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Historical Roots of Stieltjes
Integral.

This master thesis is consisted of two parts. In the first part we study T.-J. Stieltjes’
last paper on continued fractions. In this beautiful work, he studied the analytical
behaviour of the continued fraction of the form

1
α1z + 1

α2+. . .
+ 1
α2k−1z+

1

α2k+. . .

,

where α1, α2, . . . , αn, . . . are all positive numbers and z is a complex number. Among
the other mathematical notions, which he defines, is the famous type of integral which
nowadays has his name.

In the second part we study some important papers which are related to the history
of Stieltjes integral and were published by F. Riesz, H. Lebesgue and J. Radon at the
beginning of the 20th century.
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Eisagwgikì shmeÐwma.

H ergasÐa aut  apoteleÐtai apì dÔo mèrh. Sto pr¸to mèroc melet�tai to teleutaÐo
�rjro {Recherches sur les fractions continues} tou T.-J. Stieltjes. Sth dhmosÐeus  tou
aut , pou emfanÐsthke se dÔo mèrh tic qronièc 1894 kai 1895, orÐzei to olokl rwma pou
s mera èqei to ìnom� tou. Sto deÔtero mèroc melet¸ntai ergasÐec twn F. Riesz, H. Le-
besgue kai J. Radon pou èginan stic arqèc tou 20ou ai¸na kai anèdeixan to olokl rwma
autì.

KÔrioc skopìc thc dhmosÐeushc tou Stieltjes eÐnai h melèth thc analutik c sumperi-
for�c tou suneqoÔc kl�smatoc

1
α1z + 1

α2+. . .
+ 1
α2k−1z+

1

α2k+. . .

,

ìpou ta α1, α2, . . . , αn, . . . eÐnai jetikoÐ arijmoÐ kai z tuqaÐoc migadikìc arijmìc. K�jesuneqèc kl�sma thc parap�nw morf c onom�zetai, proc tim n tou, suneqèc kl�sma
Stieltjes.

Ta suneq  kl�smata, dhlad  oi arijmhtikèc parast�seic thc morf c
α0 +

β0

α1 + β1

α2+. . .
+ βn−1

αn+ βn

αn+. . .

,

ìpou ta α0, . . . , αn, . . . , β0, . . . , βn, . . . ∈ K me K = Z   R   C,  tan ènac apì touc pio
shmantikoÔc kl�douc twn Majhmatik¸n tou 18ou kai 19ou ai¸na. An kai paradeÐgmata
suneq¸n klasm�twn mporeÐ kaneÐc na brei sta Majhmatik� twn ArqaÐwn Ell nwn, twn
Ind¸n kai thc Anagènnhshc, o pr¸toc pou melèthse susthmatik� tic idiìthtèc touc kai
ta kajièrwse wc kl�do  tan o 'Aggloc J. Wallis (1616-1703).

Ton 18o ai¸na �rqise n� anaptÔssetai h montèrna jewrÐa twn suneq¸n klasm�twn.
Basik  idèa twn ergasi¸n pou dhmosieÔontai ekeÐnh thn epoq  eÐnai ìti k�je suneqèc
kl�sma mporeÐ na metatrapeÐ se mÐa seir� kai antistrìfwc. O L. Euler (1707-1783)
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deÐqnei ìti k�je rhtìc arijmìc gr�fetai san peperasmèno suneqèc kl�sma1 kai anti-
strìfwc, k�je peperasmèno suneqèc kl�sma eÐnai rhtìc. Qrhsimopoi¸ntac to teleutaÐo
apodeiknÔei thn arrhtìthta thc stajer�c pou fèrei to ìnom� tou. H jewrÐa aut  arqÐzei
n� apokt� endiafèron giatÐ dÐnei èna trìpo prosèggishc twn �rrhtwn arijm¸n.

Oi majhmatikoÐ tou 19ou ai¸na asqoloÔntai me to pìte èna suneqèc kl�sma su-
gklÐnei   ìqi se ènan pragmatikì arijmì. EpÐshc, en¸ mèqri tìte oi arijmojewrÐstec
jewroÔsan touc suntelestèc enìc suneqoÔc kl�smatoc p�nta akèraiouc arijmoÔc, to
di�sthma autì arqÐzoun melet¸ntai suneq  kl�smata me migadikoÔc. PolloÐ di�shmoi
majhmatikoÐ asqoloÔntai m� aut�, metaxÔ twn opoÐwn kai oi Jacobi, Hermite, Gauss,
Cauchy, Stieltjes. H ergasÐa tou Stieltjes, sthn opoÐa gia pr¸th for� mÐa oikogèneia
suneq¸n klasm�twn melet�tai apì thn pleur� thc migadik c an�lushc, eÐnai idiaÐtera
shmantik  giatÐ genniètai m� aut n mÐa nèa jewrÐa, h analutik  jewrÐa twn suneq¸n
klasm�twn.

S mera, an kai h parap�nw jewrÐa den parousi�zei pia arketì ereunhtikì endiafèron,
ta suneq  kl�smata brÐskoun efarmogèc se �llouc kl�douc twn Majhmatik¸n, kurÐwc
se algorÐjmouc upologist¸n kai sthn epÐlush exis¸sewn me aprosdiìristh an�lush.

Sto pr¸to kef�laio thc ergasÐac tou o Stieltjes apodeiknÔei qr simec algebrikèc
sqèseic metaxÔ twn diadoqik¸n ìrwn thc akoloujÐac twn klasm�twn pou proseggÐzei
èna suneqèc kl�sma Stieltjes. Sto deÔtero kef�laio prosdiorÐzei th dunamoseir� pou
antistoiqeÐ sto kl�sma autì, en¸ sto epìmeno kef�laio arqÐzei na to melet� wc proc
th sÔgklish. Sto tètarto kef�laio asqoleÐtai me thn eidik  perÐptwsh sthn opoÐa h
seir� ∑+∞

k=1 αk twn suntelest¸n tou suneqoÔc kl�smatoc Stieltjes sugklÐnei kai sto
tèloc orÐzei to prìblhma twn rop¸n. 'Epeita apodeiknÔei k�poia jewr mata migadik c
an�lushc pou ja qrhsimopoi sei gia na oloklhr¸sei th melèth tou wc proc th sÔgklish.
Sta epìmena kef�laia asqoleÐtai me thn epÐlush tou probl matoc twn rop¸n.

Up�rqei kai deÔtero mèroc thc ergasÐac tou Stieltjes, to opoÐo dhmosieÔthke me-
t� to j�natì tou. S� autì to teleutaÐo komm�ti, pou eÐnai kurÐwc algebrikì, melet�
k�poiec eidikèc peript¸seic tou probl matoc twn rop¸n, dÐnei poll� arijmhtik� para-
deÐgmata suneq¸n klasm�twn kai asqoleÐtai me k�poiouc qr simouc metasqhmatismoÔc
tou kl�smatoc autoÔ.

1Dhlad , to suneqèc kl�sma me to opoÐo isoÔtai k�je rhtìc ja stamat�ei se k�poio paronomast 
tou.

14



Mèroc I

H teleutaÐa ergasÐa tou Stieltjes
sta suneq  kl�smata.
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Kef�laio 1

To suneqèc kl�sma Stieltjes.

Sthn arq  tou pr¸tou kefalaÐou thc ergasÐac tou, o T. J. Stieltjes orÐzei to sÔmbolo
[α1, α2, . . . , αk] kai melet� basikèc idiìthtèc tou. To sÔmbolo autì, me th bo jeia tou
opoÐou orÐzei ta polu¸numa twn arijmht¸n kai twn paronomast¸n twn klasm�twn pou
proseggÐzoun to suneqèc kl�sma Stieltjes, kaj¸c kai oi sqèseic pou apodeiknÔei sthn
pr¸th par�grafo, eÐnai  dh gnwstèc sth jewrÐa twn suneq¸n klasm�twn. Sundu�zont�c
tec o Stieltjes katafèrnei na p�rei shmantik� apotelèsmata gia touc suntelestèc kai
tic rÐzec twn parap�nw poluwnÔmwn.

1.1 To sÔmbolo [α1, α2, . . . , αk] kai oi idiìthtèc tou.

JewroÔme mÐa akoloujÐa arijm¸n N,N1, N2, . . . pou ikanopoieÐ tic isìthtec:
N = α1N1 +N2

N1 = α2N2 +N3

...........

Nk−1 = αkNk +Nk+1

........... .

Tìte mporoÔme na ekfr�soume to N wc grammikì sunduasmì twn N1 kai N2, twn N2kai N3, twn N3 kai N4, ktl wc ex c:
N = (α1α2 + 1)N2 + α1N3 = (α1α2α3 + α1 + α3)N3 + (α1α2 + 1)N4 = . . . .

Orismìc 1.1 Eis�goume to sÔmbolo [α1, α2, . . . , αk] to opoÐo orÐzetai epagwgik� apì tic
parak�tw sqèseic:

[ ] = 1, [α1] = α1, [α1, α2, . . . , αk] = [α1, α2, . . . , αk−1]αk + [α1, α2, . . . , αk−2] .(1.1)
17



L mma 1.1 Me th bo jeia tou sumbìlou [α1, α2, . . . , αk] to N gr�fetai wc grammikìc
sunduasmìc twn Nk kai Nk+1 wc ex c:

N = [α1, α2, . . . , αk]Nk + [α1, α2, . . . , αk−1]Nk+1 . (1.2)
Apìdeixh: GÐnetai me majhmatik  epagwg . Gia k = 1 èqoume

[α1]N1 +N2 = α1N1 +N2 = N ,

�ra h (1.2) isqÔei. 'Estw ìti h (1.2) isqÔei gia k�poio k. Tìte, h (1.2) isqÔei kai gia
k + 1 diìti:

[α1, α2, . . . , αk+1]Nk+1 + [α1, α2, . . . , αk]Nk+2

= [α1, α2, . . . , αk]αk+1Nk+1 + [α1, α2, . . . , αk−1]Nk+1 + [α1, α2, . . . , αk]Nk+2

= [α1, α2, . . . , αk](αk+1Nk+1 +Nk+2) + [α1, α2, . . . , αk−1]Nk+1

= [α1, α2, . . . , αk]Nk + [α1, α2, . . . , αk−1]Nk+1 = N .

'Opwc sqoli�zei kai o Stieltjes sthn ergasÐa tou, h sqèsh pou sundèei ton pr¸to ìro
N thc parap�nw akoloujÐac me dÔo diadoqikoÔc ìrouc thc eÐnai grammik  kai {omoge-
n c}. Lègontac omogen c, ennoeÐ ìti, se k�je èkfrash tou N wc �jroisma k�poiwn ìrwn
thc akoloujÐac (Nk), gia k�je prosjetèo [α1, α2, . . . , αk]Nl to �jroisma twn deikt¸n
k + l eÐnai stajerì.

MÐa pio genik  sqèsh pou sundèei ton N me dÔo tuqaÐouc kai diaforetikoÔc ìrouc
thc akoloujÐac eÐnai aut  pou apodeiknÔetai sto parak�tw l mma:
L mma 1.2 IsqÔei ìti

[αk+1, αk+2, . . . , αk+l−1]N = [α1, α2, . . . , αk+l−1]Nk + (−1)l+1[α1, α2, . . . , αk−1]Nk+l .(1.3)
Apìdeixh: Efarmìzoume majhmatik  epagwg  wc proc l. Gia l = 1 h (1.3) profan¸c,
isqÔei. 'Estw ìti h (1.3) isqÔei gia k�poio l. Ja prèpei na deÐxoume ìti gia l+ 1 isqÔei:

[αk+1, . . . , αk+l]N = [α1, . . . , αk+l]Nk + (−1)l+2[α1, . . . , αk−1]Nk+l+1

 
[αk+1, . . . , αk+l−1]αk+lN + [αk+1, . . . , αk+l−2]N

= [α1, . . . , αk+l]Nk + (−1)l+2[α1, . . . , αk−1]Nk+l+1

 
αk+l ([αk+1, . . . , αk+l−1]N − [α1, . . . , αk+l−1]Nk)

+ ([αk+1, . . . , αk+l−2]N − [α1, . . . , αk+l−2]Nk)

= (−1)l+2[α1, . . . , αk−1]Nk+l+1
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αk+l(−1)l+1Nk+l + (−1)lNk+l−1 = (−1)l+2Nk+l+1

(lìgw upìjeshc thc majhmatik c epagwg c)   isodÔnama
Nk+l−1 = αk+lNk+l +Nk+l+1 ,

pou isqÔei.
Apì thn (1.3) prokÔptoun pollèc qr simec sqèseic:

Antikajist¸ntac to k me α kai to l me β + γ + 1, paÐrnoume th sqèsh
[αα+1, . . . , αα+β+γ ]N = [α1, . . . , αα+β+γ ]Nα+(−1)β+γ [α1, . . . , αα−1]Nα+β+γ+1 . (1.4)

Apì thn (1.4) gia γ = 0 paÐrnoume thn
[αα+1, . . . , αα+β ]N = [α1, . . . , αα+β ]Nα + (−1)β[α1, . . . , αα−1]Nα+β+1 . (1.5)

EpÐshc, an sthn (1.3) jèsoume ìpou k to α+ β + 1 kai ìpou l to γ, èqoume ìti:
[αα+β+2, . . . , αα+β+γ ]N = [α1, . . . , αα+β+γ ]Nα+β+1+(−1)γ+1[α1, . . . , αα+β]Nα+β+γ+1 .(1.6)
Apì tic (1.5) kai (1.6), apaleÐfontac to Nα+β+1, prokÔptei mÐa sqèsh metaxÔ twn N ,
Nα, Nα+β+γ+1 thc morf c

∆N = [α1, . . . , αα+β]
{

[α1, . . . , αα+β+γ ]Nα + (−1)β+γ [α1, . . . , αα−1]Nα+β+γ+1

}
,

(1.7)
ìpou to ∆ isoÔtai me

[α1, . . . , αα+β+γ ][αα+1, . . . , αα+β] + (−1)β+1[α1, . . . , αα−1][αα+β+2, . . . , αα+β+γ ] .

SugkrÐnontac tic (1.4) kai (1.7), paÐrnoume ìti: ∆=[α1, . . . , αα+β][αα+1, . . . , αα+β+γ ] .Dhlad  isqÔei ìti
[α1, . . . , αα+β+γ ][αα+1, . . . , αα+β ]

= [α1, . . . , αα+β][αα+1, . . . , αα+β+γ ] + (−1)β[α1, . . . , αα−1][αα+β+2, . . . , αα+β+γ ] .(1.8)
Apì thn (1.8) gia β = 0 paÐrnoume thn

[α1, . . . , αα+γ ] = [α1, . . . , αα][αα+1, . . . , αα+γ ]+[α1, . . . , αα−1][αα+2, . . . , αα+γ ] . (1.9)
EpÐshc, apì thn (1.8) gia α = γ = 1 èqoume ìti

[α1, . . . , αβ+2][α2, . . . , αβ+1] = [α1, . . . , αβ+1][α2, . . . , αβ+2] + (−1)β . (1.10)
ParathroÔme ìti apì th sqèsh (1.9) gia γ = 1 katal goume sth sqèsh orismoÔ tou
[α1, α2, . . . , αk].
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Akìmh, apì thn (1.9) gia α = 1 prokÔptei ìti
[α1, . . . , αγ+1] = α1[α2, . . . , αγ+1] + [α3, . . . , αγ+1] . (1.11)

Efarmìzontac k − 1 forèc thn (1.11), paÐrnoume ìti
[α1, . . . , αk]
[α2, . . . , αk]

= α1 +
1

α2 + 1

α3+. . .
+ 1
αk

.

Efarmìzontac k − 1 forèc thn (1.1), paÐrnoume ìti
[α1, . . . , αk]

[α1, . . . , αk−1]
= αk +

1
αk−1 + 1

αk−2+. . .
+ 1
α1

.

'Omwc, apì thn prohgoÔmenh isìthta èqoume ìti to deÔtero mèloc thc parap�nw sqèshc
isoÔtai me [αk,...,α1]

[αk−1,...,α1] , dhlad  eÐnai
[α1, . . . , αk]

[α1, . . . , αk−1]
=

[αk, . . . , α1]
[αk−1, . . . , α1]

,

ap� ìpou epagwgik� paÐrnoume ìti
[α1, . . . , αk] = [αk, . . . , α1] . (1.12)

'Ara, apì tic (1.1) kai (1.12) èqoume ìti
[αk, . . . , α1] = [α1, . . . , αk] = [α1, . . . , αk−1]αk + [α1, . . . , αk−2]

= [αk−1, . . . , α1]αk + [αk−2, . . . , α1] .

EpÐshc, to [α1, . . . , αn] sundèetai me to αk me mÐa sqèsh thc morf c
[α1, . . . , αn] = [α1, . . . , αk−1][αk+1, . . . , αn]αk +R , (1.13)

ìpou to R eÐnai anex�rthto tou αk.H prohgoÔmenh sqèsh prokÔptei apì thn (1.9) gia α = k, γ = n − k kai apì thn
(1.1) wc ex c:

[α1, . . . , αn] = [α1, . . . , αk][αk+1, . . . , αn] + [α1, . . . , αk−1][αk+2, . . . , αn]

= αk[α1, . . . , αk−1][αk+1, . . . , αn]+[α1, . . . , αk−2][αk+1, . . . , αn]+[α1, . . . , αk−1][αk+2, . . . , αn] .

20



'Ara, qrhsimopoi¸ntac thn (1.1), thn (1.11) kai thn (1.9) paÐrnoume
R = [α1, . . . , αk−2][αk+1, . . . , αn] + [α1, . . . , αk−1][αk+2, . . . , αn]

= αk−1[α1, . . . , αk−2][αk+2, . . . , αn] + [α1, . . . , αk−3][αk+2, . . . , αn]
+[α1, . . . , αk−2][αk+1, . . . , αn]

= (αk−1 + αk+1)[α1, . . . , αk−2][αk+2, . . . , αn] + [α1, . . . , αk−3][αk+2, . . . , αn]
+[α1, . . . , αk−2][αk+3, . . . , αn]

= [α1, . . . , αk−2, αk−1 + αk+1][αk+2, . . . , αn] + [α1, . . . , αk−2][αk+3, . . . , αn]
= [α1, . . . , αk−2, αk−1 + αk+1, αk+2, . . . , αn] .

Opìte R = [α1, . . . , αk−2, αk−1 + αk+1, αk+2, . . . , αn] .EpÐshc, isqÔei
R = [α1, . . . , αk−2, αk−1, 0, αk+1, αk+2, . . . , αn] ,

giatÐ
[α1, . . . , αk−1, 0, αk+1, . . . , αn] = 0[α1, . . . , αk−1][αk+1, . . . , αn]

+ [α1, . . . , αk−2][αk+1, . . . , αn] + [α1, . . . , αk−1][αk+2, . . . , αn]
= [α1, . . . , αk−2][αk+1, . . . , αn] + [α1, . . . , αk−1][αk+2, . . . , αn]
= R .

Tèloc, apì ton orismì tou [α1, . . . , αn] prokÔptei eÔkola (me majhmatik  epagwg  wc
proc n) ìti gia k�je m 6= 0 isqÔoun kai ta ex c:

[mα1,
α2

m
, . . . ,mα2n−1,

α2n

m
] = [α1, α2, . . . , α2n] ,

[mα1,
α2

m
, . . . ,

α2n

m
,mα2n+1] = m[α1, α2, . . . , α2n+1] . (1.14)

1.2 Orismìc twn poluwnÔmwn Pn(z) kai Qn(z) kai idiìth-
tec twn suntelest¸n touc.

JewroÔme to suneqèc kl�sma
1

α1z + 1

α2+. . .
+ 1
α2k−1z+

1

α2k+. . .

,

ìpou ta α1, α2, . . . , αn, . . . eÐnai jetikoÐ arijmoÐ.
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O arijmht c kai o paronomast c k�je ìrou thc akoloujÐac twn proseggÐsewn tou
suneqoÔc kl�smatoc Stieltjes eÐnai polu¸numa tou z, ta opoÐa, me th bo jeia tou sum-
bìlou [α1, . . . , αn] pou èqoume orÐsei, gr�fontai wc ex c:

P2n(z) = [α2, α3z, α4, . . . , α2n−1z, α2n]
Q2n(z) = [α1z, α2, α3z, . . . , α2n]

P2n+1(z) = [α2, α3z, α4, . . . , α2n−1z, α2n, α2n+1z]
Q2n+1(z) = [α1z, α2, α3z, . . . , α2n, α2n+1z] .

ParathroÔme ìti ta arqik� polu¸numa eÐnai:
P1(z) = 1, P2(z) = α2, Q1(z) = α1z, Q2(z) = 1 + α1α2z .

MporoÔme epÐshc na orÐsoume ta polu¸numa: P0(z) = 0 kai Q0(z) = 1.
SumbolÐzoume me P (k)

n (z) kai Q(k)
n (z) ekeÐna ta polu¸numa pou prokÔptoun apì ta

Pn(z) kai Qn(z), antÐstoiqa, ìtan antikatast soume ton k�je suntelest  αi me ton
αi+k. Apì th sqèsh (1.1) prokÔptei ìti isqÔoun oi parak�tw sqèseic:

Q2n(z) = α2nQ2n−1(z) +Q2n−2(z) (1.15)
Q2n+1(z) = α2n+1zQ2n(z) +Q2n−1(z) (1.16)
P2n(z) = α2nP2n−1(z) + P2n−2(z) (1.17)

P2n+1(z) = α2n+1zP2n(z) + P2n−1(z) . (1.18)
Je¸rhma 1.1 IsqÔei

P2n(z) = A0 +A1z + . . .+An−1z
n−1

Q2n(z) = B0 +B1z + . . .+Bnz
n

P2n+1(z) = C0 + C1z + . . .+ Cnz
n

Q2n+1(z) = D0 +D1z + . . .+Dn+1z
n+1

kai

A0 = α2 + α4 + . . .+ α2n (1.19)
An−2 = An−1

(
1

α2α3
+

1
α3α4

+ . . .+
1

α2n−1α2n

)
(1.20)

An−1 = α2α3 · · ·α2n (1.21)
B0 = 1 (1.22)
B1 =

n∑
k=1

(α1 + α3 + . . .+ α2k−1)α2k (1.23)

Bn−1 = Bn

(
1

α1α2
+

1
α2α3

+ . . .+
1

α2n−1α2n

)
(1.24)

Bn = α1α2 · · ·α2n (1.25)
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C0 = 1 (1.26)
C1 =

n∑
k=1

(α2 + α4 + . . .+ α2k)α2k+1 (1.27)

Cn−1 = Cn

(
1

α2α3
+

1
α3α4

+ . . .+
1

α2nα2n+1

)
(1.28)

Cn = α2α3 · · ·α2n+1 (1.29)
D0 = 0 (1.30)
D1 = α1 + α3 + . . .+ α2n+1 (1.31)
Dn = Dn+1

(
1

α1α2
+

1
α2α3

+ . . .+
1

α2nα2n+1

)
(1.32)

Dn+1 = α1α2 · · ·α2n+1. (1.33)
Apìdeixh: Oi anaparast�seic twn P2n(z), Q2n(z), P2n+1(z), Q2n+1(z) apodeiknÔo-

ntai me epagwg  apì tic (1.15), (1.16), (1.17) kai (1.18). Stic Ðdiec sqèseic basizìmaste
gia na apodeÐxoume kai tic (1.19), (1.20), . . . , (1.33).

Gia par�deigma, an efarmìsoume n forèc thn (1.16) antikajist¸ntac k�je for� ta
polu¸numa me perittì deÐkth, paÐrnoume ìti Q2n+1(z) = Q(z) + Q1(z), ìpou to Q(z)
eÐnai polu¸numo me stajerì ìro mhdèn kai Q1(z) = [α1z] = α1z, �ra kai to Q2n+1(z)èqei to stajerì tou ìro, D0, mhdèn. Lìgw tou teleutaÐou, o stajerìc ìroc tou Q2n(z)isoÔtai me to stajerì ìro tou Q2n−2(z) kai, telik�, isoÔtai me to stajerì ìro tou
Q2(z) = [α1z, α2] = α1α2z + 1. Dhlad  ìloi oi stajeroÐ ìroi twn poluwnÔmwn Q2n(z)eÐnai Ðsoi me th mon�da. 'Omoia prokÔptoun kai oi timèc twn �llwn dÔo stajer¸n ìrwn
A0 kai C0.EpÐshc, apì thn (1.15) èqoume ìti o suntelest c tou megistob�jmiou ìrou touQ2n(z)isoÔtai me to ginìmeno tou suntelest  tou megistob�jmiou ìrou tou Q2n−1(z) epÐ to
α2n. Epeid , ìmwc, isqÔei ìti Q2n−1(z) = α2n−1zQ2n−2(z) + Q2n−3(z), o suntele-
st c tou megistob�jmiou ìrou tou Q2n−1(z) isoÔtai me to ginìmeno tou suntelest  tou
megistob�jmiou ìrou tou Q2n−2(z) epÐ to α2n−1 kok. Telik�, katal goume sto ìti o
suntelest c Bntou megistob�jmiou ìrou tou Q2n(z) isoÔtai me to ginìmeno α1α2 · · ·α2nkai, fusik�, me to Ðdio skeptikì apodeiknÔontai kai oi tÔpoi twn An−1, Cn kai Dn+1.Efarmìzontac n forèc thn (1.16) paÐrnoume ìti

Q2n+1(z) = α2n+1zQ2n(z) + α2n−1zQ2n−2(z) + . . .+ α3zQ2(z) +Q1(z)
= α2n+1zQ2n(z) + α2n−1zQ2n−2(z) + . . .+ α3zQ2(z) + α1z .

K�je polu¸numo Q2k(z) èqei stajerì ìro mon�da, �ra telik� o suntelest c D1 tou z
sto Q2n+1(z) ja isoÔtai me to �jroisma α1 + α3 + . . .+ α2n+1.Efarmìzontac n− 1 forèc thn (1.15) prokÔptei ìti

Q2n(z) = α2nQ2n−1(z) + α2n−2Q2n−3(z) + . . .+ α2Q1(z) ,

opìte o suntelest c tou z sto Q2n(z) isoÔtai me to �jroisma twn antÐstoiqwn sunte-
23



lest¸n twn poluwnÔmwn α2kQ2k−1(z) gia k = 1, 2, . . . , n, dhlad  eÐnai
B1 =

n∑
k=1

(α1 + α3 + . . .+ α2k−1)α2k .

'Omoia apodeiknÔetai kai h (1.27).
Ja apodeÐxoume th sqèsh (1.32) qrhsimopoi¸ntac majhmatik  epagwg . Gia n = 1

èqoume to polu¸numo Q3(z), gia to opoÐo isqÔei ìti
Q3(z) = [α1z, α2, α3z] = α3z[α1z, α2] + α1z = α1α2α3z

3 + α1z + α3z

kai, pr�gmati, o suntelest c tou z isoÔtai me α1 +α3, dhlad  me α1α2α3( 1
α1α2

+ 1
α2α3

).
'Estw ìti gia k�je k < n isqÔei h upìjesh. Tìte, o suntelest c tou zn−1 sto

polu¸numo Q2n(z), lìgw thc (1.15) isoÔtai me
α2nα1α2 · · ·α2n−1

(
1

α1α2
+

1
α2α3

+ . . .+
1

α2n−2α2n−1

)
+ α1α2 · · ·α2n−2

kai lìgw thc (1.16) èqoume ìti o suntelest c tou zn sto Q2n+1(z) ja eÐnai:
α2n+1α2nα1α2 · · ·α2n−1

(
1

α1α2
+

1
α2α3

+ . . .+
1

α2n−2α2n−1

)
+

+α1 · · ·α2n−2α2n+1 + α1α2 · · ·α2n−1

= α1α2 · · ·α2n+1

(
1

α1α2
+

1
α2α3

+ . . .+
1

α2nα2n+1

)
= Dn .

'Ara to zhtoÔmeno èqei apodeiqjeÐ. O tÔpoc (1.24) prokÔptei polÔ eÔkola me th bo jeia
tou (1.32) kai oi (1.20) kai (1.28) apodeiknÔontai me ìmoio trìpo.
Parat rhsh 1.1 Sto polu¸numo P2n sumbolÐsame to suntelest  tou zk me Ak. 'Omwc,
eÐnai profanèc ìti o Ak exart�tai apì to n, �ra to swstìtero ja  tan na ton sumbolÐsoume

A
(n)
k . To Ðdio akrib¸c sumbaÐnei kai me ta �lla polu¸numa. Dhlad  èqoume:

P2n(z) = A
(n)
0 +A

(n)
1 z + . . .+A

(n)
n−1z

n−1

Q2n(z) = B
(n)
0 +B

(n)
1 z + . . .+B(n)

n zn

P2n+1(z) = C
(n)
0 + C

(n)
1 z + . . .+ C(n)

n zn

Q2n+1(z) = D
(n)
0 +D

(n)
1 z + . . .+D

(n)
n+1z

n+1 .

'Ara, oi akoloujÐec twn poluwnÔmwn P2n(z), Q2n(z), P2n+1(z) kai Q2n+1(z) orÐzoun gia

k�je k = 0, 1, 2, . . . tic akoloujÐec
(
A

(n)
k

)+∞

n=0
,
(
B

(n)
k

)+∞

n=0
,
(
C

(n)
k

)+∞

n=0
kai

(
D

(n)
k

)+∞

n=0
,

ìpou gia k > n − 1 eÐnai A
(n)
k = 0, gia k > n eÐnai B

(n)
k = C

(n)
k = 0 kai gia k > n + 1

èqoume ìti D
(n)
k = 0.
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Telei¸noume thn par�grafo me dÔo sqèseic pou ja fanoÔn qr simec argìtera.
Apì th (1.10) gia β = 2n− 1 paÐrnoume ìti

Q2n(z)P2n+1(z)− P2n(z)Q2n+1(z) = 1 , (1.34)
en¸ gia β = 2n− 2 èqoume ìti

Q2n(z)P2n−1(z)− P2n(z)Q2n−1(z) = 1 . (1.35)

1.3 Sqèseic metaxÔ twn riz¸n twn Pn(z) kai Qn(z).

Katarq�c, arkeÐ na asqolhjoÔme me th melèth twn Qn(z), epeid  ta polu¸numa
Pn(z) den èqoun ousiastikèc diaforèc apì ta polu¸numa Qn(z): apì ton trìpo orismoÔ
touc sthn arq  thc prohgoÔmenhc paragr�fou kai apì tic (1.14) prokÔptei ìti ta Pn(z)kai Qn(z) sundèontai metaxÔ touc me tic sqèseic

P2n(z) =
1
z
Q

(1)
2n−1(z) kai P2n+1(z) = Q

(1)
2n (z) .

Apì thn (1.8), an jèsoume α = 2n − 3, β = 1 kai γ = 2 kai antikatast soume to
αi me αiz gia k�je perittì i, paÐrnoume mÐa basik  sqèsh pou sundèei treic diadoqikoÔc
ìrouc thc akoloujÐac twn poluwnÔmwn Q0(z) = 1, Q2(z), Q4(z), . . . , Q2n(z):

α2n−2Q2n(z) = [α2n−2, α2n−1z, α2n]Q2n−2(z)− α2nQ2n−4(z) . (1.36)
'Otan treic diadoqikoÐ ìroi miac peperasmènhc akoloujÐac poluwnÔmwn ikanopoioÔn mia
sqèsh aut c thc morf c, lème ìti h akoloujÐa aut  eÐnai mia akoloujÐa tou Sturm.
K�je tètoia akoloujÐa èqei tic idiìthtec pou ja deÐxoume gia thn (Q2k(z)) s� aut n thnpar�grafo.
Je¸rhma 1.2 To polu¸numo Q2n(z) èqei n pragmatikèc rÐzec, diaforetikèc an� dÔo,
arnhtikèc kai diaforetikèc apì tic rÐzec tou Q2n−2(z). M�lista, oi rÐzec tou Q2n−2(z)
brÐskontai metaxÔ twn riz¸n tou Q2n(z). 'Ara, kaj¸c to z {pern�} (ètsi ¸ste h tim 

tou na aux�netai) apì mÐa rÐza tou Q2n(z), h tim  tou Q2n−2(z)
Q2n(z) {phd�ei} apì to −∞ sto

+∞.

Apìdeixh: EÐdame ìti treic diadoqikoÐ ìroi thc akoloujÐac (Q2k(z)) sundèontai me-
taxÔ touc me th sqèsh (1.36), h opoÐa gr�fetai

α2k−2Q2k(z) = (α2k−2α2k−1α2kz + α2k + α2k−2)Q2k−2(z)− α2kQ2k−4(z) . (1.37)
Apì thn parap�nw sqèsh kai epeid  ta αi eÐnai jetik� prokÔptoun eÔkola ta ex c:

• DÔo diadoqikoÐ ìroi thc (Q2k(z)) den mporoÔn na èqoun koin  rÐza. An sunèbaine
k�ti tètoio, apì thn (1.37) ja paÐrname ìti up�rqei arijmìc pou mhdenÐzei to Q0(z),pr�gma �topo, afoÔ to polu¸numo autì eÐnai stajerì kai mh mhdenikì.
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• E�n ènac ìroc mhdenÐzetai se k�poio shmeÐo, tìte o prohgoÔmenoc kai o epìmenoc
ìroc thc akoloujÐac èqoun sto shmeÐo autì antÐjeto prìshmo.

• Up�rqei mia perioq  gÔrw apì k�je rÐza tou Q2k(z) ìpou o prohgoÔmenoc kai o
epìmenoc ìroc thc akoloujÐac diathroÔn stajerì prìshmo.

J� apodeÐxoume t¸ra me majhmatik  epagwg  wc proc k ìti metaxÔ duo diadoqik¸n
riz¸n tou Q2k(z) brÐsketai akrib¸c mia rÐza tou Q2k−2(z).Gia k = 1, to polu¸numo Q2(z) = α1α2z + 1 eÐnai pr¸tou bajmoÔ kai èqei mÐa rÐza
pragmatik  kai m�lista arnhtik , th ρ = − 1

α1α2
.

Gia k = 2, to polu¸numo Q4(z) eÐnai deutèrou bajmoÔ. Epeid  ìloi oi suntelestèc
tou eÐnai jetikoÐ pragmatikoÐ arijmoÐ, sto (0,+∞) diathreÐ stajerì prìshmo. GÔrw
apì to r up�rqei mia perioq  ìpou eÐnai eterìshmo tou Q0(z), �ra paÐrnei arnhtikèc
timèc. Epomènwc, sto (ρ, 0) èqei mÐa rÐza. EpÐshc, epeid  eÐnai deutèrou bajmoÔ kai
o suntelest c tou megistob�jmiou ìrou eÐnai jetikìc, sto (−∞, ρ) up�rqei mÐa akìma
rÐza tou poluwnÔmou. 'Ara, to Q4(z) èqei dÔo rÐzec pou eÐnai pragmatikoÐ kai m�lista
arnhtikoÐ arijmoÐ kai brÐskontai ekatèrwjen thc rÐzac tou Q2(z).Upojètoume ìti k�je polu¸numo Q2k(z) me k < n ikanopoieÐ thn upìjesh thc majh-
matik c epagwg c. Tìte gia to Q2n(z) èqoume isqÔoun ta parak�tw:

E�n ri+1, ri eÐnai duo diadoqikèc rÐzec tou Q2n−2(z) me ri+1 < ri kai i ≤ n− 2, tìte,
lìgw thc upìjeshc thc majhmatik c epagwg c, to Q2n−4(z) eÐnai omìshmo tou (−1)i−1

sto ri kai omìshmo tou (−1)i sto ri+1. Lìgw thc (1.37), to Q2n(z) eÐnai omìshmo
tou (−1)i sto ri kai omìshmo tou (−1)i+1 sto ri+1, �ra èqei mÐa toul�qiston rÐza sto
(ri+1, ri). Dhlad , se kajèna apì ta n−2 diast mata (rn−1, rn−2), . . . , (r2, r1) up�rqeimia toul�qiston rÐza tou Q2n(z). Sto rn−1 to Q2n(z) eÐnai omìshmo tou (−1)n−1 kai sto
−∞ èqei to Ðdio prìshmo me ton arijmì (−1)n, �ra sto di�sthma (−∞, rn−1) up�rqei
mÐa toul�qiston rÐza tou. To Ðdio isqÔei kai gia to di�sthma (r1, 0). Epeid  o bajmìc
tou poluwnÔmou eÐnai n, ja èqei telik� n pragmatikèc rÐzec, pou ja eÐnai ìlec arnhtikèc
kai diaforetikèc metaxÔ touc. 'Ara, an�mesa se duo diadoqikèc rÐzec tou Q2n(z) ja
brÐsketai mÐa akrib¸c rÐza tou Q2n−2(z) kai to zhtoÔmeno èqei apodeiqjeÐ.

E�n sthn (1.8) jèsoume α = 2n− 2, β = 1, γ = 2 kai sth jèsh k�je α2i−1 b�loume
to α2i−1z, tìte èqoume ìti

α2n−1
Q2n+1(z)

z
= [α2n−1, α2nz, α2n+1]

Q2n−1(z)
z

− α2n+1
Q2n−3(z)

z
,

dhlad  èqoume ìti ta polu¸numa
Q1(z)
z

= α1, . . . ,
Q2n−1(z)

z
,
Q2n+1(z)

z

ikanopoioÔn mÐa sqèsh thc Ðdiac morf c me thn (1.36) kai �ra sqhmatÐzoun mÐa akoloujÐa
tou Sturm. Epomènwc, ja èqoun kai tic antÐstoiqec idiìthtec, dhlad  gia k�je n to
polu¸numo Q2n−1(z)

z ja èqei n− 1 rÐzec pou ja eÐnai pragmatikèc kai m�lista arnhtikèc,
diaforetikèc an� dÔo kai h kajemi� touc ja brÐsketai metaxÔ dÔo diadoqik¸n riz¸n tou
poluwnÔmou Q2n+1(z)

z .
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EpÐshc, apì thn (1.8) me kat�llhlec epilogèc twn α, β kai γ paÐrnoume tic parak�tw
sqèseic:

α2n−1Q2n(z) = [α2n−1z, α2n]
Q2n−1(z)

z
− Q2n−3(z)

z
α2nQ2n+1(z) = [α2n, α2n+1z]Q2n(z)−Q2n−2(z)

apì tic opoÐec prokÔptei ìti oi parak�tw akoloujÐec poluwnÔmwn
Q1(z)
z

= α1, . . . ,
Q2n−3(z)

z
,
Q2n−1(z)

z
,Q2n(z)

kai
Q0(z) = 1, . . . , Q2n−2(z), Q2n(z), Q2n+1(z)

apoteloÔn epÐshc akoloujÐec tou Sturm, �ra oi rÐzec tou poluwnÔmou Q2n−1(z)
z brÐsko-

ntai metaxÔ twn riz¸n tou poluwnÔmou Q2n(z) kai oi rÐzec tou Q2n(z) brÐskontai metaxÔtwn riz¸n tou poluwnÔmou Q2n+1(z).Me ìmoio trìpo èqoume ìti oi rÐzec tou P2n(z) brÐskontai metaxÔ twn riz¸n tou
Q2n(z), oi rÐzec tou P2n+1(z) brÐskontai metaxÔ twn riz¸n tou Q2n+1(z) kai, tèloc, ìtioi rÐzec tou P2n(z) brÐskontai metaxÔ twn riz¸n tou P2n+1(z).
Parat rhsh 1.2 E�n upojèsoume ìti −x1, −x2, . . . , −xn eÐnai oi rÐzec tou Q2n(z),
tìte, lìgw twn parap�nw, ja isqÔei ìti

P2n(z)
Q2n(z)

=
M1

z + x1
+

M2

z + x2
+ . . .+

Mn

z + xn
(1.38)

ìpou ta M1, M2, . . . , Mn eÐnai jetikoÐ arijmoÐ. EpÐshc, an sumbolÐsoume me −t0 = 0,
−t1, −t2, . . . , −tn tic n+ 1 rÐzec tou Q2n+1(z), tìte èqoume

P2n+1(z)
Q2n+1(z)

=
N0

z
+

N1

z + t1
+

N2

z + t2
+ . . .+

Nn

z + tn
(1.39)

ìpou ta N0, N1, N2, . . . , Nn eÐnai epÐshc jetikoÐ arijmoÐ.

Parat rhsh 1.3 K�je xk   tk, ìpwc epÐshc kai o antÐstoiqoc suntelest c, Mk   Nk,

exart¸ntai apì to n, �ra to pio swstì ja  tan na qrhsimopoi soume to sumbolismì x
(n)
k ,

t
(n)
k , M

(n)
k kai N

(n)
k . Dhlad ,

(
−x(n)

1

)+∞

n=0
eÐnai h akoloujÐa pou orÐzetai apì tic pr¸tec

rÐzec twn poluwnÔmwn Q0(z), Q2(z), . . . , Q2n(z), . . . kai genikìtera,
(
−x(n)

k

)+∞

n=0
eÐnai

h akoloujÐa pou orÐzetai apì tic k-ostèc rÐzec thc Ðdiac akoloujÐac poluwnÔmwn. EpÐshc,(
M

(n)
k

)+∞

n=0
eÐnai h antÐstoiqh akoloujÐa twn arijmht¸n sto kl�sma pou eÐnai o k-ostìc

ìroc tou ajroÐsmatoc sth sqèsh (1.38).

H stajer  akoloujÐa
(
t
(n)
0 = 0

)+∞

n=0
eÐnai h akoloujÐa twn pr¸twn riz¸n twn poluw-

nÔmwn Q1(z), Q3(z), . . . , Q2n+1(z), . . . . H
(
t
(n)
1

)+∞

n=0
eÐnai h akoloujÐa twn pr¸twn
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jetik¸n riz¸n kai, genikìtera,
(
t
(n)
k

)+∞

n=0
eÐnai h akoloujÐa twn k-ost¸n jetik¸n riz¸n

twn Ðdiwn poluwnÔmwn. EpÐshc,
(
N

(n)
k

)+∞

n=0
eÐnai h akoloujÐa twn arijmht¸n sto kl�sma

pou eÐnai o (k + 1)-ostìc ìroc tou ajroÐsmatoc sth sqèsh (1.39).
Gia na eÐnai kal� orismènec oi akoloujÐec autèc jètoume x

(n)
k = t

(n)
k = +∞ kai

M
(n)
k = N

(n)
k = 0 gia k > n. Autì, fusik� de metab�llei tic sqèseic (1.38) kai (1.39).

1.4 RÐzec twn poluwnÔmwn Pn(z) kai Qn(z) pou den exart¸-
ntai apì k�poio suntelest .

Oi rÐzec twn exis¸sewn Qn(z) = 0 kai Pn(z) = 0 genik� exart¸ntai apì touc
arijmoÔc αi (afoÔ oi rÐzec enìc poluwnÔmou exart¸ntai apì touc suntelestèc tou kai oisuntelestèc twn parap�nw poluwnÔmwn eÐnai, ìpwc eÐdame sthn §1.2, rhtèc sunart seic
twn αi). Sthn par�grafo aut  ja exet�soume an eÐnai dunatì k�poia rÐza na mhn
exart�tai apì èna sugkekrimèno αi.Apì thn exÐswsh (1.9) gia α = 2n kai γ = 2n′ paÐrnoume ìti

Q2n+2n′(z) = Q2n(z)Q
(2n)
2n′ (z) +Q2n−1(z)P

(2n)
2n′ (z) , (1.40)

en¸ apì thn Ðdia exÐswsh gia α = 2n kai γ = 2n′ + 1 èqoume ìti
Q2n+2n′+1(z) = Q2n(z)Q

(2n)
2n′+1(z) +Q2n−1(z)P

(2n)
2n′+1(z) . (1.41)

Apì thn §1.3 gnwrÐzoume ìti den eÐnai dunatìn ta polu¸numa Pn(z) kai Qn(z) na
èqoun koin  rÐza. To Ðdio isqÔei kai gia ta Qn−1(z) kai Qn(z). 'Ara, isqÔoun ta para-
k�tw:

• E�n to α eÐnai koin  rÐza dÔo ek twn poluwnÔmwn Q2n+2n′(z), Q2n(z) kai P (2n)
2n′ (z),

tìte ja mhdenÐzei kai to trÐto, lìgw thc (1.40).
• 'Omoia, an to α eÐnai koin  rÐza dÔo ek twn poluwnÔmwn Q2n+2n′(z), Q2n−1(z) kai
Q

(2n)
2n′ (z), tìte ja mhdenÐzei kai to trÐto, lìgw thc Ðdiac sqèshc.

Sto deÔtero mèloc thc (1.40) to monadikì polu¸numo pou exart�tai apì to α2n+1 eÐnai
to Q(2n)

2n′ (z) kai, m�lista, apì thn (1.11) kai thn (1.40) paÐrnoume ìti
Q2n+2n′(z) = α2n+1zQ2n(z)P

(2n)
2n′ (z) +R(z) , (1.42)

ìpou to R(z) eÐnai polu¸numo anex�rthto tou α2n+1.EÐnai profanèc ìti oi rÐzec tou Q2n+2n′(z) pou den exart¸ntai apì to α2n+1 eÐnai
akrib¸c ekeÐnoi oi arijmoÐ pou mhdenÐzoun tautìqrona ta polu¸numa Q2n(z)P

(2n)
2n′ (z)

kai R(z). 'Omwc, eÐdame ìti an ènac arijmìc eÐnai rÐza tou Q2n+2n′(z) kai enìc ek twn
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Q2n(z), P (2n)
2n′ (z), tìte prèpei na mhdenÐzei kai to �llo. Kai, an ènac arijmìc mhdenÐzei ta

Q2n(z), P (2n)
2n′ (z), tìte ja mhdenÐzei kai to Q2n+2n′(z) kai, tèloc, apì thn (1.42) èpetai

ìti ja eÐnai rÐza kai tou R(z). Dhlad , ja eÐnai mÐa rÐza tou Q2n+2n′(z) anex�rthth tou
α2n+1. 'Ara, oi rÐzec tou Q2n+2n′(z) pou den exart¸ntai apì to α2n+1 eÐnai akrib¸c oi
koinèc rÐzec twn Q2n(z), P (2n)

2n′ (z). Tètoioi arijmoÐ eÐnai dunatìn na up�rqoun, afoÔ oi
rÐzec tou Q2n(z) exart¸ntai apì ta α1, α2, . . . , α2n, en¸ oi rÐzec tou P (2n)

2n′ (z) exart¸ntai
apì ta α2n+2, α2n+3, . . . , α2n+2n′ . 'Omwc, gia na sumbeÐ k�ti tètoio ja prèpei ta αi naikanopoioÔn kat�llhlec sunj kec.

Melet¸ntac thn (1.40) me ton Ðdio trìpo, paÐrnoume ìti oi rÐzec tou Q2n+2n′(z) pou
den exart¸ntai apì to α2n eÐnai oi koinèc rÐzec twn poluwnÔmwn Q2n−1(z), Q(2n)

2n′ (z).
EpÐshc, apì thn (1.41) paÐrnoume ìti: oi rÐzec tou Q2n+2n′+1(z) pou eÐnai anex�r-

thtec tou α2n eÐnai akrib¸c oi koinèc rÐzec twn Q2n−1(z), Q(2n)
2n′+1(z) kai oi rÐzec tou

Q2n+2n′+1(z) pou eÐnai anex�rthtec tou α2n+1 eÐnai akrib¸c oi koinèc rÐzec twn Q2n(z),
P

(2n)
2n′+1(z).

1.5 Sqèsh twn riz¸n tou Q2n+2n′(z) me tic rÐzec twn Q2n(z)

kai P
(2n)
2n′ (z).

S� aut n thn par�grafo ja asqolhjoÔme me th jèsh twn riz¸n tou Q2n+2n′(z) wc proc
tic rÐzec twn Q2n(z) kai P (2n)

2n′ (z). Sugkekrimèna, ja deÐxoume ìti:
Je¸rhma 1.3 MetaxÔ dÔo opoiwnd pote diadoqik¸n riz¸n tou Q2n+2n′(z) brÐsketai

to polÔ mÐa ap� ìlec mazÐ tic rÐzec twn Q2n(z), P
(2n)
2n′ (z). Eidikìtera, an ìlec oi rÐzec

twn Q2n(z), P
(2n)
2n′ (z) eÐnai diaforetikèc an� dÔo, tìte se k�je di�sthma an�mesa se dÔo

diadoqikèc rÐzec tou Q2n+2n′(z) brÐsketai akrib¸c mÐa apì tic rÐzec twn Q2n(z), P
(2n)
2n′ (z).

Apìdeixh: 'Estw a, b dÔo diadoqikèc rÐzec touQ2n+2n′(z) kai ac upojèsoume ìti up�rqoun
dÔo diadoqikèc rÐzec xk, xk+1 twn Q2n(z), P (2n)

2n′ (z) an�mesa stic a, b. Dhlad , eÐnai
a < xk < xk+1 < b. ParathroÔme ìti oÔte h xk, oÔte h xk+1 eÐnai tautìqrona rÐza tou
Q2n(z) kai tou P (2n)

2n′ (z), diìti apì th sqèsh (1.40)
Q2n+2n′(z) = Q2n(z)Q

(2n)
2n′ (z) +Q2n−1(z)P

(2n)
2n′ (z)

ja eÐqame ìti eÐnai kai rÐza tou Q2n+2n′(z). DiakrÐnoume, t¸ra, tic parak�tw peript¸-
seic:

• 'Estw ìti ta xk, xk+1 eÐnai rÐzec tou Q2n(z). Tìte èqoume:
Q2n+2n′(xk) = Q2n−1(xk)P

(2n)
2n′ (xk)

kai
Q2n+2n′(xk+1) = Q2n−1(xk+1)P

(2n)
2n′ (xk+1) .
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Epeid  èqoume diadoqikèc rÐzec tou Q2n(z), ta Q2n−1(xk) kai Q2n−1(xk+1) ja
èqoun antÐjeto prìshmo. AntÐjeta, ta P (2n)

2n′ (xk) kai P (2n)
2n′ (xk+1) ja eÐnai omìsh-

ma, afoÔ sto [xk, xk+1] den up�rqei rÐza tou P (2n)
2n′ (z). 'Ara, ta Q2n+2n′(xk) kai

Q2n+2n′(xk+1) eÐnai eterìshma kai katal goume se �topo.
• 'Estw ìti ta xk, xk+1 eÐnai rÐzec tou P (2n)

2n′ (z). Tìte, isqÔei
Q2n+2n′(xk) = Q2n(xk)Q

(2n)
2n′ (xk)

kai
Q2n+2n′(xk+1) = Q2n(xk+1)Q

(2n)
2n′ (xk+1) .

Ta Q2n(xk) kai Q2n(xk+1) eÐnai omìshma, en¸ ta Q(2n)
2n′ (xk) kai Q(2n)

2n′ (xk+1) eÐnai
eterìshma, afoÔ metaxÔ twn duo diadoqik¸n riz¸n tou P (2n)

2n′ (z) brÐsketai akri-
b¸c mÐa rÐza tou Q(2n)

2n′ (z). 'Ara, kai p�li ta Q2n+2n′(xk) kai Q2n+2n′(xk+1) eÐnaieterìshma, pr�gma to opoÐo eÐnai �topo.
• 'Estw ìti to xk eÐnai rÐza tou Q2n(z) kai to xk+1 eÐnai rÐza tou P (2n)

2n′ (z). Tìte:
Q2n+2n′(xk) = Q2n−1(xk)P

(2n)
2n′ (xk)

kai
Q2n+2n′(xk+1) = Q2n(xk+1)Q

(2n)
2n′ (xk+1) .

E�n upojèsoume ìti to xk eÐnai hm-ost  rÐza tou Q2n(z), xekin¸ntac thn arÐjmhshtwn riz¸n tou apì dexi�, tìte to Q2n(xk+1) eÐnai omìshmo tou Q2n(xk+ε), ìpou ε
eÐnai arket� mikrì kai jetikì, giatÐ to xk+1 eÐnai mikrìtero thc (m−1)-ost c rÐzac
tou Q2n(z). 'Omwc, se mia mikr  perioq  dexi� thc m-ost c rÐzac tou Q2n(z), toprìshmo tou Q2n(z) eÐnai to Ðdio me tou (−1)m−1, �ra to Q2n(xk+ε) eÐnai omìshmotou (−1)m−1. EpÐshc, eÐdame ìti metaxÔ dÔo diadoqik¸n riz¸n touQ2n(z) brÐsketai
mÐa rÐza tou Q2n−1(z)

z , opìte metaxÔ thc m-ost c kai thc (m− 1)-ost c rÐzac tou
Q2n(z) ja brÐsketai h m-ost  rÐza tou Q2n−1(z). Epomènwc, se mia mikr  perioq 
dexi� tou xk to Q2n−1(z) ja èqei to prìshmo pou èqei arister� thc m-ost c rÐzac
tou, dhlad  to Q2n−1(xk + ε), �ra kai to Q2n−1(xk), eÐnai omìshmo tou (−1)m.
Opìte to ginìmeno Q2n(xk+1)Q2n−1(xk) eÐnai arnhtikì.
'Omoia, to P (2n)

2n′ (xk) èqei to Ðdio prìshmo me to P (2n)
2n′ (xk+1−ε), ìpou ε osod pote

mikrì kai jetikì. An upojèsoume ìti to xk+1 eÐnai h `-ost  rÐza tou P (2n)
2n′ (z),

xekin¸ntac thn arÐjmhsh twn riz¸n tou apì dexi�, tìte to prìshmì tou arister�
thc eÐnai omìshmo tou (−1)`. 'Omwc, oi rÐzec tou P (2n)

2n′ (z) brÐskontai an�mesa
stic rÐzec tou Q(2n)

2n′ (z), pr�gma to opoÐo shmaÐnei ìti, epeid  to xk+1 brÐsketai
metaxÔ thc `-ost c kai thc (` + 1)-ost c rÐzac tou Q

(2n)
2n′ (z), to prìshmo tou

Q
(2n)
2n′ (xk+1 − ε), opìte kai tou Q(2n)

2n′ (xk+1), eÐnai to Ðdio me tou (−1)`. 'Ara to
ginìmeno P (2n)

2n′ (xk)Q
(2n)
2n′ (xk+1) eÐnai jetikì. Sundu�zontac ta apotelèsmata twn
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dÔo teleutaÐwn paragr�fwn, blèpoume ìti sthn perÐptwsh pou to xk eÐnai rÐza
tou Q2n(z) kai to xk+1 eÐnai rÐza tou P (2n′)

2n (z) to Q2n+2n′(xk)Q2n+2n′(xk+1) eÐnaiarnhtikì kai brÐskoume �topo.
Me ton Ðdio akrib¸c trìpo douleÔoume gia na apodeÐxoume to Ðdio apotèlesma kai
sthn perÐptwsh pou to xk eÐnai rÐza tou P (2n)

2n′ (z) kai to xk+1 eÐnai rÐza tou Q2n(z).
Ed¸ telei¸nei h apìdeixh tou pr¸tou mèrouc tou jewr matoc.
'Estw t¸ra ìti ρ1, ρ2, . . . , ρn eÐnai oi rÐzec tou Q2n(z) diatetagmènec kat� aÔxousa

seir�, en¸ ξ1, ξ2, . . . , ξn′−1 eÐnai oi rÐzec tou P (2n)
2n′ (z), tic opoÐec èqoume epÐshc diat�xei

kat� aÔxousa seir�. Upojètoume ìti taQ2n(z) kai P (2n)
2n′ (z) den èqoun koinèc rÐzec kai ìti

oi rÐzec kai twn duo mazÐ, diatetagmènec kat� aÔxousa seir� eÐnai oi x1, x2, . . . , xn+n′−1.ParathroÔme ìti ìlec autèc oi rÐzec eÐnai arnhtikèc.
Gia na apodeÐxoume to deÔtero mèroc tou jewr matoc arkeÐ na deÐxoume ìti dÔo

diadoqikoÐ ìroi thc peperasmènhc akoloujÐac Q2n+2n′(xi) me i = 0, 1, . . . , n + n′, ìpou
x0 = −∞, xn+n′ = 0 èqoun diaforetikì prìshmo. Autì to èqoume  dh apodeÐxei gia
i = 1, 2, . . . , n+ n′ − 1.

To prìshmo tou arijmoÔ Q2n+2n′(x0) eÐnai profan¸c (−1)n+n′ . Gia to prìshmo tou
Q2n+2n′(x1) diakrÐnoume duo peript¸seic, an�loga me to an to x1 eÐnai rÐza tou Q2n(z)
  tou P (2n)

2n′ (z).
Sthn pr¸th perÐptwsh, dhlad  an x1 = ρ1, eÐnai Q2n+2n′(x1) = Q2n−1(ρ1)P

(2n)
2n′ (ρ1).Epeid  oi rÐzec tou Q2n−1(z) brÐskontai an�mesa stic rÐzec tou Q2n(z) kai epeid  to

Q2n−1(z) eÐnai bajmoÔ n, to Q2n−1(ρ1) eÐnai omìshmo tou (−1)n, en¸ to P (2n)
2n′ (ρ1) eÐnai

omìshmo tou (−1)n
′−1, giatÐ to P (2n)

2n′ (z) eÐnai bajmoÔ n′ − 1 kai h pr¸th rÐza tou eÐnai
megalÔterh tou ρ1. 'Ara, to Q2n+2n′(x1) eÐnai omìshmo tou (−1)n+n′−1.

Sto Ðdio sumpèrasma katal goume an exet�soume thn perÐptwsh sthn opoÐa to x1eÐnai rÐza tou P 2n
2n′(z), dhlad  an x1 = ξ1, opìte Q2n+2n′(x1) = Q2n(ξ1)Q2n

2n′(ξ1) kai
telik� prokÔptei p�li ìti to Q2n+2n′(x1) eÐnai omìshmo tou (−1)n+n′−1. 'Ara, se k�je
perÐptwsh ta Q2n+2n′(x0) kai Q2n+2n′(x1) eÐnai eterìshma.DeÐxame epomènwc ìti dÔo diadoqikoÐ ìroi thc peperasmènhc akoloujÐac Q2n+2n′(xi),me i = 0, 1, . . . , n+ n′ − 1 kai x0 = −∞, xn+n′ = 0, èqoun diaforetikì prìshmo.

• An o arijmìc n + n′ eÐnai perittìc, tìte o Q2n+2n′(x0) eÐnai arnhtikìc kai o
Q2n+2n′(xn+n′−1), epeid  èqoume artÐou pl jouc enallagèc pros mou, ja eÐnai
epÐshc arnhtikìc, en¸ o Q2n+2n′(xn+n′) eÐnai jetikìc.

• An o n+ n′ eÐnai �rtioc, tìte o Q2n+2n′(x0) eÐnai jetikìc kai o Q2n+2n′(xn+n′−1),epeid  èqoume perittoÔ pl jouc enallagèc pros mou, ja eÐnai t¸ra arnhtikìc, en¸
o Q2n+2n′(xn+n′) eÐnai jetikìc.

Se k�je perÐptwsh prokÔptei ìti oi Q2n+2n′(xn+n′−1) kai Q2n+2n′(xn+n′) eÐnai eterìsh-moi kai h apìdeixh tou jewr matoc èqei telei¸sei.
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Parat rhsh 1.4 Sto je¸rhma pou apodeÐxame prohgoumènwc, mÐa apì tic upojèseic

pou k�name  tan ìti kamÐa rÐza tou Q2n(z) den apoteleÐ tautìqrona kai rÐza tou P
(2n)
2n′ (z).

Kai deÐxame ìti s� aut n thn perÐptwsh kajèna apì ta n+n′− 1 diast mata pou orÐzoun
oi rÐzec tou Q2n+2n′(z) perièqei eÐte mÐa mìno rÐza tou Q2n(z), eÐte mÐa mìno rÐza tou

P
(2n)
2n′ (z). 'Omwc, den xèroume poia eÐnai ta diast mata pou perièqoun rÐzec tou pr¸tou

poluwnÔmou kai poia perièqoun tou deutèrou. Fusik�, o trìpoc me ton opoÐo gÐnetai
aut  h katanom  twn riz¸n exart�tai apì tic timèc twn αi. An epitrèyoume sta αi
na metab�llontai kat� èna {suneq } trìpo (arkeÐ na paramènoun jetik�), tìte kai h
katanom  twn en lìgw riz¸n sta diast mata metab�lletai. M�lista, an arqik� eÐqame
dÔo diadoqik� diast mata, apì ta opoÐa to pr¸to perieÐqe rÐza tou Q2n(z) kai to deÔtero
rÐza tou P

(2n)
2n′ (z), tìte me kat�llhlh metabol  twn αi mporoÔme na petÔqoume h rÐza

tou Q2n(z) na {per�sei} sto deÔtero di�sthma, en¸ tautìqrona, h rÐza tou P
(2n)
2n′ (z) na

{mpei} sto pr¸to di�sthma. Tìte, oi duo rÐzec tautÐzontai kai mhdenÐzoun epiplèon kai
to Q2n+2n′(z). Aut  eÐnai h perÐptwsh pou exet�same sthn §1.4.

Se ìlh thn par�grafo asqolhj kame me thn {tri�da} twn poluwnÔmwn Q2n+2n′(z),
Q2n(z) kai P (2n)

2n′ (z). 'Omwc, me ton Ðdio akrib¸c trìpo katal goume se antÐstoiqa
apotelèsmata kai gia �llec tètoiec {tri�dec}. 'Etsi èqoume ìti:

• MetaxÔ dÔo opoiwnd pote diadoqik¸n riz¸n tou Q2n+2n′(z) brÐsketai to polÔ mÐa
ap� ìlec mazÐ tic rÐzec twn Q(2n)

2n′ (z) kai Q2n−1(z)
z .

• MetaxÔ dÔo opoiwnd pote diadoqik¸n riz¸n tou Q2n+2n′+1(z)

z brÐsketai to polÔ mÐa
ap� ìlec mazÐ tic rÐzec twn Q2n−1(z)

z kai Q(2n)

2n′+1
(z)

z .
• MetaxÔ dÔo diadoqik¸n riz¸n tou Q2n+2n′+1(z) brÐsketai to polÔ mÐa ap� ìlec
mazÐ tic rÐzec twn Q2n(z) kai P (2n)

2n′+1(z).

1.6 To prìshmo thc ∂xk

∂αi
.

S� aut n thn par�grafo ja apodeÐxoume ìti:
Je¸rhma 1.4 E�n xk eÐnai mÐa rÐza tou Qm(z), tìte h ∂xk

∂αi
eÐnai p�nta mh arnhtik .

Apìdeixh: Lìgw twn sqèsewn tou Vieta to xk eÐnai sun�rthsh twn αj , �ra mporoÔmena jewr soume th merik  par�gwgo thc sun�rthshc xk wc proc to tuqaÐo αi. Gia thn
apìdeixh thc prìtashc ja prèpei na diakrÐnoume tèsseric peript¸seic gia to an o bajmìc
m tou poluwnÔmou kai to i eÐnai �rtioi   perittoÐ. Ja k�noume thn apìdeixh mìno sthn
perÐptwsh pou to m eÐnai �rtioc kai to i perittìc. Tìte, apì thn (1.42) èqoume ìti

Q2n+2n′(xk) = α2n+1xkQ2n(xk)P
(2n)
2n′ (xk) +R(xk)
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opìte me peplegmènh parag¸gish paÐrnoume ìti
∂xk

∂α2n+1
= −

xkQ2n(xk)P
(2n)
2n′ (xk)

Q′2n+2n′(xk)
. (1.43)

EÐdame sthn prohgoÔmenh par�grafo ìti to polu¸numo Q2n(z)P
(2n)
2n′ (z) èqei n+n′−1

rÐzec, kajemi� apì tic opoÐec brÐsketai metaxÔ twn riz¸n tou poluwnÔmou Q2n+2n′(z).'Ara, an upojèsoume ìti h xk eÐnai h k-ost  rÐza tou Q2n+2n′(z) (an tic arijm soume apì
ta dexi� proc t' arister�), tìte to prìshmo tou Q2n(xk)P

(2n)
2n′ (xk) eÐnai to Ðdio me tou

arijmoÔ (−1)k−1. EpÐshc, h par�gwgocQ′2n+2n′(z) eÐnai èna polu¸numo n+n′−1 bajmoÔ
kai èqei akrib¸c mÐa rÐza metaxÔ duo diadoqik¸n riz¸n tou Q2n+2n′(z) (diìti to teleutaÐopolu¸numo èqei n diakekrimènec rÐzec). 'Ara, to prìshmo tou arijmoÔ Q′2n+2n′(xk) eÐnai
to Ðdio me tou arijmoÔ (−1)k−1 kai telik�, ta Q2n(xk)P

(2n)
2n′ (xk) kai Q′2n+2n′(xk) eÐnai

omìshmoi arijmoÐ. 'Ara, to dexÐ mèloc thc (1.43) eÐnai mh arnhtikì. H apìdeixh eÐnai
ìmoia kai stic �llec treic peript¸seic, arkeÐ na broÔme sqèseic antÐstoiqec me thn (1.42).
Parat rhsh 1.5 EÐdame sthn §1.4 ìti mÐa rÐza xk tou Q2n+2n′(z) eÐnai anex�rthth tou

α2n+1 akrib¸c tìte, ìtan eÐnai koin  rÐza twn Q2n(z) kai P
(2n)
2n′ (z). An l�boume upìyh

ton tÔpo (1.43), tìte paÐrnoume èna deÔtero trìpo apìdeixhc tou apotelèsmatoc autoÔ.

33



34



Kef�laio 2

Melèth twn anaptugm�twn Laurent

twn proseggÐsewn Pn(z)
Qn(z)

tou

suneqoÔc kl�smatoc Stieltjes.

Sthn arq  tou deÔterou kefalaÐou deÐqnoume ton trìpo me ton opoÐo apì k�je suneqèc
kl�sma Stieltjes mporoÔme na p�roume mÐa dunamoseir� me kèntro to +∞. Sto upìloipo
kef�laio asqoloÔmaste me to antÐstrofo prìblhma, dhlad  p¸c apì mÐa seir� dun�mewn
tou 1

z , thc opoÐac oi suntelestèc ikanopoioÔn orismènec proüpojèseic, prokÔptei èna
suneqèc kl�sma Stieltjes.1

2.1 To an�ptugma Laurent tou Pn(z)
Qn(z).

Apì tic sqèseic (1.34) kai (1.35) tou prohgoÔmenou kefalaÐou èqoume ìti
Pn+1(z)
Qn+1(z)

− Pn(z)
Qn(z)

=
(−1)n

Qn(z)Qn+1(z)
,

ìpou gia k�je n to Qn(z)Qn+1(z) eÐnai polu¸numo bajmoÔ n+ 1.
Apì thn teleutaÐa sqèsh prokÔptei ìti, an anaptÔxoume ta Pn(z)

Qn(z) kai Pn+1(z)
Qn+1(z) se

dunamoseirèc me kèntro to ∞, tìte oi n pr¸toi ìroi twn anaptugm�twn ja eÐnai koinoÐ.
Pr�gmati, an upojèsoume ìti up�rqoun k, mikrìtera   Ðsa tou n, tètoia ¸ste oi sunte-
lestèc twn ìrwn 1

zk na diafèroun, tìte, paÐrnontac to el�qisto tètoio k, h parap�nw
sqèsh dÐnei:

d

zk
+

d′

zk+1
+ . . . =

(−1)n

Qn(z)Qn+1(z)

1H sÔndesh enìc suneqoÔc kl�smatoc me mÐa dunamoseir� eÐnai k�ti pou pr¸toc èkane o L.
Euler(1736-1813) sto èrgo tou {De Fractionlous Continious}, pou kuklofìrhse to 1737. Sto èrgo
tou autì melet� susthmatik� ta suneq  kl�smata kai ta qrhsimopoieÐ gia na apodeÐxei thn arrhtìth-
ta tou arijmoÔ e.
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  isodÔnama
d+

d′

z
+ . . . =

(−1)nzk

Qn(z)Qn+1(z)

gia k�poio d 6= 0 kai gia ìla ta arket� meg�la z. To ìrio tou dexioÔ mèlouc thc
teleutaÐac isìthtac gia z → ∞ eÐnai mhdèn, en¸ tou aristeroÔ isoÔtai me d, pr�gma
�topo. 'Ara, eÐnai
Pn(z)
Qn(z)

=
c0
z
− c1
z2

+
c2
z3

− . . .+ (−1)n−1 cn−1

zn
+ (−1)n

a
(n)
n

zn+1
+ (−1)n+1a

(n)
n+1

zn+2
+ ... (2.1)

ìpou oi n pr¸toi ìroi emfanÐzontai sta anaptÔgmata ìlwn twn Pk(z)
Qk(z) me k ≥ n. Oi

upìloipoi arijmhtèc a(n)
n , a(n)

n+1, . . . eÐnai ìloi mikrìteroi twn cn, cn+1, . . . antÐstoiqa.
M�lista, isqÔei to parak�tw je¸rhma.
Je¸rhma 2.1 Gia k�je k = 0, 1, 2, . . . h akoloujÐa (a(n)

k ) eÐnai aÔxousa kai telik�
stajeropoieÐtai ston arijmì ck. EpÐshc, ìla ta ck eÐnai jetik�.

Apìdeixh: IsqÔei ìti
Pn(z)
Qn(z)

=
Pn−1(z)
Qn−1(z)

+
(−1)n−1

Qn−1(z)Qn(z)
= . . .

=
1

Q0(z)Q1(z)
− 1
Q1(z)Q2(z)

+ . . .+
(−1)n−1

Qn−1(z)Qn(z)
. (2.2)

K�je ìroc tou deutèrou mèlouc gr�fetai wc seir� arnhtik¸n dun�mewn tou z wc ex c:
1

Q0(z)Q1(z)
=

ε
(1)
1

z

− 1
Q1(z)Q2(z)

= −ε
(2)
2

z2
+
ε
(2)
3

z3
− ε

(2)
4

z4
+
ε
(2)
5

z5
+ . . .

+
1

Q2(z)Q3(z)
= +

ε
(3)
3

z3
− ε

(3)
4

z4
+
ε
(3)
5

z5
− . . .

− 1
Q3(z)Q4(z)

= −ε
(4)
4

z4
+
ε
(4)
5

z5
− . . .

+
1

Q4(z)Q5(z)
= +

ε
(5)
5

z5
− . . .

.......................................
gia arket� meg�la z.

Kajèna apì ta ε(j)i eÐnai jetikìc arijmìc kai ènac trìpoc gia na to doÔme autì eÐnai
o ex c: e�n

Qm−1(z)Qm(z) = cz(z + x1)(z + x2) · · · (z + xm−1) ,
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tìte gnwrÐzoume ìti ta c, x1, x2, . . . , xm−1 eÐnai jetikoÐ arijmoÐ. Upojètoume ìti
x1 < x2 < . . . < xm−1.Gia k�je i = 1, 2, . . . ,m− 1 isqÔei ìti

1
z + xi

=
+∞∑
n=0

(−1)nxni
zn+1

, |z| > xi .

Opìte eÐnai
1

Qm−1(z)Qm(z)
=

1
cz

+∞∑
n=0

(−1)nxn1
zn+1

· · ·
+∞∑
n=0

(−1)nxnm−1

zn+1
, |z| > xm−1 .

Lamb�nontac upìyh ton tÔpo tou Cauchy gia to ginìmeno seir¸n, prokÔptei ìti gia
k < m den up�rqei ìroc thc morf c 1

zk sto an�ptugma tou 1
Qm−1(z)Qm(z) , �ra eÐnai

ε
(m)
k = 0. 'Otan k ≥ m, tìte to ε(m)

k eÐnai poluwnumik  par�stash twn xi me jetikoÔcsuntelestèc, �ra eÐnai jetikì. EpÐshc, gia n ≤ k isqÔei

a
(n)
k =

n∑
m=2

ε
(m)
k+1 ,

en¸ gia 1 ≤ k < n isqÔei
a

(n)
k =

k+1∑
m=2

ε
(m)
k+1 .

Epomènwc, gia n ≤ k isqÔei a(n+1)
k −a(n)

k = ε
(n+1)
k+1 > 0 kai gia n > k isqÔei a(n+1)

k = a
(n)
k .

Epeid  a(k+1)
k = ck, blèpoume ìti

ck − a
(k)
k = a

(k+1)
k − a

(k)
k = ε

(k+1)
k+1 > 0 ,

opìte
0 = a

(0)
k < a

(1)
k < a

(2)
k < . . . < a

(k)
k < ck = a

(k+1)
k = a

(k+2)
k = . . . .

Dhlad  gia k�je fusikì k h akoloujÐa (a(n)
k ) eÐnai aÔxousa kai telik� stajeropoieÐtai

ston arijmì ck.
An k = 0, h akoloujÐa (a(n)

0 ) eÐnai stajer  me tim  c0 = ε
(1)
1 .

E�n èqoume to suneqèc kl�sma Stieltjes

1
α1z + 1

α2+. . .
+ 1
α2k−1z+

1

α2k+. . .

