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Historical Roots of Stieltjes
Integral.

This master thesis is consisted of two parts. In the first part we study T.-J. Stieltjes’
last paper on continued fractions. In this beautiful work, he studied the analytical
behaviour of the continued fraction of the form

1
)
a1z + 1
a2+ .
1
1

ook —12+

a2k+ ..
where aq, asg, ..., ay, ... are all positive numbers and z is a complex number. Among

the other mathematical notions, which he defines, is the famous type of integral which
nowadays has his name.

In the second part we study some important papers which are related to the history
of Stieltjes integral and were published by F. Riesz, H. Lebesgue and J. Radon at the
beginning of the 20th century.
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Etcaywyuxo ov]psiwpoc.

H epyoaoia auth anotedelton and d0o uéen. Xto mpwto Uépog ueletdton To TeAeuTalo
dpdpo «Recherches sur les fractions continuesy tou T.-J. Stieltjes. X1 dnuocieuor Tou
auth, Tou eugaviotnxe oe dVo uépn Tic ypoviéc 1894 xan 1895, opilel T0 oAoxApwU TOU
ofuepa €yel To Gvoud Tou. LTo deltepo Uépog uehetwvtar epyaoiec twv F. Riesz, H. Le-
besgue xou J. Radon nou éywav otic apyéc tou 200u oucdvar xon avédel&oy T0 oAoXAHpLUL
awtd.

Koprog oxonde tne Snuocieuorng tou Stieltjes etvon 1 uekétn tng avolutixdc ovunept-
(popdC TOU GLVEYOUS XAAOUATOS

1
)
a1z + 1
az+
1
1
agp—12+
agkte .
7 7 7 z 7 ’ 4 4
OTOU T (1, 2, ..., Oy, ... elvar Yetxol apriuol xar z Tuyaiog uryadixdg apriude. Kdle

OLVEYEC UNAOUA TG TOEATAVE UOPGHS OVOUSLETAL, TEOSC TNV TOU, CUVEYES XAACU
Stieltjes.
Ta ouveyn xAdouata, dnhady ol apriunTixé TUPACTACELS TNG LOPYPNS

Bo
ao + B1 ’
o1+
a2+ 3
° n—1
+an+7ﬁn
an+- |
OTOU T QU + vy Oy <oy B0y ooy Py oo EKue K=Z %R 7 C, Arav évag and toug mto

onuoavtxolg xhddoug twv Modnuoatixdy tou 18ou xar 190u anwva. Av xon nopadelyuora
oLVEXGY xhaoudtwy uropel xavelc va Bpet ota Madnuotixd twv Apyaioy EAMivey, tov
Ivd&v xou g Avaryévynong, o npotog Tou UEAETNOE GLUOTHUATIXE TIC BLOTNTES TOUG XL
o o i€pwoe we xAddo frav o Ayyhog J. Wallis (1616-1703).

Tov 180 v dpytoe v’ avanthooeton 1 Lovtépva Vewplol TV CUVEY®Y XAACUSTWY.
Boaowi| 18éa twv gpyaotev mou dnuoctebovtar exelvy Ty emoyt| eivar 6Tl xdle cuveyéc
xAdoua unopel va petatpanel oe ula oetpd xor avtotpdégone. O L. Euler (1707-1783)
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Sefyver 6t xdde pntdc apriude Ypdpetor ooy nemepaouévo cuveyéc xhdoual xor ovTi-

0TREOYWS, XdE TENEPACUEVO GUVEYES Xhdoua eival pnToc. XpenolUoToldYTaS T0 TEAEUTHLO
amodetxvieL TNV appnToTnTa TN otadepds mou Pépel To dvoud tou. H dewplo auti apyilet
v’ amoxtd evdtagépov ylotl divel éval 1pdmo TpoTéyYYlong TV dpENTWY dptdumY.

Ov yodnuatixol tou 190u cuwva acyoholvion Ue To TOTE €va GUVEYEC XAAGUA OU-
yxhiver ¥ Oyt oe évay npayuoatixd apwud. Enlong, eved uéypr t6te ol apriuodewploteg
Yewpoloay Toug cuvteheotéc evdg cuveyolC xhdouatog mavta axépatoug optduole, to
drdotnua awtd apyilouy ueket@vtar ouveyt xhdouata Ue uryodcols. Ilohhol Sidonuot
uonuoartixol aoyohodvtar U’ autd, uetald twv onolwy xou ot Jacobi, Hermite, Gauss,
Cauchy, Stieltjes. H epyaocio tou Stieltjes, otnv omota yio mpdTn Qopd ulo otxoyévela
CUVEY®Y XAACUATOY UENETATAL amd TNV TAEVES NS Uryodixnc avdiuong, eivar dialtepal
onuavter yiott yevviéton u authy ulo véa dewpla, 1 avolutind Yewplo Tov ouveydy
XNAOUSTWY.

Yhuepa, ov xou 1 topamdve Yewpia dev mapouotdlet ma apxeTO EpELVTIXG EVBLAGEQOY,
oL oLVEY T xAdouata Bploxouy epapuoyéc o dhhoug xhddoug Ty Maldnuatixwy, xuplng
o€ ahyoplduoug UTOROYIGTWY xaL oTNY ENLAUGT EELOWOEWY UE AMEOGBLOPLGTY AVAALGT).

Y10 Tp®TO xEPIAouo TNg cpyaciog Tou o Stieltjes amodewvier yprotueg ahyeBpixés
oyéoelg YeTag) TV Stadoyx®y 6pwv TNng axohoudicg TV xAaoudtwy mou TpooeYyilet
éva ouveyéc xAdopa Stieltjes. ¥to deltepo xepdiono mpoadiopilet tn Suvauooelpd Tov
avTioTolyel 0To xAdoua auTd, EVE 6TO ENOUEVO xe@dhato apyilet Vo To uekeTd we TEog
™ oUyxMon. Y10 TéTapTo XeQIANo aoyoleiton ue TNV edixy neplntwon oty onola 1
oepd 12 i Ty ouvtekeatdy Tou cuveyolc xhdouatoc Stieltjes ouyxhiver xou 610
Téhog opllel T0 mPOPAnua Ty ponwy. 'Encita anodetxviel xdmoto Yewprjuorto uryodixnc
avdhuong Tou Vo YeNoLLOTOIGEL YL Vo ONOXATEWOEL TN UEAETH TOU ¢ TPOS TN OUYXALOY).
Yo endueva xepdhona acyohelton ue TNy enthuon tou TEOBARUATOC TWY POTAOY.

Trdpyet xou deltepo uépog tng epyaociog tou Stieltjes, to omolo dnuociehtnxe Ue-
T8¢ 10 V&vatd tou. X’ autd to tehevtaio xouudTt, mou efvon xuplwg aAyeBpxd, UEAETH
AATOLES EWBUEC MEQINTOOES TOU TROBAAUATOS TV poTtwY, divelr TOAAS apriunTixd mopo-
delyuaTar CUVEY WY XAACUATOY XAl AOYOAEITOL UE XATOLOUG YENOLUOUS UETACY NUATIONO0S
TOU XAGoUATOC UTOU.

LAnadi, 1o cuveyée xhdoua ye 1o omolo Loobton xdde pnrde Vo oTolaTdEl o8 XATOLO TAPOVOUIGTY
Tov.
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Meégog 1

H teAevutaia epyacia Tou Stieltjes
oTo Guvsxv‘] x)\dccy.oc‘coc.
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Kscpdc)\ou.o 1

To cuveyeg xhacua Stieltjes.

Ly apyn Tou TpadTou xepahaiov g epyaociog tou, o T. J. Stieltjes opilel To olufolo
[a1, g, ..., ag] xow ueketd Poaotxée iétntéc tou. To oduBolo autd, ue tn Bordelo Tou
omotou o0ptlel Tor TOAUGVLUA TWV aELIUNTOY XL TWV TOROVOUICTOV TWV XAACUSTLY TOU
npooeYyilouv t0 cuveyéc xhdoua Stieltjes, xaddg xou o oyéoeig mov anodetxviel oty
TEWTN Topdypao, elvar KON Yvwotég o Jewpla 1wV cUVEY®Y xAaoudtwy. Luvdudlovtdg
tec 0 Stieltjes xatapépvel var TdpeL ONUAVTIXG ATOTEAEGUATA VLA TOUS GUVTEAEGTES XL
11 ptleg TV TaUPATAVEL TOAVGYIUGY.

1.1 To obufBolo [ai, s, ..., a;] xou oL LLOTNTES ToL.
Ocwpolue ulo axohovdia aprduwy N, N1, Na, ... tou wavonotel Ti¢ lodTNTES:
N = a1 Ny + Ny

Nl = OQNQ + N3

Téte unopolue va exgpdoovue 10 N wg ypauutxé cuvduaoud twv Ny xou Na, twv No
xat N3, twv N3 xou Ny, xth wg e&hg:

N = (041042 + 1)N2 + a1 N3 = (a1a2a3 + a1 + 043)N3 + (a1a2 + 1)N4 =....

Oplowog 1.1 Ewdyouue to opfodo (o, aa, . . ., ai] to omoio opiletar etaywyikd and tg
Tapakdtw oyéEoe:

[ ]=1, [ai] =01, [og,00,...,04] =[a1,09,...,0p_1]og + [a1,00,. .., 053] .

(1.1)

17



Adupa 1.1 Me tn Borjlleia tov aupforov [a, as, ..., o] to N ypdgetar wg ypappikds
ourdvaouds twv Ny kar Niy1 o €€ng:

N = a1, ag,..., 05N + [oa, 09, ..., ap—1]Ng41 - (1.2)
Anddeiln: Iivetan ue yodnuotiny enaywyyn. o k =1 éyouue
[@1]N1 + Na =a1N1+ Noa =N,

dpa 1 (1.2) woyder. Eotw bt n (1.2) wydel yia xdnow k. Téte, n (1.2) wyder xou yia
kE+1 3ot

[a1, 2, ..y apy1|Neyp1 + [a1, g, ..o o] Ngao
= [ag, 00, ..., ap]ag1 N1 + [a1, o, .oy ap—1]Ngs1 + (a1, a9, . ooy ag| Ng1o
= [ou, a2, - ] (@hr1 N1 + Nig2) + [, @2, - a1 Ny
= o, gy ..., Ng + a1, 0, ..., ap—1] N1 = N .

‘Onwe oyohdlet xar o Stieltjes oty epyasia Tou, N oyéon mou GuVdeL Tov TE®TO bpo
N ¢ nopandve axoloudiog ue 8o Stadoyixovs 6pous TNg efvol YEoUULXY XoL <OUOYE-
vicy. Aéyovtag ouoyevrg, evvoet 6Tt ot xdie Exppact Tou N ¢ dpoloud XATOLLY 6pKY
e axohoudiog (Ni), Yo xde npooletéo [a, ag, ..., ar|N; t0 ddpoloua TV SExTOY
k + 1 eivan otondepo.

Mia no yevixr oyéon mouv ouvdéel tov N ue 80o tuyatoug xon StapopeTixols dpoug
¢ axolovdiag efvar oauTH oL amodeLxviETOL OTO TUPUXATL AHUUL

Adupa 1.2 Joyva on

[t 15 Qh2, -« Q1N = [0, @, ..y a1 | N + (= 1) o, a, . a1 Ny -
(1.3)

An6deln: Egoapubdlovue uadnuotd enaywyh wg npog . Tl = 1 0 (1.3) npogavec,
woyvet. 'Eotw bt n (1.3) wylel yio xdnowo I. Oa npénet va detouue 6t yio L + 1 oy e

[ttt N = [, .o ) Nie + (1) 2o, o a1 Niri

U

[ty Qpi—1] N + [yt - oo Qpyr—2] N

= [y oy )N+ (1) 2[an, ., 1) N1

U

et [y 1,5 Qg1 N — [, . gy 1] Ni)

+ ([rg1, -+ s Qg2 N — [o1, . .., Qg 2] Ni)
= (=1)"?[aa, ..., 1] N1

18



e N

a1 (=) Ny 4+ (=1 Nisao1 = (=)™ Ny

(Moyw unddeonc e podnuatixic enaywYhic) B toodivoua
Ni1-1 = Qi Ngt + Niyig1
OV Loy VEL.

Ané v (1.3) npoxinTouy TOMES Yphoues oyEoElS:
Avtuxohotdvtog 1o k ue o xon 1o [ ye B+ v + 1, nadpvouue 1 oyéon

[Qatly - s Qaipiy)N = [0, ... ,aa+ﬁ+V]Na+(—1)ﬁ+7[a1, ooy 0q 1| Nagpyysr - (1.4)
Ané v (1.4) yio v = 0 nafpvovue v
[Cas1, s @ayg)N = [a1,. .., aa1p5)Na + (-1)%[a, .. ., a—1|Natpt1 - (1.5)
Eniong, av oty (1.3) Yéoovue 6mou k 1o o + [ + 1 xou émou [ 1o 7, éyovue ot

[t a2 Qg gy N = [, o, Qo gy Nag g+ (1) ar, - o s Nag gt -
(1.6)

Anb e (1.5) xan (1.6), amakeipovtog 10 Notpgi1, npoxtntet ula oyéon yetalld tov N,
Nay Notpry+1 T Hop@iic

AN = [ag,..., aag] {[ah -y Qag gy Na + (—1)B+7[041,---,Oéa—1]Na+ﬁ+fy+1} )

(1.7)
6mou 10 A woolTar UE
[041, SRR aa+ﬁ+’y”aa+1a s 7aa+ﬂ] + (_1)ﬁ+1[a17 SRR aa—l][aa+ﬂ+27 SRR aa+ﬁ+’y] :
Yuyxpivovtag g (1.4) xon (1.7), madpvouue 6ti: A=[a, ..., daqp][@att, - aggtqy) -
Anhodt| oy et ot
[, .. Qatprq][@atts - oo datg)
= [051, ey aa+ﬁ] [Oéa+1, ey O[a+lg+fy] + (—1)ﬂ[0é1, ceey aa_l][aa+ﬁ+2, ceey O[a+lg+fy] . (18)
Az v (1.8) v B = 0 nodpvouue tny
(1, ... Qagy) = [0, ][0t 1, - o Qagy] F i, - s aa—1][at2s - -+ Qagqy] - (1.9)
Eniong, and v (1.8) yia a = v =1 éyovue 6t
[a1,...,agyol[ag, ..., agi] = o, .. agp][ag, - agra] + (—=1)7 (1.10)

Hapatnpotue 61t and ) oyéon (1.9) yia v = 1 xatahfyovue ot oyéon oplool tou
[al, ag, ... ,Ozk].
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Axbun, and v (1.9) yia a = 1 npoxintet 61t
[011, - ,0474,1] = 041[042, cee Oé,y+1] + [043, - ,057+1] . (111)

Egapuéloviac k — 1 gopéc v (1.11), naipvouue o1t

al,..., O 1
7[ - 2 =+ 1
[O@,...,O&k] (0%)
az+-
: 1
o
Egapuélovtac k — 1 gopéc v (1.1), naipvouue b1t
ALy, 1
ool _ 1
[alv"'7a/€—1] ap_1+
Qg2+
1

‘Ouwe, and tnv nponyoluevn lodtnta £Youue 6Tt To de0TERO UENOG TNG TORATAVEL GYECTS

lGOUTAL UE M,
F Jag 1,01 ]

dnhadt| etvon

[ala"'aak] _ [Oék,..-,()él]
- )

[ala"'aak‘—l] [ak—la"'aal]

an’ 6ToL ENAYWYLXA TAlpVOUUE OTL
[al,...,ak]:[ak,...,aﬂ . (112)

Apa, and tic (1.1) xou (1.12) éyovue bt

[k, ...,a1] = Joi,...,a) =[oa,...,cp_1]og + [ad1, ..., ak—9]
= |og—1,..., 1o + [ag—2,...,a1] .
Eriorne, 1o [a1, ..., an] ouvdéeton ue 1o ay ue pia oyéon e wopphc
[a1,...,00) = [0a, ..., 0p—1][Ckt1, .- an]og + R, (1.13)

6mou 10 R elvon ave€dptnTo ToU .
H rponyoluevn oyéon npoxintet and v (1.9) yoo oo = k, v = n — k xou and v
(1.1) wc e
(a1, ... an] = [a1, ..., ap][0k1, - an] + [, ..o ag—1][agte, - - 5 an)

= aglat, ..., 1][arrt, - an]dar, o g o)[argt, - apl o, o g [okge, -
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"Apa, yenotuornowdvtac ty (1.1), v (1.11) xou v (1.9) nolpvouue

R = J[a1,...,05-9][akit, .y an] + o1, ..y ap_1][agaa, -5 an]
= oo, ... apo][apqo, . o] o, aps] ok, - o
+[0[1, e 7ak*2][ak+17 cee 7an]
= (op—1 + 1), .. o a][ogya, o] Far, - agos][aggo, - o]
o, .o apoo][ags, - an
= [ala cey Og—2, O]+ ak+l][ak+27 s 7an] + [ala s ,Oék;_Q] [Oék-+3, ey an]
— [ala"'aak‘—27ak—1+ak+1aak+27"'7an] .
Onéte R=[a, ..., 02, Q1 + Qpi1, Aty -« -, O]
Enfong, woylet
R= [ala ey Q2,01 07 At 1, Of4-2, -+ Oén] 5
yortl
[a1, .. 1,0, 41, an] = Olaa, ..., cp_1][aks1, .., an)
+ [a1,.. 0k—o)[akst, -y an] F o, ][0ty -
= [o1,..., 0 o][apyr, . o] Far, . ap ] [aggo,
= R.
Téhog, and tov optoud tou |ag, ..., ap] Tpoxintel edxoha (e padnuotixd exaywyh wg

mpoc n) 6t yior xde m # 0 woydouv xar ta e€Rc:

Qa2 Qon
[mal’aw-'aman—lyﬁ] = [041,042,~~,042n],
Qa2 Qon
[mal)iw"ai)maQn-‘rl] - m[alaa2a‘-'aa2n+l] .
m m

1.2 Oplowoég Twv ToAVeVOUeY P, (2) xaw Q,(z) xow L8Lotn-

TEC TWVY CUYTEAECTMY TOUC.

Ocwpolue To ouVEYEC XAdoU

1
)
a1z + L
a2+
1
1
agk—12+
a2k+. .
/7 7’ 7 ’
OTOL TA (1, Q2, ..., Oy, ... elvow YeTixol apriuol.
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O apriuntic xar o tagovouastic xdie dpou tng axolovdiac Twv TpoceYYioEwY TOU
ouveyol¢ xAdouatog Stieltjes elvar Ttohuwvuua tou 2, to omola, ue N Bordela Tou cuU-

Bohou [aq, ..., ay] Tou éyouue opioet, Ypdpovtar we e&ng:
Py, (2) (a2, 32, a4, . . ., 212, Q2]
Qan(2) = [a1z,00,032,. .., (0]
Poni1(2) = |ag,asz,4,. .., 00012, Q@2p, Q2p+12]
Qant1(2) = |a1z,02,032,...,Q2n, 02n412] -

Hapatnpodue 6Tt ToL apyIxd TOALGVLUL EVOL:
Pi(z) =1, Pa(z) =a2, Qi(z)=ai1z, Q2(z)=1+aa2z .

Mropotue enione va oploouue 1o tohudvuue: Po(z) = 0 xow Qo(z) = 1.

SuuPBorilouue ue Pék)(z) xow Q%k)(z) exelval T TOAUDYLUA TTOL TPOXVTTOVY And Ta
P (z) xou Qn(z), avtiotorya, 6Ty avTiIXATAOTAGOUUE TOV XGUE GUVTEAEOTY| (v UE TOV
it Ao oyéon (1.1) npoxintet 6Tt oy louy oL TapUxdTe OYECEL:

Qon(z) = 02,Q2n-1(2) + Q2,—2(2) (1.15)
Qant1(2) 2n4+12Q2n(2) + Q2n-1(2) (1.16)
Po(2) = aPon—1(2) + Pop—2(2) (1.17)
() (1.18)

= ont12Pon(2) + Pon—1(2) .

Pgn(z) = A() + Alz + ...+ An_lzn_l
Qon(z) = Bo+Biz+...+ Bpz"
P2n+1(z) = Co+Ciz+...+Cu2"
Qoni1(2) = Do+ Diz+ ...+ Dyig2™™
Kat
Ay = as+ag+...4+ aoy (1.19)
1 1 1
Ao = A, ( + +...+ ) (1.20)
Go0i3 30y Q2n—102p
An—l = Q03 09p (1.21)
By =1 (1.22)
n
B, = Z (011 +a3+ ...+ Oégk_l)agk (123)
k=1
1 1 1
B, 1 = B, ( + + ...+ ) (1.24)
Q10 Q203 Qon—102n
B, = aiaz---ag, (1.25)
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Co = 1 (1.26)

3

C, = (Oég +oag+ ...+ a2k)a2k+1 (127)
k=1
1 1 1
Ch1 = Cy ( + 4.+ ) (1.28)
Qo203 30y a2nQ2n+1
Cn = Q203 02n+1 (1.29)
Dy = 0 (1.30)
Dy = op+as+...+ a1 (1.31)
1 1 1
D, = Dpy ( + ..+ > (1.32)
a1y 03 Q2n02n+1
Dn+1 = 01Q2---02p41- (133)

Anddeiln: Ov avanapactdoec TV P, (2), Q2n(2), Pont1(2), Qont1(z) amodetxvio-
vton e enorywyn and tic (1.15), (1.16), (1.17) xou (1.18). Xtic ideg oyéoeic Paotlbuaote
vt v amodeiouue xon tic (1.19), (1.20), ..., (1.33).

T nopdderypa, av epapudoovue n gopéc Ty (1.16) avtixadotdvac x&de popd to
ToAu®vvua Ue Teptttd delxty, nalpvovue 6t Qont1(z) = Q(2) + Q1(2), 6mov 10 Q(2)
elvon tohudvLUo ue otadepd dpo undév xon Q1(z) = [a1z] = a1z, dpa xau 10 Q2n+1(2)
€yet o oTadepd Tou 6p0, Dy, undév. Adyw tou teheutalou, o otalepds dpoc Tou Qo (2)
oot ue 1o otalepd 6po Tou Qop—2(z) xon, TEAXS, tooltar Ue To otadepd bpo Tou
Q2(2) = [z, a0] = aragz + 1. Anhadh 6hot ot otadepol bpol Twv TOANEVIUGY Q2,(2)
elvan foot ye ) povada. ‘Ouota TpoxUTTOLY Xt oL TIWES TV GAGY S0 oTtalepdy GpwV
Ag xo Cy.

Enfong, and tv (1.15) éyouue 61t 0 ouvtereoThS TOU LEYIOTOREIULOU bpou Tou Q2p (2)
LloOUTOL UE TO YIVOUEVO TOU GUVTEAEOTH TOU UeYLoTORAUIOU 6pou Tou (QQo,—1(2) exnt To
agy.  Emed), duwce, woylel 61t Qon—1(2) = aon—12Q2n—2(2) + Q2n—3(2), 0 ouvieke-
oThc Tou UEYLoTORAIUIOU 6poU TOL Q2,—1(2) 100UTAL UE TO YIVOUEVO TOU GUVIEAEGTH TOU
ueytotoBdduton 6pou tou Q2,—2(2) enl 10 ag,—1 xox. Tehixd, xatoalfyovue oto 6Tt 0
ouvteheothic Bytou ueyiotofdiiutou 6pou tou @2, (2) 1oohton e 1o YIvoUuevo aas - - - oy,
xat, QUOLXA, UE To (B0 oxenTixd anodetxviovtat xou ot Tonol Twv A,—1, Cp xat Dyyg.

Egapudlovtac n gopéc v (1.16) naipvouue ot

Qon+1(2) = am412Q2n(2) + a2n—12Q2n—2(2) + ... + a32Q2(2) + Q1(2)
= a2n+1zQ2n(z) + a2n—1zQ2n—2(z) +...F Oéngz(Z) +aoaiz .

Kdéie tohuavopo Qo (z) €xer otadepd dpo povada, dpa tehxd o ouvteheothic Dy tou z
010 Q2n+1(2) Vo toodTon pe 10 ddpooua g + g + ... + ap-
Egapudlovtac n — 1 gopéc v (1.15) npoxintel bt

Qan(2) = a2nQ2n—1(2) + @2n—2Q2n-3(2) + ... + @2Q1(2) ,
OTOTE 0 OUVTEAEOTAC TOU 2 6T0 Q2,(2) ooltan Ye T0 dpoloua TwY avTioToly Wy cUVTE-
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AEOTOV TV TOANOVIUOY aorQok—1(2) Yot k = 1,2,...,n, dnhadr elvor

n

By = Z (a1 +a3+ ...+ agp—1)oop -
k=1

‘Opota anodetxvietar xou 1 (1.27).
Oa anodeilovue ) oyéon (1.32) ypenowonowwvtoag wodnuatixy exayoyr. T n =1
€Y OVUE TO TOAUGYVUO Q3(2), Yl To onolo Loy el bt

Qs3(z) = [a12, a0, a32] = azzlarz, a0 + a1z = arasazz® + oz + azz

xaL, TEAYUOTL, 0 GUVTEAECTNG TOU 2 t00UTAL UE o + 3, Snhadt| ue a1a2a3(a11a2 n a;@g).

Eotw 6t v x&de k < n wyder 1 unddeon. Téte, o ovvteheothc tou 2" ! o710
TOAUGVLUO Q2 (%), MoYw g (1.15) wwolton ue

1 1

+...+> +ajag- - Qop2
Q1o Q03 Q2n—202n—1

Qoni1Qeg - - - QA2p—1 (

xow Moyw tne (1.16) éyouue 6Tt 0 ouvtereothc Tou 2" 610 Qont1(2) Vo elvou:

1 1 1
A2n4+102p, 102+ - 2 —1 < + +... )+
a1 Q03 Q2p—2002n—1

+ag - Qop—20p+1 + a1 Qop—1

1 1 1
= a1a2-"062n+1< + +...+>
102 Q203 a2n02n+1
= D, .

"Apa to {ntoluevo éyet anodetydel. O tinog (1.24) npoxintel ToA) edxola ue T Borlela
tou (1.32) xon ot (1.20) xon (1.28) amodetxviovtar Ue 6UOLO TEOTO.

Mopathenon 1.1 Yo toAvdvupo Py, aupfolioajie to avvteleath tov 28 e Ay, Opws,
elvar tpopavég ot o Ay, e€aptdrar ané ton, dpa to owotitepo Ja ftav va tov ovpPolioovue

A(”) To 610 akpifairs ovpuPaiver kar pe ta dAda toAvavvua. Anladn éxovue:

= Agn) + Agn)z +...+ A(n)lznfl
= B"+B"z+ ...+ B™z
— M4 CMv 4O

— DM+ DMz 4. 4D 2

Apa, o1 axodoviieg twr toAveriuwy Py, (z ) Q2n(z ) P2n+1( ) kat anﬂ( ) optlovr ya

kde k = 0,1,2,... ug axoloviieg (A(n))nzo’ ( ) ( ) Kai (D,in))zoz,

omov yia k >n —1 ewalA](C)—O ylak>newalB() C'( ") _OKal yiak>n+1
éyoupe ot D,gn) =0.
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Tehewdvoupue v nopdypago ue d0o oyéoelc mou Yo Yavoly ypeHotUues apydTERAL.
Ané  (1.10) vy = 2n — 1 naipvouue ot

Q2N(Z)P2TL+1(Z) - P2n(Z)Q2n+1(Z) =1, (134)
Eve Yo 3 = 2n — 2 €yovue OTL
Qon(2)Pan-1(2) — Pon(2)Qan-1(2) = 1. (1.35)

1.3 Xyéoeig petadl Tov pulonv Tov P,(z) xaw Q,(2).

Kartopydc, apxel va aoyohnodue ue ) uelétn twv Qn(2), enedh to tohumdvuua
P,(z) dev €youv ouotaotixéc Stapopéc and ta tohudvLUa Qp(2): and Tov Tp6To 0pLloUoy
TOUG OTNY apY Y TNS TPONYOVUUEVNS Tapary pdpou xou and i (1.14) npoxinter btt o Py (2)
xat Qn(z) ouvdéovton uetall Touc UE TIC OYEOELC

1
Pon(2) = Q5 1(2) %t Paia(2) = Q3)(2)

Ané v (1.8), av ¥éooupe a = 2n — 3, B = 1 xou v = 2 xou AVTUXATAOTACOVUE TO
o UE oy Yo xdde mepLtto 4, madpvouue ula Baoixy oyéorn mou cuvdéet Tpelg dtadoyxoic
bpoug g axorovdiog Twv tohuwviueny Qo(z) =1, Q2(2), Q4(2), ..., Qan(2):

a2n—2Q2n(2) = [02n—2, ¥2n—12, 2,]Q2n—2(2) — a2, Q2n—4(2) - (1.36)

‘Orav tpeg Stadoyixol dpot uLag TenepaoUévng axoloviiog TOAWVIUWY LXAVOTOLOUY UL
oyéon authg TNg Lopgnc, Aéue 6Tl 1 axohouior auth eivar e axohouvdia Tou Sturm.
Kdde tétora axohouvdio éyet tic ddtnteg nov Yo deifovue yio ty (Qax(2)) o’ awthy v
TIPSy PAUPO.

Oedpnua 1.2 To nodvdrupo Qo (2) éxar n mpaypatikés piles, dapopetikés avd 6o,
aprnukés kar Sragopetikés ané g piles tov Qan—2(2). Mdhiota, o1 piles tov Qan—2(2)
Ppiokovtar petalt twv plor tov Qo,(2). Apa, kadds to z «mneprdy (éror dote n wunj
tov va av€dvetar) and pia pila tov Qo,(2), n Turj Tov % «mnddery ané to —o0 oTO

—+00.

An6deln: Eidaue 6t tpewc Sadoyxol Gpot e axoroudioc (Qox(z)) ouvdéovrar pe-
€0 touc ue ) oyéon (1.36), n omolo ypdpeto

ao—2Q2k(2) = (Q2k—200p-100k% + Q2 + a2k—2)Q2k—2(2) — A2kQak-a(2) . (1.37)
And v nopandve oyéorn xou eneldr) o oy elvon Yetnd tpoxvntouy edxola tar e€ng:

o Avo dwadoyxol pot e (Q2r(2)) dev unopolv va éxouv xowt| pila. Av ouvéPouve
xdtt tétoto, and v (1.37) Yo naipvaue 6t undpyet apriude tou undevilet 1o Qo(z),
TEdY U ATOTO, APOU TO TOAUOYLUO ot elvor oTodepd o U UnNdevixo.
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o Edv évag dpog undevileton o xdmoto onueio, T6TE 0 TEONYOVUEVOS XL O ETOUEVOS
6pog g axoloudiog €youy oto onuelo autd avtideto tpdonuUo.

e Trdpyet wa neptoyt Yopw and xde pila tou Qax(2) 6oL 0 mponyolbuEVOS Xou 0
ENOUEVOC 6p0¢ NS axohoudiag Statnpoly otadepd mpdonUO.

©’ anodeilovue tOpa ue podnuaTtix? enaywy wg ©pog k o1t uetall duo Sladoytnedy
orlav tou Qax(2) Peloxetar axpPide wa pila tou Qok—2(2).

[a k=1, 1o mohudvuuo Q2(z) = aqaz + 1 eivan mpdtou Porduot xan éyer uio pilor
TEOYLALTLXY Xoll UGALOTOL 0pYNTIXY, TN p = —ﬁ.

Mo k = 2, 1o mohudvuuo Q4(z) elvon deutépou Paduot. Eredh dhot ot cuvteheostée
tou elvon Yetixol mporyuotixol apruol, oto (0,+00) datneel otodepd mpbonuo. T'ipw
and To p undpyet Wia meptoyy) émou elvan etepbonuUo tou Qo(z), dpa malpver apvnTXég
twéc. Enouévwe, oto (p,0) éyer uio pila. Enione, enedy] eivor deutépou Poduol xou
0 ouvTteEkeoThc Tou UeytoToBdiuou bpou elvar Yetxde, oto (—o0, p) undpyet uia axdua
pilo Tou mohvwviuou. Apa, 10 Q4(2) éxet dbo pilec mou eivon mparypotixol xou UdhoTa
apvntxol aprduol xar Beloxovton exatépwiev e pilag Tou Q2(%).

Trovétovue bt xdde mohudvuuo Qaor(2) ue k < n wxavornotel Ty unédeon g pady-
uotixrc enaywyhc. Tote yia 1o Q2,(2) éyovue woybouvy To napaxdTe:

Edyv riy1, ri elvou duo dradoyixée pilec tou Qon—2(2) we mip1 < 15 xan i < n — 2, 161e,
Aoyw e umddeone g wadnuatieic etoywyYhc, T0 Qan—4(2) ebver oubonuo tou (—1)1
ot 7; xou oubéonuo tou (—1)F 610 1. Adye e (1.37), 10 Qan(2) elvar oudonuo
tou (—1)% 670 1; xou opbonuo tou (—1)7L 610 iy, dpa éyel pla TouldytoTov pila 6T0
(rig1,7i). Anhadn, oe xodéva and ton— 2 Swothuata (rp—1,7n—2), - .., (r2,71) UTdpEYEL
uLet Toukdytotov pilo Tou Qa,(2). $10 1h—1 10 Q2,(2) elvor oudonuo tou (—1)" ! xan 670
—o00 €yet 1o Bo npbdonuo ue tov apiud (—1)", dpa oto ddotnua (—o0, 1) UTdEYEL
uta touhdytotov pila tou. To (B0 toyler xa Yo 10 Sdotnua (r1,0). Enedr o Badude
TOU TOALWVOUOL elvorn n, Yo Exer TeEMxd n mparypotixég pileg, mou Yo elvon dAeg apvnTixég
xou drapopetinée UeTall toug. Apa, avdueoo ot duo dradoyixéc pilec tou Qo,(2) Va
Betoxetar ulo axpPide piloa tou Qop—2(2) xou o {nToduevo €yet anodetyvel.

Edv oty (1.8) Véoovue a =2n —2, B =1, v = 2 xou otn Véon x&de agi—1 Pdhouue
TO (212, TOTE €YOLUE OTL

Qan+1(2) Q2n-1(2) Q2n-3(2)

Qop-1—— —— = [@on—1, Q2n72, 042n+1]7z — Qi

dnhadr) €youue GTL ToL TOALGYUUAL

Q1(2) o Q2n-1(2) Qany1(2)

z z z

xavonotoly ula oyéon tne (Srog wopgrc ue v (1.36) xou dpa oynuatiCouy pia axoroudia
tou Sturm. Enouévwe, Yo €youvv xau Tic avtiototyeg dtétnteg, dnhadn yio xdde n to
Q2n71(z)

nohuowuo == da éyel n — 1 plleg mou Yo elvan parypatieég xon UGAoTo opVNTIXES,
drapopetinég avd 8o xou 1 xardeutd toug Vo Bploxeton uetadh dvo dradoyxwy plloy Tou
TOAUGYOULOU QQ%M
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Enforne, ané v (1.8) ue xatddiniec enthoyéc v a, 5 xon v Tolpvoulue Tic Topoxdt
oyéoel:

Qan-1(2)  Q2n-3(2)
2 z
@2, Q2n41(2) = [a2n, @2n412]Q2n(2) — Q2n—2(2)

a2n—lQ2n(Z) = [a2n—lzya2n]

and Ti¢ onoleg TPoxVNTEL OTL Ol TAPUXATE axohoLYiec TOALVOYOULY

Q1(z) o Q2n-3(2) Qan-1(2)

— 1,y .. ) 9
z z z

Q2n(z)

pdel)

Qo(z) =1,...,Q2,-2(2),Q2n(2), Q2n+1(2)

anotelolyv enlong axohoudieg tou Sturm, dpa ol pllec Tou TOALWVLUOL QQ”%I(Z) Beloxo-
vtan UeTodl Ty ptldY Tou ToAuwviULou Qa,(2) xar ot pilec Tov Qo (%) Peloxovton ueTall
TV ptldv T0U TOAOBVIUOU Q2,41(2).

Me buoto tpémo €youue 6Tt ot pilec tou Pa,(2) Pploxovion petalld twv plldv tou
Q2n(2), ot ptlec T0U Poyy1(2) Beloxovtar uetall twv ptldv 1o Qont1(z) xou, téhog, 6Tt
ot pilec tou Pop(z) Bploxovton uetall twv ptldv tou Popii(2).

IapatAenon 1.2 Edv vroéoovue ot —x1, —x2, ..., —&, €lvar o piles tov Qa2 (2),
Tot€e, Adyw twy tapandvew, Ja wyve du

P, M M. M
mlz) M My M (1.38)
Qo (z) z4+x1 242 z+ Tn
omov ta My, Ma, ..., M, elvar Oetikol apripol. Eriong, av ovufodioovue pe —ty = 0,
—t1, —ta, ..., —tn, g n + 1 piles tov Qan+1(2), TéTe éxoupe
P, z N N N N,
Ponn(a) Mo N N2 o N (1.39)
Qoni1(z) 2z 2+t 2+t z+ty
omov ta No, N1, Na, ..., N, elvar eniong Oetikol apiijol.

Hopathenon 1.3 Kde xi 1 ty, onwg eniong kat o avtiotoyog ovrtedeotns, My 1 N,

/7 7 ¢ 7 Z Z 7 (’I’L)
egaptddvtar ard to n, dpa to mo owotd Va 1jtav va xpnoiponoujoovpe to oupufolioud Ty,

+o0
t,(gn), M,E,n) Kat N,En). Anladn, (—xgn)> elvar 1 axodovdia mov opiletar and TS TPOTES
+oo
piles twv moAvoriuwy Qo(z), Q2(2), ..., Qan(2), ... ka1 yerikdrepa, (_ﬂ:)) » efvar

n axolovilia mov opiletar ané s k-00Tés piles Ttng idrag axolovdiag rodvwvipwy. Erniong,
_l’_

<M]£n)> O(; etvar ) avtiotoyn axodovdia twr apiiuntor oto kKAdoua mov elvar o k-00tog
n=

dpog Tov adpoiouaros on oxéon (1.38).
+oo
H otatepny axodovdia (tén) = O) etvar 1 axodovdia twr TpdTwy MLy Ty ToAVW-

+o0
vipwr Q1(z2), Q3(2), ..., Qanti1(z), .... H (t&n)> elvar ) akodovilia twv TpdTwy
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400
n
Uetikav pildv kai, yevikotepa, (t;c )) etvar n akodovllia twv k-ootwv Jetikdv pildv
n=0

+00
T 101wy ToAvwriuwy. Etiong, (N ,in)> etvar n akodovilia twv apiuntar oto kAdopa

nov €tvar o (k + 1)-00tds dpos tov adpoioparog otn oxéon (1.39).

) = t,(ﬁn) = +00 Kai

Ia va elvar kakd opiopéves or akodovdies avtés Dérovue ajgcn
M,gn) = N,gn) =0 ya k > n. Avtd, guoikd de petafdAda tg oxéoeag (1.38) kar (1.39).

1.4 Pileg tv toAvevipeny P,(z) xoaw Q,(z) mou dev eZopTto-
VTOL OO XATOLO CUVTEAECTY).

Ou ptlec twv eomoewy Qn(z) = 0 xou Py(z) = 0 yevixd elopt@vion and toug
aprduole a; (apot ot pilec evog TOANUGVIUOU EEURTAOVTAL OTG TOUC GUVTENEGTES TOU XalL OL
OUVTEAEOTEC TOV TAUPATAVK TOALWVOUGY elvor, 6Twe eidoue oty §1.2, pntéc ouvaptrioeic
TV ). Dty napdypago auth Yo eZetdoovue av elvar duvatd xdmota pila vor uny
eCopTdTaL and Vo CUYXEXPUUEVO ;.

And y e€lowon (1.9) yio o = 2n xon v = 2n’ nadpyvouue 61t

Qanson(2) = Q2a(2) Q5 (2) + Qan1(2) P (2) | (1.40)

eve and ty dia e€iowon yioo v = 2n xon v = 2n’ 4 1 éyovue b1

Qanton11(2) = Qon(2)QSM 1 (2) + Qan1(2) PEM L (2) . (1.41)

Ané v §1.3 yvwpeilovue 61t dev elvon Suvatdy 1o mohudvuue Py (z) xou Qp(z) va
€youv xowt| pila. To (B0 toylel xar Yo 1ot Qp—1(2) xou Qn(2). Apa, toybouy ta Topo-
*ATO:

e Edv 10 a eivar xow pila 800 ex twv TohwVOULY Qanton/ (2), Q2n(2) xou PQ(TQJL) (2),
t61€ Yo undeviler xou 1o tpito, Aoyw g (1.40).

e Ouota, av to a eivor xowr| pila 800 ex TV TOAWYOULY Qaptan (2), Q2n—1(%) xou

gg)(z), t6te Yo undeviler xan 1o tpito, Moyw g (g oyéone.

1o deltepo uéhoc e (1.40) 1o wovadixd Tohu@YLUO Tou EEaETATOL ONd TO (op1 Elvar
T0 Qgﬁ) (2) xou, ydhota, and v (1.11) xor v (1.40) naipvouue 61t

Qonyon (2) = Q2n112Qon(2) PM (2) + R(2) (1.42)

6mou 10 R(z) elvon ToAu®dYUUO aveEdpTnTo TOU (o 41.-
Eivar mpogavéc 6t ot pilec tou Qapron/(2) mou dev eZoptddviar and t0 qop41 Elvan
2n
axptBe exeivor ot aprduol mou undevilouv Tawtdypova Tar TOALGVUUL an(z)PQ(n,)(z)

xou R(z). ‘Ouwe, eidaue 6t av évac aprdude eivon pila tou Qappons (2) %ot evég ex TV
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Qan(2), Pz(ff)(z), to1e npénet vo undeviCel xou to dhho. Kau, av évag aprdudg undevilet ta
Q2n(2), PQ(ZTL)(z), t61e Vo undeviler ot 10 Qapton (2) xou, Téhog, and v (1.42) éneton
ot Yo etvan pila xon tov R(z). Anhadi, Yo eivon pia pilal 10U Qaopyons (2) aveldptntn tou
aopt1. Apa, ot pilec Tov Qapyon/(2) mOL dev e&opTdVToL amd TO Qp 41 Elvar axplBe ot
xowég ptlec v Q2,(2), Pz(ff)(z). Térowor apriuol etvon Suvatdy vo undpyouy, agol ot

14 ’ 14 ’ 2 7
pilec tou Q2,(2) e€opTdvTon amd Ta o, g, . . ., A2y, EVG Ot pilec TOU P2(n7)(z) eCapTOVTOL
oA T V242, 243, - - - O2ptop/-  OUOS, Yior vor ouuPel xdtt tétoto Vo mpénel T oy val

IXAYOTIOLOUY XATIAANAES GUVITXES.
Mehetdvrac v (1.40) ue tov dto 1pdno, naipvouue 6t ot pileg 10U Qopton’ (2) TOU
dev e€apT@VTOL b TO (g Elvar ot xowvée pllec TV TOALYIULY @ (2) (2n)(z)
e 2n C PLLEC “ 2n—1\% )y W&oy .
Enfone, ané vy (1.41) nafpvovue 6t ot pilec tou Qapton/+1(2) mou elvor aveZdip-
’ ’, z ’ (2n) ’
TNTEC TOU (g, Elvon axpifdg ot xowég pilec TV Qan-1(2), Qg5 (2) xon o pilec Tou
Q2n+2n'+1(2) mOL elvon aveEdpTNTES TOL Qp 1 Elvar axpBie ot xowés pilec Tov Q2,(2),

Pz(rzz'nJ)rl(Z)-

1.5 Xyéon twv ptldy Tou Qi (2) we TLg plleg Ty (Q2,(2)
O PQ(Zfl)(z).

Y authv v napdypago Yo aoyokndolue ue tn Yéon 1wy ptldv Tou Qoptan (2) ©C Tpog
T1¢ pilec Ty Qan(z) xou P2(ZZ’L)<Z) Loyxexpruéva, Yo deilouue ot

Oedpnua 1.3 Mewald 6o onowwrdrirote dadoxikdy pildv tov Qanion(2) Ppiokerar
t0 oAU pla ar’ des palil ng piles twv Qan(2), PQ(?JZ)(Z) Eibikdrepa, av dles o1 piles
twr Qan(z), Péff)(z) elvar Bragopetikés avd 6vo, tote o€ kdde idotnua avdueoa o€ 6vo
dradoy1kég piles tov Qoo (2) Pploketar akpiPos pia and ug piles twv Qan(z), PQ(ETL)(Z)
Anbdeln: 'Eotw a, b dbo dtadoyixéc pilec 10U Qaptan (2) xou ag unodésouue 6Tt undpy oLy

3o dradoywéc pilec Ty, Try1 TV Qan(2), PZ(ELTL)(Z) avdueoa otig a, b. Anhad¥, elvon

a <z < Tpy1 < b. Hoapatnpodue o1t 00te 1 Tk, 00TE N Tpy1 €lvar TawTOY POV il TOU
Q2n(2) xou ToU Péi@(z), dott and tn oyéon (1.40)

Qoo (2) = Qan(2)QYM (2) + Qan1(2) P27 (2)

Vo elyaue 6t elvon xon pilat Tou Qaptons(2). Ataxpivouue, TP, TIC TUPAUXETE TEPLTTE-
OElg:

e Eotww 6t ta o, 241 elvan pilec touv Qon(z). Tote éyouvye:
2
Qontan (Tk) = Q2n71(l‘k¢)P2(n7) (zk)

pide)
Qonton (Thy1) = Q2n—1($k+1)P2(,2f) (Tht1) -
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Enewdn €éyovue Sodoywéc pilec tov Qon(2), 1 Qon—1(zk) ¥t Qon—1(zky1) Vo

4 ’ ’ 7 2 2 . ’

éyouv avtideto mpéonuo. Avtideta, ta PQ(nq,l) () %o PQ(nfl) (Xg41) Vo elvon opbon-
7 4 7 2 ’

ua, aol 6To [Tk, Tky1) dev undpyet pilo Tou P2(n7)(z). Apat, 1o Qapyon (Tk) xou

Qonton' (Trt1) elvon eTeEpOONU XA XATANAYOUUE OE &TOTO.

’ 2n ’ ’
‘Eotw 6t o Tk, Tgy1 elvon pilec tou PZ(n’ )(z). Téte, 1oy beL

Qanom (1) = Qon () QEY (z)

pidei)
Qonton (Thy1) = Q2n($k+1)Q§Z}) (Tg41) -

To Qon(xk) xow Qon(zky1) elvor oudonua, eved ta QSZ}) () xou Qéirf) (Tg+1) ebvon
/ ’, ’ ’ ’ (271) 7
etepbonua, apol Uetall TV duo dtadoyxdv pwley tou P, (2) Beloxeton axpt-

. 2 . .
Boeg pla piCa Tou Qénrf)(z). Apa, xou 8 ot Qopton () xt Qaptans (Tr41) €lvon
€TEPOOTUA, TPdYUA TO onolo elvon dtomo.

’

‘Eotww 61t 10 xp, eivan pilo tou Qan(z) xou 10 x4 elvon pilar Tou P(ZTL) (z). Tore:

Qonyon (Tr) = Q2n—1(ka)P2(Z7) (z)

pidei)
Qonton (Thy1) = Q2n($k+1)Q§Z}) (Th41) -

Edv urodéoouyue b1t 10 xf €lvon  m-ooti| pila 1ou Q2. (2), Eextvdvtac tny apiunon
v ptldv Tov and dedid, tote 10 Q2,(Tk11) lvon oubdonUO TOU Qo (21 +€), 67OV €
elvon apxetd uixpd xon Vetind, Yol 10 Tg4q eivon utxpdtepo e (m—1)-oothc piloc
0L Q2n(2). ‘Ouwe, oe wa uxpn teptoyn de€id tne m-oothc piloac tou Q2,(2), 10
b0 Tou Q2,(2) ebvar T0 (810 e Tou (—1)™ 1 oo 0 Qo (wk +€) elvon opbonuo
tou (—1)™~L. Eniong, elSoue 61t uetald 300 Srodoymv pildy tou Qo (2) Beloxeton
uto pia Tou QQ”%I(Z), onéte petalld e m-oothc xat e (m — 1)-oothc pilac tou
Qan(z) Vo Bploxeton 1 m-0o1th pila touv Q2,—1(2). Enouévwe, oe uia uxpr neploy
de€1d tou x 10 Q2p—1(2) Vo éyel To TPdONUO TOL €yEL UpLoTERS TNE M-00ThC pllag
ToU, dNhad”h 10 Qan—1(zk + €), dpa xou 10 Qan—1(xk), eivor opdonuo tou (—1)".
Onéte 10 ywouevo Qopn(Trt1)Q2n—1(xk) elvar apvntind.

‘Ouota, 10 PQ(i,n) (xk) éyet 1o (o npbonuo UE T0 Péff)(:ckﬂ —¢), 6nou € ocodfnote
uxpd xou Yetxd. Av vnovdéoovue 6Tt 10 Xpyg elvon 1 f~ooth pila Tou PQ(TQJL) (2),
Eexwvavtog Ty apliunon twv plov Tou and deld, T6Te To TPOOoNUS TOU APLETERS
e elvor opdonuo tou (—1)f Ouwce, ot pilec tou PQ(EJL)(Z) Beloxovtar avdueoo
ot pileg tou Qgﬁ) (2), mpdryua to onolo onuaiver 6tL, enedr 10 x4 Pploxetan
ueta€l g L-oothc xar e (£ + 1)-ootic pilac tou ng)(z), TO MPOONUO TOU

¢

Qé?;})(xk+1 — £), ONOTE XAl TOU Qéz:})(karl), elvar to (8o we tou (—1)°. Apa 10

, 2 2 , , / .
YVOUEVO PQ(TJL) (xk)Q;n@ (xg41) elvon Vetixd. Luvdudlovtog tar anoTeréoUATa TWY
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300 teheutalowy mopaypdpwy, Brénouue OTL oty TepinTwon mou To xy eivar pila

I
T0U Q2,(2) xou 10 41 elvon pilol Tou PQ(Zn )(z) 10 Qonton (k) Qanton (Trr1) lvon
apYNTIXG o Bploxovue dtomo.

Me tov (80 axpBedc 1pdmo Souhelouue Yo var anodeilovue to (Bto anotéhecua xat

7 z 7 2 7z, 7
oty nep{ntwon tou 1o x elvon pila Tou PQ(nZI)(z) X 10 Tgy1 ebvan pillo Tou Qop(2).

Eda tehetwvel n anddelln tou npwtou U€poug Tou Vempiuatoq.

‘Eotw tdpa 6Tt p1, p2, . . ., pn Elvar ot ptlec Tou Q2,(2) Sratetayuévee xatd adovoo
oelpd, eve £1,&2, ..., &y 1 elvon ot pilec Tou PQ(?;) (2), tic omolec €yovue eniong dratdéet
xatd ablovoa oepd. Trodétovue b1t ta Qon(2) xou PZ(ZTL) (2) dev éyouv xowvéc pllec xan 61t
ot ptlec xou Ty duo pall, Sratetayuévee xatd adouoa oelpd efvon oL 1, T2, . . ., Tyyn/—1-
Hapatnpolue 6Tt dheg awtég ot pileg elvar apvntixéc.

[Mo vo amodetlovue 1o debtepo Uépog tou Yewphuatog apxel va detovue 6Tt dVo
Sradoyxol dpotr tne nenepacuévne oxohovdiog Qapyon () ue i = 0,1,...,n + n', érov
To = —00, Tpyn = 0 €youv Sapopetind mpdonuo. Autd to €youue N3N amodeilet yia
1=1,2,...,n+n' —1.

To npbonuo tou apduod Qaontan (o) eivan Tpogavae (—1)" . T to npdonuo tou
Q2n+ton (1) Sraxpivouue dvo neptntdoels, avdhoya Ue to av to x1 elvar pila tou Qan(2)

n+n’

1 Tou P2(27)(z).

Ty mpdtn nepintwon, dnhadh av 1 = p1, eivor Qapton (1) = an_l(pl)PQ(ifl) (p1)-
Eredr ot pilec tou Qan—1(2) Peloxoviar avdueoa otic pilec tou Q2,(2) xar ened] to
Q2n—1(2) eivar Boduot n, 10 Q2p—1(p1) elvar oudonuo tou (—1)", eved 10 Pz(ff) (p1) elvon
ouéonuo tou (—1)" 1 yuori to Péi,n)(z) efvar Barduol n' — 1 xou 1 tpwtn pila Tou elvon
ueyohltepn Tou p1. Apa, 10 Qopon (1) eivan opbonuo tou (—1)7 =1,

Y10 310 ouunépaoua xaTahYouUE av eEETACOVUE TNV TER(TTWOY oTNY onola To T
etvan pila tou P37 (2), Snhadh ov z1 = &1, onéte Qapton (T1) = Q2n(£1)Q3% (&1) xou
tehxd mpoxtnTe e 6Tt 10 Qopyon (1) elvor oubonuo tou (—1)"F 1 "Aga, oe xdie
nepintwon o Qontan (To) xot Qonton (1) elvon etepbonuo.

Ae{Eaue enouévame ott 800 dradoytxol bpot g nenepacuévne oxohovdiog Qonton’ (i),
ue i =0,1,...,n+n" —1 xow g = —00, Tpty = 0, éyouv Saopetid npbomUO.

o Av o apludc n + n' eivar tepttdc, TOTE 0 Qoptan (T0) elvar opvnuxds xar o
Qant2n/ (Tntn—1), enednf €yovue aptiov mAfdouc evallayéc mpooruou, Yo elvo
en{ong apvnTnos, eVved 0 Qontan’ (Tnins) elvor Yetixde.

e Avon+n'elvou dptiog, 161€ 0 Qappan (o) elvon Yetixde xow 0 Qapron/ (Tnin/—1),
eneldn] €yovue meptttod TAloug evahhayéc mpootiuou, Vo elvar TMEa ApYNTIXOS, EVE

0 Qonton (Tnin) elvon Yetinde.

Ye xdde nepintwon ntpoxdntet 6Tt ot Qontan/ (Tntn/—1) % Qonton’ (Tntn) Eivon etepbon-
uot xou 1 anodelly Tou VewphHuatog EYel TEAELOTEL.
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IMopatrenon 1.4 Yo Jedpnua mov anodeibape mponyouvuérvws, pia aré tg vrodéoeg
/ Z z 7 7 ’ Z 7 (2TL)
mov kdvajie Nrav ot kapta pila tov Qa2,(2) dev anotedel Tavtdypova kai pila tov P, ;7 (z).
Kai detéape én o’ averjy tnr nepittwon kadéva and ta n+n' — 1 saotripara rov opilovy
o1 piles Tov Qopton/(2) Tepiéyea elte pia pévo pila tov Qa,(2), €lre pla pévo pila tov
P(zn)(z) Onws, dev Eépovpe mowa elvar ta daotiuata mov mepiéyovy pile§ Tov mPaTOU
ons (%) UHOS; poup n prexovy piees P
ToAvwrUHoU kal mola Tepiéyovy tou deutépov. Puoikd, o tpdmos pe tov omolo yiveta
avtr) n katavoun twv piuldv ekaptdrar ané T§ TUéS v o Av emrpéhovue ota o
va petaBdddovtar katd éva «ovvexny tpémo (apkel va mapapévovr Oetikd), téte kai n
katavoun twv €v Adyw pilav ota daotnuata petafdAdetar. Mdlioza, av apxikd elyape
ovo dadoyikd draotipata, atd ta onola to mpaTo TEPelye pila Tov Q2,(2) Kar To devtepo
’ 2n 7 7
pila tov P2(n’ )(z), T0Te pe katdAAnAn petafoln) twv o; umopoUue va metvyouue n pila
4 A 7 /7 z ’ (217,)
tov Q2,(2) va «mepdoey oto deltepo hdotnua, evd tavtdypova, n pila tov P, " (z) va
«umewy oo mpwro oidotnua. Tove, o1 dvo piles tavtilovtar kar unodevilovy emmnAéov kai
10 Qonton’ (2). Avtn elvar n tepintwon nov efetdoape otnr §1.4.

e Ohn v napdypapo ooy oANINXAUE UE TNV «TELESOY TWY TOAWYOUWY Qoptan(2),
(2n) /4 ’ , /7 7 ’
Q2n(2) xou Py ;7 (2). ‘Ouwg, ue tov (8o axpBde 1p6m0 xatahfyouue ot avilotorya
anoTeAéoUATA Xot Yiot GRS TéToleg «Tptddecy. ‘Etot éyouue ot

e MetaZl 300 onotwvdfnote Stadoyxdv ptldv 10U Qontons (2) Peloxeton o oAD uia

an’ dhec wali tic pilec Twv ngf)(z) ol Qz”%l(z)

Q 11q(2
%ﬂ() Beloxeton To moAD uia

o Metat 800 omoiwvdnnote Stadoyxdv plldv Tou L

(2n)
an; (2) xo Qur'y1(2) _

z

an’ dheg wali Tic pileg twv

7

o MetaZl) d0o ddoyxdv ptlddv 10U Qapron/+1(2) Pploxetar 10 mohd uio an’ dheg

uali e pilec v Qan(2) %o PQ(Z:L_?-l(Z)‘

0

Lk
5‘041- :

1.6 To npdéonuo tng

¥ authy Vv nopdypagpo Yo anodetEouvue oti:

4 4 /. /7 / z ark /. Z 4
Oewpnua 1.4 Edv x, efvar pia pida tov Qm(z), téte n Fik efvar ndvra pn aprnuix.

Anddeiln: Adyw twy oyéocwy tou Vieta 1o x;, elvon cuvdptnon twv a;, dpa umopoluEe
vor YEWEHOOLUE TN UEPIXT| TORAYWYO TNG CUVARTNONS T WS Tpog To Tuyalo ;. [ar Ty
anddelén e npdTaomg Vo tpenel va Staxpivouue TE0CERLE TEQITTWOELS YLo TO Ay 0 Bordudg
M TOU TOAUWVOUOU xou To ¢ elvon dpTiot ¥ meptttol. Oa xdvouue TNy anddeln uévo otny
nepintwon mou 1o m eivon dptiog xou to @ neptttds. Tote, and v (1.42) éyouue bt

Qanton (z1) = a2n+1ku2n($k)P2(27) (zx) + R(xk)
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OTOTE UE TMEMAEYUEVY) TURAYDYLOT TAlPVOLUE OTL

Oz _kuzn(xk)Pg(z7) (z1)
ao@n—l—l QIQn+2n/ (xk> .

(1.43)

Eidoaue otny nponyoluevn napdypapo 4Tt 10 TONUGVULO an(z)ng)(z) éxyetn+n'—1
pilec, xadewd and tic onoleg Pploxetar UeTHE TV PGV TOU TOAWVOUOL Q2pton/(2).
‘Apa, av untodéoouvue 6Tt 1) oy, elvan 1 k-00th pila Tou Qoptn (2) (av Tic apriurioovue and
o 3e€td mpog T aploTepd), TOTE TO TPOOTUO TOU an(:ck)Péff) (xf) elvon 0 (B0 Ye TOU
aprduot (—1)F71. Exlong, n mapdywyog Qb,, 4o, (2) eivan éva tohudvugo n+n’—1 Borduol
xou €yet axpBoc ubo pilo uetalt duo Stadoyxmdy ptldv Tou Qoptay (2) (StéTL T0 TEREUTALO
noAUGVUUO €yel n Stoxexpuuéves pilec). Apa, T0 TpdoNUo ToU a0l QY Lo/ (T) Elvan
10 (310 e Tou apruol (—1)F 71 xor tehixd, Ta Q2n($k)P2(,2L7)(l’k) xaw Qo (1) Elvon
oudomnuot apriuol. Apa, 1o de&i uéhoc tne (1.43) eivon un opvnuixd. H anddely eivon
buota xat 6TIC FANES TRELS TEPINTAOOELS, apXel va Ppolue oyéoelc avtiototyeg ue v (1.42).

Hopathpnon 1.5 Eidape otnr §1.4 én pia pila xy, tov Qontan (2) €lvar avekdpntn tov
Qont+1 akpPaS Téte, drav elvar ko pila twv Qon(z) kai Pz(ff)(z) Av AdPouvue vréin

/ z /7 / / z z 7 /
tov tUno (1.43), téte naiprovue éva deltepo tpomo anddbens tov anotedéopatog avtol.
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Kscpo’c)\ou.o 2

Ms:)\é‘cv] TWY ocvom‘cuypo'c‘co)v Laurent

Py(z)

TWV Tcpocsy'yi.oso)v On2) TOU
cuveyoULg xhdouatog Stieltjes.

Ly apy1 tou dedtepou xegakaiou detyvouue tov TpdTO Ue Tov omoio and xde cuveEyEg
xhdoua Stieltjes unopolue va ndpouue uia SuVoUOCELRE UE XEVTPO TO 4-00. 11O UTOAOLTO
AEQPAAOLO G OROVUAGTE UE TO avTioTpogo TedBAnua, dnhadn nog and uia oelpd Suvduewy
tou 1, tng omolag or ouvtekeotée xavomololy oplouévec mpotnodéoew, mpoxintel évol
ouveyéc xhdopa Stieltjes.t

2.1 To avdrtuyua Laurent tou g:(é))

Ané ¢ oyéoec (1.34) xou (1.35) tou mponyolduevou xegahaiou éyovue 6Tt

Prpi(z)  Pa(z) (="

Qui1(2)  Qu(z)  Qu(2)Quri(2)

6mou yia xde n 10 Qn(2)Qnt1(z) elvon Tohv@vvuo Poduol n + 1.
/ 7 z ’ / ’ Pn(Z) Pn+1(Z)
Ané v tehevtala oyéon mpoxVnTEL OTL, oV AVATTOEOLUE T xow oe
2 2 / , / ' Qn(z) 9"’+1(z) ’
duvapooetpéc UE xEVTPO TO 00, TOTE OL N TEWTOL HPOL TWY AVATTUYUATGY Yo elvor Xotvol.
Mpdryupoart, av utodéoouue otL undpyouv k, utxpdtepa 1 (oo Tou N, TETOLL WOTE OL GUVTE-
AeOTEC TV OpLY zik va Stapépouy, téTE, Talpvovtag To eAdytoto tétowo k, 1 mopandve

oyéon dtveu:

d A
T Qn(2) Qg (2)

'H oOvdeomn evéc ouveyolc xhdopatoc ue ula Suvapoocepd elvar xdt mou medtog éxave o L.
Euler(1736-1813) oto épyo tou «De Fractionlous Continiousy, mou xuxhopbence to 1737. Xto €pyo
TOL ATO UENETE CUCTNUATLXE TAL GUVEYY XAAOUATA XL ToL XPNOLUOTOLEL Yiar v amodelel tny appntdn-
T ToL aprduol e.

2k
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1 lwodlvoua

! nk

z @n(2)Qnt1(2)
v xdnow d # 0 xou yo 6ho Tor apxeTd Yeydha z. To bpo tou dedol péhoug g
tedevtadag WoéTNTaG YL 2 — 00 efvon undév, eved Tou aplotepol loolTal Ue d, Tpdyud
drono. Apa, elvon

Pu(z) 0 o e (n) (n)

[0
R ) ey G ) L Ry B DL e 2 R 8
Qu(z) =z 22 = +(=1) 2n +(=1) o+l +(=1) e T (2.1)

OTOL Ol N TEWTOL 6pol eu@ovi{ovTal GTOL OVATTOYULATY OAWY TWY Pe(2) e k> n. O
e potL eug YU Qrz) b Z n.

, ; (n) (n) , , , ,
untohotrol apUNTES an ) Gy (g, -- - EVOL OAOL UXPOTEQOL TWY Cp, Cpil, .. AVTOTOL(OL

Mdiota, toylet 1o nopaxdtw Yewmpnua.

Ocswenua 2.1 Ia kdde k = 0,1,2,... n axoloviia (aé”)) elvar avéovoa kar tehixd
otadepororeirar otov apiud ci. Enlong, dda ta i elvar Jetikd.

Anddein: Ioydel 6t

Pa(2) _ Poa(e) (-
Qn(z) _ Qn-1(2)  Qn-1(2)Qn(2)
1 1 (=)t

WG aeeE T aaeer Y

Kde 6poc tou deutépou Uéhoug YRAPETAL WS GELRS JpYNTIXWY SUVAUEWY TOU 2z WS EENG:

1 g
Q(2)Qi(2) =z
R - GO SO - L
Q1(2)Q2(z) 22 23 24 25
n 1 _ +€§3) _ ﬁ n Eé?’) B
Q2(2)Q3(2) 23 24 2
. @ @
S Qs(2)Qu(z) I
1 _ 5&5)
TuEE s

YLO OUEXETH UEYSAL 2.
Kotéva and ta Ez(])

o e&fg: edv

elvon VeTindg aprdudg xan évog Tpémog yiar vor To Solue autd elvon

Qm-12)Qm(z) =cz(z+x1)(z+x2) -+ (2 + Tyn—1)
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’ 4 4 4 7 7 4 ’
16T Yvwpilouue 6TL Ta ¢, X1, T2, ..., Tm—1 €lvon Yetixol aprduol. Yrmodétovue 6Tt
1 <2< ...<Tm—1-

Il xdde i =1,2,...,m — 1 woylet 611

“+o00 nn

i S NS

Omndre elvor

400 +o0 n..n

1 . 1 (—1)”.%'711 (—]_) T
AREEIRED P kD Dh e L LS

AopBdvovtag unddn tov tono tou Cauchy yia 1o ywoéuevo oelpdy, TEOXUTTEL OTL Yl
7 ’ , 1 7 1 7 ’
k < m ev undpyer 6poc NS HOPYRC —F OTO AVEMTUYUO TOU Oni)onG) Sea evon

5,(;”) = 0. Otav k > m, 161 10 5,(€m) elvor ToALYLULXY ToEdoTaoT TV T; Ue YeTiolg

ouvteheotég, dpa elvar Yetixd. Enione, yio n < k woydet

=3,

m=2

evo Yo 1 < k < n woylet
k—+1

(n) Z 6k+1 .

