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KefĹlaio 1

Eisagwgă

Apì arqaiotĹtwn qrìnwn o Ĺnjrwpoc ătan Ĺrrhkta sundedemènoc me to fusi-
kì peribĹllon. H {mhtèra fÔsh} upărxe arwgìc, ìqi mìno sthn epibÐwsă tou,
kalÔptontac tic bioporistikèc tou anĹgkec, allĹ kai sthn tìso shmantikă
politistikă tou akmă, prosfèrontac tou otidăpote aparaÐthto gia thn uliko-
pneumatikă anĹptuxh. IdiaÐterh axÐa èqei h suneisforĹ tou udĹtinou stoiqeÐou
sth zwă kai exèlixh tou anjrÿpou, kĹjwc tou prosfèrei anarÐjmhta ofèlh
se poikÐlouc tomeÐc thc drasthriìthtac tou.

Ektìc twn Ĺllwn, oi wkeanoÐ kai oi jĹlassec apoteloÔn basikă phgă
bioporismoÔ kĹjwc, mèsw thc alieÐac, exuphretoÔn thn anĹgkh gia trofă.
Phgă pou, akoÔsia ă mh, o Ĺnjrwpoc jewreÐ anexĹntlhth. H jeÿrhsh tou
aută apodeiknÔetai katastrofikă tìso gia to peribĹllon, ìso kai gia ton
Ðdio.

H ragdaÐa teqnologikă anĹptuxh twn kairÿn mac teÐnei na katastrathgăsei
ta ofèlh pou prosfèrei h jĹlassa ston Ĺnjrwpo. Autì giatÐ mazÐ me autăn
epălje exèlixh kai stic alieutikèc mejìdouc kai teqnologÐec me apotèlesma h
alieÐa na dieukolunjeÐ, na gÐnei perissìtero mazikă kai telikĹ na metatrapeÐ se
uperalieÐa. ’Etsi, h wfèlimh jalĹssia panÐda Ĺrqise na meiÿnetai se pagkìsmia
bĹsh, me tètoiouc rujmoÔc, ÿste ta perissìtera eÐdh thc na mh mporoÔn, mèsw
thc anaparagwgăc, na diathrăsoun to plhjusmì touc se ugiă epÐpeda. Autì
èqei wc apotèlesma ton afanismì poluĹrijmwn jalĹssiwn organismÿn kai thn
Ôparxh qiliĹdwn eidÿn pou teÐnoun sthn exafĹnish mèsa se mìno dÔo perÐpou
dekaetÐec apì thn arqă thc krÐshc thc uperalieÐac.

H exèlixh thc teqnologÐac epèfere epiplèon thn katakìrufh aÔxhsh tou
megèjouc thc rÔpanshc twn wkeanÿn se pagkìsmia klÐmaka. H biomhqanikă
drasthriìthta kai oi megĹlec sugkèntrwseic plhjusmoÔ sta astikĹ kèntra,
enÐsquse th rÐyh ergostasiakÿn kai astikÿn lumĹtwn sth jĹlassa. Oi upo-
jalĹssiec purhnikèc dokimèc, h Ôparxh kakosunthrhmènwn ploÐwn pou proka-
loÔn diarroèc petrelaÐou, kajÿc kai opoiodăpote eÐdoc rÔpanshc tou fusikoÔ
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peribĹllontoc pou mporeÐ na diadojeÐ mèsw tou kÔklou tou neroÔ sta diĹfo-
ra udatikĹ oikosustămata (p.q futofĹrmaka, qhmikĹ lipĹsmata) prokaloÔn
mia genikă diataraqă thc armonÐac tou udĹtinou peribĹllontoc se pagkìsmio
epÐpedo. Kai autì giatÐ oi rÔpoi de paramènoun stĹsimoi sto tmăma thc jĹlas-
sac sto opoÐo rÐfjhkan, allĹ suneqÿc kinoÔntai ă diaqèontai prosbĹllontac
opoiodăpote tmăma thc.

H mìlunsh twn jalassÿn eujÔnetai, parĹllhla me thn uperalieÐa, se me-
gĹlo bajmì gia th meÐwsh tou plhjusmoÔ thc udrìbiac panÐdac. Stic mèrec mac
pollĹ krĹth anagnwrÐzoun pwc h antimetÿpish tou fainomènou qrăzei drasti-
kÿn mètrwn kai ependÔoun se eidikĹ progrĹmmata rÔjmishc tou rujmoÔ alieÐac
kai ekpompăc rÔpwn.

O koinwnikĹ bèltistoc èlegqoc orismènwn fusikÿn pìrwn, ìpwc gia parĹ-
deigma enìc tìpou alieÐac, èqei sundejeÐ me astĹjeiec kai pollaplèc isorro-
pÐec [3],[14]. Tètoia oikosustămata eÐnai dÔskolo na elègqjoun giatÐ oriakèc
allagèc sthn mèjodo diaqeÐrishc touc mporeÐ na odhgăsoun sth katastro-
fă touc. Parìmoia apotelèsmata prokÔptoun ìtan h periballontikă rÔpansh
epidrĹ sthn exèlixh tou fusikoÔ pìrou [13],[4].

’Ena jèma pou èqei terĹstia shmasÐa gia to sqediasmì bèltisthc strath-
gikăc diaqeÐrishc enìc udĹtinou pìrou eÐnai h anĹgkh na oristeÐ h fèrousa
ikanìthta tou wc sunĹrthsh tou apojèmatoc rÔpanshc pou ton epibarÔnei. H
idèa thc fèrousac ikanothtac ă epipèdou koresmoÔ proèrqetai apì touc klĹ-
douc thc biologÐac kai thc oikologÐac. OrÐzetai wc o mègistoc arijmìc atìmwn
pou ènac fusikìc pìroc mporeÐ na sunthrăsei ep?apeiron, qwrÐc epizămiec su-
nèpeiec sto oikosÔsthma tou kai exartĹtai apì thn biologikă domă tou p.q
afjonÐa se plagktìn, paroqă katafugÐwn kai Ĺlla. Dedomènou ìti oi rupa-
ntèc aleiÿnoun thn poiìthta enìc biìtopou, eÐnai katanohtì pwc h fèrousa
ikanìthta exartĹtai Ĺmesa apì to apìjema rÔpanshc pou susswreÔetai sto
pìro.

Sthn ergasÐa aută meletĹtai to prìblhma bèltisthc diaqeÐrishc enìc tìpou
alieÐac ìtan h rÔpansh ephreĹzei thn exèlixh tou biooikonomikoÔ montèlou.
Sugkekrimèna, jewreÐtai ìti to apìjema rÔpanshc meiÿnei to epÐpedo koresmoÔ
tou pìrou kai h ekpompă rÔpwn ston iqjuìtopo prosfèrei ofèlh pou auxĹnoun
to kajarì pleìnasma apo thn ekmetĹlleush tou.

Sto prÿto kefĹlaio montelopoieÐtai h dunamikă tou oikosustămatoc kai
eisĹgetai h ènnoia tou koinwnikoÔ sqediastă pou stoqeÔei sth bèltisth dia-
qeÐrish tou.

Sto deÔtero kefĹlaio meletĹtai to montèlo ìtan o rujmìc ekpompăc rÔpwn
jewreÐtai dedomènoc, opìte dra parametrikĹ sto prìblhma.

Sto trÐto kefĹlaio o rujmìc ekpompăc eÐnai elègximoc. To prìblhma bèl-
tistou elègqou odhgeÐ sth melèth enìc idiìmorfa diataragmènou autìnomou
sustămatoc sunăjwn diaforikÿn exisÿsewn [6],[10],[8]. DeÐqnetai ìti upì o-
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rismènec proôpojèseic to sÔsthma autì èqei toulĹqiston èna stajerì shmeÐo.
ProteÐnetai politikă diaqeÐrishc ÿste h lÔsh tou sustămatoc na proseggÐzei
to shmeÐo autì.
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KefĹlaio 2

H montelopoÐhsh enìc tìpou
alieÐac

Jewrÿ èna iqjuìtopo poÔ filoxeneÐ kĹpoio plhjusmì iqjÔwn, me biomĹza pou
dÐnetai apì thn suneqă kai paragwgÐsimh sunĹrthsh x(t) kai akoloujeÐ to
logistikì montèlo exèlixhc1 [3],[9]:

ẋ = rx
(
1− x

K

)
= F (x). (2.1)

H r > 0 eÐnai mia stajerĹ pou onomĹzetai ousiastikìc rujmìc anĹptuxhc.
H K > 0 eÐnai mia stajerĹ pou onomĹzetai fèrousa ikanìthta ă epÐpedo
koresmoÔ tou pìrou. ApoteleÐ èna Ĺnw frĹgma gia tic timèc thc biomĹzac twn
iqjÔwn kai isqÔei: limt→∞x(t) = K, an x(0) > 0 ([3] par.1.1).

’Estw ìti ston pìro ekpèmpontai rÔpoi me rujmì e(t), ìpou h e(t) eÐ-
nai suneqăc kai paragwgÐsimh sunĹrthsh. An h P (t) eÐnai mia suneqăc kai
paragwgÐsimh sunĹrthsh pou dÐnei to apìjema thc rÔpanshc, tìte o rujmìc
sussÿreushc tou eÐnai:

Ṗ = e−mP

ìpou h m > 0 eÐnai stajerĹ pou ekfrĹzei thn epÐ toic ekatì dunatìthta
autokajarismoÔ tou peribĹllontoc.

Upojètw ìti to epÐpedo koresmoÔ ephreĹzetai apì to apìjema rÔpan-
shc ston pìro, dhladă K = K(P ) suneqăc dic -paragwgÐsimh me KP <
0, KPP < 0,∀P . Gia kĹje timă tou P h sunĹrthsh F (x,K(P )) = F (x, P )

eÐnai gnhsÐwc aÔxousa sto diĹsthma [0, K(P )
2

] kai gnhsÐwc fjÐnousa sto diĹ-

sthma [K(P )
2

, K(P )], parousiĹzei sto shmeÐo xmax = K(P )
2

olikì mègisto, to

F (K(P )
2

, P ) = rK(P )
4

kai eÐnai koÐlh sto [0, K(P )].

1το t αγνοείται για απlούστευση των συµβοlισµών
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Upojètw epiplèon ìti o plhjusmìc pou perigrĹfei h logistikă exÐswsh
eÐnai antikeÐmeno alieÐac me rujmì h(t), ìpou h h(t) eÐnai mia suneqă kai para-
gwgÐsimh sunĹrthsh. H exÐswsh pou perigrĹfei thn exèlixh thc biomĹzac twn
iqjÔwn gÐnetai:

ẋ = rx
(
1− x

K(P )

)
−h = F (x, P )− h

ParousiĹzw ton koinwnikì sqediastă pou skopeÔei sth megistopoÐhsh tou
kajaroÔ pleonĹsmatoc apì thn ekmetĹlleush tou tìpou alieÐac. An o rujmìc
ekpompăc rÔpwn eÐnai prokajorismènoc to kajarì pleìnasma apì thn alieÐa
orÐzetai wc:

u(h)− c(x)h

ìpou h u(h) eÐnai h sunĹrthsh qrhsimìthtac apì thn katanĹlwsh tou alieÔ-
matoc, kai èqei tic idiìthtec:
u(h) suneqăc treic forèc paragwgÐsimh, uh > 0, uhh < 0 ∀h,
limh→0uh(h) = +∞,
c(x) h sunĹrthsh kìstouc thc diadikasÐac thc alieÐac anĹ monĹda h, h opoÐa
exartĹtai apì to epÐpedo thc biomĹzac ston pìro kai èqei tic idiìthtec:

c(x) suneqăc dic -paragwgÐsimh,cx < 0, cxx > 0,
(
xc(x)

)
x
≤ 0, ∀x. ([3], kef.5)

To prìblhma megistopoÐhshc pou antimetwpÐzei o koinwnikìc sqediastăc eÐnai:

max{h(t)}

∫ ∞

0

e−δt(u(h)− c(x)h)dt

ìpou,

ẋ = F (x, P )− h

Ṗ = e−mP

me δ > 0 na eÐnai o suntelestăc proexìflhshc tou pleonĹsmatoc.

