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Eisagwg 

Skopìc mac sthn ergasÐac aut  eÐnai na melet soume mia, sqetik�, kain-
oÔrgia formulation twn diaforik¸n exis¸sewn.Onom�zetai kinetic formula-
tion kai èqei prokÔyei apì thn prosp�jeia diasÔndeshc twn montèlwn sthn
Mhqanik  twn Suneq¸n Mèswn (  makroskopik¸n exis¸sewn ìpwc h jer-
mìthta, Navier-Stokes) kai twn kinhtik¸n montèlwn pou prokÔptoun apì pio
leptomereiak  melèth thc exèlixhc thc m�zac.

H diasÔndesh aut  basÐzetai se èna ìrio (p.q udrodunamikì ìrio) kai
h opoÐa èqei melethjeÐ kai apì touc idrutèc (Maxwell, Boltzmann, Hilbert
k.a) thc kinhtik c jewrÐac twn aerÐwn. H elpÐda p�nta  tan ìti to ìrio
autì ja f¸tize merik� apì ta polÔploka fainìmena pou emfanÐzontai se
makroskopikì epÐpedo.

Klasikì par�deigma aut  thc prosp�jeiac eÐnai ta B.G.K montèla thc
exÐswshc tou Boltzman ta opoÐa mporoÔn na brejoÔn sta [5, 16].

MporeÐ, loipìn, upì autì to prÐsma, h jewrÐa aut  na eÐnai mia suneisfor�
sto genikìtero prìblhma. M�lista ìson afor� sto ìrio autì, mporoÔme ìqi
mìno na to analÔsoume all� kai na gr�youme, se makroskopikì epÐpedo,
mÐa kinhtik  exÐswsh pou na perilamb�nei sunart seic pou èqoun thn morf 
puknìthtac kai twn opoÐwn h katanom  thc taqÔthtac touc na eÐnai lÔseic
enìc probl matoc elaqistopoÐhshc k�poiwn sunarthsoeid¸n pou èqoun mor-
f  entropÐac. Sto shmeÐo autì prèpei na k�noume anafor� se èna L mma
pou afor� sthn elaqistopoÐhsh aut  kai ofeÐletai ston Yann Brenier kai
brÐsketai sthn doulei� tou [3].

Ja xekin soume to pr¸to Kef�laio me touc aparaÐthtouc orismoÔc gi-
a asjeneÐc lÔseic, lÔseic entropÐac kai kinhtikèc lÔseic enìc Nìmou Di-
at rhshc. Ja proqwr soume se èna Je¸rhma pou mac exasfalÐzei thn
monadikìthtac twn Kinhtik¸n lÔsewn kai sundèei thn monadik  Kinhtik  lÔsh
me thn lÔsh EntropÐac. Sto shmeÐo autì ja qrhsimopoi soume èna polÔ
shmantikì Je¸rhma twn Lions, Perthame kai Tadmor apì thn doulei� touc
[15].
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Sto deÔtero Kef�laio ja xekin soume orÐzontac to sq ma me to opoÐo
ja doulèyoume (Enquist-Oscher), h epilog  tou opoÐou ègine kurÐwc diìti
parousi�zei kal  sumperifor� se perÐptwsh shock. Pairn¸ntac sto antÐs-
toiqo arijmhtikì sq ma thc Kinhtik c ExÐswshc, ja sun�goume idiìthtec
ìpwc h Arq  MegÐstou kai oi topikèc Anisìthtec EntropÐac. Ja kleÐsoume
to deÔtero Kef�laio me dÔo Jewr mata pou ja mac d¸soun thn sÔgklish
thc Proseggistik c lÔshc tou probl matoc mac sthn lÔsh EntropÐac, gia
na to katafèroume ja qrhsimopoi soume ìla ta prohgoÔmena, kurÐwc ìmwc
to Je¸rhma Monadikìthtac Kinhtik¸n lÔsewn.

MpaÐnoume sto trÐto Kef�laio, jÐgontai merik� stoiqeÐa apì thn JewrÐa
Peperasmènwn 'Ogkwn kai eis�gontac to antÐstoiqo Enquist-Oscher sq ma.
DeÐqnoume Arq  MegÐstou kai Anisìthtec EntropÐac gia thn perÐptwsh aut 
kai met� deÐqnoume èna kainoÔrio Je¸rhma pou afor� sthn sÔgklish thc
Proseggistik c lÔshc sthn lÔsh EntropÐac.

Ta pr¸ta dÔo kef�laio basÐzontai sth doulei� [2] twn Botchorishvili,
Perthame, Vasseur en¸ to trÐto kef�laio eÐnai kainoÔria douleÐa pou ègine
se sunergasÐa me ton kajhght  mou ko. Qar�lampo Makrid�kh.
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Kef�laio 1

Kinhtik  Morf 

1.1 Kinhtik  morf  thc Diaforik c ExÐswshc.

JewroÔme thn exÐswsh tou Nìmou Diat rhshc:
∂u

∂t
+
∂A(u)
∂x

= 0 t ≥ 0, x ∈ R, (1.1)

me A(·) na eÐnai omal  sun�rthsh ro c kai u = u(t, x) sun�rthsh ston R.
JewroÔme tic arqikèc sunj kec:

u(0, x) = u0(x) ∈ L1 ∩ L∞(R) (1.2)
H Ôparxh klasik c lÔshc (C1) tou probl matoc (1.1),(1.2) exasfalÐzetai

mìno topik� ston qrìno, akìma kai sthn perÐptwsh pou h arqik  sunj kh u0

eÐnai omal  sun�rthsh(bl. L mma 2.1.2 [13]). Ac genikeÔsoume, loipìn, thn
ènnoia thc lÔshc tou Nìmou Diat rhshc (1.1),(1.2).
Orismìc 1.1.1 MÐa sun�rthsh u(·, ·) lègetai lÔsh me thn ènnoia twn katanom¸n
(  asjen c lÔsh) tou probl matoc (1.1),(1.2) ìtan

u ∈ L∞([0, T )× R),

∫
R

∫ T

0
u(t, x)

∂φ(t, x)
∂t

dtdx+
∫
R

∫ T

0
A(u(t, x))

∂φ(t, x)
∂x

dtdx

+
∫
R

u0(x)φ(x, 0)dx = 0, gia k�je φ ∈ C∞c (R× [0, T )).
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EÔkola blèpoume ìti oi asjeneÐc lÔseic eÐnai ìntwc {asjenèsterec} twn
klasik¸n lÔsewn (bl. [10] sel .27), enno¸ntac ìti oi klasikèc lÔseic eÐnai
kai asjeneÐc lÔseic. Sthn perÐptwsh twn asjen¸n lÔsewn den mporoÔme na
exasfalÐsoume C1 omalìthta opìte steroÔmaste kai monadikìthtac [10].

Se poll� fusik� probl mata oi asjeneÐc lÔseic apaiteÐtai na ikanopoioÔn
epiplèon, kai mÐa seir� apì {fr�gmata}-anis¸seic, ta opoÐa moi�zoun me ta
fr�gmata entropÐac, kai ta opoÐa mac dÐnoun thn polupìjhth monadikìthta.
Opìte akolouj¸ntac to [10], zht�me apì thn asjen  lÔsh tou probl matoc
na ikanopoieÐ, me thn ènnoia twn katanom¸n, thn pl rh oikogèneia anisot twn
entropÐac :

∂S(u)
∂t

+
∂η(u)
∂x

≤ 0, (1.3)
me S(·) ∈ C2(R) na eÐnai kurt  sun�rthsh entropÐac kai η(·) ∈ C1(R) h
antÐstoiqh sun�rthsh ro c entropÐac pou orÐzetai apì thn sqèsh:

η′(u) = S′(u)a(u),

me:
a(u) = A′(u) ∈ C1(R).

OrÐzoume loipìn:
Orismìc 1.1.2 MÐa asjen c lÔsh u ∈ L∞([0, T ) × R) tou probl matoc
(1.1), (1.2) lègetai lÔsh entropÐac ìtan ikanopoieÐ thn sunj kh entropÐac
(1.3), me thn ènnoia twn katanom¸n, gia ìlec tic sunart seic entropÐac S(·),
dhlad :
gia k�je sun�rthsh entropÐac S(·), me ro  entropÐac η(·), gia k�je φ ∈
C∞c ([0, T )× R), me φ(t, x) ≥ 0, gia ìla ta t, x na isqÔei:∫ T

0

∫
R

S(u(t, x))φt(t, x)dtdx+
∫
R

S(u(0, x))φ(0, x)dx

+
∫ T

0

∫
R

η(u(t, x))φx(t, x)dtdx ≥ 0.

Prin eis�goume thn kinhtik  morf  thc Diaforik c ExÐswshc, prèpei na
orÐsoume thn sun�rthsh puknìthtac   alli¸c sun�rthsh upograf c:

X(ξ;u) =


1, ìtan 0 < ξ ≤ u
−1, ìtan u ≤ ξ < 0
0, alli¸c

.

Treic qarakthristikèc idiìthtec thc sun�rthshc puknìthtac mac endiafèroun
kurÐwc:
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•
∫
R
X(ξ;u)dξ = u gia k�je u ∈ R.

•
∫
R
X(ξ;u)g′(ξ)dξ = g(u) gia k�je omal  sun�rthsh g me g(0) = 0.

•
∫
R
X(ξ, u1)−X(ξ, u2)dξ = u1 − u2 gia k�je u1, u2 ∈ R.

Oi Lions, Perthame, Tadmor [15] èdeixan ìti h Diaforik  ExÐswsh kai h
oikogèneia twn anisot twn entropÐac mporoÔn nagrafoÔn isodÔnama se mÐ-
a kinhtik  exÐswsh thc sun�rthshc puknìthtac X(ξ;u(t, x)), sugkekrimèna
èdeixan ìti mporoÔn na grafoÔn sthn morf :

∂X(ξ;u(t, x))
∂t

+ a(ξ)
∂X(ξ;u(t, x))

∂x
=
∂m(t, x, ξ)

∂ξ
,

me thn ènnoia twn katanom¸n, gia k�poio mh-arnhtikì, fragmèno mètro m
tètoio ¸ste m(t, x, ξ) = 0 gia |ξ| > ‖u(t, ·)‖L∞ .
Pr�gmati, an isqÔei h parap�nw sqèsh tìte parathr¸ntac ìti u(t, x) =∫
R
X(ξ;u(t, x))dξ èqoume g(u(t, x)) =

∫
R
g′(ξ)X(ξ;u(t, x))dξ gia k�je omal 

sun�rthsh g, me g(0) = 0.
ProkÔptei, me fusiologikì trìpo, to ex c antÐstrofo er¸thma:

An h f(t, x, ξ) ikanopoieÐ thn exÐswsh metafor�c:
∂f(t, x, ξ)

∂t
+
∂(a(ξ)f(t, x, ξ))

∂x
=
∂m(t, x, ξ)

∂ξ
,

me thn ènnoia twn katanom¸n gia k�poio m(t, x, ξ) mh-arnhtikì, fragmèno
mètro me sumpag  -wc proc x- forèa, pìte mporoÔme na exasfalÐsoume thn
Ôparxh mÐac sun�rthshc u = u(t, x) tètoia ¸ste f(t, x, ξ) = X(ξ;u(t, x)); To
er¸thma autì ja eÐnai o pr¸toc stìqoc sthn ergasÐa aut .

'Etsi, plèon, mporoÔme na eis�goume thn ènnoia thc Kinhtik c LÔshc tou
probl matoc (1.1),(1.2), kai to analamb�nei o parak�tw orismìc.
Orismìc 1.1.3 H sun�rthsh f(t, x, ξ) ∈ L∞

(
[0, T );L∞(R2

x,ξ) ∩ L1(R2
x,ξ)
)

lègetai kinhtik  lÔsh tou probl matoc (1.1), (1.2) ìtan eÐnai lÔsh me thn
ènnoia twn katanom¸n tou probl matoc thc exÐswshc metafor�c:

∂f(t, x, ξ)
∂t

+ a(ξ)
∂f(t, x, ξ)

∂x
=
∂m(t, x, ξ)

∂ξ
, (1.4)

me arqikèc sunj kec:

f(0, x, ξ) = X(ξ;u0(x)), u0 ∈ L1 ∩ L∞(R),
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dhlad  ìtan ikanopoieÐ thn sqèsh:∫ T

0

∫
R2

f(t, x, ξ)
[∂φ
∂t

(t, x, ξ) + a(ξ)
∂φ

∂x
(t, x, ξ)

]
dxdξdt

=
∫ T

0

∫
R2

m(t, x, ξ)
∂φ

∂ξ
(t, x, ξ)dxdξdt−

∫
R2

X(ξ;u0(x))φ(0, x, ξ)dxdξ, (1.5)

gia ìlec tic sunart seic elègqou φ(t, x, ξ) ∈ C∞c

(
[0, T ) × R2

x,ξ

)
kai ìtan

epiplèon ikanopoieÐ tic parak�tw sqèseic:

|f(t, x, ξ)| = sgn(ξ)f(t, x, ξ) ≤ 1, (1.6)
∂f(t, x, ξ)

∂ξ
= δ(ξ)− ν(t, x, ξ), (1.7)

me ν(t, x, ξ) mh-arnhtikì mètro tètoio ¸ste
∫
R
ν(t, x, ξ)dξ = 1 gia ìla ta t, x.

SuneqÐzoume t¸ra me to basikì je¸rhma thc paragr�fou aut c me to
opoÐo deÐqnoume -k�tw apì k�poiec epiplèon sunj kec- Monadikìthta twn
Kinhtik¸n LÔsewn. Ja deÐxoume ìti oi Kinhtikèc LÔseic èqoun thn morf 
f(t, x, ξ) = X(ξ;u(t, x)) me u(·, ·) na eÐnai h LÔsh EntropÐac tou probl matoc
(1.1). ApoteleÐ loipìn autì to Je¸rhma thn ap�nthsh sto er¸thma pou
jèsame prin apì ton Orismì(1.1.3).

1.2 To Je¸rhma Monadikìthtac

Je¸rhma 1.2.1 (Monadikìthta twn kinhtik¸n lÔsewn)

'Estw f(t, x, ξ) ∈ L∞
(

[0, T );L1(R2
x,ξ) ∩ L∞(R2

x,ξ) ∩ L∞(Rx;L1(Rξ))
)
kin-

htik  lÔsh tou probl matoc (1.1),(1.2) tètoia ¸ste, sqedìn gia k�je t > 0,
gia k�je kurt  sun�rthsh entropÐac S(ξ) kai gia ìlec tic mh-arnhtikèc
sunart seic elègqou φ ∈ C∞c (R) na ikanopoieÐ :∫

R2

f(t, x, ξ)φ(x)S′(ξ)dxdξ −
∫ t

0

∫
R2

a(ξ)φ′(x)S′(ξ)f(τ, x, ξ)dτdξdx

≤
∫
R2

X(ξ;u0(x))φ(x)S′(ξ)dxdξ, (1.8)∫
R2

f(t, x, ξ)φ(x)dξdx t→0−→
∫
R

u0(x)φ(x)dx. (1.9)
Tìte f(t, x, ξ) = X(ξ;u(t, x)), ìpou u(t, x) eÐnai h lÔsh entropÐac tou prob-

l matoc (1.1),(1.2) kai u(t, x) t→0−→ u0(x) isqur� ston Lploc(R), gia k�je
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1 ≤ p < ∞ kai eidikìtera f(t, x, ξ) t→0−→ X(ξ;u0(x)) ston Lploc(Rx;L1(Rξ))
gia k�je 1 ≤ p <∞.

Apìdeixh
H apìdeixh aut  basÐzetai sthn sÔgkrish twn |f | kai f2, k�ti pou eÐnai

dunatì lìgw thc grammikìthtac thc exÐswshc pou h f ikanopoieÐ.
KanonikopoioÔme qrhsimopoi¸ntac ton pur na :

ωε(t, x) =
1
ε1
ω1(

t

ε1
)

1
ε2
ω2(

x

ε2
),

me ε1, ε2 > 0 kai ω1, ω2 dÔo mh-arnhtikoÔc kanonikopoihtèc ston C∞c (R),
apait¸ntac supp(ω1) ⊂ (−∞, 0] kai exasfalÐzontac ètsi thn kanonikopoÐhsh
gia k�je t > 0.

Ja xekin soume deÐqnontac thn sqèsh:
∂fε
∂t

(t, x, ξ) + a(ξ)
∂fε
∂x

(t, x, ξ) =
∂mε

∂ξ
(t, x, ξ),

me thn ènnoia twn katanom¸n, dhlad  ja deÐxoume ìti gia k�je sun�rthsh
elègqou φ(t, x, ξ) ∈ C∞c ([0, T )× R2) isqÔei:∫

fε(t, x, ξ)
∂φ

∂t
(t, x, ξ) +

∫
fε(0, x, ξ)φ(0, x, ξ)

+
∫
a(ξ)fε(t, x, ξ)

∂φ

∂x
(t, x, ξ) =

∫
mε(t, x, ξ)

∂φ

∂ξ
(t, x, ξ), (1.10)

ìpou fε(t, x, ξ) = f(t, x, ξ) ∗ ωε(t, x) kai mε(t, x, ξ) = m(t, x, ξ) ∗ ωε(t, x).
• H apìdeixh thc sqèshc (1.10).
Xanagr�foume thn sqèsh (1.5) me metablhtèc (s, y) sth jèsh twn (t, x)
kai: ∫ T

0

∫
R2

f(s, y, ξ)
[∂φ
∂s

(s, y, ξ) + a(ξ)
∂φ

∂y
(s, y, ξ)

]
dydξds

=
∫ T

0

∫
R2

m(s, y, ξ)
∂φ

∂ξ
(s, y, ξ)dydξds−

∫
R2

f(0, y, ξ)φ(0, y, ξ)dydξ.

JewroÔme thn sun�rthsh elègqou φ(s, y, ξ) = ψ(ξ)ωε(t− s, x− y), me
ψ(ξ) ∈ D(R). IsqÔei ìti:

∂

∂s
ωε(t− s, x− y) = − ∂

∂t
ωε(t− s, x− y)
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kaj¸c epÐshc:
∂

∂y
ωε(t− s, x− y) = − ∂

∂x
ωε(t− s, x− y)

opìte :
−
∫ T

0

∫
R2

f(s, y, ξ)ψ(ξ)
( ∂
∂t
ωε(t− s, x− y)

+a(ξ)
∂

∂x
ωε(t− s, x− y)

)
dξdyds

=
∫ T

0

∫
R2

m(s, y, ξ)ψ′(ξ)ωε(t− s, x− y)dξdyds

−
∫
R2

f(0, y, ξ)ψ(ξ)ωε(t, x− y)dydξ.

Epeid  t¸ra t > 0 kai supp(ω1) ⊂ (−∞, 0] èqoume ìti ωε(t, x− y) = 0.∫ T

0

∫
R2

f(s, y, ξ)ψ(ξ)
( ∂
∂t
ωε(t− s, x− y)

+a(ξ)
∂

∂x
ωε(t− s, x− y)

)
dξdyds

= −
∫ T

0

∫
R2

m(s, y, ξ)ψ′(ξ)ωε(t− s, x− y)dξdyds

isodÔnama:∫
R

ψ(ξ)f(t, x, ξ) ∗ ∂
∂t
ωε(t, x)dξ +

∫
R

ψ(ξ)a(ξ)f(t, x, ξ) ∗ ∂

∂x
ωε(t, x)dξ

= −
∫
R

ψ′(ξ)m(t, x, ξ) ∗ ωε(t, x)dξ.

Kai apì to (Par.5) ìti :∫
R

ψ(ξ)
∂

∂t
fε(t, x, ξ)dξ +

∫
R

ψ(ξ)a(ξ)
∂

∂x
fε(t, x, ξ)dξ

= −
∫
R

ψ′(ξ)mε(t, x, ξ)dξ.

Pou, lìgw thc omalìthtac pou parousi�zoun oi fε,mε wc proc t, x,
eÐnai akrib¸c h zhtoÔmenh sqèsh (1.10).
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QwrÐzoume t¸ra thn apìdeixh se b mata. Sto pr¸to b ma ja deÐxoume
mÐa qr simh sqèsh gia thn |f |, sto deÔtero b ma ja k�noume to Ðdio gia thn
f2, sto trÐto b ma ja deÐxoume thn sunèqeia thc f sto t = 0 kai sto teleutaÐo
b ma sugkrÐnontac tic |f |, f2, ja broÔme thn morf  thc f .

Pr¸to b ma
Ja pollaplasi�soume thn:

∂fε
∂t

(t, x, ξ) + a(ξ)
∂fε
∂x

(t, x, ξ) =
∂mε

∂ξ
(t, x, ξ),

pou isqÔei me thn ènnoia twn katanom¸n, me sgn(ξ), ja oloklhr¸soume wc
proc ξ, ja p�roume ìria kaj¸c ε→ 0 kai telik� ja deÐxoume ìti :

∂

∂t

∫
R

|f(t, x, ξ)|dξ +
∂

∂x

∫
R

a(ξ)|f(t, x, ξ)|dξ = −2m(t, x, 0). (1.11)

Gia na pollaplasi�soume me sgn(ξ) kai na oloklhr¸soume wc proc ξ k�noume
ta ex c :
• 'Estw ψδ(ξ) oikogèneia omal¸n1 sunart sewn t.w ψδ(ξ)

δ→0−→ sgn(ξ)
x-sqedìn pantoÔ.
Ja deÐxoume ìti gia k�je sun�rthsh elègqou φ(t, x) èqoume :∫

t,x,ξ
fε(t, x, ξ)ψδ(ξ)

∂φ(t, x)
∂t

δ→0−→
∫
t,x,ξ

fε(t, x, ξ)sgn(ξ)
∂φ(t, x)
∂t

.

IsodÔnama ja deÐxoume ìti:∫
t,x,ξ

fε(t, x, ξ)
∂φ(t, x)
∂t

(ψδ(ξ)− sgn(ξ))︸ ︷︷ ︸
gδ(t,x,ξ)

→ 0

An deÐxoume ìti gδ(t, x, ξ) δ→0−→ 0 sqedìn pantoÔ kai ìti |gδ| < h me
h ∈ L1 tìte ∫t,x,ξ gδ(t, x, ξ) δ→0−→ 0

– Faner� gδ(t, x, ξ) δ→0−→ 0 sqedìn pantoÔ.
– |fε ∂φ(t,x)

∂t (ψδ(ξ)− sgn(ξ))| = |fε‖∂φ(t,x)
∂t ‖ψδ(ξ)− sgn(ξ)|

≤ 2|fε‖∂φ(t,x)
∂t |. To 2 epitugq�netai me prosektik  epilog  thc

oikogèneiac ψδ(ξ).
1Apokop  kai omalopoÐhsh sthn sgn(ξ).
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'Eqontac deÐxei ìti mporoÔme na pollaplasi�soume me sgn(ξ) kai na oloklhr¸-
soume wc proc ξ suneqÐzoume èqontac:∫

R

sgn(ξ)
∂fε
∂t

dξ +
∫
R

a(ξ)sgn(ξ)
∂fε
∂x

dξ =
∫
R

sgn(ξ)
∂mε

∂ξ
dξ,

me thn ènnoia twn katanom¸n. Opìte èqoume, gia φ ∈ C∞c
(

[0, T )× R
)
:

∫ T

0

∫
R2

sgn(ξ)
∂fε
∂t

φ(t, x)dξdxdt+
∫ T

0

∫
R2

a(ξ)sgn(ξ)
∂fε
∂x

φ(t, x)dξdxdt

=
∫ T

0

∫
R2

sgn(ξ)
∂mε

∂ξ
φ(t, x)dξdxdt

isodÔnama, epeid  sgn(ξ)fε(t, x, ξ) = |fε(t, x, ξ)| (Par�rthma Je¸r.2) prokÔptei:

−
∫
R2

sgn(ξ)fε(0, x, ξ)φ(0, x)dxdξ −
∫ T

0

∫
R2

|fε(t, x, ξ)|
∂φ

∂t
dξdxdt

−
∫ T

0

∫
R2

a(ξ)|fε(t, x, ξ)|
∂φ

∂x
dξdxdt

= −
∫ T

0

∫
R2

∂

∂ξ
sgn(ξ)mε(t, x, ξ)φ(t, x)dξdxdt

isodÔnama, epeid  ∂sgn(ξ)
∂ξ = 2δ(ξ) (Par�rthma Je¸r.1) prokÔptei:∫

R2

sgn(ξ)fε(0, x, ξ)φ(0, x)dxdξ +
∫ T

0

∫
R2

|fε(t, x, ξ)|
∂

∂t
φ(t, x)dξdxdt

+
∫ T

0

∫
R2

a(ξ)|fε(t, x, ξ)|
∂

∂x
φ(t, x)dξdxdt

=
∫ T

0

∫
R2

2δ(ξ)mε(t, x, ξ)φ(t, x)dξdxdt

isodÔnama:∫
R2

sgn(ξ)fε(0, x, ξ)φ(0, x)dxdξ +
∫ T

0

∫
R

(∫
R

|fε(t, x, ξ)|dξ
) ∂
∂t
φ(t, x)dxdt

+
∫ T

0

∫
R

(∫
R

a(ξ)|fε(t, x, ξ)|dξ
) ∂
∂x
φ(t, x)dxdt
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=
∫ T

0

∫
R

(
2
∫
R

δ(ξ)mε(t, x, ξ)dξ
)
φ(t, x)dxdt.

'Ara èqoume me thn ènnoia twn katanom¸n ìti:
∂

∂t

∫
R

|fε(t, x, ξ)|dξ +
∂

∂x

∫
R

a(ξ)|fε(t, x, ξ)|dξ = −2mε(t, x, 0).

Pairn�me, t¸ra sto ìrio kaj¸c ε→ 0 sthn sqèsh aut .
JewroÔme sun�rthsh elègqou φ(t, x) ∈ C∞c ([0, T ) × R) me thn bo jeia thc
opoÐac h prohgoÔmenh sqèsh gr�fetai:∫ T

0

∫
R2

|fε(t, x, ξ)|
∂φ(t, x)
∂t

dξdxdt+
∫
R2

|fε(0, x, ξ)|φ(0, x)dξdx

+
∫ T

0

∫
R2

a(ξ)|fε(t, x, ξ)|
∂φ(t, x)
∂x

dξdxdt =
∫ T

0

∫
R

2mε(t, x, 0)φ(t, x)dtdx.

