsh,

Ψt +
1

2
σ2p2Ψpp[1 + S(α2p2Ψpp)] = 0. ¤

Parat rhsh: Epiplèon b�sei thc sqèshc (3.13), h (3.12) grafètai sth mor-
f 

max
{
H (A)− σ2

2α2
[A2Crr + (r + ACr)

2]; |Cr| − 1
}

= 0. (3.15)

An se aut  antikatast soume th sun�rthshH (A), katal goume sth sqèsh,

max
{
−A2Crr(r; A)− (r +ACr(r; A))2 +AS(A); |Cr(r; A)|− 1

}
= 0, (3.16)

QwrÐc epiplèon periorismoÔc h parp�nw exÐswsh èqei perissìterec apì mÐa
lÔseic. Gia par�deigma S(A) = 0 me C(r; A) = r   C(r; A) = −r, eÐnai dÔo
diaforetikèc lÔseic. Gia na èqei h parap�nw exÐswsh monadik  lÔsh b�sei
twn sqèsewn (2.56) − (2.84), epeid  to zε sumperifèretai ìpwc to µp|y| gia
arket� meg�lec timèc tou |y|, gia na tairi�xoume aut  th sumperifor�, to
C(r; A) prèpei na ikanopoieÐ th sqèsh,

lim
|r|→∞

C(r; A)

|r| = 1. (3.17)

Epiplèon oi sunj kec Cr(0; A) = C(0; A) = 0, eÐnai aparaÐthtec gia th mo-
nadikìthta thc lÔshc. Sto par�rthma B, ja kataskeu�soume mÐa monadik 
lÔsh (S(A), C(r; A)), ìpou ja deÐxoume ìti h sun�rthsh S(A) ikanopoieÐ th
sqèsh (3.5) kai h C th (3.17) me tic parap�nw sunoriakèc sunj kec.

24



3.3 Apìdeixh tou kurÐou jewr matoc
Sto shmeÐo autì dÐnoume thn apìdeixh tou kurÐou Jewr matoc 3.1. DiakrÐ-
noume dÔo peript¸seic, gia to epitìkio qwrÐc kÐndunor.
PerÐptwsh r 6= 0 : Exet�zoume pr¸ta thn perÐptwsh ìpou r 6= 0, jew-
r¸ntac ìti isqÔei gia mhdenikì epitìkio. Sthn perÐptwsh aut  isqÔoun oi
exis¸seic (2.1 − 2.6), me th diafor� ìti h exÐswsh (2.5), pou perigr�fei thn
kÐnhsh tou X(s) èqei th morf :

dX(s) = rX(s)ds− P (s)(1 + µ)dL(s) + P (s)(1− µ)dM(s), s ∈ [t, T ].
(3.18)

Jètontac sth sunèqeia,

X̃(s) := er(T−t)X(s), Ỹ (s) := Y (s), P̃ (s) := P (s), (3.19)

èqoume ìti h tri�da (X̃(s), Ỹ (s), P̃ (s)), epalhjeÔei tic (2.1−2.6), me ã = a−r
kai arqik� dedomèna,

(X̃(t), Ỹ (t), P̃ (t)) = (x̃, ỹ, p̃) := (er(T−t)x, y, er(T−t)p). (3.20)

H an�lush pou eÐqame k�nei sth mh mhdenik  perÐptwsh mac odhgeÐ sto na
jèsoume,

ũε,f (x̃, ỹ, p̃, t) := 1− inf
L(·),M(·)

E exp

(
−1

ε
[X̃(T ) + Ỹ (T )P̃ (T )]

)
,

ũε(x̃, ỹ, p̃, t) := 1− inf
L(·),M(·)

E exp

(
−1

ε
[X̃(T ) + Ỹ (T )P̃ (T )−N(P̃ (T )− q)+]

)

kai afoÔ (X̃(T ), Ỹ (T ), P̃ (T )) = (X(T ), Y (T ), P (T )), prokÔptei ìti

uε(x, y, p, t) = ũε(er(T−t)x, y, er(T−t)p, t),

uε,f (x, y, p, t) = ũε,f (er(T−t)x, y, er(T−t)p, t).

Sth sunèqeia ìpwc kai sth mhdenik  perÐptwsh orÐzoume an�loga ta z̃ε, z̃ε,f

pou dÐnontai apì tic sqèseic,

ũε,f (x̃, ỹ, p̃, t) := 1− exp
(
−1

ε
[x̃ + ỹp̃− z̃ε,f (ỹ, p̃, t)]

)
,

ũε(x̃, ỹ, p̃, t) := 1− exp
(
−1

ε
[x̃ + ỹp̃− z̃ε(ỹ, p̃, t)]

)
,

opìte b�sei tou Jewr matoc 3.1, èqoume ìti to Ψ̃(p̃, t : α), pou orÐzetai apì
th sqèsh,

Ψ̃(p̃, t : α) := lim
ε↓0

(
z̃ε(ỹ, p̃, t)− z̃ε,f (ỹ, p̃, t)

)
, (3.21)
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lÔnei th mh grammik  exÐswsh (3.2), me r = 0.
EÐqame anafèrei nwrÐtera ìti h tim  tou dikai¸matocΛε(y, p, t) orÐzetai na

eÐnai h monadik  lÔsh thc algebrik c exÐswshc,

uε(x + Λε, y, p, t) = uε,f (x, y, p, t). (3.22)

Opìte b�sei twn parap�nw sqèsewn pou èqoume gia tic ũε,f , ũε, prokÔptei
ìti,

Λε(y, p, t) = e−r(T−t)[z̃ε(y, er(T−t)p, t)− z̃ε,f (y, er(T−t)p, t)] (3.23)

kai epomènwc isqÔei ìti,

Ψ(p, t : α) := lim
ε↓0

Λε(y, p, t)

= e−r(T−t) lim
ε↓0

[z̃ε(y, er(T−t)p, t)− z̃ε,f (y, er(T−t)p, t)]

= e−r(T−t)Ψ̃(er(T−t)p, t : α).

Opìte afoÔ h Ψ̃ ikanopoieÐ th basik  mac exÐswsh me r = 0, h Ψ prèpei
na ikanopoieÐ thn èxÐswsh mac me mh mhdenikì r, k�ti pou mporoÔme na epa-
lhjeÔsoume kai me pr�xeic, antikajist¸ntac arqik� sthn exÐswsh (3.2), th
Ψ(p, t : α) kai ekmetaleuìmaste sth sunèqeia to gegonìc ìti h Ψ̃, ikanopoieÐ
aut  me mhdenikì epitìkio.
PerÐptwsh r = 0: Sthn apìdeixh pou ja akolouj sei to basikì mac ergaleÐ-
o ja eÐnai h jewrÐa twn lÔsewn ix¸douc pou dìjhke apì toucCrandall - Lions
[CL]. Eidikìtera ja qrhsimopoi soume ta asjen  ìria gia th lÔsh ix¸douc
twn Barles-Perthame [BP1] kai th mèjodo thc diataraq c thc sun�rthshc
elègqou tou Evans [E]. Akolouj¸ntac th dhmosÐeush twn Barles-Perthame
[BP2] gia (y, p, t) ∈ R1 × [0,∞)× [0, T ], orÐzoume

z∗(y, p, t) := lim sup
ρ↓0

lim sup
ε↓0

Z+(y, p, t; ε, ρ), (3.24)

ìpou

Z+(y, p, t; ε, ρ) := sup{zε(ŷ, p̂, t̂) : |y − ŷ|+ |p− p̂|+ |t− t̂| ≤ ρ} (3.25)

kai
z∗(y, p, t) := lim inf

ρ↓0
lim inf

ε↓0
Z−(y, p, t; ε, ρ), (3.26)

