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H metaptuqiak  aut  ergasÐa pragmatopo jhke sta plaÐsia tou Diatmh-
matikoÔ Progr�mmatoc Metaptuqiak¸n Spoud¸n << Majhmatik� kai Efar-
mogèc touc >> sthn kateÔjunsh << Majhmatik� Jemèlia Plhroforik c kai E-
farmogèc >> kai parousi�sthke ton Okt¸brio tou 2011. Thn epitrop  krÐshc
apotèlesan oi:

Antwni�dhc Iw�nnhc, Kajhght c
Garefal�khc Jeìdouloc, EpÐkouroc Kajhght c
Tzan�khc Nikìlac, Kajhght c

Thn epÐbleyh thc ergasÐac èqei anal�bei o k. Garefal�khc Jeìdouloc ton
opoÐo euqarist¸ gia thn polÔtimh bo jeia tou. EpÐshc ja  jela na euqari-
stÐsw to 'Idruma Kratik¸n Upotrofi¸n gia thn katabol  upotrofÐac gia thn
ekpìnish twn metaptuqiak¸n spoud¸n mou.
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PerÐlhyh
'Estw Fq peperasmèno s¸ma t�xhc q, ìpou q eÐnai dÔnamh enìc pr¸tou

arijmoÔ p. Upojètoume ìti f1(x), ..., fr(x) (me r ≥ 1) eÐnai dedomèna polu¸-
numa tou Fqn [x] ìpou n jetikìc akèraioc kai t1, ..., tr eÐnai dedomèna stoiqeÐa
tou Fq. Sthn ergasÐa aut  ja apodeÐxoume ìti gia dedomèno jetikì akèraio l
kai gia ikanopoihtik� meg�louc akeraÐouc n me l|qn−1, up�rqei èna stoiqeÐo γ
thc epèktashc Fqn t�xhc (qn−1)/l tètoio ¸ste to Fq−Ðqnoc tou fi(γ) na eÐnai
to sugkekrimmèno stoiqeÐo ti gia k�je i = 1, ..., r. Gia na mporèsoume ìmwc na
to apodeÐxoume k�noume thn ex c upìjesh: 'Estw h(x) =

∑r
i=1 cifi(x) ìpou

ci ∈ Fq, i = 1, ..., r kai deg h(x) = s. Upojètoume ìti eÐte: (i) (s, q) = 1

gia ìla ta diaforetik� polu¸numa h(x) pou par�gontai kaj¸c ta
ci, i = 1, ..., r diatrèqoun ta stoiqeÐa tou Fq, eÐte genikìtera: (ii) to
polu¸numo zq − z − h(x) eÐnai an�gwgo se mÐa algebrik  j kh tou
Fqn gia ìla ta diaforetik� polu¸numa h(x).

O Cohen apodeiknÔei to Je¸rhma autì gia rhtèc sunart seic f1, ..., fr

upojètontac ìti eÐnai isqur� grammik� anex�rthtec (strongly linear indepen-

dent) p�nw apì to Fq. H ergasÐa sthrÐzetai sto �rjro [1] tou Cohen. To
Je¸rhma mac brÐskei efarmog  se BCH k¸dikec.
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Abstract

Let Fq be the finite field of order q, a power of a prime p. Suppose

that f1(x), ..., fr(x) (with r ≥ 1) are prescribed polynomials in Fqn [x], n is a

positive integer and t1, ..., tr are prescribed members of Fq. In this thesis, we

will prove that, given a positive integer l, then, for sufficiently large integers

n such that l|qn − 1, there exists an element γ of the extension Fqn of order

(qn− 1)/l such that the Fq−trace of fi(γ) is the specified element ti for each

i = 1, ..., r. To show this we suppose that: Let h(x) =
∑r

i=1 cifi(x), ci ∈ Fq,

i = 1, ..., r and deg h(x) = s. Suppose that either (i) (s, q) = 1 for all

different polynomials h(x) which generate when ci, i = 1, ..., r are

the members of Fq, or more generally: (ii) the polynomial zq − z −
h(x) is irreducible in an algebraic closure of Fqn for all different

polynomials h(x).
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Kef�laio 1

Eisagwg 

'Estw Fq peperasmèno s¸ma t�xhc q, ìpou q eÐnai dÔnamh enìc pr¸tou arijmoÔ
p. Upojètoume ìti f1(x), ..., fr(x) (me r ≥ 1) eÐnai dedomèna polu¸numa tou
Fqn [x] ìpou n jetikìc akèraioc kai t1, ..., tr eÐnai dedomèna stoiqeÐa tou Fq.
Skopìc mac eÐnai na apodeÐxoume ìti gia dedomèno jetikì akèraio l kai gia
ikanopoihtik� meg�louc akeraÐouc n me l|qn − 1, up�rqei èna stoiqeÐo γ thc
epèktashc Fqn t�xhc (qn− 1)/l tètoio ¸ste to Fq−Ðqnoc tou fi(γ) na eÐnai to
sugkekrimmèno stoiqeÐo ti gia k�je i = 1, ..., r. Gia na mporèsoume ìmwc na
to apodeÐxoume k�noume thn ex c upìjesh: 'Estw h(x) =

∑r
i=1 cifi(x) ìpou

ci ∈ Fq, i = 1, ..., r kai deg h(x) = s. Upojètoume ìti eÐte: (i) (s, q) = 1

gia ìla ta diaforetik� polu¸numa h(x) pou par�gontai kaj¸c ta
ci, i = 1, ..., r diatrèqoun ta stoiqeÐa tou Fq, eÐte genikìtera: (ii)

to polu¸numo zq − z − h(x) eÐnai an�gwgo se mÐa algebrik  j kh
tou Fqn gia ìla ta diaforetik� polu¸numa h(x). Sth sunèqeia ja
sumbolÐzoume me Trn thn apeikìnish Ðqnoc apì to Fqn sto Fq. To je¸rhma
loipìn pou ja apodeÐxoume eÐnai to ex c:
Je¸rhma 1. 'Estw f1(x), ..., fr(x) ∈ Fqn [x] kai h(x) =

∑r
i=1 cifi(x) ìpou

ci ∈ Fq, i = 1, ..., r kai deg h(x) = s.Upojètoume ìti eÐte:

(i) (s, q) = 1 gia ìla ta diaforetik� polu¸numa h(x) pou par�gontai kaj¸c
ta ci, i = 1, ..., r diatrèqoun ta stoiqeÐa tou Fq, eÐte genikìtera:
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(ii) to polu¸numo zq− z−h(x) eÐnai an�gwgo se mÐa algebrik  j kh tou Fqn

gia ìla ta diaforetik� polu¸numa h(x).

Jètoume
S = max

i=1,...,r
deg fi(x)

'Estw epÐshc t1, ..., tr ∈ Fq kai l ènac opoiosd pote diairèthc tou qn − 1. An

n > 4
[
r + logq4.9l

3/4S
]
,

tìte up�rqei èna stoiqeÐo γ ∈ Fqn t�xhc (qn − 1)/l tètoio ¸ste:

Trn (fi(γ)) = ti, i = 1, ..., r. (1.0.1)
O Ozbudak apodeiknÔei to Je¸rhma 1 sto [5] gia rhtèc sunart seic

f1, ..., fr upojètontac ìti eÐnai isqur� grammik� anex�rthtec (strongly linear

independent) p�nw apì to Fq. To Ðdio apodeiknÔei kai o Cohen sto �rjro [1]
qrhsimopoi¸ntac ìmwc sthn apìdeixh tou qarakt rec. H ergasÐa sthrÐzetai
sto �rjro [1] tou Cohen. To Je¸rhma 1 brÐskei efarmog  se BCH k¸dikec.

Sto epìmeno kef�laio ja orÐsoume touc qarakt rec kai ja diatup¸sou-
me tic kuriìterec idiìthtec touc kai k�poia jewr mata pou ja qreiastoÔme
sth sunèqeia. EpÐshc ja doÔme sugkekrimèna touc prosjetikoÔc kai touc
pollaplasiastikoÔc qarakt rec tou Fq. Sth sunèqeia, sthn Par�grafo 3.1
apodeiknÔoume treic shmantikèc Prot�seic: Sthn Prìtash 1 gr�foume th qa-
rakthristik  sun�rthsh stoiqeÐwn tou Fq t�xhc r me th bo jeia qarakt rwn,
sto L mma 1 upologÐzoume èna �jroisma to opoÐo to qrhsimopoioÔme gia na
upologÐsoume to �jroisma thc Prìtashc 2. Sthn Par�grafo 3.2 orÐzoume wc
Nl,r to pl joc twn stoiqeÐwn γ ∈ Fqn t�xhc (qn − 1)/l ta opoÐa ikanopoioÔn
th sqèsh 1.0.1 kai upologÐzoume èna k�tw fr�gma gi' autì. Tèloc, sthn Pa-
r�grafo 3.3 dÐnoume dÔo paradeÐgmata sta opoÐa efarmìzetai to Je¸rhma
1.
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Kef�laio 2

Qarakt rec

2.1 OrismoÐ kai Idiìthtec

Orismìc 1. 'Estw (Gn, ·) mia peperasmènh abelian  om�da, t�xhc n kai me
monadiaÐo stoiqeÐo 1Gn . 'Enac qarakt rac q thc Gn eÐnai ènac omomorfi-
smìc apì thn Gn sthn pollaplasiastik  om�da U twn migadik¸n arijm¸n.
Dhlad ,

χ : Gn → U me χ(g1 · g2) = χ(g1)χ(g2) για καθε g1, g2 ∈ Gn

ìpou U = {z ∈ C : |z| = 1}.

Parathr seic
1. IsqÔei χ(1Gn) = 1.

