
DUNAMIKH GRAMMIKWN TELESTWN

Panagi¸thc Mauroud c
Epiblèpwn Kajhght c Ge¸rgioc Kwst�khc

Tm ma Majhmatik¸n
Panepist mio Kr thc

Septèmbrioc 2007



2



Perieqìmena

1 UPERKUKLIKOI TELESTES 5
1.1 Eisagwgik� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Basik� jewr mata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.4 QaotikoÐ telestèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 KOINA UPERKUKLIKA DIANUSMATA 19
2.1 Koinì krit rio uperkuklikìthtac kai paradeÐgmata . . . . . . . . . . . . . . . . . . . . . . 19
2.2 'Alla krit ria kai efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.3 Koinèc uperkuklikèc akèraiec sunart seic gia pollapl�sia diaforik¸n telest¸n . . . . . . 31

3 SUQNA UPERKUKLIKOI TELESTES 35
3.1 Krit rio suqn c kajolikìthtac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 ParadeÐgmata suqn c kajolikìthtac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4 STOIQEIA APO THN ERGODIKH JEWRIA 47
4.1 Parathr seic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.2 ParadeÐgmata metasqhmatism¸n analloÐwtwn wc proc to mètro . . . . . . . . . . . . . . . . 48
4.3 Epagìmenec isometrÐec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.4 Epanalhptikìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.5 Ergodikìthta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.6 To ergodikì je¸rhma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.7 MÐxh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5 GAUSSIAN METRA SE QWROUS HILBERT KAI EFARMOGES STH DUNAMI-
KH GRAMMIKWN TELESTWN 59
5.1 Hilbert-Schimdt kai trace class telestèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
5.2 Mètra Borel se q¸rouc Hilbert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
5.3 Gaussian mètra se q¸rouc Hilbert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
5.4 Migadikèc kanonikèc tuqaÐec metablhtèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3



5.5 Gaussian q¸roi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.6 O rìloc tou monadiaÐou shmeiakoÔ f�smatoc. . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.7 ParadeÐgmata telest¸n me tèleio sÔnolo idiodianusm�twn wc proc tic monadiaÐec idiotimèc . 68
5.8 Kataskeu  Gaussian mètrwn se q¸ro Hilbert . . . . . . . . . . . . . . . . . . . . . . . . . 69

4



Kef�laio 1

UPERKUKLIKOI TELESTES

1.1 Eisagwgik�

'Estw X q¸roc Frèchet (dhlad  o X eÐnai topik� kurtìc grammikìc q¸roc me metrik  ρ tètoia ¸ste o
(Q,ρ) eÐnai pl rhc kai h metrk  ρ eÐnai analloÐwth wc proc tic metaforèc). 'Enac grammikìc kai suneq c
telest c T : X 7→ X ja lègetai uperkuklikìc an up�rqei x ∈ X tètoio ¸ste to sÔnolo

Orb(T, x) = {Tn(x) : n ∈ N}

na eÐnai puknì sto Q. To x ja lègetai tìte uperkuklikì di�nusma tou T kai ja sumbolÐzoume me HC(T ) to
sÔnolo twn uperkuklik¸n dianusm�twn tou T. Profan¸c an o T eÐnai uperkuklikìc tìte o X eÐnai diaqw-
rÐsimoc opìte ìtan mil�me gia uperkuklikìthta ja upojètoume ìti o Q eÐnai diaqwrÐsimoc. StajeropoioÔme
mÐa pukn  akoloujÐa {xj}∞j=1 ston Q kai orÐzoume ta ex c sÔnola

E(j, s, n) = {x : ‖Tn(x)− xj‖ < 1/s} j, s, n ∈ N

ìpou gia k�je x ∈ X sumbolÐzoume me ‖x‖ thn apìstash tou x apì to 0. EÔkola apodeiknÔetai ìti
HC(T ) =

∞⋂
j=1

∞⋂
s=1

∞⋃
n=1

E(j, s, n).

To sÔnolo E(j, s, n) eÐnai anoiqtì afoÔ o T eÐnai suneq c. EpÐshc an x ∈ HC(T ) tìte Tnx ∈ HC(T ) ∀n ∈

N. 'Ara h akìloujh diqotomÐa isqÔei:
eÐte HC(T ) = ∅   HC(T )− = X.

Sunep¸c an o T eÐnai uperkuklikìc tìte ta uperkuklik� dianÔsmata sqhmatÐzoun Gδ kai puknì uposÔnolo
tou X. ParathroÔme akìmh ìti o T eÐnai uperkuklikìc an kai mìnon an gia k�je U, V anoiqt� mh ken�
up�rqei n ∈ N me Tn(U)

⋂
V 6= ∅. Apì thn prohgoÔmenh parat rhsh èpetai ìti an o T eÐnai omoiomorfismìc

kai uperkuklikìc tìte kai o T−1 eÐnai uperkuklikìc. Mia shmantik  parat rhsh eÐnai oti an o Q eÐnai
q¸roc Banach kai o T : X 7→ X eÐnai uperkuklikìc tìte ‖T‖ > 1. PrÐn d¸soume paradeÐgmata tètoiwn
telest¸n j a diatup¸soume èna krit rio pou mac exasfalÐzei oti ènac telest c eÐnai uperkuklikìc.
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1.2 Basik� jewr mata

To akìloujo je¸rhma ofeÐletai ston J. Bes [6] kai isquropoieÐ asjenèsterec morfèc tou krithrÐou uper-
kuklikìthtac oi opoÐec eÐqan apodeiqjeÐ apì touc C. Kitai [17], R. Gethner kai J. Shapiro [12].

Je¸rhma 1.1 (Krit rio Uperkuklikìthtac ) 'Estw Q q¸roc Frèchet kai T : X → X suneq c gram-

mik  apeikìnish. 'Estw ìti up�rqoun akoloujÐa fusik¸n arijm¸n nk →∞ kai pukn� uposÔnola Y,Z tou

X ¸ste na isqÔoun ta akìlouja.

(a) {Tnk} sugklÐnei sto 0 ston Y .

(b) Up�rqei akoloujÐa apeikonÐsewn {Sk} Z :7→ X ¸ste:

(1) H {TnkSk} sugklÐnei shmeiak� sthn idZ sto Z

(2) H {Sk} sugklÐnei sto 0 shmeiak� sto Z.

Tìte o T eÐnai uperkuklikìc.

Apìdeixh
'Estw U, V anoiqt� mh ken�. Apì thn puknìthta twn Y kai Z up�rqoun y ∈ Y ∩ U , z ∈ Z ∩ V . OrÐzoume
thn akoloujÐa xk = y + Sk(z) → y ∈ U . 'Ara telik� h xk perièqetai sto U . Apì th grammikìthta tou
T kai tic upojèseic tou jewr matoc èpetai ìti Tnk(xk) → z ∈ V. Sunep�getai oti up�rqei n ∈ N ¸ste
Tn(U) ∩ V 6= ∅. 'Epetai apì prohgoÔmenh parat rhsh ìti o T eÐnai uperkuklikìc. �

Gia q¸rouc Banach èqoume epilplèon to akìloujo pou eÐnai an�logo tou Jewr matoc 1.1. kai ofeÐletai
ston Flutz�nh

Je¸rhma 1.2 (Flytzanis) 'Estw X diaqwrÐsimoc q¸roc Banach kai T fragmènoc grammikìc telest c

sto X. 'Estw ìti up�rqoun q¸roc Banach E, telest c K : E 7→ X kai telest c V sto E ¸ste oi K, V

na ikanopoioÔn thn exÐswsh TK = KV kai na isqÔoun ta parak�tw.

(1) O K eÐnai sumpag c telest c me pukn  eikìna.

(2) Up�rqoun pukn� uposÔnola X1, Y1 tou E , gnhsÐwc aÔxousa akoloujÐa jetik¸n akeraÐwn (nk) kai

akoloujÐa apeikonÐsewn (Bnk
) : Y1 7→ E ¸ste

(i) Gia k�je x ∈ X1, h akoloujÐa (V nkx)k≥0 sugklÐnei asjen¸c sto 0.

(ii) Gia k�je y ∈ Y1 h akoloujÐa (Bnk
y)k≥0 sugklÐnei asjen¸c sto 0.

(iii) Gia k�je y ∈ Y1 h akoloujÐa (V nkBnk
y)k≥0 sugklÐnei asjen¸c sto y.

Tìte o T ikanopoieÐ tic upojèseic tou krithrÐou uperkuklikìthtac. Eidikìtera o T eÐnai uperkuklikìc.

Epiplèon an h akoloujÐa nk eÐnai ìlo to N tìte o T eÐnai mixing , dhlad  gia k�je U, V anoiqt� mh ken�

up�rqei N ∈ N ¸ste TnU
⋂

V 6= ∅ ∀n ≥ N .
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Apìdeixh
'Estw X0 = K(X1). Epeid  to X1 eÐnai puknì kai o K èqei pukn  eikìna èpetai ìti to X0 eÐnai puknì sto
X. Gia k�je x ∈ X1 èqoume ìti V nkx ⇀ 0. 'Ara h akoloujÐa Tnk(Kx) = K(V nkx) ja sugklÐnei isqur�
sto 0. 'Estw Y0 = K(Y1). Tìte an z ∈ Y0 me z = K(y) kai orÐsoume Snk

z = K(Bnk
y) èqoume ìti h Snk

z

sugklÐnei sto 0 isqur� kai TnkSnk
→ id sto Y0. 'Ara o T ikanopoeÐ tic upojèseic tou Jewr matoc 1.1.

To upìloipo mèroc tou jewr matoc prokÔptei apì thn apìdeixh tou Jewr matoc 1.1. �

Je¸rhma 1.3 (Godefroy-Shapiro [13] ) 'Estw ìti ta
⋃

|λ|<1

(Ker(T − λI)) ,
⋃

|λ|>1

(Ker(T − λI)) par�-

goun puknoÔc upìqwrouc sto X. Tìte o T eÐnai uperkuklikìc.

Apìdeixh
ParathroÔme ìti Tn(x) → 0 gia k�je x ∈ Ker(T −λI) me |λ| < 1. 'Ara Tn → 0 se puknì uposÔnolo tou
Q. An λ ∈ C me |λ| > 1 ¸ste x ∈ Ker(T − λI) orÐzoume S(x) = 1

λx kai epekteÐnoume ton S grammik� sto
span

⋃
|λ|>1

Ker(T − λI). Apì to Je¸rhma 1.1 èpetai to zhtoÔmeno.

Je¸rhma 1.4 'Estw ìti o T : X 7→ X eÐnai uperkuklikìc. Tìte k�je di�nusma tou X gr�fetai san

�jroisma dÔo uperkuklik¸n dianusm�twn tou X.

Apìdeixh
'Estw x ∈ X. OrÐzoume φx : X 7→ X me φx(y) = x−y. AfoÔ o T eÐnai uperkuklikìc to sÔnolo HC(T ) eÐ-
nai Gδ puknì. 'Ara kai to x+HC(T ) afoÔ φx eÐnai omoiomorfismìc. 'Epetai ìti to HC(T )

⋂
{x+HC(T )}

eÐnai mh kenì. An y ∈ HC(T )
⋂
{x + HC(T )} tìte x− y ∈ HC(T ) kai to sumpèrasma eÐnai profanèc.

To prohgoÔmeno je¸rhma ekfr�zei thn mh grammikìthta tou fainomènou thc uperkuklikìthtac. En
gènei to �jroisma dÔo uperkuklik¸n dianusm�twn den eÐnai uperkuklikì.
Prìtash 1.1 (Bourdon-Feldman [8] ) 'Estw T suneq c grammikìc telest c se topik� kurtì F q¸ro

X kai x ∈ X. An to Orb(T, x) eÐnai k�pou puknì tìte eÐnai puknì sto X.

Apìdeixh
Sthn apìdeixh qrhsimopoioÔme touc akìloujouc sumbolismoÔc

* Orb(T, x) = Orb(x)

* H kleist  j kh tou Orb(x) ja sumbolÐzetai me clOrb(x).

* To eswterikì tou clOrb(x) me clOrb◦(x).

* An P eÐnai h sullog  ìlwn twn poluwnÔmwn , S ⊆ P kai y ∈ X tìte S(T ) = {p(T ) : p ∈ S}, S(T )y =

{p(T )(y) : p ∈ S}.

* 'Ena x ∈ X ja lègetai kuklikì gia ton T an to P (T )x eÐnai puknì sto Q (dhlad  to span{Orb(x)}

eÐnai puknì sto Q).
7



'Estw ìti to Orb(x) eÐnai k�pou puknì sto X, dhlad  clOrb◦(x) 6= ∅.
B ma 1. An y ∈ Orb(x) tìte clOrb◦(x) = clOrb◦(y).

Apìdeixh
Profan¸c clOrb◦(y) ⊆ clOrb◦(x). To clOrb◦(x) diafèrei apì to clOrb◦(y) se peperasmèno sÔnolo
memonomènwn shmeÐwn kai �ra isqÔei o antÐstrofoc egkleismìc.
B ma 2. An y ∈ Orb(x) tìte to y eÐnai kuklikì gia ton T.
Apìdeixh
'Estw y ∈ Orb(x). Tìte apo to b ma 1 to Orb(y) eÐnai k�pou puknì kai epomènwc afoÔ Orb(y) ⊆ Orb(x) ⊆

P (T )x èpetai ìti to P (T )x eÐnai k�pou puknì. 'Omwc to P (T )x eÐnai grammikìc upìqwroc tou Q �ra kai
o P (T )−x pou èqei mh kenì eswterikì. 'Epetai ìti to x eÐnai kuklikì gia ton T.
B ma 3. To sumpl rwma tou clOrb◦(x) eÐnai T- analloÐwto.
Apìdeixh
Apì to b ma 1 mporoÔme na antikatast soume to x me opoiod pote �llo stoiqeÐo thc troqi�c tou. To
clOrb◦(x) eÐnai mh kenì, anoiqtì, k�je shmeÐo tou opoÐou eÐnai oriakì shmeÐo tou Orb(x). 'Ara up�rqei
shmeÐo tou Orb(x) pou an kei sto clOrb◦(x). MporoÔme loipìn na upojèsoume ìti x ∈ clOrb◦(x). 'Estw
ìti to X \ clOrb◦(x) den eÐnai T-analloÐwto, dhlad  up�rqei y /∈ clOrb◦(x) ¸ste Ty ∈ clOrb◦(x). An
y ∈ clOrb(x) tìte y ∈ ∂(clOrb(x)). 'Ara up�rqei y′ me y′ /∈ clOrb(x) kai Ty′ ∈ clOrb(x). Sunep�getai
ìti mporoÔme na upojèsoume y ∈ clOrb(x). MporoÔme akìmh na upojèsoume ìti y = p(T )x gia k�poio
p ∈ P\{0}. Pr�gmati afoÔ to x eÐnai kuklikì gia ton T to {P (T )x} eÐnai puknì sto X. Epeid 
y ∈ X\clorb(x) èpetai ìti up�rqei polu¸numo p ¸ste p(T )x ∈ X\clorb(x). AntikajistoÔme to y me
p(T )x. Apì th sunèqeia tou T èpetai ìti

T (clorb(x)) ⊆ cl(T (Orb(x)) ⊆ clOrb(x).

'Ara to clOrb(x) eÐnai analloÐwto apì ton T kai perièqei to Tp(T )x. Sunep�getai ìti
clorb(x) ⊇ Tnp(T )x = p(T )Tn+1x.

'Ara clOrb(x) ⊇ p(T )(Orb(Tx)). PaÐrnontac kleistèc j kec èpetai ìti
clorb(x) ⊇ p(T )clorb(Tx) ⊇ p(T )clOrb◦(Tx) = p(T )clorb◦(x)

ìpou h teleutaÐa èpetai apo to b ma (1). 'Omwc x ∈ clorb◦(x), �ra apì thn prohgoÔmenh sqèsh èpetai
p(T )x ∈ clOrb(z). 'Atopo.
B ma 3. Gia k�je mh mhdenikì polu¸numo p o p(T ) èqei pukn  eikìna.
Apìdeixh
Profan¸c mporoÔme na upojèsoume ìti p(z) = z − a. Dhlad  prèpei na deÐxoume ìti o T − aI èqei pukn 
eikìna. 'Estw loipìn ìti autì den isqÔei. Tìte apì to je¸rhma Hahn-Banach èpetai ìti up�rqei mh
mhdenikì suneqèc grammikì sunarthsiakì Λ sto X pou mhdenÐzetai sto ran(T −aI) ìpou me ran(T −aI)

sumbolÐzoume thn eikìna tou T−aI. 'Epetai ìti Λ(T−aI) = 0. 'Ara Λ(Orb(x)) = {anΛ(x) n = 0, 1, ..} (∗).
Epeid  to Λ eÐnai mh mhdenikì èpetai apì to je¸rhma anoiqt c apeikìnishc ìti to Λ(clOrb◦(x)) eÐnai anoi-
qtì sto C, mh kenì kai �ra k�pou puknì. Autì antif�skei me thn (∗).
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Ja apodeÐxoume t¸ra to je¸rhma. Prèpei na deÐxoume ìti clOrb(x) = X. 'Estw ìti autì dèn isqÔei.
To x eÐnai kuklikì gia ton T kai �ra to P (T )x eÐnai puknì sto X. Sunep�getai ìti up�rqei upo-
sÔnolo Q ⊂ P − {0} ¸ste Q(T )x na eÐnai puknì uposÔnolo tou mh kenoÔ anoiqtoÔ X − clOrb(x)

kai �ra puknì uposÔnolo tou X − clorb◦(x) to opoÐo eÐnai T-analloÐwto apì to b ma 3. Sunep¸c
Q(T )(Orb(x)) ⊂ X − clOrb◦(x). Apì th sunèqeia tou T èqoume

X − clOrb(x) ⊃ Q(T )(Orb(x)) ⊃ Q(T )(clOrb(x)).

ISQURISMOS: p ∈ P ′ = P − {0} ⇒ p(T )x /∈ ∂clorb(x)

An deqjoÔme ton isqurismì tìte to je¸rhma prokÔptei wc ex c. To sÔnolo P ′(T )x eÐnai sunektikì kai
gr�fetai wc xènh ènwsh twn G = P ′(T )x ∩ clOrb◦(x) H = P ′(T )x ∩ X − clOrb◦(x). Profan¸c to G

eÐnai anoiqtì sto P ′(T )x kai apì ton isqurismì to Ðdio kai to H. 'Omwc kai ta dÔo eÐnai mh ken� afoÔ
x ∈ G ,Q(T )x ⊂ H. 'Atopo.

Apìdeixh isqurismoÔ.
'Estw p(T )x ∈ ∂clOrb◦(x) , p ∈ P ′(T ). JewroÔme to ex c sÔnolo D = clorb◦(x) ∪ Q(T )x. To D eÐnai
puknì sto X diìti to Q(T )x eÐnai puknì sto sumpl rwma tou clOrb◦(x). Epeid  to X − clOrb◦(x) eÐnai
T analloÐwto èpetai ìti p(T )D = p(T )clorb◦(x) ∪ p(T )Q(T )x kai m�lista p(T )Q(T )x ⊂ X − clOrb◦(x).

ParathroÔme ìti p(T )clOrb◦(x) ⊂ X − clOrb◦(x) afoÔ p(T )x ∈ ∂clOrb◦(x) ⇒ p(T )xclOrb◦(x) ⊂

X − clOrb◦(x) ⇒ p(T )D ⊂ X − clOrb◦(x). AntÐfash.

Je¸rhma 1.5 (Ansari [1]) 'Estw n ∈ N , T : X 7→ X. O T eÐnai upekuklikìc an kai monon �n o Tn

eÐnai uperkuklikìc. M�lista oi T kai Tn èqoun ta Ðdia uperkuklik� dianÔsmata.

Apìdeixh
An o Tn eÐnai uperkuklikìc profan¸c eÐnai kai o T. 'Estw ìti o T eÐnai uperkuklikìc kai n ∈ N , x ∈

HC(T ). ParathroÔme ìti Orb(T, x) = Orb(Tn, x) ∪ Orb(Tn, Tx) ∪ ...Orb(Tn, Tn−1x). 'Ara up�rqei
k ∈ {0, ..., n − 1} ¸ste clOrb◦(Tn, T kx) 6= ∅. Apì to prohgoÔmeno je¸rhma sumperaÐnoume ìti h troqi�
tou T kx mèsw tou Tn eÐnai pukn . Qrhsimopoi¸ntac to g egonìc ìti o T èqei pukn  eikìna eÔkola
deÐqnoume ìti to x eÐnai uperkuklikì gia ton Tn.

Apo ta parapanw prokÔptei kai to epìmeno apotèlesma

Je¸rhma 1.6 (EikasÐa Herrero[15]) An up�rqei {x1, x2, ..., xn} ⊆ X ¸ste to sÔnolo Orb(T, x1) ∪

Orb(T, x2)... ∪Orb(T, xn) eÐnai puknì tìte o T eÐnai uperkuklikìc.

Je¸rhma 1.7 'Estw T suneq c grammik  apeikìnish se diaqwrÐsimo F q¸ro X. Tìte o T ⊕ T eÐnai

uperkuklikìc sto X ⊕X an kai mìnon an o T ikanopoieÐ tic upojèseic tou krithrÐou uperkuklikìthtac.
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Apìdeixh
Profan¸c an o T ikanopoieÐ tic upojèseic tou krithrÐou uperkuklikìthtac tìte to Ðdio isqÔei kai gia
ton T ⊕ T sto X ⊕ X. 'Estw loipìn ìti o T ⊕ T eÐnai uperkuklikìc sto X ⊕ X kai èstw (x, y) ∈

Orb(T ⊕ T,X ⊕X). Ja apodeÐxoume ìti o T ikanopoieÐ tic upojèseic tou krithrÐou uperkuklikìthtac me
Y = Z = Orb(T, x).

ParathroÔme ìti gia k�je N ≥ 1 to di�nusma (x, TNy) eÐnai uperkuklikì gia ton T ⊕ T . Eidikìtera
gia k�je perioq  U tou 0 ston Q mporoÔme na broÔme u ∈ U ¸ste to (x, u) na eÐnai uperkuklikì gia ton
T ⊕ T . 'Ara gia k�je k ∈ N brÐskoume nk ¸ste

‖uk‖ <
1
k

, ‖Tnkx‖ <
1
k
‖, ‖Tnkuk − x‖ <

1
k

kai h nk eÐnai gnhsÐwc aÔxousa.
Apì thn deÔterh sqèsh èpetai ìti Tnk → 0 shmeiak� sto Y . OrÐzoume touc dexi� antÐstrofouc Sk me

Sk(Tnx) = Tnuk, Sk : Z 7→ X.

Oi Sk eÐnai kal� orismènoi diìti x ∈ HC(T ) kai �ra ta shmeÐa tou Orb(T, x) eÐnai diaforetik� ana dÔo (an
dÔo stoiqeÐa thc troqi�c  tan Ðdia tìte h troqi� ja  tan periodik  , �ra peperasmènh). Tèloc parathroÔme
ìti

TnkSk(Tnx) = Tnk+nuk = TnTnkuk → Tnx

kaj¸c to k teÐnei sto �peiro gia k�je n ∈ N.
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1.3 ParadeÐgmata

Ja d¸soume t¸ra merik� paradeÐgmata uperkuklik¸n telest¸n. 'Estw H(C) o q¸roc twn akeraÐwn
sunart sewn. Ston H(C) orÐzoume thn ex c metrik 

∀f, g ∈ H(C), d(f, g) =
∞∑

n=1

1
2n

sup{|f(z)− g(z)| : |z| ≤ n}
1 + sup{|f(z)− g(z)| : |z| ≤ n}

.

An�loga mporoÔme na orÐsoume apìstash ston q¸ro H(G) twn analutik¸n sunart sewn orismènwn sto
anoiqtì G. Gr�foume to G san arijm simh ènwsh sumpag¸n Kn ìpou ta Kn apoteloÔn exantloÔsa
akoloujÐa tou G kai orÐzoume metrik  an�loga me thn prohgoÔmenh paÐrnontac sto �jroisma to sup p�nw
sto Kn. Me autì ton trìpo paÐrnoume metrik  pou eÐnai anex�rthth thc epilog c twn Kn. ParathroÔme
oti mia akoloujÐa {fn} ston H(C) sugklÐnei se mÐa f ∈ H(C) wc proc thn d an kai mìnon an h fn sugklÐnei
sthn f omoiìmorfa sta sumpag .

Je¸rhma 1.8 'Estw D : H(C) → H(C) o telest c parag ģishc. O D eÐnai uperkuklikìc.

Apìdeixh
To sÔnolo ìlwn twn poluwnÔmwn eÐnai puknì ston H(C) . Gia k�je polu¸numo p(z) = anzn+an−1z

n−1+

... + a0 orÐzoume thn antipar�gwgo tou p−1(z) =
∫ z

0
p(s)ds. 'Ara orÐzetai apeikìnish S apì to sÔnolo

twn poluwnÔmwn ston eautì tou me S(p) = p−1. Akìmh p−k(z) = an
zn+k

(n+1)...(n+k) + ... + a0
zk

k! . Sunep¸c
p−k → 0 wc proc th d kaj¸c k →∞. 'An to p eÐnai polu¸numo tìte Dn(p) = 0,∀n > deg(p). Epeid  akìmh
DS(p) = p gia ìla ta polu¸numa, èpetai apì to krit rio uperkuklikìthtac ìti o D eÐnai uperkuklikìc.
Shmei¸noume ìti h Ðdia apìdeixh douleÔei ston H(G), ìpou to G eÐnai anoiqtì kai apl� sunektikì qwrÐo,
afoÔ apì to je¸rhma tou Runge èqoume ìti ta polu¸numa eÐnai pukn� ston H(G).

Je¸rhma 1.9 (Rolewicz [21]) JewroÔme ton q¸ro akolouji¸n `2(N) =
{

α = (αn) ∈ CN :
∑
|αn|2 <

+∞
}

. 'Estw en h sun jhc orjokanonik  b�sh tou . OrÐzoume ton telest  metatìpishc proc ta pÐsw

B : `2(N) 7→ `2(N) me B(en) = en−1. Tìte gia k�je λ me |λ| > 1 o λB eÐnai uperkuklikìc

.Apìdeixh
JewroÔme to sÔnolo D1 ìlwn twn akolouji¸n me sumpag  forèa kai orÐzoume ton telest  S : D2 =

span{en : n ∈ N } 7→ `2(N) me Sen = en+1. EÐnai profanèc oti o S eÐnai dexi� antÐstrofoc tou B sto D2

kai epiplèon 1
λn Snx → 0 gia k�je x ∈ `2(N). To sumpèrasma èpetai apo to Je¸rhma 1.1.