An o rujmìc ekpompăc rÔpwn eÐnai elègximoc, o koinwnikìc sqediastăc
upologÐzei to kajarì pleìnasma:

u(h)− c(x)h + B(e)

ìpou h B(e) eÐnai fragmènh suneqăc, treÐc forèc paragwgÐsimh sunĹrthsh
pou ekfrĹzei ta ofèlh apì thn ekpompă rÔpwn kai èqei tic idiìthtec: Be >
0, Bee < 0.
To prìblhma megistopoÐhshc gÐnetai:

max{h(t), e(t)}

∫ ∞

0

e−δt(u(h)− c(x)h + B(e))dt
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ìpou,

ẋ = F (x, P )− h

εṖ = e−mP

To ε > 0 eÐnai mia arketĹ mikră jetikă parĹmetroc. H emfĹnish thc upo-
dhlÿnei thn Ôparxh grăgorwn kai argÿn diadikasiÿn sto oikosÔsthma. H
mìlunsh eÐnai grăgorh metablhtă, kineÐtai me megĹlh taqÔthta kai Ĺra pro-
sarmìzetai grăgora stic allagèc. AntÐjeta h biomĹza tou alieÔmatoc eÐnai
argă metablhtă.
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KefĹlaio 3

H sumperiforĹ tou sustămatoc
ìtan o rujmìc ekpompăc rÔpwn
eÐnai dedomènoc

3.1 To oikosÔsthma tou iqjuìtopou

Jewrÿ arqikĹ thn ekpompă rÔpwn proepilegmènh e(t) = ē(t) gia parĹdeigma
tètoia ÿste B(ē) = maxe(t){B(e)}.

O rujmìc metabolăc thc biomĹzac dÐnetai apì thn sqèsh:

ẋ = rx(1− x

K(P )
)

kai tou apojèmatoc rÔpanshc apì thn sqèsh:

Ṗ = ē−mP

To sÔsthma isorropeÐ ìtan ẋ = Ṗ = 0:

{
rx(1− x

K(P )
) = 0

ē−mP = 0

x6=0
=⇒

{
x = K(P )
P = ē

m

An K( ē
m

) > 0, upĹrqei shmeÐo isorropÐac tou sustămatoc (sqăma 1):

(x∗, P ∗) =
(
K(

ē

m
),

ē

m

)
(3.1)
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H eustĹjeia tou shmeÐou isorropÐac

O Iakwbianìc pÐnakac tou sustămatoc sto shmeÐo isorropÐac (3.1) eÐnai:

J =

[ ∂ẋ
∂x

∂ẋ
∂P

∂Ṗ
∂x

∂Ṗ
∂P

] ∣∣∣∣ x=x∗
P=P ∗

=

[−r rKP ( ē
m

)
0 −m

]

trJ = −(r + m) < 0, |J | = rm > 0
To qarakthristikì poluÿnumo R2 − trJR + |J | = 0 èqei duo arnhtikèc

pragmatikèc rÐzec R1 = −m,R2 = −r. An R1 6= R2 =⇒ r 6= m to shmeÐo
isorropÐac eÐnai eustajăc genikeumènoc kìmboc (improper stable node). An
R1 = R2 =⇒ r = m to shmeÐo isorropÐac eÐnai eustajăc gnăsioc kìmboc
(proper stable node) ([15],kef.7 par.4.2).

H epirroă thc rÔpanshc sthn biologikă isorropÐa

IsqÔei:

P ∗(ē) =
ē

m
=⇒ dP

dē
=

1

m
> 0

x∗ = K(P ∗(ē)) =⇒ dx∗

dP ∗
dP ∗

dē
=

KP

m
< 0,

.
An auxhjeÐ o rujmìc ekpompăc rÔpwn h biologikă isorropÐa apokajÐsta-

tai se qamhlìterh timă gia thn biomĹza kai uyhlìterh timă gia apojèmatoc
rÔpanshc (sqăma 2).

3.2 H epirroă thc alieÐac

Gia na meletăsw tic sunèpeiec tic alieutikăc diadikasÐac sto pìro, jewrÿ to
prìblhma bèltistou elègqou:

max{h(t)}

∫ ∞

0

e−δt[u(h)− c(x)h]dt

ìpou

ẋ = F (x, P )− h (3.2)

Ṗ = ē−mP (3.3)

me F (x, P ) = rx(1− x
K(P )

)

H Qamiltoniană sunĹrthsh tou problămatoc eÐnai:

H(x, h, P, q) = u(h)− c(x)h + q(F (x, P )− h)
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kai oi sunjăkec beltistopoÐhshc thc eÐnai:

∂H
∂h

= 0 =⇒ uh − c(x) = q (3.4)

q̇ = δq − ∂H
∂x

=⇒ q̇ = (δ − Fx(x, P ))q + cxh (3.5)

Apì thn (3.4) paragwgÐzontac wc proc t èqw: uhhḣ − cxẋ = q̇ apfl ìpou me
qrăsh twn (3.5),(3.4),(3.3),(3.2) prokÔptei:

ḣ =
1

uhh

{
(δ − Fx)(uh − c(x)) + cxF (x, P )

}
(3.6)

To tropopoihmèno Qamiltonianì autìnomo dunamikì sÔsthma tou problă-
matoc gÐnetai:





ḣ = 1
uhh

{
(δ − Fx)(uh − c(x)) + cxF (x, P )

}

ẋ = F (x, P ))− h
Ṗ = e−mP

(3.7)

To sÔsthma isorropeÐ ìtan ẋ = ḣ = Ṗ = 0. H teleutaÐa exÐswsh dÐnei:
P̄ := ē

m
.

Prìtash 3.2.1 An upĹrqei isorropÐa (x∗, h∗, P̄ ) me h∗ > 0, tìte x∗ > xδ

ìpou xδ = r−δ
2r

K(P̄ ).

Apìdeixh
An to (x∗, h∗, P̄ ) eÐnai shmeÐo isorropÐac tou (3.7) isqueÐ ìti

1
uhh(h∗)

{
(δ − Fx(x

∗, P̄ ))(uh(h
∗) − c(x∗)) + cx(x

∗)F (x∗, P̄ )
}

= 0. EÐnai profa-

nèc ìti uh(h
∗) − c(x∗) 6= 0. H (3.6) grĹfetai: Fx(x

∗, P̄ ) − cx(x∗)F (x∗,P̄ )
p(h∗)−c(x∗) = δ,

ìpou p(h) = uh(h) h sunĹrthsh zăthshc. Gia thn timă xδ thc biomĹzac isqÔei
Fx(xδ, P̄ ) = δ.
¦ 1h perÐptwsh: An p− c(x∗) > 0 tìte cx(x∗)F (x∗,P̄ )

p(h∗)−c(x∗) < 0, opìte Fx(x
∗, P̄ ) < δ

ă Fx(x
∗, P̄ ) < Fx(xδ, P̄ ). Lìgw thc kurtìthtac thc F (x, P ) wc proc x,

(Fxx < 0) èqw x∗ > xδ.
¦ 2h perÐptwsh: An p− c(x∗) < 0 opìte x∗ < xδ, afoÔ h parĹstash p− c(x∗)
ekfrĹzei ta kèrdh thc epiqeÐrhshc anĹ monĹda h, h bèltisth antÐdrash thc
sthn prooptikă twn arnhtikÿn kerdÿn eÐnai h∗ = 0 wsìtou to stock na epa-
nèljei se tètoio epÐpedo ÿste p− c(x) > 0. 2
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Prìtash 3.2.2 An to d eÐnai arketĹ mikrì, upĹrqei monadikì shmeÐo isor-

ropÐac (x∗, h∗) tou sustămatos(3.7) me x∗ ∈
(

K(P̄ )
2

, K(P̄ )
)
, to opoÐo eÐnai

sagmatikì. Epiplèon an upĹrqei shmeÐo isorropÐac sto diĹsthma
(
xδ,

K(P̄ )
2

)
,

autì eÐnai sagmatikì ă astajèc. TelikĹ, to sÔsthma (3.7) èqei perittoÔ plă-

jouc shmeÐa isorropÐac sto diĹsthma
(
xδ, K(P̄ )

)
.

Apìdeixh
Sthn isorropÐa to sÔsthma (3.7) gÐnetai:

{
0 = (δ − Fx)(uh − c(x)) + cxh
h = F (x, P̄ )

apflìpou prokÔptei ìti:

=⇒
(

δ − r + 2r
x

K(P̄ )

)(
uh(F (x, P̄ ))− c(x)

)
+cxF (x, P̄ ) = 0

OrÐzw

f(x) =

(
δ − r + 2r

x

K(P̄ )

)(
uh(F (x, P̄ ))− c(x)

)
+cxF (x, P̄ ), f ∈ C2

Ta shmeÐa isorropÐac tou sustămatoc (3.7) eÐnai oi rÐzec thc f(x).

df

dx
=

2r

K(P̄ )
(uh(F (x, P̄ ))− c(x)) + (δ − r + 2r

x

K(P̄ )
)(uhh

∂F

∂x
− cx) +

+ cxxF + cx
∂F

∂x

An ∂F
∂x

< 0 =⇒ x ∈
(

K(P̄ )
2

, K(P̄ )
)

tìte df
dx

> 0 kai

¦ gia x = K(P̄ ), f(k(P̄ )) = (δ + r)(uh(0)− c(K(P̄ )) > 0

¦ gia x = K(P̄ )
2

, f(K(P̄ )
2

) = δ
(
uh(

rK(P̄ )
4

)− c(K(P̄ )
2

)
)
+cx

rK(P̄ )
4

< 0 an to d eÐnai

arketĹ mikrì.

’Ara sto diĹsthma
(

K(P̄ )
2

, K(P̄ )
)

upĹrqei monadikì shmeÐo isorropÐac tou su-

stămatoc. Epiplèon f(xδ) = cxF (xδ, P̄ ) < 0 opìte upĹrqoun perittoÔ plă-

jouc shmeÐa isorropÐac sto diĹsthma
(
xδ, K(P̄ )

)
. Oi pijanèc morfèc thc

kampÔlhc f(x) sthn perÐptwsh enìc ă triÿn shmeÐwn isorropÐac apeikonÐzo-
ntai sto (sqăma 3).

