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PerÐlhyh

Se aut n thn ergasÐa jewroÔme th mh grammik  exÐswsh jermìthtac
ut = ∆u + |u|p−1u eÐte ston RN eÐte sthn anoikt  mp�la kèntrou 0 kai
aktÐnac R > 0. DeÐqnoume ìti an o upergrammikìc ekjèthc p eÐnai krÐsimoc
  uperkrÐsimoc (dhl. ps ≤ p < p∗, ìpou ps := 2N

N−2
− 1 kai p∗ eÐnai k�poioc

gnwstìc jetikìc arijmìc pou exart�tai epÐshc apo thn di�stash N), tìte oi
aktinik� summetrikèc lÔseic pou apeirÐzontai se peperasmèno qrìno (èkrhxh)
akoloujoÔn p�nta ton rujmì thc antÐstoiqhc SDE dg/dt = |g|p−1g. Sthn
perÐptwsh aut , o apeirismìc kaleÐtai tÔpou I. To sumpèrasma autì isqÔei
me mi� epiplèon upìjesh sthn perÐptwsh tou RN me ps < p, en¸ ìtan p = ps

upojètoume mìno mh arnhtikèc lÔseic.
JewroÔme akìmh thn upokrÐsimh perÐptwsh (1 < p < ps). ApodeiknÔoume

ìti an h u eÐnai mh arnhtik  lÔsh pou apeirÐzetai se peperasmèno qrìno, tìte
o apeirismìc eÐnai epÐshc tÔpou I.

Lèxeic kai fr�seic kleidi� : apeirismìc (èkrhxh), aktinik� summetri-
kèc lÔseic, krÐsimoc kai uperkrÐsimoc ekjèthc, metablhtèc autoomoiìthtac,
idiìthtec zero number.
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Kef�laio 1

Eisagwg .

Sthn ergasÐa aut  jewroÔme th mh grammik  exÐswsh jermìthtac
{

ut −∆u = |u|p−1u, x ∈ Ω, t > 0

u(x, 0) = u0(x), x ∈ Ω,
(1.1)

ìpou p > 1 kai eÐte Ω = RN eÐte Ω = BR := B0(0, R) gia k�poio R > 0. Sth
deÔterh perÐptwsh upojètoume th sunoriak  sunj kh Dirichlet, dhlad 

u(x, t) = 0, x ∈ ∂Ω, t > 0.

'Estw akìmh u0 ∈ L∞(Ω) ∩ C(Ω).
EÐnai gnwstì ìti gia k�je u0 wc �nw, h exÐswsh (1.1) èqei monadik  kla-

sik  lÔsh u (dhlad  u ∈ C1 wc proc to qrìno t kai u ∈ C2 wc proc th qwrik 
metablht  x ∈ Ω) kai

u ∈ C([0, T ), L∞(Ω)), ∇u ∈ C((0, T ), L∞(Ω)),

ìpou

eÐte T = ∞, eÐte T < ∞ kai ||u(·, t)||L∞ →∞ kaj¸c t ↑ T.

Sthn pr¸th perÐptwsh lème ìti h lÔsh orÐzetai gia k�je t ∈ [0,∞) en¸
sth deÔterh ìti apeirÐzetai se peperasmèno qrìno kai o T kaleÐtai qrìnoc
apeirismoÔ.

'Eqei apodeiqteÐ ìti jetikèc lÔseic pou orÐzontai gia ìlouc touc qrìnouc
den up�rqoun ìtan

Ω = RN kai 1 < p ≤ p
F
, ìpou p

F
:=

N + 2

N

5



(bl. [F ] kai [L]), en¸ antÐjeta gia p > p
F
up�rqoun. Gia par�deigma mporoÔ-

me na kataskeu�soume jetikèc lÔseic autoomoiìthtac oi opoÐec na sugklÐnoun
sto mhdèn kaj¸c t →∞ (bl. [HW ]).

Diatup¸noume sth sunèqeia to legìmeno krit rio arnhtik c enèrgeiac,
èna krit rio apeirismoÔ thc lÔshc se peperasmèno qrìno :

L mma 1.0.1 An u0 ∈ H1(Ω) ∩ Lp+1(Ω) me Ω = BR kai

E[u0](t) :=
1

2

∫

Ω

|∇u0(x)|2dx− 1

p + 1

∫

Ω

|u0(x)|p+1dx < 0 (1.2)

tìte èqoume apeirismì thc lÔshc tou (1.1) se peperasmèno qrìno.

H apìdeixh dÐnetai sto par�rthma (bl. Kef.6).

OrÐzoume

m(t) := sup
x∈Ω

|u(x, t)| = ||u(·, t)||L∞(Ω) (0 ≤ t < T ), (1.3)

ìpou u(x, t) eÐnai h lÔsh tou (1.1). Apì ta parap�nw èqoume m(t) ∈ C([0, T )).

'Otan h u eÐnai aktinik� summetrik , dhlad  u(x, t) = U(|x|, t), tìte h
sun�rthsh U(r, t), ìpou r := |x|, ikanopoieÐ thn exÐswsh

Ut = Urr +
N − 1

r
Ur + |U |p−1U. (1.4)

Sthn ergasÐa aut  ja asqolhjoÔme me thn asumptwtik  sumperifor� twn
aktinik� summetrik¸n lÔsewn thc exÐswshc (1.1) oi opoÐec apeirÐzontai se
peperasmèno qrìno. Me �lla lìgia mac endiafèrei o rujmìc me ton opoÐo h
||U(·, t)||L∞(Ω) apeirÐzetai kaj¸c t ↑ T < ∞.

JewroÔme th S.D.E.
dg

dt
= |g|p−1g

h opoÐa èqei lÔsh

g(t) = ±κ(T − t)−
1

p−1 , ìpou κ := (p− 1)−
1

p−1 . (1.5)

Orismìc : Lème oti o apeirismìc se peperasmèno qrìno eÐnai tÔpou I
ìtan h posìthta m(t)/g(t) paramènei fragmènh kaj¸c t ↑ T . Sthn antÐjeth
perÐptwsh ja anaferìmaste se apeirismì tÔpou II.

Me th bo jeia tou parak�tw l mmatoc (bl. [FMcL]), dÐnoume ènan plh-
rèstero orismì (gia thn apìdeixh bl. Kef.6).
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L mma 1.0.2 Anexart twc tou tÔpou apeirismoÔ èqoume :

(i) h sun�rthsh m(t) eÐnai Lipschitz suneq c,

(ii) m′(t) ≤ mp(t) σ.π. t ∈ [0, T ),

(iii) m(t) ≥ g(t) gia k�je t ∈ [0, T ).

'Eqoume loipìn tÔpou I apeirismì thc lÔshc tou probl matoc (1.1), an
kai mìno an up�rqei stajer  C0 > 0 tètoia ¸ste

g(t) ≤ m(t) ≤ C0g(t) gia k�je t ∈ [0, T ), (1.6)

kai tÔpou II, an kai mìno an up�rqei akoloujÐa tn ↑ T tètoia ¸ste

m(tn)

g(tn)
→ +∞. (1.7)

Upojètoume ed¸ ìti ekjèthc p plhroÐ ton ex c periorismì

p∗ > p ≥ ps, ìpou ps :=
N + 2

N − 2
(1.8)

kai

p∗ =

{ ∞ an 3 ≤ N ≤ 10

1 + 4
N−4−2

√
N−1

an N ≥ 11.
(1.9)

Sthn perÐptwsh upokrÐsimou ekjèth, dhlad  1 < p < ps, gnwrÐzoume ìti
o apeirismìc thc lÔshc tou probl matoc (1.1) eÐnai p�ntote tÔpou I. Autì
isqÔei akìmh kai sthn perÐptwsh ìpou h u den eÐnai aktinik� summetrik  kai
to Ω eÐnai kurtì, anoiktì kai fragmèno uposÔnolo tou RN   Ω = RN (bl.
[GMS]).

Sthn perÐptwsh ìpou èqoume aktinik� summetrik  lÔsh kai o ekjèthc eÐnai
krÐsimoc (p = ps), èqoun kataskeuasteÐ me mejìdouc asumptwtik c an�lushc
paradeÐgmata ìpou o apeirismìc eÐnai tÔpou II gia lÔseic pou to prìshmo touc
enall�ssetai, en¸ ìtan u(x, t) = U(r, t) ≥ 0 kai Ur < 0 o apeirismìc eÐnai
p�nta tÔpou I (bl. [FHV ]).

'Otan N ≥ 11 kai p > p∗, èqei apodeiqteÐ h Ôparxh aktinik� summetrik c
lÔshc me apeirismì tÔpou II (bl. [HV ]).

Sthn paroÔsa ergasÐa ja deÐxoume ìti èqoume p�ntote tÔpou I apeirismì
thc lÔshc u tou probl matoc (1.1) stic akìloujec peript¸seic :
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(i) ps < p < p∗ kai u eÐnai aktinik� summetrik  lÔsh (Je¸rhma 5.0.1
kai Je¸rhma 5.0.2). H apìdeixh sthn perÐptwsh Ω = RN ja gÐnei upì thn
proôpìjesh ìti

up�rqei k�poio t0 ∈ [0, T ) tètoio ¸ste h sun�rthsh r 7→ Ut(r, t0)

na all�zei prìshmo to polÔ peperasmènec forèc.
(1.10)

(ii) p = ps kai u ≥ 0 eÐnai aktinik� summetrik  lÔsh (Je¸rhma 5.0.3).
To apotèlesma autì belti¸nei to antÐstoiqo twn [FHV ] efìson den apaiteÐ-
tai h sunj kh Ur < 0.

(iii) 1 < p < ps kai u ≥ 0 (Je¸rhma 5.2.1). To apotèlesma autì eÐnai
saf¸c asjenèstero twn [GMS], ìpou ekeÐ den gÐnetai kanènac periorismìc
gia to prìshmo thc u. O lìgoc pou ja d¸soume thn apìdeixh eÐnai epeid  au-
t  ekjètei parìmoia epiqeir mata me thn apìdeixh thc perÐptwshc (ii), p = ps.

Genik�, qwrÐc thn upìjesh thc aktinik c summetrÐac, ìtan p ≥ ps, o tÔpoc
apeirismoÔ apoteleÐ anoiktì prìblhma.
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Kef�laio 2

Metablhtèc autoomoiìthtac,
genikèc ektim seic.

2.1 Metablhtèc autoomoiìthtac se lÔseic pou
apeirÐzontai se peperasmèno qrìno.

Upojètoume ìti h lÔsh tou probl matoc (1.1) apeirÐzetai se peperasmèno
qrìno kai èstw T eÐnai o qrìnoc apeirismoÔ. Gia k�je α ∈ Ω, T1 ∈ (0, T ]
jètoume

y =
x− α√
T1 − t

, s = −log(T1 − t) (2.1)

kai
wα,T1(y, s) = (T1 − t)

1
p−1 u(x, t). (2.2)

H w(y, s) := wα,T1(y, s) ikanopoieÐ thn exÐswsh

ws = ∆w − 1

2
y · ∇w − 1

p− 1
w + |w|p−1w, (2.3)

ìpou

s ≥ −logT1,

{
y ∈ RN an Ω = RN ,

y ∈ Ωα,s := {y ∈ RN : |y + es/2α| < Res/2} an Ω = BR.

Tic metablhtèc (2.1) upèdeixan pr¸toi oi Giga Y. kai Kohn R.V. kai lègo-
ntai metablhtèc autoomoiìthtac. H eisagwg  tètoiwn metablht¸n ofeÐletai
sta ex c:

(i) an u(x, t) eÐnai mi� lÔsh, tìte h λ2/(p−1)u(λx, λ2t) eÐnai kai aut  lÔsh
gia k�je λ > 0,
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(ii) o qrìnoc apeirismoÔ t = T, antistoiqeÐ stic nèec metablhtèc sto
s = +∞. Epomènwc h melèth tou apeirismoÔ twn lÔsewn tou (1.1) eÐnai
t¸ra isodÔnamh me th melèth thc asumptwtik c sumperifor�c twn lÔsewn
tou (2.3), kaj¸c s → +∞,

(iii) an wα,T (y, s) ≡ ψ(y), dhlad  h wα,T (y, s) eÐnai anex�rthth tou s, tìte

u(x, t) = (T − t)−
1

p−1 ψ(
x− α√
T − t

). (2.4)

Ja lème th u lÔsh autoomoiìthtac wc proc to α an eÐnai thc morf c (2.4).
Se aut n thn perÐptwsh h ψ(y) ikanopoieÐ thn elleiptik  exÐswsh

∆ψ − 1

2
y · ∇ψ − 1

p− 1
ψ + |ψ|p−1ψ = 0. (2.5)

ParathroÔme oti gia mia lÔsh thc morf c aut c o apeirismìc eÐnai tÔpou I.
(iv) 'Otan p < ps, oi fragmènec lÔseic thc (2.3) proseggÐzoun lÔseic thc

exÐswshc (2.5) kaj¸c s →∞.

2.2 Energeiakèc ektim seic gia aujaÐreto p>1.
OrÐzoume thn enèrgeia thc w apì thn exÐswsh (2.3) wc ex c

E[w](s) :=

∫

Ω

(1

2
|∇w|2 +

1

2(p− 1)
w2 − 1

p + 1
|w|p+1

)
ρ(y)dy, (2.6)

ìpou ρ(y) = (4π)−N/2e−|y|
2/4, s ∈ (−logT1,∞). An loipìn w eÐnai lÔsh thc

(2.3), paragwgÐzontac paÐrnoume

d

ds
E[w](s) =

{ − ∫
RN (ws)

2ρ(y)dy, an Ω = RN ,

− ∫
Ωα,s

(ws)
2ρ(y)dy − 1

4

∫
∂Ωα,s

|y||∇w|2ρ(y)dSy, an Ω = BR.