ìpou

Z−(y, p, t; ε, ρ) := inf{zε(ŷ, p̂, t̂) : ŷεR1, |p− p̂|+ |t− t̂| ≤ ρ}. (3.27)
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B�sei thc Prìtashc 2.1, oi sunart seic z∗ kai z∗ eÐnai kal¸c orismènec kai
apì ton orismì thc h z∗ eÐnai anex�rthth tou y. Epiplèon afoÔ |zε

y| ≤ µp,
èqoume

zε(y1, p1, t1)− zε(y2, p1, t1) ≤ µp1|y1 − y2|, (3.28)

gia ìla ta y1, y2 ∈ R1, p1 ∈ (0,∞), t1 ∈ [0, T ]. Epomènwc kai h sun�rthsh
z∗ eÐnai anex�rthth tou y. Apì th sqèsh (2.56) kai ton orismì twn z∗, z∗
prokÔptei ìti

z∗(0, t) = z∗(0, t) = 0, ∀t ∈ [0, T ],

ϕ(p, t) ≤ z∗(p, t) ≤ z∗(p, t) ≤ p,

gia ìla ta p ∈ [0,∞) kai t ∈ [0, T ]. Epomènwc afoÔ h sqèsh

lim
p→∞

Ψ(p, s)

p
= 1,

ikanopoieÐtai apì thn Black-Scholes tim , ja ikanopoieÐtai kai apì tic z∗ kai
z∗.

H mèjodoc pou ja qrhsimopoihjeÐ sthn apìdeixh ja eÐnai h sunhjismènh
gia tic lÔseic ix¸douc kai eÐnai h ex c: DeÐqnoume arqik� ìti oi z∗, z∗, eÐnai
antÐstoiqa uperlÔsh kai upolÔsh twn exis¸sewn (3.2)− (3.3). Sth sunèqeia
b�sei enìc jewr matoc sÔgkrishc sumperaÐnoume ìti eÐnai Ðsec me th monadik 
suneq  lÔsh Ψ pou ikanopoieÐ tic (3.2−3.4). Sth jewrÐa twn lÔsewn ix¸douc,
sun jwc oi apodeÐxeic gia thn uperlÔsh kai upolÔsh eÐnai ìmoiec k�ti pou de
sumbaÐnei sthn perÐptwsh mac, exaiteÐac tìso tou orismoÔ twnz∗, z∗ ìso kai
thc mh summetrÐac tou zε. Arqik� deÐqnoume ìti:

L mma 3.1 H z∗ eÐnai upolÔsh ix¸douc twn (3.2)− (3.3).

Apìdeixh : 'Estw w(p, t) mÐa leÐa sun�rthsh elègqou kai (p0, t0) ∈ (0,∞)×
[0, T ] eÐnai èna austhr� topikì mègisto thc diafor�cz∗−w sto (0,∞)×[0, T ].
Prosjètontac èna mikrì tetragwnikì ìro, an eÐnai aparaÐthto, mporoÔme na
upojèsoume ìti

wpp(p0, t0) 6= 0. (3.29)

Gia na deÐxoume ìti h z∗ eÐnai upolÔsh ix¸douc prèpei na deÐxoume ìti : An
t0 < T, tìte

−wt − 1

2
σ2p2wpp[1 + S(α2p2wpp)] ≤ 0, (3.30)

sto shmeÐo (p0, t0). EpÐshc an t0 = T eÐte ìti isqÔei h parap�nw exÐswsh sto
(p0, t0) eÐte ìti z∗(p0, t0) ≤ (p0 − q)+. Proqwr�me dÐnontac thn apìdeixh tou
parap�nw se pènte b mata.
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1. Upojètoume ìti t0 = T . An z∗(p0, t0) ≤ (p0−q)+, tìte den èqoume tÐpota na
apodeÐxoume. Opìte upojètoume ìti t0 < T   t0 = T kai z∗(p0, T ) > (p0−q)+.
2. 'Eqoume ìti µ = α

√
ε. Gia ε jetikì kai 0 < δ ¿ 1 jètoume

A := Aδ(p, t) = α2p2(1 + δ)2wpp(p, t), (3.31)

rε,δ(y, p, t) := (1 + δ)αp
wp(p, t)− y√

ε
, (3.32)

wε,δ(y, p, t) := w(p, t) + εC
(
rε,δ(y, p, t); Aδ(p0, t0)

)
, (3.33)

ìpou C(·; A) lÔnei thn exÐswsh

max
{
−A2Crr − (r + ACr)

2 + AS(A); |Cr| − 1
}

= 0, ∀r ∈ R. (3.34)

Aut  th lÔsh thn kataskeu�zoume sto Par�rthma B. Sth sunèqeia jètoume
A0 = Aδ(p0, t0). AfoÔ p0 > 0 kai wpp(p0, t0) 6= 0, èqoume ìti A0 6= 0.
3. StajeropoioÔme to δ kai èqoume ìti: (wp(p0, t0), p0, t0) eÐnai ènac topikìc
megistopoiht c thc sun�rthshc,

(y, p, t) 7→ z∗(p, t)− w(p, t)− |y − wp(p0, t0)|4 (3.35)

kai
z∗(y, p, t) := lim sup

ρ↓0
lim sup

ε↓0
Z+(y, p, t; ε, ρ), (3.36)

gia k�je y ∈ R, p ∈ [0,∞), t ∈ [0, T ]. Epiplèon h sun�rthsh wε,δ sugklÐnei
topik� omoiìmorfa stow sto R× [0,∞)× [0, T ]. Tìte sÔmfwna me th mèjodo
twn Barles-Perthame (blèpe Par�rthma [BP2]), up�rqei mÐa akoloujÐa εn ↓ 0
kai topikoÐ megistopoihtèc (yn, pn, tn) ∈ R1× (0,∞)× [0, T ) thc sun�rthshc,

(y, p, t) 7→ zεn(y, p, t)− wεn,δ(y, p, t)− |y − wp(p, t)|4, (3.37)

pou ikanopoioÔn tic sqèseic,

(pn, tn) 7→ (p0, t0), zεn(yn, pn, tn) 7→ z∗(p0, t0), yn 7→ wp(p0, t0). (3.38)

UposthrÐzoume ìti tn < T gia arket� meg�la n. Pr�gmati an t0 < T tìte
o isqurismìc èpetai apì thn sÔgklish tou tn sto t0. Upojètoume ìti t0 = T
kai z∗(p0, T ) > (p0 − q)+. 'Estw ìti tn = T . Tìte

(p0− q)+ < z∗(p0, T ) = lim zεn(yn, pn, T ) = lim (pn− q)+ = (p0− q)∗. (3.39)

Epomènwc tn < T gia arket� meg�la n.
4. Apì to gegonìc ìti (yn, pn, tn) eÐnai topikoÐ megistopoihtèc thc sun�rth-
shc pou orÐzetai apì th sqèsh (3.35) kai epeid  h sun�rthsh zεn eÐnai lÔsh
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ix¸douc, thc exÐswshc programmatismoÔ pou dÐnetai apì th sqèsh (2.54) an
jewr soume th sun�rthsh zεn,δ := wεn,δ(y, p, t) + |y − wp(p, t)|4, sto shmeÐo
autì èqoume ìti isqÔei:

zεn,δ
p = wp +

√
ε

α(1 + δ)pn

ACr(· · ·) + E1, (3.40)

zεn,δ
pp = wpp +

( A

α(1 + δ)pn

)2

Crr(· · ·) + E2, (3.41)

zεn,δ
t = wt + E3, (3.42)

ìpou (· · ·) = (rεn,δ(yn, pn, tn); A0) kai

E1 := εn
rεn,δ

pn

Cr(· · ·) + 4(wp − yn)3wpp,

E2 := Crr(· · ·)
[
εn

(rεn,δ)2

p2
n

+ 2
√

εnα(1 + δ)rεn,δwpp

]

+ 4(wp − yn)3wppp + 12(wp − yn)2(wpp)
2,

+ α(1 + δ)
√

εnCr(· · ·)[2wpp + pnwppp],

E3 := α(1 + δ)pn

√
εnwptCr(· · ·) + 4(wp − yn)3wpt.

