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Eisagwg 

H ergasÐa aut  apoteleÐtai apì dÔo mèrh; mÐa eisagwg  sth metrik  gewmetrÐa kai mÐa
eisagwg  stouc q¸rouc mètrwn pijanìthtac tou Wasserstein. To pl�no thc basÐzetai
sto �rjro ”Probability measures on metric spaces of non-posistive curvature” tou Karl-
Theodor Sturm [16].

H metrik  gewmetrÐa anaptÔqjhke apì touc Busemann, Topogonov kai, kurÐwc, ton
A.D. Alexandrov gÔrw sta mèsa tou 20oÔ ai¸na. AntikeÐmenì thc eÐnai h melèth twn
metrik¸n q¸rwn apì gewmetrik  skopi�. Mèsw thc metrik c enìc metrikoÔ q¸rou orÐzon-
tai prwtarqikèc ènnoiec ìpwc autèc tou m kouc, thc gewdaisiak c wc kampÔlh elaqÐstou
m kouc kai thc gwnÐac. O A.D. Alexandrov sugkrÐnontac trÐgwna se metrikoÔc q¸rouc,
twn opoÐwn oi pleurèc eÐnai gewdaisiak� tm mata, me trÐgwna stouc q¸rouc montèla, ìrise
akìmh ti shmaÐnei na èqei ènac metrikìc q¸roc kampulìthta ≥ κ   ≤ κ, genikeÔontac thn
ènnoia twn fragm�twn stic kampulìthtec tom c, apì thn kathgorÐa twn pollaplot twn
Riemann sthn kathgorÐa twn metrik¸n q¸rwn.

Oi q¸roi mètrwn pijanìthtac tou Wasserstein eÐnai oi metrikoÐ q¸roi pou prokÔptoun
an efodi�soume to sÔnolo PX ìlwn twn sfikt¸n Borel mètrwn pijanìthtac enìc metrikoÔ
q¸rou X me th metrik  Wr : PX ×PX −→ [0,∞] me tÔpo

Wr(µ, ν) = inf
{∫

X×X

d(x, y)rdπ(x, y)
∣∣ π ∈ Π(µ, ν)

} 1
r

, (1)

ìpou Π(µ, ν) eÐnai to sÔnolo ìlwn twn mètrwn pijanìthtac π ∈ P(X ×X) me perij¸riec
katanomèc ta mètra µ kai ν, dhlad  to sÔnolo ìlwn twn mètrwn π ∈ P(X ×X) me thn
idiìthta

π(A× Y ) = µ(A), π(X ×B) = ν(B),

gia k�je Borel sÔnola A,B ⊆ X. Oi metrikèc autèc sqetÐzontai �mesa me to prìblh-
ma metafor�c m�zac pou èjese o Caspar Monge to 1781. Sugkekrimèna, h posìthta
W r

r (µ, ν) parist�nei to el�qisto kìstoc metafor�c m�zac katanemhmènhc sÔmfwna me to
µ se apoj kh thc opoÐac h qwrhtikìthta perigr�fetai apì to ν, an to kìstoc metafor�c
mÐac mon�dac m�zac apì th jèsh x ∈ X sth jèsh y ∈ Y eÐnai dr(x, y).

Ta dÔo aut� jèmata se prwtarqikì st�dio eÐnai asÔndeta. 'Omwc, apì th mÐa h metrik 
gewmetrÐa apoteleÐ èna ousiastikì ergaleÐo sth bajÔterh melèth twn metrik¸n q¸rwn
tou Wasserstein (deÐte paradeÐgmatoc q�rin to [13]) kai apì thn �llh, ta teleutaÐa qrì-
nia, oi metrikoÐ q¸roi tou Wasserstein qrhsimopoioÔntai sthn prosp�jeia na genikeuteÐ
h ènnoia thc kampulìthtac Ricci apì thn kathgorÐa twn pollaplot twn Riemann sthn
kathgorÐa twn metrik¸n q¸rwn pijanìthtac (deÐte paradeÐgmatoc q�rin ta [15] kai [17]).
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Prin proqwr soume se mÐa pio analutik  perigraf  twn perieqomènwn twn dÔo mer¸n thc
ergasÐac, ac tonÐsoume ìti s� aut  thn ergasÐa den ja asqolhjoÔme kajìlou me tì z thma
thc genÐkeushc thc kampulìthtac Ricci.

To pr¸to mèroc thc ergasÐac, pou afor� th metrik  gewmetrÐa, èqei basisteÐ se meg�-
lo bajmì sta biblÐa [10] kai [4]. Sto Kef�laio 1 orÐzoume tic basikèc ènnoiec tou m -
kouc, thc gewdaisiak c, thc gwnÐac kai thc metrik c parag¸gou. Sthn pr¸th par�-
grafo tou KefalaÐou 2 orÐzoume touc q¸rouc m kouc wc touc metrikoÔc q¸rouc stouc
opoÐouc dÔo opoiad pote shmeÐa sundèontai apì kampÔlh me m koc osod pote kont� sthn
apìstash touc kai touc gewdaisiakoÔc q¸rouc wc touc metrikoÔc q¸rouc ekeÐnouc stouc
opoÐouc dÔo opoiad pote shmeÐa sundèontai apì kampÔlh me m koc Ðso me thn apìstash
touc. Sth deÔterh par�grafo apodeiknÔoume th genÐkeush tou jewr matoc twn Hopf-
Rinow stouc metrikoÔc q¸rouc, dhlad  ìti k�je pl rhc kai topik� sumpag c q¸roc
m kouc eÐnai gewdaisiakìc q¸roc. Sthn teleutaÐa par�grafo melet�me wc paradeÐgmata
gewdaisiak¸n q¸rwn ginìmena gewdaisiak¸n q¸rwn kai q¸rouc Lp sunart sewn me timèc
se gewdaisiakoÔc q¸rouc. Oi q¸roi Lp ja mac bohj soun sth melèth twn gewdaisiak¸n
stouc q¸rouc tou Wasserstein. Sto Kef�laio 3, orÐzoume mèsw twn gewdaisiak¸n thn
ènnoia thc kurtìthtac gia pragmatikèc sunart seic orismènec se gewdaisiakoÔc q¸rouc
kai melet�me tic basikèc touc idiìthtec. Stic idiìthtec twn kurt¸n sunart sewn basÐze-
tai o orismìc tou barÔkentrou   alli¸c thc mèshc tim c enìc mètrou pijanìthtac se èna
q¸ro mh-jetik c kampulìthtac, pou ja d¸soume sto Kef�laio 9. Sthn par�grafo 3.2
melet�me tic basikèc idiìthtec twn metrik¸n q¸rwn twn opoÐwn h metrik  eÐnai kurt , sthn
par�grafo 3.3 orÐzoume tic affinikèc apeikonÐseic wc apeikonÐseic pou mèsw thc sÔnjeshc
apeikonÐzoun gewdaisiakèc se gewdaisiakèc. Sthn teleutaÐa par�grafo tou KefalaÐou
anafèroume k�poia stoiqeÐa gia affinik� sunarthsoeid  se metrikoÔc q¸rouc. Sto Ke-
f�laio 4 orÐzoume touc q¸rouc montèla, oi opoÐoi leitourgoÔn ston orismì thc kampulìth-
tac twn metrik¸n q¸rwn tou A.D. Alexandrov wc q¸roi me touc opoÐouc sugkrÐnoume th
gewmetrÐa aujèretwn metrik¸n q¸rwn. Tèloc, sto Kef�laio 5 orÐzoume thn ènnoia twn
fragm�twn sthn kampulìthta enìc metrikoÔ q¸rou, melet�me tic basikèc idiìthtec twn
q¸rwn fragmènhc kampulìthtac, exet�zoume k�poia paradeÐgmata kai apodeiknÔoume ìti
o orismìc tou Alexandrov genikeÔei thn ènnoia twn fragm�twn stic kampulìthtec tom c
apì thn kathgorÐa twn pollaplot twn Riemann sthn kathgorÐa twn metrik¸n q¸rwn.

Ta Kef�laia 6 èwc 8 tou deÔterou mèrouc basÐzontai se meg�lo mèroc sta biblÐa
[9] kai [18]. To Kef�laio 9 pou anafèretai sta barÔkentra, basÐzetai sto [16]. Sto
Kef�laio 6 anafèroume k�poia prokatarktik� stoiqeÐa jewrÐac mètrou se pl reic kai
diaqwrÐsimouc metrikoÔc q¸rouc. Sthn pr¸th par�grafo tou KefalaÐou 6 anafèroume
k�poia genik� stoiqeÐa gia q¸rouc mètrou p�nw apì metr simouc q¸rouc kai upenjumÐ-
zoume thn ènnoia tou mètrou eikìna. Sthn par�grafo 6.2 melet�me tic basikèc idiìthtec
twn Borel mètrwn se pl reic kai diaqwrÐsimouc metrikoÔc q¸rouc. To kÔrio apotèlesma
aut c thc paragr�fou eÐnai to je¸rhma tou Ulam, sÔmfwna me to opoÐo k�je peperasmèno
Borel mètro se èna pl rh kai diaqwrÐsimo metrikì q¸ro eÐnai kanonikì. Sthn par�grafo
6.3 melet�me thn asjen  topologÐa sto sÔnolo PX ìlwn twn Borel mètrwn pijanìthtac
se èna pl rh kai diaqwrÐsimo metrikì q¸ro X, dhlad  thn asjen  topologÐa pou orÐzetai
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apì thn oikogèneia ìlwn twn apeikonÐsewn thc morf c

PX 3 µ 7→
∫

X

fdµ, f ∈ BC(X),

ìpou BC(X) eÐnai to sÔnolo ìlwn twn fragmènwn kai suneq¸n pragmatik¸n sunart sewn
ston X. Sugkekrimèna, apodeiknÔoume ìti h topologÐa aut  eÐnai metrikopoi simh apì
pl rh metrik , diaqwrÐsimh, kai dÐnoume mÐa perigraf  twn sqetik� sumpag¸n uposunìlwn
thc mèsw thc ènnoiac thc omoiìmorfhc sfiktìthtac, to legìmeno je¸rhma tou Prokhorov.
Sthn par�grafo 6.4 orÐzoume tic topologÐec pou orÐzoun oi metrikèc tou Wasserstein, wc
tic asjeneÐc topologÐec pou ep�gontai apì tic oikogèneiec sunart sewn

PX 3 µ 7→
∫

X

fdµ, f ∈ BrC(X),

ìpou BrC(X) eÐnai to sÔnolo ìlwn twn suneq¸n sunart sewn me r-ost  poluwnumik 
an�ptuxh, dhlad  to sÔnolo ìlwn twn pragmatik¸n sunart sewn f ston X gia tic opoÐec
|f(x)| ≤ Adr(x, x0) + B, gia k�poiec stajerèc A,B ≥ 0 kai gia k�poio, kai �ra kai gia
k�je, x0 ∈ X. Sto Kef�laio 7 diatup¸noume to prìblhma bèltisthc metafor�c m�za-
c, parousi�zontac ta majhmatik� montèla gia thn ènnoia tou sqedÐou metafor�c enìc
mètrou se èna �llo, kai apodeiknÔoume thn Ôparxh bèltistou sqedÐou metafor�c. EpÐshc
apodeiknÔoume to je¸rhma tou Kantorovich to opoÐo mac qrei�zetai sthn apìdeixh tou
ìti oi metrikèc tou Wasserstein metrikopoioÔn tic topologÐec tou Wasserstein, kai kat�
epèktasin sth melèth twn basik¸n topologik¸n touc idiot twn. Sto Kef�laio 8 per-
noÔme ston orismì kai sth melèth twn metrik¸n tou Wasserstein. Sthn par�grafo 8.1
apodeiknÔoume èna teqnikì je¸rhma, to legìmeno je¸rhma di�spashc, to opoÐo mac dÐnei
th dunatìthta na ekfr�zoume oloklhr¸mata wc proc mètra se q¸rouc ginìmeno, wc diado-
qik� oloklhr¸mata akìmh kai an ta mètra aut� den eÐnai mètra ginìmeno. Sthn par�grafo
8.2 orÐzoume mèsw tou je¸rhmatoc di�spashc th sÔnjesh sqedÐwn metafor�c, h opoÐa
qrei�zetai sto na apodeÐxoume sthn par�grafo 8.3 ìti o tÔpoc (1) orÐzei pr�gmati metrik 
sto sÔnolo PrX ìlwn twn sfikt¸n Borel mètrwn pijanìthtac me peperasmènh kentrik 
r-ost  rop , ston metrikì q¸ro X. Sto upìloipo thc paragr�fou apodeiknÔoume ìti
oi metrikèc tou Wasserstein metrikopoioÔn tic topologÐec tou Wasserstein, lamb�nontac
ètsi gia tic metrikèc tou Wasserstein ìlec tic topologikèc idiìthtec twn topologi¸n tou
Wasserstein pou èqoun apodeiqjeÐ sthn par�grafo 6.4 kai apodeiknÔoume ìti h metrik 
tou Wasserstein ston PrX eÐnai pl rhc an h metrik  tou X eÐnai pl rhc. Sthn par�-
grafo 8.4 dÐnoume èna qarakthrismì twn gewdaisiak¸n twn metrik¸n tou Wasserstein se
monos manta gewdaisiakoÔc q¸rouc twn opoÐwn oi gewdaisiakèc exart¸ntai suneq¸c apì
ta �kra touc, pou deÐqnei ìti oi metrikèc tou Wasserstein p�nw apì tètoiouc q¸rouc orÐ-
zoun gewdasiakoÔc q¸rouc. Eidikìtera prokÔptei ìti o PrRn eÐnai gewdaisiakìc q¸roc.
Genikìtera èqei apodeiqjeÐ apì ton Stefano Lisini sto [8] ìti h metrik  tou Wasserstein
p�nw apì èna gewdaisiakì q¸ro orÐzei gewdaisiakì q¸ro. H apìdeixh autoÔ tou apotelès-
matoc den perièqetai se aut  thn ergasÐa. Sthn Ðdia par�grafo apodeiknÔoume epÐshc ìti
h metrik  tou Wasserstein p�nw apì èna pl rh q¸ro m kouc orÐzei q¸ro m kouc. Tèloc,
sthn par�grafo 9.1 epikentrwnìmaste se pl reic metrikoÔc q¸rouc X oi opoÐoi èqoun
olik� kampulìthta ≤ 0 kai orÐzoume thn ènnoia tou barÔkentrou gia mètra pijanìthtac
se tètoiouc q¸rouc kaj¸c kai th mèsh tim  E : L1(P ;X) −→ X, ìpou P eÐnai k�poio
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mètro pijanìthtac. Sthn Ðdia par�grafo apodeiknÔoume thn anisìthta tou Jensen, ton
isqurì nìmo twn meg�lwn arijm¸n kaj¸c kai to ìti h apeikìnish b : P1X −→ X, pou
orÐzetai an antistoiqÐsoume se k�je mètro pijanìthtac p ∈ P1X, to barÔkentro tou b(p),
eÐnai sustol  wc proc th metrik  W1 tou Wasserstein. Sthn par�grafo 9.2 anafèroume
k�poia paradeÐgmata barÔkentrwn Sthn teleutaÐa par�grafo, orÐzoume thn ènnoia thc
barukentrik c sustol c wc mÐac apeikìnishc β : P1 −→ X h opoÐa eÐnai sustol  wc
proc th metrik  tou Wasserstein kai t.w. β(δx) = x, gia k�je x ∈ X, ìpou δx eÐnai
to shmeiakì metro Dirac sto x, kai apodeiknÔoume ìti mÐa apl� sunektik  pollaplìthta
Riemann epidèqetai barukentrik  sustol  ann oi kampulìthtec tom c thc eÐnai ìlec ≤ 0.

Tèloc shmei¸noume ìti anarwthj kame gia to an h mèsh tim  E  /kai h baruken-
trik  sustol  b eÐnai affinikèc apeikonÐseic. Gia thn ap�nthsh autoÔ tou erwt matoc,
apodeÐxame thn prot�sh 5.4.4 kai to qarakthrismì 9.1.4 twn affinik¸n apeikonÐsewn
metaxÔ metrik¸n q¸rwn kampulìthtac olik� ≤ 0, mèsw twn opoÐwn katal xame sth merik 
ap�nthsh ìti me thn epiplèon upìjesh ìti o X eÐnai gewdaisiak� pl rhc, h mèsh tim  eÐnai
affinik  ann o X eÐnai q¸roc Hilbert. 'Oson afor� th barukentrik  sustol , apodeiknÔ-
oume ìti h b : P1X −→ X eÐnai affinik  ann o X eÐnai q¸roc Hilbert. Gia th barukentrik 
sustol  b : PrX −→ X, 1 < r < ∞, dÐnoume par�deigma q¸rou kampulìthtac olik� ≤ 0,
gia ton opoÐo h b den eÐnai affinik . Wstoso, sto q¸ro autì, oi gewdaisiakèc diakladÐzon-
tai. Endèqetai, loipìn, se èna q¸ro kampulìthtac olik� ≤ 0 ston opoÐo oi gewdaisiakèc
den diakladÐzontai, ìpwc sumbaÐnei paradeÐgmatoc q�rin an èqei kampulìthta ≥ κ gia
k�poio κ < 0, h barukentrik  sustol  na eÐnai affinik .
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Mèroc I

Eisagwg  sth Metrik 
GewmetrÐa
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Kef�laio 1

Basikèc Gewmetrikèc 'Ennoiec
se MetrikoÔc Q¸rouc

Mìlic orÐsei kaneÐc thn ènnoia tou m kouc sto plaÐsio twn metrik¸n q¸rwn, mporeÐ na
elègxei e�n mÐa dosmènh metrik  se èna sÔnolo X, eÐnai autì pou lème ”eswterik ”  
alli¸c ”gewmetrik ” metrik , dhlad  an h apìstash d(x, y) dÔo dedomènwn shmeÐwn x, y ∈
X eÐnai sunep c me metr seic pou pragmatopoioÔntai mèsa apì to q¸ro X. ParadeÐgmatoc
q�rin, èstw Sn ⊆ Rn h monadiaÐa sfaÐra ston EukleÐdio q¸ro Rn, efodiasmènh me ton
periorismì thc EukleÐdiac metrik c. Wc proc aut  th metrik , ta shmeÐa e1,−e1 ∈ Sn

apèqoun apìstash 1, en¸ kanèna logikì wn to opoÐo ja zoÔse mèsa sth monadiaÐa sfaÐra,
de ja èdine sta shmeÐa e1,−e1 apìstash gn sia mikrìterh apì π ∈ R. Sunep¸c, eÐnai
qr simo na xeqwrÐsoume touc metrikoÔc q¸rouc ekeÐnouc, twn opoÐwn oi metrikèc eÐnai
sunepeÐc me eswterikèc metr seic, sÔmfwna me thn parap�nw ènnoia. Wstìso, h apaÐthsh
dÔo opoiad pote shmeÐa tou q¸rou na sundèontai me mÐa kampÔlh elaqÐstou m kouc, eÐnai
me mia ènnoia polÔ austhr . ParadeÐgmatoc q�rin, kati tètoio den isqÔei en gènei stic
pollaplìthtec Riemann, twn opoÐwn oi metrikèc orÐzontai mèsw eswterik¸n metr sewn.
'Ena aplì par�deigma: JewroÔme to R2 \ {0} efodiasmèno me ton periorismì thc eukl-
eÐdiac metrik c. Ta shmeÐa e1,−e1 ∈ R2 apèqoun apìstash 2, all� den up�rqei kamÐa
kampÔlh pou na ta sundèei, m kouc Ðso me 2. Wstìso, mporoÔme na broÔme kampÔlec pou
na ta sundèoun me m koc, osod pote kont� sto 2 jèloume. 'Einai logikì na jewroÔme
tètoiec metrikèc epÐshc sunepeÐc me eswterikèc metr seic. Oi q¸roi ekeÐnoi me thn idiìthta
dÔo opoiad pote shmeÐa touc na en¸nontai me mÐa kampÔlh elaqÐstou m kouc, lègontai
gewdaisiakoÐ, kai oi kampÔlec elaqÐstou m kouc gewdaisiakèc. Oi q¸roi me thn idiìthta
dÔo opoiad pote shmeÐa touc x, y na mporoÔn na enwjoÔn me kampÔlec m kouc osod pote
kont� sthn apìstash touc d(x, y), lègontai q¸roi m kouc. Touc q¸rouc autoÔc ja
touc melet soume sto epìmeno kef�laio. S' autì to kef�laio ja orÐsoume tic basikèc
gewmetrikèc ènnoiec pou qreiazìmaste, ìpwc m koc, gwnÐa kai gewdaisiak , sto plaÐsio
twn metrik¸n q¸rwn, kai ja melet soume tic basikèc touc idiìthtec.
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1.1 M koc KampÔlwn
'Estw (X, d) metrikìc q¸roc. MÐa kampÔlh   alli¸c èna monop�ti ston X eÐnai mia
suneq c apeikìnish γ : I → X, ìpou I ⊆ R eÐnai k�poio upodi�sthma (sunektikì upo-
sÔnolo) thc pragmatik c eujeÐac. Lème ìti mÐa kampÔlh γ : [a, b] → X sundèei ta shmeÐa
x, y ∈ X an γ(a) = x kai γ(b) = y. Gia suntomÐa sto sumbolismì, ja gr�foume suqn� γt

antÐ γ(t) kai ja sumbolÐzoume thn troqi� thc γ me Imγ.

Orismìc 1.1.1 'Estw I ⊆ R èna di�sthma. MÐa diamèrish tou I eÐnai mÐa gnhsi¸c
aÔxousa akoloujÐa

∆ : {0, 1, . . . , k} −→ I

gia k�poio k ∈ N. Sun jwc sumbolÐzoume mia tètoia diamèrish gr�fontac ∆ = {t0 <

t1 < · · · < tk}, ìpou ti = ∆(i) gia k�je i = 0, 1, . . . , k, tautÐzontac tic diamerÐseic me tic
eikìnec touc.

'Estw γ : I → X mia kampÔlh ston X, ìqi aparaÐthta suneq c. Gia k�je diamèrish
∆ = {t0 < · · · < tk} tou I, jètoume

Ld(γ;∆) =
k∑

i=1

d
(
γ(ti−1), γ(ti)

)
,

kai orÐzoume to m koc Ld(γ) thc γ ap'ton tÔpo

Ld(γ) = sup
∆

Ld(γ;∆),

ìpou to supremum paÐrnetai p�nw apì ìlec tic diamerÐseic ∆ tou I. H γ lègetai peperas-
mènou m kouc an Ld(γ) < ∞ kai topik� peperasmènou m kouc an gia k�je t0 ∈ I up�rqei
ε = εt0 > 0 t.w. h γ|I∩[t0−εt0 ,t0+εt0 ] na eÐnai peperasmènou m kouc.

'Estw γ : I −→ X mÐa kampÔlh topik� peperasmènou m kouc. H sun�rthsh φγ,t0 :
I −→ R me tÔpo

φγ,t0(t) =

{
Ld(γ|[t0,t]), t0 ≤ t,

−Ld(γ|[t,t0]), t ≤ t0,

lègetai h sun�rthsh m kouc thc γ wc proc to t0 ∈ I.

Parathr seic

1. 'Estw γ : I → X mÐa kampÔlh kai Q mÐa diamerÐsh tou I. Apì thn trigwnik  anisìthta
thc d èpetai ìti

Ld(γ) = sup
∆⊇Q

Ld(γ; ∆).

'Etsi, an to I = [a, b] eÐnai kleistì di�sthma, jewroÔme mon�qa diamerÐseic thc morf c
∆ = {a = t0 < t1 < · · · < tk = b}, k ∈ N. Eidikìtera, an h γ sundèei ta x, y ∈ X, tìte
Ld(γ) ≥ d(x, y).

2. MÐa kampÔlh γ : I −→ X èqei topik� peperasmèno m koc ann h γ|I∩[a,b] èqei pepera-
smèno m koc gia k�je kleistì di�sthma [a, b] ⊆ I.
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Apìdeixh. 'Estw a, b ∈ I t.w. a ≤ b. Prèpei na deÐxoume ìti Ld(γ|[a,b]) < ∞. Gia k�je
t ∈ [a, b] up�rqei εt > 0 t.w. Ld(γ[t−εt,t+εt]) < ∞. 'Estw δ > 0 ènac arijmìc Lebesgue
tou sumpagoÔc [a, b] gia to k�lumma {[t− εt, t + εt]}t∈[a,b]. Tìte k�je uposÔnolo tou
[a, b], me di�metro mikrìterh apì δ, perièqetai se k�poio apì ta [t − εt, t + εt]. 'Etsi, an
∆ = {s0 < s1 < · · · < sk} eÐnai mÐa diamèrish tou I pl�touc |∆| := ∨k

i=1 |si − si−1| < δ,
tìte gia k�je i = 1, . . . , k up�rqei ti ∈ [a, b] t.w. [si−1, si] ⊆ [ti − εti−1 , ti + εti

]. 'Omwc
h γ èqei peperasmèno m koc se k�je èna apì ta diast mata [si−1, si], , i = 1, . . . , k kai
sunep¸c

Ld(γ|[a,b]) =
k∑

i=1

Ld(γ|[si−1,si]) < ∞.

3. 'Estw γ : I −→ X mÐa kampÔlh ston X. DÔo opoiesd pote sunart seic m kouc thc γ

diafèroun kat� mÐa stajer�. Pr�gmati, an t0, t1 ∈ I, kai oi φt0 , φt1 eÐnai oi sunart seic
m kouc thc γ wc proc ta shmeÐa t0, t1 antÐstoiqa, tìte φt0∧t1(t)−φt0∨t1(t) = φt0∧t1(t0∨t1)
gia k�je t ∈ I. Epeid  sun jwc anaferìmaste se idiìthtec twn sunart sewn m kouc oi
opoÐec den metab�llontai me thn prìsjesh k�poiac stajer�c, dedomènhc mÐac kampÔlhc γ,
ja lème estw φ h sun�rthsh m kouc thc γ, qwrÐc na prosdiorÐzoume wc proc poio shmeÐo
jewroÔme orismènh thn φ, ektìc bèbaia an eÐnai anagkaÐo.

Oi basikèc idiìthtec tou m kouc perigr�fontai sthn akìloujh.

Prìtash 1.1.1 'Estw γ : I → X mÐa kampÔlh, ìqi aparaÐthta suneq c. Tìte

(a) diamγ ≤ Ld(γ) kai Ld(γ) = 0 ann h γ eÐnai stajer .

(b) Prosjetikìthta: Gia k�je t ∈ I, Ld(γ) = Ld

(
γ|I∩(−∞,t]

)
+ Ld(γ|I∩[t,∞))

(g) Monotonikìthta: Gia k�je di�sthma J ⊆ I, èqoume ìti Ld(γ|J) ≤ Ld(γ).

(d) AnalloÐwto tou m kouc k�tw apì asjen c anaparametrÐseic: An to J ⊆ R eÐnai
di�sthma kai h u : J −→ I eÐnai monìtonh kai epÐ, tìte

Ld(γ ◦ u) = Ld(γ)

(e) Monotonikìthta thc sun�rthshc m kouc: An h γ èqei topik� peperasmèno m koc,
tìte h sun�rthsh m kouc φ thc γ eÐnai aÔxousa.

(z) Sunèqeia thc sun�rthshc m kouc: An h γ èqei topik� peperasmèno m koc, tìte h γ

eÐnai suneq c sto t ∈ I ann h sun�rthsh m kouc φ thc γ eÐnai suneq c sto t.

(h) Asjen c k�tw hmisunèqeia: An h {γn}∞n=1 eÐnai mÐa akoloujÐa kampÔlwn orismènwn
sto I, h opoÐa sugklÐnei sthn γ kat� shmeÐo, tìte

Ld(γ) ≤ lim inf Ld(γn).

Apìdeixh To (a) eÐnai profanèc. (b) 'Estw t ∈ I. Gia k�je diamèrish ∆ = {t0 <

· · · < ti−1 < t < ti+1 < · · · < tk} tou I, pou perièqei to t, jètoume P∆ = ∆ ∩ (−∞, t],
Q∆ = ∆ ∩ [t,∞). Tìte, gia k�je diamèrish ∆ tou I, èqoume ìti Ld(γ;∆) = Ld(γ; P∆) +
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Ld(γ; Q∆). Profan¸c, k�je �jroisma thc morf c Ld(γ|I∩(−∞,t]; P ) + Ld(γ|I∩[t,∞); Q),
ìpou oi P, Q eÐnai diamerÐseic twn I∩(−∞, t] kai I∩[t,∞) antÐstoiqa, t.w. t ∈ P ∩Q, eÐnai
thc morf c Ld(γ; P∆) + Ld(γ;Q∆) gia k�poia kat�llhlh diamèrish ∆ tou I. Sunep¸c,

Ld(γ) = sup
∆3t

Ld(γ;∆) = sup
∆3t

(Ld(γ; P∆) + Ld(γ;Q∆))

= sup
P3t

Ld(γ|I∩(−∞,t]; P ) + sup
Q3t

Ld(γ|I∩[t,∞);Q)

= Ld

(
γ|I∩(−∞,t]

)
+ Ld

(
γ|I∩[t,∞)

)
,

Ta (g) kai (e) èpontai �mesa apì to (b).
(d) Upojètoume ìti h u : J −→ I eÐnai aÔxousa. H �llh perÐptwsh eÐnai ìmoia. 'Estw
∆ = {t0 < t1 < · · · < tk} mia diamèrish tou J . Tìte u(t0) ≤ u(t1) ≤ · · · ≤ u(tk). An
Q = {so < s1 < · · · < sm} eÐnai h gnhsÐwc aÔxousa arÐjmhsh tou Im(u ◦∆), Tìte,

Ld(γ ◦ u;∆) = Ld(γ;Q) ≤ Ld(γ).

Ja apodeÐxoume t¸ra thn antÐstrofh anisìthta. 'Estw ∆ = {t0 < · · · < tk} mia diamèrish
tou I. Epeid  h u eÐnai epÐ, up�rqoun s0, . . . , sk ∈ J t.w. ti = u(si) gia k�je i = 1, . . . , k.
'Omwc anagkastik� s0 < · · · < sk, kai ètsi an Q = {s0 < · · · < sk}, tìte,

Ld(γ;∆) =
k∑

i=1

d(γ(ti−1), γ(ti)) =
k∑

i=1

d(γ ◦ u(si−1), γ ◦ u(si))

= Ld(γ ◦ u;Q) ≤ Ld(γ ◦ u).

(z) Upojètoume pr¸ta ìti h γ eÐnai suneq c kai ja apodeÐxoume ìti h sun�rthsh m kouc
φ thc γ eÐnai suneq c sto I apì ta dexi�. An�loga deÐqnoume kai ìti eÐnai suneq c apì
ta arister�. 'Estw t ∈ I, t 6= sup I kai èstw ε > 0. Epilègoume t1 ∈ I t.w. t < t1 kai
diamèrish ∆ = {t = s0 < · · · < sk = t1} tou I t.w.

Ld(γ|[t,t1]) < Ld(γ|[t,t1],∆) +
ε

2
.

H γ eÐnai suneq c kai �ra up�rqei δ ∈ (0, s1 − t) t.w.

s ∈ I, 0 ≤ s− t < δ =⇒ d(γt, γs) <
ε

2
.

Tìte gia k�je tètoio s ∈ I, èqoume ìti

φ(s)− φ(t) = Ld(γ|[t,s]) = Ld(γ|[t,t1])− Ld(γ|[s,t1])

≤ Ld(γ|[t,t1];∆) +
ε

2
− Ld(γ|[s,t1])

≤ d(γt, γs) + Ld(γ|[s,ti]) +
ε

2
− Ld(γ|[s,t1])

<
ε

2
+

ε

2
= ε.

Upojètoume t¸ra ìti h sun�rthsh m kouc φ thc γ eÐnai suneq c. Gia k�je akoloujÐa
(tn) sto I t.w. tn −→ t ∈ I, èqoume ìti

d(γtn , γt) ≤ Ld(γ|[t∧tn,t∨tn]) = φ(t ∨ tn)− φ(t ∧ tn) −→ 0.

11



(h) Epeid  γn −→ γ kat� shmeÐo, gia k�je diamèrish ∆ tou I, èqoume ìti

L(γ ; ∆) = lim L(γn ;∆) ≤ lim inf
n

L(γn).

Sunep¸c, paÐrnontac to supremum p�nw apì ìlec tic diamerÐseic ∆ tou I, prokÔptei h
k�tw hmisunèqeia thc sun�rthshc m kouc kai h apìdeixh èqei oloklhrwjeÐ. ¤

Parathr seic

4. EÔkola kataskeu�zontai kampÔlec �peirou m kouc ston X = [−1, 1]. ParadeÐgmatoc
q�rin, k�je kampÔlh γ : [0, 1] −→ [−1, 1] t.w. γ(1− 1

n ) = (−1)n+1 1
n gia k�je n ∈ I èqei

�peiro m koc, afoÔ gia k�je n ∈ I,

L(γ) ≥ L(γ|[0, 1− 1
n ]) =

n−1∑

i=1

L(γ|[1− 1
i , 1− 1

i+1 ])

≥
n−1∑

i=1

∣∣∣∣(−1)i+1 1
i
− (−1)i+2 1

i + 1

∣∣∣∣ =
n−1∑

i=1

(
1
i

+
1

i + 1

)
n→∞−→ +∞.

5. Ex� orismoÔ, mÐa sun�rthsh f : X −→ (−∞,∞] me pedÐo orismoÔ k�poio topologikì
q¸ro X, eÐnai isqur� k�tw hmisuneq c an gia k�je x ∈ X kai k�je ε > 0 up�rqei perioq 
V tou x ston X t.w.

y ∈ V =⇒ f(y) ≥ f(x)− ε.

To sunarthsoeidèc tou m xouc L, den eÐnai isqur� k�tw hmisuneqèc. Pr�gmati, èstw γ

h monadik  kampÔlh tou pro goumenou paradeÐgmatoc me thn idiìthta h γ|[1− 1
n , 1− 1

n+1 ] na
eÐnai affinik  gia k�je n ∈ N. 'Estw epÐshc tn to monadikì shmeÐo tou [1− 1

n , 1− 1
n+1 ]

me γ(tn) = 0. Tìte h akoloujÐa twn kampÔlwn {γn}∞n=1, pou orÐzetai apì thn

γn = 1[0,tn]γ,

ìpou 1[0,tn] eÐnai h deÐktria sun�rthsh tou [0, tn], sugklÐnei omoiìmorfa sthn γ kai
L(γn) < ∞ gia k�je n ∈ N, en¸ h isqur  k�tw hmisunèqeia apaiteÐ telik� na isqÔei
ìti L(γn) = ∞.

Orismìc 1.1.2 MÐa kampÔlh γ : I −→ X topik� peperasmènou m kouc lègetai gram-
mik� parametrismènh   stajer c taqÔthtac λ ≥ 0 an

L(γ|[s∧t,s∨t]) = λ|t− s|

gia k�je s, t ∈ I. An λ = 1, tìte h γ lègetai kampÔlh monadiaÐac taqÔthtac   parametri-
smènh me to m koc thc.

SÔmfwna me thn akìloujh prìtash, k�je kampÔlh topik� peperasmènou m kouc, eÐnai
asjen c anaparamètrish k�poiac kampÔlhc monadiaÐac taqÔthtac.
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Prìtash 1.1.2 'Estw γ : I −→ X mÐa kampÔlh topik� peperasmènou m kouc ston
X. Up�rqei tìte kampÔlh γ̄ : J −→ X stajer c taqÔthtac kai apeÐkonish φ : I −→ J

monìtonh kai epÐ t.w. γ = γ̄ ◦ φ.

Apìdeixh 'Estw φ : I −→ R h sun�rthsh m kouc thc γ wc proc to t0 ∈ I. AfoÔ h φ

eÐnai suneq c, to J := φ(I) eÐnai di�sthma. 'Estw v h sqèsh isodunamÐac pou orÐzetai
sto I apì to ton tÔpo

a v b ⇐⇒ φ(a) = φ(b).

Profan¸c h φ, kai �ra kai h γ, eÐnai stajer  se k�je kl�sh isodunamÐac thc v. Sunep¸c
h apeikìnish γ̄ : J −→ X me tÔpo

γ̄(t) = γ(s), gia k�poio s ∈ φ−1(t),

eÐnai kal� orismènh kai profan¸c γ̄ ◦ φ = γ. Ja deÐxoume ìti eÐnai parametrismènh me to
m koc thc. Katarq�c, h γ̄ eÐnai suneq c apì arister�. Pr�gmati, èstw t ∈ J, t 6= inf J

kai (tn)∞n=1 mÐa gnhsÐwc aÔxousa akoloujÐa sto eswterikì tou J t.w. tn −→ t. Ja
deÐxoume ìti γ̄(tn) −→ γ̄(t). Epilègoume s ∈ φ−1(t) kai sn ∈ φ−1(tn) gia k�je n ∈ N.
H akoloujÐa (sn)∞n=1 eÐnai anagkastik� gnhsÐwc aÔxousa kai fragmènh apì p�nw apì to
s ∈ I, kai ètsi sugklÐnei se k�poio s′ ∈ I, s′ ≤ s. 'Omwc apì th sunèqeia thc φ èqoume
ìti

φ(s′) = lim φ(sn) = lim tn = t,

kai �ra s′ ∈ φ−1(t). Sunep¸c,

γ̄(tn) = γ(sn) −→ γ(s′) = γ̄(t).

H sunèqeia thc γ̄ apì ta dexi� apodeiknÔetai an�loga. Ja deÐxoume t¸ra ìti h γ̄ eÐnai
parametrismènh me to m koc thc. 'Estw loipìn ti ∈ J, i = 1, 2 kai si ∈ φ−1(ti), i = 1, 2.
Tìte t1 < t2 kai φ([s1, s2]) = [t1, t2], kai �ra,

L(γ̄|[t1,t2]) = L(γ̄|[t1,t2] ◦ φ|[s1,s2]) =

= L
(
(γ̄ ◦ φ)|[s1,s2]

)
= L(γ[s1,s2]) =

= φ(s2)− φ(s1) = t2 − t1.

Sunep¸c h γ̄ eÐnai h zhtoÔmenh kampÔlh. ¤

Orismìc 1.1.3 MÐa kampÔlh γ : I −→ X lègetai apolÔtwc suneq c an gia k�je ε > 0
up�rqei δ > 0 t.w. gia k�je peperasmènh akoloujÐa {(ai, bi)}N

i=1 , N ∈ N, xènwn kai
anoiqt¸n upodiasthm�twn tou I, na isqÔei ìti

N∑

i=1

(bi − ai) < δ =⇒
N∑

i=1

d(γ(bi), γ(ai)) < ε.

MÐa kampÔlh γ : I −→ X lègetai topik� apolÔtwc suneq c an gia k�je t ∈ I up�rqei
ε > 0 t.w. h γ|[t−ε,t+ε] na eÐnai apolÔtwc suneq c.
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Parathr seic

6. K�je Hölder suneq c kampÔlh γ : I −→ X me stajer� C ≥ 0 kai ekjèth p ∈ [1,∞)
eÐnai apolÔtwc suneq c kai k�je apolÔtwc suneq c kampÔlh eÐnai omoiìmorfa suneq c.

7. MÐa kampÔlh γ : I −→ X eÐnai topik� apolÔtwc suneq c ann eÐnai apolÔtwc suneq c
se k�je kleistì upodi�sthma J tou I.

Apìdeixh. Katarq�c, parathroÔme ìti an h γ eÐnai apolÔtwc suneq c se dÔo kleist�
diast mata [a, b], [c, d] ⊆ I me a ≤ c ≤ b ≤ d, tìte eÐnai apolÔtwc suneq c sto [a, d].
'Etsi an to J eÐnai èna kleistì upodi�sthma tou I, apì th sump�geia tou J mporoÔme na
kalÔyoume to J me mia peperasmènh akoloujÐa diasthm�twn {[ai, bi]}n

i=1 me ai+1 ≤ bi,
t.w. h γ na eÐnai suneq c se k�je èna apì ta [ai, bi], ap' ìpou apì thn prohgoÔmenh
parat rhsh èpetai ìti h γ eÐnai apolÔtwc suneq c sto J .

Prìtash 1.1.3 'Estw γ : I −→ X mÐa apolÔtwc suneq c kampÔlh. An to m koc m(I)
tou I eÐnai peperasmèno, tìte h γ èqei peperasmèno m koc.

Apìdeixh AfoÔ h γ eÐnai apolÔtwc suneq c, up�rqei δ ∈ (0,m(I)) t.w. gia k�je xènh
peperasmènh akoloujÐa {(ai, bi)}N

i=1 , N ∈ N, anoikt¸n upodiasthm�twn tou I na èqoume
ìti

N∑

i=1

(bi − ai) ≤ δ =⇒
N∑

i=1

d(γ(bi), γ(ai)) < 1.

Epeid  δ < m(I) up�rqoun a, b ∈ I t.w. δ < b − a. 'Estw ∆ = {t0 < · · · < tn} mÐa
diamèrish tou I t.w. {a, b} ⊆ ∆. Tìte, m(I) ≥ tn− t0 ≥ b−a > δ. Jètoume k :=

[
tn−t0

δ

]

to akèraio mèroc tou tn−t0
δ . Profan¸c 1 ≤ k ≤ m(I)

δ . Gia k�je i = 0, . . . , k jètoume
µi = t0 + iδ kai prosjètoume sth diamèrish ∆ ekeÐna ta shmeÐa apì ta µi to opoÐa den
perièqontai  dh se aut n. Katal goume ètsi se mÐa kainoÔrgia diamèrish ∆′ = {t0 =
s0 < · · · < sm = tn} tou I. 'Estw j0, . . . , jk ∈ {1, . . . , m} oi akèraioi gia touc opoÐouc
sji = µi, i = 0, . . . , k. An jèsoume jk+1 = m, tìte gia k�je i = 0, 1, . . . , k èqoume

ji+1∑

l=ji+1

(sl − sl−1) = sji+1 − sji ≤ δ.

'Etsi, apì thn epilog  tou δ èpetai ìti

L(γ; ∆) ≤ L(γ;∆′) =
m∑

i=1

d(γ(si), γ(si−1))

=
k+1∑

i=1

ji+1∑

l=ji+1

d(γ(sl−1), γ(sl))

≤ k + 1 ≤ m(I)
δ

+ 1.

AfoÔ o m(I)
δ + 1 den exart�tai apì th diamèrish ∆, paÐrnontac to supremum p�nw apì

ìlec tic diamerÐseic ∆ tou I pou perièqoun to {a, b}, èpetai apì thn parat rhsh 1 ìti
L(γ) ≤ m(I)

δ + 1. ¤
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Pìrisma 1.1.1 K�je topik� apolÔtwc suneq c kampÔlh èqei topik� peperasmèno m koc.

Argìtera, ja mac qreiasteÐ na mporoÔme na sugkoll soume dÔo kampÔlec γ, σ mè
k�poio koinì �kro, ètsi ¸ste na prokÔyei mÐa nèa kampÔlh thc opoÐac h eikìna na eÐnai
h ènwsh twn eikìnwn twn γ kai σ. Up�rqoun di�foroi tètoioi trìpoi sugkìlhshc. O
pr¸toc pou ja doÔme eÐnai qrhsimìteroc gia kampÔlec pou orÐzontai sto Ðdio di�sthma,
p.q. to [0,1]. 'Estw γ, σ : [0, 1] −→ X dÔo kampÔlec t.w. γ(1) = σ(0). To ginìmeno thc
γ me thn σ eÐnai h kampÔlh γ ∗ σ : [0, 1] −→ X, me tÔpo

γ ∗ σ(t) =

{
γ(2t), 0 ≤ t ≤ 1

2 ,

σ(2t− 1), 1
2 ≤ t ≤ 1.

KampÔlec γ, σ pou orÐzontai se diast mata [a, b], [b, c] antÐstoiqa, t.w. γ(b) = σ(b),
tic sugkolloÔme paÐrnontac thn ènws  touc γ ∪ σ : [a, c] −→ X, h opoÐa orÐzetai me
ton profan  trìpo. Profan¸c, apì thn prosjetikìthta kai th monotonÐa tou m kouc
k�tw apì asjen c anaparametrÐseic, prokÔptei ìti to sunarthsoeidèc tou m kouc eÐnai
prosjetikì wc proc kai tic dÔo autèc pr�xeic.

1.2 Metrik  Par�gwgoc
S' aut  thn par�grafo ja orÐsoume thn ènnoia thc metrik c parag¸gou gia kampÔlec se
metrikoÔc q¸rouc, h opoÐa ekfr�zei to mètro thc taqÔthtac thc kamÔlhc. 'Epeita ja exe-
t�soume th sqèsh metaxÔ tou m kouc mÐac kampÔlhc kai tou oloklhr¸matoc thc metrik c
thc parag¸gou. Se ìsa akolouj soun, o (X, d) ja eÐnai ènac aujaÐretoc metrikìc q¸roc
kai to I k�poio upodi�sthma tou R.

Orismìc 1.2.1 'Estw γ : I −→ X mÐa kampÔlh, ìqi aparaÐthta suneq c, kai èstw
t0 ∈ I. H γ ja lègetai d-paragwgÐsimh sto t0 ∈ I, an to ìrio

lim
t→t0

d(γt, γt0)
|t− t0| (1.1)

up�rqei, kai sthn perÐptwsh aut , h tim  tou orÐou lègetai h metrik  par�gwgoc thc γ

sto t0 kai sumbolÐzetai me |γ′|d(t0).
Fusik�, an to t0 den eÐnai eswterikì shmeÐo tou I, tìte to ìrio (1.1) ermhneÔetai wc

pleurikì ìrio. H γ ja lègetai d-paragwgÐsimh an eÐnai d-paragwgÐsimh se k�je t ∈ I.
Genikìtera, orÐzoume thn an¸terh metrik  par�gwgo |̄γ′|d mÐac kampÔlhc γ : I −→ X

apì ton tÔpo
|γ′|d(t) = lim sup

s→t

d(γt, γs)
|t− s|

kai thn k�twterh metrik  par�gwgo apì ton tÔpo

|γ′|d(t) = lim inf
s→t

d(γt, γs)
|t− s| .

Parathr seic
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1. 'Estw γ : I :−→ X mÐa ìqi aparaÐthta suneq c kampÔlh. H Ôparxh tou orÐou (1.1)
se k�poio shmeÐo t0 arkeÐ gia th sunèqeia thc γ sto t0. 'Etsi, k�je d-parag¸gisimh
apeikìnish γ : I :−→ X eÐnai kampÔlh.
2. Oi anaparametrÐseic ikanopoioÔn ton kanìna thc alusÐdac. 'Estw I, J ⊆ R diast -
mata, φ : J −→ I mÐa apeikìnish paragwgÐsimh sto t0 kai γ : I −→ X mÐa kampÔlh
d-paragwgÐsimh sto φ(t0). Tìte h γ ◦ φ eÐnai d-paragwgÐsimh sto t0, me

|(γ ◦ φ)′|(t0) = |γ′|(φ(t0)
)|φ′(t0)|.

H apìdeixh eÐnai ìmoia me thn apìdeixh tou kanìna thc alusÐdac gia pragmatikèc sunart -
seic.

ParadeÐgmata

1. 'Estw γ : [0, 1] −→ R h kampÔlh me tÔpo

γ(t) =

{
t, 0 ≤ t ≤ 1

2

1− t, 1
2 ≤ t ≤ 1

Profan¸c, h γ den eÐnai paragwgÐsimh sto 1
2 . Wstìso eÐnai d-paragwgÐsimh ekeÐ, kai

|γ′|d ≡ 1 sto [0, 1].

2. Q¸roi me Nìrma

'Estw (X, ‖·‖) q¸roc me nìrma. JewroÔme ton X wc metrikì q¸ro me th metrik  d = d‖·‖
pou ep�getai apì thn ‖ · ‖. Profan¸c, an mÐa kampÔlh γ : I −→ X eÐnai paragwgÐsimh
sto t ∈ I me par�gwgo γ′(t) ∈ X, tìte eÐnai kai d-paragwgÐsimh me |γ′|d(t) = ‖γ′(t)‖.

3. Pollaplìthtec Riemann

'Estw (M, g) mÐa sunektik  pollaplìthta Riemann. Wc sun jwc, ja sumbolÐzoume me
〈·, ·〉p to eswterikì ginìmeno gp tou TpM , kai me ‖·‖p thn epagìmenh nìrma. 'EpÐshc, ìtan
den up�rqei kÐndunoc sÔgqushc, ja paraleÐpoume to shmeÐo p ∈ M apì ton sumbolismì.
To rhm�nneio m koc LR(γ) mÐac kat� tm mata C1 kampÔlhc γ : I −→ M orÐzetai wc

LR(γ) =
∫

I

‖γ̇(t)‖γ(t)dt.

Jètoume C1(x, y) to sÔnolo ìlwn twn kat� tm mata C1 kampÔlwn γ : [0, 1] −→ M me
γ(0) = x kai γ(1) = y. 'Opwc xèroume, C1(x, y) 6= ∅ gia k�je x, y ∈ M kai h M gÐnetai
metrikìc q¸roc an efodiasteÐ me th metrik  dg : M ×M −→ [0,∞] me tÔpo

dg(x, y) = inf{LR(γ)|γ ∈ C1(x, y)}.

H dg lègetai h epagìmenh metrik  apì th g kai ìpote jewroÔme mÐa pollaplìthta Riemann
wc metrikì q¸ro, ja th jewroÔme efodiasmènh me th metrik  dg. Gia aplìthta sto
sumbolismì, ja gr�foume d antÐ dg.
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Ja deÐxoume ìti k�je C1 kampÔlh γ : I −→ M eÐnai d-paragwgÐsimh, me |γ|d = ‖γ̇‖γ .
'Estw t0 ∈ I. Jètoume p := γ(t0). 'Estw U ⊆ TpM mÐa perioq  tou 0 ∈ TpM , t.w. h
ekjetik  apeikìnish expp na orÐzetai kai na eÐnai amfidiafìrish apì thn U se mÐa anoikt 
perioq  W tou p ∈ M . Tìte, h σ := exp−1

p ◦γ eÐnai kal� orismènh kai C1 se mÐa perioq 
tou t0, kai

σ̇(t0) =
(
exp−1

p

)
∗p

(
γ̇(t0)

)
= γ̇(t0). (1.2)

'Omwc gia k�je q ∈ W , h monadik  el�qisth gewdaisiak  σq apì to p sto q dÐnetai apì
ton tÔpo [0, 1] 3 t 7→ expp

(
t exp−1

p q
)

kai èqei m koc LR(σq) = ‖ exp−1
p q‖ = d(p, q).

Sunep¸c, gia k�je t 6= t0 arket� kont� sto t0 èqoume ìti

d(γt0 , γt)
|t− t0| =

‖ exp−1
p γ(t)‖p

|t− t0| =
‖σ(t0)− σ(t)‖p

|t− t0| .

'Etsi, paÐrnontac ìrio kaj¸c t → t0, kai lamb�nontac upìyin thn (1.2), paÐrnoume to
zhtoÔmeno.

Pern�me t¸ra sth melèth thc sqèshc metaxÔ tou m kouc mÐac kampÔlhc kai tou
oloklhr¸matoc thc metrik c thc parag¸gou. Sugkekrimèna, rwt�me to ex c. Gia poiec
kampÔlec γ : I −→ X isqÔei ìti

L(γ|[s,t]) =
∫ t

s

|γ′|dm (1.3)

gia k�je s, t ∈ I me s ≤ t ? To epìmeno l mma m�c deÐqnei se poia kl�sh kampÔlwn prèpei
na koit�xoume gia thn ap�nthsh.

L mma 1.2.1 'Estw (X, d) metrikìc q¸roc kai γ : I −→ X kampÔlh topik� peperasmè-
nou m kouc. An h |γ′| orÐzetai sqedìn pantoÔ (σ.p.) sto I (wc proc to mètro Lebesque m)
kai gia k�je s, t ∈ I me s ≤ t h (1.3) isqÔei, tìte h γ eÐnai topik� apolÔtwc suneq c.

Apìdeixh 'Estw J := [a, b] ⊆ I di�sthma. Ja deÐxoume ìti h γ eÐnai apolÔtwc suneq c
sto J . 'Estw ε > 0. Epeid  h γ èqei topik� peperasmèno m koc, apì thn (1.3) èqoume ìti

∫

J

|γ′|dm = L(γ|J) < ∞.

Sunep¸c |γ′|d ∈ L1(J,m) kai �ra up�rqei δ > 0 t.w.

E ∈ B(J), m(E) < δ =⇒
∫

E

|γ′|dm < ε.

Tìte, gia k�je xènh kai peperasmènh akoloujÐa {(ai, bi)}N
i=1, N ∈ N, anoikt¸n upodia-

sthm�twn tou J me
∑N

i=1 (bi − ai) < δ èqoume ìti

N∑

i=1

d
(
γ(ai), γ(bi)

) ≤
N∑

i=1

L([ai, bi]) =
N∑

i=1

∫ bi

ai

|γ′|dm

=
∫
SN

i=1 (ai,bi)

|γ′|dm < ε,
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afoÔ
⋃N

i=1 (ai, bi) ∈ B(J) kai m
( ⋃N

i=1 (ai, bi)
)

=
∑N

i=1 (bi − ai) < δ. ¤

'Opwc ja doÔme sth sunèqeia, to antÐstrofo eÐnai epÐshc alhjèc. Xekin�me me èna
prokatarktikì l mma.

L mma 1.2.2 'Estw γ : I −→ X mÐa kampÔlh sto metrikì q¸ro X. Tìte h an¸terh
kai h kat¸terh metrik  par�gwgoc thc γ eÐnai metr simec sunart seic.

Apìdeixh Ja doÔme thn apìdeixh mìno gia thn kat¸terh par�gwgo. H metrhsimìthta
thc kat¸terhc parag¸gou apodeiknÔetai an�loga. Gia k�je n ∈ N jètoume In := (inf I +
1
n , sup I− 1

n ) kai Qn := (Q\{0})∩(− 1
n , 1

n ) kai orÐzoume thn apeikìnish ∆n : In −→ [0,∞)
apì ton tÔpo

∆n(t) = inf
h∈Qn

{
d(γt+h, γt)

|h|
}

.

T¸ra, apì th sunèqeia thc apeikìnishc

(− 1
n

,
1
n

) \ {0} 3 h 7→ d(γt+h, γt)
|h| ,

èpetai ìti gia k�je n ∈ N, gia k�je t ∈ In,

∆n(t) = inf
0<|h|< 1

n

{
d(γt+h, γt)

|h|
}

.

'Etsi, an gn : I −→ [0,∞) h sun�rthsh me tÔpo gn(t) = ∆n(t), an t ∈ In kai gn(t) = 0,
an t ∈ I \ In, tìte gn 1 |γ′| sto intI. 'Ara an deÐxoume ìti k�je mia apì tic gn eÐnai
metr simh, tìte h |γ′| ja eÐnai metr simh wc kat� shmeÐo ìrio metr simwn sunart sewn.
All� gia na apodeÐxoume ìti h gn eÐnai metr simh, arkeÐ na apodeÐxoume ìti h ∆n eÐnai
metr simh. 'Estw loipìn M ≥ 0. Tìte,

∆−1
n

(
[M,∞)

)
=

{
t ∈ In|∆n(t) ≥ M

}

=
⋂

h∈Qn

{
t ∈ In| d(γt+h, γt) ≥ |h|M}

.

'Omwc gia k�je h ∈ Qn, h sun�rthsh In 3 t 7→ d(γt+h, γt) eÐnai suneq c kai �ra gia
k�je h ∈ Qn, to sÔnolo Ah := {t ∈ In| d(γt+h, γt) ≥ |h|M} eÐnai metr simo. Sunep¸c,
to sÔnolo ∆−1

n

(
[M,∞)

)
=

⋂
h∈Qn

Ah eÐnai metr simo wc arijm simh tom  metr simwn
sunìlwn, kai �ra h ∆n eÐnai metr simh ìpwc zhtoÔsame. ¤

Je¸rhma 1.2.1 'Estw (X, d) metrikìc q¸roc kai γ : I −→ X mÐa kampÔlh. Tìte h γ

eÐnai topik� apolÔtwc suneq c ann h |γ′|d eÐnai σ.p. orismènh sto I kai gia k�je s, t ∈ I

me s ≤ t, èqoume ìti

Ld(γ|[s,t]) =
∫ t

s

|γ′|ddm.

Apìdeixh H mÐa sunepagwg  eÐnai to perieqìmeno tou l mmatoc 1.2.1. 'Estw J =
[a, b] ⊆ I tuqìn kleistì upodi�sthma tou I. AfoÔ h γ eÐnai suneq c, to γ(J) eÐnai
sumpagèc uposÔnolo tou X kai �ra diaqwrÐsimo. 'Estw {xn|n ∈ N} èna arijm simo
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puknì uposÔnolo tou γ(J). Gia k�je n ∈ N orÐzoume mÐa sun�rthsh φn : J −→ R me
tÔpo φn(t) = d(xn, γt). Tìte, gia k�je n ∈ N kai k�je t, s ∈ J èqoume

|φn(t)− φn(s)| = |d(xn, γt)− d(xn, γs)| ≤ d(γt, γs). (1.4)

Sunep¸c, afoÔ h γ eÐnai apolÔtwc suneq c, h φn eÐnai epÐshc apolÔtwc suneq c, gia
k�je n ∈ N. Apì to jemeli¸dec je¸rhma tou apeirostikoÔ logismoÔ gia to olokl rwma
Lebesque, èpetai ìti h φn eÐnai σ.p. paragwgÐsimh sto J , me φ′n ∈ L1(J,m), gia k�je
n ∈ N. T¸ra, jètoume ψ := supn∈N |φ′n| kai ja deÐxoume ìti ψ ∈ L1(J,m) kai ìti
|γ′|d = ψ σ.p. sto J .

Katarq�c, apì thn (1.4) èpetai ìti gia k�je n ∈ N kai k�je t ∈ J ,

|γ′|d(t) = lim inf
s→t

d(γt, γs)
|t− s| ≥ lim inf

s→t

|φn(t)− φn(s)|
|t− s| = |φ′n(t)|,

kai, ètsi, gia k�je n ∈ N èqoume ìti |γ′|d ≥ φ′n σ.p. sto J . Sunep¸c,

ψ ≤ |γ′|d σ.p. sto J (1.5)

T¸ra, apì to pìrisma 1.1.1, h γ èqei topik� peperasmèno m koc, kai �ra an deÐxoume
ìti

∫
J
|γ′|ddm ≤ Ld(γ|J ), ja sunag�goume apì thn (1.5), ìti ψ ∈ L1(J,m). 'Estw

ε ∈ (0, b−a
2 ). Oloklhr¸nontac thn |γ′|d sto (a + ε, b − ε), apì to je¸rhma monìtonhc

sÔgklishc, paÐrnoume ìti
∫ b−ε

a+ε

|γ′|d(t)dm(t) =
∫ b−ε

a+ε

lim inf
h→0

d(γt+h, γt)
|h| dm(t)

= lim
n→∞

∫ b−ε

a+ε

inf
0<|h|< 1

n

{
d(γt+h, γt)

|h|
}

dm(t)

≤ lim
n→∞

inf
0<|h|< 1

n

∫ b−ε

a+ε

d(γt+h, γt)
|h| dm(t)

= lim inf
h→0

1
|h|

∫ b−ε

a+ε

d(γt+h, γt)dm(t)

Gia k�je |h| < ε, jètoume kh :=
[

b−a−2ε
|h|

]
kai jewroÔme th diamèrish ∆h tou [a+ ε, b− ε]

pou orÐzetai apì ta shmeÐa

thi = a + ε + i|h|, 0 ≤ i ≤ kh, tkh+1 = b− ε.

EpÐshc, jètoume υh := tkh+1 − thkh
≤ |h| kai jewroÔme tic apeikìniseic

[thi , thi+1] 3 t
fh

i7−→ d
(
γ(t + h), γ(t)

)
, 1 ≤ i ≤ kh,

[0, |h|] 3 t
gh

i7→ d
(
γ(ti + t), γ(ti+1 + t)

)
, 1 ≤ i ≤ kh − 1,

[0, υh] 3 t
gh

kh7→ d
(
γ(tkh

+ t), γ(tkh+1 + t)
)
.

T¸ra, an gia k�je 1 ≤ i ≤ kh, h uh
i : domfh

i −→ domgh
i eÐnai h monadik  affinik 

apeikìnish pou diathreÐ ton prosanatolismì kai apeikonÐzei to domfh
i sto domgh

i , tìte
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fh
i = gh

i ◦ uh
i kai uh

i
′ ≡ 1 gia k�je 1 ≤ i ≤ kh. Sunep¸c, apì to je¸rhma allag c

metablht c èqoume ìti

∫ b−ε

a+ε

d(γt+h, γt)dt =
kh∑

i=0

∫ th
i+1

th
i

fh
i dm =

kh∑

i=0

∫
gh

i dm

=
kh−1∑

i=0

∫ |h|

0

gh
i dm +

∫ υh

0

gh
kh

dm

=
∫ |h|

0

kh−1∑

i=0

d
(
γ(ti + t), γ(ti+1 + t)

)
dt

+
∫ υh

0

d
(
γ(tkh

+ t), γ(tkh+1 + t)
)
dt

≤
∫ |h|

0

L(γ|J)dm +
∫ υh

0

L(γ|[b−2ε,b])dm

= |h|L(γ|J) + υhL(γ|[b−2ε,b])

Sunep¸c,
∫ b−ε

a+ε

|γ′|d(t)dm(t) ≤ lim inf
h→0

1
|h|

∫ b−ε

a+ε

d(γt+h, γt)dm(t)

≤ L(γ|J) + L(γ|[b−2ε,b]) lim inf
h→0

υh

|h|
≤ L(γ|J) + L(γ|[b−2ε,b]),

afoÔ υh ≤ |h| gia k�je |h| < ε. PaÐrnontac ìrio kaj¸c to ε → 0, to je¸rhma monìtonhc
sÔgklishc kai h sunèqeia thc sun�rthshc m kouc thc γ mac dÐnoun ìti

∫
J
|γ′|ddm ≤

L(γ|J) < ∞ kai eidikìtera ìti ψ ∈ L1(J,m).
T¸ra, gia na deÐxoume ìti |γ′|d = ψ σ.p. sto J , apomènei na deÐxoume ìti |γ′|d ≤ ψ

σ.p. sto J . Katarq�c, gia k�je s, t ∈ J , èqoume ìti

d(γs, γt) = sup
n∈N

∣∣d(xn, γs)− d(xn, γt)
∣∣ = sup

n∈N

∣∣∣∣
∫ s∨t

s∧t

φ′ndm

∣∣∣∣

≤ sup
n∈N

∫ s∨t

s∧t

|φ′n|dm ≤
∫ s∨t

s∧t

ψdm (1.6)

AfoÔ ψ ∈ L1(J,m), sqedìn k�je t ∈ J eÐnai shmeÐo Lebesgue thc ψ kai ètsi

|γ′|d(t) = lim sup
s→t

d(γs, γt)
|t− s| ≤ lim sup

s→t

1
|t− s|

∫ s∨t

s∧t

ψdm = ψ(t),

sqedìn gia k�je t ∈ J . AfoÔ ψ(t) ≤ |γ′|d(t) ≤ |γ′|d(t) ≤ ψ(t), σ.p. sto J , èpetai ìti
h |γ′|d eÐnai σ.p. orismènh me |γ′|d = ψ. Apomènei na deÐxoume ìti L(γ|J ) =

∫
J
|γ′|ddm.

'Eqoume  dh deÐxei ìti
∫

J
|γ′|ddm ≤ L(γ|J). Gia thn antÐstrofh anisìthta, parathroÔme

ìti apì thn (1.6), gia k�je diamèrish ∆ = {a = t0 < · · · < tn = b} tou J èqoume

Ld(γ|J ;∆) =
n∑

i=1

d(γti−1 , γti) ≤
n∑

i=1

∫ ti

ti−1

ψdm =
∫

J

ψdm,
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kai paÐrnontac supremum p�nw apì ìlec tic diamerÐseic ∆ tou J paÐrnoume ìti Ld(γ|J ) ≤∫
J

ψdm =
∫

J
|γ′|ddm kai h apìdeixh èqei telei¸sei. ¤

Parathr seic

1. MÐa kampÔlh γ : I −→ X eÐnai apolÔtwc suneq c ann up�rqei φ ∈ L1(I, m) t.w.

d(γs, γt) ≤
∫ s∨t

s∧t

φdm (1.7)

gia k�je s, t ∈ I, kai s� aut n thn perÐptwsh h |γ′|d eÐnai h el�qisth apodekt  sun�rthsh
sthn (1.7), me thn ènnoia ìti gia k�je apodekt  sun�rthsh φ sthn (1.7), èqoume ìti
|γ′|d ≤ φ σ.p. sto I.

2. H Ôparxh σ.p. kai h oloklhrwsimìthta thc |γ′| den exasfalÐzoun thn isqÔ thc (1.3)
ìpwc mac deÐqnei h sun�rthsh Cantor− Lebesgue. Apì thn �llh, an h |γ′| eÐnai pantoÔ
orismènh kai fragmènh, tìte h γ eÐnai Lipschitz me stajer� Lipschitz supt∈I |γ′|(t).

To akìloujo pìrisma apodeiknÔetai eÔkola kai qwrÐc th qr sh thc ènnoiac thc metrik c
parag¸gou.

Pìrisma 1.2.1 'Estw (M, g) mÐa pollaplìthta Riemann kai γ : [a, b] −→ M mÐa C1

kampÔlh. To rhm�nneio m koc LR(γ) thc γ, isoÔtai me to m koc Ldg (γ) thc γ, wc proc
thn epagìmenh metrik  dg

Apìdeixh AfoÔ h γ eÐnai C1 kai orÐzetai se kleistì di�sthma, eÐnai Lipschitz kai,
sunep¸c, apolÔtwc suneq c. 'Etsi, apì to par�deigma 3 aut c thc paragr�fou kai to
je¸rhma 1.2.1, èpetai ìti

LR(γ) =
∫ b

a

‖γ̇(t)‖dt =
∫ b

a

|γ′|dg (t)dt = Ldg (γ),

ìpwc zhtoÔsame. ¤

1.3 Gewdaisiakèc kai GewdaisiakoÐ Q¸roi
S� aut  thn par�grafo ja doÔme ton akrib  orismì twn gewdaisiak¸n, k�poiouc isodÔna-
mouc qarakthrismoÔc touc kai tic basikèc touc idiìthtec. An den anafèretai alli¸c, o X

ja eÐnai ènac aujaÐretoc metrikìc q¸roc.

Orismìc 1.3.1 MÐa kampÔlh γ : [a, b] → X apì to x ∈ X sto y ∈ X lègetai gewdaisi-
ak  an èqei stajer  taqÔthta kai L(γ) = d(x, y). 'Ena gewdaisiakì tm ma pou sundèei
dÔo shmeÐa x, y ∈ X eÐnai h eikìna k�poiac gewdaisiak c pou sundèei ta x, y. MÐa kampÔlh
γ : I −→ X, ìpou to I eÐnai k�poio upodi�sthma tou R lègetai gewdaisiak , an h γ|[a,b]

eÐnai gewdaisiak  gia k�je [a, b] ⊆ I.
MÐa topik  gewdaisiak  ston X eÐnai mÐa kampÔlh γ : I −→ X, orismènh se k�poio

upodi�sthma I tou R t.w. gia k�je t ∈ I na up�rqei ε > 0 t.w. h γ|[t−ε,t+ε] na eÐnai
gewdaisiak .
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Suqn� sumbolÐzoume èna gewdaisiakì tm ma pou sundèei ta x, y ∈ X me [x, y]   xy.
Fusik� to tm ma autì, an up�rqei, den eÐnai aparaÐthta monadikì.

Parathr seic

1. H ènwsh dÔo gewdaisiak¸n tmhm�twn [x, z], [z, y] ⊆ X me koinì �kro to z, eÐnai gew-
daisiakì tm ma ann d(x, y) = d(x, z) + d(z, y).

Apìdeixh. H mÐa kateÔjunsh eÐnai profan c. Gia thn antÐstrofh, èstw γ, σ dÔo gew-
daisiakèc orismènec sto [0, 1] oi opoÐec parametrikopoioÔn ta [x, z] kai [z, y] antÐstoiqa.
'Estw u mÐa paramètrish thc sugkìllishc twn σ kai γ me stajer  taqÔthta. Tìte apì
thn prìtash 1.1.1, èqoume ìti L(u) = L(σ) + L(γ) = d(x, z) + d(z, y) = d(x, y) kai ètsi
h u eÐnai gewdaisiak .

2. 'Estw x, y ∈ X. Up�rqei tìte monadikì gewdaisiakì tm ma pou sundèei ta x, y ann
up�rqei gewdaisiak  γ : [0, 1] −→ X t.w.

G(x, y) := {z ∈ X | d(x, z) + d(z, y) = d(x, y)} ⊆ Imγ.

3. K�je topik  gewdaisiak  γ : I −→ X eÐnai d-paragwgÐsimh me stajer  metrik  par�-
gwgo.

Apìdeixh. 'Estw t0 ∈ I. Up�rqei ε > 0 t.w. h γI∩[t0−ε,t0+ε] na eÐnai gewdaisiak . Tìte,
apì to (d) thc epìmenhc prìtashc, |γ′|d|(t0−ε,t0+ε) ≡ λ gia k�poio λ ≥ 0. 'Omwc to sÔnolo
A := {t ∈ I | |γ′|d(t) = λ} eÐnai mh-kenì, anoiktì kai kleistì, kai �ra A = I.

Oi epìmenoi profaneÐc isodÔnamoi qarakthrismoÐ twn gewdaisiak¸n eÐnai qr simoi.

Prìtash 1.3.1 'Estw γ : [a, b] −→ X mÐa kampÔlh. Tìte ta akìlouja eÐnai isodÔnama.

(a) H γ eÐnai gewdaisiak .

(b) H γ èqei stajer  taqÔthta kai L(γ|[s∧t,s∨t]) = d(γt, γs) gia k�je s, t ∈ [a, b].

(g) H γ èqei stajer  taqÔthta kai

d(γr, γt) = d(γr, γs) + d(γs, γt),

gia k�je a ≤ r ≤ s ≤ t ≤ b.

(d) Up�rqei λ ≥ 0, t.w. d(γt, γs) = λ|t− s|, gia k�je s, t ∈ [a, b].

(e) H γ eÐnai Lipschitz me stajer� Lipschitz ≤ d(γb,γa)
|b−a| .

Apìdeixh EÐnai eÔkolh kai af netai ston anagn¸sth. ¤

Up�rqei �lloc ènac qarakthrismìc twn gewdaisiak¸n mèsw thc ènnoiac twn mèswn.
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Orismìc 1.3.2 'Estw (X, d) ènac metrikìc q¸roc kai x, y ∈ X. 'Ena shmeÐo m ∈ X

lègetai mèso twn x, y an

d(x,m) = d(m, y) =
1
2
d(x, y). (1.8)

To sÔnolo ìlwn twn mèswn twn x, y ∈ X sumbolÐzetai me M(x, y).
MÐa apeÐkonish mèswn se èna metrikì q¸ro (X, d) eÐnai mÐa summetrik  apeikìnish

m : X ×X −→ X t.w. m(x, x) = x gia k�je x ∈ X kai

d(x,m(x, y)) = d(m(x, y), y) =
1
2
d(x, y),

gia k�je x, y ∈ X.

Shmei¸noume ìti gia k�je x, y ∈ X, èqoume ìti

M(x, y) = B
(
x,

d(x, y)
2

)
∩B

(
y,

d(x, y)
2

)
.

Prìtash 1.3.2 'Estw I upodi�sthma tou R kai γ : I −→ X mÐa kampÔlh sto metrikì
q¸ro X. H kampÔlh γ eÐnai gewdaisiak  ann to γ

(
t+s
2

)
eÐnai mèso twn γt kai γs, gia k�je

s, t ∈ I.

Apìdeixh 'Estw [a, b] èna upodi�sthma tou I. Apì thn upìjesh, gia k�je n ∈ N kai
k�je k = 0, . . . , 2n − 1, èqoume ìti

d

(
γ
(
a + k

b− a

2n

)
, γ

(
a + (k + 1)

b− a

2n

))
=

1
2n

d(γa, γb). (1.9)

'Estw D to sÔnolo ìlwn twn arijm¸n thc morf c a + k b−a
2n , k = 0, . . . , 2n, n ∈ N. Ja

deÐxoume ìti (b − a)d(γs, γt) = (t − s)d(γa, γb) gia k�je s, t ∈ D. Profan¸c afoÔ to
D eÐnai puknì sto [a, b], autì ja mac d¸sei ìti h γ|[a,b] eÐnai gewdaisiak . 'Estw loipìn
s, t ∈ D, ac poÔme s < t. Gia k�poio arket� meg�lo n ∈ N, mporoÔme na gr�youme
s = a + k b−a

2n , t = a + ` b−a
2n , k, ` = 0, . . . , 2n, k < `. Tìte, apì thn (1.9) èpetai ìti

d(γs, γt) =
`− k

2n
d(γa, γb) =

t− s

b− a
d(γa, γb),

ìpwc zhtoÔsame. ¤

Orismìc 1.3.3 'Estw C èna uposÔnolo tou metrikoÔ q¸rou X. To C lègetai asjen¸c
kurtì, an gia k�je x, y ∈ C up�rqei gewdaisiak  apì to x sto y, thc opoÐac h troqi�
perièqetai sto C.

'Ena sÔnolo C ⊆ X lègetai kurtì, an gia k�je x, y ∈ C up�rqei gewdaisiak  apì
to x sto y, kai h troqi� k�je tètoiac gewdaisiak c perièqetai sto C. An to X eÐnai
kurtì, tìte o X lègetai gewdaisiakìc q¸roc. O X lègetai ε-gewdaisiakìc, ε > 0, an
k�je zeug�ri shmeÐwn me apìstash < ε mporeÐ na enwjeÐ me mÐa gewdaisiak . O X lègetai
monos manta gewdaisiakìc an k�je zeug�ri x, y shmeÐwn tou X sundèetai apì akrib¸c
èna gewdaisiakì tm ma.

23



Fusik� se monos manta gewdaisiakoÔc q¸rouc X h ènnoia thc asjenoÔc kurtìthtac
sumpÐptei me thn ènnoia thc kurtìthtac. Parathr ste ìti sÔmfwna me touc orismoÔc, èna
gewdaisiakì tm ma pou sundèei dÔo shmeÐa x, y den eÐnai aparaÐthta kurtì sÔnolo, ektìc
ki an eÐnai to monadikì gewdaisiakì tm ma pou sundèei ta x, y. Wstìso, eÐnai p�ntote
asjen¸c kurtì. Profan¸c, an {Ci}i∈I eÐnai mia oikogèneia kurt¸n uposunìlwn tou X,
tìte h tom  thc

⋂
i∈I Ci eÐnai kurtì sÔnolo. Apì thn �llh, ìpwc ja doÔme sto epìm-

ena paradeÐgmata, h tom  asjen¸c kurt¸n sunìlwn den eÐnai aparaÐthta asjen¸c kurtì
sÔnolo. Tèloc, eÐnai profanèc ìti an èna uposÔnolo C enìc metrikoÔ q¸rou X eÐnai
asjen¸c kurtì, tìte to C gÐnetai gewdaisiakìc q¸roc an efodiasteÐ me ton periorismì
thc metrik c tou X sto C.

ParadeÐgmata

1. 'Estw Sn h n-di�stath monadiaÐa sfaÐra efodiasmènh me ton periorismì thc Eu-
kleÐdiac metrik c tou Rn+1. Tìte kanèna zeÔgoc shmeÐwn thc Sn de sundèetai me k�poio
gewdaisiakì tm ma. Apì thn �llh, an Sn eÐnai h n-di�stath monadiaÐa sfaÐra efodiasmènh
me th metrik  d h opoÐa antistoiqeÐ se k�je x, y ∈ Sn to m koc enìc elaqistikoÔ tm matoc
enìc mègistou kÔklou pou orÐzetai apì to 0 ∈ Rn+1 kai ta x, y ∈ Sn, tìte k�je zeÔgoc
shmeÐwn thc Sn sundèetai me (toul�qiston èna) gewdaisiakì tm ma. H d dÐnetai apì ton
tÔpo d(x, y) = arccos〈x, y〉. Sunep¸c h Sn eÐnai gewdaisiakìc q¸roc.

2. 'Estw γ èna gewdaisiakì tm ma pou sundèei to bìreio pìlo en+1 ∈ Sn me to nìtio
pìlo −en+1 ∈ Sn. Profan¸c to γ den eÐnai kurtì sÔnolo. M�lista to monadikì kurtì
uposÔnolo thc Sn, pou perièqei to {en+1,−en+1}, eÐnai olìklhrh h Sn. 'Estw σ k�poio
�llo gewdaisiakì tm ma pou sundèei ta en+1 kai −en+1. Tìte, ta γ kai σ eÐnai asjen¸c
kurt�, all� h tom  touc γ ∩ σ = {en+1,−en+1} eÐnai mh-sunektikì, kai �ra ìqi asjen¸c
kurtì sÔnolo.

3. Q¸roi me nìrma

JewroÔme to q¸ro me nìrma (X, ‖·‖) wc metrikì q¸ro me thn epagìmenh metrik  d = d‖·‖.
Tìte, k�je zeÔgoc shmeÐwn x, y tou X sundèontai apì to gewdaisiakì tm ma [x, y] =
{(1 − t)x + ty | 0 ≤ t ≤ 1}. Sunep¸c k�je q¸roc me nìrma eÐnai gewdaisiakìc q¸roc.
Wstìso, sÔmfwna me thn akìloujh prìtash, to gewdaisiakì autì tm ma den eÐnai to
monadikì pou sundèei ta x, y, ektìc ki an h monadiaÐa mp�la tou X eÐnai austhr� kurt .

Prìtash 1.3.3 K�je q¸roc me nìrma X eÐnai gewdaisiakìc q¸roc. EÐnai monos manta
gewdaisiakìc ann h nìrma tou eÐnai austhr� kurt , dhlad  ann gia k�je x, y ∈ X me
‖x‖ = ‖y‖ = 1, isqÔei ìti ‖ty + (1− t)x‖ < 1, gia k�je 0 < t < 1.

Apìdeixh Gia k�je x, y ∈ X, èstw [x, y] to grammikì tm ma pou sundèei to x me to
y. SÔmfwna me thn parat rhsh 2, o X eÐnai monos manta gewdaisiakìc ann gia k�je
x, y ∈ X, èqoume ìti

G(x, y) := {z ∈ X | d(x, z) + d(z, y) = d(x, y)} ⊆ [x, y].
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Autì ìmwc isqÔei ann gia k�je zeug�ri grammik� anex�rthtwn dianusm�twn, υ1, υ2 ∈ X,
isqÔei ìti

‖υ1 + υ2‖ < ‖υ1‖+ ‖υ2‖. (1.10)

Pr�gmati, an up�rqei z ∈ G(x, y) \ [x, y], tìte anagkastik� to z den an kei sthn eujeÐa
{(1 − t)x + ty | t ∈ R} pou orÐzoun ta x, y ∈ X. 'Omwc tìte ta dianÔsmata υ1 := x − z

kai υ2 = z − y eÐnai grammik� anex�rthta kai ‖υ1 + υ2‖ = ‖υ1‖ + ‖υ2‖. AntÐstrofa, an
up�rqoun grammik� anex�rthta dianÔsmata υ1, υ2 ∈ X t.w. ‖υ1 + υ2‖ = ‖υ1‖+ ‖υ2‖ kai
jèsoume x = 0, y = υ1 + υ2 kai z = υ1, tìte to z den an kei sthn eujeÐa pou orÐzoun ta
x, y, all� par� ìla aut�,

d(x, z) + d(z, y) = ‖υ1‖+ ‖υ2‖ = ‖υ1 + υ2‖ = d(x, y),

dhlad  z ∈ G(x, y) \ [x, y].
Ja deÐxoume t¸ra ìti h nìrma tou X eÐnai austhr� kurt  ann h (1.10) isqÔei gia k�je

zeug�ri υ1, υ2 ∈ X grammik� anex�rthtwn dianusm�twn. Upojètoume pr¸ta ìti h nìrma
tou X eÐnai austhr� kurt . 'Estw υ1, υ2 ∈ X grammik� anex�rthta dianÔsmata. Jètoume
αi := ‖υi‖ kai ui := 1/αi ·υi, i = 1, 2. Tìte u1 6= u2, kai ètsi apì thn austhr  kurtìthta
thc ‖ · ‖ èqoume ìti

‖υ1 + υ2‖ = ‖α1u1 + α2u2‖ = (α1 + α2)
∥∥∥∥

α1

α1 + α2
u1 +

α2

α1 + α2
u2

∥∥∥∥
< α1 + α2 = ‖υ1‖+ ‖υ2‖.

AntÐstrofa, èstw x, y ∈ X, x 6= y t.w. ‖x‖ = ‖y‖ = 1. Tìte, eÐte y = −x, eÐte ta x, y

eÐnai grammik� anex�rthta. An y = −x, tìte profan¸c ‖ty + (1 − t)x‖ < 1, gia k�je
t ∈ (0, 1). Apì thn �llh, an ta x, y eÐnai grammik� anex�rthta, tìte ta dianÔsmata ty kai
(1− t)x eÐnai epÐshc grammik� anex�rthta, kai �ra gia k�je t ∈ (0, 1), èqoume ìti

‖ty + (1− t)x‖ < |t|‖y‖+ |1− t|‖x‖ = t + (1− t) = 1,

ìpwc jèlame. ¤

4. Pollaplìthtec Riemann

H orologÐa pou èqoume uiojet sei gia tic gewdaisiakèc kai tic topikèc gewdaisiakèc eÐnai
h kajierwmènh orìlogia sth metrik  gewmetrÐa. Wstìso, h orologÐa aut  den eÐnai se
pl rh sumfwnÐa me thn antÐstoiqh orologÐa thc GewmetrÐac Riemann. Pr�gmati, oi gew-
daisiakèc se mÐa pollaplìthta Riemann (M, g), ìpwc orÐzontai sth gewmetrÐa Riemann,
dhlad  oi gewdaisiakèc thc sunoq c Levi− Civita, elaqistopoioÔn to m koc mìno to-
pik�, en¸ oi gewdaisiakèc ìpwc orÐsthkan ed¸, elaqistopoioÔn to m koc olik�. 'Opwc
ja doÔme, oi ènnoiec gewdaisiak  kai topik  gewdaisiak  thc Metrik c GewmetrÐac, an-
tistoiqoÔn stic ènnoiec el�qisth gewdaisiak  kai gewdaisiak  thc gewmetrÐac Riemann,
antÐstoiqa.

Prin to apodeÐxoume autì, ac upenjumÐsoume to je¸rhma tou Whitehead apì th
gewmetrÐa Riemann: 'Estw M mÐa pollaplìthta Riemann. Tìte gia k�je p ∈ M ,
up�rqei εp > 0 t.w. gia k�je 0 < ε ≤ εp, na up�rqei anoikt  mp�la W = D(p, δ) tou p

t.w.
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(a) H W ⊆ M eÐnai monos manta gewdaisiak  kai kurt  me thn ènnoia thc gewmetrÐac
Riemann, dhlad  k�je zeug�ri shmeÐwn x, y ∈ W , en¸netai me mÐa monadik  el�qisth
rhm�nneia gewdaisiak , thc opoÐac h eikìna perièqetai sthn W

(b) W ⊆ D(q, ε) gia k�je q ∈ W , kai

(g) h ekjetik  apeikìnish expq : D(0q, ε) → D(q, ε) eÐnai amfidiafìrish gia k�je q ∈ W.

K�je perioq  W ⊆ M tou p ∈ M pou ikanopoieÐ ta (a),(b) kai (g), gia k�poio ε ≤ εp,
ja th lème ε-omoiìmorfa kanonik  kai gewdaisiak� kurt  perioq  tou p. M�lista, gia
k�je p ∈ M kai k�je ε < εp up�rqei δ0 > 0 t.w. h oikogèneia {D(p, δ)}0<δ<δ0 einai b�sh
ε-omoiìmorfa kanonik¸n kai gewdaisiak� kurt¸n perioq¸n sto p.

Prìtash 1.3.4 'Estw (M, g) pollaplìthta Riemann kai èstw d = dg h epagìmenh
sun�rthsh apìstashc sthn M . Tìte:

(a) MÐa kampÔlh γ : [a, b] −→ M eÐnai gewdaisiak  wc proc th d ann eÐnai el�qisth
gewdaisiak  wc proc th g.

(b) MÐa kampÔlh γ : [a, b] −→ M eÐnai topik  gewdaisiak  ann eÐnai gewdaisiak  thc g.

Apìdeixh (a) Upojètoume pr¸ta ìti h γ : [a, b] −→ (M, g) eÐnai el�qisth gewdaisiak 
wc proc th g. 'Opwc xèroume, to rhm�nneio m koc thc γ isoÔtai me to m koc thc wc proc
th d, kai �ra gia k�je a ≤ r ≤ s ≤ t ≤ b, èqoume ìti

d(γr, γs) + d(γs, γt) ≤ Ld

(
γ|[r,t]

)
= LR(γ|[r,t]

)
= d(γr, γt),

ìpou h teleutaÐa anisìthta isqÔei epeid  h γ eÐnai el�qisth gewdaisiak . Epiplèon, afoÔ
h γ eÐnai gewdaisiak , h ‖γ̇‖ = |γ|′d ≡ λ ∈ R eÐnai stajer , kai �ra h γ èqei stajer 
taqÔthta wc proc th d. Sunep¸c h γ eÐnai gewdaisiak  wc proc th d.

Upojètoume t¸ra ìti h γ : [a, b] −→ (M, d) eÐnai gewdaisiak  wc proc th d. H
perÐptwsh γ(a) = γ(b) eÐnai tetrimmènh, kai ètsi upojètoume ìti γ(a) 6= γ(b). Jètoume

A :=
{
s ∈ (a, b ]

∣∣ ∃ σ : [a, s] −→ (M, g), σ gewdaisiak , γ|[a,s] ≡ σ
}

,

kai ja deÐxoume ìti sup A = b. Jètoume p := γ(a). 'Estw W ε-omoiìmorfa kanonik  kai
gewdaisiak� kurt  perioq  tou p, gia k�poio ε > 0. 'Estw δ0 > 0 t.w. γ

(
(a, a+δ0]

) ⊆ W

kai èstw σ : [a, a + δ0] −→ M h monadik  el�qisth gewdaisiak  apì to p sto γ(a + δ0),
h opoÐa perièqetai sthn W . Ja deÐxoume ìti σ = γ|[a, a + δ0]. Upojètoume pr¸ta ìti
up�rqei q := γ(t0) /∈ Imσ, t0 ∈ (a, a+δ0). Tìte, an σ1 : [a, t0] −→ W , σ2 : [t0, a+δ0] −→
W eÐnai oi monadikèc gewdaisiakèc apì to p sto q kai apì to q sto γ(a + δ0) antÐstoiqa,
èqoume ìti

d(γa, γa+δ0) = L(σ) < L(σ1 ∪ σ2) = L(σ1) + L(σ2)

= d(γa, γt0) + d(γa, γa+δ0),

to opoÐo antif�skei me to ìti h γ eÐnai gewdaisiak  wc proc thn d. Sunep¸c γ([a, a+δ0]) ⊆
Imσ. T¸ra, h γ0 := γ|[a,a+δ0] −→ M eÐnai gewdaisiak  kai h σ : [a, a+δ0] −→ M el�qisth
gewdaisiak , opìte kai oi dÔo èqoun stajer  taqÔthta λ := 1/δ0d(γa, γa+δ0). Profan¸c

26



apì autì èpetai ìti oi γ0 kai σ tautÐzontai wc sunart seic. Sunep¸c, a + δ0 ∈ A,
kai �ra b0 := sup A ∈ R. T¸ra, an b0 < b, tìte d(γb0 , γb) = λ(b − b0) 6= 0, kai
�ra γb0 6= γb. 'Efarmìzontac t¸ra to prohgoÔmeno epiqeÐrhma me to shmeÐo γb0 sth
jèsh tou γa, brÐskoume δ1 ∈ (0, b − b0) kai gewdaisiak  σ0 : [b0, b0 + δ1] −→ M , t.w.
γ[b0,b0+δ1] = σ0. Tìte, h kampÔlh γ[a,b0] ∪ σ0 elaqistopoieÐ to m koc kai èqei stajer 
taqÔthta, opìte eÐnai rhm�nneia gewdaisiak . Autì antif�skei me ton orismì tou b0, kai
�ra b0 = b. ¤

Epeid  stic pollaplìthtec Riemann oi el�qistec gewdaisiakèc thc sunoq c Levi-
Civita tautÐzontai me tic gewdaisiakèc ìpwc orÐzontai stouc metrikoÔc q¸rouc, èpetai
apì to je¸rhma Hopf-Rinow thc gewmetrÐac Riemann, ìti k�je pl rhc pollaplìthta
Riemann eÐnai gewdaisiakìc q¸roc.

Argìtera, ja doÔme perissìtera paradeÐgmata gewdaisiak¸n kai gewdaisiak¸n q¸rwn.
Sto upìloipo aut c thc paragr�fou ja doÔme k�poiec basikèc idiìthtec sÔgklishc twn
gewdaisiak¸n.

Prìtash 1.3.5 'Estw γn : [0, 1] −→ X akoloujÐa gewdaisiak¸n, h opoÐa sugklÐnei
kat� shmeÐo se k�poia kampÔlh γ : [0, 1] −→ X. Tìte h γ eÐnai gewdaisiak .

Apìdeixh Pr�gmati, èstw t, s ∈ I. Tìte,

d(γs, γt) = lim
n

d(γn(t), γn(s)) = lim
n
|t− s|d(γn(0), γn(1)) = |t− s|d(γ0, γ1),

kai �ra apì thn prìtash 1.3.1 (d), èpetai ìti h γ eÐnai gewdaisiak . ¤

Me �lla lìgia, to sÔnolo G([0, 1]; X) ⊆ C([0, 1]; X) ìlwn twn gewdaisiak¸n γ :
[0, 1] −→ X, eÐnai kleistì uposÔnolo tou C([0, 1];X) wc proc thn topologÐa thc kat�
shmeÐo sÔgklishc, kai sunep¸c kai wc proc thn topologÐa thc omoiìmorfhc sÔgklishc.

Prìtash 1.3.6 An mÐa akoloujÐa gewdaisiak¸n γn : [0, 1] −→ X sugklÐnei kat�
shmeÐo, tìte sugklÐnei omoiìmorfa.

Apìdeixh Jètoume xn := γn(0) kai yn := γn(1) gia k�je n ∈ N kai x := γ0, y := γ1,
ìpou γ : [0, 1] −→ X eÐnai to kat� shmeÐo ìrio thc (γn)n∈N. AfoÔ o q¸roc Cu([0, 1]; X)
ìlwn twn suneq¸n kampÔlwn ston X eÐnai metrikìc q¸roc me th nìrma thc omoiìmorfhc
sÔgklishc, arkeÐ na deÐxoume ìti k�je upakoloujÐa thc (γn), èqei mia peraitèrw upakolou-
jÐa h opoÐa sugklÐnei sth γ omoiìmorfa. Epilègoume loipìn mÐa tuqaÐa upakoloujÐa thc
(γn), thn opoÐa gia aplìthta sto sumbolismì suneqÐzoume na sumbolÐzoume me (γn), kai
ja deÐxoume ìti up�rqei upakoloujÐa (γkn) thc (γn) h opoÐa sugklÐnei omoiìmorfa s-
to [0, 1] sth γ. Epeid  h arqik  akoloujÐa sugklÐnei kat� shmeÐo sth γ, èpetai ìti
d(xn, yn) −→ d(x, y). Sunep¸c, h akoloujÐa

(
d(xn, yn)

)
eÐnai fragmènh, ac poÔme apì

ton M > 0. Apì autì èpetai ìti h (γn) eÐnai isosuneq c, afoÔ

d(γn(t), γn(s)) = |t− s|d(xn, yn) ≤ M |t− s|.
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Epiplèon, afoÔ h (γn) sugklÐnei kat� shmeÐo sth γ, eÐnai profanèc ìti to {γn(t) |n ∈ N}
eÐnai sqetik� sumpagèc ston X, gia k�je t ∈ [0, 1]. 'Etsi, apì to je¸rhma Arzela-Ascoli,
èpetai ìti h (γn) èqei sugklÐnousa upakoloujÐa, h opoÐa upoqrewtik� sugklÐnei sth γ. ¤

SÔmfwna me thn akìloujh prìtash, oi gewdaisiakèc se sumpageÐc q¸rouc sumperi-
fèrontai wc proc th sÔgklish ìpwc ta shmeÐa.

Prìtash 1.3.7 'Estw X sumpag c metrikìc q¸roc kai èstw γn : [0, 1] −→ X, n ∈
N mÐa akoloujÐa gewdaisiak¸n. Up�rqei tìte upakoloujÐa thc (γn), h opoÐa sugklÐnei
omoiìmorfa se k�poia gewdaisiak  γ : [0, 1] −→ X.

Apìdeixh AfoÔ o X eÐnai sumpag c, diamX < ∞, to opoÐo epeid 

d(γn(t), γn(s)) ≤ diamX|t− s|,
deÐqnei ìti h (γn) eÐnai isosuneq c. Sunep¸c, apì to je¸rhma Arzela-Ascoli èpetai ìti
h (γn) èqei upakoloujÐa pou sugklÐnei se k�poia kampÔlh γ : [0, 1] −→ X, h opoÐa, apì ta
parap�nw, eÐnai anagkastik� gewdaisiak . ¤

1.4 GwnÐec se MetrikoÔc Q¸rouc
S� aut  th par�grafo ja doÔme ton orismì pou èdwse o Alexandrov gia th gwnÐa
metaxÔ dÔo gewdaisiak¸n tmhm�twn me koin  arq  se èna metrikì q¸ro, sugkrÐnontac
th gewmetrÐa tou metrikoÔ q¸rou me aut  tou eukleÐdiou epipèdou. Xekin�me me k�poiouc
prokatarktikoÔc orismoÔc.

Orismìc 1.4.1 'Estw (X, d) metrikìc q¸roc kai èstw (x1, x2, x3) mÐa tri�da shmeÐwn
tou X. MÐa tri�da (x̄1, x̄2, x̄3) shmeÐwn tou E2 lègetai trÐgwno sÔgkrishc gia thn tri�da
(x1, x2, x3), an

d(xi, yj) = d(x̄i, x̄j), i, j = 1, 2, 3.

L mma 1.4.1 Gia k�je tri�da shmeÐwn p, x, y se èna metrikì q¸ro X, up�rqei monadikì
(modulo isometrÐa) trÐgwno sÔgkrishc gia thn (p, x, y), sto E2.

Apìdeixh H monadikìthta eÐnai profan c. Jètoume a := d(p, x), b := d(p, y) kai c :=
d(x, y). Apì thn trigwnik  anisìthta, èqoume ìti |b− a| ≤ c ≤ a + b kai �ra

−1 ≤ a2 + b2 − c2

2ab
≤ 1.

Sunep¸c, up�rqei monadikìc θ ∈ [0, π] t.w.

cos θ =
a2 + b2 − c2

2ab
.

'Etsi, an epilèxoume p̄ ∈ E2, kai kataskeu�soume dÔo gewdaisiak� tm mata [p̄, x̄], [p̄, ȳ] ⊆
E2 m kouc a, b antÐstoiqa me gwnÐa θ sto shmeÐo p̄, tìte apì to nìmo twn sunhmitìnwn
èqoume ìti

d2(x, y) = d2(p, x) + d2(p, y)− 2d(p, x)d(p, y) cos θ = a2 + b2 − 2ab cos θ = c2.

Sunep¸c to (p̄, x̄, z̄) eÐnai èna trÐgwno sÔgkrishc gia thn tri�da (p, x, y), stoE2. ¤
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SÔmfwna me autì to l mma, o akìloujoc orismìc èqei nìhma.

Orismìc 1.4.2 'Estw (X, d) metrikìc q¸roc kai èstw (p, x, y) mÐa tri�da shmeÐwn tou
X, t.w p 6= x, p 6= y. H gwnÐa sÔgkrishc ∠p(x, y), metaxÔ twn (x, y) sto p, eÐnai h gwnÐa
tou trig¸nou sÔgkrishc (p̄, x̄, ȳ) sto p̄, gia thn tri�da (p, x, y).

MporoÔme t¸ra na d¸soume ton orismì thc gwnÐac tou Alexandrov.

Orismìc 1.4.3 'Estw (X, d) metrikìc q¸roc kai γi : [ai, bi] −→ X, i = 1, 2 dÔo mh-
stajerèc gewdaisiakèc pou ekkinoÔn apì to p = γ1(a1) = γ2(a2). H gwnÐa Alexandrov
twn γ1 kai γ2 sto p eÐnai o arijmìc ∠(γ1, γ2) ∈ [0, π], pou orÐzetai apì thn

∠(γ1, γ2) = lim
ε→0

sup
0<ti−ai<ε

∠p

(
γ1(t1), γ2(t2)

)
. (1.11)

An to ìrio lim(t1,t2)→(a1,a2) ∠̄p(γ(t1), γ(t2)) up�rqei, tìte lème ìti h gwnÐa Alexandrov
up�rqei me thn austhr  ènnoia.

Parathr seic

1. H gwnÐa Alexandrov metaxÔ dÔo gewdaisiak¸n mènei analloÐwth k�tw apì jetikèc
affinikèc anaparametrÐseic. Sunep¸c, mporoÔme na mil�me kai gia th gwnÐa Alexandrov
metaxÔ dÔo gewdaisiak¸n tmhm�twn me koin  arq .

2. Apì to nìmo twn sunhmitìnwn, èpetai ìti h gwnÐa metaxÔ dÔo gewdaisiak¸n γ, σ :
[0, 1] −→ X me γ(0) = σ(0) = p, ekfr�zetai kateujeÐan mèsw thc metrik c tou X, apì
ton tÔpo

∠(γ, σ) = lim sup
s,t→0

arccos
d2(p, γt) + d2(p, σs)− d2(γt, σs)

2d(p, γt)d(p, σs)
.

Autì deÐqnei ìti h gwnÐa Alexandrov eÐnai analoÐwth k�tw apì isometrÐec.

3. H gwnÐa metaxÔ dÔo gewdaisiak¸n γ, σ : [0, 1] −→ X pou ekkinoÔn apì to x, exart�tai
mìno apì ta spèrmata twn gewdaisiak¸n, me thn ènnoia ìti gia k�je ε, δ > 0, èqoume
∠(γ, σ) = ∠(γ|[0,ε], γ[0,δ]).

4. 'Estw xy ⊆ X èna gewdaisiakì tm ma pou sundèei ta x, y ∈ X kai p ∈ xy èna
eswterikì shmeÐo tou xy. 'Estw px kai py ta upotm mata tou xy apì to p, sto x kai sto
y antÐstoiqa. Tìte h gwnÐa ∠(px, py) = π up�rqei me thn austhr  ènnoia.

Apìdeixh. 'Estw q ∈ px, r ∈ py shmeÐa diaforetik� apì to p. JewroÔme thn tri�da
(p, q, r) ∈ X3. Jètoume a = d(p, q), b = d(p, r), c = d(q, r) kai θ th gwnÐa sÔgkrishc twn
q, r sto p. Apì to nìmo twn sunhmitìnwn, èqoume ìti c2 = a2 + b2 − 2ab · cos θ. Epeid 
p ∈ xy, èpetai ìti c = a + b kai �ra θ = π. AfoÔ h tri�da (p, q, r) ∈ X3  tan tuqoÔsa,
èpetai ìti ∠(px, py) = π.
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ParadeÐgmata

1. Ston eukleÐdio q¸ro En, h gwnÐa Alexandrov tautÐzetai me thn eukleÐdia gwnÐa. Autì
prokÔptei �mesa apì to nìmo twn sunhmitìnwn kai touc orismoÔc.

2. Q¸roi me Nìrma

Prìtash 1.4.1 'Estw (X, ‖ · ‖) q¸roc me nìrma. H nìrma tou X ep�getai apì k�poio
eswterikì ginìmeno, ann h gwnÐa Alexandrov up�rqei me thn austhr  ènnoia gia k�je
zeug�ri gewdiasiak¸n pou ekkinoÔn apì to 0 ∈ X.

(=⇒) Upojètoume pr¸ta ìti h nìrma ‖ · ‖ ep�getai apì eswterikì ginìmeno. Tìte, k�je
didi�statoc upìqwroc tou X eÐnai isometrikìc me to eukleÐdio epÐpedo. Epiplèon, epeid 
k�je nìrma pou orÐzetai apì eswterikì ginìmeno eÐnai austhr� kurt , èpetai ìti ìlec oi
gewdaisiakèc pou ekkinoÔn apì to 0, eÐnai thc morf c [0,∞) 3 t 7→ tu ∈ X, gia k�poio
u ∈ X \ {0}. 'Estw t¸ra γ, σ : [0,∞) −→ X dÔo gewdaisiakèc pou ekkinoÔn apì to 0.
SÔmfwna me ta parap�nw, autèc orÐzoun èna didi�stato upìqwro E toÔ X, isometrikì
me to eukleÐdio epÐpedo. Sunep¸c, afoÔ h gwnÐa Alexandrov eÐnai analloÐwth k�tw �po
isometrÐec, o isqurismìc èpetai apì to prohgoÔmeno par�deigma.
(⇐=) AntÐstrofa, upojètoume ìti gia k�je zeug�ri gewdaisiak¸n γ, σ ston X, pou
ekkinoÔn apì to 0, to ìrio pou orÐzei th gwnÐa twn γ, σ up�rqei me thn austhr  ènnoia.
ParathroÔme katarq�c, ìti an ta u, υ ∈ X eÐnai grammik� anex�rthta dianÔsmata, γu, γυ :
[0,∞) −→ X eÐnai oi gewdaisiakèc pou orÐzontai apì tic γu(t) = tu, γυ(t) = tυ, kai
jèsoume θ := lims,t→0 ∠0(γu(t), γυ(s)), ap' thn Ôparxh autoÔ tou orÐou, sun�goume ìti
θ = ∠0(γu(t), γυ(s)), gia k�je s, t > 0. Pr�gmati, èstw s, t > 0. Apì to nìmo twn
sunhmitìnwn, èqoume ìti gia k�je r > 0,

cos∠0(γu(rt), γυ(rs)) =
r2t2 + r2s2 + ‖rtu− rsυ‖2

2r2st

=
t2 + s2 + ‖tu− sυ‖2

2st
= cos ∠0(γu(t), γυ(s)),

kai �ra ∠0(γu(rt), γυ(rs)) = ∠0(γu(t), γυ(s)) gia k�je r > 0. H zhtoÔmenh isìthta,
prokÔptei paÐrnontac s� aut  thn isìthta to ìrio kaj¸c r → 0. Qrhsimopoi¸ntac t¸ra
aut  thn parat rhsh, ja deÐxoume ìti h nìrma tou X ikanopoieÐ ton kanìna tou parallhlo-
gr�mou. ArkeÐ na ton elègxoume gia dÔo grammik� anex�rthta dianÔsmata x, y ∈ X.
Efarmìzontac thn prohgoÔmenh parat rhsh sta dianÔsmata u = (1/‖x‖)x kai υ =
(1/‖x+y‖)(x+y), blèpoume ìti ∠0(x, x+y) = ∠0(x, 1

2 (x+y)), to opoÐo apì to nìmo twn
sunhmitìnwn mac dÐnei ìti ta x, y ikanopoioÔn ton kanìna tou parallhlogr�mou. ¤

3. Ston `2∞, dhlad  sto R2 me thn∞-nìrma, gia k�je n > 1, h kampÔlh γn : [0, 1
n ] −→ R2

me tÔpo
γn(t) =

(
t, tn(1− t)n

)
,

eÐnai gewdaisiak . 'Olec autèc oi gewdaisiakèc, ekkinoÔn apì to 0 ∈ R2, orÐzoun diafore-
tik� spèrmata, kai h gwnÐa Alexandrov metaxÔ dÔo opoiond pote ex aut¸n eÐnai 0.
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'Iswc h pio shmantik  basik  idiìthta thc gwnÐac Alexandrov eÐnai ìti ikanopoieÐ thn
trigwnik  anisìthta stì sÔnolo G(p) ìlwn twn gewdaisiak¸n me arq  to p ∈ X. H gwnÐa
eÐnai epÐshc summetrik  kai ∠(γ, γ) = 0 gia k�je gewdaisiak  me arq  to p. Wstìso,
sÔmfwna me to prohgoÔmeno par�deigma, h gwnÐa Alexandrov eÐnai mìno yeudometrik ,
akìmh kai sto sÔnolo G(p)/∼ ìlwn twn sperm�twn pou ekkinoÔn apì to p.

Je¸rhma 1.4.1 'Estw (X, d) metrikìc q¸roc, p ∈ X, kai èstw Gp to sÔnolo ìlwn
twn gewdaisiak¸n monadiaÐac taqÔthtac pou ekkinoÔn apì to p. H gwnÐa Alexandrov
∠ : Gp ×Gp −→ [0, π] orÐzei mÐa yeudometrik  sto X.

Apìdeixh Upojètoume gia na katal xoume se �topo ìti up�rqoun α, β, γ ∈ Gp, t.w.
∠(α, β) > ∠(α, γ) + ∠(γ, β), kai epilègoume δ > 0 t.w.

∠(α, β) > ∠(α, γ) + ∠(γ, β) + 3δ.

Apì ton orismo thc gwnÐac Alexandrov up�rqei ε > 0, t.w.

(i) ∠p(αs, γt) < ∠(α, γ) + δ, gia k�je s, t < ε,

(ii) ∠p(βt, γs) < ∠(β, γ) + δ, gia k�je s, t < ε,

(iii) ∠p(αs0 , βt0) > ∠(α, β)− δ, gia k�poia s0, t0 < ε.

JewroÔme sto eukleÐdio epÐpedo trÐgwno me korufèc 0, x, y t.w. ‖x‖ = s0, ‖y‖ = t0, kai
t.w. h eswterik  gwnÐa sthn koruf  0 na ikanopoieÐ ìti

∠p(as0 , βt0) > θ > ∠(α, β)− δ. (1.12)

Eidikìtera, θ < π, kai �ra to trÐgwno sÔgkrishc (0, x, y) sto E2, gia to (p, αs0 , βt0), den
eÐnai ekfulismèno. Efarmìzontac t¸ra to nìmo twn sunhmitìnwn sto trÐgwno sÔgkrishc
(0, x, y), �po thn arister  anisìthta thc (1.12), èpetai ìti d(αs0 , βt0) > ‖x−y‖. Apì thn
�llh anisìthta thc (1.12), èpetai ìti

θ > ∠(α, γ) + ∠(γ, β) + 2δ,

kai �ra up�rqei z ∈ [x, y] t.w. oi gwnÐec θx,z twn x, z kai θy,z twn y, z, na eÐnai megalÔterec
apì ∠(α, γ) + δ kai ∠(γ, β) + δ, antÐstoiqa. AfoÔ, ìmwc, r0 := ‖z‖ ≤ t0 ∨ s0 < ε, apì tic
(i) kai (ii), paÐrnoume ìti

∠p(αs0 , γr0) < ∠(α, γ) + δ < θx,z,

∠p(βt0 , γr0) < ∠(β, γ) + δ < θx,y.

'Omwc, tìte, èqoume ìti

d(as0 , βt0) > ‖x− y‖ = ‖x− z‖+ ‖z − y‖
> d(as0 , γr0) + d(γr0 , βt0),

to opoÐo antif�skei me thn trigwnik  anisìthta thc d. ¤
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Kef�laio 2

Q¸roi M kouc kai
GewdaisiakoÐ Q¸roi

'Opwc èqoume  dh dei, q¸roi m kouc lègontai ekeÐnoi oi metrikoÐ q¸roi (X, d) twn opoÐwn
h metrikh eÐnai sunep c me metr seic pou pragmatopoioÔntai mèsa apì to q¸ro. 'Etsi, gia
na elègxoume an mia dedomènh metrik  orÐzei q¸ro m kouc, prèpei na k�noume metr seic
mèsw mhk¸n kampÔlwn pou sundèeoun ta shmeÐa tou q¸rou, kai èpeita na sugkrÐnoume tic
timèc di pou prokÔptoun me th metrik  d. 'Opwc ja doÔme, ta apotelèsmata di aut¸n twn
metr sewn orÐzoun p�nta mÐa metrik  m kouc ston X, h opoÐa sumpÐptei me thn arqik 
metrik  d ann h d eÐnai metrik  m kouc. Qrei�zetai ìmwc k�poia prosoq : Tètoiec metr -
seic, mporeÐ k�llista na apod¸soun se dÔo shmeÐa tou q¸rou apìstash +∞. 'Etsi, sto
plaÐsio autì epitrèpoume stic metrikèc na paÐrnoun kai thn tim  +∞, ìpou jewroÔme to
[0,∞] me thn profan  di�taxh kai th sun jh sÔmbash gia thn prìsjesh.

Orismìc 2.0.4 'Estw X sÔnolo. MÐa sun�rthsh d : X × X −→ [0,∞] lègetai
genikeumènh metrik  an ikanopoieÐ ìlec tic idiìthtec mÐac metrik c, ektìc tou na paÐrnei
mìno peperasmènec timèc.

'Enac genikeumènoc metrikìc q¸roc lègetai gewdaisiakìc q¸roc an dÔo opoiad pote
shmeÐa tou ta opoÐa apèqoun peperasmènh apìstash, mporoÔn na enwjoÔn me k�poia
gewdaisiakh.

MÐa genikeumènh metrik  orÐzei mÐa topologÐa akrib¸c ìpwc kai mia metrik . Dedomènhc
miac genikeumènhc metrik c d s� èna sÔnolo X, h sqèsh x v y ann d(x, y) < ∞ eÐnai sqèsh
isodunamÐac sto X, kai o periorsmìc thc d se k�je mÐa apì tic kl�seic isodunamÐac thc
v eÐnai mia peperasmènh metrik . Epiplèon, an o X eÐnai gewdaisiakìc q¸roc, tìte oi
kl�seic isodunamÐac thc v sumpÐptoun me tic kat� tìxa sunektikèc sunist¸sec tou X, oi
opoÐec eÐnai kurt� uposÔnola tou X. Pragmati, èstw [x] h kl�sh isodunamÐac tou x ∈ X.
Profan¸c to [x] eÐnai kurtì, kai �ra perièqetai sth (megistotik ) kat� tìxa sunist¸sa
Cx tou x. AntÐstrofa, upojètoume, gia na katal xoume se �topo, ìti up�rqei y ∈ Cx\[x].
'Estw γ ∈ C(x, y). AfoÔ y /∈ [x], anagkastik� L(γ, ∆) = +∞ gia k�je diamèrish ∆ tou
[0, 1]. Sunep¸c, up�rqei mÐa fjÐnousa akoloujÐa {[si, ti]} kleist¸n upodiasthm�twn tou
I, t.w. ti − si

i−→ 0, kai d(γsi , γti) = +∞, i ∈ N, to opoÐo eÐnai �topo.
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Sthn pr¸th par�grafo autoÔ tou kefalaÐou, ja doÔme ton orismì twn q¸rwn m -
kouc kai k�poia paradeÐgmata. Sth deÔterh par�grafo, ja mac apasqol sei to akìloujo
er¸thma: Poiec upojèseic se èna q¸ro m kouc X exasfalÐzoun thn Ôparxh kampÔlwn
pou elaqistopoioÔn to m koc, dhlad  ìti o X eÐnai gewdaisiakìc q¸roc. H ap�nthsh
autoÔ tou erwt matoc, sthn perÐptwsh twn pollaplot twn Riemann, eÐnai to je¸rhma
Hopf-Rinow. 'Opwc ja doÔme, to je¸rhma autì isqÔei genikìtera gia pl reic kai topik�
sumpageÐc q¸rouc m kouc. Tèloc, sthn trÐth par�grafo ja doÔme di�forouc trìpouc me
touc opoÐouc kataskeu�zontai kainoÔrioi q¸roi m kouc apì  dh up�rqontec.

2.1 Q¸roi M kouc
'Estw (X, d) metrikìc q¸roc kai x, y ∈ X. Ja sumbolÐzoume me C(x, y) to sÔnolo ìlwn
twn parametrismènwn sto [0, 1] kampÔlwn me arq  to x kai tèloc to y. To sÔnolo ìlwn
twn kampÔlwn sto C(x, y) me peperasmèno m koc ja to sumbolÐzoume me R(x, y). Gia na
doÔme an ènac metrikìc q¸roc (X, d) eÐnai q¸roc m kouc, sugkrÐnoume th metrik  d me th
metrik  pou prokÔptei apì metr seic mèsa apì to q¸ro mèsw kampÔlwn, sÔmfwna me ton
akìloujo orismì.

Orismìc 2.1.1 'Estw (X, d) genikeumènoc metrikìc q¸roc. H eswterik  metrik   
alliwc metrik  m kouc sto X pou ep�getai apì th d eÐnai h sun�rthsh di : X ×X −→
[0,∞] me tÔpo

di(x, y) = inf
{
Ld(γ) | γ ∈ R(x, y)

}
. (2.1)

Profan¸c, p�ntote d ≤ di. O X lègetai q¸roc m kouc   alli¸c eswterikìc metrikìc
q¸roc, an d = di.

Parathr seic

1. 'Opwc kai sthn perÐptwsh twn genikeumènwn gewdaisiak¸n q¸rwn, an (X, d) eÐnai ènac
q¸roc m kouc, tìte oi kl�seic isodunamÐac thc sqèshc v pou orÐzetai sto X apì ton tÔpo
x v y ann d(x, y) < ∞, sumpÐptoun me tic kat� tìxa sunektikèc sunist¸sec touX.

2. Epeid  to m koc eÐnai analloÐwto k�tw apì asjeneÐc anaparametrÐseic, èpetai ìti to
di�sthma [0, 1] sto opoÐo apaitoÔme na orÐzontai oi kampÔlec p�nw apì tic opoÐec paÐrnoume
to infimum ston orismì thc di, mporeÐ na antikatastajeÐ apì opoiod pote �llo kleistì
di�sthma. Gia ton Ðdio lìgo, mporoÔme na periorÐsoume to infimum sth dexi� pleur� thc
se kampÔlec stajer c taqÔthtac orismènec sto [0, 1].

Prìtash 2.1.1 'Estw (X, d) metrikìc q¸roc. H metrik  m kouc di pou ep�getai sto
X apì th d eÐnai pr�gmati (genikeumènh ) metrik , kai èqei tic akìloujec idiìthtec.

(a) H di orÐzei to Ðdio sunarthsiakì m kouc me thn d, dhlad  Ldi(γ) = Ld(γ) gia k�je
kampÔlh γ ston X.

(b) An mÐa kampÔlh γ : [a, b] −→ X eÐnai di-suneq c, tìte eÐnai suneq c kai wc proc th
d. To antÐstrofo den eÐnai en gènei alhjèc.
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(g) An h kampÔlh γ : [a, b] −→ (X, d) èqei peperasmèno m koc, tìte eÐnai di-suneq c.

(d) H di eÐnai eswterik  metrik , dhlad  (di)i = di.

(e) H di eÐnai peperasmènh ann k�je zeug�ri shmeÐwn tou X en¸netai me k�poia kampÔlh
peperasmènou m kouc.

Apìdeixh Profan¸c h di eÐnai summetrik  kai di(x, y) = 0 ann x = y. H trigwnik 
anisìthta èpetai apì thn prosjetikìthta tou sunarthsiakoÔ tou m kouc wc proc to
ginìmeno kampÔlwn ∗. Sugkekrimèna, èstw x, y, z ∈ X. Tìte gia k�je γ ∈ R(x, z),
σ ∈ R(z, y), h kampÔlh γ ∗ σ ∈ R(x, y) sundèei ta x, y kai sunep¸c

di(x, y) ≤ L(γ ∗ σ) = L(γ) + L(σ).

PaÐrnontac to infimum p�nw apì ìlec tic kampÔlec γ ∈ R(x, z) kai σ ∈ R(z, y) blèpoume
ìti h di ikanopoieÐ thn trigwnik  anisìthta.
(a) 'Estw γ : I −→ X mÐa kampÔlh ston X. AfoÔ d ≤ di, profan¸c Ld(γ) ≤ Ldi

(γ).
Autì pou prèpei loipìn na apodeÐxoume eÐnai h antÐstrofh anisìthta. 'Estw ∆ = {t0 <

· · · < tn} diamèrish tou I. Tìte,

Ldi(γ ; ∆) =
n∑

i=1

di

(
γ(ti−1), γ(ti)

) ≤
n∑

i=1

Ld

(
γ|[ti−1,ti]

)

= Ld(γ ;∆) ≤ Ld(γ).

PaÐrnontac supremum p�nw apì ìlec tic diamerÐseic ∆ tou I, èpetai to (a).
(b) To ìti k�je di-suneq c kampÔlh eÐnai kai d-suneq c eÐnai profanèc apì thn d ≤ di, kai
sta epìmena paradeÐgmata ja doÔme ìti to antÐstrofo den eÐnai en gènei alhjèc. To (g)
èpetai apì to (a) kai thn prìtash 1.1.1 (z). Tèloc, to (d) eÐnai �mesh sunèpeia tou (a), kai
to (e) èpetai �mesa apì touc orismoÔc. ¤

ParadeÐgmata

1. K�je pollaplìthta Riemann eÐnai q¸roc m kouc me th metrik  pou orÐzei h dom 
Riemann.

Apìdeixh. 'Estw (M, g) mÐa pollaplìthta Riemann me thn epagìmenh metrik  d. 'Estw
C1(x, y) to sÔnolo ìlwn twn C1 kampÔlwn apì to x sto y. Epeid  to rhm�nneio m koc
tautÐzontai me to m koc wc proc thn d, èqoume ìti C1(x, y) ⊆ Rd(x, y). Sunep¸c, gia
k�je x, y ∈ X,

di(x, y) = inf{L(γ) | γ ∈ Rd(x, y)} ≤ inf{L(γ) | γ ∈ C1(x, y)} = d(x, y).