Exet�zoume k�je èna apì ta parap�nw oloklhr¸mata xeqwrist�.
• Gia to pr¸to olokl rwma prèpei na parathr soume ìti:

|fε(t, x, ξ)‖∂tφ(t, x)| ≤
∫
s,y
|f(s, y, ξ)‖ωε(t− s, x− y)|dyds|∂tφ(t, x)|,

pou an kei ston L1([0, T )× R2
x,ξ) diìti,∫

t,x,ξ,s,y
|f(s, y, ξ)‖ωε(t− s, x− y)|dyds|∂tφ(t, x)|dξdxdt =

∫
s,y,ξ
|f(s, y, ξ)|

(∫
t,x
|ωε(t− s, x− y)∂tφ(t, x)|dxdt

)
dξdyds ≤

M

∫ T

s=0

∫
y,ξ
|f(s, y, ξ)|dξdyds = M

∫ T

s=0
‖f(s, ·, ·)‖L1(R2)ds

≤MT‖f‖L∞ ,

ìpou M = supt,x |∂tφ(t, x)|. 'Eqontac epiplèon thn kat� shmeÐo sÔgk-
lish thc |fε(t, x, ξ)∂tφ(t, x)| sthn |f(t, x, ξ)∂tφ(t, x)| prokÔptei ìti to
pr¸to olokl rwma sugklÐnei kaj¸c ε→ 0 sto olokl rwma:∫ T

0

∫
R2

|f(t, x, ξ)|∂φ(t, x)
∂t

dξdxdt.
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• Me thn Ðdia diadikasÐa deÐqnoume ìti to deÔtero olokl rwma sugklÐnei,
kaj¸c ε→ 0 sto: ∫

R2

|f(0, x, ξ)|φ(0, x)dξdx.

• OmoÐwc to trÐto olokl rwma sugklÐnei, kaj¸c ε→ 0 sto:∫ T

0

∫
R2

a(ξ)|f(t, x, ξ)|∂φ(t, x)
∂x

dξdxdt.

• Qrhsimopoi¸ntac to Je¸r.9 tou Parart matoc èqoume ìti to tètarto
olokl rwma sugklÐnei, kaj¸c ε→ 0 sto:∫ T

0

∫
R

2m(t, x, 0)φ(t, x)dtdx.

Opìte èqoume deÐxei me thn ènnoia twn katanom¸n thn zhtoÔmenh sqèsh
(1.11).

DeÔtero b ma
Ja pollaplasi�soume thn:

∂fε
∂t

(t, x, ξ) + a(ξ)
∂fε
∂x

(t, x, ξ) =
∂mε

∂ξ
(t, x, ξ),

me fε, ja oloklhr¸soume wc proc ξ, ja p�roume ìria kaj¸c ε→ 0 kai telik�
ja deÐxoume ìti :

∂

∂t

∫
R

f2(t, x, ξ)dξ +
∂

∂x

∫
R

a(ξ)f2(t, x, ξ)dξ ≥ −2m(t, x, 0). (1.12)

Pollaplasi�zoume loipìn me fε, oloklhr¸noume wc proc ξ kai prokÔptei :∫
R

fε(t, x, ξ)
∂fε
∂t

dξ +
∫
R

a(ξ)fε(t, x, ξ)
∂fε
∂t

dξ =
∫
R

fε(t, x, ξ)
∂mε

∂ξ
dξ,

me thn ènnoia twn katanom¸n. Opìte gia k�je φ(t, x) ∈ C∞c ([0, T )× R):∫ T

0

∫
R2

fε(t, x, ξ)
∂fε(t, x, ξ)

∂t
φ(t, x)dξdxdt

+
∫ T

0

∫
R2

a(ξ)fε(t, x, ξ)
∂fε(t, x, ξ)

∂x
φ(t, x)dξdxdt
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=
∫ T

0

∫
R2

fε(t, x, ξ)
∂mε(t, x, ξ)

∂ξ
φ(t, x)dξdxdt

isodÔnama, ∫ T

0

∫
R2

∂

∂t
(f2
ε (t, x, ξ))φ(t, x)dξdxdt

+
∫ T

0

∫
R2

a(ξ)
∂

∂x
(f2
ε (t, x, ξ))φ(t, x)dξdxdt

=
∫ T

0

∫
R2

2fε(t, x, ξ)
∂mε(t, x, ξ)

∂ξ
φ(t, x)dξdxdt

isodÔnama, ∫ T

0

∫
R

∂

∂t

(∫
R

f2
ε (t, x, ξ)dξ

)
φ(t, x)dxdt

+
∫ T

0

∫
R

∂

∂x

(∫
R

a(ξ)f2
ε (t, x, ξ)dξ

)
φ(t, x)dxdt

= −2
∫ T

0

∫
R2

∂fε(t, x, ξ)
∂ξ

mε(t, x, ξ)φ(t, x)dξdxdt.

To dexÐ mèloc t¸ra gÐnetai :

−2
∫ T

0

∫
R2

∂f

∂ξ
(t, x, ξ) ∗ ωε(t, x)mε(t, x, ξ)φ(t, x)dξdxdt

(1.7)
= −2

∫ T

0

∫
R2

(δ(ξ)− ν(t, x, ξ)) ∗ ωε(t, x)mε(t, x, ξ)φ(t, x)dξdxdt

= −2
∫ T

0

∫
R2

δ(ξ) ∗ ωε(t, x)mε(t, x, ξ)φ(t, x)dξdxdt

+2
∫ T

0

∫
R2

ν(t, x, ξ) ∗ ωε(t, x)mε(t, x, ξ)φ(t, x)dξdxdt

= −2
∫ T

0

∫
R2

δ(ξ)mε(t, x, ξ)φ(t, x)dξdxdt

+2
∫ T

0

∫
R2

ν(t, x, ξ) ∗ ωε(t, x)mε(t, x, ξ)φ(t, x)dξdxdt

≥
∫ T

0

∫
R

−2mε(t, x, 0)φ(t, x)dxdt.
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Opìte èqoume : ∫ T

0

∫
R

∫
R

f2
ε (t, x, ξ)dξ

∂

∂t
φ(t, x)dxdt

+
∫ T

0

∫
R

∫
R

a(ξ)f2
ε (t, x, ξ)dξ

∂

∂x
φ(t, x)dxdt

≥
∫ T

0

∫
R

−2mε(t, x, 0)φ(t, x)dxdt.

'Ara èqoume me thn ènnoia twn katanom¸n ìti :
∂

∂t

∫
R

f2
ε (t, x, ξ)dξ +

∂

∂x

∫
R

a(ξ)f2
ε (t, x, ξ)dξ ≥ −2mε(t, x, 0).

PaÐrnoume tèloc ta ìria kaj¸c ε→ 0, ìpwc sto Pr¸to B ma kai prokÔptei
h (1.12).

TrÐto b ma
Efìson h f ikanopoieÐ thn (1.6):

|f(t, x, ξ)| = sgn(ξ)f(t, x, ξ) ≤ 1,

mporoÔme na efarmìsoume to l mma tou Brenier (Par.6) kai prokÔptei ìti
h sun�rthsh u(·, ·) me, u(t, x) =

∫
R
f(t, x, ξ)dξ, ikanopoieÐ gia k�je kurt ,

Lipschitz suneq  sun�rthsh S, me S(0) = 0 thn sqèsh:

S(u(t, x)) ≤
∫
R

S′(ξ)f(t, x, ξ)dξ,

diìti:

S(u(t, x)) = S
(∫

R

f(t, x, ξ)dξ
)
− S(0)

Br
≤
∫
R

S′(ξ)f(t, x, ξ)dξ.

'Omwc, qrhsimopoi¸ntac thn (1.8), èqoume, gia ìlec tic mh-arnhtikèc sunart -
seic elègqou φ ∈ C∞c (R) :∫

R

S(u(t, x))φ(x)dx ≤
∫
R

(∫
R

S′(ξ)f(t, x, ξ)dξ
)
φ(x)dx

=
∫
R2

f(t, x, ξ)φ(x)S′(ξ)dxdξ

(1.8)

≤
∫
R2

X(ξ;u0(x))φ(x)S′(ξ)dxdξ
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+
∫ t

0

∫
R2

a(ξ)φ′(x)S′(ξ)f(τ, x, ξ)dxdξdτ.

PaÐrnontac t¸ra ìria kai sta 2 mèlh èqoume ìti kaj¸c t→ 0 :

lim
t→0

∫
R

S(u(t, x))φ(x)dx ≤
∫
R2

X(ξ;u0(x))S′(ξ)φ(x)dxdξ

=
∫
R

S(u0(x))φ(x)dx. (1.13)

'Eqoume ìti f(t, x, ξ) ∈ L∞
(

[0, T )×L1(R2
x,ξ)∩L∞(R2

x,ξ)∩L∞(Rx×L1(Rξ))
)
.

Ap�opou blèpoume ìti: u(t, ·) ∈ L∞(Rx), u(t, ·) ∈ L1(Rx) �ra u(t, ·) ∈
Lp(Rx) gia k�je 1 ≤ p ≤ ∞. EpÐshc blèpoume ìti up�rqei c ∈ R tètoio
¸ste: ‖u(t, ·)‖L∞(Rx) ≤ c ∈ R gia k�je t ∈ [0, T ).
Pern�me t¸ra sth zhtoÔmenh sÔgklish,

u(t, x) t→0−→ u0(x) isqur� ston Lploc(R).

Ja deÐxoume ìti gia k�je K ⊂ R sumpagèc, gia k�je 1 ≤ p < ∞, gia k�je
g ∈ Lp(K) ìti: ∫

K
u(t, x)g(x)dx→

∫
K
u0(x)g(x)dx.

Ta ìria pou ja emfanÐzontai mèqri to tèloc tou TrÐtou B matoc ja eÐnai
kaj¸c t→ 0.
'Estw loipìn K ⊂ R sumpagèc, 1 ≤ p <∞, g ∈ Lp(K).
GnwrÐzoume apì upìjesh (1.9) ìti gia k�je φ ∈ C∞c (R), φ ≥ 0:∫

R

u(t, x)φ(x)dx→
∫
R

u0(x)φ(x)dx.

EÔkola deÐqnoume ìti h sÔgklish aut  diathreÐtai gia k�je φ ∈ C∞c (K)
anexart twc pros mou:

gia k�je φ ∈ C∞c (K) :
∫
K
u(t, x)φ(x)dx→

∫
K
u0(x)φ(x)dx.

T¸ra, gia dojèn ε > 0 epilègoume φ ∈ C∞c (K) tètoia ¸ste ‖φ−g‖Lp(K) < ε.
H Ôparxh mÐac tètoiac φ exasfalÐzetai apì thn puknìthta tou C∞c (K) ston
Lp(K). Epiplèon èqoume ìti ‖φ− g‖L1(K) < |K|1/qε kai

|
∫
K
u(t, x)g(x)dx−

∫
K
u0(x)φ(x)dx|
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= |
∫
K
u(t, x)φ(x)dx+

∫
K
u(t, x)(g(x)− φ(x))dx−

∫
K
u0(x)g(x)dx|

≤ |
∫
K
u(t, x)φ(x)dx−

∫
K
u0(x)g(x)dx|+ |

∫
K
u(t, x)(g(x)− φ(x))dx|.

To pr¸to apìluto sthn teleutaÐa gramm  fr�ssetai (sto ìrio) apì:
‖u0‖L∞(K)‖φ− g‖L1(K) = ‖u0‖L∞(K)|K|1/qε

kai to deÔtero fr�ssetai (omoiìmorfa wc proc t) apì:
c|K|1/qε.

Opìte:
|
∫
K
u(t, x)g(x)dx−

∫
K
u0(x)φ(x)dx| ≤

(
‖u0‖L∞(K) + c

)
|K|1/qε.

'Ara, epeid  u(t, ·), u0(·) ∈ Lp(K) gia k�je 1 ≤ p <∞, èqoume:
u(t, ·) ⇀ u0(·) ston Lp(K)− w. (1.14)

Pìrisma aut c thc asjenoÔc sÔgklishc (Par�rthma Je¸r.8) eÐnai:
‖u0‖Lp(K) ≤ lim inf

t
‖u(t, ·)‖Lp(K). (1.15)

Epilègontac, t¸ra S(·) = | · |p gia k�poio 2 < p <∞ sthn (1.13) èqoume gia
k�je φ ∈ C∞c (R), φ ≥ 0 ìti:

lim
t

∫
R

|u(t, x)|pφ(x)dx ≤
∫
R

|u0(x)|pφ(x)dx.

H anÐswsh aut  pern�ei gia tic qarakthristikèc sunart seic lìgw puknìthtac
tou C∞c (R) ston L1(R), opìte kai gia thn qarakthristik  sun�rthsh XK(x)
èqoume:

lim
t

∫
K
|u(t, x)|pdx ≤

∫
K
|u0(x)|pdx

  isodÔnama:
lim
t
‖u(t, ·)‖Lp(K) ≤ ‖u0‖Lp(K). (1.16)

Oi sqèseic (1.15) kai (1.16) mac dÐnoun limt ‖u(t, ·)‖Lp(K) = ‖u0‖Lp(K) kai
mazÐ me thn (1.14):

u(t, ·) ⇀ u0(·) ston Lp(K)− w
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kai to Je¸rhma 2.11 tou [14] -pou parajètoume sto Par�rthma Je¸r. 8
qwrÐc apìdeixh- paÐrnoume

u(t, ·)→ u0(·) ston Lp(K).

KleÐnoume to TrÐto B ma me thn parat rhsh ìti:
u(t, ·)→ u0(·), isqur� ston Lploc(R) gia k�je 1 ≤ p <∞.

Tètarto b ma
AfairoÔme tic exis¸seic (1.11) kai (1.12) kai paÐrnoume me thn ènnoia twn
katanom¸n:
∂

∂t

∫
R

|f(t, x, ξ)| − f2(t, x, ξ)dξ +
∂

∂x

∫
R

a(ξ)
(
|f(t, x, ξ)| − f2(t, x, ξ)

)
dξ ≤ 0.

(1.17)
H f ikanopoieÐ thn arqik  sunj kh f(0, x, ξ) = X(ξ;u0(x)) opìte:

|f(0, x, ξ)| − f2(0, x, ξ) = |X(ξ;u0(x))| −X2(ξ;u0(x)) = 0. (1.18)
JewroÔme φδ ∈ C∞c ([0, T ) × R) me φδ ≥ 0 kai φδ(t, x) = φ1(t)φ2δ(x),

ìpou h φ2δ(x) orÐzetai na eÐnai 1 ìtan x ∈ [−1/δ, 1/δ] kai na sb nei omal�
kai omoiìmorfa gia ìla ta d èxw apì to [−1/δ, 1/δ]. H prohgoÔmenh sqèsh
t¸ra gÐnetai: ∫

t,x,ξ

(
|f(t, x, ξ)| − f2(t, x, ξ)

)
φ′1(t)φ2δ(x)dξdxdt

+
∫
t,x,ξ

a(ξ)
(
|f(t, x, ξ)| − f2(t, x, ξ)

)
φ1(t)φ′2δ(x)dξdxdt ≥ 0,

apì J.K.S èqoume ìti h prohgoÔmenh par�stash sugklÐnei kaj¸c δ → 0
sthn∫

t,x,ξ
(|f(t, x, ξ)| − f2(t, x, ξ)φ′1(t)dξdxdt ≥ 0, gia k�je φ1 ∈ C∞c ([0, T )).

Apì thn (1.6) èqoume t¸ra ìti |f(t, x, ξ)| − f2(t, x, ξ) ≥ 0, opìte∫
x,ξ
|f(t, x, ξ)| − f2(t, x, ξ)dxdξ ≥ 0 gia ìla ta t.

Ac upojèsoume ìti up�rqei sÔnolo A ⊂ [0, T ) jetikoÔ mètrou ètsi ¸ste

∀t ∈ A :
∫
x,ξ
|f(t, x, ξ)| − f2(t, x, ξ)dxdξ > 0,
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epilègontac gia φ1(t) mÐa gnhsÐwc fjÐnousa sun�rthsh (mazÐ me tic pro-
hgoÔmenec proôpojèseic) èqoume:

0 ≤
∫ T

0

(∫
x,ξ
|f(t, x, ξ)| − f2(t, x, ξ)dxdξ

)
φ′1(t)dt

=
∫
A

(∫
x,ξ
|f(t, x, ξ)| − f2(t, x, ξ)dxdξ

)
φ′1(t)dt < 0.

'Etsi gia t, x, ξ sqedìn pantoÔ sto [0, T )× R2
x,ξ èqoume ìti:

|f(t, x, ξ)| − f2(t, x, ξ) = 0.

Dhlad , sqedìn gia k�je t > 0 èqoume ìti f(t, x, ξ) = 0   -1   1 sqedìn
pantoÔ.
Proqwr�me t¸ra sto na deÐxoume ìti h f eÐnai thc morf c:

f(t, x, ξ) = X(ξ; g(t, x))

gia k�poia sun�rthsh g.
Gia to skopì autì stajeropoioÔme t, x kai èqoume ìti:

f(t, x, ξ) =
∫ ξ

−∞

∂f(t, x, s)
∂s

ds,

kai apì thn (1.7): ∂f(t,x,ξ)
∂ξ = δ(ξ)− ν(t, x, ξ) èqoume:

f(t, x, ξ) =
∫ ξ

−∞
δ(s)ds−

∫ ξ

−∞
ν(t, x, s)ds.

Opìte:
• Gia ξ < 0 èqoume f(t, x, ξ) = −

∫ ξ
−∞ ν(t, x, s)ds.

• Gia ξ > 0 èqoume f(t, x, ξ) = 1−
∫ ξ
−∞ ν(t, x, s)ds.

Opìte, lamb�nontac upìyh to prìshmo thc f ìpwc autì mac dÐnetai apì thn
(1.6): 0 ≤ sgn(ξ)f(t, x, ξ) ≤ 1 kaj¸c kai to gegonìc ìti f(t, x, ξ)=-1   0   1
èqoume ìti:∫ ξ

−∞
ν(t, x, s)ds =

{
−f(t, x, ξ) = 0   1 ,ìtan ξ < 0
1− f(t, x, ξ) = 0   1 ,ìtan ξ ≥ 0.

'Ara gia k�je ξ ∈ R èqoume ìti ∫ ξ−∞ ν(t, x, s)ds =0   1. Pern�me se dÔo
isqurismoÔc, t¸ra:
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• Isqurismìc I
{ξ :

∫ ξ
−∞ ν(t, x, s)ds = 1} 6= ∅.

An, ìqi tìte gia k�je ξ ∈ R ja eÐqame: ∫ ξ−∞ ν(t, x, s)ds = 0, opìte∫ +∞
−∞ ν(t, x, s)ds = 0 k�ti pou antibaÐnei me tic proôpojèseic gia to
mètro ν ìpwc autèc faÐnontai ston Orismì(1.1.3).
• Isqurismìc II
To inf{ξ :

∫ ξ
−∞ ν(t, x, s)ds = 1} up�rqei.

'Estw ìti up rqe akoloujÐa pragmatik¸n arijm¸n {ξn} me ξn ↘ −∞
kai tètoia ¸ste gia k�je n ∈ N na eÐqame ∫ ξn−∞ ν(t, x, s)ds = 1 tìte:
gia k�je ξ ∈ R ja up rqe n0 ètsi ¸ste ξn0 < ξ kai kat� sunèpeia:∫ ξn0

−∞
ν(t, x, s)ds+

∫ ξ

ξn0

ν(t, x, s)ds+
∫ +∞

ξ
ν(t, x, s)ds = 1

To pr¸to apì ta trÐa oloklhr¸mata eÐnai Ðso me 1 kai ta �lla dÔo eÐnai
mh-arnhtik�, toul�qiston, opìte deÐxame ìti:
Gia k�je ξ ∈ R ja eÐqame ∫ +∞

ξ ν(t, x, s)ds = 0, kai h upoajroistikìthta
tou mètrou ν ja mac èdine to �topo ¸c ex c:

0 ≤
∫ +∞

−∞
ν(t, x, s)ds ≤

∑
n∈N

∫ +∞

−n
ν(t, x, s)ds = 0.

Basizìmenoi stouc 2 prohgoÔmenouc isqurismoÔc, orÐzoume gia k�je t, x,

ξ0 = inf{ξ :
∫ ξ

−∞
ν(t, x, s)ds = 1}.

DÔo qr simec parathr seic gia thn tim  tou ∫ ξ−∞ ν(t, x, s)ds,

• Gia k�je ξ < ξ0, isqÔei ìti 0 ≤
∫ ξ
−∞ ν(t, x, s)ds 6= 1 èqontac ìmwc ìti∫ ξ

−∞ ν(t, x, s)ds ≤
∫
R
ν(t, x, s)ds = 1 prokÔptei ìti ∫ ξ−∞ ν(t, x, s)ds <

1.
• Gia k�je ξ > ξ0, isqÔei ìti 1 ≤

∫ ξ
−∞ ν(t, x, s)ds ≤

∫ +∞
−∞ ν(t, x, s)ds = 1,

dhlad  ∫ ξ−∞ ν(t, x, s)ds = 1.
Kai t¸ra prokÔptei h tim  thc sun�rthshc f(t, x, ξ).
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• Pr¸th ekdoq : ξ0 < 0.
Gia k�je ξ < ξ0 èqoume ìti f(t, x, ξ) = −

∫ ξ
−∞ ν(t, x, s)ds, ìmwc −1 <

−
∫ ξ
−∞ ν(t, x, s)ds ≤ 0 kai epeid  f(t, x, ξ) = -1   0   1 èqoume ìti

f(t, x, ξ) = 0.
Gia k�je ξ0 ≤ ξ < 0 èqoume ìti f(t, x, ξ) = −

∫ ξ
−∞ ν(t, x, s)ds = −1.

Gia k�je 0 ≤ ξ èqoume ìti f(t, x, ξ) = 1−
∫ ξ
−∞ ν(t, x, s)ds = 0.

Sunep¸c deÐxame ìti:

f(t, x, ξ) =
{
−1 ,ìtan ξ0 ≤ ξ < 0
0 ,alloÔ.

OrÐzontac loipìn:
g(t, x) = ξ0,

èqoume ìti f(t, x, ξ) = X(ξ; g(t, x)).
• DeÔterh ekdoq : ξ0 ≥ 0.
OmoÐwc deÐqnoume ìti:

f(t, x, ξ) =
{

1 ,ìtan 0 ≤ ξ < ξ0

0 ,alloÔ.
OrÐzontac, p�li:

g(t, x) = ξ0,

èqoume ìti f(t, x, ξ) = X(ξ; g(t, x)).
ParathroÔme ìti h g(t, x) eÐnai kal� orismènh diìti to inf enìc sunìlou eÐnai
monos manto.
Sunep¸c up�rqei sun�rthsh g(t, x) tètoia ¸ste

f(t, x, ξ) = X(ξ; g(t, x)),

gia sqedìn ìla ta t, x, ξ opìte kai

g(t, x) =
∫
ξ
f(t, x, ξ)dξ.

Epiplèon, apì to B ma 3 èqoume gia sqedìn ìla ta t, x:

u(t, x) =
∫
ξ
f(t, x, ξ)dξ,
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Dhlad  gia sqedìn ìla ta t, x prokÔptei ìti g(t, x) = u(t, x). Opìte gia
sqedìn ìla ta t, x, ξ èqoume ìti:

f(t, x, ξ) = X(ξ;u(t, x)).

Proqwr�me t¸ra sthn sÔgklish thc f(t, x, ξ) kaj¸c t → 0. ParathroÔme
ìti gia k�je Kx ⊂ Rx sumpagèc èqoume:∫

Kx

∫
ξ
|f(t, x, ξ)−X(ξ;u0(x))|dξdx

=
∫
Kx

∫
ξ
|X(ξ;u(t, x))−X(ξ;u0(x))|dξdx

=
∫
Kx

|u(t, x)− u0(x)|dx t→0−→ 0,

ìpou h teleutaÐa isìthta prokÔptei apì tic idiìthtec thc sun�rthshc puknìth-
tac (sel.3) kai h sÔgklish apodeÐqjhke  dh sto TrÐto B ma thc apìdeixhc
aut c. 'Ara:

f(t, x, ξ)→ X(ξ;u0(x)) ston Lploc(Rx;L1(Rξ)).

Mènei tèloc na deÐxoume ìti h u(·, ·) eÐnai h monadik  LÔsh EntropÐac tou
probl matoc (1.1), (1.2) pou ìmwc prokÔptei apì ta prohgoÔmena kai apì
thn doulei� twn Lions, Perthame, Tadmor oi opoÐoi sthn ergasÐa touc [15]
èdeixan ìti, ikanopoi¸ntac h sun�rthsh f ta prohgoÔmena ja prèpei h antÐs-
toiqh sun�rthsh u na eÐnai LÔsh EntropÐac tou Probl matoc (1.1),(1.2).
Opìte oloklhr¸jhke h apìdeixh tou Jewr matoc (1.2.1), kai apant jhke kai
to arqikì mac er¸thma. 2

Sqìlio.EÐnai fanerì ìti h apìdeixh den exart�tai apì to pl joc twn
qwrik¸n metablht¸n. To je¸rhma isqÔei kai se pollèc metablhtèc.

Ja suneqÐsoume stic epìmenec paragr�fouc me efarmogèc tou Jewr ma-
toc (2.1) se sq mata mÐa   perissotèrwn diast�sewn.
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Kef�laio 2

Sq ma Engquist-Oscher se
mÐa di�stash

2.1 To sq ma mac

xj−1 xj−1/2 xj xj+1/2 xj+1

tn−1

tn

tn+1

•

•

•

(

(

(

•

•

•

)

)

)

•

•

•

Cj

JewroÔme omoiìmorfo plègma, me kombik� shmeÐa xj , xj ∈ R, j ∈ Z kai
metaxÔ touc apìstash stajer  kai Ðsh me ∆x. Onom�zoume Cj to di�sthma
(xj−1/2, xj+1/2), me xj±1/2 = (j ± 1/2)∆x kai pl�toc ∆x.