Enouévoce, yian < k woylet a,(c ) agcn) = 5,(:;1) > 0 xou yn > k oy let a,&nﬂ) = a,(cn).
Eneidn a,i = ¢k, PAénovue 6T
cr — a,(C ) = a,ikﬂ) a,(C ) = ngll) >0,

onoTE

0— a}g) < al(c) af) o algk) <ep= algk+1) §f+2) _

Anhod?| yio xdde guowd k 1 oxohouvdia (a,(:)) elvon ab€ovoa xon TeEAxd otadeponoteiton
otov aptiud ck.

Av k =0, n axohovdia (ag (n )) elvon otadept| Ue T ¢ = agl).

Edv éyouvue 1o ouveyéc xhdoua Stieltjes

1

a1z +
a2+

Qgop—12+
agpt-,
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T61€ elvon mpogavég 6Tl Ula Loodivoun LopeR Tou elvon 1

bo
b )

zZ+
1+.

: bak—1
+1+ bok
z+ - .

omou 1o b; umopolV evxohal Vo UTOAOYLGTOUY amtd Ta a;, SLdTL Loy bouy oL oyéoelg by = a%
1

QanQn41
opilet o axorovdio aprdudv, ™y (). Anodetxvietar 6t xaéva and ta ¢y, eivor pni
CLYEPTNOY TWV CUVTEAEGTAOV (i TOU GUVEYOUS XAJAOUATOC Ol TOAUGYLULXT, GUVERTNOT
1wV b; pe oxépatouc cuvieheotée.?

xa by, = . D0UQVO UE To TOPATAVG, TO TPONYOVUEVO GuVEYEC xhdoua Stieltjes

Ocwpolue, T, TNV ANELET OELPd
Co C1 C9 C3
T TR tm oAt
X0l GLUPWYOUUE VoL TNV 0VOUALOVUE AVATTLY LA TOL cLVEYO00DG xAdoatog Stieltjes
%ot Tig Suvduels Tou L. Autée o oplopde efvon xadopd Tumnbe, apot 1 oepd ot elvor

ATOXAIVOUCA TIG TEPLOGOTERES (POREC.

Ané tov alydpriuo mou avagépdnxe otny untoonueiwo, €youvue OTL xoéva and To ¢y
elvor ot cuVETNON TV a;. Oa Sodue 6To xePdhato auTd 6Tt toylEL Xon To avTioTEoYo,
dnAadn umopoluEe Vo ExPEAcouUE XAEVOL ATd T (i WS CLVEETNOY UOVO TV ¢;. Iphta
ouwe Yo ypetaotel va anodellouue xdnoleg mpotdoel Tou VYo TIC YENOLLOTOCOUUE WS
gpyakeia yor var mdpouue toug emruuntoieg TomouC.

2Yrdpye. évag moAd xouPéds TeOTOC UE TOV 0TOl0 UTOPOUUE Vo LTOAOYIGOUUE Ta ¢, amtd Tot by, TOV
onolo o Stieltjes éyel anodellel oe mponyoluevn epyasio tou ue titho «Sur la réduction en fraction
continue d’ une série procédant suivant les puissances descedantes d’ une variabley. H epyooia tou
auTh dnuootedtnxe oto (B0 TepLodixd to 1889 xan mepLéyel TOV TopEoXdTw AAYOELILO LTOAOYLOUOU TWV
Cn.

Trohoyilovue ta ok xot Bi k. WE TN Porydelal Ty TOTWY

ao,0=1 now a0 =0 ywi>0.
Bo,k = ao,k + baovi i o,k+1 = b1Bok
Bix = o1,k + baoo i o1, k+1 = 03Bk + Bok
Bokx = a2,k + bsas i 02, k+1 = bsPok + Bk
Bik = Qi ke + baitaitik Qi1 = bait1,kBik + Bi-1,k

Me padnuotixn enaywyh g mpog k e0xola arodewxvietar 6Tt aykx = Bix = 0 yia @ > k. Enlong, elvon
Brk = kg + bakr20ki1k = Qi XU ki1 k+1 = D2k+3Bkt1,k + Brk = k. Apa, Ya éxovue 6Tt
Br,k = apr = a0 = L.

To ¢, vnoroyiloviow and o a; k ot Gk UE TN Bordeta twvy TOnwY
Ci+k = boaw,io,k + bobibaar jour i + bobibabsbscva san ks + . ..
Citk+1 = bob1Bo,ifo,k + bobi1babsB1,iB1,k + bob1babsbabs B2,k + ... -
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2.2 Ta ¢, wg ouvdptnon Tov etloy Tov @, (2).

Yy §1.3 etdaue o1t oy et

Py, (2) My Moy M,
= + +.t :
Qon(z) z4+x1 2429 z+xy
6mov 1o My, My, ..., M, eivou detxol aprduot.
7 ’, ; MZ m 2 7 /. 72 7
Enedy| etvan zﬂ\fgci =3 (—1)"‘%, €youue and tov tono (2.1) tehxd b1, Hrav
t0 k mafpver Tic Tiwéc 0, 1, 2, ..., 2n — 1, t61€ oy leL:
n
Cl = ZMZIEf . (23)
i=1

‘Ouota, enedy| elvon

Poni1(2)  No Ny No Ny,
il = ol AFS M +..+ ,
Qant1(2) 2z z4+t1 2+t z+t,
6mou 1o No, N1, No, ..., Ny ebvon entong detixol aprduol, Yo toylet o1t
n
k=Y Nit], (2.4)
i=0
6mou 1o k madpver tic wéc 0, 1, 2, ..., 2n xou elvon tg = 0.

IHopatvenon 2.1 Eidaue éu ta M;, N;, x; ka1 t; efaprddvrar and to Padud twr nodvw-
viuwr. Apa, av 9élovue va axpifodoyolie, 10y Vel

=Y M@ k=012,...20-1
=1

Kai

=Y N k=01,2,...,2n.
1=0

Cn+1

Cn

2.3 Mehetn Touv oplov lim

Oewpolue yia xdde p > 0 TV TETPAYWVIXY LOPPY

—_

s

3

Cptri+k X1 X -
0

N
Il
=)
£
Il
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Av ndpouue tov aprud n €tol Kote p 4 2m — 2 < 2n — 1, 16T and TNV TAVTOTNTA TOU
Stwviuou tou Nebtwva xar v (2.3) éyouue 61t 1 nopandve TeTpay VXt Lopph loovTo
ue

n
Z szf(X() + Xix; + XQJJ? +...+ Xm_1l’;»n_1)2 ,
i=1
dnhad”) elvar un opvnTxd optoUév.

Etvon edxoho va 8obue 61 1 tetporywviny) wopet etvon Yetixd optouévr. Ipdyuatt, ov
urheyay Xo, X1, ..., Xim—1, Oyt Ohot undév, Gote 1 TETpay VXY Lop@1 var Talpver TV Tiun
undév, t61e 10 TohLOYLLO X + X1+ ... + Xpmo1u™ 1 Do elye Tic n Sraupopetinée pilec
X1, ..., Tn. Apa, Yo elyoue n < m—1 xou emouévac, 2n < p+2n < p+2m—2 < 2n—1,
10 ornolo efvon drono. Apa, 1 opilovoa

Cp Cp_|_1 e Cp+m—1
Cp+1 Cp+2  --- Cp+m
Cp+m—-1 Cp+m --- Cpy2m—2

elvon Vet oo m = 2 madpvouue 611 1 2 X 2 opiCouca

Cp  Cptl
Cp+1  Cpt2

’ 4 7 ’ 7 7 ’ Cn+1 ’ 7 ’
elvon Yetinn), mpdryua to onolo ouvendyetan TL 1 oxxohoudio | == | elvon yvnolng adZovoa.
Cn
Ondte undpyouv 800 mepITTOOELS:

fntl — 5 g _ oy e {
e No etvon lim = +o00 xou dpa M oepd P — ZF+ F — 7%+ ... va amoxhivel vl
xae z.
e No efvon lim L = X, émou A Yetinde nporypatinde aprdude, ondTe 1) mopamdve
oelpd Yo GUYX)\LVEL amoAUTaL YLt Ohot Tz WE |z2] > A xon Vo oamoxhiver yia 6ho ot 2
ue |z] < A.

Pvwptlovyue dume 6t xar 1 weyalivtepn pila tou moAuwViUoL Qp(—2) avidvetar xodog
10 N ueyohwvel. Oa deilovue ot

Ocswenua 2.2 To dpo g axoloviliag mov oxnuatiletar ané ng peyadivtepes piles twy
roAveriper Qn(—z) tavtiletar pe to lim <+,

Anddeiln: And tny §1.3 éyouue 6t 1 axohoudia twy weyaldtepwy ptlov TV Qpy (—2)
elvar yvnolwg avovoa, dpa Yo €xel 6plo, To onolo Yo elvon xdmotog Vetxdg aprdude 1 to
+00.

Enfong, woylet 61t

Pul2) :i o (2.5)



6mou n’ = L, av n dptiog xou ' = L oy n efvon meprttéc. Axdun, T m; efvon dhor

Yetied xou yio tig pilec 5 tou Qn(—2) toyler
0<s1<s9<...< Syt -
Ened1] s,/ elvon 1 peyahitepn ptla, €yovue 6t

n’ n—1
Cnfl_z 1m13 < 5.
= n -

Cn—2 Z Y omyst 2

Abyw twv Tcocpomocvw edv lim L = 400, t61€ lim s,y = +00. Av 10 lim “ = )
elvor mparyuatixdg apriuodg, To opLo lim s,/ Sev unopel va elvon Uxpdtepo amd )\ Edv
vrodéoovue Gt Zemepvd To A, ToTE Udpyel N’ xon £ VeTind TETOW DOTE Sy = A + €.

Oewpolue n > 2n’ xou 1ic duo oelpéc:
€o C1 C2
R R R
z  z z z
%ol

(n)

Py(z) ¢« ca o ~1Cn-1 @7(1”) Gy
e A iy G L —q)ntiintl

Qn(z) ~ 22 + 23 +( ) amn +( ) an+1 +( ) on+2 +
H npdtn ovyxhiver amdhuta yio [2| > A, evéd n Sebtepn amoxhiver yia [z] < s, = X + €.
Apa, 6tav A < |z| < A+ ¢, 161€ 1 deltepn oetpd anoxAivel, evd 1 mpdTN ouyXAivel
andivta. Ouwe, Aoyw tou Yewpruatog 2.1, elvon al" < Cn, agfll) < Cpti, -- -, TRAYUA
T0 onolo onuaiver 6t 1 deltepy oepd ouyxhiver amdluta 6tav A < |z| < A+ e (Aoyow

xprinpiov olyxptong). ‘Atono. Onbre, lim 2 = lim s, = A,

2.4 "Eva axoun xpLtreLo cUYXALeTG TG OELRAS %O—g—;+g—§—

‘Eotw 6t éxoups éval ouvsxég xhdoua Stieltjes xon H€houue vor uehetioouvue v avti-
oo oelpd ToL TPOXVTTEL amd AuTh, TV L — T+ F — ..., ©¢ Tpog TN olyxhiomn.
To uévo nou unopovUE Vo XAVOUUE, UE Boccm aUTE ToU €YOoVUE WS TOPA AmodelEet, elvon
vor utohoyioovue ta ¢, Ue TN Pordeta Tou alyopriuou Tou avaPEPUUE OTNY UTOCHUEIWOT)
e §2.1. ‘Ouwe, xdtt tétoto eivon e€onpetixd enimovo xou Uévo av efuacte ToA) TuyEEOL
Yo xatoupépouue vor UavTEPOLUE Tov TOTO TWV ¢, Yia va Bpodue TNy axtiva ohyxhiong g
TUEATAVG OELRAS. LTNV Topdypapo ot Yo anodel&ouye To mopoxdtew VEDENUIL, TOU UG
Bonid va amoglyouue OAn TNV Tahounwpiar TOU avapEpaue TEONYOLUEVWLS. AucTuyng,
Ouws, oty Tepintwon tng oLYxAong TNne avtiotolyng duvauooelpds, 8 uag divel apxeTég
TAnpogopleg Yo TV axtiva oUYXAoNC.

Ocwpnua 2.3 Edr supb, = 400, tdre efvar kar lim <+ = 400, ondre n oeapd

G & 2
z 22 28
aroxkAiver ya kdle pyadicé apiud. Av supb, = I, tére ka1 to dpo lim L efvar

renepaocévo kar pdhiota, n aktiva oUykAIonNg TS O€lpds dev umopel va ‘g’enepaaa 7o 4.

41



Anddeiln: Edv n axohovdia (by,) dev eivon dvew gporyuévn, tote yia xde Yetxd aprdud
M ocodfrote pyeydho unopodue va Ppolue QUOIXS M TETOLO WOTE
1

bp=——""-—>M.
QA Om4-1

Téte, Go undpyel évag Quoxde n, T€tolog Wote m = 2n 1 m = 2n + 1, av m dptiog A
Teptttoc avtiotoyyo. Oewpolue 0T oUVEYELX Tot TOAVMOVULL Qon(—2) Xt Q2pt2(—2) xou

dratdooouue ti¢ pileg Toug amd TN UXEOTERT 01N UEYAAVTERT): €0TW argn), acgn), e ,a:%n) oL
pilec Tou Qan(—2) xan xgnﬂ), acgnﬂ), A acgfll) ot pilec tou Qant2(—2). Téte, and toug

tOnouc tou Vieta xou tig oyéoelc UETAC) TWV GUVIEAEGTOV TWV TOAUOYOU®Y TOU €YOUUE
del€el otny §1.2, mpoxintouy ta e€¥c:

By -
x§")+xgn)+...+x;”) = ==
By,
1 1 1
= + o ————
Qi Q203 Q2 -102n

= bi+by+...4+by1

xa ouolwg

A ol el = b b+ bong

And to nopandve €youvue ot

s = @) =2y = @l =) == @ = 2l"Y) = ban 4 b
Eneidy ot Stapopéc xz(n) —xgnﬂ) elvon Yetinée, elvar povepd ot ngll) > bop+bont1 > M.

Apa, 1 axohovdio twy ueyohitepwy ptldy TwY TONGYIUWY Qn(—2) Sev elvon dvw ppory-
uévn. Xpnowonowviog To ouufBohioud otny anddelln tou Yewpruartog 2.2 Bploxovue 6Tt
lim s,y = lim c’;—“ = +o0.
n
Méver vo deiouue 6t av supb, = [, té1e xou 10 Gplo lim L givon nenepacuévo.
n
Hpdrypott, unopotue va Bpotue évay apriud C' tétoo wote Cl > by. Ocwpolue thpa T0
OLVEYEC XNAOUL

Cl
z+ l
4.
ST S
+ r—
z4- .
Duowxd, urdpyeL Yo oelpd TN Hop@hic L — h+ 53 —. .. mou avtioTtouyel ¢’ autd. Ol ouvte-

AeoTég ¢, Tou TeEheuTaiou ouveyolg xhdouatog eivar UEYUAUTEROL amd TOUg avTlGTOL OUg
OUVTEAECSTESC TOU TPOTOU XL auTéd anodetxvietar wg e€hg: OL ouvteleotég b; Tou dedtepou
oLVEY 00 XhAoUaToS ETAEYUINCAY £T0L WOTE Vo lvar UEYAADTEPOL amd TOUE avTioToL oS
OUVTEAEGTEC TOU TPWTOU GLVEYOUS Xhdouatoc. Enouévac, ol suvteleotéc a; tou delte-
pou ouveyolc xhdouatog Yo efvon uxpdtepol and awtols tou tpwtou. Emetdn 1 uepind
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7 81‘k 7 7 /C 2. /4 'ﬁ 7. . ’
TAPAYWYOS Zo=, OMOU Z) elvan piCa TOU Qm(2), elvon un apvnTixd, xodde To a; UEWDVO-

vtan, ot pilec zg Tou Qp(—2) Vo avldvovtar. Téte, Yo avidvovtar xow oL TosdtnTeg sg
mou oplotnxay oto Vewpnua 2.1, dpa xat T ¢p.

To debtepo ouveyée xhdoua elvon meptodixd, ondte av cuuBohicovue ue A v Ty
ToU Yo Tov Tuyado uyadixd z, téte Vo toylel Ot

Cl

~

a=Sl ey
2 z

Anhodt|, o cuveyéc xhdoua mov oploaue TEONYOLUEVKS Tatpvel TiC (Slec TLuéS ue T

oLVAETNOY
i CLf )
2 z

g omolog 1 Suvopooelpd ue x€vipo To 00 ouyxAivel ya |z| > 4l. Apa, 1 avtiotouyn
oeLpd TOL TPMTOL ouveY0UC xhdouatog o ouyxhivel eniong yia |z| > 41, npdryua o onofo
Cn

, ’ / . +1 ’ 7
oruaiver 6Tt To Gpto lim == Sev uropel va Cemepdoet To 41.

2.5 Toa ay, P(z) xow Q,(2) ©G CUVILTAHCELS TWV ¢;.

. P,
Hoepd ¢ — 3+ 3 — ... %o 7o aviiotoryo avdmtuyud Tou Q"(é)) Stapépouy Uévo wg
n

’ 1 1 Z 7 [ C [&
TPOG TOUG OPOUS 77T, Znfzs - - - - ETOUEV®S, TO VAT TUY AL TOU Qn(z) (—0 - F+3F .. )
1

* !/
4 ’ 7 7 7 7
Vo SLOCCPEPEL ATO AUTO TOV Pn(Z) UOVO ¢ ROC TOUG OPOUC W, m, ..., OMOU N

etvor 0 Borduds tou Qn(z). Etor, 010 yvéuevo Qn(2) (L — %+ % —...) Sev undpyer
Z / /7 1 1 1 3 ’ z 3
XAVEVOS OPOS TNG UOPPNS 25 35 -+ o - [ Adyouc euxohiog, vnodétovue 6TL T0 N

2 z 4 4
elvan dptiog aprdude xan Yétovue

Qan(—2) =ap+ a1z + a2z’ + ...+ apz" .

. : : ; ) (% ey ;
Tote, ue Bdon rcx1 chxpomlocvo), 070 YOUEVO Qan(—2) (L + % + G +...) dev undpyouv
6pOL TG UOPPAC 5, - - -, 3w, OTOTE Yot LOYVOLV OL TAPUXETE LOOTNTES:

apCo + aicy + ...+ apcn
apc1 +aicy + ... +apcpt1 =

agCn—1 t+aicp, +...+ancon1 = 0.

Av MBouue unddn bt Q2,(0) = 1, téte 1 tedevtaia oyéon wall ue Tic Tponyolueves
looTNTES AmoTeEAOUY €va olaTnua n+1 elo®oewy Ue n+1 ayvOoTou, TOUC g, A1, . - - , Q.-
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H optCovoa tou nopandvew cuotiuatog eivar fon ue

1 0 ... 0
C1 e Cp,
C C1 PN Cp c c
2 .. n+1
D= C1 (6] e Cn+1 =
Cnp ... Cop—-1
Ch—-1 Cp ... Con-1

xon 1 opilouca mov avtioTtolyel oTov dyvwoTo a;, Yia 1 < i < n, wwodton UE
p X Y (2] Y 9

1 . 0 1 0o ... 0
c ce. o Ci— 0 ¢ .. c
Dai — 0 1—1 i+1 n
Cn—1 .. Cpn4i—2 0 Cn+i .- Con—1
Co e Ci—1 Ci+1 .- Cp,
— (_1)i+1
Ch—1 -+ Cp+i—2 Cpti ... Con-—1
Apa elvon
Co . Ci—1 Ci+1 .- Cn,
. Cn—1 -+. Cpn4+i—2 Cp4q ... Cop—1
. i+1 n n+14 n+1 n
a; = (—1)
C1 c. Cn
Co e Cn+1
Cn Con—1
XOL TEALXS
1 z 2 .. 2
c1 (&) PN Cnp
Co C1 Co . Cn
| e c3 R |
an(—z) == C1 Co C3 e Cn+1 . . (26)
Cn Cpn+1 ... Con-1
Ch—1 Cn Cpy1 ... C2p—1

[Mo var amhonotioouue toug tnoug ue toug omofoug Vo SovAédouue nopoxdtw, optlovue
tov apriud S{p(u)} evéc tohuwviuou p(u) we eZhc:

Optoudg 2.1 FEotw to todvdrupo p(u) = ag + a1u + agu? + . .. + a,u™. Tére opiovpe
S{p(u)} va etvar n rypu1j mov raiprovue drav avtuikataotijoovue oTny tapdotacn

ao + agu + asu® + ...+ apu”
1

ug owvdpas vl ul, ... u™ pe ta cg, e, ..., e avtiotoya. Andadn,

S{p(u)} = apco + arc1 + ... + ancy, .
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‘Onwe elraue xou mponyouuévews, o apriuds Tou oploaue Uog ETITRENEL VoL YRAPOUUE

dtdpopec oyéoelc ol mo ovvtoua. I'ar mopdderyua, ot lodtnteg

aock + aicgy1 + ...+ anckrn =0, k=0,1,2,...,.n—1.

Yedpovton
S{uFQon(—uw)} =0, k=0,1,2,...,n—1.

Yy neplntwon mou 1o n elvon TEPLTTOS, YPAPOLUE
— 2 n+1
QQn—i—l(_Z) =p1z+ 22" + ...+ Bnt12 )
omoTE TPOXUTTEL UE ToV (810 TPOTO OTWS Xt TEONYOLUEVKLS OTL

S{uFQonir(—u)} =0, k=0,1,2,...,n—1.

(2.7)

Enionge, enedr o otadepde bpoc tou Qapt1(—2) (%0 +3F+3F+.. ) looUTaL UE TO oTa-

Vepd 6p0 T0U —Paoypy1(—2), dnhady elvon —1, Yo éyouue 6t

S{Q2n+1(_u)} _ 1

U

(2.8)

To clotnua e€lowoewy e (2.7) xou 1 (2.8) anoteholy éva olotnua n+ 1 eglodoewy ue

n + 1 ayveotoug, toug B, ..., Br+1. H opllovoa tou cuothuatog elvor
() C1 N Cp,
D= C1 Co oo Cp4i ,
Cn Cp+1 .- Con

7, 7 7 4 4 7
eve 1) opllovoa mou avtiototyel o xdde dyvwoto [; toobtal Ue

co ... Ci—2 -1 C; e Cp,
o (&1 e C;—1 0 Ci+1 -+ Cp+1
Dp, =
cn --- Cnyi—2 0 cCpnyi ... Con
) C1 e Ci—1 Ci+1 .. Cp+1
= (=
Cnp .. Cp+i—2 Cp4q ... Con,
Apa
C1 e Ci—1 Ci+1 -+ Cp+1
| Cp o oot Cp4i—2 Cp4q ... Con
Bi = (-1)
Co C1 e Cp,
C1 (&) oo Cp41
Cn Cp+1  --- Con
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xaL ETOUEVKS Elvar

z 22 ... 2
Co C1 e Cp,
C1 C2 N & | o ¢ Cral
. e n+
Q2n+1(—z) = — (6] C3 oo Cp42 . . (29)
Cn Cp+1  --- Con
Cn Cp+1l - -- Con
©éTouue
Co C1 N & | C1 C9 PN Cn
cl Co ... Cn C2 C3 N e |
U, = . W, = , Up=Wy=1.
Ch—1 Cn ... C2p—2 Cn Cp+1 ... Con-—-1

Ané v (1.25) €éyovue bTL 0 ouvtereoThg Tou 2" 6710 Q2p(2) WolTaL UE Qg - - - Q.
Anb v (2.6) €youue 6Tt o (Bog cuvtekeoThg toolTar Ue V[{/—Z ‘Ouota, and tic (1.33) xou

’

(2.9) éyovue btt anag - opt1 = ULL’ apaL

U2
G = Wan—l’
W2

xat awtol elvar ot TOnoL Tou divouv Toug GUVTEAECTES (v, TOU GUVEYOUC XAJCUATOC TOU
UEAETAUE CLYVOPTHOEL TWV CUVTEAECTOVY ¢; TNG SUVILOCELRES TOV.
Téhoc, and n oyéon (1.31) éyouue 6Tt 0 ouVTEAEOTAC TOU 2 010 Q2,+1(2) Elvan
’ z /7 ’ 4 7z /7
al+az+ ...+ agpp1. And ) oyéon (2.9) npoxdntel b1t To nopandve dpotoua ool ToL
TEMXS UE

ar+az+ ... +agp = UY% : (2.11)
n+1
C2 C3 oo Cp41
6mou Vi, = €3 € e Ont2 , Vo=1.
Cnt+1 Cpt2 ... Copn

Hopathpnon 2.2 And ta napardve mpoxvUntea dtr, av p1(u), pa(u) elvar 6o todvdvuua
Paduov n kai wyve o

S{ukpl(u)} = S{ukpg(u)} =0, k=0,1,...,n—1,

TOTE, €me1dn) To avtioToyo YPaupiké oUOTNHA HE QYVYOITOUS TOUS OUVTEAETTES Tou KdDe
ToAvwrUpov éyel povodidotaro ywpo Aloewy, Ja 1wy vel ot

_pnwo)
Pi(u) = pQ(UO)p2< )

omou ug elvar onooodrirote apruds tov de undeviler to roAvdvupo pa(u).
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Méypt Topa xotapépoue byt UOVO VO EXPEACOVUE T (i GUVAPTHCEL TWV Cj, AAAL VoL
xdvouue 10 (8o xon Yo 1ot Q2 (2), Qant1(2) xou TV napdotacn oy + as + ... + Q1.
Méver va xdvouue o (810 yia ta Pop(2), Pant1(z) xou cig + a + . .. + aap.

Koartapydc, napatnpoiue o1t av Yewpoovue 10 YIVOUEVO

A T
P (Z+5+5+)

6mou p(z) elvon évor TOAUGYLUO, TOTE T0 axépato UEPOC NS oetpde (dnhady| to uépoc tng
OELpdC TOU MEPLEYEL TIC UT) opYNTIXES SUVAUELS TOU 2) UE TNV ool looUToL TO TopATAV
ywvouevo etvan foo ue S {%}. Avuth v teheutala tapatpnon apxel va Ty anodei-
Eoule u6vo yia Ty tepintwon mov p(z) = 2F
Tou Teheoth S. Hpdyuartt, etvou:

(6mou k puotxde), Moyw tne YpouuxdTnToe

& c c c
zk(—o—{——;—i—%%—...) :cozk_1+clzk_2—|—...+ck_1+—k+...
z z z z

Ol N N
Z7—U _ _ _ _
=k 1+zk 2u+...+zuk 2+uk L
Z—U

"Aca, o S Zuk LS otta UE TO axépato UEPOC TOU TOPATAVE Yivouévou. Emouévw
p ? zZ—U N p ["L p < T p T Y 5 . T \ CJ

€youue OTL

Po(—2) = -8 { Q"(_Zi — f"(_“) } .

Xpnowwonodvtag ¢ oyéoetg (2.6) xon (2.9) xan xdvovtog npdielc uetadt twv optlou-
oGV, LTOAOYILOVUE TIC TOPACTATELS S{QZ"(_Z;:%”(_U)} %ol S{Q2”+1(_z)_Q2n+1(_u) },

Z—Uu
OTOTE TENXA XUTAAYOUUE OTIC IOOTNTES

0 Ry R1 ... Rp_1
C C1 C2 N Cp,
Pgn(—z) = — (4] Co c3 ... Cn+1 : Wn N (2.12)
Ch—1 Cn ... ... Cop—-1
Ry Ri ... R,
C C ... C
Pyyi(—2) = —| *+ 7 " Unyr (2.13)
Cpn Cp+1 .- Con,
6Tou
Ro = (O
R = coz+a1
Ry = 0022 +ciz+co
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Ry,

= cozk + clzk_l + ...

+ ck

Ané v (1.19) naipvouue 61t Poy,(0) = ag +au + ... + agy xon Moy e (2.12) elvan

ag+oy+ ...+ gy = —

0 Co
o C1
Cn—1 Cn

Cn—1
Cn

W, . (2.14)

Con—1

2.6 Mepixég LdLoTNTEG TOL S OYETLXES UE o Py (u), Qn(u).

Aupo 2.1 Edr Vi(u) elvar éva nodvdvupo Badpot k, tére n uipn tov S {Vi(u)} wolrar

€ TO OAOKANPwTIKS VTdAormo ato oo tng ovvdptnons Vi(—u) gm

m((z)), émoum >k + 1.

Anddeiln: Adyw ypauuxdtnrag tou teheoty| S, apxel va anodelouvue to Mjuua Yo
10 mohudwuuo Vi(u) = uF. Oewpolue howdy m tétoo Gote m > k + 1. Tére:

Co C1 Co

(m)

o (mpymtanL gym

u w2 oud um um+1

(=D Fequf ™t + (=) e 2 4 (—D)F e 4 — ey
1

+Ccp— + ... .
u

Apa, S{Vi(u)} = Resoo (Vk(—u) %10 )

Qm(u)

Enlong, woybouv ot napaxdte oyéoeic mou Yo ypnowwonotnioldy 610 TEAEUTHUO XEQPIAALO
¢ epyaoiag Tou Stieltjes.

Afppa 2.2

2. S{uQ%n(—u)} =

1
Qan41

1

1 1
Q2n+1 a2n02n+1

3. S{%Q%n—&-l(_u)} - a2i+2 '

4. S{#Q%nﬂ(—u)} =a1tag+...+taomr1 -

5. §{@nlcu=1) _ g {Quuizu-L

u

Q241021042

).

}:a2+a4+...+a2n.
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Anddeign Tou Muuatog: Xyetxd ue v woétnta 1 woydet ot

S {Q%n(—u)} = Ress <Q§n(u)m> = Ress (an(u)

_ Res@( Q2n(u) ): L

Q2n+1 (U) Qon41 '

H debtepn wdtnra oyder Moyw tne oyéone (1.34).
oy wétra 20 And my (1.8) yiwao =1, =2k + 1 xou v = 2 nadpvouyue

Qor+2(2) Por(2) — Popg2(2)Qar(2) = —aop42 - (2.15)

1+ Pzn(U)Q2n+1(u))
Q2n+1 (u)

Tn oyéorn auth Yo T yenoLLonotioovUe oty Tpity and Tig 10dTNTES TOoU axohoudolv.

Poyi2(u) )
Q2n12(u)

= —Ress | uQan(u Pon12(4)Qan (1)
= —-R <><>< Qan(u) Qant2(u) )

= —Ress <UQ2n(u) Q2n12(u) Pon(u) + a2n+2>

S {uQi(—u)} = fw&m(—u@;xu>

Q2n+2(u)
= —aonpioRes — ] .
" “(@mmo
‘Ouwe,
uQon(u) eou + eru? + ...+ e utt _ eou%—i—elﬁ—l—...—ken
Q2n+2(u) Eo+ Fiu+ ...+ En+1u"+1 Eoﬁ + Eluin + ...+ E1
ey Rt il
Bnp1 ot + o+ g2t 4+ 1

1 11 E, 1
= (e ) (et
Eni \epun en U Epiiu

yio apxetd ueydha n. Ondrte, elvou

Res <UQ2n<u) > _ €n (en—l _ E, )
* Q2n+2(u) En+1 €n En+1
xaw, ov AdPouue unddn toug tomoug (1.24) xon (1.25), xatedfyouue oto ot

R ),

i —Q2p+2 (_ 1 _ 1 )
Q2041002042 Q2n 4102042 Q2n0on41

1 ( 1 1 >
Q2n+1 \O2n02n+1  Q2n+100n+2
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[o v 3 etvou:

S {ngnH(—u)} = Resoo <_;an+l(u)P2n+2(“)>

Q2n+2(u)

- 1 Qan+2(u) Popy1(u) — 1
= —Reseo (UQ2n+1(u) Dol >

= Resy <1Q2n+1(u)> -

U Qant2(u) Qont2

H 8ebteprn woémta mpoxinter and v (1.34), av xdvovue xotdhhnhn addhoyr Setxtodv.
‘Ooov agopd v tehevtaia todtnta, toylet 61t deg (Qan+1(u)) = deg (uQ2n+2(u)) — 1,
dpa T0 OAOXANPEOTIXG UTOAOLTO oL {NTAUE LoOUTAL UE TO TNAIXO TWV CGUVIEAECTWV TGV
ueYLoToB&YULwY bpwV TV dU0 ToAuwviumy. Aoupdvovtac unddn toug tonoug (1.25) xou
(1.33) nafpvouue to {nroduevo.

oty 4:

S{;Q%nﬂ(—u)} — Resy, <:2Q%n+1(U)P2n+l(u)>

Qant1(u)
1

= Ress <U2Q2n+1(U)P2n+1(U)>

= ar+tazg+...+ a1 -

H tehevtaia wodtnra tpoxintet edxola, av Adovue vnddn v (1.31).
Télog, vy Ty 5 €youye:

s { (Qun(~w) ~1)° } s {%(—u) - 1} o {Q%,x—u) - Q2n(—U)}

U U u

= e (SRR )

— _Resw <Q2"(_uw_1pgn(u)> _0.

S{(Q%(—;L)—lf} _ —S{QQ"(_uu)_l}

- e ()

— Reswo <P2’;(“)) ~ Resw (;;2;%)

= (w+ag+...+tam)+0=as+ag+...+ag, .

Etvar Reso (JS;EZL) =0, 3ot deg(Pop(u) = deg(uQan(u)) — 2. Enione, n tehevtola

wétnta toyver Moyw tne (1.19).
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Tehetdvouue TNV Topdypapo UE TNV TAURAXATE TUPATARNOT:

Iopathpnon 2.3 Edv (52"(('33 = zﬂ\gl + Z]fé +...+ Zi\_/[g kar av Vi (u) elvar modvévupo

Batpot k < 2n — 1, téte 10y vel
S{Vi(u Z M;Viy(;)

Hpdypan, éotw 6n Vi(u) = ag + aru + ... + aguf. Tére éyouvue dn
u + .Z‘Z um+1 ’
m=0

omdte

M;

u—+ x;

Reso <Vk(—u) > =aoM; + arx; M; + ...+ akfoi = M;Vi.(z;) .

Ernopérang, Adyw ypapkétntag tov odokAnpwtikol vrodoitov Ja wyver kar n {ntoluern
oxéon. And aveiy mapatnpolue 6n, av to Vi(u) elvar éva modvdrvupo mov maipver un
aprnTikés Tipés yia ta Jetikd u, tére kar n roodtnra S {Vi(u)} de yiverar noté aprnrikn.
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Kscpdc)\ou.o 3

MeAetn Tou cUVEYOUS XAAGUATOG
Stieltjes w¢ npog TN cUyYxALOT GTNY
neplntwon nouv Re(z) > 0.

‘Onwe avapépinxe xot 6To EL0XAYYIXO ONUEIDUA, EVOL OTO TOL EQOTAUATO TOU ATUCY ONOU-
ooy toug uodnuatixolg tou 190u caudva, 6tay ueketoboay éva GUVEYES XAdoUA, HTAY TO
av autd ouYxAiver 1 Oyt. Xto xe@dhato awtd, o Stieltjes Bploxer ulor twovi xon ovoryxado
oLVIXN TOU AmAVTA GTO EPATNHUA AUTO GTaY TEPLoPloOVUE TO ULYadiXd 2 TOU GUVEYOUC
xhdouotog mou Uehetdue oto delld nuteninedo. Ta va gpddoel 610 anotéheoua avuto,
UEAETE TP®TA TO GUVEYES XAAOUA TOU TPOXUTNTEL Yt 2 = 1, 01N GUVEYELX TEPVE GTNY
nepintwon mov 1o 2z elvon YeTindg apiuds xon TEAOS, YENOULOTOLWVTAS TA TEOTYOUUE-
va, yevixeler T cuvifxn yio xde uryodixd z ue Re(z) > 0. To epdtnua Tt axpBog
ovuPaivetl otay To z dev avixet 610 de€Ld NuULeninedo UEAETATOL 0TO TEUTTO XAUPAANO.

3.1 Mekétn oL cuveyoLg xAdouatog Stieltjes otnv mepl-
TTWoT Tov z = 1.

[Mo Moyouc ouvtoulog Vétovue P, = Pp(1) xou Qn = Qn(1).
Afppa 3.1 H oeapd 31 a, anoxdivar axpiBs téte drav o owveyés kAdopa Stieltjes
ovykdiver yua z = 1.
Anddeiln: And ¢ oyéoeig
P, = a,P,_1+ P,_o (31)
Qn = anQn-1+ Qn-2 (3.2)

npoxUnTeEL 6L ot axohovdies (Pay), (Pan1), (@2n), (Q2nt1) etvar adZovoec. Enlong, and

™ oyéon
P, 1 1 1 (=)t

Qn Q@1 Q1Q2 * Q2Q3 T Qn-1Qn
53
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’ ’ ’ P2n+1 ’ ’ ’ . P> ’
noafpvouue 61t 1 axohoudio <QT+1 elvon giivouoa xon 3w gpayuevn, n ( 522 ) elvo
abZouca xat dve @payévn xat xde 6pog TNg Te®TNS eivar weyokltepog and xde 6po
e devtepnc. ‘Apa xon ot duo axohoudies €youv Gpto xat €0Tw OTL

Poni _p,, hmgQ” =L.
2n

Téte eivow Ly > L. Mdhiota, €dv 1 axohovdia (Qn—1Qy), 1 onola €yet ndvta 6plo ot
elvar a0Zovoa, telvel oto dnetpo, téte €youue Ly = L, eved av €yel 6plo TENEQACUEVO
aplud A > 0, téte efvor L1 = L+ +. Ané 1 oyéon (3.2) gaiveton exoha 61t Qg > 1
ETOUEVAC,

lim

Q2n+1

Qon+1 = 2ny1Q2n + Q2n—1 > Qon—1 + a2p41

and TNV onolo TPOXUTTEL OTL
Qont1 > a1+ a3+ ...+ aopy1 - (3.4)
Y11 cuvéyela TapaTnEolUE OTL
Q2n = 22nQ2n—1 + Q2n—2 > Q2n—2 + a102p ,

onoTE
QQn > o (012 +ag+ ...+ a2n) . (3.5)

Ed(r 1 O€Lpd Z:i’i oy, elvan amoxAlvouoa, T6te Ulo TOUAdYLoTOY and TIC OELRES Zzg o,
o0 7 7 4 ’ 7 7 7
Y on2] copy1 Vo amoxhiver enfong, dpo amd g (3.4) xou (3.5) éyovue ot N (Q2n) 1
(Qan+1) Vo anewpiletan, ondte L1 = L xon 10 cuveyéc xhdouo cuyxhivet.

Sty mepintoon mou 1 Y% ay ouyxkiver, éyouue 6t

Qn = ananl + Qn72 s

dpa
anl + Qn = (1 + Oén)anl + Qn72 < (1 + O‘n)(anZ + anl)

%ot TEAXS
Qn1+Qn<(l+a)(l+az) - (1+a,). (3.6)

‘Ouwg, 6oy 1 oepd > oy, ouyxhiver, toyler 6t

+oo “+oo N
H (1 +Oén) < H et = ezn:1an < 400
n=1 n=1

ondte Moyw TNg mapandve wéTNTag, N (Qn—1 + Qn) xou enouévwe xou 1 (Qr) elvor &-
Vo gpayuéves. Autd onuaivel 6t ou (Q2n) xou (Qany1) ouyxhivouv oe mpoyUoTxolg
apriuoie, doo L1 > L. X7 authy Ty nepintemon 10 ouveyéc xhdouo O’ amoxAlvet.
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Hapathenon 3.1 Av 9éooupe s = Y 1 ay,, tdte ané ty (3.6) éyovue dn
Qn-1+Qn < e’

Kai

1 1
Qn—lQn < Z(Qn—l + Qn)2 < 1628 )
omdte €lvan
Li—L>4e 2.

’ 3 ’ /. 7 7 4 P2n+1
Ero1 naiprovue pia extiunon tngs d1apopds twv oplwy twv akodovhdy (7@2

oTNY TEPITTWOT TOU To oWveXES kAdopa Stieltjes anoxAiver yia z = 1.

o) e ()

IMapatienon 3.2 Trodérovue, dnws kar mponyoupérag, 6t to ovvexés kAdoua Stieltjes
arokAiver yia z = 1. Tdre, ta dpia tov (Qa,) kar (Qant1) €lvar mpaypatixol apiijol.
Pony1

Eradn lim 524 = L, lim % = L, o1 apiiunuixés akodovdlies (Pay,), (Pant1) Ua éxour

, Q2n+1 , ,
GTL'lO'T’g EGEGPGUIJEV(Z Opla.

3.2  Melétn Tou cuveyoLg xAdouatog Stieltjes otav o elvon
PeTLxog apLipog.

Aovketovtag ue tov (8o axptBg tpoTo, dnwe xan oty §3.1 (apxel vo avtixataotioovue
o€ OAEC T OYECELC TNC TEONYOUUEYNS TOPAYEAPOL TO (iop—1 UE TO (2np—1T, TOU Elvol
enfong Yetxde apriude) xon nopaTnEMdVTAS OTL oL GELRES

a1 +ag+azr+ag+ ...

ol
a1 +oag+az+ay+ ...

ATOXAIVOUY TAUTOYEOVA, XATAATYOUUE OTO TAUEAUXATE AAUUAL

ARppa 3.2 H oepd
a1 +ag+az+ag+ ...

arokAiver av kair povov av n oepd
a1r+ oo +a3xr+ag+ ...

/. Z Z. 4 z z /4 4
arokAivel kar avté ovufaivel akpiBas ToTe 6Tav to ovvex €S kKAdoua

a1xr +
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ovykdiva. YXvykexpyéva, av elvar Fi(z) ka1 F(x) ta nenepaouéva dpa twv akolovthdy

P2n+1(ﬁ?) Pgn(.’b) 7 7 7 7 /.
(an+1(ﬂf)) Kat (Q%(x)), avtiotoiya, téte, érav 1 oepd oy + o + a3 + ay + . .. anokAivel,
elvar

P, (x)
Qn(x)

€va, drav n tponyoluern oepd ovykAivel, tote Ya eivar Fi(x) > F(x).

Fi(z) = F(z) = lim

3.3 Melétn Tou cuveyoLg xAdouatog Stieltjes otav o uLya-
OLx0g apLIUog 2 EYEL YETLXO TMEAYUATLXO LEROG.

Ajupa 3.3 Toyvour o1 1w0dTnTes

Pzn( ) B 9 (e 71 Q2p

()~ WEGE  20E T G )am@ (3.7)
Pony1(z) 1 a3z B asz o Q2n 4172 (3.8)
Qan+1(2) a1z Q1(2)Q3(z)  Q3(2)Qs(2) 1 Q2n-1(2)Qant+1(2)

Anédeln: Ou detZouue ) oyéon (3.7) yenowwonowdvtag wodnuotixd enorywy.

Mo n =1 éyovue 522(('?) = Gomoa) ov oylet. Eotw 6ty (3.7) wydet yia n = k.
Térte, av MPouue unddn vac ty wotnta (2.15), nafpvouue 61t

Poio(z)  Pop(2) 2k 42

Qak12(2) Qok(2)  Qa(2)Qakr2(z)

. Q2 Qg %)% QA2k+4-2
T 20000 GEE) T Gua()Qn(®) | Qar(2)Qara(z)

Anhadh, n tpbdtaon o toyvet xat vl n = k + 1. Ouolwe anodewevietar xat 7 (3.8).

Oczswenua 3.1 Or akoroviieg (PQ”(( ))> Ka <%> ovykAivouy ouoidpoppa ota ou-
prayn vrootvola tov dek0b nueminédov H o€ ovvaptioes F(z) xka Fi(z), avtiotoiya,
o1 omole§ elvar oAdpoppes oto H.

H oapd > oy, anoxdiver axpifds tore érav o ovvaptioes F kar Fy wavtiloveal
oto H.

Anddeiln: Adyw tou mopamdve Auuatog, N UeAETH Tng olyxhiong Tou ouveyolg
ANAOUATOS OV Log EVOLAUQEREL avaYETAL 01N UEAETT TNG OUYXALOTS TWY CELRMOY

2k
EQ% 2(2)Q2x(2)

pdel)

E Oé2k+12
a1z Q2k-1(2)Q2k+1(2)
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Oétovue xde uryadnd apriud z (oo ue z = x + yi xou Yewpolue 1o dedid nuieninedo
H = {z € C| Re(z) = x > 0} tou C. Eotw S éva ovunayéc unoshvoho tov H. Tére,
undpyet A > 0 tétoo wote Yy xde z € S va elvon Re(z) > A xau toydet

n+n’ n+n’

042k Oé2k
Z Qor—2(2)Qar (2 Z |Qar—2(2)Qar(2)]

Yt omotouedhnote puoxoic aprduole n xor n'. ‘Ounc, elvar

Qor—2(2)Qar(2) = C(z + 21) (2 + x2) - - (2 + @2p—1)

omouv ta C, x1, ..., Top—1 €lvan Ohot Vetixol mpayuotixol apruol. Enlong, emedn to
TparyUatixd uépog o etvan Yetixde aprdude, Yo woybet 6t |z + ;| > x + x;. Enouévac,

|Q2r—2(2)Q2k(2)| = Qar—2(7)Q2r(x) > Qor—2(N)Qar(N)

xaL TENLXSL
n+n’ Oé2k n+n’ -
<
Z Q2r—2(2)Q2k(2) g:% Q2k—2(N)Q2k(N)
O X elvar Yetixde mporyuatindg aprduodg, dpo amd v §3.2 €yovue ot
+oo
o, . Pan(N)
= F(\) = lim .
2 Ga@ny ~ TV =

7 —+o00 Q2L 7. 7 7 7 z ’,
Anhadi, n > 02 O 0G0y OVYRhiver, dpa yior xdde € > 0 undpyel ¥ €100 OOTE Yia
x&de n > v xon yio xde puowd aprdud n' va woyder b

n+n’ n+n’

Q2L a2k
ZQ%z )Qak (2 ZQ2k2 sz()<€’

nedryua To onolo onuatvel 6Tt

2k
;sz 2(2)Q2x(2)

ouyxhiver ouotduopga oe xdlde ovunayéc unoolvoko S tou H xon, emedr) mpdxettar yio
OELPA CUVUPTHCEWY Tou efvon OhOUopYes oto H, €youue 6Tl xou 1 GuVdETNON

elva oAouopyn oto nueninedo awtd. Me tov (Slo tpdmo nafpvouue 6TL xou 1 cUVdETNOT

042k+12 . Popti(2)
Fi( E = lim ——+%
Tz " Qak—1 2)Qak+1(2) Q2n+1(2)
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2 4 4 /.
elva oAouopyr 610 (810 chvolo.
Enouévec, oto H éyouue o1t

PQn(Z) P2n+1(z)
Qan(2) Q2nt1(2)

Y1y mepintwon mou 1 oepd S ay, ouyxhiver, ot F xor Fy efvan Stopopetinée, ool
SLapEpouy TOLALYIGTOV GTAL GNUELN TOU NUEEOV TV VETIXMY TEOYUATIXOY opLiUMY.

Y1y nepinteon mou 1 oepd > % ay, amoxhiver, ot F xon Fy tautilovion otov nuid-
Coval Ty YeTixdv mpayuatixey aprdumy. ‘Apa, and tny opy’ towttopol, Yo eivar foeg
07O OLYEXTXO cUvolo H.

Y1n ouvéyeta anodexviovue xdnoteg SLOTHTES Twv F'xar Fi.

F(z) =lim Fi(z) = lim

Ilpotaom 3.1 Edv x eivar Jetikds mpaypatikos appds, tote woyvovy

lim F({L‘) = astog+...+toy+..., (3.9)
z—0+
1
lim zFi(x) = . (3.10)
z—0+ o) t+az+ ...+ a1+
Ewikdrepa, av n oapd 312 oy, ovykdivel, tdte evar

lim F(z) < +oo, lim+ zFi(x) > 0.
z—0

z—0t

Anddeiln: Oa deilovue wovo v npwtn wwétnta. H anddeln tne dhineg yiveton ue to
3o oxentxd. I'a wxodo puotx6 n xow Tuy o Vetixd mporyuatixd apriud = oylouvy

P2n
an( ZQ% 2(x )sz( ) ZQ% 2(0) sz Za%

Hafpvovtag To 6pto Twv 30 axplavdy TocoTHTLY Xal®g 10 N — +00, €Youue OTL
Flx)<as4+as+...+ag +...

dpor xou

limsup Fl(z) <as+ag+...+ag, +....
z—0t

Eniong, yio xd&e guotxd n xou yio xdite detixd mpaypotind x do elvon

P2n
Qan(r) ) ZQ% o(w )Q%( )

ofpvovTag To %xatdTepo 6pto Twv dYo axplavdy tocothtey Yo z — 07 mpoxintel

F(x) >

liminf F(x) > ag + ag + ... + a9y
z—0t

OmoTE Yl . — +00 €YOLUE OTL

liminf F(z) > as +ag+ ...+ agp + ...

z—0t

xat o {nroduevo €yel anodetyvet.
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Ilgétaoy 3.2 Ioyve du

c c c Cp— c
F<x):ﬁ_i+;§+...+(—1)p‘”—1+(—1>”g” 0<g<l

x  x? xP aptl’
Ka ¢
N Co C1 Cc2 -1 Cp_l Cp /
Anddein: Oa detlovue povdya v mpwtr wodtnta. Eivow:
5wm::i.m
Q2n () i
n —1
Mk kak: 1 Mkl‘p kap
= % _ _1)yp1EETk 1Yk
;<az x? +ot (=) aP +( )xp(a:+;rk)
) Cc1 _1Cp—1 £2ncp
= ;_ﬁ+"'+(_l)p ?Jr(—l)pxpﬂ, 0<&p<l.
Eredr F(z) = lim % xL ool To ¢; ebvan aveZdpTnTal TOL N, GUVETAYETAL OTL Tt 2y

€youv xdmoto 6pto &, ue 0 < ¢ < 1. Eivon npogavég duwg 6t € # 0 xou £ # 1. Apa,
oy Vet

3 Cp

:L»erl )

Flz)=2 -2 4 2 4 (—p 122l

T2 T3 o 0<¢E<T.
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Kscpdc)\ou.o 4

MeAetn Tou cUVEYOUS XAAGUATOS
Stieltjes otnyv nepintwon nov 7

+00 ’
n—1 Qn OLUYXALVEL.

7 Hho To xe@dhoto, eXTOC amb TNV TEAEUTAL A TGy popo, UTOVETOUUE GTL 1 aELpd > S oy,

oLYXAVEL.

4.1  BuvapTRoelc-opLa TV P, (2), Puii(2), Qn(2), Qonti1(2)-

Anb uc oyéoeg (1.15), (1.16), (1.17) xon (1.18) mpoxintouv ToAD EUXOAA Ol TAUPAUXETE
l0OTNTES:

n
Pon(2) = > anPuy_i(2),
k=1

Qun(2) = 1+ 09Qu-1(2)

k=1
n
Pyyi(z) = 14 agq12Pu(z)
k=1
n
Qnt1(2) = Y agk12Qar(2) -

k=0

+OO I3 ’ 7 ’ 7 ’
Av ) 7 < 400 xon Yewpriooupe Tov Tuyato Yetind aprdud x, Téte and Ty §3.1 xon
ouyxexptuéva and tov t0no (3.6), avixohotdvtae xdle qop—1 UE TO aop—_1T, TalpvouUE
61t ot axohovdies (Qant1(x)) xan (Q2n(x)) eivon dve gpayuévee, dpo xat ouyxhivovoec.

522’;((2)) = F(z) < 400 xou lim 7522:1:11((?) = Fi(z) < 400, dpa ov (Pa,(x)),

‘Ouwe, lim
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(Pon41(x)) Vo etvon enione ouyxhivovoee, ondte xou gpayuéves. Enouévwe, ot oelpée
—+o00
> o Pyi(z)
k=1

+oo
1+ aorQa1(x)
k=1
+o00

1+ Z o127 Pop ()
k=1

+o0
> gk 12Qo ()
k=0

7z 4 ’ ’
ouyxAlvouy Yo xdde YeTind mpayuotixd .
4 4 7 ’
Ioyber xdrL axoun o oyveod:

Ocdenua 4.1 Otar n Y1 a,, ouykdiver, o1 arxodovdies

n
Pon(2) = > anPuy_1(2),
k=1

Qun(2) = 1+ 09Qo-1(2)
k=1

n
Pygi(2) = 14 agq12Pu(z)
k=1
n
Qnt1(2) = Y agk12Qar(2)
k=0

ouykAivouy opoiduopga o€ kdde ovunayés vroovvolo tov C kar emedn) o1 dpor Tous elvar
axépaies ovvaptioegs kar ta opa touvs Ya elvar, erions, ovvaptioes oAdpoppes oto C.

Anddeiln: O xdvouue TNy amddelln UOVo Yia TV TPWTY OeLed, OAEC oL GAAeS YivovTon
UE TopoUOLo TEOTO.

Ocwpolue tuyaio ovurnayéc vtochvoho S tou C xan unodétovue Ot 1 YEYLOTN TN
Tou Unopel Vo TdpeL To UETPO 2 VOC uryadixol oTo S elvon A.

‘Eotw n, n' tuyaiot guotxol apduol. Térte, éyovue bt

n+n’ n+n’

D Por-1(2)| £ ) sl Par—1(2)] -
k=n k=n

/, 4 4 /. /7 4 4 4
Ouwc, t0 Poi_1(z) eivar éva tohu@vuuo ue Detixolc cUVTENEGTES Xat 1) UEYLOTY TLUY TOU
umopel vo ndpet 1o u€tpo tou 2 oto S elvan A, onoTE:

|Por—1(2)] < Pog—1(]2]) < Par—1(N)
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oL TEAXS
n+n’

> aorPa1(2)
k=n

Eyouue anodeiZet 61t 1 oetpd 3125 cor Por—1(A) eivon ouyxhivousa, dpa yia xdde € > 0
UTIAPYEL PUOLXOS 1 TETOLOG WOTE YLot XSE N > v VoL Loy el OTL

n+n’

<> oorPr1(N)
k=n

n-+n’

Z Qo Por—1(N) < e
k=n

v xde puotxd n'. Anhodi, yio xdde € > 0 undpyet Quoxdc v TETOL0C WOTE Yol xde
n > v va oy Vel Ot
n+n’

> copPy_1(2)
k=n

Yiot xéde Quod ', onbte N oetpd S 425 ok Pok—1(2) ouyxhiver opotbpopga oto S.
Enedn 1o oOvolo S mov Yewpriooue fray tuyaio, and tor TponyoUUEVY EYOUVUE TENXA
OTL oL TE0GEPLS GUVOPTAOELS

<e€

+o00
p(z) = > anPu-1(2) = lim Py (2),
k=1

400

g(z) = 1+ 0Qau-1(2) = limQan(2) ,
k=1
+oo

pl(z) = 1+Za2k+1zP2k(z) = 1imP2n+1(Z),
k=1

400
a(z) = Za2k+12Q2k(2) = lim Q2n+1(2)
k=0

’ ’ y 7
elva ohouopgec o’ 6ho to C.
Ané v (1.34), av ndpouue o bpta Twv 300 UEADY TN Lo6TNTAS, TPoXUTTEL Ula oyéon
TOoU CUVSEEL TIC ToPATAVL cLYPTAGELS xo Vo Qavel yprouun topoxdtw:

p1(2)q(2) = p(2)qu(z) =1 . (4.1)

4.2 Yuvéneieg g opoLéuoppng chYxALoNg TV Py, (2) oty
p(z).

H suvdptnom p(z) elvan ohéuopyn oto C, dpa undpyouv aprduol Ag, Ar, ..., Ag, ... 1ot
©OOTE

+oo
p(z) = ZAkzk .
k=0
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Mdhota, oy et 1 mopoaxdte TedTAC.
Ilgétaom 4.1 Av Z:{i‘i an < oo kar av Ag, A1, ..., A, ...€lvar o1 oUrTEAEOTES

g duvapooepds s p(z), tdre kadévag tovg 1woltar e to dpo tng akodovdiag twv
avtiotoywy ovvtedeotdy twv Pop(z). AnAadr, av

Pon(2) = AT 4 AWz 44 A 1
ToTe 10)Vel
Ap = lim A™

Anddeiln: loyber 6t

m L o)y L Poy(2)
Ak = Epzn (0) = Mﬁzl eS| dz

xou eneld” ot tohudYLUL Poy (2) ouyxhivouv ouotduopga otny p(z) oto povadiaio xOx\o,

o éyovue 6Tt
f P2n(z) _)7{ p(z) ,
o1 2P 2j=1 2P

. 1 p(z)  p®(0)
lim A = — P = A .
nl—>nolo k 211 \z|:1 Z]H'l k! k

dpa

Hpétaon 4.2 Av 1% o, < +oo kat av (z,) elvar ma axolovdia pyadiéy apidudy

n=
pe lim z, = Z, tdre lim Py, (2,) = p(Z).

Anédeiln: Eotw € > 0. Oewpolue évav xuxhixd dloxo D yipw and 1o Z. Torte,
UTIAPYEL PUOLXOS v, TETOLOG MOTE Yo xde n > 1 ko Tat 2, va Bploxovton uéoa oto D.

Eniong, Moyw tng opotduopene ohyxhorg, urdpyet puotxdc V' tétolog HoTe yio xde
n ue n > v vo woylet |Pop(2) — p(2)| < € v xdde z oto D.

Télog, and ) ouvéyeta e p 010 Z undpyet puotxdc v tétolog wote yia xde n > v
va eivon |p(zn) — p(Z)] < €. Ouwc,

|Pon(2n) = p(Z)] < [Pan(2n) — p(2n)| + [P(20) — p(Z)] < 2¢

yoo xdde n > N, émou N o ueyohidtepog and toug guoxolc v, v o v”’. To € mou
Vewprioaue ftay tuyaio, dpo lim P, (2y,) = p(2).

Hapathenon 4.1 Ar 3 1% o, < 400, tére n axodovdia twr tapaydywy (Py,) ouyidi-
vel, eniong, opotduoppa otnr p' o€ kdde ovurayés vroovrolo touv C. Ernopévag, puropolie
va tapaywyioovue does popés Délovpe Ty wdtnta p(2) = S aok Par—1(2).

Eriong, érav éxovue pia akodovdia (zy,) pe limy,— 100 2n, = Z, Aéyw twv tapardrve Ja
wyve 6u lim P, (z,) = p'(Z).

Puowd, avdhoya ovunepdouota toydouy xat yio Ti¢ ¢(2), p1(2), q1(2).
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4.3 Mekéty oV puloV TnNg cuvdetnons ¢(z).

Ly mpdn napdrypapo tou xepokaion ypdaue Tic ocuvapthoe p(z), p1(2), q(2), ¢1(2)
UE TN UOp@1 ATER®Y GELPGOY. X auTH) TV TapdYeapo xot 6TIC ETOUEVES Yo anodetlouue
didpopec mpotdoelg mou Vo wog Ponldioouvy va ypdouue Tig GUVIPTACES AUTEC UE TN
Uop@n anetpoyvouevey. O uehetioovue Uovdya v tepintwon e ¢(2) = lim Q2,(2).
Ot GAAeC TEPITTWOELS UEAETWVTOL UE AVAAOYO TEOTO.

Edy xgn), IL‘gn), 2l et o oilec tou Qan(—2) (Datetoryuévec amd tn uxpdtepn
TPOC TN UEYOAITEPN), TOTE Vot Lloylet 6Tt

Q) = 1+ — | (14— ) 1+ = | -
xln xzn Ty

Enouévee, 0 6UVIEAESTAC TOU 2 6TO TOAUGVUUO T Elvor 0 — + — + ... + — 7ou
] Ty Ty

oot UE BYL) (o Buunolue Toug ouvuPolouoiec g §1.2). ‘Ouwe, and ) oyéon (1.23)

TEOXUTTEL OTL 1) axohouvdio (BYL)) evor yvnotwg avZovoa. Av eivor g(2) = 720 Byz”,

167, and v mpdtaoy 4.1 g nponyoluevng topaypdpou, éngton Ot To By elvon To dpto
7 (TL 7 7 7 7 z

e axohouwdiag (B) ), dpo Yo eivar to supremum tng axohouvdioc avthic. Emouévoc,

€)OUUE TEALXS OTL

1 1 1 n
x ) Tn
Oewpolue Tic axolovdies Twv plodvy
@™y, @), @M,
0V TOAOVOUOY Qon(—2). Edv elvar k > n, té1e éyovue ouugpuvioet 6t l’,(cn) = +o00.

Ané o Yedpnua 1.2 mpoxintet 6Tt 1 axohouvdio (x,(cn)) elvou giivouoa, duwe and v (4.2)

TEOXVUTTEL OTL Elva XATw QPEAYUEVT and ToV aptiud B%. Yuvenwg, o €yet 6plo mparyuaTind
apuiud, €0tw Tov Ap xat, Udhiota, Aoyw NG Sidtadng Twv ptldv, Yo toylet 6Tt

M< A< . <A< ..., (4.3)

Hopathenon 4.2 Trodéoaje otny apyij wov kepakatov 6t n oapd > oy, ovyrAiver.

Ereidn) otnr arnddeién vrapéng twv oplwv A\ kar tng oxéons (4.3) de xpnoipororiinke
rovdevd n vrddeon avtn, énetar 6n n akodovdia (N;) opiletar kar elvar avéovoa eite n
oepd TV TUVTEAETTOY TOU OUreEXoUs kAdoparos Stieltjes avykAivel, eite dyi.

n=1

Mpétaon 4.3 Av 1% a,, < +oo, téte n oapd 3129 /le ovyKAiver.

Anddelln: Oewpolue 300 Quowols k xou n ue n > k. Enedh A\ = inf,, ey x,(gm), Yot
€youue 6T
1 1 1 1
>

— +
)\1 )\2 )\k xgn)

+W'

—+...
xgn) L,
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‘Ouwg, and tov oploud tou inf €youue 6Tl Sodéviogc € > 0 undpyet N tétolo GOTE Yia
n > N vo oy et

i+i+. +i—i—i— ! <e
PYRIDY PSRN O RN D 20
Enouévoc, yia n > max(N, k) o woybet ot
S L I L i S I NI NI N
Al Ao Ak xgn) mén) xl(cn) mgn) xgn) e ;
onoTE, %1+A%+"'+T1,€<Bl+5 yio x&e € > 0.

Anhadt, n oepd Vetindy bpov S i elvat dve Qeoryuévr, dpodo elvon ouyxhivovoa
xat, udhota, 1o dpotoud tng dev umopel va Eenepdoet o Bi.

+oo
n=1

Ilgotaom 4.4 Av
axodoviiag (—Ag).

ay, < 400, téte n ovvdptnon q(z) undeviletar o€ kdde dpo Tng

Andédein: H axohoudia twv moduwviumy (Qa,(2)) ouyxhiver opotduoppo oty ¢(z)

(n)

7 7 / . n
ot xde ovurnayéc unootvoro tou C. Eriong, lim, .o ),
4.2 mafpvouvue 6t

= A, dpa and TNV TpdTACT

a(=\) = lim Qo (") =0

xat 1o {nroduevo €yet anoderyvel.

Hopathpnon 4.3 And ) oxéon (4.3) éxovpue du n axolovdia (N;) elvar avéovoa kar
ané Ty mpdraon 4.3 éu n oapd >SS i ovykAive. Amé tnv mponyoluern mpdtaon
mpokUntel 6u n q(z) éxe piles ta —A; ka1 ¥ arodeiéovpe mapaxdton 6t avtés elvar ka
o1 povadikés piles tng q(z). Axdun, emeidn n q(z) dev elvar unopel va elvar n undevikn
aguvdptnon, agov ¢(0) = lim Q2,(0) = 1, ané tnr apyn tov tavtiopol tpokinter dtr dev
propel n axkodovdia (M) va éyxer ws onuelo ovoodpevons tpaypatiks aprdus. Ouews,
eme10n mpokerrar ya pa avéovoa akodovdia, ovvendyetar 6t

lim A\, = +o0 .

Yto 1010 anotédeopa pumopolje va kataAnibove kai mo eVkoda: and tny npétaon 4.3 éyovue
on, eredn n oepd nag ovykAivel, Ja elvar lim )% =0, dpa lim A\, = +o0.
n

4.4 H axohlovdia (\;) elvar yvnoluwg abovoa.

Puowxd, 1 mapandve axohoudio dev unopet va elvar tehxd otodepn, yioti, av auTd GUVE-
Bouve, 1 oepd 12 i Yo elye ddpoloua +-00.
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‘Eotw 61t undpyouv xdmotot bpot T houdiac (Ap) tvo toot, dnhadi| und
ox pot Tng axohoudiog (A,) mou elvan toot, Snhadh undpyouy
vetol oxéponot k xan i téTolol WOTE § > 2 xou

)\k+1 = Ak+2 —- ... = Ak+i 5

EVO Appi < Appitl. OEwpoOVUE 0pxeTd UeYdho N €T0L WOTE Ol MEREPUOUEVOL TATYOUC

6p0L 3:(") x(n) ZC(n) a:(n) a:(n) va Stowépouy ToA) AMyo and tor avtioTolya
P 1 0 oo T s gy ooy LTpags Tpayig Pep Y X

’ 7 7 ’ ’ , (n) (TL)
OpLE TOUC A1, - .oy Aky Aktly - - - Moty Aktit1, ETOL OOTE OAoL oL apriuol Tp s Ty loy ooy

(n) ; .
r,/; va Boloxovion oto Sidotnue [Agy1, Aktit1)-

I'vwptCovue axdua ot
(n) _
Tyl > Mokl = Aei

!
xow, e App; = infyen x,(ﬁz, Vo undpyet guoxdc n' tétolog Bote :c,(ﬁ:n) < :1:,(21
Apa, ot pilec
(n+n') _(n+n') (n+n')
Ty s Tppn s Ty

T0U Qant2n/ (—2) Vo Bploxovtor dhec 6o Stdotnua [Aky1, :pgj_)l] Enlong, woybel npogavide
, n+n’
oTL Il(e—‘ri-f—l) > )\k+i+1 > )\k+i.
/E )\,E ’ 8 7 [ (n+n’) (n+n’)
oL, xotahflape oto 6Tt o ddoTnua [T Ty |

Qontan' (—2) meptéyet Tic pilec

] duo Bradoyxdv pldv tou
(n) .(n) (n)
Tyl Ty s Ty

U Q2n(—2). Ouwg, and 1o Jedpnua 1.3 g §1.5 éyovue 61t uetald duo dradoytxdy
otV Tov Qanton (—2) Pploxetar névta 1o ToAd pia pilat Tou Q2p(—2) xon xaTohfyouue
o€ dTono.

