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Kef�laio 1

Eisagwg 

Sthn paroÔsa ergasÐa jewroÔme to grammikì prìblhma jermìthtac :
ut −∆u = V (x)u x ∈ Ω, t ∈ (0, T ), (1.1)

u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ), (1.2)
u(x, 0) = u0(x) x ∈ Ω, (1.3)

ìpou Ω eÐnai èna omalì kai fragmèno qwrÐo tou RN , N ≥ 3 kai 0 ∈ Ω. EpÐshc V : Ω → R mÐa
sun�rthsh pou ja onom�zoume dunamikì. Ta erwt mata pou mac apasqoloÔn eÐnai:
• An to prìblhma (1.1)-(1.3) èqei lÔsh.
• An h lÔsh orÐzetai gia ìlouc touc qrìnouc.
• H omalìthta thc lÔshc.
• H asumptwtik  sumperifor� thc lÔshc.

JewroÔme pr¸ta to dunamikì mac na eÐnai mÐa stajer�, V (x) ≡ c ∈ R. Me th mèjodo tou
Fourier to prìblhm� mac an�getai sto ex c prìblhma idiotim¸n:

−∆φ = λφ , x ∈ Ω (1.4)
φ = 0 , x ∈ ∂Ω (1.5)

Opìte gia u0 ∈ L2(Ω) paÐrnoume th genik  lÔsh tou probl matoc, pou eÐnai thc morf c:
u(x, t) =

∞∑
k=1

ckφk(x)e
(c−λk)t (1.6)

ìpou λk eÐnai idiotimèc kai φk(x) eÐnai oi antÐstoiqec idiosunart seic tou (1.4)-(1.5) me:
0 < λ1 < λ2 ≤ λ3 ≤ . . . ≤ λk ≤ . . .

kai
∫

Ω

φiφjdx = 0 i 6= j,

∫
Ω

φ2
i dx = 1.

Oi suntelestèc Fourier ck prosdiorÐzontai apì ta arqik� dedomèna apì th sqèsh
ck =

∫
Ω

u0(x)φk(x)dx, k = 1, 2, . . .

Oi idiosunart seic φk(x) eÐnai C∞(Ω) epomènwc kai h genik  lÔsh eÐnai C∞(Ω × (0,∞)).
EpÐshc an c ∈ [0, λ1), ìpou λ1 eÐnai h pr¸th idiotim , tìte anex�rthta twn arqik¸n dedomènwn,h lÔsh èqei asumptwtik  sumperifor�

lim
t→∞

u(x, t) = 0,
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en¸ an c ≥ λ1, tìte ta arqik� dedomèna kajorÐzoun thn asumptwtik  sumperifor� twn lÔsewn.Sthn perÐptwsh ìpou V ∈ Lp gia p > N/2, h genik  lÔsh gr�fetai:

u(x, t) =
∞∑

k=1

ckψk(x)e
−µkt.

'Opou µk,ψk(x) eÐnai idiotimèc kai idiosunart seic antÐstoiqa tou probl matoc:
−∆ψ − V ψ = µψ , x ∈ Ω (1.7)

ψ = 0 , x ∈ ∂Ω. (1.8)
Oi ψk(x), en gènei, eÐnai mìno suneqeÐc, opìte kai h lÔsh tou (1.1)-(1.3) u ∈ C(Ω× (0, T )). Se
aut  thn perÐptwsh èqoume ìti h lÔsh en gènei den eÐnai klasik . H lÔsh orÐzetai me asjen 
trìpo, dhlad : gia x ∈ Ω, jètoume δ(x) = dist(x, ∂Ω) kai orÐzoume L1

δ(Ω) = L1(Ω, δ(x)dx).
Gia 0 < T ≤ +∞ kai u ∈ L1

δ(Ω) lème ìti h u > 0 eÐnai mÐa asjen c lÔsh tou probl matoc
(1.1)-(1.3) an gia k�je 0 < s < T èqw ìti u ∈ L1(Ω× (0, s)), V uδ ∈ L1(Ω× (0, s)) kai∫ s

0

∫
Ω

u(−ζt −∆ζ)dxdt−
∫

Ω

u(x, 0)ζ(x, 0)dx =

∫ s

0

∫
Ω

V uζdxdt, ∀ ζ ∈ C2(Ω× [0, s]),

ìpou ζ(x, t) = 0, ∀ (x, t) ∈ ∂(Ω)× [0, s].
'Oson afor� thn asumptwtik  sumperifor� twn lÔsewn èqoume ìti: e�n µ1 > 0, tìte

lim
t→∞

u(x, t) = 0.

To dikì mac endiafèron esti�zetai sthn perÐptwsh krÐsimou dunamikoÔ, gia par�deigma
ìtan

V (x) =
λ

|x|2
, x ∈ Ω, λ ∈ R.

AxÐzei na shmeiwjeÐ ìti se aut  thn perÐptwsh èqoume ìti V /∈ LN/2(Ω) all� V ∈ LN/2,∞(Ω).
Ta parak�tw jewr mata meletoÔn thn omalìthta kai thn asumptwtik  sumperifor� twn

lÔsewn tou probl matoc (1.1)-(1.3) sthn perÐptwsh ìpou 0 < λ <
(

N−2
2

)2 kai Ω ⊂ RN omalì
kai fragmèno.
Je¸rhma 1.0.1 'Estw V (x) = λ

|x|2 , 0 < λ <
(

N−2
2

)2. Tìte up�rqei mÐa orjokanonik  b�sh
{ek}k≥1 tou L2(Ω) pou apoteleÐtai apì idiodianÔsmata tou L(V ) = −∆ − V (x)I me akoloujÐa
idiotim¸n

0 < µ1 ≤ µ2 ≤ . . . ≤ µk . . . →∞

t.w.
−∆ek − V (x)ek = µkek sto Ω, ek = 0 sto ∂Ω

me ek ∈ H1
0 (Ω).

Je¸rhma 1.0.2 'Estw V (x) = λ
|x|2 , 0 < λ <

(
N−2

2

)2. Tìte gia k�je u0 ∈ L2(Ω) up�rqei mia
monadik  lÔsh u tou (1.1)-(1.3),

u ∈ C(L2(Ω)× [0,∞))
⋂

L2(H1
0 (Ω)× [0,∞))
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h opoÐa eÐnai mÐa asjen c lÔsh tou probl matoc (1.1)-(1.3). H lÔsh mporeÐ na anaptuqjeÐ wc
proc thn orjokanonik  b�sh tou L2(Ω) {ek} wc exhc

u(x, t) =
∞∑

k=1

cke
−µktek(x), (1.9)

ìpou ck eÐnai oi suntelestèc Fourier twn arqik¸n dedomènwn,

u0 =
∞∑

k=0

ckek. (1.10)

Sth sunèqeia ja melet soume thn asumptwtik  sumperifor� thc lÔshc, opìte kaj¸c to
t → ∞ èqoume ekjetik  meÐwsh thc opoÐac o rujmìc dÐnetai apì thn pr¸th idiotim . Sugke-
krimèna èqoume

||u(·, t)||L2(Ω) ≤ e−µ1t||u0||L2(Ω) (1.11)
||u(·, t)−

K∑
k=1

cke
−µktek||L2(Ω) = O(e−µK+1t)||u0||L2(Ω) (1.12)

Sthn perÐptwsh ìpou λ =
(

N−2
2

)2 kai Ω ⊂ RN omalì kai fragmèno èqoume: OrÐzoume me
H ton q¸ro Hilbert pou paÐrnoume me thn pl rwsh tou tou H1

0 (Ω) wc proc th nìrma

‖u‖H =

(∫
Ω

{|∇u|2 − V (r)u2}dx
)1/2

. (1.13)

Je¸rhma 1.0.3 Gia k�je u0 ∈ L2(Ω) up�rqei mÐa monadik 

u ∈ C(L2(Ω)× [0,∞))
⋂

L2(H × [0,∞)), ut ∈ L2(H ′ × [0,∞)),

h opoÐa eÐnai asjen c lÔsh tou probl matoc (1.1)-(1.3).

H lÔsh mporeÐ na anaptuqjeÐ wc proc th b�sh {ek} ìpwc prin ,

u(x, t) =
∞∑

k=1

cke
−µktek(x)

ìpou ta ck eÐnai oi suntelestèc Fourier twn arqik¸n dedomènwn. Kai èqoume antÐstoiqec
ektim seic twn (1.11)-(1.12).

Ta parap�nw isqÔoun ìtan to Ω eÐnai èna fragmèno kai omalì uposÔnolo tou RN . Gia na
deÐxoume ti sumbaÐnei ìtan Ω = RN èqoume ta parak�tw.
OrÐzoume ton L2(K) meK = e|x|

2/4 na eÐnai ìlec oi metr simec sunart seic u me ∫
RN |u|2Kdx <

∞.
Je¸rhma 1.0.4 Upojètoume ìti N ≥ 3 kai λ ≤

(
N−2

2

)2. Tìte, gia k�je u0 ∈ L2(K) to
prìblhma èqei monadik  lÔsh u ∈ C(L2(K)× (0,∞))

⋂
L2(H1(K)× (0,∞)).

Gia thn asumptwtik  sumperifor� èqoume:
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Je¸rhma 1.0.5 Upojètoume ìti N ≥ 3 kai ìti 0 < λ ≤
(

N−2
2

)2. Tìte, gia k�je t > 0 kai
gia ìla ta u0 ∈ L2(K)

||u(·, t)||L2(RN ) ≤ t−ν1(λ)||u0||L2(K).

'Opou ν1(λ) = 1/2 + 1/2
√(

N−2
2

)2 − λ.

Sth sunèqeia ja doÔme pwc o periorismìc

λ ≤
(
N − 2

2

)2

eÐnai polÔ ousiastikìc. IdiaÐtera èqoume to akìloujo apotèlesma twn Cabre kai Martel
[CM1] pou sundèei thn Ôparxh lÔshc sto prìblhma (1.1)-(1.3) me thn Ôparxh beltiwmènhc
anisìthtac Hardy. IdiaÐtera èqoume:
Je¸rhma 1.0.6 i) 'Estw u ∈ L1

δ(Ω) kai u ≥ 0 eÐnai h lÔsh tou probl matoc (1.1)-(1.3) gia
thn opoÐa up�rqoun jetikèc stajerèc C,M tètoiec ¸ste:∫

Ω

u(x, t)δ(x)dx ≤ CeMt , t > 0. (1.14)
Tìte λ1(V ; Ω) > −∞. Me

λ1(V ; Ω) = inf
ϕ∈C∞c (Ω)\{0}

∫
Ω
|∇ϕ|2 −

∫
Ω
V (x)ϕ2∫

Ω
ϕ2

.

ii)'Estw λ1(V ; Ω) > −∞. Tìte gia k�je u0 ∈ L2(Ω) me u0 ≥ 0 up�rqei mÐa kajolik  asjen c
lÔsh tou probl matoc me thn ektÐmhsh

||u(·, t)||L2(Ω) ≤ ||u0||L2(Ω)e
−λ1(V ;Ω)t, t > 0. (1.15)

iii)'Estw ìti gia k�je 0 < ε < 1 èqoume

λ1((1− ε)V ; Ω) = −∞.