Epeid  isqÔei h (2.54) sto shmeÐo (yn, pn, tn) gia th zεn,δ, isqÔei

0 ≥ − zεn,δ
t − 1

2
σ2p2

nz
εn,δ
pp − 1

2εn

σ2p2
n(zεn,δ

p − yn)2 − apn(zεn,δ
p − yn)

= − zεn,δ
t − 1

2
σ2p2

nz
εn,δ
pp − 1

2εn

σ2
[
pn(zεn,δ

p − yn) +
aεn

σ2

]2

+
a2εn

2σ2

= − wt − 1

2
σ2p2

n

[
wpp +

A2

α2(1 + δ)2p2
n

Crr(· · ·)
]

+ F1

− σ2p2
n

2εn

[
wp − yn +

√
εn

α(1 + δ)pn

(ACr(· · ·) + F2)
]2

,

ìpou

F1 := −1

2
σ2p2

nE2 − E3 +
a2εn

2σ2
,

F2 :=
α(1 + δ)√

εn

(pnE1 +
aεn

σ2
)

= α(1 + δ)
√

εn

(
rεn,δCr(· · ·) +

a

σ2

)
.
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Sth sunèqeia gr�foume thn parap�nw anisìthta sth morf 

0 ≥ − wt − 1

2
σ2p2

nwpp (3.43)

− σ2

2(1 + δ)2α2

[
A2Crr(· · ·) + (rεn,δ + ACr(· · ·) + F2)

2
]

+ F1.

5. 'Estw o(1) k�je akoloujÐa pou sugklÐnei sto 0 kaj¸c n → ∞. Apì th
sqèsh (3.36), prokÔptei ìti rεn,δ = o(1)√

εn
kai epomènwc isqÔei

E1 =
√

εno(1), E2 = o(1), E3 = o(1), (3.44)

kai
lim

n→∞
|F1|+ |F2| = 0. (3.45)

EpÐshc b�sei thc sqèshc (3.36), gia to A = Aδ(pn, tn), èqoume ìti:

A− A0 = o(1). (3.46)

Epiplèon apì thn Prìtash 2.1 isqÔei

µpn = α
√

εnpn ≥ |zεn,δ
y | = |α√εnpn(1+δ)Cr(r

εn,δ; A0)+4(wp−yn)3|. (3.47)

Sto Par�rthma B, deÐqnoume ìti rCr(r; A) ≥ 0 gia ìla ta r ∈ R1 kai
A 6= 0. Epomènwc b�sei tou orismoÔ tou rεn,δ, Cr(r

εn,δ; A0) kai 4(wp − yn)3,
èqoun to Ðdio prìshmo. Lìgw thc anisìthtac (3.47) paÐrnoume ìti:

|Cr(r
εn,δ; A0)| < 1. (3.48)

Epomènwc apì th sqèsh (6.15) sto Par�rthma B, prokÔptei ìti

|rεn,δ| ≤ g(A0). (3.49)

Aut  h sqèsh mac lèei ìti, to rεn,δ paramènei fragmèno, anex�rthta toun kai
tou δ.
6. AfoÔ |Cr(r

εn,δ; A0)| < 1, apì th sqèsh (6.1), prokÔpei ìti:

A2
0Crr(r

εn,δ; A0) +
(
rεn,δ + A0Cr(r

εn,δ; A0)
)2

= A0S(A0). (3.50)

Qrhsimopoi¸ntac to gegonìc ìti rεn,δ eÐnai fragmèno anex�rthta tou n kai
tou δ, thn prohgoÔmenh sqèsh kai tic (3.46− 3.49), èqoume

A2Crr(· · ·) +
(
rεn,δ + ACr(· · ·) + F2

)2
= A2Crr(· · ·)− A2

0Crr(· · ·)
+A2

0Crr(· · ·) +
(
rεn,δ + (A− A0)Cr(· · ·) + A0Cr(· · ·) + F2

)2

≤ A2
0Crr(· · ·) +

(
rεn,δ + A0Cr(r

εn,δ; A0)
)2

+ o(1) = A0S(A0) + o(1). (3.51)
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Apì thn parap�nw sqèsh, th (3.43) kai epeidh A0 = α2p2
0(1 + δ)2wpp(p0, t0),

prokÔptei ìti

− wt − 1

2
σ2p2

nwpp − σ2

2
p2

0wpp(p0, t0)S
(
α2(1 + δ)p2

0wpp(p0, t0)
)

≤ −F1 +
σ2

2(1 + δ)2α2
o(1). (3.52)

H apìdeixh tou l mmatoc oloklhr¸netai af nontac pr¸ta ton →∞ kai met�
to δ ↓ 0, opìte èqoume to deÔtero mèroc thc parap�nw anisìthtac mikrìtero
  Ðso tou 0. ¤

SuneqÐzoume apodeiknÔontac ìti to z∗ eÐnai uperlÔsh ix¸douc. 'Opwc ana-
fèrame nwrÐtera, mèrh thc apìdeixhc eÐnai diaforetik� apì aut  tou prohgoÔ-
menou l mmatoc.

L mma 3.2 H z∗ eÐnai uperlÔsh ix¸douc twn (3.2)− (3.3).

Apìdeixh : AfoÔ h zε, b�sei thc Prìtashc 2.1, eÐnai megalÔterh apì th
Black-Scoles tim  ϕ meÐon εa2(T−t)

2σ2 isqÔei

z∗(p, T ) ≥ ϕ(p, T ) = (p− q)+. (3.53)

Epomènwc h z∗ eÐnai uperlÔsh thc (3.3).
EpÐshc èstw w(p, t) eÐnai mÐa omal  sun�rthsh elègqou kai (p0, t0) ∈

(0,∞) × [0, T ), èna shmeÐo pou elaqistopoieÐ austhr� th sun�rthsh z∗ −
w(p, t), sto (0,∞)× [0, T ). Tìte qreÐazetai na deÐxoume ìti

−wt − 1

2
σ2p2wpp[1 + S(α2p2wpp)] ≥ 0, (3.54)

sto shmeÐo (p0, t0). DÐnoume thn apìdeixh se tèssera b mata.
1. Gia ε jetikì kai 0 ¿ δ < 1 jètoume :

A := Aδ(p, t) = α2p2(1− δ)2wpp(p, t), (3.55)

rε,δ(y, p, t) := (1− δ)αp
wp(p, t)− y√

ε
, (3.56)

A0 := Aδ(p0, t0). (3.57)

'Opwc sthn apìdeixh tou prohgoÔmenou l mmatoc mporoÔme na upojèsoume
ìti wpp(p0, t0) 6= 0 kai epomènwc A0 6= 0.