4.5 H ouvdptnon ¢(z) LE TN LOPYPT| ATELLOYLVOUEVOV.

Eotw ¢ > 0 detxd xar ocodfnote uixpd. Enedy| yio 1o aneipoytvouevo

“+oo

z
Q=) =] (1 + /\*k>
k=1
oy Vel 6T
T« o _ s
H(l—l——)ﬁe e =e Mo < 400,
k=1 Ak

dnhad?) ouyxhiver, Yo undpyEL PUOIXOS M TETOLOG MOTE
+o0

11 (1+’/\Z]€|)—1

k=m+1

<e. (1)

67



Stadeponototue 1o 2. Botw t61e M = [[3 <1 + %) Hpogavag, oy et 6t

ﬁ<1+’)il)<M 2)

k=1

xat, AOY® NG TeonyolUEYNS oyéong,

k:];[+1 (1 + A%) “1l<e. (3)
Enedy
m +oo
oo 110+ 5) 11 (5
k=1 k=m+1

6mov 1o W' elvan uryadnde aptiude ue uétpo UxpGTEPO TOU E.
[ xdde guotxd n e n > m 1o tokudVLUO Q2,(2) YedpeTon

@) =11 (1+ ) TI (1+-)
k=1 T " k=m+1 Ly,

Eneidy ﬁ < i xot Moyw twv (1) xou (2) éyouvue bt

-1 :ck
oL
+oo
z
M (+=5) 1<,
(n)
k=m+1 L

ondte and Tic 800 TPONYOUUEVES GYETELS TEOXVTTEL OTL

m
2
Qo) = [T (14 ) + Me", (5)
k=1 Tk
6mou 1o uétpo tou w” elvon pixpdtepo Tou €.

‘Ouwe, elvar
m

T 2)=T10+5)

Ané ¢ (4), (5) xou (6) nofpvouue 6t

limsup |Qan(2) — Q(2)] < 2Me .

n—-4o0o

Anodeiloue 10 nopoxdtw Yewpnud.
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Ocdpnua 4.2 Av Y% ay, < +o0, téte n cwrdpTnon q Taiprer T popet

q(z):Jﬁo(l—i—;c), 2eC. (4.4)
k=1

IHopathpnon 4.4 Onwg deilapie ya tnr q(z), étor npokinte kar ya Tig VTOAOLTES TPELS
ouvvaptioes ot umopoly va mdpouvv Tn Hopen armeipoywiuevov. Emiong, andé tov timo
(4.4) mpoxinzea én n q elvar ovvdptnon yévovs undév kar 6t éxer ws piles Tovg Gpous
g akodovdiag (—Ag) kar pdvo avtés. Andadn, éxea drepes piles kai, pdlioza, 6Aes elva
amiég.

4.6 Ou cuvopthcELg 1;% 2O 218 UE TN LOp®Y| CELROV.

And oha 6o eldoue 0TI TPONYOUUEVES Topayedpouc TEoxVNTEL OTL Yol x&e Utyadixo
aprdud z, mou de undeviler v ¢(z) otV Ty Tepintwon | Ty q1(2) otn debrepn
nepintwo, oy vel 6Tt

PQn(z) p(z)

e Qon(2) — a(2)

pde )

. Pyga(z) pi(z)
”BIEOO Q2n+1(z) B (I1(Z) '

2 4 p(z) 7 7 ’ 7 7
Oa yedovue T cuvdptno o(z) ©S dmetpo dpoloua amADY XAACUATODY XA, QUOLXSL, UE

Tov {310 TpéTO xan M) Zigg unopel v tdpeL Ty (St Lop@.

Yy (1.38) tne §1.3 detllapue b1t

Pu(z) _ M"Y M,
Qn(2) 242 242 4z
6ToU T Ml(n), Mén), N M,S”) elvar Yetixol apriuof.

[opoxdtw anodetxviovue xdmolor Ajuuata mou Yo Uag Bonidnoouy.

)

ARupa 4.1 Ia to ovrtedeotn M,gn , omov k=1, 2, ..., n, wyve ou

Anéden: H (1.38) ypdpeton

n _ _..n)
Pon(2) _ZMz(n) Qanl?) Q2T(07(L))xl ) )

=1 z— (-



n
ondte unohoyiCovtag T Gpta xat TV 800 UEADY TG TUPATAVE LloOTNTAS OTAY 2 — —xé )

(mpogavae To Gplor auTd UTdEYOLY), EYouUE OTL Pgn(—az;n)) = M,gn)Qén(—x,gn))

Afupa 4.2 TNa kdle puoiké apriud n 1wyvea on

n n n 1
Ml()+M2()+...+M,§):a—l.

Anddeiln: And my (1.38), av molhamhaocidoovue xou tor 300 WA NG todTNTaC UE
10 Qa2n(2), mpoxinTeL 6TL 0 ouvTEAEoTAC Tou 2" ! 670 Pyy,(2) wwolton ue 1o ddpoloua
Ml(n) + MZ(") o+ MY eni 1o ouvteheoth| tou 2" 010 Q2,(2). Av AdBouue unddn
toug tOmoug (1.21) xou (1.25) e §1.2 npoxdntel 6Tt

n n n 1
Ml()+M2()+...+M,(L):a—1.

IMopatienon 4.5 And tnr napatijpnon 2.1 éxovpe énicg = Y 5y M,gn) yia kdde n.
Apa, and o mapandvew Ajuua mpoxvntel 6t ¢y = a%
Afppa 4.3 Ay S P% q, < oo, téte ya kdde puoké apidué k n axolovdia (M,gn))
ovykAiver o€ Uetikd mpaypatiké apiiud, éotw tov ik, kar pdAiota wyver 6t

~ p(=Ak)
STES VI

An6deln: I'vwpilovue 6t lim x;n) = Ak, 61t 1 (Pop(2)) ouyxhivel ouotbuopga otny

p(z) %o 10 8o xou 1 (Q2n(2)) otV ¢(2) oe x&de cuunayéc utosvvoro tou C. Apa, and
Vv npodtaot 4.2, tnv nopathenon 4.1 xor to AMjuua 4.1 €yovue ot

_ Py, (— (n)
p/( i\k) = lim ? ( xlzn)) :hmM]gn)
M) e gy (at

Av ¥éoovpe pp = lim M,gn), 167€, enELdY] M,gn) > 0, éyovue 6Tl TO g, slvon Un aEVNTIXOS
TporyuaTixog apriudg 1 +oo. ‘Ouwg, and v mapathpnon 4.3 €yovue OTL To — Ay elvon
anhéc pilec e q(2), oo ¢'(—Ak) # 0 xou 10 py dev etvon +oo. Téhog, and v (4.1)
€youue OTL

p1(—=A)a(=Ak) = p(=Ap)q1(—=Ax) = 1.

Enedr ¢(—Ax) = 0, ouvendyeton bt eivon p(—Ag) # 0 xon enopévac puy > 0.

+oo

Adppa 4.4 Av S5 a, < oo, tote n gapd S ik elvar auykivovaa.
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Anddeln: 'Eotw n, k duo guowol apriuol ue n > k. Enewdq p; = limy, 4 Mi(n), o
Yewproovue éva € > 0, TOTE UTOPOVUUE VAL THPOVUE TO M OPXETA UEYTAO DOTE VoL Loy UEL
g+ gt e < M 4 M+ MY e < MM M L+ MY e
Adyw tou Muuatog 4.2 Yo eivan

1
1+ pe+.oo o+ < ——+¢€
Qay

Yo x&de € > 0. Auté onuaiver 6t 1 oetpd Vetindy bpwv S 125 pk evor dve pporyuév,

dpo suyxhiver xau, UdAoTa, To ddpoloud tng dev Eemepvd To 0%1

Hpétaon 4.5 Av Yt a,, < 400, tére n ouvdptnon S(z) = S5 5 efvar puepd-
popen ozo C.

Anddeiln: Oewpolue évav avorxtd xuxhxd dioxo D(0, R). Enedd n (Ax) elvor ad&ou-
oo xo GUYXAVEL 6TO 400, UTdEYEL ko £TOL WOTE TO TOAD oL kg TpcdToL bpot Tng axohoudiog
va Bpioxovton uéoo otov D(0, R). Téte yo xdle z € D(0, R) xou yio x&e k > ko toybe

HE < HEk < Pe
‘Z—l-)\k’ )\k—|Z| M. — R

H vrocohoudior (A, — R)jsp, 1 €V %84T0 @paryuévn and xdmotov Yetixd apriud ¢, ondte

+oo
Z )\k _ R = Z f < 00
ko+1 ko+1

Enouévec, 1 5% Ko+l 5 ovyxhiver opotbuopga xau 0piler OAGUOpYT CUVEPTNOY OTOY
D(0, R). "Apa 1 ouvdptnon

LN K
-3 Ly 35
Pt z+ A kot 1 z+ A

elvon uepduopgn otov D(0, R) xau, enedr to R elvan tuyado, ouvendyeton 61t 1 ouvdptnon
S(z) etvar uepduoppn oto C.

Ago0 dei€oue dha tar tponyodueva, Tepvdue oty anddelln tou BacixdTEpOy AnoTE-
Méouoarog authc Tng mopayedpou. Oo yeddouue dnhadh TV Ezg S oELpd.
Eotw &€ > 0 xaw 2 € C. Enedd| limy, 100 Ay = +00, vt x&e quoixd cprdud i,

UTGPYEL T TETOLOS DOTE Apgs — |2] > % Térte, npoxiintet 6t

1
| Ami + 2] > Api — |2 > z
ondte, yia xqe ¢ toylet
1
< ¢
‘)‘eri + Z|
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[o t ouvdptnon S €yovue

M ~
S(Z)—;ZJ”\’“Jrkzzm;rler)‘k .
A0S
MG JFZO:O M| io Pe_ . io £
M DR VS e B ER PV k:mﬂﬂk a

xalt, ETOUEVKC,

= M W’
S(z) = — A
D= T ta @

6mou 1o uétpo tou W' elvon utxpdtepo Tou €.
And tny &A1 mheupd, éyovue OTL, av m < n, TOTE

Pon(2) i M . z": M

Qam(z) =4 :c,(gn) hmg1 2+ wé”) '

‘Ouwe, yia xde k > m + 1 woydet x,(cn) > A, > L+ |2, ondre elvan xou \x,(cn) +2 > L
Me 10 Bordeta Tou teheutaiov €yovue 6TL

n M(n) n M(n) n
(7’1) (TL) 041
k=m+1 % T T}, hemi1 |2 T 2| k=m-+1

X0, CUVETOC,

m (n) "
Py, (2) Z M, w

= —, (B
Q2n(2) 1 %+ xlgn) ar
6mou 1o uétpo tou w” elvon pixpdtepo Tou €.
)
'Oty n — 400 toylet imy o jo0 D pry Zﬁﬁ% => -, ondre ané g (A) xou
(B) éyouvue 6t
P 2e
lim sup 2n(2) S(z)| < —.
n—-oo 2n(z) a1
Apa,
+
D) P 2
= lim =S5(2) = .
a(2) e Qun(2) 2

Arnodeiloue hotndy 61t

Ochpnua 4.3 Av > 1 a,, < +o0, téte yia kdde 2 € C—{~\g| k =1,2,... } wyiea

n—=

+
p(z) =~
Z—i—)\k‘

k=1
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4.7 Ou ouvteleoTEg ¢; wg dnelpa adpolopata.

Eidoue otny nponyoluevn nopdypogo 6t n oepd S 45 e ouyxhiver. X authy Ty
Topdrypapo Yo acyohndolue ue tn yYevixeuon tou mponyoluevou AMjuuatog. Oo detlouue
dnhadr ot

Ochpnua 4.4 Ay S 1 0n < +00, Téte yia kdde i = 0,1,2,..., n oapd S ;25 Al
ovykAivel kai, pdAioa, 10y vel ot

—+oco
ci= A - (4.5)
k=1

Anédeiln: ‘Eotw k guotde aprdude xon 10 ddpotoua A + padb + ... 4 gL

Enmedn p, = limy, 4 o0 ngf) xot Ay = limg, 1 oo :c%‘)

UTLdPYEL N APXETE UEYENO, TETOLO DOTE Vo Loy VEL

, av Yewproovue € > 0, tote

NG oAy Ny < MY (@) MY (@S L MY () e
‘Ouoc, and v wdtnta (2.3) e §2.2 éyovue 6tL ¢ = Y oy M,gn) (x,(cn))i, ondte Vo elvon
u1>\’i—|—u2)\’é+...+,uk)\}; <c+e.

Kool fiyouue 670 6Tt 1 0gpd Tev YeTndy bpwv o = > 125 Al efvon dve gporyuévn,
dpa suyxhiver xou udhiota Vo eivar o < ¢;.

Enedn ot épot tne Yvno*iwg ab&ovoac axohoudioc (Ay,) Unopoly va yivouv ocodfnote
ueydhot, undpyet m T€T0l0¢ OOTE /\“’1 < g, 6mov € eivar tuyalog VeTidg apriude. Tore,

o €youue Ot

+
io :uk>‘k< Z " )\1+1< ZM )\erl Cit1

k=m-+1 k m~+1 m+ 1

%Ol GUVETKC elvol
m
7 !
0= E PeA €, (a)
k=1

brou 0 < ¢’ <e.
And v dhhn ueptd, €youvue 6Tl yia xdde n > m + 1 woy et

¢ = Z M,in) (:I}én))i + Z Mén) (ac}cn))Z
k=1 k=m+1

‘Ouwc,

ZM ZM ”)1+1 Ci;l<€’

A
k=m-+1 k m—+1 m+1
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onoTE

¢ = Z M,gn) (xl(cn))i +&", (b)
k=1

brov 0 <€’ <e.
Kpatwvtag 1o m otadepd, éyovue 6Tt

i S =S
k=1 k=1

Ané uc (a), (b) xou v tekevtala oétnTa €yovue 6T [0 — ¢;] < 2 xou, EmOUEVWLG,
g = C;.

Ané g mapatnerioeig 1.2 xan 1.3 €yovue 6t yia xdde n = 0,1,2,. .. wydet

Poyi(z) N NM N
B R
Q2n+1(2) z zZ+t z+1tn
omou, yto k = 0,1,...,n, 1o N,E”) etva Yetixol oprduol xon o —t;n) elvar ot pilec tov
Q2n+1(2). Oewpolue bt N,gn) = 0 %o x,(cn) = +oo yian < k. Me tov {810 axpi3ig tpémo,
Omwe xat 0Ty nepinTwor TNg axohovdicg (5222((?)>’ amodexvieton 6T Yiar TV axohoudia

(%) Loy VEL TO TopodTw VeDEnUL.

Ocdenua 4.5 Av 1% o, < +oo, tére ya xdde k = 0,1,2,... vndpyouvr ta dpia
(n)

Ve = limy, 4 o Nkn kar O = lim, ;oo ), . Olot o1 apifpol vy, efvar Detiol ka1 1wy ver:

0=0y <6, <Oy <... Kat lim 0, = 400 .
k—o0
Eriong,
+o0 1
Z — < 400
il
kar 1 q1(2) ypdpetar g anepoywiuevo

“+o00

a(:)==][(1+5). = cC.

k=1

Evor, o apipol —6y, —01, —02, ... elvar akpifas o1 andég piles tns ovvdpTnong qi1(z).
Axoun, wyve éu n ovvdptnon

+oo

pl(z) Vo Vi
_ 3 —{— =0,1,2,...
+k:12’+9k y R cC { 0k| k 07 5y 4y }
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etvar pepdpopgn oo C, evd, ya kdde i = 0,1,2,... n oeapd > 125 vp0i ovyrdive. Md-
Awota, elvai

+oo
o = Z Vg,
k=0

00
o= Y wby, i=12,.... (4.6)
k=1
NOUGOVYL UE TO TUpAmdve VEGENU, O0THY TEP(TTwon Tou Y 05 ap < 400, T6TE

undpyet xat SelTEPOS TPOTOG VAL YPAPOLY Ta ¢; G apoloUATI GELRMY.

Hopathpnon 4.6 Eradn, Adyw tng oxéons (4.1), oo ovvaptioes q(z), q1(z) dev éxouvr
kowés pileg, o1 apripoi A1, A, ..., 6o, 01, 02, ... elvar GAor Sragopetixol avd 6vo. Erniong,
aré ta ovunepdopata tng §1.3 éyovpe onr ya kdde n wyla

n)

0=t <2l <t <2l <l <<l <t
Iaiprovtag ta dpra wwy akolovthdy (SL‘](cn)), (t,&n)) yia kde k Ppiokouvue éun

O0=6Oh< M <O <X<by<....

4.8 To mpofAnua TwY POTWYV.

Oplowog 4.1 Ocwpolue tov Jetikd nudéova Ox kar pla katavour) paldv (mg, &) pe
1=1, 2, ..., onov n Uenuikn pdla m; Pploketar o€ andoraon & ané tnv apxn O kar o1
arootdoes & elvar dragopetikés avd 6vo. To dipowoua

+oo
> migf
i=1
ovopdletar porn) k-tdéng tov ovotiuatog twv paldv (m;, &) os mpog Tty apy1 O.

Y0uQwvo Ue ToV 0ploud Tou SOOooUE, oV UTOVECOLUE OTL €YOUUE TO GUOTNUI TOV
wolov (i, Ai), ue @ = 1,2,..., t6te vy x&e k n pont| k-18&ne €yet, olupwva ue to
vewpnua 4.2, tny 1wy c;. Enfong, and 1o dedpnua 4.3 mpoxinter 611 av Yewpricovue
0 obotnua v walov (v4,6;), ue i=0, 1, 2, ..., téte yio xde k 1 pont| k-tdEng €xet
enfong v Ty ci.

O Stieltjes opilel To TEOPANUA TLV POTOV WS EENS:

Oplowmoés 4.2 Eotw du éyovue ma akodovdia Jetikawr aprdudv. IlpdfAnua twr porcy
ovopdlovue to mpoPAnua tng e€lpeons evés ovotiuatos palov kar twv Jéoewr émov Ya
g tomodetrjoovue oto Jetikd nudéova, dote n k-tdéng porn avtig tng katavouns va
etvar o k-00td§ dpog Tng dodeions akoroviiag.
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Ac ovuPolicovue tov k-0016 bpo authc g axolovdiag ue c. Kotopyde, yia va
untdpyet Aon 010 TpdBANU oL Gpot NS (k) OPEINOUY Vo LXAVOTOLOUY XATOLES AVIOOTHTES,
dnhad¥) umdpyouv xdmoteg avoryxaieg cUVITXES.

[Mpdrypartt, éotw 6t Bploxovue éva obotnua walony m; xo 6t Yvwpllovue ot moleg
Véoewc & mpénet va Tic TonoeTAGOUUE GOTE VO toyUEL e = > gy M€l yio xdde k. Yo

téhog g §2.3 eldoue 6Tl 0TV TEpinTWON aUTY, Yo Xdde QUOIXS P, 1) TETPAYWVIXY) LOPYN

3

Z Cpri+k X1 Xk
k=0

N
Il
=)

7 7 4 z 4 7
ogeilel va elvon Vetind optouévn. Emouévwe 1 opiCouvoa

Cp Cp+1  Cp+2 .- Cptm-—1
Cp+1 Cp+2 Cp+3 .-+ Cpim
Cp+m—1 Cp4m e <. Cpto2m—2

mpémet var elvon Yetixh) yio xde p. EWdixdtepa, mpénet xar ot nocsdétnteg Uy, W, mou
oplotnxay otny §2.5 va elvar Yetinée yio xdde n.

Trodétovtag 6Tt ot mapandve avayxaleg cuVinxes txavonoobvta, Staxpivouue 80o
TEPLTTWOOELS GTO TEOBANUA TWV POTWYV:

e v adpiotn nepintwon, 6nou 1 axohoudia (cr) TV ponwy tou diveton eivon tétola
’ ’ +o00 )\/ A ’ /)\ ’ 8 /E ’
OGTE N oepd Y 17 oy VoL ouyxAivet. And dha boa Seiaue otic nponyolueves na-
POy PAPOUC TEOXUTTEL OTL 67 AUTYH TNV TEPITTWAY LUTAEYOLY TOUALYLETOV dV0 AboELS
oto mpoPBANUd uag, elvar ov (w4, Ai) xou (v4,0;). Armd autée e dvo hboew umo-
POUUE VO XUTACKEVACOVUE ANELRES AAAES AUOELS TakpvovTag XaTdAANhoug xuptolg
Yeauutxoie cuvduaouolc.

T nopdderypa, yvopilovue ot elvon

0=0h < A <O <A< ...
‘Eotww (&) 1 ywoloe abZouca axoloudio axolovdio tou opiletar and toug mporn-
yovuevoue apriuolc. Téte, x&de ovotnua pualdy (my, &), 6mov k = 0,1,2,... |

ue

e — Lt umdpyet @ Ue & = g, dev umdipyel j ue & = 0;
PTl (1= t), undpyet i e & = 6;, dev undpyer j e & = A;

émou t tuyaiog aprdude tou [0,1], elvan enfone ulo Moom tou npofBifuctoc.
’ ’ ’ ’ ERCS) ’ ) /
o Vv opwopérn nepintwor, oty onola 1 oepd Y T2 ay, amoxAiver. X7 authv v
nepintwon, Yo detfovue oty §8.3 6TL 10 TEOPANUA TwY poTt®Y €yet Ul xat Lovadixn

Aoom,.
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To npdéfinua twv pon®v eivar éva onuavtixd TpdBinua, Tou tewmtog édeoe o Stieltjes
o’ authy NV gpyaoia tou. BéBata, YU’ autdv to mpoBinua autd €yel evdlagépov eneldy
YENOWOTOLOVTIS TO XUTAPEPVEL V) ANAVIACEL 0TO EPWTNUA TNS oUYXMONG 1 améxMong
ToU ouveyole xhdouatde tou. Apybdtepa, to 1919, o H. L. Hamburger (1889-1956)
uekétnoe 1o B0 TEdPAnua Yewpwvtag ot Véon g nuewdelog Oz ohdxhneo Tov dZova
TV TpayUaTix®y aprtudy. Av xar o Hamburger cuvdéer, 6nwe o Stieltjes, 1o npdfAnua
ue ™y avahutixr] Yewplo TV cuveywv xhaoudtey, dev ouufBaivel to (Sto xar pe TNy
epyaoio mou dnuooteler v enduevn yeowd o F. Hausdorff (1868-1942), nou ueletd
10 (10 mPOPBANuUA oplouévo ot nenepacuévo ddotnua. To 1922 dnuociebovion dbo véeg
epyaoieg, 6Tou To TEOBANUA TwV poTtwy Sev €yl Tia xaula GYEoT UE T GUVEY T XAACUITA.
H pia etvor Tou R. Nevanlinna (1895-1980), o onoloc uehetd t0 npdBANUO TV pOTGY €10
6mwe o bpioe o Hamburger ypnotwonowsvtag uovo uryadixy avéiuor. H dhkn etvon tou
M. Riesz (1886-1969), o omnoloc cuvdéet 10 mpdBhnua Ue To QporyUéva ouVAPTNCOELdY
TOU Y MOPOU TWV GUVEYDY GUVIRTACEWY EVOC XAELGTOV Xou PearyUEVOU StacThUATOS, Snhady
UEAETE TO TPOPBANUA and TNV TAELEA TNS CLUYAPTNOLAXHS AVIAVGTC.

[or plor avoutie] totopixt| avadpour Tou TpoPfAfuatoc autol napanéunovue oto [8).
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Kscpdc)\ou.o 5

Ocwpfuata Tng Muyaoduxhg
Avdhuong mou Bonuoly 6T LEAETT
TOU CLVEYOUG XAdcuatog Stieltjes.

Y10 néunto xe@dhiono g dnuoacievoric tou o Stieltjes anodewcviel npotdoelc and ™ Mi-
yodixy Avdluor, ti¢ omoleg 010 Téhog Tou xe@ahaiou e@apudlel Yo var TEpeEL xouvolpta
anoteléopata ot Yewplo Tou. Apyiletl ue éva Yemdpnua to onolo apydtepa Yo YEViXELOEL.
To Yedpnua autd elvon Yvwotd otn uryadxr) avdiuon ue to dvoua Stieltjes-Vitali, Siott
anodelydnxe v Sta neptodo xar and tov G. Vitali (1875-1932).

Oehpnua 5.1 Eotw pia akolovdia puyadikdy ovvaptioewr pyadikns petafAneris (fr)
mov €lvar 0AGoppeS aTo €0wTEPIKO KukAikoU Olokov C' e kévtpo Ttny apy1) twv a&évwv 0
katr aktiva R. Apa, kalepud tovg Ja maiprer wn popen

+00
fi(z) = ZAEk)Zz
=0

yia kde z e |z| < R.

Trotérovpe axdun én n oapd 125 fr(2) ovyidiver opoidpoppa otov kukhixd diowo'
C1 pe xévrpo 0 kar axtiva Ry < R.

Télog, Gewpolie éri o€ kde kKukAikd diloko C' e kévtpo 0 ka1 aktiva R’ < R, téroa
dote n dagopd R — R’ elvar ovodninote pukprj, o pétpo tov adlpolopatog

f[i(Z) + fa(2) + o 4 ful2)

/. 4 / 4 z z z z ! Z. / Z
elvar dvw gpaypévo, aveEdptnta and to uoiké n, and tov aprdud L. Elvar mpopavés ot
z / 7 7 7 z / 7
600 n R mAnodler tnr R téoo to dvew gppdypa L' peyaldver.

/ /’ z .. ’ z 7 “+o00 /
Otav 1wyvour o tpag mapandrvew mpolinodéoes, tote n oapd » ) fi(z) ovykdiva
opordpoppa oe kde kvkAikd dioxo C'.

1%10 xe@dhato autéd Gtav yedgouue «xuxhixde Sioxocy Vo evvoolue «XAELGTOS XUXAXGS Slox0cy.
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IMogiopa 5.1 Yo mponyoluevo Yedpnua n axtiva R’ tov kvkhikod dlokov C elvar
pikpotepn s R. Ouws, pmopolue va tnr ndpovue étor wote n dagopd tng and tny
R va etvar ooodijmote jukph kai, eropéves, n oeapd Y 125 fr(z) ouykdiva opoduopgpa
o€ kdOe ovunayés vroovrolo nov mepiéyetar oo dloko C. XUugwva pe to Jecddpnua tov
Weierstrass, n napandve oepd Ja tapiotdve ovvdptnon oAdpopgn oo eowtepiiks tov C.

7

IMo va amodet€ovue To mopandve Yedpnua Yo yenowwonotioouue to €€Hg AuuatoL.

Adppa 5.1 Edv n oapd f(2) = Y15 iz’ ouykdiva opoidpoppa ya |z| = r, tdte
1y vel ot
’Oéi’ < F )

orov M = max, |, | f(2)].

Andédeiln: Otav woybouv ot npolinodéaeic Tou MUUATOS, TOTE VLot To @ €YOVUE OTL

Lfe

' 9mi 2+l

|2|=r

Apa,

1 |f(2)] 1 1 M
\ai|§2j{ o lde| < —M—7 27 = —
T Jiz)=r 2] 2 7 r

Mopathenon 5.1 Me tov (610 axpifes tporo npoxinter étr, av noepd f(z) = S5 ;2!
ouykdiver opodpopga ya |z| = r, tére wyve akdua kar yia touvs aprnTikols akepaiovs i
o |oy| < 71\/11

)

I Toug apriuoic AZ(-k ,omov i =0,1,2...xou k =1,2,... woylel 0 nopaxdTe:

Afppa 5.2 Me nig vrotoeag tou dewpriparos 5.1, ya kdde i n oepd S 125 Al(-k) OUYKAL-
vel.

An6deiEn: H oepd S0 fir(2) ovyxhiver opotbuoppa yia |z| < Ry, dpa, Sodéviog
e > 0, undipyet YUOXOS N TETOLOG WOTE VOl LY EL

n+n’

> fr(2)
k=n

Yo onotodhmote puotxd n' xon yrow xde uryadxd z ue |z| < Rj.

<e€

/
‘Ouwce, 10 dpotoua St fi.(2) eivor éva nenepaouévo dpoloua oelpGy e LopeTc

+oo (k) A
g A2
1=0
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mou elvar Ohec cuyxhivouoee 610 gowteptxd tou dloxou C. Enouévwe, t0 mopandve
nenepaoUévo ddpotoua unopel var ypopet:

n+n’ +oo /n+n’
Z fulz) = Z (Z Az(k)> S
k=n k=n

H tedeutaio oetpd ouyxhivel opotduoppa yio |z| = Ry, ondte, epopudlovtac 10 tponyol-
uevo Muua, éyouue Ot

n+n’
> A
RZ ’
y L /. ’ 7 —+00 A(k) )\/
an’ brou mpoxlntel ot N oepd 05 A ouyxhivet.

Adppe 5.3 Tha kdde i = 0,1, ... %érovpe ¢; = S 125 A . Tére, pe ng vrodéoeg tov
Dewpripatog 5.1, kdle ¢; Pa 1kavoroiel tny anwodtnra |c;| < R/

AnbdeiZn: ‘Onwg xou 010 nponyoluevo Muua, to dpotoua fi(2)+ fa(z)+...+ fn(2)

unopel vor TdpeL TN Lop®:
+o0 n
Z (Z Agk)> 2t
i=0

k=1

Enedd| n teheutaio oepd ouyxhiver ouobuoppo ywa |z| = R/, and 1o Mupa 5.1
nalpvouuE OTL

xa 1) rcozpomo’(vw aviebTTa Loy e Yiol o tuyoio n. Exeldh ¢ = S %5 A ﬂoc €y ouuE OTL
‘CZ| — R/l'
Mépiopa 5.2 Me ug vrodéoas tov dewpripatos 5.1, n ovvdptnon F(z) = 355 ¢;2°

/7 /7 7
opiletar oo eowtepid Tov diokov C'.

Adupa 5.4 Me g vrotéoeg tov Jewpnuatog 5.1 kar 600évtos € > 0, vrdpyer puotiig
n TéTo10§ WoTE va 1y vel

Z A(k) 2e
k=n+n'+1 R
Kat
2L’
Z A( )
3
k=n+n’/+1 R

yia kdde i karn'.
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Anbdein: And v anédein Tou Mupatog 5.2 éyouue bty xdde i n oetpd 1S Agk)

ouyxhiver xau 61, Sovévtog € > 0, undipyet Quowxds n, o orolog dev e€upTdTon ANd TO €,
TETOLOC WOTE va Loy et

n+n’

(k) €
Z AV < I

k=n

Yo onotodrimote puotxd n'. Autd To teleutaio cuvendyeton Ot

“+oo
ZA(’“) <
k=n ' ; RZI

Av hdBovue vddn tig Yo mapandve oyEcEls xou THY IGOTNTA

+00 ) +oo ®) n+n’ ®
D> AT =X AT =y AT,
k=n+n'+1 k=n k=n
XATOAT YOLUE GTO OTL
+o00 *) 2
k
oA <
k=n+n/+1 1

And v unddeon €yovue Ot
n+n/+n//
> fulz)| <2rf

k=n+n’/+1

vt |z] < R xon vy xdde guotxéd n”. ‘Ouwe, 1 oetpd

n+n'+n’ +oco [/ n+n'+n’
> =3 X AV
k=n+n'+1 =0 \k=n+n/+1

ouyxhiver ouotbuopga v |z| = R, dpa amd 1o Muua 5.1 €youue Tt

n+n'+n"
(k) 2L/
Z Ai < R
k=n+n’/+1

" 7 7 7 / Z 7
Av n" — 400, 161€ and TNV MOPATAVE AVITOTATA EYOLUE OTL

+oo /
(k) 2L
YA < e
k=n+n'+1
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IMapatienon 5.2 Yurovdlovtas tig anodeibes twv Anpupdror 5.2 ka1 5.4 Bydlovue to
e&kne ovunépaoua. Me tg vrodéoeag tov Jewpnuarog 5.1, av dolel € > 0, tote vndpyer n

étol dote
n+n’

> fr(2)
k=n

7 7 ! 7 4 7 3 /.
yia omotovonrote puoiko n' kar yra kde uryadiké z atov KukAiko 6loko axtivas Ry, atov
omolo n 3125 fx(2) ouyrdiver oporduopga. Ia tov (do guaiké n kar ya kdde n' wyovr
TavTdypora o1 oXEoeg

<e€

<=2 2e
> A <o
k=n+n/+1 1
Kat . .
$ |
k=n+n’/+1
yia kdie i.

ATIOAEIZH TOY ©EQPHMATOX 5.1

Qo delfouye byt wévo 6tL N oepd S 12 fr(2) ouyxhiver opolbuoppa 6Tov XUAAXS
dioxo C’, odh& xou bt To ddpotoud tne toohton ue F(z), 6mou F 1 cuvdptnor nou oplotnxe
oto nopoua 5.2.

Oewpolue évay xuxhixd dioxo C” xévtpou 0 xar axtivac R ye R’ < R” < R. Tére,
Vo undipyet évac Vetinde apriude L étor dote yia xdde n xou yro xde [z] < R” vou oy et
A1)+ fal2) + o+ ful2)] < L.

‘Eotww ¢ > 0. T'a va dei€ouvue 1o {ntoduevo, apxel vo del€ovue dTL UTdEYEL PUOLXOS

n T€T0l0C WOTE

n+n’

F(z) = fi(2)

k=1

<e (%)

Yo xdle puod oprdud n' xon yior xde pryadixd z ue |z| < R’
IMa vo tpocdiopioovue tov n gpyalduaote we e€rc. H axoloudio detindv aprdumy

R \m
" (W)
(2L & R,)
R//

Telvel 010 Undéy, dpa uTdEyEL YUOLXOS P TETOLOC DOTE

R \p+1
" (RH) €
25w <5
R//
‘Eotw, enfong,
RI R/ 2 R/ P
M=1+— — —
+E <R> - (R>



xou €' > 0 tétot0 dote
1
2Me' < —¢
2
Enedh 1 Y02 fr(2) ovyxhiver oporbuopoa yia |z] < Ry, undpyet guotxée n 1ot Gote

n+n’

Z fr(z)| <e
k=n

yio xdte puowd n’ xau |z| < Rj.
Ané v teheutaio tapathipnoy, yio e = &’ xou yio v oxtivae R” ue to avtictoyo L”
€y ouuE OTL

/

RZ

Z A()

k=n4+n'+1

xol
2LII
R//z

k=n-+n’'+1

Enlong,

! +00 n+n’
Fiz)= Y fulz) = Y+ ( -3 AE’”)
k=1

k=1 1=0

= +§Z< +ZOO AE’”).

1=0 k=n+n/+1
Ondére yw |z| < R nafpvouue 6t

n+n’

—ka(z)
= ZR’Z Z AP

i=0 k=n+n’+1

e/ L//
/z /%
< ZR Pt > wil
i=p+1
R \p+1
(#7)
Rl
~ R

—+00

>oal

k=n+n/+1

+o0 +o0
+ Y RS Al

i=p+1 k=n+n/+1

+oo
< Z R/i

i—0

= 2Mée +2L" . <e.

Apa, 1 (*) éyet anoderydet.
Y1n ouvéyeta yevixebouue to Yedpnua 5.1 og e€nc.
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Ocdenua 5.2 Eotw (f,) akodovdia ourvaptioewr odduoppwr o’ éva avolktd kar ouve-
ktikcd atvolo S, to aropo tou orolov to oupPodilovie e 5.2

Trotérovpe 6 n gapd S35 fr(2) auyrdiva opoidpoppa e kukhixd dioxo Cq, mov
repiéyetal oo S.

Télog, vnotérovue 6t o pétpo tov alpoiopatog

fi(z) + fa(2) o 4 ful2)

/. 4 ’ z ! g ’ A ! z !
elvar dvew gpaypévo ané to L' oto tuyaio ovunayés vrootvoro S' tov S kar 6t to L
ekaptdrar pdvo and o S'.

Tote, n oerpd

+0o0
F) =Y fil2)
k=1

ovykAiver oporduoppa o€ kdfle ovurnayés vrnoovrolo S’ tou S kar maprotdrer
ovvdpTnon oAduopen oto S.

AnéSsLEng : Xwptlovue 10 S o€ 300 oOvoha A xou B Eéva uetall touc: 10 A neptéyet
6\ 1o onuelar 2 tou S yia Ta omofa undpyet dioxog xévipou z oTov onolo S fi
ouyxhivel ouolduoppa, evey B =S — A.

To A eivar un xevd, agol neptéyet Ol ta ecwtepixd onueia tou Cq. Enlong, gaiveton
g0xohat 6Tt glvon ovotxtéd 6UVORO (apol YPAPETUL WS EVWOT) AVOXTOY TEPLOYWY).

Oa det€ovue 6Tt xou To B elvar avouxtd obvoro. ‘Eotw zp tuyalo onueio tou B. Torte,
Sev undipyet xopla Teploy T Tou 2o TNy omoia N oelpd Y 12 fi VoL oUYAAIVEL OUOLELOPHAL.
Ocewpotue dloxo Cp xévipou zp xar axtivag Ry, tétolag kote xde eowtepixd onueio
Tou Cp va anéyel and 10 oUvopo Tou S meplocdtepo and Ry. 'Encita, nalpvouue tuyalo
onuelo z 010 eowtepd Tou Cp xat TEELS XUXAXOUE Bloxoug Ue XxEVTPo TO 2 0 TEWTOQ
dioxoc Cy éyel ooodfnote wixph axtiva xou neptéyetan otov Cp, 0 dedtepoc dloxog C” Y
€yer axtiva Ry xou o tpitog, éotw C, neptéyel toug dhhoug d0o xar neptéyeton oto S. Av
uno¥éoouue 6TL €youue ouotduopen olyxhion otov Ca, to1e, enetdr] to C elvon ouunoyég
uToGUVOAO Tou S, and Ty undeon Tou YewpRuatog xar and To Yewpnua 5.1 €neton 6TL N
oepd S 1% fir ouyxhiver opotbuoppa xon otov C'. Eneidf| 10 2 eivor ecwtepind onueio
tou C’, éyovue 6Tt 1 mopoandve oetpd Vo cuyxhivel opotbuopa xat oe dloxo x€vipou zp,
Tpdyua dtoTmo.

Kotohi€aue oe dtono enedy) vnodéoaue 61t undpyel dloxog ue xévipo 10 tuyalo
gowtepind onueto z Tou Cp, 6Tov onolo 1 oetpd > 12 fi va auyxhiver ouotbuopya. Apa,
z € B xo 10 B eivar avouxtd olvolo.

Tehixd, 10 ouvexTind cOvoro S ypdgeTtar G €vwaorn 800 avoXTOY ot EEveY UETAEY
Toug oLVOAwY A xar B i, eneldf; to A elvon un xevd, éyouue avoryxaotind 6tt B = () xon

20 Stieltjes ot Snuocicucy tou Vewpel Ut «mepLoxhy S, xwelc vo Sieuxpwilel L axpEBhs evvoel.
Ano v anddedn mou diver paiveton 6Tt YéheL To S va elvon avoxtéd xan CUVEXTIXG GUVONO.

3H an6delén mou Siver o Stieltjes otny gpyastio tou Stagpépet Ayo and auth oL xdvouue. Zexwvd Ue
éva onuelo mou mepéyeton 0T0 eowtePxd Tou C1 xou Vewpel apxetd UeYdho xuxAxd dloxo mou Exel
%€VTpo T0 onuelo avtd xan TEpLEETL 0AOXANPoc oto S. Egopudlovtac to Yedpnua 5.1 enextelver tny
axtiva ouoouopgng obyxiong Yipw and 10 onuelo AUTO XL, YENOLUOTOLDVTNS TN CUVEXTIXOTNTO TOU
S, Selyver tehxd 6t €xovue ouoLduoppn cUYXAoN o€ xdle cLUUTAYES UTOGUVONG ToL.
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S = A. Anhadt|, xdde onueio Tou S elvon x€vtpo dioxou GTov onolo 1 Zzg fr ovyxhiver
OUOLOUOPYA XA, ETOUEVKS, N EV AOYw OElpd ouYXAlveL ouolduopga oe xdile cuunayég
unoolvoho tou S.

IMopatrenon 5.3 And to napakdrw Vedpnua kar epappdlovas tny Apxri tov Meyiotov
mpokUnTel 6Tt To puéywro tng ovvdptnons | f1(z) + fa(z) + ... + fu(z)| AapPdverar ndvra
oo ovvopo tov S'. Apa Ya uropovoaue onig vrodéoes tov Yewpripatos va tolje arddg 6t
n owdptnon |fi(z) + f2(2) + ...+ fu(2)| €lvar gpaypévn oo ovvopo tov S’, avekdptnra
aré to n. Télog, o Stieltjes mapatnpel 6t avtiotoyo Jedpnua 1wyver yia piyadiiég
ouvvaptioegs 0o pyadikady petaPAntor.

To nopoxdtw Yedpnuo eivar and ta onuavtixdtepa avtic e dnuoocteuong. oty
an6det tou o Stieltjes ypnoiuonotel To nponyoduevo Yedpnua.

Ocswenua 5.3 H axodovldia ouvraptioewr (%) ovykAlvel opoduoppa o€ pia ov-

vdptnon F(z) oe kdle ovurayés vrootvolo tov C — A, dnov A elvar to alvolo twr 1un
Uetikayv npaypatikor epudyv. H ovvdptnon F elvar oAdpopen o’ 6ko to C — A.

Anddeiln: Lty nopdypago §3.3 eldaue 61t yio xde z € C — A woylet

Py, (2) Qg ay Qo

Q) QoD@ @@ T Qona(2)Qon(2)

xat, enfong, OTL 1) oeElPd.

ouyxhiver ouotduopga oe xdde ouunayéc utoohvolo S tou cuvérov H twv Uyadxdy
apriu@y ue Yetind mporyuotixd uépog. Enedn npdxettan yio ogtpd ouvaptioewy mou eivor
olouopyeg oto H, énetar 6TL xan 1 oLVAETNOT)

Q2k Pon(2)
F =1
B = G ™ )
elvar ohduopyn oto H. Enlong, éyouvue 6Tt
Pon(2) Qo oy Qo B - Mi(n)
Qan(2)  Qo(2)Q2(z) * Q2(2)Q4(2) e Qan—2(2)Qan(z) ; 24 z™

eve Y xde z oto C — A 1oy det

n (n)
< ZL

i1 |Z+5'3in)|

o Q2L
; Q2r—2(2)Qar(2)
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YouBohifovue ye < z > 10 ehdytoto T TapdoTacne |z + u| xadde to u Sratpéyet Tov
dZova Twv un apvnTixey tpayuatixey aprdumy. Tote, av 2 = a + bi, Yo 1oy det o1t

<o |z|, €dva>0
LB, €va<O.

Ye xde mepintwon 1o < z > elvon Yetixd xou amd 10V 0ploud TOu €youue OTL Loy Ve
|z +u| > < z >, ondre

n

- Qo 1 (n) 1
< MW=
; Qar—2(2)Qak(2) | ~ <z > 2 M; <z>wm

1=

Ocwpolue 011 cLVEYELX oLUTAYES UTOOUVOAO S, Tou BV €yl xaVEVA x0WO omnuEelo Ue
10 A. H ouvdptnon < z > do hauPdver oto S uia ehdytotn Yetuer iun . Emouévac,
Loy Vel

n
S e
= Qor—2(2)Qak(2) |~ arX’
OTOLOG XL AV EVOL O PUALXOS N.

/ 7 7 .. z / 4
Enewd) wavonoolvtar dhec ot mpolnodéoelc tou Yewphiuatog 5.2, 1 TUpATdve OEL-

g, eEmOUEVLS ot 1 axoloudia (522’;((2), o ouyxhiver ouotduoppa oty F(z) oe xdie

ovunayég vnocVvoro tou C — A.

AvtioTorya mpdypota toybouy xou yia Ty axoroudio (%) I'vopiCouue ot

Loy Vel

n
Ponyi(z) 1 Z Qo112
Qany1(z) a1z = Qop-1(2)Qar11(2)
xa OTL 1) Topamdvey axohoudiar cuVaETHoEWY GLYXAiVEL ouolOUoppa ot uld cUVEETNHOT

Fi(z) (v onola enione oplooue xou uehethoaue otny §3.3) oe xde ouunoyéc unocHvo-

Pon+1(2)
Q2n+1(2)

Apa, epapudlovtag xar Tdht To Yewpnua 5.2, €youue OTL 1 (

Ao tou H. Enlong, n ( ) elvon dve gparyuévn oe xdde TéToto ouunayéS UTOGUVOAO.

Poni1(2)
Q2n+1(2)
uopga oty Fi(z) oe xde ovunayéc uvrootvoko touv C — A. Téhog, n Fi(z) da elvon

ohouopyn oe 6ho 1o C — A.

) ouyxhiver ouolo-

Yy nepintwon mou N ST ay, ouyxhiver, o F(2) xon Fi(2) eivon Sapopetixée,
evh 6tav 1 3t ay, amoxdiver, ot 0o ouvopthoelc Tawtilovtan. Anhadh, otn deltepn
nepintwon wyvel 6Tt

P (2)
n—-+00 Qn(z)
7 /7 2 7 4 z 4
xat, Udhiota, 1 olyxhion elvon ouotduopgn ot xde cuunayés unocivoro tov C — A.

=F(z), zeC-A

Ot napamdve oy€oelc Pavepdvouy To TS cuunepLpépovial ot ouvapthoels F(z) xou
Fi(z) oto C — A. Oa npoomadicouue va Tic ENEXTEIVOLUE xou o€ onueia Tov A, yen-
OLOTOLOVTAS ot TIAL To Vedpnua 5.2. ‘Onwe xou mponyouvuévwe, Yo UEAETHOOVUE TO
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TedBAnua autéd ubvo Yo T ouvdptnon F(z). Avtiotorya anotehéouata toylouy xat yia
poRAN ! YT eTnon : X M X Y

v F1(2).

Oehpnua 5.4 H ouvvdptnon F(z), mov oplotnke naparndvo, enextelvetar tavtov oto C—

{=Xk| k € N}. Mdhioza, n axodovidlia (gz"(é)) and kdnow delkTn n kai érarta, ovykAiver

opordpopga otnr F(z) o€ kdde ovunayés vrootvolo tov C — {—X;| k € N}.

Anddeiln: I'vwpilovue and 1o xegdharo 4 6t 1 axohouvdia (—Ag) elvon uio yvnoiwe
pdivousa axorovlio apvnTix®y aprdumy Tou anoxiivet 610 —oo. Oewpolue 3o Tuyaioug
xat Stadoytxoie 6poug —Apy1 < —Ag ot Toug YeTixole a xou b yia Toug onoloug Loy Vet
Ot — A1 < —b < —a < =X Tére, vndpyet ng = ng(k), mou eivar tétoloc MOTE YL
x&de n > ng 10 TOAUGVLLO Qon,(2) var uny €xet pila oto (—b, —a). Taipvouue tuyoia o,
b ue —b < —b' < —d’ < —a. T x&le z pe o’ < |z| <V woyde

n (n) n (n)
j M v )
2 (Z) _ § : ﬁ < i o < : : ~ .
Q2n(2) =+ el PR aymin(a’ —a,b—1v")

H oaxoloudia (PQ"(Z)> elvar ouotbuopgpa geayuévn oe xdde doxtiho @ < [z] <
Q2n(z) n>no '

b xou, oOugwva ue 1o Yedpnua 5.3, cuyxhivel opotbuoppa ot onotodhnote dioxo mou
neptéyeton otov a < |z| < b xan Sev téuver o A. And 1o Vedpnua 5.2 ouvendyeton Ot
1 axohoudior autr Yo ouyxhivel ouotduopga oe xdlde cuunayég UTocUVoLo Tou SoxTuAiou
a < |z| < b. Enouévwe, 1 F(z) enextelveton oto daxtiMo autdy xou, yevixdtepa, 1)
F opiletan oto C — {—=Xg¢| k € N} xou o xde ovunayéc untoohvord tou Ya givon to

0uoLOUopYO Gpto NG axoloudiag <S§Z((z))>

"Aueor ouvéneta Tou napandve Yewpruotoc eivar 6Tt 1 ouvdptnon F(2) etvow ohduopen
ot0 C— {—=Xg| k € N}. ¥e xdde Soxtoro A\p < |2| < Agg1 Vo éyer avdntuypo Laurent

NS popPric N
F(z) =Y 2t

(k)

omou xde ¢, elvon 10 6plO TV AVTIOTOLYWY GUVTEAEGTWY TV avanTtuyudtwy Laurent

Poy(2) , (n) (n) , (k) _, , ,
Y 5,0 OT0 SoxtOho ;7 < |z| < 2/, Yuvendg, o ¢ elvar 10 6pL0 TOV CUVTEAEOTOY

t0u 271 0TO AVdmTUYUA TOU

Pon(z)  M™ Mm M
Om(z) oo o w -
2n(2) z+x Z+ x5 z+xp

Loy Oer 1 mopoxdtw npdtaoy:
IIpbtaom 5.1 O ouvvtedeotris c(_kl) tov avantUypatos Laurent tng F(z) oto daxtilio
A < 2| < Agt1 1000Tar pe

= tim (M ) (5.1)

n—-—+o00
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Anédeln: Lo daxtilo w,(gn) <lz| < x,@l oy 0OUV TA ToPOXATW:

e cdv i <k, t6te

LIS ey
z+ $£n) z m=0 z ,
(n)
ot |[—=—| < 1.
e cdv i >k, tét€
“+oo
1 1 zZ \m
o= w2 ()
+xl T, m=0 z;

dtoTL < 1.

_Z_
I_En)

; , Poy(z2) , (n) (n) .
Ernouéveg, 1o avdntuypa Laurent tou m2es oto daxtiho ;7 < 2| < 2./ elvow:

k (n) (m)\2 n 2
Py, (z) 1 =z (x;) 1 z z
= M| - — 5% + 22— ... M; — R
Q2n(2) Z <z 22 + 23 (n) ($§”))2 + (azgn))5 *

i=k+1 L

‘Apar, 0 ouvieheothc tou 2L elvon o Ml(n) + MQ(n) + ...+ M,E") xaL 1 meoTAoT €YEL
amodetyvel, av AdBouue uddn Y TapATHENOY TOL TEONYHUNXE TNG TEOTAONC.

Télog, optlovue utar oxohoudior XAUAXOTOV CUVIPTHOE®Y Tou Yo Tl oNUAVTIXG
pOhO GTaL ETOUEVY XEPIAona TG epyaoiag Tou Stieltjes.
Me Bdon tnv avanopdotoon

PQn(Z) Z Mk

QQTL(Z) P} Z+x](§n) )

opilouue TV xAuoxwth cuvdptnoT én(u) we eZfc:

0, 0<u< acgn)
MM, 2" < u < 2V
oulu) = 4 M+ 057, 25 <u <l

M M 4 M) 2 << oo

IMopatrenon 5.4 Edv c elvar évag Oetikés petald twv A\, kar Api1, T0t€ y1a apkerd

. , , p (n) (n)
peydia n, téroia Gove va wyder x;,” < c < xp,

éyoupe onl
dnlc) =M™ 4 miW 4+ M,ﬁ”) .
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Apa, pe fdon tny tponyoluevn npéraon, Ya elvar

c(_kl) = lim ¢y(c) .

n—-+o0o
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Kscpdc)\ou.o 6

Koatavour, udlog xow to ohoxAfpwua
Stieltjes.

Y10 téhog Tou TéTapTou xeQalalou Tng Snuoacicuctrc Tou, o Stieltjes, UAdVTOC Yot TO
TEOBANUA TwV poT®Y, Vedpnoe ulo Tuyalo xatavour| udlag xotd unxog tou nuidéova 0x.
H xatoavour udlog otnv onolo avapépdnxe frav «Stoxptthy, Snhadh dedpnoe éva obotnua
10 oAU apriuncivou tAfdoug walodv (M;, &) i =1,2,3,..., 10U xoTAVEUOVTAY XOTd
unxog tou 0 wg €€hc: Yo xde 7 eivan Tomodetnuévn uta udlo M; oto onueio &. Auty
N xoTavout meptypdpeton TAfpwe and ulor adgovoa xon xhiuoxwth cuvdptnon tne (dlog
HOPQNC UE AUTAY TOU 0plOTHXE GTO TEAOS TOU TEOTYOVUUEVOU XEQUALOL.

Y autd 0 xe@dhato, Tou eivar and To Bactxdtepa TN dnuocicuorc Tou yrati €86 opllet
xal T0 TeplgPNnUOo ohOXAPpOUS Tov, Vewpel OTL €yel Ut TocOTNTY UALUC TOU XATAUVEUETOL
ue ouveyn TeoTo xatd urxog tou 0z. Mio tétota xatavour Yewpeitor TAHpwS oploUévy
av Yyl xde onuelo T Tou NULEEoVA UTOoPOVUE Yo uTtoAoyicovue TV mtocdTnTa TS Ualag
mou ebvan xataveunuévny oto evdiypauuo tufua Oz. Ilpogavoe, n nocdtnta g ualog
mou €youvue 010 evdiypouuo tufua 0x etvon adouoa GuUVAETNON TOU T XAl LoYVEL XU TO
avtiotpogo. Anhadh av €youue uia ablouca cUVERTNON TOU T, TOTE UTOPOVUE UE QUTHY
va oploovue ulo xatavout| wdlag xotd unixog tou nuidéova. Autdg elvar xou o Aoyog mou
xdver Tov Stieltjes va aoyolndel 010 xe@dhato autd TEDTA UE TG AVEOVOES GUVUPTHOELS
X0l VO ETLONUAVEL XATOoLES PBactxég BLoTNTéC Toug Tou Vol YENOULOTOLROEL 0PYOTERAL.

6.1 Mehetn TV AWEOVOWY CUVIARTACEWY WG TEOG TT CUVE-
YELL. MUVUOTACELG PRAYILEVTG XVUAVOTG.
H mpddtn Wiétnta agopd to dptar auiouody cuvopThoeny xat lvar 1 e€1g.

Ilpétaon 6.1 Eotw ¢(x) avéovoa avvdptnon opiouévn oto srdotnua [a,b]. Edv x €
[a, b), téte vndpyer to de&i6 dpro p(z+) oo x kar wyvea ¢(z) < ¢p(z+). Edv x € (a,b),
téte vndpyel o apotepd dpo ¢p(r—) kar wyve p(z—) < ¢(z).

Anddeln: Ou detfouue bt undpyet 1o b plo oe xde x € [a,b) xou 6T oy veL
d(z) < ¢p(a+). To dehtepo pépoc tne npdTaone anodetxvietal UE Tov (8o TpoTo.
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Ocewpolue pla tuyaia piivouoa xou undevix| axohovdia (&,) Vetixdv aprdudmy. Tote,
xou 1 (P(x +ey)) elvon ulor gpdivovoo axohoudior xdtw @poryuévn and tov aprdud ¢(x).
Apa, €yet 6plo xdmotov apriud A xou, UdAioTta, AOYw TNng uovotoviag eivar

A::l%g¢(x+5n) : (1)

Edv (g),) elvon pior dhhn tuyodo @iivouoa xon undevixd axohouvdio detixdv aprdudy,

6t xou 1) (d(x + €),)) Vo €xer xdmoto bpro B xan, enione, Yo toyvet:
Binfo(+e). (2)
‘Eotww 6t elvan A # B. Edv A > B, t61e Moyw e (2) undpyet k tétoo dote
A>¢(x+e,)>B. (3)

‘Ouwg, n pdivovoa axorovdio (x+e,) telvet 610 z. Enouéves, undpyet guoitxde m tétotog
WotE T4 €} > T+ ey > x. And 10 tedevtaio €xovue ¢(z +€)) > d(T +em) > o(x),
onéte, Moyw e (1), eivon ¢(x +¢}) > A, 1o onofo eivar dromo Aéyw e (3). ‘Ouoa,
xatoAfyovue og drtono, av uvnodécovue 61t B > A. Apa elvar A = B.

Téhog, enedn yio xde n eivow = + &, > x, Yo Eyovue 6t d(x + €,) > (). Apa,
Aoyw e (1), Yo elvan xouw A > ().

Enedy| ov axohoudiec (g,), (€],) mou Yewprioaue frav tuyolec, éneton OTL UTAPYEL TO
bpo ¢(z+) = lim, g+ ¢(x + ) xou elvon ioo pe to A. Tuvernde, woylet d(ax+) > ¢(z).

IHopatvenon 6.1 Onwg napatnpel kar o Stieltjes o€ oxéon pe tnv mpéraon 6.1, av
xz € (a,b) ka1 p(x+) > ¢(x—), tétre n ¢ elvar aovvexijs oto x, evd, av ¢p(x+) = p(z—),
téte 1) ¢ elvar ouvexijs oto x. Ye kdle mepintwon n dagpopd ¢(x+) — ¢(x—) elvar to
dApa g ¢ oto x. Av p(a+) > ¢(a), n ¢ elvar aovrveyns oo a, evd, av ¢(a+) = P(a),
tote n ¢ elvar ovveyns oto a. H dagopd ¢p(a+) — ¢(a) elvar to dApa tng ¢ oto a. Av

d(b—) < ¢(b), n ¢ elvar aovvexnis oo b kai, av ¢(b—) = ¢(b), n ¢ elvar ovvexris oo b.
Tére, n ¢(b) — ¢p(b—) elvar to dApa tng ¢ oo b.

Yyetxd ue to onueia oUVEYELOS NG adEoUcaS GUVARETNONS @ LoyUEL 1) ToEaXdTw TPd-
TAOT).

IMpétaoy 6.2 Ye kdie avoiktd didoTnua tov mediov opiopov tng, omowadnmote avéovoa
ouvvdptnon ¢ éxel onuela ovvéyeag.

Anbdeiln: Oewpolue onotodfinote avowxtéd ddotnua (¢, d) tou nediou optouol tng
¢ xau mafpvouvue a, b Gote ¢ < a < b < d. Oétovue A = ¢(b) — ¢(a) xar Yewpolue
téooeplg apruole p, g, 1, s €toloug wote a < p < ¢ < 7 < s < b. Elvar gavepd 61t
uior Toukdytotov amé Tic Sagopée ¢(q) — (p), d(s) — ¢(r) eivon pixpdtepn and 5. Xwpic
TEPLOPLOUG TNS YEVIXGTNTOC, o¢ unodécouue 6Tt B(q) — d(p) < 3.

Oétouue alV) = p, bV = ¢, ondte ¢(BM) — p(aV) < 5 %o a < aV < b <p,

Ouolwg, undpyouy a?, b dote ¢(b?) — ¢(a?@) < 3 xor aV) < a® < b2 < pb),

>
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Yuveyilovtag ue tov (do tpémo natpvouue ulo yvnolng adiovoa axohouviio (a(”)) xa
ulo yvnolwe giivouoa axoloudio (b(”)) OoTE

a<aV <. . <a™ <. <™ < <pD<p

pdel)

H(b™) — p(a™) < n=12,....

27 )
H (a™) ouyxhiver oe évay aprdud A xou 1 (b)) cuyxhiver oe évay aprdué B > A. Eotw
v uetoll tov A xou B. Tote, yio xdde n oy et a™ <~ < b onbdte and tov oplouo
v §(v=) o d(v+) €xovue 6n 6(alV) < d(y-) o d(y+) < G(0M). Apa,

n n >\
0 < o(y+) = d(r-) < (™) — é(al™) < .
Haipvovtac dpta oty nopandve avicwon étav n — 400, €yovue 6t ¢(v+) = d(y—).
Apa o v elvar onuelo ovvéyelac g ¢ oo oto ddotnua (¢, d) xou N anddeln Exer
TEAELOOEL.

IMopathenon 6.2 To mAndos twr onuelwr acvréyeaas kdde avéovoas ovvdptnons ¢,
mou elvar opropérn oo [a,b], elvar to oAU apriurioyuo k1 avtd arodbeikvietar ws €&ng.
Eilvar tpogarés ot to dipoiopa twv alpdtwr tne ¢ ota onpela aowvéyelag 6ev umopel va
tenepdoer wo ¢(b) — ¢(a). Eotw A to odvodo twv onuelwr acvréyaas g ¢ kar Ay to
otvodo Ty onpuelwy acvréyeas érov To dApa efvar peyaditepo and to 3, drov k Tuyaiog
puoikos. Tote, wyve on

L eard(4) < Y2 (67@) —97() < 3 (97(0) ~ 67 () < 6(0) — Ola) .

€A z€A

card(Ay) < k(¢(b) — ¢(a)) -

AnAadn, ya kdOe k to tAnlog twy onuelwy aocwvréyeag orov to dApa eivar peyalitepo
and } etvar memepaopévo. Apa, 0 A = Jyey Ak evar évwon apiiunotpov tijoug
TEMEPATUEVWY TUVOAwY Kal, €TOUEVLS, €lvar to ToAU apiiunoijo.

Avtd to tedevtaio ovpumépaoua ( «etvar to ToAV apiunouoy) o Stieltjes to dratvnd-
var wg €&nst: «..Eradn o apidjuds twv aApdrov mov vrepPaivovr orowovdrinote oopuévo
(9etikd) aprdud elvar temnepaopuévog, elvar pavepd énr purnopolue va hardéovpe ta dApata
katd gdivovoa oepd. Enopévos, ta onuela aovvéyaas oto idotnua (a,b) pumopolr va
datayolv w¢ pia drepn axolovdia e delktes puarkols aprduols...». Me dAda Adyra
propolue va ta apiunoovue, onws Aéue euels anuepa. O Adyog ya tov omolo de xpn-
ooroiel Tny ékppacn «etvar to ToAU apiunoiuoy eivar ot €keivn tny €moyn MUOAS TOU
elye apyloea va yilverar anodextn n Jewpia tov G. Cantor ya tny Urapén dagopetikady
areipwy kai ta tpdypata ylpw aré tny apiunoudtnta kar tny vrepapridunoiudtnta dev

B [2], oeh. 70, Seltepn mopdypapos.

93



ntav kai téoo Eexddapa. Mdliota, o Stieltjes ypnoiporoiel yvwots Jedpnua tns Jewpi-
ag owokwr tov G. Cantor ywa va deiéer on1 ka1 Tta un gpaypuéva dSraotnuata oto medio
opopov tng avéovoag ourdpTnong ¢, mepiéyovy to moAU apiiunopo mAndos onuelwy a-
owvéyeaag: edv éyovue éva un ppayuévo dotnua, tote avtd ypdgetar oav aprounoiun
évwon gpaypévor Sruotnudtwr, kadéva ard ta orola tepiéyer to ToAV apidunoyuo mAndos
onuelwy aovvéyeaas. Enaon, onwg éxe anodeiéer o Cantor, apidunoiun évwon to todv
apriunouwy ovrodwr elvar to Tod aprdunoio ovrolo, kar to un gpaypévo oOdotnua Ya
nepréyet o moAU apidpunoipo tAfdog acvreyedr.?

Y10 téhog authc TN mapaypdpou Vo acyolnlolue UE TG CUVORTACELS PparyUEVNg
xOuavone, mou natlovy onuavtixd poho otny Ipayuatied Avdduorn. Autde mou npwtog
Tic ypnotdonoinoe xou uyehétnoe tic wiétntés toug frav o C. Jordan (1838-1922) oe
ulo dnuootevot| tou to 1881, dnou acyohovvtay ue Tic evduypauuiowes xouniieg. Mia
exTeVESTERT UEAETY) TOUG amd Tov (Blo mepLéyetan ooy Tpito Téuo Tou « Cours d” Analysey,
Tou xuxhogoenoe 1o 1887.

O Stieltjes dev xdver xauia avapopd oTIC CUVAPTACELS AUTES, Oyl UOvo yiatl Htov
ulor tpbogatn xou Oyl eLPELS YVWOTH évvola Tng emoyrc excivng, ohhd xt emedy| Sev
€youv oyéon ue v epyooto tou. TTapdh’ autd, avogpépouues TOoV 0ploUS TOUS XL TIC
ONUAVTIXOTERES BLOTNTES Toug, eMeldr) Var pavoly daltepal YpNoUUES OTY YEVIXELUGT, TOU
ohoxAnpouatog Stieltjes.

Opiowog 6.1 Eotw ¢ pila ovvdptnon opiopévn ovo Gidotnua [a,b] kar pia tuyaia oa-
pépion D = {a =x0 <1 <22 < ... < xp_1 < x,, = b} TOU BraoTripatos avrov. Tdre,
oxnpazifovue to dpowrpa V2 (¢, D) = S 1_, |¢(zk) — d(zk—1)|. To eAdyioto dve gpdy-
Ha Ty tapandve alpowpdrwy ovopdletar kbpavon tng ¢ oo [a,b] kar ovpfoliletar pe
Vg, Ankadn, etvar

V2 = sup{V’(¢,D)| D dapépron tov [a,b]} .

Stny wepintwon tov V¢ < +oo, fla Aéje 6t n ovvdptnon ¢ elvar ppayuérng kbpavong
oo [a, b].

Hopdderypa 6.1 Av n ¢ elvar avéovoa ovvdptnon oo [a,b], tdte n ¢ elvar ppaypuévng
kUpavons ovo [a,b]. Ipdypati, ya kdde dapépion D = {a =z9 < 21 < ... < zp, = b}
éyoupe ol

n n

V(6. D) =Y |o(an) — lze)| = ) (d(ar) — dla—1)) = 6(b) — o(a) -

k=1 k=1

kay, enopuévas, Vo = ¢(b) — ¢(a) < +oc.

22], oe). 70, oto téhoc e §37: 7...Cela est vrai méme lorsque I intervalle considéré s’ éntend a I’
infini; on le divisera en intervalles

(a,b), (b,c), (c,d),(d,e),...