Tìte gia k�je T > 0 kai u0 ∈ L1
δ(Ω)\{0}, u0 ≥ 0, den up�rqei asjen c lÔsh tou probl matoc

(1.1)-(1.3). IdiaÐtera an Vn(x) = min(V (x), n), u0,n(x) = min(u0(x), n) kai un eÐnai h monadik 
lÔsh tou probl matoc

∂tun −∆un = Vn(x)un x ∈ Ω, t > 0 (1.16)
un(x, t) = 0 x ∈ ∂Ω, t > 0 (1.17)

un(x, 0) = u0,n x ∈ Ω. (1.18)
Tìte gia 0 < τ < T , èqoume:

un(x, t)

δ(x)
→ +∞

omoiìmorfa sto (τ, T ) kaj¸c n→∞.

Sthn perÐptwsh tou dunamikoÔ V (x) =
(N−2

2 )
2

|x|2 , èqoume thn akìloujh anisìthta Hardy:
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Je¸rhma 1.0.7 'Estw Ω èna fragmèno, anoiktì uposÔnolo tou RN , N ≥ 2 kai 0 ∈ Ω .Tìte
up�rqei mÐa stajer� C(Ω) > 0 tètoia ¸ste gia k�je u ∈ H1

0 (Ω)

C(Ω)

∫
Ω

u2dx ≤
∫

Ω

[|∇u|2 −
(
N − 2

2

)2
u2

|x|2
]dx

H bèltisth stajer� ìtan to Ω eÐnai mÐa mp�la Bα(0) eÐnai

C(Ω) = z2
0/α

2

ìpou z0 eÐnai to pr¸to mhdenikì thc Bessel sun�rthshc J0(r), z
2
0 = 0.57832 . . ..

Apì ta parap�nw jewr mata prokÔptei ìti ìtan 0 < λ ≤
(

N−2
2

)2 èqoume beltiwmènh anisìthta
Hardy kai opìte Ôparxh asjen c lÔshc, en¸ ìtan λ > (

N−2
2

)2, èqoume
λ1(λ|x|−2; Ω) = −∞

kai epomènwc to prìblhma (1.1)-(1.3) den èqei kan asjen  lÔsh. AxÐzei na shmeiwjeÐ ìti to
fainìmeno autì (thc mh-Ôparxhc lÔshc) eÐnai fainìmeno pou den emfanÐzetai sta upì-krÐsima
dunamik�.
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Kef�laio 2

BasikoÐ orismoÐ - Oi anisìthtec Hardy
kai Hardy − Poincare

2.1 Eisagwgik� stoiqeÐa-SumbolismoÐ

'Estw Ω ⊂ RN kai u : Ω → R.
Gia 1 ≤ p < ∞, Lp(Ω) = {u : Ω → R : metr simh me ||u||Lp(Ω) < ∞} me ||u||Lp(Ω) =(∫

Ω
|u|pdx

) 1
p .

Lp
loc(Ω) eÐnai o q¸roc sunart sewn u ¸ste gia k�je K ⊂⊂ Ω, u ∈ Lp(K).

H a-asjen c par�gwgoc thc u, Dαu eÐnai ekeÐnh h sun�rthsh υ ∈ L1
loc pou èqei thn idiìthta:

(Dαu = υ) ∫
Ω

υ(x)φ(x)dx = (−1)|α|
∫

Ω

u(x)Dαφ(x)dx, gia k�je φ ∈ C∞
c (Ω).

Me W 1,p(Ω) sumbolÐzoume to q¸ro Sobolev o opoÐoc apoteleÐtai apì ìlec tic oloklhr¸simec
sunart seic u tètoiec ¸ste gia k�je poludeÐkth a me |a| ≤ 1 , to Dau na up�rqei me thn
asjen  ènnoia kai na an kei ston Lp(Ω). SumbolÐzoume H1

0 (Ω) = W 1,2
0 (Ω).

Me Ck,α ja sumbolÐzoume tic k-forèc suneq¸c paragwgÐsimec sunart seic kai h teleutaÐa
par�gwgoc na eÐnai H ölder suneq c.
SumbolÐzoume me D1,2(RN) thn pl rwsh tou C∞

c (RN) me nìrma ||u||2D1,2 =
∫

RN |∇u|2dx.OrÐzoume th G�ma sun�rthsh:
Γ(x) =

∫ ∞

0

tx−1e−tdt

OrÐzoume th sun�rthsh Bessel − Jn(x) na eÐnai mÐa lÔsh thc diaforik c exÐswshc:
x2y′′ + xy′ + (x2 − n2)y = 0,

me y(0) = 1 kai y′(0) = 0.
O telest c Laplace− eÐnai o telest c ∆ me ∆u = ΣN

i=1uxixi
.

O telest c Laplace-Beltrami sthn S2 dÐnetai apì th sqèsh:

∆S =
1

sin θ

∂

∂θ
{sin θ ∂

∂θ
}+

1

sin2 θ

∂2

∂ϕ2
.
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'Eqoume perigr�yei ta shmeÐa tou S2 qrhsimopoi¸ntac thn parametrikopoÐhsh
x = cosϕ sin θ, y = sinϕ sin θ, z = cos θ,

me θ ∈ [0, π] kai ϕ ∈ [0, 2π].
Qrhsimopoi¸ntac sfairikèc suntetagmènec x = (r, σ) sthn mp�la kèntrou mhdèn, gr�foume
thn u sth morf 

u =
∞∑

k=0

uk(r)fk(σ),

ìpou fk sqhmatÐzoun mÐa orjokanonik  b�sh tou L2(SN−1), me SN−1 thn epif�neia thc sfaÐrac,
pou apoteleÐtai apì tic idiosunart seic tou Laplace− Beltrami telest .H b�sh aut  èqei
idiotimèc

ck = k(N +K − 2), k ≥ 0

Jètoume f0(σ) = 1 kai u0(r) na eÐnai h probol  tou u ∈ H1
0 (B) ston q¸ro twn aktinik�

summetrik¸n sunart sewn. 'Eqoume
−∆σfk = ckfk.

Gia 1 < p <∞ o asjen c q¸roc Lp,∞(Ω) orÐzetai wc exhc:
Lp,∞(Ω) = {f metr simh sto Ω, |x : |f(x)| ≥ λ| ≤ Cλ−p∀λ > 0},

me hminìrma
[f ]pp,∞ = sup

λ>0
λp|x : |f(x)| > λ|.

Opìte to |x|−α ∈ Lp,∞(B), 1 < p <∞, an kai mìno an pα ≤ N .
SumbolÐzoume me H ton q¸ro Hilbert pou paÐrnoume me thn pl rwsh tou H1

0 (Ω) wc proc th
nìrma

||u||2H =

∫
Ω

(|∇u|2 − V (|x|)u2)dx) (2.1)
me

−C ≤ V (x) ≤
(

N−2
2

)2

|x|2
,

me C ∈ R,pou susqetÐzetai me th digrammik  morf 
a(u, υ) =

∫
Ω

(∇u · ∇υ − V (r)u2)dx.

'Estw u ∈ L1(RN) tìte orÐzoume:
Fu(x) = (2π)−n/2

∫
RN

e−it·xu(x)dx

me t · x =
∑N

i=1 tixi.Gia t ∈ R orÐzoume:
H t(RN) ≡ {u ∈ L2(RN) : ||u||Ht(RN ) ≡ (

∫
RN

(1 + |x|2)t|Fu(x)|2dx)1/2 <∞
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'Estw Q,U q¸roi Banach me X ⊂ Y .Lème ìti o Q eÐnai sumpag¸c emfuteumènoc ston U, kai
gr�foume

X ⊂⊂ Y,

an up�rqei stajer� C > 0, tètoia ¸ste
(i)||x||Y ≤ C||x||X ∀x ∈ X,
(ii)gia k�je fragmènh akoloujÐa ston Q up�rqei sugklÐnousa upakoloujÐa ston U.
Je¸rhma emfÔteushc Sobolev
'Estw Ω èna fragmèno anoiktì uposÔnolo tou RN , me C1 sÔnoro kai u ∈ W 1,p(Ω), tìte isqÔei:
i)An p < n tìte u ∈ L np

n−p (Ω), m�lista an q < np/(n− p) tìte Lq(Ω) ⊂⊂ W 1,p(Ω).
ii)An p > n tìte u ∈ C0,γ(Ω), ìpou γ = 1− n/p.
iii)An p = n tìte u ∈ Lp(Ω) gia k�je 1 ≤ p <∞.

2.2 Oi anisìthtec Hardy kai Hardy − Poincare

H klassik  morf  thc Hardy anisìthtac dhl¸nei ìti gia u ∈ C∞
c (RN), N ≥ 3(

N − 2

2

)2 ∫
RN

u2

|x|2
dx ≤

∫
RN

|∇u|2dx. (2.2)
Gia na apodeÐxoume thn parap�nw anÐswsh parathroÔme ìti∫

RN

|∇u− cu
x

|x|2
|2dx =

∫
RN

(|∇u|2 +
c2u2

|x|2
− 2c

u

|x|2
(x · ∇u))dx

me mÐa olokl rwsh kat� mèrh èqoume

=

∫
RN

(|∇u|2 + (Nc+ c2)
u2

|x|2
+ cu2x∇(

1

|x|2
))dx

=

∫
RN

(|∇u|2 + (c2 − 2c+Nc)
u2

|x|2
)dx ≥ 0,

opìte:
(2c− c2 −Nc)

∫
RN

u2

|x|2
dx ≤

∫
RN

|∇u|2dx.

To polu¸numo (2c− c2−Nc) wc proc c paÐrnei th mègisth tim  tou gia c = N−2
2
, h opoÐa eÐnai(

N−2
2

)2. ParathroÔme ìti an upojèsoume thn isìthta sth sqèsh 2.2 paÐrnoume∫
RN

|∇u− u
N − 2

2

x

|x|2
|2dx =

∫
RN

(|∇u|2 −
(
N − 2

2

)2 ∫
RN

u2

|x|2
= 0,

opìte
∇u− u

N − 2

2

x

|x|2
= 0 σ.π.,

dhlad 
u(x) = k|x|−

N−2
2 ,
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ìpou k ∈ R, ìmwc u /∈ D1,2(RN).
Gia na deÐxoume ìti h stajer� (

N−2
2

)2 eÐnai bèltisth, gia ε > 0 jewroÔme thn
uε(x) =

{
|x|−N−2

2
+ε − 1, |x| < 1,

0, alli¸c.
Sth sunèqeia upologÐzoume:∫

RN

|∇uε(x)|2dx =
Na(N)

2ε
(
2−N

2
+ ε)2

∫
RN

uε(x)
2

|x|2
dx = Na(N)(

1

2ε
+

1

N − 2
− 4

N − 2 + 2ε
)

me α(N) na eÐnai o ìgkoc thc monadiaÐac sfaÐrac,opìte prokÔptei ìti∫
RN |∇uε|2dx∫

RN

u2
ε

|x|2dx
→

(
N − 2

2

)2

kaj¸c ε→ 0+ , kai �ra h (
N−2

2

)2 eÐnai bèltisth.
ParathroÔme ìti h apìdeixh thc (2.2) anÐswshc eÐnai �mesh ean k�noume thn antikat�stash

v(x) = |x|N−2
2 u(x). Sto [BV] èqei dojeÐ h parak�tw ektÐmhsh ìtan α = 0.