'Ena pio polÔploko par�deigma eÐnai to ex c. 'Estw {an} akoloujÐa me an > 0 ∀n. OrÐzoume ton telest 
metatìpishc proc ta pÐsw me b�roc {an} T : l2(Z) 7→ l2(Z) me T (en) = anen+1. Tìte sqetik� me thn
uperkuklikìthta tou T isqÔei to ex c je¸rhma.

Je¸rhma 1.10 (Salas[22]) 'Estw T ìpwc parap�nw. O T eÐnai uperkuklikìc an kai mìnon an ∀ε > 0

kai ∀q ∈ N up�rqei n ∈ N ¸ste gia k�je j ∈ Z me |j| ≤ q na isqÔoun
∏n−1

s=0 as+j < ε kai
∏n

s=1 aj−s > 1
ε .
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Apìdeixh
'Estw ìti o T eÐnai uperkuklikìc kai 0 < δ < 1. Up�rqei x ∈ HC(T ) ¸ste

‖x−
∑
|j|≤q

ej‖ < δ (1).

BrÐskoume n > 2q ¸ste
‖Tnx−

∑
|j|≤q

ej‖ < δ (2).

Epeid  x =
∑

j∈Z < x, ej > ej h (1) dÐnei
‖

∑
|j|≤q

(< x, ej > −1)ej +
∑
|j|>q

< x, ej > ej‖ < δ.

'Epeid  ta dianÔsmata sth prohgoÔmenh anisìthta eÐnai k�jeta an� dÔo èpetai ìti an |k| ≤ q tìte | <

x, ek > | > 1− δ kai | < x, ek > | < δ diaforetik�. Apì thn (2) afoÔ n > 2q prokÔptei ìti :

‖
∑
|j|≤q

(
n−1∏
s=0

aj+s)(< x, ej > −1)−
∑
|j|>q

n−1∏
s=0

aj+s < x, ej > ‖ < δ.

'Ara gia |j| ≤ q èqoume ìti: ‖Tn(< x, ej > ej‖ = (
∏n−1

s=0 aj+s)| < x, ej > | < δ.

'Ara ∏n−1
s=0 aj+s < δ

|<x,ej>| < δ
1−δ .

Apì th (2) sun�getai ìti gia |j| ≤ q èqoume ìti ‖Tn < x, ej−n > ej−n − ej‖ < δ apì ìpou èpetai ìti
|
∏n

s=1 aj−s < x, ej−n > ej−n − 1| < δ. 'Ara ∏n
s=1 aj−s > δ

1−δ .

Gia to antÐstrofo ja qreiastoÔme to ex c l mma.

L mma 1.1 'Estw T ìpwc parap�nw. Upojètoume ìti gia k�je ε > 0 kai k�je g, h ∈ span{ej : |j| 5 q}

up�rqei n ∈ N aujaÐreta meg�lo kai u ∈ span{ej : −q − n ≤ j ≤ q − n} ¸ste na isqÔoun ta parak�tw.

(i) ‖u‖ < ε,

(ii) ‖Tn(u)− g‖ < ε,

(iii) ‖Tn(h)‖ < ε.

Tìte o T eÐnai uperkuklikìc.

Apìdeixh
PaÐrnoume ìlec tic akoloujÐec me ìrouc apì to Q + iQ kai sumpag  forèa kai tic arijmoÔme wc ex c
{gk =

∑
|j|≤k < gk, ej > ej : k ∈ N}. Epagwgik� ja kataskeu�soume fk ¸ste

lim
k→∞

‖Tnk(fk)− gk‖ = 0.

'Estw n1 = 0, f1 = g1 kai èstw ìti gia 1 ≤ j ≤ k èqoume orÐsei touc nj kai fj ∈ span{ei : −j − nj ≤

i ≤ j−nj}. Efarmìzoume thn upìjesh me ε = M−nk2−k−1, ìpou M = ‖T‖ kai dianÔsmata g = gk+1, h =

f1 + ... + fk, opìte up�rqoun nk+1 kai fk+1 pou ikanopoioÔn tic ‖fk+1‖ < ε, ‖Tnk+1(fk+1) − gk+1‖ <
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ε, ‖Tnk+1(h)‖ < ε ìpou ε = M−nk2−k−1. Akìmh dialègoume ta nk ¸ste nk +
∑

i=1 k + 1 < nk+1

opìte oi foreÐc twn fj eÐnai xènoi ana dÔo. Tìte ‖fk+1‖ < M−nk2−k−1 , ‖Tnk+1(fk+1) − gk+1‖ <

M−nk2−k−1 kai ‖Tnk+1(
∑k

j=1 fj)‖ < M−nk2−k−1. Sunep�getai ìti limk→∞ ‖Tnk(fk) − gk‖ = 0.
An f =

∑
fj tìte ‖Tnk(f)− gk‖ ≤ ‖Tnk(

∑k−1
j=1 fj + ‖Tnk(fk)‖+

∑∞
j=k+1 ‖Tnk(fj)‖ ≤ 2−k+2.

Gia thn apìdeixh tou antistrìfou parathroÔme ìti an f =
∑

|j|≤q < f, ej > ej tìte ‖Tnf‖ ≤

max{
∏n−1

k=0 aj+k, |j| ≤ q} kai ‖T−nf‖ ≤ max{(
∏n

k=i aj−k})−1, |j| ≤ q} . PaÐrnoume ε > 0, q ∈ N.
'Estw ìti up�rqei n > 2q me ∏n−1

s=0 aj+s < ε kai ∏n
s=1 aj−s > 1

ε gia k�je j ∈ N, |j| < q. An ta
g, h ∈ span{ej : |j| ≤ q} tìte apì tic parap�nw anisìthtec èpetai ìti ‖Tng‖ ≤ ε‖g‖ kai ‖T−nh‖ ≤ ε‖h‖.
Jètoume u = T−ng opìte to u ikanopoieÐ tic upojèseic tou prohgoÔmenou l mmatoc kai �ra o T eÐnai
uperkuklikìc.

SuneqÐzoume apodeiknÔontac ìti o telest c metatìpishc eÐnai uperkuklikìc. Ja qreiastoÔme to akìloujo
apotèlesma.
L mma 1.2 (L mma puknìthtac) 'Estw A ⊆ C me shmeÐo susswreÔsewc sto C. Gia λ ∈ A orÐzoume

Eλ : C 7→ C me Eλ(z) = exp(λz). 'Estw E(A) h grammik  j kh twn Eλ. Tìte to E(A) eÐnai puknì ston

H(C).

Apìdeixh
'Estw Λ grammikì sunarthsiakì ston H(C) me Λ(Eλ) = 0 ∀λ ∈ A. Gia R > 0, f ∈ H(C) orÐzoume
‖f‖R = max{|f(z)| : |z| ≤ R}. ParathroÔme ìti gia k�je R > 0 h ‖‖R eÐnai nìrma ston H(C).
Akìmh oi anoiqtèc mp�lec aut¸n twn norm¸n apoteloÔn b�sh thc topologÐac tou H(C). To Λ eÐnai su-
neqèc �ra to Λ−1(D(0, 1)) perièqei k�poia mp�la kèntrou 0 gia k�poia ‖‖R.
Dhlad  to Λ eÐnai fragmèno grammikì sunarthsiakì wc proc th nìrma ‖‖R. 'Ara apì to je¸rhma
Hahn-Banach epekteÐnetai grammik� kai suneq¸c sto C({|z| ≤ R}). Apì to je¸rhma anapar�stashc
tou Riesz gia migadik� mètra èpetai ìti up�rqei omalì mètro Borel µ sto kleistì {|z| ≤ R} ¸ste
Λ(f) =

∫
fdµ,∀f ∈ C({‖z‖ ≤ R}.

Eidikìtera Λ(f) =
∫

fdµ,∀f ∈ H(C). OrÐzoume th sun�rthsh F : C 7→ C me F (λ) =
∫

eλzdµ(z). H F

eÐnai akèraia kai m�lista DnF (0) =
∫

zndµ(z). Apì upìjesh h F mhdenÐzetai sto A to opoÐo èqei shmeÐo
suss¸reushc sto C. Apì thn arq  analutik c sunèqishc F ≡ 0 sto C.
Sunep�getai ìti ∫

p(z)dµ(z) = 0 gia k�je polu¸numo kai �ra gia ìlec tic akèraiec sunart seic. 'Ara
Λ ≡ 0. Sunep¸c to E(A) eÐnai puknì sto H(C).

Parat rhsh:To prohgoÔmeno l mma isqÔei me parìmoia apìdeixh ston q¸ro H(G) ìpou to G eÐnai
anoiqtì kai apl� sunektikì uposÔnolo tou C.
Je¸rhma 1.11 Gia k�je a ∈ C \ {0} o telest c metatìpishc kat� a ,Ta, eÐnai uperkuklikìc.

Apìdeixh
JewroÔme to ex c uposÔnolo tou H(C) : Z = span{Eλ : Re(aλ) < 0}. Ta Eλ eÐnai idiodianÔsmata
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tou Ta kai |Tn
a Eλ(z)| = exp{nRe(aλ)}|Eλ(z)| → 0 ston H(C). OmoÐwc paÐrnoume Y = span{Eλ :

Re(aλ) > 0}. Apì to L mma 1.2 oi upìqwroi Y, Z eÐnai puknoÐ ston H(C). An orÐsoume Sn : Y 7→ H(C)

me SnEλ = exp{−nRe(aλ)}Eλ tìte ikanopoioÔntai oi upojèseic tou Jewr matoc 1.1. MÐa diaforetik 
apìdeixh eÐnai h ex c . 'Estw {pj} arÐjmhsh ìlwn twn poluwnÔmwn me suntelestèc sto Q + iQ. Tìte

HC(Ta) =
⋂

s,j,m

⋃
n

{f ∈ H(C) : sup
|z|≤m

|f(z + na)− pj(z)| < 1
s
}.

EÐnai �meso ìti to sÔnolo {f ∈ H(C) : sup
|z|≤m

|f(z + na) − pj(z)| < 1
s} eÐnai anoiqtì ston H(C) kai

�ra apì to je¸rhma kathgorÐac tou Baire arkeÐ na apodeÐxoume ìti gia k�je s, j,m ∈ N to sÔnolo⋃
n{f ∈ H(C) : sup

|z|≤m

|f(z + na)− pj(z)| < 1
s} eÐnai puknì. 'Estw ε > 0, g akèraia kai M > 0. Prèpei na

broÔme n ∈ N kai f akèraia ¸ste
sup
|z|≤M

|f(z)− g(z)| < ε kai

sup
|z|≤m

|f(z + na)− pj(z)| < 1
s
.

PaÐrnoume n arket� meg�lo ¸ste oi dÐskoi {|z − na| ≤ m}, {|z| ≤ M} na eÐnai xènoi. OrÐzoume thn
sun�rthsh

h(z) =

 g(z), |z| ≤ M

pj(z − na) , |z − na| ≤ m.
(1.1)

H h eÐnai analutik  sto K = {|z| ≤ M}
⋃
{|z − na| ≤ m} kai to K èqei sunektikì sumpl rwma. Apì to

je¸rhma Runge up�rqei f akèraia (polu¸numo) ¸ste
sup
z∈K

|f(z)− h(z)| < min{1
s
, ε}

kai èpetai to sumpèrasma.

Je¸rhma 1.12 'Estw T telest c se q¸ro Frèchet (p�nw sto C) ¸ste o T ∗ na èqei idiotim . Tìte o T

den eÐnai uperkuklikìc. 'Epetai ìti an o T eÐnai uperkuklikìc tìte σp(T ∗) = ∅, dhlad  o p(T ) èqei pukn 

eikìna gia k�je mh mhdenikì polu¸numo p.

Apìdeixh
Up�rqei λ ∈ C kai φ ∈ X∗, me φ diaforetikì tou 0, T ∗φ = λφ. 'Estw ìti up�qei x ∈ X ¸ste to
Orb(T, x) = {Tn(x)|n = 1, 2, ..} eÐnai puknì sto Q. Tìte to φ(Orb(T, x)) eÐnai puknì sto C. Gia n ∈ N

èqoume ìti φ(Tn)x = (Tn)∗φ(x) = ((T ∗)nφ)(x) = λn(T ∗φ)(x) = λnφ(Tx). 'Ara h akoloujÐa φ((T )n(x))

den eÐnai pukn  sto C. 'Atopo.

ShmeÐwsh. 'An o Q eÐnai peperasmènhc di�stashc migadikìc q¸roc Frèchet tìte epeid  dim(X∗) =

dim(X) < ∞ gia k�je T ∈ L(X) èqoume ìti o T ∗ èqei idiotim , opìte den ja eÐnai uperkuklikìc. To Ðdio
apotèlesma isqÔei kai sth perÐptwsh pou o Q eÐnai pragmatikìc q¸roc Frèchet.
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1.4 QaotikoÐ telestèc

Orismìc 1.1 . 'Estw X q¸roc Frèchet, T suneq c grammikìc telest c stoX kai x ∈ X. To x lègetai

periodikì gia ton T an up�rqei n ∈ N ¸ste Tnx = x. O T ja lègetai qaotikìc an eÐnai uperkuklikìc kai

èqei puknì sÔnolo periodik¸n shmeÐwn.

Je¸rhma 1.13 (J.Shapiro [23]) 'Estw G ⊆ C anoiqtì kai P mh stajerì polu¸numo. Ta akìlouja

eÐnai isodÔnama:

(a) O P (D) eÐnai uperkuklikìc ston H(G).

(b) O P (D) eÐnai qaotikìc ston H(G).

(g) To G eÐnai apl� sunektikì.

.

Apìdeixh
(g)⇒(b) JewroÔme ton anoiqtì monadiaÐo dÐsko D(0, 1). To P eÐnai mh stajerì �ra ta A = P−1

(
D(0, 1)

)
,

B = P−1(C\D(0, 1)) eÐnai anoiqt� mh ken�, sunep¸c èqoun shmeÐo suss¸reushc. 'Epetai ìti ta X0 =

E(A), Y0 = E(B) eÐnai pukn� ston H(G), ìpou E(A), E(B) orÐzontai ìpwc sto L mma 1.2. An λ ∈ A

kai eλ(z) = eλ(z) tìte P (D)neλ = P (λ)neλ → 0 ston H(G) epeid  |P (λ)| < 1. Gia λ ∈ B orÐzoume
S(eλ) = 1

P (λ)eλ → 0 ston H(G). Tèloc parathroÔme ìti P (D)nSn = id kai �ra o P (D) eÐnai uperkukli-
kìc.
Mènei na deÐxoume ìti o P (D) èqei puknì sÔnolo periodik¸n shmeÐwn. JewroÔme to sÔnolo riz¸n thc
mon�dac R. Tìte to C = P−1(R) eÐnai �peiro kai fragmèno. 'Ara èqei shmeÐo suss¸reushc. Apì to
l mma puknìthtac to E(C) eÐnai puknì ston H(G). 'An a ∈ C tìte P (a)n = 1 gia k�poio n. Sunep�getai
ìti P (D)ea = P (a)nea = ea kai epomènwc to ea eÐnai periodikì shmeÐo. Epeid  grammikìc sunduasmìc
periodik¸n shmeÐwn eÐna p�li periodikì shmeÐo èpetai to sumpèrasma.

(a)⇒(g)'Estw ìti up�rqei kleist  kampÔlh γ sto G kai α ∈ C\G ¸ste n(γ, α) 6= 0 ìpou me n(γ, α) sum-
bolÐzoume ton deÐkth strof c thc γ wc proc to α. OrÐzoume to grammikì sunarthsiakì x∗ : H(G) 7→ C

me x∗(f) =
∫

γ
f(z)dz. ParathroÔme ìti x∗( 1

z−α ) 6= 0. 'Ara to x∗ eÐnai diaforetikì tou 0. Akìmh
Ker(x∗) ⊇ {Df : f ∈ H(G)}. Sunep¸c gr�fontac to P (z) = P (0) + zQ(z) ìpou Q eÐnai polu¸numo
èqoume ìti (P (D)∗x∗)(f) = x∗(P (D)f) = x∗(P (0)f + DQ(D)f) = x∗(P (0)f) = P (0)x∗(f) ∀f ∈ H(G).
'Epetai ìti to x∗ eÐnai idiotim  tou P (D)∗.

(b)⇒ (α) EÐnai profanèc.

An doÔme prosektik� ta paradeÐgmata telest¸n pou èqoume melet sei èwc t¸ra ja diapist¸sou-
me ìti ìloi eÐnai qaotikoÐ. 'Ara prokÔptei to er¸thma e�n k�je uperkuklikìc telest c èqei aut n thn
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epiplèon idiìthta. H ap�nthsh eÐnai arnhtik . Gia na d¸soume par�deigma telest  pou eÐnai uperkuklikìc
all� ìqi qaotikìc ja orÐsoume telestèc metafor�c se q¸rouc sunart sewn.

'Estw β = {β(k) : k ≥ 0} mÐa fjÐnousa akoloujÐa jetik¸n arijm¸n gia thn opoÐa upojètoume ìti
σ = sup {β(k)/β(k + 1) : k ≥ 0} < ∞.

OrÐzoume ton q¸ro H2
β na eÐnai ìlec oi dunamoseirèc f(z) =

∑
f̂(n)zn gia tic opoÐec isqÔei

‖f‖2β =
∞∑

k=0

|f̂(k)|2β(k) < ∞

O H2
β mporeÐ na jewrhjeÐ san ton q¸ro H(U) efodiasmèno me to eswterikì ginìmeno

< f, g >=
∑

f̂(k)ĝ(k)βk.

Profan¸c eÐnai isìmorfoc me ton `2(N) kai �ra q¸roc Hilbert .
OrÐzoume ton telest  B : H2

β 7→ H2
β me

Bf(z) =
∞∑

k=0

f(k + 1)zk.

AfoÔ h (βk) fjÐnei kai lìgw tou ìti h akoloujÐa β(k)/β(k+1) eÐnai fragmènh sumperaÐnoume ìti o B eÐnai
fragmènoc me ‖B‖ = σ. Ja apodeÐxoume ìti o B eÐnai uperkuklikìc an kai mìno an h (β(k)) sugklÐnei sto
0.

Je¸rhma 1.14 (Gethner-Shapiro [12]) 'Estw B o telest c metatìpishc ston H2
β . O B eÐnai uperku-

klikìc an kai mìnon an β(k) → 0.

Apìdeixh
'Estw ìti h akoloujÐa β(k) den teÐnei sto 0 opìte inf{β(k)} = δ > 0. EÔkola brÐskoume ìti ‖Bn‖ =

supk
β(k)

β(k+n) < β(0)
δ ìpou δ = inf{β(k)}. Sunep¸c o B den eÐnai uperkuklikìc.

Gia to antÐstrofo ja qrhsimopoi soume to Je¸rhma 1.2 . OrÐzoume ton telest  metatìpishc proc ta
pÐsw F ston Hβ

2 me
Ff(z) =

∞∑
k=0

f̂(k)zk+1.

O F eÐnai fragmènoc grammikìc telest c kai

‖Fnf‖ =
∞∑

k=0

‖f̂(k)‖2β(k + n)

to opoÐo teÐnei sto 0. Akìmh o F eÐnai dexi� antÐstrofoc tou B kai to sumpèrasma prokÔptei apo to
krit rio uperkuklikìthtac me Y = Z = {p : p polu¸numo}.

To epìmeno je¸rhma apant� sto er¸thma pìte o B eÐnai qaotikìc.

Je¸rhma 1.15 'Estw ìti β(n) → 0. Tìte ta akìlouja eÐnai isodÔnama.
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(a) O B èqei mh tetrimmèno periodikì shmeÐo.

(b)
∑∞

k=0 β(k) < ∞.

(g) O B eÐnai qaotikìc.

Apìdeixh
'Estw f ∈ H2

β mh tetrimmèno periodikì shmeÐo tou B. Autì shmaÐnei ìti up�rqoun N, ν ≥ 1 ¸ste BNf = f

kai f̂(ν) 6= 0. Apì th sqèsh BNf = f sunep�getai ìti f(k + N) = f(k) ∀k ∈ N.
Opìte h akoloujÐa {f̂(k)} eÐnai mh mhdenik  kai stajer  sto {ν + jN : j ≥ 0}.

|f̂(ν)|2
∞∑

j=0

β(ν + jN) =
∞∑

j=0

|f̂(ν + jN)|2β(ν + jN)

≤
∞∑

n=0

|f̂(n)|2β(n) < ∞

Epeid  f̂(ν) 6= 0 èpetai ìti ∑∞
j=0 β(ν + jN) < ∞.

ParathroÔme t¸ra ìti ∀0 ≤ k < N o Bk èqei periodikì shmeÐo. 'Ara efarmìzontac to parap�nw
epiqeÐrhma gia ton Bk blèpoume ìti h β eÐnai ajroÐsimh sto {ν − k + jN : j ≥ 0}. Autì deÐqnei ìti to (a)
sunep�getai to (b).

'Estw ìti isqÔei to (b). Gia k�je ω ∈ C me mètro mikrìtero   Ðso tou 1 orÐzoume
Kω(z) =

∞∑
n=0

(ωz)n.

ParathroÔme ìti afoÔ h seir� ∑
n≥1 β(n) sugklÐnei èqoume Kω ∈ H2

β kai to Kω eÐnai idiodi�nusma tou B
me antÐstoiqh idiotim  ω. 'Ara to Kω eÐnai periodikì gia ton B an to ω eÐnai rÐza thc mon�dac. Jètoume

V (R) = {Kω : ω rÐza thc mon�dac}.
Ja apodeÐxoume ìti to V (R) eÐnai puknì ston H2

β . Pr�gmati an V (R) 6= H2
β tìte afoÔ to V (R) eÐnai

grammikìc upìqwroc tou q¸rou Hilbert H2
β ja up rqe g ∈ H2

β mh mhdenikì k�jeto se k�je Kω ìpou ω

opoiad pote rÐza thc mon�dac. OrÐzoume thn ex c sun�rhsh ston kleistì monadiaÐo dÐsko
F (ω) =

∞∑
n=0

ĝ(n)ωnβ(n).

PrathroÔme ìti h F eÐnai suneq c ston kleistì monadiaÐo dÐsko kai analutik  sto eswterikì tou. Apì thn
upìjesh mhdenÐzetai se k�je rÐza thc mon�dac. 'Omwc to sÔnolo ìlwn twn riz¸n thc mon�dac eÐnai puknì
sto ∂B(0, 1). 'Ara apì th sunèqeia thc F sunep�getai ìti h F mhdenÐzetai sto sÔnoro tou monadiaÐou
dÐskou. Apì thn arq  megÐstou F ≡ 0. 'Ara ĝ(n) = 0,∀n ∈ N. 'Epetai ìti g ≡ 0. AntÐfash. ApodeÐxame
loipìn ìti o B èqei puknì sÔnolo periodik¸n shmeÐwn kai �ra eÐnai qaotikìc.
H katèujunsh (γ) ⇒ (α) eÐnai profan c.

Apì to prohgoÔmeno je¸rhma faÐnetai ìti up�rqoun uperkuklikoÐ telestèc pou dèn eÐnai qaotikoÐ.
Gia par�deigma o telest c metatìpishc B ston H2

β me β(k) = 1
k+1 eÐnai uperkuklikìc all� ìqi qaotikìc.
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Kef�laio 2

KOINA UPERKUKLIKA

DIANUSMATA

2.1 Koinì krit rio uperkuklikìthtac kai paradeÐgmata

'Estw {Tλ}λ∈Λ oikogèneia suneq¸n grammik¸n telest¸n sto X ìpou Λ eÐnai sÔnolo deikt¸n. Upojè-
toume ìti gia k�je λ ∈ Λ o Tλ eÐnai uperkuklikìc. Endiaferìmaste na exet�soume an up�rqoun koin�
uperkuklik� dianÔsmata gia ìlouc touc Tλ. ParathroÔme ìti an to L eÐnai arijm simo sÔnolo tìte to
je¸rhma Baire dÐnei ìti to ⋂

λ∈Λ

HC(Tλ) eÐnai Gδ puknì. Ja deÐxoume k�poia genik� apotelèsmata pou
mac exasfalÐzoun koin� uperkuklik� dianÔsmata gia uper�rijmo to pl joc telest¸n Tλ, dhlad  ìtan to
sÔnolo Λ eÐnai uperarijm simo. M�lista to parak�tw je¸rhma anafèretai se koin� kajolik� dianÔsmata,
ta opoÐa orÐzontai wc ex c

Orismìc 2.1 'Estw {Tn}n∈N akoloujÐa suneq¸n grammik¸n telest¸n sto X. 'Ena di�nusma x ∈ X

ja lègetai kajolikì gia thn akoloujÐa {Tn}n∈N an to sÔnolo {Tnx : n ∈ N} eÐnai puknì sto X. Ja

sumbolÐzoume me Univ(Tn) to sÔnolo ìlwn twn kajolik¸n dianusn�twn thc {Tn}.

Je¸rhma 2.1 (Koinì krit rio uperkuklikìthtac [11]) 'Estw Q diaqwrÐsimoc F q¸roc kai {Tn,λ :

λ ∈ I}, ìpou I ⊂ R+ oikogèneia telest¸n sto X ¸ste gia k�je n ∈ N h apeikìnish λ → Tn,λ na eÐnai

suneq c. 'Estw ìti up�rqei pukn  akoloujÐa {xj} sto X kai oikogèneia telest¸n {Sn,λ : λ ∈ I, n ∈ N}

¸ste na isqÔoun ta akìlouja

(1) Gia k�je xj kai k�je K ⊂ I sumpagèc up�rqei akoloujÐa jetik¸n arijm¸n {ck} ¸ste

(a)
∑

k ck < ∞.

(b) ‖Tn+k,λ ◦ Sn,a(xj)‖ ≤ ck ∀n, k ∈ N kai k�je λ, α ∈ K.

(c) ‖Tn,λ ◦ Sn+k,α(xj)‖ ≤ ck ∀λ, α ∈ K me λ ≤ α kai k�je n, k ∈ N.
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(2) Gia k�je ε > 0, xj ,K ⊂ I sumpagèc up�rqei 0 < C(ε) < 1 ¸ste gia λ, α ∈ K na isqÔei to ex c

1 ≥ λ

α
≥ C(ε)

1
n ⇒ ‖Tn,λ ◦ Sn,α(xj)− xj‖ < ε.