H akìloujh oloklhrwtik  morf  tou nìmou diat rhshc prokÔptei apì to
L mma(2.2.1)tou [13].
∫ xj+1/2

xj−1/2

u(x, tn+1)−u(x, tn)dx+
∫ tn+1

tn
A(u(xj+1/2, t))−A(u(xj−1/2, t))dt = 0

To pr¸to olokl rwma perigr�fei thn metabol  thc posìthtac -pou h sun�rthsh
u antiproswpeÔei- sto di�sthma Cj kat� thn di�rkeia tou [tn, tn+1], to deÔtero

21
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ekfr�zei thn arnhtik  diafor� thc ro c thc Ðdiac posìthtac sta �kra tou di-
ast matoc Cj , xj+1/2, xj−1/2 kat� thn di�rkeia tou [tn, tn+1].

MerikoÔc sumbolismoÔc t¸ra:
• a+(ξ), a−(ξ) na eÐnai, to jetikì kai to arnhtikì mèroc thc a(ξ) pou
orÐzontai apì tic sqèseic

{
a+(ξ) = max{a(ξ), 0}
a−(ξ) = min{a(ξ), 0} .

• A(u, v) na eÐnai h sunhjismènh Engquist-Oscher arijmhtik  ro , dhlad 

A(u, v) =
∫ u

0
a+(ξ)dξ +

∫ v

0
a−(ξ)dξ +A(0).

Prin suneqÐsoume me thn diakritopoÐhsh tou probl matoc mac ja doÔme
k�poiec idiìthtec thc arijmhtik c ro c A(u, v).

– Lipschitz sunèqeia:
Gia k�je u1, u2, v, me |u1|, |u2|, |v| ≤ ‖u0‖L∞ kai gia
M = max|ξ|<‖u0‖ |a(ξ)| èqoume:
|A(u1, v)−A(u2, v)| = |

∫ u1

0 a+(ξ)dξ+
∫ v

0 a−(ξ)dξ−
∫ u2

0 a+(ξ)dξ−∫ v
0 a−(ξ)dξ| = |

∫ u1

u2
a+(ξ)dξ| ≤M |u1 − u2|.

Kai me parìmoio trìpo gia thn deÔterh suntetagmènh tou A(·, ·).
– MonotonÐa:
A(u, v) − A(w, v) =

∫ u
0 a+(ξ)dξ +

∫ v
0 a−(ξ)dξ −

∫ w
0 a+(ξ)dξ −∫ v

0 a−(ξ)dξ =
∫ u
w a+(ξ)dξ, epeid  t¸ra a+(ξ) ≥ 0 sumperaÐnoume

ìti sthn pr¸th metablht  thc, h A(·, ·) eÐnai aÔxousa. 'Omoia
èqoume ìti sthn deÔterh metablht  thc, h A(·, ·) eÐnai fjÐnousa.

– Sunèpeia:
A(u, u) =

∫ u
0 a+(ξ)dξ +

∫ u
0 a−(ξ)dξ +A(0) =

∫ u
0 a(ξ)dξ +A(0) =∫ u

0 A
′(ξ)dξ +A(0) = A(u).

Qrhsimopoi¸ntac thn Engquist-Oscher arijmhtik  ro  A(·, ·), diakritopoioÔme
to prìblhma kai prokÔptei:

un+1
j − unj +

∆t
∆x

(A(unj , u
n
j+1)−A(unj−1, u

n
j )) = 0,

me arqikèc timèc:
u0
j =

1
∆x

∫
Cj

u0(x)dx.

'Opwc h D.E ètsi kai to sq ma mac èqei kinhtik  morf  thn opoÐa eis�gei
to parak�tw Je¸rhma.
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Je¸rhma 2.1.1 (Sq ma Kinhtik c Morf c)
Jètoume:

• u0
j = 1

∆x

∫
Cj
u0(x)dx,

• un+1
j =

∫
R
fn+1
j (ξ)dξ me fn+1

j (ξ) na orÐzetai anadromik� apì thn :

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

(
a−(ξ)Xn

j+1(ξ)+ |a(ξ)|Xn
j (ξ)−a+(ξ)Xn

j−1(ξ)
)
,

(2.1)
ìpou Xn

j (ξ) = X(ξ;unj ).

Tìte h unj ikanopoieÐ to Engquist-Oscher sq ma:

un+1
j = unj −

∆t
∆x

(A(unj , u
n
j+1)−A(unj−1, u

n
j )), gia k�je n ≥ 1.

M�lista h sqèsh (2.1) ja onom�zetai sto ex c kinhtik  morf  tou Engquist-
Oscher sq matoc.
*Parat rhsh: Den orÐzontai oi sunart seic f0

j (ξ).

Apìdeixh
Pr�gmati upojètoume ìti isqÔei h (2.1):

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

(
a+(ξ)Xn

j (ξ) + a−(ξ)Xn
j+1(ξ)

−a+(ξ)Xn
j−1(ξ)− a−(ξ)Xn

j (ξ)
)
.

Oloklhr¸noume, t¸ra, wc proc x,∫
R

fn+1
j (ξ)dξ =

∫
R

Xn
j (ξ)dξ − ∆t

∆x

(∫
R

a+(ξ)Xn
j (ξ)dξ +

∫
R

a−(ξ)Xn
j+1(ξ)dξ

−
∫
R

a+(ξ)Xn
j−1(ξ)dξ −

∫
R

a−(ξ)Xn
j (ξ)dξ

)
apì tic upojèseic tou Jewr matoc kai ton orismì thc sun�rthshc Xn

j (ξ)
èqoume:

un+1
j = unj −

∆t
∆x

(∫ unj

0
a+(ξ)dξ +

∫ unj+1

0
a−(ξ)dξ

−
∫ unj−1

0
a+(ξ)dξ −

∫ unj

0
a−(ξ)dξ

)
,
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tèloc apì ton orismì thc Engquist-Oscher arijmhtik c ro c:

un+1
j = unj −

∆t
∆x

(A(unj , u
n
j+1)−A(unj−1, u

n
j )),

kai telei¸same. 2

MÐa qr simh, gia ta epìmena, isodÔnamh morf  thc sqèshc (2.1) eÐnai h
ex c:

fn+1
j (ξ) = Xn

j (ξ)(1− ∆t
∆x
|a(ξ)|)− ∆t

∆x
a−(ξ)Xn

j+1(ξ)

+
∆t
∆x

a+(ξ)Xn
j−1(ξ), (2.2)

h opoÐa eÐnai apl  anadi�taxh twn ìrwn thc (2.1).
Ja suneqÐsoume sthn epìmenh par�grafo me dÔo Jewr mata pou aforoÔn

sthn sÔgklish tou sq matoc mac.

2.2 SÔgklish tou sq matoc

Prin proqwr soume sthn sÔgklish tou arijmhtikoÔ sq matoc pou kataskeu�same
ja doÔme dÔo L mmata pou aforoÔn sthn Arq  MegÐstou kai stic Anisìthtec
EntropÐac.
L mma 2.2.1 (Arq  MegÐstou)
Me C.F.L sunj kh

∆t
∆x

max
|ξ|≤‖u0‖L∞ (R)

|a(ξ)| ≤ 1,

èqoume gia k�je j ∈ Z, gia k�je n ∈ N ìti

|unj | ≤ ‖u0‖L∞(R).

Apìdeixh(Me epagwg  sto n)
• EÔkola blèpoume, apì ton orismì tou u0

j ìti |u0
j | ≤ ‖u0‖L∞(R), gia

k�je j ∈ Z.
• Upojètoume t¸ra ìti |unj | ≤ ‖u0‖L∞(R) gia k�je j ∈ Z.
T¸ra, gia k�je j ∈ Z apì thn kinhtik  morf  tou sq matoc (2.2):

fn+1
j (ξ) = Xn

j (ξ)(1−∆t
∆x
|a(ξ)|)−∆t

∆x
a−(ξ)Xn

j+1(ξ)+
∆t
∆x

a+(ξ)Xn
j−1(ξ),
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oloklhr¸nontac kai ta dÔo mèlh wc proc x èqoume :∫
R

fn+1
j (ξ)dξ =

∫
R

(1− ∆t
∆x
|a(ξ)|)Xn

j (ξ)dξ +
∫
R

−∆t
∆x

a−(ξ)Xn
j+1(ξ)dξ

+
∫
R

∆t
∆x

a+(ξ)Xn
j−1(ξ)dξ

isodÔnama apì ton orismì thc Xn
j (ξ) = X(ξ;unj ):

un+1
j =

∫ unj

0
1− ∆t

∆x
|a(ξ)|︸ ︷︷ ︸

+

dξ +
∫ unj+1

0
−∆t

∆x
a−(ξ)︸ ︷︷ ︸

+

dξ

+
∫ unj−1

0

∆t
∆x

a+(ξ)︸ ︷︷ ︸
+

dξ.

Aux�nontac ta �nw �kra twn oloklhrwm�twn èwc supj unj prokÔptei:

un+1
j ≤

∫ supj u
n
j

0
1− ∆t

∆x
|a(ξ)|dξ +

∫ supj u
n
j

0
−∆t

∆x
a−(ξ)dξ

+
∫ supj u

n
j

0

∆t
∆x

a+(ξ)dξ,

tèloc epeid  a+(ξ)− a−(ξ) = |a(ξ)| èqoume:
un+1
j ≤ sup

j
unj .

'Omoia, ellat¸nontac ta �nw �kra twn oloklhrwm�twn èwc infj unjapodeiknÔetai ìti:
un+1
j ≥ inf

j
unj .

'Ara |un+1
j | ≤ supj |unj |, sunep¸c apì thn epagwgik  upìjesh èqoume

ìti: |un+1
j | ≤ ‖u0‖L∞(R). 2

Orismìc 2.2.1 OrÐzoume thn arijmhtik  ro  entropÐac η(·, ·) gia dosmènh
sun�rthsh entropÐac S(·) wc ex c:

η(u, v) =
∫ u

0
a+(ξ)S′(ξ)dξ +

∫ v

0
a−(ξ)S′(ξ)dξ.

Idiìthtec thc arijmhtik c ro c entropÐac η(·, ·) pou mac endiafèroun:
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• Lipschitz sunèqeia:
|η(u, v)− η(w, v)| = |

∫ u
w a+(ξ)S′(ξ)dξ| ≤M‖S′‖∞|u− w|,

gia M = max|ξ|<‖u0‖L∞ |a(ξ)|.
• Sunèpeia
η(u, u) =

∫ u
0 a+(ξ)S′(ξ)dξ+

∫ u
0 a−(ξ)S′(ξ)dξ =

∫ u
0 a(ξ)S′(ξ)dξ = η(u).

Pern�me se èna L mma pou afor� stic topikèc Anisìthtec EntropÐac pou
to Sq ma mac ikanopoieÐ.
L mma 2.2.2 (Anisìthtec entropÐac)
Gia k�je kurt  sun�rthsh entropÐac S(·) kai gia thn antÐstoiqh arijmhtik 
ro  entropÐac η(·, ·), èqoume :

S(un+1
j )− S(unj ) +

∆t
∆x

(η(unj , u
n
j+1)− η(unj−1, u

n
j )) ≤ 0, (2.3)

  akribèstera, aposafinÐzontac to arnhtikì prìshmo thc (2.3) èqoume:

Xn+1
j (ξ)−Xn

j (ξ) +
∆t
∆x

(
a−(ξ)Xn

j+1(ξ) + a+(ξ)Xn
j (ξ)

−a−(ξ)Xn
j (ξ)− a+(ξ)Xn

j−1(ξ)
)

=
∂mn+1

j (ξ)
∂ξ

, (2.4)

me unj orismèna apì to Je¸rhma 2.1.1 (Sq ma Kinhtik c Morf c) kai gia

k�poiec mh-arnhtikèc, fragmènec sunart seic mn+1
j (ξ).

Apìdeixh
Pollaplasi�zoume thn sqèsh (2.2) me sgn(ξ) kai èqoume:

sgn(ξ)fn+1
j (ξ) = (1− ∆t

∆x
|a(ξ)|)sgn(ξ)Xn

j (ξ)− ∆t
∆x

a−(ξ)sgn(ξ)Xn
j+1(ξ)

+
∆t
∆x

a+(ξ)sgn(ξ)Xn
j−1(ξ).

ParathroÔme ìti h sun�rthsh sgn(ξ)fn+1
j (ξ) eÐnai kurtìc sunduasmìc twn

jetik¸n sunart sewn
sgn(ξ)Xn

j−1(ξ), sgn(ξ)Xn
j (ξ), sgn(ξ)Xn

j+1(ξ)

oi opoÐec ex�orismoÔ eÐnai �nw fragmènec apì to 1 opìte gia k�je j, n, ξ
èqoume tic sunart seic sgn(ξ)fn+1

j (ξ) èqoume:
0 ≤ sgn(ξ)fn+1

j (ξ) = |fn+1
j (ξ)| ≤ 1. (2.5)
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SuneqÐzoume orÐzontac tic sunart seic pou ja paÐxoun shmantikì rìlo sthn
dhmiourgÐa twn mètrwn pou emfanÐzontai,

mn+1
j (ξ) =

∫ ξ

−∞
Xn+1
j (s)− fn+1

j (s)ds.

ParathroÔme ìti oi sunart seic mn+1
j (·) ikanopoioÔn tic parak�tw idiìthtec:

• H sunèqeia thc mn+1
j (·).

'Epetai �mesa apì thn oloklhrwsimìthta twn sunart sewn Xn+1
j (ξ),

fn+1
j (ξ).

• Melèth thc mn+1
j (·).

Ja upojèsoume ìti un+1
j ≥ 0, ta Ðdia apotelèsmata paÐrnoume kai sthn

perÐptwsh un+1
j ≤ 0.

Lìgw thc sunèqeiac touc arkeÐ na melet soume tic sunart seic mn+1
jsta diast mata

(−∞, 0), (0, un+1
j ), (un+1

j ,+∞).

EÔkola blèpoume ìti h mn+1
j :

– sto (−∞, 0) eÐnai aÔxousa,
– sto (0, un+1

j ) eÐnai aÔxousa,
– sto (un+1

j ,+∞) eÐnai fjÐnousa.
EpÐshc, apì touc orismoÔc twn Xn+1

j , fn+1
j mporoÔme na deÐxoume ìti:

lim
x→±∞

mn+1
j (ξ) = 0.

Dhlad  k�je mia ek twn sunart sewn mn+1
j eÐnai jetik  kai fragmènh.

• Sump�geia tou forèa thc mn+1
j (·).

H fn+1
j eÐnai kurtìc sunduasmìc twn Xn

j−1, X
n
j , X

n
j+1 ìpwc blèpoume

apì thn sqèsh (2.2):

fn+1
j (ξ) = Xn

j (ξ)(1− ∆t
∆x
|a(ξ)|)− ∆t

∆x
a−(ξ)Xn

j+1(ξ)

+
∆t
∆x

a+(ξ)Xn
j−1(ξ),
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opìte orÐzontac
m = min{unj−1, u

n
j , u

n
j+1},

M = max{unj−1, u
n
j , u

n
j+1},

èqoume ìti suppfn+1
j ⊂ [m,M ].

Apì ta parap�nw kai apì thn ∫ +∞
−∞ Xn+1

j (ξ)− fn+1
j (ξ)dξ = 0 (h opoÐa

isqÔei diìti limx→±∞m
n+1
j (ξ) = 0) èqoume thn zhtoÔmenh sump�geia

tou forèa thc mn+1
j .

• H mn+1
j eÐnai L1(R) sun�rthsh.

Plèon eÐnai fanerì lìgw thc sunèqeiac thc kai thc sump�geiac tou
forèa thc.

H oloklhrwsimìthta twn Xn+1
j , fn+1

j mac epitrèpei (Je¸rhma Paragwgisimìth-
tac tou Lebesgue) na èqoume :

Xn+1
j (ξ)− fn+1

j (ξ) =
∂mn+1

j (ξ)
∂ξ

, x-sqedìn pantoÔ. (2.6)

AntikajistoÔme t¸ra thn teleutaÐa sqèsh (2.6) sthn (2.1) kai prokÔptei

Xn+1
j (ξ)−Xn

j (ξ) +
∆t
∆x

(
a−(ξ)Xn

j+1(ξ) + |a(ξ)|Xn
j (ξ)− a+(ξ)Xn

j−1(ξ)
)

=
∂mn+1

j (ξ)
∂ξ

,

pou eÐnai h zhtoÔmenh sqèsh (2.4). 'Etsi apodeÐxame to deÔtero er¸thma tou
L mmatoc.

'Estw t¸ra kurt  sun�rthsh entropÐac S(·) kai η(·, ·) h antÐstoiqh ar-
ijmhtik  ro  entropÐac. Ja pollaplasi�soume thn sqèsh (2.4) -pou mìlic
apodeÐxame- me S′(ξ) kai ja oloklhr¸soume wc proc x, gia na p�roume thn
(2.3).∫

R

Xn+1
j (ξ)S′(ξ)dξ −

∫
R

Xn
j (ξ)S′(ξ)dξ +

∆t
∆x

(∫
R

a−(ξ)Xn
j+1(ξ)S′(ξ)dξ

+
∫
R

a+(ξ)Xn
j (ξ)S′(ξ)dξ−

∫
R

a−(ξ)Xn
j (ξ)S′(ξ)dξ−

∫
R

a+(ξ)Xn
j−1(ξ)S′(ξ)dξ

)
=
∫
R

∂mn+1
j (ξ)
∂ξ

S′(ξ)dξ
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isodÔnama:

S(un+1
j )− S(0)− S(unj ) + S(0) +

∆t
∆x

(∫ unj+1

0
a−(ξ)S′(ξ)dξ

+
∫ unj

0
a+(ξ)S′(ξ)dξ −

∫ unj

0
a−(ξ)S′(ξ)dξ −

∫ unj−1

0
a+(ξ)S′(ξ)dξ

)
=
∫
R

∂mn+1
j (ξ)
∂ξ

S′(ξ)dξ

Apì ton orismì tou thc η(·, ·) èqoume :

S(un+1
j )− S(unj ) +

∆t
∆x

(
η(unj , u

n
j+1)− η(unj−1, u

n
j )
)

=
∫
R

∂mn+1
j (ξ)
∂ξ

S′(ξ)dξ

To dexÐ mèloc eÐnai arnhtikì diìti h S(·) eÐnai kurt  sun�rthsh kai h mn+1
j (·)

eÐnai jetik . Opìte katal goume sthn:

S(un+1
j )− S(unj ) +

∆t
∆x

(η(unj , u
n
j+1)− η(unj−1, u

n
j )) ≤ 0,

pou eÐnai h zhtoÔmenh sqèsh (2.3).
'Etsi oloklhr¸same thn apìdeixh tou L mmatoc. 2

Proqwr�me t¸ra, orÐzontac thn sun�rthsh pou perigr�fei thn proseg-
gistik  lÔsh tou probl matoc.
Orismìc 2.2.2 OrÐzoume thn proseggistik  lÔsh tou probl matoc mac gia
sq ma pl�touc ∆x, na eÐnai h kat�-tm mata stajer  sun�rthsh u∆x oris-
mènh wc:

u∆x(t, x) = unj , ìtan t ∈ [tn, tn+1), kai x ∈ Cj = (xj−1/2, xj+1/2),

me unj orismèna apì to Je¸rhma 2.1.1 (Sq ma Kinhtik c Morf c).

Pern�me t¸ra sta dÔo Jewr mata pou ja mac d¸soun thn sÔgklish tou
sq matoc mac.

To pr¸to Je¸rhma mac dÐnei thn sÔgklish thc oikogèneiac twn pros-
eggistik¸n lÔsewn qrhsimopoi¸ntac to Je¸rhma Monadikìthtac Kinhtik¸n
LÔsewn (Je¸r. 1.2.1). Oi upojèseic tou pr¸tou Jewr matoc apodeiknÔontai
sto deÔtero Je¸rhma.
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Je¸rhma 2.2.1 (To bohjhtikì Je¸rhma)
'Estw ìti h oikogèneia proseggistik¸n lÔsewn u∆x(t, x) ∈ L∞(0, T ;L1(R))
ikanopoieÐ gia k�poiec katanomèc Ψ∆x(t, x, ξ), k�poia mètra m∆x(t, x, ξ) kai
k�poiec sunart seic Ψ0,∆x(t),Ψ1,∆x(t) tic parak�tw sqèseic:

∂X(ξ;u∆x(t, x))
∂t

+ a(ξ)
∂X(ξ;u∆x(t, x))

∂x

=
∂m∆x(t, x, ξ)

∂ξ
+ Ψ∆x(t, x, ξ), (2.7)

Ψ∆x(t, x, ξ) ∆x→0−→ 0, me thn ènnoia twn katanom¸n, (2.8)
m∆x(t, x, ξ) ≥ 0, ‖m∆x‖M1 ≤ 2‖u0‖L1‖u0‖L∞ , (2.9)

gia k�je t ∈ [0, T ), ta parak�tw omoiìmorfa fr�gmata ,

‖u∆x(t, ·)‖L1(R) ≤ ‖u0‖L1 , ‖u∆x(t, ·)‖L∞(R) ≤ ‖u0‖L∞ , (2.10)∫
R2

X(ξ;u∆x(t, x))φ(x)S′(ξ)dxdξ

−
∫ t

0

∫
R2

a(ξ)φ′(x)S′(ξ)X(ξ;u∆x(τ, x))dxdξdτ

≤
∫
R2

X(ξ;u0(x))φ(x)S′(ξ)dxdξ + Ψ0,∆x(t), (2.11)∫
R

u∆x(t, x)φ(x)dx =
∫
R

u0(x)φ(x)dx+ Ψ1,∆x(t), (2.12)

gia ìlec tic mh-arnhtikèc sunart seic elègqou φ ∈ C∞c (R) kai ìlec tic oma-
lèc, kurtèc sunart seic entropÐac S(·). EpÐshc Ψi,∆x, i = 0, 1 eÐnai frag-
mènec sunart seic me thn idiìthta:

Ψ0,∆x(t) ∆x→0−→ 0 ston L∞([0, T ))− w?,

Ψ1,∆x(t) ∆x→0−→ Ψ1(t) ston L∞([0, T ))− w?, (2.13)
me Ψ1(t) suneq  kai Ψ1(0) = 0.
Tìte, kaj¸c ∆x→ 0, h u∆x(t, x) sugklÐnei isqur� ston Lploc([0, T ]×R), 1 ≤
p <∞, sthn monadik  lÔsh entropÐac tou probl matoc (1.1),(1.2).

Apìdeixh
Ja per�soume sto ìrio, kaj¸c ∆x→ 0, stic parap�nw sqèseic, ja katal x-
oume se mÐa sun�rthsh f(t, x, ξ) h opoÐa ja eÐnai kinhtik  lÔsh tou prob-
l matoc (1.1),(1.2) (bl. Orismì 1.1.3) kai ja ikanopoieÐ tic upojèseic tou
Jewr matoc Monadikìthtac (Je¸r. 1.2.1).



2.2 SÔgklish tou sq matoc 31

• B ma 1
OrÐzoume arqik� Ω = [0, T )×Rx×Rξ. Apì ton orismì thc sun�rthshc
puknìthtac èqoume ìti ‖X(·;u∆x(·, ·))‖L∞(Ω) ≤ 1 opìte up�rqei sun�rthsh
f ∈ L∞(Ω) ètsi ¸ste gia kat�llhlh upakoloujÐa thc u∆x na èqoume:

X(ξ;u∆x(t, x)) ∆x→0−→ f(t, x, ξ), ston L∞(Ω)− w?, (2.14)
eidikìtera:

u∆x(t, x) ∆x→0−→
∫
R

f(t, x, ξ)dξ, ston L∞([0, T )× R)− w?,

diìti:
– H apìdeixh prokÔptei apì mÐa parat rhsh.

Apì thn (2.10) èqoume ìti ‖u∆x(t, ·)‖L∞ ≤ ‖u0‖L∞ .
Opìte suppξX(ξ;u∆x(t, x)) ⊂ [−‖u0‖L∞ , ‖u0‖L∞ ](=: K) kai kat�
sunèpeia suppξf(t, x, ξ) ⊂ K.
Apì thn asjen  sÔgklish thc X(ξ;u∆x(t, x)), èqoume gia k�je
φ(t, x) ∈ L1([0, T )× R) ìti :∫

Ω
X(ξ;u∆x(t, x))φ(t, x)XK(ξ)dtdxdξ ∆x→0−→

∆x→0−→
∫

Ω
f(t, x, ξ)φ(t, x)XK(ξ)dtdxdξ,

  alli¸c: ∫
t,x

∫
K
X(ξ;u∆x(t, x))φ(t, x)dξdxdt ∆x→0−→

∆x→0−→
∫
t,x

∫
K
f(t, x, ξ)φ(t, x)dξdxdt,

isodÔnama: ∫
Ω
X(ξ;u∆x(t, x))φ(t, x)dξdxdt ∆x→0−→

∆x→0−→
∫

Ω
f(t, x, ξ)φ(t, x)dξdxdt,

tèloc:∫
t,x
u∆x(t, x)φ(t, x)dxdt ∆x→0−→

∫
t,x

(∫
ξ
f(t, x, ξ)dξ

)
φ(t, x)dxdt.