Je¸rhma 2.2.1 (Beltiwmènh Anisìthta Hardy ,Brezis− V asquez)
'Estw Ω èna fragmèno, anoiktì uposÔnolo tou RN , N ≥ 2 kai 0 ∈ Ω. Tìte up�rqei mÐa stajer�
C(Ω) > 0 tètoia ¸ste gia k�je u ∈ H1

0 (Ω)

C(Ω)

∫
Ω

u2dx ≤
∫

Ω

[|∇u|2 −
(
N − 2

2

)2
u2

|x|2
]dx. (2.3)

H bèltisth stajer� ìtan to Ω eÐnai mÐa mp�la Bα(0) eÐnai

C(Ω) = z2
0/α

2 (2.4)
ìpou z0 eÐnai to pr¸to mhdenikì thc Bessel sun�rthshc J0(r), z

2
0 = 5.7832 . . . .

Apìdeixh
To pr¸to b ma eÐnai na k�noume mÐa summetrikopoÐhsh pou ja antikajist� to Ω me mÐa

mp�la BR Ðdiou ìgkou ,
ωNR

N = |Ω|
kai th sun�rthsh u apì th summetrik  thc anapar�stash . Tìte h aktinik� summetrik  den
all�zei thn L2 nìrma , mei¸nei thnH1

0 (Ω) nìrma kai aux�nei to olokl rwma ∫
u2

|x|2 . Opìte arkeÐna deÐxoume to apotèlesma sthn summetrik  perÐptwsh . Epiplèon mÐa apl  kanonikopoÐhsh
mac epitrèpei na jewr soume R = 1. H apìdeixh pou parousi�zetai qrhsimopoieÐ th sun�rthsh
u = |x|−N−2

2 gia na petÔqei mÐa anagwg  diast�sewc tou probl matoc apì tic n stic 2.
OrÐzoume

v(r) = u(r)|x|
N−2

2

parathroÔme ìti:∫
B

|∇u|2dx−
(
N − 2

2

)2 ∫
B

u2

|x|2
dx = nωN{

∫ 1

0

(v′)2rdr − (N − 2)

∫ 1

0

v(r)v′(r)dr}
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T¸ra an jewr soume u ∈ C1
c (B1) to teleutaÐo olokl rwma eÐnai mhdèn kai paÐrnoume∫

B1

|∇u|2dx−
(
N − 2

2

)2 ∫
B1

u2

r2
dx = nωN

∫ 1

0

(v′)2rdr

K�nontac qr sh thc anÐswshc Poincare stic dÔo diast�seic,∫ 1

0

(v′)2rdr ≥ z2
0

∫ 1

0

v2(r)rdr,

paÐrnoume to apotèlesma. H teleutaÐa parat rhsh mac epitrèpei na diagr�youme ton periori-
smì tou u ∈ C1

c (B1) kai autì epitugq�netai apì to ìti oi C1
c (B1) eÐnai puknèc stic H1

0 (B1). 2

EpÐshc èqoume:
Je¸rhma 2.2.2 (Beltiwmènh Hardy − Poincare Anisìthta)
'Estw Ω èna fragmèno anoiktì uposÔnolo tou RN , N ≥ 3 . Tìte gia k�je 1 ≤ q < 2 up�rqei
jetik  stajer� C(q,Ω) ¸ste ∀u ∈ H1

0 (Ω),

C(q,Ω)‖u‖2
W 1,q(Ω) ≤

∫
Ω

[|∇u|2 −
(
N − 2

2

)2
u2

|x|2
]dx. (2.5)

Apìdeixh
Arqik� jewroÔme aktinik� summetrikèc sunart seic se mÐa mp�la, dhlad  u = u(r), r = |x|,
prèpei na apodeÐxoume ìti gia k�je 1 ≤ q < 2 up�rqei C = C(q) > 0 tètoia ¸ste

C(

∫ 1

0

|u′|qrN−1dr)2/q ≤
∫ 1

0

[|u′|2 −
(
N − 2

2

)2
u2

r2
]rN−1dr, (2.6)

me u ∈ C1(0, 1) kai u(1) = 0. Tìte to apotèlesma gia aktinikèc sunart seic ston H1
0 (B)

èpetai apì puknìthta me thn L2 nìrma. Proqwr�me me thn allag  metablht¸n
υ(r) = r(N−2)/2u(r). (2.7)

ParathroÔme ìti: ∫ 1

0

[|u′|2 −
(
N − 2

2

)2
u2

r2
]rN−1dr =

∫ 1

0

|υ′|2rdr (2.8)
Apì thn �llh meri� èqoume∫ 1

0

|u′|qrN−1dr =

∫ 1

0

|r−(N−2)/2υ′(r)− N − 2

2
r−N/2υ(r)|qrN−1dr

≤ Cq

∫ 1

0

|υ′|qrN−1−(N−2)q/2dr + Cq,N

∫ 1

0

|υ|qrN−1−Nq/2dr = I1 + I2

ed¸ qrhsimopoi same thn anÐswsh
|a+ b|p ≤ C(|a|p + |b|p) gia k�je a,b ∈ R kai p > 1
Ja fr�xoume pr¸ta to pr¸to olokl rwma , apì Hölder èqw

I1 =

∫ 1

0

|υ′|qrN−1−(N−2)q/2dr ≤
(∫ 1

0

|υ′|2rdr
)q/2(∫ 1

0

rN−1dr
)(2−q)/2
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To teleutaÐo olokl rwma sugklÐnei , opìte gia 1 ≤ q ≤ 2 èqoume

I1 ≤ C
(∫ 1

0

|υ′|2rdr
)q/2

'Oson afor� to �llo olokl rwma èqoume gia k�je p > q

I2 ≤
(∫ 1

0
|υ|prdr

)q/p(∫ 1

0
rαdr

)(p−q)/p, α =
(
N − 1− Nq

2
− q

p

)
p

p−q

To teleutaÐo olokl rwma sugklÐnei an kai mìno an α > −1 dhlad  an q < 2 kai p >
4q/N(2− q).
Qrhsimopoi¸ntac thn emfÔteush tou H1

0 (B1) ston Lp(B1) sthn didi�stath mp�la (B1 ∈
R2),pou isqÔei gia k�je peperasmèno p, èqoume∫ 1

0

|υ|prdr ≤ Cp

(∫ 1

0

|υ′|2rdr
)p/2

Opìte to I2 eÐnai fragmèno apì p�nw apì èna pollapl�sio thc dexi�c pleur�c tou (2.6).Me
autì ton trìpo deÐxame to apotèlesma gia aktinikèc sunart seic se mÐa mp�la.

Sth sunèqeia jewroÔme mh-aktinikèc sunart seic se mp�la. H diafor� me thn prohgoÔmenh
perÐptwsh eÐnai ìti aut  th for� den èqoume aktinik� summetrikèc sunart seic. Opìte ja
qrhsimopoi soume spherical harmonics dhlad  thn armonik  an�lush thc sun�rthshc sto
aktinikì kai to sfairikì thc komm�ti pou èqoume anafèrei sta eisagwgik� stoiqeÐa.
Opìte∫

B1

[
|∇u|2 −

(
N − 2

2

)2
u2

r2

]
dx =

∫
B1

( ∞∑
k=0

u′k(r)fk(σ)
)2

+
1

r2

( ∞∑
k=0

uk(r)∇σfk(σ)
)2

−

−
(

N−2
2

)2

r2

( ∞∑
k=0

uk(r)fk(σ)
)2

= NωN

∞∑
k=0

∫ 1

0

[
|u′k|2k +

ck
r2
u2

k −
(

N−2
2

)2

r2
u2

k

]
rN−1dr

QwrÐzoume t¸ra to �jroisma se dÔo ìrouc:

I1 =
∞∑

k=1

∫ 1

0

[
|u′k|2 − (

(
N − 2

2

)2

− ck)
u2

k

r2

]
rN−1dr

kai sto aktinikì komm�ti

I0 =

∫ 1

0

[
|u′0|2 −

(
N − 2

2

)2
u2

0

r2

]
rN−1dr

apì th 2.6 paÐrnoume
I0 ≥ C‖u0‖2

W 1,q(B1).
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Gia na upologÐsoume to pr¸to olokl rwma paÐrnoume apì to Je¸rhma 2.2.1 (apì th sqèsh
2.4) ìti ∫ 1

0

[
|u′k|2 −

(
N − 2

2

)2
u2

k

r2
+ ck

u2
k

r2

]
rN−1dr ≥ ck(

N−2
2

)2

∫ 1

0

|u′k|2rN−1dr

Qrhsimopoi¸ntac to gegonìc oti ck ≥ N − 1 > 0 gia k ≥ 1 to �jroisma eÐnai fragmèno
apì k�tw me C‖u− u0‖2

H1
0 (B)

. Sundu�zontac autì to apotèlesma me autì tou prohgoÔmenou
aktinikoÔ mèrouc to Je¸rhma 2.0.2 èpetai se mp�lec.

Sth genik  perÐptwsh gia na apodeÐxoume ton isqurismì eis�goume mia omal  sun�rthsh
φ tètoia ¸ste 0 ≤ φ(x) ≤ 1 me φ(x) = 1 gia k�je x ∈ Ba/2(0) kai φ(x) = 0 gia k�je |x| ≥ α.
OrÐzoume w1 = uφ kai w2 = u(1− φ), u = w1 + w2 opìte èqoume∫

Ω

[
|∇u|2 −

(
N − 2

2

)2
u2

r2

]
dx =

∫
Ω

[
|∇w1|2 −

(
N − 2

2

)2
w2

1

r2

]
dx

+

∫
Ω

[
|∇w2|2 −

(
N − 2

2

)2
w2

2

r2

]
dx

+ 2

∫
Ω

[
∇w1∇w2 −

(
N − 2

2

)2
w1w2

r2

]
dx (2.9)

UpologÐzoume pr¸ta touc diaforetikoÔc ìrouc se autì to an�ptugma. Efìson o forèac tou
w2 eÐnai xènoc me thn arq  twn axìnwn èqoume∫

Ω

w2
2

|x|2
dx+

∫
Ω

w1w2

|x|2
dx ≤ C

∫
Ω

u2dx

Apì thn �llh èqoume∫
Ω

∇w1∇w2dx =

∫
Ω

φ(1− φ)|∇u|2dx−
∫

Ω

|∇φ|2u2dx

+

∫
Ω

u∇u.((1− 2φ)∇φ)dx

Efìson ∫
Ω

u∇u.((1− 2φ)∇φ)dx = −1/2

∫
Bα\Bα/2

u2div((1− 2φ)∇φ)dx

Se aut  thn olokl rwsh kat� mèlh oi sunoriakoÐ ìroi mhdenÐzontai efìson
(1− 2φ)∇φ = 0

sthn ∂(Bα \Bα/2). Sundu�zontac touc teleutaÐouc dÔo tÔpouc paÐrnoume∫
Ω

∇w1 · ∇w2dx ≥ −C
∫

Ω

u2dx
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Aut  h sqèsh kai h (2.9) me u = w1 + w2 dÐnoun∫
Ω

[
|∇u|2 −

(
N − 2

2

)2
u2

r2

]
dx ≥

∫
Ω

[
|∇w1|2 −

(
N − 2

2

)2
w2

1

r2

]
dx

+

∫
Ω

|∇w2|2dx− C

∫
Ω

u2dx

Efarmìzontac t¸ra to apotèlesma pou èqoume sth mp�la gia thn w1 ∈ H1
0 (Bα) paÐrnoume∫

Ω

[
|∇w1|2 −

(
N − 2

2

)2
w2

1

r2

]
dx ≥ C1‖w1‖2

W 1,q(Ω)

Autì oloklhr¸nei thn apìdeixh .�
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Kef�laio 3

'Uparxh kai autìmath èkrhxh gia th
grammik  exÐswsh jermìthtac me idi�zon
dunamikì

Ja melet soume to grammikì prìblhma jermìthtac :
ut −∆u = V (x)u x ∈ Ω, t ∈ (0, T ) (3.1)

u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ) (3.2)
u(x, 0) = u0(x) x ∈ Ω (3.3)

'Opou Ω eÐnai èna omalì kai fragmèno qwrÐo me 0 ∈ Ω, V ∈ L1
loc(Ω), u0 ∈ L1

loc(Ω) kai V ≥
0, u0 ≥ 0 sqedìn pantoÔ sto Ω. Jewr¸ mìno tic mh arnhtikèc lÔseic tou (3.1)-(3.3).