On trouvera une suite infinie de discontinuités pour chaque intervalle; I’ ensemble des discontinuités
constituera une suite & double entrée, qu’ on sait ranger comme une suite simple. De la on peut conclure
de nouveau, d’ aprés un théoréme de M. Cantor, qu’ il y a des points de continuité dans tout intervalle.”
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Ilpétaon 6.3 Av o1 ¢1, ¢2 elvar ovvaptijoas gpayuévns klpavons oto [a,b] kar A, p,
elvar tuyaior pyadixol apijol, tote kai n ovvdpTnon Ap1+ o €lvar ppayuévng kipuavons
oo [a,b).

Anbdeiln: Iaipvouue tuyovoo dwopépion D = {a = 29 < 21 < ... < z,, = b} xu
€)OUUE OTL
AV (61, D) + |1l V7 (62, D)
AV b1 + Vs -

VE(Ap1 + pga, D) <
<

Apa,
VI(Ap1 + o) < [AV2p1 + |l VYigs < +oo .

HMopathpnon 6.3 Eivai tpogavés én uia ovvdptnon ¢ opiopévn oo [a,b] elvar ppayué-
vns kOuavong oto [a,b] av ka1 pévo av to tpayuatikd kar to gavtacTikd Tng puépog elvai
ouvaptiioas gpaypévng kiuavons oo [a,b] ka1 6t wydovr

VY(Red), Vi(Ime) < Vi
Kat

Vip < VI(Red) + VE(Img) .

Ilpétaon 6.4 Eotw 6t n ovvdptnon ¢ elvar opiopévn oto srdotnua [a,b] kara < ¢ < b.
Téze, n ¢ elvar ppaypévng klpavons oo |a,b] av kai udévo av elvar ppayuévng kluavong
oo [a, c] ka1 oo [c,b]. Emiong, wydea éu Vo = VEp + Vg, Eibikérepa, av n ¢ elvar
ppayévns kbuavong oo [a,b], téte elvar ppayuévns kbuavong oe kdde vrodidotnua tov
[a, b].

Anbdeiln: Iodpvouue tuyaiec dauepioeic Dy = {a = zf < 21 < ... <z}, = ¢} xu
Dy ={c=ua3 <z <...<uz) =b}. Opiletar étoL 1 Swuéprom

D={a=z(<...<a,=c=z0<...<z) =b}
ToU [a, b] xat enouéveme, Loy vEt
Vi (6, D1) + V2 (6, D2) = Vi(6,D) < V6 .
MetoBdihovtag tig Dy, Do aveldptnto T uia and v dAAY, PAémovue 6Tt
Vio+Vie <Vio. (1)

Apa, av VP < +o0, té1e 1oyler VEp < +oo xan V2 < +oo.

Avtiotpdgwe, naipvouue onotadfinote dtapépton D = {a =9 < 21 < ... < &y, = b}
U [a,b]. Av woybet 61t z, < ¢ < Tpgq Y XAmOW0 N, TOTE VewpolUe Tic douepioels
Di={a=xy<...<mp<c}xww Dy ={c<zpi1 <...<xy =>} v |a,c xu [,
avtiotolywe. Enedn

[0(2nt1) = P(2n)| < |9(c) = d(zn)| + [D(zns1) — ()] ,
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CUVETAYETAL OTL

V2(¢, D) VE($, D1) + V¢, Dy)

<
< Veo+Vie. (2)

Av z,, = ¢y xdmoto n, Yewpolue Tic Stoauepioeic D1 = {a =29 < ... < Tp_1 < T, = ¢}
o Dy = {c =z, <...<xpy=Db}. Avtoudtng, éyouue

Vi (6, D) = Vif(¢, D1) + V' (¢, Ds)
xou madpvouue TV avicdtnta (2) bnwe mponyouvuévwe. And t (2) nalpvouue 6Tt
Vio <Vio+Vie. (3)

Enouévag, av V2o < +oo xa V¢ < 400, té1e 1oylet V2 < +oo. Tuvdudlovtog Tic
(1) %o (3) xatodfyouue otny odtnTa

Vi =Vip+ V0.

Optowds 6.2 Av n ¢ elvar ppayuévng klpavons oo [a,b], opilovue tn ovvdptnon Ve
yia kde x € [a,b], dnov deyduaote 6u VEip = 0. H ourdptnon averj ovoudletar ovvdp-
Ttnon kduavong tng ¢.

IMopatrenon 6.4 H ouvrdptnon kluavong elvar, olugwva e tnr tpétaon 6.4, avéovoa
ouwvdptnon oo [a,b], tidn, av a < x <y < b, tére Vo < VFp+ VI =V/¢.

H onuavtixdtepn Btétnta Twv cuvopthoemy Qparyuévng xOuavorng, tou anodelyinxe
ané tov Jordan to 1881, eivan 611 xde mpaypoatixd| ouvdptnon @eoyuévng xduavong
Yedpeton we Stapopd 0o auiovowy cuvaptioewy. Xtn cuvéyeta Yo Sovue TNy anddelln
LTS TNS BLOTNHTOKL.

Do xée mporyuotind aprdud ¢ opllovue Tic mocdtntee ¢+ = max(¢,0) xou ¢~ =
max(—t,0) xou napotnpodue 6t tT — 7 =t xou tT 4+ ¢ = |¢].

Oplowds 6.3 Eotw ¢ npaypatikry ovvdptnon opiopévn oo [a,b] ka1 tuyaia hapépon
D={a=xy <z <...<zy =b}. Exnuarilovue ta adpoionata

n n

PY(¢, D) =Y ($(w) = dxp-1))" kar Np(¢, D) = (d(xx) — $(zr-1))" -

k=1 k=1
Ta eAdyrota dvew gpdypata twv alpoioudrwr avtwy ovoudlovtar Jetikny kduavon kai

apvnTikn kbpavon, avtiotoa, Ts ¢ oo [a,b] kar cupforilovtar PP¢ kar NLo.

Ipétaon 6.5 Eotw mpayupatikyy ovvdptnon gpaypévng kluavons ¢ ozo [a,b]. Tére
éyouue ott
Py = Nyg = 6(b) — (a) xar P+ Njo = Vy'o .
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Andédeln: Hpogavae, yia xdde dapépon D tou [a, b] woylel bt
Py(#, D) + Ng(@, D) = V(6. D)

pidein
P!(¢,D) — NX(¢, D) = ¢(b) — ¢(a) .

Ané tic wodTTEC autée Bploxovue 6Tt

PY(¢,D) = %Vf(¢, p)+ 20 —9@)

2 Y
1 —
NU(6.D) = 2vis.p) - 20D
And v np®d TN W0dTHTA €YOVUE OTL
1 -
PY(6,D) < Lvio+ D2
X0, ETOUEVKC, OTL
P£¢ < lvf(b‘f' ¢(b) — ¢(a) '
2 2
Enlong, oylet 61t
%Va{)(d)’ D) _ Pg(gb, D) o ¢(b> ; ¢(a’> < qub o (b(b) ; ¢(a’) ’
ondte ) .
7V£¢§P£¢_ ¢(b) — ¢(a)
2 2
‘Etou anodetvietan 1 lodtnta
Pé’gb _ EVabgzﬁ—i- ¢(b) — ¢(a)
2 2
X0l UE TOEOUOLO TEOTO AMOSELXVIETAL XA 1)
Ng¢ _ %V;,(b _ ¢(b) ; ¢(a)

Opiowdsg 6.4 Av n ¢ elvar tpaypatikny ovvdptnon gpaypuévns kuavong ozo [a,b], téte
optlovtar o1 ovvaptijoas Py¢ kar NF¢ ya kdde x oto [a,b] (dnov Pl = Ni¢p = 0).
Or owvaptiioag avtés ovopdlovtar ovvdptnon Uetikng xduavong kar ocvvdpTnon
apvnTikiS KkOuavong Tng ¢, avtiotoya.

Ilpétaon 6.6 Av n ¢ elvar tpaypatikny ovvdptnon ppayuévng klpavons oto [a, b], téte
n ¢ ypdgetar wg dagpopd dVo avéovody auvaptioewy.
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Andédeilrn: Enedr, yia xde z oo [a, b] woylet

¢(x) — ¢(a)
2

¢(x) — ¢(a)

1 1
Ptf(b: 5Vf¢+ ol N(f(b: §Vax¢_ 2 ;

ovvendyetat 6Tt ot ouvopthoelc PT¢ xou N7 ¢ eivon adovoec oto [a, b]. Téhoc, enedn

¢(z) — ¢a) = Py — Nj¢

ouunepalvouue OTL 1 ¢ YpdgeTar K¢ Slopopd Twy aviovody cuvapthoewy Pro+ ¢(a) xon
NZo.

6.2 To opiouévo ohoxhrpwua Stieltjes.

Ly apy| autic g Topayed@ou, 6mou oplleTat To OhOXAPWUN TOU PEREL TO GVOUL TOU,
o Stieltjes egnyel noe¢ plo adovoa cuvdptnomn wag diver Thnpogople Yo oV TPOTO UE
ToV onolo xatavéueTon Uta ToadtnTa Wdlog xatd uhxog tou dfova 0.

‘Eotw 61 éyovue uta adZovoa cuvdptnom ¢ nou oplletal 6TOUC Un JEYNTIXOUS TPy -
uotixolg apriuole. Edv 1o x eivar onuelo acuvéyelag g ¢, téte Yewpolue 6Tl 610
onuelo avtd vrdpyet éva ouurixvwuo udlac oo pe ¢(a+) — ¢p(z—), av = > 0 xou (oo ue
#(04+) — ¢(0), av z = 0. H udlo nov undpyet o xde onueio cuvéyetag Vewpelton ogle-
Anrtéa, dnhadt| etvon (om e undév. And to onuelo autd xar népa LTdEYEL xATOLA ACAPELDL,
v onola o Stieltjes mpoomadel va Stoplwoet mapaxdtw. Avagépoetar, yio TopdderyUa,
61t udla mou vndpyet 6To Tuyado dtdotnua [a, b] elvon on ue G(b) — P(a). Autd duwc
ovufaivel udvo o6tav 1 ¢ elvor cuveEYNC and TA UPLOTERPA 01O a xal and To Oe€ld oTo b.
Enlong, avagépeton 61t 1 mocdtnta g udlog oe éva Sidotnua dev efaptdton amd Tic
TWESC NS ¢ oTa Axpal TOU SLACTAUATOS, ARG and TIC TLUES TNE TOAD XOVTd oTa dXEal.
"Apa, to ddotnua 0z nepéyet udla ton ue ¢(x+) — ¢(0) A ion ue ¢(x+), av unotdéoovue
6t ¢(0) = 0. H noodtnta tne udlag mou elvon GUYXEVTPWUEVT 0TO ONUEl0 T XL TPOEPYE-
Tow o6 TNV «optoTept] Theupdy (dnhadr N toodtnTa e wdlag mou TEPLEYETAUL 0GOdNTOTE
x0vtd 6710 x xou elvon Towtéypova oto ddotnua 0z) eivan (on ue ¢(z) — p(x—), evdd 7
nocotnTa e Udlag oto (o onuelo mou eivar cuyxevTpwUEVn and TNV «3edid TAsLEdy
elvou p(z+) — o(z).

T va amogiyouue Tic avaxpifBeteg, unoloyilovue Ty nocdTnTa UGLOC TOU TEPLEYETOL
o’ éva SldoTnua wg e&Re:

e Av éyouue 10 [a, b], téte 1 udla oT0 SrdoTnua w6 eblvar P(b+) — p(a—), av a > 0,
xat p(b+) — ¢(a), étav a = 0.

o ' 10 [a,b) elvon p(b—) — Pp(a—), av a > 0, xou ¢(b—) — ¢(a), étav a = 0.
e I 10 (a,b] eivor p(b+) — p(a+).
e To (a,b) neptéyet udla ion ye ¢(b—) — dp(a+).
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‘Eyovtag Steuxpwvioet Tov 1pémo ue tov omolo xatavéuetar ulor toodtnta udlag xotd
ouvey T 1pono atov dova 0z, o Stieltjes yevixelel xou tnv évvola tng ponic k-tdEng, OoTe
vo umopécetl va aoyohniel ue to mpdfAnua Twv pom®y xat 6’ auThY TNV nepintwon. X’
aut6 T0 onueio opllel To OhOXARPLUL TOU.

Opiowog 6.5 Eotw mpaypatikn kar gpayuévn ovvdptnon f ovo [a,b], kadds ka1 pla
avéovoa ovvdpTnon ¢, mov opiletar eniong oo [a,b]. Ocwpolue uia dSapépion D = {a =
2o <21 <22 <...<Tp_1 < Ty =b} tov Braotiiparog [a, b] ka1 oTn cvéyaa taiprovue
n apipols &1, &a, ..., & térowovg wote xp—1 < & < xp. Ovopdlovue mAdtog tng
dapéprons D tov apiipé |D| = maxi<p<p (Tgp — T—1)-

To épio tov adpoionarog

f(&) (¢(21) = @(x0)) + f(&2) (d(2) — ¢(21)) + ... + f(&n) (D(2n) — d(zn-1)) (6.1)

kaOd§ to mAdtog Tng dapépons telver oto undév, epdoor vrdpyer oto R, elvar to opr-
ouévo odoxArpwna Stieltjes tng f ozo [a,b] wg mpog tnv advéovoa ovvdpTnon ¢
kat o ovpporilovue pe

/a " flu) dofu)

X7 avtnyy Ty nepintwon n f Ja Aéyetar odokAnpaoiun katd Stieltjes wg mpog tn ¢ oo
[a,b].

IMopatvenon 6.5 I'a va vrdpye to naparndvw dpo oto R elvar anapaitnto o1 f xar ¢
va mAnpody kdroies tpoUnotéoes. Av vnotéoovue tnr f ouvvexrj oto |a,b], téte, dnwg
rapatnpel kar o Stieltjes ywpls duws va diver anéoeén, to tapardvew odokAnpwpa tdvtote
urdpyel. O (610§ Tdvtws dev aoyoleltal e g tpolinoléoels Vnapéng tov oAokAnpduatos
tov, yati, otws avagépel, Ya tov araoyolijoovr udvo o1 mepintéoeas orov f(u) = uF A
flu) = z—&l—u A€ Uewpel on1 éyear kdver kdtt to dapopetikoé and to odokAnpwpa Riemann
Kal autog elvar kat o A6yo§ mov Ypnotpornolel tapakdtw, Ywpls va kdvel artodeiéers, anAég

1010TNTES TOU, 0TS 1) YPAUMIKOTNTA S TPOS THY 0AOKANpwTéa auvdpTnoT.

IHopatrenon 6.6 H tiun tov tapandvek oloxAnpopatog 6ev aAddler av petafdAdoviie
¢ TpéS TS ¢ ota onuela acwvéyads tng mov Pplokovtar 0To €0wTEPIKS Tov [a,b], pe
y mpouUnddeon én n f elvar auvexns o’ dlo to didotnua [a,b] kar étt n ¢ mapapéve
avéovoa petd ard g aAdayés ong ués ws. Ipdyuar, av naijprovue ndvta ta onuela
tng dapépons D mov ypnoipornoodue oo dipowoua tngs (6.1), étor dote va elvar onueia
ouvéyelas s ¢ (mpdypa to onolo yiverar yratl éyovue detéer dn o€ kdde dSidoTnua pa
avéovoa ouvdptnon éye to moAV apridunjoyov TAndovs onuela aovréyeag), téte n Tun
Tov Tapandrve adpolouatog dev ennpedletar and tig aldayés ota onueia aovvéyeag, dpa
oUte kat to dpro emnpedletar. Avtileta pe ta napandvew, av aAddéovue TS TiuéS TS ¢
ota dkpa a, b tng odokAnpwong, tote aAddler ev yéver kar n tiun tov odokAnpwparos. O
Stieltjes to aitiodoyel avtd Aéyovtag 6, alddlovtas ta ¢(a) kar ¢(b), aAddler n Tt} Tov
atpoloparog tng (6.1) ka1 dpa aAddler to dpid Tou.

‘Onwe eidoue, o Stieltjes Vedpnoe xatd tov 0ploud TOL OROXANEOUATOS TOU OTL 1) @
etvar ab€ovoa. O optoude avtodg Yevixeleton we e&nic.
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Oplowds 6.6 Eotw f, ¢ ppayuéres uyadikés ovvaptioes tov opilovtar oto didotnua
[a,b]. Oewpolpe pia dapépion D = {a = xo < 21 < 22 < ... < Tp_1 < Ty = b} ToOU
draotnuazos [a,b] kar tovs n tuyaiovs apdpols &1, &a, ..., &, Tou elvar Tétowr GoTe
Tp—1 < &g < T

To dpro tov atpoiouatog

f(&1) (@(x1) — d(x0)) + [(&2) (¢(22) — ¢(21)) + ... + f(&n) (P(2n) — H(2n-1))

ka ¢ o TAdtog Tng drapépiong telver oto undév, epéoov vrdpyer oo C, elvar o opropuévo

olokAnpwpa Stieltjes tng f ovo [a,b] w¢ mpog T ovvdpTnon ¢ kar to ouvpuPorilovue e

[ s ast

Y’ avenyy -y nepintwon n f Ja Aéyetar odokAnpdoun katd Stieltjes wS mpog tn ¢ oo
[a, b].

Axoloudoly xdmoteg Baoixéc 18L6TNTEC TOU OhOXANPWUATOS TOu, Tou o Stieltjes yen-
oluomnotel ywple vo amodeixviet.

Ilpoétaoy 6.7 Eotw o gpayuéves ovvaptioes f, ¢1, ¢a mov opilovtar oto didotnua
[a,b]. Edv n f elvar odokAnpdoun katd Stieltjes wg npos T ¢1, ¢2 oo |a, b, tdre elvar
olokAnpdoun katd Stieltjes kar wg wpog Tn ovvdptnon Aé1+ pp2 oo [a, b], yia Tuyaiovs
pyaoikovs A, p. MdAioza, Oa wyve éu

L/f (A1 (u) + i (u —A/f d (u +g/f ) da(u) |

IIgotaom 6.8 Eotw or gpayuéves avvaptioes fi, fa, ¢ mov opilovtar oo didotnua
[a,b]. Edv o1 fi, fo elvar odokAnpdopes katd Stieltjes wg mpog tn ¢ oo [a,b], tére ya
tuyalovg pryadikols A, o kar n ovvdptnon Afi + pfa €lvar odokAnpooiun kacd Stieltjes
w§ mpos TN ovvdptnon ¢ oto [a,b] ka wyla du

b b b
/ (Mo () + jufo)) d(u) = A / £1(u) de(u) + p / falw) dé(us) .

Or anodetéelg twv 800 autdY TpoTdoewy efvon EOXONES XU AVAYOVTOL OTY YRUUUIXOTNTA
v adpotoudtoy (6.1) wc mpog T f xar 1 ¢.

Ipétaom 6.9 Eotw or gpayuéves ovvaptijoas f kar ¢ nov opilovzar ovo [a,b] kai ¢
€owTePIKd onueio tou Tponyoluevov daotripatog. Av to f;f(u)dgi)(u) undpyel, Tote

urndpyovr kar Ta [ f(u)dp(u), fcb f(u)do(u) kar wyvea du

/f do(u /f do(u /f do(u

Ebikérepa, av n f elvar odokAnpdoun katd Stieltjes ws mpos tn ¢ oto [a,b], tdte
elvar odokAnpdoyun katd Stieltjes wg mpog N ¢ o€ kdle vrodidotnua wov [a, b].
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Anédeiln: Haipvovue tuyaio € > 0, ondte undpyet 6 > 0 WoTe dTay T0 TAATOS TNG
onowdrinote dtauéptone D = {a = zg < 21 < ... < x, = b} elvar uixpdrepo tou § var
ovvendyetar 6Tt 1) dapopd Tou adpoiouatog (6.1) and o f; f(u)do(u) etvon amohdtwe
UIXEOTERT Ano €.

Ocewpolue onotesdfnote doueploes tov [a,c], ic D] = {a =2( < ... < 2], = ¢}
xou DY = {a=1z( <. < xll ;= c} ue mhdtog UixpbTeEpo Tou 0 xou avTioToly o EVILEUESL
ansiocﬂ,...,g,xou ...,§”,,

Enforne, dewpodue uta xowd| dapépion Dy = {c = tg < t; < ... < t = b} Tou
[e,b] ue mhdTog wxpdTepo Tou & xou avtiotorya evdidueca onuelo. And g Di xon Dy
oynuatileton ulo dauépron D' tou [a, b] ue mhdtoc uxpbdtepo tou & xon and tic DY, Do
oymuartileton wa droauépton D tou [a, b] pe TAdtog, enlong, uixpdtepo tou . Tuvendyeton
6t ta odpolouarta (6.1) mov avtiotoryoby ot D', D" éyouy Stagopd anohitwe uixpdtepn
Tou 2e xan, eneldh Do elvan xowvi, xou tor adpolouarta (6.1) mou avtiotoyody otg D,
D éyouv dragopd anolitwe uxpdtepn tou 2.

[ofpvouyue, tdpa, ulo axohovdio Siopeplocwy (Dgn)) 0V [a, ], TV onolwy To TAdTY
telvouy oto Undév. Bdoel twv dowv elnaue uéypet twpa, n aviiotoyn axolouvdio Twy
adpooudtwy (6.1) etvon axohoudia Cauchy xou, emouévac, éxet xdnow bpro I oto C.
Hafpvovtag Tuyado € > 0 xon Yewpdvtag 10 avtioTolyo 6 TwV TEONYOLUEVKY TP RAPY
N anddedng, Peloxovue apreTd UEYHAO N WOTE Dgn) voL €Y EL TAATOC ULXPOTEPO TOL J Xout
®ote 1o avtiotoyo &ipotoua (6.1) vo anéyel and to I hydtepo tou e. Koardmy naipvouue
Tuyoloa dtapépon Dy tou [a, ¢] ue mhdtog wixpbdtepo tou 6, ondte ta adpoiouata (6.1)
v Tig Dy xon Dgn) anéyouy hyotepo and 2¢. ‘Apa, 1o dpotoua (6.1) yia tnv Dy améyet
and 10 I hyotepo and 3e. Autd onuaiver 6Tt 1) f elvon ohoxhnpwotun xatd Stieltjes wg
Tpoc T ¢ o710 [a,c] xau ue mapbuoo tpémo amodewxvietar 6t M f elvon ohoxhnpdotun
xatd Stieltjes we mpog ) ¢ xou o0 [c, b].

(n)

Tdpa, naipvovue pia axohoudia Stauepioewv (D) tou [a, ¢] xou ula oxohoudio Sto-
ueploewy (Dén)) ToU [c,b] TV onolwv ta TAdTy Telvouy 6To Undév. Lynuotilouue v
axohowdia Sraueploewy (D™) tou [a, b] and Tic (DYL)) xalt (Dén)) xa efvarn Tpogavég o1t
nadpvovtog T Gplar Twy atpotoudtwy (6.1), xatahfyouue otny

/f ) (1 /f ) (u /f )b (u

Ilpoétaoy 6.10 Eotw f pia ovveyns ovvdptnon kar ¢ pla ovvdptnon gpaypévng kv-
pavong oo [a,b]. Tdre, n f elvar odokAnpddoiun kazrd Stieltjes wg mpog tn ¢ oo [a, b
Kkai wyvel 6t

< max |f(z)|Vlo .

z€[a,b]

fdcb

H anddeiln tne mpdtaone authc Yo yiver 6to xegdhoto 9.
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Ilpétaon 6.11 Av n ¢ éxa ouveyn mpdtn napdywyo oto [a,b] ka1 n f elvar ovvexng
oo 1610 tidotnua, tdte n f elvar odokAnpdoun katd Stieltjes ws tpog T ¢ oo [a,b] ka1

wyte bu
/ f(u)de(u / fu

Anédein: Adyw ouporbuopene ouvéyelas e ¢ oto [a,b], yia tuyéy € > 0 urdpyet
d > 0 wote va woylet yio xdde t1, t2 670 [a,b]:

[t —ta] <0 = [¢'(t1) — & (t2)| <e.

Haipvouue tuyaio Swopépton D = {a = 29 < 21 < ... < z,, = b} TAdTOUC UxpdTEPOU
and § xou evdidueoa onueio &1, &2, ..., & Xe xde didotnua [zr_1, Tk] LvTdpyeL onueio
m 0ote f(&k) (D(zr) — G(xr-1)) = f(&)D () (Th — Tr—1) x01, EMOUEVEX,

b
> (606601 ~ b)) - JE

n

< f(&c)(¢'(77k) — ¢/ (&) (xr — 2p—1)
k=
(&) (&) (zf — flu du
kz k k k k— 1 /
< Z! (1 () — &' (&)l (21 — 2p—1)
k=1
n b
Y @0 @) an — )~ [ ) ()
k=1 a

< M(b-a)e+

n b
> £(@) (6w —nir) — [ ()6 (u)du
k=1 a

omov M = max,cpy |f(z)]. Enedf n f¢' evou ouveyrc oto [a,b] xou, enouéveg, o-
)\ox)\npd)mpn xatd Riemann ovo [a,b], ouvendyeton 6Tt n tedeutadior ambhuty Tiur €yet
opLo W]BEV 6tav 10 § telver oto undév. Apa, 1o Y iy f(&k) (P(zk) — @(zk—1)) €xer bpro
f f(u)¢' (u)du btav to TAdtog e D telver 6to undév.

Ipétaom 6.12 Av n f elvar odokAnpdoun katd Stieltjes wg mpos ) ¢ oo [a,b], téte
kai n ¢ elvar odokAnpdoun katd Stieltjes ws mpog Ty f ovo [a,b] kai wxla

/f )i (u /¢ )df (1) = F(B)6(b) — F(a)ola)

H nopamdve 106tnta elvon Yvootr wg TOTOG TG ONOXANP®OYG XATA (EET TOU
ohoxAnpouatog Stieltjes xan n anddetlr tne yiveton 610 xe@dhato 9.
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H uévn and 1i¢ nopandve wdtnteg v omola avagépet o Stieltjes, ywelc BéPona var

4 7 7 7 ’ 7 7 b 7
xdvel anddelln, eivor 1 tekeutoio, 6nou yenowwonotel 10 oduBoro [ P(x) df (x) yweic
TeONYOLUEVKS Vo To oploet. Puotxd, autd to xdver Yol e Vélel va evipugroet Teplo-
0OTEPO OTN UEAETT TOU OAOXATPOUATOS, Aoy TOV EVILAPEROUY UOVO OL TEPLTTWOELS OTOU

flu) =u* A flu) = 45

Opiowds 6.7 Eotw 6u o1 f, ¢ elvar ppaypéves ovvaptioes oto [a,b] ya kde b nov
elvar peyalitepo arnd vo aradepé onueio a. Av n f elvar odokAnpwoiun rkard Stieltjes wg
mpos Tt ¢ oo [a,b] yia kdle b > a, opilovue

+oo b
fldo() = tim_ [ f(u)ds(w)

a

av o dpio vrdpyer oo C.

6.3 Mehéty TV ouvapTicELY NG woppns F(2) = f0+oo dj&).

‘Eotw ¢ ula abouoa ouvdptnon optouévn oto [0, +00) xou tétota wote ¢(0) = 0 xon
d(+00) = limy— 400 ¢(z) € R. Oewpodyue ) cuvdptnon F tou oplleton ue tov tHno

F(z):/OJrOOCW, z € C-A,

zZ+u

6mov A = (—o00,0].

IMpétaom 6.13 Av n ¢ elvar adéovoa oo [0,+00) kar wydowr ¢(0) = 0, ¢(+00) € R,
_ [too do(u)
—Jo z+u

téte ) ovvdptnon F(z) etvar oAdpopen oto C — A.

Anbdeiln: Oewpolue tuyaio uryadixé z tou C — A xau toug aprduolc 2| < R < R'.

Tote,
B dp(u) [T de(u) B de(u)
/0 Z24+u B /0 z4+u /R z4+u

6tav 1o R, R’ tetvouv oto +00. Apa, yia xdde z € C — A vndpyet 10 ohoxhfipwua
+oo d¢(u) ’ F 7 )\ ’ Z
0 axe XU n ouvvdptnon F elvou xohd oplouevy.

Méver va det€ouue Ott etvon ohduopen. Apxel vo del€ouue 6Tl undpyel oxohoudia
0AOUGRYKY CUVAPTHOEWY TOL GLYXALVEL opoLdUOopYa oY F' o€ xdde cuunayég unoahvolo
Tou C — A.

Hpdryuart, éotw yia x&de uowd n M Fy, ue F(z) = gl %(Z) viaxde ze C—A. H
F,, etvon ohouoppn ouvdptnom yiotl ixavornotet i e€lowoelg Cauchy-Riemann. Ipdyuart:

0 n d¢(u) . "o 1 L n;
el e~ o ) 0= [ e
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pde )

L) N LY (N S DVR S L S
8y/o T+iy+u /0 5y<x+iy+u>d¢(u)_ /o(a:—i-iy—i—u)?dd)(u)’

6mou ot evahharyég JtocpocY(I)YLGY]g xa oOhoXANE®UATOS amodevbovior ToAD ebxola UEGK
™G UEAETNS TwV ocvuormxow Tm)\mcov SLa(popd)v mou 0pllouY TIC TUEAYWYOUS.
. n  do(u) n de(u ; .
Enouévec, 2 5 IK SHiybu = fo x+zy+u vt xée x + iy oto C — A.
‘Eotww, topa, S tuyaio ouunocysg vnoobvoho tou C — A. Oa detlovye 611 n (F},)

ouyxhivet ouotbuopga oty F oto S. 'Eotw A = max,.g|z|. Téte, yio xdde n > A

€youue
/ o dg(u) / " do(u) / 0 dg(u)
0o Ztu 0o Ztu N Ztu
¢(+00) — d(n)

n— ||

¢(+00) — ¢(n)
n—A\

< —0
xodwe to n telver 610 +00. Apa, 1 (Fy,) ovyxhiver oty F' ouotbuoppa oto S xar 1
anddelln TNe TEOTUOTC €YEL TEAELWOEL.

Oewpolue Twpo Uta GAAY avgovoa cuvdpTNoN ¢ Tétota Wote va oylet ¢1(0) = 0
+o00 deoi(u)

xo ¢1(400) = limy 100 $1(z) € R xow tny ouvdptnon Fi ue Fi(z) = 0 o Yl

xdde z € C — A. Toybetl 1ot 10 €<

Oehpnua 6.1 Eotw ot ovvaptijoes ¢ kai ¢1, mov elvar av€ovoes oo [0, +00) kai tétores
dote ¢p(0) = ¢1(0) = 0, Pp(+00),¢1(+00) € R. Edrv o1 6vo owvaptijoas F kar Fy pe
F(z)= 0+OO djT(Z) kar Fi(z) = 0+OO d;ﬁnT(Z) taipvovy Tis 1d1eg Tipég ya kde z € C — A,
ToTE 01 P Ka1 P1 €yovy ta idia onuela aovréyeag kal drapépovy to ToAU puovo o’ avtd ta
onueta, 6nkadn yapaxtnpilovr tny ida katavoun pdlag.

Tty anddelén Yo ypnolLonotcoVUE TO ToPUXATL AUUA.

Aqupa 6.1 Eotw ¢ avéovoa ouvdptnon oto [0,+00) kar tétowa dote ¢p(0) = 0 kar
d(+00) € R. Akdun, dewpolue tn ovvdptnon G e

o= [ (-

yia kde z mov avijker oto C — A, émov a otatlepss pyadicds apruds tov C — A. Av x
elvar évag Oetikds apriuds, tote

lim [G(—z +¢ei) — G(—x — €i)] = wi (¢p(xz—) + ¢(z+)) . (6.2)

e—0t
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Anddeiln: Katapydg, Yo dct€ovue 61t 1 ouvdptnon G elvon xahd optouévr. I'o tov tuyaio
utyadxd z tou C — A xon v toug aprduoic R, R ue |z], la] < R < R’ woylet 61t

R R
/ <aiu—ziu>¢<“>du—/o (e Yoty

< |z —al /R, < |z — al¢(+00) /Rl du 0
— — —
’a+u|\2+u| B r (u—la])(u—|2]) ’

xod e tor R xow R telvouy ot0 +00.
Apa, yra xdde z oto C — A opiletan t0 fo a+u - z}ru)d)(u)du
Kdvovtog mpdéete, éyovue 6Tt

+00 io(u)du
Gl-o+ei) - Gloz—c) = [ 2O

" 2eig(u)du N oo 2eig(u)du
N /0 (u—x)? + &2 /z (u—x)2+e2"’

: T 2eip(u)du
lim —
e—0t Jo (u—x)2+e2

O det&ovue 6T
= mig(x—) .

Ioyber 6, av /e < z, to1€

T ep(u)du TV eg(u)du m ep(u)du
/0 (u—x)2—|—€2_/0 (u—m)2—|—52+/m_\/g(u—a:)2+e2'

‘Ouwc,
z—\/E d e—Ve d
[ s < o [ e
0 (u—z)2+e¢ 0 (u—z)*+¢
T 1
P(+00) (arc an — — arctan \/5) ,
ondte
T—/E
lim ep(u)du _
e—0t Jo (u—x)2 + &2
‘Ocov agopd 10 ohoxhfpwua ff_\/g (;fg;%ﬁ_% enedn yio xde v e v — e < u < x

oyvel p(x — /e) < p(u) < p(z—), Yo elvon

1 z d(u)d 1
¢(x — /) arctan <\/§> < /:c—\/E (UE_SQIEQ < ¢(x—) arctan (\@) .
Eredf lim, g+ ¢(z — /) = ¢p(x—), ouvendyeton

. v ep(u)du T
1 AW Ty
em0t omyE (Uu—2)2+e2 2 (=)
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Me tov {810 1pémo anodetxviovue 6T

I oo eigp(u)du i Ve 2eigp(u)du it oo 2eig(u)du
im, — 55 = lim — 55+ lim 5
e—ot ), (u—xz)2+4e¢ e—0+ J, (u—x)2+e* ot Jpp s (u—2)2+¢

= migp(x+) + 0 = mig(x+) .
Anddeldn touv Yewpruatog 6.1: And tic npotdoeig 6.12 xon 6.11 €yovue 6Tt
b b
d 1 b
[0 [ pga( L) - 20
0 Zt+u 0 zZ+u z+b

[Hde _ [ otwin 40
0 0

z4u  Jo zFu?  z4b

pdel)

Hofpvovtag tar dpta Twv 300 uehwy yio b — 400, Bploxouvue 6t

B T p(u)du
F(z)—/o Gl

Axéun, nopaywyilovioag vy

o= [ (i)

F(z)=G'(2) .

Beloxouvue ot

H outiohdynon etvon moAd e0xohn xou yiveton ue 11 LeAETN TOL TNAIXOU TwV Slapopwy Tou
opilet tny G'(2).
‘Ouota, av Yewpricovue tnv

oi0= [ (g~ )

Fi(z) = G(2) .

t6te elvon

‘Ouwe, ot ouvapthoelc F xar Fp eivon (oeg, dpa ot G xon Gy Yo Srapépouy udvo xoatd ulo
otadepd. Apa, av YewpRoovue, dTwe xot TEoNYoLUEVLS, évay Tuyaio VeTixd aprdud
xat € > 0 0c08fnote Uxpd, TOTE €YOLUE

G(—x +¢ei) — G(—x — i) = Gi(—x +¢i) — G1(—x — &1) ,
7 7 7 7 —+ 3 ’ 7
1, Moy Tou AMjuuatog, av ndpouue € — 07, tote Bploxouue 6Tt

¢(x=) + la+) = dr(z—) + dr(z+) . (%)
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H televtaia oyéon woylel yia 6houg toug Yetixolc aprduolc &, evéd Yo 1o Undév oy et
6t 9(0) = ¢1(0) = 0. Anb tn oyéon () €xyouvue bTL ot ¢ xou @1 €youy ta (S onueia ou-
véyetag, dpa xou xowvd onueio aovvéyetac. Ilpdyuartt, éotw z tuyaio onueio oto (0, 4+00).
Ov ¢, ¢1 etvon acvveyeic 10 moAd oe apriurotuo TAfdog onuelwy xou oTa xowvd onueia
ouvéyetag malpvouy, AoYw TNg Topamdve tootnTag, ¢ (dteg Tiwés. Oewpolue howmdy -
o axohovdiec (z — &,), (z + €],) x0wvGY onueiny cuvéyelag Tou ouyxhivouv 6to & and
aptotepd xon Se€Ld avtiotoya. Ioyler ot

d(x—)= lim oz —e,) = nBI—&I-loo d1(x —en) = d1(x—)

n—-+o0o

ol
Glat) = lim G +el) = lm ¢i(0+e)) = pilat)

n—-+4o0o

Apa, To x Yo elvon Towtdypova anueto cuvéyetag ¥ acuvéyelog yia Tig d00 GUVIPTHOELS.
Me napduolo 1pémo anodetxvietar 6Tt oL ¢ xou ¢ elvar THVTOYEOVA GUVEYELC 1 AoLVEYElS
an6 degid oto 0. Télog, and ta mopamdved TEOXUTTEL OTL T GAUATE TOUG OTIL XOWA
onueia aocuvéyetag elvon oa. Anhady), ot 8o adfouoeg cuvapthoel yopaxtneilouy TNy
(St xorravour) walog xat Stapépouv 1o Toh) oTa onueior aoLVEYELAS TOUC.

IMopathenon 6.7 Av o1 ¢ kar ¢1 1kavonowly T vrodéoes kat,etopévag, Kar To OUUTEé-
paopa tov ewpnuaros 6.1 kar aAddéovpe tig Tpég touvs o€ kdde onueio x > 0, to omoio
elvar kowé onuelo aovréyeds Tous, dote va 1wy vovy ot

o(x) = d(x—) J2F o(z+) rar 61(z) = b1(z—) J2r é1(a+) |

tote, emeidr) ¢(0) = ¢1(0) = 0, énerar drt o1 6o owvaptijoeag elvar loeg Tavtov.
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Kscpdc)\ou.o 7

H avanapdotaon twv F(z) ko F1(2)
0G ohoxAnpuudtey Stieltjes.

7.1 Oplopog twy limsup xow lim inf mpaypatixng axolovdiog
%o L8LOTNTES TOUG.
Ocewpolue pia axohovdia nporyuatindy aprdumy (uy) mou eivon gporyuévn. Téte, yio xdie

puoxd n xon 1 oxohovdia
Un» un+1a u’n+27 Un+37 o e

Vo elvon gporypevn, dpar 1o Ly = Supgsy, ug xou lp = infg>, up Yo elvon nenepaouevor
apriuof.
Mdhiota, o apriude Ly, éxet €€’ oplouol Tig Topaxdte WIOTHTES:

o Kaveic and touc apriuoic
Up, Un+1, Un+2, Un43, ---
dev Eemepvd tov Ly,.

o ' xd&e € > 0 ocodrnote Uxpd UToEOVUUE VoL BpOUE XATOLOY Amd TOUS TAURATEVW
6poug mou va elvar ueyahitepog tou L, — €.

Axbun, 660 o n avZdver o L, uewdvetar, dnhadh n axohoudia (L,) eivor pdivovoa xou
x4t Qporyuévn and omoodhnote xdtw @edyua ™ (ug). Apa, €xet bpro mparypoTid
apLriuo, €otw tov L. Oo toylet 6t

L= lim L, =infsupuy .
n—+00 neN g>p

O aprdude L ovoudZeton limsup tne oxohoudioc! (uy) xon ye Bdom to tponyolueva éyet
Tic €&hg ot TEL.

L0 npdrog mou bpLoe ta lim sup xon lim inf frav o Paul du Bois-Reymond (1831-1889) oe BBiio tou,
Tov exdOUNXe ddexa ypovia Tty and auty TN dnuosievor), dnhady to 1882. O (Siog toug ovouace "les
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e Ot 6pot e axolovdiog (ug) and xdmoto deixtn xor népa eivor 6ot UxpdTepoL TOU
L + ¢, 6mou e tuyaiog Vetindg aprdudg mou umopet va yivel ocod¥inote uixpdc.

Anédeilrn: Eotww e > 0. Ened| ny axohovdia (Ly,) elvar gpdivouoa, undpyet n tétotog
®ote o L, va efvon uixpdtepog and L + €, ondte xavelg and toug aprduoie

Un, Un+1; Un+2; Un+3,
dev Eemepvd tov Ly, dpa dhot Toug elvon utxpdtepol and L+ €.
4 4 7 7 ’ 7 7 ’
e Tndpyouvv dnepot bpot tng axohovdiag (uy) mou eivon yeyahitepol and L — €, 6mou
e tuyatog VeTinde apriuog mou umopet va Yivel ocodrnote xpdc.

Anédeiln: Eotw € > 0. Metadl) tov dpwv
ur, U2, uz, U4,

UTAPYEL TAVTA XATOLOG, EGTW O Uy, MOV elvor Ueyoalltepog and Ly —e. Téte Vo
elvon ueyoahitepog xan and L — €, ool Ly > L.

Y11 ovvéyeta VewpolUE Toug dpoug

Un+1, Un+2, Un+3, Untd,

Trdpyet Touldytotov évag dpog ueyarbtepog and Ly 1 — €, dpa xon and tov L —e.
Edv u; elvar autdg o bpog, téte ouveyilovue, Yewpwvtag Toug dpoug

Ul+1, Ul+2, U433, Ul4+4, -+

on6te malpvouue €vay 6po Uy, Tou elvon ueyolbtepog and Ly — €, dpa xar and
L —e. Me tov 1pémo mou nadpvouue toug deixteg toylet n <1 < m < ..., ENOUEVKS
xataoxevdlovue ulo unaxolovdio e (ug), T onolag dhot ot bpot elvon avdueca
otouc L —exou L + €.

Me Tov (810 axpiBieg tpémo nalpvouue 6Tl 1 axorovdior Twy b, = infi>, uy elvon od-
Eovoa xo Gvw @poryuévn, ool 1 (ug) elvon dve gpayuévn. Apa, ouyxhiver oe évay
TpoyUaTiXG optiud

[ = lim [, =sup inf u; .
n—+too neg k>n
O oprdude | ovoudZeton liminf e axohovdiog (ug). ‘Onwe o L, étor xou o | anodetxvietan
OTL €yEL TIC TOPOXATw LLOTNTES.

limites d’ indétermination des nombres ux”. Ou Bacwdtepes WSLdTNTES TOL HTAV YVWOTES OYETWXXA U
autolg toug aptiuole tav 6tL 6hot oyedov ol bpol tne axohoudiog Beloxovtal oe xdde Qpayuévo xon
avowxtd Sudotnua mou mepthaufBdver toug I, L xan ot 1 axolovdia €xer dplo axpl s tote, o6tav L = L.
Idvtwe, emewdy) dev tay xon 1060 YVOOoTéS Evvoleg exelvn TNy enoyr, o Stieltjes Yewpel cwotd va tig
oploeL Eavd yia va Tig yenouonotioel dtay Yo avagepdel oty axtiva obyxiiong e Suvapocelpde xon
oToV 0plold NS cuvdptnong @, mou Ya nallel onuavTd PdAo oTNY UTOAOLTY epyacia.

Yy anodeén g npdtaons 3.1 xan oto Téhog g §4.6 yenouwsonotjooue BdN Tig €vvoles Twv lim sup
xou lim inf ouvapthoewy xat axolouddy yia Adyoug euxohiag xon xouddtntag, eved o Stieltjes Sev xdvet
%dtL Tétow ot avtioTouyeg arodellelc.
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e Ot bpot e axohoudiog (uy) and xdmoto deixtn xou népa elvar Ghot ueyahitePOL TOU
[ — €, 6mou e tuyaiog Vetinde apriude mov umopet va yivel ocodnrote uixpodg.

e I xdie ¢ > 0 xou ooodrimote Utxpd undpy oLV drelpot bpot NS (uy) UIXPOTEPOL TOU
[+e.
Eniong, woybouv ot e&hc drdtneg.
o Eivow névta L > 1.
Anddedn: Ipogavag, yio xde guod n woybet I, < Ly, xot, emouévwg, eivan I < L.
o Ioylet L =1 av xon uévo av 1 (ug) ouyxhivel xon téte 10 GpLd e elvan 1 xowi Ty
L=1.

Anédeiln: ‘Eotww 61t L = [. Oewpolue € > 0. Tote, and tig mponyolueveg tdrotnteg
€youue 6Tt ot bpot e (ug) amd xdmoto deixtn xou népa Vo Poloxovion UETHED TwY
apuey l —e =L —ecxou L+e=1+¢e. To e nov Yewproaue rav tuyaio, dpo 1
axohoudio (ug) o ouyxhiver xou to 6ptd tne Yo toolton pe L = [.

Avtiotpoga, éotw 6Tt 1 (uk) ouyxhiver xar to 6pLd e elvar o apriude m. Téote, Ghot
ot 6pot e (ug) and xdmoto deixtn xou népa Yo Ppioxovian o€ ula TEPLOY T 00OdATOTE
uxen Yopw and 1o m. Enedy yia 1o L yvwpllovue 6Tt undpyouv dnelpot dpot tng
(u) mou Bploxovton oe uio ooodhnote uxph nepoyh Yopw and tov aprud outd,
éreton 6Tt m = L. ‘Ouota, and Tic dtnteg tou | €youue 6L oe xde mepLoyn Tov,
600 uwxpr| xt av etvan, Beloxovton dretpot 6pot g axolovdiog. Apa, Yo etvon m =1
xa To {nrovuevo €yet anodetyvel.

IMpétaomn 7.1 Av i akodovdia ({/|c|) elvar gpaypévn, téte n axtiva olykhiong R tng
Suvapooepds >3 20 c.2F 100vtar e

1
R= ————.
lim sup {/|ck|
Evd, av n ({/|ck|) dev elvar ppaypévn, téte n duvapooeipd averj ovykiver pévo ya z = 0.
H oanédeiZn, mou éywe and tov J. Hadamard (1865-1963), napaheinetou.

7.2  Ouv ouvaptroelg ¥ xow X.

Oewpolue Y xNuoxe T xot adiovoa ouvdptnon ¢n(u), tov oploaue 010 TENOC TOU
TEUTTOU XePalaiov wg eEhc:

( 0, 0<u< Zlign)
Ml(”), x@ <u< azg )
bn(u) = M1(n) + Mg(n), xé") <u< a:én)




L @cwpoiye tdpa

H nopondve ouvdptnon naipvet Tuec and ¢n(0) = 0 €wg ¢p(+00) = o~

€var un apynTid apriud u xon Ty axohoudior apriudy
$1(u), da(u), ¢3(u), ... .

H noapandve axohouvdio elvar gpayuévn, dpa talim inf, lim sup elvor nenepacuévor aprduot.
‘Eotw
blu) = T sup ép(w)

n—+00 >y,
Xl
x(u) = lim inf ép(u) .
Ilpotaom 7.2 O x kat ¢ éyovr TS napakdtw 1016TNTES.
1. (u) = x(u).
2. 9(0) = x(0) = 0.

3. Edv ya kdrowo u 1wyver (u) = x(u), tdre vrdpyer to limy, o0 ¢p(u) kar pdlioza
wovtar pe P(u) = x(u) kar, avtiotpoga, av vrdpyer to lim,, 4o ¢n(u), Téte 10 YL
Y(u) = x(u) = limp— 4o Pp(u).

4. Or x ka1 ¢ elvar avéovoeg, wg dpra avéovody ovvaptioewr.

5. Av 0 <a <b, tdre (a) < x(b).

‘Olec ot nopandve 8L6TNTES elval Tpogaveic, extdg and Ty Tedeutala, 1 onola yia vo
amodetyvel ypetdletar var YiVOuy Tp@Tal XATOES GANES TAPAUTNETOELS.

7.3 1I8L6TNTEG TWY CUVARTACEWY ¢),.
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onou 6tay Ypdpovue M; xou x; EVVOONUE MZ-( ) :L‘g ),

Me Bdomn toug t0moug tng §2.2 €yovue 6Tt

k+1 k+1 k+1 k+1
My + Mozg ™ + Maas™ + ..+ Mpai ™ = ¢

oo 7 c
e kg . Ck+1
/0 <a1 qﬁn(u)) wdu P

yiok=0,1,2,3,...,2n — 2.
Eniong, yia x&de n' éyovue bu

*© /1 c
k k+1
- = ¢n+n’ du = )
/o (Oq (u)) wan k+1

6mou twpa to k todpver twwéc k =0,1,2,3,...,2n+ 2n' — 2.
Emouévoe, vy xdde k= 0,1,2,...,2n — 2 Yo woylet o1

dpa elvan

+o0
| @al) = rl)du=0. ()

H televtaia wodtnra ouvendyetar 6t 1 ouVEETNON @ (U) — P (w) chhdler Tpbomuo
Touldytotoy 2n — 1 gopéc.?

Ac vrodéoouue 6Tt 10 teheutaio dev woyder. Toéte, 1 ¢dp(u) — Pppr (w) Vo ddA&Ler
npbonuo m @opéc, 6mou 0 < m < 2n — 2. 'Eotw 611 oc xadéva and ta SaothuoTta

(0,u1), (ur,u2), ..., (Up,+00)

elvon evahha un apvntixd xow un detixh. Oewpolue to mohuwvuuo p(u) Baduod m ue

p(u) = (u—ur)(u—ug) - (u— up). Hunundevied ouvdptnon (¢n(u) — dnw (w)) p(u)
dratnpel otadepd mpdonuUo ota onueia 6mou de undeviletar. Emouévee, o ohoxhipeua

+oo
/0 (6 (11) — e () plat)

et 1 apvntied § detnd) T, ‘Ouwe, and v (*) mpoxintet 1t 10 napandve ohoxhipoua
npénel var elvon undév. ‘Atono. Apa, 1 ouvdpTnom én(u) — Gpin(w) ahhdler tpbomuo
ToUAdyLoToY 2n — 1 gogéc.

And v dAAT, oL @y XU Pptpy Elvarl 0OEOUVOESC XA AAUAXWTES CUVARTHOELS XL 1) Py,
elvon otardept| ota SraoTAUATY

(IL‘l,ZL‘Q), (l’g,l‘g), ERE) (l'nfl,l‘n) :

2H uédodog mou XpNoULOTOLO0UE TapUXdTe Yo Vo amodelEouue auThY TNy Tpdtacy anodidetar oTov
Legendre (1752-1833). Auté 1o anotéheoua Yo mpénet vo oy oAl yvwotd tnyv enoyl exelvn, yiatl o
Stieltjes to ypnowsonotel ywplc va to anodewxvieL, avapépovtac Uévo to dvoua tou Legendre.
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Onéte n ouvdpnon ¢n(u) — Gppn () 0AAELeL TpdoNUO TO TOAD Uia Popd e xadéva and

\
’

4 7 4 4 4 / 4
o nopandve dtaotAuata. Emimiéov, Yo mapouotdlel to mohd ufa adhayr npoohuou o

7

xodévor amd Tor onUEia ACVVEYELAS T1, X2, - . ., Tp. OUOS, 1oy LEL OTL

¢n(0) = Pntn/ (0) =0

pde )

1
¢n(+oo) = an—&-n’("_oo) =
aq
onote N ¢n(u) — Ppin (u) dev mapoustdler odhoyr tpoohuov ota dwothuata (0, 1),
(n, +00). Enouévewe, 1 én (1) — dppn (1) €xer 1o Tohd 2n — 1 onueia alharyfic Tpoohuou.
Actloue tehxd 6Tt oy VEL 1) TaUPAUX AT TEOTIOT).

IMpétaom 7.3 TNa xkdde n' n ovvdptnon ¢n(u) — Gpiw (u) aAddler mpdonpo akpifg

2n — 1 gopég: ota daotiuata

(@ 2d), @2, L @)

rapovoidler n — 1 aAdayés mpoonuov, pia o€ kdde Ordotnua, €ve o1 VTOAoimeS aAdayés

rpoonuov ovuPaivovy ota onuela aovvéyeag xgn),xén), e ,xq(ln) ™S O,

(n)

IMopatienon 7.1 Ané wny napandve mpétaon mpokinter on, av to xp(= x) ) elvar
onpelo ovvéxaas g G (1), tdte wyve

¢n($k_) < ¢n+n/(xk:) < ¢n(xk+) )

eve) Grav to xy elvar onpuelo aowvéyeas (dpa xown pila twv Qon(—z), Qonton' (—2)) ka1
yia Tis 6U0 ovvaptrioels, tote 10y Vel

On(Th—) < Pnpnt (Th—) < G (T t) < PnlTpt) -
Apa, oe kdle nepintwon wyvea on
Gn(Tr—) < P (Th—) < P (T t) < D (wp+) -

IapotAenon 7.2 Ernadi) n ovvdptnon ¢n(uw) —¢nin (w) aAddla mpéonuo oe kadéva ané
Ta daoTnuata (w,(gn),wgil), ota omola N kAipakwth ovvdptnon ¢, (u) elvar otadepn, n
G (0) Ua adddla avaykaotikd Ty oto eontepikd tovg. Avtd onuaive 6t peta&d 6vo
p1ldsv tov moAvwvipov Qo,(—2) vrdpyer ndvra pia pila tov Qopion (—2). Arodeiajie,
onAadr), pe devtepo Tpémo éva and ta ovumepdopata tng §1.5.

114



74 Av0<a<b, tote ¢Y(a) < x(b).

‘Eotww 6t wybet ¥(a) > x(b). Téte vndpyer € > 0 tétowo dote P(a) —e > x(b) + ¢.
‘Ouwe, and tov optoud e ¥ éyovue 6t P(a) = limy, 4o SUPL>, Pr(a), dpat and Tic
WSrénteg Tou limsup mou amodelydnxay oty §7.1 mpoxiimter 61 undpyer LTaxohoUDi
(bn,,(a)) e (¢n(a)), tne onolag Ghot ou Gpot eivon peyahltepot and P(a) —e. ‘Ouota,
enedh] x(b) = limy— 4 oo infr>y @k (b), Vo undpyer unaxohoudia (¢ (b)) tng (¢n(b)), Te
onolag 6hot ot Gpot elvon utxpdrepot tou x(b) + €.

O deioupe Twpa 6Tt xavéva and Ta TOAUOVLUL Qop, (—2) X Qoyr (—2) Bev €youv
oila 670 (a,b). Hpdyuatt, ac vnodéocovue avtieta 6Tt 10 Qop, (—2) Exer o pila ¢ oto0
(a,b). Tote n ouvdptnon ¢, (u) eivar acuveyrc oto ¢, ondte

Pni (=) 2 Pny (@) > P(a) —e > x(b) +e . (¥)
Oewpolue, Topa, éva delxtn nl, ueyahitepo tou ng. Adyw tne nopatfonone 7.1 Yo eivon
Py (c=) < Oy, (c=) < Py, () < by (ct) - (3)
‘Ouwe, 1 ¢nr  elvon abovoa, dpa

Gnr (c+) < @ () < x(b) + €.

Anb v teleutaio oeLpd avicoTTLY xou T (*), (¥*) xatadfyouue o€ drtono.

Me tov (810 tpémo Setyvouue 6Tl xou 1o TOALGYLUA Qo (—2) Sev éxouv plla oTo
(a,b).

Enewdn n vnoxohovdio tohuwviuwy (Qon, (—2)) dev éyel xaulo pila oo (a,b), Bdoet
P, (=2
Q2nz((_z))
ohbuopen cuvdptnon F(—z) ouotduoppa oe xde ovunayés uToolVolo Tou SaxTuliou
a < |z| <b Av F(—z) = "% ¢;(—2)" eivor 1 oeipd Laurent g F(—z) 010 doxtilio
a < |z| < b, and v (5.2) éyovue 6Tt yia 10 cuvteheoTr| c—1 Vo Loy el

TWY ToRATHERCEWY TptY and TNy Tedtact 5.1, 1 axohouvdia ( ) Yo ouyxhiver oty

c1 = lim ¢y, (c), (1)

6mou ¢ tuyadog aprdude tou (a, b).

P, (—
H ouvdptnon F(—z) elvar towtdypova xou to 6plo tng umaxohoudiog (Q%m((_z))),
2n,’m

dpo Ue To (8to GXENTIXG XaTohiyouue 0To 6Tt Vo Tpénel

c-1= lim ¢n§n (c) . (2)
‘Ouwg, ot todtntee (1) xon (2) elvon adlvatov vo toybouy tautdypova, yrati Ghot ot aprduol
®ny, (€) elvon ueyahitepor and P(a)—e, 6hot oL apriuol ¢y (c) elvan uxpdtegot and x(b)+e
xou emtmhéov oylet x(b) + ¢ < ¢Y(a) —e. KoatahiZaue oe drono yratl vnodéooue ot
P(a) > x(b). Apa Va eivon (a) < x(b).
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_ x(w)+e(u)

7.5 H ouvdgtnon ¢(u) 5

%X LOLOTNTES TNG.

Ocewpolue 1 ouvdptnon ® nou oe xde onueio u tou [0, +00) opileton and Ty wdTNTA

oy = MU0

Ilpétaom 7.4 H ovvdptnon ® éyea g rapardtw anAég 1016tnTeg:
o Eivar avéovoa.

o Joyva éu ¢(0) = 0 ka1 P(+o0) =
TETEPATUEVES TIUES.

o €mopévas n @ maipver un apvnTikés kar
o I'a kde onpeio u tov (0, +00) wyvea 6t ¢(u+) > P(u) kar P(u—) < x(u).

Apa, érav etvar P(u) > x(u), n ® elvar aovveyns. Andadi), drav n axoloviia
(pn(u)) dev éxer dpro, téte n & elvar aovveyrjs e dipa ®(u+) — ®(u—) mov elvar
peyalvrepo 1j ioo ané P (u) — x(u). To avtiotpogo dev 1wy e anapaitnza.

Onws, n @ etvar atvéovoa, dpa éxer to moAd aprdunoiupov tAndous onueia aovrvéyeag
Kkai, tedikd, o dpio limy,_, 1 oo Pn(u) dev opilerar yra onpueia, to mArilog twv onolwy
etvar to moAU aprunoipo.

o Edv xi elvar onuelo aovrvéyeas kdnowag ¢y, tote
On(r—) < () < dnlapt) -
Anddeiln: Ou 800 npwreg dotNTeg lvan mpogavels.

‘Eotw u tuyaio onueio tou (0,4+00). Téte, av € eivar évag Yetixds xow ocodfinote
uxpog aprude, Yo oy et 6Tt
Q(u+e) > x(ute) > P(u) .
Enouévac,
®(ut) = ¥(u)
xou Ue avtioToryo tpéno npoxintet 1 aviootnta D(u—) < x(u). Apa, n tpitn WLéTNT NG

@ éyer anoderyvel.

oty tekevtaia totnTa, unovétovue OtL 10 x) elvon onueio acuvéyelac g @y.
Téte, and v napathpnon 7.1 cuvendyeton 6t yia xdde n' > n woyleL

(=) < (1) < PnlTh+)

xa, dpat, Yo elvon
On(k—) < x(zk) < V(@k) < On(@pt) -
Enouévoc,
Pn(@p—) < D(21) < Pn(wit) -
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7.6 ALaoTALATA TEOTOU Xt BeLUTEPOL eldoug xau LELOTNTES
Toug.

Opioudg 7.1 Ocwpolie éva sdotnua (a,b) ne 0 < a < b. Edv vrndpyovr nenepaoévov
mAndovs modvdvupa and ta Qon(—2), n = 1,2,3,... , mov dev éyovr pila oo drdotnua
avtd, tdte Ya Aéue du o (a,b) elvar npdrov €lbovs. Xtnv avtidetn mepittwon, o (a,b)
Ua Aéyetar Ordotnua devtépou eldoug.

IHopdderypa 7.1 Kdde sidotnua s popens (0,b) ya to omolo vrdpyer éotw kar éva
ToAVAY U0 Qon(—2) Tou va éyer pila o’ avtd elvar pdiTov €ldovs: epdoov undpyel éva mo-
AvYUpo Qon(—2) Tov va undeviletar o’ avtd, Adyw tov Jewpripatog 1.1, kdde molvdrupo
Qo (—2) pe k > n Oa undevilerar oo (0,b), dpa pdvo menepacuévov mAndovg toAvdvupa
o€ Oa undevidovrar oo didoTnua avto.

Loy Oet 1 mopoxdtew npdtao.

Ilpétaon 7.5 Edv ya kdrnow guoikd n to toAvdvupo Qon(—2) éxe 600 piles oo (a,b),
ToTe TO OidoTNHA aUTo €lval TPWHTOU €100US.

Anédeilrn: 'Eotw 6t 1o tohuevuuo Qon(z) éyet dbo pilec oto (—b, —a), e ki, ke
ue ko < k1 < 0. Oewpolue évay tuyaio puotx6d n' xot 10 TOANGYLUO Qopton/(2). Edv
vrodéoouue 61t To teheutalo mohudvuuo dev €yet xaulo pila oto (—b, —a), tétE o1 Ky,
ko o Bploxovtow oto Sdotnua (p2, p1) 800 dradoyixdv plodv tou. Kdétt tétoo duwe
dev unopel va oupPaivet, yatl and to Yewpnua 1.3 €youue 6Tt UeTAED dVo Sradoyxdy
oty tou Qapron’ () Peloxetar To OO wio pila Tou Q2,(2). Apa, yia xdde guowxd n'/
T0 TOANUOVUUO Q2pt2n (—2) Exel ToUNGyLotOY Lla pila 010 (a,b) xar To SrdoTnua awtd
elvar TpedTou eidoug.

Axohoviet ula enloneg yprowun tpdtoo,.

Ilpétaon 7.6 Edv to ddotnua (a,b) elvar devtépov eldovs kar ta a, b elvar onueia
ouvéyeag s @, tite elvar P(a) = P(b) ka1 ya kdle ¢ > 0 vndpyer v éror dote ya
kde n > v ka1 ya kdle a < u < b va wyvea ot

(fn(w) — Du)] <& . (x4)
Anladny, n (én) ovykdiva opoduopga otn ® oo sidotnua [a, b].

Anddeiln: Trnodéooue 6ttt a xou b elvan onueia ouvéyetog g P, emouévwg, elvon
®(a) = limy— 400 Pnla) xar (b) = limy 400 Pn (D).

Oa detZovue 61t oyler ®(a) = ®(b). Ilpdyuatt, av unodéoovue to avtiveto, toHte Yo
€yovue otL @(a) < O(b). Apa, undpyet € > 0 €010 DoTE

Bla) +e<Db)—c. (1)
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[o 10 € autd undpyet PuoLxds ¥ GOTe Yo xde n > v var Loy Vel

[¢n(a) — B(a)] <& (2)

|n(b) — @(B)] <. (3)

Ané e (1), (2) xon (3) mpoximter 6Tt Yo xde n > v woylet 6t ¢y (a) < ¢ (b), dnhadi
XAVEVOL ¢, YLt M > v BV elvon oTtolepd oTo SdoTnua [a, b] xou EROUEVLS TOL TOAUMYUUAL
Qan(—2), Yo n > v, éyouv toukdytotov uia pilla 6to (a,b). Avtd onuaiver 6Tt T0
dtdotnua awtd elvon mpwtou eidoug, edyua mou eivar avtideto ue v unddeon. ‘Apa eivor
P (a) = ©(b) xou n ¢ eivar oTadepn 070 [a, b].

Enewdh ®(a) = (b)) = ®(u) yro x&de u o70 [a,b], ot oyéoeic (2) xa (3) ypdpovrton

D(u) —e < ppla) < P(u) +¢
xo
D(u) —e < Pp(b) < P(u) +¢

vl x&de n > v.
AMNG, xdde ¢y, elvon adZouoa, dpa Yo xdde u tou [a, b] xou yia x&de n > v Yo éyouue
ot
D(u) —e < Pp(u) < (u) +e¢
1 lwodlvoua

[¢n(u) — @(u)] <e .

IMopatrenon 7.3 Me ng vnodéoes tng nponyoluerng npdtaons, ovvendyetal 6t 10y Vel
O (u) = limy— 400 On(u), dpa o€ kdde onpueilo u tov [a,b] vrdpye To dpro Twv ¢n(u) Kkay,
emopévag, o1 x ka1 v tavtilovtar oo [a,b].

IIopiopa 7.1 Edv to idotnua (0,b) elvar devtépou elbovs, tote wyve 6t
O(u) = pp(u) =0
yia kde puoikd n kar yia kde u oo [0, b].

Anddeiln: And 1o mapdderyuo oty apy i auThAg TG Topaypdpou TEOXVUTTEL OTL EQO-
oov 1o ddotnua (0,b) elvon deutépou eidoug, xavéva ToALGVLUO Q2,(—2) dev unopel va
undevileton oto [0,b]. Enouévee, eivon ¢, (u) = 0 yio xde guotxd n xou xde u € [0, D]
xow ot X, 1, ® undevilovton oto [0, b].
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7.7 Extiunon tou ohoxAnpouoatog fOL |pn(u) — P(u)|du, 6mou
L onuelo ouvéyeiag tng .

Ocwpolue ulo Stauéoton
O=uy<u <us <...<up_1<up=»L

ou [0, L] tét0l0 (ote xavéva u; vo. uny elvan onuelo aouvéyetag g @.3
‘Eotw 61t € elvar 10 ueyohhtepo uhixog twv dtotnudtony (ui—1,u;) e dauéplong.
Ye xd&le ddotnua (ui—1,u;) avuetoryolue évay oaxépouo aptdud v; Ue tov axdhouvdo
TPOTO:

o Edv 10 ev Aoy Stdotnua elvon Tp@dTou eldoug, T6TE 0 15 €lvon 0 UeYahUTEROS PUOLXOS

n 'y Tov 0no{o 0 ToAUMYLUO Q2,(—2) dev éxet pila 010 (ui—1,u;).

e Edv 10 (uj—1,u;) elvou deutépou eidouc, t61€ 0 14 elvor 0 UxpdTEROS QUOLXOS, O
ornofog €yel Ty WOt Yot xdde ueyahlTePd TOU QPUOLXS N VAL Loy VEL

|fn(u) = D(u)] <&,

6mou € elvan auvdalpetoc Vetinde aprdude xon u € [ui—1,ui]. (Abyw tne mpdraong
7.6, évac tétolog QUOLXOS 1 TavTa UTEPYEL. )

YuuPBoiilovue ue N 1o ueyolltepo and toug k aprduolc vy, v, . . ., Vg XoL TOLPVOUUE
Tuyaio Quowd n ueyakitepo and N.
Ened?| woybet

L k Ui
/0 onta) — 2l = 3 / * lono) — B

apxel vor extiuioouue 1o xdle ohoxhApmua f;“_l |pn (u) — @(u)|du.