2. 'Estw (X, d) h eikìna thc kampÔlhc �peirou m kouc γ : [0, 1] −→ R2, me tÔpo

γ(t) =
(
t, t sin

1
t

)
, γ0 = 0

efodiasmènh me ton periorismì thc eukleÐdiac metrik c. Tìte, h γ eÐnai suneq c, èqei
�peiro m koc kai den eÐnai di-suneq c. Pr�gmati, di(0, γt) = ∞ gia k�je t > 0, kai
sunep¸c h γtn den sugklÐnei sto γ(0) = 0 gia kamÐa akoloujÐa tn −→ t.
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3. 'Estw (X, d) to sÔnolo

({0} × [0, 1]
) ∪ (

[0, 1]× {1}) ∪
( ∞⋃

n=1

{
(x, nx)

∣∣∣ 0 ≤ x ≤ 1
n

})
⊆ R2,

efodiasmèno me ton periorismì thc eukleÐdiac metrik c tou R2. O mètrikìc q¸roc (X, d)
eÐnai sumpag c. Ja deÐxoume ìti o (X, di) den eÐnai oÔte topik� sumpag c. Ac sumfwn -
soume katarq�c ìti ja sumbolÐzoume me Di(x, ε) kai D(x, ε) tic anoiktèc mp�lec wc proc
tic metrikèc di kai d, antÐstoiqa. Upojètoume, gia na katal xoume se �topo, ìti up�rqei
k�poia di-sqetik� sumpag c perioq  tou 0 = (0, 0) ∈ X. Up�rqei tìte ε ∈ (0, 1), t.w.
Di(0, ε) ⊆ W . All� gia to 0 ∈ X, èqoume eidikìtera ìti Di(0, ε) = D(0, ε) gia k�je
ε < 1. Gia k�je n ∈ N, jètoume xn to shmeÐo sto opoÐo to tm ma {(x, nx) | 0 ≤ x ≤ 1/n}
tèmnei to sÔnoro ∂D(0, ε). Tìte, ìmwc, di(xn, xm) = 2ε gia k�je m 6= n, to opoÐo anti-
f�skei me to ìti h akoloujÐa (xn), perièqetai sto di-sumpagèc sÔnolo W .

4. 'Estw (X, d) to sÔnolo X =
(
[0, 1] × {1}) ∪ (⋃∞

n=1{(x, nx) | 0 ≤ x ≤ 1/n}), efo-
diasmèno me ton periorismì thc EukleÐdiac metrik c. O metrikìc q¸roc (X, d) den eÐnai
pl rhc. Wstìso, me thn eswterik  metrik  di pou ep�getai apì th d, eÐnai pl rhc.

H akìloujh prìtash den isqÔei gia aujaÐretouc metrikoÔc q¸rouc, ìpwc deÐqnei h
diakrit  metrik  d = 1{x6=y}.

Prìtash 2.1.2 'Estw (X, d) q¸roc m kouc kai D(x, r) ⊆ X mÐa anoikt  mp�la me
kèntro to x ∈ X kai aktÐna r > 0. Tìte D(x, r) = {y ∈ X | d(x, y) ≤ r}.
Apìdeixh O egkleismìc ⊆ isqÔei se ìlouc touc metrikoÔc q¸rouc. 'Estw y ∈ X t.w.
d(x, y) = r. Gia k�je n ∈ N, up�rqei γn ∈ C(x, y) t.w. L(γn) < d(x, y) + 1/n. Apì th
sunèqeia thc sun�rthshc m kouc thc γn, up�rqei tn ∈ [0, 1] t.w. L

(
γn|[0,tn]

)
= r − 1/n,

n ∈ N, opìte eidikìtera γn(tn) ∈ D(x, r) gia kaje n ∈ N. Tìte, ìmwc, L
(
γn|[0,tn]

)
<

d
(
x, γn(tn)

)
+ 1/n, kai �ra r − d

(
x, γn(tn)

)
< 2/n. Pr�gmati, an autì den Ðsque, ja

eÐqame ìti

L(γn) = L
(
γn|[0,tn]

)
+ L

(
γn|[tn,1]

)

≥ d
(
x, γn(tn)

)
+ 1/n + d

(
γn(tn), y

) ≥ d(x, y) +
1
n

.

Sunep¸c, gia k�je n ∈ N èqoume ìti

d
(
y, γn(tn)

) ≤ L(γn)− d
(
x, γn(tn)

)

< r − d
(
x, γn(tn)

)
+

1
n

<
3
n
−→ 0,

kai �ra y ∈ D(x, r). ¤

Orismìc 2.1.2 'Estw (X, d) metrikìc q¸roc kai èstw ε ≥ 0. 'Ena shmeÐo m ∈ X,
lègetai ε mèsw twn x, y, an

d(x,m) ∨ d(m, y) ≤ 1
2
d(x, y) + ε.
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Ja lème ìti èna zeug�ri shmeÐwn x, y ston X èqei proseggistik� mèsa an gia k�je ε > 0
up�rqei k�poio ε mèsw twn x, y.

Fusik� k�je 0-mèso z ∈ X twn x, y eÐnai apl� èna mèso twn x, y. Mèsw thc ènnoiac
twn mèswn dÐnontai gia pl reic metrikoÔc q¸rouc qr simoi isodÔnamoi qarakthrismoÐ twn
q¸rwn m kouc kai twn gewdaisiak¸n q¸rwn.

Prìtash 2.1.3 'Estw (X, d) pl rhc metrikìc q¸roc.

(a) O X eÐnai q¸roc m kouc ann k�je zeug�ri shmeÐwn x, y ∈ X, èqei proseggistik�
mèsa.

(b) O X eÐnai gewdaisiakìc q¸roc ann up�rqei apeikìnish mèswn ston X.

Apìdeixh (a) 'Estw pr¸ta ìti o X eÐnai q¸roc m kouc kai èstw x, y ∈ X, ε > 0 kai
γ ∈ C(x, y) t.w. L(γ) ≤ d(x, y) + ε. H sun�rthsh m kouc thc γ eÐnai suneq c, kai
�ra up�rqei t0 ∈ [0, 1] t.w. L

(
γ|[0,t0]

)
= (1/2)d(x, y). Jètoume z := γ(t0). Profan¸c,

d(x, z) = (1/2)d(x, y), en¸ d(x, z) + d(z, y) ≤ L(γ) ≤ d(x, y) + ε, kai �ra

d(z, y) ≤ d(x, y)− d(x, z) + ε =
1
2
d(x, y) + ε.

AntÐstrofa, èstw x, y ∈ X kai ε > 0. Prèpei na kataskeu�soume kampÔlh γ :
[0, 1] −→ X t.w. L(γ) ≤ d(x, y) + ε, qrhsimopoi¸ntac thn Ôparxh twn proseggistik¸n
mèswn. OrÐzoume pr¸ta mÐa sun�rthsh γ : D −→ X sto puknì sÔnolo

D :=
∞⋃

n=1

Dn ⊆ [0, 1], Dn :=
{

k

2n

∣∣∣ k = 0, . . . , 2n

}
,

ìlwn twn diadik¸n rht¸n, t.w. gia k�je n ∈ N na isqÔei ìti:

2n−1∨

k=0

d

(
γ
( k

2n

)
, γ

(k + 1
2n

))
≤ 1

2n

(
d(x, y) +

2n − 1
2n

ε

)
. (2.2)

Gia n = 1, orÐzoume th γ sto D1 apì tic γ(0) = x, γ(1) = y kai γ(1/2) = z, ìpou
z ∈ X eÐnai k�poio ε/4-mèsw twn x, y. 'Etsi h (2.2) ikanopoieÐtai kat� profan  trìpo
gia n = 1. Upojètoume t¸ra ìti èqoume orÐsei th γ sto Dn gia k�poio n ∈ N, ¸ste h
(2.2) na ikanopoieÐtai gia k�je m ≤ n. EpekteÐnoume th γ sto Dn+1 ⊇ Dn ètsi ¸ste h
(2.2) na ikanopoieÐtai gia k�je m ≤ n + 1 wc ex c: Gia k�je tk := 2k+1

2n+1 ∈ Dn+1 \ Dn,
k = 0, . . . , 2n − 1, epilègoume èna ε/22n+2-mèso zk ∈ X twn γ(k/2n) kai γ

(
(k + 1)/2n

)
,

kai orÐzoume γ(tk) = zk. Tìte, gia k�je k = 0, . . . , 2n − 1,

d
(
γ 2k

2n+1
, γtk

)
∨ d

(
γtk

, γ 2k+2
2n+1

)
≤ 1

2
d
(
γ k

2n
, γ k+1

2n

)
+

ε

22n+2

≤ 1
2n+1

(
d(x, y) +

2n − 1
2n

ε +
1

2n+1
ε

)

=
1

2n+1

(
d(x, y) +

2n+1 − 1
2n+1

ε

)
,
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kai �ra h (2.2) ikanopoieÐtai gia k�je n ∈ N. Up�rqei loipìn apeikìnish γ : D −→ X

me γ(0) = x kai γ(1) = y t.w. h (2.2) na isqÔei gia k�je n ∈ N. H γ eÐnai pro-
fan¸c Lipschitz me stajera Lipschitz Lip(γ) ≤ d(x, y) + ε. AfoÔ o X eÐnai pl rhc
up�rqei monadik  epèktash thc γ sto D = [0, 1], h opoÐa eÐnai Lipschitz me stajer�
Lipschitz ≤ d(x, y) + ε. Aut  eÐnai h zhtoÔmenh kampÔlh. H apìdeixh tou (a) eÐnai
ìmoia. ¤

Oi akìloujoi qarakthrismoÐ twn proseggistik¸n mèswn mac dÐnoun peraitèrw isodÔ-
namouc qarakthrismoÔc twn q¸rwn m kouc.

Prìtash 2.1.4 'Estw (X, d) metrikìc q¸roc kai èstw x, y ∈ X. 'Ena shmeÐo z ∈ X

eÐnai ε-mèso gia k�poio ε > 0 ann

d2(x, z) + d2(z, y) ≤ 1
2
d2(x, y) + ε′, (2.3)

gia k�poio ε′ > 0. Epiplèon, an to z eÐnai mèso twn x, y, tìte h (2.3) ikanopoieÐtai me
ε′ = 0, kai antÐstrofa, an h (2.3) ikanopoieÐtai me ε′ = 0, tìte to z eÐnai mèso twn x, y.

Apìdeixh Upojètoume pr¸ta ìti to z ∈ X eÐnai ε-mèso twn x, y. Tìte,

d2(x, z) + d2(z, y) ≤ 2
(1

2
d(x, y) + ε

)2

=
1
2
d2(x, y) + εd(x, y) + 2ε2,

kai �ra to z ikanoieÐ thn (2.3), me ε′ = εd(x, y) + 2ε2. Profan¸c, an to z eÐnai mèso twn
x, y, tìte ikanoieÐ thn (2.3) me ε′ = 0.

Upojètoume antÐstrofa ìti to z ikanopoieÐ thn (2.3) gia k�poio ε′ ≥ 0. Tìte,

1
2
d2(x, y) + ε′ ≥ 1

2
(
d(x, z) + d(z, y)

)2 +
1
2
(
d(x, z)− d(z, y)

)2

≥ 1
2
d2(x, y) +

1
2
(
d(x, z)− d(z, y)

)2
,

kai �ra |d(x, z)− d(z, y)| ≤ √
2ε′. Apì aut  thn anisìthta, èpetai ìti

2d(x, z) ∨ d(z, y)−
√

2ε′ ≤ d(x, z) + d(z, y).

Epiplèon, 2d(x, z)d(z, y) ≤ (1/2)d2(x, y) + ε′, kai �ra

d2(x, z) + d2(z, y) ≤ 1
2
d2(x, y) + ε′

≤ d2(x, y) + 2ε′ − 2d(x, z)d(z, y).

'Etsi, profan¸c, d(x, z) + d(z, y) ≤
√

d2(x, y) + 2ε′. 'Epetai ìti

d(x, z) ∨ d(z, y) ≤ 1
2
d(x, y) + ε,

ìpou ε = 1
2

(√
d2(x, y) + 2ε′ +

√
2ε′ − d(x, y)

)
. ParathroÔme epÐshc ìti kai s� aut  thn

perÐptwsh, an to z ikanopoieÐ thn (2.3) me ε′ = 0, tìte to z eÐnai mèso twn x, y. ¤
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2.2 To Je¸rhma Hopf-Rinow

S� aut  thn par�grafo ja asqolhjoÔme me to prìblhma tou pìte dÔo shmeÐa se èna
metrikì q¸ro mporoÔn na enwjoÔn me mia gewdaisiak . Apì touc qarakthrismoÔc twn
gewdaisiak¸n diamèsou mèswn zeug¸n shmeÐwn thc prìtashc 1.3.2 eÐnai fanerì ìti k�je
sumpag c q¸roc m kouc X eÐnai gewdaisiakìc q¸roc. Pr�gmati, èstw x, y ∈ X t.w.
d(x, y) < ∞. AfoÔ o X eÐnai q¸roc m kouc, gia k�je n ∈ N up�rqei shmeÐo zn ∈ X t.w.

d(x, zn) ∨ d(zn, y) ≤ 1
2
d(x, y) +

1
n

.

AfoÔ ìmwc o X eÐnai sumpag c, h akoloujÐa (zn) èqei sugklÐnousa upakoloujÐa, thc
opoÐac to ìrio eÐnai anagkastik� mèso twn x, y. An parathr soume met� ìti h (zn)
perièqetai sthn mp�la D

(
x, 1

2d(x, y) + 1
)
blèpoume ìti gia na eÐnai ènac q¸roc m kouc

gewdaisiakìc q¸roc, arkeÐ oi kleistèc mp�lec ston X na eÐnai sumpageÐc. SÔmfwna me
to je¸rhma Hopf-Rinow, gia pl reic q¸rouc m kouc h sump�geia twn kleist¸n mpal¸n
eÐnai isodÔnamh me thn topik  sump�geia, k�ti to opoÐo fusik� den eÐnai en gènei swstì.
To je¸rhma autì  tan gnwstì ston Cohn-Vossen to 1935 gia q¸rouc m kouc, kai eÐqe
apodeiqjeÐ dÔo qrìnia nwrÐtera apì touc Hopf kai Rinow gia epif�neiec.

Orismìc 2.2.1 'Enac metrikìc q¸roc (X, d) lègetai gn sioc an k�je kleistì kai frag-
mèno uposÔnolo tou X eÐnai sumpagèc.

Profan¸c autì eÐnai isodÔnamo me to ìti ìlec oi kleistèc mp�lec ston X eÐnai
sumpageÐc. H orologÐa gn sioc proèrqetai apì to ìti ìtan h metrik  tou X paÐrnei
peperasmènec timèc, tìte o X eÐnai gn sioc ann h sun�rthsh dx := d(x, · ) : X −→ [0,∞)
eÐnai gn sia me th sun jh topologik  ènnoia, dhlad  antistrèfei sumpag  uposÔnola se
sumpag  uposÔnola, gia k�je x ∈ X.

Prìtash 2.2.1 'Estw (X, d) q¸roc m kouc. O X eÐnai gn sioc ann eÐnai pl rhc kai
topik� sumpag c.

Apìdeixh Mìno h mÐa kateÔjunsh qrei�zetai apìdeixh. Upojètoume loipìn ìti o X

eÐnai topik� sumpag c kai pl rhc kai ja apodeÐxoume ìti eÐnai gn sioc. 'Estw x0 ∈ X.
Prèpei na deiqjeÐ ìti h B(r) := D(x0, r) eÐnai sumpag c gia k�je 0 < r < ∞. Jètoume

I :=
{
r ∈ [0,∞)

∣∣ B(r) eÐnai sumpag c
}
.

Profan¸c, to I eÐnai k�poio upodi�sthma tou [0,∞) to opoÐo perièqei to 0. Ja deÐxoume
ìti eÐnai anoiktì kai kleistì. DeÐqnoume pr¸ta ìti eÐnai anoiktì. 'Estw, loipìn, r ∈ I.
ArkeÐ na broÔme δ > 0 t.w. r + δ ∈ I. AfoÔ h B(r) eÐnai sumpag c kai o X topik�
sumpag c, mporoÔme na broÔme sqetik� sumpageÐc mp�lec D(xi, εi) ⊆ X, xi ∈ B(r),
i = 1, . . . , n oi opoÐec kalÔptoun th B(r). To sÔnolo F := X \

( ⋃n
i=1 D(xi, εi)

)
eÐnai

kleistì kai afoÔ h B(r) eÐnai sumpag c kai F ∩B(r) = ∅, èqoume ìti

δ := d(F,B(r)) = min
{
d(x, y)

∣∣ x ∈ F, y ∈ B(r)
}

> 0.

38



'Omwc, tìte, D(B(r), δ) :=
⋃

x∈B(r) D(x, δ) ⊆ ⋃n
i=1 D(xi, εi), afoÔ an y ∈ F , tìte gia

k�je x ∈ B(r) èqoume d(x, y) ≥ δ. T¸ra, isqurizìmaste ìti afoÔ o X eÐnai q¸roc m kouc,
isqÔei ìti

B(r + δ/2) ⊆ D(B(r), δ).

Pr�gmati, èstw x ∈ B(r + δ/2). An d(x0, x) ≤ r den èqoume tÐpota na deÐxoume. Upo-
jètoume, loipìn, ìti d(x0, x) > r. Up�rqei γ ∈ C(x0, x) t.w. L(γ) < d(x0, x) + δ/6
kai t ∈ [0, 1] t.w. L(γ|[0,t]) = r − δ/6, opìte γt ∈ B(r). 'Opwc kai sthn apìdeixh thc
prìtashc 2.1.2, èqoume ìti

L(γ|[0,t]) < d(x0, γt) +
δ

6
.

Epiplèon, d(x0, γt) + d(γt, x) < d(x0, x) + δ/6, kai �ra

d(γt, x) < d(x, x0)− d(x0, γt) +
δ

6
< d(x0, x)− L(γ|[0,t]) +

δ

3
≤ δ,

dhlad  x ∈ D
(
B(r), δ

)
. 'Etsi, to kleistì sÔnolo B(r + δ/2) perièqetai sto sqetik�

sumpagèc sÔnolo
⋃n

i=1 D(xi, εi), kai �ra eÐnai sumpagèc. 'Etsi r + δ/2 ∈ I.
DeÐqnoume t¸ra ìti to I eÐnai kai kleistì. AfoÔ to I eÐnai di�sthma, arkeÐ na

apodeÐxoume ìti an [0, r) ⊆ I gia k�poio r > 0, tìte r ∈ I. 'Estw loipìn r > 0 t.w.
[0, r) ⊆ I kai èstw (xn) mÐa akoloujÐa sth B(r). Ja deÐxoume ìti up�rqei upakoloujÐa
thc (xn) h opoÐa sugklÐnei se k�poio shmeÐo thc B(r). 'Estw (εm)∞m=1 mÐa gnhsÐwc fjÐ-
nousa akoloujÐa t.w. r > εm −→ 0. AfoÔ o X eÐnai q¸roc m kouc, gia k�je n,m ∈ N,
up�rqei ym

n ∈ B(r − εm/2) t.w. d(ym
n , xn) ≤ εm. Pr�gmati, an xn ∈ B(r − εm/2), tìte

epilègoume ym
n = xn, en¸ an d(x0, xn) > r − εm/2, epilègoume kampÔlh γm

n ∈ C(x0, xn)
t.w. L(γm

n ) ≤ d(x0, xn) + εm/2 kai jètoume ym
n := γm

n (tmn ), ìpou to tmn ∈ [0, 1] eÐnai t.w.
L

(
γ|[0,tm

n ]

)
= r − εm/2. Tìte, profan¸c ym

n ∈ B(r − εm/2) kai

d(ym
n , xn) ≤ L

(
γm

n |[tm
n ,1]

)
= L(γm

n )− L
(
γm

n |[0,tm
n ]

)

≤ d(x0, xn) +
εm

2
− r +

εm

2
≤ εm.

Gia k�je m ∈ N, h akoloujÐa (ym
n )∞n=1 perièqetai sto sumpagèc sÔnolo B(r − εm/2).

Sunep¸c me èna diag¸nio epiqeÐrhma mporoÔme na broÔme aÔxousa akoloujÐa (kn)∞n=1

t.w. h akoloujÐa (ym
kn

)∞n=1 na sugklÐnei gia k�je m ∈ N. Ja deÐxoume ìti h antÐstoiqh
upakoloujÐa xkn thc (xn) eÐnai akoloujÐa Cauchy. 'Estw ε > 0. Up�rqoun m ∈ N t.w.
εm ≤ ε/3 kai n0 ∈ N t.w.

n, ` ≥ n0 =⇒ d(ym
kn

, ym
k`

) ≤ ε

3
.

'Etsi, gia k�je n, ` ≥ n0 èqoume ìti

d(xkn , xk`
) ≤ d(xkn , ym

kn
) + d(ym

kn
, ym

k`
) + d(ym

k`
, xk`

) ≤ ε.

Sumep¸c, h (xkn) eÐnai akoloujÐa Cauchy, kai afoÔ o X eÐnai pl rhc, sugklÐnei se k�poio
x ∈ B(r). 'Etsi h B(r) eÐnai sumpag c, dhlad  r ∈ I, ìpwc zhtoÔsame. ¤

H akìloujh prìtash èpetai �mesa apì thn prohgoÔmenh prìtash kai th suz thsh pou
prohg jhke aut c.
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Je¸rhma 2.2.1 (Hopf-Rinow) 'Estw X topik� sumpag c q¸roc m kouc. An o X eÐnai
pl rhc, tìte eÐnai gewdaisiakìc q¸roc.

Oi gn sioi gewdaisiakoÐ q¸roi ikanopoioÔn thn akìloujh shmantik  idiìthta.

Prìtash 2.2.2 'Estw (X, d) gn sioc gewdaisiakìc q¸roc kai èstw x, y ∈ X ta opoÐa
sundèontai me monadik  gewdiasiak  γ ∈ C(x, y). An h γn ∈ C(xn, yn) eÐnai mÐa akoloujÐa
gewdaisiak¸n kai xn −→ x, yn −→ y, tìte γn −→ γ omoiìmorfa.

Apìdeixh AfoÔ oi akoloujÐec (xn), (yn) sugklÐnoun sta x, y antÐstoiqa,

R := sup
{
d(xn, yn)

∣∣ n ∈ N}
+ diam

{
xn

∣∣ n ∈ N}
< ∞.

Apì thn trigwnik  anisìthta èpetai eÔkola ìti h eikìna k�je mÐac apì tic γn perièqetai sth
sumpag  mp�la B(x,R). Sunep¸c, apì thn prìtash 1.3.7, k�je upakoloujÐa thc (γn) èqei
peraitèrw upakoloujÐa, h opoÐa anagkastik� sugklÐnei sth monadik  gewdaisaiak  γ ∈
C(x, y) pou sundèei ta x, y ∈ X. 'Epeidh o Cu([0, 1];X) eÐnai metrikìc q¸roc, autì deÐqnei
to zhtoÔmeno. ¤

Orismìc 2.2.2 'Estw (X, d) monos manta gewdaisiakìc q¸roc. Lème ìti oi gewdaisia-
kèc ston X exart¸ntai suneq¸c apì ta �kra touc an h apeikìnish

X ×X 3 (x, y) 7→ [x, y] ∈ C(x, y) ⊆ Cu([0, 1];X),

eÐnai suneq c.

Pìrisma 2.2.1 Se k�je gn sio monos manta gewdaisiakì q¸ro X oi gewdaisiakèc
exart¸ntai suneq¸c apì ta �kra touc.

H suneq c ex�rthsh twn gewdaisiak¸n enìc monos manta gewdaisiakoÔ q¸rou apì
ta �kra touc èqei shmantikèc epipt¸seic sthn topologÐa tou q¸rou, sÔmfwna me thn
akìloujh prìtash.

Prìtash 2.2.3 'Estw (X, d) monos manta gewdaisiakìc q¸roc me peperasmènh metri-
k . An oi gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc, tìte o X eÐnai
surikn¸simoc, kai �ra apl� sunektikìc.

Apìdeixh 'Ex� orismoÔ, ènac topologikìc q¸roc X eÐnai surrikn¸simoc an up�rqei
omotopÐa apì th stajer  apeikìnish cp : X −→ {p} ⊆ X sthn tautotik  IdX . 'Estw
p ∈ X kai èstw F : [0, 1]×X −→ X h apeikìnish me tÔpo F (t, x) = [p, x](t). Profan¸c
F0 ≡ cp kai F1 ≡ idX . Ja deÐxoume ìti h F eÐnai suneq c. 'Estw {(tn, xn)} mÐa akoloujÐa
ston [0, 1] × X t.w. (tn, xn) −→ (t, x) kai èstw ε > 0. Jètoume γn := [p, xn]. Oi
gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc kai ètsi up�rqei n1 ∈ N t.w.

n ≥ n1 =⇒ sup
0≤t≤1

d(γn(t), γ(t)) <
ε

2
.

EpÐshc up�rqei n2 ∈ N t.w. n ≥ n2 =⇒ d(γt, γtn) < ε
2 . Tìte, gia k�je n ≥ n1 ∨ n2

èqoume ìti

d(F (t, x), F (tn, xn)) = d(γ(t), γn(tn)) ≤ d(γt, γtn) + d(γ(tn), γn(tn)) < ε,

to opoÐo deÐqnei ìti h F eÐnai suneq c, kai �ra omotopÐa. ¤

40



MÐa akìmh shmantik  idiìthta twn monos manta gewdaisiak¸n q¸rwn twn opoÐwn oi
gewdaisiakèc exart¸ntai apì ta �kra touc, eÐnai ìti se tètoiouc q¸rouc h kurt  j kh
enìc diaqwrÐsimou sunìlou eÐnai diaqwrÐsimh.

Orismìc 2.2.3 'Estw X gewdaisiakìc q¸roc kai èstw A ⊆ X. H kurt  j kh co(A) ⊆
X tou A orÐzetai wc

co(A) :=
⋂ {

B ⊆ X
∣∣ B ⊇ A, B kurtì

}
.

Epeid  h tom  kurt¸n sunìlwn eÐnai kurtì sÔnolo, h kurt  j kh enìc sunìlou A ⊆ X

eÐnai kurtì sÔnolo, kai eÐnai profan¸c to el�qisto kurtì sÔnolo wc proc ton egkleismì
pou perièqei to A. O akìloujoc isodÔnamoc qarakthrismìc thc kurt c j khc brÐsketai
sto [7].

Prìtash 2.2.4 'Estw X gewdaisiakìc q¸roc kai A ⊆ X. Jètoume C0(A) := A, kai
gia k�je n ∈ N, orÐzoume Cn(A) to sÔnolo ìlwn twn shmeÐwn pou brÐskonai p�nw se
k�poia gewdaisiak  me arq  kai tèloc sto Cn−1(A). Tìte

co(A) =
∞⋃

n=0

Cn(A).

Apìdeixh Gia aplìthta jètoume Cn := Cn(A). Katarq�c, parathroÔme ìti h akoloujÐa{
Cn

}∞
n=0

eÐnai aÔxousa. Pr�gmati, an x ∈ Cn, tìte h stajer  gewdaisiak  cx sto x eÐnai
gewdaisiak  me arq  kai tèloc sto Cn, kai �ra x ∈ Cn+1. Eidikìtera, A ⊆ ⋃∞

n=0 Cn.
Sunep¸c arkeÐ na deÐxoume ìti to C :=

⋃∞
n=0 Cn eÐnai kurtì kai perièqetai se k�je kurtì

sÔnolo K pou perièqei to A. 'Estw x, y ∈ C. AfoÔ h Cn eÐnai aÔxousa, up�rqei n ∈ N
t.w. x, y ∈ Cn. 'Omwc apì ton orismì thc {Cn}, gia k�je gewdaisiak  γ ∈ T (x, y),
èqoume ìti Imγ ⊆ Cn+1 ⊆ C. Tèloc, èna profanèc epagwgikì epiqeÐrhma deÐqnei ìti k�je
kurtì sÔnolo pou perièqei to A, ja perièqei anagkastik� ìla ta Cn. ¤

Autìc o isodÔnamoc qarakthrismìc thc kurt c j khc m�c dÐnei th dunatìthta na
apodeÐxoume ìti h kurt  j kh enìc diaqwrÐsimou sunìlou eÐnai diaqwrÐsimo sÔnolo. Prin
diatup¸soume aut  thn prìtash ja eÐnai kalì na jumhjoÔme k�poia pr�gmata gÔrw apì
thn ènnoia thc diaqwrisimìthtac gia uposÔnola enìc metrikoÔ q¸rou. 'Estw èna uposÔno-
lo A tou metrikoÔ q¸rou (X, d). To A ja lègetai diaqwrÐsimo, an eÐnai diaqwrÐsimoc
q¸roc me ton periorismì thc d.

Prìtash 2.2.5 'Estw A uposÔnolo tou metrikoÔ q¸rou (X, d). Ta akìlouja eÐnai
isodÔnama:

(a) To A eÐnai diaqwrÐsimo.

(b) Up�rqei arijm simo sÔnolo D ⊆ A t.w. A ⊆ D.

(b) Up�rqei arijm simo sÔnolo D ⊆ X t.w. A ⊆ D.

Prìtash 2.2.6 'Estw (X, d) monos manta gewdaisiakìc q¸roc tou opoÐou oi gewdaisia-
kèc exart¸ntai suneq¸c apì ta �kra touc kai èstw A èna diaqwrÐsimo uposÔnolo tou X.
Tìte h kurt  j kh tou A eÐnai diaqwrÐsimh.
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Apìdeixh Katarq�c, parathroÔme ìti h arijm simh ènwsh diaqwrÐsimwn sunìlwn eÐnai
diaqwrÐsimo sÔnolo, kai ètsi arkeÐ na apodeÐxoume ìti to Cn := Cn(A) eÐnai diaqwrÐsimo
gia k�je n ∈ N.

Apì thn upìjesh, to C0 = A eÐnai diaqwrÐsimo. Upojètoume ìti to Cn eÐnai di-
aqwrÐsimo gia k�poio n ∈ N, kai ja deÐxoume ìti to Cn+1 eÐnai diaqwrÐsimo. 'Estw Dn

èna arijm simo uposÔnolo tou Cn, t.w. Cn = D. Jètoume γx,y : [0, 1] −→ X th monadik 
gewdaisiak  me arq  to x kai tèloc to y, gia k�je x, y ∈ Dn. Tì sÔnolo

Dn+1 :=
⋃

x,y∈Dn

γ
(
[0, 1] ∩Q) ⊆ Cn+1,

eÐnai profan¸c arijm simo. Ja deÐxoume ìti eÐnai puknì sto Cn+1. 'Estw x ∈ Cn+1

kai ε > 0. AfoÔ x ∈ Cn+1, up�rqoun p, q ∈ Cn, t.w. to x na an kei sthn eikìna thc
γ := γp,q : [0, 1] −→ X. Up�rqei t ∈ [0, 1] t.w. x = γ(t). AfoÔ to Dn eÐnai puknì sto
Cn, up�rqoun akoloujÐec {pm}, {qm} ⊆ Dn, t.w. pm −→ p kai qm −→ q. Epeid  oi
gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc, up�rqei m1 ∈ N, t.w.

m ≥ m1 =⇒ sup
0≤t≤1

d(γm(t), γ(t)) <
ε

2
,

ìpou γm := γpm,qm , m ∈ N. EpÐshc, apì th sunèqeia thc γ, up�rqei q ∈ Q ∩ [0, 1] t.w.
d(γt, γq) < ε/2. Tìte γm(q) ∈ Dn+1 kai

d(x, γm(q)) ≤ d(γt, γq) + d(γ(q), γm(q)) <
ε

2
+

ε

2
= ε.

Sunep¸c Cn+1 ⊆ Dn+1, kai �ra to Cn+1 eÐnai diaqwrÐsimo ìpwc zhtoÔsame. ¤

2.3 Ginìmena kai Q¸roi Lp

S� aut  thn par�grafo ja exet�soume to e�n to ginìmeno gewdaisiak¸n   q¸rwn m kouc
eÐnai gewdaisiakìc   q¸roc m kouc antÐstoiqa kai ja perigr�youme tic gewdaisiakèc tou
q¸rou ginìmeno. EpÐshc, ja melet soume to Ðdio prìblhma stouc q¸rouc Lp, sunart -
sewn me timèc se metrikoÔc q¸rouc.

2.3.1 Ginìmena Metrik¸n Q¸rwn
Orismìc 2.3.1 'Estw (X1, d1), (X2, d2) metrikoÐ q¸roi. To `p-ginìmeno twn X1, X2

eÐnai to sÔnolo X1 ×X2 efodiasmèno me th metrik  d me tÔpo

d(x, y) =
(
dp
1(x1, y1) + dp

2(x2, y2)
) 1

p ,

gia k�je 1 ≤ p < ∞, kai d(x, y) = d1(x1, y1) ∨ d2(x2, y2) gia p = +∞. SumbolÐzetai me
X1 ×p X2,   aploÔstera X1 ×X2. To ginìmeno twn X1, X2, eÐnai to `2-ginìmenì touc.

ParadeÐgmatoc q�rin, `n
p ×p `m

p = `m+n
p . Profan¸c to `p-ginìmeno dÔo metrik¸n

q¸rwn eÐnai pl rhc metrikìc q¸roc ann oi X1, X2 eÐnai pl reic. Ja sumbolÐzoume me
pi : X1×X2 −→ Xi tic fusikèc probolèc. Oi probolèc autèc eÐnai Lipschitz sunart seic
me stajer� Lipschitz = 1. 'Opwc ja doÔme, gia 1 < p < ∞, oi probolèc eÐnai affinikèc
apeikonÐseic, me thn ènnoia ìti apeikonÐzoun gewdaisiakèc se gewdaisiakèc.
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Prìtash 2.3.1 'Estw 1 ≤ p ≤ ∞ kai èstw X to `p-ginìmeno twn (X1, d1), (X2, d2).
Tìte,

(a) An oi γi : [0, 1] −→ X eÐnai gewdaisiakèc, tìte h diag¸nia kampÔlh γ = (γ1, γ2)
me tÔpo γ(t) =

(
γ1(t), γ2(t)

)
eÐnai gewdaisiak . AntÐstrofa, an 1 < p < ∞ kai

h γ : [0, 1] −→ X eÐnai gewdaisiak , tìte h sunist¸sec kampÔlec γi := pi ◦ γ :
[0, 1] −→ Xi, i = 1, 2 eÐnai gewdaisiakèc. Eidikìtera, an 1 < p < ∞, tìte o X eÐnai
monos manta gewdaisiakìc ann oi X1, X2 eÐnai monos manta gewdaisiakoÐ.

(b) An oi X1, X2 eÐnai gewdaisiakoÐ q¸roi, tìte kai o X eÐnai gewdaisiakìc q¸roc. An
1 < p < ∞, to antÐstrofo eÐnai epÐshc alhjèc

(g) 'Estw 1 < p < ∞. Tote oi fètec {x1} × X2, X1 × {x2}, xi ∈ Xi, i = 1, 2 eÐnai
kurtèc.

(d) O X eÐnai q¸roc m kouc ann oi X1, X2 eÐnai q¸roi m kouc.

Apìdeixh (a) 'Estw γi : [0, 1] −→ Xi gewdaisiak , i = 1, 2, kai èstw γ = (γ1, γ2) h
diag¸nia kampÔlh. Gia k�je 1 ≤ p < ∞ kai k�je s, t ∈ I,

dp(γs, γt) = dp
1(γ1(s), γ1(t)) + dp

2(γ2(s), γ2(t)) = |t− s|pdp(γ0, γ1).

H perÐptwsh p = ∞ eÐnai exÐsou profan c. Ja apodeÐxoume to antÐstrofo gia 1 < p < ∞.
Ja qrhsimopoi soume to qarakthrismì twn gewdaisiak¸n thc prìtashc 1.3.2. 'Estw
s, t ∈ [0, 1]. Jètoume m := (γ1, γ2)

(
s+t
2

)
, x = (γ1, γ2)(s) kai y = (γ1, γ2)(t). Prèpei na

deÐxoume ìti di(xi,mi) = di(mi, yi) = 1
2di(xi, yi), gia k�je i = 1, 2. ParathroÔme ìti gia

1 < p < ∞, h stoiqei¸dhc anisìthta

(a + b)p ≤ 2p−1(ap + bp), a, b ≥ 0,

isqÔei wc isìthta ann a = b. Sunep¸c, oi anisìthtec

dp
i (xi, yi) ≤

(
di(xi,mi) + di(mi, yi)

)p ≤ 2p−1
(
dp

i (xi, mi) + dp
i (mi, yi)

)
(Ai),

isqÔoun wc isìthtec ann di(xi,mi) = di(mi, yi) = 1
2di(xi, yi), gia i = 1, 2. Prosjètontac

tic kat� mèlh tic anisìthtec (Ai), i = 1, 2 paÐrnoume ìti

dp(x, y) ≤ 2p−1
(
dp(x, m) + dp(m, y)

)
. (A)

'Omwc h γ eÐnai gewdaisiak , kai �ra d(x,m) = d(m, y) = 1
2d(x, y), apì ìpou èpetai ìti

h anisìthta (A) isqÔei wc isìthta, kai �ra kai oi anisìthtec (Ai) isqÔoun wc isìthtec,
i = 1, 2, ìpwc zhtoÔsame. Ta (b) kai (g) èpontai �mesa apì to (a).
(d) Upojètoume pr¸ta ìti oi X1, X2 eÐnai q¸roi m kouc. 'Estw x, y ∈ X kai ε > 0. AfoÔ
oi Xi eÐnai q¸roi m kouc, up�rqei (ε/21/p)-mèso mi twn xi, yi, i = 1, 2. Ja deÐxoume ìti
to m := (m1,m2) eÐnai ε-mèso twn x, y ∈ X. Pr�gmati,

d(x,m) =
(
dp
1(x1, m1) + dp

2(x2,m2)
) 1

p

≤
((1

2
d1(x1, y1) +

ε

21/p

)p +
(1
2
d2(x2, y2) +

ε

21/p

)p
) 1

p ≤ 1
2
d(x, y) + ε.

'Omoia deÐqnoume ìti d(m, y) ≤ 1
2d(x, y), kai h perÐptwsh p = ∞ eÐnai parìmoia.
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Upojètoume t¸ra ìti o X eÐnai q¸roc m kouc kai ja apodeÐxoume ìti o X1 eÐnai q¸roc
m kouc. To ìti o X2 eÐnai q¸roc m kouc apodeiknÔetai an�loga. 'Estw x1, y1 ∈ X1,
ε > 0. Epilègoume shmeÐo u ∈ X2 kai mÐa kampÔlh γ ∈ C

(
(x1, u), (y1, u)

)
m kouc

L(γ) ≤ d
(
(x1, u), (y1, u)

)
+ ε = d1(x1, y1) + ε.

H p1 ◦ γ, en¸nei ta x1, y1 kai epeid  h probol  eÐnai 1-Lipschitz, èpetai ìti

L(p1 ◦ γ) ≤ L(γ) ≤ d(x1, y1) + ε,

to opoÐo deÐqnei ìti o X1 eÐnai q¸roc m kouc. ¤

'Omoia, orÐzetai to `p-ginìmeno peperasmènou pl jouc metrik¸n q¸rwn (Xi, di), i =
1, . . . , n. Oi `p-metrikèc eÐnai diatetagmènec me thn ènnoia ìti gia k�je 1 ≤ p ≤ q ≤ ∞,
èqoume dq ≤ dp. EpÐshc eÐnai ìlec Lipschitz isodÔnamec afoÔ d∞ ≤ dp ≤ n1/pd∞, gia
k�je 1 ≤ p ≤ ∞ Profan¸c, gia k�je 1 ≤ m ≤ n, h apeikìnish

(X1 ×p . . .×p Xm)×p (Xm+1 ×p . . .×p Xn) −→ (X1 ×p . . .×p Xn),

eÐnai isometrÐa. Autì deÐqnei epagwgik� ìti to an�logo thc prohgoÔmenhc prìtashc,
kaj¸c kai thc epìmenhc isqÔoun kai gia ginìmena peperasmènwn to pl joc paragìntwn.

Prìtash 2.3.2 'Estw X to `p-ginìmeno, 1 ≤ p < ∞, twn metrik¸n q¸rwn (X1, d1),
(x2, d2), kai èstw γ : I −→ X mÐa kampÔlh. H γ eÐnai apolÔtwc suneq c ann oi sunte-
tagmènec kampÔlec γi = pi ◦ γ eÐnai apolÔtwc suneqeÐc kai s� aut  thn perÐptwsh,

|γ′|d1×pd2 =
∥∥(|γ′1|d1 , |γ′2|d2

)∥∥
p
, (2.4)

σ.p. sto I.

Apìdeixh EÐnai profanèc ìti an oi γ1, γ2 eÐnai apolÔtwc suneqeÐc, tìte h γ, eÐnai
apolÔtwc suneq c. To antÐstrofo èpetai apì to ìti oi probolèc eÐnai 1-Lipschitz, kai h
(2.4) èpetai paÐrnontac to ìrio kaj¸c s → t sthn isìthta

d(γ(s), γ(t))
|t− s| =

(
dp
1(γ1(s), γ1(t))
|t− s|p +

dp
2(γ2(s), γ2(t))
|t− s|p

) 1
p

, s 6= t.

2.3.2 Q¸roi Lp

Se ìlh aut  thn par�grafo o (Ω,F) ja eÐnai ènac q¸roc mètrou kai o (X, d) ènac metrikìc
q¸roc. Ja jewroÔme p�nta touc metrikoÔc q¸rouc wc metr simouc q¸rouc me th Borel
s-�lgebra tou X, dhlad  th s-�lgebra pou par�getai apì thn topologÐa tou X. Ja
sumbolÐzoume me L(Ω,F ; X),   aploÔstera me L(Ω;X) an den up�rqei kÐndunoc sÔgqushc,
to sÔnolo ìlwn twn metr simwn apeikonÐsewn f : Ω −→ X.

Prìtash 2.3.3 To kat� shmeÐo ìrio mÐac akoloujÐac metr simwn sunart sewn me
timèc se èna metrikì q¸ro eÐnai metr simh sun�rthsh.
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Apìdeixh 'Estw fn : Ω −→ X, n ∈ N, mÐa akoloujÐa metr simwn sunart sewn, h opoÐa
suklÐnei kat� shmeÐo sth sun�rthsh f : Ω −→ X. Ja deÐxoume ìti h f eÐnai metr simh.
AfoÔ h B(X) par�getai apì ta anoikt� uposÔnola tou X, arkeÐ na apodeÐxoume ìti
f−1(U) ∈ F gia k�je anoiktì uposÔnolo U tou X. 'Estw loipìn U ⊆ X anoi-ktì. Gia
k�je ω ∈ f−1(U), up�rqei k ∈ N t.w. n ≥ k =⇒ fn(ω) ∈ U , kai �ra f−1(U) ⊆⋃∞

k=1

⋂∞
n=k f−1(U). Wstìso, autìc o egkleismìc den eÐnai en gènei isìthta, miac kai

mporeÐ gia k�poio ω ∈ Ω, h akoloujÐa (fn(ω)) na perièqetai ìlh sto U , all� na sugklÐnei
se k�poio sunoriakì shmeÐo tou U . Prèpei loipìn na eÐmaste lÐgo pio prosektikoÐ. Gia
k�je m ∈ N, jètoume

Fm :=
{
x ∈ U | d(x,X \ U) ≥ 1

m

}
.

Profan¸c U =
⋃∞

m=1 Fm, kai epeid  ta Fm eÐnai kleist�, èqoume ìti
⋃∞

k=1

⋂∞
n=k f−1

n (Fm) ⊆
f−1(Fm) ⊆ f−1(U), kai �ra,

∞⋃
m=1

∞⋃

k=1

∞⋂

n=k

f−1
n (Fm) ⊆ f−1(U).

Ja deÐxoume ìti autìc o egkleismìc eÐnai isìthta. 'Estw ω ∈ f−1(U) =
⋃∞

m=1 f−1(Fm).
Epilègoume m ∈ N t.w. f(ω) ∈ Fm. AfoÔ fn(ω) −→ f(ω) kai Fm ⊆ intFm+1 ⊆ Fm+1,
up�rqei k ∈ N t.w. ω ∈ ⋃∞

k=1

⋂∞
n=k f−1

n (Fm+1), to opoÐo apodeiknÔei ton isqurismì. ¤

Orismìc 2.3.2 'Estw f : Ω −→ X metr simh sun�rthsh. H f lègetai apl  an h eikìna
thc eÐnai peperasmènh, kai isqur� metr simh an h eikìna thc eÐnai diaqwrÐsimh.

Prìtash 2.3.4 'Estw f : Ω −→ X mÐa sun�rthsh.

(a) H f eÐnai apl  ann up�rqei peperasmènh diamèrish Ω = q∞i=1Ei tou Ω se metr sima
sÔnola Ei ∈ F t.w. h f na eÐnai stajer  se k�je èna apì ta Ei, i = 1, . . . , n.

(b) H f eÐnai isqur� metr simh ann eÐnai to kat� shmeÐo ìrio k�poiac akoloujÐac apl¸n
sunart sewn.

Apìdeixh To (a) eÐnai profanèc. Ja deÐxoume to (b). Upojètoume pr¸ta ìti h f eÐnai
isqur� metr simh. 'Estw D = {xn |n ∈ N} puknì uposÔnolo thc eikìnac f(Ω) thc f .
Gia k�je n ∈ N, orÐzoume mÐa apeikìnish fn : Ω −→ X jètontac fn(ω) to stoiqeÐo me
to mikrìtero deÐkth an�mesa se ìla ta stoiqeÐa tou {x1, . . . , xn} ta opoÐa apèqoun thn
el�qisth apìstash apì to f(ω). Sumbolik�, h fn dÐnetai apì ton tÔpo

fn(ω) = x
min

{
1≤i≤n | d(f(ω),xi)=min{d(f(ω),xj) | j=1,...,n}

}.

Oi fn eÐnai aplèc. Pr�gmati, h fn èqei peperasmènh eikìna, n ∈ N, kai eÐnai metr simh,
afoÔ gia k�je 1 ≤ k ≤ n, èqoume ìti

f−1
n (xk) =

k−1⋂

i=1

{
ω | d(xk, f) < d(xi, f)

} ∩
n⋂

i=k

{
ω | d(xk, f) ≤ d(xi, f)

}
.

Apì to ìti to D eÐnai puknì sto f(Ω) èpetai eÔkola ìti fn −→ f kat� shmeÐo kai �ra h
f eÐnai to kat� shmeÐo ìrio k�poiac akoloujÐac apl¸n
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AntÐstrofa, èstw ìti h f eÐnai to kat� shmeÐo ìrio thc akoloujÐac apl¸n (fn). To
sÔnolo

⋃∞
n=1 fn(Ω) eÐnai arijm simo kai afoÔ fn −→ f kat� shmeÐo, èpetai ìti

f(Ω) ⊆
∞⋃

n=1

fn(Ω),

to opoÐo apì thn prìtash 2.2.5, eÐnai isodÔnamo me ìti to f(Ω) eÐnai diaqwrÐsimo. ¤

'Estw t¸ra µ èna mètro sth s-�lgebra F tou Ω kai èstw 1 ≤ p < ∞. Jèloume na
orÐsoume thn Lp-apìstash dp(f, g) dÔo sunart sewn f, g ∈ L(Ω;X) apì ton tÔpo

dp(f, g) =
(∫

Ω

d(f(ω), g(ω))dµ(ω)
) 1

p

.

Gia na èqei ìmwc o orismìc autìc nìhma, h apeikìnish d(f, g) : Ω −→ R me tÔpo
d(f, g)(ω) = d(f(ω), g(ω)), prèpei na eÐnai metr simh. 'Omwc autì den eÐnai en gènei swstì,
ektìc ki an o X eÐnai diaqwrÐsimoc. Pr�gmati, ìpwc eÐnai gnwstì, an oi f : Ω −→ X,
g : Ω −→ Y eÐnai metr simec, tìte h diag¸nia apeikìnish (f, g) : Ω −→ X × Y eÐnai
(F ,B(X) ⊗ B(Y ))-metr simh. 'Omwc h metrik  d, wc suneq c sun�rthsh, eÐnai (B(X ×
Y ),B(R))-metr simh. En gènei, ìmwc, o egkleismìc B(X) ⊗ B(Y ) ⊆ B(X × Y ) den eÐ-
nai isìthta an oi X, Y den eÐnai diaqwrÐsimoi, kai sunep¸c h d(f, g) den eÐnai en gènei
metr simh. To prìblhma autì parak�mptetai an periorÐsoume thn prosoq  mac mìno stic
isqur� metr simec sunart seic.

Prìtash 2.3.5 'Estw (Ω,F , µ) q¸roc mètrou, X,Y, Z metrikoÐ q¸roi kai f : Ω −→ X,
g : Ω −→ Y isqur� metr simec apeikonÐseic. Tìte gia k�je Borel metr simh apeikìnish
H : X × Y −→ Z, h sun�rthsh H ◦ (f, g) : Ω −→ Z eÐnai metr simh.

Apìdeixh 'Estw X0, Y0 oi diaqwrÐsimec eikìnec twn f, g antÐstoiqa. Katarq�c, parath-
roÔme ìti

H ◦ (f, g) = H|X0×Y0 ◦ (f̄ , ḡ),

ìpou f̄ , ḡ eÐnai oi f, g idwmènec wc apeikonÐseic me pedÐo tim¸n tic eikìnec touc X0, Y0

antÐstoiqa. H H|X0×Y0 eÐnai profan¸c (B(X×Y )|X0×Y0 ,B(Z))-metr simh, ìpou gia k�je
A ⊆ X, me B(X)|A := {B∩A , |B ∈ B(X)}, sumbolÐzoume ton periorismì thc s-�lgebrac
tou X sto A. EpÐshc, h f̄ eÐnai (F ,B(X)|X0)-metr simh kai h ḡ (F , B(Y )|Y0)-metr simh,
kai �ra h (f̄ , ḡ) eÐnai

(F ,B(X)|X0 ⊗ B(Y )|Y0

)
-metr simh. 'Omwc, se k�je metrikì q¸ro,

o periorismìc thc Borel s-�lgebrac tou X sto A ⊆ X sumpÐptei me thn Borel s-�lgebra
tou A, kai ètsi, afoÔ oi eikìnec X0 kai Y0 eÐnai diaqwrÐsimec, èpetai ìti

B(X × Y )|X0×Y0 = B(X0 × Y0) = B(X0)⊗ B(Y0) = B(X)|X0 ⊗ B(Y )|Y0 ,

to opoÐo sÔmfwna me ta parap�nw apodeiknÔei ìti h H(f, g) eÐnai metr simh. ¤

Eidikìtera, an oi f, g : Ω −→ (X, d) eÐnai isqur� metr simec, tìte h d(f, g) : Ω −→ R
eÐnai metr simh. Ja sumbolÐzoume to sÔnolo ìlwn twn isqur� metr simwn apeikonÐsewn
f : Ω −→ X me L0(Ω;X).
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Orismìc 2.3.3 'Estw (Ω,F , µ) q¸roc mètrou kai (X, d) metrikìc q¸roc. Gia k�je
f, g ∈ L0(Ω;X) kai 1 ≤ p ≤ ∞, orÐzoume thn Lp-apìstash twn f, g apì ton tÔpo

dp(f, g) =
(∫

Ω

d(f, g)dµ

) 1
p

,

kai gia p = ∞ orÐzoume

d∞(f, g) = essµ sup d(f, g) = inf
{
α ≥ 0 |µ({ω | d(f(ω), g(ω)) ≥ α}) = 0

}
.

ParathroÔme ìti sÔmfwna me to orismì thc Lp-apìstashc, gia k�je isqur� metr simec
apeikonÐseic f, g : Ω −→ X, èqoume ìti dp(f, g) = ‖d(f, g)‖p, ìpou ‖ · ‖p eÐnai h Lp-nìrma
tou Lp(Ω) = Lp(Ω;R).

Prìtash 2.3.6 Gia k�je 1 ≤ p ≤ ∞, h sun�rthsh

L0(Ω; X)× L0(Ω; X) 3 (f, g) 7−→ dp(f, g) ∈ [0,∞],

eÐnai genikeumènh yeudometrik .

Apìdeixh Profan¸c h dp eÐnai summetrik  kai dp(f, f) = 0 gia k�je L0(Ω;X). Gia
thn trigwnik  anisìthta, parathroÔme ìti gia k�je u, υ ∈ Lp(Ω;R) me 0 ≤ u ≤ υ µ-σ.p.,
èqoume ìti ‖u‖p ≤ ‖υ‖p. 'Etsi, h trigwnik  anisìthta thc dp prokÔptei apì aut n thc
nìrmac ‖ · ‖p. Pr�gmati, gia k�je f, g, h ∈ L0(Ω;X) èqoume ìti

dp(f, g) = ‖d(f, g)‖p ≤ ‖d(f, h) + d(h, g)‖p

≤ ‖d(f, h)‖p + ‖d(h, g)‖p = dp(f, h) + dp(h, g). ¤

An epilèxoume mÐa isqur� metr simh basik  apeikìnish f0 : Ω −→ X kai periorÐsoume
thn dp sto sÔnolo Lp(µ;X, f0) ìlwn twn isqur� metr simwn apeikonÐsewn me peperasmènh
apìstash apì thn f0, prokÔptei mÐa peperasmènh yeudometrik . Wc sun jwc, tautÐzon-
tac µ-σ.p. Ðsec sunart seic, paÐrnoume mÐa (peperasmènh) metrik  sto sÔnolo phlikì
Lp(µ; X, f0) := Lp(µ; X, f0)/ v aut c thc sqèshc.ExakoloujoÔme na sumbolÐzoume aut 
metrik  me dp.

Prìtash 2.3.7 'Estw (Ω,F , µ) q¸roc mètrou kai (X, d) pl rhc metrikìc q¸roc (X, d).
Tìte, gia k�je 1 ≤ p ≤ ∞ kai k�je isqur� metr simh apeikìnish f : Ω −→ X, o
Lp(µ; X, f0) eÐnai pl rhc metrikìc q¸roc.

Apìdeixh 'Omoia me thn grammik  perÐptwsh. ¤

Sthn perÐptwsh pou o (Ω,F , µ) eÐnai peperasmènoc q¸roc mètrou, ja jewroÔme p�n-
tote wc basik  apeikìnish k�poia stajer  apeikìnish cx0 : Ω −→ X, x0 ∈ X. Tìte,
o Lp(µ; X, cx0) perièqei ìlec tic stajerèc apeikonÐseic kai profan¸c den exart�tai apì
thn epilog  thc stajer c basik c apeikìnishc. 'Etsi, gia aplìthta sto sumbolismì, ìtan
to µ eÐnai k�poio peperasmèno mètro, den ja anafèroume th basik  apeikìnish kai ja
gr�foume apl� Lp(µ; X).

Epiplèon, ìtan o (Ω, µ) eÐnai peperasmènoc q¸roc mètrou, h apeikìnish

X 3 x0 7−→ cx0 ∈ Lp(µ; X)
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eÐnai kal� orismènh kai
dp(cx0 , cx1) = µ(Ω)

1
p d(x0, x1),

gia k�je x0, x1 ∈ X, 1 ≤ p ≤ ∞. Apì thn teleutaÐa isìthta, èpetai ìti an gia k�poio
peperasmèno mètro µ kai k�poio metrikì q¸ro X o Lp(µ; X) eÐnai gewdaisiakìc q¸roc
  q¸roc m kouc, tìte kai o X eÐnai. Ja doÔme t¸ra èna apotèlesma sthn antÐjeth
kateÔjunsh. Katarq�c, parathroÔme ìti an prospaj soume na genikeÔsoume thn apìdeixh
tou antÐstoiqou apotelèsmatoc gia ginìmena metrik¸n q¸rwn, ja antimetwpÐsoume mÐa
duskolÐa. Pr�gmati, sthn perÐptwsh tou ginomènou X = X1 × X2, gia k�je x, y ∈ X,
epilèxame gewdaisiak  γi

x,y ston Xi, t.w. na sundèei tic i-ostèc suntetagmènec twn x, y.
Sthn perÐptwsh twn q¸rwn Lp, an f, g ∈ Lp(µ; X, f0), h epilog  gewdaisiak¸n γω, ω ∈ Ω,
pou en¸noun tic ω-ostèc ”suntetagmènec” f(ω), g(ω) twn f, g, prèpei na eÐnai metr simh.

Orismìc 2.3.4 'Estw (X, d) gewdaisiakìc q¸roc. MÐa metr simh epilog  gewdaisia-
k¸n ston X eÐnai mÐa oikogèneia (Ht)0≤t≤1, Borel apeikonÐsiewn Ht : X ×X −→ X, t.w.
gia k�je x, y ∈ X, h kampÔlh

[0, 1] 3 t 7−→ Ht(x, y) ∈ X,

na eÐnai gewdaisiak  apì to x sto y.

Profan¸c se k�je monos manta gewdaisiakì q¸ro tou opoÐou oi gewdaisiakèc exart¸-
ntai suneq¸c apì ta �kra touc, up�rqei monadik  metr simh epilog  gewdaisiak¸n. Para-
throÔme epÐshc ìti oi H0,H1 eÐnai oi fusikèc probolèc kai h H 1

2
mÐa apeikìnish mèswn ston

X. M�lista, up�rqei metr simh epilog  gewdaisiak¸n ston X ann up�rqei metr simh
apeikìnish mèswn ston X.

Prìtash 2.3.8 'Estw (Ω,F , µ) q¸roc mètrou kai èstw (X, d) monos manta gewdaisi-
akìc q¸roc me gewdaisiakèc suneq¸c exart¸menec apì ta �kra touc. Tìte, gia k�je
1 ≤ p ≤ ∞ kai k�je isqur� metr simh basik  apeikìnish o : Ω −→ X, o Lp(µ;X, o) eÐnai
gewdaisiakìc q¸roc. An epiplèon 1 < p < ∞, tìte kai o Lp(µ; X, o) eÐnai monos manta
gewdaisiakìc q¸roc.

Apìdeixh 'Estw f0, f1 ∈ Lp(µ; X, o) kai èstw (Ht)0≤t≤1 h monadik  metr simh epilog 
gewdaisiak¸n ston X. Ja deÐxoume ìti h apeikìnish f : [0, 1] −→ Lp me tÔpo ft =
Ht(f0, f1) eÐnai gewdaisiak  apì th f0 sth f1. Apì ton orismì thc f , èqoume ìti gia k�je
s, t ∈ [0, 1],

d(ft, fs) = d(Ht(f0, f1), Hs(f0, f1)) = |t− s|d(f0, f1). (2.5)

Elègqoume pr¸ta ìti h ft eÐnai isqur� metr simh gia k�je 0 ≤ t ≤ 1. Katarq�c, epeid 
h Ht eÐnai suneq c kai oi f0, f1 eÐnai isqur� metr simec, apì thn prìtash 2.3.5 èpetai ìti
h Ht(f0, f1) eÐnai metr simh gia k�je 0 ≤ t ≤ 1. Epiplèon afoÔ gia k�je 0 ≤ t ≤ 1 kai
k�je ω ∈ Ω to shmeÐo ft(ω) an kei se k�poia gewdaisiak  me arq  sto f(Ω) kai tèloc
sto g(Ω), èpetai ìti

ft(Ω) ⊆ co
(
f(Ω)× g(Ω)

)
.

AfoÔ ìmwc to f0(Ω) ∪ f1(Ω) eÐnai diaqwrÐsimo kai oi gewdaisiakèc ston X exart¸ntai
suneq¸c apì ta �kra touc, kai to co

(
f0(Ω)× f1(Ω)

)
eÐnai diaqwrÐsimo. Sunep¸c h eikìna
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thc ft eÐnai diaqwrÐsimh. Apì thn (2.5), èpetai t¸ra ìti ft ∈ Lp(µ; X, o). Pr�gmati, gia
k�je t ∈ [0, 1] èqoume ìti

dp(ft, o) ≤ dp(ft, f0) + d(f0, o) = ‖d(ft, f0)‖p + ‖d(f0, o)‖p

= t‖d(f0, f1)‖p + ‖d(f0, o)‖p < ∞.

Sunep¸c h troqi� thc f perièqetai ston Lp(µ;X). To ìti h f eÐnai gewdaisiak , sun�getai
kai autì apì thn (2.5), afoÔ gia k�je 1 ≤ p ≤ ∞ èqoume ìti

dp(ft, fs) = ‖d(ft, fs)‖ = |t− s|‖d(f0, f1)‖p = |t− s|dp(f0, f1).

Upojètoume t¸ra ìti 1 < p < ∞ kai ja apodeÐxoume ìti o Lp(µ; X, o) eÐnai monos -
manta gewdaisiakìc. AfoÔ o X eÐnai monos manta gewdaisiakìc, arkeÐ na apodeÐxoume
ìti an h f : [0, 1] −→ Lp(µ; X, o) eÐnai gewdaisiak , tìte µ-sqedìn gia k�je ω ∈ Ω, h
kampÔlh

[0, 1] 3 t
γω7−→ ft(ω) ∈ X,

eÐnai gewdaisiak  apì to f0(ω) sto f1(ω). Gia to skopì autì, ja qrhsimopoi soume to
qarakthrismì twn gewdaisiak¸n mèsw mèswn zeug¸n shmeÐwn thc prìtashc 1.3.2. 'Estw
loipìn f : [0, 1] −→ Lp(µ;X, o) mÐa gewdaisiak  kai èstw s, t ∈ [0, 1]. Jètoume g := f(t),
h := f(s) kai m := f( t+s

2 ). Prèpei na deÐxoume ìti µ-sqedìn gia k�je ω ∈ Ω,

d(g(ω),m(ω)) = d(m(ω), h(ω)) =
1
2
d(g(ω), h(ω)). (2.6)

AfoÔ 1 < p < ∞, gia k�je ω ∈ Ω, h anisìthta

dp(g(ω), h(ω)) ≤ 2p−1
(
dp(g(ω),m(ω)) + dp(m(ω), h(ω))

)
,

isqÔei wc isìthta ann h (2.6) isqÔei. Oloklhr¸nontac th sqèsh aut  wc proc to µ, èpetai
ìti

dp
p(g, h) ≤ 2p−1

(
dp

p(g, m) + dp
p(m,h)

)
, (2.7)

me isìthta ann h (2.6) isqÔei µ-σ.p. sto Ω. 'Omwc h f eÐnai gewdaisiak , kai �ra

dp(g, m) = dp(m,h) =
1
2
dp(g, h),

apì ìpou èpetai ìti h (2.7) isqÔei wc isìthta. SÔmfwna me to qarakthrismì twn gew-
daisiak¸n mèsw mèswn, blèpoume ìti h γω eÐnai gewdaisiak  µ-sqedìn gia k�je ω ∈ Ω.¤
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Kef�laio 3

Kurtèc kai Affinikèc
Sunart seic

'Opwc èqoume dei, mèsw twn gewdaisiak¸n mporoÔme na orÐsoume thn ènnoia thc kurtìth-
tac gia uposÔnola metrik¸n q¸rwn. Parìmoia, mporoÔme na qrhsimopoi soume tic gew-
daisiakèc gia na orÐsoume kurtèc, koÐlec kai affinikèc apeikonÐseic. Oi affinikèc apeikonÐ-
seic eidikìtera, dhlad  oi apeikonÐseic pou apeikonÐzoun gewdaisiakèc se gewdaisiakèc,
mporoÔn na jewrhjoÔn wc morfismoÐ thc kathgorÐac twn gewdaisiak¸n q¸rwn. S� autì
to kef�laio ja orÐsoume tic ènnoiec thc kurtìthtac kai thc affinikìthtac gia sunart seic
se metrikoÔc q¸rouc kai ja melet soume tic basikèc touc idiìthtec.

3.1 Kurtèc Sunart seic
Orismìc 3.1.1 'Estw (X, d) gewdaisiakìc q¸roc kai èstw f : X −→ (−∞,∞] mÐa
sun�rthsh. H f lègetai kurt  an gia k�je gewdaisiak  γ : [0, 1] −→ X, h sun�rthsh
f ◦ γ : [0, 1] −→ (−∞,∞] eÐnai kurt , dhlad  an f(γt) ≤ (1− t)f(γ0) + tf(γ1), gia k�je
gewdaisiak  γ : [0, 1] −→ X kai k�je 0 ≤ t ≤ 1. To epigr�fhma thc f eÐnai to sÔnolo

epi(f) :=
{
(x, r) ∈ X ×R | f(x) ≤ r

}
.

H probol  tou epi(f) ston X lègetai to ousi¸dec pedÐo orismoÔ thc f , sumbolÐzetai
Dom(f) kai apoteleÐtai apì ta x ∈ X ekeÐna, gia ta opoÐa to f(x) eÐnai peperasmèno.

H f lègetai austhr� kurt  an gia k�je mh stajer  gewdaisiak  γ : [0, 1] −→ X t.w.
f(γ0) ∨ f(γ1) < +∞, isqÔei ìti

f(γt) < (1− t)f(γ0) + tf(γ1),

gia k�je 0 < t < 1.

Prìtash 3.1.1 'Estw (X, d) gewdaisiakìc q¸roc kai èstw f : X −→ (−∞,∞] mÐa
sun�rthsh.

(a) H f eÐnai kurt  ann to epigr�fhma thc eÐnai kurtì uposÔnolo tou X ×R.

(b) An h f eÐnai kurt , tìte to ousi¸dec pedÐo orismoÔ thc f eÐnai kurtì sÔnolo.
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Apìdeixh (a) Upojètoume pr¸ta ìti h f eÐnai kurt . Jètoume x̂i := (xi, ri) ∈ epi(f),
i = 0, 1. AfoÔ o X eÐnai gewdaisiakìc q¸roc, up�rqei gewdaisiak  γ ∈ C(x0, x1). Tìte,
h kampÔlh γ̂ ∈ C(x̂0, x̂1) me tÔpo

γ̂(t) = (γt, (1− t)r0 + tr1), (3.1)

eÐnai profan¸c gewdaisiak . Prèpei na deÐxoume ìti h eikìna k�je gewdaisiak c pou
sundèei ta x̂0, x̂1 perièqetai sto epi(f). 'Estw, loipìn, γ̂ ∈ C(x̂0, ŷ0) gewdaisiak . Apì
to qarakthrismì twn gewdaisiak¸n stouc q¸rouc ginìmena, èpetai ìti h γ̂ eÐnai thc morf c
(3.1) gia k�poia gewdaisiak  γ ∈ C(x0, x1). AfoÔ x̂0, x̂1 ∈ epi(f), èqoume ìti f(x0) ≤ r0

kai f(x1) ≤ r1. H f ìmwc eÐnai kurt  kai �ra gia k�je t ∈ [0, 1], èqoume ìti

f(γt) ≤ (1− t)f(x0) + tf(x1) ≤ (1− t)r0 + tr1,

dhlad  ìti Imγ̂ ⊆ epi(f).
AntÐstrofa, èstw γ : [0, 1] −→ X gewdaisiak . Jètoume xi := γ(i), ri := f(xi) gia

i = 0, 1. An r0 = +∞   r1 = +∞, tìte h zhtoÔmenh anisìthta tou orismoÔ thc kurtìthtac
eÐnai tetrimmènh. Upojètoume ìti r0, r1 < ∞. Tìte x̂i := (xi, ri) ∈ epi(f), i = 0, 1, kai
afoÔ to epi(f) eÐnai kurtì, h eikìna thc gewdaisiak c γ̂ me tÔpo γ̂(t) = (γt, (1−t)r0+tr1),
perièqetai sto epi(f), to opoÐo eÐnai to zhtoÔmeno.
(b) 'Estw x0, x1 ∈ Dom(f) kai èstw r0, r1 ∈ R t.w. x̂i := (xi, ri) ∈ epi(f), i = 0, 1. To
epigr�fhma thc f eÐnai kurtì kai �ra up�rqei gewdaisiak  γ̂ ∈ C(x̂0, x̂1), kai k�je tètoia
gewdaisiak  perièqetai sto epi(f). Jètoume r := r0 ∨ r1 kai x̂i

′ := (xi, r) ∈ epi(f). Tìte
d(x̂0

′, x̂1
′) = d(x0, x1). Apì thn kurtìthta tou epigraf matoc thc f , up�rqei gewdaisiak 

γ̂′ ∈ C(x̂0
′, x̂1

′). 'Omwc h probol  pX : X ×R −→ X eÐnai 1-Lipschitz kai �ra

L(pX ◦ γ̂′) ≤ L(γ̂′) = d(x̂0
′, x̂1

′) = d(x0, x1).

Sunep¸c, h γ := pX ◦ γ̂′ ∈ C(x0, x1) eÐnai gewdaisiak . Apomènei na deÐxoume ìti k�je
gewdaisiak  γ ∈ C(x0, x1) perièqetai sto Dom(f). 'Estw, loipìn, γ ∈ C(x0, x1). H
kampÔlh γ̂ : [0, 1] −→ X ×R me tÔpo γ̂(t) = (γt, (1− t)f(x0) + tf(x1)) eÐnai gewdaisiak 
kai, afoÔ h f eÐnai kurt , apì to (a) èqoume ìti Imγ̂ ⊆ epi(f). 'Etsi,

f(γt) ≤ (1− t)f(x0) + tf(x1) < ∞,

gia k�je t ∈ [0, 1]. Sunep¸c, Imγ ⊆ Dom(f). ¤

SÔmfwna me thn prohgoÔmenh prìtash, mÐa sun�rthsh f : X −→ (−∞,∞] eÐnai kurt 
ann to Dom(f) eÐnai kurtì kai h f |Dom(f) eÐnai kurt .

Prìtash 3.1.2 'Estw (X, d) metrikìc q¸roc. MÐa sun�rthsh f : X −→ (−∞,∞]
eÐnai k�tw hmisuneq c ann to epigr�fhm� thc eÐnai kleistì uposÔnolo tou X ×R.

Apìdeixh Profan¸c, to epi(f) eÐnai kleistì ann gia k�je akoloujÐa {xn} ⊆ Dom(f)
me xn −→ x ∈ X kai k�je akoloujÐa {rn} ⊆ R t.w. f(xn) ≤ rn kai rn −→ r, isqÔei
ìti f(x) ≤ r. Ja deÐxoume ìti autì eÐnai isodÔnamo me to ìti h f eÐnai k�tw hmisuneq c.
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Pr�gmati, èstw ìti h f eÐnai k�tw hmisuneq c kai èstw {xn} ⊆ X, {rn} ⊆ R akoloujÐec
ìpwc parap�nw kai ε > 0. Apì thn k�tw hmisunèqeia thc f , up�rqei perioq  V tou x t.w.
y ∈ V =⇒ f(y) ≥ f(x)−ε. 'Etsi, gia meg�la n ∈ N, èqoume ìti rn ≥ f(xn) ≥ f(x)−ε,
kai, sunep¸c, r ≥ f(x) − ε. AfoÔ to ε > 0  tan tuqìn, èpetai ìti r ≥ f(x), ìpwc
zhtoÔsame.

AntÐstrofa, upojètoume ìti h f den eÐnai k�tw hmisuneq c. Up�rqei tìte x ∈ X t.w.
h f na mhn eÐnai k�tw hmisuneq c sto x. DiakrÐnoume dÔo peript¸seic:
(i) f(x) < ∞ : Up�rqei tìte ε > 0 t.w. gia k�je n ∈ N na up�rqei xn ∈ D(x, 1/n) t.w.
f(xn) ≤ f(x)− ε. An jèsoume rn := (f(x)− ε) ∈ R gia k�je n ∈ N, tìte rn −→ r ∈ R,
f(xn) ≤ rn gia k�je n ∈ N, kai f(x) > r, dhlad  (x, r) /∈ epi(f).
(ii) f(x) = ∞ : S� aut  thn perÐptwsh, up�rqei M > 0 kai akoloujÐa xn −→ x t.w.
f(xn) ≤ M gia k�je n ∈ N. Tìte, an rn := M gia k�je n ∈ N, profan¸c rn −→ M ,
all� f(x) > M . ¤

Oi akìloujoi qarakthrismoÐ twn k�tw hmisuneq¸n kurt¸n sunart sewn mèsw mèswn
zeug¸n shmeÐwn tou X eÐnai qr simoi.

Prìtash 3.1.3 'Estw (X, d) gewdaisiakìc q¸roc kai èstw f : X −→ (−∞,∞] k�tw
hmisuneq c sun�rthsh. Tìte

(a) H f eÐnai kurt  ann gia k�je x, y ∈ X kai k�je mèso z twn x, y ∈ X isqÔei ìti

f(z) ≤ 1
2
(
f(x) + f(y)

)
.

(b) H f eÐnai austhr� kurt  ann gia k�je x, y ∈ Dom(f) me x 6= y, isqÔei ìti

f(z) <
1
2
(
f(x) + f(y)

)
,

gia k�je mèso z twn x, y.

Apìdeixh (a) 'Estw γ : [0, 1] −→ X mÐa gewdaisiak . Apì thn upìjesh paÐrnoume ìti
f(γt) ≤ (1−t)f(γ0)+tf(γ1) gia k�je duadikì rhtì t ∈ [0, 1] kai apì thn k�tw hmisunèqeia
thc f blèpoume ìti h anisìthta aut  isqÔei gia k�je t ∈ [0, 1].
(b) H f profan¸c ikanopoieÐ th sunj kh tou (a) kai sunep¸c eÐnai kurt . Upojètoume gia
na katal xoume se �topo ìti up�rqei gewdaisiak  γ : [0, 1] −→ X t.w. γ0, γ1 ∈ Dom(f)
kai t ∈ (0, 1) t.w.

f(γt) = (1− t)f(γ0) + tf(γ1).

AfoÔ h f eÐnai kurt , to Dom(f) eÐnai kurtì kai �ra γt ∈ Dom(f) gia k�je t ∈ (0, 1).
Up�rqei ε > 0 t.w. [t− ε, t + ε] ⊆ (0, 1). AfoÔ h γ eÐnai gewdaisik  stajer c taqÔthtac,
to γt eÐnai mèso twn γt−ε, γt+ε, kai �ra

f(γt) <
1
2
(
f(γt−ε), f(γt+ε)

)

≤ 1
2
(
(1− t + ε)f(γ0) + (t− ε)f(γ1) + (1− t− ε)f(γ0) + (t + ε)f(γ1)

)

= (1− t)f(γ0) + tf(γ1),

to opoÐo eÐnai �topo. ¤
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Orismìc 3.1.2 'Estw (X, d) gewdaisiakìc q¸roc. MÐa k�tw hmisuneq c sun�rthsh
f : X −→ (−∞,∞] lègetai omoiìmorfa kurt  an gia k�je gewdaisiak  γ : [0, 1] −→ X,
isqÔei ìti

f(γ1/2) ≤
1
2
(
f(γ0) + f(γ1)

)− η
(
d(γ0, γ1)

)
,

gia k�poia gnhsÐwc aÔxousa sun�sthsh η : [0,∞) −→ [0,∞).

MÐa shmantik  kl�sh omoiìmorfa kurt¸n sunart sewn eÐnai oi legìmenec λ-kurtèc
sunart seic, tic opoÐec perigr�foume sth sunèqeia. 'Opwc xèroume, ex orismoÔ mÐa
sun�rthsh f : I −→ R, ìpou to I eÐnai k�poio upodi�sthma tou R, eÐnai kurt  an
gia k�je s, t ∈ I to gr�fhm� thc brÐsketai sto [s ∧ t, s ∨ t] k�tw apì to eujÔgrammo
tm ma pou en¸nei ta shmeÐa (s, f(s)) kai (t, f(t)). Me �lla lìgia, h f eÐnai kurt  ann
gia th monadik  affinik  sun�rthsh φ me φ(s) = f(s) kai φ(t) = f(t) èqoume ìti f ≤ φ

sto [s∧ t, s∨ t]. Antikajist¸ntac thn oikogèneia twn affinik¸n apeikonÐsewn ston para-
p�nw isodÔnamo qarakthrismì twn kurt¸n sunart sewn me �llec oikogèneiec suneq¸n
sunart sewn, prokÔptoun qr simec parallagèc thc ènnoiac thc kurtìthtac.

Orismìc 3.1.3 'Estw Φ ⊆ C(R,R) mÐa oikogèneia suneq¸n sunart sewn. MÐa apeikìn-
ish f : I −→ (−∞,∞] lègetai Φ-kurt , an

f ≤ φ sto [s ∧ t, s ∨ t],

gia k�je s, t ∈ I kai k�je φ ∈ Φ me φ(s) = f(s) kai φ(t) = f(t).
'Estw λ > 0. MÐa apeikìnish f : I −→ R lègetai λ-kurt  an eÐnai Φλ-kurt , ìpou

Φλ eÐnai h oikogèneia Φλ = {λt2 + at + b | a, b ∈ R}.

Parathr seic

1. An mÐa oikogèneia Φ apoteleÐtai apì kurtèc sunart seic kai gia k�je (x1, y1), (x2, y2) ∈
R2 me x1 6= x2 up�rqei sun�rthsh φ ∈ Φ t.w. x, y ∈ Graph(φ), tìte k�je Φ-kurt 
sun�rthsh eÐnai kurt .

2. H oikogèneia Φλ apoteleÐtai apì ìlec tic metaforèc thc kurt c sun�rthshc t 7→ λt2.
Gia k�je (x1, y1), (x2, y2) ∈ R2 me x1 6= x2, up�rqei monadik  φ ∈ Φλ t.w. φ(x1) = y1 kai
φ(x2) = y2. 'Etsi, dedomènhc mÐac sun�rthshc f : I −→ (−∞,∞], gia k�je s, t ∈ Dom(f)
me s 6= t, up�rqei monadik  metafor� φ = φf,s,t thc R 3 t 7→ λt2 t.w. φ(s) = f(s) kai
φ(t) = f(t). H f eÐnai λ-kurt  ann to gr�fhma thc brÐsketai k�tw apì thn φf,s,t sto
[s ∧ t, s ∨ t], gia k�je s, t ∈ Dom(f).

3. MÐa sun�rthsh f : I −→ (−∞,∞] eÐnai λ-kurt  ann h sun�rthsh fλ : I −→ (−∞,∞]
me tÔpo fλ(t) = f(t)− λt2 eÐnai kurt , dhlad  ann

f
(
(1− t)a + tb

) ≤ (1− t)f(a) + tf(b)− λt(1− t)(b− a)2,

gia k�je a, b ∈ I kai k�je t ∈ [0, 1].
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4. H λ-kurtìthta den eÐnai analloÐwth k�tw apì affinikèc anaparametrÐseic. P.q., h
sun�rthsh t 7→ t2 eÐnai 1-kurt , all� h t 7→ ( 1

2 t)2 den eÐnai 1-kurt .

5. An h f : I −→ (−∞,∞] eÐnai λ-kurt , tìte k�je affinik  anaparamètrish f̄ = f ◦ u

thc f eÐnai λ′-kurt , ìpou λ′ = Lip(u)2λ > 0.

SÔmfwna me thn parat rhsh 4, gia na orÐsoume thn ènnoia thc λ-kurtìthtac gia
sunart seic f pou orÐzontai se gewdaisiakoÔc q¸rouc, apait¸ntac h sÔnjes  touc me
tic gewdaisiakèc na eÐnai λ-kurt  sun�rthsh, prèpei na perioristoÔme se gewdaisiakèc
monadiaÐac taqÔthtac.

Orismìc 3.1.4 'Estw (X, d) gewdaisiakìc q¸roc. MÐa sun�rthsh f : X −→ (−∞,∞]
lègetai λ-kurt , λ > 0, an gia k�je gewdaisiak  γ : [0, `] −→ X monadiaÐac taqÔthtac, h
sun�rthsh f ◦ γ eÐnai λ-kurt .

IsodÔnama, h f eÐnai λ-kurt  an gia k�je gewdaisiak  γ : [0, 1] −→ X,

f(γt) ≤ (1− t)f(γ0) + tf(γ1)− λt(1− t)d2(γ0, γ1),

gia k�je t ∈ [0, 1]. Eidikìtera blèpoume ìti k�je λ-kurt  sun�rthsh eÐnai omoiìmorfa
kurt  wc proc th gnhsÐwc aÔxousa sun�rthsh η : [0,∞) −→ [0,∞) me tÔpo η(x) =
(λ/4)x2.

Prìtash 3.1.4 'Estw f k�tw hmisuneq c sun�rthsh. H f eÐnai λ-kurt  ann gia k�je
x, y ∈ X, isqÔei ìti

f(z) ≤ 1
2
(
f(x) + f(y)

)− λ

4
d2(x, y),

gia k�je mèso z twn x, y ∈ X.

H omoiìmorfh kurtìthta eÐnai arket� isqur  ¸ste se pl reic metrikoÔc q¸rouc na
exasfalÐzetai h Ôparxh monadikoÔ shmeÐou elaqÐstou gia tic omoiìmorfa kurtèc sunart -
seic.

Prìtash 3.1.5 'Estw (X, d) pl rhc gewdaisiakìc q¸roc kai èstw f : X −→ (−∞,∞]
mÐa omoiìmorfa kurt  kai k�tw hmisuneq c sun�rthsh. Tìte h f èqei monadikì shmeÐo
elaqÐstou, dhlad  up�rqei monadikì shmeÐo z ∈ X t.w. f(z) = infx∈X f(x). To shmeÐo
autì sumbolÐzetai me

z := argmin
x∈X

f(x).

Apìdeixh 'Estw (xn) mÐa akoloujÐa ston X t.w. f(xn) −→ α := infx∈X f(x). Ja
deÐxoume ìti h (xn) eÐnai akoloujÐa Cauchy. Gia k�je m,n ∈ N epilègoume èna mèso
xn,m twn xn kai xm. Tìte, apì thn omoiìmorfh kurtìthta thc f èqoume ìti

α ≤ f(xn,m) ≤ 1
2
(
f(xn) + f(xm)

)− η
(
d(xn, xm)

)
,

gia k�poia gnhsÐwc aÔxousa sun�rthsh η : [0,∞) −→ [0,∞). Sunep¸c d(xn, xm) −→ 0.
'Etsi h (xn) eÐnai akoloujÐa Cauchy kai �ra, afoÔ o X eÐnai pl rhc, up�rqei z ∈ X t.w.
xn −→ z. 'Omwc, apì thn k�tw hmisunèqeia thc f , èqoume ìti f(z) ≤ lim inf f(xn) = a,
kai �ra f(z) = minx∈X f(x).
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Gia na apodeÐxoume th monadikìthta tou shmeÐou elaqÐstou thc f , upojètoume gia
na katal xoume se �topo ìti up�rqoun z0, z1 ∈ X, z0 6= z1 t.w. f(z0) = f(z1) =
minx∈X f(x). H f , wc omoiìmorfa kurt , eÐnai austhr� kurt . 'Etsi, an to z eÐnai k�poio
mèso twn z0, z1, tìte

f(z) <
1
2
(
f(z0) + f(z1)

)
= inf

x∈X
f(x),

to opoÐo eÐnai �topo. ¤

EÐnai fanerì apì thn apìdeixh, ìti gia th monadikìthta tou shmeÐou elaqÐstou arkeÐ h
austhr  kurtìthta thc f , kai ìti sthn perÐptwsh pou o X eÐnai sumpag c, gia thn Ôparxh
shmeÐou elaqÐstou arkeÐ h k�tw hmisunèqeia thc f .

3.2 KurtoÐ MetrikoÐ Q¸roi
Mèsw thc ènnoiac thc kurtìthtac, mporoÔme na melet soume touc metrikoÔc q¸rouc ekeÐ-
nouc twn opoÐwn h metrik  eÐnai kurt .

Orismìc 3.2.1 'Enac gewdaisiakìc q¸roc (X, d) lègetai kurtìc an h metrik  tou d :
X×X −→ [0,∞] eÐnai kurt , dhlad  an gia k�je zeug�ri gewdaisiak¸n γ, σ : [0, 1] −→ X,
isqÔei ìti

d(γt, σt) ≤ (1− t)d(γ0, σ0) + td(γ1, σ1).

Xekin�me dÐnontac mÐa pio gewmetrik  perigraf  thc kurtìthtac thc metrik c. 'Estw
(X, d) gewdaisiakìc q¸roc kai èstw γ, σ : [0, 1] −→ X dÔo gewdaisiakèc t.w γ(0) =
σ(0) = p. H kurtìthta thc sun�rthshc [0, 1] 3 t 7→ d(γt, σt), sunep�getai ìti h sun�rthsh
(0, 1] 3 t 7→ d(γt,σt)

t eÐnai aÔxousa. Stouc eukleÐdiouc q¸rouc, h Ðdia sun�rthsh eÐnai
stajer . 'Etsi me mÐa ènnoia, h kurtìthta thc d mac lèei ìti oi gewdaisiakèc ston X

apoklÐnoun grhgorìtera apì ìti oi gewdaisiakèc stouc eukleÐdiouc q¸rouc. Aut  h
sÔgkrish tou rujmoÔ apìklishc twn gewdaisiak¸n ston X kai sto eukleÐdio epÐpedo E2,
mporeÐ na diatupwjeÐ austhr� mèsw trig¸nwn sÔgkrishc sto E2. 'Opwc ja doÔme sto
kef�laio 5, o rujmìc apìklishc twn gewdaisiak¸n se èna metrikì q¸ro sundèetai sten�
me thn kampulìthta tou q¸rou. P.q., stic pollaplìthtec Riemann, h kurtìthta thc
metrik c eÐnai isodÔnamh me to ìti ìlec oi kampulìthtec tom c eÐnai mh-jetikèc.

Prìtash 3.2.1 'Estw (X, d) gewdaisiakìc q¸roc. Ta akìlouja eÐnai isodÔnama.

(a) H metrik  tou X eÐnai kurt .

(b) Gia k�je zeug�ri gewdaisiak¸n γ, σ : [0, 1] −→ X me γ(0) = σ(0), èqoume ìti

d(γt, σt) ≤ td(γ1, σ1).

(g) Gia k�je tri�da (p, x, y) shmeÐwn tou X, h apìstash metaxÔ dÔo opoiwnd pote mèswn
mx kai my twn p, x kai p, y antÐstoiqa, eÐnai mikrìterh   Ðsh apì thn eukleÐdia
apìstash twn mèswn twn pleur¸n [p̄, x̄] kai [p̄, ȳ], se k�poio trÐgwno sÔgkrishc
(p̄, x̄, ȳ) sto E2 gia thn tri�da (p, x, y).
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Apìdeixh H sunepagwg  (a)=⇒(b) eÐnai profan c. Xekin�me apodeiknÔontac ìti to (b)
sunep�getai to (g). 'Estw loipìn p, x, y ∈ X kai èstw (p̄, x̄, ȳ) èna trÐgwno sÔgkrishc
sto E2 gia thn tri�da (p, x, y). 'Estw mx kai my mèsa twn p, x kai p, y antÐstoiqa.
JewroÔme tic gewdaisiakèc γ ∈ C(p, x) kai σ ∈ C(p, y) pou dièrqontai apì ta shmeÐa mx

kai my antÐstoiqa. 'Estw m̄x kai m̄y ta mèsa twn pleur¸n [p̄, x̄] kai [p̄, ȳ] antÐstoiqa, tou
trig¸nou sÔgkrishc (p̄, x̄, ȳ). Tìte, to (b) sunep�getai ìti

d(mx,my) = d(γ1/2, σ1/2) ≤
1
2
d(γ1, σ1) =

1
2
d(x̄, ȳ) = d(m̄x, m̄y).

(g)=⇒(a) 'Estw γ, σ : [0, 1] −→ X dÔo gewdaisiakèc kai èstw 0 ≤ s ≤ t ≤ 1. Prèpei na
deÐxoume ìti

d
(
γ
( t + s

2

)
, σ

( t + s

2

))
≤ 1

2
(
d(γt, σt) + d(γs, σs)

)
. (3.2)

'Estw m to mèso k�poiac gewdaisiak c g : [0, 1] −→ X t.w. g0 = σs kai g1 = γt. Jètoume
γs,t = γ

(
t+s
2

)
kai σs,t = σ

(
t+s
2

)
. Tìte, an (γ̄t, γ̄s, σ̄s) eÐnai k�poio trÐgwno sÔgkrishc sto

E2 gia thn tri�da (γt, γs, σs) kai ¯γs,t, m̄ eÐnai ta mèsa twn pleur¸n [γ̄s, γ̄t] kai [γ̄t, σ̄s]
antÐstoiqa, èqoume ìti

d(γs,t,m) ≤ d( ¯γs,t, m̄) =
1
2
d(γs, σs).

OmoÐwc, d(σs,t,m) ≤ 1
2d(σt, γt), kai �ra h (3.2) èpetai apì thn trigwnik  anisìthta. ¤

To 1948, o Busemann qrhsimopoÐhse to (g) thc prìtashc aut c gia na orÐsei to
ti shmaÐnei na èqei ènac metrikìc q¸roc kampulìthta ≤ 0 kai melèthse ekten¸c touc
metrikoÔc q¸rouc me kampulìthta topik� ≤ 0. 'Opwc ja doÔme parak�tw, o orismìc tou
Busemann gia to pìte ènac metrikìc q¸roc èqei kampulìthta ≤ 0 eÐnai asjenèsteroc apì
autìn tou A.D. Alexandrov. Oi dÔo autoÐ orismoÐ sumpÐptoun gia leÐec pollaplìthtec
Riemann.

Oi kurtoÐ metrikoÐ metrikoÐ q¸roi apolamb�noun tic akìloujec qr simec idiìthtec.

Prìtash 3.2.2 'Estw (X, d) kurtìc metrikìc q¸roc me peperasmènh metrik . Tìte

(a) O X eÐnai monos manta gewdaisiakìc kai oi gewdaisiakèc exart¸ntai suneq¸c apì
ta �kra touc.

(b) 'Olec oi mp�lec ston X eÐnai kurtèc.

(g) O X eÐnai surrikn¸simoc, kai eidikìtera apl� sunektikìc.

(d) K�je topik  gewdaisiak  ston X eÐnai gewdaisiak .

Apìdeixh(a) 'Estw γ, σ : [0, 1] −→ X dÔo gewdaisiakèc t.w. γ0 = σ0 kai γ1 = σ1. Apì
thn kurtìthta thc d, gia k�je 0 ≤ t ≤ 1, èqoume ìti

d(γt, σt) ≤ (1− t)d(γ0, σ0) + td(γ1, σ1) = 0,

kai �ra γ = σ. 'Estw t¸ra x, y ∈ X kai èstw γ ∈ C(x, y) h monadik  gewdaisiak  pou
sundèei ta x, y. 'Estw γn ∈ C(xn, yn) mÐa akoloujÐa gewdaisiak¸n t.w. xn −→ x kai
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yn −→ y. Prèpei na deÐxoume ìti γn −→ γ. Autì ìmwc eÐnai profanèc, afoÔ apì thn
kurtìthta thc d èqoume ìti

d(γ(t), γn(t)) ≤ (1− t)d(x, xn) + td(y, yn) −→ 0,

gia k�je 0 ≤ t ≤ 1.
(b) 'Estw D(p, r) mÐa mpala ston X kai èstw x, y ∈ D(p, r). 'Estw γ ∈ C(x, y) h monadik 
gewdaisiak  pou sundèei ta x, y. Tìte, an cp : [0, 1] −→ X eÐnai h stajer  gewdaisiak 
sto p, apì thn kurtìthta thc d èqoume ìti gia k�je 0 ≤ t ≤ 1,

d(γt, p) = d(γ(t), cp(t)) ≤ (1− t)d(γ0, cp(0)) + td(γ1, cp(1))

= (1− t)d(x, p) + td(y, p) ≤ r.

To (g) èpetai �mesa apì to (a) kai thn prìtash 2.2.3.
(d) 'Estw γ : I −→ X topik  gewdaisiak  monadiaÐac taqÔthtac. Gia na apodeÐxoume ìti
eÐnai gewdaisiak  prèpei na apodeÐxoume ìti o periorismìc thc se k�je kleistì upodi�sthma
tou I eÐnai gewdaisiak . 'Estw loipìn [a, b] ⊆ I. Jètoume

S :=
{
r ∈ [a, b]

∣∣ h γ|[a,r] eÐnai gewdaisiak 
}
.

AfoÔ h γ eÐnai topik  gewdaisiak , to S perièqei mÐa anoikt  perioq  tou a. Ja deÐxoume
ìti to S eÐnai anoiktì kai kleistì sto I. DeÐqnoume pr¸ta ìti eÐnai kleistì. 'Estw loipìn
(rn) mÐa aÔxousa akoloujÐa sto S t.w. rn −→ r ∈ I. 'Estw σ h jetik  (dhlad  pou
diathreÐ ton prosanatolismì) affinik  anaparamètrish thc γ|[a,r] sto [0, 1]. Tìte, an σn

eÐnai oi jetikèc affinikèc anaparametrÐseic twn gewdaisiak¸n γ|[a,rn] sto [0, 1], èqoume
ìti σn −→ σ, kai �ra apì tic idiìthtec tou sunarthsoeidoÔc tou m kouc, èqoume ìti

L(γ|[a,r]) = L(σ) ≤ lim inf
n

L(σn) = lim
n

d(γa, γrn) = d(γa, γr).

Shmei¸noume ìti wc t¸ra h kurtìthta thc d den èqei qrhsimopoihjeÐ.
ApodeiknÔoume t¸ra ìti to S eÐnai anoiktì. 'Estw r ∈ S. ArkeÐ na deÐxoume ìti up�rqei

ε > 0 t.w. r+ε ∈ S. Fusik�, an r = a   r = b den èqoume tÐpota na deÐxoume. Upojètoume
loipìn ìti a < r < b. AfoÔ h γ eÐnai topik  gewdaisiak , up�rqei 0 < ε < (b−r)∧ (r−a)
t.w. h γ[r−ε,r+ε] na eÐnai gewdaisiak . Prèpei na deÐxoume ìti h γ|[a,r+ε] eÐnai gewdaisiak ,
kai gi� autì arkeÐ na apodeÐxoume ìti d(γa, γr)+d(γr, γr+ε) = d(γa, γr+ε). ParametrÐzoume
ta gewdaisiak� tm mata [γr, γa] kai [γr, γr+ε] wc gewdaisiakèc σ1, σ2 antÐstoiqa, sto [0, 1].
Sugkekrimèna,

σ1(t) = γ
(
r + t(a− r)

)
, σ2(t) = γ(r + tε).

AfoÔ h γ|[r−ε,r+ε] eÐnai gewdaisiak , gia k�je t < ε
r−a èqoume ìti d(σ1(t), σ2(t)) =

d(σ1(t), γr) + d(γr, σ2(t)). Sunep¸c, an dialèxoume 0 < t < ε
r−a , èqoume ìti

d(γa, γr) + d(γr, γr+ε) = d
(
σ1(0), σ1(1)

)
+ d

(
σ2(0), σ2(1)

)

= (1/t)
[
d
(
σ1(0), σ1(t)

)
+ d

(
σ2(0), σ2(t)

)]

= (1/t)d
(
σ1(t), σ2(t)

) ≤ d
(
σ1(1), σ2(1)

)

= d(γa, γr+ε).

ìpwc zhtoÔsame. ¤
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Sthn perÐptwsh pou sthn parap�nw prìtash, h metrik  tou q¸rou paÐrnei kai thn
tim  ∞, ta (a), (b) kai (d) exakoloujoÔn na isqÔoun. To (g) isqÔei gia k�je sunektik 
sunist¸sa tou X xeqwrist�.

Prìtash 3.2.3 'Estw (X, d) kurtìc metrikìc q¸roc kai èstw K ⊆ X èna kurtì
sÔnolo. Tìte h 1-Lipschitz sun�rthsh dK : X −→ [0,∞] me tÔpo

dK(x) = inf
{
d(x, z)

∣∣ z ∈ K
}
,

eÐnai kurt .

Apìdeixh To ìti h dK eÐnai 1-Lipschitz eÐnai alhjèc se ìlouc touc metrikoÔc q¸rouc,
ìqi mìno gia kurt� uposÔnola kai eÐnai tetrimmèno. Ja apodeÐxoume ìti h dK eÐnai kurt .
'Estw γ : [0, 1] −→ X mÐa gewdaisiak  kai èstw ε > 0. Epilègoume z0, z1 ∈ K t.w.
d(zi, γi) ≤ dK(γi) + ε, i = 0, 1. 'Estw σ ∈ C(z0, z1) gewdaisiak . Apì thn kurtìthta
tou K, èqoume ìti Imσ ⊆ K, kai �ra gia k�je 0 ≤ t ≤ 1 èpetai ìti,

dK(γ(t)) ≤ d(σ(t), γ(t)) ≤ (1− t)d(z0, γ0) + td(z1, γ1)

≤ (1− t)dK(γ0) + tdK(γ1) + ε.

AfoÔ to ε > 0  tan aujaÐreto, èpetai ìti h dK eÐnai kurt . ¤

Eidikìtera, stouc kurtoÔc metrikoÔc q¸rouc, h sun�rthsh | · |p : X −→ [0,∞] me tÔpo
|x|p = d(p, x) eÐnai kurt .

Prìtash 3.2.4 'Enac q¸roc me nìrma X eÐnai kurtìc wc metrikìc q¸roc ann h mona-
diaÐa mp�la tou eÐnai austhr� kurt .

Apìdeixh An h monadiaÐa mp�la tou X den eÐnai austhr� kurt , tìte o X den eÐnai
monos manta gewdaisiakìc kai sunep¸c den mporeÐ na eÐnai kurtìc wc metrikìc q¸roc.
AntÐstrofa, èstw ìti h monadiaÐa mp�la tou X eÐnai austhr� kurt . 'Estw x, y ∈ X×X.
AfoÔ o X eÐnai monos manta gewdaisiakìc, èqoume ìti midp(x, y) = { 1

2 (x + y)} kai �ra
gia thn kurtìthta thc d arkeÐ na apodeÐxoume ìti d( 1

2 (x + y)) ≤ 1
2

(
d(x) + d(y)

)
. Autì

ìmwc eÐnai profanèc, afoÔ

d
(1
2
(x + y)

)
=

1
2
‖(x1 − x2) + (y1 − y2)‖ ≤ 1

2
(
d(x) + d(y)

)
.

3.3 Affinikèc ApeikonÐseic
Orismìc 3.3.1 'Estw X, Y gewdaisiakoÐ q¸roi. MÐa apeikìnish φ : X −→ Y lègetai
affinik  an gia k�je gewdaisiak  γ : [0, 1] −→ X h kampÔlh φ ◦ γ eÐnai gewdaisiak . 'Ena
affinikì sunarthsoeidèc eÐnai mÐa affinik  apeikìnish me pragmatikèc timèc.

UpenjumÐzoume ìti ìlec oi gewdaisiakèc jewroÔntai grammik� parametrismènec, dhlad 
parametrismènec ¸ste na èqoun stajer  taqÔthta. ParathroÔme ìti mÐa apeikìnish
φ : X −→ Y metaxÔ gewdaisiak¸n q¸rwn eÐnai affinik  ann apeikonÐzei opoiad pote
gewdaisiak  γ : I −→ X, ìpou to I ⊆ R eÐnai k�poio di�sthma, se gewdaisiak .
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ParadeÐgmata

1. MÐa apeikìnish φ : X −→ Y metaxÔ dÔo austhr� kurt¸n q¸rwn me nìrma eÐnai
affinik  ann eÐnai thc morf c φ(x) = T (x) + y, y ∈ Y , gia k�poia grammik  apeikìnish
T : X −→ Y .

2. Apì thn perigraf  twn gewdaisiak¸n sto `p-ginìmeno gewdaisiak¸n q¸rwn, 1 < p <

∞, èpetai ìti oi probolèc xi : X1 ×p X2 −→ Xi, i = 1, 2, eÐnai affinikèc apeikonÐseic gia
ìlouc touc gewdaisiakoÔc q¸rouc X1, X2.

Prìtash 3.3.1 'Estw φ : X −→ Y affinik  apeikìnish metaxÔ geydaisiak¸n q¸rwn.
Tìte

Lφ := lim
r%0

sup
d(x,y)=r

d
(
φ(x), φ(y)

)

d(x, y)
= sup

0<d(x,y)≤1

d
(
φ(x), φ(y)

)

d(x, y)
= sup

x 6=y

d
(
φ(x), φ(y)

)

d(x, y)

= sup
{|φ ◦ γ|′(0)

∣∣ γ : [0, `] −→ X eÐnai gewdaisiak , |γ|′(0) = 1
}

.

An epiplèon up�rqei r > 0 t.w. k�je gewdaisiakì tm ma ston X na mporeÐ na epektajeÐ
se gewdaisiakì tm ma m kouc r, tìte

Lφ = sup
d(x,y)=r

d
(
φ(x), φ(y)

)

d(x, y)
.

Apìdeixh ParathroÔme ìti afoÔ o X eÐnai gewdaisiakìc q¸roc. to sÔnolo twn tim¸n
thc metrik c eÐnai k�poio arqikì tm ma [0, a), 0 ≤ a ≤ ∞, tou R, kai �ra to pr¸to ìrio
eÐnai kal� orismèno. Ja deÐxoume ìti to pr¸to ìrio up�rqei deÐqnontac ìti h sun�rthsh

r 7−→ sup
d(x,y)=r

d(φ(x), φ(y))
d(x, y)

aux�nei kaj¸c r % 0. 'Estw loipìn 0 < r < s < a kai èstw x, y ∈ X t.w. d(x, y) = s. To
shmeÐo y′ := [x, y]( r

s ), ìpou [x, y] eÐnai to gewdaisiakì tm ma me �kra x, y parametrismèno
sto [0, 1], apèqei apìstash r apì to x. 'Etsi, afoÔ h φ eÐnai affinik  èqoume ìti

sup
d(x,y)=r

d
(
φ(x), φ(y)

)

d(x, y)
≥ d(φ(x), φ(y′))

d(x, y′)
=

rd(φ(x), φ(y))
rd(x, y)

.

AfoÔ ta shmeÐa x, y  tan tuqìnta shmeÐa me d(x, y) = s, èqoume tèleiwsei. Prof�nwc gia
na deÐxoume ìti oi pr¸tec treic posìthtec tou l mmatoc eÐnai Ðsec, arkeÐ na apodeÐxoume
ìti

sup
x 6=y

d
(
φ(x), φ(y)

)

d(x, y)
≤ lim

r→0
sup

d(x,y)=r

d
(
φ(x), φ(y)

)

d(x, y)
.

'Estw loipìn x, y ∈ X me d(x, y) > 0 kai èstw γ : [0, 1] −→ X mÐa gewdaisiak  ston X me
arq  to x kai tèloc to y. Epilègoume 0 < r0 < d(x, y) kai gia k�je 0 < r ≤ r0 jètoume
tr = r/d(x, y) ∈ [0, 1]. Tìte afoÔ h φ eÐnai affinik  èqoume ìti gia k�je 0 < r ≤ r0,

d
(
φ(x), φ(y)

)

d(x, y)
=

d
(
φ(x), φ(γ(tr))

)

d
(
x, γ(tr)

) ≤ sup
d(x,y)=r

d
(
φ(x), φ(y)

)

d(x, y)
.

AfoÔ ta x, y  tan tuqìnta, paÐrnontac to ìrio kaj¸c to r → 0, brÐskoume to zhtoÔmeno.
H teleutaÐa isìthta eÐnai profan c.
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Tèloc upojètoume ìti k�je gewdaisiak  ston X mporeÐ na epektajeÐ se gewdaisiak 
m kouc toul�qiston r > 0. Tìte an 0 < s < r kai ta x, y ∈ X apèqoun apìstash
s, epekteÐnontac thn [x, y] se gewdaisiak  m kouc r, brÐskoume shmeÐa x′, y′ ∈ X me
apìstash r, t.w.

d
(
φ(x), φ(y)

)

d(x, y)
=

d
(
φ(x′), φ(y′)

)

d(x′, y′)
,

to opoÐo dÐnei to zhtoÔmeno. ¤

Prìtash 3.3.2 MÐa suneq c affinik  apeikìnish φ : X −→ Y metaxÔ gewdaisiak¸n
q¸rwn apeikonÐzei fragmèna sÔnola se fragmèna.

Apìdeixh Upojètoume gia na katal xoume se �topo ìti up�rqei mp�la D(o,R) ⊆ X

t.w. to φ(D(o,R)) na mhn eÐnai fragmèno. Tìte, gia k�je n ∈ N, up�rqei xn ∈ X

t.w. d(o, xn) < R kai d(φ(o), φ(xn)) > n. Gia k�je n ∈ N jètoume yn := [o, xn]( 1
n ).

Profan¸c d(o, yn) ≤ R
n −→ 0. AfoÔ h φ eÐnai suneq c, èqoume ìti φ(yn) −→ φ(o). Autì

ìmwc eÐnai adÔnato, afoÔ to ìti h φ eÐnai affinik , mac dÐnei ìti

d(φ(yn), φ(o)) =
1
n

d(φ(xn), φ(o)) > 1,

gia k�je n ∈ N. ¤

Prìtash 3.3.3 'Estw X kurtìc metrikìc q¸roc me thn idiìthta ìti up�rqoun r0 > 0
kai mÐa mp�la D(x0, ε0) ⊆ X t.w. k�je gewdaisiakì tm ma sth D(x0, ε0) m kouc ≤ r0

na mporeÐ na epektajeÐ se gewdaisiakì tm ma ston X, m kouc r0. 'Estw Y affinikìc
metrikìc q¸roc. Tìte k�je suneq c affinik  apeikìnish φ : X −→ Y eÐnai Lipschitz

suneq c.

Apìdeixh DeÐqnoume pr¸ta ìti h φ|D(x0,ε0) eÐnai Lipschitz suneq c. Upojètoume, gia
na katal xoume se �topo, ìti h φ|D(x0,ε0) den eÐnai Lipschitz. Tìte, apì th prìtash 3.3.1,
up�rqoun xn, yn ∈ D(x0, ε0) me d(xn, yn) ≤ r0, t.w.

d(φ(xn), φ(yn)) > nd(xn, yn).

Ex� upojèsewc, k�je gewdaisiakì tm ma [xn, yn] mporeÐ na epektajeÐ se gewdaisiakì
tm ma [x′n, y′n] m kouc r0. Tìte, afoÔ h φ eÐnai affinik ,

d(φ(x′n), φ(y′n)) > nd(x′n, y′n).

O X eÐnai gewdaisiakìc q¸roc, kai ètsi den eÐnai arijm simoc (ektìc ki an eÐnai monosÔno-
lo), opìte mporoÔme na upojèsoume ìti up�rqei o ∈ X t.w. o 6= xn kai o 6= yn gia
k�je n ∈ N. Jètoume ‖x‖ := d(o, x) gia k�je x ∈ X kai qrhsimopoioÔme ton Ðdio sum-
bolismì ston Y wc proc to shmeÐo o′ := φ(o). JewroÔme ta shmeÐa zn := [o, x′n](1/n),
wn := [o, y′n](1/n), n ∈ N. Tìte zn, wn −→ o. Pr�gmati,

‖zn‖ =
1
n
‖x′n‖ ≤

1
n

(‖x0‖+ ε0 + r0) −→ 0,

kai ìmoia blèpoume ìti wn −→ o, to opoÐo apì th sunèqeia thc φ m�c dÐnei ìti

‖φ(zn)‖+ ‖φ(wn)‖ −→ 0.
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Autì ìmwc eÐnai adÔnato, afoÔ

‖φ(zn)‖+ ‖φ(wn)‖ =
1
n

(‖φ(x′n)‖+ ‖φ(y′n)‖) ≥ 1
n

d(φ(x′n), φ(y′n)
) ≥ r0.

'Epeita deÐqnoume ìti h φ eÐnai affinik . 'Estw L ≥ 0 h stajer� Lipschitz thc
φ|D(x0,ε0). Ja deÐxoume ìti

sup
x 6=y

d(φ(x), φ(y))
d(x, y)

≤ L.

'Estw loipìn x, y ∈ X. JewroÔme ta gewdaisiak� tm mata [x0, x], [x0, y] parametrismèna
sto [0, 1]. 'Estw 0 < t < 1 t.w. tx := [x0, x](t) ∈ D(x0, ε0) kai ty := [x0, y](t) ∈
D(x0, ε0). QrhsimopoioÔme epÐshc to sumbolismì ty := [φ(x0), y](t), y ∈ Y , 0 ≤ t ≤ 1
ston Y , ìpou to gewdaisiakì tm ma [φ(x0), y] jewreÐtai p�nta parametrismèno sto [0, 1].
AfoÔ o X einai kurtìc d(tx, ty) ≤ td(x, y), kai afoÔ h φ eÐnai affinik  kai o Y affinikìc
q¸roc, èqoume ìti

d(φ(tx), φ(ty)) = d(tφ(x), tφ(y)) = td(φ(x), φ(y)).

Sunep¸c,
d(φ(x), φ(y))

d(x, y)
=

td(φ(x), φ(y))
td(x, y)

≤ d(φ(tx), φ(ty))
d(tx, ty)

≤ L,

ìpwc zhtoÔsame.

Prìtash 3.3.4 To kat� shmeÐo ìrio mÐac akoloujÐac affinik¸n apeikonÐsewn eÐnai
affinik  apeikìnish

Apìdeixh 'Estw X, Y metrikoÐ q¸roi kai èstw φn : X −→ Y mÐa akoloujÐa affinik¸n
apeikonÐsewn, sugklÐnousa kat� shmeÐo se k�poia apeikìnish φ : X −→ Y . An h γ :
[0, 1] −→ X eÐnai gewdaisiak , tìte h kampÔlh φn ◦γ : [0, 1] −→ Y eÐnai gewdaisiak  ston
Y gia k�je n ∈ N. Epeid  φn −→ φ kat� shmeÐo, èqoume ìti φn ◦γ −→ φ◦γ kat� shmeÐo,
to opoÐo deÐqnei ìti h φ ◦ γ eÐnai gewdaisiak . ¤

Prìtash 3.3.5 'Estw X, Y monos manta gewdaisiakoÐ q¸roi. MÐa suneq c apeikìnish
φ : X −→ Y eÐnai affinik  ann metatÐjetai me thn apeikìnish twn mèswn tou X, dhlad 
ann

φ
(
m(x, y)

)
= m

(
φ(x), φ(y)

)
,

gia k�je x, y ∈ X.

Apìdeixh EÐnai profanèc ìti an h φ eÐnai affinik , tìte metatÐjetai me thn apeikìnish
twn mèswn. AntÐstrofa, èstw γ : [0, 1] −→ X mÐa gewdaisiak  kai èstw [φ(γ0), φ(γ1)] h
monodik  gewdaisiak  pou sundèei ta φ(γ0) kai φ(γ1), parametrismènh sto [0, 1]. Oi φ◦γ,
[φ(γ0), φ(γ1)] eÐnai suneqeÐc, kai ètsi gia na deÐxoume ìti φ ◦ γ = [φ(γ0), φ(γ1)], arkeÐ na
deÐxoume ìti

φ ◦ γ(t) = [φ(γ0), φ(γ1)](t), (3.3)

61



gia k�je duadikì rhtì t, 0 ≤ t ≤ 1. Gia na deÐxoume loipìn ìti isqÔei gia k�je duadikì
rhtì t, arkeÐ na deÐxoume ìti an isqÔei gia k�poia 0 ≤ s, t ≤ 1, tìte isqÔei kai gia to t+s

2 .
Pr�gmati,

[φ(γ0), φ(γ1)]
(

t + s

2

)
= m

(
[φ(γ0), φ(γ1)](t), [φ(γ0), φ(γ1)](s)

)

= m
(
φ(γt), φ(γs)

)
= φ

(
m(γ(t), γ(s))

)
= φ

(
γ
( t + s

2

))
,

ìpwc zhtoÔsame. ¤

Prìtash 3.3.6 'Estw (X, d) monos manta gewdaisiakìc q¸roc. Ta akìlouja eÐnai
isodÔnama

(a) H apeikìnish Ht : X ×X −→ X me tÔpo Ht(x, y) = [x, y](t) eÐnai affinik .

(b) H apeikìnish twn mèswn m : X ×X −→ X tou X eÐnai affinik .

(g) Gia k�je x, y, z, w ∈ X,

m
(
m(x, y), m(z, w)

)
= m

(
m(x, z),m(y, w)

)
.

'Ena aplì par�deigma q¸rou tou opoÐou h apeikìnish twn mèswn den eÐnai affinik  eÐnai
o trÐpodac. O trÐpodac mporeÐ na perigrafeÐ wc o q¸roc pou prokÔptei an efodi�soume
thn ènwsh tri¸n eujÔgrammwn tmhm�twn me monadikì koinì shmeÐo to arqikì touc shmeÐo
me th metrik  m kouc pou ep�getai apì ton periorismì thc eukleÐdiac metrik c tou R2

3.4 Affinik� Sunarthsoeid 
'Estw (X, d) gewdaisiakìc q¸roc kai o ∈ X basikì shmeÐo. Jètoume (X, o)∗ to sÔnolo
ìlwn twn Lipschitz suneq¸n affinik¸n sunarthsoeid¸n x∗ : X −→ R me x∗(o) = 0.
Profan¸c, o (X, o)∗ eÐnai grammikìc q¸roc. Gia k�je x∗ ∈ (X, o)∗ jètoume

‖x∗‖o := sup
x6=y

|x∗(x)− x∗(y)|
d(x, y)

< ∞

An den up�rqei kÐndunoc sÔgqushc, ja gr�foume apl� ‖x∗‖ antÐ ‖x∗‖o. Profan¸c, h
sun�rthsh ‖ · ‖o : (X, o)∗ −→ [0,∞) eÐnai nìrma ston (X, o)∗.

Prìtash 3.4.1 'Estw (X, d) gewdaisiakìc q¸roc kai èstw o ∈ X èna basikì shmeÐo.
O (X, o)∗ eÐnai q¸roc Banach me th nìrma ‖ · ‖o : (X, o)∗ −→ [0,∞).

Apìdeixh 'Estw (x∗n) akoloujÐa Cauchy ston (X, o)∗ kai èstw x ∈ X. Tìte

|x∗n(x)− x∗m(x)| ≤ ‖x∗n − x∗m‖od(o, x)
n,m→∞−→ 0.

Ara h x∗n(x) eÐnai akoloujÐa Cauchy gia k�je x ∈ X, kai, ètsi, apì thn plhrìthta tou R,
gia k�je x ∈ X up�rqei x∗(x) ∈ R t.w. x∗n(x) −→ x∗(x). To sunarthsoeidèc X 3 x 7→
x∗(x) ∈ R eÐnai affinikì wc kat� shmeÐo ìrio suneq¸n affinik¸n sunarthsoeid¸n kai
profan¸c x∗(o) = 0. Ja deÐxoume ìti to x∗ eÐnai Lipschitz suneqèc kai ‖x∗n−x∗‖o −→ 0.
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AfoÔ h (x∗n) eÐnai Cauchy, up�rqei R ≥ 0 t.w. ‖x∗n − x∗m‖ ≤ R gia k�je m,n ∈ N.
Tìte gia k�je x, y ∈ X èqoume ìti |(x∗1−x∗m)(x)− (x∗1−x∗m)(y)| ≤ Rd(x, y). PaÐrnontac
ìrio kaj¸c m −→ ∞ paÐrnoume ìti |(x∗1 − x∗)(x) − (x∗1 − x∗)(y)| ≤ Rd(x, y), to opoÐo
dÐnei ìti

|x∗(x)− x∗(y)| ≤ (R + ‖x∗1‖)d(x, y).

Sunep¸c to x∗ eÐnai Lipschitz suneqèc.
DeÐqnoume tèloc ìti ‖x∗n − x∗‖o −→ 0. 'Estw ε > 0. AfoÔ h (x∗n) eÐnai Cauchy,

up�rqei N ∈ N t.w.
m,n ≥ N =⇒ ‖x∗n − x∗m‖ < ε.

'Etsi, an x, y ∈ X, tìte |(x∗n − x∗m)(x) − (x∗n − x∗m)(y)| ≤ εd(x, y) gia k�je m,n ≥ N .
PaÐrnontac ìrio kaj¸c m →∞, paÐrnoume ìti |(x∗n − x∗)(x)− (x∗n − x∗)(y)| ≤ εd(x, y).
AfoÔ autì isqÔei gia k�je x, y ∈ X, èpetai ìti ‖x∗n − x∗‖ ≤ ε gia k�je n ≥ N . ¤

SÔmfwna me thn akìloujh prìtash, h kl�sh isomorfÐac tou (X, o)∗ den exart�tai apì
thn epilog  tou basikoÔ shmeÐou o ∈ X.

Prìtash 3.4.2 'Estw X gewdaisiakìc q¸roc kai o, o′ ∈ X. Tìte (X, o)∗ ∼= (X, o′)∗.

Apìdeixh EÐnai eÔkolo na elègxei kaneÐc ìti h apeikìnish T : (X, o)∗ −→ (X, o′)∗ me
tÔpo

T (x∗)(x) = x∗(x)− x∗(o′),

eÐnai grammik  (epÐ) isometrÐa. ¤

O (X, o)∗ eÐnai q¸roc me nìrma kai ètsi o duikìc tou (X, o)∗∗ orÐzetai wc sun jwc.

Prìtash 3.4.3 H apeikìnish τ : X −→ (X, o)∗∗ me tÔpo

τ(x)(x∗) = x∗(x),

eÐnai sustol  kai isqur� affinik , me thn ènnoia ìti apeikonÐzei gewdaisiak� tm mata tou
X se grammikèc gewdaisiakèc tou (X, o)∗∗.

Apìdeixh 'Estw x, y ∈ X. Tìte

‖τ(x)− τ(y)‖ = sup
‖x∗‖=1

|τ(x)(x∗)− τ(y)(x∗)| = sup
‖x∗‖=1

|x∗(x)− x∗(y)| ≤ d(x, y),

kai �ra h τ eÐnai sustol . 'Estw t¸ra γ : [0, 1] −→ X gewdaisiak . Gia k�je x∗ ∈ (X, o)∗

kai k�je 0 ≤ t ≤ 1 èqoume ìti

τ(γt)(x∗) = x∗(γt) = (1− t)x∗(γ0) + tx∗(γ1) = (1− t)τ(γ0)(x∗) + tτ(γ1)(x∗),

dhlad  τ(γt) = (1− t)τ(γ0) + tτ(γ1) ìpwc zhtoÔsame. ¤

Orismìc 3.4.1 'Estw X gewdaisiakìc q¸roc. Lème ìti ta affinik� sunarthsoeid 
ston X diaqwrÐzoun ta shmeÐa tou X an gia k�je x, y ∈ X me x 6= y up�rqei affinikì
sunarthsoeidèc x∗ : X −→ R t.w. x∗(x) 6= x∗(y).
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Prìtash 3.4.4 'Estw (X, d) gewdaisiakìc q¸roc, t.w. ta affinik� sunarthsoeid  na
diaqwrÐzoun ta shmeÐa tou. Up�rqei tìte affinik  ènjesh tou (X, d) se k�poio q¸ro me
nìrma.