Sugkekrimèna ja doÔme ìti an to prìblhma (3.1)-(3.3) èqei k�poia lÔsh susqetÐzetai �mesa
me thn tim  thc pr¸thc idiotim c tou telest  −∆− V .
UpenjumÐzoume pwc h genik  pr¸th idiotim  thc −∆− V (x) sto Ω eÐnai:

λ1(V ; Ω) = inf
ϕ∈C∞c (Ω)\{0}

∫
Ω
|∇ϕ|2 −

∫
Ω
V (x)ϕ2∫

Ω
ϕ2

.

ParathroÔme ìti h idiotim  mporeÐ na eÐnai kai −∞. H sunj kh λ1(V ; Ω) > −∞ metafr�-
zetai me thn Ôparxh mi�c Hardy − Sobolev anisìthtac me b�rh V (x). Pr�gmati se aut  thn
perÐptwsh èqoume ∫

Ω

V (x)ϕ2 ≤
∫

Ω

|∇ϕ|2 − λ1(V )

∫
Ω

ϕ2, ϕ ∈ C∞
c (Ω).

Sth sunèqeia ja apodeÐxoume to je¸rhma 1.0.6 pou anafèroume sthn eisagwg .
Apìdeixh
Xekin�me me thn apìdeixh kajolik c Ôparxhc asjen c lÔshc upì th sunj kh λ1(V ; Ω) > −∞.
'Estw Vn, un, u0n ìpwc orÐsthkan. Tìte pollaplasi�zontac thn 3.6 me un kai oloklhr¸nontac
kat� mèlh sto Ω paÐrnoume :

1

2

d

dt

∫
Ω

u2
n(x, t)dx = −

∫
Ω

|∇un(x, t)|2dx+

∫
Ω

Vn(x)u2
n(x, t)dx ≤ −λ1(V ; Ω)

∫
Ω

u2
n(x, t)dx

gia k�je t > 0. PaÐrnontac thn ektÐmhsh 3.5 ìpou u b�zoume un, aut  eÐnai pou dÐnei to
omoiìmorfo fr�gma thc un sta n. Apì je¸rhma Kuriarqhmènhc SÔgklishc , to ìrio u thc un
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eÐnai h asjen c lÔsh thc arqik  grammik c exÐswshc jermìthtac.[BG, M]
AnagkaÐa sunj kh
Ac upojèsoume ìti 0 < un ≤ u eÐnai mia asjen c lÔsh tou probl matoc (3.6)-(3.8). Apì
Monìtonh SÔgklish, to ìrio u thc un up�rqei , kai ikanopoieÐ 0 < u ≤ u kai u eÐnai asjen c
lÔsh tou arqikoÔ probl matoc (u eÐnai h el�qisth lÔsh tou arqikoÔ ). Qreiazìmaste thn
akìloujh anÐswsh: Gia k�je 0 < t1 < t2 < T èqoume∫

Ω

V (x) · ϕ2 −
∫

Ω

|∇ϕ|2 ≤ 1

t2 − t1

∫
Ω

log
(u(t2)
u(t1)

)
ϕ2 για καθε ϕ ∈ C∞

c (Ω) (3.4)
Gia na deÐxoume thn 3.9 pollaplasi�zoume thn 3.6 me ϕ2/un kai oloklhr¸nw an� mèlh p�nw
sto Ω. ParathroÔme ìti h ϕ2/un èqei sumpag  forèa sto Ω. Qrhsimopoi¸ntac thn Cauchy−
Schwartz paÐrnoume : ∫

Ω

Vn(x)ϕ2 =

∫
Ω

(∂tun)
ϕ2

un

+

∫
Ω

∇un · ∇(ϕ2/un)

=
d

dt

∫
Ω

(log(un))ϕ2 + 2

∫
Ω

(∇un · ∇ϕ)
ϕ

un

−
∫

Ω

|∇un|2
ϕ2

u2
n

≤ d

dt

∫
Ω

(log un)ϕ2 +

∫
Ω

|∇ϕ|2

Oloklhr¸nontac sto t1, t2 kai stèlnontac to n→∞ apodeiknÔoume thn 3.9. Pairn¸ntac sto
ìrio gr�foume :
log(un(t2)/un(t1)) = log(un(t2)δ) − log(un(t1)δ) gia k�je 0 < t < T èqoume ìti un(t)δ ↑ uδ
ston L1(Ω), kai un(t) ≥ T (t)u0n ≥ c sto forèa thc ϕ, me c > 0 anex�rthto tou n (apì thn
isqur  arq  megÐstou gia thn hmiom�da T (t) pou sqetÐzetai me ∂t −∆). Opìte paÐrnoume∫

Ω

log(un(ti)δ)ϕ
2 ↑

∫
Ω

log(u(ti)δ)ϕ
2

gia i = 1, 2.
T¸ra ja deÐxoume pwc apodeiknÔoume tic aparaÐthtec sunj kec tou jewr matoc 3.0.3 me thn
bo jeia thc 3.9. Upojètoume arqik� ìti T = ∞ kai ϕ ∈ C∞

c (Ω) me ∫
Ω
ϕ2 = 1. Qrhsimopoi¸-

ntac thn anisìthta Jensen èqoume gia k�je t > 1,
∫

Ω

V (x)ϕ2 −
∫

Ω

|∇ϕ|2 ≤ 1

t− 1

{
log(

∫
Ω

u(t)δϕ2)−
∫

Ω

log(u(1)δ)ϕ2
}

Kaj¸c u ≤ u h anÐswsh 3.4 gÐnetai∫
Ω

u(t)δϕ2 ≤ log(C||ϕ||2∞) +Mt.

Stèlnontac to t→∞ paÐrnw −λ(V ; Ω) ≤M <∞.
'Otan T < ∞ stajeropoi¸ 0 < t1 < t2 < T kai qrhsimopoi¸ log(u(t2)/u(t1)) ∈ Lp(Ω) gia
k�je 1 ≤ p < +∞. Pr�gmati, paÐrnoume u(t)δ ∈ L1(Ω) kai u(t) ≥ T (t)u0 ≥ c(t)δ, me c(t) > 0
gia k�je 0 < t < T (L mma 2 [M]). Autì mac lèei ìti log(u(t)δ) ∈ Lp(Ω) gia k�je 1 ≤ p <∞.
Apì to ìti log(u(t2)/u(t1)) ∈ LN/2(Ω) paÐrnoume ìti gia k�je ε > 0 up�rqei mia stajer�
anex�rthth thc ϕ tètoia ¸ste

1

t2 − t1

∫
Ω

log(
u(t2)

u(t1)
)ϕ2 ≤ ε

∫
Ω

|∇ϕ|2 + C(ε)

∫
Ω

ϕ2

Opìte paÐrnoume ìti λ1((1 + ε)−1V ; Ω) > −∞.
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Kef�laio 4

Exèlixh se upì-krÐsima dunamik�

JewroÔme to prìblhma:
ut −∆u = V (x)u x ∈ Ω, t ∈ (0, T ) (4.1)

u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ) (4.2)
u(x, 0) = u0(x) x ∈ Ω. (4.3)

Upojètoume ìti −C ≤ V (x) ≤ λ
|x|2 me λ < (

N−2
2

)2.
Apì thn anisìthta Hardy xèroume ìti gia λ < (

N−2
2

)2:∫
Ω

[
|∇u|2 − λ

u2

|x|2
]
dx ≥

(
1− λ(

N−2
2

)2

) ∫
Ω

|∇u|2dx+
λC(Ω)(
N−2

2

)2

∫
Ω

u2dx

Opìte to (∫
Ω

(
|∇u|2 − V (x)u2

)
dx

) 1
2 eÐnai isodÔnamo me thn sun jh nìrma tou H1

0 (Ω). O
telest c L = L(V ) dÐnetai wc:

L(V ) = −∆− V (x)I

orÐzei ènan isomorfismì apì ton H1
0 (Ω) ston duikì tou
L : H1

0 (Ω) → H−1
0 (Ω).

Sundu�zontac thn sumpag  emfÔteush tou H1
0 (Ω) → L2(Ω) kai thn duik  emfÔteush tou

L2(Ω) → H−1(Ω) sumperaÐnoume ìti o periorismìc tou L orÐzei ènan mh fragmèno autosuzug 
telest  ston L2(Ω) me sumpag  antÐstrofo.
Je¸rhma 4.0.3 Gia V (x) = λ

|x|2 kai λ ∈ (0,
(

N−2
2

)2
), up�rqei mÐa orjokanonik  b�sh {ek}k≥1

tou L2(Ω) pou apoteleÐtai apì idiodianÔsmata tou L me akoloujÐa idiotim¸n

0 < µ1 ≤ µ2 ≤ . . . ≤ µk . . . →∞

t.w.
−∆ek − V (x)ek = µkek sto Ω,

ek = 0 sto ∂Ω

me ek ∈ H1
0 (Ω).