Pr�gmati, χ(1Gn) = χ(1Gn · 1Gn) = χ(1Gn) · χ(1Gn) kai χ(1Gn) 6= 0

2. 'Eqoume :
(χ(g))n = χ(gn) = χ(1Gn) = 1 για καθε g ∈ Gn

'Ara oi timèc enìc qarakt ra q thc Gn eÐnai oi n−rÐzec thc mon�dac.
3. EpÐshc isqÔei:

χ(g) · χ(g−1) = χ(g · g−1) = χ(1Gn) = 1
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Epomènwc,
χ(g−1) = (χ(g))−1 = χ(g) για καθε g ∈ Gn

ìpou me paÔla sumbolÐzoume ton suzug  migadikì.
Orismìc 2. An�mesa stouc qarakt rec thc Gn èqoume ton tetrimmèno

qarakt ra χ0 pou orÐzetai wc:

χ0(g) = 1 για καθε g ∈ Gn

'Oloi oi �lloi qarakt rec thc Gn onom�zontai mh tetrimmènoi.

Orismìc 3. Gia k�je qarakt ra q thc Gn orÐzetai o suzug c qarakt rac
χ wc ex c:

χ(g) = χ(g) για καθε g ∈ Gn

Orismìc 4. Dedomènou peperasmèno to pl joc qarakt rwn χ1, . . . , χm thc
Gn, orÐzoume ton qarakt ra ginìmeno χ1 · · ·χm wc ex c:

χ1 · · ·χm(g) = χ1(g) · . . . · χm(g) για καθε g ∈ Gn

An χ1 = . . . = χm = χ, tìte sumbolÐzoume me χm ton qarakt ra χ1 · · ·χm.

'Estw Ĝn to sÔnolo me stoiqeÐa touc qarakt rec thc Gn. EÐnai profanèc
ìti to Ĝn eÐnai mÐa abelian  om�da me pr�xh ton pollaplasiasmì qarakt rwn,
oudètero stoiqeÐo ton tetrimèno qarakt ra χ0 kai antÐstrofo stoiqeÐo enìc
stoiqeÐou χ ∈ Ĝn ton suzug  tou χ. EpÐshc, h Ĝn eÐnai peperasmènh om�da,
afoÔ oi timèc pou mporoÔn na p�roun oi qarakt rec thc Gn eÐnai mìno oi
n−rÐzec thc mon�dac.

Ja doÔme t¸ra wc èna par�deigma thn eidik  perÐptwsh ìpou h pepera-
smènh om�da eÐnai kuklik , to opoÐo ja mac faneÐ qr simo sthn sunèqeia.
Par�deigma 1. 'Estw Gn mÐa peperasmènh kuklik  om�da t�xhc n, g ènac
genn torac thc kai ζn,k = e

2πik
n , k = 0, . . . , n − 1 oi n−rÐzec thc mon�dac.

Gia ènan stajerì akèraio j, 0 ≤ j ≤ n− 1, h apeikìnish

χj(g
k) = e

2πijk
n = ζj

n,k, k = 0, . . . , n− 1
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orÐzei ènan qarakt ra thc Gn.
Apì thn �llh, an q eÐnai ènac qarakt rac thc Gn, tìte to χ(g) ja prèpei

na eÐnai mÐa n−rÐza thc mon�dac, èstw χ(g) = e
2πij

n gia k�poio j, 0 ≤ j ≤ n−1.
'Epetai tìte ìti χ ≡ χj.

'Etsi h Ĝn apoteleÐtai akrib¸c apì touc qarakt rec χ0, . . . , χn−1. EpÐshc
isqÔei:

χ1(g
k) = e

2πik
n = ζn,k, k = 0, ..., n− 1

ParathroÔme ìti gia ènan stajerì akèraio j, 0 ≤ j ≤ n− 1 isqÔei:

χj(g
k) = (χ1(g

k))j, k = 0, ..., n− 1

Dhlad , χj ≡ χj
1, j = 0, ..., n − 1. 'Ara Ĝn =< χ1 >, kai epomènwc h Ĝn

eÐnai epÐshc kuklik  om�da t�xhc n.

Je¸rhma 2. 'Estw H mÐa upoom�da thc peperasmènhc abelian c om�dac Gn

kai èstw y ènac qarakt rac thc H. Tìte o y mporeÐ na epektajeÐ se ènan
qarakt ra thc Gn. Dhlad  up�rqei ènac qarakt rac q thc Gn tètoioc ¸ste
χ(h) = ψ(h) για καθε h ∈ H.

Apìdeixh 'Estw H mÐa gn sia upoom�da thc Gn. Epilègoume α ∈ Gn

me α 6∈ H kai èstw m o el�qistoc jetikìc akèraioc tètoioc ¸ste αm ∈ H.
Up�rqei tètoioc akèraioc m diìti α|G| = 1 ∈ H. Epomènwc apì thn Arq  thc
Plhrìthtac up�rqei el�qistoc fusikìc m me αm ∈ H. SumbolÐzoume me H1

thn upoom�da thc Gn pou par�getai apì thn H kai to a : H1 =< H ∪{α} >.
Tìte k�je stoiqeÐo g ∈ H1 mporeÐ na grafeÐ me monadikì trìpo sth morf 
g = αjh me 0 ≤ j < m kai h ∈ H. Pr�gmati, èstw g ∈ H1 =< H ∪ {α} >.
Tìte g = αkh′ me h′ ∈ H kai k ∈ N. Apì ton algìrijmo thc EukleÐdeiac
DiaÐreshc èqoume ìti up�rqoun monadikoÐ akèraioi l, j tètoioi ¸ste k = m·l+j
ìpou 0 ≤ j < m. Epomènwc, g = αj(αm)lh′ = αjh, ìpou h = (αm)lh′ ∈ H kai
0 ≤ j < m. Gia thn monadikìthta t¸ra èqoume : 'Estw g = αj1h1 = αj2h2.
Tìte αj1−j2 = h2h

−1
1 ∈ H. 'Atopo diìti j1−j2 < m kai m o el�qistoc jetikìc

akèraioc.
OrÐzoume mÐa apeikìnish ψ1 sthn H1 wc ex c:

ψ1(g) = ωjψ(h)
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ìpou w eÐnai ènac stajerìc migadikìc arijmìc tètoioc ¸ste ωm = ψ(αm). H
ψ1 eÐnai ènac qarakt rac thc H1. Pr�gmati, èstw g1 = αj1h1 me 0 ≤ j1 < m

kai h1 ∈ H èna �llo stoiqeÐo thc H1.
• An j + j1 < m, tìte ψ1(gg1) = ωj+j1ψ(hh1) = ωjψ(h)ωj1ψ(h1) =

ψ1(g)ψ1(g1)

• An j + j1 ≥ m, tìte gg1 = αj+j1−m(αmhh1) me 0 ≤ j + j1 −m < m kai
ètsi:

ψ1(gg1) = ωj+j1−mψ(αmhh1) = ωj+j1−mψ(αm)ψ(h)ψ(h1)

= ωjψ(h)ωj1ψ(h1) = ψ1(g)ψ1(g1)

EpÐshc eÐnai profanèc ìti ψ1(h) = ψ(h) για καθε h ∈ H
An H1 ≡ Gn, tìte èqoume telei¸sei. Diaforetik� mporoÔme na suneqÐ-

soume ìmoia thn parap�nw diadikasÐa mèqri na apokt soume mÐa epèktash y
thc Gn, met� apì peperasmèno pl joc bhm�twn.

2

Pìrisma 1. Gia k�je dÔo diaforetik� stoiqeÐa g1, g2 ∈ Gn, up�rqei ènac
qarakt rac q thc Gn tètoioc ¸ste χ(g1) 6= χ(g2).

Apìdeixh ArkeÐ na deÐxoume ìti gia h = g1g
−1
2 6= 1Gn up�rqei ènac qara-

kt rac q thc Gn me χ(h) 6= 1. Pr�gmati tìte χ(g1g
−1
2 ) 6= 1 ⇔ χ(g1)χ(g2)

−1 6=
1 ⇔ χ(g1) 6= χ(g2). Autì prokÔptei �mesa apì to Par�deigma 1 kai to Je¸-
rhma 2 jètontac wc H thn kuklik  upoom�da thc Gn pou par�getai apì to h.

2

Je¸rhma 3. 'Estw Gn mÐa peperasmènh abelian  om�da.

(i) An q eÐnai ènac mh tetrimènoc qarakt rac thc Gn, tìte∑
g∈Gn

χ(g) = 0 (2.1.1)
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(ii) An g ∈ Gn me g 6= 1Gn , tìte ∑
χ∈Ĝn

χ(g) = 0 (2.1.2)

Apìdeixh
(i) AfoÔ q eÐnai ènac mh tetrimmènoc qarakt rac, up�rqei stoiqeÐo h ∈ Gn

tètoio ¸ste χ(h) 6= 1. Epomènwc:
χ(h) ·

∑
g∈Gn

χ(g) =
∑
g∈Gn

χ(hg) =
∑
g∈Gn

χ(g)

ìpou h teleutaÐa isìthta isqÔei diìti ìtan to g diatrèqei ta stoiqeÐa
tou Gn, to Ðdio sumbaÐnei kai gia to hg. 'Etsi èqoume:

[χ(h)− 1] ·
∑
g∈Gn

χ(g) = 0 ⇒
∑
g∈Gn

χ(g) = 0

(ii) OrÐzoume sto Ĝn thn apeikìnish ĝ wc ex c:
ĝ(χ) = χ(g)

gia χ ∈ Ĝn. H ĝ eÐnai ènac qarakt rac thc peperasmènhc abelian c
om�dac Ĝn. O qarakt rac autìc eÐnai mh tetrimmènoc afoÔ apì to
Pìrisma 1 up�rqei qarakt rac χ ∈ Ĝn me χ(g) 6= χ(1Gn) = 1. 'Etsi an
efarmìsoume thn sqèsh 2.1.1 sthn om�da Ĝn ja p�roume:∑

χ∈Ĝn

χ(g) =
∑

χ∈Ĝn

ĝ(χ) = 0

2

Je¸rhma 4. To pl joc twn qarakt rwn miac peperasmènhc abelian c om�-
dac Gn eÐnai Ðso me thn t�xh thc n.