'Eqoume ètsi thn asjen  sÔgklish thc u∆x.
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ParomoÐwc, apì thn (2.9) èqoume thn Ôparxh enìc mh-arnhtikoÔ kai
fragmènou mètrou m(t, x, ξ) ètsi ¸ste:

m∆x(t, x, ξ) ∆x→0−→ m(t, x, ξ), ston M − w?. (2.15)
'Eqoume t¸ra thn (2.7) me thn ènnoia twn katanom¸n:∫

Ω
X(ξ;u∆x(t, x))φt(t, x, ξ)dxdtdξ

+
∫
x,ξ
X(ξ;u∆x(0, x))φ(0, x, ξ)dξdx

+
∫

Ω
a(ξ)X(ξ;u∆x(t, x))φx(t, x, ξ)dxdtdξ

=
∫

Ω
m∆x(t, x, ξ)φξ(t, x, ξ)dxdtdξ −

∫
Ω

Ψ∆x(t, x, ξ)φ(t, x, ξ)dxdtdξ

Pairn¸ntac sto ìrio, kaj¸c ∆x→ 0, parathroÔme :
– Lìgw thc (2.14) èqoume:∫

ΩX(ξ;u∆x(t, x))φt(t, x, ξ)→
∫

Ω f(t, x, ξ)φt(t, x, ξ)

– Apì thn kataskeu  thc h u∆x(0, x) ikanopoieÐ:∫
x,ξX(ξ;u∆x(0, x))φ(0, x, ξ)→

∫
x,ξX(ξ;u0(x))φ(0, x, ξ)

– Lìgw p�li thc (2.14) èqoume:∫
Ω a(ξ)X(ξ;u∆x(t, x))φx(t, x, ξ)→

∫
Ω a(ξ)f(t, x, ξ)φx(t, x, ξ)

– Lìgw thc (2.15) èqoume:∫
Ωm∆x(t, x, ξ)φξ(t, x, ξ)→

∫
Ωm(t, x, ξ)φξ(t, x, ξ)

– Lìgw thc (2.8) èqoume:∫
Ω Ψ∆x(t, x, ξ)φ(t, x, ξ)→ 0

Apì tic parathr seic autèc èqoume ìti h sun�rthsh f(t, x, ξ) ikanopoieÐ
thn : ∫

Ω
f(t, x, ξ)φt(t, x, ξ) +

∫
x,ξ
X(ξ;u0(x))φ(0, x, ξ)

+
∫

Ω
a(ξ)f(t, x, ξ)φx(t, x, ξ) =

∫
Ω
m(t, x, ξ)φξ(t, x, ξ),

Sunep¸c h sun�rthsh f ikanopoieÐ thn sqèsh (1.5).
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• B ma 2
Pairn¸ntac sto ìrio stic (2.11),(2.12) prokÔptoun oi (1.8),(1.9).
'Eqoume thn (2.11) :∫

R2

X(ξ;u∆x(t, x))φ(x)S′(ξ)dxdξ

−
∫ t

0

∫
R2

a(ξ)φ′(x)S′(ξ)X(ξ;u∆x(τ, x))dxdξdτ

≤
∫
R2

X(ξ;u0(x))φ(x)S′(ξ)dxdξ + Ψ0,∆x(t).

PaÐrnoume h(·) ∈ L1([0, T )). Pollaplasi�zoume me h(t) kai oloklhr¸noume
wc proc t. ParathroÔme ta ex c:

– 'Eqoume ìti φ(x)S′(ξ)h(t) ∈ L1(Ω) diìti h S′(·) eÐnai omal  me
sumpag  forèa (|ξ| ≤ ‖u0‖L∞(R)), h φ ∈ C∞c (R) kai h h ∈
L1([0, T )), opìte:∫

Ω
X(ξ;u∆x(t, x))φ(x)S′(ξ)h(t)dtdxdξ

∆x→0−→
∫

Ω
f(t, x, ξ)φ(x)S′(ξ)h(t)dtdxdξ.

– Apì thn asjen  sÔgklish thc u∆x(t, x) èqoume ìti:∫
Ω
X(ξ;u∆x(τ, x))a(ξ)φ′(x)S′(ξ)X(0,t)(τ)dτdxdξ

∆x→0−→
∫

Ω
f(τ, x, ξ)a(ξ)φ(x)S′(ξ)X(0,t)(τ)dτdxdξ,

ìpou X(0,t)(τ) eÐnai h qarakthristik  sun�rthsh tou diast matoc
(0, t).
Parathr¸ntac, t¸ra, ìti

|
∫
x,ξ

∫ T

0
X(ξ;u∆x(τ, x))a(ξ)φ′(x)S′(ξ)X(0,t)(τ)dxdξdτh(t)|

≤ th(t)
∫
x,ξ
|a(ξ)φ′(x)S′(ξ)|dxdξ,
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kai basizìmenoi sto gegonìc∫ T

0
t|h(t)|dt ≤ T

∫ T

0
|h(t)|dt <∞,

mporoÔme na efarmìsoume to Je¸rhma Kuriarqhmènhc SÔgklishc
tou Lebesgue, opìte paÐrnoume:∫ T

0

∫ t

0

∫
R2

X(ξ;u∆x(τ, x))a(ξ)φ′(x)S′(ξ)h(t)dxdξdτdt

∆x→0−→
∫ T

0

∫ t

0

∫
R2

f(τ, x, ξ)a(ξ)φ(x)S′(ξ)h(t)dxdξdτdt.

– Apì thn (2.13) èqoume gia thn akoloujÐa sunart sewn Ψ0,∆x ìti:∫ T

0
Ψ0,∆x(t)h(t)dt ∆x→0−→ 0.

MazeÔontac tic parap�nw parathr seic èqoume ìti:∫
R2

f(t, x, ξ)φ(x)S′(ξ)dxdξ −
∫ t

0

∫
R2

a(ξ)f(τ, x, ξ)φ′(x)S′(ξ)dxdξdτ

≤
∫
R2

X(ξ;u0(x))φ(x)S′(ξ)dxdξ.

Pou eÐnai h zhtoÔmenh sqèsh (1.8).
Pern�me t¸ra sthn apìdeixh thc sqèshc (1.9).
'Eqoume t¸ra, gia k�je φ ∈ C∞c (R) thn (2.12) :∫

R

u∆x(t, x)φ(x)dx =
∫
R

u0(x)φ(x)dx+ Ψ1,∆x(t).

'Estw h(t) ∈ L1(0, T ). Faner�, tìte h(t)φ(x) ∈ L1((0, T ) × R), opìte
apì thn asjen  sÔgklish thc u∆x :∫

t,x
u∆x(t, x)φ(x)h(t)dxdt ∆x→0−→

∫
t,x

(∫
ξ
f(t, x, ξ)dξ

)
φ(x)h(t)dxdt.

EpÐshc apì thn (2.12) èqoume:∫
t,x
u∆x(t, x)φ(x)h(t)dxdt =

∫
t,x
u0(x)φ(x)h(t)dxdt
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+
∫
t
Ψ1,∆x(t)h(t)dt.

To opoÐo sugklÐnei apì thn (2.13), kaj¸c ∆x→ 0 sto :∫
t,x
u0(x)φ(x)h(t)dxdt+

∫
t
Ψ1(t)h(t)dt.

'Ara, apì monadikìthta tou asjenoÔc orÐou :∫
Ω
f(t, x, ξ)φ(x)h(t)dtdxdξ =

∫
t,x
u0(x)φ(x)h(t)dtdx+

∫
t
Ψ1(t)h(t)dt.

Kai epeid  h sqèsh aut  isqÔei gia k�je h(t) ∈ L1(0, T ), èpetai ìti :∫
x,ξ
f(t, x, ξ)φ(x)dxdξ =

∫
x
u0(x)φ(x)dx+ Ψ1(t).

Kai apì thn sunèqeia thc Ψ1(t) sto 0 (2.13) èqoume :

lim
t→0

∫
f(t, x, ξ)φ(x)dxdξ =

∫
u0(x)φ(x)dx,

pou eÐnai h zhtoÔmenh sqèsh (1.9).
• B ma 3
Pr¸ta h apìdeixh thc (1.6).
ParathroÔme apì ton orismì thc sun�rthshc puknìthtac ìti:

0 ≤ sgn(ξ)X(ξ;u∆x(t, x)) ≤ 1. (2.16)
Opìte gia k�je mh-arnhtik  sun�rthsh elègqou φ(t, x, ξ) èqoume

0 ≤
∫

Ω
sgn(ξ)X(ξ;u∆x(t, x))φ(t, x, ξ)dtdxdξ ≤

∫
Ω
φ(t, x, ξ)dtdxdξ.

ParathroÔme ìti sgn(ξ)φ(t, x, ξ) ∈ L1(Ω) kai pern�me sto ìrio, kaj¸c
∆x→ 0, opìte :

0 ≤
∫

Ω
sgn(ξ)f(t, x, ξ)φ(t, x, ξ)dtdxdξ ≤

∫
Ω
φ(t, x, ξ)dtdxdξ.

'Ara, 0 ≤ sgn(ξ)f(t, x, ξ) ≤ 1, pou eÐnai h zhtoÔmenh (1.6).
H apìdeixh thc (1.7) t¸ra.
EÔkola blèpoume (Par.7) ìti:

∂X

∂ξ
(ξ;u∆x) = δ(ξ)− δ(u∆x − ξ), (2.17)
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me thn ènnoia twn katanom¸n. JewroÔme sunart seic elègqou φ1(t) ∈
C∞c ([0, T )), φ2(x) ∈ C∞c (R), φ3(ξ) ∈ C∞c (R). Qrhsimopoi¸ntac to
Je¸r.4 tou Parart matoc h (2.17) gr�fetai ¸c:

−
∫

Ω
X(ξ;u∆x(t, x))φ1(t)φ2(x)φ′3(ξ)dtdxdξ

=
∫

Ω
δ(ξ)φ1(t)φ2(x)φ3(ξ)dtdxdξ

−
∫

Ω
δ(u∆x(t, x)− ξ)φ1(t)φ2(x)φ3(ξ)dtdxdξ.

Apì thn asjen  sÔgklish thc X(ξ;u∆x) èqoume ìti to pr¸to olok-
l rwma sugklÐnei, kaj¸c ∆x→ 0, sto∫

Ω
f(t, x, ξ)φ1(t)φ2(x)φ′3(ξ)dtdxdξ.

To deÔtero olokl rwma eÐnai anex�rthto tou ∆x.
Gia to trÐto qrhsimopoioÔme ìti ta u∆x eÐnai fragmèna mèsa sto K
opìte orÐzontac δ∆x = δ(u∆x − ξ) èqoume δ∆x(K) = 1, δ∆x(Kc) = 0.
Basizìmenoi t¸ra sthn δ∆x(E) → ν(E) gia k�je |E| < ∞ prokÔptei
ìti ν(K) = 1, ν(Kc) = 0 kai fusik� ν jetikì. Opìte, apì to Je¸rhma
Asjen c Sump�geiac sto q¸ro twn Radon mètrwn, sugklÐnei sto:∫

t,x,ξ
φ1(t)φ2(x)φ3(ξ)ν(t, x, ξ)dtdxdξ.

SunoyÐzontac:

−
∫

Ω
f(t, x, ξ)φ1(t)φ2(x)φ′3(ξ)dtdxdξ =

∫
Ω
φ1(t)φ2(x)φ3(ξ)δ(ξ)dtdxdξ

−
∫

Ω
φ1(t)φ2(x)φ3(ξ)ν(t, x, ξ)dtdxdξ.

Pou eÐnai h zhtoÔmenh sqèsh (1.7).
• B ma 4
EÐdame mèqri t¸ra ìti h f(t, x, ξ) eÐnai kinhtik  lÔsh tou probl matoc
(1.1),(1.2) upì to prÐsma OrismoÔ (1.2.3) kai ìti ikanopoieÐ tic upojè-
seic tou Jewr matoc Monadikìthtac (Je¸r. 1.2.1), opìte h f(t, x, ξ)
eÐnai thc morf c:

f(t, x, ξ) = X(ξ;u(t, x)),
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me u(t, x) na eÐnai lÔsh entropÐac tou probl matoc (1.1),(1.2).
'Eqoume deÐxei loipìn mèqri t¸ra ìti:

X(ξ;u∆x(t, x)) ⇀ X(ξ;u(t, x)) ston L∞(t, x, ξ)− w?.

Proqwr�me deÐqnontac ìti X(ξ;u∆x(t, x)) → X(ξ;u(t, x)) t, x, ξ ∈ Ω
sqedìn pantoÔ.
(Me �topo)
'Estw ìti up�rqei K ⊂ Ω me |K| > 0, m�lista mporoÔme na upojèsoume
ìti |K| <∞, kai a > 0 ètsi ¸ste gia k�je t, x, ξ ∈ K na èqoume ìti:∥∥∥X(ξ;u∆x(t, x))| − |X(ξ;u(t, x))|

∣∣∣ > a,

dhlad :
eÐte |X(ξ;u∆x(t, x))| > |X(ξ;u(t, x))|+ a,

eÐte |X(ξ;u∆x(t, x))| < |X(ξ;u(t, x))| − a.

Oloklhr¸nontac p�nw apì to K:

eÐte
∫
K
|X(ξ;u∆x(t, x))| ≥

∫
K
|X(ξ;u(t, x))|+ a|K|,

eÐte
∫
K
|X(ξ;u∆x(t, x))| ≤

∫
K
|X(ξ;u(t, x))| − a|K|.

H asjen c sÔgklish, t¸ra, thc X(ξ;u∆x) ⇀ X(ξ;u) ston L∞ − w?
mac dÐnei gia k�je g(t, x, ξ) ∈ L1(Ω):∫

Ω
X(ξ;u∆x(t, x))g(t, x, ξ)→

∫
Ω
X(ξ;u(t, x))g(t, x, ξ).

Epilègontac gia g thn g(t, x, ξ) = sgn(ξ)XK(t, x, ξ) ∈ L1(Ω) èqoume:∫
K
|X(ξ;u∆x(t, x))→

∫
K
X(ξ;u(t, x)).

PaÐrnontac t¸ra to ìrio kaj¸c to ∆x → 0, oi prohgoÔmenec sqèseic
gÐnontai:

eÐte
∫
K
|X(ξ;u(t, x))| ≥

∫
K
|X(ξ;u(t, x))|+ a|K|,

eÐte
∫
K
|X(ξ;u(t, x))| ≤

∫
K
|X(ξ;u(t, x))| − a|K|.
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Dhlad  , eÐte 0 ≥ a|K| eÐte 0 ≤ −a|K|, pou se k�je perÐptwsh eÐnai
�topo diìti a, |K| > 0.
'Eqontac deÐxei thn sqedìn pantoÔ sÔgklish thc |X(ξ;u∆x(t, x))| sthn
|X(ξ;u(t, x))|, èqoume eÔkola thn sqedìn pantoÔ sÔgklish thc akolou-
jÐac sunart sewn X(ξ;u∆x(t, x)) sth sun�rthsh X(ξ;u(t, x)), wc �mesh
sunèpeia tou pros mou thc sun�rthshc puknìthtac X(ξ, w).
SuneqÐzoume deÐqnontac thn sqedìn pantoÔ sÔgklish thc akoloujÐac
sunart sewn u∆x(t, x) sth sun�rthsh u(t, x).
(Me �topo)
'Estw ìti up�rqei ε > 0 kai K ⊂ [0, T )× Rx me |K| > 0 ètsi ¸ste:

gia k�je (t, x) ∈ K na èqoume: |u∆x(t, x)− u(t, x)| ≥ ε.

Tìte ìmwc gia k�je (t, x) ∈ K èqoume:∣∣∣ ∫
ξ
X(ξ;u∆x(t, x))−X(ξ;u(t, x))dξ

∣∣∣ ≥ ε,
  alli¸c gia k�je (t, x) ∈ K èqoume:∫

ξ
|X(ξ;u∆x(t, x))−X(ξ;u(t, x))|dξ ≥ ε.

'Atopo diìti ‖u∆x‖L∞ ≤ ‖u0‖L∞ kai u ∈ L∞ kai efarmìzontac Je¸rhma
Kuriarqhmènhc SÔgklishc èqoume:∫

ξ
|X(ξ;u∆x(t, x))−X(ξ;u(t, x))|dξ → 0,

gia sqedìn ìla ta (t, x) ∈ K.
'Ara gia sqedìn ìla ta (t, x) ∈ K èqoume ìti h u∆x(t, x) sugklÐnei sthn
u(t, x).
Apì thn teleutaÐa èqoume ìti

u∆x(·, ·) ⇀ u(·, ·), ston Lp(K)− w.

T¸ra apì thn asjen  sÔgklish:
X(·;u∆x(·, ·)) ⇀ X(·;u(·, ·)) ston L∞(K)− w?,

prokÔptei epilègontac kat�llhla thn L1 sun�rthsh ìti
‖u∆x(·, ·)‖Lp(K) → ‖u(·, ·)‖Lp(K).

Apì tic sugklÐseic autèc prokÔptei,
u∆x(·, ·) ⇀ u(·, ·) ston Lploc([0, T )× R).
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'Etsi teleÐwse h apìdeixh tou BohjhtikoÔ Jewr matoc. 2

To deÔtero Je¸rhma basÐzetai stic pragmatikèc upojèseic tou probl -
matoc mac kai deÐqnontac tic upojèseic tou Jewr matoc 2.2.1 èqoume thn
sÔgklish tou sq matoc mac sthn monadik  lÔsh entropÐac tou Nìmou Di-
at rhshc (1.1), (1.2).
Je¸rhma 2.2.2 (To Basikì Je¸rhma)
Upojètoume thn C.F.L sunj kh:

∆t
∆x

max
|ξ|≤‖u0‖L∞

≤ 1.

To Engquist-Oscher kinhtikì sq ma, pou prokÔptei apì to Je¸r. (2.1.1):

un+1
j = unj −

∆t
∆x

(A(unj , u
n
j+1)−A(unj−1, u

n
j )),

ikanopoieÐ ta parak�tw :

• 'Olec tic topikèc Anisìthtec EntropÐac (L mma 2.2.2).

• Thn Arq  MegÐstou (L mma 2.2.1).

• Kaj¸c ∆x → 0 h akoloujÐa u∆x(t, x) sugklÐnei ston Lploc([0, T ] ×
R), gia k�je 1 ≤ p < ∞, T > 0 sthn monadik  lÔsh entropÐac tou
probl matoc (1.1),(1.2).

Apìdeixh
Ja deÐxoume ìti isqÔoun oi upojèseic tou bohjhtikoÔ Jewr matoc (Je¸r.
2.2.1). UpenjumÐzoume ìti Ω = [0, T )× R2.
• Kat�arq�c parathroÔme ìti u∆x ∈ L∞(0, T ;L1(R)) ìpwc ja deÐxoume
sthn apìdeixh thc sqèshc (2.10).
• OrÐzoume to <<mètro>> m∆x.
m∆x(t, x, ξ) = 1

∆tm
n+1
j (ξ), ìtan x ∈ Cj kai t ∈ (tn, tn+1], ètsi ¸ste na

èqoume mn+1
j (ξ) =

∫ tn+1

tn m∆x(t, x, ξ)dt, gia k�je x ∈ Cj .
• Apìdeixh thc (2.7)
'Eqoume thn (2.4)

Xn+1
j (ξ)−Xn

j (ξ) +
∆t
∆x

(
a−(ξ)(Xn

j+1(ξ)−Xn
j (ξ))



40 Kef�laio2 : Sq ma Engquist-Oscher se mÐa di�stash

+a+(ξ)(Xn
j (ξ)−Xn

j−1(ξ)
)

=
∂mn+1

j (ξ)
∂ξ

.

JewroÔme, t¸ra, thn sun�rthsh elègqou φ(t, x, ξ) ∈ C∞c (Ω) kai orÐ-
zoume φnj (ξ) := φ(tn, xj , ξ). H φnj (ξ) eÐnai sun�rthsh elègqou ston Rξ.
Opìte, pollaplasi�zoume thn (2.4) me φnj (ξ) kai oloklhr¸noume wc
proc x: ∫

R

(Xn+1
j (ξ)−Xn

j (ξ))φnj (ξ)dξ

+
∆t
∆x

(∫
R

a−(ξ)(Xn
j+1(ξ)−Xn

j (ξ))φnj (ξ)dξ

+
∫
R

a+(ξ)(Xn
j (ξ)−Xn

j−1(ξ))φnj (ξ)dξ
)

= −
∫
R

mn+1
j (ξ)

∂φnj (ξ)
∂ξ

dξ.

Epeid  h φ(t, x, ξ) èqei sumpag  forèa, mporoÔme na ajroÐsoume wc
proc j ∈ Z kai n ∈ N (m�lista ta ajroÐsmata eÐnai peperasmèna) kai
na per�soume ta ajroÐsmata k�tw apì ta oloklhr¸mata.∫

R

∑
j,n

(Xn+1
j (ξ)−Xn

j (ξ))φnj (ξ)dξ

+
∆t
∆x

(∫
R

a−(ξ)
∑
j,n

(Xn
j+1(ξ)−Xn

j (ξ))φnj (ξ)dξ

+
∫
R

a+(ξ)
∑
j,n

(Xn
j (ξ)−Xn

j−1(ξ))φnj (ξ)dξ
)

= −
∫
R

∑
j,n

mn+1
j (ξ)

∂φnj (ξ)
∂ξ

dξ. (2.18)

K�noume t¸ra merikèc parathr seic, k�je mÐa apì autèc afor� se è-
na apì ta parap�nw dipl� ajroÐsmata ta opoÐa jumÐzoume ìti eÐnai
peperasmèna lìgw thc sump�geiac tou forèa thc sun�rthshc f.

– Pr¸th parat rhsh.
Xekin�me ajroÐzontac kat� par�gontec,

∑
j

∞∑
n=0

(Xn+1
j (ξ)−Xn

j (ξ))φnj (ξ)
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= −
∑
j

∞∑
n=0

(φn+1
j (ξ)− φnj (ξ))Xn+1

j (ξ)︸ ︷︷ ︸
A

−
∑
j

φ0
j (ξ)X

0
j (ξ)︸ ︷︷ ︸

B

= −A−B.

∗ Gia to �jroisma A qrhsimopoioÔme ìti:
(φn+1
j (ξ)− φnj (ξ))Xn+1

j (ξ)

=
∫ tn+1

tn
φt(xj , t, ξ)Xn

j (ξ)dt+O(∆t),

opìte to �jroisma A gÐnetai:

A =
∑
j

∞∑
n=0

∫ tn+1

tn
φt(xj , t, ξ)Xn

j (ξ)dt+O(∆t),

suneqÐzoume t¸ra pollaplasi�zontac kai diair¸ntac me ∆x,

A =
1

∆x

∑
j

∞∑
n=0

∫
Cj

∫ tn+1

tn
φt(xj , t, ξ)Xn

j (ξ)dtdx+O(∆t).

Apì ton orismì, t¸ra, thc u∆x prokÔptei ìti:

A =
1

∆x

∑
j

∞∑
n=0

∫
Cj

∫ tn+1

tn
φt(xj , t, ξ)X(ξ;u∆x(t, x))dtdx

+O(∆t).

ProsjafairoÔme t¸ra φt(t, x, ξ) kai paÐrnoume:

A =
1

∆x

∞∑
n=0

∑
j

∫
Cj

∫ tn+1

tn
φt(x, t, ξ)X(ξ;u∆x(t, x))dtdx

+
1

∆x

∞∑
n=0

∑
j

∫
Cj

∫ tn+1

tn

(
φt(xj , t, ξ)

−φt(x, t, ξ)
)
X(ξ;u∆x(t, x))dtdx+O(∆t).

Efarmìzontac Taylor sto deÔtero olokl rwma paÐrnoume ìti:

A =
1

∆x

∫
R

∫ ∞
0

X(ξ;u∆x(t, x))φt(t, x, ξ)dtdx+O(∆t).
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∗ Gia to �jroisma B èqoume :

B =
1

∆x

∑
j

∫
Cj

X(ξ;u0
j )φ(0, xj , ξ)dx

=
1

∆x

∑
j

∫
Cj

(φ(0, x, ξ) + φ(0, xj , ξ)− φ(0, x, ξ))X(ξ;u0
j )dx,

Sp�me to olokl rwma kai k�noume Taylor, opìte:

B =
1

∆x

∫
R

φ(0, x, ξ)X(ξ;u∆x(0, x))dx+O(∆x)

H pr¸th parat rhsh telik� kleÐnei ¸c ex c:
∑
j

∞∑
n=0

(Xn+1
j (ξ)−Xn

j (ξ))φnj (ξ)

= − 1
∆x

∫
R

∫ ∞
0

X(ξ;u∆x(t, x))φt(t, x, ξ)dtdx

− 1
∆x

∫
R

X(ξ;u∆x(0, x))φ(0, x, ξ)dx+O(∆x).

– DeÔterh parat rhsh.
'Eqoume ajroÐzontac kat� par�gontec:

∑
j

∞∑
n=0

(Xn
j+1(ξ)−Xn

j (ξ))φnj (ξ)

= −
∞∑
n=0

∑
j

(φnj (ξ)− φnj−1(ξ))Xn
j (ξ).

ParathroÔme, t¸ra, ìti :

φnj (ξ)− φnj−1(ξ) =
∫
Cj

φx(tn, x, ξ)dx+O(∆x).

Opìte to �jroisma gÐnetai:
∞∑
n=0

∑
j

∫
Cj

φx(tn, x, ξ)X(ξ;unj )dx+O(∆x)
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=
1

∆t

∞∑
n=0

∑
j

∫
Cj

∫ tn+1

tn
φx(tn, x, ξ)X(ξ;unj )dtdx+O(∆x)

'Opwc prin prosjètoume kai afairoÔme φx(t, x, ξ), katìpin sp�me
to olokl rwma kai apì Taylor kleÐnoume thn DeÔterh parat rhsh,

∑
j

∞∑
n=0

(Xn
j+1(ξ)−Xn

j (ξ))φnj (ξ)

= − 1
∆t

∫
R

∫ ∞
0

X(ξ;u∆x(t, x))φx(t, x, ξ)dtdx+O(∆x).

– TrÐth parat rhsh.
'Opwc prin deÐqnoume ìti :

∑
j

∞∑
n=0

(Xn
j (ξ)−Xn

j−1(ξ))φnj (ξ)

= − 1
∆t

∫
R

∫ ∞
0

X(ξ;u∆x(t, x))φx(t, x, ξ)dtdx+O(∆x).

– Tètarth parat rhsh.
Efarmìzoume tic Ðdiec teqnikèc kai ston ìro

∑
j

∑
n

mn+1
j (ξ)

∂φnj (ξ)
∂ξ

.