(2.7)
Se k�je perÐptwsh èqoume

d

ds
E[w](s) ≤ −

∫

Ω

(ws)
2ρdy ≤ 0 gia k�je s > −logT1, (2.8)

opìte h enèrgeia eÐnai mh aÔxousa sun�rthsh tou s.

L mma 2.2.1 An

−2E[w](s∗) +
p− 1

p + 1

(∫

Ω

w2(y, s∗)ρ(y)dy
) p+1

2
> 0 (2.9)

gia k�poio s∗ > −logT1, tìte h w(y, s) apeirÐzetai se peperasmèno qrìno.
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Apìdeixh :

Pollaplasi�zontac thn exÐswsh (2.3) me wρ kai oloklhr¸nontac sto Ω paÐr-
noume

∫

Ω

wwsρdy =

∫

Ω

(
w4w − 1

2
(y · ∇w)w

)
ρdy −

∫

Ω

(
1

p− 1
w2 − |w|p+1)ρdy.

Me olokl rwsh kata mèrh sto pr¸to olokl rwma tou deÔterou mèlouc kai
efìson w = 0 sto ∂Ω ìtan Ω = Ωα,s, prokÔptei

∫

Ω

wwsρdy =

∫

Ω

(−|∇w|2 − 1

p− 1
w2 + |w|p+1)ρdy

kai apì thn (2.6)
∫

Ω

wwsρdy = −2E[w](s) +
p− 1

p + 1

∫

Ω

|w|p+1ρdy (2.10)

 , efìson h enèrgeia fjÐnei wc proc s,

1

2

d

ds

∫

Ω

(w(y, s))2ρdy ≥ −2E[w](s∗) +
p− 1

p + 1

∫

Ω

|w(y, s)|p+1ρdy,

gia k�je s ≥ s∗. Qrhsimopoi¸ntac t¸ra thn anisìthta Hölder èqoume
∫

Ω

w2ρdy =

∫

Ω

(w2ρ
2

p+1 )ρ
p−1
p+1 dy ≤

(∫

Ω

(|w|p+1ρdy
) 2

p+1
(∫

Ω

ρdy
) p−1

p+1
.

Epeid  ìmwc Ωα,s ⊆ RN , eÐnai
∫

Ω

ρdy ≤
∫

RN

ρdy = 1,

ara

1

2

d

ds

∫

Ω

(w(y, s))2ρdy ≥ −2E[w](s∗) +
p− 1

p + 1

(∫

Ω

(w(y, s))2ρdy
) p+1

2
,

gia k�je s ≥ s∗. An loipìn isqÔei h upìjesh tou l mmatoc tìte

1

2

d

ds

∫

Ω

w(y, s)2ρdy >
p− 1

p + 1

((∫

Ω

w2(y, s)ρdy
) p+1

2 −
(∫

Ω

w2(y, s∗)ρdy
) p+1

2

)
,

gia k�je s ≥ s∗. Apì thn teleutaÐa sqèsh, ìpwc sthn apìdeixh tou l mmatoc
1.0.2, blèpoume ìti eÐte to

∫
Ω

w2ρdy apeirÐzetai se peperasmèno qrìno   ìti
h lÔsh paÔei na up�rqei prin to olokl rwma apeiristeÐ. Se k�je perÐptwsh
h w apeirÐzetai se peperasmèno qrìno. 2
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Prìtash 2.2.2 Upojètoume oti u0 ∈ L∞(Ω), ìpou Ω = RN   Ω = BR kai
ìti h lÔsh u tou probl matoc (1.1) orÐzetai gia t ∈ [0, T ). 'Estw h w(y, s) :=
wα,T1(y, s) ìpwc dÐnetai apì thn (2.2) kai èstw s0 = −logT1 +ε, ìpou ε jetik 
stajer . Up�rqei stajer  C0 exart¸menh mìno apì ta ||u0||L∞(Ω), ε, T1, p
tètoia ¸ste ∫ ∞

s0

∫

Ω

(ws(y, s))2ρ(y)dyds ≤ C0, (2.11)
∫

Ω

(w(y, s))2ρ(y)dy ≤ C0 gia k�je s ≥ s0 (2.12)

kai
∫ s1+1

s1

(∫

Ω

|w(y, s)|p+1ρ(y)dy
)2

ds ≤ C0 gia k�je s1 ≥ s0. (2.13)

Apìdeixh :

Jètoume t0 = (1 − e−ε)T1 thn tim  tou s0 stic arqikèc metablhtèc. 'Opwc
anafèrame sthn eisagwg , ìtan u0 ∈ L∞(Ω) èqoume

||∇u(·, t0)||L∞(RN ), ||u(·, t0)||L∞(RN ) ≤ C0

 
T
− 1

p−1
− 1

2

1 ||∇w(·, s0)||L∞(RN ), T
− 1

p−1

1 ||w(·, s0)||L∞(RN ) ≤ C0. (2.14)

Epomènwc apì thn (2.6) èqoume E[w](s0) ≤ C0 �ra

E[w](s) ≤ C0 gia k�je s ≥ s0, (2.15)

efìson h enèrgeia eÐnai mh aÔxousa sun�rthsh tou s. Oloklhr¸nontac thn
(2.8) kai lìgw thc (2.15) prokÔptei h (2.11). T¸ra, epeid  h w orÐzetai gia
k�je s ≥ s0, apì to prohgoÔmeno l mma èqoume

−2E[w](s) +
p− 1

p + 1

(∫

Ω

(w(y, s))2ρ(y)dy
) p+1

2 ≤ 0,

gia k�je s ≥ s0. Apì thn anisìthta aut  kai thn (2.15) prokÔptei h (2.12).
ParathroÔme epÐshc apì thn teleutaÐa sqèsh ìti

E[w](s) ≥ 0 gia k�je s ≥ s0. (2.16)

Apì thn (2.10) èqoume
∫

Ω

|w|p+1ρdy =
p + 1

p− 1

(∫

Ω

wwsρdy + 2E[w](s)
)
,
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kai lìgw thc (2.15)
∫

Ω

|w|p+1ρdy ≤ p + 1

p− 1

∫

Ω

wwsρdy + C0.

Qrhsimopoi¸ntac thn anisìthta Schwarz kai thn (2.12) prokÔptei
∫

Ω

|w|p+1ρdy ≤ C0

(∫

Ω

(ws)
2ρdy

) 1
2

+ C0.

Epomènwc
∫ s1+1

s1

(∫

Ω

|w|p+1ρdy
)2

ds ≤ C0

∫ s1+1

s1

∫

Ω

(ws)
2ρdyds + C0 (2.17)

gia k�je s1 ≥ s0. T¸ra me olokl rwsh thc sqèshc (2.8) kai apì tic (2.15),
(2.16) paÐrnoume

∫ s1+1

s1

∫

Ω

(ws)
2ρdyds ≤ E[w](s1)− E[w](s1 + 1) ≤ C0

gia k�je s1 ≥ s0, h opoÐa se sunduasmì me thn (2.17) dÐnoun thn (2.13). 2

2.3 Basikèc ektim seic.
Se aut  thn par�grafo dÐnoume èna omoiìmorfo fr�gma gia aktinik� sum-

metrikèc lÔseic tou probl matoc (1.1) oi opoÐec apeirÐzontai se peperasmèno
qrìno. Sugkekrimèna, ja apodeÐxoume to ex c:

Je¸rhma 2.3.1 'Estw p ∈ (1,∞), Ω = RN   Ω = BR kai u0(x) eÐnai akti-
nik  kai fragmènh. Upojètoume ìti h lÔsh u tou probl matoc (1.1) orÐzetai
gia t ∈ [0, T ) kai èstw h w0,T ìpwc dÐnetai apì thn (2.2) gia α = 0 kai T1 = T .
Tìte up�rqei jetik  stajer  C0, exart¸menh mìno apì ta ||u0||L∞(Ω), T, p
tètoia ¸ste

|w0,T (y, s)| ≤ C0(1 + |y|− 2
p−1 ), gia k�je |y| > 0, s ≥ −logT. (2.18)

Shmei¸noume ìti h parap�nw ektÐmhsh stic arqikèc metablhtèc eÐnai :

|u(x, t)| ≤ C0((T−t)−
1

p−1 +|x|− 2
p−1 ), gia k�je x ∈ Ω\{0}, t ∈ [0, T ). (2.19)

H apìdeixh tou parap�nw jewr matoc eÐnai o sunduasmìc dÔo ektim sewn
gia thn w0,T . Gia perissìterh aplìthta sto sumbolismì, oi apodeÐxeic twn
parak�tw apotelesm�twn dÐnontai sthn perÐptwsh Ω = RN .
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L mma 2.3.2 An u0 ∈ L∞(Ω), tìte up�rqei stajer  C0 > 0 tètoia ¸ste

|w0,T (y, s)| ≤ C0 gia k�je |y| ≥ 1, s ≥ −logT.

Apìdeixh :

H u eÐnai fragmènh sthn perioq  (x, t) ∈ RN×[0, (1−e2)T ]   isodÔnama, h w0,T

eÐnai fragmènh sthn (y, s) ∈ RN × [−logT,−logT + 2], �ra ja apodeÐxoume
to l mma mìno gia s ≥ −logT + 2.
Apì thn Prìtash 2.2.2 gia ε = 1 kai T1 = T paÐrnoume s0 = −logT + 1,

∫

RN

(wα,T (y, s))2ρ(y)dy ≤ C0 gia k�je s ≥ s0, (2.20)

kai
∫ s1+1

s1

(∫

RN

|wα,T (y, s)|p+1ρ(y)dy
)2

ds ≤ C0 gia k�je s1 ≥ s0. (2.21)

Oi parap�nw ektim seic isqÔoun gia k�je α ∈ RN , epomènwc antikajist¸ntac
th sqèsh

wα,T (y, s) = w0,T (y + e
s
2 α, s)

stic (2.20), (2.21) kai jètontac α = 0, paÐrnoume gia k�je y0 ∈ RN

∫

|y−y0|≤1

(w0,T (y, s))2dy ≤ C0 gia k�je s ≥ s0, (2.22)

∫ s1+1

s1

(∫

|y−e(s−s1)/2y0|≤1

|w0(y, s)|p+1dy
)2

ds ≤ C0 gia k�je s1 ≥ s0. (2.23)

H w0,T eÐnai aktinik� summetrik , efìson h u eÐnai. Epomènwc jètoume
W (r, s) = w0,T (y, s), ìpou r = |y|. H W orÐzetai gia r ≥ 0, s ≥ s0 kai
ikanopoieÐ t¸ra thn exÐswsh

∂W

∂s
=

∂2W

∂r2
+

N − 1

r

∂W

∂r
− r

2

∂W

∂r
− 1

p− 1
W + |W |p−1W.

Oi (2.22), (2.23) gÐnontai
∫

|r−r0|≤ 3
4

(W (r, s))2dr ≤ C0 gia k�je s ≥ s0, (2.24)

∫ s1+1

s1

(∫

|r−e(s−s1)/2r0|≤ 3
4

|W (r, s)|p+1dr
)2

ds ≤ C0 gia k�je s1 ≥ s0. (2.25)
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Sth sunèqeia, jèlontac na periorÐsoume th qronik  metablht  se èna stajerì
kai sumpagèc di�sthma, metasqhmatÐzoume thn parap�nw exÐswsh gia th W
jètontac W (ρ, τ) = W (r, s), ìpou ρ = re(−s+s1+1)/2, τ = 1 − e−s+s1+1 kai
s1 ∈ [s0 + 1,∞) eÐnai aujaÐreth stajer . H exÐswsh gÐnetai

∂W

∂τ
=

∂2W

∂ρ2
+

N − 1

ρ

∂W

∂ρ
+ θW (2.26)

me

θ(ρ, τ) =
1

1− τ

(
− 1

p− 1
+ |W |p−1

)
.

Stic nèec metablhtèc, apì tic (2.24) kai (2.25) prokÔptoun oi ektim seic:
∫

|ρ−ρ0|≤ 1
2

(W (ρ, τ))2dρ ≤ C0 gia k�je τ ∈ [1− e, 0], ρ0 ≥ 1, (2.27)

∫ 0

1−e

(∫

|ρ−ρ0|≤ 1
2

|θ(ρ, τ)| p+1
p−1 dρ

)2

dτ ≤ C0 gia k�je ρ0 ≥ 1. (2.28)

Apì thn (2.26) blèpoume ìti h W lÔnei mia parabolik  exÐswsh me suneqeÐc
suntelestèc. Lìgw twn (2.27) kai (2.28), apì gnwstì je¸rhma gia omalìthta
lÔsewn (bl. epìmeno je¸rhma), èqoume

|W (ρ0, 0)| ≤ C0, gia k�je ρ0 ≥ 1

 
|w0,T (y, s)| ≤ C0 gia k�je |y| ≥ 1, s ≥ −logT + 2.

2

Ja d¸soume t¸ra q¸ric apìdeixh (bl. [LSU ], Kef�laio III, §7. Je¸rhma
7.1, §8. Je¸rhma 8.1) to je¸rhma pou qrhsimopoi same sthn apìdeixh tou
prohgoÔmenou l mmatoc. H efarmog  tou ègine sthn eidik  perÐptwsh ìpou
n = 1, A = 1, Γ = (N − 1)/ρ, g = θ kai q = (p + 1)/(p − 1), r =
2(p + 1)/(p− 1).