’Oson aforĹ thn eustĹjeia twn shmeÐwn isorropÐac tou sustămatoc, èqw:
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Sto shmeÐo M1 to x∗1 ∈
(

K(P̄ )
2

, K(P̄ )
)

opìte Fx(x
∗
1, P̄ ) < 0. O Iakwbianìc

pÐnakac tou sustămatoc (3.7) sto M1(x
∗
1, h

∗
1) eÐnai:

J =

[
Fx −1

1
uhh

(−Fxx(uh − c(x))− (δ − Fx)cx + cxxF ) δ − Fx + cx

uhh

]

kai isqÔei:

|J | = Fx

(
δ − Fx +

cx

uhh

)
+

1

uhh

(−Fxx(uh − c(x))− (δ − Fx)cx + cxxF ) < 0

trJ = δ +
cx

uhh

> 0

To shmeÐo isorropÐac eÐnai sagmatikì.
Sto shmeÐo isorropÐac M2(x

∗
2, h

∗
2), me katĹllhlh epilogă ε > 0 èqoume:

An x = x∗2 + ε tìte f(x) < 0 ìpote 1
uhh

f(x) > 0 dhladă ẋ > 0

An x = x∗2 − ε tìte f(x) > 0 opìte 1
uhh

f(x) < 0 dhladă ẋ < 0
To shmeÐo isorropÐac M2 eÐnai astajèc, afoÔ oi troqièc apomakrÔnontai apì
autì.

Sto shmeÐo M3 xanĹ, me katĹllhlh epilogă ε > 0 èqoume: An x = x∗2 + ε

tìte ẋ < 0 kai an x = x∗2 + ε tìte ẋ > 0. Epiprìsjeta to trJ
∣∣∣
(x∗3,h∗3)

> 0,

opìte upĹrqei toulĹqiston mÐa jetikă idiotimă. ’Ara to M3 eÐnai sagmatikì
shmeÐo isorropÐac. 2

’EÐnai eÔlogo na parathrăsoume ìti h alieutikă ekmetĹlleush èqei wc a-
potèlesma thn meÐwsh thc biomĹzac tou alieÔmatoc ston pìro. PrĹgmati, enÿ
sto montèlo pou perigrĹfetai sth parĹgrafo 3.1 h biomĹza isorropeÐ sto
epÐpedo x∗ = K( ē

m
), an epitrapeÐ h alieÐa to bèltisto epÐpedo meiÿnetai se

timă mikrìterh tou K( ē
m

).

H epirroă thc periballontikăc rÔpanshc sto montèlo

EÐnai profanèc pwc an auxhjeÐ o rujmìc ekpompăc rÔpwn e(t), auxĹnetai kai to
apìjema rÔpanshc ston pìro afoÔ P̄e(e) = 1

m
> 0.Gia kĹje timă tou P , oi rÐ-

zec thc sunĹrthshc f(x, P ) = (δ−r+2r x
K(P )

)(uh(F (x, P ))−c(x))+cxF (x, P ),
eÐnai ta shmeÐa isorropÐac tou problămatoc. Endeqìmenh metabolă thc para-
mètrou P ephreĹzei thn sunĹrthsh aută:

∂f

∂P
= −2rx

KP

K2(P )
(uh − c(x)) + (δ − r + 2r

x

K(P )
)uhh

∂h

∂P
+ cx

∂h

∂P

ìpou ∂h
∂P

= ∂F (x,P )
∂P

= rx2 KP

K(P )
< 0. IsqÔei ∂f

∂P
> 0 gia kĹje x ∈ [xδ, K(P )],

opìte aÔxhsh tou apojèmatoc thc rÔpanshc èqei wc apotèlesma thn metaforĹ

15



thc kampÔlhc f(x, P ) proc ta pĹnw (∀x, an P1 < P2, f(x, P1) < f(x, P2))
kai thn parousÐa diakladÿsewn twn isorropiÿn. Ac upojèsw ìti gia arketĹ
mikrì P1 h kampÔlh brÐsketai sthn jèsh 1 (Sqăma4). Gia megalÔterh timă
tou P parousiĹzontai pollaplèc isorropÐec M1,M2,M3 me thn M2 na eÐnai
astajăc, thn M1 sagmatiko shmeÐo kai thn M3 sagmatikì shmeÐo pou upo-
dhlÿnei uperalieÐa (overfishing) ([3],kef.2) (Sqăma4,jèsh2). H isorropÐa M3

apokajÐstatai se qamhlì epÐpedo biomĹzac kai sqetikĹ uyhlì rujmì alieÐac,
epifèrontac aÔxhsh sthn timă twn iqjÔwn kai meÐwsh tou pleonĹsmatoc tou
katanalwtă.

Peraitèrw aÔxhsh tou P pijanÿc na èqei shmantikă epÐptwsh sthn exèli-
xh tou fusikoÔ pìrou. An upĹrqei arketĹ megĹlh timă P3 ÿste f(K(P3)

2
) =

δ(uh(
rK(P3)

4
) − c(K(P3)

2
)) + cx

rK(P3)
4

> 0 to sÔsthma den parousiĹzei isorro-

pÐa sto (K(P3)
2

, K(P3)) kai monadikă isorropÐa eÐnai h katĹstash uperalieÐac
(Sqăma4,jèsh3).

EÐnai shmantikì na parathrăsoume ìti kai stic treic jèseic tou sqămatoc
4 o rujmìc alieÐac mporeÐ na eÐnai o Ðdioc. Parìti o rujmìc autìc jewreÐtai
fusiologikìc sth jèsh 1, fèrei ton pìro se katĹstash uperalieÐac sth jèsh
3, lìgw tou uyhloÔ apojèmatoc rÔpanshc.
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KefĹlaio 4

H sumperiforĹ tou sustămatoc
ìtan o rujmìc ekpompăc rÔpwn
eÐnai elègximoc

4.1 To arqikì prìblhma

Jewrÿ to prìblhma bèltistou elègqou:

max{e(t),h(t)}

∫ ∞

0

e−rt
(
u(h)− c(x)h + B(e)

)
dt (4.1)

ìpou
ẋ = F (x, P )− h

εṖ = e−mP

SÔmfwna me to ParĹrthma 1, h Qamiltoniană tou problămatoc eÐnai:

H(x, P, h, e, q, λ) = u(h)− c(x)h + B(e) + q
(
F (x, P )− h

)
+λ(e−mP )

kai oi sunjăkec beltistopoÐhshc tou problămatoc eÐnai:

∂H
∂h

= 0 =⇒ uh − c(x) = q (4.2)

∂H
∂e

= 0 =⇒ Be = −λ (4.3)

q̇ = δq − ∂H
∂x

= 0 =⇒ q̇ = (δ − Fx)q + cxh (4.4)
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ελ̇ = δλ− ∂H
∂P

=⇒ ελ̇ = (δ + m)λ− qFP (4.5)

Apì tic (4.2),(4.3),(4.4),(4.5), èqoume:

ḣ =
1

uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)

εė =
1

Bee

(
(δ + m)Be + (uh − c(x))FP

)

’Etsi, to tropopoihmèno Qamiltonianì dunamikì sÔsthma (MHDS) tou pro-
blămatoc gÐnetai:

ḣ =
1

uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)
(4.6)

εė =
1

Bee

(
(δ + m)Be + (uh − c(x))FP

)
(4.7)

ẋ = F (x, P )− h (4.8)

εṖ = e−mP (4.9)

ìpou
x = x(t, ε), h = h(t, ε), e = e(t, ε), P = P (t, ε)

Paratărhsh 4.1.1 An upĹrqei shmeÐo isorropÐac (x∗, h∗, e∗, P ∗) tou para-
pĹnw sustămatoc prèpei:

λ∗ < 0, q∗ > 0, δ − Fx(x
∗, P ∗) > 0, uh(h

∗)− c(x∗) > 0

Apìdeixh
Apì thn (4.3) èqw ìti λ∗ = −Be(e

∗) < 0. Apì thn (4.5) kai epeidă FP < 0, gia
na mhdenÐzetai h posìthta λ̇, prèpei q∗ > 0. ’Etsi, h posìthta uh(h

∗)−c(x∗) =
q∗ eÐnai jetikă. TelikĹ, apì thn exÐswsh (4.6) sumperaÐnw ìti δ−Fx(x

∗, P ∗) >
0.2

To MHDS (4.6)-(4.9) parousiĹzei idiìmorfh diataraqă lìgw thc emfĹni-
shc thc mikrăc jetikăc paramètrou ε stic exisÿseic (4.7) kai (4.9). Ta x, h
onomĹzontai argèc metablătec tou problămatoc kai ta e, P grăgorec metablă-
tec. O diaqwrismìc autìc ègkeitai sto gegonìc ìti:

|(ẋ, ḣ)| << |(ė, Ṗ )|
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H dunamikă enìc tètoiou sustămatoc perigrĹfetai me thc boăjeia tou argoÔ
(reduced ă slow) problămatoc kai tou grăgorou (reduced boundary layer ă
fast) problămatoc pou orÐzontai parakĹtw.

4.2 To argì prìblhma

An ε = 0 to MHDS gÐnetai:




ẋ = F (x, P )− h := f(x, h, e, P )

ḣ = 1
uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)
:= g(x, h, e, P )

0 = 1
Bee

(
(δ + m)Be + (uh − c(x))FP

)
:= φ(x, h, e, P )

0 = e−mP := w(x, h, e, P )

(4.10)

Oi dÔo teleutaÐec exisÿseic tou(4.10) eÐnai algebrikèc wc proc ta x, h, P, e.
’Etsi èqw:

0 = e−mP =⇒ P =
e

m
(4.11)

An antikatastăsw thn (4.11) sthn exÐswsh φ(x, h, e, P ) = 0 èqw φ(x, h, e) =
(δ + m)Be + (uh − c(x))FP (x, e

m
) = 0 kai

∂φ

∂e
= (m + δ)Bee + (uh − c(x))Fpp

1

m
< 0,

gia kĹje timă twn x, h, e. Apì Jeÿrhma Peplegmènwn Sunartăsewn
([5],par.C.6), h φ(x, h, e) eÐnai epilÔsimh wc proc (x, h) kai èstw

e = e(x, h) (4.12)

h lÔsh thc. Lìgw thc (4.11) èqoume P = e(x,h)
m

ă

P = P (x, h) (4.13)

Epiplèon e(x, h), P (x, h) ∈ C1,1 kai eÐnai monìtonec sunartăseic. Sugkekrimè-
na, an paragwgÐsw thn exÐswsh

(δ + m)Be(e(x, h)) + (uh(h) + c(x))FP (x,
e(x, h)

m
) = 0

wc proc x prokÔptei ìti

(m + δ)Bee
∂e

∂x
− cxFP + (uh − c(x))FPP

∂e

∂x

1

m
+ (uh − c(x))FPx = 0
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EpilÔontac wc proc ∂e
∂x

èqw:

∂e

∂x
= − −cxFP + (uh − c(x))FPx

(δ + m)Bee + (uh − c(x))FPP
1
m

< 0

kontĹ sto shmeÐo isorropÐac an (xc(x))x < 0 kajÿc o arijmhtăc gÐnetai:

−cxFP + (uh − c(x))FPx = [−cxx + 2(uh − c(x))]rx
KP

K2(P )
=

[−(xc(x))x + uh + (uh − c(x))]rx
KP

K2(P )
< 0.