Apìdeixh 'Estw o ∈ X. AfoÔ ta affinik� sunarthsoeid  diaqwrÐzoun ta shmeÐa tou
X, h affinik  sustol  τ : X −→ (X, o)∗∗ thc prohgoÔmenhc prìtashc eÐnai ènjesh. ¤

'Eqei apodeiqjeÐ apì touc Petra Hitzelberger kai Alexander Lytchak sto [14] ìti ta
affinik� sunarthsoeid  enìc gewdaisiakoÔ q¸rou X diaqwrÐzoun ta shmeÐa tou ann o X

eÐnai isometrikìc me k�poio kurtì uposÔnolo enìc austhr� kurtoÔ q¸rou me nìrma.
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Kef�laio 4

Oi Q¸roi-Montèla Mn
κ

Sto parìn kef�laio ja melet soume touc q¸rouc-montèla Mn
κ , n ≥ 2, κ ∈ R, oi opoÐoi

diadramatÐzoun kentrikì rìlo ston orismì thc kampulìthtac stouc metrikoÔc q¸rouc,
leitourg¸ntac wc q¸roi me touc opoÐouc mporeÐ kaneÐc na sugkrÐnei apodotik� genikìte-
rouc gewdaisiakoÔc q¸rouc. 'Enac trìpoc me ton opoÐo mporeÐ kaneÐc na perigr�yei to
q¸ro Mn

κ , κ ∈ R, n ≥ 2, eÐnai wc h monadik  pl rhc kai apl� sunektik  n-di�stath pol-
laplìthta Riemann stajer c kampulìthtac tom c = κ. Wstìso, ja touc melet soume
pr¸ta wc metrikoÔc q¸rouc, af nontac thn perigraf  touc wc pollaplìthtec Riemann
gia thn teleutaÐa par�grafo tou kefalaÐou.

Gia kaje n ≥ 2, oi q¸roi Mn
κ diakrÐnontai se treic poiotik� diaforetikèc kl�seic,

an�loga me to an to κ eÐnai mhdèn, jetikìc,   arnhtikìc. Gia κ = 0, o Mn
0 eÐnai apl� o

eukleÐdioc q¸roc En, gia κ = 1, o Mn
1 eÐnai h n-di�stath sfaÐra Sn me thn eswterik 

thc metrik , kai gia κ = −1, o Mn
−1 eÐnai o n-di�statoc uperbolikìc Hn. Oi q¸roi

Mn
κ , κ > 0, prokÔptoun apì thn Sn pollaplasi�zontac th metrik  thc me kat�llhlh

stajer�, kai omoÐwc oi q¸roi Mn
κ , κ < 0 prokÔptoun pollaplasi�zontac th metrik 

tou Hn me kat�llhlh stajer�. 'Etsi, gia aplìthta ja epikentrwjoÔme stic peript¸seic
κ = 0, 1,−1, kai met� ja deÐxoume p¸c prokÔptoun apì autoÔc oi upìloipoi q¸roi-montèla
me klim�kwsh thc metrik c touc.

4.1 O n-di�statoc EukleÐdioc Q¸roc En

O eukleÐdioc q¸roc En eÐnai to sÔnoloRn, efodiasmèno me th metrik  pou ep�getai apì to
eukleÐdio eswterikì ginìmeno. 'Opwc eÐnai gnwstì, o En eÐnai monos manta gewdaisiakìc.
Ex� orismoÔ, èna uperepÐpedo H ston En eÐnai ènac (n−1)-di�statoc affinikìc upìqwroc
tou En. An p ∈ H kai to u ∈ En eÐnai k�jeto sto H, tìte

H =
{
x ∈ En | 〈x− p, u〉 = 0

}
.

K�je uperepÐpedo ston En prokÔptei kat� ton akìloujo trìpo. Dedomènwn dÔo shmeÐwn
a, b ∈ En, to sÔnolo Ha,b ìlwn twn shmeÐwn x ∈ En pou isapèqoun apì ta a kai b, lègetai
to mesok�jeto uperepÐpedo twn a kai b. EÐnai pr�gmati uperepÐpedo, perièqei to mèso tou
tm matoc [a, b] kai eÐnai k�jeto sto b − a. Ta uperepÐpeda ston En, kaj¸c kai stouc
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Sn kai Hn qrhsimeÔoun sthn perigraf  twn om�dwn isometri¸n twn q¸rwn montèla. Se
k�je uperepÐpedo H ⊆ En, antistoiqeÐ mÐa isometrÐa rH tou En, h an�klash wc proc to
H. An p ∈ H kai to u ∈ H eÐnai monadiaÐo di�nusma k�jeto sto H, tìte h rH dÐnetai apì
ton tÔpo

rH(x) = x− 2〈x− p, u〉u.

To sÔnolo twn stajer¸n shmeÐwn thc rH eÐnai to H. Gia k�je x /∈ H, to uperepÐpedo
H eÐnai to mesok�jeto uperepÐpedo twn x kai rH(x) kai, antÐstrofa, an to H eÐnai to
mesok�jeto uperepÐpedo twn a, b ∈ En, tìte b = rH(a).

4.2 H n-di�stath SfaÐra Sn

H n-di�stath sfaÐra, Sn, n ∈ N, eÐnai to sÔnolo

Sn :=
{
x ∈ En+1 | 〈x, x〉 = 1

}
,

efodiasmèno me th metrik  d : Sn × Sn −→ [0,∞), h opoÐa antistoiqeÐ se k�je zeÔgoc
(x, y) ∈ Sn × Sn to monadikì arijmì d(x, y) ∈ [0, π], gia ton opoÐo

cos d(x, y) = 〈x, y〉.

H d eÐnai pr�gmati metrik ; eÐnai profan¸c summetrik  kai jetik� orismènh, kai h tri-
gwnik  anisìthta èpetai apì thn trigwnik  anisìthta gia tic gwnÐec, afoÔ h apìstash
d(x, y) eÐnai h gwnÐa ston En+1 twn gewdaisiak¸n tmhm�twn [0, x] kai [0, y].

Gia na enarmonÐsoume th melèth thc Sn me aut  tou uperbolikoÔ q¸rou, ja d¸soume mÐa
deÔterh apìdeixh thc trigwnik c anisìthtac, basismènh sto sfairikì nìmo twn sunhmitì-
nwn. Katarq�c, prèpei na xekajarÐsoume ti ennooÔme lègontac sfairikì trÐgwno sthn Sn

kai (eswterik ) gwnÐa koruf c enìc sfairikoÔ trig¸nou. Prèpei na eÐmaste prosektikoÐ
me thn orologÐa, epeid  de jèloume na proupojèsoume ìti h d eÐnai metrik , kai ètsi den
mporoÔme na qrhsimopoi soume tic ènnoiec thc gewdaisiak c kai thc gwnÐac tou pr¸tou
kefalaÐou.

EÐnai bolikì na qrhsimopoi soume th grammik  dom  tou perib�llonta q¸rou En+1

thc Sn. Ex� orismoÔ, ènac mègistoc kÔkloc sthn Sn eÐnai h tom  thc Sn me k�poio 2-
di�stato grammikì upìqwro tou En+1. Up�rqei ènac fusikìc trìpoc na parametrÐzoume
tìxa mègistwn kÔklwn: Dedomènwn enìc shmeÐou x ∈ Sn, enìc monadiaÐou dia-nÔsmatoc
u ∈ En+1 k�jetou sto x kai enìc arijmoÔ α ∈ [0, π], orÐzoume thn kampÔlh γx,u :
[0, α] −→ Sn apì ton tÔpo

γx,u(t) = (cos t)x + (sin t)u.

Parathr ste ìti gia k�je r, t ∈ [0, α] èqoume ìti d(γx,u(t), γx,u(r)) = |t− r|, afoÔ

〈γx,u(t), γx,u(r)〉 = cos t cos r + sin t sin r = cos(|t− r|).

H troqi� thc γx,u perièqetai sto mègisto kÔklo thc Sn pou prokÔptei wc tom  thc Sn me
to grammikì upìqwro tou En+1 pou par�getai apì ta x kai u. Ja anaferìmaste sthn
troqi� thc γx,u wc to mègisto tìxo me arqikì di�nusma u ∈ En+1, pou sundèei to x me
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to γx,u(α). Profan¸c, an α = π, tìte gia k�je monadiaÐo di�nusma u ∈ En+1 k�jeto
sto x ∈ Sn, èqoume ìti γx,u(π) = −x. Apì thn �llh, gia k�je x, y ∈ Sn me d(x, y) < π

up�rqei monadikì mègisto tìxo apì to x sto y. An x 6= y, tìte to arqikì di�nusma autoÔ
tou mègistou tìxou eÐnai to monadiaÐo di�nusma sthn kateÔjunsh tou y − 〈x, y〉x.

OrÐzoume t¸ra th sfairik  gwnÐa metaxÔ dÔo mègistwn tìxwn pou ekkinoÔn apì to Ðdio
shmeÐo me arqik� monadiaÐa dianÔsmata u, υ, na eÐnai o monadikìc arijmìc α ∈ [0, π] gia ton
opoÐo cos α = 〈u, υ〉. 'Ena sfairikì trÐgwno ∆ sthn Sn, apoteleÐtai apì trÐa diakekrimèna
shmeÐa A,B, C, ta opoÐa lègontai oi korufèc tou, kai mÐa epilog  tri¸n mègistwn tìxwn,
tic pleurèc tou, k�je mÐa apì tic opoÐec en¸nei kai èna zeÔgoc koruf¸n tou. H gwnÐa
sthn koruf  C, eÐnai h sfairik  gwnÐa twn pleur¸n tou ∆ pou en¸noun to C me to A kai
to C me to B. Kat� thn enasqìlhs  mac me gewdaisiak� trÐgwna stouc q¸rouc montèla
Mn

κ , ja qrhsimopoioÔme thn akìloujh sÔmbash sto sumbolismì. Ja sumbolÐzoume tic
korufèc enìc trig¸nou me kefalaÐa gr�mmata, p.q. A, B,C, kai ja sumbolÐzoume to m koc
k�je pleur�c me to antÐstoiqo mikrì gr�mma thc apènanti koruf c, dhlad  a = d(B, C),
b = d(A,C) kai c = d(A,B).

Prìtash 4.2.1 'Estw ∆ sfairikì trÐgwno sthn Sn me korufèc A,B,C kai èstw θ h
gwnÐa sthn koruf  C. Tìte

cos c = cos a cos b + sin a sin b cos θ.

Apìdeixh 'Estw u, υ ∈ En+1 ta arqik� dianÔsmata twn pleur¸n tou ∆ pou en¸noun
thn koruf  C me tic korufèc A kai B, antÐstoiqa. Ex� orismoÔ, cos θ = 〈u, υ〉, kai �ra

cos c = 〈A,B〉 =
〈
(cos b) · C + (sin b) · u, (cos a) · C + (sin a) · υ〉

= cos a cos b · 〈C,C〉+ sin b sin a · 〈u, υ〉
= cos a cos b + sin a sin b · cos θ. ¤

Prìtash 4.2.2 Gia k�je A,B,C ∈ Sn,

d(A,B) ≤ d(A,C) + d(C,B),

me isìthta ann to C an kei se k�poio mègisto tìxo pou sundèei ta A kai B. Sunep¸c,

(a) H (Sn, d) eÐnai gewdaisiakìc q¸roc, kai ta gewdaisiak� tou tm mata eÐnai akrib¸c
ta mègista tìxa.

(b) An d(A,B) < π tìte up�rqei monadik  gewdaisiak  pou sundèei ta A kai B.

(g) K�je anoikt  (antist. kleist ) mp�la aktÐnac r ≤ π/2 (antist. < π/2) sthn Sn,
eÐnai kurt .

Apìdeixh Upojètoume ìti ta A, B,C eÐnai diaforetik� metaxÔ touc. Oi �llec peript¸-
seic eÐnai tetrimènec. 'Estw ∆ èna sfairikì trÐgwno me korufèc A, B,C kai èstw θ h
gwnÐa sthn koruf  C. H sun�rthsh cos eÐnai gnhsÐwc fjÐnousa sto [0, π], kai sunep¸c
gia dedomèna a, b ∈ [0, π] h sun�rthsh

[0, π] 3 θ 7−→ cos a cos b + sin a sin b · cos θ,
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fjÐnei apì cos(b− a) se cos(b + a) kaj¸c h θ aux�nei apì 0 se π. 'Etsi apì to nìmo twn
sunhmitìnwn, èpetai ìti cos c ≥ cos(a + b), kai �ra c ≤ a + b, me isìthta ann θ = π kai
b + a ≤ π. Oi sunjhkèc gia isìthta isqÔoun ann to C an kei sto mègisto tìxo an kei se
k�poio mègisto tìxo apì to A sto B.

Ta (a) kai (b) èpontai �mesa. Ja deÐxoume to (g). 'Estw, loipìn, P ∈ Sn, r ≤ π/2
kai A, B ∈ D(P, r). Tìte d(A,B) < π, kai �ra apì to (b) up�rqei monadikì mègisto tìxo
γ apì to A sto B. Autì to tìxo perièqetai sthn tom  thc Sn me to 2-di�stato upìqwro
tou En+1 pou par�getai apì ta shmeÐa A,B, kai ètsi apoteleÐtai apì shmeÐa thc morf c
λA+µB, ìpou λ+µ ≥ 1. All� gia k�je λ, µ ∈ R me λ+µ ≥ 1 gia ta opoÐa λA+µB ∈ γ,
èqoume ìti

〈
λA + µB, P

〉
= λ〈A,P 〉+ µ〈B, P 〉
= λ cos d(A,P ) + µ cos d(B,P )

> (λ + µ) cos r ≥ cos r,

kai �ra d(P, λA+µB) < r ≤ π/2, dhlad  γ ⊆ D(P, r). ¤

Orismìc 4.2.1 'Ena uperepÐpedo H sthn Sn eÐnai h tom  thc Sn me k�poio n-di�stato
grammikì upìqwro tou En+1. H an�klash rH : Sn −→ Sn wc proc to uperepÐpedo
H ⊆ Sn, eÐnai o periorismìc sthn Sn thc an�klashc wc proc to uperepÐpedo 〈H〉 tou
En+1 pou par�getai apì to H ston En+1.

Parathr ste ìti o periorismìc thc metrik c thc Sn, se k�je uperepÐpedo H thc Sn,
eÐnai isometrikì me thn Sn−1. EpÐshc, eÐnai fanerì ìti h an�klash wc proc k�poio upe-
repÐpedo H ⊆ Sn eÐnai isometrÐa thc Sn.

'Estw A, B ∈ Sn. To sÔnolo H ìlwn twn shmeÐwn thc Sn pou isapèqoun apì ta A kai
B eÐnai uperepÐpedo sthn Sn, to uperepÐpedo, S ∩ (A − B)⊥, kai lègetai to mesok�jeto
uperepÐpedo twn A kai B. Pr�gmati, to x ∈ H ann d(x,A) = d(x,B), dhlad  ann
〈x,A − B〉 = 0. An to H eÐnai uperepÐpedo sthn Sn kai rH eÐnai h an�klash sthn Sn

wc proc to H, tìte gia k�je A ∈ Sn, to H eÐnai to mesok�jeto uperepÐpedo twn A kai
rH(A). Pr�gmati, gia k�je x ∈ H, èqoume ìti

d(x,A) = d(rH(x), rH(A)) = d(x, rH(A)),

to opoÐo deÐqnei ìti H ⊆ HA,rH(A), ìpou HA,rH(A) eÐnai to mesok�jeto uperepÐpedo twn
A kai rH(A). Autì ìmwc profan¸c sunep�getai ìti H = HA,rH(A). AntÐstrofa, an H

eÐnai to mesok�jeto uperepÐpedo twn A kai B, tìte rH(A) = B.

4.3 O n-di�statoc Uperbolikìc Q¸roc Hn

O q¸roc tou, Mn, eÐnai to sÔnolo Rn, efodiasmèno me th summetrik  digrammik  morf 
(·|·) tou Minkowski, me tÔpo

(x|y) = −xnyn +
n−1∑

i=1

xiyi.
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UpenjumÐzoume k�poia basik� apotèlesma apo th jewrÐa twn q¸rwn me eswterikì
ginìmeno: Se k�je q¸ro me eswterikì ginìmeno (V, 〈·, ·〉) (ìqi aparaÐthta jetik� orismèno)
me dim V = n < +∞, up�rqei b�sh E = {e1, . . . , en} tou V t.w. o pÐnakac [〈·, ·〉]E :=
(〈ei, ej〉)1≤i,j≤n tou 〈·, ·〉 wc proc th b�sh E, na eÐnai diag¸nioc. To pl joc twn jetik¸n
(arnhtik¸n) stoiqeÐwn thc diagwnÐou tou [〈·, ·〉]E eÐnai to Ðdio gia k�je b�sh E tou V

wc proc thn opoÐa o pÐnakac tou 〈·, ·〉 eÐnai diag¸nioc, kai lègetai o jetikìc (arnhtikìc,
antist.) deÐkthc tou 〈·, ·〉. OmoÐwc, to pl joc twn mhdenik¸n stoiqeÐwn thc diagwnÐou
tou [〈·, ·〉]E eÐnai to Ðdio gia k�je b�sh E tou V wc proc thn opoÐa o pÐnakac tou 〈·, ·〉
eÐnai diag¸nioc, kai lègetai o deÐkthc ekfulismoÔ tou 〈·, ·〉. DÔo q¸roi me eswterikì
ginìmeno eÐnai isìmorfoi ann ta eswterik� touc ginìmena èqoun ton Ðdio jetikì deÐkth kai
ton Ðdio deÐkth ekfulismoÔ. Ena eswterikì ginìmeno lègetai mh-ekfulismèno an o deÐkthc
ekfulismoÔ tou eÐnai 0. 'Ena eswterikì ginìmeno tÔpou (m, k, `) eÐnai èna eswterikì
ginìmeno me jetikì deÐkth m, arnhtikì deÐkth k kai deÐkth ekfulismoÔ `. H di�stash enìc
grammikoÔ q¸rou ston opoÐo orÐzetai k�poio eswterikì ginìmeno tÔpou (m, k, `) eÐnai
profan¸c m + k + `.

H morf  tou Minkowski eÐnai mh-ekfulismèno eswterikì ginìmeno tÔpou (n− 1, 1, 0).
Ta shmeÐa x ∈Mn tou q¸rou tou Minkowski qwrÐzontai se treic kathgorÐec an�loga me
to prìshmo tou (x|x). Sthn eidik  jewrÐa thc sqetikìthtac, ta shmeÐa x ∈ Mn gia ta
opoÐa (x|x) < 0 lègontai qwrik� kai ta x ∈Mn gia ta opoÐa (x|x) > 0 lègontai qronik�
shmeÐa. To sÔnolo ìlwn twn shmeÐwn x ∈ Mn me (x|x) = 0 lègetai o k¸noc fwtìc.
(Suqn�, sthn eidik  jewrÐa thc sqetikìthtac qrhsimopoieÐtai h antÐjeth thc morf c tou
Minkowski, dhlad  h morf  −(·|·), ètsi ¸ste ta qwrik� shmeÐa na eÐnai ekeÐna gia ta opoÐa
(x|x) > 0.)

To orjog¸nio sumpl rwma enìc uposunìlou V tou Mn eÐnai ex� orismoÔ to sÔnolo

V ⊥ =
{
x ∈Mn

∣∣ (x|v) = 0 gia k�je v ∈ V
}
.

Profan¸c to V ⊥ eÐnai grammikìc upìqwroc touMn di�stashc n−dim〈V 〉. Mia jemeli¸dhc
idiìthta tou q¸rou tou Minkowski eÐnai h akìloujh: An èna shmeÐo v ∈Mn eÐnai qwrikì,
tìte o periorismìc thc morf c tou Minkowski sto v⊥ eÐnai èna jetik� orismèno eswterikì
ginìmeno, en¸ an to v ∈Mn eÐnai qronikì, tìte o periorismìc thc morf c tou Minkowski
sto v⊥ eÐnai mh-ekfulismèno eswterikì ginìmeno tÔpou (n−2, 1, 0). An tèloc to v ∈Mn

an kei ston k¸no fwtìc, tìte o v⊥ ef�ptetai ston k¸no fwtìc, kai s� aut  thn perÐptwsh
o periorismìc thc morf c tou Minkowski ston v⊥ eÐnai ekfulismèno eswterikì ginìmeno
tÔpou (n− 2, 0, 1).

Orismìc 4.3.1 O n-di�statoc uperbolikìc q¸roc, n ∈ N, eÐnai to sÔnolo

Hn :=
{
x ∈Mn+1 | (x|x) = −1, xn+1 ≥ 0

}
,

efodiasmèno me th metrik  d : Hn×Hn −→ [0,∞) pou antistoiqÐzei se k�je zeÔgoc (x, y)
shmeÐwn tou Hn to monadikì arijmì d(x, y) ∈ [0,∞) gia ton opoÐo

cosh d(x, y) = −(x|y).
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Prìtash 4.3.1 H metrik  tou Hn ìpwc orÐsthke parap�nw, eÐnai kal� orismènh kai
eÐnai pr�gmati metrik .

Apìdeixh H sun�rthsh cosh |[0,∞) : [0,∞) −→ [1,∞) eÐnai amfimonos manth. Sunep¸c
gia na elègxoume ìti o orismìc thc d èqei nìhma, prèpei na elègxoume ìti gia k�je x, y ∈
Hn èqoume (x, y) ≤ −1. 'Estw x, y ∈ Hn. Tìte,

(x|y) =
n∑

i=1

xiyi − xn+1yn+1 ≤
(

n∑

i=1

x2
i

)1/2 (
n∑

i=1

y2
i

)1/2

− xn+1yn+1

= (xn+1 − 1)1/2(yn+1 − 1)1/2 − xn+1yn+1,

kai eÐnai eÔkolo na elègxoume ìti h teleutaÐa aut  posìthta eÐnai mikrìterh   Ðsh apì −1,
gia k�je xn+1, yn+1 ≥ 1, me isìthta ann xn+1 = yn+1. 'Opwc kai sthn perÐptwsh thc
sfaÐrac, ja sun�goume thn trigwnik  anisìthta apì thn kat�llhlh morf  tou nìmou twn
twn sunhmitìnwn. ¤

Xan�, ìpwc sthn perÐptwsh thc sfaÐrac, gia na diatup¸soume kai na apodeÐxoume
ton uperbolikì nìmo twn sunhmitìnwn, prèpei pr¸ta na orÐsoume tic prwtarqikèc ènnoiec
uperbolikì tm ma, uperbolik  gwnÐa kai uperbolikì trÐgwno. Ex� orismoÔ, mÐa uperbolik 
eujeÐa eÐnai h tom  tou Hn me k�poio 2-di�stato grammikì upìqwro tou Mn+1. Oi
uperbolikèc eujeÐec parametrÐzontai me trìpo an�logo me ta mègista tìxa. Akribèstera,
an A ∈ Hn kai to u ∈ A⊥ ⊆Mn+1 eÐnai monadiaÐo di�nusma, (wc proc ton periorismì thc
morf c tou Minkowski ston A⊥,) orÐzoume thn kampÔlh γA,u : R −→ Hn, apì ton tÔpo

γA,u(t) = (cosh t) ·A + (sinh t) · u.

H eikìna thc γA,u eÐnai mÐa uperbolik  eujeÐa; h tom  tou Hn me to 2-didi�stato upìqwro
tou Mn+1 pou par�getai apì ta A kai u. Ja lème thn γA,u parametrismènh uperbolik 
eujeÐa. ParathroÔme ìti

(γA,u(t), γA,u(s)) = sinh t sinh s− cosh t cosh s = − cosh |t− s|,

kai �ra d(γA,u(t), γA,u(s)) = |t−s| gia k�je s, t ∈ R. Dedomènou a ≥ 0, ja anaferìmaste
sthn eikìna tou [0, a] mèsw thc γA,u, wc to uperbolikì tm ma me arq  to A, tèloc to
γA,u(A), kai arqikì di�nusma u ∈ A⊥. 'Opwc ja doÔme, up�rqei monadikì uperbolikì
tm ma me dedomèna �kra. 'Estw A,B ∈ Hn, A 6= B. An gia k�poio u ∈ A⊥ kai k�poio
t > 0 èqoume ìti γA,u(t) = B, tìte anagkastik� t = d(A,B). 'Omwc gia k�je B 6= A

up�rqei monadikì monadiaÐo di�nusma uA,B ∈ A⊥ t.w. B ∈ γA,uA,B ([0,∞)). Pr�gmati, an
γA,u(d(A,B)) = B gia k�poio monadiaÐo di�nusma u ∈ A⊥, tìte

B = γA,u(d(A,B)) = cosh d(A,B) ·A + sinh d(A,B) · u
= −(A|B) ·A +

(
(A|B)2 − 1

)1/2 · u,

kai sunep¸c to

u =
B + (A|B)A√

(A|B)2 − 1
,
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eÐnai to monadiaÐo di�nusma sthn kateÔjunsh tou B + (A|B)A. AntÐstrofa, amèswc blè-
poume ìti an to u eÐnai to monadiaÐo di�nusma sthn kateÔjunsh tou B + (A|B)A, tìte
γA,u(d(A,B)) = B. Sunep¸c up�rqei monadikì uperbolikì tm ma apì A sto B, to tm -
ma γA,u([0, d(A,B)]), ìpou u ∈ A⊥ eÐnai to monadiaÐo di�nusma sthn kateÔjunsh tou
B + (A|B)A. Ja sumbolÐzoume autì to tm ma wc [A,B] kai to u ja lègetai to arqikì
di�nusma tou tm matoc [A,B].

H uperbolik  gwnÐa metaxÔ dÔo uperbolik¸n tmhm�twn me arq  to A ∈ Hn kai ar-
qik� dianÔsmata ta u, v, eÐnai ex� orismoÔ o monadikìc arijmìc θ ∈ [0, π] gia ton opoÐo
cos θ = (u|v). O orismìc autìc èqei nìhma, afoÔ ìpwc èqoume dei, o periorismìc tou (·|·)
ston A⊥ eÐnai jetik� orismèno eswterikì ginìmeno. 'Ena uperbolikì trÐgwno Hn apoteleÐ-
tai apì trÐa shmeÐa, tic korufèc tou. Ta uperbolik� tm mata pou en¸noun tic korufèc
tou lègontai pleurèc. H gwnÐa sthn koruf  C enìc uperbolikoÔ trig¸nou (A,B, C),
eÐnai h uperbolik  gwnÐa twn pleur¸n tou [C,A] kai [C,B]. EÐmaste t¸ra se jèsh na
diatup¸soume ton uperbolikì nìmo twn sunhmitìnwn.

Prìtash 4.3.2 'Estw ∆ èna uperbolikì trÐgwno ston Hn me korufèc A,B, C. An θ

eÐnai h gwnÐa tou ∆ sthn koruf  C, tìte

cosh c = cosh a cosh b− sinh a sinh b cos θ.

Apìdeixh 'Estw u, v ta arqik� dianÔsmata twn uperbolik¸n tmhm�twn [C, A] kai [C, B]
antÐstoiqa. Ex� orismoÔ, cos θ = (u, v) kai �ra

cosh c = −(A|B) = −(
cosh b · C + sinh b · u| cosh a · C + sinh a · u)

= − cosh a cosh b · (C|C)− sinh a sinh b · (u|v)

= cosh a cosh b− sinh a sinh b cos θ. ¤

Prìtash 4.3.3 Gia k�je A,B,C ∈ Hn,

d(A,B) ≤ d(A,C) + d(C,B),

me isìthta ann to C an kei sto uperbolikì tm ma pou sundèei to A me to B. Sunep¸c,

(a) O (Hn, d) eÐnai monos manta gewdaisiakìc metrikìc q¸roc, kai to gewdaisiakì
tm ma pou sundèei ta A kai B eÐnai to uperbolikì tm ma [A,B].

(b) An h tom  enìc 2-di�statou upìqwrou tou Mn+1 me ton Hn eÐnai mh-ken , tìte
eÐnai gewdaisiak  eujeÐa, kai ìlec oi gewdaisiakèc ston Hn prokÔptoun kat� autì
ton trìpo.

(g) 'Olec oi mp�lec ston Hn eÐnai kurtèc.

Apìdeixh 'Estw ∆ ⊆ Hn èna uperbolikì trÐgwno me korufèc A,B, C, kai èstw θ h
gwnÐa tou sthn koruf  C. Kaj¸c h θ aux�nei apì 0 se π, h sun�rthsh

[0, π] 3 θ 7−→ cosh a cosh b− sinh a sinh b cos θ,

aux�nei gnhsÐwc apì cosh(b− a) se cosh(b + a).
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'Etsi, apì to nìmo twn sunhmitìnwn èqoume ìti cosh c ≤ cosh(a + b) kai �ra c ≤ a + b

me isìthta ann θ = π. All� θ = π ann to C an kei sto gewdaisiakì tm ma [A,B].
Pr�gmati, an C ∈ [A,B], tìte θ = π. AntÐstrofa, an θ = π, tìte uC,A = −uC,B , kai �ra
o 2-di�statoc upìqwroc pou par�getai apì ta C, uC,A sumpÐptei me autìn pou par�getai
apì ta C, uC,B , apì ìpou èpetai ìti C ∈ [A,B].

Ta (a) kai (b) èpontai �mesa. Ja apodeÐxoume to (g). H apìdeixh eÐnai ìmoia me
th sfairik  perÐptwsh. Katarq�c, parathroÔme ìti k�je C ∈ [A,B] eÐnai thc morf c
λA + µB, gia k�poia λ, µ ≥ 0 me λ + µ ≤ 1. 'Omwc an ta A, B an koun se k�poia
D(P, r) ⊆ Hn, tìte gia k�je shmeÐo ston Hn thc morf c λA + µB, λ, µ ≥ 0, λ + µ ≤ 1
èqoume ìti

(λA + µB|P ) = λ(A|P ) + µ(B|P ) > −(λ + µ) cosh r ≥ − cosh r,

apì ìpou èpetai ìti λA + µB ∈ D(P, r). Sunep¸c [A,B] ⊆ D(P, r), kai �ra h D(P, r)
eÐnai kurt . ¤

Orismìc 4.3.2 'Ena uperepÐpedo ston Hn eÐnai mÐa mh-ken  tom  tou Hn me k�poio
n-di�stato upìqwro tou Mn+1.

Oi n-di�statoi upìqwroi H tou Mn+1 oi opoÐoi èqoun mh-ken  tom  me ton Hn eÐnai
akrib¸c ekeÐnoi thc morf c H = v⊥, ìpou to v ∈ Mn+1 eÐnai k�poio qronikì shmeÐo. H
parat rhsh aut  èqei dÔo sunèpeiec. Pr¸ton, k�je uperepÐpedo H ⊆ Hn tou Hn eÐnai me
ton periorismì thc metrik c tou Hn isometrikì me ton Hn−1. Pr�gmati, afoÔ H = v⊥

gia k�poio qronikì shmeÐo, èpetai ìti o periorismìc tou ( · | · ) sto grammikì q¸ro 〈H〉
pou par�getai apì to H ston Mn+1 eÐnai eswterikì ginìmeno tÔpou (n− 1, 1, 0), kai �ra
up�rqei isometrÐa f : 〈H〉 −→ Mn. O periorismìc thc f sto H eÐnai isometrÐa f |H :
(H, d|H) −→ Hn−1. DeÔteron, gia k�je n-di�stato upìqwro H tou Mn+1 me mh-ken 
tom  me ton Hn, k�je u ∈ H⊥ eÐnai qronikì shmeÐo, kai �ra h an�klash rH : Mn+1 −→
Mn+1, me tÔpo rH(x) = x− 2(x|u)u, ìpou to u eÐnai k�poio (monadikì modulo prìshmo)
monadiaÐo di�nusma k�jeto sto H, eÐnai kal� orismènh. H an�klash rH eÐnai antistrèyimh
me r−1

H = rH kai diathreÐ th morf  tou Minkowski, dhlad  (rH(x)|rH(y)) = (x | y) gia
k�je x, y ∈Mn+1. 'Etsi o periorismìc thc rH |Hn ston Hn eÐnai isometrÐa tou Hn.

Orismìc 4.3.3 'Estw H ⊆ Hn uperepÐpedo. H an�klash rH : Hn −→ Hn wc proc to
H eÐnai o periorismìc ston Hn thc an�klashc touMn+1 wc proc ton n-di�stato upìqwro
pou par�getai apì to H ston Mn+1.

Profan¸c k�je an�klash tou Hn eÐnai isometrÐa. Gia k�je A,B ∈ Hn, to sÔnolo
ìlwn twn shmeÐwn pou isapèqoun apì ta A kai B eÐnai uperepÐpedo ston Hn, to upe-
repÐpedo Hn ∩ (A−B)⊥, kai lègetai to mesok�jeto uperepÐpedo twn A kai B. Epiplèon,
to sÔnolo ìlwn twn stajer¸n shmeÐwn thc an�klashc rH tou Hn wc proc to uperepÐpedo
H ⊆ Hn eÐnai akrib¸c to H. An A /∈ H, tìte to H eÐnai to mesok�jeto uperepÐpedo twn
A kai rH(A), kai antÐstrofa, an to H eÐnai to mesok�jeto uperepÐpedo twn A,B ∈ Hn,
tìte rH(A) = B.
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4.4 Oi Q¸roi Montèla Mn
κ

Orismìc 4.4.1 'Estw κ ∈ R kai n ∈ N. Sumbìlizoume me Mn
κ ton ex c metrikì q¸ro:

(a) An κ = 0, tìte Mn
κ := En.

(b) An κ > 0, tìte o Mn
κ eÐnai o q¸roc pou prokÔptei apì th sfaÐra Sn pollaplasi�-

zontac th metrik  thc me 1/
√

κ.

(g) An κ < 0, tìte o Mn
κ eÐnai o q¸roc pou prokÔptei apì ton uperbolikì q¸ro Hn

pollaplasi�zontac th metrik  tou me th stajer� 1/
√−κ.

Oi q¸roi Mn
κ , κ ∈ R, n ∈ N lègontai oi q¸roi-montèla.

H akìloujh prìtash eÐnai �mesh sunepeÐa tou orismoÔ twn q¸rwn-montèla kai twn
apotelesm�twn twn prohgoÔmenwn paragr�fwn.

Prìtash 4.4.1 Gia k�je κ ∈ R, o Mn
κ eÐnai gewdaisiakìc q¸roc. An κ ≤ 0, tìte o Mn

κ

eÐnai monos manta gewadaisiakìc kai ìlec oi mp�lec ston Mn
κ eÐnai kurtèc. An κ > 0, tìte

up�rqei monadik  gewdaisiak  pou syndèei dÔo shmeÐa x, y ∈ Mn
κ ann d(x, y) < π/

√
κ, kai

ìlec oi (kleistèc) mp�lec ston Mn
κ diamètrou ≤ 2π/

√
κ (< 2π/

√
κ, antÐst.) eÐnai kurtèc.

Kat� th melèth twn q¸rwn-montèla, qrei�zetai suqn� na diatup¸noume upojèseic kai
sumper�smata sunart sei thc posìthtac π/

√
κ. 'Etsi uiojetoÔme thn akìloujh orologÐa.

Orismìc 4.4.2 Gia k�je κ ∈ R, sumbolÐzoume me Dκ th di�metro tou Mn
κ . 'Etsi,

Dκ = π/
√

κ an κ > 0 kai Dκ = ∞ an κ ≤ 0.

EÐnai �meso apì ton orismì twn q¸rwn montèla, ìti, wc sÔnola, ta gewdaisiak� tm -
mata tou Mn

κ eÐnai akrib¸c ta gewdaisiak� tm mata tou Hn an κ < 0 kai ta gewdaisiak�
tm mata thc Sn an κ > 0. Sunep¸c, dÐnoume ton akìloujo orismì.

Orismìc 4.4.3 H gwnÐa metaxÔ dÔo gewdaisiak¸n tmhm�twn [C, A] kai [C, B] ston Mn
κ

eÐnai h gwnÐa pou sqhmatÐzoun wc gewdaisiak� tm mata ston Hn, En kai Sn an κ < 0,
κ = 0 kai κ > 0 antÐstoiqa.

Stouc q¸rouc-montèla, o nìmoc twn sunhmitìnwn paÐrnei thn akìloujh morf .

Prìtash 4.4.2 'Estw ∆ gewdaisiakì trÐgwno ston Mn
κ me pleurèc jetikoÔ m kouc

a, b, c kai gwnÐa θ sthn koruf  apènanti apì thn pleur� m kouc c.
An κ < 0, tìte

cosh(c
√−κ) = cosh(a

√−κ) cosh(b
√−κ)− sinh(a

√−κ) sinh(b
√−κ) cos θ,

an κ = 0, tìte
c2 = a2 + b2 − 2ab cos θ,

kai an κ > 0, tìte

cos(c
√

κ) = cos(a
√

κ) cos(b
√

κ)− sin(a
√

κ) sin(b
√

κ) cos θ.

Eidikìtera, gia stajer� a, b kai κ, to m koc c eÐnai gnhsÐwc aÔxousa sun�rthsh thc
gwnÐac θ, kai aux�nei apì |b− a| èwc a + b, kaj¸c h θ aux�nei apì 0 èwc π.
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Apìdeixh EÐnai �meso apì touc orismoÔc kai to nìmo twn sunhmitìnwn stouc Hn, En

kai Sn. ¤

ParathroÔme ìti mporoÔme na per�soume apì ton tÔpo tou nìmou twn sunhmitìnwn
gia κ > 0 ston tÔpo gia −κ antikajist¸ntac thn

√
κ me

√−κ = i
√

κ, afoÔ gia k�je
t ∈ R èqoume cos(it) = cosh t kai sin(it) = i sinh t.

'Opwc ja doÔme sth sunèqeia, h gwnÐa metaxÔ dÔo gewdaisiak¸n tmhm�twn ston Mn
κ

isoÔtai me th gwnÐa Alexandrov pou sqhmatÐzoun. Autì to xèroume  dh gia κ = 0. Apì
touc orismoÔc eÐnai fanerì ìti mènei na to apodeÐxoume gia touc Hn kai Sn.

Prìtash 4.4.3 H uperbolik  (antist. sfairik ) gwnÐa metaxÔ dÔo gewdaisiak¸n tmh-
m�twn [C,A] kai [C, B] ston Hn (antist. sthn Sn) isoÔtai me th gwnÐa Alexandrov pou
sqhmatÐzoun, h opoÐa m�lista up�rqei me thn austhr  ènnoia.

Apìdeixh Ja doÔme tic leptomèreiec thc apìdeixhc mìno sthn uperbolik  perÐptwsh. H
sfairik  perÐptwsh eÐnai ìmoia.

Jètoume b := d(A,C), a := d(B, C) kai θ thn uperbolik  gwnÐa metaxÔ twn [C, A] kai
[C, B] sto C. Gia k�je 0 < t ≤ a, 0 < s ≤ b, jètoume As, Bt ta shmeÐa twn tmhm�twn
[C, A] kai [C, B] pou apèqoun apì to C apìstash s kai t antÐstoiqa. EpÐshc, gia k�je
0 < t ≤ a, 0 < s ≤ b, jètoume cs,t := d(As, Bt) kai θs,t th gwnÐa sÔgkrishc twn As kai
Bt sto C. Dhlad , h θs,t eÐnai h gwnÐa sthn koruf  C se k�poio trÐgwno sÔgkrishc
(C, As, Bt) ston En gia thn tri�da (C, As, Bt). Prèpei na deÐxoume ìti

cos θs,t
s,t→0+

−→ cos θ.

Apì ton eukleÐdio nìmo twn sunhmitìnwn, èqoume ìti gia k�je 0 < t ≤ a, 0 < s ≤ b,

c2
s,t = s2 + t2 − 2st cos θs,t.

O uperbolikìc nìmoc twn sunhmitìnwn susqetÐzei to m koc cs,t me ta s, t kai θ:

cosh cs,t = cosh s cosh t− sinh s sinh t cos θ.

Gia na melet soume th sumperifor� thc

cos θs,t =
s2 + t2 − c2

s,t

2st
,

kaj¸c s, t → 0, qrhsimopoioÔme th bohjhtik  sun�rthsh h : R −→ R me tÔpo

h(x) =
∞∑

i=1

1
(2i)!

xi.

H dunamoseir� aut  sugklÐnei se ìlo to R, kai afoÔ h anapar�stash thc cosh se
dunamoseir� eÐnai h cosh(x) =

∑∞
i=0

1
(2i)!x

2i, h h sundèetai me thn cosh apì ton tÔpo
cosh x− 1 = h(x2). AfoÔ h(0) = 0 kai h′(0) = 1/2, h h amfidiafìrish se mÐa perioq  tou
0. H topik  antÐstrofh thc h dÐnetai apì mÐa dunamoseir� thc morf c

h−1(x) = 2x +
∞∑

i=2

aix
i,
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afoÔ h antÐstrofh miac analutik c sun�rthshc eÐnai analutik  sun�rthsh kai (h−1)′(0) = 2.
Apì ton uperbolikì nìmo twn sunhmitìnwn, mporoÔme na gr�youme thn posìthta
h(c2

s,t) = cosh cs,t − 1, wc

h(c2
s,t) = cosh cs,t − 1 = cosh s cosh t− 1− sinh s sinh t cos θ

= (cosh s− 1) cosh t + cosh t− 1− sinh s sinh t cos θ

= h(s2) cosh t + h(t2)− sinh s sinh t cos θ.

'Etsi h sun�rthsh g : R2 −→ R me tÔpo g(s, t) = h(c2
s,t) eÐnai analutik  sun�rthsh t.w.

(a) g(0, 0) = 0, (b) g(s, 0) = h(s2), (c) g(0, t) = h(t2).

Epiplèon, o suntelest c tou st sthn anapar�stash thc g se dunamoseir� eÐnai − cos θ.
Apì to (a), èpetai ìti h f = h−1 ◦ g, h opoÐa sumpÐptei me c2

s,t gia mikr� kai jetik�
s, t kai orÐzetai se mÐa perÐoqh tou 0, sthn opoÐa èqei anapar�stash se dunamoseir� thc
morf c

f(s, t) =
∞∑

i=1

bi,0s
i +

∞∑

j=1

b0,jt
j − st

∞∑

i,j=1

bi,js
i−1tj−1.

Apì ta (b) kai (g) èpetai ìti
∞∑

i=1

bi,0s
i = s2 kai

∞∑

j=1

b0,jt
j = t2.

'Epetai ìti gia mikr� s, t > 0 èqoume ìti
∞∑

i,j=1

bi,js
i−1tj−1 =

s2 + t2 − c2
s,t

st
= 2 cos θs,t.

Sundu�zontac t¸ra thn anapar�stash thc h−1 se dunamoseir� me to gegonìc ìti o sun-
telest c tou st sthn anapar�stash thc g se dunamoseir� eÐnai − cos θ, sun�goume ìti
b1,1 = 2 cos θ, kai �ra

cos θs,t = cos θ +
1
2

∞∑

i>1   j>1

bi,js
i−1tj−1,

apì ìpou èpetai ìti cos θs,t −→ cos θ. ¤

Sthn par�grafo 1.4, orÐsame thn ènnoia tou trig¸nou sÔgkrishc gia na sugkrÐnoume
th gewmetrÐa twn metrik¸n q¸rwn me aut  tou epÐpedou E2. Kat� th melèth thc kam-
pulìthtac twn metrik¸n q¸rwn sto kef�laio 5, ja qreiasteÐ na sugkrÐnoume th gewmetrÐa
twn metrik¸n q¸rwn ìqi mìno me to eukleÐdio epÐpedo, all� kai me touc Mn

κ , gia κ 6= 0.
Gia na to k�noume autì prèpei na mporoÔme na kataskeu�zoume trÐgwno sÔgkrishc stouc
Mn

κ gia dedomènh tri�da shmeÐwn se èna metrikì q¸ro. Sthn perÐptwsh κ > 0 prokÔptoun
k�poiec duskolÐec. Katarq�c, upenjumÐzoume ìti èna trÐgwno sÔgkrishc ston E2 gia mÐa
tri�da (p, x, y) shmeÐwn enìc metrikoÔ q¸rou X, orÐsthke wc mÐa tri�da (p̄, x̄, ȳ) shmeÐwn
tou E2 t.w.

d(p̄, x̄) = d(p, x), d(p̄, ȳ) = d(p, y), d(x̄, ȳ) = d(x, y).
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'Epeita, afoÔ o E2 eÐnai monos manta gewdaisiakìc, h tri�da aut  kajìrize (monadikì
modulo isometrÐa) trÐgwno, kai ètsi mporèsame na orÐsoume thn ènnoia thc gwnÐac sÔg-
krishc. 'Omwc, ìtan κ > 0, o Mn

κ den eÐnai monos manta gewdaisiakìc, kai ètsi o orismìc
twn trig¸nwn sÔgkrishc stouc Mn

κ prèpei na tropopoihjeÐ.

Orismìc 4.4.4 'Estw X metrikìc q¸roc. 'Ena gewdaisiakì trÐgwno ston X apoteleÐ-
tai apì trÐa shmeÐa p, x, y ∈ X, tic korufèc tou kai mÐa epilog  tri¸n gewdaisiak¸n, px,
py kai xy, pou ta en¸noun, tic pleurèc tou. 'Ena tètoio gewdaisiakì trÐgwno sumbolÐzetai
me ∆(px, py, xy) kai h ènwsh twn pleur¸n tou sumbolÐzetai me Im∆.

An o X eÐnai monos manta gewdaisiakìc, ja gr�foume ∆(p, x, y) gia na sumbolÐsoume
to monadikì trÐgwno me korufèc p, x, y ∈ X.

Orismìc 4.4.5 'Estw κ ∈ R. 'Estw (X, d) metrikìc q¸roc kai èstw (p, x, y) mÐa tri�da
shmeÐwn ston X. K�je gewdaisiakì trÐgwno ∆(p̄x̄, p̄ȳ, x̄ȳ) ston Mn

κ t.w.

d(p̄, x̄) = d(p, x), d(p̄, ȳ) = d(p, y), d(x̄, ȳ) = d(x, y), (4.1)

lègetai trÐgwno sÔgkrishc gia thn tri�da (p, x, y) ston Mn
κ .

ParathroÔme ìti afoÔ gia κ > 0, o Mn
κ èqei di�metro = Dκ < ∞, èpetai apì thn

trigwnik  anisìthta ìti an mÐa tri�da p, x, y shmeÐwn tou metrikoÔ q¸rou X èqei perÐmetro
d(p, x) + d(p, y) + d(x, y) > 2Dκ, tìte den mporeÐ na up�rqei trÐgwno sÔgkrishc gia thn
(p, x, y) ston Mn

κ .

Orismìc 4.4.6 'Estw (p, x, y) mÐa tri�da shmeÐwn tou metrikoÔ q¸rou X. O arijmìc

|pxy| := d(p, x) + d(p, y) + d(x, y),

lègetai h perÐmetroc thc tri�dac (p, x, y).

Ac exet�soume t¸ra thn perÐptwsh ìpou h perÐmetroc thc tri�dac (p, x, y) eÐnai = 2Dκ.
Sthn perÐptwsh ìpou κ ≤ 0, autì sunep�getai ìti den up�rqei trÐgwno sÔgkrishc ston
Mn

κ . 'Etsi ki alli¸c, sthn perÐptwsh pou o X eÐnai q¸roc m kouc, autì shmaÐnei ìti
toul�qiston dÔo apì ta shmeÐa thc tri�dac (p, x, y) an koun se diaforetikèc kat� tìxa
sunektikèc sunist¸sec tou X, kai den èqei nìhma na sugkrÐnoume tri�dec shmeÐwn pou
den an koun ìla sthn Ðdia kat� tìxa sunektik  sunist¸sa tou X. Sthn perÐptwsh ìpou
κ > 0 kai |pxy| = 2Dκ, up�rqoun dÔo diaforetikèc peript¸seic:

(i) DÔo apì ta shmeÐa thc tri�dac, ac poÔme ta x, y, èqoun apìstash Dκ, kai sunep¸c
d(p, x) + d(p, y) = Dκ. S� aut  thn perÐptwsh up�rqoun �peira trÐgwna sÔgkrishc.
Pr�gmati, mporoÔme na jèsoume dÔo opoiad pote antidiametrik� shmeÐa ston Mn

κ wc
x̄, ȳ, na ta sundèsoume me k�poio gewdaisiakì tm ma x̄ȳ, kai na topojet soume to p̄

se opoiod pote gewdaisiakì tm ma pou sundèei ta x̄, ȳ, ètsi ¸ste d(p, x) = d(p̄, x̄)
kai d(p, y) = d(p̄, ȳ).

(ii) d(p, x) ∨ d(p, y) ∨ d(x, y) < Dκ. S� aut  thn perÐptwsh, up�rqei monadikì (modulo
isometrÐa) trÐgwno sÔgkrishc gia thn tri�da (p, x, y); ènac mègistoc kÔkloc me trÐa
kat�llhla epilegmèna shmeÐa tou, wc korufèc.
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Lìgw twn parap�nw, ja jewroÔme trÐgwna sÔgkrishc mìno gia tri�dec me perÐmetro <

2Dκ. 'Opwc ja doÔme, s� aut  thn perÐptwsh up�rqei p�ntote monadikì trÐgwno sÔgkrishc
(modulo isometrÐa p�nta), to opoÐo m�lista kajorÐzetai monos manta apì tic korufèc tou.

Prìtash 4.4.4 'Estw κ ∈ R kai èstw X metrikìc q¸roc. Gia k�je tri�da (p, x, y)
shmeÐwn tou X me perÐmetro < 2Dκ, up�rqei monadikì (modulo isometrÐa) trÐgwno
sÔgkrishc ston Mn

κ gia thn (p, x, y).

Apìdeixh Jètoume a = d(p, x), b = d(p, y) kai c = d(x, y). QwrÐc bl�bh thc genikìthtac
mporoÔme na upojèsoume ìti a ≤ b ≤ c. Katarq�c parathroÔme ìti c < Dκ. Pr�gmati,
an k ≤ 0 den èqoume tÐpota na deÐxoume, en¸ an k > 0 kai c ≥ Dκ, tìte apì thn trigwink 
anisìthta, èqoume ìti

a + b + c ≥ c + c ≥ 2Dκ,

to opoÐo antif�skei me to ìti h tri�da (p, x, y) èqei perÐmetro < 2Dκ. 'Epetai ìti an
up�rqei k�poia tri�da (p̄, x̄, ȳ) shmeÐwn tou Mn

κ h opoÐa ikanopoieÐ thn (4.1), tìte k�je
zeÔgoc shmeÐwn thc tri�dac (p̄, x̄, ȳ) sundèetai apì monadikì gewdaisiakì tm ma. MÐa
tètoia tri�da kataskeu�zetai mèsw tou nìmou twn sunhmitìnwn, ìpwc akrib¸c kai sthn
perÐptwsh trig¸nwn sÔgkrishc sto E2. H monadikìthta (modulo isometrÐa) aut c thc
tri�dac èpetai apì thn akìloujh prìtash sqetik� me th metabatikìthta thc dr�shc twn
isometri¸n tou Mn

κ . ¤

Prìtash 4.4.5 'Estw m ∈ N kai èstw 2m shmeÐa x1, . . . , xm, y1, . . . , ym ston Mn
κ

t.w.
d(xi, xj) = d(yi, yj),

gia k�je i, j = 1, . . . , m. Up�rqei tìte isometrÐa f : Mn
κ −→ Mn

κ t.w. f(xi) = yi gia
k�je i = 1, . . . ,m. Epiplèon, h isometrÐa f prokÔptei wc sÔnjesh to polÔ m anakl�sewn
wc proc uperepÐpeda.

Apìdeixh Ja apodeÐxoume ton isqurismì me epagwg  sto m. Gia m = 1, h an�klash
wc proc to mesok�jeto uperepÐpedo twn x1, y1 eÐnai h zhtoÔmenh isometrÐa. Upojètoume
ìti o isqurismìc isqÔei gia ton m − 1 ∈ N, kai ja deÐxoume ìti isqÔei kia gia ton m.
Apì thn epagwgik  upìjesh, up�rqei isometrÐa f : Mn

κ −→ Mn
κ , sÔnjesh to polÔ m− 1

anakl�sewn mèsw uperepipèdwn, t.w. f(xi) = yi gia k�je i = 1, . . . , m− 1. An f(xm) =
ym den èqoume tÐpota na deÐxoume. Upojètoume loipìn ìti f(xm) 6= ym. 'Estw H to
mesok�jeto uperepÐpedo twn xm kai ym. ParathroÔme ìti yi = f(xi) ∈ H gia k�je
i = 1, . . . , m− 1, afoÔ

d(f(xm), yi) = d(f(xm), f(xi)) = d(xm, xi) = d(ym, yi).

Sunep¸c h rH◦f eÐnai h zhtoÔmenh isometrÐa. ¤

Eidikìtera, h dr�sh thc om�dac twn isometri¸n tou Mn
κ ston Mn

κ mèsw thc apeikìnishc
ektÐmhshc eÐnai metabatik . 'Eqontac t¸ra sta qèria mac thn prìtash 4.4.4, mporoÔme na
d¸soume ton akìloujo orismì.
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Orismìc 4.4.7 'Estw (X, d) metrikìc q¸roc kai èstw κ ∈ R. 'Estw (p, x, y) mÐa tri�da
shmeÐwn tou X me perÐmetro < 2Dκ. H gwnÐa κ-sÔgkrishc twn x kai y sto p eÐnai h gwnÐa
sto p̄ se k�poio trÐgwno sÔgkrishc ∆(p̄, x̄, ȳ) gia thn (p, x, y) ston Mn

κ , kai sumbolÐzetai
me ∠(κ)

p (x, y). Eidikìtera, ∠(0)
p (x, y) = ∠p(x, y).

SÔmfwna me thn akìloujh prìtash, o orismìc thc gwnÐac Alexandrov den all�zei an
qrhsimopoi soume gwnÐec κ-sÔgkrishc κ 6= 0, antÐ eukleÐdiwn gwni¸n sÔgkrishc.

Prìtash 4.4.6 'Estw (X, d) metrikìc q¸roc kai γ : [0, a] −→ X, γ′ : [0, a′] −→ X

dÔo monadiaÐec gewdaisiakèc me arq  to p ∈ X. Tìte, gia k�je κ ∈ R, èqoume ìti

∠(γ, γ′) = lim
ε→0

sup
0<t,t′<ε

∠(κ)
p (γt, γ

′
t′). (4.2)

Apìdeixh Katarq�c parathroÔme ìti to lim sup sth dexi� pleur� thc (4.2) èqei nìhma,
afoÔ up�rqei ε > 0 t.w. |pγtγ

′
t′ | < 2Dκ, gia k�je 0 < t, t′ < ε. Fusik�, an κ = 0, den

èqoume tÐpota na deÐxoume. Ja doÔme thn apìdeixh thc uperbolik c perÐptwshc κ < 0. H
perÐptwsh κ > 0 eÐnai ìmoia. Gia na deÐxoume thn (4.2), arkeÐ na deÐxoume ìti

∠(0)
p (γt, γ

′
t′)− ∠(κ)

p (γt, γ
′
t′)

t,t′→0−→ 0,

  isodÔnama, (afoÔ oi cos kai arccos eÐnai omoiìmorfa suneqeÐc sta [0, π] kai [−1, 1]
antÐstoiqa) ìti

∆(t, t′) := cos ∠(0)
p (γt, γ

′
t′)− cos∠(κ)

p (γt, γ
′
t′)

t,t′→0−→ 0.

'Etsi, jètontac ct,t′ := d(γt, γ
′
t′) gia k�je (t, t′) ∈ [0, a]× [0, a′] kai β :=

√−κ, autì pou
èqoume na deÐxoume eÐnai ìti

t2 + t′2 − c2
t,t′

2tt′
− cosh(βt) cosh(βt′)− cosh(βct,t′)

sinh(βt) sinh(βt′)
t,t′→0−→ 0.

Gia na upologÐsoume autì to ìrio ja qrhsimopoi soume tic anaparast�seic twn cosh kai
sinh se dunamoseirèc. O paranomast c mporeÐ na grafeÐ wc

sinh(βt) sinh(βt′) =

( ∞∑

i=0

(βt)2i+1

(2i + 1)!

)( ∞∑

i=0

(βt′)2i+1

(2i + 1)!

)

= β2tt′ · F (t) · F (t′),

ìpou F (t) := 1 +
∑∞

i=1
(βt)2i

(2i+1)! . Fusik�, F (t)F (t′)
t,t′→0−→ 1. EpÐshc, an jèsoume G(t) :=∑∞

i=2 (βt)2i/(2i)!, t ∈ R, tìte o arijmht c At,t′ := cosh(βt) cosh(βt′) − cosh(βct,t′),
mporeÐ na grafeÐ wc

At,t′ =
(

1 +
β2t2

2
+ G(t)

)(
1 +

β2t′2

2
+ G(t′)

)
−

(
1 +

β2c2
t,t′

2
+ G(ct,t′)

)

=
β2(t2 + t′2 − c2

t,t′)
2

+
β4(tt′)2

4
+

β2(t2G(t′) + t′2G(t))
2

+ G(t)G(t′)

+G(t) + G(t′)−G(ct,t′).
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'Epeita, jètoume

o(t, t′) :=
β4(tt′)2

4
+

β2(t2G(t′) + t′2G(t))
2

+ G(t)G(t′).

Profan¸c o(t,t′)
tt′

t,t′→0−→ 0. Tèloc, jètoume ut,t′ :=
t2+t′2−c2

t,t′
2tt′ . AfoÔ F (t)F (t′) −→ 1, gia

na deÐxoume ìti ∆(t, t′) −→ 0, arkeÐ na deÐxoume ìti

H(t, t′) := F (t)F (t′)∆(t, t′)
t,t′→0−→ 0.

SÔmfwna me touc sumbolismoÔc mac, èqoume ìti

H(t, t′) =
(
F (t)F (t′)− 1

)
ut,t′ +

o(t, t′)
β2tt′

+
G(t) + G(t′)−G(ct,t′)

β2tt′
.

H posìthta ut,t′ eÐnai fragmènh wc sunhmÐtono gwnÐac, kai sunep¸c oi dÔo pr¸toi ìroi
tou parap�nw ajroÐsmatoc sugklÐnoun sto mhdèn kaj¸c t, t′ −→ 0. Apomènei, loipìn, na
deÐxoume ìti

1
tt′

(
G(t) + G(t′)−G(ct,t′)

) t,t′→0−→ 0.

Apì thn trigwnik  anisìthta, èqoume ìti |t− t′| ≤ ct,t′ ≤ t + t′ gia k�je (t, t′) ∈ [0, a]×
[0, a′]. 'Etsi apì th mÐa,

G(t) + G(t′)−G(ct,t′) = G(t) + G(t′)−
∞∑

i=2

(βct,t′)2i

(2i)!

≤ G(t) + G(t′)−
∞∑

i=2

β2i

(2i)!
(t− t′)2i

= G(t) + G(t′)−
∞∑

i=2

β2i

(2i)!

2i∑

j=0

( 2i

j

)
tj(−t′)2i−j

= −
∞∑

i=2

β2i

(2i)!

2i−1∑

j=1

( 2i

j

)
tj(−t′)2i−j

= −(tt′)
∞∑

i=2

β2i

(2i)!

2i−1∑

j=1

( 2i

j

)
tj−1(−t′)2i−j−1,

kai apì thn �llh, omoÐwc èqoume ìti

G(ct,t′)−G(t)−G(t′) ≤ tt′
∞∑

i=2

β2i

(2i)!

2i−1∑

j=1

( 2i

j

)
tj−1(t′)2i−j−1,

to opoÐo apodeiknÔei to zhtoÔmeno. ¤

Sto upìloipo aut c thc paragr�fou, ja doÔme trÐa l mmata pou ja mac fanoÔn qr -
sima sth melèth thc kampulìthtac twn metrik¸n q¸rwn. Gia thn kalÔterh katanìhsh
tou pr¸tou l mmatoc, tou legìmenou l mmatoc tou Alexandrov, kalì ja eÐnai na èqoume
sto mualì mac thn akìloujh eikìna. 'Estw ∆(A,B, C), ∆(A, B′, C) dÔo (arket� mikr�)
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gewdaisiak� trÐgwna ston Mn
κ , me thn pleur� AC koin , t.w ta B,B′ na an koun se dia-

foretikèc pleurèc thc eujeÐac pou orÐzoun ta A,B kai t.w. to �jroisma twn eswterik¸n
gwni¸n sthn koruf  C na eÐnai toul�qiston π. Sb noume thn koin  pleur� kai fan-
tazìmaste tic upìloipec pleurèc wc stèreec r�bdouc pou en¸nontai me mentesèdec stic
korufèc touc. Autì pou mac lèei to l mma tou Alexandrov eÐnai ìti an isi¸soume thn
kataskeu  aut  ètsi ¸ste to �jroisma twn eswterik¸n gwni¸n sthn koruf  C na meiwjeÐ
se π, tìte oi eswterikèc gwnÐec se ìlec tic korufèc, ektìc apì th C, aux�noun.

Gia thn akrib  diatÔpwsh tou l mmatoc tou Alexandrov, qreiazìmaste thn akìloujh
orologÐa. 'Opwc xèroume, gia k�je x, y ∈ M2

κ , κ ∈ R, up�rqei monadik  (modulo ana-
paramètrhsh) topik  gewdaisiak  eujeÐa pou dièrqetai apì ta x, y. H eÐkìna aut c thc
eujeÐac qwrÐzei ton M2

κ se dÔo sunektikèc sunist¸sec. Ja lème ìti dÔo shmeÐa z, w ∈ M2
κ

an koun se diaforetikèc pleurèc aut c thc eujeÐac an an koun se diaforetikèc sunektikèc
sunist¸sec tou sumplhr¸matoc thc. EÐmaste t¸ra ètoimoi na diatup¸soume to l mma tou
Alexandrov.

L mma 4.4.1 (To l mma tou Alexandrov) 'Estw A,B, B′, C ∈ M2
κ tèssera diakekrimè-

na shmeÐa t.w. d(A,B)+d(B,C)+d(C, B′)+d(B′, A) < 2Dκ kai t.w. ta B,B′ na an koun
se diaforetikèc pleurèc thc eujeÐac pou orÐzoun ta A kai C.

JewroÔme ta gewdaisiak� trÐgwna ∆ := ∆(A, B,C), ∆′ := ∆(A,B′, C) kai jètoume
α, β, γ (α′, β′, γ′ antist.) tic gwnÐec stic korufèc A,B,C (A,B′, C antist.). Upojètoume
ìti γ + γ′ ≥ π. Tìte

(a) d(B, C) + d(B′, C) ≤ d(B, A) + d(B′, A).

Eidikìtera d(B,C) + d(B′, C) < Dκ.
'Estw ∆̄ to gewdaisiakì trÐgwno ston M2

κ me korufèc Ā, B̄, B̄′ t.w. d(Ā, B̄) =
d(A, B), d(Ā, B̄′) = d(A,B′) kai d(B̄, B̄′) = d(B, C) + d(C,B′) < Dκ. 'Estw C̄ to
monadikì shmeÐo tou [B̄, B̄′] gia to opoÐo d(B̄, C̄) = d(B, C). 'Estw, tèloc, ᾱ, β̄, β̄′ oi
gwnÐec tou ∆̄ stic korufèc Ā, B̄, B̄′ antÐstoiqa. Tìte,

(b) ᾱ ≥ α + α′, β̄ ≥ β, β̄′ ≥ β′ kai d(A,C) ≤ d(Ā, C̄).

Epiplèon, an k�poia apì tic parap�nw anisìthtec eÐnai isìthta, tìte ìlec oi anisìthtec
eÐnai isìthtec, kai autì isqÔei ann γ + γ′ = π

Apìdeixh (a) 'Estw σ : R −→ M2
κ h monadik  (topik , an κ > 0) gewdaisiak  me

σ(0) = B kai σ(d(B, C)) = C. Jètoume B̃′ := σ
(
d(B, C) + d(C,B′)

)
. AfoÔ

[
d(B, C) + d(C,B′)

]− d(B,C) = d(C,B′) < Dκ,

èpetai ìti d(B̃′, C) = d(B′, C). ParathroÔme ìti an θ := ∠([C, A], [C, B̃′]) tìte γ + θ =
π ≤ γ + γ′, kai �ra θ ≤ γ′. 'Etsi apì to nìmo twn sunhmitìnwn, d(A, B̃′) ≤ d(A,B′). An
t¸ra κ ≤ 0, èqoume ìti

d(B,A) + d(B′, A) ≥ d(B, A) + d(A, B̃′) ≥ d(B, B̃′)
(∗)
= d(B, C) + d(B̃′, C) = d(B, C) + d(B′, C).
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To prìblhma sthn perÐptwsh ìpou κ > 0 eÐnai ìti gia na gr�youme thn isìthta (∗), prèpei
pr¸ta na deÐxoume ìti d(B,C) + d(B̃′, C) ≤ Dκ. Upojètoume ìti autì den isqÔei gia na
katal xoume se antÐfash. Pr�gmati, an d(B, C) + d(B̃′, C) > Dκ, tìte

2Dκ > d(A,B) + d(B, C) + d(C, B′) + d(B′, A)

≥ d(B, C) + d(C, B̃′) + d(B̃′, B) = 2Dκ,

pou eÐnai �topo. Autì apodeiknÔei to (a).
(b) Apì thn apìdeixh tou (a), gnwrÐzoume ìti d(A, B′) ≥ d(A, B̃′) kai �ra d(Ā, B̄′) ≥
d(A, B̃′). EpÐshc apì thn trigwnik  anisìthta èpetai ìti d(B̄, B̄′) ≥ d(B, B′). Profan¸c,
h teleutaÐa aut  anisìthta isqÔei wc isìthta ann C ∈ [B, B′], to opoÐo me th seir�
tou isqÔei ann γ + γ′ = π. Pr�gmati, an C ∈ [B,B′] kai uC,A, uC,B , uC,B′ ∈ C⊥ eÐnai
ta monadiaÐa arqik� dianÔsmata twn tmhm�twn [C, A], [C,B] kai [C, B′] antÐstoiqa, tìte
uC,B = −uC,B′ kai �ra

cos γ = 〈uC,A, uC,B〉 = −〈uC,A, uC,B〉 = − cos γ′ = cos(π − γ′),

apì ìpou èpetai ìti γ + γ′ = π. AntÐstrofa, an γ + γ′ = π, tìte afoÔ ta B, B′ an koun
se diaforetikèc pleurèc thc eujeÐac pou orÐzoun ta A,C, èpetai ìti

∠([C, B], [C, B′]) = π,

kai �ra C ∈ [B, B′]. Koit¸ntac xan� thn apìdeixh thc anisìthtac d(A, B′) ≥ d(A, B̃′)
blèpoume ìti kai h anisìthta d(Ā, B̄′) ≥ d(A, B̃′) isqÔei wc isìthta ann γ + γ′ = π.

Efarmìzontac t¸ra to nìmo twn sunhmitìnwn sta trÐgwna ∆(Ā, B̄, B̄′) kai ∆(A,B, B̃′),
kai qrhsimopoi¸ntac thn anisìthta d(Ā, B̄′) ≥ d(A, B̃′), blèpoume ìti β ≤ β̄. Enall�son-
tac touc rìlouc twn B kai B′ èpetai ìti β′ ≤ β̄′. Profan¸c kai oi dÔo autèc anisìthtec
isqÔoun wc isìthtec ann γ+γ′ = π. Efarmìzontac to nìmo twn sunhmitìnwn sta trÐgwna
∆(Ā, B̄, C̄) kai ∆(A, B,C), h anisìthta β ≤ β̄ mac dÐnei ìti d(Ā, C̄) ≥ d(A,C). P�li aut 
h anisìthta isqÔei wc isìthta ann γ + γ′ = π. 'Epeita, efarmìzontac mÐa akìmh for� to
nìmo twn sunhmitìnwn, sta trÐgwna ∆(Ā, B̄, B̄′) kai ∆(A,B,B′) aut  th for�, kai qrhsi-
mopoi¸ntac thn anisìthta d(B̄, B̄′) ≥ d(B, B′), èpetai ìti ᾱ ≥ ∠

(
[C,B], [C, B′]

)
= α+α′.

Tèloc, gia mia akìmh for�, h anisìthta aut  isqÔei wc isìthta ann γ + γ′ = π kai �ra to
l mma tou Alexandrov èqei apodeiqjeÐ. ¤

L mma 4.4.2 'Estw (X, d) gn sioc metrikìc q¸roc kai x, y ∈ X. An up�rqei monadikì
gewdaisiakì tm ma [x, y] pou sundèei ta x, y, tìte gia k�je ε > 0 up�rqei δ > 0 t.w. gia
k�je z ∈ X,

d(x, z) + d(z, y) < d(x, y) + δ =⇒ d(z, [x, y]) < ε.

Apìdeixh Jètoume Sε := {p ∈ X | d(p, [x, y]) = ε}. AfoÔ o X eÐnai gewdaisiakìc
q¸roc, to Sε eÐnai kenì ann k�je z ∈ X apèqei ligìtero apì ε apì to [x, y]. 'Etsi an to
Sε eÐnai kenì, to zhtoÔmeno profan¸c isqÔei. Upojètoume loipìn ìti eÐnai mh kenì. To
Sε eÐnai profan¸c kleistì kai fragmèno kai ètsi afoÔ o X eÐnai gn sioc, eÐnai sumpagèc.
H sun�rthsh f : Sε −→ [0,∞) me tÔpo

f(z) = d(x, z) + d(z, y)− d(x, y),

eÐnai austhr� jetik  apì th monadikìthta tou [x, y], kai apì th sump�geia tou Sε èpetai
ìti paÐrnei el�qisth tim  δ > 0.
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An d(z, [x, y]) ≥ ε gia k�poio z ∈ X, up�rqei w ∈ Sε t.w. d(x, z) = d(x, w) + d(w, z),
kai �ra

d(x, z) + d(z, y) = d(x,w) + d(w, z) + d(z, y)

≥ d(x,w) + d(w, y)

= d(x, y) + f(w) ≥ d(x, y) + δ.

Sunep¸c o zhtoÔmenoc δ eÐnai o δ := minx∈Sε
f(x) > 0. ¤

L mma 4.4.3 Gia k�je κ ∈ R, ` < Dκ kai ε > 0, up�rqei δ = δ(κ, `, ε) > 0 t.w. gia
k�je x, y ∈ Mn

κ me d(x, y) ≤ `, k�je δ-mèso twn x, y eÐnai ε-kont� sto mèso twn x, y.

Apìdeixh Apì thn prìtash 4.4.5, xèroume ìti h om�da twn isometri¸n tou Mn
κ dra

metabatik� se zeÔgh shmeÐwn tou X stajer c apìstashc. 'Etsi mporoÔme na upojèsoume
ìti to [x, y] eÐnai arqikì tm ma k�poiou gewdaisiakoÔ tm matoc [x, y0] m kouc `. Apì to
prohgoÔmeno l mma, up�rqei δ0 > 0 t.w.

d(x, z) + d(z, y0) < d(x, y0) + δ0 =⇒ d(z, [x, y0]) <
ε

3
.

Ja deÐxoume ìti an δ < ε
3 ∧ δo

2 , tìte k�je δ-mèso twn x, y apèqei ligìtero apì ε apì to
mèso m twn x, y. 'Estw, loipìn, z ∈ Mn

κ èna δ-mèso twn x, y. Tìte,

d(x, z) + d(z, y0) ≤ d(x, z) + d(z, y) + d(y, y0)

≤ d(x, y) + 2δ + d(y, y0) < d(x, y0) + δ0,

kai �ra d(z, [x, y0]) < ε
3 . Apì th sump�geia tou [x, y0], up�rqei z0 ∈ [x, y0] t.w. d(z, z0) =

d(z, [x, y0]). Tìte,

d(x, z0) ≤ d(x, z) + d(z, z0) <
ε

3
+ δ +

1
2
d(x, y),

kai, omoÐwc, d(z0, y) < ε/3 + δ + (1/2)d(x, y). 'Omwc to z0 an kei sto [x, y] kai ètsi
m ∈ [x, z0]∪ [z0, y]. Sunep¸c eÐte d(x, z0) = d(x,m) + d(m, z0) eÐte d(z0, y) = d(z0,m) +
d(m, y). Se k�je perÐptwsh, d(z0,m) < ε/3 + δ < 2ε/3, kai �ra

d(z, m) ≤ d(z, z0) + d(z0,m) <
ε

3
+

2ε

3
= ε. ¤

4.5 Oi Mn
κ wc Pollaplìthtec Riemann

Wc t¸ra èqoume melet sei touc q¸rouc-montèla Mn
κ wc metrikoÔc q¸rouc. S� aut  thn

par�grafo ja melet soume th rhm�nneia dom  touc kai ja apodeÐxoume ìti oi epagìmenoi
metrikoÐ q¸roi eÐnai autoÐ pou orÐsame stic prohgoÔmenec paragr�fouc. 'Epeita ja doÔme
pwc ekfr�zetai h metrik  Riemann twn q¸rwn-montèla se polikèc suntetagmènec. Ja
qrhsimopoi soume thn èkfrash aut  sto kef�laio 5 gia na apodeÐxoume ìti h metrik  toÔ
Mn

κ eÐnai kurt  an κ < 0, kai koÐlh an κ > 0.
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'Estw κ ∈ R. An κ = 0 jètoume Mn
κ := En. Gia k�je κ > 0, jètoume Mn

κ thn
n-di�stath sfaÐra aktÐnac 1/

√
κ ston En+1, dhlad 

Mn
κ =

{
x ∈ En+1 | 〈x, x〉 =

1
κ

}
.

Gia k�je κ < 0 jètoume Mn
κ th n-di�stath sfaÐra fantastik c aktÐnac i · 1/

√−κ sto
q¸ro Mn+1 tou Minkowski. Dhlad 

Mn
κ :=

{
x ∈Mn+1 | (x |x) =

1
κ

, xn+1 > 0
}

.

Epiplèon, gia k�je κ ≥ 0 jètoume iκ thn ènjesh Mn
κ ↪→ En+1, kai gia κ < 0 jètoume iκ

thn ènjesh Mn
κ ↪→Mn+1.

Ja sumbolÐzoume me g th rhm�nneia metrik  tou En+1, dhlad  g =
∑n+1

i=1 (dxi)2 kai
thn yeÔdo-rhm�nneia metrik  tou Mn+1 me h := −(dxn+1)2 +

∑n
i=1(dxi)2. Oi q¸roi-

montèla orÐzontai wc pollaplìthtec Riemann wc ex c: Gia κ > 0, jètoume (Mn
κ , gκ) :=

(Mn
κ , i∗κ(g)), gia κ = 0 jètoume (Mn

κ , gκ) = (En, g) kai gia κ < 0 jètoume (Mn
κ , gκ) :=

(Mn
κ , i∗κ(h)). AfoÔ gia κ < 0 to sÔnolo Mn

κ perièqetai sto sÔnolo ìlwn twn qwrik¸n
shmeÐwn toÔMn+1, o periorismìc gκ = i∗κ(h) thc yeÔdo-rhm�nneiac metrik c tou Minkow-
ski ston Mn

κ eÐnai metrik  Riemann.
Oi Mn

κ èqoun ìpwc xèroume stajer  kampulìthta tom c κ. Epeid  oi Mn
κ eÐnai apl�

sunektikoÐ q¸roi, èpetai apì to je¸rhma Cartan-Hadamard thc gewmetrÐac Riemann,
ìti h (Mn

κ , gκ) eÐnai h monadik  pl rhc kai apl� sunektik  n-pollaplìthta Riemann
stajer c kampulìthtac tom c κ ∈ R. Ja apodeÐxoume, t¸ra, ìti oi metrikoÐ q¸roi pou
ep�gontai apì tic pollaplìthtec Riemann Mn

κ eÐnai oi metrikoÐ q¸roi pou orÐsame sthn
prohgoÔmenh par�grafo. Gia thn apìdeixh aut  ja sumbolÐzoume touc metrikoÔc q¸rouc
Mn

κ wc (Mn
κ , dκ).

Prìtash 4.5.1 Oi metrikoÐ q¸roi (Mn
κ , dκ) eÐnai oi metrikoÐ q¸roi pou ep�gontai apì

tic pollaplìthtec Riemann (Mn
κ , gκ), κ ∈ R.

Apìdeixh ParathroÔme katarq�c ìti gia k�je κ > 0, h apeikìnish Sn 3 x 7→ 1√
κ
· x ∈

Mn
κ eÐnai isometrÐa metaxÔ twn pollaplot twn Riemann (Sn, 1

κ · g1) kai (Mn
κ , gκ), kai

ìti gia k�je κ < 0, h apeikìnish Hn 3 x 7→ 1√−κ
· x ∈ Mn

κ eÐnai isometrÐa metaxÔ twn
pollaplot twn Riemann (Hn, 1

−κ · g1) kai (Mn
κ , gκ). AfoÔ ìtan pollaplasi�zoume mÐa

metrik  Riemann g me α > 0, h epagìmenh sun�rthsh apìstashc pollaplasi�zetai me√
α, dhlad  dαg =

√
αdg, arkeÐ na exet�soume mìno tic peript¸seic κ = 1 kai κ = −1.

Ja exet�soume mìno thn perÐptwsh κ = 1. H �llh eÐnai aploÔsterh.
'Estw p, q ∈ Sn ⊆ En+1. Katarq�c, d1(p, q) = π ann q = −p, to opoÐo ìpwc eÐnai

gnwstì apì th gewmetrÐa Riemann, isqÔei ann dg1(p, q) = π. Upojètoume loipìn ìti
r := d1(p, q) < π. Tìte, epÐshc r′ := dg1(p, q) < π. 'Estw γ : [0, r] −→ Sn h monadik 
monadiaÐa d1-gewdaisiak  apì to p sto q. DÐnetai, ìpwc xèroume, apì ton tÔpo γ(t) =
(cos t)p+(sin t)u, ìpou u eÐnai to monadiaÐo di�nusma sthn kateÔjunsh tou q−〈q, p〉· p. H
γ eÐnai profan¸c kai g1-gewdaisiak  (wc prìc th sunoq  Levi-Civita) me arqikèc sunj kec
(γ(0), γ̇(0)) = (p, up), ìpou up = (p, u) ∈ {p} × p⊥ ∼= TpS

n. Apì th gewmetrÐa Riemann
eÐnai gnwstì ìti h ekjetik  apeikìnish expp : D(0p, π) −→ Sn \{−p} eÐnai amfidiafìrish.
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H γ xekin� apì to p kai perièqetai sth gewdaisiak  mp�la expp D(0p, π) = Sn \ {p}, h
opoÐa eÐnai h mègisth kanonik  perioq  tou p. Sunep¸c h γ eÐnai el�qisth gewdaisiak 
thc g1, kai �ra

r′ = LR(γ) = r‖γ̇(0)‖ = r. ¤

Ja doÔme t¸ra thn perigraf  thc rhm�nneiac metrik c tou Mn
κ se polikèc suntetag-

mènec pou prokÔptei trab¸ntac thn ston TpM
n
κ mèsw thc ekjetik c epikìnishc exp. 'Opwc

eÐnai gnwstì apì th gewmetrÐa Riemann, gia k�je p ∈ Mn
κ , h apeikìnish

expp : D(0p, Dκ) −→ D(p,Dκ) ⊆ Mn
κ

eÐnai amfidiafìrish. An κ ≤ 0, tìte D(p,Dκ) = Mn
κ , en¸ an κ > 0 tìte D(p,Dκ) =

Mn
κ \ {p}. An trab xoume thn gκ|D(p,Dκ) sto D(0p, Dκ) mèsw thc exp, paÐrnoume sthn

D(0p, Dκ) th metrik  Riemann hκ := exp∗p gκ gia thn opoÐa èqoume ìti (D(0p, Dκ), hκ) ∼=
(D(p,Dκ), gκ). K�je x ∈ D′(0p, Dκ) := D(0p, Dκ) \ {0p} gr�fetai monos manta sth
morf  rxux gia k�poio 0 < rx < Dκ kai k�poio ux ∈ SpM

n
κ :=

{
u ∈ TpM

n
κ

∣∣ ‖u‖p = 1
}
,

rx = ‖x‖p kai ux = (1/‖x‖p)x. OrÐzetai ètsi h apeikìnish φp = (r, u) : D′(0p, Dκ) −→
(0, Dκ)×SpM

n
κ me tÔpo φp(x) = (rx, ux) = (‖x‖p, 1/‖x‖px). Jètoume g̃κ

p := (φ−1
p )∗(hκ).

Tìte,
(
(0, Dκ)× SpM

n
κ , g̃κ

p ) φp∼=
(
D′(0p, Dκ), hκ

) expp∼=
(
D′(p,Dκ), gκ

)
,

ìpou fusik� D′(p,Dκ) = D(p,Dκ)\{p}. Ex� orismoÔ, oi polikèc suntetagmènec me kèntro
to p, enìc shmeÐou x ∈ D′(0p, Dκ), eÐnai to zeug�ri φp(x). Oi polikèc suntetagmènec me
kèntro to p, enìc shmeÐou q ∈ D′(p, Dκ) eÐnai to zeÔgoc (φp◦exp−1

p )(q). H antÐstrofh thc
φp èqei tÔpo φp(r, u) = ru. 'Etsi, mÐa kamÔlh γ sthn D′(p,Dκ) èqei polikèc suntetagmènec
(r, u) me kèntro to p ann γ = expp(r·u). Ja qrhsimopoioÔme thn akìloujh orologÐa.

Orismìc 4.5.1 'Estw p ∈ Mn
κ . O q�rthc polik¸n suntetagmènwn gÔrw apì to p ston

Mn
κ , eÐnai h amfidiafìrish

Φp := φp ◦ exp−1
p : D′(p,Dκ) −→ (0, Dκ)× SpM

n
κ .

H èkfrash thc metrik c Riemann tou Mn
κ gÔrw apì to p se polikèc suntetagmènec, eÐnai

h metrik  g̃κ
p := (Φ−1

p )∗gκ.

Gia k�je p ∈ Mn
κ , ja jewroÔme ton efaptìmeno q¸ro TpM

n
κ tou Mn

κ sto p wc pol-
laplìthta Riemann efodi�zontac ton me th metrik  pou orÐzetai apì thn 〈(x, v), (x,w)〉x =
〈v, w〉p gia k�je x ∈ TpM

n
κ kai k�je (x, v), (x,w) ∈ TxTpM

n
κ . O TpM

n
κ me aut  th

metrik  Riemann eÐnai isometrikìc me ton En. 'Estw sp o periorismìc aut c thc metrik c
Riemann sth monadiaÐa sfaÐra SpM

n
κ tou TpM

n
κ . 'Opwc ja doÔme, h metrik  g̃κ

p gr�fetai
wc C∞(M)-grammikìc sunduasmìc thc sp kai thc eukleÐdiac metrik c tou (0, Dκ) ⊆ R.

Prìtash 4.5.2 'Estw p ∈ Mn
κ kai èstw j : (0, Dκ)×SpM

n
κ −→ SpM

n
κ kai t : (0, Dκ)×

SpM
n
κ −→ (0, Dκ) oi fusikèc probolèc. Tìte h èkfrash g̃κ

p thc rhm�nneiac metrik c
tou Mn

κ se polikèc suntetagmènec dÐnetai apì ton tÔpo

g̃κ
p = (dt)2 + (Gκ ◦ t)· j∗(sp),
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ìpou h Gκ : (0, Dκ) −→ R dÐnetai apì to tÔpo

Gκ(r) =





− 1
κ sinh2(r

√−κ), κ < 0,

r2, κ = 0,
1
κ sin2(r

√
κ), κ > 0.

Apìdeixh Prèpei na apodeÐxoume ìti gia k�je (r, u) ∈ (0, Dκ) × SpM
n
κ kai k�je A ∈

T(r,u)

(
(0, Dκ)× SpM

n
κ

)
èqoume

g̃κ
p(A,A) =

(
dt|(r,u)(A)

)2 + Gκ(r)· (j∗(sp))(r,u)(A,A).

Mèsw thc taÔtishc T(r,u)

(
(0, Dκ)×SpM

n
κ

) ∼= Tr(0, Dκ)×TuSpM
n
κ , oi par�gwgoi t∗(r,u) :

Tr(0, Dκ) × TuSpM
n
κ −→ Tr(0, Dκ) kai j∗(r,u) : Tr(0, Dκ) × TuSpM

n
κ −→ TuSpM

n
κ

eÐnai oi fusikèc probolèc. Sunep¸c autì pou prèpei na apodeÐxoume, eÐnai ìti gia k�je
A = ([λ]r, [γ]u) ∈ Tr(0, Dκ)× TuSpM

n
κ èqoume

g̃κ
p(A,A) = (λ′(0))2 + Gκ(r)sp([γ]u, [γ]u)

= (λ′(0))2 + Gκ(r)gκ(γ′(0), γ′(0)),

ìpou γ′(0) eÐnai h par�gwgoc k�poiou antipros¸pou γ : (−ε, ε) −→ SpM
n
κ ⊆ TpM

n
κ tou

[γ]u, afoÔ mèsw thc fusik c taÔtishc TuTpM
n
κ
∼= TpM

n
κ , èqoume γ′(0) = [γ]u.

'Estw loipìn A = [(λ, γ)](r,u) ∈ T(r,u)

(
(0, Dκ) × SpM

n
κ

)
. H antÐstrofh tou q�rth

polik¸n suntetagmènwn Φp dÐnetai apì ton tÔpo Φ−1
p (λ, v) = expp(λv) kai, ètsi, an

jèsoume q := expp(ru), èqoume ìti

g̃κ
p(A,A) = (Φ−1

p )∗(gκ)(r,u)(A,A) = gκ

(
[expp(λγ)]q, [expp(λγ)]q

)
.

DiakrÐnoume t¸ra peript¸seic an�loga me to prìshmo tou κ.
(i) κ = 0 : S� aut  thn perÐptwsh, h Φ−1

p èqei tÔpo Φ−1
p (λ, v) = expp(λv) = p + λv, kai

sunep¸c mèsw thc taÔtishc SpEn ∼= {p} × Sn−1 èqoume ìti

g̃κ
p
(r,u)(A,A) = gκ

(
[p + λγ]q, [p + λγ]q

)
=

〈
(λγ)′(0), (λγ)′(0)

〉

=
〈
λ′(0)γ(0) + λ(0)γ′(0), λ′(0)γ(0) + λ(0)γ′(0)

〉

=
(
λ′(0)

)2‖γ(0)‖2 +
(
λ(0)

)2‖γ′(0)‖2

=
(
λ′(0)

)2 + r2gκ

(
γ′(0), γ′(0)

)
,

ìpwc zhtoÔsame, afoÔ γ′(0) ⊥ γ(0) kai γ(0) = u ∈ SpEn.
(ii) κ > 0 : S� aut  thn perÐptwsh, h Φ−1

p dÐnetai apì ton tÔpo

Φ−1
p (t, v) = expp(tv) =

1√
κ

(
cos(t

√
κ)

‖p‖ · p + sin(t
√

κ)v
)

.

Ja jewroÔme ton TpM
n
κ wc ton {p} × p⊥ ⊆ {p} × En+1 kai ja sumbolÐzoume me ‖ · ‖κ

thn oikogèneia twn norm¸n pou orÐzetai apì th metrik  Riemann tou Mn
κ . 'Etsi, an ìpwc
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prohgoumènwc A = [(λ, γ)](r,u) ∈ T(r,u)

(
(0, Dκ)× SpM

n
κ

)
kai q = expp(ru), tìte

g̃κ
p(A, A) =

1
κ

∥∥∥∥
[cos(λ

√
κ)

‖p‖ · p + sin(λ
√

κ)· γ
]

q

∥∥∥∥
2

κ

=
1
κ

∥∥∥∥−λ′(0)
√

κ sin(r
√

κ)
p

‖p‖ + λ′(0)
√

κ cos(r
√

κ)u + sin(r
√

κ)γ′(0)
∥∥∥∥

2

= λ′(0)2 sin2(r
√

κ) + λ′(0)2 cos2(r
√

κ) +
1
κ

sin2(r
√

κ)‖γ′(0)‖2

= λ′(0)2 + Gκ(r)· gκ

(
γ′(0), γ′(0)

)
,

ìpwc zht�me, afoÔ p ⊥ u, p ⊥ γ′(0) kai u ⊥ γ′(0).
(iii) κ < 0 : Kai se aut  thn perÐptwsh ja jewroÔme ton TpM

n
κ wc ton {p} × p⊥ ìpou

fusik� h ènnoia thc kajetìthtac anafèretai sth morf  tou Minkowski. 'Estw | · | h nìrma
pou ep�getai apì th morf  tou Minkowski ston p⊥. Mèsw aut c thc taÔtishc,

Φ−1
p (t, v) = expp(tv) =

1√
|κ|

(
cosh(t

√
|κ|)√

|(p | p)| · p + sinh(t
√
|κ|)v

)
.

'Ara,

g̃κ
p(A,A) = − 1

κ

∥∥∥∥∥
[cosh(λ

√
|κ|)√

|(p | p)| · p + sinh(λ
√
|κ|)· γ

]
q

∥∥∥∥∥

2

κ

= − 1
κ

∣∣∣∣∣
√
|κ|λ′(0)

(
sinh(r

√
|κ|)√

(p|p)
p + cosh(r

√
|κ|)u

)
+ sinh(r

√
|κ|)γ′(0)

∣∣∣∣∣

2

= −λ′(0)2 sinh2(r
√−κ) + λ′(0)2 cosh2(r

√−κ)− 1
κ

sinh2(r
√−κ)|γ′(0)|2

= λ′(0)2 + Gκ(r)· gκ

(
γ′(0), γ′(0)

)
. ¤

Pìrisma 4.5.1 Gia k�je p ∈ Mn
κ kai k�je r ∈ (0, Dκ), h sfaÐra ∂D(p, r) = {q ∈

Mn
κ | d(q, p) = r}, me ton periorismì thc rhm�nneiac metrik c tou Mn

κ , eÐnai isometrik 
me mÐa sfaÐra aktÐnac

√
Gκ(r) ston En.

Parathr seic

1. Gia k�je r > 0, h sun�rthsh (−∞,
(

π
r

)2) 3 κ 7→ Gκ(r) ∈ (0,∞) eÐnai suneq c kai
gnhsÐwc fjÐnousa.

2. SÔmfwna me thn èkfrash thc rhm�nneiac metrik c tou Mn
κ se polikèc suntetagmènec

gÔrw apì to p ∈ Mn
κ , gia k�je kampÔlh γ : (a, b) −→ D′(p,Dκ) thc morf c γ = expp(ru),

ìpou oi r : (a, b) −→ (0, Dκ) kai u : (a, b) −→ SpM
n
κ eÐnai leÐec kampÔlec, èqoume ìti

‖γ̇(t)‖2γ(t) = r′(t)2 + Gκ(r(t))‖u′(t)‖p.

Qrhsimopoi¸ntac thn èkfrash thc metrik c twn Mn
κ se polikèc suntetagmènec, ja

exet�soume to p¸c exart�tai h ”gewmetrÐa” twn trig¸nwn stouc Mn
κ apì to κ.
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Prìtash 4.5.3 'Estw λ < κ pragmatikoÐ arijmoÐ kai èstw ∆(p, x, y) gewdaisiakì
trÐgwno ston Mn

κ . An h (p̂, x̂, ŷ) eÐnai mia tri�da ston Mn
λ t.w. d(p̂, x̂) = d(p, x),

d(p̂, ŷ) = d(p, y) kai ∠p̂(x̂, ŷ) = ∠p(x, y), tìte d(x, y) < d(x̂, ŷ).

Apìdeixh AfoÔ oi q¸roi-montèla eÐnai omogeneÐc q¸roi, mporoÔme na upojèsoume ìti
p = (1/

√
|κ|)en+1 kai p̂ = (1/

√
|λ|)en+1. Tìte, mèsw thc taÔtishc TpM

n
κ
∼= {p} × p⊥,

èqoume ìti SpM
n
κ = {p} × (

Sn−1 × {0}) ∼= Sn−1, kai omoÐwc Sp̂M
n
λ = Sn−1. 'Estw

Φ : D′(p,Dκ) −→ (0, Dκ)×Sn−1 kai Ψ : D′(p̂, Dλ) −→ (0, Dλ)×Sn−1 oi q�rtec polik¸n
suntetagmènwn mèsw twn parap�nw tautÐsewn. Gia k�je strof  Θ : Sn−1 −→ Sn−1,
èstw hΘ : D(p, Dκ) −→ D(p̂, Dλ) h apeikìnish pou orÐzetai jètontac hΘ(p) = p̂ kai
apait¸ntac mèsw twn tautÐsewn D′(p,Dκ) ∼= (0, Dκ) × Sn−1 kai D′(p̂, Dλ) ∼= (0, Dλ) ×
Sn−1 o periorismìc thc hΘ|D′(p,Dκ) sto D′(p,Dκ) na eÐnai h apeikìnish i×Θ : (0, Dκ)×
Sn−1 −→ (0, Dλ) × Sn−1, ìpou i : (0, Dκ) ↪→ (0, Dλ) eÐnai h ènjesh. Me �lla lìgia,
h hΘ apeikonÐzei se k�je x ∈ D′(p,Dκ) me polikèc suntetagmènec (ρx, ux) sto q�rti Φ
to shmeÐo y = hΘ(x) ∈ D′(p̂, Dλ) me polikèc suntetagmènec (ρx, Θ(ux)) sto q�rti Ψ.
'Estw Θ̃ : Rn −→ Rn h monadik  strof  t.w. Θ̃|Sn−1 ≡ Θ. Tìte, mèsw twn tautÐsewn
TpM

n
κ
∼= {p}×p⊥ = {p}×(Rn×{0}) ∼= Rn kai Tp̂M

n
λ
∼= {p̂}×p̂⊥ = {p̂}×(Rn×{0}) ∼= Rn

èqoume ìti
hΘ ≡ expp̂ ◦Θ̃ ◦ exp−1

p ,

kai �ra h hΘ eÐnai leÐa. 'Estw ∠(u, v) h gwnÐa metaxÔ dÔo dianusm�twn u, v ∈ Sn−1 ⊆ En.
Tìte

∠(uq̂, ur̂) = ∠p̂(q̂, r̂) = ∠p(q, r) = ∠(uq, ur),

kai �ra h Θ mporeÐ na epilegeÐ ètsi ¸ste Θ(uq) = uq̂ kai Θ(ur) = ur̂. AfoÔ ρq̂ = d(p̂, q̂) =
d(p, q) = ρq kai omoÐwc ρr̂ = ρr èqoume ìti hΘ(q) = q̂ kai hΘ(r) = r̂. ArkeÐ loipìn na
deÐxoume ìti h h := hΘ aux�nei gn sia to m koc k�je mh aktinikoÔ monopatioÔ. Pr�gmati,
h eikìna thc h eÐnai h mp�la aktÐnac Dκ kai kèntro p̂ kai �ra perièqei to gewdaisiakì
trÐgwno ∆(p̂, q̂, r̂). 'Etsi an γ eÐnai h gewdaisiak  apì to q̂ sto r̂, tìte

d(q, r) = L(h−1 ◦ γ) < L(γ) = d(q̂, r̂).

Gia na deÐxoume t¸ra ìti h h aux�nei gn sia to m koc k�je mh aktinikoÔ monopatioÔ
σ : (a, b) −→ D′(p,Dκ), arkeÐ na deÐxoume ìti gia k�je (r, u) ∈ (0, Dκ) × Sn−1 kai k�je
A = ([λ]r, [γ]u) ∈ T(r,u)

(
(0, Dκ)× Sn−1

)
èqoume ìti

‖(i×Θ)∗(r,u)(A)‖̃ ≥ g̃κ
p(A, A),

me isìthta ann [γ]u = 0, ìpou ‖ · ‖̃ eÐnai h oikogèneia twn norm¸n thc rhm�nneiac metrik c
g̃λ

p̂. Autì, ìmwc, pr�gmati isqÔei, afoÔ

‖(i×Θ)∗(r,u)(A)‖̃ = ‖[(λ, Θ ◦ γ)](r,u)‖2
= λ′(0)2 + Gλ(r)‖(Θ ◦ γ)′(0)‖2
= λ′(0)2 + Gλ(r)‖Θ(

γ′(0)
)‖2

= λ′(0)2 + Gλ(r)‖γ′(0)‖2
≥ λ′(0)2 + Gκ(r)‖γ′(0)‖2 = g̃κ

p(A,A),

kai h mình anisìthta pou emfanÐzetai, sÔmfwna me thn parat rhsh 1, isqÔei wc isìthta ann
γ′(0) = 0 dhlad  [γ]u = 0. ¤
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Pìrisma 4.5.2 'Estw λ < κ pragmatikoÐ arijmoÐ kai èstw ∆ := ∆(p, q, r) gewdaisiakì
trÐgwno ston Mn

κ me perÐmetro < 2Dκ. Tìte h gwnÐa metaxÔ dÔo opoiond pote pleur¸n
enìc gewdaisiakoÔ trig¸nou sÔgkrishc ∆ gia to ∆ ston Mn

λ eÐnai mikrìterh   Ðsh apì th
gwnÐa twn antÐstoiqwn pleur¸n tou ∆ ⊆ Mn

κ .

Apìdeixh 'Estw ∆ = ∆(p̄, q̄, r̄) èna trÐgwno sÔgkrishc gia to ∆ ston Mn
λ . Prèpei

na deÐxoume ìti ∠p̄(q̄, r̄) ≤ ∠p(q, r). Katarq�c, an ∠p(q, r) = π, den èqoume tÐpota na
deÐxoume, en¸ an ∠p(q, r) = 0, tìte epÐshc ∠p̄(q̄, r̄) = 0. MporoÔme loipìn na upojèsoume
ìti ∠p(q, r) ∈ (0, π). Upojètoume gia na katal xoume se �topo ìti ∠p(q, r) < ∠p̄(q̄, r̄).
Epilègontac r̂ ∈ Mn

λ t.w. ∠p̄(q̄, r̂) = ∠p(q, r) kai d(p̄, r̂) = d(p̄, r̄), apì thn prohgoÔmenh
prìtash kai to nìmo twn sunhmitìnwn paÐrnoume ìti d(q, r) < d(q̄, r̂) < d(q̄, r̄), to opoÐo
antif�skei me to ìti to ∆ eÐnai trÐgwno sÔgkrishc gia to ∆. ¤

Prìtash 4.5.4 Gia k�je κ > 0 up�rqei sun�rthsh C : [0, Dκ) −→ [1,∞) me C(r) r→0−→ 1
t.w. gia k�je p ∈ Mn

κ kai opoiesd pote gewdaisiakèc γ, σ : [0, 1] −→ D(p, r) na èqoume
ìti

d(γt, σt) ≤ tC(r)d(γ1, σ1).
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Kef�laio 5

Kampulìthta

H kathgorÐa twn metrik¸n q¸rwn eÐnai arket� ploÔsia kathgorÐa kai, ètsi, tic peris-
sìterec forèc, gia na sunag�goume bajÔtera apotelèsmata gia th gewmetrÐa twn q¸rwn
m kouc, eÐmaste anagkasmènoi na epib�loume epiplèon gewmetrikoÔc periorismoÔc stouc
upì melèth q¸rouc. Apì tic pio qr simec idiìthtec eÐnai ta fr�gmata sthn kampulìthta.

GÔrw sto 1950, sugkrÐnontac th gewmetrÐa twn gewdaisiak¸n trig¸nwn se èna q¸ro
m kouc X me th gewmetrÐa trig¸nwn sÔgkrishc stouc q¸rous-montèla M2

κ , κ ∈ R, o
Alexandrov ìrise ti shmaÐnei na èqei ènac q¸roc m kouc kampulìthta ≤ κ   ≥ κ gia
k�poio κ ∈ R. Qalar� mil¸ntac, ènac q¸roc m kouc X èqei kampulìthta ≤ κ   ≥ κ

gia k�poio κ ∈ R an topik� ta gewdaisiak� trÐgwna ston X eÐnai leptìtera   paqÔtera,
antÐstoiqa, apì ta trÐgwna sÔgkrishc touc ston M2

κ . 'Opwc ja doÔme, o orismìc autìc
tou Alexandrov genikeÔei thn ènnoia twn fragm�twn stic kampulìthtec tom c apì thn
kathgorÐa twn pollaplot twn Riemann sthn kathgorÐa twn q¸rwn m kouc.

5.1 Q¸roi Fragmènhc Kampulìthtac
S� aut  thn par�grafo ja doÔme di�forouc isodÔnamouc qarakthrismoÔc gia to ti shmaÐnei
na èqei ènac metrikìc q¸roc kampulìthta ≤ κ   ≥ κ gia k�poio κ ∈ R kaj¸c kai k�poiec
�mesec idiìthtec kai paradeÐgmata tètoiwn q¸rwn.

Ja qrhsimopoioÔme thn akìloujh orologÐa. 'Estw ∆(pq, pr, qr) gewdaisiakì trÐgwno
sto metrikì q¸ro X me perÐmetro < 2Dκ kai èstw ∆(p̄, q̄, r̄) èna trÐgwno sÔgkrishc
gia to ∆ ston M2

κ . 'Ena shmeÐo x̄ ∈ q̄r̄ ja lègetai shmeÐo sÔgkrishc gia to x ∈ qr an
d(q, x) = d(q̄, x̄). ShmeÐa sÔgkrishc orÐzontai ìmoia kai gia tic �llec pleurèc tou ∆.
An q 6= p kai r 6= p, tìte h gwnÐa tou ∆ sthn koruf  p, eÐnai h gwnÐa Alexandrov twn
gewdaisiak¸n tmhm�twn pq kai pr. EpÐshc ja gr�foume |xy| antÐ d(x, y) gia thn apìstash
dÔo shmeÐwn x, y ∈ X gia aplìthta sto sumbolismì.

Orismìc 5.1.1 'Estw κ ∈ R kai èstw ∆(pq, pr, qr) gewdaisiakì trÐgwno me perÐmetro
< 2Dκ sto metrikì q¸ro (X, d). Ja lème ìti to ∆ ikanopoieÐ thn CAT(κ)-anisìthta an

d(x, y) ≤ d(x̄, ȳ)
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gia k�je x, y ∈ ∆, ìpou x̄, ȳ ∈ M2
κ eÐnai ta shmeÐa sÔgkrishc gia ta x, y se k�poio (kai

�ra kai se k�je) trÐgwno sÔgkrishc ∆̄ gia to ∆ ston M2
κ . OmoÐwc ja lème ìti to ∆

ikanopoieÐ thn CAT(κ)-anisìthta an

d(x, y) ≥ d(x̄, ȳ)

gia k�je x, y ∈ ∆, ìpou x̄, ȳ ∈ M2
κ eÐnai ta shmeÐa sÔgkrishc gia ta x, y se k�poio trÐgwno

sÔgkrishc ∆̄ gia to ∆ ston M2
κ .

Orismìc 5.1.2 'Enac q¸roc m kouc X lègetai CAT(κ)-q¸roc (CAT(κ)-q¸roc anti-
st.) an eÐnai Dκ-gewdaisiakìc kai k�je gewdaisiakì trÐgwno ston X me perÐmetro < 2Dκ

ikanopoieÐ thn CAT(κ)-anisìthta (CAT(κ)-anisìthta antist.)

Parat rhsh

1. 'Estw ∆ gewdaisiakì trÐgwno ston X me perÐmetro < 2Dκ. Tìte gia k�je x, y pou
an koun sthn Ðdia pleur� tou ∆, oi CAT(κ) kai CAT(κ) anisìthtec isqÔoun wc isìthtec.

Orismìc 5.1.3 'Estw κ ∈ R kai èstw X q¸roc m kouc. Ja lème ìti o X èqei kam-
pulìthta ≤ κ (≥ κ antÐst.) an gia k�je x ∈ X up�rqei perioq  tou x h opoÐa eÐnai
CAT(κ)-q¸roc (CAT(κ)-q¸roc antist.). Ja lème ìti o X eÐnai epÐpedoc (me thn ènnoia
tou Alexandrov) an èqei kampulìthta ≤ 0 kai ≥ 0.

'Enac NPC-q¸roc (PC-q¸roc antÐst.) eÐnai ènac pl rhc q¸roc m kouc X kampulìth-
tac ≤ 0 (≥ 0 antist.) 'Enac olikìc NPC-q¸roc (olikìc PC-q¸roc antist.) eÐnai ènac
pl rhc CAT(0)-q¸roc (CAT(0)-q¸roc antÐst.) O X ja lègetai olik� epÐpedoc (me thn
ènnoia tou Alexandrov) an eÐnai pl rhc CAT(0) kai CAT(0) q¸roc.

Up�rqoun arketoÐ isodÔnamoi qarakthrismoÐ twn CAT(κ) kai CAT(κ)-q¸rwn, oi opoÐoi
ofeÐlontai ìloi ston A.D. Alexandrov. 'Opwc sunhjÐzetai stouc sunjetikoÔc orismoÔc
stouc opoÐouc den èqoume sta qèria mac ta ergaleÐa tou diaforikoÔ logismoÔ, tètoioi
isodÔnamoi qarakthrismoÐ eÐnai arket� qr simoi. Ja doÔme amèswc tèsseric apì autoÔc
gia thn perÐptwsh twn CAT(κ)-q¸rwn.

Prìtash 5.1.1 'Estw κ ∈ R kai èstw X gewdaisiakìc q¸roc. Ta akìlouja eÐnai
isodÔnama.

(a) O X eÐnai CAT(κ)-q¸roc.

(b) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) me perÐmetro < 2Dκ kai k�je
x ∈ qr, èqoume

d(p, x) ≤ d(p̄, x̄),

ìpou p̄, x̄ eÐnai ta shmeÐa sÔgkrishc gia ta p, x se k�poio trÐgwno sÔgkrishc ∆̄ gia
to ∆ ston M2

κ .

(g) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) me perÐmetro < 2Dκ kai k�je
x ∈ pq, y ∈ pr, me x 6= p kai y 6= p, oi gwnÐec stic korufèc pou antistoiqoÔn sto p

sta trÐgwna sÔgkrishc ∆̄(p, q, r) ⊆ M2
κ kai ∆̄(p, x, y) ⊆ M2

κ ikanopoioÔn thn

∠(κ)
p (x, y) ≤ ∠(κ)

p (q, r).
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(d) H gwnÐa Alexandrov metaxÔ opoiwnd pote pleur¸n k�je gewdaisiakoÔ trig¸nou ∆
ston X me perÐmetro < 2Dκ kai diakekrimènec korufèc eÐnai mikrìterh   Ðsh apì
th gwnÐa metaxÔ twn antÐstoiqwn pleur¸n enìc trig¸nou sÔgkrishc ∆̄ gia to ∆
stonM2

κ .

(e) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) ston X me p 6= q, p 6= r kai
perÐmetro < 2Dκ, an H(p̂, q̂, r̂) eÐnai o mentesèc sÔgkrishc gia to ∆ ston M2

κ ,
(dhlad  d(p̂, q̂) = d(p, q), d(p̂, r̂) = d(p, r) kai ∠(p̂q̂, p̂r̂) = ∠(pq, pr)), tìte

d(q̂, r̂) ≤ d(q, r).

Apìdeixh Profan¸c (a)=⇒(b), kai eÐnai �meso ìti (d)⇐⇒(e). EpÐshc, afoÔ ston orismì
thc gwnÐac Alexandrov mporoÔme na p�roume gwnÐec sÔgkrishc ston M2

κ , κ ∈ R, èpetai
ìti (g)=⇒(d). Ja deÐxoume ìti (a)⇐⇒(g), (b)=⇒(g) kai (d)=⇒(b).
(a)⇐⇒(g) 'Estw ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X kai èstw x ∈ pq, y ∈ pr t.w.
x 6= p, y 6= p. Jètoume ∆′ := ∆(px, py, xy) kai jewroÔme trÐgwna sÔgkrishc ∆̄ kai ∆̄′

ston M2
κ , gia ta ∆ kai ∆′ antÐstoiqa. An x̄, ȳ eÐnai ta shmeÐa sÔgkrishc gia ta x, y sto

∆̄, tìte ta trÐgwna (p̄, x̄, ȳ) kai (p̄′, x̄′, ȳ′) ston M2
κ èqoun dÔo Ðsec pleurèc, kai �ra apì

to nìmo twn sunhmitìnwn ston M2
κ èpetai ìti h anisìthta d(x̄, ȳ) ≤ d(x̄′, ȳ′) = d(x, y)

isqÔei ann ᾱ ≤ ᾱ′, ìpou ᾱ, ᾱ′ eÐnai oi gwnÐec twn trig¸nwn ∆̄ kai ∆̄′ stic korufèc p̄

kai p̄′ antÐstoiqa. 'Omwc ᾱ = ∠(p̄x̄, p̄ȳ) = ∠(p̄q̄, p̄r̄) = ∠(κ)
p (q, r) kai ᾱ′ = ∠(κ)

p (x, y).
'Ara (a)⇐⇒(g).
(b)=⇒(g) DiathroÔme touc sumbolismoÔc thc prohgoÔmenhc paragr�fou. 'Estw ∆̄′′ =
∆(p̄′′, x̄′′, r̄′′) ⊆ M2

κ trÐgwno sÔgkrishc gia thn tri�da (p, x, r) kai èstw ᾱ′′ h gwnÐa
autoÔ tou trig¸nou sthn koruf  p̄′′. Apì to (b) èpetai ìti d(x, y) ≤ d(x̄′′, ȳ′′), ìpou
ȳ′′ ∈ p̄′′r̄′′ eÐnai to shmeÐo sÔgkrishc gia to y sto ∆̄′′. 'Omwc d(x̄′, ȳ′) = d(x, y), kai ètsi
efarmìzontac to nìmo twn sunhmitìnwn sta trÐgwna (p̄′, x̄′, ȳ′) kai (p̄′′, x̄′′, ȳ′′) ston M2

κ ,
èpetai ìti

ᾱ′ ≤ ∠p̄′′(x̄′′, ȳ′′) = ∠p̄′′(x̄′′, r̄′′) = ᾱ′′.

Apì to (b) p�li d(x̄′′, r̄′′) = d(x, r) ≤ d(x̄, r̄), kai ètsi efarmìzontac to nìmo twn
sunhmitìnwn sta trÐgwna (p̄′′, x̄′′, r̄′′) kai (p̄, x̄, r̄) èpetai ìti

ᾱ′′ ≤ ∠p̄(x̄, r̄) = ∠p̄(q̄, r̄) = ᾱ,

kai �ra ᾱ′ ≤ ᾱ ìpwc zhtoÔsame.
(d)=⇒(b) 'Estw ∆ = ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X kai x ∈ qr, x 6= q,
x 6= r. Epilègoume gewdaisiakì tm ma xp pou sundèei ta p, x ston X kai jètoume θq, θr

tic gwnÐec pou sqhmatÐzei to xp me ta upotm mata xq kai xr tou qr, antÐstoiqa. Jètoume
epÐshc β := ∠(qp, qr). 'Estw ∆̄ = ∆(p̄, q̄, r̄) trÐgwno sÔgkrishc gia to ∆ ston M2

κ kai
jètoume β̄ th gwnÐa autoÔ tou trig¸nou sthn koruf  q̄.

'Estw ∆̄′ = ∆(p̃, x̃, q̃), ∆̄′′ = ∆(p̃, x̃, r̃) ta trÐgwna sÔgkrishc gia ta ∆(pq, px, qx) kai
∆(px, pr, xr) antÐstoiqa. Lìgw thc metabatikìthtac thc om�dac twn isometri¸n tou M2

κ

mporoÔme na epilèxoume ta ∆′ kai ∆′′ ètsi ¸ste na èqoun thn pleur� p̃x̃ koin  kai ta
shmeÐa q̃, r̃ na an koun se diaforetikèc pleurèc thc eujeÐac pou orÐzoun ta p̃, x̃. Tèloc
jètoume θ̃q := ∠ex(p̃, q̃), θ̃r := ∠ex(p̃, r̃) kai β̃ = ∠eq(p̃, x̃).
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AfoÔ ta tm mata xq kai xr eÐnai upotm mata tou qr, èqoume ìti

θq + θr ≥ ∠(xq, xr) = π,

kai �ra apì to (d), θ̃q + θ̃r ≥ π. Epiplèon,

|p̃q̃|+ |q̃x̃|+ |x̃r̃|+ |p̃r̃| = |pq|+ |qr|+ |pr| < 2Dκ,

kai ètsi afoÔ |p̄q̄| = |p̃q̃|, |p̄r̄| = |p̃r̃| kai |qr| = |q̃x̃| + |x̃r̃|, èpetai apì to l mma tou
Alexandrov ìti β̃ ≤ β̄. An t¸ra x̄ ∈ q̄r̄ eÐnai to shmeÐo sÔgkrishc gia to x sto ∆̄, apì
tic isìthtec |p̄q̄| = |p̃q̃|, |q̃x̃| = |q̄x̄|, β̃ ≤ β̄ kai to nìmo twn sunhmitìnwn èpetai ìti |p̄x̄| ≥
|p̃x̃| = |px|, ìpwc jèloume. ¤

Parathr seic

2. O qarakthrismìc (b) twn CAT(κ)-q¸rwn thc prohgoÔmenhc prìtashc eÐnai isodÔ-
namoc me to ex c: Gia k�je gewdaisiakì trÐgwno ∆(p, q, r) ston X me perÐmetro < 2Dκ

isqÔei ìti d(p,mq,r) ≤ d(p̄,mq,r), ìpou mq,r ∈ qr eÐnai to mèso tou qr kai mq,r to shmeÐo
sÔgkrishc gia to mq,r se k�poio trÐgwno sÔgkrishc ∆̄ gia to ∆ ston M2

κ .

Apìdeixh. 'Estw ∆ := ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X me perÐmetro < 2Dκ.
Gia k�je n ∈ N kai k�je 0 ≤ k ≤ 2n jètoume xk

n to monadikì shmeÐo tou qr gia to opoÐo

d(q, xk
n) =

k

2n
d(q, r),

kai jètoume D = {xk
n |n ∈ N, k = 0, 1, . . . , 2n}. Profan¸c to D eÐnai puknì sto qr.

'Estw ∆̄ = ∆(p̄, q̄, r̄) ⊆ M2
κ trÐgwno sÔgkrishc gia to ∆. Ja deÐxoume ìti gia k�je x ∈ D,

èqoume d(p, x) ≤ d(p̄, x̄), ìpou x̄ eÐnai to shmeÐo sÔgkrishc gia to x sto ∆̄. Gia to skopì
autì gr�foume D =

⋃∞
n=1 Dn ìpou Dn := {xk

n | k = 0, 1, . . . , 2n}. Apì thn upìjesh o
isqurismìc isqÔei gia k�je x ∈ D1. Upojètoume ìti isqÔei gia k�je x ∈ Dn gia k�poio
n ∈ N, kai ja deÐxoume ìti isqÔei gia k�je x ∈ Dn+1. 'Estw, loipìn, x := xk

n+1 ∈ Dn+1.
Jètoume yk := x2k

n+1 an 0 ≤ k < 2n kai yk = x2k−2n+1

n+1 an 2n < k ≤ 2n+1. Profan¸c
an k = 2n den èqoume tÐpota na deÐxoume. An 0 ≤ k < 2n epilègoume trÐgwno sÔgkrishc
∆̃ := ∆(p̃, q̃, ỹk) ston M2

κ , en¸ an 2n < k ≤ 2n+1 epilègoume trÐgwno sÔgkrishc ∆̃′ :=
∆(p̃, ỹk, r̃) ston M2

κ .
AfoÔ eÐte yk = x2k

n+1 = xk
n ∈ Dn eÐte yk = x2k−2n+1

n+1 = xk−2n

n ∈ Dn, se k�je
perÐptwsh èqoume apì thn epagwgik  upìjesh ìti

|p̃ỹk| = |pyk| ≤ |p̄ȳk|, (5.1)

ìpou p̄, ȳk eÐnai ta shmeÐa sÔgkrishc gia ta p, yk sto ∆̄. EpÐshc, apì ton orismì twn
yk, to shmeÐo x eÐnai eÐte mèso tou [q, yk], eÐte mèso tou [yk, r], opìte |px| ≤ |p̃x̃′|, ìpou
fusik� ta x̃ kai x̃′ eÐnai ta shmeÐa sÔgkrishc sta trÐgwna ∆̃ kai ∆̃′ antÐstoiqa. An
t¸ra 0 ≤ k < 2n, afoÔ |p̃q̃| = |p̄q̄| kai |q̃ỹk| = |q̄ȳk|, èpetai apì thn (5.1) kai to nìmo
sunhmitìnwn ìti ∠eq(p̃, x̃) = ∠eq(p̃, ỹk) ≤ ∠q̄(p̄, ȳk) = ∠q̄(p̄, x̄), to opoÐo apì to nìmo twn
sunhmitìnwn p�li, mac dÐnei ìti |p̃x̃| ≤ |p̄x̄|. OmoÐwc |p̃x̃′| ≤ |p̄x̄| an 2n < k ≤ 2n+1.
Sunep¸c o isqurismìc isqÔei gia k�je x ∈ D, kai afoÔ to D eÐnai puknì sto qr èpetai
ìti isqÔei gia k�je x ∈ qr.
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3. O qarakthrismìc 5.1.1 (e) twn CAT(κ)-q¸rwn, mporeÐ na diatupwjeÐ pio analutik�
qrhsimopoi¸ntac to nìmo twn sunhmitìnwn wc ex c: 'Estw X ènac Dκ-gewdaisiakìc
q¸roc.