Je¸rhma 2.3.3 'Estw v(x, t) eÐnai lÔsh thc exÐswshc me suneqeÐc suntele-
stèc

vt −∇ · (A∇v) + Γ · ∇v + gv = 0

ston parabolikì kÔlindro BR × (−l2, 0] ⊂ Rn × R, me

λ0|ξ|2 ≤ (A(x, t)ξ, ξ) ≤ λ−1
0 |ξ|2 ∀ ξ ∈ RN , |Γ(x, t)| ≤ λ1,
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∫ 0

−l2

∫

BR

|v|2dxdt ≤ λ2,

∫ 0

−l2

(∫

BR

|g|qdx
)r/q

dt ≤ λ3,
1

r
+

n

2q
< 1, q ≥ 1.

Tìte gia k�je 0 < ε < R èqoume |v| ≤ C ston BR−ε × (−l2 + ε, 0], ìpou h C
exart�tai apì ta λ0, λ1, λ2, λ3, r, n, q kai R, l, ε.

L mma 2.3.4 Up�rqei stajer  C0 > 0 tètoia ¸ste, gia k�je T1 ∈ [T/2, T ]
na isqÔei

|w0,T1(y, s)| ≤ C0 gia k�je |y| ≥ 1, s ≥ −logT1.

Apìdeixh :

H apìdeixh eÐnai ìmoia me aut  tou prohgoÔmenou l mmatoc. H stajer  C0

eÐnai anex�rthth thc epilog c tou T1 ∈ [T/2, T ] efìson sthn apìdeixh thc
Prìtashc 2.2.2 antikatast soume tic ekfr�seic sto pr¸to mèloc thc (2.14)
apì tic sqèseic

T− 1
p−1

− 1
2 ||∇w(·, s0)||L∞(RN ) ≤ T

− 1
p−1

− 1
2

1 ||∇w(·, s0)||L∞(RN ),

kai
T− 1

p−1 ||w(·, s0)||L∞(RN ) ≤ T
− 1

p−1

1 ||w(·, s0)||L∞(RN ).

2

L mma 2.3.5 Up�rqei stajer  C0 > 0 tètoia ¸ste

|w0,T (y, s)| ≤ C0|y|−
2

p−1 gia k�je 0 < |y| ≤ 1, s ≥ −logT + log2.

Apìdeixh :

Apì ton orismì thc wα,T1 , èqoume

u(x, t) = (T1 − t)−
1

p−1 w0,T1

( x√
T1 − t

, log
1

T1 − t

)

= (T − t)−
1

p−1 w0,T

( x√
T − t

, log
1

T − t

)
.

Jètontac

y =
x√

T − t
, s = log

1

T − t
, s1 = log

1

T1 − t
,
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paÐrnoume
w0,T (y, s) = λ

1
p−1 w0,T1(

√
λ y, s1),

ìpou λ = (T − t)/(T1 − t). 'Omwc s1 = s + logλ, ara

w0,T (y, s) = λ
1

p−1 w0,T1(
√

λ y, s + logλ). (2.29)

An t¸ra t ∈ [T/2, T ) kai T1 ∈ (t, T ], tìte h (2.29) isqÔei gia k�je s ≥
−logT + log2 kai gia k�je λ ∈ [1,∞). Opìte epilègontac y me |y| ∈ (0, 1],
jètoume λ = 1/|y|2 kai èqoume

w0,T (y, s) = |y|− 2
p−1 w0,T1(y/|y|, s− 2log|y|). (2.30)

T¸ra apì to L mma 2.3.4 kai thn (2.30) prokÔptei h epijumht  ektÐmhsh. H
epilog  λ = 1/|y|2 eÐnai h bèltisth an�mesa stic λ = 1/|y|γ, me γ ≥ 2 ¸ste
na ikanopoioÔntai oi proôpojèseic tou L mmatoc 2.3.4. 2

T¸ra to Je¸rhma 2.3.1 prokÔptei amèswc sundu�zontac to L mma 2.3.2
kai to L mma 2.3.5.
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Kef�laio 3

St�simec lÔseic kai zero
number idiìthtec aut¸n.

3.1 Oi aktinik� summetrikèc, st�simec lÔseic
tou probl matoc.

Sthn par�grafo aut  ja anafèroume tic st�simec lÔseic thc exÐswshc
(1.1) oi opoÐec eÐnai aktinik� summetrikèc, dhlad  tic lÔseic thc

Urr +
N − 1

r
Ur + |U |p−1U = 0, (3.1)

ìpou p ≥ ps.
EpÐshc ja d¸soume qwrÐc apodeÐxeic k�poia apotelèsmata gia thn asum-

ptwtik  sumperifor� aut¸n.

Up�rqoun dÔo eid¸n mh mhdenikèc lÔseic me aktinik  summetrÐa thc exÐ-
swshc (3.1): mÐa idiìmorfh kai oi omalèc. H idiìmorfh dÐnetai apì ton ex c
tÔpo:

Φ∗(r) = Ar−
2

p−1 , ìpou Ap−1 =
2

p− 1
(N − 2− 2

p− 1
). (3.2)

ParathroÔme ìti

(1/β)Φ∗(β−
p−1
2 r) = Φ∗(r), gia k�je β 6= 0. (3.3)

Oi omalèc orÐzontai wc oi lÔseic tou probl matoc

Urr +
N − 1

r
Ur + |U |p−1U = 0, ìpou U(0) = a, Ur(0) = 0, (3.4)
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ìpou a 6= 0 kai tic sumbolÐzoume me Φa(r). Sthn perÐptwsh pou p = ps h
Φa(r) dÐnetai apì ton tÔpo:

Φa(r) =
a

(1 + µa
4

N−2 r2)
N−2

2

, ìpou µ =
1

N(N − 2)
. (3.5)

'Otan p > ps den up�rqei tÔpoc all� exaitÐac thc autoìmoiac dom c thc
exÐswshc (3.1) - an U(r) eÐnai mi� lÔsh tìte h Uλ(r) := λU(λ

p−1
2 r) eÐnai

epÐshc lÔsh gia k�je λ 6= 0 - èqoume thn ex c antistoiqÐa me thn Φ1(r):

Φa(r) = aΦ1(a
p−1
2 r). (3.6)

Orismìc : 'Estw mi� suneq c sun�rthsh v(r) orismènh se k�poio di�-
sthma J ⊂ R, ìpou tupik� J = [0, R0]   J = [0,∞). 'Otan h v(r) den eÐnai
tautotik� Ðsh me 0 orÐzoume wc zero number thc sun�rthshc v sto J, thn
posìthta

ZJ [v] := Card{r ∈ J ; v(r) = 0},
dhlad  ZJ [v] eÐnai o plhjikìc arijmìc twn riz¸n thc v sto J . O orismìc
autìc eÐnai profan¸c anex�rthtoc thc pollaplìthtac k�je rÐzac.

Ta epìmena dÔo l mmata (gia tic apodeÐxeic bl. [JL]) kajorÐzoun thn
asumptwtik  sumperifor� twn Φa(r) stic peript¸seic p = ps kai ps < p < p∗,
ìpou p∗ dÐnetai apì thn (1.9).
L mma 3.1.1 'Estw p = ps kai a > 0. Tìte h Φa ikanopoieÐ ta ex c:

(i) Φa(r) > 0 kai Φ′
a(r) < 0 gia k�je r > 0,

(ii) Φa(0) →∞ kai Φa(r) → 0 (an r 6= 0) kaj¸c a →∞,

(iii) Z[0,∞)(Φa − Φ∗) = 2 kai Z[0,∞)(Φa − Φb) = 1 (an a 6= b).

ParathroÔme ìti sthn perÐptwsh pou o ekjèthc p eÐnai krÐsimoc, opoiad pote
omal  lÔsh tèmnei thn idiìmorfh akrib¸c dÔo forèc.
L mma 3.1.2 'Estw p∗ > p > ps kai a > 0. Tìte h Φa ikanopoieÐ ta ex c:

(i) Φa(r) > 0 kai Φ′
a(r) < 0 gia k�je r > 0,

(ii) Φa(r)/Φ
∗(r) → 1 kaj¸c eÐte r →∞, eÐte a →∞,

(iii) Z[0,∞)(Φa − Φ∗) = ∞.

'Otan loipìn o ekjèthc p eÐnai uperkrÐsimoc opoiad pote omal  lÔsh tèmnei
thn idiìmorfh �peirec forèc. Blèpoume loipìn ìti h asumptwtik  sumperifo-
r� twn Φa eÐnai ousiwd¸c diaforetik  an�mesa stic dÔo peript¸seic gia ton
ekjèth p.
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3.2 Idiìthtec zero number .
To epìmeno l mma (gia thn apìdeixh bl. [CP ]) m�c dÐnei k�poiec idiìth-

tec tou zero number gia sunart seic pou eÐnai aktinik� summetrikèc lÔseic
grammik¸n parabolik¸n exis¸sewn.

L mma 3.2.1 'Estw v(x, t) := V (r, t) eÐnai mi� omal , aktinik� summetrik 
lÔsh thc grammik c exÐswshc

vt = ∆v + a(|x|, t)v, |x| < R0, t ∈ (t1, t2), (3.7)

ìpou 0 < R0 < +∞, −∞ ≤ t1 < t2 ≤ +∞, kai a(r, t) eÐnai suneq c sto
[0, R0]× (t1, t2). Upojètoume ìti h V (r, t) den eÐnai tautotik� Ðsh me 0 kai ìti
ikanopoieÐ k�poia ek twn sunoriak¸n sunjhk¸n:

(α) V (R0, t) ≡ 0 (t ∈ (t1, t2)), (β) V (R0, t) 6= 0 (t ∈ (t1, t2)). (3.8)

Tìte isqÔoun ta akìlouja:

(i) ZJ [V (·, t)] eÐnai peperasmèno gia k�je t ∈ (t1, t2),

(ii) t → ZJ [V (·, t)] eÐnai mh aÔxousa,

(iii) an Vr(r
∗, t∗) = V (r∗, t∗) = 0 gia k�poio r∗ ∈ [0, R0], t∗ ∈ (t1, t2), tìte

ZJ [V (·, t)] > ZJ [V (·, s)] (t1 < t < t∗ < s < t2).

Pìrisma 3.2.2 'Estw v(x, t) = V (|x|, t) eÐnai mi� fragmènh, omal  lÔsh
thc exÐswshc (3.7) eÐte sthn perioq  {|x| < R0}× (t1, t2)   ston RN × (t1, t2).
Sthn pr¸th perÐptwsh, upojètoume ìti isqÔei k�poia ek twn sunoriak¸n sun-
jhk¸n (3.8). 'Estw ìti gia k�poio r∗ ∈ [0, R0] (  r∗ ∈ [0,∞] sthn deÔterh
perÐptwsh) kai gia k�poia t1 < t∗ < t∗ < t2, èqoume

Vr(r
∗, t) = V (r∗, t) = 0 (t ∈ [t∗, t∗]).

Tìte V (r, t) ≡ 0.

Apìdeixh :

'Otan r ∈ [0, R0), an h V (r, t) den eÐnai tautotik� mhdèn tìte apì to prohgoÔ-
meno l mma èqoume Z[0,R0][V (·, t)] < ∞ kai

Z[0,R0][V (·, t)] > Z[0,R0][V (·, s)] gia k�je t∗ ≤ t < s ≤ t∗,

20



dhlad  h sun�rthsh t → Z[0,R0][V (·, t)] eÐnai peperasmènh kai austhr¸c fjÐ-
nousa sto [t∗, t∗]. Autì ìmwc den mporeÐ na isqÔei giatÐ Z[0,R0][V (·, t)] ≥ 0.
An r ∈ RN , ac upojèsoume ìpwc prin ìti h V (r, t) den eÐnai tautotik� mhdèn.
'Efìson h V eÐnai suneq c ja up�rqei k�poio r0 ∈ (r∗,∞) kai èna mh ekfu-
lismèno di�sthma I ⊂ [t∗, t∗] tètoia ¸ste V (r0, t) 6= 0 gia k�je t ∈ I. Qrhsi-
mopoi¸ntac thn prohgoÔmenh perÐptwsh me r ∈ [0, r0] èqoume V (r, t) ≡ 0. 2

Kajemi� apì tic sunart seic U(r, t), Ut(r, t), U(r, t) ± Φ∗(r) ikanopoieÐ
k�poia exÐswsh thc morf c (3.7). Gia par�deigma h V (r, t) = U(r, t)−Φ∗(r)
ikanopoieÐ thn exÐswsh

Vt = ∆V + a(r, t)V,

ìpou
a(r, t) =

|U |p−1U − (Φ∗)p

U − Φ∗

h opoÐa eÐnai profan¸c suneq c efìson p > 1. Efarmìzontac epomènwc to
L mma 3.2.1 stic U(r, t), Ut(r, t), U(r, t)±Φ∗(r) prokÔptei to epìmeno l mma:

L mma 3.2.3 'Estw Ω = BR kai èstw U(r, t) eÐnai mi� lÔsh thc (3.1) gia
0 ≤ t < T upì sunoriak  sunj kh Dirichlet. Tìte oi posìthtec

Z[0,R][U(·, t)], Z[0,R][Ut(·, t)], Z[0,R][U(·, t)± Φ∗]

eÐnai ìlec peperasmènec gia k�je 0 < t < T kai mh aÔxousec. Sunep¸c,
up�rqei t0 ∈ [0, T ) tètoio ¸ste oi parap�nw posìthtec na paramènoun stajerèc
sto di�sthma [t0, T ).

Pìrisma 3.2.4 'Estw Ω = BR kai èstw U(r, t) eÐnai mi� lÔsh thc (3.1) gia
0 ≤ t < T upì sunoriak  sunj kh Dirichlet. Tìte up�rqei t0 ≥ 0 tètoio
¸ste

U(0, t), Ut(0, t) 6= 0 gia k�je t ∈ (t0, T ).