Tìte up�rqei residual (dhlad  sÔnolo pou perièqei Gδ kai puknì uposÔnolo) uposÔnolo G tou X ¸ste

{Tn,λ(x) : n > 0}− = X, ∀λ ∈ I,∀x ∈ G.

Apìdeixh
'Estw K = [λ1, λ2] ⊂ I. OrÐzoume

EK(s, j,m) = {x ∈ X : ∀λ ∈ K ∃n = n(λ) ≤ m : ‖Tn,λ(x)− xj‖ <
1
s
}.

ParathroÔme ìti arkeÐ na apodeÐxoume ìti to EK(s, j,m) eÐnai anoiqtì kai to ⋃
m

EK(s, j,m) eÐnai puknì
sto X. Pr�mgati an gr�youme to I san arijm simh ènwsh sumpag¸n diasthm�twn In tìte to

G =
⋂
n

⋂
s

⋂
j

⋃
m

EK(s, j,m)

ikanopoieÐ to sumpèrasma tou jewr matoc. 'Estw x ∈ EK(s, j,m). Jètontac
Cl = {λ ∈ K : ‖Tl,λ(x)− xj‖ <

1
s
}, l = 1, ...m

èpetai ìti ta Cl eÐnai anoiqt� (afoÔ h λ 7→ Tn,λ eÐnai suneq c) kai kalÔptoun to K (afoÔ x ∈ EK(s, j,m)).
Qrhsimopoi¸ntac th sump�geia tou K brÐskoume Il ⊆ Cl, l = 1, ...,m sumpag  ¸ste K ⊆

m⋃
l=1

Il. AfoÔ to
Il eÐnai sumpagèc mporoÔme na broÔme εl > 0 ¸ste

an a ∈ Iλ kai ‖x− y‖ < εl, tìte ‖Tl,a(y)− xj‖ <
1
s
.

Jètoume ε = min{εl}m
l=1 kai �ra an ‖x− y‖ < ε tìte y ∈ EK(s, j,m).

Ja deÐxoume t¸ra ìti to ⋃
m

EK(s, j,m) eÐnai puknì sto X. 'Estw w = xp, p akèraioc kai δ > 0. Ja
broÔme m ∈ N kai y ∈ EK(s, j,m) ¸ste ‖w − y‖ < δ.
PaÐrnoume k arket� meg�lo ¸ste

‖Tn,λ(w)‖ <
1
4s

∀n ≥ k λ ∈ K (2.1)
kai ∑

n≥k

cn < min{δ, 1
4s
}. (2.2)

JewroÔme mÐa diamèrish λ1 = a0 < a1 < ... < al = λ2 tou diast matoc [λ1, λ2] kai orÐzoume to di�nusma
y = w + Sk,a0(xj) + ... + S(l+1)k,al

(xj). (2.3)
Ja epilèxoume to l kai thn diamèrish λ1 = a1 < ... < al = λ2 ¸ste ‖y − w‖ < δ kai y ∈ EK(s, j,m) gia
k�poio m. Sugkekrimèna ja deÐxoume ìti an ai−1 < λ ≤ ai gia i = 1, ..., l tìte ‖T(i+1)k,λ(y) − xj‖ < 1

s .

'Ara an epilèxoume m = (l + 1)k tìte ja èqoume y ∈ EK(s, j,m).
Ac ektim soume to ‖y − w‖:

‖y − w‖ = ‖Sk,a0(xj) + S2k,a1 + ...S(l+1)k,al
‖ ≤ ck + c2k + ... + c(l+1)k ≤

∑
n≥k

cn < δ.

'Opou h teleutaÐa prokÔptei apì th sqèsh (2.2).
20



'Estw λ me ai−1 < λ ≤ ai. Tìte
T(i+1)k,λ(y) = T(i+1)k,λ(w) + T(i+1)k,λ ◦ Sk,a0(xj) + ... + T(i+1)k,λ

◦S(i+1)k,ai
(xj) + ... + T(i+1)k,λ ◦ S(l+1)k,al

(xj)

SuneqÐzoume ektim¸ntac to ‖T(i+1)k,λ(y)− xj‖

‖T(i+1)k,λ(y)− xj‖ ≤ ‖T(i+1)k,λ(w)‖+ ‖T(i+1)k,λ ◦ Sk,a0(xj) + ... + T(i+1)k,λ ◦ Sik,ai−1(xj)‖

+ ‖T(i+1)k,λ ◦ S(i+1)k,ai(xj) − xj‖

+ ‖T(i+1)k,λ ◦ S(i+2)k,ai+1(xj)+...+T(i+1)k,λ◦S(l+1)k,al
(xj)‖.

Apì thn (2.1) ‖T(i+1)k(w)‖ < 1
4s . Qrhsimopoi¸ntac thn (2.2) kai thn upìjesh (1)(b) tou jewr matoc

paÐrnoume ìti kai o dèuteroc ìroc sto prohgoÔmeno �jroisma elègqetai opo to 1
4s . OmoÐwc apo thn (g)

kai thn (2.2) o teleutaÐoc ìroc eÐnai mikrìteroc tou 1
4s . Ja epilèxoume to l kai thn diamèrish λ1 = a0 <

... < al = λ2 ètsi ¸ste gia k�je λ, ai−1 < λ ≤ ai na èqoume
‖T(i+1)k,λ ◦ S(i+1)k,ai

(xj)− xj‖ <
1
4s

(2.4)
gia k�je i = 1, ..., l.
Efarmìzoume thn upìjesh (b) me ε = 1

4s opìte blèpoume ìti h (2.4) isqÔei an
λ

ai
> C(ε)

1
(i+1)k (2.5)

kai afoÔ ai−1 < λ ≤ ai arkeÐ na èqoume
ai−1

ai
> C(ε)

1
(i+1)k , i = 1, ..., l. (2.6)

Jètontac βi = ai−1
ai

blèpoume ìti h (2.6) isodunameÐ me to
βi > C(ε)

1
(i+1)k , i = 1, ..., l. (2.7)

'Epetai ìti arkeÐ na broÔme l ∈ N kai jetikoÔc arijmoÔc β1, β2, ...βl < 1 ¸ste na isqÔei h (2.7) kai
l∏

i=1

βi =
λ1

λ2
, (2.8)

giatÐ orÐzontac al = λ2, kai ai = λ2

∏l
r=i+1 βr ìtan i = 0, ..., l − 1 èqoume thn (2.6). Epilègoume l ≥ 1

¸ste
η =

λ1

λ2
(C(ε))−

1
k ( 1

2+...+ 1
l+1 ) > 1.

(Ed¸ qrhsimopoioÔme ìti 0 < C(ε) < 1 kai ìti h armonik  seir� apoklÐnei.)
Jètoume N = 1

k ( 1
2 + 2

3 + ... + 1
l+1 ) kai orÐzoume

βi = η
N

(i+1)k (C(ε))
1

(i+1)k .

'Epetai ìti ta βi ikanopoioÔn tic (2.7),(2.8).

Ja apodeÐxoume t¸ra ìti up�rqoun koin� uperkuklik� dianÔsmata gia thn oikogèneia telest¸n {Tα}α6=0.
Den ja qrhsimopoi soume to koinì krit rio uperkuklikìthtac.
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Je¸rhma 2.2 ([11]) Up�rqei Gδ puknì sÔnolo G ⊆ H(C) ¸ste G ⊆
⋂

θ∈[0,1]

HC(Te2πiθ ).

Apìdeixh
PaÐrnoume {φj : j ≥ 1} puknì uposÔnolo tou H(C) kai orÐzoume to ex c sÔnolo

E(s, j, k, m) = {f ∈ H(C) : ∀θ, me 0 ≤ θ ≤ 1 ∃ n = n(θ) ≤ m

¸ste sup
|z|≤k

|f(z + ne2πiθ)− φj(z)| < 1
s
}.

Ja apodeÐxoume ìti to E(s, j, k, m) eÐnai anoiqtì sto H(C) gia k�je s, j, k, m ∈ N kai ìti to ⋃
m≥1 E(s, j, k, m)

eÐnai puknì sto H(C) gia k�je s, j, k ∈ N. Tìte to G =
⋂
s

⋂
j

⋂
k

⋃
m

E(s, j, k, m) ikanopoieÐ to sumpèrasma
tou jewr matoc.

'Estw f ∈ E(s, j, k, m). OrÐzoume ta ex c sÔnola
Cl = {α ∈ S1, tètoia ¸ste sup

|z|≤k

|f(z + lα)− φj(z)| < 1
s
} l = 1, 2...m.

ìpou S1 eÐnai o monadiaÐoc kÔkloc. 'Epetai �mesa ìti ta Cl eÐnai anoiqt� ston S1. Akìmh epeid  f ∈

E(s, j, k, m) sunep�getai ìti h {Cl}m
l=1 eÐnai peperasmènh anoiqt  k�luyh tou S1. 'Ara up�rqoun Il ⊆

Cl, l = 1, ...,m sumpag  ¸ste S1 ⊆
⋃m

l=1 Il.

Gia k�je l ≥ 1 afoÔ to Il eÐnai sumpagèc mporoÔme na broÔme εl > 0 ètsi ¸ste
an sup

|z|≤k+m

|g(z)− f(z)| < εl kai a ∈ Il tìte sup
|z|≤k

|f(z + la)− φj(z)| < 1
s
.

Jètoume ε < min{εl, 1 ≤ l ≤ m} opìte èqoume ìti to {g ∈ H(C) : sup|z|≤k+m |g(z)− f(z)| < ε} pou eÐnai
anoiqtì ston H(C) perièqetai sto E(s, j, k, m). ApodeiknÔoume ìti to ⋃

m≥1

E(s, j, k, m) eÐnai puknì ston
H(C) ∀s, j, k.
StajeropoioÔme s, j, k. 'Estw g ∈ H(C),K sumpagèc sto C kai ε > 0. Prèpei na broÔme m ≥ 1 kai
f ∈ E(s, j, k, m) ¸ste

sup
z∈K

|f(z)− g(z)| < ε. (2.9)
QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti K ⊆ {|z| ≤ k}. Jètoume φ = φj . Up�rqei
δ < 1

2 ¸ste
an |z| ≤ k kai |z − w| < δ ⇒ |φ(z)− φ(w)| < 1

2s
. (2.10)

JewroÔme mÐa diamèrish 0 = θ0 < θ1 < ..., θl = 1 tou [0,1] (thn opoÐa ja prosdiorÐsoume parak�tw).
PaÐrnoume t = 2k + 1 kai orÐzoume B = {|z| ≤ k + δ}. Gia d = 0, 1, ..., l orÐzoume ta ex c sÔnola

Bd = B + e2πiθd(d + 1)t.

Ta B,B1, ..., Bd eÐnai xèna ana dÔo. OrÐzoume th sun�rthsh h sto sumpagèc R = B
⋃ ( l⋃

d=0

Bd

) me

h(z) =

 g(z), z ∈ B

φ(z − e2πiθd(d + 1)t), z ∈ Bd, d = 0, 1, ..., l.
(2.11)
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ParathroÔme ìti aut  eÐnai analutik  sto R pou èqei sunektikì suml rwma. Apì to je¸rhma tou Runge

up�rqei akèraia f ¸ste
sup
z∈R

|f(z)− h(z)| < min{ 1
2s

, ε}. (2.12)
Ja epilèxoume to l kai th diamèrish 0 = θ0 < θ1 < ... < θl = 1 ètsi ¸ste h f na eÐnai h epijumit 
sun�rthsh. Apì tic (2.11) kai (2.12) èpetai ìti

sup
z∈K

|f(z)− g(z)| ≤ sup
z∈B

|f(z)− g(z)| < ε.

Ja epilèxoume thn diamèrish ètsi ¸ste gia k�je θ me θd ≤ θ < θd+1 na èqoume
sup
|z|≤k

|f(z + (d + 1)te2πiθ)− φ(z)| < 1
s
. (2.13)

Tìte ja èqoume f ∈ E(s, j, k, m) gia m = (l + 1)t. 'Estw θ me θd ≤ θ < θd+1 kai upojètoume arqik� ìti
|e2πiθd+1 − e2πiθd |(d + 1)t < δ. (2.14)

Tìte gia |z| ≤ k èqoume ìti to z + (d + 1)te2πiθ ∈ Bd. 'Ara an |z| ≤ k tìte
|f(z + (d + 1)te2πiθ)− φ(z)|

≤ |f(z + (d + 1)te2πiθ)− φ(z + (d + 1)te2πiθ − (d + 1)te2πiθd |

+ |φ(z + (d + 1)t(e2πiθ − e2πiθd))− φ(z)|.

'Apo tic (2.11) kai (2.12) èpetai ìti o pr¸toc ìroc thc parap�nw ektÐmhshc elègqetai apo 1
2s kai apì tic

(2.10) kai (2.12) to Ðdio kai o deÔteroc. 'Ara arkeÐ na epilèxoume thn diamerish ¸ste na isqÔei h (2.14).
ArkeÐ dhlad  na broÔme 0 = θ0 < θ1 < ... < θl = 1 ¸ste

2π(θd+1 − θd)(d + 1)t < δ.

Jètontac βd = θd+1 − θd h parap�nw sqèsh gr�fetai
βd <

δ

2π(d + 1)t
.

Zht�me loipìn β0, .., βl mh arnhtikoÔc ¸ste na isqÔei h prohgoÔmenh anisìthta kai
β0 + ... + βl−1 = 1.

PaÐrnoume l ≥ 1 ¸ste
η =

δ

2πt
(1 +

1
2

+ ... +
1
l
) > 1

kai orÐzoume
βd =

1
η

( δ

2π(d + 1)t

)
.

Profan¸c ta B1, ..., Bl ikanopoioÔn tic epijumhtèc sqèseic. H apìdeixh tou Jewr matoc 2.2 eÐnai pl rhc.
Je¸rhma 2.3 ([11]) . 'Estw f uperkuklikì di�nusma tou Te2πiθ gia k�poio θ. Tìte f ∈

⋂
r>o

HC(Tre2πiθ )

.
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Apìdeixh
'Estw f ∈ HC(Te2πiθ ) kai r > 0. 'Estw g ∈ H(C), L sumpagèc kai ε > 0. Ja broÔme n ∈ N ètsi ¸ste

sup
z∈L

|f(z + nre2πiθ)− g(z)| < ε.

Upojètoume ìti o r = p
q eÐnai rhtìc. Apì to je¸rhma thc Ansari èpetai ìti f ∈ HC(T p

e2πiθ ). 'Ara up�rqei
m ∈ N ¸ste

sup
z∈L

|f(z + mpe2πiθ)− g(z)| < ε

kai to sumpèrasma se aut  thn perÐptwsh prokÔptei apì thn
mqr = mp.

'Estw t¸ra ìti o r eÐnai �rrhtoc kai δ > 0 ¸ste
an z, w ∈ L kai |z − w| < δ ⇒ |g(z)− g(w)| < ε

2
. (2.15)

OrÐzoume Lδ = {z : d(z, L) ≤ δ} kai jewroÔme k ∈ N me k > 2 supLδ
|z|. Epeid  opoiad pote troqi� thc

metafor�c kata �rrhto ( mod 1) eÐnai pukn  sto [0, 1] sunep�getai ìti up�rqei akoloujÐa n1 < n2 < ..

¸ste
0 ≤ {nj

r

k
} <

δ

k
kai sup |nj+1 − nj | < ∞, (2.16)

ìpou me {x} sumbolÐzoume to dekadikì mèroc tou x. Jètoume mj = [nj
r
k ], opìte èqoume

0 ≤ njr −mjk < δ (2.17)
kai

sup |mj+1 −mj | < m gia k�poion akèraio m. (2.18)
OrÐzoume Ll

δ = Lδ + lke2πiθ, l = 1, 2, ...,m− 1 kai jewroÔme to sumpagèc
K = Lδ ∪ L1

δ ∪ ... ∪ Lm−1
δ .

OrÐzoume thn sun�rthsh h sto K me

h(z) =

 g(z) z ∈ Lδ

g(z − lke2πiθ) z ∈ Ll
δ l = 1, ...,m− 1

H h eÐnai analutik  sto K kai apì to je¸rhma Runge up�rqei ξ akèraia ¸ste
sup
z∈K

|ξ(z)− h(z)| < ε

4
.

Apì thn upìjesh h f eÐnai uperkuklik  gia ton Te2πiθ kai �ra kai gia ton T k
e2πiθ (apì to Je¸rhma thc

Ansari). 'Epetai ìti up�rqei n ∈ N ¸ste
sup
z∈K

|f(z + nke2πiθ)− ξ(z)| < ε

4
.
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AfoÔ h apìstash opoiond pote dÔo diadoqik¸n ìrwn thc nk eÐnai mikrìterh apì m èpetai ìti up�rqei
j ∈ N ¸ste

nk ≤ mjk ≤ nk + (m− 1)k.

Akìmh up�rqei 0 ≤ l ≤ m− 1 tètoio ¸ste mjk = nk + l. Jètoume w = (njr −mjk)e2πiθ. ParathroÔme
ìti |w| < δ apì thn (2.17). 'Ara gia z ∈ L èqoume

|f(z + njre
2πiθ)− g(z)| ≤ |f(z + w + (lk + nk)e2πiθ)− ξ(z + w + lke2πiθ)|

+ |ξ(z + w + lke2πiθ − g(z + w)|+ |g(z + w)− g(z)| < ε

kai �ra h f eÐnai uperkuklikì di�nusma tou Tre2πiθ .

Apì ta dÔo prohgoÔmena jewr mata sun�getai amèswc to akìloujo
Je¸rhma 2.4 ([11]) Up�rqei G ⊆ H(C) to opoÐo eÐnai residual ¸ste G ⊆ ∩a∈C∗HC(Ta).

Sta akìlouja upojètoume ìti gia λ ∈ Λ èqoume mÐa akoloujÐa Tλ = (Tn,λ)n∈N ⊆ L(X) ìpou to Λ eÐnai
topologikìc q¸roc kai Tn,λ(x) suneq c sun�rthsh tou (λ, x) ∀n ∈ N. 'Estw akìmh ìti up�rqei D ⊆ X

puknì ¸ste k�je Tn,λ na èqei dexiì antÐstrofo Snλ : D 7→ X. Tìte èqoume to ex c krit rio
Je¸rhma 2.5 ([5]) 'Estw ìti to Λ eÐnai arijm simh ènwsh sumpag¸n sunìlwn K me thn ex c idiìthta

:Gia k�je (u, ν) ∈ D kai k�je anoiqt  perioq  O tou 0 up�rqoun p ∈ X ,λ1, ..., λq ∈ Λ sÔnola paramètrwn

Λ1, ...,Λq ⊆ Λ me λi ∈ Λi ∀i kai n1, ..., nq ∈ N ètsi ¸ste

(i)
⋃

i Λi ⊇ K

(ii) p− ν ∈ O

(iii) Gia k�je i ∈ { 1 , . . . q } kai k�je λ ∈ Λi

(1) Tni,λSni,λi
(u)− u ∈ O.

(2) Tni,λ(p)− Tni,λ(p)− Tni,λSni,λi ∈ O.

Tìte to
⋂

λ∈Λ

Univ(Tλ) eÐnai Gδ puknì.

Apìdeixh
ParathroÔme ìti afoÔ to Λ eÐnai σ sumpagèc, an deÐxoume to je¸rhma gia k�je sumpagèc uposÔnolo
tou Λ tìte apì to je¸rhma Baire ja èqoume to zhtoÔmeno. 'Ara mporoÔme na upojèsoume ìti to Λ eÐnai
sumpagèc. 'Estw U ⊆ X anoiqtì. Jètoume

UΛ = {x ∈ X : ∀ λ ∈ Λ ∃ n ∈ N : Tn,λ(x) ∈ U}.

Apì th sunèqeia thc λ 7→ Tn,λ(x) kai th sump�geia tou Λ èpetai ìti to UΛ eÐnai anoiqtì sto X. O X

eÐnai diaqwrÐsimoc. 'Estw {Uj}∞j=1 b�sh thc topologÐac tou. ParathroÔme ìti
⋂
λ∈Λ

Univ(Tλ) =
∞⋂

j=1

UjΛ.
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'Epetai apì to j¸rhma kathgorÐac tou Baire ìti arkeÐ na apodeÐxoume ìti k�je UΛ eÐnai puknì. ArkeÐ
na deÐxoume ìti V ∩ UΛ 6= ∅ gia k�je V 6= ∅ anoiqtì sto X, ìpou U tuqaÐo anoiqtì uposÔnolo tou X mh
kenì. 'Estw loipìn (U, V ) anoiqt� mh ken�. Epeid  to D eÐnai puknì up�rqoun u, ν ∈ D kai N perioq 
tou 0 ¸ste U = u + N,V = ν + N . Epilègoume O perioq  tou 0 ¸ste O + O ⊆ N kai p, ni, λi,Λi ¸ste
na ikanopoioÔntai oi upojèseic tou jewr matoc. Epeid  O ⊆ N kai p− ν ∈ O èqoume p− ν ∈ N . 'Omwc
V = ν + N . 'Ara p ∈ V. ArkeÐ na apodeÐxoume ìti p ∈ UΛ. 'Estw loipìn λ ∈ Λ kai i ∈ {1, 2, ....q} ¸ste
λ ∈ Λi. Jètoume n = ni. Gr�fontac

Tn,λ(p)− u = (Tn,λ(p)− Tn,λSn,λi(u)) + (Tn,λSn,λi(u)− u)

èqoume p ∈ UΛ.

Parat rhsh An ∀λ ∈ Λ oi telestèc Tn,λ eÐnai dun�meic enìc telest  Tλ tìte to (iii) sth deÔte-
rh sunj kh tou prohgoÔmenou jewr matoc mporeÐ na antikatastajeÐ apì to akìloujo

Up�rqoun εi ∈ {−1, 1} ¸ste Tni

λ (p)− εiT
ni

λ Sni

λi
(u) ∈ O.

Pr�gmati antikjist¸ntac to UΛ me to UΛ
∗ = {x ∈ X : ∀λ ∈ Λ ∃n me Tn

λ (x) ∈ U   Tn
λ (x) ∈ −U}

tìte apì thn prohgoÔmenh apìdeixh sunep�getai ìti up�rqei Gδ puknì sÔnolo dianusm�twn x ∈ X me thn
idiìthta to {Tn

λ (x) |n ∈ N} ∩ {Tn
λ (−x) |n ∈ N} eÐnai puknì sto X. SÔmfwna me genikì je¸rhma èna

tètoio di�nusma eÐnai kajolikì gia ìlouc touc Tλ.
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2.2 'Alla krit ria kai efarmogèc

Se aut  thn enìthta ja doÔme k�poia krit ria gia koin� uperkuklik� dianÔsmata pou eÐnai sunèpeiec tou
Jewr matoc 2.5 thc prohgoÔmenhc paragr�fou. Arqik� eis�goume k�poia orologÐa.

• Gia k�je n ∈ N, k�je u ∈ D kai k�je perioq  O tou 0 ston X jètoume
δn(u,O) = sup{δ ∈ R+ |0 ≤ µ− λ ≤ δ ⇒ Tn,λSn,µ(u)− u ∈ O}.

• An ni eÐnai akoloujÐa akeraÐwn (peperasmènh h �peirh) o arijmìc
∑

i

δni
(u,O)

lègetai m koc thc ni se sqèsh me to (u,O).
• Gia k�je n ∈ N, k�je (u, ν) ∈ D × D kai k�je perioq  O tou 0 ston X, sumbolÐzoume me
T (u, ν,O) (dèndro peperasmènwn akolouji¸n) thn oikogèneia ìlwn twn peperasmènwn akolouji¸n
s = (n1, . . . , nq) akeraÐwn pou eÐnai aÔxousec kai ikanopoioÔn thn parak�tw idiìthta:
gia k�je λ0 < λ1 < ... < λq ∈ Λ up�rqei p ∈ X ¸ste p− ν ∈ O kai ∀i ∈ {1, ..., q},∀λ ∈ [λi−1, λi]

Tni,λ(p)− Tni,λSni,λi(u) ∈ O. .

Je¸rhma 2.6 (Monodi�stato krit rio) An k�je dèndro T (u, ν,O) èqei stoiqeÐa aujaÐreta meg�lou

m kouc tìte to sÔnolo
⋂

λ∈Λ HC(Tλ) eÐnai Gδ kai puknì uposÔnolo tou X. Eidikìtera autì sumbaÐnei �n

k�je dèndro T (u, ν,O) èqei �peiro kl�do me stoiqeÐa �peirou m kouc.

Apìdeixh
Apì to je¸rhma Baire mporoÔme na upojèsoume ìti to Λ eÐnai sumpagèc di�sthma Λ = [a, b]. Gia k�je
tri�da T (u, ν,O) qrhsimopoi¸ntac thn upìjesh brÐskoume (n1, ...., nq) ∈ T (u, ν,O) ¸ste ∑q

i=1 δni ≥ b−a.
'Estw a = λ0 < ... < λq = b diamèrish tou Λ ¸ste λi − λi−1 ≤ δni(u,O),∀i ∈ {1, 2, ..., q}. Jètoume
Λi = [λi−1, λi] kai eÔkola blèpoume ìti efarmìzetai to Je¸rhma (2.5).

Pìrisma 2.1 An gia k�je suneq  hminìrma ‖.‖ sto X ikanopoioÔntai ta parak�tw

(1) Gia k�je u ∈ D kai λ, µ ∈ K èqoume ìti

‖Tn,λSn,µ(u)− u‖ ≤ ωu(Cn(u))(µ− λ),

gia k�poia sun�rthsh ωu me limt→0 ωu(t) = 0,

(2) Gia k�je (u, ν) ∈ D ×D up�rqoun �peiro uposÔnolo tou N A kai N ∈ N ètsi ¸ste

(a)
∑

n∈A
1

Cn(u) = ∞.
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(b) Jètontac O = {‖x‖ < 1} , èqoume ìti to dèndro T (u, ν,O) perièqei ìlec tic akoloujÐec

(n1, ...., nq) ⊂ A me n1 ≥ N kai ni − ni−1 ≥ N gia ìla ta i ≥ 1

tìte efarmìzetai to monodi�stato krit rio.