• An κ = 0, tìte o X eÐnai CAT(κ)-q¸roc ann gia opoiod pote gewdaisiakì trÐgwno
∆(pq, pr, qr) ston X èqoume ìti

|qr|2 ≥ |pq|2 + |pr|2 − 2|pq||pr| cos ∠(pq, pr).

• An κ < 0, tìte o X eÐnai CAT(κ)-q¸roc ann gia opoiod pote gewdaisiakì trÐgwno
∆(pq, pr, qr) ston X èqoume

cosh
(|qr|√−κ

) ≥ cosh
(|pq|√−κ

)
cosh

(|pr|√−κ
)

− sinh
(|pq|√−κ

)
sinh

(|pr|√−κ
)
cos ∠(pq, pr).

• An κ > 0, tìte o X eÐnai CAT(κ)-q¸roc ann gia k�je gewdaisiakì trÐgwno ston X

me perÐmetro < 2Dκ, èqoume

cos
(√

κ|qr|) ≤ cos
(√

κ|pq|) cos
(√

κ|pr|)

+sin
(√

κ|pq|) sin
(√

κ|pr|) cos ∠(pq, pr).

4. O qarakthrismìc 5.1.1 (d) twn CAT(κ)-q¸rwn mazÐ me to pìrisma 4.5.2 deÐqnoun ìti
gia k�je λ ≤ κ, o Mn

λ eÐnai CAT(κ)-q¸roc.

5. Apì to qarakthrismì (g) twn CAT(κ)-q¸rwn èpetai ìti se k�je CAT(κ)-q¸ro, oi
gwnÐec Alexandrov up�rqoun me thn austhr  ènnoia. Pr�gmati, apì to (g), to lim sup
ston orismì thc gwnÐac Alexandrov up�rqei wc ìrio se CAT(κ)-q¸rouc gia gwnÐec κ-
sÔgkrishc, kai apì thn prìtash 4.4.6, èpetai ìti to ìrio autì up�rqei kai gia eukleÐdiec
gwnÐec sÔgkrishc.

6. Apì thn CAT(κ)-anisìthta kai thn prìtash 3.2.1 prokÔptei �mesa ìti h metrik  enìc
CAT(0)-q¸rou eÐnai kurt . 'Etsi, afoÔ apì thn parat rhsh 4o Mn

κ eÐnai CAT(0)-q¸roc
gia k�je κ ≤ 0, èpetai ìti h metrik  twn Mn

κ eÐnai kurt  an κ ≤ 0.

H fr�sh ”o metrikìc q¸roc X èqei kampulìthta ≤ κ, ” odhgeÐ me fusikì trìpo
sto akìloujo er¸thma: An ènac metrikìc q¸roc èqei kampulìthta ≤ κ, èqei tìte kai
kampulìthta ≤ λ gia k�je λ ≥ κ? SÔmfwna me thn epìmenh prìtash h ap�nthsh eÐnai nai.

Prìtash 5.1.2 'Estw X metrikìc q¸roc.

(a) An o X eÐnai CAT(κ)-q¸roc kai κ ≤ λ, tìte o X eÐnai kai CAT(λ)-q¸roc.

(b) An o X eÐnai CAT(λ)-q¸roc gia k�je λ > κ, tìte eÐnai epÐshc CAT(κ)-q¸roc.

Apìdeixh (a) AfoÔ o X eÐnai CAT(κ)-q¸roc, eÐnai Dκ-gewdaisiakìc. 'Etsi, afoÔ Dλ ≤
Dκ, eÐnai epÐshc kai Dλ-gewdaisiakìc. 'Estw ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X
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me perÐmetro < 2Dλ ≤ 2Dκ. AfoÔ o X eÐnai CAT(κ)-q¸roc èqoume ìti ∠(κ)
p (q, r) ≤

∠(pq, pr) kai apì to pìrisma 4.5.2 èqoume ìti ∠(λ)
p (q, r) ≤ ∠(κ)

p (q, r). Apì to qarakthrismì
5.1.1 (d) twn CAT(κ)-q¸rwn èpetai ìti o X eÐnai CAT(λ)-q¸roc.
(b) Gia k�je x, y ∈ X me |xy| < Dκ, up�rqei λ > κ arket� kont� sto κ t.w. |xy| < Dλ.
'Etsi, afoÔ o X eÐnai Dλ-gewdaisiakìc, gia k�je λ > κ, eÐnai kai Dκ-gewdaisiakìc.

Upojètoume pr¸ta ìti κ ≥ 0. Tìte sÔmfwna me to qarakthrismì 5.1.1 (e) twn
CAT(κ)-q¸rwn, to gegonìc ìti o X eÐnai CAT(λ)-q¸roc gia k�je λ > κ ≥ 0 eÐnai
isodÔnamo me to ìti

cos(|qr|
√

λ) ≤ cos(|pq|
√

λ) cos(|pr|
√

λ) + sin(|pq|
√

λ) sin(|pr|
√

λ) cos ∠(pq, pr) (5.2)

gia k�je gewdaisiakì trÐgwno ∆(pq, pr, qr) ston X me perÐmetro < 2Dκ. An t¸ra κ > 0,
paÐrnontac ìrio sthn (5.2) kaj¸c λ % κ, paÐrnoume thn (5.2) me λ = κ, kai �ra apì to
qarakthrismì 5.1.1 (e) o X eÐnai CAT(κ)-q¸roc. An κ = 0, lÔnontac thn 5.2 wc proc
|qr| kai paÐrnontac ìrio kaj¸c λ % 0, brÐskoume ìti

|qr|2 ≥ |pq|2 + |pr|2 − 2|pq||pr| cos ∠(pq, pr),

to opoÐo deÐqnei ìti o X eÐnai CAT(0)-q¸roc. H perÐptwsh κ < 0 eÐnai ìmoia me thn
perÐptwsh κ > 0. ¤

Eidikìtera gia touc CAT(0)-q¸rouc èqoume epiplèon touc akìloujouc isodÔnamouc
qarakthrismoÔc. H anisìthtec (b) kai (g) lègontai NPC-anisìthtec. Oi qarakthris-
moÐ autoÐ dìjhkan gia pr¸th for� apì touc Bruhat kai Tits, sthn ergasÐa touc gia ta
eukleÐdia ktÐria.

Prìtash 5.1.3 'Estw (X, d) metrikìc q¸roc. Ta akìlouja eÐnai isodÔnama.

(a) O X eÐnai CAT(0)-q¸roc.

(b) O X eÐnai gewdaisiakìc q¸roc kai gia k�je p ∈ X kai k�je gewdaisiak  γ : [0, 1] −→
X,

|pγt|2 ≤ t|pγ1|2 + (1− t)|pγ0|2 − t(1− t)|γ0γ1|2 (5.3)

(g) O X eÐnai gewdaisiakìc kai gia k�je tri�da shmeÐwn p, x, y ∈ X, an m eÐnai k�poio
mèso twn x, y, tìte

|pm|2 ≤ 1
2
|px|2 +

1
2
|py|2 − 1

4
|xy|2. (5.4)

An epiplèon o X eÐnai pl rhc, tìte ta parap�nw eÐnai isodÔnama me ta akìlouja.

(d) Gia k�je x, y ∈ X up�rqei m ∈ X t.w. gia k�je p ∈ X na isqÔei h (5.4), kai

(e) Gia k�je ε > 0 kai k�je x, y ∈ X, up�rqei m ∈ X t.w. gia k�je p ∈ X,

|pm|2 ≤ 1
2
|px|2 +

1
2
|py|2 − 1

4
|xy|2 + ε.
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Apìdeixh Katarq�c, qwrÐc thn upìjesh thc plhrìthtac, oi qarakthrismoÐ (b) kai (g)
eÐnai kai oi dÔo isodÔnamoi me thn 1-kurtìthta thc sun�rthshc | · |2p = d2(p, ·). Profan¸c
(g)=⇒(d)=⇒(e). Ja deÐxoume ìti (a)⇐⇒(b), kai upojètontac ìti o X eÐnai pl rhc ja
apodeÐxoume ìti (d)=⇒(g) kai (e)=⇒(d).
(a)⇐⇒(b) ParathroÔme ìti an h gewdaisiak  γ den perièqetai mèsa sthn sunektik 
sunist¸ssa tou p ∈ X, tìte h (5.3) isqÔei tetrimmèna wc +∞ = +∞. SÔmfwna me
to qarakthrismì 5.1.1 (b), o X eÐnai CAT(0)-q¸roc ann gia k�je p ∈ X kai k�je gew-
daisiak  γ : [0, 1] −→ X sth sunektik  sunist¸sa tou p èqoume ìti |pγt|2 ≤ |p̄γ̄t|2, ìpou
γ̄t eÐnai to shmeÐo sÔgkrishc gia to γt se k�poio trÐgwno sÔgkrishc ∆(p̄, γ̄0, γ̄1) ston En

gia to ∆(p, γ0, γ1). Qrhsimopoi¸ntac ìmwc th gewmetrÐa tou En mporoÔme na ekfr�soume
thn |p̄γ̄t|2 sunart sei twn posot twn |pγ0|, |pγ1| kai |γ0γ1| wc wx c:

|p̄γ̄t|2 = 〈p̄− γ̄t, p̄− γ̄t〉 = 〈p̄− γ̄0 − t(γ̄1 − γ̄0), p̄− γ̄1 − (1− t)(γ̄0 − γ̄1)〉
= 〈p̄− γ̄0, p̄− γ̄1〉+ (1− t)〈p̄− γ̄0, γ̄1 − γ̄0〉

+ t〈p̄− γ̄1, γ̄0 − γ̄1〉 − t(1− t)|γ0γ1|2
= (1− t)〈p̄− γ̄0, p̄− γ̄0〉+ t〈p̄− γ̄1, p̄− γ̄1〉 − t(1− t)|γ0γ1|2
= t|pγ1|2 + (1− t)|pγ0|2 − t(1− t)|γ0γ1|2.

Sunèpwc (a)⇐⇒(b).
(d)=⇒(g) 'Estw x, y ∈ X. Up�rqei m ∈ X t.w. h (5.4) na isqÔei gia k�je p ∈ X.
Efarmìzontac thn (5.4) gia p = x kai p = y paÐrnoume ìti |xm|2 ∨ |ym|2 ≤ 1

4 |xy|2, to
opoÐo deÐqnei ìti to m eÐnai mèso twn x, y. AfoÔ ta x, y ∈ X  tan tuqìnta kai o X eÐnai
pl rhc, èpetai ìti o X eÐnai gewdaisiakìc q¸roc. EpÐshc an m′ eÐnai k�poio �llo mèso
twn x, y tìte efarmìzontac thn (5.4) me p = m′ paÐrnoume ìti m = m′, to opoÐo deÐqnei
to zhtoÔmeno.
(e)=⇒(d) 'Estw x, y ∈ X. Apì thn upìjesh, gia k�je n ∈ N up�rqei mn ∈ X t.w. h
anisìthta

(An) |pmn|2 ≤ 1
2
|px|2 +

1
2
|py|2 − 1

4
|xy|2 +

1
n

,

na isqÔei p ∈ X. Efarmìzontac thn (An) gia p = x kai p = y kai prosjètontac tic
anisìthtec pou prokÔptoun brÐskoume ìti

1
2
|xmn|2 +

1
2
|ymn|2 − 1

4
|xy|2 ≤ 1

n
,

gia k�je n ∈ N. T¸ra, an k, n ∈ N, efarmìzontac thn (Ak) ston mn paÐrnoume ìti

|mnmk|2 ≤ 1
2
|xmn|2 +

1
2
|ymn|2 − 1

4
|xy|2 +

1
k
≤ 1

n
+

1
k

,

to opoÐo deÐqnei ìti h (mn) eÐnai akoloujÐa Cauchy. AfoÔ o X eÐnai pl rhc, up�rqei
m ∈ X t.w. mn −→ m, kai profan¸c to m èqei th zhtoÔmenh idiìthta. ¤

Ja doÔme t¸ra touc an�logouc thc prìtashc 5.1.1 qarakthrismoÔc twn CAT(κ)-
q¸rwn. 'Opwc ja doÔme, oi qarakthrismoÐ (d) kai (e) qrei�zontai mÐa mikr  tropopoÐhsh.
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Prìtash 5.1.4 'Estw κ ∈ R kai èstw X gewdaisiakìc q¸roc. Ta akìlouja eÐnai
isodÔnama.

(a) O X eÐnai CAT(κ)-q¸roc.

(b) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) me perÐmetro < 2Dκ kai k�je
x ∈ qr, èqoume ìti

d(p, x) ≥ d(p̄, x̄),

ìpou p̄, x̄ eÐnai ta shmeÐa sÔgkrishc gia ta p, x se k�poio trÐgwno sÔgkrishc ∆̄ ston
M2

κ .

(g) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) me perÐmetro < 2Dκ kai k�je
x ∈ pq, y ∈ pr, me x 6= p kai y 6= p, oi gwnÐec stic korufèc pou antistoiqoÔn sto p

sta trÐgwna sÔgkrishc ∆̄(p, q, r) ⊆ M2
κ kai ∆̄(p, x, y) ⊆ M2

κ ikanopoioÔn thn

∠(κ)
p (x, y) ≥ ∠(κ)

p (q, r).

(d) H gwnÐa Alexandrov metaxÔ opoiwnd pote pleur¸n k�je gewdaisiakoÔ trig¸nou ∆
ston X me perÐmetro < 2Dκ kai diakekrimènec korufèc eÐnai megalÔterh   Ðsh apì
th gwnÐa metaxÔ twn antÐstoiqwn pleur¸n se k�poio trÐgwno sÔgkrishc ∆̄ ston M2

κ ,
kai epiplèon gia k�je gewdaisiak� tm mata xy kai pz ston X me p ∈ xy, p 6= x,
p 6= y,

∠(px, pz) + ∠(pz, py) = π. (5.5)

(e) Gia k�je gewdaisiakì trÐgwno ∆(p, q, r, pq, pr, qr) ston X me p 6= q, p 6= r kai
perÐmetro < 2Dκ, an H(p̂, q̂, r̂) eÐnai o mentesèc sÔgkrishc gia to ∆ ston M2

κ , tìte

d(q̂, r̂) ≥ d(q, r),

kai epiplèon gia k�je gewdaisiak� tm mata xy kai pz ston X me p ∈ xy, p 6= x,
p 6= y, isqÔei h (5.5).

Apìdeixh Profan¸c (a)=⇒(b) kai h isodunamÐa (a)⇐⇒(g) apodeiknÔetai ìpwc h antÐ-
stoiqh isodunamÐa gia touc CAT(κ)-q¸rouc.
(g)=⇒(d) 'Estw ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X kai èstw θ h gwnÐa Alexandrov
metaxÔ twn pleur¸n pq kai pr. Apì thn prìtash 4.4.6,

θ = lim
ε→0

sup
0<s,t<ε

∠(κ)
p

(
(pq)t, (pr)s

)
,

kai apì to (g), to dexÐ mèloc thc parap�nw isìthtac eÐnai megalÔtero   Ðso apì ∠(κ)
p (q, r).

'Estw t¸ra xy kai pz dÔo gewdaisiak� tm mata ston X me p ∈ xy. Apì thn trigwnik 
anisìthta gia tic gwnÐec èqoume ìti

∠(px, pz) + ∠(pz, py) ≥ ∠(px, py) = π.

Ja apodeÐxoume thn antÐstrofh anisìthta. 'Estw x0, y0 kai z0 shmeÐa sta gewdaisiak�
tm mata px, py kai pz antÐstoiqa. Epilègoume trÐgwna sÔgkrishc (x̄0, p̄, z̄0), (z̄0, p̄, ȳ0)
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ston M2
κ ètsi ¸ste na èqoun thn pleur� p̄z̄0 koin  kai ta shmeÐa x̄0 kai ȳ0 na an -

koun se diaforetikèc pleurèc thc eujeÐac pou orÐzoun ta shmeÐa p̄, z̄0 ∈ M2
κ . 'Estw

epÐshc (x̂0, ŷ0, ẑ0) trÐgwno sÔgkrishc ston M2
κ gia ta x0, y0, z0. Apì to (g) èpetai ìti

∠x̄0(z̄0, p̄) ≥ ∠x̂0(ŷ0, ẑ0), kai �ra apì to l mma tou Alexandrov èqoume ìti

∠p̄(x̄0, z̄0) + ∠p̄(ȳ0, z̄0) ≤ π. (5.6)

Apì to (g) p�li, oi gwnÐec Alexandrov up�rqoun me thn austhr  ènnoia, kai �ra paÐrnon-
tac to ìrio sthn (5.6) kaj¸c x0 −→ p, y0 −→ p kai z0 −→ p, èpetai to zhtoÔmeno.

Lìgw thc epiplèon upìjeshc tou (d) se sqèsh me ton antÐstoiqo qarakthrismì twn
CAT(κ)-q¸rwn, h apìdeixh thc sunepagwg c (d)=⇒(b) thc prìtashc 5.1.1, douleÔei kai
gia CAT(κ)-q¸rouc. EpÐpleon, h apìdeixh thc sunepagwg c (b)=⇒(g) eÐnai epÐshc Ðdia me
aut  thc prìtashc 5.1.1 kai h isodunamÐa (d)⇐⇒(e) eÐnai profan c. ¤

Parathr seic

7. 'Oloi oi isqurismoÐ twn parathr sewn 2-6 pou akoloÔjhsan thn prìtash 5.1.1 isqÔ-
oun, me tic aparaÐthtec tropopoi seic fusik�, kai gia CAT(κ)-q¸rouc epÐshc. ParadeÐg-
matoc q�rin, oi gwnÐec Alexandrov up�rqoun me thn austhr  ènnoia se CAT(κ)-q¸rouc.
M�lista, an k�poio shmeÐo p sto metrikì q¸ro X èqei perioq  h opoÐa èqei fragmènh
kamplulìthta eÐte apì p�nw eÐte apì k�tw, tìte h gwnÐa Alexandrov metaxÔ dÔo opoiond -
pote gewdaisiak¸n pou xekinoÔn apì to p, up�rqei me thn austhr  ènnoia.

8. 'Estw X metrikìc q¸roc kai èstw A mÐa apeikìnish h opoÐa antistoiqÐzei ènan ari-
jmì A(γ, γ′) ∈ [0, π] se k�je zeug�ri gewdaisiak¸n γ, γ′ ston X me koin  arq . Ja
mporoÔsame na poÔme ìti h A eÐnai mia logik  ènnoia gwnÐac an isqÔei ìti:

(i) A(γ, γ′) = A(γ′, γ), gia k�je gewdaisiakèc γ, γ′ me koin  arq .

(ii) A(γ, γ′′) ≤ A(γ, γ′) + A(γ′, γ′′), gia k�je gewdaisiakèc γ, γ′ kai γ′′ me koin  arq .

(iii) An γ eÐnai o periorismìc thc γ′ se k�poio arqikì tm ma tou pedÐou orismoÔ thc, tìte
A(γ, γ′) = 0.

(iv) An h γ : [−a, a) −→ X eÐnai gewdaisiak  kai oi γ−, γ+ : [0, a] −→ X èqoun tÔpo
γ−(t) = γ(−t) kai γ+(t) = γ(t), tìte A(γ−, γ+) = π.

'Opwc èqoume dei, h gwnÐa Alexandrov ikanopoieÐ autèc tic idiìthtec. H rhm�nneia gwnÐa
epÐshc ikanopoieÐ autèc tic idiìthtec. 'Ena tetrimmèno par�deigma tètoiac gwnÐac prokÔptei
an orÐsoume A(γ, γ′) = π an oi γ kai γ′ den èqoun koinì arqikì tm ma kai A(γ, γ′) = 0
alli¸c.

An stic prot�seic 5.1.1 kai 5.1.4 antikatast soume th gwnÐa Alexandrov me k�poia
sun�rthsh A me tic parap�nw idiìthtec, oi sunepagwgèc (e)⇐⇒(d)=⇒(b) exakoloujoÔn
na isqÔoun. H parat rhsh aut  ja mac bohj sei na apodeÐxoume ìti an mÐa leÐa pol-
laplìthta Riemann èqei kampulìthtec tom c ≤ κ   ≥ κ, tìte èqei kampulìthta ≤ κ  
≥ κ, antÐstoiqa wc metrikìc q¸roc.
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9. Fr�gmata Kampulìthtac me thn ènnoia tou Busemann

Antikajist¸ntac sto (g) thc prìtashc 3.2.1 ton E2 me ton M2
κ gia tri�dec shmeÐwn me

perÐmetro < 2Dκ prokÔptei o orismìc tou Busemann gia to pìte ènac metrikìc q¸roc èqei
(olik�) kampulìthta ≤ κ. Antistrèfontac tic anisìthtec prokÔptei to pìte ènac q¸roc
èqei kampulìthta ≥ κ. Apì thn prìtash 3.2.4 xèroume ìti ènac austhr� kurtìc q¸roc
me nìrma èqei kamplulìthta ≤ 0 me thn ènnoia tou Busemann. Apì thn �llh, afoÔ oi
gwnÐec Alexandrov up�rqoun me thn austhr  ènnoia se q¸rouc fragmènhc kampulìthtac
me thn ènnoia tou Alexandrov, èpetai apì thn prìtash 1.4.1 ìti ènac q¸roc me nìrma èqei
fragmènh kampulìthta ann h nìrma tou ep�getai apì eswterikì ginìmeno, opìte kai eÐnai
epÐpedoc q¸roc me thn ènnoia tou Alexandrov. Sunep¸c h ènnoia twn fragm�twn kam-
pulìthtac tou Busemann eÐnai gn sia asjenèsterh apì aut n tou Alexandrov. Wstìso
gia pollaplìthtec Riemann ìpwc ja doÔme, sumpÐptoun.

To an�logo thc prìtashc 5.1.2 gia CAT(κ)-q¸rouc apodeiknÔetai duskolìtera. Sug-
kekrimèna, autì pou eÐnai duskolìtero na apodeiqjeÐ eÐnai ìti an ènac metrikìc q¸roc X

eÐnai CAT(κ)-q¸roc gia k�poio κ > 0, tìte eÐnai epÐshc kai CAT(λ)-q¸roc gia k�je
λ ≤ κ. Katarq�c to ìti o X eÐnai CAT(κ)-q¸roc mac dÐnei ìti eÐnai Dκ-gewdaisiakìc,
en¸ gia na eÐnai CAT(λ)-q¸roc prèpei na eÐnai Dλ-gewdaisiakìc, kai afoÔ Dλ ≥ Dκ,
den eÐnai amèswc fanerì ìti autì isqÔei. Akìmh kai an perioristoÔme se gewdaisiakoÔc
q¸rouc to prìblhma paramènei duskolìtero, kai autì epeid  gia na apodeÐxoume ìti o X

eÐnai CAT(λ)-q¸roc prèpei na elègxoume thn CAT(λ)-anisìthta gia ìla ta gewdaisiak�
trÐgwna me perÐmetro < 2Dλ ≤ +∞, en¸ to ìti o X eÐnai CAT(κ)-q¸roc mac dÐnei thn
CAT(λ)-anisìthta gia gewdaisiak� trÐgwna me perÐmetro < 2Dκ ≤ 2Dλ. 'Opwc ja doÔme
ìmwc sthn enìthta 5.3 ìpou ja melet soume tic basikèc idiìthtec twn CAT(κ)-q¸rwn,
an κ > 0 kai o CAT(κ)-q¸roc X den eÐnai ènac apì k�poiouc idi�zontec monodi�sta-
touc q¸rouc, oi opoÐoi eÐnai CAT(κ)-q¸roi gia k�je κ ∈ R, tìte h di�metrìc tou eÐnai
fragmènh apì Dκ kai ìla ta gewdaisiak� trÐgwna ston X èqoun perÐmetro ≤ 2Dκ, to
opoÐo ja mac epitrèyei na apodeÐxoume to antÐstoiqo thc prìtashc 5.1.2 gia gewdaisiakoÔc
CAT(κ)-q¸rouc.

Prìtash 5.1.5 'Estw (X, d) metrikìc q¸roc. Ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai CAT(0)-q¸roc.

(b) O X eÐnai gewdaisiakìc q¸roc kai gia k�je p ∈ X kai k�je gewdaisiak  γ : [0, 1] −→
X,

|pγt|2 ≥ t|pγ1|2 + (1− t)|pγ0|2 − t(1− t)|γ0γ1|2 (5.7)

(g) O X eÐnai gewdaisiakìc q¸roc kai gia k�je tri�da p, x, y ∈ X, an m eÐnai k�poio
mèso twn x, y, tìte

|pm|2 ≥ 1
2
|px|2 +

1
2
|py|2 − 1

4
|xy|2. (5.8)
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'Oloi oi qarakthrismoÐ twn metrik¸n q¸rwn fragmènhc kampulìthtac pou èqoume dei
wc t¸ra sqetÐzontai me th gewmetrÐa twn tri�dwn. Ja doÔme t¸ra dÔo qarakthrismoÔc,
ènan gia CAT(κ)-q¸rouc kai ènan gia CAT(κ)-q¸rouc, mèsw tetr�dwn shmeÐwn.

Orismìc 5.1.4 'Estw (X, d) metrikìc q¸roc kai èstw (x1, y1, x2, y2) mÐa tetr�da shmeÐ-
wn tou X. MÐa upo-embÔjish thc (x1, y1, x2, y2) ston M2

κ , eÐnai mÐa tetr�da (x̄1, ȳ1, x̄2, ȳ2)
shmeÐwn tou M2

κ t.w. |x̄iȳj | = |xiyj | gia k�je i, j ∈ {1, 2} kai

|x1x2| ≤ |x̄1x̄2|, |y1y2| ≤ |ȳ1ȳ2|.
Ja lème ìti o X ikanopoieÐ thn CAT(κ) sunj kh twn tess�rwn shmeÐwn an k�je

tetr�da shmeÐwn (x1, y1, x2, y2) me perÐmetro |x1y1x2y2| := |x1y1| + |y1x2| + |x2y2| +
|y2x1| < 2Dκ èqei upo-embÔjish ston M2

κ .

Me �lla lìgia, ènac metrikìc q¸roc X ikanopoieÐ thn CAT(κ) sunj kh twn tess�rwn
shmeÐwn an k�je tetr�da ston X me perÐpetro < 2Dκ mporeÐ na embujisteÐ ston M2

κ ètsi
¸ste ta m kh twn pleur¸n na diathroÔntai kai ta m kh twn diagwnÐwn na aux�noun.

Prìtash 5.1.6 'Estw (X, d) pl rhc metrikìc q¸roc. Ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai CAT(κ)-q¸roc.

(b) O X ikanopoieÐ thn CAT(κ) sunj kh twn tess�rwn shmeÐwn kai k�je zeug�ri shmeÐ-
wn x, y ∈ X me d(x, y) < Dκ èqei proseggistik� mèsa.

Apìdeixh (a)=⇒(b) Autì pou èqoume na apodeÐxoume eÐnai h CAT(κ) sunj kh twn
tess�rwn shmeÐwn. 'Estw loipìn (x1, y1, x2, y2) mÐa tetr�da shmeÐwn ston X me perÐmetro
< 2Dκ. Dialègoume trÐgwna sÔgkrishc (x̃1, x̃2, ỹ1) kai (x̃1, x̃2, ỹ2) ston M2

κ gia tic tri�dec
(x1, x2, y1) kai (x1, x2, y2) antÐstoiqa, ètsi ¸ste na èqoun thn pleur� x̃1x̃2 koin  kai ta
shmeÐa ỹ1 kai ỹ2 na an koun se diaforetikèc pleurèc thc eujeÐac pou orÐzoun ta x̃1, x̃2.
Jètoume Q := co(x̃1, x̃2, ỹ1) ∪ co(x̃1, x̃2, ỹ2). An to Q eÐnai kurtì, tìte afoÔ ta ỹ1, ỹ2

an koun se diaforetikèc pleurèc thc eujeÐac pou orÐzoun x̃1, x̃2, oi diag¸nioi x̃1x̃2, ỹ1ỹ2

tèmnontai se k�poio shmeÐo z̃ ∈ M2
κ . 'Estw z ∈ x1x2 ⊆ X t.w. |x1z| = |x̃1z̃|. Tìte, apì

thn trigwnik  anisìthta kai to qarakthrismì 5.1.1 (b) twn CAT(κ)-q¸rwn, èqoume ìti

|y1y2| ≤ |y1z|+ |zy2| ≤ |ỹ1z̃|+ |z̃ỹ2| = |ỹ1ỹ2|.
'Omwc |x1x2| = |x̃1x̃2|, kai ètsi an to Q eÐnai kurtì, tìte h (x̃1, ỹ1, x̃2, ỹ2) eÐnai upo-
embÔjish thc tetr�dac (x1, y1, x2, y2) ston M2

κ .
An t¸ra to Q den eÐnai kurtì, tìte k�poio apì ta x̃i, ac poÔme to x̃2, an kei sto

eswterikì thc kurt c j khc twn tri¸n �llwn shmeÐwn. 'Etsi ∠fx2(x̃1, ỹ1) + ∠fx2(x̃1, ỹ2) >

π. Sunep¸c, an (x̄1, ȳ1, ȳ2) èna trÐgwno ston Mn
κ t.w. |x̄1ȳ1| = |x̃1ỹ1|,|x̄1ȳ2| = |x̃1ỹ2|,

|ȳ1ȳ2| = |ỹ1x̃2| + |x̃2ỹ2| kai x̄2 eÐnai to shmeÐo tou ȳ1ȳ2 me |ȳ1x̄2| = |ỹ1x̃2|, tìte |x̄iȳj | =
|xiyj | gia k�je i, j ∈ {1, 2}, kai

|ȳ1ȳ2| = |ȳ1x̄2|+ |x̄1ȳ2| = |y1x2|+ |x2y2| ≥ |y1y2|.
'EpÐshc, apì to l mma tou Alexandrov,

|x̄1x̄2| > |x̃1x̃2| = |x1x2|,
kai �ra h (x̄1, x̄2, ȳ1, ȳ2) eÐnai upo-embÔjish thc (x1, y1, x2, y2) ston M2

κ .
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(b)=⇒(a) Ja deÐxoume pr¸ta ìti o X eÐnai Dκ-gewdaisiakìc. AfoÔ o X eÐnai pl rhc,
arkeÐ na deÐxoume ìti gia k�je x, y ∈ X me |xy| < Dκ up�rqei mèso m twn x, y. 'Estw,
loipìn, x, y ∈ X me |xy| < Dκ. Ex� upojèsewc, up�rqei akoloujÐa (mi) t.w. to mi na
eÐnai 1/i-mèso twn x, y. AfoÔ o X eÐnai pl rhc, an deÐxoume ìti h (mi) eÐnai Cauchy ja
up�rqei m ∈ X t.w. mi −→ m, to opoÐo profan¸c ja eÐnai mèso twn x, y.

'Estw ε > 0. StajeropoioÔme λ ∈ (|xy|, Dκ). Apì to l mma 4.4.3, up�rqei δ =
δ(κ, λ, ε) > 0 t.w. gia k�je x, y ∈ M2

κ me |xy| ≤ λ, k�je δ-mèso twn x, y na eÐnai ε-kont�
sto mèso twn x, y. Ex� upojèsewc, gia k�je i, j ∈ N, up�rqei upo-embÔjish (x̄, m̄i, ȳ, m̄j)
thc (x,mi, y, mj) ston M2

κ , kai apì ton orismì twn upo-embujÐsewn, |mimj | ≤ |m̄im̄j |.
EpÐshc,

|x̄ȳ| ≤ |x̄m̄i|+ |m̄iȳ| = |xmi|+ |miy| ≤ |xy|+ 2
i
,

kai �ra |x̄ȳ| < λ ìtan to i eÐnai arket� meg�lo. 'Etsi, an ta i, j eÐnai epiplèon arket�
meg�la ètsi ¸ste 1

i ∨ 1
j < δ kai to m̄ eÐnai to mèso twn x̄, ȳ, tìte

|mimj | ≤ |m̄im̄j | ≤ |m̄im̄|+ |m̄m̄j | < 2ε,

afoÔ gia k�je i ∈ N, to m̄i eÐnai 1
i -mèso twn x̄, ȳ. Sunep¸c h (mi) eÐnai akoloujÐa

Cauchy.
Apomènei na deÐxoume ìti k�je trÐgwno ston X ikanopoieÐ thn CAT(κ)-anisìthta.

'Estw ∆(px, py, xy) gewdaisiakì trÐgwno ston X me perÐmetro < 2Dκ kai èstw m ∈ xy.
Apì thn upìjesh, up�rqei upoembÔjish (p̄, x̄, m̄, ȳ) thc (p, x,m, y) ston M2

κ . Apì ton
orismì twn upoembujÐsewn èqoume ìti

(a) |p̄x̄| = |px|, |p̄ȳ| = |py|, (b) |x̄m̄| = |xm|, |m̄ȳ| = |my|,

(c) |pm| ≤ |p̄m̄|, |xy| ≤ |x̄ȳ|.
ParathroÔme ìti |xy| ≤ |x̄ȳ| ≤ |x̄m̄| + |m̄ȳ| = |xm| + |my| = |xy|, to opoÐo mazÐ me tic
isìthtec (a) deÐqnei ìti h (p̄, x̄, ȳ) eÐnai tri�da sÔgkrishc gia to ∆. 'Omwc apì tic isìthtec
(b), to m̄ eÐnai to shmeÐo sÔgkrishc gia to m sto x̄ȳ, kai ètsi apì to (c) èpetai ìti to ∆
ikanopoieÐ to qarakthrismì 5.1.1 (b) twn CAT(κ)-q¸rwn. ¤

Orismìc 5.1.5 To mègejoc mÐac tetr�dac (p, x1, x2, x3) shmeÐwn enìc metrikoÔ q¸rou
X eÐnai to mègisto twn perimètrwn twn tri�dwn (p, x1, x2), (p, x1, x3) kai (p, x2, x3).

Prìtash 5.1.7 'Enac Dκ-gewdaisiakìc q¸roc eÐnai CAT(κ)-q¸roc ann

∠(κ)
p (x1, x2) + ∠(κ)

p (x2, x3) + ∠(κ)
p (x1, x3) ≤ 2π, (5.9)

gia k�je tetr�da (p, x1, x2, x3) ston X me mègejoc < 2Dκ.

Apìdeixh Upojètoume pr¸ta ìti h (5.9) isqÔei gia k�je tetr�da ston X me mègejoc
< 2Dκ. Ja deÐxoume ìti o X ikanopoieÐ to qarakthrismì 5.1.4 (b) twn CAT(κ)-q¸rwn.
'Estw ∆(pq, pr, qr) gewdaisiakì trÐgwno ston X me perÐmetro < 2Dκ kai èstw x ∈ qr.
Epilègoume trÐgwna sÔgkrishc ∆(x̃, q̃, p̃) kai ∆(x̃, r̃, p̃) ston Mn

κ ètsi ¸ste na èqoun thn
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pleur� x̃p̃ koin  kai ta shmeÐa q̃, r̃ na an koun se diaforetikèc pleurèc thc eujeÐac pou
orÐzei h koin  pleur�. Apì thn (5.9) èqoume ìti,

∠ex(q̃, p̃) + ∠ex(r̃, p̃) + ∠ex(q̃, r̃) ≤ 2π.

'Omwc ∠ex(q̃, r̃) = π, kai �ra ∠ex(q̃, p̃) + ∠ex(r̃, p̃) ≤ π. Epiqeirhmatolog¸ntac ìpwc sthn
apìdeixh tou l mmatoc tou Alexandrov, blèpoume eÔkola ìti

|px| = |p̃x̃| ≥ |p̄x̄|,

ìpou ∆̄ := ∆(p̄, q̄, r̄) eÐnai k�poio trÐgwno sÔgkrishc ston Mn
κ gia thn tri�da (p, g, r) kai

x̄ eÐnai to shmeÐo sÔgkrishc gia to x ∈ qr sto ∆̄.
Upojètoume t¸ra ìti o X eÐnai CAT(κ)-qwroc. 'Estw (p, x, y, z) mÐa tetr�da shmeÐwn

tou X me mègejoc < 2Dκ. Epilègoume gewdaisiakèc px, py kai pz, kai gia k�je 0 ≤ t ≤ 1
jètoume pt := (px)t. 'Epeita epilègoume gewdaisiak� tm mata ptx, pty kai ptz gia k�je
0 ≤ t ≤ 1 kai jètoume ptp kai ptx ta upotm mata tou px apì to p sta pt kai x antÐstoiqa.
Tìte,

∠(κ)
pt

(x, y) + ∠(κ)
pt

(y, z) + ∠(κ)
pt

(x, z) ≤ ∠(ptx, pty) + ∠(pty, ptz) + ∠(ptx, ptz)

≤ (
∠(ptx, pty) + ∠(pty, ptp)

)
+

(
∠(ptp, ptz) + ∠(ptz, ptx)

)
= 2π.

H pr¸th anisìthta kai h mình isìthta ston parap�nw upologismì èpontai apì to qara-
kthrismì 5.1.4 (d) twn CAT(κ)-q¸rwn kai h deÔterh anisìthta èpetai apì thn trigwnik 
anisìthta gia gwnÐec. AfoÔ oi gwnÐec sÔgkrishc eÐnai suneqeÐc sun�rthseic twn meta-
blht¸n touc, paÐrnontac ìrio kaj¸c t −→ 0 sthn parap�nw anisìthta katal goume sto
zhtoÔmeno. ¤

Stic dÔo epìmenec paragr�fouc ja melet soume tic basikèc idiìthtec twn metrik¸n
q¸rwn fragmènhc kampulìthtac. 'Opwc ja doÔme oi idiìthtec twn q¸rwn �nw fragmènhc
kampulìthtac eÐnai diaforetik c uf c apì autèc twn q¸rwn me k�tw fragmènh kampulìth-
ta. KleÐnoume aut  thn par�grafo me mÐa èkfrash thc gwnÐac Alexandrov pou isqÔei se
ìlouc touc q¸rouc fragmènhc kampulìthtac. H apìdeixh thc eÐnai �mesh.

Prìtash 5.1.8 'Estw X q¸roc m kouc me kampulìthta ≤ κ   ≥ κ gia k�poio κ ∈ R.
Tìte oi gwnÐec Alexandrov up�rqoun me thn austhr  ènnoia ston X kai gia k�je zeug�ri
gewdaisiak¸n γ : [0, α] −→ X, σ : [0, b] −→ X, me arq  to γ(0) = σ(0) = p, isqÔei ìti

∠(γ, σ) = lim
t→0

2 arcsin
1
2t

d(γt, σt).

5.2 Basikèc Idiìthtec twn Q¸rwn
'Anw Fragmènhc Kampulìthtac

Oi pr¸tec tèsseric idiìthtec twn CAT(κ)-q¸rwn thc akìloujhc prìtashc èqoun apodei-
qjeÐ gia kurtoÔc metrikoÔc q¸rouc me Dκ = +∞.
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Prìtash 5.2.1 'Estw X CAT(κ)-q¸roc. Tìte,

(a) Gia k�je x, y ∈ X me d(x, y) < Dκ up�rqei monadikì gewdaisiakì tm ma me �kra
ta x, y, kai to gewdaisiakì autì tm ma exart�tai suneq¸c apì ta �kra tou.

(b) K�je topik  gewdaisiak  ston X me m koc < Dκ eÐnai gewdaisiak .

(g) K�je mp�la ston X me aktÐna < Dκ

2 eÐnai kurt .

(d) 'Olec oi mp�lec ston X aktÐnac < Dκ eÐnai surrikn¸simec.

(e) Gia k�je λ < Dκ kai k�je ε > 0, up�rqei δ = δ(κ, λ, ε) > 0 t.w. gia k�je
gewdaisiakì tm ma xy ⊆ X me |xy| < δ na isqÔei ìti

|xm| ∨ |ym| ≤ 1
2
|xy|+ δ =⇒ |mmx,y| < ε,

ìpou mx,y eÐnai to mèso twn x, y.

Apìdeixh (a) 'Estw γ, σ : [0, 1] −→ X dÔo gewdaisiakèc apì to x sto y kai èstw
t ∈ [0, 1]. To gewdaisiakì trÐgwno ∆

(
σ([0, 1]), γ([0, t]), γ([t, 1])

)
èqei perÐmetro 2|xy| <

2Dκ. 'Estw ∆̄ = ∆(x̄, ȳ, γ̄t) trÐgwno sÔgkrishc gia to ∆ ston M2
κ . Profan¸c to ∆ eÐnai

ekfulismèno, dhlad  γ̄t ∈ x̄ȳ afoÔ |xy| = |sγt|+ |γty| kai to shmeÐo sÔgkrishc σ̄t gia to
σt sto ∆̄ eÐnai to γ̄t. 'Etsi, apì thn CAT(κ)-anisìthta èqoume ìti |γtσt| ≤ |γ̄tσ̄t| = 0.

Ja deÐxoume t¸ra ìti to xy exart�tai suneq¸c apì ta �kra tou. 'Estw loipìn
(xn), (yn) akoloujÐec t.w. xn −→ x kai yn −→ y. 'Estw ` ∈ (|xy|, Dκ). Apì thn prìtash
4.5.4 up�rqei stajer� C = C(κ, `) t.w. gia k�je gewdaisiakèc γ, σ : [0, 1] −→ M2

κ me
L(γ) ∨ L(σ) < ` kai γ0 = σ0 h anisìthta |γtσt| ≤ Ct|x1y1| na isqÔei gia k�je t ∈ [0, 1].
Agno¸ntac ìsouc arqikoÔc ìrouc twn akolouji¸n (xn) kai (yn) qrei�zetai, mporoÔme na
upojèsoume ìti |xnyn| ∨ |xyn| < ` gia k�je n ∈ N. 'EpÐshc, up�rqei n0 ∈ N t.w. gia
k�je n ≥ n0 na up�rqoun trÐgwna sÔgkrishc ∆̄n = ∆(x̄, ȳ, ȳn) kai ∆̃n = ∆(x̃, x̃n, ỹn) gia
ta ∆(x, y, yn) kai ∆(x, xn, yn) antÐstoiqa. Tìte,

|(xy)t(xnyn)t| ≤ |(xy)t(xyn)t|+ |(xyn)t(xnyn)t|
≤ |(x̄ȳ)t(x̄ȳn)t|+ |(x̃ỹn)t(x̃nỹn)t|
≤ C

(|yyn|+ |xxn|
)
,

gia k�je 0 ≤ t ≤ 1 kai k�je n ∈ N. Sunep¸c oi gewdaisiakèc xnyn sugklÐnoun omoiì-
morfa sthn xy.
(b) 'Estw γ : I −→ X topik  gewdaisiak  monadiaÐac taqÔthtac kai m kouc ` < Dκ.
'Opwc sthn apìdeixh tou antÐstoiqou apotelèsmatoc gia kurtoÔc metrikoÔc q¸rouc jew-
roÔme tuqìn upodi�sthma [a, b] tou I kai ja apodeÐxoume ìti h γ[a,b] eÐnai gewdaisiak .
Jètoume loipìn

S :=
{
r ∈ [a, b]

∣∣ h γ|[a,r] eÐnai gewdaisaik 
}
.

AfoÔ h γ eÐnai topik  gewdaisiak , to S perièqei mÐa anoikt  perioq  tou a kai eÐnai
kleistì. Gia na apodeÐxoume ìti to S eÐnai anoiktì, arkeÐ na deÐxoume ìti gia k�je r ∈ S

up�rqei ε > 0 t.w. r + ε ∈ S. 'Estw loipìn r ∈ S. AfoÔ h γ eÐnai topik  gewdaisiak ,
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up�rqei 0 < ε < (b − r) ∧ (r − a) t.w. h γ[r−ε,r+ε] na eÐnai gewdaisiak . H tri�da
(γr, γa, γr+ε) èqei perÐmetro

|γaγrγr+ε| ≤ 2
(|γaγr|+ |γrγr+ε|

)

= 2(r − a + ε) < 2(b− a) ≤ 2` ≤ 2Dκ,

kai �ra up�rqei trÐgwno sÔgkrishc ∆̄ := ∆(γ̄r, γ̄a, ¯γr+ε) gi� aut  thn tri�da ston M2
κ .

Profan¸c arkeÐ na deÐxoume ìti to ∆̄ eÐnai ekfulismèno, dhlad  ìti γ̄aγ̄r ∪ γ̄r ¯γr+ε =
γ̄a ¯γr+ε. Upojètoume gia na katal xoume se antÐfash ìti autì den isqÔei. Tìte an
x̄ ∈ γ̄aγ̄r kai ȳ ∈ γ̄r ¯γr+ε eÐnai ta shmeÐa sÔgkrishc gia ta x ∈ γ([r − ε, r]) ⊆ γ([a, r])
kai y ∈ γ([r, r + ε]), èqoume ìti |x̄ȳ| < |x̄γ̄r| + |γ̄rȳ|. Efarmìzontac t¸ra thn CAT(κ)
anisìthta sta shmeÐa x, y, paÐrnoume ìti

|xy| ≤ |x̄ȳ| < |x̄γ̄rt|+ |γ̄rȳ| = |xγr|+ |γry| = |xy|,

to opoÐo eÐnai �topo.
(g) 'Estw p ∈ X, r < Dκ/2 kai x, y ∈ D(p, r). Apì to (a), up�rqei monadikì gewdaisakì
tm ma pou sundèei ta x, y. Prèpei na deÐxoume ìti xy ⊆ D(p, r). 'Estw z ∈ xy. Epilègoume
trÐgwno sÔgkrishc ∆̄ := ∆(p̄, x̄, ȳ) ston M2

κ . 'Estw z̄ ∈ x̄ȳ to shmeÐo sÔgkrishc gia to
z sto ∆̄. 'Opwc xèroume, oi mp�lec me aktÐna < Dκ/2 eÐnai kurtèc ston Mn

κ kai �ra
x̄ȳ ⊆ D(p̄, r). 'Etsi, apì thn CAT(κ)-anisìthta, èqoume ìti |pz| ≤ |p̄z̄| < r.
(d) 'Estw p ∈ X kai r < Dκ. Apì to (a), gia k�je x ∈ D(p, r) up�rqei monadik 
gewdaisiak  xp apì to x sto p kai h apeikìnish F : [0, 1] ×X −→ X me tÔpo F (t, x) =
(xp)t eÐnai omotopÐa apì thn idD(p,r) sth stajer  apeikìnish cp : D(p, r) −→ {p}. 'Ara h
D(p,Dκ) eÐnai surrikn¸simh.
(e) Sto l mma 4.4.3 to zhtoÔmeno èqei apodeiqjeÐ sthn perÐptwsh ìpou X = Mn

κ . H
perÐptwsh pou o X eÐnai ènac opoiosd pote CAT(κ)-q¸roc èpetai apì aut  thn eidik 
perÐptwsh kai thn CAT(κ)-anisìthta gia to trÐgwno ∆(x, y, m). ¤

Pìrisma 5.2.1 K�je CAT(κ)-q¸roc me κ ≤ 0 eÐnai surrikn¸simoc kai �ra apl�
sunektikìc.

Sto upìloipo aut c thc paragr�fou ja epikentrwjoÔme stouc CAT(0)-q¸rouc. H
akìloujh prìtash ofeÐletai ston Reshetnyak kai qrhsimopoi jhke ekten¸c apì touc
Korevaar kai Schoen, [12], sth melèth touc p�nw stic armonikèc sunart seic me timèc se
metrikoÔc q¸rouc.

Prìtash 5.2.2 (SÔgkrish parallhlogr�mmou)'Estw X CAT(0)-q¸roc. Tìte gia k�je
x1, y1, x2, y2 ∈ X, èqoume ìti

|x1x2|2 + |y1y2|2 ≤ |x1y1|2 + |x2y2|2 + 2|x1y2||y1x2|.

Apìdeixh O X eÐnai CAT(0)-q¸roc kai �ra up�rqei upo-embÔjish (x̄1, ȳ1, x̄2ȳ2) ston
E2 gia thn tetr�da (x1, y1, x2, y2). Jètoume

A = ȳ1 − x̄1, B = x̄2 − ȳ1,

C = ȳ2 − x̄2, D = x̄1 − ȳ2.
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Tìte,

|x1x2|2 + |y1y2|2 ≤ |x̄1x̄2|2 + |ȳ1ȳ2|2 = ‖A + B‖2 + ‖B + C‖2
= ‖A‖2 + ‖C‖2 + 2‖B‖2 + 2〈A,B〉+ 2〈B, C〉
= ‖A‖2 + ‖C‖2 + 2〈B,A + B + C〉
= ‖A‖2 + ‖C‖2 − 2〈B,D〉
≤ |x1y1|2 + |x2y2|2 + 2|x1y2||y1x2|.

Prìtash 5.2.3 'Estw X pl rhc CAT(0)-q¸roc kai C kurtì kai kleistì uposÔnolo
tou X. Tìte

(a) Up�rqei monadik  apeikìnish πC : X −→ C, h opoÐa lègetai orjog¸nia probol 
sto C, t.w.

d(πC(x), x) = d(x,C) := inf
z∈C

d(z, x).

(b) An to y an kei sto gewdaisiakì tm ma [x, πC(x)], tìte πC(y) = πC(x).

(g) Gia k�je x ∈ X kai z ∈ C, isqÔei ìti d2(x, z) ≥ d2
(
x, πC(x)

)
+ d2

(
πC(x), z

)
.

(d) Gia k�je x /∈ C kai k�je z ∈ C me z 6= πC(x), isqÔei ìti ∠πC(x)(x, z) ≥ π
2 .

(e) H apeikìnish πC eÐnai sustol  kai deformation retraction tou X sto C, (dhlad 
up�rqei omotopÐa apì thn idX sthn πC).

Apìdeixh (a) Gia k�je x ∈ X, h apeikìnish d2
x : C −→ [0,∞) eÐnai 1-kurt  kai orÐzetai

ston pl rh gewdaisiakì q¸ro C. 'Eqei, loipìn, monadikì shmeÐo elaqÐstou πC(x) sto C.
H X 3 x 7→ πC(x) ∈ C eÐnai h zhtoÔmenh apeikìnish.
(b) Prèpei na apodeÐxoume ìti d(πC(x), y) = d(y, C). AfoÔ y ∈ [x, πC(x)], èqoume ìti

d(x, C) = d(x, y) + d(y, C),

gia k�je x, y ∈ X, kai �ra

d(πC(x), y) = d(πC(x), x)− d(x, y) = d(x,C)− d(x, y) = d(y, C)

ìpwc zhtoÔsame.
(g) 'Estw γ : [0, 1] −→ X gewdaisiak  pou sundèei ta πC(x), z. Apì thn kurtìthta tou
C èqoume ìti Imγ ⊆ C kai �ra gia k�je 0 ≤ t ≤ 1,

d2(x, πC(x)) ≤ d2(x, γt) ≤ (1− t)d2(πC(x), x) + td2(z, x)− t(1− t)d2(πC(x), z).

Sunep¸c gia k�je 0 < t ≤ 1,

d2(πC(x), x) + (1− t)d2(πC(x), z) ≤ d2(x, z).

(d) 'Estw (xt), (zt), 0 ≤ t ≤ 1 ta gewdaisiak� tm mata pou sundèoun ta shmeÐa x0 =
πC(x), x1 = x kai z0 = πC(x), z1 = z antÐstoiqa. Tìte apì thn pujagìreia anisìthta
tou (g), èqoume ìti

cos ∠πC(x)(x, z) = lim
t→0

d2(xt, πC(x)) + d2(πC(x), zt)− d2(xt, zt)
2d(xt, πC(x))d(πC(x), zt)

≤ 0.

Sunep¸c ∠πC(x)(x, z) ≥ arccos(0) = π
2 .
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(e) Ja deÐxoume pr¸ta ìti h πC eÐnai sustol . 'Estw, loipìn, x, y ∈ X. An πC(x) =
πC(y), tìte to zhtoÔmeno eÐnai profanèc. Alli¸c, prosjètontac tic pujagìreiec anisìtht-
ec gia ta trÐgwna (πC(x), πC(y), y) kai (x, πC(x), πC(y)) èqoume ìti

2d2(πC(x), πC(y)) ≤ d2(πC(x), y) + d2(x, πC(y))− d2(x, πC(x))− d2(y, πC(y)) (5.10)

kai apì sÔgkrish parallhlogr�mmou, h dexi� pleur� thc (5.10) eÐnai mikrìterh   Ðsh apì

2d(x, y)d(πC(x), πC(y)).

Sunep¸c d(πC(x), πC(y)) ≤ d(x, y) ìpwc jèlame. 'Estw t¸ra H : [0, 1] × X −→ X h
apeikìnish me tÔpo H(t, x) = [x, πC(x)](t). Profan¸c H0 = idX kai H1 = πC . AfoÔ oi
gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc, h sunèqeia thc πC sunep�ge-
tai th sunèqeia thc H. Sunep¸c h H eÐnai omotopÐa apì thn idX sthn πC . Epiplèon, apì
thn kurtìthta thc d, h Ht : X −→ X eÐnai sustol  gia k�je 0 ≤ t ≤ 1. ¤

5.3 Basikèc Idiìthtec twn Q¸rwn
K�tw Fragmènhc Kampulìthtac

Orismìc 5.3.1 'Estw (X, d) metrikìc q¸roc. Ja lème ìti oi gewdaisiakèc ston X de
diakladÐzontai, an ìpote dÔo gewdaisiak� tm mata xy kai xz ston X èqoun kapoio koinì
arqikì tm ma, tìte eÐnai kai ta dÔo upotm mata k�poiou gewdaisiakoÔ tm matoc.

Prìtash 5.3.1 'Estw (X, d) gewdaisakìc q¸roc. Oi gewdaisiakèc ston X den dia-
kladÐzontai ann gia k�je x, y, z ∈ X isqÔei h sunepagwg :

midp(x, y) ∩midp(x, z) 6= ∅ =⇒ y = z.

Apìdeixh (=⇒) 'Estw x, y, z ∈ X kai èstw m ∈ X k�poio mèso kai twn x, y kai twn
x, z. AfoÔ o X eÐnai gewdaisiakìc, up�rqoun gewdaisiak� tm mata xm, my kai mz. Tìte
oi xm ∪my kai xm ∪mz eÐnai gewdasiakèc kai èqoun koinì arqikì tm ma, to xm. AfoÔ
oi gewdaisiakèc ston X den diakladÐzontai, èpetai ìti y = z.
(⇐=) Katarq�c ja deÐxoume ìti an dÔo gewdaisiak� tm mata xy kai xz me |xy| ≤ |xz|
èqoun k�poio koinì arqikì upotm ma xq, tìte gia k�je q′ ∈ xy me |xq′| ≤ 2|xq| to
upotm ma xq′ tou xy perièqetai sto xz. Pr�gmati, èstw u ∈ xq′. Jètoume w ∈ xz

to monadikì shmeÐo tou xz me |xw| = |xu|. 'Estw m to mèso twn x, u pou an kei sto
xq′. Profan¸c m ∈ xq kai �ra to m eÐnai epÐshc mèso twn x,w. Sunep¸c u = w ∈ xz.
Dedomènwn t¸ra dÔo gewdaisiak¸n tmhm�twn xy kai xz ston X me koinì arqikì upotm ma,
efarmìzontac thn parap�nw parat rhsh peperasmènec to pl joc forèc, paÐrnoume telik�
ìti xy ⊆ xz. ¤

Prìtash 5.3.2 'Estw X metrikìc q¸roc kampulìthtac ≥ κ gia k�poio κ ∈ R. Tìte,

(a) Oi gewdasiakèc ston X de diakladÐzontai.

(b) An h gwnÐa Alexandrov metaxÔ dÔo gewdaisiak¸n tmhm�twn pou ekkinoÔn apì to
Ðdio shmeÐo eÐnai 0, tìte to èna eÐnai upotm ma tou �llou.
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(g) An dÔo gewdaisiak� tm mata èqoun dÔo koin� shmeÐa, tìte ta shmeÐa aut� eÐnai ta
�kra touc.

(d) Gia k�je gewdaisiakèc γ, γ′, γ′′ : [0, 1] −→ X me γ0 = γ′0 = γ′′0 , èqoume ìti

∠(γ, γ′) + ∠(γ′, γ′′) + ∠(γ′′, γ) ≤ 2π.

Apìdeixh (a) Upojètoume gia na katal xoume se antÐfash ìti up�rqoun gewdaisiak�
tm mata xy kai xz ston X pou diakladÐzontai. 'Estw γ, σ oi parametrÐseic twn xy kai
xz, antÐstoiqa, me to m koc touc. AfoÔ ta xy kai xz diakladÐzontai, o arijmìc

t0 := sup
{
t ≥ 0

∣∣ γ|[0,t] ≡ σ|[0,t]

}
> 0,

eÐnai kal� orismènoc. AfoÔ o X èqei kampulìthta ≥ κ, up�rqei CAT(κ)-perioq  V tou
p = γt0 . 'Estw xp, py kai pz ta upotm mata twn xy kai xz. Epilègoume x1 ∈ V ∩ xp,
x2 ∈ V ∩ py kai x3 ∈ pz t.w. ta p, x1, x2, x3 na eÐnai ìla diaforetik�. Tìte

∠(κ)
p (x1, x2) + ∠(κ)

p (x1, x3) + ∠(κ)
p (x2, x3) = π + π + ∠(κ)

p (x2, x3)

> 2π,

to opoÐo antif�skei me to qarakthrismì 5.1.7 twn CAT(κ)-q¸rwn.
(b) Apì to (a), arkeÐ na deÐxoume ìti an h gwnÐa Alexandrov metaxÔ dÔo gewdaisiak¸n
γ, γ′ : [0, `] −→ X monadiaÐac taqÔthtac eÐnai 0, tìte sumpÐptoun se mÐa perioq  tou 0.
'Estw loipìn γ, γ′ : [0, `] −→ X gewdaisiakèc me arq  to p = γ(0) = γ′(0) kai gwnÐa
∠(γ, γ′) = 0. AfoÔ o X èqei kampulìthta ≥ κ, up�rqei ε ∈ (0, Dκ/2) t.w. h mp�la
D(p, ε) na eÐnai CAT(κ)-q¸roc. Gia k�je t < ε/2, k�je gewdaisiakì trÐgwno me ko-
rufèc p, γt, γ

′
t perièqetai sthn mp�la D(p, ε) kai èqei perÐmetro < 2Dκ. 'Etsi, apì to

qarakthrismì 5.1.4 (d) twn CAT(κ)-q¸rwn, èqoume ìti gia k�je 0 < t < ε/2,

∠(κ)
p (γt, γ

′
t) ≤ ∠(γ, γ′) = 0.

Apì to nìmo twn sunhmitìnwn, sunep�getai ìti γ|[0, ε
2 ) ≡ γ′|[0, ε

2 ). ParadeÐgmatoc q�rin,
an κ < 0 kai 0 < t < ε/2, tìte

1 = cos ∠(κ)
p (γt, γ

′
t) =

cosh2(t
√−κ)− cosh(|γtγ

′
t|
√−κ)

sinh2(t
√−κ)

,

apì ìpou èpetai ìti |γtγ
′
t| = 0.

(g) Ja deÐxoume pr¸ta ìti an dÔo gewdaisiak� tm mata pq kai pq′ me toul�qiston èna
koinì shmeÐo, ac poÔme to p, èqoun k�poio �llo koinì shmeÐo x ∈ pq ∩ pq′, tìte eÐte to
èna perièqetai sto �llo, eÐte x = q = q′. Gia na to deÐxoume autì, arkeÐ na deÐxoume ìti
eÐte x 6= q eÐte x 6= q′, kai na deÐxoume ìti pq ⊆ pq′   pq′ ⊆ pq. 'Estw loipìn x ∈ pq ∩ pq′,
x 6= p t.w. x 6= q   x 6= q′. ParathroÔme ìti an x = q, tìte to pq ∪ qq′ eÐnai gewdaisiakì
tm ma, ìpou qq′ eÐnai to upotm ma tou pq′, kai èqei koinì arqikì tm ma me to q′p. 'Epetai
apì to (a) ìti pq ⊆ pq ∪ qq′ = pq′. OmoÐwc an x = q′ tìte pq′ ⊆ pq. Upojètoume tèloc
ìti x 6= q kai x 6= q′. 'Estw px to upotm ma tou pq pou sundèei ta p, x. Ta px ∪ xq

kai px ∪ xq′ eÐnai gewdaisiak� tm mata me koinì arqikì tm ma to px, ìpou fusik� ta xq

kai xq′ eÐnai upotm mata twn pq kai pq′. 'Etsi qwrÐc bl�bh thc genikìthtac mporoÔme na
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upojèsoume ìti |xy| ≤ |xq′|. Apì to (a) èqoume ìti xq ⊆ xq′. An t¸ra (px)′ eÐnai to
upotm ma tou pq pou sundèei ta p, x, tìte ta pq kai (px)′ ∪ xq eÐnai gewdaisiak� tm mata
me koinì arqikì tm ma, to opoÐo apì to (a) deÐqnei ìti px = (px)′.

Upojètoume t¸ra ìti ta pq kai pq′ eÐnai dÔo gewdaisiak� tm mata me dÔo koin� shmeÐa,
ta x, y. Efarmìzontac thn parap�nw parat rhsh sta upotm mata xq kai xq′ twn pq kai
p′q′ antÐstoiqa, èpetai ìti y = q = q′, kai xanaefarmìzontac aut  thn parat rhsh sta
gewdaisiak� tm mata qp kai qp′, èpetai ìti x = p = p′.
(d) 'Epetai �mesa apì to qarakthrismì 5.1.7 twn CAT(κ)-q¸rwn kai to gegonìc ìti ston
orismì thc gwnÐac Alexandrov mporoÔme na p�roume gwnÐec sÔgkrishc se opoiond pote
apì touc q¸rouc montèla Mn

κ . ¤

L mma 5.3.1 'Estw X metrikìc q¸roc kampulìthtac ≥ κ kai èstw x1y1 ⊆ X gew-
daisiakì tm ma. Gia k�je z /∈ x1y1 jètoume

Iz :=
{
p ∈ x1y1 | d(p, z) = d(x1y1, z)

}
.

'Estw z1 ∈ X kai p0 ∈ Io
z1

:= Iz1 \ {x1, y1}. Jètoume x, y : [0, 1] −→ X tic gewdaisiakèc
pou parametrÐzoun ta upotm mata p0x1 kai p0y1 twn x1y1 antÐstoiqa. Tìte

∠(x, z) = ∠(y, z) =
π

2
,

gia k�je gewdaisiak  z ∈ C(p0, z1).

Apìdeixh 'Estw z ∈ C(p0, z1) mia gewdaisiak . Katarq�c, afoÔ to p0 eÐnai eswterikì
shmeÐo tou x1y1 kai o X èqei kampulìthta ≥ κ, èqoume ìti

∠(x, z) + ∠(z, y) = π,

kai �ra arkeÐ na deÐxoume ìti oi gwnÐec ∠(x, z),∠(y, z) eÐnai fragmènec, eÐte apì p�nw eÐte
apì k�tw, apì π/2. Ja deÐxoume pr¸ta ìti p0 ∈ Izt gia k�je t ∈ [0, 1]. Pr�gmati, an gia
k�poio t ∈ [0, 1] eÐqame ìti p0 /∈ Izt , tìte ja up rqe p′0 ∈ Izt t.w. d(p′0, zt) = d(x1y1, zt) <

d(p0, zt), kai �ra ja eÐqame ìti

|p′0z1| ≤ |p′0zt|+ |ztz1| < |p0zt|+ |ztz1| = |p0z1|,

to opoÐo antif�skei me ton orismì tou p0.
Gia k�je s ∈ [0, 1] jètoume x(s) : [0, 1] −→ X th gewdaisiak  pou parametrÐzei to

upotm ma p0xs tou p0x1. SÔmfwna me tic basikèc idiìthtec twn gwni¸n Alexandrov,
èqoume ìti ∠(x, z) = ∠(x(s), z) gia k�je s ∈ [0, 1]. AfoÔ o X èqei fragmènh kampulìth-
ta, oi gwnÐec Alexandrov ston X up�rqoun me thn austhr  ènnoia kai �ra ∠(x, z) =
∠(x(s), z) = limt→0 ∠p0(x

(s)
t , zt) gia k�je s ∈ [0, 1]. Qrhsimopoi¸ntac t¸ra to gegonìc

ìti p0 ∈ Izt gia k�je t ∈ [0, 1] blèpoume ìti gia k�je s, t ∈ [0, 1],

cos ∠p0(x
(s)
t , zt) =

|p0x
(s)
t |2 + |p0zt|2 − |x(s)

t zt|2
2|p0x

(s)
t ||p0zt|

≤ s

2
|p0x1|
|p0z1| .

'Epetai ìti cos∠(x, z) ≤ 0 kai �ra ∠(x, z) ≥ π/2. Omoi¸c, ∠(y, z) ≥ π/2. ¤
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Prìtash 5.3.3 'Estw X gewdaisiakìc CAT(κ)-q¸roc gia k�poio κ > 0. Tìte isqÔei
èna apì ta akìlouja:

(a) X = R

(b) X = [0,∞)   X = (0,∞).

(g) X = [0, `]   X = [0, `)   X = (0, `), ` > Dκ.

(d) X = ` · S1, ` > Dκ/π.

(e) diamX ≤ Dκ.

Apìdeixh Upojètoume ìti kanèna apì ta (a) èwc (e) den isqÔei kia ja katal xoume se
�topo. 'Estw loipìn x, y ∈ X t.w. |xy| > Dκ. Profan¸c mporoÔme na upojèsoume ìti
|xy| = Dκ + ε/

√
κ, gia k�poio ε ∈ (0, π/4). 'Estw xy gewdaisiakì tm ma pou sundèei ta

x, y kai èstw m to mèso tou. Jètoume U := D(m, ε/3
√

κ) kai jewroÔme dÔo peript¸seic.
(i) U \ xy = ∅ : AfoÔ oi gewdaisiakèc ston X de diakladÐzontai, up�rqoun monadikèc
gewdaisiakèc γx : I −→ X, γy : J −→ X monadiaÐac taqÔthtac me arqik� tm mata mx

kai my antÐstoiqa, ìpou ta diast mata I, J eÐnai thc morf c [0, `), [0, `], ` > 0   [0,∞).
AfoÔ U \ xy = ∅, gia k�je p ∈ X, h gewdaisiak  pou sundèei to m me to p prèpei
upoqrewtik� na èqei koinì arqikì tm ma eÐte me to mx eÐte me to my. AfoÔ, ìmwc, oi
gewdaisiakèc ston X den diakladÐzontai, autì sunep�getai ìti p ∈ mp ⊆ Imγx ∪ Imγy

kai �ra X = Imγx ∪ Imγy. 'Opwc mporeÐ eÔkola na elègxei o anagn¸sthc, autì èqei wc
sunèpeia ìti o X eÐnai k�poioc apì touc monodi�statouc idi�zontec q¸rouc twn (a) èwc
(d), an�loga me th morf  twn diasthm�twn I, J . AfoÔ, ìmwc, èqoume upojèsei ìti kanèna
apì ta (a) e¸c (d) den isqÔei, autì eÐnai �topo.
(ii) U \ xy 6= ∅ : 'Estw z ∈ U \ xy. Tìte

Iz :=
{
p ∈ xy

∣∣ d(p, z) = d(xy, z)
} ⊆ D

(
m,

ε

4
√

κ

)
,

afoÔ an p ∈ Iz tìte |pm| ≤ |pz| + |zm| ≤ 2|zm| < ε/3
√

κ. EpÐshc, gia k�je p ∈ Iz

èqoume ìti

|px| ∧ |py| = Dκ

2
+

ε

2
√

κ
− ε

3
√

κ
>

Dκ

2
.

'Estw p ∈ Iz kai èstw pz gewdaisiakì tm ma apì to p sto z. SÔmfwna me to prohgoÔmeno
l mma èqoume ìti

∠(px, pz) = ∠(py, pz) =
π

2
,

ìpou ta tm mata px, py eÐnai upotm mata tou xy. H tri�da (p, y, z) èqei perÐmetro

|pyz| ≤ 2(|pz|+ |py|) ≤ 2
( ε

6
√

κ
+

Dκ

2
+

ε

3
√

κ

)

<
π

12
√

κ
+ Dκ +

2π

12
√

κ
=

(
1 +

1
4
)
Dκ < 2Dκ,

kai �ra up�rqei trÐgwno sÔgkrishc (p̄, ȳ, z̄) gia thn (p, y, z) ston M2
κ . AfoÔ o X eÐnai

CAT(κ)-q¸roc, èpetai ìti

∠(κ)
p (z, y) ≤ ∠(pz, py) =

π

2
.
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'Etsi, afoÔ |p̄ȳ| = |py| > Dκ/2, èpetai ìti |z̄ȳ| ≤ |p̄ȳ|. Pr�gmati, an topojet soume to ȳ

sto nìtio pìlo tou M2
κ , tìte apì thn anisìthta ∠(κ)

p (z, y) ≤ π/2 èpetai ìti to monadikì
gewdaisiakì tm ma γ pou dièrqetai apì to z̄ ekkin¸ntac apìto p̄ brÐsketai olìklhro p�nw
apì to mègisto kÔklo δ pou dièrqetai apì to p̄ k�jeta sto meshmbrinì ȳp̄. 'Omwc to p̄

èqei th mègisth apìstash apì to ȳ apì ìla ta shmeÐa tou mègistou kÔklou δ kai �ra
|p̄ȳ| > |z̄ȳ|. Sunep¸c |py| > |zy| kai omoÐwc deÐqnoume ìti |px| > |zx|. 'Omwc, tìte,

d(x, y) ≤ d(x, z) + d(z, y) < d(x, p) + d(p, y),

to opoÐo antif�skei me to ìti p ∈ xy. ¤

Sto �rjro [6], sto opoÐo basÐzontai ta perissìtera apotelèsmata aut c thc para-
gr�fou, gia κ > 0 apaiteÐtai epiplèon, ston orismì twn CAT(κ)-q¸rwn, h sunj kh
diamX ≤ Dκ. EÐnai eÔkolo na doÔme ìti oi monodi�statoi q¸roi twn (a) èwc (d) eÐnai
CAT(κ)-q¸roi gia k�je κ ∈ R. Sunep¸c, gia na apodeÐxoume to antÐstoiqo thc prìtashc
5.1.2 gia gewdaisiakoÔc CAT(κ)-q¸rouc, κ > 0, arkeÐ na to apodeÐxoume gia q¸rouc me
di�metro ≤ Dκ. H apìdeixh basÐzetai sthn epìmenh prìtash. Prin thn diatup¸soume ja
k�noume mÐa sÔmbash sqetik� me ta trÐgwna sÔgkrishc. 'Opwc xèroume, gia κ > 0, an
(p, x, y) eÐnai mÐa tri�da shmeÐwn tou X me |pxy| = 2Dκ kai |xy| = Dκ, tìte aut  den
èqei monadikì trÐgwno sÔgkrishc ston M2

κ . S� aut  thn perÐptwsh k�noume th sÔmbash
ìti ∠(κ)

p (x, y) = π, ∠(κ)
x (p, y) = 0 kai ∠(κ)

y (p, x) = 0. UpenjumÐzoume, epÐshc, ìti sthn
perÐptwsh ìpou |px|∨|py|∨|xy| < Dκ èqoume ìti ∠(κ)

p (x, y) = ∠(κ)
x (p, y) = ∠(κ)

y (p, x) = π.

Prìtash 5.3.4 'Estw X CAT(κ)-q¸roc gia k�poio κ > 0 me di�metro ≤ Dκ. Tìte
k�je tri�da ston X èqei perÐmetro ≤ 2Dκ kai h CAT(κ) sunj kh thc prìtashc 5.1.7
ikanopoieÐtai epÐshc apì tetr�dec megèjouc 2Dκ.

Apìdeixh Ja apodeÐxoume pr¸ta to deÔtero isqurismì. 'Estw (p, x, y, z) mÐa tetr�da
shmeÐwn ston X megèjouc 2Dκ. Upojètoume gia na katal xoume se �topo ìti

∠(κ)
p (x, y) + ∠(κ)

p (y, z) + ∠(κ)
p (z, x) > 2π. (5.11)

Tìte upoqrewtik� max{|px|, |py|, |pz|} < Dκ. Pr�gmati, an paradeÐgmatoc q�rin |px| =
Dκ, tìte |pxy| = 2Dκ kai |py|+ |yx| = Dκ kai �ra ∠(κ)

p (x, y) = 0, to opoÐo antif�skei me
thn (5.11). Ja deÐxoume ìti met� apì to polÔ trÐa b mata, mporoÔme na kataskeu�soume
apì thn (p, x, y, z) mÐa tetr�da megèjouc < 2Dκ h opoÐa den ikanopoieÐ to qarakthrismì
5.1.7 twn CAT(κ)-q¸rwn, to opoÐo eÐnai �topo. Xekin�me apì th qeirìterh perÐptwsh:
(I) |pxy| = |pyz| = |pzx| = 2Dκ : ja kataskeu�soume mÐa tetr�da (p′, x′, y′, z′) h opoÐa
den ikanopoieÐ to qarakthrismì 5.1.7 twn CAT(κ)-q¸rwn, me to polÔ dÔo tri�dec me
perÐmetro = 2Dκ. 'Estw γ : [0, 1] −→ X gewdaisiak  apì to p sto x. DiakrÐnoume dÔo
peript¸seic:
(i) sup

{
t ∈ [0, 1]

∣∣ |pγty| < 2Dκ

}
= sup

{
t ∈ [0, 1]

∣∣ |pγtz| < 2Dκ

}
: Katarq�c parathroÔme

ìti ta parap�nw supremum eÐnai pragmatikoÐ arijmoÐ, afoÔ

|pγty| ∨ |pγtz| t→0−→ 2
(|py| ∨ |pz|) < 2Dκ.

An t0 ∈ [0, 1] eÐnai h tim  twn parap�nw supremum, tìte |pγt0y| = |pγt0z| = 2Dκ kai �ra

∠(κ)
p (γt0 , y) = ∠(κ)

p (γt0 , z) = ∠(κ)
p (y, z) = π.
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Oi sunart seic [0, 1] 3 t 7→ ∠(κ)
p (γt, y) kai [0, 1] 3 t 7→ ∠(κ)

p (γt, z) eÐnai suneqeÐc, kai �ra
an to t ∈ [0, t0] eÐnai arket� kont� sto t0, tìte h tetr�da (p, γt, y, z) èqei mègejoc = 2Dκ,
den ikanopoieÐ thn CAT(κ) sunj kh 5.1.7, kai oi tri�dec thc (p, γt, y) kai (p, γt, z) èqoun
mègejoc < 2Dκ.
(ii) sup

{
t ∈ [0, 1]

∣∣ |pγty| < 2Dκ

}
< sup

{
t ∈ [0, 1]

∣∣ |pγtz| < 2Dκ

}
: 'Estw t0 to

mikrìtero apì ta dÔo aut� supremum. Tìte |pγt0y| = 2Dκ kai |pγt0z| < 2Dκ. 'Ara

∠(κ)
p (γt0 , y) = ∠(κ)

p (y, z) = π, ∠(κ)
p (γt0 , z) = 0,

to opoÐo deÐqnei ìti h tetr�da (p, γt0 , y, z) èqei tic zhtoÔmenec idiìthtec. 'Etsi se k�je
perÐptwsh mporoÔme na kataskeu�soume apì thn (p, z, y, z) mÐa tetr�da ston X, h opoÐa
den ikanopoieÐ to qarakthrismì 5.1.7 twn CAT(κ)-q¸rwn kai èqei toul�qiston mÐa tri�da
me perÐmetro < 2Dκ.
(II) |pyz| = |pzx| = 2Dκ, |pxy| < 2Dκ : 'Opwc prohgoumènwc, mporoÔme na broÔme
t ∈ [0, 1] t.w.

|pγtz| < 2Dκ, ∠(κ)
p (γt, z) > π − ∠(κ)

p (x, y).

AfoÔ |pxy| < 2Dκ, apì to qarakthrismì 5.1.4 (g) twn CAT(κ)-q¸rwn, èqoume ìti
∠(κ)

p (γt, y) ≥ ∠(κ)
p (x, y). Sunep¸c h tetr�da (p, γt, y, z) den ikanopoieÐ to qarakthrismì

5.1.7 twn CAT(κ)-q¸rwn, kai to mègejoc thc 2Dκ pi�netai mìno apì mÐa apì tic tri�dec
thc.
(III) |pzx| = 2Dκ, |pxy| ∨ |pyz| < 2Dκ : EÔkola brÐskoume t ∈ [0, 1] t.w. h tetr�-
da (p, γt, y, z) na èqei mègejoc < 2Dκ kai na mhn ikanopoieÐ to qarakthrismì 5.1.7 twn
CAT(κ)-q¸rwn.

Ja apodeÐxoume t¸ra ton pr¸to isqurismì: Upojètoume ìti up�rqei tri�da (p, q, r)
ston X me perÐmetro > 2Dκ. H perÐmetroc thc (p, q, r) exart�tai suneq¸c apì tic korufèc
thc kai ètsi afoÔ diamX ≤ 2Dκ, mporoÔme na upojèsoume ìti max{|pq|, |pr|, |qr|} < Dκ.
Dialègoume shmeÐo x se k�poio gewdaisiakì tm ma qr t.w.

2Dκ < |pxr| < |pqr|, |pqx| < 2Dκ,

kai èpeita dialègoume shmeÐo y se k�poio gewdaisiakì tm ma px t.w. |yxr| = 2Dκ. Tìte
|xq| < |xy|. Pr�gmati, an Ðsque ìti |xq| ≥ |xy|, tìte ja eÐqame ìti

2Dκ = |yxr| = |xy|+ |xr|+ |yr| ≤ |qr|+ |ry| < 2Dκ,

to opoÐo eÐnai �topo. Apì ton orismì twn x, y, h tetr�da (x, q, y, r) èqei mègejoc ≤ 2Dκ

kai ètsi apì to prohgoÔmeno b ma thc apìdeixhc èqoume ìti

∠(κ)
p (q, y) + ∠(κ)

p (y, r) + ∠(κ)
p (q, r) ≤ 2π.

Profan¸c ∠(κ)
x (q, r) = π. Epiplèon, afoÔ |xyr| = 2Dκ kai |xr| ∨ |xy| < Dκ, èqoume ìti

∠(κ)
x (y, r) = π, kai �ra ∠(κ)

x (q, y) = 0, to opoÐo deÐqnei ìti |qx|+ |xy| = |qy|. To x loipìn
an kei se k�poio gewdaisiakì tm ma qy, to opoÐo apì thn prìtash 5.3.2 (g) sunep�getai
ìti eÐte x = y = r, to opoÐo eÐnai �topo, eÐte qr ⊆ qy, eÐte qy ⊆ qr. An qr ⊆ qy, tìte
|xr|+ |ry| = |xy|, to opoÐo eÐnai �topo, afoÔ alli¸c ja eÐqame ìti

2Dκ = |xyr| = |xy|+ |yr|+ |xr| = 2|xy| < 2Dκ.

Tèloc, an qy ⊆ qr, tìte y ∈ qr, to opoÐo eÐnai epÐshc �topo. ¤
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Prìtash 5.3.5 'Estw X gewdaisiakìc q¸roc.

(a) An o X eÐnai CAT(κ)-q¸roc kai λ ≤ κ, tìte o X eÐnai kai CAT(λ)-q¸roc.

(b) An o X eÐnai CAT(λ)-q¸roc gia k�je κ < λ, tìte eÐnai epÐshc kai CAT(κ)-q¸roc.

Apìdeixh Ektìc apì thn apìdeixh tou (a) gia κ > 0, h apìdeixh eÐnai ìmoia me aut 
tou antÐstoiqou apotelèsmatoc gia CAT(κ)-q¸rouc. Exet�zoume loipìn mìno aut  thn
perÐptwsh. 'Opwc èqoume dei, mporoÔme na upojèsoume ìti diamX ≤ Dκ, kai sÔmfwna
me thn prohgoÔmenh prìtash, arkeÐ na apodeÐxoume ìti k�je gewdaisiakì trÐgwno ston
X me perÐmetro 2Dκ ikanopoieÐ thn CAT(κ) sunj kh 5.1.4 (d). 'Estw, loipìn, ∆ =
∆(px, py, xy) gewdaisiakì trÐgwno me perÐmetro 2Dκ. DiakrÐnoume dÔo peript¸seic:
(i) |px| + |py| = |xy| = Dκ : S� aut  thn perÐptwsh p ∈ xy kai �ra ∠(px, py) = π kai
∠(xp, xy) = ∠(yp, yx) = 0. 'Omwc, profan¸c gia k�je λ < κ, èqoume ìti ∠(λ)

p (x, y) = π,
∠(λ)

x (p, y) = ∠(λ)
y (p, x) = 0, kai �ra to ∆ ikanopoieÐ thn CAT(λ) sunj kh 5.1.4 (d) gia

k�je λ < κ.
(ii) |px| ∨ |py| ∨ |xy| < Dκ : ArkeÐ na apodeÐxoume ìti

∠(λ)
p (x, y) ≤ ∠(px, py).

'Estw (xt)t∈[0,1], (yt)t∈[0,1], oi parametrÐseic twn tmhm�twn px kai py me arq  to p. Gia
k�je t < 1,

|pxtyt| < |pxy| = 2Dκ,

kai �ra apì to pìrisma 4.5.2 kai to qarakthrismì 5.1.4 (g) twn CAT(κ)-q¸rwn èqoume
ìti

∠(λ)
p (xt, yt) ≤ ∠(κ)

p (xt, yt) ≤ ∠(pxt, pyt) = ∠(px, py),

gia k�je t ∈ (0, 1). PaÐrnontac to ìrio kaj¸c t −→ 1 katal goume sto zhtoÔmeno. ¤

5.4 ParadeÐgmata Metrik¸n Q¸rwn Fragmènhc
Kampulìthtac

'Enac sunoptikìc trìpoc gia na ekfr�zoume apotelèsmata sqetik� me thn kampulìthta
twn metrik¸n q¸rwn mac dÐnetai mèsw twn ”sunarthsoeid¸n” curv kai curv, ta opoÐa
orÐzontai wc ex c.

Orismìc 5.4.1 'Estw X q¸roc m kouc. Jètoume

curv(X) = inf
{
κ ∈ R

∣∣ o X eÐnai CAT(κ)-q¸roc
}
,

me th sun jh sÔmbash ìti inf ∅ = +∞, kai omoÐwc me th sÔmbash ìti sup ∅ = −∞,
orÐzoume

curv(X) = sup
{
κ ∈ R

∣∣ o X eÐnai CAT(κ)-q¸roc
}
.

EÐnai �meso apì ton orismì ìti curv(X) ≤ curv(X) gia k�je q¸ro m kouc X. SÔmfwna
me to akìloujo par�deigma, h ènnoia kampulìthtac tou Alexandrov sumperifèretai ètsi
ìpwc ja perÐmene kaneÐc sqetik� me thn klim�kwsh thc metrik c.
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ParadeÐgmata

1. 'Estw X q¸roc m kouc kai èstw λ > 0. Tìte,

curv(X, λd) =
1
λ2

curv(X, d), curv(X,λd) =
1
λ2

curv(X, d).

2. Q¸roi Hilbert

To kÔrio antikeÐmeno aut c thc enìthtac eÐnai na d¸soume di�forouc qarakthrismoÔc gia
to pìte mÐa metrik  ep�getai apì nìrma   apì eswterikì ginìmeno.

Prìtash 5.4.1 'Enac q¸roc me nìrma X èqei kampulìthta ≤ κ   ≥ κ gia k�poio
κ ∈ R ann h nìrma tou ep�getai apì eswterikì ginìmeno.

Profan¸c mÐa anagkaÐa sunj kh gia na ep�getai ènac metrikìc q¸roc X apì k�poio
q¸ro me eswterikì ginìmeno eÐnai oi gewdaisiakèc tou X na mporoÔn na epektajoÔn se
ìlo to R.

Orismìc 5.4.2 'Enac gewdaisikìc q¸roc X ja lègetai gewdaisiak� pl rhc an k�je
gewdaisiak  γx,y : [0, 1] −→ X pou sundèei dÔo shmeÐa x, y ∈ X, mporeÐ na epektajeÐ se
topik  gewdaisiak  γ̃x,y : R −→ X.

ParathroÔme ìti apì thn prìtash 3.2.2, se èna mh-diakladÐzomeno kai gewdaisiak�
pl rh kurtì q¸ro, k�je gewdaisiak  γx,y : [0, 1] −→ X pou sundèei ta x, y ∈ X, mporeÐ
na epektajeÐ se monadik  gewdaisiak  γ̃x,y : R −→ X. Se ìlh aut  thn upo-enìthta o
X ja eÐnai ènac mh-diakladizìmenoc kai gewdaisiak� pl rhc kurtìc q¸roc. Shmei¸noume
ìti an o X ikanopoieÐ topik� (pijan¸c kai diaforetik� apì shmeÐo se shmeÐo) fr�gmata
sthn kampulìthta apì k�tw, tìte o X eÐnai mh-diakladizìmenoc. Dialègoume o ∈ X

kai gia k�je x ∈ X ja sumbolÐzoume me x̃ : R −→ X th monadik  gewdaisiak  me
x̃(0) = o, x̃(1) = x. Qrhsimopoi¸ntac autèc tic gewdaisiakèc, mporoÔme na orÐsoume
bajmwtì ginìmeno · : R× (X, o) −→ (X, o) me tÔpo

λ · x = x̃(λ).

Profan¸c, to · ikanopoieÐ tic akìloujec idiìthtec

(i) 0 · x = o, (ii) 1 · x = x, (iii) λ · o = o, (iv) λ · (µ · x) = (λµ) · x,

gia k�je λ, µ ∈ R kai k�je x ∈ X. Se ìsa akoloujoÔn ja jewroÔme ton X wc q¸ro me
basikì shmeÐo (X, o) efosiasmèno me to ginìmeno ·.

Ja exet�soume to pìte to ginìmeno · : R×X −→ X eÐnai suneqèc. ParathroÔme ìti
apì thn kurtìthta thc d èqoume ìti

µd(λx, λy) ≤ λd(µx, µy), (5.12)

gia k�je 0 ≤ λ ≤ µ < ∞. Autì sunep�getai ìti o periorismìc tou · sto [0, 1] ×X eÐnai
suneq c. Pr�gmati, an R 3 λn

n→∞−→ λ ∈ [0, 1] kai X 3 xn
n→∞−→ x ∈ X, tìte

d(λx, λnxn) ≤ d(λx, λxn) + d(λxn, λnxn)

≤ λd(x, xn) + |λ− λn|d(o, xn) n→∞−→ 0
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L mma 5.4.1 'Estw X mh-diakladizìmenoc, gewdaisiak� pl rhc kurtìc q¸roc kai èstw
o ∈ X. Ta akìlouja eÐnai isodÔnama.

(a) To ginìmeno tou (X, o) eÐnai suneq c apeikìnish.

(b) Oi apeikonÐseic α, β : X −→ X me tÔpo α(x) = −x kai β(x) = 2x eÐnai suneqeÐc.

(g) Oi gewdaisiakèc eujeÐec x̃, x ∈ X, me arq  to o, exart¸ntai suneq¸c apì ta shmeÐa
touc, me thn ènnoia ìti an xn −→ x ston X, tìte x̃n −→ x̃ omoiìmorfa sta sumpag 
uposÔnola tou R.

(d) Oi ”omoiojesÐec” X 3 x
Hλ7−→ λx ∈ X eÐnai suneqeÐc gia k�je λ ∈ R.

Apìdeixh Profan¸c to (a) sunep�getai to (d). AfoÔ h d eÐnai kurt , oi gewdaisiakèc
ston X exart¸ntai suneq¸c apì ta �kra touc, kai �ra to (d) sunep�getai to (g). EpÐshc,
eÐnai profanèc ìti to (g) sunep�getai to (b) kai �ra apomènei na deÐxoume ìti:
(b)=⇒(a) Ja apodeÐxoume pr¸ta ìti an h β eÐnai suneq c, tìte to ginìmeno tou (X, o) eÐnai
suneqèc sto [0,∞) ×X. An h β eÐnai suneq c, tìte oi sunart seic X 3 x 7→ 2mx ∈ X

eÐnai suneqeÐc gia k�je m ∈ N. 'Estw t¸raR 3 λn −→ λ ∈ [0,∞) kai X 3 xn −→ x ∈ X

dÔo sugklÐnousec akoloujÐec. An o m ∈ N eÐnai t.w. λ ≤ 2m, tìte

d(λx, λnxn) ≤ d(λx, λxn) + d(λxn, λnxn)

≤ λ

2m
d(2mx, 2mxn) + |λ− λn|d(o, xn) n→∞−→ 0.

Profan¸c, t¸ra, h sunèqeia thc α sunep�getai th sunèqeia tou ginomènou tou (X, o). ¤

'Epetai ìti mÐa sunj kh ston X pou exasfalÐzei th sunèqeia tou ginomènou tou (X, o),
gia k�je o ∈ X, eÐnai h èx c:

Orismìc 5.4.3 'Estw X monos manta gewdaisiakìc q¸roc t.w. k�je gewdaisiak 
γx,y : [0, 1] −→ R na mporeÐ na epektajeÐ se monadik  gewdaisiak  eujeÐa γ̃x,y : R −→ X.
Ja lème ìti oi gewdaisiakèc eujeÐec ston X exart¸ntai suneq¸c apì ta shmeÐa touc, an
ìpote X 3 xn −→ x ∈ X kai X 3 yn −→ y ∈ X, èpetai ìti γ̃xn,yn −→ γ̃x,y, omoiìmorfa
sta sumpag  uposÔnola thc pragmatik c eujeÐac.

Parathr seic

1. An oi gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc, tìte oi gewdaisia-
kèc eujeÐec exart¸ntai suneq¸c apì ta shmeÐa touc ann ìpote X 3 xn −→ x ∈ X kai
X 3 yn −→ y ∈ X, èpetai ìti γ̃xn,yn −→ γ̃x,y, kat� shmeÐo sto R.

Sthn perÐptwsh pou o X eÐnai gn sioc, mporoÔme na apodeÐxoume ìti oi gewdaisiakèc
eujeÐec ston X exart¸ntai suneq¸c apì ta shmeÐa touc.

Prìtash 5.4.2 'Estw X monos manta gewdaisiakìc q¸roc t.w. k�je gewdaisiak 
γx,y : [0, 1] −→ R na mporeÐ na epektajeÐ se monadik  gewdaisiak  eujeÐa γ̃x,y : R −→ X.
An o X eÐnai gn sioc, tìte oi gewdaisiakèc eujeÐec ston X exart¸ntai suneq¸c apì ta
shmeÐa touc.
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Apìdeixh 'Estw (xn), (yn) akoloujÐec ston X oi opoÐec sugklÐnoun sta x, y ∈ X

antÐstoiqa. AfoÔ o X eÐnai gn sioc kai monos manta gewdaisiakìc, oi gewdaisiakèc ston
X exart¸ntai suneq¸c apì ta �kra touc. 'Etsi, sÔmfwna me thn parap�nw parat rhsh,
gia na apodeÐxoume ìti γ̃xn,yn

−→ γ̃x,y omoiìmorfa sta sumpag  uposÔnola tou R, arkeÐ
na apodeÐxoume ìti γ̃xn,yn

−→ γ̃x,y kat� shmeÐo. Upojètoume, gia na katal xoume se
antÐfash, ìti up�rqei t ∈ R \ [0, 1], ac poÔme t ≥ 1, t.w. h γ̃xn,yn

(t) na mhn sugklÐnei
sto γ̃x,y(t). Ac upojèsoume ìti katafèrnoume na apodeÐxoume ìti h zn := γ̃xn,yn(t)
eÐnai fragmènh. Tìte, epeid  o X eÐnai gn sioc, ja up�rqei sugklÐnousa upakoloujÐa
znk

−→ z 6= γ̃x,y(t). ParathroÔme ìti eÐte z = γ̃x,y(−t), eÐte z /∈ Imγ̃x,y. Pr�gmati, apì
ton orismì tou zn èqoume ìti

d(xn, zn) = td(xn, yn),

to opoÐo sunep�getai ìti d(x, z) = td(x, y). Sunep¸c, an z ∈ Imγ̃x,y, tìte eÐte z = γ̃x,y(t),
to opoÐo apokleÐetai, eÐte z = γ̃x,y(−t). 'Opwc ja doÔme, kai stic dÔo peript¸seic,
z = γ̃x,y(−t) kai z /∈ Imγ̃x,y, katal goume se �topo. Upojètoume pr¸ta ìti z = γ̃x,y(−t).
AfoÔ xn −→ x kai znk

−→ z èqoume ìti γxnk
,znk

−→ γx,z omoiìmorfa sto [0, 1].
AfoÔ z = γx,y(−t), èpetai ìti y /∈ Imγx,z. 'Omwc h γxnk

,znk
eÐnai h anaparamètrish

thc ˜γxnk
,ynk

|[0,t] sto [0, 1], kai �ra γxnk
,znk

(1/t) = y, gia k�je k ∈ N, apì ìpou èpetai
ìti y = γx,z(1/t), to opoÐo eÐnai �topo. An t¸ra z /∈ Imγ̃x,y, tìte oi gewdaisiakèc γ̃x,y kai
γ̃x,z den tautÐzontai, to opoÐo antif�skei me th monadikìthta twn gewdaisiak¸n eujei¸n,
afoÔ [x, y] ⊆ Imγ̃x,y ∩ Imγ̃x,z.

Apomènei loipìn na deÐxoume ìti h {γxn,yn(t)}n∈N eÐnai fragmènh. Oi (xn), (yn) eÐnai
fragmènec kai �ra up�rqei R ≥ 0 t.w. xn, yn ∈ B(x,R) gia k�je n ∈ N. Tìte,

d
(
x, γ̃xn,yn(t)

) ≤ d(x, xn) + d
(
xn, γ̃xn,yn(t)

) ≤ R + td(xn, yn) ≤ R + 2Rt,

kai �ra h {γxn,yn(t)}n∈N eÐnai fragmènh. H perÐptwsh t < 0 eÐnai ìmoia. ¤

Pìrisma 5.4.1 'Estw X gewdaisiak� pl rhc kai kurtìc metrikìc q¸roc t.w. curv(X)
≥ κ, κ < 0. Tìte oi gewdaisiakèc eujeÐec ston X exart¸ntai suneq¸c apì ta shmeÐa touc.

Apìdeixh 'Estw (xn), (yn) akoloujÐec ston X t.w. d(xn, x) −→ 0 kai d(yn, y) −→ 0.
Apì thn trigwnik  anisìthta,

d
(
γ̃xn,yn , γ̃x,y

) ≤ d(γ̃xn,yn , γ̃xn,y) + d(γ̃xn,y, γ̃x,y),

kai �ra arkeÐ na apodeÐxoume ìti d(γ̃xn,yn , γ̃xn,y) −→ 0 omoiìmorfa sta sumpag  uposÔno-
la tou R. Epiplèon, afoÔ o X eÐnai kurtìc, oi gewdaisiakèc ston X exart¸ntai suneq¸c
apì ta �kra touc kai �ra arkeÐ na apodeÐxoume ìti d(γ̃xn,yn(t), γ̃xn,y(t)) −→ 0 gia k�je
t > 1. Apì thn prohgoÔmenh par�grafo, oi gewdaisiakèc eujeÐec exart¸ntai suneq¸c apì
ta shmeÐa touc ston M2

κ . Epilègoume basikì shmeÐo o ∈ M2
κ . Apì th metabatikìthta thc

dr�shc thc om�dac twn isometri¸n tou M2
κ , gia k�je n ∈ N up�rqei trÐgwno sÔgkri-shc

(o, ȳn, yn) ston M2
κ gia thn tri�da (xn, y, yn), t.w. to ȳn na an kei sthn Ðdia gewdaisiak 

eujeÐa δ pou ekkineÐ apì to o, gia k�je n ∈ N. Ja deÐxoume ìti

d((ty)xn , (tyn)xn) ≤ d̄(tȳn, tyn) −→ 0,

ìpou (ty)xn := γxn,y(t), (tyn)xn := γxn,yn(t) kai d̄ eÐnai h metrik  tou M2
κ .
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Ja deÐxoume pr¸ta th zhtoÔmenh anisìthta. JewroÔme gia k�je n ∈ N trÐgwno
sÔgkri-shc ( o, (ty)xn , (tyn)xn ) ston M2

κ gia thn (xn, (ty)xn , (tyn)xn) t.w. to (ty)xn na
an kei sthn δ gia k�je n ∈ N. Prèpei na deÐxoume ìti

d̄
(
(ty)xn , (tyn)xn

) ≤ d̄(tȳn, tȳn).

'Opwc xèroume, h sun�rthsh [0, 1] 3 s 7→ ∠(κ)
xn

(
(sty)xn

, (styn)xn

) ∈ [0, π] eÐnai fjÐnousa
kai �ra

∠o( (ty)xn , (tyn)xn ) = ∠(κ)
xn

((ty)xn , (tyn)xn) ≤ ∠(κ)
xn

(y, yn) = ∠o(tȳn, tȳn).

Apì thn anisìthta aut  kai to nìmo twn sunhmitìnwn ston M2
κ , èpetai h zhtoÔmenh

anisìthta.
Ja deÐxoume t¸ra ìti rn := d̄(tȳn, tȳn) −→ 0, deÐqnontac ìti k�je upakoloujÐa (rnm)m

thc (rn)n èqei peraitèrw sugklÐnousa upakoloujÐa (rnmk
)k t.w. rnmk

−→ 0. 'Estw
loipìn (rnm

)m upakoloujÐa thc (rn)n. Jètoume ‖υ‖ := d̄(o, υ) gia k�je υ ∈ M2
κ kai

am := ‖ȳnm‖, bm := ‖ ¯ynm‖, cm := d̄(ȳnm , ¯ynm), θm := ∠o(ȳnm , ¯ynm), m ∈ N. ArkeÐ na
broÔme sugklÐnousa upakoloujÐa thc rnmk

−→ 0 stic akìloujec dÔo peript¸seic:
(i) Oi gwnÐec (θm) eÐnai fragmènec apì k�tw apì k�poio arijmì θ0 > 0. Up�rqoun, tìte,
upakoloujÐec (amk

), (bmk
) twn (am), (bm) antÐstoiqa, t.w. amk

, bmk
−→ 0. Pr�gmati,

an autì den eÐnai al jeia, up�rqei tìte m0 ∈ N kai ε > 0 t.w. am, bm ≥ ε gia k�je
m ≥ m0. 'Omwc tìte

cosh cm ≥ cosh2 ε− sinh2 ε cos θ0 > 1,

gia k�je m ≥ m0, to opoÐo antif�skei me to ìti cm −→ 0. Up�rqoun, loipìn, upakolou-
jÐec (amk

), (bmk
) twn (am), (bm) antÐstoiqa t.w. amk

, bmk
−→ 0. Autì profan¸c

sunep�getai ìti h antÐstoiqh upakoloujÐa (rnmk
) thc (rnm) sugklÐnei sto 0.

(ii) Uparqei upakoloujÐa (θmk
) thc (θm) t.w. θmk

−→ 0. Ja deÐxoume ìti s� aut  thn
perÐptwsh, h antÐstoiqh upakoloujÐa (rnmk

) thc (rn)n sugklÐnei sto 0 kaj¸c k −→ ∞.
Katarq�c parathroÔme ìti am, bm −→ d(x, y) kai �ra up�rqei R ≥ 0 t.w. am, bm ≤ R

gia k�je m ∈ N. Sunep¸c,

cosh rnmk
= cosh(tamk

) cosh(tbmk
)− sinh(tamk

) sinh(tbmk
) cos θmk

≤ cosh2(tR)− sinh2(tR) cos θmk
−→ 1,

to opoÐo sunep�getai ìti rnmk
−→ 0. ¤

Prìtash 5.4.3 'Estw X mh-diakladizìmenoc, kurtìc kai gewdaisiak� pl rhc q¸roc
t.w. h apeikìnish twn mèswn tou m : X × X −→ X na eÐnai affinik . Tìte o (X, o)
gÐnetai dianusmatikìc q¸roc me mhdenikì di�nusma to shmeÐo o, an efodiasteÐ me thn
prìsjesh + : X ×X −→ X me tÔpo

x + y = m(2x, 2y),

gia k�je o ∈ X. Ja sumbolÐzoume to dianusmatikì autì q¸ro me Xo.
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Epipleìn, an X,Y eÐnai dÔo mh-diakladizìmenoi, kurtoÐ kai gewdaisiak� pl reic q¸roi
me affinikèc apeikonÐseic mèswn, tìte mÐa suneq c apeikìnish φ : X −→ Y eÐnai affinik 
ann h φ : Xo −→ Yφ(o) eÐnai grammik , gia k�poio, kai �ra kai gia k�je o ∈ X.

Akìmh, h apeikìnish ‖ · ‖o : X −→ [0,∞) me tÔpo ‖x‖o = d(o, x), eÐnai nìrma ston
Xo, t.w.

‖x− y‖o ≤ d(x, y), (5.13)

gia k�je x, y ∈ X, gia k�je o ∈ X. 'Estw ρo h metrik  pou ep�getai apì thn ‖ · ‖o. Tìte
d = supo∈X ρo, kai h d ep�getai apì nìrma ann d = ρo gia k�poio (kai �ra kai gia k�je )
o ∈ X, h isodÔnama ann ρo = ρo′ gia k�je o, o′ ∈ X.

Apìdeixh Xekin�me deÐqnontac ìti o (X, o) gÐnetai abelian  om�da an efodiasteÐ me
thn prìsjesh +. Profan¸c h + eÐnai summetrik , to o dra wc oudètero stoiqeÐo kai
to antÐjeto −x ∈ X tou x ∈ X eÐnai to −x := (−1)x. Ja deÐxoume ìti h + eÐnai
prosetairistik . Katarq�c parathroÔme ìti

m(λx, λy) = λm(x, y), (5.14)

gia k�je x, y ∈ X kai k�je λ ∈ R. Pr�gmati, afoÔ h m eÐnai affinik  kai oi kampÔlec
R 3 λ 7→ λx ∈ X, R 3 λ 7→ λy ∈ X eÐnai gewdaisiakèc, èpetai ìti h R 3 λ 7→ m(λx, λy)
eÐnai gewdaisiak . 'Omwc, profan¸c aut  h gewdaisiak  sumpÐptei me th gewdaisiak 
R 3 λ 7→ λm(x, y) gia λ = 0, 1 kai �ra, apì th monadikìthta twn gewdaisiak¸n, oi dÔo
autèc gewdaisiakèc sumpÐptoun se ìlo to R. T¸ra, an x, y, z ∈ X, èqoume ìti

x + (y + z) = m
(
2x,m(2y, 2z)

)
= 4m(

1
2
x,m(y, z)

)
= 4m(m(o, x),m(y, z)

)

= 4m
(
m(x, y),m(o, z)

)
= m

(
2m(2x, 2y), 2z) = (x + y) + z.

Gia na apodeÐxoume ìti o Xo eÐnai dianusmatkìc q¸roc, apomènei na deÐxoume tic
epimeristikèc idiìthtec. 'Estw λ, µ ∈ R, x ∈ X. Tìte

λx + µx = 2m
(
x̃(λ), x̃(µ)

)
= 2x̃

(
λ + µ

2

)
= (λ + µ)x.

Gia thn apìdeixh tou �llou epimeristikoÔ nìmou, arkeÐ na apodeiqjeÐ ìti x̃ + y ≡ x̃ + ỹ,
ìpou x̃ + ỹ : R −→ X eÐnai h kampÔlh me tÔpo (x̃ + ỹ)(λ) = x̃(λ) + ỹ(λ). ParathroÔme
ìti x̃ + y(0) = o = (x̃ + ỹ)(0) kai x̃ + y(1) = x + y = (x̃ + ỹ)(1). Sunep¸c an deÐxoume
ìti h x̃ + ỹ eÐnai gewdaisiak  eujeÐa, ja èqoume ìti x̃ + y ≡ x̃ + ỹ sto R, ìpwc jèloume.
ParathroÔme ìti apì thn (5.14), h x̃ + ỹ dÐnetai apì ton tÔpo

(x̃ + ỹ)(λ) = x̃(λ) + ỹ(λ) = 2λm(x, y),

apì ìpou faÐnetai ìti eÐnai gewdaisiak .
'Estw, t¸ra, φ : X −→ Y suneq c apeikìnish metaxÔ mh-diakladizìmenwn, kurt¸n kai

gewdaisiak� pl rwn q¸rwn me affinikèc apeikonÐseic mèswn. Upojètoume pr¸ta ìti h φ

eÐnai affinik  kai stajeropoioÔme o ∈ X. AfoÔ h R 3 λ 7→ λx ∈ X eÐnai gewdaisiak 
gia k�je 0 ≤ λ ≤ 1, x ∈ X, èpetai ìti h R 3 λ 7→ φ(λx) ∈ Y eÐnai gewdaisaik .
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Apì th monadikìthta twn gewdaisiak¸n, aut  h gewdaisiak  sumpÐptei me th gewdaisiak 
R 3 λ 7→ λφ(x) ∈ Yφ(o). EpÐshc, h φ metatÐjetai me thn apeikìnish twn mèswn kai �ra

φ(x + y) = φ
(
2m(x, y)

)
= 2φ

(
m(x, y)

)
= 2m

(
φ(x), φ(y)

)
= φ(x) + φ(y),

gia k�je x, y ∈ X. Autì deÐqnei ìti h φ : Xo −→ Yφ(o) eÐnai grammik  gia k�je o ∈ X.
AntÐstrofa upojètoume ìti h φ : Xo −→ Yφ(o) eÐnai grammik  gia k�poio o ∈ X. AfoÔ h
φ eÐnai suneq c, gia na deÐxoume ìti eÐnai affinik  arkeÐ na deÐxoume ìti metatÐjetai me tic
apeikìniseic twn mèswn. 'Estw x, y ∈ Xo. Tìte

φ
(
m(x, y)

)
=

1
2
φ(x + y) =

1
2
(
φ(x) + φ(y)

)
= m

(
φ(x), φ(y)

)
.

Ja deÐxoume t¸ra ìti h ‖ · ‖o eÐnai nìrma ston Xo. Profan¸c, x = o ann ‖x‖o = 0 kai
‖λx‖o = |λ|‖x‖o, gia k�je λ ∈ R kai k�je x ∈ X. An x, y ∈ X, tìte

‖x− y‖o = d(o, x− y) = 2d
(
o, m(x,−y)

) (∗)
≤ d(x, y) ≤ ‖x‖o + ‖y‖o,

ìpou h anisìthta (∗) èpetai apì thn kurtìthta thc d kai to ìti ta shmeÐa o,m(x,−y) eÐnai
ta mèsa twn gewdaisiak¸n pou sundèoun to −y, me to y kai to x, antÐstoiqa.

To gegonìc ìti d = supo∈X ρo èpetai apì thn parat rhsh ìti gia k�je x, y ∈ X,
an o := m(x, y), tìte ρo(x, y) = d(x, y). An apodeÐxoume ìti ìtan h d ep�getai apì
nìrma, tìte d = ρo gia k�je o ∈ X, oi upìloipoi isqurismoÐ kajÐstantai profaneÐc.
Upojètoume, loipìn, ìti h d ep�getai apì ton q¸ro me nìrma (X, +, ·, ‖ · ‖). 'Estw
o ∈ X. Jewr¸ntac ston X th monadik  dom  q¸rou me nìrma pou kajist� thn apeikìnish
T : (X, +, ·, ‖·‖) −→ X me tÔpo T (x) = x+o grammik  isometrÐa, mporoÔme na upojèsoume
ìti to mhdenikì di�nusma tou (X, +, ·, ‖ · ‖) eÐnai to o. Gia na apofÔgoume tuqìn sÔgqush,
gia to upìloipo aut c thc apìdeixhc ja gr�foume gia tic pr�xeic ston Xo, x+o y kai tox,
gia k�je x, y ∈ X, t ∈ R. Profan¸c, ‖x‖ = d(o, x) = ‖x‖o gia k�je x ∈ X, kai �ra gia
na apodeÐxoume ìti d = ρo, arkeÐ na deÐxoume ìti x + y = x +o y kai tx = tox, gia k�je
x, y ∈ X, t ∈ R. H isìthta tx = tox eÐnai profan c, kai afoÔ h d eÐnai h metrik  pou
ep�getai apì th ‖ · ‖, èqoume ìti m(x, y) = (1/2)(x + y). Sunep¸c,

x +o y = 2om(x, y) = 2o((1/2)(x + y)) = x + y,

ìpwc zhtoÔsame. ¤

Prìtash 5.4.4 'Estw X mh-diakladizìmenoc, kurtìc kai gewdaisiak� pl rhc q¸roc.
An h apeikìnish twn mèswn tou X eÐnai affinik , tìte o (X, d) ep�getai apì q¸ro me
nìrma.

Apìdeixh StajeropoioÔme o ∈ X kai gia k�je z ∈ X jewroÔme ston Xo th nìrma
‖ · ‖z

o pou kajist� th grammik  apeikìnish Tz : Xo −→ Xz me tÔpo Tz(x) = x +o z

isometrÐa. Dhlad  ‖x‖z
o = ‖Tz(x)‖z. 'Estw ρz

o h metrik  pou ep�getai ston X apì thn
‖ · ‖z

o. Isqurizìmaste ìti ρz
o = ρz gia k�je z ∈ X, to opoÐo sÔmfwna me thn prohgoÔmenh

prìtash mac dÐnei ìti
d = sup

z∈X
ρz = sup

z∈X
ρz

o,
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kai afoÔ h supz∈X ρz
o ep�getai apì th nìrma supz∈X ‖ · ‖z

o ston Xo, oloklhr¸nei thn
apìdeixh. 'Estw loipìn x, y ∈ X. Tìte

ρz
o(x, y) = ‖x−o y‖z

o = ‖(x−o z)−o (y −o z)‖z
o = ‖Tz

(
(x−o z)−o (y −o z)

)‖z

= ‖Tz(x−o z)−z Tz(y −o z)‖z = ‖x−z y‖z = ρz(x, y),

ìpwc zhtoÔsame. ¤

Prìtash 5.4.5 'Estw X epÐpedoc metrikìc q¸roc me thn ènnoia tou Busemann, dhlad 
me affinik  metrik . Tìte h apeikìnish twn mèswn m tou X eÐnai affinik .

Apìdeixh SÔmfwna me thn prìtash 3.3.6 (g), prèpei na deÐxoume ìti m(m(x, y),m(z, w))
= m(m(x, z),m(y, w)) gia k�je x, y, z, w ∈ X. Jètoume m0 := m(m(x, z),m(y, w)).
AfoÔ h metrik  tou X eÐnai affinik , o X eÐnai monos manta gewdaisiakìc kai �ra arkeÐ
na deÐxoume ìti

d(m(x, y),m0) = d(m0,m(z, w)) =
1
2
d(m(x, y),m(z, w)).

Autì, ìmwc, eÐnai profanèc, afoÔ apì thn affinikìthta thc d èqoume ìti

d(m(x, y),m0) =
1
2

[
d
(
x,m(x, z)

)
+ d

(
y,m(y, w)

)]
=

1
4
[
d(x, z) + d(y, w)

]
,

kai omoÐwc èpetai ìti d(m0,m(z, w)) = 1
2d(m(x, y),m(z, w)) = 1

4

[
d(x, z) + d(y, w)

]
. ¤

Pìrisma 5.4.2 'Estw X gewdaisiak� pl rhc gewdaisiakìc q¸roc.

(a) An o X eÐnai epÐpedoc me thn ènnoia tou Busemann, tìte ep�getai apì k�poio
austhr� kurtì q¸ro me nìrma.

(a) An o X eÐnai epÐpedoc me thn ènnoia tou Alexandrov, tìte h metrik  tou ep�getai
apì eswterikì ginìmeno.

Apìdeixh 'Epetai �mesa apì ta prohgoÔmena apotelèsmata aut c thc enìthtac. ¤

3. Pollaplìthtec Riemann

'Estw (M, g) pollaplìthta Riemann di�stashc m ≥ 2. 'Opwc xèroume, h kampulìthta
tom c thc M sto p ∈ M wc proc to didi�stato grammikì upìqwro S ≤ TpM , eÐnai o
arijmìc

Kp(S) =
〈R(v, w)w, v〉

|v|2|w|2 − 〈v, w〉2 ,

ìpou {v, w} eÐnai k�poia b�sh tou S kai R : TM ⊕ TM :−→ End(TM) eÐnai o tanust c
kampulìthtac thc g.

'Estw κ ∈ R. Lème ìti h M èqei kampulìthta tom c ≤ κ   ≥ κ, an Kp(S) ≤ κ  
Kp(S) ≥ κ antÐstoiqa, gia k�je p ∈ M kai k�je didi�stato upìqwro tou S ≤ TpM .
'Opwc xèroume, h M mporeÐ na jewrhjeÐ wc metrikìc q¸roc me th metrik  d = dg pou
ep�getai apì th g. O basikìc stìqoc aut c thc enìthtac eÐnai na apodeÐxoume to akìloujo
basikì je¸rhma tou Alexandrov.
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Je¸rhma 5.4.1 (Alexandrov, 1951) 'Estw M pollaplìthta Riemann. H M èqei kam-
pulìthta tom c ≤ κ (≥ κ, antist.) ann h M èqei kampulìthta ≤ κ (≥ κ, antÐst.) wc
metrikìc q¸roc.

Prin doÔme thn apìdeixh tou jewr matoc ja upenjumÐsoume k�poia pr�gmata gia pedÐa
Jacobi. 'Estw I ⊆ R di�sthma kai èstw γ : I → M mÐa leÐa kampÔlh. Ja sumbolÐzoume
me X(γ) to sÔnolo ìlwn twn (leÐwn) dianusmatik¸n pedÐwn kat� m koc thc γ, dhlad  to
sÔnolo ìlwn twn dianusmatik¸n pedÐwn gia ta opoÐa X(t) ∈ Tγ(t)M gia k�je t ∈ I. Gia
k�je orjokanonik  b�sh {e1, . . . , em} tou Tγ(t)M gia k�poio t ∈ I, ta par�llhla dia-
nusm�tika pedÐa Ei, i = 1, . . . , m me Ei(t) = ei apoteloÔn orjokanonik  b�sh (dhlad 
〈Ei, Ej〉 ≡ 0, |Ei| = 1, gia k�je i, j = 1, . . . , m) tou C∞(I)-module X(γ). Wc proc
aut  th b�sh, k�je X ∈ X(γ) gr�fetai monos manta sth morf  X =

∑m
i=1 fiEi, ìpou

fi, i = 1, . . . ,m eÐnai oi leÐec sunart seic fi := 〈X, Ei〉 : I → R.
MÐa leÐa parametrismènh epif�neia sthn M eÐnai mÐa leÐa apeikìnish Γ : I1× I2 → M ,

ìpou ta I1, I2 ⊆ R eÐnai diast mata. 'Ena dianusmatikì pedÐo kat� m koc mÐac parametri-
smènhc epif�neiac Γ : I1 × I2 → M eÐnai mÐa leÐa apeikìnish X : I1 × I2 → TM t.w.
X(s, t) ∈ TΓ(s,t)M gia k�je (s, t) ∈ I1 × I2. To sÔnolo ìlwn twn dianusmatik¸n pedÐwn
kat� m koc thc Γ sumbolÐzetai me X(Γ). Ta efaptìmena dianusmatik� pedÐa kat� m koc
thc Γ eÐnai ta dianusmatik� pedÐa ∂Γ

∂t , ∂Γ
∂s ∈ X(Γ) me tÔpo

∂Γ
∂t

(s, t) := Γ̇s(t) = Γ∗(s,t)(
∂

∂t

∣∣
(s,t)

),

∂Γ
∂s

(s, t) = Γ̇t(s) = Γ∗(s,t)(
∂

∂s

∣∣
(s,t)

),

ìpou Γs,Γt eÐnai oi kampÔlec pou orÐzontai apì tic Γs(t) = Γ(s, t) = Γt(s) kai ∂
∂t ,

∂
∂s ∈

X([0, 1] × [0, 1]) eÐnai ta basik� dianusmatik� pedÐa pou orÐzontai apì ton tautotikì
q�rth tou [0, 1] × [0, 1]. UpenjumÐzoume, epÐshc, ìti oi telestèc sunalloÐwthc merik c
parag¸gishc ∇

dt ,
∇
ds : X(Γ) → X(Γ) kat� m koc thc Γ orÐzontai apì tic

∇ξ

dt
(s, t) = D∇ξs(t),

∇ξ

ds
(s, t) = D∇ξt(s),

ìpou ta dianusmatik� pedÐa ξs ∈ X(Γs), ξt ∈ X(Γt) orÐzontai apì tic ξs(t) = ξ(s, t) = ξt(s)
kai D∇ eÐnai o telest c sunalloÐwthc parag¸gishc kat� m koc kampÔlwn sthn M o
opoÐoc ep�getai apì th sunoq  Levi-Civita. Gia k�je leÐa apeikìnish Γ : A → M , ìpou
A ⊆ R2 èqoume ìti

∇
dt

∂Γ
∂s

=
∇
ds

∂Γ
∂t

kai gia k�je V ∈ X(Γ) èqoume ìti

∇
ds

∇V

dt
− ∇

dt

∇V

ds
= R

(
∂Γ
∂s

,
∂Γ
∂t

)
V.

'Estw γ : [0, `] → M gewdaisiak . MÐa leÐa metabol  thc γ eÐnai mÐa parametrismènh
epif�neia Γ : (−ε, ε) × [0, `] −→ M t.w. Γ(0, · ) ≡ γ. H Γ lègetai gewdaisiak  metabol 
an oi kampÔlec Γs eÐnai gewdaisiakèc gia k�je s ∈ (−ε, ε). To pedÐo metabol c VΓ ∈ X(γ)
mÐac leÐac metabol c Γ : (−ε, ε)× [0, `] −→ M orÐzetai apì thn

VΓ(t) =
∂Γ
∂s

∣∣
(0,t)

.
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To pedÐo metabol c VΓ mÐac gewdaisiak c metabol c Γ ikanopoieÐ thn exÐswsh tou Jacobi,

D2
∇VΓ + R(VΓ, γ̇)γ̇ = 0.

'Ena dianusmatikì pedÐo J ∈ X(γ) lègetai pedÐo Jacobi an ikanopoieÐ thn exÐswsh tou
Jacobi.