Apì ton orismì tou m∆x èqoume ìti:
∑
j

∑
n

mn+1
j (ξ)

∂φnj (ξ)
∂ξ

=
∑
j

∑
n

∫ tn+1

tn
m∆x(t, xj , ξ)dt

∂φnj (ξ)
∂ξ

=
1

∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)dtdx

∂φnj (ξ)
∂ξ

=
1

∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)

(
φξ(t, x, ξ) + φξ(tn, x, ξ)

−φξ(t, x, ξ) + φξ(tn, xj , ξ)− φξ(tn, x, ξ)
)
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=
1

∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)φξ(t, x, ξ)

+
1

∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)

(
φξ(tn, x, ξ)− φξ(t, x, ξ)

)

+
1

∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)

(
φξ(tn, xj , ξ)− φξ(tn, x, ξ)

)
Qrhsimopoi¸ntac thn sqèsh |φξ(tn, x, ξ) − φξ(t, x, ξ)| = O(∆t)
èqoume ìti:

| 1
∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)

(
φξ(tn, x, ξ)− φξ(t, x, ξ)

)
|

≤ O(∆t)
1

∆x

∫
x

∫
t
|m∆x(t, x, ξ)|dtdx.

OmoÐwc o �lloc ìroc fr�ssetai:

| 1
∆x

∑
j

∑
n

∫
Cj

∫ tn+1

tn
m∆x(t, x, ξ)

(
φξ(tn, xj , ξ)− φξ(tn, x, ξ)

)
|

≤ O(∆x)
1

∆x

∫
x

∫
t
|m∆x(t, x, ξ)|dtdx.

Kai ètsi teleÐwse kai h Tètarth parat rhsh.
Me tic parathr seic autèc h (2.18) gÐnetai:

− 1
∆x

∫
Ω
X(ξ;u∆x(t, x))φt(t, x, ξ)dtdxdξ

− 1
∆x

∫
x,ξ
X(ξ;u∆x(0, x))φ(0, x, ξ)dxdξ

− 1
∆x

∫
Ω
a(ξ)X(ξ;u∆x)φxdtdxdξ

= − 1
∆x

∫
Ω
m∆x(t, x, ξ)φξ(t, x, ξ)dtdxdξ

+
1

∆x

∫
Ω

Ψ∆x(t, x, ξ)φ(t, x, ξ)dtdxdξ,
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ìpou sthn Ψ∆x(t, x, ξ) èqoume aporrof sei ìlouc touc par�gontec pou
emfanÐzontai sta O(∆x) stic prohgoÔmenec parathr seic.
Pollaplasi�zontac thn parap�nw me ∆x èqoume thn zhtoÔmenh sqèsh
(2.7) me thn ènnoia twn katanom¸n.
• Apìdeixh thc (2.9)

– To prìshmo tou m∆x.
'Estw (t, x, ξ) ∈ Ω tìte up�rqoun j, n ètsi ¸ste x ∈ Cj , t ∈
(tn, tn+1] kai m∆x(t, x, ξ) = 1

∆tm
n+1
j (ξ) ≥ 0, apì ton orismì tou

mn+1
j .

– To M1 fr�gma tou m∆x.
'Eqoume thn (2.2):

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

a−(ξ)Xn
j+1(ξ)− ∆t

∆x
a+(ξ)Xn

j (ξ)+

+
∆t
∆x

a−(ξ)Xn
j (ξ) +

∆t
∆x

a+(ξ)Xn
j−1(ξ)

Pollaplasi�zoume me x kai met� oloklhr¸noume wc proc x,∫
R

fn+1
j (ξ)ξdξ =

∫ unj+1

0
−∆t

∆x
a−(ξ)ξdξ +

∫ unj

0
−∆t

∆x
a+(ξ)ξdξ

+
∫ unj

0
ξdξ +

∫ unj

0

∆t
∆x

a−(ξ)ξdξ +
∫ unj−1

0

∆t
∆x

a+(ξ)ξdξ.

AjroÐzoume thn prohgoÔmenh wc proc j, k�noume anagwg  omoÐwn
ìrwn kai paÐrnoume:

∑
j

∫
R

fn+1
j (ξ)ξdξ =

∑
j

∫ unj

0
ξdξ,

dhlad , ∑
j

∫
R

fn+1
j (ξ)ξdξ =

∑
j

1
2

(unj )2.

AfairoÔme kai apì ta 2 mèlh to ∑j
1
2(un+1

j )2, afoÔ pr¸ta, parathr -
soume ìti 1

2(un+1
j )2 =

∫
R
Xn+1
j (ξ)ξdξ,

∑
j

∫
R

(fn+1
j (ξ)−Xn+1

j (ξ))ξdξ =
1
2

∑
j

(
(unj )2 − (un+1

j )2
)
.
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Pollaplasi�zoume me ∆x kai ajroÐzoume wc proc n ,∑
j,n

∆x
∫
R

(fn+1
j (ξ)−Xn+1

j (ξ))ξdξ

=
1
2

∑
j,n

∆x
(

(unj )2 − (un+1
j )2

)
.

QrhsimopoioÔme t¸ra thn (2.6):

Xn+1
j (ξ)− fn+1

j (ξ) =
∂mn+1

j (ξ)
∂ξ

,

kai thn sqèsh:
1
2

∑
j,n

∆x
(

(un+1
j )2 − (unj )2

)
=

1
2

∑
j

∆x
(

(uN+1
j )2 − (u0

j )
2
)
,

ìpou N eÐnai o mègistoc fusikìc tètoioc ¸ste N∆t ≤ T kai è-
qoume:

∑
j,n

∆x
∫
R

∂mn+1
j (ξ)
∂ξ

ξdξ =
1
2

∑
j

∆x
(

(uN+1
j )2 − (u0

j )
2
)

 

−
∑
j,n

∆x
∫
R

mn+1
j (ξ)dξ =

1
2

∑
j

∆x
(

(uN+1
j )2 − (u0

j )
2
)

 
−
∫
ξ

∑
j,n

∫ tn+1

tn

∫
Cj

m∆x(t, x, ξ)dxdtdξ

=
1
2

∑
j

∆x
(

(uN+1
j )2 − (u0

j )
2
)

 
−
∫
ξ

∫ T

0

∫
x
m∆x(t, x, ξ)dxdtdξ

=
1
2

∑
j

∆x
(

(uN+1
j )2 − (u0

j )
2
)
.
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PaÐrnoume apìluta kai epeid  m∆x ≥ 0 èpetai:∫
ξ

∫ T

0

∫
x
|m∆x(t, x, ξ)|dxdtdξ

≤ 1
2

∑
j

∆x|uN+1
j − u0

j‖uN+1
j + u0

j |

 
‖m∆x‖M ≤

1
2

∑
j

∆x|uN+1
j − u0

j‖uN+1
j + u0

j |

≤ ‖u0‖L∞
∑
j

∆x
(
|uN+1
j |+ |u0

j |
)
.

ParathroÔme t¸ra ìti:

gia k�je n 6= 0,
∑
j

∆x|unj | =
∑
j

∫
Cj

|unj |dx

=
∑
j

∫
Cj

|u∆x(tn, x)|dx =
∫
R

|u∆x(tn, x)|dx = ‖u∆x(tn, ·)‖L1(R),

kaj¸c epÐshc:∑
j

∆x|u0
j | =

∑
j

∆x| 1
∆x

∫
Cj

u0(x)dx|

≤
∑
j

∫
Cj

|u0(x)|dx = ‖u0‖L1(R).

opìte:
‖m∆x‖M ≤ ‖u0‖L∞

(
‖u∆x(tN+1, ·)‖L1(R) + ‖u0‖L1(R)

)
(2.10)

≤ 2‖u0‖L∞‖u0‖L1 .

H apìdeixh thc (2.9) telei¸nei parathr¸ntac ìti den up�rqei
sÔgkroush me thn apìdeixh thc (2.10), pou mìlic qrhsimopoi -
same, ìpwc amèswc ja faneÐ.

• Apìdeixh thc (2.10)
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– To L1 fr�gma.
'Eqoume p�li thn (2.2) :

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

a−(ξ)Xn
j+1(ξ)− ∆t

∆x
a+(ξ)Xn

j (ξ)

+
∆t
∆x

a−(ξ)Xn
j (ξ) +

∆t
∆x

a+(ξ)Xn
j−1(ξ).

Thn pollaplasi�zoume me sgn(ξ) kai oloklhr¸noume wc proc x.∫
R

fn+1
j (ξ)sgn(ξ)dξ =

∫
R

Xn
j (ξ)sgn(ξ)dξ

∫
R

−∆t
∆x

a+(ξ)Xn
j (ξ)sgn(ξ)dξ +

∫
R

∆t
∆x

a−(ξ)Xn
j (ξ)sgn(ξ)dξ∫

R

−∆t
∆x

a−(ξ)Xn
j+1(ξ)sgn(ξ)dξ +

∫
R

∆t
∆x

a+(ξ)Xn
j−1(ξ)sgn(ξ)dξ.

To aristerì mèloc pr¸ta,∫
R

fn+1
j (ξ)sgn(ξ)dξ

(2.5)
=
∫
R

|fn+1
j (ξ)|dξ ≥ |

∫
R

fn+1
j (ξ)dξ|

= |un+1
j |

To dexÐ mèloc t¸ra,

|unj |+
∫ unj

0
−∆t

∆x
a+(ξ)sgn(ξ)dξ +

∫ unj

0

∆t
∆x

a−(ξ)sgn(ξ)dξ

+
∫ unj+1

0
−∆t

∆x
a−(ξ)sgn(ξ)dξ +

∫ unj−1

0

∆t
∆x

a+(ξ)sgn(ξ)dξ.

Dhlad , mèqri t¸ra, èqoume deÐxei ìti:
|un+1
j | ≤ |unj |

+
∫ unj

0
−∆t

∆x
a+(ξ)sgn(ξ)dξ +

∫ unj

0

∆t
∆x

a−(ξ)sgn(ξ)dξ

+
∫ unj+1

0
−∆t

∆x
a−(ξ)sgn(ξ)dξ +

∫ unj−1

0

∆t
∆x

a+(ξ)sgn(ξ)dξ.
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AjroÐzoume wc proc j kai ta dÔo mèlh kai k�noume anagwg  twn
omoÐwn oloklhrwm�twn opìte,

+∞∑
j=−∞

|un+1
j | ≤

+∞∑
j=−∞

|unj |

Epagwgik� loipìn,
+∞∑
j=−∞

|unj | ≤
+∞∑
j=−∞

|u0
j |

Pern�me stic L1(R) nìrmec t¸ra kai gia k�je t ∈ [0, T ) èqoume
ìti up�rqei n ∈ N ètsi ¸ste t ∈ [tn, tn+1) opìte:

‖u∆x(t, ·)‖L1(R) =
∫
R

|u∆x(t, x)|dx

=
+∞∑
j=−∞

∫
Cj

|u∆x(t, x)|dxdt =
+∞∑
j=−∞

∆x|unj |

≤
+∞∑
j=−∞

∆x|u0
j | =

+∞∑
j=−∞

|
∫
Cj

u0(x)dx|

≤
+∞∑
j=−∞

∫
Cj

|u0(x)|dx = ‖u0‖L1(R).

– To L∞ fr�gma.
'Eqei  dh apodeiqjeÐ sthn Arq  MegÐstou (L mma 2.2.1) afoÔ
parathr soume ìti u∆x(t, x) = unj ìtan t ∈ [tn, tn+1) kai x ∈ Cj .

• Apìdeixh twn (2.11),(2.13i)
'Eqoume p�li thn (2.2)

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

(
− a+(ξ)Xn

j−1(ξ)− a−(ξ)Xn
j (ξ)

+a+(ξ)Xn
j (ξ) + a−(ξ)Xn

j+1(ξ)
)
.

JewroÔme φ ∈ C∞c (R), φ ≥ 0 kai S kurt  ston R sun�rthsh, orÐzoume
φj = φ(xj) gia j ∈ Z. Pollaplasi�zoume thn (2.2) me φjS

′(ξ) kai
oloklhr¸noume wc proc x.∫

ξ
fn+1
j (ξ)φjS′(ξ)dξ =

∫
ξ
Xn
j (ξ)φjS′(ξ)dξ −

∆t
∆x

{
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∫ unj−1

0
−a+(ξ)φjS′(ξ)dξ+

∫ unj

0
−a−(ξ)φjS′(ξ)dξ+

∫ unj

0
a+(ξ)φjS′(ξ)dξ

+
∫ unj+1

0
a−(ξ)φjS′(ξ)dξ

}
.

Qrhsimopoi¸ntac thn (2.6)

Xn+1
j (ξ)− fn+1

j (ξ) =
∂mn+1

j (ξ)
∂ξ

,

paÐrnoume: ∫
ξ
Xn+1
j (ξ)φjS′(ξ)dξ =

∫
ξ
Xn
j (ξ)φjS′(ξ)dξ

−∆t
∆x

{∫ unj−1

0
−a+(ξ)φjS′(ξ)dξ +

∫ unj

0
−a−(ξ)φjS′(ξ)dξ

+
∫ unj

0
a+(ξ)φjS′(ξ)dξ +

∫ unj+1

0
a−(ξ)φjS′(ξ)dξ

}
+
∫
ξ

∂mn+1
j (ξ)
∂ξ

φjS
′(ξ)dξ.

Anadromik� loipìn èqoume:∫
ξ
Xn+1
j (ξ)φjS′(ξ)dξ =

∫
ξ
X0
j (ξ)φjS′(ξ)dξ

−∆t
∆x

n∑
k=0

{∫ ukj−1

0
−a+(ξ)φjS′(ξ)dξ +

∫ ukj

0
−a−(ξ)φjS′(ξ)dξ

+
∫ ukj

0
a+(ξ)φjS′(ξ)dξ +

∫ ukj+1

0
a−(ξ)φjS′(ξ)dξ

}
+

n∑
k=0

∫
ξ

∂mk+1
j (ξ)
∂ξ

φjS
′(ξ)dξ.

AjroÐzoume t¸ra wc proc j kai paÐrnoume:
∞∑

j=−∞

∫
ξ
Xn+1
j (ξ)φjS′(ξ)dξ =

∞∑
j=−∞

∫
ξ
X0
j (ξ)φjS′(ξ)dξ
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−∆t
∆x

n∑
k=0

∞∑
j=−∞

{∫ ukj−1

0
−a+(ξ)φjS′(ξ)dξ +

∫ ukj

0
−a−(ξ)φjS′(ξ)dξ

+
∫ ukj

0
a+(ξ)φjS′(ξ)dξ +

∫ ukj+1

0
a−(ξ)φjS′(ξ)dξ

}
+

n∑
k=0

∞∑
j=−∞

∫
ξ

∂mk+1
j (ξ)
∂ξ

φjS
′(ξ)dξ.

K�noume t¸ra anagwgèc mèsa sta �gkistra kai:
∞∑

j=−∞

∫
ξ
Xn+1
j (ξ)φjS′(ξ)dξ =

∞∑
j=−∞

∫
ξ
X0
j (ξ)φjS′(ξ)dξ

−∆t
∆x

n∑
k=0

∞∑
j=−∞

{∫ ukj

0
a+(ξ)S′(ξ)(φj − φj+1)dξ

+
∫ ukj

0
a−(ξ)S′(ξ)(φj−1 − φj)ξ

}
+

n∑
k=0

∞∑
j=−∞

∫
ξ

∂mk+1
j (ξ)
∂ξ

φjS
′(ξ)dξ.

'Estw t¸ra t ∈ [0, T ) tìte up�rqei n ∈ N tètoio ¸ste t ∈ [tn, tn+1) kai
h prohgoÔmenh sqèsh mac dÐnei:

∞∑
j=−∞

∫
ξ
Xn
j (ξ)φjS′(ξ)dξ =

∞∑
j=−∞

∫
ξ
X0
j (ξ)φjS′(ξ)dξ

−∆t
∆x

n−1∑
k=0

∞∑
j=−∞

{∫ ukj

0
a+(ξ)S′(ξ)(φj − φj+1)dξ

+
∫ ukj

0
a−(ξ)S′(ξ)(φj−1 − φj)ξ

}

+
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∂mk+1
j (ξ)
∂ξ

φjS
′(ξ)dξ.

ParathroÔme t¸ra :
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– Gia to pr¸to �jroisma.
∞∑

j=−∞

∫
ξ
Xn
j (ξ)φjS′(ξ)dξ

=
1

∆x

∫
ξ

∫
x
X(ξ;u∆x(tn, x))φ(x)S′(ξ)dxdξ

− 1
∆x

∑
j

∫
ξ
S′(ξ)Xn

j (ξ)
∫
Cj

(x− xj)φ′(xj0)dxdξ,

gia k�poia xj0 an�mesa sta x, xj . EÔkola blèpoume ìti h akolou-
jÐa -me deÐkth ∆x- sunart sewn wc proc t(tn):∑

j

∫
ξ
S′(ξ)Xn

j (ξ)
∫
Cj

(x− xj)φ′(xj0)dxdξ,

eÐnai ston L∞([0, T )), eÐnai omoiìmorfa fragmènh kai sugklÐnei,
kaj¸c ∆x→ 0, ston L∞([0, T ))− w? sthn mhdenik  sun�rthsh.

– Gia to deÔtero �jroisma.∑
j

∫
ξ
X0
j (ξ)φjS′(ξ)dξ =

∑
j

∫
ξ
X(ξ;u0

j )(ξ)φjS
′(ξ)dξ

=
∑
j

∫
ξ
X(ξ;

1
∆x

∫
Cj

u0(x)dx)φjS′(ξ)dξ

=
∑
j

φj

(
S(

1
∆x

∫
Cj

u0(x)dx)− S(0)
)

Jensen
≤

∑
j

φj
1

∆x

∫
Cj

S(u0(x))dx−
∑
j

φjS(0)

=
∑
j

φj
1

∆x

∫
Cj

∫
ξ
X(ξ;u0(x))S′(ξ)dξdx−

∑
j

φjS(0)

=
1

∆x

∑
j

∫
ξ

∫
Cj

X(ξ;u0(x))S′(ξ)φ(x)dξdx

+
1

∆x
O(∆x)−

∑
j

φjS(0)
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=
1

∆x

∫
x,ξ
X(ξ;u0(x))S′(ξ)φ(x)dξdx+

1
∆x

O(∆x)−
∑
j

φjS(0).

O ìroc O(∆x) pou emfanÐzetai parap�nw eÐnai anex�rthtoc tou
t(tn) kai kat� sunèpeia sugklÐnei ston L∞([0, T )) − w? sth mh-
denik  sun�rthsh.

– Gia to trÐto �jroisma.
GnwrÐzoume ìti φj − φj+1 = −∆xφ′(xj)−O(∆x2). Opìte:

n−1∑
k=0

∞∑
j=−∞

∫ ukj

0
a+(ξ)S′(ξ)(φj − φj+1)dξ

= −
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a+(ξ)Xk
j (ξ)S′(ξ)φ′(xj)dxdξ

−
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a+(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ

= −
n−1∑
k=0

∫
ξ

∫
x
X(ξ;u∆x(tk, x))φ′(x)S′(ξ)a+(ξ)dxdξ

−
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a+(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ

– Gia to tètarto �jroisma.
GnwrÐzoume ìti φj−1 − φj = −∆xφ′(xj) − O(∆x2). Opìte, ìpwc
kai sto trÐto �jroisma èqoume:

n−1∑
k=0

∞∑
j=−∞

∫ ukj

0
a−(ξ)S′(ξ)(φj−1 − φj)dξ

= −
n−1∑
k=0

∫
ξ

∫
x
X(ξ;u∆x(tk, x))φ′(x)S′(ξ)a−(ξ)dxdξ

−
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a−(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ.
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– Gia to pèmpto �jroisma.
To �jroisma:

n−1∑
k=0

∞∑
j=−∞

∫
ξ

∂mk+1
j (ξ)
∂ξ

φjS
′(ξ)dξ

eÐnai arnhtikì diìti mn+1
j ≥ 0, φj ≥ 0 kai h S eÐnai kurt .

'Etsi loipìn, mazeÔontac tic prohgoÔmenec parathr seic, èqoume ìti:
1

∆x

∫
ξ

∫
x
X(ξ;u∆x(tn, x))φ(x)S′(ξ)dxdξ

− 1
∆x

∑
j

∫
ξ
S′(ξ)Xn

j (ξ)
∫
Cj

(x− xj)φ′(xj0)dxdξ

≤ 1
∆x

∫
x,ξ
X(ξ;u0(x))S′(ξ)φ(x)dξdx+

1
∆x

O(∆x)−
∑
j

φjS(0)

+
∆t
∆x

n−1∑
k=0

∫
ξ

∫
x
X(ξ;u∆x(tk, x))φ′(x)S′(ξ)a+(ξ)dxdξ

+
∆t
∆x

n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a+(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ

+
∆t
∆x

n−1∑
k=0

∫
ξ

∫
x
X(ξ;u∆x(tk, x))φ′(x)S′(ξ)a−(ξ)dxdξ

+
∆t
∆x

n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a−(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ.

Pollaplasi�zontac, t¸ra, me ∆x kai epeid  a−(ξ) + a+(ξ) = a(ξ),
èqoume: ∫

ξ

∫
x
X(ξ;u∆x(tn, x))φ(x)S′(ξ)dxdξ

−
∑
j

∫
ξ
S′(ξ)Xn

j (ξ)
∫
Cj

(x− xj)φ′(xj0)dxdξ

≤
∫
x,ξ
X(ξ;u0(x))S′(ξ)φ(x)dξdx+O(∆x)−∆x

∑
j

φjS(0)
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+∆t
n−1∑
k=0

∫
ξ

∫
x
X(ξ;u∆x(tk, x))φ′(x)S′(ξ)a(ξ)dxdξ

+∆t
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ

Pern¸ntac to ∆t ston proteleutaÐo ìro mèsa sto olokl rwma kai
metatrèpontac ton se ∆t =

∫ tk+1

tk 1dt kai anadiat�ssontac touc para-
p�nw ìrouc paÐrnoume:∫

ξ

∫
x
X(ξ;u∆x(tn, x))φ(x)S′(ξ)dxdξ

≤
∫
x,ξ
X(ξ;u0(x))S′(ξ)φ(x)dξdx

+
n−1∑
k=0

∫ tk+1

tk

∫
ξ

∫
x
X(ξ;u∆x(t, x))φ′(x)S′(ξ)a(ξ)dxdξdt

−
∑
j

∫
ξ
S′(ξ)Xn

j (ξ)
∫
Cj

(x− xj)φ′(xj0)dxdξ

+O(∆x)−∆x
∑
j

φjS(0)

+∆t
n−1∑
k=0

∞∑
j=−∞

∫
ξ

∫
Cj

a(ξ)Xk
j (ξ)S′(ξ)O(∆x2)dxdξ,

  tèloc mazeÔontac touc treic teleutaÐouc ìrouc sthn sun�rthsh Ψ0,∆x

èqoume: ∫
ξ

∫
x
X(ξ;u∆x(tn, x))φ(x)S′(ξ)dxdξ

≤
∫
x,ξ
X(ξ;u0(x))S′(ξ)φ(x)dξdx

+
∫ tn

0

∫
ξ

∫
x
X(ξ;u∆x(t, x))φ′(x)S′(ξ)a(ξ)dxdξdt+ Ψ0,∆x(t).
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• Apìdeixh twn (2.12),(2.13ii)
JewroÔme thn (2.2):

fn+1
j (ξ) = Xn

j (ξ)− ∆t
∆x

(
− a+(ξ)Xn

j−1(ξ)− a−(ξ)Xn
j (ξ)

+a+(ξ)Xn
j (ξ) + a−(ξ)Xn

j+1(ξ)
)
.

Oloklhr¸noume wc proc x qrhsimopoi¸ntac ìti ∫ξ fn+1
j (ξ)dξ = un+1

jkai paÐrnoume:

un+1
j = unj −

∆t
∆x

(∫ unj

0
a+(ξ)dξ −

∫ unj

0
a−(ξ)dξ +

∫ unj+1

0
a−(ξ)dξ

−
∫ unj−1

0
a+(ξ)dξ

)
.

Anadromik� :

unj = u0
j −

∆t
∆x

n−1∑
k=0

(∫ ukj

0
a+(ξ)dξ −

∫ ukj

0
a−(ξ)dξ

+
∫ ukj+1

0
a−(ξ)dξ −

∫ ukj−1

0
a+(ξ)dξ

)
.

JewroÔme sun�rthsh elègqou φ ∈ C∞c (R), orÐzoume φj = φ(xj). Pol-
laplasi�zoume me φj thn parap�nw sqèsh, ajroÐzoume wc proc j kai
pollaplasi�zoume me ∆x. PaÐrnoume:

∆x
∑
j

unj φj = ∆x
∑
j

u0
jφj −∆t

∑
j

φj

n−1∑
k=0

{∫ ukj

0
a+(ξ)dξ

−
∫ ukj

0
a−(ξ)dξ +

∫ ukj+1

0
a−(ξ)dξ −

∫ ukj−1

0
a+(ξ)dξ

}
. (2.19)

ParathroÔme t¸ra gia thn (2.19),
– To pr¸to �jroisma thc (2.19) gÐnetai:

∆x
∑
j

unj φj =
∑
j

unj

∫
Cj

φ(xj)dx

=
∑
j

unj

∫
Cj

φ(x)dx+
∑
j

unj

∫
Cj

φ(xj)− φ(x)dx
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=
∑
j

∫
Cj

u∆x(tn, x)φ(x)dx+
∑
j

unj

∫
Cj

φ(xj)− φ(x)dx

=
∫
R

u∆x(tn, x)φ(x)dx+
∑
j

unj

∫
Cj

φ(xj)− φ(x)dx

O deÔteroc ìroc sthn prohgoÔmenh sqèsh wc sun�rthsh tou t (tn)
fr�ssetai gia k�poia yx,xj an�mesa sta x, xj :
∑
j

|unj |
∫
Cj

|φ(xj)− φ(x)|dx ≤
∑
j

|unj |
∫
Cj

∆x|φ′(yx,xj )|dx

≤
∑
j

|unj |
∫
Cj

∆x‖φ′‖∞dx ≤ ∆x2‖φ′‖∞‖u∆x(tn, ·)‖L1(R)

(2.10)

≤ ∆x2‖φ′‖∞‖u0‖L1(R)

TrÐa sumper�smata prokÔptoun gia to ∑j u
n
j

∫
Cj
φ(xj)−φ(x)dx:

1. EÐnai fragmèno wc sun�rthsh tou t.
2. SugklÐnei kat� shmeÐo sth mhdenik  sun�rthsh, kaj¸c ∆x→

0.
3. SugklÐnei sthn mhdenik  sun�rthsh ston L∞(R)−w?, kaj¸c

∆x→ 0.
– 'Opwc prin, gr�foume ton ìro ∆x

∑
j u

0
jφj thc (2.19) ¸c ex c:

∆x
∑
j

u0
jφj =

∫
R

u0(x)φ(x)dx+
∑
j

∫
Cj

u0(x)(φ(xj)− φ(x))dx.