Basik  diafor� me thn apìdeixh tou prohgoÔmenou l mmatoc eÐnai ìti jew-
r same th diataraq  |y−w(p, t)|4, gia na kataskeu�soume mÐa akoloujÐa apì
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megistopoihtèc. Gia teqnikoÔc lìgouc pou ja gÐnoun faneroÐ parak�tw sto
b ma 3, den mporoÔme na k�noume kai t¸ra to Ðdio. Xepern�me aut  th dusko-
lÐa qrhsimopoi¸ntac to l mma pou akoloujeÐ th Prìtash2.1. 'Estw C ìpwc
sto Par�rthma B kai χ : R1 →: R1, mÐa omal  koÐlh sun�rthsh apokop c
pou ikanopoieÐ tic sqèseic:

χ(t) = t, t ≤ R,
d

dt
χ(t) = 0, t ≥ 2R, (3.58)

ìpou R > C(g(A0); A0) epilègetai ètsi ¸ste h C̃ := χ(C) na ikanopoieÐ th
sqèsh

−A2
0C̃rr − (r + A0C̃r(r; A0))

2 ≤ −A0S(A0), (3.59)
gia ìla ta r. H sun�rthsh χ apokìptei th C mìno sto qwrÐo ìpou |Cr| = 1,
en¸ diathreÐ tic basikèc idiìthtec thcC. H Ôparxh thc sun�rthshc χ kai tou
R, èpetai apì th kataskeu  tou C pou dÐnetai sto Par�rthma B. OrÐzoume

wε,δ(y, p, t) := w(p, t) + εC̃(rε,δ(y, p, t); A0). (3.60)

2. Jètoume 2η = min(T−t0, p0) ètsi ¸ste 0 < η ≤ T. JewroÔme th sun�rthsh
zε − wε,δ, pou orÐzetai sto

Qη := R1 × [p0 − η, p0 + η]× [t0 − η, t0 + η]. (3.61)

H sun�rthsh C̃ eÐnai fragmènh. K�nontac qr sh tou l mmatoc pou akolou-
jeÐ th Prìtash 2.1, pou mac dÐnei èna k�tw fr�gma gia to zε, èqoume ìti
up�rqei èna shmeÐo pou elaqistopoieÐ th sun�rthsh zε − wε,δ, sto Qη. Tìte
up�rqei akoloujÐa εn ↓ 0 kai topikoÐ elaqistopoihtèc (yn, tn, pn) ∈ Qη, thc
sun�rthshc zεn − wεn,δ, ètsi ¸ste na ikanopoioÔntai oi parak�tw sqèseic :

(pn, tn) → (p0, t0), zεn(yn, pn, tn) → z∗(p0, t0). (3.62)

(Blèpe Par�rthma Barles-Perthame [BP2])
3. Sto shmeÐo (yn, pn, tn), an paragwgÐsoume wc proc y kai jewr soume apì-
luth tim  èqoume ìti:

|wεn,δ
y | = α

√
εnpn(1− δ)|C̃r(r

ε,δ; A0)|. (3.63)

AfoÔ |C̃r(r; A0)| ≤ 1, gia ìla ta r ∈ R1, prokÔptei ìti :

|wεn,δ
y | ≤ α

√
εnpn(1− δ) < α

√
εnpn = µpn. (3.64)

Apì thn Prìtash 2.1, epeid  h zε eÐnai lÔsh ix¸douc, prokÔptei ìti h wεn,δ

ikanopoieÐ th sqèsh

0 ≤ −wεn,δ
t − 1

2
σ2p2

nwεn,δ
pp − 1

2εn

σ2p2
n(wεn,δ

p − yn)2 − apn(wεn,δ
p − yn), (3.65)
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sto shmeÐo (yn, pn, tn).
4. Proqwr�me ìpwc sthn apìdeixh tou b matoc4 tou prohgoÔmenou l mmatoc.
An�loga èqoume :

wεn,δ
p = wp +

√
ε

α(1− δ)pn

AC̃r(· · ·) + E1, (3.66)

wεn,δ
pp = wpp +

( A

α(1− δ)pn

)2

C̃rr(· · ·) + E2, (3.67)

wεn,δ
t = wt + E3, (3.68)

ìpou (· · ·) = (rεn,δ(yn, pn, tn); A0) kai

E1 := εn
rεn,δ

pn

C̃r(· · ·),

E2 := C̃rr(· · ·)
[
εn

(rεn,δ)2

p2
n

+ 2
√

εnα(1− δ)rεn,δwpp

]

+ α(1− δ)
√

εnC̃r(· · ·)[2wpp + pnwppp],

E3 := α(1− δ)pn

√
εnwptC̃r(· · ·).

SuneqÐzontac èqoume

0 ≤ − wεn,δ
t − 1

2
σ2p2

nw
εn,δ
pp − 1

2εn

σ2p2
n(wεn,δ

p − yn)2 − apn(wεn,δ
p − yn)

= − wεn,δ
t − 1

2
σ2p2

nw
εn,δ
pp − 1

2εn

σ2
[
pn(wεn,δ

p − yn) +
aεn

σ2

]2

+
a2εn

2σ2

= − wt − 1

2
σ2p2

n

[
wpp +

A2

α2(1− δ)2p2
n

C̃rr(· · ·)
]

+ F1

− σ2p2
n

2εn

[
wp − yn +

√
εn

α(1− δ)pn

(AC̃r(· · ·) + F2)
]2

,

ìpou

F1 := −1

2
σ2p2

nE2 − E3 +
a2εn

2σ2
,

F2 :=
α(1− δ)√

εn

(pnE1 +
aεn

σ2
)

= α(1− δ)
√

εn

(
rεn,δC̃r(· · ·) +

a

σ2

)
.

Sth sunèqeia gr�foume thn parap�nw anisìthta sth morf 

0 ≤ − wt − 1

2
σ2p2

nwpp (3.69)

− σ2

2(1− δ)2α2

[
A2C̃rr(· · ·) + (rεn,δ + AC̃r(· · ·) + F2)

2
]

+ F1.
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AfoÔ h χ(t) eÐnai stajer  gia t > 0 arket� meg�la, up�rqei R̃ > 0 tètoio
¸ste, an |r| > R̃, tìte

C̃r(r; A0) = C̃rr(r; A0) = 0. (3.70)

Aux�nontac to R̃, an eÐnai aparaÐthto, mporoÔme na upojèsoume ìti

R̃2 ≥ A0S(A0). (3.71)

DiakrÐnoume dÔo peript¸seic |rεn,δ| ≤ R̃ + 1 kai |rεn,δ| > R̃ + 1. Sthn pr¸th
perÐptwsh paÐrnoume to zhtoÔmeno, mèsw twn sqèsewn (3.59), (3.69). Sugke-
krimèna ektimoÔme touc ìrouc kai qrhsimopoioÔme tic idiìthtec thcC̃ proqo-
r¸ntac ìpwc sto prohgoÔmeno l mma. Sth deÔterh perÐptwsh upojètoume ìti
|rεn,δ| > R̃ + 1. Apì ton orismì tou R̃ kai epeid  C̃r = C̃rr = 0, oi ìroi F1, F2

sugklÐnoun sto 0. Epomènwc oi ìroi sth deÔterh seir� thc sqèshc (3.69),
eÐnai Ðsoi me

− σ2

2(1− δ)2α2

(
rεn,δ + o(1)

)2
+ o(1). (3.72)

AfoÔ |rεn,δ| > R̃+1, èpetai ìti |rεn,δ +o(1)| ≥ R̃, gia ìla ta epark¸c meg�la
n kai apì th sqèsh (3.71) èqoume:

(rεn,δ + o(1))2 ≥ R̃2 ≥ A0S(A0). (3.73)

Oloklhr¸noume thn apìdeixh af nontac pr¸ta to n na p�ei sto �peiro kai
met� to δ sto mhdèn. ¤

Epistrèfoume sthn perÐptwsh thc apìdeixhc tou mhdenikoÔ epitokÐou. Sta
dÔo prohgoÔmena l mmata, èqoume deÐxei ìti oi z∗, z∗ eÐnai uperlÔsh kai upo-
lÔsh antÐstoiqa, twn (3.2)− (3.3). Xèroume epÐshc ìti z∗ ≤ z∗. Gia na telei¸-
soume arkeÐ na deÐxoume ìti kai z∗ ≥ z∗, sto [0,∞)× [0, T ]. Gia na petÔqoume
autì qreiazìmaste èna apotèlesma sÔgkrishc.