Epilègontac mÐa orjokanonik  b�sh {E1, . . . , Em} tou C∞([0, `])-module X(γ), paÐr-
noume èna isomorfismì X(γ) ∼= C∞([0, `];Rm). Mèsw autoÔ tou isomorfismoÔ, o telest c
D2
∇ eÐnai apl� h parag¸gish deÔterhc t�xhc kampÔlwn ston Rm kai h C∞([0, `])-grammik 

apeikìnish Rγ̇ := R(· , γ̇)γ̇ : X(γ) → X(γ) dÐnetai apì ton pÐnaka A = (aij)1≤i,j≤m, ìpou
aij = 〈R(Ei, γ̇)γ̇, Ej〉 ∈ C∞([0, `]), gia k�je i, j = 1, . . .m. 'Etsi, h exÐswsh tou Jacobi
eÐnai isodÔnamh me thn exÐswsh X ′′ = AX, X ∈ C∞([0, `];Rm). 'Epetai ìti h exÐswsh
tou Jacobi ikanopoieÐ to prìblhma arqik¸n tim¸n, dhlad  gia k�je v, w ∈ Tγ(0)M up�rqei
monadikì pedÐo Jacobi J ∈ X(γ) t.w. J(0) = v, D∇J(0) = w, kai ìti o dianusmatikìc
q¸roc J(γ) ìlwn twn pedÐwn Jacobi kat� m koc thc γ, èqei di�stash 2m. ParathroÔme
ìti apì th monadikìthta twn lÔsewn thc exÐswshc tou Jacobi, k�je pedÐo Jacobi J me
J(0) = 0 dÐnetai apì ton tÔpo

(†) J(t) = t expp∗tγ̇(0)(D∇J(0)),

mèsw thc fusik c taÔtishc Ttγ̇(0)TpM ∼= TpM . Parathr ste ìti to pedÐo Jacobi sthn (†)
eÐnai to pedÐo metabol c thc gewdaisiak c metabol c Γ : (−ε, ε)× [0, `] −→ M me tÔpo

Γ(s, t) = expγ(0)

(
t
(
γ̇(0) + sD∇J(0)

) )
,

gia k�poio arket� mikrì ε > 0.
'Ena pedÐo Jacobi lègetai kanonikì an eÐnai k�jeto sth γ, dhlad  an 〈J, γ̇〉 ≡ 0 sto

[0, `]. Gia k�je pedÐo Jacobi J ∈ J(γ), èqoume ìti 〈J, γ̇〉′′ = 0 kai �ra

(††) 〈J(t), γ̇(t)〉 = 〈J(0), γ̇(0)〉+ t 〈D∇J(0), γ̇(0)〉

gia k�je t ∈ [0, `]. 'Etsi, èna pedÐo Jacobi J ∈ J(γ) eÐnai kanonikì ann 〈J(0), γ̇(0)〉 =
〈D∇J(0), γ̇(0)〉 = 0. Ja sumbolÐzoume to sÔnolo ìlwn twn kanonik¸n pedÐwn Jacobi kat�
m koc thc γ me J0(γ). ParathroÔme ìti apì thn (†), èpetai ìti èna sÔnolo {J1, . . . , Jk}, k ∈
N pedÐwn Jacobi eÐnaiR-grammik� anex�rthto ann ta dianÔsmata {D∇J1(0), . . . , D∇Jk(0)}
eÐnai grammik� anex�rthta. 'Ara o upìqwroc N(γ) tou J(γ) pou apoteleÐtai apì ìla ta
pedÐa Jacobi me J(0) = 0, èqei di�stash m. O upìqwroc N0(γ) ìlwn twn kanonik¸n
pedÐwn Jacobi me J(0) = 0 èqei di�stash m − 1, afoÔ N(γ) = span{J} ⊕ N0(γ), ìpou
J ∈ N(γ) eÐnai to pedÐo Jacobi me tÔpo J(t) = tγ̇(t), t ∈ [0, `].

L mma 5.4.2 'Estw γ : [0, `] → M mÐa kampÔlh qwrÐc suzug  shmeÐa. Tìte k�je b�sh
tou R-grammikoÔ q¸rou N0(γ) eÐnai b�sh tou C∞([0, `])-module X0(γ)

Apìdeixh. Gia aplìthta sto sumbolismì ja gr�foume X ′ gia th sunalloÐwth par�gwgo
D∇X enìc dianusmatikoÔ pedÐou X ∈ X(γ) kat� m koc mÐac kampÔlhc γ.
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'Estw {J1, . . . , Jm−1} b�sh tou grammikoÔ q¸rou N0, ìpou m = dimM . AfoÔ den
up�rqoun suzug  shmeÐa kat� m koc thc γ, èpetai ìti ta dianÔsmata J1(t), . . . , Jm−1(t) ∈
Tγ(t)M eÐnai grammik� anex�rthta gia k�je t ∈ (0, `]. Pr�gmati, an autì den Ðsque,
ja up rqan t0 ∈ (0, `] kai µ1, . . . , µm−1 ∈ R t.w.

∑m−1
i=1 µiJi(t0) = 0. 'Omwc tìte,

to J0 :=
∑m−1

i=1 µiJi ja  tan pedÐo Jacobi pou ja ikanopoioÔse thn J0(t0) = 0, to
opoÐo antif�skei me to ìti den up�rqoun suzug  shmeÐa kat� m koc thc γ. M�lista, gia
k�je t ∈ (0, ` ], ta dianÔsmata Ji(t), i = 1, . . . ,m − 1 apoteloÔn b�sh tou orjog¸niou
sumplhr¸matoc tou γ̇(t) ston Tγ(t)M . 'Etsi k�je X ∈ X0(γ|(0,`]) gr�fetai monos manta
sth morf 

X =
m−1∑

i=1

f
(X)
i Ji,

gia k�poiec sunart seic fi ∈ C∞((0, `]). Sunep¸c to sÔnolo {J1, . . . , Jm−1} apoteleÐ
b�sh tou C∞((0, `])-module X0(γ|(0,` ]). Ja deÐxoume ìti oi f

(X)
i mporoÔn na epektajoÔn

leÐa sto [0, `]. Xekin�me parathr¸ntac ìti k�je leÐa sun�rthsh f : [0, `] → R me f(0) = 0
mporeÐ na grafeÐ sth morf  f(t) = tφ(t) gia k�poia leÐa sun�rthsh φ : [0, `] → R
me φ(0) = f ′(0). Efarmìzontac to autì stic suntetagmènec sunart seic twn Ji, i =
1, . . . , k wc proc mÐa opoiad pote eleÔjerh b�sh tou C∞([0, `])-module X(γ), brÐskoume
ìti up�rqoun dianusmatik� pedÐa Yi ∈ X(γ), i = 1, . . . , k t.w. Ji(t) = tYi(t), i =
1, . . . , k. Profan¸c, ta dianÔsmata Yi(t) ∈ Tγ(t) , i = 1, . . . ,m − 1 eÐnai grammik¸c
anex�rthta gia k�je t ∈ (0, `] kai afoÔ ta pedÐa Jacobi J1, . . . , Jm−1 eÐnai grammik¸c
anex�rthta, ta dia-nÔsmata J ′i(0) = Yi(0) eÐnai, epÐshc, grammik¸c anex�rthta. Sunep¸c
ta dianusmatik� pedÐa Yi ∈ X0(γ) , i = 1, . . . , m−1 apoteloÔn b�sh tou C∞([0, `])-module
X0(γ). MporoÔme loipìn na gr�youme k�je X ∈ X0(γ) sth morf 

X =
m−1∑

i=1

giYi,

gia k�poiec gi ∈ C∞([0, `]). Gr�fontac tic gi sth morf  gi(t) = tψi(t) gia k�poiec leÐec
sunart seic ψi, i = 1, . . . ,m− 1, èqoume ìti

X =
m−1∑

i=1

ψiJi,

kai �ra oi ψi eÐnai oi zhoÔmenec leÐec epekt�seic twn f
(X)
i , i = 1, . . . ,m− 1. Sunep¸c to

sÔnolo {J1, . . . , Jm−1} apoteleÐ b�sh tou C∞([0, `])-module X0(γ).

Apìdeixh tou jewr matoc 5.4.1. (=⇒) 'Estw κ ∈ R. Prèpei na deÐxoume ìti
k�je p ∈ M èqei perioq  W ⊆ M h opoÐa eÐnai CAT(κ)-q¸roc (CAT(κ)-q¸roc, antÐst.).
'Estw p ∈ M . Apì to je¸rhma tou Whitehead, up�rqoun 0 < ε < Dκ kai δ0 t.w. gia k�je
0 < δ ≤ δ0, h anoikt  mp�la D(p, δ) na eÐnai ε-omoiìmorfa kanonik  kai kurt  perioq  tou
p. To akìloujo l mma mac dÐnei mÐa ikan  sunj kh gia n eÐnai mÐa ε-omoiìmorfa kanonik 
kai kurt  perioq  tou p me ε < Dκ, CAT(κ)-q¸roc (CAT(κ)-q¸roc, antÐst.).

L mma 5.4.3 'Estw p ∈ M , o ∈ Mn
κ kai èstw W ⊆ M mÐa ε-omoiìmorfa kanonik  kai

kurt  perioq  tou p, gia k�poio 0 < ε < Dκ. Upojètoume ìti gia k�je x ∈ W up�rqei
amfidiafìrish ex : D(o, ε) −→ D(x, ε) me ex(o) = x t.w.
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(a) H par�gwgoc ex∗o : ToM
n
κ → TxM eÐnai isometrÐa gia k�je x ∈ W

(b) O periorismìc thc ex se k�je gewdaisiak  me arq  to o eÐnai isometrÐa gia k�je
x ∈ W , kai

(g) Gia k�je ω ∈ D(o, ε) kai k�je υ ∈ TwMn
κ ,

|ex∗ω(υ)| ≥ |υ| (|ex∗ω(υ)| ≤ |υ|, resp.)

Tìte h W eÐnai CAT(κ)-q¸roc (CAT(κ)-q¸roc, antÐst.).

Apìdeixh. SÔmfwna me thn parat rhsh 5.1.8, gia na deÐxoume ìti h W eÐnai CAT(κ)-
q¸roc (CAT(κ)-q¸roc, antÐst.), arkeÐ na deÐxoume ìti gia k�je gewdaisiakì trÐgwno
∆ = ∆(x, y, z, xy, xz, yz) ⊆ W kai k�je tri�da (x̂, ŷ, ẑ) shmeÐwn tou Mn

κ t.w.

(F1) |x̂ŷ| = |xy|, |x̂ẑ| = |xz| kai ∠x̂(ŷ, ẑ) = ∠R(xy, xz)

ìpou ∠R(xy, xz) eÐnai h rhm�nneia gwnÐa twn gewdaisiak¸n tmhm�twn xy, xz, isqÔei ìti:

(F2) |ŷẑ| ≤ |yz| (|ŷẑ| ≥ |yz|, antist.)

'Estw loipìn ∆ = ∆(x, y, z, xy, xz, yz) ⊆ W gewdaisiakì trÐgwno. AfoÔ W ⊆ D(x, ε),
orÐzontai ta x̂ := o = e−1

x (x), ŷ := e−1
x (y) kai ẑ := e−1

x (z). Ta shmeÐa x, y sundèontai
me monadik  gewdaisiak , h opoÐa apì to (b) eÐnai h isometrik  eikìna mèsw thc ex thc
monadik c gewdaisiak c x̂ŷ pou sundèei ta x̂ = o, ŷ. To Ðdio isqÔei kai gia ta x, z. Epi-
plèon, afoÔ h ex∗o : ToM

n
κ → TxM eÐnai isometrÐa, èpetai ìti ∠x̂(ŷ, ẑ) = ∠R(xy, xz), kai

�ra to gewdaisiakì trÐgwno ∆̂ = ∆(x̂, ŷ, ẑ, x̂ŷ, x̂ẑ, ŷẑ) ston Mn
κ ikanopoieÐ tic (F1). AfoÔ

modulo isometrÐa to ∆̂ eÐnai to monadikì gewdaisiakì trÐgwno ston Mn
κ pou ikanopoieÐ

thn (F1), arkeÐ na deÐxoume ìti ta ŷ = e−1
x (y) kai ẑ = e−1

x (z) ikanopoioÔn thn (F2).
Sunep¸c, an deÐxoume ìti gia k�je x ∈ W , h e−1

x : W → D(o, ε) eÐnai sustol  (diastol ,
antÐst.), ja èqoume telei¸sei. 'Estw, loipìn, x, y, z ∈ W . AfoÔ h W eÐnai ε-omoiìmorfa
kanonik  kai kurt , èqoume ìti

|yz| = inf
{∫ 1

0

|ċ(t)|dt
∣∣ c ∈ TC1(y, z), Imc ⊆ W

}

≥ inf
{∫ 1

0

‖(e−1
x ◦ c)˙(t)‖dt

∣∣ c ∈ TC1(y, z), Imc ⊆ D(x, ε)
}

= inf
{∫ 1

0

‖σ̇(t)‖dt
∣∣ σ ∈ TC1(y, z), Imσ ⊆ D(o, ε)

}

= |ŷẑ|,

to opoÐo oloklhr¸nei thn apìdeixh tou l mmatoc. ¤

Ja deÐxoume ìti an h M èqei kampulìthta tom c ≤ κ (≥ κ, antist.), tìte gia k�je p ∈
M up�rqei ε-omoiìmorfa kanonik  kai kurt  perioq  tou p pou ikanopoieÐ tic upojèseic
tou l mmatoc. 'Estw p ∈ M kai W ⊆ M mÐa ε-omoiìmorfa kanonik  kai kurt  perioq 
tou p, gia k�poio 0 < ε < εp ∧ Dκ. AfoÔ ε < Dκ, h expo : D(0o, ε) → D(o, ε) eÐnai
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amfidiafìrish. Gia k�je x ∈ M , tautÐzoume ton TxM me ton ToM
n
κ mèsw mÐac grammik c

isometrÐac Ix : ToM
n
κ → TxM kai jètoume

(♣) ex := expx ◦Ix ◦ exp−1
o : D(o, ε) −→ D(x, ε)

Profan¸c, gia k�je x ∈ W , h ex eÐnai amfidiafìrish me ex(o) = x kai ikanopoieÐ tic
upojèseic (a) kai (b) tou l mmatoc. Gia na apodeÐxoume ìti oi apeikonÐseic ex, x ∈ W

ikanopoioÔn thn upìjesh (g) ja qrhsimopoi soume to je¸rhma sÔgkrishc tou Rauch.

Je¸rhma 5.4.2 (Rauch, 1951) 'Estw M, N pollaplìthtec Riemann diast�sewn m =
dim M ≤ n = dimN kai èstw γ : [0, `] → M kai σ : [0, `] → N dÔo gewdaisiakèc Ðdiac
taqÔthtac, |γ̇(0)| = |σ̇(0)|. An den up�rqoun suzug  shmeÐa tou σ(0) sto [0, `] kat�
m koc thc σ kai oi kampulìthtec tom c twn M kai N ikanopoioÔn thn

Kγ(t)(v, γ̇(t)) ≤ Kσ(t)(w, σ̇(t)), ∀ v ∈ Tγ(t)M, w ∈ Tσ(t)N,

tìte gia k�je pedÐa Jacobi V,W kat� m koc twn γ, σ antÐstoiqa, t.w. V (0) = W (0) = 0,
|V ′(0)| = |W ′(0)| kai 〈V ′(0), γ̇(0)〉 = 〈W ′(0), σ̇(0)〉, èqoume ìti

|V (t)| ≤ |W (t)| gia k�je t ∈ [0, `].

Apìdeixh. DeÐqnoume katarq�c ìti mporoÔme na k�noume thn epiplèon upìjesh ìti ta
pedÐa Jacobi V, W eÐnai kanonik�. Gr�foume gi� autì to V wc �jroisma V = Vγ + V0 dÔo
sunistws¸n, mÐa efaptìmenh sth γ kai thn �llh k�jeth sth γ, ìpou

Vγ =
〈

V,
γ̇

|γ̇|
〉

γ̇

|γ̇| , V0 = V − Vγ .

OmoÐwc gr�foume W = Wσ + W0. Profan¸c ta Vγ ,Wσ eÐnai pedÐa Jacobi kai ta V0,W0

eÐnai kanonik� pedÐa Jacobi. AfoÔ oi γ, σ èqoun thn Ðdia taqÔthta, V (0) = W (0) = 0
kai 〈V ′(0), γ̇(0)〉 = 〈W ′(0), σ̇(0)〉, apì thn (††), èpetai ìti |Vγ | = |Wσ|. 'Etsi, afoÔ
|V | = |Vγ | + |V0| kai |W | = |Wσ| + |W0|, gia na apodeÐxoume ìti |V | ≤ |W |, arkeÐ na
apodeÐxoume ìti thn Ðdia anisìthta ikanopoioÔn oi orjog¸niec sunist¸sec V0⊥γ, W0⊥σ

twn V , W sth γ antÐstoiqa. MporoÔme, loipìn, na upojèsoume ìti ta V, W eÐnai kanonik�.
ParathroÔme èpeita ìti qrei�zetai na exet�soume mon�qa thn perÐptwsh ìpou |V ′(0)| =

|W ′(0)| 6= 0, giatÐ alli¸c, lìgw tou ìti V (0) = W (0) = 0, apì th monadikìthta twn
lÔsewn thc exÐswshc tou Jacobi, èqoume ìti V ≡ W sto [0, l]. AfoÔ den up�rqoun
suzug  shmeÐa wc proc to σ(0) kat� m koc thc σ, èqoume ìti W (t) 6= 0 gia k�je t ∈ [0, `].
Jètoume φ := |V |2, ψ := |W |2. Oi sunart seic φ, ψ : [0, `] → R eÐnai leÐec sto [0, `] kai
oi par�gwgoi touc mèqri th deÔterh t�xh dÐnontai apì tic

φ′ = 2〈V, V ′〉, φ′′ = 2
〈
V, V ′′〉+ |V ′|2)

kai touc antÐstoiqouc tÔpouc gia thn ψ. 'Etsi apì ton kanìna tou De l' Hospital,

lim
t→0

φ(t)
ψ(t)

= lim
t→0

φ′′(t)
ψ′′(t)

=
|V ′(0)|2
|W ′(0)|2 = 1
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H apeikìnish φ/ψ orÐzetai kai eÐnai leÐa sto (0, `]. EpekteÐnetai se suneq  apeikìnish
[0, `] an thc d¸soume thn tim  1 sto t = 0. An apodeÐxoume ìti eÐnai aÔxousa sto [0, `],
ja èqoume telei¸sei. ArkeÐ, loipìn, na apodeÐxoume ìti

(∗) φ′(t)ψ(t)− φ(t)ψ′(t) ≥ 0

gia k�je t ∈ [0, `]. An ìmwc φ(t) = 0 gia k�poio t ∈ (0, `], tìte epÐshc φ′(t) = 0 kai h (∗)
isqÔei gia to t. OmoÐwc an ψ(t) = 0 kai �ra mporoÔme na k�noume thn epiplèon upìjesh
ìti φ(t) 6= 0, ψ(t) 6= 0 kai na gr�youme thn (∗) sth morf 

φ′(t)
φ(t)

≥ ψ′(t)
ψ(t)

.

Jètontac t¸ra V , W ∈ X(γ) ta kanonik� pedÐa Jacobi kat� m koc thc γ pou orÐzontai
apì touc tÔpouc

V (s) =
1

|V (t)|V (s) , W (s) =
1

|W (t)|W (s),

èqoume ìti

φ′(t)
φ(t)

= 2
〈V ′(t), V (t)〉
|V (t)|2 = 2〈V ′

(t), V (t)〉 = 〈V , V 〉′(t) =

=
∫ t

0

〈V , V 〉′′(s)ds =
∫ t

0

2
(
|V |2 + 〈V ′′

, V 〉
)

ds =

= 2
∫ t

0

(
|V |2 − 〈R(V , γ̇)γ̇, V 〉

)
ds,

kai omoÐwc
ψ′(t)
ψ(t)

= 2
∫ t

0

(|W |2 − 〈R(W, γ̇)γ̇, W 〉) ds

H apeikìnish It
0 : X(γ)× X(γ) −→ R me tÔpo

It
0(X,Y ) =

∫ t

0

(〈X ′, Y ′〉 − 〈R(X, γ̇)γ̇, Y 〉) ds

eÐnai mÐa summetrik  digrammik  morf  ston grammikì q¸ro X(γ) gia k�je t ∈ [0, `] kai
lègetai morf  deÐkth thc γ|[0,t]. Jètoume It

0(X) := It
0(X,Y ) gia k�je X ∈ X(γ). 'Etsi,

m� autì to sumbolismì, arkeÐ na apodeÐxoume ìti It
0(V ) ≥ It

0(W ). Gia na to apodeÐxoume
autì qreiazìmaste to akìloujo l mma gia th morf  deÐkth.

L mma 5.4.4 'Estw γ : [0, `] → M gewdaisiak  qwrÐc suzug  shmeÐa. 'Estw X, J ∈
X(γ) dianusmatik� pedÐa kat� m koc thc γ k�jeta sthn γ t.w. X(0) = J(0) kai X(`) =
J(`). An to J eÐnai pedÐo Jacobi, tìte I`

0(J) ≤ I`
0(X), me isìthta ann X = J .

Apìdeixh. 'Estw {J1, . . . , Jm−1} b�sh tou grammikoÔ q¸rou N0 pou apoteleÐtai apì
ìla ta pedÐa Jacobi J me J(0) = 0. 'Opwc èqoume dei, to sÔnolo {J1, . . . , Jm−1} apoteleÐ
b�sh tou C∞([0, `])-module X0(γ). DeÐqnoume, katarq�c, ìti an X =

∑m−1
i=1 fiJi ∈

X0(γ), tìte

(?) 〈X ′, X ′〉 − 〈R(X, γ̇)γ̇, X〉 =

〈
m−1∑

i=1

f ′iJi,

m−1∑

j=1

f ′jJj

〉
+

〈
m−1∑

i=1

fiJi,

m−1∑

i=1

fiJ
′
i

〉′

.
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Gia aplìthta sto sumbolismì jètoume

X1 =
m−1∑

i=1

f ′iJi, X2 =
m−1∑

i=1

fiJ
′
i .

'Etsi X ′ = X1 + X2 kai h (?) gÐnetai

|X ′|2 − 〈R(X, γ̇)γ̇, X〉 = |X1|2 + 〈X, X2〉′.

Epeid ,

|X ′|2 − 〈R(X, γ̇)γ̇, X〉 = |X1|2 + |X2|2 + 2〈X1, X2〉 −
m−1∑

i=1

fi〈R(Ji, γ̇)γ̇, X〉 =

= |X1|2 + |X2|2 + 2〈X1, X2〉+
m−1∑

i=1

fi〈J ′′i , X〉,

arkeÐ na apodeÐxoume ìti

(1) 〈X, X2〉′ = |X2|2 + 2〈X1, X2〉+
m−1∑

i=1

fi〈J ′′i , X〉.

'Enac aplìc upologismìc deÐqnei ìti

(2) 〈X,X2〉′ = |X2|2 + 〈X1, X2〉+
m−1∑

i=1

f ′i〈J ′i , X〉+
m−1∑

i=1

fi〈J ′′i , X〉.

SugkrÐnontac tic (1) kai (2) kai parathr¸ntac ìti 〈X1, X2〉 =
∑m−1

i,j=1 f ′ifj〈Ji, J
′
j〉, anagì-

maste sto na apodeÐxoume ìti 〈J ′i , Jj〉 = 〈Ji, J
′
j〉. AfoÔ ìmwc ta Ji eÐnai pedÐa Jacobi,

èqoume ìti

(〈J ′i , Jj〉 − 〈Ji, J
′
j〉)′ = 〈J ′′i , Jj〉 − 〈Ji, J

′′
j 〉 =

= −〈R(Ji, γ̇)γ̇, Jj〉+ 〈R(Jj , γ̇)γ̇, Ji〉 = 0

kai �ra
〈J ′i , Jj〉 − 〈Ji, J

′
j〉 ≡ 〈Ji(0)′, Jj(0)〉 − 〈Ji(0), J ′j(0)〉 = 0.

Qrhsimopoi¸ntac t¸ra thn (?), brÐskoume ìti

I`
0(X) =

∫ `

0

(|X ′|2 − 〈R(X, γ̇)γ̇, X〉) dt =

=
∫ `

0

(|X1|2 + 〈X,X2〉′
)
dt =

∫ `

0

|X1|2dt + 〈X, X2〉
∣∣∣∣
`

t=0

=

=
∫ `

0

|X1|2dt + 〈X(`), X2(`)〉

Gia na upologÐsoume to I`
0(J), qrhsimopoioÔme to ìti to sÔnolo {J1, . . . , Jm−1} eÐnai

b�sh tou grammikoÔ q¸rou J0(γ) kai gr�foume to J ∈ J0(γ) sth morf  J =
∑m−1

i=0 λiJi
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gia k�poiouc monos manta prosdiorismènouc λi ∈ R, i = 1, . . . , m − 1. EpÐshc, afoÔ
X(`) = J(`), èqoume ìti f

(X)
i (`) = λi, gia k�je i = 1, . . . , m− 1. 'Etsi,

I`
0(J) =

∫ `

0

(|J ′|2 − 〈R(J, γ̇)γ̇, J〉) dt =

=
∫ `

0

(|J ′|2 + 〈J, J ′′〉) dt =
∫ `

0

〈J, J ′〉′dt =

= 〈J, J ′〉
∣∣∣∣
`

t=0

= 〈J(`), J ′(`)〉 = 〈X(`),
m−1∑

i=1

λiJ
′
i(`)〉 =

= 〈X(`),
m−1∑

i=1

fi(`)J ′i(`)〉 = 〈X(`), X2(`)〉

kai �ra

(∗) I`
0(X) =

∫ `

0

|X1|2dt + 〈X(`), X2(`)〉 ≥ 〈X(`), X2(`)〉 = I`
0(J),

to opoÐo apodeiknÔei ton pr¸to isqurismì tou l mmatoc.
Gia to deÔtero isqurismì, parathroÔme ìti apì thn (∗) èqoume ìti I`

0(X) ≥ I`
0(J)

ann
∫ `

0
|X1|2dt = 0, dhlad  ann X1 ≡ 0 sto [0, `]. AfoÔ ìmwc ta Ji eÐnai b�sh tou

C∞([0, `])-module X0(γ), èqoume ìti X1 ≡ 0 ann f ′i ≡ 0 gia k�je i = 1, . . . , m − 1,
dhlad  ann oi fi eÐnai ìlec stajerèc. AfoÔ ìmwc fi(`) = λi, autì eÐnai isodÔnamo me to
ìti X ≡ J . ¤

SuneqÐzoume t¸ra me thn apìdeixh tou jewr matoc tou Rauch. Wc t¸ra èqoume
anaqjeÐ sto na apodeÐxoume ìti It

0(V ) ≥ It
0(W ), ìpou ta dianusmatik� pedÐa V , W dÐnontai

apì touc tÔpouc

V (s) =
1

|V (t)|V (s) , W (s) =
1

|W (t)|W (s).

'Estw {E1, . . . , En}, {F1, . . . , Fn} orjokanonikèc b�seic twn C∞([0, `])-modules X(γ), X(σ)
antÐstoiqa, t.w.

E1 =
γ̇

|γ̇| , E2(t) = V (t), F1 =
σ̇

|σ̇| , F2(t) = W (t).

Mèsw aut¸n twn suntetagmènwn, orÐzoume èna C∞([0, `])-monomorfismì L : X(γ) → X(σ)
me tÔpo

L
(

m∑

i=1

fiEi

)
(s) =

m∑

i=1

fi(s)Fi(s).

Profan¸c h L diathreÐ ta eswterik� ginìmena me timèc sto C∞([0, `]) pou ep�gontai sta
X(γ) kai X(σ) apì tic rhm�nneiec metrikèc kai metatÐjetai me th sunalloÐwth parag¸gish,
dhlad  gia k�je X ∈ X(γ), èqoume ìti

(LX)′ = L(X ′).
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Ta dianusmatik� pedÐa L(V ), W ∈ X(σ) ikanopoioÔn tic upojèseic tou l mmatoc thc
morf c deÐkth, afoÔ to W eÐnai k�jeto sth σ apì upìjesh,

〈LV , σ̇〉 = 〈LV ,L(γ̇)〉 = 〈V , γ̇〉 ≡ 0

kai epÐshc LV (0) = 0 = W (0), LV (t) = W (t). 'Etsi afoÔ to W eÐnai pedÐo Jacobi, apì
to l mma thc morf c deÐkth èqoume ìti

It
0(W ) ≤ It

0(LV ).

'Omwc

It
0(LV ) =

∫ t

0

( |L( V
′
)|2 − |LV |2|σ̇|2Kσ(σ̇,LV )

)
ds ≤

≤
∫ t

0

( |V ′|2 − |V |2|γ̇|2Kγ(γ̇, V )
)

ds = It
0(V ).

Oi dÔo autèc anisìthtec apodeiknÔoun to je¸rhma tou Rauch. ¤

Qrhsimopoi¸ntac t¸ra to je¸rhma tou Rauch kai to ìti h kampulìthta tom c thc M

eÐnai ≤ κ (≥ κ, antÐst.), ja deÐxoume ìti oi apeikonÐseic ex, x ∈ W pou orÐzontai sthn
(♣), ikanopoioÔn th sunj kh (g) tou l mmatoc 5.4.3. 'Estw, loipìn, ω ∈ D(o, ε) ⊆ Mn

κ

kai υ ∈ TωMn
κ . Prèpei na deÐxoume ìti |ex∗ω(υ)| ≥ |υ|, (|ex∗ω(υ)| ≤ |υ|, antÐst.). An

orÐsoume pedÐa Jacobi V , W kat� m koc twn gewdaisiak¸n γω, γex(ω) (parametrismènec
sto [0, 1]) pou sundèoun to o me to ω kai to x me to ex(ω) antÐstoiqa, t.w. na ikanopoioÔn
tic upojèseic tou jewr matoc tou Rauch kai t.w. J(1) = υ kai W (1) = ex∗ω(υ), tìte to
zhtoÔmeno èpetai apì to je¸rhma tou Rauch.

'Estw γ : (−δ, δ) → D(o, ε) mÐa opoiad pote kampÔlh me γ(0) = ω kai γ̇(0) = υ. Mèsw
thc γ, orÐzoume mÐa gewdaisiak  metabol  Γ : (−δ, δ)× [0, 1] −→ D(o, ε) thc γω jètontac
γ := exp−1

o ◦ γ kai orÐzontac
Γ(s, t) = expo(tγ̄(s)).

'Estw At : ToM
n
κ → Ttγ(0)ToM

n
κ h fusik  taÔtish gia k�je 0 ≤ t ≤ 1. Tìte to pedÐo

Jacobi V ∈ J(γω) pou orÐzetai apì th Γ dÐnetai apì ton tÔpo

V (t) = Γ̇t(0) = t expo∗tγ(0) ◦At ◦A−1
1 (γ̇(0)),

kai, �ra, profan¸c V (0) = 0, V ′(0) = A−1
1 (γ̇(0)) kai

V (1) = expo∗γ(0)(γ̇(0)) = ˙(expo ◦ γ)(0) = γ̇(0) = υ.

'Epeita epilègoume σ : (−δ, δ) → D(x, ε) t.w. σ(0) = ex(ω), σ̇(0) = ex∗ω(υ) kai qrhsi-
mopoi¸ntac th σ orÐzoume ìpwc parap�nw mÐa gewdaisiak  metabol  Σ : (−δ, δ)×[0, 1] −→
D(x, ε) thc γex(ω) jètontac σ := exp−1

x ◦ σ kai orÐzontac

Σ(s, t) = expx(tσ̄(s)).

An W ∈ J(γex(ω)) eÐnai to pedÐo Jacobi pou orÐzetai apì th Σ, tìte W (0) = 0, W ′(0) =
B−1

1 (σ̇(0)) kai W (1) = ex∗ω(υ), ìpou Bt : TxM → Ttσ(0)TxM eÐnai h fusik  taÔtish gia
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k�je 0 ≤ t ≤ 1. Ja apodeÐxoume t¸ra ìti ta pedÐa Jacobi V , W ikanopoioÔn tic upojèseic
tou jewr matoc tou Rauch. H upìjesh |V ′(0)| = |W ′(0)| ikanopoieÐtai afoÔ

σ̇(0) = (exp−1
x )∗σ(0)

(
σ̇(0)

)
= (exp−1

x )ex(ω)

(
ex∗ω

(
γ̇(0)

))
=

= (exp−1
x ◦ ex)

(
γ̇(0)

)
= (Ix ◦ exp−1

o )∗ω
(
γ̇(0)

)
= Ix∗γ(0)

(
γ̇(0)

)
.

Apomènei, loipìn, na deÐxoume ìti ikanopoieÐtai kai h 〈V ′(0), γ̇ω(0)〉 = 〈W ′(0), ˙γex(ω)(0)〉.
Autì ìmwc isqÔei, afoÔ lìgw tou ìti oi apeikonÐseic ex, x ∈ W ikanopoioÔn thn upìjesh
(b) tou l mmatoc 5.4.3, èqoume ìti γex(ω) = ex ◦ γω kai �ra

〈
W ′(0), ˙γex(ω)(0)

〉
=

〈
B−1

1

(
σ̇(0)

)
, ˙(ex ◦ γω)(0)

〉
=

=
〈
B−1

1 ◦ Ix∗γ(0)

(
γ̇(0)

)
, ex∗o (γ̇ω(0))

〉
=

=
〈
A−1

1

(
γ̇(0)

)
, γ̇ω(0)

〉
=

〈
V ′(0), γ̇ω(0)

〉
,

afoÔ ex∗o = B0 ◦ Ix∗0 ◦ A−1
0 = B1 ◦ Ix∗γ(0) ◦ A−1

1 . Sunep¸c h mÐa kateÔjunsh tou jew-
r matoc tou Alexandrov apodeÐqjhke.
(⇐=) Gia thn apìdeixh thc �llhc kateÔjunshc tou jewr matoc tou Alexandrov qreiazì-
maste to akìloujo l mma, to opoÐo susqetÐzei to rujmì aÔxhshc thc apìstashc dÔo
gewdaisiak¸n γi : [0, 1] → M , i = 1, 2, me arq  to p ∈ M , me to rujmì aÔxhshc twn
antÐstoiqwn gewdaisiak¸n γi = exp−1

p ◦ γi : [0, ε] → TpM , i = 1, 2, gia k�poio ε > 0
kai thn kampulìthta tom c thc M sto p wc proc to didi�stato upìqwro S ≤ TpM pou
par�getai apì ta γ̇0(0), γ̇1(0). H akrib c diatÔpwsh tou l mmatoc èqei wc ex c.

L mma 5.4.5 'Estw p ∈ M kai èstw W mÐa ε-omoiìmorfa kanonik  kai kurt  perioq 
tou p. An oi γ0, γ1 : [0, 1] → W eÐnai gewdaisiakèc t.w. γ0(0) = γ1(0) = p, tìte

d(γ0, γ1)2 = |γ0 − γ1|2 − 1
3

〈
R

(
γ0, γ1

)
γ1, γ0

〉
+ O(s5).

Apìdeixh. Jètoume υi := γ̇i(0) = exp−1
p

(
γi(1)

)
, i = 1, 2. Tìte γi(t) = tυi gia k�je

t ∈ [0, 1], kai �ra an jèsoume L := d(γ0, γ1), h zhtoÔmenh isìthta gÐnetai

L(s)2 = s2|υ0 − υ1|2 − s4

3
〈
R

(
υ0, υ1

)
υ1, υ0

〉
+ O(s5). (1)

Gia na apodeÐxoume thn (1), jewroÔme thn parametrismènh epif�neia Γ : [0, 1]× [0, 1] → M

me tÔpo
Γ(s, t) = expγ0(s)

(
t exp−1

γ0(s)
◦ γ1(s)

)
.

Jètoume T := ∂Γ
∂t , J := ∂Γ

∂s . Gia k�je 0 ≤ s ≤ 1, to Ts ∈ X(Γs) eÐnai h taqÔthta thc
gewdaisiak c Γs pou sundèei ta γ0(s), γ1(s) kai to Js ∈ X(Γs) eÐnai pedÐo Jacobi kat�
m koc thc Γs me Js(0) = γ̇0(s), Js(1) = γ̇1(s). ParathroÔme ìti L(s) = |Γ̇s(t)| = |T (s, t)|
gia k�je 0 ≤ s, t ≤ 1 kai �ra h L2 eÐnai leÐa kai stajer  wc proc to t. To an�ptugma
Taylor tètarthc t�xhc thc f := L2 me kèntro to 0, dÐnetai apì thn

f(s) = f ′(0)s +
f ′′(0)

2
s2 +

f ′′′(0)
6

s3 +
f (4)(0)

24
s4 + O(s5). (2)
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Ja deÐxoume t¸ra ìti oi timèc twn parag¸gwn thc f sto 0 mèqri kai thn tètarth t�xh,
eÐnai t.w. an antikatastajoÔn sth (2), na prokÔptei h (1). Oi isìthtec ∇T

ds = ∇J
dt kai

∇T
dt ≡ 0 ja qrhsimopoihjoÔn suqn� stouc upologismoÔc. Profan¸c,

f ′(s) = 2
〈∇T

ds , T
〉 ∣∣∣

(s,t)

f ′′(s) = 2
(〈

∇2T
ds2 , T

〉
+

∣∣∇T
ds

∣∣2
) ∣∣∣

(s,t)

f ′′′(s) = 2
(〈

∇3T
ds3 , T

〉
+ 3

〈
∇2T
ds2 , ∇T

ds

〉) ∣∣∣
(s,t)

f (4)(s) = 2
(〈

∇4T
ds4 , T

〉
+ 4

〈
∇3T
ds3 , ∇T

ds

〉
+ 3

∣∣∣∇2T
ds2

∣∣∣
2
) ∣∣∣

(s,t)

Profan¸c, afoÔ Γ0 ≡ p, èqoume ìti T (0, t) = 0 gia k�je 0 ≤ t ≤ 1 kai �ra f ′(0) = 0 kai

f ′′(0) = 2
∣∣∣∣
∇T

ds
(0, t)

∣∣∣∣
2

= 2
∣∣∣∣
∇J

dt
(0, t)

∣∣∣∣
2

= 2|J ′0(t)|2.

AfoÔ ìmwc to J0 eÐnai pedÐo Jacobi kat� m koc thc stajer c kampÔlhc Γ0 ≡ p, èpetai
ìti h J0 : [0, 1] → TpM ∼= Rm eÐnai affinik  kampÔlh, kai lamb�nontac upìyin mac ìti
J0(0) = υ0 kai J0(1) = υ1, blèpoume ìti J0(t) = υ0 + t(υ1 − υ0) gia k�je 0 ≤ t ≤ 1.
Sunep¸c f ′′(0) = 2|υ1 − υ0|2.

UpologÐzoume èpeita thn f ′′′(0). AfoÔ T (0, t) ≡ 0, èqoume ìti f ′′′(0) = 6
〈
∇2T
ds2 , ∇T

ds

〉 ∣∣
(0,t)

,

kai afoÔ ∇T
ds (0, t) = υ1 − υ0, apomènei na upologÐsoume thn ∇2T

ds2 (0, t). 'Omwc

∇2T

ds2
=
∇
ds

∇J

dt
= R(J, T )J +

∇
dt

∇J

ds

kai �ra afoÔ h R(J, T )J mhdenÐzetai sto (0, t), èqoume ìti

∇2T

ds2
(0, t) =

∇
dt

∇J

ds
(0, t).

'Opwc èqoume dei, J0 = γ̇0, J1 = γ̇1 kai �ra ∇J
ds (s, 0) = ∇J

ds (s, 1) = 0 gia k�je 0 ≤ s ≤ 1.
Eidikìtera, ∇J

ds (0, 0) = ∇J
ds (0, 1) = 0 kai �ra an deÐxoume ìti ∇

2

dt2
∇J
ds (0, t) ≡ 0, ja èqoume

ìti f ′′′(0) = 0. ParathroÔme ìti

∇2

dt2
∇J

ds
=
∇
dt

(R(T, J)J) + R(T, J)
∇T

ds
+
∇
ds

(R(T, J)T ).

Profan¸c oi posìthtec ∇
dt (R(T, J)J) kai R(T, J)∇T

ds sto dexÐ mèloc mhdenÐzontai sto
(0, t) afoÔ T (0, ·) ≡ 0. EpÐshc

∇
ds

(R(T, J)T ) =
∇R

ds
(T, J, T ) + R(

∇T

ds
, J) + R(T,

∇J

ds
)T + R(T, J)

∇T

ds
,

ìpou ∇R
ds eÐnai h merik  sunalloÐwth par�gwgoc tou tanust  kampulìthtac R kat� m koc

thc Γ wc proc th metablht  s. 'Etsi, afoÔ o ∇R
ds eÐnai tanust c, h ∇

ds (R(T, J)T ) epÐshc
mhdenÐzetai sto (0, t).

UpologÐzoume tèloc thn f (4)(0). Apì touc upologismoÔc mac èwc t¸ra, èqoume ìti

f (4)(0) = 8
〈∇3T

ds3
,
∇T

ds

〉 ∣∣∣
(0,t)
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kai èqoume deÐxei ìti ∇T
ds (0, t) = υ1−υ0. Apomènei, loipìn, na upologÐsoume thn ∇3T

ds3 sto
(0, t). 'Eqoume,

∇3T

ds3
(0, t) =

∇
ds

(
R(J, T )J +

∇
dt

∇J

ds

) ∣∣∣
(0,t)

=

=
∇
ds

(R(J, T )J)
∣∣∣
(0,t)

+
∇
ds

∇
dt

∇J

ds

∣∣∣
(0,t)

=

= R(J,
∇T

ds
)J

∣∣∣
(0,t)

+
∇
ds

∇
dt

∇J

ds

∣∣∣
(0,t)

Sunep¸c

f (4)(0) = 8
〈

R(J,
∇T

ds
)J,

∇T

ds

〉 ∣∣∣
(0,t)

+ 8
〈∇

ds

∇
dt

∇J

ds
,
∇T

ds

〉 ∣∣∣
(0,t)

.

Apì thn antisummetrikìthta tou tanust  kampulìthtac R èqoume ìti
〈

R

(
J,
∇T

ds

)
J ,

∇T

ds

〉 ∣∣∣
(0,t)

= 〈R(υ0, υ1)υ0, υ1〉.

'Epetai ìti h
〈∇

ds
∇
dt
∇J
ds , ∇T

ds

〉 ∣∣∣
(0,t)

eÐnai stajer  wc proc t. 'Omwc

〈∇
ds

∇
dt

∇J

ds
,
∇T

ds

〉 ∣∣∣
(0,t)

=
∂

∂s

∂

∂t

〈∇J

ds
,
∇T

ds

〉 ∣∣∣
(0,t)

=
∂

∂t

∂

∂s

〈∇J

ds
,
∇T

ds

〉 ∣∣∣
(0,t)

,

kai sunep¸c h
∂

∂s

〈∇J

ds
,
∇T

ds

〉 ∣∣∣
(0,t)

=
〈∇2J

ds2
,
∇T

ds

〉 ∣∣∣
(0,t)

eÐnai affinik  wc proc to t. All�
〈
∇2J
ds2 , ∇T

ds

〉 ∣∣∣
(0,i)

= (J i)′′(0) = (γ̇i)′′(0) = 0 gia i = 0, 1

kai �ra f (4)(0) = 8〈R(υ0, υ1)υ0, υ1〉 ìpwc zhtoÔsame. ¤

SuneqÐzoume t¸ra me thn apìdeixh tou jewr matoc tou Alexandrov. Ja exet�soume
mon�qa thn perÐptwsh ìpou h kampulìthta tom c thc M eÐnai ≥ κ. H �llh perÐptwsh
eÐnai an�logh. 'Estw p ∈ M kai èstw S didi�statoc upìqwroc tou TpM . Prèpei na
deÐxoume ìti K := Kp(S) ≥ κ. 'Estw W = D(0, δ), 0 < δ < Dκ/2, mÐa ε-omoiìmorfa
kanonik  kai kurt  perioq  tou p, gia k�poio 0 < ε < Dκ. 'Estw u, v ∈ D(0p, δ) t.w.
|u| = |v| = λ > 0 kai 〈v, u〉 = 0. 'Estw x = (xt)t∈[0,1], y = (yt)t∈[0,1] oi gewdaisiakèc apì
to p sta q := expp(u) kai r = expp(v) ∈ W antÐstoiqa. Apì to l mma 5.4.5, èqoume ìti

|xtyt|2 = 2λ2t2 − λ4K

3
t4 + O(t5). (?)

'Estw p̂ ∈ Mm
κ kai k�jetec gewdasiaikèc x̂ = (x̂t)t∈[0,1], ŷ = (ŷt)t∈[0,1] ston Mm

κ me
arq  to p̂ m kouc λ. AfoÔ h M èqei kampulìthta ≥ κ, èqoume ìti |xtyt| ≤ |x̂tŷt| gia
k�je 0 ≤ t ≤ 1. Exet�zoume pr¸ta thn perÐptwsh κ = 0. S� aut  thn perÐptwsh,
|x̂tŷt|2 = 2λ2t2 kai �ra apì thn (?) èqoume ìti λ4K

3 t4 ≥ O(t5) me thn ènnoia ìti

lim inf
t→0+

1
t5

λ4K

3
t4 = lim inf

t→0+

λ4K

3t
≥ 0,
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to opoÐo sunep�getai ìti K ≥ 0. Exet�zoume èpeita thn perÐptwsh κ < 0. S� aut  thn
perÐptwsh, afoÔ oi x̂ kai ŷ eÐnai k�jetec, apì to nìmo twn sunhmitìnwn kai to an�ptugma
thc cosh2 se dunamoseir�, èqoume ìti

cosh(
√−κ|x̂tŷt|) = cosh2(

√−κλt) = 1− κλ2t2 +
κ2λ4

3
t4 + O(t5).

EpÐshc, apì thn (?) kai to ìti limt→0
1
t |xtyt| = λ

√
2, èqoume ìti

cosh(
√−κ|xtyt|) = 1− κ

2
|xtyt|2 +

κ2

24
|xtyt|4 + O(|xtyt|5) =

= 1− κ

2
|xtyt|2 +

κ2

24
|xtyt|4 + O(t5) =

= 1− κλ2t2 +
λ4(κK + κ2)

6
t4 + O(t5).

'Omwc |xtyt| ≤ |x̂tŷt| kai h cosh eÐnai aÔxousa, kai �ra

O(t5) ≤ κ2λ4

3
t4 − λ4(κK + κ2)

6
t4 =

λ4(κ2 −Kκ)
6

t4.

Sunep¸c κ2 −Kκ ≥ 0, to opoÐo afoÔ k < 0, sunep�getai ìti K ≥ κ ìpwc zhtoÔsame. H
perÐptwsh κ > 0 eÐnai ìmoia. ¤

Wc pìrisma èqoume ìti se mÐa rhm�nneia pollaplìthta h gwnÐa Alexandrov metaxÔ dÔo
gewdaisiak¸n tmhm�twn me arq  to Ðdio shmeÐo, up�rqei me thn austhr  ènnoia kai isoÔtai
me th rhm�nneia gwnÐa touc.

Pìrisma 5.4.3 'Estw M leÐa pollaplìthta Riemann kai èstw γ, σ : [0, `] → M gew-
daisiakèc monadiaÐac taqÔthtac me arq  to p = γ(0) = σ(0). To ìrio thc gwnÐac sÔgkri-
shc ∠p(γ(t), σ(s)) kaj¸c s, t → 0 up�rqei kai isoÔtai me th gwnÐa twn dianusm�twn
γ̇(0), σ̇(0) ston TpM .

Apìdeixh Epeid  h M eÐnai topik� sumpag c, up�rqei sumpag c perioq  tou p ∈ M ,
sthn opoÐa oi kampulìthtec tom c eÐnai fragmènec. 'Etsi to p èqei kurt  perioq  W h
opoÐa eÐnai CAT(κ)-q¸roc gia k�poio κ ∈ R. Sunep¸c apì thn prìtash 5.1.8, to ìrio
lims,t→0 ∠p(γ(t), σ(s)) up�rqei kai an θ := ∠(γ, σ) eÐnai h gwnÐa Alexandrov metaxÔ twn
γ, σ tìte

2 sin
θ

2
= lim

t→0

d(γ(t), σ(t))
t

.

'Estw t¸ra u = γ̇(0), υ = σ̇(0) kai èstw ϕ h gwnÐa metaxÔ twn dianusm�twn u, υ ston
TpM . Profan¸c, afoÔ ta u, υ eÐnai monadiaÐa dianÔsmata, èqoume ìti 2 sin(ϕ/2) = |u−υ|.
'Opwc xèroume ìmwc,

lim
t→0

d(γ(t), σ(t))
|tu− tυ| = 1

kai �ra èqoume ìti

2 sin
θ

2
= lim

t→0

d(γ(t), σ(t))
t

= lim
t→0

|tu− tυ|
t

= |u− υ| = 2 sin
ϕ

2
.

'Etsi, θ = ϕ ìpwc zhtoÔsame. ¤
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Parat rhsh

1. 'Epetai apì thn apìdeixh tou jewr matoc 5.4.1 ìti an mia leÐa pollaplìthta Riemann
M èqei kampulìthta ≤ κ   ≥ κ me thn ènnoia tou Busemann, tìte h kampulìthta tom c
thc eÐnai fragmènh apì p�nw   apì k�tw apì ton κ, kai �ra èqei kampulìthta ≤ κ  
≥ κ me thn ènnoia tou Alexandrov. Me �lla lìgia, gia pollaplìthtec Riemann, h ènnoia
kampulìthtac tou Busemann eÐnai isodÔnamh me thn ènnoia kampulìthtac tou Alexandrov.

4. Ginìmena

Apì to tetrimmèno par�deigma R×pR = `2p èpetai ìti ta fr�gmata sthn kampulìthta
enìc metrikoÔ q¸rou me thn ènnoia tou Alexandrov den diathroÔntai apì to `p-ginìmeno,
ektìc ki an p = 2. Gia p = 2, eÐnai �meso apì thn NPC-anisìthta ìti to `2-ginìmeno dÔo
CAT(0)-q¸rwn eÐnai CAT(0)-q¸roc. OmoÐwc, to `2-ginìmeno dÔo CAT(0)-q¸rwn eÐnai
CAT(0)-q¸roc. Genik� isqÔei to ex c:

Prìtash 5.4.6 'Estw X1, X2 gewdasiaikoÐ q¸roi me perissìtera apì èna shmeÐa.
Tìte

curv(X1 ×X2) = max{curv(X1), curv(X2), 0},
kai

curv(X1 ×X2) = min{curv(X1), curv(X2), 0}.
5. Q¸roi Lp

Prìtash 5.4.7 'Estw (Ω,F , µ) q¸roc mètrou kai (X, d) metrikìc q¸roc.

(a) An o X eÐnai kurtìc metrikìc q¸roc, tìte gia k�je 1 < p < ∞ kai k�je isqur�
metr simh basik  apeikìnish o : Ω −→ X, o Lp(µ; X, o) eÐnai kurtìc metrikìc
q¸roc.

(b) An o X eÐnai CAT(0) q¸roc, tìte gia k�je isqur� metr simh basik  apeikìnish
o : Ω −→ X, o L2(µ;X, o) eÐnai CAT(0) q¸roc.

(g) An o (Ω,F , µ) eÐnai peperasmènoc q¸roc mètrou, tìte isqÔoun kai ta antÐstrofa
twn (a) kai (b).

Apìdeixh (a) 'Estw f, g : [0, 1] −→ Lp(µ;X, o) dÔo gewdaisiakèc me f0 = g0. O X eÐnai
monos manta gewdaisiakìc, kai ètsi, ìpwc xèroume apì thn prìtash 2.3.8, µ-sqedìn gia
k�je ω ∈ Ω, oi kampÔlec

[0, 1] 3 t −→ ft(ω) ∈ X, [0, 1] 3 t −→ gt(ω) ∈ X,

eÐnai gewdaisiakèc ston X. 'Etsi, apì thn kurtìthta thc d èqoume ìti gia k�je t ∈ [0, 1]
kai k�je 1 < p < ∞,

dp(ft(ω), gt(ω)) ≤ tpdp(f1(ω), g1(ω)),

µ-sqedìn gia k�je ω ∈ Ω. Oloklhr¸nontac aut  thn anisìthta wc proc to µ, prokÔptei
h kurtìthta thc metrik c dp tou Lp(µ; X, o).
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(b) 'Estw g ∈ L2(µ; X, o). 'Omoia me to (a), an f : [0, 1] −→ Lp(µ;X, o) eÐnai mÐa gew-
daisiak  ston g ∈ L2(µ; X, o), tìte h kampÔlh [0, 1] 3 t −→ ft(ω) ∈ X eÐnai gewdaisiak 
ston X µ-sqedìn gia k�je ω ∈ Ω. 'Etsi, apì thn NPC-anisìthta ston X èpetai ìti gia
k�je t ∈ [0, 1],

d2(g(ω), ft(ω)) ≤ td2(g(ω), f1(ω)) + (1− t)d2(g(ω), f0(ω))− t(1− t)d2(f0(ω), f1(ω)),

µ-sqedìn gia k�je ω ∈ Ω. Oloklhr¸nontac aut  thn anisìthta wc proc to µ, prokÔptei
h NPC-anisìthta ston L2(µ; X, o).
(g) 'Epetai apì to ìti ìtan o (Ω,F , µ) eÐnai peperasmènoc q¸roc mètrou, tìte o X em-
bujÐzetai affinik� ston Lp(µ; X, o) mèsw thc apeikìnishc X 3 x0 7−→ cx0 ∈ Lp(µ; X),
afoÔ

dp(cx0 , cx1) = µ(Ω)
1
p d(x0, x1),

gia k�je x0, x1 ∈ X, 1 ≤ p ≤ ∞. ¤

6. 'Opwc mporeÐ na elègxei o anagn¸sthc, o trÐpodac, ìpwc orÐsthke sthn par�grafo
3.3, èqei kampulìthta ≤ κ gia k�je κ ∈ R.
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Mèroc II

Q¸roi Mètrwn Pijanìthtac
tou Wasserstein
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Kef�laio 6

Prokatarktik� Apotelèsmata
gia Q¸rouc Mètrwn

Xekin�me me mÐa sÔntomh suz thsh gia q¸rouc mètrwn p�nw apì èna metr simo q¸ro
(X,F) t.w. h s-�lgebra F na diaqwrÐzei ta shmeÐa tou X, dhlad  t.w. gia k�je x, y ∈ X,
x 6= y, na up�rqoun E, F ∈ F t.w. x ∈ E, y ∈ F kai E∩F = ∅. 'Epeita ja epikentrwjoÔme
sthn perÐptwsh ìpou o X eÐnai pl rhc kai diaqwrÐsimoc metrikìc q¸roc kai h F = B eÐnai
h Borel s-�lgebra tou kai ja melet soume thn asjen  topologÐa tou q¸rou PX ìlwn
twn Borel mètrwn pijanìthtac ston X. Tèloc, ja doÔme ton orismì twn topologi¸n
Wr, 1 ≤ R < ∞ tou Wasserstein sto q¸ro PrX ìlwn twn mètrwn pijanìthtac me
peperasmènh r-ost  kentrik  rop  kai th sqèsh thc me thn asjen  topologÐa.

6.1 Q¸roi Mètrwn p�nw se Metr simouc Q¸rouc
UpenjumÐzoume katarq�c k�poia basik� pr�gmata gia proshmasmèna mètra (fortÐa), kurÐ-
wc gia na exoikeiwjoÔme me to sumbolismì. 'Estw ν èna fortÐo sto metr simo q¸ro
(X,F). Apì to je¸rhma di�smashc tou Jordan, to ν gr�fetai monos manta sth morf 
ν = ν+−ν− ìpou ta ν+, ν− eÐnai amoibaÐa idi�zonta mètra sthn F , kai lègontai h jetik 
kai h arnhtik  kÔmansh tou ν antÐstoiqa. ParathroÔme ìti an ν = µ − λ gia k�poia
jetik� mètra µ, λ sthn F , tìte ν+ ≤ µ kai ν− ≤ λ. H olik  kÔmansh tou ν eÐnai to mètro
|ν| := ν+ + ν−. Gr�fontac µ + ν = (µ+ + ν+)− (µ− + ν−), h prohgoÔmenh parat rhsh
mac dÐnei ìti

|µ + ν| = (µ + ν)+ + (µ + ν)− ≤ µ+ + ν+ + (µ+ + ν−) = |µ|+ |ν|
gia opoiad pote fortÐa µ, ν sthn F . Wc gnwst¸n Lp(ν) := Lp(|ν|) = Lp(ν+) ∩ Lp(ν−),
gia k�je 1 ≤ p ≤ ∞ kai to olokl rwma mÐac f ∈ L1(ν) orÐzetai apì thn

∫
fdν =

∫
fdν+ −

∫
fdν−.

EÐnai �meso apì touc orismoÔc ìti
∣∣∣∣
∫

fdν

∣∣∣∣ ≤
∫
|f |d|ν|.
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UpenjumÐzoume ìti

Prìtash 6.1.1 'Estw ν èna fortÐo sto metr simo q¸ro (X,F) kai èstw E ∈ F . Tìte

(a) ν+(E) = sup{ν(F )|F ∈ F , F ⊆ E}, ν−(E) = − inf{ν(F )|F ∈ F , F ⊆ E}
(b) |ν|(E) = sup

{∑n
i=1 |ν(Ei)|

∣∣ n ∈ N, ta Ei ∈ F xèna, ∪n
i=1Ei = E

}

(g) |ν|(E) = sup|f |≤1

∣∣∫
E

fdν
∣∣

Profan¸c to sunarthsoeidèc Iν : L1(ν) → R me tÔpo Iν(f) =
∫

fdν eÐnai grammikì.
EpÐshc, ìpwc eÐnai gnwstì, h posìthta

∫
fdν eÐnai grammik  (ìpote ta emfanizìmena

oloklhr¸mata eÐnai kal� orismèna) kai wc proc to ν.

Prìtash 6.1.2 'Estw µ, ν fortÐa sthn F , a, b ∈ R kai 1 ≤ p ≤ ∞. An f ∈ Lp(µ) ∩
Lp(ν), tìte f ∈ Lp(aµ + bν) gia k�je a, b ∈ R kai epiplèon, an p = 1, tìte

∫
fd(aµ + bν) = a

∫
fdµ + b

∫
fdν.

Apìdeixh Profan¸c, gia k�je a ∈ R èqoume ìti f ∈ Lp(aµ) kai
∫

fd(aµ) = a
∫

fdµ.
Apomènei na deiqjeÐ ìti gia opoiad pote fortÐa µ, ν sthn F èqoume f ∈ Lp(µ + ν) kai

∫
fd(µ + ν) =

∫
fdµ +

∫
fdν. (6.1)

Upojètoume pr¸ta ìti ta µ, ν eÐnai mètra. Efarmìzontac to je¸rhma monìtonhc sÔg-
klishc se mÐa akoloujÐa {φn} F -apl¸n sunart sewn t.w. 0 ≤ φn 1 |f |p, paÐrnoume ìti
f ∈ Lp(µ + µ). ProseggÐzontac to jetikì kai to arnhtikì mèroc thc f me akoloujÐec
apl¸n sunart sewn, mÐa akìmh efarmog  tou jewr matoc monìtonhc sÔgklishc, mac dÐnei
ìti

∫
fd(µ + ν) =

∫
fdµ +

∫
fdν. Erqìmaste t¸ra sth genik  perÐptwsh. AfoÔ f ∈

Lp(µ)∩Lp(ν) kai o isqurismìc isqÔei gia mètra, èqoume ìti f ∈ Lp(µ++ν+)∩Lp(µ−+ν−).
Wstìso, ìpwc èqoume dei, (µ+ν)+ ≤ µ++ν+, (µ+ν)− ≤ µ−+ν− kai �ra f ∈ Lp(µ+ν).
Tèloc, h (6.1) èpetai apì thn isìthta (µ + ν)+ + µ− + ν− = (µ + ν)− + µ+ + ν+. ¤

'Estw (X,F) metr simoc t.w. h F na diaqwrÐzei ta shmeÐa tou X. SumbolÐzoume me
M(X,F) to q¸ro ìlwn twn peperasmènwn fortÐwn sthn F , meM+(X,F) to q¸ro ìlwn
twn peperasmènwn mètrwn sthn F kai me P(X,F) to q¸ro ìlwn twn mètrwn pijanìthtac
sthn F . 'Otan eÐnai xek�jaro to se poia s-�lgebra anaferìmaste, ja gr�foume apl�
M(X), M+(X) kai PX antÐ M(X,F), M+(X,F) kai P(X,F) antÐstoiqa.

To sÔnoloM(X) gÐnetai pragmatikìc dianusmatikìc q¸roc efodiasmènoc me tic sun -
jeic pr�xeic, dhlad  gia k�je µ, ν ∈M(X) kai k�je a, b ∈ R, orÐzoume

(aµ + bν)(A) = (aµ + bν)(A) = aµ(A) + bν(A),

gia k�je A ∈ F , kai h sun�rthsh ‖ · ‖TV : M(X) −→ [0,∞] me tÔpo

‖µ‖ = |µ|(X),

eÐnai nìrma ston M(X). Profan¸c o M+(X) eÐnai kurtìc k¸noc ston M(X), dhlad 
aµ + bν ∈ M+(X) gia k�je µ, ν ∈ M+(X) kai k�je a, b ≥ 0, kai to PX eÐnai kurtì
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uposÔnolo tou M+(X), dhlad  λµ + (1 − λ)ν ∈ PX gia k�je µ, ν ∈ PX kai k�je
λ ∈ [0, 1]. ParathroÔme ìti o PX par�gei ton M(X), afoÔ k�je ν ∈ M(X) gr�fetai
sth morf 

ν = ν+(X)
ν+

ν+(X)
− ν−(X)

ν−

ν−(X)
∈ spanPX,

ìpou ta ν+, ν− eÐnai h jetik  kai h arnhtik  kÔmansh tou ν.
Mèsw thc ènjeshc δ : X ↪→ PX tou Dirac, me tÔpo

δx(A) = 1A(x), A ∈ F ,

mporoÔme na jewroÔme ton X wc uposÔnolo tou PX. Parathr ste ìti h δ eÐnai pr�gmati
ènjesh, dhlad  1-1, afoÔ èqoume upojèsei ìti h F diaqwrÐzei ta shmeÐa tou X.

ParadeÐgmata

1. To sÔnolo X eÐnai peperasmèno ann dimM(X) < +∞, kai se aut  thn perÐptwsh,
M(X) iso= `n

1 , ìpou n = card(X).

2. M(N) iso= L1(N).

'Opwc ja doÔme, o M gÐnetai sunartht c apì thn kathgorÐa twn metr simwn q¸rwn
sthn kathgorÐa twn pragmatik¸n q¸rwn mè nìrma, an antistoiqÐsoume se k�je metr simo
q¸ro (X,F) to q¸ro me nìrmaM(X,F) kai se k�je metr simh apeikìnish f : (X,F) −→
(Y,G) thn apeikìnish f∗ := Mf : M(X,F) −→ M(X,G) pou antistoiqeÐ se k�je
µ ∈ M(X,F) to mètro-eikìna f∗µ tou µ mèsw thc f . Gia ìsouc den eÐnai exoikeiwmènoi
me thn ènnoia tou mètrou eikìna, upenjumÐzoume ton orismì kai tic basikèc idiìthtec twn
mètrwn-eikìna.

Orismìc 6.1.1 'Estw (X,M, µ) q¸roc fortÐou (mètrou), (Y,N ) metr simoc q¸roc
kai f : X −→ Y mÐa metr simh apeikìnish. H f ep�gei to fortÐo (mètro) f∗µ sthn N me
tÔpo

f∗µ(B) = µ
(
f−1(B)

)
.

To f∗µ lègetai to fortÐo-eikìna (mètro-eikìna) tou µ mèsw thc f .

Profan¸c an to µ eÐnai (jetikì) mètro   mètro pijanìthtac, tìte to Ðdio eÐnai kai to
f∗µ.

Prìtash 6.1.3 'Estw X, Y, Z metr simoi q¸roi. Tìte

(a) gia k�je metr simh apeikìnish f : X → Y h epagìmenh apeikìnish f∗ : M(X) −→
M(Y ) eÐnai grammik  kai ‖f∗‖TV ≤ 1.

(b) (idX)∗ = idM(X), kai

(g) gia opoiesd pote metr simec apeikonÐseic f : X → Y , g : Y → Z èqoume ìti

(g ◦ f)∗ = g∗ ◦ f∗.
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Apìdeixh (a) H grammikìthta thc f∗ : M(X) −→M(Y ) eÐnai �mesh apì touc orismoÔc.
'Estw µ ∈M(X) kai èstw µ+, µ− h jetik  kai h arnhtik  tou kÔmansh antÐstoiqa. Tìte
f∗µ = f∗µ+ − f∗µ− kai �ra (f∗µ)+ ≤ f∗µ+ kai (f∗µ)− ≤ f∗µ−. Sunep¸c,

|f∗µ| = (f∗µ)+ + (f∗µ)− ≤ f∗µ+ + f∗µ− = f∗|µ|

kai �ra ‖f∗µ‖TV = |f∗µ|(Y ) ≤ f∗|µ|(Y ) = |µ|(X) = ‖µ‖TV , dhlad  ‖f∗‖ ≤ 1, ìpwc jè-
lame. Ta (b) kai (g) eÐnai tetrimmèna. ¤

ParadeÐgmata

3. An h f : X −→ Y eÐnai h stajer  apeikìnish f ≡ y0 ∈ Y kai to µ eÐnai èna fortÐo
ston X, tìte f∗µ = µ(X)δy0 .

4. 'Estw fi : (Xi, µi) −→ Yi, i = 1, 2, eÐnai metr simec, tìte

(f1 × f2)∗(µ1 ⊗ µ2) = f1∗(µ1)⊗ f2∗(µ2).

5. 'Estw (Xi, µi), i = 1, . . . , n ∈ N, q¸roi pijanìthtac kai xi :
∏n

j=1 Xj −→ Xi oi
probolèc. Tìte

xi
∗
(⊗n

j=1µj

)
= µi,

gia k�je i = 1, . . . , n.

6. 'Estw X q¸roc Hilbert. H sunèlixh µ ⊕ ν dÔo Borel mètrwn µ, ν ∈ M+(X) eÐnai to
mètro-eikìna tou ginomènou touc mèsw thc prìsjeshc, dhlad  µ⊕ ν = +∗(µ⊗ ν).

UpenjumÐzoume ìti an µ eÐnai jetikì mètro sthn (X,F) kai h f : X → R eÐnai
metr simh, lème ìti to

∫
fdµ orÐzetai an h

∫
fdµ =

∫
f+dµ−

∫
f−dµ

èqei nìhma, dhlad  an eÐte
∫

f+dµ < ∞ eÐte
∫

f−dµ < ∞. OmoÐwc, an to µ eÐnai fortÐo,
ja lème ìti to

∫
fdµ orÐzetai an ta olokl rwmata

∫
fdµ+ kai

∫
fdµ− orÐzontai kai ta

dÔo kai o tÔpoc ∫
fdµ =

∫
fdµ+ −

∫
f−dµ−

èqei nìhma, dhlad  an oÔte
∫

fdµ+ =
∫

f−dµ− = ∞ kai oÔte
∫

fdµ+ =
∫

f−dµ− = −∞.

Prìtash 6.1.4 'Estw (X,F , µ) q¸roc mètrou, (Y,G) metr simoc q¸roc kai T : X →
Y , f : Y → R metr simec. Tìte to olokl rwma

∫
Y

fdT∗µ orÐzetai ann to
∫

X
f ◦ Tdµ

orÐzetai, kai s� aut  thn perÐptwsh ta oloklhr¸mata eÐnai Ðsa.

Apìdeixh O isqurismìc isqÔei gia deÐktriec sunart seic, afoÔ gia k�je G ∈ G èqoume
ìti ∫

1GdT∗µ = T∗µ(G) = µ(T−1(G)) =
∫
1T−1(G)dµ =

∫
1G ◦ Tdµ
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Lìgw grammikìthtac isqÔei kai gia aplèc sunart seic, kai me mÐa sunhjismènh efar-
mog  tou jewr matoc monìtonhc sÔgklishc, blèpoume ìti isqÔei kai gia jetikèc sunart -
seic. Efarmìzont�c to autì sto jetikì kai sto arnhtikì mèroc thc f , paÐrnoume to
zhtoÔmeno. ¤

Parathr seic

1. Efarmìzontac thn parap�nw prìtash sth sun�rthsh 1Gf, G ∈ G, paÐrnoume ìti
∫

G

fdT∗µ =
∫

T−1(G)

f ◦ Tdµ

gia k�je G ∈ G.

2. H parap�nw prìtash den isqÔei an to µ eÐnai fortÐo.

Prìtash 6.1.5 Gia k�je metr simh apeikìnish f : X −→ Y , to di�gramma

X
f−→ Y

yδ
yδ

M(X)
f∗−→M(Y )

metatÐjetai, dhlad  f∗ ◦ δ = δ ◦ f. Me �lla lìgia, mèsw thc ènjeshc δ tou Dirac, h
epagìmenh apeikìnish f∗ : M(X) −→M(Y ) eÐnai epèktash thc f .

Apìdeixh H apìdeixh eÐnai tetrimmènh. Gia k�je B ⊆ Y kai k�je x ∈ X, èqoume ìti

f∗(δx)(B) = δx

(
f−1(B)

)
= 1f−1(B)(x) = 1B(f(x)) = δf(x)(B),

dhlad  f∗(δx) = δf(x) gia k�je x ∈ X, ìpwc jèloume. ¤

'Estw B0(X) to sÔnolo ìlwn twn metr simwn apeikonÐsewn f : X −→ R pou eÐnai
µ-olklhr¸simec gia k�je µ ∈ M(X). Apì thn prìtash 6.1.2 kai to ìti o PX par�gei
ton M(X), èpetai ìti B0(X) apoteleÐtai apì ìlec tic metr simec sunart seic pou eÐnai
µ-oloklhr¸simec gia k�je µ ∈ PX. EpÐshc, apì thn prìtash 6.1.2, h sun�rthsh

〈·, ·〉 : B0(X)×M(X) −→ R

eÐnai digrammik . Mèsw tètoiwn apeikonÐsewn orÐzontai shmantikèc topologÐec se upo-
sÔnola tou M(X).

Profan¸c, B(X) ⊆ B0(X). M�lista, sÔmfwna me to akìloujo, èqoume isìthta.

L mma 6.1.1 An mÐa metr simh apeikìnish f : (X,F) −→ R eÐnai µ-oloklhr¸simh
gia k�je µ ∈ PX, tìte eÐnai fragmènh.

139



ApìdeixhUpojètoume ìti h f : (X,F) −→ R eÐnai mÐa mh-fragmènh metr simh sun�rthsh
kai ja deÐxoume ìti den eÐnai µ-oloklhr¸simh gia k�poio mètro pijanìthtac µ ∈ P(X,F).
AfoÔ h f den eÐnai fragmènh, gia k�je k ∈ N up�rqei xk ∈ X t.w. |f(Xk)| ≥ 2k. 'Estw
µ ∈ P(X, 2X) to mètro me tÔpo

µ(A) =
∑

k:xk∈A

1
2k

, A ⊆ X.

AfoÔ h f eÐnai F-metr simh, èqoume ìti
∫ |f |dµ|F =

∫ |f |dµ. 'Omwc

∫
|f |dµ =

∞∑

k=1

|f(xk)| 1
2k

= ∞

kai �ra f /∈ Lp(µ|F ), µ|F ∈ P(X,F), ìpwc zhtoÔsame. ¤

Ja jewroÔme ton B0(X) = B(X) efodiasmèno me thn omoiìmorfh nìrma ‖ ·‖u me tÔpo
‖f‖u = supx∈X |f(x)|.

Prìtash 6.1.6 H digrammik  morf  〈·, ·〉 : B(X)×M(X) −→ R ikanopoieÐ thn

|〈f, µ〉| ≤ ‖f‖u‖µ‖TV (6.2)

gia k�je (f, µ) ∈ B(X) × M(X), eÐnai suneq c kai ep�gei tic isometrikèc grammikèc
enjèseic I : M(X) −→ B(X)∗ kai J : B(X) −→M(X)∗ pou orÐzontai apì thn

Iµ(f) = 〈f, µ〉 = Jf(µ).

Apìdeixh Profan¸c h (6.2) isqÔei. Ja apodeÐxoume pr¸ta ìti h 〈·, ·〉 eÐnai suneq c.
'Estw {(fn, µn)}∞n=1 akoloujÐa ston B(X)×M(X) t.w. (fn, µn) n→∞−→ (f, µ) ∈ B(X)×
M(X). AfoÔ fn

‖·‖u−→ f ∈ B(X), up�rqei M > 0 t.w. ‖fn‖ ≤ M gia k�je n ∈ N. 'Etsi

|〈f, µ〉 − 〈fn, µn〉| ≤ |〈f − fn, µ〉|+ |〈fn, µ− µn〉|
≤ ‖µ‖TV ‖f − fn‖u + M‖µ− µn‖TV

n→∞−→ 0.

To ìti I(M(X)) ⊆ B(X)] kai J(B(X)) ⊆ M(X)], (ìpou X] eÐnai o algebrikìc duikìc
tou X), kaj¸c kai h grammikìthta twn I, J , èpontai apì th digrammikìthta thc 〈·, ·〉. Apì
thn (6.2) èpetai ìti I(M(X)) ⊆ B(X)∗ kai J(B(X)) ⊆ M(X)∗ Oi I, J eÐnai profan¸c
enjèseic, afoÔ gia k�je µ ∈M(X), to Iµ kajìrizetai apì th dr�sh tou sto 2X ⊆ B(X)
kai gia k�je f ∈ B(X), to Jf kajorÐzetai monos manta apì th dr�sh tou sto δ(X) ⊆
M(X). DeÐqnoume tèloc ìti oi I, J eÐnai isometrÐec. 'Estw 0 6= µ ∈ M(X) kai èstw
X = P ∪ N , P, N ∈ F mÐa di�spash Hahn tou X gia to µ, dhlad  P ∩ N = ∅ kai
µ+ = µ|P , µ− = −µ|N . Jètoume f := 1P − 1N . Tìte ‖f‖u = 1 kai

Iµ(f) =
∫

X

fdµ =
∫

X

1P dµ−
∫

X

1Ndµ = µ+(X) + µ−(X) = ‖µ‖TV .

Sunep¸c,
‖µ‖TV = sup

f :‖f‖u=1

|Iµ(f)| = ‖Iµ‖∗u,
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gia k�je µ ∈ M(X), to opoÐo deÐqnei ìti h Iµ eÐnai isometrÐa. EpÐshc kai h J eÐnai
isometrÐa, afoÔ

‖f‖u = sup
µ∈PX

|Jf(µ)| = sup
µ:‖µ‖T V =1

|Jf(µ)| = ‖Jf‖∗TV ,

gia k�je f ∈ B(X). ¤

Eidikìtera, o PX efodiasmènoc me th ‖ · ‖TV eÐnai isometrikìc me grammik� kurtì
uposÔnolo thc monadiaÐac sfaÐrac tou B(X)∗. Parathr ste epÐshc ìti mèsw thc èn-
jeshc δ tou Dirac, h Jf : M(X) −→ R mporeÐ na jewreÐtai wc epèktash thc f . Tè-
loc shmei¸noume ìti en gènei kamÐa apì tic enjèseic I, J den eÐnai isomorfismìc. To
ìti h I den eÐnai isomorfismìc, faÐnetai apì to ìti an X = N, tìte M(N) iso= L1(N)
kai B(N) iso= L∞(N), afoÔ o duikìc tou L∞(N) den eÐnai o duikìc tou L1(N)   apì
thn perÐptwsh X = R, afoÔ mèsw tou jewr matoc Hahn-Banach mporeÐ kaneÐc na
kataskeu�sei grammikì sunarthsoeidèc ` ∈ B(R)∗ to opoÐo sthrÐzetai sto �peiro, pou
den parist�netai apì k�poio mètro. To ìti h J den eÐnai isomorfismìc èpetai apì to
par�deigma X = ([0, 1],B([0, 1])).

KleÐnoume aut  thn enìthta me lÐga lìgia gia thn asjen ∗ topologÐa tou M(X) ≤
(B(X)∗, w∗), dhlad  thn topologÐa wc proc thn opoÐa èna dÐktuo (µi)i∈I ston M(X)
sugklÐnei sto µ ∈M(X) ann ∫

fdµi −→
∫

fdµ,

gia k�je f ∈ B(X). H asjen c∗ topologÐa tou M(X) eÐnai asjenèsterh (dhlad  me
ligìtera anoikt� sÔnola) apì thn topologÐa thc ‖ · ‖TV . Epiplèon, ektìc kai an o X

eÐnai peperasmènoc, h asjen c∗ topologÐa tou M(X) eÐnai gn sia asjenèsterh apì thn
topologÐa thc olik c kÔmanshc ‖·‖TV . Pr�gmati, h topologÐa touM(X) ≤ (B(X)∗, w∗)
eÐnai h asjen c topologÐa pou ep�getai apì thn oikogèneia {Jf |f ∈ B(X)} ⊆ M(X)∗

kai, ìpwc xèroume, h asjen c topologÐa pou ep�getai se èna grammikì q¸ro X apì
mÐa diaqwrÐzousa sullog  grammik¸n sunarthsoeid¸n, ep�getai apì nìrma ann o X èqei
peperasmènh di�stash. Sthn perÐptwsh mac, ìmwc, o M(X) èqei peperasmènh di�stash
ann to X eÐnai peperasmèno.

Proafan¸c an èna dÐktuo (µi)i∈I sto M(X) sugklÐnei sto µ ∈ M(X) wc proc thn
asjen ∗ topologÐa, tìte µi(A) −→ µ(A) gia k�je metr simo A ⊆ X. SÔmfwna me to
akìloujo, gia fragmèna dÐktua, isqÔei kai to antÐstrofo.

Prìtash 6.1.7 'Estw (X,F) metr simoc q¸roc, µ ∈ M(X) kai (µi)i∈I èna dÐktuo
ston M(X) t.w. sup ‖µi‖TV < ∞. An µi(A) −→ µ(A) gia k�je A ∈ F , tìte µi −→ µ

wc proc thn topologÐa tou M(X) ≤ (B(X)∗, w∗).

Apìdeixh AfoÔ to dÐktuo (µi)i∈I eÐnai fragmèno, arkeÐ na elègxoume th sÔgklish∫
fdµi −→

∫
fdµ se k�poio uposÔnolo A tou B(X) tou opoÐou h kleist  grammik 

j kh na tautÐzetai me ton B(X). Profan¸c ìmwc, èna tètoio sÔnolo eÐnai to 2X =
{1A|A ∈ F} ⊆ B(X). ¤
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Sta akìlouja paradeÐgmata faÐnetai ìti akìmh kai h asjen c∗ topologÐa touM(X) ≤
(B(X)∗, w∗) eÐnai polÔ isqur  gia na eÐnai fusik .

ParadeÐgmata

1. 'Estw (X,F) metr simoc q¸roc kai µ ∈ M(X). MÐa akoloujÐa mètrwn (νn)n=1∞
apolÔtwc suneq¸n wc proc to µ den eÐnai dunatìn na sug-klÐnei se k�poio mètro ν to
opoÐo den eÐnai apolÔtwc suneqèc wc proc to µ.

Apìdeixh. 'Estw ìti νn
w∗−→ ν gia k�poio ν ∈M(X). AfoÔ to νn eÐnai apolÔtwc suneqèc

wc proc to µ gia k�je n ∈ N, èqoume ìti gia k�je A ∈ F me µ(A),

ν(A) = lim
n

νn(A) = 0.

2. 'Estw (X, d) metrikìc q¸roc kai èstw (xn)n∈N mÐa akoloujÐa ston X t.w. na sugk-
lÐnei sto x ∈ X. H akoloujÐa (δxn)∞n=1 twn antÐstoiqwn mètrwn Dirac sugklÐnei sto δx

ann h (xn) eÐnai telik� stajer . 'Etsi, h ènjesh δ tou Dirac eÐnai suneq c ann o X èqei
th diakrit  topologÐa.

Apì ed¸ kai pèra ja asqolhjoÔme kurÐwc me q¸rouc mètrwn pijanìthtac. 'Opwc
faÐnetai sto par�deigma 2, kamÐa apì tic topologÐec pou èqoume orÐsei wc t¸ra sto PX

den sèbetai thn ìpoia topologÐa up�rqei sto X. Autì eÐnai kai fusikì, afoÔ ston orismì
touc den lamb�netai upìyin h ìpoia topologik  dom  tou X. Lamb�nontac ìmwc upìyin thn
ìpoia topologik  dom  tou X, mporoÔme na orÐsoume sto M(X) mÐa akìmh asjenèsterh
topologÐa pou na sèbetai thn topologÐa tou X, mèsw thc apeikìnishc

〈·, ·〉 : BC(X)×M(X) −→ R,

ìpou BC(X) eÐnai to sÔnolo ìlwn twn fragmènwn kai suneq¸n sunart sewn f : X −→ R.
Sth mejepìmenh par�grafo ja melet soume aut  thn topologÐa sto PX sthn perÐptwsh
pou o X eÐnai pl rhc kai diaqwrÐsimoc metrikìc q¸roc. Pr¸ta, ìmwc, ja doÔme tic basikèc
idiìthtec twn Borel mètrwn pijanìthtac se metrikoÔc q¸rouc.

6.2 Peperasmèna Mètra se MetrikoÔc Q¸rouc
Poll� apì ta apotelèsmata autoÔ tou kefalaÐou isqÔoun gia polwnikoÔc q¸rouc. Gia
to lìgo autì xekin�me me k�poia basik� stoiqeÐa gia polwnikoÔc q¸rouc.

6.2.1 PolwnikoÐ Q¸roi
UpenjumÐzoume ìti ènac topologikìc q¸roc X lègetai topologik� pl rhc an up�rqei
metrik  d h opoÐa na orÐzei thn topologÐa tou X t.w. o (X, d) na eÐnai pl rhc metrikìc
q¸roc.

Orismìc 6.2.1 'Enac topologikìc q¸roc X lègetai polwnikìc q¸roc an eÐnai topologik�
pl rhc kai h topologÐa tou èqei arijm simh b�sh.
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IsodÔnama, o X eÐnai polwnikìc q¸roc ann up�rqei pl rhc metrik  d ston X pou na
orÐzei thn topologÐa tou, t.w. o (X, d) na eÐnai diaqwrÐsimoc, dhlad  ann eÐnai omoiomor-
fikìc me k�poio pl rh kai diaqwrÐsimo metrikì q¸ro.

ParadeÐgmata

1. To kartesianì ginìmeno polwnik¸n q¸rwn eÐnai polwnikìc q¸roc me thn topologÐa
ginìmeno.

2. To di�sthma (0, 1) me thn eukleÐdia metrik  den eÐnai pl rhc q¸roc. 'Omwc eÐnai
polwnikìc q¸roc afoÔ eÐnai omoiomorfikìc me to R.

Prìtash 6.2.1 'Enac metrikìc q¸roc (X, d) eÐnai topologik� pl rhc ann eÐnai Gδ

uposÔnolo thc pl rws c tou.

Apìdeixh 'Estw (X̄, d̄) h pl rwsh tou X. Wc sun jwc jewroÔme to X wc puknì
uposÔnolo tou X̄. 'Estw pr¸ta ìti o X eÐnai Gδ uposÔnolo tou X̄, dhlad  ìti up�rqei
akoloujÐa {Un}∞n=1 anoikt¸n uposunìlwn tou X̄ t.w. X =

⋂∞
n=1 Un. Gia k�je n ∈ N

orÐzoume th fn : X −→ (0,∞) apì ton tÔpo

fn(x) =
1

d̄(x, X̄ \ Un)
.

EpÐshc, gia k�je t ≥ 0 jètoume g(t) = t
1+t kai orÐzoume sun�rthsh ρ : X ×X −→ [0,∞)

apì ton tÔpo

ρ(x, y) = d(x, y) +
∞∑

n=1

1
2n

g(|fn(x)− fn(y)|).

H ρ eÐnai metrik  sto X. Pr�gmati, eÐnai profan¸c summetrik  kai jetik� orismènh kai h
trigwnik  anisìthta èpetai apì to ìti h g eÐnai aÔxousa kai upoprosjetik . Ja deÐxoume
ìti ρ eÐnai topologik� isodÔnamh me thn d kai pl rhc. Profan¸c k�je ρ-sugklÐnousa
akoloujÐa eÐnai kai d-sugklÐnousa. Apì thn �llh, h seir� h(x, y) =

∑∞
n=1

1
2n g(|fn(x)−

fn(y)|) sugklÐnei omoiìmorfa sto X × X kai afoÔ oi fn eÐnai d-suneq c èpetai ìti h
sun�rthsh h : X × X −→ [0, 1], pou orÐzetai apì thn parap�nw seir�, eÐnai d-suneq c.
Sunep¸c, k�je d-sugklÐnousa akoloujÐa eÐnai kai ρ-sugklÐnousa.

Ja deÐxoume t¸ra ìti o (X, ρ) eÐnai pl rhc. 'Estw, loipìn, (xn)∞n=1 ρ-Cauchy. AfoÔ
d ≤ ρ, h (xn) eÐnai kai d-Cauchy kai �ra up�rqei x ∈ X̄ t.w. xn

d̄−→ x. AfoÔ oi d kai ρ

eÐnai topologik� isodÔnamec, an deÐxoume ìti x ∈ X, ja èqoume deÐxei to zhtoÔmeno. Gi�
autì, arkeÐ na deÐxoume ìti x ∈ Un,  , isodÔnama, ìti d̄(x, X̄ \ Un) > 0, gia k�je n ∈ N.
'Omwc

d̄(x, X̄ \ Un) = lim
m→∞

1
fn(xm)

,

kai �ra arkeÐ na deÐxoume ìti h {fn(xm)}∞m=1 ⊆ [0,∞) eÐnai fragmènh. 'Estw ε > 0. H
(xn) eÐnai ρ-Cauchy, kai ètsi up�rqei m0 ∈ N t.w.

m, k ≥ m0 =⇒ ρ(xm, xk) <
ε

2n(1 + ε)
.
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Tìte ìmwc gia k�je m, k ≥ m0 èqoume ìti |fn(xm)− fn(xk)| < ε, apì ìpou èpetai ìti h
{fn(xm)}m=1 eÐnai akoloujÐa Cauchy kai �ra fragmènh.

Ja apodeÐxoume t¸ra to antÐstrofo. Epeid  o X eÐnai topologik� pl rhc up�rqei
pl rhc metrik  ρ sto X, topologik� isodÔnamh me thn d. Gia k�je n ∈ N kai k�je ε > 0
jètoume

Un(ε) :=
{

x ∈ X̄
∣∣∣ diamρ

(
X ∩Dd̄(x, ε)

)
<

1
n

}

kai gia k�je n ∈ N jètoume Un :=
⋃

ε>0 Un(ε). Ja deÐxoume ìti k�je Un eÐnai anoiktì
kai X =

⋂∞
n=1 Un. 'Estw x ∈ Un(ε) gia k�poio ε > 0. Tìte, an y ∈ Dd̄(x, ε

2 ), èqoume ìti

diamρ

(
X ∩Dd̄(y,

ε

2
)
) ≤ diamρ

(
X ∩Dd̄(x, ε)

)
<

1
n

,

dhlad  y ∈ Un( ε
2 ). 'Etsi Dd̄(x, ε

2 ) ⊆ Un( ε
2 ), kai �ra to Un eÐnai anoiktì.

ApodeiknÔoume tèloc ìti X =
⋂∞

n=1 Un. 'Estw x ∈ X kai n ∈ N. Epeid  oi d, ρ eÐnai
topologik� isodÔnamec, up�rqei ε > 0 t.w. diamρ

(
Dd(x, ε)

)
< 1

n kai �ra x ∈ Un(ε) ⊆ Un.
Sunep¸c X ⊆ ∩∞n=1Un. AntÐstrofa, èstw x ∈ ⋂∞

n=1 Un ⊆ X̄. To X eÐnai puknì ston

X̄, kai �ra up�rqei akoloujÐa (xm) ston X t.w. xm
d̄−→ x. An deÐxoume ìti h (xm) eÐnai

ρ-Cauchy, h apìdeixh telei¸nei, afoÔ tìte apì thn isodunamÐa twn d, ρ kai thn plhrìthta
thc ρ, ja up�rqei y ∈ X t.w. xm

d−→ y kai �ra xm
d̄−→ y, apì ìpou èpetai ìti x = y ∈ X.

'Estw, loipìn, n0 ∈ N. AfoÔ x ∈ ⋂∞
n=1 Un, up�rqei ε = ε(n0) t.w.

diamρ

(
X ∩Dd̄(x, ε)

)
<

1
n0

.

'Omwc xm
d̄−→ x kai �ra up�rqei m0 ∈ N t.w.

m ≥ m0 =⇒ xm ∈ Dd̄(x, ε).

Tìte gia k�je m, k ≥ m0 èqoume ìti

ρ(xm, xk) ≤ diamρ

(
X ∩Dd̄(x, ε)

)
<

1
n0

,

to opoÐo apodeiknÔei ìti h (xm) eÐnai ρ-Cauchy kai oloklhr¸nei thn apìdeixh. ¤

ParadeÐgmata

3. To sÔnolo R \ Q twn �rrhtwn arijm¸n eÐnai polwnikìc q¸roc me thn eukleÐdia
topologÐa.

Apìdeixh. Profan¸c to R \Q eÐnai diaqwrÐsimo wc uposÔnolo tou diaqwrÐsimou q¸rou
R kai eÐnai Gδ-sÔnolo sthn pl rwsh tou R, afoÔ

R \Q =
⋂

q∈Q
R \ {q}.

4. To sÔnolo Q ìlwn twn rht¸n arijm¸n den eÐnai polwnikìc q¸roc me thn eukleÐdia
topologÐa.
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Apìdeixh. 'Estw ìti to Q eÐnai topologik� pl rhc q¸roc. Tìte to Q ja eÐnai Gδ-
uposÔnolo tou R kai ètsi ja up�rqei akoloujÐa {Un}∞n=1 anoikt¸n uposunìlwn tou R
t.w. Q =

⋂∞
n=1 Un. Tìte, ìmwc, o topologik� pl rhc q¸roc R \ Q ja isoÔtai me

thn arijm simh ènwsh twn poujen� pukn¸n sunìlwn R \ Un, to opoÐo antif�skei me to
je¸rhma kathgorÐac tou Baire.

Pìrisma 6.2.1 'Estw X metrikopoi simoc q¸roc. Ta akìlouja eÐnai isodÔnama.

(a) O X eÐnai topologik� pl rhc.

(b) O X eÐnai Gδ-uposÔnolo thc pl rws c tou gia k�je metrik  pou orÐzei thn topologÐa
tou X.

(c) O X eÐnai Gδ-uposÔnolo thc pl rws c tou gia k�poia metrik  pou orÐzei thn
topologÐa tou X.

Apìdeixh H apìdeixh eÐnai profan c.

Pìrisma 6.2.2 'Estw Y upìqwroc enìc polwnikoÔ q¸rou X. O Y eÐnai polwnikìc ann
eÐnai Gδ-uposÔnolo tou X.

Apìdeixh 'Estw d pl rhc metrik  pou orÐzei thn topologÐa tou X. Upojètoume pr¸ta
ìti o Y eÐnai polwnikìc. Apì thn prìtash 6.2.1, o Y eÐnai Gδ-uposÔnolo tou Y . Up�rqoun
loipìn Un ⊆ X, n ∈ N, t.w.

Y =
∞⋂

n=1

(Y ∩ Un) = Y ∩
( ∞⋂

n=1

Un

)
.

To Y , ìmwc, wc kleistì uposÔnolo tou X, eÐnai Gδ-sÔnolo, paradeÐgmatoc q�rin Y =⋂∞
n=1 D

(
Y, 1

n

)
, kai �ra to Y eÐnai Gδ-sÔnolo wc tom  dÔo Gδ-sunìlwn.

Upojètoume antÐstrofa ìti to Y eÐnai Gδ-uposÔnolo tou X. Tìte to Y eÐnai epÐshc
Gδ-uposÔnolo tou Y . AfoÔ, ìmwc, h d eÐnai pl rhc, o (Y , d|Y×Y ) eÐnai h pl rwsh tou
Y . èpetai apì thn prìtash 6.2.1 ìti o Y eÐnai topologik� pl rhc kai �ra, afoÔ to Y eÐnai
profan¸c diaqwrÐsimo, èpetai ìti o Y eÐnai polwnikìc q¸roc. ¤

'Estw X topologikìc q¸roc. Ja jewroÔme p�ntote ton X wc metr simo q¸ro me th
Borel s-�lgebra B(X), dhlad  th s-�lgebra pou par�getai apì anoikt� uposÔnola tou
X.

Orismìc 6.2.2 'Estw X topologikìc q¸roc. H mikrìterh s-�lgebra F tou X gia thn
opoÐa ìlec oi suneqeÐc sunart seic f : X −→ R eÐnai (F ,BR)-metr simec lègetai h Baire
s-�lgebra tou X kai sumbolÐzetai me Ba(X).

Parathr seic

1. H Baire s-�lgebra tou topologikoÔ q¸rou X eÐnai h mikrìterh s-�lgebra sto X wc
proc thn opoÐa ìlec oi fragmènec kai suneqeÐc sunart seic f : X −→ R eÐnai metr simec.
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Apìdeixh. 'Estw F h mikrìterh s-�lgebra sto X wc proc thn opoÐa ìlec oi frag-
mènec kai suneqeÐc pragmatikèc sunart seic eÐnai metr simec. Profan¸c F ⊆ Ba(X).
Gia to antÐstrofo, arkeÐ na deÐxoume ìti k�je suneq c pragmatik  sun�rthsh f eÐnai
(F ,B(R))-metr simh. 'Estw, loipìn, f : X −→ R suneq c sun�rthsh. H arctan f

eÐnai fragmènh kai suneq c kai (F ,B(R))-metr simh. H tan ìmwc eÐnai (B(R),B(R))-
metr simh, kai �ra h f = tan arctan f eÐnai (F ,B(R))-metr simh.

2. 'Estw X topologikìc q¸roc. Tìte Ba(X) ⊆ B(X). En gènei o egkleismìc eÐnai
gn sioc.

Apìdeixh. O egkleismìc Ba(X) ⊆ B(X) eÐnai profan c. Apì thn �llh, an jewr soume
to sÔnolo X = {0, 1} efodiasmèno me thn topologÐa {∅, {0}, X}, tìte Ba(X) = {∅, X} $
2X = B(X).

Prìtash 6.2.2 'Estw X metrikìc q¸roc. Tìte Ba(X) = B(X).

Apìdeixh AfoÔ h B(X) par�getai apì ta kleist� uposÔnola tou X, gia na deÐxoume
ìti B(X) ⊆ Ba(X) arkeÐ na deÐxoume ìti k�je kleistì sÔnolo eÐnai sÔnolo Baire. 'Estw
F ⊆ X kleistì kai èstw f : X −→ R h sun�rthsh me tÔpo f(x) = d(x, F ). Tìte
F = f−1({0}). H f ìmwc eÐnai (Ba(X),B(X))-metr simh wc suneq c sun�rthsh kai �ra
F ∈ Ba(X) ¤

H akìloujh prìtash basÐzetai sto ìti h �lgebra pou par�getai apì mÐa arijm simh
sullog  sunìlwn eÐnai arijm simh.

Prìtash 6.2.3 H Borel s-�lgebra B(X) k�je polwnikoÔ q¸rou X par�getai apì
k�poia arijm simh �lgebra.

Apìdeixh 'Estw A0 arijm simh b�sh gia thn topologÐa tou X. Profan¸c h s-�lgebra
σ(A0) pou par�getai apì thn A0 tautÐzetai me th B(X). Epiplèon, σ(A0) = σ

(
ρ(A0)

)
,

ìpou ρ(A0) eÐnai h �lgebra pou par�getai apì thn A0. An deÐxoume loipìn ìti h ρ(A0)
eÐnai arijm simh, ja èqoume telei¸sei. Jètoume Ac

0 := {Ac|A ∈ A0} kai A′ := A0∪Ac
0. H

oikogèneia A pou apoteleÐtai apì ìlec tic peperasmènec en¸seic peperasmènwn tom¸n thc
A′ eÐnai profan¸c arijm simh kai perièqei to ∅ kai to X. Ja deÐxoume ìti A = ρ(A0). O
egkleismìcA ⊆ ρ(A0) eÐnai profan c. Gia ton antÐstrofo egkleismì arkeÐ na apodeÐxoume
ìti h A eÐnai �lgebra. Katarq�c, h A eÐnai kleist  wc proc sumplhr¸mata, afoÔ an
A :=

⋃m
i=1

⋂n
j=1 Aij , Aij ∈ A′, eÐnai k�poio stoiqeÐo thc A, tìte

Ac =
m⋂

i=1

n⋃

j=1

Ac
ij =

n⋃

j1,...,jm=1

m⋂

i=1

Ac
iji

,

to opoÐo an kei sthn A. DeÔteron, h A eÐnai kleist  wc proc tomèc, afoÔ an A :=⋃m
i=1

⋂n
j=1 Aij ∈ A kai B :=

⋃p
k=1

⋂q
l=1 Bkl ∈ A, tìte

A ∩B =
m⋃

i=1

p⋃

k=1

n⋂

j=1

q⋂

l=1

Aij ∩Bkl,

to opoÐa an kei sthn A kai �ra h A eÐnai �lgebra ìpwc jèlame. ¤
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6.2.2 Sfiktìthta
Suqn� qrei�zetai na proseggÐzoume mètra metr simwn sunìlwn apì mètra pio omal¸n
sunìlwn, ìpwc anoikt�, kleist�   sumpag . S� aut  thn par�grafo ja doÔme ìti se èna
pl rh kai diaqwrÐsimo metrikì q¸ro èqoume p�ntote aut  th dunatìthta.

Orismìc 6.2.3 'Estw X topologikìc q¸roc, F mÐa s-�lgebra ston X, kai µ èna mètro
sthn F . 'Ena sÔnolo A lègetai µ-kanonikì an

µ(A) = sup{µ(K) |K sumpagèc, K ⊆ A, K ∈ F}.

OmoÐwc, to A lègetai µ-kleist� kanonikì an

µ(A) = sup{µ(F ) |F kleistì, F ⊆ A, F ∈ F}.

To µ lègetai (kleist� ) kanonikì an k�je sÔnolo sthn F eÐnai (kleist�) kanonikì. 'Ena
peperasmèno mètro µ lègetai sfiktì an to X eÐnai kanonikì, dhlad  an gia k�je ε > 0
up�rqei sumpagèc sÔnolo Kε t.w.

µ(X \Kε) ≤ ε.

Parat rhsh

3. 'Estw A ∈ F . To A eÐnai kleist� µ-kanonikì an to X \A eÐnai exwterik� µ-kanonikì,
dhlad  ann

µ(X \A) = inf{µ(U) |U anoiktì, U ⊇ X \A, U ∈ F}.
4. SuneqeÐc sunart seic metaxÔ topologik¸n q¸rwn apeikonÐzoun sfikt� mètra se sfikt�
mètra.

Apìdeixh. 'Estw X, Y topologikoÐ q¸roi, f : X −→ Y suneq c apeikìnish kai µ sfiktì
mètro Borel ston X. Tìte to f∗µ eÐnai sfiktì. Pr�gmati, èstw ε > 0. AfoÔ to µ eÐnai
sfiktì, up�rqei sumpagèc K ⊆ X t.w. µ(K) ≥ 1− ε. Tìte to f(K) eÐnai sumpagèc kai

f∗µ
(
f(K)

)
= µ

(
f−1

(
f(K)

)) ≥ µ(K) ≥ 1− ε.

To akìloujo l mma bohj�ei pollèc forèc na deÐxoume ìti mÐa s-�lgebra se k�poio
topologikì q¸ro apoteleÐtai apì µ-kanonik� mètra.

L mma 6.2.1 'Estw (X, T ) Hausdorff topologikìc q¸roc, F s-�lgebra sto X kai µ

peperasmèno mètro sthn F . Jètoume

R := {A ∈ F | ta A, X \A eÐnai kleist� kanonik� wc proc to µ}.

Tìte h R eÐnai s-�lgebra. An to µ eÐnai sfiktì, tìte h prìtash isqÔei kai an ston orismì
thc R antikatast soume th fr�sh kleist� kanonikì me th fr�sh kanonikì.
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Apìdeixh Profan¸c h R eÐnai kleist  wc proc sumplhr¸mata kai perièqei to ∅. Prèpei
na deÐxoume ìti eÐnai kleist  kai wc proc arijm simec en¸seic. 'Estw {An}∞n=1 akoloujÐa
sthn R. jètoume A :=

⋃∞
n=1 An. Prèpei na deÐxoume ìti to A eÐnai kleist� kai exwterik�

µ-kanonikì. 'Estw ε > 0. AfoÔ k�je An eÐnai kleist� kai exwterik� kanonikì, up�rqoun
kleist� sÔnola Fn kai anoikt� sÔnola Un, n ∈ N t.w.

Fn ⊆ An ⊆ Un, µ(Un \ Fn) <
ε

2n+1
.

Tìte to sÔnolo U :=
⋃∞

n=1 Un eÐnai anoiktì kai

µ(U \A) = µ

( ∞⋃
n=1

(Un \A)

)
≤

∞∑
n=1

µ(Un \A)

≤
∞∑

n=1

µ(Un \An) ≤
∞∑

n=1

µ(Un \ Fn) < ε.

Sunep¸c to A eÐnai exwterik� kanonikì. Epeid  mh-peperasmènh ènwsh kleist¸n sunìlwn
den eÐnai aparaÐthta kleistì sÔnolo, qrhsimopoioÔme th sunèqeia tou µ apì k�tw kai
brÐskoume n0 ∈ N t.w.

µ(A) ≤ µ

(
n0⋃

n=1

An

)
+

ε

2
(6.3)

kai jètoume F :=
⋃n0

n=1 Fn. Tìte

µ

((
n0⋃

n=1

An

)
\ F

)
≤

n0∑
n=1

µ(An \ F ) ≤
∞∑

n=1

µ(Un \ Fn) ≤ ε

2

kai �ra afoÔ F ⊆ ⋃n0
n=1 An, èqoume ìti µ (

⋃n0
n=1 An) ≤ µ(F )+ ε

2 . Apì thn anisìthta aut 
kai thn (6.3) èpetai ìti µ(A) ≤ µ(F ) + ε kai sunep¸c to A eÐnai kleist� kanonikì.

H perÐptwsh ìpou to µ eÐnai sfiktì eÐnai ìmoia. ¤

Prìtash 6.2.4 K�je peperasmèno mètro Borel se èna metrikì q¸ro eÐnai
kleist� kanonikì kai k�je sfiktì mètro eÐnai kanonikì.

Apìdeixh 'Estw (X, d) metrikìc q¸roc kai µ peperasmèno Borel mètro ston X. AfoÔ
h B(X) par�getai apì ta anoikt� uposÔnola tou X arkeÐ na deÐxoume ìti k�je anoiktì
sÔnolo sto X perièqetai sth s-�lgebra R thc prohgoÔmenhc prìtashc. 'Estw, loipìn,
U ⊆ X anoiktì. Gia k�je n ∈ N orÐzoume

Fn =
{

x ∈ X | d(x,X \ U) ≥ 1
n

}
.

K�je Fn eÐnai kleistì kai afoÔ to U eÐnai anoiktì èqoume ìti
⋃∞

n=1 Fn = U . Apì th
sunèqeia tou µ apì k�tw µ (

⋃m
n=1 Fm) m→∞−→ µ(U) kai �ra to U eÐnai kleist� µ-kanonikì.

'Estw, t¸ra, ìti to µ eÐnai sfiktì kai èstw B Borel uposÔnolo tou X. 'Estw ε > 0.
Apì th sfiktìthta tou µ up�rqei sumpagèc sÔnolo K ⊆ X t.w. µ(X \K) ≤ ε

2 . 'Omwc
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to µ eÐnai kleist� kanonikì apì ta parap�nw kai �ra up�rqei kleistì uposÔnolo F tou
B t.w. µ(B \ F ) < ε

2 . Tìte to L := K ∩ F ⊆ B eÐnai sumpagèc kai

µ(B \ L) = µ
(
(B \ L) ∪ (B \ F )

) ≤ µ(b \K) + µ(B \ F )

≤ µ(X \K) + µ(B \ F ) <
ε

2
+

ε

2
= ε

Sunep¸c to µ eÐnai kanonikì. ¤

SÔmfwna me to akìloujo shmantikì je¸rhma, k�je peperasmèno Borel mètro se èna
polwnikì q¸ro eÐnai kanonikì.

Je¸rhma 6.2.1 (To je¸rhma tou Ulam) 'Estw X polwnikìc q¸roc kai èstw µ peperas-
mèno Borel mètro ston X. Tìte to µ eÐnai sfiktì kai �ra kanonikì.

Apìdeixh 'Estw d pl rhc metrik  pou orÐzei thn topologÐa tou X kai èstw ε > 0.
Prèpei na broÔme sumpagèc uposÔnolo K tou X t.w. µ(X \K) ≤ ε. 'Estw {xi | i ∈ N}
arijm simo puknì uposÔnolo tou X. Gia k�je r > 0, èqoume ìti X =

⋃∞
i=1 B(xi, r).

'Etsi, apì th sunèqeia tou µ apì k�tw, gia k�je n ∈ N up�rqei kn ∈ N t.w.

µ

(
kn⋃

i=1

B(xi,
1
n

)

)
≥ µ(X)− ε

2n
.

Jètoume Kn :=
⋃kn

i=1 B(xi,
1
n ) gia k�je n ∈ N. K�je Kn eÐnai kleistì kai an K :=⋂∞

n=1 Kn, tìte

µ(X \K) = µ

( ∞⋃
n=1

(X \Kn)

)
≤

∞∑
n=1

µ(X \Kn) ≤
∞∑

n=1

ε

2n
= ε.

An deÐxoume ìti to K eÐnai sumpagèc h apìdeixh oloklhr¸netai. Epeid  o X eÐnai pl rhc,
arkeÐ na deÐxoume ìti to K eÐnai olik� fragmèno. Autì ìmwc eÐnai profanèc, afoÔ gia
k�je ε > 0, an 1

n < ε, n ∈ N tìte K ⊆ ⋃kn

i=1 B(xi,
1
n ) ⊆ ⋃kn

i=1 B(xi, ε) ¤

Gia na apodeÐxoume ìti h asjen c topologÐa ston PX (wc proc thn oikogèneia twn
fragmènwn kai suneq¸n sunart sewn) eÐnai metrikopoi simh ìtan o X eÐnai polwnikìc
q¸roc, qreiazìmaste thn akìloujh prìtash.

Prìtash 6.2.5 'Estw X pl rhc metrikìc q¸roc, f ∈ BC(X) kai U ⊆ BC(X) mÐa
oikogèneia t.w. f ≤ u ≤ R < ∞ gia k�je u ∈ U kai f = infu∈U u. An h U eÐnai
kateujunìmenh wc proc th sqèsh ≥, dhlad  an gia k�je u, υ ∈ U up�rqei w ∈ U t.w.
u ∧ υ ≥ w, tìte ∫

X

fdµ = inf
u∈U

∫

X

udµ,

gia k�je µ ∈ PT X.

Apìdeixh 'Estw µ ∈ PX kai ε > 0. AfoÔ to µ eÐnai sfiktì, up�rqei sumpagèc K ⊆ X

t.w.
µ(X \K) < ε

(
2(‖f‖u + R + 1)

)−1
.
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AfoÔ f = infu∈U u, gia k�je x ∈ X, up�rqei ux ∈ U t.w. 0 ≤ ux(x)− f(x) < ε
4 . Apì th

sunèqeia thc f , gia k�je x ∈ X up�rqei δ
(1)
x > 0 t.w.

d(y, x) < δ(1)
x =⇒ f(y) ≥ f(x)− ε

8
,

kai apì th sunèqeia twn ux up�rqei gia k�je x ∈ X k�poioc δ
(2)
x > 0 t.w.

d(y, x) < δ(2)
x =⇒ ux(y) ≤ ux(x) +

ε

8
.

Jètoume δx := δ
(1)
x ∧ δ

(2)
x > 0. H oikogèneia {D(x, δx)}x∈K eÐnai anoiktì k�lumma tou

sumpagoÔc K kai �ra up�rqoun x1, . . . , xm ∈ K, m ∈ N, t.w. K ⊆ ⋃m
i=1 D(xi, δxi).

Apì tic upojèseic, h U eÐnai kateujunìmenh wc proc thn ≥, kai �ra up�rqei u ∈ U t.w.∧m
i=1 uxi

≥ u. Tìte,

sup
x∈K

|u(x)− f(x)| ≤
m∨

i=1

sup
x∈D(xi,δxi

)

(
u(x)− f(x)

)

≤
m∨

i=1

sup
x∈D(xi,δxi

)

(
uxi(x)− f(x)

)

≤
m∨

i=1

sup
x∈D(xi,δxi

)

((
uxi(xi)− f(xi)

)
+

ε

4

)
≤ ε

2
.

'Epetai ìti∫

X

udµ−
∫

X

fdµ =
∫

X

(u− f)dµ =
∫

K

(u− f)dµ +
∫

X\K
(u− f)dµ

≤ ε/2 · µ(K) + (R + ‖f‖u) · µ(X \K) < ε,

kai afoÔ to ε > 0  tan tuqìn, to zhtoÔmeno èqei apodeiqjeÐ. ¤

H teleutaÐa ènnoia pou ja doÔme s� aut  thn par�grafo eÐnai tou forèa enìc mètrou.
Diaisjhtik�, o forèac enìc mètrou µ, an up�rqei, eÐnai to mikrìtero kleistì sÔnolo sto
opoÐo ”zei” to mètro µ. 'Opwc ja doÔme, o forèac enìc Borel mètrou se èna pl rh metrikì
q¸ro up�rqei ann to mètro autì eÐnai sfiktì.

Orismìc 6.2.4 'Estw X metrikìc q¸roc kai èstw µ èna Borel mètro ston X. Lème
ìti to µ sthrÐzetai sto F ∈ B(X) an µ(X \ F ) = 0. To F ja lègetai èna st rigma tou
µ. An up�rqei elaqistikì wc proc ton egkleismì kleistì st rigma Φ gia to µ, autì eÐnai
profan¸c monadikì kai lègetai o forèac tou µ. SumbolÐzetai suppµ, sptµ,   Φ(µ).

Prìtash 6.2.6 'Estw X metrikìc q¸roc kai µ Borel mètro ston X. Tìte to kleistì
sÔnolo

Φ1 :=
⋂ {

F ⊆ X
∣∣ F kleistì kai µ(X \ F ) = 0

}

isoÔtai me to sÔnolo

Φ2 :=
{
x ∈ X

∣∣ µ
(
D(x, r)

)
> 0 gia k�je r > 0

}
.

Epiplèon, an to µ sthrÐzetai apì k�poio diaqwrÐsimo sÔnolo, tìte µ(X \ Φ2) = 0 kai �ra
o forèac tou µ up�rqei.
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Apìdeixh ”Φ2 ⊆ Φ1” 'Estw x ∈ Φ2 kai èstw F kleistì uposÔnolo tou X t.w. µ(X \
F ) = 0. Prèpei na deÐxoume ìti x ∈ F . Upojètoume ìti x /∈ F . Up�rqei tìte rx > 0 t.w.
D(x, rx) ∩ F = ∅. AfoÔ ìmwc x ∈ Φ2, èpetai ìti

µ(X \ F ) ≥ µ
(
D(x, rx)

)
> 0

to opoÐo eÐnai �topo.
”Φ1 ⊆ Φ2” DeÐqnoume isodÔnama ìti X \ Φ2 ⊆ X \ Φ1. 'Estw, loipìn, x /∈ Φ2. Up�rqei
tìte r > 0 t.w. µ

(
D(x, r)

)
= 0. Tìte ìmwc to F := X \ D(x, r) eÐnai kleistì kai

µ(X \ F ) = 0, en¸ x /∈ F . 'Ara x /∈ Φ1.
'Estw t¸ra ìti to µ sthrÐzetai apì k�poio diaqwrÐsimo sÔnolo X0 ∈ B(X). MporoÔme

fusik� na upojèsoume ìti to X0 eÐnai kleistì, kai �ra Φ2 ⊆ X0. AfoÔ to X0 sthrÐzei to
µ, gia na deÐxoume ìti µ(X \ Φ2) = 0, arkeÐ na deÐxoume ìti µ(X0 \ Φ2) = 0. To sÔnolo

X0 \ Φ2 =
{
x ∈ X0

∣∣ ∃ r > 0 t.w. µ
(
D(x, r)

)
= 0

}
,

eÐnai anoiktì sto X0 kai �ra gia k�je x ∈ X0 \ Φ2 up�rqei rhtìc rx > 0 t.w. X0 ∩
D(x, rx) ⊆ X0 \ Φ2 kai µ

(
D(x, rx)

)
= 0. 'Estw Q puknì arijm simo uposÔnolo tou X0.

Gia k�je x ∈ X0, up�rqei qx ∈ Q t.w. d(qx, x) < rx

2 . Tìte gia k�je x ∈ X0 èqoume ìti

x ∈ X0 ∩D
(
qx,

rx

2
) ⊆ X0 ∩D(x, rx).

Sunep¸c X0 \Φ2 ⊆
⋃ {

D
(
qx, rx

2

) ∣∣ x ∈ X0

}
kai �ra afoÔ aut  h ènwsh eÐnai arijm simh,

èqoume ìti

µ(X0 \ Φ2) ≤
∑

x∈X0\Φ2

µ
(
D

(
qx,

rx

2
)) ≤

∑

x∈X0\Φ2

µ
(
D(x, rx)

)
= 0,

ìpwc jèlame. ¤

Pìrisma 6.2.3 'Estw X diaqwrÐsimoc metrikìc q¸roc. O forèac k�je Borel mètrou
up�rqei.

Pìrisma 6.2.4 'Estw X pl rhc metrikìc q¸roc kai µ èna Borel mètro. To µ sthrÐze-
tai apì k�poio diaqwrÐsimo sÔnolo ann eÐnai sfiktì.

Apìdeixh Upojètoume pr¸ta ìti to µ eÐnai sfiktì. Gia k�je n ∈ N, up�rqei sumpagèc
Kn, t.w. µ(Kn) ≥ 1 − 1

n . Tìte, to sÔnolo K :=
⋃∞

n=1 Kn eÐnai σ-sumpagèc kai �ra
diaqwrÐsimo kai

µ(K) = lim
m→∞

µ

(
m⋃

n=1

Kn

)
≥ lim

m→∞
µ(Km) ≥ lim

m→∞
(1− 1

m
) = 1.

ParathroÔme ìti se aut  thn kateÔjunsh den qrei�qetai h plhrìthta tou X. AntÐstrofa,
èstw ìti to µ sthrÐzetai apì k�poio diaqwrÐsimo sÔnolo X0 ∈ B(X). Tìte to µ sthrÐzetai
apì to X0 pou eÐnai diaqwrÐsimo kai pl rec. 'Etsi to µ eÐnai sfiktì apì to je¸rhma tou
Ulam. ¤
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Prìtash 6.2.7 'Estw µ sfiktì Borel mètro sto metrikì q¸ro X kai èstw f : X −→ Y

suneq c apeikìnish. O forèac tou f∗µ up�rqei kai

f(suppµ) ⊆ suppf∗µ = f(suppµ).

Apìdeixh Profan¸c, o forèac tou f∗µ up�rqei, afoÔ to f∗µ eÐnai sfiktì. Ja deÐxoume
pr¸ta ìti suppf∗µ ⊆ f(suppµ). ParathroÔme ìti to f∗µ sthrÐzetai apì to f(suppµ),
afoÔ

f∗µ
(
f(suppµ)

)
= µ

(
f−1

(
f(suppµ)

)) ≥ µ(suppµ) = 1

kai, ètsi, o zhtoÔmenoc egkleismìc èpetai apì ton orismì tou suppf∗µ. ApodeiknÔoume
t¸ra ton �llo egkleismì. 'Estw y ∈ f(suppµ) kai ε > 0. Apì thn prìtash 6.2.6 èqoume
ìti f∗µ

(
D

(
f(x), ε

))
> 0. 'Omwc y = f(x) gia k�poio x ∈ suppµ kai apì th sunèqeia thc

f up�rqei δ > 0 t.w. f
(
D(x, δ)

) ⊆ D
(
f(x), ε

)
. Sunep¸c

f∗µ
(
D

(
f(x), ε

)) ≥ µ
(
D(x, δ)

)
> 0

kai �ra f(suppµ) ⊆ suppf∗µ. H zhtoÔmenh isìthta èpetai apì autì ton egkleismì kai apì
to ìti to suppf∗µ eÐnai kleistì. ¤

Prìtash 6.2.8 'Estw µ1, µ2 Borel mètra stouc metrikoÔc q¸rouc X1, X2 antÐstoiqa.
An oi foreÐc twn µ1, µ2 up�rqoun, tìte up�rqei kai o forèac tou µ1 ⊗ µ2 kai

supp(µ1 ⊗ µ2) = suppµ1 × suppµ2.