O deÔteroc ìroc tou ajroÐsmatoc autoÔ eÐnai anex�rthtoc tou t
(tn) kai fr�ssetai:
∑
j

∫
Cj

|u0(x)‖φ(xj)− φ(x)|dx ≤
∑
j

∫
Cj

|u0(x)|∆x|φ′(yxj ,x)dx

≤ ∆x
∑
j

∫
Cj

|u0(x)dx‖φ′‖∞ ≤ ∆x‖u0‖L∞‖φ′‖∞.

'Ara sugklÐnei sth mhdenik  sun�rthsh ston L∞(R)− w?.
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– O trÐtoc ìroc thc (2.19) gr�fetai wc ex c:

∆t
∑
j

n−1∑
k=0

∫
R

φj

(
a+(ξ)Xk

j (ξ)− a−(ξ)Xk
j (ξ)

+a−(ξ)Xk
j+1(ξ)− a+(ξ)Xk

j−1(ξ)
)
dξ

= ∆t
n−1∑
k=0

∫
R

a+(ξ)
∑
j

(
Xk
j (ξ)φj −Xk

j−1φj

)

+a−(ξ)
∑
j

(
Xk
j+1(ξ)φj −Xk

j φj

)
dξ

= ∆t
n−1∑
k=0

∫
R

a+(ξ)
∑
j

Xk
j (ξ)(φj − φj+1)

+a−(ξ)
∑
j

Xk
j (ξ)(φj−1 − φj) =

∆t
n−1∑
k=0

∑
j

∫
R

a+(ξ)(φj −φj+1)Xk
j (ξ) + a−(ξ)(φj−1−φj)Xk

j (ξ)dξ.

Kai fr�ssetai apì:

∆t
n−1∑
k=0

∑
j

∫
R

‖a‖∞|ukj |
(
|φj − φj+1|+ |φj−1 − φj |

)

≤ 2‖a‖∞‖u0‖L∞∆t
n−1∑
k=0

∑
j

|φj − φj+1|

≤ 2‖a‖∞‖u0‖L∞∆t
n−1∑
k=0

∑
j

|
∫ xj+1

xj

φ′(x)dx|

≤ 2‖a‖∞‖u0‖L∞‖φ′‖L1n∆t = 2tn‖a‖∞‖u0‖∞‖φ′‖L1 .

'Opou parathroÔme ìti o ìroc ston opoÐo katal xame eÐnai anex�rth-
toc tou ∆x kai eÐnai suneq c sto t = 0.
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Kat� sunèpeia h (2.19) gÐnetai :∫
R

u∆x(tn, x)φ(x)dx =
∫
R

u0(x)φ(x)dx+ Ψ1,∆x(t),

ìpou,

Ψ1,∆x(t) =
∑
j

unj

∫
Cj

φ(xj)− φ(x)dx+
∑
j

∫
Cj

u0(x)(φ(xj)− φ(x))dx

−∆t
∑
j

φj

n−1∑
k=0

{∫ ukj

0
a+(ξ)dξ −

∫ ukj

0
a−(ξ)dξ

+
∫ ukj+1

0
a−(ξ)dξ −

∫ ukj−1

0
a+(ξ)dξ

}
,

me Ψ1,∆x na sugklÐnei ston L∞(R)− w? ìpwc sthn ekf¸nhsh.
Kai ètsi apodeÐxame tic (2.12), (2.13 ii).

DeÐxame loipìn ìti isqÔoun ìlec oi proôpojèseic tou Jewr matoc 2.2.1, ètsi
èqoume thn zhtoÔmenh sÔgklish tou sq matoc mac. 2



60 Kef�laio2 : Sq ma Engquist-Oscher se mÐa di�stash



Kef�laio 3

Sq ma Engquist-Oscher
Peperasmènou 'Ogkou

3.1 H Kinhtik  morf  thc Diaforik c ExÐswshc

Ac jewr soume èna Nìmo Diat rhshc se dÔo qwrikèc diast�seic.
ut(t, x, y) + f1(u(t, x, y))x + f2(u(t, x, y))y = 0, t > 0, x ∈ R, y ∈ R, (3.1)
me f1, f2 omalèc sunart seic ro c kai u(·, ·, ·) h �gnwsth pragmatik  sun�rthsh.
JewroÔme epÐshc tic arqikèc sunj kec :

u(x, y, 0) = u0(x, y) ∈ L1(R2) ∩ L∞(R2). (3.2)
'Opwc sthn perÐptwsh thc mÐac di�stashc h asjen c lÔsh den eÐnai monadik�

orismènh. Gia na exasfalÐsoume thn monadikìthta thc asjenoÔc lÔshc, e-
fodi�zoume thn Diaforik  ExÐswsh me thn pl rh oikogèneia twn anisot twn
entropÐac. Zht�me, loipìn, apì tic asjeneÐc lÔseic tou probl matoc (3.1),(3.2)
na ikanopoioÔn, me thn ènnoia twn katanom¸n, thn pl rh oikogèneia anisot twn
entropÐac:

∂S(u(t, x, y))
∂t

+
∂η1(u(t, x, y))

∂x
+
∂η2(u(t, x, y))

∂y
≤ 0,

ìpou S ∈ C2(R) kurt  sun�rthsh entropÐac kai η1, η2 ∈ C1(R) oi antÐstoiqec
roèc entropÐac pou orÐzontai apì tic sqèseic:

η′1(ξ) = S′(ξ)f ′1(ξ), η′2(ξ) = S′(ξ)f ′2(ξ).

61
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An�loga me thn perÐptwsh thc mÐac di�stashc ètsi kai ed¸ h Kinhtik 
morf  thc Diaforik c ExÐswshc ja eÐnai:
∂X(ξ;u(t, x, y))

∂t
+ f ′1(ξ)

∂X(ξ;u(t, x, y))
∂x

+ f ′2(ξ)
∂X(ξ;u(t, x, y))

∂y
=

=
∂m(t, x, y, ξ)

∂ξ
, (3.3)

pou isqÔei me thn ènnoia twn katanom¸n ston R2
x,y × [0, T )×Rξ, ìpou m eÐ-

nai mh-arnhtikì fragmèno mètro, X(ξ, u) h sun�rthsh puknìthtac orismènh
ìpwc kai sto Kef�laio 1.
'Opwc sto Kef�laio 1, ètsi kai ed¸ orÐzoume thn Kinhtik  lÔsh thc Di-
aforik c ExÐswshc :
Orismìc 3.1.1 H sun�rthsh

f(t, x, y, ξ) ∈ L∞
(

[0, T )× L∞(R3
x,y,ξ) ∩ L1(R3

x,y,ξ)
)
,

lègetai kinhtik  lÔsh tou probl matoc (3.1),(3.2) ìtan eÐnai lÔsh me thn
ènnoia twn katanom¸n tou probl matoc

∂f

∂t
(t, x, y, ξ)+f ′1(ξ)

∂f

∂x
(t, x, y, ξ)+f ′2(ξ)

∂f

∂y
(t, x, y, ξ) =

∂m

∂ξ
(t, x, y, ξ), (3.4)

me arqikèc sunj kec:

f(0, x, y, ξ) = X(ξ;u0(x, y)), u0(x, y) ∈ L1 ∩ L∞(R2)

dhlad  ìtan ikanopoieÐ thn sqèsh:∫ +∞

0

∫
R3

f(t, x, y, ξ)
[∂φ
∂t

(t, x, y, ξ) + f ′1(ξ)
∂φ

∂x
(t, x, y, ξ)

+f ′2(ξ)
∂φ

∂y
(t, x, y, ξ)

]
dxdydξdt

=
∫ +∞

0

∫
R3

m(t, x, y, ξ)
∂φ

∂ξ
(t, x, y, ξ)dxdydξdt

−
∫
R3

X(ξ;u0(x, y))φ(0, x, y, ξ)dxdydξ, (3.5)

gia ìlec tic sunart seic elègqou φ(t, x, y, ξ) ∈ C∞c
(

[0, T )×R3
x,y,ξ

)
, kai ìtan

epiplèon ikanopoieÐ tic sunj kec:

|f(t, x, y, ξ)| = sgn(ξ)f(t, x, y, ξ) ≤ 1, (3.6)
∂f

∂ξ
(t, x, y, ξ) = δ(ξ)− ν(t, x, y, ξ), (3.7)
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me ν(t, x, y, ξ) mh-arnhtikì mètro tètoio ¸ste
∫
R
ν(t, x, y, ξ)dξ = 1 gia ìla

ta t, x, y.

'Opwc  dh èqoume jÐxei, to Je¸rhma Monadikìthtac (Je¸r.1.2.1), isqÔei
kai se perissìterec apì mÐa qwrikèc diast�seic. To epanalamb�noume loipìn
qwrÐc apìdeixh.
Je¸rhma 3.1.1 (Monadikìthta twn kinhtik¸n lÔsewn)

'Estw f(t, x, y, ξ) ∈ L∞
(

[0, T );L∞(R3
x,y,ξ)∩L1(R3

x,y,ξ)∩L∞(R2
x,y;L

1(Rξ))
)

kinhtik  lÔsh tou probl matoc (3.1),(3.2) tètoia ¸ste, gia sqedìn k�je t >
0, gia k�je kurt  sun�rthsh entropÐac S(ξ) kai gia ìlec tic mh-arnhtikèc
sunart seic elègqou φ ∈ C∞c (R2) na ikanopoieÐ:∫

R3

f(t, x, y, ξ)φ(x, y)S′(ξ)dxdydξ

+
∫ t

0

∫
R3

f ′1(ξ)
∂φ(x, y)
∂x

S′(ξ)f(τ, x, y, ξ)dτdξdxdy

+
∫ t

0

∫
R3

f ′2(ξ)
∂φ(x, y)
∂y

S′(ξ)f(τ, x, y, ξ)dτdξdxdy

≤
∫
R3

X(ξ;u0(x, y))φ(x, y)S′(ξ)dxdydξ, (3.8)∫
R2

u(t, x, y)φ(x, y)dxdy t→0−→
∫
R2

u0(x, y)φ(x, y)dxdy. (3.9)

Tìte f(t, x, y, ξ) = X(ξ;u(t, x, y)), ìpou u(t, x, y) eÐnai h lÔsh entropÐac tou

probl matoc (3.1),(3.2) kai u(t, x, y) t→0−→ u0(x, y) ston Lploc(R
2), 1 ≤ p ≤ ∞

kai eidikìtera f(t, x, y, ξ) t→0−→ X(ξ;u0(x, y)) ston Lploc(R
3), 1 ≤ p ≤ ∞.

Proqwr�me t¸ra sto sq ma mac, afoÔ pr¸ta d¸soume merikoÔc aparaÐth-
touc sumbolismoÔc-orismoÔc pou aforoÔn sth JewrÐa Sqhm�twn Peperas-
mènou 'Ogkou.

3.2 SumbolismoÐ

• Me Th ja sumbolÐzoume thn oikogèneia twn mh-ken¸n, anoikt¸n, mh-
epikaluptìmenwn, trig¸nwn tou R2 tètoiwn ¸ste:

∪K∈ThK̄ = R
2,

kai tètoiwn ¸ste kamÐa koruf  enìc na tèmnei eswterik� pleur� enìc
�llou.



64 Kef�laio3 : Sq ma Engquist-Oscher Peperasmènou 'Ogkou

• An K ∈ Th, tìte me ∂K ja sumbolÐzoume to sÔnolo twn pleur¸n tou
K.

• Gia k�je pleur� e trig¸nou K, sumbolÐzoume me νe,K to monadiaÐo
exwterikì k�jeto tou trig¸nou sthn pleur� aut n.
• Me Γh sumbolÐzoume to sÔnolo twn pleur¸n ìlwn twn trig¸nwn thc
oikogèneiac Th.
• Dosmènhc pleur�c e enìc trig¸nou K, sumbolÐzoume me Ke to monadikì
trÐgwno thc oikogèneiac Th pou sunoreÔei me to trÐgwno K sthn pleur�
e.
• SumbolÐzoume to embadìn enìc trig¸nou K me |K| kai to m koc thc
pleur�c e autoÔ me |e|.

• SumbolÐzoume me hK thn <<di�metro>> tou trig¸nou K. OrÐzoume h =
supK∈Th hK (anex�rthth apì thn par�metro diakritopoÐhshc h) kai up-
ojètoume ìti h < 1.
• Kanonik  onom�zetai mÐa oikogèneia Th ìtan up�rqei stajer� γ ètsi
¸ste :

hK ≤ γpK , ∀K ∈ Th,

ìpou pK eÐnai h di�metroc thc mègisthc mp�llac B pou perièqetai sto
trÐgwno K.

�
�
�
�
�

@
@
@
@
@

@
@

@
@
@

�
�

�
�
� -

K
νe,K

e

Ke

3.3 To sq ma Engquist-Oscher.

OrÐzoume δ na eÐnai to b ma sto qrìno kai tn = nδ.
OrÐzoume, epÐshc, a(·) =

(
f ′1(·)
f ′2(·)

)
.
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H pr�xh · pou efex c ja emfanÐzetai ja ekfr�zei to sÔnhjec eswterikì
ginìmeno tou R2.
To sq ma pou ja doulèyoume ja eÐnai to Engquist-Oscher sq ma Peperasmè-
nou 'Ogkou, dhlad  ja anazht soume mÐa kat�-tm mata stajer  sun�rthsh
uh me

uh(t, x, y) = unK , sto K × [tn, tn+1)

kai unK orismèno anadromik� apì thn:

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|gK(unK , u
n
Ke), gia n > 0, (3.10)

me arqikèc proseggÐseic orismènec wc:

u0
K =

1
|K|

∫
K
u0(x, y)dxdy, (3.11)

kai gK(·, ·) na eÐnai h Engquist-Oscher arijmhtik  ro  orismènh wc ex c:

gK(u, v) =
∫ u

0
(νe,K · a(s))+ds+

∫ v

0
(νe,K · a(s))−ds. (3.12)

Sunep¸c to Engquist-Oscher sq ma pou ja doulèyoume eÐnai:

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|
{∫ unK

0
(νe,K · a(s))+ds+

∫ unKe

0
(νe,K · a(s))−ds

}
.

(3.13)
MporoÔme t¸ra, akolouj¸ntac to Je¸rhma 2.1.1 na eis�goume thn Kin-

htik  Morf  tou sq matoc mac. 'Eqoume loipìn :
Je¸rhma 3.3.1 (Sq ma Kinhtik c Morf c)
Jètontac:

• u0
K = 1

|K|
∫
K u0(x, y)dxdy kai

• un+1
K =

∫
R
fn+1
K (ξ)dξ me fn+1

K (ξ) na orÐzetai anadromik� apì thn:

fn+1
K (ξ) = Xn

K(ξ)− δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)

+(νe,K · a(ξ))−Xn
Ke(ξ)

}
, (3.14)

ìpou Xn
K(ξ) = X(ξ, unK).
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Tìte h unK ikanopoieÐ to Engquist-Oscher sq ma:

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|gK(unK , u
n
Ke), gia k�je n ≥ 1.

M�lista h sqèsh (3.14) ja onom�zetai sto ex c kinhtik  morf  tou sq matoc
mac.

Apìdeixh
Oloklhr¸noume thn (3.14) wc proc x,∫

R

fn+1
K (ξ)dξ =

∫
R

Xn
K(ξ)dξ − δ

|K|
∑
e∈∂K

|e|
{∫

R

(νe,K · a(ξ))+X
n
K(ξ)dξ

+
∫
R

(νe,K · a(ξ))−Xn
Ke(ξ)dξ

}
,

isodÔnama,

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|
{∫ unK

0
(νe,K · a(ξ))+dξ

+
∫ unKe

0
(νe,K · a(ξ))−dξ

}
,

pou gÐnetai tèloc, qrhsimopoi¸ntac ton orismì thc gK(·, ·),

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|gK(unK , u
n
Ke).

DeÐxame loipìn poi� ja eÐnai h morf  tou KinhtikoÔ Sq matoc mac. 2

K�poiec parathr seic qr simec gia thn sunèqeia eÐnai oi ex c:
• 'Eqoume ìti: ∑

e∈∂K
|e|gK(unK , u

n
K) = 0. (3.15)

Apìdeixh
Gia a, b ∈ R, orÐzoume gia k�je x ∈ R, φ(x) = (a, b), ∀x ∈ K me
a, b ∈ R. Tìte divφ(x) = 0, ∀x ∈ K. Opìte:

0 =
∫
K
divφ(x)dx =

∫
∂K

φ · n =
∑
e∈∂K

∫
e
φ · n =

∑
e∈∂K

|e|φ · νe,K
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=
( ∑
e∈∂K

|e|νe,K
)
· φ.

'Ara ∑e∈∂K |e|νe,K = 0, sunep¸c
(∑

e∈∂K |e|νe,K
)
·a(s) = 0, gia k�je

s ∈ R, dhlad  ∑e∈∂K |e|
∫ unK

0 νe,K · a(s)ds = 0   alli¸c:∑
e∈∂K

|e|gK(unK , u
n
K) = 0.

• To sq ma (3.10) mporeÐ na grafeÐ qrhsimopoi¸ntac thn (3.15), sthn
morf :

un+1
K = unK −

δ

|K|
∑
e∈∂K

|e|
(
gK(unK , u

n
Ke)− g

K(unK , u
n
K)
)
. (3.16)

• Kat� sunèpeia h kinhtik  morf  (3.14) tou sq matoc mporeÐ na grafeÐ,
epanalamb�nontac thn apìdeixh tou Jewr matoc (3.3.1), wc ex c:

fn+1
K (ξ) = Xn

K(ξ)− δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)

+(νe,K · a(ξ))−Xn
Ke(ξ)− (νe,K · a(ξ))+X

n
K(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
. (3.17)

*Par� thn faner  aplopoÐhsh dÔo ìrwn mèsa sta �gkistra, ja krat -
soume thn (3.17) ¸c èqei.

SuneqÐzoume t¸ra me dÔo L mmata. Sto pr¸to deÐqnoume, qrhsimopoi¸n-
tac thn kinhtik  morf  tou sq matoc, ìti ikanopoieÐtai h Arq  MegÐstou kai
sto deÔtero ìti ikanopoioÔntai oi Anisìthtec EntropÐac.
L mma 3.3.1 (Arq  MegÐstou)
Me C.F.L sunj kh:

sup
|ξ|≤‖u0‖L∞

δ

|K|
∑
e∈∂K

|e‖νe,K · a(ξ)| < 1,

èqoume ìti:

|unK | ≤ ‖u0‖L∞(R2),

gia k�je K ∈ Th kai gia k�je n ∈ N.
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Apìdeixh(Me epagwg )
• EÔkola blèpoume ìti |u0

K | ≤ ‖u0‖L∞(R2).

• An t¸ra |unK | ≤ ‖u0‖L∞(R2), èqoume ìti gia k�je K ∈ Th mporoÔme na
gr�youme thn (3.17) sthn morf :

fn+1
K (ξ) = Xn

K(ξ)− δ

|K|
∑
e∈∂K

|e|
{
|νe,K · a(ξ)|Xn

K(ξ)

+(νe,K · a(ξ))−Xn
Ke(ξ)− (νe,K · a(ξ))+X

n
K(ξ)

}
.

IsodÔnama:

fn+1
K (ξ) =

(
1− δ

|K|
∑
e∈∂K

|e‖νe,K · a(ξ)|
)
Xn
K(ξ)

+
δ

|K|
∑
e∈∂K

|e|(νe,K · a(ξ))+X
n
K(ξ)

− δ

|K|
∑
e∈∂K

|e|(νe,K · a(ξ))−Xn
Ke(ξ).

Oloklhr¸noume t¸ra wc proc x:

un+1
K =

∫ unK

0
1− δ

|K|
∑
e∈∂K

|e‖νe,K · a(ξ)|︸ ︷︷ ︸
+

dξ

+
∫ unK

0

δ

|K|
∑
e∈∂K

|e|(νe,K · a(ξ))+︸ ︷︷ ︸
+

dξ

+
∫ unKe

0
− δ

|K|
∑
e∈∂K

|e|(νe,K · a(ξ))−︸ ︷︷ ︸
+

dξ.

– Aux�noume ta �nw �kra twn oloklhrwm�twn èwc supK unK kai
paÐrnoume ìti un+1

K ≤ supK unK , gia k�je K,n.
– Mei¸noume ta �nw �kra twn oloklhrwm�twn èwc infK unK kai

paÐrnoume ìti un+1
K ≥ infK unK , gia k�je K,n.
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Opìte deÐxame ìti |un+1
K | ≤ supK |unK | gia k�je K,n. Sunep¸c apì

epagwgik  upìjesh èqoume ìti |un+1
K | ≤ ‖u0‖L∞(R2).

Kai h apìdeixh oloklhr¸jhke. 2

L mma 3.3.2 (Anisìthtec EntropÐac)
Gia k�je sun�rthsh entropÐac S ∈ C2(R) kai gia η1, η2 ∈ C1(R) tic antÐs-
toiqec roèc entropÐac èqoume:

S(un+1
K )− S(unK) +

δ

|K|
∑
e∈∂K

|e|
{
ηe,K(unK , u

n
Ke)

−ηe,K(unK , u
n
K)
}
≤ 0, (3.18)

  akribèstera:

Xn+1
K (ξ)−Xn

K(ξ) +
δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
=
∂mn+1

K (ξ)
∂ξ

, (3.19)

ìpou ηe,K(u, v) =
∫ u

0 (νe,K · a(ξ))+S
′(ξ)dξ +

∫ v
0 (νe,K · a(ξ))−S′(ξ)dξ eÐnai h

arijmhtik  ro  entropÐac se dÔo diast�seic kai mn+1
K (·) eÐnai kat�llhlec

mh-arnhtikèc fragmènec sunart seic me sumpag  forèa.

Apìdeixh
Gr�foume thn (3.17) sthn morf :

fn+1
K (ξ) =

(
1− δ

|K|
∑
e∈∂K

|e‖νe,K · a(ξ)|
)
Xn
K(ξ)

+
δ

|K|
∑
e∈∂K

−|e|(νe,K · a(ξ))−Xn
Ke(ξ)

+
δ

|K|
∑
e∈∂K

|e|(νe,K · a(ξ))+X
n
K(ξ),

eÐnai, dhlad , h fn+1
K , kurtìc sunduasmìc twn Xn

K , X
n
Ke

me e ∈ ∂K.
Sunep¸c :

0 ≤ fn+1
K (ξ)sgn(ξ) = |fn+1

K (ξ)| ≤ 1. (3.20)
SuneqÐzoume orÐzontac gia k�je K ∈ Th,

mn+1
K (ξ) =

∫ ξ

−∞
Xn+1
K (s)− fn+1

K (s)ds,
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qrhsimopoi¸ntac, t¸ra, to Je¸rhma Paragwgisimìthtac tou Lebesque è-
qoume,

∂mn+1
K (ξ)
∂ξ

= Xn+1
K (ξ)− fn+1

K (ξ). (3.21)
ParathroÔme ìti mn+1

K (ξ) ≥ 0 gia k�je ξ anexart twc pros mou tou un+1
K ,

diìti h mn+1
K (ξ) eÐnai suneq c sto R kai aÔxousa sto (−∞, un+1

k ), fjÐnousa
sto (un+1

K ,+∞) kai h tim  thc sta ±∞ eÐnai mhdenik  diìti oi foreÐc twn
Xn+1
K (ξ), fn+1

K (ξ) eÐnai peperasmènoi.
AntikajistoÔme t¸ra thn (3.21) sthn (3.17) kai èqoume:

Xn+1
K (ξ)−Xn

K(ξ) +
δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
=
∂mn+1

K (ξ)
∂ξ

,

pou eÐnai h zhtoÔmenh sqèsh (3.19).
SuneqÐzoume prosjafair¸ntac ton ìro (νe,K ·a(ξ))+X

n
K(ξ) kai h (3.19) gÐne-

tai:
Xn+1
K (ξ)−Xn

K(ξ) +
δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

+(νe,K · a(ξ))+X
n
K(ξ)− (νe,K · a(ξ))+X

n
K(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
=
∂mn+1

K (ξ)
∂ξ

.

Pollaplasi�zoume t¸ra me S′(ξ) kai oloklhr¸noume wc proc x,∫
R

Xn+1
K (ξ)S′(ξ)dξ −

∫
R

Xn
K(ξ)S′(ξ)dξ +

δ

|K|
∑
e∈∂K

|e|
{

∫
R

(νe,K · a(ξ))−Xn
Ke(ξ)S

′(ξ)dξ +
∫
R

(νe,K · a(ξ))+X
n
K(ξ)S′(ξ)dξ

−
∫
R

(νe,K · a(ξ))+X
n
K(ξ)S′(ξ)dξ −

∫
R

(νe,K · a(ξ))−Xn
K(ξ)S′(ξ)dξ

}
=
∫
R

∂mn+1
K (ξ)
∂ξ

S′(ξ)dξ.

Apì touc orismoÔc twn Xn
K(·), ηe,K(·, ·) èqoume:

S(un+1
K )− S(unK) +

δ

|K|
∑
e∈∂K

|e|
{
ηe,K(unK , u

n
Ke)

−ηe,K(unK , u
n
K)
}

=
∫
R

∂mn+1
K (ξ)
∂ξ

S′(ξ)dξ.
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KleÐnoume parathr¸ntac ìti to dexÐ mèloc eÐnai arnhtikì, lìgw thc kurtìth-
tac thc S(·) kai tou pros mou thc mn+1

K (·), mn+1
K (ξ) ≥ 0 gia k�je ξ.