,
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tìte eÐnai profanèc ìti mÐa isodÔnamh morf  tou eÐnai h
b0

z + b1
1+. . .

+ b2k−1

1+
b2k

z+. . .

,

ìpou ta bi mporoÔn eÔkola na upologistoÔn apì ta ai, diìti isqÔoun oi sqèseic b0 = 1
α1kai bn = 1

αnαn+1
. SÔmfwna me ta parap�nw, to prohgoÔmeno suneqèc kl�sma Stieltjes

orÐzei mia akoloujÐa arijm¸n, thn (cn). ApodeiknÔetai ìti kajèna apì ta cn eÐnai rht 
sun�rthsh twn suntelest¸n αi tou suneqoÔc kl�smatoc kai poluwnumik  sun�rthsh
twn bi me akèraiouc suntelestèc.2

JewroÔme, t¸ra, thn �peirh seir�
c0
z
− c1
z2

+
c2
z3

− c3
z4

+ . . .

kai sumfwnoÔme na thn onom�zoume an�ptugma tou suneqoÔc kl�smatoc Stieltjes
kat� tic dun�meic tou 1

z . Autìc o orismìc eÐnai kajar� tupikìc, afoÔ h seir� aut  eÐnai
apoklÐnousa tic perissìterec forèc.

Apì ton algìrijmo pou anafèrjhke sthn uposhmeÐwsh, èqoume ìti kajèna apì ta cneÐnai rht  sun�rthsh twn αi. Ja doÔme sto kef�laio autì ìti isqÔei kai to antÐstrofo,
dhlad  mporoÔme na ekfr�soume kajèna apì ta αn wc sun�rthsh mìno twn ci. Pr¸taìmwc ja qreiasteÐ na apodeÐxoume k�poiec prot�seic pou ja tic qrhsimopoi soume wc
ergaleÐa gia na p�roume touc epijumhtoÔc tÔpouc.

2Up�rqei ènac polÔ komyìc trìpoc me ton opoÐo mporoÔme na upologÐsoume ta cn apì ta bi, tonopoÐo o Stieltjes èqei apodeÐxei se prohgoÔmenh ergasÐa tou me tÐtlo {Sur la réduction en fraction
continue d’ une série procédant suivant les puissances descedantes d’ une variable}. H ergasÐa tou
aut  dhmosieÔthke sto Ðdio periodikì to 1889 kai perièqei ton parak�tw algìrijmo upologismoÔ twn
cn.UpologÐzoume ta αi,k kai βi,k me th bo jeia twn tÔpwn

α0,0=1 kai αi,0 = 0 gia i > 0.
β0,k = α0,k + b2α1,k α0,k+1 = b1β0,k

β1,k = α1,k + b4α2,k α1,k+1 = b3β1,k + β0,k

β2,k = α2,k + b6α3,k α2,k+1 = b5β2,k + β1,k

. . . . . .
βi,k = αi,k + b2i+2αi+1,k αi,k+1 = b2i+1,kβi,k + βi−1,k

. . . . . . .

Me majhmatik  epagwg  wc proc k eÔkola apodeiknÔetai ìti αi,k = βi,k = 0 gia i > k. EpÐshc, eÐnai
βk,k = αk,k + b2k+2αk+1,k = αk,k kai αk+1,k+1 = b2k+3βk+1,k + βk,k = αk,k. 'Ara, ja èqoume ìti
βk,k = αk,k = α0,0 = 1.
Ta cn upologÐzontai apì ta αi,k kai βi,k me th bo jeia twn tÔpwn

ci+k = b0α0,iα0,k + b0b1b2α1,iα1,k + b0b1b2b3b4α2,iα2,k + . . .

ci+k+1 = b0b1β0,iβ0,k + b0b1b2b3β1,iβ1,k + b0b1b2b3b4b5β2,iβ2,k + . . . .
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2.2 Ta cn wc sun�rthsh twn riz¸n tou Qm(z).

Sthn §1.3 eÐdame ìti isqÔei
P2n(z)
Q2n(z)

=
M1

z + x1
+

M2

z + x2
+ . . .+

Mn

z + xn
,

ìpou ta M1, M2, . . . , Mn eÐnai jetikoÐ arijmoÐ.
Epeid  eÐnai Mi

z+xi
=
∑∞

m=0 (−1)mMix
m
i

zm+1 , èqoume apì ton tÔpo (2.1) telik� ìti, ìtan
to k paÐrnei tic timèc 0, 1, 2, . . . , 2n− 1, tìte isqÔei:

ck =
n∑
i=1

Mix
k
i . (2.3)

'Omoia, epeid  eÐnai
P2n+1(z)
Q2n+1(z)

=
N0

z
+

N1

z + t1
+

N2

z + t2
+ . . .+

Nn

z + tn
,

ìpou ta N0, N1, N2, . . . , Nn eÐnai epÐshc jetikoÐ arijmoÐ, ja isqÔei ìti

ck =
n∑
i=0

Nit
k
i , (2.4)

ìpou to k paÐrnei tic timèc 0, 1, 2, . . . , 2n kai eÐnai t0 = 0.
Parat rhsh 2.1 EÐdame ìti ta Mi, Ni, xi kai ti exart¸ntai apì to bajmì twn poluw-
nÔmwn. 'Ara, an jèloume na akribologoÔme, isqÔei

ck =
n∑
i=1

M
(n)
i (x(n)

i )k k = 0, 1, 2, . . . , 2n− 1

kai

ck =
n∑
i=0

N
(n)
i (t(n)

i )k k = 0, 1, 2, . . . , 2n .

2.3 Melèth tou orÐou lim cn+1

cn
.

JewroÔme gia k�je p ≥ 0 thn tetragwnik  morf 
m−1∑
l=0

m−1∑
k=0

cp+l+kXlXk .
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An p�roume ton arijmì n ètsi ¸ste p + 2m − 2 ≤ 2n− 1, tìte apì thn tautìthta tou
diwnÔmou tou NeÔtwna kai thn (2.3) èqoume ìti h parap�nw tetragwnik  morf  isoÔtai
me

n∑
i=1

Mix
p
i (X0 +X1xi +X2x

2
i + . . .+Xm−1x

m−1
i )2 ,

dhlad  eÐnai mh arnhtik� orismènh.
EÐnai eÔkolo na doÔme ìti h tetragwnik  morf  eÐnai jetik� orismènh. Pr�gmati, an

up rqanX0,X1, . . . ,Xm−1, ìqi ìla mhdèn, ¸ste h tetragwnik  morf  na paÐrnei thn tim mhdèn, tìte to polu¸numo X0 +X1u+ . . .+Xm−1u
m−1 ja eÐqe tic n diaforetikèc rÐzec

x1, . . . , xn. 'Ara, ja eÐqame n ≤ m−1 kai epomènwc, 2n ≤ p+2n ≤ p+2m−2 ≤ 2n−1,
to opoÐo eÐnai �topo. 'Ara, h orÐzousa

∣∣∣∣∣∣∣∣
cp cp+1 . . . cp+m−1

cp+1 cp+2 . . . cp+m
. . . . . . . . . . . .

cp+m−1 cp+m . . . cp+2m−2

∣∣∣∣∣∣∣∣
eÐnai jetik . Gia m = 2 paÐrnoume ìti h 2× 2 orÐzousa∣∣∣∣ cp cp+1

cp+1 cp+2

∣∣∣∣
eÐnai jetik , pr�gma to opoÐo sunep�getai ìti h akoloujÐa ( cn+1

cn

) eÐnai gnhsÐwc aÔxousa.
Opìte up�rqoun dÔo peript¸seic:

• Na eÐnai lim cn+1

cn
= +∞ kai �ra h seir� c0

z −
c1
z2

+ c2
z3
− c3

z4
+ . . . na apoklÐnei gia

k�je z.
• Na eÐnai lim cn+1

cn
= λ, ìpou λ jetikìc pragmatikìc arijmìc, opìte h parap�nw

seir� ja sugklÐnei apìluta gia ìla ta z me |z| > λ kai ja apoklÐnei gia ìla ta z
me |z| < λ.

GnwrÐzoume ìmwc ìti kai h megalÔterh rÐza tou poluwnÔmou Qn(−z) aux�netai kaj¸cto n megal¸nei. Ja deÐxoume ìti:
Je¸rhma 2.2 To ìrio thc akoloujÐac pou sqhmatÐzetai apì tic megalÔterec rÐzec twn
poluwnÔmwn Qn(−z) tautÐzetai me to lim cn+1

cn
.

Apìdeixh: Apì thn §1.3 èqoume ìti h akoloujÐa twn megalÔterwn riz¸n twn Qm(−z)
eÐnai gnhsÐwc aÔxousa, �ra ja èqei ìrio, to opoÐo ja eÐnai k�poioc jetikìc arijmìc   to
+∞.

EpÐshc, isqÔei ìti
Pn(z)
Qn(z)

=
n′∑
i=1

mi

z + si
, (2.5)
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ìpou n′ = n
2 , an n �rtioc kai n′ = n+1

2 , an n eÐnai perittìc. Akìmh, ta mi eÐnai ìlajetik� kai gia tic rÐzec si tou Qn(−z) isqÔei
0 ≤ s1 < s2 < . . . < sn′ .

Epeid  sn′ eÐnai h megalÔterh rÐza, èqoume ìti
cn−1

cn−2
=
∑n′

i=1mis
n−1
i∑n′

i=1mis
n−2
i

< sn′ .

Lìgw twn parap�nw, e�n lim cn+1

cn
= +∞, tìte lim sn′ = +∞. An to lim cn+1

cn
= λ

eÐnai pragmatikìc arijmìc, to ìrio lim sn′ den mporeÐ na eÐnai mikrìtero apì λ. E�n
upojèsoume ìti xepern� to λ, tìte up�rqei n′ kai ε jetikì tètoia ¸ste sn′ = λ + ε.
JewroÔme n ≥ 2n′ kai tic duo seirèc:

c0
z
− c1
z2

+
c2
z3

− c3
z4

+ . . .

kai
Pn(z)
Qn(z)

=
c0
z
− c1
z2

+
c2
z3

− . . .+ (−1)n−1 cn−1

zn
+ (−1)n

a
(n)
n

zn+1
+ (−1)n+1a

(n)
n+1

zn+2
+ . . . .

H pr¸th sugklÐnei apìluta gia |z| > λ, en¸ h deÔterh apoklÐnei gia |z| < sn′ = λ + ε.
'Ara, ìtan λ < |z| < λ + ε, tìte h deÔterh seir� apoklÐnei, en¸ h pr¸th sugklÐnei
apìluta. 'Omwc, lìgw tou jewr matoc 2.1, eÐnai a(n)

n < cn, a(n+1)
n+1 < cn+1, . . . , pr�gmato opoÐo shmaÐnei ìti h deÔterh seir� sugklÐnei apìluta ìtan λ < |z| < λ + ε (lìgw

krithrÐou sÔgkrishc). 'Atopo. Opìte, lim cn+1

cn
= lim sn′ = λ.

2.4 'Ena akìmh krit rio sÔgklishc thc seir�c c0
z −

c1
z2 +

c2
z3−. . .

'Estw ìti èqoume èna suneqèc kl�sma Stieltjes kai jèloume na melet soume thn antÐ-
stoiqh seir� pou prokÔptei apì autì, thn c0

z − c1
z2

+ c2
z3
− . . . , wc proc th sÔgklish.

To mìno pou mporoÔme na k�noume, me b�sh aut� pou èqoume wc t¸ra apodeÐxei, eÐnai
na upologÐsoume ta cn me th bo jeia tou algìrijmou pou anafèrame sthn uposhmeÐwsh
thc §2.1. 'Omwc, k�ti tètoio eÐnai exairetik� epÐpono kai mìno an eÐmaste polÔ tuqeroÐ
ja katafèroume na mantèyoume ton tÔpo twn cn gia na broÔme thn aktÐna sÔgklishc thc
parap�nw seir�c. Sthn par�grafo aut  ja apodeÐxoume to parak�tw je¸rhma, pou mac
bohj� na apofÔgoume ìlh thn talaipwrÐa pou anafèrame prohgoumènwc. Dustuq¸c,
ìmwc, sthn perÐptwsh thc sÔgklishc thc antÐstoiqhc dunamoseir�c, de mac dÐnei arketèc
plhroforÐec gia thn aktÐna sÔgklishc.
Je¸rhma 2.3 E�n sup bn = +∞, tìte eÐnai kai lim cn+1

cn
= +∞, opìte h seir�

c0
z
− c1
z2

+
c2
z3

− . . .

apoklÐnei gia k�je migadikì arijmì. An sup bn = l, tìte kai to ìrio lim cn+1

cn
eÐnai

peperasmèno kai m�lista, h aktÐna sÔgklishc thc seir�c den mporeÐ na xeper�sei to 4l.
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Apìdeixh: E�n h akoloujÐa (bn) den eÐnai �nw fragmènh, tìte gia k�je jetikì arijmì
M osod pote meg�lo mporoÔme na broÔme fusikì m tètoio ¸ste

bm =
1

αmαm+1
> M .

Tìte, ja up�rqei ènac fusikìc n, tètoioc ¸ste m = 2n   m = 2n + 1, an m �rtioc  
perittìc antÐstoiqa. JewroÔme sth sunèqeia ta polu¸numa Q2n(−z) kai Q2n+2(−z) kai
diat�ssoume tic rÐzec touc apì th mikrìterh sth megalÔterh: èstw x(n)

1 , x
(n)
2 , . . . , x

(n)
n oi

rÐzec tou Q2n(−z) kai x(n+1)
1 , x

(n+1)
2 , . . . , x

(n+1)
n+1 oi rÐzec tou Q2n+2(−z). Tìte, apì touc

tÔpouc tou Vieta kai tic sqèseic metaxÔ twn suntelest¸n twn poluwnÔmwn pou èqoume
deÐxei sthn §1.2, prokÔptoun ta ex c:

x
(n)
1 + x

(n)
2 + . . .+ x(n)

n =
Bn−1

Bn

=
1

α1α2
+

1
α2α3

+ . . .+
1

α2n−1α2n

= b1 + b2 + . . .+ b2n−1

kai omoÐwc
x

(n+1)
1 + x

(n+1)
2 + . . .+ x

(n+1)
n+1 = b1 + b2 + . . .+ b2n+1 .

Apì ta parap�nw èqoume ìti
x

(n+1)
n+1 − (x(n)

n − x(n+1)
n )− (x(n)

n−1 − x
(n+1)
n−1 )− . . .− (x(n)

1 − x
(n+1)
1 ) = b2n + b2n+1 .

Epeid  oi diaforèc x(n)
i −x(n+1)

i eÐnai jetikèc, eÐnai fanerì ìti x(n+1)
n+1 > b2n+b2n+1 > M .

'Ara, h akoloujÐa twn megalÔterwn riz¸n twn poluwnÔmwn Qm(−z) den eÐnai �nw frag-
mènh. Qrhsimopoi¸ntac to sumbolismì sthn apìdeixh tou jewr matoc 2.2 brÐskoume ìti
lim sn′ = lim cn+1

cn
= +∞.

Mènei na deÐxoume ìti an sup bn = l, tìte kai to ìrio lim cn+1

cn
eÐnai peperasmèno.

Pr�gmati, mporoÔme na broÔme ènan arijmì C tètoio ¸ste Cl > b0. JewroÔme t¸ra to
suneqèc kl�sma

Cl

z + l

1+. . .
+ l

1+ l

z+. . .

.

Fusik�, up�rqei mia seir� thc morf c c0
z −

c1
z2

+ c2
z3
−. . . pou antistoiqeÐ s' autì. Oi sunte-

lestèc cn tou teleutaÐou suneqoÔc kl�smatoc eÐnai megalÔteroi apì touc antÐstoiqouc
suntelestèc tou pr¸tou ki autì apodeiknÔetai wc ex c: Oi suntelestèc bi tou deÔterou
suneqoÔc kl�smatoc epilèqjhsan ètsi ¸ste na eÐnai megalÔteroi apì touc antÐstoiqouc
suntelestèc tou pr¸tou suneqoÔc kl�smatoc. Epomènwc, oi suntelestèc αi tou deÔte-
rou suneqoÔc kl�smatoc ja eÐnai mikrìteroi apì autoÔc tou pr¸tou. Epeid  h merik 
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par�gwgoc ∂xk
∂αi

, ìpou xk eÐnai rÐza tou Qm(z), eÐnai mh arnhtik , kaj¸c ta αi mei¸no-
ntai, oi rÐzec xk tou Qm(−z) ja aux�nontai. Tìte, ja aux�nontai kai oi posìthtec εjipou orÐsthkan sto je¸rhma 2.1, �ra kai ta cn.To deÔtero suneqèc kl�sma eÐnai periodikì, opìte an sumbolÐsoume me A thn tim 
tou gia ton tuqaÐo migadikì z, tìte ja isqÔei ìti

A =
Cl

z + l
1+ A

C

 
A =

C

2

{√
1 +

4l
z
− 1

}
.

Dhlad , to suneqèc kl�sma pou orÐsame prohgoumènwc paÐrnei tic Ðdiec timèc me th
sun�rthsh

A =
C

2

{√
1 +

4l
z
− 1

}
,

thc opoÐac h dunamoseir� me kèntro to ∞ sugklÐnei gia |z| > 4l. 'Ara, h antÐstoiqh
seir� tou pr¸tou suneqoÔc kl�smatoc ja sugklÐnei epÐshc gia |z| > 4l, pr�gma to opoÐo
shmaÐnei ìti to ìrio lim cn+1

cn
den mporeÐ na xeper�sei to 4l.

2.5 Ta αn, Pn(z) kai Qn(z) wc sunart seic twn ci.

H seir� c0
z −

c1
z2

+ c2
z3
− . . . kai to antÐstoiqo an�ptugma tou Pn(z)

Qn(z) diafèroun mìno wc
proc touc ìrouc 1

zn+1 ,
1

zn+2 , . . . . Epomènwc, to an�ptugma touQn(z) ( c0z − c1
z2

+ c2
z3
− . . .

)
ja diafèrei apì autì tou Pn(z) mìno wc proc touc ìrouc 1

zn−n′+1 ,
1

zn−n′+2 , . . ., ìpou n′eÐnai o bajmìc tou Qn(z). 'Etsi, sto ginìmeno Qn(z) ( c0z − c1
z2

+ c2
z3
− . . .

) den up�rqei
kanènac ìroc thc morf c 1

z , 1
z2
, . . . , 1

zn−n′ . Gia lìgouc eukolÐac, upojètoume ìti to n
eÐnai �rtioc arijmìc kai jètoume

Q2n(−z) = a0 + a1z + a2z
2 + . . .+ anz

n .

Tìte, me b�sh ta parap�nw, sto ginìmeno Q2n(−z)
(
c0
z + c1

z2
+ c2

z3
+ . . .

) den up�rqoun
ìroi thc morf c 1

z , . . . ,
1
zn , opìte ja isqÔoun oi parak�tw isìthtec:

a0c0 + a1c1 + . . .+ ancn = 0
a0c1 + a1c2 + . . .+ ancn+1 = 0

.........................

a0cn−1 + a1cn + . . .+ anc2n−1 = 0 .

An l�boume upìyh ìti Q2n(0) = 1, tìte h teleutaÐa sqèsh mazÐ me tic prohgoÔmenec
isìthtec apoteloÔn èna sÔsthma n+1 exis¸sewn me n+1 agn¸stouc, touc a0, a1, . . . , an.
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H orÐzousa tou parap�nw sust matoc eÐnai Ðsh me

D =

∣∣∣∣∣∣∣∣∣∣
1 0 . . . 0
c0 c1 . . . cn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn−1 cn . . . c2n−1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
c1 . . . cn
c2 . . . cn+1

. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣∣∣
kai h orÐzousa pou antistoiqeÐ ston �gnwsto ai, gia 1 ≤ i ≤ n, isoÔtai me

Dai =

∣∣∣∣∣∣∣∣
1 . . . 0 1 0 . . . 0
c0 . . . ci−1 0 ci+1 . . . cn
. . . . . . . . . . . . . . . . . . . . .
cn−1 . . . cn+i−2 0 cn+i . . . c2n−1

∣∣∣∣∣∣∣∣
= (−1)i+1

∣∣∣∣∣∣
c0 . . . ci−1 ci+1 . . . cn
. . . . . . . . . . . . . . . . . .
cn−1 . . . cn+i−2 cn+i . . . c2n−1

∣∣∣∣∣∣ .
'Ara eÐnai

ai = (−1)i+1

∣∣∣∣∣∣
c0 . . . ci−1 ci+1 . . . cn
. . . . . . . . . . . . . . . . . .
cn−1 . . . cn+i−2 cn+i . . . c2n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
c1 . . . cn
c2 . . . cn+1

. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣∣∣
kai telik�

Q2n(−z) =

∣∣∣∣∣∣∣∣∣∣
1 z z2 . . . zn

c0 c1 c2 . . . cn
c1 c2 c3 . . . cn+1

. . . . . . . . . . . . . . .
cn−1 cn cn+1 . . . c2n−1

∣∣∣∣∣∣∣∣∣∣
:

∣∣∣∣∣∣∣∣
c1 c2 . . . cn
c2 c3 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n−1

∣∣∣∣∣∣∣∣ . (2.6)

Gia na aplopoi soume touc tÔpouc me touc opoÐouc ja doulèyoume parak�tw, orÐzoume
ton arijmì S{p(u)} enìc poluwnÔmou p(u) wc ex c:
Orismìc 2.1 'Estw to polu¸numo p(u) = a0 + a1u+ a2u

2 + . . .+ anu
n. Tìte orÐzoume

S{p(u)} na eÐnai h tim  pou paÐrnoume ìtan antikatast soume sthn par�stash

a0 + a1u+ a2u
2 + . . .+ anu

n

tic dun�meic u0, u1, . . . , un me ta c0, c1, . . . , cn antÐstoiqa. Dhlad ,

S{p(u)} = a0c0 + a1c1 + . . .+ ancn .
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'Opwc eÐpame kai prohgoumènwc, o arijmìc pou orÐsame mac epitrèpei na gr�foume
di�forec sqèseic polÔ pio sÔntoma. Gia par�deigma, oi isìthtec

a0ck + a1ck+1 + . . .+ anck+n = 0 , k = 0, 1, 2, . . . , n− 1 .

gr�fontai
S{ukQ2n(−u)} = 0 , k = 0, 1, 2, . . . , n− 1 .

Sthn perÐptwsh pou to n eÐnai perittìc, gr�foume
Q2n+1(−z) = β1z + β2z

2 + . . .+ βn+1z
n+1 ,

opìte prokÔptei me ton Ðdio trìpo ìpwc kai prohgoumènwc ìti
S{ukQ2n+1(−u)} = 0 , k = 0, 1, 2, . . . , n− 1 . (2.7)

EpÐshc, epeid  o stajerìc ìroc tou Q2n+1(−z)
(
c0
z + c1

z2
+ c2

z3
+ . . .

) isoÔtai me to sta-
jerì ìro tou −P2n+1(−z), dhlad  eÐnai −1, ja èqoume ìti

S

{
Q2n+1(−u)

u

}
= −1 . (2.8)

To sÔsthma exis¸sewn thc (2.7) kai h (2.8) apoteloÔn èna sÔsthma n+1 exis¸sewn me
n+ 1 agn¸stouc, touc β1, . . . , βn+1. H orÐzousa tou sust matoc eÐnai

D =

∣∣∣∣∣∣∣∣
c0 c1 . . . cn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣ ,
en¸ h orÐzousa pou antistoiqeÐ se k�je �gnwsto βi isoÔtai me

Dβi
=

∣∣∣∣∣∣∣∣
c0 . . . ci−2 −1 ci . . . cn
c1 . . . ci−1 0 ci+1 . . . cn+1

. . . . . . . . . . . . . . . . . . . . .
cn . . . cn+i−2 0 cn+i . . . c2n

∣∣∣∣∣∣∣∣
= (−1)i

∣∣∣∣∣∣
c1 . . . ci−1 ci+1 . . . cn+1

. . . . . . . . . . . . . . . . . .
cn . . . cn+i−2 cn+i . . . c2n

∣∣∣∣∣∣ .
'Ara

βi = (−1)i

∣∣∣∣∣∣
c1 . . . ci−1 ci+1 . . . cn+1

. . . . . . . . . . . . . . . . . .
cn . . . cn+i−2 cn+i . . . c2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
c0 c1 . . . cn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣
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kai epomènwc eÐnai

Q2n+1(−z) = −

∣∣∣∣∣∣∣∣∣∣
z z2 . . . zn+1

c1 c2 . . . cn+1

c2 c3 . . . cn+2

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣∣∣
:

∣∣∣∣∣∣∣∣
c0 c1 . . . cn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣ . (2.9)

Jètoume

Un =

∣∣∣∣∣∣∣∣
c0 c1 . . . cn−1

c1 c2 . . . cn
. . . . . . . . . . . .
cn−1 cn . . . c2n−2

∣∣∣∣∣∣∣∣ , Wn =

∣∣∣∣∣∣∣∣
c1 c2 . . . cn
c2 c3 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n−1

∣∣∣∣∣∣∣∣ , U0 = W0 = 1 .

Apì thn (1.25) èqoume ìti o suntelest c tou zn sto Q2n(z) isoÔtai me α1α2 · · ·α2n.Apì thn (2.6) èqoume ìti o Ðdioc suntelest c isoÔtai me Un
Wn

. 'Omoia, apì tic (1.33) kai
(2.9) èqoume ìti α1α2 · · ·α2n+1 = Wn

Un+1
, �ra

α2n =
U2
n

WnWn−1
,

α2n+1 =
W 2
n

UnUn+1
(2.10)

kai autoÐ eÐnai oi tÔpoi pou dÐnoun touc suntelestèc αn tou suneqoÔc kl�smatoc pou
melet�me sunart sei twn suntelest¸n ci thc dunamoseir�c tou.Tèloc, apì th sqèsh (1.31) èqoume ìti o suntelest c tou z sto Q2n+1(z) eÐnai
α1 +α3 + . . .+α2n+1. Apì th sqèsh (2.9) prokÔptei ìti to parap�nw �jroisma isoÔtai
telik� me

α1 + α3 + . . .+ α2n+1 =
Vn
Un+1

, (2.11)

ìpou Vn =

∣∣∣∣∣∣∣∣
c2 c3 . . . cn+1

c3 c4 . . . cn+2

. . . . . . . . . . . .
cn+1 cn+2 . . . c2n

∣∣∣∣∣∣∣∣ , V0 = 1 .

Parat rhsh 2.2 Apì ta parap�nw prokÔptei ìti, an p1(u), p2(u) eÐnai dÔo polu¸numa
bajmoÔ n kai isqÔei ìti

S{ukp1(u)} = S{ukp2(u)} = 0 , k = 0, 1, . . . , n− 1 ,

tìte, epeid  to antÐstoiqo grammikì sÔsthma me agn¸stouc touc suntelestèc tou k�je
poluwnÔmou èqei monodi�stato q¸ro lÔsewn, ja isqÔei ìti

p1(u) =
p1(u0)
p2(u0)

p2(u) ,

ìpou u0 eÐnai opoiosd pote arijmìc pou de mhdenÐzei to polu¸numo p2(u).
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Mèqri t¸ra katafèrame ìqi mìno na ekfr�soume ta αn sunart sei twn ci, all� na
k�noume to Ðdio kai gia ta Q2n(z), Q2n+1(z) kai thn par�stash α1 + α3 + . . .+ α2n+1.Mènei na k�noume to Ðdio gia ta P2n(z), P2n+1(z) kai α2 + α4 + . . .+ α2n.Katarq�c, parathroÔme ìti an jewr soume to ginìmeno

p(z)
(c0
z

+
c1
z2

+
c2
z3

+ . . .
)
,

ìpou p(z) eÐnai èna polu¸numo, tìte to akèraio mèroc thc seir�c (dhlad  to mèroc thc
seir�c pou perièqei tic mh arnhtikèc dun�meic tou z) me thn opoÐa isoÔtai to parap�nw
ginìmeno eÐnai Ðso me S {p(z)−p(u)z−u

}. Aut  thn teleutaÐa parat rhsh arkeÐ na thn apodeÐ-
xoume mìno gia thn perÐptwsh pou p(z) = zk (ìpou k fusikìc), lìgw thc grammikìthtac
tou telest  S. Pr�gmati, eÐnai:

zk
(c0
z

+
c1
z2

+
c2
z3

+ . . .
)

= c0z
k−1 + c1z

k−2 + . . .+ ck−1 +
ck
z

+ . . .

kai
zk − uk

z − u
= zk−1 + zk−2u+ . . .+ zuk−2 + uk−1 .

'Ara, to S { zk−uk

z−u

} isoÔtai me to akèraio mèroc tou parap�nw ginomènou. Epomènwc,
èqoume ìti

Pn(−z) = −S
{
Qn(−z)−Qn(−u)

z − u

}
.

Qrhsimopoi¸ntac tic sqèseic (2.6) kai (2.9) kai k�nontac pr�xeic metaxÔ twn orizou-
s¸n, upologÐzoume tic parast�seic S {Q2n(−z)−Q2n(−u)

z−u

} kai S {Q2n+1(−z)−Q2n+1(−u)
z−u

},
opìte telik� katal goume stic isìthtec

P2n(−z) = −

∣∣∣∣∣∣∣∣∣∣
0 R0 R1 . . . Rn−1

c0 c1 c2 . . . cn
c1 c2 c3 . . . cn+1

. . . . . . . . . . . . . . .
cn−1 cn . . . . . . c2n−1

∣∣∣∣∣∣∣∣∣∣
: Wn , (2.12)

P2n+1(−z) = −

∣∣∣∣∣∣∣∣
R0 R1 . . . Rn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣ : Un+1 , (2.13)

ìpou
R0 = c0

R1 = c0z + c1

R2 = c0z
2 + c1z + c2
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............
Rk = c0z

k + c1z
k−1 + . . .+ ck............ .

Apì thn (1.19) paÐrnoume ìti P2n(0) = α2 +α4 + . . .+α2n kai lìgw thc (2.12) eÐnai

α2 + α4 + . . .+ α2n = −

∣∣∣∣∣∣∣∣
0 c0 . . . cn−1

c0 c1 . . . cn
. . . . . . . . . . . .
cn−1 cn . . . c2n−1

∣∣∣∣∣∣∣∣ : Wn . (2.14)

2.6 Merikèc idiìthtec tou S sqetikèc me ta Pn(u), Qn(u).

L mma 2.1 E�n Vk(u) eÐnai èna polu¸numo bajmoÔ k, tìte h tim  tou S {Vk(u)} isoÔtai
me to oloklhrwtikì upìloipo sto ∞ thc sun�rthshc Vk(−u) Pm(u)

Qm(u) , ìpou m ≥ k + 1.

Apìdeixh: Lìgw grammikìthtac tou telest  S, arkeÐ na apodeÐxoume to l mma gia
to polu¸numo Vk(u) = uk. JewroÔme loipìn m tètoio ¸ste m ≥ k + 1. Tìte:

Pm(u)
Qm(u)

=
c0
u
− c1
u2

+
c2
u3

− . . .+ (−1)m−1 cm−1

um
+ (−1)m

a
(m)
m

um+1
+ . . .

Vk(−u)
Pm(u)
Qm(u)

= (−1)kc0uk−1 + (−1)k−1c1u
k−2 + (−1)k−2c2u

k−3 + . . .− ck−1

+ck
1
u

+ . . . .

'Ara, S {Vk(u)} = Res∞

(
Vk(−u) Pm(u)

Qm(u)

).
EpÐshc, isqÔoun oi parak�tw sqèseic pou ja qrhsimopoihjoÔn sto teleutaÐo kef�laio
thc ergasÐac tou Stieltjes.
L mma 2.2

1. S
{
Q2

2n(−u)
}

= 1
α2n+1

.

2. S
{
uQ2

2n(−u)
}

= 1
α2n+1

(
1

α2nα2n+1
+ 1

α2n+1α2n+2

)
.

3. S
{

1
uQ

2
2n+1(−u)

}
= 1

α2n+2
.

4. S
{

1
u2Q

2
2n+1(−u)

}
= α1 + α3 + . . .+ α2n+1 .

5. S
{

(Q2n(−u)−1)2

u

}
= −S

{
Q2n(−u)−1

u

}
= α2 + α4 + . . .+ α2n .
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Apìdeixh tou l mmatoc: Sqetik� me thn isìthta 1 isqÔei ìti:
S
{
Q2

2n(−u)
}

= Res∞

(
Q2

2n(u)
P2n+1(u)
Q2n+1(u)

)
= Res∞

(
Q2n(u)

1 + P2n(u)Q2n+1(u)
Q2n+1(u)

)
= Res∞

(
Q2n(u)
Q2n+1(u)

)
=

1
α2n+1

.

H deÔterh isìthta isqÔei lìgw thc sqèshc (1.34).
Gia thn isìthta 2: Apì thn (1.8) gia α = 1, β = 2k + 1 kai γ = 2 paÐrnoume

Q2k+2(z)P2k(z)− P2k+2(z)Q2k(z) = −α2k+2 . (2.15)
Th sqèsh aut  ja th qrhsimopoi soume sthn trÐth apì tic isìthtec pou akoloujoÔn.

S
{
uQ2

2n(−u)
}

= Res∞

(
−uQ2

2n(u)
P2n+2(u)
Q2n+2(u)

)
= −Res∞

(
uQ2n(u)

P2n+2(u)Q2n(u)
Q2n+2(u)

)
= −Res∞

(
uQ2n(u)

Q2n+2(u)P2n(u) + α2n+2

Q2n+2(u)

)
= −α2n+2Res∞

(
uQ2n(u)
Q2n+2(u)

)
.

'Omwc,
uQ2n(u)
Q2n+2(u)

=
e0u+ e1u

2 + . . .+ enu
n+1

E0 + E1u+ . . .+ En+1un+1
=

e0
1
un + e1

1
un−1 + . . .+ en

E0
1

un+1 + E1
1
un + . . .+ En+1

=
en
En+1

e0
en

1
un + . . .+ en−1

en

1
u + 1

E0
En+1

1
un+1 + . . .+ En

En+1

1
u + 1

=
en
En+1

(
e0
en

1
un

+ . . .+
en−1

en

1
u

+ 1
)(

1− En
En+1

1
u
− . . .

)
gia arket� meg�la n. Opìte, eÐnai

Res∞

(
uQ2n(u)
Q2n+2(u)

)
=

en
En+1

(
en−1

en
− En
En+1

)
kai, an l�boume upìyh touc tÔpouc (1.24) kai (1.25), katal goume sto ìti

S
{
uQ2

2n(−u)
}

= −α2n+2Res∞

(
uQ2n(u)
Q2n+2(u)

)
=

−α2n+2

α2n+1α2n+2

(
− 1
α2n+1α2n+2

− 1
α2nα2n+1

)
=

1
α2n+1

(
1

α2nα2n+1
+

1
α2n+1α2n+2

)
.

49



Gia thn 3 eÐnai:
S

{
1
u
Q2

2n+1(−u)
}

= Res∞

(
−1
u
Q2

2n+1(u)
P2n+2(u)
Q2n+2(u)

)
= −Res∞

(
1
u
Q2n+1(u)

Q2n+2(u)P2n+1(u)− 1
Q2n+2(u)

)
= Res∞

(
1
u

Q2n+1(u)
Q2n+2(u)

)
=

1
α2n+2

.

H deÔterh isìthta prokÔptei apì thn (1.34), an k�noume kat�llhlh allag  deikt¸n.
'Oson afor� thn teleutaÐa isìthta, isqÔei ìti deg (Q2n+1(u)) = deg (uQ2n+2(u)) − 1,
�ra to oloklhrwtikì upìloipo pou zht�me isoÔtai me to phlÐko twn suntelest¸n twn
megistob�jmiwn ìrwn twn dÔo poluwnÔmwn. Lamb�nontac upìyh touc tÔpouc (1.25) kai
(1.33) paÐrnoume to zhtoÔmeno.

Gia thn 4:
S

{
1
u2
Q2

2n+1(−u)
}

= Res∞

(
1
u2
Q2

2n+1(u)
P2n+1(u)
Q2n+1(u)

)
= Res∞

(
1
u2
Q2n+1(u)P2n+1(u)

)
= α1 + α3 + . . .+ α2n+1 .

H teleutaÐa isìthta prokÔptei eÔkola, an l�boume upìyh thn (1.31).
Tèloc, gia thn 5 èqoume:

S

{
(Q2n(−u)− 1)2

u

}
+ S

{
Q2n(−u)− 1

u

}
= S

{
Q2

2n(−u)−Q2n(−u)
u

}
= −Res∞

(
Q2n(−u)− 1

u

P2n(u)
Q2n(u)

)
= −Res∞

(
Q2n(−u)− 1

u
P2n(u)

)
= 0 .

Opìte,
S

{
(Q2n(−u)− 1)2

u

}
= −S

{
Q2n(−u)− 1

u

}
= Res∞

(
Q2n(u)− 1

u

P2n(u)
Q2n(u)

)
= Res∞

(
P2n(u)
u

)
−Res∞

(
P2n(u)
uQ2n(u)

)
= (α2 + α4 + . . .+ α2n) + 0 = α2 + α4 + . . .+ α2n .

EÐnai Res∞
(
P2n(u)
uQ2n(u)

)
= 0, diìti deg(P2n(u) = deg(uQ2n(u)) − 2. EpÐshc, h teleutaÐa

isìthta isqÔei lìgw thc (1.19).
50



Telei¸noume thn par�grafo me thn parak�tw parat rhsh:
Parat rhsh 2.3 E�n P2n(z)

Q2n(z) = M1
z+x1

+ M2
z+x2

+ . . .+ Mn
z+xn

kai an Vk(u) eÐnai polu¸numo
bajmoÔ k ≤ 2n− 1, tìte isqÔei

S {Vk(u)} =
n∑
i=1

MiVk(xi) .

Pr�gmati, èstw ìti Vk(u) = a0 + a1u+ . . .+ aku
k. Tìte èqoume ìti

Mi

u+ xi
=

+∞∑
m=0

(−1)mMix
m
i

um+1
,

opìte

Res∞

(
Vk(−u)

Mi

u+ xi

)
= a0Mi + a1xiMi + . . .+ akx

k
iMi = MiVk(xi) .

Epomènwc, lìgw grammikìthtac tou oloklhrwtikoÔ upoloÐpou ja isqÔei kai h zhtoÔmenh
sqèsh. Apì aut n parathroÔme ìti, an to Vk(u) eÐnai èna polu¸numo pou paÐrnei mh
arnhtikèc timèc gia ta jetik� u, tìte kai h posìthta S {Vk(u)} de gÐnetai potè arnhtik .
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Kef�laio 3

Melèth tou suneqoÔc kl�smatoc
Stieltjes wc proc th sÔgklish sthn
perÐptwsh pou Re(z) > 0.

'Opwc anafèrjhke kai sto eisagwgikì shmeÐwma, èna apì ta erwt mata pou apasqoloÔ-
san touc majhmatikoÔc tou 19ou ai¸na, ìtan meletoÔsan èna suneqèc kl�sma,  tan to
an autì sugklÐnei   ìqi. Sto kef�laio autì, o Stieltjes brÐskei mÐa ikan  kai anagkaÐa
sunj kh pou apant� sto er¸thma autì ìtan periorÐsoume to migadikì z tou suneqoÔc
kl�smatoc pou melet�me sto dexiì hmiepÐpedo. Gia na fj�sei sto apotèlesma autì,
melet� pr¸ta to suneqèc kl�sma pou prokÔptei gia z = 1, sth sunèqeia pern� sthn
perÐptwsh pou to z eÐnai jetikìc arijmìc kai tèloc, qrhsimopoi¸ntac ta prohgoÔme-
na, genikeÔei th sunj kh gia k�je migadikì z me Re(z) > 0. To er¸thma ti akrib¸c
sumbaÐnei ìtan to z den an kei sto dexiì hmiepÐpedo melet�tai sto pèmpto kaf�laio.

3.1 Melèth tou suneqoÔc kl�smatoc Stieltjes sthn perÐ-
ptwsh pou z = 1.

Gia lìgouc suntomÐac jètoume Pn = Pn(1) kai Qn = Qn(1).
L mma 3.1 H seir�

∑+∞
n=1 αn apoklÐnei akrib¸c tìte ìtan to suneqèc kl�sma Stieltjes

sugklÐnei gia z = 1.

Apìdeixh: Apì tic sqèseic
Pn = αnPn−1 + Pn−2 (3.1)
Qn = αnQn−1 +Qn−2 (3.2)

prokÔptei ìti oi akoloujÐec (P2n), (P2n+1), (Q2n), (Q2n+1) eÐnai aÔxousec. EpÐshc, apìth sqèsh
Pn
Qn

=
1

Q0Q1
− 1
Q1Q2

+
1

Q2Q3
− . . .+

(−1)n−1

Qn−1Qn
(3.3)
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paÐrnoume ìti h akoloujÐa ( P2n+1

Q2n+1

) eÐnai fjÐnousa kai k�tw fragmènh, h ( P2n
Q2n

) eÐnai
aÔxousa kai �nw fragmènh kai k�je ìroc thc pr¸thc eÐnai megalÔteroc apì k�je ìro
thc deÔterhc. 'Ara kai oi duo akoloujÐec èqoun ìrio kai èstw ìti

lim
P2n+1

Q2n+1
= L1, lim

P2n

Q2n
= L .

Tìte eÐnai L1 ≥ L. M�lista, e�n h akoloujÐa (Qn−1Qn), h opoÐa èqei p�nta ìrio giatÐ
eÐnai aÔxousa, teÐnei sto �peiro, tìte èqoume L1 = L, en¸ an èqei ìrio peperasmèno
arijmì λ > 0, tìte eÐnai L1 = L + 1

λ . Apì th sqèsh (3.2) faÐnetai eÔkola ìti Q2n > 1
epomènwc,

Q2n+1 = α2n+1Q2n +Q2n−1 > Q2n−1 + α2n+1 ,

apì thn opoÐa prokÔptei ìti
Q2n+1 > α1 + α3 + . . .+ α2n+1 . (3.4)

Sth sunèqeia parathroÔme ìti
Q2n = α2nQ2n−1 +Q2n−2 > Q2n−2 + α1α2n ,

opìte
Q2n > α1(α2 + α4 + . . .+ α2n) . (3.5)

E�n h seir�∑+∞
n=1 αn eÐnai apoklÐnousa, tìte mÐa toul�qiston apì tic seirèc∑+∞

n=1 α2n,∑+∞
n=1 α2n+1 ja apoklÐnei epÐshc, �ra apì tic (3.4) kai (3.5) èqoume ìti h (Q2n)   h

(Q2n+1) ja apeirÐzetai, opìte L1 = L kai to suneqèc kl�sma sugklÐnei.
Sthn perÐptwsh pou h ∑+∞

n=1 αn sugklÐnei, èqoume ìti
Qn = αnQn−1 +Qn−2 ,

�ra
Qn−1 +Qn = (1 + αn)Qn−1 +Qn−2 < (1 + αn)(Qn−2 +Qn−1)

kai telik�
Qn−1 +Qn < (1 + α1)(1 + α2) · · · (1 + αn) . (3.6)

'Omwc, ìtan h seir� ∑+∞
n=1 αn sugklÐnei, isqÔei ìti
+∞∏
n=1

(1 + αn) ≤
+∞∏
n=1

eαn = e
∑+∞

n=1 αn < +∞

opìte lìgw thc parap�nw isìthtac, h (Qn−1 + Qn) kai epomènwc kai h (Qn) eÐnai �-
nw fragmènec. Autì shmaÐnei ìti oi (Q2n) kai (Q2n+1) sugklÐnoun se pragmatikoÔc
arijmoÔc, �ra L1 > L. S� aut n thn perÐptwsh to suneqèc kl�sma j� apoklÐnei.
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Parat rhsh 3.1 An jèsoume s =
∑+∞

n=1 αn, tìte apì thn (3.6) èqoume ìti

Qn−1 +Qn < es

kai

Qn−1Qn <
1
4
(Qn−1 +Qn)2 <

1
4
e2s ,

opìte eÐnai
L1 − L ≥ 4e−2s .

'Etsi paÐrnoume mÐa ektÐmhsh thc diafor�c twn orÐwn twn akolouji¸n ( P2n+1

Q2n+1
) kai ( P2n

Q2n
)

sthn perÐptwsh pou to suneqèc kl�sma Stieltjes apoklÐnei gia z = 1.

Parat rhsh 3.2 Upojètoume, ìpwc kai prohgoumènwc, ìti to suneqèc kl�sma Stieltjes
apoklÐnei gia z = 1. Tìte, ta ìria twn (Q2n) kai (Q2n+1) eÐnai pragmatikoÐ arijmoÐ.

Epeid  lim P2n+1

Q2n+1
= L1, lim P2n

Q2n
= L, oi arijmhtikèc akoloujÐec (P2n), (P2n+1) ja èqoun

epÐshc peperasmèna ìria.

3.2 Melèth tou suneqoÔc kl�smatoc Stieltjes ìtan x eÐnai
jetikìc arijmìc.

DouleÔontac me ton Ðdio akrib¸c trìpo, ìpwc kai sthn §3.1 (arkeÐ na antikatast soume
se ìlec tic sqèseic thc prohgoÔmenhc paragr�fou to α2n−1 me to α2n−1x, pou eÐnai
epÐshc jetikìc arijmìc) kai parathr¸ntac ìti oi seirèc

α1x+ α2 + α3x+ α4 + . . .

kai
α1 + α2 + α3 + α4 + . . .

apoklÐnoun tautìqrona, katal goume sto parak�tw l mma.
L mma 3.2 H seir�

α1 + α2 + α3 + α4 + . . .

apoklÐnei an kai mìnon an h seir�

α1x+ α2 + α3x+ α4 + . . .

apoklÐnei kai autì sumbaÐnei akrib¸c tìte ìtan to suneqèc kl�sma

1
α1x+ 1

α2+. . .
+ 1
α2k−1x+

1

α2k+. . .
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sugklÐnei. Sugkekrimèna, an eÐnai F1(x) kai F (x) ta peperasmèna ìria twn akolouji¸n

( P2n+1(x)
Q2n+1(x)) kai ( P2n(x)

Q2n(x)), antÐstoiqa, tìte, ìtan h seir� α1 +α2 +α3 +α4 + . . . apoklÐnei,
eÐnai

F1(x) = F (x) = lim
Pn(x)
Qn(x)

,

en¸, ìtan h prohgoÔmenh seir� sugklÐnei, tìte ja eÐnai F1(x) > F (x).

3.3 Melèth tou suneqoÔc kl�smatoc Stieltjes ìtan o miga-
dikìc arijmìc z èqei jetikì pragmatikì mèroc.

L mma 3.3 IsqÔoun oi isìthtec

P2n(z)
Q2n(z)

=
α2

Q0(z)Q2(z)
+

α4

Q2(z)Q4(z)
+ . . .+

α2n

Q2n−2(z)Q2n(z)
, (3.7)

P2n+1(z)
Q2n+1(z)

=
1
α1z

− α3z

Q1(z)Q3(z)
− α5z

Q3(z)Q5(z)
− . . .− α2n+1z

Q2n−1(z)Q2n+1(z)
.(3.8)

Apìdeixh: Ja deÐxoume th sqèsh (3.7) qrhsimopoi¸ntac majhmatik  epagwg .
Gia n = 1 èqoume P2(z)

Q2(z) = α2
Q0(z)Q2(z) , pou isqÔei. 'Estw ìti h (3.7) isqÔei gia n = k.

Tìte, an l�boume upìyh mac thn isìthta (2.15), paÐrnoume ìti:
P2k+2(z)
Q2k+2(z)

=
P2k(z)
Q2k(z)

+
α2k+2

Q2k(z)Q2k+2(z)

=
α2

Q0(z)Q2(z)
+

α4

Q2(z)Q4(z)
+ . . .+

α2k

Q2k−2(z)Q2k(z)
+

α2k+2

Q2k(z)Q2k+2(z)
.

Dhlad , h prìtash mac isqÔei kai gia n = k + 1. OmoÐwc apodeiknÔetai kai h (3.8).

Je¸rhma 3.1 Oi akoloujÐec
(
P2n(z)
Q2n(z)

)
kai

(
P2n+1(z)
Q2n+1(z)

)
sugklÐnoun omoiìmorfa sta su-

mpag  uposÔnola tou dexioÔ hmiepipèdou H se sunart seic F (z) kai F1(z), antÐstoiqa,
oi opoÐec eÐnai olìmorfec sto H.

H seir�
∑+∞

n=1 αn apoklÐnei akrib¸c tìte ìtan oi sunart seic F kai F1 tautÐzontai
sto H.

Apìdeixh: Lìgw tou parap�nw l mmatoc, h melèth thc sÔgklishc tou suneqoÔc
kl�smatoc pou mac endiafèrei an�getai sth melèth thc sÔgklishc twn seir¸n

+∞∑
k=1

α2k

Q2k−2(z)Q2k(z)

kai
1
α1z

−
+∞∑
k=1

α2k+1z

Q2k−1(z)Q2k+1(z)
.
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Jètoume k�je migadikì arijmì z Ðso me z = x + yi kai jewroÔme to dexiì hmiepÐpedo
H = {z ∈ C| Re(z) = x > 0} tou C. 'Estw S èna sumpagèc uposÔnolo tou H. Tìte,
up�rqei λ > 0 tètoio ¸ste gia k�je z ε S na eÐnai Re(z) > λ kai isqÔei∣∣∣∣∣

n+n′∑
k=n

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤
n+n′∑
k=n

α2k

|Q2k−2(z)Q2k(z)|
,

gia opoiousd pote fusikoÔc arijmoÔc n kai n′. 'Omwc, eÐnai
Q2k−2(z)Q2k(z) = C(z + x1)(z + x2) · · · (z + x2k−1) ,

ìpou ta C, x1, . . . , x2k−1 eÐnai ìloi jetikoÐ pragmatikoÐ arijmoÐ. EpÐshc, epeid  to
pragmatikì mèroc x eÐnai jetikìc arijmìc, ja isqÔei ìti |z + xi| > x+ xi. Epomènwc,

|Q2k−2(z)Q2k(z)| ≥ Q2k−2(x)Q2k(x) ≥ Q2k−2(λ)Q2k(λ)

kai telik� ∣∣∣∣∣
n+n′∑
k=n

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤
n+n′∑
k=n

α2k

Q2k−2(λ)Q2k(λ)
.

O λ eÐnai jetikìc pragmatikìc arijmìc, �ra apì thn §3.2 èqoume ìti
+∞∑
k=1

α2k

Q2k−2(λ)Q2k(λ)
= F (λ) = lim

P2n(λ)
Q2n(λ)

.

Dhlad , h∑+∞
k=1

α2k
Q2k−2(λ)Q2k(λ) sugklÐnei, �ra gia k�je ε > 0 up�rqei ν tètoio ¸ste gia

k�je n > ν kai gia k�je fusikì arijmì n′ na isqÔei ìti∣∣∣∣∣
n+n′∑
k=n

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤
n+n′∑
k=n

α2k

Q2k−2(λ)Q2k(λ)
< ε ,

pr�gma to opoÐo shmaÐnei ìti h
+∞∑
k=1

α2k

Q2k−2(z)Q2k(z)

sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo S tou H kai, epeid  prìkeitai gia
seir� sunart sewn pou eÐnai olìmorfec sto H, èqoume ìti kai h sun�rthsh

F (z) =
+∞∑
k=1

α2k

Q2k−2(z)Q2k(z)
= lim

P2n(z)
Q2n(z)

eÐnai olìmorfh sto hmiepÐpedo autì. Me ton Ðdio trìpo paÐrnoume ìti kai h sun�rthsh
F1(z) =

1
α1z

−
+∞∑
k=1

α2k+1z

Q2k−1(z)Q2k+1(z)
= lim

P2n+1(z)
Q2n+1(z)
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eÐnai olìmorfh sto Ðdio sÔnolo.
Epomènwc, sto H èqoume ìti

F (z) = lim
P2n(z)
Q2n(z)

, F1(z) = lim
P2n+1(z)
Q2n+1(z)

.

Sthn perÐptwsh pou h seir�∑+∞
n=1 αn sugklÐnei, oi F kai F1 eÐnai diaforetikèc, afoÔdiafèroun toul�qiston sta shmeÐa tou hmi�xona twn jetik¸n pragmatik¸n arijm¸n.

Sthn perÐptwsh pou h seir� ∑+∞
n=1 αn apoklÐnei, oi F kai F1 tautÐzontai ston hmi�-

xona twn jetik¸n pragmatik¸n arijm¸n. 'Ara, apì thn arq  tautismoÔ, ja eÐnai Ðsec
sto sunektikì sÔnolo H.

Sth sunèqeia apodeiknÔoume k�poiec idiìthtec twn F kai F1.
Prìtash 3.1 E�n x eÐnai jetikìc pragmatikìc arijmìc, tìte isqÔoun

lim
x→0+

F (x) = α2 + α4 + . . .+ α2n + . . . , (3.9)
lim
x→0+

xF1(x) =
1

α1 + α3 + . . .+ α2n+1 + . . .
. (3.10)

Eidikìtera, an h seir�
∑+∞

n=1 αn sugklÐnei, tìte eÐnai

lim
x→0+

F (x) < +∞ , lim
x→0+

xF1(x) > 0 .

Apìdeixh: Ja deÐxoume mìno thn pr¸th isìthta. H apìdeixh thc �llhc gÐnetai me to
Ðdio skeptikì. Gia tuqaÐo fusikì n kai tuqaÐo jetikì pragmatikì arijmì x isqÔoun

P2n(x)
Q2n(x)

=
n∑
k=1

α2k

Q2k−2(x)Q2k(x)
≤

n∑
k=1

α2k

Q2k−2(0)Q2k(0)
=

n∑
k=1

α2k .

PaÐrnontac to ìrio twn dÔo akrian¸n posot twn kaj¸c to n → +∞, èqoume ìti
F (x) ≤ α2 + α4 + . . .+ α2n + . . .

�ra kai
lim sup
x→0+

F (x) ≤ α2 + α4 + . . .+ α2n + . . . .

EpÐshc, gia k�je fusikì n kai gia k�je jetikì pragmatikì x ja eÐnai
F (x) ≥ P2n(x)

Q2n(x)
=

n∑
k=1

α2k

Q2k−2(x)Q2k(x)
.

PaÐrnontac to kat¸tero ìrio twn dÔo akrian¸n posot twn gia x→ 0+ prokÔptei
lim inf
x→0+

F (x) ≥ α2 + α4 + . . .+ α2n

opìte gia n → +∞ èqoume ìti
lim inf
x→0+

F (x) ≥ α2 + α4 + . . .+ α2n + . . .

kai to zhtoÔmeno èqei apodeiqjeÐ.
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Prìtash 3.2 IsqÔei ìti

F (x) =
c0
x
− c1
x2

+
c2
x3

+ . . .+ (−1)p−1 cp−1

xp
+ (−1)p

ξcp
xp+1

, 0 < ξ < 1

kai

F1(x) =
c0
x
− c1
x2

+
c2
x3

+ . . .+ (−1)p−1 cp−1

xp
+ (−1)p

ξ′cp
xp+1

, 0 < ξ′ < 1 .

Apìdeixh: Ja deÐxoume mon�qa thn pr¸th isìthta. EÐnai:
P2n(x)
Q2n(x)

=
n∑
k=1

Mk

x+ xk

=
n∑
k=1

(
Mk

x
− Mkxk

x2
+ . . .+ (−1)p−1Mkx

p−1
k

xp
+ (−1)p

Mkx
p
k

xp(x+ xk)

)

=
c0
x
− c1
x2

+ . . .+ (−1)p−1 cp−1

xp
+ (−1)p

ξ2ncp
xp+1

, 0 < ξ2n < 1 .

Epeid  F (x) = lim P2n(x)
Q2n(x) ki afoÔ ta ci eÐnai anex�rthta tou n, sunep�getai ìti ta ξ2nèqoun k�poio ìrio ξ, me 0 ≤ ξ ≤ 1. EÐnai profanèc ìmwc ìti ξ 6= 0 kai ξ 6= 1. 'Ara,

isqÔei
F (x) =

c0
x
− c1
x2

+
c2
x3

+ . . .+ (−1)p−1 cp−1

xp
+ (−1)p

ξcp
xp+1

, 0 < ξ < 1 .
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Kef�laio 4

Melèth tou suneqoÔc kl�smatoc
Stieltjes sthn perÐptwsh pou h∑+∞
n=1αn sugklÐnei.

S� ìlo to kef�laio, ektìc apì thn teleutaÐa par�grafo, upojètoume ìti h seir�∑+∞
n=1 αnsugklÐnei.

4.1 Sunart seic-ìria twn P2n(z), P2n+1(z), Q2n(z), Q2n+1(z).

Apì tic sqèseic (1.15), (1.16), (1.17) kai (1.18) prokÔptoun polÔ eÔkola oi parak�tw
isìthtec:

P2n(z) =
n∑
k=1

α2kP2k−1(z) ,

Q2n(z) = 1 +
n∑
k=1

α2kQ2k−1(z) ,

P2n+1(z) = 1 +
n∑
k=1

α2k+1zP2k(z) ,

Q2n+1(z) =
n∑
k=0

α2k+1zQ2k(z) .

An∑+∞
n=1 αn < +∞ kai jewr soume ton tuqaÐo jetikì arijmì x, tìte apì thn §3.1 kai

sugkekrimèna apì ton tÔpo (3.6), antikajist¸ntac k�je α2n−1 me to α2n−1x, paÐrnoumeìti oi akoloujÐec (Q2n+1(x)) kai (Q2n(x)) eÐnai �nw fragmènec, �ra kai sugklÐnousec.
'Omwc, lim P2n(x)

Q2n(x) = F (x) < +∞ kai lim P2n+1(x)
Q2n+1(x) = F1(x) < +∞, �ra oi (P2n(x)),
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(P2n+1(x)) ja eÐnai epÐshc sugklÐnousec, opìte kai fragmènec. Epomènwc, oi seirèc
+∞∑
k=1

α2kP2k−1(x) ,

1 +
+∞∑
k=1

α2kQ2k−1(x) ,

1 +
+∞∑
k=1

α2k+1xP2k(x) ,

+∞∑
k=0

α2k+1xQ2k(x)

sugklÐnoun gia k�je jetikì pragmatikì x.
IsqÔei k�ti akìmh pio isqurì:

Je¸rhma 4.1 'Otan h
∑+∞

n=1 αn sugklÐnei, oi akoloujÐec

P2n(z) =
n∑
k=1

α2kP2k−1(z) ,

Q2n(z) = 1 +
n∑
k=1

α2kQ2k−1(z) ,

P2n+1(z) = 1 +
n∑
k=1

α2k+1zP2k(z) ,

Q2n+1(z) =
n∑
k=0

α2k+1zQ2k(z)

sugklÐnoun omoiìmorfa se k�je sumpagèc uposÔnolo tou C kai epeid  oi ìroi touc eÐnai
akèraiec sunart seic kai ta ìria touc ja eÐnai, epÐshc, sunart seic olìmorfec sto C.

Apìdeixh: Ja k�noume thn apìdeixh mìno gia thn pr¸th seir�, ìlec oi �llec gÐnontai
me parìmoio trìpo.

JewroÔme tuqaÐo sumpagèc uposÔnolo S tou C kai upojètoume ìti h mègisth tim 
pou mporeÐ na p�rei to mètro z enìc migadikoÔ sto S eÐnai λ.

'Estw n, n′ tuqaÐoi fusikoÐ arijmoÐ. Tìte, èqoume ìti∣∣∣∣∣
n+n′∑
k=n

α2kP2k−1(z)

∣∣∣∣∣ ≤
n+n′∑
k=n

α2k|P2k−1(z)| .

'Omwc, to P2k−1(z) eÐnai èna polu¸numo me jetikoÔc suntelestèc kai h mègisth tim  pou
mporeÐ na p�rei to mètro tou z sto S eÐnai λ, opìte:

|P2k−1(z)| ≤ P2k−1(|z|) ≤ P2k−1(λ)

62



kai telik� ∣∣∣∣∣
n+n′∑
k=n

α2kP2k−1(z)

∣∣∣∣∣ ≤
n+n′∑
k=n

α2kP2k−1(λ) .

'Eqoume apodeÐxei ìti h seir� ∑+∞
k=1 α2kP2k−1(λ) eÐnai sugklÐnousa, �ra gia k�je ε > 0

up�rqei fusikìc ν tètoioc ¸ste gia k�je n ≥ ν na isqÔei ìti
n+n′∑
k=n

α2kP2k−1(λ) < ε

gia k�je fusikì n′. Dhlad , gia k�je ε > 0 up�rqei fusikìc ν tètoioc ¸ste gia k�je
n ≥ ν na isqÔei ìti ∣∣∣∣∣

n+n′∑
k=n

α2kP2k−1(z)

∣∣∣∣∣ < ε

gia k�je fusikì n′, opìte h seir� ∑+∞
k=1 α2kP2k−1(z) sugklÐnei omoiìmorfa sto S.

Epeid  to sÔnolo S pou jewr same  tan tuqaÐo, apì ta prohgoÔmena èqoume telik�
ìti oi tèsseric sunart seic

p(z) =
+∞∑
k=1

α2kP2k−1(z) = limP2n(z) ,

q(z) = 1 +
+∞∑
k=1

α2kQ2k−1(z) = limQ2n(z) ,

p1(z) = 1 +
+∞∑
k=1

α2k+1zP2k(z) = limP2n+1(z) ,

q1(z) =
+∞∑
k=0

α2k+1zQ2k(z) = limQ2n+1(z)

eÐnai olìmorfec s� ìlo to C.
Apì thn (1.34), an p�roume ta ìria twn dÔo mel¸n thc isìthtac, prokÔptei mÐa sqèsh

pou sundèei tic parap�nw sunart seic kai ja faneÐ qr simh parak�tw:
p1(z)q(z)− p(z)q1(z) = 1 . (4.1)

4.2 Sunèpeiec thc omoiìmorfhc sÔgklishc twn P2n(z) sthn
p(z).

H sun�rthsh p(z) eÐnai olìmorfh sto C, �ra up�rqoun arijmoÐA0, A1, . . . , Ak, . . . tètoioi¸ste
p(z) =

+∞∑
k=0

Akz
k .
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M�lista, isqÔei h parak�tw prìtash.
Prìtash 4.1 An

∑+∞
n=1 αn < +∞ kai an A0, A1, . . . , Ak, . . . eÐnai oi suntelestèc

thc dunamoseir�c thc p(z), tìte kajènac touc isoÔtai me to ìrio thc akoloujÐac twn
antÐstoiqwn suntelest¸n twn P2n(z). Dhlad , an

P2n(z) = A
(n)
0 +A

(n)
1 z + . . .+A

(n)
n−1z

n−1 ,

tìte isqÔei

Ak = lim
n→∞

A
(n)
k .

Apìdeixh: IsqÔei ìti
A

(n)
k =

1
k!
P

(k)
2n (0) =

1
2πi

∮
|z|=1

P2n(z)
zk+1

dz

kai epeid  ta polu¸numa P2n(z) sugklÐnoun omoiìmorfa sthn p(z) sto monadiaÐo kÔklo,
ja èqoume ìti ∮

|z|=1

P2n(z)
zk+1

−→
∮
|z|=1

p(z)
zk+1

,

�ra
lim
n→∞

A
(n)
k =

1
2πi

∮
|z|=1

p(z)
zk+1

=
p(k)(0)
k!

= Ak .

Prìtash 4.2 An
∑+∞

n=1 αn < +∞ kai an (zn) eÐnai mia akoloujÐa migadik¸n arijm¸n
me lim zn = Z, tìte limP2n(zn) = p(Z).

Apìdeixh: 'Estw ε > 0. JewroÔme ènan kuklikì dÐsko D gÔrw apì to Z. Tìte,
up�rqei fusikìc ν, tètoioc ¸ste gia k�je n > ν ìla ta zn na brÐskontai mèsa sto D.

EpÐshc, lìgw thc omoiìmorfhc sÔgklishc, up�rqei fusikìc ν ′ tètoioc ¸ste gia k�je
n me n > ν ′ na isqÔei |P2n(z)− p(z)| < ε gia k�je z sto D.

Tèloc, apì th sunèqeia thc p sto Z up�rqei fusikìc ν ′′ tètoioc ¸ste gia k�je n > ν ′′

na eÐnai |p(zn)− p(Z)| < ε. 'Omwc,
|P2n(zn)− p(Z)| ≤ |P2n(zn)− p(zn)|+ |p(zn)− p(Z)| < 2ε

gia k�je n > N , ìpou N o megalÔteroc apì touc fusikoÔc ν, ν ′ kai ν ′′. To ε pou
jewr same  tan tuqaÐo, �ra limP2n(zn) = p(Z).
Parat rhsh 4.1 An

∑+∞
n=1 αn < +∞ , tìte h akoloujÐa twn parag ģwn (P ′2n) sugklÐ-

nei, epÐshc, omoiìmorfa sthn p′ se k�je sumpagèc uposÔnolo tou C. Epomènwc, mporoÔme
na paragwgÐsoume ìsec forèc jèloume thn isìthta p(z) =

∑+∞
k=1 α2kP2k−1(z).

EpÐshc, ìtan èqoume mÐa akoloujÐa (zn) me limn→+∞ zn = Z, lìgw twn parap�nw ja
isqÔei ìti limP ′2n(zn) = p′(Z).

Fusik�, an�loga sumper�smata isqÔoun kai gia tic q(z), p1(z), q1(z).
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4.3 Melèth twn riz¸n thc sun�rthshc q(z).

Sthn pr¸th par�grafo tou kefalaÐou gr�yame tic sunart seic p(z), p1(z), q(z), q1(z)me th morf  �peirwn seir¸n. S� aut  thn par�grafo kai stic epìmenec ja apodeÐxoume
di�forec prot�seic pou ja mac bohj soun na gr�youme tic sunart seic autèc me th
morf  apeiroginìmenwn. Ja melet soume mon�qa thn perÐptwsh thc q(z) = limQ2n(z).Oi �llec peript¸seic melet¸ntai me an�logo trìpo.

E�n x(n)
1 , x(n)

2 , . . . , x(n)
n eÐnai oi rÐzec tou Q2n(−z) (diatetagmènec apì th mikrìterh

proc th megalÔterh), tìte ja isqÔei ìti
Q2n(z) =

(
1 +

z

x
(n)
1

)(
1 +

z

x
(n)
2

)
· · ·

(
1 +

z

x
(n)
n

)
.

Epomènwc, o suntelest c tou z sto polu¸numo autì eÐnai o 1

x
(n)
1

+ 1

x
(n)
2

+ . . .+ 1

x
(n)
n

pou
isoÔtai me B(n)

1 (an jumhjoÔme touc sumbolismoÔc thc §1.2). 'Omwc, apì th sqèsh (1.23)
prokÔptei ìti h akoloujÐa (B(n)

1 ) eÐnai gnhsÐwc aÔxousa. An eÐnai q(z) =
∑+∞

k=0Bkz
k,

tìte, apì thn prìtash 4.1 thc prohgoÔmenhc paragr�fou, èpetai ìti to B1 eÐnai to ìrio
thc akoloujÐac (B(n)

1 ), �ra ja eÐnai to supremum thc akoloujÐac aut c. Epomènwc,
èqoume telik� ìti

1

x
(n)
1

+
1

x
(n)
2

+ . . .+
1

x
(n)
n

= B
(n)
1 < B1 . (4.2)

JewroÔme tic akoloujÐec twn riz¸n
(x(n)

1 ), (x(n)
2 ), . . . , (x(n)

k ), . . .

twn poluwnÔmwn Q2n(−z). E�n eÐnai k > n, tìte èqoume sumfwn sei ìti x(n)
k = +∞.

Apì to je¸rhma 1.2 prokÔptei ìti h akoloujÐa (x(n)
k ) eÐnai fjÐnousa, ìmwc apì thn (4.2)

prokÔptei ìti eÐnai k�tw fragmènh apì ton arijmì 1
B1

. Sunep¸c, ja èqei ìrio pragmatikì
arijmì, èstw ton λk kai, m�lista, lìgw thc di�taxhc twn riz¸n, ja isqÔei ìti

λ1 ≤ λ2 ≤ . . . ≤ λk ≤ . . . . (4.3)
Parat rhsh 4.2 Upojèsame sthn arq  tou kefalaÐou ìti h seir�

∑+∞
n=1 αn sugklÐnei.

Epeid  sthn apìdeixh Ôparxhc twn orÐwn λk kai thc sqèshc (4.3) de qrhsimopoi jhke
poujen� h upìjesh aut , èpetai ìti h akoloujÐa (λk) orÐzetai kai eÐnai aÔxousa eÐte h
seir� twn suntelest¸n tou suneqoÔc kl�smatoc Stieltjes sugklÐnei, eÐte ìqi.

Prìtash 4.3 An
∑+∞

n=1 αn < +∞, tìte h seir�
∑+∞

k=1
1
λk

sugklÐnei.

Apìdeixh: JewroÔme dÔo fusikoÔc k kai n me n > k. Epeid  λk = infm∈N x
(m)
k , ja

èqoume ìti
1
λ1

+
1
λ2

+ . . .+
1
λk

>
1

x
(n)
1

+
1

x
(n)
2

+ . . .+
1

x
(n)
k

.
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'Omwc, apì ton orismì tou inf èqoume ìti dojèntoc ε > 0 up�rqei N tètoio ¸ste gia
n > N na isqÔei

1
λ1

+
1
λ2

+ . . .+
1
λk

− 1

x
(n)
1

− 1

x
(n)
2

− . . .− 1

x
(n)
k

< ε .

Epomènwc, gia n > max(N, k) ja isqÔei ìti
1
λ1

+
1
λ2

+ . . .+
1
λk

<
1

x
(n)
1

+
1

x
(n)
2

+ . . .+
1

x
(n)
k

+ε <
1

x
(n)
1

+
1

x
(n)
2

+ . . .+
1

x
(n)
n

+ε = B1 +ε ,

opìte, 1
λ1

+ 1
λ2

+ . . .+ 1
λk
< B1 + ε gia k�je ε > 0.

Dhlad , h seir� jetik¸n ìrwn∑+∞
n=1

1
λk

eÐnai �nw fragmènh, �ra ja eÐnai sugklÐnousa
kai, m�lista, to �jroism� thc den mporeÐ na xeper�sei to B1.

Prìtash 4.4 An
∑+∞

n=1 αn < +∞, tìte h sun�rthsh q(z) mhdenÐzetai se k�je ìro thc
akoloujÐac (−λk).

Apìdeixh: H akoloujÐa twn poluwnÔmwn (Q2n(z)) sugklÐnei omoiìmorfa sthn q(z)
se k�je sumpagèc uposÔnolo tou C. EpÐshc, limn→∞ x

(n)
k = λk, �ra apì thn prìtash

4.2 paÐrnoume ìti
q(−λk) = lim

n→∞
Q2n(−x(n)

k ) = 0

kai to zhtoÔmeno èqei apodeiqjeÐ.
Parat rhsh 4.3 Apì th sqèsh (4.3) èqoume ìti h akoloujÐa (λk) eÐnai aÔxousa kai
apì thn prìtash 4.3 ìti h seir�

∑+∞
k=1

1
λk

sugklÐnei. Apì thn prohgoÔmenh prìtash
prokÔptei ìti h q(z) èqei rÐzec ta −λk kai j� apodeÐxoume parak�tw ìti autèc eÐnai kai
oi monadikèc rÐzec thc q(z). Akìmh, epeid  h q(z) den eÐnai mporeÐ na eÐnai h mhdenik 
sun�rthsh, afoÔ q(0) = limQ2n(0) = 1, apì thn arq  tou tautismoÔ prokÔptei ìti den
mporeÐ h akoloujÐa (λk) na èqei wc shmeÐo suss¸reushc pragmatikì arijmì. 'Omwc,
epeid  prìkeitai gia mia aÔxousa akoloujÐa, sunep�getai ìti

limλn = +∞ .

Sto Ðdio apotèlesma mporoÔme na katal xoume kai pio eÔkola: apì thn prìtash 4.3 èqoume
ìti, epeid  h seir� mac sugklÐnei, ja eÐnai lim 1

λn
= 0, �ra limλn = +∞.

