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EuqaristÐec

Xekin¸ntac, ja  jela na euqarist sw touc anjr¸pouc ekeÐnouc, pou me monadikì
trìpo o kajènac, bo jhsan sthn pragmatopoÐhsh thc paroÔsac ergasÐac.

Euqarist¸ jerm� touc kajhghtèc N.Tzan�kh kai I.Antwni�dh gia ta shmantik�
sqìlia, tic prot�seic all� kai sumboulèc touc gia thn epÐteuxh tou kalÔterou duna-
toÔ apotelèsmatoc. Tic euqaristÐec mou ekfr�zw ston kajhght  J.F.Dillon gia thn
eugenik  paraq¸rhsh majhmatikoÔ ulikoÔ all� kai gia thn prosfor� opoiasd pote
bo jeiac sth majhmatik  mou èreuna. IdiaÐtera, ja  jela na euqarist sw ton d�skalì
mou EpÐkouro kajhght  J.Garefal�kh. H kajod ghsh, ta sqìlia kai oi parathr -
seic tou, h upomon  kai empistosÔnh pou mou èdeixe, me od ghsan na katano sw tÐ
shmaÐnei majhmatik  èreuna kai me proetoÐmasan gia autì to sunarpastikì taxÐdi. Tè-
loc, euqarist¸ apì kardi�c thn oikogènei� mou kai touc fÐlouc mou, idiaitèrwc ton
B.Kapetan�kh, gia th diark  upost rixh kai ag�ph touc.
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Kef�laio 1

Eisagwg 

To sÔsthma ktuptogr�fhshc DES (Data Encryption Standard), emfanÐsthke
th dekaetÐa 1970 kai polÔ sÔntoma ègine to prìtupo sÔsthma gia tic poikÐlec di-
atrapezikèc sunallagèc. Gia ta epìmena 20 perÐpou qrìnia to DES sunèqize na
prosfèrei asfaleÐc sunallagèc, ¸spou to 1990 h diark¸c exelissìmenh teqnologÐa
od ghse sthn antikat�stas  tou apì to AES (Advanced Encryption Standard).

H apotelesmatikìthta tou DES ofeÐletai sth qr sh sunart sewn epan�lhyh-
c (round functions) kai par�llhlwn metasqhmatism¸n antikat�stashc (Substitution
boxes). H aÔxhsh tou arijmoÔ twn epanal yewn kai tou megèjouc twn S-boxes, pros-
fèrei meg�lh asf�leia se diaforikèc epijèseic (differential attacks). Stic epijèseic
autoÔ tou tÔpou, elègqontai zeug�ria kruptografhmènou keimènou se ekeÐna ta shmeÐa,
ìpou sto kanonikì keÐmeno parathroÔntai diaforèc. An k�poiec diaforèc sto arqikì
keÐmeno èqoun metaferjeÐ sto kruptografhmèno, tìte me thn parap�nw epÐjesh eÐ-
nai dunatìn na apokalufjeÐ h dom  tou krufoÔ kleidioÔ. H metafor�   ìqi twn
diafor¸n tou arqikoÔ keimènou sto telikì, exart�tai apì tic sunart seic epan�lhyhc
kai ta S-boxes. AparaÐthth proôpìjesh gia thn apotelesmatikìthta aut¸n twn dÔo
basik¸n stoiqeÐwn tou DES, eÐnai h mh grammikìthta, dhlad  h Ôparxh ìso to dunatìn
megalÔterhc apìstashc apì to sÔnolo twn afinik¸n sunart sewn.

To 1994, h Kaisa Nyberg [10] eis gage ton ìro sqedìn pl rwc mh gram-
mikèc sunart seic (Alomost Perfect Nonlinear functions). Sth sunèqeia,
oi Claude Carlet, Pascale Charpin kai Victor Zinoviev parousÐasan mia sqèsh iso-
dunamÐac (CCZ equivalence), h opoÐa od ghse sthn taxinìmhsh twn sunart sewn AP-
N. To 1998 h Ðdia ereunhtik  om�da, metèfrase tic sunart seic APN sth gl¸ssa thc
kwdikopoÐhshc kai tic antistoÐqise me grammikoÔc k¸dikec [5]. 'Etsi, h taxinìmhsh twn
APN mporeÐ na pragmatopoihjeÐ me qr sh grammik¸n kwdÐkwn. To gegonìc ìti oi nèec
sunart seic APN pou anakalÔptontai eÐnai isodÔnamec me mon¸numa, dhmioÔrghse thn
eikasÐa ìti Ðswc ìlec oi APN eÐnai isodÔnamec me mon¸numa. 'Omwc, h èreuna twn Yves
Edel, Gohar Kyureghyan kai Alexander Pott se sunduasmì me thn qr sh hlektron-
ikoÔ upologist , od ghse sthn anak�luyh miac nèac sun�rthshc APN p�nw apì to
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KEF�ALAIO 1. EISAGWG�H

F210 , h opoÐa den eÐnai mon¸numo kai den eÐnai isodÔnamh me kamÐa apo tic  dh gnw-
stèc APN [6]. To 2006, h ereunhtik  om�da tou J.F. Dillon, qrhsimopoi¸ntac touc
grammikoÔc k¸dikec kaj¸c kai �llec analloÐwtec, ìpwc to f�sma Fourier, parousÐase
kainoÔria polu¸numa APN se peperasmèna s¸mata mikr c di�stashc, ta opoÐa eÐnai
isodÔnama me mon¸numa, aux�nontac ètsi ton arijmì twn stoiqeÐwn pou an koun se
k�je kl�sh [2].

H paroÔsa ergasÐa melet� th sqèsh twn sunart sewn APN me touc grammikoÔc
k¸dikec. Arqik�, dÐnontai oi aparaÐthtoi orismoÐ kai oi idiìthtec twn APN, en¸ sth
sunèqeia parousi�zontai k�poia basik� qarakthristik� twn grammik¸n kwdÐkwn. Tè-
loc, anafèretai kai apodeiknÔetai to je¸rhma pou sundèei tic APN me touc grammikoÔc
k¸dikec, kaj¸c kai k�poia paradeÐgmata-efarmogèc tou jewrhmatoc.

4



Perieqìmena

1 Eisagwg  3

2 OrismoÐ 7
2.1 APN sunart seic p�nw apì to Fq . . . . . . . . . . . . . . . . . . . . 7
2.2 H perÐptwsh q = 2n . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Sqèseic IsodunamÐac . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 APN kai k¸dikec 19
3.1 GrammikoÐ duadikoÐ k¸dikec . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 O duikìc k¸dikac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Oi pÐnakec b�shc & elègqou . . . . . . . . . . . . . . . . . . . . . . . 22
3.4 O epektetamènoc k¸dikac . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.5 IsodunamÐa KwdÐkwn . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.5.1 IsodunamÐa duadik¸n grammik¸n kwdÐkwn . . . . . . . . . . . . 26
3.6 APN kai k¸dikec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.7 ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5



PERIEQ�OMENA PERIEQ�OMENA

6



Kef�laio 2

OrismoÐ

2.1 APN sunart seic p�nw apì to Fq

'Estw f : Fq → Fq, ìpou q eÐnai dÔnamh pr¸tou. Tìte orÐzoume gia a, b ∈ Fq, me a 6= 0

Nf (a, b) = |{x ∈ Fq / f(x+ a)− f(x) = b}|

dhlad  to pl joc twn lÔsewn thc exÐswshc

f(x+ a)− f(x) = b

EpÐshc orÐzoume ∆f na eÐnai h mègisth tim  tou Nf (a, b):

∆f = max{Nf (a, b) / a, b ∈ Fq, a 6= 0}

An h sun�rthsh f eÐnai grammik , dhlad  f(x+ y) = f(x) + f(y) tìte

f(x+ a)− f(x) = b ⇔
⇔ f(x) + f(a)− f(x) = b ⇔

⇔ f(a) = b

Dhlad  ∆f = Nf (a, f(a)) = q. 'Ara h par�metroc ∆f eÐnai èna mètro tou kat� pìso
h sun�rthsh f apèqei apì to na eÐnai grammik .

Orismìc 2.1.1 An ∆f = 1 tìte h f lègetai pl rwc mh grammik  (Perfect Non-
linear), en¸ an ∆f = 2 sqedìn pl rwc mh grammik , (Almost Perfect Nonlinear).

Sto parak�tw Je¸rhma anafèrontai k�poiec peript¸seic, ìpou an�loga se poio
s¸ma briskìmaste, h sun�rthsh f(x)−xd èqei diaforetikì ∆f . H apìdeixh brÐsketai
sto [7].

Je¸rhma 2.1.1 'Estw d = pn − 3 kai f(x)− xd apeikìnish apì to Fpn ston eautì
thc.
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2.2. H PER�IPTWSH Q = 2N KEF�ALAIO 2. ORISMO�I

1. An p = 2, tìte ∆f = 2 gia n perittì kai ∆f = 4 gia n �rtio.

2. An p eÐnai perittìc pr¸toc, tìte 1 ≤ ∆ ≤ 5.

3. An n > 1 perittìc kai p = 3, tìte ∆f = 2

2.2 H perÐptwsh q = 2n

Se s¸ma qarakthristik c 2, h exÐswsh f(x+ a)− f(x) = b metatrèpetai sthn

f(x+ a) + f(x) = b (2.1)

'Estw x ∈ F2n mia lÔsh thc exÐswshc (2.1), tìte kai h x+ a ∈ F2n eÐnai epÐshc lÔsh:

f(x+ a+ a) + f(x+ a) = f(x) + f(x+ a) = b

EpÐshc parathroÔme ìti ja up�rqoun p�nta a, b ∈ F2m gia ta opoÐa h exÐswsh (2.1)
èqei lÔsh. Gia par�deigma, an epilèxoume th sun�rthsh f(x) = x3 p�nw apì to F23 ,
tìte gia a = 1 kai x = 1 èqoume

f(1 + 1) + f(1) = f(0) + f(1) = 0 + 1 = 1

Dhlad  gia b = 1, h exÐswsh

f(x+ 1) + f(x) = 1

èqei lÔseic tic x = 1, x+ 1 = 0.

EÐdame ìti oi lÔseic thc (2.1) eÐnai zeug�ria. Epomènwc, ìtan briskìmaste se s¸ma
qarakthristik c 2, h mikrìterh tim  pou mporeÐ na p�rei to ∆f eÐnai 2.

Prìtash 2.2.1 'Estw f : F2n→ F2n . Ta ex c eÐnai isodÔnama:

(i) ∆f = 2

(ii) |Ha| = 1
2 |F2n | = 2n−1, ∀a ∈ F∗2n , ìpou Ha = { f(x+ a) + f(x) / x ∈ F2n}

(iii) to sÔsthma {
x+ y = a
f(x) + f(y) = b

(2.2)

èqei 0   2 lÔseic
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KEF�ALAIO 2. ORISMO�I 2.2. H PER�IPTWSH Q = 2N

Apìdeixh

(i)⇒ (ii) ∆f = 2⇔ |Ha| = 2n−1

JewroÔme thn apeikìnish

θ : F2n −→ Ha

x 7−→ f(x+ a) + f(x)

tìte
|F2n | = 2n =

∑
b∈Ha

1
∑
θ(x)=b

1

(⇒) Upojètoume ìti ∆f = 2. Tìte gia k�je b ∈ Ha up�rqoun akrib¸c dÔo
x ∈ F2n pou ikanopoioÔn thn (2.1):{

f(x1 + a) + f(x1) = b, x1 ∈ F2n

f(x2 + a) + f(x2) = b, x2 ∈ F2n
⇒
{
θ(x1) = b
θ(x2) = b

�ra

2n = 2
∑
b∈Ha

1 ⇒ 2n = 2 |Ha| ⇒ |Ha| = 2n−1

(⇐) An |Ha| = 2n−1 tìte gia k�je b ∈ Ha,

2n = 2n−1
∑
θ(x)=b

1 ⇒
∑
θ(x)=b

1 = 2 ⇒ Nf (a, b) = 2 ⇒ ∆f = 2

(i)⇒ (iii) ∆f = 2⇔ ,, to sÔsthma (2.2) èqei 0   2 lÔseic,,

(⇒) Upojètoume ìti ∆f = 2, dhlad 

max{Nf (a, b) / a, b ∈ F2n , a 6= 0} = 2 ⇒
⇒ Nf (a, b) = |{x ∈ F2n / f(x+ a) + f(x) = b}| = 0 ή 2

An Nf (a, b) = 0 tìte @x ∈ F2n tètoio ¸ste f(x + a) + f(x) = b, dhlad  to
sÔsthma {

y = x+ a
f(y) + f(x) = b

den èqei lÔsh.
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2.2. H PER�IPTWSH Q = 2N KEF�ALAIO 2. ORISMO�I

An Nf (a, b) = 2 tìte ∃x, y ∈ F2n , me y = x+ a tètoia ¸ste to (2.2) na èqei
2 lÔseic, tic (x, x+ a), (y, y + a).