Apìdeixh
'Estw Gn = {g0 = 1Gn , g1, ..., gn−1} me |Gn| = n kai Ĝn = {χ0, χ1, ..., χm−1}
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me |Ĝn| = m. 'Eqoume:∑
g∈Gn

∑
χ∈Ĝn

χ(g) =
∑
g∈Gn

[χ0(g) + χ1(g) + ...+ χm−1(g)]

= [χ0(1Gn) + χ1(1Gn) + ...+ χm−1(1Gn)] + ...+ [χ0(gn−1) + ...+ χm−1(gn−1)]

= 1 + 1 + ...+ 1︸ ︷︷ ︸
m

+0 + ...+ 0 = m = |Ĝn|

EpÐshc:∑
χ∈Ĝn

∑
g∈Gn

χ(g) =
∑
g∈Ĝn

[χ(1Gn) + χ(g1) + ...+ χ(gn−1)]

= [χ0(1Gn) + χ0(g1) + ...+ χ0(gn−1)] + ...+ [χm−1(1Gn) + ...+ χm−1(gn−1)]

= 1 + 1 + ...+ 1︸ ︷︷ ︸
n

+0 + ...+ 0 = n = |Gn|

'Etsi èqoume:
|Ĝn| =

∑
g∈Gn

∑
χ∈Ĝn

χ(g) =
∑

χ∈Ĝn

∑
g∈Gn

χ(g) = |Gn|

2

Oi isqurismoÐ twn Jewrhm�twn 3 kai 4 mporoÔn na sunduastoÔn stic
sqèseic orjogwniìthtac twn qarakt rwn. 'Estw q kai y qarakt rec
thc om�dac Gn. Tìte:

1

|Gn|
·
∑
g∈Gn

χ(g)ψ(g) =

{
1 an q=y
0 an q 6= y (2.1.3)

EpÐshc, an g kai h eÐnai stoiqeÐa thc om�dac Gn, tìte:
1

|Gn|
·
∑

χ∈Ĝn

χ(g)χ(h) =

{
1 an g = h

0 an g 6= h
(2.1.4)

Pr�gmati gia thn sqèsh 2.1.3 èqoume:
1

|Gn|
·
∑
g∈Gn

χ(g)ψ(g) =
1

|Gn|
·
∑
g∈Gn

χ(g)ψ(g) =
1

|Gn|
·
∑
g∈Gn

(χψ)(g)
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• An χ 6= ψ tìte χψ−1 6= χ0 dhlad  χψ 6= χ0, �ra apì thn sqèsh 2.1.1
èpetai ìti ∑g∈Gn

(χψ)(g) = 0.
• An χ = ψ dhlad  χψ = χ0, èpetai ìti∑g∈Gn

(χψ)(g) =
∑

g∈Gn
χ0(g) =∑

g∈Gn
1 = |Gn|

En¸ h sqèsh 2.1.4 prokÔptei wc ex c:
1

|Gn|
·
∑

χ∈Ĝn

χ(g)χ(h) =
1

|Gn|
·
∑

χ∈Ĝn

χ(g)χ(h−1) =
1

|Gn|
·
∑

χ∈Ĝn

χ(gh−1)

• An gh−1 6= 1Gn dhlad  g 6= h, tìte apì thn sqèsh 2.1.2 èpetai ìti∑
χ∈Ĝn

χ(gh−1) = 0

• An gh−1 = 1Gn dhlad  g = h, èpetai ìti∑χ∈Ĝn
χ(gh−1) =

∑
χ∈Ĝn

χ(1Gn) =∑
χ∈Ĝn

1 = |Ĝn| = |Gn|

2.2 Oi qarakt rec tou Fq
'Estw Fq peperasmèno s¸ma me charFq = p, ìpou p pr¸toc kai q mÐa dÔnamh
tou p. Sto Fq èqoume dÔo peperasmènec abelianèc om�dec, thn prosjetik 
kai thn pollaplasiastik . Gi' autì ja prèpei na k�noume mÐa di�krish meta-
xÔ twn qarakt rwn pou anafèrontai se autèc tic dÔo om�dec. Kai stic dÔo
peript¸seic ja d¸soume safeÐc morfèc gia touc qarakt rec.

ProsjetikoÐ qarakt rec tou Fq

Ac jewr soume arqik� thn prosjetik  om�da tou Fq. To pr¸to s¸ma
pou perièqetai sto Fq eÐnai to Fp. 'Estw Tr : Fq → Fp h apeikìnish Ðqnoc
(trace) apì to Fq sto Fp. Tìte h apeikìnish ψ1 pou orÐzetai wc ex c:

ψ1(c) = e2πiTr(c)/p, c ∈ Fq

eÐnai ènac qarakt rac thc prosjetik c om�dac tou Fq. Pr�gmati, gia c1, c2 ∈
Fq èqoume Tr(c1 + c2) = Tr(c1) + Tr(c2). 'Ara,

ψ1(c1 + c2) = e2πiTr(c1+c2)/p = e2πiTr(c1)/p · e2πiTr(c2)/p = ψ1(c1) · ψ1(c2)

9



'Apì ed¸ kai sto ex c antÐ thc èkfrashc <<qarakt rac thc prosjetik c
am�dac tou Fq>>, ja qrhsimopoioÔme thn èkfrash <<prosjetikìc qara-
kt rac tou Fq>>. O qarakt rac ψ1 onom�zetai <<kanonikìc prosjetikìc
qarakt rac tou Fq>>.

'Oloi oi prosjetikoÐ qarakt rec tou Fq mporoÔn na ekfrastoÔn sunart -
sei tou ψ1:
Je¸rhma 5. 'Estw b ∈ Fq. H apeikìnish ψb me

ψb(c) = ψ1(bc) για καθε c ∈ Fq

eÐnai ènac prosjetikìc qarakt rac tou Fq kai k�je prosjetikìc qarakt rac
tou Fq par�getai me autìn ton trìpo.

Apìdeixh
'Estw c1, c2 ∈ Fq. Tìte:
ψb(c1+c2) = ψ1(b(c1+c2)) = ψ1(bc1+bc2) = ψ1(bc1) ·ψ1(bc2) = ψb(c1) ·ψb(c2)

'Ara ψb prosjetikìc qarakt rac tou Fq.

AfoÔ h Tr eÐnai ènac mh tetrimmènoc grammikìc metasqhmatismìc apì to
Fq (wc Fp-DianusmatikoÔ Q¸rou) sto Fp (wc Fp-DianusmatikoÔ Q¸rou)(diìti
h epèktash Fq|Fp eÐnai diaqwrÐsimh), h ψ1 eÐnai ènac mh tetrimmènoc qarakt -
rac. 'Etsi an a, b ∈ Fq me a 6= b, tìte:

ψa(c)

ψb(c)
=

ψ1(ac)

ψ1(bc)
= ψ1(ac) · (ψ1(bc))

−1 = ψ1(ac) · ψ1((bc)
−1)

= ψ1(ac) · ψ1(−bc) = ψ1((a− b)c) 6= 1

gia kat�llhlo c ∈ Fq. 'Ara oi apeikonÐseic ψa kai ψb me a, b ∈ Fq kai a 6= b,
eÐnai diakekrimènoi qarakt rec tou Fq. 'Etsi, an to b diatrèqei ta stoiqeÐa
thc prosjetik c om�dac tou Fq, paÐrnoume q diakekrimènouc prosjetikoÔc
qarakt rec ψb. Apì thn �llh meri�, to Fq èqei akrib¸c q qarakt rec, ìsouc
kai h t�xh tou. 'Etsi h lÐsta twn prosjetik¸n qarakt rwn èqei oloklhrwjeÐ.

2
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Jètontac b = 0 sto Je¸rhma 5, paÐrnoume ton tetrimèno prosjetikì qa-
rakt ra ψ0 gia ton opoÐo isqÔei ψ0(c) = 1 gia k�je c ∈ Fq.

ShmeÐwsh
'Estw E mÐa peperasmènh epèktash tou Fq,kai èstw ψ1 kai µ1 oi kanonikoÐ

prosjetikoÐ qarakt rec tou Fq, kai tou E antÐstoiqa, dhlad 
ψ1(c) = e2πiTrFq (c)/p και µ1(b) = e2πiTrE(b)/p

ìpou c ∈ Fq, b ∈ E, kai TrFq : Fq → Fp, TrE : E → Fp oi apeikonÐseic Ðqnh.
GnwrÐzoume ìti isqÔei:

TrE(b) = TrFq(TrE/Fq(b)) για oλα τα b ∈ E

ìpou TrE/Fq h apeikìnish Ðqnoc apì to E sto Fq. 'Ara ta ψ1 kai µ1 sundèontai
me thn sqèsh:

µ1(b) = e2πiTrFq (TrE/Fq (b))/p = ψ1(TrE/Fq(b)) για καθε b ∈ E

Dhlad ,
µ1 = ψ1 ◦ TrE/Fq (2.2.1)

PollaplasiastikoÐ qarakt rec tou Fq

Oi qarakt rec thc pollaplasiastik c om�dac F∗
q tou s¸matoc Fq onom�-

zontai pollaplasiastikoÐ qarakt rec tou Fq. AfoÔ h F∗
q eÐnai kuklik 

t�xhc q − 1, oi qarakt rec thc mporoÔn eÔkola na oristoÔn.
Je¸rhma 6. 'Estw g èna stajerì prwtarqikì stoiqeÐo tou Fq. Gia k�je
j = 0, 1, ..., q − 2, h apeikìnish χj me:

χj(g
k) = e2πijk/(q−1) για k = 0, 1, ..., q − 2

orÐzei ènan pollaplasiastikì qarakt ra tou Fq kai k�je pollaplasiastikìc
qarakt rac tou Fq par�getai me autìn ton trìpo.

Apìdeixh
'Epetai apì to Par�deigma 1.

2
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Pìrisma 2. H om�da twn pollaplasiastik¸n qarakt rwn tou Fq eÐnai ku-
klik  t�xhc q − 1 me monadiaÐo stoiqeÐo to χ0.

Apìdeixh
K�je qarakt rac χj sto Je¸rhma 6, me j sqetik� pr¸to me to q − 1, eÐnai
ènac genn torac thc om�dac.