4.4 H akoloujÐa (λk) eÐnai gnhsÐwc aÔxousa.

Fusik�, h parap�nw akoloujÐa den mporeÐ na eÐnai telik� stajer , giatÐ, an autì sunè-
baine, h seir� ∑+∞

k=1
1
λk

ja eÐqe �jroisma +∞.
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'Estw ìti up�rqoun k�poioi ìroi thc akoloujÐac (λn) pou eÐnai Ðsoi, dhlad  up�rqounjetikoÐ akèraioi k kai i tètoioi ¸ste i ≥ 2 kai
λk+1 = λk+2 = . . . = λk+i ,

en¸ λk+i < λk+i+1. JewroÔme arket� meg�lo n ètsi ¸ste oi peperasmènou pl jouc
ìroi x(n)

1 , . . . , x(n)
k , x(n)

k+1, . . . , x(n)
k+i, x(n)

k+i+1 na diafèroun polÔ lÐgo apì ta antÐstoiqa
ìri� touc λ1, . . . , λk, λk+1, . . . , λk+i, λk+i+1, ètsi ¸ste ìloi oi arijmoÐ x(n)

k+1, x(n)
k+2, . . . ,

x
(n)
k+i na brÐskontai sto di�sthma [λk+1, λk+i+1].GnwrÐzoume akìma ìti

x
(n)
k+1 > λk+1 = λk+i

kai, epeid  λk+i = infm∈N x
(m)
k+i, ja up�rqei fusikìc n′ tètoioc ¸ste x(n+n′)

k+i < x
(n)
k+1.'Ara, oi rÐzec

x
(n+n′)
k+1 , x

(n+n′)
k+2 , . . . , x

(n+n′)
k+i

tou Q2n+2n′(−z) ja brÐskontai ìlec sto di�sthma [λk+1, x
(n)
k+1]. EpÐshc, isqÔei profan¸c

ìti x(n+n′)
k+i+1 > λk+i+1 > λk+i.

'Etsi, katal xame sto ìti to di�sthma [x(n+n′)
k+i , x

(n+n′)
k+i+1 ] duo diadoqik¸n riz¸n tou

Q2n+2n′(−z) perièqei tic rÐzec
x

(n)
k+1, x

(n)
k+2, . . . , x

(n)
k+i

tou Q2n(−z). 'Omwc, apì to je¸rhma 1.3 thc §1.5 èqoume ìti metaxÔ duo diadoqik¸n
riz¸n tou Q2n+2n′(−z) brÐsketai p�nta to polÔ mia rÐza tou Q2n(−z) kai katal goumese �topo.

4.5 H sun�rthsh q(z) me th morf  apeiroginìmenou.

'Estw ε > 0 jetikì kai osod pote mikrì. Epeid  gia to apeiroginìmeno

Q(z) =
+∞∏
k=1

(
1 +

z

λk

)
isqÔei ìti

+∞∏
k=1

(
1 +

|z|
λk

)
≤ e

∑ |z|
λk = e

|z|
∑ 1

λk < +∞ ,

dhlad  sugklÐnei, ja up�rqei fusikìc m tètoioc ¸ste∣∣∣∣∣
+∞∏

k=m+1

(
1 +

|z|
λk

)
− 1

∣∣∣∣∣ < ε . (1)
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StajeropoioÔme to z. 'Estw tìte M =
∏+∞
k=1

(
1 + |z|

λk

). Profan¸c, isqÔei ìti
m∏
k=1

(
1 +

|z|
λk

)
< M (2)

kai, lìgw thc prohgoÔmenhc sqèshc,∣∣∣∣∣
+∞∏

k=m+1

(
1 +

z

λk

)
− 1

∣∣∣∣∣ < ε . (3)

Epeid 
Q(z) =

m∏
k=1

(
1 +

z

λk

) +∞∏
k=m+1

(
1 +

z

λk

)
,

apì tic (2) kai (3) èqoume ìti
Q(z) =

m∏
k=1

(
1 +

z

λk

)
+Mω′ , (4)

ìpou to ω′ eÐnai migadikìc arijmìc me mètro mikrìtero tou ε.
Gia k�je fusikì n me n > m to polu¸numo Q2n(z) gr�fetai

Q2n(z) =
m∏
k=1

(
1 +

z

x
(n)
k

) n∏
k=m+1

(
1 +

z

x
(n)
k

)
.

Epeid  1

x
(n)
k

< 1
λk

kai lìgw twn (1) kai (2) èqoume ìti
m∏
k=1

(
1 +

|z|
x

(n)
k

)
< M

kai ∣∣∣∣∣
+∞∏

k=m+1

(
1 +

z

x
(n)
k

)
− 1

∣∣∣∣∣ < ε ,

opìte apì tic dÔo prohgoÔmenec sqèseic prokÔptei ìti
Q2n(z) =

m∏
k=1

(
1 +

z

x
(n)
k

)
+Mω′′ , (5)

ìpou to mètro tou ω′′ eÐnai mikrìtero tou ε.
'Omwc, eÐnai

lim
n→+∞

m∏
k=1

(
1 +

z

x
(n)
k

)
=

m∏
k=1

(
1 +

z

λk

)
. (6)

Apì tic (4), (5) kai (6) paÐrnoume ìti
lim sup
n→+∞

|Q2n(z)−Q(z)| ≤ 2Mε .

ApodeÐxame to parak�tw je¸rhma.
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Je¸rhma 4.2 An
∑+∞

n=1 αn < +∞, tìte h sun�rthsh q paÐrnei th morf 

q(z) =
+∞∏
k=1

(
1 +

z

λk

)
, z ∈ C . (4.4)

Parat rhsh 4.4 'Opwc deÐxame gia thn q(z), ètsi prokÔptei kai gia tic upìloipec treic
sunart seic ìti mporoÔn na p�roun th morf  apeiroginìmenou. EpÐshc, apì ton tÔpo
(4.4) prokÔptei ìti h q eÐnai sun�rthsh gènouc mhdèn kai ìti èqei wc rÐzec touc ìrouc
thc akoloujÐac (−λk) kai mìno autèc. Dhlad , èqei �peirec rÐzec kai, m�lista, ìlec eÐnai
aplèc.

4.6 Oi sunart seic p(z)
q(z) kai

p1(z)
q1(z)

me th morf  seir¸n.

Apì ìla ìsa eÐdame stic prohgoÔmenec paragr�fouc prokÔptei ìti gia k�je migadikì
arijmì z, pou de mhdenÐzei thn q(z) sthn pr¸th perÐptwsh   thn q1(z) sth deÔterh
perÐptwsh, isqÔei ìti

lim
n→+∞

P2n(z)
Q2n(z)

=
p(z)
q(z)

kai
lim

n→+∞

P2n+1(z)
Q2n+1(z)

=
p1(z)
q1(z)

.

Ja gr�youme th sun�rthsh p(z)
q(z) wc �peiro �jroisma apl¸n klasm�twn kai, fusik�, me

ton Ðdio trìpo kai h p1(z)
q1(z) mporeÐ na p�rei thn Ðdia morf .

Sthn (1.38) thc §1.3 deÐxame ìti
P2n(z)
Q2n(z)

=
M

(n)
1

z + x
(n)
1

+
M

(n)
2

z + x
(n)
2

+ . . .+
M

(n)
n

z + x
(n)
n

,

ìpou ta M (n)
1 , M (n)

2 , . . . , M (n)
n eÐnai jetikoÐ arijmoÐ.

Parak�tw apodeiknÔoume k�poia l mmata pou ja mac bohj soun.
L mma 4.1 Gia to suntelest  M

(n)
k , ìpou k=1, 2, . . . , n, isqÔei ìti

M
(n)
k =

P2n(−x(n)
k )

Q′2n(−x
(n)
k )

.

Apìdeixh: H (1.38) gr�fetai

P2n(z) =
n∑
l=1

M
(n)
l

Q2n(z)−Q2n(−x(n)
l )

z − (−x(n)
l )

,
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opìte upologÐzontac ta ìria kai twn dÔo mel¸n thc parap�nw isìthtac ìtan z → −x(n)
k(profan¸c ta ìria aut� up�rqoun), èqoume ìti P2n(−x(n)

k ) = M
(n)
k Q′2n(−x

(n)
k ).

L mma 4.2 Gia k�je fusikì arijmì n isqÔei ìti

M
(n)
1 +M

(n)
2 + . . .+M (n)

n =
1
α1

.

Apìdeixh: Apì thn (1.38), an pollaplasi�soume kai ta dÔo mèlh thc isìthtac me
to Q2n(z), prokÔptei ìti o suntelest c tou zn−1 sto P2n(z) isoÔtai me to �jroisma
M

(n)
1 +M

(n)
2 + . . .+M

(n)
n epÐ to suntelest  tou zn sto Q2n(z). An l�boume upìyh

touc tÔpouc (1.21) kai (1.25) thc §1.2 prokÔptei ìti
M

(n)
1 +M

(n)
2 + . . .+M (n)

n =
1
α1

.

Parat rhsh 4.5 Apì thn parat rhsh 2.1 èqoume ìti c0 =
∑n

k=1M
(n)
k gia k�je n.

'Ara, apì to parap�nw l mma prokÔptei ìti c0 = 1
α1
.

L mma 4.3 An
∑+∞

n=1 αn < +∞, tìte gia k�je fusikì arijmì k h akoloujÐa (M (n)
k )

sugklÐnei se jetikì pragmatikì arijmì, èstw ton µk, kai m�lista isqÔei ìti:

µk =
p(−λk)
q′(−λk)

.

Apìdeixh: GnwrÐzoume ìti limx
(n)
k = λk, ìti h (P2n(z)) sugklÐnei omoiìmorfa sthn

p(z) kai to Ðdio kai h (Q2n(z)) sthn q(z) se k�je sumpagèc uposÔnolo tou C. 'Ara, apì
thn prìtash 4.2, thn parat rhsh 4.1 kai to l mma 4.1 èqoume ìti

p(−λk)
q′(−λk)

= lim
n→+∞

P2n(−x(n)
k )

Q′2n(−x
(n)
k )

= limM
(n)
k .

An jèsoume µk = limM
(n)
k , tìte, epeid  M (n)

k ≥ 0, èqoume ìti to µk eÐnai mh arnhtikìc
pragmatikìc arijmìc   +∞. 'Omwc, apì thn parat rhsh 4.3 èqoume ìti ta −λk eÐnai
aplèc rÐzec thc q(z), �ra q′(−λk) 6= 0 kai to µk den eÐnai +∞. Tèloc, apì thn (4.1)
èqoume ìti

p1(−λk)q(−λk)− p(−λk)q1(−λk) = 1 .

Epeid  q(−λk) = 0, sunep�getai ìti eÐnai p(−λk) 6= 0 kai epomènwc µk > 0.

L mma 4.4 An
∑+∞

n=1 αn < +∞, tìte h seir�
∑+∞

k=1 µk eÐnai sugklÐnousa.
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Apìdeixh: 'Estw n, k duo fusikoÐ arijmoÐ me n > k. Epeid  µi = limn→+∞M
(n)
i , an

jewr soume èna ε > 0, tìte mporoÔme na p�roume to n arket� meg�lo ¸ste na isqÔei
µ1 + µ2 + . . . + µk < M

(n)
1 +M

(n)
2 + . . . +M

(n)
k + ε < M

(n)
1 +M

(n)
2 + . . . +M

(n)
n + ε.

Lìgw tou l mmatoc 4.2 ja eÐnai
µ1 + µ2 + . . .+ µk <

1
α1

+ ε

gia k�je ε > 0. Autì shmaÐnei ìti h seir� jetik¸n ìrwn ∑+∞
k=1 µk eÐnai �nw fragmènh,

�ra sugklÐnei kai, m�lista, to �jroism� thc den xepern� to 1
α1
.

Prìtash 4.5 An
∑+∞

n=1 αn < +∞, tìte h sun�rthsh S(z) =
∑+∞

k=1
µk
z+λk

eÐnai merì-
morfh sto C.

Apìdeixh: JewroÔme ènan anoiktì kuklikì dÐsko D(0, R). Epeid  h (λk) eÐnai aÔxou-sa kai sugklÐnei sto +∞, up�rqei k0 ètsi ¸ste to polÔ oi k0 pr¸toi ìroi thc akoloujÐacna brÐskontai mèsa ston D(0, R). Tìte gia k�je z ∈ D(0, R) kai gia k�je k > k0 isqÔei
µk

|z + λk|
≤ µk
λk − |z|

≤ µk
λk −R

.

H upakoloujÐa (λk −R)k≥k0+1 eÐnai k�tw fragmènh apì k�poion jetikì arijmì c, opìte
+∞∑
k0+1

µk
λk −R

≤ 1
c

+∞∑
k0+1

µk < +∞ .

Epomènwc, h ∑+∞
k=k0+1

µk
z+λk

sugklÐnei omoiìmorfa kai orÐzei olìmorfh sun�rthsh ston
D(0, R). 'Ara h sun�rthsh

S(z) =
k0∑
k=1

µk
z + λk

+
+∞∑

k=k0+1

µk
z + λk

eÐnai merìmorfh ston D(0, R) kai, epeid  to R eÐnai tuqaÐo, sunep�getai ìti h sun�rthsh
S(z) eÐnai merìmorfh sto C.

AfoÔ deÐxame ìla ta prohgoÔmena, pern�me sthn apìdeixh tou basikìterou apote-
lèsmatoc aut c thc paragr�fou. Ja gr�youme dhlad  thn p(z)

q(z) wc seir�.
'Estw ε > 0 kai z ∈ C. Epeid  limn→+∞ λn = +∞, gia k�je fusikì arijmì i,

up�rqei m tètoioc ¸ste λm+i − |z| > 1
ε . Tìte, prokÔptei ìti

|λm+i + z| ≥ λm+i − |z| > 1
ε
,

opìte, gia k�je i isqÔei
1

|λm+i + z|
< ε .
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Gia th sun�rthsh S èqoume
S(z) =

m∑
k=1

µk
z + λk

+
+∞∑

k=m+1

µk
z + λk

.

All� ∣∣∣∣∣
+∞∑

k=m+1

µk
z + λk

∣∣∣∣∣ ≤
+∞∑

k=m+1

µk
|z + λk|

< ε
+∞∑

k=m+1

µk <
ε

α1

kai, epomènwc,
S(z) =

m∑
k=1

µk
z + λk

+
ω′

α1
, (A)

ìpou to mètro tou ω′ eÐnai mikrìtero tou ε.
Apì thn �llh pleur�, èqoume ìti, an m < n, tìte

P2n(z)
Q2n(z)

=
m∑
k=1

M
(n)
k

z + x
(n)
k

+
n∑

k=m+1

M
(n)
k

z + x
(n)
k

.

'Omwc, gia k�je k ≥ m+ 1 isqÔei x(n)
k > λk >

1
ε + |z|, opìte eÐnai kai |x(n)

k + z| > 1
ε .Me th bo jeia tou teleutaÐou èqoume ìti∣∣∣∣∣

n∑
k=m+1

M
(n)
k

z + x
(n)
k

∣∣∣∣∣ ≤
n∑

k=m+1

M
(n)
k

|z + x
(n)
k |

< ε
n∑

k=m+1

M
(n)
k <

ε

α1

kai, sunep¸c,
P2n(z)
Q2n(z)

=
m∑
k=1

M
(n)
k

z + x
(n)
k

+
ω′′

α1
, (B)

ìpou to mètro tou ω′′ eÐnai mikrìtero tou ε.
'Otan n → +∞ isqÔei limn→+∞

∑m
k=1

M
(n)
k

z+x
(n)
k

=
∑m

k=1
µk
z+λk

, opìte apì tic (A) kai
(B) èqoume ìti

lim sup
n→+∞

∣∣∣∣P2n(z)
Q2n(z)

− S(z)
∣∣∣∣ ≤ 2ε

α1
.

'Ara,
p(z)
q(z)

= lim
n→+∞

P2n(z)
Q2n(z)

= S(z) =
+∞∑
k=1

µk
z + λk

.

ApodeÐxame loipìn ìti
Je¸rhma 4.3 An

∑+∞
n=1 αn < +∞, tìte gia k�je z ∈ C− {−λk| k = 1, 2, . . . } isqÔei

p(z)
q(z)

=
+∞∑
k=1

µk
z + λk

.
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4.7 Oi suntelestèc ci wc �peira ajroÐsmata.

EÐdame sthn prohgoÔmenh par�grafo ìti h seir� ∑+∞
k=1 µk sugklÐnei. S� aut n thn

par�grafo ja asqolhjoÔme me th genÐkeush tou prohgoÔmenou l mmatoc. Ja deÐxoume
dhlad  ìti:
Je¸rhma 4.4 An

∑+∞
n=1 αn < +∞, tìte gia k�je i = 0, 1, 2, . . . , h seir�

∑+∞
k=1 µkλ

i
k

sugklÐnei kai, m�lista, isqÔei ìti

ci =
+∞∑
k=1

µkλ
i
k . (4.5)

Apìdeixh: 'Estw k fusikìc arijmìc kai to �jroisma µ1λ
i
1 + µ2λ

i
2 + . . .+ µkλ

i
k.Epeid  µm = limn→+∞M

(n)
m kai λm = limn→+∞ x

(n)
m , an jewr soume ε > 0, tìte

up�rqei n arket� meg�lo, tètoio ¸ste na isqÔei
µ1λ

i
1 + µ2λ

i
2 + . . .+ µkλ

i
k < M

(n)
1 (x(n)

1 )i +M
(n)
2 (x(n)

2 )i + . . .+M
(n)
k (x(n)

k )i + ε .

'Omwc, apì thn isìthta (2.3) thc §2.2 èqoume ìti ci =
∑n

k=1M
(n)
k (x(n)

k )i, opìte ja eÐnai
µ1λ

i
1 + µ2λ

i
2 + . . .+ µkλ

i
k < ci + ε .

Katal goume sto ìti h seir� twn jetik¸n ìrwn σ =
∑+∞

k=1 µkλ
i
k eÐnai �nw fragmènh,

�ra sugklÐnei kai m�lista ja eÐnai σ ≤ ci.Epeid  oi ìroi thc gnhsÐwc aÔxousac akoloujÐac (λn) mporoÔn na gÐnoun osod pote
meg�loi, up�rqei m tètoioc ¸ste ci+1

λm+1
< ε, ìpou ε eÐnai tuqaÐoc jetikìc arijmìc. Tìte,

ja èqoume ìti
+∞∑

k=m+1

µkλ
i
k <

1
λm+1

+∞∑
k=m+1

µkλ
i+1
k <

1
λm+1

+∞∑
k=1

µkλ
i+1
k ≤ ci+1

λm+1
< ε

kai sunep¸c eÐnai
σ =

m∑
k=1

µkλ
i
k + ε′ , (a)

ìpou 0 ≤ ε′ < ε.
Apì thn �llh meri�, èqoume ìti gia k�je n ≥ m+ 1 isqÔei

ci =
m∑
k=1

M
(n)
k (x(n)

k )i +
n∑

k=m+1

M
(n)
k (x(n)

k )i .

'Omwc,
n∑

k=m+1

M
(n)
k (x(n)

k )i <
1

λm+1

n∑
k=m+1

M
(n)
k (x(n)

k )i+1 <
ci+1

λm+1
< ε ,
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opìte
ci =

m∑
k=1

M
(n)
k (x(n)

k )i + ε′′ , (b)

ìpou 0 ≤ ε′′ < ε.
Krat¸ntac to m stajerì, èqoume ìti

lim
n→+∞

m∑
k=1

M
(n)
k (x(n)

k )i =
m∑
k=1

µkλ
i
k .

Apì tic (a), (b) kai thn teleutaÐa isìthta èqoume ìti |σ − ci| < 2ε kai, epomènwc,
σ = ci.

Apì tic parathr seic 1.2 kai 1.3 èqoume ìti gia k�je n = 0, 1, 2, . . . isqÔei
P2n+1(z)
Q2n+1(z)

=
N

(n)
0

z
+

N
(n)
1

z + t
(n)
1

+ . . .+
N

(n)
n

z + t
(n)
n

,

ìpou, gia k = 0, 1, . . . , n, ta N (n)
k eÐnai jetikoÐ arijmoÐ kai ta −t(n)

k eÐnai oi rÐzec tou
Q2n+1(z). JewroÔme ìti N (n)

k = 0 kai x(n)
k = +∞ gia n < k. Me ton Ðdio akrib¸c trìpo,

ìpwc kai sthn perÐptwsh thc akoloujÐac ( P2n(z)
Q2n(z)

), apodeiknÔetai ìti gia thn akoloujÐa(
P2n+1(z)
Q2n+1(z)

) isqÔei to parak�tw je¸rhma.
Je¸rhma 4.5 An

∑+∞
n=1 αn < +∞, tìte gia k�je k = 0, 1, 2, . . . up�rqoun ta ìria

νk = limn→+∞N
(n)
k kai θk = limn→+∞ t

(n)
k . 'Oloi oi arijmoÐ νk eÐnai jetikoÐ kai isqÔei:

0 = θ0 < θ1 < θ2 < . . . kai lim
k→∞

θk = +∞ .

EpÐshc,
+∞∑
k=1

1
θk

< +∞

kai h q1(z) gr�fetai wc apeiroginìmeno

q1(z) = z

+∞∏
k=1

(
1 +

z

θk

)
, z ∈ C .

'Etsi, oi arijmoÐ −θ0, −θ1, −θ2, . . . eÐnai akrib¸c oi aplèc rÐzec thc sun�rthshc q1(z).
Akìmh, isqÔei ìti h sun�rthsh

p1(z)
q1(z)

=
ν0

z
+

+∞∑
k=1

νk
z + θk

, z ∈ C− {−θk| k = 0, 1, 2, . . . }
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eÐnai merìmorfh sto C, en¸, gia k�je i = 0, 1, 2, . . . h seir�
∑+∞

k=1 νkθ
i
k sugklÐnei. M�-

lista, eÐnai

c0 =
+∞∑
k=0

νk ,

ci =
+∞∑
k=1

νkθ
i
k , i = 1, 2, . . . . (4.6)

SÔmfwna me to parap�nw je¸rhma, sthn perÐptwsh pou ∑+∞
n=1 αn < +∞, tìte

up�rqei kai deÔteroc trìpoc na grafoÔn ta ci wc ajroÐsmata seir¸n.
Parat rhsh 4.6 Epeid , lìgw thc sqèshc (4.1), oi sunart seic q(z), q1(z) den èqoun
koinèc rÐzec, oi arijmoÐ λ1, λ2, . . . , θ0, θ1, θ2, . . . eÐnai ìloi diaforetikoÐ an� dÔo. EpÐshc,
apì ta sumper�smata thc §1.3 èqoume ìti gia k�je n isqÔei

0 = t
(n)
0 < x

(n)
1 < t

(n)
1 < x

(n)
2 < t

(n)
2 < . . . < x(n)

n < t(n)
n .

PaÐrnontac ta ìria twn akolouji¸n (x(n)
k ), (t(n)

k ) gia k�je k brÐskoume ìti

0 = θ0 < λ1 < θ1 < λ2 < θ2 < . . . .

4.8 To prìblhma twn rop¸n.

Orismìc 4.1 JewroÔme ton jetikì hmi�xona Ox kai mÐa katanom  maz¸n (mi, ξi) me
i= 1, 2, . . . , ìpou h jetik  m�za mi brÐsketai se apìstash ξi apì thn arq  O kai oi
apost�seic ξi eÐnai diaforetikèc an� dÔo. To �jroisma

+∞∑
i=1

miξ
k
i

onom�zetai rop  k-t�xhc tou sust matoc twn maz¸n (mi, ξi) wc proc thn arq  O.

SÔmfwna me ton orismì pou d¸same, an upojèsoume ìti èqoume to sÔsthma twn
maz¸n (µi, λi), me i = 1, 2, . . . , tìte gia k�je k h rop  k-t�xhc èqei, sÔmfwna me to
je¸rhma 4.2, thn tim  ck. EpÐshc, apì to je¸rhma 4.3 prokÔptei ìti an jewr soume
to sÔsthma twn maz¸n (νi, θi), me i= 0, 1, 2, . . . , tìte gia k�je k h rop  k-t�xhc èqei
epÐshc thn tim  ck.O Stieltjes orÐzei to prìblhma twn rop¸n wc ex c:
Orismìc 4.2 'Estw ìti èqoume mia akoloujÐa jetik¸n arijm¸n. Prìblhma twn rop¸n
onom�zoume to prìblhma thc eÔreshc enìc sust matoc maz¸n kai twn jèsewn ìpou ja
tic topojet soume sto jetikì hmi�xona, ¸ste h k-t�xhc rop  aut c thc katanom c na
eÐnai o k-ostìc ìroc thc dojeÐshc akoloujÐac.
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Ac sumbolÐsoume ton k-ostì ìro aut c thc akoloujÐac me ck. Katarq�c, gia na
up�rqei lÔsh sto prìblhma oi ìroi thc (ck) ofeÐloun na ikanopoioÔn k�poiec anisìthtec,dhlad  up�rqoun k�poiec anagkaÐec sunj kec.

Pr�gmati, èstw ìti brÐskoume èna sÔsthma maz¸n mi kai ìti gnwrÐzoume se poiec
jèseic ξi prèpei na tic topojet soume ¸ste na isqÔei ck =

∑+∞
i=1 miξ

k
i gia k�je k. Sto

tèloc thc §2.3 eÐdame ìti sthn perÐptwsh aut , gia k�je fusikì p, h tetragwnik  morf 
m−1∑
l=0

m−1∑
k=0

cp+l+kXlXk

ofeÐlei na eÐnai jetik� orismènh. Epomènwc h orÐzousa∣∣∣∣∣∣∣∣
cp cp+1 cp+2 . . . cp+m−1

cp+1 cp+2 cp+3 . . . cp+m
. . . . . . . . . . . . . . .

cp+m−1 cp+m . . . . . . cp+2m−2

∣∣∣∣∣∣∣∣
prèpei na eÐnai jetik  gia k�je p. Eidikìtera, prèpei kai oi posìthtec Un, Wn pou
orÐsthkan sthn §2.5 na eÐnai jetikèc gia k�je n.

Upojètontac ìti oi parap�nw anagkaÐec sunj kec ikanopoioÔntai, diakrÐnoume dÔo
peript¸seic sto prìblhma twn rop¸n:

• thn aìristh perÐptwsh, ìpou h akoloujÐa (ck) twn rop¸n pou dÐnetai eÐnai tètoia
¸ste h seir� ∑+∞

n=1 αn na sugklÐnei. Apì ìla ìsa deÐxame stic prohgoÔmenec pa-
ragr�fouc prokÔptei ìti s� aut  thn perÐptwsh up�rqoun toul�qiston dÔo lÔseic
sto prìblhm� mac, eÐnai oi (µi, λi) kai (νi, θi). Apì autèc tic dÔo lÔseic mpo-
roÔme na kataskeu�soume �peirec �llec lÔseic paÐrnontac kat�llhlouc kurtoÔc
grammikoÔc sunduasmoÔc.
Gia par�deigma, gnwrÐzoume ìti eÐnai

0 = θ0 < λ1 < θ1 < λ2 < . . . .

'Estw (ξk) h gnhsÐwc aÔxousa akoloujÐa akoloujÐa pou orÐzetai apì touc proh-
goÔmenouc arijmoÔc. Tìte, k�je sÔsthma maz¸n (mk, ξk), ìpou k = 0, 1, 2, . . . ,
me

mk =
{
tµi, up�rqei i me ξk = λi, den up�rqei j me ξk = θj
(1− t)νi, up�rqei i me ξk = θi, den up�rqei j me ξk = λj ,

ìpou t tuqaÐoc arijmìc tou [0,1], eÐnai epÐshc mÐa lÔsh tou probl matoc.
• thn orismènh perÐptwsh, sthn opoÐa h seir� ∑+∞

n=1 αn apoklÐnei. S� aut n thn
perÐptwsh, ja deÐxoume sthn §8.3 ìti to prìblhma twn rop¸n èqei mÐa kai monadik 
lÔsh.
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To prìblhma twn rop¸n eÐnai èna shmantikì prìblhma, pou pr¸toc èjese o Stieltjes
s� aut n thn ergasÐa tou. Bèbaia, gi� autìn to prìblhma autì èqei endiafèron epeid 
qrhsimopoi¸ntac to katafèrnei n� apant sei sto er¸thma thc sÔgklishc   apìklishc
tou suneqoÔc kl�smatìc tou. Argìtera, to 1919, o H. L. Hamburger (1889-1956)
melèthse to Ðdio prìblhma jewr¸ntac sth jèsh thc hmieujeÐac Ox olìklhro ton �xona
twn pragmatik¸n arijm¸n. An kai o Hamburger sundèei, ìpwc o Stieltjes, to prìblhma
me thn analutik  jewrÐa twn suneq¸n klasm�twn, den sumbaÐnei to Ðdio kai me thn
ergasÐa pou dhmosieÔei thn epìmenh qroni� o F. Hausdorff (1868-1942), pou melet�
to Ðdio prìblhma orismèno se peperasmèno di�sthma. To 1922 dhmosieÔontai dÔo nèec
ergasÐec, ìpou to prìblhma twn rop¸n den èqei pia kamÐa sqèsh me ta suneq  kl�smata.
H mÐa eÐnai tou R. Nevanlinna (1895-1980), o opoÐoc melet� to prìblhma twn rop¸n ètsi
ìpwc to ìrise o Hamburger qrhsimopoi¸ntac mìno migadik  an�lush. H �llh eÐnai tou
M. Riesz (1886-1969), o opoÐoc sundèei to prìblhma me ta fragmèna sunarthsoeid 
tou q¸rou twn suneq¸n sunart sewn enìc kleistoÔ kai fragmènou diast matoc, dhlad 
melet� to prìblhma apì thn pleur� thc sunarthsiak c an�lushc.

Gia mÐa analutik  istorik  anadrom  tou probl matoc autoÔ parapèmpoume sto [8].
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Kef�laio 5

Jewr mata thc Migadik c
An�lushc pou bohjoÔn sth melèth
tou suneqoÔc kl�smatoc Stieltjes.

Sto pèmpto kef�laio thc dhmosÐeus c tou o Stieltjes apodeiknÔei prot�seic apì th Mi-
gadik  An�lush, tic opoÐec sto tèloc tou kefalaÐou efarmìzei gia na p�rei kainoÔria
apotelèsmata sth jewrÐa tou. ArqÐzei me èna je¸rhma to opoÐo argìtera ja genikeÔsei.
To je¸rhma autì eÐnai gnwstì sth migadik  an�lush me to ìnoma Stieltjes-Vitali, diìti
apodeÐqjhke thn Ðdia perÐodo kai apì ton G. Vitali (1875-1932).
Je¸rhma 5.1 'Estw mÐa akoloujÐa migadik¸n sunart sewn migadik c metablht c (fn)
pou eÐnai olìmorfec sto eswterikì kuklikoÔ dÐskou C me kèntro thn arq  twn axìnwn 0
kai aktÐna R. 'Ara, kajemi� touc ja paÐrnei th morf 

fk(z) =
+∞∑
i=0

A
(k)
i zi

gia k�je z me |z| < R.
Upojètoume akìmh ìti h seir�

∑+∞
k=1 fk(z) sugklÐnei omoiìmorfa ston kuklikì dÐsko

1
C1 me kèntro 0 kai aktÐna R1 < R.

Tèloc, jewroÔme ìti se k�je kuklikì dÐsko C ′ me kèntro 0 kai aktÐna R′ < R, tètoia
¸ste h diafor� R−R′ eÐnai osod pote mikr , to mètro tou ajroÐsmatoc

f1(z) + f2(z) + . . .+ fn(z)

eÐnai �nw fragmèno, anex�rthta apì to fusikì n, apì ton arijmì L′. EÐnai profanèc ìti
ìso h R′ plhsi�zei thn R tìso to �nw fr�gma L′ megal¸nei.

'Otan isqÔoun oi treic parap�nw proüpojèseic, tìte h seir�
∑+∞

k=1 fk(z) sugklÐnei
omoiìmorfa se k�je kuklikì dÐsko C ′.

1Sto kef�laio autì ìtan gr�foume {kuklikìc dÐskoc} ja ennooÔme {kleistìc kuklikìc dÐskoc}.
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Pìrisma 5.1 Sto prohgoÔmeno je¸rhma h aktÐna R′ tou kuklikoÔ dÐskou C ′ eÐnai
mikrìterh thc R. 'Omwc, mporoÔme na thn p�roume ètsi ¸ste h diafor� thc apì thn
R na eÐnai osod pote mikr  kai, epomènwc, h seir�

∑+∞
k=1 fk(z) sugklÐnei omoiìmorfa

se k�je sumpagèc uposÔnolo pou perièqetai sto dÐsko C. SÔmfwna me to je¸rhma tou
Weierstrass, h parap�nw seir� ja parist�nei sun�rthsh olìmorfh sto eswterikì tou C.

Gia na apodeÐxoume to parap�nw je¸rhma ja qrhsimopoi soume ta ex c l mmata.
L mma 5.1 E�n h seir� f(z) =

∑+∞
i=0 αiz

i sugklÐnei omoiìmorfa gia |z| = r, tìte
isqÔei ìti

|αi| ≤
M

ri
,

ìpou M = max|z|=r |f(z)|.

Apìdeixh: 'Otan isqÔoun oi proüpojèseic tou l mmatoc, tìte gia ta αi èqoume ìti:
αi =

1
2πi

∮
|z|=r

f(z)
zi+1

dz .

'Ara,
|αi| ≤

1
2π

∮
|z|=r

|f(z)|
|z|i+1

|dz| ≤ 1
2π
M

1
ri+1

2πr =
M

ri
.

Parat rhsh 5.1 Me ton Ðdio akrib¸c trìpo prokÔptei ìti, an h seir� f(z) =
∑+∞

i=−∞ αiz
i

sugklÐnei omoiìmorfa gia |z| = r, tìte isqÔei akìma kai gia touc arnhtikoÔc akeraÐouc i
ìti |αi| ≤ M

ri .

Gia touc arijmoÔc A(k)
i , ìpou i = 0, 1, 2 . . . kai k = 1, 2, . . . isqÔei to parak�tw:

L mma 5.2 Me tic upojèseic tou jewr matoc 5.1, gia k�je i h seir�
∑+∞

k=1A
(k)
i sugklÐ-

nei.

Apìdeixh: H seir� ∑+∞
k=1 fk(z) sugklÐnei omoiìmorfa gia |z| ≤ R1, �ra, dojèntoc

ε > 0, up�rqei fusikìc n tètoioc ¸ste na isqÔei∣∣∣∣∣
n+n′∑
k=n

fk(z)

∣∣∣∣∣ < ε

gia opoiod pote fusikì n′ kai gia k�je migadikì z me |z| ≤ R1.'Omwc, to �jroisma∑n+n′

k=n fk(z) eÐnai èna peperasmèno �jroisma seir¸n thc morf c
+∞∑
i=0

A
(k)
i zi ,
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pou eÐnai ìlec sugklÐnousec sto eswterikì tou dÐskou C. Epomènwc, to parap�nw
peperasmèno �jroisma mporeÐ na grafeÐ:

n+n′∑
k=n

fk(z) =
+∞∑
i=0

(
n+n′∑
k=n

A
(k)
i

)
zi .

H teleutaÐa seir� sugklÐnei omoiìmorfa gia |z| = R1, opìte, efarmìzontac to prohgoÔ-
meno l mma, èqoume ìti ∣∣∣∣∣

n+n′∑
k=n

A
(k)
i

∣∣∣∣∣ < ε

Ri1
,

ap� ìpou prokÔptei ìti h seir� ∑+∞
k=1A

(k)
i sugklÐnei.

L mma 5.3 Gia k�je i = 0, 1, . . . jètoume ci =
∑+∞

k=1A
(k)
i . Tìte, me tic upojèseic tou

jewr matoc 5.1, k�je ci ja ikanopoieÐ thn anisìthta |ci| ≤ L′

R′i
.

Apìdeixh: 'Opwc kai sto prohgoÔmeno l mma, to �jroisma f1(z)+f2(z)+ . . .+fn(z)mporeÐ na p�rei th morf :
+∞∑
i=0

(
n∑
k=1

A
(k)
i

)
zi .

Epeid  h teleutaÐa seir� sugklÐnei omoiìmorfa gia |z| = R′, apì to l mma 5.1
paÐrnoume ìti ∣∣∣∣∣

n∑
k=1

A
(k)
i

∣∣∣∣∣ ≤ L′

R′i

kai h parap�nw anisìthta isqÔei gia to tuqaÐo n. Epeid  ci =
∑+∞

k=1A
(k)
i , ja èqoume ìti

|ci| ≤ L′

R′i
.

Pìrisma 5.2 Me tic upojèseic tou jewr matoc 5.1, h sun�rthsh F (z) =
∑+∞

i=0 ciz
i

orÐzetai sto eswterikì tou dÐskou C.

L mma 5.4 Me tic upojèseic tou jewr matoc 5.1 kai dojèntoc ε > 0, up�rqei fusikìc
n tètoioc ¸ste na isqÔei ∣∣∣∣∣

+∞∑
k=n+n′+1

A
(k)
i

∣∣∣∣∣ < 2ε
Ri1

kai ∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ ≤ 2L′

R′i

gia k�je i kai n′.
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Apìdeixh: Apì thn apìdeixh tou l mmatoc 5.2 èqoume ìti gia k�je i h seir�∑+∞
k=1A

(k)
isugklÐnei kai ìti, dojèntoc ε > 0, up�rqei fusikìc n, o opoÐoc den exart�tai apì to i,

tètoioc ¸ste na isqÔei ∣∣∣∣∣
n+n′∑
k=n

A
(k)
i

∣∣∣∣∣ < ε

Ri1

gia opoiod pote fusikì n′. Autì to teleutaÐo sunep�getai ìti∣∣∣∣∣
+∞∑
k=n

A
(k)
i

∣∣∣∣∣ ≤ ε

Ri1
.

An l�boume upìyh tic dÔo parap�nw sqèseic kai thn isìthta
+∞∑

k=n+n′+1

A
(k)
i =

+∞∑
k=n

A
(k)
i −

n+n′∑
k=n

A
(k)
i ,

katal goume sto ìti ∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ < 2ε
Ri1

.

Apì thn upìjesh èqoume ìti ∣∣∣∣∣
n+n′+n′′∑
k=n+n′+1

fk(z)

∣∣∣∣∣ < 2L′

gia |z| ≤ R′ kai gia k�je fusikì n′′. 'Omwc, h seir�
n+n′+n′′∑
k=n+n′+1

fk(z) =
+∞∑
i=0

(
n+n′+n′′∑
k=n+n′+1

A
(k)
i

)
zi

sugklÐnei omoiìmorfa gia |z| = R′, �ra apì to l mma 5.1 èqoume ìti∣∣∣∣∣
n+n′+n′′∑
k=n+n′+1

A
(k)
i

∣∣∣∣∣ < 2L′

R′i
.

An n′′ → +∞, tìte apì thn parap�nw anisìthta èqoume ìti∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ ≤ 2L′

R′i
.
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Parat rhsh 5.2 Sundu�zontac tic apodeÐxeic twn lhmm�twn 5.2 kai 5.4 bg�zoume to
ex c sumpèrasma. Me tic upojèseic tou jewr matoc 5.1, an dojeÐ ε > 0, tìte up�rqei n
ètsi ¸ste ∣∣∣∣∣

n+n′∑
k=n

fk(z)

∣∣∣∣∣ < ε

gia opoiond pote fusikì n′ kai gia k�je migadikì z ston kuklikì dÐsko aktÐnac R1, ston
opoÐo h

∑+∞
k=1 fk(z) sugklÐnei omoiìmorfa. Gia ton Ðdio fusikì n kai gia k�je n′ isqÔoun

tautìqrona oi sqèseic ∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ < 2ε
Ri1

kai ∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ ≤ 2L′

R′i

gia k�je i.

APODEIXH TOU JEWRHMATOS 5.1
Ja deÐxoume ìqi mìno ìti h seir� ∑+∞

k=1 fk(z) sugklÐnei omoiìmorfa ston kuklikì
dÐsko C ′, all� kai ìti to �jroism� thc isoÔtai me F (z), ìpou F h sun�rthsh pou orÐsthke
sto pìrisma 5.2.

JewroÔme ènan kuklikì dÐsko C ′′ kèntrou 0 kai aktÐnac R′′ me R′ < R′′ < R. Tìte,
ja up�rqei ènac jetikìc arijmìc L′′ ètsi ¸ste gia k�je n kai gia k�je |z| ≤ R′′ na isqÔei
|f1(z) + f2(z) + . . .+ fn(z)| < L′′.

'Estw ε > 0. Gia na deÐxoume to zhtoÔmeno, arkeÐ na deÐxoume ìti up�rqei fusikìc
n tètoioc ¸ste ∣∣∣∣∣F (z)−

n+n′∑
k=1

fk(z)

∣∣∣∣∣ < ε (∗)

gia k�je fusikì arijmì n′ kai gia k�je migadikì z me |z| ≤ R′.
Gia na prosdiorÐsoume ton n ergazìmaste wc ex c. H akoloujÐa jetik¸n arijm¸n(

2L′′ ·
( R

′

R′′ )
m

1− R′

R′′

)

teÐnei sto mhdèn, �ra up�rqei fusikìc p tètoioc ¸ste
2L′′ ·

( R
′

R′′ )
p+1

1− R′

R′′
<
ε

2
.

'Estw, epÐshc,
M = 1 +

R′

R1
+
(
R′

R1

)2

+ . . .+
(
R′

R1

)p
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kai ε′ > 0 tètoio ¸ste
2Mε′ <

1
2
ε .

Epeid  h ∑+∞
k=1 fk(z) sugklÐnei omoiìmorfa gia |z| ≤ R1, up�rqei fusikìc n ètsi ¸ste∣∣∣∣∣

n+n′∑
k=n

fk(z)

∣∣∣∣∣ < ε′

gia k�je fusikì n′ kai |z| ≤ R1.Apì thn teleutaÐa parat rhsh, gia ε = ε′ kai gia thn aktÐna R′′ me to antÐstoiqo L′′
èqoume ìti ∣∣∣∣∣

+∞∑
k=n+n′+1

A
(k)
i

∣∣∣∣∣ < 2ε′

Ri1

kai ∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣ ≤ 2L′′

R′′i
.

EpÐshc,

F (z)−
n+n′∑
k=1

fk(z) =
+∞∑
i=0

zi

(
ci −

n+n′∑
k=1

A
(k)
i

)

=
+∞∑
i=0

zi

(
+∞∑

k=n+n′+1

A
(k)
i

)
.

Opìte gia |z| ≤ R′ paÐrnoume ìti∣∣∣∣∣F (z)−
n+n′∑
k=1

fk(z)

∣∣∣∣∣ ≤
+∞∑
i=0

R′i

∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣
=

p∑
i=0

R′i

∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣+
+∞∑
i=p+1

R′i

∣∣∣∣∣
+∞∑

k=n+n′+1

A
(k)
i

∣∣∣∣∣
<

p∑
i=0

R′i
2ε′

Ri1
+

+∞∑
i=p+1

R′i
2L′′

R′′i

= 2Mε′ + 2L′′ ·
( R

′

R′′ )
p+1

1− R′

R′′
< ε .

'Ara, h (*) èqei apodeiqjeÐ.
Sth sunèqeia genikeÔoume to je¸rhma 5.1 wc ex c.
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Je¸rhma 5.2 'Estw (fn) akoloujÐa sunart sewn olìmorfwn s� èna anoiktì kai sune-
ktikì sÔnolo S, to sÔnoro tou opoÐou to sumbolÐzoume me s.2

Upojètoume ìti h seir�
∑+∞

k=1 fk(z) sugklÐnei omoiìmorfa se kuklikì dÐsko C1, pou
perièqetai sto S.

Tèloc, upojètoume ìti to mètro tou ajroÐsmatoc

f1(z) + f2(z) + . . .+ fn(z)

eÐnai �nw fragmèno apì to L′ sto tuqaÐo sumpagèc uposÔnolo S′ tou S kai ìti to L′

exart�tai mìno apì to S′.
Tìte, h seir�

F (z) =
+∞∑
k=1

fk(z)

sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo S′ tou S kai parist�nei
sun�rthsh olìmorfh sto S.

Apìdeixh3 : QwrÐzoume to S se dÔo sÔnola A kai B xèna metaxÔ touc: to A perièqei
ìla ta shmeÐa z tou S gia ta opoÐa up�rqei dÐskoc kèntrou z ston opoÐo h ∑+∞

k=1 fksugklÐnei omoiìmorfa, en¸ B = S −A.
To A eÐnai mh kenì, afoÔ perièqei ìla ta eswterik� shmeÐa tou C1. EpÐshc, faÐnetaieÔkola ìti eÐnai anoiktì sÔnolo (afoÔ gr�fetai wc ènwsh anoikt¸n perioq¸n).
Ja deÐxoume ìti kai to B eÐnai anoiktì sÔnolo. 'Estw z0 tuqaÐo shmeÐo tou B. Tìte,

den up�rqei kamÐa perioq  tou z0 sthn opoÐa h seir�∑+∞
k=1 fk na sugklÐnei omoiìmorfa.

JewroÔme dÐsko C0 kèntrou z0 kai aktÐnac R0, tètoiac ¸ste k�je eswterikì shmeÐo
tou C0 na apèqei apì to sÔnoro tou S perissìtero apì R0. 'Epeita, paÐrnoume tuqaÐo
shmeÐo z sto eswterikì tou C0 kai treic kuklikoÔc dÐskouc me kèntro to z: o pr¸toc
dÐskoc C2 èqei osod pote mikr  aktÐna kai perièqetai ston C0, o deÔteroc dÐskoc C ′ ja
èqei aktÐna R0 kai o trÐtoc, èstw C, perièqei touc �llouc dÔo kai perièqetai sto S. An
upojèsoume ìti èqoume omoiìmorfh sÔgklish ston C2, tìte, epeid  to C eÐnai sumpagèc
uposÔnolo tou S, apì thn upìjesh tou jewr matoc kai apì to je¸rhma 5.1 èpetai ìti h
seir� ∑+∞

k=1 fk sugklÐnei omoiìmorfa kai ston C ′. Epeid  to z0 eÐnai eswterikì shmeÐo
tou C ′, èqoume ìti h parap�nw seir� ja sugklÐnei omoiìmorfa kai se dÐsko kèntrou z0,pr�gma �topo.

Katal xame se �topo epeid  upojèsame ìti up�rqei dÐskoc me kèntro to tuqaÐo
eswterikì shmeÐo z tou C0, ston opoÐo h seir�∑+∞

k=1 fk na sugklÐnei omoiìmorfa. 'Ara,
z ∈ B kai to B eÐnai anoiktì sÔnolo.

Telik�, to sunektikì sÔnolo S gr�fetai wc ènwsh dÔo anoikt¸n kai xènwn metaxÔ
touc sunìlwn A kai B ki, epeid  to A eÐnai mh kenì, èqoume anagkastik� ìti B = ∅ kai

2O Stieltjes sth dhmosÐeus  tou jewreÐ mia {perioq } S, qwrÐc na dieukrinÐzei ti akrib¸c ennoeÐ.
Apì thn apìdeixh pou dÐnei faÐnetai ìti jèlei to S na eÐnai anoiktì kai sunektikì sÔnolo.3H apìdeixh pou dÐnei o Stieltjes sthn ergasÐa tou diafèrei lÐgo apì aut  pou k�noume. Xekin� me
èna shmeÐo pou perièqetai sto eswterikì tou C1 kai jewreÐ arket� meg�lo kuklikì dÐsko pou èqei
kèntro to shmeÐo autì kai perièqetai olìklhroc sto S. Efarmìzontac to je¸rhma 5.1 epekteÐnei thn
aktÐna omoiìmorfhc sÔgklishc gÔrw apì to shmeÐo autì kai, qrhsimopoi¸ntac th sunektikìthta tou
S, deÐqnei telik� ìti èqoume omoiìmorfh sÔgklish se k�je sumpagèc uposÔnolì tou.
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S = A. Dhlad , k�je shmeÐo tou S eÐnai kèntro dÐskou ston opoÐo h∑+∞
k=1 fk sugklÐneiomoiìmorfa kai, epomènwc, h en lìgw seir� sugklÐnei omoiìmorfa se k�je sumpagèc

uposÔnolo tou S.

Parat rhsh 5.3 Apì to parak�tw je¸rhma kai efarmìzontac thn Arq  tou MegÐstou
prokÔptei ìti to mègisto thc sun�rthshc |f1(z) + f2(z) + . . .+ fn(z)| lamb�netai p�nta
sto sÔnoro tou S′. 'Ara ja mporoÔsame stic upojèseic tou jewr matoc na poÔme apl¸c ìti
h sun�rthsh |f1(z) + f2(z) + . . .+ fn(z)| eÐnai fragmènh sto sÔnoro tou S′, anex�rthta
apì to n. Tèloc, o Stieltjes parathreÐ ìti antÐstoiqo je¸rhma isqÔei gia migadikèc
sunart seic dÔo migadik¸n metablht¸n.

To parak�tw je¸rhma eÐnai apì ta shmantikìtera aut c thc dhmosÐeushc. Gia thn
apìdeix  tou o Stieltjes qrhsimopoieÐ to prohgoÔmeno je¸rhma.
Je¸rhma 5.3 H akoloujÐa sunart sewn

(
P2n(z)
Q2n(z)

)
sugklÐnei omoiìmorfa se mÐa su-

n�rthsh F (z) se k�je sumpagèc uposÔnolo tou C − A, ìpou A eÐnai to sÔnolo twn mh
jetik¸n pragmatik¸n arijm¸n. H sun�rthsh F eÐnai olìmorfh s� ìlo to C−A.

Apìdeixh: Sthn par�grafo §3.3 eÐdame ìti gia k�je z ε C−A isqÔei
P2n(z)
Q2n(z)

=
α2

Q0(z)Q2(z)
+

α4

Q2(z)Q4(z)
+ . . .+

α2n

Q2n−2(z)Q2n(z)

kai, epÐshc, ìti h seir�
+∞∑
k=1

α2k

Q2k−2(z)Q2k(z)

sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo S tou sunìlou H twn migadik¸n
arijm¸n me jetikì pragmatikì mèroc. Epeid  prìkeitai gia seir� sunart sewn pou eÐnai
olìmorfec sto H, èpetai ìti kai h sun�rthsh

F (z) =
+∞∑
k=1

α2k

Q2k−2(z)Q2k(z)
= lim

P2n(z)
Q2n(z)

eÐnai olìmorfh sto H. EpÐshc, èqoume ìti
P2n(z)
Q2n(z)

=
α2

Q0(z)Q2(z)
+

α4

Q2(z)Q4(z)
+ . . .+

α2n

Q2n−2(z)Q2n(z)
=

n∑
i=1

M
(n)
i

z + x
(n)
i

,

en¸ gia k�je z sto C−A isqÔei∣∣∣∣∣
n∑
k=1

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤
n∑
i=1

M
(n)
i

|z + x
(n)
i |

.
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SumbolÐzoume me < z > to el�qisto thc par�stashc |z + u| kaj¸c to u diatrèqei ton
�xona twn mh arnhtik¸n pragmatik¸n arijm¸n. Tìte, an z = a+ bi, ja isqÔei ìti

< z >=
{
|z|, e�n a ≥ 0
|b|, e�n a < 0 .

Se k�je perÐptwsh to < z > eÐnai jetikì kai apì ton orismì tou èqoume ìti isqÔei
|z + u| ≥ < z >, opìte∣∣∣∣∣

n∑
k=1

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤ 1
< z >

n∑
i=1

M
(n)
i =

1
< z > α1

.

JewroÔme sth sunèqeia sumpagèc uposÔnolo S, pou den èqei kanèna koinì shmeÐo me
to A. H sun�rthsh < z > ja lamb�nei sto S mÐa el�qisth jetik  tim  λ. Epomènwc,
isqÔei ∣∣∣∣∣

n∑
k=1

α2k

Q2k−2(z)Q2k(z)

∣∣∣∣∣ ≤ 1
α1λ

,

ìpoioc ki an eÐnai o fusikìc n.
Epeid  ikanopoioÔntai ìlec oi proüpojèseic tou jewr matoc 5.2, h parap�nw sei-

r�, epomènwc kai h akoloujÐa ( P2n(z)
Q2n(z)

), ja sugklÐnei omoiìmorfa sthn F (z) se k�je
sumpagèc uposÔnolo tou C−A.

AntÐstoiqa pr�gmata isqÔoun kai gia thn akoloujÐa ( P2n+1(z)
Q2n+1(z)

). GnwrÐzoume ìti
isqÔei

P2n+1(z)
Q2n+1(z)

=
1
α1z

−
n∑
k=1

α2k+1z

Q2k−1(z)Q2k+1(z)

kai ìti h parap�nw akoloujÐa sunart sewn sugklÐnei omoiìmorfa se mÐa sun�rthsh
F1(z) (thn opoÐa epÐshc orÐsame kai melet same sthn §3.3) se k�je sumpagèc uposÔno-
lo tou H. EpÐshc, h ( P2n+1(z)

Q2n+1(z)

) eÐnai �nw fragmènh se k�je tètoio sumpagèc uposÔnolo.
'Ara, efarmìzontac kai p�li to je¸rhma 5.2, èqoume ìti h ( P2n+1(z)

Q2n+1(z)

) sugklÐnei omoiì-
morfa sthn F1(z) se k�je sumpagèc uposÔnolo tou C − A. Tèloc, h F1(z) ja eÐnai
olìmorfh se ìlo to C−A.

Sthn perÐptwsh pou h ∑+∞
n=1 αn sugklÐnei, oi F (z) kai F1(z) eÐnai diaforetikèc,

en¸ ìtan h ∑+∞
n=1 αn apoklÐnei, oi dÔo sunart seic tautÐzontai. Dhlad , sth deÔterh

perÐptwsh isqÔei ìti
lim

n→+∞

Pn(z)
Qn(z)

= F (z) , z ε C−A

kai, m�lista, h sÔgklish eÐnai omoiìmorfh se k�je sumpagèc uposÔnolo tou C−A.
Oi parap�nw sqèseic faner¸noun to p¸c sumperifèrontai oi sunart seic F (z) kai

F1(z) sto C − A. Ja prospaj soume na tic epekteÐnoume kai se shmeÐa tou A, qrh-
simopoi¸ntac kai p�li to je¸rhma 5.2. 'Opwc kai prohgoumènwc, ja melet soume to
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prìblhma autì mìno gia th sun�rthsh F (z). AntÐstoiqa apotelèsmata isqÔoun kai gia
thn F1(z).
Je¸rhma 5.4 H sun�rthsh F (z), pou orÐsthke parap�nw, epekteÐnetai pantoÔ sto C−
{−λk| k ∈ N}. M�lista, h akoloujÐa

(
P2n(z)
Q2n(z)

)
, apì k�poio deÐkth n kai èpeita, sugklÐnei

omoiìmorfa sthn F (z) se k�je sumpagèc uposÔnolo tou C− {−λk| k ∈ N}.

Apìdeixh: GnwrÐzoume apì to kef�laio 4 ìti h akoloujÐa (−λk) eÐnai mÐa gnhsÐwc
fjÐnousa akoloujÐa arnhtik¸n arijm¸n pou apoklÐnei sto −∞. JewroÔme dÔo tuqaÐouc
kai diadoqikoÔc ìrouc −λk+1 < −λk kai touc jetikoÔc a kai b gia touc opoÐouc isqÔei
ìti −λk+1 < −b < −a < −λk. Tìte, up�rqei n0 = n0(k), pou eÐnai tètoioc ¸ste gia
k�je n ≥ n0 to polu¸numo Q2n(z) na mhn èqei rÐza sto (−b,−a). PaÐrnoume tuqaÐa a′,
b′ me −b < −b′ < −a′ < −a. Gia k�je z me a′ ≤ |z| ≤ b′ isqÔei∣∣∣∣P2n(z)

Q2n(z)

∣∣∣∣ =
∣∣∣∣∣
n∑
i=1

M
(n)
i

z + x
(n)
i

∣∣∣∣∣ ≤
n∑
i=1

M
(n)
i

|z + x
(n)
i |

≤ 1
α1min(a′ − a, b− b′)

.

H akoloujÐa ( P2n(z)
Q2n(z)

)
n≥n0

eÐnai omoiìmorfa fragmènh se k�je daktÔlio a′ ≤ |z| ≤
b′ kai, sÔmfwna me to je¸rhma 5.3, sugklÐnei omoiìmorfa se opoiod pote dÐsko pou
perièqetai ston a < |z| < b kai den tèmnei to A. Apì to je¸rhma 5.2 sunep�getai ìti
h akoloujÐa aut  ja sugklÐnei omoiìmorfa se k�je sumpagèc uposÔnolo tou daktulÐou
a < |z| < b. Epomènwc, h F (z) epekteÐnetai sto daktÔlio autìn kai, genikìtera, h
F orÐzetai sto C − {−λk| k ∈ N} kai se k�je sumpagèc uposÔnolì tou ja eÐnai to
omoiìmorfo ìrio thc akoloujÐac ( P2n(z)

Q2n(z)

).
'Amesh sunèpeia tou parap�nw jewr matoc eÐnai ìti h sun�rthsh F (z) eÐnai olìmorfh

sto C − {−λk| k ∈ N}. Se k�je daktÔlio λk < |z| < λk+1 ja èqei an�ptugma Laurent
thc morf c

F (z) =
+∞∑
−∞

c
(k)
i zi ,

ìpou k�je c(k)i eÐnai to ìrio twn antÐstoiqwn suntelest¸n twn anaptugm�twn Laurent
twn P2n(z)

Q2n(z) sto daktÔlio x(n)
k < |z| < x

(n)
k+1. Sunep¸c, o c(k)−1 eÐnai to ìrio twn suntelest¸ntou z−1 sto an�ptugma tou

P2n(z)
Q2n(z)

=
M

(n)
1

z + x
(n)
1

+
M

(n)
2

z + x
(n)
2

+ . . .+
M

(n)
n

z + x
(n)
n

.

IsqÔei h parak�tw prìtash:
Prìtash 5.1 O suntelest c c

(k)
−1 tou anaptÔgmatoc Laurent thc F (z) sto daktÔlio

λk < |z| < λk+1 isoÔtai me

c
(k)
−1 = lim

n→+∞

(
M

(n)
1 +M

(n)
2 + . . .+M

(n)
k

)
. (5.1)
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Apìdeixh: Sto daktÔlio x(n)
k < |z| < x

(n)
k+1 isqÔoun ta parak�tw:

• e�n i ≤ k, tìte
1

z + x
(n)
i

=
1
z

+∞∑
m=0

(−1)m
(x(n)

i

z

)m
,

diìti ∣∣∣x(n)
i
z

∣∣∣ < 1.
• e�n i > k, tìte

1

z + x
(n)
i

=
1

x
(n)
i

+∞∑
m=0

(−1)m
( z

x
(n)
i

)m
,

diìti ∣∣∣ z

x
(n)
i

∣∣∣ < 1.
Epomènwc, to an�ptugma Laurent tou P2n(z)

Q2n(z) sto daktÔlio x(n)
k < |z| < x

(n)
k+1 eÐnai:

P2n(z)
Q2n(z)

=
k∑
i=1

Mi

(
1
z
−
x

(n)
i

z2
+

(x(n)
i )2

z3
− . . .

)
+

n∑
i=k+1

Mi

(
1

x
(n)
i

− z

(x(n)
i )2

+
z2

(x(n)
i )3

+ . . .

)
.

'Ara, o suntelest c tou z−1 eÐnai o M
(n)
1 + M

(n)
2 + . . . + M

(n)
k kai h prìtash èqei

apodeiqjeÐ, an l�boume upìyh thn parat rhsh pou prohg jhke thc prìtashc.
Tèloc, orÐzoume mia akoloujÐa klimakwt¸n sunart sewn pou ja paÐxei shmantikì

rìlo sta epìmena kef�laia thc ergasÐac tou Stieltjes.
Me b�sh thn anapar�stash

P2n(z)
Q2n(z)

=
n∑
k=1

M
(n)
k

z + x
(n)
k

,

orÐzoume thn klimakwt  sun�rthsh φn(u) wc ex c:

φn(u) =



0, 0 ≤ u < x
(n)
1

M
(n)
1 , x

(n)
1 ≤ u < x

(n)
2

M
(n)
1 +M

(n)
2 , x

(n)
2 ≤ u < x

(n)
3

........... ......
M

(n)
1 +M

(n)
2 + . . .+M

(n)
n−1, x

(n)
n−1 ≤ u < x

(n)
n

M
(n)
1 +M

(n)
2 + . . .+M

(n)
n , x

(n)
n ≤ u < +∞.

Parat rhsh 5.4 E�n c eÐnai ènac jetikìc metaxÔ twn λk kai λk+1, tìte gia arket�

meg�la n, tètoia ¸ste na isqÔei x
(n)
k < c < x

(n)
k+1, èqoume ìti

φn(c) = M
(n)
1 +M

(n)
2 + . . .+M

(n)
k .
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'Ara, me b�sh thn prohgoÔmenh prìtash, ja eÐnai

c
(k)
−1 = lim

n→+∞
φn(c) . (5.2)
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Kef�laio 6

Katanom  m�zac kai to olokl rwma
Stieltjes.

Sto tèloc tou tètartou kefalaÐou thc dhmosÐeus c tou, o Stieltjes, mil¸ntac gia to
prìblhma twn rop¸n, je¸rhse mÐa tuqaÐa katanom  m�zac kat� m koc tou hmi�xona 0x.
H katanom  m�zac sthn opoÐa anafèrjhke  tan {diakrit }, dhlad  je¸rhse èna sÔsthma
to polÔ arijmhsÐmou pl jouc maz¸n (Mi, ξi) i = 1, 2, 3, . . . , pou katanèmontan kat�
m koc tou 0x wc ex c: gia k�je i eÐnai topojethmènh mia m�za Mi sto shmeÐo ξi. Aut h katanom  perigr�fetai pl rwc apì mÐa aÔxousa kai klimakwt  sun�rthsh thc Ðdiac
morf c me aut n pou orÐsthke sto tèloc tou prohgoÔmenou kefalaÐou.

S� autì to kef�laio, pou eÐnai apì ta basikìtera thc dhmosÐeus c tou giatÐ ed¸ orÐzei
kai to perÐfhmo olokl rwm� tou, jewreÐ ìti èqei mia posìthta m�zac pou katanèmetai
me suneq  trìpo kat� m koc tou 0x. MÐa tètoia katanom  jewreÐtai pl rwc orismènh
an gia k�je shmeÐo x tou hmi�xona mporoÔme na upologÐsoume thn posìthta thc m�zac
pou eÐnai katanemhmènh sto eujÔgrammo tm ma 0x. Profan¸c, h posìthta thc m�zac
pou èqoume sto eujÔgrammo tm ma 0x eÐnai aÔxousa sun�rthsh tou x kai isqÔei kai to
antÐstrofo. Dhlad  an èqoume mÐa aÔxousa sun�rthsh tou x, tìte mporoÔme me aut n
na orÐsoume mÐa katanom  m�zac kat� m koc tou hmi�xona. Autìc eÐnai kai o lìgoc pou
k�nei ton Stieltjes na asqolhjeÐ sto kef�laio autì pr¸ta me tic aÔxousec sunart seic
kai na epishm�nei k�poiec basikèc idiìthtèc touc pou ja qrhsimopoi sei argìtera.
6.1 Melèth twn auxous¸n sunart sewn wc proc th sunè-

qeia. Sunart seic fragmènhc kÔmanshc.

H pr¸th idiìthta afor� ta ìria auxous¸n sunart sewn kai eÐnai h ex c.
Prìtash 6.1 'Estw φ(x) aÔxousa sun�rthsh orismènh sto di�sthma [a, b]. E�n x ∈
[a, b), tìte up�rqei to dexiì ìrio φ(x+) sto x kai isqÔei φ(x) ≤ φ(x+). E�n x ∈ (a, b],
tìte up�rqei to aristerì ìrio φ(x−) kai isqÔei φ(x−) ≤ φ(x).

Apìdeixh: Ja deÐxoume ìti up�rqei to dexiì ìrio se k�je x ∈ [a, b) kai ìti isqÔei
φ(x) ≤ φ(x+). To deÔtero mèroc thc prìtashc apodeiknÔetai me ton Ðdio trìpo.
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JewroÔme mÐa tuqaÐa fjÐnousa kai mhdenik  akoloujÐa (εn) jetik¸n arijm¸n. Tìte,kai h (φ(x+ εn)) eÐnai mÐa fjÐnousa akoloujÐa k�tw fragmènh apì ton arijmì φ(x).
'Ara, èqei ìrio k�poion arijmì A kai, m�lista, lìgw thc monotonÐac eÐnai

A = inf
nεN

φ(x+ εn) . (1)

E�n (ε′n) eÐnai mÐa �llh tuqaÐa fjÐnousa kai mhdenik  akoloujÐa jetik¸n arijm¸n,
tìte kai h (φ(x+ ε′n)) ja èqei k�poio ìrio B kai, epÐshc, ja isqÔei:

B = inf
nεN

φ(x+ ε′n) . (2)

'Estw ìti eÐnai A 6= B. E�n A > B, tìte lìgw thc (2) up�rqei k tètoio ¸ste
A > φ(x+ ε′k) ≥ B . (3)

'Omwc, h fjÐnousa akoloujÐa (x+εn) teÐnei sto x. Epomènwc, up�rqei fusikìcm tètoioc
¸ste x + ε′k > x + εm > x. Apì to teleutaÐo èqoume φ(x + ε′k) ≥ φ(x+ εm) ≥ φ(x),
opìte, lìgw thc (1), eÐnai φ(x + ε′k) ≥ A, to opoÐo eÐnai �topo lìgw thc (3). 'Omoia,
katal goume se �topo, an upojèsoume ìti B > A. 'Ara eÐnai A = B.

Tèloc, epeid  gia k�je n eÐnai x + εn > x, ja èqoume ìti φ(x + εn) ≥ φ(x). 'Ara,
lìgw thc (1), ja eÐnai kai A ≥ φ(x).

Epeid  oi akoloujÐec (εn), (ε′n) pou jewr same  tan tuqaÐec, èpetai ìti up�rqei to
ìrio φ(x+) = limε→0+ φ(x+ ε) kai eÐnai Ðso me to A. Sunep¸c, isqÔei φ(x+) ≥ φ(x).
Parat rhsh 6.1 'Opwc parathreÐ kai o Stieltjes se sqèsh me thn prìtash 6.1, an
x ∈ (a, b) kai φ(x+) > φ(x−), tìte h φ eÐnai asuneq c sto x, en¸, an φ(x+) = φ(x−),
tìte h φ eÐnai suneq c sto x. Se k�je perÐptwsh h diafor� φ(x+) − φ(x−) eÐnai to
�lma thc φ sto x. An φ(a+) > φ(a), h φ eÐnai asuneq c sto a, en¸, an φ(a+) = φ(a),
tìte h φ eÐnai suneq c sto a. H diafor� φ(a+) − φ(a) eÐnai to �lma thc φ sto a. An
φ(b−) < φ(b), h φ eÐnai asuneq c sto b kai, an φ(b−) = φ(b), h φ eÐnai suneq c sto b.
Tìte, h φ(b)− φ(b−) eÐnai to �lma thc φ sto b.

Sqetik� me ta shmeÐa sunèqeiac thc aÔxousac sun�rthshc φ isqÔei h parak�tw prì-
tash.
Prìtash 6.2 Se k�je anoiktì di�sthma tou pedÐou orismoÔ thc, opoiad pote aÔxousa
sun�rthsh φ èqei shmeÐa sunèqeiac.

Apìdeixh: JewroÔme opoiod pote anoiktì di�sthma (c, d) tou pedÐou orismoÔ thc
φ kai paÐrnoume a, b ¸ste c < a < b < d. Jètoume λ = φ(b) − φ(a) kai jewroÔme
tèsseric arijmoÔc p, q, r, s tètoiouc ¸ste a < p < q < r < s < b. EÐnai fanerì ìti
mÐa toul�qiston apì tic diaforèc φ(q)− φ(p), φ(s)− φ(r) eÐnai mikrìterh apì λ

2 . QwrÐcperiorismì thc genikìthtac, ac upojèsoume ìti φ(q)− φ(p) < λ
2 .Jètoume a(1) = p, b(1) = q, opìte φ(b(1))− φ(a(1)) < λ

2 kai a < a(1) < b(1) < b.
OmoÐwc, up�rqoun a(2), b(2) ¸ste φ(b(2))− φ(a(2)) < λ

4 kai a(1) < a(2) < b(2) < b(1).
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SuneqÐzontac me ton Ðdio trìpo paÐrnoume mÐa gnhsÐwc aÔxousa akoloujÐa (a(n)
) kai

mÐa gnhsÐwc fjÐnousa akoloujÐa (b(n)
) ¸ste

a < a(1) < . . . < a(n) < . . . < b(n) < . . . < b(1) < b

kai
φ(b(n))− φ(a(n)) <

λ

2n
, n = 1, 2, . . . .

H (a(n)) sugklÐnei se ènan arijmì A kai h (b(n)) sugklÐnei se ènan arijmì B ≥ A. 'Estw
γ metaxÔ twn A kai B. Tìte, gia k�je n isqÔei a(n) < γ < b(n), opìte apì ton orismì
twn φ(γ−) kai φ(γ+) èqoume ìti φ(a(n)) ≤ φ(γ−) kai φ(γ+) ≤ φ(b(n)). 'Ara,

0 ≤ φ(γ+)− φ(γ−) ≤ φ(b(n))− φ(a(n)) <
λ

2n
.

PaÐrnontac ìria sthn parap�nw anÐswsh ìtan n → +∞, èqoume ìti φ(γ+) = φ(γ−).
'Ara to γ eÐnai shmeÐo sunèqeiac thc φ mèsa sto di�sthma (c, d) kai h apìdeixh èqei
telei¸sei.

Parat rhsh 6.2 To pl joc twn shmeÐwn asunèqeiac k�je aÔxousac sun�rthshc φ,
pou eÐnai orismènh sto [a, b], eÐnai to polÔ arijm simo ki autì apodeiknÔetai wc ex c.
EÐnai profanèc ìti to �jroisma twn alm�twn thc φ sta shmeÐa asunèqeiac den mporeÐ na
xeper�sei to φ(b) − φ(a). 'Estw A to sÔnolo twn shmeÐwn asunèqeiac thc φ kai Ak to
sÔnolo twn shmeÐwn asunèqeiac ìpou to �lma eÐnai megalÔtero apì to 1

k , ìpou k tuqaÐoc
fusikìc. Tìte, isqÔei ìti

1
k
card(Ak) ≤

∑
x∈Ak

(
φ+(x)− φ−(x)

)
≤
∑
x∈A

(
φ+(x)− φ−(x)

)
≤ φ(b)− φ(a) ,

opìte
card(Ak) ≤ k(φ(b)− φ(a)) .

Dhlad , gia k�je k to pl joc twn shmeÐwn asunèqeiac ìpou to �lma eÐnai megalÔtero
apì 1

k eÐnai peperasmèno. 'Ara, to A =
⋃
k∈NAk eÐnai ènwsh arijmhsÐmou pl jouc

peperasmènwn sunìlwn kai, epomènwc, eÐnai to polÔ arijm simo.
Autì to teleutaÐo sumpèrasma ( {eÐnai to polÔ arijm simo}) o Stieltjes to diatup¸-

nei wc ex c1: {...Epeid  o arijmìc twn alm�twn pou uperbaÐnoun opoiond pote dosmèno
(jetikì) arijmì eÐnai peperasmènoc, eÐnai fanerì ìti mporoÔme na diat�xoume ta �lmata
kat� fjÐnousa seir�. Epomènwc, ta shmeÐa asunèqeiac sto di�sthma (a, b) mporoÔn na
diataqjoÔn wc mÐa �peirh akoloujÐa me deÐktec fusikoÔc arijmoÔc...}. Me �lla lìgia
mporoÔme na ta arijm soume, ìpwc lème emeÐc s mera. O lìgoc gia ton opoÐo de qrh-
simopoieÐ thn èkfrash {eÐnai to polÔ arijm simo} eÐnai ìti ekeÐnh thn epoq  mìlic pou
eÐqe arqÐsei na gÐnetai apodekt  h jewrÐa tou G. Cantor gia thn Ôparxh diaforetik¸n
apeÐrwn kai ta pr�gmata gÔrw apì thn arijmhsimìthta kai thn uperarijmhsimìthta den

1Bl. [2], sel. 70, deÔterh par�grafoc.
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 tan kai tìso xek�jara. M�lista, o Stieltjes qrhsimopoieÐ gnwstì je¸rhma thc jewrÐ-
ac sunìlwn tou G. Cantor gia na deÐxei ìti kai ta mh fragmèna diast mata sto pedÐo
orismoÔ thc aÔxousac sun�rthshc φ, perièqoun to polÔ arijm simo pl joc shmeÐwn a-
sunèqeiac: e�n èqoume èna mh fragmèno di�sthma, tìte autì gr�fetai san arijm simh
ènwsh fragmènwn diasthm�twn, kajèna apì ta opoÐa perièqei to polÔ arijm simo pl joc
shmeÐwn asunèqeiac. Epeid , ìpwc èqei apodeÐxei o Cantor, arijm simh ènwsh to polÔ
arijm simwn sunìlwn eÐnai to polÔ arijm simo sÔnolo, kai to mh fragmèno di�sthma ja
perièqei to polÔ arijm simo pl joc asuneqei¸n.2

Sto tèloc aut c thc paragr�fou ja asqolhjoÔme me tic sunart seic fragmènhc
kÔmanshc, pou paÐzoun shmantikì rìlo sthn Pragmatik  An�lush. Autìc pou pr¸toc
tic qrhsimopoÐhse kai melèthse tic idiìthtèc touc  tan o C. Jordan (1838-1922) se
mÐa dhmosÐeus  tou to 1881, ìpou asqoloÔntan me tic eujugrammÐsimec kampÔlec. MÐa
ektenèsterh melèth touc apì ton Ðdio perièqetai ston trÐto tìmo tou { Cours d’ Analyse},
pou kuklofìrhse to 1887.