'Ara:

S(un+1
K )− S(unK) +

δ

|K|
∑
e∈∂K

|e|
{
ηe,K(unK , u

n
Ke)

−ηe,K(unK , u
n
K)
}
≤ 0,

pou eÐnai h zhtoÔmenh sqèsh (3.18). 2

'Eqontac apodeÐxei tic prohgoÔmenec idiìthtec gia to arijmhtikì sq ma
mporoÔme na proqwr soume sto ousiastikì mèroc thc ergasÐac aut c. Ja
orÐsoume thn proseggistik  lÔsh uh tou probl matoc mac kai se dÔo Jew-
r mata ja melet soume thn sÔgklish aut c sthn lÔsh EntropÐac tou prob-
l matoc.

Orismìc 3.3.1 OrÐzoume thn proseggistik  lÔsh tou probl matoc mac, na
eÐnai h kat�-tm mata stajer  sun�rthsh uh orismènh wc:

uh(t, x, y) = unK , ìtan t ∈ [tn, tn+1), kai (x, y) ∈ K.

Je¸rhma 3.3.2 (To bohjhtikì Je¸rhma)
'Estw ìti h oikogèneia proseggistik¸n lÔsewn uh(t, x, y) ∈ L∞(0, T ;L1(R2))
ikanopoieÐ gia k�poia stajer� Km, k�poia katanom  Ψh(t, x, y, ξ), k�poio
mètro mh(t, x, y, ξ) kai k�poiec sunart seic Ψ0,h(t),Ψ1,h(t) tic parak�tw
idiìthtec:

∂X(ξ;uh(t, x, y))
∂t

+ f ′1(ξ)
∂X(ξ;uh(t, x, y))

∂x
+ f ′2(ξ)

∂X(ξ;uh(t, x, y))
∂y

=
∂mh(t, x, y, ξ)

∂ξ
+ Ψh(t, x, y, ξ), (3.22)

Ψh(t, x, y, ξ) h→0−→ 0 me thn ènnoia twn katanom¸n, (3.23)
mh(t, x, y, ξ) ≥ 0, ‖mh‖M1 ≤ 2‖u0‖L1(R2)‖u0‖L∞(R2), (3.24)
gia k�je t ∈ [0, T ) ta parak�tw omoiìmorfa fr�gmata,

‖uh(t, ·, ·)‖L1(R2) ≤ ‖u0‖L1(R2), ‖uh(t, ·, ·)‖L∞(R2) ≤ ‖u0‖L∞(R2), (3.25)∫
R3

X(ξ;uh(t, x, y))φ(x, y)S′(ξ)dxdydξ

+
∫ t

0

∫
R3

f ′1(ξ)φx(x, y)S′(ξ)X(ξ;uh(τ, x))dxdydξdτ
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+
∫ t

0

∫
R3

f ′2(ξ)φy(x, y)S′(ξ)X(ξ;uh(τ, x))dxdydξdτ

≤
∫
R3

X(ξ;u0(x, y))φ(x, y)S′(ξ)dxdydξ + Ψ0,h(t), (3.26)∫
R2

uh(t, x, y)φ(x, y)dxdy =
∫
R2

u0(x, y)φ(x, y)dxdy + Ψ1,h(t),(3.27)

gia ìlec tic mh-arnhtikèc sunart seic elègqou φ ∈ C∞c (R2) kai tic kurtèc
sunart seic entropÐac S(·). Epiplèon Ψi,h, i = 0, 1 eÐnai fragmènec sunart -
seic me thn idiìthta:

Ψ0,h(t) h→0−→ 0 ston L∞([0, T ))− w?,

Ψ1,h(t) h→0−→ Ψ1(t) ston L∞([0, T ))− w?, (3.28)
me Ψ1(t) suneq  kai Ψ1(0) = 0.

Tìte, kaj¸c h → 0, h uh(t, x, y) sugklÐnei isqur� ston Lploc([0, T ] ×
R

2), 1 ≤ p < ∞ gia ìla ta T > 0, sthn monadik  lÔsh entropÐac tou
probl matoc (3.1),(3.2).

Apìdeixh
JewroÔme Ω na eÐnai Ω = [0, T )× R3.
• B ma 1
IsqÔei ìti |X(ξ;uh(t, x, y))| ≤ 1 gia k�je (t, x, y, ξ) ∈ Ω opìte up�rqei
sun�rthsh f ∈ L∞(Ω) ètsi ¸ste:

X(ξ;uh(t, x, y)) h→0−→ f(t, x, y, ξ), ston L∞(Ω)− w?,

epiplèon:
uh(t, x, y) h→0−→

∫
Rξ

f(t, x, y, ξ)dξ, ston L∞((0, T )× R2)− w?.

Apì thn (3.24) exasfalÐzoume thn Ôparxh enìc mh-arnhtikì mètro m ∈
M(Ω) tètoiou ¸ste:

mh(t, x, y, ξ) h→0−→ m(t, x, y, ξ), ston M(Ω)− w?.

Gr�foume t¸ra thn (3.22) me thn ènnoia twn katanom¸n kai pern�me sto
ìrio kaj¸c h→ 0 opìte prokÔptei, ìpwc kai sto antÐstoiqo Je¸rhma
2.2.1 tou Kef. 2 ìti:∫

Ω
f(t, x, y, ξ)φt(t, x, y, ξ) +

∫
x,y,ξ

f(0, x, y, ξ)φ(0, x, y, ξ)
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+
∫

Ω
f ′1(ξ)f(t, x, y, ξ)φx(t, x, y, ξ) +

∫
Ω
f ′2(ξ)f(t, x, y, ξ)φy(t, x, y, ξ)

=
∫

Ω
m(t, x, y, ξ)φξ(t, x, y, ξ),

pou eÐnai h sqèsh (3.5).
• B ma 2
Pern�me sto ìrio stic sqèseic
(3.26): ∫

R3

X(ξ;uh(t, x, y))φ(x, y)S′(ξ)dxdydξ

+
∫ t

0

∫
R3

f ′1(ξ)φx(x, y)S′(ξ)X(ξ;uh(τ, x))dxdydξdτ

+
∫ t

0

∫
R3

f ′2(ξ)φy(x, y)S′(ξ)X(ξ;uh(τ, x))dxdydξdτ

≤
∫
R3

X(ξ;u0(x, y))φ(x, y)S′(ξ)dxdydξ + Ψ0,h(t),

kai (3.27):∫
R2

uh(t, x, y)φ(x, y)dxdy =
∫
R2

u0(x, y)φ(x, y)dxdy + Ψ1,h(t)

kai prokÔptoun antÐstoiqa oi sqèseic
(3.8): ∫

R3

f(t, x, y, ξ)φ(x, y)S′(ξ)dxdydξ

+
∫ t

0

∫
R3

f ′1(ξ)
∂φ(x, y)
∂x

S′(ξ)f(τ, x, y, ξ)dτdξdxdy

+
∫ t

0

∫
R3

f ′2(ξ)
∂φ(x, y)
∂y

S′(ξ)f(τ, x, y, ξ)dτdξdxdy

≤
∫
R3

X(ξ;u0(x, y))φ(x, y)S′(ξ)dxdydξ,

kai (3.9):∫
R2

u(t, x, y)φ(x, y)dxdy t→0−→
∫
R2

u0(x, y)φ(x, y)dxdy.
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• B ma 3
EÔkola èqoume,

0 ≤ sgn(ξ)X(ξ;uh(t, x, y)) ≤ 1,

opìte pern¸ntac sto ìrio kaj¸c t→ 0 èqoume:
0 ≤ sgn(ξ)f(t, x, y, ξ) ≤ 1,

pou eÐnai h sqèsh (3.6).
EpÐshc,

∂X(ξ;uh(t, x, y))
∂ξ

= δ(ξ)− δ(uh(t, x, y)− ξ) (Par. 7),

pern¸ntac sto ìrio t→ 0 prokÔptei:
∂f

∂ξ
(t, x, y, ξ) = δ(ξ)− ν(t, x, y, ξ),

me ν mh-arnhtikì me monadiaÐa m�za wc proc x mètro, pou eÐnai h sqèsh
(3.7).
• B ma 4
KleÐnoume me tic Lp sugklÐseic, ìpwc sto Kef�laio 2.
Epanalamb�nontac thn apìdeixh tou antÐstoiqou b matoc tou BohjhtikoÔ
Jewr matoc (Jewr. 2.2.1) tou Kef. 2 èqoume ìti h uh(t, x, y) sugklÐnei
sthn u(t, x, y) isqur�.

'Etsi teleÐwse h apìdeixh tou BohjhtikoÔ Jewr matoc. 2

Je¸rhma 3.3.3 (To Basikì Je¸rhma)
Upojètoume thn C.F.L sunj kh:

sup
|ξ|≤‖u0‖L∞

δ

|K|
∑
e∈∂K

|e‖νe,K · a(ξ)| ≤ 1.

To arijmhtikì sq ma:

un+1
K = unK −

δ

K

∑
e∈∂K

|e|gK(unK , u
n
Ke)

ikanopoieÐ ta parak�tw:

• Oi proseggistikèc lÔseic eÐnai L∞ fragmènec(Arq  MegÐstou).
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• IsqÔoun ìlec oi Topikèc Sunj kec EntropÐac.

• Kaj¸c h → 0 h uh(·, ·, ·) sugklÐnei ston Lploc([0, T ] × R2), ∀1 ≤ p <
∞, ∀T > 0 sthn monadik  lÔsh entropÐac tou probl matoc (3.1),(3.2).

Apìdeixh
'Eqoume mèqri t¸ra deÐxei ìti to arijmhtikì sq ma mac ikanopoieÐ tic Topikèc
Sunj kec EntropÐac kai thn Arq  MegÐstou. Mènei na deÐxoume ìti ikanopoieÐ
kai tic apait seic tou BohjhtikoÔ Jewr matoc (Jewr. 3.3.2) opìte kai ja
èqoume apodeÐxei kai thn zhtoÔmenh sÔgklish.
• Xekin�me orÐzontac ta mètra mh pou emfanÐzontai sto Jewr.3.3.2. OrÐ-
zoume

mh(t, x, y, ξ) =
1
δ
mn+1
K (ξ), ìtan (x, y) ∈ K kai t ∈ (tn, tn+1],

ètsi èqoume mn+1
K (ξ) =

∫ tn+1

tn mh(t, x, y, ξ)dt, gia k�je x ∈ K.
• Apìdeixh thc (3.22)
PaÐrnoume thn (3.19) pou èqei apodeiqjeÐ sto L mma 3.3.2:

Xn+1
K (ξ)−Xn

K(ξ) +
δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
=
∂mn+1

K (ξ)
∂ξ

.

JewroÔme φ(t, x, y, ξ) ∈ C∞c (Ω) kai orÐzoume φnK(ξ) = φ(tn, xK , yK , ξ)
ìpou xK , yK oi suntetagmènec tou kèntrou b�rouc tou trig¸nou K.
Pollaplasi�zoume me |K|φnK(ξ) thn prohgoÔmenh sqèsh kai oloklhr¸noume
wc proc x:∫

ξ
|K|
(
Xn+1
K (ξ)−Xn

K(ξ)
)
φnK(ξ)dξ +

∫
ξ
δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)− (νe,K · a(ξ))−Xn

K(ξ)
}
φnK(ξ)dξ

=
∫
ξ

∂mn+1
K (ξ)
∂ξ

|K|φnK(ξ)dξ.

AjroÐzoume wc proc K kai n kai paÐrnoume:∑
K,n

∫
ξ
|K|(Xn+1

K (ξ)−Xn
K(ξ))φnK(ξ)dξ +

∑
K,n

∫
ξ
δ
∑
e∈∂K

|e|
{



76 Kef�laio3 : Sq ma Engquist-Oscher Peperasmènou 'Ogkou

(νe,K · a(ξ))−Xn
Ke(ξ)− (νe,K · a(ξ))−Xn

K(ξ)
}
φnK(ξ)dξ

=
∑
K,n

∫
ξ

∂mn+1
K (ξ)
∂ξ

|K|φnK(ξ)dξ. (3.29)

1. To pr¸to �jroisma thc (3.29):∑
K,n

∫
ξ
|K|(Xn+1

K (ξ)−Xn
K(ξ))φnK(ξ)dξ

= −
∑
K,n

∫
ξ
|K|(φn+1

K (ξ)− φnK(ξ))Xn+1
K (ξ)dξ︸ ︷︷ ︸

A

−
∑
K

∫
ξ
|K|X0

K(ξ)φ0
K(ξ)dξ.︸ ︷︷ ︸

B

PaÐrnoume to A kai:

A = −
∑
K,n

∫
ξ
|K|(φn+1

K (ξ)− φnK(ξ))Xn
K(ξ)dξ︸ ︷︷ ︸

A1

−
∑
K,n

∫
ξ
|K|(φn+1

K (ξ)− φnK(ξ))(Xn+1
K (ξ)−Xn

K(ξ))dξ︸ ︷︷ ︸
A2

T¸ra paÐrnoume to A1 kai èqoume:

A1 = −
∑
K,n

∫
ξ
|K|

∫ tn+1

tn
φt(t, xK , yK , ξ)dtXn

K(ξ)dξ

= −
∑
K,n

∫
ξ

∫
K

∫ tn+1

tn
φt(t, xK , yK , ξ)X(ξ;uh(t, x, y))dtdxdydξ

= −
∑
K,n

∫
ξ

∫
K

∫ tn+1

tn
φt(t, x, y, ξ)X(ξ;uh(t, x, y))dtdxdydξ

−
∑
K,n

∫
ξ

∫
K

∫ tn+1

tn
X(ξ;uh(t, x, y))
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(
φt(t, xK , yK , ξ)− φ(t, x, y, ξ)

)
dtdxdydξ.

To pr¸to mèroc tou A1 isoÔte me:

−
∫
ξ

∫
Rx,y

∫
t
φt(t, x, y, ξ)X(ξ;uh(t, x, y))dtdxdydξ,

to deÔtero mèroc tou A1 sugklÐnei sto mhdèn kaj¸c h→ 0 -eÔkola
fr�ssetai apì Ch‖uh‖L1 ≤ Ch‖u0‖L1- kai gr�fetai sthn morf :∫ T

0

∫
R2
x,y

∫
Rξ

{
−
∑
K,n

|K|X(ξ;uh(t, xK , yK))δ(xK)

+X(ξ;uh(t, x, y))
}
φt(t, x, y, ξ)dξdxdydt.

Pern�me sto A2 kai blèpoume ìti

A2 = −
∑
K,n

∫
ξ
|K|
{
φn+1
K (ξ)− φnK(ξ)

}{
Xn+1
K (ξ)−Xn

K(ξ)
}
dξ

= −
∑
K,n

∫
ξ
|K|

∫ tn+1

tn
φt(t, xK , yK , ξ)dt

{
Xn+1
K (ξ)−Xn

K(ξ)
}
dξ

= −
∑
K,n

∫
ξ
|K|

∫ tn+1

tn
φt(t, xK , yK , ξ)

{
X(ξ;uh(t+ δ, xK , yK))

−X(ξ;uh(t, xK , yK))
}
dtdξ

= −
∫
ξ

∫ T

0

∑
K

|K|φt(t, xK , yK , ξ)
{
X(ξ;uh(t+ δ, xK , yK))

−X(ξ;uh(t, xK , yK))
}
dtdξ

= −
∫
ξ

∫ T

0

∑
K

∫
K
φt(t, xK , yK , ξ)

{
X(ξ;uh(t+ δ, x, y))

−X(ξ;uh(t, x, y))
}
dtdξ.

Fr�sontac t¸ra ton teleutaÐo ìro paÐrnoume

|A2| ≤
∫
ξ

∫ T

0

∑
K

∫
K
|φt(t, xK , yK , ξ)

{
X(ξ;uh(t+ δ, x, y))
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−X(ξ;uh(t, x, y))
}
|dxdydtdξ.

H sump�geia tou forèa thc φ k�nei ta orÐsmata twn oloklhrwm�twn
peperasmèna kai fr�sontac thn paÐrnoume

A2 ≤ ‖Dφ‖∞
∫
ξ

∫ T

0

∑
K

∫
K
|X(ξ;uh(t+ δ, x, y))

−X(ξ;uh(t, x, y))|dxdydtdξ

= ‖Dφ‖∞
∫
ξ

∫ T

0

∫
R2

|X(ξ;uh(t+ δ, x, y))

−X(ξ;uh(t, x, y))|dxdydtdξ −→ 0

Epiplèon èqoume ìti o ìroc A2 gr�fetai sthn morf :

A2 =
∫ T

0

∫
R2
x,y

∫
Rξ

{
−
∑
K,n

|K|(δ(tn+1)− δ(tn))δ(xK , yK)

(Xn+1
K (ξ)−Xn

K(ξ)
}
φ(t, x, y, ξ)dξdxdydt.

To B t¸ra:
B = −

∑
K

∫
ξ
|K|X0

K(ξ)φ0
K(ξ)dξ

= −
∑
K

∫
ξ

∫
K
X(ξ;uh(0, x, y))φ(0, xK , yK , ξ)dxdydξ

= −
∑
K

∫
ξ

∫
K
X(ξ;uh(0, x, y))φ(0, x, y, ξ)dxdydξ

+
∑
K

∫
ξ

∫
K
X(ξ;uh(0, x, y))(φ(0, x, y, ξ)−φ(0, xK , yK , ξ))dxdydξ.

'Opwc prin parathroÔme ìti to pr¸to mèroc tou B gr�fetai wc:
−
∫
ξ

∫
R2
x,y

X(ξ;uh(0, x, y))φ(0, x, y, ξ)dxdydξ,

kai to deÔtero mèroc tou B sugklÐnei sto 0 kai mporeÐ na grafeÐ
sthn zhtoÔmenh morf .
Sunep¸c to pr¸to �jroisma thc (3.29) eÐnai Ðso me:

−
∫
ξ

∫
Rx,y

∫
t
φt(t, x, y, ξ)X(ξ;uh(t, x, y))dtdxdydξ
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−
∫
ξ

∫
Rx,y

X(ξ;uh(0, x, y))φ(0, x, y, ξ)dxdydξ

+
∫
ξ

∫
Rx,y

∫
t
ψh(t, x, y, ξ)φ(t, x, y, ξ)dtdxdydξ,

ìpou sthn katanom  ψh(t, x, y, ξ) èqoume mazèyei ìlouc touc ìrouc
pou perÐseyan kat� thn di�rkeia thc prohgoÔmenhc diadikasÐac kai
pou deÐxame ìti k�je ènac apì autoÔc sugklÐnei me thn ènnoia twn
katanom¸n sthn mhdenik  sun�rthsh.

2. To deÔtero �jroisma thc (3.29):∑
K,n

∫
ξ
δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
φnK(ξ)dξ.

Parathr¸ntac ìti ∑e∈∂K |e|νe,K = −→0 èqoume ìpwc prin:∑
K,n

∫
ξ
δ
∑
e∈∂K

|e|(νe,K · a(ξ))Xn
K(ξ)φnK = 0,

opìte prosjètontac thn par�stash aut  sto deÔtero �jroisma
prokÔptei:∫

ξ

∑
n

δ
∑
K,e

|e|
{

(νe,K · a(ξ))+X
n
K(ξ) + (νe,K · a(ξ))−Xn

Ke(ξ)

−(νe,K · a(ξ))+X
n
K(ξ)

}
φnK(ξ)dξ − (νe,K · a(ξ))−Xn

K(ξ)
}
φnK

=
∫
ξ

∑
n

δ
∑
e∈Γh

|e|
[{

(νe,K · a(ξ))+X
n
K(ξ) + (νe,K · a(ξ))−Xn

Ke(ξ)

−(νe,K · a(ξ))+X
n
K(ξ)− (νe,K · a(ξ))−Xn

K(ξ)
}
φnK

+(νe,Ke · a(ξ))+X
n
Ke(ξ) + (νe,Ke · a(ξ))−Xn

K(ξ)

−(νe,Ke · a(ξ))+X
n
Ke(ξ)− (νe,Ke · a(ξ))−Xn

Ke(ξ)
}
φnKe

]
dξ.

ProsjafairoÔme thn par�stash∫
ξ

∑
n

δ
∑
K

∑
e∈∂K

Xn
K(ξ)(νe,K · a(ξ))

∫
e
φ(tn, x, y, ξ)dξ,



80 Kef�laio3 : Sq ma Engquist-Oscher Peperasmènou 'Ogkou

h opoÐa parathroÔme ìti isoÔte me∫
ξ

∑
n

δ
∑
K

∑
e∈∂K

{
Xn
K(ξ)(νe,K · a(ξ))+

+Xn
K(ξ)(νe,K · a(ξ))−

}∫
e
φ(tn, x, y, ξ)dξ

=
∫
ξ

∑
n

δ
∑
e∈Γh

{
Xn
K(ξ)(νe,K · a(ξ))+ +Xn

K(ξ)(νe,K · a(ξ))−

+Xn
Ke(ξ)(νe,Ke · a(ξ))+ +Xn

Ke(ξ)(νe,Ke · a(ξ))−
}∫

e
φ(t, x, y, ξ)dξ

Opìte h prohgoÔmenh par�stash isoÔte me,[ ∫
ξ

∑
n

δ
∑
e∈Γh

|e|
[{

(νe,K · a(ξ))+X
n
K(ξ) + (νe,K · a(ξ))−Xn

Ke(ξ)

−(νe,K · a(ξ))+X
n
K(ξ)− (νe,K · a(ξ))−Xn

K(ξ)
}
φnK

+(νe,Ke · a(ξ))+X
n
Ke(ξ) + (νe,Ke · a(ξ))−Xn

K(ξ)

−(νe,Ke · a(ξ))+X
n
Ke(ξ)− (νe,Ke · a(ξ))−Xn

Ke(ξ)
}
φnKe

]
dξ
]

−
∫
ξ

∑
n

δ
∑
K

∑
e∈∂K

Xn
K(ξ)(νe,K · a(ξ))

∫
e
φ(tn, x, y, ξ)dξ.

Efarmìzontac thn anisìthta twn Cauchy-Schwartz kai ekmetaleuìmenoi
thn sqèsh ∑

K∈Th

|K||Xn
K(ξ)−Xn

Ke(ξ)|
2 < c,

pou apodeiknÔei gia tètoiou eÐdouc sq mata o Vila sthn ergasÐa
tou [11] prokÔptei ìti o pr¸toc ìroc sugklÐnei sto mhden.
O deÔteroc ìroc eÐnai me thn seir� tou Ðsoc me,

−
∫
ξ

∑
n

δ
∑
K

∑
e∈∂K

Xn
K(ξ)(νe,K · a(ξ))

∫
e
φ(tn, x, y, ξ)dξ.

= −
∫
t,x,y,ξ

f ′1(ξ)X(ξ;uh(t, x, y))φx(t, x, y, ξ)

−
∫
t,x,y,ξ

f ′2(ξ)X(ξ;uh(t, x, y))φy(t, x, y, ξ).
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3. To trÐto �jroisma thc (3.29):∑
K,n

∫
ξ

∂mn+1
K (ξ)
∂ξ

|K|φnK(ξ)dξ.

'Eqontac orÐsei mh(t, x, y, ξ) = 1
δm

n+1
K (ξ) ìtan (x, y) ∈ K, t ∈

(tn, tn+1], prokÔptei ìti:∑
K,n

∫
ξ

∂mn+1
K (ξ)
∂ξ

|K|φnK(ξ)dξ

=
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

δ|K|φnK(ξ)dξ

=
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K
φnK(ξ)dxdydtdξ

=
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K
φ(t, x, y, ξ)dξdxdydt

+
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K

(φnK(ξ)− φ(t, x, y, ξ))dξdxdydt.

O pr¸toc ìroc gr�fetai wc:
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K
φ(t, x, y, ξ)dξdxdydt

= −
∑
K,n

∫
ξ

1
δ
mn+1
K (ξ)

∫ tn+1

tn

∫
K
φξ(t, x, y, ξ)dξdxdydt

= −
∑
K,n

∫
ξ

∫ tn+1

tn

∫
K
mh(t, x, y, ξ)φξ(t, x, y, ξ)dξdxdydt

= −
∫
t

∫
x,y

∫
ξ
mh(t, x, y, ξ)φξ(t, x, y, ξ)dξdxdydt.

Kai o deÔteroc wc ex c:
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K

(φnK(ξ)− φ(t, x, y, ξ))dξdxdydt
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=
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

∫ tn+1

tn

∫
K
φ(t, x, y, ξ)dξdxdydt

−
∑
K,n

∫
ξ

1
δ

∂mn+1
K (ξ)
∂ξ

δK|φnK(ξ)dξdxdydt

= −
∑
K,n

∫
ξ

∫ tn+1

tn

∫
K

1
δ
mn+1
K (ξ)φξ(t, x, y, ξ)dξdxdydt

−
∫
t

∫
x,y,ξ

∑
K,n

∂mn+1
K (ξ)
∂ξ

|K|δ(xK , yK)δ(tn)φ(t, x, y, ξ)dxdydtdξ

=
∫
t

∫
x,y,ξ

{∂mh(t, x, y, ξ)
∂ξ

−
∑
K,n

∂mn+1
K (ξ)
∂ξ

|K|δ(xK , yK)δ(tn)
}
φ(t, x, y, ξ)dxdydtdξ.

'Ara to trÐto �jroisma thc (3.29) eÐnai Ðso me

−
∫
t

∫
x,y

∫
ξ
mh(t, x, y, ξ)φξ(t, x, y, ξ)dξdxdydt

+
∫
t

∫
x,y

∫
ξ
ψh(t, x, y, ξ)φ(t, x, y, ξ)dξdxdydt.