Apìdeixh :

Apì to prohgoÔmeno l mma, up�rqei t0 ∈ [0, T ) tètoio ¸ste h Z[0,R][U(·, t)]
na paramènei stajer  sto [t0, T ). 'Estw t1 ∈ (t0, T ) me U(0, t1) = 0. Lìgw
aktinik c summetrÐac èqoume epÐshc Ur(0, t1) = 0. Epomènwc apì to L m-
ma 3.2.1 paÐrnoume Z[0,R][U(·, t0)] > Z[0,R][U(·, t1)]. 'Atopo. 'Omoia gia thn
Ut(0, t). 2

'Otan Ω = RN eÐnai gnwstèc oi akìloujec asjenèsterec ekdoqèc twn
prohgoÔmenwn apotelesm�twn:
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L mma 3.2.5 'Estw Ω = RN kai èstw U(r, t) eÐnai mi� lÔsh thc (3.1). Jè-
toume V (r, t) na eÐnai mÐa apì tic akìloujec sunart seic:

U(r, t), Ut(r, t), U(r, t) + Φ∗(r), U(r, t)− Φ∗(r).

Upojètoume oti up�rqei t∗ ∈ [0, T ) kai mi� jetik  omal  sun�rthsh R0(t) sto
[t∗, T ) tètoia ¸ste h V (R0(t), t) na mhn all�zei prìshmo sto di�sthma [t∗, T ).
Tìte h posìthta Z[0,R0(t)][V (·, t)] eÐnai peperasmènh sto (t∗, T ) kai eÐnai mh
aÔxousa. Sunep¸c up�rqei t0 ∈ [t∗, T ) tètoio ¸ste to Z[0,R0(t)][V (·, t)] na
paramènei stajerì sto di�sthma [t0, T ).

Pìrisma 3.2.6 'Estw Ω = RN kai èstw U(r, t) eÐnai mi� lÔsh thc (3.1).
Upojètoume ìti up�rqei t∗ ∈ [0, T ) kai mi� jetik  omal  sun�rthsh R0(t)
sto [t∗, T ) tètoia ¸ste h U(R0(t), t) (antistoÐqwc, Ut(R0(t), t)) na mhn al-
l�zei prìshmo sto di�sthma [t∗, T ). Tìte up�rqei k�poio t0 > 0 tètoio ¸ste
U(0, t) 6= 0 (antistoÐqwc, Ut(0, t)) sto (t0, T ).

L mma 3.2.7 'Estw Ω = RN kai èstw U(r, t) eÐnai mi� lÔsh thc (3.1) gia
t ∈ [0, T ). Tìte up�rqei k�poio t0 > 0 tètoio ¸ste U(0, t) 6= 0 sto (t0, T ).
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Kef�laio 4

SÔgklish klimakwmènwn
(rescaled) lÔsewn.

Sto kef�laio autì ja deÐxoume ìti k�je tÔpou II aktinik� summetrik  lÔsh
thc exÐswshc (1.1), sugklÐnei se mi� st�simh lÔsh thc Ðdiac exÐswshc mèta
apì kat�llhlh allag  klÐmakac kai thn proôpìjesh (1.10) ìtan p > ps kai
Ω = RN .

UpenjumÐzoume ìti apì to L mma 1.0.2 èqoume

m′(t) ≤ mp(t) σ.π. t ∈ [0, T ) kai g(t) ≤ m(t) gia k�je t ∈ [0, T ),

en¸ epÐshc ìtan Ω = BR epekteÐnoume thn u sto RN ètsi ¸ste u = 0 sto
RN \BR.

Prìtash 4.0.8 'Estw p ≥ ps kai èstw U(r, t) eÐnai aktinik� summetrik 
lÔsh thc (1.1) me apeirismì tÔpou II se qrìno T < ∞. Sthn perÐptwsh pou
p > ps kai Ω = RN , upojètoume epiplèon ìti up�rqei k�poio t0 ∈ [0, T ) tètoio
¸ste h sun�rthsh r 7→ Ut(r, t0) na all�zei prìshmo to polÔ peperasmènec
forèc. Tìte up�rqei mi� akoloujÐa tn ↑ T , tètoia ¸ste

1

m(tn)
U(m− p−1

2 (tn)r, tn) → ±Φ(r), kaj¸c n →∞, omoiìmorfa C2[0,∞),

ìpou Φ(r) := Φ1(r) eÐnai h lÔsh tou probl matoc (3.4) gia a = 1.

Prin proqwr soume sthn apìdeixh thc parap�nw prìtashc ja doÔme ton
trìpo me ton opoÐo ja ermhneÔsoume thn upìjesh pou k�noume sthn eidik 
perÐptwsh ìpou p > ps kai Ω = RN .

'Otan Ω = BR, apì to Pìrisma 3.2.4, oi U(0, t) kai Ut(0, t) diathroÔn
stajerì prìshmo gia t epark¸c kont� sto T. Sthn perÐptwsh Ω = RN , apì
to L mma 3.2.7 kai thn en lìgw upìjesh, isqÔei to Ðdio epÐshc gia tic U(0, t)

23



kai Ut(0, t). Epomènwc kajorÐzontac ek nèou thn tim  t = 0, mporoÔme qwrÐc
bl�bh thc genikìthtac na upojèsoume ìti oi U(0, t) kai Ut(0, t) den all�zoun
prìshmo. Efìson h perÐptwsh u > 0 kai h perÐptwsh u < 0 antimetwpÐzontai
me ton Ðdio trìpo, upojètoume ìti

u(0, t) > 0 gia k�je t ∈ [0, T ), (4.1)

kai

eÐte (a) Ut(0, t) > 0 (0 < t < T ), eÐte (b) Ut(0, t) < 0 (0 < t < T ). (4.2)

Sthn perÐptwsh p = ps, h prìtash apodeiknÔetai qwrÐc upojèseic gia to
prìshmo thc Ut, kaj¸c ìpwc ja doÔme h (4.1) eÐnai arket .

4.1 H perÐptwsh ìpou h m(t) eÐnai aÔxousa.
Se aut  thn par�grafo ja apodeÐxoume thn prìtash 4.0.8 upojètontac ìti

m′(t) ≥ 0 σ.π. t ∈ [0, T ). Sthn perÐptwsh aut  èqoume

0 ≤ m′(t) ≤ mp(t) σ.π. t ∈ [0, T ). (4.3)

OrÐzoume
λ(t) := m−(p−1)(t), (4.4)

apì thn opoÐa paragwgÐzontac kai lìgw thc (4.3) lamb�noume

0 ≥ λ′(t) ≥ −(p− 1). (4.5)

Apì thn upìjesh ìti h u apeirÐzetai se qrìno T, èqoume m(t) → ∞ kaj¸c
t → T. 'Ara apì tic (4.4) kai (4.5) prokÔptei

λ(t) > 0 kai λ(t) → 0 kaj¸c t → T.

EpÐshc apì thn (4.5), èqoume

λ(t) = −
∫ T

t

λ′(s)ds ≤ (p− 1)(T − t). (4.6)

Sth sunèqeia eis�goume mi� nèa qronik  metablht :

τ :=

∫ t

0

ds

λ(s)
. (4.7)
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Epomènwc lìgw thc (4.6)

τ =

∫ t

0

ds

λ(s)
≥ 1

p− 1
log

T

T − t
→∞ kaj¸c t → T,

dhlad  o qrìnoc apeirismoÔ t = T antistoiqeÐ sth nèa metablht  sto τ = ∞.
OrÐzoume η(τ) := λ(t), opìte apì thn (4.7) paÐrnoume me parag¸gish

dτ

dt
=

1

λ(t)
,

dt

dτ
= η(τ). (4.8)

'Ara,

T − t =

∫ ∞

τ

η(σ)dσ.

T¸ra orÐzoume thn klimakwmènh lÔsh wc ex c

v(z, τ) = λ
1

p−1 (t)u(
√

λ(t)z, t) (z ∈ Dτ , 0 ≤ τ < ∞), (4.9)

ìpou

Dτ =

{ RN an Ω = RN

B
R/
√

η(τ)
an Ω = BR.

H v ikanopoieÐ thn exÐswsh

vτ = ∆zv + |v|p−1v − a(τ)

(
1

2
z · ∇zv +

1

p− 1
v

)
, (4.10)

ìpou
a(τ) := −η′(τ)

η(τ)
= −λ′(t) = (p− 1)

m′(t)
mp(t)

. (4.11)

An t¸ra h lÔsh u eÐnai aktinik� summetrik , dhlad  u(x, t) = U(r, t) me
r = |x|, tìte jètoume v(z, τ) := V (ρ, τ) me ρ = |z|, thn antÐstoiqh klimakw-
mènh lÔsh. Epomènwc

V (ρ, τ) = λ
1

p−1 (t)U(
√

λ(t)ρ, t) (ρ ≥ 0, 0 ≤ τ < ∞), (4.12)

kai ikanopoieÐ thn exÐswsh

Vτ = Vρρ +
N − 1

ρ
Vρ + |V |p−1V − a(τ)

(
1

2
ρVρ +

1

p− 1
V

)
. (4.13)

Apì tic (4.5) kai (4.11) èqoume

0 ≤ a(τ) ≤ p− 1, (4.14)
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kai
∫ τ∗

τ∗
a(τ)dτ = log

(
η(τ∗)
η(τ ∗)

)
gia k�je 0 ≤ τ∗ < τ ∗ < ∞. (4.15)

EpÐshc apì touc orismoÔc twn v, V èqoume

||v(·, τ)||L∞(RN ) = ||V (·, τ)||L∞[0,∞) = 1 gia k�je τ ≥ 0. (4.16)

Sth sunèqeia orÐzoume thn akìloujh posìthta:

h(τ) :=
η(τ)∫∞

τ
η(σ)dσ

=
λ(t)

T − t
= (p− 1)

(m(t)

g(t)

)−(p−1)

. (4.17)

Efìson p > 1, apì thn (1.7) kai (4.17), h upìjesh ìti o apeirismìc eÐnai
tÔpou II eÐnai t¸ra isodÔnamh me thn ex c upìjesh :

up�rqei akoloujÐa τn →∞ tètoia ¸ste h(τn) → 0 kaj¸c n →∞. (4.18)

Sto ex c ja jewroÔme p�nta thn (4.18). ParagwgÐzontac thn (4.17) kai
qrhsimopoi¸ntac thn (4.11) prokÔptei

a(τ) = −hτ

h
+ h, (4.19)

kai apì thn (4.14)
−(p− 1)h ≤ hτ ≤ h2. (4.20)

L mma 4.1.1 Gia k�je ` > 0 up�rqei mi� akoloujÐa αn →∞ tètoia ¸ste

max
τ∈[αn,αn+`]

h(τ) → 0, kaj¸c n →∞, (4.21)

||a||L1(αn,αn+`) → 0, kaj¸c n →∞. (4.22)

Apìdeixh :

Me olokl rwsh thc sqèshc (4.19) èqoume
∫ α+`

α

a(τ)dτ = log
h(α)

h(α + `)
+

∫ α+`

α

h(τ)dτ, (4.23)

gia k�je `, α > 0. DiakrÐnoume dÔo peript¸seic:

A) H sun�rthsh h(τ) sugklÐnei sto 0 kaj¸c τ →∞.
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H (4.21) eÐnai profan c s' aut  thn perÐptwsh. EpÐshc èqoume gia k�je
` > 0, ìti ∫ α+`

α

h(τ)dτ ≤ ` max
[α,α+`]

h(τ) → 0 kaj¸c α →∞. (4.24)

Ac upojèsoume ìti h (4.22) den isqÔei, dhlad  ìti
∫ α+`0

α

a(τ)dτ ≥ δ0, (4.25)

gia k�poia `0, δ0 > 0 kai gia k�je α meg�lo. Apì thn (4.24) èqoume
∫ α+`0

α

h(τ)dτ ≤ δ0

2
,

epÐshc gia k�je α meg�lo. Epomènwc apì thn (4.23) prokÔptei

δ0 ≤
∫ α+`0

α

a(τ)dτ ≤ log
h(α)

h(α + `0)
+

δ0

2
,

gia k�je α ≥ α∗, ìpou α∗ epark¸c meg�lo. 'Omwc logx ≤ x − 1 gia k�je
x > 0, �ra

h(α + `0) ≤
(δ0

2
+ 1

)−1

h(α),

gia k�je α ≥ α∗. Me olokl rwsh apì thn teleutaÐa sqèsh paÐrnoume
∫ α+2`0

α+`0

h(τ)dτ ≤
(δ0

2
+ 1

)−1
∫ α+`0

α

h(τ)dτ

gia k�je α ≥ α∗. T¸ra mporoÔme eÔkola na apodeÐxoume qrhsimopoi¸ntac
epagwg , ìti gia k�je α ≥ α∗ isqÔei

∫ α+(k+1)`0

α+k`0

h(τ)dτ ≤
(δ0

2
+ 1

)−k
∫ α+`0

α

h(τ)dτ (k ∈ N). (4.26)

'Omwc apì tic (4.6), (4.17) èqoume

h(τ) = λ(t)/(T − t) ≤ p− 1,

�ra
∫ α∗+`0

0

h(τ) ≤ (p− 1)(α∗ + `0) kai
∫ α+`0

α

h(τ)dτ ≤ (p− 1)`0, (4.27)

27



gia k�je α ≥ α∗. Opìte ajroÐzontac thn (4.26) sto k gia α = α∗, kai apì
thn (4.27), lamb�noume

∫ ∞

0

h(τ)dτ ≤ (p− 1)(α∗ + `0(c + 1)), ìpou c =
∞∑

k=1

(δ0

2
+ 1

)−k

< ∞.