O Stieltjes den k�nei kamÐa anafor� stic sunart seic autèc, ìqi mìno giatÐ  tan
mÐa prìsfath kai ìqi eurèwc gnwst  ènnoia thc epoq c ekeÐnhc, all� ki epeid  den
èqoun sqèsh me thn ergasÐa tou. Parìl� aut�, anafèroume ton orismì touc kai tic
shmantikìterec idiìthtèc touc, epeid  ja fanoÔn idiaÐtera qr simec sth genÐkeush tou
oloklhr¸matoc Stieltjes.
Orismìc 6.1 'Estw φ mÐa sun�rthsh orismènh sto di�sthma [a, b] kai mÐa tuqaÐa dia-
mèrish D = {a = x0 < x1 < x2 < . . . < xn−1 < xn = b} tou diast matoc autoÔ. Tìte,
sqhmatÐzoume to �jroisma V b

a (φ,D) =
∑n

k=1 |φ(xk)− φ(xk−1)|. To el�qisto �nw fr�g-
ma twn parap�nw ajroism�twn onom�zetai kÔmansh thc φ sto [a, b] kai sumbolÐzetai me
V b
a φ. Dhlad , eÐnai

V b
a φ = sup{V b

a (φ,D)| D diamèrish tou [a, b]} .

Sthn perÐptwsh pou V b
a φ < +∞, ja lème ìti h sun�rthsh φ eÐnai fragmènhc kÔmanshc

sto [a, b].

Par�deigma 6.1 An h φ eÐnai aÔxousa sun�rthsh sto [a, b], tìte h φ eÐnai fragmènhc
kÔmanshc sto [a, b]. Pr�gmati, gia k�je diamèrish D = {a = x0 < x1 < . . . < xn = b}
èqoume ìti

V b
a (φ,D) =

n∑
k=1

|φ(xk)− φ(xk−1)| =
n∑
k=1

(φ(xk)− φ(xk−1)) = φ(b)− φ(a) .

kai, epomènwc, V b
a φ = φ(b)− φ(a) < +∞.

2[2], sel. 70, sto tèloc thc §37: ”...Cela est vrai même lorsque l’ intervalle considéré s’ éntend à l’
infini; on le divisera en intervalles

(a, b), (b, c), (c, d), (d, e), . . .

On trouvera une suite infinie de discontinuités pour chaque intervalle; l’ ensemble des discontinuités
constituera une suite à double entrée, qu’ on sait ranger comme une suite simple. De là on peut conclure
de nouveau, d’ aprés un théorème de M. Cantor, qu’ il y a des points de continuité dans tout intervalle.”
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Prìtash 6.3 An oi φ1, φ2 eÐnai sunart seic fragmènhc kÔmanshc sto [a, b] kai λ, µ,
eÐnai tuqaÐoi migadikoÐ arijmoÐ, tìte kai h sun�rthsh λφ1+µφ2 eÐnai fragmènhc kÔmanshc
sto [a, b].

Apìdeixh: PaÐrnoume tuqoÔsa diamèrish D = {a = x0 < x1 < . . . < xn = b} kai
èqoume ìti

V b
a (λφ1 + µφ2, D) ≤ |λ|V b

a (φ1, D) + |µ|V b
a (φ2, D)

≤ |λ|V b
a φ1 + |µ|V b

a φ2 .

'Ara,
V b
a (λφ1 + µφ2) ≤ |λ|V b

a φ1 + |µ|V b
a φ2 < +∞ .

Parat rhsh 6.3 EÐnai profanèc ìti mÐa sun�rthsh φ orismènh sto [a, b] eÐnai fragmè-
nhc kÔmanshc sto [a, b] an kai mìno an to pragmatikì kai to fantastikì thc mèroc eÐnai
sunart seic fragmènhc kÔmanshc sto [a, b] kai ìti isqÔoun

V b
a (Reφ), V b

a (Imφ) ≤ V b
a φ

kai
V b
a φ ≤ V b

a (Reφ) + V b
a (Imφ) .

Prìtash 6.4 'Estw ìti h sun�rthsh φ eÐnai orismènh sto di�sthma [a, b] kai a < c < b.
Tìte, h φ eÐnai fragmènhc kÔmanshc sto [a, b] an kai mìno an eÐnai fragmènhc kÔmanshc
sto [a, c] kai sto [c, b]. EpÐshc, isqÔei ìti V b

a φ = V c
a φ + V b

c φ. Eidikìtera, an h φ eÐnai
fragmènhc kÔmanshc sto [a, b], tìte eÐnai fragmènhc kÔmanshc se k�je upodi�sthma tou
[a, b].

Apìdeixh: PaÐrnoume tuqaÐec diamerÐseic D1 = {a = x′0 < x1 < . . . < x′m = c} kai
D2 = {c = x′′0 < x′′1 < . . . < x′′n = b}. OrÐzetai ètsi h diamèrish

D = {a = x′0 < . . . < x′m = c = x′′0 < . . . < x′′n = b}

tou [a, b] kai epomènwc, isqÔei
V c
a (φ,D1) + V b

c (φ,D2) = V b
a (φ,D) ≤ V b

a φ .

Metab�llontac tic D1, D2 anex�rthta th mÐa apì thn �llh, blèpoume ìti
V c
a φ+ V b

c φ ≤ V b
a φ . (1)

'Ara, an V b
a φ < +∞, tìte isqÔei V c

a φ < +∞ kai V b
c φ < +∞.

Antistrìfwc, paÐrnoume opoiad pote diamèrish D = {a = x0 < x1 < . . . < xm = b}
tou [a, b]. An isqÔei ìti xn < c < xn+1 gia k�poio n, tìte jewroÔme tic diamerÐseic
D1 = {a = x0 < . . . < xn < c} kai D2 = {c < xn+1 < . . . < xm = b} twn [a, c] kai [c, b],
antistoÐqwc. Epeid 

|φ(xn+1)− φ(xn)| ≤ |φ(c)− φ(xn)|+ |φ(xn+1)− φ(c)| ,
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sunep�getai ìti
V b
a (φ,D) ≤ V c

a (φ,D1) + V b
a (φ,D2)

≤ V c
a φ+ V b

c φ . (2)

An xn = c gia k�poio n, jewroÔme tic diamerÐseic D1 = {a = x0 < . . . < xn−1 < xn = c}
kai D2 = {c = xn < . . . < xm = b}. Autom�twc, èqoume

V b
a (φ,D) = V c

a (φ,D1) + V b
c (φ,D2)

kai paÐrnoume thn anisìthta (2) ìpwc prohgoumènwc. Apì th (2) paÐrnoume ìti
V b
a φ ≤ V c

a φ+ V b
c φ . (3)

Epomènwc, an V b
a φ < +∞ kai V b

c φ < +∞, tìte isqÔei V b
a φ < +∞. Sundu�zontac tic

(1) kai (3) katal goume sthn isìthta
V b
a φ = V c

a φ+ V b
c φ .

Orismìc 6.2 An h φ eÐnai fragmènhc kÔmanshc sto [a, b], orÐzoume th sun�rthsh V x
a φ

gia k�je x ∈ [a, b], ìpou deqìmaste ìti V a
a φ = 0. H sun�rthsh aut  onom�zetai sun�r-

thsh kÔmanshc thc φ.

Parat rhsh 6.4 H sun�rthsh kÔmanshc eÐnai, sÔmfwna me thn prìtash 6.4, aÔxousa
sun�rthsh sto [a, b], diìti, an a ≤ x ≤ y ≤ b, tìte V x

a φ ≤ V x
a φ+ V y

x φ = V y
a φ.

H shmantikìterh idiìthta twn sunart sewn fragmènhc kÔmanshc, pou apodeÐqjhke
apì ton Jordan to 1881, eÐnai ìti k�je pragmatik  sun�rthsh fragmènhc kÔmanshc
gr�fetai wc diafor� dÔo auxous¸n sunart sewn. Sth sunèqeia ja doÔme thn apìdeixh
aut c thc idiìthtac.

Gia k�je pragmatikì arijmì t orÐzoume tic posìthtec t+ = max(t, 0) kai t− =
max(−t, 0) kai parathroÔme ìti t+ − t− = t kai t+ + t− = |t|.
Orismìc 6.3 'Estw φ pragmatik  sun�rthsh orismènh sto [a, b] kai tuqaÐa diamèrish
D = {a = x0 < x1 < . . . < xn = b}. SqhmatÐzoume ta ajroÐsmata

P ba(φ,D) =
n∑
k=1

(φ(xk)− φ(xk−1))
+ kai N b

a(φ,D) =
n∑
k=1

(φ(xk)− φ(xk−1))
− .

Ta el�qista �nw fr�gmata twn ajroism�twn aut¸n onom�zontai jetik  kÔmansh kai
arnhtik  kÔmansh, antÐstoiqa, thc φ sto [a, b] kai sumbolÐzontai P baφ kai N b

aφ.

Prìtash 6.5 'Estw pragmatik  sun�rthsh fragmènhc kÔmanshc φ sto [a, b]. Tìte
èqoume ìti

P baφ−N b
aφ = φ(b)− φ(a) kai P baφ+N b

aφ = V b
a φ .
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Apìdeixh: Profan¸c, gia k�je diamèrish D tou [a, b] isqÔei ìti
P ba(φ,D) +N b

a(φ,D) = V b
a (φ,D)

kai
P ba(φ,D)−N b

a(φ,D) = φ(b)− φ(a) .

Apì tic isìthtec autèc brÐskoume ìti
P ba(φ,D) =

1
2
V b
a (φ,D) +

φ(b)− φ(a)
2

,

N b
a(φ,D) =

1
2
V b
a (φ,D)− φ(b)− φ(a)

2
.

Apì thn pr¸th isìthta èqoume ìti
P ba(φ,D) ≤ 1

2
V b
a φ+

φ(b)− φ(a)
2

kai, epomènwc, ìti
P baφ ≤

1
2
V b
a φ+

φ(b)− φ(a)
2

.

EpÐshc, isqÔei ìti
1
2
V b
a (φ,D) = P ba(φ,D)− φ(b)− φ(a)

2
≤ P baφ−

φ(b)− φ(a)
2

,

opìte
1
2
V b
a φ ≤ P baφ−

φ(b)− φ(a)
2

.

'Etsi apodeiknÔetai h isìthta
P baφ =

1
2
V b
a φ+

φ(b)− φ(a)
2

kai me parìmoio trìpo apodeiknÔetai kai h
N b
aφ =

1
2
V b
a φ−

φ(b)− φ(a)
2

.

Orismìc 6.4 An h φ eÐnai pragmatik  sun�rthsh fragmènhc kÔmanshc sto [a, b], tìte
orÐzontai oi sunart seic P xa φ kai Nx

a φ gia k�je x sto [a, b] (ìpou P aa φ = Na
aφ = 0).

Oi sunart seic autèc onom�zontai sun�rthsh jetik c kÔmanshc kai sun�rthsh
arnhtik c kÔmanshc thc φ, antÐstoiqa.

Prìtash 6.6 An h φ eÐnai pragmatik  sun�rthsh fragmènhc kÔmanshc sto [a, b], tìte
h φ gr�fetai wc diafor� dÔo auxous¸n sunart sewn.
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Apìdeixh: Epeid  gia k�je x sto [a, b] isqÔei
P xa φ =

1
2
V x
a φ+

φ(x)− φ(a)
2

kai Nx
a φ =

1
2
V x
a φ−

φ(x)− φ(a)
2

,

sunep�getai ìti oi sunart seic P xa φ kai Nx
a φ eÐnai aÔxousec sto [a, b]. Tèloc, epeid 

φ(x)− φ(a) = P xa φ−Nx
a φ ,

sumperaÐnoume ìti h φ gr�fetai wc diafor� twn auxous¸n sunart sewn P xa φ+φ(a) kai
Nx
a φ.

6.2 To orismèno olokl rwma Stieltjes.

Sthn arq  aut c thc paragr�fou, ìpou orÐzetai to olokl rwma pou fèrei to ìnom� tou,
o Stieltjes exhgeÐ p¸c mÐa aÔxousa sun�rthsh mac dÐnei plhroforÐec gia ton trìpo me
ton opoÐo katanèmetai mia posìthta m�zac kat� m koc tou �xona 0x.

'Estw ìti èqoume mÐa aÔxousa sun�rthsh φ pou orÐzetai stouc mh arnhtikoÔc prag-
matikoÔc arijmoÔc. E�n to x eÐnai shmeÐo asunèqeiac thc φ, tìte jewroÔme ìti sto
shmeÐo autì up�rqei èna sumpÔknwma m�zac Ðso me φ(x+)−φ(x−), an x > 0 kai Ðso me
φ(0+) − φ(0), an x = 0. H m�za pou up�rqei se k�je shmeÐo sunèqeiac jewreÐtai ame-
lhtèa, dhlad  eÐnai Ðsh me mhdèn. Apì to shmeÐo autì kai pèra up�rqei k�poia as�feia,
thn opoÐa o Stieltjes prospajeÐ na diorj¸sei parak�tw. Anafèretai, gia par�deigma,
ìti h m�za pou up�rqei sto tuqaÐo di�sthma [a, b] eÐnai Ðsh me φ(b) − φ(a). Autì ìmwc
sumbaÐnei mìno ìtan h φ eÐnai suneq c apì ta arister� sto a kai apì ta dexi� sto b.
EpÐshc, anafèretai ìti h posìthta thc m�zac se èna di�sthma den exart�tai apì tic
timèc thc φ sta �kra tou diast matoc, all� apì tic timèc thc polÔ kont� sta �kra.
'Ara, to di�sthma 0x perièqei m�za Ðsh me φ(x+)−φ(0)   Ðsh me φ(x+), an upojèsoume
ìti φ(0) = 0. H posìthta thc m�zac pou eÐnai sugkentrwmènh sto shmeÐo x kai proèrqe-
tai apì thn {arister  pleur�} (dhlad  h posìthta thc m�zac pou perièqetai osod pote
kont� sto x kai eÐnai tautìqrona sto di�sthma 0x) eÐnai Ðsh me φ(x) − φ(x−), en¸ h
posìthta thc m�zac sto Ðdio shmeÐo pou eÐnai sugkentrwmènh apì thn {dexi� pleur�}
eÐnai φ(x+)− φ(x).

Gia na apofÔgoume tic anakrÐbeiec, upologÐzoume thn posìthta m�zac pou perièqetai
s� èna di�sthma wc ex c:

• An èqoume to [a, b], tìte h m�za sto di�sthma autì eÐnai φ(b+)−φ(a−), an a > 0,
kai φ(b+)− φ(a), ìtan a = 0.

• Gia to [a, b) eÐnai φ(b−)− φ(a−), an a > 0, kai φ(b−)− φ(a), ìtan a = 0.
• Gia to (a, b] eÐnai φ(b+)− φ(a+).
• To (a, b) perièqei m�za Ðsh me φ(b−)− φ(a+).

98



'Eqontac dieukrinÐsei ton trìpo me ton opoÐo katanèmetai mÐa posìthta m�zac kat�
suneq  trìpo ston �xona 0x, o Stieltjes genikeÔei kai thn ènnoia thc rop c k-t�xhc, ¸ste
na mporèsei na asqolhjeÐ me to prìblhma twn rop¸n kai s� aut n thn perÐptwsh. S�
autì to shmeÐo orÐzei to olokl rwma tou.
Orismìc 6.5 'Estw pragmatik  kai fragmènh sun�rthsh f sto [a, b], kaj¸c kai mÐa
aÔxousa sun�rthsh φ, pou orÐzetai epÐshc sto [a, b]. JewroÔme mÐa diamèrish D = {a =
x0 < x1 < x2 < . . . < xn−1 < xn = b} tou diast matoc [a, b] kai sth sunèqeia paÐrnoume
n arijmoÔc ξ1, ξ2, . . . , ξn tètoiouc ¸ste xk−1 ≤ ξk ≤ xk. Onom�zoume pl�toc thc
diamèrishc D ton arijmì |D| = max1≤k≤n (xk − xk−1).

To ìrio tou ajroÐsmatoc

f(ξ1) (φ(x1)− φ(x0)) + f(ξ2) (φ(x2)− φ(x1)) + . . .+ f(ξn) (φ(xn)− φ(xn−1)) (6.1)
kaj¸c to pl�toc thc diamèrishc teÐnei sto mhdèn, efìson up�rqei sto R, eÐnai to ori-
smèno olokl rwma Stieltjes thc f sto [a, b] wc proc thn aÔxousa sun�rthsh φ
kai to sumbolÐzoume me ∫ b

a
f(u) dφ(u) .

S� aut n thn perÐptwsh h f ja lègetai oloklhr¸simh kat� Stieltjes wc proc th φ sto
[a, b].

Parat rhsh 6.5 Gia na up�rqei to parap�nw ìrio sto R eÐnai aparaÐthto oi f kai φ
na plhroÔn k�poiec proüpojèseic. An upojèsoume thn f suneq  sto [a, b], tìte, ìpwc
parathreÐ kai o Stieltjes qwrÐc ìmwc na dÐnei apìdeixh, to parap�nw olokl rwma p�ntote
up�rqei. O Ðdioc p�ntwc den asqoleÐtai me tic proüpojèseic Ôparxhc tou oloklhr¸matoc
tou, giatÐ, ìpwc anafèrei, ja ton apasqol soun mìno oi peript¸seic ìpou f(u) = uk  
f(u) = 1

z+u . De jewreÐ ìti èqei k�nei k�ti to diaforetikì apì to olokl rwma Riemann
kai autìc eÐnai kai o lìgoc pou qrhsimopoieÐ parak�tw, qwrÐc na k�nei apodeÐxeic, aplèc
idiìthtèc tou, ìpwc h grammikìthta wc proc thn oloklhrwtèa sun�rthsh.

Parat rhsh 6.6 H tim  tou parap�nw oloklhr¸matoc den all�zei an metab�lloume
tic timèc thc φ sta shmeÐa asunèqei�c thc pou brÐskontai sto eswterikì tou [a, b], me
thn proüpìjesh ìti h f eÐnai suneq c s� ìlo to di�sthma [a, b] kai ìti h φ paramènei
aÔxousa met� apì tic allagèc stic timèc thc. Pr�gmati, an paÐrnoume p�nta ta shmeÐa
thc diamèrishc D pou qrhsimopoioÔme sto �jroisma thc (6.1), ètsi ¸ste na eÐnai shmeÐa
sunèqeiac thc φ (pr�gma to opoÐo gÐnetai giatÐ èqoume deÐxei ìti se k�je di�sthma mia
aÔxousa sun�rthsh èqei to polÔ arijm simou pl jouc shmeÐa asunèqeiac), tìte h tim 
tou parap�nw ajroÐsmatoc den ephre�zetai apì tic allagèc sta shmeÐa asunèqeiac, �ra
oÔte kai to ìrio ephre�zetai. AntÐjeta me ta parap�nw, an all�xoume tic timèc thc φ
sta �kra a, b thc olokl rwshc, tìte all�zei en gènei kai h tim  tou oloklhr¸matoc. O
Stieltjes to aitiologeÐ autì lègontac ìti, all�zontac ta φ(a) kai φ(b), all�zei h tim  tou
ajroÐsmatoc thc (6.1) kai �ra all�zei to ìriì tou.

'Opwc eÐdame, o Stieltjes je¸rhse kat� ton orismì tou oloklhr¸matìc tou ìti h φ
eÐnai aÔxousa. O orismìc autìc genikeÔetai wc ex c.
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Orismìc 6.6 'Estw f , φ fragmènec migadikèc sunart seic pou orÐzontai sto di�sthma
[a, b]. JewroÔme mÐa diamèrish D = {a = x0 < x1 < x2 < . . . < xn−1 < xn = b} tou
diast matoc [a, b] kai touc n tuqaÐouc arijmoÔc ξ1, ξ2, . . . , ξn, pou eÐnai tètoioi ¸ste
xk−1 ≤ ξk ≤ xk.

To ìrio tou ajroÐsmatoc

f(ξ1) (φ(x1)− φ(x0)) + f(ξ2) (φ(x2)− φ(x1)) + . . .+ f(ξn) (φ(xn)− φ(xn−1))

kaj¸c to pl�toc thc diamèrishc teÐnei sto mhdèn, efìson up�rqei sto C, eÐnai to orismèno
olokl rwma Stieltjes thc f sto [a, b] wc proc th sun�rthsh φ kai to sumbolÐzoume me∫ b

a
f(u) dφ(u) .

S� aut n thn perÐptwsh h f ja lègetai oloklhr¸simh kat� Stieltjes wc proc th φ sto
[a, b].

AkoloujoÔn k�poiec basikèc idiìthtec tou oloklhr¸matìc tou, pou o Stieltjes qrh-
simopoieÐ qwrÐc na apodeiknÔei.
Prìtash 6.7 'Estw oi fragmènec sunart seic f , φ1, φ2 pou orÐzontai sto di�sthma
[a, b]. E�n h f eÐnai oloklhr¸simh kat� Stieltjes wc proc tic φ1, φ2 sto [a, b], tìte eÐnai
oloklhr¸simh kat� Stieltjes kai wc proc th sun�rthsh λφ1+µφ2 sto [a, b], gia tuqaÐouc
migadikoÔc λ, µ. M�lista, ja isqÔei ìti∫ b

a
f(u) d(λφ1(u) + µφ2(u)) = λ

∫ b

a
f(u) dφ1(u) + µ

∫ b

a
f(u) dφ2(u) .

Prìtash 6.8 'Estw oi fragmènec sunart seic f1, f2, φ pou orÐzontai sto di�sthma
[a, b]. E�n oi f1, f2 eÐnai oloklhr¸simec kat� Stieltjes wc proc th φ sto [a, b], tìte gia
tuqaÐouc migadikoÔc λ, µ kai h sun�rthsh λf1 + µf2 eÐnai oloklhr¸simh kat� Stieltjes
wc proc th sun�rthsh φ sto [a, b] kai isqÔei ìti∫ b

a
(λf1(u) + µf2(u)) dφ(u) = λ

∫ b

a
f1(u) dφ(u) + µ

∫ b

a
f2(u) dφ(u) .

Oi apodeÐxeic twn dÔo aut¸n prot�sewn eÐnai eÔkolec kai an�gontai sth grammikìthta
twn ajroism�twn (6.1) wc proc thn f kai th φ.
Prìtash 6.9 'Estw oi fragmènec sunart seic f kai φ pou orÐzontai sto [a, b] kai c
eswterikì shmeÐo tou prohgoÔmenou diast matoc. An to

∫ b
a f(u)dφ(u) up�rqei, tìte

up�rqoun kai ta
∫ c
a f(u)dφ(u),

∫ b
c f(u)dφ(u) kai isqÔei ìti∫ b

a
f(u) dφ(u) =

∫ c

a
f(u) dφ(u) +

∫ b

c
f(u) dφ(u) .

Eidikìtera, an h f eÐnai oloklhr¸simh kat� Stieltjes wc proc th φ sto [a, b], tìte
eÐnai oloklhr¸simh kat� Stieltjes wc proc th φ se k�je upodi�sthma tou [a, b].
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Apìdeixh: PaÐrnoume tuqaÐo ε > 0, opìte up�rqei δ > 0 ¸ste ìtan to pl�toc thc
opoiad pote diamèrishc D = {a = x0 < x1 < . . . < xn = b} eÐnai mikrìtero tou δ na
sunep�getai ìti h diafor� tou ajroÐsmatoc (6.1) apì to ∫ ba f(u)dφ(u) eÐnai apolÔtwc
mikrìterh apì ε.

JewroÔme opoiesd pote diamerÐseic tou [a, c], tic D′
1 = {a = x′0 < . . . < x′m′ = c}

kai D′′
1 = {a = x′′0 < . . . < x′′m′′ = c} me pl�toc mikrìtero tou δ kai antÐstoiqa endi�mesa

shmeÐa ξ′1, . . . , ξ′m′ kai ξ′′1 , . . . , ξ′′m′′ .EpÐshc, jewroÔme mia koin  diamèrish D2 = {c = t0 < t1 < . . . < tk = b} tou
[c, b] me pl�toc mikrìtero tou δ kai antÐstoiqa endi�mesa shmeÐa. Apì tic D′

1 kai D2sqhmatÐzetai mÐa diamèrish D′ tou [a, b] me pl�toc mikrìtero tou δ kai apì tic D′′
1 , D2sqhmatÐzetai mia diamèrishD′′ tou [a, b] me pl�toc, epÐshc, mikrìtero tou δ. Sunep�getai

ìti ta ajroÐsmata (6.1) pou antistoiqoÔn stic D′, D′′ èqoun diafor� apolÔtwc mikrìterh
tou 2ε kai, epeid  h D2 eÐnai koin , kai ta ajroÐsmata (6.1) pou antistoiqoÔn stic D′

1,
D′′

1 èqoun diafor� apolÔtwc mikrìterh tou 2ε.
PaÐrnoume, t¸ra, mÐa akoloujÐa diamerÐsewn (D(n)

1 ) tou [a, c], twn opoÐwn ta pl�th
teÐnoun sto mhdèn. B�sei twn ìswn eÐpame mèqri t¸ra, h antÐstoiqh akoloujÐa twn
ajroism�twn (6.1) eÐnai akoloujÐa Cauchy kai, epomènwc, èqei k�poio ìrio I sto C.
PaÐrnontac tuqaÐo ε > 0 kai jewr¸ntac to antÐstoiqo δ twn prohgoÔmenwn paragr�fwn
thc apìdeixhc, brÐskoume arket� meg�lo n ¸ste hD(n)

1 na èqei pl�toc mikrìtero tou δ kai
¸ste to antÐstoiqo �jroisma (6.1) na apèqei apì to I ligìtero tou ε. Katìpin paÐrnoume
tuqoÔsa diamèrish D1 tou [a, c] me pl�toc mikrìtero tou δ, opìte ta ajroÐsmata (6.1)
gia tic D1 kai D(n)

1 apèqoun ligìtero apì 2ε. 'Ara, to �jroisma (6.1) gia thn D1 apèqei
apì to I ligìtero apì 3ε. Autì shmaÐnei ìti h f eÐnai oloklhr¸simh kat� Stieltjes wc
proc th φ sto [a, c] kai me parìmoio trìpo apodeiknÔetai ìti h f eÐnai oloklhr¸simh
kat� Stieltjes wc proc th φ kai sto [c, b].

T¸ra, paÐrnoume mÐa akoloujÐa diamerÐsewn (D(n)
1 ) tou [a, c] kai mÐa akoloujÐa dia-

merÐsewn (D(n)
2 ) tou [c, b] twn opoÐwn ta pl�th teÐnoun sto mhdèn. SqhmatÐzoume thn

akoloujÐa diamerÐsewn (D(n)) tou [a, b] apì tic (D(n)
1 ) kai (D(n)

2 ) kai eÐnai profanèc ìti,
paÐrnontac ta ìria twn ajroism�twn (6.1), katal goume sthn∫ b

a
f(u)dφ(u) =

∫ c

a
f(u)dφ(u) +

∫ b

c
f(u)dφ(u) .

Prìtash 6.10 'Estw f mÐa suneq c sun�rthsh kai φ mÐa sun�rthsh fragmènhc kÔ-
manshc sto [a, b]. Tìte, h f eÐnai oloklhr¸simh kat� Stieltjes wc proc th φ sto [a, b]
kai isqÔei ìti ∣∣∣∣∫ b

a
f(u)dφ(u)

∣∣∣∣ ≤ max
x∈[a,b]

|f(x)|V b
a φ .

H apìdeixh thc prìtashc aut c ja gÐnei sto kef�laio 9.
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Prìtash 6.11 An h φ èqei suneq  pr¸th par�gwgo sto [a, b] kai h f eÐnai suneq c
sto Ðdio di�sthma, tìte h f eÐnai oloklhr¸simh kat� Stieltjes wc proc th φ sto [a, b] kai
isqÔei ìti ∫ b

a
f(u)dφ(u) =

∫ b

a
f(u)φ′(u)du .

Apìdeixh: Lìgw omoiìmorfhc sunèqeiac thc φ′ sto [a, b], gia tuqìn ε > 0 up�rqei
δ > 0 ¸ste na isqÔei gia k�je t1, t2 sto [a, b]:

|t1 − t2| < δ ⇒ |φ′(t1)− φ′(t2)| < ε .

PaÐrnoume tuqaÐa diamèrish D = {a = x0 < x1 < . . . < xn = b} pl�touc mikrìterou
apì δ kai endi�mesa shmeÐa ξ1, ξ2, . . . , ξn. Se k�je di�sthma [xk−1, xk] up�rqei shmeÐo
ηk ¸ste f(ξk) (φ(xk)− φ(xk−1)) = f(ξk)φ′(ηk)(xk − xk−1) kai, epomènwc,∣∣∣∣∣

n∑
k=1

f(ξk)(φ(xk)− φ(xk−1))−
∫ b

a
f(u)φ′(u)du

∣∣∣∣∣
≤

∣∣∣∣∣
n∑
k=1

f(ξk)(φ′(ηk)− φ′(ξk))(xk − xk−1)

∣∣∣∣∣
+

∣∣∣∣∣
n∑
k=1

f(ξk)φ′(ξk)(xk − xk−1)−
∫ b

a
f(u)φ′(u)du

∣∣∣∣∣
≤

n∑
k=1

|f(ξk)||φ′(ηk)− φ′(ξk)|(xk − xk−1)

+

∣∣∣∣∣
n∑
k=1

f(ξk)φ′(ξk)(xk − xk−1)−
∫ b

a
f(u)φ′(u)du

∣∣∣∣∣
< M(b− a)ε+

∣∣∣∣∣
n∑
k=1

f(ξk)φ′(ξk)(xk − xk−1)−
∫ b

a
f(u)φ′(u)du

∣∣∣∣∣ ,
ìpou M = maxx∈[a,b] |f(x)|. Epeid  h fφ′ eÐnai suneq c sto [a, b] kai, epomènwc, o-
loklhr¸simh kat� Riemann sto [a, b], sunep�getai ìti h teleutaÐa apìluth tim  èqei
ìrio mhdèn ìtan to δ teÐnei sto mhdèn. 'Ara, to ∑n

k=1 f(ξk) (φ(xk)− φ(xk−1)) èqei ìrio∫ b
a f(u)φ′(u)du ìtan to pl�toc thc D teÐnei sto mhdèn.

Prìtash 6.12 An h f eÐnai oloklhr¸simh kat� Stieltjes wc proc th φ sto [a, b], tìte
kai h φ eÐnai oloklhr¸simh kat� Stieltjes wc proc thn f sto [a, b] kai isqÔei∫ b

a
f(u)dφ(u) +

∫ b

a
φ(u)df(u) = f(b)φ(b)− f(a)φ(a) .

H parap�nw isìthta eÐnai gnwst  wc tÔpoc thc olokl rwshc kat� mèrh tou
oloklhr¸matoc Stieltjes kai h apìdeix  thc gÐnetai sto kef�laio 9.
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H mình apì tic parap�nw idiìthtec thn opoÐa anafèrei o Stieltjes, qwrÐc bèbaia na
k�nei apìdeixh, eÐnai h teleutaÐa, ìpou qrhsimopoieÐ to sÔmbolo ∫ ba φ(x) df(x) qwrÐc
prohgoumènwc na to orÐsei. Fusik�, autì to k�nei giatÐ de jèlei na entruf sei peris-
sìtero sth melèth tou oloklhr¸matoc, afoÔ ton endiafèroun mìno oi peript¸seic ìpou
f(u) = uk   f(u) = 1

z+u .
Orismìc 6.7 'Estw ìti oi f , φ eÐnai fragmènec sunart seic sto [a, b] gia k�je b pou
eÐnai megalÔtero apì to stajerì shmeÐo a. An h f eÐnai oloklhr¸simh kat� Stieltjes wc
proc th φ sto [a, b] gia k�je b > a, orÐzoume∫ +∞

a
f(u)dφ(u) = lim

b→+∞

∫ b

a
f(u)dφ(u)

an to ìrio up�rqei sto C.

6.3 Melèth twn sunart sewn thc morf c F (z) =
∫ +∞

0
dφ(u)
z+u .

'Estw φ mÐa aÔxousa sun�rthsh orismènh sto [0,+∞) kai tètoia ¸ste φ(0) = 0 kai
φ(+∞) = limx→+∞ φ(x) ∈ R. JewroÔme th sun�rthsh F pou orÐzetai me ton tÔpo

F (z) =
∫ +∞

0

dφ(u)
z + u

, z ∈ C−A ,

ìpou A = (−∞, 0].
Prìtash 6.13 An h φ eÐnai aÔxousa sto [0,+∞) kai isqÔoun φ(0) = 0, φ(+∞) ∈ R,
tìte h sun�rthsh F (z) =

∫ +∞
0

dφ(u)
z+u eÐnai olìmorfh sto C−A.

Apìdeixh: JewroÔme tuqaÐo migadikì z tou C− A kai touc arijmoÔc |z| < R < R′.
Tìte,∣∣∣∣∣
∫ R′

0

dφ(u)
z + u

−
∫ R

0

dφ(u)
z + u

∣∣∣∣∣ =
∣∣∣∣∣
∫ R′

R

dφ(u)
z + u

∣∣∣∣∣ ≤ 1
R− |z|

V R′
R φ ≤ φ(+∞)− φ(0)

R− |z|
−→ 0 ,

ìtan ta R, R′ teÐnoun sto +∞. 'Ara, gia k�je z ∈ C − A up�rqei to olokl rwma∫ +∞
0

dφ(u)
z+u kai h sun�rthsh F eÐnai kal� orismènh.

Mènei na deÐxoume ìti eÐnai olìmorfh. ArkeÐ na deÐxoume ìti up�rqei akoloujÐa
olomìrfwn sunart sewn pou sugklÐnei omoiìmorfa sthn F se k�je sumpagèc uposÔnolo
tou C−A.

Pr�gmati, èstw gia k�je fusikì n h Fn me Fn(z) =
∫ n
0
dφ(u)
z+u gia k�je z ε C−A. H

Fn eÐnai olìmorfh sun�rthsh giatÐ ikanopoieÐ tic exis¸seic Cauchy-Riemann. Pr�gmati:
∂

∂x

∫ n

0

dφ(u)
x+ iy + u

=
∫ n

0

∂

∂x

(
1

x+ iy + u

)
dφ(u) = −

∫ n

0

1
(x+ iy + u)2

dφ(u)
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kai
∂

∂y

∫ n

0

dφ(u)
x+ iy + u

=
∫ n

0

∂

∂y

(
1

x+ iy + u

)
dφ(u) = −

∫ n

0

i

(x+ iy + u)2
dφ(u) ,

ìpou oi enallagèc parag¸gishc kai oloklhr¸matoc apodeiknÔontai polÔ eÔkola mèsw
thc melèthc twn antÐstoiqwn phlÐkwn diafor¸n pou orÐzoun tic parag¸gouc.

Epomènwc, ∂
∂y

∫ n
0

dφ(u)
x+iy+u = i ∂∂x

∫ n
0

dφ(u)
x+iy+u gia k�je x+ iy sto C−A.

'Estw, t¸ra, S tuqaÐo sumpagèc uposÔnolo tou C − A. Ja deÐxoume ìti h (Fn)sugklÐnei omoiìmorfa sthn F sto S. 'Estw λ = maxzεS |z|. Tìte, gia k�je n > λ
èqoume ∣∣∣∣∫ +∞

0

dφ(u)
z + u

−
∫ n

0

dφ(u)
z + u

∣∣∣∣ =
∣∣∣∣∫ +∞

n

dφ(u)
z + u

∣∣∣∣
≤ φ(+∞)− φ(n)

n− |z|

≤ φ(+∞)− φ(n)
n− λ

→ 0

kaj¸c to n teÐnei sto +∞. 'Ara, h (Fn) sugklÐnei sthn F omoiìmorfa sto S kai h
apìdeixh thc prìtashc èqei telei¸sei.

JewroÔme t¸ra mia �llh aÔxousa sun�rthsh φ1 tètoia ¸ste na isqÔei φ1(0) = 0
kai φ1(+∞) = limx→+∞ φ1(x) ∈ R kai thn sun�rthsh F1 me F1(z) =

∫ +∞
0

dφ1(u)
z+u gia

k�je z ε C−A. IsqÔei tìte to ex c:
Je¸rhma 6.1 'Estw oi sunart seic φ kai φ1, pou eÐnai aÔxousec sto [0,+∞) kai tètoiec
¸ste φ(0) = φ1(0) = 0, φ(+∞), φ1(+∞) ∈ R. E�n oi duo sunart seic F kai F1 me

F (z) =
∫ +∞
0

dφ(u)
z+u kai F1(z) =

∫ +∞
0

dφ1(u)
z+u paÐrnoun tic Ðdiec timèc gia k�je z ε C−A,

tìte oi φ kai φ1 èqoun ta Ðdia shmeÐa asunèqeiac kai diafèroun to polÔ mìno s� aut� ta
shmeÐa, dhlad  qarakthrÐzoun thn Ðdia katanom  m�zac.

Gia thn apìdeixh ja qrhsimopoi soume to parak�tw l mma.
L mma 6.1 'Estw φ aÔxousa sun�rthsh sto [0,+∞) kai tètoia ¸ste φ(0) = 0 kai
φ(+∞) ∈ R. Akìmh, jewroÔme th sun�rthsh G me

G(z) =
∫ +∞

0

(
1

a+ u
− 1
z + u

)
φ(u)du

gia k�je z pou an kei sto C − A, ìpou a stajerìc migadikìc arijmìc tou C − A. An x
eÐnai ènac jetikìc arijmìc, tìte

lim
ε→0+

[G(−x+ εi)−G(−x− εi)] = πi (φ(x−) + φ(x+)) . (6.2)
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Apìdeixh: Katarq�c, ja deÐxoume ìti h sun�rthsh G eÐnai kal� orismènh. Gia ton tuqaÐo
migadikì z tou C−A kai gia touc arijmoÔc R, R′ me |z|, |a| < R < R′ isqÔei ìti∣∣∣∣∣

∫ R′

0

( 1
a+ u

− 1
z + u

)
φ(u)du−

∫ R

0

( 1
a+ u

− 1
z + u

)
φ(u)du

∣∣∣∣∣
≤ |z − a|

∫ R′

R

φ(u)du
|a+ u||z + u|

≤ |z − a|φ(+∞)
∫ R′

R

du

(u− |a|)(u− |z|)
→ 0 ,

kaj¸c ta R kai R′ teÐnoun sto +∞.
'Ara, gia k�je z sto C−A orÐzetai to ∫ +∞

0 ( 1
a+u −

1
z+u)φ(u)du.

K�nontac pr�xeic, èqoume ìti
G(−x+ εi)−G(−x− εi) =

∫ +∞

0

2εiφ(u)du
(u− x)2 + ε2

=
∫ x

0

2εiφ(u)du
(u− x)2 + ε2

+
∫ +∞

x

2εiφ(u)du
(u− x)2 + ε2

.

Ja deÐxoume ìti
lim
ε→0+

∫ x

0

2εiφ(u)du
(u− x)2 + ε2

= πiφ(x−) .

IsqÔei ìti, an √ε < x, tìte∫ x

0

εφ(u)du
(u− x)2 + ε2

=
∫ x−

√
ε

0

εφ(u)du
(u− x)2 + ε2

+
∫ x

x−
√
ε

εφ(u)du
(u− x)2 + ε2

.

'Omwc, ∫ x−
√
ε

0

εφ(u)du
(u− x)2 + ε2

< φ(+∞)
∫ x−

√
ε

0

εdu

(u− x)2 + ε2

= φ(+∞)
(

arctan
x

ε
− arctan

1√
ε

)
,

opìte
lim
ε→0+

∫ x−
√
ε

0

εφ(u)du
(u− x)2 + ε2

= 0 .

'Oson afor� to olokl rwma ∫ xx−√ε εφ(u)du
(u−x)2+ε2

, epeid  gia k�je u me x − √
ε ≤ u < x

isqÔei φ(x−
√
ε) ≤ φ(u) ≤ φ(x−), ja eÐnai

φ(x−
√
ε) arctan

(
1√
ε

)
≤
∫ x

x−
√
ε

εφ(u)du
(u− x)2 + ε2

≤ φ(x−) arctan
(

1√
ε

)
.

Epeid  limε→0+ φ(x−
√
ε) = φ(x−), sunep�getai
lim
ε→0+

∫ x

x−
√
ε

εφ(u)du
(u− x)2 + ε2

=
π

2
φ(x−) .
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Me ton Ðdio trìpo apodeiknÔoume ìti
lim
ε→0+

∫ +∞

x

2εiφ(u)du
(u− x)2 + ε2

= lim
ε→0+

∫ x+
√
ε

x

2εiφ(u)du
(u− x)2 + ε2

+ lim
ε→0+

∫ +∞

x+
√
ε

2εiφ(u)du
(u− x)2 + ε2

= πiφ(x+) + 0 = πiφ(x+) .

Apìdeixh tou jewr matoc 6.1: Apì tic prot�seic 6.12 kai 6.11 èqoume ìti∫ b

0

dφ(u)
z + u

+
∫ b

0
φ(u)d

(
1

z + u

)
=

φ(b)
z + b

kai ∫ b

0

dφ(u)
z + u

=
∫ b

0

φ(u)du
(z + u)2

+
φ(b)
z + b

.

PaÐrnontac ta ìria twn dÔo mel¸n gia b→ +∞, brÐskoume ìti
F (z) =

∫ +∞

0

φ(u)du
(z + u)2

.

Akìmh, paragwgÐzontac thn
G(z) =

∫ +∞

0

(
1

a+ u
− 1
z + u

)
φ(u)du ,

brÐskoume ìti
F (z) = G′(z) .

H aitiolìghsh eÐnai polÔ eÔkolh kai gÐnetai me th melèth tou phlÐkou twn diafor¸n pou
orÐzei thn G′(z).

'Omoia, an jewr soume thn
G1(z) =

∫ +∞

0

(
1

a+ u
− 1
z + u

)
φ1(u)du ,

tìte eÐnai
F1(z) = G′1(z) .

'Omwc, oi sunart seic F kai F1 eÐnai Ðsec, �ra oi G kai G1 ja diafèroun mìno kat� mÐa
stajer�. 'Ara, an jewr soume, ìpwc kai prohgoumènwc, ènan tuqaÐo jetikì arijmì x
kai ε > 0 osod pote mikrì, tìte èqoume

G(−x+ εi)−G(−x− εi) = G1(−x+ εi)−G1(−x− εi) ,

 , lìgw tou l mmatoc, an p�roume ε→ 0+, tìte brÐskoume ìti
φ(x−) + φ(x+) = φ1(x−) + φ1(x+) . (∗)
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H teleutaÐa sqèsh isqÔei gia ìlouc touc jetikoÔc arijmoÔc x, en¸ gia to mhdèn isqÔei
ìti φ(0) = φ1(0) = 0. Apì th sqèsh (∗) èqoume ìti oi φ kai φ1 èqoun ta Ðdia shmeÐa su-
nèqeiac, �ra kai koin� shmeÐa asunèqeiac. Pr�gmati, èstw x tuqaÐo shmeÐo sto (0,+∞).
Oi φ, φ1 eÐnai asuneqeÐc to polÔ se arijm simo pl joc shmeÐwn kai sta koin� shmeÐa
sunèqeiac paÐrnoun, lìgw thc parap�nw isìthtac, tic Ðdiec timèc. JewroÔme loipìn dÔ-
o akoloujÐec (x − εn), (x + ε′n) koin¸n shmeÐwn sunèqeiac pou sugklÐnoun sto x apì
arister� kai dexi� antÐstoiqa. IsqÔei ìti

φ(x−) = lim
n→+∞

φ(x− εn) = lim
n→+∞

φ1(x− εn) = φ1(x−)

kai
φ(x+) = lim

n→+∞
φ(x+ ε′n) = lim

n→+∞
φ1(x+ ε′n) = φ1(x+) .

'Ara, to x ja eÐnai tautìqrona shmeÐo sunèqeiac   asunèqeiac gia tic dÔo sunart seic.
Me parìmoio trìpo apodeiknÔetai ìti oi φ kai φ1 eÐnai tautìqrona suneqeÐc   asuneqeÐc
apì dexi� sto 0. Tèloc, apì ta parap�nw prokÔptei ìti ta �lmat� touc sta koin�
shmeÐa asunèqeiac eÐnai Ðsa. Dhlad , oi dÔo aÔxousec sunart seic qarakthrÐzoun thn
Ðdia katanom  m�zac kai diafèroun to polÔ sta shmeÐa asunèqei�c touc.

Parat rhsh 6.7 An oi φ kai φ1 ikanopoioÔn tic upojèseic kai,epomènwc, kai to sumpè-
rasma tou jewr matoc 6.1 kai all�xoume tic timèc touc se k�je shmeÐo x > 0, to opoÐo
eÐnai koinì shmeÐo asunèqei�c touc, ¸ste na isqÔoun oi

φ(x) =
φ(x−) + φ(x+)

2
kai φ1(x) =

φ1(x−) + φ1(x+)
2

,

tìte, epeid  φ(0) = φ1(0) = 0, èpetai ìti oi dÔo sunart seic eÐnai Ðsec pantoÔ.
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Kef�laio 7

H anapar�stash twn F (z) kai F1(z)
wc oloklhrwm�twn Stieltjes.

7.1 Orismìc twn lim sup kai lim inf pragmatik c akoloujÐac
kai idiìthtèc touc.

JewroÔme mÐa akoloujÐa pragmatik¸n arijm¸n (uk) pou eÐnai fragmènh. Tìte, gia k�jefusikì n kai h akoloujÐa
un, un+1, un+2, un+3, . . .

ja eÐnai fragmènh, �ra ta Ln = supk≥n uk kai ln = infk≥n uk ja eÐnai peperasmènoi
arijmoÐ.

M�lista, o arijmìc Ln èqei ex� orismoÔ tic parak�tw idiìthtec:
• KaneÐc apì touc arijmoÔc

un, un+1, un+2, un+3, . . .

den xepern� ton Ln.
• Gia k�je ε > 0 osod pote mikrì mporoÔme na broÔme k�poion apì touc parap�nw
ìrouc pou na eÐnai megalÔteroc tou Ln − ε.

Akìmh, ìso o n aux�nei o Ln mei¸netai, dhlad  h akoloujÐa (Ln) eÐnai fjÐnousa kai
k�tw fragmènh apì opoiod pote k�tw fr�gma thc (uk). 'Ara, èqei ìrio pragmatikì
arijmì, èstw ton L. Ja isqÔei ìti

L = lim
n→+∞

Ln = inf
nεN

sup
k≥n

uk .

O arijmìc L onom�zetai limsup thc akoloujÐac1 (uk) kai me b�sh ta prohgoÔmena èqei
tic ex c idiìthtec.

1O pr¸toc pou ìrise ta lim sup kai lim inf  tan o Paul du Bois-Reymond (1831-1889) se biblÐo tou,
pou ekdìjhke d¸deka qrìnia prin apì aut  th dhmosÐeush, dhlad  to 1882. O Ðdioc touc onìmase ”les
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• Oi ìroi thc akoloujÐac (uk) apì k�poio deÐkth kai pèra eÐnai ìloi mikrìteroi tou
L+ ε, ìpou ε tuqaÐoc jetikìc arijmìc pou mporeÐ na gÐnei osod pote mikrìc.
Apìdeixh: 'Estw ε > 0. Epeid  h akoloujÐa (Ln) eÐnai fjÐnousa, up�rqei n tètoioc
¸ste o Ln na eÐnai mikrìteroc apì L+ ε, opìte kaneÐc apì touc arijmoÔc

un, un+1, un+2, un+3, . . .

den xepern� ton Ln, �ra ìloi touc eÐnai mikrìteroi apì L+ ε.
• Up�rqoun �peiroi ìroi thc akoloujÐac (uk) pou eÐnai megalÔteroi apì L− ε, ìpou
ε tuqaÐoc jetikìc arijmìc pou mporeÐ na gÐnei osod pote mikrìc.
Apìdeixh: 'Estw ε > 0. MetaxÔ twn ìrwn

u1, u2, u3, u4, . . .

up�rqei p�nta k�poioc, èstw o un, pou eÐnai megalÔteroc apì L1 − ε. Tìte ja
eÐnai megalÔteroc kai apì L− ε, afoÔ L1 ≥ L.
Sth sunèqeia jewroÔme touc ìrouc

un+1, un+2, un+3, un+4, . . . .

Up�rqei toul�qiston ènac ìroc megalÔteroc apì Ln+1− ε, �ra kai apì ton L− ε.
E�n ul eÐnai autìc o ìroc, tìte suneqÐzoume, jewr¸ntac touc ìrouc

ul+1, ul+2, ul+3, ul+4, . . . ,

opìte paÐrnoume ènan ìro um pou eÐnai megalÔteroc apì Ll+1 − ε, �ra kai apì
L−ε. Me ton trìpo pou paÐrnoume touc deÐktec isqÔei n < l < m < . . ., epomènwc
kataskeu�zoume mÐa upakoloujÐa thc (uk), thc opoÐac ìloi oi ìroi eÐnai an�mesastouc L− ε kai L+ ε.

Me ton Ðdio akrib¸c trìpo paÐrnoume ìti h akoloujÐa twn ln = infk≥n uk eÐnai aÔ-
xousa kai �nw fragmènh, afoÔ h (uk) eÐnai �nw fragmènh. 'Ara, sugklÐnei se ènan
pragmatikì arijmì

l = lim
n→+∞

ln = sup
nεN

inf
k≥n

uk .

O arijmìc l onom�zetai liminf thc akoloujÐac (uk). 'Opwc o L, ètsi kai o l apodeiknÔetaiìti èqei tic parak�tw idiìthtec.
limites d’ indétermination des nombres uk”. Oi basikìterec idiìthtec pou  tan gnwstèc sqetik� m�
autoÔc touc arijmoÔc  tan ìti ìloi sqedìn oi ìroi thc akoloujÐac brÐskontai se k�je fragmèno kai
anoiktì di�sthma pou perilamb�nei touc l, L kai ìti h akoloujÐa èqei ìrio akrib¸c tìte, ìtan L = l.
P�ntwc, epeid  den  tan kai tìso gnwstèc ènnoiec ekeÐnh thn epoq , o Stieltjes jewreÐ swstì na tic
orÐsei xan� gia na tic qrhsimopoi sei ìtan ja anaferjeÐ sthn aktÐna sÔgklishc thc dunamoseir�c kai
ston orismì thc sun�rthshc Φ, pou ja paÐxei shmantikì rìlo sthn upìloiph ergasÐa.
Sthn apìdeixh thc prìtashc 3.1 kai sto tèloc thc §4.6 qrhsimopoi same  dh tic ènnoiec twn lim sup

kai lim inf sunart sewn kai akolouji¸n gia lìgouc eukolÐac kai komyìthtac, en¸ o Stieltjes den k�nei
k�ti tètoio stic antÐstoiqec apodeÐxeic.
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• Oi ìroi thc akoloujÐac (uk) apì k�poio deÐkth kai pèra eÐnai ìloi megalÔteroi tou
l − ε, ìpou ε tuqaÐoc jetikìc arijmìc pou mporeÐ na gÐnei osod pote mikrìc.

• Gia k�je ε > 0 kai osod pote mikrì up�rqoun �peiroi ìroi thc (uk) mikrìteroi tou
l + ε.

EpÐshc, isqÔoun oi ex c idiìthtec.
• EÐnai p�nta L ≥ l.
Apìdeixh: Profan¸c, gia k�je fusikì n isqÔei ln ≤ Ln kai, epomènwc, eÐnai l ≤ L.

• IsqÔei L = l an kai mìno an h (uk) sugklÐnei kai tìte to ìriì thc eÐnai h koin  tim 
L = l.
Apìdeixh: 'Estw ìti L = l. JewroÔme ε > 0. Tìte, apì tic prohgoÔmenec idiìthtec
èqoume ìti oi ìroi thc (uk) apì k�poio deÐkth kai pèra ja brÐskontai metaxÔ twn
arijm¸n l − ε = L− ε kai L+ ε = l + ε. To ε pou jewr same  tan tuqaÐo, �ra h
akoloujÐa (uk) ja sugklÐnei kai to ìriì thc ja isoÔtai me L = l.
AntÐstrofa, èstw ìti h (uk) sugklÐnei kai to ìriì thc eÐnai o arijmìcm. Tìte, ìloi
oi ìroi thc (uk) apì k�poio deÐkth kai pèra ja brÐskontai se mia perioq  osod potemikr  gÔrw apì to m. Epeid  gia to L gnwrÐzoume ìti up�rqoun �peiroi ìroi thc
(uk) pou brÐskontai se mÐa osod pote mikr  perioq  gÔrw apì ton arijmì autì,
èpetai ìti m = L. 'Omoia, apì tic idiìthtec tou l èqoume ìti se k�je perioq  tou,
ìso mikr  ki an eÐnai, brÐskontai �peiroi ìroi thc akoloujÐac. 'Ara, ja eÐnai m = l
kai to zhtoÔmeno èqei apodeiqjeÐ.

Prìtash 7.1 An h akoloujÐa ( k
√
|ck|) eÐnai fragmènh, tìte h aktÐna sÔgklishc R thc

dunamoseir�c
∑+∞

k=0 ckz
k isoÔtai me

R =
1

lim sup k
√
|ck|

.

En¸, an h ( k
√
|ck|) den eÐnai fragmènh, tìte h dunamoseir� aut  sugklÐnei mìno gia z = 0.

H apìdeixh, pou ègine apì ton J. Hadamard (1865-1963), paraleÐpetai.

7.2 Oi sunart seic ψ kai χ.

JewroÔme thn klimakwt  kai aÔxousa sun�rthsh φn(u), pou orÐsame sto tèloc tou
pèmptou kefalaÐou wc ex c:

φn(u) =



0, 0 ≤ u < x
(n)
1

M
(n)
1 , x

(n)
1 ≤ u < x

(n)
2

M
(n)
1 +M

(n)
2 , x

(n)
2 ≤ u < x

(n)
3

........... ......
M

(n)
1 +M

(n)
2 + . . .+M

(n)
n−1, x

(n)
n−1 ≤ u < x

(n)
n

M
(n)
1 +M

(n)
2 + . . .+M

(n)
n , x

(n)
n ≤ u < +∞.
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H parap�nw sun�rthsh paÐrnei timèc apì φn(0) = 0 èwc φn(+∞) = 1
α1
. JewroÔme t¸ra

èna mh arnhtikì arijmì u kai thn akoloujÐa arijm¸n
φ1(u), φ2(u), φ3(u), . . . .

H parap�nw akoloujÐa eÐnai fragmènh, �ra ta lim inf, lim sup eÐnai peperasmènoi arijmoÐ.
'Estw

ψ(u) := lim
n→+∞

sup
k≥n

φk(u)

kai
χ(u) := lim

n→+∞
inf
k≥n

φk(u) .

Prìtash 7.2 Oi χ kai ψ èqoun tic parak�tw idiìthtec.

1. ψ(u) ≥ χ(u).

2. ψ(0) = χ(0) = 0.

3. E�n gia k�poio u isqÔei ψ(u) = χ(u), tìte up�rqei to limn→+∞ φn(u) kai m�lista
isoÔtai me ψ(u) = χ(u) kai, antÐstrofa, an up�rqei to limn→+∞ φn(u), tìte isqÔei
ψ(u) = χ(u) = limn→+∞ φn(u).

4. Oi χ kai ψ eÐnai aÔxousec, wc ìria auxous¸n sunart sewn.

5. An 0 ≤ a < b, tìte ψ(a) ≤ χ(b).

'Olec oi parap�nw idiìthtec eÐnai profaneÐc, ektìc apì thn teleutaÐa, h opoÐa gia na
apodeiqjeÐ qrei�zetai na gÐnoun pr¸ta k�poiec �llec parathr seic.

7.3 Idiìthtec twn sunart sewn φn.

Gia k�je k isqÔei ìti∫ +∞

0

(
1
α1

− φn(u)
)
ukdu =

∫ x1

0

1
α1
ukdu+

∫ x2

x1

(
1
α1

−M1

)
ukdu+ . . .

+
∫ xn

xn−1

(
1
α1

−M1 −M2 − . . .−Mn−1

)
du

+
∫ +∞

xn

(
1
α1

− 1
α1

)
ukdu

=
1

k + 1
(M1 +M2 +M3 + . . .+Mn)xk+1

1

+
1

k + 1
(M2 +M3 + . . .+Mn)(xk+1

2 − xk+1
1 )

+ . . .+
1

k + 1
Mn(xk+1

n − xk+1
n−1)

=
1

k + 1
(M1x

k+1
1 +M2x

k+1
2 +M3x

k+1
3 + . . .+Mnx

k+1
n ) ,
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ìpou ìtan gr�foume Mi kai xj ennooÔme M (n)
i kai x(n)

j .
Me b�sh touc tÔpouc thc §2.2 èqoume ìti

M1x
k+1
1 +M2x

k+1
2 +M3x

k+1
3 + . . .+Mnx

k+1
n = ck+1 ,

�ra eÐnai ∫ +∞

0

(
1
α1

− φn(u)
)
ukdu =

ck+1

k + 1

gia k = 0, 1, 2, 3, . . . , 2n− 2.
EpÐshc, gia k�je n′ èqoume ìti∫ +∞

0

(
1
α1

− φn+n′(u)
)
ukdu =

ck+1

k + 1
,

ìpou t¸ra to k paÐrnei timèc k = 0, 1, 2, 3, . . . , 2n+ 2n′ − 2.
Epomènwc, gia k�je k = 0, 1, 2, . . . , 2n− 2 ja isqÔei ìti∫ +∞

0
(φn(u)− φn+n′(u))ukdu = 0 . (∗)

H teleutaÐa isìthta sunep�getai ìti h sun�rthsh φn(u) − φn+n′(u) all�zei prìshmo
toul�qiston 2n− 1 forèc.2

Ac upojèsoume ìti to teleutaÐo den isqÔei. Tìte, h φn(u) − φn+n′(u) ja all�zei
prìshmo m forèc, ìpou 0 ≤ m ≤ 2n− 2. 'Estw ìti se kajèna apì ta diast mata

(0, u1), (u1, u2), . . . , (um,+∞)

eÐnai enall�x mh arnhtik  kai mh jetik . JewroÔme to polu¸numo p(u) bajmoÔ m me
p(u) = (u− u1)(u− u2) · · · (u− um). H mh mhdenik  sun�rthsh (φn(u)− φn+n′(u)) p(u)diathreÐ stajerì prìshmo sta shmeÐa ìpou de mhdenÐzetai. Epomènwc, to olokl rwma∫ +∞

0
(φn(u)− φn+n′(u)) p(u)du

èqei   arnhtik    jetik  tim . 'Omwc, apì thn (*) prokÔptei ìti to parap�nw olokl rwma
prèpei na eÐnai mhdèn. 'Atopo. 'Ara, h sun�rthsh φn(u) − φn+n′(u) all�zei prìshmo
toul�qiston 2n− 1 forèc.

Apì thn �llh, oi φn kai φn+n′ eÐnai aÔxousec kai klimakwtèc sunart seic kai h φneÐnai stajer  sta diast mata
(x1, x2), (x2, x3), . . . , (xn−1, xn) .

2H mèjodoc pou qrhsimopoioÔme parak�tw gia na apodeÐxoume aut n thn prìtash apodÐdetai ston
Legendre (1752-1833). Autì to apotèlesma ja prèpei na  tan polÔ gnwstì thn epoq  ekeÐnh, giatÐ o
Stieltjes to qrhsimopoieÐ qwrÐc na to apodeiknÔei, anafèrontac mìno to ìnoma tou Legendre.
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Opìte h sun�rthsh φn(u)− φn+n′(u) all�zei prìshmo to polÔ mÐa for� se kajèna apì
ta parap�nw diast mata. Epiplèon, ja parousi�zei to polÔ mÐa allag  pros mou se
kajèna apì ta shmeÐa asunèqeiac x1, x2, . . . , xn. 'Omwc, isqÔei ìti

φn(0) = φn+n′(0) = 0

kai
φn(+∞) = φn+n′(+∞) =

1
α1

,

opìte h φn(u) − φn+n′(u) den parousi�zei allag  pros mou sta diast mata (0, x1),
(xn,+∞). Epomènwc, h φn(u)−φn+n′(u) èqei to polÔ 2n−1 shmeÐa allag c pros mou.

DeÐxame telik� ìti isqÔei h parak�tw prìtash.
Prìtash 7.3 Gia k�je n′ h sun�rthsh φn(u) − φn+n′(u) all�zei prìshmo akrib¸c
2n− 1 forèc: sta diast mata

(x(n)
1 , x

(n)
2 ), (x(n)

2 , x
(n)
3 ), . . . , (x(n)

n−1, x
(n)
n )

parousi�zei n − 1 allagèc pros mou, mÐa se k�je di�sthma, en¸ oi upìloipec allagèc

pros mou sumbaÐnoun sta shmeÐa asunèqeiac x
(n)
1 , x

(n)
2 , . . . , x

(n)
n thc φn.

Parat rhsh 7.1 Apì thn parap�nw prìtash prokÔptei ìti, an to xk(= x
(n)
k ) eÐnai

shmeÐo sunèqeiac thc φn+n′(u), tìte isqÔei

φn(xk−) < φn+n′(xk) < φn(xk+) ,

en¸ ìtan to xk eÐnai shmeÐo asunèqeiac (�ra koin  rÐza twn Q2n(−z), Q2n+2n′(−z)) kai
gia tic dÔo sunart seic, tìte isqÔei

φn(xk−) < φn+n′(xk−) < φn+n′(xk+) < φn(xk+) .

'Ara, se k�je perÐptwsh isqÔei ìti

φn(xk−) < φn+n′(xk−) ≤ φn+n′(xk+) < φn(xk+) .

Parat rhsh 7.2 Epeid  h sun�rthsh φn(u)−φn+n′(u) all�zei prìshmo se kajèna apì
ta diast mata (x(n)

k , x
(n)
k+1), sta opoÐa h klimakwt  sun�rthsh φn(u) eÐnai stajer , h

φn+n′(u) ja all�zei anagkastik� tim  sto eswterikì touc. Autì shmaÐnei ìti metaxÔ dÔo
riz¸n tou poluwnÔmou Q2n(−z) up�rqei p�nta mÐa rÐza tou Q2n+2n′(−z). ApodeÐxame,
dhlad , me deÔtero trìpo èna apì ta sumper�smata thc §1.5.
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7.4 An 0 ≤ a < b, tìte ψ(a) ≤ χ(b).

'Estw ìti isqÔei ψ(a) > χ(b). Tìte up�rqei ε > 0 tètoio ¸ste ψ(a) − ε > χ(b) + ε.
'Omwc, apì ton orismì thc ψ èqoume ìti ψ(a) = limn→+∞ supk≥n φk(a), �ra apì tic
idiìthtec tou limsup pou apodeÐqjhkan sthn §7.1 prokÔptei ìti up�rqei upakoloujÐa
(φnk

(a)) thc (φn(a)), thc opoÐac ìloi oi ìroi eÐnai megalÔteroi apì ψ(a) − ε. 'Omoia,
epeid  χ(b) = limn→+∞ infk≥n φk(b), ja up�rqei upakoloujÐa (φn′m(b)

) thc (φn(b)), thcopoÐac ìloi oi ìroi eÐnai mikrìteroi tou χ(b) + ε.
Ja deÐxoume t¸ra ìti kanèna apì ta polu¸numa Q2nk

(−z) kai Q2n′m(−z) den èqoun
rÐza sto (a, b). Pr�gmati, ac upojèsoume antÐjeta ìti to Q2nk

(−z) èqei mÐa rÐza c sto
(a, b). Tìte h sun�rthsh φnk

(u) eÐnai asuneq c sto c, opìte
φnk

(c−) ≥ φnk
(a) > ψ(a)− ε > χ(b) + ε . (∗)

JewroÔme, t¸ra, èna deÐkth n′m megalÔtero tou nk. Lìgw thc parat rhshc 7.1 ja eÐnai
φnk

(c−) < φn′m(c−) ≤ φn′m(c+) < φnk
(c+) . (∗∗)

'Omwc, h φn′m eÐnai aÔxousa, �ra
φn′m(c+) ≤ φn′m(b) < χ(b) + ε .

Apì thn teleutaÐa seir� anisot twn kai tic (∗), (∗∗) katal goume se �topo.
Me ton Ðdio trìpo deÐqnoume ìti kai ta polu¸numa Q2n′m(−z) den èqoun rÐza sto

(a, b).
Epeid  h upakoloujÐa poluwnÔmwn (Q2nk

(−z)) den èqei kamÐa rÐza sto (a, b), b�sei
twn parathr sewn prin apì thn prìtash 5.1, h akoloujÐa ( P2nk

(−z)
Q2nk

(−z)

) ja sugklÐnei sthn
olìmorfh sun�rthsh F (−z) omoiìmorfa se k�je sumpagèc uposÔnolo tou daktulÐou
a < |z| < b. An F (−z) =

∑+∞
−∞ ci(−z)i eÐnai h seir� Laurent thc F (−z) sto daktÔlio

a < |z| < b, apì thn (5.2) èqoume ìti gia to suntelest  c−1 ja isqÔei
c−1 = lim

k→+∞
φnk

(c) , (1)

ìpou c tuqaÐoc arijmìc tou (a, b).
H sun�rthsh F (−z) eÐnai tautìqrona kai to ìrio thc upakoloujÐac

(
P2n′m

(−z)
Q2n′m

(−z)

)
,

�ra me to Ðdio skeptikì katal goume sto ìti ja prèpei
c−1 = lim

m→+∞
φn′m(c) . (2)

'Omwc, oi isìthtec (1) kai (2) eÐnai adÔnaton na isqÔoun tautìqrona, giatÐ ìloi oi arijmoÐ
φnk

(c) eÐnai megalÔteroi apì ψ(a)−ε, ìloi oi arijmoÐ φn′m(c) eÐnai mikrìteroi apì χ(b)+ε
kai epiplèon isqÔei χ(b) + ε < ψ(a) − ε. Katal xame se �topo giatÐ upojèsame ìti
ψ(a) > χ(b). 'Ara ja eÐnai ψ(a) ≤ χ(b).
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7.5 H sun�rthsh Φ(u) = χ(u)+ψ(u)
2 kai idiìthtèc thc.

JewroÔme th sun�rthsh Φ pou se k�je shmeÐo u tou [0,+∞) orÐzetai apì thn isìthta
Φ(u) =

χ(u) + ψ(u)
2

.

Prìtash 7.4 H sun�rthsh Φ èqei tic parak�tw aplèc idiìthtec:

• EÐnai aÔxousa.

• IsqÔei ìti Φ(0) = 0 kai Φ(+∞) = 1
α1
, epomènwc h Φ paÐrnei mh arnhtikèc kai

peperasmènec timèc.

• Gia k�je shmeÐo u tou (0,+∞) isqÔei ìti Φ(u+) ≥ ψ(u) kai Φ(u−) ≤ χ(u).

'Ara, ìtan eÐnai ψ(u) > χ(u), h Φ eÐnai asuneq c. Dhlad , ìtan h akoloujÐa
(φn(u)) den èqei ìrio, tìte h Φ eÐnai asuneq c me �lma Φ(u+) − Φ(u−) pou eÐnai
megalÔtero   Ðso apì ψ(u)− χ(u). To antÐstrofo den isqÔei aparaÐthta.

'Omwc, h Φ eÐnai aÔxousa, �ra èqei to polÔ arijmhsÐmou pl jouc shmeÐa asunèqeiac
kai, telik�, to ìrio limn→+∞ φn(u) den orÐzetai gia shmeÐa, to pl joc twn opoÐwn
eÐnai to polÔ arijm simo.

• E�n xk eÐnai shmeÐo asunèqeiac k�poiac φn, tìte

φn(xk−) ≤ Φ(xk) ≤ φn(xk+) .

Apìdeixh: Oi dÔo pr¸tec idiìthtec eÐnai profaneÐc.
'Estw u tuqaÐo shmeÐo tou (0,+∞). Tìte, an ε eÐnai ènac jetikìc kai osod pote

mikrìc arijmìc, ja isqÔei ìti
Φ(u+ ε) ≥ χ(u+ ε) ≥ ψ(u) .

Epomènwc,
Φ(u+) ≥ ψ(u)

kai me antÐstoiqo trìpo prokÔptei h anisìthta Φ(u−) ≤ χ(u). 'Ara, h trÐth idiìthta thc
Φ èqei apodeiqjeÐ.

Gia thn teleutaÐa idiìthta, upojètoume ìti to xk eÐnai shmeÐo asunèqeiac thc φn.Tìte, apì thn parat rhsh 7.1 sunep�getai ìti gia k�je n′ > n isqÔei
φn(xk−) < φn′(xk) < φn(xk+)

kai, �ra, ja eÐnai
φn(xk−) ≤ χ(xk) ≤ ψ(xk) ≤ φn(xk+) .

Epomènwc,
φn(xk−) ≤ Φ(xk) ≤ φn(xk+) .
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7.6 Diast mata pr¸tou kai deutèrou eÐdouc kai idiìthtèc
touc.

Orismìc 7.1 JewroÔme èna di�sthma (a, b) me 0 ≤ a < b. E�n up�rqoun peperasmènou
pl jouc polu¸numa apì ta Q2n(−z), n = 1, 2, 3, . . . , pou den èqoun rÐza sto di�sthma
autì, tìte ja lème ìti to (a, b) eÐnai pr¸tou eÐdouc. Sthn antÐjeth perÐptwsh, to (a, b)
ja lègetai di�sthma deutèrou eÐdouc.

Par�deigma 7.1 K�je di�sthma thc morf c (0, b) gia to opoÐo up�rqei èstw kai èna
polu¸numo Q2n(−z) pou na èqei rÐza s� autì eÐnai pr¸tou eÐdouc: efìson up�rqei èna po-
lu¸numo Q2n(−z) pou na mhdenÐzetai s� autì, lìgw tou jewr matoc 1.1, k�je polu¸numo
Q2k(−z) me k ≥ n ja mhdenÐzetai sto (0, b), �ra mìno peperasmènou pl jouc polu¸numa
de ja mhdenÐzontai sto di�sthma autì.

IsqÔei h parak�tw prìtash.
Prìtash 7.5 E�n gia k�poio fusikì n to polu¸numo Q2n(−z) èqei dÔo rÐzec sto (a, b),
tìte to di�sthma autì eÐnai pr¸tou eÐdouc.

Apìdeixh: 'Estw ìti to polu¸numo Q2n(z) èqei dÔo rÐzec sto (−b,−a), tic k1, k2me k2 < k1 < 0. JewroÔme ènan tuqaÐo fusikì n′ kai to polu¸numo Q2n+2n′(z). E�n
upojèsoume ìti to teleutaÐo polu¸numo den èqei kamÐa rÐza sto (−b,−a), tìte oi k1,
k2 ja brÐskontai sto di�sthma (ρ2, ρ1) dÔo diadoqik¸n riz¸n tou. K�ti tètoio ìmwc
den mporeÐ na sumbaÐnei, giatÐ apì to je¸rhma 1.3 èqoume ìti metaxÔ dÔo diadoqik¸n
riz¸n tou Q2n+2n′(z) brÐsketai to polÔ mÐa rÐza tou Q2n(z). 'Ara, gia k�je fusikì n′
to polu¸numo Q2n+2n′(−z) èqei toul�qiston mÐa rÐza sto (a, b) kai to di�sthma autì
eÐnai pr¸tou eÐdouc.

AkoloujeÐ mÐa epÐshc qr simh prìtash.
Prìtash 7.6 E�n to di�sthma (a, b) eÐnai deutèrou eÐdouc kai ta a, b eÐnai shmeÐa
sunèqeiac thc Φ, tìte eÐnai Φ(a) = Φ(b) kai gia k�je ε > 0 up�rqei ν ètsi ¸ste gia
k�je n > ν kai gia k�je a ≤ u ≤ b na isqÔei ìti

|φn(u)− Φ(u)| < ε . (∗∗)

Dhlad , h (φn) sugklÐnei omoiìmorfa sth Φ sto di�sthma [a, b].