%

e Edv 1o Sidotnua (ui—1,u;) elvan tpwrou eidoue, téte, enedf n > N, n ocuvdptnon
O €)EL €va TOUAGYLOTOV ONUElD ACUVEYELNS € GTO Ao TN aUTO, dpa

Pn(c=) < B(c) < gulct) -

Enouévac,
D (ui-1) < dnlus)

xou

¢n(ui_1) < @(uz) .

3Ané 1 otypy mou ta onueio acuvéyewag g @ elvon aprdunciuov TARdoug, Ta unéhoma onuela
tov [0, L] an’ énov unopodue va StahéEovue ta onueia tne Stauéptone niny tou 0 elvan unepopriunciuou
TArdoue.
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Apa, yior xdle u € [ui—1, u;] wydet
Pn(u) — (u) < dp(ui) — P(ui—1) < Pn(ui) — dnlui—1) + P(u;) — P(ui—1)

pided)

Pn(u) — ®(u) = dnlui—1) — P(wi) > dn(ui-1) — dn(wi) + P(ui-1) — () .
And Tic d0o teheutaleg aviootnTeS €youue OTL

|pn(u) — ®(w)] < dn(ui) — dn(ui—1) + P(u;) — P(ui—1) .

Apa elvon

[ 6t = < (60(0) = i) + @) — (i)

Tehixd, 1o dpoloua 1wV OAOXANPOUATWY TN LOPYNC fsil |pn (u) — ®(u)|du, 6mou
10 (Uj—1,u;) elvar Sdotnua mpodTou eidou, Va elvon uixpdtepo 1) (oo and
e(o1 + 02) ,

bmou o1, o9 elvon to adpolouorta Y (dn(ui) — dn(ui—1)) xow D, (P(us) — Pr(ui—1))

aviiototya.? Ondre,

1 1
< — — = _ _ = — .
£ +.92) < 2(6,0409) = 6a(0) + (o) —00)) = (-4 ) = 2
Av o didotnua (u;—1,u;) elvon deutépou eidoug, t6te ened n > N > v; Yo éyovue
ot
‘an(u) - (I)(u)’ <¢

ETOUEVKC,

/Ui [P (u) — @(u)|du < &' (u; — ui1)

xat, TEMxd, 10 dpoloud TwY OAOXANPWUATWY TNS LopYhc IZZ_I |pn (u) — ®(u)|du,

/ ’ ’ Z ’ ’ / I s !
6mou o (ui—1,u;) elvon Sidotnua deutépou eldoue, Va etvar uixpdtepo 1 oo and ' L.

AcetCaue TV nopoxdtw npdTAoT.

IMpétoom 7.7 Edv L elvar onueio ovvéyeas tng © kar €, € elvar avdaiperor etikol
7 e 7 /7 /7 /7 / /7 / z
apripol, tote vrdpyer puoikds apiuds N térowog dote ya kdde n > N va wyve ot

L
/ (1) — D(u)]du < 2 + Le .
0 Qaj

Anladn, wyve

L
lim |pn(u) — P(u)|du =0 .
0

n—-+o0o

“Ta adpoloyota autd dev elvor tnheoxomixd, extéc av éha to Saothuota (wi—1,u;) eivor TEGTOL
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7.8 Ou cuvagtrioeilg I’ xow F| Ue TN LopPr ONOXATPOUATOY
Stieltjes.

Adupa 7.1 Eotw A o nuudéorvag twv un Jetikdv tpaypatikdy apiudv. Tote, ya kdde
z € C— Awoyvea én

Py, (z T de, (u T b (u)du
2<>:/0 ¢><>:/0 <(z><+L)

QQn(Z)

Z+u
Anbdeiln: Kotapyde, to 0""” dfif)
JoTL 1) @y, Elvor abEouoa o PEAYUEVT) CUVEETNOT XA T) ﬁ elval GUVEYHC CLUVAPTNOT TOV
u oo [0, +00).

elvar évor xahd optouévo ohoxhfpwua Stieltjes,

Ioy et otP
Pgn(z) :i Mz
an(z) im1 z—l—xi
Xo
/+°° dn(u) du /xl én(u) du /1‘2 I () du /+ > ¢n(u) du
o G+w?r o Jo GE+w? S, GE+w?r [, (z4u)?
T2 My du T (My+ My+ ...+ M,) du
- (z+u)2+“'+ (z 4 u)?
1 Tn
1 X9 1 T3
= —M;|— — (M My) | —— — ..
l|:z+u:|:tl ( 1+ 2) |:Z+u:|{£2
1 ]t
—(M ...+ M,
( 1+ + )[Z""“Ln
My M M,
= + +... )
z+x1  zZ4+ X9 zZ+xy

Apa, 1 {nroduevn wootnta €yet amodetyet.
Me ) Bodeta tou Mjupatog Yo det€ovue o enduevo Yempnua.

Ocwpnua 7.1 Ia kdde z e C — A wyvea éu

+00 m
F(z):/o d®(u) :

z+u
Anddeiln: And 1o nopandve Afuua €youvue Ot

Pon(z) (1 ¢p(u)du
Q2n(2) _/0 (z4u)?’

(n)

n
5o cWoTd, elva Mi( ) qvti yioo M xon ;) avtl yio ;.
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dpa
Pon(2) [T @(u) du _ [T da(u) = B(u)
Q2n(2) /o (2 + u)? _/0 EESEE

Erougvacg,

[t ol
0

|2 4 ul?

Py, (2) B +oo ®(u) du
'@znoz) / GruE| =

To tekeutaio dve Qedyua Tng nopdoTaong YedpeTaL

" |fn(u) — @(u)] T pn(w) = O]
/0 du+/ =+ up du ,

|2 +ul? L

omou L eivar tuyaio onuelo ouvéyetac tng P.
Ocewpolue 61N cuvéyeta duo Tuyaiove aprduole € xou €', Téte, and v nponyolduevn

P&y 0oPO, CLVETAYETAUL OTL UTAEYEL ®LoXOC N étol wote Yo xdde n ue n > N va oy Vet
paypapo, Y PAEL P < Y M X

L
/’WAW—QwWM§25+Ld.
0 Qaj

Onodte,
[l sy, L (20 )
0 |z 4 ul? T <z>2 \oy ’

6mou < z > eival 10 eEAyLoTo NS |2 + u| xadde To u petaBdhheton and to 0 € To 4-00.

I xdde u 670 Sdotnua [L, +00) oydet 6Tt
1

|n(u) — @(u)| < o

xat vy xdde z = a + bi tou C — A éyouue

lz+uf> = (u+a)® +b6*> (uta)?.

Enouévuc,
/+oo |pn(u) — P (u)| < 1 /+oo du _ 1 ()
L |2 + ul? a1 Jp  (u+a)? ai(l+a)’

6mou vodétovue 6Tt 10 L elvar apxetd ueydho wote to dpooua L 4 a va elvon Vetindg

apriuoe.
Tehwd, and e (*) xaw (**) npoximter b1t
(M L (%)
Qan(z) 0o (24w <z>*\m a1(L+a)

6mov o apude L unopel vo ndper ocoodfnote ueydhes tiuéc xou ot g, €' unopodv va
ndpouv ocodfrote Uixpés TiuéS. Apa, 1 TopdoTacn 6To amdAuTo YiveTar 060dHTOTE UiXEN

Yio dpXeT UEY AL N.
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/ ’ 7 ’ ’ Pgn(z) 3 “+o0o @(’LL) du
Ané o napandve éyovue 6Tt 1 axohouvdio (an(z) ouyxhivet 610 [ et

otlovue duwg ot 1 axoloudia (5228) ouyxAvel ouotéuopya oty F(z) oe xdle ou-

T'vo-

unayéc urosUvoro tou C — A. "Apa, 1 cuvdptnon F unopel vo ndpet 0 Lopph

[T ®(w) du [T dP(u) B
F(z)—/O (z+u)2_/0 1’ ? e C-A. (7.1)

7 I +OO I3 /. 7 ’ 7
Yy nepintwon mou 1 oetpd Y 7 a, oUYXRAVEL, toyleL oxdun ula todtnTaL

Py o 4P =
0 z+u i:1z+/\i

onwe eldoue ota Yewpruata 4.3, 5.3 xar 5.4. "Apa, n @ elvan excivny n adZouvoa cuvdptnon
mou mpoadlopilel Tov TpéTo Pe Tov omolo xatavéuetar otov dZova 0 1o cLOTNUA TV
ol v

(s M), i=1,2,3,... .

Me 11 Borleta TV nopandve uropobue vo Bydhovue to €€1c ouuTépaoua Yia T1) LopPN
e ®.

Mpétaon 7.8 Otar n oapd 1% ay, ovyrdive, n avvdptnon ® eivar atéovoa kar KkAi-
pakoty). IHaipra apiunoipov mAndovs tipés kar wyve: ®(0) = 0 kar P(+o00) = a%

Ta onuela aovvéyeds tng etvar o1 piles A\, k = 1,2,... s q(—z). Mdhioza, o€ kdde
onueio aowvéyelag N\, to dApa tng ovvdpTnong etvar (oo pe puy.

Anddeiln: Oewpolue Ty adouoa cuvdptnon ®*, g onolag 1 TN oTo TUYAio U €
[0, +00) toolTon ue
O (u) = Z i -
Ai<u

Ynuelo aouvéyetag g P* elvon tar A, omou kK = 1,2,... | ev®d 10 dhua Tng o€ xdde Ay
elvan py. Enlong, yu' authy woydet ot

400 * +oo . 400
[ S ey
0 zZ+u =zt A 0 z+u

Ané o Yedpnua 6.1 éneton 6Tt oL ouvapthoee P xon P €youv axpBoc T (St onueia
AOLVEYELNS XAl To dAUATd Toug ota onueta autd etvon foa. Apa, to ({ntoduevo €yet
anoderyvel.

Avdloya cvunepdouata oy douy ol Yot THY UToxXOAoUiol TV TEQLTTWY OpwY TNS

(5:((?)) ,H ouvdptnon F1(z) oty ornola ouyxhiver 1 oxohoudio (Sﬁzﬂg) Ypdepeton
o HopPT . (w) d %0 4, (u)
B * ®y(u) du * ddq(u

Fl(z)—/o Gt u)? —/0 o zeC—A, (7.2)
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omov @y elvon uia ad&ovoa cuvdptnon nou yopoaxtneiler ulo xatavour wdlag otov 0z.
7 ¢ o.9] 7 ’ Z 7
Yy nepintwon mouv n oetpd Y7 | ay, oLYXMVEL, Loy leL enttAéoy 1 LobTTA

. Popta(2) /+°° d®q(u) =y
F == 1 = = 3 S (C - A )
1(2) oo Qon+1(2) 0 Z4+u ; z40; :

eved 1 Py elvon exelvny 1 adlovoa cuvdptnomn mou npoodiopilel tov TpémO UE TOV omolo
xatavéueton otov dZova 0z 10 oloTnua TV Lal®y

(Vi,ei) i:0,1,2,... .

ArnoSewxvietar axpBdg Ue tov (do TpbTo, dTWS oTNY TUPATAVK TEOTAoT], OTL 6TNY TEP(-
ntworn oauth, N P elvon ulo xhiwoxwth cuvdptnoy, n onola tafpver apriunciuou Thrdoug
e xan 6Tt wybouy ot wwdtyree P1(0) = 0 xaw ®(+o0) = L. Ta onuela aouvéyela
Mes X nrec ©1V) = 1 = o1 nH XEtoS
e p eivon o pilec O, k =0,1,2,..., e ¢1(—=2) xou t0 dhuo g o€ xde onueio Oy
wwolton Ue v e xde onuelo u € [0,+00) oto onolo n Py elvon ouveyhc, N Tur g
Vo ebvan fom pe q(u) =3y o, Vi-
Enetdf) yoc evdiapépet n mepintwon oty omofa n aetpd % ay, amoxhiver 610 400,
6mou ot cuvapthoelc F' xon Fy tavtiovton xon, dpa, ot ® xor @1 yopaxtneilovy v (Sia
xatavout| wdlag, 0to uréhotro Tou xegalaiou de Vo acyorniolue ue Ty axolovdia TV

TEPLTTWY TPOTEYYioEWY (%) xou N ouvdpTtnon P.

Hopathenon 7.4 Aré wa mapandve égovue éu, drav 3125 oy < 400, tore ya kdde
Oetiké apiué x wyvea

+o0o
»
Fi(x) = -
1) ; x+0;
1
=X v
Py (z) = v + .
o) =3
Ondre,
g;li%l+ zFi(z) =wy .
Adbyw tng mpéraong 3.1 Ya elvar
1
Vo (7.3)

-+
Zkzo Q2k+1

H wétnra aven Ya gavel xpnoun rapakdtw.
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14 ’ +00 k
7.9 Yroloyiopdg Twv ohoxinpwudtey [ v d®(u).
Ocdpnua 7.2 loyva du f0+°° ukd®(u) = ¢ ya kdde puod k.

Anddeiln: Xpnowornowlue uadnuotixy enayoyr. Katapyde, 07 arodet€ouue 61
0+°O d®(u) = cp.
Y10 téhog Tou Tpitou xepakaiov elyoue Sellet ott Yo xde Yetind apriud x xou yior xqe
puoLx6 p elvon

fcp

xp“l‘l )

Fla)y=2_-49.2

1Cp1
ol $+...+(—1)P VP2 4 (1)

xP

0<&<l, (%
oToTE,

P et eé
zF(z) = ¢ x+x2+'”+( 1) xp_l—i—( 1) $p,0<§<1. (%)

Anb ) oyéon (7.1), Vétovtog 6nou z 10 & xou toAhanAaotdloviog xon To 300 NN uE T,
Toalpvouue 6Tt

r+u

too .
zF(x) = /0 d®(u) (** *)

’ 4 ** Z 4
xow amd v oyéon (**) éyovue ot

lim zF(x)=c¢y. (¢)

Tr—400

Ened] 1o nponyoduevo dpto undpyet, n ouvdptnon zF (x) eivon dve gporyuévn oto [0, +00)
xat €0t M éva dve @edryua Tng.
Enfong, woylet 61t

0</qu>() /L T g (u) /L - Y go() < —LviEe
u) — u) = - u
~Jo 0o T+u 0 r+u “x+L Y

OTOTE, YLl T — +00, €YOUUE OTL

Loy

lim
z—+o0 o T+ U

L
4 (u) — /0 dd(u) .

Mdhota, yia va efuacte o axptBels, elvon

sup )/OL ’ d@(u):/oqu>(u), (00)

z€[0,+00 T +u

7 L 7 7 4
Sétn [ 35 d®(u) evor abZousa ouvdptnon tou .
‘Ouwg, yra xdde Yetxd aprdud L oylet npogoaveg ot

T+ u T+ u

L —+o00
/ v dcb(u)g/ Y 4®(u) = 2F(z) < M
0 0
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v xde z € [0, 400).
"Apa, and Ty (00) TpoxinTeL Tl

/Oqu>(u)gM

yia xde L. LUVETADC, TO YEVIXELUEVO OAOXApOUL f0+oo d®(u) elvon tenepacuévo.
O detlouue o1t

+o0 +oo T
/ d®(u) = lim d®(u) .
0 xr——+00 0 T+ u

Ened to f0+oo d®(u) eivon tenepaouévo, dovdévtog € > 0, Ya undpyet L tétolo tote

Og/;_ood(l)(u) <e. (1)

Egébcov f;oo T d®(u) < L+O° d®(u) Yo elvon enfong

too
0< dd . (2
<[ Amaw<e. @

Téhog, Moyw g (00), toylet yio apxetd ueydha x bt

/OL - i —d®(u) - /OL 4 (u)

Yuvdudlovtac tig aviodtntee (1), (2), (3), nalpvouue bt yior apxetd peydha = 1oy de
too o +o0
/ dP(u) —/ dP(u)
0o Ttu 0

too o +oo
lim dd(u) :/ dd(u) .
0

z—+00 Jq r+u

<e. (3)

< 3e.

Suvenog,

Abyo e (0) xou e (x * %), maipvouue dtu

/;00 dd(u) = cq .

'Eotw, tdpa, 61t yian < k — 1 wybet f0+°° ud®(u) = ¢,. Tote, éyovue 6L

+00 U
F(z) = /0 ‘@7()

T+ u

- [T ey b ) et

r  x? 23 xk zF(z + u)
k +o00 k
co €1 C _1Ch—1  (—1) / u
- L_a e 4 (u) |
: 2P +(=1 PR 0 THu ()



Onére

+oo
k1l (prpy - €04 CL _1kckl>:_1k/ Tk 4o
x ((ZC) x+x2 o+ (-1) e (—1) ; P (u)
Anb v (%) v p =k + 1 éyovue
. k41 G _ kck—1>: _1\k
xEI—Poox (F(az) po o+ (=1) e (—1)%cy
Xalt, ETOUEVKC,
too o

lim
z—+o0 Jq T+ u

uFdd(u) = ¢ . (a)

Me napbduoto 1pdno, 6nwe xou oty tepintwon touv k = 0 (avtxadotdviog 1o dP(u) ue
10 uFd®(u)), amodetxvieTon 61t

—+00

+o00
Jim Al uukdtb(u) = /O uFd®(u) . (b)
Aoufdvovtae, topa, vddn T (a), (b), taipvouue 61t f0+oo uFd®(u) = c; o 10 Vebpnua
€yer amodetyet.

IHopatrenon 7.5 To mponyoluevo Jedpnua elvar ardé ta omovdaidtepa Jewpnpata tng
epyaoias tov Stieltjes, yati arodeikvier u’ avtd 6t ta odokAnpauata f0+oo ukd®(u),
k=0,1,2,... elvar pia AVon tov npoPAnuaros twv ponwyv. Méver v’ arodeiéar onr drav
n oapd ST oy, aroxdiver, n Aban tov Dewpripatos 7.2 efvar kar n povadikn. Avtds fa
elvar 0 Paoikétepos oTdyos Tov €ndpevou kepalalov.

Akp1pds pe tov (010 tpémo onws oto mapandrve Jedpnua artodeikvietar ot kar oTtny
nepintwon s Fi wyva éu ¢ = f0+°° uFd®y(u), k =0,1,2,.... Apa, oty tepintwon
tov 1 oepd Y2 ay, ovykdvel, to mpdpAnua twv pordy éyea dlo touddyiotor Aloes,
g ¢ = f0+°° ukd®(u) xar ¢ = f0+°° uFd®(u) ya kdde puoké k. Tére duws xar ot
ebwdoeg o, = f0+o° uFd (t®(u) + (1 — )@y (u)), dnovk =0,1,... ka1t avixe oo (0,1),
Ua elvar, eniong, Avon tov mpofAnuaros. Apa to mpépAnua twv porwr éxer o’ avtiy Ttny
tepittwon dreapes Aboeg.b

7.10 Mepixég axoun LdLotnteg tng d.

Ocwpnua 7.3 Ioyvea du
+oo
lim |pn(u) — ®(u)| uFdu = 0

n—-+00 0

yia kd0e k =0,1,2,... .

6 Auté elvan %t mou éyouue 1K1 det 610 Téhog Tou xepahalou 4.
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Anddelln: And v npbdtaon 7.7 éyouue b1, edv L elvon onueio ouvéyetac e @ xou €, €’
elvar avdadpetot Yetixol aprduol, tote undpyetl puotxds apriude N T€Tolog WOTE Yo xAE
n > N vo toylet 6Tt

L
/0 P (u) — (u)|du < ij +Le . (1)

Eidoue axdua tt (+00) = ¢y (+00) = a% = ¢o. Apa ot aprduol cog— dp (1) xou co— P (u)
elvon un apynuxol, ondte,

[P (u) — @(u)| < (co — () + (co — Pn(u)) -
Enedn

+0o0
/ uF2dd(u) = cpyo
0

€y ouUE OTL Yo X8 u Loy VEL

+oo
P2 (D (+00) — ®(u)) < / 2F 24P (1) = cpps
0

7 ’ 4
xa Yo Tov (3o Aéyo oy et

Ut (fn(+00) — dn(u)) < cpya -

Apa
2Ck12

W () — )] < =

Xalt, ETOUEVHC,

IN

L “+00
/ () — b ()] du + / D) — ()| du
0 L

Ik 2—E+L5’ n 2¢k42
(65} L ’

+oo
/0 1B(u) — ()| du

IN

Entéyovtoc npdta to L apxetd peydho xau énerto ta €, € apxetd uixpd, PAénovue b1t

lim o~ 1D (1) — ¢ (u)|uFdu =0 .

n—-+00 0

Hopoxdte axohoudolv 0o axdun Wdtnteg Tng cuvdptnong .

IMpétaon 7.9 Ia kdde n, n ovvdptnon ¢, — @ alddler mpéonuo tovddyiozor 2n — 1
Popes.
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Anddeiln: Ly apyn tne §7.3 detloue ot

oo c
1 kg _ Ck+l
/0 <a1 qﬁn(u)) udu ]

yiak=0,1,2,...,2n — 2. Ané to nponyoluevo Yempnua éyovue Ot

/;OO (all - gbn(u)) by — /0+OO <a11 - @(u)) ik

otay n — +00. ‘Apa, elvon

+o00
/0 (én() — B(w) udu =0,

Yok =0,1,2,...,2n — 2, npdyua to onofo cuverdyetonr’ o {nToluevo.

Ipétaon 7.10 Eotww 0 < a <b. Av n ® elvar otalepn oo [a,b] ka1 ovvexris ota a, b,
téte oo hrdoTnua [a,b] undevilovtar nenepaopévov mArjous todvdrupa Qo (—z).

Anédeiln: To Sdotnua [a,b] Va nepéyeton o éva and ta Sothuata (Aj—1, Aj).
Hpogavae, emedh ta Ai—1 xou A; ebvan Tor dptar Twv axohovdody (xgﬁ)l) xait (xl(n)), oTo
[a, b] Vo nepéyovion nenepaouévou tAdoug pilec tohuwYiUWY Qon(—2).

7.11 Epunveia tou lim, o [, |¢n(u) — ®(u)| du = 0.

YuuPoiilovue ue D, xou D tig xotavoués udlac mou opilouv oL GuvapThoES ¢, %ot
’ z 4 /. /7 4 7

®. And v tuyata xatavour Dy, umopolue dxola var TEpdoovue otny xatavour D oy

xAYouUE xdmotar avoxortavoun ualoy. Av utodéoovue 6Tt Yior TN UETAQOES Utag Udlag m

xatd [ amonteiton €pyo ml, 161e €0xoha TEOXVOTTEL OTL Yial VO TEPOUUE ATO TNV XUTAVOUN

D,, tnv D 1o ouvohixé épyo mou anouteiton eivon (oo ue

+oo
/ 60 () — ®(u)] du
0

Auté 10 ouvolxb €pyo o ouuPorilovue ue {D,, D}. Enedn

+oo
lim |pn(u) — ®(u)|du=0
n—-+oo Jg
10 €pY0 auTo YiveTar 0ocodhmote Utxpd xadoe auidvel to n. Enouévwe, 1 xatavour, D
unopel vo Yewprniel wg 1o dplo tne axohovtiag Twv xatavouwy (Dy,), ondte 0dnyoluaocte
OTOV TORAXATE OPLOUO.

"Xenowwonootue axplBhe ™y (S uédodo, bnwe xor oty §7.3.
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Oplowog 7.2 Oa Aéue 6t pia katavoury paldv D elvar to dpo pag axodovdiag kata-
voudyy paldv (Dy,) drav n apiunuixii akodovdia ({ Dy, D}) twv épywr mou araitodvzal
elvar pundevikr).

Av n, n eivon 800 tuyaiot uoxol aprduol, Téte TpoPavVMS Loy lEL 6Tt
{Dna Dn+n’} < {Dna D} + {Da DnJrn/} . (*)
Enouévec, Yo unopoloaue vor SOCOUUE xat Tov axOhoulo oploud.

Opiowog 7.3 Oa Aépe 6nt vndpyer To dpio ag akodoviliag katavoudv paldv (Dy,), drav
v kdie € > 0 vrdpyer puoikds n étor bdote { Dy, Dy yp } < € y1a kde puokd n'.

Av uia axxohoudio xatavoudy éyel pto ue Bdon Tov TE®To 0plous, TOTE Vo €xeL 6plo
xat Ue tov deltepo oploud. Amodeixvietar ouwe Ott woylel xou 1o aviiotpopo. Apa, ot
300 optouol elvon Lloodlvauot xat To U6vo 6To onolo Stapépouv elvan GTL 0TOV TPWTO TEETEL
vou Yvewptloue TV xatovouh-6pto T axohoudiog Tov xatovoumy.t

P (n)
2n (%)

7 ’ 7 n M; ’ /4 7 7
Enedn woydel 61t Qon®) — >ic1 ﬁ, umopolue vo Vewprioouue OTL oL bpoL TNg
n Z2Tx;

’ PQn(Z) / 7 7 / 2.9 Z 7
axohoudiag | oy ) omoTerolY xaTd XdmoL0 TEOTO TASHUETEXES” POTES TV AVTioTOL WY
n

xartavouwy paley e axohovdiog (Dy,). Kou ue Bdorn to oo éyouue deilet, n nopondve
axohoud ol TV TUPUUETPIXWDY XATAVOUMY EYEL WS OPLO TNV aVTIOTOLY T TUPUUETEIXY POTN
e D.

Av 10pa Yewprioovue T0 0ploUEVO OhOXA P f0+oo di(z), ue 1 Porjleta Tou omofou
ex@pdleton n mapaueTpxr pont) Tne D, xou Yuundolue and Tov oploud Tou OAOXANEGUATOS
Stieltjes 61t efvon 10 dpro evdg apolouatog, xatahyouue o6to 6Tl YU autd 10 dpotoua

apxel vo tdpouue TNV topouetex ponth g Dy, dnhady| tov 2n-0616 dpo g axohoudiog

80 Stieltjes SiveL Toug Sho opLopoie o tapatneel 6t 0 Seltepog oploude Sev elvar xat Téoo axptBhc,
duétL dev npoodopiler v xatavouR D yio v onola o aptduds {Dy, D} yivetow ocodinote uixgodc.
‘Ouwe, vedpet 61t 8 Yo aoyorniel nopandve Ue to Yéua 1wy Vo optoudy. ‘Ocov agopd Ty wwoduvauio
Toug, toybouy ta e€rc.

Av ula axohoudia (Dy) €xet bplo pe Tov npwTto 0ptoud, Aoyw e (*) Yo €xet bpto xan ue tov Sebtepo.
Av éyouue ula axoroudio xatavoudy ualov (Dy) mou éyel bplo ue Bdon to dediepo oploud xou
av (fn) elvar n aviiotoyn axohovdia twv auioucdv cuvapthcewy Tou T opllet, t6te and tn Oswpla
Métpou €youpe 6t 1 (frn) elvon axoroudior Cauchy xoatd péco. ‘Apa, and yvwoth npdtaoct, Yo undpyet
ula ouvdptnon F' tétowa WoTe 1 axohoudiot TV CLVAETACEWY VoL GUYXAIVEL 6° L TH XxaTtd U€co, SnhadT

va Loy et

—+oo

lim | fr(u) — F(u)|du=0.
n—-—+oo 0

Emuniéov, undpyel vnoxohoudia (frn,) e (fn) mouv va cuyxhiver onuelaxd oty F oyedov taviold oto
(0, +00), Tpdryua To onolo onualver Tt (av ota onuela tng W olyxhong Sopddoouvue Ty F xotddinho)
n F elvan pla ad&ovoa cuvdptnon, dea opllet ula xatavour wdlac D otov 0x. Téte, n tehevtala oyéon
yedpeton

lim {D,,D}=0,

n—-+oo
nedyuo to onolo onualvel 6tL n axohovdia €xel 6pLo xan e Bdomn Tov TE®To oploud.
Tl ebvor cuvapThoec Tou 2.
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WV TPOCEYYIoEWY (gz(é))) T0U cuveyoUC xhdouatoc Stieltjes. M’ dhha Aoyia, 10 Guve-

Yé< xAdoua Stieltjes elvow otnv ovoia uta Sy 1wodbvaun wop@h xatdhhnhou oplouévou
o)\ox)\npo’gporrog.w

Avuth) 1 otev) oyéomn mou GUVBEEL Tal GUVEYT] XABOUATA UE TA OPLOUEVO ONOXATPMUAT
Stieltjes elvon xar o Adyog yio tov onofo Vo aoyornlodue 6T0 ENOUEVO XEQPIAALO UE TT)
UEAETN TV TEAEUTAUWV.

10510 onueio autd o Stieltjes tapatneel 611 B To dio cuvéPaive ot uia Tohawdtepn Snuoscicuon
(oo neprodixé Comptes rendus, téuoc XCIX, oek. 508 tou 1884), émou 1o tohudvuua Qan(2) oy
nohudvuua tou Legendre.
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Kecpo’c)\ocuo 8

Mehétn tou o0 do(u) e:m)\uov]

Z4u -
TOU TROBAAUATOS TWY POTWY GTNY

nepintooy mou > % ay, = 4o00.

8.1 Xuveyn xAdopata mov opllovion and adfouvoeg cuvae-
THoELG.

Ocwpolue pia avéovoa ourdptnon ¢ mov elvar téroia dote va opiletar oo [0,400),
va 1wyver ¢(0) = 0 kar o1 porés kdde tdéng tng katavouns paldv mov opilel va elvar

nerepaopéves. Oérovue
+o0
Ck —/ uFdep(u)
0

yia kdde k =0,1,2,... .

To éut o ¢y = f0+oo do(u) elvar remepaoiévo, 1wodvvauel pe to dtr o P(+o0) =
limy, 400 ¢(u) elvar nenepaopévo.

Mia eminAéor ovvOnkn ya tn ¢ elvar 6n Ja tpéner va éya drepa onueia avéntixocn-
tag.t Toodtvaua, n ovdikn avtr yia t ¢ uropel va datvrwdel ws e€Rg: n ¢ dev uropel
va elvar kKAipakwtn) ovvdptnon e nemepaouévov mAndovs onueia aovvéyeag. Me avtniy
y emnAéov vnéleon mov kdvouue, eaopalilovue to €€ns: av f elvar un apvnukn ka
owvexns ovvdptnon, opiouévn oto [0,+00) kar térowa dote f0+oo f(u)dp(u) = 0, tdre
n f undeviterar o€ kdde onpueio avénukitnrag tng ¢ kai, emopévng, Ya undevidetar oe
drepa onpeta.

Oewpolue TWpa To oAoxh e fo iﬁu) 'Eyouvue Set€et 61 noprotdver ulo cuvdp-

mon ohbuopyrn oto C — A. Xty eldwn nepintwon mou 1 ¢ otadeponoteiton and 10 a

a dp(u)
0 z+u

xaL UETA, TO Topamdved ohoxhhpwua Yo toolbTon Ue xan Yo TpLoTAVEL GUVERTN O,

YEva onueio u > 0 Do elvor onueio auEnuxdtntag tne ¢ av woydel ¢(u’) < d(u’) yio xdde u’, o’ pe
! "
u <u<u .
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ohbuopen oto C — Ay, 6mouv Ay = [—a,0]. X’ autiv v nepintwon, ot pornéc xde tding
elvon Tdvta nenepoouéves xat Udhota oy Vet ¢o = ¢(a).
Y10 Topamdve YEVIXELUEVO OAOXAAPWUA avTIGTOLYEL 1) TapaxdTw SUVOULOGELRE UE Xé-

V1pO TO +00

g €1, C2

S T RTE T
1 omolo 6N YeEVIXY| TepinTwo Tou 1 ¢ Sev otaeponoteital amoXAVEL, EVEL 0NV TEpInTLOT
mov 1) ¢ elvon otadepn and o a xon UETE, ouyxhivel Yo xde |z| > a.

‘Eotww x tuyaiog detindg apriudg. Tote, enedn

too . & +o0 &
O</O Tt do(u) </0 udo(u) ,

umdpyet § ue 0 < € < 1 dote va oy et

+o0 T k B +o00o &
| st =¢ [ o

X0l UE UTOAOYLOUOUE aVTIGTOLY OV UE QUTOUE TOU XAVUUE 0NV AnodElr ToU VewpnuaTog
7.2 Yoo v F, éyovue ot

/+oo do(u) _ G A n n (—1)n710n;1 +(e1)n éen
0

r4+u oz  x2 " gntl

H elpeon tou ouveyolsg xhdouatog mou aviotoryel oc €va ohoxAfpwua NG Uop®nc
f0+oo fg(ci)ffu f e aviotoyme Suvaooelpdc L — S+ 4 (—1)" Tl 4 etvon éva Do
ue 10 onolo aoyohfdnxay ot epyaoiec touc ot uadnuatixol P. Chebycheff (1821-1894), H.
Heine (1821-1881) xou J. Darboux (1842-1917). Oa ypnoiuonoticouye o anotehéouotd
Toug xou Yo aoyohniolue Wtaitepa Ue To TEOBANUA TN oxTivag oUYXALGNS, 0T0 0Ttolo dev
avopEPUINUAY EXETA OL TPOTYOUUEVOL.

I va Bpodue and ulio Suvauooelpd TNg TopATdvL Uop@PTic T0 CUVEYES XAJCUN TOU NS
avTioTolyel, apxel VoL avTIXATAGTAGOVUE Tal ¢; 6TOUG TOToUS TNg §2.5 xan vor utohoyicouue
1¢ opilovoec Uy, Wy, T0V Topaxdte TETRUYWIXOY LopOKY>

+o00 9
/ (Xo +uXi +u?Xo+ ... +u" ' X)) do(u)
0

pideil
+oo
/ u (Xo+uXi +u?Xo+ ...+ u”*an_l)2 do(u) .
0

Autéc o tetpaywvixés Lop@éc eivar VeTiXd optoU€ves, SLOTL oV YLot XATOLL ETLAOYT| TV
Xo, X1, ..., Xp—1 10 npdT0 0hoxhfipwua (1 To devtepo) undevileton, THTE 10 TOAVMYLUO

(XO +uXq + U2X2 + ...+ un_an,1)2

2 Ay MBouvyue unbddn Toug TOTOUG ¢ = f0+°° uFde(u), T61e 1 TEGTH ATd TIC TAPATEVE TETPUYWMHES
uoppéc elvon (Lo e authy Tou Yewproaue otny §2.3. Xtn Sebtepn pwopen mohhanhaotdlovue xdde 60
Touv adpolouatog Pe u, ondte nalpvouue Tig opillovoeg Wi,.
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Yo undeviCeton ota dmetpa onueior auénTidTnTag ™S @, ondte Xog = X1 =... = X1 =
0. Apa,, ot optlovoec U, W, eivar Jetixéce.

Me v Bordeta Tou tonou (2.10) unohoyilovue ToUg GUVTENESTES Qi TOL GUVEYOUC
xhdoupatog, mou elvon Yetixol aprduol. M’ autdy tov tpdmo malpvouue €va cuVEYES HAS-
oua TNg Yop®nc mou €yovue Uehethoet. Enouévmg, ue Bdon oha doa €youue deléel ota
TEOTYOVUEVA XEQPIANLA, £YOUUE dVO TEPLTTWOELS:

o Edv 1 oepd 32 ay ouyahiver, toTE Y10l Tic acohowdiee TV GPTLLV X0t TEPLTTEV
npooeYYloewy Tou cuvey0lg xAdouatog Vo toy Vel Ot

PZn(Z) — F(Z) _ p(Z) — i : _/ d(I)(U) .z € C—A ,
q(z) ozt 0 zZ+u

“+00

. Poii(2) p1(2) Vi /H’o d®q(u)
1 —_— F = = == (C - A.
0 1(2) gz—kﬂi 0 ctu <

Orouvapthoewc p(z), ¢(2), p1(2), q1(2) xon ta wi, V4, A, 0; opilovtan ue tn Sradixaoia
TOL TEPLYPAPETAL OTO xe@dhato 4, evey ot @, P uE Tov TPOTO TOL TEPLYPAPETAL GTO
xe@dhato 7.

o Edv n oepd S22 a, amoxhiver, téte yia xdde 2 tou C — A 1 axohoudia (CIQDZ((?))

TWV TPOoEYYIoEWY TOu cuvVEYO0US XAdoUaTOS EYEL OpLo

n—+00 Qn(2)

PA) _pi /+°° d®(u)
0

z4+u’

6mou 1 ® optletar £tol dnwe meprypdfope 0To xEPIAAo T.

Y1g nopoxdtw mapaypdpous Yo Bpolue TN oyéon mou €Youv Ta OpLa f0+°° P eon

Z+u
f+oo dPq (u)

7 7 7 7 ’
0 Ty NS axoloudiog Twv TEOoEYYIoE®Y TOU GULVEY00G XAAOUATOS UE TO ONOXAT-

d ’ ’ /
PO 0+°O % an’ émov autd mporhie.

8.2 Xyéom twv F(z), Fi(z) xaw f0+oo %(Z) oTnY neplnTwor Tou
T0 2z elvo YeTLxog apLiuog.

Y authv v napdrypago Yo fpolue Tt oyéon tou cuvdéet touc aprduolc F(x), Fi(x) xo

+o0 dé(u)
fO T+u
Aoovue To Mupa xor to Yedpnua® tou axoroudolv.

otV NEPInTWoT Tou To & efvor YeTindg mparyuotinds apriuds. Oa yenoyuonot-

3To edpnua Statunddnxe xar anodelydnxe oe dAAn epyaoia tou Stieltjes oto Comptes Rendus,
touoc CVIII, oeh. 1297, étog 1889.
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Adupa 8.1 Eotw Q(Xo, X1,...,Xn) pla Oetikd opiouévn tetpaywnikn popen otov
R, Tére vrdpyovr detirol apripol ¢ ka1 C dote va w0yde

(XE+XP+ . XD <Q(X0, X1y, Xp) SC(XE+ X2 4.+ X2
yia kde Xo, X1, ..., Xp.
Anédeln: H Q(Xo, X1, ..., X,) elvaw ouveyhc ouvdptnon tov Xo, X1, ..., X, %o,
dpa, Eyel uéyotn Tul C xon eAdytotn Tun ¢ > 0 oo cuumayég ohvoho mou optleton amd
v wétnTa X2 + X7 +...+ X2 = 1. Enopévog, woyle 6t ¢ < Q(Xo, X1,...,X,) < C

Yoo xdde Xo, X1, - - -, Xy 70U teavomototy y Xg + X7+ ...+ X2 =1 xon, enetdf 1 Q
elvar opoyevrc deutépou Baduol, énetar 1 Stmhy avicdTNTAL TOU AMUUATOG.

Ochpenua 8.1 Av x > 0, 0 eddyioto Tns Tapdotaong

+o0 d
/ (1+X1(x+u)+X2($+u)2+...+Xn(a:+u)")2 Q) (%)
0 T +u
¢ mpog ta X1, Xo, ..., X, vndpyer kar wwoltar e
/+°° do(u) B Py, ()
0 T+u  Qon(7) ‘
Apa, yia kdle Jetixé x 10xvel on
/+°° do(u) S Py, (x)
0 r+u Q2n(x) ‘
Anodeiln: H tetpaywvint| popgn
e dep(u)
Xo+X o+ X my?
| ot K@)+ X+

z 7 4 ’ 4 4 / 4 4
elvon Yetixd optouévn. Apa, oOUQVA UE TO TEONYOVUEVO AMjuud, undpyet otadepd ¢ > 0
®ote va oy Ve

206 (u) >e(l+ X2+ ...+ X2)

—+o00
1+ X X, n
/0 1+ Xi(z4+u)+...+ (x+u))x+u_

yoe xde Xy, ..., X,. Bvvendyetar 61t 1) napdotacn (k) telver 400, 6tav t0 dpotoua
(X2 + ...+ X2) — +oo, ondte enetdn elvon ouveyfic ouvdptnon tov X1, ..., Xy, éxe
eNdytotn T,

©¢touue

Lz +u; X1,..., Xp) =14+ X1 (x +u) + Xo(z+u)? + ...+ Xo(z +u)" .
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Edxoha tpoxintet ue vnohoytopois 6Tt 1 napdotact (x) yivetar ehdytoty dtav woylet to
TAEAX AT GUOTNUA EELCOOEWY:

+oo
/ (4w Lz +u; X1,..., X,) dop(u) =0, k=0,1,...,n—1.
0
Enaywywd npoxintet o1t
+oo
/ uFL(z 4+ w; X1,...,X,) dp(u) =0, k=0,1,....,.n—1,
0

10 ornolo ue ) Bordela Tou cuuPorou S, mou oploaue 610 TEAOG TOU XEQUAALOU 2, YpdPETL
S{uFL(z +u; X1,...,X,)} =0, k=0,1,2,...,n—1. (8.1)

Abyo e mapatfionone 2.2 xou emetdr S{uFQan(—u)} = 0, éyovue 6L 1 nopdotacn
L(z 4+ u; X1, ..., Xy), av Yewpniel wg nohudyuuo tou u, tooltar ue 10 Qo,(—u) enl uia
otadepd. Ouowe, L(0; X1, ..., X,) =1, dpa éyovue

Liz+uw X1, X, = 22nC0) (8.2)

B Q2n (37)

4 7
H nopdotaon (x) wooldton ue

de(u)

r+u

)

+o0o
/ Lz+u; X1,....,X) A+ Xa(z+uw) + ...+ Xp(z+w)")
0

emouéves, av Adfouue unéyn to ovotnua edowoeny (8.1) xou ) oyéon (8.2) naipvouue
6t ehdytoty T e (%) elvon fom pe

do(u) _ /+°° dg ()
0

r+u r+u
L1 [ Qon(@) — Qual—u)
Qan(x) Jo T +u

+o0
/ ]L(x—i—u;Xl,...,Xn)
0

do(u) .

A6 v §2.5 éyovue 6Tt

T +u

; { Qan(a) - an<—U>} — Po(a) |

dpat,
too Q2n($) - Q2n(_u)

0 T+u

dp(u) = Pop(x)

xalL €Y OVUE TENXA OTL

+o0 ‘ do(u) B +0o0 do(u) B Py, ()
/0 ]L(a:+u,X1,...,Xn)x+u—/0 vtu Qm@)

AxpiBoc ue tov (8o Tpomo anodetxvieTon xat 1o YedpnU
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Ochpenua 8.2 Av x > 0, tdte n eAdyrwotn tiun s tapdotaong

+oo d
/ (14 X1 (z +u) + Xo(z +u)> + ...+ Xp(z +u)")* = o)
0 Tr+u
g mpos ta X, ..., X, vrdpyel kar woltar je
Prnti(z) /+°° dg(u)
Qa2n+1() 0o THu

Apa, ya kdOe Oetiké x 10y e on

Pyni1(z) o0 dp(u)
o™

T+u
IMopatrenon 8.1 Me uefododoyia mapdpoia pe avty mov ypnoiponoujoape otny ano-
oeién tov Jewpnuatog mpokUnTel 6Tl 1) TETPAYWVIKI) HOPPN

+oo
/ (14 X1u+ ...+ X,u™)do(u)
0
yivetar eddyrotn ws mpos ta Xq, ..., X,, otav wyve to ovotnua e§iodoewr

S{uW(u,X1,...,X,)} =0, i=1,...,n,

orov W(u, Xq,...,X,) =1+ Xju+...+ X,u". Av Adfoupe vndn nag tn oxéon (2.7)
kat Tty napatipnon 2.2, téte mpokUnTel 0Tt

_ Qont1(-w)

W(u, X1,...,Xpn) = a0 0) (8.3)

IHopatrenon 8.2 Yonr napdotaon

+00 d
/ (1+ X1 (2 + ) + X+ w)? + ...+ Xnz +u)")? o)y
0 r+u
ta X1, Xo, ..., X, elvar tuyaior aprdpol avekdpTntor tov u, dpa otn Oéon tov

Lz 4w X1,...,.X,) =14+ X1 (z+u) + Xo(z+u)? +... 4+ Xp(z +u)"

pmopotlue va Jewpnoovue éva omowodnmote ToAvdvupo tov u, mov etvar Paduol n kar ya
u=—x / z 1 E 6 z —u\" s s ’ /\ / 6 / /\- 7

= naiprver Ty Ty 1. Enadn to (=) elvar éva téroio modvdvupo, Ya wyie, Adyw
tov Dewprjpatog 8.1, éur

T do(u) B Py, () oo w2 deé(u)
J <)

r+u  Qan(z) — 22" (z 4 u)

Eriong, elvar

1 1 U un—1 un
G = Iy
r+u x 27 +(=1) x2n +(=1 2 (x4 u) ’
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+oo u?™dep(u)

omdte To oAokAnpwua |, elvar telikd (oo e

2" (z+u)
/+°° dp(u) <o L a L Cn
0 TH+u =z mQ T g
kai, dpa, éyoupe ot
Po(z) S0 a _ Con—1
Qon(z) — .  2? z2n

Av xpnowyorotjooupe to (610 ToAvdvupo kar ya Ty mapdotacn tov Jewpnuatos 8.2,
Taipvoupe e 0ol Tpomo ot

Popy1(x)
Q2n+1(T)

Co C1 Con—1 Con
S*_ﬁ T T2 2nt1 -
r z2n pn+

Ero, detéape kar pe devtepo tpo v Ovo tedeutal 7 [
, i I po tpdmo Ty 1wxU Ty 60 Teleutaiwy arwotitwy, o1 oToles
TpokUnTOUY djeoa kar anoé tny anddeién tng mpétaong 3.2.

Iopatrenon 8.3 Evag tponos va npooeyyloovue tny aprtduntikn tipun tov oAokAnpo-

patog f+o° dj+u) elvar va Bpoljie mpdta tn durapooepd

o C1 C2

22 2d
yia tny orola Eépouvpe ot ev yéver anoxAiver. IlpooOétovtas kdde popd dptio mAndos tpo-
oletéwr tng mapandve oepds taiprvovpe pia apriduntikn axkodovilia tng onolag kdde dpog

€lval Hkpotepos and tov avTioToyo s (5@’;%‘3), Abyw Tng mponyoUuerns tapatnpnons.

To limsup tng mpdTng akoloviliag elvar pukpdtepo 1} oo tov F(x) kar anotelel éva kdtw
gopayya TOU f+oo df:_z). Opnoa, npooﬁé‘cowag TeprrTé mAntog dpwr g mapandvew oepds
taiproupe pila axolovdlia tng omolag to liminf elvar peyalizepo 1j too tov Fi(z) kar
tavtdypova éva dve gpdyua tou | oo dfiz).

Evag 0eUtepog Tpomos yia va mpooe€yyioovpe tny aptiuntikn tijLn tov oAokANpauatos
elvar va Ppolue to avtiotoryo ovvex<s kAdopa kar va Jewpnoovpe g vrakodovilies twv
dptiwr ka1 teprrTdy Tpooeyyloedy tov. Autés éyouvr dpia F(x) ka1 Fy(z) avtiotoya kai,

olppwra pe ta Jewpniuata 8.1 kar 8.2, Ja wyve ot

+oo
F(x)g/o 9 - g

T +u

Ay AdPoupe vrdyn ta naparndrvw, toéte o HeUTepos TPOTOS dlvel pia kadvtepn mpooéyyon
TOU OAOKANPONATOS.

139



00 dp(u) +0o dP(u)
T+u xow 0 z+u *

8.3 X yEom TwVY OAOXANPOUATWY f0+

Y7 autv Ty nopdypapo Yo YenolUonotioouUE Tol VEWPHLATO TNE TEOMNYOUUEYNS TOQO-
’ ’ z z ’ +00 d¢(u) +oo d‘b(u)
Yedpou yia vo Bpotue ) oyéon mou cuvdéet Ta ohoxhnpduata [, oyl (e I wal
Qo pehethoouue mpGTa TV TepinTeon 6mou N Yt a,, ouyxhiver. Tty nepintwon
auth efdaue 6Tt 0 TEOPANUA TwV ponwy Eyel dnetpec ADoelg xou Ot 800 Tétoleg AUoELS
elvar ot xatavouée mou opilovton amd 1 @, @1, X’ dhec autég Tig Aoeg avTioToLyEl 1)

it Suvaooetpd
o €1 C2

z  z2 0 T

k Ck

-+ (=1) Sk+1

+... .

Av Yewprioovue t0 avtioTtolyo ouveyéc xhdoua, Tote £youue Seléet 6Tt oL axoloudies Twy
SpTILY XL TEQITTOV TEOCEYYIoEWY GUYXAVOUY avTioTolya 0TS GUVIRTATELS

oo +oo
F(z) = 22) _ /+ d®(u) i
0 ztu oz Ai

pde )

Fi(2) = s /+°° ) _ io -
0

z+u 2+ 0;
i=0

‘Ouwg, dev wcopox’)ps( v)cx Bpolue tny axptn oyéon nou ouvdéer g F(z) xou F1(z) ue 1o
’ “+o00 d(]b u ’ ’ 2 9 7 7 ’
ohoxhipwua fo S To uévo mou unopodue v tobue o’ awthy v mepintwon elvo
atd 010 onolo xataAAEAUE OTNV TEONYOUUEVY Topdypapo, OTL dNAady oty eplnTtwon
mou T0 z = x elvon Vetndg mpayUaTinds apiuode, ToOTE Loy VEL OTL

b)) )
Fa) =B < [T < R (o

Mdiota, ev Yével Sev undpyet xoulo TLUR Tov  Ylor TV onola va oy el €0Ttw 1 ulo and
T 3o wétnTES oY (©), olUPLVL UE To TapaxdTe YeMpnUaL.

’ 7 Z Z “+o0 /. Z 7 /.
Oedenua 8.3 Eotw 6ui n oapd Y| oy, ovykAivel. Av n katavourj mov opiler n ¢ elvar
dapopetikn) ané autég mov opilovr o1 ® kar @1, tove ya kde Jetind aprud x 1wyve dun

x too u x
Fe) =29 o /0 m < zigx; ~ Fi(x) .

Anddeiln: Oa detlovue ue Vv €ig dtomo anaywyr Ot dev elvon duvatd va Loy Vet 1
ot amd optotepd oty (©). Me tov (Sto axpPide tpéno anodetxvieTtar 6Tt dev oy let
xat 1 oot and To Sl

r 7 7 4 7 z 7

Eotw howndy 61t undpyet 9etinds zg €10l WOTE

p(o) / o0 dg(u)
0

q(wo) To+u
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Ané 1o Yewdpnua 8.1 éyouue 6Tt yia To xg elvon
/+°° dp(u) _ Pon(zo) _ /+°° (an(—U)>2 dg(u) _
0o Totu  Qm(wo) Jo Q2n(z0) ) To+u —

Edv ndpouye 10 6pto tou xadevog uéhoug Tng mopamdve todTnTag xode 10 n— +00,
10 TpwTo Wéhog undevileton. To S0 Yo mpéner va ouuPaiver xou ue to debitepo Uéhog.
Enfong, ened?| yia xde x > xq tvon

leru (QC;;E(_;)L)Y = xoiru <%22Z((;:))>2 ’

. 0/ Qon(—u)\* do(u)
e, <@2n<x>> rtu

o Loy et 6Tt

n—-+00
Apa, v xdde x > g Yo elvon

T+ u

pl) _ /+°° dg ()
0

xa and v Apyh e Tadtiong éneton o1t yio xdde 2 tou C — A €yovue 61

p(z) _ /+°° dg(uw)
0

Z+u

/+°° d®(u) _ /+°° de(u)
0 Z+U_ 0 Z+U

And 1o Yewpnua 6.1 npoxintel tdTE OTL OL ouVapTHoE P xar @ Stapépouy To TOAD oTal
onuelo acuvéyelde Toug. ‘Atorno, and tny undveoT.

/ 8/
1), L0OdUYoLAL,

Y1y nepintwon mov ZZS& oy, = 400, Loy EL TO ToPAXdTw VYeWpnUAL.

Ocdpnua 8.4 Owar n ogapd 3.1 ay, anordiver, tére to pdfAnpua twv pordr éyel po-
vadikn) Avon.

Anédeiln: "Eotw ot undpyet dAAn uta xatavour| mou eivon Ao tou iSou npoAfuatoc.
Téte, avth Yo teprypdpeton and ulo ab&ovoa xat geayUévn ouvdpetnon ¢1, ntou Yo opileton
oto [0,400) xou yo Ty omoia Yo toylouv ¢1(0) = 0 xou ¢ = f0+oo uFdey(u), 6mou
kE=0,1,....

H ¢1 éyer dnepa onueta aunuixdnroag. e avtidetn nepintwon, av ug, ug, ..., uN
elvor Tor wovar onuetar avénuixdtnTag e @1, Uropolue va Beodue Xo, X1, ..., Xn, oyt
Ol undév, wote 1o Xo + Xqju+ ... + Xyu®N va undeviCeton otar uy, ug, ..., un. Tote,

Ol TETPAYWVIXES UOPQES
+00 ) N 9
/ (Xo+uXy +u’Xo+...+u" Xy) dér(u)
0
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pde )

+oo
/ u (Xo+ uXi +u*Xo +...+uNXN)2d¢>1(u) :
0

ot onofeg tawtilovtar ue Tic VeTIXE OPIOUEVES TETPAYWVIXEC UOPPEC TS oelidag 122 mou
optlovtar and v ¢, Yo undeviCovton. ‘Atono.

H ¢1 éyer oxpiBdg Tig (Steg ddtnteg e v ¢, dpo and v napathienon 8.3, Yt autry
TEOXUTTEL, OTWS AxP3KS xou UE TNV ¢, 6Tt Loy VEL

F(z) < /O+OO djj_(q:;) < Fi(z), >0.

‘Ouwe, elvon Z:g oy = 400, dpa ot cuvaptioel F xon Fy towtilovton oto C — A xou

€youue 6T
T dgy (u) B B T 4 (u) B o0 dg(u)
/O = F(z) = /O — /0 .

zZ+u Z+u Z+u

Enouévee, and to dYedpnua 6.1 mpoxdntel ot ot ¢ xou ¢1 opllouv v B xatarvou
udlog. Apa, n Aion 610 TROBANUA TWY POTGOY elvor Uovadix).

’ / 7 / /7 7 /7 /. /.
IapotAenon 8.4 Ilpéna va mapatnprioovue €do 6t averj n tedevtala mepintwon elvar
dvrvatdy va ovufaiver axoun kar étav n dvvapooepd

Co C1
———+... -1
~ et (51

k_Ck
Skl

+ ...

elvar mavtoy amokAivovoa: otny mepintwon mov oupPaiver kdt térowo, Ya 1wyver ont

Cnt1
Cn

: 4 /7 / . 4 z
lim,,— 4 = 400, dpa n axolovilia amansy ) 0€v umopel va elvar dve gpaypévn.

Iapé)’ avtd, avtd e onuaive éu n oeapd Y 15 ay, Ya evar kat’ avdyxkn ovykdivov-
oa. Mropolue, ya rapdderyua, va orarééovpe 6AOUS TOUG OUVTEAEOTES vy TOU TUVEXOUS
kAdopatos aviaipeta, extés and tous dpovs piag vrakolovdiag (o) s (o) dote o
aprpof

1 1 1

, ey .
QnyQpi+1 QpyQnytl Ony Olng+1

va telvovy oo dreipo.

IMopatrenon 8.5 Mia teAevtaia anAij tapatrpnon eivar o, efte n Alon oto npéPAnua

Twy pomay elvar povadikn), €fte oy, n roodtnta tns pndlag mov katavépetar katd pUnKog
7 7 ’ 1 7 7 7 7 / 7 ;
vov déova Oz elvar ton e co = 4. AnAadrj, n porr) undevikng Td&ng co elvar tdvrote ion

pe tn ovvolikn) moodtnta pudlas.
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8.4 Ilp®to mopddeLyra.

Hapaxdtw Yo aoyorndobue ue éva napdderyuo mou Yo wog Bondioet va xataddBouue )
Yewplo Tou €youvue avanTiEeL.
Ocwpolue 10 ohoxhfpwud

/+oo (1+)\siné/ﬂ)e_%du
0 zZ+u

omou —1 < A < 1. H ouvdptnon

d(u) = 24— A(Vud +3vu + 6u—+6)e” Ve — 2A(Vud — 3¢/u — 3)e” Vesin Vu
—2A(Vud + 3v/u + 3%)67%008 Vu

elvar avZovoa oo [0, +00), txavorotel Ty ¢(0) = 0 xou ™ oyéon
dp(u) = (1 + Asin Va)e  Vidu , 0<u < 400 .
Apa, n ¢ opiler ulo xatavour; udloc mou e€aptdton omd TNV TR TNS TUPOUETEOU A.

‘Ouog, Yo dodue o1t dev woydet to dto xan pe Tic ponég cp. o va Tic unohoyicovue Vo
YPELIOTOUUE TO TOPOXATE AL

u4n+3e—

Adppa 8.2 Ioydea du [ “sin udu = 0.

AnédeiEnt: Egapuéloviac yia 1oV unohoytowd x3de ohoxhnp®Uatog TNy xotd Topd-
YOVTEG OAOXATIPWOTN XL YENOLULOTOWWVTAS TIC TUIES TWV TEONYOUUEVKDY ONOXANPWUAT®Y,

€)OUUE OTL
+oo +o0o 1
/ e “sinudu = / e “cosudu = = ,
0 0 2
+o0 1 +o0
ue “sinudu = = , ue “cosudu =0,
2
0 0
400 5 400 5 1
/ u®e” “sinudu = —/ ue” " cosudu = = |
0 0 2
“+oo —+00 3
/ wde Usinudu =0, / ude " cos udu = —5
0 0

—+o0 —+o0
/ ute Y sinudu = / ute % cosudu = —3 .
0 0

O detlouue emaywyxd ot 1oy Vel

+o0 +o0
/ ute ™" sinudu = / ute " cosudu . (1)
0 0

Mpbxertan yio uta doxnomn OhoxAnewtxol Aoyiopol, Yu auté Xl THpUAElTOLUE TOUEC UTONOYLOUOUS.
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Fon =0 xou n =11 nopandve woétta tpogaves wylet. ‘Eotw ot woydet yio xdmoto
puowd k. Tote, duota ue to topandve TpoxUTTEL OTL

“+00
/ u* e " cosudu = 0
0

dpa elvon
+oo +oo
/ u*t2e " ginudu = — / u** 26" cosudu |
0 0

T0 0TOl0 CUVETAYETOL OTL

oo
/ w3~ gin udu = 0
0

xat, TEA0g, and TO TUPATAVL TAlPVOUUE OTL
400 400
/ utt e sin udu = / u* e cos udu, .
0 0

‘Apar, anodelydnxe n (1) yia x&de n = 0,1,2,... xo, 6nwe eldaue nponyovuévewe, autd
oLVETAYETAL OTL f0+oo ut" e U sinudu = 0 . Ané T TopaTdve TEOXVTTEL GTL Loy DEL KO

—+o00
/ w3 sinudu = 0
0
yio xde QuUOXo N.

Sovoryupvdue oto toeddetyud wog. Adyw tou AMuuoatog €youue 6Tt

oo k oo k & oo k —3
Ck—/ ud¢(u)—/ u (1+)\sin{‘/ﬁ)e_‘/adU—/ uFe™ Vidu .

0 0 0
Anhadn, ot ponég Sev e€aptdvton and TNy TapdUETeo A. Autd onualvel 6Tt To TEOBANUA
TWV poTWY €YEL AnElpEg AUOELS, dpal efuaoTe 0TV adploTh TERInTWoT Tou TEOBAfUATOS
X0, ETOUEVKCS, Ol TLUES TWV GUVIEAEOTOV (y TOL oLVEY0UC xhdouatog Yo elvar tétoteg

dote 1 oepd > oy var ouyxhiver.
And 1o ovveyéc xhdoua Yo tdpouue Tic Vo cuvapThoec-Opta
+00 400

p(z) _ Hi () _ Z Vi
z+0;

a(z) =+ a(z) =

xow oL xatovoués ualag (f, Aq) xou (v, 0;) amoteholy 8bo and Tic Mooelg Tou npofifuatoc.
‘Ouwe, dev unopolue va tpocdlopicouue Ty axpln oyéon UETAE) Tou OAOXANPOUATOS

/+°O (14 Asin ) e Ve
0 zZ4+u

du

PUZ)  Onee eldaue, ubvo 6Ny TEpltTwon ToU z2 = T
ql(z)' e [Nat A Y] TEPLT 717[ -

UTOPOUUE VA TEPOUUE €V XATW XL €V AV QEAYUN TOU TOQOTAVE ONOXATPWUATOC.

Xl TWV GUVO(pT'f]OE(DV a(z) xou
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Enedy ta ¢ Sev eloptdvton and 1o A, 10 810 Yo cuuPaiver xor Ue To a; xow UE TIC

/ p(2) p1(2)
rpooeyyloew oy %o o

. Egdoov

/+Oo he Vsin \/iudu =Tmle” Viz
0 T+ u

xat To A modpvet Ttuée and —1 €wc 1, Vo toydet bt

pi@) — M > 2me

a(z)  q(z)

- Viz

Enouévee, o’ auty tny nepintwon obte 1 Suvoooelpd, dALd 0UTE xou TO GUVEYES XAdoUQ,
unopel vo dodaoet ulo xahf tpocéyylon tou ohoxhneduatog. O UTOhOYIGUOS TOV GUVTEAE-
OTWV @ TOU GUVEYOLS xhdouartog eivan ulo Stadixaoior opxetd ToAbTAOXN ot YL’ ouTd 1
oUyxhon Tne oetpdic S5 an, dev ebvor xodéhou lxoho vor amodetyel.

Y10 mapddetyua nov axohoviel anodetxviouue TNy anelpiol Twv AVoEwy 0To TEOBATUA
TV POTWY, UTOAOY(LOVTAC TOUC GUVTEAEGTEC TOU GUVEY0UC XAAoUaTOS X0 SelyvovTag 6Tt
n avtiotolyn oelpd cuyxhivet.

8.5 Ac)Tepo ToEAdELYAAL.

Ocewpolyue uia tepttth xou teplodixts; cuvdptnon f(z), n onola eivon Guveyic xar txavonotet
Yo x&de z uio omé e wotntee: f(x+ 3) = f(2) 4 flz+ 3) = —f(z). Enedf n f eivon
TEPLTTY, Yot xde Quotxd n Yo toylet 6T

noos -, o,
| et == [ e gy == [ e ay.
0 0 0
Enouévoc, elvon
n
/ e_:EZf(a:)d:n =0,
—n
dpor o
+o0 5
/ e f(x)dr=0.
—00
Kdévovtag tny avtixatdotaon ¢ = —%
nafpvouuE OTL

+ Inwu, 6nou k évag onooodrnote axéponog,

+o00
/ wFu™ 0 f(Inw)du = 0
0
onou k elvae, enfong, onoloodrnote axépatog.
Av mdpouye, yio tapdderyua, ) ouvdpton f(z) = sin(27z), té61e auTh xavornotel
TIC Tapandve tpoinolécelg, ondte

+o0o
/ uFu™ 1 sin (27 Inw)du = 0
0
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yia xde axépano k.
Ocwpolue o1 ouvéxsta TO OhOXATPOLUA

/+°° 1+ Asin(27 Inu) u—Inugy,
NG z+u

omou 1o A mafpvet Tiwég and —1 éwg 1. Enouéveg, €youue xon mdht évo ohoxAfpmud Tng
popgc
T d(u)
0 zZ4+u

6mou 1 ¢ elvon 1 ab&ouvoa ouvdptnon mou opiletar oto [0, +00) xat €xet TONO

1 u
o(u) = / (1 + Asin(27lnv)) v dv .
v Jo
Kée ponr| ¢ €yel tiun

1 /+oo k ) —l
ck = —F= u” (1 4+ Asin(2wlnu)) u™""du
V7 Jo

1 +oo . .
= — uwu” ™" du
7

(k+1)2
1 oo .2 e 4 +oo 2
— T e ekt g, 7= eV dy
T J_—co ™ —00
(k+1)?
= e 4

dnhadr) ebvon ave€diptnTn TN mapauéteou A. Enouéveg, xon o’ autiy Ty tepintwon éyouue
dnelpeg MOES 0TO TEOBANUA TV POTRY. XENOLIOTOLWYTIS TOUS TUTOUS TNE ToEAY PO
§2.5 xou xdvovtag xatdhhnheg anhonotioelg oTig 0ptlouoes, TAlPVOUUE TOUG GUVTEAEOTES
@ TOU GLVEYOUC XAAGUATOC:

Qg =(1—e2)(1—eN(1—e ) (1—e "2 )e 2

nol
_ 2n+1

e 4
(l—e2)(1—e)(1—e2)---(1—eF)
Hostpozz 2] o gpdooeTon amd Ty Z: e gxoanz 20 Q2nt1 and Ty 322 ( )2,

dpa suyxhivouv. Tehxd, xon 1 oelpd :lr 1 Qi oUYXAvEL.
Eniong, ue tov (810 1po610 dnwe xon 070 TpAOTO TApddELY U, Takpvouue 6Tl 1 Stapopd

Qon41 =

N\:

pi(z) p(z)

q1(z)  q(z)

elvar évtor ueyohltepn 1 lon and

+oo
/ sin(27 Inw) w Wy = 26 SR e
N x+u
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8.6 'AN\a mopadelyuoto.