(⇒) Upojètoume ìti to (2.2) èqei 2 lÔseic (x1, x2), (y1, y2), x1, x2, y1, y2 ∈ F2n ,
dhlad  gia x2 = x1 + a kai y2 = y1 + a èqoume

f(x1 + a) + f(x1) = b
και

f(y1 + a) + f(y1) = b

�ra Nf (a, b) = 2 kai sunep¸c ∆f = 2

ParathroÔme ìti an x0 eÐnai lÔsh thc exÐswshc

f(x+ a) + f(x) = b, a, b ∈ F2n , a 6= 0

tìte to x0 eÐnai epÐshc lÔsh tou sust matoc (2.2). AntÐstrofa, an (x0, x0 + a)
eÐnai lÔsh tou (2.2), tìte to x0 eÐnai lÔsh thc parap�nw exÐswshc. Dhlad 
up�rqei mia ”1 − 1” antistoiqÐa metaxÔ twn lÔsewn tou sust matoc (2.2), me
tic lÔseic thc exÐswshc. 'Ara, an to sÔsthma den èqei lÔsh autì shmaÐnei ìti
h exÐswsh den èqei lÔsh. 'Omwc k�ti tètoio den mporeÐ na sumbaÐnei gia ìla ta
a, b ∈ F2m , akrib¸c diìti |Ha| = 2n−1. 'Ara, sÔmfwna me thn pr¸th isodunamÐa,
∆f = 2.

Orismìc 2.2.1 An isqÔei èna apì ta (i), (ii), (iii) thc parap�nw prìtashc, tìte h
f lègetai APN.

SÔmfwna loipìn me touc parap�nw orismoÔc, h sun�rthsh f eÐnai APN an gia
a, b ∈ F2m me a 6= 0, oi lÔseic thc f(x + a) + f(x) = b eÐnai zeug�ria thc morf c
{x, x+a}. Sunep¸c, h f den eÐnai APN an kai mìno an gia k�poia a, b ∈ F2m me a 6= 0,
up�rqoun diaforetik� metaxÔ touc x, y, x′, y′ ∈ F2m , tètoia ¸ste

x+ y = a = x′ + y′

f(x) + f(y) = b = f(x′) + f(y′)

H �rnhsh thc parap�nw prìtashc dÐnei akìmh ènan trìpo orismoÔ twn sunart sewn
APN.

Prìtash 2.2.2 MÐa sun�rthsh f eÐnai APN an kai mìno an gia k�je x, y, x′, y′ ∈
F2m , diaforetik� metaxÔ touc, isqÔei:

x+ y + x′ + y′ = 0 ⇒ f(x) + f(y) + f(x′) + f(y′) 6= 0
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KEF�ALAIO 2. ORISMO�I 2.3. SQ�ESEIS ISODUNAM�IAS

2.3 Sqèseic isodunamÐac - IsodÔnamec Sunart seic

'Estw f(x) ∈ F2[x] an�gwgo polu¸numo bajmoÔ n kai α ∈ F2n mia rÐza tou f .
Tìte to sÔnolo {1, α, α2, . . . , αn−1} apoteleÐ b�sh tou F2n p�nw apì to F2. An
jewr soume ton isomorfismì

φ : F2n −→ Fn2
cn−1α

n−1 + cn−2α
n−2 + . . .+ c1α+ c0 7−→ (cn−1, cn−2, . . . , c1, c0)

tìte oi q¸roi F2n kai Fn2 eÐnai isìmorfoi mèsw tou parap�nw isomorfismoÔ φ. Sunep¸c
oi orismoÐ twn APN sunart sewn p�nw apì to F2n mporoÔn na metaferjoÔn sto di-
anusmatikì q¸ro Fn2 . Sto ex c, suqn� ja gÐnetai taÔtish twn F2n kai Fn2 .

Orismìc 2.3.1 DÔo sunart seic f, f ′ : Fn2 → Fn2 lègontai afinik� isodÔnamec
(affine equivalent - AE) an up�rqoun L1, L2 : Fn2 → Fn2 antistrèyimec afinikèc
apeikonÐseic tètoiec ¸ste

f ′(x) = L1(f(L2(x)))

An epiplèon up�rqei afinik  apeikìnish L : Fn2 → Fn2 ¸ste

f ′(x) = L1(f(L2(x))) + L(x)

tìte oi f, f ′ eÐnai extended - affine isodÔnamec (extended affine equivalent - EA)

H sqèsh Affine Equivalence prokÔptei apì thn Extended Affine Equivalence gia
L(x) = 0.

Prìtash 2.3.1 H sqèsh Extended Affine Equivalence (EA) eÐnai sqèsh isodunamÐac.

Apìdeixh

anaklastik  f ∼ f

f(x) = L1(f(L2(x))) + L(x)

ìpou
L1(x) = L2(x) = x , h tautotik  apeikìnish
L(x) = 0

summetrik  f ∼ g⇔ g ∼ f

f ∼ g ⇒ g(x) = L1(f(L2(x))) + L(x) ⇒
⇒ L1(f(L2(x))) = g(x)− L(x)
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2.3. SQ�ESEIS ISODUNAM�IAS KEF�ALAIO 2. ORISMO�I

H sun�rthsh L1 eÐnai afinik , �ra kai h antÐstrof  thc ja eÐnai afinik . 'Estw
L−1

1 (x) = N(x) + c, me N(x) grammik  kai c mia stajer�. Tìte

f(L2(x)) = L−1
1 (g(x)− L(x)) ⇒

⇒ f(L2(x)) = N(g(x)− L(x)) + c ⇒
⇒ f(L2(x)) = N(g(x)−N(L(x)) + c ⇒
⇒ f(y) = N(g(L−1

2 (y)))−N(L(L−1
2 (y))) + c ⇒

⇒ f(y) = L−1
1 (g(L−1

2 (y)))−N(L(L−1
2 (y))) ⇒

⇒ f(x) = M1(g(M2(x))) +M(x) ⇒
⇒ g ∼ f

ìpou
M1(x) = L−1

1 (x) (antistrèyimh afinik  apeikìnish)
M2(x) = L−1

2 (x) (antistrèyimh afinik  apeikìnish)
M(x) = −N(L(L−1

2 (x))) (afinik  apeikìnish)

metabatik 
f ∼ g
g ∼ h

}
⇒ f ∼ h

f ∼ g ⇒ g(x) = L1(f(L2(x))) + L(x) (2.3)

g ∼ h ⇒ h(x) = M1(g(M2(x))) +M(x) (2.4)

�ra, an M1(x) = N1(x) + c, me N1(x) grammik  kai c mia stajer�, tìte

h(x) = M1(g(M2(x))) +M(x) =
(2.3)
= M1(L1(f(L2(M2(x)))) + L(M2(x))) +M(x) =
= N1(L1(f(L2(M2(x))))) +N1(L(M2(x))) + c+M(x) =
= M1(L1(f(L2(M2(x))))) +N1(L(M2(x))) +M(x) =
= K1(f(K2(x))) +K(x)

ìpou
K1(x) = M1(L1(x)) (antistrèyimh afinik  apeikìnish)
K2(x) = L2(M2(x)) (antistrèyimh afinik  apeikìnish)
K(x) = M1(L(M2(x))) +M(x) (afinik  apeikìnish)

'Ara h EA-isodunamÐa eÐnai sqèsh isodunamÐac. �

Prìtash 2.3.2 An A eÐnai mÐa afinik  apeikìnish apì to F2n
2 ston eautì thc, tìte

h A èqei th morf 

A(x, y) = (L1(x, y) + c1, L2(x, y) + c2)
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KEF�ALAIO 2. ORISMO�I 2.3. SQ�ESEIS ISODUNAM�IAS

ìpou L1, L2 grammikèc sunart seic apì to F2n
2 sto Fn2 kai c1, c2 kat�llhlec stajerèc.

An orÐsoume sunart seic f1, f2 : Fn2 → Fn2 me{
f1(x) = L1(x, y) + c1
f2(x) = L2(x, y) + c2

tìte
A(x, y) = (f1(x), f2(x)).

'Estw f : Fn2 → Fn2 , tìte to gr�fhm� thc eÐnai to sÔnolo

Γf = {(x, f(x)) : x ∈ Fn2} ⊂ F2n
2

Orismìc 2.3.2 DÔo sunart seic f, f ′ : Fn2 → Fn2 eÐnai Carlet-Charpin-Zinoviev
isodÔnamec (CCZ-isodÔnamec), an up�rqei antistrèyimh afinik  apeikìnish L : F2n

2 →
F2n

2 tètoia ¸ste L(Γf ) = Γf ′

'Estw
Γf = {(x, f(x)) : x ∈ Fn2}

to gr�fhma miac sun�rthshc f : Fn2 → Fn2 . An L mia afinik  apeikìnish tou F2n
2 , tìte

sÔmfwna me thn Prìtash 2.3.2:

L(Γf ) = {L(x, f(x)) : x ∈ Fn2}
= {(L1(x, f(x)) + c1, L2(x, f(x)) + c2) : x ∈ Fn2}
= {(f1(x), f2(x)) : x ∈ Fn2}

Prìtash 2.3.3 H sqèsh CCZ eÐnai sqèsh isodunamÐac.

Apìdeixh

anaklastik  f ∼ f

L(Γf ) = Γf

ìpou L h tautotik  apeikìnish.

summetrik  f ∼ g⇔ g ∼ f

f ∼ g ⇒ L(Γf ) = Γg ⇒ L−1(Γg) = Γf ⇒ M(Γg) = Γf ⇒ g ∼ f

ìpouM = L−1 h antÐstrofh apeikìnish thc L, h opoÐa eÐnai epÐshc afinik .
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2.3. SQ�ESEIS ISODUNAM�IAS KEF�ALAIO 2. ORISMO�I

metabatik 
f ∼ g
g ∼ h

}
⇒ f ∼ h

An {
L(Γf ) = Γg
M(Γg) = Γh

tìte
Γh =M(Γg) =M(L(Γf )) = K(Γf )

ìpou K =M◦L afinik , wc sÔnjesh afinik¸n apeikonÐsewn. �

Prìtash 2.3.4 To sÔnolo L(Γf ) apoteleÐ gr�fhma miac sun�rthshc f ′, dhlad 
L(Γf ) = Γf ′ , an kai mìno an h sun�rthsh f1 eÐnai antistrèyimh kai tìte f ′ = f2 ◦f−1

1 .

Apìdeixh

(⇒)

To sÔnolo L(Γf ) eÐnai gr�fhma miac sun�rthshc f ′ sunep¸c L(Γf ) = Γf ′ , dhlad 

∀x ∈ Fn2 ∃y ∈ Fn2 tètoio ¸ste f1(x) = y kai f2(x) = f ′(y)

kai

∀y ∈ Fn2 ∃x ∈ Fn2 tètoio ¸ste f ′(y) = f2(x) kai y = f1(x)

dhlad  h sun�rthsh f1 eÐnai epÐ tou Fn2 kai epeid  to peperasmèno sÔnolo tim¸n Fn2
tautÐzetai me to pedÐo orismoÔ, h f1 eÐnai ”1− 1”. 'Ara h f1 eÐnai antistrèyimh.
EpÐshc

f ′(y) = f2(x) = f2(f−1
1 (y)) ⇒ f ′(y) = f2 ◦ f−1

1 (y)

(⇐)

H f1 eÐnai epÐ tou Fn2 , dhlad 

∀y ∈ Fn2 ∃x ∈ Fn2 tètoio ¸ste y = f1(x)

Gia na eÐnai to sÔnolo L(Γf ) gr�fhma thc f ′ prèpei epiplèon na isqÔei

∀x ∈ Fn2 ∃y ∈ Fn2 tètoio ¸ste f1(x) = y kai f2(x) = f ′(y)

14
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H f1 eÐnai antistrèyimh, sunep¸c eÐnai ”1−1”, dhlad  ∀x ∈ Fn2 up�rqei h f−1
1 . 'Ara

∀x ∈ Fn2 ∃y ∈ Fn2 tètoio ¸ste f2(x) = (f2(f−1
1 (y))) ⇒ f2(x) = f ′(y)

'Ara to sÔnolo L(Γf ) eÐnai to gr�fhma thc sun�rthshc f ′ = f2 ◦ f−1
1

Apì touc parap�nw orismoÔc kai tic sqèseic isodunamÐac prokÔptoun ta ex c
sumper�smata:

Pìrisma 2.3.1 An dÔo sunart seic f, f ′ : Fn2 → Fn2 eÐnai EA isodÔnamec, tìte eÐnai
kai CCZ isodÔnamec.