Apìdeixh: Upojèsame ìti ta a kai b eÐnai shmeÐa sunèqeiac thc Φ, epomènwc, eÐnai
Φ(a) = limn→+∞ φn(a) kai Φ(b) = limn→+∞ φn(b).Ja deÐxoume ìti isqÔei Φ(a) = Φ(b). Pr�gmati, an upojèsoume to antÐjeto, tìte ja
èqoume ìti Φ(a) < Φ(b). 'Ara, up�rqei ε > 0 tètoio ¸ste

Φ(a) + ε < Φ(b)− ε . (1)
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Gia to ε autì up�rqei fusikìc ν ¸ste gia k�je n > ν na isqÔei
|φn(a)− Φ(a)| < ε (2)

kai
|φn(b)− Φ(b)| < ε . (3)

Apì tic (1), (2) kai (3) prokÔptei ìti gia k�je n > ν isqÔei ìti φn(a) < φn(b), dhlad kanèna φn gia n > ν den eÐnai stajerì sto di�sthma [a, b] kai epomènwc ta polu¸numa
Q2n(−z), gia n > ν, èqoun toul�qiston mÐa rÐza sto (a, b). Autì shmaÐnei ìti to
di�sthma autì eÐnai pr¸tou eÐdouc, pr�gma pou eÐnai antÐjeto me thn upìjesh. 'Ara eÐnai
Φ(a) = Φ(b) kai h Φ eÐnai stajer  sto [a, b].

Epeid  Φ(a) = Φ(b) = Φ(u) gia k�je u sto [a, b], oi sqèseic (2) kai (3) gr�fontai
Φ(u)− ε < φn(a) < Φ(u) + ε

kai
Φ(u)− ε < φn(b) < Φ(u) + ε

gia k�je n > ν.
All�, k�je φn eÐnai aÔxousa, �ra gia k�je u tou [a, b] kai gia k�je n > ν ja èqoume

ìti
Φ(u)− ε < φn(u) < Φ(u) + ε

  isodÔnama
|φn(u)− Φ(u)| < ε .

Parat rhsh 7.3 Me tic upojèseic thc prohgoÔmenhc prìtashc, sunep�getai ìti isqÔei
Φ(u) = limn→+∞ φn(u), �ra se k�je shmeÐo u tou [a, b] up�rqei to ìrio twn φn(u) kai,
epomènwc, oi χ kai ψ tautÐzontai sto [a, b].

Pìrisma 7.1 E�n to di�sthma (0, b) eÐnai deutèrou eÐdouc, tìte isqÔei ìti

Φ(u) = φn(u) = 0

gia k�je fusikì n kai gia k�je u sto [0, b].

Apìdeixh: Apì to par�deigma sthn arq  aut c thc paragr�fou prokÔptei ìti efì-
son to di�sthma (0, b) eÐnai deutèrou eÐdouc, kanèna polu¸numo Q2n(−z) den mporeÐ na
mhdenÐzetai sto [0, b]. Epomènwc, eÐnai φn(u) = 0 gia k�je fusikì n kai k�je u ε [0, b]
kai oi χ, ψ, Φ mhdenÐzontai sto [0, b].

118



7.7 EktÐmhsh tou oloklhr¸matoc
∫ L

0 |φn(u)− Φ(u)|du, ìpou
L shmeÐo sunèqeiac thc Φ.

JewroÔme mÐa diamèrish
0 = u0 < u1 < u2 < . . . < uk−1 < uk = L

tou [0, L] tètoia ¸ste kanèna ui na mhn eÐnai shmeÐo asunèqeiac thc Φ.3
'Estw ìti ε eÐnai to megalÔtero m koc twn diasthm�twn (ui−1, ui) thc diamèrishc.Se k�je di�sthma (ui−1, ui) antistoiqoÔme ènan akèraio arijmì νi me ton akìloujo

trìpo:
• E�n to en lìgw di�sthma eÐnai pr¸tou eÐdouc, tìte o νi eÐnai o megalÔteroc fusikìc
n gia ton opoÐo to polu¸numo Q2n(−z) den èqei rÐza sto (ui−1, ui).

• E�n to (ui−1, ui) eÐnai deutèrou eÐdouc, tìte o νi eÐnai o mikrìteroc fusikìc, o
opoÐoc èqei thn idiìthta gia k�je megalÔterì tou fusikì n na isqÔei

|φn(u)− Φ(u)| < ε′ ,

ìpou ε′ eÐnai aujaÐretoc jetikìc arijmìc kai u ε [ui−1, ui]. (Lìgw thc prìtashc
7.6, ènac tètoioc fusikìc νi p�nta up�rqei.)

SumbolÐzoume me N to megalÔtero apì touc k arijmoÔc ν1, ν2, . . . , νk kai paÐrnoumetuqaÐo fusikì n megalÔtero apì N .
Epeid  isqÔei

∫ L

0
|φn(u)− Φ(u)|du =

k∑
i=1

∫ ui

ui−1

|φn(u)− Φ(u)|du ,

arkeÐ na ektim soume to k�je olokl rwma ∫ ui

ui−1
|φn(u)− Φ(u)|du.

• E�n to di�sthma (ui−1, ui) eÐnai pr¸tou eÐdouc, tìte, epeid  n > N , h sun�rthsh
φn èqei èna toul�qiston shmeÐo asunèqeiac c sto di�sthma autì, �ra

φn(c−) ≤ Φ(c) ≤ φn(c+) .

Epomènwc,
Φ(ui−1) < φn(ui)

kai
φn(ui−1) < Φ(ui) .

3Apì th stigm  pou ta shmeÐa asunèqeiac thc Φ eÐnai arijmhsÐmou pl jouc, ta upìloipa shmeÐa
tou [0, L] ap� ìpou mporoÔme na dialèxoume ta shmeÐa thc diamèrishc plhn tou 0 eÐnai uperarijmhsÐmou
pl jouc.
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'Ara, gia k�je u ε [ui−1, ui] isqÔei
φn(u)− Φ(u) ≤ φn(ui)− Φ(ui−1) < φn(ui)− φn(ui−1) + Φ(ui)− Φ(ui−1)

kai
φn(u)− Φ(u) ≥ φn(ui−1)− Φ(ui) > φn(ui−1)− φn(ui) + Φ(ui−1)− Φ(ui) .

Apì tic dÔo teleutaÐec anisìthtec èqoume ìti
|φn(u)− Φ(u)| < φn(ui)− φn(ui−1) + Φ(ui)− Φ(ui−1) .

'Ara eÐnai∫ ui

ui−1

|φn(u)− Φ(u)|du ≤ ε
(
φn(ui)− φn(ui−1) + Φ(ui)− Φ(ui−1)

)
.

Telik�, to �jroisma twn oloklhrwm�twn thc morf c ∫ ui

ui−1
|φn(u)− Φ(u)|du, ìpou

to (ui−1, ui) eÐnai di�sthma pr¸tou eÐdouc, ja eÐnai mikrìtero   Ðso apì
ε(σ1 + σ2) ,

ìpou σ1, σ2 eÐnai ta ajroÐsmata∑i (φn(ui)− φn(ui−1)) kai∑i (Φ(ui)− Φn(ui−1))antÐstoiqa.4 Opìte,
ε(σ1 + σ2) ≤ ε

(
φn(+∞)− φn(0) + Φ(+∞)− Φ(0)

)
= ε

(
1
α1

+
1
α1

)
=

2ε
α1

.

• An to di�sthma (ui−1, ui) eÐnai deutèrou eÐdouc, tìte epeid  n > N ≥ νi ja èqoume
ìti

|φn(u)− Φ(u)| < ε′

epomènwc, ∫ ui

ui−1

|φn(u)− Φ(u)|du ≤ ε′(ui − ui−1)

kai, telik�, to �jroisma twn oloklhrwm�twn thc morf c ∫ ui

ui−1
|φn(u)− Φ(u)|du,

ìpou to (ui−1, ui) eÐnai di�sthma deutèrou eÐdouc, ja eÐnai mikrìtero   Ðso apì ε′L.
DeÐxame thn parak�tw prìtash.

Prìtash 7.7 E�n L eÐnai shmeÐo sunèqeiac thc Φ kai ε, ε′ eÐnai aujaÐretoi jetikoÐ
arijmoÐ, tìte up�rqei fusikìc arijmìc N tètoioc ¸ste gia k�je n > N na isqÔei ìti∫ L

0
|φn(u)− Φ(u)|du ≤ 2ε

α1
+ Lε′ .

Dhlad , isqÔei

lim
n→+∞

∫ L

0
|φn(u)− Φ(u)|du = 0 .

4Ta ajroÐsmata aut� den eÐnai thleskopik�, ektìc an ìla ta diast mata (ui−1, ui) eÐnai pr¸tou
eÐdouc.
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7.8 Oi sunart seic F kai F1 me th morf  oloklhrwm�twn
Stieltjes.

L mma 7.1 'Estw A o hmi�xonac twn mh jetik¸n pragmatik¸n arijm¸n. Tìte, gia k�je
z ε C−A isqÔei ìti

P2n(z)
Q2n(z)

=
∫ +∞

0

dφn(u)
z + u

=
∫ +∞

0

φn(u)du
(z + u)2

.

Apìdeixh: Katarq�c, to ∫ +∞
0

dφn(u)
z+u eÐnai èna kal� orismèno olokl rwma Stieltjes,

diìti h φn eÐnai aÔxousa kai fragmènh sun�rthsh kai h 1
z+u eÐnai suneq c sun�rthsh tou

u sto [0,+∞).
IsqÔei ìti5

P2n(z)
Q2n(z)

=
n∑
i=1

Mi

z + xi

kai∫ +∞

0

φn(u) du
(z + u)2

=
∫ x1

0

φn(u) du
(z + u)2

+
∫ x2

x1

φn(u) du
(z + u)2

+ . . .+
∫ +∞

xn

φn(u) du
(z + u)2

=
∫ x2

x1

M1 du

(z + u)2
+ . . .+

∫ +∞

xn

(M1 +M2 + . . .+Mn) du
(z + u)2

= −M1

[
1

z + u

]x2

x1

− (M1 +M2)
[

1
z + u

]x3

x2

− . . .

−(M1 + . . .+Mn)
[

1
z + u

]+∞

xn

=
M1

z + x1
+

M2

z + x2
+ . . .+

Mn

z + xn
.

'Ara, h zhtoÔmenh isìthta èqei apodeiqjeÐ.
Me th bo jeia tou l mmatoc ja deÐxoume to epìmeno je¸rhma.
Je¸rhma 7.1 Gia k�je z ε C−A isqÔei ìti

F (z) =
∫ +∞

0

dΦ(u)
z + u

.

Apìdeixh: Apì to parap�nw l mma èqoume ìti
P2n(z)
Q2n(z)

=
∫ +∞

0

φn(u)du
(z + u)2

,

5Pio swst�, eÐnai M
(n)
i antÐ gia Mi kai x

(n)
i antÐ gia xi.
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�ra
P2n(z)
Q2n(z)

−
∫ +∞

0

Φ(u) du
(z + u)2

=
∫ +∞

0

φn(u)− Φ(u)
(z + u)2

du .

Epomènwc, ∣∣∣∣P2n(z)
Q2n(z)

−
∫ +∞

0

Φ(u) du
(z + u)2

∣∣∣∣ ≤ ∫ +∞

0

|φn(u)− Φ(u)|
|z + u|2

du .

To teleutaÐo �nw fr�gma thc par�stashc gr�fetai∫ L

0

|φn(u)− Φ(u)|
|z + u|2

du+
∫ +∞

L

|φn(u)− Φ(u)|
|z + u|2

du ,

ìpou L eÐnai tuqaÐo shmeÐo sunèqeiac thc Φ.
JewroÔme sth sunèqeia duo tuqaÐouc arijmoÔc ε kai ε′. Tìte, apì thn prohgoÔmenh

par�grafo, sunep�getai ìti up�rqei fusikìc N ètsi ¸ste gia k�je n me n > N na isqÔei∫ L

0
|φn(u)− Φ(u)|du ≤ 2ε

α1
+ Lε′ .

Opìte, ∫ L

0

|φn(u)− Φ(u)|
|z + u|2

du ≤ 1
< z >2

(
2ε
α1

+ Lε′
)
, (∗)

ìpou < z > eÐnai to el�qisto thc |z+ u| kaj¸c to u metab�lletai apì to 0 èwc to +∞.
Gia k�je u sto di�sthma [L,+∞) isqÔei ìti

|φn(u)− Φ(u)| < 1
α1

kai gia k�je z = a+ bi tou C−A èqoume
|z + u|2 = (u+ a)2 + b2 ≥ (u+ a)2 .

Epomènwc,∫ +∞

L

|φn(u)− Φ(u)|
|z + u|2

du <
1
α1

∫ +∞

L

du

(u+ a)2
=

1
α1(L+ a)

, (∗∗)

ìpou upojètoume ìti to L eÐnai arket� meg�lo ¸ste to �jroisma L+ a na eÐnai jetikìc
arijmìc.

Telik�, apì tic (*) kai (**) prokÔptei ìti∣∣∣∣P2n(z)
Q2n(z)

−
∫ +∞

0

Φ(u) du
(z + u)2

∣∣∣∣ < 1
< z >2

(
2ε
α1

+ Lε′
)

+
1

α1(L+ a)
,

ìpou o arijmìc L mporeÐ na p�rei ososd pote meg�lec timèc kai oi ε, ε′ mporoÔn na
p�roun osod pote mikrèc timèc. 'Ara, h par�stash sto apìluto gÐnetai osod pote mikr 
gia arket� meg�la n.

122



Apì ta parap�nw èqoume ìti h akoloujÐa ( P2n(z)
Q2n(z)

) sugklÐnei sto ∫ +∞
0

Φ(u) du
(z+u)2

. Gnw-
rÐzoume ìmwc ìti h akoloujÐa ( P2n(z)

Q2n(z)

) sugklÐnei omoiìmorfa sthn F (z) se k�je su-
mpagèc uposÔnolo tou C−A. 'Ara, h sun�rthsh F mporeÐ na p�rei th morf 

F (z) =
∫ +∞

0

Φ(u) du
(z + u)2

=
∫ +∞

0

dΦ(u)
z + u

, z ∈ C−A . (7.1)
Sthn perÐptwsh pou h seir� ∑+∞

n=1 αn sugklÐnei, isqÔei akìmh mÐa isìthta:

F (z) = lim
n→+∞

P2n(z)
Q2n(z)

=
∫ +∞

0

dΦ(u)
z + u

=
+∞∑
i=1

µi
z + λi

, z ∈ C−A ,

ìpwc eÐdame sta jewr mata 4.3, 5.3 kai 5.4. 'Ara, h Φ eÐnai ekeÐnh h aÔxousa sun�rthsh
pou prosdiorÐzei ton trìpo me ton opoÐo katanèmetai ston �xona 0x to sÔsthma twn
maz¸n

(µi, λi), i = 1, 2, 3, . . . .

Me th bo jeia twn parap�nw mporoÔme na bg�loume to ex c sumpèrasma gia th morf 
thc Φ.
Prìtash 7.8 'Otan h seir�

∑+∞
n=1 αn sugklÐnei, h sun�rthsh Φ eÐnai aÔxousa kai kli-

makwt . PaÐrnei arijmhsÐmou pl jouc timèc kai isqÔei: Φ(0) = 0 kai Φ(+∞) = 1
α1
.

Ta shmeÐa asunèqei�c thc eÐnai oi rÐzec λk, k = 1, 2, . . . thc q(−z). M�lista, se k�je
shmeÐo asunèqeiac λk to �lma thc sun�rthshc eÐnai Ðso me µk.

Apìdeixh: JewroÔme thn aÔxousa sun�rthsh Φ∗, thc opoÐac h tim  sto tuqaÐo u ∈
[0,+∞) isoÔtai me

Φ∗(u) =
∑
λi≤u

µi .

ShmeÐa asunèqeiac thc Φ∗ eÐnai ta λk, ìpou k = 1, 2, . . . , en¸ to �lma thc se k�je λkeÐnai µk. EpÐshc, gi� aut n isqÔei ìti∫ +∞

0

dΦ∗(u)
z + u

=
+∞∑
i=1

µi
z + λi

=
∫ +∞

0

dΦ(u)
z + u

, z ∈ C−A.

Apì to je¸rhma 6.1 èpetai ìti oi sunart seic Φ kai Φ∗ èqoun akrib¸c ta Ðdia shmeÐa
asunèqeiac kai ta �lmat� touc sta shmeÐa aut� eÐnai Ðsa. 'Ara, to zhtoÔmeno èqei
apodeiqjeÐ.

An�loga sumper�smata isqÔoun kai gia thn upakoloujÐa twn peritt¸n ìrwn thc(
Pn(z)
Qn(z)

). H sun�rthsh F1(z) sthn opoÐa sugklÐnei h akoloujÐa ( P2n+1(z)
Q2n+1(z)

) gr�fetai
sth morf 

F1(z) =
∫ +∞

0

Φ1(u) du
(z + u)2

=
∫ +∞

0

dΦ1(u)
z + u

, z ε C−A , (7.2)
123



ìpou Φ1 eÐnai mÐa aÔxousa sun�rthsh pou qarakthrÐzei mÐa katanom  m�zac ston 0x.
Sthn perÐptwsh pou h seir� ∑∞

n=1 αn sugklÐnei, isqÔei epiplèon h isìthta

F1(z) = lim
n→+∞

P2n+1(z)
Q2n+1(z)

=
∫ +∞

0

dΦ1(u)
z + u

=
+∞∑
i=0

νi
z + θi

, z ∈ C−A ,

en¸ h Φ1 eÐnai ekeÐnh h aÔxousa sun�rthsh pou prosdiorÐzei ton trìpo me ton opoÐo
katanèmetai ston �xona 0x to sÔsthma twn maz¸n

(νi, θi) i = 0, 1, 2, . . . .

ApodeiknÔetai akrib¸c me ton Ðdio trìpo, ìpwc sthn parap�nw prìtash, ìti sthn perÐ-
ptwsh aut , h Φ1 eÐnai mÐa klimakwt  sun�rthsh, h opoÐa paÐrnei arijmhsÐmou pl jouc
timèc kai ìti isqÔoun oi isìthtec Φ1(0) = 0 kai Φ1(+∞) = 1

α1
. Ta shmeÐa asunèqeiac

thc Φ1 eÐnai oi rÐzec θk, k = 0, 1, 2, . . . , thc q1(−z) kai to �lma thc se k�je shmeÐo θkisoÔtai me νk. Se k�je shmeÐo u ∈ [0,+∞) sto opoÐo h Φ1 eÐnai suneq c, h tim  thc
ja eÐnai Ðsh me Φ1(u) =

∑
θi≤u νi.Epeid  mac endiafèrei h perÐptwsh sthn opoÐa h seir� ∑+∞

n=1 αn apoklÐnei sto +∞,
ìpou oi sunart seic F kai F1 tautÐzontai kai, �ra, oi Φ kai Φ1 qarakthrÐzoun thn Ðdia
katanom  m�zac, sto upìloipo tou kefalaÐou de ja asqolhjoÔme me thn akoloujÐa twn
peritt¸n proseggÐsewn ( P2n+1(z)

Q2n+1(z)

) kai th sun�rthsh Φ1.

Parat rhsh 7.4 Apì ta parap�nw èqoume ìti, ìtan
∑+∞

n=1 αn < +∞, tìte gia k�je
jetikì arijmì x isqÔei

F1(x) =
+∞∑
i=0

νi
x+ θi

 

xF1(x) = ν0 +
+∞∑
i=1

νix

x+ θi
.

Opìte,

lim
x→0+

xF1(x) = ν0 .

Lìgw thc prìtashc 3.1 ja eÐnai

ν0 =
1∑+∞

k=0 α2k+1

. (7.3)
H isìthta aut  ja faneÐ qr simh parak�tw.
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7.9 Upologismìc twn oloklhrwm�twn
∫ +∞

0 ukdΦ(u).

Je¸rhma 7.2 IsqÔei ìti
∫ +∞
0 ukdΦ(u) = ck gia k�je fusikì k.

Apìdeixh: QrhsimopoioÔme majhmatik  epagwg . Katarq�c, j� apodeÐxoume ìti∫ +∞
0 dΦ(u) = c0.Sto tèloc tou trÐtou kefalaÐou eÐqame deÐxei ìti gia k�je jetikì arijmì x kai gia k�je
fusikì p eÐnai

F (x) =
c0
x
− c1
x2

+
c2
x3

+ . . .+ (−1)p−1 cp−1

xp
+ (−1)p

ξcp
xp+1

, 0 < ξ < 1 , (∗)

opìte,
xF (x) = c0 −

c1
x

+
c2
x2

+ . . .+ (−1)p−1 cp−1

xp−1
+ (−1)p

ξcp
xp
, 0 < ξ < 1 . (∗∗)

Apì th sqèsh (7.1), jètontac ìpou z to x kai pollaplasi�zontac kai ta dÔo mèlh me x,
paÐrnoume ìti

xF (x) =
∫ +∞

0

x

x+ u
dΦ(u) (∗ ∗ ∗)

kai apì thn sqèsh (**) èqoume ìti
lim

x→+∞
xF (x) = c0 . (�)

Epeid  to prohgoÔmeno ìrio up�rqei, h sun�rthsh xF (x) eÐnai �nw fragmènh sto [0,+∞)
kai èstw M èna �nw fr�gma thc.

EpÐshc, isqÔei ìti
0 ≤

∫ L

0
dΦ(u)−

∫ L

0

x

x+ u
dΦ(u) =

∫ L

0

(
1− x

x+ u

)
dΦ(u) ≤ L

x+ L
V L

0 Φ ,

opìte, gia x→ +∞, èqoume ìti
lim

x→+∞

∫ L

0

x

x+ u
dΦ(u) =

∫ L

0
dΦ(u) .

M�lista, gia na eÐmaste pio akribeÐc, eÐnai
sup

x∈[0,+∞)

∫ L

0

x

x+ u
dΦ(u) =

∫ L

0
dΦ(u) , (��)

diìti h ∫ L0 x
x+udΦ(u) eÐnai aÔxousa sun�rthsh tou x.

'Omwc, gia k�je jetikì arijmì L isqÔei profan¸c ìti∫ L

0

x

x+ u
dΦ(u) ≤

∫ +∞

0

x

x+ u
dΦ(u) = xF (x) ≤M
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gia k�je x ∈ [0,+∞).
'Ara, apì thn (��) prokÔptei ìti∫ L

0
dΦ(u) ≤M

gia k�je L. Sunep¸c, to genikeumèno olokl rwma ∫ +∞
0 dΦ(u) eÐnai peperasmèno.

Ja deÐxoume ìti ∫ +∞

0
dΦ(u) = lim

x→+∞

∫ +∞

0

x

x+ u
dΦ(u) .

Epeid  to ∫ +∞
0 dΦ(u) eÐnai peperasmèno, dojèntoc ε > 0, ja up�rqei L tètoio ¸ste

0 ≤
∫ +∞

L
dΦ(u) < ε . (1)

Efìson ∫ +∞
L

x
x+udΦ(u) ≤

∫ +∞
L dΦ(u) ja eÐnai epÐshc
0 ≤

∫ +∞

L

x

x+ u
dΦ(u) < ε . (2)

Tèloc, lìgw thc (��), isqÔei gia arket� meg�la x ìti∣∣∣∣∫ L

0

x

x+ u
dΦ(u)−

∫ L

0
dΦ(u)

∣∣∣∣ < ε . (3)

Sundu�zontac tic anisìthtec (1), (2), (3), paÐrnoume ìti gia arket� meg�la x isqÔei∣∣∣∣∫ +∞

0

x

x+ u
dΦ(u)−

∫ +∞

0
dΦ(u)

∣∣∣∣ < 3ε .

Sunep¸c,
lim

x→+∞

∫ +∞

0

x

x+ u
dΦ(u) =

∫ +∞

0
dΦ(u) .

Lìgw thc (�) kai thc (∗ ∗ ∗), paÐrnoume ìti∫ +∞

0
dΦ(u) = c0 .

'Estw, t¸ra, ìti gia n ≤ k − 1 isqÔei ∫ +∞
0 undΦ(u) = cn. Tìte, èqoume ìti

F (x) =
∫ +∞

0

dΦ(u)
x+ u

=
∫ +∞

0

(
1
x
− u

x2
+
u2

x3
− . . .+ (−1)k−1u

k−1

xk
+ (−1)k

uk

xk(x+ u)

)
dΦ(u)

=
c0
x
− c1
x2

+
c2
x3

− . . .+ (−1)k−1 ck−1

xk
+

(−1)k

xk

∫ +∞

0

uk

x+ u
dΦ(u) .
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Opìte
xk+1

(
F (x)− c0

x
+
c1
x2

− . . .+ (−1)k
ck−1

xk

)
= (−1)k

∫ +∞

0

x

x+ u
uk dΦ(u) .

Apì thn (∗) gia p = k + 1 èqoume
lim

x→+∞
xk+1

(
F (x)− c0

x
+
c1
x2

− . . .+ (−1)k
ck−1

xk

)
= (−1)kck

kai, epomènwc,
lim

x→+∞

∫ +∞

0

x

x+ u
ukdΦ(u) = ck . (a)

Me parìmoio trìpo, ìpwc kai sthn perÐptwsh tou k = 0 (antikajist¸ntac to dΦ(u) me
to ukdΦ(u)), apodeiknÔetai ìti

lim
x→+∞

∫ +∞

0

x

x+ u
ukdΦ(u) =

∫ +∞

0
ukdΦ(u) . (b)

Lamb�nontac, t¸ra, upìyh tic (a), (b), paÐrnoume ìti ∫ +∞
0 ukdΦ(u) = ck kai to je¸rhmaèqei apodeiqjeÐ.

Parat rhsh 7.5 To prohgoÔmeno je¸rhma eÐnai apì ta spoudaiìtera jewr mata thc
ergasÐac tou Stieltjes, giatÐ apodeiknÔei m� autì ìti ta oloklhr¸mata

∫ +∞
0 ukdΦ(u),

k = 0, 1, 2, . . . eÐnai mÐa lÔsh tou probl matoc twn rop¸n. Mènei n� apodeÐxei ìti ìtan
h seir�

∑+∞
n=1 αn apoklÐnei, h lÔsh tou jewr matoc 7.2 eÐnai kai h monadik . Autìc ja

eÐnai o basikìteroc stìqoc tou epìmenou kefalaÐou.
Akrib¸c me ton Ðdio trìpo ìpwc sto parap�nw je¸rhma apodeiknÔetai ìti kai sthn

perÐptwsh thc F1 isqÔei ìti ck =
∫ +∞
0 ukdΦ1(u), k = 0, 1, 2, . . . . 'Ara, sthn perÐptwsh

pou h seir�
∑+∞

n=1 αn sugklÐnei, to prìblhma twn rop¸n èqei dÔo toul�qiston lÔseic,

tic ck =
∫ +∞
0 ukdΦ(u) kai ck =

∫ +∞
0 ukdΦ1(u) gia k�je fusikì k. Tìte ìmwc kai oi

exis¸seic ck =
∫ +∞
0 ukd (tΦ(u) + (1− t)Φ1(u)), ìpou k = 0, 1, . . . kai t an kei sto (0,1),

ja eÐnai, epÐshc, lÔsh tou probl matoc. 'Ara to prìblhma twn rop¸n èqei s� aut n thn
perÐptwsh �peirec lÔseic.6

7.10 Merikèc akìmh idiìthtec thc Φ.

Je¸rhma 7.3 IsqÔei ìti

lim
n→+∞

∫ +∞

0
|φn(u)− Φ(u)|ukdu = 0

gia k�je k = 0, 1, 2, . . . .

6Autì eÐnai k�ti pou èqoume  dh dei sto tèloc tou kefalaÐou 4.
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Apìdeixh: Apì thn prìtash 7.7 èqoume ìti, e�n L eÐnai shmeÐo sunèqeiac thc Φ kai ε, ε′
eÐnai aujaÐretoi jetikoÐ arijmoÐ, tìte up�rqei fusikìc arijmìc N tètoioc ¸ste gia k�je
n > N na isqÔei ìti ∫ L

0
|φn(u)− Φ(u)|du ≤ 2ε

α1
+ Lε′ . (1)

EÐdame akìma ìti Φ(+∞) = φn(+∞) = 1
α1

= c0. 'Ara oi arijmoÐ c0−φn(u) kai c0−Φ(u)
eÐnai mh arnhtikoÐ, opìte,

|φn(u)− Φ(u)| ≤ (c0 − Φ(u)) + (c0 − φn(u)) .

Epeid  ∫ +∞

0
uk+2dΦ(u) = ck+2 ,

èqoume ìti gia k�je u isqÔei
uk+2 (Φ(+∞)− Φ(u)) ≤

∫ +∞

0
xk+2dΦ(x) = ck+2

kai gia ton Ðdio lìgo isqÔei
uk+2 (φn(+∞)− φn(u)) ≤ ck+2 .

'Ara
uk|Φ(u)− φn(u)| ≤

2ck+2

u2

kai, epomènwc,∫ +∞

0
|Φ(u)− φn(u)|ukdu ≤

∫ L

0
|Φ(u)− φn(u)|ukdu+

∫ +∞

L
|Φ(u)− φn(u)|ukdu

≤ Lk
(

2ε
α1

+ Lε′
)

+
2ck+2

L
.

Epilègontac pr¸ta to L arket� meg�lo kai èpeita ta ε, ε′ arket� mikr�, blèpoume ìti
lim

n→+∞

∫ +∞

0
|Φ(u)− φn(u)|ukdu = 0 .

Parak�tw akoloujoÔn dÔo akìmh idiìthtec thc sun�rthshc Φ.
Prìtash 7.9 Gia k�je n, h sun�rthsh φn − Φ all�zei prìshmo toul�qiston 2n − 1
forèc.
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Apìdeixh: Sthn arq  thc §7.3 deÐxame ìti∫ +∞

0

(
1
α1

− φn(u)
)
ukdu =

ck+1

k + 1

gia k = 0, 1, 2, . . . , 2n− 2. Apì to prohgoÔmeno je¸rhma èqoume ìti∣∣∣∣∫ +∞

0

(
1
α1

− φn(u)
)
ukdu−

∫ +∞

0

(
1
α1

− Φ(u)
)
ukdu

∣∣∣∣
≤
∫ +∞

0
|φn(u)− Φ(u)|ukdu→ 0

ìtan n→ +∞. 'Ara, eÐnai ∫ +∞

0
(φn(u)− Φ(u))ukdu = 0 ,

gia k = 0, 1, 2, . . . , 2n− 2, pr�gma to opoÐo sunep�getai7 to zhtoÔmeno.
Prìtash 7.10 'Estw 0 ≤ a < b. An h Φ eÐnai stajer  sto [a, b] kai suneq c sta a, b,
tìte sto di�sthma [a, b] mhdenÐzontai peperasmènou pl jouc polu¸numa Q2n(−z).

Apìdeixh: To di�sthma [a, b] ja perièqetai se èna apì ta diast mata (λi−1, λi).
Profan¸c, epeid  ta λi−1 kai λi eÐnai ta ìria twn akolouji¸n (x(n)

i−1) kai (x(n)
i ), sto

[a, b] ja perièqontai peperasmènou pl jouc rÐzec poluwnÔmwn Q2n(−z).

7.11 ErmhneÐa tou limn→+∞
∫ +∞

0 |φn(u)− Φ(u)| du = 0.

SumbolÐzoume me Dn kai D tic katanomèc m�zac pou orÐzoun oi sunart seic φn kai
Φ. Apì thn tuqaÐa katanom  Dn mporoÔme eÔkola na per�soume sthn katanom  D an
k�noume k�poia anakatanom  maz¸n. An upojèsoume ìti gia th metafor� miac m�zac m
kat� l apaiteÐtai èrgo ml, tìte eÔkola prokÔptei ìti gia na p�roume apì thn katanom 
Dn thn D to sunolikì èrgo pou apaiteÐtai eÐnai Ðso me∫ +∞

0
|φn(u)− Φ(u)| du

Autì to sunolikì èrgo to sumbolÐzoume me {Dn, D}. Epeid 
lim

n→+∞

∫ +∞

0
|φn(u)− Φ(u)| du = 0

to èrgo autì gÐnetai osod pote mikrì kaj¸c aux�nei to n. Epomènwc, h katanom  D
mporeÐ na jewrhjeÐ wc to ìrio thc akoloujÐac twn katanom¸n (Dn), opìte odhgoÔmasteston parak�tw orismì.

7QrhsimopoioÔme akrib¸c thn Ðdia mèjodo, ìpwc kai sthn §7.3.
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Orismìc 7.2 Ja lème ìti mÐa katanom  maz¸n D eÐnai to ìrio miac akoloujÐac kata-
nom¸n maz¸n (Dn) ìtan h arijmhtik  akoloujÐa ({Dn, D}) twn èrgwn pou apaitoÔntai
eÐnai mhdenik .

An n, n′ eÐnai dÔo tuqaÐoi fusikoÐ arijmoÐ, tìte profan¸c isqÔei ìti
{Dn, Dn+n′} ≤ {Dn, D}+ {D,Dn+n′} . (∗)

Epomènwc, ja mporoÔsame na d¸soume kai ton akìloujo orismì.
Orismìc 7.3 Ja lème ìti up�rqei to ìrio miac akoloujÐac katanom¸n maz¸n (Dn), ìtan
gia k�je ε > 0 up�rqei fusikìc n ètsi ¸ste {Dn, Dn+n′} < ε gia k�je fusikì n′.

An mÐa akoloujÐa katanom¸n èqei ìrio me b�sh ton pr¸to orismì, tìte ja èqei ìrio
kai me ton deÔtero orismì. ApodeiknÔetai ìmwc ìti isqÔei kai to antÐstrofo. 'Ara, oi
dÔo orismoÐ eÐnai isodÔnamoi kai to mìno sto opoÐo diafèroun eÐnai ìti ston pr¸to prèpei
na gnwrÐzoume thn katanom -ìrio thc akoloujÐac twn katanom¸n.8

Epeid  isqÔei ìti P2n(z)
Q2n(z) =

∑n
i=1

M
(n)
i

z+x
(n)
i

, mporoÔme na jewr soume ìti oi ìroi thc
akoloujÐac ( P2n(z)

Q2n(z)

) apoteloÔn kat� k�poio trìpo parametrikèc9 ropèc twn antÐstoiqwn
katanom¸n maz¸n thc akoloujÐac (Dn). Kai me b�sh ta ìsa èqoume deÐxei, h parap�nw
akoloujÐa twn parametrik¸n katanom¸n èqei wc ìrio thn antÐstoiqh parametrik  rop 
thc D.

An t¸ra jewr soume to orismèno olokl rwma ∫ +∞
0

dΦ(u)
z+u , me th bo jeia tou opoÐou

ekfr�zetai h parametrik  rop  thcD, kai jumhjoÔme apì ton orismì tou oloklhr¸matoc
Stieltjes ìti eÐnai to ìrio enìc ajroÐsmatoc, katal goume sto ìti gi� autì to �jroisma
arkeÐ na p�roume thn parametrik  rop  thc Dn, dhlad  ton 2n-ostì ìro thc akoloujÐac

8O Stieltjes dÐnei touc dÔo orismoÔc kai parathreÐ ìti o deÔteroc orismìc den eÐnai kai tìso akrib c,
diìti den prosdiorÐzei thn katanom  D gia thn opoÐa o arijmìc {Dn, D} gÐnetai osod pote mikrìc.
'Omwc, gr�fei ìti de ja asqolhjeÐ parap�nw me to jèma twn dÔo orism¸n. 'Oson afor� thn isodunamÐa
touc, isqÔoun ta ex c.
An mÐa akoloujÐa (Dn) èqei ìrio me ton pr¸to orismì, lìgw thc (∗) ja èqei ìrio kai me ton deÔtero.
An èqoume mÐa akoloujÐa katanom¸n maz¸n (Dn) pou èqei ìrio me b�sh to deÔtero orismì kai

an (fn) eÐnai h antÐstoiqh akoloujÐa twn auxous¸n sunart sewn pou tic orÐzei, tìte apì th JewrÐa
Mètrou èqoume ìti h (fn) eÐnai akoloujÐa Cauchy kat� mèso. 'Ara, apì gnwst  prìtash, ja up�rqei
mÐa sun�rthsh F tètoia ¸ste h akoloujÐa twn sunart sewn na sugklÐnei s' aut  kat� mèso, dhlad 
na isqÔei

lim
n→+∞

∫ +∞

0

|fn(u)− F (u)| du = 0 .

Epiplèon, up�rqei upakoloujÐa (fnk ) thc (fn) pou na sugklÐnei shmeiak� sthn F sqedìn pantoÔ sto
(0, +∞), pr�gma to opoÐo shmaÐnei ìti (an sta shmeÐa thc mh sÔgklishc diorj¸soume thn F kat�llhla)
h F eÐnai mÐa aÔxousa sun�rthsh, �ra orÐzei mÐa katanom  m�zac D ston 0x. Tìte, h teleutaÐa sqèsh
gr�fetai

lim
n→+∞

{Dn, D} = 0 ,

pr�gma to opoÐo shmaÐnei ìti h akoloujÐa èqei ìrio kai me b�sh ton pr¸to orismì.9GiatÐ eÐnai sunart seic tou z.
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twn proseggÐsewn ( Pn(z)
Qn(z)

) tou suneqoÔc kl�smatoc Stieltjes. M� �lla lìgia, to sune-
qèc kl�sma Stieltjes eÐnai sthn ousÐa mÐa �llh isodÔnamh morf  kat�llhlou orismènou
oloklhr¸matoc.10

Aut  h sten  sqèsh pou sundèei ta suneq  kl�smata me ta orismèna oloklhr¸mata
Stieltjes eÐnai kai o lìgoc gia ton opoÐo ja asqolhjoÔme sto epìmeno kef�laio me th
melèth twn teleutaÐwn.

10Sto shmeÐo autì o Stieltjes parathreÐ ìti akrib¸c to Ðdio sunèbaine se mÐa palaiìterh dhmosÐeush
(sto periodikì Comptes rendus, tìmoc XCIX, sel. 508 tou 1884), ìpou ta polu¸numa Q2n(z)  tan
polu¸numa tou Legendre.
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Kef�laio 8

Melèth tou
∫ +∞
0

dφ(u)
z+u . H epÐlush

tou probl matoc twn rop¸n sthn
perÐptwsh pou

∑+∞
n=1αn = +∞.

8.1 Suneq  kl�smata pou orÐzontai apì aÔxousec sunar-
t seic.

JewroÔme mÐa aÔxousa sun�rthsh φ pou eÐnai tètoia ¸ste na orÐzetai sto [0,+∞),
na isqÔei φ(0) = 0 kai oi ropèc k�je t�xhc thc katanom c maz¸n pou orÐzei na eÐnai
peperasmènec. Jètoume

ck =
∫ +∞

0
ukdφ(u)

gia k�je k = 0, 1, 2, . . . .
To ìti to c0 =

∫ +∞
0 dφ(u) eÐnai peperasmèno, isodunameÐ me to ìti to φ(+∞) =

limu→+∞ φ(u) eÐnai peperasmèno.
MÐa epiplèon sunj kh gia th φ eÐnai ìti ja prèpei na èqei �peira shmeÐa auxhtikìth-

tac.1 IsodÔnama, h sunj kh aut  gia th φ mporeÐ na diatupwjeÐ wc ex c: h φ den mporeÐ
na eÐnai klimakwt  sun�rthsh me peperasmènou pl jouc shmeÐa asunèqeiac. Me aut n
thn epiplèon upìjesh pou k�noume, exasfalÐzoume to ex c: an f eÐnai mh arnhtik  kai
suneq c sun�rthsh, orismènh sto [0,+∞) kai tètoia ¸ste

∫ +∞
0 f(u)dφ(u) = 0, tìte

h f mhdenÐzetai se k�je shmeÐo auxhtikìthtac thc φ kai, epomènwc, ja mhdenÐzetai se
�peira shmeÐa.

JewroÔme t¸ra to olokl rwma ∫ +∞
0

dφ(u)
z+u . 'Eqoume deÐxei ìti parist�nei mÐa sun�r-

thsh olìmorfh sto C − A. Sthn eidik  perÐptwsh pou h φ stajeropoieÐtai apì to a
kai met�, to parap�nw olokl rwma ja isoÔtai me ∫ a0 dφ(u)

z+u kai ja parist�nei sun�rthsh
1 'Ena shmeÐo u > 0 ja eÐnai shmeÐo auxhtikìthtac thc φ an isqÔei φ(u′) < φ(u′′) gia k�je u′, u′′ me

u′ < u < u′′.
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olìmorfh sto C−A1, ìpou A1 = [−a, 0]. S� aut n thn perÐptwsh, oi ropèc k�je t�xhc
eÐnai p�nta peperasmènec kai m�lista isqÔei c0 = φ(a).

Sto parap�nw genikeumèno olokl rwma antistoiqeÐ h parak�tw dunamoseir� me kè-
ntro to +∞

c0
z
− c1
z2

+
c2
z3

− . . . ,

h opoÐa sth genik  perÐptwsh pou h φ den stajeropoieÐtai apoklÐnei, en¸ sthn perÐptwsh
pou h φ eÐnai stajer  apì to a kai met�, sugklÐnei gia k�je |z| > a.

'Estw x tuqaÐoc jetikìc arijmìc. Tìte, epeid 
0 <

∫ +∞

0

x

x+ u
ukdφ(u) <

∫ +∞

0
ukdφ(u) ,

up�rqei ξ me 0 < ξ < 1 ¸ste na isqÔei∫ +∞

0

x

x+ u
ukdφ(u) = ξ

∫ +∞

0
ukdφ(u)

kai me upologismoÔc antÐstoiqouc me autoÔc pou k�name sthn apìdeixh tou jewr matoc
7.2 gia thn F , èqoume ìti∫ +∞

0

dφ(u)
x+ u

=
c0
x
− c1
x2

+ . . .+ (−1)n−1 cn−1

xn
+ (−1)n

ξcn
xn+1

.

H eÔresh tou suneqoÔc kl�smatoc pou antistoiqeÐ se èna olokl rwma thc morf c∫ +∞
0

f(u)du
x+u   thc antÐstoiqhc dunamoseir�c c0

x −
c1
x2 +. . .+(−1)n−1 cn−1

xn +. . . eÐnai èna jèma
me to opoÐo asqol jhkan se ergasÐec touc oi majhmatikoÐ P. Chebycheff (1821-1894), H.
Heine (1821-1881) kai J. Darboux (1842-1917). Ja qrhsimopoi soume ta apotelèsmat�
touc kai ja asqolhjoÔme idiaÐtera me to prìblhma thc aktÐnac sÔgklishc, sto opoÐo den
anafèrjhkan arket� oi prohgoÔmenoi.

Gia na broÔme apì mÐa dunamoseir� thc parap�nw morf c to suneqèc kl�sma pou thc
antistoiqeÐ, arkeÐ na antikatast soume ta ci stouc tÔpouc thc §2.5 kai na upologÐsoume
tic orÐzousec Un, Wn twn parak�tw tetragwnik¸n morf¸n2∫ +∞

0

(
X0 + uX1 + u2X2 + . . .+ un−1Xn−1

)2
dφ(u)

kai ∫ +∞

0
u
(
X0 + uX1 + u2X2 + . . .+ un−1Xn−1

)2
dφ(u) .

Autèc oi tetragwnikèc morfèc eÐnai jetik� orismènec, diìti an gia k�poia epilog  twn
X0, X1, . . . , Xn−1 to pr¸to olokl rwma (  to deÔtero) mhdenÐzetai, tìte to polu¸numo(

X0 + uX1 + u2X2 + . . .+ un−1Xn−1

)2
2An l�boume upìyh touc tÔpouc ck =

∫ +∞
0

ukdφ(u), tìte h pr¸th apì tic parap�nw tetragwnikèc
morfèc eÐnai Ðdia me aut n pou jewr same sthn §2.3. Sth deÔterh morf  pollaplasi�zoume k�je ìro
tou ajroÐsmatoc me u, opìte paÐrnoume tic orÐzousec Wn.
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ja mhdenÐzetai sta �peira shmeÐa auxhtikìthtac thc φ, opìte X0 = X1 = . . . = Xn−1 =
0. 'Ara, oi orÐzousec Un, Wn eÐnai jetikèc.

Me thn bo jeia tou tÔpou (2.10) upologÐzoume touc suntelestèc αk tou suneqoÔc
kl�smatoc, pou eÐnai jetikoÐ arijmoÐ. M� autìn ton trìpo paÐrnoume èna suneqèc kl�-
sma thc morf c pou èqoume melet sei. Epomènwc, me b�sh ìla ìsa èqoume deÐxei sta
prohgoÔmena kef�laia, èqoume dÔo peript¸seic:

• E�n h seir� ∑+∞
n=1 αn sugklÐnei, tìte gia tic akoloujÐec twn �rtiwn kai peritt¸n

proseggÐsewn tou suneqoÔc kl�smatoc ja isqÔei ìti

lim
n→+∞

P2n(z)
Q2n(z)

= F (z) =
p(z)
q(z)

=
+∞∑
i=1

µi
z + λi

=
∫ +∞

0

dΦ(u)
z + u

, z ∈ C−A ,

lim
n→+∞

P2n+1(z)
Q2n+1(z)

= F1(z) =
p1(z)
q1(z)

=
+∞∑
i=0

νi
z + θi

=
∫ +∞

0

dΦ1(u)
z + u

, z ∈ C−A.

Oi sunart seic p(z), q(z), p1(z), q1(z) kai ta µi, νi, λi, θi orÐzontai me th diadikasÐapou perigr�fetai sto kef�laio 4, en¸ oi Φ, Φ1 me ton trìpo pou perigr�fetai sto
kef�laio 7.

• E�n h seir� ∑+∞
n=1 αn apoklÐnei, tìte gia k�je z tou C− A h akoloujÐa ( Pn(z)

Qn(z)

)
twn proseggÐsewn tou suneqoÔc kl�smatoc èqei ìrio

lim
n→+∞

Pn(z)
Qn(z)

= F (z) =
∫ +∞

0

dΦ(u)
z + u

,

ìpou h Φ orÐzetai ètsi ìpwc perigr�yame sto kef�laio 7.
Stic parak�tw paragr�fouc ja broÔme th sqèsh pou èqoun ta ìria ∫ +∞

0
dΦ(u)
z+u kai∫ +∞

0
dΦ1(u)
z+u thc akoloujÐac twn proseggÐsewn tou suneqoÔc kl�smatoc me to olokl -

rwma ∫ +∞
0

dφ(u)
z+u ap� ìpou autì pro lje.

8.2 Sqèsh twn F (z), F1(z) kai
∫ +∞

0
dφ(u)
z+u sthn perÐptwsh pou

to z eÐnai jetikìc arijmìc.

S� aut n thn par�grafo ja broÔme th sqèsh pou sundèei touc arijmoÔc F (x), F1(x) kai∫ +∞
0

dφ(u)
x+u sthn perÐptwsh pou to x eÐnai jetikìc pragmatikìc arijmìc. Ja qrhsimopoi-

 soume to l mma kai to je¸rhma3 pou akoloujoÔn.
3To je¸rhma diatup¸jhke kai apodeÐqjhke se �llh ergasÐa tou Stieltjes sto Comptes Rendus,

tìmoc CV III, sel. 1297, ètoc 1889.
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L mma 8.1 'Estw Q(X0, X1, . . . , Xn) mÐa jetik� orismènh tetragwnik  morf  ston
Rn+1. Tìte up�rqoun jetikoÐ arijmoÐ c kai C ¸ste na isqÔei

c(X2
0 +X2

1 + . . .+X2
n) ≤ Q(X0, X1, . . . , Xn) ≤ C(X2

0 +X2
1 + . . .+X2

n)

gia k�je X0, X1, . . . , Xn.

Apìdeixh: H Q(X0, X1, . . . , Xn) eÐnai suneq c sun�rthsh twn X0, X1, . . . , Xn kai,
�ra, èqei mègisth tim  C kai el�qisth tim  c > 0 sto sumpagèc sÔnolo pou orÐzetai apì
thn isìthta X2

0 +X2
1 + . . .+X2

n = 1. Epomènwc, isqÔei ìti c ≤ Q(X0, X1, . . . , Xn) ≤ C
gia k�je X0, X1, . . . , Xn pou ikanopoioÔn thn X2

0 +X2
1 + . . .+X2

n = 1 kai, epeid  h Q
eÐnai omogen c deutèrou bajmoÔ, èpetai h dipl  anisìthta tou l mmatoc.

Je¸rhma 8.1 An x > 0, to el�qisto thc par�stashc∫ +∞

0

(
1 +X1(x+ u) +X2(x+ u)2 + . . .+Xn(x+ u)n

)2 dφ(u)
x+ u

(∗)

wc proc ta X1, X2, . . . , Xn up�rqei kai isoÔtai me∫ +∞

0

dφ(u)
x+ u

− P2n(x)
Q2n(x)

.

'Ara, gia k�je jetikì x isqÔei ìti∫ +∞

0

dφ(u)
x+ u

>
P2n(x)
Q2n(x)

.

Apìdeixh: H tetragwnik  morf ∫ +∞

0
(X0 +X1(x+ u) + . . .+Xn(x+ u)n)2

dφ(u)
x+ u

eÐnai jetik� orismènh. 'Ara, sÔmfwna me to prohgoÔmeno l mma, up�rqei stajer� c > 0
¸ste na isqÔei∫ +∞

0
(1 +X1(x+ u) + . . .+Xn(x+ u)n)2

dφ(u)
x+ u

≥ c(1 +X2
1 + . . .+X2

n)

gia k�je X1, . . . , Xn. Sunep�getai ìti h par�stash (∗) teÐnei +∞, ìtan to �jroisma
(X2

1 + . . . + X2
n) → +∞, opìte epeid  eÐnai suneq c sun�rthsh twn X1, . . . ,Xn, èqeiel�qisth tim .

Jètoume
L(x+ u;X1, . . . , Xn) = 1 +X1(x+ u) +X2(x+ u)2 + . . .+Xn(x+ u)n .
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EÔkola prokÔptei me upologismoÔc ìti h par�stash (∗) gÐnetai el�qisth ìtan isqÔei to
parak�tw sÔsthma exis¸sewn:∫ +∞

0
(x+ u)kL(x+ u;X1, . . . , Xn) dφ(u) = 0 , k = 0, 1, . . . , n− 1 .

Epagwgik� prokÔptei ìti∫ +∞

0
ukL(x+ u;X1, . . . , Xn) dφ(u) = 0 , k = 0, 1, . . . , n− 1 ,

to opoÐo me th bo jeia tou sumbìlou S, pou orÐsame sto tèloc tou kefalaÐou 2, gr�fetai
S{ukL(x+ u;X1, . . . , Xn)} = 0 , k = 0, 1, 2, . . . , n− 1. (8.1)

Lìgw thc parat rhshc 2.2 kai epeid  S{ukQ2n(−u)} = 0, èqoume ìti h par�stash
L(x+ u;X1, . . . , Xn), an jewrhjeÐ wc polu¸numo tou u, isoÔtai me to Q2n(−u) epÐ mÐastajer�. 'Omwc, L(0;X1, . . . , Xn) = 1, �ra èqoume

L(x+ u;X1, . . . , Xn) =
Q2n(−u)
Q2n(x)

. (8.2)
H par�stash (∗) isoÔtai me∫ +∞

0
L(x+ u;X1, . . . , Xn) (1 +X1(x+ u) + . . .+Xn(x+ u)n)

dφ(u)
x+ u

,

epomènwc, an l�boume upìyh to sÔsthma exis¸sewn (8.1) kai th sqèsh (8.2) paÐrnoume
ìti h el�qisth tim  thc (∗) eÐnai Ðsh me∫ +∞

0
L(x+ u;X1, . . . , Xn)

dφ(u)
x+ u

=
∫ +∞

0

dφ(u)
x+ u

− 1
Q2n(x)

∫ +∞

0

Q2n(x)−Q2n(−u)
x+ u

dφ(u) .

Apì thn §2.5 èqoume ìti
S

{
Q2n(x)−Q2n(−u)

x+ u

}
= P2n(x) ,

�ra, ∫ +∞

0

Q2n(x)−Q2n(−u)
x+ u

dφ(u) = P2n(x)

kai èqoume telik� ìti∫ +∞

0
L(x+ u;X1, . . . , Xn)

dφ(u)
x+ u

=
∫ +∞

0

dφ(u)
x+ u

− P2n(x)
Q2n(x)

.

Akrib¸c me ton Ðdio trìpo apodeiknÔetai kai to je¸rhma
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Je¸rhma 8.2 An x > 0, tìte h el�qisth tim  thc par�stashc∫ +∞

0

(
1 +X1(x+ u) +X2(x+ u)2 + . . .+Xn(x+ u)n

)2 udφ(u)
x+ u

wc proc ta X1, . . . , Xn up�rqei kai isoÔtai me

P2n+1(x)
Q2n+1(x)

−
∫ +∞

0

dφ(u)
x+ u

.

'Ara, gia k�je jetikì x isqÔei ìti

P2n+1(x)
Q2n+1(x)

>

∫ +∞

0

dφ(u)
x+ u

.

Parat rhsh 8.1 Me mejodologÐa parìmoia me aut  pou qrhsimopoi same sthn apì-
deixh tou jewr matoc prokÔptei ìti h tetragwnik  morf ∫ +∞

0
(1 +X1u+ . . .+Xnu

n)2dφ(u)

gÐnetai el�qisth wc proc ta X1, . . . , Xn, ìtan isqÔei to sÔsthma exis¸sewn

S{uiW (u,X1, . . . , Xn)} = 0 , i = 1, . . . , n ,

ìpou W (u,X1, . . . , Xn) = 1+X1u+ . . .+Xnu
n. An l�boume upìyh mac th sqèsh (2.7)

kai thn parat rhsh 2.2, tìte prokÔptei ìti

W (u,X1, . . . , Xn) =
Q2n+1(−u)
−uQ′2n+1(0)

. (8.3)
Parat rhsh 8.2 Sthn par�stash∫ +∞

0

(
1 +X1(x+ u) +X2(x+ u)2 + . . .+Xn(x+ u)n

)2 dφ(u)
x+ u

(∗)

ta X1, X2, . . . , Xn eÐnai tuqaÐoi arijmoÐ anex�rthtoi tou u, �ra sth jèsh tou

L(x+ u;X1, . . . , Xn) = 1 +X1(x+ u) +X2(x+ u)2 + . . .+Xn(x+ u)n

mporoÔme na jewr soume èna opoiod pote polu¸numo tou u, pou eÐnai bajmoÔ n kai gia
u = −x paÐrnei thn tim  1. Epeid  to

(−u
x

)n
eÐnai èna tètoio polu¸numo, ja isqÔei, lìgw

tou jewr matoc 8.1, ìti∫ +∞

0

dφ(u)
x+ u

− P2n(x)
Q2n(x)

≤
∫ +∞

0

u2ndφ(u)
x2n(x+ u)

.

EpÐshc, eÐnai

1
x+ u

=
1
x
− u

x2
+ . . .+ (−1)2n−1u

2n−1

x2n
+ (−1)2n

u2n

x2n(x+ u)
,
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opìte to olokl rwma
∫ +∞
0

u2ndφ(u)
x2n(x+u)

eÐnai telik� Ðso me

∫ +∞

0

dφ(u)
x+ u

− c0
x

+
c1
x2

− . . .+
c2n−1

x2n

kai, �ra, èqoume ìti

P2n(x)
Q2n(x)

≥ c0
x
− c1
x2

+ . . .− c2n−1

x2n
.

An qrhsimopoi soume to Ðdio polu¸numo kai gia thn par�stash tou jewr matoc 8.2,
paÐrnoume me ìmoio trìpo ìti

P2n+1(x)
Q2n+1(x)

≤ c0
x
− c1
x2

+ . . .− c2n−1

x2n
+

c2n
x2n+1

.

'Etsi, deÐxame kai me deÔtero trìpo thn isqÔ twn dÔo teleutaÐwn anisot twn, oi opoÐec
prokÔptoun �mesa kai apì thn apìdeixh thc prìtashc 3.2.

Parat rhsh 8.3 'Enac trìpoc na proseggÐsoume thn arijmhtik  tim  tou oloklhr¸-

matoc
∫ +∞
0

dφ(u)
x+u eÐnai na broÔme pr¸ta th dunamoseir�

c0
x
− c1
x2

+
c2
x3

− . . .

gia thn opoÐa xèroume ìti en gènei apoklÐnei. Prosjètontac k�je for� �rtio pl joc pro-
sjetèwn thc parap�nw seir�c paÐrnoume mÐa arijmhtik  akoloujÐa thc opoÐac k�je ìroc

eÐnai mikrìteroc apì ton antÐstoiqo thc
(
P2n(x)
Q2n(x)

)
, lìgw thc prohgoÔmenhc parat rhshc.

To limsup thc pr¸thc akoloujÐac eÐnai mikrìtero   Ðso tou F (x) kai apoteleÐ èna k�tw

fr�gma tou
∫ +∞
0

dφ(u)
x+u . 'Omoia, prosjètontac perittì pl joc ìrwn thc parap�nw seir�c

paÐrnoume mÐa akoloujÐa thc opoÐac to liminf eÐnai megalÔtero   Ðso tou F1(x) kai

tautìqrona èna �nw fr�gma tou
∫ +∞
0

dφ(u)
x+u .

'Enac deÔteroc trìpoc gia na proseggÐsoume thn arijmhtik  tim  tou oloklhr¸matoc
eÐnai na broÔme to antÐstoiqo suneqèc kl�sma kai na jewr soume tic upakoloujÐec twn
�rtiwn kai peritt¸n proseggÐse¸n tou. Autèc èqoun ìria F (x) kai F1(x) antÐstoiqa kai,
sÔmfwna me ta jewr mata 8.1 kai 8.2, ja isqÔei ìti

F (x) ≤
∫ +∞

0

dφ(u)
x+ u

≤ F1(x) .

An l�boume upìyh ta parap�nw, tìte o deÔteroc trìpoc dÐnei mÐa kalÔterh prosèggish
tou oloklhr¸matoc.
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8.3 Sqèsh twn oloklhrwm�twn
∫ +∞

0
dφ(u)
x+u kai

∫ +∞
0

dΦ(u)
x+u .

S� aut n thn par�grafo ja qrhsimopoi soume ta jewr mata thc prohgoÔmenhc para-
gr�fou gia na broÔme th sqèsh pou sundèei ta oloklhr¸mata ∫ +∞

0
dφ(u)
x+u kai ∫ +∞

0
dΦ(u)
x+u .

Ja melet soume pr¸ta thn perÐptwsh ìpou h ∑+∞
n=1 αn sugklÐnei. Sthn perÐptwsh

aut  eÐdame ìti to prìblhma twn rop¸n èqei �peirec lÔseic kai ìti dÔo tètoiec lÔseic
eÐnai oi katanomèc pou orÐzontai apì tic Φ, Φ1. S� ìlec autèc tic lÔseic antistoiqeÐ h
Ðdia dunamoseir�

c0
z
− c1
z2

+
c2
z3

− . . .+ (−1)k
ck
zk+1

+ . . . .

An jewr soume to antÐstoiqo suneqèc kl�sma, tìte èqoume deÐxei ìti oi akoloujÐec twn
�rtiwn kai peritt¸n proseggÐsewn sugklÐnoun antÐstoiqa stic sunart seic

F (z) =
p(z)
q(z)

=
∫ +∞

0

dΦ(u)
z + u

=
+∞∑
i=1

µi
z + λi

kai
F1(z) =

p1(z)
q1(z)

=
∫ +∞

0

dΦ1(u)
z + u

=
+∞∑
i=0

νi
z + θi

.

'Omwc, den mporoÔme na broÔme thn akrib  sqèsh pou sundèei tic F (z) kai F1(z) me to
olokl rwma ∫ +∞

0
dφ(u)
z+u . To mìno pou mporoÔme na poÔme s� aut n thn perÐptwsh eÐnai

autì sto opoÐo katal xame sthn prohgoÔmenh par�grafo, ìti dhlad  sthn perÐptwsh
pou to z = x eÐnai jetikìc pragmatikìc arijmìc, tìte isqÔei ìti

F (x) =
p(x)
q(x)

≤
∫ +∞

0

dφ(u)
x+ u

≤ p1(x)
q1(x)

= F1(x) . (�)

M�lista, en gènei den up�rqei kamÐa tim  tou x gia thn opoÐa na isqÔei èstw h mÐa apì
tic dÔo isìthtec sthn (�), sÔmfwna me to parak�tw je¸rhma.
Je¸rhma 8.3 'Estw ìti h seir�

∑+∞
n=1 αn sugklÐnei. An h katanom  pou orÐzei h φ eÐnai

diaforetik  apì autèc pou orÐzoun oi Φ kai Φ1, tìte gia k�je jetikì arijmì x isqÔei ìti

F (x) =
p(x)
q(x)

<

∫ +∞

0

dφ(u)
x+ u

<
p1(x)
q1(x)

= F1(x) .

Apìdeixh: Ja deÐxoume me thn eic �topo apagwg  ìti den eÐnai dunatì na isqÔei h
isìthta apì arister� sthn (�). Me ton Ðdio akrib¸c trìpo apodeiknÔetai ìti den isqÔei
kai h isìthta apì ta dexi�.

'Estw loipìn ìti up�rqei jetikìc x0 ètsi ¸ste
p(x0)
q(x0)

=
∫ +∞

0

dφ(u)
x0 + u

.
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Apì to je¸rhma 8.1 èqoume ìti gia to x0 eÐnai∫ +∞

0

dφ(u)
x0 + u

− P2n(x0)
Q2n(x0)

=
∫ +∞

0

(
Q2n(−u)
Q2n(x0)

)2 dφ(u)
x0 + u

≥ 0 .

E�n p�roume to ìrio tou kajenìc mèlouc thc parap�nw isìthtac kaj¸c to n → +∞,
to pr¸to mèloc mhdenÐzetai. To Ðdio ja prèpei na sumbaÐnei kai me to deÔtero mèloc.
EpÐshc, epeid  gia k�je x > x0 eÐnai

1
x+ u

(
Q2n(−u)
Q2n(x)

)2

≤ 1
x0 + u

(
Q2n(−u)
Q2n(x0)

)2

,

ja isqÔei ìti
lim

n→+∞

∫ +∞

0

(
Q2n(−u)
Q2n(x)

)2 dφ(u)
x+ u

= 0 .

'Ara, gia k�je x ≥ x0 ja eÐnai
p(x)
q(x)

=
∫ +∞

0

dφ(u)
x+ u

kai apì thn Arq  thc TaÔtishc èpetai ìti gia k�je z tou C−A èqoume ìti
p(z)
q(z)

=
∫ +∞

0

dφ(u)
z + u

 , isodÔnama, ∫ +∞

0

dΦ(u)
z + u

=
∫ +∞

0

dφ(u)
z + u

.

Apì to je¸rhma 6.1 prokÔptei tìte ìti oi sunart seic Φ kai φ diafèroun to polÔ sta
shmeÐa asunèqei�c touc. 'Atopo, apì thn upìjesh.

Sthn perÐptwsh pou ∑+∞
n=1 αn = +∞, isqÔei to parak�tw je¸rhma.

Je¸rhma 8.4 'Otan h seir�
∑+∞

n=1 αn apoklÐnei, tìte to prìblhma twn rop¸n èqei mo-
nadik  lÔsh.

Apìdeixh: 'Estw ìti up�rqei �llh mÐa katanom  pou eÐnai lÔsh tou Ðdiou probl matoc.
Tìte, aut  ja perigr�fetai apì mÐa aÔxousa kai fragmènh sun�rthsh φ1, pou ja orÐzetaisto [0,+∞) kai gia thn opoÐa ja isqÔoun φ1(0) = 0 kai ck =

∫ +∞
0 ukdφ1(u), ìpou

k = 0, 1, . . . .
H φ1 èqei �peira shmeÐa auxhtikìthtac. Se antÐjeth perÐptwsh, an u1, u2, . . . , uNeÐnai ta mìna shmeÐa auxhtikìthtac thc φ1, mporoÔme na broÔme X0, X1, . . . , XN , ìqiìla mhdèn, ¸ste to X0 +X1u+ . . .+XNu

N na mhdenÐzetai sta u1, u2, . . . , uN . Tìte,oi tetragwnikèc morfèc∫ +∞

0

(
X0 + uX1 + u2X2 + . . .+ uNXN

)2
dφ1(u)
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kai ∫ +∞

0
u
(
X0 + uX1 + u2X2 + . . .+ uNXN

)2
dφ1(u) ,

oi opoÐec tautÐzontai me tic jetik� orismènec tetragwnikèc morfèc thc selÐdac 122 pou
orÐzontai apì thn φ, ja mhdenÐzontai. 'Atopo.

H φ1 èqei akrib¸c tic Ðdiec idiìthtec me thn φ, �ra apì thn parat rhsh 8.3, gi� aut n
prokÔptei, ìpwc akrib¸c kai me thn φ, ìti isqÔei

F (x) ≤
∫ +∞

0

dφ1(u)
x+ u

≤ F1(x) , x > 0 .

'Omwc, eÐnai ∑+∞
n=1 αn = +∞, �ra oi sunart seic F kai F1 tautÐzontai sto C − A kai

èqoume ìti ∫ +∞

0

dφ1(u)
z + u

= F (z) =
∫ +∞

0

dΦ(u)
z + u

=
∫ +∞

0

dφ(u)
z + u

.

Epomènwc, apì to je¸rhma 6.1 prokÔptei ìti oi φ kai φ1 orÐzoun thn Ðdia katanom 
m�zac. 'Ara, h lÔsh sto prìblhma twn rop¸n eÐnai monadik .
Parat rhsh 8.4 Prèpei na parathr soume ed¸ ìti aut  h teleutaÐa perÐptwsh eÐnai
dunatìn na sumbaÐnei akìmh kai ìtan h dunamoseir�

c0
z
− c1
z2

+ . . .+ (−1)k
ck
zk+1

+ . . .

eÐnai pantoÔ apoklÐnousa: sthn perÐptwsh pou sumbaÐnei k�ti tètoio, ja isqÔei ìti

limn→+∞
cn+1

cn
= +∞, �ra h akoloujÐa

(
1

αnαn+1

)
den mporeÐ na eÐnai �nw fragmènh.

Parìl� aut�, autì de shmaÐnei ìti h seir�
∑+∞

n=1 αn ja eÐnai kat� an�gkh sugklÐnou-
sa. MporoÔme, gia par�deigma, na dialèxoume ìlouc touc suntelestèc αn tou suneqoÔc
kl�smatoc aujaÐreta, ektìc apì touc ìrouc miac upakoloujÐac (αnk

) thc (αn) ¸ste oi
arijmoÐ

1
αn1αn1+1

,
1

αn2αn2+1
, . . . ,

1
αnk

αnk+1
, . . .

na teÐnoun sto �peiro.

Parat rhsh 8.5 MÐa teleutaÐa apl  parat rhsh eÐnai ìti, eÐte h lÔsh sto prìblhma
twn rop¸n eÐnai monadik , eÐte ìqi, h posìthta thc m�zac pou katanèmetai kat� m koc
tou �xona 0x eÐnai Ðsh me c0 = 1

α1
. Dhlad , h rop  mhdenik c t�xhc c0 eÐnai p�ntote Ðsh

me th sunolik  posìthta m�zac.
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8.4 Pr¸to par�deigma.

Parak�tw ja asqolhjoÔme me èna par�deigma pou ja mac bohj sei na katal�boume th
jewrÐa pou èqoume anaptÔxei.

JewroÔme to olokl rwma∫ +∞

0

(1 + λ sin 4
√
u) e−

4√u

z + u
du

ìpou −1 ≤ λ ≤ 1. H sun�rthsh
φ(u) = 24− 4( 4

√
u3 + 3

√
u+ 6 4

√
u+ 6)e−

4√u − 2λ( 4
√
u3 − 3 4

√
u− 3)e−

4√u sin 4
√
u

−2λ( 4
√
u3 + 3

√
u+ 3 4

√
u)e−

4√u cos 4
√
u

eÐnai aÔxousa sto [0,+∞), ikanopoieÐ thn φ(0) = 0 kai th sqèsh
dφ(u) = (1 + λ sin 4

√
u)e−

4√udu , 0 ≤ u < +∞ .

'Ara, h φ orÐzei mÐa katanom  m�zac pou exart�tai apì thn tim  thc paramètrou λ.
'Omwc, ja doÔme ìti den isqÔei to Ðdio kai me tic ropèc ck. Gia na tic upologÐsoume ja
qreiastoÔme to parak�tw l mma.
L mma 8.2 IsqÔei ìti

∫ +∞
0 u4n+3e−u sinudu = 0.

Apìdeixh4: Efarmìzontac gia ton upologismì k�je oloklhr¸matoc thn kat� par�-
gontec olokl rwsh kai qrhsimopoi¸ntac tic timèc twn prohgoÔmenwn oloklhrwm�twn,
èqoume ìti ∫ +∞

0
e−u sinudu =

∫ +∞

0
e−u cosudu =

1
2
,∫ +∞

0
ue−u sinudu =

1
2
,

∫ +∞

0
ue−u cosudu = 0 ,∫ +∞

0
u2e−u sinudu = −

∫ +∞

0
u2e−u cosudu =

1
2
,∫ +∞

0
u3e−u sinudu = 0 ,

∫ +∞

0
u3e−u cosudu = −3

2
,∫ +∞

0
u4e−u sinudu =

∫ +∞

0
u4e−u cosudu = −3 .

Ja deÐxoume epagwgik� ìti isqÔei∫ +∞

0
u4ne−u sinudu =

∫ +∞

0
u4ne−u cosudu . (1)

4Prìkeitai gia mia �skhsh OloklhrwtikoÔ LogismoÔ, gi� autì kai paraleÐpoume touc upologismoÔc.
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Gia n = 0 kai n = 1 h parap�nw isìthta profan¸c isqÔei. 'Estw ìti isqÔei gia k�poio
fusikì k. Tìte, ìmoia me ta parap�nw prokÔptei ìti∫ +∞

0
u4k+1e−u cosudu = 0 ,

�ra eÐnai ∫ +∞

0
u4k+2e−u sinudu = −

∫ +∞

0
u4k+2e−u cosudu ,

to opoÐo sunep�getai ìti ∫ +∞

0
u4k+3e−u sinudu = 0

kai, tèloc, apì to parap�nw paÐrnoume ìti∫ +∞

0
u4k+4e−u sinudu =

∫ +∞

0
u4k+4e−u cosudu .

'Ara, apodeÐqjhke h (1) gia k�je n = 0, 1, 2, . . . kai, ìpwc eÐdame prohgoumènwc, autì
sunep�getai ìti ∫ +∞

0 u4n+3e−u sinudu = 0 . Apì ta parap�nw prokÔptei ìti isqÔei kai∫ +∞

0
u4n+3e−u sinudu = 0

gia k�je fusikì n.
Xanagurn�me sto par�deigm� mac. Lìgw tou l mmatoc èqoume ìti
ck =

∫ +∞

0
ukdφ(u) =

∫ +∞

0
uk
(
1 + λ sin 4

√
u
)
e−

4√udu =
∫ +∞

0
uke−

4√udu .

Dhlad , oi ropèc den exart¸ntai apì thn par�metro λ. Autì shmaÐnei ìti to prìblhma
twn rop¸n èqei �peirec lÔseic, �ra eÐmaste sthn aìristh perÐptwsh tou probl matoc
kai, epomènwc, oi timèc twn suntelest¸n αi tou suneqoÔc kl�smatoc ja eÐnai tètoiec
¸ste h seir� ∑+∞

n=1 αn na sugklÐnei.
Apì to suneqèc kl�sma ja p�roume tic dÔo sunart seic-ìria

p(z)
q(z)

=
+∞∑
i=1

µi
z + λi

,
p1(z)
q1(z)

=
+∞∑
i=0

νi
z + θi

kai oi katanomèc m�zac (µi, λi) kai (νi, θi) apoteloÔn dÔo apì tic lÔseic tou probl matoc.'Omwc, den mporoÔme na prosdiorÐsoume thn akrib  sqèsh metaxÔ tou oloklhr¸matoc∫ +∞

0

(1 + λ sin 4
√
u) e−

4√u

z + u
du

kai twn sunart sewn p(z)
q(z) kai p1(z)

q1(z) . 'Opwc eÐdame, mìno sthn perÐptwsh pou z = x
mporoÔme na p�roume èna k�tw kai èna �nw fr�gma tou parap�nw oloklhr¸matoc.
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Epeid  ta ck den exart¸ntai apì to λ, to Ðdio ja sumbaÐnei kai me ta αi kai me tic
proseggÐseic p(z)

q(z) kai p1(z)
q1(z) . Efìson∫ +∞

0

λe−
4√u sin 4

√
u

x+ u
du = πλe−

4√4x

kai to λ paÐrnei timèc apì −1 èwc 1, ja isqÔei ìti
p1(x)
q1(x)

− p(x)
q(x)

> 2πe−
4√4x .

Epomènwc, s� aut  thn perÐptwsh oÔte h dunamoseir�, all� oÔte kai to suneqèc kl�sma,
mporeÐ na d¸sei mÐa kal  prosèggish tou oloklhr¸matoc. O upologismìc twn suntele-
st¸n αi tou suneqoÔc kl�smatoc eÐnai mÐa diadikasÐa arket� polÔplokh kai gi� autì h
sÔgklish thc seir�c ∑+∞

n=1 αn den eÐnai kajìlou eÔkolo na apodeiqjeÐ.
Sto par�deigma pou akoloujeÐ apodeiknÔoume thn apeirÐa twn lÔsewn sto prìblhma

twn rop¸n, upologÐzontac touc suntelestèc tou suneqoÔc kl�smatoc kai deÐqnontac ìti
h antÐstoiqh seir� sugklÐnei.