Gr�foume th mh grammik  exÐswsh (3.2) sthn parak�tw morf :

Ψt + F (p2Ψpp) = 0, (3.74)

sto (0,∞)× (0, T ), ìpou

F (M) =
1

2
σ2M [1 + S(α2M)], (3.75)

gia M ∈ R1. Epeid  h S ikanopoieÐ thn exÐswsh (3.5), èqoume ìti isqÔei h
sqèsh:

lim
A→∞

S(A)

A
= 1.
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Opìte h S aux�nei grammik� kaj¸c phgaÐnoume proc to �peiro. B�sei autoÔ
kai tou orismoÔ thc, hF ja aux�nei tatragwnik� proc to �peiro. Eidikìtera h
F den eÐnai omoiìmorfa suneq c sun�rthsh stoR1. Epomènwc de mporoÔme na
efarmìsoume kateujeÐa èna apì ta sunhjismèna jewr mata sÔgkrishc apì th
jewrÐa twn lÔsewn ix¸douc, akìma kai an exÐswsh orÐzetai se èna fragmèno
qwrÐo. Epiplèon h exÐswsh (3.2), orÐzetai se èna mh fragmèno qwrÐo, me mh
fragmènh lÔsh kai aut  eÐnai mÐa deÔterh duskolÐa pou prèpei na xeper�soume.

Arqik� antimetwpÐzoume to deÔtero prìblhma qrhsimopoi¸ntac th sunj -
kh (3.4). Gia η > 0 jètoume

zη(p, t) = z∗(p, t)− η(p + 1), (3.76)

sto [0,∞)× [0, T ]. Tìte h zη, eÐnai epÐshc upolÔsh twn (3.2)− (3.3). EpÐshc
epeid  isqÔei h (3.4), èqoume

lim
p→∞

(zη(p, t)− z∗(p, t)) = −∞, (3.77)

omoiìmorfa gia t ∈ [0, T ]. Epiplèon apì th z∗(0, t) = z∗(0, t), prokÔptei ìti
zη(0, t) = z∗(0, t)− η, gia ìla ta t ∈ [0, T ]. T¸ra upojètoume ìti

max
{
z∗(p, t)− z∗(p, t) : (p, t) ∈ [0,∞)× [0, T ]

} ≥ 0. (3.78)

Tìte up�rqei èna shmeÐo (p0, t0) ∈ (0,∞) × [0, T ], pou na megistopoieÐ th
diafor� zη − z∗ = z∗ − z∗ − η(p + 1). AxÐzei na shmei¸soume ìti p0 > 0.

Gia na xeper�soume th duskolÐa pou prokÔptei apì th mh grammikìthta
thc F , k�noume mÐa allag  metablht c. Sugkekrimèna jètoume p = ex. Gia
x ∈ R1 kai t ∈ [0, T ], èstw

uη(x, t) := zη(e
x, t), u∗(x, t) := z∗(ex, t). (3.79)

Oi uη , u∗ tìte ikanopoioÔn tic parak�tw sqèseic :

ux = exzx,

uxx = e2xzxx + exzx.

Autì mac deÐqnei ìti eÐnai antÐstoiqa upolÔsh kai uperlÔsh thc

−ut − F (uxx − ux) = 0, (3.80)

sto R1 × (0, T ). Epiplèon x0 := ln p0 kai t0 megistopoieÐ th diafor� uη − u∗.
T¸ra epeid  h mh grammikìthta eÐnai anex�rthth tou x, mporoÔme na efar-
mìsoume èna sunhjismèno je¸rhma sÔgkrishc (blèpeCrandall- Ishii - Lions
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[CIL]-Je¸rhma 3.3- SelÐda 18). B�sei autoÔ èqoume ìti sto shmeÐo (p0, t0)
isqÔei :

uη(x0, t0)− u∗(x0, t0) ≤ 0. (3.81)

Epomènwc zη ≤ z∗ sto parap�nw shmeÐo, opìte kai se k�je �llo afoÔ autì
megistopoieÐ th diafor�. Af nontac t¸ra to η na p�ei proc to mhdèn èqoume
ìti z∗ ≤ z∗ sto [0,∞)× [0, T ]. AfoÔ apì kataskeu  z∗ ≥ z∗, sumperaÐnoume
ìti z∗ = z∗. Epeid  z∗, z∗ eÐnai �nw hmisuneq c upolÔsh kai k�tw hmisuneq c
uperlÔsh antÐstoiqa, twn (3.2) − (3.3), h sun�rthsh Ψ pou orÐzetai apì th
sqèsh Ψ = z∗ = z∗, sto [0,∞)×[0, T ], eÐnai mÐa suneq  lÔsh twn (3.2)−(3.3).
Epiplèon b�sei tou orismoÔ twnz∗, z∗ kai thc isìthtac z∗ = z∗ èpetai h topik�
omoiìmorfh sÔgklish tou zε sto Ψ.¤
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4 Sumper�smata

4.1 Bèltisth antist�jmish
H jewrÐa tou bèltistou stoqastikoÔ elègqou ìpwc perigr�fetai apì touc
( Fleming - Soner [F-S] - Kef�laio 8), mac dÐnei mÐa genik  strathgik  gia
to p¸c kataskeu�zoume bèltistouc stoqastikoÔc elègqouc. Eidikìtera gia
to prìblhma pou èqoume na antimetwpÐsoume h diadikasÐa(X∗(·), Y ∗(·), P (·)),
pou mac dhl¸nei h bèltisth ependutik  strathgik , prèpei na parameÐnei entìc
enìc qwrÐou pou onom�zetai qwrÐo paramon c kai perigr�fetai apì th sqèsh:

C(t) :=
{
(x, y, p) ∈ R× R× (0,∞) : |zε

y(y, p, t)| < µp
}
. (4.1)

Epeid  isqÔoun oi sqèseic

zε(y, p, t) ≈ Ψ(p, t : α) + εC
(
αp

Ψp(p, t)− y√
ε

; α2p2Ψpp(p, t)
)
, (4.2)

zε
y(y, p, t) ≈ −µpCr(· · ·), (4.3)

apì th sqèsh
|Cr(r; A)| < 1 ⇔ |r| < g(A), (4.4)

pou perigr�fetai sto Par�rthma B, prokÔptei ìti

C(t) ≈ {
(x, y, p) : |Cr

(
αp

Ψp(p, t)− y√
ε

; α2p2Ψpp(p, t : α)
)
| < 1

}
(4.5)

=
{
(x, y, p) : |Ψp(p, t : α)− y| <

√
ε

αp
g(α2p2Ψpp(p, t))

}
. (4.6)

Epomènwc h bèltisth tim  y∗, eÐnai perÐpou Ðsh me Ψp(p, t : α) kai h bèltisth
strathgik  eÐnai na krat soume to Y ∗(s) sto di�sthma

[
Ψp(P (s), s : α)− Γ(P (s), s), Ψp(P (s), s : α) + Γ(P (s), s)

]
, (4.7)

gia ìla ta s ∈ [t, T ]. Sthn parap�nw exÐswsh

Γ(p, t) =

√
ε

αp
g(α2p2Ψpp(p, t)), (4.8)

ìpou g, ìpwc sth sqèsh (4.4).
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4.2 Diìrjwsh uyhlìterhc akrÐbeiac
B�sei thc mh austhr c aitiolìghshc thc mh grammik c exÐswshc tÔpouBlack-
Scholes, pou dìjhke sth Par�grafo 3.2 kai aitiolog jhke merik¸c apì th
qr sh thc diataragmènhc sun�rthshc elègqou pou qrhshmopoi same sthn
apìdeixh tou kurÐou jewr matoc, perimènoume ìti proseggistik� h sun�rthsh
zε, èqei th morf  pou perigr�fetai apì th sqèsh (4.2). Epeid  µ = α

√
ε, kai

C(r; A) ≈ |r|, gia meg�lec timèc tou |r|, h parap�nw proseggistik  èkfrash
aplopoieÐtai wc ex c:

zε(y, p, t) ≈ Ψ(p, t : α) + µp|Ψp(p, t : α)− y|. (4.9)

An kai h tim  tou µ praktik� eÐnai polÔ mikr , o epiplèon diorjwtikìc ìroc
mporeÐ na eÐnai arket� shmantikìc ìpwc deÐqnei to parak�tw par�deigma.