2

Oi sqèseic orjogwniìthtac 2.1.3 kai 2.1.4 stouc prosjetikoÔc kai stouc
pollaplasiastikoÔc qarakt rec tou Fq, par�goun jemeli¸deic tautìthtec.
JewroÔme arqik� thn perÐptwsh twn prosjetik¸n qarakt rwn. Gia touc
prosjetikoÔc qarakt rec ψa kai ψb èqoume:

∑
c∈Fq

ψa(c)ψb(c) =

{
q an a = b

0 an a 6= b

Sugkekrimèna, ∑
c∈Fq

ψa(c) = 0 για a 6= 0 (2.2.2)
EpÐshc, an c, d ∈ Fq, èqoume:∑

b∈Fq

ψb(c)ψb(d) =

{
q an c = d

0 an c 6= d

Gia pollaplasiastikoÔc qarakt rec χ kai τ tou Fq èqoume:
∑
c∈F∗

q

χ(c)τ(c) =

{
q − 1 an χ = τ

0 an χ 6= τ

Sugkekrimèna, ∑
c∈F∗

q

χ(c) = 0 για χ 6= χ0 (2.2.3)
EpÐshc, an c, d ∈ F∗

q, èqoume:∑
χ

χ(c)χ(d) =

{
q − 1 an c = d

0 an c 6= d

12



Kef�laio 3

StoiqeÐa me dedomènh t�xh kai

dedomèna Ðqnh

3.1 StoiqeÐa me dedomènh t�xh se mÐa kuklik 

om�da

'Estw Gn mÐa (pollaplasiastik ) kuklik  om�da t�xhc n. GnwrÐzoume ìti
up�rqoun φ(n) to pl joc stoiqeÐa thc Gn ta opoÐa par�goun thn om�da. Gia
k�je diairèth r tou n, sumbolÐzoume me Λn,r thn qarakthristik  sun�rthsh
stoiqeÐwn t�xhc r sto Gn. Dhlad , gia k�je x ∈ Gn eÐnai:

Λn,r(x) =

{
1 an ord(x) = r

0 diaforetik�
H Λn,r mporeÐ epÐshc na ekfrasteÐ sunart sei twn qarakt rwn χ thc

pollaplasiastik c om�dac qarakt rwn Ĝn(∼= Gn). Sthn epìmenh Prìtash
sumbolÐzoume me m thn sun�rthsh Möbius kai me φ th sun�rthsh Euler.
Prìtash 1. 'Estw r diairèthc tou n kai èstw k = n

r
. IsqÔei:

Λn,r(x) =
φ(r)

n

∑
d|r

µ(d)

φ(d)

∑
e|k

(d,k/e)=1

∑
ordχ=de

χ(x), (3.1.1)
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ìpou me ∑ordχ=m sumbolÐzoume to �jroisma p�nw se ìlouc touc qarakt rec
me t�xh akrib¸c m sto Ĝn.

Apìdeixh
Jètoume
A(x) =

∑
ordχ=de

χ(x), B(x) =
∑
e|k

(d,k/e)=1

A(x), και C(x) =
∑
d|r

µ(d)

φ(d)
B(x).

ParathroÔme ìti oi ìroi tou ajroÐsmatoc C(x) pou eÐnai mh mhdenikoÐ, kaj¸c
to d diatrèqei touc diairètec tou r, eÐnai ekeÐnoi gia touc opoÐouc to d eÐnai
eleÔjerou tetrag¸nou (square-free).

'Estw Gn =< g >, ìpou g ènac genn torac thc Gn kai èstw x ∈ Gn me
ord(x) = n

l
, ìpou l diairèthc tou n. Tìte x = glu me (u, n/l) = 1. Pr�gmati,

èstw x = gv. Tìte ord(x) = n
(n,v)

. 'Ara:

l = (n, v) ⇔


v = l · u
n = l · n

l

(u, n
l
) = 1

EpÐshc, sto Par�deigma 1 eÐdame ìti Ĝn =< χ1 >. Oi qarakt rec t�xhc
s eÐnai akrib¸c ta stoiqeÐa tou sunìlou {χm·n

s
1 : 1 ≤ m ≤ s και (m, s) = 1}.

Pr�gmati, an χj ∈ Ĝn gia k�poio j = 1, ..., n − 1, isqÔei ord(χj) = n
(n,j)

.
Jèloume touc qarakt rec t�xhc s, dhlad  anazhtoÔme ta j, j = 1, ..., n− 1,
tètoia ¸ste

s =
n

(n, j)
⇔ (n, j) =

n

s
⇔


j = m · n

s

n = s · n
s

(m, s) = 1

EÐnai:
1 ≤ j ≤ n−1 ⇔ 1 ≤ m·n

s
≤ n−1 ⇔ s

n
≤ m ≤ n− 1

n
·s < s ⇔ 1 ≤ m ≤ s−1

Sth sunèqeia ja sumbolÐsoume me ζt mÐa prwtarqik  t−rÐza thc mon�dac.
EpÐshc parathr¸ntac to B(x) kai to C(x) sumperaÐnoume ìti to d diatrèqei

14



touc diairètec tou r kai to e diatrèqei touc diairètec tou k. 'Omwc ta k, r
eÐnai diairètec tou n. 'Ara de|n. 'Etsi èqoume:

A(x) =
∑

ordχ=de

χ(x) =
de∑

m=1
(m,de)=1

(χ1(x))
m· n

de =
de∑

m=1
(m,de)=1

(χ1(g
lu))m· n

de

=
de∑

m=1
(m,de)=1

(χ1(g))
m·nlu

de =
de∑

m=1
(m,de)=1

ζ
m·nlu

de
n =

de∑
m=1

(m,de)=1

(ζ
n
de
n )mlu

GnwrÐzoume ìti, an ζt eÐnai mÐa prwtarqik  t−rÐza thc mon�dac kai b|t,
tìte h ζ t

b
t eÐnai mÐa prwtarqik  b−rÐza thc mon�dac, dhlad  ζ t

b
t = ζb. 'Ara

ζ
n
de
n = ζde. Epomènwc,

A(x) =
de∑

m=1
(m,de)=1

(ζde)
mlu =

de∑
m=1

⌊
1

(m, de)

⌋
ζmlu
de =

de∑
m=1

∑
j|(m,de)

µ(j)ζmlu
de =

de∑
m=1

∑
j|m
j|de

µ(j)ζmlu
de

To teleutaÐo diplì �jroisma shmaÐnei ìti gia ènan sugkekrimèno diairèth j
tou de, h �jroish prèpei na gÐnei gia ìlouc touc akeraÐouc m me 1 ≤ m ≤ de

pou eÐnai pollapl�sia tou j. 'Etsi, an jèsoume m = q · j, tìte ja eÐnai
1 ≤ m ≤ de ⇔ 1 ≤ q ≤ de/j. Epomènwc to A(x) mporeÐ na grafeÐ wc
ex c:

A(x) =
∑
j|de

de/j∑
q=1

µ(j)ζ luqj
de =

∑
j|de

µ(j)

de/j∑
q=1

ζ luqj
de

Jètontac j = de/v paÐrnoume:

A(x) =
∑

(de/v)|de

µ(
de

v
)

v∑
q=1

ζ
luq de

v
de =

∑
j|de

µ(
de

j
)

j∑
q=1

(ζ
lu de

j

de )q

IsqÔei j/lu ⇔ j/l. Pr�gmati, èstw j/lu. To j diatrèqei touc diairètec tou
de, �ra j/n. 'Eqoume ìti (u, n/l) = 1, �ra up�rqoun monadikoÐ akèraioi x, y
tètoioi ¸ste ux+ n

l
y = 1 ⇔ ulx+ ny = l. 'Eqoume j/(ulx+ ny), �ra j/l.

EÐnai:
j∑

q=1

(ζ
lu de

j

de )q =

{
j an j|l
0 diaforetik�

Pr�gmati,
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• An j|l, tìte to l
j
u · de eÐnai pollapl�sio tou de kai �ra ζ

l
j
ude

de = 1.
Epomènwc,

j∑
q=1

(ζ
lu de

j

de )q =

j∑
q=1

1q = j

• An j 6 | l, tìte to lu · de
j
den eÐnai pollapl�sio tou de kai �ra ζ lu de

j

de 6= 1.
Tìte to �jroisma autì apoteleÐ gewmetrik  prìodo kai ètsi èqoume,

j∑
q=1

(ζ
lu de

j

de )q =
1− (ζ

lu de
j

de )j

1− ζ
lu de

j

de

=
1− ζ lude

de

1− ζ
lu de

j

de

=
1− 1

1− ζ
lu de

j

de

= 0

'Ara
A(x) =

∑
j|de
j|l

µ(
de

j
)j και B(x) =

∑
e|k

(d,k/e)=1

∑
j|de
j|l

µ(
de

j
)j

T¸ra gr�foume to k wc k = k1k2, ìpou o par�gontac k1 apoteleÐtai apì
touc pr¸touc tou k (sthn antÐstoiqh dÔnamh pou emfanÐzontai sto k), kai
perièqontai sugqrìnwc kai sto d , en¸ (d, k2) = 1. Profan¸c isqÔei kai
(k1, k2) = 1. 'Omoia gr�foume kai ta l, e, j wc l = l1l2, e = e1e2, j = j1j2.
EpÐshc lamb�noume upìyhn mac ìti to d eÐnai eleÔjero tetrag¸nou. 'Eqoume
loipìn:

B(x) =
∑

e1e2|k1k2

(d,k1k2/e1e2)=1

∑
j1j2|de1e2

j1j2|l1l2

µ

(
de1e2
j1j2

)
j1j2

AfoÔ h sun�rthsh Möbius eÐnai pollaplasiastik  kai isqÔei (de1

j1
, e2

j2

)
= 1

èqoume:
B(x) =

∑
e1|k1

(d,k1/e1)=1

∑
e2|k2

∑
j1|de1

j1|l1

∑
j2|e2

j2|l2

µ

(
de1
j1

)
µ

(
e2
j2

)
j1j2

Sto pr¸to �jroisma èqoume th sunj kh (d, k1

e1

)
= 1. Autì mporeÐ na sumbeÐ

mìno an e1 = k1. 'Etsi:
B(x) =

∑
e2|k2

∑
j1|dk1

j1|l1

µ

(
dk1

j1

)
j1
∑
j2|e2

j2|l2

µ

(
e2
j2

)
j2 =

∑
j1|dk1

j1|l1

µ

(
dk1

j1

)
j1
∑
e2|k2

∑
j2|e2

j2|l2

µ

(
e2
j2

)
j2
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An k1 6 | j1, tìte µ
(

dk1

j1

)
= 0. Epomènwc an k1 6 | l1, tìte k1 6 | j1 gia k�je

tim  tou j1 kai to �jroisma eÐnai Ðso me to mhdèn. Gia k1|l1 oi mh mhdenikoÐ
ìroi tou ajroÐsmatoc èrqontai gia k1|j1, opìte:∑

j1|dk1

j1|l1

µ

(
dk1

j1

)
j1 =

∑
j1|dk1

j1|l1
k1|j1

µ

(
dk1

j1

)
j1 =

∑
j′1k1|dk1

j′1k1|l1

µ

(
dk1

j′1k1

)
j′1k1

= k1

∑
j′1|d

j′1|
l1
k1

µ

(
d

j′1

)
j′1 = k1

∑
j′1|

(
d,

l1
k1

)µ
(
d

j′1

)
j′1

ìpou èqoume jèsei j1 = j′1k1.
EpÐshc, to diplì �jroisma ∑e2|k2

∑
j2|e2

j2|l2
µ
(

e2

j2

)
j2 shmaÐnei ìti gia ènan

sugkekrimèno diairèth j2 tou l2, h �jroish prèpei na gÐnei gia ìlouc touc
akèraiouc diairètec e2 tou k2 pou eÐnai pollapl�sia tou j2. 'Etsi an jèsoume
e2 = e′2j2 ja p�roume:∑

j2|l2
j2|k2

∑
e2|k2

e2=e′2j2

µ(e′2)j2 =
∑
j2|l2
j2|k2

j2
∑
e′2|

k2
j2

µ(e′2) =
∑
j2|l2
j2|k2

j2

⌊
1
k2

j2

⌋
=

∑
j2|(k2,l2)

j2

⌊
j2
k2

⌋

=

{ ∑
j2|l2 j2 · 1 an j2 = k2∑
j2|l2 j2 · 0 diaforetik�

Epomènwc an to k2|l2 tìte to �jroisma eÐnai Ðso me k2, en¸ an to k2 6 | l2 tìte
to �jroisma ja eÐnai Ðso me mhdèn. 'Ara to B(x) gÐnetai:

B(x) =

 k
∑

j′1|
(
d,

l1
k1

) µ( d
j′1

)
j′1 an k|l

0 diaforetik�
'Estw loipìn k|l kai l = kρ. 'Eqoume epÐshc n = kr. IsqÔei: (d, l1

k1

)
=(

d, l
k

)
= (d, ρ) = ρ∗. An jèsoume d = d∗ρ∗, tìte (d∗, ρ∗) = 1 afoÔ to d eÐnai

eleÔjero tetrag¸nou. 'Etsi èqoume:
B(x) = k

∑
j′1|ρ∗

µ

(
d∗ρ∗

j′1

)
j′1 = kµ (d∗)

∑
j′1|ρ∗

µ

(
ρ∗

j′1

)
j′1

= kµ (d∗)φ (ρ∗) = k
µ (d)

µ (ρ∗)
φ (ρ∗)
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Epomènwc h C(x) gr�fetai:
C(x) = k

∑
d|r

µ2(d)

φ(d)
· φ(ρ∗)

µ(ρ∗)

'Eqoume n = k · r, l = k · ρ kai l|n. 'Ara k · ρ|k · r, dhlad  ρ|r. Jètoume
r = r′ ·ρ kai d = d1d2 me (d1, ρ) = 1 kai (d1, d2) = 1. GnwrÐzoume ìti to d eÐnai
diairèthc tou r. 'Ara d1d2|r′ρ kai epeid  (d1, ρ) = 1 kai to d eÐnai eleÔjero
tetrag¸nou èpetai ìti to d1|r′ kai to d2|ρ. 'Etsi, ρ∗ = (d, ρ) = (d1d2, ρ) =

(d2, ρ) = d2. Epomènwc:
C(x) = k

∑
d1d2|r′ρ

µ2(d1d2)

φ(d1d2)
· φ(d2)

µ(d2)
= k

∑
d1|r′
d2|ρ

(d1,ρ)=1

µ2(d1)µ
2(d2)

φ(d1)φ(d2)
· φ(d2)

µ(d2)

= k
∑
d1|r′

(d1,ρ)=1

µ2(d1)

φ(d1)

∑
d2|ρ

µ(d2) = k
∑
d1|r′

(d1,ρ)=1

µ2(d1)

φ(d1)

⌊
1

ρ

⌋

An ρ 6= 1, tìte ìlo to �jroisma eÐnai mhdèn, epomènwc kai C(x) = 0. IsqÔei:
ρ 6= 1 ⇔ l 6= k ⇔ l 6= n

r
⇔ ord(x) 6= r En¸ an ρ = 1 èqoume:
C(x) = k

∑
d1|r′

µ2(d1)

φ(d1)
.

'Otan to ρ = 1, tìte r′ = r, d2 = 1, kai d = d1. 'Etsi:
C(x) = k

∑
d|r

µ2(d)

φ(d)

IsqÔei: ∑
d|r

µ2(d)

φ(d)
=

r

φ(r)
(3.1.2)

Pr�gmati, èstw g(r) =
∑

d|r
µ2(d)
φ(d)

. H g(r) eÐnai pollaplasiastik  sun�rthsh
afoÔ h sun�rthshMöbius µ kai h sun�rthsh Euler eÐnai pollaplasiastikèc.
ArkeÐ loipìn na upologÐsoume to g(pa) ìpou p ènac opoiosd pote pr¸toc kai
a ≥ 1 opoiosd pote akèraioc. 'Eqoume loipìn:

g(pa) =
∑
d|pa

µ2(d)

φ(d)
=
µ2(1)

φ(1)
+
µ2(p)

φ(p)
= 1 +

(−1)2

p− 1
=

p

p− 1

18



'Ara
g(r) =

∏
p|r

g(pa) =
∏
p|r

p

p− 1

'Omwc:
φ(r) = r

∏
p|r

(
1− 1

p

)
= r

∏
p|r

p− 1

p
⇔ r

φ(r)
=
∏
p|r

p

p− 1

Epomènwc:
g(r) =

r

φ(r)

'Etsi, h C(x) me th bo jeia thc sqèshc 3.1.2 gr�fetai:
C(x) = k · r

φ(r)
=

n

φ(r)

2

Gia na sumplhr¸soume thn Prìtash 1, ja upologÐsoume èna �jroisma
to opoÐo perièqei tic apìlutec timèc k�je ìrou tou ajroÐsmatoc 3.1.1. Sth
sunèqeia ja sumbolÐsoume me W(m) to pl joc twn diairet¸n enìc jetikoÔ
akeraÐou m pou eÐnai eleÔjeroi tetrag¸nwn.
L mma 1. 'Estw m jetikìc akèraioc. Tìte:∑

d|m

|µ(d)|
φ(d)

∑
e|m

(d,m/e)=1

φ(de) = m ·W (m) (3.1.3)

Apìdeixh
Parathr¸ntac thn sqèsh 3.1.3 sumpairaÐnoume ìti oi mh mhdenikoÐ ìroi tou

ajroÐsmatoc eÐnai autoÐ ìpou oi diairètec d toum eÐnai eleÔjeroi tetrag¸nou.
Gr�foume to m wc m = m1m2, ìpou o par�gontac m1 apoteleÐtai apì touc
pr¸touc tou m (sthn antÐstoiqh dÔnamh pou emfanÐzontai sto m), kai periè-
qontai sugqrìnwc sto d , en¸ (d,m2) = 1. Profan¸c isqÔei kai (m1,m2) = 1.
'Omoia gr�foume kai to e wc e = e1e2. IsqÔei: d|m ⇔ d|m1m2 ⇔ d|m1 kai
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(
d, m

e

)
=
(
d, m1m2

e1e2

)
=
(
d, m1

e1

). EpÐshc, e|m ⇔ e1e2|m1m2 ⇔ e1|m1 kai
e2|m2. 'Etsi èqoume:
T : =

∑
e|m

(d,m/e)=1

φ(de) =
∑
e1|m1

e2|m2

(d,m1/e1)=1

φ(de1e2) =
∑
e1|m1

(d,m1/e1)=1

φ(de1)
∑
e2|m2

φ(e2)

= m2

∑
e1|m1

(d,m1/e1)=1

φ(de1)

Sto teleutaÐo �jroisma ja prèpei oi diairètec e1 tou m1 na eÐnai tètoioi ¸ste
na isqÔei (d, m1

e1

)
= 1. Autì mporeÐ na sumbeÐ mìno e�n e1 = m1. Tìte:

T = m2φ(dm1)

IsqÔei ìti φ(dm1) = m1φ(d). Pr�gmati, èstw d = pa1
1 ...p

ak
k . Tìte m1 =

pb1
1 ...p

bk
k . EÐnai:

φ(dm1) = dm1

(
1− 1

p1

)
....