‘Evo nopdderyuo 6mou 1o mpdBAnuc twv poney €yl uovadixy Ao elvonr otny nepintwon
Tou ot pomég ¢y elvan ot apriuol Tou TpoxdNTOUY amd 1o CLVEYES XAACUA TOL UEAETNOE
o Laguerre, oto onolo avagépeton o Stieltjes otov npdhoyo tng dnuocieuorc tou. Ot
CUVTEAEGTEC (v TOL XAAOUATOC aUTOL Efvo:

1
aop—1 =1, Qgn = — -

7 7 ’ z 7 4 -‘rOO 7, 4 z
Yy nepintwon auth eivon mpogavée dtL n oepd Y o, amoxhivel, dpa To ouveyés
xhdouar oLy xhiver xou Toptotdvel ouvdptnor F(z) ohéuopen oto C — A. Eniong, anodet-
xvOETOL OTL 1) oLVdPTNoT @ = & = Py Slvetow and Tov OO

plu)y=1—€e", u>0.

O Laguerre €dci&e ott yia xdde z 10 oLVEYES AAAOUA L10OUTO UE TO ONOXATPWUAL

T dg(u) [T e du
/0 z4+u /0 z+u
Y10 nopdderyua autéd undpyet udla ocodnnote paxpld and to onueto 0.

Quoxd, 6mwe €youue NN TapaTNENOEL, oTNY TeplnTworn Tou 1 wdla Sev extelveton
uéypl 10 AnELpOo, AAAS OTAUATE OE XAmO0 oNUElD, TO AVTIOTOLYO GUVEYES XAAOUA TEVTA
Yo ouyxhiver, yratl xou 0 avtiotolyn Suvouooelpd oUYXAIVEL Yiot apXETE UEYAAES TLUES
tou |z|. T va xatavofioouue tny tedevtaia nepintwor, Yewpolue o0 ouveyéc xAdoua Ue
GUVTEAEGTEC boy, = p > 0 %o bop_1 = q > 0 :

p

Z+ 4
1+4.

: P
+—
1+

[Mpogavae, 1o xAdoua autd elvor teptodixd, dpa, av V€covue Ty TIWr Tou lon ue k, téte
€youue OTL

p

k=——.
e

[TpoxOmter étol pta Sevtepofdiuta e€iowon we npog k, 1 onola dtvel 8o Aboec. H uia
aropplnteTon yiatl, otV mepintworn mov o z elvan Yetixdg mpayuatindg, diver apvnTixég
TLéc Tou ouveyolc xhdouatoc. ‘Etot, tehixd €yovue 6Tt ot xde z 1 Ty Tou Vo elvon

fon ue

VA2t a)tp—a)?—2+p—gq
22 ‘

Ot ouvteheotéc a; divovtar and toug TOTOUS (g, = (%)" XU Qo1 = %(

uior TouldyLoToV ond TIC GELRES D 7 | Qo X0 Y0 Capg1 Vot amoxAiveL.

F(z)

q

2)". Ernouévec,
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To mpéfhnua twv ponwy €yet wovadixh hoon xou 1 ouvdptnorn F avoyxaostixd Yo
YedpeTOL OTN uopcpn f+°° dj;u) T va ) ypdpouue pe 0 wopen auth, Stoaxpivouue Yo

TP, q TS TEO(pO(XO('E(D TESpLTET(;)OSLCZ

e Av p > ¢, t61€ Vétouue a = (\/f)— \/6)2 xor b = (\/f)—i— \/6)2 Yy meplntwon

autt), Ue mpdlelg mpoximtel 6t 1 F' ypdgeton ot wopgh

F(z) = \/u—a b—u) du

z 27r z4+u
+O°d¢
B /0 z—l—u’
OTou
0, u=20
\/@, O<u<a

¢(u) = \/%—i-%f:\/(t—a)(b—t)%, a<u<b
Vab+ L [P/ T—a)b- D%, b<u

[opatneolue 6t undpyet uta ouyxévipwon ualac oto 0, 1 onola elvon (on ue Vab
xan 1 undrotny wdla elvar ouveywe xataveunuévn oto (a,b). Téhoc, napatnpodue
61L ot Tepintwon ouTh 1 oetpd > %% anp1 ouyxhiver, To dpotoud e ebvon
1 ’ ’ ’ 7 ’ ’
5—g X, hoye g mpotaong mou Yo delouue oTnY auEows ETOUEVH TapdYEAPO,
7, 4 z 4 2 /.
emPefardvetan 6Tl 1 udla Tou elvon cUYXEVTPOUEVY 6To 0 tolton ue vVab = pq.

7 7. ’ 'é ’ 4
e Y1y nepintwor mou p < g npoxintel ot 1 F' Siveton and tov tno

(u—a)(b—u) du _/+°°d(;5(u)
27r z4u Jy z+u

Y

6Tou
0<u<a

0,
d(u) = wauw/t—a b-t%, a<u<bd
27rf V(t—a)(b—1t) t, b < u.

Tdpa, ohdxhnen 1 udlo elvon cuveyde xataveunuévn oto (a,b). Ly neplntwon
auth M oepd > 20 oy 41 amoxhiver xau, amd TNV TEHTHON TS ETOUEVNG TPy PApOL,
emPefardvetar 6Tt N udla oo 0 elvan fon e undév.

e 'Otav p = ¢, 161€ a = 0 xou eite TOUC THTOUG NG TPAOTNG TERITTWONS EPUPUOCOUUE
elte autolc g dedtepne Yo ndpouue 1o (B0 anotéecua.

8.7 Ynoloyiowog tng kdlag mouv cuyxevipwvetal oo 0.

Y authy TV nopdypao Vo utokoyicouue TNy tocdHTT TN UALAS TOU GUYXEVTPWVETAL
oto 0.
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Ilpétaoy 8.1 Ytnr opopuévn nepinttwon tov mpopAnuatos twy porwr, n pudla mov elvai
ovykevpwuérn oo 0 1woltar pe

-

St ong
Yy mepintwon nov n oeipd avtny atokAiver, n avtiotoyn pdla woltar pe unoév.

Yy adpion nepintwon, to tnAiko
1

St 2ns

elvar to péyoro tng pdlag mov unopel va elvar ovykevtpwuévn oo 0 kar avté ovufaiver

otny mepintwon s Avons (v, 8;), apol oto onpueio 6y = 0 éyovpue noodrnra pdlag ion
1

HE V) = Siso Ia xdle dAAn AVon Tou mpoPAnuatos twy pomdv n moodTnta Tng
n=0 X2n

pdlag ovo 0 elvar pukpdtepn and vp.

Anbdeln: 'Eotw ¢ ula abZovoa cuvdptnon ue ¢(0) = 0, ue dnepa onueio avinuxdtnrag,
1 omolo optlet plo xatavour| udlac otov nuLdEova 0z mou anotehel Aoon Tou TpofAfuatog
v ponwv. Toéte, eldoue o1t Yo oy et

/+OO P < Fitw)
0

T +u

v xde x > 0. Enfong, and v npdtaon 3.1 xar tnyv nopatipnon 7.4 €youue 6t

1
lim zFi(2) = —/——=1p .
z—0% S0 C2ngt

Oa deiloupe 6tL, av = lim, o+ ¢(e) eivar n udla mou elvor ouyxevipwuévn oto 0, tdte
elvo

[ adg(u)
p= lim .
r—0+ 0 T+ u

Mpdryuart, woydet ot

/m wdolu) /mQ zdo(u) . /ﬁ zdé(u) . /+oo zdp(u)
0 0 r

T+ u T+ u Jz x+u

2 r+u

(unodétovue To T dpxeTd Uxpd VeTind oprdud, uikpdtepo TNe povddag, dpo 2 < /Z).
Eneldy

p(a?) T
14z -+ a2

ouvendyetol OTL
$2
xdo(u
lim o) = lim é(z%) = p .
z—0t Jg XT+u z—0t
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Eniong, elvon npogavée ot

\/:ECL' u
og/ do(w) < (V) — P(a?)

2 Tr+tu
onéte, enedh lim,_o+ (d(v/7) — d(x?)) = 0, Yot efvou xou

Nz
lim zde(u)

z—0t Jo2 T+ u

Téhoc, enedn) n 1, etvan gdivousa cuvdptnom tov u Yo woybet 6Tt

% sdp(n) _ B
OS/\/; a:—i—ugl—i-\/f

(¢(+00) — (V) -

Enouévwe, agpot eivor lim, o+ % (p(+00) — d(+/x)) = 0, Vo €yovue 6T

+oo
lim zdo(w) _,
=0t Sz THu

Apa, 1o {nrobuevo amodelydnxe.
Sy optouévn tepintwot tou TpoBAfuaTtog Twv porndy, Snhadh, btav S0 oy, = +oo,

7z d 4 ’ 4 ’
Vo etvon f0+°° fﬂ) = Fi(x), npdyua 1o onolo ouvendyeton 61t

o0 zd 1
p= lim zdg(u) = lim 2F(2) = =5 -
z—0t Jo rT+u z—0t Zn:O aon41

Sy abptot nepintwon, Shadh, dtay 32T ay, < oo, enedn

T xdo(u
2F(z) < /0 2d0() _ ()

T +u
Vo elvaut )
0= lim 2F(2) << lim zFi(z) = —/——— .
z—0% ()_M_”C—)W @) Z:i%a?n—&-l

7 / 7 / ’, 7 /. 7 5
IvowpiCouue 6tL vy exelvn v xatavour walowv mou opilel 1 avouca cuvdptnon® Py
Loy VEL

o0 zd® 1
p= lim :Eil(u): lim 2F(7) = =5 =10 -
z—0% Jo rtu z—0%F > om0 Q2041

Méver va dei€ovue 61t yia xdde dAAn xatavour| udlog mouv anotehel Aoon tou npoAfuaTog

WY POV elvat
1

B
Y om0 Q21

0 oproube ne undpyeL oty §7.8.
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‘Eotw 61t undpyet ulo S ablovoa ouvdptnon ¥ ue W(0) = 0 xou ue dnetpo onueia
augnuxdTnTac, TéTota Wote 1) xotovour udlac mou opilet var anotekel, entong, Aon tou

a6ELOTOU TPOBAAUATOS TWY POTOY Xat Yo THV onola toylel [ = 24'% Edv and t¢
n=0 Q241
xatavouéc mou opilouv ot @1 xar ¥ agatpéoouue tn wdla 4 Tou eVl GUYXEVTPWUEVT GTO

0, t61e mafpvouue 800 SapopeTind cuotRuata walov oy divouy enlong Tig (deg ponég
k-tdéne, dpa undpyouv dmelpec dhheg xotavouéc uwal®y mou divouv Tic deg ponée k-
Taéng ue ta dVo mponyolueva. Adyw tng nopathenong 8.5, 67 OAEC AUTEC TIC XATAVOUES 1)
nocoTNTL TN¢ Ualag Tou xatavéueTon xatd unxog tou 0z eivar fon ue co—p. Oewpolue uta
Tétota xatavour; ualwy, 1 onola opiletar and ula abZovoa ouvdptnon @] xou oto 0 elvon
tonovetnuévn udla i’ > 0. Edv o’ authAv tny xatavour tpocdécovue oto 0 udla p1, t6te
nadpvouue éva véo abotnua palov tou arotehel entong Abon tou apyxol mpofifuatog
v porwy. [pdyuatt, n ouvolixh, tocdtnta tne udlag xatd uhxog tou 0x woltar UE cp,
€V, amd Tov TpéTOo UE Tov omofo oplooue auTHY TNV xatavour|, elvor Tpogavég OTL xa ot
unohotneg ponég etvon foeg. H udla tou ovotiuatog autold nou avtiotolyel oto 0 Yo efvon
fon ue p+p > m, romo.

8.8 XyeTixd we Tov NuLdZova 0z’ Twv apvnTLXoOY atdoy.

"Eyovuc anodeifel 61t 6Ny Tepittoon mou 1 oced S, amoxhivel, To cuveyéc xAdoua
A OV Y] P 7] 7] P n=1-"n ’ XES {J'

Stieltjes cuyxAlvel xou UGAIGTA, TO 6pLO TV TPOCEYYICEWY TOU elval 1) cUVEPTNOT)

+o0 U
o= [

omou ot uobveg WOTNTEC Tou ogellel va mAnpol 1 cuvdptnon ¢, 1 omola opiletan oTO
[0, +00), eivar var efvon ab€ovoa ouvdptnon tou u, va txavorotel Ty ¢(0) = 0 xou va
€yel dmepa onuelor avénuxottoag. Tote, mpoxintel ev yéver 6Tt 1 ouvdptnom F elvon
avohutixh) tavtol oto C — A, duwe, dev Unopolue TavTaL VoL TNy ENEXTEIVOUUE AVaAUTIXS
xou 610 A. Tlpdyportt, av unopoloaue vo Bpolue avahutixy enéxtooy| tne oto (—b, —a),
TOTE 1 GUVEPTNON @ VoL EMPETE CVUYXAGTIXG VO EIVOL AVAAUTIXT GUVEETNOY TOU U GTO
(a,b). Ouwe, 10 vor anoutAOOVUE Yior TNV ¢ Vo elvar avahutixy| teptopilet xotd mohd Ty
(NAOT TV AWEOUCWY GLUVIPTACEWY UE TIC OTOlEC AGYOAOUUACTE.

Av 9éhovue va Bpolue mapadelyuota oUVEYOY XhaoUAT®Y Yo To oTtola 1) avtioTouy
ouvdptnon F' ouuneptpépeton ouald o€ vnodtaotiuota tou A, 1éte dev npénel vor oploouue
TEWTO TOUS GUVTEAEOTES Qy, AAAG VoL EextyiicouUe TalpvovTag T ¢ €T0L WOTE VoL EYEL TNV
XATAAANAT GuUTEPLPOEd ot avTioTory o LTodtao AUt Tou A. 310 TEMTO TUEAdELYU TNS
nopaypdpou 8.6 1 ¢ etvar avohutixr oto (0, +00) o, enouévme, N avtiotolyn cuvdpTno
F Yo enexteiveton avohutixd oto onueio tou (—oo,0). Enlong, oto dedtepo nopdderyua
e Brog moparypdpou, 1 ¢ enextelveton avohutixd ota draothuata (0,a), (a,b), (b, +00)
xalL, 6w efvon pavepd, xou N avtiotoyn F' enextelveton avohutixd oto onUEeiol U TOY TV
SlaoTNUATWY.
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8.9 Melétn ToL CLVEYOUG XAACUATOG TTOL AVTLOTOLYEL GTO

ohoxAfpwua f0+oo djT(Z) G TPOG TN CUYXALOT).

‘Ortay éyouvyue uio abZovoa ouvdptnon ¢ oto [0, +00), ue ¢(0) = 0 xau dretpo onueio avZn-
TXOTNTAC Y TNV xatavout| udlag mou auty opllel, TOTE K¢ YVOOTOHV Talpvouue €val GUVEYES
XNAOUOL TTOU OVTIOTOLYEl OTO YEVIXEUUEVO OAOXANPWU f0+°° %(Z). H perétn awtod tou
oLveEY0Ug XNACUATOC WS Tpog TN oUYXAoY anotelel éva TEdPBANUA Tou Topouctdlet op-
xeTég avaroyieg Ue T UEAETH Wog Suvauooelpds we teog TN olyxhor. Aev unopolue
var dwoovue Yevixr Moon 0To Topamdve TEOBANUL, Tapd UOVO VoL XaTaAAEOUUE GE XATOoLaL
OULUTEPAOUATA TOU Lo SiVOUY anavTIAoels OE EWBIXEC MEQINTWOELS. LTNY NERITTWOT TOU
T0 GLVEYEC XAdoUA oLUYXAIVEL, TO TEOBANUA TwV pont®Vy €yet ulo xar Lovadixh Abon xou
o’ auThY TNV TepinTwon hue 6Tl 1 xatavour| e Udlac mou opilel 1 ¢ elvor opLoUEVT.
Puowd, Yo unopovoaue lodyovTog «opVNTIXES UAlecy VoL TdpouUe xat GALeS MOGES 6TO
TEOBANUA TRV POTAY, dung ¢ Ya acyoindodue ue v évvola g apvnTixic udlag yLo-
Tt 10 mpoPBnua Vo yivel nepinhoxo. Avtideta, 6tav 10 cuveyéc xAdoua amoxAivel, TOTE
T0 TPOBANUA TWV POTWV €YEL AmeElpES AUOELS Xon TOTE Yo OVOUALOUUE TNV XATAVOUT] TV
uoal@v mou opilel ) ¢ adpLoTy.

[opatneolue 6Tt Tpogaveg Wybouy ta eEhg:

o Av oe uia adpiotn xatavour ualoy npociécouue ulo oaxdun udla, TOTE €Youue Xat
Tt abpto T xotovout| Ualdyv.

o Av and ula optouévn xatavour| ual®y agorpécovue ulo udla, TOTe €YOVUE oL TAAL
oplouévn xatavour| ualmy.

e ‘Otav éyouvue duo Sagopetinéc xatavoués udlac mou €youy (oeg ponée, TOTE XL O
300 xatavouée udlac elvon adptoTec.

Lo TopoxdTe VoL yenoLULoTotoouUE TNV e€Ng TpOTAoT.
Ilpétaon 8.2 Edv
n n
YO CinXiXy = Q(Xo, X1, ..., Xp)

1=0 k=0

elvar pla ovupetpikny kar Jetikd opiopuévn tetpaywvikn Hop@n, TOTE To €AdY10TO TNS
Q(1, X1, Xs,...,X,) woltar ue

0070 C()J e CO,n Cl ) Cl

, n
0170 0171 . Cl,n
Cov . Co
Cn,o Cn,l . Cn,n ’ ’

AnédeiEn: And to Muua 8.1 yvepilovue 61t Q(1, X1,..., Xy) > c(1+ X2 +.. .+ X2)
v xde X1, .., Xy Eneton 61t Q(1, X1, ..., Xp) — +00 étov 1+ X3+, 4+ X2 — +o0
xa, emed n Q(1, X1, ..., X,,) elvon ouveyhic suvdptnom tov Xi, ..., Xy, Do éyet ehdylo
Tun Yo xdmoteg Tuég twv X, ..., X, Edlo®vovtog Tic uepinéc moporydyoug TRy
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% ue 1o undév, Beloxovue éva ypauuixd cbotnua n eElodoewy, Tou onolou 1 Abom
elvon ot twéc v X, ..., X, mou ehayotonooty to Q(1, X1, ..., X,). Advovtoac xou
xdvovtag medlels emBEBotdVOVUE THY ENAYLOTY TLUY TNG EXPOVNONG.

Av, 1opa, Yewprioovue TNV TETRAYWVIXT LOPQN
+o0
Q(Xo, X1, Xa,..., Xp) = / (Xo+ X1+ ... + Xpu™) do(u)
0

TAEATNEOVUE OTL
n n
Q(Xo0, X1, X2, .., Xn) =D > i1 Xi Xy, .
i=0 k=0
Egﬁappéloupa v npbtoon 8.2 xau tn oyéon (2.11) xou Peioxovue 6Tt 0 EAGYLOTO TNG
*(Xo + Xqu+ ...+ Xu™)2dé(u), wobton ue

0
Co C1 Cn o Cral
e n_l’_
C1 C2 oo Cp41 . 1
a1 +az+ ...+ a2 1.
Cn4+1 - Con n+
Cn Cp+1 - -- Con

Av, v Méyoug suvtoplac, ouuBolicovue {d@(u)}, v eAdytotn tiur| tou

—+00
/ 1+ Xqu+ ...+ Xpu™)?do(u) ,
0

4 4 7 4
T67e, €youue anodellel Ot

1
a1+ a3+ ...+ oyl .

{do(u)}n =

Enlong, av Véoovue c_1 = 0+OO %(u) xaL €QUPUOCGOLUE TNV TedTaoT 8.2 xou T oyéon

(2.14), Bploxouue 61 1 wéytotn Tun e napdoTaong

+o00 d¢ U
/ (1—(1—|—X1u—|—...—i—Xnu”)2) ()
0 u
w¢ npog o X, ..., X, woolton ue
Cc_1 co ... Cp-1 c c
/+°° dp(u) o e . e | | P T
U
0 Cn Con—1
Cp—1 Cn ... C2p—1
C_1 0 e 0 c c
_ 0 ¢ ... «cp Lo "
Cnhp ... Cop—1
0 Chp ... Cop—1
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C_1 cpo ... Cp-1
C1 e Cp,
Co C1 NN Cn
Cn Con—1
Ch—1 Cn ... C2p—1
0 co ... Cp-1
C1 e Cp,
. Co C1 . Cn
Cnp ... Cop—-1
Ch—1 Cn ... Con-1

= aytag+...+ Q.

And v nopatripnomn 8.1 mpoxOTTEL OTL TO EAGYIOTO TNE TETPAYWVIXTC UOPPNS

+o0
/ (1+ Xqu+ ...+ Xpu™)?dé(u)
0

AoufBdveton otary

1+ Xu+ ... 4+ Xu" = M ,
_UQ2TL+1(O)

eved and 1o Yewpnua 8.1 xou ) oyéon (8.2) éyovue 6Tt T0 UEYIOTO NG TOPAOTAONG

dp(u)

u

+o0
/ (1— (14 Xiu+ ...+ Xou")?)
0
o¢ npog X1, ..., Xp hauPdveton 6ty
1+ Xu+ ...+ Xpu" = Qon(—u) .
IapoatAenon 8.6 Ernadn n eddyiotn un {do(u)}n tns tetpaywrikig popeng
+o0
/ (14 Xiu+ ...+ X,u™)do(u)
0

Aapfdvetar oTav

14+ Xqu+ ... 4+ Xu™ = M ,
_UQ2n+1(O)

énetal dn

u=0

po= ¢(0+) = ¢(0) = (¢(0+) — ¢(0)) (%;(0)))

Q) N
< [ (S) o = e,

Kal €TOUEVW,
1
<A{do(u)}n = .
< Ado(u)tn = T

Apa, detéajie pue devtepo tpomo tny aviodTnra
< 1

< = — .

> or20 Cong1
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8.10 Mekétn tng cOYXALONG TOL CLUVEYOUG XAACUATOG GTNY
nepintwoy nov 1 wdla oto O elvaw undév.

Trovétouue 61t 610 0 de ouyxevipovetar udla. Tote, enedr) otnv nepintwon g opt-

ouévng xatavounc udlag 1 udla 11 Tou ouyxevipwvetol 6To 0 toolTon UE [t = TS o
n=0 ¥2n-+1

TEOXOTTEL 6TL > 20 Qo1 = +00 xon {dg(u)}oo = 0.

Yy mepintwon e adplotng xotavoutic udlac n oelpd S0 aony1 ouyxhivel, doa
{dp(u)}oo > 0. Kotahfyovue howndy 610 mopoxdte cuumépaoua.

‘Otav 6to O dev undpyer wdla xow toyver {dp(u)}te = 0, TOTE TO cLVEYES
xAdopar ouyxhiver, evedd otav elva {dp(u)}eo > 0, TOTE TO CULUVEYEG XANdoUAL
anoxAivel.

[Mpoxinter twpa t0 €€g epwtnua. ‘Eotw 6t D elvon 1 xatavout| udlog mou opileton
and uio avgovoa ouvdptnon ¢ oto [0,400), ue ¢(0) = 0 xar ue dnetpor onueiar awntt-
x60TNTAG X ag unodécovue 6TL p elvar 1 tocdTTa g Wwdlag oto 0. Av agarpécouyue
auth ) wdla, npoxintet ulo dAAn xatavous, éotw D'. Trodétouue 6Tt e xdmolo 1pdno
(m.y. ue ™ BoRdewa tou nopandve cuvunepdouatoc) Beloxouue to eldog e xatavourc
D' (dn\. To av eivon oplouévn 1 adprotn). Téte oo elvar o cuunépacua tou Bydlovue
vty D;

Edv n D’ etvon abptotn, t6te xou 1 D ot elvon.

Edv n D' eivon oprouévn, téte xou 1 D elvon optouévn # eivon exeivn n Miom tng adplotne
TEPINTWONS TOU TPOBAAUATOS TwV POT®Y 6Tou €youue Tn wéytoty udla oto 0. Ipdyuatt,
Vo dei€ovue 611, av D’ eivon opouévn, téte 1 D dev unopel va elvar Moon e adptotng
TePINTWoNg Tou TEOPAAUATOS TwV POTWY UE Ul [ OTO UNdEV auoTNEd ULXpOTERY amd
W. ‘Eotw 611 8ev oyer 1o tehevtaio. Tote, undpyel adpiotn xatavour D, tne

n=0 ¥2n+1
omotag N wdlo i mov mepteyéton oto 0 va elvon Lxpdtepn Tne UEYLOTNG duvarthc xon TéTola
®oTE, 6Tay aponpécovue T Udlo f, vor tpoxUntel uia optouévn xotavour D', Eredn to
TeOBANU TwV poTGY, Tou onotou Ao elvar N D, elvon adproto, Yo undpyet ulo xotavoun
D1, 7 onola etvon eniong Aon tou xou oty onola, 1 udla mou elvar cuyYxeVTPOUEVT 6To
elvon 1 uéytotn Suvaty|, dnAads| woolton ue py = T o Téte, av and v xotavout
n=0 ¥2n+1
7 ’ ’ e ’ /, ’ 7 /
Dy agapéoovue and to 0 ntoodtnta udlog fon ue u, npoxdntel uia xatavour; Di, n onola
éxer axpBoe e dec ponée we v D', Apa, ot 800 xatavouée eivar Aooec tou (Stou
TpofBhfuatog ponwy xou eneldt] elvar Stapopetinée, Yo elvor xan ot 0o adplotes. ‘Atono.
Apa, 1 D 1) Yo elvon optouévn 1 da eivar adplotn xow oty nepintwon auti, 1 udla mou
Vo elvar ouyxevtpwuévn oto 0 Yo elvon utxpdtepn and ) UEYLoTn duvaty.

8.11 I&uotnreg Tou {do(u)}y.

X7 authy Ty nopdypapo Yo aoyohniolue ue TNV neplnTworn 6mou 1 aviouca cLYEETNOT
¢ 010 [0,400), ue ¢(0) = 0 xou pe drerpa onueia avinuxdtnrag, €yt ouveyh TopdywyYo
Te®TNe 18ENe. Anhady, woylet dp(u) = f(u)du, bdnouv n f eivar un apynuxd ouvdptnon,
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ouveyrhc 610 [0, +00) xor Sev elvan towtotind undév.t Youowva pe to mponyolueva da

oy Vel OTL
e 72 1
{f(u)du}n —mm/o flw) 1+ Xju+ ...+ Xpu™)*du = P T——
xou
teo du
min ; (u) (1—(1+X1u+...+Xnu")2)z:a2+a4+...+a2n.

Kdmoweg @opéc elvar edxoho va umohoyloovue to moapamdve ehdyloto 1 To avtioTouyo
ouveyéc xhdoua. Edy, yia mapddetyua, €YOUUE TO YEVIXEUUEVO ONOXATPOUA

be +00 ua—le—bu
/ du ,
I'(a) Jo ztu

ToT€E, and TG POTES

I'(a I'(a)
Beloxouue
ala+1)---(a+n—-1
ar=1, Qont1 = ( ) $ )
n!
N b I (n—=1)'b
T T ala+ 1) (atn—1)

(a+1)(a+2)---(a+n) .

Son1 =01 +az+...+aogpp1 = o

Syetnd e 0 oepd > 00 ont1, TPATNPOOUE 6T

Sgn+1 = ﬁ (% + 1) — 622:1111(%-1-1) ‘

k=1
To bpto e axorovdiog (S2n+1) elvon 400, yratl n oepd ZZ’;"{ In (% + 1) amoxAiver yio

a > 0. Enouéves, xon 1 oetpd 320 a1 Vo 0moxhiver xan, oUUpoveL UE To TponyolUEYe,

Vo elvo "
a—1_-—bu
d =0.
{r<a>“ ‘ “}m ’

IMopatrenon 8.7 Kdvovtag aAlayn petaPAnciis oto olokAnpwua

+oo
/ Fu)(1+ Xiu+ ... 4 X,u")du
0

6Av n f elye nenepacuévou nhidoug onueia acuvéyetag, téte oL TEAL Loybouy boa Yo TodUE o
AUTAHY TNV ToEdYPAPO.
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tafprovpe én { f(cu)du}, = L{f(v)du}, kai, tehixd, av ndpovue to dpo y1a n — +oo,

C
Bplokovue ot

{fleu)dutos = S (W)du}oc (5.4

IMopatrenon 8.8 Eriong, av Uewprjoovue 600 ovveyels ovvaptrioes f1, f ané g onoleg

n mpdtn elvar un apvnuikn kar n devtepn ndvra Detikn kai n % elvar dvew gpaypévn ané

/ 7 7 7z /. / 7
éva Detiké apriud, tote elvar tpogavés ot

{f(w)du}oo =0 = {fi(u)du}oo =0,

e 7 fl /. 7 / 7 7 7 z 7z
eved Grav 1) 5 elvar kdtow gpaypévn ané éva Oetind aprdud, tote

{f(w)du}es >0 = {fi(u)du}os > 0.

[opodtw amodetxviouue xdtt ToAD woyvedtepo and v rapatrhenon 8.7. H npdtaor
avapépetal xou TdAL o€ 800 cuveyelc ouvaptioelg f1, f and tig omoleg N TN elvon un
apvnTix xou 1 SevtepT TdvTa YETIXN.

ITpétaom 8.3 Yrolétovue dur
{f(w)dujoo =0
fi(w)

Kkat 6t To tnAiko i) éxa tenepaoiévo péyoto Ms oe kdde Ordotnua (9, +00) (o apriuds

M5 evdexopérws va telver oo dnepo kadag to § telver oto undév). Tote, Ja wyva kar

{filudu}se =0 .

Anddeiln: Oewpolyue éva detixd aprud € ocodinote Uxpd xat éva 6 > 0 1€tolo WoTe

0 1
/ fi(u)du < =€ .
0 2

X ouvéyeta Yewpolue T ouvdptnon f- nou opileton wg e€ng:

0, 0<u<)d

fo(u) = {f(u), w> .

Edv n elvon tuyaiog guoixdg, tote woydet ot

+o0 Foo
{F (w)du}n = / £ () (L ()2 dus = /5 F(w) (L~ () du

6mou L™ (u) eivon 1o Tohudvuuo Boduol n yia o ontolo 1 TETpUY WYX Lop®h
+oo
(w1 + Xu+ ...+ Xu™)2du
0

napvel TNV EASYLOTH TWW TS XAt 1) T Tou oto Undéy eivar lom ue 1.
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And tn dhhn ueptd, av eivar

{f(u)du}, = f(u) (L(u))? du

0

£ éva avtioTtoryo mohudvuuo L(u), téte and tov optoud tou {f~ (u)du}, tpoxinter 6t
M X M , pLoy n TP
Loy VEL

00 9 o0 9
{f(U)du}nS/O S~ () (L(w)) du:/6 fu) (L(w))” du < {f (u)du}n .

Enouévoc,
{fwdutoe =0 = {f (u)du}oc =0.

Enione, and tov optoud tou { fi(u)duly, éyovue 6t
400 9
{A(w)du}, < / fi(u) (L™ ()" du
+oo
= / fi(u ) du+/ fi(u) (L_(u))2du,
é

‘Ouwg, to tohudvuuo L~ (u) avornoel 1o obotnua tov elodoewy

400
/ f (WL~ (wubdu =0, k=1,2,....,n,
0
1), Ll0odUvouaL,
+oo
/ fL™ (wufdu=0, k=1,2,...,n.
0
Enewd? oto didotnua (4, +00) 1 f(u)u* Sornpet otadepd mpdbonuo, 1o tohudvuuo L~ (u)

Vo ahhdler mpdonuo axpBds n gopés oo (0, 400), dnhady ot pilec tou eivon dheg ueya-
Motepec tou 8.7 Egboov L™(0) = 1, oto Sidotnue [0, 8], avoryxaotind, Yo toyer o1t

O0<L (u)<1.

/f1 du</f1 du<fe (+)

+oo _ 2 +oo _ 2 _
/5 f1 () (L™ ()2 du < M; /5 Fw) (L™ () du = Ms{f~ (u)du},

Yuvenog,

AN, elvon

xaL, EMOUEVKS, EYOVUE

{fitu)du}y, < %s + Ms{f~ (w)du}, .

T va ndpoupe to teheutaio anotéheoud Ypnotuonolobue exelvo to entyelpnua tou Legendre mou
yenouonotoaue NN 300 Qopéc ota TponyYodUEVA XEPEAOLAL.
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Enedr {f~(u)du}o = 0, undpyet guoxdc v €tot Gote yia xde n > v vo oy let

My{ ™ (u)du}n < ge . (x%)

Yovdudlovtag tig () xou (**) nabpvovue 6Tt yior T0 30¥éy € undpyet v dote Yo x&e
n > v va 1oy VeL

{filw)du}, <€

xaL 1) TpoTaoT Eyel amodelyvel.

IMopddetypa 8.1 Ynr nepintwon mov éyovue tn ovvdptnon

4
f(u)zezﬂ'\/a_e—Qﬂ'\/ﬂ7

T6te 01 oUrTENETTS TOU avTioToyou ourexols kAdopatos efvat ay, = 3, etopévas n oapd
400 3 7
Y om0 Cony1 amokAiver kar Ya elvar

4du _ 0
e2mVu _ o—2m/u ~ o

Aébyw tng mapatipnong 8.6, ya tov tuyaio Jetikd aprud ¢ Ya wydea eniong éu

4du _ 0
eV — e=cVu 0 -

Ay Qéoovue

_a—1_—bu? _ 4
filw) =G L f) =
érova >0,b>0, A>3, c<bka G(u) pia denixrj curdptnon tov u n orota efvar dvw

ppaypévn o€ kdle Odotnua (0, +00), téte éyovue dur

flu) 4

Kat to dpio NS mapandvew ovrdptnong kalos to u telvel oto dmepo elvar undév. Avtd

onuaiver 6t n % o€ kdle OrdoTnua tns popens (9, +00) elvar dvw gpayuévn andé évav

apiué Ms. Andadn, ikavonoroUvTar o1 npovnodéoels tng mponyoUerns mpoTtaons, onote

f1 (u) _ luaflefbuAJrc\/ﬂG(u) (1 _ 6720\/5)

{u" e " G(u)}oo = 0 .

Apa, and to odokAnpwua



rpokvntel éva ouvex€s kAdopa Tov ovykivet epdoov A > L. Edv G(u) = 1 ka1 A < 5, tére
0 owreyéS kKAdopa aroxdival® Yty owéyaa, Ya epappdéoovue to tapardve arotéleona
otn oeipd tov Stirling.

I'vawpilovue ot

logT'(z) = (z - ;) logz — z+ %log(%r) +J(z),

1 [T z 1
J(,z):7T/O 22+u210g<1_e_2m>du,

1, kdvovtas aAdayn petapAntig,

1 [+ sy 1
= 1 du .
() 27r/0 22 4+ u Og(l—e—%\/ﬁ> “

H dvvapooeipd mov avtiotoel oto odokAfpwpa avtd elvar n

dmov

By B, B
1-2.2 3422 5.6-23

Kal To avtiotoyo ouvexES kAdoua

a1z +
a2+ . X

ak—12+
agpzt-,

H ovvdptnon f, o’ avt) tnr nepintwon, éyer timo

. 1 2 1 o I 1 —2my/u
f(u) = %U 2 lOg (1_6271'\/ﬂ> = —Uu 2e G(U)

_ o2m/u 1 ’ : _ ’ ,
pe G(u) = e2™Vlog (W) Eivar limy .1 oo G(u) = 1, dpa n G 1kavoroel tg
tapandve arnaitioe. Ta va exppdoovue tnr J(z) pe pla napdotaon mov ovykAivel
yia kdOe pryadiko z e Jetikd mpaypaticé pépog apkel va petaoynuatioovue tn oepd
Stirling (A) oto napandve ovvexés odokAnipwpa. O VTOAOYIOHES TwY OUVTEAETTOY (i,
énws mapatnpel o Stieltjes, efvar pia Sudikaota entrovn. Ipoxbnre dn oy = 12, ag = 3,

__ 84 __ 2809 __ 1003860 ’ . , , ,
Q3 = §3, Q4 = 5350, Q5 = 915047, - - - Kl T0 TS ovveyilovy o apiiol avrol mapapéva
kdtl To ekapetikd moAUTAOKO.

8H anédeiln auth mapakelneton xon oty epyacia tou Stieltjes.
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8.12 YuvEneLeg NG cUYTXALONG TOL GUVEYOLUG XAACLATOG TTOU
’ » 3 400 d
TROXVUTTEL U0 TO OAOXANPWUA fo %
Yy teheutata mapdypago tng epyaciog Tou o Stieltjes Statunwvel xdmoleg npotdoelg Tou

oyetilovtal Ue Tig OUVETELES TNG OUYXALOTS TOU GUVEYOUS XAAOUATOS TOU TPOXONTEL And

7 “+o0o d¢(u) ’ z /. ’
10 ohoxhipwpa [ S3s T tic amodel€ec Toug napanéunel o€ Timoug mou Bivel oty

ouvéyela NG epyasiag Tou.

Ilpotaoy 8.4 Edv and to odokAnpoua

/ o0 dg(u)
0 zZ+u

/ 4 Zz /. Z / z. / 4
TPOKUTTEL OUVEYES KAdOoUa TOU OUYKALVel, TOTE To 1610 ouppalvel kal e To OUVeXES kKAdoua
TOU TPOKUTTEL Ao TO

9

" /+°O dg(u)
=+

z 0 zZ+u
omov to p etvar otalepds Vetikds apriuds. Eéapetrar pia pévo tipn tov p, ekelvn ya tn
orola n ovvdptnon ¢ divel Tny (da KaTavoun JLe avt) mov TPOKUTTEL AV atd THY KATAVOUT)
(vi, ;) tng ©1 agapéoovue tn pdla vy ard o 0.

IIpotaom 8.5 Edv and to odokAnpwpa

/ o0 do(u)
0 zZ4+u

/ / z g /7 /7 /. /7 7
TPOKUTTEL OUVEY €S KAdoua mov ovykAivel, TOTe To 1610 oupfaivel kal pe To oUrve €S kKAdoua
Tou mpokUnTEl and to

/+°° udg(u)
0 z+u
He €alpeon tny (0a TePInTWON L€ QUTNY TNS TPONYOUUEVNS TPOTAOTS.

Ilpétaoy 8.6 Edyv and to odokAnpoua
/ T dg(u)
0 zZ4+u
/ / 4 z, z /7 /. / 7
mpokUTTEl OVVEYES KAdoa Tov oUyKATvel, TdTE To 610 TupPaivel kai jie To ovvex€S kKAdoua
Tov mpokUnTEl and To

99 d(u— \)
/)\ zZ+u
omouv X\ otallepos Detikds apriuds. Eapeitar pia mepintwon, exelvn xkatd tny ormola )
katavourj s pdlag mov opiler n ¢ evar n (ui, \i — A1) , @ = 1,2,3,..., 6nkadnj n
katavoun mov mpokvVntel av mAnoidoovue kdle pdla tng katavouns mov opilaer n ¢ kard
A1 o kovtd oto 0.
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Meégog 11

To ohoxhipwua Stieltjes péoa ano
TLg epyaoieg twv F. Riesz, H.
Legesgue xav J. Radon.

163






Kecpo’c)\ou.o 9

Ou epyacicg tou F. Riesz oyetixd
UE TNV ucpv’] TWV Guvsxo’)v Ypocy.w.xd)v
ouvocp‘cv]oosbﬁd)v.

To ohoxhfpwua Stieltjes dpytoe va yivetar yvwotd xou va Bploxel e@apuoyéc mepinou
15 ypovia uetd tn dnuooieuorn tng epyaciog «Recherches sur les fractions continuesy,

av xar Qoiveton vor umrpyay xdmotot ponuatixol mou acyohfinxay U’ autd, OTwg o

Ovyypog J. Konig, nou 1o 1897 ypdgpet yi' autd oto onuelwua tou «Mathematikai es

Tennészettudomanyi Ertesitoy.

Y apyéc Tou 200u arwva, Eva amd torYéuato ue tor onolo ooy oholvTay xupleg Itahol
xa I'dhor podnuartixol Aoy 1 uehéty Tov aurvaptnooedols, ulag évvorag Wiattepa yprot-
ung ot Modnuotixd Puowei. To cuvaptnooedéc opldtay we uta cuvdptnon U, n onota
aviototyel oe x&de ouvdptnon f évay mpoyuotind A uryedied aprdud.t Qc ypappuxd
6pLlay 10 oLYVPTNOOELSEC oL «dtatneely TNy emueploTxr] WLdTNTA, dNhady| xavonotel T
oyéon UAf+pg) = AU(f)+pU(g). uvexés ypouuxd cuvoptnooetdéc fitay exeivo mou
€yeL emtmhéov Ty WioTNTa var Statnpel To dpto Utag ouotouoppa cuyxiivovoag axohoudiog
ouvapThoewy. Puoixd, o oploudg Tou €AY Yo TO GUVEYES YROUUIXO CUVAPTNOOELdEC
Vv enoyy| exeivy elvon loodUvauog ue to onuepvd, av e€onpécouue 6Tl 10 Tedio oplouoy
eVOS oUVAPTNOOELSOUC UTopEl Vo Efvol OTOLOGSHTOTE YpoUUIXOC YWEOS UE VOPUAL.

To 1903 o J. Hadamard anédeile otn Snuoaicuor) tou «Sur les opérations fonctionel-

lesy 6t edv U elvon évar ouveyés Ypouund cuvoptnooetdés ue medlo optouol to alvolo 2
TWYV CLYEY WV CUVIRTHCERY Tou opllovTal o€ xdnoto cuunaYéc 6UVONO, T.Y. 6TO StdoTNUA

P Apyud oplldtay we ouvdetnon cuvapthoewy «fonction de fonctiony, v’ autd xou o J. Hadamard
(1865-1963) tnv ovéuaoce «fonctionnelley xon, tedxd, to televtalo dvoua emxpdinoe avdueca ota
Sudpopa dAha mou yenowonoobvtay Yo Ty évvola auth. Ou F. Riesz (1880-1965) xow H. Lebesgue
(1875-1941) otic dnuooteloelg toug TNy ovopdlovy cuvdptnon-nedén ( «opération-fonctionnelley ) yia
va tovicouv 6t 1o nedlo oplouol g dev elvar ohvoro apiudy, TS TwY cLVNULOUEVKY CUVIETHOEWY,
A& 6OVONO GUVAETHCEWV.
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[a, ], TotE Yoo x8e ouvdptnom f tou 2 oyder 6Tt

b
U(f)= lim kn(x)f(z)dz | (9.1)

n—+oo J,
6mou (ky) eivon uia axohoudior ouvey v ouvaptioewy tov opilovian 6to [a,b] xou elvon
aveZdpmntn e f. 'E& ypdvia apyotepa, to 1909, o F. Riesz otnv epyacio tou «Sur
les opérations fonctionnelles linéairesy xatdpepe Vo AVATUPAGTACEL TOL GUVEYT YEOUUULXS
oLVaETNOOEWY) UE €va o xoupd TpoTo, YenotUoTowVTaS To ohoxAfpwua Stieltjes. IIpd-
XELTOL Yo TNV epyaoio otny omofa amodetxvietan To neplgnuo Osbpnua Avorapdotaong
TWY CUVEYWY YPOUUIX®OY ouvaptnooedwy. Tnv epyacio auth oyohiooe xor enéxtelve,
nepinou éva ypdvo uetd, o H. Lebesgue otn dnuocievor tou ue titho «Sur I’ intégrale
de Stieltjes et sur les opérations fonctionnelles linéairesy. Xav andvinon oto oydhia
tou Lebesgue, o F. Riesz dnuocieuoe to 1911 uia véa epyaocia, ue titho «Sur certains
systemes singuliers d’ équations intégralesy. Exel uekétnoe avoluvtind xdnotec Booixée
1BLoTNTES TOLu ohoxAnpwuatog Stieltjes mou tou ypetdlovian oty cpyaoia, édwoe Eavd
anddelln tou OewpRuatoc AvanopdoTaone YWelS VoL XAVEL OUCLUOTIXEC AANXYEC XOL O-
oyohfiinxe ue mpoPAfuaTa OAOXANEOTIXGY eEI0MOOEWY, Ta onola AdvovTar UE €QopUoY)

T0U VEWPHUATOS TOV.

Trdpyet xau tpitn epyaocio Tou F. Riesz 6mou Sivel véa anddeiln tou Oewpruotoc Ava-
napdotaone.? Anuootedtnxe to 1914 e titho «Démonstration nouvelle d” un théoreme
concernant les opérations fonctionelles linéairesy. H anddei&n nou divet Stapépel and tig
TponyoVUEVES xal efvon o xoud xan anhy, 6w Yedpet xou o (Stog oTov npdhoyo. Autd
Tou Tou €dwoe TNy Wéa YU auTh TNy anddelln fray ta oydia tou Lebesgue yia tny mpdy
ToU dnuoaieuon.

Ané i tpewg dnuootetoelg tou F. Riesz Yo yeketioouue oTic ETOUEVES Tapary pdpoug
™) Seltepn, Yiotl exel aoyoleitar avahuTind Ue To ohoxhfpwua Stieltjes.

9.1 Ixavh xow avayxolo cuvidixn dote va elvon pilo cuvde-
TNOY 7 APYLXY| ULAG CLVEETNONG PEATLEVTS XOUAVCTG.

Tideton 10 €€hc epwtnua: €&V €xovue wila ouvdptnon A, ndg wropolLue vo £de-
Tdoovpe av N A elval T0 AOPLETO OAOXAPWUA [LLOG GLUVARTNONG O PEAYILEVTS
xOpavong; Ilopoxdtw amodetxviouue €val yeHotUuo XEITHELO OYETIXO UE TO TMOQATEVE
£QMOTNUL.

Aupo 9.1 Av n a elvar ovvdptnon gpaypuévns kluavons ozo [a,b], téte n o evar
olokAnpdoun (katd Riemann) oto [a,bl.

An6deln: H a elvan 1 Stapopd 800 auouvody ouvapthoewy 610 [a, b] xot elvon yvwotd
6t xdde avZouca cuvdpTno elvar ohoxAnedotun xatd Riemann oto [a, b].

2Ae 360nxav pévo and tov F. Riesz anodelfeig tou ev Moyw dewphuatoc. O E. Helly (1884-1943)
dnuooicuoe eniong pla anddetln touv to 1912 oto nepodixd Comptes rendus de I’ Académie de Vienne.
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Oplowods 9.1 Eotw A pla mpaypatixn ovvdptnon opiouévn ato [a,b]. Ia kde aprdud
x € [a,b) opilovue tous dvw kar kdtw Se&rovg napdywyovs aprpovs Ding tng A:

Aly) — A Aly) — A
DY A(x) = limsup Aly) = Alw) , Di_A(z) = liminf Aly) = Alw) .
y—rt Y —x y—ot oy —x
Eriong, ya kdle x € (a,b] opilovue tovg dvw kar kdtw aprotepols mapdywyovs
aprfpovc Ding tng A:
Aly) — A Aly) — A
D" A(z) = limsup Aly) = A(@) , D' A(zx) = liminf Aly) = Alw) .
y—z— y—z y—r— y—x
Mpogavae, n A €yel dedud nopdywyo Dy A(x) = Al (z) oto € [a,b) av xau ubvo av
D% A(z) = DY A(z) = A’ (z). Opolwc, n A éyer apotepr napdywyo D_A(x) = A’ (z)
070 T € [a,b) av xu uévo av D A(x) = DL A(z) = A’ ().

Aupa 9.2 Eotw du n npaypanxij ovvdptnon A elvar opiopérvn kar ovvexnjs oo [a, b].
Tére vrdpye € € [a,b) dote

A(b) — Ala)

b—a

< DY A(¢) < DYA(€)

ka1 vrdpyer 1 € [a,b) dote

A() — Afa)

Dl A(y) < Dy Al) < S5

Andédeiln: Haipvouue v ewdixn nepintwon, 6nov A(a) = A(b) = 0.

H A éyet edNdyrotn tius| oo [a,b]. Av 7 tuh auth elvon apvntixd|, T6TE TdvETOL OF
xdmoto onueio § € (a,b), evdd, av 1 Tur auth ebvon undév, téte mdveton 010 £ = a. Xe xde
nepintwon éyouue 0 < % Yo e y > € xon, enopévec, 0 < DY A(E) < DLA(E).

Ouoiwe, anodetxviouue 6t 1 A éyet uéylotn tur oe xdnowo onueio n € [a,b). Téte
€)OVUE W <0 ya xd&de y > 1 %o, ETOUEVKC, DiA(n) < DY A(n) <0.

H yevur nepintwon avdyeton edxolo otny €8x VE®E®VTOS TN CUVAPTNOT

A(b) — A(a)x _ bA(a) — aA(b)
b—a b—a ’

Alz) —

Quoixd, oyleL xou 1 avdhoyrn TopaAlayY| TOU TEONYOVUEVOLU AUUATOS Yio TOUS opt-
otepolg mapaywyoug apruole Dini e A o n anddelln elvon eviehwg duota.

Afupe 9.3 Eotw A pia npaypatixry ovvdptnon opiopévn oo [a,b]. Yrodérouue du n

owvdptnon DY A, opiouévn aviaipeta oto onueio b, eivar odoxAnpooiun kard Riemann
oo [a,b]. Tére 1w0yve

b
A(b) — A(a) = / DY A(x)dx .
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Andédeln: Haipvouue v tuyaia Souépton D = {a =20 < 21 < ... < zp, = b} TOU
[a,b]. e xdde ddotnua [T_1, k] €xovue, Bdoel Tou Mupatoc 9.2, 6t undpyouy & xon
N OOTE VoL Loy VEL OTL

A(xk) — A(l‘k,1

DY Ay < A =A@ b ey
Tk — Tp—1
Apa,
> DA (wk — 1) < Y (Alzk) — Alzi—1)) = A(b) — A(a)
k=1 k=1

Hatpvovtag Swapeploeic D twv onolwy To mhdtog telvel 6to Undéy, anodetxvieton 10 Gu-
UTEQAUOUA TOU AUUATOC.

IMopatrenon 9.1 Ioyvowr kar o1 avdAoyes napaldayés tov Anupatos yia tg ovvaptni-
cag DY A, D* A xa1 D' A.

IHopatrenon 9.2 To ovunépaopua tov ANupatos wyvel, poparvag, o€ kdde vrodidotnua
[a, c] Tov [a,b], ondre maiprouvue dn, pe g vrodéoeg tov Afupatog, n A 1woltal e to
adpoto odokAripwpa tng DY A oo [a,b].

IIpbtaom 9.1 Eotw A pla ovvdptnon opopévn oo [a,b]. Tére, n A Ja elvar To adproto
olokAnpwpa kdrowas ovvdpTnons a mov €lvar gpayuévng kluavons ovo [a,b], akpipog
tote, dtav to dipowoja

m—1
§ Alekn) — o) Alew) ~ Almen)|
P Thy1 — T T — T—1 7
dmov D = {a =20 < 21 < ... < Ty, = b} elvar Tuyaia Sapépion tov [a,b], elvar dvew

ppaypévo and éva atatlepd Detikd aprdué aveEdptnro tng D.

Anddeiln: Elvou govepd 6Tt unopolue, ywpeic Teploptoud tne YeVIXOTnToC, Vo utotécouue
OTL 0L GUVUPTAHOELS @ xot A elvol TEAYUTIXECS.

‘Eotw 611 1 ouvdptnon A civor 10 a6ploTo 0hOXAHpWUN XATOLAG GUVAPTAONS (O TOU
elvon pparypévne xuavone oto [a,b]. Tote, av D = {a =z9 < 1 < ... < Ty, = b} elvou
uta Tuyoda Srauéplon tou [a, b], Yo toyder 6Tt

A([Bk) — A(xk,l) . 1 /xk

T — Tk—-1 T — Tk—-1

a(z)dz = By

Trp—1

6mou B, etvar évag apriudg UETAg) TOU XATOTEPOL Xl TOU AVMTERPOU PEAYUATOC NG o
070 [Tk—_1, Tk
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Maipvouue tuyato € > 0, ondte yia xde k undpyouvy &, Nk 6T0 [Tp—1,Tk] UE TNV
WLoTnTaL

(&) — % < B < a(m) + %

Yuvendyeton 4Tl

3
L
3
L

|Br41 — Brl < (18rs1 — a(xp)| + |a(xr) — Brl)
=1 =1

m—1 m—1

= > Bk — @)+ Y 18r — oa)|
=1 =1
m m—1

= Y 1Bk —al@-1)| + Y 1B — alar)|
o =1

NE

18k — a(zr—1)| + Bk — a(zi)]) -

B
Il
—

Topa, yio xdie k €yovue 61t

16 = al@io) |+ 18— alen)] < max(la(m) + = = aler)| +lalm) + — - alew)],

(&) = = — alar-1)| + a(&) = — — alx)])

max(|a(ng) — a(zp_1)| + la(n) — a(zr)],
(&) — a(zgp—1)| + |a(€e) — alzk)]) + %

= |alty) — alzp—1)| + [a(ty) — alzy)] + %

IN

4 7 7’ ’ ’
omou ty, etvou efte 1o & elte To 1. ‘Apa,

m—1 m
Brer =Bl < D (lalty) — alar1)] + |alty) — ala)]) +2¢
k=1 =1
< Vba+2e.

Enedy 1o € elvon tuyato, xataliyovue oto 6Tt
m—1

=

Avtiotpégwe, éotw bt 1 ouvdptnon A opiletar oo [a,b] xou elvor tétola BGoTE TO

dipotoua

A(zp1) — A(zg)  Alzg) — A(zg—1)
Tkl — Tk Tp — Th—1

Z Bri1 — Brl < Vi
k=

m—1

=

A xk+1 A(xk) _ A(.I‘k) — A(mk,l)

LT4+1 — Tk Tk — Tk—1
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var elvon dve gpayuévo and éva otoepd Yetxd oprdud Gy omoadnrote Stouéplon
D={a=xy<z1<...<zyp = b} 70U [a,D].

Ocewpolue tuyalo onuelo = € [a,b) xau to Yetxd h, mou eivar LixpbdTEROS TOU l’fo.
Hatpvouue Tov apriud y = ””b xou ) draépron {a, z, x+h, y, b} @swpouus T0 oa‘}powpoc

(%) mou avuotowyel 67 auThv xoa hofdvovtag uToYn TNV TeLYwVIXY aviooTnTa, Talpvouue

A(m—l—h)—A(:L‘)_A(b)—A(y)’

h

Al +h)—A(z) Aly) — Az —h) Aly) — Az —h)  A(b) — Aly)

S' h B ’+‘ —(x—h)  b—y =G

Hoipvovtag ta avédtepa Gptor btay b — 07, mpoxdnter 6t o DY A(x) elvan nenepooué-
vog.

Oewpolue ) ouvdptnon «, 1 onota 070 [a,b) wolton ue ™y DY A, evéd n tuh g
010 b woltou e vy D A(D).

H ouvdptnon a eivon gpoaryuévng xOuavong xow udhiota, 1 xOuavot| g dev Eemepvd
tov oprud G. Tpdyuartt, éotw ula dauépton D = {a =29 < 21 < ... < Ty, = b} TOU
[a, b] xou T0 dpotoua

m—1
D lal@re) — alzy)]
k=0

Amé tov opioud g DY A mpoxintel 6t yia xdde k < m undpyet Vetindg aprduog hy, €tot

owote 10 a(zk) va dapépet oooSm‘core Ayo and tov opriud M lNak=m

Stohéyouue 10 My, apvnTxd xon €tot OoTte T0 amy,) var Stopépet OOOBY]TEOTE Myo and
A(@m+hm)—A(zm)

ToV apruod . Emniéov, unopobue va mdpouue ta Sdpopa hy, 660 Uixpd
Véhovue, dote o Swothuota (zk, T + hg), 6tov k =1,...,m — 1, xou (T + b, T
vo unv €youv xowd onueia. Tote, To dporoua

3

|(@ri1) — a(ar)]
0

B
Il

Srapépet ooodrinote Ayo and o dpooua

—_

m—

A@py1 + hi1) — Alzpr)  Alze + hy) — A(g)
P41 h,

k=0

‘Ouwg, to teheutaio dlpotoua, av YENOLUOTOCOVUE TNV TELYWVIXY avioGTNTA, TEOXUTTEL
6t elvon uxpdtepo 1 (oo and 1o ddpotoua T LopYhc (*) mou avtioToryel oty dtouépton
D = {a = x¢,x0+ho,z1,21+h1, ..., Tm—1+hm—1, Tm+hm, Ty = b}, T0 0n0l0 TROPAVEOS
elvon pupétepo 1 ioo amd G. Apa, 1o ddpotoua S p o |a(zri1) — a(zy)| eivor wxpbrepo
1 oo and 10 G. Enedn n Stouéptorn mou StaAéZaue oy tuyata, Eneton 6Tl 1 cUVEETNHO
a etvar gporyuévne xouavong xat, Udhiota, 1 xOuovey tne do elvon uixpdtepn 1 lon tou
G. Ané 1o Muua 9.1 ouvendyeton 61t 1 av glvon ohoxhnpdolun xatd Riemann oto [a, D]

170



xat, €mouéveg, Bdoet Tou AMuuatog 9.3 xou g mopathenons 2, n A elvou 1o adploTo
ONOXAPLUA TS .

9.2 Boaouxég LdLotnTeg Tou ohoxAnpnuatog Stieltjes.

Ly nopdypao auTh anodelxvOOLUE oNUAVTIXES IBLOTNTES TOU OhoXATpGUATOS Stieltjes,
Tou Yot Y pNOLULOTOLCTOVUE TP ATE.

Ipétaon 9.2 Eotw f, a 6o ouwaptioeas rov opilovtar oo [a,b]. Ymolérouue du n
[ elvar ovvexnis kar 6t n « etvar ppaypévng klpavons. Tote, to olokAnpwpa Stieltjes
fab f(z)da(x) vrdpyer kar pdhioza w0y vel

b
[ t@dat)

< max |f(z)|V2a . (x%)

zela,b]

Anddeiln: 'vwpilovue 61t To ohoxhipwua Stieltjes f;f(a:)da(:c) elvar 10 6plo TV
ol poloUdTRY

Y fE(alar) —alze-1)) , (0)
k=1

6mou &, € [Tp—1, k], xodde to Thdtog e drapéplone D ={a =x0 < 1 < ... < Ty, = b}
telvet oto Undév. Emouévee, av unodéocovue 6Tt 10 ohoxhipwua f: f(x)da(z) vndpyet,
T61E 1) oy e NS (*x) elvar mpogaviic.

Méver v’ anodei&ouye tny Uroedn Tou eV AOYw oAoxAnpwuatoc, 6tay 1 f elvon cuveyric
xou 1 o pparyévne xbuaveng oto [a, b].

‘Eotww ¢ > 0. H ouvdptnon f eivar ouveyhc oto ouunayéc obvolo [a,b], dpo xou
ouotouoppa cuveyhc. Enouévwe, undpyet & > 0 tétoto Gote yia omoladHnote x, Y Tou
[a, b] va oy et

w—yl<8 = |f@) - f)l<e.

Haipvouue uia tuyaia Souépton D = {a = 29 < 21 < ... < zp, = b} ye nhdtoc

utxpdTepo Tou § xan onotadfiote dtouépton D' hentdtepn and ty D. Ay

(k) (k)

Tpo1 =1ty < t(lk) <L <t < tk) = 4,

P

elvor o Sroupetind onuela e D' oto Sdotnua [Tr_1,xk], av & € [Tr_1,Tk] xou ov
]) 0 ) , Yool ,

n € [t t)], tote, ouyxpivovtag ta adpoiouata g f 610 [Th_1, k] TOL AvTIoTOLOUY

ot D xaw otn D', nadpvovue

M=

1@ (aler) = al@e) = D Fo)aw?) - a@))|

~

= I

(/&) = SNt = a@))

~

A
[©)
M- I

o) = ()|

o~

1
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Adpotlovtag g aviecdtnTeg avtéc yio k = 1,...,m, Bploxovue 61t 1 Stapopd Twv odpot-
oudrwy e f oto [a, b] mou avtioToy oy otic drapepioec D, D Stapépouy xot’ ambiutn
Tuh Aybtepo ané e - VVa

Av, tdpa, mdpouue dbo onoteadiinote Sauepioeic D, D' tou [a,b] pe nhdrtoc uxps-
TEPO TOU 0§ %O TI CUYXPIVOLUE UE TNV XOWY EXAETTUVOT TOUS, XATAAYOUUE 0TO OTL Ta
aviiototyo adpolouata e f Stapépouy xat’ ambhutn Twuh Ayétepo and 2e - Via.

Ocwpolyue onotadhnote axohoudio dauepioewy (Dy,) tou [a, b], Twv onolwv ta TAdT
telvouy 010 Undév. Xlugwva Ue TNV TponyolUEYY Tapdypapo, 1 aviioTtoryn axohoudia
adpotoudtwy g f etvon axohoudior Cauchy xou, emouévmg, ouyxhivel oe xdmotov uryadixd
apriud A.

Topa, matpvouue tuyaio € > 0 xar Yewpolue to avtiotolyo J xat onoladhnote dia-
uépton D = {a = 20 < 21 < ... < Ty, = b} ye nhdtog uxpdtepo tou 4. Ilafpvouye,
enfong, apxetd yeydho n wote 1 Dy va €yel mAdtog uixpdtepo tou §. Tote, 1 Sopopd
tou > oty (&) (a(zg) — a(zk—1)) and o dbpotoua tou avtstotyel ot D, eivon xort’
ambhuTn T uxpdtepn ond 2e - V2a. Tlafpvovtag 1o bplo xodde n — —+o0o, Peloxouue
ot

> (&) (alar) - alwro) - 4] < 26 Via
k=1

"Apa, T0 f: f(z)da(x) undpyet xou eivon (oo ue tov aprdud A.

Ilpbtaom 9.3 Eotw f, o dVo gpayuéves ovvaptioeas tov opilovzar oo [a,b]. Edv to
olokAnpwpa ff f(z)da(x) vrdpye, tére kar to odlokArpwpa f; a(z)df (z) vrdpye kat

pdAwta wyver n wotnta

b b
/ f(z)do(z) +/ a(z)df (z) = f(b)a(b) — f(a)a(a) . (9-2)

Anédeiln: Oewpolue uia Swopépton D = {a =29 < 1 < ... < &y, = b} 0V [a, b], T

\
evdidueoa onuela t1, ta, ..., ty xou 1o dpoloua

m m

a(te)(f(xr) = fler-1)) = ) af )= > alty) flzxr)

k=1 k=1

T
I

Eniong,
f(b)a(b) — Zf wr)a(er) — Y fler-1)a(zg) -
k=1

Agonpwvtag xatd wéhn tig d0o mponyolueves Lo6TNTEC TAPVOUUE OTL

atr)(f(zr) = f(zr-1)) — (f(O)(b) = fla)a(a))
=1
= flap)(aler) — alte) + Y flae1)(e(ty) — a(zp-1)) .
k=1 pa



To deltepo uéhog g mponyoluevng wotntag elivar To dpoloua Tou avTIGTOLYEL 0T
drouépton D', n onola npoxinter omd dha tor onueia Ty, 5 (ywplc enavoliderc). Enouévoc,
T0 6po Tou JeuTépou UENOUS TNS TEONYOVUEVNS todTNTaC, Xows To TAdTog Tne D Telvet
oto undév, undpyet xou elvar (0o ue fab f(z)da(x). "Apa, xou 10 bpto tou adpoiouatoc 6o
TpwTo Uéhog Yo umdpyet, dnhadr uTdpyEL xou TO OAoXARPLU ffa(a:)df@) xaL Loy Ve 1)
wétnra (9.2).

Ilpétaon 9.4 Eotw f kar o 600 gpayuéves ovvaptijoes rov opilovtar oo [a,b]. Tro-
Oéroupe 6t vndpyer to odokArpwpa f; f(z)da(x) ka1 6nt n a elvar odokAnpdoyun katd
Riemann ovo [a,b]. Apa, opilezar n ovvdptnon A pe A(z) = [ a(t)dt + A(a) ya kdde

xela, b]. Tdre, vndpyer kar to dpio twv atpowpudtwy

Z"j: (f(z) = f(wr1))(Alzr) = A(@p-1))

Tl — Tf—
e1 k k—1

kala§ to mAdzog tng dapépions D = {a = zo < 21 < ... < Ty, = b} telver oto undév.