Apìdeixh To suppµ1× suppµ2 eÐnai profan¸c kleistì sÔnolo kai sthrÐzei to µ1⊗µ2.
ArkeÐ, loipìn, na deÐxoume ìti an to F eÐnai k�poio kleistì sÔnolo pou sthrÐzei to µ1⊗µ2,
tìte suppµ1×suppµ2 ⊆ F . Pr�gmati, gia k�je (x, y) ∈ suppµ1×suppµ2, k�je ε-perioq 
tou (x, y) perièqei k�poia perioq  thc morf c D(x, δ)×D(y, δ), δ > 0, h opoÐa profan¸c
èqei jetikì mètro wc proc to µ1⊗µ2. Epeid  t¸ra to kleistì sÔnolo F sthrÐzei to µ1⊗µ2,
èpetai apì thn prìtash 6.2.6 ìti (x, y) ∈ F . ¤

6.3 H Asjen c TopologÐa tou PX

'Estw X topologikìc q¸roc. 'Opwc eÐdame sthn pr¸th enìthta tou pr¸tou kefalaÐou, h
asjen c topologÐa tou M(X) ⊆ (B(X)∗, w∗), kaj¸c kai h isqur  topologÐa thc nìrmac
olik c kÔmanshc, den sèbontai thn topologÐa tou X (afoÔ, �llwste, den thn lamb�-
noun upìyin ston orismì touc) kai eÐnai polÔ isqurèc ¸ste na mac dÐnoun th dunatìthta
na proseggÐzoume mètra apì �lla aploÔstera mètra, ìpwc ja jèlame. 'Opwc ja doÔme
ìmwc, h asjen c topologÐa sto PX wc proc thn oikogèneia twn suneq¸n kai fragmè-
nwn sunart sewn eÐnai arket� asjen c ¸ste na sèbetai thn topologÐa tou X kai na mac
epitrèpei na proseggÐzoume mètra apì �lla aploÔstera: p.q. k�je fortÐo ν ∈ M(X)
eÐnai ìrio grammik¸n sunduasm¸n mètrwn Dirac.

'Estw X topologikìc q¸roc. Jètoume C(X) to sÔnolo ìlwn twn fragmènwn sunart -
sewn kai BC(X) to sÔnolo ìlwn twn fragmènwn kai suneq¸n pragmatik¸n sunart sewn
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sto X. UpenjumÐzoume ìti me I : M(X) −→ B(X)∗ kai J : B(X) −→M(X)∗ sumbolÐ-
zoume tic grammikèc enjèseic pou orÐzontai apì thn

I(µ)(f) =
∫

X

fdµ = J(f)(µ).

Orismìc 6.3.1 'Estw X topologikìc q¸roc. H asjen c topologÐa wΞ pou ep�getai
ston M(X) apì th sullog  Ξ ⊆ BC(X) eÐnai h asjen c topologÐa pou ep�getai ston
M(X) apì th sullog  grammik¸n sunarthsoeid¸n

{J(f) | f ∈ Ξ} ⊆ M(X)∗.

H asjen c topologÐa w0 tou M(X) eÐnai h asjen c topologÐa pou ep�getai sto M(X)
apì thn BC(X). OmoÐwc, h asjen c topologÐa w0 tou PX eÐnai h sqetik  topologÐa tou
PX ⊆ (M(X), w0).

Me �lla lìgia, èna dÐktuo (µi)i∈I ston M(X) sugklÐnei sto µ ∈M(X) ann
∫

X

fdµi
i−→

∫

X

fdµ, (6.4)

gia k�je f ∈ BC(X). Fusik�, o (M(X), w0) eÐnai topologikìc grammikìc q¸roc me tic
sun jeic pr�xeic. Apì ed¸ kai pèra lègontac asjen c topologÐa stouc M(X) kai PX

ja ennooÔme p�ntote thn asjen  topologÐa w0.
H asjen c topologÐa tou M(X) eÐnai profan¸c asjenèsterh apì thn topologÐa tou

M(X) ≤ (B(X)∗, w∗). Epiplèon, h ènjesh tou Dirac δ : X −→M(X) eÐnai suneq c, ap�
ìpou èpetai ìti ektìc kai an o X èqei th diakrit  topologÐa, tìte h asjen c topologÐa
tou M(X) eÐnai gn sia asjenèsterh apì thn topologÐa tou M(X) ≤ (B(X)∗, w∗).

SÔmfwna me thn akìloujh prìtash, an o X eÐnai metrikìc q¸roc, tìte h sullog 
grammik¸n sunarthsoeid¸n {J(f) | f ∈ BC(X)} ⊆ M(X)∗ diaqwrÐzei ta shmeÐa tou
M(X), kai �ra h asjen c topologÐa tou M(X) eÐnai Hausdorff.

Prìtash 6.3.1 'Estw X metrikìc q¸roc. H apeikìnish IC : M(X) −→ BC(X)∗ me
tÔpo IC(µ) = I(µ)|BC(X) eÐnai grammikìc monomorfismìc kai diathreÐ tic nìrmec.

Apìdeixh Profan¸c h IC(µ) : BC(X) −→ R eÐnai grammik  gia k�je µ ∈M(X) kai h
IC eÐnai grammik . Ja deÐxoume pr¸ta ìti h IC eÐnai ènjesh, dhlad  ìti an µ, ν ∈ M(X)
kai

∫
X

fdµ =
∫

X
fdν gia k�je f ∈ BC(X), tìte µ = ν. Exet�zoume pr¸ta thn perÐptwsh

pou ta µ, ν eÐnai jetik� mètra. AfoÔ h B(X) par�getai apì ta kleist� uposÔnola tou X,
arkeÐ na apodeÐxoume ìti µ(F ) = ν(F ) gia k�je kleistì sÔnolo F ⊆ X. Upojètoume gia
na katal xoume se �topo ìti up�rqei kleistì sÔnolo F ⊆ X t.w. ε := |µ(F )−ν(F )| > 0.
AfoÔ o X eÐnai metrikìc q¸roc, ta µ, ν eÐnai kleist� kanonik� kai �ra up�rqei anoiktì
sÔnolo F ⊆ U ⊆ X t.w. µ(U \ F ) < ε

2 kai ν(U \ F ) < ε
2 . AfoÔ o X eÐnai kanonikìc

topologikìc q¸roc wc metrikìc q¸roc, up�rqei suneq c sun�rthsh g : X :−→ [0, 1] t.w.
1F ≤ g ≤ 1U . 'Omwc tìte,

µ(F ) ≤
∫

X

gdµ =
∫

X

gdν ≤ ν(U) ≤ ν(F ) +
ε

2
.

OmoÐwc blèpoume ìti ν(F ) ≤ µ(F )+ ε
2 . Sunep¸c |µ(F )−ν(F )| ≤ ε

2 , to opoÐo eÐnai �topo.
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Erqìmaste t¸ra sth genik  perÐptwsh. 'Estw, loipìn, µ, ν ∈ M(X) t.w. IC(µ) =
IC(ν). Apì th grammikìthta thc IC , èpetai ìti IC(µ+ +ν−) = IC(µ−+ν+), to opoÐo ap�
to pr¸to mèroc thc apìdeixhc, sunep�getai ìti µ+ + ν− = µ− + ν+, dhlad  ìti µ = ν.

DeÐqnoume, tèloc, ìti h IC eÐnai isometrÐa sthn eikìna thc. 'Estw, loipìn, µ ∈M(X).
Profan¸c

‖µ‖TV = sup
f∈B(X), ‖f‖u=1

|Iµ(f)| ≥ sup
f∈BC(X), ‖f‖u=1

|IC(µ)(f)| = ‖IC(µ)‖∗BC(X).

Gia thn antÐstrfh anisìthta, èstw ε > 0 kai èstw X = P ∪ N mÐa an�lush Hahn tou
X gia to µ. Ta mètra µ+ kai µ− eÐnai kleist� kanonik�. Sunep¸c, up�rqoun kleist�
sÔnola FP , FN ⊆ X kai anoikt� UP , UN ⊆ X, t.w. FP ⊆ P ⊆ UP , FN ⊆ N ⊆ UN ,
FP ∩ UN = ∅, FN ∩ UP = ∅ kai

µ+(UP \ FP ) ≤ ε

4
, µ−(UN \ FN ) ≤ ε

4
.

Epeid  o X eÐnai kanonikìc, up�rqoun suneqeÐc sunart seic gP , gN : X −→ [0, 1] t.w.
1FP ≤ gP ≤ 1UP kai 1FN ≤ gN ≤ 1UN . Jètoume g := gP − gN . Tìte ‖g‖u = 1 kai

∣∣∣|IC(µ)(g)| − ‖µ‖TV

∣∣∣ ≤
∣∣∣∣
∫

X

gdµ−
∫

X

(1P − 1N )dµ

∣∣∣∣

≤
∣∣∣∣
∫

X

(gP − 1P )dµ

∣∣∣∣ +
∣∣∣∣
∫

X

(gN − 1N )dµ

∣∣∣∣

≤
∣∣∣∣
∫

X

gP dµ+ − µ+(P )
∣∣∣∣ +

∣∣∣∣
∫

X

gNdµ− − µ−(N)
∣∣∣∣ +

+
∣∣∣∣
∫

gP dµ−
∣∣∣∣ +

∣∣∣∣
∫

gNdµ+

∣∣∣∣ ≤ ε.

AfoÔ to ε > 0  tan tuqaÐo, èpetai ìti

‖IC(µ)‖∗BC(X) = sup
f∈BC(X), ‖f‖u=1

|IC(µ)(f)| ≥ |IC(µ)(g)| = ‖µ‖TV ,

ìpwc zhtoÔsame. ¤

Parathr seic

1. SÔmfwna me aut  thn prìtash, mporoÔme na jewroÔme ton M(X) wc grammikì upì-
qwro tou BC(X)∗, kai h asjen c topologÐa tou M(X) eÐnai akrib¸c h topologÐa pou
èqei o M(X) wc upìqwroc tou (BC(X)∗, w∗). Eidikìtera, o PX eÐnai grammik� kurtìc
upìqwroc thc monadiaÐac sfaÐrac tou (BC(X)∗, w∗).

2. H apìdeixh aut c thc prìtashc isqÔei kai sthn perÐptwsh pou o X eÐnai kanonikìc
topologikìc q¸roc, an antikatast soume ton M(X) me to q¸ro MCR(X) ìlwn twn
kleist� kanonik¸n kai peperasmènwn fortÐwn ston X.
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ParadeÐgmata

1. H ènjesh tou Dirac δ : X −→ M(X) eÐnai suneq c wc proc thn asjen  topologÐa
tou M(X).

2. 'Estw µ ∈ M(R) to mètro Lebesgue. Gia k�je n ∈ N jètoume fn := n1[0, 1
n ] kai

µn := fndµ. Tìte µn −→ δ0 sthn asjen  topologÐa tou M(R).

Apìdeixh. 'Estw g ∈ BC(R). Apì th sunèqeia thc g èqoume ìti,
∫

gdµn =
∫

gfndm = n

∫
g1[0, 1

n ]dm

=
1

m([0, 1
n ])

∫

[0, 1
n ]

gdm −→ g(0) =
∫

gdδ0

3. Genikìtera, èstw f : Rn −→ R Lebesgue-oloklhr¸simh sun�rthsh. Gia k�je r > 0
jètoume

fr(x) = rnf(rx), x ∈ Rn.

Tìte µr := frdm
r→∞−→ (∫

fdm
)
δ0.

Apìdeixh. Gia k�je r > 0 jewroÔme thn apeikìnish Hr : Rn −→ Rn me tÔpo Hr(x) = rx.
'Opwc xèroume, Hr∗m = 1

rn m. 'Estw g ∈ BC(Rn). Gia k�je r > 0 èqoume ìti
∫

gdµr =
∫

gfrdm = rn

∫
g(f ◦Hr)dm

= rn

∫
(g ◦H−1

r )fd(Hr)∗(m) =
∫

(g ◦H−1
r )fdm.

Apì th sunèqeia thc g, èpetai ìti (g ◦H−1
r )f −→ g(0)f kat� shmeÐo ston Rn. Epiplèon,

|(g ◦H−1
r )f | ≤ ‖g‖u|f | ∈ L1(Rn) kai, ètsi, o isqurismìc èpetai apì to je¸rhma kuriar-

qhmènhc sÔgklishc.

Ja apodeÐxoume sth sunèqeia ìti k�je mètro ston PX mporeÐ na proseggisteÐ apì dia-
krit� mètra, dhlad  apì kurtoÔc sunduasmoÔc mètrwn Dirac. Apì autì èpetai eidikìtera
ìti o PX eÐnai diaqwrÐsimoc ann o X eÐnai. Aut  thn idiìthta thc asjenoÔc topologÐac
ston PX ja th sunag�goume apì ton akìloujo qarakthrismì thc kleist c grammik�
kurt c j khc enìc sunìlou A ⊆ (PX, w0), o opoÐoc basÐzetai sto ìti o (PX, w0) eÐnai
kurtìc upìqwroc tou (BC(X)∗, w∗).

Prìtash 6.3.2 'Estw (X, d) metrikìc q¸roc, A ⊆ PX kai µ ∈ PX. Tìte

µ ∈ co(A) ⇐⇒
∫

X

fdµ ≤ sup
ν∈A

∫

X

fdν, ∀ f ∈ BC(X).

Apìdeixh H apìdeixh basÐzetai sthn akìloujh sunèpeia tou jewr matoc Hahn-Banach:
an o X eÐnai topik� kurtìc topologikìc grammikìc q¸roc, to K eÐnai kleistì kai kurtì
uposÔnolo tou X kai x0 ∈ X, tìte

x0 ∈ K ⇐⇒ x∗(x0) ≤ sup
{
x∗(x)

∣∣ x ∈ K
}
, ∀x∗ ∈ X∗.
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Katarq�c, afoÔ to PX eÐnai grammik� kurtì, èqoume ìti co(A) ⊆ PX. 'Estw co(A)
w∗

h
kleist  j kh tou co(A) ston (BC(X)∗, w∗). Tìte

co(A) = PX ∩ co(A)
w∗

.

Sunep¸c, µ ∈ co(A) ann µ ∈ co(A)
w∗

, afoÔ µ ∈ PX. 'Omwc o (BC(X)∗, w∗) eÐnai topik�
kurtìc me (BC(X)∗, w∗)∗ = BC(X), kai �ra apì th sunèpeia tou Hahn-Banach pou
anafèrame, èpetai ìti

µ ∈ co(A)
w∗ ⇐⇒

∫

X

fdµ ≤ sup
G∈co(A)

w∗
G(f), ∀ f ∈ BC(X).

ArkeÐ, loipìn, na apodeÐxoume ìti gia k�je f ∈ BC(X), èqoume

sup
G∈co(A)

w∗
G(f) = sup

ν∈A

∫

X

fdν.

H mÐa anisìthta eÐnai profan c. Gia thn antÐstrofh, parathroÔme ìti apì th grammikìthta
tou

∫
fdν wc proc to ν èqoume ìti

sup
ν∈co(A)

∫

X

fdν = sup
ν∈A

∫

X

fdν,

gia k�je f ∈ BC(X), kai �ra arkeÐ na apodeÐxoume ìti gia k�je f ∈ BC(X),

sup
G∈co(A)

w∗
G(f) ≤ sup

ν∈co(A)

∫

X

fdν.

'Estw f ∈ BC(X) kai ε > 0. Epilègoume F ∈ co(A) ⊆ (BC(X)∗, w∗) t.w.

sup
G∈co(A)

w∗
G(f) ≤ F (f) + ε.

To sÔnolo U :=
{
G ∈ BC(X)∗

∣∣ |G(f) − F (f)| < ε
}
, eÐnai upobasik  perioq  tou

F ∈ co(A), kai sunep¸c up�rqei ν ∈ co(A) ∩ U ⊆ PX. Tìte,

sup
G∈co(A)

G(f) ≤ F (f) + ε ≤
∫

X

fdν + 2ε ≤ sup
ν∈co(A)

∫

X

fdν + 2ε,

ìpwc jèlame. ¤

Prìtash 6.3.3 'Estw X diaqwrÐsimoc metrikìc q¸roc. Tìte o PX eÐnai diaqwrÐsimoc.

Apìdeixh 'Estw D arijm simo kai puknì uposÔnolo tou X. Gia k�je µ ∈ PX kai k�je
f ∈ BC(X), èqoume ìti

∫
fdµ ≤ sup

x∈X
f(x) = sup

x∈X

∫
fdδx = sup

ν∈δ(D)

∫
fdν.
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Sunep¸c, apì thn prohgoÔmenh prìtash, èpetai ìti PX = co(δ(D)). T¸ra, to sÔnolo

K :=

{
n∑

i=1

λiδxi

∣∣∣ λi ∈ Q, λi ≥ 0,

n∑

i=1

λi = 1, xi ∈ D, n ∈ N
}

,

eÐnai profan¸c arijm simo, kai apì th sunèqeia twn pr�xewn tou M(X) wc proc thn a-
sjen  topologÐa èpetai ìti K = co(δ(D)). Sunep¸c oPX eÐnai diaqwrÐsimoc. ¤

Parat rhsh

3. ParathroÔme ìti to sÔnolo

K :=

{
n∑

i=1

λiδxi

∣∣∣ λi ∈ Q, λi ≥ 0,

n∑

i=1

λi = 1, xi ∈ X, n ∈ N
}

,

eÐnai puknì ston PX. Epiplèon, k�je µ =
∑n

i=1 λiδxi
∈ K, mporeÐ na kanonikopoihjeÐ

sth morf  1
m

∑m
i=1 δyi gia k�poio m ∈ N kai k�poia y1, . . . , ym ∈ D.

Sth sunèqeia epikentrwnìmaste sthn asjen  topologÐa tou PX. Ja deÐxoume katar-
q�c ìti ìtan o X eÐnai diaqwrÐsimoc, h asjen c topologÐa eÐnai metrikomoi simh. Ta
akìlouja dÔo l mmata eÐnai qr sima gia autì to skopì.

L mma 6.3.1 'Estw (X, d) metrikìc q¸roc kai f1, . . . , fn ∈ BL(X), n ∈ N. Tìte

Lip
(

n∗
i=1

fi

)
≤

n∨

i=1

Lip(fi), ∗ =
∧

or
∨

.

L mma 6.3.2 'Estw (X, d) metrikìc q¸roc.

(a) Gia k�je fragmènh apì k�tw, k�tw hmisuneq c sun�rthsh f : X −→ (−∞,∞],
up�rqei akoloujÐa (fk)k∈N fragmènwn Lipschitz sunart sewn sto X, t.w. fk ≤ f

kai fk 1 f kat� shmeÐo.

(b) Gia k�je fragmènh apì p�nw, �nw hmisuneq c sun�rthsh f : X −→ [−∞,∞),
up�rqei akoloujÐa (fk)k∈N fragmènwn Lipschitz sunart sewn sto X, t.w. f ≤ fk

kai fk % f kat� shmeÐo.

(g) Gia k�je fragmènh kai suneq  sun�rthsh f : X −→ R, up�rqoun akoloujÐec
(fk)k∈N, (fk)k∈N, fragmènwn Lipschitz sunart sewn sto X, t.w. fk ≤ f ≤ fk kai
fk 1 f , fk % f kat� shmeÐo.

Apìdeixh (a) 'Estw f : X −→ (−∞,∞] fragmènh apì k�tw, k�tw hmisuneq c sun�rth-
sh. Katarq�c parathroÔme ìti arkeÐ na deÐxoume ìti up�rqei akoloujÐa (fk)k∈N frag-
mènwn apì k�tw kai Lipschitz suneq¸n sunart sewn t.w. fk 1 f , afoÔ tìte h fk ∧ k,
eÐnai fragmènh kai Lipschitz gia k�je k ∈ N, kai h (fk ∧ k)k∈N aux�nei kat� shmeÐo sthn
f . Gia k�je k ∈ N orÐzoume th fk : X −→ R apì ton tÔpo

fk(x) = inf
z∈X

(
f(z) + kd(x, z)

)
.
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Gia k�je k ∈ N, h fk eÐnai Lipschitz suneq c me stajer� Lipschitz ≤ k. Pr�gmati, èstw
x, y ∈ X kai ε > 0. Up�rqei tìte zε ∈ X t.w. fk(y) + ε ≥ f(zε) + kd(y, zε). Sunep¸c,

fk(x)− fk(y) ≤ f(zε) + kd(x, zε)− f(zε)− kd(y, zε) + ε

= k
(
d(x, zε)− d(y, zε)

)
+ ε

≤ kd(x, y) + ε.

OmoÐwc deÐqnoume ìti fk(y)− fk(x) ≤ kd(x, y) + ε, kai ètsi, afoÔ to ε > 0  tan tuqaÐo,
èpetai ìti Lip(fk) ≤ k. Epiplèon, eÐnai �meso apì ton orismì twn fk ìti

inf
x∈X

f(x) ≤ fk(x) ≤ f(x) ≤ sup
x∈X

f(x),

gia k�je x ∈ X kai k�je k ∈ N, kai sunep¸c h (fk) eÐnai omoiìmorfa fragmènh apì k�tw.
Ja deÐxoume ìti fk(x) 1 f(x) gia k�je x ∈ X. Katarq�c, eÐnai profanèc ìti h (fk) eÐnai
aÔxousa kai �ra to ìrio limk fk(x) up�rqei. Ja deÐxoume ìti gia k�je ε > 0, èqoume
limk fk(x) ≥ f(x)− ε. 'Estw, loipìn, x ∈ X kai ε > 0. Apì ton orismì twn fk, gia k�je
k ∈ N up�rqei zk ∈ X, t.w. f(zk) + d(x, zk) ≤ fk(x) + 1

k . Tìte,

lim
k

fk(x) ≤ lim inf
k

(
f(zk) + kd(x, zk)

) ≤ lim sup
k

(
f(zk) + kd(x, zk)

)

≤ lim sup
k

(
fk(x) +

1
k

)
= lim

k
fk(x),

kai sunep¸c limk fk(x) = limk

(
f(zk) + kd(x, zk)

)
. T¸ra, h akoloujÐa

(
kd(x, zk)

)
eÐnai

fragmènh kai �ra d(x, zk) −→ 0. 'Etsi, apì thn k�tw hmisuneqeÐa thc X 3 z 7→ f(z) +
kd(x, z), up�rqei k0 ∈ N t.w.

k ≥ k0 =⇒ f(zk) + kd(x, zk) ≥ f(x)− ε.

Sunep¸c f(zk) −→ f(x) kai �ra limk fk(x) ≥ f(x) − ε. AfoÔ to ε > 0  tan tuqaÐo,
autì apodeiknÔei to (a). Fusik� to (b) èpetai efarmìzontac to (a) sthn −f kai to (g)
sundi�zontac ta (a) kai (b). ¤

'Opwc èqoume dei, o PX eÐnai kurtì uposÔnolo thc monadiaÐac sfaÐrac tou BC(X)∗.
EÐnai gnwstì apì th sunarthsiak  an�lush ìti ìtan o V eÐnai diaqwrÐsimoc q¸roc me
nìrma, tìte o periorismìc thc w∗ topologÐac tou V ∗ sth monadiaÐa sfaÐra tou V ∗ eÐnai
metrikopoi simh. Wstìso, sthn perÐptws  mac, o BC(X) den eÐnai diaqwrÐsimoc kai
ètsi prèpei na akolouj soume diaforetikì drìmo ¸ste na broÔme arijm simo uposÔnolo
Ξ ⊆ BC(X) t.w. h sÔgklish

∫
fdµi −→

∫
fdµ gia k�je f ∈ Ξ na arkeÐ gia th sÔgklish

enìc diktÔou (µi)i sto µ ∈ PX. To akìloujo l mma mac bohj�ei se autì.

L mma 6.3.3 'Estw (X, d) metrikìc q¸roc kai èstw Ξ0 ⊆ Ξ1 ⊆ BC(X) t.w.
∫

X

fdµ = sup
{∫

X

hdµ
∣∣∣ h ∈ Ξ0, h ≤ f

}
(6.5)

= inf
{∫

X

hdµ
∣∣∣ h ∈ Ξ0, h ≥ f

}
(6.6)

gia k�je f ∈ Ξ1, µ ∈ PX. Tìte oi asjeneÐc topologÐec pou ep�gontai sto PX apì tic Ξ0

kai Ξ1 sumpÐptoun.
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Apìdeixh Profan¸c, afoÔ Ξ0 ⊆ Ξ1, h topologÐa pou ep�getai stonPX apì thn Ξ0 eÐnai
asjenèsterh apì thn topologÐa pou ep�getai ston PX apì thn Ξ1. Gia to antÐstrofo,
upojètoume ìti

∫
X

hdµi −→
∫

X
hdµ gia k�je h ∈ Ξ0 kai èstw f ∈ Ξ1. Apì th mÐa,

sup
i∈I

inf
j≥i

∫

X

fdµi ≥ sup
h∈Ξ0, h≤f

sup
i∈I

inf
j≥i

∫

X

hdµi = sup
h∈Ξ0, h≤f

∫

X

hdµ =
∫

X

fdµ,

kai apì thn �llh

inf
i∈I

sup
j≥i

∫

X

fdµi ≤ inf
h∈Ξ0, h≥f

inf
i∈I

sup
j≥i

∫

X

hdµi = inf
h∈Ξ0, h≥f

∫

X

hdµ =
∫

X

fdµ.

Sunep¸c

lim sup
i

∫

X

fdµi ≤
∫

X

fdµ ≤ lim inf
i

∫

X

fdµi,

to opoÐo sunep�getai ìti lim
i

∫
X

fdµi =
∫

X
fdµ. ¤

MÐa sullog  sunart sewn tou BC(X) pou ikanopoieÐ tic sqèseic (6.5) kai (6.6) me
Ξ1 = BC(X) eÐnai h oikogèneia BL(X) ìlwn twn fragmènwn Lipschitz pragmatik¸n
sunart sewn ston X. Pr�gmati, apì to l mma 6.3.2 kai to je¸rhma kuriarqhmènhc
sÔgklishc èpetai ìti

sup
k

∫

X

fkdµ =
∫

X

fdµ = inf
k

∫

X

fkdµ,

gia k�je µ ∈ PX, kai sunep¸c h asjen c topologÐa tou PX ep�getai apì thn BL(X).

L mma 6.3.4 'Estw (X, d) diaqwrÐsimoc metrikìc q¸roc. Tìte h asjen c topologÐa
ston PX ep�getai apì k�poia arijm simh sullog  Ξ ⊆ BL(X).

Apìdeixh Xekin�me orÐzontac th sullog  Ξ ⊆ BL(X). Epilègoume arijm simo puknì
uposÔnolo D tou X kai jètoume Ξ1 to sÔnolo ìlwn twn sunart sewn h : X −→ R thc
morf c

h(x) =
(
q1 + q2d(x, y)

) ∧ k, q1 ∈ Q ∩ (−1, 1), q2, k ∈ Q ∩ (0, 1), ; y ∈ D.

Profan¸c h oikogèneia Ξ1 eÐnai arijm simh. Gia k�je h ∈ Ξ1 èqoume ìti ‖h‖u < 1 kai
Lip(h) < 1 kai sunep¸c Ξ1 ⊆ BL(X). Jètoume Ξ0 to sÔnolo pou par�getai apì thn Ξ1

paÐrnontac to infimum peperasmènwn to pl joc stoiqeÐwn thc Ξ1, dhlad 

Ξ0 :=

{
n∧

i=1

hi

∣∣ n ∈ N, hi ∈ Ξ1

}
.

Profan¸c h Ξ0 eÐnai epÐshc arijm simh kai gia k�je h =
∧n

i=1 hi ∈ Ξ0 èqoume ìti

‖h‖u ≤
n∨

i=1

‖hi‖u < 1, Lip(h) ≤
n∨

i=1

Lip(hi) < 1.

Tèloc, jètoume Ξ = Ξ+ ∪ (−Ξ+), ìpou

Ξ+ = {λh |h ∈ Ξ0, λ ∈ Q+}.
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AfoÔ h BL(X) orÐzei thn asjen  topologÐa tou PX, apì to l mma 6.3.3 èpetai
ìti arkeÐ na deÐxoume ìti h Ξ ⊆ BL(X) ikanopoieÐ tic sqèseic (6.5) kai (6.6) gia k�je
f ∈ BL(X) kai k�je µ ∈ PX. Epiplèon, afoÔ Ξ = −Ξ, arkeÐ na apodeÐxoume eÐte thn
(6.5) eÐte thn (6.6).

Epiplèon, den eÐnai dÔskolo na doÔme ìti mporoÔme na k�noume thn epiplèon upìjesh
ìti o X eÐnai pl rhc. Pr�gmati, ac upojèsoume ìti èqoume apodeÐxei to zhtoÔmeno gia
pl reic metrikoÔc q¸rouc kai èstw f ∈ BL(X), µ ∈ PX. 'Estw X̄ h pl rwsh tou X kai
i : X ↪→ X̄ h ènjesh. AfoÔ h f eÐnai Lipschitz kai to X puknì ston X̄, h f epekteÐnetai
se monadik  Lipschitz apeikìnish f̄ : X̄ −→ R t.w. Lip(f) = Lip(f̄). JewroÔme to
mètro µ ∈ PX wc mètro ston µ̄ ∈ PX̄ mèsw thc ènjeshc i, dhlad  µ̄ = i∗µ. EpÐshc
to arijm simo puknì uposÔnolo D ⊆ X pou epilèxame gia ton orismì thc Ξ, eÐnai puknì
ston X̄ kai, �ra, mporeÐ na qrhsimopoihjeÐ gia ton orismì thc antÐstoiqhc oikogèneiac
ston X̄. 'Estw Ξ̄ h antÐstoiqh aut  upo-oikogèneia thc BL(X̄). An to zhtoÔmeno isqÔei
gia pl reic q¸rouc, tìte h Ξ̄ ikanopoieÐ tic sqèseic (6.5) kai (6.6) gia k�je f ∈ BC(X),
µ ∈ PX. 'Etsi,

∫

X

fdµ =
∫

X̄

f̄dµ̄ = sup
{∫

X̄

h̄dµ̄
∣∣ h̄ ∈ Ξ̄, h̄ ≤ f̄

}

= sup
{∫

X

(h̄ ◦ i)dµ
∣∣ h̄ ∈ Ξ̄, h̄ ≤ f̄

}

= sup
{∫

X

hdµ
∣∣h ∈ Ξ, h ≤ f

}
,

afoÔ Ξ̄ = {h̄ |h ∈ Ξ}, kai h̄ ≤ f̄ ann (h̄ ◦ i) ≤ f , gia k�je h̄ ∈ Ξ̄. Sunep¸c mporoÔme na
upojèsoume ìti o X eÐnai pl rhc metrikìc q¸roc. To kèrdoc mac eÐnai ìti me thn epiplèon
upìjesh thc plhrìthtac èqoume sta qèria mac to je¸rhma tou Ulam kai thn prìtash
6.2.5.

EÐmaste t¸ra ètoimoi na apodeÐxoume ton isqurismì. 'Estw loipìn f ∈ BL(X) kai
µ ∈ PX. Jètoume

Ξ+,f := {h ∈ Ξ+ |h ≤ ‖f‖u + 1},
kai parathroÔme ìti

inf
{∫

X

hdµ
∣∣∣ h ∈ Ξ+,f , h ≥ f

}
≥ inf

{∫

X

hdµ
∣∣∣ h ∈ Ξ, h ≥ f

}
.

Sunep¸c, arkeÐ na apodeÐxoume ìti h oikogèneia Uf := {h ∈ Ξ+,f |h ≥ f} ikanopoieÐ tic
upojèseic thc prìtashc 6.2.5. ArkeÐ, dhlad , na deÐxoume ìti

(a) f = infu∈Uf
u, kai (b) h oikogèneia Uf eÐnai kateujunìmenh wc proc thn ≥.

(a) Prèpei na apodeÐxoume ìti gia k�je x0 ∈ X kai k�je ε ∈ (0, 1) up�rqei h ∈ Uf t.w.
h(x0)−f(x0) ≤ ε. 'Estw L ≥ 0 h stajer� Lipschitz thc f . Tìte f(x) ≤ f(x0)+Ld(x, x0)
gia k�je x ∈ X. OrÐzoume apeikìnish g : X −→ R me tÔpo

g(x) =
(
f(x0) + Ld(x, x0)

) ∧ ‖f‖u.

Tìte g ≥ f , g ≤ ‖f‖u kai g(x0) = f(x0). ParathroÔme ìti jètontac

` := (L + 1)(‖f‖u + 1), a1 :=
f(x0)

`
, a2 :=

L

`
and c :=

‖f‖u

`
,
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h g mporeÐ na grafeÐ wc

g(x) = `
((

a1 + a2d(x, x0)
) ∧ c

)
, (6.7)

ìpou ` > 0, a1 ∈ (−1, 1), a2, c ∈ (0, 1) kai x0 ∈ X. Gia thn apìdeixh tou (a), arkeÐ na
diatar�xoume tic paramètrouc `, a1, a2, c, x0 thc g kat� tètoio trìpo ¸ste h sun�rthsh
h pou ja prokÔyei na an kei sthn Uf kai h tim  thc h(x0) sto x0 na parameÐnei ε-kont�
ston g(x0) = f(x0). Katarq�c, up�rqoun rhtoÐ

λ ∈
(

`, ` +
ε

4(|a1|+ 1)

)
kai k ∈ (c, 1)

t.w.

c` ≤ kλ < ‖f‖u < ‖f‖u + 1 (6.8)

kai y0 ∈ D t.w. d(x0, y0) < ε
4λN(a2+1) , ìpou to N ∈ N eÐnai k�poia aujaÐreth par�metroc

pou ja prosdioristeÐ se epìmeno st�dio thc apìdeixhc. 'Epeita epilègoume rhtoÔc

q1 ∈
(
a1 +

ε

4λN
, a1 +

ε

2λN

)
kai q2 ∈

(
a2, (a2 +

1
N

) ∧ 1
)

,

kai jètoume
h0 := λ

(
q1 + q2d(·, y0)

)
, h := h0 ∧ k.

Profan¸c h ∈ Ξ+,f kai �ra gia na deÐxoume ìti h ∈ Uf apomènei na deÐxoume ìti h ≥ f .
AfoÔ kλ ≥ c` kai h − f ≥ h − g, gia na deÐxoume ìti h − f ≥ 0, arkeÐ na deÐxoume ìti
h0 − g0 ≥ 0, ìpou g0 := `

(
a1 + a2d(·, x0)

)
. T¸ra, gia k�je x ∈ X, èqoume ìti

h0(x)− g0(x) = λ
(
q1 + q2d(x, y0)

)− `
(
a1 + a2d(x, x0)

)

≥ λ
(
(q1 − a1) + q2d(x, y0)− a2d(x, x0)

)

≥ λ
(
(q1 − a1) + a2

(
d(x, y0)− d(x, x0)

))

≥ λ
( ε

4λN
− a2d(x0, y0)

)

> λ
( ε

4λN
− a2

a2 + 1
· ε

4λN

)
≥ 0.

'Epeita elègqoume ìti h(x0)− f(x0) ≤ ε. DiakrÐnoume dÔo peript¸seic.
(i) q1 + q2d(x0, y0) ≤ k: Tìte

h(x0)− f(x0) = λ
(
q1 + q2d(x0, y0)

)− `a1 ≤ λq1 − `a1 +
ε

4N

≤ λ(q1 − a1) +
ε

4
+

ε

4N
≤ ε

2N
+

ε

4
+

ε

4N
≤ ε.

(ii) q1 + q2d(x0, y0) > k > c: S� aut  thn perÐptwsh, epilègontac thn per�metro N ∈ N
ètsi ¸ste

3ε

4λN
+

d(x0, y0)
N

< k − c,
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èpetai ìti

a1 = a1 + a2d(x0, y0)− a2d(x0, y0) ≥ a1 + a2d(x0, y0)− ε

4λN

≥ q1 − ε

2λN
+ q2d(x0, y0)− ε

4λN
− d(x0, y0)

N

= q1 + q2d(x0, y0)− 3ε

4λN
− d(x0, y0)

N
> k + c− k = c,

to opoÐo eÐnai adÔnato, afoÔ a1 = f(x0)
` ≤ ‖f‖u

` = c. 'Etsi, me kat�llhlh epilog  thc
stajer�c N ∈ N, h perÐptwsh aut  den ufÐstatai kai h apìdeixh tou (a) oloklhr¸jhke.
(b) ArkeÐ na apodeÐxoume ìti an oi u1, u2 ∈ Uf eÐnai thc morf c ui = λihi, i = 1, 2, ìpou
hi ∈ Ξ1, tìte up�rqei u ∈ Uf t.w. u1 ∧ u2 ≥ u. 'Estw loipìn u1, u2 ∈ Uf , ac poÔme

ui = λihi = λi

((
qi
1 + qi

2d( · , yi)
)
∧ ki

)
, i = 1, 2.

QwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume ìti 0 < λ1 ≤ λ2. Tìte,

λ1h1 = λ2

((λ1

λ2
q1
1 +

λ1

λ2
q1
2d( · , y1)

) ∧ (
λ1

λ2
k)

)
=: λ2h

′
1,

kai h′1 ∈ Ξ1. Sunep¸c

u := (λ1h1) ∧ (λ2h2) = λ2(h′1 ∧ h2) ∈ Uf ,

kai h apìdeixh tou l mmatoc oloklhr¸jhke. ¤

Arijm¸ntac ta stoiqeÐa thc Ξ0 se mÐa akoloujÐa Ξ0 = {hk | k ∈ N} kai orÐzontac

ρ(µ, ν) :=
∞∑

k=1

1
2k

∣∣∣∣
∫

X

hkd(µ− ν)
∣∣∣∣,

gia k�je µ, ν ∈ PX, orÐzetai h metrik  ρ : PX ×PX −→ [0,∞) ston PX.

Prìtash 6.3.4 H metrik  ρ : PX×PX −→ [0,∞) metrikopoieÐ thn asjen  topologÐa
ston PX.

Apìdeixh To ìti h ρ eÐnai metrik  eÐnai profanèc. Ja deÐxoume ìti metrikopoieÐ thn
asjen  topologÐa ston PX. 'Estw, loipìn, µn, µ ∈ PX, n ∈ N t.w. ρ(µn, µ) −→ 0.
Tìte, gia k�je k ∈ N,

∣∣∣∣
∫

X

hkd(µn − µ)
∣∣∣∣ ≤ 2kρ(µn, µ) n→∞−→ 0,

kai �ra
∫

X
hdµn

n→∞−→ ∫
X

hdµ gia k�je h ∈ Ξ0. Sunep¸c,
∫

X
hdµn

n→∞−→ ∫
X

hdµ gia k�je
h ∈ Ξ kai �ra µn −→ µ asjen¸c.

AntÐstrofa, èstw (µi)i∈I èna dÐktuo ston PX kai èstw µ ∈ PX t.w. µi −→ µ

asjen¸c. Ja deÐxoume ìti ρ(µi, µ) −→ 0. 'Estw ε > 0. Epilègoume k0 ∈ N t.w.∑∞
k=k0

1
2k < ε

2 . AfoÔ µi −→ µ asjen¸c, gia k�je k = 1, . . . , k0, up�rqei ik ∈ I t.w.

ik ≥ i =⇒
∣∣∣∣
∫

X

hkd(µi − µ)
∣∣∣∣ <

ε

2
.
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AfoÔ, ìmwc, to I eÐnai kateujunìmeno, up�rqei i0 ∈ I t.w. i0 ≥ ik gia k�je k = 1, . . . , k0.
Gia k�je i ≥ i0, èqoume

ρ(µi, µ) =
∞∑

k=1

1
2k

∣∣∣∣
∫

X

hkd(µi − µ)
∣∣∣∣

≤
k0∑

k=1

1
2k
· ε

2
+

∞∑

k=k0+1

1
2k

< ε,

afoÔ gia k�je h ∈ Ξ0 èqoume ìti
∣∣∫

X
hd(µi − µ)

∣∣ ≤ ‖h‖u‖µi−µ‖TV ≤ 2. ¤

Eidikìtera, oi akoloujÐec arkoÔn gia thn perigraf  thc asjenoÔc topologÐac ston
PX. Fusik� up�rqoun pollèc �llec metrikèc pou metrikopoioÔn thn asjen  topologÐa
ston PX. Ja perigr�youme mÐa apì autèc, thn legìmenh metrik  tou Dudley.

Prìtash 6.3.5 'Estw X diaqwrÐsimoc metrikìc q¸roc. H sun�rthsh β : PX ×
PX −→ [0,∞) me tÔpo

β(µ, ν) = sup
{∣∣∣

∫

X

fd(µ− ν)
∣∣∣
∣∣∣∣ f ∈ BL(X), ‖f‖BL ≤ 1

}
,

ìpou h nìrma ‖ · ‖BL : BL(X) −→ [0,∞) dÐnetai apì ton tÔpo ‖f‖BL = ‖f‖u + Lip(f),
eÐnai metrik  ston PX kai metrikopoieÐ thn asjen  topologÐa.

ApìdeixhProfan¸c h β eÐnai metrik . Ja deÐxoume ìti metrikopoieÐ thn asjen  topologÐa
ston PX. Parathr ste ìti an orÐsoume

βM (µ, ν) = sup

{∣∣∣∣
∫

fd(µ− ν)
∣∣∣∣

∣∣∣∣∣ f ∈ BL(X), ‖f‖BL ≤ M

}
,

gia k�poio M ≥ 1, tìte β ≤ βM ≤ Mβ. Sunep¸c h βM eÐnai topologik� isodÔnamh me
thn β gia k�je M ≥ 1. 'Omwc gia k�je h ∈ Ξ0, isqÔei ìti ‖h‖BL < 2, kai �ra gia k�je
h ∈ Ξ0, ∣∣∣∣

∫
hd(µn − µ)

∣∣∣∣ ≤ 2β(µn, µ) ≤ 0.

Sunep¸c,
∫

hdµn −→
∫

hdµ gia k�je h ∈ Ξ, to opoÐo deÐqnei ìti µn −→ µ asjen¸c.
AntÐstrofa, èstw µn, µ ∈ PX t.w. µn −→ µ asjen¸c. ParathroÔme katarq�c ìti

gia na deÐxoume ìti β(µn, µ) −→ 0, mporoÔme na k�noume thn epiplèon upìjesh ìti o X

eÐnai pl rhc. Pr�gmati, an i : X ↪→ X̄ eÐnai h ènjesh tou X sthn pl rwsh tou, kai β̄ eÐnai
h metrik  tou Dudley ston PX̄, epeid  h apeikìnish epèktashc

(
BL(X), ‖ · ‖BL(X)

) −→(
BL(X̄), ‖ · ‖BL(X̄)

)
eÐnai grammik  isometrÐa, èpetai ìti h i∗ : (PX,β) −→ (PX̄, β̄) eÐnai

isometrik  ènjesh kai ètsi mporoÔme na upojèsoume ìti douleÔoume sto q¸ro twn mètrwn
pijanìthtac tou pl rouc q¸rou X̄.

Upojètoume loipìn sth suneqeÐa ìti o X eÐnai pl rhc. 'Estw ε > 0. Apì to je¸rhma
tou Ulam, up�rqei sumpagèc uposÔnolo K tou X t.w. µ(X \K) ≥ 1− ε. Jètoume

B :=
{
f |K

∣∣ f ∈ BL(X), ‖f‖BL ≤ 1
}
.
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Apì to je¸rhma Arzela-Ascoli, èpetai ìti to B eÐnai sumpagèc uposÔnolo tou C(K)
wc proc thn topologÐa thc omoiìmorfhc sÔgklishc sto K. Up�rqoun loipìn gj ∈ B,
j = 1, . . . , k, t.w.

B ⊆
k⋃

j=1

DK,u(gj , ε),

ìpou gia k�je f ∈ B, DK,u(f, ε) =
{
g ∈ B | supx∈K |f(x)− g(x)| < ε

}
. Sunep¸c, gia

k�je f ∈ B, up�rqei jf ∈ {1, . . . , k} t.w. supx∈K |f(x)− gjf
(x)| < ε. Tìte, gia k�je

f ∈ B, èqoume ìti
sup

{
|f(x)− gjf

(x)|
∣∣ x ∈ D(K, ε)

}
< 3ε,

afoÔ an y ∈ K kai d(x, y) < ε, tìte

|f(x)− gjf (x)| ≤ |f(x)− f(y)|+ |f(y)− gjf
(y)|+ |gjf

(y)− gjf
(x)|

< Lip(f)d(x, y) + ε + Lip(gjf
)d(x, y) < 3ε.

OrÐzoume t¸ra thn apeikìnish g : X −→ R me tÔpo

g(x) = 0 ∨
(

1− d(x,K)
ε

)
.

Profan¸c, g ∈ BL(X) kai 1K ≤ g ≤ 1D(K,ε). 'Etsi, afoÔ µn −→ µ asjen¸c èpetai ìti
up�rqei n0 ∈ N t.w.

n ≥ n0 =⇒
∫

gdµn ≥
∫

gdµ− ε.

'Omwc, tìte, gia k�je n ≥ n0, èqoume ìti

µn

(
D(K, ε)

) ≥
∫

gdµn ≥
∫

gdµ− ε ≥ µ(K)− ε ≥ 1− 2ε.

Epiplèon, apì ton orismì tou B, gia k�je j = 1, . . . , k, up�rqei Fj ∈ BL(X) me ‖Fj‖BL ≤
1, t.w. Fj |K = fj . AfoÔ µn −→ µ asjen¸c, up�rqei n1 ∈ N, t.w.

n ≥ n1 =⇒
∣∣∣∣
∫

Fjd(µn − µ)
∣∣∣∣ < ε,

gia k�je j = 1, . . . , k. Tìte, gia k�je n ≥ n0 ∨ n1 kai k�je f ∈ BL(X) me ‖f‖BL ≤ 1,
èqoume ìti

∣∣∣∣
∫

fd(µn − µ)
∣∣∣∣ ≤

∫
|f − Ff |d|µn − µ|+

∣∣∣∣
∫

Ffd(µn − µ)
∣∣∣∣

≤
∫
|f − Ff |d(µn + µ) + ε

=
∫

D(K,ε)

|f − Ff |d(µn + µ) +
∫

X\D(K,ε)

|f − Ff |d(µn + µ) + ε

≤
∫

D(K,ε)

3εd(µn + µ) +
∫

X\D(K,ε)

2d(µn + µ) + ε

≤ 6ε + 6ε + ε = 13ε,
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kai sunep¸c β(µn, µ) ≤ 13ε, gia k�je n ≥ n0∨n1. Sunep¸c µn −→ µ wc proc th metrik 
tou Dudley β, kai h apìdeixh èqei telei¸sei. ¤

'Ewc t¸ra èqoume perigr�yei th sÔgklish akolouji¸n wc proc thn asjen  topologÐa
ston PX mèsw twn fragmènwn suneq¸n sunart sewn ston X. H akìloujh prìtash
qarakthrÐzei th sÔgklish akolouji¸n ston PX mèsw kat�llhlwn uposunìlwn tou X

kai mac dÐnei th dunatìthta, dedomènhc thc asjenoÔc sÔgklishc µn −→ µ, na per�soume
sto ìrio sthn 6.4 wc kai proc mh fragmènec hmisuneqeÐc sunart seic kai µ-σ.p. suneqeÐc
fragmènec sunart seic. H isodunamÐa twn (a) èwc (d) apodeÐqjhke gÔrw sto B' pagkìsmio
pìlemo apì ton A.D. Alexandrov.

Je¸rhma 6.3.1 (To je¸rhma portmanteau) 'Estw (X, d) metrikìc q¸roc kai èstw
(µn) akoloujÐa ston PX. Ta akìlouja eÐnai isodÔnama.

(a) µn −→ µ ∈ PX asjen¸c.

(b) Gia k�je kleistì sÔnolo F ⊆ X, lim supn µn(F ) ≤ µ(F ).

(c) Gia k�je anoiktì sÔnolo U ⊆ X, lim infn µn(U) ≥ µ(U).

(d) Gia k�je µ-suneqèc sÔnolo A ⊆ X, dhlad  gia k�je Borel sÔnolo A ⊆ X t.w.
µ(∂A) = 0, isqÔei ìti

lim
n

µn(A) = µ(A).

(b′) Gia k�je fragmènh apì p�nw, �nw hmisuneq  sun�rthsh f : X −→ [−∞,∞),

lim sup
n

∫
fdµn ≤

∫
fdµ.

(g′) Gia k�je fragmènh apì k�tw, k�tw hmisuneq  sun�rthsh f : X −→ (−∞,∞],

lim inf
n

∫
fdµn ≥

∫
fdµ.

(d) Gia k�je µ-σ.p. suneq  sun�rthsh, limn

∫
fdµn =

∫
fdµ.

Apìdeixh Katarq�c parathroÔme ìti epeid  èna Borel sÔnolo A ⊆ X eÐnai kleistì,
anoiktì kai µ-suneqèc ann h 1A eÐnai �nw hmisuneqeÐc, k�tw hmisuneq c kai µ-σ.p. suneq c
antÐstoiqa, èpetai ìti h (x′) sunep�getai thn (x), x = a, b, c. Epiplèon, h (b′) eÐnai pro-
fan¸c isodÔnamh me thn (c′), kai h (b) isodÔnamh me thn (c). Tèloc profan¸c h (d′)
sunep�getai thn (a), kai ètsi arkeÐ na apodeÐxoume ìti (a) =⇒ (c′), (b) kai (c) =⇒ (d),
kai ìti (d) =⇒ (d′).
(a) =⇒ (c′) 'Estw f : X −→ (−∞,∞] fragmènh apì k�tw, k�tw hmisuneq c sun�rthsh.
Apì to l mma 6.3.2 kai to je¸rhma kuriarqhmènhc sÔgklishc, èqoume ìti

∫

X

fdµ = sup
{∫

X

hdµ
∣∣∣ h ∈ BL(X), h ≤ f

}
.

'Opwc sthn apìdeixh tou l mmatoc 6.3.3, autì sunep�getai ìti lim infn

∫
fdµn ≥

∫
fdµ.

(b) ∧ (c) =⇒ (d) Katarq�c parathroÔme ìti èna Borel sÔnolo A ⊆ X, eÐnai µ-suneqèc
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sÔnolo ann µ(Ao) = µ(A) = µ(A). 'Etsi, an to A eÐnai µ-suneqèc sÔnolo, apì ta (a) kai
(b) èqoume ìti

µ(Ao) ≤ lim inf µn(Ao) ≤ lim inf µn(A)

≤ lim sup µn(A) ≤ lim sup µn(A) ≤ µ(A),

to opoÐo dÐnei to zhtoÔmeno.
(d) =⇒ (d′) 'Estw f : X −→ R fragmènh µ-σ.p. suneq c sun�rthsh kai èstw ε > 0.
'Estw X0 ∈ B(X) sÔnolo pou sthrÐzei to µ, t.w. h f na eÐnai suneq c se k�je shmeÐo
tou X0. 'Estw, epÐshc, a, b ∈ R t.w. a < f(x) < b gia k�je x ∈ X. Gia k�je r ∈ (a, b),
jètoume Fr := {x ∈ X | f(x) = r}. H oikogèneia {Fr}r∈(a,b) eÐnai diamèrish tou X, kai
�ra gia k�je peperasmèno uposÔnolo I tou (a, b) èqoume ìti

∑

r∈I

µ(Fr) = µ
( ⋃

r∈I

Fr

)
≤ 1.

Sunep¸c
∑

r∈(a,b) µ(Fr) ≤ 1 < +∞, kai �ra to sÔnolo ìlwn twn r ∈ (a, b) gia ta opoÐa
µ(Fr) > 0, eÐnai to polÔ arijm simo. Up�rqei, loipìn, diamèrish a = a0 < a1 < · · · <

an = b tou (a, b), t.w. ai − ai−1 < ε, i = 1, . . . , n kai µ(Fai) = 0, i = 0, . . . , n. Gia k�je
i = 1, . . . , n, jètoume Ei := f−1

(
[ai−1, ai)

)
kai orÐzoume tic aplèc sunart seic

φ =
n∑

i=1

ai−11Ei , ψ =
n∑

i=1

ai1Ei .

Profan¸c, φ ≤ f ≤ ψ kai ψ − φ ≤ ε. EpÐshc, gia k�je i = 1, . . . , n èqoume ìti
∂Ei ⊆ Fai−1 ∪ Fai ∪ (X \X0), kai �ra ta Ei eÐnai µ-suneq  sÔnola. Apì to (d) èpetai
ìti lim

∫
φdµn =

∫
φdµ kai lim

∫
ψdµn =

∫
ψdµ. Sunep¸c,

∫
fdµ− ε ≤

∫
φdµ ≤ lim inf

n

∫
fdµn ≤ lim sup

n

∫
fdµn

≤
∫

ψdµn ≤
∫

fdµ + ε,

kai afoÔ to ε > 0  tan tuqaÐo, èpetai to zhtoÔmeno. ¤

Pìrisma 6.3.1 'Estw X diaqwrÐsimoc metrikìc q¸roc. MÐa akoloujÐa (xn)n∈N ston
X sugklÐnei ann h (δxn) sugklÐnei ston PX, kai lim δxn = δlim xn .

Apìdeixh 'Opwc xèroume h δ : X −→ PX eÐnai suneq c. Upojètoume, loipìn, ìti
δxn −→ µ ∈ PX, kai ja deÐxoume ìti to µ eÐnai k�poio mètro Dirac = δx, x ∈ X, kai ìti
xn −→ x. 'Estw x ∈ suppµ. Tìte, gia k�je k ∈ N, µ

(
D(x, 1/k)

)
> 0. Sunep¸c apì to

je¸rhma portmanteau, èqoume ìti gia k�je k ∈ N,

lim inf
n

δxn

(
D(x, 1/k)

) ≥ µ
(
D(x, 1/k)

)
> 0,

to opoÐo sunep�getai ìti gia k�je k ∈ N, �peira to pl joc apì ta xn perièqontai sthn
D(x, 1/k). Qrhsimopoi¸ntac autì to gegonìc, kataskeu�zoume upakoloujÐa (xnk

) thc
(xn), pou sugklÐnei sto x ∈ X. Tìte, ìmwc, δx = lim δxnk

= lim δxn = µ, apì ìpou èpetai
ìti h (xn) sugklÐnei sto x. ¤
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Ja doÔme tèloc èna qr simo qarakthrismì twn sumpag¸n uposunìlwn tou PX, pou
apodeÐqjhke apì ton Prokhorov. Autì eÐnai èna je¸rhma tÔpou Arzela-Ascoli ston PX,
ìpou h ènnoia thc isosunèqeiac antikajÐstatai apì thn ènnoia thc omoiìmorfhc sfiktìth-
tac. H apìdeixh pou ja akolouj soume brÐsketai sto [3]

Orismìc 6.3.2 'Estw (X, d) metrikìc q¸roc. 'Ena sÔnolo K ⊆ PX lègetai (omoiì-
morfa) sfiktì an gia k�je ε > 0, up�rqei sumpagèc sÔnolo Kε ⊆ X t.w.

sup
µ∈K

µ(X \K) ≤ ε.

Parathr seic

4. SÔmfwna me touc orismoÔc, èna mètro µ ∈ PX eÐnai sfiktì ann to {µ} eÐnai sfiktì.

5. 'Ena sÔnolo K ⊆ PX eÐnai sfiktì ann up�rqei sun�rthsh φ : X −→ [0,∞] me sumpag 
sÔnola upost�jmhc, φ−1([0, c]), 0 ≤ c < ∞, t.w.

sup
µ∈K

∫
φdµ < ∞.

Apìdeixh. Upojètoume pr¸ta ìti to K eÐnai sfiktì. MÐa sun�rthsh φ : X −→ [0, +∞]
me ic zhtoÔmenec idiìthtec kataskeu�zetai wc ex c. Epilègoume ajroÐsimh akoloujÐa,
(εn)∞n=0, jetik¸n arijm¸n. Apì th sfiktìthta touK, up�rqei akoloujÐa (Kn)∞n=0 sumpag¸n
uposunìlwn tou X, t.w.

sup
µ∈K

µ(X \Kn) ≤ εn,

gia k�je n ∈ N. Tìte h sun�rthsh φ : X −→ [0,∞] me tÔpo

φ(x) := inf{n ≥ 0 |x ∈ Kn} =
∞∑

n=0

1X\Kn
(x),

èqei tic zhtoÔmenec idiìthtec. Pr�gmati, gia k�je 0 ≤ c < ∞, φ−1([0, c]) = K[c], to opoÐo
eÐnai sumpagèc kai supµ∈K

∫
φdµ ≤ ∑∞

n=0 εn < +∞.

Upojètoume antÐstrofa ìti h φ : X −→ [0,+∞] èqei sumpag  sÔnola upost�jmhc
Kc := φ−1([0, c]) kai ìti eÐnai t.w. supµ∈K

∫
φdµ < +∞, kai èstw ε > 0. Apì thn

anisìthta tou Chebyshev, gia k�je 0 < c < +∞ kai k�je µ ∈ K, èqoume ìti

µ(X \Kc) = µ{x ∈ X |φ(x) > c} ≤ 1
c

∫
φdµ ≤ 1

c
· sup

µ∈K

∫
φdµ < +∞.

'Etsi, an to c ≥ 0 eÐnai arket� meg�lo ¸ste 1/c · supµ∈K
∫

φdµ < ε, tìte µ(X \Kc) < ε

gia k�je µ ∈ K, to opoÐo deÐqnei ìti to K eÐnai sfiktì.

Je¸rhma 6.3.2 (Prokhorov) 'Estw X diaqwrÐsimoc metrikìc q¸roc. K�je sfiktì
uposÔnolo tou PX eÐnai sqetik� sumpagèc wc proc thn asjen  topologÐa tou PX. To
antÐstrofo eÐnai epÐshc al jeia, an o X eÐnai polwnikìc q¸roc
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Apìdeixh(=⇒) 'Estw K sfiktì uposÔnolo tou PX. Up�rqei aÔxousa akoloujÐa
(Kn)n∈N sumpag¸n uposunìlwn tou X t.w.

inf
µ∈K

µ(Kn) > 1− 1
n

, ∀ n ∈ N.

AfoÔ o X eÐnai diaqwrÐsimoc, up�rqei arijm simh b�sh, (Bm)∞m=0, B0 = X, gia thn
topologÐa tou X, pou apoteleÐtai apì anoiktèc d-mp�lec. 'Estw H h oikogèneia ìlwn
twn peperasmènwn en¸sewn sunìlwn thc morf c Bm∩Kn, (m,n) ∈ N×N. H oikogèneia
H eÐnai profan¸c arijm simh kai kleist  wc proc peperasmènec en¸seic, kai k�je stoiqeÐo
thc eÐnai sumpagèc sÔnolo.

'Estw (µn)∞n=1 akoloujÐa sto K. Prèpei na deÐxoume ìti èqei sugklÐnousa upakolou-
jÐa. H akoloujÐa

(
µn(H)

)∞
n=1

eÐnai fragmènh gia k�je H ∈ H, kai h H arijm simh, kai
ètsi me mÐa diag¸nia diadikasÐa brÐskoume upakoloujÐa (µkn) thc (µn), t.w. to ìrio

α(H) := lim
n

µkn
(H), (6.9)

na up�rqei gia k�je H ∈ H. Upojètoume t¸ra ìti up�rqei µ ∈ PX t.w.

µ(A) = sup
H3H⊆A

α(H), ∀ anoiktì A ⊆ X. (6.10)

Tìte µkn −→ µ asjen¸c. Pr�gmati, gia k�je anoiktì sÔnolo A ⊆ X kai k�je H ∈ H
t.w. H ⊆ A, èqoume ìti

α(H) = lim
n

µkn(H) ≤ lim inf
n

µkn(A).

Sunep¸c µ(A) ≤ lim infn µkn(A) gia k�je anoiktì sÔnolo A ⊆ X, to opoÐo apì to
portmanteau je¸rhma dÐnei thn asjen  sÔgklish thc µkn sto µ. ArkeÐ, loipìn, na
deÐxoume ìti up�rqei µ ∈ PX to opoÐo ikanopoieÐ thn (6.10).

H apeikìnish α : H −→ [0, 1] pou orÐzetai apì thn (6.9) èqei tic akìloujec idiìthtec:

I1. α(H1) ≤ α(H2), if H1 ⊆ H2,

I2. α(H1 ∪H2) = α(H1) + α(H2), if H1 ∩H2 = ∅,
I3. α(H1 ∪H2) ≤ α(H1) + α(H2), for all H1,H2 ∈ H.

OrÐzoume, t¸ra, thn apeikìnish β : T −→ [0, 1] me tÔpo

β(A) = sup
H3H⊆A

α(H),

ìpou T eÐnai h topologÐa tou X, kai orÐzoume thn µ∗ : 2X −→ [0, 1] apì ton tÔpo

µ∗(E) = inf
E⊆A∈T

β(A).

Profan¸c β(A) = µ∗(A) gia k�je anoiktì sÔnolo A ⊆ X. An deÐxoume t¸ra ìti to µ∗

eÐnai exwterikì mètro kai ìti k�je kleistì sÔnolo perièqetai sth s-�lgebra M ∗ ìlwn
twn µ∗-metr simwn sunìlwn, tìte ja èqoume ìti B(X) ⊆ M ∗, kai ìti to mètro µ∗|B(X)

ikanopoieÐ thn (6.10). Epiplèon, to µ eÐnai mètro pijanìthtac, afoÔ

1 = µ(X) = β(X) ≥ sup
m

(Km) ≥ sup
m

lim
n

µkn(Km)

≥ sup
m

inf
µ∈K

µ(Km) ≥ sup
m

(
1− 1

m

)
= 1.
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ArkeÐ, loipìn, na deÐxoume ìti to µ∗ eÐnai exwterikì mètro kai ìti B(X) ⊆ M ∗. Profan¸c
µ∗(∅) = 0 kai µ∗(E1) ≤ µ∗(E2) gia k�je E1 ⊆ E2 ⊆ X. QwrÐzoume th sunèqeia thc
apìdeixhc se trÐa b mata: pr¸ta apodeiknÔoume thn arijm simh prosjetikìthta thc β,
èpeita apodeiknÔome ìti to µ∗ eÐnai arijm sima upoprosjetikì kai �ra apì ta parap�nw
exwterikì mètro, kai tèloc deÐqnoume ìti B(X) ⊆ M ∗.
B ma 1: H apeikìnish β : T −→ [0, 1] eÐnai arijm sima upìprosjetik : DeÐqnoume
pr¸ta ìti h β eÐnai peperasmèna prosjetik . 'Estw A1, A2 uposÔnola tou X. SÔmfwna
me touc orismoÔc, gia na deÐxoume ìti β(A1 ∪ A2) ≤ β(A1) + β(A2), arkeÐ na deÐxoume
ìti α(H) ≤ β(A1) + β(A2), gia k�je H ∈ H t.w. H ⊆ A1 ∪ A2. 'Estw, loipìn, H ∈ H
t.w. H ⊆ A1 ∪ A2. Jètoume F1 := {x ∈ H | d(x, Ac

1) ≥ d(x,Ac
2)} kai F2 := {x ∈

H | d(x,Ac
2) ≥ d(x,Ac

1)}. An x ∈ F1 kai x /∈ A1, tìte x ∈ A2 kai, ètsi, afoÔ to Ac
2 eÐnai

kleistì, èpetai ìti d(x,Ac
1) = 0 < d(x,Ac

2), to opoÐo antif�skei me ton orismì tou F1.
Sunep¸c, F1 ⊆ A1 kai omoÐwc F2 ⊆ A2. An deÐxoume ìti up�rqei Hi ∈ H, i = 1, 2 t.w.
Fi ⊆ Hi ⊆ Ai, tìte H = F1 ∪ F2 ⊆ H1 ∪H2, kai �ra

α(H) ≤ α(H1 ∪H2) ≤ α(H1) + α(H2) ≤ β(A1) + β(A2),

apì tic I1, I2, I3 kai ton orismì thc β. To ìti up�rqei H1 ∈ H t.w. F1 ⊆ H1 ⊆ A1

apodeiknÔetai wc ex c. AfoÔ h (Bm)∞m=0 eÐnai b�sh thc topologÐac tou X kai to Fi ⊆ Ai

eÐnai sumpagèc, up�rqoun m1, . . . , m` ∈ N t.w. F1 ⊆
⋃`

i=1 Bmi ⊆ A1, kai afoÔ H ∈ H,
up�rqei n0 ∈ N t.w. H ⊆ Kn0 . Tìte, H1 :=

⋃`
i=1 Bmi ∩Kn0 ∈ H kai F1 ⊆ H1 ⊆ A1.

OmoÐwc deÐqnoume ìti up�rqei H2 ∈ H t.w. F2 ⊆ H2 ⊆ A2, kai �ra h β eÐnai peperasmèna
upoprosjetik . EÐnai eÔkolo, t¸ra, na deÐxoume ìti eÐnai kai arijm sima upoprosjetik .
Pr�gmati, èstw (An) akoloujÐa anoikt¸n uposunìlwn tou X kai èstw H ∈ H, H ⊆ A.
AfoÔ to H eÐnai sumpagèc, èqoume ìti H ⊆ ⋃n0

n=1 An gia k�poio n0 ∈ N, kai �ra apì thn
peperasmènh upoprosjetikìthta thc β, èqoume ìti

α(H) ≤ β
( n0⋃

n=1

An

)
≤

n0∑
n=1

β(An) ≤
∞∑

n=1

β(An).

PaÐrnontac to supremum p�nw apì ìla ta H ∈ H me H ⊆ ⋃∞
n=1 An, oloklhr¸netai h

apìdeixh tou pr¸tou b matoc.
B ma 2: To µ∗ eÐnai exwterikì mètro: 'Estw (En)n∈N akoloujÐa uposunìlwn tou X,
kai èstw ε > 0. Apì ton orismì tou µ∗, gia k�je n ∈ N, up�rqei anoiktì sÔnolo An ⊇ En

t.w. β(An) ≤ µ∗(En) + ε/2n, kai �ra apì thn arijm simh upoprosjetikìthta thc β,

µ∗
( ∞⋃

n=1

En

)
≤ β

( ∞⋃
n=1

An

)
≤

∞∑
n=1

β(An) ≤
∞∑

n=1

µ∗(En) + ε.

AfoÔ to ε > 0  tan aujaÐreto, autì deÐqnei ìti to µ∗ eÐnai exwterikì mètro.
B ma 3: B(X) ⊆ M ∗ : 'Estw F ⊆ X kleistì sÔnolo. Prèpei na deÐxoume ìti

µ∗(E) ≥ µ∗(E ∩ F ) + µ∗(E ∩ F c), (6.11)

gia k�je E ⊆ X. Apì ton orismì tou µ∗, blèpoume ìti arkeÐ na apodeÐxoume thn (6.11)
gia k�je anoiktì sÔnolo A ⊆ X. Pr�gmati, tìte gia k�je E ⊆ X kai k�je anoiktì
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sÔnolo A ⊇ E, èqoume ìti

β(A) = µ∗(A) ≥ µ∗(A ∩ F ) + µ∗(A ∩ F c)

≥ µ(E ∩ F ) + µ∗(E ∩ F c),

apì ìpou paÐrnonrtac to infimum p�nw apì ìla ta anoikt� sÔnola A ⊇ E, katal goume
sto zhtoÔmeno. 'Estw, loipìn, A ⊆ X anoiktì kai èstw ε > 0. ArkeÐ na broÔme
H ∈ H t.w. H ⊆ A kai α(H) ≥ µ∗(A ∩ F ) + µ∗(A ∩ F c) − ε. To sÔnolo A ∩ F c

eÐnai anoiktì kai, ètsi, apì ton orismì thc β up�rqei H1 ∈ H t.w. H1 ⊆ A ∩ F c kai
α(H1) > β(A ∩ F c) − ε/2. To sÔnolo A ∩ Hc

1 eÐnai epÐshc anoiktì kai, ètsi, up�rqei
H2 ∈ H t.w. α(H2) > β(A ∩Hc

1) − ε/2. Ta sÔnola H1,H2 eÐnai xèna, perièqontai sto
A, kai A ∩Hc

1 ⊇ A ∩ F . 'Etsi, H := H1 ∪H2 ∈ H, H ⊆ A, kai

α(H) = α(H1) + α(H2) ≥ β(A ∩ F c) + β(A ∩Hc
1)− ε

≥ µ∗(A ∩ F c) + µ∗(A ∩ F )− ε.

Autì apodeiknÔei th mÐa sunepagwg  tou jewr matoc tou Prokhorov.
(⇐=) Upojètoume t¸ra ìti o X eÐnai polwnikìc q¸roc kai ja deÐxoume ìti k�je sqetik�
sumpagèc sÔnolo ston PX eÐnai sfiktì. 'Estw, loipìn, K sqetik� sumpagèc uposÔnolo
tou PX. AfoÔ o X eÐnai diaqwrÐsimoc, gia k�je δ > 0, up�rqei akoloujÐa (A(δ)

n )n∈N
anoikt¸n mpal¸n aktÐnac δ > 0, pou kalÔptei ton X kai gia k�je ε > 0 up�rqei nδ,ε ∈ N
t.w.

µ(Bδ,ε
n ) > 1− ε, Bδ,ε

n :=
nδ,ε⋃

i=1

A
(δ)
i ,

gia k�je µ ∈ K. Pr�gmati, an gia k�je n ∈ N up rqe µn ∈ K t.w. µn(Bn) ≤ 1− ε, tìte
apì th sqetik  sump�geia tou K, ja up rqe upakoloujÐa (µkn) thc (µn) t.w. µkn −→ µ.
Autì, ìmwc, odhgeÐ se �topo, afoÔ apì to je¸rhma portmanteau èqoume ìti gia k�je
m ∈ N,

µ(Bm) ≤ lim inf
n

µkn(Bm) ≤ lim inf
n

µkn(Bkn) ≤ 1− ε,

en¸, afoÔ Bm 1 X, xèroume ìti limm µ(Bm) = 1. Efarmìzontac autì pou mìlic apodeÐxa-
me, brÐskoume gia k�je k ∈ N peperasmènh akoloujÐa A

(k)
1 , . . . , A

(k)
nk mpal¸n aktÐnac 1/k,

t.w.

inf
µ∈K

µ
( nk⋃

n=1

A(k)
n

)
> 1− ε

2k
.

'Omwc to sÔnolo
⋂∞

k=1

⋃nk

n=1 A
(k)
n eÐnai profan¸c olik� fragmèno (ìpwc sthn apìdeixh

tou jewr matoc tou Ulam), kai �ra h kleist  tou j kh K eÐnai sumpag c kai gia k�je
µ ∈ K,

µ(X \K) ≤ µ
( ∞⋃

k=1

nk⋂
n=1

(X \A(k)
n )

)
≤

∞∑

k=1

µ
( nk⋂

n=1

(X \A
(k)
i )

)

=
∞∑

k=1

µ
(
X \ ( nk⋂

n=1

A(k)
n

)) ≤
∞∑

k=1

ε

2k
= ε.

Sunep¸c, to K eÐnai sfiktì kai to je¸rhma tou Prokhorov apodeÐqjhke. ¤
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Pìrisma 6.3.2 'Estw X diaqwrÐsimoc metrikìc q¸roc. Tìte o PX eÐnai sumpag c  
pl rhc ann o X eÐnai sumpag c   pl rhc, antÐstoiqa.

6.4 H r-ost  TopologÐa tou Wasserstein sto PrX

Sth prohgoÔmenh par�grafo orÐsame thn asjen  topologÐa kai melet same tic basikèc
thc idiìthtec. 'Opwc eÐdame, h asjen c topologÐa eÐnai arket� asjen c ¸ste na èqei ar-
ket� kalèc idiìthtec ìpwc to na sèbetai thn topologÐa tou q¸rou kai na epitrèpei thn
prosèggish twn mètrwn apì diakrit� mètra. MporoÔme na odhghjoÔme stic topologÐec wr

tou Wasserstein ston PrX, apì to akìloujo par�deigma sto opoÐo h asjen c topologÐa
eÐnai pio asjen c apì ì,ti endeqomènwc ja  jele kaneÐc.

Par�deigma

1. 'Estw P1R to sÔnolo ìlwn twn µ ∈ PX gia ta opoÐa
∫
R |x|dµ(x) < ∞. H mèsh tim 

  alli¸c barÔkentro E : P1R −→ R eÐnai h apeikìnish me tÔpo

Eµ =
∫

R
xdµ(x).

H mèsh tim  den eÐnai suneq c wc proc ton periorismì thc asjenoÔc topologÐac ston P1R.

Apìdeixh. 'Estw (xn) mÐa opoiad pote apoklÐnousa akoloujÐa sto R kai èstw (µn) h
akoloujÐa sto P1X me tÔpo µn = n−1

n δ0 + 1
nδnxn . Tìte gia k�je suneq  kai fragmènh

sun�rthsh f : R −→ R, èqoume ìti
∣∣∣∣
∫

R
fd(µ− δ0)

∣∣∣∣ =
∣∣∣∣
n− 1

n
f(0) +

1
n

f(nxn)− f(0)
∣∣∣∣

≤
∣∣∣∣
n− 1

n
f(0)− f(0)

∣∣∣∣ +
‖f‖u

n

n→∞−→ 0,

dhlad  µn −→ δ0 asjen¸c, en¸ h Eµn = xn, den sugklÐnei.

H mèsh tim  gÐnetai suneq c an jewr soume ston P1X thn isqurìterh topologÐa w1

pou orÐzetai apì thn apaÐthsh

µn
W1−→ µ ann µn

W0−→ µ kai
∫

R
|x|dµn(x) −→

∫

R
|x|dµ(x).

Autì eÐnai isodÔnamo me to ìti µn
W1−→ µ ann

∫

R
fdµn −→

∫

R
fdµ,

gia k�je suneq  apeikìnish f : X −→ R t.w. |f(x)| ≤ A + B|x| gia k�je x ∈ X, gia
k�poiec stajerèc A,B ≥ 0.

Orismìc 6.4.1 'Estw (X, d) metrikìc q¸roc kai èstw 0r ≤ ∞. Lème ìti to µ ∈M(X)
èqei peperasmènh r-ost  kentrik  rop  an ‖dx0‖Lr(|µ|) < ∞ gia k�poio, kai �ra kai gia
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k�je, x0 ∈ X, ìpou dx0 = d( · , x0) : X −→ [0,∞). Ja sumbolÐzoume Mr(X) to
sÔnolo ìlwn twn peperasmènwn fortÐwn me peperasmènh r-ost  kentrik  rop . Jètoume
M0(X) := M(X). Epiplèon, jètoume Mr

+(X) = M+(X) ∩Mr(X) kai PrX = PX ∩
Mr(X).

Parathr seic

1. Apì thn trigwnik  anisìthta èpetai ìti o orismìc tou Mr(X) den exart�tai apì to
basikì shmeÐo x0 ∈ X.

2. 'Ena fortÐo µ ∈ M(X) an kei ston Mr(X) ann h jetik  kai h arnhtik  tou kÔmansh
an koun ston Mr

+(X).

3. Gia k�je 0 < r ≤ ∞, o Mr(X) eÐnai grammikìc upìqwroc tou M(X).

4. OM∞(X) apoteleÐtai apì ekeÐna akrib¸c ta fortÐa µ ∈M(X) twn opoÐwn h apìluth
kÔmansh |µ| sthrÐzetai apì k�poio fragmèno sÔnolo.

Orismìc 6.4.2 'Estw (X, d) metrikìc q¸roc kai èstw 1 ≤ r ≤ ∞. Jètoume Br(X) to
sÔnolo ìlwn twn sunart sewn pou eÐnai µ-oloklhr¸simec gia k�je µ ∈ PrX. Me �lla
lìgia,

Br(X) =
⋂

µ∈PrX

L1(µ),

ìpou stouc q¸rouc L1(µ), µ ∈ PrX, den tautÐzoume µ σ.p. Ðsec sunart seic.

Profan¸c o Br(X) eÐnai grammikìc q¸roc me tic sun jeic pr�xeic prìsjeshc kai pol-
laplasiasmoÔ sunart sewn kai apoteleÐtai apì ìlec tic sunart seic pou oloklhr¸nontai
wc proc k�je µ ∈Mr(X), afoÔ Mr(X) = spanPrX.

Prìtash 6.4.1 'Estw (X, d) metrikìc q¸roc. Gia k�je 0 ≤ r < ∞, èqoume ìti

Br(X) =
{
f ∈ L(X)

∣∣ ∃ A,B ≥ 0 : |f | ≤ Adr( · , x0) + B
}
,

gia k�poio, kai �ra kai gia k�je, x0 ∈ X. O q¸roc B∞(X) apoteleÐtai apì ìlec tic
metr simec sunart seic pou apeikonÐzoun fragmèna sÔnola se fragmèna sÔnola.

Apìdeixh H perÐptwsh r = 0 eÐnai to l mma 6.1.1. Upojètoume pr¸ta ìti 0 < r < ∞.
O egkleismìc ” ⊇ ” eÐnai profan c. Gia ton antÐstrofo egkleismì, arkeÐ na apodeÐxoume
ìti gia k�je f ∈ L(X) \ Br(X), up�rqei µ ∈ PrX t.w. f /∈ Lr(µ). 'Estw f /∈ Br(X)
Borel metr simh sun�rthsh. Tìte, gia k�je n ∈ N up�rqei xn ∈ X t.w.

|f(xn)| > 2n
(
dr(xn, x0) + 1

)
.

OrÐzoume µ0 ∈M+(X) me tÔpo

µ0(A) =
∑

n:xn∈A

1
2n

(
dr(xn, x0) + 1

) ≤ 1.

EÔkola faÐnetai ìti µ := 1
µ0(X) · µ0 ∈ PrX kai f /∈ Lr(µ).
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Exet�zoume, t¸ra, thn perÐptwsh r = ∞. 'Estw f : X −→ R metr simh sun�rthsh
h opoÐa apeikonÐzei fragmèna sÔnola se fragmèna kai èstw µ ∈ P∞X. Ja deÐxoume ìti
f ∈ L1(µ). 'Estw x0 ∈ X. AfoÔ µ ∈ P∞, up�rqei M ≥ 0 t.w. µ

(
X \D(x0,M)

)
= 0.

To sÔnolo f
(
D(x0,M)

)
eÐnai fragmèno kai sunep¸c

∫

X

|f |dµ =
∫

D(x0,M)

|f |fµ ≤ sup
x∈D(x0,M)

|f(x)| < ∞.

Gia ton antÐstrofo egkleismì arkeÐ na apodeÐxoume ìti an mÐa metr simh sun�rthsh f :
X −→ R den apeikonÐzei fragmèna sÔnola se fragmèna, tìte up�rqei µ ∈ P∞X t.w.
f /∈ L1(µ). 'Estw f tètoia sun�rthsh. Up�rqei tìte M > 0 t.w. to f

(
D(x0,M)

)
na mhn

eÐnai fragmèno. 'Etsi, gia k�je n ∈ N, up�rqei xn ∈ D(x0, M) t.w. |f(xn)| > 2n. 'Omwc
tìte to mètro µ ∈ PX me tÔpo

µ(A) =
∑

n:xn∈A

1
2n

,

sthrÐzetai apì thn D(x0,M), dhlad  µ ∈ P∞X, en¸ profan¸c f /∈ L1(µ). ¤

Se analogÐa me thn ènjesh J : B(X) −→ M(X)∗, jewroÔme th grammik  ènjesh
Jr : BrC(X) −→ (Mr(X))] me tÔpo

Jr(f)(µ) =
∫

X

fdµ,

ìpou (Mr(X))] eÐnai o algebrikìc duikìc tou Mr(X). Gia k�je 0 ≤ r ≤ ∞ jètoume
BrC(X) := Br(X) ∩ C(X). Se analogÐa me ton orismì thc asjenoÔc topologÐac tou
M(X) ⊆ (BC(X)∗, w∗) dÐnoume ton ex c orismì.

Orismìc 6.4.3 'Estw (X, d) metrikìc q¸roc kai èstw 0 ≤ r ≤ ∞. H r-ost  topologÐa
tou Wasserstein sto Mr(X) eÐnai h asjen c topologÐa pou orÐzetai ston Mr(X) apì
thn oikogèneia grammik¸n sunarthsoeid¸n

{
Jr(f)

∣∣ f ∈ BrC(X)
} ⊆ (Mr(X))].

Ja th sumbolÐzoume me wr. H r-ost  topologÐa wr tou Wasserstein ston PrX eÐnai h
topologÐa pou èqei o PrX wc upìqwroc tou Mr(X).

Apì ed¸ kai sto ex c an den anafèretai diaforetik� ja jewroÔme ton PrX efodia-
smèno me thn r-ost  topologÐa tou Wasserstein.

Parathr seic

5. AfoÔ B(X) ⊆ Br(X) gia k�je 0 ≤ r ≤ ∞, èpetai ìti h r-ost  topologÐa tou
Wasserstein ston Mr(X) eÐnai Hausdorff gia k�je 0 ≤ r ≤ ∞. Epiplèon, o Mr(X) eÐnai
topologikìc q¸roc me tic sun jeic pr�xeic kai thn r-ost  topologÐa tou Wasserstein.
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6. H oikogèneia (wr) twn topologi¸n tou Wasserstein eÐnai aÔxousa wc proc ton eg-
kleismì, dhlad  gia k�je 0 ≤ r ≤ s ≤ ∞, wr|PsX ⊆ ws.

Apìdeixh. Pr�gmati, apì thn anisìthta tou Hölder èqoume ìti gia k�je 0 < r ≤ s ≤ ∞,
k�je µ ∈M(X) kai k�je x0 ∈ X,

‖dx0‖Lr(|µ|) ≤ ‖dx0‖Ls(|µ|) · |µ|(X)
1
r− 1

s ,

kai sunep¸c Ms(X) ⊆ Mr(X), gia k�je 0 ≤ r ≤ s ≤ ∞. 'Epetai ìti Br(X) ⊆ Bs(X)
gia k�je 0 < r ≤ s ≤ ∞, kai �ra wr|PsX ⊆ ws. Tèloc, profan¸c w0|PrX ⊆ wr gia k�je
0 ≤ r ≤ ∞.

7. An o X eÐnai diaqwrÐsimoc, tìte h r-ost  topologÐa tou Wasserstein ston PrX èqei
arijm simh b�sh kai ètsi oi akoloujÐec arkoÔn gia thn perigraf  thc.

Apìdeixh. 'Estw Ξ ⊆ BL(X) arijm simh oikogèneia pou ep�gei thn asjen  topologÐa
ston PX. Profan¸c, èna dÐktuo (µi)i∈I ston PrX sugklÐnei sto µ ∈ PrX ston PrX

ann µi −→ µ asjen¸c kai
∫

X

dr(x, x0)dµi(x) −→
∫

X

dr(x0, x)dµ(x),

gia k�poio, kai �ra kai gia k�je x0 ∈ X. Sunep¸c h r-ost  topologÐa tou Wasserstein
stonPrX tautÐzetai me thn topologÐa pou ep�getai apì th sullog  sunart sewn Ξ∪{dx0}
gia k�poio x0 ∈ X, h opoÐa èqei arijm simh b�sh.

8. H apeikìnish Ir : (Mr(X), wr) −→ (BrC(X)], w∗) me tÔpo

Ir(µ)(f) =
∫

X

fdµ,

eÐnai grammikìc omoiomorfismìc sthn eikìna tou, ìpou (BrC(X)], w∗) eÐnai o algebrikìc
duikìc tou BrC(X) me thn w∗-topologÐa, dhlad  thn topologÐa pou ep�getai apì thn
BrC(X) ⊆ BrC(X)]].

ParadeÐgmata

2. H ènjesh tou Dirac δ : X −→Mr(X) eÐnai suneq c gia k�je 0 ≤ r ≤ ∞.

3. (Mr(X), wr)∗ = BrC(X) gia k�je 0 ≤ r ≤ ∞.

Apìdeixh. 'Omwc xèroume apì th sunarthsiak  an�lush, ìtan o X grammikìc q¸roc, h
L ⊆ X] eÐnai mÐa sullog  grammik¸n sunarthsoeid¸n kai wL eÐnai h asjen c topologÐa
pou orÐzetai ston X apì thn L, tìte (X,wL)∗ = spanL.

H topologÐec tou Wasserstein sqetÐzontai me thn asjen  topologÐa mèsw thc ènnoiac
thc omoiìmorfhc oloklhrwsimìthtac.
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Orismìc 6.4.4 'Estw (X, d) metrikìc q¸roc f : X −→ [0,∞] lègetai omoiìmorfa
oloklhr¸simh sto K ⊆ PX   alli¸c K-omoiìmorfa oloklhr¸simh an

lim
R→∞

sup
µ∈K

∫

{x|f(x)≥R}
fdµ = 0. (6.12)

'Estw 0 < r < ∞. Ja lème ìti to sÔnolo K ⊆ PX èqei omoiìmorfa oloklhr¸simh
r-ost  rop  an h sun�rthsh f(x) = dr(x0, x), x0 ∈ X, eÐnai omoiìmorfa oloklhr¸sismh
sto K, dhlad  an

lim
R→∞

sup
µ∈K

∫

X\D(x0,R)

dr(x0, x)dµ(x) = 0,

gia k�poio, kai �ra kai gia k�je, x0 ∈ X.

Parathr seic

9. H sun�rthsh [0,∞) 3 R 7→ supµ∈K
∫
{x|f(x)≥R} fdµ eÐnai fjÐnousa kai �ra to ìrio

sthn (6.12) p�nta up�rqei.

10. An h f eÐnai omoiìmofa oloklhr¸simh sto K ⊆ PX, tìte up�rqei M > 0 t.w.
∫

X

fdµ ≤ M < +∞ ∀µ ∈ K.

11. MÐa Borel sun�rthsh f : X −→ [0,∞] eÐnai omoiìmorfa oloklhr¸simh sto {µ},
µ ∈ PX, ann eÐnai µ-oloklhr¸simh.

Apìdeixh. An h f eÐnai omoiìmorfa oloklhr¸simh sto {µ}, up�rqei tìte R > 0 t.w.∫
{x | f(x)≥R} fdµ ≤ 1. 'Omwc, tìte,

∫

X

fdµ =
∫

{x | f(x)<R}
fdµ +

∫

{x | f(x)≥R}
fdµ ≤ R + 1 < ∞.

Apì thn �llh, an h f eÐnai µ-oloklhr¸simh, tìte
⋂∞

R=1 {x | f(x) ≥ R} = f−1(∞). 'Omwc
afoÔ h f eÐnai µ oloklhr¸simh, to f−1(∞) eÐnai µ-sqedìn kenì sÔnolo kai, �ra, afoÔ h
sun�rthsh B(X) 3 A −→ ∫

A
gdµ eÐnai mètro, èpetai ìti

lim
R→∞

∫

{x | f(x)≥R}
fdµ =

∫

f−1(∞)

dµ = 0.

12. 'Estw {µn}n∈N akoloujÐa ston PX kai èstw f : X −→ [0,∞] µn-oloklhr¸simh
sun�rthsh, gia k�je n ∈ N. Tìte h f eÐnai omoiìmorfa oloklhr¸simh sto {µn}n∈N ann

lim
R→∞

lim sup
n

∫

{x | f(x)≥R}
fdµn = 0. (6.13)

Apìdeixh. Profan¸c, an h f eÐnai omoiìmorfa oloklhr¸simh sto {µn}n∈N, tìte h (6.13)
isqÔei. 'Estw, loipìn, ìti isqÔei h (6.13) kai èstw ε > 0. Jètoume FR = {x|f(x) ≥ R}.
Apì thn (6.13) up�rqei R0 ≥ 0 t.w.

R ≥ R0 =⇒ lim sup
n

∫

F R

fdµn ≤ ε.

175



Eidikìtera, up�rqei n0 ∈ N t.w.

n ≥ n0 =⇒ sup
n≥n0

∫

F R0

fdµn ≤ ε.

AfoÔ, ìmwc, h f eÐnai µn-oloklhr¸simh gia k�je n ∈ N, apì thn parat rhsh 2 èpetai ìti
up�rqei R1 > 0 t.w.

R ≥ R1 =⇒ sup
1≤n≤n0

∫

F R

fdµn ≤ ε.

Sunep¸c, gia k�je R ≥ R0 ∨R1 èqoume ìti,

sup
n∈N

∫

F R

fdµn = sup
1≤n≤n0

∫

F R

fdµn

∨
sup

n≥n0

∫

F R

fdµn

≤ ε
∨

sup
n≥n0

∫

F R0

fdµn ≤ ε.

Dhlad  lim
R→∞

sup
n∈N

∫
F R fdµn = 0, kai ètsi h f eÐnai omoiìmorfa oloklhr¸simh sto {µn}n∈N.

13. An to K ⊆ PX èqei omoiìmorfa oloklhr¸simh r-ost  kentrik  rop  gia k�poio
r > 0, tìte K ⊆ PrX.

14. An to K ⊆ PX èqei omoiìmorfa oloklhr¸simh r-ost  kentrik  rop  gia k�poio
r > 0, tìte èqei epÐshc omoiìmorfa oloklhr¸simh s-ost  rop  gia k�je 0 < s ≤ r.

15. 'Estw r > 0. MÐa akoloujÐa {µn}n∈N ⊆ PrX èqei omoiìmorfa oloklhr¸simh r-ost 
rop  ann

lim
R→∞

lim sup
n

∫

X\D(x0,R)

dr(x0, x)dµn(x) = 0. (6.14)

L mma 6.4.1 'Estw µn mÐa akoloujÐa stonPX h opoÐa sugklÐnei asjen¸c sto µ ∈ PX.

(a) An h g : X −→ (−∞,∞] eÐnai k�tw hmisuneq c sun�rthsh kai h g− eÐnai {µn}n∈N-
omoiìmorfa oloklhr¸simh, tìte

lim inf
n→∞

∫

X

gdµn ≥
∫

X

gdµ > −∞. (6.15)

(b) An h f : X −→ R eÐnai suneq c kai h |f | eÐnai {µn}n∈N-omoiìmorfa oloklhr¸simh,
tìte

lim
n→∞

∫

X

fdµn =
∫

X

fdµ. (6.16)

(g) An h f : X −→ [0,∞) suneq c, µn-oloklhr¸simh gia k�je n ∈ N, kai

lim sup
n→∞

∫

X

fdµn ≤
∫

X

fdµ < ∞, (6.17)

tìte h f eÐnai omoiìmorfa oloklhr¸simh sto {µn}n∈N.
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Apìdeixh (a) Gia k�je k ∈ N jètoume gk = g ∨ (−k). Apì to je¸rhma portmanteau
èqoume ìti

lim inf
n→∞

∫

X

gkdµn ≥
∫

X

gkdµ ≥
∫

X

gdµ,

gia k�je k ∈ N. Epiplèon, (gk − g) ≤ 1{x|g−(x)≥k}g−. Pr�gmati, an g−(x) < k tìte
g(x) > −k kai �ra gk(x)− g(x) = 0, en¸ an g−(x) ≥ k, tìte g(x) ≤ −k ≤ 0 kai ètsi

gk(x)− g(x) = −k − g(x) ≤ −g(x) = g−(x).

'Epetai ìti

sup
n∈N

(∫

X

gkdµn −
∫

X

gdµn

)
≤ sup

n∈N

∫

{x|g−(x)≥k}
g−dµn

k→∞−→ 0,

miac kai h g− eÐnai {µn}n∈N-omoiìmorfa oloklhr¸simh. Jètoume Ak,n :=
∫

X
gkdµn,

An :=
∫

X
gdµn gia k�je k, n ∈ N kai A =

∫
gdµ. Me autoÔc touc sumbolismoÔc prèpei

na deÐxoume ìti lim infn An ≥ A. H akoloujÐa (lim infn Ak,n)k∈N eÐnai fjÐnousa kai �ra
to ìrio limk→∞ lim infn→∞Ak,n up�rqei kai, profan¸c, eÐnai ≥ A. Sunep¸c, arkeÐ na
deÐxoume ìti

lim inf
n→∞

An ≥ lim
k

lim inf
n

Ak,n. (6.18)

'Estw ε > 0. AfoÔ Ak,n −→ An omoiìmorfa wc proc to n ∈ N, up�rqei k0 ∈ N t.w.

k ≥ k0 =⇒ Ak,n ≤ An + ε, ∀n ∈ N.

'Epetai ìti gia k�je k ≥ k0,

lim inf
n→∞

Ak,n ≤ lim inf
n→∞

An + ε,

opìte h (6.18) isqÔei. To (b) èpetai efarmìzontac to (a) stic sunart seic f , −f .
(g) 'Estw f : X −→ [0,∞) sun�rthsh pou ikanopoieÐ thn (6.17). Jètoume

fk := f ∧ k, F k := {x ∈ X | f(x) ≥ k}.

Tìte, epeid  h fk eÐnai suneq c kai fragmènh kai to F k eÐnai kleistì uposÔnolo tou X,
apì to je¸rhma portmanteau kai thn (6.17) èqoume ìti

lim sup
n→∞

∫

F k

fdµn = lim sup
n→∞

(∫

X

(f − fk)dµn + kµn(F k)
)

≤
∫

X

(f − fk)dµ + kµ(F k) =
∫

F k

fdµ

AfoÔ, ìmwc, h f eÐnai µ-oloklhr¸simh, èpetai ìti

lim
k→∞

lim sup
n→∞

∫

F k

fdµn ≤ lim
k→∞

∫

F k

fdµ = 0.

Sunep¸c epeid  h f eÐnai µn-oloklhr¸simh gia k�je n ∈ N, o isqurismìc èpetai apì thn
parat rhsh 3. ¤
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L mma 6.4.2 'Estw r > 0 kai èstw (µn)n∈N akoloujÐa ston PrX h opoÐa sugklÐnei
asjen¸c se k�poio µ ∈ PX. An h (µn) èqei omoiìmorfa oloklhr¸simh r-ost  rop , tìte
µ ∈ PrX.

Apìdeixh AfoÔ
∫

X

(
dr(x0, x) ∧R

)
dµ(x) R→∞−→

∫

X

dr(x0, x)dµ(x),

gia na deÐxoume ìti
∫

X
dr(x0, x)dµ(x) < +∞, arkeÐ na deÐxoume ìti up�rqei 0 ≤ M < ∞

t.w. ∫

X

(
dr(x0, x) ∧R

)
dµ(x) ≤ M, (6.19)

gia k�je R > 0. Pr�gmati, afoÔ h (µn) èqei omoiìmorfa oloklhr¸simh r-ost  rop , apì
thn parart rhsh 2 up�rqei 0 ≤ M < ∞ t.w.

∫

X

(
dr(x0, x) ∧R

)
dµn(x) ≤ M,

gia k�je n ∈ N kai k�je R > 0. 'Ara h (6.19) èpetai apì thn asjen  sÔgklish thc (µn) ¤

Je¸rhma 6.4.1 'Estw (X, d) pl rhc metrikìc q¸roc kai èstw (µn)n∈N akoloujÐa
ston PrX, 0 ≤ r < ∞. Tìte, gia k�je µ ∈ PT X, ta akìlouja eÐnai isodÔnama.

(a) µn
n→∞−→ µ ston PrX.

(b) µn
n→∞−→ µ asjen¸c kai h (µn) omoiìmorfa oloklhr¸simh r-ost  rop .

(g) µn
n→∞−→ µ asjen¸c kai

∫
dr(x0, x)dµn(x) n→∞−→

∫
dr(x0, x)dµ(x), (6.20)

gia k�poio, kai �ra kai gia k�je, x0 ∈ X.

(d) µn
n→∞−→ µ asjen¸c kai

lim sup
n→∞

∫

X

dr(x, x0)dµn(x) ≤
∫

X

dr(x, x0)dµ(x), (6.21)

gia k�poio, kai �ra kai gia k�je, x0 ∈ X.

Apìdeixh (b)=⇒(a) 'Estw f ∈ BrC(X) kai x0 ∈ X. Up�rqoun tìte stajerèc A,B ≥ 0
t.w. |f(x)| ≤ Adr(x0, x)+B gia k�je x ∈ X. AfoÔ h (µn) èqei omoiìmorfa oloklhr¸simh
r-ost  rop , h |f | eÐnai omoiìmorfa oloklhr¸simh sto (µn). 'Etsi apì to l mma 6.4.1 (b)
èpetai ìti ∫

X

fdµn −→
∫

X

fdµ.

To ìti (g)=⇒(b) èpetai apì thn 6.4.1 (g), kai to ìti (a)=⇒(d) eÐnai profanèc. Telei¸noume
thn apìdeixh deÐqnontac ìti(d)=⇒(g). Apì to je¸rhma portmanteau kai to ìti h µk −→ µ

asjen¸c sunep�getai ìti
∫

X

dr(x, x0)dµ(x) ≤ lim inf
n→∞

∫

X

dr(x, x0)dµn(x),

kai sunep¸c h (6.20) eÐnai isodÔnamh me thn (6.21), ìpwc jèlame. ¤
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Ston PrX up�rqei o antÐstoiqoc qarakthrismìc thc kleist c kurt c j khc enìc
sunìlou A ⊆ PrX me autìn ston PX.

Prìtash 6.4.2 'Estw (X, d) metrikìc q¸roc, 1 ≤ r < ∞, A ⊆ PrX kai µ ∈ PrX.
Tìte

µ ∈ co(A)
r ⇐⇒

∫

X

fdµ ≤ sup
ν∈A

∫

X

fdν, ∀ f ∈ BrC(X),

ìpou co(A)
r
eÐnai h kleist  j kh tou co(A) ston PrX (wc proc thn r-ost  topologÐa tou

Wasserstein).

Apìdeixh Katarq�c parathroÔme ìti afoÔ to PrX eÐnai grammik� kurtì kai A ⊆ PrX,
èqoume ìti co(A) ⊆ PrX. EpÐshc, an co(A)

∗
eÐnai h kleist  j kh tou co(A) ston

(BrC(X)], w∗), tìte
co(A)

r
= PrX ∩ co(A)

∗
,

afoÔ apì thn parat rhsh 8, h r-ost  topologÐa ston PrX tautÐzetai me thn topologÐa
pou èqei mèsw thc ènjeshc Ir : (PrX,wr) ↪→ (BrC(X)], w∗). Sunep¸c, µ ∈ co(A)

r
ann

µ ∈ co(A)
∗
, afoÔ µ ∈ PrX. 'Omwc o (BrC(X)], w∗) eÐnai topik� kurtìc q¸roc, me duikì

ton (BrC(X)], w∗)∗ = BrC(X), kai �ra µ ∈ co(A)
∗
ann

∫

X

fdµ ≤ sup
G∈co(A)

∗
G(f),

gia k�je f ∈ BrC(X). ArkeÐ, loipìn, na apodeÐxoume ìti gia k�je f ∈ BrC(X), èqoume

sup
G∈co(A)

∗
G(f) = sup

ν∈A

∫

X

fdν.

Apì th grammikìthta tou
∫

fdν wc proc to ν èqoume ìti

sup
ν∈co(A)

∫

X

fdν = sup
ν∈A

∫

X

fdν,

gia k�je f ∈ BrC(X), kai sunep¸c arkeÐ na apodeÐxoume ìti gia k�je f ∈ BrC(X),
èqoume ìti

sup
G∈co(A)

∗
G(f) ≤ sup

ν∈co(A)

∫

X

fdν.

'Estw f ∈ BrC(X) kai ε > 0. Epilègoume F ∈ co(A)
∗ ⊆ (BrC(X)], w∗) t.w.

sup
G∈co(A)

∗
G(f) ≤ F (f) + ε.

Tì sÔnolo U :=
{
G ∈ BrC(X)]

∣∣ |G(f) − F (f)| < ε
}

eÐnai upobasik  perioq  tou
F ∈ co(A)

∗
ston (BrC(X)], w∗) kai, sunep¸c, up�rqei ν ∈ co(A) ∩ U ⊆ PrX. Tìte,

sup
G∈co(A)

∗
G(f) ≤ F (f) + ε ≤

∫

X

fdν + 2ε ≤ sup
ν∈co(A)

∫

X

fdν + 2ε,

ìpwc jèlame. ¤
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Parat rhsh

16. 'Opwc kai sthn perÐptwsh thc asjenoÔc topologÐac, blèpoume ìti to sÔnolo

K :=

{
1
n

n∑

i=1

δxi

∣∣∣ xi ∈ X, n ∈ N
}

eÐnai puknì stonPrX (wc proc thn r-osth topologÐa tou Wasserstein) kai ìti o (PrX,wr)
eÐnai diaqwrÐsimoc ann o X eÐnai diaqwrÐsimoc.

O orismìc twn q¸rwn Br(X), 0 ≤ r ≤ ∞ èqei thn akìloujh genÐkeush.

Orismìc 6.4.5 'Estw X, Y metrikoÐ q¸roi kai èstw 0 ≤ s, r ≤ ∞. Jètoume

Bs
r(X;Y ) :=

⋂

µ∈PrX

Ls(µ; Y ),

ìpou stouc q¸rouc Ls(µ; Y ), den tautÐzoume µ-σ.p. sunart seic.
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Kef�laio 7

To Prìblhma Bèltisthc
Metafor�c M�zac

7.1 DiatÔpwsh tou Probl matoc
Bèltisthc Metafor�c M�zac

'Estw ìti mac èqei anatejeÐ to kaj kon na metafèroume èna (peperasmèno) swrì sit�ri
se mÐa apoj kh. Upojètoume ìti h posìthta tou starioÔ gemÐzei pl rwc thn apoj kh.
H metafor� aut  apaiteÐ k�poio kìstoc, kai fusiologik� jèloume na pragmatopoi soume
aut  th metafor� me to el�qisto dunatì kìstoc.

MporoÔme na montelopoi soume to swrì thc �mmou wc q¸ro mètrou (X,M, µ) kai
thn apoj kh wc èna q¸ro mètrou (Y,N , ν). AfoÔ o swrìc gemÐzei pl rwc thn apoj kh,
mporoÔme na upojèsoume ìti µ(X) = ν(Y ). 'Etsi, mporoÔme na upojèsoume ìti ta µ, ν

eÐnai mètra pijanìthtac. MporoÔme na montelopoi soume to kìstoc metafor�c tou swroÔ
sthn apoj kh me mÐa metr simh sun�rthsh c : X × Y −→ [0,∞], thn opoÐa ja lème
sun�rthsh kìstouc, jewr¸ntac ìti to c(x, y) parist� to kìstoc metafor�c mÐac mon�dac
m�zac apì th jèsh x tou swroÔ sth jèsh y thc apoj khc. Dedomènhc thc sun�rthshc
kìstouc, se k�je trìpo metafor�c π tou swroÔ sthn apoj kh, ton opoÐo ja lème sqè-
dio metafor�c apì to µ sto ν, antistoiqeÐ to olikì kìstoc Tc(π) pragmatopoi shc thc
metafor�c me b�sh to sqèdio π. Zht�me, dedomènhc thc sun�rthshc kìstouc c, na ela-
qistopoi soume to kìstoc Tc(π), p�nw apì ìla ta dunat� sqèdia metafor�c.

Fusik�, prin katapiastoÔme me autì to prìblhma elaqistopoi shc, prèpei na d¸soume
majhmatikì perieqìmeno sthn ènnoia sqèdio metafor�c. 'Enac trìpoc na montelopoi -
soume ta sqèdia metafor�c eÐnai wc metr simec sunart seic T : X → Y , ermhneÔontac
thn isìthtac y = T (x) wc: ìlh h m�za starioÔ pou brÐsketai sto x, metafèretai sto
y. Fusik� gia na parist� mÐa metr simh apeikìnish T èna sqèdio metafor�c, prèpei h
qwrhtikìthta ν(B) k�je perioq c B ∈ N thc apoj khc, na isoÔtai me to sunolikì posì
starioÔ µ(T−1(B)) pou metafèretai sto B. 'Etsi, mèsw thc ènnoiac tou mètrou-eikìna
dÐnoume ton akìloujo orismì.
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Orismìc 7.1.1 'Estw (X,M, µ), (Y,N , ν) q¸roi pijanìthtac. MÐa apeikìnish metafor�c
apì to µ sto ν eÐnai mÐa metr simh apeikìnish T : X → Y t.w. T∗µ = ν. To sÔnolo ìlwn
twn apeikonÐsewn metafor�c apì to µ to ν sumbolÐzetai me T (µ, ν).

UpenjumÐzoume ìti an h f : Y → R eÐnai metr simh sun�rthsh, tìte to olokl rwma
thc f wc proc to T∗µ orÐzetai ann to

∫
X

f ◦ Tdµ orÐzetai, kai s� aut  thn perÐptwsh,
∫

Y

fd T∗µ =
∫

X

f ◦ Tdµ.

To sunolikì kìstoc metafor�c tou µ sto ν, me b�sh to sqèdio metafor�c pou parist� h
apeikìnish metafor�c T , eÐnai

Ic(µ, ν; T ) =
∫

X

c
(
x, Tx)dµ(x) =

∫

X×Y

c d (IdX , T )∗µ,

ìpou (IdX , T ) : X −→ X×Y eÐnai h diag¸nia apeikìnish x 7→ (x, Tx). Ja mporoÔsame na
diatup¸soume, loipìn, to prìblhma bèltisthc metafor�c wc ex c: na brejoÔn ta shmeÐa
elaqÐstou tou sunarthsiakoÔ Ic(µ, ν, ·) pou orÐzetai sto T (µ, ν) kai na upologisteÐ to

Ic(µ, ν) := inf{Ic(µ, ν; T )|T ∈ T (µ, ν)}. (7.1)

MÐa apeikìnish metafor�c gia thn opoÐa pi�netai to infimum sthn (7.1), ja lègetai
bèltisth apeikìnish metafor�c. SumbolÐzoume me Tc(µ, ν) to sÔnolo ìlwn twn apeikonÐ-
sewn bèltisthc metafor�c apì to µ sto ν.

To 1781, kairì prin oristeÐ h ènnoia tou mètrou, o Caspar Monge diatÔpwse kai monte-
lopoÐhse to prìblhma bèltisthc metafor�c ìpwc parap�nw, qrhsimopoi¸ntac puknìthtec
pijanìthtac ston Rn antÐ genik¸n mètrwn, me sun�rthsh kìstouc c(x, y) thn eukleÐdia
apìstash |x − y| ston Rn kai diatÔpwse thn eikasÐa ìti up�rqei bèltisth apeikìnish
metafor�c. H pr¸th swst  apìdeixh thc eikasÐac tou Monge dìjhke to 1999 apì touc
Gangbo kai Evans sthn perÐptwsh pou oi puknìthtec pijanìthtac µ, ν èqoun pepera-
smènh pr¸th kentrik  rop . An exet�soume th genikìterh perÐptwsh montelopoÐhshc tou
swroÔ kai thc apoj khc apì mètra, ektìc apì to ìti h kurtìthta thc sun�rthshc kì-
stouc c(x, y) = |x− y|, x, y ∈ Rn eÐnai ”ekfulismènh”, prokÔptei duskolÐa sto prìblhma
tou Monge kai apì th montelopoÐhsh twn sqedÐwn metafor�c wc apeikonÐseic metafor�c.
Pr�gmati kat� autì ton trìpo, to prìblhma den eÐnai kal¸c tejhmèno, afoÔ akìmh kai
se aplèc peript¸seic den up�rqei bèltisth apeikìnish metafor�c. P.q. èstw µ = δx

kai ν = 1
2 (δy1 + δy2), ìpou ta y1, y2 ∈ Y eÐnai diaforetik� shmeÐa. Tìte den up�rqoun

apeikonÐseic metafor�c apì to µ sto ν, afoÔ den mporoÔme na metafèroume to µ sto ν

an den moir�soume th m�za pou brÐsketai sto x stic topojesÐec y1 kai y2.
GÔrw sto 1940, mèsw thc ènnoiac twn mètrwn, o Kantorovich genÐkeuse thn ènnoia

tou sqedÐou metafor�c, ètsi ¸ste na eÐnai dunatì na moir�zetai h m�za pou brÐsketai sth
jèsh x ston Y , wc ex c. To p¸c katanèmetai h m�za pou brÐsketai sto x ∈ X ston Y ,
mporeÐ na perigrafeÐ apì èna mètro πx sthn N . MporoÔme, loipìn, na montelopoi soume
èna genikeumèno sqèdio metafor�c wc mÐa oikogèneia π = {πx}x∈X mètrwn pijanìthtac
πx sthn N , ìpou k�je πx perigr�fei to pwc katanèmetai ston Y mÐa mon�da m�zac sto
x kat� th diadikasÐa thc metafor�c. Parathr ste ìti h sunolik  m�za pou paÐrnetai apì
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thn perioq  A ∈M tou swroÔ, eÐnai
∫

A

πx(Y )dµ(x) =
∫

X

(∫

Y

1A×Y (x, y)dπx(y)
)

dµ(x) (7.2)

kai isoÔtai me th m�za µ(A) pou  tan sto A. Epiplèon, an prìkeitai to π na parist�
k�poio ulopoi simo sqèdio metafor�c, ja prèpei h sunolik  m�za

∫

X

πx(B)dµ(x) =
∫

X

(∫

Y

1X×B(x, y)dπx(y)
)

dµ(x)

pou metafèretai sto B ∈ N na isoÔtai me th qwrhtikìthta ν(B) thc perioq c B. Gia na
gr�youme (7.2), prèpei h oikogèneia π = {πx}x∈X na eÐnai t.w. h X 3 x 7→ νx(B) ∈ [0, 1]
na eÐnai µ-σ.p. orismènh metr simh sun�rthsh. K�je tètoia µ-σ.p. orismènh oikogèneia
π = {πx}x∈X , ja lègetai metr simh. MporoÔme, loipìn, na montelopoi soume ta sqèdia
metafor�c apì to µ sto ν, wc µ-σ.p. orismènec metr simec apeikonÐseic π : X −→ PY ,
sÔmfwna me ton akìloujo orismì.

Orismìc 7.1.2 'Estw (X,M, µ), (Y,N , ν) q¸roi pijanìthtac. 'Ena sq ma metafor�c
apì to µ sto ν eÐnai mÐa µ-σ.p. orismènh oikogèneia {πx}x∈X mètrwn pijanìthtac ori-
smènwn sthn N , t.w. gia k�je B ∈ N ,

ν(B) =
∫

X

πx(B)dµ(x).

Gia k�je x ∈ X, h posìthta
∫

Y
c(x, y)dπx(y) parist� to kìstoc metafor�c thc m�zac

sto x ston Y . SÔmfwna me to akìloujo l mma, h metrhsimìthta thc oikogèneiac {πx}x∈X

mac exasfalÐzei ìti h apeikìnish X 3 x 7−→ ∫
f(x, y)dπx(y) ∈ [0,∞] eÐnai µ-σ.p. orismènh

metr simh sun�rthsh, gia k�je metr simh sun�rthsh f : X × Y −→ [0,∞] kai �ra to
sunolikì kìstoc

Tc(π) =
∫

X

(∫

Y

c(x, y)dπx(y)
)

dµ(x)

thc metafor�c, me b�sh to sq ma metafor�c π = {πx}x∈X , orÐzetai kal�.

L mma 7.1.1 'Estw (X,M, µ) q¸roc mètrou, (Y,N ) metr simoc q¸roc kai èstw π =
{πx}x∈X mÐa µ-σ.p. orismènh oikogèneia mètrwn sthn N . Ta akìlouja eÐnai isodÔnama.

(a) H X 3 x 7−→ πx(B) ∈ [0, 1] eÐnai µ-σ.p. orismènh metr simh sun�rthsh, gia k�je
B ∈ N .

(b) H X 3 x
L7−→ ∫

f(x, y)dπx(y) ∈ [0,∞] eÐnai µ-σ.p. orismènh metr simh sun�rthsh,
gia k�je M ⊗N -metr simh sun�rthsh f : X × Y → [0,∞].

(g) H X 3 x
L7−→ ∫

f(x, y)dπx(y) ∈ R eÐnai µ-σ.p. orismènh metr simh sun�rthsh, gia
k�je M ⊗N -metr simh kai fragmènh apeikìnish f : X × Y → R.

Apìdeixh H sunepagwg  (g)=⇒(a) eÐnai profan c.
(a)=⇒(b) ApodeiknÔoume pr¸ta ton isqurismì sthn perÐptwsh ìpou h f = 1E eÐnai h
deÐktria k�poiou sunìlou E ∈ M⊗N . Gia to skopì autì, jètoume ξ th sullog  ìlwn
twn metr simwn uposunìlwn E tou X×Y gia ta opoÐa h X 3 x 7→ ∫

1E(x, y)dπx(y) ∈ R̄
eÐnai µ-σ.p. orismènh metr simh sun�rthsh. Profan¸c h ξ èqei tic akìloujec idiìthtec.
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(1) Perièqei th sullog  E ìlwn twn sunìlwn thc morf c A × B, ìpou A ∈ M kai
B ∈ N , afoÔ T1A×B = 1AT1X×B , µ-σ.p., h opoÐa eÐnai metr simh wc ginìmeno
metr simwn sunart sewn.

(2) EÐnai kleist  wc proc sumplhr¸mata, afoÔ L1Ec = 1− L1E , gia k�je E ∈ ξ kai

(3) EÐnai kleist  wc proc peperasmènec xènec en¸, afoÔ L1Fn
i=1 Ei

=
∑n

i=1 L1Ei
, gia

k�je Ei ∈ ξ.

H sullog  E , eÐnai stoiqei¸dhc oikogèneia kai �ra h sullog  A ìlwn twn peperasmènwn
xènwn en¸sewn stoiqeÐwn thc E eÐnai �lgebra. Apì l mma monìtonhc kl�shc, xèroume
ìti h monìtonh kl�sh ξ(A) pou par�getai apì thn A, tautÐzetai me th s-�lgebra σ(A)
pou par�getai apì thn A. 'Etsi, afoÔ apì tic idiìthtec (1) kai (3) èqoume ìti A ⊆ ξ, an
deÐxoume ìti h ξ eÐnai monìtonh kl�sh, tìte apì to l mma monìtonhc kl�shc ja èqoume
ìti

M⊗N = σ(A) = ξ(A) ⊆ ξ,

ìpwc jèloume. Apì thn idiìthta (2) thc ξ, arkeÐ na deÐxoume ìti h ξ eÐnai kleist  wc
proc arijm simec aÔxousec en¸seic. 'Estw loipìn {Ei}∞i=1 aÔxousa akoloujÐa sunìlwn
sthn ξ. Autì shmaÐnei ìti h L1Ei eÐnai metr simh gia k�je i ∈ N. Prèpei na deÐxoume
ìti E :=

⋃∞
i=1 Ei ∈ ξ. AfoÔ {Ei} eÐnai aÔxousa, 1Ei 1 1E kat� shmeÐo. 'Etsi, apì to

je¸rhma monìtonhc sÔgklishc, èqoume ìti

L1E(x) =
∫

Y

1E(x, y)dπx(y) = lim
i→∞

∫

Y

1Ei(x, y)dπx(y) = lim
i→∞

L1Ei(x),

µ-sqedìn gia k�je x ∈ X. Sunep¸c h L1E eÐnai µ-σ.p. orismènh metr simh sun�rthsh
wc kat� shmeÐo ìrio metr simwn sunart sewn kai, ètsi, o isqurismìc isqÔei gia deÐktriec
sunart seic. O isqurismìc profan¸c isqÔei kai gia aplèc sunart seic kai apì to je¸rhma
monìtonhc sÔgklishc èpetai ìti isqÔei gia jetikèc sunart seic f : X × Y −→ [0,∞].
(b)=⇒(g) 'Epetai apì th grammikìthta thc L, afoÔ mporoÔme na ekfr�soume thn f wc
to �jroisma tou jetikoÔ kai tou arnhtikoÔ thc mèrouc. ¤

H ènnoia tou sq matoc metafor�c, genikeÔei thn ènnoia thc apeikìnishc metafor�c.
Pr�gmati, k�je apeikìnish metafor�c T : X −→ Y mporeÐ na tautisteÐ me to sq ma
metafor�c πT = {δTx}x∈X , kai aut  h taÔtish eÐnai 1-1, an h N diaqwrÐzei to shmeÐa tou
Y (mÐa sunj kh pou isqÔei stic perissìterec endiafèrousec peript¸seic) kai diathreÐ ta
kìstoc, afoÔ,

Tc(πT ) =
∫

X

(∫

Y

c(x, y)dδTx(y)
)

dµ(x) =
∫

X

c(x, Tx)dµ(x) = Tc(T ).

Parathr ste ìti to sÔnolo Γ(µ, ν) pou apoteleÐtai apì ìla ta sq mata metafor�c pou
apeikonÐzoun to µ sto ν eÐnai p�ntote mh-kenì, afoÔ perièqei to sqèdio metafor�c π =
{πx}x∈X me tÔpo πx = ν gia k�je x ∈ X. Autì to sqèdio metafor�c katanèmei th
mon�da m�zac sto x ∈ X se ìlon to q¸ro Y an�logik� me th qwrhtikìthta ν. O
Kantorovich diatÔpwse to prìblhma bèltisthc metafor�c wc ex c: na elaqistopoihjeÐ to
sunarthsoeidèc

I(π) =
∫

X

(∫

Y

c(x, y)dπx(y)
)

dµ(x),
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p�nw apì ìla ta sq mata metafor�c π = {πx}x∈X . Sthn orologÐa tou logismoÔ metabo-
l¸n, to prìblhma tou Kantorovich eÐnai qal�rwsh tou probl matoc tou Monge afoÔ
epekteÐnoume thn kl�sh twn antikeimènwn p�nw apì ta opoÐa paÐrnoume to infimum, apì
to sÔnolo T (µ, ν) twn apeikonÐsewn metafor�c apì to µ to ν, sto sÔnolo Γ(µ, ν) twn
sqhm�twn metafor�c.

'Ewc t¸ra, èqoume montelopoi sei to swrì st�ri kai thn apoj kh se diaforetikoÔc
q¸rouc pijanìthtac. Wstìso, stic perissìterec praktikèc peript¸seic, o swrìc kai
h apoj kh montelopoioÔntai wc mètra pijanìthtac ston Ðdio metr simo q¸ro. M�lista,
ìpwc ja doume sth sunèqeia, akìmh kai apì kajar� majhmatik  �poyh, mÐa tètoia epiplèon
upìjesh den periorÐzei th genikìthta. 'Estw (X,M, µ), (Y,N , ν) q¸roi mètrou kai c :
X × Y −→ [0,∞] metr simh apeikìnish kìstouc. To prìblhma tou Kantorovich gia
thn tri�da (c, µ, ν) eÐnai isodÔnamo (me thn ènnoia pou ja faneÐ) me to prìblhma tou
Wasserstein gia k�poia tri�da (c̄, µ̄, ν̄), ìpou ta mètra µ̄, ν̄ orÐzontai ston Ðdio metr simo
q¸ro Z kai h c̄ : Z × Z −→ [0,∞] eÐnai metr simh. MÐa tètoia tri�da kataskeu�zetai
sto metr simo q¸ro Z := X × Y wc ex c. Epilègoume x0 ∈ X, y0 ∈ Y kai jewroÔme tic
enjèseic

iy0 : X ↪→ X × Y, ix0 : Y ↪→ X × Y

x 7→ (x, y0) y 7→ (x0, y)

EpÐshc, jètoume p1 : X × Y −→ X, p2 : X × Y −→ Y tic fusikèc probolèc. Profan¸c
p1 ◦ iy0 = idX kai p2 ◦ ix0 = idY . 'Epeita jètoume µ̄ := iy0∗ µ, ν̄ := ix0∗ ν kai orÐzoume th
sun�rthsh kìstouc c̄ : Z × Z −→ [0,∞] apì ton tÔpo

c̄
(
(x1, y1), (x2, y2)

)
= c(x1, y2).