Apìdeixh

Oi f, f ′ eÐnai EA isodÔnamec, dhlad  uparqoun antistrèyimec afinikèc apeikonÐseic
L1, L2 : Fn2 → Fn2 kai afinik  akeikìnish L : Fn2 → Fn2 ètsi ¸ste

f ′(x) = L1 ◦ f ◦ L2(x) + L(x)

Gia na apodeÐxoume ìti oi f, f ′ eÐnai CCZ isodÔnamec arkeÐ na deÐxoume ìti an
Γf = {(y, f(y)) : y ∈ Fn2} kai Γf ′ = {(x, f ′(x)) : x ∈ Fn2} ta graf mata twn f, f ′

antÐstoiqa, tìte up�rqei antistrèyimh afinik  apeikìnish L tètoia ¸ste

L(Γf ′) = Γf ⇔ L(x, f ′(x)) = (y, f(y))

Apì thn EA isodunamÐa twn f, f ′ èqoume

f ′(x) = L1(f(L2(x))) + L(x) ⇒
⇒ L1(f(L2(x))) = f ′(x)− L(x)

efarmìzontac thn antÐstrofh apeikìnish thc L1, èstw L−1
1 (x) = M(x) + c, ìpou

M(x) grammik  kai c stajer�, paÐrnoume

f(L2(x)) = L−1
1 (f ′(x)− L(x)) ⇒

⇒ f(L2(x)) = M(f ′(x))−M(L(x)) + c

⇒ f(L2(x)) = L−1
1 (f ′(x))−M(L(x))

An orÐsoume thn afinik  sun�rthsh L(x, y) = (L2(x), L−1
1 (y)−M(L(x))), tìte

L(x, f ′(x)) = (L2(x), L−1
1 (f ′(x))−M(L(x))) =

= (L2(x), f(L2(x))) =
= (y, f(y))
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Gia na oloklhrwjeÐ h apìdeixh ja prèpei na deÐxoume ìti h afinik  apeikìnish L
eÐnai antistrèyimh:

èstw x1, x2, y1, y2 ∈ F2n , tìte

L(x1, y1) = L(x2, y2) ⇒
{
L2(x1) = L2(x2)
L−1

1 (y1)−M(L(x1)) = L−1
1 (y2)−M(L(x2))

• L2(x1) = L2(x2) L2 ”1−1”=⇒ x1 = x2

• L−1
1 (y1)−M(L(x1)) = L−1

1 (y2)−M(L(x2)) ⇒

L−1
1 (y1)−M(L(x1)) = L−1

1 (y2)−M(L(x1)) ⇒

L−1
1 (y1) = L−1

1 (y2)
L−1

1 ”1−1”
=⇒ y1 = y2

dhlad  h L eÐnai ”1−1” kai epeid  to pedÐo orismoÔ tautÐzetai me to sÔnolo tim¸n,
eÐnai kai epÐ. 'Ara h L eÐnai mia afinik , antistrèyimh apeikìnish. �

Pìrisma 2.3.2 An h sun�rthsh f eÐnai isomorfismìc tìte h f eÐnai CCZ isodÔnamh
me thn antÐstrof  thc, f−1.

Apìdeixh

Gia na apodeÐxoume ìti f
ccz∼ f−1, arkeÐ na deÐxoume ìti up�rqei L antistrèyimh

afinik  apeikìnish, tètoia ¸ste

L(Γf ) = Γf−1 ⇒ (f1(x), f2(x)) = (y, f−1(y)) ⇒ (f1(x), f2(x)) = (y, f2 ◦ f−1
1 (y))

E�n epilèxoume {
f1(x) = f(x)
f2(x) = x

tìte èqoume f−1(x) = f2(f−1
1 (x)) = f−1

1 (x) = f−1(x). �

Pìrisma 2.3.3 An f
ccz∼ f ′ kai h sun�rthsh f ′ eÐnai APN, tìte kai h f eÐnai APN.
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Apìdeixh

ArkeÐ na apodeÐxoume ìti gia k�je a, b ∈ F2n , a 6= 0, up�rqoun a′, b′ ∈ F2n me
a′ 6= 0 tètoia ¸ste Nf (a, b) = Nf ′(a′, b′), ìpou Nf (a, b), Nf ′(a′, b′) to pl joc lÔsewn
twn f(x+ a) + f(x) = b kai f ′(x+ a′) + f ′(x) = b′ antÐstoiqa.

EpÐshc, jewroÔme thn afinik  apeikìnish A : F2n
2 → F2n

2 me

A(x, y) = (L1(x, y) + c1, L2(x, y) + c2)

me L1, L2 grammikèc apeikonÐseic. Jètontac x = y = 0 paÐrnoume A(0, 0) = (c1, c2),
�ra

A(x, y) = L(x, y) +A(0, 0)

ìpou L grammik  apeikìnish.

'Eqoume

Nf (a, b) = |{x ∈ Fn2 : f(x+ a) + f(x) = b}|
= |{(x, y) ∈ F2n

2 : (x, f(x)) + (y, f(y)) = (a, b)}|
= |{(x, y) ∈ F2n

2 : A((x, f(x)) + (y, f(y))) = A(a, b)}|
= |{(x, y) ∈ F2n

2 : L(x, f(x)) + L(y, f(y)) +A(0, 0) = L(a, b) +A(0, 0)}|
= |{(x, y) ∈ F2n

2 : A(x, f(x))−A(0, 0) +A(y, f(y))−A(0, 0) +A(0, 0) = L(a, b) +A(0, 0)}|
= |{(x, y) ∈ F2n

2 : A(x, f(x)) +A(y, f(y)) = L(a, b)}|
= |{(x, y) ∈ F2n

2 : (f1(x), f2(x)) + (f1(y), f2(y)) = L(a, b)}|
f∼f ′
= |{(x, y) ∈ F2n

2 : (x, f2(f−1
1 (x)) + (y, f2(f−1

1 (y)) = L(a, b)}|
= |{(x, y) ∈ F2n

2 : (x, f ′(x)) + (y, f ′(y)) = L(a, b)}|
= Nf ′(L(a, b))
= Nf ′(a′, b′)

An a′ 6= 0, tìte epeid  h f ′ eÐnai APN kai Nf (a, b) = Nf ′(a′, b′) ≤ 2, eÐnai kai h f
APN.

An a′ = 0, tìte Nf ′(0, b′) = 0 ≤ 2, ektìc apì thn perÐptwsh ìpou b′ = 0. 'Omwc,
ìtan a′ = b′ = 0 èqoume

L(a, b) = (0, 0)

k�ti pou eÐnai adÔnato, diìti h L eÐnai antistrèyimh kai a 6= 0. �
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Kef�laio 3

APN sunart seic kai k¸dikec

3.1 GrammikoÐ duadikoÐ k¸dikec

Orismìc 3.1.1 'Estw A = {α1, . . . , αq} èna sÔnolo me q stoiqeÐa, to opoÐo ja
onom�zoume alf�bhto.

(i) Mia lèxh m kouc n p�nw apì to alf�bhto A eÐnai mia akoloujÐa w = w1w2 . . . wn,
ìpou wi ∈ A gia k�je i. H lèxh w mporeÐ epÐshc na jewrhjeÐ di�nusma
(w1, w2, . . . , wn).

(ii) 'Enac k¸dikac m kouc n p�nw apì to A eÐnai èna uposÔnolo tou An.

(iii) To pl joc twn lèxewn tou k¸dika C onom�zetai mègejoc tou C.

Orismìc 3.1.2 'Enac grammikìc k¸dikac C m kouc n p�nw apì to Fq eÐnai ènac
upìqwroc tou Fnq .

Gia ton pl rh qarakthrismì enìc k¸dika eÐnai aparaÐthto na gnwrÐzoume, ektìc
apì to m koc tou n, th di�stas  tou kai thn apìstash Hamming.

Orismìc 3.1.3 H di�stash tou grammikoÔ k¸dika C eÐnai h di�stash tou C wc
dianusmatikoÔ q¸rou p�nw apì to Fq

Orismìc 3.1.4 (Hamming distance) 'Estw x,y lèxeic m kouc n enìc alfab tou
A. H apìstash Hamming apì to x sto y, h opoÐa sumbolÐzetai me d(x,y), orÐzetai
na eÐnai o arijmìc twn gramm�twn ìpou oi lèxeic x,y diafèroun. An x = x1x2 . . . xn
kai y = y1y2 . . . yn tìte

d(x,y) = d(x1, y1) + d(x2, y2) + . . .+ d(xn, yn)

ìpou

d(xi, yi) =
{

1, an xi 6= yi
0, an xi = yi.
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Orismìc 3.1.5 Se k¸dika C pou perièqei toul�qiston dÔo lèxeic, orÐzoume

d(C) = min{d(x,y) : x,y ∈ C, x 6= y}

na eÐnai h el�qisth apìstash tou C.

To m koc n, h di�stash k kai h apìstash d onom�zontai par�metroi tou grammikoÔ
k¸dika C, o opoÐoc sumbolÐzetai me [n, k, d].

Orismìc 3.1.6 (Hamming weight) 'Estw x mia lèxh tou Fnq . To b�roc Hamming
thc x, to opoÐo sumbolÐzetai me wt(x), orÐzetai na eÐnai to pl joc twn mh mhdenik¸n
sunistws¸n thc lèxhc x:

wt(x) = d(x, 0)

Par�deigma 3.1.1 'Estw C = {00000, 00111, 11111} ènac duadikìc grammikìc
k¸dikac m kouc 5, tìte:

d(00000, 00111) = 3
d(00000, 11111) = 5
d(00111, 11111) = 2

'Ara d(C) = 2, dhlad  o C eÐnai ènac [5, 3, 2]-k¸dikac. EpÐshc,

wt(00111) = 3
wt(11111) = 5

3.2 O duikìc k¸dikac

Orismìc 3.2.1 O duikìc k¸dikac tou C, o opoÐoc sumbolÐzetai me C⊥, eÐnai to
orjog¸nio sumpl rwma tou C, dhlad 

C⊥ = {v ∈ Fnq : v · s = 0 ∀ s ∈ C}

Je¸rhma 3.2.1 'Estw C grammikìc k¸dikac m kouc n p�nw apì to Fq. Tìte

(i) o C⊥ eÐnai grammikìc k¸dikac kai

dim(C) + dim(C⊥) = n

(ii) (C⊥)⊥ = C
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Apìdeixh

(i) Apì ton orismì tou C⊥ kai apì to gegonìc ìti o C eÐnai upìqwroc tou Fnq
prokÔptei ìti o C⊥ eÐnai epÐshc uposÔnolo tou Fnq .

'Estw v,w ∈ C⊥ kai λ, µ ∈ Fq, tìte ∀ s ∈ C èqoume:

(λv + µw) · s = λ(v · s) + µ(w · s) = 0

Sunep¸c o C⊥ eÐnai upìqwroc tou Fnq .

Gia C = {0} h sqèsh dim(C) + dim(C⊥) = n eÐnai alhj c. 'Estw dim(C) = k ≥ 1
kai èstw {v1, . . . , vk} mia b�sh tou C. Ja deÐxoume ìti dim(C⊥) = n− k.

'Eqoume
x ∈ C⊥ ⇔ v1 · x = . . . = vk · x = 0 ⇔ AxT = 0

ìpou A eÐnai o k×k pÐnakac me grammèc ta dianÔsmata v1, . . . , vk. Oi grammèc tou pÐna-
ka A eÐnai grammik¸c anex�rthtec, epomènwc to AxT = 0 eÐnai èna grammikì sÔsthma
me k grammikèc exis¸seic n metablht¸n. Apì th grammik  �lgebra gnwrÐzoume ìti mi-
a b�sh tou q¸rou lÔsewn apoteleÐtai apì n−k dianÔsmata, dhlad  dim(C⊥) = n−k.

(ii) Antikajist¸ntac to C me C⊥ sthn parap�nw sqèsh prokÔptei:

dim(C⊥) + dim(C⊥)⊥ = n

kai mazÐ me thn dim(C) + dim(C⊥) = n paÐrnoume

dim(C) = dim(C⊥)⊥

Epomènwc gia na deÐxoume ìti (C⊥)⊥ = C arkeÐ C ⊆ (C⊥)⊥.

'Ena di�nusma v ∈ Fnq eÐnai stoiqeÐo tou (C⊥)⊥ an kai mìno an v · x = 0, ∀x ∈ C⊥.
'Estw c ∈ C, tìte ex orismoÔ tou C⊥ isqÔei

c · x = 0 , ∀x ∈ C⊥

�ra c ∈ (C⊥)⊥ �

Prìtash 3.2.1 An V,W dianusmatikoÐ q¸roi, tìte

V ≤W ⇔ W⊥ ≤ V ⊥

Apìdeixh
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(⇒) Upojètoume ìti V ≤W .
'Estw b ∈W⊥, tìte gia k�je w ∈W èqoume

b · w = 0

An v ∈ V , tìte v ∈W , �ra

∀v ∈ V b · v = 0 ⇒ b ∈ V ⊥

(⇐) Upojètoume ìti W⊥ ≤ V ⊥. Tìte apì to eujÔ èqoume

W⊥ ≤ V ⊥ ⇒ (V ⊥)⊥ ≤ (W⊥)⊥ ⇒ V ≤W

3.3 PÐnakec b�shc kai pÐnakec elègqou

Orismìc 3.3.1 (i) O pÐnakac b�shc (generator matrix) enìc grammikoÔ k¸dika C
eÐnai ènac pÐnakac G, tou opoÐou oi grammèc apoteloÔn b�sh tou C.