Gia thn P (x, h), ∂P
∂x

= ∂e
∂x

1
m

< 0. OmoÐwc,

∂e

∂h
= − uhhFP

(δ + m)Bee + (uh − c(x))FPP
1
m

> 0

kai ∂P
∂h

= ∂e
∂h

1
m

< 0
H antikatĹstash twn e(x, h), P (x, h) stic duo prÿtec exisÿseic tou (4.10)
dÐnei to 2× 2 sÔsthma sunăjwn diaforikÿn exisÿsewn:{

ẋ = F (x, P (x, P (x, h))− h

ḣ = 1
uhh

[
(δ − Fx)(uh − c(x)) + cxF (x, P (x, h))

] (4.14)

Prìtash 4.2.1 An upĹrqei isorropÐa tou sustămatoc (4.14), tìte to antÐ-
stoiqo shmeÐo isorropÐac eÐnai astajèc ă sagmatikì shmeÐo.

Apìdeixh
O Iakwbianìc pÐnakac tou problămatoc eÐnai:

J =

[
Fx + FP

∂P
∂x

FP
∂P
∂h
− 1

∂ḣ
∂x

∂ḣ
∂h

]
(4.15)

ìpou

∂ḣ

∂x
=

1

uhh

(
(−Fxx − FxP

∂P

∂x
)(uh − c(x))− (δ − Fx)cx + cxxF + cxFx + cxFP

∂P

∂x

)

∂ḣ

∂h
= δ − Fx − 1

uhh

FxP
∂P

∂h
(uh − c(x)) +

1

uhh

cxFP
∂P

∂h
kai

trJ = FP
∂P

∂x
+ δ − 1

uhh

FxP
∂P

∂h
(uh − c(x)) +

1

uhh

cxFP
∂P

∂h
=

= δ − FP

m

(
(uh − c(x))FPx

(m + δ)Bee + (uh − c(x))FPP
1
m

)
+

+
1

m
FxP (uh − c(x))

(
FP

(m + δ)Bee + (uh − c(x))FPP
1
m

)
=

= δ > 0
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dhladă oi idiotimèc λ1, λ2 tou qarakthristikoÔ poluwnÔmou tou J èqoun je-
tikì Ĺjroisma.

¦1h perÐptwsh: An λ1, λ2 ∈ C tìte Re
(
λi(t)

)
> 0, i = 1, 2. To shmeÐo isor-

ropÐac eÐnai astajăc estÐa (unstable focus).
¦2h perÐptwsh: An λ1, λ2 ∈ R kai λ1λ2 > 0 tìte λi > 0, i = 1, 2. To sh-
meÐo isorropÐac eÐnai genikeumènoc astajăc komboc (unstable proper node) an
λ1 6= λ2 ă gnăsioc astajăc kìmboc (unstable proper node) an λ1 = λ2.
¦3h perÐptwsh: An λ1, λ2 ∈ R kai λ1λ2 < 0 to shmeÐo isorropÐac eÐnai sagma-
tikì shmeÐo (saddle point).
¦4h perÐptwsh: An λ1 = 0 kai λ2 = δ, ta shmeÐa isorropÐac anăkoun se
kampÔlh tou epipèdou fĹshc kai oi troqièc apokleÐnoun apì ta shmeÐa autĹ.
([15],kef.7,par.4.2 ,[1],par.10.1.5).2

Upìjesh 4.2.1 To prìblhma ìti (4.14) èqei shmeÐo isorropÐac sagmatikoÔ
tÔpou (x̄0, h̄0). Tìte upĹrqei troqiĹ G(x̃(t), h̃(t)) me arqikèc timèc se geitonÐa
tou (x̄0, h̄0) tètoia ÿste

(x̃(t), h̃(t))
t→∞−→ (x̄0, h̄0).

Lìgw sunèqeiac twn sunartăsewn e(x, h), P (x, h) isqÔei:

ẽ(t) := e
(
x̃(t), h̃(t)

)
t→∞−→ e(x̄0, h̄0)

P̃ (t) := P
(
x̃(t), h̃(t)

)
t→∞−→ P (x̄0, h̄0)

4.3 H exwterikă lÔsh tou problămatoc

Jewrÿ to exwterikì prìblhma :




ẋ = F (x, P )− h, x(0, ε) = x∗(ε)

ḣ = 1
uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)
, h(0, ε) = h∗(ε)

εė = 1
Bee

(
(δ + m)Be + (uh − c(x))FP

)
,

εṖ = e−mP,

(4.16)

me arqikèc sunjăkec x(0, ε) = x∗(ε), h(0, ε) = h∗(ε) gia tic argèc metablă-
tec, ìpou x∗(ε), h∗(ε) ∈ C∞. Oi sunjăkec autèc ja epilegoÔn katallălwc
argìtera. IsqÔei to parakĹtw lămma:
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Lămma 4.3.1 ’Estw ìti isqÔei h upìjesh 4.2.1. Tìte upĹrqoun arqikèc timèc
(x0, h0) ÿste to sÔsthma (4.14) na èqei lÔsh (x̄(t), h̄(t)), suneqăc se diĹsthma
[0, T ], gia thn opoÐa na isqÔei to parakĹtw:
UpĹrqoun ε′0, ρ0 > 0 tètoia ÿste gia kĹje x∗(ε), h∗(ε) ∈ C∞(R+

0 ),0 ≤ ε ≤ ε′0
me |(x∗(ε), h∗(ε))− (x0, h0)| < ρ0, to exwterikì prìblhma èqei lÔsh

(
x∗(t, ε), h∗(t, ε), e∗(t, ε), P ∗(t, ε)

)

(exwterikă lÔsh) orismènh sto [0, T ]× (0, ε′0), gia thn opoÐa isqueÐ:

x∗(t, ε) = x̄(t) +O(ε)

h∗(t, ε) = h̄(t) +O(ε)

e∗(t, ε) = ē(t) +O(ε)

P ∗(t, ε) = P̄ (t) +O(ε)

gia kĹje t ∈ [0, T ], ε ∈ (0, ε′0], ìpou ē(t) = e(x̄(t), h̄(t)), P̄ (t) = P (x̄(t), h̄(t)).

Apìdeixh

O Iakwbianìc pÐnakac tou grăgorou uposustămatoc tou MHDS:
{

εė = φ(x, h, e, P )
εṖ = w(x, h, e, P )

tou sto shmeÐo
(
x̄0, h̄0, e(x̄0, h̄0), P (x̄0, h̄0)

)
eÐnai:

J =

[
δ + m 1

Bee
(uh − c(x̄0))FPP

−1 −m

]

trJ = δ > 0

|J | = −m(δ + m)− FPP

Bee

(uh − c(x̄0)) < 0

opìte èqei eterìshmec idiotimèc λi, i = 1, 2 me λ1 + λ2 = δ. ’Estw Ã(t) =(
x̃(t), h̃(t), ẽ(t), P̃ (t)

)
me x̃, h̃, ẽ, P̃ na eÐnai autĹ pou orÐzontai sthn upìjesh

4.2.1 kai Ā0(t) =
(
x̄0, h̄0, ē0, P̄0

)
. ’Eqoume:

|J |
∣∣∣
Ã(t)

=
∂ϕ

∂e

∂w

∂P
− ∂ϕ

∂P

∂w

∂e

∣∣∣
Ã(t)
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|J |
∣∣∣
Ā0

=
∂ϕ

∂e

∂w

∂P
− ∂ϕ

∂P

∂w

∂e

∣∣∣
Ā0

.

AfoÔ oi ∂ϕ
∂e

, ∂ϕ
∂P

, ∂w
∂e

∂w
∂P

eÐnai suneqeÐc, èqw:

|J |
∣∣∣
Ã(t)

t→∞−→ |J |
∣∣∣
Ā0

’Ara upĹrqei T0 ≥ 0 tètoio ÿste gia kĹje t ≥ T0 na isqÔei |J |
∣∣∣
Ã(t)

< 0, opìte

upĹrqei T0 ÿste oi idiìtimèc tou J
∣∣∣
Ã(t)

na èqoun eterìshma pragmatikĹ mèrh.

’Estw ìti h lÔsh Ā(t) = (x̄(t), h̄(t), ē(t), P̄ (t)) = Ã(t)
∣∣∣
[T0,T1]

tou (4.10) eÐnai

suneqăc sto diĹsthma [T0, T1]. Me thn katĹllhlh allagă metablhtăc gia to
qrìno, kai lìgw thc parakĹtw prìtashc (Lămma 4.1.1, [11]):
”An h X (t) eÐnai lÔsh autìnomou sustămatoc sunăjwn diaforikÿn exisÿsewn
me t ∈ (r1, r2), gia kĹpoia r1 < r2 ∈ R tìte h X (t + c) me t ∈ (r1 − c, r2 − c)
eÐnai epÐshc lÔsh tou gia kĹje c ∈ R”,
mporÿ na jewrăsw to parapĹnw diĹsthma sth morfă [0, T ], ’Etsi, to (4.10)
me arqikèc sunjăkec

x(0) = x̄(T0) := x0, h(0) = h̄(T0) := h0, (4.17)

e(0) = ē(T0) := e0, P (0) = P̄ (T0) := P0, (4.18)

èqei suneqă lÔsh Ā(t) sto [0, T ] kai oi idiìtimèc tou J
∣∣∣
Ā(t)

èqoun eterìshma

pragmatikĹ mèrh gia kĹje t ∈ [0, T ]. Gia thn lÔsh aută ikanopoioÔntai oi upo-
jèseic tou Lămmatoc 7.1.1 [Parartăma 2] apfl ìpou prokÔptei to zhtoÔmeno.2

4.4 To sÔsthma oriakoÔ strÿmatoc

’Estw ìti x∗(t, ε), h∗(t, ε), e∗(t, ε), P ∗(t, ε) eÐnai h exwterikă lÔsh tou problă-
matoc (4.16) gia kĹpoiec arqikèc timèc (x∗(ε), h∗(ε)) ÿste na ikanopoieÐtai to
Lămma 4.3.1. OrÐzw tic metablhtèc X = x− x∗, H = h− h∗, E = e− e∗,
Π = P − P ∗ ìpou (x, h, e, P ) eÐnai h lÔsh tou MHDS me arqikèc sunjăkec

x(0, ε) = x(ε), h(0, ε) = h(ε), P (0, ε) = P (ε), e(0, ε) = e(ε).