(
1− 1

pk

)
= m1φ(d)

Epomènwc,
T = m2m1φ(d) = mφ(d)

'Ara,∑
d|m

|µ(d)|
φ(d)

∑
e|m

(d,m/e)=1

φ(de) = m
∑
d|m

|µ(d)|
φ(d)

φ(d) = m
∑
d|m

|µ(d)| = m ·W (m)

2

Prìtash 2. 'Estw r ènac diairèthc tou jetikoÔ akèraiou n kai k = n
r
. Tìte:

(S :=)
∑
d|r

|µ(d)|
φ(d)

∑
e|k

(d,k/e)=1

φ(de) = k ·W (r) (3.1.4)
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Apìdeixh
Gr�foume to n wc n = n0n1n2 ìpou ta n0, n1, n2 ( an� dÔo sqetik�

pr¸toi) eÐnai tètoioi ¸ste: ( i ) to n0|r kai (n0, k) = 1, ( ii ) to n2|k kai
(n2, r) = 1, ( iii ) to n1 apoteleÐtai apì touc pr¸touc tou n (sthn antÐstoiqh
dÔnamh pou emfanÐzontai sto n) kai perièqontai sugqrìnwc ston m.k.d.(r, k).
Dhlad , an

n = pa1
1 ...p

at
t︸ ︷︷ ︸ pat+1

t+1 ...p
al
l︸ ︷︷ ︸ pal+1

l+1 ...p
as
s︸ ︷︷ ︸

h an�lush tou n = n0n1n2 se pr¸touc ìpou pi 6= pj gia i 6= j, tìte oi pr¸toi
p1, ..., pt perièqontai mìno sto r, oi pr¸toi pl+1, ..., ps perièqontai mìno sto k,
en¸ oi pr¸toi pt+1, ..., pl perièqontai kai sto r kai sto k.

Parathr¸ntac th sqèsh 3.1.4 sumperaÐnoume ìti mìno oi eleÔjeroi tetra-
g¸nou diairètec d tou r mac endiafèroun. T¸ra, oi eleÔjeroi tetrag¸nou
diairètec tou r eÐnai akrib¸c oi eleÔjeroi tetrag¸nou diairètec tou n0n1.
'Ara,

W (n0n1) = W (r), (3.1.5)
kai

S1 :=
∑
d|r

|µ(d)|
φ(d)

=
∑

d|n0n1

|µ(d)|
φ(d)

.

Jètoume d = d0c ìpou d0|n0 kai c|n1. Tìte (d0, c) = 1 kai to S1 gr�fetai:
S1 =

∑
d0|n0

c|n1

|µ(d0c)|
φ(d0c)

=
∑
d0|n0

|µ(d0)|
φ(d0)

∑
c|n1

|µ(c)|
φ(c)

Oi eleÔjeroi tetrag¸nou diairètec tou n1 eÐnai akrib¸c oi eleÔjeroi tetra-
g¸nou diairètec tou k

n2
. 'Ara,

W (n1) = W

(
k

n2

)
(3.1.6)

EpÐshc,
S1 =

∑
d0|n0

|µ(d0)|
φ(d0)

∑
c|(k/n2)

|µ(c)|
φ(c)

(3.1.7)
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'Estw e ènac diairèthc tou k. Epeid  d0|n0 kai (n0, k) = 1, èpetai ìti (d0, k) =

1. 'Ara kai (d0, k/e) = 1. 'Etsi, (d, k/e) = (d0c, k/e) = (c, k/e). 'Ara:
S2 : =

∑
e|k

(d,k/e)=1

φ(de) =
∑
e|k

(c,k/e)=1

φ(d0ce) = φ(d0)
∑
e|k

(c,k/e)=1

φ(ce)

Jètoume e = e1e2 kai k = k
n2
· n2 me e1| k

n2
kai e2|n2. EÐnai:(

c,
k

e

)
=

(
c,

k
n2
· n2

e1e2

)
=

(
c,

k
n2

e1

)
=

(
c,

k

e1n2

)
diìti c|n1 epomènwc (c, n2

e2

)
= 1. 'Ara:

S2 = φ(d0)
∑
e1| k

n2
e2|n2

(c, k
e1n2

)=1

φ(ce1e2) = φ(d0)
∑
e1| k

n2

(c, k
e1n2

)=1

φ(ce1)
∑
e2|n2

φ(e2)

Dhlad ,
S2 = φ(d0)n2

∑
e1| k

n2

(c, k
e1n2

)=1

φ(ce1) (3.1.8)

'Ara apì tic sqèseic 3.1.7 kai 3.1.8 paÐrnoume:
S =

∑
d0|n0

|µ(d0)|
φ(d0)

∑
c|(k/n2)

|µ(c)|
φ(c)

· φ(d0)n2

∑
e1| k

n2

(c, k
e1n2

)=1

φ(ce1)

= n2

∑
d0|n0

|µ(d0)|
∑

c|(k/n2)

|µ(c)|
φ(c)

∑
e1| k

n2

(c, k
e1n2

)=1

φ(ce1)

Qrhsimopoi¸ntac t¸ra to L mma 1 prokÔptei ìti:
S = n2

∑
d0|n0

|µ(d0)| ·
k

n2

·W
(
k

n2

)
= kW (n0)W (n1) = kW (n0n1) = kW (r)

ìpou sthn 3h kai 5h isìthta qrhsimopoi same tic sqèseic 3.1.6 kai 3.1.5 a-
ntÐstoiqa.

2
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3.2 H apìdeixh tou Jewr matoc

'Estw f1(x), ..., fr(x) ∈ Fqn [x] kai h(x) =
∑r

i=1 cifi(x) ìpou ci ∈ Fq, i =

1, ..., r kai deg h(x) = s.Upojètoume ìti eÐte:
(i) (s, q) = 1 gia ìla ta diaforetik� polu¸numa h(x) pou par�gontai kaj¸c

ta ci, i = 1, ..., r diatrèqoun ta stoiqeÐa tou Fq, eÐte genikìtera:
(ii) to polu¸numo zq − z − h(x) eÐnai an�gwgo se mÐa algebrik  j kh tou

Fqn gia ìla ta diaforetik� polu¸numa h(x).
'Estw epÐshc t1, ..., tr ∈ Fq kai l ènac diairèthc tou qn−1. Jètoume L = qn−1

l
.

OrÐzoume wc Nl,r to pl joc twn (mh mhdenik¸n) stoiqeÐwn γ ∈ Fqn t�xhc L,
twn opoÐwn ta Ðqnh kajorÐzontai apì th sqèsh 1.0.1 , dhlad 

Trn (fi(γ)) = ti, i = 1, ..., r

Gia na mporèsoume na diaqeiristoÔme th sunj kh t�xhc, orÐzoume wc Λl

na eÐnai h qarakthristik  sun�rthsh twn stoiqeÐwn tou F∗
qn t�xhc L, dhlad 

gia k�je ξ ∈ F∗
qn

Λl(ξ) =

{
1 αν ord(ξ) = L

0 διαϕoρετικα

Apì thn Prìtash 1 mporoÔme na p�roume th qarakthristik  sun�rthsh Λl

sunart sh twn qarakt rwn χ thc pollaplasiastik c om�dac F∗
qn . K�je tè-

toioc qarakt rac epekteÐnetai sto Fqn orÐzontac χ(0) = 0. 'Etsi, an ξ ∈ Fqn

sÔmfwna me th sqèsh 3.1.1 èqoume:
Λl(ξ) =

φ(L)

qn − 1

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

χ(ξ) (3.2.1)

EpÐshc h qarakthristik  sun�rthsh λt gia ta stoiqeÐa ξ ∈ Fqn me dedomèno
Ðqnoc t ∈ Fq eÐnai:

λt(ξ) =
1

q

∑
c∈Fq

ψ1 (c (Trn(ξ)− t)) =
1

q

∑
c∈Fq

ψ1(ct)ψ(cξ) (3.2.2)
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ìpou ψ1 eÐnai o kanonikìc prosjetikìc qarakt rac tou Fq kai ψ o kanonikìc
prosjetikìc qarakt rac tou Fqn .

Pr�gmati, apì th sqèsh 2.2.1 èqoume ìti ψ = ψ1 ◦ Trn. 'Eqoume loipìn:
λt(ξ) =

{
1 αν Trn(ξ) = t

0 διαϕoρετικα

'Estw α ∈ Fq me α 6= 0. Tìte apì th sqèsh 2.2.2 èqoume ìti∑
c∈Fq

ψα(c) = 0

en¸ an α = 0, tìte ∑c∈Fq
ψ0(c) =

∑
c∈Fq

1 = q. 'Ara:
λt(ξ) =

1

q

∑
c∈Fq

ψTrn(ξ)−t(c) =
1

q

∑
c∈Fq

ψ1 ((Trn(ξ)− t) c)

=
1

q

∑
c∈Fq

ψ1 (cTrn(ξ))ψ1 (−ct) =
1

q

∑
c∈Fq

ψ1 (Trn(cξ))ψ1 (ct)

=
1

q

∑
c∈Fq

ψ(cξ)ψ1 (ct)

To pl joc twn mh mhdenik¸n stoiqeÐwn γ ∈ Fqn t�xhc L twn opoÐwn ta
Ðqnh kajorÐzontai apì th sqèsh 1.0.1 mporeÐ na ekfrasteÐ wc:

Nl,r =
∑

ξ∈Fqn

Λl(ξ)λt1(f1(ξ))...λtr(fr(ξ))

T¸ra me th bo jeia twn sqèsewn 3.2.1 kai 3.2.2 paÐrnoume:
Nl,r =

∑
ξ∈Fqn

φ(L)

qn − 1

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

χ(ξ)
r∏

i=1

1

q

∑
ci∈Fq

ψ1(citi)ψ(cifi(ξ))

=
φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
ξ∈Fqn

χ(ξ)
r∏

i=1

∑
ci∈Fq

ψ1(citi)ψ(cifi(ξ))

EÐnai:
r∏

i=1

∑
ci∈Fq

ψ1(citi)ψ(cifi(ξ)) =
∑

(c1,...,cr)∈Fr
q

ψ1(c1t1)ψ(c1f1(ξ))...ψ1(crtr)ψ(crfr(ξ))

=
∑

(c1,...,cr)∈Fr
q

ψ1(c1t1 + ...+ crtr)ψ

(
r∑

i=1

cifi(ξ)

)
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Epomènwc to pl joc Nl,r gr�fetai:
Nl,r =

φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
ξ∈Fqn

χ(ξ)
∑

(c1,...,cr)∈Fr
q

ψ1(c1t1 + ...+ crtr)ψ(
r∑

i=1

cifi(ξ))

=
φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q

ψ1(c1t1 + ...+ crtr)
∑

ξ∈Fqn

χ(ξ)ψ(
r∑

i=1

cifi(ξ))

Jètoume:
h(x) =

r∑
i=1

cifi(x) ∈ Fqn [x], ci ∈ Fq, i = 1, ..., r

kai
Sn(h, χ) =

∑
ξ∈Fqn

χ(ξ)ψ(h(ξ))

Na shmei¸soume ìti h apeikìnish h(x) metab�letai kaj¸c ta c1, ..., cr diatrè-
qoun ta stoiqeÐa tou Fq. Me touc sumbolismoÔc autoÔc to Nl,r paÐrnei th
morf :
Nl,r =

φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q

ψ1(c1t1+...+crtr)Sn(h, χ)

(3.2.3)
Je¸rhma 7. (Fr�gma Weil) 'Estw χ pollaplasiastikìc qarakt rac tou Fq

me χ 6= χ0 t�xhc d ìpou d|q − 1 kai ψ prosjetikìc qarakt rac tou Fq me
ψ 6= ψ0. 'Estw epÐshc f(x), g(x) ∈ Fq[x] polu¸numa tètoia ¸ste to f(x) na
èqei akrib¸c m diakritèc rÐzec kai to g(x) na èqei bajmì s. Upojètoume ìti
eÐte:

(i) (d, deg f) = (s, q) = 1 eÐte genikìtera:

(ii) ta polu¸numa yd−f(x) kai zq−z−g(x) eÐnai an�gwga se mÐa algebrik 
j kh tou Fq.