Autì ìmwc den mporeÐ na isqÔei efìson apì tic (4.8), (4.17) èqoume
∫ ∞

0

h(τ)dτ =

∫ T

0

λ(t)

T − t

dt

λ(t)
= −

[
log(T − t)

]T

0
= ∞.

B) An h h(τ) de sugklÐnei sto 0 kaj¸c τ →∞.

Se aut  thn perÐptwsh up�rqei mi� akoloujÐa (σn) tètoia ¸ste :

(i) σn →∞, kaj¸c n →∞,

(ii) σn < τn < σn+1 kai 0 < δ0 ≤ h(σn) gia k�je n ∈ N, ìpou h τn dÐnetai
apì thn (4.18).

QwrÐc periorismì thc genikìthtac upojètoume ìti

h(τn) = min
τ∈[σn,σn+1]

h(τ).

Apì thn (4.20) blèpoume ìti h h(τ) metab�lletai polÔ arg� kont� se k�je
τ = τn, gia meg�la n. Epomènwc, mporoÔme na epilèxoume akoloujÐec (αn)
kai (βn) tètoiec ¸ste :

(i) h(αn) = h(βn) = max
τ∈[αn,βn]

h(τ) → 0, kaj¸c n →∞,

(ii) αn ∈ (σn, τn), βn ∈ (τn, σn+1) kai βn − αn = `, gia k�je ` > 0 kai
gia k�je n meg�lo.

H sqèsh (4.21) eÐnai t¸ra profan c apì tic (i) kai (ii). Shmei¸noume ìti
h aujaÐreth epilog  tou ` > 0 ofeÐletai sth sqèsh (4.20). Gia par�deigma
èstw h(βn) = 2h(τn), tìte

h(τn) = h(βn)− h(τn) =

∫ βn

τn

hτ (τ)dτ ≤
∫ βn

τn

h2(τ)dτ,

apì thn en lìgw sqèsh. Epomènwc

h(τn) ≤ (βn − τn) max
τ∈[τn,βn]

h2(τ) = (βn − τn)4h2(τn),
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βn − τn ≥ 1

4h(τn)
→∞, kaj¸c n →∞.

Epomènwc h diafor� βn−τn gÐnetai ìso meg�lh epijumoÔme, efìson epilèxou-
me an�loga meg�lec timèc gia to n. 'Ara kai ` = βn−αn > βn−τn eÐnai epÐshc
aujaÐreta meg�lo. Sth sunèqeia, apì thn (4.23) gia α = αn, paÐrnoume gia
k�je ` > 0

∫ αn+`

αn

a(τ)dτ = log
h(αn)

h(βn)
+

∫ βn

αn

h(τ)dτ =

∫ βn

αn

h(τ)dτ,

efìson h(αn) = h(βn). Sunep¸c, gia k�je ` > 0

∫ αn+`

αn

a(τ)dτ ≤ ` max
τ∈[αn,βn]

h(τ) → 0 kaj¸c n →∞.

2

L mma 4.1.2 Up�rqoun akoloujÐec αn →∞ kai `n →∞ tètoiec ¸ste

max
τ∈[αn,αn+`n]

h(τ) → 0, kaj¸c n →∞, (4.28)

||a||L1(αn,αn+`n) → 0, kaj¸c n →∞, (4.29)

kai
a(τ + αn + `n) → 0 (n →∞) σ.π. τ ∈ (−∞, 0]. (4.30)

Apìdeixh :

Jètoume

F1(`, αn) := max
τ∈[αn,αn+`]

h(τ) kai F2(`, αn) := ||a||L1(αn,αn+`).

Apì to prohgoÔmeno l mma èqoume ìti gia k�je ` > 0 up�rqei akoloujÐa
αn →∞ tètoia ¸ste

F1(`, αn) → 0, kaj¸c n →∞ kai F2(`, αn) → 0, kaj¸c n →∞. (4.31)

Eklègoume opoiad pote akoloujÐa `n → ∞ kai efarmìzoume thn (4.31) se
k�je ìro aut c. PaÐrnoume me autìn ton trìpo, gia k�je k ∈ N mi� akoloujÐa
α

(`k)
n →∞ kaj¸c n →∞, tètoia ¸ste

F1(`k, α
(`k)
n ) → 0, kaj¸c k →∞ kai F2(`k, α

(`k)
n ) → 0, kaj¸c k →∞.
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Sth sunèqeia gia k = 1, epilègoume n1 epark¸c meg�lo, ¸ste

max{F1(`1, α
(`1)
n1

), F2(`1, α
(`1)
n1

)} ≤ ε < 1.

Gia k = 2, epilègoume n2, ¸ste α
(`2)
n2 > α

(`1)
n1 + 1 kai

max{F1(`2, α
(`2)
n2

), F2(`2, α
(`2)
n2

)} ≤ ε2.

SuneqÐzontac me autìn ton trìpo, ex�goume mi� akoloujÐa α̃k := α
(`k)
nk →∞,

tètoia ¸ste

F1(`k, α̃k) → 0, kaj¸c k →∞ kai F2(`k, α̃k) → 0, kaj¸c k →∞.

Autì apodeiknÔei tic (4.28) kai (4.29). Apì thn (4.29) èqoume
∫ α̃n+`n

α̃n

a(τ)dτ =

∫ 0

−∞
a(τ + α̃n + `n)χ

(−`n,0)
(τ)dτ → 0, kaj¸c n →∞,

�ra pern¸ntac se kat�llhlh upakoloujÐa, paÐrnoume

a(τ + α̃nk
+ `nk

) → 0, σ.π. τ ∈ (−∞, 0] kaj¸c k →∞.

2

Ja qreiastoÔme epiplèon sthn apìdeixh thc Prìtashc 4.0.8 to omoiìmorfo
fr�gma pou apodeÐxame sto Je¸rhma 2.3.1 ekfrasmèno stic nèec metablhtèc
pou orÐsame sta prohgoÔmena. Apì ton orismì thc V kai thn (2.19) èqoume
diadoqik�

|V (ρ, τ)| = λ
1

p−1 (t)|U(
√

λ(t)ρ, t)| ≤ C0λ
1

p−1 (t)
(
(T − t)−

1
p−1 +(

√
λ(t)ρ)−

2
p−1

)
,

 

|V (ρ, τ)| ≤ C0

(( λ(t)

T − t

) 1
p−1

+ ρ−
2

p−1

)
.

Epomènwc apì thn (4.17)

|V (ρ, τ)| ≤ C0

(
h

1
p−1 (τ) + ρ−

2
p−1

)
gia k�je ρ ≥ 0, τ ≥ 0. (4.32)

Apìdeixh thc prìtashc 4.0.8 me thn upìjesh thc monotonÐac :
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1o B ma. 'Estw αn kai `n eÐnai oi akoloujÐec tou L mmatoc 4.1.2. Jè-
toume τn = αn + `n kai orÐzoume

Vn(ρ, τ) := V (ρ, τ + τn) gia ρ ≥ 0, τ ∈ [−`n, `n], (4.33)

ìpou h V dÐnetai apì thn (4.12). Shmei¸noume ìti

τ ∈ [−`n, 0] an kai mìno an τ + τn ∈ [αn, αn + `n]. (4.34)

Oi Vn, n ∈ N ikanopoioÔn thn exÐswsh (4.13) kai thn ektÐmhsh (4.16), dhlad 

(Vn)τ = (Vn)ρρ +
N − 1

ρ
(Vn)ρ + |Vn|p−1Vn − a(τ + τn)

(
1

2
ρ(Vn)ρ +

1

p− 1
Vn

)
,

(4.35)
kai

||Vn(·, τ)||L∞[0,∞) = 1 (τ ∈ [−`n, `n]). (4.36)

Akìmh, apì thn (4.14), h posìthta a(τ + τn) eÐnai omoiìmorfa fragmènh
wc proc n ∈ N. Sunep¸c, apì sun jeic parabolikèc ektim seic èqoume ìti
oi akoloujÐec sunart sewn Vn, (Vn)τ , (Vn)ρ kai (Vn)ρρ eÐnai omoiìmorfa
fragmènec kai isosuneqeÐc gia ρ ≥ 0 kai τ ∈ [−`n, `n], n ∈ N. Epomènwc,
sÔmfwna me to krit rio sump�geiac gia omoiìmorfh sÔgklish twn Arzela−
Ascoli, up�rqei mia upakoloujÐa pou ja sumbolÐzoume epÐshc me Vn(ρ, τ)
h opoÐa sugklÐnei se mi� suneq  sun�rthsh V∞, omoiìmorfa sta sumpag 
uposÔnola tou [0,∞) × R, kai oi par�gwgoi thc Vn(ρ, τ) stic antÐstoiqec,
epÐshc suneqeÐc parag¸gouc thc V∞. 'Ara, gia n → ∞, apì to L mma 4.1.2
kai tic (4.34), (4.35) paÐrnoume

(V∞)τ = (V∞)ρρ +
N − 1

ρ
(V∞)ρ + |V∞|p−1V∞ (ρ > 0, τ ≤ 0). (4.37)

2o B ma. Apì thn (4.32) èqoume thn ektÐmhsh

|Vn(ρ, τ)| ≤ C0

(
h

1
p−1 (τ + τn) + ρ−

2
p−1

)
gia k�je ρ ≥ 0, τ + τn ≥ 0,

kai apì to L mma 4.1.2

max
τ∈[−`n,0]

h(τ + τn) → 0, kaj¸c n →∞.

'Ara gia k�poio ε > 0, up�rqoun n0 ∈ N kai M0 > 0 tètoia ¸ste

|Vn(ρ, τ)| ≤ C0

(
ε

1
p−1 +ρ−

2
p−1

)
≤ 1 gia k�je ρ ∈ [0,M0], τ ∈ [−`n, 0], n ≥ n0.
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Me �lla lìgia, gia epark¸c meg�la n up�rqei mi� stajer  M0 > 0 tètoia
¸ste gia k�je τ ∈ [−`n, 0], h sun�rthsh ρ 7→ |Vn(ρ, τ)| na epitugq�nei th
mègisth tim  thc, dhlad  to 1, sto di�sthma [0,M0]. Opìte an gia k�je
τ ∈ [−`n, 0] sumbolÐsoume me ρn(τ) to shmeÐo gia to opoÐo |Vn(ρn(τ), τ)| = 1,
tìte

0 ≤ ρn(τ) ≤ M0 (n ≥ n0, τ ∈ [−`n, 0]).

Epomènwc apì aut n thn ektÐmhsh kai thn (4.36), gia n →∞ paÐrnoume

max
ρ∈[0,M0]

|V∞(ρ, τ)| = max
ρ∈[0,∞)

|V∞(ρ, τ)| = 1 gia k�je τ ≤ 0. (4.38)

3o B ma. Ja deÐxoume t¸ra ìti h V∞(0, τ) eÐnai aÔxousa (antÐstoiqa,
fjÐnousa) upì thn upìjesh (a) (antÐstoiqa, (b)) thc (4.2). Ja apodeÐxoume
mìno ton pr¸to isqurismì efìson h apìdeixh eÐnai entel¸c antÐstoiqh kai gia
ton deÔtero. 'Estw loipìn ìti isqÔei h (4.2)(a) kai èstw −∞ < τ∗ < τ ∗ < ∞,
tìte

V (0, τ∗ + τn) → V∞(0, τ∗) kai V (0, τ ∗ + τn) → V∞(0, τ ∗) kaj¸c n →∞.

Apì thn (4.12) kai thn (4.1) paÐrnoume

V (0, t) = λ
1

p−1 (t)U(0, t) > 0   U(0, t) =
V (0, τ)

η1/(p−1)(τ)
> 0.

Epomènwc èqoume ìti h V (0, τ)/η1/(p−1)(τ) eÐnai jetik  kai aÔxousa gia τ ∈ R.
'Ara

0 <
V (0, τ∗ + τn)

η1/(p−1)(τ∗ + τn)
<

V (0, τ ∗ + τn)

η1/(p−1)(τ ∗ + τn)
.

Opìte apì aut n kai thn (4.15), gia epark¸c meg�la n ¸ste τ∗ + τn ≥ 0,
prokÔptei èpeita apì thn allag  metablht¸n σ = τ + τn

V (0, τ ∗ + τn)

V (0, τ∗ + τn)
>

(
η(τ ∗ + τn)

η(τ∗ + τn)

) 1
p−1

= exp

(
− 1

p− 1

∫ τ∗

τ∗
a(τ + τn)dτ

)
.

Gia n →∞, apì thn (4.14) kai to L mma 4.1.2 èqoume

V∞(0, τ ∗)
V∞(0, τ∗)

≥ 1.

4o B ma. Apì thn exÐswsh (4.37) kai efìson apì thn (4.38) h suneq c
sun�rthsh V∞ eÐnai fragmènh, èqoume apì sun jeic parabolikèc ektim seic
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ìti oi epÐshc suneqeÐc sunart seic (V∞)ρ, (V∞)ρρ kai (V∞)τ eÐnai ìlec fragmè-
nec kai omoiìmorfa suneqeÐc sto [0,∞)× (−∞, 0]. 'Estw σn →∞, orÐzoume

V∞,n := V∞(ρ, τ − σn) (ρ ≥ 0, τ ≤ σn).