Apìdeixh
'Estw h tri�da (u, ν,O) ìpou upojètoume ìti to O eÐnai thc morf c O = {‖x‖ < 1} gia k�poia suneq 
hminìrma ston X. Apì thn sunj kh (1) sunep�getai ìti mporoÔme na gr�youme δni

(u,O) ≥ η
Cn(u) gia

k�poia stajer� η = η(u,O). 'Estw A = {α0, α1, ...} ⊂ N ìpwc sth (2). Tìte gia k�je r ∈ {0, ..., N − 1},
h akoloujÐa nr

i = (αr+Ni)i≥1 eÐnai �peiroc kl�doc tou T (u, ν,O), kai toul�qiston ènac apì autoÔc touc
kl�douc èqei �peiro m koc. To sumpèrasma prokÔptei apì to prohgoÔmeno Je¸rhma.
L mma 2.1 'Estw (n1, ...., nq) peperasmènh aÔxousa akoloujÐa akeraÐwn kai èstw O′

perioq  tou 0 sto

X me O′
+O′

+O′ ⊂ O. Upojètoume ìti gia ìla ta λ1 < ... < λq ∈ Λ isqÔoun ta akìlouja:

(a)
∑q

i=1 Sni,λi
(u) ∈ O

(b1) Tni,λ(ν) ∈ O′
, gia k�je i ∈ {1, 2, ..., q} kai λ ∈ Λ.

(b2)
∑

j<i Tni,λSnj ,λj
(ν) ∈ O′

gia k�je i ∈ {1, 2, ..., q} kai λ ≥ λj gia ìla ta j < i.

(b3)
∑

j>i Tni,λSnj ,λj (ν) ∈ O′
gia k�je i ∈ {1, 2, ..., q} kai λ ≤ λj gia ìla ta j > i.

Tìte (n1, ...., nq) ∈ T (u, ν,O).

Apìdeixh
Doèntwn λ1 < ... < λq ∈ Λ orÐzoume

p = ν +
q∑

i=1

Sni,λi
(u)

kai to sumpèrasma èpetai eÔkola apì tic upojèseic tou l mmatoc kai ton orismì tou T (u, ν,O).
Eidik  perÐptwsh tou prohgoÔmenou l mmatoc eÐnai to akìloujo.

L mma 2.2 'Estw (n1, ...., nq) peperasmènh aÔxousa akoloujÐa akeraÐwn. Upojètoume ìti

(a) Tni,λ(ν) = 0 gia k�je i kai Tni,λSnj ,µ(u) = 0 an i > j kai λ, µ ∈ Λ.

(b)
∑q

i=1 Sni,λi(u) ∈ O gia k�je λ1 < ... < λq ∈ Λ, kai
∑

j>i Tni,λSnj ,λj
(u) ∈ O gia k�je i ∈

{1, 2, ..., q} kai λ ≤ λj gia ìla ta j > i.

Tìte (n1, ...., nq) ∈ T (u, ν,O).

Prìtash 2.1 'Estw X diaqwrÐsimoc q¸roc Fréchet kai T ∈ L(X). Upojètoume ìti

(a) to sÔnolo D :=
⋃

n Ker(Tn) eÐnai puknì sto X kai ìti o T èqei dexiì antÐstrofo S : D 7→ X.

(b) Up�rqei k�poio λ0 ≥ 0 tètoio ¸ste gia λ > λ0 kai k�je u ∈ D to sÔnolo {λ−nSn(u)} na eÐnai

fragmèno wc proc k�je suneq  hminìrma sto X.
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Tìte to
⋂

λ>λ0
HC(λT ) eÐnai Gδ kai puknì sto X.

Apìdeixh
Kata ta gnwst� arkeÐ na apodeÐxoume ìti to ⋂

λ∈Λ HC(λT ) eÐnai Gδ kai puknì ìpou to Λ eÐnai sumpagèc
uposÔnolo tou (λ0,+∞). Tìte up�rqei α > λ0 kai C > 1 ètsi ¸ste inf Λ = Cα. Apì ton orismì tou D kai
afoÔ o S eÐnai dexi� antÐstrofoc tou T èpetai ìti o S apeikonÐzei to D ston eautì tou. Ja efarmìsoume
to monodi�stato krit rio me Tn,λ = (λT )n kai Sn,λ = (λ−1S)n. 'Estw loipìn ‖‖ suneq c hminìrma ston
X.

Gia k�je u ∈ D kai λ, µ ∈ Λ èqoume:
‖Tn,λSn,µ(u)− u‖ = |λnµ−n − 1| ‖u‖ = |en log(λ)−log(µ) − 1| ‖u‖

'Ara ikanopoieÐtai h sunj kh (1) tou PorÐsmatoc 2.1. 'Estw (u, ν) ∈ D × D, N jetikìc akèraioc kai
(n1, ...., nq) peperasmènh akoloujÐa akeraÐwn ¸ste ni − ni−1 ≥ N,∀i > 1. Jètoume O = {‖x‖ < 1} kai
ja apodeÐxoume ìti ikanopoioÔntai oi upojèseic tou prohgoÔmenou l mmatoc.

Epeid  Tn,λSn′ ,µ(u) = λnµ−nTn−n
′

(u) an n ≥ n′ kai afoÔ u, v ∈ D, h pr¸th idiìthta tou L mmatoc
2.2 ikanopoieÐtai. Akìmh èqoume

‖Sn,λ(u)‖ ≤ λ−n‖Snu‖ ≤ C−n‖α−nSnu‖

gia ìla ta λ, n kai
‖Tn,λSn′,µ(u)‖ ≤ λ−(n′−n))‖Sn′−n(u)‖ ≤ C−(n′−n)Sn′−n(u)‖

an λ ≤ µ, n′ > n. 'Ara lìgw tou (b) blèpoume ìti ikanopoieÐtai kai h deÔterh sunj kh tou L mmatoc 2.2
kai h apìdeixh eÐnai pl rhc.

Pìrisma 2.2 'Estw ìti o X eÐnai q¸roc Banach kai T ∈ L(X). Upojètoume ìti to
⋃

n Ker(Tn) eÐnai puk-

nì sto X kai epiplèon ìti o T eÐnai epÐ. Tìte up�rqei peperasmènh stajer� C ≥ 0 ¸ste to
⋂

λ>C HC(λT )

na eÐnai Gδ kai puknì sto X.

Apìdeixh
'Epetai �mesa apì to je¸rhma anoiqt c apeikìnishc kai apì thn Prìtash 2.1 .

Pìrisma 2.3 An B eÐnai o telest c metatìpishc proc ta pÐsw ston `p, 1 ≤ p < ∞   ston c0 tìte to

sÔnolo
⋂

λ>1 HC(λB) eÐnai Gδ kai puknì ston antÐstoiqo q¸ro.

KleÐnontac aut  thn enìthta ja diatup¸soume èna apotèlesma an�logo thc Prìtashc 2.1 pou anafè-
retai se telestèc metatìpishc proc ta pÐsw me b�roc. Se ènan q¸ro Frèchet mia akoloujÐa {en} lègetai
b�sh upì sunj kh an to D = span{en : n = 0, 1, . . .} eÐnai puknì ston q¸ro. MÐa akoloujÐa b�rouc eÐnai
mÐa akoloujÐa jetik¸n pragmatik¸n arijm¸n {wn}. H grammik  apeikìnish Tw : D 7→ D pou orÐzetai apì
tic Te0 = e0 kai Ten = wnen−1, n ≥ 1 lègetai metatìpish proc ta pÐsw me b�roc w. Lème ìti h akoloujÐa
w eÐnai ajroÐsimh an o Tw epekteÐnetai suneq¸c ston q¸ro. IsqÔei to akìloujo

29



Je¸rhma 2.7 . 'Estw
(
w(λ)

)
λ∈Λ

oikogèneia ajroÐsimwn akolouji¸n b�rouc parametrhmènec sto Λ ⊂ R.

Gia k�je λ ∈ Λ èstw Tλ telest c metatìpishc proc ta pÐsw pou antistoiqeÐ sto w(λ). Upojètoume ìti

isqÔoun ta akìlouja

(1) 'Olec oi sunart seic wn(λ) eÐnai aÔxousec kai Lipschitz sta sumpag .

(2) Gia k�je sumpagèc K ⊆ Λ kai k�je p ∈ N up�rqoun sÔnola akeraÐwn A,B ⊂ N ètsi ¸ste

(2i) To sÔnolo B perièqei ìlec tic diaforèc n− n′ ìpou n, n′ ∈ A me n > n′.

(2ii) Gia k�je j ∈ {0, . . . , p} h seir� ∑
m∈B

1
w1(λ) . . . wm+j(λ)

em+j

sugklÐnei.

(2iii)
∑

n∈A
1Pn+p

k=1 Lk
= ∞ ìpou Lk eÐnai h stajer� Lipschitz thc sun�rthshc log(wk) sto K.

Tìte to sÔnolo
⋂

λ∈Λ HC(Tλ) eÐnai Gδ kai puknì.

Gia thn apìdeixh tou prohgoÔmenou kaj¸c kai gia perissìterec leptomèreiec parapèmpoume sto [5].
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2.3 Koinèc uperkuklikèc akèraiec sunart seic gia pollapl�sia

diaforik¸n telest¸n

Sth paroÔsa enìthta ja apodeÐxoume qrhsimopoi¸ntac mÐa parallag  thc Prìtashc 2.1 ìti an p eÐnai èna
mh stajerì polu¸numo tìte to sÔnolo ⋂

λ∈C∗
HC(λp(D)) eÐnai Gδ kai puknì ston H(C).

Prìtash 2.2 'Estw T : X 7→ X suneq c kai grammikìc telest c gia ton opoÐo upojètoume ìti

(i) Up�rqei A ⊆
⋃
n

Ker(Tn) pou eÐnai puknì ston X kai S :
⋃
n

Ker(Tn) 7→ X dexi� antÐstrofoc tou T.

(ii) Up�rqei λ0 > 0 ¸ste gia k�je u ∈ A kai k�je λ > λ0 to sÔnolo {λ−nSnu : n ∈ N} na eÐnai

fragmèno sto X.

Tìte to sÔnolo
⋂

λ>λ0

HC(λT ) eÐnai Gδ puknì sto X.

Je¸rhma 2.8 'Estw p mh stajerì (monikì) polu¸numo. Tìte to sÔnolo
⋂

λ>0

HC(λp(D)) eÐnai Gδ kai

puknì ston H(C).

Apìdeixh
Apì to je¸rhma Baire arkeÐ na apodeÐxoume ìti gia k�je λ0 > 0 to ⋂

λ>λ0

HC(λp(D)) eÐnai Gδ kai puknì.
'Estw p(z) = (z − λ1) . . . (z − λs). ParathroÔme ìti gia k�je λ ∈ C o telest c Sλ : H(C) 7→ H(C) me

Sλ(f)(z) = eλz

∫ z

0

f(w)e−λwdw

eÐnai dexi� antÐstrofoc tou D−λI. 'Epetai ìti o telest c S = Sλs
◦ . . .◦Sλ1 eÐnai ènac dexiìc antÐstrofoc

tou p(D). Akìmh an A := {eλ1zq(z) : q polu¸numo} ⊂ ⋃
n

Ker(p(D))n tìte to A eÐnai puknì ston
H(C). 'Ara apì thn Prìtash 2.2 arkeÐ na deÐxoume ìti gia k�je m ∈ N kai k�je λ > λ0 to sÔnolo
{λ−nSn(eλ1zzm) : n ∈ N} eÐnai fragmèno.

ParathroÔme ìti an f ∈ H(C), k eÐnai jetikìc akèraioc kai λ ∈ C tìte
sup
|z|≤k

|Sλ(f)(z)| ≤ k(e|λ|k)2 sup
|z|≤k

|f(z)|, (2.19)
kai �ra

sup
|z|≤k

|Sn
λ (f)(z)| ≤ [k(e|λ|k)2]n sup

|z|≤k

|f(z)| gia k�je n ∈ N. (2.20)
EÐnai �meso ìti

Sn
λ1

(eλ1zzm) =
eλ1zzm+n

(m + 1) . . . (m + n)
. (2.21)

ParathroÔme akìmh ìti an λ, µ ∈ C tìte oi Sλ, Sµ metatÐjentai. Pr�gmati ènac upologismìc dÐnei ìti
Sλ ◦Sµ(ebz) = Sµ ◦Sλ(ebz) gia k�je b ∈ C kai epeid  to span{ebz : b ∈ C} eÐnai puknì ston H(C) èpetai
to sumpèrasma. Qrhsimopoi¸ntac tic (2.19), (2.20), (2.21) kai thn prohgoÔmenh parat rhsh paÐrnoume

sup
|z|≤k

|Sn(eλ1zzm) = sup
|z|≤k

|Sn
λs

. . . Sn
λ1

(eλ1zzm)|

≤ k(s−1)n
( s∏

j=2

e|λj |k
)2n e|λ1|kkm+n

(m + 1) . . . (m + n)
.

(2.22)
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'Epetai ìti λ−nSn(eλ1zzm) → 0 omoiìmorfa sta sumpag  uposÔnola tou C to opoÐo oloklhr¸nei kai thn
apìdeixh.
Je¸rhma 2.9 'Estw p mh stajerì polu¸numo. Tìte to sÔnolo

⋂
λ∈C∗

HC(λp(D)) eÐnai Gδ kai puknì.

Apìdeixh
MporoÔme na upojèsoume ìti to p eÐnai monikì. To sumpèrasma prokÔptei apì to prohgoÔmeno Je¸rhma
kai to akìloujo apotèlesma.
Je¸rhma 2.10 'Estw T : X 7→ X suneq c kai grammikìc telest c. An o T eÐnai uperkuklikìc tìte gia

k�je θ ∈ [0, 1] o e2πiθT eÐnai uperkuklikìc kai m�lista èqei ta Ðdia uperkuklik� dianÔsmata me ton T.

Apìdeixh
Ja apodeÐxoume to prohgoÔmeno upojètontac epiplèon ìti o T ikanopoieÐ to krit rio uperkuklikìthtac.
ParathroÔme ìti an o T ikanopoieÐ to krit rio uperkuklikìthtac tìte to Ðdio isqÔei kai gia ton λT ìtan
|λ| = 1. StajeropoioÔme èna λ ∈ T. 'Estw x uperkuklikì di�nusma tou λT. OrÐzoume ta ex c sÔnola

Kµ,x = {y ∈ X : ∃nk →∞ : (µT )nkx → y}

ìpou x ∈ X, µ ∈ T. Apì thn upìjesh mac
X = K̄λ,x.

'Epetai ìti
X = K̄λ,x ⊆ cl(TK1,x).

Epeid  to T eÐnai kleistì fragmèno kai fragmèno makri� apo to 0 èpetai ìti cl(TK1,x) ⊂ Tcl(K1,x). 'Ara ,
X = Tcl(K1,x).

DiamerÐzoume to T se dÔo kleist� tìxa m kouc π ètsi ¸ste T = A1

⋃
A2. Tìte

X = A1cl(K1,x)
⋃

A2cl(K1,x)

kai apì to je¸rhma Baire èpetai ìti (Aicl(K1,x))◦ 6= ∅ gia k�poio i ∈ {1, 2}. OrÐzoume
C1 = Ai.

'Epetai ìti
T (C1cl(K1,x) ⊆ C1cl(K1,x).

O T eÐnai uperkuklikìc kai to C1cl(K1,x) eÐnai k�pou puknì �ra up�rqei z ∈ HC(T ) ¸ste z ∈ C1cl(K1,x).

'Ara cl(Orb(T, z)) ⊆ C1cl(K1,x) pou dÐnei thn
X = C1cl(K1,x).

DiamerÐzoume to C1 se dÔo kleist� tìxa m kouc π/2 ¸ste C1 = C1,1 ∪ C1,2. Me èna epiqeÐrhma an�logo
tou prohgoÔmenou sun�goume ìti

X = C1,icl(K1,x)
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gia k�poio i ∈ {1, 2}. OrÐzoume C2 = C1,i kai èpetai ìti
X = C2cl(K1,x).

Epagwgik� orÐzoume akoloujÐa kleist¸n tìxwn Cn m kouc π/2n ¸ste
X = Cncl(K1,x). (2.23)

Apì to je¸rhma Cantor
⋂

Cn = {a} gia k�poio a ∈ T. EÔkola epalhjeÔoume ìti ⋂
n Cncl(K1,x) = aK1,x

kai apì thn (2.23) paÐrnoume X = acl(K1,x), dhlad  X = cl(K1,x).
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Kef�laio 3

SUQNA UPERKUKLIKOI

TELESTES

3.1 Krit rio suqn c kajolikìthtac

Orismìc 3.1 (Bayart,Grivaux[3]) 'Estw X q¸roc Fréchet kai T : X 7→ X suneq c grammikìc te-

lest c. O T ja lègetai suqn� uperkuklikìc an up�rqei x ∈ X : ∀U ⊆ X anoiqtì mh kenì to sÔnolo

{n ∈ N : Tnx ∈ U} èqei jetik  kat¸terh puknìthta. Se aut  th perÐptwsh to x ja lègetai suqn�

uprkuklikì di�nusma tou T .

UpenjumÐzoume ìti h kat¸terh puknìthta enìc sunìlou A ⊆ N orÐzetai wc
dens(A) = lim inf

N→∞

#{n ∈ A : n ≤ N}
N

.

H kat¸terh puknìthta miac austhr� aÔxousac akoloujÐac jetik¸n akeraÐwn (nk)∞k=1 orÐzetai wc h kat¸-
terh puknìthta tou antÐstoiqou uposunìlou tou N. Dhlad 

dens(nk) = lim inf
N→∞

#{k ∈ N : nk ≤ N}
N

.

Epeid  ∀N me nk ≤ N < nk+1 èqoume #{j∈N:nj≤N}
N = k

N , prokÔptoun amèswc ta akìlouja

L mma 3.1 Gia mÐa austhr� aÔxousa akoloujÐa (nk) jetik¸n akeraÐwn èqoume

dens(nk) = lim inf
k→∞

k

nk
.

L mma 3.2 MÐa austhr� aÔxousa akoloujÐa jetik¸n akairèwn (nk)∞k=1 èqei jetik  kat¸terh puknìthta

an kai mìnon an

sup
k∈N

nk

k
< ∞.
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Prathrhseic To x ∈ X eÐnai suqn� uperkuklikì gia ton telest  T an kai mìnon an gia k�je mh kenì
anoiqtì U ⊆ X up�rqei austhr� aÔxousa akoloujÐa (nk) jetik¸n akairèwn kai C > 0 ¸ste

nk ≤ Ck Tnkx ∈ U ∀k ∈ N.

Se antÐjesh me thn uperkuklikìthta to je¸rhma tou Baire den mporeÐ na efarmosteÐ me ton Ðdio trìpo
kaj¸c to sÔnolo twn suqn� uperkuklik¸n dianusm�twn, en gènei, den eÐnai residual. K�tw apì k�poiec
upojèseic mporeÐ na apodeiqjei ìti eÐnai pr¸thc kathgorÐac. Ed¸ to mègejoc tou sunìlou twn suqn�
uperkuklik¸n dianusm�twn FHC(T ) melet�tai upo thn ènnoia an X = FHC(T ) + FHC(T ). O orismìc
twn suqn� uperkuklik¸n telest¸n mporeÐ na tejeÐ sto ex c genikìtero plaÐsio
Orismìc 3.2 'Estw X Y topologikoÐ grammikoÐ q¸roi kai Tn : X 7→ Y n ∈ N akoloujÐa apeikonÐsewn.

To x ∈ X ja lègetai suqn� kajolikì gia thn akoloujÐa (Tn) an gia k�je U ⊆ X anoiqtì mh kenì to

sÔnolo

{n ∈ N : Tnx ∈ U}

èqei jetik  kat¸terh puknìthta. Tìte h akoloujÐa (Tn) ja lègetai suqn� kajolik  kai to sÔnolo aut¸n

twn dianusm�twn ja dhl¸netai me FU(Tn)

Ja apodeÐxoume èna krit rio an�logo tou Jewr matoc 1.1 pou mac exasfalÐzei ìti enac telest c eÐnai
suqn� uperkuklikìc. T¸ra den qrhsimopoioÔme to je¸rhma Baire all� kataskeu�zoume tètoio di�nusma.
PrÐn thn apìdeixh eis�goume k�poia orologÐa sqetik� me thn sÔgklish seir¸n se qwro Fréchet.

'Opwc eÐnai gnwstì se k�je q¸ro Fréchet up�rqei diaqwrÐzousa akoloujÐa hminorm¸n pn ¸ste h
metrik 

d(x, y) =
∞∑

n=1

1
2n

pn(x− y)
1 + pn(x− y)

na orÐzei topologÐa sumbat  me thn topologÐa tou q¸rou. Jètoume ‖x‖ = d(x, 0).

Orismìc 3.3 'Estw X F−q¸roc kai {xk} akoloujÐa sto X. Ja lème ìti h seir�
∑∞

k=1 xk sugklÐnei upì

sunj kh sto X an gia k�je ε > 0 up�rqei N ≥ 1 ¸ste gia k�je peperasmèno F ⊆ N me F∩{1, 2 . . . N} = ∅

na èqoume

‖
∑
k∈F

xk‖ < ε.

An Q eÐnai q¸roc Fréchet me akoloujÐa hminorm¸n pn kai F−nìrma ‖ ‖ tìte èqoume ìti
∞∑

k=1

‖xk‖ < ∞⇒
∞∑

k=1

pn(xk) < ∞ ∀n ∈ N ⇒
∞∑

k=1

pn(xk) sugklÐnei upì sunj kh.
Ja qreiastoÔme akìmh ton akìloujo orismì
Orismìc 3.4 H sullog  twn seir¸n

∑∞
k=1 xk,j j ∈ J se ènan F−q¸ro sugklÐnei upì sunj kh omoiì-

morfa wc proc j ∈ J an gia k�je ε > 0 up�rqei akèraioc N ≥ 1 ¸ste gia k�je peperasmèno sÔnolo F ⊆ N

me F ∩ {1, 2, . . . n} = ∅ kai k�je j ∈ J na èqoume

‖
∑
k∈F

xk,j‖ < ε.
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Je¸rhma 3.1 (Krit rio suqn c kajolikìthtac) 'Estw X F− q¸roc Y diaqwrÐsimoc F−q¸roc kai

Tn : X 7→ Y, n ∈ N suneqeÐc apeikonÐseic. 'Estw ìti up�rqei puknì uposÔnolo Y0 tou Y kai apeikonÐseic

Sn : Y0 7→ X, n ∈ N ¸ste

(a) H seir�
∑∞

n=1 Tk+nSky sugklÐnei upì sunj kh omoiìmorfa wc proc k ∈ N gia ìla ta y ∈ Y0.

(b) H seir�
∑∞

n=1 TkSn+ky sugklÐnei upì sunj kh omoiìmorfa wc proc k gia ìla ta y ∈ Y0.

(g) H seir�
∑∞

n=1 Sny sugklÐnei upì sunj kh gia k�je y ∈ Y0.

(d) TnSny → y gia k�je y ∈ Y0.

Tìte h akoloujÐa (Tn) eÐnai suqn� kajolik 

Gia thn apìdeixh tou parap�nw jewr matoc ja qreiastoÔme to ex c L mma

L mma 3.3 'Estw ρ(l, ν), l, ν ∈ N mh arnhtikoÐ arijmoÐ ¸ste

∞∑
l,ν=1

ρ(l, ν)
2l+ν

< ∞.

Tìte up�rqei gnhsÐwc aÔxousa akoloujÐa jetik¸n akeraÐwn (nk) kai diamèrish tou N,

N =
∞⋃

l,v=1

I(l, v)

tètoia ¸ste

(a) gia k�je l, ν ∈ N h akoloujÐa (nk)k∈I(l,ν) èqei jetik  kat¸terh puknìthta,

(b) nk − nm ≥ Rk + Rmgia k > m, kai n1 ≥ R1

ìpou Rk = ρ(l, ν) gia k ∈ I(l, ν).

Apodeixh Jewr matoc 3.1
AfoÔ o Y eÐnai diaqwrÐsimoc (�ra kai o Y0) mporoÔme na upojèsoume ìti to Y0 eÐnai arijm simo

Y0 = {y1, y2, y3...}.

Qrhsimopoi¸ntac tic upojèseic (a),(b),(g) kai (d) tou jewr matoc brÐskoume fusikoÔc Nl l ≥ 1 ¸ste gia
ìla ta λ ≥ l ìla ta k ∈ N kai k�je peperasmèno uposÔnolo F tou N me F ∩ {1, 2, ..., Nl − 1} na èqoume

‖
∑
n∈F

Tn+kSkyλ‖ ≤
1
l2l

, (3.1)

‖
∑
n∈F

TkSk+nyλ‖ ≤
1
l2l

, (3.2)

‖
∑
n∈F

Snyλ‖ ≤
1
l2l

, (3.3)
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kai
‖TnSnyλ − yλ‖ ≤

1
2l

. (3.4)
'Estw ρ(l, v) = v gia l, v ∈ N. Efarmìzoume to L mma 2.3 opìte paÐrnoume akoloujÐa nk, diamèrish tou
N = ∪∞l,v=1I(l, v) kai Rk = ρ(l, v) an k ∈ I(l, v) me tic idiìthtec pou diatup¸nontai ekeÐ. OrÐzoume

zk =

 yl, k ∈ I(l, Nl)

0 alli¸c (3.5)

kai jètoume
x =

∞∑
k=1

Snk
zk. (3.6)

Apì ton orismì thc zk èqoume gia k�je l ≥ 1 ìti
∑

k∈I(l,Nl)

Snk
zk =

∑
k∈I(l,Nl)

Snk
yl (3.7)

kai h seir� sugklÐnei upì sunj kh apì thn upìjesh (g) tou jewr matoc.
Apì to L mma 3.3

nk ≥ Rk = Nl ìtan k ∈ I(l, Nl)

kai �ra an to K eÐnai peperasmèno uposÔnolo tou I(l, Nl) tìte to sÔnolo {nk : k ∈ K} eÐnai peperasmèno
kai den tèmnei to {1, 2..., Nl − 1}. 'Epetai apì thn (3.3) ìti

‖
∑
k∈K

Snk
yl‖ ≤

1
2l

.

Apì thn prohgoÔmenh sqèsh kai apì thn upo sunj kh sÔgklish thc (3.7) sunep�getai ìti h (3.6) sugklÐnei
upì sunj kh.