(i) O pÐnakac elègqou (parity-check matrix) enìc grammikoÔ k¸dika C eÐnai o pÐnakac
b�shc tou duikoÔ k¸dika C⊥.

Epomènwc an C eÐnai ènac [n, k] grammikìc k¸dikac, tìte o pÐnakac b�shc G ja
èqei di�stash k × n, en¸ o pÐnakac elègqou (n− k)× n.

Gia na apodeÐxoume ìti ènac k×n pÐnakac eÐnai pÐnakac b�shc enìc [n, k] grammikoÔ
k¸dika C, arkeÐ na deÐxoume ìti oi grammèc tou G eÐnai grammik¸c anex�rthtec kai
par�goun ton C. 'Omoia ergazìmaste gia na apodeÐxoume ìti ènac pÐnakac (n− k)× n
eÐnai pÐnakac elègqou tou C.

L mma 3.3.1 'Estw C ènac [n, k] grammikìc k¸dikac p�nw apì to Fq me pÐnaka
b�shc G. Tìte èna stoiqeÐo v tou Fnq an kei ston C⊥ an kai mìno an eÐnai orjog¸nio
se k�je gramm  tou G, dhlad 

v ∈ C⊥ ⇔ v ·GT = 0

Eidikìtera, dedomènou enìc (n− k)× n pÐnaka H, o H eÐnai pÐnakac elègqou tou C an
kai mìno an oi grammèc tou H eÐnai grammik¸c anex�rthtec kai HGT = 0.

Apìdeixh

'Estw ri tuqaÐa gramm  tou G, tìte k�je stoiqeÐo tou C gr�fetai sth morf 

c = λ1r1 + . . .+ λkrk
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ìpou λ1, . . . , λk ∈ Fq.
An v ∈ C⊥, tìte v · c = 0 ∀c ∈ C, dhlad  to v eÐnai orjog¸nio sto ri, i =

1, . . . , k, epomènwc vGT = 0.

AntÐstrofa, an v · ri = 0, i = 1, . . . , k tìte gia c = λ1r1 + . . .+ λkrk èqoume:

v · c = λ1(vr1) + . . .+ λk(vrk) = 0

Gia to deÔtero mèroc tou L mmatoc, an H eÐnai o pÐnakac elègqou tou C, tìte ex
orismoÔ oi grammèc tou, hi, i = 1, . . . , n− k, eÐnai grammik¸c anex�rthtec. EpÐshc oi
grammèc apoteloÔn lèxeic tou C⊥, epomènwc sÔmfwna me ta parap�nw:

h1G
T = 0

h2G
T = 0

...
hn−kGT = 0

⇒ HGT = 0

AntÐstrofa, an HGT = 0, tìte sÔmfwna me to pr¸to mèroc tou L mmatoc, oi
grammèc tou H, �ra kai o q¸roc gramm¸n tou H, perièqontai ston C⊥. EpÐshc, apì to
gegonìc ìti o pÐnakac H èqei grammik¸c anex�rthtec grammèc prokÔptei ìti h di�stash
tou q¸rou gramm¸n eÐnai n− k, dhlad  o C⊥ tautÐzetai me ton q¸ro gramm¸n tou H,
�ra o H eÐnai o pÐnakac elègqou tou C. �

Prìtash 3.3.1 'Estw C ènac grammikìc k¸dikac kai H o antÐstioqoc pÐnakac elègqou.
Tìte ta parak�tw eÐnai isodÔnama:

(i) o C èqei el�qisth apìstash d

(ii) opoiesd pote d − 1 st lec tou H eÐnai grammik¸c anex�rthtec kai up�rqoun d
grammik¸c exarthmènec st lec.

Par�deigma 3.3.1 'Estw C ènac duadikìc grammikìc k¸dikac me pÐnaka elègqou

H =

 1 0 1 0 0
1 1 0 1 0
0 1 0 0 1


An parathr sume tic st lec tou H, ja doÔme ìti kamÐa den eÐnai h mhdenik  kai an� dÔo
den ajroÐzoun sto 0T . 'Ara k�je dÔo st lec eÐnai grammik¸c anex�rthtec. EpÐshc,
up�rqoun treÐc st lec, oi 1,3 kai 4, oi opoÐec eÐnai grammik¸c exarthmènec. Sunep¸c,
h apìstash tou k¸dika C eÐnai d = 3.
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3.4 O epektetamènoc k¸dikac tou C

Orismìc 3.4.1 Gia k�je k¸dika C p�nw apì to Fq, o epektetamènoc k¸dikac (ex-
tended code) tou C sumbolÐzetai me C̃ kai orÐzetai na eÐnai to sÔnolo:

C̃ = {(−
n∑
i=1

ci, c1, . . . , cn) : (c1, . . . , cn) ∈ C}

Gia q = 2 h epiprìsjeth sunist¸sa −
∑n

i=1 ci =
∑n

i=1 ci onom�zetai sunist¸sa
elègqou.

Je¸rhma 3.4.1 An C eÐnai ènac [n, k, d]-grammikìc k¸dikac p�nw apì to Fq, tìte
o C̃ eÐnai ènac [n+ 1, k, d′]-grammikìc k¸dikac tou Fq me

d′ =
{
d, d �rtioc
d+ 1, d perittìc

kai pÐnaka elègqou

H̃ =


1 1 . . . 1

0
... H
0


ìpou H o pÐnakac elègqou tou C.

Apìdeixh

Ex orismoÔ o C̃ èqei mia epiplèon sunist¸sa, epomènwc to m koc tou k¸dika
aux�netai kat� mia mon�da kai apì n gÐnetai n+ 1.

'Oson afor� sth deÔterh par�metro, h di�stash k den all�zei, diìti den metabl jhke
to pl joc twn dianusm�twn, all� to m koc touc.

Sth sunèqeia diakrÐnoume peript¸seic gia thn apìstash d tou C.

1η perÐptwsh: d perittìc

Gia ton pÐnaka H gnwrÐzoume ìti opoiesd pote d − 1 st lec eÐnai grammik¸c
anex�rthtec kai ìti up�rqoun d st lec grammik¸c exarthmènec. Oi d − 1 gram-
mik¸c anex�rthtec paramènoun tètoiec, akìmh kai met� thn prosj kh thc epiplèon
sunist¸sac tou H̃, �1�.
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An sumbolÐsoume me hi tic st lec tou H, tìte gia tic d grammik¸c exarthmènec
èqoume: (

1
h1

)
+
(

1
h2

)
+ . . .+

(
1
hd

)
=
(

1
0

)
(3.1)

pou shmaÐnei ìti eÐnai grammik¸c anexèrthtec.

E�n epilèxoume d− 1 st lec tou H, prosjèsoume thn epiplèon sunist¸sa,�1� kai
tic ajroÐsoume mazÐ me thn epiprìsjeth st lh tou H̃, prokÔptei h parak�tw sqèsh:(

1
h1

)
+
(

1
h2

)
+ . . .+

(
1

hd−1

)
+
(

1
0

)
6=
(

0
0

)
(3.2)

dhlad  oi parap�nw d st lec eÐnai grammik¸c anex�rthtec.
EpÐshc, up�rqoun d+ 1 gramik¸c exarthmènec st lec:(

1
h1

)
+
(

1
h2

)
+ . . .+

(
1
hd

)
+
(

1
0

)
=
(

0
0

)
(3.3)

Apì tic (3.1), (3.2) prokÔptei ìti opoiesd pote d st lec tou H̃ eÐnai grammik¸c
anex�rthtec, en¸ h (3.3) dhl¸nei thn Ôparxh d + 1 grammik¸c exarthmènwn sthl¸n.
Epomènwc h apìstash tou C̃ eÐnai d+ 1.

2η perÐptwsh: d �rtioc

Efarmìzontac thn Ðdia diadikasÐa me parap�nw èqoume:(
1
h1

)
+
(

1
h2

)
+ . . .+

(
1

hd−1

)
6=
(

0
0

)
(3.4)

kai (
1
h1

)
+
(

1
h2

)
+ . . .+

(
1
hd

)
=
(

0
0

)
(3.5)

'Ara opoiesd pote d−1 st lec eÐnai grammik¸c anexèrthtec kai up�rqoun d grammik¸c
exarthmènec. Sunep¸c d(C̃) = d �

3.5 IsodunamÐa grammik¸n kwdÐkwn

Orismìc 3.5.1 DÔo grammikoÐ k¸dikec p�nw apì to Fq onom�zontai isodÔnamoi an
o ènac prokÔptei apì ton �llo me sunduasmì twn parak�tw pr�xewn:

(A) met�jesh twn gramm�twn twn lèxewn tou k¸dika,
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(B) pollaplasiasmì gramm�twn se sugkekrimènec jèseic me mh mhdenik  stajer�.

Je¸rhma 3.5.1 DÔo k×n pÐnakec par�goun Ðsouc k¸dikec, an o ènac prokÔptei apì
ton �llo me efarmog  miac   perissotèrwn apì tic parak�tw pr�xeic:

R1 met�jesh gramm¸n

R2 pollaplasiasmì gramm c me mh mhdenik  stajer�

R3 prìsjesh enìc pollaplasÐou gramm c se mÐa �llh,

en¸ par�goun isodÔnamouc k¸dikec, me efarmog  twn pr�xewn

C1 met�jesh sthl¸n

C2 pollaplasiasmì st lhc me mh mhdenik  stajer�.

Orismìc 3.5.2 (i) 'Enac pÐnakac b�shc thc morf c [Ik|X] jewreÐtai ìti brÐsketai
se kanonik  morf  (standard form)

(ii) 'Enac pÐnakac elègqou thc morf c [Y |In−k] jewreÐtai ìti brÐsketai se kanonik 
morf .

Je¸rhma 3.5.2 K�je grammikìc k¸dikac C eÐnai isodÔnamoc me ènan k¸dika C ′,
tou opoÐou o pÐnakac b�shc brÐsketai se kanonik  morf .

3.5.1 IsodunamÐa duadik¸n grammik¸n kwdÐkwn

'Otan to alf�bhto tou k¸dika eÐnai to F2, oi pr�xeic twn pin�kwn pou par�goun
isodÔnamouc k¸dikec eÐnai oi R1, C1, en¸ h R3 metatrèpetai se �prìsjesh gramm¸n�.
Pio sugkekrimèna, dÔo pÐnakec G1, G2 par�goun ton Ðdio k¸dika an sundèontai me th
sqèsh:

G2 = MG1

ìpou M eÐnai ènac k × k antistrèyimoc pÐnakac. Ousiastik� o pÐnakac M metajètei
 /kai prosjètei grammèc. Me �lla lìgia, up�rqei mÐa antistrèyimh grammik  apeikìn-
ish L, me pÐnaka ton M, h opoÐa antistoiqÐzei thn j−ost  st lh tou G1 sthn j−ost 
st lh tou G2.

Prìtash 3.5.1 'Estw C1, C2 [n, k, d] grammikoÐ k¸dikec kai G1, G2 oi antÐstoiqoi
pÐnakec b�shc. Tìte, o C1 eÐnai isodÔnamoc me ton C2 an kai mìno an up�rqei anti-
strèyimh grammik  apeikìnish L tou Fk2, h opoÐa antistoiqÐzei tic st lec tou G1 stic
st lec tou G2.
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Par�deigma 3.5.1 'Estw

G1 =

 1 1 1 0 1
1 0 1 1 0
1 1 0 1 0


o pÐnakac b�shc pou antistoiqeÐ ston k¸dika C1 kai

M =

 1 0 1
0 1 0
0 0 1


ènac antistrèyimoc pÐnakac. Tìte o pÐnakac G2 = MG1 ja eÐnai o

G2 =

 1 0 1
0 1 0
0 0 1

 1 1 1 0 1
1 0 1 1 0
1 1 0 1 0

 =

 0 0 1 1 1
1 0 1 1 0
1 1 0 1 0


tou opoÐou h pr¸th gramm  eÐnai to �jroisma thc pr¸thc gramm c tou G1 me thn trÐth.
SÔnep¸c o k¸dikac C2 pou par�gei o G2, eÐnai telik� o C1.

EpÐshc, e�n o pÐnakac G2 prokÔptei apì th sqèsh G2 = G1P , gia k�poion pÐna-
ka met�jeshc P , tìte oi antÐstoiqoi k¸dikec C1, C2 eÐnai isodÔnamoi. O pÐnakac P
ousiastik� metajètei tic st lec tou G1.