Oi akoloujÐec V∞,n, (V∞,n)ρ, (V∞,n)ρρ kai (V∞,n)τ eÐnai t¸ra omoiìmorfa
fragmènec kai isosuneqeÐc sto [0,∞)× (−∞, σn]. Epomènwc apì to krit rio
twn Arzela−Ascoli up�rqei mi� upakoloujÐa (thn opoÐa ja sumbolÐzoume epÐ-
shc me V∞,n(ρ, τ)) tètoia ¸ste na sugklÐnei se mia suneq  sun�rthsh f(ρ, τ),
omoiìmorfa sta sumpag  uposÔnola tou [0,∞) × R, kai oi par�gwgoi thc
V∞,n stic antÐstoiqec, epÐshc suneqeÐc parag¸gouc thc f. H f ikanopoieÐ thn
exÐswsh

fτ = fρρ +
N − 1

ρ
fρ + |f |p−1f (ρ > 0, τ ∈ R).

5o B ma. Epeid  h V∞(0, τ) eÐnai monìtonh sumperaÐnoume ìti h f(0, τ)
eÐnai anex�rthth apì to τ. Pr�gmati, èstw −∞ < τ∗ < τ ∗ < +∞ ki ac
upojèsoume ìti h V∞(0, τ) eÐnai aÔxousa. Tìte

V∞(0, τ∗ − σn) → f(0, τ∗), V∞(0, τ ∗ − σn) → f(0, τ ∗) (n →∞)

kai
V∞(0, τ∗ − σn) ≤ V∞(0, τ ∗ − σn),

gia k�je n ∈ N. Epomènwc f(0, τ∗) ≤ f(0, τ ∗). Upojètoume ìti gia epark¸c
meg�la n isqÔei σn+1−σn > τ ∗−τ∗ (an ìqi tìte mporoÔme na upojèsoume ìti
σn+k − σn > τ ∗− τ∗ gia kat�llhlo k ∈ N). Apì thn upìjesh aut  paÐrnoume

V∞(0, τ ∗ − σn+1) ≤ V∞(0, τ∗ − σn),

gia meg�la n. 'Omwc

V∞(0, τ ∗ − σn+1) → f(0, τ ∗), V∞(0, τ∗ − σn) → f(0, τ∗) (n →∞),

�ra f(0, τ ∗) ≤ f(0, τ∗), opìte f(0, τ∗) = f(0, τ ∗). JewroÔme t¸ra th sun�r-
thsh

G(ρ, τ) = f(ρ, τ)− f(ρ, τ − τ0) (ρ ≥ 0, τ ∈ R),

gia opoiod pote τ0 ∈ R, stajerì. 'Eqoume profan¸c G(0, τ) = 0 gia k�je
τ ∈ R, kai lìgw aktinik c summetrÐac Gρ(0, τ) = 0, epÐshc gia k�je τ ∈ R.
Epomènwc, apì to Pìrisma 3.2.2 èqoume G(ρ, τ) ≡ 0, dhlad  h f(ρ, τ) eÐnai
mi� st�simh lÔsh thc (1.1), �ra

f(ρ, τ) = Φa(ρ) gia k�poio a ∈ R.
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6o B ma. Apì th sÔgklish Vn(0, τ) = V (0, τ + τn) → V∞(0, τ) kai
efìson V (0, τ) > 0 gia k�je τ ≥ 0, èqoume V∞(0, τ) ≥ 0 gia k�je τ ≥ 0.
Apì aut n th sqèsh kai apì th sÔgklish V∞,n(0, τ) = V∞(0, τ −σn) → f(0),
lamb�noume f(0) = Φa(0) = a ≥ 0. EpÐshc apì thn (4.38) paÐrnoume

||V∞(·, τ)||L∞[0,∞) = ||f ||L∞[0,∞) = ||Φa||L∞[0,∞) = 1.

Epeid  apì to L mma 3.1.2 h Φa eÐnai gnhsÐwc fjÐnousa sto [0,∞), blèpoume
ìti a = 1. SunoyÐzontac, gia k�je τ ≤ σn (n ∈ N) èqoume

V∞(ρ, τ − σn) → Φ1(ρ) (n →∞),

omoiìmorfa C2
loc[0,∞), ki efìson autì isqÔei gia opoiad pote akoloujÐa

σn →∞,
V∞(ρ, τ) → Φ1(ρ) (τ → −∞),

omoiìmorfa C2
loc[0,∞). H Φ1(ρ) ikanopoieÐ thn exÐswsh (3.1), apì thn opoÐa

lamb�noume Φ′′
1(0) = −1/N < 0, dhlad  h Φ1 eÐnai koÐlh se mi� perioq  tou

0. Apì autì kai apì thn (4.38), up�rqei k�poio τ1 ≤ 0 tètoio ¸ste

V∞(0, τ) = max
ρ∈[0,M0]

|V∞(ρ, τ)| = 1 gia k�je τ ∈ (−∞, τ1].

Opìte an jewr soume th sun�rthsh H(ρ, τ) := V∞(ρ, τ) − Φ1(ρ), èqoume
ex orismoÔ thc H kai lìgw thc aktinik c summetrÐac thc V∞ ìti H(0, τ) =
Hρ(0, τ) = 0 gia k�je τ ∈ (−∞, τ1]. Epomènwc apì to Pìrisma 3.2.2 paÐr-
noume

V∞(ρ, τ) ≡ Φ1(ρ).

Anakefalai¸nontac, èqoume ìti gia thn Ôparxh mi�c akoloujÐac τn → ∞,
tètoiac ¸ste

V (ρ, τn) = Vn(ρ, 0) → V∞(ρ, 0) = Φ1(ρ),

omoiìmorfa sta sumpag  uposÔnola tou [0,∞). H sÔgklish eÐnai en tèlei
omoiìmorfh afoÔ èqoume thn (4.32) kai h(τn) → 0 kaj¸c n → ∞. H o-
moiìmorfh C2[0,∞) sÔgklish prokÔptei t¸ra apì tic sun jeic parabolikèc
ektim seic. 2

4.2 H genik  perÐptwsh gia thn m(t).
Se aut n thn par�grafo ja apodeÐxoume thn prìtash 4.0.8 qwrÐc thn upì-

jesh monotonÐac gia thn m(t). Stìqoc mac eÐnai h anagwg  sthn perÐptwsh
ìpou aut  eÐnai aÔxousa.
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L mma 4.2.1 Up�rqei mi� stajer  K ∈ (0, 1] tètoia ¸ste

m(t′) ≥ Km(t) gia k�je 0 ≤ t ≤ t′ < T.

Apìdeixh :

Ac upojèsoume ìti isqÔei to antÐjeto, dhlad  ìti

gia k�je K ∈ (0, 1] up�rqoun 0 ≤ t < t′ < T

tètoia ¸ste m(t) 6= 0 kai m(t′) < Km(t).
(4.39)

Jètontac K = 1/n, n ∈ N, ex�goume akoloujÐec (tn) kai (t′n) me 0 ≤ tn <
t′n < T gia k�je n ∈ N, tètoiec ¸ste

m(t′n)

m(tn)
→ 0 kaj¸c n →∞. (4.40)

H tn (kata sunèpeia kai h t′n) ja sugklÐnei kat' an�gkh sto T, diìti an upo-
jèsoume ìti tn → t0 < T tìte efìson h m(t) eÐnai suneq c sto sumpagèc
di�sthma [0, t0], gia k�je 0 ≤ t < s ≤ t0 èqoume

m(s) ≥ µ =
µ

M
M ≥ Km(t) (0 < K ≤ 1),

ìpou µ, M eÐnai antistoÐqwc h el�qisth kai h mègisth tim  thc m(t) sto
[0, t0]. Autì ìmwc èrqetai se antÐfash me thn upìjesh (4.39).
Efìson h g(t) eÐnai aÔxousa sto [0, T ), èqoume

g(tn) ≤ g(t′n) ≤ m(t′n),

gia k�je n ∈ N. 'Ara apì thn (4.40) prokÔptei

g(tn)

m(tn)
→ 0 (n →∞)

 , isodÔnama, lìgw twn orism¸n twn sunart sewn g kai m, èqoume

T − tn
λn

→∞, kaj¸c n →∞. (4.41)

Antikajist¸ntac ìpote qrei�zetai thn tim  tou tn me kat�llhlh tim  sto
[0, t′n), mporoÔme qwrÐc periorismì thc genikìthtac na upojèsoume ìti

m(tn) = max
t∈[0, t′n]

m(t) (n ∈ N). (4.42)
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Gia k�je n ∈ N orÐzoume thn ex c klimakwmènh lÔsh

Vn(ρ, τ) = λ
1

p−1
n U(

√
λnρ, λnτ + tn), me ρ ≥ 0, τ ∈ In,

ìpou
λn := λ(tn) = m−(p−1)(tn) kai In :=

[
− tn

λn

,
T − tn

λn

)
.

ParathroÔme ìti τ ∈ In eÐnai isodÔnamo me λnτ + tn ∈ [0, T ) gia k�je n ∈ N.
H Vn ikanopoieÐ thn exÐswsh

(Vn)τ = (Vn)ρρ +
N − 1

ρ
(Vn)ρ + |Vn|p−1Vn. (4.43)

Ex orismoÔ thc Vn kai apì thn (4.42), paÐrnoume

||Vn(·, 0)||L∞[0,∞) = 1, ||Vn(·, τ)||L∞[0,∞) ≤ 1 (τ ∈ In). (4.44)

T¸ra, ìpwc sto 1o b ma thc apìdeixhc thc prìtashc 4.0.8 sthn prohgoÔmenh
par�grafo, up�rqei mia upakoloujÐa h opoÐa sugklÐnei se k�poia sun�rthsh
V∞(ρ, τ) omoiìmorfa sta sumpag  uposÔnola tou [0,∞)×R, kai oi par�gw-
goi thc Vn stic antÐstoiqec parag¸gouc thc V∞. Gia n →∞, apì thn (4.43)
paÐrnoume

(V∞)τ = (V∞)ρρ +
N − 1

ρ
(V∞)ρ + |V∞|p−1V∞ (ρ > 0, τ ∈ R).

Sth sunèqeia apì to Je¸rhma 2.3.1 èqoume

|Vn(ρ, τ)| ≤ C0λ
1

p−1
n

(
(T − λnτ − tn)−

1
p−1 + (

√
λnρ)−

2
p−1

)

= C0

((
T − tn

λn

− τ

)− 1
p−1

+ ρ−
2

p−1

)
.

Apì thn (4.41) kai thn teleutaÐa ektÐmhsh mporoÔme (ìmoia me to 2o b ma
sthn apìdeixh thc prohgoÔmenhc paragr�fou) na broÔme mi� akoloujÐa ρn ≥
0 kai mi� stajer  M0 > 0 tètoia ¸ste

|Vn(ρn, 0)| = 1, 0 ≤ ρn ≤ M0 gia epark¸c meg�la n. (4.45)

Epomènwc, apì tic (4.44) kai (4.45) èqoume

||V∞(·, 0)||L∞([0,M0]) = ||V∞(·, 0)||L∞([0,∞)) = 1.
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Opìte h V∞ den eÐnai tautotik� Ðsh me mhdèn, �ra apì tic (4.1), (4.2) paÐrnoume

V∞(0, τ) ≥ 0 gia k�je τ ∈ R,

kai

eÐte (a) (V∞)τ (0, τ) ≥ 0 (τ ∈ R), eÐte (b) (V∞)τ (0, τ) ≤ 0 (τ ∈ R).

Apì autèc tic anisìthtec kai me to Pìrisma 3.2.2 blèpoume eÔkola ìti V∞(0, τ)
> 0 gia k�je τ ∈ R. Gia par�deigma, an up�rqei τ∗ ∈ R tètoio ¸ste
V∞(0, τ∗) = 0 kai upojèsoume thn (a), tìte profan¸c V∞(0, τ) = 0 =
(V∞)τ (0, τ) gia k�je τ ≤ τ∗, �ra apì to pìrisma èqoume V∞ ≡ 0 to opoÐo,
ìpwc eÐdame, den mporeÐ na isqÔei. Sth sunèqeia, efìson Vn(0, 0) → V∞(0, 0),
up�rqei n0 ∈ N tètoioc ¸ste gia k�je n ≥ n0 na èqoume

Vn(0, 0) ≥ 1

2
V∞(0, 0) =

1

2
δ > 0,

sunep¸c
u(0, tn) = λ

− 1
p−1

n Vn(0, 0) →∞ (n →∞),

dhlad  h (4.2)(b) den mporeÐ na isqÔei. 'Ara ut(0, t) ≥ 0. Epomènwc

m(t′n) ≥ u(0, t′n) ≥ u(0, tn) = λ
− 1

p−1
n Vn(0, 0) = Vn(0, 0)m(tn) ≥ δ

2
m(tn)

gia k�je n ∈ N. Autì ìmwc èrqetai se antÐfash me thn upìjesh (4.40). 2

Sth sunèqeia orÐzoume

m̃(t) := max
s∈[0,t]

m(s) (t ∈ [0, T )).

ParathroÔme ìti to L mma 1.0.1 isqÔei gia to m̃(t) en¸ apì to L mma 4.2.1
èqoume

Km̃(t) = max
s∈[0,t]

(Km(s)) ≤ max
s∈[0,t]

m(t) = m(t)

�ra
Km̃(t) ≤ m(t) ≤ m̃(t). (4.46)

Profan¸c h m̃(t) eÐnai mh fjÐnousa sto [0, T ). OrÐzoume t¸ra thn posìthta

λ(t) := m̃−(p−1)(t)

kai mèsw aut c epanaorÐzoume tic posìthtec τ, η(τ), v(z, τ), V (ρ, τ), a(τ),
kai h(τ) se pl rh antistoiqÐa me thn prohgoÔmenh par�grafo. Apì thn (4.46)
prokÔptei

lim sup
t→T

(T − t)
1

p−1 m(t) = ∞⇐⇒ lim sup
t→T

(T − t)
1

p−1 m̃(t) = ∞,
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dhlad  upojètontac tÔpou II apeirismì gia th lÔsh tou (1.1) èqoume isodÔ-
nama ìti up�rqei akoloujÐa tn →∞ tètoia ¸ste

m̃(tn)

g(tn)
→∞ kaj¸c n →∞.