'Estw k ∈ I(l, Nl) gia k�poio l ∈ N. Tìte
Tnk

x− yl =
∑
j<k

Tnk
Snj

zj +
∑
j>k

Tnk
Snj

zj + (Tnk
Snk

zk − yl). (3.8)

'Eqoume ∑
j<k

Tnk
Snj zj =

l∑
λ=1

∑
j∈I(λ,Nλ)j<k

Tnk
Snj yλ +

∞∑
λ=l+1

∑
j∈I(λ,Nλ),j<k

Tnk
Snj yλ. (3.9)

Apì to l mma 3.3 èqoume
nk − nj ≥ Rk = Nl,

kai �ra apì th sqèsh (3.1) sunep�getai ìti gia λ ≤ l èqoume
‖

∑
j∈I(λ,Nλ),j<k

Tnk
Snj

yλ‖ = ‖
∑

j∈I(λ,Nλ),j<k

Tnj+(nk−nj)Snj
yλ‖ ≤

1
l2l

(3.10)

Akìmh
nk − nj ≥ Rj = Nλ gia j ∈ I(λ, Nλ).
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'Ara èpetai ìti gia ìla ta l èqoume

‖
∑

j∈I(λ,Nλ),j<k

Tn,kSnj
yλ‖ = ‖

l∑
λ=1

Tnj+(nk−nj)Snj
yλ‖ ≤

1
λ2λ

. (3.11)

Apì tic (3.9), (3.10), (3.11) èpetai ìti

‖
∑
j<k

Tnk
Snj

zj‖ ≤
l∑

λ=1

1
l2l

+
∞∑

λ=l+1

1
λ2λ

≤ 2
2l

. (3.12)

Me ton Ðdio trìpo qrhsimopoi¸ntac thn (2) brÐskoume ìti gia k�je M > k∑
k<j≤M

Tnk
Snj zj‖ ≤

2
2l

kai sunep¸c
‖

∑
j>k

Tnk
Snj

zj‖ ≤
2
2l

.

Tèloc apì ton orismì thc zk kai th sqèsh (3.4) sunep�getai ìti
‖Tnk

Snk
zk − yλ‖ ≤

1
2l

,

afoÔ nk ≥ Nl. 'Eqoume loipìn ìti
‖Tnk

x− yλ‖ ≤
5
2l

gia k ∈ I(l, Nl).
'Omwc apì to l mma 3.3 h akoloujÐa (nk)k∈I(l,Nl

èqei jetik  kat¸terh puknìthta. Akìmh o Y0 eÐnai
puknìc sto X, 5

2l → 0 kai to sumpèrasma eÐnai profanèc.

Apìdeixh l mmatoc 3.3
Epeid  ∑∞

l,ν=1
1

2l+ν < ∞ gr�fontac ρ(l, ν) = [ρ(l, ν)] + θ ìpou 0 ≤ θ ≤ 1 mporoÔme na upojèsoume ìti
ρ(l, ν) ∈ N gia ìla ta l, ν. Gia k�je l ≥ 1 orÐzoume to sÔnolo

I(l) = {n ∈ N : n = 2l−1 (mod 2l)} = {2l−1(2j − 1) : j ≥ 1}, l ≥ 1.

Ta {I(l),≥ 1} orÐzoun diamèrish tou N. Me ton Ðdio trìpo diamerÐzoume k�je I(l) se arijm sima sÔnola
kai ètsi paÐrnoume diamèrish tou N

N =
∞⋃

l,ν=1

I(l, ν)

me
I(l, ν) = {2l−1(2ν(2j − 1)− 1) j ≥ 1}, l, ν ≥ 1.

Jètoume t¸ra
Rk = ρ(l, ν) an k ∈ I(l, ν)

kai
nk = 2

k−1∑
p=1

Rp + Rk gia k ≥ 1.
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IsqÔei
n1 = 1

kai gia k > m ≥ 1,

nk − nm = Rk + 2
k−1∑
p=1

Rp − 2
m−1∑
p=1

Rp −Rm

= Rk + 2
k−1∑
p=m

Rp −Rm ≥ Rk + Rm.

Akìmh nk+1−nk ≥ Rk = ρ(l, ν) kai �ra h nk eÐnai gnhsÐwc aÔxousa. 'Ara mènei na deiqjeÐ to (a) mèroc tou
l mmatoc. Apì to L mma 3.1 arkeÐ na apodeÐxoume ìti h akoloujÐa {nk

k } eÐnai fragmènh. Ja broÔme èna
�nw fr�gma gia thn akoloujÐa {nk}. H Rp èqei thn Ðdia tim  gia p ∈ I(l, ν) kai �ra arkeÐ na ektim soume
ton arijmì twn p ∈ N, p ≤ k gia ta opoÐa p ∈ I(l, ν) gia stajer� l, ν.
Isqurismìc :Gia k�je k ∈ N kai ìla ta l, v ∈ N èqoume

#{p ∈ I(l, ν) : p ≤ k} ≤ k

2l+ν
+

1
2ν+1

+
1
2
.

Gia thn apìdeixh tou IsqurismoÔ mporÔme na upojèsoume ìti k ∈ I(l, ν). 'Estw loipìn ìti k = 2l−1(2ν(2j−

1)− 1). Tìte èqoume
#{p ∈ I(l, ν) p ≤ k} = j =

1
2

( k
2l−1 + 1

2ν
+ 1

)
=

k

2l+ν
+

1
2ν + 1

+
1
2
.

Sunep�getai ìti an 2l+ν > 4k tìte
#{p ∈ I(l, ν) : p ≤ k} = 0.

T¸ra apì ton orismì thc nk èqoume gia k�je k ≥ 1

nk ≤
k∑

p=1

Rp = 2
∞∑

l,ν=1

∑
p∈I(l,ν),p≤k

Rp

= 2
∞∑

l,ν=1

ρ(l, ν)#{p ∈ I(l, ν) p ≤ k}

≤ 2
∞∑

2l+ν≤4k

ρ(l, ν)
( k

2l+ν
+

1
2ν + 1

+
1
2

)
≤ 2

[ ∞∑
l,ν=1

ρ(l, ν)
2l+ν

k +
∑

2l+ν≤4k

ρ(l, ν)
2l+ν

2l+ν
( 1

2ν
+ 1

)]
≤ 2

[ ∞∑
l,ν=1

ρ(l, ν)
2l+ν

k +
∞∑

l,ν=1

ρ(l, ν)
2l+ν

4k
3
2

]
.

'Epetai ìti supk∈N{nk

k } ≤ 8
∑∞

l,ν=1
ρ(l,ν)
2l+ν < +∞ kai h apìdeixh tou l mmatoc eÐnai pl rhc.

Apì to je¸rhma 3.1 prokÔptei to ex c kritt rio to opoÐo efarmìzetai ìtan jèloume na apodeÐxoume
ìti ènac telest c eÐnai suqn� uperkuklikìc .
Je¸rhma 3.2 (Krit rio suqn c uperkuklikìthtac.) 'Estw Q diaqwrÐsimoc F− q¸roc kai T tele-

st c ston Q. Upojètoume ìti up�rqoun puknì uposÔnolo X0 tou Q kai apeikìnish S : X0 7→ X0 ¸ste
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(i) H seir�
∑∞

n=1 Tnx sugklÐnei upì sunj kh gia k�je x ∈ X0.

(ii) H seir�
∑∞

n=1 Snx sugklÐnei upì sunj kh gia ìla ta x ∈ X0.

(iii) TSx = x gia ìla ta x ∈ X0.

Tìte o T eÐnai suqn� uperkuklikìc.

ParathroÔme ìti �n ènac telest c ikanopoieÐ tic upojèseic tou prohgoÔmenou jewr matoc tìte Tnx →

0, Snx → 0 gia ìla ta x ∈ X0 . 'Ara gia k�je U, V anoiqt� mh ken� up�rqei N ∈ N ¸ste TnU ∩ V 6=

∅∀n ≥ N . Telestèc me auth thn idìthta lègontai topologik� miktoÐ. Akìmh k�je telest c pou ikanopoeÐ
to prohgoÔmeno je¸rhma eÐnai qaotikìc. Pr�gmati arkeÐ na broÔme puknì sÔnolo periodik¸n shmeÐwn. Gia
x ∈ X0 orÐzoume

yk =
∞∑

n=1

Snkx + x +
∞∑

n=1

Tnkx, k ∈ N

Autì to �jroisma orÐzetai kal� apo tic (i) kai (ii). Tìte T kyk = yk afoÔ TS = I sto X0. ParathroÔme
akìmh ìti yk → x kai afoÔ to X0 eÐnai puknì o T eÐnai qaotikìc.
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3.2 ParadeÐgmata suqn c kajolikìthtac

San efarmog  twn parap�nw ja deÐxoume ìti oi telestèc pou melet same sto pr¸to kef�laio eÐnai suqn�
uperkuklikoÐ.

Je¸rhma 3.3 'Estw D : H(C) 7→ H(C) o telest c parag ģishc. O D eÐnai suqn� uperkuklikìc.

Apìdeixh
Epilègoume R > e kai orÐzoume thn ex c metrik  ston H(C)

d(f, g) =
∞∑

n=1

1
Rn

sup|z|≤n |f(z)− g(z)|
1 + sup|z|≤n |f(z)− g(z)|

.

ArkeÐ na apodeÐxoume ìti o D eÐnai suqn� uperkuklikìc ston (H(C), d). OrÐzoume akìmh ton S : H(C) 7→

H(C) me
Sf(z) =

∫
(0,z)

f(w)dw.

JewroÔme ton q¸ro twn poluwnÔmwn X0, pou eÐnai pukn� ston (H(C), d). 'Estw fk(z) = zk k ∈ N. Tìte
Snfk(z) =

zk+n

(k + 1)...(k + n)
.

'Ara gia j ∈ N sup|z|≤j |Snfk(z)| ≤ jk+n

(k+1)...(k+n) . 'Epetai ìti

d(Skf, 0) ≤
∞∑

j=1

1
Rj

jk+n

(k + 1)...(k + n)
≤

∞∑
j=1

jk

Rj

jn

n!
.

Sunep�getai ìti
∑
n≥1

d(Snf, 0) ≤
∑
n≥1

∞∑
j=1

jk

Rj

jn

n!
=

∞∑
j=1

jk

Rj

∑
n≥1

jn

n!
≤

∞∑
j=1

jk(
e

R
)j < +∞

ìpou h sÔgklish thc teleutèac seir�c prokÔptei me mÐa apl  efarmog  tou krithrÐou rÐzac.
Sunep¸c h seir� ∑

n≥1 d(Snf, 0) sugklÐnei apolÔtwc �ra kai upo sunj kh ston H(C) gia k�je po-
lu¸numo. Akìmh epeid  Dnf = 0 telik�, gia k�je f ∈ X0 kai DS = I èqoume to zhtoÔmeno.

Je¸rhma 3.4 'Estw a ∈ C∗ kai Ta o telest c metatìpishc. O Ta eÐnai suqn� uperkuklikìc.

Apìdeixh
Ja dìsoume dÔo apodeÐxeic. H pr¸th eÐnai efarmog  tou jewr matoc suqn c kajolikìthtac en¸ h dèuterh
qrhsimopoieÐ èna l mma an�logo tou 3.1 kai èna apotèlesma prosèggishc apo th Migadik  analush. Kai
stic dÔo peript¸seic ja upojèsoume ìti a = 1. H genik  perÐptwsh prokÔptei apì to epìmeno je¸rhma
pou anafèroume qwrÐc apìdeixh.

Je¸rhma 3.5 'Estw X, Y F−q¸roi kai T : X 7→ X S : Y 7→ Y telestèc. Upojètoume ìti up�rqei

φ : Y 7→ X pou èqei pukn  eikìna ètsi ¸ste T ◦ φ = φ ◦ S. An o S eÐnai suqn� uperkuklikìc tìte to Ðdio

isqÔei kai gia ton T.
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Gia m, k ∈ N jewroÔme tic akèraiec sunart seic
fm,k(z) = zm(

sin z
k

z
k

)m+2.

ParathroÔme ìti fm,k → zm ston H(C) kaj¸c to k → +∞. Pr�gmati an ε > 0 kai j ∈ N tìte afoÔ
limz→0( sin z

z )m+2 = 1 up�rqei δ > 0 ¸ste
|z| < δ ⇒ |( sin z

z
)m+2 − 1| < ε.

'Ara an k0 ∈ N ¸ste 1
k0

< ε tìte gia k�je k ≥ k0 kai k�je z ∈ {|z| ≤ j} èqoume ìti | zk | < δ kai �ra
|fk,m(z)− zm| < ε. Dhlad  fm,k → zm omoiìmorfa sta sumag . 'Ara an

X0 = span{fm,k(z − l) : m,n ∈ N, l ∈ N0}

tìte to X0 eÐnai puknì ston H(C). OrÐzoume S : X0 7→ X0 me Sf(z) = f(z − 1), opìte TS = I. Akìma
∑
n≥1

Tn(fm,k(z − l)) = km+2
∑
n≥1

sinm+2( z−l+n
k )

(z − l + n)2

pou sugklÐnei apolÔtwc ston H(C) apì to krit rio tou Weirrstrass �ra kai upì sunj kh. An�loga h
seir� ∑

n≥1

Sn(fm,k(z − l)) =
∑
n≥1

fm,k(z − n− l) = km+2
∑
n≥1

sinm+2( z−n−l
k )

(z − n− l)2

sugklÐnei apìluta ston H(C).
Dèuterh apìdeixh tou Jewr matoc 3.4
Ja deÐxoume t¸ra to Ðdio apotèlesma qrhsimopoi¸ntac ta akìlouja l mmata

L mma 3.4 Up�rqei gnhsÐwc aÔxousa akoloujÐa (nk)k≥1 akeraÐwn , akoloujÐa (mk)k≥1 akeraÐwn kai

(Rk)k≥1 akoloujÐa jetik¸n arijm¸n ¸ste na isqÔoun ta ex c

(1) nk ≥ Rk kai nk+1 − nk ≥ Rk+1 + Rk gia k�je k ≥ 1

(2) Gia k�ja l ≥ 1, kai R > 0 to sÔnolo E(l, R) = {nk : Rk ≥ R,mk = l} na èqei jetik  kat¸terh

puknìthta.

L mma 3.5 (Arakeljan) 'Estw Ĉ = C ∪ {∞} to epektetamèno migadikì epÐppedo. 'Estw F ⊆ C kleÐsto

¸ste to C\F na eÐnai sunektikì kai topik� sunektikì sto∞. Tìte gia k�je suneq  sun�rthsh f : F 7→ C

olìmorfh sto eswterikì tou F up�rqei akèraia φ ¸ste gia k�je z ∈ F na èqoume

|φ(z)− g(z)| ≤ exp(−|z| 14 )

Gia thn apìdeixh tou jewr matoc jewroÔme tic akoloujÐec (nk), (mk), (Rk) tou L mmatoc 3.4. 'Estw (Pk)

arÐjmhsh ìlwn twn poluwnÔmwn me suntelestèc apì to Q + iQ. 'Estw Dk o kleistìc dÐskoc me kèntro
to nk kai aktÐna Rk

2 . Epeid  nk+1 − nk ≥ Rk+1 + Rk oi dÐskoi F = {Dk} eÐnai xènoi ana dÔo. OrÐzoume
thn ex c sun�rthsh sto ∪k≥1Dk

g(z) = pmk
(z) an z ∈ Dk.
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H g eÐnai kal� orismènh sto kleistì F kai analutik . To sumpl rwma tou F eÐnai sunektikì kai topik�
sunektikì sto �peiro. Apì to L mma 3.5 up�rqei φ akèraia ¸ste

|φ(z)− g(z)| ≤ exp(−|z| 14 )

gia ìla ta z ∈ F . Ja apodeÐxoume ìti h φ eÐnai suqn� uperkuklikì di�nusma gia ton T1.
'Estw K ⊆ C sumpagèc, f ∈ H(C) kai ε > 0. BrÐskoume l ≥ 1 kai R > 0 ¸ste

‖Pl − f‖C(K) <
ε

2
kai K ⊆ D(0,

R

2
).

Tìte gia n = nk ∈ E(l, R) kai z ∈ K èqoume
|Tnφ(z)− f(z)| ≤|φ(z + nk)− f(z)|

≤ |φ(z + nk)− g(z + nk)|+ |Pl(z)− f(z)|

≤ ε

2
+ exp(|nk −R| 14 )

kai afoÔ to E(l, R) èqei jetik  kat¸terh puknìthta èqoume to zhtoÔmeno .
Ja asqolhjoÔme t¸ra me thn melèth twn telest¸n metatìpishc (Backwrd shift).

Je¸rhma 3.6 'Estw B : `p 7→ `p me Ben = en−1, n ≥ 1 kai Be0 = e0 ìpou 1 ≤ p < +∞ kai {en} h

sun jhc orjokanonik  b�sh. Tìte gia k�je ω me |ω| > 1 o ωB eÐnai suqn� uperkuklikìc ston `p.

Apìdeixh
'Estw (xl) ìlec oi akoloujÐec ston `p pou eÐnai telik� 0 me suntelestèc apì to Q+ iQ. Tìte to (xl) eÐnai
puknì ston `p. OrÐzoume S : `p 7→ `p me Sen = 1

ω en=1 gia n ≥ 0.Tìte (ωB)S = I kai (ωB)kxl = 0 gia k
arket� meg�lo. Akìmh ‖Skxl‖ ≤ 1

|ωk|‖xl‖ kai to sumpèrasma prokÔptei apì to Je¸rhma 3.2.

Je¸rhma 3.7 'Estw (ωn) akoloujÐa jetk¸n arijm¸n fragmènh, kai fragmènh makri� apo to 0. 'Estw

B : `p 7→ `p me Be0 = e0 kai Ben = ωnen−1 gia n ≥ 1. An h seir�∑
n≥1

1
(ω1...ωn)p

sugklÐnei tìte o B eÐnai suqn� uperkuklikìc.

Apìdeixh
'Estw (nk), (mk), (Rk) oi akoloujÐec tou L mmatoc 3.4. Tìte nk ≤ 2Rk (autì prokÔptei apì thn apìdeixh
tou L mmatoc, parapèmpoume sto [3] gia leptomèriec). 'Ara nk+1 − nk ≥ Rk+1 + Rk ≥ mk

2 . 'Estw
D = (xl)l≥1 to sÔnolo twn akolouji¸n me suntelestèc apì to Q + iQ kai oi opoÐec eÐnai telik� 0.
Upojètoume akìmh ìti supp(xl) ⊆ [0, l

2 ). PaÐrnoume C, γ stajerèc ¸ste γ ≤ ωn ≤ C,∀n.

OrÐzoume S : `p 7→ `p me Sen = 1
ωn+1

en+1 kai thn akoloujÐa

yk =

xmk
, Rk ≥ Nmk

0
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ìpou h akoloujÐa (Nl)l≥1 ja orisjeÐ kat�llhla. Tìte supp(yk) ⊆ [0, mk

2 ). 'Ara èpetai ìti oi foreÐc twn
dianusm�twn Snkyk eÐnai xènoi ana dÔo kai m�lista max supp(Snkyk) < min (Snk+1yk+1). OrÐzoume

x =
∑
k≥1

Snkyk.

Tìte afoÔ oi foreÐc twn Snkyk eÐnai xènoi ana dÔo èpetai ìti ‖x‖p =
∑
‖Snkyk‖p. Akìmh

‖Snkxl‖p ≤ 1
(ω1...ωnk

)p

(
C

γ

)l

‖xl‖p.

'Estw (Nl)l≥1 gnhsÐwc aÔxousa akoloujÐa ¸ste gia k�je l kai k�je j ≤ l,∑
nk≥Nl

‖Snkxl‖p ≤ 1
2j+l

.

Tìte ∑
k≥1

‖Snkyk‖p =
∑
l≥1

∑
mk=l,Rk≥Nl

‖Snkxl‖p ≤
∑
l≥1

∑
nk≥Nl

‖Snkxl‖p ≤ 1
4l

kai �ra to x eÐnai kal� orismèno. Ta dianÔsmata Sn−nkyk, Bn−nk èqoun kai aut� xènouc foreÐc kai me èna
epiqeÐrhma ìmoio thc apìdeixhc tou L mmatoc 3.4 to x eÐnai suqn� uperkuklikì gia ton B (deÐte sto [3]).

Je¸rhma 3.8 'Estw B o telest c backward shift me b�rh ωn ston `p. An gia k�je akoloujÐa jetik¸n

akeraÐwn nk me jetik  kat¸terh puknìthta h seir�∑
k≥1

1
(ω1...ωnk

)p

apoklÐnei tìte o B den eÐnai suqn� uperkuklikìc.

Apìdeixh
'Estw ìti to x eÐnai suqn� uperkuklikì di�nusma tou B kai èstw nk sÔnolo jetik¸n akeraÐwn ¸ste
‖Bnkx− e0‖ < 1

2 . Tìte
|xnk

|p ≥ 1
2(ω1...ωnk

)p
.

'Omwc h seir� ∑
|xnk

|p apoklÐnei kai �ra h nk den mporeÐ na èqei jetik  kat¸terh puknìthta. AntÐfash.

Je¸rhma 3.9 O telest c metatìpishc T ston `2 me b�roc ωn =
√

1 + 1
n eÐnai uperkuklikìc all� ìqi

suqn� uperkuklikìc.

Apìdeixh
'Eqoume (ω1...ωn)2 = n + 1. An E ⊆ N èqei jetik  kat¸terh puknìthta tìte up�rqei δ > 0 ¸ste gia
N0 ∈ N na up�rqei N1 ≥ N0 me #{n ∈ E : N0 ≤ n + 1 ≤ N1} ≥ δN1. 'Epetai ìti∑

N0≤n≤N1,n∈E

1
n + 1

≥ δN1
1

N1
= δ.

'Ara to E den èqei jetik  kat¸terh puknìthta kai epomènwc o T den eÐnai suqn� uperkuklikìc. O T eÐnai
uperkuklikìc diìti lim sup

n→∞

n∏
i=0

√
1 + 1/i = ∞.
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O stìqoc mac sta epìmena eÐnai na apodeÐxoume ìti an ènac telest c èqei poll� idiodianÔsmata se sqèsh
me tic monadiaÐec idiotimèc (me mia ènnoia pou ja prosdiorisjeÐ sta epìmena) tìte eÐnai suqn� uperkuklikìc.
Gia to skopì autì ja qreiastoÔme k�poia apotelèsmata apì thn ergodik  jewrÐa. Akìmh ja prèpei na
orÐsoume mètra pijanìthtac se q¸rouc Banach . Me aut� ja aqolhjoÔme sta dÔo epìmena kef�laia.
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Kef�laio 4

STOIQEIA APO THN

ERGODIKH JEWRIA

Se autì to kef�laio ja asqolhjoÔme me k�poia apotelèsmata apo thn ergodik  jewrÐa pou ja qrhsi-
mopoi soume argìtera. O stìqoc mac eÐnai na deÐxoume to je¸rhma ergodikìthtac tou Birkhoff. Gia
perissìterec leptomèreiec deÐte sto [25].

Orismìc 4.1 'Estw (X1,B1,m1), (X2,B2,m2) q¸roi pijanìthtac kai T : X 7→ X metr simoc meta-

sqhmatismìc. Ja lème ìti o T eÐnai analloÐwtoc wc proc to mètro   ìti o T diathreÐ to mètro an

m1(T−1(B2) = m2(B2) ∀B2 ∈ B2. O T ja lègetai antistrèyima analloÐwtoc wc proc to mètro an oi

T, T−1 eÐnai analloÐwtoi wc proc to mètro.

4.1 Parathr seic

(1) Profan¸c h sÔnjesh metasqhmatism¸n analloÐwtwn wc proc to mètro eÐnai analloÐwtoc wc proc
to mètro.

(2) Oi metasqhmatismoÐ pou diathroÔn to mètro eÐnai oi morfismoÐ thc kathgorÐac twn q¸rwn mètrwn
pijanìthtac.

(3) An T : (X1,B1,m1) 7→ (X2,B2,m2) eÐnai analloÐwtoc wc proc to mètro kai (Xi,Bi,mi), i = 1, 2

eÐnai h pl rwsh tou (Xi,Bi,mi), i = 1, 2 tìte o T : (X1,B1,m1) 7→ (X2,B2,m2) eÐnai analloÐwtoc
wc proc to mètro.
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4.2 ParadeÐgmata metasqhmatism¸n analloÐwtwn wc proc to mè-

tro

(1) Profan¸c h tautotik  apeikìnish eÐnai analloÐwth wc proc to mètro se k�je q¸ro pijanìthtac.
(2) 'Opwc eÐnai gnwstì se k�je sumpag  om�da orÐzetai monos manta kanonikì mètro pijanìthtac m

analloÐwto apì strofèc ( mètro Haar ). IsqÔei ìti k�je suneq c endomorfismìc miac sumpagoÔc
om�dac epÐ tou eautoÔ thc diathreÐ to mètro Haar. Pr�gmati èstw A : G 7→ G suneq c endomorfismìc
kai m to mètro Haar sthn G. OrÐzoume to ex c mètro pijanìthtac sthn G µ(E) = m(A−1(E)).
To µ eÐnai omalì afoÔ to m eÐnai omalì. Akìmh µ(AxE) = µ(A−1(AxE)) = µ(xA−1E) = µ(E).

AfoÔ o A eÐnai epÐ kai to m eÐnai analloÐwto apì strofèc blèpoume ìti to µ eÐnai analloÐwto apo
strofèc kai �ra apì th monadikìthta tou metrou Haar èpetai ìti m = µ. 'Ara o A eÐnai analloÐwtoc
wc proc to mètro.

(3) An K = {z ∈ C : |z| = 1} tìte to mètro Haar sthn pollaplasiastik  om�da K eÐnai to kanoniko-
poihmèno mètro Lebesguè.An a ∈ K orÐzoume T : K 7→ K me Tz = az. Tìte o T eÐnai analloÐwtoc
wc proc to mètro. Autìc o metasqhmatismìc lègetai strof  tou K.

(4) K�je afinikìc metasqhmatismìc se sumag  om�da diathreÐ to mètro Haar . 'Enac afinikìc metasqh-
matismìc eÐnai apeikìnish thc morf c T (x) = αA(x) ìpou α ∈ G stajeropoihm èno kai A : G 7→ G

eÐnai 1-1 endomorfismìc. O T eÐnai analloÐwtoc wc proc to mètro diìti eÐnai sÔnjesh strof c kai
suneqoÔc endomorfismoÔ.
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4.3 Epagìmenec isometrÐec

Ja doÔme t¸ra ìti oi metaqhmatismoÐ T : X1 7→ X2 pou diathroÔn to mètro ep�goun grammik  isommetrÐa
apì ton Lp(X2) ston Lp(X1) gia k�je p ≥ 1.

Orismìc 4.2 'Estw (Xi,Bi,mi), i = 1, 2 q¸roi pijanìthtac. An o T : X1 7→ X2 diathreÐ to mètro o

epagìmenoc telest c UT : L0(X2,B2,m2) 7→ L0(X1,B1,m1) orÐzetai apo thn (UT f)(x) = f(Tx) ìpou

L0(Xi,Bi,mi) = {f : Xi 7→ C, f metr simh}.