ParathroÔme ìti c̄ = c◦(p1×p2). To sÔnolo Γ(µ, ν) ìlwn twn sqhm�twn metafor�c apì to
µ sto ν emfuteÔetai sto Γ(iy0∗ µ, ix0∗ ν) mèsw thc apeikìnishc Ψ : Γ(µ, ν) ↪→ Γ(iy0∗ µ, ix0∗ ν)
me tÔpo

Ψ(π) = ix0∗ ◦ π ◦ p1.

Katarq�c parathroÔme ìti h Ψ(π) eÐnai pr�gmati sq ma metafor�c apì to iy0∗ µ sto ix0∗ ν

afoÔ gia k�je E ∈M⊗N èqoume ìti

ix0∗ ν(E) = ν
(
(ix0)−1(E)

)
=

∫

X

πx

(
(ix0)−1(E)

)
dµ(x) =

=
∫

X

ix0∗ πx(E)dµ(x) =
∫

X

Ψ(π)(x,y0)(E)dµ(x) =

=
∫

Z

Ψ(π)(x,y)(E)d(iy0∗ µ)(x, y)

kai ìti h Φ : Γ(iy0∗ µ, ix0∗ ν) −→ Γ(µ, ν) me tÔpo

Φ(Π) = p2
∗ ◦Π ◦ iy0

eÐnai arister  antÐstrofh thc Ψ. Ta probl mata tou Kantorovich gia tic tri�dec (c, µ, ν)
kai (c̄, µ̄, ν̄) eÐnai isodÔnama me thn ènnoia ìti Ic(µ, ν) = Ic̄(i

y0∗ µ, ix0∗ ν) kai mporoÔme na epa-
nakt soume ta sÔnola Γc(µ, ν) kai Tc(µ, ν) apì ta sÔnola Γc̄(i

y0∗ µ, ix0∗ ν) kai Tc̄(i
y0∗ µ, ix0∗ ν)
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antÐstoiqa. Ja deÐxoume pr¸ta ìti Ic(µ, ν) = Ic̄(i
y0∗ µ, ix0∗ ν). Ja qrhsimopoi soume tic

akìloujec isìthtec:

Ic(µ, ν; π) = Ic̄(iy0∗ µ, ix0∗ ν; Ψ(π)) (7.3)

gia k�je sq ma metafor�c π ∈ Γ(µ, ν), kai

Ic̄(iy0∗ µ, ix0∗ ν; Π) = Ic(µ, ν; Φ(Π)) (7.4)

gia k�je sq ma metafor�c Π ∈ Γ(iy0∗ µ, ix0∗ ν). Gia thn apìdeixh thc (7.3), parathroÔme ìti

Ic̄(iy0∗ µ, ix0∗ ν; Ψ(π)) =
∫

Z

∫

Z

c̄(z, w)dΨ(π)z(w)diy0∗ µ(z)

=
∫

Z

∫

Z

c̄(z, w)dix0∗ πz1(w)diy0∗ µ(w)

=
∫

X

∫

Y

c̄
(
(z1, y0), (x0, w2)

)
dπz1(w2)dµ(z1)

=
∫

X

∫

Y

c(z1, w2)dπz1(w2)dµ(z1) = Ic(µ, ν;π)

Gia thn apìdeixh thc (7.4) parathroÔme ìti

Ic (µ, ν; Φ(Π)) =
∫

X

∫

Y

c(x, y)dΦ(Π)x(y)dµ(x)

=
∫

X

∫

Y

c(x, y)dp2
∗Π(x,y0)(y)dµ(x)

=
∫

Z

∫

Z

c(p1(x, y0), p2(x0, y))dΠ(x,y0)(x0, y)diy0∗ µ(x, y0)

=
∫

Z

∫

Z

c̄(z, w)dΠz(w)diy0∗ µ(z) = Ic̄ (iy0∗ µ, ix0∗ ν; Π)

Qrhsimopoi¸ntac t¸ra thn (7.4), paÐrnoume ìti

Ic(µ, ν) = inf
{Ic(µ, ν;π)

∣∣π ∈ Γ(µ, ν)

= inf
{
Ic̄

(
iy0∗ µ, ix0∗ ν; Φ(π)

)∣∣∣π ∈ Γ(µ, ν)
}

(?)
= inf

{
Ic̄

(
iy0∗ µ, ix0∗ ν; Π

)∣∣∣Π ∈ Γ(iy0∗ µ, ix0∗ ν)
}

= Ic̄(iy0∗ µ, ix0∗ ν)

ìpou h isìthta (?) isqÔei epeid  h Φ eÐnai epÐ.
Tèloc deÐqnoume ìti mporoÔme na anakt soume ta sÔnola Γc(µ, ν) kai Tc(µ, ν), qrhsi-

mopoi¸ntac th Φ, dhlad  ìti h Φ|Γc̄(i
y0∗ µ,i

x0∗ ν) : Γc̄(i
y0∗ µ, ix0∗ ν) −→ Γc(µ, ν) eÐnai epÐ. Pro-

fan¸c, an h Π ∈ Γ(iy0∗ µ, ix0∗ ν) eÐnai c̄-bèltisth, tìte

Ic(µ, ν; Φ(Π)) = Ic̄(iy0∗ µ, ix0∗ ν, Π) = Ic̄(iy0∗ µ, ix0∗ ν) = Ic(µ, ν),

dhlad  to Φ(Π) eÐnai c-bèltisto, dhlad  Φ(Γc̄(i
y0∗ µ, ix0∗ ν)) ⊆ Γc(µ, ν). Apì thn �llh,

sundu�zontac tic (7.3) kai (7.4), blèpoume ìti

Ic̄(iy0∗ µ, ix0∗ ν; Π) = Ic̄(iy0∗ µ, ix0∗ ν; Ψ ◦ Φ(Π))
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kai �ra an π ∈ Γc(µ, ν), tìte k�je Π ∈ Φ−1{π} 6= ∅ prèpei na eÐnai upoqrewtik� c̄-
bèltisto, afoÔ

Ic̄(iy0∗ µ, ix0∗ ν; Π) = Ic̄(iy0∗ µ, ix0∗ ν; Ψ ◦ Φ(Π)) = Ic̄

(
iy0∗ µ, ix0∗ ν; Ψ(π)

)

= Ic(µ, ν, π) = Ic(µ, ν) = Ic̄(iy0∗ µ, ix0∗ ν),

dhlad  Γc(µ, ν) ⊆ Φ(Γc̄(i
y0∗ µ, ix0∗ ν)). Epiplèon, oi apeikonÐseic Ψ, Φ apeikonÐzoun apeikonÐ-

seic metafor�c se apeikonÐseic metafor�c, mèsw thc emfÔteushc Tc(µ, ν) 3 T 7→ πT ∈
Γ(µ, ν), kai �ra Tc(µ, ν) = Φ(Tc̄(i

y0∗ µ, ix0∗ ν)).

Oi pio endiafèrousec peript¸seic, kai gia praktikoÔc kai gia jewrhtikoÔc skopoÔc,
prokÔptoun ìtan o metr simoc q¸roc X p�nw ston opoÐo orÐzontai ta mètra pou paristoÔn
to swrì kai thn apoj kh, èqei k�poia epiplèon dom , p.q. topologik , metrik    diaforik .
Sthn perÐptwsh pou ta µ, ν orÐzontai sthn Borel s-�lgebra enìc metrikoÔ q¸rou (X, d),
idiaÐtero endiafèron parousi�zoun sunart seic kìstouc thc morf c

X ×X 3 (x, y) 7→ c
(
d(x, y)

) ∈ [0,∞],

ìpou c : [0,∞] −→ [0,∞] eÐnai k�poia koÐlh   kurt  sun�rthsh, ìpwc h | · |p, 0 < p < ∞.
Ja asqolhjoÔme kurÐwc me tètoiec sunart seic kìstouc.

Orismìc 7.1.3 'Estw (X,M, µ) q¸roc pijanìthtac, (Y,N ) metr simoc q¸roc kai
{πx}x∈X ⊆ PY mÐa µ-σ.p. orismènh metr simh oikogèneia. To olokl rwma ν ∈ PY

thc {πx}x∈X wc proc to µ eÐnai to mètro me tÔpo,

ν(F ) =
∫

X

πx(F )dµ(x). (7.5)

Sun jwc ja to sumbolÐzoume ν =
∫

X
πxdµ(x).

L mma 7.1.2 'Estw (X,M, µ) q¸roc pijanìthtac, (Y,N ) ènac metr simoc q¸roc kai
{πx}x∈X ⊆ PY mÐa µ-σ.p. orismènh oikogèneia.

(a) To olokl rwma ν thc {πx}x∈X wc proc to µ eÐnai pr�gmati mètro, h {πx}x∈X eÐnai
sq ma metafor�c apì to µ sto ν kai qarakthrÐzetai apì thn isqÔ thc

∫

Y

f(y)dν(y) =
∫

X

∫

Y

f(y)dπx(y)dµ(x), (7.6)

gia k�je f ∈ B(Y ).

(b) Gia k�je sq ma metrafor�c π : X −→ PY apì to µ ∈ PX sto ν ∈ PY , o tÔpoc

π̃(E) =
∫

X

∫

Y

1E(x, y)dπx(y)dµ(x), E ∈M⊗N ,

orÐzei èna mètro π̃ ∈ P(X × Y ) t.w.
∫

X×Y

fdπ̃ =
∫

X

∫

Y

f(x, y)dπx(y)dµ(x), (7.7)
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gia k�je f ∈ B(X × Y ), kai

π̃(A× Y ) = µ(A), π̃(X ×B) = ν(B), (7.8)

gia k�je A ∈M kai k�je B ∈ N .

Apìdeixh(a) To ìti h (7.5) orÐzei pr�gmati mètro kai ìti to π eÐnai sq ma metafor�c
apì to µ sto ν eÐnai profanèc. Ja apodeÐxoume thn (7.6). Apì ton orismì tou ν, h (7.6)
isqÔei gia aplèc sunart seic f ∈ B(X). Gr�fontac k�je f ∈ B(X) wc to �jroisma
tou jetikoÔ kai tou arnhtikoÔ thc mèrouc, blèpoume ìti arkeÐ na apodeÐxoume thn (7.6)
gia jetikèc metr simec sunart seic f : X −→ [0,∞). 'Estw f mÐa tètoia sun�rthsh kai
èstw (fn) mÐa akoloujÐa apl¸n sunart sewn pou aux�nei kat� shmeÐo sthn f . Apì to
je¸rhma monìtonhc sÔgklishc, èpetai ìti h sun�rthsh X 3 x 7→ ∫

Y
fndπx aux�nei kat�

shmeÐo sth sun�rthsh X 3 x 7→ ∫
Y

fdπx. Sunep¸c, mÐa akìmh efarmog  tou jewr matoc
monìtonhc sÔgklishc mac dÐnei ìti

∫

Y

fdν = lim
n→∞

∫

Y

fndν = lim
n→∞

∫

X

∫

Y

fn(y)dπx(y)dµ(x)

=
∫

X

∫

Y

f(y)dπx(y)dµ(x).

(b) DeÐqnoume pr¸ta ìti to π̃ eÐnai pr�gmati mètro. Profan¸c, π̃(∅) = 0. 'Estw E =⊔∞
i=1 Ei xènh ènwsh stoiqeÐwn thc M⊗N . Tìte 1E =

∑∞
i=1 1Ei kai �ra

π̃(E) =
∞∑

i=1

∫

X

∫

Y

1Ei(x, y)dπx(y)dµ(x) =
∞∑

i=1

π̃(E).

To ìti to π̃ ikanopoieÐ thn (7.7) apodeiknÔetai ìpwc to (a) kai h (7.8) èpetai apì to ìti to π

metafèrei to µ sto ν. ¤

Par�deigma

1. 'Estw T : (X,µ) −→ Y metr simh apeikìnish kai δ : Y −→ PY h ènjesh tou Dirac.
Tìte ∫

X

(δ ◦ T )(x)dµ(x) = T∗µ, δ̃ ◦ T = (IdX , T )∗µ.

Apìdeixh. Ja elègxoume mìno th deÔterh isìthta. 'Estw E ⊆ X × Y Borel sÔnolo.
Tìte,

δ̃ ◦ T (E) =
∫

X

∫

Y

1E(x, y)dδT (x)(y)dµ(x)

=
∫

X

1E(x, Tx)dµ(x) = (IdX , T )∗µ(E).

Teqnik�, eÐnai bolikìtero na kwdikopoi soume ìlh thn plhroforÐa enìc sq matoc
metafor�c {πx}x∈X ∈ Γ(µ, ν) apì to µ sto ν, sto mètro pijanìthtac π̃ ∈ P(X ×Y ) tou
l mmatoc 7.1.2 (b). OdhgoÔmaste ètsi ston akìloujo orismì.
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Orismìc 7.1.4 'Estw (X,M, µ), (Y,N , ν) q¸roi pijanìthtac. 'Ena sqèdio metafor�c
apì to µ sto ν, eÐnai èna mètro pijanìthtac π ∈ P(X × Y ) t.w.

π(A× Y ) = µ(A), π(X ×B) = ν(B), (7.9)

gia k�je A ∈M kai k�je B ∈ N . To sÔnolo ìlwn twn sqedÐwn metafor�c apì to µ sto
ν ja sumbolÐzetai me Π(µ, ν).

Genikìtera, èstw (Xi,Mi, µi), i = 1, . . . , n, n ∈ N metr simoi q¸roi kai π ∈ P(X1×
. . .×Xn). Ta mètra pi

∗π, i = 1, . . . , n, ìpou pi : X1 × . . .×Xn −→ Xi eÐnai oi probolèc,
lègontai oi perij¸riec katanomèc tou π. 'Ena mètro π ∈ P(X1 × . . . × Xn) ja lègetai
pollaplì sqèdio me perij¸riec katanomèc µi an pi

∗π = µi gia k�je i = 1, . . . , n. To
sÔnolo ìlwn twn pollapl¸n sqedÐwn me perij¸riec katanomèc µ1, . . . , µn sumbolÐzetai
me Π(µ1, . . . , µn).

Mèsw thc ènnoiac twn sqedÐwn metafor�c odhgoÔmaste se mÐa peraitèrw qal�rwsh
tou probl matoc bèltisthc metafor�c. 'Estw (X,M, µ), (Y,N , ν) q¸roi pijanìthtac
kai c : X × Y −→ [0,∞] sun�rthsh kìstouc. Na elaqistopoihjeÐ to sunarthsoeidèc
I(µ, ν; ·) : Π(µ, ν) −→ [0,∞], me tÔpo

Ic(µ, ν; π) =
∫

X×Y

cdπ.

Fusik�, h posìthta Ic(µ, ν; π) parist� to sunolikì kìstoc kat� th metafor� me b�sh to
sqèdio metafor�c π. To sÔnolo ìlwn twn c-bèltistwn sqedÐwn metafor�c ja sumbolÐze-
tai me Πc(µ, ν).

Parathr seic

1. 'Opwc ja doÔme sthn pr¸th par�grafo tou epìmenou kefalaÐou, an ta µ, ν eÐnai
sfikt� mètra se (pl reic) metrikoÔc q¸rouc, tìte k�je sqèdio metafor�c parist�netai
monos manta apì k�poio µ-σ.p. orismèno sq ma metafor�c. 'Etsi, se aut  thn perÐptwsh,
oi diatup¸seic tou probl matoc bèltisthc metafor�c me sq mata kai sqèdia metafor�c
eÐnai isodÔnamec.

2. Oi sunj kec (7.9) eÐnai isodÔnamec me k�je mÐa apì tic akìloujec:

(a) p1
∗π = µ kai p2

∗π = ν, ìpou p1 : X × Y −→ X, p2X × Y −→ Y eÐnai oi probolèc.

(b) Gia k�je fragmènec kai metr simec sunart seic φ : X −→ R, ψ : Y −→ R,
∫

X×Y

(
φ(x) + ψ(y)

)
dπ(x, y) =

∫

X

φ(x)dµ(x) +
∫

Y

φ(x)dν(x)

Epiplèon, sthn perÐptwsh ìpou oi X, Y eÐnai metrikoÐ q¸roi kai ta µ, ν Borel mètra stouc
X, Y antÐstoiqa, tìte oi parap�nw isodunamÐec paramènoun alhjeÐc kai an apait soume
apì tic sunart seic dokim c φ, ψ tou (b) na an koun sto sÔnolo ìlwn twn fragmènwn
kai suneq¸n sunart sewn φ : X −→ R, ψ : Y −→ R.
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3. 'Estw X, Y metrikoÐ q¸roi kai µ, ν sfikt� mètra pijanìthtac stouc X, U antÐstoiqa.
Tìte, gia k�je sqèdio metafor�c π ∈ Π(µ, ν) èqoume ìti

π(suppµ× suppν) = π
(
(suppµ× Y ) ∩ (X × suppν)

)
= 1,

afoÔ apì thn (7.9), ta sÔnola suppµ × Y kai X × suppν sthrÐzoun to π. Sunep¸c,
k�je sqèdio metafor�c π ∈ Π(µ, ν) sthrÐzetai apì to sÔnolo suppµ × suppν. 'Omwc to
suppµ×suppν eÐnai diaqwrÐsimo kai kleisto afoÔ ta suppµ kai suppν eÐnai diaqwrÐsima kai
kleist� wc foreÐc sfikt¸n mètrwn kai �ra o forèac k�je sqedÐou metafor�c π ∈ Π(µ, ν)
up�rqei kai

suppπ ⊆ suppµ× suppν.

Sunep¸c, Π(µ, ν) ⊆ P(suppµ×suppν) kai �ra h asjen c topologÐa eÐnai metrikopoi simh
sto Π(µ, ν).

4. Ta sÔnola T (µ, ν) ⊆ Γ(µ, ν) ⊆ Π(µ, ν) kai Tc(µ, ν) ⊆ Γc(µ, ν) ⊆ Πc(µ, ν) eÐnai kurt�
uposÔnola tou M(X × Y ).

5. 'Estw π ∈ P(X ×Y ). An oi perij¸riec katanomèc tou èqoun peperasmènh r-ost  ken-
trik  rop , tìte π ∈ Pr(X×Y ). Eidikìtera, an µ, ν ∈ PrX, tìte Π(µ, ν) ⊆ Pr(X×Y ).
Autì èpetai eÔkola apì thn parat rhsh 2 kai thn trigwnik  anisìthta.

Mèsw thc ènnoiac twn sqedÐwn metafor�c kai thc parat rhshc 1 mporoÔme èukola na
doÔme ìti to prìblhma bèltisthc metafor�c (µ, ν, c), sth diatÔpwsh tou Kantorovich èqei
p�nta lÔsh, arkeÐ ta µ, ν na eÐnai sfikt� kai h sun�rthsh kìstouc c k�tw hmisuneq c.

Prìtash 7.1.1 'Estw µ, ν sfikt� mètra stouc metrikoÔc q¸rouc X,Y antÐstoiqa kai
èstw c : X × Y −→ [0,∞] k�tw hmisuneq c sun�rthsh. Tìte to el�qisto kìstoc
metafor�c

inf
{I(µ, ν; π)

∣∣π ∈ Π(µ, ν)
}

tou µ sto ν pi�netai gia k�poio sqèdio metafor�c π0 ∈ Π(µ, ν).

Apìdeixh H basik  parat rhsh eÐnai ìti to sÔnolo Π(µ, ν) eÐnai sumpagèc wc proc
thn asjen  topologÐa. AfoÔ ta µ, ν eÐnai sfikt�, k�je sqèdio metafor�c sto Π(µ, ν)
sthrÐzetai apì to diaqwrÐsimo sÔnolo supp(µ⊗ν) kai ètsi apì to je¸rhma tou Prokhorov
arkeÐ na deÐxoume ìti to Π(µ, ν) eÐnai sfiktì kai kleistì. 'Estw ε > 0. Afou ta µ, ν eÐnai
sfikt�, up�rqoun sumpag  sÔnola K ⊆ X, L ⊆ Y t.w.

µ(X \K) ≤ ε

2
, ν(Y \ L) ≤ ε

2
.

Tìte, gia k�je π ∈ Π(µ, ν) èqoume ìti

π
(
(X × Y ) \ (K × L)

) ≤ π
(
X × (Y \ L)

)
+ π

(
(X \K)× Y

)

= ν(Y \ L) + µ(X \K) = ε,

kai �ra to Π(µ, ν) eÐnai sfiktì. Epiplèon, to Π(µ, ν) eÐnai kleistì wc proc thn asjen 
sÔgklish, afoÔ an h (πn)∞n=1 eÐnai akoloujÐa sto Π(µ, ν) t.w. πn −→ π ∈ P(X × Y ) kai
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p1 : X × Y −→ X, p2 : X × Y −→ Y eÐnai oi probolèc, tìte

p1
∗π = p1

∗ lim
n

πn = lim
n

p1
∗πn = lim

n
µ = µ

kai omoÐwc p2
∗π = ν, dhlad  π ∈ Π(µ, ν).

Apì th sump�geia tou Π(µ, ν) up�rqei akoloujÐa (πn)∞n=1 sto Π(µ, ν), t.w. πn
n−→

π ∈ Π(µ, ν) kai I(µ, ν; πn) n−→ I(µ, ν). Tìte, apì thn k�tw hmisunèqeia thc c kai to
je¸rhma portmanteau, èqoume ìti

I(µ, ν; π) =
∫

cdπ ≤ lim inf
n

∫
cdπn = lim

n
I(µ, ν;πn) = I(µ, ν)

ìpwc zhtoÔsame. ¤

H sump�geia tou Π(µ, ν) ìtan ta µ kai ν eÐnai sfikt� eÐnai arket� qr simh. SÔmfwna
me to akìloujo krit rio, aut  h idiìthta isqÔei kai gia pollapl� sqèdia. Dhlad  to
Π(µ1, . . . , µn) eÐnai sumpagèc sthn asjen  topologÐa an ta µi eÐnai sfikt�, i = 1, . . . , n.

L mma 7.1.3 'Estw X, X2, X3, . . . , Xn metrikoÐ q¸roi kai pi : X −→ Xi suneqeÐc
apeikonÐseic t.w. h diag¸nia apeikìnish p := (p1, . . . , pn) : X −→ X1 × . . . × Xn, na
eÐnai gn sia. Tìte to K ⊆ PX eÐnai sfiktì ann to Ki := pi

∗(K) eÐnai sfiktì gia k�je
i = 1, . . . , n.

Apìdeixh EÐnai profanèc ìti an to K ⊆ PX eÐnai sfiktì, tìte kai ta Ki eÐnai sfikt�.
ApodeiknÔoume loipìn to antÐstrofo. 'Estw ε > 0. Gia k�je µ ∈ PX jètoume µi ∈ PXi

to mètro pi
∗µ. Apì thn upìjesh, gia k�je i = 1, . . . , n, up�rqei sumpagèc sÔnolo Ki ⊆ Xi

t.w.
µi(Xi \Ki) ≤ ε

n
, ∀ µ ∈ K.

Jètoume K =
∏n

i=1 Ki. Epeid  h p = (p1, . . . , pn) eÐnai gn sia, to sÔnolo p−1(K) =⋂n
i=1 Ki eÐnai sumpagèc, kai gia k�je µ ∈ K èqoume ìti

µ(X \K) ≤
n∑

i=1

µ(Xi \Ki) ≤ ε.

Autì apodeiknÔei th sfiktìthta touK. ¤

KleÐnoume aut  thn enìthta exet�zontac prosektikìtera thn kanonikopoihmènh dia-
krit  perÐptwsh tou probl matoc bèltisthc metafor�c. SÔmfwna me thn prìtash pou
akoloujeÐ, èna prìblhma bèltisthc metafor�c thc morf c (

∑n
i=1 δyi ,

∑n
i=1 δxi , c) an�getai

sto na brejeÐ mÐa bèltisth antistoÐqish twn xi me ta yi. Me �lla lìgia, èna tètoio
prìblhma bèltisthc metafor�c èqei lÔsh, akìmh kai sth diatÔpwsh tou Monge.
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Prìtash 7.1.2 'Estw n ∈ N kai èstw µ = 1
n

∑n
i=1 δxi , ν 1

n

∑n
i=1 δyi mètra pijanìthtac

stouc metr simouc q¸rouc X, Y antÐstoiqa. 'Estw c : X × Y −→ [0,∞] sun�rthsh
kìstouc. Up�rqei tìte met�jesh σ ∈ S(n) t.w.

Ic(µ, ν) =
1
n

n∑

i=1

d(xi, yσ(i)). (7.10)

Eidikìtera, an ta shmeÐa xi eÐnai diaforetik� metaxÔ touc, tìte up�rqei bèltisto sqèdio
metafor�c gia to (µ, ν, c), to opoÐo ep�getai apì k�poia apeikìnish metafor�c T : X −→ Y .

Apìdeixh K�je sqèdio metafor�c π ∈ Π(µ, ν) sthrÐzetai sto sÔnolo {(xi, yj)}n
i,j=1.

Sunep¸c h apeikìnish
Π(µ, ν) 3 π 7→ (πij)1≤i,j≤n ∈ Bn,

ìpou πij := nπ{(xi, yj)}, i, j = 1, . . . , n orÐzei mÐa amfiminos manth antistoiqÐa metaxÔ
tou sunìlou Π(µ, ν) kai tou sunìlou Bn ìlwn twn dipl� stoqastik¸n n × n prag-
matik¸n pin�kwn. Sunep¸c, to prìblhma bèltisthc metafor�c (µ, ν, c) eÐnai isodÔnamo me
to prìblhma elaqistopoÐhshc

inf





n∑

i,j=1

c(xi, yj)πij |π ∈ Bn



 .

Ja deÐxoume ìti autì to prìblhma elaqistopoÐhshc èqei el�qisto, to opoÐo pi�netai se
k�poio pÐnaka met�jeshc P ∈ Bn. Fusik�, autì sunap�getai thn (7.10), ìpou σ ∈ S(n)
eÐnai h met�jesh pou antistoiqeÐ sto i ∈ {1, . . . , n}, to deÐkth thc monadik c st lhc tou
P me mh-mhdenik  i-ost  sunist¸sa. Me th seir� tou, autì sunep�getai kai to deÔtero
isqurismì, afoÔ an ta xi eÐnai diaforetik� metaxÔ touc, h apeikìnish T : X −→ Y , pou
orÐzetai sto fore� tou µ apì ton tÔpo T (xi) = yσ(i) (oi timèc thc èxw apì to suppµ

den èqoun shmasÐa), eÐnai bèltisth apeikìnish metafor�c apì to µ sto ν. T¸ra, apì to
je¸rhma tou Birkhoff (je¸rhma 4.8 sto [1]) gnwrÐzoume ìti oi pÐnakec met�jeseic eÐnai
akrib¸c ta akraÐa shmeÐa tou Bn. 'Etsi, afoÔ autì to prìblhma elaqistopoi shc eÐnai
grammikì me sumpag  kai kurtì pedÐo orismoÔ, epidèqetai elaqistopoiht  o opoÐoc eÐnai
akraÐo shmeÐo tou pedÐou orismoÔ tou. Pr�gmati, apì to je¸rhma tou Karajeodwr  (sel.
37 sto [1]), k�je B ∈ Bn eÐnai kurtìc sunduasmìc to polÔ n2 + 1 akraÐwn shmeÐwn tou
Bn. Sunep¸c, an gr�youme k�poio shmeÐo elaqÐstou B ∈ Bn wc

B =
n∑

i=1

λiPi,

gia k�poio m ∈ N, k�poia λi ≥ 0 me
∑m

i=1 λi = 1, kai k�poia akraÐa shmeÐa Pi tou Bn,
èpetai ìti k�poio apì ta Pi prèpei na eÐnai shmeÐo elaqÐstou. ¤

7.2 Duismìc tou Kantorovich

To kÔrio antikeÐmeno aut c thc paragr�fou eÐnai na doÔme thn apìdeixh enìc shmantikoÔ
jewr matoc tou Kantorovich to opoÐo susqetÐzei to prìblhma bèltisthc metafor�c me to
kat�llhlo prìblhma megistopoÐhshc, to duikì tou. Prin diatup¸soume kai apodeÐxoume
to je¸rhma tou Kantorovich, ja diatup¸soume to en lìgw prìblhma megistopoÐhshc.
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'Estw X, Y metr simoi q¸roi kai èstw c : X × Y −→ [0,∞] sun�rthsh kìstouc. Gia
opoiesd pote sunart seic φ : X −→ R kai ψ : Y −→ R, jètoume φ⊕ ψ : X × Y −→ R
th sun�rthsh me tÔpo

φ⊕ ψ(x, y) = φ(x) + ψ(y).

'Ena zeug�ri (φ, ψ) pragmatik¸n sunart sewn, orismènec stouc X, Y antÐstoiqa, ja lège-
tai c-apodektì an φ ⊕ ψ ≤ c. 'Estw µ ∈ PX, ν ∈ PY mètra pijanìthtac. Jètoume
Φc(µ, ν) to sÔnolo ìlwn twn zeug¸n c-apodekt¸n zeug¸n (φ, ψ) ∈ L1(µ) × L1(ν) kai
orÐzoume to sunarthsoeidèc Jµ,ν : Φc(µ, ν) :−→ R, me tÔpo

Jµ,ν(φ, ψ) =
∫

X

φdµ +
∫

Y

ψdν =
∫

X×Y

φ⊕ ψdπ.

'Opwc ja doÔme, sÔmfwna me to je¸rhma tou Kantorovich, upì tic kat�llhlec proupo-
jèseic, to el�qisto kìstoc metafor�c Ic(µ, ν) tou µ sto ν, isoÔtai me

Jc(µ, ν) := sup{Jµ,ν(φ, ψ) | (φ, ψ) ∈ Φc(µ, ν)}. (7.11)

Katarq�c, eÐnai profanèc ìti h anisìthta Jc(µ, ν) ≤ Ic(µ, ν) isqÔei p�ntote, qwrÐc kamÐa
upìjesh gia ta µ, ν. Pr�gmati, gia k�je (φ, ψ) ∈ Φc(µ, ν) kai k�je sqèdio metafor�c
π ∈ Π(µ, ν) apì to µ sto ν, èqoume ìti

Jµ,ν(φ, ψ) =
∫

X×Y

φ⊕ ψdπ ≤
∫

X×Y

cdπ = Ic(µ, ν),

apì ìpou èpetai to zhtoÔmeno paÐrnontac pr¸ta infimum p�nw apì ìla ta sqèdia π ∈
Π(µ, ν) kai èpeita to supremum p�nw apì ìla ta zeÔgh (φ, ψ) ∈ Φc(µ, ν). H apìdeixh thc
antÐstrofhc anisìthtac eÐnai duskolìterh. Xekin�me me k�poia prokatarktik� stoiqeÐa:
èna genikì je¸rhma duismoÔ thc kurt c an�lushc, mÐa qr simh idiìthta tou periorismoÔ
sqedÐwn metafor�c kai thc ènnoiac twn c-koÐlwn sunart sewn.

Prìtash 7.2.1 (Duismìc Fenchel-Rockafellar) 'Estw E q¸roc me nìrma kai èstw
Θ, Ξ : E −→ (−∞,∞] dÔo kanonik�, dhlad  ìqi tautotik� Ðsa me +∞, kurt� sunarth-
soeid . 'Estw Θ∗, Ξ∗ : E∗ −→ (−∞,∞) oi metasqhmatismoÐ Legendre-Fenchel twn
Θ, Ξ antÐstoiqa, dhlad 

Θ∗(z∗) = sup
z∈E

{
z∗(z)−Θ(z)

}
, z∗ ∈ E∗.

An up�rqei z0 ∈ E t.w. h Θ na eÐnai suneq c sto z0 kai Θ(z0),Ξ(z0) < ∞, tìte

inf
z∈E

{
Θ(z) + Ξ(z)

}
= max

z∗∈E∗

{
−Θ∗(−z∗)− Ξ∗(z∗)

}
(7.12)

Apìdeixh AfoÔ Θ(z0) + Ξ(z0) < ∞, eÐnai profanèc ìti α := infE

{
Θ + Ξ

}
< ∞.

Katarq�c, parathroÔme ìti gia k�je z ∈ E,

sup
z∗∈E∗

{
−Θ∗(z∗)− Ξ∗(z∗)

}
= sup

z∗∈E∗
inf

x,y∈E

{
Θ(x) + Ξ(y) + z∗(x− y)

}
(7.13)

≤ Θ(z) + Ξ(z),
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kai �ra paÐrnontac to infimum p�nw apì ìla ta z ∈ E, blèpoume ìti h anisìthta ≥ sthn
(7.12) isqÔei. Autì pou prèpei, loipìn, na apodeÐxoume eÐnai h antÐstrofh anisìthta kai
to ìti to supremum sth dexi� pleur� thc (7.12) eÐnai maximum. Parathr ste ìti an
apodeÐxoume ìti up�rqei z∗ ∈ E∗ t.w.

Θ(x) + Ξ(y) + z∗(x− y) ≥ α, ∀x, y ∈ E, (7.14)

tìte apì thn (7.13) èpontai kai oi dÔo autoÐ isqurismoÐ. Gia na apodeÐxoume ìti up�rqei
z∗ ∈ E∗ t.w. na ikanopoieÐtai h (7.14), orÐzoume ta sÔnola

C := {(x, λ) ∈ E ⊕R |λ > Θ(x)},

K := {(y, µ) ∈ E ⊕R |µ ≤ α− Ξ(y)}.
ParathroÔme ìti C ∩K = ∅. Pr�gmati, an (x, λ) ∈ C ∩K, tìte Θ(x) < λ ≤ α − Ξ(x),
to opoÐo antif�skei me ton orismì tou α. Epiplèon, afoÔ oi sunart seic Θ kai Ξ eÐnai
kurtèc, ta C, K eÐnai kurt�. Pr�gmati to ìti to C eÐnai kurtì apodeiknÔetai ìpwc to
ìti to epigr�fhma mÐac kurt c sun�rthshc eÐnai kurtì, kai an (y, µ), (y′, µ′) ∈ K kai
0 ≤ t ≤ 1, tìte

(1− t)µ + tµ′ ≤ α− (1− t)Ξ(y)− tΞ(y′) ≤ α− Ξ
(
(1− t)y + ty′

)
,

dhlad  (1− t)(y, µ) + t(y′, µ′) ∈ K, kai �ra kai to K eÐnai kurtì. Tèloc, afoÔ h Θ eÐnai
suneq c sto z0 kai Θ(z0) < ∞, èpetai ìti (z0,Θ(z0) + 1) ∈ int(C) 6= ∅. Apì to je¸rhma
Hahn-Banach èpetai ìti up�rqei mh-mhdenikì grammikì sunarthsoeidèc ` ∈ (E⊕R)∗ t.w.

sup
(y,µ)∈K

`(y, µ) ≤ inf
(x,λ)∈C

`(x, λ). (7.15)

To grammikì sunarthsoeidèc ` ∈ (E ⊕R)∗ eÐnai upoqrewtik� thc morf c

`(x, λ) = w∗(x) + kλ, (x, λ) ∈ E ⊕R,

gia k�poio w∗ ∈ E∗ kai k�poio k ∈ R, (w∗, k) 6= (0, 0). Sunep¸c apì thn (7.15), èqoume
ìti

w∗(y) + kµ ≤ w∗(x) + kλ, (7.16)

gia k�je x, y ∈ E kai λ, µ ∈ R me λ > Θ(x) kai µ ≤ α− Ξ(y).
An apodeÐxoume ìti k > 0, tìte apì thn (7.16), èpetai ìti jètontac z∗ := 1

kw∗ èqoume
ìti

z∗(y) + µ ≤ z∗(x) + λ,

gia k�je x, y ∈ E kai k�je λ, µ ∈ R me λ > Θ(x) kai µ ≤ α − Ξ(y). Eidikìtera, autì
sunep�getai ìti

z∗(y) + α− Ξ(y) ≤ z∗(x) + λ,

gia k�je y ∈ E kai k�je (x, λ) ∈ E ⊕ R me λ > Θ(x). 'Omwc apì th sunèqeia thc
posìthtac z∗(x) + λ wc proc to λ autì sunep�getai ìti me th seir� tou ìti

z∗(y) + α− Ξ(y) ≤ z∗(x) + Θ(x),

194



gia k�je x, y ∈ E ìpwc jèloume. O anagn¸sthc mporeÐ t¸ra eÔkola na oloklhr¸sei thn
apìdeixh deÐqnontac ìti pr�gmati k > 0. ¤

MÐa qr simh idiìthta twn bèltistwn sqedÐwn metafor�c eÐnai ìti o periorismìc enìc
bèltistou sqedÐou metafor�c (se k�poio sÔnolo jetikoÔ mètrou) eÐnai bèltisto sqèdio
metaxÔ twn perij¸riwn katanom¸n tou. Autì èpetai apì to akìloujo genikìtero l mma.

L mma 7.2.1 'Estw (X, µ), (Y, ν) q¸roi pijanìthtac, c : X × Y −→ [0,∞] sun�rthsh
kìstouc kai èstw π ∈ Π(µ, ν) c-bèltisto sqèdio metafor�c tou µ sto ν. Tìte, gia k�je
mètro 0 6= π0 ∈M+(X × Y ) me π0 ≤ π, to mètro pijanìthtac

π̃0 :=
1

π0(X × Y )
· π0

eÐnai c-bèltisto sqèdio metaxÔ twn perij¸riwn katanom¸n tou.

Apìdeixh 'Estw p : X × Y −→ X, q : X × Y −→ Y oi fusikèc probolèc. Upojètoume
gia na katal xoume se �topo ìti to π̃0 den eÐnai bèltisto sqèdio metafor�c metaxÔ twn
perij¸riwn katanom¸n tou µ̃0 := p∗π̃0 kai ν̃0 := q∗π̃0. Up�rqei tìte sqèdio π̃0

′ ∈
Π(µ̃0, ν̃0) t.w.

∫

X×Y

cdπ̃0
′
<

∫

X×Y

cdπ̃0 (7.17)

'Omwc tìte to mètro

π′ := (π − π0) + π0(X × Y ) · π̃0
′ = π − π0(X × Y ) · (π̃0 − π̃0

′)

eÐnai sqèdio metafor�c apì to µ sto ν me kìstoc metafor�c gn sia mikrìtero apì autì
tou π, to opoÐo eÐnai �topo, afoÔ to π eÐnai c-bèltisto. ¤

H teleutaÐa ènnoia pou ja qreiastoÔme sthn apìdeixh tou jewr matoc tou Kantorovich
eÐnai h ènnoia tou c-metasqhmatismoÔ, h opoÐa mac epitrèpei na belti¸noume, wc proc to
prìblhma megistopoÐhshc (7.11), c-apodekt� zeÔgh sunart sewn. 'Estw c : X × Y :−→
[0,∞] sun�rthsh kìstouc kai èstw φ : X −→ [−∞,∞) apeikìnish ìqi tautotik� Ðsh me
−∞. Tìte, k�je apeikìnish ψ : Y −→ [−∞,∞] t.w. to zeÔgoc na eÐnai (φ, ψ) c-apodektì,
prèpei na ikanopoeÐ thn ψ(y) ≤ c(x, y)− φ(x), gia k�je (x, y) ∈ X × Y , kai �ra

ψ(y) ≤ ψ̄(y) := inf
x∈X

{
c(x, y)− φ(x)

}
,

gia k�je y ∈ Y . ParathroÔme ìti to zeÔgoc (φ, ψ̄) eÐnai c-apodektì, kai ètsi h ψ̄ eÐnai h
mègisth sun�rthsh υ : Y −→ [−∞,∞) gia thn opoÐa to zeÔgoc (φ, υ) eÐnai c-apodektì.
Me to Ðdio epiqeÐrhma èpetai ìti

φ(x) ≤ φ̄(x) := inf
y∈Y

{
c(x, y)− ψ̄(x)

}

kai ìti h φ̄ eÐnai h mègisth sun�rthsh u : X −→ [−∞,∞) t.w. to zeÔgoc (u, ψ̄) na eÐnai
c-apodektì. Kat� autì ton trìpo, apì to zeÔgoc (φ, ψ) kataskeu�same èna kainoÔrgio
c-apodeiktì zeÔgoc (φ̄, ψ̄) t.w.

φ⊕ ψ ≤ φ̄⊕ ψ̄.
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Af nontac gia lÐgo sthn �krh zht mata metrhsimìthtac, èpetai ìti an ta µ, ν eÐnai mètra
pijanìthtac stouc X, Y antÐstoiqa, tìte

Jµ,ν(φ, ψ) ≤ Jµ,ν(φ̄, ψ̄),

kai, sunep¸c, mèsw aut c thc kataskeu c, to arqikì zeÔgoc (φ, ψ) èqei beltiwjeÐ wc proc
to prìblhma megistopoÐhshc (7.11). ParathroÔme wstìso, ìti afoÔ h ψ̄ eÐnai h mègisth
sun�rthsh υ gia thn opoÐa to zeÔgoc (φ, υ) eÐnai c-apodektì, φ ≤ φ̄ kai to (φ̄, ψ̄) eÐnai
c-apodektì, to arqikì zeÔgoc den gÐnetai na beltiwjeÐ peraitèrw kat� autìn ton trìpo.
OdhgoÔmaste ston ex c orismì.

Orismìc 7.2.1 'Estw c : X × Y −→ (−∞,∞] sun�rthsh. O c-metasqhmatismìc mÐac
sun�rthshc φ : X −→ R̄ eÐnai h sun�rthsh φc : Y −→ R̄ me tÔpo

φc(y) = inf
x∈X

{
c(x, y)− φ(x)

}
,

me th sÔmbash ìti to �jroisma eÐnai ∞ ìpote c(x, y) = ∞ kai φ(x) = ∞. An�loga, o
c-metasqhmatismìc mÐac sun�rthshc ψ : Y −→ R̄ eÐnai h sun�rthsh ψc : X −→ R̄ me tÔpo

ψc(x) = inf
y∈Y

{
c(x, y)− ψ(y)

}
,

me thn Ðdia sÔmbash ìpote to �jroisma eÐnai aprosdiìristh morf .
MÐa apeikìnish φ : X −→ R̄ ja lègetai c-koÐlh an eÐnai o c-metasqhmatismìc k�poiac

sun�rthshc ψ : Y −→ R̄. An�loga, mÐa sun�rthsh ψ : Y −→ R̄ lègetai c-koÐlh an
ψ = φc gia k�poia sun�rthsh φ : X −→ R̄.

H apìdeixh tou akìloujou l mmatoc èpetai �mesa apì th suz thsh pou prohg jhke
tou orismoÔ tou c-metasqhmatismoÔ.

L mma 7.2.2 'Estw c : X × Y −→ (−∞,∞], φ : X −→ R̄ kai ψ : Y −→ R̄ sunart -
seic. Tìte,

(a) φccc = φc; sunep¸c h φ eÐnai c-koÐlh ann φcc = φ. O an�logoc isqurismìc isqÔei
kai gia thn ψ.

(b) An to zeÔgoc (φ, ψ) eÐnai c-apodektì, tìte

(φcc, φc) = (ψc, φc) = (ψc, ψcc).

To akìloujo l mma pou exasfalÐzei th metrhsimìthta twn c-metasqhmatism¸n upì
kat�llhlec proupojèseic, eparkeÐ gia tic an�gkec mac.

L mma 7.2.3 'Estw X, Y metrikoÐ q¸roi kai èstw c : X×Y −→ (−∞,∞], φ : X −→ R
sunart seic..

(a) An h c eÐnai �nw hmisuneq c, tìte o c-metasqhmatismìc thc φ eÐnai �nw hmisuneq c.

(b) An h c eÐnai omoiìmorfa suneq c, tìte o c-metasqhmatismìc thc φ eÐnai omoiìmorfa
suneq c.
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(g) An h cx := c(x, · ) : Y −→ R eÐnai Lipschitz suneq c gia k�je x ∈ X kai L :=
supx∈X Lip(cx) < ∞, tìte h φc eÐnai Lipschitz suneq c me stajer� Lipschitz ≤ L.

(d) An h c kai φ eÐnai fragmènec, tìte ‖φc‖u ≤ ‖c‖u + ‖φ‖u < ∞.

Apìdeixh(a) 'Estw y ∈ Y kai ε > 0. Apì ton orismì tou φc(y) up�rqei xy ∈ X t.w.

φc(y) ≥ c(xy, y)− φ(xy)− ε.

Apì thn �nw hmisunèqeia thc c, up�rqei δ > 0 t.w. c(x′, y′)−c(xy, y) < ε, ìpou d(xy, x′)∨
d(y, y′) < δ. Sunep¸c, gia k�je y′ ∈ D(y, δ) èqoume ìti

φc(y′)− φc(y) ≤ c(xy, y′)− φ(xy)− c(xy, y) + φ(xy) + ε ≤ 2ε.

(b) 'Estw ε > 0. Apì ton orismì thc φc, gia k�je y ∈ Y up�rqei xy ∈ X t.w.

φc(y) ≥ c(xy, y)− φ(xy)− ε,

kai apì thn omoiìmorfh sunèqeia sunèqeia thc c up�rqei δ > 0 t.w. |c(x, y)−c(x′, y′)| < ε,

ìpote d(x, x′) ∨ d(y, y′) < δ. Sunep¸c, an y, y′ ∈ Y kai d(y, y′) < δ, tìte

φc(y′)− φc(y) ≤ c(xy, y′)− φ(xy)− c(xy, y) + φ(xy) + ε ≤ 2ε,

kai �ra h φc eÐnai omoiìmorfa suneq c.
(g) 'Estw y, y′ ∈ Y . Prèpei na deÐxoume ìti |φc(y)− φc(y′)| ≤ Ld(y, y′). 'Estw ε > 0 kai
èstw xy ∈ X t.w. φ(y) ≥ c(xy, y)− φ(xy)− ε. Tìte

φc(y′)− φ(y) ≤ c(xy, y′)− c(xy, y) + ε ≤ Ld(y, y′) + ε,

apì ìpou afoÔ to ε > 0  tan tuqaÐo, èpetai ìti φc(y′)−φc(y) ≤ Ld(y′, y). Sunep¸c h φc

eÐnai Lipschitz suneq c me stajer� Lipschitz ≤ L.
(d) EÐnai profanèc. ¤

Je¸rhma 7.2.1 'Estw X,Y pl reic metrikoÐ q¸roi kai èstw µ ∈ PT X, ν ∈ PT Y

sfikt� mètra. 'Estw c : X × Y −→ [0,∞] k�tw hmisuneq c sun�rthsh. Jètoume ΦBC
c

to sÔnolo ìlwn c-apodekt¸n zeug¸n (φ, ψ) ∈ BC(X) × BC(Y ) fragmènwn kai suneq¸n
sunart sewn. 'Estw J : ΦBC

c −→ R to sunarthsoeidèc me tÔpo

J (φ, ψ) =
∫

X

φdµ +
∫

Y

ψdν.

To bèltisto kìstoc Ic(µ, ν) metafor�c tou µ sto ν isoÔtai me

Jc := sup{J (φ, ψ) | (φ, ψ) ∈ ΦBC
c }.

Apìdeixh Apì thn parat rhsh pou akoloÔjhse th diatÔpwsh tou probl matoc megisto-
poÐhshc (7.11), èqoume ìti

sup
(φ,ψ)∈ΦBC

c

J (φ, ψ) ≤ sup
(φ,ψ)∈Φc

J (φ, ψ) ≤ inf
π∈Π(µ,ν)

Ic(µ, ν ; π).
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Ja apodeÐxoume thn antÐstrofh anisìthta se trÐa b mata, kat� aÔxousa seir� genikìth-
tac. To je¸rhsma duismoÔ twn Fenchel-Rockafellar ja qrhsimopoihjeÐ sto pr¸to b ma,
sto opoÐo upojètoume ìti oi X kai Y eÐnai sumpag c kai h c suneq c. 'Olh h upìloiph
apìdeixh, sunÐstatai sthn apìdeixh thc genik c perÐptwshc apì aut  thn eidik  perÐptwsh,
mèsw epiqeirhm�twn prosèggishc.
B ma 1: S� autì to arqikì st�dio thc apìdeixhc, upojètoume ìti oi X, Y eÐnai sumpageÐc
kai h c suneq c sto X×Y . Gia na eÐnai o sumbolismìc mac sunep c me to je¸rhma duismoÔ
twn Fenchel-Rockafellar, jètoume

E := BC(X × Y )

to grammikì q¸ro twn suneq¸n kai fragmènwn sunart sewn efodiasmènwn me thn omoiì-
morfh nìrma ‖ · ‖u. AfoÔ o X × Y eÐnai sumpag c, o duikìc tou E eÐnai o q¸roc ìlwn
twn peperasmènwn fortÐwn sto X × Y me th nìrma thc olik c kÔmanshc, dhlad 

E∗ = M(X × Y ).

Epiplèon, o q¸roc ìlwn twn jetik¸n grammik¸n morf¸n sto E, dhlad  twn grammik¸n
sunarthsoeid¸n I : E −→ R me thn idiìthta I(u) ≥ 0, gia k�je u ≥ 0, eÐnai isometrikìc
me ton M+(X × Y ).

'Epeita, orÐzoume ta sunarthsoeid  sta opoÐa ja efarmìsoume to je¸rhma twn Fenchel-
Rockafellar. OrÐzoume thn Θ : E −→ (−∞, +∞] apì ton tÔpo

Θ(u) =

{
0, an u ≥ −c,

+∞, alli¸c,

kai thn Ξ : E −→ (−∞, +∞] apì ton tÔpo

Ξ(u) =

{
J (φ, ψ), an u = φ⊕ ψ, gia k�poio (φ, ψ) ∈ BC(X)×BC(Y ),

+∞, alli¸c.

ParathroÔme ìti h Ξ eÐnai kal¸c orismènh: pr�gmati, an u = φ ⊕ ψ = f ⊕ g gia k�poia
zèugh (φ, ψ), (f, g) ∈ BC(X)×BC(Y ), tìte

J (φ, ψ) =
∫

X

φdµ +
∫

Y

ψdν =
∫

X×Y

(φ⊕ ψ)dµ⊗ ν

=
∫

X×Y

(f ⊕ g)dµ⊗ ν =
∫

X

fdµ +
∫

Y

gdν = J (f, g).

Ja elègxoume t¸ra ìti ta sunarthsoeid  Θ,Ξ ikanopoioÔn to je¸rhma duismoÔ twn
Fenchel-Rockafellar. H Θ eÐnai profan¸c kurt , afoÔ to sÔnolo sto opoÐo paÐrnei th
monadik  peperasmènh tim  thc eÐnai kurtì. 'Estw t¸ra u, υ ∈ BC(X × Y ) sunart seic
sto ousi¸dec pedÐo orismoÔ domΞ thc Ξ. Tìte u = φ ⊕ ψ kai υ = f ⊕ g gia k�poiec
φ, f ∈ BC(X) kai ψ, g ∈ BC(Y ). Prèpei na deÐxoume ìti (1− t)u + tυ ∈ domΞ gia k�je
0 ≤ t ≤ 1. Autì èpetai eÔkola apì tic tautìthtec

t(φ⊕ ψ) = (tφ)⊕ (tψ), (φ⊕ ψ) + (f ⊕ g) = (φ + f)⊕ (ψ + g),
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oi opoÐec isqÔoun gia k�je t ∈ R kai k�je φ, f ∈ BC(X), ψ, g ∈ BC(Y ). Oi Ðdiec
tautìthtec, mazÐ me th grammikìthta tou oloklhr¸matoc, dÐnoun thn kurtìthta thc Ξ.
Tèloc, h stajer  sun�rthsh 1 ∈ BC(X × Y ) an kei sta ousi¸dh pedÐa orismoÔ twn Θ
kai Ξ kai eÐnai shmeÐo sunèqeiac thc Θ. 'Etsi, oi upojèseic tou jewr matoc twn Fenchel-
Rockafellar ikanopoioÔntai apì ta sunarthsoeid  Θ kai Ξ �ra kai h isìthta (7.12) tou
sumper�smatoc tou jewr matoc isqÔei.

'Epeita upologÐzoume tic dÔo pleurèc thc isìthtac (7.12). Profan¸c h arister  pleur�
eÐnai

inf
u∈E

{
Θ(u) + Ξ(u)

}
= inf

{
J (φ, ψ)

∣∣ φ⊕ ψ ≥ −c, (φ, ψ) ∈ BC(X)×BC(Y )
}

= inf
{
− J (φ, ψ)

∣∣ φ⊕ ψ ≤ c, (φ, ψ) ∈ BC(X)×BC(Y )
}

= − sup
{
J (φ, ψ)

∣∣ (φ, ψ) ∈ ΦBC
C

}
. (7.18)

Gia na upologÐsoume th dexi� pleur�, upologÐzoume pr¸ta touc metasqhmatismoÔc Legendre-
Fenchel twn Θ kai Ξ. Katarq�c, gia k�je π ∈M(X × Y ) èqoume ìti

Θ∗(−π) = sup
u∈E

{
−

∫

X×Y

udπ
∣∣∣ u ≥ −c

}
= sup

u∈E

{∫

X×Y

udπ
∣∣∣ u ≤ c

}
.

T¸ra, an to π den eÐnai jetikì mètro, apì thn kanonikìthta tou π up�rqei jetik 
sun�rthsh υ ∈ E t.w.

∫
X×Y

υdπ > 0. 'Omwc, tìte, λυ ≤ 0 ≤ c gia k�je λ > 0, to
opoÐo deÐqnei ìti to supremum eÐnai +∞. Apì thn �llh, an to π eÐnai mh-arnhtikì mètro,
tìte profan¸c to supremum eÐnai

∫
X×Y

cdπ. Sunep¸c

Θ∗(−π) =

{∫
X×Y

cdπ, an π ∈M+(X × Y ),

+∞, alli¸c.

Gia na upologÐsoume to Ξ∗, parathroÔme katarq�c ìti gia k�je π ∈ E∗M(X×Y ) èqoume

Ξ∗(π) = sup
φ∈BC(X),ψ∈BC(Y )

{∫

X×Y

φ⊕ ψdπ −
∫

X×Y

φ⊕ ψdµ⊗ ν

}
.

T¸ra, an π ∈ Π(µ, ν) profan¸c Ξ∗(π) = 0. Apì thn �llh, an π /∈ Π(µ, ν), tìte gia k�je
(φ, ψ) ∈ BC(X)×BC(Y ) èqoume ìti

∫

X×Y

φ⊕ ψdπ −
∫

X×Y

φ⊕ ψdµ⊗ ν =
∫

X

φd(p1
∗π − µ) +

∫

Y

ψd(p2
∗π − ν).

Apo thn kanonikìthta, ìmwc, twn fortÐwn p1
∗π−µ kai p2

∗π−ν, h posìthta aut  gÐnetai ìso
meg�lh jèloume, kaj¸c to (φ, ψ) metab�lletai mèsa ston BC(X)×BC(Y ). Sunep¸c,

Ξ∗(π) =

{
0, an π ∈ Π(µ, ν),

+∞, alli¸c.

Apì touc tÔpouc twn Θ∗ kai Ξ∗, èpetai �mesa ìti h dexi� pleur� thc (7.12) eÐnai

max
π∈E∗

{
−Θ∗(−π)− Ξ∗(π)

}
= max

{
−

∫

X×Y

cdπ
∣∣∣ π ∈ Π(µ, ν)

}

= −min
{∫

X×Y

cdπ
∣∣∣ π ∈ Π(µ, ν)

}
. (7.19)
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Sundu�zontac t¸ra tic isìthtec (7.18) kai (7.19) me thn isìthta (7.12) oloklhr¸netai to
pr¸to b ma thc apìdeixhc.
B ma 2: S� autì to b ma upojètoume ìti h c eÐnai fragmènh kai omoiìmorfa suneq c kai
ja xefortwjoÔme thn upìjesh thc sump�geiac qrhsimopoi¸ntac th sfiktìthta twn µ kai
µ. 'Estw δ ∈ (0, 1). AfoÔ ta µ kai ν eÐnai sfikt�, up�rqoun sumpag  sÔnola X0 ⊆ X,
Y0 ⊆ Y t.w.

µ(X \X0) ≤ δ

2(2‖c‖u + 1)
, ν(Y \ Y0) ≤ δ

2(2‖c‖u + 1)
.

Sunep¸c, gia k�je sqèdio metafor�c π ∈ Π(µ, ν) èqoume ìti

π
(
(X × Y ) \ (X0 × Y0)

) ≤ δ

2‖c‖u + 1
≤ δ.

'Estw π ∈ Π(µ, ν) bèltisto sqèdio metafor�c gia to prìblhma (µ, ν, c). Apì to l mma
7.2.1 èpetai ìti to mètro pijanìthtac

π0 :=
1

π(X0 × Y0)
· π|(X0×Y0) ∈ P(X0 × Y0) ⊆ P(X × Y ),

eÐnai bèltisto sqèdio metafor�c metaxÔ twn perij¸riwn katanom¸n tou µ0 ∈ PX0 ⊆ PX

kai ν0 ∈ PY0 ⊆ PY kai sunep¸c

Ic(µ, ν) =
∫

X×Y

cdπ =
∫

X×Y

cd(π|(X0×Y0) + π|(X0×Y0)C )

= π(X0 × Y0)
∫

X×Y

cdπ0 +
∫

(X0×Y0)C

cdπ

≤ π(X0 × Y0)Ic(µ0, ν0) + π
(
(X0 × Y0)C

)‖c‖u ≤ Ic(µ0, ν0) + δ.

'Estw c0 o periorismìc thc c sto X0 × Y0. Jètoume J0 := Jµ0,ν0 . Apì to b ma 1 thc
apìdeixhc, up�rqei c0-apodektì zeÔgoc (φ0, ψ0) fragmènwn kai suneq¸n sunart sewn
orismènwn sto X0 × Y0 t.w.

J0(φ0, ψ0) ≥ Ic(µ0, ν0)− δ.

AfoÔ Ic(µ0, ν0) ≥ 0, èqoume ìti
∫

X×Y

φ0 ⊕ ψ0dµ0 ⊗ ν0 = J0(φ0, ψ0) ≥ −δ ≥ −1,

to opoÐo afoÔ ta µ0 kai ν0 sthrÐzontai apì ta X0 kai Y0 antÐstoiqa, sunep�getai ìti
up�rqei (x0, y0) ∈ X0 × Y0 t.w. φ0(x0) + ψ0(y0) ≥ −1. K�je zeÔgoc thc morf c (φ0 +
s, ψ0 − s), s ∈ R, eÐnai c0-apodektì, kai to sunarthsoeidèc J0 paÐrnei thn Ðdia timh
J0(φ0, ψ0) se k�je zeÔgoc. Sunep¸c, antikajist¸ntac to zeÔgoc (φ0, ψ0) me to zeÔgoc
(φ0 + s, ψ0− s) gia s = −φ0(x0)− 1

2 mporoÔme na upojèsoume ìti φ0(x0)∧ψ0(y0) ≥ − 1
2 .

Autì sunep�getai ìti gia k�je (x, y) ∈ X0 × Y0,

φ0(x) ≤ c(x, y0)− ψ0(y0) ≤ c(x, y0) +
1
2
, (7.20)
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kai

ψ0(y) ≤ c(x0, y)− φ0(x0) ≤ c(x0, y) +
1
2
. (7.21)

Sth sunèqeia, ja qrhsimopoi soume ton tÔpo tou c-metasqhmatismoÔ gia na kataskeu�-
soume apì to (φ0, ψ0) èna zeÔgoc (φ, ψ), ìpou oi φ, ψ orÐzontai stouc X,Y , antÐstoiqa.
Pr¸ta, orÐzoume th φ : X −→ R apì ton tÔpo

φ(x) = inf
y∈Y0

{
c(x, y)− ψ0(y)

}
.

AfoÔ h c eÐnai omoiìmorfa suneq c, èpetai ìti h φ eÐnai omoiìmorfa suneq c. Epiplèon,
apì tic anisìthtec (7.20) kai (7.21), èpetai ìti gia k�je x ∈ X,

φ(x) ≤ c(x, y0)− ψ0(y0) ≤ c(x, y0) +
1
2
≤ ‖c‖u +

1
2
, (7.22)

kai

φ(x) = inf
y∈Y0

{
c(x, y)− ψ0(y)

} ≥ inf
y∈Y0

{
c(x, y)− c(x0, y)} − 1

2

≥ inf
y∈Y0

{− c(x0, y)
}− 1

2
≥ −‖c‖u − 1

2
.

Sunep¸c h φ eÐnai fragmènh, me ‖φ‖u ≤ ‖c‖u + 1
2 . Tèloc, φ|X0 = ψc0

0 ≥ φ0 kai �ra h
φ|X0 eÐnai apotelesmatikìterh apì thn φ0 sth megistopoÐhsh tou J0. 'Epeita jètoume
ψ = φc : Y −→ R. Profan¸c to zeÔgoc (φ, ψ) eÐnai c-apodektì. P�li, afoÔ h c eÐnai
omoiìmorfa suneq c, h ψ eÐnai suneq c. EpÐshc eÐnai fragmènh, afoÔ apì tic anisìthtec
(7.21) kai (7.22) èpetai ìti gia k�je y ∈ Y ,

ψ(y) ≤ c(x0, y)− φ(x0) ≤ c(x0, y)− φ0(x0) ≤ c(x0, y) +
1
2
≤ ‖c‖u +

1
2
,

kai

ψ(y) = inf
x∈X

{
c(x, y)− φ(x)

} ≥ inf
x∈X

{
c(x, y)− c(x, y0)} − 1

2
≥ −‖c‖u − 1

2
.

Tèloc, ψ|Y0 ≥ ψ0, afoÔ gia k�je y ∈ Y0 èqoume ìti

ψ(y) = inf
x∈X

{
c(x, y0)− φ(x)} = inf

x∈X

{
c(x, y)− inf

y′∈Y0

{
c(x, y′)− ψ0(y′)

}}

≥ inf
x∈X

{
c(x, y)− (

c(x, y)− ψ0(y)
)}

= ψ0(y).

Sunoyizìntac, kataskeu�same apì to (φ0, ψ0) èna c-apodektì zeÔgoc (φ, ψ) fragmènwn
kai suneq¸n sunart sewn stouc X, Y antÐstoiqa, t.w. J0(φ|X0 , ψ|Y0) ≥ J0(φ0, ψ).

'Estw t¸ra π to bèltisto sqèdio metafor�c tou probl matoc metafor�c (µ, ν, c) pou
epilèxame sthn arq  tou b matoc 2 thc apìdeixhc. Tìte

Jµ,ν(φ, ψ) =
∫

X×Y

φ⊕ ψdπ

= π(X0 × Y0)
∫

X0×Y0

φ⊕ ψdπ0 +
∫

(X0×Y0)c

φ⊕ ψdπ

≥ (1− δ)J0(φ|X0 , ψ|Y0)− (2‖c‖u + 1)π
(
(X0 × Y0)c

)

≥ (1− δ)J0(φ0, ψ0)− δ ≥ (1− δ)(Ic(µ0, ν0)− δ)− δ

≥ (1− δ)
(Ic(µ, ν)− 2δ

)− δ.
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Sunep¸c Jc(µ, ν) ≥ (1− δ)
(Ic(µ, ν)− 2δ

)− δ, kai afoÔ autì isqÔei gia k�je δ ∈ (0, 1),
isqÔei epÐshc kai gia δ = 0, ìpwc zhtoÔsame.
B ma 3: Erqìmaste t¸ra sth genik  perÐptwsh. AfoÔ h c eÐnai k�tw hmisuneq c,
up�rqei akoloujÐa (cn) fragmènwn Lipschitz sunart sewn, h opoÐa aux�nei kat� shmeÐo
sth c. Apì to deÔtero b ma thc apìdeixhc xèroume ìti

Icn
(µ, ν) = inf

π∈Π(µ,ν)
Icn

(µ, ν ;π) = sup
(φ,ψ)∈ΦBC

cn

Jµ,ν(φ, ψ),

ìpou Icn
(µ, ν ; ·) eÐnai to sunarthsoeidèc kìstouc tou probl matoc metafor�c (µ, ν, cn).

AfoÔ h (cn) aux�nei kat� shmeÐo sth c, èpetai ìti

sup
n∈N

Icn
(µ, ν) = sup

n∈N
sup

(φ,ψ)∈ΦBC
cn

Jµ,ν(φ, ψ) ≤ sup
(φ,ψ)∈ΦBC

c

Jµ,ν(φ, ψ). (7.23)

Sunep¸c, an deÐxoume ìti
Ic(µ, ν) = sup

n∈N
Icn

(µ, ν),

tìte h apìdeixh oloklhr¸netai paÐrnontac to supremum p�nw apì ìlouc touc fusikoÔc
n ∈ N sthn (7.23). AfoÔ h (cn) eÐnai aÔxousa, h akoloujÐa

(Icn(µ, ν ; · )) eÐnai aÔ-
xousa akoloujÐa sunarthsoeid¸n pou orÐzontai sto Π(µ, ν), fragmènh apì panw apì
Ic(µ, ν ; · ), kai �ra h akoloujÐa

(Icn(µ, ν)
)
eÐnai epÐshc aÔxousa kai fragmènh apì p�nw

apì
(Ic(µ, ν)

)
. Sunep¸c, autì pou prèpei na apodeÐxoume eÐnai ìti

sup
n∈N

Icn(µ, ν) ≥ Ic(µ, ν). (7.24)

'Estw πn ∈ Π(µ, ν) bèltisto sqèdio gia to prìblhma metafor�c (µ, ν, cn) gia k�je n ∈ N.
AfoÔ ta µ, ν eÐnai sfikt�, to Π(µ, ν) eÐnai sumpagèc uposÔnolo tou P(X×Y ) kai sunep¸c
up�rqei upakoloujÐa (πnk

) thc (πn) h opoÐa sugklÐnei se k�poio π∗ ∈ Π(µ, ν). Gia k�je
n ≥ m, èqoume ìti Icn(µ, ν) = Icn(µ, ν ; πn) ≥ Icm(µ, ν ; πn) kai, �ra, apì th sunèqeia
thc Im èpetai ìti gia k�je m ∈ N,

sup
n∈N

In(µ, ν) ≥ lim sup
n→∞

Icm(µ, ν ; πn) ≥ Icm(µ, ν ;π∗).

'Omwc, tìte, to je¸rhma monìtonhc sÔgklishc mac dÐnei ìti,

Ic(µ, ν) = Ic(µ, ν ;π∗) = sup
m∈N

Icm(µ, ν ; π∗) ≤ sup
n∈N

Icn(µ, ν),

dhlad  thn (7.24), kai oloklhr¸nei thn apìdeixh. ¤

Parat rhsh

1. 'Estw c : X × Y −→ [0,∞] suneq c sun�rthsh kìstouc t.w.
∫

X×Y

cdµ⊗ ν < ∞. (7.25)

Tìte to je¸rhma tou Kantorovich isqÔei an antikatast soume th sullog  ΦBC
c me th

sullog  ìlwn twn zeug¸n (φ, ψ) ∈ Φc(µ, ν) thc morf c (φ, ψ) = (ucc, uc), gia k�poia
sun�rthsh u ∈ BC(X).
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Apìdeixh. Apì to je¸rhma tou Kantorovich xèroume ìti h posìthta J (u, υ) mporeÐ na
èrjei osod pote kont� jèloume sthn Jc(µ, ν), kaj¸c to (u, υ) metab�lletai mèsa sthn
ΦBC

c kai ìti gia k�je (u, υ) ∈ ΦBC
c èqoume c ≥ ucc ⊕ uc ≥ u ⊕ υ. ArkeÐ, loipìn,

na deÐxoume ìti gia k�je u ∈ BC(X) èqoume (ucc, uc) ∈ L1(µ) × L1(ν). Katarq�c, h
metrhsimìthta twn uc kai ucc èpetai apì to l mma 7.2.3 (a). Ja apodeÐxoume ìti h uc eÐnai
ν-oloklhr¸simh. Apì ton orismì thc uc, èqoume ìti

−‖u‖u ≤ uc(y) ≤ c(x, y)− u(x),

gia k�je (x, y) ∈ X × Y . 'Omwc apì thn (7.25) kai to je¸rhma tou Tonelli, up�rqei
toul�qiston èna x ∈ X t.w. h sun�rthsh Y 3 y 7→ c(x, y)−u(x) na eÐnai ν-oloklhr¸simh,
kai, sunep¸c, h uc eÐnai ν-oloklhr¸simh, afoÔ eÐnai fragmènh kai apì p�nw kai apì k�tw
apì k�poia ν-oloklhr¸simh sun�rthsh. H µ-oloklhrwsimìthta thc ucc apodeiknÔetai me
parìmoio trìpo. Sugkekrimèna, apì ton orismì tou c-metasqhmatismoÔ, èqoume ìti

−uc(y) ≤ ucc(x) ≤ c(x, y)− uc(y),

gia k�je (x, y) ∈ X ×Y . T¸ra, afoÔ h uc eÐnai ν-oloklhr¸simh, up�rqei sÔnolo F1 ⊆ Y

pou sthrÐzei to ν t.w. −∞ < −uc(y) gia k�je y ∈ F1, kai apì thn (7.25), h sun�rthssh
X 3 x 7→ c(x, y) eÐnai µ-oloklhr¸simh gia k�je y ∈ F2, ìpou to F2 ⊆ Y eÐnai k�poio
kat�llhlo sÔnolo pou sthrÐzei to ν. Tìte, ìmwc, to sÔnolo F1 ∩ F2 sthrÐzei to ν kai,
�ra, eÐnai mh-kenì. Sunep¸c h ucc eÐnai µ-oloklhr¸simh, afoÔ an epilèxoume y ∈ F1 ∩F2,
tìte h ucc eÐnai fragmènh apì k�tw, apì ton pragmatikì arijmì −uc(y) kai apì p�nw, apì
thn µ-oloklhr¸simh sun�rthsh X 3 x 7→ c(x, y)− uc(y).
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Kef�laio 8

Oi Metrikèc tou Wasserstein

8.1 To Je¸rhma Di�spashc
'Opwc èqoume isquristeÐ, se èna pl rh metrikì q¸ro, k�je sqèdio metafor�c metaxÔ
sfikt¸n mètrwn mporeÐ na parastajeÐ wc sq ma metafor�c. Autì eÐnai to perieqìmeno tou
jewr matoc di�spashc, to opoÐo mac dÐnei th dunatìthta na ekfr�zoume oloklhr¸mata wc
proc mètra se q¸rous-ginìmeno, wc diadoqik� oloklhr¸mata akìmh kai an ta mètra aut�
den eÐnai mètra-ginìmeno. Sugkekrimèna, èstw X,Y pl reic metrikoÐ q¸roi kai π ∈ P(X×
Y ) sfiktì mètro me perij¸riec katanomèc µ ∈ PX kai ν ∈ PY , up�rqoun metr simec
sunart seic X 3 x 7→ πx ∈ PY kai Y 3 y 7→ πy ∈ PX orismènec µ-σ.p. kai ν-σ.p.
antÐstoiqa, t.w.

∫

X×Y

fdπ =
∫

X

∫

Y

f(x, y)dπx(y)dµ(x) =
∫

Y

∫

X

f(x, y)dπy(x)dν(y)

gia k�je fragmènh kai metr simh sun�rthsh f : X×Y −→ R. M�lista, qwrÐc ousiastik�
perissìtero kìpo, to je¸rhma di�spashc apodeiknÔetai sthn akìloujh genikìterh morf .

Je¸rhma 8.1.1 (To Je¸rhma Di�spashc) 'Estw X̃,X pl reic metrikoÐ q¸roi kai
π ∈ PX̃ sfiktì mètro. 'Estw p : X̃ −→ X Borel metr simh apeikìnish. Jètoume
µ := p∗π. Up�rqei tìte mÐa µ-σ.p. monos manta orismènh metr simh sun�rthsh X 3
x 7→ πx ∈ PX̃ t.w.

πx(X̃ \ p−1(x)) = 0 (8.1)

µ-sqedìn gia k�je x ∈ X, kai
∫
eX

f(x̃)dπ(x̃) =
∫

X

(∫

p−1(x)

f(x̃)dπx(x̃)

)
dµ(x) (8.2)

gia k�je π-oloklhr¸simh apeikìnish f : X̃ −→ R

To kurÐwc jèma aut c thc paragr�fou eÐnai h apìdeixh tou pio p�nw jewr matoc. Pro-
fan¸c, to je¸rhma di�spashc sthn perÐptwsh-ginìmeno, èpetai efarmìzontac to genikì
je¸rhma di�spashc sthn perÐptwsh ìpou X̃ = X × Y kai π ∈ Π(µ, ν) ⊆ P(X × Y ), gia
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tic probolèc p : X × Y −→ X, q : X × Y −→ Y kai tautÐzontac tic Ðnec p−1(x),
q−1(y) me tic fètec {x} × Y , X × {y} antÐstoiqa. H Ôparxh thc metr simhc oikogèneiac
{πx}{x∈X} ⊆ PX̃, sqetÐzetai me thn Ôparxh desmeumènwn katanom¸n. Xekin�me, loipìn,
me k�poia prokatarktik� stoiqeÐa gia desmeumènec mèsec timèc kai desmeumènec katanomèc.
Se ìsa akoloujoÔn, o (Ω,F , P ) ja eÐnai ènac stajerìc q¸roc pijanìthtac.

Orismìc 8.1.1 H desmeumènh mèsh tim  mÐac tuqaÐac metablht c X ∈ L1(Ω) wc proc
mÐa s-�lgebra A ⊆ F eÐnai h P -σ.p monadik  A-metr simh sun�rthsh Y t.w.

∫

A

Y dP =
∫

A

XdP

gia k�je A ∈ A. Ja sumbolÐzetai E(X|A).

Profan¸c, an h desmeumènh mèsh tim  E(X|A) mÐac tuqaÐac metablht c X : Ω −→
R up�rqei, tìte h X ja prèpei upoqrewtik� na eÐnai oloklhr¸simh. 'Etsi h sunj kh
X ∈ L1(Ω) ston orismì thc desmeumènhc mèshc tim c eÐnai anagkaÐa gia thn Ôparxh thc
desmeumènhc mèshc tim c thc X wc proc k�poia s-�lgebra A ⊆ F . Apì thn �llh, an
X ∈ L1, tìte o tÔpoc

µ(A) =
∫

A

XdP, A ∈ A

orÐzei èna s-peperasmèno fortÐo sthn A, apolÔtwc suneqèc wc proc to P |A, kai �ra apì
to je¸rhma Radon-Nikodym up�rqei monadik  Y ∈ L1(Ω,A, P ) t.w. gia k�je A ∈ A,

µ(A) =
∫

A

Y dP |A =
∫

A

Y dP .

Sunep¸c h desmeumènh mèsh tim  eÐnai kal� orismènh.

ParadeÐgmata

1. An A = {∅,Ω}, tìte E(X|A) = EX.

2. An A = F , tìte E(X|A) = X.

3. An A = {∅, A, Ac, Ω}, ìpou A ∈ F kai 0 < P (A) < 1, tìte

E(X|A) =
1

P (A)

(∫

A

XdP

)
1A +

1
P (Ac)

(∫

Ac

XdP

)
1Ac .

Oi akìloujec idiìthtec thc deusmeumènhc mèshc tim c èpontai �mesa apì ton orismì.

Prìtash 8.1.1 'Estw X, Y ∈ L1(Ω) kai èstw A upo-s-�lgebra thc F . Tìte,

(a) An X = Y -σ.b., tìte E(X|A) = E(Y |A).

(b) Gia k�je a, b ∈ R, E(aX + bY |A) = aE(X|A) + bE(X|A).

(g) An X ≤ Y σ.b,. tìte E(X|A) ≤ E(Y |A).

(d) An h B eÐnai upì-s-�lgebra thc A, tìte E(X|B) = E
(
E(X|A)|B)

. Eidikìtera, gia
B = {∅, Ω} èqoume ìti EE(X|A) = EX.
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SÔmfwna me to (a), h sun�rthsh E(·|A) : L1(Ω,F , P ) −→ L1(Ω,A, P |A) ep�gei mÐa
kal� orismènh apeikìnish E(·|A) : L1(Ω,F , P ) −→ L1(Ω,A, P |A). 'Opwc ja doÔme, to
je¸rhma di�spashc basÐzetai sthn ermhneÐa tou tÔpou EE(X|A) = EX wc enìc tÔpou
diadoqik c olokl rwshc.

UpenjumÐzoume, epÐshc, ìti ta basik� jewr mata sÔgklishc isqÔoun kai gia th desmeu-
mènh mèsh tim .

Prìtash 8.1.2 'Estw Xn, X ∈ L1(Ω,F , P ) kai èstw A mÐa upì-s-�lgebra thc F .
Tìte

(a) Je¸rhma monìtonhc sÔgklishc: An Xn 1 X σ.B., tìte E(Xn|A) 1 E(X|A) σ.b.

(b) Je¸rhma kuriarqhmènhc sÔgklishc: An |Xn| ≤ Y ∈ L1 kai Xn −→ X σ.b., tìte
E(Xn|A) −→ E(X|A) σ.b.

IdiaÐtero endiafèron parousi�zei h desmeumènh mèsh tim  mÐac tuqaÐac metablht c X

dedomènhc mÐac tuqaÐac metablht c Y , h opoÐa orÐzetai wc h desmeumènh mèsh tim  thc X wc
proc th mikrìterh s-�lgebra ston Y gia thn opoÐa eÐnai metr simh. Sugkekrimèna, èstw
(Ω′,F ′) metr simoc q¸roc kai Y : Ω −→ Ω′ metr simh sun�rthsh. Tìte h desmeumènh
mèsh tim  E(X|Y ) mÐac tuqaÐac metablht c X ∈ L1(Ω), dedomènhc thc Y , dÐnetai apì ton
tÔpo

E(X|Y ) = E
(
X|σ(Y )

)
,

ìpou me σ(Y ) ⊆ F sumbolÐzoume th mikrìterh s-�lgebra G ston Ω wc proc thn opoÐa h
Y eÐnai (G,F ′)-metr simh, dhlad  σ(Y ) = Y −1[F ′] := {Y −1(F ′) |F ′ ∈ F ′}.

H ènnoia thc desmeumènhc mèshc tim c dedomènhc mÐac upo-s-�lgebrac thc F , h opoÐa
faÐnetai me mia pr¸th mati� genikìterh apì aut  thc desmeumènhc mèshc tim c dedomènhc
mÐac tuqaÐac metablht c, sthn pragmatikìthta den eÐnai genikìterh. Pr�gmati, an h A
eÐnai k�poia upo-s-�lgebra thc F , tìte apì touc orismoÔc èqoume ìti E(X|A) = E(X|Y )
P |A-σ.b., ìpou Y = idΩ : (Ω,F , P ) −→ (Ω,A) eÐnai h tautotik  apeikìnish tou Ω.

Prìtash 8.1.3 'Estw Y : Ω −→ (Ω′,F ′) mÐa sun�rthsh apì èna sÔnolo Ω se èna
metr simo q¸ro (Ω′,F ′) kai èstw f : Ω −→ R pragmatik  sun�rthsh. Ta akìlouja
eÐnai isodÔnama.

(a) H f eÐnai σ(Y )-metr simh,

(b) H f eÐnai thc morf c f = g ◦ Y , gia k�poia F ′-metr simh sun�rthsh g : Ω′ −→
f(Ω).

Epiplèon, an o Ω = (Ω,F , P ) eÐnai q¸roc pijanìthtac, to olokl rwma thc f orÐzetai kai
h Y eÐnai (F ,F ′)-metr simh, tìte h sun�rthsh g tou (b) eÐnai Y∗P -σ.p. monos manta
orismènh.

Apìdeixh H sunepagwg  (b)=⇒(a) eÐnai profan c.
(b)=⇒(a) Exet�zoume pr¸ta thn perÐptwsh ìpou h f eÐnai σ(Y )-apl  sun�rthsh, ac poÔme
f =

∑n
i=1 1Ai , Ai ∈ σ(Y ). Tìte Ai = Y −1(Bi) gia k�poio Bi ∈ F ′, kai �ra

f =
n∑

i=1

1Y −1(Bi) =

(
n∑

i=1

1Bi

)
◦ Y,
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ìpwc jèloume. Wc sun jwc, h perÐptwsh ìpou h f eÐnai jetik  sun�rthsh èpetai pro-
seggÐzontac th f apì k�tw, me aplèc sunart seic, kai h genik  perÐptwsh analÔontac thn
f sto jetikì kai to arnhtikì thc mèroc.

Gia na oloklhr¸soume thn apìdeixh, apomènei na deÐxoume ìti an o Ω = (Ω,F , P ) eÐnai
q¸roc pijanìthtac, to

∫
Ω

fdP up�rqei kai h Y eÐnai (F ,F ′)-metr simh, tìte h g eÐnai
Y∗P -monos manta kajorismènh. 'Estw, loipìn, g, h : Ω′ −→ R metr simec sunart seic
t.w. f = g ◦ Y = h ◦ Y . Apì to basikì je¸rhma gia thn olokl rwsh wc proc mètra
eikìnec, afoÔ to olokl rwma

∫
Ω

fdP up�rqei, èpetai ìti kai ta oloklhr¸mata
∫
Ω′ gdY∗P

kai
∫
Ω′ hdY∗P up�rqoun kai ìti

∫
B

gdY∗P =
∫

B
hdY∗P gia k�je B ∈ F ′. 'Etsi apì to

je¸rhma Radon-Nikodym èpetai ìti g = h, Y∗P -sqedìn bebaÐwc. ¤

ParathroÔme ìti h g eÐnai epÐshc monos manta kajorismènh sto Y (Ω). Sundu�zontac
aut  thn prìtash me to ìti h E(X|Y ) eÐnai σ(Y )-metr simh, paÐrnoume thn akìloujh.

Prìtash 8.1.4 'Estw (Ω′,F ′, P ) q¸roc mètrou kai X ∈ L1(Ω,F , P ), Y : Ω −→ Ω′

tuqaÐec metablhtèc. Tìte h desmeumènh mèsh tim  E(X|Y ) thc X, dedomènhc thc
Y , ep�gei mÐa Y∗P -monos manta kajorismènh sun�rthsh Ẽ(X|Y ) : Ω′ −→ R t.w.
E(X|Y ) = Ẽ(X|Y ) ◦ Y . Epiplèon, X ∈ L1(Ω,F , P ) ann Ẽ(X|Y ) ∈ L1(Ω′,F ′, Y∗P ),
kai

EX =
∫

Ω

E(X|Y )(ω)dP (ω) =
∫

Ω′
Ẽ(X|Y )(ω′)dY∗P (ω′).

H prìtash aut  eÐnai to pr¸to b ma proc thn ermhneÐa tou tÔpou EE(X|A) = EX wc
èna tÔpo diadoqik c olokl rwshc. To deÔtero kai duskolìtero b ma eÐnai na apodeÐxoume
ìti Y∗P -sqedìn gia k�je ω′ ∈ Ω′, o arijmìc Ẽ(X|Y )(ω′) eÐnai sthn pragmatikìthta to
olokl rwma thc X, wc proc k�poio mètro Pω′ ∈ PΩ. P.q. an P (Y −1(ω′)) > 0, tìte o
E(X|Y )(ω′) eÐnai h mèsh tim  thc X dedomènou tou endeqomènou Y −1(ω′), dhlad  h mèsh
tim  thc wc proc to mètro PY −1(ω′) sthn F me tÔpo

PY −1(ω′)(F ) =
P (Y −1(ω′) ∩ F )

P (Y −1(ω′))
.

Ja lème thn apeikìnish Ẽ(X|Y ) : Ω′ −→ R desmeumènh mèsh tim -phlÐko thc X de-
domènhc thc Y , kai ton arijmì Ẽ(X|Y )(ω′), h desmeumènh mèsh tim  thc X dedomènou ìti
h Y isoÔtai me ω′ ∈ Ω′. SÔmfwna me thn akìloujh prìtash, oi basikèc idiìthtec thc
desmeumènhc mèshc tim c isqÔoun kai gia th desmeumènh mèsh tim -phlÐko.

Prìtash 8.1.5 'Estw Y tuqaÐa metablht  ston (Ω,F , P ) me timèc sto metr simo
q¸ro (Ω′,F ′) kai èstw {Xn}∞n=1 akoloujÐa oloklhr¸simwn tuqaÐwn metablht¸n ston Ω.

(a) An X1 ≡ c ∈ R P -σ.b. tìte Ẽ(X1|Y ) ≡ c, Y∗P -σ.b.

(b) Grammikìthta: Gia k�je a, b ∈ R, èqoume

Ẽ(aX1 + bX2|Y ) = aẼ(X1|Y ) + bẼ(X2|Y ), Y∗P − σ.b.

(g) Monotonikìthta: An X1 ≤ X2 P -σ.b. tìte Ẽ(X1|Y ) ≤ Ẽ(X2|Y ), Y∗P -σ.b.
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(d) Je¸rhma monìtonhc sÔgklishc: An 0 ≤ Xn ≤ Xn+1 P -σ.b. tìte

sup
n∈N

Ẽ(Xn|Y ) = Ẽ(sup
n∈N

Xn|Y ), Y∗P − σ.b.

(e) Je¸rhma kuriarqhmènhc sÔgklishc: An |Xn| ≤ Z ∈ L1 kai Xn −→ X σ.b. tìte
Ẽ(Xn|Y ) −→ Ẽ(X|Y ), Y∗P -σ.b.

Apìdeixh (a) Apì thn prìtash 8.1.4, h Ẽ(X|Y ) kajorÐzetai Y∗P -monos manta apì
thn isìthta E(X|Y ) = Ẽ(X|Y ) ◦ Y . Sunep¸c, afoÔ c ◦ Y = c = E(X1|Y ), èpetai
ìti Ẽ(X1|Y ) = c, Y∗P -σ.b. OmoÐwc, to (b) èpetai apì thn prìtash 8.1.4 kai to ìti(
aẼ(X1|Y ) + bẼ(X2|Y )

) ◦ Y = E(aX1 + bX2|Y ).
(g) ArkeÐ na apodeÐxoume ìti an oi g, h : (Ω′,F ′) −→ R eÐnai metr simec sunart seic t.w.
g◦Y ≤ h◦Y , tìte g ≤ h Y∗P -σ.b. Upojètoume gia na katal xoume se �topo ìti autì den
isqÔei, dhlad  ìti Y∗P ({ω′ ∈ Ω′| g(ω′)− h(ω′) > 0}) > 0. Tìte

∫
{g−h>0} (g − h)dY∗P >

0 kai �ra
∫

{g−h>0}
g ◦ Y dP =

∫

{g−h>0}
gdY∗P >

∫

{g−h>0}
hdY∗P =

∫

{g−h>0}
h ◦ Y dP ,

to opoÐo antif�skei me to ìti g ◦ Y ≤ h ◦ Y .
(d) 'Eqoume ìti

(
sup
n∈N

Ẽ(Xn|Y )
)
◦ Y = sup

n∈N

(
Ẽ(Xn|Y ) ◦ Y

)
= sup

n∈N
E(Xn|Y ) = E(sup

n∈N
Xn|Y ),

kai �ra apì thn prìtash 8.1.4, supn∈N Ẽ(Xn|Y ) = Ẽ(supn∈N Xn|Y ), Y∗P -σ.b.
(e) Jètoume ζn := infk≥n Xn kai Zn := supk≥n Xn. Tìte gia k�je n ∈ N èqoume ìti

−Z ≤ ζn ≤ Xn ≤ Zn ≤ Z. (8.3)

Epiplèon, oi {Z + ζn} kai {Z − Zn} eÐnai aÔxousec akoloujÐec mh arnhtik¸n tuqaÐwn
metablht¸n, kai afoÔ Xn

a.s.−→ X, èqoume ìti sup (Z + ζn) = Z + X kai sup (Z − Zn) =
Z − X. Sunep¸c, apì to je¸rhma monìtonhc sÔgklishc kai th grammikìthta gia th
desmeumènh mèsh tim -phlikì èpetai ìti lim Ẽ(ζn|Y ) = lim Ẽ(Zn|Y ) = Ẽ(X|Y ). 'Omwc
apì thn (8.3) kai th monotonikìthta, èpetai ìti

Ẽ(ζn|Y ) ≤ Ẽ(Xn|Y ) ≤ Ẽ(Zn|Y ),

kai paÐrnontac ìrio kaj¸c n →∞, katal goume sto zhtoÔmeno. ¤

Orismìc 8.1.2 'Estw (Ω,F), (T,B) metr simoi q¸roi. 'Enac pur nac Markov apì ton
(Ω,F) ston (T,B) eÐnai mÐa sun�rthsh K : B × Ω −→ [0, 1] t.w.

(a) H apeikìnish Ω 3 ω 7→ K(ω, B) eÐnai F-metr simh gia k�je B ∈ B kai

(b) H apeikìnish B 3 B 7→ K(ω, B) eÐnai mètro pijanìthtac sth B, gia k�je ω ∈ Ω.

An o (Ω,F) = (Ω,F , P ) eÐnai q¸roc pijanìthtac, tìte ènac P -σ.p. orismènoc pur nac
Markov apì ton (Ω,F , P ) ston (T,B) eÐnai ènac pur nac Markov apì ton (Ω0,F|Ω0) ston
(T,B), ìpou to Ω0 ∈ F eÐnai k�poio sÔnolo pou sthrÐzei to P .
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OmoÐwc, lème ìti dÔo pur nec Markov K, K ′ apì ton (Ω,F , P ) ston (T,B) eÐnai P -σ.p.
Ðsoi, an up�rqei sÔnolo Ω0 ∈ F pou sthrÐzei to P t.w. K(B,ω) = K ′(B,ω) gia k�je
ω ∈ Ω0 kai k�je B ∈ B.

K�je P -σ.p. orismènoc pur nac Markov K apì ton (Ω,F , P ) ston (T,B) ep�gei thn
P -σ.p. orismènh metr simh sun�rthsh Ω 3 ω 7→ K(·, ω) ∈ PT kai k�je P -σ.p. orismènh
metr simh sun�rthsh π : Ω −→ PT ep�gei ton P -σ.p. orismèno pur na Markov Kπ

apì ton (Ω,F) ston (T,B) me tÔpo Kπ(B, ω) = πω(B). SÔmfwna me touc orismoÔc,
dÔo pur nec Markov K,K ′, eÐnai P -σ.p. Ðsoi ann oi epagìmenec apeikonÐseic Ω 3 ω 7→
K(·, ω) ∈ PT kai Ω 3 ω 7→ K ′(·, ω) ∈ PT eÐnai P -σ.p. Ðsec.

Orismìc 8.1.3 'Estw X : (Ω,F) −→ (T,B) tuqaÐa metablht  sto q¸ro pijanìthtac
(Ω,F , P ) me timèc sto metr simo q¸ro (T,B) kai èstw A upo-s-�lgebra thc F . 'Enac
P |A-σ.p. orismènoc pur nac Markov PX|A, t.w. gia k�je B ∈ B,

PX|A(B, ·) = E(1X−1(B)|A) P |A − σ.p,

ja lègetai desmeumènh katanom  PX|A thc X dedomènhc thc A.
'Estw A h s-�lgebra pou par�getai apì thn tuqaÐa metablht  Y : (Ω,F) −→ (Ω′,F ′).

MÐa desmeumènh katanom  thc X dedomènhc thc A ja lègetai desmeumènh katanom  thc
X dedomènhc thc Y , kai ja th sumbolÐzoume me PX|Y antÐ PX|A. Epiplèon, s� aut  thn
perÐptwsh, ènac Y∗P -σ.p. orismènoc pur nac Markov P̃X|Y : B ×Ω′ −→ [0, 1] ja lègetai
desmeumènh katanom -phlÐko thc X dedomènhc thc Y , an gia k�je B ∈ B,

P̃X|Y (B, ·) = Ẽ(1X−1(B)|Y ) Y∗P − σ.p.

ParadeÐgmata

4. 'Estw X : (Ω,F) −→ (T,B) tuqaÐa metablht  sto q¸ro pijanìthtac (Ω,F , P ) me
timèc sto metr simo q¸ro (T,B). An A := {∅, X}, tìte h sun�rthsh PX|A : Ω × B −→
[0, 1] me tÔpo

PX|A(ω,B) = E(1X−1(B)|A)(ω) = E(1X−1(B)) = X∗P (B),

eÐnai desmeumènh katanom  thc X dedomènhc thc A. H epagìmenh apeikìnish Ω −→ PT ,
eÐnai h stajer  apeikìnish ω 7→ X∗P.

5. An A = F , tìte h sun�rthsh PX|F : Ω× B −→ [0, 1] me tÔpo

PX|F (ω, B) = E(1X−1(B)|A)(ω) = 1X−1(B)(ω) = δX(ω)(B),

eÐnai desmeumènh katanom  thc X dedomènhc thc F . H epagìmenh apeikìnish Ω −→ PT

eÐnai h δ ◦X.

6. An A := {∅, A,Ac, X}, ìpou A ∈ F kai 0 < P (A) < 1, tìte h sun�rthsh PX|A :
Ω× B −→ [0, 1] me tÔpo

PX|A(ω, B) = E(1X−1(B)|A)(ω) = X∗PA(B)1A(ω) + X∗PAc(B)1Ac(ω),

eÐnai desmeumènh katanom  thc X dedomènhc thc A.
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Wstìso, en gènei, orÐzontac PX|A(B, ω) = E(1X−1(B)|A), den prokÔptei desmeumènh
katanom . Pr�gmati, èstw {Bi}∞i=1 xènh ènwsh stoiqeÐwn thc B. Apì tic idiìthtec thc
desmeumènhc mèshc tim c, èqoume ìti

PX|A(
∞⋃

i=1

Bi, ω) = E(1X−1(S∞i=1 Bi)|A)(ω) =
∞∑

i=1

E(1X−1(Bi)|A)(ω)

=
∞∑

i=1

PX|A(Bi, ω) (8.4)

P |A-sqedìn gia k�je ω ∈ Ω. 'Omwc to sÔnolo twn ω ∈ Ω gia ta opoÐa isqÔei aut  h
isìthta, en gènei exart�tai apì thn akoloujÐa {Bi}∞i=1. 'Etsi, afoÔ to sÔnolo ìlwn twn
xènwn akolouji¸n {Bi}∞i=1, Bi ∈ B mporeÐ k�llista na eÐnai uperarijm simo, to sÔnolo
twn ω gia to opoÐa isqÔei h (8.4), mporeÐ na èqei mètro wc proc to P |A gn sia mikrìtero
apì 1. 'Opwc ja doÔme ìmwc, ìtan o (T,B) eÐnai metr simoc o opoÐoc ep�getai apì k�poio
polwnikì q¸ro T , tìte h desmeumènh katanom  PX|A thc X dedomènhc thc upo-s-�lgebrac
A thc F up�rqei kai eÐnai P |A-σ.p. monos manta orismènh, me thn ènnoia ìti h epagìmenh
apeikìnish Ω 3 ω 7→ PX|A(·, ω) ∈ PT eÐnai P |A-σ.p. monadik .

Katarq�c, parathroÔme ìti arkeÐ na apodeÐxoume thn Ôparxh kai th monadikìthta
twn desmeumènwn katanom¸n-phlÐko wc proc tuqaÐec metablhtèc. Pr�gmati, èstw X :
(Ω,F , P ) −→ (T,B) tuqaÐa metablht  t.w. na up�rqei desmeumènh katanom -phlÐko
P̃X|Y h opoÐa eÐnai monadik  (me thn ènnoia ìti dÔo opoiesd pote tètoiec desmeumènec
katanomès-phlÐko tautÐzontai Y∗P -σ.p. wc pur nec Markov) gia k�je tuqaÐa metablh-
t  Y : (Ω,F) −→ (Ω′,F ′), kai èstw A upo-s-�lgebra thc F . 'Estw Y = idΩ :
(Ω,F) −→ (Ω,A). Tìte, apì thn upìjes  mac, up�rqei Y∗P = P |A-monos manta ori-
smènh desmeumènh katanom  phlÐko P̃X|Y . Gia k�je B ∈ B, èqoume ìti

P̃X|Y (B, ·) = Ẽ(1X−1(B)|Y ) = E(1X−1(B)|Y ) = E(1X−1(B)|A)

P |A-σ.b., kai �ra h P̃X|Y eÐnai desmeumènh katanom  thc X, dedomènhc thc A kai eÐnai
profan¸c P |A-monos manta orismènh.

Prin apodeÐxoume thn Ôparxh kai th monadikìthta twn desmeumènwn katanom¸n-phlÐko
sthn perÐptwsh ìpou to pedÐo tim¸n thc tuqaÐac metablht c X eÐnai polwnikìc q¸roc,
ja doÔme pwc apì autì èpetai to je¸rhma thc di�spashc.

Prìtash 8.1.6 'Estw X : (Ω,F , P ) −→ (T,B) tuqaÐa metablht  me timèc sto metr -
simo q¸ro (T,B) kai èstw Y : (Ω,F) −→ (Ω′,F ′) tuqaÐa metablht . 'Estw ìti up�rqei
desmeumènh katanom  phlÐko P̃X|A : B×Ω′ −→ [0, 1] thc X dedomènhc thc Y . Tìte, gia
k�je X∗P -oloklhr¸simh sun�rthsh f : T −→ R èqoume ìti

Ẽ(f ◦X|Y )(ω′) =
∫

T

f(t)dP̃X|Y (t, ω′), (8.5)

Y∗P -sqedìn gia k�je ω′ ∈ Ω′, kai sunep¸c

E(f ◦X) =
∫

Ω′

∫

T

f(t)dP̃X|Y (t, ω′)dY∗P (ω′). (8.6)
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Apìdeixh Profan¸c an h f = 1B , B ∈ B eÐnai deÐktria sun�rthsh, tìte o tÔpoc (8.5)
isqÔei Y∗P -σ.b. H genik  perÐptwsh èpetai apì aut  thn perÐptwsh kai tic idiìthtec twn
desmeumènwn katanom¸n-phlÐko thc prìtashc 8.1.5. ¤

'Estw t¸ra X̃ pl rhc metrikìc q¸roc kai èstw π ∈ PX̃ sfiktì mètro. AfoÔ to π

eÐnai sfiktì, sthrÐzetai apì ton polwnikì q¸ro X̃0 := suppπ. 'Estw id0 : X̃0 −→ X̃0 h
tautotik  apeikonÐsh kai èstw p0 : X̃0 −→ X o periorismìc thc p sto X̃0. Up�rqei tìte
mÐa p∗π = µ-monos manta kajorismènh desmeumènh katanom  π̃id0| p0 : B(X̃0)×X −→ [0, 1]
thc id0 dedomènhc thc p0. Gia µ-sqedìn k�je x ∈ X jètoume π0

x to mètro B(X̃0) 3 B 7→
π̃id0| p0(B, x). Tìte, apì thn prohgoÔmenh prìtash èpetai ìti gia k�je π-oloklhr¸simh
sun�rthsh f : X̃ −→ R,

∫
eX

fdπ =
∫
eX0

fdπ =
∫

X

∫
eX0

f(x̃)dπ0
x(x̃)dµ(x).

An jèsoume πx := i0∗π0
x gia k�je x ∈ X gia to opoÐo orÐzetai to π0

x, ìpou i0 : X̃0 ↪→ X̃

eÐnai h ènjesh, tìte
∫
eX

fdπ =
∫

X

∫
eX

f(x̃)dπx(x̃)dµ(x), (8.7)

gia k�je π-oloklhr¸simh sun�rthsh f : X̃ −→ R. Epiplèon, µ-sqedìn gia k�je x ∈ X

to mètro π0
x sthrÐzetai apì to sÔnolo p−1

0 (x), miac kai µ-sqedìn gia k�je x ∈ X,

π0
x(p−1

0 (x)) = π̃id0| p0(p
−1
0 (x), x) = Ẽ(1p−1

0 (x)|p0)(x) = 1p−1
0 (x)(x),

ìpou h teleutaÐa anisìthta isqÔei lìgw tou ìti h 1p−1
0 (x) eÐnai σ(p0)-metr simh. Sunep¸c

suppπx = i0(p−1
0 (x)) ⊆ p−1(x) ìpwc zhtoÔsame. T¸ra, h monadikìthta thc desmeumènhc

katanom c-phlÐko mÐac tuqaÐac metablht c X, dedomènhc mÐac tuqaÐac metablht c Y ,
isqÔei mìno an to pedÐo tim¸n thc X eÐnai polwnikìc q¸roc. Wstìso, autì arkeÐ gia
na mac d¸sei ìti h oikogèneia {πx ∈ PX̃|x ∈ X} tou jewr matoc di�spashc eÐnai µ-σ.p.
monos manta orismènh, afoÔ gia k�je oikogèneia {πx ∈ PX̃|x ∈ X} pou ikanopoieÐ thn
(8.7) prèpei upoqrewtik� to mètro πx na sthrÐzetai apì ton polwnikì q¸ro suppπ, µ-
sqedìn gia k�je x ∈ X.

ApodeiknÔoume tèloc thn Ôparxh kai monadikìthta desmeumènhc katanom c-phlÐko mÐac
tuqaÐac metablht c X wc proc mÐa �llh tuqaÐa metablht , sthn perÐptwsh pou o q¸roc
ston opoÐo paÐrnei timèc h X eÐnai polwnikìc. H apìdeixh kai thc Ôparxhc kai thc
monadikìthtac, basÐzontai sto ìti h Borel s-�lgebra B enìc polwnikoÔ q¸rou T par�ge-
tai apì k�poia arijm simh �lgebra.

Je¸rhma 8.1.2 'Estw X : (Ω,F , P ) −→ (T,B) tuqaÐa metablht  me timèc ston
polwnikì q¸ro T kai èstw Y : (Ω,F , P ) −→ (Ω′,F ′) tuqaÐa metablht . Tìte up�rqei
desmeumènh katanom  phlÐko P̃X|Y : B(T ) × Ω′ −→ [0, 1] thc X dedomènhc thc Y kai
eÐnai Y∗P -monos manta orismènh.

Apìdeixh DeÐqoume pr¸ta th monadikìthta. 'Estw, loipìn, P , P ′ dÔo desmeumènec
katanomèc-phlÐko thc X dedomènhc thc Y . 'Opwc xèroume, h B par�getai apì k�poia

211



arijm simh �lgebra R ⊆ B. AfoÔ oi P , P ′ eÐnai desmeumènec katanomèc-phlÐko, gia k�je
B ∈ R, up�rqei sÔnolo Ω′B ∈ F ′ pou sthrÐzei to Y∗P , t.w.

P (B, ω′) = Ẽ(1X−1(B)|Y )(ω′) = P ′(B, ω′),

gia k�je ω′ ∈ ΩB . Tìte, ìmwc, afoÔ h R eÐnai arijm simh, to sÔnolo Ω′0 :=
⋂

B∈RΩ′B
sthrÐzei to Y∗P , kai P (B,ω′) = P ′(B, ω′) gia k�je (B, ω′) ∈ R × Ω′0. T¸ra, gia k�je
ω′ ∈ Ω′0, ta mètra pijanìthtac Pω′ kai P ′ω′ me tÔpo B 3 B 7→ P (B,ω′) kai B 3 B 7→
P ′(B, ω′) antÐstoiqa, tautÐzontai sthn �lgebra R h opoÐa par�gei thn B, kai sunep¸c
tautÐzontai se ìlh th B. SÔmfwna me touc orismoÔc, autì shmaÐnei ìti oi P kai P ′

tautÐzontai Y∗P -σ.p. wc pur nec Markov, ìpwc zhtoÔsame.
'Estw {Ri|i ∈ N} mÐa arÐjmhsh thc �lgebrac R. H katanom  µ := X∗P thc X ston

T eÐnai sfikt , kai �ra gia k�je i ∈ N up�rqei aÔxousa akoloujÐa (Kij)∞j=1 sumpag¸n
uposunìlwn tou Ri t.w.

µ(Ri) = sup
j∈N

µ(Kij). (8.8)

'Estw R′ h �lgebra pou par�getai apì thn R kai ìla ta sÔnola Kij , i, j ∈ N. H
�lgebra aut  eÐnai, epÐshc, arijm simh. Gia k�je B ∈ B, epilègoume sÔnolo Ω′B ∈ F
to opoÐo sthrÐzei to Y∗P , t.w. h desmeumènh mèsh tim -phlÐko thc 1X−1(B) dedomènhc
thc Y , na orÐzetai sto Ω′B kai orÐzoume sun�rthsh Q :

⋃
B∈B {B} × Ω′B −→ [0, 1] me

tÔpo Q(B, ω′) = Ẽ(1X−1(B)|Y )(ω′). Apì th grammikìthta thc desmeumènhc mèshc tim c-
phlÐko, gia k�je xènh akoloujÐa {Bi}k

i=1 sthn B, èqoume ìti

Q(
k⋃

i=1

Bi, ω
′) =

k∑

i=1

Q(Bi, ω
′), (8.9)

Y∗P -σ.b. (ìpou to sÔnolo pou sthrÐzei to Y∗P sto opoÐo isqÔei h (8.9), en gènei exart�tai
apì thn akoloujÐa {Bi}k

i=1.) Epiplèon, gia k�je t ∈ T \ (
Ri \

⋃∞
j=1 Kij

)
, èqoume ìti

supj∈N 1Kij (t) = 1Ri(t). Apì thn (8.8), µ
(
Ri\

⋃∞
j=1 Kij

)
= 0, kai �ra supj∈N 1Kij = 1Ri

µ-σ.b. Sunepwc, supj∈N 1X−1(Kij) = 1X−1(Ri), P -σ.b. kai �ra apì to je¸rhma monìtonhc
sÔgklishc gia th desmeumènh mèsh tim -phlÐko, èqoume ìti

Q(Ri, ω
′) = sup

n∈N
Q(Kij , ω

′), (8.10)

Y∗P -σ.p., gia k�je i ∈ N. Tèloc, apì thn prìtash (8.1.5) (a), èqoume ìti

Q(T, ω′) = 1 (8.11)

Y∗P -sqedìn gia k�je ω′ ∈ Ω′.
T¸ra, afoÔ to sÔnolo ìlwn twn peperasmènwn akolouji¸n {Bi}k

i=1 sthn R′ eÐnai
arijm simo, èpetai apì thn (8.9) ìti up�rqei Ω′0 ∈ F ′ pou sthrÐzei to Y∗P , t.w. to
R′ 3 B

Qω′7−→ Q(B, ω′) na eÐnai perieqìmeno (dhlad  peperasmèna prosjetikì mètro) sthn
�lgebraR′, gia k�je ω′ ∈ Ω′0 kai t.w. oi (8.10) kai (8.11) na isqÔoun gia k�je ω′ ∈ Ω′0. Ja
deÐxoume ìti to perieqìmeno Qω′ eÐnai promètro sthn R gia k�je ω′ ∈ Ω′0. 'Estw ω′ ∈ Ω′0.
AfoÔ to Qω′ eÐnai peperasmèno perieqìmeno, arkeÐ na deÐxoume ìti eÐnai ∅-suneqèc sthn R,
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dhlad  ìti gia k�je fjÐnousa akoloujÐa {Bn}∞n=1 sthn R t.w.
⋂∞

n=1 Bn = ∅ èqoume ìti
infn∈NQω′(Bn) = 0. 'Estw, loipìn, {Bn} tètoia akoloujÐa sthn R. Apì tic idiìthtec
tou sunìlou Ω′0, gia k�je ε > 0 kai k�je n ∈ N up�rqei sumpagèc sÔnolo Kn ⊆ Bn (pio
sugkekrimèna k�poio kat�llhlo Kij) t.w.

Qω′(Bn)−Qω′(Kn) ≤ ε

2n
.

AfoÔ, ìmwc,
⋂∞

n=1 Bn = ∅, èqoume ìti
⋂∞

n=1 Kn = ∅ kai afoÔ ta Kn eÐnai sumpag ,
èpetai ìti up�rqei n0 ∈ N t.w. K1 ∩ · · · ∩ Kn0 = ∅. Sunep¸c, Bn0 ⊆

⋃n0
i=1(Bi \ Ki).

AfoÔ to Qω′ eÐnai peperasmèno perieqìmeno sthn R′, èqoume ìti

Qω′(Bn0) ≤
n0∑

i=1

Qω′(Bi \Ki) =
n0∑

i=1

(
Qω′(Bi)−Qω′(Ki)

) ≤
∞∑

i=1

ε

2i
= ε.

Sunep¸c, infn∈N Qω′(Bn) = 0, ìpwc zhtoÔsame.
Sunep¸c, gia k�je ω′ ∈ Ω′0, to promètro Qω′ epekteÐnetai se monadikì mètro pi-

janìthtac Pω′ sthn B. Ja deÐxoume ìti h apeikìnish PX|Y : B × Ω′0 −→ [0, 1] me
tÔpo PX|Y (B,ω′) = Pω′(B) eÐnai Y∗P -σ.p. orismènh desmeumènh katanom -phlÐko thc
X dedomènhc thc Y . Gia to skopì autì prèpei na deÐxoume ìti gia k�je B ∈ B, (a) h
sun�rthsh Ω′0 3 ω′ 7→ PX|Y (B, ω′) eÐnai F ′0-metr simh, ìpou F ′0 = {Ω′0∩F ′|F ′ ∈ F ′}, kai
(b) PX|Y (B, ·) = Ẽ(1X−1(B)|Y ), Y∗P -σ.b. DeÐqnoume pr¸ta to (a). 'Estw B0 h oikogèneia
ìlwn twn stoiqeÐwn thc B gia ta opoÐa h PX|Y (B, ·) eÐnai F ′0-metr simh. Apì ton orismì
thc PX|Y , gia k�je B ∈ R, èqoume ìti PX|Y (B, ·) = Q(B, ·) = Ẽ(1X−1(B)|Y ), Y∗P -σ.b.,
kai �ra R ⊆ B0. Apì tic idiìthtec thc desmeumènhc mèshc tim s-phlÐko, eÐnai �meso ìti
h B0 eÐnai λ-sÔsthma, (dhlad  perièqei ton T , kai eÐnai kleist  wc proc sumplhr¸ma-
ta kai xènec arijm simec en¸seic) kai, �ra, apì to π-λ je¸rhma tou Dynkin èpetai ìti
B = σ(R) ⊆ B0, ìpwc zhtoÔsame.

ApodeiknÔoume tèloc to (b). AfoÔ gia k�je B ∈ R, PX|Y (B, ·) = Ẽ(1X−1(B)|Y ),
Y∗P -σ.b., èpetai ìti gia k�je B ∈ R kai k�je F ′ ∈ F ,

∫

F ′
PX|Y (B,ω′)dY∗P (ω′) =

∫

F ′
Ẽ(1X−1(B)|Y )dY∗P .

'Omwc gia k�je F ′ ∈ F ′, oi sunart seic B 3 B
µF ′7−→ ∫

F ′ PX|Y (B, ω′)dY∗P (ω′) kai
B 3 B

νF ′7−→ ∫
F ′ Ẽ(1X−1(B)|Y )dY∗P eÐnai peperasmèna mètra sthn B kai tautÐzontai

sthn R. 'Etsi, afoÔ h R eÐnai �lgebra, èpetai ìti µF ′ = νF ′ F ′ ∈ F ′. Tìte ta mè-
tra µB kai νB sthn F ′ me tÔpo F ′ 3 F ′

µB7−→ ∫
F ′ PX|Y (B, ω′)dY∗P (ω′) kai F ′ 3 F ′ νB7−→∫

F ′ Ẽ(1X−1(B)|Y )dY∗P epÐshc tautÐzontai gia k�je B ∈ B. Sunep¸c oi sunart seic
PX|Y (B, ·) kai Ẽ(1X−1(B)|Y ) tautÐzontai Y∗P -σ.b. wc puknìthtec tou mètrou µB = νB ,
to opoÐo oloklhr¸nei thn apìdeixh. ¤

8.2 SÔnjesh SqedÐwn Metafor�c
Se pollèc peript¸seic parousi�zetai h an�gkh na sunjèsoume sqèdia metafor�c. 'Estw
µ1, µ2 kai µ3 mètra pijanìthtac kai π12 ∈ Π(µ1, µ2), π23 ∈ Π(µ2, µ3) sqèdia metafor�c.
H metafor� tou µ1 sto µ2 sÔmfwna me to π12 kai èpeita tou µ2 sto µ3 sÔmfwna me to
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π23 ja prèpei na antistoiqeÐ se èna trìpo metafor�c tou µ1 sto µ3, o opoÐoc logik� ja
prèpei na antistoiqeÐ se k�poio sqèdio metafor�c π23 ◦ π12.

'Estw pi : X1×X2×X3 −→ Xi, i = 1, 2, 3 kai pi,j : X1×X2×X3 −→ Xi×Xj , i, j =
1, 2, 3, i < j oi probolèc. 'Opwc ja doÔme, h sÔnjesh twn π12 kai π23 eÐnai thc morf c
p1,3
∗ π gia k�poio π ∈ P(X1 × X2 × X3) t.w. p1,2

∗ π = π12 kai p2,3
∗ π = π23. Jètoume

Π(π12, π23) to sÔnolo ìlwn aut¸n twn mètrwn π gia ta opoÐa p1,2
∗ π = π12 kai p2,3

∗ π =
π23. ParathroÔme ìti gia k�je π ∈ Π(π12, π23) èqoume pi

∗π = µi, i = 1, 2, 3, kai �ra
Π(π12, π23) ⊆ Π(µ1, µ2, µ3). Eidikìtera, mÐa anagkaÐa sunj kh gia na eÐnai to Π(π12, π23)
mh-kenì eÐnai p2

1,2∗π
12 = p2

2,3∗π
23 ìpou p2

1,2 : X1 ×X2 −→ X2 kai p2
2,3 : X2 ×X3 −→ X2

eÐnai oi probolèc. Sth sunèqeia ja kataskeu�soume èna mètro sto Π(π12, π23) me thn
upìjesh ìti h sunj kh aut  ikanopoieÐtai. 'Etsi h sunj kh aut  eÐnai, epÐshc, ikan  gia
na eÐnai to Π(π12, π23) mh-kenì.

Gia na orÐsoume th sÔnjesh sqedÐwn metrafor�c, ja qrhsimopoi soume thn anapar�-
stash touc wc sq mata metafor�c pou mac dÐnei to je¸rhma thc di�spashc. Gi� autì
periorizìmaste sthn perÐptwsh ìpou ta mètra µi eÐnai sfikt� Borel mètra se k�poio
(topologik�) pl rh metrikì q¸ro Xi, i = 1, 2, 3.

Orismìc 8.2.1 'Estw (Xi, µi) q¸roi pijanìthtac, i = 1, 2, 3 kai èstw πi(i+1) : Xi −→
PXi+1 µi-σ.p. orismèno sq ma metafor�c tou µi sto µi+1, i = 1, 2. H µ1-σ.p. orismènh
apeikìnish π23 ◦ π12 : X1 −→ PX3 me tÔpo

(π23 ◦ π12)x1(E) =
∫

X2

π23
x2

(E)dπ12
x1

(x2),

lègetai sÔnjesh tou π12 me to π23.

Parathr seic

1. To (π23 ◦ π12)x1 eÐnai pr�gmati mètro pijanìthtac ston PX3 apì to l mma 7.1.2
µ1-sqedìn gia k�je x1 ∈ X1.

2. H sÔnjesh π23 ◦ π12 : X1 −→ PX3 tou π12 : X1 −→ PX2 me to π23 : X2 −→ PX3

eÐnai metr simh.

Apìdeixh. 'Estw E ∈ B(X3). AfoÔ h π23 : X2 −→ PX3 eÐnai metr simh, h apeikìnish
X2 3 x2 7→ π23

x2
(E) ∈ [0, 1] eÐnai metr simh. Tìte, ìmwc, afoÔ kai h π12 : X1 −→ X2 eÐnai

metr simh, èpetai apì to l mma 7.1.2 ìti h apeikìnish

X1 3 x1 7→
∫

X2

π23
x2

(E)dπ12
x1

(x2) ∈ [0, 1]

eÐnai metr simh. Sunep¸c h π23 ◦ π12 : X1 −→ PX3 eÐnai metr simh.

3. H π23 ◦ π12 metafèrei to µ1 sto µ3.

Apìdeixh. 'Estw E metr simo uposÔnolo tou X3. Prèpei na deÐxoume ìti
∫

X1

(π23 ◦ π12)x1(E)dµ1(x1) = µ3(E).

214



Autì, ìmwc, pr�gmati isqÔei afoÔ
∫

X1

(π23 ◦ π12)x1(E)dµ1(x1) =
∫

X1

∫

X2

π23
x2

(E)dπ12
x1

(x2)dµ1(x1)

=
∫

X2

π23
x2

(E)dµ2(x2) = µ3(E).

4. Apì tic dÔo prohgoÔmenec parathr seic èpetai ìti h sÔnjesh π23 ◦ π12 dÔo sqhm�twn
metafor�c π12 ∈ Γ(µ1, µ2) kai π23 ∈ Γ(µ2, µ3) eÐnai sq ma metafor�c apì to µ1 sto µ3.

5. 'Estw π12 ∈ Γ(µ1, µ2) kai π23 ∈ Γ(µ2, µ3) ta sq mata metafor�c pou ep�gontai apì
tic apeikonÐseic metafor�c T 12 : X1 −→ X2 kai T 23X2 −→ X3, dhlad  π12 = δ ◦ T 12 kai
π23 = δ ◦ T 23. Tìte h sÔnjes  touc ep�getai apì th sÔnjesh twn T 23 kai T 12, dhlad 

(δ ◦ T 23) ◦ (δ ◦ T 12) = δ ◦ (T 23 ◦ T 12).