Tìte to MHDS gÐnetai:




∂X
∂t

= f̂(X, H,E, Π) , X(0, ε) = X̂(ε)
∂H
∂t

= ĝ(X, H,E, Π) , H(0, ε) = Ĥ(ε)

ε∂E
∂t

= φ̂(X,H, E, Π) , E(0, ε) = Ê(ε)

ε∂Π
∂t

= ŵ(X,H, E, Π) , Π(0, ε) = Π̂(ε)
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ìpou,

f̂(X, H,E, P ) = f(X + x∗, H + h∗, E + e∗, Π + P ∗)− f(x∗, h∗, e∗, P ∗)

ĝ(X, H,E, P ) = g(X + x∗, H + h∗, E + e∗, Π + P ∗)− g(x∗, h∗, e∗, P ∗)

φ̂(X, H,E, P ) = φ(X + x∗, H + h∗, E + e∗, Π + P ∗)− φ(x∗, h∗, e∗, P ∗)

ŵ(X, H,E, P ) = w(X + x∗, H + h∗, E + e∗, Π + P ∗)− w(x∗, h∗, e∗, P ∗)

kai

X̂(ε) = x(ε)− x∗(ε)

Ĥ(ε) = h(ε)− h∗(ε)

Ê(ε) = e(ε)− e∗(0, ε)

Π̂(ε) = P (ε)− P ∗(0, ε)

Jewrÿ th nèa qronikă metablhtă τ = t
ε
(grăgoroc qrìnoc) kai ja meletăsw

thn sumperiforĹ thc lÔshc tou MHDS ìtan ε → 0 (opìte τ →∞). Me thn
aută thn allagă metablhtăc, to sÔsthma paÐrnei thn morfă:





∂X
∂τ

= εf̂(X,H, E, Π) , X(0, ε) = X̂(ε)
∂H
∂τ

= εĝ(X,H, E, Π) , H(0, ε) = Ĥ(ε)
∂E
∂τ

= φ̂(X,H, E, Π) , E(0, ε) = Ê(ε)
∂Π
∂t

= ŵ(X, H, E, Π) , Π(0, ε) = Π̂(ε)

(4.19)

4.5 To grăgoro prìblhma

Gia ε = 0 to sÔsthma (4.19) gÐnetai:




∂X0

∂τ
= 0 , X0(0) = X̂(0)

∂H0

∂τ
= 0 , H0(0) = Ĥ(0)

∂E0

∂τ
= φ̂ , E0(0) = Ê(0)

∂Π0

∂τ
= ŵ , Π0(0) = Π̂(0)

(4.20)

Lămma 4.5.1 Gia kĹje mikrì ε > 0 upĹrqei monodiĹstath pollaplìthta =(ε)

ÿste to sÔsthma (4.19) na èqei monadikă lÔsh
(
X(t, ε), H(t, ε), E(t, ε), Π(t, ε)

)
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sto [0, T ] an
(
X̂(ε), Ĥ(ε), Ê(ε), Π̂(ε)

)
∈ =(ε). Epiplèon, upĹrqei monadikă

lÔsh tou sustămatoc (4.20) tètoia ÿste:

X(t, ε) = X0(τ) +O(ε)

H(t, ε) = H0(τ) +O(ε)

E(t, ε) = E0(τ) +O(ε)

Π(t, ε) = Π0(τ) +O(ε)

gia 0 ≤ t ≤ T kai ε → 0. TelikĹ upĹrqoun jetikèc stajerèc K1, δ1, ε
′′
0 ÿste:

∣∣∣
(
X(t, ε), H(t, ε)

)∣∣∣+
∣∣∣
(
E(t, ε), Π(t, ε)

)∣∣∣≤ K1 exp{−δ1
t

ε
}

gia t ∈ [0, T ], 0 < ε ≤ ε′′0.

[ParĹrthma 2, Lămma 7.1.2]

4.6 H lÔsh tou arqikoÔ problămatoc

Jewrÿ to MHDS me arqikèc sunjăkec

x(0, ε) = x(ε), h(0, ε) = h(ε), e(0, ε) = e(ε), P (0, ε) = P (ε)

ìpou oi x(ε), h(ε), e(ε), P (ε) eÐnai omalèc sunartăseic tou ε tètoiec ÿste
x(0) = x0, h(0) = h0 me x0, h0 ìpwc orÐzontai sto Lămma 4.3.1. OnomĹzw
to prìblhma autì arqikì prìblhma

Jeÿrhma 4.6.1 Gia kĹje mikrì ε > 0 upĹrqei monodiĹstath pollaplìthta
S(ε), ÿste to arqikì prìblhma na èqei monadikă lÔsh

(
x(t, ε), h(t, ε), e(t, ε), P (t, ε)

)

sto [0, T ] an (e(ε), P (ε)) ∈ S(ε). H lÔsh aută mporeÐ na grafeÐ sth morfă:

x(t, ε) = x∗(t, ε) + X(
t

ε
, ε)

h(t, ε) = h∗(t, ε) + H(
t

ε
, ε)

e(t, ε) = e∗(t, ε) + E(
t

ε
, ε)

P (t, ε) = P ∗(t, ε) + Π(
t

ε
, ε)
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gia kĹje t ∈ [0, T ] kai ε > 0 mikrì. H (x∗(t, ε), h∗(t, ε), e∗(t, ε), P ∗(t, ε))

onomĹzetai exwterikă lÔsh kai h
(
X( t

ε
), H( t

ε
), E( t

ε
), Π( t

ε
)
)

lÔsh fragmènou

strÿmatoc.
Gia thn exwterikă lÔsh isqÔei:

x∗(t, ε) = x̄(t) +O(ε)

h∗(t, ε) = h̄(t) +O(ε)

e∗(t, ε) = ē(t) +O(ε)

P ∗(t, ε) = P̄ (t) +O(ε)

omoiìmorfa gia 0 ≤ t ≤ T ìpou
(
x̄(t), h̄(t), ē(t), P̄ (t)

)
h lÔsh tou (4.10)

me arqikèc sunjăkec (x0, h0) = (x(0), h(0)) ìpwc autèc orÐzontai sto Lămma
4.3.1 .
Gia thn lÔsh oriakoÔ strÿmatoc isqÔei:

X(
t

ε
, ε) = X0(τ) +O(ε)

H(
t

ε
, ε) = H0(τ) +O(ε)

E(
t

ε
, ε) = E0(τ) +O(ε)

Π(
t

ε
, ε) = Π0(τ) +O(ε)

omoiìmorfa wc proc 0 ≤ t ≤ T gia ε → 0, ìpou (X0, H0, E0, Π0) h lÔsh tou
(4.20).
Tèloc, upĹrqoun jetikèc stajèrec K1, δ1, ε

′′
0 tètoia ÿste:

∣∣∣
(
X(τ, ε), H(τ, ε)

)∣∣∣+
∣∣∣
(
E(τ, ε), Π(τ, ε)

)∣∣∣≤

≤ K1

∣∣∣
(
(e(ε), P (ε)

)
−

(
e∗(0, ε), P ∗(0, ε)

)∣∣∣exp{−δ1τ}
gia 0 ≤ τ ≤ T

ε
, 0 ≤ ε ≤ ε′′0.

[ParĹrthma 2, Jeÿrhma 7.3.1]
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KefĹlaio 5

O sqediasmìc politikăc
diaqeÐrishc tou tìpou alieÐac

5.1 H Ôparxh stajeroÔ shmeÐou sto epÐpedo
fĹshc tou arqikoÔ problămatoc

H lÔsh tou problămatoc bèltistou elègqou ikanopoieÐ to MHDS:



ẋ = F (x, P )− h

ḣ = 1
uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)

εė = 1
Bee

(
(δ + m)Be + (uh − c(x))FP

)

εṖ = e−mP

(5.1)

Proc apofugăn pijanăc katastrofăc tou pìrou, prèpei h lÔsh na mhn parou-
siĹzei oriakèc apoklÐseic se apeÐro qrìno. O koinwnikìc sqedÐasthc, prokei-
mènou na exasfalÐsei aută thn kală sumperiforĹ, prèpei na epèmbei ÿste h
lÔsh na proseggÐsei th geitonÐa kĹpoiou krÐsimou shmeÐou tou diagrĹmmatoc
fĹsewn tou MHDS.

Prìtash 5.1.1 An to argì sÔsthma èqei krÐsimo shmeÐo isorropÐac (x0, h0),
tìte,gia kĹje ε > 0, to MHDS (5.1) èqei krÐsimo shmeÐo isorropÐac K =
(x0, h0, e0, P0), ìpou to (e0, P0) anăkei sto sÔnolo

SL =

{
(e, P ) : ∃(x, h) τ.ω F (x, P )−h = 0∧ 1

uhh

(
(δ−Fx)(uh−c(x))+cxF (x, P )

)
= 0.

}

Apìdeixh
Jewrÿ to algebrikì sÔsthma:{

1
Bee

(
(δ + m)Be + (uh − c(x))FP

)
= 0

e−mP = 0
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To sÔsthma autì eÐnai epilÔsimo wc proc e kai P gia kĹje (x, h). ’Estw
ìti e(x, h) kai P (x, h) eÐnai oi antÐstoiqec lÔseic tou1.
To argì prìblhma eÐnai:

{
ẋ = F (x, P )− h

ḣ = 1
uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)
.

’Estw ìti to (x0, h0) eÐnai krÐsimo shmeÐo tou argoÔ problămatoc kai
e(x0, h0), P (x0, h0) eÐnai oi antÐstoiqec timèc gia to rujmì ekpompăc rÔpwn kai
to apìjema rÔpanshc. To shmeÐo (e0, P0) = (e(x0, h0), P (x0, h0)) anăkei sto
sÔnolo SL, pou orÐzetai sth ekfÿnhsh.
Jewrÿ to prìblhma arqikÿn timÿn P.A.T:





ẋ = F (x, P )− h, x(0, ε) = x0

ḣ = 1
uhh

(
(δ − Fx)(uh − c(x)) + cxF (x, P )

)
, h(0, ε) = h0

εė = 1
Bee

(
(δ + m)Be + (uh − c(x))FP

)
, e(0, ε) = e0

εṖ = e−mP, P (0, ε) = P0

Profanÿc, gia kĹje ε > 0, to P.A.T èqei stajeră wc proc to qrìno lÔsh
(
x(t, ε), h(t, ε), e(t, ε), P (t, ε)

)
=

(
x0, h0, e0, P0

)
(5.2)

pou antistoiqeÐ se èna krÐsimo shmeÐo sto epÐpedo fĹshc tou MHDS. H
eustĹjeia tou shmeÐou autoÔ kajorÐzetai apì th melèth tou IakwbianoÔ pÐnaka
tou sustămatoc [ParĹrthma 3].2

5.2 Sqediasmìc politikăc

Oi metablhtèc katĹstashc enìc problămatoc beltÐstou elègqou èqoun su-
năjwc dedomènec arqikèc timèc. AntÐjeta, oi arqikèc timèc twn metablhtÿn
elègqou mporoÔn na prosdioristoÔn apì ton koinwnikì sqediastă.

’Estw ìti oi arqikèc timèc twn metablhtÿn katĹstashc pou dÐnontai ston
koinwnikì sqediastă eÐnai: x(0, ε) = a(ε) kai P (0, ε) = d(ε), ìpou oi sunar-
tăseic a(ε), d(ε) ∈ C1. Qrhsimopoiÿntac to anĹptugma Taylor, oi sunartăseic
autèc mporoÔn na grafoÔn:
a(ε) = a(0) +R1(ε), ìpou R1(ε) =

∫ ε

0
a′(y)(ε− y)dy,

d(ε) = d(0) +R2(ε), ìpou R2(ε) =
∫ ε

0
d′(y)(ε− y)dy.

1Με την βοήθεια των συναρτήσεων αυτών ο κοινωνικόc σχεδιαστήc µπορεί να υποlογίζει
το ρυθµό εκποµπήc ρύπων και το απόθεµα ρύπανσηc, ανάlογα µε τιc τιµέc τηc βιοµάζαc των
ιχθύων και του ρυθµού αlιείαc.
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Skopìc tou koinwnikoÔ sqediastă eÐnai na epilèxei katĹllhlec arqikèc
sunjăkec gia tic metablhtèc elègqou ÿste h lÔsh tou MHDS gia tic sunjă-
kec autèc na paramènei se gia kĹje qronikă stigmă se geitonÐa kĹpoiou shmeÐou
tou epipèdou fĹsewn.