Par�deigma: 'Estw ìti èqoume èna eurwpaðkì dikaÐwma agor�c se mÐa metoq 
me hmeromhnÐa l xhc èna qrìno apì s mera kai tim  ex�skhshc èstwq = 40,
nomismatikèc mon�dec. 'Estw epiplèon ìti oi par�metroi agor�c eÐnai:

σ = 0.2, µ = 0.01, r = 0.

Tìte gia ta perissìtera t > 0, h tim  thc sun�rthshc Ψp(40, t), eÐnai mega-
lÔterh tou misoÔ kai gia p = 40, y = 0, o diorjwtikìc ìroc eÐnai toul�qiston
0.2, en¸ h Black-Scholes tim  sto shmeÐo t = 1, eÐnai

ϕ(40, 1) = 3.17.

Epiplèon

Ψ(40, 1 : 0.02) = 3.86, Ψ(40, 1 : 0.03) = 4.13.

To parap�nw par�deigma parousi�zetai sthn ergasÐa twnBarles-Soner [BS2],
ìpou gia ton upologismì tou Ψ èqei qrhsimopoihjeÐ èna aplì �meso sq ma
peperasmènwn diafor¸n.

Epeid  h bèltisth antistajmistik  tim  y∗, eÐnai perÐpou Ðsh me to Ψp, o
diorjwtikìc ìroc µp|Ψp(p, t : α)− y|, eÐnai apl� Ðsoc me to arqikì kìstoc to
opoÐo apaiteÐtai gia na metab�lloume ton arijmì twn metoq¸n apì thn arqik 
tim  y, sth bèltisth tim  y∗ = Ψp.

4.3 GenÐkeush se �lla par�gwga qrhmatooikonomik�
proðìnta

Gia thn apotÐmhsh enìc dikai¸matoc eurwpaðkoÔ tÔpou se mÐa metoq , lamb�-
nontac upìyh mac to kìstoc sunallag c kat� thn agor� kai p¸lhsh metoq¸n,
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qrhsimopoi same mÐa teqnik  pou basÐsthke sth megistopoÐhsh thc wfelimì-
thtac kai th qr sh mÐac asumptwtik c an�lushc. Aut  h mejodologÐa mporeÐ
na efarmosjeÐ kai se �lla dikai¸mata agor�c   p¸lhshc, ìpou se analogÐa
me to dikaÐwma agor�c èna dikaÐwma p¸lhshc mac dÐnei th dunatìthta na pou-
l soume sto mèllon mÐa metoq . Eidikìtera èna par�deigma eÐnai to dikaÐwma
agor�c ìpou lamb�noume upìyh mac to kìstoc pou apaiteÐtai gia na ago-
r�soume to upokeÐmeno proðìn pou prèpei na parad¸soume sthn hmeromhnÐa
l xhc. Sthn perÐptwsh aut  to telikì qartoful�kio, w(T ), dÐnetai apì th
sqèsh

w(T ) = X(T ) + Y (T )P (T )− µ|Y (T )P (T )| − (P (T )− q)+. (4.10)

'Estw ìti oi sunart seic uε, zε, orÐzontai ìpwc sto Kef�laio 2 kai orÐzoume

ûε(x, y, p, t) := sup
L(·),M(·)

EU ε(w(T ))

:= 1− exp
(
−1

ε
[x + yp− ẑε(x, y, p, t)]

)
.

'Estw Λ̂ε, h antÐstoiqh tim  tou dikai¸matoc. Tìte

Λ̂ε = ẑε − zε,f ≥ zε − zε,f = Λε. (4.11)

Opìte an tropopoi soume kat�llhla thn apìdeixh, af nontac to ε na p�ei
sto 0, èqoume ìti to Λ̂ε sugklÐnei sto Ψ.

4.4 Arijmhtik  efarmog 
SuneqÐzoume parousi�zontac ta apotelèsmata merik¸n arijmhtik¸n efarmo-
g¸n pou èqoun dojeÐ sthn ergasÐa twn Barles-Soner. Sugkekrimèna gÐnetai
mÐa sÔgkrish twn apotelesm�twn pou mac dÐnei h mèjodoc touLeland [L], m'
aut� pou mac dÐnei h mh grammik  exÐswsh (3.2). Sugkekrimèna jewroÔme

σ = 0.2, r = 0.1,

kai èna qrìno mèqri th l xh tou dikai¸matoc, gia ìlouc touc upologismoÔc,
'Eqoume upologÐsei th tim  tou dikai¸matoc ìtan h trèqousa tim  thc metoq c
eÐnai 100, gia di�forec timèc ex�skhshc metaxÔ 80 kai 120. Stouc pÐnakec 1, 2
èqoun dojeÐ ta apotelèsmata thc mejìdou tou Leland, gia sunallagèc an�
m na kai an� ebdom�da antÐstoiqa. Ston pÐnaka 3, dÐnontai ta apotelèsmata
pou èqoun upologisteÐ mèsw thc exÐswshc (3.2). H mình diafor� eÐnai ìti ed¸
den emfanÐzetai to µ �mesa all� h par�metroc α. H tim  tou µ eÐnai polÔ
shmantik  gia to �nw fr�gma thc pijanìthtac na q�soume thn antist�jmish
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kat� èna posì Ðso meκ. Gia na deÐxoume aut  thn ex�rthsh stic dÔo teleutaÐec
grammèc tou pÐnaka 3, èqoume upologÐsei thn posìthta

βκ := exp
(
−α2

µ2
κ
)
, (4.12)

me κ = 1. AutoÐ oi arijmoÐ eÐnai ta asumptwtik� �nw fr�gmata gia thn
pijanìthta

P[X(T ) + Y (T )P (T )− (P (T )− q)+ ≤ −κ|w(t) = Ψ(p, t : α)], (4.13)

ìpou w(t) = X(t) + Y (t)P (t) eÐnai to arqikì qartoful�kio.
Oi arijmhtikèc mèjodoi pou qrhshmopoi same gia na upologÐsoume th tim 

tou dikai¸matoc sth perÐptwsh thc grammik c kai mh grammik c stajer�c thc
astasÐac, eÐnai diaforetikèc. Autì faÐnetai apì th diafor� pou parousi�ze-
tai sth tim  gia α = 0 kai µ = 0, sto pÐnaka 3 kai stouc 1, 2 antÐstoiqa.
Sugkekrimèna kai stic dÔo peript¸seic èqoun qrhsimopoihjeÐ sq mata pepe-
rasmènwn diafor¸n. EpÐshc epeid  h tim  thc mh grammik c stajer�c thc
astasÐac kont� sthn hmeromhnÐa l xhc eÐnai arket� meg�lh qrhsimopoi jhke
èna mikrì qronikì b ma kont� sthn hmeromhnÐa l xhc to opoÐo aux jhke ìso
apomakrunìmaste apì aut .
PÐnakac 1: Mèjodoc tou Leland, me mhniaÐec sunallagèc.

µ = 0.0 µ = 0.0025 µ = 0.01 µ = 0.04
Tim  ex�skhshc DikaÐwma DikaÐwma DikaÐwma DikaÐwma

80 27.97 28.00 28.10 28.58
90 19.93 20.01 20.22 21.12
100 13.27 13.35 13.64 14.92
110 8.09 8.22 8.62 10.10
120 4.67 4.78 5.14 6.58

stajer� thc astasÐac σ̂ 0.2 0.2034 0.2134 0.2492

PÐnakac 2: Mèjodoc tou Leland, me ebdomadiaÐec sunallagèc.