Tìte: ∣∣∣∣∣∣
∑
x∈Fq

χ(f(x))ψ(g(x))

∣∣∣∣∣∣ ≤ (m+ s− 1)q
1
2 (3.2.4)
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2

Ja efarmìsoume t¸ra to Je¸rhma 7 sthn dik  mac perÐptwsh. 'E-
stw χ pollaplasiastikìc qarakt rac tou Fqn diaforetikìc tou tetrimmè-
nou qarakt ra χ0. Jèloume na èqei t�xh de ìpou de|(qn − 1) (Pr�gmati,
d|L = qn−1

l
⇔ dl|(qn − 1) kai e|l. 'Ara de|(qn − 1)). EpÐshc èqoume sumbolÐ-

sei me ψ ton kanonikì prosjetikì qarakt ra tou Fqn (pou eÐnai diaforetikìc
tou ψ0). 'Estw f(x) ∈ Fqn [x] polu¸numo me f(x) = x to opoÐo èqei akrib¸c 1

rÐza kai èstw h(x) =
∑r

i=1 cifi(x) ∈ Fqn [x], ci ∈ Fq, i = 1, ..., r me bajmì s.
'Eqoume upojèsei ìti to polu¸numo zqn − z − h(x) eÐnai an�gwgo gia ìlouc
touc Fq−grammikoÔc sundiasmoÔc twn f1, ..., fr.

Ja deÐxoume ìti to polu¸numo yde − x eÐnai epÐshc an�gwgo se mÐa al-
gebrik  j kh tou Fqn . Pr�gmati, èstw ìqi. Tìte yde − x = g1(x, y)g2(x, y),
ìpou g1, g2 ∈ Fqn [x] ìqi stajer� polu¸numa. EÐnai deg(yde − x) = 1 wc po-
lu¸numo tou x. 'Ara ja prèpei eÐte g1(x, y) = g1(y) eÐte g2(x, y) = g2(y).
'Estw g1(x, y) = g1(y) = aky

k + ... + a1y + a0, ai ∈ Fqn , i = 1, ..., k kai
g2(x, y) = bmy

m + ...+ b1y + b0 + cx. EÐnai:
g1(y)g2(x, y) = akbmy

k+m + ...+ b0a0 + (aky
k + ...+ a1y + a0)cx

Ja prèpei (aky
k + ...+ a1y+ a0)c = −1. 'Ara ak = ... = a1 = 0 kai a0c = −1.

Dhlad  g1(y) = a0. 'Atopo diìti ta g1, g2 den eÐnai stajer� polu¸numa.
Epomènwc ikanopoieÐtai h proupìjesh (ii) tou Jewr matoc 7. H proupì-

jesh (i) ikanopoieÐtai me profan  trìpo. 'Ara apì thn sqèsh 3.2.4 gia χ 6= χ0

prokÔptei ìti:

|Sn(h, χ)| =

∣∣∣∣∣∣
∑

ξ∈Fqn

χ(ξ)ψ(h(ξ))

∣∣∣∣∣∣ ≤ (1 + s− 1)q
n
2 = sq

n
2 (3.2.5)

Sth sunèqeia diatup¸noume to Je¸rhma Weil to opoÐo ja mac bohj sei
na exet�soume ti sumbaÐnei me to Sn(h, χ) ìtan to χ = χ0.
Je¸rhma 8. (Fr�gma Weil) 'Estw ψ prosjetikìc qarakt rac tou Fq me
ψ 6= ψ0. 'Estw epÐshc g(x) ∈ Fq[x] polu¸numo bajmoÔ s. Upojètoume ìti eÐte:

(i) s < q kai (s, q) = 1, eÐte genikìtera:
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(ii) to polu¸numo zq − z− g(x) eÐnai an�gwgo se mÐa algebrik  j kh tou Fq.

Tìte: ∣∣∣∣∣∣
∑
x∈Fq

ψ(g(x))

∣∣∣∣∣∣ ≤ (s− 1)q
1
2 (3.2.6)

2

'Eqoume loipìn:
Sn(h, χ0) =

∑
ξ∈Fqn

χ0(ξ)ψ(h(ξ)) =
∑

ξ∈F∗
qn

χ0(ξ)ψ(h(ξ)) + χ0(0)ψ(h(0))

=
∑

ξ∈F∗
qn

1 · ψ(h(ξ)) + 0 =
∑

ξ∈F∗
qn

ψ(h(ξ))

Efarmìzontac to Je¸rhma 8 gia to polu¸numo h(x) =
∑r

i=1 cifi(x) ∈
Fqn [x], ci ∈ Fq, i = 1, ..., r me bajmì s kai ψ ton kanonikì prosjetikì
qarakt ra tou Fqn , apì th sqèsh 3.2.6 paÐrnoume:

|Sn(h, χ0)| =

∣∣∣∣∣∣
∑

ξ∈F∗
qn

ψ(h(ξ))

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑

ξ∈Fqn

ψ(h(ξ))− ψ(h(0))

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑

ξ∈Fqn

ψ(h(ξ))

∣∣∣∣∣∣+ |ψ(h(0))| ≤ (s− 1)q
n
2 + 1 ≤ sq

n
2

T¸ra sundi�zontac thn teleutaÐa sqèsh kai th sqèsh 3.2.5 prokÔptei ìti gia
opoiod pote qarakt ra χ tou Fqn isqÔei:

|Sn(h, χ)| ≤ sq
n
2 (3.2.7)

UpenjumÐzoume ìti èqoume jèsei
S = max

i=1,...,r
deg fi(x) = max

(c1,...,cr)∈Fr
q

deg

(
r∑

i=1

cifi(x)

)
AfoÔ to polu¸numo h(x) metab�letai kaj¸c ta c1, ..., cr diatrèqoun ta stoi-
qeÐa tou Fq, ìmoia metab�letai kai o bajmìc tou s. 'Omwc s ≤ S gia ìlouc
touc diaforetikoÔc bajmoÔc s twn diaforetik¸n h(x). Epomènwc h sqèsh
3.2.7 paÐrnei th morf :

|Sn(h, χ)| ≤ Sq
n
2 (3.2.8)
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Je¸rhma 9. 'Estw f1(x), ..., fr(x) ∈ Fqn [x] kai h(x) =
∑r

i=1 cifi(x) ìpou
ci ∈ Fq, i = 1, ..., r kai deg h(x) = s.Upojètoume ìti eÐte:

(i) (s, q) = 1 gia ìla ta diaforetik� polu¸numa h(x) pou par�gontai kaj¸c
ta ci, i = 1, ..., r diatrèqoun ta stoiqeÐa tou Fq, eÐte genikìtera:

(ii) to polu¸numo zq− z−h(x) eÐnai an�gwgo se mÐa algebrik  j kh tou Fqn

gia ìla ta diaforetik� polu¸numa h(x).

'Estw epÐshc t1, ..., tr ∈ Fq kai l ènac opoiosd pote diairèthc tou qn−1. Tìte:

Nl,r ≥
φ(L)q

n
2
−r

qn − 1

{
qn − 1

q
n
2

− (qr − 1)SlW (L)

}
Apìdeixh. Jètoume
M =

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q

ψ1(c1t1 + ...+ crtr)Sn(h, χ)

Dhlad  h sqèsh 3.2.3 gr�fetai: Nl,r = φ(L)
(qn−1)qr ·M . 'Otan ìla ta ci, i =

1, ..., r eÐnai mhdèn, tìte to h(x) eÐnai to mhdenikì polu¸numo. EÐnai:

Sn(0, χ) =
∑

ξ∈Fqn

χ(ξ)ψ(0) =
∑

ξ∈Fqn

χ(ξ) =
∑

ξ∈F∗
qn

χ(ξ) =

{
qn − 1 an χ = χ0

0 an χ 6= χ0

,

ìpwc prokÔptei apì th 2.2.3 sqèsh orjogwniìthtac. 'Ara:
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M =
∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ) +

+
∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

Sn(0, χ)

=
∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ) +

+
∑
d|L
d>1

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

Sn(0, χ) +
∑
e|l

∑
ordχ=e

Sn(0, χ)

=
∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ) +

+ 0 +
∑
e|l

e>1

∑
ordχ=e

Sn(0, χ) + (qn − 1)

=
∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ) +

+ 0 + (qn − 1)

Dhlad ,
M =

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ) + (qn − 1)

'Etsi to Nl,r gr�fetai:
Nl,r =

φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

ψ1(c1t1+...+crtr)Sn(h, χ)+
φ(L)

qr
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'Ara:
∣∣∣∣Nl,r −

φ(L)

qr

∣∣∣∣ =

∣∣∣∣∣∣∣∣
φ(L)

(qn − 1)qr

∑
d|L

µ(d)

φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,.0)