SunoyÐzontac tic parathr seic gia ta trÐa ajroÐsmata thc (3.29) è-
qoume thn zhtoÔmenh sqèsh (3.22) me th ènnoia twn katanom¸n kai
tautìqrona èqoume apodeÐxei kai thn sqèsh (3.23).
• Apìdeixh thc (3.24)
To jetikì prìshmo tou mètrou mh eÐnai �mesh sunèpeia tou orismoÔ
tou mh = 1

δm
n+1
K kai tou pros mou tou mn+1

K apì tic Anisìthtec
EntropÐac (L mma 3.3.2).
Gia to fr�gma thc nìrmac tou mh paÐrnoume thn (3.14):

|K|fn+1
K (ξ) = |K|Xn

K(ξ)− δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)

+(νe,K · a(ξ))−Xn
Ke(ξ)

}
.
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Pollaplasi�zoume me x, oloklhr¸noume wc proc x kai ajroÐzoume wc
proc K: ∑

K∈Th

|K|
∫
ξ
fn+1
K (ξ)ξdξ

=
∑
K∈Th

|K|
∫
ξ
Xn
K(ξ)ξdξ − δ

∫
ξ

∑
K∈Th

∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)ξ

+(νe,K · a(ξ))−Xn
Ke(ξ)ξ

}
dξ.

To diplì �jroisma sthn prohgoÔmenh sqèsh, mporoÔme na to gr�youme
jewr¸ntac ¸c kèntro anafor�c tic pleurèc e ∈ Γh kai qrhsimopoi¸ntac
tic idiìthtec:

(νe,Ke · a(ξ))+ = −(νe,K · a(ξ))−,

(νe,Ke · a(ξ))− = −(νe,K · a(ξ))+,

¸c ex c:∑
e∈Γh

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)ξ + (νe,K · a(ξ))−Xn

Ke(ξ)ξ
}

+|e|
{
− (νe,K · a(ξ))−Xn

Ke(ξ)ξ − (νe,K · a(ξ))+X
n
K(ξ)ξ

}
= 0.

'Ara: ∑
K∈Th

|K|
∫
ξ
fn+1
K (ξ)ξdξ

=
∑
K∈Th

|K|
∫
ξ
Xn
K(ξ)ξdξ.

AfairoÔme t¸ra ∑K∈Th |K|
∫
ξX

n+1
K (ξ)ξdξ kai apì ta dÔo mèlh,∑

K∈Th

|K|
∫
ξ
(fn+1
K (ξ)−Xn+1

K (ξ))ξdξ =

∑
K∈Th

|K|
(∫

ξ
Xn
K(ξ)ξdξ −

∫
ξ
Xn+1
K (ξ)ξdξ

)
.

Qrhsimopoi¸ntac thn (3.21): ∂mn+1
K (ξ)
∂ξ = Xn+1

K (ξ) − fn+1
K (ξ) kai all�-

zontac ta prìshma paÐrnoume:∑
K∈Th

|K|
∫
ξ

∂mn+1
K (ξ)
∂ξ

ξdξ
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=
∑
K∈Th

|K|
(1

2
(un+1
K )2 − 1

2
(unK)2

)
,

dhlad :
−
∑
K∈Th

|K|
∫
ξ
mn+1
K (ξ)dξ

=
∑
K∈Th

1
2
|K|(un+1

K − unK)(un+1
K + unK),

apì ton orismì tou mètrou mh(t, x, y, ξ) -sthn arq  thc apìdeixhc- è-
qoume:

−
∑
K∈Th

∫
ξ

∫
K

∫ tn+1

tn
mh(t, x, y, ξ)dtdxdydξ

=
∑
K∈Th

1
2
|K|(un+1

K − unK)(un+1
K + unK),

  alli¸c:
−
∫ tn+1

tn

∫
ξ

∫
R2

mh(t, x, y, ξ)dxdydξdt

=
∑
K∈Th

1
2
|K|(un+1

K − unK)(un+1
K + unK).

AjroÐzoume ¸c proc n opìte:

−
∫ T

0

∫
ξ

∫
R2

mh(t, x, y, ξ)dtdxdydξ

=
∑
n

∑
K∈Th

1
2
|K|
(

(un+1
K )2 − (unK)2

)
=
∑
K∈Th

1
2
|K|

∑
n

(
(un+1
K )2 − (unK)2

)
=
∑
K∈Th

1
2
|K|
(

(uN+1
K )2 − (u0

K)2
)
.

PaÐrnoume apìluta kai me b�sh to prìshmo tou mh(mh(t, x, y, ξ) ≥ 0,
gia k�je t, x, y, ξ) èqoume:∫ T

0

∫
ξ

∫
R2

|mh(t, x, y, ξ)|dxdydξdt
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= |
∑
K∈Th

1
2
|K|
(

(uN+1
K )2 − (u0

K)2
)
|,

 
‖mh‖M ≤

∑
K∈Th

1
2
|K‖uN+1

K − u0
K‖uN+1

K + u0
K |

≤ ‖u0‖L∞
∑
K∈Th

|K|
(
|uN+1
K |+ |u0

K |
)
.

ParathroÔme t¸ra ìti:

‖uh(tn, ·, ·)‖L1(R2) =
∫
R2

|uh(tn, x, y)|dxdy

=
∑
K∈Th

∫
K
|uh(tn, x, y)|dxdy =

∑
K∈Th

∫
K
|unK |dxdy =

∑
K∈Th

|K||unK |,

opìte:
‖mh‖M ≤ ‖u0‖L∞

(
‖uh(tN+1, ·, ·)‖L1(R2) + ‖u0‖L1(R2)

)
(3.25)

≤ 2‖u0‖L∞‖u0‖L1 .

*Parat rhsh: MporoÔme na qrhsimopoi soume thn (3.25) qwrÐc prìblh-
ma efìson h apìdeixh thc (ìpwc amèswc ja doÔme) den exart�tai apì
thn (3.24) oÔte apì sunèpeiec aut c.
• Apìdeixh thc (3.25)
To L1 fr�gma pr¸ta:
Xekin�me me thn (3.14):

|K|fn+1
K (ξ) = |K|Xn

K(ξ)− δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ)

+(νe,K · a(ξ))−Xn
Ke(ξ)

}
.

Pollaplasi�zoume me sgn(ξ), oloklhr¸noume wc proc x kai ajroÐzoume
wc proc K kai afoÔ pr¸ta parathr soume ìti:∑

K∈Th

∑
e∈∂K

|e|(νe,K · a(ξ))+X
n
K(ξ)sgn(ξ)

+|e|(νe,K · a(ξ))−Xn
Ke(ξ)sgn(ξ) =
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∑
e∈Γh

|e|(νe,K · a(ξ))+X
n
K(ξ)sgn(ξ) + |e|(νe,K · a(ξ))−Xn

Ke(ξ)sgn(ξ)

−|e|(νe,K · a(ξ))+X
n
K(ξ)sgn(ξ)− |e|(νe,K · a(ξ))−Xn

Ke(ξ)sgn(ξ) = 0,

èqoume:∑
K∈Th

∫
ξ
|K|fn+1

K (ξ)sgn(ξ)dξ =
∑
K∈Th

∫
ξ
|K|Xn

K(ξ)sgn(ξ)dξ.

Qrhsimopoi¸ntac thn (3.20):
sgn(ξ)fn+1

K (ξ) = |fn+1
K (ξ)|

kai thn:
un+1
K =

∫
R

fn+1
K (ξ)dξ

èqoume: ∑
K∈Th

|K‖un+1
K | ≤

∑
K∈Th

|K‖unK |.

Epagwgik� loipìn èqoume ìti:∑
K∈Th

|K‖unK | ≤
∑
K∈Th

|K‖u0
K |.

Pern�me stic L1 nìrmec t¸ra kai gia k�je t ∈ [tn, tn+1) èqoume:

‖uh(t, ·, ·)‖L1(R2) =
∫
R2

|uh(t, x, y)|dxdy =
∑
K∈Th

∫
K
|uh(t, x, y)|dxdy

=
∑
K∈Th

∫
K
|unK |dxdy =

∑
K∈Th

|K||unK | ≤
∑
K∈Th

|K||u0
K |

=
∑
K∈Th

|
∫
K
u0(x, y)dxdy| ≤

∑
K∈Th

∫
K
|u0(x, y)|dxdy = ‖u0‖L1(R2).

To L∞ fr�gma thc uh eÐnai apl  sunèpeia tou OrismoÔ thc (Orismìc
3.3.1)

uh(t, x, y) = unK , ìtan t ∈ [tn, tn+1), kai (x, y) ∈ K,

kai thc Arq c MegÐstou gia to arijmhtikì sq ma (L mma 3.3.1).
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• Apìdeixh thc (3.26)
PaÐrnoume thn (3.19):

Xn+1
K (ξ)−Xn

K(ξ) +
δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xn
Ke(ξ)

−(νe,K · a(ξ))−Xn
K(ξ)

}
=
∂mn+1

K (ξ)
∂ξ

.

JewroÔme tic sunart seic φ(x, y)S′(ξ) ∈ C∞c (R3) kai orÐzoume φK =
φ(xK , yK) ìpou xK , yK oi suntetagmènec tou kèntrou b�rouc tou trig¸nou
K. Pollaplasi�zoume me |K|φKS′(ξ) thn prohgoÔmenh sqèsh, oloklhr¸noume
wc proc x, ajroÐzoume wc proc K ∈ Th kai jewr¸ntac t ∈ [tn, tn+1),
jètoume n = i kai ajroÐzoume apì wc proc i apì 0 mèqri n,
i=n∑
i=0

∑
K∈Th

∫
ξ
|K|(Xi+1

K (ξ)−Xi
K(ξ))φKS′(ξ)dξ +

i=n∑
i=0

∑
K∈Th

∫
ξ
δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xi
Ke(ξ)− (νe,K · a(ξ))−Xi

K(ξ)
}
φKS

′(ξ)dξ

=
i=n∑
i=0

∑
K∈Th

∫
ξ

∂mi+1
K (ξ)
∂ξ

|K|φKS′(ξ)dξ. (3.30)

Melet�me t¸ra ta epimèrouc oloklhr¸mata pou parousi�zontai sthn
(3.30) me skopì na deÐxoume ìti apì k�je ènan ex�aut¸n prokÔptei ènac
antÐstoiqoc ìroc thc zhtoÔmenhc sqèshc (3.26).
1. To pr¸to olokl rwma thc (3.30)

i=n∑
i=0

∑
K∈Th

∫
ξ
|K|(Xi+1

K (ξ)−Xi
K(ξ))φKS′(ξ)dξ

=
∑
K

∫
ξ
|K|Xn+1

K (ξ)φKS′(ξ)dξ −
∑
K

∫
ξ
|K|X0

K(ξ)φKS′(ξ)dξ

=
∫
ξ

∑
K

Xn+1
K (ξ)S′(ξ)

∫
K
φKdxdydξ

−
∑
K

(S(u0
K)− S(0))φK

∫
K

1dxdy
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Jensen
≥

∫
x,y,ξ

X(ξ;uh(tn+1, x, y))φ(x, y)S′(ξ)dxdydξ

−
∑
K

|K|φK
1
|K|

∫
K
S(uo(x, y))dxdy +O(h)

=
∫
x,y,ξ

X(ξ;uh(tn+1, x, y))φ(x, y)S′(ξ)dxdydξ

−
∫
x,y,ξ

X(ξ;u0(x, y))φ(x, y)S′(ξ)dxdy +O(h).

'Opou kaj�upèrbash qrhsimopoi same to sÔmbolo O(h) gia na
sumbolÐsoume ì,ti perisseÔei apì tic parap�nw diadikasÐec kai ta
opoÐa sugklÐnoun ston L∞([0, T ))−w? sthn mhdenik  sun�rthsh.

2. To deÔtero olokl rwma thc (3.30)
Pr¸ta parathroÔme ìti gia k�je t ∈ [tn, tn+1), gia k�je φ(x, y) ∈
C∞c (R2) kai gia k�je S(ξ) ∈ C∞c (R) kurt , isqÔei

I1 =
∫ t

0

∫
R3

f ′1(ξ)φx(x, y)S′(ξ)X(ξ;uh(τ, x, y))dxdydξdτ

=
n∑
i=0

δ
∑
K∈Th

∫
ξ
f ′1(ξ)Xi

K(ξ)S′(ξ)
∫
K
φx(x, y)dxdydξ

=
n∑
i=0

δ
∑
K∈Th

∫
ξ
f ′1(ξ)Xi

K(ξ)S′(ξ)
∑
e∈∂K

∫
e
ν1
e,Kφ.

ParomoÐwc èqoume:

I2 =
n∑
i=0

δ
∑
K∈Th

∫
ξ
f ′2(ξ)Xi

K(ξ)S′(ξ)
∑
e∈∂K

∫
e
ν2
e,Kφ.

Oi dÔo parap�nw parathr seic dÐnoun mazÐ:

I1 + I2 =
n∑
i=0

δ
∑
K∈Th

∑
e∈∂K

∫
ξ

∫
e
(νe,K · a(ξ))φ(x, y)Xi

K(ξ)S′(ξ).

ParathroÔme t¸ra ìti to deÔtero �jroisma thc (3.30) gÐnetai:
n∑
i=0

∑
K∈Th

∫
ξ
δ
∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xi
Ke(ξ)
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−(νe,K · a(ξ))−Xi
K(ξ)

}
φKS

′(ξ)dξ

=
n∑
i=0

δ

∫
ξ
S′(ξ)

∑
K∈Th

∑
e∈∂K

|e|
{

(νe,K · a(ξ))−Xi
Ke(ξ)

−(νe,K · a(ξ))−Xi
K(ξ)

}
φKdξ

=
n∑
i=0

δ

∫
ξ
S′(ξ)

∑
K∈Th

∑
e∈∂K

|e|(νe,K · a(ξ))Xi
K(ξ)φKdξ

+
n∑
i=0

δ

∫
ξ
S′(ξ)

∑
K∈Th

∑
e∈∂K

|e|(νe,K · a(ξ))+X
i
K(ξ)(φK − φKe)dξ

= I1 + I2 +O(h),

ìpou h proteleutaÐa isìthta prokÔptei k�nontac tic Ðdiec pr�xeic
ìpwc kai sthn apìdeixh thc (3.22). O ìroc O(h) qrhsimopoi jhke
gia na perigr�yei touc ìrouc pou periseÔoun apì tic pr�xeic kai
sugklÐnoun sthn mhdenik  sun�rthsh ston L∞([0, T )) , kaj¸c
h→ 0.

3. To trÐto olokl rwma thc (3.30):
i=n∑
i=0

∑
K∈Th

∫
ξ

∂mi+1
K (ξ)
∂ξ

|K|φKS′(ξ)dξ,

eÐnai arnhtikì diìti φ ≥ 0, mn+1
k (ξ) ≥ 0, S kurt .

SunoyÐzontac tic parap�nw parathr seic prokÔptei h sqèsh (3.26).
• Apìdeixh thc (3.27)
Xekin�me, aut  th for� me thn sqèsh (3.14), h opoÐa qrhsimopoi¸ntac
thn (3.21) gÐnetai:

Xn+1
K (ξ) = Xn

K(ξ)− δ

|K|
∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
n
K(ξ) + (νe,K · a(ξ))−Xn

Ke(ξ)
}

+
∂mn+1

K (ξ)
∂ξ

.

Epagwgik� mporoÔme na deÐxoume ìti:

|K|Xn
K(ξ) = |K|X0

K(ξ)− δ
n−1∑
j=0

∑
e∈∂K

|e|
{
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(νe,K · a(ξ))+X
j
K(ξ) + (νe,K · a(ξ))−X

j
Ke

(ξ)
}

+|K|
n−1∑
j=0

∂mj+1
K (ξ)
∂ξ

.

OrÐzoume xK na eÐnai to kèntro b�rouc tou trig¸nou K kai φK na
eÐnai h tim  thc φ sto shmeÐo autì. Pollaplasi�zoume t¸ra me φK ,
ajroÐzoume wc proc K kai oloklhr¸noume wc proc x. H prohgoÔmenh
sqèsh gÐnetai:∫

ξ

∑
K∈Th

|K|Xn
K(ξ)φKdξ =

∫
ξ

∑
K∈Th

|K|X0
K(ξ)φKdξ

−
∫
ξ

∑
K∈Th

δ

n−1∑
j=0

∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X
j
K(ξ) + (νe,K · a(ξ))−X

j
Ke

(ξ)
}
φKdξ

+
∫
ξ

∑
K∈Th

|K|
n−1∑
j=0

∂mj+1
K (ξ)
∂ξ

φKdξ.

1. To pr¸to olokl rwma gÐnetai:∫
ξ

∑
K∈Th

|K|Xn
K(ξ)φKdξ =

∑
K∈Th

|K|unKφK =
∑
K∈Th

unK

∫
K
φKdxdy

=
∑
K∈Th

∫
K
φ(x, y)uh(tn, x, y) +

∑
K∈Th

unK

∫
K
φK − φ(x, y)dxdy.

O pr¸toc ìroc gr�fetai wc:∫
R2

φ(x, y)uh(tn, x, y)dxdy

kai o deÔteroc fr�ssetai:

|
∑
K∈Th

∫
K
uh(t, x, y)φK − φ(x, y)dxdy|

≤
∑
K∈Th

∫
K
|uh(t, x, y)‖φK − φ(x, y)|dxdy
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≤ h‖D(φ)‖∞
∫
R2

|uh(t, x, y)|dxdy

(3.25)

≤ h‖D(φ)‖∞‖u0‖L1(R2).

Opìte to ∑K∈Th
∫
K uh(t, x, y)φK − φ(x, y)dxdy sugklÐnei ston

L∞([0, T ))− w? sthn mhdenik  sun�rthsh.
2. To deÔtero olokl rwma gÐnetai:∫

ξ

∑
K∈Th

|K|X0
K(ξ)φKdξ

=
∑
K∈Th

|K|u0
KφK =

∑
K∈Th

φK

∫
K
u0(x, y)dxdy

=
∑
K∈Th

∫
K
u0(x, y)φ(x, y)dxdy

+
∑
K∈Th

∫
K
u0(x)(φK − φ(x, y))dxdy.

O pr¸toc ìroc gr�fetai wc:∫
R2

u0(x, y)φ(x, y)dxdy

kai o deÔteroc fr�ssetai:

|
∑
K∈Th

∫
K
u0(x, y)(φK − φ(x, y)dxdy|

≤ h‖Dφ‖∞
∑
K∈Th

∫
K
|u0(x, y)|dxdy

= h‖Dφ‖∞‖u0‖L1(R2).

Opìte to ∑K∈Th
∫
K u0(x, y)φK − φ(x, y)dxdy sugklÐnei kaj¸c

h→ 0 ston L∞([0, T ))− w? sthn mhdenik  sun�rthsh.
3. To trÐto olokl rwma gÐnetai:∫

ξ

∑
K∈Th

n−1∑
j=0

∑
e∈∂K

δ|e|
{

(νe,K · a(ξ))+X
j
K(ξ)
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+(νe,K · a(ξ))−X
j
Ke

(ξ)
}
φKdξ

=
∫ tn

0

∫
ξ

∑
K∈Th

∑
e∈∂K

|e|
{

(νe,K · a(ξ))+X(ξ;uh(t, xK , yK))

+(νe,K · a(ξ))−X(ξ;uh(t, xKe , yKe))
}
φKdξ = I

gia to opoÐo isqÔei ìti:

|I| ≤
∫ tn

0

∫
ξ

∑
K∈Th

∑
e∈∂K

|e|
{

sgn(uh(t, xK , yK))
∫ uh(t,xK ,yK)

0
(νe,K · a(ξ))+dξ

+sgn(uh(t, xKe , yKe))
∫ uh(t,xKe ,yKe )

0
−(νe,K · a(ξ))−dξ

}
|φK |

(3.25)

≤
∫ tn

0

∫
ξ

∑
K∈Th

∑
e∈∂K

|e|
{∫ ‖u0‖L∞

−‖u0‖L∞
(νe,K · a(ξ))+dξ

+
∫ ‖u0‖L∞

−‖u0‖L∞
−(νe,K · a(ξ))−dξ

}
|φK |

= tn
∑
K∈Th

∑
e∈∂K

|e|
∫ ‖u0‖L∞

−‖u0‖L∞
|νe,K · a(ξ)‖φK |dξ,

pou kaj¸c t → 0 to parap�nw mhdenÐzetai, epÐshc epeid  eÐnai
fragmèno wc proc t sugklÐnei ston L∞([0, T ))−w? kaj¸c h→ 0.

4. To tètarto olokl rwma gÐnetai:∫
ξ

∑
K∈Th

|K|
n−1∑
j=0

∂mj+1
K (ξ)
∂ξ

φKdξ = 0

diìti ∫
ξ

∂mj+1
K (ξ)
∂ξ

dξ = 0.

SunoyÐzontac èqoume:∫
R2

φ(x, y)uh(tn, x, y)dxdy =
∫
R2

u0(x, y)φ(x, y)dxdy + Ψ1,h(t),

me Ψ1,h(t) h→0−→ Ψ1(t) kai Ψ1(t) suneq  me Ψ1(0) = 0. Pou eÐnai h
zhtoÔmenh sqèsh (3.27).
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'Etsi deÐxame ìti ikanopoioÔntai oi proôpojèseic tou BohjhtikoÔ Jewr -
matoc (Jewr. 3.3.2), opìte h akoloujÐa uh(t, x, y) sugklÐnei sthn monadik 
LÔsh EntropÐac u(t, x, y) tou Probl matoc (3.1),(3.2) kai oloklhr¸same thn
apìdeixh tou Jewr matoc. 2
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Kef�laio 4

Parart mata

1. ∂
∂xsgn(x) = 2δ(x) me thn ènnoia twn katanom¸n, diìti :∫

R

∂

∂x
sgn(x)φ(x)dx = −

∫
R

sgn(x)φ′(x)dx

= −
∫ 0

−∞
sgn(x)φ′(x)dx−

∫ +∞

0
sgn(x)φ′(x)dx

=
∫ 0

−∞
φ′(x)dx−

∫ +∞

0
φ′(x)dx = 2φ(0)

=
∫
R

2δ(x)φ(x)dx

2. sgn(ξ)fε(t, x, ξ) = |fε(t, x, ξ)|, diìti :
• Faner� :

sgn(ξ)fε(t, x, ξ) ≤ |fε(t, x, ξ)|

• EpÐshc, me b�sh thn sqèsh (3), èqoume :

|fε(t, x, ξ)| ≤
∫ ∞

0

∫
R

|f(s, y, ξ)|ωε(t− s, x− y)dsdy

= sgn(ξ)
∫ ∞

0

∫
R

f(s, y, ξ)ωε(t− s, x− y)dsdy

= sgn(ξ)fε(t, x, ξ)

95
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3. f(x)f ′(x) = 1
2

(
f2(x)

)′ me thn ènnoia twn katanom¸n ,diìti :∫
f(x)f ′(x)φ(x)dx

= −
∫
f(x)f ′(x)φ(x)dx−

∫
f2(x)φ′(x)dx

⇒ 2
∫
f(x)f ′(x)φ(x)dx = −

∫
f2(x)φ′(x)dx

⇒
∫
f(x)f ′(x)φ(x)dx =

∫ (1
2
f2(x)

)′
φ(x)dx

4. EujÔ   Tensor Ginìmeno (Neto sel:83)
(φ⊗ ψ)(x, y) = φ(x)ψ(y)
C∞c (Ω)⊗ C∞c (Ω′) =

{
u(x, y)|u(x, y) =

∑
φj(x)ψj(y)

}
ApodeiknÔetai ìti C∞c (Ω)⊗ C∞c (Ω′) eÐnai puknì ston C∞c (Ω× Ω′)

5. Merikèc Par�gwgoi gia Katanomèc (Neto sel:94)
IsqÔei ìti : ∂

∂x

(
(S ∗ T )(x)

)
=
(
∂
∂xS ∗ T

)
(x) =

(
S ∗ ∂

∂xT
)

(x)

6. L mma tou Brenier.
'Estw f ∈ L1(R), me 0 ≤ sgn(x)f(x) ≤ 1 ∀x ∈ R.
'Estw h : R→ R, kurt , Lipcshitz, tìte :

h
(∫

f(x)dx
)
− h(0) ≤

∫
h′(x)f(x)dx

7. 'Eqoume ìti ∂X(ξ;u)
∂ξ = δ(ξ)− δ(u− ξ) me thn ènnoia twn katanom¸n.

'Estw φ ∈ C∞c (R2). H ∂X(ξ;u)
∂ξ dÐnetai apì ta parak�tw:∫

R2

X(ξ;u)
∂φ(ξ, u)
∂ξ

dξdu

=
∫ 0

−∞

∫
R

X(ξ;u)
∂φ(ξ, u)
∂ξ

dξdu+
∫ +∞

0

∫
R

X(ξ;u)
∂φ(ξ, u)
∂ξ

dξdu

=
∫ 0

−∞

∫ 0

u
−∂φ(ξ, u)

∂ξ
dξdu+

∫ +∞

0

∫ u

0

∂φ(ξ, u)
∂ξ

dξdu

= −
∫ 0

−∞
φ(0, u)− φ(u, u)du+

∫ ∞
0

φ(u, u)− φ(0, u)du
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=
∫
R

φ(u, u)− φ(0, u)du

=
∫
R2

δ(u− ξ)φ(ξ, u)dudξ −
∫
R2

δ(ξ)φ(ξ, u)dudξ

=
∫
R2

(δ(u− ξ)− δ(ξ))φ(ξ, u)dudξ.

8. Asjen c K�tw Hmisunèqeia twn Norm¸n (Je¸rhma 2.11 [14])
Gia k�je 1 ≤ p ≤ ∞ h Lp-nìrma eÐnai asjen¸c k�tw hmisuneq c dhlad :
ìpote:

fk ⇀ f asjen¸c ston Lp(Ω)

tìte:
lim inf
k→∞

‖fk‖p ≥ ‖f‖p.

Sthn perÐptwsh p = ∞ k�noume thn epiplèon teqnik  upìjesh ìti to
mètro m tou q¸rou eÐnai s-peperasmèno.
An epiplèon 1 < p <∞ kai limk→0 ‖fk‖p = ‖f‖p tìte:

fk → f, isqur� ston Lp(Ω).

9. Isqur  sÔgklish sunèlixhc katanom c me kanonikopoiht .
Je¸rhma 3.3 sel.97 sto [1].
An T ∈ D′(Rn) oi sunart seic T ∗ ωε sugklÐnoun isqur� sth T ston
D′(Rn).
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