Epomènwc ìlec oi idiìthtec tou λ kai twn �llwn posot twn kaj¸c epÐshc
kai ta L mmata 4.1.1, 4.1.2 isqÔoun kai t¸ra, ektìc apì thn (4.16) h opoÐa
antistoiqeÐ sthn

K ≤ ||v(·, τ)||L∞(RN ) = ||V (·, τ)||L∞[0,∞) ≤ 1 gia k�je τ ≥ 0. (4.47)

Apìdeixh thc prìtashc 4.0.8 qwrÐc thn upìjesh thc monotonÐac :

H apìdeixh akoloujeÐ ta b mata thc apìdeixhc thc prohgoÔmenhc para-
gr�fou, ìpou h m(t)  tan aÔxousa. Molonìti oi (4.36), (4.38) antikajÐsta-
ntai antÐstoiqa apì tic

K ≤ ||Vn(·, τ)||L∞[0,∞) ≤ 1 (τ ∈ [−`n, `n]),

K ≤ max
ρ∈[0,M0]

|V∞(ρ, τ)| = max
ρ∈[0,∞)

|V∞(ρ, τ)| ≤ 1 gia k�je τ ≤ 0, (4.48)

ta epiqeir mata sta pènte pr¸ta b mata paramènoun Ðdia. 'Omoia me to 6o

B ma, efìson V (0, τ) ≥ 0 kai lìgw thc sqèshc (4.48), katal goume ìti

V∞(ρ, τ) → Φa(ρ) (τ → −∞)

omoiìmorfa C2
loc[0,∞), gia k�poio a ∈ [K, 1]. 'Ara gia kat�llhlh akoloujÐa

σn ∈ [−`n, 0], èqoume

V (ρ, τn + σn) = Vn(ρ, σn) → Φa(ρ) (n →∞).

Stic arqikèc metablhtèc autì shmaÐnei thn Ôparxh miac akoloujÐac tn → T
me

1

m̃(tn)
U(m̃− p−1

2 (tn)ρ, tn) → Φa(ρ) (n →∞),

ap�opou paÐrnoume

1

m̃(tn)
||U(·, tn)||L∞ =

m(tn)

m̃(tn)
→ a = ||Φa||L∞ (n →∞).
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Epomènwc gia epark¸c meg�la n, me qr sh thc (3.6) paÐrnoume

a

m(tn)
U(m− p−1

2 (tn)r, tn) ∼ 1

m̃(tn)
U(m̃− p−1

2 (tn)ρ, tn) → Φa(ρ) = aΦ1(r),

ìpou r = a
p−1
2 ρ. Opìte

1

m(tn)
U(m− p−1

2 (tn)r, tn) → Φ1(r) (n →∞).

2

4.3 H krÐsimh perÐptwsh.
Sthn par�grafo aut  apodeiknÔoume thn prìtash 4.0.8 ìtan p = ps :=

N+2
N−2

.

OrÐzoume

M(s) := ||w0,T (·, s)||L∞(Ω), gia s ∈ [−logT,∞).

Apì thn upìjesh ìti o apeirismìc eÐnai tÔpou II èqoume ìti up�rqei mi� ako-
loujÐa sn → ∞ tètoia ¸ste M(sn) → ∞ kaj¸c n → ∞. QwrÐc periorismì
thc genikìthtac mporoÔme na upojèsoume ìti −logT < s0 < s1 < s2 <
· · · → ∞ kai

M(sn) = max
s∈[−logT,sn]

M(s).

Sth sunèqeia jètoume λn = (M(sn))−(p−1) kai orÐzoume thn ex c klimakwmènh
lÔsh

wn(y, s) := λ
1

p−1
n w0,T (

√
λny, λns + sn).

H wn ikanopoieÐ thn exÐswsh

∂wn

∂s
= ∆wn + |wn|p−1wn − λn

(
1

2
y · ∇wn +

1

p− 1
wn

)
,

ìpou
y ∈ Ω0,λns+sn−logλn , s ≥ σn := −sn − s0

λn

.

ParathroÔme ìti λns + sn − logλn → ∞ kai σn → −∞ kaj¸c n → ∞.
EpÐshc, ex orismoÔ thc wn prokÔptei

||wn(·, 0)||L∞(Ω) = 1 kai ||wn(·, s)||L∞(Ω) ≤ 1 gia s ∈ [σn, 0].
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Epomènwc, ìpwc sto 1o b ma thc apìdeixhc thc Ðdiac prìtashc me thn upì-
jesh thc monotonÐac, apì sun jeic parabolikèc ektim seic lamb�noume mi�
upakoloujÐa thn opoÐa sumbolÐzoume epÐshc me wn, h opoÐa sugklÐnei se mi�
sun�rthsh w∞ omoiìmorfa sta sumpag  uposÔnola tou RN × (−∞, 0]. E-
fìson λn → 0 kaj¸c n →∞, h w∞ ikanopoieÐ thn exÐswsh

∂w∞
∂s

= ∆w∞ + |w∞|p−1w∞

kai thn ektÐmhsh

||w∞(·, s)||L∞(Ω) ≤ 1 gia s ∈ (−∞, 0].

Apì to Je¸rhma 2.3.1 èqoume

|wn(y, 0)| ≤ C0

(
λ

1
p−1
n + |y|− 2

p−1

)
gia k�je |y| > 0.

Apì aut n thn ektÐmhsh kai efìson wn(y, 0) → w∞(y, 0) omoiìmorfa sta
sumpag  uposÔnola tou RN èqoume epÐshc kai thn ektÐmhsh

||w∞(·, 0)||L∞(Ω) = 1.

Ex orismoÔ thc wn kai me thn allag  metablht c
√

λny = z èqoume diadoqik�
∫ 0

σn
2

∫ (
∂wn

∂s
(y, s)

)2

ρ(
√

λny)dyds

= λ
2

p−1
n

∫ 0

σn
2

∫ (
∂w0,T

∂s
(
√

λny, λns + sn)

)2

ρ(
√

λny)dyds

= λ
2

p−1
−N

2
n

∫ 0

σn
2

∫ (
∂w0,T

∂s
(y, λns + sn)

)2

ρ(y)dyds.

EpÐshc me thn allag  metablht c λns + sn = τ prokÔptei
∫ 0

σn
2

∫ (
∂wn

∂s
(y, s)

)2

ρ(
√

λny)dyds

= λ
p+1
p−1

−N
2

n

∫ sn

sn+s0
2

∫ (
∂w0,T

∂s
(y, s)

)2

ρ(y)dyds. (4.49)

'Omwc p = ps := (N + 2)/(N − 2), �ra (p + 1)/(p− 1) = N/2,  

λ
p+1
p−1

−N
2

n = 1 (n ∈ N). (4.50)
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EpÐshc apì thn (2.11), èqoume
∫ ∞

s0

∫ (
∂w0,T

∂s
(y, s)

)2

ρ(y)dyds ≤ C0.

Gia n →∞ sthn (4.49), apì thn teleutaÐa ektÐmhsh, to Je¸rhma Kuriarqh-
mènhc SÔgklishc kai thn (4.50), paÐrnoume

∫ 0

−∞

∫ (
∂w∞
∂s

(y, s)

)2

dyds = 0.

Epomènwc (w∞)s ≡ 0, �ra h w∞ eÐnai st�simh lÔsh thc exÐswshc (1.1). Opìte
lìgw thc ||w∞(·, 0)||L∞ = 1 kai thc upìjeshc (4.1) èqoume ìti h wn(y, 0) :=

λ
1/(p−1)
n w0,T (

√
λny, sn) sugklÐnei kaj¸c n → ∞ sthn aktinik� summetrik 

st�simh lÔsh thc exÐswshc (1.1) Φ1(r). 2
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Kef�laio 5

ApodeÐxeic twn kurÐwn
apotelesm�twn.

5.1 H krÐsimh kai h uperkrÐsimh perÐptwsh.
S' aut n thn par�grafo ja apodeÐxoume gia uperkrÐsimo ekjèth, kai upì

proôpojèseic ìtan Ω = RN , ìti mporoÔme na èqoume mìno tÔpou I apeirismì
se aktinik� summetrikèc lÔseic tou probl matoc (1.1). 'Otan o ekjèthc eÐnai
krÐsimoc èqoume to Ðdio apotèlesma an perioristoÔme mìno stic jetikèc lÔseic.
Sugkekrimèna ja apodeÐxoume ta akìlouja jewr mata:

Je¸rhma 5.1.1 'Estw ps < p < p∗ kai Ω = BR. Upojètoume ìti u eÐnai mi�
lÔsh thc exÐswshc (1.1) me u(x, 0) = u0(|x|) ∈ L∞(Ω). An h u apeirÐzetai se
qrìno t = T < ∞ tìte o apeirismìc eÐnai tÔpou I, dhlad  isqÔei h (1.6) gia
k�poia stajer  C0 > 0.

Je¸rhma 5.1.2 'Estw ps < p < p∗ kai Ω = RN . Upojètoume ìti u eÐnai mi�
lÔsh thc exÐswshc (1.1) me u(x, 0) = u0(|x|) ∈ L∞(Ω) h opoÐa apeirÐzetai
se qrìno t = T < ∞. Tìte to apotèlesma tou Jewr matoc 5.0.1 isqÔei an
epiprìsjeta ikanopoieÐtai h ex c sunj kh:

∃ t0 ∈ [0, T ) ¸ste oi sunart seic |U(r, t0)| − Φ∗(r) kai Ut(r, t0)

na all�zoun prìshmo to polÔ peperasmènec forèc sto [0,∞).
(5.1)

Je¸rhma 5.1.3 'Estw p = ps kai eÐte Ω = BR eÐte Ω = RN . Upojètoume
ìti u eÐnai mi� lÔsh thc exÐswshc (1.1) me 0 ≤ u(x, 0) = u0(|x|) ∈ L∞(Ω) h
opoÐa apeirÐzetai se qrìno t = T < ∞. Tìte to apotèlesma tou Jewr matoc
5.0.1 isqÔei.
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Stic apodeÐxeic twn parap�nw jewrhm�twn basikì ergaleÐo eÐnai h Prì-
tash 4.0.8 thn opoÐa anadiatup¸noume wc ex c :
Prìtash 4.0.8 :
An mi� lÔsh thc exÐswshc (1.4) apeirÐzetai se qrìno T < ∞ upì tic proôpo-
jèseic twn Jewrhm�twn 5.0.1, 5.0.2 kai 5.0.3, kai an o apeirismìc eÐnai tÔpou
II, tìte up�rqei mi� akoloujÐa 0 < t1 < t2 < · · · → T tètoia ¸ste eÐte

1

m(tn)
U(m− p−1

2 (tn)ρ, tn) → Φ1(ρ) (n →∞) (5.2)

eÐte
1

m(tn)
U(m− p−1

2 (tn)ρ, tn) → −Φ1(ρ) (n →∞)

omoiìmorfa C2[0,∞).

Apìdeixh Jewrhm�twn 5.1.1 kai 5.1.2 :

QwrÐc periorismì thc genikìthtac upojètoume ìti isqÔei h (5.2). Apì to L m-
ma 3.2.3 (  to L mma 3.2.5 sthn perÐptwsh Ω = RN), èqoume ìti h posìthta
Z(U(·, t)−Φ∗) eÐnai peperasmènh kai mh aÔxousa wc proc t, ìpou t ∈ (0,∞).
An loipìn èqoume tÔpou II apeirismì, mporoÔme na upojèsoume ìti

Z(U(·, tn)− Φ∗) ≤ K (n ∈ N), (5.3)

ìpou K < ∞, jetik  stajer . Profan¸c h posìthta sto pr¸to mèloc thc
(5.3) eÐnai analloÐwth wc proc ton pollaplasiasmì kai thn allag  klÐmakac
gia th qwrik  metablht , �ra

Z(U(·, tn)− Φ∗) = Z
( 1

m(tn)
U(m− p−1

2 (tn)ρ, tn)− 1

m(tn)
Φ∗(m− p−1

2 (tn)ρ)
)

= Z
( 1

m(tn)
U(m− p−1

2 (tn)ρ, tn)− Φ∗(ρ)
)
,

ìpou ègine qr sh thc (3.3). Gia n → ∞, kai anakal¸ntac to L mma 3.1.2
(iii), paÐrnoume

K ≥ lim inf
n→∞

Z
( 1

m(tn)
U(m− p−1

2 (tn)ρ, tn)− Φ∗(ρ)
)
≥ Z(Φ1 − Φ∗) = ∞,

to opoÐo profan¸c eÐnai �topo. 2

Apìdeixh Jewr matoc 5.1.3 :
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Efìson U0 ≥ 0 kai h U0 den eÐnai tautotik� mhdèn, apì thn isqur  arq  tou
megÐstou blèpoume ìti up�rqei stajer  δ0 > 0 kai t0 ∈ [0, T ) tètoia ¸ste

U
(1

2
, t

)
≥ δ0 gia k�je t ∈ [t0, T ).

L mma 5.1.4 Up�rqei mi� stajer  α0 tètoia ¸ste, gia k�je α ≥ α0,

Z[0,1/2](U(·, t)− Φa) ≤ 1 gia k�je t ≥ t0.