Par�deigma 3.5.2 An pollaplasi�soume apì dexi� ton pÐnaka G1 tou prohgoÔme-
nou paradeÐgmatoc me ton pÐnaka met�jeshc

P =


0 0 0 1 0
0 1 0 0 0
0 0 1 0 0
1 0 0 0 0
0 0 0 0 1


èqoume:

G2 =

 1 1 1 0 1
1 0 1 1 0
1 1 0 1 0




0 0 0 0 1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
1 0 0 0 0

 =

 0 1 1 1 1
1 0 1 1 0
1 1 0 1 0


Parathr¸ntac to apotèlesma tou ginomènou blèpoume ìti èqoun metatejeÐ oi st lec
1 kai 4 tou G1. Epomènwc oi k¸dikec pou antistoiqoÔn stouc G1, G2 eÐnai isodÔnamoi.

Genik�, oi k¸dikec C1, C2 me antÐstoiqouc pÐnakec b�shc G1, G2 eÐnai isodÔnamoi,
an G2P = MG1, gia k�poion antistrèyimo pÐnaka M kai pÐnaka met�jeshc P . Epi-
plèon, dÔo k¸dikec C1, C2 eÐnai isodÔnamoi an kai mìno an oi antÐstoiqoi duiðkoÐ eÐnai
isodÔnamoi. Autì isqÔei diìti oi metajèseic twn gramm¸n-sthl¸n me tic opoÐec o G2

par�getai apì ton G1 diathroÔntai kai stouc pÐnakec elègqou H1, H2.
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Par�deigma 3.5.3 'Estw G1, G2 oi pÐnakec b�shc tou prohgoumenou paradeÐg-
matoc, ìpou o G2 eÐnai o G1 me met�jesh thc pr¸thc me thn tètarth st lh, kai

H1 =
[

0 1 1 1 0
1 1 1 0 1

]
o pÐnakac elègqou tou C2. Onom�zoume H2 ton pÐnaka pou prokÔptei apì ton H1 me
enallag  thc pr¸thc me thn tètarth st lh:

H2 =
[

1 1 1 1 0
0 1 1 0 1

]
UpologÐzoume to ginìmeno

H2G
T
2 =

[
1 1 1 0 0
0 1 1 1 1

]
0 1 1
1 0 1
1 1 0
1 1 1
1 0 0

 = 0

dhlad  o H2 eÐnai pÐnakac elègqou tou G2.

3.6 APN kai k¸dikec

Sto pr¸to kef�laio ègine anafor� stic sunart seic APN, dìjhkan oi aparaÐth-
toi orismoÐ kai k�poiec idiìthtèc touc. To deÔtero kef�laio asqoleÐtai me th jewrÐa
kwdikopoÐhshc, ìpou anafèrontai ta stoiqeÐa ekeÐna, pou qarakthrÐzoun touc gram-
mikoÔc k¸dikec kai sugkekrimèna, touc duadikoÔc grammikoÔc k¸dikec.

To gegonìc ìti k�je grammikìc k¸dikac antistoiqÐzetai me ènan pÐnaka kai ìti h
melèth twn pin�kwn eÐnai saf¸c pio eÔkolh, se sqèsh me thn melèth twn sunart sewn,
od ghse touc majhmatikoÔc sthn eÔresh sundetik¸n krÐkwn an�mesa stic sunart seic
APN kai touc grammikoÔc k¸dikec. Se autì to kef�laio gÐnetai melèth aut c thc
sqèshc twn grammik¸n kwdÐkwn kai twn APN kai parousi�zetai èna Je¸rhma apì
th mh dhmosieumènh ergasÐa thc ereunhtik c om�dac tou J.F.Dillon [2], to opoÐo dÐnei
akìmh ènan trìpo taxinìmhshc twn sunart sewn APN.

Orismìc 3.6.1 'Enac [n, d, w] duadikìc k¸dikac stajeroÔ b�rouc, eÐnai ènac duadikìc
k¸dikac m kouc n kai el�qisthc apìstashc d, tou opoÐou ìlec oi kwdikèc lèxeic
apoteloÔntai apì w �ssouc. EpÐshc, orÐzoume A(n, d, w) na eÐnai o mègistoc arijmìc
lèxewn duadikoÔ k¸dika m kouc n, el�qisthc apìstashc d kai stajeroÔ b�rouc w.

Apì to [11], gnwrÐzoume ìti isqÔoun ta parak�tw fr�gmata gia thn par�metro
A(n, d, w):

Prìtash 3.6.1 An [n, d, w] eÐnai ènac duadikìc k¸dikac stajeroÔ b�rouc, tìte
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• A(n, 2w,w) ≤
⌊
n
w

⌋
• A(n, 2δ, w) ≤ (n

t
)

(w
t
)
gia t = w − δ + 1.

Je¸rhma 3.6.1 Den up�rqei grammikìc k¸dikac me paramètrouc [2t− 2, 2t− 2t−
1, 5], gia t > 3

Apìdeixh

'Estw C ènac k¸dikac p�nw apì to Fq m kouc n kai el�qisthc apìstashc d. Gia
k�je shmeÐo c tou C jewroÔme th sun�rthsh Sc apì to Fnq sto R me tic ex c idiìthtec:

(i) Sc(x) ≥ 0, ∀x ∈ Fnq

(ii)
∑

c∈C Sc(x) ≤ 1, ∀x ∈ Fnq

(iii) |Sc| ≥ s, ìpou |Sc| =
∑

x∈Fn
q
S(x) kai s ∈ R

Tìte: ∑
x∈Fn

q

∑
c∈C

Sc(x) ≤
∑
x∈Fn

q

1 = qn (3.6)

kai ∑
c∈C

∑
x∈Fn

q

Sc(x) =
∑
c∈C
|Sc| ≥

∑
c∈C

s = |C|s (3.7)

Sundu�zontac tic (3.6) kai (3.7) prokÔptei h sqèsh

|C| ≤ qn

s
(3.8)

h opoÐa eÐnai gnwst  wc to fr�gma tou Johnson.

'Estw d = 2e+ 1 > 1. An orÐsoume th qarakthristik  sun�rthsh

Sc(x) =
{

1, d(c, x) ≤ e
0, d(c, x) > e

tìte apì to fr�gma tou Johnson paÐrnoume to fr�gma sphere packing [9]. OrÐzoume
Bx na eÐnai to sÔnolo twn lèxewn tou k¸dika C pou apèqoun apì to x ∈ Fnq apìstash
e+ 1 kai epiplèon d(x,C) = e+ 1. Dhlad 

Bx = {c ∈ C : d(x, c) = d(x,C) = e+ 1}
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kai jètoume m = maxx∈Fn
q
|Bx|. Tìte, an mazÐ me ta shmeÐa pou brÐskontai mèsa sth

sfaÐra aktÐnac e gÔrw apì to c epilèxoume kai to 1/m twn shmeÐwn se aktÐna e + 1,
ta opoÐa apèqoun epÐshc e+ 1 apì ton C, tìte mporoÔme na belti¸soume to parap�nw
fr�gma. 'Etsi, h qarakthristik  sun�rthsh ja èqei th morf :

Sc(x) =
{

1, d(c, x) ≤ e
1
m , d(c, x) = e+ 1, d(C, x) = e+ 1

EpÐshc orÐzoume
Nd(c) = {c′ ∈ C : d(c, c′) = d}

me
ad(c) = |Nd(c)|

Epiplèon, jètoume ad na eÐnai o mèsoc ìroc twn shmeÐwn pou apèqoun apìstash d
metaxÔ touc, dhlad 

ad =
1
|C|

∑
c∈C

ad(c)

Ac melet soume ta x ∈ Fnq , ta opoÐa apèqoun apì th lèxh c ∈ C apìstash e+ 1.
Epiplèon isqÔei d(x,C) = e   e + 1. GnwrÐzoume ìti to pl joc twn lèxewn me
d(x, c) = e + 1 eÐnai ( n

e+1)(q − 1)e+1. Apì autèc, ja prèpei loipìn na afairèsoume
ekeÐnec gia tic opoÐec d(x,C) = e. Efìson loipìn d(x,C) = e, gia k�je x ∈ Fnq
up�rqei monadikì c′ ∈ C, tètoio ¸ste d(x, c′) = e. Tìte fusik� isqÔei d(c, c′) = 2e+1.

AntÐstrofa, gia k�je c′ ∈ C ja upologÐsoume to pl joc twn x ∈ Fnq gia ta opoÐa
d(c, x) = e kai d(x, c) = e+ 1. 'Estw

c = (c1, c2, . . . , cn)
c′ = (c′1, c

′
2, . . . , c

′
n)

x = (x1, x2, . . . , xn)

kai efìson d(c, c′) = d, ac upojèsoume ìti cj 6= c′j , 1 ≤ j ≤ d kai ci = c′i, i =
d+ 1, . . . , n, dhlad 

c = (c1, . . . , cd, cd+1, . . . , cn)
c′ = (c′1, . . . , c

′
d, cd+1, . . . , cn)

Ja deÐxoume ìti xi = ci, i = d + 1, . . . , n. 'Estw ìti xk 6= ck gia k�poio d + 1 ≤
k ≤ n. Tìte, to polÔ e apì tic x1, . . . , xd sunist¸sec diafèroun apì tic antÐstoiqec
c1, . . . , cd, diìti d(x, c) = e + 1. 'Ara, toul�qiston d − e = e + 1 sunist¸sec apì tic
x1, . . . , xd èqoun kajoristeÐ. Me ton Ðdio trìpo, h sqèsh d(x, c′) = e kajorÐzei tic
d− (e− 1) = e+ 2 sunist¸sec thc x. Sunolik� èqoume

(e+ 1) + (e+ 2) = 2e+ 3 > d

30



KEF�ALAIO 3. APN KAI K�WDIKES 3.6. APN KAI K�WDIKES

pou shmaÐnei ìti up�rqei k�poia sunist¸sa xj , 1 ≤ j ≤ d tètoia ¸ste xj = cj = c′j .
'Omwc autì den mporeÐ na sumbaÐnei, diìti d(c, c′) = d. Sunep¸c,

x = (x1, . . . , xd, cd+1, . . . , cn).

Apì tic d pr¸tec suntetagmènec, mporoÔme na epilèxoume me (de ) = ( d
e+1) trìpouc tic

e sunist¸sec stic opoÐec oi x, c tautÐzontai. Oi upìloipec e + 1 sunist¸sec kajor'-
izontai apì th lèxh c′. Oi c′ kai x diafèroun se e sunist¸sec, epomènwc up�rqoun
( d
e+1) trìpoi epilog c gia tic e+ 1 koinèc sunist¸sec. Telik�, to pl joc twn x pou

ja prèpei na afairejoÔn eÐnai ad(c)(de ).

Sundu�zontac to parap�nw apotèlesma me to fr�gma tou Johnson, èqoume

qn ≥
∑
c∈C

∑
x∈Fn

q

Sc(x)

=
∑
c∈C

(
1 +

(
n
1

)
(q − 1) + . . .+

(
n
e

)
(q − 1)e +

1
m

((
n

e+ 1

)
(q − 1)e+1 − ad(c)

(
d
e

)))

= |C|

(
1 +

(
n
1

)
(q − 1) + . . .+

(
n
e

)
(q − 1)e +

1
m

((
n

e+ 1

)
(q − 1)e+1 − ad

(
d
e

)))
dhlad 

s = 1 +
(
n
1

)
(q − 1) + . . .+

(
n
e

)
(q − 1)e +

1
m

((
n

e+ 1

)
(q − 1)e+1 − ad

(
d
e

))
Gia na belti¸soume to s arkeÐ na broÔme èna p�nw fr�gma gia to m kai to ad. Ja

perioristoÔme stouc k¸dikec p�nw apì to F2.

• Fr�gma gia to m

OrÐzoume
Cx = {c− x : c ∈ Bx}

tìte |Bx| = |Cx|. EpÐshc parathroÔme, ìti ìlec oi lèxeic tou sunìlou Cx èqoun
stajerì b�roc:

wt(c− x) = d(x, c) = e+ 1

kai an c1, c2 ∈ Bx, tìte

d(c1 − x, c2 − x) = wt(c1 − c2) ≥ d

SÔmfwna me thn Prìtash 3.6.1, A2(n, d, e+ 1) eÐnai o mègistoc arijmìc lèxewn
duadikoÔ k¸dika m kouc n, el�qisthc apìstashc d kai stajeroÔ b�rouc e + 1,
tìte

m ≤ A2(n, d, e+ 1)
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'Estw c1 lèxh enìc duadikoÔ k¸dika stajeroÔ b�rouc. An enall�xoume r �ssouc
thc c1 me r mhdenik� kai onom�soume c2 th lèxh pou prokÔptei, tìte

d(c1, c2) = r + r = 2r

dhlad  h apìstas  touc ja eÐnai p�nta �rtioc arijmìc.