µ = 0.0 µ = 0.0025 µ = 0.01 µ = 0.04
Tim  ex�skhshc DikaÐwma DikaÐwma DikaÐwma DikaÐwma

80 27.97 28.05 28.25 29.42
90 19.93 20.12 20.53 22.42
100 13.27 13.49 14.09 16.602
110 8.09 8.43 9.16 11.98
120 4.67 4.95 5.66 8.48

stajer� thc astasÐac σ̂ 0.2 0.2070 0.2265 0.2918
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PÐnakac 3: Mh grammik  exÐswsh twn Black − Scholes.

α = 0.0 α = 0.005 α = 0.01 α = 0.02
Tim  ex�skhshc DikaÐwma DikaÐwma DikaÐwma DikaÐwma

80 27.96 28.17 28.33 28.64
90 19.92 20.44 20.79 21.40
100 13.23 14.03 14.56 15.44
110 8.08 9.13 9.76 10.79
120 4.62 5.64 6.28 7.31

b1, µ = 0.025 0.0 0.0018 10−7 1.6 ×10−28

b1, µ = 0.01 0.0 0.78 0.37 0.018
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5 Par�rthma A

5.1 LÔsh ix¸douc
JewroÔme mÐa mh grammik  deÔterhc t�xhc merik  diaforik  exÐswsh tou tÔpou

F (S, W,DW,D2W ) = 0, (5.1)

sto E×[0, T ], ìpou E ⊆ R3, DW , D2W sumbolÐzoun thn klÐsh kai th deÔterh
par�gwgo tou W anÐstoiqa kai F suneq c pou ikanopoieÐ thn

F (x, p, q, A + N) ≤ F (x, p, q, A), N ≥ 0. (5.2)

B�sei twn Crandall- Ishii - Lions [CIL] èqoume ìti:

Orismìc 5.1 MÐa suneq  sun�rthsh W : E × [0, T ] −→ R eÐnai lÔsh ix¸-
douc (asjen  lÔsh) thc F = 0 an,
1)W eÐnai asjen c upolÔsh sto E × [0, T ], pou shmaÐnei ìti gia k�je sun�r-
thsh φ ∈ C2,1(E× [0, T ]) kai k�je topikì mègisto shmeÐoS0 ∈ E× [0, T ], thc
W − φ isqÔei ìti,

F (S0,W (S0), Dφ(S0), D
2φ(S0)) ≤ 0. (5.3)

2)W eÐnai asjen c uperlÔsh sto E× [0, T ], pou shmaÐnei ìti gia k�je sun�r-
thsh φ ∈ C2,1(E × [0, T ]) kai k�je topikì el�qisto shmeÐo S0 ∈ E × [0, T ]
thc W − φ, isqÔei ìti,

F (S0,W (S0), Dφ(S0), D
2φ(S0)) ≥ 0. (5.4)
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5.2 Apìdeixh bohjhtik¸n lhmm�twn
L mma 5.1 Estw ìti isqÔei h sqèsh,

−φy(S0) + p0(1 + µ)φx(S0) > 0. (5.5)

SumbolÐzoume me A(ω), to gegonìc ìti h bèltisth troqi�S∗0(s), èqei èna p dh-
ma megèjouc ε kat� m koc thc (−(1 + µ)p0, 1, 0, 0). Estw h kat�stash met�
to p dhma, eÐnai h (x0 − (1 + µ)p0ε, y0 + ε, 0, 0) ∈ B(S0). Tìte

(φy(S0)− p0(1 + µ)φx(S0))P(A) ≥ 0, (5.6)

kai epomènwc P(A) = 0. 'Omoia an

φy(S0)− p0(1− µ)φx(S0) > 0, (5.7)

isqÔei ìti h bèltisth troqi� den èqei phd mata kat� m koc thc
((1− µ)p0,−1, 0, 0), P sqedìn bebaÐwc sto S0.

Apìdeixh tou L mmatoc 5.1: Epeid  to S0 = (x0, y0, p0, t0), eÐnai to shmeÐo
ìpou xekin�ei h troqi� pou dhl¸nei h bèltisth strathgik  epèndushc èqoume
ìti,

V (x0, y0, p0, t0) = E[V (x0 − (1 + µ)εp0, y0 + ε, p0, t0)] (5.8)

=

∫

A(ω)

V (x0 − (1 + µ)εp0, y0 + ε, p0, t0)dP

+

∫

Ω−A(ω)

V (x0, y0, p0, t0)dP

kai epomènwc, afoÔ V (S) ≤ φ(S) gia S ∈ B(S0) kai V (S0) = φ(S0), èpetai
ìti

∫

A(ω)

[φ(x0 − (1 + µ)εp0, y0 + ε, p0, t0)− φ(x0, y0, p0, t0)]dP ≥ 0. (5.9)

Ara

lim sup
ε→0

[

∫

A(ω)

φ(x0 − (1 + µ)εp0, y0 + ε, p0, t0)− φ(x0, y0, p0, t0)

ε
dP] ≥ 0,

(5.10)
opìte

∫

A(ω)

lim sup
ε→0

[
φ(x0 − (1 + µ)εp0, y0 + ε, p0, t0)− φ(x0, y0, p0, t0)

ε
]dP ≥ 0,

(5.11)
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pou mac dÐnei to zhtoÔmeno. 2

Apìdeixh tou L mmatoc 2.1: StajeropoioÔme èna η > 0 kai èstw g :
R −→ R, mÐa leÐa mh fjÐnousa sun�rthsh, pou ikanopoieÐ g(t) = 0 gia t ≤ 0
kai g(t) = 1 gia t ≥ η. OrÐzoume

ψ(y, p, t) = g(T − t)µp|y| −Kε(T − t), (5.12)

ìpou K > 0 stajer� pou ja kajoristeÐ sthn sunèqeia. UpologÐzontac èqoume

− ψt − 1

2
σ2p2ψpp − 1

2ε
σ2p2(ψp − y)2 − ap(ψp − y) =

− εK + g′(T − t)µp|y| − 1

2ε
σ2p2(g(T − t)µ|y| − y)2

− ap(g(T − t)µ|y| − y) ≤
− εK + g′(T − t)µp|y| − 1

2ε
σ2p2(1− µ)2|y|2 + ap|y|.

Epeid  isqÔoun oi

g′(T − t)µp|y| ≤ ε

[
g′(T − t)µ

σ(1− µ)

]2

+
1

4ε
σ2p2(1− µ)2|y|2,

ap|y| ≤ ε
a2

σ2(1− µ)2
+

1

4ε
σ2p2(1− µ)2|y|2,

(5.13)

up�rqei stajer� K, pou exart�tai apì to η, ètsi ¸ste na isqÔei,

−ψt − 1

2
σ2p2ψpp − 1

2ε
σ2p2(ψp − y)2 − ap(ψp − y) ≤ 0. (5.14)

Epiplèon |ψy(y, p, t)| ≤ µp gia y 6= 0 kai an aux soume arket� toK ètsi ¸ste
K ≥ a2/2σ2 apì thn (2.55) èqoume ψ(y, p, t) ≤ zε(y, p, t) an y = 0   t = T .
B�sei thc sqèshc (2.54) èqoume ìti ψ ≤ zε sto sÔnolo R × [0,∞] × [0, T ].
Apì autì gia t = 0, paÐrnoume to zhtoÔmeno b�sei twn idiot twn thc g. 2
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6 Par�rthma B
DÐnoume sto shmeÐo autì mÐa lÔsh gia thn anisìthta metabol¸n

max
{
−A2Crr(r)− (r + ACr)