To argì sÔsthma èqei sagmatiko shmeÐo isorropÐac (x̄0, h̄0). Autì shmaÐnei
ìti upĹrqei pollaplìthtaW1, (eustajăc pollaplìthta) sto diĹgramma fĹshc
tou sustămatoc ÿste an h arqikă timă a thc metablhtăc x(t, 0) 2 anăkei se
geitonÐa tou tou x̄0, na upĹrqei arqikă timă b gia thn metablăth h(t, 0), ÿste to
shmeÐo A := (a, b) ∈ W1. Arijmhtikèc mèjodoi gia ton upologismì thc eusta-
joÔc pollaplìthtac tou perigrĹfontai sto [2]. Epiplèon, an oi x(t, A), h(t, A)

eÐnai oi antÐstoiqec troqièc gia tic arqikèc timèc (a, b), tìte x(t, A)
t→∞−→ x̄0 kai

h(t, A)
t→∞−→ h̄0. Lìgw sÔneqeiac twn sunartăsewn e(x, h), P (x, h) isqÔei ìti

e(x(t, A), h(t, A))
t→∞−→ e(x̄0, h̄0) kai P (x(t, A), h(t, A))

t→∞−→ P (x̄0, h̄0).

Jètw sto arqikì prìblhma

X(τ, ε) = x(ετ, ε)− x∗(ετ, ε)

H(τ, ε) = h(ετ, ε)− h∗(ετ, ε)

E(τ, ε) = e(ετ, ε)− e∗(ετ, ε)

Π(τ, ε) = P (ετ, ε)− P ∗(ετ, ε)

ìpou
(
x(t, ε), h(t, ε), e(t, ε), P (t, ε)

)
eÐnai h lÔsh tou MHDS gia arqikèc ti-

mèc
(
a(ε), b(ε), c(ε), d(ε)

)
, ìpwc autèc ja epilègoun,(

x∗(t, ε), h∗(t, ε), e∗(t, ε), P ∗(t, ε)
)

eÐnai h lÔsh tou exwterikoÔ problămatoc

me arqikèc timèc (a(0) +R1, b +O(ε)|t=0) kai arketĹ mikrì ε > 0. Gia ε = 0

2Συµβοlίζω a την τιµή a(0)
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to sÔsthma oriakoÔ strÿmatoc gÐnetai:




∂X(τ,0)
∂τ

= 0,
∂H(τ,0)

∂τ
= 0,

∂E(τ,0)
∂τ

= 1

Bee

(
E(τ)+e(a,b))

)
(

(m + δ)Be

(
E + e(a, b)

)
+

+
(
uh(b)− c(a)

)
FP

(
a, Π(τ) + P (a, b)

))
−

− 1

Bee

(
e(a,b)

)
(

(m + δ)Be

(
e(a, b)

)
+

+
(
uh(b)− c(a)

)
FP

(
a, P (a, b)

))

∂Π(τ,0)
∂τ

= E −mΠ.

to opoÐo onomĹzetai grăgoro sÔsthma. Oi arqikèc timèc tou dÐnontai apì tic
sqèseic: E(0, 0) = e(0, 0)− e(a, b), Π(0, 0) = P (0, 0)− P (a, b) = d− P (a, b).
H timă e(0, 0) ja epilegeÐ apì ton koinwnikì sqediastă. To grăgoro sÔsthma
eqei monadikì shmeÐo isorropiĹc (E∗, Π∗) = (0, 0). To shmeÐo autì sagmatikì,
afoÔ o Iakwbianìc pÐnakac

J =

[
δ + m 1

Bee(e(a,b))
(uh(b)− c(a))FPP (a, P (a, b))

1 −m

]

tou sustămatoc èqei arnhtikă orÐzousa:

|J | = −m(m + δ)− 1

Bee(e(a, b))
(uh(b)− c(a))FPP (a, P (a, b)) < 0.

An W2 eÐnai h eustajăc pollaplìthta tou tìte an h arqikă timă d − P (a, b)
thc metablăthc Π(τ) anăkei se geitonÐa tou 0, upĹrqei arqikă timă c gia th

metablăth E(τ) ÿste to shmeÐo B =
(
d − P (a, b), c

)
∈ W2. An E(τ, B) kai

Π(τ, B) eÐnai oi antÐstoiqec troqièc gia tic arqikèc timèc
(
d−P (a, b), c

)
, tìte

isqÔei ìti E(τ, B)
τ→∞−→ 0 kai Π(τ, B)

τ→∞−→ 0.
An epilegoÔn oi arqikèc timèc h(0, ε) = b +O(ε)|t=0 kai

e(0, ε) = c+e(a, b)+O(ε)|t=0 gia tic metablhtèc elègqou, tìte apì to Jeÿrhma
4.6.1 h lÔsh tou arqikoÔ sustămatoc grĹfetai:

x(t, ε) = x(t, A) +O(ε)

h(t, ε) = h(t, A) +O(ε)

e(t, ε) = e(x(t, A), h(t, A)) + E(t/ε, B) +O(ε)

P (t, ε) = P (x(t, A), h(t, A)) + Π(t/ε, B) +O(ε).
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gia kĹje t ∈ [0, T ] gia kĹpoio T ∈ R+.H parapĹnw morfă gia th lÔsh isqÔei wc
thn qronikă stigmă T . Me katĹllhlec epembĹseic sth poreÐa tou sustămatoc
mporÿ na anagkĹsw th lÔsh na proseggÐsei to krÐsimo shmeÐo.

’Estw ìti to 0 < ε < 1 eÐnai arketĹ mikrì kai stajeropoihmèno. MetrĹw th
timă twn metablătwn katĹstashc x(T, ε), P (T, ε) thn qronikă stigmă T . Me
tic timèc autèc gia arqikèc timèc epanaprosdiorÐzw tic katĹllhlec arqikèc timèc
gia tic metablhtèc elègqou ÿste h lÔsh tou MHDS xanapĹrei thn parapĹnw
morfă. EpanalambĹnontac thn diadikasÐa aută anagkĹzw tou prosjetaÐouc na
akoloujoÔn thn eustajă pollaplìthta tou antÐstoiqou sustămatoc touc kai
thn lÔsh tou arqikoÔ problămatoc, gia kĹje arketĹ megĹlh qronikă stigmă,
na parameÐnei se kĹpoia geitoniĹ tou shmeÐou (x̄0, h̄0, e(x̄0, h̄0), P (x̄0, h̄0)).
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KefĹlaio 6

ParĹrthma 1

6.1 H arqă MegÐstou tou Pontryagin gia prì-
blhma me mia diataragmènh metablhtă ka-
tĹstashc

Jewrÿ to prìblhma bèltistou elègqou

max{u1(t),u2(t)}

∫ T

0

f(t, x1(t), x2(t), u1(t), u2(t))dt

ìpou

ẋ1 = g1(x1, x2, u1, u2) (6.1)

εẋ2 = g2(x1, x2, u1, u2) (6.2)

me f, g1, g2 ∈ C1, x1(0) = x0
1, x2(0) = x0

2. Oi metablhtèc u1, u2 onomĹzontai
sunartăseic elègqou (control) enÿ oi x1, x2 sunartăseic katĹstashc (state).
’Estw ìti to prìblhma èqei bèltisth lÔsh x∗1, x

∗
2, u

∗
1, u

∗
2.’Estw h1(t), h2(t) au-

jaÐretec efiktèc metabolèc. OrÐzw tic parametrikèc oikogèneiec twn controls:

u1(t) = u∗1(t) + ah1(t), u2(t) = u∗2(t) + ah2(t)

SumbolÐzw xi = yi(t, a) , i = 1, 2 tic lÔseic twn diaforikÿn (6.3),(6.4) wc proc
xi gia kĹje ui thc parapĹnw morfăc.An y1, y2 omalèc wc proc t kai a, èqw:
An a = 0 tìte u1 = u∗1, u2 = u∗2 opìte y1(t, 0) = x∗1, y2(t, 0) = x∗2. Epiplèon
yi(0, 0) = x0

i , i = 1, 2.
Jewrÿ to sunarthsoeidèc J(a) =

∫ T

0
fdt to opoÐo jèlw na megistopoiăsw.
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’Estw λ1(t), λ2(t) paragwgÐsimec.Tìte,

J(a) =

∫ T

0

fdt =

∫ T

o

f + λ1(g1 − ẋ1) + λ2(g2 − εẋ2)dt

=

∫ T

0

f + λ1g1 + λ2g2 + x1λ̇1 + ελ̇2x2dt− (λ1x1 − λ2x2)|T0

=

∫ T

0

f + λ1g1 + λ2g2 + x1λ̇1 + ελ̇2x2dt−
− λ1(T )x1(T )− ελ2(T )x2(T ) + λ1(0)x∗1 + ελ2(0)x∗2

gia kĹje u1, u2, x1, x2 efiktèc sunartăseic.
Jètw ui = u∗i + ahi(t) i = 1, 2, opìte èqw:

J(a) =

∫ T

0

f(t, y1(t, a), y2(t, a), u1 + ah1, u2 + ah2)+

+λ1g1(y1(t, a), y2(t, a), u1 + ah1, u2 + ah2)+

+λ2g2(y1(t, a), y2(t, a), u1 + ah1, u2 + ah2)+

+y1(t, a)λ̇1 + εy2(t, a)λ̇2)dt−

−λ1(T )y1(T, a)− ελ2(T )y2(T, a) + λ1(0)x0
1 + ελ2(0)x0

2

An a = 0 èqw ui = u∗i , yi = x∗i kai to sunarthsoeidèc megistopoieÐtai

0 = J ′(0) =

∫ T

0

(
∂f

∂x1

∂y1

∂a
+

∂f

∂x2

∂y2

∂a
+

∂f

∂u1

h1 +
∂f

∂u2

h2)+

+λ1(t)(
∂g1

∂x1

∂y1

∂a
+

∂g1

∂x2

∂y2

∂a
+

∂g1

∂u1

h1 +
∂g1

∂u2

h2)+

+λ2(t)(
∂g2

∂x1

∂y1

∂a
+

∂g2

∂x2

∂y2

∂a
+

∂g2

∂u1

h1 +
∂g2

∂u2

h2)+

+(
∂y1

∂a
λ̇1 + ε

∂y2

∂a
λ̇2)dt

+λ1(T )
∂y1

∂a
(T, 0)− ελ2(T )

∂y2

∂a
(T, a) =⇒
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∫ T

0

(
∂f

∂x1

+ λ1
∂g1

∂x1

+ λ2
∂g2

∂x1

+ λ̇1)
∂y1

∂a
+

+(
∂f

∂x2

+ λ1
∂g1

∂x2

+ λ2
∂g2

∂x2

+ ελ̇2)
∂y2

∂a
+

+(
∂f

∂u1

+ λ1
∂g1

∂u1

+ λ2
∂g2

∂u1

)h1+

+(
∂f

∂u2

+ λ1
∂g1

∂u2

+ λ2
∂g2

∂u2

)h2dt+

+λ1(T )
∂y1

∂a
+ ελ2(T )

∂y2

∂a
= 0

Jètw,

λ̇1 = −(
∂f

∂x1

+ λ1
∂g1

∂x1

+ λ2
∂g2

∂x1

)

ελ̇2 = −(
∂f

∂x2

+ λ1
∂g1

∂x2

+ λ2
∂g2

∂x2

)

,
λ1(T ) = λ2(T ) = 0

Tìte prèpei

∫ T

0

(
∂f

∂u1

+ λ1
∂g1

∂u1

+ λ2
∂g2

∂u1

)h1 + (
∂f

∂u2

+ λ1
∂g1

∂u2

+ λ2
∂g2

∂u2

)h2dt = 0

An hi = ∂f
∂ui

+ λ1
∂g1

∂ui
+ λ2

∂g2

∂ui
, i = 1, 2, prèpei ∂f

∂ui
+ λ1

∂g1

∂ui
+ λ2

∂g2

∂ui
= 0 i = 1, 2.