EpÐshc, apì thn Prìtash 3.6.1 gnwrÐzoume ìti

A2(n, 2w,w) ≤
⌊
n

w

⌋
Sundu�zontac ta parap�nw apotelèsmata èqoume:

m ≤ A2(n, 2e+ 1, e+ 1) = A2(n, 2e+ 2, e+ 1) ≤
⌊

n

e+ 1

⌋

• Fr�gma gia to αd

Arqik� ja apodeÐxoume ìti

ad(c) ≤
bn−ee+1 c(

n
e )

(de )

'Opwc èqei proanaferjeÐ, to sÔnolo Nd(c) apoteleÐtai apì ìlec tic lèxeic tou
k¸dika C, oi opoÐec apèqoun apì thn c apìstash d = 2e + 1. EpÐshc, eÐnai
gnwstì ìti h apìstash tou k¸dika eÐnai d, to opoÐo sunep�getai ìti k�je dÔo
lèxeic apèqoun toul�qiston d h mÐa apì thn �llh. Ac onom�soume w,w′ tic
lèxeic tou k¸dika me tic parap�nw idiìthtec, dhlad 

- d(c, w) = d me

{
ci 6= wi 1 ≤ i ≤ d
ci = wi d+ 1 ≤ i ≤ n

- d(c, w′) = d me

{
ci 6= wi 1 ≤ i ≤ e, d+ e+ 2 ≤ i ≤ n
ci = wi e+ 1 ≤ i ≤ d+ e+ 1

- d(w,w′) ≥ d

ParathroÔme ìti up�rqoun e to pl joc sunist¸sec, sukgekrimèna stic jèseic
e+ 1 èwc d, gia tic opoÐec isqÔei:

wi 6= ci και w′i 6= ci

Epomènwc, an dialèxoume wi = w′i gia e + 1 ≤ i ≤ d, tìte oi apost�seic
diathroÔntai. An ìmwc epilèxoume parap�nw apì e sunist¸sec oi opoÐec ja
eÐnai koinèc stic w,w′ all� diaforetikèc sthn c, tìte oi apost�seic all�zoun.
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'Estw loipìn ìti wi = w′i gia e ≤ i ≤ d, dhlad  oi w,w′ moir�zontai d−e = e+1
sunist¸sec. Tìte, h sunist¸sa sth jèsh e eÐnai koin  kai stic treÐc lèxeic:

ci 6= wi, 1 ≤ i ≤ d → ce 6= we

ci = w′i, 1 ≤ i ≤ e → ce = w′e

 we=w′e⇒ ce = we = w′e

'Omwc h parap�nw isìthta odhgeÐ sth meÐwsh thc apìstashc metaxÔ twn c, w,
h opoÐa gÐnetai d − 1. AntÐstoiqa, an epilèxoume thn epiplèon sunist¸sa apì
thn antÐjeth pleur�, dhlad  wi = w′i gia e + 1 ≤ i ≤ d + 1, tìte ja meiwjeÐ
h apìstash twn c, w′. Epomènwc, to megalÔtero pl joc koin¸n sunistws¸n
an�mesa stic c, w,w′ eÐnai e.

Ac onom�soume ad,e to pl joc twn lèxewn tou k¸dika C, oi opoÐec èqoun
koinèc tic e sunist¸sec pou perièqontai sto d komm�ti. Oi lèxeic me aut  thn
idiìthta eÐnai to polÔ bn−ee+1 c, �ra

ad,e ≤
⌊
n− e
e+ 1

⌋
(3.9)

Epiplèon, oi trìpoi me touc opoÐouc mporoÔn na epilegoÔn autèc oi sunist¸sec
eÐnai (ne )/(2e+1

e ). 'Ara, gia k�je lèxh tou k¸dika isqÔei:

ad(c) ≤
bn−ee+1 c(

n
e )

(2e+1
e )

(3.10)

SÔmfwna me thn parap�nw anisìthta, se k�je lèxh c ∈ C antistoiqeÐ peperas-
mènoc arijmìc lèxewn pou brÐskontai se apìstash d. 'Ara, ja up�rqei toul�qis-
ton mÐa lèxh, ac thn onom�soume c′, h opoÐa èqei to mègisto ad(c′). Epiplèon, apì
to fr�gma tou Johnson gnwrÐzoume ìti o k¸dikac C èqei peperasmèno pl joc
lèxewn. Epomènwc, up�rqei toul�qiston mÐa lèxh tou k¸dika, h c′, gia thn opoÐa
isqÔei

ad ≤ ad(c′)
(3.10)⇒ ad ≤

bn−ee+1 c(
n
e )

(2e+1
e )

Sth sunèqeia, ja belti¸soume to fr�gma gia thn posìthta ad,e. Jètoume a =
bn−ee+1 c kai qrhsimopoi¸ntac thn idiìthta tou akèraiou mèrouc prokÔptei⌊

n− e
e+ 1

⌋
≤ n− e
e+ 1

⇒ a(e+ 1) ≤ n− e

⇒ n− e = a(e+ 1) + b, 0 ≤ b ≤ e
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Ac upojèsoume ìti to ad,e paÐrnei th mègisth dunat  tim , dhlad  ad,e = a.

PerÐptwsh 1η: a perittìc

An prosjèsoume ìlec tic a lèxeic, ja prokÔyei lèxh b�rouc a(e+1)+e = n−b,
diìti an� dÔo ta e komm�tia exoudeter¸nontai kai mènei mìno èna.

An b = 0, prokÔptei lèxh b�rouc n, dhlad  o k¸dikac perièqei th lèxh 1 =
(11 . . . 1). An h lèxh 1 an ke sto sÔnolo twn lèxewn me e koinì komm�ti, tìte ja
èprepe se ìlec tic lèxeic to e komm�ti na apoteleÐtai apokleistik� apì �ssouc.
Epomènwc, ja perioristoÔme sthn perÐptwsh ìpou b 6= 0. An loipìn 1 ≤ b ≤ e,
tìte h lèxh pou prokÔptei an kei stic lèxeic me e koinèc sunist¸sec. Se aut 
thn perÐptwsh, mporoÔme na broÔme k¸dika Ðdiac di�stashc kai Ðdiac el�qisthc
apìstashc, qwrÐc th lèxh me b�roc n−b. Autì mporeÐ na epiteuqjeÐ me prìsjesh
miac sunist¸sac elègqou (parity-check), all�zontac ètsi to m koc. Epiplèon, h
lèxh ja èqei b�roc n−b+1. Sth sunèqeia, mei¸noume to m koc kai thn el�qisth
apìstash all�zontac tic sunist¸sec pou den an koun sto koinì komm�ti e, to
b�roc ja parameÐnei n − b + 1 [9]. 'Ara, sth genik  perÐprwsh ìpou ad,e ≤ a,
ìtan to a eÐnai perittì kai b 6= 0, isqÔei ad,e ≤ a− 1.

EpÐshc, gnwrÐzoume ìti isqÔei h sqèsh⌊
n− e
e+ 1

− 1
⌋
≤
⌊
n− e
e+ 1

⌋
sunep¸c

bn−ee+1 − 1c(ne )

(de )
≤
bn−ee+1 c(

n
e )

(de )

'Ara, deÐxame ìti

ad ≤
bn−ee+1 − 1c(ne )

(de )

EpÐshc, apodeÐxame ìti ad,e ≤ bn−ee+1 c − 1, epomènwc isqÔei h parak�tw anÐswsh:

ad ≤ ad,e
(ne )

(de )
≤
(⌊

n− e
e+ 1

⌋
− 1
)

(ne )

(de )

dhlad 

ad ≤
(⌊

n− e
e+ 1

⌋
− 1
)

(ne )

(de )
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Ja apodeÐxoume ìti bn−ee+1 c − 1 ≤ bn−ee+1 − 1c. Gia thn aplopoÐhsh thc apìdeixhc

jètoume bn−ee+1 c = z. Apì ton orismì tou akèraiou mèrouc èqoume:

bzc ≤ z < bzc+ 1 (3.11)

'Ara

bzc ≤ z
⇒ bzc − 1 ≤ z − 1

⇒ bzc − 1 ≤ z − 1
(3.11)
< bz − 1c+ 1

⇒ bzc − 1 < bz − 1c+ 1
⇒ bzc ≤ bz − 1c+ 1
⇒ bzc − 1 ≤ bz − 1c

Telik� èqoume ⌊
n− e
e+ 1

⌋
− 1 ≤

⌊
n− e
e+ 1

− 1
⌋
≤
⌊
n− e
e+ 1

⌋
Sunep¸c,

ad ≤
bn−ee+1 − 1c(ne )

(de )
=
bn−de+1 c(

n
e )

(de )

An qrhsimopoi soume ta fr�gmata pou upologÐsame gia ta m, ad, h par�metroc
s gÐnetai:

s ≥ 1 +
(
n
1

)
(q − 1) + . . .+

(
n
e

)
(q − 1)e

+
⌊

n

e+ 1

⌋((
n

e+ 1

)
(q − 1)e+1 −

⌊
n− d
e+ 1

⌋(
n
e

))
(3.12)

Epanerqìmaste ston arqikì k¸dika C me paramètrouc [n, 2t − 2t− 1, 5]. Apì
thn apìstash d = 5 sunep�getai ìti e = 2. EpÐshc, a = (n − 3)/3, b = 1,
a5 ≤ n(n− 1)(n− 6)/60 kai m ≤ n/3. An to t eÐnai perittìc, antikajist¸ntac
autèc tic timèc sthn parap�nw anÐswsh èqoume:

s ≥ 1 + n+
1
2
n(n− 1) + 2(n− 1) = 22t−1 + 2t−1 − 4 > 22t−1
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SÔmfwna me to fr�gma tou Johnson prèpei

22t−2t−1 ≤ 22t−2

s

ìmwc

22t−2

s
< 22t−222t−1 = 22t−2t−1

'Ara den up�rqei k¸dikac C me paramètrouc [n, 2t − 2t− 1, 5] kai t perittì.

PerÐptwsh 2η: a �rtioc

Prosjètontac tic a lèxeic me thn idiìthta na moir�zontai e sunist¸sec, prokÔptei
lèxh b�rouc a(e+ 1) = n− b− e, h opoÐa den èqei thn parap�nw idiìthta. Autì
mporeÐ na sumbeÐ to polÔ an−b−e( b+ee ) forèc, ìpou an−b−e o mèsoc ìroc twn
lèxewn b�rouc n− b− e. Epiplèon, ta upìloipa sÔnola pou perièqoun lèxeic oi
opoÐec moir�zontai e sunist¸sec, apoteloÔntai apì to polÔ a− 1 lèxeic b�rouc
d.

Sunolik� èqoume(
d
e

)
ad ≤ (a− 1)

(
n
e

)
+ an−b−e

(
b+ e
e

)

EpÐshc, gia to an−b−e isqÔei

an−b−e ≤ A2(n, d, n− b− e) = A2(n, d, b+ e) = A(n, 2d, b+ e) ≤
(nb )

( b+eb )

ìpou h teleutaÐa anÐswsh isqÔei lìgw thc Prìtashc 3.6.1.

Ac epanèljoume ston k¸dika me paramètrouc [2t− 2, 2t− 2t− 1, 5] kai t �rtio.
Tìte e = 2, a = (n − 2)/3, b = 0, an−2 ≤ 1, 10a5 ≤ n(n − 1)(n − 5)/6 kai
m ≤ (n − 2)/3. An antikatast soume autèc tic paramètrouc sthn anÐswsh
(3.12), upologÐzoume to s :

s ≥ 1 + n+
1
2
n(n− 1) +

3
2

(n+ 1) = 22t−1 +
1
2
> 22t−1

'Opwc kai sthn perÐptwsh ìpou to a eÐnai perittìc, ètsi ki ed¸ h parap�nw anÐsw-
sh tou s den sumfwneÐ me to fr�gma tou Johnson. Se k�je perÐptwsh o k¸dikac
C me paramètrouc [2t−2, 2t−2t−1, 5] den up�rqei. �
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Orismìc 3.6.2 'Estw f : F2m → F2m . An n = 2m − 1, tìte orÐzoume Cf na eÐnai
o [n, k, d] grammikìc k¸dikac, tou opoÐou o duðkìc k¸dikac par�getai apì tic grammèc
tou pÐnaka

Hf =
[

1 ω ω2 . . . ωn−1

f(1) f(ω) f(ω2) . . . f(ωn−1)

]
ìpou ω eÐnai mÐa prwtarqik  rÐza tou F∗2m kai ta stoiqeÐa ωi, f(ωi) tou F2m ta blèpoume
wc dianÔsmata tou Fm2 (bl. §2.3).

Je¸rhma 3.6.2 'Estw f : F2m → F2m me f(0) = 0 kai Cf o k¸dikac ìpwc orÐzetai
ston parap�nw orismì. Tìte:

(i) o k¸dikac Cf èqei el�qisth apìstash 3 ≤ d ≤ 5

(ii) h f eÐnai APN an kai mìno an d = 5.