Apìdeixh. 'Estw E metr simo uposÔnolo tou X3. Pr�gmati, µ1-sqedìn gia k�je x1 ∈ X1,
èqoume ìti

(
(δ ◦ T 23) ◦ (δ ◦ T 12)

)
x1

(E) =
∫

X2

(δ ◦ T 23)x2(E)d(δ ◦ T 12)x1(x2)

=
∫

X2

1E

(
T 23(x2)

)
dδT 12(x1)(x2)

= 1E(T 23 ◦ T 12(x1)) =
(
δ ◦ (T 23 ◦ T 12)

)
x1

(E).

6. 'Estw π12 ∈ Γ(µ1, µ2), π23 ∈ Γ(µ2, µ3) sq mata metafor�c. To sqèdio metafor�c apì
to µ1 sto µ3 pou ep�getai apì th sÔnjes  touc, to opoÐo suneqÐzoume na sumbolÐzoume
me π23 ◦ π12, qarakthrÐzetai apì thn
∫

X1×X3

fdπ23 ◦ π12 =
∫

X1

∫

X2

∫

X3

f(x1, x3)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1), ∀f ∈ B(X1×X3).

Mèsw thc sÔnjeshc sqhm�twn metafor�c kai tou je¸rhmatoc di�spashc orÐzetai h
sÔnjesh sqedi¸n metafor�c metaxÔ sfikt¸n mètrwn se pl reic metrikoÔc q¸rouc.

Orismìc 8.2.2 'Estw µi, i = 1, 2, 3 sfikt� metra stouc pl reic metrikoÔc q¸rouc
Xi, i = 1, 2, 3 kai èstw πi(i+1) ∈ Π(µi, µi+1) sqèdio metafor�c apì to µi sto µi+1. H
sÔnjesh π23 ◦ π12 ∈ Π(µ1, µ3) tou π12 me to π23 eÐnai to sqèdio metafor�c pou ep�getai
apì th sÔnjesh twn sqhm�twn metafor�c pou antistoiqoÔn sta sqèdia π12 kai π23.

To mètro π23◦̃π12 ∈ Π(π12, π23) ⊆ Π(µ1, µ2, µ3), me tÔpo

π23◦̃π12(E) =
∫

X1

∫

X2

∫

X3

1E(x1, x2, x3)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1)

gia k�je Borel sÔnolo E ⊆ X1×X2×X3, lègetai h sugkìllhsh tou π12 me to π23 kat�
m koc thc koin c katanom c touc.
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L mma 8.2.1 'Estw µi, i = 1, 2, 3 sfikt� mètra stouc pl reic metrikoÔc q¸rouc Xi,
i = 1, 2, 3 kai èstw πi(i+1) ∈ Π(µi, µi+1) sqèdio metafor�c apì to µi sto µi+1. H sug-
kìllhsh π23◦̃π12 ∈ Π(π12, π23) tou π12 me to π23 eÐnai pr�gmati mètro, kai qarakthrÐzetai
apì thn isqÔ thc

∫

X1×X2×X3

fdπ23◦̃π12 =
∫

X1

∫

X2

∫

X3

f(x1, x2, x3)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1) (8.12)

gia k�je f ∈ B(X1 ×X2 ×X3). Epiplèon, ikanopoieÐ tic

(a) p1,2
∗

(
π23◦̃π12

)
= π12, (b) p2,3

∗
(
π23◦̃π12

)
= π23

kai
(c) p1,3

∗
(
π23◦̃π12

)
= π23 ◦ π12

Apìdeixh To ìti to π23◦̃π12 eÐnai pr�gmati mètro kai qarakthrÐzetai apì thn (8.12)
apodeiknÔetai ìmoia me to l mma 7.1.2. ApodeiknÔoume, loipìn, ta (a), (b) kai (c).
(a) 'Estw E metr simo uposÔnolo tou X1 ×X2. Tìte

p1,2
∗

(
π23◦̃π12

)
(E) =

∫

X1×X2

1Edp1,2
∗

(
π23◦̃π12

)

=
∫

X1

∫

X2

∫

X3

1E ◦ p1,2(x1, x2, x3)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1)

=
∫

X1

∫

X2

∫

X3

1E(x1, x2)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1)

=
∫

X1

∫

X2

1E(x1, x2)dπ12
x1

(x2)dµ1(x1) = π12(E)

(b) Gia k�je metr simo sÔnolo E ⊆ X2 ×X3 èqoume ìti

p2,3
∗

(
π23◦̃π12

)
(E) =

∫

X2×X3

1Edp2,3
∗

(
π23◦̃π12

)

=
∫

X1

∫

X2

∫

X3

1E ◦ p2,3(x1, x2, x3)dπ23
x2

(x3)dπ12
x1

(x2)dµ1(x1)

=
∫

X2

∫

X3

1E(x2, x3)dπ23
x2

(x3)dµ2(x2) = π23(E)

Tèloc, to (c) eÐnai �meso apì touc orismoÔc. ¤

Par�deigma

1. 'Estw µi sfikt� mètra stouc pl reic metrikoÔc q¸rouc Xi kai èstw π12 = µ1 ⊗ µ2,
π23 = µ2 ⊗ µ3 sqèdia metafor�c. Tìte

π23◦̃π12 = µ1 ⊗ µ2 ⊗ µ3

kai sunep¸c π23 ◦ π12 = µ1 ⊗ µ3.

Apìdeixh. EÐnai profanèc, afoÔ π12
x1

= µ2 gia k�je x1 ∈ X1 kai π23
x2

= µ3 gia k�je
x2 ∈ X2.
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H sÔnjesh sqedÐwn metafor�c genikeÔetai kai gia peperasmèno to pl joc arijmì
sqedÐwn metafor�c. 'Estw µi, i = 1, . . . , n sfiktì mètro ston pl rh metrikì q¸ro Xi,
i = 1, . . . , n kai èstw πi(i+1) ∈ Π(µi, µi+1) sqèdio metafor�c apì to µi sto µi+1. AfoÔ
h sÔnjesh sqedÐwn metafor�c eÐnai sqèdio metafor�c, h sÔnjesh πn,n+1 ◦ · · · ◦ π12 ∈
Π(µ1, µn) orÐzetai epagwgik� kai dÐnetai apì ton tÔpo

πn,n+1 ◦ · · · ◦ π12(E) =
∫

X1

∫

X2

. . .

∫

Xn

1E(x1, xn)dπn−1,n
xn−1

(xn) . . . dπ12
x1

(x2)dµ1(x1),

gia k�je Borel sÔnolo E ⊆ X1 × Xn. 'Oson afor� th sugkìllhsh, mporeÐ kaneÐc na
apodeÐxei �mesa ìti o tÔpoc

πn−1,n◦̃ . . . ◦̃π12(E) =
∫

X1

∫

X2

. . .

∫

Xn

1E(x1, . . . , xn)dπn−1,n
xn−1

(xn) . . . dπ12
x1

(x2)dµ1(x1),

orÐzei èna mètro Π̃ := πn−1,n◦̃ . . . ◦̃π12 ∈ Π(µ1, . . . , µn) ⊆ PT (X1 × . . .×Xn), t.w.

(p1, pn)∗Π̃ = πn,n+1 ◦ · · · ◦ π12, (8.13)

(pi, pi+1)∗Π̃ = πi,i+1 ∀ i = 1, . . . , n− 1, (8.14)

(
k

∆
i=1

pi)∗Π̃ = πk−1,k◦̃ . . . ◦̃π12, 1 ≤ k ≤ n. (8.15)

ìpou pi : X1 × . . . Xn −→ Xi eÐnai h probol  gia k�je i. Suqn� qrei�zetai na sugkol-
loÔme kai pollapl� sqèdia kai, ètsi, ja orÐsoume th sugkìllhsh peperasmènou arijmoÔ
sqedÐwn epagwgik�, mèsw thc sugkìllhshc pollapl¸n sqedÐwn. Prin d¸soume ton oris-
mì, upenjumÐzoume ìti dedomènhc mÐac oikogèneiac apeikonÐsewn fi : X −→ Xi, i ∈ I, h
diag¸nia apeikìnish pou orÐzetai apì aut n, eÐnai h apeikìnish ∆i∈I fi : X −→ ∏

i∈I Xi,
pou orÐzetai apì ton tÔpo ∆

i∈I
fi(x) = (fi(x))i∈I .

Orismìc 8.2.3 'Estw X1, . . . , Xn pl reic metrikoÐ q¸roi kai èstw µi ∈ PT Xi sfikt�
mètra. 'Estw π1Ãk ∈ Π(µ1, . . . , µk), πkÃn ∈ Π(µk, . . . , µn) pollapl� sqèdia, 1 < k < n.
To mètro πkÃn◦̃π1Ãk ∈ Π(µ1, . . . µn) me tÔpo

πkÃn◦̃π1Ãk(E) =
∫

kQ
i=1

Xi

∫
nQ

i=k+1
Xi

1E(x1, . . . , xn)dπkÃn
xk

(xk+1, . . . , xn)dπ1Ãk(x1, . . . xk),

gia k�je Borel sÔnolo E ⊆ X1 × . . . Xn, ìpou (πkÃn
xk

)xk∈Xk
⊆ P(Xk+1 × . . .×Xn) eÐnai

h di�spash tou πkÃn wc proc thn pr¸th metablht  tou xk ∈ Xk, lègetai h sugkìllhsh
tou π1Ãk me to πkÃn kat� m koc thc koin c katanom c touc.

Jètontac Xk
1 :=

∏k
i=1 Xi kai Xn

k+1 :=
∏n

i=k+1 Xi, o tÔpoc tou πkÃn ∗ π1Ãk sun-
tomeÔetai ston

πkÃn◦̃π1Ãk(E) =
∫

Xk
1

∫

Xn
k+1

1E(xk
1 , xn

k+1)dπkÃn
xk

(xn
k+1)dπ1Ãk(xk

1)

=
∫

Xk
1

∫

Xn
k+1

1EdπkÃn
xk

dπ1Ãk.
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Katarq�c parathroÔme ìti apì to l mma 7.1.3, to mètro πkÃn eÐnai sfiktì kai �ra
h di�spas  tou wc proc thn pr¸th tou metablht  eÐnai µk-σ.p. kal� orismènh. Epeid 
pk
∗π

1Ãk = µk, èpetai ìti orÐzetai kai π1Ãk-σ.p. kai �ra h sugkìllhsh tou π1Ãk me
to πkÃn eÐnai kal� orismèno mètro. Elègqoume, epÐshc, ìti pr�gmati πkÃn ∗ π1Ãk ∈
Π(µ1, . . . , µn). H perÐptwsh 1 ≤ i ≤ k eÐnai profan c. 'Estw loipìn k < i ≤ n. Tìte,
gia k�je Borel sÔnolo Ei ⊆ Xi, èqoume ìti

pi
∗(π

kÃn◦̃π1Ãk)(Ei) =
∫

Xk
1

∫

Xn
k+1

(1Ei ◦ pi)dπkÃn
xk

dπ1Ãk.

H sun�rthsh

Xk
1 3 xk

1 = (x1, . . . , xk) 7→
∫

Xk
1

∫

Xn
k+1

(1Ei
◦ pi)(xk

1 , xn
k+1)dπxk

(xn
k+1),

ìmwc, exart�tai mìno apì thn pr¸th thc metablht  xk ∈ Xk, kai sunep¸c, afoÔ pk
∗π

1Ãk =
µk, èpetai ìti

pi
∗(π

kÃn◦̃π1Ãk)(Ei) =
∫

Xk

∫

Xn
k+1

(1Ei ◦ pi)dπkÃn
xk

dµk

=
∫

Xn
k

(1Ei ◦ pi)dπkÃn = µi(Ei).

Sunep¸c, o orismìc thc sugkìllhshc ìpwc èqei dojeÐ eÐnai swstìc. 'Opwc kai sthn
perÐptwsh sqedÐwn metafor�c, o tÔpoc tou orismoÔ thc sugkìllhshc isqÔei genikìtera
gia k�je f ∈ B(X1 × . . .×Xn). Epiplèon,

(
k

∆
i=1

pi)∗(πkÃn◦̃π1Ãk) = π1Ãk, (
n

∆
i=k

pi)∗(πkÃn◦̃π1Ãk) = πkÃn, (8.16)

ìpou pi : X1 × . . . Xn −→ Xi eÐnai oi probolèc. Elègqoume p.q. thn pr¸th isìthta. Gia
k�je Borel sÔnolo Ek

1 ⊆ Xk
1 , èqoume ìti

(
k

∆
i=1

pi)∗(πkÃn◦̃π1Ãk)(Ek
1 ) =

∫

Xk
1

∫

Xn
k+1

(
1Ek

1
◦ k

∆
i=1

pi

)
dπkÃn

xk
dπ1Ãk

=
∫

Xk
1

1Ek
1
dπ1Ãk = π1Ãk(Ek

1 ).

Mèsw thc sugkìllhshc pollapl¸n sqedÐwn orÐzetai epagwgik� h sugkìllhsh pepera-
smènwn to pl joc sqedÐwn metafor�c. 'Opwc mporeÐ na epibebai¸sei o anagn¸sthc, h
sugkìllhsh eÐnai prosetairistik  se k�je tri�da diadoqik¸n sqedÐwn metafor�c, kai ètsi
o orismìc autìc eÐnai saf c wc èqei. 'Estw πi(i+1) ∈ Π(µi, µi+1), i = 1, . . . , n− 1, n ∈ N
mÐa akoloujÐa diadoqik¸n sqedÐwn metafor�c metaxÔ sfikt¸n mètrwn se pl reic metrikoÔc
q¸rouc. H sugkìllhsh touc sumbolÐzetai me ◦̃n−1

i=1 πi,i+1 kai qarakthrÐzetai apì thn
∫

Xn
1

fd◦̃n−1
i=1 πi,i+1 =

∫

X1

∫

X2

. . .

∫

Xn

fdπn−1,n
xn−1

. . . dπ12
x1

dµ1,

gia k�je f ∈ B(Xn
1 ), kai profan¸c ikanopoieÐ tic (8.13) èwc (8.15).
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Orismìc 8.2.4 'Estw X, Y pl reic metrikoÐ q¸roi, µ ∈ PX, ν ∈ PY sfikt� mètra
kai π ∈ Π(µ, ν) sqèdio metafor�c. To antÐstrofo sqèdio metafor�c tou π eÐnai to
mètro π−1 := A∗π ∈ Π(ν, µ), ìpou A : X × Y −→ Y × X eÐnai h apeikìnish me tÔpo
A(x, y) = (y, x).

To sqèdio (IdX , IdX)∗µ ∈ Π(µ, µ) lègetai to tautotikì sqèdio apì to µ ston eautì
tou kai sumbolÐzetai Idµ.

Mèsw tou akìloujou l mmatoc, to opoÐo genikeÔei th sÔnjesh sqedÐwn metafor�c se
arijm simo pl joc sqedÐwn, ja doÔme sthn epìmenh par�grafo mÐa eÔkolh apìdeixh tou
ìti oi metrikèc tou Wasserstein ston PT

r X eÐnai pl reic ann o X eÐnai pl rhc. Gia k�je
akoloujÐa metrik¸n q¸rwn (Xn)n∈N ja jewroÔme ton X∞ := Πn∈NXn efodiasmèno me
thn topologÐa ginìmeno.

L mma 8.2.2 'Estw Xn, n ∈ N akoloujÐa pl rwn metrik¸n q¸rwn, µn ∈ PT Xn,
n ∈ N akoloujÐa sfikt¸n mètrwn kai πn := πn,n+1 ∈ Π(µn, µn+1) ⊆ P(Xn × Xn+1),
n ∈ N, akoloujÐa diadoqik¸n sqedÐwn metafor�c. Up�rqei tìte Borel mètro π∞ ∈ PX∞,
t.w.

pn,n+1
∗ π∞ = πn,n+1, ∀n ∈ N, (8.17)

ìpou pF : X∞ −→ ∏
i∈F

Xi eÐnai h fusik  probol  gia k�je F ⊆ N.

Apìdeixh Jètoume Yn := suppµn, µ′n ton periorismì tou µn ston Yn kai π′n ton pe-
riorismì tou πn = πn−1,n ston Yn−1 × Yn gia k�je n ∈ N. Gia k�je n ∈ N jètoume
epÐshc Π′n := ◦̃n

i=1π
′
i kai jètoume rn : Y∞ −→ Xn kai qn : Y∞ −→ Yn touc peri-

orismoÔc twn probol¸n pn ston Y∞ :=
∏∞

i=1 Yi. ParathroÔme ìti an in : Yn ↪→ Xn

eÐnai h ènjesh, tìte rn = in ◦ qn kai πn = (in−1 × in)∗π′n. EpÐshc, jètoume P(N) to
sÔnolo ìlwn twn peperasmènwn uposunìlwn tou N kai gia k�je H ⊆ F ∈ P(N) jè-
toume qH

F :
∏

i∈F Yi −→
∏

i∈H Yi th fusik  probol . Apì tic idiìthtec thc sugkìllhshc,
xèroume ìti (∆n−1

i=1 qi)∗Π′n = Π′n−1 gia k�je n ∈ N. 'Epetai ìti h oikogèneia
{
(qF
{1,...,max F})∗Π

′
max F

∣∣ F ∈ P(N)
}

eÐnai probolik  kai, �ra, apì to je¸rhma tou Kolmogorov (deÐte paradeÐgmatoc q�rin ta
[5]   [2]) èpetai ìti up�rqei π′∞ ∈ PY∞ t.w.

(qF )∗π′∞ = (qF
{1,...,max F})∗Π

′
max F ,

gia k�je peperasmèno F ⊆ N, ìpou qF := Y∞ −→ ∏
i∈F Yi eÐnai h fusik  probol .

'Etsi, gia k�je n ∈ N èqoume ìti

qn,n+1
∗ π′∞ =

(
q
{n,n+1}
{1,...,n+1}

)
∗Π

′
n+1 = π′n+1.

Profan¸c an i∞ : Y∞ ↪→ X∞ eÐnai h fusik  ènjesh, tìte to mètro π∞ = i∞∗ π′∞
ikanopoieÐ th zhtoÔmenh idiìthta, afoÔ (in× in+1)◦ qn,n+1 = pn,n+1 ◦ i∞ gia k�je n ∈ N,
kai �ra

pn,n+1
∗ π∞ = pn,n+1

∗ (i∞∗ π′∞) = (in × in+1)∗(qn,n+1
∗ π′∞) = (in × in+1)∗π′n = πn,

gia k�je n ∈ N. ¤
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8.3 Oi Metrikèc tou Wasserstein

'Estw (X, d) pl rhc metrikìc q¸roc kai èstw pi : X × X −→ X, i = 1, 2 oi fusikèc
probolèc. S� aut  thn enìthta ja apodeÐxoume ìti gia k�je 1 ≤ r < ∞, h sun�rthsh
Wr : PX ×PX −→ [0,∞) me tÔpo

Wr(µ, ν) = Idr (µ, ν)
1
r = inf

{∫

X×X

d(x, y)rdπ(x, y)
∣∣ π ∈ Π(µ, ν)

} 1
r

(8.18)

= inf
π∈Π(µ,ν)

‖d‖Lr(π) = inf
π∈Π(µ,ν)

dLr(π;X)(p1, p2),

orÐzei metrik  sto sÔnolo ìlwn twn sfikt¸n Borel mètrwn pijanìthtac me peperasmènh
kentrik  r-ost  rop  ston X kai ja melet soume tic basikèc topologikèc idiìthtec twn
metrik¸n Wr.

Prìtash 8.3.1 'Estw (X, d) pl rhc metrikìc q¸roc. Gia k�je r ∈ [1,∞), h sun�rthsh
Wr pou orÐzetai apì thn (8.18) eÐnai metrik  sto PT

r X.

Apìdeixh 'Estw 1 ≤ r < ∞. Profan¸c h Wr eÐnai summetrik  kai jetik� orismènh.
EpÐshc, o periorismìc thc sto PrX paÐrnei peperasmènec timèc, afoÔ an µ, ν ∈ PrX kai
x0 ∈ X, tìte gia k�je π ∈ Π(µ, ν) èqoume ìti

W r
r (µ, ν) =

∫

X×X

d(x, y)rdπ(x, y) ≤ 2r−1

∫

X×X

(
d(x, x0)r + d(x0, y)r

)
dπ(x, y)

= 2r−1

∫

X

d(x, x0)rdµ(x) + 2r−1

∫

X

d(x0, x)rdν(x) < ∞

'Estw, t¸ra, µ ∈ PrX kai èstw π := (id, id)∗µ ∈ Π(µ, µ) to tautotikì sqèdio metafor�c.
Tìte ∫

X×X

d(x, y)rdπ(x, y) =
∫

X

d(x, x)rdµ(x) = 0,

kai �ra Wr(µ, µ) = 0 gia k�je µ ∈ PrX. DeÐqoume t¸ra ìti h Wr ikanopoieÐ thn
trigwnik  anisìthta. 'Estw, loipìn, µ, ρ, ν ∈ PrX. Apì thn prìtash 7.1.1 up�rqoun
bèltista sqèdia metafor�c π ∈ Πdr (µ, ρ) kai τ ∈ Πdr (ρ, ν). 'Estw τ ◦̃π h sugkìllhsh
twn π kai τ kat� m koc thc koin c katanom c touc ρ. Tìte

Wr(µ, ν) ≤ ‖d‖Lr(τ◦π) = ‖d ◦ p1,3‖Lr(τe◦π) ≤ ‖d ◦ p1,2 + d ◦ p2,3‖Lr(τe◦π)

≤ ‖d ◦ p1,2‖Lr(τe◦π) + ‖d ◦ p2,3‖Lr(τe◦π)

= ‖d‖Lr(π) + ‖d‖Lr(τ) = Wr(µ, ρ) + Wr(ρ, ν).

ApodeiknÔoume, tèloc, ìti an Wr(µ, ν) = 0, tìte µ = ν. 'Estw, loipìn, µ, ν ∈ PrX

t.w. Wr(µ, ν) = 0 kai èstw π ∈ Πdr (µ, ν) bèltisto sqèdio metafor�c. Tìte d = 0 π-σ.p.
kai �ra suppπ ⊆ ∆ := {(x, x) ∈ X ×X|x ∈ X}. 'Omwc tìte gia k�je A ∈ B(X) èqoume
ìti

µ(A) = π(A×X) = π
(
(A×X) ∩∆

)
= π

(
(X ×A) ∩∆

)
= π(X ×A) = ν(A),

kai �ra µ = ν ìpwc jèlame. ¤
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Shmei¸noume ìti h ènjesh δ : X −→ PrX tou Dirac eÐnai isometrik  ènjesh gia k�je
1 ≤ r < ∞. Sthn epìmenh prìtash exet�zoume th sumperifor� twn metrik¸n Wr kaj¸c
to r metab�letai sto [1,∞).

Prìtash 8.3.2 'Estw (X, d) pl rhc metrikìc q¸roc. Tìte gia k�je 1 ≤ r ≤ s < ∞
èqoume ìti Wr ≤ Ws. An epiplèon h d eÐnai fragmènh, tìte W s

s ≤ W r
r diam(X)s−r.

Eidikìtera, ìtan o X eÐnai fragmènoc, ìlec oi metrikèc tou Wasserstein orÐzoun thn Ðdia
topologÐa sto PT

r X = PT X.

Apìdeixh Gia k�je µ, ν ∈ PrX kai k�je π ∈ Π(µ, ν) èqoume ìti Wr(µ, ν) ≤ ‖d‖Lr(π) ≤
‖d‖Ls(π). PaÐrnontac infimum p�nw apì ìla ta Π(µ, ν) apodeiknÔetai h pr¸th anisìthta.
An t¸ra h d eÐnai epiplèon fragmènh, èpetai eÔkola ìti

ds(x, y) ≤ diam(X)s−rdr(x, y),

gia k�je x, y ∈ X. Sunep¸c gia k�je π ∈ Π(µ, ν) èqoume ìti

W s
s (µ, ν) ≤

∫
ds(x, y)dπ(x, y) ≤ diam(X)s−r

∫
dr(x, y)dπ(x, y).

PaÐrnontac infimum p�nw apì ìla ta sqèdia metafor�c π ∈ Π(µ, ν), prokÔptei h zhtoÔ-
menh anisìthta. ¤

LÐgo parak�tw se aut  thn par�grafo, ja doÔme ìti ìtan h d eÐnai fragmènh, h
topologÐa pou orÐzoun oi metrikèc tou Wasserstein sto PT X eÐnai h asjen c topologÐa.
Eidikìtera, h asjen c topologÐa ston PT X eÐnai metrikopoi simh ìtan o X eÐnai pl rhc.

To je¸rhma duismoÔ tou Kantorovich mac dÐnei thn akìloujh èkfrash thc metrik c
tou Wasserstein W1, apì thn opoÐa èpetai ìti h W1 ep�getai apì nìrma ston MT

1 (X).

Je¸rhma 8.3.1 (Kantorovich-Rubinstein) 'Estw (X, d) pl rhc metrikìc q¸roc kai
èstw µ, ν ∈ PT

1 X. Tìte

W1(µ, ν) = sup
{∫

X

φd(µ− ν)
∣∣∣ Lip(φ) ≤ 1

}
. (8.19)

Epiplèon, h tim  tou parap�nw supremum den all�zei an apait soume apì tic sunart seic
φ p�nw apì tic opoÐec paÐrnoume to supremum na eÐnai fragmènec.

Apìdeixh Gia aplìthta sto sumbolismì, jètoume R1(µ, ν) to supremum sthn (8.19)
kai jètoume

R0(µ, ν) := sup
{∫

X

φd(µ− ν)
∣∣∣ φ ∈ B(X), Lip(φ) < 1

}
.

Ja apodeÐxoume pr¸ta ìti W1(µ, ν) ≥ R1(µ, ν). 'Estw Lip1(X) to sÔnolo ìlwn twn
Lipschitz sunart sewn φ : X −→ R me Lip(φ) ≤ 1. AfoÔ µ, ν ∈ PT

1 X, gia k�je
φ ∈ Lip1(X) kai k�je sqèdio π ∈ Π(µ, ν), èqoume ìti φ⊕ (−φ) ∈ L1(π) kai

∫

X

φd(µ− ν) =
∫

X

φdµ−
∫

X

φdν =
∫

X×X

(φ(x)− φ(y))dπ(x, y)

≤
∫

X×X

ρ(x, y)dπ(x, y).
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PaÐrnontac pr¸ta to infimum p�nw apì ìla ta sqèdia π ∈ Π(µ, ν) kai èpeita to supremum
p�nw apì ìlec tic φ ∈ Lip1(X), paÐrnoume ìti

R0(µ, ν) ≤ R1(µ, ν) ≤ W1(µ, ν).

DeÐqnoume t¸ra ìti arkeÐ na deÐxoume thn anisìthta W1(µ, ν) ≤ R0(µ, ν) sthn perÐptwsh
ìpou h d eÐnai fragmènh. JewroÔme thn akoloujÐa (dn)n∈N me tÔpo

dn =
d

1 + n−1d
=

nd

n + d
≤ n.

Profan¸c h (dn) aux�nei kat� shmeÐo sth d. Epiplèon, k�je dn eÐnai topologik� isodÔ-
namh me th d. AfoÔ dn ≤ d gia k�je n ∈ N, to sÔnolo Lipdn,1(X) ìlwn twn dn-Lipschitz
sunart sewn φ : X −→ R me Lipdn

(φ) ≤ 1 perièqetai sto Lip1(X) gia k�je n ∈ N.
Sunep¸c

sup
n∈N

Rn
0 (µ, ν) := sup

n∈N
sup

{∫

X

φd(µ− ν)
∣∣∣ φ ∈ B(X), Lipdn(φ) ≤ 1

}
≤ R0(µ, ν).

'Omwc, ìpwc sto trÐto b ma thc apìdeixhc tou jewr matoc duismoÔ tou Kantorovich,
èpetai ìti W1(µ, ν) = supn∈N Idn(µ, ν), kai sunep¸c an deÐxoume ìti o isqurismìc isqÔei
gia tic dn, dhlad  ìti Idn(µ, ν) ≤ Rn

0 (µ, ν), tìte èpetai ìti

W1(µ, ν) = sup
n∈N

Idn(µ, ν) ≤ sup
n∈N

Rn
0 (µ, ν) ≤ R0(µ, ν),

ìpwc jèloume. Sunep¸c, sto upìloipo thc apìdeixhc mporoÔme epiplèon na upojèsoume
ìti h d eÐnai epiplèon fragmènh.

SÔmfwna me to je¸rhma tou Kantorovich, autì pou èqoume na apodeÐxoume eÐnai ìti

sup
(φ,ψ)∈Φd(µ,ν)

J (φ, ψ) ≤ R0(µ, ν).

Autì ìmwc èpetai eÔkola sundu�zontac thn pararat rhsh 7.2.1 me to ìti h d eÐnai frag-
mènh, oi sunart seic d(x, · ), d( · , y), (x, y) ∈ X×Y eÐnai 1-Lipschitz kai to l mma 7.2.3.¤

To je¸rhma Kantorovich-Rubinstein mac epitrèpei na apodeÐxoume ìti h metrik  Wr

metrikopoieÐ thn r-ost  topologÐa tou Wasserstein wr ston PT
r X gia k�je 1 ≤ r < ∞.

Je¸rhma 8.3.2 'Estw (X, d) pl rhc metrikìc q¸roc. H metrik  tou Wasserstein

Wr, metrikopoieÐ thn r-ost  toplogÐa tou Wasserstein sto PT
r X, gia k�je 1 ≤ r < ∞.

Apìdeixh ApodeiknÔoume pr¸ta ìti h sÔgklish wc proc th metrik  tou Wasserstein
sunep�getai th sÔgklish wc proc thn r-ost  topologÐa tou Wasserstein. 'Estw (µn)
akoloujÐa ston PT

r X kai èstw µ ∈ PT
r X. SÔmfwna me to je¸rhma 6.4.1, gia na deÐxoume

ìti h (µn) sugklÐnei sto µ wc proc thn r-ost  topologÐa tou Wasserstein, arkeÐ na
deÐxoume ìti µn −→ µ asjen¸c kai ìti

lim sup
n→∞

∫

X

dr(x, x0)dµn(x) ≤
∫

X

dr(x, x0)dµ(x). (8.20)
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H asjen c sÔgklish thc (µn) apodeiknÔetai eÔkola. Pr�gmati, afoÔ W1 ≤ Wr gia k�je
1 ≤ r < ∞, arkeÐ na apodeÐxoume ìti h sÔgklish wc proc th W1 sunep�getai thn asjen 
sÔgklish. 'Omwc apì to je¸rhma Kantorovich-Rubinstein èpetai ìti an W1(µn, µ) −→ 0,
tìte

∫
fdµn −→ ∫

fdµ gia k�je f ∈ BL(X) kai, ìpwc xèroume, h asjen c topologÐa
sto PX sumpÐptei me thn asjen  topologÐa pou ep�getai apì thn BL(X). Sunep¸c
µn −→ µ asjen¸c. Gia thn apìdeixh thc (8.20), qrhsimopoioÔme thn akìloujh stoiqei¸dh
anisìthta: gia k�je ε > 0 up�rqei stajer� Cε = Cε,r > 0 t.w.

(a + b)r ≤ (1 + ε)ar + Cεb
r,

gia k�je a, b ≥ 0. Sundu�zontac autì me thn trigwnik  anisìthta blèpoume ìti

dr(x0, x) ≤ (1 + ε)dr(x0, y) + Cεd
r(x, y),

gia k�je x0, x, y ∈ X, ε > 0. 'Estw πn ∈ Πr(µn, µ) sqèdio metafor�c. Apì tic idiìthtec
probol c wn sqedÐwn πn, aut  h anisìthta mac dÐnei ìti

∫

X

dr(x, x0)dµn(x) =
∫

X

dr(x, x0)dπn(x)

≤ (1 + ε)
∫

X

dr(x0, y)dµ(x) + Cε

∫

X

dr(x, y)dπn(x)

= (1 + ε)
∫

X

dr(x0, y)dµ(x) + CεW
r
r (µn, µ).

Sunep¸c

lim sup
n→∞

∫

X

dr(x, x0)dµn(x) ≤ (1 + ε)
∫

X

dr(x, x0)dµ(x),

kai afoÔ to ε > 0  tan tuqaÐo autì mac dÐnei thn (8.20).
ApodeiknÔoume t¸ra ìti h sÔgklish wc proc thn r-ost  topologÐa tou Wasserstein

sunep�getai sÔgklish wc proc thn r-ost  metrik  tou Wasserstein. Isqurizìmaste ìti
arkeÐ na to apodeÐxoume autì me thn epiplèon upìjesh ìti h d eÐnai fragmènh. Pr�gmati,
èstw ìti èqoume apodeÐxei to zhtoÔmeno gia fragmènec metrikèc kai èstw (µn) akoloujÐa
ston PrX pou sugklÐnei sto µ ∈ PrX wc proc thn r-ost  topologÐa tou Wasserstein.
JewroÔme ston X th metrik  d̃ := d ∧ 1. AfoÔ o isqurismìc isqÔei gia fragmènec
metrikèc, isqÔei gia th metrik  W̃r pou ep�getai ston PrX apì th d̃. Gia thn apìdeixh
tou ìti Wr(µn, ν) −→ 0, ja qrhsimopoi soume thn akìlojh anisìthta: gia k�je R > 0
kai k�je x, y, x0 ∈ X,

d(x, y) ≤ d(x, y) ∧R + 2d(x, x0)1X\D(x0, R
2 )(x) + 2d(y, x0)1X\D(x0, R

2 )(y), (8.21)

kai to ex c pìrisma thc: up�rqei stajer� Cr > 0, p.q. Cr = 23r−2, h opoÐa exart�tai
mìno apì to r, t.w.

dr(x, y) ≤ Cr

(
dr(x, y) ∧Rr + dr(x, x0)1X\D(x0, R

2 )(x) + dr(y, x0)1X\D(x0, R
2 )(y)

)
,

gia k�je R ≥ 1 kai k�je x, y, x0 ∈ X.
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'Estw πn ∈ Πdr (µn, µ) bèltisto sqèdio metafor�c wc proc th sun�rthsh kìstouc dr.
Apì thn prohgoÔmenh anisìthta, gia k�je R ≥ 1, èqoume ìti

W r
r (µn, µ) =

∫
d(x, y)π(x, y)

≤ Cr

∫
dr(x, y) ∧Rrdπn(x, y) + Cr

∫

X\D(x0, R
2 )

dr(x, x0)dπn(x, y)

+ Cr

∫

X\D(x0, R
2 )

dr(x0, y)dπn(x, y)

≤ CrR
rW̃ r

r (µn, µ) + Cr

∫

X\D(x0, R
2 )

dr(x, x0)dµn(x)

+ Cr

∫

X\D(x0, R
2 )

dr(x0, y)dµ(y).

Sunep¸c, afoÔ o isqurismìc isqÔei gia fragmènec metrikèc, af nontac to n −→ ∞,
paÐrnoume ìti gia k�je R ≥ 1,

lim sup
n→∞

W r
r (µn, µ)

Cr

/ lim sup
n→∞

∫

X\D(x0, R
2 )

dr(x, x0)dµn(x) +
∫

X\D(x0, R
2 )

dr(x0, y)dµ(y).

AfoÔ µn −→ µ wc proc thn r-ost  topologÐa tou Wasserstein, h (µn) èqei omoiì-
morfa oloklhr¸simh r-ost  rop  kai, sunep¸c, af nontac to R −→ ∞, blèpoume ìti
W r

r (µn, µ) −→ 0, ìpwc jèlame. Sunep¸c, upojètoume ìti h d eÐnai epiplèon fragmènh, ac
poÔme d ≤ 1.

Epeid , t¸ra, h d eÐnai fragmènh, ìlec oi metrikèc tou Wasserstein eÐnai isodun�mec
sto PrX = PX, kai �ra apì to je¸rhma Kantorovich-Rubinstein blèpoume ìti arkeÐ na
apodeÐxoume ìti

sup
Lip(φ)≤1

∫
φd(µn − µ) n→∞−→ 0. (8.22)

'Estw x0 tuqìn shmeÐo tou X kai èstw Lip1;x0
(X) to sÔnolo ìlwn twn Lipschitz sunart -

sewn φ ston X me Lip(φ) ≤ 1 kai φ(x0) = 0. Profan¸c, gia na apodeÐxoume thn (8.22),
arkeÐ na apodeÐxoume ìti

sup
φ∈Lip1;x0

(X)

∫
φd(µn − µ) n→∞−→ 0. (8.23)

AfoÔ µn
wr−→ µ, èpetai ìti µn −→ µ asjen¸c. Sunep¸c, apì to je¸rhma tou Prokhorov,

up�rqei aÔxousa akoloujÐa (Km)m∈N sumpag¸n uposunìlwn tou X t.w.

sup
n∈N

µn(X \Km) ≤ 1
m

kai µ(X \Km) ≤ 1
m

,

gia k�je m ∈ N. Eidikìtera, ta mètra µ, µn, n ∈ N, sthrÐzontai ìla apì to σ-sumpagèc
sÔnolo K∞ :=

⋃∞
m=1 Km. QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti

x0 ∈ K1. Tìte gia k�je m ∈ N, to sÔnolo
{
φ|Km

∣∣ φ ∈ Lip1;x0
(X)

}
,
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eÐnai uposÔnolo tou Lip1;x0
(Km). To sÔnolo Lip1;x0

(Km) ìmwc eÐnai omoiìmorfa 1-
Lipschitz wc proc fragmènh metrik , kai �ra apì to je¸rhma tou Ascoli to sÔnolo
Lip1;x0

(Km) eÐnai sumpagèc uposÔnolo tou C(Km), (wc proc thn topologÐa thc o-
moiìmorfhc sÔgklishc), gia k�je m ∈ N. Sunep¸c, k�je akoloujÐa sto Lip1;x0

(Km),
èqei sugklÐnousa upakoloujÐa h opoÐa sugklÐnei omoiìmorfa se k�poia sun�rthsh sto
Lip1;x0

(Km). Me èna diag¸nio epiqeÐrhma ja apodeÐxoume to ex c: K�je akoloujÐa (φn)
sto Lip1;x0

(X) èqei upakoloujÐa, h opoÐa sugklÐnei se k�poia Lipschitz sun�rthsh φ

orismènh ston X, omoiìmorfa se k�je Km.
'Estw, loipìn, (φn) akoloujÐa sto Lip1;x0

(X). Jètoume Φn
m := φn|Km

gia k�je
n,m ∈ N. H akoloujÐa (Φn

1 )n∈N èqei upakoloujÐa (Φ(1,n)
1 )n∈N, h opoÐa sugklÐnei

omoiìmorfa se k�poia Φ1 ∈ Lip1;x0
(K1). H akoloujÐa (Φ(1,n)

2 )n∈N me th seir� thc,
èqei peraitèrw upakoloujÐa (Φ(2,n)

2 )n∈N, h opoÐa sugklÐnei se k�poia Φ2 ∈ Lip1;x0
(K2).

ParathroÔme ìti upoqrewtik� Φ2|K1 = Φ1. SuneqÐzontac epagwgik�, brÐskoume gia k�je
m ∈ N upakoloujÐa (Φ(m,n)

m )n∈N thc (Φn
m) h opoÐa sugklÐnei omoiìmorfa sto Km se

k�poia 1-Lipschitz fragmènh sun�rthsh Φm, ètsi ¸ste h {(m,n)}n∈N na eÐnai upakolou-
jÐa thc {(m − 1, n)}n∈N kai Φm|Km−1 = Φm−1. AfoÔ h Φm epekteÐnei thn Φm−1 sto
Km gia k�je m ∈ N, h apeikìnish φ∞ : K∞ −→ R me tÔpo

φ∞(x) = Φm(x), an x ∈ Km gia k�poio m ∈ N,

eÐnai kal� orismènh. Ja apodeÐxoume ìti h upakoloujÐa (φ(n,n))n∈N thc (φn) sugklÐnei
omoiìmorfa sthn φ∞ sto Km, gia k�je m ∈ N. AfoÔ h

(
φ(n,n)

)
n∈N eÐnai omoiìmorfa

1-Lipschitz wc proc thn d ≤ 1, autì sunep�getai ìti h φ∞ eÐnai epÐshc 1-Lipschitz kai
fragmènh apì to 1.

'Estw, loipìn, m ∈ N. Prèpei na deÐxoume ìti h (φ(n,n)|Km)n∈N sugklÐnei omoiìmorfa
sthn Φm. Gia k�je n ≥ m, èqoume ìti Km ⊆ Kn, kai �ra

φ(n,n)|Km =
(
φ(n,n)|Kn

)|Km = Φ(n,n)
n |Km .

'Omwc h {Φ(n,n)
n }∞n=m eÐnai upakoloujÐa thc Φ(m,n)

m , kai ètsi apì touc orismoÔc,

Φ(m,n)
m |Km = Φ(m,n)

m −→ Φm,

omoiìmorfa sto Km. Wc t¸ra èqoume kataskeu�sei upakoloujÐa (φ(n,n))n∈N thc (φn)n∈N,
h opoÐa sugklÐnei omoiìmorfa sthn φ∞ : K∞ −→ R, se k�je Km. To ìti h (φ(n,n))n∈N
sugklÐnei se mÐa 1-Lipschitz sun�rthsh pou orÐzetai se ìlon ton X, omoiìmorfa se k�je
Km, èpetai apì to gegonìc ìti k�je 1-Lipschitz sun�rthsh f orismènh se k�poio upo-
sÔnolo S enìc metrikoÔ q¸rou X, epekteÐnetai se 1-Lipschitz sun�rthsh f̃ se ìlon ton
X. P.q. sthn f̃(x) = infy∈S

(
f(y) + d(x, y)

)
. An epekteÐnoume loipìn thn φ∞ sthn φ̃∞

ston X sÔmfwna me ton parap�nw tÔpo, èpetai ìti h upakoloujÐa pou kataskeu�same
sugklÐnei omoiìmorfa se k�je Km, se mÐa 1-Lipschitz sun�rthsh pou orÐzetai se ìlon
ton X. Tèloc, afoÔ oi φ∞ kai d eÐnai fragmènec, h φ̃∞ eÐnai epÐshc fragmènh, to opoÐo
oloklhr¸nei thn apìdeixh tou isqurismoÔ.

T¸ra, parathroÔme ìti gia na apodeÐxoume thn (8.23), arkeÐ na apodeÐxoume ìti k�-
je upakoloujÐa thc (µn), thn opoÐa ja exakoloujoÔme na sumbolÐzoume me (µn), èqei
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peraitèrw upakoloujÐa (µkn)n∈N, t.w.

sup
φ∈Lip1;x0

(X)

∫
φd(µkn − µ) n→∞−→ 0. (8.24)

'Estw, loipìn, (µn) tuqoÔsa upakoloujÐa thc arqik c akoloujÐac mac. Epilègoume
akoloujÐa (φn) sto Lip1;x0

(X), t.w.

sup
φ∈Lip1;x0

(X)

∫
φd(µn − µ) ≤

∫
φnd(µn − µ) +

1
n

,

gia k�je n ∈ N. Efarmìzontac ton isqurismì mac sthn (φn), brÐskoume upakoloujÐa
(φkn) thc (φn), h opoÐa sugklÐnei se k�poia 1-Lipschitz sun�rthsh φ∞ : X −→ R,
omoiìmorfa se k�je Km. Ja deÐxoume ìti h antÐstoiqh akoloujÐa (µkn)n∈N ikanopoieÐ
thn (8.23), kai gi� autì arkeÐ na deÐxoume ìti

∫
φkn

d(µkn
− µ) −→ 0 kaj¸c n → ∞.

'Estw ε > 0. Gia k�je m, n ∈ N, gr�foume

∣∣∣∣
∫

X

φknd(µkn − µ)
∣∣∣∣ ≤

∣∣∣∣
∫

Km

(φkn − φ∞)d(µkn − µ)
∣∣∣∣ +

∣∣∣∣∣
∫

Kc
m

(φkn − φ∞)d(µkn − µ)

∣∣∣∣∣

+
∣∣∣∣
∫

X

φ∞d(µkn − µ)
∣∣∣∣ . (8.25)

AfoÔ oi φn kai h φ∞ eÐnai omoiìmorfa fragmènec, ac poÔme apì k�poion C > 0, gia k�je
stajerì m ∈ N, èpetai ìti o deÔteroc ìroc thc dexi�c pleur�c thc parap�nw anisìthtac
eÐnai fragmènoc apì ton C

(
µn(X \Km) + µ(X \Km)

) ≤ 2C/m. Epiplèon, o trÐtoc ìroc
thc parap�nw anisìthtac teÐnei sto 0 kaj¸c n → ∞, afoÔ µkn −→ µ asjen¸c. Tèloc,
gia k�je m ∈ N xeqwrist�, o pr¸toc ìroc sugklÐnei sto 0 kaj¸c n → ∞, afoÔ h φkn

sugklÐnei omoiìmorfa sthn φ∞ sto Km. Sunep¸c, epilègontac m0 ∈ N t.w. 2C/m0 < ε,
kai af nontac to n →∞ sthn (8.25), gia m = m0, paÐrnoume ìti

lim sup
n→∞

∣∣∣∣
∫

X

φknd(µkn − µ)
∣∣∣∣ ≤ ε,

to opoÐo, afoÔ to ε  tan tuqaÐo, apodeiknÔei ìti W1(µn, µ) −→ 0 kai oloklhr¸nei thn
apìdeixh. ¤

Pìrisma 8.3.1 'Estw (X, d) pl rhc metrikìc q¸roc. Tìte h asjen c topologÐa sto
PT X eÐnai metrikopoi simh.

Apìdeixh Pr�gmati, afoÔ h asjen c topologÐa sto PX exart�tai mìno apì thn topolo-
gÐa tou X, kai ìqi apì th sugkekrimènh metrik  d pou thn orÐzei, èpetai ìti opoiad pote
metrik  tou Wasserstein pou orÐzetai stonPT X apì th metrik  d̃ := d∧1, metrikopoieÐ thn
asjen  topologÐa. ¤

Prìtash 8.3.3 'Estw (X, d) metrikìc q¸roc. Tìte gia k�je 1 ≤ r < ∞, o PT
r X eÐnai

pl rhc ann o X pl rhc.
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Apìdeixh Apì to pìrisma 6.3.1 kai to ìti h Wr metrikopoieÐ thn r-ost  topologÐa tou
Wasserstein èpetai ìti o X eÐnai kleistì uposÔnolo tou PT

r X gia k�je 1 ≤ r < ∞. 'Etsi,
an o PT

r X eÐnai pl rhc tìte kai o X eÐnai pl rhc.
'Estw, antÐstrofa, (µn) akoloujÐa Cauchy ston PT

r X. Profan¸c gia na deÐxoume
ìti h (µn) sugklÐnei, arkeÐ na deÐxoume ìti èqei sugklÐnousa upakoloujÐa. MporoÔme
loipìn qwrÐc bl�bh thc genikìthtac na upojèsoume ìti

∞∑
n=1

Wr(µn, µn+1) < ∞.

'Estw πn,n+1 ∈ Πdr (µn, µn+1) akoloujÐa bèltistwn sqedÐwn metafor�c. Apì to l mma
8.17, up�rqei π∞ ∈ P(XN) t.w. pn,n+1

∗ π∞ = πn,n+1 gia k�je n ∈ N, ìpou fusik�
pn,n+1 : XN −→ X ×X eÐnai h fusik  probol  me tÔpo pn,n+1

(
(xi)i∈N

)
= (xn, xn+1).

Tìte,

∞∑
n=1

dLr(π∞;X)(pn, pn+1) =
∞∑

n=1

dLr(πn,n+1;X)(pn, pn+1) =
∞∑

n=1

Wr(µn, µn+1) < ∞,

ìpou pn : XN −→ X eÐnai h probol  sthn n-ost  suntetagmènh. Sunep¸c h akolou-
jÐa (pn) eÐnai akoloujÐa Cauchy ston Lr(π∞; X), o opoÐoc eÐnai pl rhc q¸roc, kai
�ra up�rqei p∞ ∈ Lr(π∞; X) t.w. pn −→ p∞ ston Lr(π∞; X). Ja deÐxoume ìti
µn −→ µ := p∞∗ π∞ ston PT

r X. Pr�gmati,

lim sup
n→∞

Wr(µn, µ) ≤ lim sup
n→∞

‖d‖Lr((pn,p∞)∗π∞) = lim sup
n→∞

dLr(π∞;X)(pn, p∞)

≤ lim sup
n→∞

∞∑

j=n

dLr(π∞;X)(pj , pj+1) = 0,

ìpou h teleutaÐa anisìthta èpetai apì to ìti pn −→ p∞ ston Lr(π∞;X). ¤

MÐa qr simh anisìthta pou mac dÐnei èna �nw fr�gma gia th metrik  tou Wasserstein
apì p�nw, dÐnetai sthn akìloujh prìtash.

Prìtash 8.3.4 'Estw (Ω,F , P ) q¸roc pijanìthtac kai èstw f, g : Ω −→ X Borel
apeikonÐseic. Tìte,

Wr(f∗P, g∗P ) ≤ dLr(Ω;X)(f, g), (8.26)

gia k�je 1 ≤ r < ∞.

Apìdeixh Profan¸c (f, g)∗P ∈ Π(f∗P, g∗P ) kai sunep¸c gia k�je 1 ≤ r < ∞ èqoume
ìti

W r
r (f∗P, g∗P ) ≤

∫

X×Y

dr(x, y)d(f, g)∗P (x, y)

=
∫

Ω

dr(f(ω), g(ω))dP (ω) = dr
Lr(Ω;X)(f, g). ¤
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8.4 Basikèc Gewmetrikèc Idiìthtec
twn Metrik¸n tou Wasserstein

AfoÔ h metrik  tou Wasserstein orÐzetai mèsw thc elaqistopoÐhshc tou kìstouc wc proc
k�poia sun�rthsh apìstashc d, eÐnai logikì na perimènei kaneÐc ìti oi gewdaisiakèc thc
metrik c tou Wasserstein ja sqetÐzontai me tic gewdaisiakèc thc d.

Prìtash 8.4.1 'Estw X gewdaisiakìc q¸roc kai èstw µ0, µ1 ∈ PrX. 'Estw ìti
up�rqei oikogèneia (Ht)0≤t≤1 Borel metr simwn apeikonÐsewn Ht : X ×X −→ X, t.w.
gia k�je x, y ∈ X, h kampÔlh (Ht(x, y))0≤t≤1 na eÐnai gewdaisiak  metaxÔ twn x, y ∈ X.
Tìte, gia k�je bèltisto sqèdio metafor�c π ∈ Πdr (µ0, µ1), h kampÔlh γ : [0, 1] −→ PX

me tÔpo
γt = (Ht)∗π,

eÐnai gewdasiak  apì to µ0 sto µ1 ston PrX, kai gia k�je 0 ≤ s ≤ t ≤ 1, to sqèdio
metafor�c (Hs,Ht)∗π ∈ Π(γs, γt) eÐnai dr-bèltisto.

Apìdeixh 'Estw π ∈ Πdr (µ, ν) bèltisto sqèdio metafor�c kai èstw γ : [0, 1] −→ PrX

h kampÔlh me tÔpo γ(t) = Ht∗(π). AfoÔ oi H0, H1 eÐnai oi fusikèc probolèc, profan¸c
γ0 = µ0, γ1 = µ1. Elègqoume pr¸ta ìti h eikìna thc perièqetai ston PrX. Gia k�je
0 ≤ t ≤ 1, to (p1,Ht)∗π ∈ Π(γ0, γt) eÐnai sqèdio metafor�c tou γ0 sto γt, kai sunep¸c,

W r
r (γ0, γt) = W r

r (γ0,Ht∗π) ≤
∫

dr(x, y)d(p1,Ht)∗π(x, y)

=
∫

X×Y

dr
(
x,Ht(x, y)

)
dπ(x, y)

= tr
∫

X×Y

dr(x, y)dπ(x, y) = trW r
r (µ0, µ1) < ∞.

To γt apèqei peperasmènh apìstash apì to µ0 ∈ PrX, kai �ra apèqei peperasmènh
apìstash kai apì k�poio mètro Dirac δx0 , x0 ∈ X. 'Omwc Π(δx0 , γt) = {δx0 ⊗ γt}, kai,
�ra, to γt èqei peperasmènh r-ost  kentrik  rop , afoÔ

+∞ > W r
r (δx0 , γt) =

∫

X

∫

X

dr(x, y)dδx0(y)γt(y)

=
∫

X

dr(x0, x)dγt(x).

Ja deÐxoume t¸ra ìti h γ eÐnai gewdaisiak . Gia k�je s, t ∈ [0, 1], profan¸c (Hs,Ht)∗π ∈
Π(γs, γt), kai �ra

W r
r (γs, γt) = W r

r (Hs∗π, Ht∗π) ≤
∫

dr(x, y)d(Hs,Ht)∗π(x, y)

=
∫

X×Y

dr
(
Ht(x, y), Hs(x, y)

)
dπ(x, y)

= |t− s|r
∫

X×Y

dr(x, y)dπ(x, y) = |t− s|rW r
r (µ0, µ1),

to opoÐo deÐqnei ìti h γ eÐnai gewdaisiak  apì to µ0 sto µ1. Tèloc, afoÔ ìlec oi anisìth-
tec eÐnai isìthtec, èpetai ìti to (Hs,Ht)∗π eÐnai dr-bèltisto. ¤

228



ParadeÐgmata

1. 'Estw X gewdaisiakìc q¸roc t.w. na up�rqei oikogèneia (Ht)0≤t≤1 Borel-metr simwn
apeikonÐsewn Ht : X ×X −→ X, t.w. gia k�je x, y ∈ X h kampÔlh (Ht(x, y))0≤t≤1 na
eÐnai gewdaisiak  apì to x ∈ X sto y ∈ X kai èstw µ0 = 1

n

∑n
i=1 δxi

, µ1 =
∑n

i=1 δyi
∈

PrX. Apì thn prìtash 7.1.2, gnwrÐzoume ìti up�rqei met�jesh σ ∈ S(n) t.w. to sqèdio
Γ := 1

n

∑n
i=1 δ(xi,yσ(i)) ∈ Π(µ0, µ1) na eÐnai bèltisto. 'Etsi, apì thn parap�nw prìtash,

an γi : [0, 1] −→ X eÐnai h gewdaisiak 
(
Ht(xi, yσ(i))

)
0≤t≤1

, i = 1, . . . , n, tìte h kampÔlh
γ : [0, 1] −→ PrX me tÔpo

γ =
1
n

n∑

i=1

δ ◦ γi,

eÐnai gewdaisiak  sto PrX, apì to µ0 sto µ1.

Fusik�, to antÐstrofo thc prìtashc 8.4.1 den isqÔei en gènei, ìpwc deÐqnei h perÐptwsh
r = 1. Pr�gmati, epeid  h metrik  W1 ep�getai apì nìrma, h kampÔlh [0, 1] 3 t 7→
(1− t)δx + tδy ∈ P1X eÐnai gewdaisiak  ston P1X apì to x sto y, en¸ an to antÐstrofo
 tan alhjèc, tìte k�je gewdaisiak  pou ja sunèdee ta δx, δy ∈ P1X ja  tan thc morf c
δ◦γ gia k�poia gewdaisiak  ston X; kai eÐnai profanèc ìti h [0, 1] 3 t 7→ (1−t)δx+tδy den
mporeÐ na eÐnai aut c thc morf c. Autì deÐqnei, epÐshc, ìti to X = δ(X) den eÐnai isqur�
kurtì uposÔnolo tou P1X, akìmh kai an o X eÐnai monos manta gewdaisiakìc. Wstìso,
ìpwc ja doÔme, gia 1 < r < ∞, h r-ost  metrik  tou Wasserstein sèbetai perissìtero
th gewmetrÐa tou X. P.q. an 1 < r < ∞ kai o X eÐnai monos manta gewdaisiakìc,
tìte o X eÐnai isqur� kurtì uposÔnolo tou X. EpÐshc, me thn epiplèon upìjesh ìti oi
gewdaisiakèc tou X exart¸ntai suneq¸c apì ta �kra touc, mporoÔme na apodeÐxoume to
antÐstrofo thc prìtashc 8.4.1. Kai ta dÔo aut� apotelèsmata basÐzontai sto akìloujo
l mma, tou opoÐou to pr¸to mèroc brÐsketai sto [15].

L mma 8.4.1 'Estw X pl rhc metrikìc q¸roc, γ : [0, 1] −→ PrX, 1 < r < ∞,
gewdaisiak  kai ∆ = {0 = t0 < t1 < · · · < tn = 1} diamèrish tou [0, 1]. 'Estw

Γi,i+1 ∈ Πdr

(
γ(ti), γ(ti+1)

)
, i = 0, . . . , n− 1,

mÐa akoloujÐa diadoqik¸n bèltistwn sqedÐwn metafor�c. Jètoume Γ̃ := ∗n−1
i=1 Γi−1,i ∈

Π(γt0 , . . . , γtn). Tìte, gia k�je i, j = 1, . . . , n,

d(pi, pj) = |tj − ti|d(p0, pn), Γ̃− σ.p. (8.27)

Eidikìtera, gia k�je i 6= j ∈ {0, . . . , n}, to sqèdio (pi, pj)∗Γ̃ ∈ Π(γ(ti), γ(tj)) eÐnai dr-
bèltisto.

An, epiplèon, o X eÐnai monos manta gewdaisiakìc kai oi gewdaisiakèc tou exart¸ntai
suneq¸c apì ta �kra touc, tìte

(Htj )∗Γ = γ(tj), ∀ j = 0, . . . , n, (8.28)

ìpou (Ht)0≤t≤1 eÐnai h oikogèneia me tÔpo Ht(x, y) = [x, y](t).
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Apìdeixh Ja apodeÐxoume to zhtoÔmeno me epagwg  sto n = card(∆) − 1. DeÐqnoume
pr¸ta to zhtoÔmeno gia n = 2. 'Estw, loipìn, t0 = 0 < t1 = t < t2 = 1 diamèrish
tou [0, 1]. Gia th safèsterh parousÐash thc apìdeixhc, boleÔei na jewr soume trÐa
antÐtupa tou X me deÐktec 0, 1, 2, kai na jewroÔme ta mètra γ(0), γ(t), γ(1) wc mètra
stouc X0, X1, X2, antÐstoiqa. Qrhsimopoi¸ntac diadoqik� ton orismì thc metrik c tou
Wasserstein, tic idiìthtec thc sugkìllhshc mazÐ me thn trigwnik  anisìthta thc d, to ìti
ta Γ01,Γ12 eÐnai bèltista kai to ìti h γ eÐnai gewdaisiak , paÐrnoume ìti

Wr(γ0, γ1)
(1)

≤
(∫

dr(p0, p2)d Γ
) 1

r

=
(∫

dr(p0, p2)d Γ̃
) 1

r

(2)

≤
(∫ (

d(p0, p1) + d(p1, p2)
)r

d Γ̃
) 1

r

(3)

≤
(∫

dr(p0, p1)d Γ01

) 1
r

+
(∫

dr(p1, p2)dΓ12

) 1
r

= Wr(γ0, γt) + Wr(γt, γ1) = Wr(γ0, γ1).

Sunep¸c ìlec oi anisìthtec eÐnai isìthtec. H isìthta sthn (1) deÐqnei ìti to Γ ∈ Π(γ0, γ1)
eÐnai bèltisto. Apì thn isìthta sth (2), èpetai ìti

d(p0, p2) = d(p0, p1) + d(p1, p2), Γ̃− σ.p.,

dhlad  ìti to sÔnolo ìlwn twn tri�dwn (x0, x1, x2) ∈ X0×X1×X2, gia tic opoÐec to x1

den an kei se k�poia gewdaisiak  [x0, x2] ston X, eÐnai Γ̃-kenì sÔnolo. AfoÔ 1 < r < ∞,
h Lr-nìrma eÐnai austhr� kurt , kai ètsi h isìthta sthn (3) sunep�getai ìti oi d(p0, p1)
kai d(p1, p2) eÐnai grammik� exarthmènec ston Lr(Γ̃). Up�rqei, loipìn, λ ≥ 0 t.w.

d(p0, p1) = λd(p1, p2) =
λ

1 + λ
d(p0, p2), Γ̃− σ.p.,

kai afoÔ Wr(γ0, γt) = ‖d(p0, p1)‖Lr(eΓ) ‖d(p0, p2)‖Lr(eΓ) = Wr(γ0, γ1), kai h γ eÐnai gew-
daisiak , èpetai eÔkola ìti λ

1+λ = t, ìpwc jèloume. To epagwgikì b ma èpetai eÔkola
apì thc idiìthtec tic sugkìllhshc.

Upojètoume t¸ra ìti o X eÐnai monos manta gewdaisiakìc q¸roc tou opoÐou oi gew-
daisiakèc exart¸ntai suneq¸c apì ta �kra touc. 'Estw ti ∈ ∆. Efarmìzontac thn (8.27)
gia i = 0, 1 kai j = 1, . . . , n kai paÐrnontac upìyin ìti o X eÐnai monos manta gewdaisiakìc,
paÐrnoume ìti

d(p0, pj) = tjd(p0, pn) = d(p0,Htj (p
0, pn)) Γ̃− σ.p.,

d(pj , pn) = (1− tj)d(p0, pn) = d(Htj (p
0, pn)pn), Γ̃− σ.p..

Autì sunep�getai ìti

dLr(eΓ; X)(p
0, pj) = tjdLr(eΓ; X)(p

0, Htj (p
0, pn)),

dLr(eΓ; X)(p
j , pn) = (1− tj)dLr(eΓ; X)(Htj (p

0, pn), pn).

'Omwc, afou 1 < r < ∞ kai o X eÐnai monos manta gewdaisiakìc tou opoÐou oi gew-
daisiakèc exart¸ntai suneq¸c apì ta �kra touc, o Lr(Γ̃; X) eÐnai epÐshc monos manta
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gewdaisiakìc, kai ètsi oi parap�nw isìthtec sunep�gontai ìti

pj = Htj
(p0, pn) ston Lr(Γ̃;X). (8.29)

Sunep¸c, èpetai ìti

(Htj )∗Γ = (Htj )∗((p
0, pn)∗Γ̃) = Htj

(p0, pn)∗Γ̃ = pj
∗Γ̃ = γ(tj). ¤

Pìrisma 8.4.1 'Estw X pl rhc monos manta gewdaisiakìc q¸roc kai 1 < r < ∞. H
ènjesh δ : X ↪→ PrX tou Dirac eÐnai olik� gewdaisiak  embÔjish, dhlad  to X ≡ δ(X)
eÐnai isqur� kurtì uposÔnolo tou PrX.

Sth sunèqeia, ja deÐxoume ìti an oi gewdaisiakèc ston monos manta gewdaisiakì q¸ro
X exart¸ntai suneq¸c apì ta �kra touc, tìte to antÐstrofo thc prìtashc 8.4.1 isqÔei,
dhlad  ìti k�je gewdaisiak  γ : [0, 1] −→ PrX eÐnai thc morf c γt = (Ht)∗Γ, gia k�poio
bèltisto sqèdio metafor�c Γ ∈ Π(γ0, γ1). To apotèlesma autì èqei apodeiqjeÐ apì ton
McCann sto [11] sthn perÐptwsh X = Rn kai sto [9] sthn perÐptwsh pou o X eÐnai
q¸roc Hilbert.

Je¸rhma 8.4.1 'Estw X monos manta gewdaisiakìc q¸roc tou opoÐou oi gewdaisiakèc
exart¸ntai suneq¸c apì ta �kra touc. MÐa kampÔlh γ : [0, 1] −→ PT

r X eÐnai gewdaisiak 
ann eÐnai thc morf c

γt = (Ht)∗Γ,

gia k�poio bèltisto sqèdio metafor�c Γ ∈ Πdr (µ, ν).

Apìdeixh To ìti k�je tètoia kampÔlh eÐnai gewdaisiak  èqei apodeiqjeÐ sthn prìtash
8.4.1. ApodeiknÔoume, loipìn, to antÐstrofo. 'Estw γ : [0, 1] −→ PrX gewdaisiak . Gia
k�je n ∈ N jètoume Dn := { k

2n | k = 0, . . . , 2n}, epilègoume akoloujÐa

Γ
k
2n , k+1

2n ∈ Π
(

γ
( k

2n

)
, γ

(k + 1
2n

))
, k = 0, . . . , 2n − 1

diadoqik¸n bèltistwn sqedÐwn metafor�c kai jètoume

Γn := Γ
2n−1
2n ,1 ◦ · · · ◦ Γ0, 1

2n ∈ Π(γ0, γ1).

Jètoume, epÐshc, D :=
⋃∞

n=1 Dn. Apì to prohgoÔmeno l mma xèroume ìti to Γn eÐnai
bèltisto kai ìti

(Ht)∗Γn = γt, ∀ t ∈ Dn.

AfoÔ ìmwc ta γ0, γ1 eÐnai sfikt�, to kleistì sÔnolo Πdr (γ0, γ1) eÐnai sfiktì, kai �ra
up�rqei upakoloujÐa thn opoÐa exakoloujoÔme na sumbolÐzoume me Γn, h opoÐa sugklÐnei
asjen¸c se k�poio Γ ∈ Πdr (γ0, γ1). Epeid  h Ht eÐnai suneq c, eÐnai profanèc ìti
(Ht)∗Γ = γt, gia k�je t ∈ D. 'Etsi oi gewdaisiakèc [0, 1] 3 t −→ (Ht)∗Γ kai γ sumpÐptoun
sto puknì uposÔnolo D tou [0, 1], kai �ra tautÐzontai. ¤

DeÐqnoume, tèloc, ìti o q¸roc tou Wasserstein pou ep�getai apì èna pl rh q¸ro
m kouc eÐnai p�ntote q¸roc m kouc.
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Prìtash 8.4.2 'Estw X pl rhc metrikìc q¸roc. An o X eÐnai q¸roc m kouc, tìte
kai o PT

r X eÐnai q¸roc m kouc.

Apìdeixh Apì thn prìtash 8.3.3 o PT
r X eÐnai pl rhc kai, �ra, arkeÐ na deÐxoume ìti gia

k�je ε > 0, k�je zeug�ri µ, ν ∈ PT
r X èqei k�poio ε-mèso. 'Estw, loipìn, µ, ν ∈ PT

r X

kai ε > 0. AfoÔ to sÔnolo ìlwn twn mètrwn thc morf c 1
n

∑n
i=1 δxi , n ∈ N, xi ∈ X eÐnai

puknì ston PT
r X, up�rqoun µ0 =

∑m
i=1 δxi , ν0 =

∑n
i=1 δyi ∈ PrX, t.w.

Wr(µ0, µ) ∨Wr(ν0, ν) <
ε

3
.

Epanalamb�nontac k�poia shmeÐa stic anaparast�seic twn µ0, ν0, ìpou qrei�zetai, mpo-
roÔme na upojèsoume ìti m = n = m ∨ n kai, èpeita, mporoÔme na upojèsoume ìti oi
arÐjmhsh twn yi eÐnai tètoia ¸ste

W r
r (µ0, ν0) =

1
n

n∑

i=1

dr(xi, yi).

'Estw mi ∈ X k�poio ε/3-mèso twn xi, yi, i = 1, . . . , n. Ja deÐxoume ìti to m0 :=
1
n

∑n
i=1 δmi ∈ PrX eÐnai ε-mèso twn µ, ν. Pr�gmati,

Wr(µ0,m0) ≤
(

1
n

n∑

i=1

dr(xi,mi)

) 1
r

≤
(

1
n

n∑

i=1

(1
2
d(xi, yi) +

ε

3

)r
) 1

r

≤ 1
2

(
1
n

n∑

i=1

dr(xi, yi)

) 1
r

+
ε

3
≤ 1

2
Wr(µ0, ν0) +

ε

3
,

to opoÐo deÐqnei ìti Wr(µ,m) ≤ 1
2Wr(µ, ν) + ε kai omoÐwc Wr(m, ν) ≤ 1

2Wr(µ, ν) + ε.
Sunep¸c o PrX eÐnai q¸roc m kouc. ¤

232



Kef�laio 9

BarÔkentra se CAT(0)-q¸rouc

'Estw X q¸roc Hilbert, (Ω, µ) q¸roc mètrou kai f ∈ L1(µ; X). Up�rqei monadikì shmeÐo∫
fdµ ∈ X, to opoÐo lègetai to olokl rwma thc f wc proc to µ, t.w.

〈
∫

fdµ, y〉 =
∫
〈f(x), y〉dµ(x),

gia k�je y ∈ X. Pr�gmati, to grammikì sunarthsoeidèc If : X −→ R me tÔpo If (y) =∫ 〈f(x), y〉dµ(x) eÐnai profan¸c kal� orismèno, dhlad  me peperasmènec timèc. Epiplèon
eÐnai fragmèno, afoÔ gia k�je y ∈ X, èqoume ìti

|If (y)| =
∣∣∣∣
∫
〈f(x), y〉dµ(x)

∣∣∣∣ ≤
∫
|〈f(x), y〉|dµ(x) ≤

(∫
|f |dµ

)
|y|,

kai �ra ‖If‖ ≤ ‖f‖1. Sunep¸c, apì to je¸rhma anapr�stashc tou Riesz, to If parÐstatai
apì monadikì shmeÐo tou X mèsw tou isomorfismoÔ X

iso= X∗, to opoÐo sumbolÐzoume
me

∫
fdµ. SÔmfwna me to akìloujo l mma, aut  h ènnoia dianusmatik c olokl rwshc

sumperifèretai kal� wc proc ta mètra-eikìna.

Prìtash 9.0.3 'Estw (Ω,F , µ) q¸roc mètrou, (Ω′,F ′) metr simoc q¸roc, T : Ω → Ω′

metr simh apeikìnish kai f : Ω′ −→ X isqur� metr simh apeikìnish me timèc se k�poio
q¸ro Hilbert. Tìte f ∈ L1(T∗µ) ann f ◦ T ∈ L1(µ) kai s� aut  thn perÐptwsh,

∫
fdT∗µ =

∫
f ◦ Tdµ.

Apìdeixh Ex� orismoÔ f ∈ L1(T∗µ) ann
∫ |f |dT∗µ < ∞. 'Omwc

∫ |f |dT∗µ =
∫ |f ◦ T |dµ

kai �ra f ∈ L1(T∗µ) ann f◦T ∈ L1(µ). Epiplèon, ta oloklhr¸mata
∫

fdT∗µ kai
∫

f ◦ Tdµ

eÐnai Ðsa, afoÔ

〈
∫

fdT∗µ, y〉 =
∫
〈f(ω′), y〉dT∗µ(ω′)

=
∫
〈f ◦ T (ω), y〉dµ(ω)〉 = 〈

∫
f ◦ Tdµ, y〉.

gia k�je y ∈ X. ¤
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'Estw µ mètro pijanìthtac kai èstw φ ∈ L2(µ; X) (isqur� metr simh) tuqaÐa meta-
blht . H mèsh tim  Eφ thc φ orÐzetai wc Eφ =

∫
φdµ. 'Opwc kai sthn perÐptwsh

pragmatik¸n tuqaÐwn metablht¸n, h mèsh tim  thc φ qarakthrÐzetai wc to shmeÐo gia
to opoÐo pi�netai h el�qisth L2-apìstash thc φ apì ton upìqwro tou L2(µ; X) pou
apoteleÐtai apì tic stajerèc apeikonÐseic.

Prìtash 9.0.4 'Estw (Ω,F , P ) q¸roc pijanìthtac kai èstw φ ∈ L2(Ω; X) isqur�
metr simh apeikìnish me timèc sto q¸ro Hilbert X. Tìte

E‖φ−Eφ‖2 = inf
x∈X

E‖φ− x‖2.

Apìdeixh Profan¸c arkeÐ na deÐxoume ìti E‖φ− x‖2 ≥ E‖φ−Eφ‖2 gia k�je x ∈ X.
'Estw loipìn x ∈ X. Tìte

E‖φ− x‖2 −E‖φ−Eφ‖2 = −2E〈φ, x〉+ ‖x‖2 + 2E〈φ,Eφ〉 − ‖Eφ‖2
= ‖Eφ‖2 − 2〈Eφ, x〉+ ‖x‖2 = ‖Eφ− x‖2 ≥ 0 ¤

ParathroÔme ìti φ ∈ L1(µ;X) ann φ∗µ ∈ PT
1 X kai ìti

Eφ =
∫

Ω

φdµ =
∫

X

idXdφ∗µ.

Epeid  jèloume h mèsh tim  Eφ mÐac tuqaÐac metablht c φ : Ω −→ X na isoÔtai me to
barÔkentro thc katanom c thc φ∗µ, eÐnai fusikì na orÐsoume to barÔkentro b(p),   alli¸c
E(p), tou p ∈ PT

1 X, wc

b(p) = E(p) =
∫

X

idXdp.

Prìtash 9.0.5 H apeikìnish E : PrX −→ X, 1 ≤ r < ∞, me tÔpo

E(p) =
∫

X

idXdp,

eÐnai affinik  kai grammik  wc proc th sunèlixh. Dhlad  apeikonÐzei gewdaisiakèc thc
metrik c tou Wr se grammik� tm mata, kai gia k�je p, q ∈ PrX kai k�je a, b ∈ R èqoume
ìti

E(a∗p⊕ b∗q) = aE(p) + bE(q),

ìpou tautÐzoume ton a ∈ R me thn apeikìnish X 3 x 7→ ax ∈ X.

Apìdeixh Ja deÐxoume mìno ìti h E eÐnai affinik . O deÔteroc isqurismìc prokÔptei
apì èna aplì upologismì me mètra eikìna. 'Estw p, q ∈ P1X. 'Opwc xèroume, k�je
Wr-gewdaisiak  γ : [0, 1] −→ P1X pou sundèei ta p, q ∈ PT

r , eÐnai thc morf c [0, 1] 3
t

γπ7→ Gt∗π gia k�poio π ∈ Πdr (p, q), ìpou d eÐnai h metrik  pou ep�getai ston X apì to
eswterikì tou ginìmeno kai Gt : X × X −→ X eÐnai h apeikìnish me tÔpo Gt(x, y) =
ty + (1− t)x. 'Omwc gia k�je π ∈ Πdr (p, q) èqoume ìti

E ◦ γπ(t) =
∫

idXdγ(t) =
∫

idXdGt∗π =
∫ (

tx + (1− t)y
)
dπ(x, y)

= t

∫
xdπ(x, y) + (1− t)

∫
ydπ(x, y)

= t

∫
idXdp + (1− t)

∫
idXdq = tE(p) + (1− t)E(q),
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kai �ra h E◦γ eÐnai to gewdaisiakì tmhma ston X pou sundèei ta E(p),E(q), gia k�je gew-
daisiak  ston X apì to p sto q. ¤

Orismìc 9.0.1 H diaspor� enìc mètrou p ∈ P1X eÐnai o arijmìc

V(p) =
∫

X

‖idX −Ep‖2dp = W 2
2 (p, δEp).

ParathroÔme ìti an p ∈ P2X tìte

V(p) =
∫

X

‖idX −Ep‖2dp = inf
y∈X

∫

X

‖idX − y‖2dp = inf
y∈X

W 2
2 (p, δy).

Me �lla lìgia, to barÔkentro enìc mètrou p ∈ P2X eÐnai to shmeÐo tou X gia to opoÐo
pi�netai h el�qisth W2-apìstash tou Wasserstein tou p apì ton upìqwro X ⊆ P2X.
Se autì to kef�laio ja doÔme ìti an o X eÐnai pl rhc CAT(0)-q¸roc, tìte mèsw aut c
thc optik c gwnÐac, orÐzetai barukentrik  probol  b : P1X −→ X kai mèsh tim  E :
L1(P ; X) −→ X, kai ja melet soume tic basikèc idiìthtec touc.

9.1 Orismìc kai Basikèc Idiìthtec
thc Barukentrik c Probol c
kai thc Mèshc Tim c

'Estw (X, d) pl rhc CAT(0)-q¸roc. 'Opwc xèroume, h sun�rthsh d(x, ·)2 eÐnai 1-kurt .
Autì sunep�getai ìti gia k�je p ∈ P2X h sun�rthsh X 3 z 7→ ∫

X
d(x, z)2dp(x) eÐnai

epÐshc 1-kurt , kai �ra apì thn prìtash 3.1.5 to 1-kurtì sunarthsoeidèc X 3 z 7→∫
X

d(x, z)2dp(x) èqei monadikì shmeÐo elaqÐstou kai mporoÔme na orÐsoume to barÔkentro
b(p) tou p ∈ P2X wc

b(p) = argmin
z∈X

∫

X

d(x, z)2dp(x).

Wstìso, me autì ton trìpo to barÔkentro orÐzetai �mesa mìno gia mètra me peperasmènh
deÔterh kentrik  rop . H idèa tou Lutz Mattner na elaqistopoioÔme to sunarthsoeidèc∫ (

d(·, x)2 − d(x, y)2
)
dp(x) antÐ tou

∫
X

d(x, ·)2dp(x) sÔmfwna me thn akìloujh prìtash,
mac dÐnei th dunatìthta na orÐsoume to barÔkentro apeujeÐac gia mètra ston P1X.

Prìtash 9.1.1 'Estw X CAT(0)-q¸roc kai èstw y ∈ X. Tìte gia k�je z ∈ X, h
sun�rthsh fy,z : X −→ R me tÔpo fy,z(x) = d(z, x)2 − d(y, x)2 an kei ston B1(X). Gia
k�je p ∈ P1X, h sun�rthsh Fy : X −→ R me tÔpo

Fy(z) =
∫

X

fy,z(x)dp(x)

eÐnai 1-kurt  kai �ra up�rqei monadikì shmeÐo elaqÐstou zy = argmin Fy thc Fy. To
shmeÐo autì eÐnai anex�rthto tou y; lègetai to barÔkentro tou p kai sumbolÐzetai me b(p).
Epiplèon, an p ∈ P2X, tìte b(p) = argminz∈X

∫
X

d(x, z)2dp(x).
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Apìdeixh Xekin�me apodeiknÔontac pr¸ta ìti fy,z ∈ B1(X). Gia k�je x ∈ X èqoume
ìti

|fy,z(x)| =
∣∣d(z, x)2 − d(y, x)2

∣∣ =
∣∣d(z, x)− d(y, x)

∣∣(d(z, x) + d(y, x)
)

≤ d(y, z)
(
d(z, x) + d(y, x)

) ≤ 2d(y, z)d(y, x) + d(y, z)2,

to opoÐo deÐqnei ìti fy,z ∈ E1(X).
DeÐqnoume t¸ra ìti to Fy eÐnai 1-kurtì. 'Estw, loipìn, γ : [0, 1] −→ X gewdaisiak .

Tìte

Fy(γt) =
∫

X

(
d(γt, x)2 − d(y, x)2

)
dp(x)

≤
∫

X

(
(1− t)|γ0x|2 + t|γ1x|2 − |yx|2

)
dp(x)− t(1− t)|γ0γ1|2

= (1− t)
∫

X

|γ0x|2 − |yx|2dp(x) + t

∫

X

|γ1x|2 − |yx|2dp(x)− t(1− t)|γ0γ1|2

= (1− t)Fy(γ0) + tFy(γ1)− t(1− t)d(γ0, γ1)2

kai �ra to Fy eÐnai 1-kurtì.
'Epeita, parathr¸ntac ìti h Fy−Fy′ eÐnai stajer  gia k�je y, y′ ∈ X, eÔkola blèpoume

ìti to monadikì stoiqeÐo elaqÐstou thc Fy eÐnai anex�rthto tou y. Tèloc, gia k�je mètro
ston P2X autìc o nèoc orismìc twn barÔkentrwn sumpÐptei me ton arqikì. Pr�gmati,
an p ∈ P2X, tìte oi sunart seic Fy kai X 3 z 7→ ∫

X
d(z, x)2dp(x) diafèroun kat� th sta-

jer�
∫

X
d(y, x)2dp(x), to opoÐo deÐqnei ìti b(p) = infz∈X

∫
X

d(z, x)2dp(x). ¤

Orismìc 9.1.1 'Estw X CAT(0)-q¸roc. H barukentrik  probol  ston X eÐnai h
apeikìnish b : P1X −→ X me tÔpo

b(p) = argmin
z∈X

∫

X

(
d2(z, x)− d2(y, x)

)
dp(x),

gia k�poio y ∈ X.

Qrhsimopoi¸ntac thn ènnoia twn barÔkentrwn mporoÔme na orÐsoume th mèsh tim 
tuqaÐwn metablht¸n me timèc se pl reic CAT(0)-q¸rouc.

Orismìc 9.1.2 'Estw (Ω,F , P ) q¸roc pijanìthtac kai èstw X ∈ L1(Ω; M) tuqaÐa
metablht  me timèc ston pl rh CAT(0)-q¸ro M . OrÐzoume th mèsh tim  EX = EP X

thc X wc EX = b(X∗P ). 'Etsi,

EX = argmin
z∈X

∫

X

(
d(z, x)2 − d(y, x)2

)
dX∗P (x) = argmin

z∈X
EP

(
d(z,X)2 − d(y,X)2

)
.

H mèsh tim  thc X lègetai, epÐshc, to olokl rwma thc X wc proc to P kai sumbolÐzetai
me

∫
Ω

XdP .

SÔmfwna me thn akìloujh prìtash, aut  h ènnoia oloklhr¸matoc sumperifèretai kal�
se sqèsh me ta mètra eikìna.
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Prìtash 9.1.2 'Estw T : (Ω,F , P ) −→ (Ω′,F ′) metr simh apeikìnish kai èstw X :
Ω′ −→ M isqur� metr simh tuqaÐa metablht  me timèc ston pl rh CAT(0)-q¸ro M .
Tìte X ∈ L1(Ω′, T∗P ; M) ann X ◦ T ∈ L1(Ω, P ; M) kai

∫

Ω′
XdT∗P =

∫

Ω

X ◦ TdP .

Apìdeixh 'Estw x0 ∈ M . Ex� orismoÔ X ∈ L1(Ω′, T∗P ;M) ann
∫

Ω′
d
(
x0, X(ω′)

)
dT∗P (ω′) < ∞.

'Omwc
∫
Ω′ d

(
x0, X(ω′)

)
dT∗P (ω′) =

∫
Ω

d
(
x0, X ◦ T (ω)

)
dP (ω), kai �ra X ∈ L1(Ω′, T∗P ; M)

ann X ◦ T ∈ L1(Ω, P ; M). Tìte profan¸c

ET∗P X = b(T∗(X∗P )) = b((X ◦ T )∗P ) = EP (X ◦ T ),

ìpwc jèloume. ¤

Ja melet soume t¸ra tic basikèc idiìthtec thc barukentrik c probol c b : P1X −→ X

kai thc mèshc tim c E : L1(Ω,F , P ; X) −→ X.

Prìtash 9.1.3 (Anisìthta Diaspor�c) 'Estw X pl rhc CAT(0)-q¸roc. Gia k�je
p ∈ P1X kai k�je o ∈ X,

d
(
o, b(p)

)2 ≤
∫

X

(
d(o, x)2 − d

(
b(p), x

)2
)
dp(x).

Apìdeixh Apì thn prohgoÔmenh prìtash xèroume ìti h sun�rthsh Fy : X −→ R me
tÔpo

Fy(z) =
∫

X

(
d(z, x)2 − d(y, x)2

)
dp(x),

eÐnai 1-kurt . Efarmìzontac to autì gia y = b(p) kai gia th gewdiasiak  γ : [0, 1] −→ X

pou sundèei ta shmeÐa b(p) kai o kai qrhsimopoi¸ntac to ìti to b(p) eÐnai to shmeÐo
elaqÐstou thc Fy, blèpoume ìti

0 ≤ Fy(γt) ≤ tFy(o) + (1− t)Fy(b(p))− t(1− t)d
(
o, b(p)

)2

= tFy(o)− t(1− t)d
(
o, b(p)

)2
.

Dhlad , gia k�je 0 < t ≤ 1,

(1− t)d
(
o, b(p)

)2 ≤
∫

X

(
d(o, x)2 − d

(
b(p), x

)2
)
dp(x).

PaÐrnontac to ìrio kaj¸c t → 0 katal goume sto zhtoÔmeno. ¤

Wc proc th mèsh tim , h anisìthta thc diaspor�c paÐrnei thn akìloujh morf .

Pìrisma 9.1.1 'Estw M pl rhc CAT(0)-q¸roc kai èstw (Ω,F , P ) q¸roc pijanìth-
tac. Tìte gia k�je basik  apeikìnish o ∈ X kai k�je isqur� metr simh tuqaÐa metablht 
X ∈ L1(Ω, P ; M) èqoume ìti

d(o,EX)2 ≤ E
(
d(o, X)2 − d(EX, X)2

)
.
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Eidikìtera, an X ∈ L2(Ω, P ; M) èqoume ìti

V(X) ≤ Ed(o,X)2 − d(o,EX)2.

H antÐstoiqh isìthta sthn klasik  perÐptwsh M = R eÐnai gnwst  apì ta pr¸ta maj -
mata jewrÐc pijanot twn.

Je¸rhma 9.1.1 'Estw X pl rhc CAT(0)-q¸roc. Tìte b(p) ∈ co(suppp) gia k�je
p ∈ P1X. Eidikìtera, b ◦ δ = idX .

Apìdeixh Jètoume K := co(suppp). AfoÔ o X eÐnai monos manta gewdaisiakìc kai oi
gewdaisiakèc ston X exart¸ntai suneq¸c apì ta �kra touc, to K eÐnai kurtì. 'Estw πK

h orjog¸nia probol  sto K. ArkeÐ na deÐxoume ìti b(p) = πK(b(p)), kai gi� autì arkeÐ na
deÐxoume ìti to z0 := πK(b(p)) eÐnai to shmeÐo elaqÐstou tou 1-kurtoÔ sunarthsoeidoÔc
F : X −→ R me tÔpo

F (z) =
∫

K

(
d2(z, x)− d2(y, x)

)
dp(x),

gia k�poio y ∈ X. 'Estw, loipìn, z ∈ X. AfoÔ to b(p) eÐnai to shmeÐo elaqÐstou tou F

kai h πK eÐnai sustol , èqoume ìti,

F (z) ≥ F (b(p)) =
∫

K

(
d2

(
b(p), x

)− d2(y, x)
)
dp(x)

≥
∫

K

(
d2

(
πK(b(p)), πK(x)

)− d2(y, x)
)
dp(x)

=
∫

K

(
d2(z0, x)− d2(y, x)

)
dp(x) = F (z0),

kai �ra to z0 eÐnai to monadikì shmeÐo elaqÐstou tou F , ìpwc jèlame. ¤

SÔmfwna me to akìloujo l mma, to barÔkentro enìc mètrou pijanìthtac p sto ginìmeno
dÔo pl rwn CAT(0)-q¸rwn exart�tai mìno apì tic perij¸riec katanomèc tou p.

L mma 9.1.1 'Estw X1, X2 pl reic CAT(0)-q¸roi kai èstw p1 ∈ P1X, p2 ∈ P1X2.
'Opwc xèroume o X1×X2 eÐnai pl rhc CAT(0)-q¸roc kai Π(p1, p2) ⊆ P1(X1×X2). 'Etsi
to b(π) orÐzetai gia k�je π ∈ Π(p1, p2), kai

b(π) =
(
b(p1), b(p2)

)
.

Apìdeixh 'Estw x, y, z ∈ X1 × X2. Jètoume w :=
(
b(p1), b(p2)

)
. Prèpei na deÐxoume

ìti
∫

X1×X2

d2(w, x)− d2(y, x)dπ(x) = min
z∈X1×X2

∫

X1×X2

d2(z, x)− d2(y, x)dπ(x),

ìpou fusik� d eÐnai to `2 ginìmeno twn metrik¸n twn X1, X2.
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Autì ìmwc pr�gmati isqÔei, afoÔ gia k�je z ∈ X1 ×X2 èqoume
∫

X1×X2

|zx|2 − |yx|2dπ(x) =
∫

X1

|z1x1|2 − |y1x1|2dp1(x1) +
∫

X2

|z2x2|2 − |y2x2|2dp2(x2)

≥
∫

X1

|w1x1|2 − |y1x1|2dp1(x1) +
∫

X2

|w2x2|2 − |y2x2|2dp2(x2)

=
∫

X1×X2

|wx|2 − |yx|2dπ(x).

Je¸rhma 9.1.2 (H anisìthta tou Jensen) 'Estw φ : X −→ R k�tw hmisuneqèc kurtì
sunarthsoeidèc ston pl rh CAT(0)-q¸ro X kai èstw p ∈ P1X. An

∫
X

φ−dp < ∞, tìte

φ(b(p)) ≤
∫

X

φ(x)dp(x).

Apìdeixh ArkeÐ na deÐxoume to zhtoÔmeno sthn perÐptwsh ìpou h φ eÐnai fragmènh apì
k�tw kai p-oloklhr¸simh. Pr�gmati, èstw φ : X −→ R k�tw hmisuneq c sun�rthsh
ston X t.w.

∫
X

φ−dp < ∞ kai èstw ìti h anisìthta tou Jensen isqÔei gia ìlec tic
fragmènec apì k�tw kai p-oloklhr¸simec k�tw hmisuneqeÐc sunart seic φ : X −→ R.
An

∫
X

φ+dp = ∞ tìte
∫

X
φdp = ∞ kai h anisìthta tou Jensen isqÔei kat� tetrimmèno

trìpo. MporoÔme, loipìn, na upojèsoume ìti h φ eÐnai p-oloklhr¸simh. Epiplèon, an h
φ eÐnai p-oloklhr¸simh, tìte h akoloujÐa (φk)k∈N me tÔpo φk = ψ ∨ (−k) apoteleÐtai
apì kurtèc kai fragmènec apì k�tw sunart seic t.w. |φk| ≤ |φ| ∈ L1(p) kai φk % ψ.
Sunep¸c, afoÔ apì thn upìjes  mac h anisìthta tou Jensen isqÔei gia tic φk, apì to
je¸rhma kuriarqhmènhc sÔgklishc èpetai ìti

φ(b(p)) = lim
k→∞

φk(b(p)) ≤ lim
k→∞

∫

X

φkdp =
∫

X

φdp.

Periorizìmaste, loipìn, sthn perÐptwsh ìpou h φ eÐnai fragmènh apì k�tw kai p-
oloklhr¸simh k�tw hmisuneq c kurt  sun�rthsh. Jètoume X̂ := X ×R to `2-ginìmeno
twn X kai R. 'Estw φ̂ := (idX , φ) : X −→ X × R h diag¸nia apeikìnish. AfoÔ
idX ∈ L1(p;X) kai φ ∈ L1(p), èpetai ìti φ̂ ∈ L1(p; X×R) kai �ra p̂ := φ̂∗p ∈ P1(X×R).
AfoÔ h φ eÐnai k�tw hmisuneq c, to epigr�fhma thc epi(φ) = {(x, t) ∈ X ×R |φ(x) ≤ t}
eÐnai kleistì kai �ra

suppp̂ ⊆ Graphφ ⊆ epi(φ).

Apì thn kurtìthta thc φ, èqoume ìti to epi(φ) eÐnai kurtì kai sunep¸c apì thn prohgoÔ-
menh prìtash b(p̂) ∈ epi(φ). 'Omwc apì to l mma 9.1.1, èqoume ìti b(p̂) = (b(p), b(φ∗p)) =
(b(p),

∫
X

φdp), kai �ra φ(b(p)) ≤ ∫
X

φdp. ¤

Je¸rhma 9.1.3 (Jemeli¸dhc Idiìthta Sustol c) 'Estw X pl rhc CAT(0)-q¸roc. H
barukentrik  probol  b : P1X −→ X

iso= δ(X) ⊆ P1X eÐnai sustol , dhlad  gia k�je
p, q ∈ P1X èqoume ìti

W1(b(p), b(q)) ≤ W1(p, q).

239



Apìdeixh O X ×X eÐnai pl rhc CAT(0)-q¸roc kai h d eÐnai kurt  kai suneq c ston
X ×X. 'Etsi gia k�je π ∈ Π(p, q), èqoume apì thn anisìthta tou Jensen ìti

d(b(p), b(q)) = d(b(π)) ≤
∫

X×X

d(x, y)dπ(x, y).

PaÐrnontac to infimum p�nw apì ìla ta sqèdia π ∈ Π(p, q) katal goume sto zhtoÔmeno.¤

Apì autì èpetai ìti kai h mèsh tim  E : Lp(Ω, P ; X) −→ X, 1 ≤ p < ∞ eÐnai sustol .
Pr�gmati, an f, g ∈ E : Lp(Ω; X), tìte

d(Ef,Eg) = d
(
b(f∗P ), b(g∗P )

) ≤ Wp(f∗P, g∗P ) ≤ dLp(Ω;X)(f, g).

Orismìc 9.1.3 'Estw X pl rhc CAT(0)-q¸roc kai èstw (xi)i∈N akoloujÐa ston X.
OrÐzoume epagwgik� mÐa nèa akoloujÐa (sn)n∈N shmeÐwn sn ∈ X wc ex c;

s1 := x1 kai sn := [sn−1, xn]
(

1
n

)
.

To shmeÐo sn sumbolÐzetai me 1
n

−→∑
i=1,...,n

xi kai lègetai epagwgikìc mèsoc twn x1, . . . , xn.

Parathr seic

1. En gènei, ektìc ki an o X eÐnai epÐpedoc, to shmeÐo 1
n

−→∑
i=1,...,n

xi exart�tai apì tic

metajèseic twn xi.

2. An oi X, Y eÐnai pl reic CAT(0)-q¸roi kai h φ : X −→ Y eÐnai affinik  apeikìnish,
tìte

φ
( 1

n

−→∑

i=1,...,n

xi

)
=

1
n

−→∑

i=1,...,n

φ(xi).

Je¸rhma 9.1.4 (Nìmoi Meg�lwn Arijm¸n) 'Estw (Ω,F , P ) q¸roc pijanìthtac kai
X pl rhc CAT(0)-q¸roc. 'Estw (Xi)i∈N akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn
metablht¸n ston L2(Ω, X). Tìte

1
n

−→∑

i=1,...,n

Xi
n→∞−→ EX1

ston L2(Ω, X) kai kat� pijanìthta. (Asjen c Nìmoc twn Meg�lwn Arijm¸n)
An, epiplèon, Xi ∈ L∞(Ω, X) tìte

1
n

−→∑

i=1,...,n

Xi
n→∞−→ EX1

P -σ.p. (Isqurìc Nìmoc twn Meg�lwn Arijm¸n)
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Apìdeixh Jètoume Sn := 1
n

−→∑
i=1,...,n

Xi. Isqurizìmaste ìti

En := Ed2(EX1, Sn) ≤ 1
n
V(X1), (9.1)

gia k�je n ∈ N. Gia n = 1 to zhtoÔmeno eÐnai apl¸c o orismìc thc diaspor�c. Ja
apodeÐxoume to zhtoÔmeno gia k�je n ∈ N me epagwg . Upojètoume ìti to zhtoÔmeno
isqÔei gia ton n, kai qrhsimopoi¸ntac thn NPC-anisìthta, thn anisìthta thc diaspor�c,
to ìti oi Xi eÐnai isìnomec kai anex�rthtec kai thn epagwgik  upìjesh, blèpoume ìti

En = Ed2(EX1, Sn+1) = Ed2

(
EX1, [Sn, Xn+1]

(
1

n + 1

))

≤ n

n + 1
Ed2(EX1, Sn) +

1
n + 1

Ed2(EX1, Xn+1)− n

(n + 1)2
Ed2(Sn, Xn+1)

≤ n

n + 1
Ed2(EX1, Sn) +

1
n + 1

Ed2(EX1, Xn+1)

− n

(n + 1)2
(
Ed2(EXn+1, Sn) +Ed2(EXn+1, Xn+1)

)

=
(

n

n + 1

)2

Ed2(EX1, Sn) +
1

(n + 1)2
V(X1)

≤
(

n2

n(n + 1)2
+

1
(n + 1)2

)
V(X1) =

1
n + 1

V(X1),

ìpwc jèloume. Fusik� autì apodeiknÔei th sÔgklish Sn −→ EX1 ston L2 kai kat�
pijanìthta.
(b) Prin apodeÐxoume ìti Sn −→ EX1 P -σ.b., ja apodeÐxoume ìti Sn2

σ.π.−→ EX1. 'Estw
ε > 0. Apì thn anisìthta tou Markov kai thn (9.1) èqoume ìti

∞∑
n=1

P (d(Sn2 ,EX1) > ε) ≤
∞∑

n=1

1
ε2
Ed2(Sn2 ,EX1) ≤ 1

ε2
V(X1)

∞∑
n=1

1
n2

< ∞.

Apì to l mma Borel-Cantelli, èpetai ìti P
(
lim supn

{
ω

∣∣ d(Sn2(ω),EX1) > ε
})

= 0,
dhlad  ìti Sn2

a.s.−→ EX1.
Upojètoume t¸ra ìti X1 ∈ L∞(Ω; X), ac poÔme d(X1, z) ≤ R P -σ.p. gia k�poio

z ∈ X kai k�poio R ∈ R. AfoÔ oi mp�lec ston X eÐnai kurtèc, èpetai epagwgik� ìti
d(Sn, z) ≤ R P -σ.b. gia k�je n ∈ N. Epiplèon, gia k�je n ∈ N,

d(Sn, Sn+1) ≤ 1
n + 1

d(Sn, Xn+1) ≤ 2R

n + 1

P -σ.b. kai sunep¸c gia k�je n, k ∈ N me n2 ≤ k < (n + 1)2 èqoume ìti

d(Sn2 , Sk) ≤
k∑

i=n2+1

d(Si−1, Si) ≤ 2R

k∑

i=n2+1

1
i
≤ k − n2

n2
2R ≤ 4

n
R

P -σ.b. 'Etsi, an to ω ∈ Ω eÐnai t.w. Sn2(ω) −→ EX1, tìte epÐshc Sk(ω) −→ EX1 kai �ra
afoÔ Sn2 −→ EX1 P -σ.b., èpetai ìti Sn −→ EX1 P -σ.b. ìpwc jèlame. ¤

O akìloujìc qarakthrismìc ton affinik¸n apeikonÐsewn qrhsimeÔei sto na elègxoume
an h mèsh tim  eÐnai affinik .
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Prìtash 9.1.4 'Estw φ : X −→ Y suneq c apeikìnish metaxÔ dÔo pl rwn CAT(0)-
q¸rwn. H φ eÐnai affinik  ann to di�gramma

P1X
φ∗−→ P1Yyb

yb

X
φ−→ Y

metatÐjetai.

Apìdeixh (⇐=) Upojètoume pr¸ta ìti to parap�nw di�gramma metatÐjetai kai ja
deÐxoume ìti h φ eÐnai affinik . 'Estw xy : [0, 1] −→ X h gewdaisiak  apì to x ∈ X sto
y ∈ X. Prèpei na deÐxoume ìti φ ◦ xy = φ(x)φ(y) gia k�je x, y ∈ X. 'Estw, loipìn,
x, y ∈ X. Parathr ste ìti h gewdaisiak  xy dÐnetai apì ton tÔpo t 7→ b

(
(1− t)δx + tδy

)
.

Pr�gmati, to zt := b
(
(1 − t)δx + tδy

)
eÐnai to shmeÐo elaqÐstou tou 1-kurtoÔ sunarth-

soeidoÔc F : X −→ R me tÔpo

F (z) =
∫

X

d2(z, w)d
(
(1− t)δx + tδy

)
(w) = (1− t)d2(z, x) + td2(z, y).

'Omwc apì to je¸rhma 9.1.1, xèroume ìti zt ∈ xy kai �ra

F (zt) = min
0≤s≤1

{
(1− t)d2(x, xys) + td2(xys, y)

}

= d2(x, y) min
0≤s≤1

{
(1− t)s2 + t(1− s)2

}
.

To el�qisto pi�netai gia s = t kai �ra zt = xyt, ìpwc jèlame. T¸ra, afoÔ to di�gramma
metatÐjetai, gia k�je 0 ≤ t ≤ 1 èqoume ìti

φ(xyt) = φ
(
b
(
(1− t)δx + tδy

))

= b
(
(1− t)δφ(x) + tδφ(y)

)
= φ(x)φ(y)t.

(=⇒) AfoÔ o P∞X eÐnai puknìc ston P1X kai h φ eÐnai suneq c, arkeÐ na exet�soume
thn perÐptwsh ìpou p ∈ P∞X. 'Estw, loipìn, p ∈ P∞X. Jètoume X :=

∏∞
i=1 X to

arijm simo kartesianì ginìmeno tou X me ton eautì tou, P := ⊗∞i=1p kai jewroÔme to
q¸ro pijanìthtac Ω := (X, P ). 'Estw Xi : Ω −→ X oi probolèc me tÔpo Xi

(
(xj)∞j=1

)
=

xi. Oi Xi eÐnai profan¸c anex�rthtec kai isìnomec me Xi∗P = p. Epiplèon, afoÔ p ∈
P∞X èqoume ìti Xi ∈ L∞(Ω;X) kai afoÔ h φ eÐnai Lipschitz èpetai ìti φ ◦ Xi ∈
L∞(Ω; Y ). 'Etsi apì to nìmo twn meg�lwn arijm¸n, th sunèqeia kai thn affinikìthta
thc φ èqoume ìti

φ
(
b(p)

)
= φ(EX1) = φ


 lim

n→∞
1
n

−→∑

i=1,...,n

Xi


 = lim

n→∞
1
n

−→∑

i=1,...,n

φ ◦Xi

= E(φ ◦X1) = b
(
φ∗(p)

)
,

ìpwc jèlame. ¤

H prìtash 9.1.4 mac dÐnei ton akìloujo qarakthrismì twn pl rwn CAT(0)-q¸rwn gia
touc opoÐouc h mèsh tim  E : L2(Ω;X) −→ X eÐnai affinik  gia k�je q¸ro pijanìthtac Ω.

242



Prìtash 9.1.5 'Estw X pl rhc CAT(0)-q¸roc kai èstw 1 < p < ∞. H mèsh tim 
E : Lp(Ω;X) −→ X eÐnai affinik  gia k�je q¸ro pijanìthtac Ω ann h apeikìnish
Ht : X ×X −→ X me tÔpo Ht(x, y) = [x, y](t) eÐnai affinik  gia k�je 0 ≤ t ≤ 1.

Sundu�zontac aut  thn prìtash me tic prot�seic 3.3.6 kai 5.4.4 paÐrnoume to akìloujo,
me mÐa ènnoia arnhtikì, apotèlesma gia thn affinikìthta thc mèshc tim c.

Prìtash 9.1.6 'Estw X pl rhc kai gewdaisiak� pl rhc CAT(0)-q¸roc. H apeikìnish
thc mèshc tim c E : Lp(Ω; X) −→ X eÐnai affinik  gia k�je q¸ro pijanìthtac Ω ann o
X eÐnai q¸roc Hilbert.

Prìtash 9.1.7 'Estw X pl rhc kai gewdaisiak� pl rhc CAT(0)-q¸roc. H baruken-
trik  probol  b : PT

1 X −→ X eÐnai affinik  ann o X eÐnai q¸roc Hilbert.

Apìdeixh Pr�gmati, ìpwc xèroume oi kampÔlec thc morf c [0, 1] 7→ (1 − t)µ + tν eÐnai
gewdaisiakèc thc metrik c W1 tou Wasserstein. Apì autì èpetai ìti an h barukentrik 
probol  eÐnai affinik  tìte kai h apeikìnish twn mèswn tou X eÐnai affinik , apì ìpou,
apì thn prìtash 5.4.4, èpetai to zhtoÔmeno. ¤

To z thma tou an h barukentrik  probol  b : PT
r X −→ X, 1 < r < ∞ eÐnai affinik 

den eÐnai tìso aplì. Pr�gmati, èstw X pl rhc CAT(0)-q¸roc me apeikìnish mèswn m.
To ìti h b eÐnai affinik  sunep�getai ìti b(m∗π) = m(b(π)), mìno gia ekeÐna ta mètra
π ∈ P(X×Y ) ta opoÐa eÐnai bèltista sqèdia metafor�c metaxÔ twn perij¸riwn katanom¸n
touc, to opoÐo den sunep�getai ìti h m eÐnai affinik . 'Etsi den mporoÔme na katal -
xoume sta antÐstoiqa sumper�smata pou katal xame sthn perÐptwsh thc mèshc tim c E
kai thc barukentrik c probol c b : PT

1 X −→ X. Wstìso, sÔmfwna me to akìloujo
par�deigma, h diakl�dwsh gewdaisiak¸n ston X den epitrèpei sth barukentrik  probol 
b : PT

r −→ X na eÐnai affinik .

Par�deigma

1. 'Estw X trÐpodac me tm mata Ðdiou m kouc. H barukentrik  probol  b : PT
r X −→ X

den eÐnai affinik  gia k�je 1 ≤ r < ∞.

Apìdeixh. 'Estw o to koinì arqikì shmeÐo twn tmhm�twn tou trÐpoda kai èstw x, y, z ta
telik� shmeÐa touc. Jètoume µ = δx, ν = 1

2 (δy + δz) ∈ PT
r X. To monadikì sqèdio apì to

µ sto ν eÐnai to π = δx⊗
(

1
2 (δy +δz)

)
= 1

2 (δ(x,y) +δ(x,z)). 'Etsi apì to qarakthrismì twn
gewdaisiak¸n ston PT

r X, h kampÔlh γ : [0, 1] −→ PT
r X me tÔpo γ(t) = 1

2 (δ[x,y]t + δ[x,z]t)
eÐnai gewdaisiak  ston PT

r X. 'Opwc, ìmwc, mporeÐ na elègxei o anagn¸sthc,

b(γt) =

{
[x, o](2t), 0 ≤ t ≤ 1

2 ,

o, 1
2 ≤ t ≤ 1

,

h opoÐa den eÐnai gewdaisiak  ston X.
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DÐnoume, tèloc, di�forouc qarakthrismoÔc thc mh-jetik c kampulìthtac gia pl reic
metrikoÔc q¸rouc mèsw mètrwn pijanìthtac se autoÔc touc q¸rouc. P.q., h anisìthta
thc diaspor�c qarakthrÐzei touc pl reic CAT(0)-q¸rouc.

Prìtash 9.1.8 'Estw (X, d) pl rhc metrikìc q¸roc. Ta akìlouja eÐnai isodÔnama:

(a) O (X, d) eÐnai pl rhc CAT(0)-q¸roc.

(b) Gia k�je mètro pijanìthtac q ∈ P2X up�rqei monadikì shmeÐo zq ∈ X t.w. gia
k�je z ∈ X

d2(z, zq) ≤
∫

X

d2(z, x)dq(x)−
∫

X

d2(zq, z)dq(x). (9.2)

(g) Gia k�je mètro pijanìthtac q ∈ PX

V(q) ≤ 1
2

∫

X

∫

X

d2(x, y)dq(x)dq(y).

(d) O (X, d) eÐnai q¸roc m kouc kai gia k�je x, y, z, w ∈ X kai k�je s, t ∈ [0, 1]

s(1−s)|xz|2+t(1−t)|yw|2 ≤ st|xy|2+(1−s)t|yz|2+s(1−t)|xw|2+(1−s)(1−t)|zw|2.

Apìdeixh (a)=⇒(b) EÐnai apl� h anisìthta diaspor�c, me zq = b(q).
(b)=⇒(a) AfoÔ o X eÐnai pl rhc, arkeÐ na apodeÐxoume ìti gia k�je x, y ∈ X up�rqei
m ∈ X t.w. gia k�je z ∈ X,

|zm|2 ≤ 1
2
|zx|2 +

1
2
|zy|2 − 1

4
|xy|2.

'Estw, loipìn, x, y ∈ X. Jètoume q := 1
2δx + 1

2δy ∈ P2X. 'Estw m ∈ X to shmeÐo pou
dÐnetai apì to (b) gia to opoÐo isqÔei h (9.2). Tìte, apì thn (9.2) èpetai ìti gia k�je
z ∈ X,

|zm|2 ≤ 1
2
|zx|2 +

1
2
|zy|2 − 1

2
|mx|2 − 1

2
|my|2

≤ 1
2
|zx|2 +

1
2
|zy|2 − 1

4
|xy|2,

ìpou h teleutaÐa anisìthta isqÔei apì thn trigwnik  anisìthta kai th stoiqei¸dh anisìth-
ta (a + b)r ≤ 2r−1(ar + br), a, b ≥ 0, r ≥ 1.
(b)=⇒(g) An V(q) = +∞, tìte q /∈ P2X kai �ra h zhtoÔmenh anisìthta isqÔei kat�
tetrimmèno trìpo wc +∞ = +∞. An V(q) < ∞ tìte oloklhr¸nontac thn (9.2) wc proc
to z ∈ X paÐrnoume ìti

∫

X

∫

X

d2(z, x)dq(x)dq(z) ≥
∫

X

d2(z, zq)dq(z) +
∫

X

d2(zq, x)dq(x)

= 2
∫

X

d2(z, zq)dq(z) ≥ 2V(q).
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(g)=⇒(d) DeÐqnoume pr¸ta ìti o X eÐnai q¸roc m kouc. 'Estw, loipìn, x, y ∈ X kai
ε > 0. JewroÔme to mètro q := 1

2δx+ 1
2δy ∈ P2X. AfoÔ V(q) = infz∈X

∫
X

d2(z, u)dq(u),
up�rqei z ∈ X t.w.

∫
X

d2(z, u)dq(u) ≤ V(q) + ε. Tìte apì to (g) èqoume ìti

1
2
d2(z, x) +

1
2
d2(z, y) =

∫

X

d2(z, u)dq(u) ≤ V(q) + ε

≤ 1
2

∫

X

∫

X

d2(u, υ)dq(u)dq(υ) + ε ≤ 1
4
d2(x, y) + ε,

to opoÐo, afoÔ o X eÐnai pl rhc, deÐqnei ìti o X eÐnai q¸roc m kouc.
DeÐqnoume t¸ra ìti o X ikanopoieÐ thn anisìthta tou (d). 'Estw loipìn x, y, z, w ∈ X

kai s, t ∈ [0, 1]. JewroÔme to mètro q := 1
2

(
sδx + tδy + (1 − s)δz + (1 − t)δw

)
. 'Estw

ε > 0. Apì to (g), up�rqei zε ∈ X t.w.
∫

X

d2(zε, u)dq(u) ≤ 1
2

∫

X

∫

X

d2(u, υ)dq(u)dq(υ) + ε. (9.3)

UpologÐzontac ta oloklhr¸mata sthn (9.3) paÐrnoume ìti

1
4

(
st|xy|2+s(1−s)|xz|2+s(1−t)|wx|2+t(1−s)|zy|2+t(1−t)|wy|2+(1−s)(1−t)|zw|2

)
+ε

≥ 1
2

(
s|zεx|2 + t|zεy|2 + (1− s)|zεz|2 + (1− t)|zεw|2

)

≥ 1
2

(
s(1− s)|xz|2 + t(1− t)|yw|2

)
,

ìpou h teleutaÐa anisìthta èpetai apì thn trigwnik  anisìthta kai thn tetrimmènh anisìth-
ta t(1 − t)(a + b)2 ≤ ta2 + (1 − t)b2, a, b ∈ R, 0 ≤ t ≤ 1. AfoÔ to ε > 0  tan tuqaÐo,
èpetai to zhtoÔmeno.
(d)=⇒(a) AfoÔ o X eÐnai q¸roc m kouc, dedomènwn x, y ∈ X kai 0 < s < 1, up�rqei
ms ∈ X t.w.

d2(x,ms) + d2(ms, y) ≤ 1
2
d2(x, y) + s2.

Tìte gia k�je p ∈ X, efarmìzontac thn anisìthta tou (d) gia t = 1
2 , x = p, y = x, z = m

kai w = y paÐrnoume ìti

s(1− s)|pms|2 ≤ s

2
|px|2 +

1− s

2
|msx|2 +

1− s

2
|msy|2 +

s

2
|py|2 − 1

4
|xy|2

≤ s

2
|px|2 +

s

2
|py|2 − s

4
|xy|2 +

(1− s)s2

2

An deÐxoume ìti h oikogèneia (ms)0<s<1 eÐnai Cauchy kaj¸c s −→ 0, tìte apì thn
plhrìthta tou X up�rqei m ∈ X t.w. ms

s→0−→ m kai �ra paÐrnontac to ìrio kaj¸c
s −→ 0 sthn parap�nw anisìthta, katal goume sthn NPC-anisìthta. H parap�nw
anisìthta mporeÐ na grafeÐ isodÔnama wc

(Is) |pms|2 ≤ 1
1− s

(1
2
|px|2 +

1
2
|py|2 − 1

4
|xy|2

)
+

s

2
.
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Efarmìzontac thn (Is) gia p = x kai p = y kai prosjètontac tic prokÔptousec anisìthtec
paÐrnoume ìti

(Ms)
1
2
|xms|2 +

1
2
|yms|2 − 1

4
|xy|2 ≤ s

2
+

s|xy|2
4(1− s)

.

Sunep¸c, an 0 < r, s < 1, tìte efarmìzontac thn (Ir) gia p = ms, paÐrnoume ìti

|msmr|2 ≤ 1
1− r

(1
2
|msx|2 +

1
2
|msy|2 − 1

4
|xy|2

)
+

r

2

≤ 1
1− r

(s

2
+

s|xy|2
4(1− s)

)
+

r

2
r,s→0−→ 0,

to opoÐo deÐqnei ìti h (ms)0<s<1 eÐnai oikogèneia Cauchy kai oloklhr¸nei thn apìdeixh. ¤

9.2 ParadeÐgmata
1. Q¸roi Hilbert

'Estw X q¸roc Hilbert. Tìte b(p) =
∫

X
idXdp gia k�je p ∈ P1X.

Apìdeixh. Jètoume w :=
∫

X
idXdp. Apì touc orismoÔc to b(p) eÐnai to monadikì shmeÐo

elaqÐstou tou 1-kurtoÔ sunarthsoeidoÔc F : X −→ R me tÔpo

F (z) =
∫

X

(‖x− z‖2 − ‖x‖2)dp(x).

H F ìmwc eÐnai paragwgÐsimh me ∇F (z) = 2(w−z) ∈ X kai, �ra, afoÔ h F èqei monadikì
shmeÐo elaqÐstou kai ∇F (z) = 0 ann z = w, èpetai ìti to w eÐnai to monadikì shmeÐo
elaqÐstou thc F , dhlad  b(p) =

∫
X

idXdp, ìpwc jèlame.

2. Pollaplìthtec Riemann

'Estw (M, g) pl rhc, apl� sunektik , n-di�stath pollaplìthta Riemann kampulìthtac
≤ 0 kai èstw p ∈ P1M . Tìte z = b(p) ann

∫

M

∇d2
x(z)dp(x) = 0,

ìpou dx : M −→ [0,∞) eÐnai h apeikìnish me tÔpo dx(z) = d(z, x).

9.3 Barukentrikèc Sustolèc
Orismìc 9.3.1 'Estw X pl rhc metrikìc q¸roc. MÐa barukentrik  sustol  ston X

eÐnai mÐa apeikìnish β : PT
1 X −→ X t.w.

(a) β ◦ δ = IdX ,

(b) W1(β(p), β(q)) ≤ W1(p, q) gia k�je p, q ∈ PT
1 X.
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An up�rqei barukentrik  sustol  ston X, tìte o X eÐnai gewdaisiakìc q¸roc. Gia
k�je zeug�ri shmeÐwn x0, x1 ∈ X, h kampÔlh [0, 1] 3 t 7→ xt := β((1− t)δx0 + tδx1) ∈ X

eÐnai gewdaisiak  metaxÔ twn x0, x1. Gia k�je x0, x1, y0, y1, h sun�rthsh t 7→ d(xt, yt)
eÐnai kurt . Eidikìtera, h gewdaisiak  t 7→ xt exart�tai suneq¸c apì ta �kra thc.
Wstìso, den eÐnai aparaÐthta h monadik  gewdaisiak  pou sundèei ta x0, x1. An o X eÐnai
monos manta gewdaisaikìc, tìte h Ôparxh barukentrik c sustol c ston X sunep�getai
ìti o X èqei kampulìthta ≤ 0 me thn ènnoia tou Busemann.

Prìtash 9.3.1 'Estw M pl rhc, apl� sunektik  pollaplìthta Riemann. Up�rqei
barukentrik  sustol  sthn M ann h M èqei kampulìthta ≤ 0.

Apìdeixh An h M èqei kampulìthta ≤ 0, afoÔ eÐnai apl� sunektik , èpetai apì to
je¸rhma Cartan-Hadamard ìti eÐnai CAT(0)-q¸roc kai, afoÔ eÐnai pl rhc, epidèqetai
barukentrik  sustol . AntÐstrofa, an h M epidèqetai barukentrik  sustol , tìte to
Ðdio isqÔei kai gia k�je kurtì kai kleistì M0 ⊆ M . Epilègontac to M0 arket� mikrì,
èpetai apì to je¸rhma tou Whitehead ìti o M0 eÐnai monos manta gewdaisiakìc. SÔm-
fwna me th suz thsh pou prohg jhke, apì autì èpetai ìti o M0, kai �ra kai h M , èqei
kampulìthta ≤ 0 me thn ènnoia tou Busemann. 'Opwc xèroume, ìmwc, gia pollaplìth-
tec Riemann, autì isodunameÐ me to ìti oi kampulìthtec tom c thc M eÐnai ìlec ≤ 0. ¤

SÔmfwna me thn akìloujh kataskeu , k�je barukentrik  sustol  orÐzei mÐa akolou-
jÐa diaforetik¸n barukentrik¸n sustol¸n. 'Etsi h barukentrik  sustol  pou kataskeu-
�same stouc pl reic CAT(0)-q¸rouc den eÐnai h monadik  barukentrik  sustol . H
kataskeu  aut  èqei wc ex c: 'Estw X pl rhc metrikìc q¸roc me barukentrik  sustol 
β : PT

1 X −→ X kai èstw m : X × X −→ X h apeikìnish twn mèswn h opoÐa ep�getai
apì th β, dhlad  m(x, y) = β( 1

2δx + 1
2δy). OrÐzoume mÐa apeikìnish M : PT

1 X −→ PT
1 X

me tÔpo M(p) = m∗(p ⊗ p). H apeikìnish aut  eÐnai sustol  wc proc th metrik  tou
Wasserstein W1. Sunep¸c gia k�je n ∈ N, h sun�rthsh βn : PT

1 X −→ X me tÔpo
βn(p) = β

(
Mn(p)

)
, eÐnai barukentrik  sustol .
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