Apìdeixh :

Apì to L mma 3.1.1(i) kai (ii), gia epark¸c meg�la a, blèpoume ìti

Z[0,1/2](U(·, t0)− Φa) = 1.

Apì tic exis¸seic pou ikanopoioÔn oi sunart seic U(r, t) kai Φa(r) èqoume
ìti h V (r, t) := U(r, t)− Φa(r) eÐnai aktinik� summetrik  lÔsh thc exÐswshc

vt = ∆v + a(|x|, t)v, gia k�je |x| < 1

2
, t ∈ (t0, T ),

ìpou
a(r, t) =

Up − (Φa)
p

U − Φa

,

eÐnai suneq c sto [0, 1/2] × (t0, T ) kai V (1/2, t) 6= 0 sto (t0, T ). Epomènwc,
apì to L mma 3.2.1 paÐrnoume ìti h posìthta Z[0,1/2](U(·, t)− Φa) fjÐnei wc
proc t, dhlad  isqÔei to zhtoÔmeno. 2

'Estw loipìn ìti èqoume tÔpou II apeirismì ki èstw a0 > 0 ¸ste na isqÔei
sto parap�nw l mma kai a0 > U0(0). Apì thn sÔgklish (5.2) kai to L mma
3.2.7 (  to L mma 3.2.4 sthn perÐptwsh Ω = BR), èqoume

U(0, t) →∞, kaj¸c t → T.

'Ara, gia k�je a ≥ a0 up�rqei k�poio t(a) > 0 tètoio ¸ste U(0, t(a)) = a.
Lìgw thc summetrÐac thc U , gia th sun�rthsh Va(r) = U(r, t(a)) − Φa(r)
èqoume Va(0) = 0 kai V ′

a(0) = 0, epomènwc apì to L mma 3.2.1(iii) èqoume

Z[0,1/2](V (·, t)) > Z[0,1/2](V (·, s)) (t0 < t < t(a) < s < T ).

Apì to L mma 5.1 prokÔptei t¸ra ìti

Z[0,1/2](U(·, t)− Φa) = 0, gia k�je t > t(a).
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Me �lla lìgia, gia k�je a ≥ a0

U(r, t) > Φa(r), gia k�je r ∈ [0, 1/2], t ∈ [t(a), T ).

Jètoume a = m(tn)/2. Apì thn (5.3) èqoume

1

m(tn)
U(0, tn) → 1 (n →∞),

dhlad , tn > t(a) = t(m(tn)/2) gia epark¸c meg�la n. Epomènwc

U(r, tn) > Φm(tn)/2(r) gia k�je r ∈ [0, 1/2].

Se aut  thn sqèsh kai sthn (3.3), antikajist¸ntac

a =
m(tn)

2
kai r = m− p−1

2 (tn)ρ,

paÐrnoume :

U(m− p−1
2 (tn)ρ, tn) > Φm(tn)/2(m

− p−1
2 (tn)ρ) gia k�je ρ ∈

[
0,

m
p−1
2 (tn)

2

]

kai
Φm(tn)/2(m

− p−1
2 (tn)ρ) = m(tn)Φ1/2(ρ).

'Ara

1

m(tn)
U(m− p−1

2 (tn)ρ, tn) > Φ1/2(ρ) gia k�je ρ ∈
[
0,

m
2

p−1 (tn)

2

]
.

Gia n →∞, apì thn (5.2) lamb�noume

Φ1(ρ) ≥ Φ1/2(ρ) gia k�je ρ ∈ [0,∞).

Autì ìmwc eÐnai �topo sÔmfwna me to L mma 3.1.1(iii). 2

5.2 H upokrÐsimh perÐptwsh.
Se aut  thn par�grafo ja apodeÐxoume ìti sthn perÐptwsh p < ps, o

apeirismìc jetik¸n lÔsewn tou probl matoc (1.1) eÐnai p�ntote tÔpou I. Ja
d¸soume thn apìdeixh mìno sthn perÐptwsh Ω = RN gia lìgouc aplìthtac,
ìmwc to apotèlesma isqÔei kai ìtan to Ω eÐnai tuqaÐo anoiktì, kurtì kai
fragmèno uposÔnolo tou RN . Pio sugkekrimèna, èqoume to ex c :
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Je¸rhma 5.2.1 'Estw Ω eÐnai èna anoiktì, kurtì kai fragmèno uposÔnolo
tou RN   Ω = RN . Upojètoume ìti u ≥ 0 eÐnai lÔsh tou probl matoc (1.1)
me p < ps   N ≤ 2. Tìte o apeirismìc eÐnai tÔpou I. Me �lla lìgia

sup
Ω×[0,T )

u(x, t)

g(t)
= sup

[0,T )

m(t)

g(t)
< ∞. (5.4)

Apìdeixh :

Ac upojèsoume antÐjeta ìti o apeirismìc eÐnai tÔpou II. QwrÐc periorismì thc
genikìthtac èqoume ìti up�rqei mi� akoloujÐa tn → T, tètoia ¸ste

sup
Ω×[0,tn]

u(x, t)

g(t)
=

m(tn)

g(tn)
:= Mn →∞ kaj¸c n →∞. (5.5)

Epilègoume xn ∈ Ω tètoia ¸ste

1

2
Mn ≤ u(xn, tn)

g(tn)
≤ Mn. (5.6)

Eis�goume t¸ra metablhtèc autoomoiìthtac gÔrw apì k�je xn, dhlad  orÐ-
zoume thn klimakwmènh lÔsh

wn(y, s) := wxn,T (y, s) = (T − t)
1

p−1 u(x, t),

ìpou
y =

x− xn√
T − t

, s = −log(T − t) , n = 1, 2, . . .

Jètontac sn = −log(T − tn), oi (5.5) kai (5.6) gr�fontai antÐstoiqa

0 ≤ wn(y, s) ≤ Mn ìtan s ≤ sn,
1

2
Mn ≤ wn(0, sn) ≤ Mn. (5.7)

Efìson Ω = RN , mporoÔme na epilèxoume kat�llhlo δ > 0 ¸ste to pedÐo
orismoÔ thc wn na perièqei ton parabolikì kÔlindro

Qδ,sn = {(y, s); |y| < δ, −δ2 < s− sn ≤ 0}.

Sth sunèqeia all�zoume klÐmaka sthn {wn} jètontac :

vn(z, τ) = µ
2

p−1
n wn(µnz, µ

2
nτ + sn),
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ìpou µn = M
−(p−1)/2
n . ParathroÔme ìti µn → 0, kaj¸c n →∞. Gia k�je n,

h vn eÐnai t¸ra orismènh ston kÔlindro Q̃(δ/µn), ìpou

Q̃(r) = {(z, τ); |z| < r, −r2 < τ ≤ 0}

kai ikanopoieÐ thn exÐswsh

∂vn

∂τ
−∆vn − vp

n = −1

2
µ2

n(z · ∇vn +
1

p− 1
vn). (5.8)

Oi sqèseic (5.7) gr�fontai

0 ≤ vn ≤ 1 ston Q̃
( δ

µn

)
, kai

1

2
≤ vn(0, 0) ≤ 1. (5.9)

Apì tic sun jeic parabolikèc ektim seic kai to krit rio Arzela − Ascoli,
lamb�noume mi� upakoloujÐa thn opoÐa sumbolÐzoume epÐshc me vn, h opoÐa
sugklÐnei se mi� sun�rthsh v∞ omoiìmorfa sta sumpag  uposÔnola tou
RN × (−∞, 0). Efìson µn → 0 kaj¸c n →∞, h v∞ ikanopoieÐ thn exÐswsh

∂v∞
∂τ

= ∆v∞ + vp
∞

kai tic ektim seic

0 ≤ v∞ ≤ 1 kai v∞(0, 0) ≥ 1

2
.

Ja deÐxoume sth sunèqeia ìti h v∞ eÐnai anex�rthth apì to τ. Me allag 
metablht¸n èqoume

∫ ∫

Q̃(δ/µn)

∣∣∣∂vn

∂τ

∣∣∣
2

dzdτ = µσ
n

∫ ∫

Q(δ,sn)

∣∣∣∂wn

∂s

∣∣∣
2

dyds,

ìpou σ = −N + 2 + 4/(p− 1). ParathroÔme ìti σ > 0 ìtan p < ps, all� kai
ìtan N ≤ 2. EpÐshc

∫ ∫

Q(δ,sn)

∣∣∣∂wn

∂s

∣∣∣
2

dyds ≤ C(δ)

∫ ∞

s0

∫

RN

∣∣∣∂wn

∂s

∣∣∣
2

ρ(y)dyds,

ìpou C(δ) = exp(δ2/4). Apì autèc tic dÔo sqèseic kai thn (2.11) lamb�noume
∫ ∫

Q̃(δ/µn)

∣∣∣∂vn

∂τ

∣∣∣
2

dzdτ ≤ C0µ
σ
n.
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Kaj¸c n →∞, èqoume
∫ ∫

Q̃(r)

∣∣∣∂vn

∂τ

∣∣∣
2

dzdτ → 0 gia k�je r > 0,

sunep¸c ∂
∂τ

v∞ ≡ 0. Epomènwc èqoume mi� mh arnhtik  lÔsh v∞, thc exÐswshc

∆v(x) + vp(x) = 0 (x ∈ RN) (5.10)

me v∞(0) ≥ 1/2. Autì ìmwc èrqetai se antÐfash me to je¸rhma to opoÐo
bebai¸nei ìti h mình mh arnhtik  lÔsh thc (5.10) sthn perÐptwsh p < ps,
eÐnai h v ≡ 0 (bl. [GS1] kai [GS2]). 2
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Kef�laio 6

Par�rthma.

L mma 1.0.1 - Apìdeixh :

(i) 'Estw t1, t2 ∈ [0, T ) me t2 6= t1 kai èstw x1, x2 ∈ Ω, tètoia ¸ste m(t1) =
u(x1, t1), m(t2) = u(x2, t2).
Tìte èqoume m(t1) ≥ u(x2, t1) kai m(t2) ≥ u(x1, t2). Opìte

m(t2)−m(t1) ≥ u(x1, t2)− u(x1, t1) = (t2 − t1)ut(x1, t1) + o(t2 − t1)

kai

m(t2)−m(t1) ≤ u(x2, t2)− u(x2, t1) = (t2 − t1)ut(x2, t2) + o(t2 − t1).

Epomènwc

|m(t2)−m(t1)| ≤ K|t2 − t1|,
ìpou K > 0 stajer . 'Ara h m(t) eÐnai Lipschitz suneq c sto [0, T ) kai
sunep¸c paragwgÐsimh σ.π. t ∈ [0, T ).

(ii) 'Estw t¸ra t2 > t1, èqoume

m(t2)−m(t1)

t2 − t1
≤ ut(x2, t2)+o(1) = ∆u(x2, t2)+ |u(x2, t2)|p−1u(x2, t2)+o(1).

'Omwc sto (x2, t2) èqoume mègisto gia thn u, �ra ∆u(x2, t2) ≤ 0. Epomènwc

m(t2)−m(t1)

t2 − t1
≤ |u(x2, t2)|p−1u(x2, t2) = mp(t2).

Gia t2 → t1, se k�je shmeÐo diaforisimìthtac thc m ja èqoume

m′(t) ≤ mp(t).
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(iii) Oloklhr¸noume thn teleutaÐa anisìthta sto (t, T ), èqoume

m′(t)
mp(t)

≤ 1 ⇒
∫ T

t

d(m(s))

mp(s)
≤ T − t ⇒ −m−p+1(t)

−p + 1
≤ T − t,

efìson m(T ) = ∞ kai p > 1. Epomènwc m(t) ≥ g(t) (t ∈ [0, T )). 2

L mma 1.0.2 - Apìdeixh :

Pollaplasi�zontac thn exÐswsh (1.1) me ut kai oloklhr¸nontac sto Ω pro-
kÔptei∫

Ω

|ut(x, t)|2dx = −1

2

d

dt

∫

Ω

|∇u(x, t)|2dx +
1

p + 1

d

dt

∫
|u(x, t)|p+1dx.

'Ara
d

dt
(E[u](t)) = −

∫

Ω

|ut(x, t)|2dx.

Epomènwc h enèrgeia eÐnai fjÐnousa sun�rthsh tou t. 'Omwc gia t = 0 èqoume
E[u](0) = E[u0] < 0 apo upìjesh. Sunep¸c

E[u](t) < 0, (t ≥ 0).

Pollaplasi�zontac t¸ra thn (1.1) me u kai oloklhr¸nontac èqoume

1

2

d

dt

∫

Ω

|u(x, t)|2dx = −2E[u](t) +
p− 1

p + 1

∫

Ω

|u(x, t)|p+1dx.

Apì aut  th sqèsh, me qr sh thc anisìthtac Jensen, paÐrnoume

1

2

d

dt
y(t) ≥ −2E[u](t) + Cy(t)

p+1
2 ,

ìpou
y(t) :=

∫

Ω

|u(x, t)|2dx kai C > 0, stajer .

'Ara
y′(t) > Cy(t)

p+1
2 , ∀t ≥ 0.

JewroÔme t¸ra thn SDE :

χ′(t) = Cχ(t)
p+1
2 ,

h lÔsh thc opoÐac, ìpwc èqoume dei, apeirÐzetai se peperasmèno qrìno. Epeid 
y ≥ χ, paÐrnoume ìti eÐte to

∫
Ω
|u(x, t)|2dx apeirÐzetai se peperasmèno qrìno  

ìti h lÔsh paÔei na up�rqei prin to olokl rwma apeiristeÐ. Se k�je perÐptwsh
èqoume ìti h u apeirÐzetai se peperasmèno qrìno. 2
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