2 + AS(A); |Cr| − 1
}

= 0, ∀r ∈ R, (6.1)

me tic sunj kec

lim
|r|→∞

C(r; A)

|r| = 1, Cr(0; A) = C(0; A) = 0, (6.2)

ìpou A mÐa gnwst  par�metroc kai �gnwstoi eÐnai h sun�rthshC(·; A) kai
h stajer� S(A). AxÐzei na shmei¸soume ìti r den eÐnai to epitìkio qwrÐc
kÐnduno, all� mÐa metablht . Arqik� kataskeu�zoume mÐa lÔsh. Gia stajerì
pragmatikì arijmì A 6= 0 jètoume

W := Cr(r; A). (6.3)

Opìte h sun�rthsh W lÔnei thn exÐswsh

max
{
−A2Wr(r)− (r + AW )2 + AS(A); |W | − 1

}
= 0, ∀r ∈ R. (6.4)

Perimènoume b�sei thc (6.2), h W na eÐnai mÐa mh fjÐnousa peritt  sun�rthsh.
Epomènwc y�qnoume gia stajerècS(A), g > 0 kai mÐa suneq¸c paragwgÐsimh
sun�rthsh

W : [0,∞) → [0,∞), (6.5)

pou na ikanopoieÐ tic sqèseic

A2Wr(r) + (r + AW (r))2 = AS(A), r ∈ (0, g), (6.6)
W (r) = 1, r ∈ [g,∞),

W (r) ≤ 1, A2Wr(r) + (r + AW (r))2 ≥ AS(A), r ∈ (0,∞),

me sunoriak  sunj kh thn W (0) = 0. Apì to gegonìc ìti h W eÐnai leÐa
èqoume ìti Wr(g) = 0 kai apì th sqèsh (6.6), èqoume ìti isqÔei

√
AS(A) = g + A. (6.7)

DiakrÐnoume tic parak�tw treic peript¸seic:
PerÐptwsh A > 0. Apì th sqèsh (6.6), an jèsoume arqik� W := u′

u
kai

èpeita w := u exp( r2

2A
), met� apì pr�xeic paÐrnoume ìti

W (r) =
1

A

[
λ tanh

(λr

A

)
− r

]
, r ∈ [0, g], (6.8)
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ìpou λ = (AS(A)+A)
1
2 . Qrhsimopoi¸ntac thnW (g) = 1 kai thn (6.7), epeid 

isqÔei h (6.8), èqoume ìti

0 = F (S(A), A) := tanh−1

(√
S(A)

1 + S(A)

)
−

√
1 + S(A)

(√
S(A)−

√
A

)
.

(6.9)
Sth sunèqeia paragwgÐzontac wc procA, paÐrnoume th sqèsh

S ′(A) = −FA(S(A), A)

FS(S(A), A)
=

1 + S(A)

2
√

AS(A)− A
. (6.10)

Sthn parap�nw sqèsh

FA(S(A), A) =
1

2
√

S(A)
√

1 + S(A)

(√
AS(A)− 2S(A)

)
,

FS(S(A), A) =
S ′(A)

2
√

S(A)
√

1 + S(A)
− S ′(A)

2
√

1 + S(A)

(√
S(A)−

√
A

)

−
√

1 + S(A)
( S ′(A)

2
√

S(A)
− 1

2
√

A

)
.

PerÐptwsh A < 0. 'Omoia apì thn (6.6) èqoume ìti

W (r) =
1

A

[
λ tanh

(
−λr

A

)
− r

]
, r ∈ [0, g], (6.11)

ìpou λ = (−AS(A) − A)
1
2 . Sthn sunèqeia lÔnoume wc proc S(A) < 0.

Qrhsimopoi¸ntac thn W (g) = 1 kai thn (6.7) èqoume ìti

0 = F (S(A), A) := tanh−1

(√
−S(A)

1 + S(A)

)
−

√
1 + S(A)

(√
−S(A)−

√
−A

)
.

(6.12)
Sth sunèqeia paragwgÐzontac wc procA, paÐrnoume th sqèsh

S ′(A) = −FA(S(A), A)

FS(S(A), A)
=

1 + S(A)

2
√

AS(A)− A
, (6.13)

ìpwc kai sthn prohgoÔmenh perÐptwsh.
PerÐptwsh A = 0. Se aut  thn perÐptwsh èqoume ìti an A → 0 tìte
S(A) → 0 kai jètoume S(0) = g(0) = 0, W = 1.

Epeid  isqÔei h (6.3), h sun�rthsh

C(r; A) :=

∫ |r|

0

W (ξ)dξ, r ∈ R1, (6.14)

46



ikanopoieÐ th sqèsh (6.1). EpÐshc apì thn kataskeu  thc C prokÔptei ìti
|Cr(r; A)| < 1 ⇔ |r| < g(A), (6.15)

rCr(r; A) ≥ 0 (6.16)
kai ìti gia ìla ta r kai ta A, gia k�je a > 0 ìti

inf
r,|A|≤a

{C(r; A)− |r|} ≥ −∞. (6.17)

EpÐshc gia A 6= 0, qrhsimopoi¸ntac th sqèsh pou èqoume gia toS ′(A), èqoume
ìti

d

dA
[A(1 + S(A))] = (1 + S(A))

2
√

AS(A)

2
√

AS(A)− A
(6.18)

kai epeid 
1 + S(A) ≥ 0, 2

√
AS(A)− A ≥ 0, (6.19)

gia k�je A 6= 0, prokÔptei ìti d
dA

[A(1 + S(A))] ≥ 0 apì to opoÐo èqoume ìti
A(1+S(A)) eÐnai mÐa mh fjÐnousa sun�rthsh touA, epeid  eÐnai suneq c sto
A = 0.

Telei¸noume deÐqnontac th monadikìthta tou zeÔgouc (C(r; A), S(A)).
JewroÔme dÔo diaforetikèc lÔseic (C(r; A), S(A)) kai (C ′(r; A), S ′(A)), pou
ikanopoioÔn tic (6.1)−(6.2). Gia µ < 1, kont� sto 1, eis�goume th sun�rthsh

r → µC(r; A)− C ′(r; A). (6.20)
B�sei thc (6.2), h sun�rthsh paÐrnei th mègisth tim  thc se k�poio shmeÐo, tou
sunìlou twn pragmatik¸n arijm¸n, èstw r. AfoÔ oi C kai C ′ eÐnai omalèc
sunart seic èqoume ìti

µCr(r; A) = C ′
r(r; A), µCrr(r; A) ≤ C ′

rr(r; A). (6.21)
All� afoÔ |Cr(r; A)| ≤ 1 kai µ < 1, èpetai ìti |C ′

r(r; A)| < 1, kai epomènwc
−A2C ′

rr(r; A)− (r + AC ′
r(r; A))2 + AS ′(A) = 0. (6.22)

Pollaplasi�zontac thn antÐstoiqh exÐswsh(6.22) pou isqÔei gia th sun�rth-
sh Cr(r; A) me to µ kai afair¸ntac thn apì thn prohgoÔmenh, to apotèlesma
eÐnai

(r + AC ′
r(r; A))2 − µ(r + ACr(r; A))2 + µAS(A)− AS ′(A) ≤ 0. (6.23)

Apì thn parap�nw sqèsh qrhsimopoi¸ntac ìtiµ < 1, |Cr(r; A)| < 1, odhgoÔ-
maste sth sqèsh

µAS(A)− AS ′(A) ≤ (µ− 1)r2 + µ(1− µ)A2[Cr(r; A)]2

≤ µ(1− µ)A2.

Af nontac to µ na p�ei proc to 1, èqoume ìti S(A) = S ′(A). Epiplèon apì
th sqèsh (6.6) paÐrnoume kai ìti C(r; A) = C ′(r; A).¤
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