Anddeiln: Oswpoldyue, ywpelc meploploud e YEVIXOTNTAS, OTL Ol CUVORTAHOELS [ xot o
elvon mparypotixée. Edy

D={a=xzy<x1 <...<xpy=>0}
elvon ulor Tuyoda Stopépton tou [a, b], téte napatnpolue Ot

inf azr) < Alwr) = A(@r-1) < sup ax),

xe[fbkfl,fl‘k] Tk — Thk—-1 xe[a?k,l,xk]

on6te Yo tuyado € > 0 undpyouy &, M 070 [TE_1, Tk] OOTE

B € A(zg) — A(zg—1)
i LY (7 TP R oy ) S
KoL
A(.Q;‘k) — A(.Tk_l) 13
A T R E

Ané tic teheutaieg aviodtnTeg €youue OTL

al(sy)(f(@r) = fzr1)) — % < (f(zx) — flwgp-1)) (Azr) — Alwg-1))

T — Tk—1

pded)

(f (@x) — fap-1)) (Alzr) — Azp-1)) < alte)(f(ar) = flap)) + —

Tl — Tk—1

6mou: S = Mg, tr = & oV nepintwon mov f(zx) — f(xg—1) > 0 xou s = &k, tp = Mg
oty nepintwon nov f(xg) — f(zr—1) <O.
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pded)

(f (z) = fzr1)) (Al2x) — Alxr-1))

Ty — Th—1

<3 alte)(f(ex) = flar)) +e -

k=1

NE

k=1

Enedy) undpyet to ohoxAfipwua f;f(x)da(x), Aoy NS mponyoluevng tpotaong, Yo u-
TdpyEL xaL 10 f: a(x)df (x). Aghvovtac, Tdpa, To TAdToC g dtouéptone D, ohhd ot to
g, va telvouv 610 undév, ouunepaivouue OTL

jm, 3 20 = Hri) (Ae) = Area)) _ [ (1)

|D|—0— T — Tk—1

Adyo g (9.2) Yo toyder 6T

~ (f () = flze—1)) (Alzr) — A(zp-1))

T — Tk—1

lim
|D|—0

b
= F(B)a(b)— fla)ala) - / f(x)do(x)
9.3)

k=1

flar) = f(zr—1))(Alzr) —A(zr—1))

Tp—Tk—1

Mopathenon 9.3 To dpo limip_o Y )0, (

love pe fab W. Eropévwg, ot 6vo 1w0détntes tng nponyoluerng anédeéns ypdporzal

/ba(x)df(x) _ /ab W ,

Ja to ovpPoli-

ab b T T
f@da(e) = f0)a0) - faja(e) — [ T (9.4)

o a dzx

IMopatrenon 9.4 Eva epotnua mov mpokUntel elvar to av petaPdAdetar 1 oyt n tpn
T0U 0AOKATPAOHATOS f; f(z)da(x) drav aAddlovue tnv tiun s « o€ kdnowa onueia, vrd
ty mpoinéleon ou n f elvar ouvexns oo [a,b]. Eivar mpogavés énr av mpooiéooupe
o€ kdOe Tiun s o wov 010 otallepd mpaypatiké aprud, tove n tun tov atpoiouarog
Sorey f(&)(a(zg) — azk_1)) de peTaPdrerar, dpa o (60 wyvea kar ya v Turj tov
rapandve olokAnpaparos. Edv petafdAdovue tis nipnés s a o€ éva apridunoipo mAndog
onuelwr, bdote N « va tapapelvel ovvdptnon gpayuévng KUUavons, Tote, Adyw tns ouvé-
xews g f, ndAr n tupr wov ff f(z)da(x) de perapdidetar. Avté mpokintel oAU elkoda
aré tny mpotaon mov akoAovlel.
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Ilpétaon 9.5 Eotw 6t n ovvdptnon a opiletar oo [a, b] kar elvar ppaypévng kipavong.
To oloxAnpwua f; f(z)da(x) undeviterar yra kdde ovvexri ovvdptnon f axpiBds tdte,
dtav n o elvar otadeprj extés ané éva ovvolo onueiwv tov (a,b) mov pmopel va elvar to
ToAU aprdunjonpuo.

Andbdelrn: Trodétouue 6Tt 1 av ebvan ptar ouvdpTnom @poyuévne xbuavene oto [a,b),

4 7 /7 b 7 4 7 4

tétow Gote 1o ohoxhpwua [ f(x)do(x) va undevileton yia xdde ouveyr cuvdptnon f.
Av ndpovue ot Véon e f ™ otodepn ouvdptnon ue Ty 1, mpoxintet H1L

ala) = a(db) . (1)

Av Yewprioovue v

t6TE €YOUUE OTL

/ " o @)dglas ) = / " a(e)dg(a:) + /5 ’ a(@)dg(a:)

Ta o)\ox)\npo')poc'toc TOU spcpocvilovrou 070 delTEPO UENOG NG Topamdve todTnTog opllovton
yiott 1 o ebvon pporyuévng xuuocvong xou 1 g(x; &) ouveyhic o xoéva and tor SaoTHUATY

[a,&] xou [€,b]. Ouwe, elvar fg z)dg(x;§) = 0, yoti  g(z; &) elvoar otodept| oto [€, b].
Apa,

/aba(z)dg(a:; ) = /ja(;p)dg($;§) '

Anb v npdtaon (9.3), ) oyéon (1) xt enedy ffg(z;ﬁ)da(m) = 0, nafpvouue TeAxd Ot

3
/ a(r)dr = (£ —a)a(a) .

Hopaywyilovtoag tn oyéon auth ota onueio cuvéyetac e «, Peioxovue ot a(é) = afa)
vt xde onueio ouvvéyelac e a. ‘Apa, 1 a eivar otadepr| oo [a, b, extéc and éva 1o
ToA) aprdufouo TAdoc onueiwy tou (a,b).

Avtiotpbdgwe, €éote 6Tt 1 a elvon otadepy xau tom ue ¢ 670 [a, b], extdc and €var To ok
aprduRotuo chvoho onueiwy tou (a,b). Eivar npogavée ott av = elvar onotodhinote onueio
ouvéyelac e a 610 (a,b), tote wyber a(z) = a(z+) = c. Halpvovtag ula onotadhnote
droaépton D = {a =z < 1 < ... < Ty, = b}, bn0U T T1, ..., Tyy—1 Elvar Sha onueia
OLVEYELNS TNG O, TUEATNEOVUE OTL

Zf(fk)(a(x — a(xr_1) fok c—c)=0,
k=1 k=1

6mou 1 f elvou omotadfinote cuveyhc ouvdptnon oplouévr oo [a, b).
Enedn to nhdrog utag tétotag Stopuéplong umopel va yiver ocodnnote uixpd Yéhovue
xat emedy To fff(a:)doz(x) undpyet odupwva ue TV Tpotacy 9.2, nalpvovtag To 6plo,

Beloxouue f: f(z)da(z) = 0.
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IIpbtaom 9.6 Ocwpolue tis ovvaptijoas f ka1 o mov opilovtar oo [a,b] ka1 n mpdTn
elvai Uw/exr]g, €va n 0evTepn gpayuévng kluavons. Tote, n niun tov oAokAnpduatos
f f(z ) 0ev adddlear ka1 ) kUpavon g « dev avédvetal, av avTikataoTioOUNE TIg
Tpég rr;g‘ a o€ omowadrjrote onueia aowéyeds s © € (a,b) pe omorodrjmote KupTd
ourdvaoud twv opior a(rx—) kar a(z+).

Anddeiln: Oewpolue 0 cuvdptnon o, n onola TEOXVTTEL ANd TV @ AV OE XATOLL
onuelo aouvéyetas « € (a,b) e o WVTXATAOTATOVUE TNY TLWh a(x) UE TOV xUPTS GUY-
duaoud o (x) = fa(z+) + (1 — 8)a(x—), émov o aprdude 0 e€optdton and 1o .

Maipvouue onotadfrnote dauéplon D = {a =9 < 21 < ... <y, = b} T0U [a, b] xau
ToEEUBAANOVUE ONUELD CUVEYELNS Y1, ..., Ym TNS O WOTE VAL Elvol Tp—1 < Y < Tf YL
x&e k=1,...,m. Torte,

Dl (@) —a ()| < laf(y) - a'(a)l
k=1

3
L

+ ) (o () — ()| + [ (Yrr1) — " (1))

k=1
+a*(b) — " (ym)|
= la(y1) - a(a)l
m—1

+ (Ia*(:vk) — oY)l + la(yre1) — " (zp)])

??‘

+|a( ) = a(ym)| -

[atpvouue Tuyaio € > 0 xon Yewpolue onueta &, N XOVTE GTO Tf, WOTE

Yk < &k < 2 < M < Ykt

pdel)

(&) — alar-)| < 5 lalm) — o) < 5

Tote, vy xdde xp, xon ue to avtiotoryo 6 €yovue

() — Oalnr) — (1= O)al&r)] < Ola@rt) — ()| + (1 = O)|a(er—) — a(&)l
9

2m
Hapatnpodue 61t autd wydet eite 10z elvan onueio acuvéyetag eite eivan onuelo cuvé-

YEWG NG .
Téte €yovue 6Tt

& (zk) — alye)| + |a(yrsr) — o (zr)]
< [Balm) + (1= 6)a(&) — alu)] + i) = fa(m) — (1= Ba(&)| + —
(&) = aly)| + Olatne) — a(&)]

+(1 = 0)|a(ne) — a€k)| + e(yrtr1) — alme)| + E

= (&) — aly)] + o) — al&)| + lalyer) — )|+ -

IN
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Télog, oy let

Yl (@) —a ()| < la(y) - ala)l
k=1

-1
+ 3 (o) = alw)l + latm) — a(&)] + lalu) = alm))

3

IN +
<j_w

=1
a(b) — a(ym)| +¢

b+a

Ened] 1o € mou Yewproaue Htav tuyaio, Beloxouvue ot
m
> o (zk) — a*(@p-1)| < Via
k=1

X0l ETOUEVKS
Viar < Vo

H ouvdptnon a* — a elvar gporyuévne xOuoavone xow otadepr undév oto [a, b, extéc and
10 ToA) apriutiotuo thilog onueiov tou (a,b). And v tpdtaon 9.5 cuvendyeton 6t

/f Yo ( /f oz /f d(o* — a)(z) =0 .

9.3  AvanopdoTacT) CUVEYOUSG YTRUALULXOD CLUVAETNCOELS0UG
e TN Borleia Tou ohoxAnpwuartog Stieltjes.

OewpoluEe 10 6UVORO 2 OALY TV Utyadixwy cuvapTRcewy Tou optlovtar xou eivar ouveyeic
oo [a,b].

Oplouodg 9.2 Kdde ovvdptnon U mov opiletar oto ), maiprer pryadikés Tiués kar yia
kdOe f,g € 1 ka1 omoovoodnTOTE MIyadikols aprdpols A, p ikavonoiel Ty

UAS + pg) = AU(f) + pU(g)
Ja Aéyetar ypapurké ovvaptnooerdég.

Optowds 9.3 Eva ypaupuxé ovvaptnoocvés U mov opiletar oo €2 ka1 dratnpel to -
po pag axokovilias ouvraptioewr tov ) mov oguykdiver opodpoppa, 6nAadn ya kdie
axodovdia (f,) tov  nov ouykdiver opoiduopga o€ pia ovvdptnon f tov €2, wyvea du
limy,— 400 U(fn) = U(f), Oa ovopdletar ovveyés.
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Iapdderyua 9.1 Edv g elvar pia odokAnpaoiun katd Riemann ovvdptnon mov opiletal
oo [a,b], téte n ovvdptnon U : Q@ — C pe U(f) = fabg(x)f(x)da: elvar éva oureyég
ypappuké ovvaptnooadés. Eniong, n ovwwdptnon V : Q — C pe V(f) = f(xo), dmov xg
tuyaio otallepd onpueio tovu [a,b], elvar emiong ovvexés ypapkd ovvaptnooedés, aAdd
dev umopet va mdper T popen tov mapadetyparog U.3

Adupa 9.4 FEotw U éva ouvvexés ypaupiké ouvaptnoo€ldés opiopévo oto ovvolo €.
Tote to U elvar ppaypévo, dniadn vrndpyer otatlepis Jetikis aprdpds M tétoog dote
va 10y vel

U(6)] < 3 mas |(a) (9.5)
yia kdle f oto Q. Ka artiotpépwg, kdle gpaypévo ypaupnkd ovvaptnooadés etvai
TUVEYES.

Andédeiln: 'Eotww 61t 10 U elvon éva ouveyég odhd un @poryUévo YpoUIxd couvalp-
mooewéc. Tote, yo xdde guoxd k Yo undpyet ouvdptnon fi oto ) Tétol WoTE v
oy Vet

o |fr(x)] <1y xdde x € [a,b],
o [U(fo)l > K. (1)

H oepd

X i)
> sian U

Yo ouyxhiver ouolduoppa o xdnowa ouvdptnon f tou 2. Enedh 1o U eivar ouveyég
Yoo o ouvopTnooeldéc, Yo toylet ot

+00 +o0
U(f) =Y sign @) L) = 3~ UL
k=1 k=1

‘Ouwg, 1 oepd oto dedtepo wéhog anoxhivet Moyw e (1), dpa to U(f) dev elvar aprdude,
Tedyua dTomo.

Yuvenwg, 1o U eivar gporyuévo.

Avtuiotpdgue, €otw 61 to U elvar éva gpoyuévo ypauuxd ouvaptnooetdés. To-
1€, olugwve ue ty unddeor vndpyer otodepd M dote vo woylet i (9.5), dpa yior xd-
Ve axohoudia (fr) tou €, mou ouyxhiver oyotbuoppa e ulo ouvdptnorn f € §, wyle
U(fa = P < Mg | fala) — F(2)], on67e limy oo U(f) = U(D.

Oplowds 9.4 Eotw U éva ovvexés ypapuké ovvaptnooeldég mov opiletar oo 2. Tote
0 aprudg
My =sup{|lU(f)| : fe€Q, |f(z)] <1 ya kdle x € [a,b]}

3 Auté anodewvietan TOND ebxold, oav doxnon Anelpootixold Aoyiouol.
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4 z /. 4 Z. z g /
ovoudletar vépua tov U kar elval, mpopavag, o eAdyrotog apijuds M ya tov omoio 10y de

U(F)] < M maxe [£(x)] yra it f €.
z€la,

Axolowdel to eplgnuo Oewpnua Avanapdotaong tou F. Riesz.

Ocwpnua 9.1 FEoww U éva ypaupké ovvaptnooedés nov opiletar oto 2. To U elvar
TUreX€S akpifas Tote, dtav vrdpyer ovvdptnon gpayuévns kUpavong o mov opiletar oto
[a, b] kar elvar Téroa dote ya kdde [ touv Q va 1wyla

b
Umz/fmmw.

Anddeiln: Edv yia to ypauuixd ouvoptnooedéc U umdpyet ouvdptnon georyUévng
xOpovong a mov opiletar 670 [a, b] xou elvor tétota Hote Yo xde f tou 2 var oy et

b
Umzjfmmm,

T6TE, MOY®w TNg mpdtaoTg 9.2 xou tou AMuuatog 9.4, to U Ya eivar cuveyéc.
Avtiotpdgwe, éotw éva ouveyés Ypouuxd ouvaptnooedéc U. Xonoluomotwvtag to
U, Yo oploovue uia ouvdptnon A ue nedio optopod 1o didotnua [a,b], we ehc. Edv
€ €la, b], t6te Vewpolue ) ouvdptnon g(x; &) mou opiletar and Tov xavévo:
a<z<{

x7
g(w;§)={£’ £<z<b

xow optlovue A(€) = —U (g(z;§)).

Y ovvéyera, Yewpodue uia Sopépton P ={a =20 <21 < ... < 2y = b} t0U [, b]
xan Tic m — 1 ovveyelc ouvaptioec fi, f2, ..., fm—1. Kdde fi elvon undevixr) extdc tou
StaoTAUATOC (T)—1, Tt1), 0T0 oNuEeio T mabpver T TLUY

_sign <A(mk+1) — A(z)  A(zg) — A(mk_1)>

Li+1 — Tk Lk — Thk-1

fr(zy) =

xou téhog, oe xadéva and ta StuoTAUATA [TE_1, Tk, [Tk, Thr1] Elvon Yoo,

Me 1 Borfdeto v ouvapthoewy autdv opilovue v f tou naipver | f(x
ZZL:_II fr(x) Yo x8e = oo [a,b]. Hpogavde, 1 f elvon cuveyhc xou woydet |f(z)]
yia xde z Tou [a, b].

Moxdde k=1,2,...,m—17n1uh me fr oto Tuyado = tou [a, b], ¢ cuvdptnon v
ouvapThoewy e Lopehic g(z; &) Vo divetar and tov tino:

) =
<1

Ji(@) = = fi(zx) [g(x;x;;:z :iix3xk) 9(96;35;: :iix;lwkl)] 7

onoTE

U = Sy |22 A = i)
_ ‘A(karl) — Azy)  Alzg) — A(e—1)

Tkl — Tk Tk — Tk—-1

<0
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XOL CUVETOC,

m—1
Alwinr) ~ ) _ Alet) ~ A | _ gy <
k41 Tk Tk Tp—1

k=1

A6 v mpdtaom 9.1 éneton 4Tt uTdPYEL CUVAETNOT PearyUEVNE x0OUAVeNS &, Tou opileTon
0710 [a,b] xar e omolog To adptoTo ohoxhfpwua elvar i A. Av ahhdZovue Tic TS TS
a ota onueia a xar b, T6te N o Vo mapaeiver ouvdptnon geayuévne xduavens oto [a, bl
xou 1 A Yo ouveyloet va elvar to adptoto ohoxhfipwua e o 070 [a, b]. Opilovue va eivon
a(a) = —=U(1), énov 1 elvar 1 wovadatar ouvdptnon oto [a, b], xou a(b) = 0.

Téte €yovue 611

b b
/gmomm>:gm@wme@mw—/aw@w@

= Ulg(x:¢)) - (9-6)
Haipvouue tuyaio ouveyn ouvdptnon f opouévn oto ddotnua [a,b] xar € > 0. Abyw
G opotduopne cuvéyetas tne f, undpyet 6 > 0, tétoo GoTe Yo xde x, y oo [a,b] ue
|z —y| < d vawoyder |f(x) — f(y)] < e. Bploxouue uio Stouépton
D={a=y<y<...<y,=1»>}

tou [a, b] Yoo v omolo oy et Y — yr—1 < 0 Yy k =1,...,n. Téte, yio tn ouvdptnon h
Tou malpver TNV TN

h(z) = f(a) <9(a:;a) _ g(x;y1) — g(w;a)) N

a Yyr—a

+nzlf(yk) <g(w;yk) —g(@iyn-1) _ g(@iyri) —g(:c;yk)> T (2 = 9(@iyn-)

Yk — Yk—-1 Yk+1 — Yk b—yn1

oe x&de x € |a,b], Vo woyle 6t h(yr) = f(yx) Yo x&de k = 0,1,...,n. Exiong, n h
elvon ypouuxh, o xde Sdotnud [Ye—1,Yk], 6tou k = 1,...,n. Apa, |h(z) — f(z)] < ¢
v x&de € [a,b]. Téhoc, n h eivar ypoauuxde cuvduacude wwv g(z;yy), ondte Va
Loy VEL

b
Uh) = / h(z)da() .
1
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Ané o mapandve npoxiTTeL Ot

b
’U(f)—/ f@)do(z)| < U - UM + / h(z)do(x /f Jdo(x
< Muggrg[%!f() (@)]+ Vo ma £(2) = hia)
< (My +V0a)e

To ¢ nou Yewpriooue frav Tuyalo, dpa toyeL OTL

= [ wate)

Afupa 9.5 Eotw ovvdptnon o gpayuévns kluavons oo [a, b] e tny 1didtnra

a(z—) + a(z+)
5 ;

a(z) =

Téte, ya kdde ¢ > 0 vrdpye dauépion D = {a = 29 < 21 < ... < xy = b} dote

z € (a,b).

kaOéva and ta x1, ..., Tm—1 va €lvar onueio ovvéxeas tng o Kal Hote
m
b
Via—e <> |a(zy) — aleg1)| -
k=1

Anddeiln: Iaipvouue tuyalo € > 0 xou Pploxovue drauépton
D={a=zy<z1 <...<zp,=0b}

WoTE

e m
Vya - 3 < > la(wr) — alzp-1)| -
k=1

‘Enerta Yewpolyue o onueia GUVEYEWS Y1, ..., Ym TN @ OOTE Yi € (Th_1,Tk) Yiot xde
k. Enlong, nalpvouvue onueio cuvéyetag ny, {k g o Tl omolor elvat opxeTtd xovid 010 T
wote va oy Ve

o&e) + o) | _ €

a(zy) — ) i

Y <M < Tk < & < Ypy1 KO

v xdde k=1,...,m —1. Tote,

> afar) — alzr-1)] <Y (lelzr) — alyp)l + lalye) — olze—1)|) =
k=1 k=1

m—1
= la(yr) — @) + > (la(wr) — alye)] + le(yre1) — alar)]) +
k=1
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+le(d) = alym)]

< a(yr) — ala)| +
m—1
+> (’W - a(yk)‘ + ‘a(y,m) _ Oé(fk);ra(ﬂk)‘) .
k=1
+a(b) — o(ym)| +%
< a(yr) — ala)] +
m—1
+ 3 () — olm)| + la(€r) — alm)] + [olyri) — a(&)]) +
k=1
+|a(b) — a(ym)| + €

5

Yuunepalvouue hotndy 61t

Via—e < la(y) —ala) +
1

3

+ > (la(m) — alyr)] + () — alme)] + la(yrr1) — a(€e)]) +
=1

+la®) = alym)| ,

bl

ondte 1 {nroluevr Stouéplon eivon oautr mou anoteAelton and Tar onueia

a, b7y17 v 7ym,7717§17 R 777m—17§m—1 .

Ilpbtaon 9.7 Eoww U éva aguvexés ypauuiké ovvaptnooedés tov 2 kar My n vipua
tov. Av a elvar otowadrirote avvdptnon gpayuévns kUpavons oto [a, b, térowa dote va
wyvel

b
Um:/fmmm,fea,w

téte éyovpe 6u My < V0a.
Eriong, vrdpyea xdroia o date va wydea n (x) kar emnAéov va wyve My = Va.

Andédeiln: ‘Eotww f tuyaia ouvdptnon oto Q, yia v onolo toylet | f(x)] < 1 yia xdde
x o7o [a,b]. Anb v npbdtoaon 9.2 énetan Gl
< V;’a

b
Ul =| [ fa)dat)

xalt, emouéves, My < Via.
Oewpolue, topa, uia Tuyala cuvdptnon «a, mou eivon peayuévne xouavens oto [a, b
xat €yeL Ty WO

b
Umz/fwwm,fen.
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Kartaoxevdlouvue v o dote o*(z) = a(z) yia xdde = to onolo eivar eite 10 a eite 0 b
elte onueio ouvéyetac e a oto (a,b) xou a*(x) = w v x&de x € (a,b) nov
elvan onueio aouvéyelog e a. And v mpdtaon 9.6 €youue 6T

b
U(f) = / f@)da™(x), [ € Q.

xaw Voo < Vba.
Ened to onueio aouvéyetag eivor to mohd apriunociuov mhfdoug, elvon ebxoho va dodue
ot a*(z+) = a(z+) xu o (x—) = a(z—) o xdde = € (a,b) xou, enouévwe,

z+) +ar(z-)
2

o (x) = o

, ¢ € (a,b).

afpvouue tuyato € > 0 xon e@oapuolovUE 10 TEONYOVUEVO AU Yot TNV . Trdpyet
dropépion D = {a = 29 < 21 < ... < xp, = b} dote xadéva and ta x1, ..., Tym_1 VA
elvar onuelo ouvéyetag g o xar var Loy et

m
Vba* — g <3 Jo (ax) — a*(wpo1)] -
k=1
Mooxdde k= 1,...,m — 1 nodpvouue onuelo i, M AEXETA XOVTA OTO Tf TETOL WOTE
o S <xp<mpywaxdde k=1,...,m—1,
o M1 <& ywxdde k=2,....m—1,
o a <&, N1 <bxu

o [a*(z) — a*(2')| < 15 Yo xdde x, 2’ oo [, mp) xow kE=1,...,m — 1.

Y1 ouvéyeta opilouue suvdptnon f ouveyh oto [a,b], n onola elvor otadepr| ue TyuA
sign (a*(&1) — a*(a)) oo [a, 1], otadeph ue TR sign (a*(b) — a*(Nm—1)) 070 [Nm—1, b,
otadepr| we tun sign (a* (&) — a*(r—1)) 010 [Nr—1,&k] yia xde k = 2,...,m — 1 xou
Yoouuxt| oe xdle uxpd didotnua [Ek, M-

[opatneolue auéowe dtL oy el

[f@) <1, = € [a,b].
Kotomw, v xdde k = 2,...,m — 1 nafpvouue

&k

f(x)da™(z) = sign(a*(§) — a*(me—1)) (™ (§k) — @™ (k1))
= [a"(&k) — " (k-1)] ,

onwg enlong

&1
/ f(x)da™(z) = sign(a*(&1) — a*(a))(a”(§1) — ' (a)) = |a"(&1) — " (a)]
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pde )

b
[ e’ @) = Sign(@®) = a0 () = a* (1)) = [0*(0) = a* ()] -
NMm—1
Ye x&e Sdotnua [Ex, ni] woylet 6t | f(ne)| < Txon |f(&k)] < 1. Av py, elvan 0 ouvteleotric
dreviuvong e Ypauuxig ouvdptnong Ue Ty ontola toolton 1) f 670 Stdotnua autd, ToTE
Loy VEL
Mk Mk Mk
flapda*(z) = [ (@)~ &) da*(@) + 1) [ do(a)
&k &k &k
:z%l (v — &)da* (@) + F(&) (0" (ne) — a* (&)
Nk
= e (= &0a )~ [ a@de) + 1(6) (@ ()~ 0*(0)
::pgé (0 () — a*(2)) da + F(&) (" () — @ (&)

Xalt, ETOUEVKC,

€ €
.. f(@)da™(z)| < |Pk|(ﬁk—§k)m+\f(§k)|m
= 1fm) = FEl g + 1FE&) 3
3e
10m
Apa
b m—1
f@)do*(z)| > [a*(&) — (@) + Y | (&) — o (ne—1)|
a k=2
1)e
Ho (B) - 0 )] - 2L
m—1
> |a*(&) —a* H—Z(\a xp) — o §kl+|a(nk)—a(mk)\>
k=1
m—1
+ ) et (&) — o (mr—1)] + o (b) — @ (1)
k=2
3(m—1)e 2(m—1)e
10m 10m
> Z|a xg) — a(zr—1)| — (1Om)6
b * € €
= Ve =575
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Erouévacg,

Vba* —¢

IN

b
[ t@dar@)| = )

My max |f(z)| < My < Vba* .
z€[a,b]

IN

Enewdy, to € frav tuyaio, ouunepaivouue 61t My = Voa*.

9.4 3Xyo6Aia yia T0 UTGAOLTO TNG dNMUOCLELTTS.

Ot tpeic mponyolueveS Topdypa@oL amoTEAODY XaL TIC TPELS TPWTES TUPAYPAPOUS TNS O
uooievone tou F. Riesz xou elvon onuavtixéc otny totopia tou ohoxhnpouatog Stieltjes,
apol exel amodetxviovTal Yo Te@TN Qopd xdmoleg Pacixéc oTTéc Tou, xaide Xt TO
neplpnuo Oevpnuo Avanapdotaong tou F. Riesz, to onolo delyvel néco onuavtixd uo-
Unuotixd epyaheio elvon To ohoxhfpwuo auTo.

Ytg undhoineg mopaypdpous g dnuocieuong, o Riesz amodewxvier 1o mopoxdto,
onuavTxd eniong, Yewphuota.

Ocdpnua 9.2 Eotw 6t n akodovdia (fi,) anotedeitar and doouéves pryadikés ovvaptii-
o€1§ auvexels oo [a,b] kat n (c) aroteAefrar and doouévovs uryadikovs aprdpots. Tdre,
n wkavn) kar avaykaia ovrOnkn oote va vrdpyer ovvdptnon a gpaypévng kipavons oto
[a, b], n omola va ikavoroel To ovoTNUA

b
/ fe(@)da(z) =c,, k=1,2,.. (9.7)

elvar va vrdpyer un apvnuikés apiduos M pe tny 10idtnta

n

> ma

k=1

n

> fil(x)

k=1

< M max
x€|a,b]

(9.8)

yia kdOe uotko apidpud n kar ya tuyalovs pryadikols aprdpols iy, ..., fn.
Av My elvar o eddyrotog M ya tov oroio wyve n (9.8), téte

MO S VabOé

yia kde ovvdptnon o gpaypuévng kluavons ozo [a,b], n orola 1kavoroiel to ovoTnua
(9.7). Emiong, vndpyer kdnowa o gpaypuérvns klpavons oto |a,b], n orota ikavonolel to
ovotnua (9.7) ka1 Tny My = VVoay.

Ocwpnua 9.3 Me ng vnotéoeg tov tponyoljevov Jewpnuatos kar pe tny tpoindéleon
dn wyvea n ovvrdikn (9.8), oroicodnnote auvaptijoas a gpayuévns kluavong oo |a, bl
mov 1kavorooUy to ovotnua (9.7), Sapépovr o€ to oAV apiiunouo mAndos onueiwy tou
[a,b] av ka1 pévo av kdde pyadixn) ovvdpTnon ouvexrs oo [a,b] elvar opoiduoppo dpro
ypauuikay ovvdvaouoy twr fi, k=1,2,... .
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Ocdenua 9.4 Eotw du n axodoviia (f) anotedelrar and doouéves pyadikés ovvap-
toeg ouvvexels oto [a,b]. Tdte, kdde pyadikn ovvdptnon ovvexris oto [a,b] evar o-
HOWpOpPo dp1o ypaupukdy ovvdvaouwy twv fi, k= 1,2,..., av kar uévo av o1 poves
oguvaptiioas a ppaypévng klpavons oo [a,b] o1 oroles ikavorooly to ovotnua

b
/ fr(@)da(z) =0, k=12, ..,

elvar exelveg mov éyovr atallepn tiun oo [a, b], extds and éva to oAV aprdunoyuo mAndog
onpelwr tou [a,b).

Me to teheutaio Yewpnua diver uta xoudn andvinon oe éva tpdPAnua tou elye tevel
and tov E. Schmidt (1876-1959) xou Stxtundveton we e€hc: av 3oVel éva aptdurioLno
6OVONO GUVORTACEWY P1, P2y ..., CLVEXAOY G7TO [a,b], TOTE TO 6VVONO LTS Elvor
TtétoLo wote xde cuvdptnor f, mov elvan cuveyxhs oo [a,b], va arotelel To
OULOLOUORYPO OPLO YTEOUAULXDY CUVELACUOY TWV TALATAVEL CLVARTHoEWY. O
Schmidt elye anodeilet dtt yio var €yet éva aprunowuo clvolo cLVURTHCEWY @1, P2, ...,
oLVEY®Y 070 [a, b], TNV Tapandve WidtnTa Yo npénet 10 olvotnua awtéd va xavonotel 800
ouviixeg. H mpdtn ouvifxn, mou apyodtepa amodeiydnxe ott elvon avaryxofor ahhd Oyt
avr, efvon var uny umdpyet un undevixr, xow ouveyhic oto [a, b] ouvdptnor, n onolo Yo
elvan oploywvia o€ xde ¢, k = 1,2, .... H dedhtepn ouviixn, n onolo elvon txav ahhd oyt
avaryxola, elvar oL ouvapthoels ¢r, k = 1,2, ... va €youv cuveyelc mapaywyoug Seutépag
TEEWC xou Vo Unv undpyet un undevixn xow ouveyhc oto [a,b] cuvdptnor, n onoia VYo
elvar oploydviar 67 OheC TIC TapAYWYOUC.

Yy évarn nopdypagpo o Riesz mopotnpel 1t av 610 npdPAnua tne enthuong tou
ovoThuatog (9.7) anarthoouue N o Tou Py vouue var Eyet xou dhheg WSLdTNTES, OTWS T.Y.
VoL EIVOL TEALYUOLTIXT| GUVEETNOT) 1} LOVOTOVT), TOTE 081YOVUAGTE GE TPOBAAUAT UE T OOl
1dn elyav aoyohndel oe epyaoiec toug podnuatixol, 6nwe o T.-J. Stieltjes (1856-1894)
xou o C. Carathéodory (1873-1950). Ipdyuatt, 010 TpdPAnua twy pondy, 1ot 6Twe To
6ptoe o Stieltjes, avalnrodue ulo tporyuatind xar abEouca GUVEETNGCT, 1) oTolo LXaUVoTOLEL
XATEAANAO OUOTNHUA CUVAPTNOLAXOY ESLODOOEWY ToU ExeL 1 Lopgh (9.7).

Y10 déxato xepdharo tng dnuocieuotic tou oyohdlel v epyaoio tou H. Lebesgue
ue titho "Sur I’ intégrale de Stieltjes et sur les opérations fonctionelles linéaires” ue tnv
omota Yo aoyoholUE 6TO ETOUEVO XEPAANO.
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Kecpo’c)\ocuo 10

To ohoxhpwpa Stieltjes péoa ano
TLS epyawcieg tou Lebesgue.

To 1910, éva ypbvo uetd tn dnuocteuor tng epyaociog tou F. Riesz, n onola mepelye
Yior Te@TN Qopd o Os®pnua AVATapdoTAoNE TWY GUVEY®Y YRUUUIXMDY GUVIRTNCOES®Y,
o H. Lebesgue dnuoocteber v epyaoia ue titho «Sur I’ intégrale de Stieltjes et sur
les opérations fonctionelles linéairesy. Xtnv apy? tng dnuoocicuorc tou authc o Lebe-
sgue avapépetar 0To ohoxhfpwua Stieltjes, To omoio opllel wg €va YpouUxd TEAEOTH
mou avtiotolyel oe xde cuvdptnon f, mou xavonotel xatdhhnieg WdTNTES, TOV AP
fab f(@)da(z) =lm > 7 f(&)(a(ziy1) — alx;)). O Brog ypdper bt Sev elvar 61dy0g TOU
va e€etdoet Ti¢ TpoUno¥Eatlg Tou TEENEL VAL IXAUVOTIOLOUY Ol GUVIPTACELS f oL (v WOTE VAl
optleton T0 Mapamdve ohoxhpwua " elvon Kd1 YVWO TS OTL TO TopATdvVe GLo LTEEYEL OTAY
n f elvon ouveyhc xou 1 o gpayuévne xduavens oto [a, b] xor autée elvan oL GUVIPTHOELS
ue Tig omoleg Yo aoyohniel, dpa Sev Tov eVBLAPELOUY OL UTONOLTEG TMEQITTWOELS. 21 TOY0G
Tou elvan v’ amodeilel 6Tl TEMxd xde cuveyES YeouUXO CUVIPTNCOEWES Uunopel Vo x-
peoaotel ue TN Poreta evoc ohoxhnpwuatoc Lebesgue. Autd to xatagépvet delyvovtog
ot xd&e ohoxhfpwua Stieltjes cuveyolc ouvdptnong avdyeton oe ohoxhipwua Lebesgue
adpolowung cuvdptnong.

10.1 H avaywyy tou ohoxAnpwpatog Stieltjes o ohoxAn-
pwua Lebesgue.
Adppo 10.1 Eotw pia pyadikny ovvdptnon ¢ oto [a,b], n onola elvar ppaypuévng k-

pavong. Av xzg elvar tuyaio onueio tov [a,b], a wylovr yia tn ¢ kar Tn ovvdpTnon
kuavong g Vrg ot wdtnreg

Vi te - Ve [¢(zo+) — d(z0)] ,
Vaxo(b - Vax()iqs = ‘(]5(.1‘0) - ¢(x0_)‘ )

7 / 4 /. /7 /. /7 /7 /
epdoov n Yéon tov z oTo Brdotnua [a, b] elvar téroa dote Tta avtiotoya dpra va opilovtar.
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Anddeiln: Trovétouvue 6t zg € [a,b) xou Yo dei€ovue v Tpwd TN wodtnta. H dedtepn
bt oty nepintwon nov xg € (a, b], tpoxinteL Ue avdhoyo 1pdTo.

Korapydc, T bpra VEOH ¢ xan ¢(z0+) undpyouy ot 1 V¥ etvon adZovsa cuvdptnon
xan 1 ¢ peoryuévne xduavone. Edv y > xg, 11

Vg = Va0 = Vo > |¢(y) — ¢(xo)] -
Hafpvovtog tar ptar Twv UEAGY TNE TUpATdve aviooTnTag xadde y — To+, €youue Ot
Vit o =V = |g(zot) — ¢(xo)] -

Méver va detovue v avicdnta g avtidetng popdc.
‘Eotw € > 0. Téte, undpyet drauéplon D = {a =y < y1 < ... < Ym = b} 100 [a,b],
ét0la DOOTE

Vip—e < VPp,D) <Vl .

Edv i elvar o delxtne yia tov onolo woybet yi—1 < zp < y;, 10T Yewpoue Tuyaio y ue
xo <y < y; xou ) doépton D' = DU {zo,y} = {a =20 < 21 < ... < z; = b}. Ioyler
ot

Vip—e < V26, D) < VE(p,D') < Vi,

onoTe l
0< Y (Vi o — o(z) — d(zj-1)]) < e .
j=1
And To televtaio éneTon 4Tt

0 < Vi <lo(y) — o(zo) +¢ -

Hafpvovtog ta dptar 0TI TapATdVE aVIGOTNTES Yo Y — Lo+ €yovue OTL yia Tuyaio € > 0
Loy VEL
0< Vet < |d(ot) — d(o)| +¢

1), LoodUuvoaL,
0< VP o — Vi < [d(wot+) — ¢(zo)| + &

xaw dpat To {ntoduevo €yel anodetylet.

IHopatrenorn 10.1 And to mponyoluervo Afuua mpoxintel 6t n ¢ elvar ouvvexns and

7 ) 7/ / Ve €T /. 7 /7 7 / /7
de&id o’ éva onpueio av kar povo av ka1 n V' ¢ efvar ovvexris and oeid oto onpeio avtd.
To (610 axpifas wyver kar yia tn ovvéyela anoé apiotepd. Apa, or ¢ ka1 V., ¢ éxovr ta
io1a onueta ovréyeag.

‘Eotw a ula ouvdptnon gpoyuévne xbuavorns optouévn oto [a, b] xaw v = v(z) = Vi
1 ouvdptnon xOuaverc . H ouvdptnon VEa : [a,b] — [0,V0a] eivar atEouca o
Vo npoonoicouue va tny avtioteédouue, dnhadh va oploovue ula ouvdptnon z(v) :
[0, Vba] — [a,b], 1 onola Yo cuunepLpépetan, xatd xdmoto Tp6T0, dTLC 1 AvVTloTEOPN TNC
VZa, av oauth unrpye.

Eotw vg € [0, VPa]. Atoxpivouue Tic mopoxdte: Teptnthoelc.
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e Av undpyet axpBoe éva xg tétoto wote V0o = vy, t61e opilovue x(vg) = xo.

e Av undpyouy neptocdtepa and éva x tétola wote Viia = vp, TéTE undpyel SldoTnuUa,
byt wovoovoro, 6o onolo N VP elvon otadepn. TTpogavne, xon 1 ar elvar otodepy
oo (8o Sidotnua. Edv xg eivar onotodfnote onueio tou Stwotiuatog autol, 16tE
opilouue z(vg) = xo.

e Edv nelowon Via = vg dev €yet Moo wg npog x, tdte undpyet (Lovadixd) xg 6To
[a,b], ot0 onoio ot a xou VP elvan aouveyeic xou tétoto wote vy € [V 0o, Vioa)
f (V, VEotal. Sty nepintwon auth ¥étovue x(vg) = zp. Anhadh, 1 z(v) elvon
otadeph| oto avoxtd ddotnua (V0 a, V0T ar) xou lon ue zp. o didotnua autd
elvar SuvarTov Vo TEPLEYETAUL TOUASYLOTOV €vaL omd TOL GXEaL TOU.

H ouvdptnon z(v) eivar acuveyic ota onueio vg, Ta onolo avtiotoryoly o€ SloThuaT
omou ot a xan Ve elvan otodepée, eva elvan otadept| oe StaotuaTa, Ta onolo avTIoTOLY 00V
oe onuelo aouvéyetac v a xat Via. Eivou yvnolwg adlovoa xon cuveyrc oTic edveg
TV o TnUdTey 6mou N Vi elvon yvnolog adEousa xat ouveyre, ue e€alpeon, lowg, Tov
SxpwV TV SIOTNUATWY AUTOV.

Ocwpotue 1 oOWeTn ouvdptnon a(z(v)) : [0, Va] — C.

e Av undpyet axpPne éva xg tétoto wote V0o = vy, t61e toylel a(x(vg)) = a(zo).

o Av undpyet ddotnua, Oyt uovosivolo, ato onolo wylel Via = vy, t61e 1oy let
a(z(vg)) = a(xzg), 6nou xq eivar onoodhnote onueio tou Sothuatoc oautol. Ilpo-
pavee, 1 enthoy” Tou zg dev ennpedler v T a(z(vg)) = azo), dbTL N o elvon
otoepy| 0To SdoTNUA AUTO.

o Ay uy € (VP a, VEota) yio xdmoto (povadind) xg, téte afx(vg)) = a(zo). Ar-
Aadh, 1 a(z(v)) elvan otadeph 610 ddotnua (Vo a, VIt a),

Teononooue v a(x(v)), étot Gote va eivar Ypouuxy o€ xadévo and to SiothuoTa
[Voma, VEoa) xau [V, VT al. Téte nabpvoupe ula ouvdptnorn B(v), n onolo opileton
0g e€hg.

Eotw v tuyaio onueio tou [0, Val.

o Edv umdpyet povadixd xg yio o onolo woylel V0o = vy, t61e VéTouue
Blvo) = a(z(vo)) = a(xo) -
4 4 4 ’ 7 7 4 €T — ’ z
o Edv undpyet Sidotnua, 6yt uovooivoho, oo onolo toylel Via = vg, t161€ VéTouue

Bwo) = a(z(vo)) = alwo)
6mou xp elvon omotodfnote onuelo tou Sothuatog autod. H emhoyy tou xg dev

ennpedlet v T B(vo) = a(x(vo)) = a(zg), dét 1 a elvon otadepy| 60 didoTnua
aTo.
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o YNV TeplnTwon Tou JEV UTHPYOUY TWES TWY T TOU VO VTLOTOL 00V GTNY Vg, TOTE
Yo undpyet oo dtdotnua [a, b] évar (Lovadixd) xg oo onoio n Vi« eivon acuveyic
xow Yo oy let éva amd T dho: V0T a < vy < Via A Via < vy < VP%Ta. Ay
ouvuPaivel To TpdTO, opllouue

a(ro) — a(ro—)
Vo — Vi o

B(vo) = afxo—) + (vo = V5o a) .

Av woylel 1o debtepo, 1o1E opilouue

a(ro+) — a(zo)

zo+ o
a O— Vg &

B(vo) = a(zo) +

(vo — V%) .

a

Eivow ebxolo va amodetydel 6t yia xde zg € [a, b] toylet
AVa"a) = a(xo) -
Mpdryupartt, Staxpivouue Tig €€1¢ meptntwoelg, agol Yéoovue vg = V0o

’ / 7 /. €T /7 /7 7
e Av 10 ¢ elvon 10 wovadikd x Yo To omolo wyler VFa = vp, 161 and Tov optoud

™me B, woyver B(VyPa) = B(vo) = a(xo).

o Av extoc and 10 T LndpEyEL xou SebTEpo T WOTE Vo oyvel Vo = vy, ToTE, and Tov
optoud e 3, woyler B(VFoa) = B(ug) = afx]), émou xj elvon onotodfitote and o
x yio toc omola toyVel Vyia = vg. ‘Oung, n o elvon otadepr| o€ xdmoto Sidotnuc mou
TEPéYEL O T, (), onote B(VI0a) = afxp) = a(xp).

Oplowdg 10.1 Eotw ¢ pla pyadixn) ovvdptnon opiopuévn oo [a,b]. H ¢ ovoudletar
aroAVtwg ovrextic oo [a,b], av ya kdde € > 0 vndpyer § > 0 dote: ya kde nenepa-
opévov mAndous Eéva avd 6vo dwaotiuata (a1,br), (az,b2), ..., (an,by) Tov Tepéyorvtar
oo [a,b] ka1 ikavoro0ly Ty

(b1—al)—i—(bg—ag)—i—...—i—(bn—an)<<5

ovvendyetal ot

lp(b1) — B(ar)] + ...+ |p(bn) — plan)| < € .

Ot amolbtwe ouveyeic ouvapthoetg tatlouv xevtpnd pdho 61N Vewplot TOU OAOXANPOUATOS
Lebesgue xat 1o onuavtixdtepo anotéhecua mouv oyetiletan U’ auTég TS CUVIPTHOELS Elvo
10 €&1C.

Oedpnua 10.1 Eotww ¢ pa pyadikn ovvdptnon opwopérvn oo [a,b]. Tére, n ¢ elvar
aroA¥tws owrexns oto |a,b] av kar pdro av vrdpyer ovvdptnon P odokAnpdoyun katd
Lebesgue ovo [a,b] pe tnr 1didtnta

o(x) = Y(t)dt , x € [a,b] .

[a,x]
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IIpétaon 10.1 Eotw mpayupatikny ovvdptnon o gpaypuévns klpavons oo [a,b], n ov-
vdptnon kluavons V,Ea tng o kar n ovvdptnon B mov kataokevdoTnke ata mponyoUEra.
H 3 ikavoroiel tn oyéon

|B(v2) = Bv1)] < vz — w1
yia kdde vi, vy € [0,V2a] pe vy < va. Eniong, n B efvar aroditwg owvexiis oto idotnua
[0, V2a).

Anédeilln: Oewpolue tuyaia vi,v2 € [0,V2Pa] ue v1 < ve xon Saxpivouue Sidgopec
TEPLTTAOELS.

i.  Av undpyet ToukdytoToy éva 1 xou TOUAYLoTOV €val g 6TO [a, b] Bote va oy bouy
x — x — A
ot Via = vy, V2a = vy, 161¢

B(v2) = B(o1)| = |a(x2) — a(zr)| < ViPa =Vi2a - Vo =vy — v .
ii.  Yrdpyet touldytotov éva 1 610 [a, b] hote VI a = vy, ahhd ev undpyet xavévo
oote VPa = vg. Téte undpyer (Lovadixd) z2 ot0 [a,b] dote ve € [V~ a, V2a)

fi v € (V2a, Viata). [Mpogavae woylel 1 < xg xo, natpvovtag tuyado € > 0,
Beloxovue 3 wote 21 < 3 < T2 Xt

la(zs) —a(ze—)| <e, |VBa-V 2 a|<e.

Abyo ypopuixdtnrog e [ ota dwothuata [V~ a, V2al xon [ViP2a, V2T al, -
oylet

B(v2) — a(za—=)| = |B(v2) = BV~ )| S w2 = V™7
Apa,

|B(v2) = B(v1)] |8(v2) — elwa=)| + |a(wz2—) — al@s)| + |a(es) — a(z)]

<

< -V a+e+Vi3a
< v =V Pa+2e+Va
= vy -V a+2e

= vy —v + 2.
Enedn 1o € eivon tuyato, xatahiyovue otn oyéon

|B(v2) = B(v1)] S v2 — vy .

1it.  Av undpyetl Touldylotov éva X wote V2 = v, alhd xavéva x wote Via = vy,
t61E undpyer (Lovadind) 1 < T2 Wote vy € [V, Vita) f vy € (Vita, VitTal.
[Tofpvouue tuyaio € xou Peloxovue x3 wote x1 < o3 < T XU

la(z3) — a(z1+)| <e, |[VBa-VIiTal<e.
‘Onwg oty mepintwon 4, Aoyw ypouuxdtntag tne B, oy let

B(v1) = a(@r )] = |B(v) = Vi Fal < Vi ta — v
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xou

|6(v2) = B(v1) |a(@2) — aes)] + |a(zs) — alzi+)| + |a(zi+) = (o)
VZ2a+e+ Vit a—u
Viza+2e + ViBa— v

= Va—v +2¢

VASVAN VAN

= vy —1v + 2.

/Apaa |ﬁ(’[12) - ﬂ(vl)‘ < vy — 1.

iv.  Aev undpyel xavéva 1 xot xavéva zg wote Vla = v xou V2o = vy, Tore,
uta TepinTwon elvon vor UTAEYEL Tp MOTE Ta V1, V2 VoL avixouy oto [V o, VEota],
onbte, Moy ypauuxdtntoc e [, ouvendyetar n oyéon |B(ve) — B(v1)| < va — vy.
Mia dettepn nepintwon eivon va undpyouy z1, x2 dote vy € [V~ a, Via) f vy €
(VEra, Virta] xow vy € (VP2 a, Vi2a) f ve € (VP2a, V2T al. Tadpvouye tuyoio
3 WOTE T1 < T3 < Tz XU EQAUPUOLOVUE TO AMOTEAECUOTA TWV 1% XoL 191 UE TO
vy = VB

|B(v2) — B(v1)] 1B(va) — B(vs)| + |B(v3) — B(v1)]

<
< vy —w3+wv3—11

= V2 — 771 .

To 61 1 B elvor amohitwe ouveyrc oto [0, VPa] eivor tdpa mpopavéc, apol yio xd-
Ve nenepaouévou nhidoug Eéva avd dbo daothuata (vr, u1), (ve,u2), .., (Vn,u,) TOU
[0, VPa] éyoupe

1B(u1) — Bv)| + ...+ [Blun) — Blun)] < (ur —v1) + .o+ (up — vy) -

Oedpnua 10.2 Edv f elvar ovvexiis kar n a ovvdptnon gpaypuévng kduavons oo [a, b)),
téte 1wyvel ot f;f(:v)da(m) = fov f(z()B (v)dv, érov V = VPa kat z(v) xar B(v) ot
oUVaPTNOES TOU 0pIoTNKAY TPONYOUUEVES.

An6deln: Enedn n f elvan ouveyhc xan 1 o ppayuévne xduavene oto [a, b], To oho-
xMpwua Stieltjes f;f(x)doz(z:) rpogavee Yo opiletar. H obvietn ouvdptnon f(z(v)) :
[0, VPa] — R eivor oyedéy naviolh ouveyfic oo [a, b] xou n B (v) eivon oyedéy navton +1,
dpa xou o ohoxhfpwua Lebesgue fov f(z(v)p'(v)dv Yo opileton. O deifovue OTL T
3o ohoxhnpwuota efvon (oo

‘Eotw e > 0. Téte, ened| v f eivon opoduopga suveyfic oto [a, b], Yo undpyet § > 0,
€00 WoTE Yo xde x,y oto [a,b] ue | —y| < & va ouvendyeton 6t | f(z) — f(y)] < e.
Ocwpolue uio Swopépton D tou [a, b], tétota dote 10 uhRxoc x&e dracthuatog e d; =
(i, m;] vou etvar uixpdtepo and 6. And xdie tétoro didotnua Yewpolue éva onueio & xou
Vétouue A; = [v(l;),v(my)], Av; = v(m;) —v(l;).

Ye éva tuyato Sdotnua [u, w] C [a,b] 6mov ot v xou « eivar oTadepés toyeL bt

v(w)
a(w) —a(u) =0= /( | B (v)dv .



Av n v dev elvar otadept| 0t0 [u, w] xou elvon u = z(v1), w = x(v2), té1E Vot toyeEL bTL

a(w) — a(u) = a(z(vz)) — a(@(v)) = B(v2) — B(v1) = /v2 B'(v)dv

Enouévwe, oe xdie Sidotnua A; o éyovue dtu

%xolL TEALXS

()~ 3 £()lalmi) - a(l)]

A
]
o
S
=
=
&
I
o
(]
>
S
o
<

Enfong, etvon

Apa, oy beL 6Tt f;f(:c)da(x) = fovf(x(v))ﬂ’(v)dv.

‘Eotw tdpa 611 €youue 10 oLVEYES Ypauuixd ouvaptnooeéc A, 1o onolo opileton
070 6UVOAO TWY CLVEYWY CLVOPTHOEWY ToL [a,b]. Téte, and 1o Oedpnua Avornopactd-
oewe tou Riesz éneton 61t undpyer ouvdptnon «a, mou opileton oto [a,bl], eivar ppayué-
vng xépavong xalL TéTOLO( oote yoo xdde ouveytr, cuvdptnon f tou [a,b] va woyler ot

fbf a(x). Z\’)papwva uLS, UE TNV mapandve tpdtaon, 1 wuh A(f) uno-
el va Ypagel ot Lop®n fo (v))B' (v)dv, dnhad¥| ue Tt BoRdeta evoc OhOXANPMUATOS
Lebesgue. ‘Otav yvwpilovue m ouvdptnon a, téte ot cuvapthioes x(v) xou [ (v) elvon
yvwotég, ue ealpeor lowg T TWWES Toug oe €va oOvoho onuelwy uétpou undév. ‘Apa,
€youue npoadlopioet xat To cuvapTnooetdéc A.

H ropdotaon evog cuvaptnooetdoic ue tn Boridela evog ohoxhnpduatog Lebesgue yel
300 onuavtixd mheovextAuata, Onws mapatneel o Lebesgue oto téhog g dnuoocicuctc
ToU:

o Mog emitpénel vo ENEXTEIVOUUE TO CUVIPTNOOELSY] OE CUVUPTHOCELS TOAAWDY UETA-
BANTov xow va o exgedoouue ue T Porleia ohoxhnpwudtev Lebesgue moliov
UETOPBANTOY.

e H ouvocpmon f mou syq)cxvtlsroa oTo o)\ox)\npmuoc fo z(v))F' (v)dv vrodétaue
uéypt tpo 6Tt fray ouveyrc. ‘Ouwe, 10 mponyolduevo o)\ox)\npwpu opileton xou
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oTNV TEPINTWOY ToL VewPOVUE GUVAPTACELS Yo TIC OToleg €Y 0uUE XdveEL aolevEéoTe-
cec unodéoetc. Tétoleg elvan or ppayuévee ouvapthoee f(x), oL onoleg uetaoyn-
uatiCovtar oe uetpriowes cuvapthoes f(x(v)) e petofintic v, ot omoieg elvon
ohoxhnpwotuec xatd Lebesgue oto [a, b]. BéBata, autde o uetaoynuatioudie e€op-
Tdtan and TN ouvdptnomn a. Mio ueyaAlitepn xAdor cuvapThoEwY oty omola Yo
unopoloaue va «dlevphvouuey 1o TEdio 0ploUOo) TV CUVIPTNOOEISOY XL TO ONO-
xhfpwua Stieltjes, etvan dheg ot gpayuévee ouvapthoels f mou eivar ohoxAnewolueg
xatd Lebesgue oto [a, b]. Auth n nopathipnon touv Lebesgue divet otov F. Riesz tny
3o vor SteupUvel To ed{o 0PLOUOD TWV CUVEY®VY YPOUULX®Y CUVIPTNOOES®OY 0TI
ETMOUEVES €pYAT(ES TOV.

10.2 Evdiagépouceg nopatnerioelg and to BifAio «Legons
sur I’ intégration et la recherche des fonctions primi-
tives.»

AcetCaue oty televtaiar TEOTACT TNC TREONYOVUEVNS TopaYedpou 6Tl xde OhoxApwUd
Stieltjes pog ouveyolg ouvdptnong f wg mpog uta cuvdptnom geayuévne xduavene o
ueTatpéneTon o€ ohoxhfpwua wtog adpolowne ouvdptnonc.t Auth i Siadixaoto uetotpo-
THS TOU OAoXANEOUATOS and To €va £ldog 0To dAhO TEPLYpAPETAL AVOAUTIXOTERA ATt TOV
Lebesgue to 1928 ot debtepn éxdoor tou BiBAiou tou «Legons sur 1’ intégration et la
recherche des fonctions primitivesy.

H rpdtn éxdoon autold tou onuavtixod Biiiou, mou Borldnoe otn eupltepn dddoor
TV Yadnuatixwy tou Wewv, €ytve 1o 1904 xou neptelye tor wodfuota tov didale o Lebe-
sgue oo College de France tnv axodnuaixy ypovid 1902-1903. O otéy0c v yadnudtwy
xat Tou PBihiov, 6mwe ypdger xou o (Slog aTov TEOhoYH Tou, elvon and Toug ToAholg o-
ptouoig, mou elyav dovel Uéypl TOTE YIa TO OAOXANPWUA TV TEOYUATIXOY CUVIPTHCEWY
wag petaBAntic, va dooet exelvoug mou autdg Yewpel onuavtixolc otny enthuon tou
TEOBAAUATOC TNG OAOXATPWOTNS XL OTNY XATAVONGT TNG OTEVAS OYEONS TOU CUVSEEL TO
TeéPAnu autd e TV évvora Tou euPadol. Exel opilet xou yehetd to meplpnuo ohoxhr-
pwud tou. O Aéyog Yo Tov onolo mopad€Tel £vay axOUd OPLoUO TOU OAOXATPOUATOS, TN
oty mou 131 undpyouy Tohhot, eivar 6Tt To VEO aUTO OAOXATPOUL EIVOL KYEVIXOTEQOY O-
16 autéd Tou Riemann xou e pog neptopilel ot UEAETN TV OAOXATPWUATOY TV «XUADY»
ouvapTHoE®Y. Extéc and 1ov oploud tou ohoxAnewuatog tou, oo BBiio autd ueAetd To
TEOBANUA TG EVPEOTC APYIXWY CUVIPTACEWY ot TI¢ EVIVYpauuiolues xauTOAES.

H 3eitepn éxdoomn tou BiBhlou tou, yetd and 25 neplmou yedvia, Sev elvar amhwg uia
avaTOTWOoTN TG TOALAS, GAAS TEPLEYEL xol ONOL TOL VEX X0l ONUAVTIXG ATOTEAECUATO TTOU
oyetilovton ue Tic Paotxéc €vvoleg xou Tor TPOPARUATA TOU UERETA 1 TedTY. Anhady,
ooy OAElTAL XU 67 QUTAY UE TO OAOXAHPWUO TWV TEAYUATIXWY CUVIPTACEWY LG TEOLY Lo
e UEToPANTAC. Aev emexTEVETOL 0TO OAOXAPWUN CUVIPTACEDY TOAGDY UETABANTAOY,

"Mt uetpriown ouvdptnon héyeton adpolowun étav eivar ohoxinpdouun xatd Lebesgue.
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oA aplepmveL €va OMOXANEO XEPENoLo o UEAETY Tou oloxhnphuatog Stieltjes. ‘Onwe
napartneet xat o (Slog otov npdhoyo g deltepng éxdoot|c Tou:

«...Aev aoyolfinxa ue t0 oloxAfpwua ouvapThoEwY TOAADY UETABANTHY, eneldy) o
VALY VIOTES aUTWY TY StadéEewy unopoly va difdoovy oyetnd e autd oto ealpeTind
BBAio tou Vallée Poussin, oto onolo eida o dAdov €idous yevixeuon tou yvwotol uog
oloxAnpduatos: to oAoxArpwua Stieltjes.

I Tou Adyou 1o adndée, elvon oa va uewdvouue ) orovdatdTyTH TOU 0AOXANPWUATOS
Stieltjes 6tay t0 UeAeToUuUE OTA TAdioL TWY CUVORTHOEWY Uas U6vo ueteBAntic. II-
otelo OTL Tpénel va aoyoAnJoUue xal Ue qUTO, OUWC, EQUOL LXAVOTOLNUEVOS TOU XATAPERA
va 8dow ula puowr) xaw mo yevixr) epunvela autol ToU 0AOXANEWOUATOS.Y

Y10 xepdhato X1 tne deltepne éxdoong tou Bifiiov tou, e€nyel yotl, xotd tn yveun
T0U, T0 ohoxAfpwua Stieltjes elvon té00 oNUAVTIXOG:

«...2t0 xepdiawo I ueletriooue Ny 0A0XApwon ETOL GTWS T CUVAVTOUUE OTA TEWTL
pedfuato Tov anepooTixol AoyouoU: eldaue 6Tt mpdxettan yia ulo xadd optouévn npdln),
rov avtiotolyel oe xalde ouveyr ouvdptnon évay apulud. Xta xepdrono [T, IT1, VI, VII,
X Owevplvaue tnv mpdén auty oe ueyaAUtepes owxoyéveleg ouvapthioewy. O Stieltjes
Siatijonoe otadepr) TV XAdon TV 0AoxAnpwoiuwy cuvaptioewy f, duwc éfeiée 6T TNV
(St ouvaptnon f umopel xavels vor tny oAoxAnpdoel 6oec popéc VéAel xan va avtioToLyioet
roAdolc Tétowous apuluolc o’ autr. AuTté mou xatdpepe Tay vo emextelvel TNV vvola
¢ oAoxArpwonc oto nedlo TwY oUVAETNOOELDWY.»

[pdryuatt, Ue T0 vEo ot TPOTO OROXAHPWONS AVTIGTOLYOUUE GE X3E GuVEYT| CUVdE-
mon f, avdhoya Ue TN ouvdptnomn o mou Yewpolue xou Evay SapopeTind aprdud, tov
[ f(z)da(z).

O npwtog onuavtixég otéyoc tou Lebesgue, agol dwoel tov oploud tou ohoxhnpd-
uotog xou anodetlelg xdmotwy Paoixwy WoThTey Tou, elvon va dellel otL, avdhoyo ue TNy
OLVAETNOY v WS TEOS TNV omola OAoXANEGVETAL Uia GUVEY i GUVEETNGT f, TO OAOXAHPWUA
f; f(z)da(x) unopel tehixd va exppactel ue ) Bordeio evog 1 TeptocoTERWY OAOXANEW-
udtwv Lebesgue. 'Enetto, avapépet xdmoto onUavTixd anoTehéoUaTo OYETIXG UE AUTO,
mou dnuootedtnxay uéypl tn debtepn €xdoorn tou BiBiiou tou.

Téhog, ulo onuavTixy TopaThENCT TOU XAVEL OYETXE UE TNV LOTOpld TOU OAOXANE®-
uatog Stieltjes etvon ot

«...0 Cauchy rjtav autéc mou mpdtoc ouvérafe ) omoudonotyta xou T1) SroncdnT]
onuaocto autol) Tou véou Tpomou oloxArpwonc, evd o Stieltjes fitay autés mou dploe ue
pednuated Teono Ty mpdén aUTY oTNY TEPINTWOYN TWY CUVARTHOEWY ULAS UETHBANTIS.»
(mpbhoyog deltepne éxdoong, oeh. vi)

«...0 Cauchy acyolidnxe mowv and tov Stieltjes ue tny oAoxAfpwon o ouvdETNONS
WS Tpog il dAY, GuUWS To €xave AyOTEPO QUOTNP AT6 AUTOY XAl TEPLOCGTERO A6 TNV
drogn tne Puowric...» (xepdhono X1, §IV | oeh. 290)
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O Cauchy Vewpel oe uehétn tou Yo éva Véua tne Puoric Ty évvola TV «ueyeddy
mou ouvundpyouvy. 'Etol ovoudlel exelva tar ueyédn nou opilovton uéoa and tig (Sieg
YEOUETEES 1) QuUOIXEC xaTaoTdoelg. o mopdderyua, dv €youvue évav xOAvSpo, T6TE 1
axtiva Tou, 1o Uog Tou, 10 EUBadOV NG EMPAVELIS TOU XA O OYX0G Tou Efvon «UEYEUT
TOU GUYUTIGEYOLVY. LNV TERINTWoY VoS agplou ohuUatog, Tétota uey€dn elvar o dyxog
ToU, 7 wdla mou xaTahouPBAvel xat 1 tocdTHTA NS VepudTnTag Tou amoutelton Yo TNV
avihwon tneg Yepuoxpactiag xatd éva Botud, epdcov o dyxog napauével otaldepds.

H évvoia auth elvon utar évvola o yevixy) amd tny €vvola Tng ouvdptnong: eqv €va
uéyedog eivan ouvdptnon dAlwy ueyedwy, 16Te elvon Tpogavég Tl Ghal AT Tor UEYEUT
elvon «UEYEUT TOU CUYUTEEYOLVY.

Yta nopadelypota tou Teonyhinxay, tapatneolue 6Tt To «UEYEDY TOU GUVUTHEYOUVY
e€apTOVTUL GUETA Ad EVal COUNL: TOY XUAWVSEO 1) 10 aéplo owud. Autd 10 oWUA UTOPOVUE
vo. 10 Solue, o agnenuéva, ooy éva medlo tou R3. Apa, o «peyédn mou cuvundpyouvy
elvar otny ovcio cuvopThoelg mou avagépovial xde opd oto (8o tedio. To nedlo autd
Sev efvor avoyxaoTind utoothvoro tou R3, umopel va efvon o Sidotnua A ywelo Tou
emnédou xat, yevixotepa, éva utochvoho tou R™.

Ext6¢ duwe and 1i¢ ouvoro-ouvaptioels, otn Puowxr) uag eivar yeHotUeg xon oL ou-
VOPTHOELS ONUEIDY 1} AUOTNEOTEPA Ol CUVIPTAOCELS TOMA®Y UETOBANTAV. LTNV TpoyUott-
XOTNTA, OL ONUELO-CLVUPTAHOELS Eival OpLol GUVORO-GUVAPTAHCEWY: Xd&e onueio Tou ywEou
umopel var Yewpniet we 10 6plo cUdT®WY Tou To TEPLEYOLY Xt YivovTal 000dHToTE Uxpd,
emouévewg uta onueto-cuvdpTnon eivar To dplo GuVoLo-cuvapTAcEwy. T Tapdderyua, 1)
TuxvoTnTa oE éva Tuyalo onueio evdg oouatog elvar to 6pto Tou Thixou g udlag evog
TURUATOS TOU GOUATOS TOU TERLEYEL TO €V AOY® ONUElD TPOG TOV GYX0 Tou, Xowg auTo
TO TUNUO KOUPPLXVWVETOLY ONOEVAL Xall TEPLOGOTERO YUPW and To onueio.

H napdywyog ulag ouvdptnong nedlov wg mpog ula Sevtepn ouvdptnor, 1 onota o-
vapépetar xdde @opd 6To (Bto medio TLUOY ue TNV TpwTY eivar Ul onuelo-cLVdETNON: oV
d(D), (D) elvon dlo ovvaptioeic nediou, 1 TapEdywWYOS TS UAC WS TPOS TNV GAAN o’ éva
onueio P elvon to dpo tou mnhixou i%gi)), xaes ta medlo tne axorowdias D; yivovro
0AOEVaL o TLo ULXEd Xt oUppLXVEYOYTaL oTo onueio P.

Yougwva ue tov Lebesgue, to npdfinua ue 1o onolo aocyoriinxe o Cauchy #tav o
npoadoptoude e ouvdptnone ¢(D) and ) cuvdptnon Y(D) xo v napdywyo f(P)
™S ¢ we mpog Ty Y. o var unopéoel va ueketrioetl euxoldtepa o TeoBAnua, o Cauchy
uno¥€tel emmAéoV OTL OL GUVORO-GUVIPTHOELS TOU Elvol TPOocUETIXES.

Edv dewprioovue tuyaio onueio Fy, téte undpyet nedlo Dp, tétolo wote to mniixo
% va Stapépet anohltwe and v f(P) hydtepo and € yia xde nedlo D nov neptéyeton

7

oto Dp, xou neptéyet o P.