8.5 DeÔtero par�deigma.

JewroÔme mÐa peritt  kai periodik  sun�rthsh f(x), h opoÐa eÐnai suneq c kai ikanopoieÐ
gia k�je x mÐa apì tic isìthtec: f(x+ 1

2) = f(x)   f(x+ 1
2) = −f(x). Epeid  h f eÐnai

peritt , gia k�je fusikì n ja isqÔei ìti∫ n

0
e−x

2
f(x)dx = −

∫ −n

0
e−y

2
f(−y)dy = −

∫ −n

0
e−y

2
f(y)dy .

Epomènwc, eÐnai ∫ n

−n
e−x

2
f(x)dx = 0 ,

�ra kai ∫ +∞

−∞
e−x

2
f(x)dx = 0 .

K�nontac thn antikat�stash x = −k+1
2 + lnu, ìpou k ènac opoiosd pote akèraioc,

paÐrnoume ìti ∫ +∞

0
uku− lnuf(lnu)du = 0

ìpou k eÐnai, epÐshc, opoiosd pote akèraioc.
An p�roume, gia par�deigma, th sun�rthsh f(x) = sin(2πx), tìte aut  ikanopoieÐ

tic parap�nw proüpojèseic, opìte∫ +∞

0
uku− lnu sin (2π lnu)du = 0
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gia k�je akèraio k.
JewroÔme sth sunèqeia to olokl rwma

1√
π

∫ +∞

0

1 + λ sin(2π lnu)
z + u

u− lnudu

ìpou to λ paÐrnei timèc apì −1 èwc 1. Epomènwc, èqoume kai p�li èna olokl rwma thc
morf c ∫ +∞

0

dφ(u)
z + u

ìpou h φ eÐnai h aÔxousa sun�rthsh pou orÐzetai sto [0,+∞) kai èqei tÔpo
φ(u) =

1√
π

∫ u

0
(1 + λ sin(2πlnv)) v−lnvdv .

K�je rop  ck èqei tim 
ck =

1√
π

∫ +∞

0
uk (1 + λ sin(2πlnu))u−lnudu

=
1√
π

∫ +∞

0
uku−lnudu

=
1√
π

∫ +∞

−∞
e−x

2+(k+1)xdx =
e

(k+1)2

4

√
π

∫ +∞

−∞
e−y

2
dy

= e
(k+1)2

4 ,

dhlad  eÐnai anex�rthth thc paramètrou λ. Epomènwc, kai s� aut n thn perÐptwsh èqoume
�peirec lÔseic sto prìblhma twn rop¸n. Qrhsimopoi¸ntac touc tÔpouc thc paragr�fou
§2.5 kai k�nontac kat�llhlec aplopoi seic stic orÐzousec, paÐrnoume touc suntelestèc
αi tou suneqoÔc kl�smatoc:

α2n = (1− e−
1
2 )(1− e−1)(1− e−

3
2 ) · · · (1− e−

n−1
2 )e−

n
2

kai
α2n+1 =

e−
2n+1

4

(1− e−
1
2 )(1− e−1)(1− e−

3
2 ) · · · (1− e−

n
2 )

.

H seir�∑+∞
n=1 α2n fr�ssetai apì thn∑+∞

n=1 e
−n

2 kai h∑+∞
n=0 α2n+1 apì thn 32

∑+∞
n=0 (2

e )
n
2 ,

�ra sugklÐnoun. Telik�, kai h seir� ∑+∞
n=1 αn sugklÐnei.

EpÐshc, me ton Ðdio trìpo ìpwc kai sto pr¸to par�deigma, paÐrnoume ìti h diafor�
p1(x)
q1(x)

− p(x)
q(x)

eÐnai p�nta megalÔterh   Ðsh apì
2√
π

∫ +∞

0

sin(2π lnu)
x+ u

u− lnudu = 2e−π
2√
πx− lnx .
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8.6 'Alla paradeÐgmata.

'Ena par�deigma ìpou to prìblhma twn rop¸n èqei monadik  lÔsh eÐnai sthn perÐptwsh
pou oi ropèc ck eÐnai oi arijmoÐ pou prokÔptoun apì to suneqèc kl�sma pou melèthse
o Laguerre, sto opoÐo anafèretai o Stieltjes ston prìlogo thc dhmosÐeus c tou. Oi
suntelestèc αi tou kl�smatoc autoÔ eÐnai:

α2n−1 = 1 , α2n =
1
n
.

Sthn perÐptwsh aut  eÐnai profanèc ìti h seir� ∑+∞
n=1 αn apoklÐnei, �ra to suneqèc

kl�sma sugklÐnei kai parist�nei sun�rthsh F (z) olìmorfh sto C−A. EpÐshc, apodei-
knÔetai ìti h sun�rthsh φ = Φ = Φ1 dÐnetai apì ton tÔpo

φ(u) = 1− e−u , u ≥ 0 .

O Laguerre èdeixe ìti gia k�je z to suneqèc kl�sma isoÔtai me to olokl rwma∫ +∞

0

dφ(u)
z + u

=
∫ +∞

0

e−udu

z + u
.

Sto par�deigma autì up�rqei m�za osod pote makri� apì to shmeÐo 0.
Fusik�, ìpwc èqoume  dh parathr sei, sthn perÐptwsh pou h m�za den ekteÐnetai

mèqri to �peiro, all� stamat� se k�poio shmeÐo, to antÐstoiqo suneqèc kl�sma p�nta
ja sugklÐnei, giatÐ kai h antÐstoiqh dunamoseir� sugklÐnei gia arket� meg�lec timèc
tou |z|. Gia na katano soume thn teleutaÐa perÐptwsh, jewroÔme to suneqèc kl�sma me
suntelestèc b2n = p > 0 kai b2n−1 = q > 0 :

p

z + q

1+. . .
+ p
z+ q

1+. . .

.

Profan¸c, to kl�sma autì eÐnai periodikì, �ra, an jèsoume thn tim  tou Ðsh me k, tìte
èqoume ìti

k =
p

z + q
1+k

.

ProkÔptei ètsi mÐa deuterob�jmia exÐswsh wc proc k, h opoÐa dÐnei dÔo lÔseic. H mÐa
aporrÐptetai giatÐ, sthn perÐptwsh pou o z eÐnai jetikìc pragmatikìc, dÐnei arnhtikèc
timèc tou suneqoÔc kl�smatoc. 'Etsi, telik� èqoume ìti se k�je z h tim  tou ja eÐnai
Ðsh me

F (z) =

√
z2 + 2(p+ q)z + (p− q)2 − z + p− q

2z
.

Oi suntelestèc αi dÐnontai apì touc tÔpouc α2n = (pq )
n kai α2n+1 = 1

p(
q
p)
n. Epomènwc,

mÐa toul�qiston apì tic seirèc ∑∞
n=1 α2n kai ∑∞

n=0 α2n+1 ja apoklÐnei.
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To prìblhma twn rop¸n èqei monadik  lÔsh kai h sun�rthsh F anagkastik� ja
gr�fetai sth morf  ∫ +∞

0
dφ(u)
z+u . Gia na th gr�youme me th morf  aut , diakrÐnoume gia

ta p, q tic parak�tw peript¸seic:
• An p > q, tìte jètoume a =

(√
p−√

q
)2 kai b =

(√
p+

√
q
)2. Sthn perÐptwsh

aut , me pr�xeic prokÔptei ìti h F gr�fetai sth morf 
F (z) =

√
ab

z
+

1
2π

∫ b

a

√
(u− a)(b− u)

u

du

z + u

=
∫ +∞

0

dφ(u)
z + u

,

ìpou
φ(u) =


0 , u = 0√
ab , 0 < u < a√
ab+ 1

2π

∫ u
a

√
(t− a)(b− t)dtt , a ≤ u ≤ b√

ab+ 1
2π

∫ b
a

√
(t− a)(b− t)dtt , b < u.

ParathroÔme ìti up�rqei mÐa sugkèntrwsh m�zac sto 0, h opoÐa eÐnai Ðsh me √ab
kai h upìloiph m�za eÐnai suneq¸c katanemhmènh sto (a, b). Tèloc, parathroÔme
ìti sthn perÐptwsh aut  h seir� ∑+∞

n=0 α2n+1 sugklÐnei, to �jroism� thc eÐnai
1
p−q kai, lìgw thc prìtashc pou ja deÐxoume sthn amèswc epìmenh par�grafo,
epibebai¸netai ìti h m�za pou eÐnai sugkentrwmènh sto 0 isoÔtai me √ab = pq.

• Sthn perÐptwsh pou p < q prokÔptei ìti h F dÐnetai apì ton tÔpo
F (z) =

1
2π

∫ b

a

√
(u− a)(b− u)

u

du

z + u
=
∫ +∞

0

dφ(u)
z + u

,

ìpou
φ(u) =


0 , 0 ≤ u < a
1
2π

∫ u
a

√
(t− a)(b− t)dtt , a ≤ u ≤ b

1
2π

∫ b
a

√
(t− a)(b− t)dtt , b < u.

T¸ra, olìklhrh h m�za eÐnai suneq¸c katanemhmènh sto (a, b). Sthn perÐptwsh
aut  h seir�∑+∞

n=0 α2n+1 apoklÐnei kai, apì thn prìtash thc epìmenhc paragr�fou,epibebai¸netai ìti h m�za sto 0 eÐnai Ðsh me mhdèn.
• 'Otan p = q, tìte a = 0 kai eÐte touc tÔpouc thc pr¸thc perÐptwshc efarmìsoume
eÐte autoÔc thc deÔterhc ja p�roume to Ðdio apotèlesma.

8.7 Upologismìc thc m�zac pou sugkentr¸netai sto 0.

S� aut n thn par�grafo ja upologÐsoume thn posìthta thc m�zac pou sugkentr¸netai
sto 0.
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Prìtash 8.1 Sthn orismènh perÐptwsh tou probl matoc twn rop¸n, h m�za pou eÐnai
sugkentrwmènh sto 0 isoÔtai me

1∑+∞
n=0 α2n+1

.

Sthn perÐptwsh pou h seir� aut  apoklÐnei, h antÐstoiqh m�za isoÔtai me mhdèn.
Sthn aìristh perÐptwsh, to phlÐko

1∑+∞
n=0 α2n+1

eÐnai to mègisto thc m�zac pou mporeÐ na eÐnai sugkentrwmènh sto 0 kai autì sumbaÐnei
sthn perÐptwsh thc lÔshc (νi, θi), afoÔ sto shmeÐo θ0 = 0 èqoume posìthta m�zac Ðsh
me ν0 = 1∑+∞

n=0 α2n+1
. Gia k�je �llh lÔsh tou probl matoc twn rop¸n h posìthta thc

m�zac sto 0 eÐnai mikrìterh apì ν0.

Apìdeixh: 'Estw φ mÐa aÔxousa sun�rthsh me φ(0) = 0, me �peira shmeÐa auxhtikìthtac,
h opoÐa orÐzei mÐa katanom  m�zac ston hmi�xona 0x pou apoteleÐ lÔsh tou probl matoc
twn rop¸n. Tìte, eÐdame ìti ja isqÔei∫ +∞

0

dφ(u)
x+ u

≤ F1(x)

gia k�je x ≥ 0. EpÐshc, apì thn prìtash 3.1 kai thn parat rhsh 7.4 èqoume ìti
lim
x→0+

xF1(x) =
1∑+∞

n=0 α2n+1

= ν0 .

Ja deÐxoume ìti, an µ = limε→0+ φ(ε) eÐnai h m�za pou eÐnai sugkentrwmènh sto 0, tìte
eÐnai

µ = lim
x→0+

∫ +∞

0

xdφ(u)
x+ u

.

Pr�gmati, isqÔei ìti∫ +∞

0

xdφ(u)
x+ u

=
∫ x2

0

xdφ(u)
x+ u

+
∫ √

x

x2

xdφ(u)
x+ u

+
∫ +∞

√
x

xdφ(u)
x+ u

(upojètoume to x arket� mikrì jetikì arijmì, mikrìtero thc mon�dac, �ra x2 <
√
x).

Epeid 
φ(x2)
1 + x

=
x

x+ x2
(φ(x2)− φ(0)) ≤

∫ x2

0

xdφ(u)
x+ u

≤ φ(x2)− φ(0) = φ(x2)

sunep�getai ìti
lim
x→0+

∫ x2

0

xdφ(u)
x+ u

= lim
x→0+

φ(x2) = µ .
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EpÐshc, eÐnai profanèc ìti
0 ≤

∫ √
x

x2

xdφ(u)
x+ u

< φ(
√
x)− φ(x2)

opìte, epeid  limx→0+ (φ(
√
x)− φ(x2)) = 0, ja eÐnai kai

lim
x→0+

∫ √
x

x2

xdφ(u)
x+ u

= 0 .

Tèloc, epeid  h x
x+u eÐnai fjÐnousa sun�rthsh tou u ja isqÔei ìti

0 ≤
∫ +∞

√
x

xdφ(u)
x+ u

≤
√
x

1 +
√
x

(
φ(+∞)− φ(

√
x)
)
.

Epomènwc, afoÔ eÐnai limx→0+

√
x

1+
√
x

(φ(+∞)− φ(
√
x)) = 0, ja èqoume ìti

lim
x→0+

∫ +∞

√
x

xdφ(u)
x+ u

= 0 .

'Ara, to zhtoÔmeno apodeÐqjhke.
Sthn orismènh perÐptwsh tou probl matoc twn rop¸n, dhlad , ìtan∑+∞

n=1 αn = +∞,
ja eÐnai ∫ +∞

0
dφ(u)
x+u = F1(x), pr�gma to opoÐo sunep�getai ìti
µ = lim

x→0+

∫ +∞

0

xdφ(u)
x+ u

= lim
x→0+

xF1(x) =
1∑+∞

n=0 α2n+1

.

Sthn aìristh perÐptwsh, dhlad , ìtan ∑+∞
n=1 αn < +∞, epeid 

xF (x) ≤
∫ +∞

0

xdφ(u)
x+ u

≤ xF1(x)

ja eÐnai
0 = lim

x→0+
xF (x) ≤ µ ≤ lim

x→0+
xF1(x) =

1∑+∞
n=0 α2n+1

.

GnwrÐzoume ìti gia ekeÐnh thn katanom  maz¸n pou orÐzei h aÔxousa sun�rthsh5 Φ1isqÔei
µ = lim

x→0+

∫ +∞

0

xdΦ1(u)
x+ u

= lim
x→0+

xF1(x) =
1∑+∞

n=0 α2n+1

= ν0 .

Mènei na deÐxoume ìti gia k�je �llh katanom  m�zac pou apoteleÐ lÔsh tou probl matoc
twn rop¸n eÐnai

µ <
1∑+∞

n=0 α2n+1

.

5O orismìc thc up�rqei sthn §7.8.

150



'Estw ìti up�rqei mÐa �llh aÔxousa sun�rthsh Ψ me Ψ(0) = 0 kai me �peira shmeÐa
auxhtikìthtac, tètoia ¸ste h katanom  m�zac pou orÐzei na apoteleÐ, epÐshc, lÔsh tou
aìristou probl matoc twn rop¸n kai gia thn opoÐa isqÔei µ = 1∑+∞

n=0 α2n+1
. E�n apì tic

katanomèc pou orÐzoun oi Φ1 kai Ψ afairèsoume th m�za µ pou eÐnai sugkentrwmènh sto
0, tìte paÐrnoume dÔo diaforetik� sust mata maz¸n pou dÐnoun epÐshc tic Ðdiec ropèc
k-t�xhc, �ra up�rqoun �peirec �llec katanomèc maz¸n pou dÐnoun tic Ðdiec ropèc k-
t�xhc me ta dÔo prohgoÔmena. Lìgw thc parat rhshc 8.5, s� ìlec autèc tic katanomèc h
posìthta thc m�zac pou katanèmetai kat� m koc tou 0x eÐnai Ðsh me c0−µ. JewroÔme mÐatètoia katanom  maz¸n, h opoÐa orÐzetai apì mÐa aÔxousa sun�rthsh Φ∗

1 kai sto 0 eÐnai
topojethmènh m�za µ′ > 0. E�n s� aut n thn katanom  prosjèsoume sto 0 m�za µ, tìte
paÐrnoume èna nèo sÔsthma maz¸n pou apoteleÐ epÐshc lÔsh tou arqikoÔ probl matoc
twn rop¸n. Pr�gmati, h sunolik  posìthta thc m�zac kat� m koc tou 0x isoÔtai me c0,en¸, apì ton trìpo me ton opoÐo orÐsame aut n thn katanom , eÐnai profanèc ìti kai oi
upìloipec ropèc eÐnai Ðsec. H m�za tou sust matoc autoÔ pou antistoiqeÐ sto 0 ja eÐnai
Ðsh me µ+ µ′ > 1∑+∞

n=0 α2n+1
, �topo.

8.8 Sqetik� me ton hmi�xona 0x′ twn arnhtik¸n arijm¸n.

'Eqoume apodeÐxei ìti sthn perÐptwsh pou h seir�∑+∞
n=1 αn apoklÐnei, to suneqèc kl�sma

Stieltjes sugklÐnei kai m�lista, to ìrio twn proseggÐsewn tou eÐnai h sun�rthsh

F (z) =
∫ +∞

0

dφ(u)
z + u

,

ìpou oi mìnec idiìthtec pou ofeÐlei na plhroÐ h sun�rthsh φ, h opoÐa orÐzetai sto
[0,+∞), eÐnai na eÐnai aÔxousa sun�rthsh tou u, na ikanopoieÐ thn φ(0) = 0 kai na
èqei �peira shmeÐa auxhtikìthtac. Tìte, prokÔptei en gènei ìti h sun�rthsh F eÐnai
analutik  pantoÔ sto C−A, ìmwc, den mporoÔme p�nta na thn epekteÐnoume analutik�
kai sto A. Pr�gmati, an mporoÔsame na broÔme analutik  epèktas  thc sto (−b,−a),
tìte h sun�rthsh φ ja èprepe anagkastik� na eÐnai analutik  sun�rthsh tou u sto
(a, b). 'Omwc, to na apait soume gia thn φ na eÐnai analutik  periorÐzei kat� polÔ thn
kl�sh twn auxous¸n sunart sewn me tic opoÐec asqoloÔmaste.

An jèloume na broÔme paradeÐgmata suneq¸n klasm�twn gia ta opoÐa h antÐstoiqh
sun�rthsh F sumperifèretai omal� se upodiast mata tou A, tìte den prèpei na orÐsoume
pr¸ta touc suntelestèc αk, all� na xekin soume paÐrnontac th φ ètsi ¸ste na èqei thn
kat�llhlh sumperifor� sta antÐstoiqa upodiast mata tou A. Sto pr¸to par�deigma thc
paragr�fou 8.6 h φ eÐnai analutik  sto (0,+∞) kai, epomènwc, h antÐstoiqh sun�rthsh
F ja epekteÐnetai analutik� sta shmeÐa tou (−∞, 0). EpÐshc, sto deÔtero par�deigma
thc Ðdiac paragr�fou, h φ epekteÐnetai analutik� sta diast mata (0, a), (a, b), (b,+∞)
kai, ìpwc eÐnai fanerì, kai h antÐstoiqh F epekteÐnetai analutik� sta shmeÐa aut¸n twn
diasthm�twn.
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8.9 Melèth tou suneqoÔc kl�smatoc pou antistoiqeÐ sto

olokl rwma
∫ +∞

0
dφ(u)
z+u wc proc th sÔgklish.

'Otan èqoume mÐa aÔxousa sun�rthsh φ sto [0,+∞), me φ(0) = 0 kai �peira shmeÐa auxh-
tikìthtac   thn katanom  m�zac pou aut  orÐzei, tìte wc gnwstìn paÐrnoume èna suneqèc
kl�sma pou antistoiqeÐ sto genikeumèno olokl rwma ∫ +∞

0
dφ(u)
z+u . H melèth autoÔ tou

suneqoÔc kl�smatoc wc proc th sÔgklish apoteleÐ èna prìblhma pou parousi�zei ar-
ketèc analogÐec me th melèth miac dunamoseir�c wc proc th sÔgklish. Den mporoÔme
na d¸soume genik  lÔsh sto parap�nw prìblhma, par� mìno na katal xoume se k�poia
sumper�smata pou mac dÐnoun apant seic se eidikèc peript¸seic. Sthn perÐptwsh pou
to suneqèc kl�sma sugklÐnei, to prìblhma twn rop¸n èqei mÐa kai monadik  lÔsh kai
s� aut n thn perÐptwsh lème ìti h katanom  thc m�zac pou orÐzei h φ eÐnai orismènh.
Fusik�, ja mporoÔsame eis�gontac {arnhtikèc m�zec} na p�roume kai �llec lÔseic sto
prìblhma twn rop¸n, ìmwc de ja asqolhjoÔme me thn ènnoia thc arnhtik c m�zac gia-
tÐ to prìblhma ja gÐnei perÐploko. AntÐjeta, ìtan to suneqèc kl�sma apoklÐnei, tìte
to prìblhma twn rop¸n èqei �peirec lÔseic kai tìte ja onom�zoume thn katanom  twn
maz¸n pou orÐzei h φ aìristh.

ParathroÔme ìti profan¸c isqÔoun ta ex c:
• An se mÐa aìristh katanom  maz¸n prosjèsoume mÐa akìmh m�za, tìte èqoume kai
p�li aìristh katanom  maz¸n.

• An apì mÐa orismènh katanom  maz¸n afairèsoume mÐa m�za, tìte èqoume kai p�li
orismènh katanom  maz¸n.

• 'Otan èqoume duo diaforetikèc katanomèc m�zac pou èqoun Ðsec ropèc, tìte kai oi
dÔo katanomèc m�zac eÐnai aìristec.

Sta parak�tw ja qrhsimopoi soume thn ex c prìtash.
Prìtash 8.2 E�n

n∑
i=0

n∑
k=0

Ci,kXiXk = Q(X0, X1, . . . , Xn)

eÐnai mÐa summetrik  kai jetik� orismènh tetragwnik  morf , tìte to el�qisto thc
Q(1, X1, X2, . . . , Xn) isoÔtai me∣∣∣∣∣∣∣∣

C0,0 C0,1 . . . C0,n

C1,0 C1,1 . . . C1,n

. . . . . . . . . . . .
Cn,0 Cn,1 . . . Cn,n

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣
C1,1 . . . C1,n

. . . . . . . . .
Cn,1 . . . Cn,n

∣∣∣∣∣∣ .
Apìdeixh: Apì to l mma 8.1 gnwrÐzoume ìti Q(1, X1, . . . , Xn) ≥ c(1+X2

1 + . . .+X2
n)gia k�jeX1, . . . , Xn. 'Epetai ìti Q(1, X1, . . . , Xn) → +∞ ìtan 1+X2

1 +. . .+X2
n → +∞

kai, epeid  hQ(1, X1, . . . , Xn) eÐnai suneq c sun�rthsh twnX1, . . . ,Xn, ja èqei el�qisthtim  gia k�poiec timèc twn X1, . . . , Xn. Exis¸nontac tic merikèc parag¸gouc ∂Q
∂X1

, . . . ,
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∂Q
∂Xn

me to mhdèn, brÐskoume èna grammikì sÔsthma n exis¸sewn, tou opoÐou h lÔsh
eÐnai oi timèc twn X1, . . . , Xn pou elaqistopoioÔn to Q(1, X1, . . . , Xn). LÔnontac kai
k�nontac pr�xeic epibebai¸noume thn el�qisth tim  thc ekf¸nhshc.

An, t¸ra, jewr soume thn tetragwnik  morf 
Q(X0, X1, X2, . . . , Xn) =

∫ +∞

0
(X0 +X1u+ . . .+Xnu

n)2dφ(u)

parathroÔme ìti
Q(X0, X1, X2, . . . , Xn) =

n∑
i=0

n∑
k=0

ci+kXiXk .

Efarmìzoume thn prìtash 8.2 kai th sqèsh (2.11) kai brÐskoume ìti to el�qisto thc∫ +∞
0 (X0 +X1u+ . . .+Xnu

n)2dφ(u), isoÔtai me∣∣∣∣∣∣∣∣
c0 c1 . . . cn
c1 c2 . . . cn+1

. . . . . . . . . . . .
cn cn+1 . . . c2n

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣

c2 . . . cn+1

. . . . . . . . .
cn+1 . . . c2n

∣∣∣∣∣∣ = 1
α1 + α3 + . . .+ α2n+1

.

An, gia lìgouc suntomÐac, sumbolÐsoume {dφ(u)}n thn el�qisth tim  tou∫ +∞

0
(1 +X1u+ . . .+Xnu

n)2dφ(u) ,

tìte, èqoume apodeÐxei ìti
{dφ(u)}n =

1
α1 + α3 + . . .+ α2n+1

.

EpÐshc, an jèsoume c−1 =
∫ +∞
0

dφ(u)
u kai efarmìsoume thn prìtash 8.2 kai th sqèsh

(2.14), brÐskoume ìti h mègisth tim  thc par�stashc∫ +∞

0

(
1− (1 +X1u+ . . .+Xnu

n)2
) dφ(u)

u

wc proc ta X1, . . . , Xn isoÔtai me
∫ +∞

0

dφ(u)
u

−

∣∣∣∣∣∣∣∣
c−1 c0 . . . cn−1

c0 c1 . . . cn
. . . . . . . . . . . .
cn−1 cn . . . c2n−1

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣
c1 . . . cn
. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
c−1 0 . . . 0
0 c1 . . . cn
. . . . . . . . . . . .
0 cn . . . c2n−1

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣
c1 . . . cn
. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣
153



−

∣∣∣∣∣∣∣∣
c−1 c0 . . . cn−1

c0 c1 . . . cn
. . . . . . . . . . . .
cn−1 cn . . . c2n−1

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣
c1 . . . cn
. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣
= −

∣∣∣∣∣∣∣∣
0 c0 . . . cn−1

c0 c1 . . . cn
. . . . . . . . . . . .
cn−1 cn . . . c2n−1

∣∣∣∣∣∣∣∣ :
∣∣∣∣∣∣
c1 . . . cn
. . . . . . . . .
cn . . . c2n−1

∣∣∣∣∣∣
= α2 + α4 + . . .+ α2n .

Apì thn parat rhsh 8.1 prokÔptei ìti to el�qisto thc tetragwnik c morf c∫ +∞

0
(1 +X1u+ . . .+Xnu

n)2dφ(u)

lamb�netai ìtan
1 +X1u+ . . .+Xnu

n =
Q2n+1(−u)
−uQ′2n+1(0)

,

en¸ apì to je¸rhma 8.1 kai th sqèsh (8.2) èqoume ìti to mègisto thc par�stashc∫ +∞

0

(
1− (1 +X1u+ . . .+Xnu

n)2
) dφ(u)

u

wc proc X1, . . . , Xn lamb�netai ìtan
1 +X1u+ . . .+Xnu

n = Q2n(−u) .

Parat rhsh 8.6 Epeid  h el�qisth tim  {dφ(u)}n thc tetragwnik c morf c∫ +∞

0
(1 +X1u+ . . .+Xnu

n)2dφ(u)

lamb�netai ìtan

1 +X1u+ . . .+Xnu
n =

Q2n+1(u)
−uQ′2n+1(0)

,

èpetai ìti

µ = φ(0+)− φ(0) = (φ(0+)− φ(0))
(
Q2n+1(−u)
−uQ′2n+1(0)

)2∣∣∣
u=0

<

∫ +∞

0

(
Q2n+1(−u)
−uQ′2n+1(0)

)2

dφ(u) = {dφ(u)}n

kai epomènwc,

µ < {dφ(u)}n =
1

α1 + α3 + . . .+ α2n+1
.

'Ara, deÐxame me deÔtero trìpo thn anisìthta

µ ≤ 1∑+∞
n=0 α2n+1

.
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8.10 Melèth thc sÔgklishc tou suneqoÔc kl�smatoc sthn
perÐptwsh pou h m�za sto O eÐnai mhdèn.

Upojètoume ìti sto 0 de sugkentr¸netai m�za. Tìte, epeid  sthn perÐptwsh thc ori-
smènhc katanom c m�zac h m�za µ pou sugkentr¸netai sto 0 isoÔtai me µ = 1∑+∞

n=0 α2n+1
,

prokÔptei ìti ∑+∞
n=0 α2n+1 = +∞ kai {dφ(u)}∞ = 0.

Sthn perÐptwsh thc aìristhc katanom c m�zac h seir� ∑+∞
n=0 α2n+1 sugklÐnei, �ra

{dφ(u)}∞ > 0. Katal goume loipìn sto parak�tw sumpèrasma.
'Otan sto O den up�rqei m�za kai isqÔei {dφ(u)}∞ = 0, tìte to suneqèc

kl�sma sugklÐnei, en¸ ìtan eÐnai {dφ(u)}∞ > 0, tìte to suneqèc kl�sma
apoklÐnei.

ProkÔptei t¸ra to ex c er¸thma. 'Estw ìti D eÐnai h katanom  m�zac pou orÐzetai
apì mÐa aÔxousa sun�rthsh φ sto [0,+∞), me φ(0) = 0 kai me �peira shmeÐa auxhti-
kìthtac kai ac upojèsoume ìti µ eÐnai h posìthta thc m�zac sto 0. An afairèsoume
aut  th m�za, prokÔptei mÐa �llh katanom , èstw D′. Upojètoume ìti me k�poio trìpo
(p.q. me th bo jeia tou parap�nw sumper�smatoc) brÐskoume to eÐdoc thc katanom c
D′ (dhl. to an eÐnai orismènh   aìristh). Tìte poio eÐnai to sumpèrasma pou bg�zoume
gia thn D?

E�n h D′ eÐnai aìristh, tìte kai h D ja eÐnai.
E�n hD′ eÐnai orismènh, tìte kai hD eÐnai orismènh   eÐnai ekeÐnh h lÔsh thc aìristhc

perÐptwshc tou probl matoc twn rop¸n ìpou èqoume th mègisth m�za sto 0. Pr�gmati,
ja deÐxoume ìti, an h D′ eÐnai orismènh, tìte h D den mporeÐ na eÐnai lÔsh thc aìristhc
perÐptwshc tou probl matoc twn rop¸n me m�za µ sto mhdèn austhr� mikrìterh apì

1∑+∞
n=0 α2n+1

. 'Estw ìti den isqÔei to teleutaÐo. Tìte, up�rqei aìristh katanom  D, thc
opoÐac h m�za µ pou perieqètai sto 0 na eÐnai mikrìterh thc mègisthc dunat c kai tètoia
¸ste, ìtan afairèsoume th m�za µ, na prokÔptei mÐa orismènh katanom  D′. Epeid  to
prìblhma twn rop¸n, tou opoÐou lÔsh eÐnai h D, eÐnai aìristo, ja up�rqei mÐa katanom 
D1, h opoÐa eÐnai epÐshc lÔsh tou kai sthn opoÐa, h m�za pou eÐnai sugkentrwmènh sto 0
eÐnai h mègisth dunat , dhlad  isoÔtai me µ1 = 1∑+∞

n=0 α2n+1
. Tìte, an apì thn katanom 

D1 afairèsoume apì to 0 posìthta m�zac Ðsh me µ, prokÔptei mÐa katanom  D′
1, h opoÐaèqei akrib¸c tic Ðdiec ropèc me thn D′. 'Ara, oi dÔo katanomèc eÐnai lÔseic tou Ðdiou

probl matoc rop¸n kai epeid  eÐnai diaforetikèc, ja eÐnai kai oi dÔo aìristec. 'Atopo.
'Ara, h D   ja eÐnai orismènh   ja eÐnai aìristh kai sthn perÐptwsh aut , h m�za pou
ja eÐnai sugkentrwmènh sto 0 ja eÐnai mikrìterh apì th mègisth dunat .

8.11 Idiìthtec tou {dφ(u)}n.

S� aut n thn par�grafo ja asqolhjoÔme me thn perÐptwsh ìpou h aÔxousa sun�rthsh
φ sto [0,+∞), me φ(0) = 0 kai me �peira shmeÐa auxhtikìthtac, èqei suneq  par�gwgo
pr¸thc t�xhc. Dhlad , isqÔei dφ(u) = f(u)du, ìpou h f eÐnai mh arnhtik  sun�rthsh,

155



suneq c sto [0,+∞) kai den eÐnai tautotik� mhdèn.6 SÔmfwna me ta prohgoÔmena ja
isqÔei ìti
{f(u)du}n = min

∫ +∞

0
f(u)(1 +X1u+ . . .+Xnu

n)2du =
1

α1 + α3 + . . .+ α2n+1

kai
min

∫ +∞

0
f(u)

(
1− (1 +X1u+ . . .+Xnu

n)2
) du
u

= α2 + α4 + . . .+ α2n .

K�poiec forèc eÐnai eÔkolo na upologÐsoume to parap�nw el�qisto   to antÐstoiqo
suneqèc kl�sma. E�n, gia par�deigma, èqoume to genikeumèno olokl rwma

ba

Γ(a)

∫ +∞

0

ua−1e−bu

z + u
du ,

tìte, apì tic ropèc
ck =

ba

Γ(a)

∫ +∞

0
ukua−1e−budu =

Γ(k + a)
Γ(a)

brÐskoume
α1 = 1 , α2n+1 =

a(a+ 1) · · · (a+ n− 1)
n!

α2 =
b

a
, α2n =

(n− 1)! b
a(a+ 1) · · · (a+ n− 1)

S2n+1 = α1 + α3 + . . .+ α2n+1 =
(a+ 1)(a+ 2) · · · (a+ n)

n!
.

Sqetik� me th seir� ∑+∞
n=0 α2n+1, parathroÔme ìti
S2n+1 =

n∏
k=1

(a
k

+ 1
)

= e
∑n

k=1 ln( a
k
+1) .

To ìrio thc akoloujÐac (S2n+1) eÐnai +∞, giatÐ h seir� ∑+∞
k=1 ln

(
a
k + 1

) apoklÐnei gia
a > 0. Epomènwc, kai h seir�∑+∞

n=0 α2n+1 ja apoklÐnei kai, sÔmfwna me ta prohgoÔmena,ja eÐnai {
ba

Γ(a)
ua−1e−budu

}
∞

= 0 .

Parat rhsh 8.7 K�nontac allag  metablht c sto olokl rwma∫ +∞

0
f(u)(1 +X1u+ . . .+Xnu

n)2du

6An h f eÐqe peperasmènou pl jouc shmeÐa asunèqeiac, tìte kai p�li isqÔoun ìsa ja poÔme s�
aut n thn par�grafo.
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paÐrnoume ìti {f(cu)du}n = 1
c{f(u)du}n kai, telik�, an p�roume to ìrio gia n → +∞,

brÐskoume ìti

{f(cu)du}∞ =
1
c
{f(u)du}∞ . (8.4)

Parat rhsh 8.8 EpÐshc, an jewr soume dÔo suneqeÐc sunart seic f1, f apì tic opoÐec
h pr¸th eÐnai mh arnhtik  kai h deÔterh p�nta jetik  kai h f1

f eÐnai �nw fragmènh apì
èna jetikì arijmì, tìte eÐnai profanèc ìti

{f(u)du}∞ = 0 ⇒ {f1(u)du}∞ = 0 ,

en¸ ìtan h f1
f eÐnai k�tw fragmènh apì èna jetikì arijmì, tìte

{f(u)du}∞ > 0 ⇒ {f1(u)du}∞ > 0 .

Parak�tw apodeiknÔoume k�ti polÔ isqurìtero apì thn parat rhsh 8.7. H prìtash
anafèretai kai p�li se dÔo suneqeÐc sunart seic f1, f apì tic opoÐec h pr¸th eÐnai mh
arnhtik  kai h deÔterh p�nta jetik .
Prìtash 8.3 Upojètoume ìti

{f(u)du}∞ = 0

kai ìti to phlÐko f1(u)
f(u) èqei peperasmèno mègistoMδ se k�je di�sthma (δ,+∞) (o arijmìc

Mδ endeqomènwc na teÐnei sto �peiro kaj¸c to δ teÐnei sto mhdèn). Tìte, ja isqÔei kai

{f1(u)du}∞ = 0 .

Apìdeixh: JewroÔme èna jetikì arijmì ε osod pote mikrì kai èna δ > 0 tètoio ¸ste∫ δ

0
f1(u)du <

1
2
ε .

Sth sunèqeia jewroÔme th sun�rthsh f− pou orÐzetai wc ex c:
f−(u) =

{
0, 0 ≤ u ≤ δ
f(u), u > δ.

E�n n eÐnai tuqaÐoc fusikìc, tìte isqÔei ìti
{f−(u)du}n =

∫ +∞

0
f−(u)

(
L−(u)

)2
du =

∫ +∞

δ
f(u)

(
L−(u)

)2
du ,

ìpou L−(u) eÐnai to polu¸numo bajmoÔ n gia to opoÐo h tetragwnik  morf ∫ +∞

0
f−(u)(1 +X1u+ . . .+Xnu

n)2du

paÐrnei thn el�qisth tim  thc kai h tim  tou sto mhdèn eÐnai Ðsh me 1.
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Apì th �llh meri�, an eÐnai
{f(u)du}n =

∫ +∞

0
f(u) (L(u))2 du

me èna antÐstoiqo polu¸numo L(u), tìte apì ton orismì tou {f−(u)du}n prokÔptei ìti
isqÔei

{f−(u)du}n ≤
∫ +∞

0
f−(u) (L(u))2 du =

∫ +∞

δ
f(u) (L(u))2 du ≤ {f(u)du}n .

Epomènwc,
{f(u)du}∞ = 0 ⇒ {f−(u)du}∞ = 0 .

EpÐshc, apì ton orismì tou {f1(u)du}n èqoume ìti
{f1(u)du}n ≤

∫ +∞

0
f1(u)

(
L−(u)

)2
du

=
∫ δ

0
f1(u)

(
L−(u)

)2
du+

∫ +∞

δ
f1(u)

(
L−(u)

)2
du .

'Omwc, to polu¸numo L−(u) ikanopoieÐ to sÔsthma twn exis¸sewn∫ +∞

0
f−(u)L−(u)ukdu = 0 , k = 1, 2, . . . , n ,

 , isodÔnama, ∫ +∞

δ
f(u)L−(u)ukdu = 0 , k = 1, 2, . . . , n .

Epeid  sto di�sthma (δ,+∞) h f(u)uk diathreÐ stajerì prìshmo, to polu¸numo L−(u)
ja all�zei prìshmo akrib¸c n forèc sto (δ,+∞), dhlad  oi rÐzec tou eÐnai ìlec mega-
lÔterec tou δ.7 Efìson L−(0) = 1, sto di�sthma [0, δ], anagkastik�, ja isqÔei ìti

0 < L−(u) ≤ 1 .

Sunep¸c, ∫ δ

0
f1(u)

(
L−(u)

)2
du ≤

∫ δ

0
f1(u)du <

1
2
ε . (∗)

All�, eÐnai∫ +∞

δ
f1(u)

(
L−(u)

)2
du ≤Mδ

∫ +∞

δ
f(u)

(
L−(u)

)2
du = Mδ{f−(u)du}n

kai, epomènwc, èqoume
{f1(u)du}n <

1
2
ε+Mδ{f−(u)du}n .

7Gia na p�roume to teleutaÐo apotèlesma qrhsimopoioÔme ekeÐno to epiqeÐrhma tou Legendre pou
qrhsimopoi same  dh dÔo forèc sta prohgoÔmena kef�laia.
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Epeid  {f−(u)du}∞ = 0, up�rqei fusikìc ν ètsi ¸ste gia k�je n > ν na isqÔei
Mδ{f−(u)du}n <

1
2
ε . (∗∗)

Sundu�zontac tic (∗) kai (∗∗) paÐrnoume ìti gia to dojèn ε up�rqei ν ¸ste gia k�je
n > ν na isqÔei

{f1(u)du}n < ε

kai h prìtash èqei apodeiqjeÐ.

Par�deigma 8.1 Sthn perÐptwsh pou èqoume th sun�rthsh

f(u) =
4

e2π
√
u − e−2π

√
u
,

tìte oi suntelestèc tou antÐstoiqou suneqoÔc kl�smatoc eÐnai αk = 4
k , epomènwc h seir�∑+∞

n=0 α2n+1 apoklÐnei kai ja eÐnai{
4du

e2π
√
u − e−2π

√
u

}
∞

= 0 .

Lìgw thc parat rhshc 8.6, gia ton tuqaÐo jetikì arijmì c ja isqÔei epÐshc ìti{
4du

ec
√
u − e−c

√
u

}
∞

= 0 .

An jèsoume

f1(u) = ua−1e−bu
λ
G(u) , f(u) =

4
ec
√
u − e−c

√
u
,

ìpou a > 0, b > 0, λ ≥ 1
2 , c < b kai G(u) mÐa jetik  sun�rthsh tou u h opoÐa eÐnai �nw

fragmènh se k�je di�sthma (δ,+∞), tìte èqoume ìti

f1(u)
f(u)

=
1
4
ua−1e−bu

λ+c
√
uG(u)

(
1− e−2c

√
u
)

kai to ìrio thc parap�nw sun�rthshc kaj¸c to u teÐnei sto �peiro eÐnai mhdèn. Autì
shmaÐnei ìti h f1

f se k�je di�sthma thc morf c (δ,+∞) eÐnai �nw fragmènh apì ènan
arijmì Mδ. Dhlad , ikanopoioÔntai oi proüpojèseic thc prohgoÔmenhc prìtashc, opìte

{ua−1e−bu
λ
G(u)}∞ = 0 .

'Ara, apì to olokl rwma ∫ +∞

0

ua−1e−bu
λ
G(u)

z + u
du = 0
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prokÔptei èna suneqèc kl�sma pou sugklÐnei efìson λ ≥ 1
2 . E�nG(u) = 1 kai λ < 1

2 , tìte
to suneqèc kl�sma apoklÐnei.8 Sth sunèqeia, ja efarmìsoume to parap�nw apotèlesma
sth seir� tou Stirling.

GnwrÐzoume ìti

log Γ(z) =
(
z − 1

2

)
log z − z +

1
2

log(2π) + J(z) ,

ìpou

J(z) =
1
π

∫ +∞

0

z

z2 + u2
log
(

1
1− e−2πu

)
du ,

 , k�nontac allag  metablht c,

J(z) =
1
2π

∫ +∞

0

zu−
1
2

z2 + u
log
(

1
1− e−2π

√
u

)
du .

H dunamoseir� pou antistoiqeÐ sto olokl rwma autì eÐnai h

B1

1 · 2 · z
− B2

3 · 4 · z2
+

B3

5 · 6 · z3
− . . . (A)

kai to antÐstoiqo suneqèc kl�sma

1
α1z + 1

α2z+. . .
+ 1
α2k−1z+

1

α2kz+. . .

.

H sun�rthsh f , s� aut  thn perÐptwsh, èqei tÔpo

f(u) =
1
2π
u−

1
2 log

(
1

1− e−2π
√
u

)
=

1
2π
u−

1
2 e−2π

√
uG(u)

me G(u) = e2π
√
u log

(
1

1−e−2π
√

u

)
. EÐnai limu→+∞G(u) = 1, �ra h G ikanopoieÐ tic

parap�nw apait seic. Gia na ekfr�soume thn J(z) me mÐa par�stash pou sugklÐnei
gia k�je migadikì z me jetikì pragmatikì mèroc arkeÐ na metasqhmatÐsoume th seir�
Stirling (A) sto parap�nw suneqèc olokl rwma. O upologismìc twn suntelest¸n αk,
ìpwc parathreÐ o Stieltjes, eÐnai mÐa diadikasÐa epÐponh. ProkÔptei ìti α1 = 12, α2 = 5

2 ,
α3 = 84

53 , α4 = 2809
2340 , α5 = 1003860

1218947 , . . . kai to p¸c suneqÐzoun oi arijmoÐ autoÐ paramènei
k�ti to exairetik� polÔploko.

8H apìdeixh aut  paraleÐpetai kai sthn ergasÐa tou Stieltjes.
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8.12 Sunèpeiec thc sÔgklishc tou suneqoÔc kl�smatoc pou

prokÔptei apì to olokl rwma
∫ +∞

0
dφ(u)
z+u .

Sthn teleutaÐa par�grafo thc ergasÐac tou o Stieltjes diatup¸nei k�poiec prot�seic pou
sqetÐzontai me tic sunèpeiec thc sÔgklishc tou suneqoÔc kl�smatoc pou prokÔptei apì
to olokl rwma ∫ +∞

0
dφ(u)
z+u . Gia tic apodeÐxeic touc parapèmpei se tÔpouc pou dÐnei sth

sunèqeia thc ergasÐac tou.
Prìtash 8.4 E�n apì to olokl rwma∫ +∞

0

dφ(u)
z + u

prokÔptei suneqèc kl�sma pou sugklÐnei, tìte to Ðdio sumbaÐnei kai me to suneqèc kl�sma
pou prokÔptei apì to

µ

z
+
∫ +∞

0

dφ(u)
z + u

,

ìpou to µ eÐnai stajerìc jetikìc arijmìc. ExaireÐtai mÐa mìno tim  tou µ, ekeÐnh gia thn
opoÐa h sun�rthsh φ dÐnei thn Ðdia katanom  me aut  pou prokÔptei an apì thn katanom 
(νi, ϑi) thc Φ1 afairèsoume th m�za ν0 apì to 0.

Prìtash 8.5 E�n apì to olokl rwma∫ +∞

0

dφ(u)
z + u

prokÔptei suneqèc kl�sma pou sugklÐnei, tìte to Ðdio sumbaÐnei kai me to suneqèc kl�sma
pou prokÔptei apì to ∫ +∞

0

udφ(u)
z + u

,

me exaÐresh thn Ðdia perÐptwsh me aut n thc prohgoÔmenhc prìtashc.

Prìtash 8.6 E�n apì to olokl rwma∫ +∞

0

dφ(u)
z + u

prokÔptei suneqèc kl�sma pou sugklÐnei, tìte to Ðdio sumbaÐnei kai me to suneqèc kl�sma
pou prokÔptei apì to ∫ +∞

λ

dφ(u− λ)
z + u

ìpou λ stajerìc jetikìc arijmìc. ExaireÐtai mÐa perÐptwsh, ekeÐnh kat� thn opoÐa h
katanom  thc m�zac pou orÐzei h φ eÐnai h (µi, λi − λ1) , i = 1, 2, 3, . . ., dhlad  h
katanom  pou prokÔptei an plhsi�soume k�je m�za thc katanom c pou orÐzei h Φ kat�
λ1 pio kont� sto 0.

161



162



Mèroc II

To olokl rwma Stieltjes mèsa apì
tic ergasÐec twn F. Riesz, H.

Legesgue kai J. Radon.

163





Kef�laio 9

Oi ergasÐec tou F. Riesz sqetik�
me thn uf  twn suneq¸n grammik¸n
sunarthsoeid¸n.

To olokl rwma Stieltjes �rqise na gÐnetai gnwstì kai na brÐskei efarmogèc perÐpou
15 qrìnia met� th dhmosÐeush thc ergasÐac {Recherches sur les fractions continues},
an kai faÐnetai na up rqan k�poioi majhmatikoÐ pou asqol jhkan m� autì, ìpwc o
OÔggroc J. König, pou to 1897 gr�fei gi� autì sto shmeÐwma tou {Mathematikai ès
Tennészettudomànyi Ertesitö}.

Stic arqèc tou 20ou ai¸na, èna apì ta jèmata me ta opoÐa asqoloÔntan kurÐwc ItaloÐ
kai G�lloi majhmatikoÐ  tan h melèth tou sunarthsoeidoÔc, mÐac ènnoiac idiaÐtera qr si-
mhc sth Majhmatik  Fusik . To sunarthsoeidèc orizìtan wc mÐa sun�rthsh U , h opoÐa
antistoiqeÐ se k�je sun�rthsh f ènan pragmatikì   migadikì arijmì.1 Wc grammikì
ìrizan to sunarthsoeidèc pou {diathreÐ} thn epimeristik  idiìthta, dhlad  ikanopoieÐ th
sqèsh U(λf+µg) = λU(f)+µU(g). Suneqèc grammikì sunarthsoeidèc  tan ekeÐno pou
èqei epiplèon thn idiìthta na diathreÐ to ìrio miac omoiìmorfa sugklÐnousac akoloujÐac
sunart sewn. Fusik�, o orismìc pou èdinan gia to suneqèc grammikì sunarthsoeidèc
thn epoq  ekeÐnh eÐnai isodÔnamoc me to shmerinì, an exairèsoume ìti to pedÐo orismoÔ
enìc sunarthsoeidoÔc mporeÐ na eÐnai opoiosd pote grammikìc q¸roc me nìrma.

To 1903 o J. Hadamard apèdeixe sth dhmosÐeus  tou {Sur les opérations fonctionel-
les} ìti e�n U eÐnai èna suneqèc grammikì sunarthsoeidèc me pedÐo orismoÔ to sÔnolo Ω
twn suneq¸n sunart sewn pou orÐzontai se k�poio sumpagèc sÔnolo, p.q. sto di�sthma

1Arqik� orizìtan wc sun�rthsh sunart sewn {fonction de fonction}, gi� autì kai o J. Hadamard
(1865-1963) thn onìmase {fonctionnelle} kai, telik�, to teleutaÐo ìnoma epikr�thse an�mesa sta
di�fora �lla pou qrhsimopoioÔntan gia thn ènnoia aut . Oi F. Riesz (1880-1965) kai H. Lebesgue
(1875-1941) stic dhmosieÔseic touc thn onom�zoun sun�rthsh-pr�xh ( {opération-fonctionnelle} ) gia
na tonÐsoun ìti to pedÐo orismoÔ thc den eÐnai sÔnolo arijm¸n, ìpwc twn sunhjismènwn sunart sewn,
all� sÔnolo sunart sewn.
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[a, b], tìte gia k�je sun�rthsh f tou Ω isqÔei ìti
U(f) = lim

n→+∞

∫ b

a
kn(x)f(x)dx , (9.1)

ìpou (kn) eÐnai mÐa akoloujÐa suneq¸n sunart sewn pou orÐzontai sto [a, b] kai eÐnai
anex�rthth thc f . 'Exi qrìnia argìtera, to 1909, o F. Riesz sthn ergasÐa tou {Sur
les opérations fonctionnelles linéaires} kat�fere na anaparast sei ta suneq  grammik�
sunarthsoeid  me èna pio komyì trìpo, qrhsimopoi¸ntac to olokl rwma Stieltjes. Prì-
keitai gia thn ergasÐa sthn opoÐa apodeiknÔetai to perÐfhmo Je¸rhma Anapar�stashc
twn suneq¸n grammik¸n sunarthsoeid¸n. Thn ergasÐa aut  sqolÐase kai epèkteine,
perÐpou èna qrìno met�, o H. Lebesgue sth dhmosÐeus  tou me tÐtlo {Sur l’ intégrale
de Stieltjes et sur les opérations fonctionnelles linéaires}. San ap�nthsh sta sqìlia
tou Lebesgue, o F. Riesz dhmosÐeuse to 1911 mÐa nèa ergasÐa, me tÐtlo {Sur certains
systèmes singuliers d’ équations intégrales}. EkeÐ melèthse analutik� k�poiec basikèc
idiìthtec tou oloklhr¸matoc Stieltjes pou tou qrei�zontai sthn ergasÐa, èdwse xan�
apìdeixh tou Jewr matoc Anapar�stashc qwrÐc na k�nei ousiastikèc allagèc kai a-
sqol jhke me probl mata oloklhrwtik¸n exis¸sewn, ta opoÐa lÔnontai me efarmog 
tou jewr matìc tou.

Up�rqei kai trÐth ergasÐa tou F. Riesz ìpou dÐnei nèa apìdeixh tou Jewr matoc Ana-
par�stashc.2 DhmosieÔthke to 1914 me tÐtlo {Démonstration nouvelle d’ un théorème
concernant les opérations fonctionelles linéaires}. H apìdeixh pou dÐnei diafèrei apì tic
prohgoÔmenec kai eÐnai pio komy  kai apl , ìpwc gr�fei kai o Ðdioc ston prìlogo. Autì
pou tou èdwse thn idèa gi� aut  thn apìdeixh  tan ta sqìlia tou Lebesgue gia thn pr¸th
tou dhmosÐeush.

Apì tic treic dhmosieÔseic tou F. Riesz ja melet soume stic epìmenec paragr�fouc
th deÔterh, giatÐ ekeÐ asqoleÐtai analutik� me to olokl rwma Stieltjes.

9.1 Ikan  kai anagkaÐa sunj kh ¸ste na eÐnai mÐa sun�r-
thsh h arqik  miac sun�rthshc fragmènhc kÔmanshc.

TÐjetai to ex c er¸thma: e�n èqoume mÐa sun�rthsh A, p¸c mporoÔme na exe-
t�soume an h A eÐnai to aìristo olokl rwma miac sun�rthshc α fragmènhc
kÔmanshc? Parak�tw apodeiknÔoume èna qr simo krit rio sqetikì me to parap�nw
er¸thma.
L mma 9.1 An h α eÐnai sun�rthsh fragmènhc kÔmanshc sto [a, b], tìte h α eÐnai
oloklhr¸simh (kat� Riemann) sto [a, b].

Apìdeixh: H α eÐnai h diafor� dÔo auxous¸n sunart sewn sto [a, b] kai eÐnai gnwstì
ìti k�je aÔxousa sun�rthsh eÐnai oloklhr¸simh kat� Riemann sto [a, b].

2De dìjhkan mìno apì ton F. Riesz apodeÐxeic tou en lìgw jewr matoc. O E. Helly (1884-1943)
dhmosÐeuse epÐshc mÐa apìdeix  tou to 1912 sto periodikì Comptes rendus de l’ Académie de Vienne.
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Orismìc 9.1 'Estw A mÐa pragmatik  sun�rthsh orismènh sto [a, b]. Gia k�je arijmì
x ∈ [a, b) orÐzoume touc �nw kai k�tw dexioÔc par�gwgouc arijmoÔc Dini thc A:

Du
+A(x) = lim sup

y→x+

A(y)−A(x)
y − x

, Dl
+A(x) = lim inf

y→x+

A(y)−A(x)
y − x

.

EpÐshc, gia k�je x ∈ (a, b] orÐzoume touc �nw kai k�tw aristeroÔc par�gwgouc
arijmoÔc Dini thc A:

Du
−A(x) = lim sup

y→x−

A(y)−A(x)
y − x

, Dl
−A(x) = lim inf

y→x−

A(y)−A(x)
y − x

.

Profan¸c, h A èqei dexi� par�gwgo D+A(x) = A′+(x) sto x ∈ [a, b) an kai mìno an
Du

+A(x) = Dl
+A(x) = A′+(x). OmoÐwc, h A èqei arister  par�gwgo D−A(x) = A′−(x)

sto x ∈ [a, b) an kai mìno an Du
−A(x) = Dl

−A(x) = A′−(x).
L mma 9.2 'Estw ìti h pragmatik  sun�rthsh A eÐnai orismènh kai suneq c sto [a, b].
Tìte up�rqei ξ ∈ [a, b) ¸ste

A(b)−A(a)
b− a

≤ Dl
+A(ξ) ≤ Du

+A(ξ)

kai up�rqei η ∈ [a, b) ¸ste

Dl
+A(η) ≤ Du

+A(η) ≤ A(b)−A(a)
b− a

.

Apìdeixh: PaÐrnoume thn eidik  perÐptwsh, ìpou A(a) = A(b) = 0.
H A èqei el�qisth tim  sto [a, b]. An h tim  aut  eÐnai arnhtik , tìte pi�netai se

k�poio shmeÐo ξ ∈ (a, b), en¸, an h tim  aut  eÐnai mhdèn, tìte pi�netai sto ξ = a. Se k�je
perÐptwsh èqoume 0 ≤ A(y)−A(ξ)

y−ξ gia k�je y > ξ kai, epomènwc, 0 ≤ Dl
+A(ξ) ≤ Du

+A(ξ).
OmoÐwc, apodeiknÔoume ìti h A èqei mègisth tim  se k�poio shmeÐo η ∈ [a, b). Tìte

èqoume A(y)−A(η)
y−η ≤ 0 gia k�je y > η kai, epomènwc, Dl

+A(η) ≤ Du
+A(η) ≤ 0.

H genik  perÐptwsh an�getai eÔkola sthn eidik  jewr¸ntac th sun�rthsh
A(x)− A(b)−A(a)

b− a
x− bA(a)− aA(b)

b− a
.

Fusik�, isqÔei kai h an�logh parallag  tou prohgoÔmenou l mmatoc gia touc ari-
steroÔc parag¸gouc arijmoÔc Dini thc A kai h apìdeixh eÐnai entel¸c ìmoia.
L mma 9.3 'Estw A mÐa pragmatik  sun�rthsh orismènh sto [a, b]. Upojètoume ìti h
sun�rthsh Du

+A, orismènh aujaÐreta sto shmeÐo b, eÐnai oloklhr¸simh kat� Riemann
sto [a, b]. Tìte isqÔei

A(b)−A(a) =
∫ b

a
Du

+A(x)dx .
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Apìdeixh: PaÐrnoume thn tuqaÐa diamèrish D = {a = x0 < x1 < . . . < xm = b} tou
[a, b]. Se k�je di�sthma [xk−1, xk] èqoume, b�sei tou l mmatoc 9.2, ìti up�rqoun ξk kai
ηk ¸ste na isqÔei ìti

Du
+A(ηk) ≤

A(xk)−A(xk−1)
xk − xk−1

≤ Du
+A(ξk) .

'Ara,
m∑
k=1

Du
+A(ηk)(xk − xk−1) ≤

m∑
k=1

(A(xk)−A(xk−1)) = A(b)−A(a)

kai
A(b)−A(a) =

m∑
k=1

(A(xk)−A(xk−1)) ≤
m∑
k=1

Du
+A(ξk)(xk − xk−1) .

PaÐrnontac diamerÐseic D twn opoÐwn to pl�toc teÐnei sto mhdèn, apodeiknÔetai to su-
mpèrasma tou l mmatoc.

Parat rhsh 9.1 IsqÔoun kai oi an�logec parallagèc tou l mmatoc gia tic sunart -
seic Dl

+A, D
u
−A kai Dl

−A.

Parat rhsh 9.2 To sumpèrasma tou l mmatoc isqÔei, profan¸c, se k�je upodi�sthma
[a, c] tou [a, b], opìte paÐrnoume ìti, me tic upojèseic tou l mmatoc, h A isoÔtai me to
aìristo olokl rwma thc Du

+A sto [a, b].

Prìtash 9.1 'Estw A mÐa sun�rthsh orismènh sto [a, b]. Tìte, h A ja eÐnai to aìristo
olokl rwma k�poiac sun�rthshc α pou eÐnai fragmènhc kÔmanshc sto [a, b], akrib¸c
tìte, ìtan to �jroisma

m−1∑
k=1

∣∣∣∣A(xk+1)−A(xk)
xk+1 − xk

− A(xk)−A(xk−1)
xk − xk−1

∣∣∣∣ , (∗)

ìpou D = {a = x0 < x1 < . . . < xm = b} eÐnai tuqaÐa diamèrish tou [a, b], eÐnai �nw
fragmèno apì èna stajerì jetikì arijmì anex�rthto thc D.

Apìdeixh: EÐnai fanerì ìti mporoÔme, qwrÐc periorismì thc genikìthtac, na upojèsoume
ìti oi sunart seic α kai A eÐnai pragmatikèc.

'Estw ìti h sun�rthsh A eÐnai to aìristo olokl rwma k�poiac sun�rthshc α pou
eÐnai fragmènhc kÔmanshc sto [a, b]. Tìte, an D = {a = x0 < x1 < . . . < xm = b} eÐnai
mÐa tuqaÐa diamèrish tou [a, b], ja isqÔei ìti

A(xk)−A(xk−1)
xk − xk−1

=
1

xk − xk−1

∫ xk

xk−1

α(x)dx = βk ,

ìpou βk eÐnai ènac arijmìc metaxÔ tou kat¸terou kai tou an¸terou fr�gmatoc thc α
sto [xk−1, xk].
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PaÐrnoume tuqaÐo ε > 0, opìte gia k�je k up�rqoun ξk, ηk sto [xk−1, xk] me thn
idiìthta:

α(ξk)−
ε

m
< βk < α(ηk) +

ε

m
.

Sunep�getai ìti
m−1∑
k=1

|βk+1 − βk| ≤
m−1∑
k=1

(|βk+1 − α(xk)|+ |α(xk)− βk|)

=
m−1∑
k=1

|βk+1 − α(xk)|+
m−1∑
k=1

|βk − α(xk)|

=
m∑
k=2

|βk − α(xk−1)|+
m−1∑
k=1

|βk − α(xk)|

≤
m∑
k=1

(|βk − α(xk−1)|+ |βk − α(xk)|) .

T¸ra, gia k�je k èqoume ìti
|βk − α(xk−1)|+ |βk − α(xk)| < max

(
|α(ηk) +

ε

m
− α(xk−1)|+ |α(ηk) +

ε

m
− α(xk)|,

|α(ξk)−
ε

m
− α(xk−1)|+ |α(ξk)−

ε

m
− α(xk)|

)
≤ max(|α(ηk)− α(xk−1)|+ |α(ηk)− α(xk)|,

|α(ξk)− α(xk−1)|+ |α(ξk)− α(xk)|) +
2ε
m

= |α(tk)− α(xk−1)|+ |α(tk)− α(xk)|+
2ε
m

,

ìpou tk eÐnai eÐte to ξk eÐte to ηk. 'Ara,
m−1∑
k=1

|βk+1 − βk| <

m∑
k=1

(|α(tk)− α(xk−1)|+ |α(tk)− α(xk)|) + 2ε

≤ V b
aα+ 2ε .

Epeid  to ε eÐnai tuqaÐo, katal goume sto ìti
m−1∑
k=1

∣∣∣∣A(xk+1)−A(xk)
xk+1 − xk

− A(xk)−A(xk−1)
xk − xk−1

∣∣∣∣ = m−1∑
k=1

|βk+1 − βk| ≤ V b
aα .

Antistrìfwc, èstw ìti h sun�rthsh A orÐzetai sto [a, b] kai eÐnai tètoia ¸ste to
�jroisma

m−1∑
k=1

∣∣∣∣A(xk+1)−A(xk)
xk+1 − xk

− A(xk)−A(xk−1)
xk − xk−1

∣∣∣∣
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na eÐnai �nw fragmèno apì èna stajerì jetikì arijmì G gia opoiad pote diamèrish
D = {a = x0 < x1 < . . . < xm = b} tou [a, b].

JewroÔme tuqaÐo shmeÐo x ∈ [a, b) kai to jetikì h, pou eÐnai mikrìteroc tou b−x
3 .

PaÐrnoume ton arijmì y = x+2b
3 kai th diamèrish {a, x, x+h, y, b}. JewroÔme to �jroisma

(∗) pou antistoiqeÐ s� aut n kai, lamb�nontac upìyh thn trigwnik  anisìthta, paÐrnoume
ìti ∣∣∣∣A(x+ h)−A(x)

h
− A(b)−A(y)

b− y

∣∣∣∣
≤
∣∣∣∣A(x+ h)−A(x)

h
− A(y)−A(x− h)

y − (x− h)

∣∣∣∣ +
∣∣∣∣A(y)−A(x− h)

y − (x− h)
− A(b)−A(y)

b− y

∣∣∣∣ ≤ G .

PaÐrnontac ta an¸tera ìria ìtan h→ 0+, prokÔptei ìti o Du
+A(x) eÐnai peperasmè-

noc.
JewroÔme th sun�rthsh α, h opoÐa sto [a, b) isoÔtai me thn Du

+A, en¸ h tim  thc
sto b isoÔtai me thn Du

−A(b).
H sun�rthsh α eÐnai fragmènhc kÔmanshc kai m�lista, h kÔmans  thc den xepern�

ton arijmì G. Pr�gmati, èstw mÐa diamèrish D = {a = x0 < x1 < . . . < xm = b} tou
[a, b] kai to �jroisma

m−1∑
k=0

|α(xk+1)− α(xk)| .

Apì ton orismì thc Du
+A prokÔptei ìti gia k�je k < m up�rqei jetikìc arijmìc hk ètsi

¸ste to α(xk) na diafèrei osod pote lÐgo apì ton arijmì A(xk+hk)−A(xk)
hk

. Gia k = m
dialègoume to hm arnhtikì kai ètsi ¸ste to α(xm) na diafèrei osod pote lÐgo apì
ton arijmì A(xm+hm)−A(xm)

hm
. Epiplèon, mporoÔme na p�roume ta di�fora hk ìso mikr�

jèloume, ¸ste ta diast mata (xk, xk + hk), ìpou k = 1, . . . ,m − 1, kai (xm + hm, xm)
na mhn èqoun koin� shmeÐa. Tìte, to �jroisma

m−1∑
k=0

|α(xk+1)− α(xk)|

diafèrei osod pote lÐgo apì to �jroisma
m−1∑
k=0

∣∣∣∣A(xk+1 + hk+1)−A(xk+1)
hk+1

− A(xk + hk)−A(xk)
hk

∣∣∣∣ .
'Omwc, to teleutaÐo �jroisma, an qrhsimopoi soume thn trigwnik  anisìthta, prokÔptei
ìti eÐnai mikrìtero   Ðso apì to �jroisma thc morf c (∗) pou antistoiqeÐ sth diamèrish
D = {a = x0, x0+h0, x1, x1+h1, . . . , xm−1+hm−1, xm+hm, xm = b}, to opoÐo profan¸c
eÐnai mikrìtero   Ðso apì G. 'Ara, to �jroisma∑m−1

k=0 |α(xk+1)− α(xk)| eÐnai mikrìtero  Ðso apì to G. Epeid  h diamèrish pou dialèxame  tan tuqaÐa, èpetai ìti h sun�rthsh
α eÐnai fragmènhc kÔmanshc kai, m�lista, h kÔmans  thc ja eÐnai mikrìterh   Ðsh tou
G. Apì to l mma 9.1 sunep�getai ìti h α eÐnai oloklhr¸simh kat� Riemann sto [a, b]
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kai, epomènwc, b�sei tou l mmatoc 9.3 kai thc parat rhshc 2, h A eÐnai to aìristo
olokl rwma thc α.

9.2 Basikèc idiìthtec tou oloklhr¸matoc Stieltjes.

Sthn par�grafo aut  apodeiknÔoume shmantikèc idiìthtec tou oloklhr¸matoc Stieltjes,
pou ja qrhsimopoi soume parak�tw.
Prìtash 9.2 'Estw f , α dÔo sunart seic pou orÐzontai sto [a, b]. Upojètoume ìti h
f eÐnai suneq c kai ìti h α eÐnai fragmènhc kÔmanshc. Tìte, to olokl rwma Stieltjes∫ b
a f(x)dα(x) up�rqei kai m�lista isqÔei∣∣∣∣∫ b

a
f(x)dα(x)

∣∣∣∣ ≤ max
xε[a,b]

|f(x)|V b
aα . (∗∗)

Apìdeixh: GnwrÐzoume ìti to olokl rwma Stieltjes
∫ b
a f(x)dα(x) eÐnai to ìrio twn

ajroism�twn
m∑
k=1

f(ξk)(α(xk)− α(xk−1)) , (�)

ìpou ξk ε [xk−1, xk], kaj¸c to pl�toc thc diamèrishc D = {a = x0 < x1 < . . . < xm = b}
teÐnei sto mhdèn. Epomènwc, an upojèsoume ìti to olokl rwma ∫ ba f(x)dα(x) up�rqei,
tìte h isqÔc thc (∗∗) eÐnai profan c.

Mènei n� apodeÐxoume thn Ôparxh tou en lìgw oloklhr¸matoc, ìtan h f eÐnai suneq c
kai h α fragmènhc kÔmanshc sto [a, b].

'Estw ε > 0. H sun�rthsh f eÐnai suneq c sto sumpagèc sÔnolo [a, b], �ra kai
omoiìmorfa suneq c. Epomènwc, up�rqei δ > 0 tètoio ¸ste gia opoiad pote x, y tou
[a, b] na isqÔei

|x− y| < δ =⇒ |f(x)− f(y)| < ε .

PaÐrnoume mÐa tuqaÐa diamèrish D = {a = x0 < x1 < . . . < xm = b} me pl�toc
mikrìtero tou δ kai opoiad pote diamèrish D′ leptìterh apì th D. An

xk−1 = t
(k)
0 < t

(k)
1 < . . . < t

(k)
p−1 < t(k)p = xk

eÐnai ta diairetik� shmeÐa thc D′ sto di�sthma [xk−1, xk], an ξk ∈ [xk−1, xk] kai an
η

(k)
l ∈ [t(k)l−1, t

(k)
l ], tìte, sugkrÐnontac ta ajroÐsmata thc f sto [xk−1, xk] pou antistoiqoÔnsth D kai sth D′, paÐrnoume∣∣∣f(ξk) (α(xk)− α(xk−1)) −

p∑
l=1

f(η(k)
l )(α(t(k)l )− α(t(k)l−1))

∣∣∣
=

∣∣∣ p∑
l=1

(f(ξk)− f(η(k)
l ))(α(t(k)l )− α(t(k)l−1))

∣∣∣
< ε

p∑
l=1

∣∣∣α(t(k)l )− α(t(k)l−1)
∣∣∣ .
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AjroÐzontac tic anisìthtec autèc gia k = 1, . . . ,m, brÐskoume ìti h diafor� twn ajroi-
sm�twn thc f sto [a, b] pou antistoiqoÔn stic diamerÐseic D, D′ diafèroun kat� apìluth
tim  ligìtero apì ε · V b

aα.An, t¸ra, p�roume dÔo opoiesd pote diamerÐseic D, D′ tou [a, b] me pl�toc mikrì-
tero tou δ kai tic sugkrÐnoume me thn koin  eklèptuns  touc, katal goume sto ìti ta
antÐstoiqa ajroÐsmata thc f diafèroun kat� apìluth tim  ligìtero apì 2ε · V b

aα.JewroÔme opoiad pote akoloujÐa diamerÐsewn (Dn) tou [a, b], twn opoÐwn ta pl�th
teÐnoun sto mhdèn. SÔmfwna me thn prohgoÔmenh par�grafo, h antÐstoiqh akoloujÐa
ajroism�twn thc f eÐnai akoloujÐa Cauchy kai, epomènwc, sugklÐnei se k�poion migadikì
arijmì A.

T¸ra, paÐrnoume tuqaÐo ε > 0 kai jewroÔme to antÐstoiqo δ kai opoiad pote dia-
mèrish D = {a = x0 < x1 < . . . < xm = b} me pl�toc mikrìtero tou δ. PaÐrnoume,
epÐshc, arket� meg�lo n ¸ste h Dn na èqei pl�toc mikrìtero tou δ. Tìte, h diafor�
tou ∑m

k=1 f(ξk) (α(xk)− α(xk−1)) apì to �jroisma pou antistoiqeÐ sth Dn eÐnai kat�
apìluth tim  mikrìterh apì 2ε · V b

aα. PaÐrnontac to ìrio kaj¸c n → +∞, brÐskoume
ìti ∣∣∣ m∑

k=1

f(ξk) (α(xk)− α(xk−1))−A
∣∣∣ ≤ 2ε · V b

aα .

'Ara, to ∫ ba f(x)dα(x) up�rqei kai eÐnai Ðso me ton arijmì A.

Prìtash 9.3 'Estw f , α dÔo fragmènec sunart seic pou orÐzontai sto [a, b]. E�n to

olokl rwma
∫ b
a f(x)dα(x) up�rqei, tìte kai to olokl rwma

∫ b
a α(x)df(x) up�rqei kai

m�lista isqÔei h isìthta∫ b

a
f(x)dα(x) +

∫ b

a
α(x)df(x) = f(b)α(b)− f(a)α(a) . (9.2)

Apìdeixh: JewroÔme mÐa diamèrish D = {a = x0 < x1 < . . . < xm = b} tou [a, b], ta
endi�mesa shmeÐa t1, t2, . . . , tm kai to �jroisma

m∑
k=1

α(tk)(f(xk)− f(xk−1)) =
m∑
k=1

α(tk)f(xk)−
m∑
k=1

α(tk)f(xk−1) .

EpÐshc,
f(b)α(b)− f(a)α(a) =

m∑
k=1

f(xk)α(xk)−
m∑
k=1

f(xk−1)α(xk−1) .