Profan¸c o UT eÐnai grammikìc kai UT (fg) = UT (f)UT (g). Akìmh UT (c) = c ìpou c eÐnai h stajer 
sun�rthsh me tim  c. ParathroÔme ìti an f ≥ 0 tìte UT (f) ≥ 0 kai �ra o T eÐnai jetikìc telest c.
EpÐshc UT (χB) = χT−1(B). Jèloume na deÐxoume ìti UT Lp(X2,B2,m2) ⊆ Lp(X1,B1,m1). Autì eÐnai
sunèpeia tou epìmenou aploÔ l mmatoc.

L mma 4.1 'Estw (Xi,Bi,mi), i = 1, 2 q¸roi pijanìthtac kai T : X1 7→ X2 metasqhmatismìc analloÐw-

toc wc proc to mètro. An F ∈ L0(X2B2,m2) tìte
∫

UT Fdm1 =
∫

Fdm2 (an èna apo ta dÔo eÐnai �peiro

tìte to Ðdio isqÔei kai gia to �llo)

Apìdeixh
MporoÔme na upojèsoume ìti h F eÐnai pragmatik . AnalÔontac thn F se jetikì kai arnhtikì mèroc
blèpoume ìti arkeÐ na deÐxoume to l mma ìtan h F eÐnai mh arnhtik . An F = χB isqÔei afoÔ o T diathreÐ
to mètro. 'Epetai ìti isqÔei gia k�je F ≥ 0 apl . Epilègoume akoloujÐa Fn ≥ 0 apl¸n pou na aux�noun
sth F . Tìte oi UT Fn eÐnai aplèc mh arnhtikèc pou aux�noun sthn UT F kai �ra∫

UT Fdm1 = lim
n→∞

∫
UT Fndm1 = lim

n→∞

∫
Fndm2 =

∫
Fdm2

kai èpetai to sumpèrasma.

Je¸rhma 4.1 'Estw p ≥ 1. Tìte UT Lp(X2,B2,m2) ⊆ Lp(X1,B1,m1) kai ‖UT f‖p = ‖f‖p∀f ∈

Lp(X2,B2,m2). Akìmh

UT Lp
R(X2,B2,m2) ⊆ Lp

R(X1,B1,m1).

Apìdeixh
'Estw f ∈ Lp(X2,B2,m2). Jètoume F (x) = |f(x)|p kai to sumpèrasma prokÔptei apì to prohgoÔmeno
l mma.
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4.4 Epanalhptikìthta

Je¸rhma 4.2 (Je¸rhma epanalhptikìthtac tou Poincare) 'Estw (X,B,m) q¸roc pijanìthtac kai

T : X 7→ X metasqhmatismìc analloÐwtoc wc proc to mètro. 'Estw E ∈ B me m(E) > 0. Tìte sqedìn

ìla ta shmeÐa tou E epistrèfoun sto E �peirec forèc k�tw apì jetik  dr�sh tou T. Dhlad  up�rqei F ⊆ E

me m(F ) = m(E) ¸ste gia k�je x ∈ F up�rqei gnhsÐwc aÔxousa akoloujÐa fusik¸n n1 < n2 < n3...

¸ste Tni(x) ∈ F ∀i.

Apìdeixh
'Estw N ∈ N kai EN =

⋃∞
n=N T−nE. Tìte to ⋂∞

n=N T−nE eÐnai to sÔnolo ìlwn twn shmeÐwn tou X

pou tèmnoun to E �peirec forèc k�tw apo jetikèc dun�meic tou T. Sunep¸c to sÔnolo F = E ∩
⋂∞

n=0 En

èqei san stoiqeÐa ìla ta shmeÐa tou E pou tèmnoun to E �peirec forèc mèsw jetik¸n dun�mewn tou T.
An x ∈ F tìte up�rqei gnhsÐwc aÔxousa akoloujÐa fusik¸n nk ¸ste Tni(x) ∈ E,∀i. Gia k�je i èqoume
Tni(x) ∈ F diìti Tnj−ni(Tnix) ∈ E ∀j. Mènei na deÐxoume ìti m(F ) = m(E).

Epeid  T−1EN = EN+1 kai o T eÐnai analloÐwtoc wc proc to mètro èqoume ìti m(EN ) = m(EN+1).
'Ara m(EN ) = m(E0) ∀N . 'Omwc E0 ⊃ E1 ⊃ E2 ⊃ ... kai �ra m(

⋃∞
n=0 En = m(E0). Sunep�getai ìti

m(F ) = m(E ∪ E0) = m(E) afoÔ E ⊂ E0.

4.5 Ergodikìthta

Orismìc 4.3 'Estw (X,B,m) q¸roc pijanìthtac. 'Enac metasqhmatismìc T tou (X,B,m) pou eÐnai

analloÐwtoc wc proc to mètro lègetai ergodikìc an gia k�je B ∈ B me T−1B = B isqÔei ìti m(B) = 0 h

m(B) = 1.

Je¸rhma 4.3 An o T : X 7→ X eÐnai analloÐwtoc wc proc to mètro tou q¸rou pijanìthtac (X,B,m)

tìte ta akìlouja isodÔnama

(a) O T eÐnai ergodikìc.

(b) Ta mìna stoiqeÐa B ∈ B me m(T−1B 4B) = 0 eÐnai aut� gia ta opoÐa m(B) = 0 h m(B) = 1.

(g) Gia k�je A ∈ B me m(A) > 0 èqoume m(
⋃∞

n=1 T−nA) = 1.

(d) Gia k�je A,B ∈ B me m(A) > 0,m(B) > 0 up�rqei n ∈ N ¸ste m(T−nA ∩B) > 0.

 matoc mporeÐna antikatastajeÐ apo thn �Gia k�je A ∈ B me m(A) > 0 kai k�je fusikì N èqoume
m(

⋃∞
n=N T−nA) = 1� diìti ⋃∞

n=N T−nA = T−N (
⋃∞

n=0 T−nA). Sunep¸c mporoÔme na antikatastÐsoume
thn idiìthta (d) me thn �Gia k�je A,B ∈ B me m(A) > 0,m(B) > 0 kai k�je fusikì N up�rqei n > N

¸ste m(T−nA∩B) > 0�. 'Enac trìpoc gia na skeftìmaste ta (b) kai (g) tou prohgoÔmenou jewr matoc
eÐnai na lème ìti h troqi� tou {T−nA}∞n=0 eÐnai pukn  me thn ènnoia tou mètrou.

To epìmeno je¸rhma qaraktirÐzei thn ergodikìthta se sqèsh me ton telest  UT .
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Je¸rhma 4.4 'Estw (X,B,m) q¸roc pijanìthtac kai T : X 7→ X metasqhmatismìc analloÐwtoc wc

proc to mètro. Tìte ta akìlouja eÐnai isodÔnama

(α) O T eÐnai ergodikìc.

(β) Gia k�je f metr simh me (f ◦ T )(x) = f(x) ∀x ∈ X èqoume ìti h f eÐnai stajer  sqedìn pantoÔ.

(γ) Gia k�je f metr simh me (f ◦ T )(x) = f(x) èqoume ìti h f eÐnai stajer  sqedìn pantoÔ.

(δ) Gia k�je f ∈ L2(m) me (f ◦ T )(x) = f(x) ∀x ∈ X èqoume ìti h f eÐnai stajer  sqedìn pantoÔ.

(ε) Gia k�je f ∈ L2(m) me (f ◦T )(x) = f(x) sqedìn pantoÔ èqoume ìti h f eÐnai stajer  sqedìn pantoÔ.

Apìdeixh
Profan¸c èqoume (γ) ⇒ (β) ,(β) ⇒ (ε) , (ε) ⇒ (δ) kai (γ) ⇒ (ε). 'Ara arkeÐ na apodeÐxoume ìti (α) ⇒ (γ)

kai (δ) ⇒ (ε). 'Estw loipìn ìti o T eÐnai ergodikìc kai f metr simh me f ◦T = f sqedìn pantoÔ. MporoÔme
na upojèsoume ìti h f eÐnai pragmatik  (alli¸c thn analÔoume se pragmatikì kai fantastikì mèroc ). Gia
k ∈ Z kai n > 0 orÐzoume

X(k, n) = {x :
k

2n
≤ f(x) <

(k + 1)
2n

}.

'EqoÔme ìti
T−1X(k, n)4X(k, n) ⊂ {x : (f ◦ T )(x) 6= f(x) }

kai �ra m(T−1X(k, n)4X(k, n)) = 0. Apì to prohgoÔmeno je¸rhma sunep�getai ìti m(X(k, n) = 0  
m(X(k, n)) = 1.

Gia n stajeropoihmèno to sÔnolo ⋃
k∈Z X(k, n) = X eÐnai xènh ènwsh kai �ra up�rqei monadikì kn ∈ Z

¸ste m(X(kn, n)) = 1. OrÐzoume Y =
⋃∞

n=1 X(kn, n) opìte èqoume ìti m(Y ) = 1. ParathroÔme akìmh
ìti an x, y ∈ Y tìte |f(x)−f(y)| ≤ 1

2n ,∀n ∈ N kai �ra f(x) = f(y). ApodeiknÔoume t¸ra thn katèujunsh
(δ) ⇒ (α). 'Estw E ∈ B me T−1E = E. Tìte afoÔ χE ∈ L2(m) kai (χE ◦ T )(x) = χE(x),∀x ∈ X

èpetai ìti h χE eÐnai stajer  c .p . 'Ara χE = 0 c.p   χE = 1 c.p . Opìte m(E) =
∫

χEdm = 0  
m(E) =

∫
χEdm = 1. Dhlad  o T eÐnai ergodikìc.

Parathr seic

(1) Sto prohgoÔmeno je¸rhma isqÔei parìmoioc qarakthrismìc se sqèsh me tic Lp(m), p ≥ 1 sunart seic
afoÔ χE ∈ Lp. Akìmh mporoÔme na qrhsimopoi soume pragmatikoÔc Lp q¸rouc.

(2) 'Enac �lloc qarakthrismìc thc ergodikìthtac eÐnai o ex c :gia k�je f : X 7→ R metr simh me
f(Tx) ≥ f(x) c.p èqoume ìti h f eÐnai stajer  c.p. Pr�gmati an f(Tx) ≥ f(x) c.p kai f den  tan
stajer  c.p tìte ja up rqe c ∈ R ¸ste to {x ∈ X : f(x) ≥ c } na èqei mètro jetikì kai mikrìtero
tou 1. 'Omwc T−1B ⊇ B kai �ra m(T−1B 4B) = 0. Sunep¸c m(B) = 0   m(B) = 1. AntÐfash

Je¸rhma 4.5 'Estw X sumpag c metrkìc q¸roc , B(X) h σ-�lgebra twn Borel uposunìlwn tou X kai

èstw m mètro pijanìthtac ston (X,B(X)) ¸ste m(U) > 0 gia k�je U anoiqtì mh kenì. An o T : X 7→ X
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eÐnai metasqhmatismìc analloÐwtoc wc proc to mètro kai ergodikìc tìte sqedìn k�je stoiqeÐo tou X èqei

pukn  troqi�.

Apìdeixh
'Estw {Un}∞n=1 b�sh thc topologÐac tou X. Tìte to {Tn(x) : n ∈ N} eÐnai puknì sto X an kai mìnon
an x ∈

⋂∞
n=1

⋃∞
k=0 T−kUn. Epeid  T−1(

⋃∞
k=0)T

−kUn ⊆
⋃∞

k=0 T−kUn kai o T diathreÐ to mètro kai eÐnai
ergodikìc èpetai ìti m(

⋃∞
k=0 T−kUn) = 0   1. 'Omwc to ⋃∞

k=1 T−kUn eÐnai anoiqtì mh kenì kai �ra apì
thn upìjesh m(

⋃∞
k=0 T−kUn) = 1.
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4.6 To ergodikì je¸rhma

O stìqoc mac se aut  thn par�grafo eÐnai na apodeÐxoume to ex c je¸rhma pou ja qrhsimopoi soume
argìtera

Je¸rhma 4.6 (Je¸rhma ergodikìthtac tou Birkhoff ) 'Estw (X,B,m) q¸roc σ peperasmènou mè-

trou , T : (X,B,m) 7→ (X,B,m) metasqhmatismìc analloÐwtoc wc proc to mètro kai f ∈ L1(m). Tìte

to 1
n

∑n−1
i=0 f(T i(x)) sugklÐnei sqedìn pantoÔ se mÐa f∗ ∈ L1(m). Akìmh f∗ ◦ T = f∗ sqedìn pantoÔ kai

�n m(X) < ∞ tìte
∫

f∗dm =
∫

fdm.

Parathr seic An o T eÐnai ergodikìc tìte h f∗ eÐnai stajer  sqedìn pantoÔ kai �ra an m(X) < ∞

tìte f∗ = 1
m(X)

∫
fdm sqedìn pantoÔ. An o (X,B,m) eÐnai q¸roc pijanìthtac kai o T eÐnai ergodikìc

èqoume ìti lim
n→∞

1
n

∑n−1
i=0 f(T ix) =

∫
fdm,∀f ∈ L2(m) sqedìn pantoÔ.

San efarmog  tou jewr matoc ergodikìthtac jewroume to ex c par�deigma. 'Estw (X,B,m) q¸roc
pijanìthtac kai T analloÐwtoc wc proc to mètro. 'Estw E ∈ B. An x ∈ X kai i ∈ N tìte T ix ∈ E an kai
mìnon an χET i(x) = 1. 'Ara o arijmìc twn stoiqeÐwn tou {x, Tx, ..., Tn−1x} pou eÐnai sto E eÐnai Ðsoc me∑n−1

k=0 χET k(x). O sqetikìc arijmìc twn stiqeÐwn tou {x, ..., Tn−1} sto E eÐnai 1
n

∑n−1
i=0 χET i(x) kai an

o T eÐnai ergodikìc tìte to prohgoÔmeno sugklÐnei sto m(E) sqedìn pantoÔ. 'Ara h troqi� sqedìn k�je
stoiqeÐou tou Q tèmnei to E me asumptwtik  sqetik  suqnìthta m(E).

Je¸rhma 4.7 (Megistikì ergodikì je¸rhma) 'Estw U : Lp
R(m) 7→ Lp

R(m) fragmènoc jetikìc tele-

st c me ‖U‖ ≥ 1. 'Estw N > 0 akaÐreoc kai f ∈ L1
R(m). OrÐzoume f0 = 0,fn = f +Uf +U2f +...+Un−1f

gia n ≥ 1 kai FN = max0≤n≤N fn ≥ 0. Tìte
∫
{x:FN (x)>0} fdm ≥ 0.

Apìdeixh
Profan¸c FN ∈ L1(m). Gia k�je 0 ≤ n ≤ N èqoume FN ≥ fn kai �ra UFN ≥ Ufn apo th jetikìthta
tou T. 'Epetai ìti UFN + f ≥ fn+1. Sunep�getai ìti an FN (x) > 0 tìte

UFN (x) + f(x) ≥ max
1≤n≤N

fn(x)

= max
0≤n≤N

fn(x)

= FN (x).

'Epetai ìti f ≥ FN − UFN sto A = {x : FN (x) > 0}, ètsi∫
A

fdm ≥
∫

A

FNdm−
∫

A

UFNdm

=
∫

X

FNdm−
∫

A

UFNdm afoÔ FN = 0 sto X \A.

≥
∫

X

FNdm−
∫

X

UFNdm diìti FN ≥ 0 kai �ra UFN ≥ 0.

≥ 0 epeid  ‖U‖ ≤ 1.
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Pìrisma 4.1 .'Estw T : X 7→ X metasqhmatismìc analloÐwtoc wc proc to mètro. An g ∈ L1
R(m) kai

Bα = {x ∈ X : sup
n≥1

1
n

n−1∑
i=0

g(T i(x)) > α}

tìte ∫
Bα∩A

gdm ≥ αm(Bα ∩A)

an T−1A = A kai m(A) < ∞.

Apìdeixh
'Estw arqik� ìti A = X opìte m(X) < ∞. JewroÔme ton telest  UT : L1(m) 7→ L1(m) me
UT f = f ◦ T . 'Estw f = g − α, fn(x) = g(x) + ... + g(Tn−1x) − nα. 'Etsi an Fn = max1≤k≤n fk

tìte ⋃∞
n=1{x : Fn(x) > 0} = Bα. 'Ara apì to prohgoÔmeno je¸rhma sunep�getai ìti ∫

Bα
fdm ≥ 0. Dh-

lad  ∫
Bα

fdm ≥ αm(Bα). Gia thn genik  perÐptwsh efarmìzoume to parap�nw ston T |A kai paÐrnoume∫
Bα∩A

gdm ≥ αm(Bα ∩A).

Ja apodeÐxoume t¸ra to je¸rhma ergodikìthtac tou Birkhoff

Apìdeixh jewr matoc 4.6
Upojètoume arqik� ìti m(X) < ∞. Jewr¸ntac to pragmatikì kai fantastikì mèroc mporoÔme na

upojèsoume ìti h f eÐnai pragmatik . OrÐzoume f∗(x) = lim supn→∞
1
n

∑n−1
i=0 f(T ix) kai

f∗(x) = lim infn→∞
1
n

∑n−1
i=0 f(T ix). An αn(x) = 1

n

∑n−1
i=0 f(T ix) tìte ((n + 1)/n)αn+1(x) − αn(Tx) =

f(x)/n → 0 kai �ra f∗ ◦ T = f∗, f∗ ◦ T = f∗. Ja apodeÐxoume ìti f∗ = f∗ sqedìn pantoÔ kai ìti an koun
ston L1.

Gia α, β ∈ R orÐzoume Eα,β = {x ∈ X : f∗(x) < β kai α < f∗(x)}. ParathroÔme ìti {x : f∗(x) <

f∗(x) } =
⋃
{Eα,β : α, β ∈ Q β < α}. 'Ara arkeÐ na apodeÐxoume ìti m(Eα,β) = 0 ∀β < α. EÐ-

nai profanèc ìti T−1Eα,β = Eα,β kai an orÐsoume Bα = {x ∈ X | supn≥1(
1
n )

∑n−1
i=0 f(T ix) > α } tìte

Eα,β ∩Bα = Eα,β . Apì to prohgoÔmeno pìrisma èqoume ìti∫
Eα,β

fdm =
∫

Eα,β∩Bα

fdm ≥ αm(Eα,β).

Sunep¸c ∫
Eα,β

fdm ≥ αm(Eα,β). Antikjist¸ntac ta f, α, β me −f,−β,−α antÐstoiqa paÐrnoume ìti (
afoÔ (−f)∗ = −f∗) ∫

Eα,β

fdm ≤ βm(Eα,β).

'Ara αm(Eα,β) ≤ βm(Eα,β). 'Epetai ìti an β < α tìte m(Eα,β) = 0. 'Ara mènei na deÐxoume ìti f∗ ∈ L1.
OrÐzoume gn(x) = | 1n

∑n−1
i=0 f(T i(x))|. Tìte ∫

gndm ≤
∫
|f |dm kai �ra apì to l mma Fatou èpetai

ìti ∫
|f∗|dm =

∫
lim sup

n→∞
gn =

∫
lim inf
n→∞

gn ≤ lim inf
∫

gndm ≤
∫
|f |dm. 'Ara mènei na deÐxoume ìti∫

fdm =
∫

f∗dm ìtan m(X) < ∞. 'Estw Dn
k = {x ∈ X : k

n ≤ f∗(x) < (k+1)
n } ìpou k ∈ Z n ≥ 1. Gia

k�je ε > 0 èqoume Dn
k ∩ B( k

n )−ε = Dn
k . Pr�gmati an x ∈ Dn

k tìte èpeid  k
n ≤ f∗(x) èpetai ìti up�rqei n

¸ste 1
n

∑n−1
i=0 g(T i(x)) > k

n − ε. Apì to pìrisma 4.1∫
Dn

k

fdm ≥
(k

n
− ε

)
m(Dn

k ) kai �ra
∫

Dn
k

fdm ≥ k

n
m(Dn

k ).
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'Epetai ìti ∫
Dn

k

f∗dm ≤ k + 1
n

m(Dn
k ) ≤ 1

n
m(Dn

k ) +
∫

Dn
k

fdm

kai ajroÐzontac wc proc k paÐrnoume ∫
Dn

k
f∗dm ≤ (m(X)

n ) +
∫

X
fdm. Epeid  aut  isqÔei gia ìla ta

n ≥ 1 sunep�getai ìti ∫
Dn

k
f∗dm ≤

∫
Dn

k
fdm. T¸ra an efarmìsoume thn prohgoÔmenh anisìthta sthn

−f paÐrnoume ∫
X

(−f)∗dm ≤
∫

X
−fdm. Sunep¸c ∫

X
f∗dm ≥

∫
X

fdm. 'Omwc f∗ = f∗ sqedìn pantoÔ
opìte ∫

X
f∗dm =

∫
X

fdm kai h apìdeixh eÐnai pl rhc sthn perÐptwsh pou m(X) < ∞. 'Estw t¸ra ìti
m(X) = ∞. E�n deÐxoume ìti m(Eα,β) < ∞ ìtan β < α ja èqoume to zhtoÔmeno epanalamb�nontac to
prohgoÔmeno epiqeÐrhma. 'Estw arqik� ìti α > 0. PaÐrnoume C ∈ B ¸ste C ⊆ Eα,β kai m(C) < ∞.
OrÐzoume h = f − αχC ∈ L1(m). 'Epetai apì to megistikì ergodikì je¸rhma ìti∫

{x:HN (x)>0}
(f − αχC) ≥ 0

gia k�je N ≥ 1 (h sun�rthsh HN eÐnai aut  pou antistoiqeÐ sthn h). Epeid  C ⊆ Eα,β ⊆
⋃∞

N=0{x :

HN (x) > 0} èpetai ìti ∫
X
|f | ≥ αm(C). Sunep¸c m(C) ≤ 1

α

∫
X
|f |dm gia k�je C ∈ B me C ⊆ Eα,β

kai m(C) < ∞. AfoÔ o X eÐnai σ- peperasmènoc èpetai ìti m(Eα,β) < ∞. An α ≤ 0 tìte β < 0 kai
efarmìzoume to prohgoÔmeno me −f,−β sth jèsh twn f, α.

Pìrisma 4.2 . 'Estw (X,B,m) q¸roc pijanìthtac kai T : X 7→ X metasqhmatismìc analloÐwtoc wc

proc to mètro. O T eÐnai ergodikìc ean kai mìnon e�n ∀A,B ∈ B isqÔei

1
n

n−1∑
i=0

m(T−iA ∩B) → 0.

Apìdeixh
'Estw ìti o T eÐnai ergodikìc kai A,B ∈ B. Jètoume f = χA. Apì to Je¸rhma ergodikìthtac èpetai ìti
1
n

∑n−1
i=0 χA(T i(x)) → 0 sqedìn pantoÔ. Pollaplasi�zontac me χB paÐrnoume

1
n

n−1∑
i=0

χA(T i(x))χB → m(A)χB sqedìn pantoÔ ,

kai to je¸rhma kuriarqhmènhc sÔgklishc dÐnei to sumpèrasma. AntÐstrofa, èstw ìti isqÔei h parap�nw
idiìthta sÔgklishc. An E ∈ B me T−1E = E tìte jètontac A = B = E èpetai ìti 1

n

∑n−1
i=0 m(E) → m(E)2

kai �ra m(E) = 0   m(E) = 1.

4.7 MÐxh

Orismìc 4.4 'Estw T metasqhmatismìc analloÐwtoc wc proc to mètro se q¸ro pijanìthtac (X,B,m).

(i) O T eÐnai asjen¸c - miktìc an ∀A,B ∈ B èqoume

lim
n→∞

1
n

n−1∑
i=0

|m(T−iA ∩B)−m(A)m(B)| = 0.
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(ii) O T eÐnai isqur� - miktìc an ∀A,B ∈ B èqoume

lim
n→∞

m(T−nA ∩B) = m(A)m(B).

Je¸rhma 4.8 'Estw {αn} fragmènh akoloujÐa pragmatik¸n arijm¸n. Tìte ta akìlouja eÐnai isodÔnama

(i) lim
n→∞

1
n

∑n−1
i=0 |αi| = 0.

(ii) Up�rqei J ⊆ Z+ puknìthtac mhdèn ¸ste lim
n/∈J

αn = 0.

(iii) lim
n→∞

1
n

∑n−1
i=0 |αi|2 = 0.

Apìdeixh
Gia M ⊆ Z+ sunbolÐzoume me αM (n) ton plhj�rijmo tou {0, ..., n− 1} ∩M.

(i) ⇒ (ii) 'Estw Jk = {n ∈ Z+ : |αn| ≥ 1
k}, k > 0. Tìte J1 ⊂ J2 ⊂ ... kai k�je Jk èqei puknìthta

mhdèn afoÔ
1
n

n−1∑
i=0

|αi| ≥
1
n

1
k

αJk
(n).

'Epetai ìti up�rqoun akèraioi 0 = l0 < l1 < l2... ¸ste gia k�je n ≥ lk,

1
n

αJk+1(n) <
1

k + 1
.

Jètoume J =
⋃∞

k=0[Jk+1 ∩ [lk, lk+1]. Ac deÐxoume ìti to J èqei puknìthta mhdèn. Epeid  J1 ⊂ J2 ⊂ ... an
lk ≤ n < lk+1 èqoume ìti

J ∩ [0, n) = [J ∩ [0, lk)] ∪ [J ∩ [lk, n)] ⊂ [J ∩ [0, lk)] ∪ [Jk+1 ∪ [0, n)],

kai �ra
1
n

αJ(n) ≤ 1
n

[αJk
(lk) + αJk+1(n) ≤ 1

n
[αJk

(n) + [αJk+1(n)] ≤ 1
k

1
k + 1

,

opìte to 1
nαJ(n) → 0. Sunep¸c to J èqei puknìthta mhdèn. An n > lk kai n /∈ J tìte n /∈ Jk+1 kai �ra

|αn| < 1
k+1 . Sunep¸c

lim
n/∈J

|αn| = 0.

(ii) ⇒ (i) 'Estw ìti |αn| < K ∀n ∈ N. 'Estw ε > 0. Up�rqei Nε tètoio ¸ste an n > Nε, n /∈ J tìte
|αn| < ε kai tètoio ¸ste gia n > Nε na isqÔei αJ(n)/n < ε. Tìte gia n > Nε èqoume

1
n

n−1∑
i=0

|αi| =
1
n

[ ∑
i∈J∩{0,1,...,n−1}

|αi|+
∑

i/∈J∩{0,1,...,n−1}

|αi|
]

<
K

n
αJ(n) + ε < (K + 1)ε.