[CM2].Se ìti afor� to prìblhma exèlixhc èqoume to parak�tw Je¸rhma:
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Je¸rhma 4.0.4 An V (x) = λ
|x|2 me λ ∈ (0,

(
N−2

2

)2
) tìte gia k�je u0 ∈ L2(Ω) up�rqei mia

monadik 
u ∈ C([0,∞] : L2(Ω))

⋂
L2(0,∞ : H1

0 (Ω))

h opoÐa eÐnai mÐa asjen c lÔsh tou probl matoc exèlixhc. H lÔsh mporeÐ na anaptuqjeÐ wc
proc th b�sh ek wc exhc

u(x, t) =
∞∑

k=1

ake
−µktek(x) (4.4)

ìpou ak eÐnai oi suntelestèc Fourier twn arqik¸n dedomènwn ,

u0 =
∞∑

k=0

akek. (4.5)
Asumptwtik  sumperifor�
Kaj¸c to t→∞ èqoume ekjetik  meÐwsh thc opoÐac o rujmìc dÐnetai apì thn pr¸th idiotim .
Sugkekrimèna èqoume

||u(·, t)||L2(Ω) ≤ e−µ1t||u0||L2(Ω) (4.6)
||u(·, t)−

K∑
k=1

ake
−µktek||L2(Ω) = O(e−µK+1t)||u0||L2(Ω) (4.7)

4.1 H upì-krÐsimh perÐptwsh se mp�la

Upojètoume t¸ra to qwrÐo Ω eÐnai h mp�la B = Bα(0) aktÐnac α > 0 tou RN me N ≥ 3 kai
V (x) = λ/|x|2, me λ < (

N−2
2

)2.
Se aut  thn perÐptwsh to f�sma tou telest  L(V ) mporeÐ na upologisteÐ qrhsimopoi¸ntac
sfairikèc suntetagmènec, x = (r, σ), r > 0, σ ∈ SN−1, kai autì dÐnei leptomereÐc plhrofo-
rÐec gia anwmalÐec kai rujmoÔc meÐwshc tou probl matoc exèlixhc. OrÐzoume me fj(σ) tic
idiosunart seic tou Laplace−Beltrami telest , pou sqhmatÐzoun mÐa orjokanonik  b�sh tou
L2(SN−1). Oi idiotimèc pou ed¸ ja sumbolÐzoume me cj gia na xeqwrÐzoun apì autèc tou L(V )
eÐnai akrib¸c cj = j(j +N − 2), j = 0, 1, 2, . . .. Tìte y�qnoume gia idiosunart seic tou L(V )
thc morf c

e(r, σ) = φ(r)fj(σ) (4.8)
opìte h φ prèpei na ikanopoieÐ to prìblhma idiotim¸n :

φ′′ +
N − 1

r
φ′ + (

λ− cj
r2

+ µ)φ = 0 (4.9)
me sunoriak  sunj kh φ(α) = 0 kai φ′ ∈ L2(rN−1dr; (0, 1)).
Qrhsimopoi¸ntac p�li thn kÔria idèa pou eÐqame sthn apìdeixh thc anÐswshc Hardy ekte-
loÔme thn allag  metablht¸n:

φ(r) =
ψ(r)

r(N−2)/2
(4.10)

Tìte h ψ lÔnei thn exÐswsh Bessel
ψ′′ +

1

r
ψ′ +

(
µ−

(
N−2

2

)2
+ cj − λ

r2

)
ψ = 0 (4.11)
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T¸ra oi sunoriakèc sunj kec eÐnai:
ψ′(0) = 0, ψ(α) = 0.

'Epetai ìti h ψ eÐnai thc morf c:
ψ(r) = Jm(r

√
µ). (4.12)

'Opou Jm eÐnai h m− ιoστη Bessel sun�rthsh, me m = m(j, λ) pou dÐnetai apì:

m2 =

(
N − 2

2

)2

+ cj − λ, m ≥ 0 (4.13)

oÔtwc ¸ste to m na eÐnai p�nta jetikì ìtan λ < (
N−2

2

)2. Tìte to Jm mhdenÐzetai sto r = 0,
Jm = crm + O(rm+1). Tèloc h sunoriak  sunj kh ψ(α) = 0 anagk�zei to √µα na eÐnai èna
mhdenikì thc Bessel sun�rthshc, µ = z2

m,n/α
2. Opìte paÐrnoume

Je¸rhma 4.1.1 Up�rqei mÐa diparametrik  oikogèneia idiosunart sewn

ej,n(r, σ) = r−(N−2)/2Jm

(zm,n

α
r
)
fj(σ) (4.14)

me eleÔjerec paramètrouc j ≥ 0, n ≥ 1˙ o deÐkthc m = m(j) > 0 sqetÐzetai me to j me thn
(4.13) kai jm,n eÐnai to n−ιoστo mhdenikì thc Bessel sun�rthshc Jm. Oi antÐstoiqec idiotimèc
eÐnai

µj,n =
z2

m,n

α2
(4.15)

H oikogèneia ej,n eÐnai mÐa pl rhc orjog¸nia b�sh tou L2(B) kai H1
0 (B).

Di�spash tou L2(B)
'Olec oi sunart seic thc b�shc eÐnai C∞ gia x 6= 0. Me th melèth thc kanonikìthtac aut c
thc b�shc sto kèntro, mac endiafèrei o qwrismìc tou aktinikoÔ kommatioÔ pou eÐnai kai to pio
idi�zon. ParathroÔme ìti o L2(B) eÐnai to eujÔ �jroisma twn q¸rwn:

X1 = L2
r(B) = {f ∈ L2(B) : f = f(r)}, X2 = L2

za(B) = {f ∈ L2(B) : f̄(r) = 0},

ìpou f̄ eÐnai o sfairikìc mèsoc miac sun�rthshc ston L2(B):
f̄ =

1

NωN

∫
|x|=r

f(r, σ)dσ. (4.16)

Opìte qwrÐzoume k�je sun�rthsh f ∈ L2(B) sto aktinikì kai sto mh-aktinikì thc (  sfairi-
koÔ mèsou ìrou mhdèn ) mèroc, f(r, σ) = f1(r) + f2(r, σ), orÐzontac f1 = f̄ .
Me aut  th di�spash parathroÔme ìti h mègisth idiomorfÐa sthn oikogèneia twn idiosunar-
t sewn antapokrÐnetai sthn upo-oikogèneia twn aktinik¸n idiosunart sewn. Dhlad , j = 0

(opìte m(0, λ)2 =
(

N−2
2

)2 − λ) pou antiproswpeÔei thn pl rh b�sh gia ton upìqwro X1.
ParathroÔme tìte ìti gia 0 < λ <

(
N−2

2

)2 ìlec sumperifèrontai sto r = 0 ìpwc
e0,n = O(rm−(N−2)/2), (4.17)
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opìte eÐnai idiìmorfec, efìson èqoume akrib¸c m(0, λ)2 <
(

N−2
2

)2
= (N − 2)2/4. Kaj¸c

to λ aux�netai �llec lÔseic qwrizomènwn metablht¸n me j > 0, oi opoÐec antistoiqoÔn sth
b�sh mhdenikoÔ mèsou ìrou, anaptÔssoun me th seir� touc idiomorfÐec, akrib¸c ìtanm(j, λ) <√(

N−2
2

)2
= (N−2)/2, to opoÐo eÐnai isodÔnamo me λ > cj. Efìson c1 = N−1 kai λ < (

N−2
2

)2,
autì sumbaÐnei mìno stic uyhlèc diast�seic. Se k�je perÐptwsh, ìlec oi idiomorfÐec eÐnai
sumbatèc me thn ènnoia thc metabol c thc exÐswshc opìte, efìson m > 0, èqoume

|∇e|2, 1

r2
e2 ∈ Lp(B) gia k�poia p > 1

Exèlixh thc lÔshc ìtan Ω = B1(0).T¸ra mporoÔme na kataskeu�soume thn b�sh twn lÔsewn qwrizomènwn metablht¸n
Uj,n(x, t) = ej,n(x)e−µj,nt (4.18)

to opoÐo mac epitrèpei na lÔsoume to prìblhma exèlixhc sth morf  pou dÐnetai sto Je¸rhma
4.1.2 kai na efarmìsoume touc tÔpouc (4.6)(4.7). Me skopì na doÔme kalÔtera ta apotelè-
smata eÐnai qr simo na diasp�soume thn exÐswsh thc exèlixhc sto aktinikì kai mh-aktinikì
komm�ti thc. Opìte an u eÐnai lÔsh tou probl matoc exèlixhc kai jèsoume

ū(r, t) =
1

NωN

∫
|x|=r

u(x, t)dσ, (4.19)
tìte h ū ikanopoieÐ thn aktinik  morf  tou probl matoc pou mac dÐnei

ūt = ūrr +
N − 1

r
ūr +

λ

r2
ū, (4.20)

me profaneÐc arqikèc kai sunoriakèc sunj kec. Apì thn �llh to mh-aktinikì komm�ti ũ = u−ū
eÐnai lÔsh tou arqikoÔ probl matoc me ũ(t) ∈ X2 gia k�je t.
Aktinikèc lÔseic
Upojètoume ìti u = ū eÐnai mia aktinik� summetrik  lÔsh tou (4.1)-(4.3) probl matoc me
dunamikì V (r). Tìte orÐzoume:

υ = ur(N−2)/2, (4.21)

EÐnai fanerì ìti ∫
Ω

u2(r, σ)dx = NωN

∫ 1

0

υ2(r, t)rdr.

PaÐrnoume thn exÐswsh gia thn υ,
υt = υrr +

1

r
υr +

(
V (r)− (N − 2)2

4r2

)
υ. (4.22)

Sthn perÐptwsh ìpou V (r) = λ/r2 me λ < (
N−2

2

)2 paÐrnoume thn exÐswsh

υt = υrr +
1

r
υr +

((λ−
(

N−2
2

)2
)

r2

)
υ, (4.23)
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kai o qwrismìc metablht¸n mac odhgeÐ sthn aktinik  èkdosh
υ(r, t) = e−µj,ntJm(zm,nr/α). (4.24)

Gurn¸ntac pÐsw sthn u paÐrnoume tic seirèc Fourier. Sugkekrimèna h qwrizomènwn metablh-
t¸n sun�rthsh me thn mikrìterh time− decay eÐnai h

U1(r, t) = r−(N−2)/2Jm(zm,1r/α)e−µ1t, r ∈ (0,∞), t > 0, (4.25)
pou antapokrÐnetai se n = 1 kai j = 0, ètsi ¸ste m = m(0, λ) na dÐnetai apì m2 =

(
N−2

2

)2 −
λ,m > 0, zm,1 na eÐnai to pr¸to mhdenikì tou Jm, kai µ1 = µ(0, 1) = z2

m,1/α
2. ParathroÔme

ìti gia k�je λ > 0 aut  h lÔsh èqei mia idi�zousa idiomorfÐa sto kèntro thc morf c:
U1(r, t) ∼ c(t)rm(0,λ)−(N−2)/2.

H Ðdia idiomorfÐa emfanÐzetai kai stic upìloipec aktinikèc peript¸seic , opìte kai sth genik 
lÔsh.

Ektel¸ntac thn allag  metablht¸n υ = ur(N−2)/2 paÐrnoume gia mia genik  lÔsh

υt = υrr +
1

r
υr +

1

r2
B(σ)υ +

(λ−
(

N−2
2

)2
)

r2
υ (4.26)

ìpou B eÐnai o Laplace−Beltrami telest c sth sfaÐra SN−1. PaÐrnoume t¸ra wc u to mh-
aktinikì mèroc thc ũ kai orÐzoume an�loga υ̃(r, σ) ,pou na ikanopoieÐ thn (4.26). H sun�rthsh
mporeÐ na anaptuqjeÐ wc proc tic idiosunart seic pou èqoun mhdèn mèso olokl rwma ˙ apì
autì èpetai h higher decay rate twn mh-aktinik¸n lÔsewn. Oi antÐstoiqec lÔseic qwrizomènwn
metablht¸n èqoun pio  piec idiomorfÐec apì ìti oi aktinikèc. 'Opwc èqoume anafèrei ìlec oi
idiomorfÐec eÐnai sumb�tec me thn ènnoia thc metabol c thc exÐswshc ˙ efìson m > 0 èqoume
|∇u|2, 1

r2u
2(·, t) ∈ Lp(Ω) gia k�poia p > 1, omoiìmorfa gia k�je t ≥ 0.