’Etsi an orÐsw th Qamiltoniană sunĹrthsh:

H(t, x1, x2, u1, u2, λ1, λ2) :=

:= f(t, x1, x2, u1, u2) + λ1(t)g1(x1, x2, u1, u2) + λ2(t)g2(x1, x2, u1, u2)

Tìte oi sunjăkec beltistopoÐhshc tou sunarthsoeidoÔc mporoÔn na graftoÔn:

∂H

∂u2

= 0

∂H

∂u1

= 0

ẋ1 =
∂H

∂λ1

x1(0) = x0
1

35



εẋ2 =
∂H

∂λ2

x2(0) = x0
2

λ̇1 = −∂H

∂x1

λ1(T ) = 0

ελ̇2 = −∂H

∂x2

λ2(T ) = 0

Paratărhsh 6.1.1 An oi f, g1, g2 eÐnai koÐlec sta x1, x2, u1, u2 kai λi(t) ≥ 0
gia kĹje t ∈ [0, T ], oi parapĹnw sunjăkec ektìc apì anagkaÐec eÐnai kai ikanèc
gia thn megistopoÐhsh tou sunarthsoeidoÔc.

Apìdeixh ’Estw x∗1, x
∗
2, u

∗
1, u

∗
2, λ1, λ2 oi sunartăseic pou ikanopoioÔn tic sunjă-

kec beltistopoÐhshc kai x1, x2, u1, u2 opoiadăpote Ĺllh lÔsh tou diaforikÿn
exisÿsewn (6.3),(6.4). SumbolÐzw,

f ∗ = f(t, x∗1, x
∗
2, u

∗
1, u

∗
2), g

∗
i = gi(t, x

∗
1, x

∗
2, u

∗
1, u

∗
2), i = 1, 2.

Ja deÐxw ìti

D =

∫ T

0

f ∗dt−
∫ T

0

fdt ≥ 0

’Eqoume:

D =

∫ T

0

f ∗dt−
∫ T

0

fdt
fκoιλη

≥
∫ T

0

∑
i=1,2

(x∗i − xi)
∂f ∗

∂xi

+
∑
i=1,2

(u∗i − ui)
∂f ∗

∂ui

dt =

=

∫ T

0

(x∗1 − x1)
∂f ∗

∂x1

+ (x∗2 − x2)
∂f ∗

∂x2

+ (u∗1 − u1)
∂f ∗

∂u1

+ (u∗2 − u2)
∂f ∗

∂u2

dt =

=

∫ T

0

(x∗1 − x1)(−λ1
∂g∗1
∂x1

− λ2
∂g∗2
∂x1

− λ̇1)+

+ (x∗2 − x2)(−λ1
∂g∗1
∂x2

− λ2
∂g∗2
∂x2

− ελ̇2) + (u∗1 − u1)(−λ1
∂g∗1
∂u1

− λ2
∂g∗2
∂u1

) +

+ (u∗2 − u2)(−λ1
∂g∗1
∂u2

− λ2
∂g∗2
∂u2

) =

= −
∫ T

0

(x∗1 − x1)λ̇1 + (x∗2 − x2)ελ̇2 +

+

∫ T

0

−λ1

[
(x∗1 − x1)

∂g∗1
∂x1

+ (x∗2 − x2)
∂g∗1
∂x2

+ (u∗1 − u1)
∂g∗1
∂u1

+ +(u∗2 − u2)
∂g∗1
∂u2

]
+

+

∫ T

0

−λ2

[
(x∗1 − x1)

∂g∗2
∂x1

+ (x∗2 − x2)
∂g∗2
∂x2

+ (u∗1 − u1)
∂g∗2
∂u1

+ (u∗2 − u2)
∂g∗2
∂u2

]
=
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=

∫ T

0

(ẋ∗1 − ẋ1)λ1 + (εẋ∗2 − εẋ2)λ2 −
[
(x∗1 − x1)λ1 + (x∗2 − x2)ελ2

]∣∣∣∣
T

0

+

+

∫ T

0

−λ1

[
(x∗1 − x1)

∂g∗1
∂x1

+ (x∗2 − x2)
∂g∗1
∂x2

+ (u∗1 − u1)
∂g∗1
∂u1

+ (u∗2 − u2)
∂g∗1
∂u2

]
+

+

∫ T

0

−λ2

[
(x∗1 − x1)

∂g∗2
∂x1

+ (x∗2 − x2)
∂g∗2
∂x2

+ (u∗1 − u1)
∂g∗2
∂u1

+ (u∗2 − u2)
∂g∗2
∂u2

]
dt =

=

∫ T

0

λ1

[
g∗1 − g∗1 − (x∗1 − x1)

∂g∗1
∂x1

− (x∗2 − x2)
∂g∗1
∂x2

−

− (u∗1 − u1)
∂g∗1
∂u1

− (u∗2 − u2)
∂g∗1
∂u2

]
dt +

+

∫ T

0

λ2

[
g∗2 − g∗2 − (x∗1 − x1)

∂g∗2
∂x1

− (x∗2 − x2)
∂g∗2
∂x2

−

− (u∗1 − u1)
∂g∗2
∂u1

− (u∗2 − u2)
∂g∗2
∂u2

]
dt ≥ 0

afoÔ λi ≥ 0, i = 1, 2 kai gi, i = 1, 2 koÐlec.
EnallaktikĹ, antÐ λi ≥ 0, i = 1, 2 kai gi, i = 1, 2 koÐlec, mporÿ na èqw:
. gi koÐlh kai λi ≤ 0 gia i = 1 ă 2 ă i = 1, 2
. gi grammikă sta xi, ui kai oi λi ∈ R gia i = 1, 2.

6.2 H ènnoia thc proexìflhshc tou pleonĹ-
smatoc kai h tropopoihmenă Qamiltoniană
exÐswsh

Jewrÿ to prìblhma bèltistou elègqou:

max{u1(t),u2(t)}

∫ T

0

e−δtf(t, x1(t), x2(t), u1(t), u2(t))dt

ìpou

ẋ1 = g1(x1, x2, u1, u2) (6.3)

εẋ2 = g2(x1, x2, u1, u2) (6.4)
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me f, g1, g2 ∈ C1, x1(0) = x0
1, x2(0) = x0

2. O parĹgontac e−δt èqei wc skopì
thc proexìflhsh tou pleonĹsmatoc, dhladă thc anagwgă thc axÐac tou sta
parìnta dedomèna [7]. H Qamiltoniană tou problămatoc eÐnai:

H (t, x1, x2, u1, u2, λ1, λ2) =

= e−δtf(t, x1, x2, u1, u2) + λ1(t)g1(x1, x2, u1, u2) + λ2(t)g2(x1, x2, u1, u2)

kai to Qamiltonianì sÔsthma, tou opoÐou h lÔsh megistopoieÐ to oloklărwma
eÐnai:

∂H

∂ui

= 0 =⇒ e−δt ∂f

∂ui

+ λ1
∂g1

∂ui

+ λ2
∂g2

∂ui

= 0, i = 1, 2

λ̇1 = −∂H

∂x1

= −e−δt ∂f

∂x1

− λ1
∂g1

∂x1

− λ2
∂g2

∂x1

ελ̇2 = −∂H

∂x2

= −e−δt ∂f

∂x2

− λ1
∂g1

∂x2

− λ2
∂g2

∂x2

’Eqw, H = e−δt
(
f + eδtλ1g1 + eδtλ2g2

)
Jètw mi = eδtλi(t). ’Estw

H = eδtH = f + m1g1 + m2g2

H H onomĹzetai tropopoihmènh Qamiltoniană sunĹrthsh tou problămatoc.
Tìte isqÔei:

ṁ1 = δteδtλ1(t) + eδtλ̇2(t)

= δm1 − eδt ∂H

∂x1

= δm1 − ∂H
∂x1

εṁ2 = δm2 − ∂H
∂x2

Epiplèon èqw:

∂H

∂ui

= 0 =⇒ eδt ∂H

∂ui

= 0 =⇒ ∂H
∂ui

= 0, i = 1, 2

ẋ1 =
∂H
∂m1

, εẋ2 =
∂H
∂m2

mi(T ) = eδtλi(T ) = 0, i = 1, 2

TelikĹ, oi sunjăkec beltistopoÐhshc tou tropopoihmènou problămatoc eÐnai:
An

H = f + m1g1 + m2g2
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tìte
∂H
∂ui

= 0, i = 1, 2

ẋ1 =
∂H
∂m1

, x1(0) = x0
1

εẋ2 =
∂H
∂m2

, x2(0) = x0
2

ṁ1 = δm1 − ∂H
∂x1

, m1(T ) = 0

εṁ2 = δm2 − ∂H
∂x2

, m2(T ) = 0

Ta parapĹnw epekteÐnontai kai sthn perÐptwsh T = ∞ me tic katĹllhlec
sunjăkec egkarsiìthtac antÐ twn telikÿn sunjhkÿn [12].
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KefĹlaio 7

ParĹrthma 2

7.1 Prosèggish thc lÔshc idiìmorfa diata-
ragmènou sustămatoc sunăjwn diafori-
kÿn exisÿsewn

Jewrÿ to prìblhma arqikÿn timÿn:
{

dx
dt

= f(t, x, y, ε), x(0) = ξ(ε)

εdy
dt

= g(t, x, y, ε), y(0) = η(ε)
(7.1)

ìpou ε > 0 mikrì, x, f ∈ Em, y, g ∈ En Agnoÿntac thn arqikă sunjăkh gia
to y, an ε = 0, orÐzw to reduced prìblhma:

{
dx
dt

= f(t, x, y, 0), x(0) = ξ(0)
0 = g(t, x, y, 0)

(7.2)

Jewrÿ ìti isquoun oi parakĹtw upojèseic:

Upìjesh 7.1.1 To problhma (7.2) èqei suneqă lÔsh x = x0(t), y = y0(t)
se kĹpoio diĹsthma [0, T ].

Upìjesh 7.1.2 Oi sunartăseic f, g èqoun suneqeÐc paragÿgouc wc tĹxh
R+2 wc prìc ta orÐsmata t, x, y se kĹpoia geitonÐa twn shmeÐwn (t, x0(t), y0(t)),
0 ≤ t ≤ T kai 0 ≤ ε ≤ ε0 gia kĹpoio ε0 > 0. EpÐshc oi arqikèc timèc ξ(ε), η(ε)
eÐnai omalèc sunartăseic tou ε gia 0 ≤ ε ≤ ε0.

Upìjesh 7.1.3 O Iakwbianìc pÐnakac gy(t) = ∂g
∂y

(t, x0(t), y0(t)) èqei k idio-
timèc, 1 ≤ k ≤ n, me pragmatikĹ mèrh tètoia ÿste Re(λ(t)) ≤ µ kai n − k
idiotimèc me pragmatikĹ mèrh tètoia ÿste Re(λ(t)) ≥ µ gia 0 ≤ t ≤ T , µ > 0.