(iii) an h f eÐnai APN, tìte h di�stash tou Cf eÐnai k = 2m − 1− 2m

Apìdeixh

(i) SÔmfwna me ta parap�nw o Hf èqei 2m to pl joc grammèc, �ra isqÔei

n− k ≤ 2m ⇒ k ≥ n− 2m ⇒ k ≥ 2m − 2m− 1

EpÐshc parathroÔme ìti oi st lec tou Hf eÐnai ìlec diaforetikèc metaxÔ tou-
c, diìti ta dianÔsmata pou antistoiqoÔn sta ωj , i = 0, . . . , n − 1, eÐnai ìla
ta stoiqeÐa tou Fm2 . 'Ara opoiesd pote dÔo st lec eÐnai grammik¸c anexèrtht-
ec, dhlad  h el�qisth apìstash tou Cf , me paramètrouc [2m − 1, k, d], k ≥
2m − 2m − 1, eÐnai d ≥ 3. Upojètoume ìti d ≥ 6. Apì thn jewrÐa k-
wdikopoÐhshc h Ôparxh k¸dika me paramètrouc [n, k, d], sunep�getai thn Ôparxh
enìc [n− r, k, d− r] ([9] Je¸rhma 6.1.1 (iii)). 'Ara apì ton k¸dika [2m− 1, k, 6]
prokÔptei o [2m − 2, k, 5], me k ≥ 2m − 2m− 1. 'Omwc sÔmfwna me to Je¸rhma
3.6.1 den up�rqei k¸dikac me autèc tic paramètrouc. Epagwgika, qrhsimopoi¸n-
tac to (iv) tou Jewr matoc 6.1.1 apì to [9], kataskeu�zoume k¸dikec paramètr-
wn [2m− 1, k, d], me k ≥ 2m− 2m− 1, d ≥ 7, oi opoÐoi sÔmfwna me to Je¸rhma
3.6.1 den up�rqoun. Epomènwc h el�qisth apìstash tou k¸dika Cf me m koc
2m − 1 kai di�stash k ≥ 2m − 2m− 1, eÐnai d ≤ 5.

(ii) 'Estw c = (c0, c1, . . . , cn−1) ∈ F2. Tìte to c eÐnai stoiqeÐo tou Cf an kai mìno an
ikanopoieÐ thn

cHT
f = 0 ⇒


∑n−1

i=0 ciω
i = 0∑n−1

i=0 cif(ωi) = 0
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An up�rqoun tèssera stoiqeÐa x, y, x′, y′ ∈ F2m diaforetik� metaxÔ touc tètoia
¸ste x + y + x′ + y′ = 0 kai f(x) + f(y) + f(x′) + f(y′) = 0 tìte o k¸dikac
Cf èqei el�qisth apìstash d = 4, en¸ an k�poio apì ta stoiqeÐa eÐnai mhdèn, h
apìstash eÐnai 3. Se aut  thn perÐptwsh, sÔmfwna me thn prìtash (2.2.2), h
sun�rthsh f den eÐnai APN. Epomènwc, h f eÐnai APN an kai mìno an h apìstash
tou k¸dika eÐnai d ≥ 5. Sundu�zontac autì to apotèlesma me to (i) prokÔptei
ìti d = 5.

(iii) 'Estw f mia sun�rthsh APN. Tìte sÔmfwna me ta parap�nw, o antÐstoiqoc
k¸dikac Cf èqei paramètrouc [2m − 1, k, 5]. SÔmfwna me to Je¸rhma 3.2.1
dim(C⊥) = n − k. To pl joc twn gramm¸n tou Hf eÐnai 2m. Epeid  genik�
den gnwrÐzoume an oi grammèc tou Hf eÐnai grammik¸c anex�rthtec, isqÔei

n− k ≤ 2m ⇒ k ≥ 2m − 1− 2m

'Estw k = 2m−2m, tìte o Cf eÐnai ènac [2m−1, 2m−2m, 5] k¸dikac, o opoÐoc
sÔmfwna me to Je¸rhma 3.6.1 den up�rqei. 'Ara h di�stash tou k¸dika eÐnai k =
2m − 2m− 1. �

SunoyÐzontac, an mÐa sun�rthsh f eÐnai APN, tìte o antÐstoiqoc k¸dikac Cf èqei

paramètrouc [2m−1, 2m−1−2m, 5], en¸ o epektetamènoc k¸dikac C̃f , [2m, 2m−1−
2m, 6].

Orismìc 3.6.3 'Estw F = Fqm peperasmènh epèktash tou K = Fq kai α ∈ F , tìte
to Ðqnoc Tr(α) orÐzetai na eÐnai

Tr(α) = α+ αq + . . .+ αq
m−1

Je¸rhma 3.6.3 'Estw K = Fq kai F = Fqm . Tìte

(i) Tr(α+ β) = Tr(α) + Tr(β), ∀α, β ∈ F

(ii) Tr(cα) = c Tr(α), ∀c ∈ K, α ∈ F

(iii) an jewr soume wc K-dianusmatikoÔc q¸rouc ta F,K tìte to Ðqnoc Tr(α) eÐnai
grammik  apeikìnish apì to F epÐ tou K

(iv) Tr(αq) = Tr(α), ∀α ∈ F

(v) an α ∈ F , tìte Tr(α) = 0 an kai mìno an α = βq − β gia k�poio β ∈ F .

Apìdeixh
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(i) Gia α, β ∈ F èqoume

Tr(α+ β) = (α+ β) + (α+ β)q + . . .+ (α+ β)q
m−1

= α+ β + αq + βq + . . .+ αq
m−1

+ βq
m−1

= Tr(α) + Tr(β)

(ii) An c ∈ K tìte cq
j

= c, ∀j ≥ 0. Sunep¸c, gia α ∈ F

Tr(c α) = c α+ cq αq + . . .+ cq
m−1

αq
m−1

= c α+ c αq + . . .+ c αq
m−1

= c Tr(α)

(iii) Apì ta (i), (ii) kai to gegonìc ìti Tr(α) ∈ K sunep�getai ìti to Ðqnoc Tr eÐnai
grammik  apeikìnish apì to F sto K. Apomènei na deÐxoume ìti h apeikìnish eÐnai
epÐ tou K, dhlad  thn Ôparxh enìc stoiqeÐou α ∈ F , gia to opoÐo Tr(α) 6= 0.
'Estw Tr(α) = 0, tìte to α eÐnai rÐza tou poluwnÔmou xq

m−1
+. . .+xq+x ∈ K[x]

sto F , to opoÐo mporeÐ na èqei to polÔ qm−1 to pl joc rÐzec sto F . 'Omwc, to
F èqei qm stoiqeÐa, �ra up�rqei stoiqeÐo α ∈ F tètoio ¸ste Tr(α) 6= 0.

(iv) Gia α ∈ F èqoume αq
m

= α, sunep¸c

Tr(αq) = αq + αg
2

+ . . .+ αq
m

= Tr(α)

(v) (⇒)

Upojètoume ìti Tr(α) = 0 gia α ∈ F. 'Estw β mia rÐza tou poluwnÔmou xq =
x− α se k�poia epèktash tou F . Tìte α = βq − β kai

0 = Tr(α)

= α+ αq + . . .+ αq
m−1

= (βq − β) + (β2q − βq) + . . .+ (βq
m − βqm−1

)
= βq

m − β

dhlad  β ∈ F .

(⇐)

'Estw α = βq − β me α, β ∈ F . Tìte apì to (iv) èqoume

Tr(α) = Tr(βq − β) = Tr(βq)− Tr(β)
β∈F
= Tr(β)− Tr(β) = 0 �
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Je¸rhma 3.6.4 'Estw F = Fqm peperasmènh epèktash tou K = Fq. An jewr -
soume wc dianusmatikoÔc q¸rouc ta F,K, tìte oi grammikèc apeikonÐseic apì to F
sto K eÐnai akrib¸c oi apeikonÐseic Lβ, β ∈ F , ìpou Lβ(α) = Tr(βα) gia k�je α ∈ F .
Epiplèon, Lβ 6= Lγ gia diaforetik� β, γ ∈ F .

Apìdeixh

SÔmfwna me to (iii) tou prohgoÔmenou Jewr matoc, k�je apeikìnish Lβ eÐnai
grammikìc metasqhmatismìc apì to F sto K. Gia β 6= γ èqoume:

Lβ(α)− Lγ(α) = Tr(βα)− Tr(γα) = Tr((β − γ)α) 6= 0

gia kat�llhlo α ∈ F . 'Ara gia diaforetik� β, γ oi antÐstoiqoi metasqhmatismoÐ Lβ,  Lγ
eÐnai epÐshc diaforetikoÐ.

An F = Fqm ,K = Fq, tìte sÔmfwna me ta parap�nw up�rqoun qm diaforetikoÐ
metasqhmatismoÐ apì to F sto K. EpÐshc, k�je grammikìc metasqhmatismìc mporeÐ
na dhmiourghjeÐ antistoiqÐzontac aujaÐreta stoiqeÐa tou K, se m stoiqeÐa dosmènhc
b�shc tou F . Autì mporeÐ na pragmatopoihjeÐ me qm diaforetikoÔc trìpouc, epomènwc
oi apeikonÐseic Lβ eÐnai ìloi oi grammikoÐ metasqhmatismoÐ apì to F sto K.

�

L mma 3.6.1 An L eÐnai mÐa grammik  apeikìnish apì to F2×F2m×F2m ston eautì
thc, tìte h L èqei th morf 

L(z, x, y) = (bz + Tr(αx) + Tr(βy), L1(x, y) + c1z, L2(x, y) + c2z)

gia k�poia α, β, c1, c2 ∈ F2m kai b ∈ F2.

Apìdeixh

Gia thn apìdeixh tou L mmatoc arkeÐ na melet soume tic probolèc thc L se kajè-
nan apì touc q¸rouc F2,F2m .

Arqik�, gr�foume to di�nusma (z, x, y) sth morf :

(z, x, y) = (z, 0, 0) + (0, x, y) = (z, 0, 0) + (0, x, 0) + (0, 0, y)

• probol  sto F2 : L1 : F2 × F2m × F2m → F2

L1(z, x, y) = L1(z, 0, 0) + L1(0, x, 0) + L1(0, 0, y)
z∈F2= zL1(1, 0, 0) + L1(x) + L2(y)
= bz + Tr(αx) + Tr(βy)
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me b ∈ F2, α, β ∈ F2m . H teleutaÐa isìthta prokÔptei �mesa apo Je¸rhma 3.6.4
gia F = F2m kai K = F2.

• probol  sto F2m : L2 : F2 × F2m × F2m → F2m

L2(z, x, y) = L2(z, 0, 0) + L2(0, x, y)
z∈F2= zL2(1, 0, 0) + L(x, y)
= cz + L(x, y)

ìpou c ∈ F2m kai L : F2m × F2m → F2m grammik  apeikìnish.

Telik�, h L èqei th morf :

L(z, x, y) = (L1(z, x, y), L2(z, x, y), L2(z, x, y))
= (bz + Tr(αx) + Tr(βy), L1(x, y) + c1z, L2(x, y) + c2z)

gia k�poia α, β, c1, c2 ∈ F2m , b ∈ F2 kai L1, L2 grammikèc apeikonÐseic apì to
F2m × F2m sto F2m . �

Je¸rhma 3.6.5 'Estw f, g : F2m → F2m sunart seic APN.

1. An f(0) = 0 kai g(0) = 0, tìte oi k¸dikec Cf , Cg eÐnai isodÔnamoi an kai mìno an
up�rqei antistrèyimh grammik  apeikìnish L : F2m × F2m → F2m × F2m tètoia
¸ste Γg = L(Γf )

2. H f eÐnai CCZ isodÔnamh me thn g an kai mìno an oi epektetamènoi k¸dikec
C̃f , C̃g eÐnai isodÔnamoi.

Apìdeixh

1. 'Estw f, g APN sunart seic me f(0) = 0, g(0) = 0, oi opoÐec antistoiqoÔn
stouc k¸dikec Cf , Cg. Tìte

Cf ∼ Cg ⇔ C⊥f ∼ C⊥g

to opoÐo isqÔei an kai mìno an up�rqei antistrèyimh grammik  apeikìnish L pou
antistoiqÐzei tic st lec tou Hf stic st lec tou Hg. 'Omwc oi st lec tou Hf

eÐnai akrib¸c ta mh mhdenik� stoiqeÐa tou sunìlou {(x, f(x)) : x ∈ F2m}, to
opoÐo eÐnai to gr�fhma Γf , thc f . EpÐshc, L(0, 0) = (0, 0) epomènwc isqÔei
Γg = L(Γf ).
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2. (⇒) Upojètoume ìti oi f, g eÐnai CCZ isodÔnamec kai ja deÐxoume ìti C⊥f ∼ C⊥g .