ψ1(c1t1 + ...+ crtr)Sn(h, χ)

∣∣∣∣∣∣∣∣
≤ φ(L)

(qn − 1)qr

∑
d|L

|µ(d)|
φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

∑
(c1,...,cr)∈Fr

q\(0,...,0)

|Sn(h, χ)|

≤ φ(L)

(qn − 1)qr

∑
d|L

|µ(d)|
φ(d)

∑
e|l

(d,l/e)=1

∑
ordχ=de

Sq
n
2 (qr − 1)

=
φ(L)

(qn − 1)qr

∑
d|L

|µ(d)|
φ(d)

∑
e|l

(d,l/e)=1

φ(de)Sq
n
2 (qr − 1)

=
φ(L)

(qn − 1)qr
Sq

n
2 (qr − 1)

∑
d|L

|µ(d)|
φ(d)

∑
e|l

(d,l/e)=1

φ(de)

=
φ(L)

(qn − 1)qr
Sq

n
2 (qr − 1)lW (L)

ìpou sthn teleutaÐa isìthta qrhsimopoioÔme thn Prìtash 2. 'Eqoume loipìn:
Nl,r ≥ φ(L)

qr
− φ(L)

(qn − 1)qr
Sq

n
2 (qr − 1)lW (L)

=
φ(L)q

n
2
−r

qn − 1

{
qn − 1

q
n
2

− (qr − 1)SlW (L)

}
2

EÐmaste ètoimoi t¸ra na apodeÐxoume to Je¸rhma 1. Gia na to apodeÐ-
xoume arkeÐ na deÐxoume ìti Nl,r > 0. ArkeÐ loipìn na deÐxoume ìti:

qn − 1

q
n
2

> (qr − 1)SlW (L) ⇔ W (L) <
qn − 1

q
n
2 (qr − 1)Sl

'Estw m jetikìc akèraioc. SumbolÐzoume me ω(m) to pl joc twn dia-
foretik¸n pr¸twn paragìntwn tou m, en¸ èqoume sumbolÐsei me W (m) to
pl joc twn diairet¸n tou m pou eÐnai eleÔjeroi tetrag¸nou.
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L mma 2. Gia k�je m ∈ N isqÔei:

W (m) = 2ω(m) ≤ 4.9m
1
4

Apìdeixh
'Estw m = pa1

1 ...p
ak
k ìpou pi 6= pj gia i 6= j kai p1 < p2 < ... <

pk. Tìte ω(m) = k. Oi eleÔjeroi tetrag¸nwn diairètec tou m eÐnai oi
p1, ..., pk, p1p2, ..., pk−1pk, ..., p1...pk. 'Ara:

W (m) =

(
k

1
)

+

(
k

2
)

+ ...+

(
k

k

)
= 2k = 2ω(m)

EpÐshc eÐnai m ≥ p1...pk. 'Estw p1, ..., ps ≤ 24, dhlad  p1, ..., ps ∈ A ìpou
A = {2, 3, 5, 7, 11, 13}. EÐnai s ≤ 6. Tìte:

m ≥ p1...ps(2
4)k−s ⇔ 24k ≤ m24s

p1...ps

⇔ 2k ≤ m
1
4 2s

(p1...ps)
1
4

Isqurismìc:
2s

(p1...ps)
1
4

≤ 4.9, s = 1, ..., 6

Pr�gmati, gia s = 1, èqoume 2

p
1/4
1

ìpou p1 ∈ A. EÐnai:
2

p
1/4
1

≤ 2

21/4
' 1.6818

Gia s = 2, èqoume 22

(p1p2)1/4 ìpou p1, p2 ∈ A. EÐnai:
22

(p1p2)1/4
≤ 22

(2 · 3)1/4
=

4

61/4
' 2.5558

Gia s = 3, èqoume 23

(p1p2p3)1/4 ìpou p1, p2, p3 ∈ A. EÐnai:
23

(p1p2p3)1/4
≤ 23

(2 · 3 · 5)1/4
=

8

301/4
' 3.4183

Gia s = 4, èqoume 24

(p1p2p3p4)1/4 ìpou p1, p2, p3, p4 ∈ A. EÐnai:
24

(p1p2p3p4)1/4
≤ 24

(2 · 3 · 5 · 7)1/4
=

16

2101/4
' 4.203
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Gia s = 5, èqoume 25

(p1p2p3p4p5)1/4 ìpou p1, p2, p3, p4, p5 ∈ A. EÐnai:
25

(p1p2p3p4p5)1/4
≤ 25

(2 · 3 · 5 · 7 · 11)1/4
=

32

23101/4
' 4.0153

Gia s = 6, èqoume 26

(p1p2p3p4p5p6)1/4 ìpou p1, p2, p3, p4, p5, p6 ∈ A. EÐnai:
26

(p1p2p3p4p5p6)1/4
=

26

(2 · 3 · 5 · 7 · 11 · 13)1/4
=

64

300301/4
' 4.8617

2

'Etsi o isqurismìc apodeÐqjhke. Apì to L mma 2 prokÔptei loipìn ìti:

W (L) ≤ 4.9

(
qn − 1

l

) 1
4

< 4.9

(
qn

l

) 1
4

Epomènwc, arkeÐ na deÐxoume ìti:

4.9

(
qn

l

) 1
4

≤ qn − 1

qn/2(qr − 1)Sl

'Eqoume:
n > r ⇔ qn > qr ⇔ qn+r−qn < qn+r−qr ⇔ qn(qr−1) < qr(qn−1) ⇔

⇔ qn

qr
<
qn − 1

qr − 1
⇔ qn

qn/2qrSl
<

qn − 1

qn/2(qr − 1)Sl

'Ara arkeÐ na deÐxoume ìti:

4.9
qn/4

l1/4
≤ qn

qn/2qrSl
⇔ 4.9Sl3/4 ≤ qn/4−r ⇔ n

4
− r ≥ logq 4.9Sl3/4 ⇔

⇔ n ≥ 4
[
r + logq 4.9Sl3/4

]
to opoÐo isqÔei apì thn upìjesh tou Jewr matoc 1.

3.3 ParadeÐgmata

Par�deigma 2. 'Estw q = 2 kai f1(x) = x, f2(x) = x3 + x + 1, f3(x) =

x5 + x2 + 1 polu¸numa tou F2n . Jètoume h(x) =
∑3

i=1 cifi(x) ìpou ci ∈ F2,
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i = 1, ..., 3. Tìte deg h(x) = 1   3   5, dhlad  (deg h(x), 2) = 1 kai S = 5.
'Ara ikanopoieÐtai h proupìjesh (i) tou Jewr matoc 1. Ac jèsoume l = 1,
opìte L = 2n−1

1
= 2n − 1, dhlad  ja exet�soume thn Ôparxh prwtarqik¸n

stoiqeÐwn. SÔmfwna me to Je¸rhma 1 gia n tètoio ¸ste:

n > 4
[
r + logq4.9l

3/4S
]

n > 4
[
3 + log24.9 · 13/4 · 5

]
n ≥ 31,

kai gia k�je t1, t2, t3 ∈ F2 up�rqei èna prwtarqikì stoiqeÐo γ ∈ F2n tètoio
¸ste:

Trn (f1(γ)) = t1 και Trn (f2(γ)) = t2 και Trn (f3(γ)) = t3

Qrhsimopoi¸ntac to Je¸rhma 9 mporoÔme na ektim soume to pl joc twn
prwtarqik¸n stoiqeÐwn tou F2n me tic parap�nw idiìthtec apì th sqèsh:

Nl,r ≥
φ(L)q

n
2
−r

qn − 1

{
qn − 1

q
n
2

− (qr − 1)S · l ·W (L)

}
ìpou sto par�deigma mac paÐrnei th morf :

N1,3 ≥
φ(2n − 1)2

n
2
−3

2n − 1

{
2n − 1

2
n
2

− 35W (2n − 1)

}
Gia di�forec timèc tou n paÐrnoume to parak�tw pÐnaka:

n N1,3

31 268232714
32 263847936

Par�deigma 3. 'Estw q = 3 kai f1(x) = x, f2(x) = x2+x+1 polu¸numa tou
F3n . Jètoume h(x) =

∑3
i=1 cifi(x) ìpou ci ∈ F3, i = {1, 2}. Tìte deg h(x) = 1

  2 , dhlad  (deg h(x), 3) = 1 kai S = 2. 'Ara ikanopoieÐtai h proupìjesh (i)

tou Jewr matoc 1. Jètoume kai p�li l = 1, opìte L = 3n−1
1

= 3n − 1. 'Ara
apì to Je¸rhma 1 gia n tètoio ¸ste:

n > 4
[
2 + log34.9 · 13/4 · 2

]
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n ≥ 17,

kai gia k�je t1, t2 ∈ F3 up�rqei èna prwtarqikì stoiqeÐo γ ∈ F3n tètoio ¸ste:

Trn (f1(γ)) = t1 και Trn (f2(γ)) = t2,

en¸ apì to Je¸rhma 9 èqoume:

N1,2 ≥
φ(3n − 1)3

n
2
−2

3n − 1

{
3n − 1

3
n
2

− 16W (3n − 1)

}
Gia di�forec timèc tou n paÐrnoume to parak�tw pÐnaka:

n N1,3

17 8065626
18 17634103

34



BibliografÐa

[1] S.D. Cohen, Finite Fiel Elements with Specified Order and Traces,

Designs Codes and Cryptography, Vol.36 (2005) pp.331-340

[2] S.D. Cohen, The orders of releted elements of a finite field, Ra-

manujan Journal, Vol.7 (2003) pp.173-201

[3] Wolfgang M. Schmidt, Lecture Notes in Mathematics, Equations

over Finite Fields, An Elementary Approach, Springer

[4] R. Lidl, H. Niederreiter, Encyclopedia of Mathematics and its

applications, Finite fields, Cambridge University Press

[5] Ferruh Ozbudak, Designs Codes and ,Cryptography, Elements of

Prescribed Order, Prescribed Traces and Systems of Rational Fu-

nctions Over Finite Fields, Vol.34 (2005) pp.35-54

35