Asumptwtik  sumperifor�
SÔmfwna me aut  thn an�lush, h lÔsh u(x, t) me arqik� dedomèna u0 mporeÐ na proseg-
gisteÐ gia meg�la t apì èna pollapl�sio thc pr¸thc qwrizomènwn metablht¸n sun�rthshc
U1(r, t).
Je¸rhma 4.1.2 Kaj¸c to t→∞ èqoume :

lim
t→∞

eµ1t‖u(r, t)− α1U1(r, t)‖L2(Ω) = 0 (4.27)
ìtan

α1 =

∫
Ω
u0(x)U1(r, 0)dx

‖U1(r, 0)‖L2(Ω)

. (4.28)
Apìdeixh
'Eqoume

u(r, t) =
∞∑
i=1

air
−(N−2)

2 Jme
−µ1t

opìte
u(r, t)− a1U1(r, t) =

∞∑
i≥2

air
−(N−2)

2 Jme
−µ1t
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paÐrnoume thn L2 nìrma:

e2µ1t||u(r, t)− a1U1(r, t)||2L2(Ω) ≤
∞∑
i≥2

||air
−(N−2)

2 Jm||2L2(Ω)e
−2µit+2µ1t

parathroÔme ìti to dexÐ mèroc thc parap�nw sqèshc teÐnei sto 0 kaj¸c t→∞.2
Autì to Je¸rhma mac deÐqnei ìti h lÔsh u = u(t) stajeropoieÐtai kaj¸c t → ∞ proc to

pr¸to aktinikì komm�ti, ektìc an den up�rqei, exaitÐac twn �llwn aktinik¸n ìrwn pou èqoun
mia pio gr gorh ekjetik  decay. Jumìmaste epÐshc ìti h u kaj¸c kai h U1 an koun ston
H1

0 (Ω) gia k�je t > 0. 'Opwc ja doÔme autì èrqetai se antÐjesh me thn perÐptwsh ìpou
λ =

(
N−2

2

)2.
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Kef�laio 5

An�lush thc krÐsimhc perÐptwshc

5.1 Genik  an�lush

Ja proqwr soume t¸ra sthn an�lush thc perÐptwshc me to perissìtero endiafèrwn. Jew-
roÔme ìti to dunamikì ikanopoieÐ:

−C ≤ V (x) ≤
(

N−2
2

)2

r2
(5.1)

ìmwc h V (x) ≤ λ|x|−2 den alhjeÔei gia k�je λ < (
N−2

2

)2. To sunarthsiakì plaÐsio eÐnai t¸ra
pio polÔploko efìson h Hardy − Poincare den mporeÐ na mac d¸sei kat�llhlo fr�gma gia
ton telest  L ston H1

0 (Ω).'Omwc sÔmfwna me thn Improved−Hardy−Poincare gnwrÐzoume
ìti ∫

Ω

{
|∇u|2 −

(
N − 2

2

)2
u2

|x|2

}
dx ≥ Cq‖u‖2

W 1,q
0 (Ω)

isqÔei gia k�je 1 ≤ q < 2. Autì dhl¸nei ìti to prìblhma

ut −∆u = V (x)u x ∈ Ω, t ∈ (0, T ) (5.2)
u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ) (5.3)

u(x, 0) = u0(x) x ∈ Ω (5.4)
ja eÐnai kal¸c orismèno ston kat�llhlo q¸ro Hilbert pou èqei kataskeuasteÐ wc ex c:

OrÐzoume me H ton q¸ro Hilbert pou paÐrnoume me thn pl rwsh tou C∞
c (Ω) wc proc th nìrma

‖u‖H =

(∫
Ω

{|∇u|2 − V (r)u2}dx
)1/2

(5.5)
pou susqetÐzetai me th digrammik  morf 

α(u, υ) =

∫
Ω

{∇u · ∇υ − V (r)uυ}dx.

H parap�nw nìrma eÐnai gnwst  wc energeiak  . Apì kataskeu  o L = −∆−V eÐnai o Riesz
isomorfismìc apì ton ston duikì tou me aut  thn digrammik  morf . 'Eqoume tic suneqeÐc
emfuteÔseic
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H ↪→ W 1,q
0 (Ω) H ↪→ Hs

0(Ω)
An 1 ≤ q < 2 kai 0 ≤ s < 1. H deÔterh emfÔteush eÐnai sumpag c efìson o W 1,q

0 (Ω) eÐnai
sumpag¸c emfuteumènoc ston Hs

0(Ω) gia kat�lllo q = q(s) konta sto 2. Efìson o Hs
0(Ω)

eÐnai epÐshc sumpag¸c emfuteumènoc ston L2(Ω) mporoÔme tìte na orÐsoume:
H ↪→ L2(Ω) ↪→ H ′. (5.6)

Ton prohgoÔmeno isomorfismì mporoÔme na ton doÔme san mÐa 1− 1 apeikìnish H ′ → H, pou
upodhl¸nei ìti o antÐstoiqoc telest c L eÐnai ènac mh-fragmènoc telest c ston H ′, me pedÐo
orismoÔ H, tou opoÐou o antistrofoc eÐnai mÐa sumpag c kai kajolik� orismènh apeikìnish
apì ton H ′ ston eautì tou. Me periorismì ston L2 mporoÔme na orÐsoume ton epirriptikì
telest  L∗ : D(L∗) ⊂ L2(Ω) → L2(Ω) me pedÐo orismoÔ

D∗ = {f ∈ H : −∆f − V (x)f ∈ L2(Ω)} (5.7)

Sth sunèqeia ja gr�foume L ìpou L∗ qwrÐc fìbo sÔgqishc. O L eÐnai autosuzug c me
sumpag  antÐstrofo opìte èqei mia orjokanonik  b�sh idiosunart sewn ston H, thn opoÐa
thn sumbolÐzoume p�li me {ek}, me akoloujÐa idiotim¸n

0 < µ1 ≤ µ2 ≤ . . . ≤ µk ≤ . . .→∞. (5.8)

Je¸rhma 5.1.1 'Eqoume V (x) = λ
|x|2 me λ =

(
N−2

2

)2, tìte gia k�je u0 ∈ L2(Ω) up�rqei mÐa
monadik  lÔsh u tou probl matoc (5.2)-(5.4) me

u ∈ C([0,∞) : L2(Ω))
⋂

L2(0,∞ : H), ut ∈ L2(0,∞ : H ′).

H lÔsh mporeÐ na anaptuqjeÐ wc proc th b�sh {ek} ìpwc prin,

u(x, t) =
∞∑

k=1

αke
−µktek(x)

ìpou ta ak eÐnai oi suntelestèc Fourier twn arqik¸n dedomènwn. Apì tic seirèc Fourier
èqoume epÐshc ti sqèseic:

‖u(·, t)‖L2(Ω) ≤ e−µ1t‖u0‖L2(Ω) (5.9)
‖u(·, t)−

K∑
k=1

ake
−µktek‖L2(Ω) ≤ e−µK+1t‖u0‖L2(Ω) (5.10)

Pr�gmati pollaplasi�zontac thn exÐswsh 5.2 me u kai oloklhr¸nontac sto Ω paÐrnoume ìti
1

2

d

dt

∫
Ω

u2dx ≤ −
∫

Ω

|∇u|2dx+

∫
Ω

V (x)u2dx,

opìte
1

2

d

dt

∫
Ω

u2dx ≤ −µ1

∫
Ω

u2dx (5.11)
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ìpou µ1 eÐnai h pr¸th idiotim  tou −∇+ V I. Ex�llou,

〈L(ek), ej〉H′×H = µk

∫
Ω

ekejdx = µkδkj. (5.12)

H sqèsh tou eswterikoÔ ginomènou tou H me to parap�nw eÐnai h ex c
(ek, ej)H = 〈L(ek), ej〉H′×H .

An sumbolÐsoume me ‖ · ‖ thn nìrma ston H èqoume epÐshc
‖u(·, t)‖H ≤ e−µ1t‖u0‖H , (5.13)

‖u(·, t)−
K∑

k=1

αke
−µktek‖H ≤ e−µK+1t‖u0‖H . (5.14)

5.2 H krÐsimh perÐptwsh se mp�lec

P�li to f�sma mporeÐ na upologisteÐ ìtan V (x) =
(

N−2
2

)2
/r2. PaÐrnontac sfairikèc sunte-

tagmènec kai y�qnontac gia idiosunart seic tou L(λ) thc morf c
e(r, σ) = φ(r)fj(σ),

paÐrnoume thn exÐswsh (4.9) gia th f me λ =
(

N−2
2

)2. Jètontac φ(r) = ψ(r)r−(N−2)/2 paÐr-
noume gia thn y thn exÐswsh:

ψ′′ +
1

r
ψ′ +

(
µ− cj

r2

)
ψ = 0 (5.15)

ìpou cj = j(j + N − 2), j ≥ 0, me sunoriakèc sunj kec ψ′(0) = 0, ψ(α) = 0. PaÐrnoume mia
pl rh oikogèneia lÔsewn

Je¸rhma 5.2.1 Up�rqei mia diparametrik  oikogèneia idiosunart sewn tou probl matoc
(5.2)-(5.4)

ej,n(r, σ) = r−(N−2)/2Jm

(zm,n

α
r
)
fj(σ), (5.16)

me m = cj,m ≥ 0. Oi antÐstoiqec idiotimèc eÐnai

µj,n =
z2

m,n

α2
. (5.17)

H oikogèneia {ej,n} eÐnai mÐa pl rhc orjog¸nia b�sh tou L2(B).

AnakaloÔme ìti zm,n eÐnai to n − oστo mhdèn thc sun�rthshc Bessel, Jm. Shmei¸noume e-
pÐshc ìti ìlec oi Jm mhdenÐzontai sto r = 0 all� h J0 pou èqei peperasmènec jetikèc timèc
kanonikopoieÐtai se J0(0) = 1
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5.3 O q¸roc H

Jèloume na katano soume kalÔtera thn embèleia H thc Dirichlet morf c gia to elleiptikì
prìblhma sthn krÐsimh perÐptwsh V =

(
N−2

2

)2
/r2. Ta prohgoÔmena paradeÐgmata lÔsewn

qwrizomènwn metablht¸n deÐqnoun sunart seic me idiomorfÐa thc morf c f ∼ |x|−(N−2)/2.
Autì deÐqnei ìti o H eÐnai megalÔteroc apì ton H1

0 (Ω). Apì thn �llh apì to Je¸rhma 2.2.2
o H prèpei na perièqetai ston ⋂

q<2W
1,q(Ω). To Ðdio par�deigma deÐqnei ìti |∇u| ∈ L2,∞(Ω)

omwc den alhjeÔei ìti o H tautÐzetai me to q¸ro:
V = {f ∈ L2(Ω) : |∇f | ∈ L2,∞(Ω), f = 0 sto ∂Ω}. (5.18)

Me stìqo na to doÔme autì exet�zoume èna antiproswpeutikì par�deigma, thn sun�rthsh pou
orÐzetai gia 0 < r < r0 < 1 wc ex c:

u(r) = r−(N−2)/2(log(1/r))α, (5.19)
thn opoÐa thn suneqÐzoume omal� mèqri to sÔnoro thc mp�lac B1(0), ìpou u = 0. EÔkola
blèpoume ìti h u an kei ston H an kai mìno an α < 1/2. MporoÔme na parathr soume ìti sto
puknì sÔnolo twn sunart sewn stic opoÐec èqoume orÐsei th nìrma (2.1) kai me thn upìjesh
thc aktinik c summetrÐac èqoume

∫
B1(0)

(
|∇u|2 −

(
N−2

2

)2

r2
u2

)
dx = C

∫ 1

0

(υ′)2rdr

me υ = ur−(N−2)/2 . Gia α > 0 to di�nusma twn parag¸gwn thc lÔshc (5.19) den an kei ston
L2,∞. To apotèlesma deÐqnei ìti o H eÐnai megalÔteroc apì ton H1

0 (B) all� mikrìteroc apì
ton ⋂

q<2W
1,q(Ω). Epiplèon o H den perièqetai ston V . To Ðdio sumbaÐnei gia k�je fragmèno

qwrÐo pou perièqei thn arq  twn axìnwn efìson to upì suz thsh prìblhma exart�tai mìno
apì tic eidikèc duskolÐec olokl rwshc sto kèntro.