K�je afinik  apeikìnish apì to F2m × F2m ston eautì thc eÐnai thc morf c:

A(x, y) = (L1(x, y) + c1, L2(x, y) + c2) (3.13)

ìpou L1, L2 grammikèc kai c1, c2 ∈ F2m . H sun�rthsh f eÐnai APN, sunep¸c o
epektetamènoc k¸dikac C̃f èqei pÐnaka elègqou

H̃f =

 1 1 . . . 1
0 1 . . . ω2m−2

0 f(1) . . . f(ω2m−2)


Oi st lec tou H̃f eÐnai akrib¸c ta shmeÐa tou q¸rou P = F2 × F2m × F2m . Ac

onom�soume to sÔnolo aut¸n twn shmeÐwn Γ̃f , dhlad 

Γ̃f = {(1, x, f(x)) : x ∈ F2m}

Ex upojèsewc oi APN sunart seic f, g eÐnai CCZ isodÔnamec, epomènwc Γg =
A(Γf ) gia k�poia antistrèyimh afinik  apeikìnish A, pou dÐnetai apì thn (3.13).
AntÐstoiqa, ston q¸ro P ja èqoume Γ̃g = T (Γ̃f ), me T th grammik  apeikìnish

T (z, x, y) = (z, L1(x, y) + c1z, L2(x, y) + c2z)

Gia na eÐnai oi epektetamènoi k¸dikec C̃f , C̃g eÐnai isodÔnamoi, ja prèpei sÔmfwna
me thn Prìtash 3.5.1, h apeikìnish T na eÐnai antistrèyimh.

'Estw x1, y1, x2, y2 ∈ F2m kai z ∈ F2, me T (z, x1, y1) = T (z, x2, y2).

• an z = 0, tìte

T (z, x1, y1) = T (z, x2, y2) ⇒
{
L1(x1, y1) + c10 = L1(x2, y2) + c10
L2(x1, y1) + c20 = L2(x2, y2) + c20

⇒
{
L1(x1, y1) = L1(x2, y2)
L2(x1, y1) = L2(x2, y2)

⇒
{
x1 = x2

y1 = y2
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• an z = 1, tìte

T (z, x1, y1) = T (z, x2, y2) ⇒
{
L1(x1, y1) + c1 = L1(x2, y2) + c1
L2(x1, y1) + c2 = L2(x2, y2) + c2

⇒
{
L1(x1, y1) = L1(x2, y2)
L2(x1, y1) = L2(x2, y2)

⇒
{
x1 = x2

y1 = y2

Dhlad  h T eÐnai ”1 − 1” kai epeid  to pedÐo orismoÔ tautÐzetai me to sÔnolo
tim¸n, eÐnai kai epÐ. 'Ara h T eÐnai mia antistrèyimh grammik  apeikìnish.

(⇐) Antistrìfwc, upojètoume ìti oi k¸dikec C̃f , C̃g eÐnai isodÔnamoi. Tìte,

up�rqei antistrèyimh grammik  apeikìnish L tou q¸rou P, tètoia ¸ste Γ̃g =
L(Γ̃f ), h opoÐa sÔmfwna me to L mma 3.6.1 èqei th morf :

L(z, x, y) = (bz + Tr(αx) + Tr(βy), L1(x, y) + c1z, L2(x, y) + c2z)

me b ∈ F2 kai α, β, c1, c2 ∈ F2m .

Γ̃g = {L(1, x, f(x)) : x ∈ F2m}
= {(b+ Tr(αx) + Tr(βf(x)), L1(x, f(x)) + c1, L2(x, f(x)) + c2) : x ∈ F2m}

dhlad 

b+ Tr(αx) + Tr(βf(x)) = 1 ⇒ Tr(αx+ βf(x)) = 1− b, ∀x ∈ F2m (3.14)

H sun�rthsh f eÐnai APN, sunep¸c o k¸dikac Cf èqei el�qisth apìstash d = 5.
Autì shmaÐnei ìti up�rqoun 5 grammik¸c exarthmènec st lec(

x1

f(x1)

)
, . . . ,

(
x5

f(x5)

)
gia tic opoÐec isqÔei

5∑
i=1

(
xi

f(xi)

)
=
(

0
0

)
⇒

5∑
i=1

xi = 0και
5∑
i=1

f(xi) = 0
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'Eqoume

0 = Tr(α
5∑
i=1

xi + β
5∑
i=1

f(xi))

=
5∑
i=1

Tr(αxi + βf(xi))

(3.14)
= 5(1− b)
= 1− b

dhlad  b = 1. Epomènwc, gia k�je x ∈ F2m Tr(αx + βf(x)) = 0. EpÐshc, apì
to gegonìc ìti h f eÐnai APN sunep�getai ìti o Cf èqei paramètrouc [2m −
1, 2m − 1− 2m, 5] kai apì to Je¸rhma 3.2.1 èqoume:

dim(Cf ) + dim(C⊥f ) = 2m − 1 ⇒ dim(C⊥f ) = 2m

Sunep¸c,

Span

{(
x

f(x)

)
: x ∈ F2m

}
= F2m × F2m

�ra

∀(x, y) ∈ F2m × F2m (x, y) =
2m∑
i=1

λi(xi, f(xi))

Qrhsimopoi¸ntac thn parap�nw sqèsh paÐrnoume

Tr(αx+ βy) = Tr(α
2m∑
i=1

λixi + β

2m∑
i−1

λif(xi))

=
2m∑
i=1

λiTr(αxi + βf(xi))

= 0

To parap�nw apotèlesma isqÔei gia k�je x, y sto F2m , epomènwc apì to Je¸rhma
3.6.3 kai jètontac y = 0, paÐrnoume

Tr(αx) = αx+ α2x2 + . . .+ α2m−1
x2m−1

= 0, ∀x ∈ F2m

'Ara prèpei α = 0. 'Omoia, gia x = 0 èqoume β = 0.

Telik�,

{(1, x, g(x)) : x ∈ F2m} = {(1, L1(x, f(x)) + c1, L2(x, f(x)) + c2}

dhlad  up�rqei antistrèyimh afinik  apeikìnish A tou F2m × F2m , tètoia ¸ste
Γg = A(Γf ), pou shmaÐnei ìti oi sunart seic f, g eÐnai CCZ isodÔnamec.

�
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3.7 ParadeÐgmata

Sta parak�tw paradeÐgmata ja melethjoÔn sunart seic p�nw apì to s¸ma F23 =
F2/ < x3 + x + 1 >. An ω eÐnai mia prwtarqik  rÐza tou F∗23 kai f : F23 → F23 mia
APN sun�rthsh, tìte mporoÔme na kataskeu�soume ton pÐnaka elègqou

H̃f =

 1 1 1 1 . . . 1
0 1 ω ω2 . . . ωn−1

0 f(1) f(ω) f(ω2) . . . f(ωn−1)



Par�deigma 3.7.1 'Estw h APN sun�rthsh f(x) = x3 p�nw apì to F23 , h opoÐa
antistoiqeÐ ston k¸dika C̃f me pÐnaka elègqou

H̃f =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 0 1 1 1 0 1
0 0 1 0 0 1 1 1
0 1 1 1 0 1 0 0


Ac jewr soume epÐshc thn antistrèyimh afinik  apeikìnish

A : F23 × F23 −→ F23 × F23

(x, y) 7−→ (x, y + x)

'Eqoume
A(x, f(x)) = A(x, x3) = (x, x3 + x) = (x, g(x))

dhlad  h sun�rthsh g(x) = x3 + x eÐnai CCZ isodÔnamh me thn f , �ra eÐnai epÐshc
APN. O pÐnakac elègqou tou k¸dika C̃g eÐnai o:

H̃g =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 0 0 1 0 1 0
0 0 0 0 1 0 0 1
0 0 1 1 1 1 1 1


Ek kataskeu c, oi 4 pr¸tec grammèc twn pin�kwn tautÐzontai, diìti eÐnai oi dun�meic

enìc prwtarqikoÔ stoiqeÐou ω tou F23 . Parathr¸ntac touc dÔo pÐnakec blèpoume ìti
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h 5η gramm  tou H̃g eÐnai to �jroisma thc 2ης kai thc 5ης gramm c tou H̃f . EpÐshc, h

3η kai h 6η tou H̃f ajroÐzoun sthn 6η tou H̃g, en¸ h 7η tou H̃g prokÔptei apì tic 4

kai 7. Epomènwc, o pÐnakac met�jeshc pou antistoiqÐzei tic st lec tou H̃g stic st lec

tou H̃f eÐnai o

M =



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1



H sqèsh pou sundèei touc dÔo pÐnakec eÐnai h

H̃g = MH̃f

dhlad 



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 0 0 1 0 1 0
0 0 0 0 1 0 0 1
0 0 1 1 1 1 1 1


=



1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 1 0 0 1 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 1





1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 0 1 1 1 0 1
0 0 1 0 0 1 1 1
0 1 1 1 0 1 0 0



Par�deigma 3.7.2 JewroÔme th sun�rthsh g(x) = x5+1 kai thn APN sun�rthsh
f(x) = x5. EpÐshc, jewroÔme thn afinik  apeikìnish

A : F23 × F23 −→ F23 × F23

(x, y) 7−→ (x, y + 1)

Profan¸c isqÔei ìti A(Γf ) = Γg, diìti

{A(x, x5) : x ∈ F23} = {(x, x5 + 1) : x ∈ F23}

'Ara, oi sunart seic f, g eÐnai CCZ isodÔnamec kai epeid  h f eÐnai APN, sÔmfwna me
to Pìrisma 2.3.3 kai g ja eÐnai APN.
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Ac kataskeu�soume touc pÐnakec elègqou twn C̃f , C̃g:

H̃f =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 1 0 0 1 1 1
0 0 1 1 1 0 1 0
0 1 1 1 0 1 0 0


, H̃g =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 1 0 0 1 1 1
0 0 1 1 1 0 1 0
0 0 0 0 1 0 1 1


SÔmfwna me to Je¸rhma 3.5.2 oi parap�nw pÐnakec eÐnai isodÔnamoi me touc

[I7|Xf ] =



1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1


, [I7|Xg] =



1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0



Efìson oi f, g eÐnai CCZ isodÔnamec, sunep�getai ìti kai oi pÐnakec H̃f , H̃g eÐnai
isodÔnamoi kai kat�epèktash, oi [I7|Xf ], [I7|Xg] eÐnai isodÔnamoi. 'Omwc, oi pÐnakec
Xf , Xg den eÐnai isodÔnamoi:

Xf =



1
1
1
1
1
1
1


6=



1
0
1
1
0
0
0


= Xg

To sumpèrasma loipìn eÐnai ìti an [Ik|Xf ], [Ik|Xg] eÐnai oi kanonikèc morfèc twn

pin�kwn elègqou dÔo grammik¸n kwdÐkwn C̃f , C̃g, oi opoÐoi antistoiqoÔn stic APN
sunart seic f, g, tìte

• an oi st lec tou Xf eÐnai met�jesh twn sthl¸n tou Xg tìte oi f, g eÐnai CCZ
isodÔnamec, en¸

• an oi st lec tou Xf den eÐnai met�jesh twn sthl¸n tou Xg, tìte den mporoÔme
na katal xoume se k�poio sumpèrasma.
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Par�deigma 3.7.3 'Estw oi APN sunart seic f(x) = x3 kai g(x) = x5. Me
mia pr¸th mati� oi f, g den faÐnetai na eÐnai CCZ isodÔnamec. Kataskeu�zoume touc
antÐstoiqouc pÐnakec elègqou:

H̃f =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 0 1 1 1 0 1
0 0 1 0 0 1 1 1
0 1 1 1 0 1 0 0


, H̃g =



1 1 1 1 1 1 1 1
0 0 0 1 0 1 1 1
0 0 1 0 1 1 1 0
0 1 0 0 1 0 1 1
0 0 1 0 0 1 1 1
0 0 1 1 1 0 1 0
0 1 1 1 0 1 0 0



kai touc metatrèpoume se pÐnakec kanonik c morf c:

[I7|Xf ] =



1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1


, [I7|Xg] =



1 0 0 0 0 0 0 1
0 1 0 0 0 0 0 1
0 0 1 0 0 0 0 1
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 1



ParathroÔme ìti upopÐnakecXf , Xg eÐnai Ðdioi, epomènwc katal goume sto sumpèras-
ma ìti oi f, g eÐnai CCZ isodÔnamec.

'Enac enallaktikìc trìpoc gia na ft�soume sto Ðdio apotèlesma eÐnai na broÔme
mia afinik  apeikìnish A, tètoia ¸ste A(Γf ) = Γg.

Apì ton endomorfismì F tou Frobeniuc kai dedomènou ìti briskìmaste se s¸ma
qarakthristik c 2, isqÔei

F : F23 → F23

x 7→ x2

EpÐshc parathroÔme ìti{
x10 = x8 · x2 = x · x2 = x3

x10 = (x5)2
⇒ x3 = (x5)2

'Ara, an jewr soume thn apeikìnish

A : F23 × F23 −→ F23 × F23

(x, y) 7−→ (x2, y)
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tìte

A(Γf ) = {A(x, x3) : x ∈ F23}
= {(x2, x3) : x ∈ F23}
= {(x2, x10) : x ∈ F23}
= {(x′, x′5) : x′ ∈ F23}
= Γg

dhlad , oi f, g eÐnai CCZ isodÔnamec.
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