—

Ané 10 Yvwotd Jewpnua tou Borel éneton 61t yior 1o Tuy6v nedlo D unopel var xohugiet
and menepacuévou tAfloug Eéva avd bo uxpdtepa medioe Dy, Do, ..., Dy. Awkéyouue
éva onueio P; and 1o xoéva Toug €ToL WOTE VA Loy UEL

¢(D;) = p(Di)(f(P;) +0:¢), —1<6; <1,
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omoTE TEAXSL .
$(D) =D ¢(Di) =Y (D) f(Py) + 62> (Di) .
i=1 i=1 i=1

Edv yia onotadnrote Stopépion tou D xon yia tuyaio emhoyn twv FP; 1o tpoto ddpotoua
€yeL nenepacuévo 6pto xodws tor D; yivovton ocodhinote wixed xan to debtepo dfpoloual
Topoévet poryUévo (xdtt To onolo cuuPaiver dtav 1 ¢ elvon pparyuévne xouavong), tote
UTOPOVUE Yo UTOAOYICOLUE TNV .

Yy neplntworn mou doudedovue oty mpayuatixy evldelo, ta nedio yivovton Staoth-
uota, 1 ouvdptnon f(P) yedgpetar f(x), n ¢(P) ypdpetor o) xan Tehxd, TO Topomdve
6plo, EQOCOY UTHPYEL, Elval TO OAOXAHipwUN Tou Gptoe o Stieltjes.
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Kscde\ou.o 11

I'evixeuon tou ohoxinpouatog
Stieltjes ano tov J. Radon.

Y10 tedevtalo xe@dhono auThS TNG Epyaciog UEAETOVUE CUVOTTIXG xou ywelc tSiadtepn
oo TNEdTNTA TO TEWTO UEpog TNg dnuooieuonc tou Johann Radon (1887-1956) ue titho
«Theorie und Anwendungen der absolut additiven Mengenfunktionen» !. H epyaoia
auTh, Tou dnuootevtnxe to 1913, elvon Wradtepar onuavtixn yatt exel opileton €var olo-
xhfpwua Tou anoTeel YEVIXELOT TV OhOXATPLUdTLY TwV Stieltjes xor Lebesgue. T var
XATOVOTIOOLUE XUADTEPA TO AOYO Tou 0d1ynoe tov Radon 6 awtdv tov optoud, Yo npénet
TEOTYOUUEVKC VoL XEVOUUE UL UXEY) LoTORLXT| avadpou.

11.1 H évvoia tng 6LYOAOGLVAETNOTG.

Méypt v mpadtn Sexactior Tou 1900 elyav dodel didpopot oplouol Yo To ohoxAfipwua ULog
uetaBAnTic xon elyav dnuootevtel moludpriues epyacieg 6mou ueketolvTar ot 3OTNTES
Tou. To endUEVO EpOTNUA TOV ATACYOANOE TOUC AVIRDGTES HTaY TO WS VoL UToPovCAY Vol
yevixeboouy 6tov R™ 1ic mpdéels Tng ohoxApmGNE XoL TNS ToEAYOYLONS, AhAd xou EVVOLES
xal LLOTNTEC CUVOPTHOEWY XUTA TETOLO TPOTO, OOTE Baoind VewPHUATA TOU APOEOVCAY
TNV TOPAYWYIOT XAl TV OMOXAHPWOY) CUVAPTACERY Utag UETIBANTAS var ouveyloouy va
oy bouy xou exel.

Yougwva ue tov Hawkins oto [4], o G. Vitali (1875-1932) rtav évac and autolc
TOU A Y OAAUINXAY UE TO ToEANAVe EpWTNHUA. Y€ epyaotia Tou, Ttov dnuoctebtnxe to 1908,
Tpoondinoe vo YEViXEDoEL Eva anuavTixd Yewenud tou: 6Tt xde andhuta cuvey g oLVDE-
Tom WG UeTaBANTHS, Yo elvar 1o adptoto ohoxAfpwua xdmolag dAANG. Xtoug oplouolg
oL EdWOE YEMOLULOTOIMOE GNUELOCUVIPTHOELS OPLOUEVES Yot oploy@via Topolknhenineda
Tou R™ %t autd ftay mou €dwoe otov Lebesgue v 3o va uehethioet to (8t mpdfinua
VewpOVTaC CUVAPTAOELS 0PLoUEVES 0 GUVOAX. AuTY 1) Tpocéyylon éhuce TOANS TpOBAY-
pota, OTWe oUTO NS YEVIXEUONS TOU 0pLloUoy TG THpAY(®dYOU ot NIV TEWTOTUTY YL
NV enoyt| exelvy, SLOTL oL avaADoTES Ely oy oyedOV TauTioel TNV €vvola TS CUVEPTNOTS UE

I¥ta ednvind: «Oewplion X0 QopUoYES TwY TEOGIETINGY GUVAURTAGEWVY.
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QUTH TNS ONUELOCLYEPTNOTS. 2

Yy gpyaocio tou «Sur 1’ intégration des fonctions discontinuesy, nou dnuootebtnxe
10 1910, o Lebesgue aoyolfinxe ue 1o ohoxAfpwUo GUVAETNONG TOAAGY UETABANTOV
XL avdueca ot dhha, xotdpepe var dwaoel ula Yevixeuon tou VYewpruatog tou Vitali.
Y10 mp®dTO XePdhno TNg dnuooicucrc Tou, yevixeuoe To UETpo GUVOLOL, TNV EVvold TN
METEHOIUNG CUVEPTNOTGS XOL TOV 0pLoU6 Tou ohoxhnpwuatog tou otov R™. Ot optouol mou
€dwoe elvon oL avtioToryol oplouol mou elye SWOEL 0TNY TERITTWON TWY CUVIPTHCEWY ULOG
uetoAntrg ue ulo mohh anky tpononoinom: ot Véon tng YeTaBANTHS & €youue o Tuyalo
onueio P tou R™. Ae Yo acyokndolue ye 10 o 6ploe 10 eEWTEPIXS, TO ECWTEPLXO
uétpo VHC GUVOAOL TOU N-BLEGTATOL YDEOL XoL UE TO TL OVOUNOE UETPROLLO GOVONO,>
Yo avapépouvue 6uws toug optouolc tou Lebesgue yio tn uetpriowun ouvdptnon xat 1o
ohoxhipwud Tou, Yyotl oty enduevn toapdypapo Yo Toug oLYXEVOUUE UE aLTOUS TOU
Radon.

Opltowods 11.1 Eotw [ pia ovrdptnon nov opiletar o’ éva petpnoipo otvolo E C R™.
H f Oa Aéyerar petpnoun axpifag tote, drav yia onoovodnmote npaypatikols aprdpuovs
a kar b o ovroro twv onuelwr P tov E ya ta oroia wyver a < f(P) < b elvar avvolo
HeTPROL0.
Optowds 11.2 Eotw f pia gpaypérvn kar petpnowun ovvdptnon mov opiletar o’ éva
ppayuévo kar perpiopo ovvodo £ C R™. A¢ elvar m ka1 M éva wkdww ka1 éva dvew
ppdyua avtiotorya tns f oto E kai § évag tuyaiog etikds apiipdg. Ocwpolue tougn—1
Tpaypatikos aptpols oy, o, ..., Qp_1, TOU €lval TETol HoTe
m=oap <o <ar<..<ap1<oap,=M=an

Kai o1 01aQopéS oy — o va uny vrepPatvovy tov apidud 8. Ilpogardg, to n efaptdrar
aré o .

Ia kddei =0,1,...,n—1 Gérovue E; = {P € E|a; < f(P) < avir1}. Télog, opiloupe
E, = {P € E|f(P) = a,} ka1 Jcwpolue ta alpoiopaza Y o a;m(E;), Y o ciprim(E;),
omov m(A) elvar o pétpo Lebesgue omorovdnmote petpnioipov ovvddov A. Ioydea du

m-m(E) < Zaim(Ei) < ZaHlm(Ei) <M -m(E) .
0 0

2Puoixd, o Lebesgue dev fitay 0 Tpdh10¢ TOU TOWLGE TO YEYOVOS 6Tt T0 TESLO 0PLOUOY LLAS GUYEETNONS
elvow Suvartd va neptéyet dhhou eldouc otouyela, extdg and onuela tou R™. ‘Onwe eldopue xou oo xepdhato
9, T0 cLVUPTNOOEWES, TOU dpytloe va LereTdTan entlong otig apyés Tou 1900, elvar axdurn éva Tapdderyuo
téTowg ouvdptnons. Yiugwva ue tov Hawkins, o Lebesgue gatvetar va ennpedotnxe and tov Volterra,
o omolog Rtay and TOUS TPATOUE OV UG OAAINXAY UE TO CUVAPTNOOELSY Xa o€ ula epyaocia tou to 1889
tovilel 1o néoo yevix elvon 1 évvola g cLVdPTNONG, éToL bnws TNy 6ptoe o Dirichlet:

«...Ov avadiores ovrnlilovr va Gewpoly tis ovvaptioes tpwy aveEdptntwy petaPAntdr ws ovvap-
THoas onuelwy tov tprodidotatov xwpov. Ouws, ta onuela dev elvar ta pdéva yewpetpikd ororyela
Tou xdpov. Yrdpyovy emiong ot YpaupéS kal o1 €mMPAreleS Kal e aUTl TO OKETTIKG 01 UETAPANTES ToU
Jewpolue pumopoly va éxovr ws tipés onueia, evleles 1) emedrees. ‘Etot, taijpvovue avtiotoa ovvap-
Ttoas onuelwy, ypauudy 1 emgaveidy. Méxpt tdpa, peletrioape povo T ovvaptrioels onpeiwy, Suws
Ja frav moAd evbiapépov va LLEAETHOOUUE KAl TUVAPTHOELS YPAUUDY T} EMPAVELDY.»

30L opiouol Tou édwoe oTNY EpYacio TOU AUTH Xou oL TPOTATELS TouL amédelle Yo TG WLOTNTES TWY
uetpnoluwy cuvblwy elvon Tpdyuata nov unopel xavele va StaPdoetl oe onowodnnote BiBAlo mou ueletd
0 ohoxAfpwua Lebesgue, yu autd xon 8¢ Yo enextadolue oe Aentouépetec.
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Ay vndpyer kdnowos apruos I térowog dote ya kdle € > 0, va vrdpyer § > 0, dote ya
0TO1adNTOTE €MAOYI) TWV (v, TOU 1KAVOTO0UY TNy mpoavapepleioa avvinkn, va 10yvel

<e, <e,

zn: alm(El) -1
1=0

n
Z Oéi+1m(Ei) -1
1=0

tote n f ovoudlerar alpoioun oto E, o I ovopdletar oloxAnjpwpa tns f oto E kai
ovppodilerar [, f(P)dP.

Yy neplntwon mou 1 ouvdptnoy f Sev elvon QporyUévr, o Topandve 0pLoU6S TEOTO-
notefton g e€hc.

Optowds 11.3 Eotw [ petprioyun ovvdptnon nov opiletar o’ éva ppayuévo kai petpij-
oo otvodo E C R™. Oewpolie tuyalo Jetikd apiiud o kar pia avéovoa axoloviia
apiudy (0;)12° ., g omolag ot dpor maiprovy Tués oo R kar emndéor, ya kdde i n
dapopd ajr1 — o €lvar opodopPa Ppayuévn ané tov J.

Oérovue E_o, = {P € E|f(P) = —}, E1oo = {P € E|f(P) = 400} ka1 y1a kdde
i €Z, B; = {P € Elo; < f(P) < aj1}. Ocwpote enions tig oapés S aym(E;),

2 aipim(E;) ka vrotérove dn ovyrdivowr arodites.
Av vrdpye kdnoos apiduds I térowg wdote ya kdde € > 0, va vrdpyer 6 > 0, dote

yia omoradnmote €mloyn Twy oy Tov tkavorololv tny tpoavagepleioa ovrinkn woyve

“+oo
Zaim(Ei)—I <e, <€,
—o0

+oo
Z airim(E;) — 1
—00

tote n [ ovopdlerar alpoioun oto E, o I ovoudletar oloxAnpowua tns f oto E kar
ovppodilerar [ f(P)dP.

Kdti mou npoximtet and tov optoud eivon 61t av 1 wetprioun ouvdptnon f etvon odpoi-
own oto B, téte xou 1 | f| o elvon enlong adpolowun oto E.

Y1n ouvéyela Tou mpwtou xe@alaiou g gpyaoiag tou o Lebesgue amodeixviet Tig
YVwoTtég Baonég BLOTNTES TOU OAOXANEOUATOS TOU, LETHED TV OTOlwY Xot TNV ENOUEVT,.

Ilpétaom 11.1 Edv f elvar pia ovvdptnon apoioun oto gpayuévo kar petpnoipo ovo-
Ao EC R™ ka1 av e elvar éva petprioipo vrootvodo tov E, tote ) tipr) tov odokAnpdpatos
[, f(P)dP zetvar ato undév radds to pérpo m(e) tov e teiver ato undév.

Y10 deltepo xePIAO SiVEL TOV 0pLOUS ULAS ONUAVTIXHAC CUYOAOGUVEETNOTS, TOU do-
ploTou ohoxhnpodUATOC.

Opltowds 11.4 FEotw [ pia ovvdptnon alpoioun oo gpayuévo kai petprjoo ovrolo
E. Tére, ya kdde petpriopo vrootvolo e tov E opilerar n wyuj [, f(P)dP. H ouvdptnon

F rnov opilerar otny kAdon twv petpnoiuwy vroouwwédwv tov E and tov tiro F(e) =
[, f(P)dP ya kdde petpriotpo otvoo e C E ovoudletar adproto odokAtjpona s f.

To adproto ohoxhfpwua e [ €yet 80o onuavtixée ot TEC.
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1) Eivow plo andluta cuvey s cuvdetnom, dnhadr yio ula ototadinote axolovdio
e, €2, ... UETPNoluwy utocuvohwy tou E, 1wv onolwy ta uétpa telvouy oto Un-
dév, 1 avtiotoyn aprduntueh oxohovdia [ f(P)dP, [, f(P)dP, ... teive enlone
oto undév. H didtnra auth elvon dueon ouvénela tng npdtaong mou Statunwinxe
TROMYOUUEVLC.

2) Etvow npocdetixnn cuvdptnon?, Snhadh av eq, es, ... civon ula onowadfrote
axohoudio Eévewy avd d0o uetpnoluwmy utocuvolwy tou E, tdte woydet ot

/ f(P)aP = / f(P)dP + / S(PYP+ ...

O Lebesgue napatnpet ott, Aoyw tng andAutng ouVEYELNS TOU A0ploTOU OAOXATIEW-
uotog, ot 1 WidtnTo unopet va Statunwiel To amhd xat Ue Ll0odvvouo ToTOo, YL
300 uovo uetprowa xat Eéva wetah Toug GUVOAaL.

Mio axdun onuovtue totnTo ToU 00pleTOL OAOXANEOUATOS, TOU TEOXUTTEL HUEC
and ty WidTTa 2, elvon Ot €yetl gporyuévn xduoavor. Aniady, av Ai, Aa, ..., A, elvon
tuyata, Eéva avd dVo, uetpriowa utochvoha tou E, tote

ZZ: /Aif(P)dP’ SZ:/A |f(P)|dP =

Y1 ouvéyela g epyaciog Tou o Lebesgue aoyohfiinxe ue v nopdywmyo Utag ouvo-
hoouvdptnone. Av xan elyoav doldel xdmotot oplouol Yo TNy ToEdYWYO GNUEIOGUVARTNOTNC
nou opiletar otov R", o opioude mou édwoe o Lebesgue tou enétpede v yevixelhoet
xahOTepa To Yewpnua tou Vitali we e€nc:

|f(P)|dP < /E |f(P)|dP < 400 .

A1U..UA,

Ocswenua 11.1 Edv F elvar pia ardlvra ovvexns kar mpoodetikny ovvodoovrdptnon, n
omola opiletar yia ta petpioua vrooUroka €vos gpaypuévov kal petpnoipov ovvidov E,
tote N F' elvar o adproto odokAnpwpa kdroiag ovvdptnons. Anladn, vrdpyer ovvdptnon
f mov elvar aBpoioun oto olvolo E kar térowa dote ya kdde petprjopo vroorolo e tov
E va wyxiea éu F(e) = [ f(P)dP. H owdptnon f Oa eivar oxeddv mavrov fon pe wnr
rapdywyo tns F. Ankadn, yra oyedov kdte P oto E 1wyvel % — f(P), dnov 7o e elvar
petpnioyuo vroovrodo tov E, to omolo ovppikvavetar oto onueio P.

Tehxd, o Lebesgue xatdpepe va deilel 6’ auth v epyaoio tou étL xde adpoto olo-
xhpoua €yel Tic WdTTeS 1 xou 2, ohAd %o AvVTIGTEOYPWS, XSE GUVONOGUVERTNGT TOU
€yeL Tic WoTNTES awTéC elvon évar adploto ohoxhipwua. To nopandve anoteAéouata Tou
emnpéacay onuavtixd to Radon, 6nwg yedget xou o (Slog 6Tov mpdhoyo g epyactog
TOU UEAETOVUE GTNV ETOUEVY TAPAYEAPO, xo®S Tou Edwaoay TNV I3 VoL Ye1oLULOTOLOEL
™V €VVoLa TNG GUVOROGUVERTNONS YL v YEVIXEVDOEL Ta ohoxAnpduata Twv Lebesgue xou
Stieltjes.

4%t obyypovn Bhioypanio oL GuVaPTAGELS TOL éYOLY ALTAY TNV WLETNTA AéyovTal o-TpocdeTLXéC.
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11.2 J. Radon, Theorie und Anwendungen der absolut ad-
ditiven Mengenfunktionen.

To 1906 o Hilbert dnuocieuoe ula epyasio oyetinr Ue Tic OMOXANEWTIXEC EELOWOELS, OTNY
omnola ypenoluonotoVoe 10 ohoxAfpwua Stieltjes yio Ty avanapdoTaoy TwV QEOYUEVELY
TETPAYOVIXDY LopQ®Y. Ao TNV dAAN ueptd, o 1910, o F. Riesz oe uia dnuooicuoy tou
Tdvew otoug yweous LP yenowonowoloe we Paoctxd epyareio to ohoxhipwua Lebesgue.
Yxonde g epyaoiog tou Radon, énwg avagépeton otov mpdhoyd tng, Rray, Yevixelo-
vTag To 800 OMOXATPOUATA, VO TEOETOWWAOEL TO £€30pog Yiot THY Topay YY) Utag Yewplog
yevixdtepng Twv Yewplodv twv Hilbert xou Lebesgue.

O aoyoknoldue ue ta 300 TpAOTA xeQdAona TG dnuocieuons. XTo TpWTO UEAETOU-
vTaL IOTNTEC TV TPOGVETIXWY GUVAPTACEWY Xl 6T0 de0TEPO OpllETAl TO YEVIXELUEVO
ohoxhipwua Stieltjes.

11.2.1 IIpooUetixég cuvapTHoELG.

Koaropydc, 6ha to utoctvora tou R" nou Yewpolue oty uehétn wog eivor utochvoha evog
aptoTERd xAetoTON ot Se€Ld avorx ol SlaeTHUATOS

J=[-M,M)x[-M,M) x ...x [-M,M) ,

omou M eivan €vog omotoodrinote Vetinds apriude.
Enfone, da avagepduacte ndvta oe ula xhdorn T' utocuvorwy tou J mou Yo €yet tig
TOEUXATE WOLOTNTES:

4 4 7z, 4 7 4 7 z
o Kdle Sidotnuo mou elvan aplotepd xhetotd, deid avoixtd xou meptéyeton oto J
avixet oty 7.

o H xhdon T eivon xhelo1h ©¢ Tpog TIC TEAEELS TN TOUNS XAl TN SLopopdic.

o Av (E,) eivar uio apriufioun oxohoudia Eévwy avd d0o ouvohwy tne T', tdte 7
évwor] Toug avixet enlong oty 1.

M’ dhhar Aoya, 1 xhdomn T etvan plor o-dhyePpa uTOGUVOR®Y ToL J, TOL TEPLEYEL OAAL Tal
Borel vrocivola tou J.5

Oplowds 11.5 Mia ovrodoouvvdptnon f, mov opiletar oe pia kAdon T pe g tapandvo

z / 4 4 z z 4 / z
1010TnTES, Aéyetar mpoodetikn) axpifws Tote, otav ya orowadnmote axoloviia ovvodwy
(Ey) otnv T, mov elvar Eéva avd 6o, w0y el du

+o0
f(U?lo:lEn) = Z f(En) :
n=1

50 Radon Sev v avagéper 0 o-dhyeBpa, Ypdpel ubvo bt teptéyer Gha o Borel utocivola tou J.
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Y1 ouvéyeio o Radon Selyver ue eig dtono anaywyn 6t xde npooletins| ouvdptnon
elvan pporyuévne xouavons. Anhadn 61t undpyel xdmolog un apyNnTxdg aprdudc N < +oo,
oote Yo xdde Srauépion (E;) tou J ot aprdunciuov nhidouc olvola E; tne T' woydet 6T

SYIF(E) < N.
'Etot, 1 mapaxdtew évvora Yo elvon xahd oploUuévn.

Opltowods 11.6 Eotw f ula npooletikn) ovvoloovvdptnon, opiopuévn otn o-dAyeppa T
kat E éva otvolo tnge T. Ocwpolue dles s dapepioeas (E;) tov E oe aprdunoipov
tijiovs otvola E; tne T kar oxnuatilovue ta avtiotowa atpoiopata S ;5 | f(Ei)|. To
eddyroto dvew gpdyua twv adpooudtwy avtwy ovoudletar andAven kvuavon s E kai
ovppodiletar pe [ |df|. H ovvodoovvdpnon mov opiletar oty kAdon T kar avtiotoryel
o€ kdOe ovvolo E € T wnr andlven kluavon wov Oa Aéyetar ovvdptnon améAvrng

xbuavong g f.

O Radon anodewxvier 6t 1 cuvdptnon andiutng xOuavong etvon enlong npoodetixd
ouvdpTnon xat ue 1N Bordeld tng opiCovtar ot 3Uo moEUXdTL UN AEVNTIXEC GUVOAOGUVIE-
™oelg, mou Yo eivan enlong mpoodeTinés:

_ Jpldrl + f(B)
Al

_ Jpldr - f(B)

4(E) ;

Y(E)

vy xde E € T. Adyw tng un apvnTixotnTde Toug, oL GUVOAOCUVARTHOES ¢ ot ¢ Vo
elvon ad&ovoec: edv A, B € T, ue A C B, t6te Yo eivon ¢p(A) + ¢(B — A) = ¢(B), dpa
#(A) < ¢(B). ‘Ouota €yovue 6Tt xan 1 P elvon adEovoa.

Me tn Bodeta v ¢ xou 9, i f xou 1 andhuty xdUaver| Tng Yedpovion

B =oB) = (B), [ a7 = (B + ()
xot U ouTOV ToV TEOTO €youue xatagépet Vo ypdouue TNV f g Stagopd 8o auioushv
ouvoloouvapthoewy. H mpdtn and tic dYo mapandve 10dtTnTES 0VOUULETAUL XAVOVLXN
didonaom tng mpocletixng cuvdptnong f oc 800 AOZOVCES CUVAETAOELG X
elvan Waltepa ypriowun, yrotl wog divel T SuvatdtnTa var teploploouvue Tn UEAETN UOC OTIC
aOZouoeg xat TPooUeTIXéC GUVUPTHTELC.

O enextelvovue TGP TNV xAdom oty onola opileton 1) f, YEVixebovTag TNy €vvola Tou
eowTeP00 Xt eEwTEPLXol UéTpou Tou €8woe o Lebesgue, wq e€hc. Katapyny, dewpolue
my f adovoa.

Optowdés 11.7 Eotw E tuyaio vroovrodo tov J. X7 avté avtiotoyolue dvo apiipois:

r , . , , 7 400 . 7
e wov f(E), mov efvar to infimum dAwv twv alpowopdrwy tns poperis 3 57 f(1;), drov
(I;) etvar apiunoun owkoyévaa khewotdv apotepd, avoiktdy debid haotnudrwy
otny évwon twr onolwy mepiéyetal to E.

e tov f(E), mov opiletar ard tny witnTa



Oa Aépe 6t o olvolo E elvar petpriorpo wg mpog tnv f étav o1 6vo tapandvew aprdpol
tavtiloval.

Av ovufolloovue ue Ty v xhdon GAwY TV UTOCLVOAWY Tou J, Tou elvon ueTpRolua
w¢ mpog Ny f, téte amodetxvieton 6t N Ty elvon ulo o-dhyeBpa. YNty tepintwon aut,
yia x&e ohvoro E € Ty — T unopolue va oploouue tnv tiuh ¢ f va evan

f(E) = f(E) = [(E).

Ané tov tpbéno oplouol g, elvar tpogavée otL N o-dAyeBpa T meptéyel dAal To xheloTS
aptoTepd, avowxtd Sedld StaotAuaTa, dpa xou dAa o Borel unocivola tou J. Apa, ot T},
T éyouv xowd otovyeia o Borel unoshvoha tou J.

Av urotéoovue 6t f xou n xhdon T €youv emnhéov TNy nopoaxdtw Wiétta (P):
Yia x&de obvohlo E tng xhdong T xauw yia xade € > 0, undpyel xAetotd cOVONO
E’, nou nepLéyeton oto E, TéTOL0 HOTE VoL LoYVEL

f(E) = f(E') <&,

t61e amodewvieton 6tL N xhdon T nepiéyeton oty Ty. Enextelvoviog ) ouvdptnon f

oty Tt Ue Tov TpOT0 Tou AVAUPEPAUE TEOTYOUUEVWS, 1 T ovoudleton puoLxd nedio
optowol tng f.

Yy nepintwon mou 1 f dev elvon adZovoa, TdTE YewpolUe TNV xavovixt| Tng SldoTooT
oe 800 avovoeg xon TEOCVETIXES CUVIRTAHOELS @, 1 ot YewpolUE TO YuoXd TEdio OploUOY
e xoewds. H tour| toug Yo elvon enlong ulo o-dhyePpa xou Yo arotekel to guoxd nedio
oplouol e f.

Y1n ouvéyeta, o Radon opilet v évvota tng Bdorng.
Opltowds 11.8 Mia avéovoa ka1 npooletixn) ovvoloovvdptnon b Ya Aéyetar Bdon tng

4 4 z z / g /7 /
tpooletikng ovvdptnons f, étav ya kdde odvolo E oto omolo n f opiletar kar wyvel

b(E) =0, wyvea ernions f(E) =0.

Meto€h tov oty tou €yl uia cuvohoouvdpTnoy, Tou elvon 1 Bdon xdmotag dAANG,
elvan xon 1 €€n¢g: dtay 1 b elvan Bdom tne f, T161€ 10 Quoixd nedio optouol g Vo nepléyeTon
oe auto6 g f. ‘Etol, Yo woydet xo 1 topoxdte tpdtao.

IIpétaon 11.2 Otar n ovrodoovvdptnon b elvar pia Bdon tng f, tote ya kdde € > 0,
vrdpyer 6 > 0, téroio dote ya kdde ovvodo E € Ty pe b(E) < 6 va wyvea |f(E)| < e.

H évvora tne Bdong Yo Bondnoet tov Radon va Statundoetl tov oploud tng amdhutng
ouvéyetag Ue xouho teomo.

Oplowog 11.9 Av oupfodioovue pe m(E) to pérpo Lebesgue evds petpnoipov ovrédov
E, tote n f Oa Aéyetar andlvta ovveyng dtav n ovvoloouvrvdptnon m elvar pia fdon tng

f.
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11.2.2 ITpwtn yevixevon Tov ohoxAnewuatog Stieltjes.

‘Eotww F uia opoldbuoppa cuveyfc ouvdptnorn mou opileton o’ éva unoshvoro E tou J
xan f ula mpoodetinf cuvohoouvdptnon 6nwe otny evotna 11.2.1 tétowa wote 10 E vV
aviixer oto edto opouol tng Ty. Ocwpolue ula Srauéplon II tou E mou anoteheiton amd
obvoha touv T’

II ={E, Es,...,Ey}

xat on6 xde cOvoho E; Stohéyouue tuyaia éva onueio P;. EynuatiCouvue to dpoloua

Sn= Y F(Po)f(Ex)
k=1

‘Eotw d(II) to thdtoc tne drapéprone II, dnhady) n wéyotn and tic Stauétpoug v ou-
vohwv E;. H ouvdptnon F' elvon ouolduopgpa cuveyhc, dpo oe xdde € > 0 avtiotoryel
éva 0 > 0, tétoo wote Y onowadhnote onueio P, P’ tou E ue ||[PP'|| < §, vo woydet
|F(P) — F(P')| <e.

Ocwpolue 61n cuvéyeta pio axéun dauépton I’ tov E ue I = {EY, EY, ..., E], } xou
éva avtiotolyo dpotoua Sty awthc. Tote, €youue ot

S — S = ZFPk iF

]:

- Z( (P) — F(P)f(ELE}) -

k.j

[y

[ exelvouc toug 6poug Tou altpolouatoc Yo Toug onoloug etvon EkE§ # 0, woyder
1P Py < d(IT) + d(IT') .
Hafpvovtoag tuyaio € > 0, Bploxovue 6 > 0 and v ouoduopen cuvéyewa tng F' xou
rodpvouue Swouepioewe IL 11" pe d(II), d(IT') < g. Ané o tponyodueva cuvendyeton 6Tl
St = Sl <= 3 IAEE) <= [ ]
ki g

Av Yewprioovue ula tuyala axohoudia diaueploewy (II,) touv E, tétowa dote

lim d(II,) =0,

n—-+o00

T6TE, MOYW TG TEAELTAlOG avioOTNTAC Yo TN ouotdUopPng ouvéyelag tne F', 1 axoloudia
(St1,,) etvar Cauchy xou to épto limy,— 4o St1,, = I Vo undpyer oto R.

Adupoa 11.1 To dpio limy, 4o St1, €lvar avebdptnro tng axkodoviiag twr Sapepioewr
(IT,) mou GraAééayue.
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Anéden: Eoto (II,) uio debtepn axohoudia Stopepioewy tou E e limy, 1 o d(II},) = 0.
Tére, xou 1 axohoudio ITq, IT), Ilg, II5, ... eivon pio oxohouvdia Stopepioewy tou E ue v
TopOmAVe WBIOTNTA X0, ETOUEVWS, LTIEPYEL TO 6pLo TNS Sty , Sty s STy, ST 5 - - -

Enewds n unoxohoudio (St,,) éyet 6pto tov aprdud I xon n uraxorowdia (St ) o éxet
10 (310 bplo.

ActCaue, etouévmg, 6Tl 0 ENOUEVOS 0pIoUOS Efvan xaNOS.

Oplowdg 11.10 O apiduds | 9a ovpporiletar pe [, F(P)df (P) ka1 Aéyetar oAokAr-
pwua Stieltjes tng F' wg mpog tn ovvodoovvdptnon f.

IMopatrenon 11.1 And ta napandrvew mpoxvntel 6t wyvel n rtapakdtw avicétnra, mov
puoikd arotelel yevikevon avtiotoyns aviootntag mov deiéape yia to atdé odokAnpoua
Stieltjes

/ F(P)df(P)] <sup || [ Ja.

11.2.3  AciOtepn vevixeuor Tou ohoxAnpwpatog Stieltjes.

O Radon op(let otn ouvéyeta éva Sehtepo ohoxhhpwUd, TO YEVIXO Omd TO TEMTO, Ul-
1noVUEVOS ToV 0ploud Tou ohoxAnpwuatos Lebesgue yia tic ouveyelc ouvopthoels TOAGY
uetaBAntov. Hpdtodo ypetaotel vo yevixeloet Ty évvola Tng UeTpriotung xatd Lebesgue
oLYEPTNOTC.

Optowds 11.11 Eoww f pia mpooletikny ovvoloovvdptnon énws otnr evérnta 11.2.1
pe medio opropot Ty ka1 F' pia ovvdptnon mov opiletar o€ kdroo vrootvolo E tov J, mov
avijcer oty Ty. H F Oa Aéyetar f-perpriorun, érav ya kdde mpayuaticd aprdpd a, to
otvolo twv onuelwr P e F(P) > a avijkel oto medio opiojot g f.

Etvou mpogavég dtt xde Borel-uetpriowun cuvdptnomn Yo eivar enlong f-uetpriowun ou-
vapTtnot. Ot ouvapTHOELS TOU TPOXUTTOUY antd f-UETPNOWIES GUVIRTACELS UE TIC YVWOTES
TEAEELS, XD KO TO AVWDTEPO XA XATWTEPO 6pL0 axohovdiag f-UeTEnoiuwy cUVUPTHCEWY
elvon enfong f-uetpriouec.

Opiowog 11.12 Eotw (y,) pia yynoiog adéovoa akodovdia apiiudr, tétoa dote yo =
0, imp—s 400 Y = +00 ka1 SUP (Yn+1 — Yn) = @, 010V @ €elvar évag Jetikds aprduds. Mia
téroia axolovdia Oa Aéyetar Bepedraddng akoroviia ne uéyrotn dragopd a.

Opltowoés 11.13 Ocwpolje pia atéovoa kar tpoodetikn ovvoloovvdptnon f dnws aTny
evotnra 11.2.1 kar pta un apvnuxn kar f-petpnoun ovvdptnon F wov opiletar o’ éva
otvodo E, to omolo avijker oty T}.

Av (yn) elvar pila tuyaia Jepelichiong axodovdia, tére oxynuatilovue tn oepd

+oo
> uef(Er)
k=0
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énov By = {P € E| yr, < F(P) < Y41}
Edv n mapandve oapd ovykdivel, téte n F Ja Aéyetar afpoiorun wg npog tnv f.

Oa det&ouvue 6Tt 0 Tapandve 0ploUds elvon xahdg, dnhadh dev e€aptdton and TN Veuehnmdn
axohoudia tou éyovue Yewproet. ‘Eotw (y),) ulo devtepn Yepehddne axohoudio, tétola
wote sup (Y, — yp,) =0 > 0.

Av to E; B Sev eivon xevd, t6te elxoha Bhénovye 61t —a < y; — y; < b.

Mpdrypart, ond tc y; < F(P) < yit1, y; < F(P) < yj, ouvendyeton y; < yit1 xon

Yi < Yipq Ao, ETOUEVRS, —a < Y — Yir1 < ¥i — Y; < Y — Y5 < b Apa,

) +00 +oo / +00 400 |
Zyy F(E)) ZZ% FEE (v +a)f Zyl i) +af(E).
=0 j=0 =0 j=0

H avicdtnto auts| elvon ave&dptntn tou b, ondte av 1 oelpd :r:og yi f (E;) ovyxAiver yio
xdmoto Yeuewdn axohoudio, tote Vo cuyxhiver xou yior xde dhhn Yeuehddrn axorovdio.
Apa, 0 TEoNYOUUEVOS 0pLoUOG Elval XUNOG.
And my B aviodtnta elvar gavepd OTL yiar To supremum S OAwy TV alpoloUdTWY
5 yi f(Bi) yio xde Deuehddn axxohoudio e tuyoio uéytotn dugopd toyle

S < Z E))+af(E),
=0

6mou (yn) elvan pioc and autéc ue uéytotn dtopopd a.
Enedh > % vif(E;) < S, ouvendyetan 61

—+00

S = wif(Ei) <af(E).

=0

| /\

Bl\énouye, howndy, o1t av 1 uéytotn dtapopd a e (yn) Telvel oto undéy, téte to avti-
ototyo Y i vif (E;) teivet 610 S.

‘Eotw tdhpa pia tuyaio deuehddng oxohouvdia (yy,) ue uéytotn Stoupopd a, TéTol MoTe
7 ’ 4 4 . . .
ZZ A Z) va ouyxhivel. Tote, enedn yia xdde ¢ elvar yi41 < y; + a, Yo cuyxhivel
o 0 oetpd S yir1 f(Ei). Aovkebovtag axpite dnwe xon mopandve, tpoxintel 6Tt
ovuPaivel To (8o ue Ny avtiotoyn oepd xdde dhhng Veuehiddoug axoloudiog xar 6Tt
urdpyet To infimum SAwv auTwV TV apoloudtey, To onolo cuuBoiilovue ue S.
Enlong, G oy det

+00
0< ) yirif(E)—5 < af(E),
=0
ondte, av 1) uéylotn Blapopd a tne (yn) Tetver oo undéy, 161e To avtictolyo Z:;OS’ Yit1 [ (E;)

telvet 010 S.
[Mpogavag, enetdy

+oo +oo
D ouif(E) <Y v f(E)
=0 =0
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Vo oyler S < S.
Enedy

+o0 +oo
S5<Y yinif(E) <Y wif(EB) +af(E) <S+af(E),
=0 1=0

av oghoovUE To a vo Telver oto undév adpvouue S = S.
Ané tov optoud tou ohoxhnpwuatog g evotntag 11.2.2 mpoxiintel auéong 6Tt

S < / F(P)df(P)< S
E

X0, ETOUEVHC,
/ F(P)df(P)=S.
E

Tehixd, undpyet évog 1odhvouog TEOTOC Vo 0pIGOVUE TO OAOXATIROUAL UL GUVEETNONS
F ¢ mpog uta ouvoloouvdptnon f, autdg mou axohouvlel mopaxdte.

Optowoés 11.14 Eoww f pia avéovoa kar mpoodetikn) ovvodoouvrdptnon onws otny e-
votnta 11.2.1 ka1 pia un apvnukn kar f-petprijoyun ovvdptnon F nov opiletar o’ éva
otvolo E, to omolo avijker oty Ty. To dpro twv oeipav Tng 1opens

+o00
> wif(Ei),
i=0

onov (yp) elvar Depehicddng axodovdia kar By = {P € E| y; < F(P) < yit+1}, kalog o
HENOTES O1agopés Twv axkolovthdv telvour oto unoév, epéoov vrndpye oto R, Ua elvar
t0 oAokArjpwua Lebesgue-Stieltjes tng F' wg mpog tnv f kar Ua ovufoliletar pe
[z F(P)df (P). Tére, Ja Aépe 6ui n F elvar adpoiorpun wg mpog tnv f.

Yy nepintwon mou n F nafpver xon apvntixée Twuée, TOTE UmopolUE vor T Ypdpouue
o< dtaopd Vo un apNTXGY cuvapThoewy F xat Fy, tou elvar enlong f-uetprowues, wg
e€hc
_|F[+F |F|-F
T2 2

7 7 ’ 7 4 4 7
Oo Yewpolue v F' f-adpolowurn, 6tav ot Fy xou Fy eivan f-adpolotueg xou t6te optlouue

F =F —-F.

/ F(P)df(P) = / F(P)df(P) - / Fy(P)df(P) .
FE E E

Kot o’ auth v nepintwon o opouds tou [ F(P)df(P) dwrtundveton pe tn Bordewa
YeuehddV axohovhdv, UE TOV TPOTO TOU TEPLYPAPETAL TURUXATE.

Ocwpotue ulo tuyata «dtmhiy Yeuehtddn axohovdio ue uéyiotn Stagopd a, dniady
ular ocohoudior (yp) UE Tic Tapaxdte dTNTES:

<Y 2<Ya1 <Y<y <y < ...
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Yir1 —Yi < a, youxdde i €Z,

lim y, =400, lim y_,=—0c0.
n—+oo n—+o0o

EynuatiCouue to ddpooua
“+oo
> ynf(Er)

H F Yo elvon oadpoiotun wg mpog Ty f, dtay 1 mapandve oelpd oLy xhiver amdhuta yior Uba
tétota Stmhy) Yeuehnddn axohovdio. To ohoxhfpwua g F' w¢ npog v f otny nepintwon
auth Yo LoovTon e To bpto

k=+o00

| FParp) = tim 3 o)
E n_> OO

(n)

xot0g ot uéytoteg Stapopés TV SmAidY VeueMwddV axohouthdv (y, ) telvouy oo undév.

Y1 yevixotepn nepintwon mov 1 f dev elvar uovotov, VewpolUE TNy xovovixTr Tng
didonaon oe 3o avouoeg ouvapThoelc ¢ xou 1. Oa héue 6T N F elvan adpoiotun wg mpog
v f, 6tay elvon adpoloun we npog Tic ¢ xou ¥, dnAadh, toodivaua, 6tay eivor odpoioiun
0 Tpog T andluty xduavon tne f. Tote, 10 ohoxhipwud g wg tpog Ty f Yo tloolton
ue

k=400

= — = lim (n
| Py = [ Feyaoe)— [ Fejae i 3 e

IMapatienon 11.2 To odokAnpwpa mov dpioe o Radon elvar yevikevon touv odokAnpa-
patog tou Lebesgue, apol apkel va Uewpnoovue otn Héon tng f tn ovvodoouvrdptnon m
mov opiletar and to pétpo Lebesque.

Eriong, elvar yevikevon kai tov odokAnpopatos Stieltjes, 16t kdde mpaypatixin) ov-
vdptnon F nov opiletar oo [a,b] kar elvar ovrveyris, Ja elvar oporduoppa ouvexns oto
[a,b]. Eotw tdpa én | elvar pila tpaypatixn) ovvdptnon gpaypévns kluavons, opiopérvn
enions ovo [a,b], n omoia efvar ovvexns ard apiotepd.b Tore, ya kdde sdotnua [c,d)
éxyouvpe du f(le,d)) = f(d) — f(e) kar Ta apolopata Sy = Y,y F(Py) f(Ex) oTov o-
poué tov Radon elvar {oa pe ta avtiotowya adpoiopata > p_o F(Py) (f(xry1) — f(z))
tov Stieltjes. Xtn yevikérepn nepintwon mov n f dev elvar ovvexnjs and apiotepd, tote Ua
wyve f([c,d)) = f(d—) — f(c—). Anodakvietar én, av avti yza my f ﬁprnoovye ™

ouvdptnon f* pe f*(x) = f(x—), tore Ya elvar f;F f F(x)df*(x

SMe auth ™V tekevtala unddeon efacpoiilovye TV UnapEn ULog mpoadetinhs GLUVOAOGUVEETNOTS
nou oyetileton pe y f.
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11.2.4 I8totnteg Tou ohoxAnpouatog Lebesgue-Stieltjes.

Y1n ouvéyeta tou deutépou xeparatouv tou o Radon anodetxviel 61t 10 ohoxAfpwud Tou
€yeL WidtnTeC avtiotoryes U’ autéc tou Lebesgue.

Koartapydc, etvon edxoho va anodetydel and tov oploud 1 YeouuutxdtnTtot 10U ONOXAT-
pwuatog. Enlong edxoha amodetxvieton 6t otnyv mepintwon mou 1 f elvon abEouca xou
npocVeTIX ouvohoouvdptnor, 1 F un apvntuay xan adpolowun wg tpog v f oto J xou
A, B eivan f-uetphowa utocOvora tou J, ue A C B, téte wyver [, F(P)df(P) <
[z F(P)df(P).

Ilpbétaon 11.3 Edv n ovvdptnon F' elvar adpoioun ws mpog tnv f oto J, tote opiletar
pia ovvoloovrdptnon G, n onola avuiotoiyel o€ kdle petpnouo ws npos tnr f avvolo
E C J rov apidué [, F(P)df(P). H ovrodoovvdptnon avtj elvar npoodetixr kar éxer
¢ Pdon T ovvdptnon andlveng kUpavons twng f.

Anddeiln: Apxel va xdvouue tny anddelln uévo otny tepintwon mou 1 f eivar adlovoa
xar m Fun opvnund;. Eotww howmdv Ay, Ao, ..., Ay, ... Zéva uetadd toug uetphotua
unocvola tou J. Oétovue A = UpenAyg xou S, = UL_ Ag.

And tny nopathpnorn nmov mponyunxe tng mpdtaong €ncton OtL N G elvon adZovoa
ouvdptnor. Enouévee, yio xdlde guoxd n Yo toybet 6Tt

Y [, e = [ Feae) < [ Feae).

Auté ouvendyeton 61L N oepd YOS fAk F(P)df (P) ouyxhivet xot, udhiota, yto to ddpot-
oua e Yo toydet

+o0
; /A F(P)df(P) < /A F(P)df(P) .

'‘Eotw (yn)nen ulo Jeuehiddne oxohoudio ue péyloty dagopd a. Tote, yio xdie
puoxd n Yo Loy Vel

; /. FP)(P) = /

n

+o00 N
F(P)Af(P) =Y yif(EiSn) > > yif (EiSn) ,
i=0

1=0

6mou N tuyalog Quoxds apriude.

Enewdn n f elvon npoodetin], Eéyovue 6t lim, 4o f(E;iSy) = f(E;A). Apa, av otny
oaVeOTNTL Yy fAk F(P)df(P) > Zij\io yif(E;Sp) mdpouue o dptar twv 800 UENGDVY,
xaddg n — 400, tpoxinTEL OTL

+o0 N
Z F(P)df(P) > Zyif(EiA)
k=1" Ak i=0

211



xat yioo N — 400 €youue

+oo “+o0o
> [ FPre) = 3 whEA) (11.1)
k=1" Ak i=0

Enedn n péytotn dragopd tne Yeuehiddoug axohovdiog elvon a, Yo toydet

+o0 oo
/AF(P)df(P) <Yy F(EA) <) yif (EiA) + af(A) |
i=0 1=0

Apa, eivan
+o0o
[ FPYHP) —af(a) £ 3 wr(BA)
=0

xow Moyw tne (11.1) eivan

—+00
;/Ak F(P)df(P) Z/EF(P)df(P)—af(A)

yia ocodfmote Uxpd a > 0. Enouévac, oylel

+oo
> [, Frwre) = /A F(P)df (P)

xa 1) amodeL €xEL TEAELWOEL.

Y1n ouvéyela, onwe HTay avouevouevo, o Radon anodeucviet 611 1o ohoxhfipwud tou
€)EL TIC TOPOXATR BLOTNTES.

IIpotaom 11.4 Eorw I ovrdptnon opiopévn oto f-petprionpo ovvodo E, f-perpnon
kar térowa ote |F| < M. Tére n F elvar alpoioun ws mpog tnr [ kar w0y vel

‘/EFdf‘SM/E\de-

Ilpétaom 11.5 Eotw f pia npooletikny ovvodoouvrdptnon opopuévn oto J kar E éva
f-perpnoyuo vrootrodo tov. Edv n Fy elvar afpoioun ka1 n Fy petpioyun wg mpog tny
f kar gpayuévn, tove kar n F1Fy Ua elvar ovvdptnon alpoioiun ws npog tny f.

Ilpétaon 11.6 Eotw f pia mpoodetikn ovvodoouvrdptnon kar E vroovvodo tov J. Edv
(Fy) elvar pia axolovilia f-petpnoiuwy ovvaptiioewr, n orola ovykAivel onuelakd o€
kdrowa ovvdptnon F kai elvar opoiépoppa gpayuévn ané kdnow Uetikd aprdué M, tite
1wyver ot
lim Fodf = lim F,df .
E

n—-+o0o E n—-4o0o
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Ilpétaon 11.7 Edv [ elvar pia advéovoa mpoodetiki) avvodoovvdptnon, (Fy,) pila ad-
govoa axolovdia f-odoxkAnpwotiuwy ovvaptioewy, tétoa dote to dp1o limy 4o [p Frdf
va elvar évag memepaopévos apiduds A, tote kar n ovvdptnon F = lim, . F), elvar
atpoionun ws mpog v f kair wyvel

/Fdf: lim E,df .
E n—+too Jp

Me 11 Borieia AV TwV TEONYOUUEVKDY YEVIXEDEL 0TO TpiTO XEQPIAonO TG epyaotog
T0U 10 Oewpnua Avarapaoctdoews tou F. Riesz.

Ocwpnua 11.2 Edv U elvar éva ovvex€S ypau ko ovvaptnooedés, e medio optopuol to
oUrodo dAwv twv owrexdy ovvaptrioewy F nov opllovtar o’ éva ouvurayés otvolo E, tite
urdpyel tpoadetikn) ovvoloovvdptnon f, térola wote ya kdde F' oo medio opiopot tov
U va wyve

U(F) = /E Fdf

Ka1 n vdépua tov ouraptnooeldols va woltal ue
1 VOop pTI) S 7

1) = [E df]

O enduevog otoy0¢ ToU elvan va yevixeloet to Yewpnua 11.1 tou Lebesgue.

Ocwpnua 11.3 Edv g elvar pia npooletikn ovvodoovrdptnon pe Pdon f, tote vrdpyel
pta f-atpoioun ovwvdptnon ¥, térowa dote ya kdde B € Ty va wyde

Y1n ovvéyela g epyaotiag Tou aoyohelton UE TN YEVIXEUOT TOU OAOXANEWUATOS TOU
Hellinger, émou yenotuonotel Ao To TEONYOUUEVO X0 TEAELWVEL UE TNV OVATORAGTUOT
OV QEAYUEVLY SLYpUUUIXMY UORPOV.
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Kecpo’c)\ou.o 12

H Co7 tou Thomas-Jan Stieltjes.

O Thomas-Jan Stieltjes yevviidnxe ot 29 AexeuPpiou tou 1856 otn Zwolle, utor uixen
enopytoxt; TOAN g OAavdlog.

O natépag tou, mou elye axpBwe to (Bto dvoua ue awtdy, Htay onoudafog TOALTL-
x0¢ unyavixog, uéhog tne Boukhc xar diddxtopag tou maventotnuiov tou Leiden. "Hray
Wiadtepar aryamnTog xa TEPLOGOTEPO YVWwoTéC otoug OMhavdolc amd To Yo Tou, ool
oLVEBOAAE GTNY XaTAOXELT TV Aywovidy Tou Rotterdam xou otnv opydvwon tou cuoth-
MoTog TV xavaAlwy otny avatoix?; Ohhavdia. Hrav dvdpwnog Wiaitepa eupuric xou Ue
apyéc. Apxetd véog, 6vTag LToAoyayog 0To U unyavixol tou OMavdixol otpatol,
éypahe cuUPoLlES Yia TNV XaAOTERY OpYAVWOT NG duuvas Twv Kdtw Xwpdv, Tic onoleg
YVWOTOTOINOE GTOUC AVWTEPOUS TOU SLATNe®VTAS TNV avewvuuia Tou. Ot ouufouiéc autée
amodelydnxav mohl yerowues xou éxavay Wiaitepn eviinwor, dung o Stieltjes moté oy
Cw1) Tou dev amoxdhude 6Tt autdE NToy 0 oLYYPAPES, TapEd LOVO Alyo Tply To Vavatd Tou.
O Yavuaotéc xan gihot Tou €otnoay TEog TRV Tou €va dyahua oe xevipixy Tonodeotia
Tou Rotterdam.

O Thomas-Jan Stieltjes junior, 6nwe cuvAdile va unoypdgpet, eiye dhha €€L adéppia
xat Tépace TV mandixt| Tou nAwxia og Sidpopeg mohelg Tng OAhavdiag e€ontiog g SovAeldg
Tou matépa tou. To 1873 Eexivnoe Tic omoudéc tou oto Ilohuteyveto tou Delft, an’ dmou
dev mhpe moté€ 1o mtuylo tou. Avtl va mnyaiver oTic Stadélelg, mpoTyuoloe var TEQVA TOV
TePLoGHTERO YEOVo Tou oty BBAodnxny, ueketdvtag Ta épya Twv Jacobi xat Gauss xt auto
elye w¢ anotéheoua va anotiyel otic e€etdoelg tou. Ipoondinoe dhkec dbo ypoviée, to
1875 xar to 1876, duwe xou tote dev Tar xatdpepe. O matépog TOU, ANEATIOUEVOS UE
TNV XATdoTAon ToL Ylou tou, {\tnoe Borldeta and éva otevd tou glho, tov H. G. van de
Sande-Bakhuyzen (1838-1923), tou ftav xodnyntic Aotpovouioc 610 TAVETIGTAULO TOU
Leiden xou dtevduvtrc tou actepooxoneiov tng noing. ‘Etot, tov Anpihio tou 1877, o
Stieltjes junior mpoohfginxe exel we Ponidc otoug aoTpovouxols unohoytouols. And
10 1878 nadpvel uépog xou oe mapatnENoels xou aoyohelton ue Ty Oupdvio Mryoavied. Tny
(S ypovid nevalvel o natépag Tou.

To NoéufPpro tou 1882 apyiler v’ ahknhoypagpei ue tov C. Hermite (1822-1901) ndvew
oe Yéuata Ovpdviag Mnyavixic, ToAd alvioua dung apyilouv vo Toug anaGyohoby U6vo
uwodnuatixd epwtiuate. O Hermite Statnpodoe adAnioypapior ue tohholg ETGTAHUOVES,
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UL xouior SN Sev ftay 1600 Tox TN xou TANwex?) 660 auth Tou elye ue Tov Stieltjes.
Aufpxeoe dwdexa ypdvia, U€ypl Tov Tpdwpeo Vdvato tou Stieltjes, xat ot d0o dvdpeg €ytvay
Yeriyopa xohol glhot xou otevol ouvepydtes. Xta 432 yYpduUaTa TOU AVIUAASGGOLY, O
Stieltjes ypdpet otov Hermite yio 1o anoteréouatd tou xou o I'dhhog uadnuatinde to
oyohdlel xar Tou VETEL VEX EPOTAUATA, OTA OTO(X O TEMTOG ATAVTE UE UEYAAT) Tary O TNTA
xan xouotnra. H adknhoypagio toug exdoinxe uetd to Ydvato tou Hermite and tov
exdotxd oixo Gauthier-Villars oto Ilogiot.

[ToA0 ypriyopa o Stieltjes avalntd éva avtixeiuevo o Yewpntind and tny Actpovouia
xat €tot, and 1o 1883 otpépeton anoxketotixd ot Madnuatixd. 3’ awtd tov eviidppuvay
o Hermite xat 1 Elizabeth Intveld, pue tnv onofa navtpedeton v (Sta ypovid. I'at xdmoto
dtdotnua nalpvel ddelor and TNV gpyacior Tou 0T0 AGTEPOGXOTEID, WOTE Vo ooy oAndel Ue
™V €peuva xar and 1o XentéuPBplo Tou 1883 avtixaiotd to wadnuoatixd F. G. van den
Berg, mou appwotaivel, ota podfuate e Avohutierc xor I[pofohuic Tewuetpioac oto
ITohuteyvelo tou Delft. Yto téhoc tng 1883 anogacilet va napontniel and 11 SovAeld Tou
xa vou aoyorndel uovo ue 1o Modnuatind. Xto Sidotnua autd UeheTd Tov TOTO TOPEU-
Bokrc tou Lagrange, arodetxviet ue amh6 xou xouhd 1pom0 ¢ OTNTES TV TOAUGYVIUWY
Hansen-Tisserand, ;;les résidus cubiques et biquadratiques, la densité intérieure de la
Terre, aoyohelton ue v avdhuom evog apriuod o dfpoloua TEVIE TETPUYWVMY XL TOTE
apytlet To evdlagépov Tou Yia Tal GUVEYT XAJCUATAL.

H epyooio tou oto aotepooxoneio tou Leiden ennpéace daitepa tov 1p6m0 UE TOV
omoto dolkeve ota Modquatind. Xtov mpohoyo g éxdoong tne alknhoypagiog TV
Stieltjes xou Hermite, o H. Bourget, o onoloc fjtav actpovouog xau @thog tou mpmdTou
oto navemothuto g Tovhollng, yedpet ot

«...O1 peAéreg mov éxave avtd ta 6 ypovia mov SovAeve oto Aotepooroneio paivetar va
éxovr emopdoel apketd oTov TPOTO OKEYNS TOU Kal, KUplwS, aTov TPOmo UE TOV OTolo a-
rupetonila ta hdgopa (patinuatikd) mpoPAniuata. Avty) n ikavétnra mov eiye oto va
xepilerar akyefpikols TUToVS kar 0To va Tovg XpnoiLonolel yia tous toAvtAokovs apid-
pUNTIKoUS vrodoyouotls, kaddg kar or koupés uéodotl tov oo Aoyoud kupapyoly oo
épyo vov. Eiye, eniong, tn ovvnleaa va ypnoiuonoiel toAAd apidunuixkd napadeiypara kai
™y kavétnta v’ avakaAintel péoa ané avtols Tous UTodoVioHoUS ta Oidgopa amoTteAé-
opatd tov. Ye moAdd ypdupatd tov mpos tov Hermite udd ya tis etkaoie§ oti§ omoleg
Tov 00nyoly o1 aprduntikol vrodoyiojiol Tov...»

Avuto elvon xdtt mou enlong gatveton xou otny teheutaia tou gpyasio. Ot anodeielc mou
diver og xdmoLeg 1o6TNTES Xa AVIoOTNTES, XLPlwe Tou GyBoou xegalalou, Seiyvouy 6Tl Tou
dpeoe var epunvedel ToL AmOTEAEOUATA TOV and TNV TAEVpd TN Mnyavixdc xan vo yenot-
uomotel évvolég Tng, Onwg oL pomég k-Ttdlng, wg epyahelar Yoo vor UEAETATEL Tar LordnUaTIXd
TpoBhfuaTa.

To 1884 xdver altnon yra ulo Y€on otov touéa g AVEAUOTC 0TO TAVETLOTAILO TOU
Groningen xou nopdro mou elye ueydheg miavotnieg va ndper ) Yéon, Sev €ytve TeEAxd
dextdc. Autd éywe mdavotata, 6w Yedget xat o (Slog ot yeduua tou otov Hermite,
e€outlog e €Mewng TuUTX@V TPOGoVTWLY, agol o Stieltjes dev elye olte mtuylo olte
ditdaxtoptxd.
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Tov Anpthto tou 1885 eyxondiotarton e Ty owxoyéverd tou oto Haplot. Exel aoyoleiton
Y10t %3molo SLEGTNUOL UE TNHY XATAVOUT TWV TEMTOY ApldU®V Xl TN UEAETH TNS OLVAETNOTNS
¢ tou Riemann, 6uwg yphyopa eyxatoheinet to Véua autd yratl Sev elye txavonomtind
anoteEAéoUATAL.

To 1886 tekewwvel 10 didaxtopixd tou ue titho «Recherches sur quelques séries se-
miconvergentesy. Exel aoyoheitar e tn UeAETN TOV ACUUTTWTIXGY OERGOY, SNAady Twy
ATOXALYOUC®Y SUVAULOGELRMY TOU €YOLY TN UOE®T

Cn

€o C1
Sttt

x

4 ey €Oy Cly ey Cnpy e ER,

oL ontoleg TPOXUTTOLY Amd To OAOXANEOUTA

¢ du T sinau T2 4 cos au
, ——du ———du, a>0.
0 logu 0 1 + U2 0 1 + U2

Ot aouunTLTIXES GELREC YENOLUOTOVVTAL GE TPOGEYYIOTIX0US UTOAOYIOUOUS GE TOMNOUG
xhadoug e Puowric xan Wrattepa oty Ovpdviar Mnyovixer|. Emouévec, frav éva déua
apxetd owelo otov Stieltjes, o omolog elye uehetroet apxetd nopadelyuaTa OELEWY AUTAS
NS woprhc dtay epyaldtay oto aotepooxoneio. H uehétn tov aouuntotixdy oetpody o
TEETMEL vor Ty U TH ToL €0TEEYE TO EVBLAPEPOV TOU AMOXAELOTIXE GTAL GUVEY Y] XAJCUATAL.

Tov 180 awcdvar o Euler etye anodeiet 1t plo dmeipn oetpd unopel vo uetaoynuatiotel
o€ €va oLVEYEC xAGoU xat avTLoTEOGPwS. Emouéveg, av €youue xatdhAnio oplouévo
ohoxhipwUa, UTopOVUE TEMXE VoL TO UETATEEPOUUE OE GUVEYEC XAAOUA %O oUTO Uog
EMTEETEL, XATOLES POPES, VO TPOCEYYICOLUE XAAVTEP TNY TWH| TOU Tp®Tou. AuThv Ty
W€ v elye npdtoc o E. Laguerre (1834-1886). Ocmpnoe 10 0hoxAfpwuo

+oo —u
€
J—
T u

xoL UE XATA TopdryovTeg ohoXAipwon xatéAnie otny odTnTaL

+oo g 1 1 1-2 —1)! Foo gmu
/ £ du=e" < — St = et (—1)”1(”)>+(—1)"n!/ C _du.
- U T T "

1.2 rn un+1

+oo
_1(n—=1)!
(-t

’ 4 4 2. / ’ Z ’ 7
amoxAivel yio xde x, dpa etvar acuuntwtixy. O Laguerre dung anédetle 61t 10 mopandve
ONOXUATPOUA L0O0THL TEAXA UE EVAL CUVEYES XAAOU TOU GUYXALVEL.
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Yougowva ue tov T. H. Kjeldsen oto [8], 10 yeyovée étt unopel xaveic vo ouvdéoet
3o 1600 avouola uoInuaTIXd AVTIXEIUEVA, €V OPIOUEVO ONOXAIPOUO UE EVOL GUVEYES
xhdoua, Yo mpénet vo yoriteuoe Wiaitepa To Stieljes, YU awtd xou oty teleutaia epyaoio
ToU aoyohleiton e TN Yevixevon authc Tne nopathienong tou Laguerre.

To 1886, uetd ) dnuoocicuon tng didaxtopixhc Tou dtatetBne, apyilet va epydletal oTo
navemothulo g Toukodlng. Awddoxel to wodfuorta Tou Atagoptxol xat OAoxAnenm Loy
Aoyouot. Ty apyt éviwide xdmwe ounyavae, efartiag Tne YAOooug, 6uwg, €ytve YeRyopa
oy oamnTog 0Toug woInTég Tov, yrati elye TNV xavdTnTaL VoL topouctdlet ue ToA) amhé 1pdTo
Tig o dloxoheg Vewpleg xan va Toug exnafiooet. To 1889 Swopiotnxe xadnyntrc oto do
navemothulo. And tov Oxtdfpeto tou 1890 apyilel va xoupdleton xon vor viwiel ol Tp@Tal
ouuntOuaTa NS appwoTtiag tou. Ialpvel ddeta and 0 Sdooxahior 610 TAVETIGTHULO XoL
TOUG YEWWVES TV etV 1892 xon 1893 touc mepvd oty Adyeplo, yiati n uyelo Tou
EMSELVOVETAL ATy NUAL.

‘Ocov apopd tar eviLa@épovtd Tou UETE TN UEAETN TWV ACLUTTWTIXMY CEPWY, AUTY
otpégovton o€ Yéuata oyetxd ye tn ouvdptnon I, tn Yewplo twv eAAELTTINGY cuvapTroE-
wv, T tohudvuua Legendre, Tic 6qoupixéc GUVIRTAGELS %ol QUOIXE T GUVEY T} XASCUOTAL.

[Mopdhhnho ue Tic dAheg tou dnuooteboelg, oto didotnua 1884-1894, Soulelel v
teheutata Tou gpyaoia ota ouvey xhdouata. To mpodto Uépog Tng epyaoiag authc dnuo-
otevtnxe to 1894 ue tov titho «Recherches sur les fractions continues» xou to téhog 1ng
10 1895, uetd to Ydvarto tou. ‘Onwg ypdget tov Iobvio tou 1885 ot ypduua Tou npog Tov
Hermite, apyxd oxdneve va ywploel tny gpyacio tou oe 8o uépn:

«...K¥piog otdyog pov elvar va teAeihow kar va teleomotow tn OovAeld mov kdvw To-
pa ata ovvexn kAdopata, Opws yia va punv mepiéyel toAdd mpdypata avopora a ywplow
™y epyacta pov o€ dvo puépn: to tpdto Da elvar to akyefpikd, evd oo dAdo Ya aoyolov-
par pe to mpoPAnua tng oUykAongs tov ouvexols kAdopatos. .. ».

Tehwxd, ta anotehéouata mouv oyetilovtay Pe 10 xouudtt g Avdhuong ftay 1660 or-
MOVTLXdL, Tou emoxioooy 1o ahYEBPXd XoUUdTL.

Avutéd mou tov eunddile va dnuoctedoel To AnOTEAECUATA TOU HTay 1 AmodEEr) TOU
rpwToL YewpruaTtoc Tou TéunTou xepahaion Tne Tehxfc epyaotac Tou,t 1o onolo vpydre-
PA, YEVIXEDOVTAS TO XATAAANAQL, TOU EMULTEENEL VAL ENEXTEIVEL TNV AVOAUTIXY) CUVEYLOT TOU
(NAOUATOC TOU UEAETA OE UEYUAUTEPO oUVOAO Tou uryadixol emnédou. Katdgepe va to
anodellel auotned Ty TeAeutaia Ypovid, To 1894.

H epyacio tou auth eivar omoudaior oyt uévo eneldy) mpdxetton yior évar TohD GUOEPO
uwodnuoatied €pyo, aAAd xou yrat Aoy M apy” g avohutedg Vewplag TV cUVEYOY
xhaoudtwy. [pdtog 0o OMavdog ponuatinog Yewpnoe éva ouveyég xAdoua oo uryadixy
CLVAETNOY UL UETOBANTAS Xat UEAETNOE TNV AVIAUTLXY] GUUTERLYPOEA TOU Ad TNV TAELPA
e uyadic avdivong. Ouwe, 1 epyoaocio autr eivorl YVOOTH X0 Yot TO ONOXATIPOUO TOU
ofuepa €yeL To dvoua Tou Stieltjes, ohhd xou Yo To TEOBANUA TwV pordy. Molovdtt xou
Ta duo Toug Ypnowwonotinxay and Tov Stieltjes we epyahelor Yo vor uehetrioet xohltepal
TNV AVOAUTIXY) CLUTERLPORA TOU GUVEYOUS XAACUATOS Tou, apydTEpa anodelyn oy Tohd

Mpéxerton yia 10 Vedpnua o1n celida 69 authc e epyactog.
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onuavTXd, aol Tohhég véeg epyaoieg g Avdluong aoyolfinxay U’ autd.

To 1893 n Axadnuio Entotnuoy tou Iapioob BedBevoe tov Stieltjes yio to amoteé-
ouaTd Tou 0T ouvey ) xAdouata ue to Beafeto Petit d” Ormoy.

O T.-J. Stieltjes nédave otic 31 AexeuPplouv tou 1894 otnv Toukolln.

Yruepa undpyet teog TRy Tou oty Olhavdio éva (Spuua yior ta Modnuartind mou
pépel T0 GVoUd Tou.
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