41



H exwterikă lÔsh tou problămatoc ’Estw ξ∗(ε) omală sunĹrthsh
tou ε. Jewrÿ to prìblhma

{
dx
dt

= f(t, x, y, ε), x(0) = ξ∗(ε)
εdy

dt
= g(t, x, y, ε)

(7.3)

kai èstw (x∗, y∗) ∈ CR+1 lÔsh tou problămatoc autoÔ. Mia tètoia lÔsh èqei
peperasmènh epèktash Taylor:

(x∗, y∗) = (x∗0, y
∗
0) +

R∑
r=1

(x∗r, y
∗
r)ε

r +R(t, ε).

Lìgw tou (7.3) gia touc suntelestèc thc epèktashc isqÔei:

{
dx∗0
dt

= f(t, x∗0, y
∗
0, 0), x∗0(0) = ξ∗0(0)

0 = g(t, x∗0, y
∗
0, 0)

kai gia r = 1, ..., R + 1 isqÔei:
{

dx∗r
dt

= f ∗x(t)x∗r + f ∗y (t)y∗r + Pr(t, ε), x∗0(0) = ξ∗r
dy∗r−1

dt
= g∗x(t)x

∗
r + g∗y(t)y

∗
r +Qr(t, ε)

ìpou

ξ∗(ε) =
R+1∑
r=0

εr + Ξ(ε)

f ∗x(t) = fx(t, x
∗
0(t), y

∗
0(t), 0), κ.o.κ

kai ta Pr,Qr eÐnai poluÿnuma twn x∗1, y
∗
1, ..., x

∗
r−1, y

∗
r−1 me suntelestèc pou

exartÿntai apì ta t, x∗0, y
∗
0.

Lămma 7.1.1 ’Estw ìti isqÔoun oi upojèseic 7.1.1, 7.1.2, 7.1.3. Tìte upĹr-
qoun stajerèc ε′0, ρ0 > 0 tètoiec ÿste gia kĹje omală sunĹrthsh ξ∗(ε) ∈
Em, 0 ≤ ε ≤ ε′0 me | ξ∗(ε) − x0(0)| < ρ0 to sÔsthma (7.3) èqei lÔsh
x∗(t, ε), y∗(t, ε) pou orÐzetai gia 0 ≤ t ≤ T, 0 ≤ ε ≤ ε′0 kai ikanopoieÐ:

x∗(t, ε)−
R∑

r=0

x∗r(t)ε
r = O(εR+1)

y∗(t, ε)−
R∑

r=0

y∗r(t)ε
r = O(εR+1)
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ìpou to O isqÔei omoiìmorfa gia 0 ≤ t ≤ T, 0 < ε ≤ ε′0.
Epiplèon, upĹrqei stajerĹ K tètoia ÿste:

∣∣∣∣
∂x∗

∂ξ∗
(t, ε)

∣∣∣∣+
∣∣∣∣
∂y∗

∂ξ∗
(t, ε)

∣∣∣∣≤ K

gia 0 ≤ t ≤ T, 0 < ε < ε′0 kai | ξ∗(ε)− x0(0)| < ρ0

Apìdeixh [[6], Lămma 1]

Jewrÿ ìti upĹrqei exwterikă lÔsh tou sustămatoc (7.1) kai èstw X =
x− x∗,Y = y − y∗ sto (7.1) Tìte to prìblhma arqikÿn timÿn gÐnetai:

{
dX
dt

= f̂(t, X, Y, ε), X(0) = ξ̂(ε)
εdY

dt
= ĝ(t,X, Y, ε), Y (0) = η̂(ε)

(7.4)

ìpou

ξ̂(ε) = ξ(ε)− ξ∗(ε)

η̂(ε) = η(ε)− y∗(0, ε)

f̂ = f(t, x∗ + X, y∗ + Y, ε)− (t, x∗, y∗, ε)

kai ĝ omoÐwc.
Jewrÿ nèa qronikă metablhtă τ = t

ε
. Ja meletăsw th lÔsh tou (7.4)

kajÿc to ε → 0 opìte τ → +∞. Sto nèo qrìno to (7.4) gÐnetai:

{
dX
dτ

= εf̂(ετ, X, Y, ε), X(0) = ξ̂(ε)
dY
dτ

= ĝ(ετ,X, Y, ε), Y (0) = η̂(ε)
(7.5)

XanĹ me thn boăjeia twn epektĹsewn Taylor gia tic X,Y to sÔsthma (7.5)
parĹgei ta sustămata:

{
dX0

dτ
= 0, X0(0) = ξ̂(0)

dY0

dτ
= ĝ(0, X, Y, 0), Y (0) = η̂(0)

(7.6)

kai gia r = 1, ..., R + 1:
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{
dXr

dτ
= Pr(τ), Xr(0) = ξ̂r

dYr

dτ
= ĝX(τ)Xr + ĝY (τ)Yr + Q(τ), Yr(0) = η̂r

(7.7)

me ξ̂(ε) =
∑R+1

r=0 ξ̂rε
r + Ξ̂, ĝX(τ) = ∂ĝ

∂X
(0, X0(τ), Y0(τ), 0) k.o.k kai ta Pr, Qr

eÐnai poluÿnuma twn X1, Y1, ..., Xr−1, Yr−1 me suntelestèc pou exartÿntai apì
ta τ, X0(τ), Y0(τ) To parakĹtw lămma exarfalÐzei ìti ta problămata autĹ è-
qoun lÔseic pou orÐzontai gia τ ∈ [0, +∞) kai teÐnoun sto mhdèn ìtan τ →∞,
an oi arqikèc sunjăkec eÐnai katĹllhlec.

Lămma 7.1.2 ’Estw ìti isqÔoun oi upojèseic 7.1.1, 7.1.2, 7.1.3. Tìte, gia
kĹje mikrì ε > 0 upĹrqei k diĹstashc pollaplìthta =(ε) ⊂ Em+n tètoia
ÿste, an (ξ̂(ε), η̂(ε)) ∈ =(ε), to prìblhma (7.4) na èqei monadikă lÔsh X =
X(t, ε), Y = Y (t, ε) sto [0, T ]. Ta problămata (7.6),(7.7), r = 0, ..., R + 1,
èqoun monadikèc lÔseic pou orÐzontai gia 0 ≤ τ < ∞ kai

X(τ, ε)−
R∑

r=0

Xr(τ)εr = O(εR+1)

Y (τ, ε)−
R∑

r=0

Yr(τ)εr = O(εR+1)

ìpouO(εR+1) isqueÐ omoiìmorfa gia 0 ≤ t ≤ T kajÿc ε → 0. TelikĹ upĹrqoun
jetikèc stajerèc K1, δ1, ε

′′
0 tètoiec ÿste:

|X(t, ε)|+ |Y (t, ε)| ≤ K1 exp{−δ1t/ε}
gia 0 ≤ t ≤ T, 0 < ε < ε′′0.

Apìdeixh [[6], Lămma 2]

H k diĹstashc pollaplìthta =(ε) sto Em+n orÐzetai apì k grammikoÔc
sunduasmoÔc twn suntelestÿn (X(0), Y (0)). Sthn apìdeixh tou Lămmatoc
7.1.2 deÐqnetai ìti oi prÿtoi m suntelestèc enìc shmeÐou pou anăkei sthn
pollaplìthta aută orÐzontai apì mia exÐswsh thc morfăc:

X(0) = Ω(X(0), Y (0), ξ∗, ε)

To lămma 7.1.2 mporeÐ na efarmosteÐ sto prìblhma (7.1) an oi arqikèc sun-
jăkec ikanopoioÔn thn sqèsh:

ξ(ε)− ξ∗(ε) = Ω(ξ(ε)− ξ∗(ε), η(ε)− y∗(0, ε), ξ∗(ε), ε) (7.8)
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Sthn apìdeixh tou parakĹtw jewrămatoc deÐqnetai ìti gia kĹje ε > 0 mikrì
h sqèsh 7.8 orÐzei monadikă ξ∗(ε) ÿste ξ∗(0) = x0(0).

Jeÿrhma 7.1.3 ’Estw ìti isqÔoun oi upojèseic 7.1.1, 7.1.2, 7.1.3. Tìte, gia
kĹje mikrì ε > 0 upĹrqei k diĹstashc pollaplìthta S(ε) ⊂ En tètoia ÿste, an
η(ε) ∈ S(ε), to prìblhma (7.1) na èqei monadikă lÔsh x = x(t, ε), y = y(t, ε).
Epiplèon, upĹrqei mia exwterikă lÔsh x = x∗(t, ε), y = y∗(t, ε) kai lÔsh
oriakoÔ strÿmatoc X(τ, ε), Y (τ, ε), tètoiec ÿste:

x(t, ε) = x∗(t, ε) + X(t \ ε, ε)

y(t, ε) = y∗(t, ε) + Y (t \ ε, ε)

gia 0 ≤ t ≤ T, ε > 0 mikrì.
Gia thn exwterikă lÔsh isqÔei:

x∗(t, ε)−
R∑

r=0

x∗r(t)ε
r = O(εR+1)

y∗(t, ε)−
R∑

r=0

y∗r(t)ε
r = O(εR+1)

omoiìmorfa wc proc t ∈ [0, T ], ìpou ta x∗r(t), y
∗
r(t) orÐzontai sto Lămma 7.1.1.

Gia thn lÔsh fragmènou strÿmatoc isqÔei:

X(t \ ε, ε)−
R∑

r=0

Xr(t \ ε)εr = O(εR+1)

Y (t \ ε, ε)−
R∑

r=0

Yr(t \ ε)εr = O(εR+1)

omoiìmorfa sto 0 ≤ t ≤ T , me ta Xr(t), Yr(t) na orÐzontai sto 7.1.2.
Epiplèon upĹrqoun stajerèc K1, δ1, ε

′′
0 tètoiec ÿste:

|X(τ, ε)|+ |Y (τ, ε)| ≤ K1|η(ε)− y∗(0, ε)| exp{−δ1τ}

gia 0 ≤ t ≤ T/ε, 0 < ε ≤ ε′′0.

Apìdeixh [[6], Jeÿrhma 1]
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KefĹlaio 8

ParĹrthma 3

8.1 O Iakwbianìc pÐnakac tou arqikoÔ pro-
blămatoc

O Iakwbianìc pÐnakac J tou arqikoÔ sustămatoc (5.1) upologismènoc sto
krÐsimo shmeÐo (5.2) eÐnai:




Fx −1 0 FP

1
uhh

(
−Fxx(uh − c(x))− cx(δ − Fx) + cxxF + cxFx

)
δ − Fx 0 −FxP (uh−c(x))+cxFP

uhh

−cx
FP

εBee

uhhFP

εBee

m+δ
ε

uh−c(x)
εBee

FPP

0 0 1
ε

−m
ε




An Ω =

∣∣∣∣
Fx 0

−cx
FP

εBee

m+δ
ε

∣∣∣∣+
∣∣∣∣
δ − Fx

−FxP (uh−c(x))+cxFP

uhh

0 −m
ε

∣∣∣∣−2

∣∣∣∣
−1 FP

uhhFP

εBee

1
ε

∣∣∣∣ ,

isqÔei to parakĹtw jeÿrhma:

Jeÿrhma 8.1.1 An |J | > 0 kai Ω < 0 tìte to krÐsimo shmeÐo èqei tic idiì-
thtec tou sagmatikoÔ shmeÐou isorropÐac.

[[13], Appendix]
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