'Omoia apodukneÐetai h isodunamÐa twn (ii) kai (iii).

Je¸rhma 4.9 'Estw T metasqhmatismìc analloÐwtoc wc proc to mètro se q¸ro pijanìthtac (X,B,m).

Ta akìlouja eÐnai isodÔnama

(i) O T eÐnai asjen¸c -miktìc.
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(ii) Gia opoiad pote dÔo stoiqeÐa A,B ∈ B up�rqei uposÔnolo akeraÐwn J(A,B) ¸ste

lim
n/∈J(A,B)

m(T−nA ∩B) = m(A)m(B).

(iii) Gia opoiad pote dÔo stoiqeÐa A,B ∈ B èqoume

lim
n→∞

1
n

n−1∑
i=0

|m(T−iA ∩B)−m(A)m(B)|2 = 0.

Apìdeixh
'Epetai apì to prohgoÔmeno Je¸rhma me αn = m(T−nA ∩B)−m(A)m(B).
Orismìc 4.5 O q¸roc pijanìthtac (X,B,m) èqei arijm simh b�sh an up�rqei akolujÐa {Bk} ⊆ B tètoia

¸ste gia k�je ε > 0 kai k�je B ∈ B na up�rqei k me m(B 4Bk) < ε.

Je¸rhma 4.10 'Estw (X,B,m) q¸roc pijanìthtac me arijm simh b�sh kai T : X 7→ X metasqhma-

tismìc analloÐwtoc wc proc to mètro. Tìte o T eÐnai asjen¸c -miktìc an up�rqei J ⊆ Z+ puknìthatc

mhdèn ¸ste gia opoiad pote dÔo stoiqeÐa A,B ∈ B na isqÔei

lim
n/∈J

m(T−nA ∩B) = m(A)m(B).

Apìdeixh
'Estw {Bk} arijm simh b�sh tou (X,B,m). Jètoume

αn =
∞∑

i,j=1

|m(T−nBi ∩Bj)−m(Bi)m(Bj)|
2i+j

.

AfoÔ o T eÐnai asjen¸c -miktìc èqoume ìti 1
n

∑n−1
i=0 αl → 0 kai �ra apì to prohgoÔmeno Je¸rhma up�rqei

uposÔnolo J tou Z+ ¸ste limn/∈J αn = 0. 'Ara èpetai ìti lim
n/∈J

m(T−nBi ∩ Bj) = m(Bi)m(Bj). To
sumpèrasma prokÔptei me èna aplo epiqeÐrhma prosèggishc.

KleÐnoume autì to kef�laio me to akìloujo Je¸rhma to opoÐo parajètoume qwrÐc apìdeixh.
Je¸rhma 4.11 'Estw T metasqhmatismìc analloÐwtoc wc proc to mètro se q¸ro pijanìthtac (X,B,m).

(i) Ta akìlouja eÐnai isodÔnama

(1) O T eÐnai ergodikìc.

(2) Gia k�je f, g ∈ L2(m) limn→∞

(
1
n

) ∑n−1
i=0 (U i

T f, g) = (f, 1)(g, 1).

(3) Gia k�je f, g ∈ L2(m) èqoume limn→∞

(
1
n

) ∑n−1
i=0 (U i

T f, f) = (f, 1)(1, f).

(ii) Ta akìlouja eÐnai isodÔnama

(1) O T eÐnai asjen¸c miktìc.

(2) Gia k�je f, g ∈ L2(m) limn→∞

(
1
n

) ∑n−1
i=0 |(U i

T f, g)− (f, 1)(1, g)| = 0.
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(3) Gia k�je f ∈ L2(m) èqoume limn→∞

(
1
n

) ∑n−1
i=0 |(U i

T f, f)− (f, 1)(1, f)| = 0.

(4) Gia k�je f ∈ L2(m) èqoume limn→∞

(
1
n

) ∑n−1
i=0 |(U i

T f, f)− (f, 1)(1, f)|2 = 0.

(iii) Ta akìlouja eÐnai isodÔnama

(1) O T eÐnai isqur� miktìc

(2) Gia k�je f, g ∈ L2(m), limn→∞(Un
T f, g) = (f, 1)(1, g)

(3) Gia k�je f ∈ L2(m), limn→∞(Un
T f, f) = (f, 1)(1, f).

(3) Gia k�je f ∈ L2(m) èqoume limn→∞(Un
T f, f) = (f, 1)(1, f).
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Kef�laio 5

GAUSSIAN METRA SE QWROUS

HILBERT KAI EFARMOGES

STH DUNAMIKH GRAMMIKWN

TELESTWN

'Opwc eÐnai gnwstì to Gaussian mètro ston Rn dÐnetai apo thn
dpt = (2πt)−n/2e−|x|

2/2tdx

ìpou dx eÐnai to mètro Lebesgue ston Rn. Se autì to kef�laio ja doÔme ìti autì to mètro èqei nìhma
kai se ènan q¸ro Hilbert ([18],[16]).

5.1 Hilbert-Schimdt kai trace class telestèc

'Estw H diaqwrÐsimoc q¸roc Hilbert kai A : H 7→ H suneq c grammikìc telest c.
Je¸rhma 5.1 'Estw {en}, {dn} dÔo opoiesd pote orjokanonikèc b�seic tou H, tìte

∞∑
n=1

|Aen|2 =
∞∑

n=1

|Adn|2

Apìdeixh
ParathroÔme ìti |Aen|2 =

∑∞
m=1 | < Aen, dm > |2. Sunep¸c èqoume∑

n

|Aen|2 =
∑

n

∑
m

| < Aen, dm > |2 =
∑

n

∑
m

| < en, A∗dm > |2

=
∑
m

∑
n

| < en, A∗dm > |2 =
∑
m

|A∗dm|2 .
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H parap�nw isìthta isqÔei gia k�je dÔo orjokanonikèc b�seic tou H. 'Etsi jètontac dm = em èpetai ìti
gia k�je orjokanonik  b�sh {dn} èqoume ìti∑

m

|Adm|2 =
∑
m

|A∗dm|2.

'Ara èpetai ìti ∑
n

|Aen|2 =
∑
m

|A∗dm|2 =
∑
m

|Adm|2.

Orismìc 5.1 'Enac grammikìc kai suneq c telest c ston H kaleÐtai Hilbert-Schmidt telest c an gia

k�poia orjokanonik  b�sh {en} tou H èqoume
∑∞

n=1 |Aen|2 < ∞. H Hilbert-Schmidt nìrma tou A orÐzetai

na eÐnai

‖A‖2 =
( ∞∑

n=1

|Aen|2
)1/2

.

To epìmeno Je¸rhma eÐnai aplì kai paraleÐpoume thn apìdeixh tou.

Je¸rhma 5.2 IsqÔoun ta epìmena

(a) ‖A∗‖2 = ‖A‖2.

(b) ‖αA‖2 = |α|‖A‖2 ìpou α ∈ C

(g) ‖A + B‖2 ≤ ‖A‖2 + ‖B‖2.

(d) ‖A‖ ≤ ‖A‖2 ìpou ‖A‖ eÐnai h sun jhc nìrma tou A.

(e) ‖AB‖2 ≤ ‖A‖ ‖B‖2 kai ‖AB‖2 ≤ ‖A‖2‖B‖.

SumbolÐzoume me L(2)(H) thn sullog  ìlwn twn Hilbert-Schmidt telest¸n ston H.

Je¸rhma 5.3 'Estw A sumpag c telest c ston H. Tìte o A mporeÐ na grafeÐ sthn morf  A = UT

ìpou o T eÐnai jetik� orismènoc sumpag c telest c kai U isometrÐa orismènh sth eikìna tou T.

Apìdeixh
JewroÔme ton telest  B = A∗A. O B eÐnai sumpag c kai jetik� orismènoc afoÔ

< Bx, x >=< A∗Ax, x >=< Ax,Ax >≥ 0.

Sunep¸c afoÔ o B eÐnai epiplèon autosuzug c èpetai ìti up�rqei orjokanonik  b�sh {en} tètoia ¸ste

Bx =
∞∑

n=1

λn < x, en > en

ìpou λn ≥ 0 kai λn → 0. OrÐzoume ton telest 

Tx =
∞∑

n=1

√
λn〈x, en〉en.

60



Profan¸c o T eÐnai sumpag c kai jetik� orismènoc. OrÐzoume akìmh ton telest  U : R(T ) 7→ H me
U(Tx) = Ax.

ParathroÔme ìti ‖Ax‖2 =< Bx, x >= ‖Tx‖2. 'Ara an Tx = 0 tìte Ax = 0 kai sunep¸c o U eÐnai kal�
orismènoc. Epiplèon A = UT kai

|U(Tx)|2 = |Ax|2 = |Tx|2.

'Ara o U eÐnai isometrÐa kai h apìdeixh eÐnai pl rhc.

Orismìc 5.2 'Enac sumpag c telest c A ston H ja lègetai tace class telest c an
∑∞

n=1 λn < ∞ ìpou

λn eÐnai oi idotimÐec tou
√

A∗A.

SumbolÐzoume me L(1)(H) to sÔnolo twn tace class telest¸n ston H. Efodi�zoume ton L(1)(H) me thn
ex c nìrma

‖A‖1 =
∞∑

n=1

λn.

IsqÔei to akìloujo je¸rhma thn apìdeixh tou opoÐou paraleÐpoume.

Je¸rhma 5.4 IsqÔoun oi akìloujec idiìthtec

(a) ‖αA‖1 = |α|‖A‖1, α ∈ C

(b ‖A + B‖ ≤ ‖A‖+ ‖B‖

(g) ‖A‖ ≤ ‖A‖1

(d) An A,B ∈ L(2)(H) tìte AB ∈ L(1)(H) kai

‖AB‖1 ≤ ‖A‖2‖B‖2

(e) ‖A‖2 ≤ ‖A‖1

(z) ‖AB‖1 ≤ ‖A‖‖B‖1, ‖AB‖1 ≤ ‖A‖1‖B‖

(h) ‖A∗‖ = ‖A‖1

Pìrisma 5.1 K�je trace class telest c mporeÐ na grafeÐ san to ginìmeno dÔo Hilbert-Shcmidt telest¸n.
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5.2 Mètra Borel se q¸rouc Hilbert

'Estw H diaqwrÐsimoc q¸roc Hilbert kai èstw B h σ−�lgebra twn Borel uposunìlwn tou H. 'Ena mètro
Borel ston H eÐnai èna mètro ston (H,B).

Orismìc 5.3 'Estw µ mètro Borel ston H. O telest c sundiakÔmanshc Sµ tou µ orÐzetai apo thn

〈Sµx, y〉 =
∫

H

〈x, y〉〈x, z〉dµ(z). x, y ∈ H

Parat rhsh O Sµ endèqetai na m n up�rqei. An up�rqei eÐnai autosuzug c kai jetik� orismènoc.

Orismìc 5.4 'Enac telest c ston H kaleÐtai S−telest c an an kei ston L(1)(H) eÐnai jetik� orismènoc

kai autosuzug c. SumbolÐzoume me S to sÔnolo twn S−telest¸n.

Je¸rhma 5.5 IsqÔei
∫

H
|x|2dµ(x) < ∞ an kai mìnon an Sµ ∈ S. M�lista to Ðqnoc tou Sµ eÐnai Ðso me∫

H
|x|2dµ(x).

Apìdeixh
'Estw ìti Sµ ∈ S kai èstw {en} mÐa orjokanonik  b�sh tou H. Apì to j¸rhma monìtonhc sÔgklishc
èpetai ìti∫

H

|x|2dµ(x) = lim
n→∞

∫
H

[〈x, e1〉2 + ... + 〈x, en〉2]dµ(x) = lim
n→∞

n∑
j=1

〈Sµej , ej〉 = Ðqnoc Sµ < ∞.

AntÐstrofa èstw ìti ∫
‖x‖2dµ(x) < ∞. ApodeiknÔoume kata arq n ìti o telest c sundiakÔmanshc

up�rqei. ParathroÔme ìti
|
∫

H

〈x, z〉〈y, z〉dµ(z)| ≤ |x||y|
∫

H

|z|2dµ(z),

dhlad  h digrammik  morf  ∫
H
〈x, z〉〈y, z〉dµ(z) eÐnai suneq c. Apì to je¸rhma Lax-Millgram sunep�getai

ìti up�rqei Sµ ∈ L(H) ètsi ¸ste
〈Sµx, y〉 =

∫
H

〈x, z〉〈y, z〉dµ(z).

EÐnai profanèc ìti o Sµ eÐnai autosuzug c kai jetik� orismènoc. Me èna epiqeÐrhma an�logo tou arqikoÔ
èpetai ìti

Ðqnoc Sµ =
∫

H

|x|2dµ(x).
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Orismìc 5.5 'Estw µ mètro Borel ston H. O mèsoc tou µ eÐnai èna stoiqeÐo mµ ∈ H tètoio ¸ste

〈mµ, x〉 =
∫

H

〈z, x〉dµ(z), x ∈ H.

Parat rhsh En gènei tètoio stoiqeÐo dèn up�rqei. An ìmwc ∫
|x|dµ(x) < ∞ tìte apì to je¸rhma

anapar�stashc tou Riesz up�rqei kai m�lista |mµ| ≤
∫

H
|x|dµ(x).

Ja doÔme t¸ra p¸c orÐzetai o metasqhmatismìc Fourier enìc mètrou pijanìthtac se ènan q¸ro Hilbert.

Orismìc 5.6 'Estw µ mètro pijanìthtac se ènan q¸ro Hilbert H .O metasqhmatismìc Fourier tou µ ( 

qaraktiristik  sun�rthsh) eÐnai h sun�rthsh µ̂ : H 7→ H me

µ̂(x) =
∫

H

eitxdµ(t).

EÐnai èukolo na apodeiqjeÐ ìti h sun�rhsh µ̂ eÐnai jetik� orismènh, dhlad  gia k�je n ∈ N kai k�je
x1, x2, ..., xn ∈ H, c1, c2, ..., cn ∈ C èqoume ìti

n∑
j,k=1

cjµ̂(xj − xk)ck ≥ 0.

Prìtash 5.1 'Estw µ mètro pijanìthtac ston H. H sun�rthsh φ = µ̂ eÐnai omoiìmorfa suneq c.

Apìdeixh
'Estw ε > 0. Epeid  to µ eÐnai kanonikì mètro up�rqei r > 0 ¸ste µ(B(0, r)) > 1− ε

4 . Tìte
|φ(x)− φ(y)| ≤

∫
H

|ei〈x,z〉 − ei〈y,z〉|dµ(z)

=
( ∫

Br

+
∫

{Br

)
|ei〈x,z〉 − ei〈y,z〉|dµ(z)

≤
∫

Br

|〈x, z〉 − 〈y, z〉|dµ(z) +
ε

2

≤ r|x− y|+ ε/2

kai to sumpèrasma èpetai.

ShmeÐwsh ApodukneÐetai ìti an µ1, µ2 eÐnai mètra pijanìthtac ston H me Ðdiec qarakthristikèc
sunart seic tìte µ1 = µ2.
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5.3 Gaussian mètra se q¸rouc Hilbert

'Estw (Ω,F , P) q¸roc pijanìthtac. MÐa tuqaÐa metablht  X : Ω 7→ R èqei katanom  Gauss an up�rqoun
m ∈ R kai q ≥ 0 ¸ste gia k�je Borel B ⊆ R na isqÔei

P (X ∈ B) =
1√
2πq

∫
B

exp
(−(x−m)2

2q

)
dx,

ìpou sth perÐptwsh q = 0 jewroÔme ìti X = m sqedìn sÐgoura. Me ènan eujÔ upologismì blèpoume ìti
E(X) = m

kai
E(X −m)2 = q.

Akìma qrhsimopoi¸ntac to je¸rhma Cauchy brÐskoume
E(eitX) = exp (imt + 1/2qt2).

AntÐstrofa to je¸rhma monadikìthtac tou metasqhmatismoÔ Fourier lèei ìti mÐa tuqaÐa metablht  me
qarakthristik  sun�rthsh thc parap�nw morf c eÐnai Gaussian . Ta parap�nw genikèuontai se q¸ro
Hilbert wc ex c

Orismìc 5.7 'Estw H pragmatikìc q¸roc Hilbert. MÐa tuqaÐa metablht  X : Ω 7→ H èqei katanom 

Gauss an gia k�je x ∈ H h t.m 〈X, x〉 akoloujeÐ thn kanonik  katanom . An�loga èna Gaussian mètro

ston H èinai èna mètro pijanìthtac µ tètoio ¸ste gia k�je x ∈ H h tuqaÐa metablht  〈x, .〉 na èqei

kanonik  katanom . MÐa tètoia tuqaÐa metablht  ja lègetai kentrik  an èqei mèsh tim  0.

Je¸rhma 5.6 Mia tuqaÐa metablht  me timèc ston H eÐnai kanonik  tìte kai mìnon tìte h qarakthri-

stik  sun�rthsh thc X eÐnai thc morf c

E(ei〈X,x〉) = exp
(
〈m,x〉+

1
2
〈Qx, x〉

)
,∀x ∈ H

ìpou m ∈ H kai Q eÐnai ènac jetik� orismènoc summetrikìc telest c tou H. Sthn perÐptwsh aut  èqoume

ìti h mèsh tim  thc X eÐnai m kai Q eÐnai o telest c sundiakÔmanshc.

Orismìc 5.8 'Enac peperasmènoc arijmìc tuqaÐwn metablht¸n X1, . . . , Xn ston q¸ro pijanìthtac (Ω,F , P)

èqei koin  kanonik  katanom  an gia k�je t1, . . . , tn ∈ R h tuqaÐa metablht 
∑n

i=1 tiXi èqei kanonik 

katanom .
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5.4 Migadikèc kanonikèc tuqaÐec metablhtèc

Orismìc 5.9 [16]. MÐa migadik  tuqaÐa metablht  ζ èqei Gaussian katanom  an oi Re(ζ), Im(ζ) èqoun

koin  kanonik  katanom . H ζ ja lègetai kentrik  an E(ζ) = 0 kai summetrik  an ζ = λζ kata katanom 

gia k�je λ me |λ| = 1.

H katanom  miac tètoiac metablht c kajorÐzetai apì tic pènte pragmatikèc paramètrouc
E(<ζ), E(=ζ), V ar(<ζ), V ar(=ζ), Cov(<ζ, Imζ)

h isodÔnama apì tic E(ζ) thn
E(ζ − E(ζ))2 = V ar(<ζ)− V ar(=ζ) + 2iCov(<ζ,=ζ)

kai thn pragmatik 
E|ζ − Eζ|2 = V ar(<ζ) + V ar(=ζ).

To akìloujo je¸rhma eÐnai apl  sunèpeia twn orism¸n kai twn idiot twn twn kanonik¸n katanom¸n.

Je¸rhma 5.7 'Estw ζ migadik  Gaussian tuqaÐa metablht . Ta akìlouja eÐnai isodÔnama

(i) H ζ eÐnai summetrik  Gaussian migadik  tuqaÐa metablht .

(ii) Eζ = Eζ2 = 0.

(iii) Eζ = 0, E(<ζ)2 = E(=ζ)2, kai E(<ζ=ζ) = 0.

(iii) ζ = ξ + iη ìpou ξ kai η eÐnai anex�rthtec kentrikèc kanonikèc pragmatikèc tuqaÐec metablhtèc me

thn Ðdia diaspor�.

Orismìc 5.10 'Estw (Ω.F , P) q¸roc pijanìthtac kai f : Ω 7→ C metr simh. Ja lème ìti h f èqei

migadik  summetrik  katanom  an to pragmatikì kai fantastikì thc mèroc èqoun koin  kanonik  kentrik 

katanom .

Orismìc 5.11 'Estw H diaqwrÐsimoc migadikìc q¸roc Hilbert. 'Ena Gaussian mètro ston H eÐnai èna

mètro pijanìthtac µ ston H tètoio ¸ste gia k�je x ∈ H h sun�rthsh fx : y 7→ 〈y, x〉 na èqei summetrik 

kanonik  migadik  katanom .

'Ena tètoio mètro eÐnai kentrikì∫
H

〈x, y〉dµ(y) =
∫

H

fx(y)dµ(y) =
∫

H

yd(fx(m))(y).

Akìmh ∫
H

‖z‖2 < ∞.

Sumfwna me ìsa èqoume dei èna Gaussian mètro kajorÐzetai apì ton telest  sundiakÔmanshc.
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5.5 Gaussian q¸roi

Orismìc 5.12 MÐa oikogèneia tuqaÐwn metalht¸n {fα} lègetai Gaussian an h grammik  j kh tou {fα}

apoteleÐtai apo Gaussian tuqaÐec metablhtèc.

'Estw f1 . . . fn Gaussian oikogèneia kai γ = (γ1 . . . γn)t ∈ Rn tìte h Gaussian metablht  f =
∑n

k=1 γkfk

èqei rop 
E(f2) =

n∑
j,k=1

γjγkE(fjfk) = (Qγ, γ),

ìpou o pÐnakac Q eÐnai jetik� orismènoc kai summetrikìc. M�lista Q = {E(fjE(fk)}j,k. EÐnai aplì na
deiqjeÐ ìti o Q eÐnai antistrèyimoc an kai mìnon an oi f1 . . . fn eÐnai anex�rthtec. Sthn perÐptwsh aut  h
koin  katanom  twn f1 . . . fn eÐnai apolÔtwc suneqèc wc proc to mètro Lebesgue kai m�lista h puknìthta
Pf1...fn

tou µf1...fn
dÐnetai apo thn

Pf1...fn
=

1
(2π)n/2

(detQ)
1
2 exp

(
− 1

2
(Q−1x, x)

)
.

Apì thn prohgoÔmenh isìthta sunep�getai ìti an g1, g2 eÐnai tuqaÐec metablhtèc pou an koun sthn Ðdia
Gaussian oikogèneia tìte autèc eÐnai anex�rthtec an kai mìnon an eÐnai orjokanonikèc.

Orismìc 5.13 'Enac kleistìc upìqwroc G tou pragmatikoÔ q¸rou L2(Ω,Σ, P ) ja lègetai Gaussian q¸roc

an apoteleÐtai apo Gaussian tuqaÐec metablhtèc.

L mma 5.1 'Estw {fn} akoloujÐa Gaussian tuqaÐwn metablht¸n kai èstw f = lim
n→∞

fn ston L2(Ω,Σ, P )

, tìte h f eÐnai Gaussian tuqaÐa metablht .

Apìdeixh
Pern¸ntac se upoakoloujÐa mporoÔme na upojèsoume ìti f = lim

n→∞
fn sqedìn pantoÔ. Apì to je¸rhma

Lebesugè èpetai ìti
Eeitf = lim

n→∞
Eeitfn = exp

(
− t2

2
lim

n→∞
σ2

fn

)
,

kai �ra apì je¸rhma h f eÐnai Gaussian tuqaÐa metablht  .

'Estw G Gaussian upìqwroc tou L2
R(Ω,Σ, P ) kai jewroÔme mìno Gaussian metablhtèc sto G. EÐ-

nai loipìn logikì na apait soume ìti h Σ eÐnai h el�qisth σ−�lgebra gia thn opoÐa ìlec oi sunart seic
sthn G eÐnai metr simec. IsqÔei to akìloujo je¸rhma. Gia thn apìdeixh deÐte sto [20].

Je¸rhma 5.8 L2
R(Ω,Σ, P ) = span{gk : g ∈ G k ∈ Z+}.

KleÐnoume autì to kef�laio me k�poiec parathr seic pou ja qrhsimopoi soume argìtera. Sta akìlouja
upojètoume ìti o T eÐnai ènac telest c ston q¸ro Hilbert H o opoÐoc eÐnai fragmènoc kai analloÐwtoc
wc proc èna Gaussian mètro . 'Estw B h σ-�lgebra twn Borel uposunìlwn tou H. Wc gnwston èqoume
thn epagìmenh isometrÐa

UT : L2(H,B,m) −→ L2(H,B,m)
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f −→ [z 7→ f ◦ T (z)].

Aut  den eÐnai aparaÐthta epÐ. Gia na gÐnei o UT epÐ arkeÐ na all�xoume thn σ-�lgebra sth dexi� pleur�. H
B eÐnai h σ-�lgebra pou par�getai apì tic sunart seic <〈., x〉 : z 7→ <〈z, x〉, kai jewroÔme thn σ-�lgebra
B′ pou par�getai apì tic sunart seic <〈., T ∗x〉, x ∈ H. Tìte h B′ perièqetai sthn B kai oi sunart seic
thc morf c z 7→ p(<〈z, T ∗x1〉, . . . ,<〈z, T ∗xr〉), ìpou to p eÐnai polu¸numo r metablht¸n ston Cr kai
x1 . . . xr eÐnai m dianÔsmata ston H, sqhmatÐzoun puknì uposÔnolo tou L2(H,B′,m).

Epeid  h sun�rthsh 〈., x〉 eÐnai Gaussian èqoume ìti 〈., x〉k ∈ L2(H,B,m) gia k�je k ≥ 1. Epomènwc
èqoume ìti h apeikìnish

UT : L2(H,B,m) −→ L2(H,B′,m)

f 7−→ f ◦ T

eÐnai isometrÐa kai epÐ. Den ja eis�goume k�poion nèo sumbolismì gia autìn ton telest .

5.6 O rìloc tou monadiaÐou shmeiakoÔ f�smatoc.

Orismìc 5.14 'Estw T fragmènoc grammikìc telest c se q¸ro Hilbert, kai èstw σ mètro pijanìthtac

ston T. Ja lème ìti o T èqei σ−par�gwn sÔnolo idiodianusm�twn se sqèsh me monadiaièc idiotimèc an gia

k�je Borel uposÔnolo A tou T me σ(A) = 1 oi idiìqwroi Ker(T −λI) gia λ ∈ A par�goun puknì upìqwro

tou H. 'Otan up�rqei èna tètoio mètro pijanìthtac σ to opoÐo eÐnai suneqèc (dhlad  σ(λ) = 0) tìte ja

lème ìti o T èqei tèleio par�gon sÔnolo idiodianusm�twn se sqèsh me monadiaÐec idiotimèc.

O stìqoc mac sta epìmena eÐnai na deÐxoume to akìloujo je¸rhma
Je¸rhma 5.9 An o T èqei tèleio par�gon sÔnolo se sqèsh me monadiaÐec idiotimèc tìte o T eÐnai suqn�

uperkuklikìc. Akìmh o T eÐnai asjen¸c topologik� meiktìc, dhlad  gia k�je U, V anoiqt� mh ken�

uposÔnola tou H up�rqei akoloujÐa akeraÐwn nk puknìthtac 1 ¸ste Tnk(U) ∩ V 6= ∅ gia k�je k.