5.3.1 Monadikìthta kai mh

'Eqoume kataskeu�sei monadik  lÔsh tou probl matoc exèlixhc
ut −∆u = V (x)u x ∈ Ω, t ∈ (0, T ) (5.20)

u(x, t) = 0 x ∈ ∂Ω, t ∈ (0, T ) (5.21)
u(x, 0) = u0(x) x ∈ Ω. (5.22)

gia l krÐsimo   upì-krÐsimo (Je¸rhma 1.0.3 - sqèsh (1.9) antÐstoiqa). Se ìlec tic peript¸seic
l> 0 ,h idiomorfÐa tou dunamikoÔ èqei wc sunèpeia thn idiomorfÐa twn lÔsewn, akìma kai
me kal� arqik� dedomèna. Ed¸ ìmwc h monadikìthta lÔsewn eÐnai pio perioristik  apì ìti
sthn perÐptwsh thc exÐswshc thc jermìthtac. GnwrÐzoume ìti gia thn exÐswsh jermìthtac,
oi lÔseic me thn ènnoia thc katanom c orÐzontai monadik� apì ta arqik� dedomèna upì thn
proôpìjesh ìti u ∈ L∞(0, T ;Lp(Ω)) gia k�poio p ≥ 1. 'Ena tètoio apotèlesma den alhjeÔei
gia idiìmorfa dunamik� thc morf c V (x) = λ/r2 gia kanèna λ > 0, λ ≤

(
N−2

2

)2
.

upì-krÐsimh perÐptwsh
Ac jewr soume pr¸ta dunamik� thc morf c V (x) = λ/r2 me 0 < λ <

(
N−2

2

)2 kai ac me-
let soume gia q�rh thc aplìthtac statikèc kai aktinik� summetrikèc lÔseic se mÐa mp�la
Ω = BR.
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Je¸rhma 5.3.1 'Otan èqoume 0 < λ <
(

N−2
2

)2 up�rqei mia aktinik� summetrik  sun�rthsh
u(x) h opoÐa lÔnei thn exÐswsh ∆u + λ

|x|2u = 0 me thn ènnoia twn katanom¸n sthn B = BR

,eÐnai omal  makri� apì to kèntro , me Dirichlet sunoriakèc sunj kec kai den an kei ston
H1

0 (B). Epiplèon,
a) u ∈ Lp(B) gia k�je p < p(λ), ìpou

p(λ) =
N

(N − 2)/2 +m
,m =

√(N − 2

2

)2

− λ. (5.23)
b) |∇u| ∈ Lq(B) gia q < q(λ) = N/((N/2) +m).

Apìdeixh
Y�qnontac gia aktinik� summetrikèc kai statikèc lÔseic u(r) thc exÐswshc ektel¸ntac thn
allag  metablht¸n υ(r) = u(r)r(N−2)/2 paÐrnoume thn exÐswsh

υrr +
1

r
υr +

(
N−2

2

)2 − λ

r2
υ = 0 (5.24)

pou èqei mÐa omal  lÔsh thc morf c υ1(r) = Crm mem2 =
(

N−2
2

)2−λ,m > 0 kai mÐa idiìmorfh
lÔsh thc morf c υ2(r) = Cr−m. Epistrèfontac t¸ra stic palièc metablhtèc paÐrnoume :

u1(r) = r−(N−2)/2+m, u2(r) = Cr−(N−2)/2−m. (5.25)

En¸ h u1 an kei ston H1(B) , h u2 den an kei ekeÐ gia kanèna λ > 0 . Sundu�zontac aut� ta
dÔo paÐrnoume mia lÔsh u(r) h opoÐa ikanopoieÐ thn sunoriak  sunj kh u(r) = 0 kai klhrono-
meÐ thn kanonikìthta thc u2 . Opìte h u2 eÐnai lÔsh kat� katanom  se olìklhrh thn mp�la
an m < (N − 2)/2 , to opoÐo sumbaÐnei gia λ > 0.•
KrÐsimh perÐptwsh
Sth perÐptwsh ìpou λ =

(
N−2

2

)2 mporeÐ na gÐnei mÐa parìmoia kataskeÔh ìpwc parap�nw . H
antÐstoiqh idiìmorfh sun�rthsh den eÐnai akrib¸c to ìrio thc upì-krÐsimhc perÐptwshc all�:

u(x) = r−(N−2)/2 log(|x|). (5.26)
Aut  eÐnai mia stajer  lÔsh tou probl matoc sth monadiaÐa mp�la pou an kei ston L2(Ω), h
exÐswsh ikanopoieÐtai me thn ènnoia twn katanom¸n , akìma kai sto kèntro , ìmwc h u den eÐnai
h kal  lÔsh diìti fjÐnei wc proc to qrìno. Opìte, den mporeÐ na eÐnai ston H (parathroÔme
ìti mìno o par�gontac log(|x|) empodÐzei th lÔsh apì to na an kei ston H).
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Kef�laio 6

To prìblhma ston RN

6.1 Eisagwg 

JewroÔme apì ed¸ kai sto ex c to prìblhma exèlixhc
ut −∆u =

λ

|x|2
u x ∈ RN , t ∈ (0, T ) (6.1)

u(x, 0) = u0(x) x ∈ RN . (6.2)
Gia λ ≤ (

N−2
2

)2 mporoÔme na skeftoÔme na kataskeu�soume mia lÔsh wc to ìrio twn lÔsewn
tou Cauchy −Dirichlet probl matoc se mp�lec BR(0) kaj¸c R → ∞. H klassik  Hardy
anisìthta upodhl¸nei ìti h L2 nìrma eÐnai mh-aÔxousa wc proc to qrìno gia ìla ta fragmèna
qwrÐa, ètsi ¸ste h idiìthta na isqÔei paÐrnontac to ìrio kai na mac epitrèpei na kataskeu�-
soume mia sugkekrimènh lÔsh tou probl matoc Cauchy se ìlo ton q¸ro. All� o swstìc
qarakthrismìc thc lÔshc qrei�zetai mia pio leptomer  melèth idiaÐtera sthn perÐptwsh ìpou
λ =

(
N−2

2

)2. Dustuq¸c h beltiwmènh anisìthta Hardy den isqÔei sto ìrio R→∞.
Se autì to kef�laio ja k�noume mia leptomer  an�lush qrhsimopoi¸ntac wc basik  idèa

th sqèsh twn omoiìjetwn (self − similar) lÔsewn pou odhgoÔn me fusikì trìpo sth qr sh
q¸rwn me b�rh pou susqetÐzontai me ton eperqìmeno elleiptikì telest .

6.2 Autìmorfec metablhtèc kai stoiqeÐa sunarthsiak c
an�lushc

Epanalamb�noume th mèjodo pou qrhsimopoi same sthn perÐptwsh thc mp�lac, antikajistoÔ-
me tic qwrizomènwn metablht¸n lÔseic me tic autìmorfec lÔseic. Eis�goume tic metablhtèc
omoiojesÐac (Similarity variables). Jètoume

w(y, s) = (t+ 1)N/4u((t+ 1)1/2y, t), s = log(t+ 1), (6.3)
kai h w na ikanopoieÐ:

ws = ∆w +
1

2
y · ∇w +

N

4
w +

λ

|y|2
w (6.4)

'Otan to prìblhma exèlixhc tÐjetai me autìn ton trìpo to y paÐzei to rìlo thc qwrik c meta-
blht c kai s eÐnai o kainoÔrioc qrìnoc. 'Oson afor� tic nìrmec èqoume th sqèsh:∫

RN

u2(x, t)dx =

∫
RN

w2(y, s)dy. (6.5)
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O fusikìc q¸roc gia na melet soume thn exèlixh tou probl matoc (6.4) eÐnai o q¸roc L2(K)
me b�roc K = exp(|y|2/4),(diìti ìpwc faÐnetai apì thn (6.5) af nei tic nìrmec analloÐwtec)
dhlad 

L2(K) =
{
f ∈ L2(RN) :

∫
|f |2Kdy <∞

}
, (6.6)

pou èqei melethjeÐ apì touc Escobeto kai Kavian sto [EK]. Pr�gmati, pollaplasi�zontac
kat� mèlh thn exÐswsh (6.4) me wK kai oloklhr¸nontac paÐrnoume:

1

2

d

ds

∫
RN

|w|2Kdy +

∫
RN

|∇w|2Kdy =
N

4

∫
RN

|w|2Kdy + λ

∫
RN

w2

|y|2
Kdy. (6.7)

Jètoume
J(w) =

∫
|∇w|2K(y)dy − (N − 2)2

4

∫
w2

|y|2
Kdy. (6.8)

Ja qrhsimopoi soume epÐshc to q¸ro Sobolev me b�roc:
H1(K) = {f ∈ L2(K) : |∇f | ∈ L2(K)}, (6.9)

me thn kanonikopoihmènh nìrma
||f ||H1(K) =

[∫
(f 2 + |∇f |2)Kdy

]1/2

. (6.10)
Qreiazìmaste to akìloujo apotèlesma apì to [EK]:h emfÔteush H1(K) → L2(K) eÐnai su-
mpag c. Epiplèon, o telest c L0 = −∆− (y/2) · ∇ eÐnai ènac isomorfismìc apì ton H1(K)
ston duikì tou. O periorismìc tou ston L2(K) orÐzei èna mh-fragmèno autosuzug  telest 
ston L2(K) me pedÐo orismoÔH2(K). Autìc o telest c èqei sumpag  antÐstrofo. Oi idiotimèc
tou eÐnai

λj =
j +N − 1

2
, j ≥ 1 (6.11)

kai o antÐstoiqoc mhdenìqwroc dÐnetai apì
Ker(−∆− y

2
· ∇ − λjI) = Span{Dαφ1 : |α| = j − 1},

ìpou φ1 = 1/K eÐnai h idiosun�rthsh pou susqetÐzetai me thn pr¸th idiotim  λ1 = N/2.
Gia ton parap�nw upologismì paÐrnoume:

−∆u− 1

2
y · ∇u = λu

ston L2(K) me λ ∈ R. Apì ton metasqhmatismì Fourier paÐrnoume:
|ξ|2û(ξ) +

N

2
û(ξ) +

1

2
ξ · ∇û(ξ) = λû(ξ)

ìpou qrhsimopoioÔme to gegonìc ìti (xj∂jû) = −û(ξ) − ξ∂û(ξ). OrÐzoume υ(ξ) = e|ξ|
2
û(ξ).