Afair¸ntac kat� mèlh tic dÔo prohgoÔmenec isìthtec paÐrnoume ìti
m∑
k=1

α(tk)(f(xk)− f(xk−1))− (f(b)α(b)− f(a)α(a))

=
m∑
k=1

f(xk)(α(xk)− α(tk)) +
m∑
k=1

f(xk−1)(α(tk)− α(xk−1)) .
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To deÔtero mèloc thc prohgoÔmenhc isìthtac eÐnai to �jroisma pou antistoiqeÐ sth
diamèrishD′, h opoÐa prokÔptei apì ìla ta shmeÐa xk, tj (qwrÐc epanal yeic). Epomènwc,to ìrio tou deutèrou mèlouc thc prohgoÔmenhc isìthtac, kaj¸c to pl�toc thc D teÐnei
sto mhdèn, up�rqei kai eÐnai Ðso me ∫ ba f(x)dα(x). 'Ara, kai to ìrio tou ajroÐsmatoc sto
pr¸to mèloc ja up�rqei, dhlad  up�rqei kai to olokl rwma ∫ ba α(x)df(x) kai isqÔei h
isìthta (9.2).

Prìtash 9.4 'Estw f kai α dÔo fragmènec sunart seic pou orÐzontai sto [a, b]. Upo-
jètoume ìti up�rqei to olokl rwma

∫ b
a f(x)dα(x) kai ìti h α eÐnai oloklhr¸simh kat�

Riemann sto [a, b]. 'Ara, orÐzetai h sun�rthsh A me A(x) =
∫ x
a α(t)dt+A(a) gia k�je

xε[a, b]. Tìte, up�rqei kai to ìrio twn ajroism�twn

m∑
k=1

(f(xk)− f(xk−1))(A(xk)−A(xk−1))
xk − xk−1

kaj¸c to pl�toc thc diamèrishc D = {a = x0 < x1 < . . . < xm = b} teÐnei sto mhdèn.

Apìdeixh: JewroÔme, qwrÐc periorismì thc genikìthtac, ìti oi sunart seic f kai α
eÐnai pragmatikèc. E�n

D = {a = x0 < x1 < . . . < xm = b}

eÐnai mÐa tuqaÐa diamèrish tou [a, b], tìte parathroÔme ìti
inf

x∈[xk−1,xk]
α(x) ≤ A(xk)−A(xk−1)

xk − xk−1
≤ sup

x∈[xk−1,xk]
α(x) ,

opìte gia tuqaÐo ε > 0 up�rqoun ξk, ηk sto [xk−1, xk] ¸ste
α(ηk)−

ε

m (|f(xk)− f(xk−1)|+ 1)
<
A(xk)−A(xk−1)

xk − xk−1

kai
A(xk)−A(xk−1)

xk − xk−1
< α(ξk) +

ε

m (|f(xk)− f(xk−1)|+ 1)
.

Apì tic teleutaÐec anisìthtec èqoume ìti
α(sk)(f(xk)− f(xk−1))−

ε

m
<

(f(xk)− f(xk−1)) (A(xk)−A(xk−1))
xk − xk−1

kai
(f(xk)− f(xk−1)) (A(xk)−A(xk−1))

xk − xk−1
< α(tk)(f(xk)− f(xk−1)) +

ε

m
,

ìpou: sk = ηk, tk = ξk sthn perÐptwsh pou f(xk) − f(xk−1) ≥ 0 kai sk = ξk, tk = ηksthn perÐptwsh pou f(xk)− f(xk−1) < 0.
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'Ara,
m∑
k=1

α(sk)(f(xk)− f(xk−1))− ε <
m∑
k=1

(f(xk)− f(xk−1)) (A(xk)−A(xk−1))
xk − xk−1

kai
m∑
k=1

(f(xk)− f(xk−1)) (A(xk)−A(xk−1))
xk − xk−1

<

m∑
k=1

α(tk)(f(xk)− f(xk−1)) + ε .

Epeid  up�rqei to olokl rwma ∫ ba f(x)dα(x), lìgw thc prohgoÔmenhc prìtashc, ja u-
p�rqei kai to ∫ ba α(x)df(x). Af nontac, t¸ra, to pl�toc thc diamèrishc D, all� kai to
ε, na teÐnoun sto mhdèn, sumperaÐnoume ìti

lim
|D|→0

m∑
k=1

(f(xk)− f(xk−1)) (A(xk)−A(xk−1))
xk − xk−1

=
∫ b

a
α(x)df(x) .

Lìgw thc (9.2) ja isqÔei ìti

lim
|D|→0

m∑
k=1

(f(xk)− f(xk−1)) (A(xk)−A(xk−1))
xk − xk−1

= f(b)α(b)−f(a)α(a)−
∫ b

a
f(x)dα(x) .

(9.3)

Parat rhsh 9.3 To ìrio lim|D|→0

∑m
k=1

(f(xk)−f(xk−1))(A(xk)−A(xk−1))
xk−xk−1

ja to sumbolÐ-

zoume me
∫ b
a
df(x)dA(x)

dx . Epomènwc, oi dÔo isìthtec thc prohgoÔmenhc apìdeixhc gr�fontai∫ b

a
α(x)df(x) =

∫ b

a

df(x)dA(x)
dx

,∫ b

a
f(x)dα(x) = f(b)α(b)− f(a)α(a)−

∫ b

a

df(x)dA(x)
dx

. (9.4)
Parat rhsh 9.4 'Ena er¸thma pou prokÔptei eÐnai to an metab�lletai   ìqi h tim 

tou oloklhr¸matoc
∫ b
a f(x)dα(x) ìtan all�zoume thn tim  thc α se k�poia shmeÐa, upì

thn proüpìjesh ìti h f eÐnai suneq c sto [a, b]. EÐnai profanèc ìti an prosjèsoume
se k�je tim  thc α ton Ðdio stajerì pragmatikì arijmì, tìte h tim  tou ajroÐsmatoc∑m

k=1 f(ξk)(α(xk)− α(xk−1)) de metab�lletai, �ra to Ðdio isqÔei kai gia thn tim  tou
parap�nw oloklhr¸matoc. E�n metab�lloume tic timèc thc α se èna arijm simo pl joc
shmeÐwn, ¸ste h α na parameÐnei sun�rthsh fragmènhc kÔmanshc, tìte, lìgw thc sunè-

qeiac thc f , p�li h tim  tou
∫ b
a f(x)dα(x) de metab�lletai. Autì prokÔptei polÔ eÔkola

apì thn prìtash pou akoloujeÐ.
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Prìtash 9.5 'Estw ìti h sun�rthsh α orÐzetai sto [a, b] kai eÐnai fragmènhc kÔmanshc.
To olokl rwma

∫ b
a f(x)dα(x) mhdenÐzetai gia k�je suneq  sun�rthsh f akrib¸c tìte,

ìtan h α eÐnai stajer  ektìc apì èna sÔnolo shmeÐwn tou (a, b) pou mporeÐ na eÐnai to
polÔ arijm simo.

Apìdeixh: Upojètoume ìti h α eÐnai mia sun�rthsh fragmènhc kÔmanshc sto [a, b],
tètoia ¸ste to olokl rwma ∫ ba f(x)dα(x) na mhdenÐzetai gia k�je suneq  sun�rthsh f .
An p�roume sth jèsh thc f th stajer  sun�rthsh me tim  1, prokÔptei ìti

α(a) = α(b) . (1)

An jewr soume thn
g(x; ξ) =

{
x, a ≤ x ≤ ξ
ξ, ξ ≤ x ≤ b ,

tìte èqoume ìti ∫ b

a
α(x)dg(x; ξ) =

∫ ξ

a
α(x)dg(x; ξ) +

∫ b

ξ
α(x)dg(x; ξ) .

Ta oloklhr¸mata pou emfanÐzontai sto deÔtero mèloc thc parap�nw isìthtac orÐzontai
giatÐ h α eÐnai fragmènhc kÔmanshc kai h g(x; ξ) suneq c se kajèna apì ta diast mata
[a, ξ] kai [ξ, b]. 'Omwc, eÐnai ∫ bξ α(x)dg(x; ξ) = 0, giatÐ h g(x; ξ) eÐnai stajer  sto [ξ, b].
'Ara, ∫ b

a
α(x)dg(x; ξ) =

∫ ξ

a
α(x)dg(x; ξ) .

Apì thn prìtash (9.3), th sqèsh (1) ki epeid  ∫ ba g(x; ξ)dα(x) = 0, paÐrnoume telik� ìti∫ ξ

a
α(x)dx = (ξ − a)α(a) .

ParagwgÐzontac th sqèsh aut  sta shmeÐa sunèqeiac thc α, brÐskoume ìti α(ξ) = α(a)
gia k�je shmeÐo sunèqeiac thc α. 'Ara, h α eÐnai stajer  sto [a, b], ektìc apì èna to
polÔ arijm simo pl joc shmeÐwn tou (a, b).

Antistrìfwc, èstw ìti h α eÐnai stajer  kai Ðsh me c sto [a, b], ektìc apì èna to polÔ
arijm simo sÔnolo shmeÐwn tou (a, b). EÐnai profanèc ìti an x eÐnai opoiod pote shmeÐo
sunèqeiac thc α sto (a, b), tìte isqÔei α(x) = α(x+) = c. PaÐrnontac mÐa opoiad pote
diamèrish D = {a = x0 < x1 < . . . < xm = b}, ìpou ta x1, . . . , xm−1 eÐnai ìla shmeÐa
sunèqeiac thc α, parathroÔme ìti

m∑
k=1

f(ξk)(α(xk)− α(xk−1)) =
m∑
k=1

f(ξk)(c− c) = 0 ,

ìpou h f eÐnai opoiad pote suneq c sun�rthsh orismènh sto [a, b].
Epeid  to pl�toc miac tètoiac diamèrishc mporeÐ na gÐnei osod pote mikrì jèloume

kai epeid  to ∫ ba f(x)dα(x) up�rqei sÔmfwna me thn prìtash 9.2, paÐrnontac to ìrio,
brÐskoume ∫ ba f(x)dα(x) = 0.
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Prìtash 9.6 JewroÔme tic sunart seic f kai α pou orÐzontai sto [a, b] kai h pr¸th
eÐnai suneq c, en¸ h deÔterh fragmènhc kÔmanshc. Tìte, h tim  tou oloklhr¸matoc∫ b
a f(x)dα(x) den all�zei kai h kÔmansh thc α den aux�netai, an antikatast soume tic
timèc thc α se opoiad pote shmeÐa asunèqei�c thc x ∈ (a, b) me opoiod pote kurtì
sunduasmì twn orÐwn α(x−) kai α(x+).

Apìdeixh: JewroÔme th sun�rthsh α∗, h opoÐa prokÔptei apì thn α an se k�poia
shmeÐa asunèqeiac x ∈ (a, b) thc α antikatast soume thn tim  α(x) me ton kurtì sun-
duasmì α∗(x) = θα(x+) + (1− θ)α(x−), ìpou o arijmìc θ exart�tai apì to x.

PaÐrnoume opoiad pote diamèrish D = {a = x0 < x1 < . . . < xm = b} tou [a, b] kai
paremb�lloume shmeÐa sunèqeiac y1, . . . , ym thc α ¸ste na eÐnai xk−1 < yk < xk gia
k�je k = 1, . . . ,m. Tìte,

m∑
k=1

|α∗(xk)− α∗(xk−1)| ≤ |α∗(y1)− α∗(a)|

+
m−1∑
k=1

(|α∗(xk)− α∗(yk)|+ |α∗(yk+1)− α∗(xk)|)

+|α∗(b)− α∗(ym)|
= |α(y1)− α(a)|

+
m−1∑
k=1

(|α∗(xk)− α(yk)|+ |α(yk+1)− α∗(xk)|)

+|α(b)− α(ym)| .

PaÐrnoume tuqaÐo ε > 0 kai jewroÔme shmeÐa ξk, ηk kont� sto xk, ¸ste
yk < ξk < xk < ηk < yk+1

kai
|α(ξk)− α(xk−)| < ε

2m
, |α(ηk)− α(xk+)| < ε

2m
.

Tìte, gia k�je xk kai me to antÐstoiqo θ èqoume
|α∗(xk)− θα(ηk)− (1− θ)α(ξk)| ≤ θ|α(xk+)− α(ηk)|+ (1− θ)|α(xk−)− α(ξk)|

<
ε

2m
.

ParathroÔme ìti autì isqÔei eÐte to xk eÐnai shmeÐo asunèqeiac eÐte eÐnai shmeÐo sunè-
qeiac thc α.

Tìte èqoume ìti
|α∗(xk)− α(yk)|+ |α(yk+1)− α∗(xk)|

< |θα(ηk) + (1− θ)α(ξk)− α(yk)|+ |α(yk+1)− θα(ηk)− (1− θ)α(ξk)|+
ε

m
≤ |α(ξk)− α(yk)|+ θ|α(ηk)− α(ξk)|

+(1− θ)|α(ηk)− α(ξk)|+ |α(yk+1)− α(ηk)|+
ε

m

= |α(ξk)− α(yk)|+ |α(ηk)− α(ξk)|+ |α(yk+1)− α(ηk)|+
ε

m
.
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Tèloc, isqÔei
m∑
k=1

|α∗(xk)− α∗(xk−1)| < |α(y1)− α(a)|

+
m−1∑
k=1

(
|α(ξk)− α(yk)|+ |α(ηk)− α(ξk)|+ |α(yk+1)− α(ηk)|

)
+ |α(b)− α(ym)|+ ε

≤ V b
aα+ ε .

Epeid  to ε pou jewr same  tan tuqaÐo, brÐskoume ìti
m∑
k=1

|α∗(xk)− α∗(xk−1)| ≤ V b
aα

kai epomènwc
V b
aα

∗ ≤ V b
aα .

H sun�rthsh α∗ − α eÐnai fragmènhc kÔmanshc kai stajer  mhdèn sto [a, b], ektìc apì
to polÔ arijm simo pl joc shmeÐwn tou (a, b). Apì thn prìtash 9.5 sunep�getai ìti∫ b

a
f(x)dα∗(x)−

∫ b

a
f(x)dα(x) =

∫ b

a
f(x)d(α∗ − α)(x) = 0 .

9.3 Anapar�stash suneqoÔc grammikoÔ sunarthsoeidoÔc
me th bo jeia tou oloklhr¸matoc Stieltjes.

JewroÔme to sÔnolo Ω ìlwn twn migadik¸n sunart sewn pou orÐzontai kai eÐnai suneqeÐc
sto [a, b].
Orismìc 9.2 K�je sun�rthsh U pou orÐzetai sto Ω, paÐrnei migadikèc timèc kai gia
k�je f, g ε Ω kai opoiousd pote migadikoÔc arijmoÔc λ, µ ikanopoieÐ thn

U(λf + µg) = λU(f) + µU(g)

ja lègetai grammikì sunarthsoeidèc.

Orismìc 9.3 'Ena grammikì sunarthsoeidèc U pou orÐzetai sto Ω kai diathreÐ to ì-
rio miac akoloujÐac sunart sewn tou Ω pou sugklÐnei omoiìmorfa, dhlad  gia k�je
akoloujÐa (fn) tou Ω pou sugklÐnei omoiìmorfa se mÐa sun�rthsh f tou Ω, isqÔei ìti
limn→+∞ U(fn) = U(f), ja onom�zetai suneqèc.
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Par�deigma 9.1 E�n g eÐnai mÐa oloklhr¸simh kat� Riemann sun�rthsh pou orÐzetai

sto [a, b], tìte h sun�rthsh U : Ω → C me U(f) =
∫ b
a g(x)f(x)dx eÐnai èna suneqèc

grammikì sunarthsoeidèc. EpÐshc, h sun�rthsh V : Ω → C me V (f) = f(x0), ìpou x0

tuqaÐo stajerì shmeÐo tou [a, b], eÐnai epÐshc suneqèc grammikì sunarthsoeidèc, all�
den mporeÐ na p�rei th morf  tou paradeÐgmatoc U .3

L mma 9.4 'Estw U èna suneqèc grammikì sunarthsoeidèc orismèno sto sÔnolo Ω.
Tìte to U eÐnai fragmèno, dhlad  up�rqei stajerìc jetikìc arijmìc M tètoioc ¸ste
na isqÔei

|U(f)| ≤M max
xε[a,b]

|f(x)| (9.5)
gia k�je f sto Ω. Kai antistrìfwc, k�je fragmèno grammikì sunarthsoeidèc eÐnai
suneqèc.

Apìdeixh: 'Estw ìti to U eÐnai èna suneqèc all� mh fragmèno grammikì sunar-
thsoeidèc. Tìte, gia k�je fusikì k ja up�rqei sun�rthsh fk sto Ω tètoia ¸ste na
isqÔei

• |fk(x)| ≤ 1 gia k�je x ε [a, b],
• |U(fk)| > k2. (1)

H seir�
+∞∑
k=1

sign (U(fk))
fk(x)
k2

ja sugklÐnei omoiìmorfa se k�poia sun�rthsh f tou Ω. Epeid  to U eÐnai suneqèc
grammikì sunarthsoeidèc, ja isqÔei ìti

U(f) =
+∞∑
k=1

sign (U(fk))
U(fk)
k2

=
+∞∑
k=1

|U(fk)|
k2

.

'Omwc, h seir� sto deÔtero mèloc apoklÐnei lìgw thc (1), �ra to U(f) den eÐnai arijmìc,
pr�gma �topo.

Sunep¸c, to U eÐnai fragmèno.
Antistrìfwc, èstw ìti to U eÐnai èna fragmèno grammikì sunarthsoeidèc. Tì-

te, sÔmfwna me thn upìjesh up�rqei stajer� M ¸ste na isqÔei h (9.5), �ra gia k�-
je akoloujÐa (fn) tou Ω, pou sugklÐnei omoiìmorfa se mÐa sun�rthsh f ∈ Ω, isqÔei
|U(fn − f)| ≤M maxx∈[a,b] |fn(x)− f(x)|, opìte limn→+∞ U(fn) = U(f).
Orismìc 9.4 'Estw U èna suneqèc grammikì sunarthsoeidèc pou orÐzetai sto Ω. Tìte
o arijmìc

MU = sup{|U(f)| : f ∈ Ω, |f(x)| ≤ 1 gia k�je x ∈ [a, b]}
3Autì apodeiknÔetai polÔ eÔkola, san �skhsh ApeirostikoÔ LogismoÔ.
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onom�zetai nìrma tou U kai eÐnai, profan¸c, o el�qistoc arijmìcM gia ton opoÐo isqÔei

|U(f)| ≤M max
x∈[a,b]

|f(x)| gia k�je f ∈ Ω .

AkoloujeÐ to perÐfhmo Je¸rhma Anapar�stashc tou F. Riesz.
Je¸rhma 9.1 'Estw U èna grammikì sunarthsoeidèc pou orÐzetai sto Ω. To U eÐnai
suneqèc akrib¸c tìte, ìtan up�rqei sun�rthsh fragmènhc kÔmanshc α pou orÐzetai sto
[a, b] kai eÐnai tètoia ¸ste gia k�je f tou Ω na isqÔei

U(f) =
∫ b

a
f(x)dα(x) .

Apìdeixh: E�n gia to grammikì sunarthsoeidèc U up�rqei sun�rthsh fragmènhc
kÔmanshc α pou orÐzetai sto [a, b] kai eÐnai tètoia ¸ste gia k�je f tou Ω na isqÔei

U(f) =
∫ b

a
f(x)dα(x) ,

tìte, lìgw thc prìtashc 9.2 kai tou l mmatoc 9.4, to U ja eÐnai suneqèc.
Antistrìfwc, èstw èna suneqèc grammikì sunarthsoeidèc U . Qrhsimopoi¸ntac to

U , ja orÐsoume mÐa sun�rthsh A me pedÐo orismoÔ to di�sthma [a, b], wc ex c. E�n
ξ ε[a, b], tìte jewroÔme th sun�rthsh g(x; ξ) pou orÐzetai apì ton kanìna:

g(x; ξ) =
{
x, a ≤ x ≤ ξ
ξ, ξ ≤ x ≤ b

kai orÐzoume A(ξ) = −U (g(x; ξ)).
Sth sunèqeia, jewroÔme mÐa diamèrish P = {a = x0 < x1 < . . . < xm = b} tou [a, b]

kai tic m− 1 suneqeÐc sunart seic f1, f2, . . . , fm−1. K�je fk eÐnai mhdenik  ektìc tou
diast matoc (xk−1, xk+1), sto shmeÐo xk paÐrnei thn tim 

fk(xk) = −sign
(
A(xk+1)−A(xk)

xk+1 − xk
− A(xk)−A(xk−1)

xk − xk−1

)
kai tèloc, se kajèna apì ta diast mata [xk−1, xk], [xk, xk+1] eÐnai grammik .Me th bo jeia twn sunart sewn aut¸n orÐzoume thn f pou paÐrnei tim  f(x) =∑m−1

k=1 fk(x) gia k�je x sto [a, b]. Profan¸c, h f eÐnai suneq c kai isqÔei |f(x)| ≤ 1
gia k�je x tou [a, b].

Gia k�je k = 1, 2, . . . ,m− 1 h tim  thc fk sto tuqaÐo x tou [a, b], wc sun�rthsh twn
sunart sewn thc morf c g(x; ξ) ja dÐnetai apì ton tÔpo:

fk(x) = −fk(xk)
[
g(x;xk+1)− g(x;xk)

xk+1 − xk
− g(x;xk)− g(x;xk−1)

xk − xk−1

]
,

opìte
U(fk) = fk(xk)

[
A(xk+1)−A(xk)

xk+1 − xk
− A(xk)−A(xk−1)

xk − xk−1

]
= −

∣∣∣∣A(xk+1)−A(xk)
xk+1 − xk

− A(xk)−A(xk−1)
xk − xk−1

∣∣∣∣ ≤ 0
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kai sunep¸c,
m−1∑
k=1

∣∣∣∣A(xk+1)−A(xk)
xk+1 − xk

− A(xk)−A(xk−1)
xk − xk−1

∣∣∣∣ = |U(f)| ≤MU .

Apì thn prìtash 9.1 èpetai ìti up�rqei sun�rthsh fragmènhc kÔmanshc α, pou orÐzetai
sto [a, b] kai thc opoÐac to aìristo olokl rwma eÐnai h A. An all�xoume tic timèc thc
α sta shmeÐa a kai b, tìte h α ja parameÐnei sun�rthsh fragmènhc kÔmanshc sto [a, b]
kai h A ja suneqÐsei na eÐnai to aìristo olokl rwma thc α sto [a, b]. OrÐzoume na eÐnai
α(a) = −U(1), ìpou 1 eÐnai h monadiaÐa sun�rthsh sto [a, b], kai α(b) = 0.

Tìte èqoume ìti∫ b

a
g(x; ξ)dα(x) = g(b; ξ)α(b)− g(a; ξ)α(a)−

∫ b

a
α(x)dg(x; ξ)

= ξ · 0 + aU(1)−
∫ ξ

a
α(x)dx

= −A(a)−
∫ ξ

a
α(x)dx

= −A(ξ)
= U (g(x; ξ)) . (9.6)

PaÐrnoume tuqaÐa suneq  sun�rthsh f orismènh sto di�sthma [a, b] kai ε > 0. Lìgw
thc omoiìmorfhc sunèqeiac thc f , up�rqei δ > 0, tètoio ¸ste gia k�je x, y sto [a, b] me
|x− y| < δ na isqÔei |f(x)− f(y)| < ε. BrÐskoume mÐa diamèrish

D = {a = y0 < y1 < . . . < yn = b}

tou [a, b] gia thn opoÐa isqÔei yk − yk−1 < δ gia k = 1, . . . , n. Tìte, gia th sun�rthsh h
pou paÐrnei thn tim 

h(x) = f(a)
(
g(x; a)
a

− g(x; y1)− g(x; a)
y1 − a

)
+

+
n−1∑
k=1

f(yk)
(
g(x; yk)− g(x; yk−1)

yk − yk−1
− g(x; yk+1)− g(x; yk)

yk+1 − yk

)
+ f(b)

g(x; b)− g(x; yn−1)
b− yn−1

se k�je x ∈ [a, b], ja isqÔei ìti h(yk) = f(yk) gia k�je k = 0, 1, . . . , n. EpÐshc, h h
eÐnai grammik  se k�je di�sthma [yk−1, yk], ìpou k = 1, . . . , n. 'Ara, |h(x) − f(x)| ≤ ε
gia k�je x ∈ [a, b]. Tèloc, h h eÐnai grammikìc sunduasmìc twn g(x; yk), opìte ja
isqÔei

U(h) =
∫ b

a
h(x)dα(x) .
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Apì ta parap�nw prokÔptei ìti∣∣∣∣U(f)−
∫ b

a
f(x)dα(x)

∣∣∣∣ ≤ |U(f)− U(h)|+
∣∣∣∣∫ b

a
h(x)dα(x)−

∫ b

a
f(x)dα(x)

∣∣∣∣
≤ MU max

x∈[a,b]
|f(x)− h(x)|+ V b

aα max
x∈[a,b]

|f(x)− h(x)|

≤ (MU + V b
aα)ε .

To ε pou jewr same  tan tuqaÐo, �ra isqÔei ìti
U(f) =

∫ b

a
f(x)dα(x) .

L mma 9.5 'Estw sun�rthsh α fragmènhc kÔmanshc sto [a, b] me thn idiìthta

α(x) =
α(x−) + α(x+)

2
, x ∈ (a, b) .

Tìte, gia k�je ε > 0 up�rqei diamèrish D = {a = x0 < x1 < . . . < xm = b} ¸ste
kajèna apì ta x1, . . . , xm−1 na eÐnai shmeÐo sunèqeiac thc α kai ¸ste

V b
aα− ε <

m∑
k=1

|α(xk)− α(xk−1)| .

Apìdeixh: PaÐrnoume tuqaÐo ε > 0 kai brÐskoume diamèrish
D = {a = x0 < x1 < . . . < xm = b}

¸ste
V b
aα−

ε

2
<

m∑
k=1

|α(xk)− α(xk−1)| .

'Epeita jewroÔme ta shmeÐa sunèqeiac y1, . . . , ym thc α ¸ste yk ∈ (xk−1, xk) gia k�je
k. EpÐshc, paÐrnoume shmeÐa sunèqeiac ηk, ξk thc α ta opoÐa eÐnai arket� kont� sto xk¸ste na isqÔei

yk < ηk < xk < ξk < yk+1 kai
∣∣∣∣α(xk)−

α(ξk) + α(ηk)
2

∣∣∣∣ < ε

4m

gia k�je k = 1, . . . ,m− 1. Tìte,
m∑
k=1

|α(xk)− α(xk−1)| ≤
m∑
k=1

(|α(xk)− α(yk)|+ |α(yk)− α(xk−1)|) =

= |α(y1)− α(a)|+
m−1∑
k=1

(|α(xk)− α(yk)|+ |α(yk+1)− α(xk)|) +
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+|α(b)− α(ym)|
≤ |α(y1)− α(a)|+

+
m−1∑
k=1

(∣∣∣α(ξk) + α(ηk)
2

− α(yk)
∣∣∣+ ∣∣∣α(yk+1)−

α(ξk) + α(ηk)
2

∣∣∣)+

+|α(b)− α(ym)|+ ε

2
≤ |α(y1)− α(a)|+

+
m−1∑
k=1

(|α(ηk)− α(yk)|+ |α(ξk)− α(ηk)|+ |α(yk+1)− α(ξk)|) +

+|α(b)− α(ym)|+ ε

2
.

SumperaÐnoume loipìn ìti
V b
aα− ε < |α(y1)− α(a)|+

+
m−1∑
k=1

(|α(ηk)− α(yk)|+ |α(ξk)− α(ηk)|+ |α(yk+1)− α(ξk)|) +

+|α(b)− α(ym)| ,

opìte h zhtoÔmenh diamèrish eÐnai aut  pou apoteleÐtai apì ta shmeÐa
a, b, y1, . . . , ym, η1, ξ1, . . . , ηm−1, ξm−1 .

Prìtash 9.7 'Estw U èna suneqèc grammikì sunarthoseidèc tou Ω kai MU h nìrma
tou. An α eÐnai opoiad pote sun�rthsh fragmènhc kÔmanshc sto [a, b], tètoia ¸ste na
isqÔei

U(f) =
∫ b

a
f(x)dα(x) , f ∈ Ω , (∗)

tìte èqoume ìti MU ≤ V b
aα.

EpÐshc, up�rqei k�poia α ¸ste na isqÔei h (∗) kai epiplèon na isqÔei MU = V b
aα.

Apìdeixh: 'Estw f tuqaÐa sun�rthsh sto Ω, gia thn opoÐa isqÔei |f(x)| ≤ 1 gia k�je
x sto [a, b]. Apì thn prìtash 9.2 èpetai ìti

|U(f)| =
∣∣∣∣∫ b

a
f(x)dα(x)

∣∣∣∣ ≤ V b
aα

kai, epomènwc, MU ≤ V b
aα.JewroÔme, t¸ra, mÐa tuqaÐa sun�rthsh α, pou eÐnai fragmènhc kÔmanshc sto [a, b]

kai èqei thn idiìthta
U(f) =

∫ b

a
f(x)dα(x) , f ∈ Ω .
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Kataskeu�zoume thn α∗ ¸ste α∗(x) = α(x) gia k�je x to opoÐo eÐnai eÐte to a eÐte to b
eÐte shmeÐo sunèqeiac thc α sto (a, b) kai α∗(x) = α(x−)+α(x+)

2 gia k�je x ∈ (a, b) pou
eÐnai shmeÐo asunèqeiac thc α. Apì thn prìtash 9.6 èqoume ìti

U(f) =
∫ b

a
f(x)dα∗(x) , f ∈ Ω .

kai V b
aα

∗ ≤ V b
aα.Epeid  ta shmeÐa asunèqeiac eÐnai to polÔ arijmhsÐmou pl jouc, eÐnai eÔkolo na doÔme

ìti α∗(x+) = α(x+) kai α∗(x−) = α(x−) gia k�je x ∈ (a, b) kai, epomènwc,
α∗(x) =

α∗(x+) + α∗(x−)
2

, x ∈ (a, b) .

PaÐrnoume tuqaÐo ε > 0 kai efarmìzoume to prohgoÔmeno l mma gia thn α∗. Up�rqei
diamèrish D = {a = x0 < x1 < . . . < xm = b} ¸ste kajèna apì ta x1, . . . , xm−1 na
eÐnai shmeÐo sunèqeiac thc α∗ kai na isqÔei

V b
aα

∗ − ε

2
<

m∑
k=1

|α∗(xk)− α∗(xk−1)| .

Gia k�je k = 1, . . . ,m− 1 paÐrnoume shmeÐa ξk, ηk arket� kont� sto xk tètoia ¸ste
• ξk < xk < ηk gia k�je k = 1, . . . ,m− 1,
• ηk−1 < ξk gia k�je k = 2, . . . ,m− 1,
• a < ξ1, ηm−1 < b kai
• |α∗(x)− α∗(x′)| < ε

10m gia k�je x, x′ sto [ξk, ηk] kai k = 1, . . . ,m− 1.
Sth sunèqeia orÐzoume sun�rthsh f suneq  sto [a, b], h opoÐa eÐnai stajer  me tim 
sign (α∗(ξ1)− α∗(a)) sto [a, ξ1], stajer  me tim  sign (α∗(b)− α∗(ηm−1)) sto [ηm−1, b],stajer  me tim  sign (α∗(ξk)− α∗(ηk−1)) sto [ηk−1, ξk] gia k�je k = 2, ...,m − 1 kai
grammik  se k�je mikrì di�sthma [ξk, ηk].ParathroÔme amèswc ìti isqÔei

|f(x)| ≤ 1 , x ∈ [a, b] .

Katìpin, gia k�je k = 2, ...,m− 1 paÐrnoume∫ ξk

ηk−1

f(x)dα∗(x) = sign(α∗(ξk)− α∗(ηk−1))(α∗(ξk)− α∗(ηk−1))

= |α∗(ξk)− α∗(ηk−1)| ,

ìpwc epÐshc∫ ξ1

a
f(x)dα∗(x) = sign(α∗(ξ1)− α∗(a))(α∗(ξ1)− α∗(a)) = |α∗(ξ1)− α∗(a)|
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kai∫ b

ηm−1

f(x)dα∗(x) = sign(α∗(b)− α∗(ηm−1))(α∗(b)− α∗(ηm−1)) = |α∗(b)− α∗(ηm−1)| .

Se k�je di�sthma [ξk, ηk] isqÔei ìti |f(ηk)| ≤ 1 kai |f(ξk)| ≤ 1. An pk eÐnai o suntelest cdieÔjunshc thc grammik c sun�rthshc me thn opoÐa isoÔtai h f sto di�sthma autì, tìte
isqÔei∫ ηk

ξk

f(x)dα∗(x) =
∫ ηk

ξk

(f(x)− f(ξk)) dα∗(x) + f(ξk)
∫ ηk

ξk

dα∗(x)

= pk

∫ ηk

ξk

(x− ξk)dα∗(x) + f(ξk) (α∗(ηk)− α∗(ξk))

= pk

(
(ηk − ξk)α∗(ηk)−

∫ ηk

ξk

α∗(x)dx
)

+ f(ξk) (α∗(ηk)− α∗(ξk))

= pk

∫ ηk

ξk

(α∗(ηk)− α∗(x)) dx+ f(ξk) (α∗(ηk)− α∗(ξk))

kai, epomènwc, ∣∣∣∣∫ ηk

ξk

f(x)dα∗(x)
∣∣∣∣ ≤ |pk|(ηk − ξk)

ε

10m
+ |f(ξk)|

ε

10m

= |f(ηk)− f(ξk)|
ε

10m
+ |f(ξk)|

ε

10m

≤ 3ε
10m

.

'Ara∣∣∣∣∫ b

a
f(x)dα∗(x)

∣∣∣∣ ≥ |α∗(ξ1)− α∗(a)|+
m−1∑
k=2

|α∗(ξk)− α∗(ηk−1)|

+|α∗(b)− α∗(ηm−1)| −
3(m− 1)ε

10m

≥ |α∗(ξ1)− α∗(a)|+
m−1∑
k=1

(
|α∗(xk)− α∗(ξk)|+ |α∗(ηk)− α∗(xk)|

)
+
m−1∑
k=2

|α∗(ξk)− α∗(ηk−1)|+ |α∗(b)− α∗(ηm−1)|

−3(m− 1)ε
10m

− 2(m− 1)ε
10m

≥
m∑
k=1

|α∗(xk)− α∗(xk−1)| −
5(m− 1)ε

10m

≥ V b
aα

∗ − ε

2
− ε

2
.
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Epomènwc,
V b
aα

∗ − ε ≤
∣∣∣∣∫ b

a
f(x)dα∗(x)

∣∣∣∣ = |U(f)|

≤ MU max
x∈[a,b]

|f(x)| ≤MU ≤ V b
aα

∗ .

Epeid  to ε  tan tuqaÐo, sumperaÐnoume ìti MU = V b
aα

∗.

9.4 Sqìlia gia to upìloipo thc dhmosÐeushc.

Oi treic prohgoÔmenec par�grafoi apoteloÔn kai tic treic pr¸tec paragr�fouc thc dh-
mosÐeushc tou F. Riesz kai eÐnai shmantikèc sthn istorÐa tou oloklhr¸matoc Stieltjes,
afoÔ ekeÐ apodeiknÔontai gia pr¸th for� k�poiec basikèc idiìthtèc tou, kaj¸c kai to
perÐfhmo Je¸rhma Anapar�stashc tou F. Riesz, to opoÐo deÐqnei pìso shmantikì ma-
jhmatikì ergaleÐo eÐnai to olokl rwma autì.

Stic upìloipec paragr�fouc thc dhmosÐeushc, o Riesz apodeiknÔei ta parak�tw,
shmantik� epÐshc, jewr mata.
Je¸rhma 9.2 'Estw ìti h akoloujÐa (fk) apoteleÐtai apì dosmènec migadikèc sunart -
seic suneqeÐc sto [a, b] kai h (ck) apoteleÐtai apì dosmènouc migadikoÔc arijmoÔc. Tìte,
h ikan  kai anagkaÐa sunj kh ¸ste na up�rqei sun�rthsh α fragmènhc kÔmanshc sto
[a, b], h opoÐa na ikanopoieÐ to sÔsthma∫ b

a
fk(x)dα(x) = ck , k = 1, 2, ... (9.7)

eÐnai na up�rqei mh arnhtikìc arijmìc M me thn idiìthta∣∣∣∣∣
n∑
k=1

µkck

∣∣∣∣∣ ≤M max
x∈[a,b]

∣∣∣∣∣
n∑
k=1

µkfk(x)

∣∣∣∣∣ (9.8)
gia k�je fusikì arijmì n kai gia tuqaÐouc migadikoÔc arijmoÔc µ1, ..., µn.

An M0 eÐnai o el�qistoc M gia ton opoÐo isqÔei h (9.8), tìte

M0 ≤ V b
aα

gia k�je sun�rthsh α fragmènhc kÔmanshc sto [a, b], h opoÐa ikanopoieÐ to sÔsthma
(9.7). EpÐshc, up�rqei k�poia α0 fragmènhc kÔmanshc sto [a, b], h opoÐa ikanopoieÐ to
sÔsthma (9.7) kai thn M0 = V b

aα0.

Je¸rhma 9.3 Me tic upojèseic tou prohgoÔmenou jewr matoc kai me thn proüpìjesh
ìti isqÔei h sunj kh (9.8), opoiesd pote sunart seic α fragmènhc kÔmanshc sto [a, b],
pou ikanopoioÔn to sÔsthma (9.7), diafèroun se to polÔ arijm simo pl joc shmeÐwn tou
[a, b] an kai mìno an k�je migadik  sun�rthsh suneq c sto [a, b] eÐnai omoiìmorfo ìrio
grammik¸n sunduasm¸n twn fk, k = 1, 2, ... .
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Je¸rhma 9.4 'Estw ìti h akoloujÐa (fk) apoteleÐtai apì dosmènec migadikèc sunar-
t seic suneqeÐc sto [a, b]. Tìte, k�je migadik  sun�rthsh suneq c sto [a, b] eÐnai o-
moiìmorfo ìrio grammik¸n sunduasm¸n twn fk, k = 1, 2, ... , an kai mìno an oi mìnec
sunart seic α fragmènhc kÔmanshc sto [a, b] oi opoÐec ikanopoioÔn to sÔsthma∫ b

a
fk(x)dα(x) = 0 , k = 1, 2, ... ,

eÐnai ekeÐnec pou èqoun stajer  tim  sto [a, b], ektìc apì èna to polÔ arijm simo pl joc
shmeÐwn tou [a, b].

Me to teleutaÐo je¸rhma dÐnei mÐa komy  ap�nthsh se èna prìblhma pou eÐqe tejeÐ
apì ton E. Schmidt (1876-1959) kai diatup¸netai wc ex c: an dojeÐ èna arijm simo
sÔnolo sunart sewn φ1, φ2, ..., suneq¸n sto [a, b], pìte to sÔnolo autì eÐnai
tètoio ¸ste k�je sun�rthsh f , pou eÐnai suneq c sto [a, b], na apoteleÐ to
omoiìmorfo ìrio grammik¸n sunduasm¸n twn parap�nw sunart sewn. O
Schmidt eÐqe apodeÐxei ìti gia na èqei èna arijm simo sÔnolo sunart sewn φ1, φ2, ...,suneq¸n sto [a, b], thn parap�nw idiìthta ja prèpei to sÔsthma autì na ikanopoieÐ dÔo
sunj kec. H pr¸th sunj kh, pou argìtera apodeÐqjhke ìti eÐnai anagkaÐa all� ìqi
ikan , eÐnai na mhn up�rqei mh mhdenik  kai suneq c sto [a, b] sun�rthsh, h opoÐa ja
eÐnai orjog¸nia se k�je φk, k = 1, 2, .... H deÔterh sunj kh, h opoÐa eÐnai ikan  all� ìqi
anagkaÐa, eÐnai oi sunart seic φk, k = 1, 2, ... na èqoun suneqeÐc parag¸gouc deutèrac
t�xewc kai na mhn up�rqei mh mhdenik  kai suneq c sto [a, b] sun�rthsh, h opoÐa ja
eÐnai orjog¸nia s� ìlec tic parag¸gouc.

Sthn ènath par�grafo o Riesz parathreÐ ìti an sto prìblhma thc epÐlushc tou
sust matoc (9.7) apait soume h α pou y�qnoume na èqei kai �llec idiìthtec, ìpwc p.q.
na eÐnai pragmatik  sun�rthsh   monìtonh, tìte odhgoÔmaste se probl mata me ta opoÐa
 dh eÐqan asqolhjeÐ se ergasÐec touc majhmatikoÐ, ìpwc o T.-J. Stieltjes (1856-1894)
kai o C. Carathéodory (1873-1950). Pr�gmati, sto prìblhma twn rop¸n, ètsi ìpwc to
ìrise o Stieltjes, anazhtoÔme mÐa pragmatik  kai aÔxousa sun�rthsh, h opoÐa ikanopoieÐ
kat�llhlo sÔsthma sunarthsiak¸n exis¸sewn pou èqei th morf  (9.7).

Sto dèkato kef�laio thc dhmosÐeus c tou sqoli�zei thn ergasÐa tou H. Lebesgue
me tÐtlo ”Sur l’ intégrale de Stieltjes et sur les opérations fonctionelles linéaires” me thn
opoÐa ja asqolhjoÔme sto epìmeno kef�laio.
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Kef�laio 10

To olokl rwma Stieltjes mèsa apì
tic ergasÐec tou Lebesgue.

To 1910, èna qrìno met� th dhmosÐeush thc ergasÐac tou F. Riesz, h opoÐa perieÐqe
gia pr¸th for� to Je¸rhma Anapar�stashc twn suneq¸n grammik¸n sunarthsoeid¸n,
o H. Lebesgue dhmosieÔei thn ergasÐa me tÐtlo {Sur l’ intégrale de Stieltjes et sur
les opérations fonctionelles linéaires}. Sthn arq  thc dhmosÐeus c tou aut c o Lebe-
sgue anafèretai sto olokl rwma Stieltjes, to opoÐo orÐzei wc èna grammikì telest 
pou antistoiqeÐ se k�je sun�rthsh f , pou ikanopoieÐ kat�llhlec idiìthtec, ton arijmì∫ b
a f(x)dα(x) = lim

∑n
1 f(ξi)(α(xi+1)− α(xi)). O Ðdioc gr�fei ìti den eÐnai stìqoc tou

na exet�sei tic proüpojèseic pou prèpei na ikanopoioÔn oi sunart seic f kai α ¸ste na
orÐzetai to parap�nw olokl rwma · eÐnai  dh gnwstì ìti to parap�nw ìrio up�rqei ìtan
h f eÐnai suneq c kai h α fragmènhc kÔmanshc sto [a, b] kai autèc eÐnai oi sunart seic
me tic opoÐec ja asqolhjeÐ, �ra den ton endiafèroun oi upìloipec peript¸seic. Stìqoc
tou eÐnai n� apodeÐxei ìti telik� k�je suneqèc grammikì sunarthsoeidèc mporeÐ na ek-
frasteÐ me th bo jeia enìc oloklhr¸matoc Lebesgue. Autì to katafèrnei deÐqnontac
ìti k�je olokl rwma Stieltjes suneqoÔc sun�rthshc an�getai se olokl rwma Lebesgue
ajroÐsimhc sun�rthshc.

10.1 H anagwg  tou oloklhr¸matoc Stieltjes se olokl -
rwma Lebesgue.

L mma 10.1 'Estw mÐa migadik  sun�rthsh φ sto [a, b], h opoÐa eÐnai fragmènhc kÔ-
manshc. An x0 eÐnai tuqaÐo shmeÐo tou [a, b], ja isqÔoun gia th φ kai th sun�rthsh
kÔmans c thc V x

a φ oi isìthtec

V x0+
a φ− V x0

a φ = |φ(x0+)− φ(x0)| ,
V x0
a φ− V x0−

a φ = |φ(x0)− φ(x0−)| ,

efìson h jèsh tou x0 sto di�sthma [a, b] eÐnai tètoia ¸ste ta antÐstoiqa ìria na orÐzontai.
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Apìdeixh: Upojètoume ìti x0 ∈ [a, b) kai ja deÐxoume thn pr¸th isìthta. H deÔterh
isìthta, sthn perÐptwsh pou x0 ∈ (a, b], prokÔptei me an�logo trìpo.

Katarq�c, ta ìria V x0+
a φ kai φ(x0+) up�rqoun giatÐ h V x

a φ eÐnai aÔxousa sun�rthsh
kai h φ fragmènhc kÔmanshc. E�n y > x0, tìte

V y
a φ− V x0

a φ = V y
x0
φ ≥ |φ(y)− φ(x0)| .

PaÐrnontac ta ìria twn mel¸n thc parap�nw anisìthtac kaj¸c y → x0+, èqoume ìti
V x0+
a φ− V x0

a φ ≥ |φ(x0+)− φ(x0)| .

Mènei na deÐxoume thn anisìthta thc antÐjethc for�c.
'Estw ε > 0. Tìte, up�rqei diamèrish D = {a = y0 < y1 < ... < ym = b} tou [a, b],

tètoia ¸ste
V b
a φ− ε < V b

a (φ,D) ≤ V b
a φ .

E�n i eÐnai o deÐkthc gia ton opoÐo isqÔei yi−1 ≤ x0 < yi, tìte jewroÔme tuqaÐo y me
x0 < y < yi kai th diamèrish D′ = D ∪ {x0, y} = {a = z0 < z1 < ... < zl = b}. IsqÔei
ìti

V b
a φ− ε < V b

a (φ,D) ≤ V b
a (φ,D′) ≤ V b

a φ ,

opìte
0 ≤

l∑
j=1

(
V
zj
zj−1φ− |φ(zj)− φ(zj−1)|

)
< ε .

Apì to teleutaÐo èpetai ìti
0 ≤ V y

x0
φ < |φ(y)− φ(x0)|+ ε .

PaÐrnontac ta ìria stic parap�nw anisìthtec gia y → x0+ èqoume ìti gia tuqaÐo ε > 0
isqÔei

0 ≤ V x0+
x0

φ < |φ(x0+)− φ(x0)|+ ε

 , isodÔnama,
0 ≤ V x0+

a φ− V x0
a φ < |φ(x0+)− φ(x0)|+ ε

kai �ra to zhtoÔmeno èqei apodeiqjeÐ.
Parat rhsh 10.1 Apì to prohgoÔmeno l mma prokÔptei ìti h φ eÐnai suneq c apì
dexi� s� èna shmeÐo an kai mìno an kai h V x

a φ eÐnai suneq c apì dexi� sto shmeÐo autì.
To Ðdio akrib¸c isqÔei kai gia th sunèqeia apì arister�. 'Ara, oi φ kai V x

a φ èqoun ta
Ðdia shmeÐa sunèqeiac.

'Estw α mÐa sun�rthsh fragmènhc kÔmanshc orismènh sto [a, b] kai v = v(x) = V x
a αh sun�rthsh kÔmans c thc. H sun�rthsh V x

a α : [a, b] → [0, V b
aα] eÐnai aÔxousa kai

ja prospaj soume na thn antistrèyoume, dhlad  na orÐsoume mÐa sun�rthsh x(v) :
[0, V b

aα] → [a, b], h opoÐa ja sumperifèretai, kat� k�poio trìpo, ìpwc h antÐstrofh thc
V x
a α, an aut  up rqe.
'Estw v0 ∈ [0, V b

aα]. DiakrÐnoume tic parak�tw peript¸seic.
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• An up�rqei akrib¸c èna x0 tètoio ¸ste V x0
a α = v0, tìte orÐzoume x(v0) = x0.

• An up�rqoun perissìtera apì èna x tètoia ¸ste V x
a α = v0, tìte up�rqei di�sthma,ìqi monosÔnolo, sto opoÐo h V x

a α eÐnai stajer . Profan¸c, kai h α eÐnai stajer 
sto Ðdio di�sthma. E�n x0 eÐnai opoiod pote shmeÐo tou diast matoc autoÔ, tìte
orÐzoume x(v0) = x0.

• E�n h exÐswsh V x
a α = v0 den èqei lÔsh wc proc x, tìte up�rqei (monadikì) x0 sto

[a, b], sto opoÐo oi α kai V x
a α eÐnai asuneqeÐc kai tètoio ¸ste v0 ∈ [V x0−

a α, V x0
a α)

  (V x0
a α, V x0+

a α]. Sthn perÐptwsh aut  jètoume x(v0) = x0. Dhlad , h x(v) eÐnai
stajer  sto anoiktì di�sthma (V x0−

a α, V x0+
a α) kai Ðsh me x0. Sto di�sthma autì

eÐnai dunatìn na perièqetai toul�qiston èna apì ta �kra tou.
H sun�rthsh x(v) eÐnai asuneq c sta shmeÐa v0, ta opoÐa antistoiqoÔn se diast mataìpou oi α kai V x

a α eÐnai stajerèc, en¸ eÐnai stajer  se diast mata, ta opoÐa antistoiqoÔn
se shmeÐa asunèqeiac twn α kai V x

a α. EÐnai gnhsÐwc aÔxousa kai suneq c stic eikìnec
twn diasthm�twn ìpou h V x

a α eÐnai gnhsÐwc aÔxousa kai suneq c, me exaÐresh, Ðswc, twn
�krwn twn diasthm�twn aut¸n.

JewroÔme th sÔnjeth sun�rthsh α(x(v)) : [0, V b
aα] → C.

• An up�rqei akrib¸c èna x0 tètoio ¸ste V x0
a α = v0, tìte isqÔei α(x(v0)) = α(x0).

• An up�rqei di�sthma, ìqi monosÔnolo, sto opoÐo isqÔei V x
a α = v0, tìte isqÔei

α(x(v0)) = α(x0), ìpou x0 eÐnai opoiod pote shmeÐo tou diast matoc autoÔ. Pro-
fan¸c, h epilog  tou x0 den ephre�zei thn tim  α(x(v0)) = α(x0), diìti h α eÐnai
stajer  sto di�sthma autì.

• An v0 ∈ (V x0−
a α, V x0+

a α) gia k�poio (monadikì) x0, tìte α(x(v0)) = α(x0). Dh-
lad , h α(x(v)) eÐnai stajer  sto di�sthma (V x0−

a α, V x0+
a α).

TropopoioÔme thn α(x(v)), ètsi ¸ste na eÐnai grammik  se kajèna apì ta diast mata
[V x0−
a α, V x0

a α] kai [V x0
a α, V x0+

a α]. Tìte paÐrnoume mÐa sun�rthsh β(v), h opoÐa orÐzetai
wc ex c.

'Estw v0 tuqaÐo shmeÐo tou [0, V b
aα].

• E�n up�rqei monadikì x0 gia to opoÐo isqÔei V x0
a α = v0, tìte jètoume

β(v0) = α(x(v0)) = α(x0) .

• E�n up�rqei di�sthma, ìqi monosÔnolo, sto opoÐo isqÔei V x
a α = v0, tìte jètoume

β(v0) = α(x(v0)) = α(x0) ,

ìpou x0 eÐnai opoiod pote shmeÐo tou diast matoc autoÔ. H epilog  tou x0 den
ephre�zei thn tim  β(v0) = α(x(v0)) = α(x0), diìti h α eÐnai stajer  sto di�sthma
autì.
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• Sthn perÐptwsh pou den up�rqoun timèc twn x pou na antistoiqoÔn sthn v0, tìteja up�rqei sto di�sthma [a, b] èna (monadikì) x0 sto opoÐo h V x
a α eÐnai asuneq c

kai ja isqÔei èna apì ta dÔo: V x0−
a α ≤ v0 < V x0

a α   V x0
a α < v0 ≤ V x0+

a α. An
sumbaÐnei to pr¸to, orÐzoume

β(v0) = α(x0−) +
α(x0)− α(x0−)
V x0
a α− V x0−

a α
(v0 − V x0−

a α) .

An isqÔei to deÔtero, tìte orÐzoume
β(v0) = α(x0) +

α(x0+)− α(x0)
V x0+
a α− V x0

a α
(v0 − V x0

a α) .

EÐnai eÔkolo na apodeiqjeÐ ìti gia k�je x0 ∈ [a, b] isqÔei
β(V x0

a α) = α(x0) .

Pr�gmati, diakrÐnoume tic ex c peript¸seic, afoÔ jèsoume v0 = V x0
a α.

• An to x0 eÐnai to monadikì x gia to opoÐo isqÔei V x
a α = v0, tìte apì ton orismì

thc β, isqÔei β(V x0
a α) = β(v0) = α(x0).

• An ektìc apì to x0 up�rqei kai deÔtero x ¸ste na isqÔei V x
a α = v0, tìte, apì ton

orismì thc β, isqÔei β(V x0
a α) = β(v0) = α(x′0), ìpou x′0 eÐnai opoiod pote apì ta

x gia ta opoÐa isqÔei V x
a α = v0. 'Omwc, h α eÐnai stajer  se k�poio di�sthma pou

perièqei ta x0, x′0, opìte β(V x0
a α) = α(x′0) = α(x0).

Orismìc 10.1 'Estw φ mÐa migadik  sun�rthsh orismènh sto [a, b]. H φ onom�zetai
apolÔtwc suneq c sto [a, b], an gia k�je ε > 0 up�rqei δ > 0 ¸ste: gia k�je pepera-
smènou pl jouc xèna an� dÔo diast mata (a1, b1), (a2, b2), . . . , (an, bn) pou perièqontai
sto [a, b] kai ikanopoioÔn thn

(b1 − a1) + (b2 − a2) + . . .+ (bn − an) < δ

sunep�getai ìti
|φ(b1)− φ(a1)|+ . . .+ |φ(bn)− φ(an)| < ε .

Oi apolÔtwc suneqeÐc sunart seic paÐzoun kentrikì rìlo sth jewrÐa tou oloklhr¸matoc
Lebesgue kai to shmantikìtero apotèlesma pou sqetÐzetai m� autèc tic sunart seic eÐnai
to ex c.
Je¸rhma 10.1 'Estw φ mia migadik  sun�rthsh orismènh sto [a, b]. Tìte, h φ eÐnai
apolÔtwc suneq c sto [a, b] an kai mìno an up�rqei sun�rthsh ψ oloklhr¸simh kat�
Lebesgue sto [a, b] me thn idiìthta

φ(x) =
∫

[a,x]
ψ(t)dt , x ∈ [a, b] .
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Prìtash 10.1 'Estw pragmatik  sun�rthsh α fragmènhc kÔmanshc sto [a, b], h su-
n�rthsh kÔmanshc V x

a α thc α kai h sun�rthsh β pou kataskeu�sthke sta prohgoÔmena.
H β ikanopoieÐ th sqèsh

|β(v2)− β(v1)| ≤ v2 − v1

gia k�je v1, v2 ∈ [0, V b
aα] me v1 < v2. EpÐshc, h β eÐnai apolÔtwc suneq c sto di�sthma

[0, V b
aα].

Apìdeixh: JewroÔme tuqaÐa v1, v2 ∈ [0, V b
aα] me v1 < v2 kai diakrÐnoume di�forec

peript¸seic.
i. An up�rqei toul�qiston èna x1 kai toul�qiston èna x2 sto [a, b] ¸ste na isqÔoun

oi V x1
a α = v1, V x2

a α = v2, tìte
|β(v2)− β(v1)| = |α(x2)− α(x1)| ≤ V x2

x1
α = V x2

a α− V x1
a α = v2 − v1 .

ii. Up�rqei toul�qiston èna x1 sto [a, b] ¸ste V x1
a α = v1, all� den up�rqei kanèna x

¸ste V x
a α = v2. Tìte up�rqei (monadikì) x2 sto [a, b] ¸ste v2 ∈ [V x2−

a α, V x2
a α)

  v2 ∈ (V x2
a α, V x2+

a α]. Profan¸c isqÔei x1 < x2 kai, paÐrnontac tuqaÐo ε > 0,
brÐskoume x3 ¸ste x1 < x3 < x2 kai

|α(x3)− α(x2−)| < ε , |V x3
a α− V x2−

a α| < ε .

Lìgw grammikìthtac thc β sta diast mata [V x2−
a α, V x2

a α] kai [V x2
a α, V x2+

a α], i-
sqÔei

|β(v2)− α(x2−)| = |β(v2)− β(V x2−
a α)| ≤ v2 − V x2−

a α .

'Ara,
|β(v2)− β(v1)| ≤ |β(v2)− α(x2−)|+ |α(x2−)− α(x3)|+ |α(x3)− α(x1)|

< v2 − V x2−
a α+ ε+ V x3

x1
α

< v2 − V x3
a α+ 2ε+ V x3

x1
α

= v2 − V x1
a α+ 2ε

= v2 − v1 + 2ε .

Epeid  to ε eÐnai tuqaÐo, katal goume sth sqèsh
|β(v2)− β(v1)| ≤ v2 − v1 .

iii. An up�rqei toul�qiston èna x2 ¸ste V x2
a α = v2, all� kanèna x ¸ste V x

a α = v1,tìte up�rqei (monadikì) x1 < x2 ¸ste v1 ∈ [V x1−
a α, V x1

a α)   v1 ∈ (V x1
a α, V x1+

a α].
PaÐrnoume tuqaÐo ε kai brÐskoume x3 ¸ste x1 < x3 < x2 kai

|α(x3)− α(x1+)| < ε , |V x3
a α− V x1+

a α| < ε .

'Opwc sthn perÐptwsh ii, lìgw grammikìthtac thc β, isqÔei
|β(v1)− α(x1+)| = |β(v1)− V x1+

a α| ≤ V x1+
a α− v1
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kai
|β(v2)− β(v1)| ≤ |α(x2)− α(x3)|+ |α(x3)− α(x1+)|+ |α(x1+)− β(v1)|

≤ V x2
x3
α+ ε+ V x1+

a α− v1

< V x2
x3
α+ 2ε+ V x3

a α− v1

= V x2
a α− v1 + 2ε

= v2 − v1 + 2ε .

'Ara, |β(v2)− β(v1)| ≤ v2 − v1.
iv. Den up�rqei kanèna x1 kai kanèna x2 ¸ste V x1

a α = v1 kai V x2
a α = v2. Tìte,

mia perÐptwsh eÐnai na up�rqei x0 ¸ste ta v1, v2 na an koun sto [V x0−
a α, V x0+

a α],
opìte, lìgw grammikìthtac thc β, sunep�getai h sqèsh |β(v2)− β(v1)| ≤ v2 − v1.MÐa deÔterh perÐptwsh eÐnai na up�rqoun x1, x2 ¸ste v1 ∈ [V x1−

a α, V x1
a α)   v1 ∈

(V x1
a α, V x1+

a α] kai v2 ∈ [V x2−
a α, V x2

a α)   v2 ∈ (V x2
a α, V x2+

a α]. PaÐrnoume tuqaÐo
x3 ¸ste x1 < x3 < x2 kai efarmìzoume ta apotelèsmata twn ii kai iii me to
v3 = V x3

a α:
|β(v2)− β(v1)| ≤ |β(v2)− β(v3)|+ |β(v3)− β(v1)|

≤ v2 − v3 + v3 − v1

= v2 − v1 .

To ìti h β eÐnai apolÔtwc suneq c sto [0, V b
aα] eÐnai t¸ra profanèc, afoÔ gia k�-

je peperasmènou pl jouc xèna an� dÔo diast mata (v1, u1), (v2, u2), . . . , (vn, un) tou
[0, V b

aα] èqoume
|β(u1)− β(v1)|+ . . .+ |β(un)− β(vn)| ≤ (u1 − v1) + . . .+ (un − vn) .

Je¸rhma 10.2 E�n f eÐnai suneq c kai h α sun�rthsh fragmènhc kÔmanshc sto [a, b],
tìte isqÔei ìti

∫ b
a f(x)dα(x) =

∫ V
0 f(x(v))β′(v)dv, ìpou V = V b

aα kai x(v) kai β(v) oi
sunart seic pou orÐsthkan prohgoumènwc.

Apìdeixh: Epeid  h f eÐnai suneq c kai h α fragmènhc kÔmanshc sto [a, b], to olo-
kl rwma Stieltjes

∫ b
a f(x)dα(x) profan¸c ja orÐzetai. H sÔnjeth sun�rthsh f(x(v)) :

[0, V b
aα] → R eÐnai sqedìn pantoÔ suneq c sto [a, b] kai h β′(v) eÐnai sqedìn pantoÔ ±1,

�ra kai to olokl rwma Lebesgue
∫ V
0 f(x(v))β′(v)dv ja orÐzetai. Ja deÐxoume ìti ta

dÔo oloklhr¸mata eÐnai Ðsa.
'Estw ε > 0. Tìte, epeid  h f eÐnai omoiìmorfa suneq c sto [a, b], ja up�rqei δ > 0,

tètoio ¸ste gia k�je x, y sto [a, b] me |x− y| < δ na sunep�getai ìti |f(x)− f(y)| < ε.
JewroÔme mÐa diamèrish D tou [a, b], tètoia ¸ste to m koc k�je diast matoc thc δi =
[li,mi] na eÐnai mikrìtero apì δ. Apì k�je tètoio di�sthma jewroÔme èna shmeÐo ξi kaijètoume ∆i = [v(li), v(mi)], ∆vi = v(mi)− v(li).Se èna tuqaÐo di�sthma [u,w] ⊆ [a, b] ìpou oi v kai α eÐnai stajerèc isqÔei ìti

α(w)− α(u) = 0 =
∫ v(w)

v(u)
β′(v)dv .
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An h v den eÐnai stajer  sto [u,w] kai eÐnai u = x(v1), w = x(v2), tìte ja isqÔei ìti
α(w)− α(u) = α(x(v2))− α(x(v1)) = β(v2)− β(v1) =

∫ v2

v1

β′(v)dv .

Epomènwc, se k�je di�sthma ∆i ja èqoume ìti
α(mi)− α(li) =

∫
∆i

β′(v)dv

kai telik�∣∣∣∣∣
∫ b

a
f(x(v))β′(v)dv −

∑
i

f(ξi)[α(mi)− α(li)]

∣∣∣∣∣ =

∣∣∣∣∣∑
i

∫
∆i

[f(x(v))− f(ξi)]β′(v)dv

∣∣∣∣∣
≤

∑
i

ε

∫
∆i

|β′(v)|dv = ε
∑
i

∆vi = εV .

EpÐshc, eÐnai∣∣∣∣∣
∫ b

a
f(x)dα(x)−

∑
i

f(ξi)[α(mi)− α(li)]

∣∣∣∣∣ =
∣∣∣∣∣∑
i

∫
δi

[f(x)− f(ξi)]dα(x)

∣∣∣∣∣
≤
∑
i

ε

∫
δi

dv(x) = ε
∑
i

∆vi = εV .

'Ara, isqÔei ìti ∫ ba f(x)dα(x) =
∫ V
0 f(x(v))β′(v)dv.

'Estw t¸ra ìti èqoume to suneqèc grammikì sunarthsoeidèc A, to opoÐo orÐzetai
sto sÔnolo twn suneq¸n sunart sewn tou [a, b]. Tìte, apì to Je¸rhma Anaparast�-
sewc tou Riesz èpetai ìti up�rqei sun�rthsh α, pou orÐzetai sto [a, b], eÐnai fragmè-
nhc kÔmanshc kai tètoia ¸ste gia k�je suneq  sun�rthsh f tou [a, b] na isqÔei ìti
A(f) =

∫ b
a f(x)dα(x). SÔmfwna, ìmwc, me thn parap�nw prìtash, h tim  A(f) mpo-

reÐ na grafeÐ sth morf  ∫ V0 f(x(v))β′(v)dv, dhlad  me th bo jeia enìc oloklhr¸matoc
Lebesgue. 'Otan gnwrÐzoume th sun�rthsh α, tìte oi sunart seic x(v) kai β′(v) eÐnai
gnwstèc, me exaÐresh Ðswc tic timèc touc se èna sÔnolo shmeÐwn mètrou mhdèn. 'Ara,
èqoume prosdiorÐsei kai to sunarthsoeidèc A.

H par�stash enìc sunarthsoeidoÔc me th bo jeia enìc oloklhr¸matoc Lebesgue èqei
dÔo shmantik� pleonekt mata, ìpwc parathreÐ o Lebesgue sto tèloc thc dhmosÐeus c
tou:

• Mac epitrèpei na epekteÐnoume ta sunarthsoeid  se sunart seic poll¸n meta-
blht¸n kai na ta ekfr�soume me th bo jeia oloklhrwm�twn Lebesgue poll¸n
metablht¸n.

• H sun�rthsh f pou emfanÐzetai sto olokl rwma ∫ V0 f(x(v))β′(v)dv upojètame
mèqri t¸ra ìti  tan suneq c. 'Omwc, to prohgoÔmeno olokl rwma orÐzetai kai
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sthn perÐptwsh pou jewroÔme sunart seic gia tic opoÐec èqoume k�nei asjenèste-
rec upojèseic. Tètoiec eÐnai oi fragmènec sunart seic f(x), oi opoÐec metasqh-
matÐzontai se metr simec sunart seic f(x(v)) thc metablht c v, oi opoÐec eÐnai
oloklhr¸simec kat� Lebesgue sto [a, b]. Bèbaia, autìc o metasqhmatismìc exar-
t�tai apì th sun�rthsh α. MÐa megalÔterh kl�sh sunart sewn sthn opoÐa ja
mporoÔsame na {dieurÔnoume} to pedÐo orismoÔ twn sunarthsoeid¸n kai to olo-
kl rwma Stieltjes, eÐnai ìlec oi fragmènec sunart seic f pou eÐnai oloklhr¸simec
kat� Lebesgue sto [a, b]. Aut  h parat rhsh tou Lebesgue dÐnei ston F. Riesz thn
idèa na dieurÔnei to pedÐo orismoÔ twn suneq¸n grammik¸n sunarthsoeid¸n stic
epìmenec ergasÐec tou.

10.2 Endiafèrousec parathr seic apì to biblÐo {Leçons
sur l’ intégration et la recherche des fonctions primi-
tives.}

DeÐxame sthn teleutaÐa prìtash thc prohgoÔmenhc paragr�fou ìti k�je olokl rwma
Stieltjes miac suneqoÔc sun�rthshc f wc proc mÐa sun�rthsh fragmènhc kÔmanshc α
metatrèpetai se olokl rwma miac ajroÐsimhc sun�rthshc.1 Aut  h diadikasÐa metatro-
p c tou oloklhr¸matoc apì to èna eÐdoc sto �llo perigr�fetai analutikìtera apì ton
Lebesgue to 1928 sth deÔterh èkdosh tou biblÐou tou {Leçons sur l’ intégration et la
recherche des fonctions primitives}.

H pr¸th èkdosh autoÔ tou shmantikoÔ biblÐou, pou bo jhse sth eurÔterh di�dosh
twn majhmatik¸n tou ide¸n, ègine to 1904 kai perieÐqe ta maj mata pou dÐdaxe o Lebe-
sgue sto Collège de France thn akadhmäik  qroni� 1902-1903. O stìqoc twn majhm�twn
kai tou biblÐou, ìpwc gr�fei kai o Ðdioc ston prìlogì tou, eÐnai apì touc polloÔc o-
rismoÔc, pou eÐqan dojeÐ mèqri tìte gia to olokl rwma twn pragmatik¸n sunart sewn
miac metablht c, na d¸sei ekeÐnouc pou autìc jewreÐ shmantikoÔc sthn epÐlush tou
probl matoc thc olokl rwshc kai sthn katanìhsh thc sten c sqèshc pou sundèei to
prìblhma autì me thn ènnoia tou embadoÔ. EkeÐ orÐzei kai melet� to perÐfhmo olokl -
rwm� tou. O lìgoc gia ton opoÐo parajètei ènan akìma orismì tou oloklhr¸matoc, th
stigm  pou  dh up�rqoun polloÐ, eÐnai ìti to nèo autì olokl rwma eÐnai {genikìtero} a-
pì autì tou Riemann kai de mac periorÐzei sth melèth twn oloklhrwm�twn twn {kal¸n}
sunart sewn. Ektìc apì ton orismì tou oloklhr¸matoc tou, sto biblÐo autì melet� to
prìblhma thc eÔreshc arqik¸n sunart sewn kai tic eujugrammÐsimec kampÔlec.

H deÔterh èkdosh tou biblÐou tou, met� apì 25 perÐpou qrìnia, den eÐnai apl¸c mia
anatÔpwsh thc pali�c, all� perièqei kai ìla ta nèa kai shmantik� apotelèsmata pou
sqetÐzontai me tic basikèc ènnoiec kai ta probl mata pou melet� h pr¸th. Dhlad ,
asqoleÐtai kai s� aut n me to olokl rwma twn pragmatik¸n sunart sewn miac pragma-
tik c metablht c. Den epekteÐnetai sto olokl rwma sunart sewn poll¸n metablht¸n,

1MÐa metr simh sun�rthsh lègetai ajroÐsimh ìtan eÐnai oloklhr¸simh kat� Lebesgue.
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all� afier¸nei èna olìklhro kef�laio sth melèth tou oloklhr¸matoc Stieltjes. 'Opwc
parathreÐ kai o Ðdioc ston prìlogo thc deÔterhc èkdos c tou:

{...Den asqol jhka me to olokl rwma sunart sewn poll¸n metablht¸n, epeid  oi
anagn¸stec aut¸n twn dialèxewn mporoÔn na diab�soun sqetik� me autì sto exairetikì
biblÐo tou Vallée Poussin, sto opoÐo eÐda mia �llou eÐdouc genÐkeush tou gnwstoÔ mac
oloklhr¸matoc: to olokl rwma Stieltjes.

Gia tou lìgou to alhjèc, eÐnai sa na mei¸noume th spoudaiìthta tou oloklhr¸matoc
Stieltjes ìtan to meletoÔme sta plaÐsia twn sunart sewn miac mìno metablht c. Pi-
steÔw ìti prèpei na asqolhjoÔme kai me autì, ìmwc, eÐmai ikanopoihmènoc pou kat�fera
na d¸sw mÐa fusik  kai pio genik  ermhneÐa autoÔ tou oloklhr¸matoc.}

Sto kef�laio XI thc deÔterhc èkdoshc tou biblÐou tou, exhgeÐ giatÐ, kat� th gn¸mh
tou, to olokl rwma Stieltjes eÐnai tìso shmantikì:

{...Sto kef�laio I melet same thn olokl rwsh ètsi ìpwc th sunantoÔme sta pr¸ta
maj mata tou apeirostikoÔ logismoÔ: eÐdame ìti prìkeitai gia mÐa kal� orismènh pr�xh,
pou antistoiqeÐ se k�je suneq  sun�rthsh ènan arijmì. Sta kef�laia II, III, V I, V II,
X dieurÔname thn pr�xh aut  se megalÔterec oikogèneiec sunart sewn. O Stieltjes
diat rhse stajer  thn kl�sh twn oloklhrwsÐmwn sunart sewn f , ìmwc èdeixe ìti thn
Ðdia sun�rthsh f mporeÐ kaneÐc na thn oloklhr¸sei ìsec forèc jèlei kai na antistoiqÐsei
polloÔc tètoiouc arijmoÔc s� aut . Autì pou kat�fere  tan na epekteÐnei thn ènnoia
thc olokl rwshc sto pedÐo twn sunarthsoeid¸n.}

Pr�gmati, me to nèo autì trìpo olokl rwshc antistoiqoÔme se k�je suneq  sun�r-
thsh f , an�loga me th sun�rthsh α pou jewroÔme kai ènan diaforetikì arijmì, ton∫
f(x)dα(x).
O pr¸toc shmantikìc stìqoc tou Lebesgue, afoÔ d¸sei ton orismì tou oloklhr¸-

matoc kai apodeÐxeic k�poiwn basik¸n idiot twn tou, eÐnai na deÐxei ìti, an�loga me thn
sun�rthsh α wc proc thn opoÐa oloklhr¸netai mÐa suneq c sun�rthsh f , to olokl rwma∫ b
a f(x)dα(x) mporeÐ telik� na ekfrasteÐ me th bo jeia enìc   perissìterwn oloklhrw-
m�twn Lebesgue. 'Epeita, anafèrei k�poia shmantik� apotelèsmata sqetik� me autì,
pou dhmosieÔthkan mèqri th deÔterh èkdosh tou biblÐou tou.

Tèloc, mÐa shmantik  parat rhsh pou k�nei sqetik� me thn istorÐa tou oloklhr¸-
matoc Stieltjes eÐnai ìti:

{...O Cauchy  tan autìc pou pr¸toc sunèlabe th spoudaiìthta kai th diaisjhtik 
shmasÐa autoÔ tou nèou trìpou olokl rwshc, en¸ o Stieltjes  tan autìc pou ìrise me
majhmatikì trìpo thn pr�xh aut  sthn perÐptwsh twn sunart sewn miac metablht c.}
(prìlogoc deÔterhc èkdoshc, sel. vi)

{...o Cauchy asqol jhke prin apì ton Stieltjes me thn olokl rwsh miac sun�rthshc
wc proc mÐa �llh, ìmwc to èkane ligìtero austhr� apì autìn kai perissìtero apì thn
�poyh thc Fusik c...} (kef�laio XI, §IV , sel. 290)
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O Cauchy jewreÐ se melèth tou gia èna jèma thc Fusik c thn ènnoia twn {megej¸n
pou sunup�rqoun}. 'Etsi onom�zei ekeÐna ta megèjh pou orÐzontai mèsa apì tic Ðdiec
gewmetrikèc   fusikèc katast�seic. Gia par�deigma, e�n èqoume ènan kÔlindro, tìte h
aktÐna tou, to Ôyoc tou, to embadìn thc epif�nei�c tou kai o ìgkoc tou eÐnai {megèjh
pou sunup�rqoun}. Sthn perÐptwsh enìc aèriou s¸matoc, tètoia megèjh eÐnai o ìgkoc
tou, h m�za pou katalamb�nei kai h posìthta thc jermìthtac pou apaiteÐtai gia thn
anÔywsh thc jermokrasÐac kat� èna bajmì, efìson o ìgkoc paramènei stajerìc.