Gia thn apìdeixh tou parap�nw Jewr matoc ja qreiastoÔme ìsa èqoume anaptÔxei mèqri t¸ra. Xekin�me
me èna aplì je¸rhma pou mac deÐqnei giatÐ mac eÐnai qr simh h ergodik  jewrÐa.
Je¸rhma 5.10 'Estw T fragmènoc telest c ston H. Upojètoume ìti up�rqei èna mètro m ston (H,B,m)

me forèa to H ètsi ¸ste o T : (H,B,m) 7→ (H,B,m) na eÐnai metasqhmatismìc analloÐwtoc wc proc to

mètro kai ergodikìc. Tìte o T eÐnai suqn� uperkuklikìc telest c kai m�lista to sÔnolo FHC(T ) èqei

m-mètro 1.

Apìdeixh
'Estw (

Up

)
p≥1

arijmÐsimh b�sh mh ken¸n anoiqt¸n uposunìlwn tou X. Apì to Je¸rhma ergodikìthtac
tou Birkhoff èpetai ìti gia m-sqedìn k�je x èqoume

1
N

#{k ≤ N : T kx ∈ Up} −→ m(Up).

Epeid  m(Up) > 0 èpetai to sumpèrasma.
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5.7 ParadeÐgmata telest¸n me tèleio sÔnolo idiodianusm�twn

wc proc tic monadiaÐec idiotimèc

Par�deigma 1 'Estw B o telest c metatìpishc proc ta pÐsw ston `2. Tìte gia k�je ω me |ω| > 1 o
telest c ωB èqei tèleio par�gon sÔnolo idiodianusmatwn wc proc tic monadiaÐec iditimèc. Pr�gmati eÔkola
blèpoume ìti to λ eÐnai idiotim  tou ωB an kai mìnon an |λ| < |ω| kai m�lista se aut n thn perÐpptwsh o
idiìqwroc Ker(ωB − λI) eÐnai monodi�statoc kai par�getai apì to

xλ =
∞∑

n=0

(λ

ω

)n

en.

'Estw σ to kanonikopoihmèno mètro Lebesguè ston monadiaÐo kÔklo T : dσ = 1
2π dθ, kai èstw A uposÔnolo

tou T mètrou 1. Ja apodeÐxoume ìti h grammik  j kh twn idiìqwrwn {Ker(ωB − λI)}λ∈A eÐnai pukn .
'Estw grammikì sunarthsiakì pou anaparist�tai apo to x kai tètoio ¸ste 〈x, xλ〉 = 0 gia k�je λ ∈ A.
Tìte h analutik  sun�rthsh Φ pou orÐzetai sto D(0, |ω|) me

Φ(λ) =
∞∑

n=0

〈x, en〉
(λ

ω

)n

mhdenÐzetai sto A pou èqei shmeÐo suss¸reushc (diìti eÐnai uperarijm simo uposÔnolo tou T). Apì thn
arq  analutik c sunèqishc èpetai ìti x = 0 kai to apotèlesma eÐnai efarmog  tou jewr matoc Hahn-

Banach.
Ja doÔme kai èna dèutero per�deigma telest  me tèleio sÔnolo idiodianusm�twn wc proc tic monadiaÐec

idiotimèc.
Par�deigma 2 'Estw Ω anoiqtì kai sunektikì uposÔnolo tou C kai H ènac mh tetrimènoc q¸roc

Hilbert analutik¸n sunart sewn sto Ω ¸ste oi telestèc f 7→ f(z) na eÐnai fragmènoi gia k�je z ∈ Ω.
'Estw φ analutik  sto Ω ¸ste gia k�je f ∈ H na èqoume φf ∈ H. Autìc o pollaplasiast c orÐzei ènan
pollaplasiastikì telest  Mφ mèsw thc

Mφ(f) = fφ

gia f ∈ H. O Shapiro eÐqe apodeÐxei ìti an h φ eÐnai mh stajer  ¸ste to φ(Ω) na tèmnei ton monadiaÐo dÐsko
tìte o M∗

φ eÐnai uperkuklikìc. IsqÔei ìti k�je tètoioc pollaplasiastikìc telest c èqei tèleio sÔnolo
idiodianusm�twn se sqèsh me tic monadiaÐec idiotimèc. Gia thn apìdeixh jewroÔme èma m  kenì anoiqtì tìxo
γ pou perièqetai sto φ(Ω) ∩ T, ìpou me φ(Ω) sumbolÐzoume to sÔnolo twn migadik¸n suzug¸n tou φ(Ω).
'Estw σ to kanonikopoihmèno mètro m kouc periorismèno sthn γ

dσ =
1

l(γ)
χγdθ.

Gia k�je z ∈ Ω èstw kz o epagìmenoc pur nac pou orÐzetai apo thn f(z) = 〈f, kz〉 gia k�je f ∈ H. Tìte
M∗

φkz = φ(z)kz. 'Ara k�je stoiqeÐo thc γ eÐnai idiotim  tou M∗
φ . 'Estw ìti to A eÐnai uposÔnolo tou

T mètrou 1 kai f sun�rtsh ston H me 〈f, kz〉 = 0 ìpote to φ(z) tèmnei to A. Tìte f(z) = 0 gia k�je
z ∈ φ−1(A) ( ìpou A eÐnai to suzugèc tou A). Epeid  to φ−1(A) eÐnai uperarijm simo uposÔnolo tou Ω

èpetai ìti èqei shmeÐo suss¸reushc sto Ω kai �ra h f eÐnai tautotik� 0 sto Ω.
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5.8 Kataskeu  Gaussian mètrwn se q¸ro Hilbert

Prìtash 5.2 'Estw T fragmènoc telest c ston H. Ta akìlouja eÐnai isodÔnama

(1) Up�rqei mh ekfulismèno Gaussian mètro (dhlad  o forèac tou eÐnai ìloc o q¸roc) to opoÐo eÐnai

analloÐwto apo ton T.

(2) Up�rqei fragmènoc autosuzug c kai jetikìc telest c S pou eÐnai traceclass kai epÐ ¸ste

TST ∗ = S.

(3) Up�rqei q¸roc Hilbert G, sumpag c telest c K : G 7→ H o opoÐoc eÐnai Hilbert-Schmidt me pukn 

eikìna , V V ∗ = ιd ¸ste

(F ) TK = KV

Apìdeixh
(1) ⇒ (2)Apì thn upìjesh to T (m) (dhlad  T (m)(A) = m(T−1A)) eÐnai Gaussian mètro ston H. 'Estw
S
′ o telest c sundiakÔmanshc. Tìte

〈S
′
x, y〉 =

∫
H

〈x, z〉〈x, z〉d(T (m))(z) =
∫

H

〈T ∗x, z〉〈T ∗y, z〉dm(z) = 〈TST ∗x, y〉

'Epetai ìti S
′
= TST ∗ kai to sumpèrasma t¸ra eÐna profanèc.

(2) ⇒ (1) JewroÔme to Gaussian mètro m ston H me telest  sundiakÔmanshc S( sugkekrimèna auto
me qarakthristik  sun�rthsh φ(x) = e

−i
2 〈Sx,x〉). 'Epetai ìpwc prohgoumènwc ìti o S eÐnai o telest c

sundiakÔmanshc tou T (m).
(3) ⇒ (2) Jètoume S = KK∗. O S eÐnai fragmènoc autosuzug c jetkìc telest c. Epeid  o K èqei
pukn  eikìna eÐnai epÐ kai afoÔ o K∗ eÐnai Hilbert-Schmidt èqoume ìti o S eÐnai trace class.
(2) ⇒ (3) JewroÔme thn polik  anapar�stash tou (T

√
S)∗. Dhlad  ènan autosuzug  telest  P kai

mÐa isometrÐa W ètsi ¸ste (T
√

S)∗ = WP . Jètoume V = W ∗. AfoÔ o P eÐnai h monadik  jetik  rÐza
tou (T

√
S)(T

√
S)∗ = S, P =

√
S kai √ST ∗ = V ∗

√
S. 'Ara T

√
S =

√
SV. Jètontac K

√
S èqoume ìti o

K ikanopoieÐ thn exÐswsh F . EÐnai �meso ìti o K eÐnai epÐ kai Hilbert − Schmidt kai epeid  o K eÐnai
autosuzug c sunep�getai ìti epiplèon èqei pukn  eikìna.
L mma 5.2 'Estw T fragmènoc telest c ston H. Up�rqei akoloujÐa Borel metr simwn kai fragmènwn

Ei : T 7→ BH , i ≥ 1 ètsi ¸ste gia k�je λ ∈ T h grammik  j kh thc akoloujÐac dianusm�twn
(
Ei(λ)

)
i≥1

na eÐnai pukn  sto Ker(T − λI). Me BH sumbolÐzoume thn kleist  monadiaÐa mp�la tou H.

Apìdeixh
'Estw (xi) pukn  akoloujÐa dianusm�twn sth monadiaÐa sfaÐra. Gia λ ∈ T sumbolÐzoume me Pλ thn
orjog¸nia probol  epÐ tou Ker(T − λI). OrÐzoume Ei : T 7→ H me Ei(λ) = Pλ(xi). H Ei eÐnai Borel

apeikìnish tou T( auto prokÔptei apo to ìti h λ 7→ ‖Pλx‖ eÐnai �nw hmisuneq c gia k�je x ∈ H). H kleist 
grammik  j kh twn dianusm�twn Ei(λ) eÐnai akrib¸c o idiìqwroc Ker(T − λI) diìti an x ∈ Ker(T − λI)

eÐnai orjog¸nio se k�je Pλ(xi) tìte to x eÐnai orjog¸nio sthn eikìna tou Pλ.
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Prìtash 5.3 'Estw ìti o T èqei σ-tèleio par�gon sÔnolo idiodianusm�twn se sqèsh me monadiaÐec idio-

timèc. Tìte o T ikanopoieÐ thn exÐswsh (F ). Eidikìtera o T èqei mh ekfulismèno analloÐwto Gaussian

mètro.

Apìdeixh
JewroÔme thn akoloujÐa idiodianusm�twn (Ei)i≥1 ìpwc sto prohgoÔmeno l mma. 'Estw V h apeikìnish
ston ⊕

i≥1

L2(T, σ) = {(fi)i≥1 :
∑∞

i=1 ‖fi‖2 < ∞} pou orÐzetai apì thn
V

( ⊕
i≥1

)
fi(λ) =

⊕
i≥1

λfi(λ).

Dhlad  o V dra san pollaplasiasmìc me λ se k�je sunist¸sa L2(T, σ). EÔkola blèpoume ìti o V eÐnai
unitary telest c. 'Estw t¸ra K :

⊕
i≥1

L2(T, σ) 7→ H o telest c pou orÐzetai apì thn

K
( ⊕

i≥1

fi

)
=

∞∑
i=1

1
2i

∫
T

fi(λ)Ei(λ)dσ(λ).

Me mia efarmog  thc anisìthtac Holder èqoume ìti o K eÐnai kal� orismènoc. Akìmh o K eÐnai Hilbert−

Schmidt telest c. K�je Ki : L2(T, σ) 7→ H pou apeikonÐzei to fi sto ∫
T fi(λ)Ei(λ)dσ(λ) eÐnai ènac

telest c me tetragwnik� oloklhr¸simo pur na. Ja apodeÐxoume ìti o K èqei pukn  eikìna. 'Estw loipìn
x ∈ H tètoio ¸ste 〈x, K(

⊕
i≥1

fi)〉 = 0 gia k�je akoloujÐa (fi)i≥1) ∈
⊕
i≥1

L2(T, σ). PaÐrnontac ìla ta
stoiqeÐa thc akoloujÐac na eÐnai 0 ektìc apì èna sumperaÐnoume ìti gia k�je i ≥ 1 kai k�je f ∈ L2(T, σ)

èqoume
〈x,

∫
T

f(λ)Ei(λ)dσ(λ)〉 = 0.

'Epetai ìti 〈x, Ei(λ)〉 = 0 σ sqedìn pantoÔ to opoiì shmaÐnei ìti to x eÐnai k�jeto sto Ker(T − λI)

ektìc apì èna sÔnolo σ mètrou mhdèn. Apì thn upìjesh ìti o T èqei σ par�gon sÔnolo idiodianusm�twn
dÐnei x = 0. 'Ara o K èqei pukn  eikìna. Ja apodeÐxoume ìti ikanopoeÐtai h exÐswsh (F ) gia aut 
thn epilog  twn K, V. Qrhsimopoi¸ntac to gegonìc ìti to Ei(λ) ∈ Ker(T − λI) paÐrnoume gia k�je
(fi)i≥1 ∈

⊕
i≥1

L2(T, σ),

TK
( ⊕

i≥1

fi

)
=

∞∑
i=1

1
2i

∫
T

fi(λ)TEi(λ)dσ(λ) =
∞∑

i=1

1
2i

∫
T

fi(λ)λEi(λ)dσ(λ)

=
∞∑

i=1

1
2i

∫
T

V
( ⊕

i≥1

fi

)
(λ)Ei(λ)dσ(λ) = KV

( ⊕
i≥1

fi

)
.

Prìtash 5.4 'Estw T fragmènoc telest c ston H tètoioc ¸ste ta idiodianÔsmata pou antistoiqoÔn se

monadiaÐec idiotimèc na par�goun puknì upìqwro tou H. Tìte o T èqei mh ekfulismèno analloÐwto Gaussian

mètro.

Apìdeixh
Gia k�je i ≥ 1 epilègoume akoloujÐa (λ(i)

n )n monadiaÐwn idiotim¸n ¸ste sp [Ei(λi
n), i ≥ 1, n ≥ 0] = H.

OrÐzoume
σ =

1
C

∞∑
i=1

1
2i

( ∞∑
n=0

1
2n

δ
λ

(i)
n

)
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ìpou C stajer� ¸ste to σ na eÐnai mètro pijanìthtac. Tìte o T èqei σ-par�gon sÔnolo idiodianusm�twn
se sqèsh me monadiaÐec idiotimèc kai to sumpèrasma prokÔptei apo to prohgoÔmeno Je¸rhma.

Parat rhsh 'Estw ìti o T èqei analloÐwto mètro µ ¸ste to∫
H

‖z‖2dµ(z)

na eÐnai peperasmèno kai o forèac tou µ na eÐnai ìloc o q¸roc. Tìte o T èqei mh ekfulsmèno analloÐwto
Gaussian mètro. Pr�gmati orÐzoume ton telest  S ston H mèsw thc

〈Sx, y〉 =
∫

H

〈x, z〉〈y, z〉dµ(z) x, y ∈ H.

Epeid  to µ èqei deÔterh rop  o S eÐnai kal� orismènoc, autosuzug c jetikìc kai trace-class. 'Estw m

to kanonikì mètro pou orÐzetai apo ton S. Tìte
〈TST ∗x, y〉 =

∫
H

〈x, z〉〈y, z〉d(T (m))(z) = 〈Sx, y〉

kai to m eÐnai T analloÐwto. 'An Sx = 0 tìte 〈x, z〉 = 0 m sqedìn pantoÔ. 'Ara x = 0 kai sunep¸c to m

eÐnai mh ekfulismèno.

Pr�deigma 'Estw B : `2 7→ `2 o telest c metatìpishc me b�roc (ωn)n≥1 ìpou (ωn)n≥1 eÐnai fragmènh
akoloujÐa jetik¸n arijm¸n. Upojètoume ìti

lim inf
n→∞

(ω1 . . . ωn)(1/n)1/n > 1,

kai èstw ìti ω0 = 1. SumbolÐzoume me (en)n≥0 thn sun jh orjokanonik  b�sh tou `2. Se aut  thn
perÐptwsh to monadiaÐo shmeiakì f�sma tou B eÐnai aplì. Sugkekrimèna o idiìqwroc Ker(T−λI) par�getai
apì to di�nusma

E(λ) =
+∞∑
n=0

λn

ω0 . . . ωn
en

gia |λ| = 1. Gia f ∈ L2(T, dθ) orÐzoume
K(f) =

+∞∑
n=0

( ∫ 2π

o

f(eiθ)
einθ

ω0 . . . ωn

dθ

2π

)
en

kai gia k�je x ∈ `2

K∗x =
+∞∑
n=0

〈x, en〉
(ω0 . . . ωn)2

e−inθ.

'Ara
Sx = KK∗x =

+∞∑
n=1

〈x, en〉
(ω0 . . . ωn)2

en,

kai o S eÐnai diag¸nioc telest c wc proc thn b�sh (en)n≥0. PrathroÔme ìti h seir�∑
n≥0

1
ω0 . . . ωn)2
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sugklÐnei kai ìti o S eÐnai trace cllas telest c. Autì shmaÐnei ìti to Gaussian mètro pou ep�getai apo
ton S mporeÐ na dojeÐ isodÔnama san ton periorismì ston `2 tou mètrou ginìmenou µ = ⊗n≥0µn, ston Cn

ìpou µn eÐnai to Gaussian mètro ston Rn me pÐnaka sundiakÔmanshc


1

(ω0...ωn)2
1

(ω0...ωn)2 . . . 0

0 1
(ω0...ωn)2 . . .

0 . . . 1
(ω0...ωn)2

 .

�

O stìqoc mac eÐnai na deÐxoume to epìmeno Je¸rhma pou dÐnei ikan  sunj kh gia ènan telest  na èqei
analloÐwto mh ekfulismèno mètro Gauussian wc proc to opoÐo eÐnai asjen¸c miktìc.
Je¸rhma 5.11 'Estw ìti o T èqei tèleio par�gon sÔnolo idiodianusm�twn se sqèsh me monadiaÐec idioti-

mèc. Tìte up�rqei mh ekfulismèno Gaussian mètro m ston H to opoiì eÐnai analloÐwto apì ton T ètsi

¸ste o T : H 7→ H na eÐnai asjen¸c miktìc.

L mma 5.3 'Estw x, y ∈ H ìpou o H ìpwc sto Je¸rhma 6.3 kai fx = 〈., x〉, fy = 〈., x〉. Tìte

lim
N→∞

1
N

N−1∑
k=0

|〈Uk
T fx, fy〉|2 = 0

Apìdeixh
'Estw σ mètro ston H ìpwc ston orismì 6.1 kai K, V ìpwc sthn Prìtash 6.2. Jètoume S = K∗K kai
èqoume

〈Uk
T fx, fy〉 =

∫
H

〈T kz, x〉〈y, z〉dm(z) = 〈T kSy, x〉.

'Omwc S = KK∗ me K∗T ∗ = V ∗K∗ kai �ra 〈Uk
T fx, fy〉 = 〈V kK∗y, K∗x〈. O V dr� sto eujÔ �jroisma

Hilbert
⊕

i≥1 L2(T, σ) san pollaplasiasmìc me λ se k�je sunist¸sa. Gr�fontac to K∗x san (fi)i≥1 me∑
‖fi‖2 < ∞ kai to K∗(y) san (gi)i≥1 me ∑

‖gi‖2 < +∞ èpetai ìti
〈Uk

T fx, fy〉 =
∞∑

i=1

∫
T

λkgi(λ)fi(λ)dσ(λ),

pou eÐnai to �jroisma thc akoloujÐac twn mh arnhtik¸n suntelest¸n Fourier tou
dµ =

∑
gifidσ.

'Omwc to dµ eÐnai suneqèc kaj¸c to dλ eÐnai suneqèc kai to sumpèrasma t¸ra eÐnai �meso.
JewroÔme touc akìloujouc upìqwrouc twn L2(H,B,m) kai L2(H,B

′
,m) antÐstoiqa

G = s̄pL2(H,B,m)
[
〈., x〉 ;x ∈ H

]
,

G
′
= s̄pL2(H,B

′
,m)

[
〈., T ∗x〉 ;x ∈ H

]
.

To akìloujo L mma eÐnai sunèpeia tou 5.3.
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L mma 5.4 Gia f, g ∈ G èqoume

lim
n→∞

1
N

N−1∑
k=0

|〈Uk
T f, g〉|2 = 0.

'Estw Gn o q¸roc twn omogen¸n poluwnÔmwn bajmoÔ n p�nw apì to G me G0 = C. O metasqhmatismìc
Wick orÐzetai wc ex c.

Orismìc 5.15 An h f eÐnai stajer  tìte o metasqhmatismìc Wick orÐzetai wc : f = f . An f ∈ Gn n ≥ 1

tìte : f = f−Pnf ìpou me Pn sumbolÐzoume thn orjog¸nia probol  ston s̄pL2(H,B,m)
[
Gk : 0 ≤ k ≤ k−1

]
.

'Epetai ìti
L2(H,B,m) =

⊕
k≥0

: Gk : kai L2(H,B
′
,m) =

⊕
k≥0

: G
′k

:,

ìpou ta parap�nw eÐnai eujèa orjokanonik� ajroÐsmata. JewroÔme t¸ra to Hilbert tanustikì ginìmeno⊗
n
G kai orÐzoume to eswterikì ginìmeno 〈., .〉⊗ me

〈g1 ⊗ ...⊗ gn, h1 ⊗ ...⊗ hn〉 = 〈g1, h1〉...〈gn, hn〉.

O q¸roc Gn
� eÐnai h eikìna thc probol c

Sym :
⊗

n

G 7→ Gn
�,

f1 ⊗ ...⊗ fn 7→
1
n!

∑
τ∈Σn

fτ1 ⊗ ...⊗ fτn .

IsqÔei ìti
〈Sym(g1 ⊗ ...⊗ gn), Sym(h1 ⊗ ...⊗ hn)〉 =

1
n!

∑
τ∈Σn

〈gτ1 , h1〉...〈gτn
, hn〉.

Gia f, g ∈ Gn
� orÐzoume to eswterikì ginìmeno 〈, 〉� wc

〈f, g〉� = n!〈f, g〉⊗.

Orismìc 5.16 O q¸roc Fock F(G) p�nw apo to G orÐzetai na eÐnai to ex c �jroisma Hilbert

F(G) =
⊕
n≥0

Gn
�,

ìpou to Gn
� jewreÐtai efodiasmèno me to parap�nw eswterikì ginìmeno.

ParathroÔme ìti o L2(H,B,m) mporeÐ na tautisteÐ me ton F(G) mèsw thc apeikìnishc
: Gn −→ Gn

�

: f1...fn 7→ Sym(f1 ⊗ ...⊗ fn),

h opoÐa epekteÐnetai me monadikì trìpo se isometrÐa tou : Gn : epÐ tou Gn
�. Epeid 

L2(H,B,m) =
⊕
k≥0

: Gk :
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èqoume oti
L2(H,B,m) = F(G)

kai akìmh
L2(H,B

′
,m) = F(G

′
).

Orismìc 5.17 'Estw A contraction apeikìnish tou G sto G′
. OrÐzoume thn Fock dÔnamh tou A F(A) apo

to F(G) 7→ F(G′
) :to n tanustikì ginìmeno

⊗
n≥0 A tou A dr� sto

⊗
n G kai to apeikonÐzei sto

⊗
n G

′

mèsw thc ( ⊗
A

)
(f1 ⊗ ...⊗ fn) = Af1 ⊗ ...⊗ fn.

OrÐzontac F(A) ton periorismì sto Gn
� o F(A) epekteÐnetai se contraction sto F(G) me eikìna sto F(G′

).

Aut  thn apeikìnish thn onom�zoume Fock dÔnamh tou A.

Erqìmaste t¸ra sto arqikì mac prìblhma. UpenjumÐzoume oti o T (pou eÐnai metasqhmatismìc analloÐ-
wtoc wc proc to mètro) ep�gei isometrÐa UT : L2(H,B,m) 7→ L2(H,B

′
,m) h opoÐa epiplèon eÐnai epÐ kai

UT (G) = G′
. IsqÔei to akìloujo apotèlesma pou anafèroume qwric apìdeixh (deÐte [3]).

L mma 5.5 . O telest c UT : L2(H,B,m) 7→ L2(H,B
′
,m) mporeÐ na tautisteÐ me thn Fock dÔnamh tou

periorismoÔ tou sto G mèsw thc isometrÐac

: f1...fn :7→ Sym(f1 ⊗ ...⊗ fn)

apo to : Gn : epÐ tou Gn
�.

Apìdeixh Jewr matoc 5.11
PaÐrnoume f1, ..., fr, g1, ..., gs ∈ G kai apodeiknÔoume ìti o mèsoc

1
N

N−1∑
k=0

|〈Uk
T (: f1...fr, : g1...gs :〉|

p�ei sto mhdèn. Apì to prohgoÔmeno L mma arkeÐ na deÐxoume o mèsoc
1
N

N−1∑
k=0

|〈: Uk
T (f1...fr) :, : g1...gs :〉|

p�ei sto mhdèn. An r 6= s eÐnai Ðsoc me mhdèn. Gia r = s èqoume ìti eÐnai Ðsoc me
1
N

N−1∑
k=0

|〈Sym(Uk
T f1 ⊗ ...⊗ Uk

T fr, Sym(g1 ⊗ ...⊗ gr)〉�|

=
1
N

N−1∑
k=0

|
∑

τ∈Σr

〈Uk
T fτ(1) , g1〉...〈Uk

T fτ(r) , gr〉|

≤
∑

τ∈Σr

( 1
N

N−1∑
k=0

|〈Uk
T fτ(1) , g1〉...〈Uk

T fτ(r) , gr〉|
)

≤ C
∑

τ∈Σr

( 1
N

N−1∑
k=0

|〈Uk
T fτ(1) , g1〉|

)
→ 0 apo to L mma 5.4.
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Epeid  L2(H,B,m) =
⊕

k≥0 Gk èpetai ìti o T eÐnai asjen¸c miktìc wc proc to m.

An sto prohgoÔmeno Je¸rhma apait soume epiplèon sunj kec gia to mètro σ tìte èqoume to akìloujo.

Je¸rhma 5.12 'Estw oti o T èqei σ par�gwn sÔnolo idiodianusm�twn wc proc tic monadiaÐec idiotimèc kai

epiplèon to σ eÐnai Rajchman mètro (dhlad  σ̂(n) → 0 kaj¸c |n| → ∞). Tìte o T epidèqetai Gaussian

mh ekfulismèno, analloÐwto mètro m ¸ste o T : (H,B,m) 7→ (H,B,m) na eÐnai isqur� miktìc.

Telei¸noume me thn apìdeixh tou Jewr matoc 5.9. To pr¸to mèroc prokÔptei apì to Je¸rhma 5.11. O
dèuteroc isqurismìc èpetai apì touc qarakthrismoÔc thc asjen c mÐxhc pou d¸same sto kef�laio thc
Ergodik c jewrÐac.
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