H ènnoia aut  eÐnai mia ènnoia pio genik  apì thn ènnoia thc sun�rthshc: e�n èna
mègejoc eÐnai sun�rthsh �llwn megej¸n, tìte eÐnai profanèc ìti ìla aut� ta megèjh
eÐnai {megèjh pou sunup�rqoun}.

Sta paradeÐgmata pou prohg jhkan, parathroÔme ìti ta {megèjh pou sunup�rqoun}
exart¸ntai �mesa apì èna s¸ma: ton kÔlindro   to aèrio s¸ma. Autì to s¸ma mporoÔme
na to doÔme, pio afhrhmèna, san èna pedÐo tou R3. 'Ara, ta {megèjh pou sunup�rqoun}
eÐnai sthn ousÐa sunart seic pou anafèrontai k�je for� sto Ðdio pedÐo. To pedÐo autì
den eÐnai anagkastik� uposÔnolo tou R3, mporeÐ na eÐnai kai di�sthma   qwrÐo tou
epipèdou kai, genikìtera, èna uposÔnolo tou Rn.

Ektìc ìmwc apì tic sunolo-sunart seic, sth Fusik  mac eÐnai qr simec kai oi su-
nart seic shmeÐwn   austhrìtera oi sunart seic poll¸n metablht¸n. Sthn pragmati-
kìthta, oi shmeio-sunart seic eÐnai ìria sunolo-sunart sewn: k�je shmeÐo tou q¸rou
mporeÐ na jewrhjeÐ wc to ìrio swm�twn pou to perièqoun kai gÐnontai osod pote mikr�,
epomènwc mÐa shmeio-sun�rthsh eÐnai to ìrio sunolo-sunart sewn. Gia par�deigma, h
puknìthta se èna tuqaÐo shmeÐo enìc s¸matoc eÐnai to ìrio tou phlÐkou thc m�zac enìc
tm matoc tou s¸matoc pou perièqei to en lìgw shmeÐo proc ton ìgko tou, kaj¸c autì
to tm ma {surrikn¸netai} oloèna kai perissìtero gÔrw apì to shmeÐo.

H par�gwgoc miac sun�rthshc pedÐou wc proc mÐa deÔterh sun�rthsh, h opoÐa a-
nafèretai k�je for� sto Ðdio pedÐo tim¸n me thn pr¸th eÐnai mÐa shmeio-sun�rthsh: an
φ(D), ψ(D) eÐnai dÔo sunart seic pedÐou, h par�gwgoc thc miac wc proc thn �llh s� èna

shmeÐo P eÐnai to ìrio tou phlÐkou φ(Di)
ψ(Di)

, kaj¸c ta pedÐa thc akoloujÐac Di gÐnontai
oloèna kai pio mikr� kai surrikn¸nontai sto shmeÐo P .

SÔmfwna me ton Lebesgue, to prìblhma me to opoÐo asqol jhke o Cauchy  tan o
prosdiorismìc thc sun�rthshc φ(D) apì th sun�rthsh ψ(D) kai thn par�gwgo f(P )
thc φ wc proc thn ψ. Gia na mporèsei na melet sei eukolìtera to prìblhma, o Cauchy
upojètei epiplèon ìti oi sunolo-sunart seic tou eÐnai prosjetikèc.

E�n jewr soume tuqaÐo shmeÐo P0, tìte up�rqei pedÐo DP0 tètoio ¸ste to phlÐko
φ(D)
ψ(D) na diafèrei apolÔtwc apì thn f(P ) ligìtero apì ε gia k�je pedÐo D pou perièqetai
sto DP0 kai perièqei to P .

Apì to gnwstì je¸rhma tou Borel èpetai ìti gia to tuqìn pedÐoD mporeÐ na kalufjeÐ
apì peperasmènou pl jouc xèna an� dÔo mikrìtera pedÐa D1, D2, ..., Dn. Dialègoume
èna shmeÐo Pi apì to kajèna touc ètsi ¸ste na isqÔei

φ(Di) = ψ(Di)(f(Pi) + θiε) , −1 ≤ θi ≤ 1 ,
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opìte telik�
φ(D) =

n∑
i=1

φ(Di) =
n∑
i=1

ψ(Di)f(Pi) + θε

n∑
i=1

ψ(Di) .

E�n gia opoiad pote diamèrish tou D kai gia tuqaÐa epilog  twn Pi to pr¸to �jroisma
èqei peperasmèno ìrio kaj¸c ta Di gÐnontai osod pote mikr� kai to deÔtero �jroisma
paramènei fragmèno (k�ti to opoÐo sumbaÐnei ìtan h ψ eÐnai fragmènhc kÔmanshc), tìte
mporoÔme na upologÐsoume thn φ.

Sthn perÐptwsh pou douleÔoume sthn pragmatik  eujeÐa, ta pedÐa gÐnontai diast -
mata, h sun�rthsh f(P ) gr�fetai f(x), h φ(P ) gr�fetai α(x) kai telik�, to parap�nw
ìrio, efìson up�rqei, eÐnai to olokl rwma pou ìrise o Stieltjes.
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Kef�laio 11

GenÐkeush tou oloklhr¸matoc
Stieltjes apì ton J. Radon.

Sto teleutaÐo kef�laio aut c thc ergasÐac meletoÔme sunoptik� kai qwrÐc idiaÐterh
austhrìthta to pr¸to mèroc thc dhmosÐeushc tou Johann Radon (1887-1956) me tÐtlo
{Theorie und Anwendungen der absolut additiven Mengenfunktionen} 1. H ergasÐa
aut , pou dhmosieÔthke to 1913, eÐnai idiaÐtera shmantik  giatÐ ekeÐ orÐzetai èna olo-
kl rwma pou apoteleÐ genÐkeush twn oloklhrwm�twn twn Stieltjes kai Lebesgue. Gia na
katano soume kalÔtera to lìgo pou od ghse ton Radon s� autìn ton orismì, ja prèpei
prohgoumènwc na k�noume mia mikr  istorik  anadrom .

11.1 H ènnoia thc sunolosun�rthshc.

Mèqri thn pr¸th dekaetÐa tou 1900 eÐqan dojeÐ di�foroi orismoÐ gia to olokl rwma miac
metablht c kai eÐqan dhmosieuteÐ polu�rijmec ergasÐec ìpou meletoÔntai oi idiìthtèc
tou. To epìmeno er¸thma pou apasqìlhse touc analÔstec  tan to p¸c ja mporoÔsan na
genikeÔsoun ston Rn tic pr�xeic thc olokl rwshc kai thc parag¸gishc, all� kai ènnoiec
kai idiìthtec sunart sewn kat� tètoio trìpo, ¸ste basik� jewr mata pou aforoÔsan
thn parag¸gish kai thn olokl rwsh sunart sewn miac metablht c na suneqÐsoun na
isqÔoun kai ekeÐ.

SÔmfwna me ton Hawkins sto [4], o G. Vitali (1875-1932)  tan ènac apì autoÔc
pou asqol jhkan me to parap�nw er¸thma. Se ergasÐa tou, pou dhmosieÔthke to 1908,
prosp�jhse na genikeÔsei èna shmantikì je¸rhm� tou: ìti k�je apìluta suneq c sun�r-
thsh miac metablht c, ja eÐnai to aìristo olokl rwma k�poiac �llhc. Stouc orismoÔc
pou èdwse qrhsimopoÐhse shmeiosunart seic orismènec gia orjog¸nia parallhlepÐpeda
tou Rn ki autì  tan pou èdwse ston Lebesgue thn idèa na melet sei to Ðdio prìblhma
jewr¸ntac sunart seic orismènec se sÔnola. Aut  h prosèggish èluse poll� probl -
mata, ìpwc autì thc genÐkeushc tou orismoÔ thc parag¸gou kai  tan prwtìtuph gia
thn epoq  ekeÐnh, diìti oi analÔstec eÐqan sqedìn tautÐsei thn ènnoia thc sun�rthshc me

1Sta ellhnik�: {JewrÐa kai efarmogèc twn prosjetik¸n sunart sewn}.
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aut  thc shmeiosun�rthshc. 2
Sthn ergasÐa tou {Sur l’ intégration des fonctions discontinues}, pou dhmosieÔthke

to 1910, o Lebesgue asqol jhke me to olokl rwma sun�rthshc poll¸n metablht¸n
kai an�mesa sta �lla, kat�fere na d¸sei mia genÐkeush tou jewr matoc tou Vitali.
Sto pr¸to kef�laio thc dhmosÐeus c tou, genÐkeuse to mètro sunìlou, thn ènnoia thc
metr simhc sun�rthshc kai ton orismì tou oloklhr¸matìc tou ston Rn. Oi orismoÐ pou
èdwse eÐnai oi antÐstoiqoi orismoÐ pou eÐqe d¸sei sthn perÐptwsh twn sunart sewn miac
metablht c me mÐa polÔ apl  tropopoÐhsh: sth jèsh thc metablht c x èqoume to tuqaÐo
shmeÐo P tou Rn. De ja asqolhjoÔme me to p¸c ìrise to exwterikì, to eswterikì
mètro enìc sunìlou tou n-di�statou q¸rou kai me to ti onìmase metr simo sÔnolo,3
ja anafèroume ìmwc touc orismoÔc tou Lebesgue gia th metr simh sun�rthsh kai to
olokl rwm� tou, giatÐ sthn epìmenh par�grafo ja touc sugkrÐnoume me autoÔc tou
Radon.
Orismìc 11.1 'Estw f mÐa sun�rthsh pou orÐzetai s� èna metr simo sÔnolo E ⊆ Rn.
H f ja lègetai metr simh akrib¸c tìte, ìtan gia opoiousd pote pragmatikoÔc arijmoÔc
a kai b to sÔnolo twn shmeÐwn P tou E gia ta opoÐa isqÔei a < f(P ) < b eÐnai sÔnolo
metr simo.

Orismìc 11.2 'Estw f mÐa fragmènh kai metr simh sun�rthsh pou orÐzetai s� èna
fragmèno kai metr simo sÔnolo E ⊆ Rn. Ac eÐnai m kai M èna k�tw kai èna �nw
fr�gma antÐstoiqa thc f sto E kai δ ènac tuqaÐoc jetikìc arijmìc. JewroÔme touc n−1
pragmatikoÔc arijmoÔc α1, α2, ..., αn−1, pou eÐnai tètoioi ¸ste

m = α0 < α1 < α2 < ... < αn−1 < αn = M = αn+1

kai oi diaforèc αi+1 − αi na mhn uperbaÐnoun ton arijmì δ. Profan¸c, to n exart�tai
apì to δ.

Gia k�je i = 0, 1, ..., n−1 jètoume Ei = {P ∈ E|αi ≤ f(P ) < αi+1}. Tèloc, orÐzoume
En = {P ∈ E|f(P ) = αn} kai jewroÔme ta ajroÐsmata

∑n
0 αim(Ei),

∑n
0 αi+1m(Ei),

ìpou m(A) eÐnai to mètro Lebesgue opoioud pote metr simou sunìlou A. IsqÔei ìti

m ·m(E) ≤
n∑
0

αim(Ei) ≤
n∑
0

αi+1m(Ei) ≤M ·m(E) .

2Fusik�, o Lebesgue den  tan o pr¸toc pou tìnise to gegonìc ìti to pedÐo orismoÔ miac sun�rthshc
eÐnai dunatì na perièqei �llou eÐdouc stoiqeÐa, ektìc apì shmeÐa tou Rn. 'Opwc eÐdame kai sto kef�laio
9, to sunarthsoeidèc, pou �rqise na melet�tai epÐshc stic arqèc tou 1900, eÐnai akìmh èna par�deigma
tètoiac sun�rthshc. SÔmfwna me ton Hawkins, o Lebesgue faÐnetai na ephre�sthke apì ton Volterra,
o opoÐoc  tan apì touc pr¸touc pou asqol jhkan me ta sunarthsoeid  kai se mÐa ergasÐa tou to 1889
tonÐzei to pìso genik  eÐnai h ènnoia thc sun�rthshc, ètsi ìpwc thn ìrise o Dirichlet:
{...Oi analÔstec sunhjÐzoun na jewroÔn tic sunart seic tri¸n anex�rthtwn metablht¸n wc sunar-

t seic shmeÐwn tou trisdi�statou q¸rou. 'Omwc, ta shmeÐa den eÐnai ta mìna gewmetrik� stoiqeÐa

tou q¸rou. Up�rqoun epÐshc oi grammèc kai oi epif�neiec kai me autì to skeptikì oi metablhtèc pou

jewroÔme mporoÔn na èqoun wc timèc shmeÐa, eujeÐec   epif�neiec. 'Etsi, paÐrnoume antÐstoiqa sunar-

t seic shmeÐwn, gramm¸n   epifanei¸n. Mèqri t¸ra, melet same mìno tic sunart seic shmeÐwn, ìmwc

ja  tan polÔ endiafèron na melet soume kai sunart seic gramm¸n   epifanei¸n.}3Oi orismoÐ pou èdwse sthn ergasÐa tou aut  kai oi prot�seic pou apèdeixe gia tic idiìthtec twn
metrhsÐmwn sunìlwn eÐnai pr�gmata pou mporeÐ kaneÐc na diab�sei se opoiod pote biblÐo pou melet�
to olokl rwma Lebesgue, gi� autì kai de ja epektajoÔme se leptomèreiec.
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An up�rqei k�poioc arijmìc I tètoioc ¸ste gia k�je ε > 0, na up�rqei δ > 0, ¸ste gia
opoiad pote epilog  twn αi, pou ikanopoioÔn thn proanaferjeÐsa sunj kh, na isqÔei∣∣∣∣∣

n∑
i=0

αim(Ei)− I

∣∣∣∣∣ < ε ,

∣∣∣∣∣
n∑
i=0

αi+1m(Ei)− I

∣∣∣∣∣ < ε ,

tìte h f onom�zetai ajroÐsimh sto E, o I onom�zetai olokl rwma thc f sto E kai
sumbolÐzetai

∫
E f(P )dP .

Sthn perÐptwsh pou h sun�rthsh f den eÐnai fragmènh, o parap�nw orismìc tropo-
poieÐtai wc ex c.
Orismìc 11.3 'Estw f metr simh sun�rthsh pou orÐzetai s� èna fragmèno kai metr -
simo sÔnolo E ⊆ Rn. JewroÔme tuqaÐo jetikì arijmì δ kai mÐa aÔxousa akoloujÐa
arijm¸n (αi)+∞i=−∞, thc opoÐac oi ìroi paÐrnoun timèc sto R kai epiplèon, gia k�je i h
diafor� αi+1 − αi eÐnai omoiìmorfa fragmènh apì ton δ.

Jètoume E−∞ = {P ∈ E|f(P ) = −∞}, E+∞ = {P ∈ E|f(P ) = +∞} kai gia k�je
i ∈ Z, Ei = {P ∈ E|αi ≤ f(P ) < αi+1}. JewroÔme epÐshc tic seirèc

∑+∞
i=−∞ αim(Ei),∑+∞

i=−∞ αi+1m(Ei) kai upojètoume ìti sugklÐnoun apolÔtwc.
An up�rqei k�poioc arijmìc I tètoioc ¸ste gia k�je ε > 0, na up�rqei δ > 0, ¸ste

gia opoiad pote epilog  twn αi pou ikanopoioÔn thn proanaferjeÐsa sunj kh isqÔei∣∣∣∣∣
+∞∑
−∞

αim(Ei)− I

∣∣∣∣∣ < ε ,

∣∣∣∣∣
+∞∑
−∞

αi+1m(Ei)− I

∣∣∣∣∣ < ε ,

tìte h f onom�zetai ajroÐsimh sto E, o I onom�zetai olokl rwma thc f sto E kai
sumbolÐzetai

∫
E f(P )dP .

K�ti pou prokÔptei apì ton orismì eÐnai ìti an h metr simh sun�rthsh f eÐnai ajroÐ-
simh sto E, tìte kai h |f | ja eÐnai epÐshc ajroÐsimh sto E.

Sth sunèqeia tou pr¸tou kefalaÐou thc ergasÐac tou o Lebesgue apodeiknÔei tic
gnwstèc basikèc idiìthtec tou oloklhr¸matìc tou, metaxÔ twn opoÐwn kai thn epìmenh.
Prìtash 11.1 E�n f eÐnai mÐa sun�rthsh ajroÐsimh sto fragmèno kai metr simo sÔno-
lo E ⊆ Rn kai an e eÐnai èna metr simo uposÔnolo tou E, tìte h tim  tou oloklhr¸matoc∫
e f(P )dP teÐnei sto mhdèn kaj¸c to mètro m(e) tou e teÐnei sto mhdèn.

Sto deÔtero kef�laio dÐnei ton orismì miac shmantik c sunolosun�rthshc, tou ao-
rÐstou oloklhr¸matoc.
Orismìc 11.4 'Estw f mÐa sun�rthsh ajroÐsimh sto fragmèno kai metr simo sÔnolo
E. Tìte, gia k�je metr simo uposÔnolo e tou E orÐzetai h tim 

∫
e f(P )dP . H sun�rthsh

F pou orÐzetai sthn kl�sh twn metrhsÐmwn uposunìlwn tou E apì ton tÔpo F (e) =∫
e f(P )dP gia k�je metr simo sÔnolo e ⊆ E onom�zetai aìristo olokl rwma thc f .

To aìristo olokl rwma thc f èqei dÔo shmantikèc idiìthtec.
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1) EÐnai mÐa apìluta suneq c sun�rthsh, dhlad  gia mÐa opoiad pote akoloujÐa
e1, e2, ... metrhsÐmwn uposunìlwn tou E, twn opoÐwn ta mètra teÐnoun sto mh-
dèn, h antÐstoiqh arijmhtik  akoloujÐa ∫e1 f(P )dP , ∫e2 f(P )dP , ... teÐnei epÐshc
sto mhdèn. H idiìthta aut  eÐnai �mesh sunèpeia thc prìtashc pou diatup¸jhke
prohgoumènwc.

2) EÐnai prosjetik  sun�rthsh4, dhlad  an e1, e2, ... eÐnai mÐa opoiad pote
akoloujÐa xènwn an� dÔo metrhsÐmwn uposunìlwn tou E, tìte isqÔei ìti∫

e1∪e2∪...
f(P )dP =

∫
e1

f(P )dP +
∫
e2

f(P )dP + ... .

O Lebesgue parathreÐ ìti, lìgw thc apìluthc sunèqeiac tou aorÐstou oloklhr¸-
matoc, aut  h idiìthta mporeÐ na diatupwjeÐ pio apl� kai me isodÔnamo trìpo, gia
dÔo mìno metr sima kai xèna metaxÔ touc sÔnola.

MÐa akìmh shmantik  idiìthta tou aorÐstou oloklhr¸matoc, pou prokÔptei �mesa
apì thn idiìthta 2, eÐnai ìti èqei fragmènh kÔmansh. Dhlad , an A1, A2, ..., An eÐnai
tuqaÐa, xèna an� dÔo, metr sima uposÔnola tou E, tìte

n∑
i=1

∣∣∣∣∫
Ai

f(P )dP
∣∣∣∣ ≤ n∑

i=1

∫
Ai

|f(P )|dP =
∫
A1∪...∪An

|f(P )|dP ≤
∫
E
|f(P )|dP < +∞ .

Sth sunèqeia thc ergasÐac tou o Lebesgue asqol jhke me thn par�gwgo miac suno-
losun�rthshc. An kai eÐqan dojeÐ k�poioi orismoÐ gia thn par�gwgo shmeiosun�rthshc
pou orÐzetai ston Rn, o orismìc pou èdwse o Lebesgue tou epètreye na genikeÔsei
kalÔtera to je¸rhma tou Vitali wc ex c:
Je¸rhma 11.1 E�n F eÐnai mÐa apìluta suneq c kai prosjetik  sunolosun�rthsh, h
opoÐa orÐzetai gia ta metr sima uposÔnola enìc fragmènou kai metrhsÐmou sunìlou E,
tìte h F eÐnai to aìristo olokl rwma k�poiac sun�rthshc. Dhlad , up�rqei sun�rthsh
f pou eÐnai ajroÐsimh sto sÔnolo E kai tètoia ¸ste gia k�je metr simo uposÔnolo e tou
E na isqÔei ìti F (e) =

∫
e f(P )dP . H sun�rthsh f ja eÐnai sqedìn pantoÔ Ðsh me thn

par�gwgo thc F . Dhlad , gia sqedìn k�je P sto E isqÔei F (e)
m(e) → f(P ), ìpou to e eÐnai

metr simo uposÔnolo tou E, to opoÐo surrikn¸netai sto shmeÐo P .

Telik�, o Lebesgue kat�fere na deÐxei s� aut  thn ergasÐa tou ìti k�je aìristo olo-
kl rwma èqei tic idiìthtec 1 kai 2, all� kai antistrìfwc, k�je sunolosun�rthsh pou
èqei tic idiìthtec autèc eÐnai èna aìristo olokl rwma. Ta parap�nw apotelèsmata tou
ephrèasan shmantik� to Radon, ìpwc gr�fei kai o Ðdioc ston prìlogo thc ergasÐac
pou meletoÔme sthn epìmenh par�grafo, kaj¸c tou èdwsan thn idèa na qrhsimopoi sei
thn ènnoia thc sunolosun�rthshc gia na genikeÔsei ta oloklhr¸mata twn Lebesgue kai
Stieltjes.

4Sth sÔgqronh bibliografÐa oi sunart seic pou èqoun aut n thn idiìthta lègontai σ-prosjetikèc.
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11.2 J. Radon, Theorie und Anwendungen der absolut ad-
ditiven Mengenfunktionen.

To 1906 o Hilbert dhmosÐeuse mÐa ergasÐa sqetik  me tic oloklhrwtikèc exis¸seic, sthn
opoÐa qrhsimopoioÔse to olokl rwma Stieltjes gia thn anapar�stash twn fragmènwn
tetragwnik¸n morf¸n. Apì thn �llh meri�, to 1910, o F. Riesz se mÐa dhmosÐeus  tou
p�nw stouc q¸rouc Lp qrhsimopoioÔse wc basikì ergaleÐo to olokl rwma Lebesgue.
Skopìc thc ergasÐac tou Radon, ìpwc anafèretai ston prìlogì thc,  tan, genikeÔo-
ntac ta dÔo oloklhr¸mata, na proetoim�sei to èdafoc gia thn paragwg  miac jewrÐac
genikìterhc twn jewri¸n twn Hilbert kai Lebesgue.

Ja asqolhjoÔme me ta dÔo pr¸ta kef�laia thc dhmosÐeushc. Sto pr¸to meletoÔ-
ntai idiìthtec twn prosjetik¸n sunart sewn kai sto deÔtero orÐzetai to genikeumèno
olokl rwma Stieltjes.
11.2.1 Prosjetikèc sunart seic.
Katarq�c, ìla ta uposÔnola tou Rn pou jewroÔme sth melèth mac eÐnai uposÔnola enìc
arister� kleistoÔ kai dexi� anoiktoÔ diast matoc

J = [−M,M)× [−M,M)× ...× [−M,M) ,

ìpou M eÐnai ènac opoiosd pote jetikìc arijmìc.
EpÐshc, ja anaferìmaste p�nta se mÐa kl�sh T uposunìlwn tou J pou ja èqei tic

parak�tw idiìthtec:
• K�je di�sthma pou eÐnai arister� kleistì, dexi� anoiktì kai perièqetai sto J
an kei sthn T .

• H kl�sh T eÐnai kleist  wc proc tic pr�xeic thc tom c kai thc diafor�c.
• An (En) eÐnai mÐa arijm simh akoloujÐa xènwn an� dÔo sunìlwn thc T , tìte h
ènws  touc an kei epÐshc sthn T .

M� �lla lìgia, h kl�sh T eÐnai mÐa s-�lgebra uposunìlwn tou J , pou perièqei ìla ta
Borel uposÔnola tou J .5
Orismìc 11.5 MÐa sunolosun�rthsh f , pou orÐzetai se mÐa kl�sh T me tic parap�nw
idiìthtec, lègetai prosjetik  akrib¸c tìte, ìtan gia opoiad pote akoloujÐa sunìlwn
(En) sthn T , pou eÐnai xèna an� dÔo, isqÔei ìti

f(∪∞n=1En) =
+∞∑
n=1

f(En) .

5O Radon den thn anafèrei wc s-�lgebra, gr�fei mìno ìti perièqei ìla ta Borel uposÔnola tou J .
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Sth sunèqeia o Radon deÐqnei me eic �topo apagwg  ìti k�je prosjetik  sun�rthsh
eÐnai fragmènhc kÔmanshc. Dhlad  ìti up�rqei k�poioc mh arnhtikìc arijmìc N < +∞,
¸ste gia k�je diamèrish (Ei) tou J se arijmhsÐmou pl jouc sÔnola Ei thc T isqÔei ìti∑+∞

i=1 |f(Ei)| ≤ N .
'Etsi, h parak�tw ènnoia ja eÐnai kal� orismènh.

Orismìc 11.6 'Estw f mÐa prosjetik  sunolosun�rthsh, orismènh sth s-�lgebra T
kai E èna sÔnolo thc T . JewroÔme ìlec tic diamerÐseic (Ei) tou E se arijmhsÐmou
pl jouc sÔnola Ei thc T kai sqhmatÐzoume ta antÐstoiqa ajroÐsmata

∑+∞
i=1 |f(Ei)|. To

el�qisto �nw fr�gma twn ajroism�twn aut¸n onom�zetai apìluth kÔmansh thc E kai
sumbolÐzetai me

∫
E |df |. H sunolosun�rthsh pou orÐzetai sthn kl�sh T kai antistoiqeÐ

se k�je sÔnolo E ∈ T thn apìluth kÔmans  tou ja lègetai sun�rthsh apìluthc
kÔmanshc thc f .

O Radon apodeiknÔei ìti h sun�rthsh apìluthc kÔmanshc eÐnai epÐshc prosjetik 
sun�rthsh kai me th bo jei� thc orÐzontai oi dÔo parak�tw mh arnhtikèc sunolosunar-
t seic, pou ja eÐnai epÐshc prosjetikèc:

φ(E) =

∫
E |df |+ f(E)

2
, ψ(E) =

∫
E |df | − f(E)

2

gia k�je E ∈ T . Lìgw thc mh arnhtikìtht�c touc, oi sunolosunart seic φ kai ψ ja
eÐnai aÔxousec: e�n A,B ∈ T , me A ⊆ B, tìte ja eÐnai φ(A) + φ(B −A) = φ(B), �ra
φ(A) ≤ φ(B). 'Omoia èqoume ìti kai h ψ eÐnai aÔxousa.

Me th bo jeia twn φ kai ψ, h f kai h apìluth kÔmans  thc gr�fontai
f(E) = φ(E)− ψ(E) ,

∫
E
|df | = φ(E) + ψ(E)

kai m� autìn ton trìpo èqoume katafèrei na gr�youme thn f wc diafor� dÔo auxous¸n
sunolosunart sewn. H pr¸th apì tic dÔo parap�nw isìthtec onom�zetai kanonik 
di�spash thc prosjetik c sun�rthshc f se dÔo aÔxousec sunart seic kai
eÐnai idiaÐtera qr simh, giatÐ mac dÐnei th dunatìthta na periorÐsoume th melèth mac stic
aÔxousec kai prosjetikèc sunart seic.

Ja epekteÐnoume t¸ra thn kl�sh sthn opoÐa orÐzetai h f , genikeÔontac thn ènnoia tou
eswterikoÔ kai exwterikoÔ mètrou pou èdwse o Lebesgue, wc ex c. Katarq n, jewroÔme
thn f aÔxousa.
Orismìc 11.7 'Estw E tuqaÐo uposÔnolo tou J . S� autì antistoiqoÔme dÔo arijmoÔc:

• ton f(E), pou eÐnai to infimum ìlwn twn ajroism�twn thc morf c
∑+∞

j=1 f(Ij), ìpou
(Ij) eÐnai arijm simh oikogèneia kleist¸n arister�, anoikt¸n dexi� diasthm�twn
sthn ènwsh twn opoÐwn perièqetai to E.

• ton f(E), pou orÐzetai apì thn isìthta

f(E) = f(J)− f(J − E) .
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Ja lème ìti to sÔnolo E eÐnai metr simo wc proc thn f ìtan oi dÔo parap�nw arijmoÐ
tautÐzontai.

An sumbolÐsoume me Tf thn kl�sh ìlwn twn uposunìlwn tou J , pou eÐnai metr simawc proc thn f , tìte apodeiknÔetai ìti h Tf eÐnai mÐa s-�lgebra. Sthn perÐptwsh aut ,
gia k�je sÔnolo E ε Tf − T mporoÔme na orÐsoume thn tim  thc f na eÐnai

f(E) = f(E) = f(E) .

Apì ton trìpo orismoÔ thc, eÐnai profanèc ìti h s-�lgebra Tf perièqei ìla ta kleist�
arister�, anoikt� dexi� diast mata, �ra kai ìla ta Borel uposÔnola tou J . 'Ara, oi Tf ,
T èqoun koin� stoiqeÐa ta Borel uposÔnola tou J .

An upojèsoume ìti h f kai h kl�sh T èqoun epiplèon thn parak�tw idiìthta (R):
gia k�je sÔnolo E thc kl�shc T kai gia k�je ε > 0, up�rqei kleistì sÔnolo
E′, pou perièqetai sto E, tètoio ¸ste na isqÔei

f(E)− f(E′) < ε ,

tìte apodeiknÔetai ìti h kl�sh T perièqetai sthn Tf . EpekteÐnontac th sun�rthsh f
sthn Tf me ton trìpo pou anafèrame prohgoumènwc, h Tf onom�zetai fusikì pedÐo
orismoÔ thc f .

Sthn perÐptwsh pou h f den eÐnai aÔxousa, tìte jewroÔme thn kanonik  thc di�spash
se dÔo aÔxousec kai prosjetikèc sunart seic φ, ψ kai jewroÔme to fusikì pedÐo orismoÔ
thc kajemi�c. H tom  touc ja eÐnai epÐshc mÐa s-�lgebra kai ja apoteleÐ to fusikì pedÐo
orismoÔ thc f .

Sth sunèqeia, o Radon orÐzei thn ènnoia thc b�shc.
Orismìc 11.8 MÐa aÔxousa kai prosjetik  sunolosun�rthsh b ja lègetai b�sh thc
prosjetik c sun�rthshc f , ìtan gia k�je sÔnolo E sto opoÐo h f orÐzetai kai isqÔei
b(E) = 0, isqÔei epÐshc f(E) = 0.

MetaxÔ twn idiot twn pou èqei mÐa sunolosun�rthsh, pou eÐnai h b�sh k�poiac �llhc,
eÐnai kai h ex c: ìtan h b eÐnai b�sh thc f , tìte to fusikì pedÐo orismoÔ thc ja perièqetai
se autì thc f . 'Etsi, ja isqÔei kai h parak�tw prìtash.
Prìtash 11.2 'Otan h sunolosun�rthsh b eÐnai mÐa b�sh thc f , tìte gia k�je ε > 0,
up�rqei δ > 0, tètoio ¸ste gia k�je sÔnolo E ε Tb me b(E) < δ na isqÔei |f(E)| < ε.

H ènnoia thc b�shc ja bohj sei ton Radon na diatup¸sei ton orismì thc apìluthc
sunèqeiac me komyì trìpo.
Orismìc 11.9 An sumbolÐsoume me m(E) to mètro Lebesgue enìc metrhsÐmou sunìlou
E, tìte h f ja lègetai apìluta suneq c ìtan h sunolosun�rthsh m eÐnai mÐa b�sh thc
f .
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11.2.2 Pr¸th genÐkeush tou oloklhr¸matoc Stieltjes.
'Estw F mÐa omoiìmorfa suneq c sun�rthsh pou orÐzetai s� èna uposÔnolo E tou J
kai f mÐa prosjetik  sunolosun�rthsh ìpwc sthn enìthta 11.2.1 tètoia ¸ste to E n�
an kei sto pedÐo orismoÔ thc Tf . JewroÔme mÐa diamèrish Π tou E pou apoteleÐtai apì
sÔnola tou T

Π = {E1, E2, ..., En}

kai apì k�je sÔnolo Ei dialègoume tuqaÐa èna shmeÐo Pi. SqhmatÐzoume to �jroisma

SΠ =
n∑
k=1

F (Pk)f(Ek) .

'Estw d(Π) to pl�toc thc diamèrishc Π, dhlad  h mègisth apì tic diamètrouc twn su-
nìlwn Ei. H sun�rthsh F eÐnai omoiìmorfa suneq c, �ra se k�je ε > 0 antistoiqeÐ
èna δ > 0, tètoio ¸ste gia opoiad pote shmeÐa P , P ′ tou E me ‖PP ′‖ < δ, na isqÔei
|F (P )− F (P ′)| < ε.

JewroÔme sth sunèqeia mÐa akìmh diamèrish Π′ tou E me Π′ = {E′
1, E

′
2, ..., E

′
m} kaièna antÐstoiqo �jroisma SΠ′ aut c. Tìte, èqoume ìti

SΠ − SΠ′ =
n∑
k=1

F (Pk)f(Ek)−
m∑
j=1

F (P ′j)f(E′
j)

=
∑
k,j

(F (Pk)− F (P ′j))f(EkE′
j) .

Gia ekeÐnouc touc ìrouc tou ajroÐsmatoc gia touc opoÐouc eÐnai EkE′
j 6= ∅, isqÔei

‖PkP ′j‖ ≤ d(Π) + d(Π′) .

PaÐrnontac tuqaÐo ε > 0, brÐskoume δ > 0 apì thn omoiìmorfh sunèqeia thc F kai
paÐrnoume diamerÐseic Π,Π′ me d(Π), d(Π′) < δ

2 . Apì ta prohgoÔmena sunep�getai ìti
|SΠ − SΠ′ | ≤ ε

∑
k,j

|f(EkE′
j)| ≤ ε

∫
E
|df | .

An jewr soume mÐa tuqaÐa akoloujÐa diamerÐsewn (Πn) tou E, tètoia ¸ste
lim

n→+∞
d(Πn) = 0 ,

tìte, lìgw thc teleutaÐac anisìthtac kai thc omoiìmorfhc sunèqeiac thc F , h akoloujÐa
(SΠn) eÐnai Cauchy kai to ìrio limn→+∞ SΠn = l ja up�rqei sto R.
L mma 11.1 To ìrio limn→+∞ SΠn eÐnai anex�rthto thc akoloujÐac twn diamerÐsewn
(Πn) pou dialèxame.
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Apìdeixh: 'Estw (Π′
n) mÐa deÔterh akoloujÐa diamerÐsewn tou E me limn→+∞ d(Π′

n) = 0.
Tìte, kai h akoloujÐa Π1, Π′

1, Π2, Π′
2, ... eÐnai mÐa akoloujÐa diamerÐsewn tou E me thn

parap�nw idiìthta kai, epomènwc, up�rqei to ìrio thc SΠ1 , SΠ′1
, SΠ2 , SΠ′2

, . . ..
Epeid  h upakoloujÐa (SΠn) èqei ìrio ton arijmì l kai h upakoloujÐa (SΠ′n) ja èqei

to Ðdio ìrio.
DeÐxame, epomènwc, ìti o epìmenoc orismìc eÐnai kalìc.

Orismìc 11.10 O arijmìc l ja sumbolÐzetai me
∫
E F (P )df(P ) kai lègetai olokl -

rwma Stieltjes thc F wc proc th sunolosun�rthsh f .

Parat rhsh 11.1 Apì ta parap�nw prokÔptei ìti isqÔei h parak�tw anisìthta, pou
fusik� apoteleÐ genÐkeush antÐstoiqhc anisìthtac pou deÐxame gia to aplì olokl rwma
Stieltjes ∣∣∣∣∫

E
F (P )df(P )

∣∣∣∣ ≤ sup
E
|F |
∫
E
|df | .

11.2.3 DeÔterh genÐkeush tou oloklhr¸matoc Stieltjes.
O Radon orÐzei sth sunèqeia èna deÔtero olokl rwma, pio genikì apì to pr¸to, mi-
moÔmenoc ton orismì tou oloklhr¸matoc Lebesgue gia tic suneqeÐc sunart seic poll¸n
metablht¸n. Pr¸ta ja qreiasteÐ na genikeÔsei thn ènnoia thc metr simhc kat� Lebesgue
sun�rthshc.
Orismìc 11.11 'Estw f mÐa prosjetik  sunolosun�rthsh ìpwc sthn enìthta 11.2.1
me pedÐo orismoÔ Tf kai F mÐa sun�rthsh pou orÐzetai se k�poio uposÔnolo E tou J , pou
an kei sthn Tf . H F ja lègetai f-metr simh, ìtan gia k�je pragmatikì arijmì a, to
sÔnolo twn shmeÐwn P me F (P ) > a an kei sto pedÐo orismoÔ thc f .

EÐnai profanèc ìti k�je Borel-metr simh sun�rthsh ja eÐnai epÐshc f -metr simh su-
n�rthsh. Oi sunart seic pou prokÔptoun apì f -metr simec sunart seic me tic gnwstèc
pr�xeic, kaj¸c kai to an¸tero kai kat¸tero ìrio akoloujÐac f -metrhsÐmwn sunart sewn
eÐnai epÐshc f -metr simec.
Orismìc 11.12 'Estw (yn) mÐa gnhsÐwc aÔxousa akoloujÐa arijm¸n, tètoia ¸ste y0 =
0, limn→+∞ yn = +∞ kai sup (yn+1 − yn) = a, ìpou a eÐnai ènac jetikìc arijmìc. MÐa
tètoia akoloujÐa ja lègetai jemeli¸dhc akoloujÐa me mègisth diafor� a.

Orismìc 11.13 JewroÔme mÐa aÔxousa kai prosjetik  sunolosun�rthsh f ìpwc sthn
enìthta 11.2.1 kai mÐa mh arnhtik  kai f -metr simh sun�rthsh F pou orÐzetai s� èna
sÔnolo E, to opoÐo an kei sthn Tf .

An (yn) eÐnai mÐa tuqaÐa jemeli¸dhc akoloujÐa, tìte sqhmatÐzoume th seir�

+∞∑
k=0

ykf(Ek) ,
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ìpou Ek = {P ∈ E| yk ≤ F (P ) < yk+1}.
E�n h parap�nw seir� sugklÐnei, tìte h F ja lègetai ajroÐsimh wc proc thn f .

Ja deÐxoume ìti o parap�nw orismìc eÐnai kalìc, dhlad  den exart�tai apì th jemeli¸dh
akoloujÐa pou èqoume jewr sei. 'Estw (y′n) mÐa deÔterh jemeli¸dhc akoloujÐa, tètoia
¸ste sup (y′n+1 − y′n) = b > 0.

An to EiE′
j den eÐnai kenì, tìte eÔkola blèpoume ìti −a ≤ yi − y′j ≤ b.

Pr�gmati, apì tic yi ≤ F (P ) < yi+1, y′j ≤ F (P ) < y′j+1 sunep�getai y′j < yi+1 kai
yi < y′j+1 kai, epomènwc, −a ≤ yi − yi+1 < yi − y′j < y′j+1 − y′j ≤ b . 'Ara,

+∞∑
j=0

y′jf(E′
j) =

+∞∑
i=0

+∞∑
j=0

y′jf(E′
jEi) ≤

+∞∑
i=0

+∞∑
j=0

(yi + a)f(E′
jEi) =

+∞∑
i=0

yif(Ei) + af(E) .

H anisìthta aut  eÐnai anex�rthth tou b, opìte an h seir� ∑+∞
i=0 yif(Ei) sugklÐnei giak�poia jemeli¸dh akoloujÐa, tìte ja sugklÐnei kai gia k�je �llh jemeli¸dh akoloujÐa.

'Ara, o prohgoÔmenoc orismìc eÐnai kalìc.
Apì thn Ðdia anisìthta eÐnai fanerì ìti gia to supremum S ìlwn twn ajroism�twn∑+∞
i=0 yif(Ei) gia k�je jemeli¸dh akoloujÐa me tuqaÐa mègisth diafor� isqÔei

S ≤
+∞∑
i=0

yif(Ei) + af(E) ,

ìpou (yn) eÐnai mÐa apì autèc me mègisth diafor� a.
Epeid  ∑+∞

i=0 yif(Ei) ≤ S, sunep�getai ìti
0 ≤ S −

+∞∑
i=0

yif(Ei) ≤ af(E) .

Blèpoume, loipìn, ìti an h mègisth diafor� a thc (yn) teÐnei sto mhdèn, tìte to antÐ-
stoiqo ∑+∞

i=0 yif(Ei) teÐnei sto S.
'Estw t¸ra mÐa tuqaÐa jemeli¸dhc akoloujÐa (yn) me mègisth diafor� a, tètoia ¸steh ∑+∞
i=0 yif(Ei) na sugklÐnei. Tìte, epeid  gia k�je i eÐnai yi+1 ≤ yi + a, ja sugklÐnei

kai h seir� ∑+∞
i=0 yi+1f(Ei). DouleÔontac akrib¸c ìpwc kai parap�nw, prokÔptei ìti

sumbaÐnei to Ðdio me thn antÐstoiqh seir� k�je �llhc jemeli¸douc akoloujÐac kai ìti
up�rqei to infimum ìlwn aut¸n twn ajroism�twn, to opoÐo sumbolÐzoume me S.

EpÐshc, ja isqÔei
0 ≤

+∞∑
i=0

yi+1f(Ei)− S ≤ af(E) ,

opìte, an h mègisth diafor� a thc (yn) teÐnei sto mhdèn, tìte to antÐstoiqo∑+∞
i=0 yi+1f(Ei)teÐnei sto S.

Profan¸c, epeid 
+∞∑
i=0

yif(Ei) ≤
+∞∑
i=0

yi+1f(Ei) ,
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ja isqÔei S ≤ S.
Epeid 

S ≤
+∞∑
i=0

yi+1f(Ei) ≤
+∞∑
i=0

yif(Ei) + af(E) ≤ S + af(E) ,

an af soume to a na teÐnei sto mhdèn paÐrnoume S = S.
Apì ton orismì tou oloklhr¸matoc thc enìthtac 11.2.2 prokÔptei amèswc ìti

S ≤
∫
E
F (P )df(P ) ≤ S

kai, epomènwc, ∫
E
F (P )df(P ) = S .

Telik�, up�rqei ènac isodÔnamoc trìpoc na orÐsoume to olokl rwma miac sun�rthshc
F wc proc mÐa sunolosun�rthsh f , autìc pou akoloujeÐ parak�tw.
Orismìc 11.14 'Estw f mÐa aÔxousa kai prosjetik  sunolosun�rthsh ìpwc sthn e-
nìthta 11.2.1 kai mÐa mh arnhtik  kai f -metr simh sun�rthsh F pou orÐzetai s� èna
sÔnolo E, to opoÐo an kei sthn Tf . To ìrio twn seir¸n thc morf c

+∞∑
i=0

yif(Ei) ,

ìpou (yn) eÐnai jemeli¸dhc akoloujÐa kai Ei = {P ∈ E| yi ≤ F (P ) < yi+1}, kaj¸c oi
mègistec diaforèc twn akolouji¸n teÐnoun sto mhdèn, efìson up�rqei sto R, ja eÐnai
to olokl rwma Lebesgue-Stieltjes thc F wc proc thn f kai ja sumbolÐzetai me∫
E F (P )df(P ). Tìte, ja lème ìti h F eÐnai ajroÐsimh wc proc thn f .

Sthn perÐptwsh pou h F paÐrnei kai arnhtikèc timèc, tìte mporoÔme na th gr�youme
wc diafor� dÔo mh arnhtik¸n sunart sewn F1 kai F2, pou eÐnai epÐshc f -metr simec, wcex c

F =
|F |+ F

2
− |F | − F

2
= F1 − F2 .

Ja jewroÔme thn F f -ajroÐsimh, ìtan oi F1 kai F2 eÐnai f -ajroÐsimec kai tìte orÐzoume∫
E
F (P )df(P ) =

∫
E
F1(P )df(P )−

∫
E
F2(P )df(P ) .

Kai s� aut  thn perÐptwsh o orismìc tou ∫E F (P )df(P ) diatup¸netai me th bo jeia
jemeliwd¸n akolouji¸n, me ton trìpo pou perigr�fetai parak�tw.

JewroÔme mÐa tuqaÐa {dipl } jemeli¸dh akoloujÐa me mègisth diafor� a, dhlad 
mÐa akoloujÐa (yn) me tic parak�tw idiìthtec:

... < y−2 < y−1 < y0 < y1 < y2 < ...
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yi+1 − yi ≤ a , gia k�je i ∈ Z ,

lim
n→+∞

yn = +∞ , lim
n→+∞

y−n = −∞ .

SqhmatÐzoume to �jroisma
+∞∑
−∞

ykf(Ek) .

H F ja eÐnai ajroÐsimh wc proc thn f , ìtan h parap�nw seir� sugklÐnei apìluta gia mÐa
tètoia dipl  jemeli¸dh akoloujÐa. To olokl rwma thc F wc proc thn f sthn perÐptwsh
aut  ja isoÔtai me to ìrio

∫
E
F (P )df(P ) = lim

n→+∞

k=+∞∑
k=−∞

y
(n)
k f(E(n)

k ) ,

kaj¸c oi mègistec diaforèc twn dipl¸n jemeliwd¸n akolouji¸n (y(n)
k ) teÐnoun sto mhdèn.

Sth genikìterh perÐptwsh pou h f den eÐnai monìtonh, jewroÔme thn kanonik  thc
di�spash se dÔo aÔxousec sunart seic φ kai ψ. Ja lème ìti h F eÐnai ajroÐsimh wc proc
thn f , ìtan eÐnai ajroÐsimh wc proc tic φ kai ψ, dhlad , isodÔnama, ìtan eÐnai ajroÐsimh
wc proc thn apìluth kÔmansh thc f . Tìte, to olokl rwm� thc wc proc thn f ja isoÔtai
me

∫
E
F (P )df(P ) =

∫
E
F (P )dφ(P )−

∫
E
F (P )dψ(P ) = lim

n→+∞

k=+∞∑
k=−∞

y
(n)
k f(E(n)

k ) .

Parat rhsh 11.2 To olokl rwma pou ìrise o Radon eÐnai genÐkeush tou oloklhr¸-
matoc tou Lebesgue, afoÔ arkeÐ na jewr soume sth jèsh thc f th sunolosun�rthsh m
pou orÐzetai apì to mètro Lebesgue.

EpÐshc, eÐnai genÐkeush kai tou oloklhr¸matoc Stieltjes, diìti k�je pragmatik  su-
n�rthsh F pou orÐzetai sto [a, b] kai eÐnai suneq c, ja eÐnai omoiìmorfa suneq c sto
[a, b]. 'Estw t¸ra ìti f eÐnai mÐa pragmatik  sun�rthsh fragmènhc kÔmanshc, orismènh
epÐshc sto [a, b], h opoÐa eÐnai suneq c apì arister�.6 Tìte, gia k�je di�sthma [c, d)
èqoume ìti f([c, d)) = f(d) − f(c) kai ta ajroÐsmata SΠ =

∑n
k=1 F (Pk)f(Ek) ston o-

rismì tou Radon eÐnai Ðsa me ta antÐstoiqa ajroÐsmata
∑n

k=0 F (Pk) (f(xk+1)− f(xk))
tou Stieltjes. Sth genikìterh perÐptwsh pou h f den eÐnai suneq c apì arister�, tìte ja
isqÔei f([c, d)) = f(d−) − f(c−). ApodeiknÔetai ìti, an antÐ gia thn f jewr soume th

sun�rthsh f∗ me f∗(x) = f(x−), tìte ja eÐnai
∫ b
a F (x)df(x) =

∫ b
a F (x)df∗(x).

6Me aut  thn teleutaÐa upìjesh exasfalÐzoume thn Ôparxh miac prosjetik c sunolosun�rthshc
pou sqetÐzetai me thn f .
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11.2.4 Idiìthtec tou oloklhr¸matoc Lebesgue-Stieltjes.
Sth sunèqeia tou deutèrou kefalaÐou tou o Radon apodeiknÔei ìti to olokl rwm� tou
èqei idiìthtec antÐstoiqec m� autèc tou Lebesgue.

Katarq�c, eÐnai eÔkolo na apodeiqjeÐ apì ton orismì h grammikìthta tou oloklh-
r¸matoc. EpÐshc eÔkola apodeiknÔetai ìti sthn perÐptwsh pou h f eÐnai aÔxousa kai
prosjetik  sunolosun�rthsh, h F mh arnhtik  kai ajroÐsimh wc proc thn f sto J kai
A, B eÐnai f -metr sima uposÔnola tou J , me A ⊆ B, tìte isqÔei ∫A F (P )df(P ) ≤∫
B F (P )df(P ).
Prìtash 11.3 E�n h sun�rthsh F eÐnai ajroÐsimh wc proc thn f sto J , tìte orÐzetai
mÐa sunolosun�rthsh G, h opoÐa antistoiqeÐ se k�je metr simo wc proc thn f sÔnolo
E ⊆ J ton arijmì

∫
E F (P )df(P ). H sunolosun�rthsh aut  eÐnai prosjetik  kai èqei

wc b�sh th sun�rthsh apìluthc kÔmanshc thc f .

Apìdeixh: ArkeÐ na k�noume thn apìdeixh mìno sthn perÐptwsh pou h f eÐnai aÔxousa
kai h F mh arnhtik . 'Estw loipìn A1, A2, ..., An, ... xèna metaxÔ touc metr sima
uposÔnola tou J . Jètoume A = ∪k∈NAk kai Sn = ∪nk=1Ak.Apì thn parat rhsh pou prohg jhke thc prìtashc èpetai ìti h G eÐnai aÔxousa
sun�rthsh. Epomènwc, gia k�je fusikì n ja isqÔei ìti

n∑
k=1

∫
Ak

F (P )df(P ) =
∫
Sn

F (P )df(P ) ≤
∫
A
F (P )df(P ) .

Autì sunep�getai ìti h seir�∑+∞
k=1

∫
Ak
F (P )df(P ) sugklÐnei kai, m�lista, gia to �jroi-

sma thc ja isqÔei
+∞∑
k=1

∫
Ak

F (P )df(P ) ≤
∫
A
F (P )df(P ) .

'Estw (yn)n∈N mÐa jemeli¸dhc akoloujÐa me mègisth diafor� a. Tìte, gia k�je
fusikì n ja isqÔei

n∑
k=1

∫
Ak

F (P )df(P ) =
∫
Sn

F (P )df(P ) ≥
+∞∑
i=0

yif(EiSn) ≥
N∑
i=0

yif(EiSn) ,

ìpou N tuqaÐoc fusikìc arijmìc.
Epeid  h f eÐnai prosjetik , èqoume ìti limn→+∞ f(EiSn) = f(EiA). 'Ara, an sthn

anisìthta ∑n
k=1

∫
Ak
F (P )df(P ) ≥

∑N
i=0 yif(EiSn) p�roume ta ìria twn dÔo mel¸n,

kaj¸c n→ +∞, prokÔptei ìti
+∞∑
k=1

∫
Ak

F (P )df(P ) ≥
N∑
i=0

yif(EiA)
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kai gia N → +∞ èqoume
+∞∑
k=1

∫
Ak

F (P )df(P ) ≥
+∞∑
i=0

yif(EiA) . (11.1)

Epeid  h mègisth diafor� thc jemeli¸douc akoloujÐac eÐnai a, ja isqÔei∫
A
F (P )df(P ) ≤

+∞∑
i=0

yi+1f(EiA) ≤
+∞∑
i=0

yif(EiA) + af(A) .

'Ara, eÐnai ∫
A
F (P )df(P )− af(A) ≤

+∞∑
i=0

yif(EiA)

kai lìgw thc (11.1) eÐnai
+∞∑
k=1

∫
Ak

F (P )df(P ) ≥
∫
E
F (P )df(P )− af(A)

gia osod pote mikrì a > 0. Epomènwc, isqÔei
+∞∑
k=1

∫
Ak

F (P )df(P ) =
∫
A
F (P )df(P )

kai h apìdeixh èqei telei¸sei.
Sth sunèqeia, ìpwc  tan anamenìmeno, o Radon apodeiknÔei ìti to olokl rwm� tou

èqei tic parak�tw idiìthtec.
Prìtash 11.4 'Estw F sun�rthsh orismènh sto f -metr simo sÔnolo E, f -metr simh
kai tètoia ¸ste |F | ≤M . Tìte h F eÐnai ajroÐsimh wc proc thn f kai isqÔei∣∣∣∣∫

E
Fdf

∣∣∣∣ ≤M

∫
E
|df | .

Prìtash 11.5 'Estw f mÐa prosjetik  sunolosun�rthsh orismènh sto J kai E èna
f -metr simo uposÔnolo tou. E�n h F1 eÐnai ajroÐsimh kai h F2 metr simh wc proc thn
f kai fragmènh, tìte kai h F1F2 ja eÐnai sun�rthsh ajroÐsimh wc proc thn f .

Prìtash 11.6 'Estw f mÐa prosjetik  sunolosun�rthsh kai E uposÔnolo tou J . E�n
(Fn) eÐnai mÐa akoloujÐa f -metrhsÐmwn sunart sewn, h opoÐa sugklÐnei shmeiak� se
k�poia sun�rthsh F kai eÐnai omoiìmorfa fragmènh apì k�poio jetikì arijmì M , tìte
isqÔei ìti

lim
n→+∞

∫
E
Fndf =

∫
E

lim
n→+∞

Fndf .
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Prìtash 11.7 E�n f eÐnai mÐa aÔxousa prosjetik  sunolosun�rthsh, (Fn) mÐa aÔ-
xousa akoloujÐa f -oloklhrwsÐmwn sunart sewn, tètoia ¸ste to ìrio limn→+∞

∫
E Fndf

na eÐnai ènac peperasmènoc arijmìc A, tìte kai h sun�rthsh F = limn→+∞ Fn eÐnai
ajroÐsimh wc proc thn f kai isqÔei∫

E
Fdf = lim

n→+∞

∫
E
Fndf .

Me th bo jeia ìlwn twn prohgoÔmenwn genikeÔei sto trÐto kef�laio thc ergasÐac
tou to Je¸rhma Anaparast�sewc tou F. Riesz.
Je¸rhma 11.2 E�n U eÐnai èna suneqèc grammikì sunarthsoeidèc, me pedÐo orismoÔ to
sÔnolo ìlwn twn suneq¸n sunart sewn F pou orÐzontai s� èna sumpagèc sÔnolo E, tìte
up�rqei prosjetik  sunolosun�rthsh f , tètoia ¸ste gia k�je F sto pedÐo orismoÔ tou
U na isqÔei

U(F ) =
∫
E
Fdf

kai h nìrma tou sunarthsoeidoÔc na isoÔtai me

‖U‖ =
∫
E
|df | .

O epìmenoc stìqoc tou eÐnai na genikeÔsei to je¸rhma 11.1 tou Lebesgue.
Je¸rhma 11.3 E�n g eÐnai mÐa prosjetik  sunolosun�rthsh me b�sh f , tìte up�rqei
mÐa f -ajroÐsimh sun�rthsh Ψ, tètoia ¸ste gia k�je E ∈ Tf na isqÔei

g(E) =
∫
E

Ψ(P )df .

Sth sunèqeia thc ergasÐac tou asqoleÐtai me th genÐkeush tou oloklhr¸matoc tou
Hellinger, ìpou qrhsimopoieÐ ìla ta prohgoÔmena kai telei¸nei me thn anapar�stash
twn fragmènwn digrammik¸n morf¸n.
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Kef�laio 12

H zw  tou Thomas-Jan Stieltjes.

O Thomas-Jan Stieltjes genn jhke stic 29 DekembrÐou tou 1856 sth Zwolle, mia mikr 
eparqiak  pìlh thc OllandÐac.

O patèrac tou, pou eÐqe akrib¸c to Ðdio ìnoma me autìn,  tan spoudaÐoc politi-
kìc mhqanikìc, mèloc thc boul c kai did�ktorac tou panepisthmÐou tou Leiden. 'Htan
idiaÐtera agaphtìc kai perissìtero gnwstìc stouc OllandoÔc apì to gio tou, afoÔ
sunèballe sthn kataskeu  twn limani¸n tou Rotterdam kai sthn org�nwsh tou sust -
matoc twn kanali¸n sthn anatolik  OllandÐa. 'Htan �njrwpoc idiaÐtera eufu c kai me
arqèc. Arket� nèoc, ìntac upoloqagìc sto s¸ma mhqanikoÔ tou OllandikoÔ stratoÔ,
ègraye sumboulèc gia thn kalÔterh org�nwsh thc �munac twn K�tw Qwr¸n, tic opoÐec
gnwstopoÐhse stouc anwtèrouc tou diathr¸ntac thn anwnumÐa tou. Oi sumboulèc autèc
apodeÐqjhkan polÔ qr simec kai èkanan idiaÐterh entÔpwsh, ìmwc o Stieltjes potè sth
zw  tou den apok�luye ìti autìc  tan o suggrafèac, par� mìno lÐgo prin to j�natì tou.
Oi jaumastèc kai fÐloi tou èsthsan proc tim n tou èna �galma se kentrik  topojesÐa
tou Rotterdam.

O Thomas-Jan Stieltjes junior, ìpwc sun jize na upogr�fei, eÐqe �lla èxi adèrfia
kai pèrase thn paidik  tou hlikÐa se di�forec pìleic thc OllandÐac exaitÐac thc doulei�c
tou patèra tou. To 1873 xekÐnhse tic spoudèc tou sto PoluteqneÐo tou Delft, ap� ìpou
den p re potè to ptuqÐo tou. AntÐ na phgaÐnei stic dialèxeic, protimoÔse na pern� ton
perissìtero qrìno tou sth biblioj kh, melet¸ntac ta èrga twn Jacobi kai Gauss ki autì
eÐqe wc apotèlesma na apotÔqei stic exet�seic tou. Prosp�jhse �llec dÔo qronièc, to
1875 kai to 1876, ìmwc kai tìte den ta kat�fere. O patèrac tou, apelpismènoc me
thn kat�stash tou giou tou, z thse bo jeia apì èna stenì tou fÐlo, ton H. G. van de
Sande-Bakhuyzen (1838-1923), pou  tan kajhght c AstronomÐac sto panepist mio tou
Leiden kai dieujunt c tou asteroskopeÐou thc pìlhc. 'Etsi, ton AprÐlio tou 1877, o
Stieltjes junior prosl fjhke ekeÐ wc bohjìc stouc astronomikoÔc upologismoÔc. Apì
to 1878 paÐrnei mèroc kai se parathr seic kai asqoleÐtai me thn Our�nia Mhqanik . Thn
Ðdia qroni� pejaÐnei o patèrac tou.

To Noèmbrio tou 1882 arqÐzei n� allhlografeÐ me ton C. Hermite (1822-1901) p�nw
se jèmata Our�niac Mhqanik c, polÔ sÔntoma ìmwc arqÐzoun na touc apasqoloÔn mìno
majhmatik� erwt mata. O Hermite diathroÔse allhlografÐa me polloÔc epist monec,
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ìmwc kamÐa �llh den  tan tìso taktik  kai plhjwrik  ìso aut  pou eÐqe me ton Stieltjes.
Di rkese d¸deka qrìnia, mèqri ton prìwro j�nato tou Stieltjes, kai oi dÔo �ndrec èginan
gr gora kaloÐ fÐloi kai stenoÐ sunerg�tec. Sta 432 gr�mmata pou antall�ssoun, o
Stieltjes gr�fei ston Hermite gia ta apotelèsmat� tou kai o G�lloc majhmatikìc ta
sqoli�zei kai tou jètei nèa erwt mata, sta opoÐa o pr¸toc apant� me meg�lh taqÔthta
kai komyìthta. H allhlografÐa touc ekdìjhke met� to j�nato tou Hermite apì ton
ekdotikì oÐko Gauthier-Villars sto ParÐsi.

PolÔ gr gora o Stieltjes anazht� èna antikeÐmeno pio jewrhtikì apì thn AstronomÐa
kai ètsi, apì to 1883 strèfetai apokleistik� sta Majhmatik�. S� autì ton enj�rrunan
o Hermite kai h Elizabeth Intveld, me thn opoÐa pantreÔetai thn Ðdia qroni�. Gia k�poio
di�sthma paÐrnei �deia apì thn ergasÐa tou sto asteroskopeÐo, ¸ste na asqolhjeÐ me
thn èreuna kai apì to Septèmbrio tou 1883 antikajist� to majhmatikì F. G. van den
Berg, pou arrwstaÐnei, sta maj mata thc Analutik c kai Probolik c GewmetrÐac sto
PoluteqneÐo tou Delft. Sto tèloc thc 1883 apofasÐzei na paraithjeÐ apì th doulei� tou
kai na asqolhjeÐ mìno me ta Majhmatik�. Sto di�sthma autì melet� ton tÔpo parem-
bol c tou Lagrange, apodeiknÔei me aplì kai komyì trìpo tic idiìthtec twn poluwnÔmwn
Hansen-Tisserand, ??les résidus cubiques et biquadratiques, la densité intérieure de la
Terre, asqoleÐtai me thn an�lush enìc arijmoÔ se �jroisma pènte tetrag¸nwn kai tìte
arqÐzei to endiafèron tou gia ta suneq  kl�smata.

H ergasÐa tou sto asteroskopeÐo tou Leiden ephrèase idiaÐtera ton trìpo me ton
opoÐo doÔleue sta Majhmatik�. Ston prìlogo thc èkdoshc thc allhlografÐac twn
Stieltjes kai Hermite, o H. Bourget, o opoÐoc  tan astronìmoc kai fÐloc tou pr¸tou
sto panepist mio thc TouloÔzhc, gr�fei ìti:
{...Oi melètec pou èkane aut� ta 6 qrìnia pou doÔleue sto AsteroskopeÐo faÐnetai na
èqoun epidr�sei arket� ston trìpo skèyhc tou kai, kurÐwc, ston trìpo me ton opoÐo a-
ntimetwpÐzei ta di�fora (majhmatik�) probl mata. Aut  h ikanìthta pou eÐqe sto na
qeirÐzetai algebrikoÔc tÔpouc kai sto na touc qrhsimopoieÐ gia touc polÔplokouc arij-
mhtikoÔc upologismoÔc, kaj¸c kai oi komyèc mèjodoÐ tou sto Logismì kuriarqoÔn sto
èrgo tou. EÐqe, epÐshc, th sun jeia na qrhsimopoieÐ poll� arijmhtik� paradeÐgmata kai
thn ikanìthta n� anakalÔptei mèsa apì autoÔc touc upologismoÔc ta di�fora apotelè-
smat� tou. Se poll� gr�mmat� tou proc ton Hermite mil� gia tic eikasÐec stic opoÐec
ton odhgoÔn oi arijmhtikoÐ upologismoÐ tou...}
Autì eÐnai k�ti pou epÐshc faÐnetai kai sthn teleutaÐa tou ergasÐa. Oi apodeÐxeic pou
dÐnei se k�poiec isìthtec kai anisìthtec, kurÐwc tou ìgdoou kefalaÐou, deÐqnoun ìti tou
�rese na ermhneÔei ta apotelèsmat� tou apì thn pleur� thc Mhqanik c kai na qrhsi-
mopoieÐ ènnoièc thc, ìpwc oi ropèc k-t�xhc, wc ergaleÐa gia na melet sei ta majhmatik�
probl mata.

To 1884 k�nei aÐthsh gia mÐa jèsh ston tomèa thc An�lushc sto panepist mio tou
Groningen kai parìlo pou eÐqe meg�lec pijanìthtec na p�rei th jèsh, den ègine telik�
dektìc. Autì ègine pijanìtata, ìpwc gr�fei kai o Ðdioc se gr�mma tou ston Hermite,
exaitÐac thc èlleiyhc tupik¸n prosìntwn, afoÔ o Stieltjes den eÐqe oÔte ptuqÐo oÔte
didaktorikì.
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Ton AprÐlio tou 1885 egkajÐstatai me thn oikogènei� tou sto ParÐsi. EkeÐ asqoleÐtai
gia k�poio di�sthma me thn katanom  twn pr¸twn arijm¸n kai th melèth thc sun�rthshc
ζ tou Riemann, ìmwc gr gora egkataleÐpei to jèma autì giatÐ den eÐqe ikanopoihtik�
apotelèsmata.

To 1886 telei¸nei to didaktorikì tou me tÐtlo {Recherches sur quelques séries se-
miconvergentes}. EkeÐ asqoleÐtai me th melèth twn asumptwtik¸n seir¸n, dhlad  twn
apoklinous¸n dunamoseir¸n pou èqoun th morf 

c0
x

+
c1
x2

+ ...+
cn
xn+1

+ ... , c0, c1, ..., cn, ... ∈ R,

oi opoÐec prokÔptoun apì ta oloklhr¸mata∫ a

0

du

log u
,

∫ +∞

0

sin au
1 + u2

du ,

∫ +∞

0

u cos au
1 + u2

du , a > 0.

Oi asumptwtikèc seirèc qrhsimopoioÔntai se proseggistikoÔc upologismoÔc se polloÔc
kl�douc thc Fusik c kai idiaÐtera sthn Our�nia Mhqanik . Epomènwc,  tan èna jèma
arket� oikeÐo ston Stieltjes, o opoÐoc eÐqe melet sei arket� paradeÐgmata seir¸n aut c
thc morf c ìtan ergazìtan sto asteroskopeÐo. H melèth twn asumptwtik¸n seir¸n ja
prèpei na  tan aut  pou èstreye to endiafèron tou apokleistik� sta suneq  kl�smata.

Ton 18o ai¸na o Euler eÐqe apodeÐxei ìti mÐa �peirh seir� mporeÐ na metasqhmatisteÐ
se èna suneqèc kl�sma kai antistrìfwc. Epomènwc, an èqoume kat�llhlo orismèno
olokl rwma, mporoÔme telik� na to metatrèyoume se suneqèc kl�sma kai autì mac
epitrèpei, k�poiec forèc, na proseggÐsoume kalÔtera thn tim  tou pr¸tou. Aut n thn
idèa thn eÐqe pr¸toc o E. Laguerre (1834-1886). Je¸rhse to olokl rwma∫ +∞

x

e−u

u
du

kai me kat� par�gontec olokl rwsh katèlhxe sthn isìthta∫ +∞

x

e−u

u
du = e−x

(
1
x
− 1
x2

+
1 · 2
x3

+ ...+ (−1)n−1 (n− 1)!
xn

)
+(−1)nn!

∫ +∞

x

e−u

un+1
du .

H seir�
+∞∑
n=1

(−1)n−1 (n− 1)!
xn

apoklÐnei gia k�je x, �ra eÐnai asumptwtik . O Laguerre ìmwc apèdeixe ìti to parap�nw
olokl rwma isoÔtai telik� me èna suneqèc kl�sma pou sugklÐnei.∫ +∞

x

e−u

u
du = e−x

1
x+ 1− 1

x+3− 1

x+5
4 −

1
4

x+7
9 −

1
9...

.
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SÔmfwna me ton T. H. Kjeldsen sto [8], to gegonìc ìti mporeÐ kaneÐc na sundèsei
dÔo tìso anìmoia majhmatik� antikeÐmena, èna orismèno olokl rwma me èna suneqèc
kl�sma, ja prèpei na go teuse idiaÐtera to Stieljes, gi� autì kai sthn teleutaÐa ergasÐa
tou asqoleÐtai me th genÐkeush aut c thc parat rhshc tou Laguerre.

To 1886, met� th dhmosÐeush thc didaktorik c tou diatrib c, arqÐzei na erg�zetai sto
panepist mio thc TouloÔzhc. Did�skei ta maj mata tou DiaforikoÔ kai OloklhrwtikoÔ
LogismoÔ. Sthn arq  èniwje k�pwc am qana, exaitÐac thc gl¸ssac, ìmwc, ègine gr gora
agaphtìc stouc majhtèc tou, giatÐ eÐqe thn ikanìthta na parousi�zei me polÔ aplì trìpo
tic pio dÔskolec jewrÐec kai na touc ekpl ssei. To 1889 diorÐsthke kajhght c sto Ðdio
panepist mio. Apì ton Okt¸brio tou 1890 arqÐzei na kour�zetai kai na ni¸jei ta pr¸ta
sumpt¸mata thc arr¸stiac tou. PaÐrnei �deia apì th didaskalÐa sto panepist mio kai
touc qeim¸nec twn et¸n 1892 kai 1893 touc pern� sthn AlgerÐa, giatÐ h ugeÐa tou
epidein¸netai �sqhma.

'Oson afor� ta endiafèront� tou met� th melèth twn asumptwtik¸n seir¸n, aut�
strèfontai se jèmata sqetik� me th sun�rthsh Γ, th jewrÐa twn elleiptik¸n sunart se-
wn, ta polu¸numa Legendre, tic sfairikèc sunart seic kai fusik� ta suneq  kl�smata.

Par�llhla me tic �llec tou dhmosieÔseic, sto di�sthma 1884-1894, douleÔei thn
teleutaÐa tou ergasÐa sta suneq  kl�smata. To pr¸to mèroc thc ergasÐac aut c dhmo-
sieÔthke to 1894 me ton tÐtlo {Recherches sur les fractions continues} kai to tèloc thc
to 1895, met� to j�nato tou. 'Opwc gr�fei ton IoÔnio tou 1885 se gr�mma tou proc ton
Hermite, arqik� skìpeue na qwrÐsei thn ergasÐa tou se dÔo mèrh:
{...KÔrioc stìqoc mou eÐnai na telei¸sw kai na teleiopoi sw th doulei� pou k�nw t¸-
ra sta suneq  kl�smata, ìmwc gia na mhn perièqei poll� pr�gmata anìmoia ja qwrÐsw
thn ergasÐa mou se dÔo mèrh: to pr¸to ja eÐnai to algebrikì, en¸ sto �llo ja asqoloÔ-
mai me to prìblhma thc sÔgklishc tou suneqoÔc kl�smatoc...}.
Telik�, ta apotelèsmata pou sqetÐzontan me to komm�ti thc An�lushc  tan tìso sh-
mantik�, pou episkÐasan to algebrikì komm�ti.

Autì pou ton empìdize na dhmosieÔsei ta apotelèsmat� tou  tan h apìdeixh tou
pr¸tou jewr matoc tou pèmptou kefalaÐou thc telik c ergasÐac tou,1 to opoÐo argìte-
ra, genikeÔont�c to kat�llhla, tou epitrèpei na epekteÐnei thn analutik  sunèqish tou
kl�smatoc pou melet� se megalÔtero sÔnolo tou migadikoÔ epipèdou. Kat�fere na to
apodeÐxei austhr� thn teleutaÐa qroni�, to 1894.

H ergasÐa tou aut  eÐnai spoudaÐa ìqi mìno epeid  prìkeitai gia èna polÔ ìmorfo
majhmatikì èrgo, all� kai giatÐ  tan h arq  thc analutik c jewrÐac twn suneq¸n
klasm�twn. Pr¸toc o Ollandìc majhmatikìc je¸rhse èna suneqèc kl�sma sa migadik 
sun�rthsh miac metablht c kai melèthse thn analutik  sumperifor� tou apì thn pleur�
thc migadik c an�lushc. 'Omwc, h ergasÐa aut  eÐnai gnwst  kai gia to olokl rwma pou
s mera èqei to ìnoma tou Stieltjes, all� kai gia to prìblhma twn rop¸n. Molonìti kai
ta duo touc qrhsimopoi jhkan apì ton Stieltjes wc ergaleÐa gia na melet sei kalÔtera
thn analutik  sumperifor� tou suneqoÔc kl�smatìc tou, argìtera apodeÐqjhkan polÔ

1Prìkeitai gia to je¸rhma sth selÐda 69 aut c thc ergasÐac.
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shmantik�, afoÔ pollèc nèec ergasÐec thc An�lushc asqol jhkan m� aut�.
To 1893 h AkadhmÐa Episthm¸n tou ParisioÔ br�beuse ton Stieltjes gia ta apotelè-

smat� tou sta suneq  kl�smata me to brabeÐo Petit d’ Ormoy.
O T.-J. Stieltjes pèjane stic 31 DekembrÐou tou 1894 sthn TouloÔzh.
S mera up�rqei proc tim n tou sthn OllandÐa èna Ðdruma gia ta Majhmatik� pou

fèrei to ìnom� tou.
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procédant suivant les puissances descendantes d’ une variable, Annales de la
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