Apì tic parap�nw parathr seic paÐrnoume ìti υ ∈ C∞(RN)(efìson û ∈ C∞) kai ikanopoieÐ
thn

ξ · ∇υ(ξ) = (2λ−N)υ(ξ).
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Apì thn tautìthta Euler gia omogeneÐc sunart seic, h parap�nw sqèsh upodhl¸nei ìti h υ
eÐnai mÐa omogen c sun�rthsh bajmoÔ (2λ−N). Kaj¸c υ ∈ C∞, to (2λ−N) prèpei na eÐnai
ènac mh-arnhtikìc akèraioc kai autì mac dÐnei ìti h υ eÐnai èna omogenèc polu¸numo bajmoÔ
(2λ−N). Opìte gr�foume

(2λ−N) = j − 1

me j ≥ 1
υ(ξ) = Pj−1(ξ)

ìpou Pj−1(ξ1, . . . , ξN) eÐnai ta omogen  polu¸numa bajmoÔ j-1. Tìte
û(ξ) = e−|ξ|

2

Pj−1(ξ)

ìpou lÔnei thn exÐswsh pou p rame apì ton metasqhmatismì Fourier. Opìte paÐrnoume thn
(6.11).

Sugkekrimèna èpetai ìti ∫
RN

|∇f |2Kdy ≥ N/2

∫
RN

f 2Kdy, (6.12)
gia k�je f ∈ H1(K)[EK].

6.3 Hardy−Poincare anisìthta se q¸rouc Sobolev me b�rh
H an�lush thc exèlixhc me krÐsimo l ja qrhsimopoieÐ thn akìloujh morf  thc Hardy −
Poincare anÐswshc me b�rh pou isqÔei ston RN :

Je¸rhma 6.3.1 Gia k�je f ∈ H1(K) èqoume

J(f) =

∫
|∇f |2Kdy − (N − 2)2

4

∫
f 2

|y|2
Kdy ≥ N + 2

4

∫
f 2Kdy. (6.13)

Kai oi dÔo stajerèc eÐnai bèltistec dhlad ,(
N − 2

2

)2

= inf

∫
RN |∇f |2Kdy∫

RN
f2

|y|2Kdy

kai

(
N + 2

4
) = inf

∫
RN |∇f |2Kdy − (N−2)2

4

∫
f2

|y|2Kdy∫
RN f 2Kdy

Apìdeixh
ParathroÔme ìti h anÐswsh èqei nìhma efìson, an p�rw to aristerì mèroc thc èqw:∫

|∇f |2Kdy ≥ (N − 2)2

4

∫
f 2

|y|2
Kdy

dhlad  h klassik  Hardy pou isqÔei stouc q¸rouc Sobolev me b�rh. Pr�gmati gia omalèc
sunart seic me sumpag  forèa èqoume:

f(y) = −
∫ ∞

0

d

dt
(f(ty))dt = −y · ∇

∫ ∞

0

f(ty)dt
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ètsi ¸ste
|f(y)

|y|
| =

|y ·
∫ ∞

1
∇f(ty)dt|
|y|

≤ |
∫ ∞

1

∇f(ty)dt|

ètsi ¸ste
(

∫
RN

|f(y)

|y|
|2Kdy)1/2 = (

∫
RN

|
∫ ∞

1

∇f(ty)dt|2Kdy)1/2

Apì je¸rhma Minkowski èqw
≤

∫ ∞

0

|
∫

RN

|∇f(ty)dt|2Kdy|1/2dt

≤ ||∇f ||L2(K)

∫ ∞

0

t−N/2dt =
2

N − 2
||∇f ||L2(K).

Sth sunèqeia k�noume thn allag  metablht¸n:
g(y) = |y|(N−2)/2f(y) (6.14)

Opìte ja p�roume gia thn J
J(f) =

∫
|∇f |2K(y)dy − (N − 2)2

4

∫
|f |2

r2
Kdy =

= NωN

{∫ ∞

0

KrN−1((f ′(r))2 − (N − 2)2)

4

f 2(r)

r2
)dr

}
J(g) = NωN

{∫ ∞

0

KrN−1(((r
2−N

2 g(r))′)2 − (N − 2)2

4
r−Ng2(r))dr

}
= NωN

{∫ ∞

0

rer2/4(g′(r)2dr − (N − 2)

∫ ∞

0

gg′er2/4dr
} (6.15)

Oloklhr¸nontac an� mèlh ton teleutaÐo ìro paÐrnoume:∫ ∞

0

gg′er2/4dr =
1

2

∫ ∞

0

g2rer2/4dr

Gia na dikaiolog soume ta oloklhr¸mata anagkazìmaste na jewr soume omalèc sunart seic
me sumpag  forèa, to opoÐo epitrèpetai apì puknìthta. Opìte katal goume

J(f) = NωN

{∫ ∞

0

rer2/4|g′|2dr − (N − 2)

4

∫ ∞

0

g2rer2/4dr
} (6.16)

Autì eÐnai èna sunarthsiakì stic dÔo diast�seic to opoÐo mèqri mÐa stajer� eÐnai h aktinik 
ekdoq  tou sunarthsiakoÔ:

H(g) =

∫
R2

|∇g|2Kdy − N − 2

4

∫
R2

g2Kdy

Apì thn (6.12) parathroÔme ìti gia N=2 èqoume
H(g) ≥ N + 2

4

∫
R2

g2Kdy
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Epistrèfontac sthn J(f) paÐrnoume to epijumhtì apotèlesma. Oi bèltistec stajerèc epitug-
q�nontai apì thn sun�rthsh:'Estw ε > 0

fε(y) = |y|
−(N−2)

2
+εexp(−|y|2/4)

pou paÐrnoume apì thn pr¸th idiosun�rthsh tou telest  L ston L2(K). Gia touc parap�nw
upologismoÔc paÐrnoume:∫

RN

|∇fε|2Kdy = 2Na(N)[(ε− N − 2

2
)24ε−1Γ(ε) + 4εΓ(ε+ 2)− (ε− N − 2

2
)4εΓ(ε+ 1)]

∫
RN

f 2
ε

|y|2
Kdy = 2Na(N)4ε−1Γ(ε)∫

RN

f 2
εKdy = 2Na(N)4εΓ(ε+ 1)

Opìte an sth sunèqeia p�roume ta ìria kaj¸c ε→ 0+ ja èqoume kai tic bèltistec stajerèc.2
Sunarthsiakìc Q¸roc

Blèpontac tic parap�nw ektim seic eÐnai fusikì na eis�goume ton q¸ro Hilbert H, pou eÐnai
h pl rwsh tou H1(K) wc proc th nìrma ||f ||H = (J(f))1/2. 'Eqoume tic suneqeÐc emfuteÔseic

H1(K) → H → L2(K) (6.17)
'Opwc kai sthn perÐptwsh tou fragmènou qwrÐou èqoume:
Prìtash 6.3.2 H emfÔteush H → L2(K) eÐnai sumpag c.

Apìdeixh

H apìdeixh basÐzetai ston xeqwristì èlegqo tou aktinikoÔ kai tou mh-aktinikoÔ kommatioÔ.
To teleutaÐo eÐnai pio omalì kai èqoume to akìloujo apotèlesma:
L mma 6.3.3 Up�rqei mÐa stajer� C > 0 tètoia ¸ste gia k�je f ∈ H1(K) na èqoume:

||f − f ||H ≥ C||f − f ||H1(K) (6.18)
'Opou f eÐnai to aktinik� summetrikì komm�ti thc f (o sfairikìc mèsoc thc )2

Upojètontac autì to apotèlesma kai lamb�nontac upìyh th sumpag  emfÔteush touH1(K) →
L2(K) eÐnai arketì gia na analÔsoume to q¸ro twn aktinik� summetrik¸n sunart sewn gia
na telei¸soume thn apìdeixh. Ja p�me me apagwg  eic �topo. Upojètoume ìti h emfÔteush
den eÐnai sumpag c, tìte up�rqei fj, j ≥ 1 aktinik¸n sunart sewn ston H tètoiec ¸ste:
i) fj → 0 asjen¸c ston H, ìmwc
ii) ||fj||L2(K) = 1

PaÐrnoume gj = r
N−2

2 fj(r). Tìte∫ ∞

0

|g′j|2rer2/4dr +
N − 2

4

∫ ∞

0

|gj|2rer2/4dr ≤ C1 (6.19)
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kai
0 < C1 ≤

∫ ∞

0

|g′j|2rer2/4dr ≤ C2

Apì thn (6.19) èpetai ìti oi gj : R2 → R eÐnai fragmènec ston H1(K), thn didi�stath ekdoq 
tou q¸rou. Opìte oi gj eÐnai sqetik� sumpag c ston L2(K) stic dÔo diast�seic. Up�rqei mÐa
aktinik� summetrik  g ∈ H1(K) tètoia ¸ste∫ ∞

0

|gj − g|2rer2/4dr → 0, j →∞

Autì deÐqnei ìti h f = r−(N−2)/2g eÐnai tètoia ¸ste
fj → f, ασθενως στoν L2(K)

Epiplèon gj → g ston H1(K) opìte
fj → f, στoν H1(K)

Apì thn upìjesh i) èqoume ìti f = 0 ⇒ g = 0 ìmwc autì antibaÐnei thn upìjesh ii). Opìte
èqoume thn apìdeixh gia aktinikèc sunart seic.
Apìdeixh tou L mmatoc
Fti�qnoume mÐa aktinik  h ∈ H1(K) se sfairikèc armonikèc:

h =
∑
j≥0

hj(r)fj(σ)

'Eqoume ìti h = h0(r). Opìte,
h− h =

∑
j≥1

hj(r)fj(σ)

Epiplèon,
J(h− h) = Nωn

∑
j≥1

∫ ∞

0

[
|h′j|2 −

(N − 2)2

4

h2
j

r2
+ µj

h2
j

r2

]
rN−1er2/4dr.

'Eqoume µj ≥ µ1 = N an j ≥ 1. Opìte apì to je¸rhma (6.3.1) up�rqei C > 0 tètoia ¸ste
J(h− h) ≥ C

∑
j≥1

∫ ∞

0

[
|h′j|2 + µj

h2
j

r2

]
rN−1er2/4dr ∼ ||h− h||H1(K)

6.4 Fasmatik  di�spash

O elleiptikìc telest c
L∗ = −∆− y

2
· ∇ − (N − 2)2)

4

I

|y|2
(6.20)

ja paÐxei shmantikì rìlo sthn an�lush tou probl matoc Cauchy pou èpetai. ParathroÔme
ìti:

L∗f = − 1

K
div(K∇f)− (N − 2)2

4

f

|y|2
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Opìte èqoume
(L∗f, f)L2(K) =

∫
|∇f |2Kdy − (N − 2)2

4

∫
f 2

|y|2
Kdy.

'Epetai ìti o L∗ eÐnai o Riesz isomorfismìc apì ton H ston duikì tou H ′. Me periorismì
orÐzoume ton mh-fragmèno telest  L] ston L2(K) me pedÐo orismoÔ

D(L]) = {f ∈ H : L∗f ∈ L2(K)} (6.21)
'Epetai apì thn prìtash 6.3.2 ìti o L] eÐnai autosuzug c me sumpag  antÐstrofo. Opìte
dèqetai mÐa b�sh idiosunart sewn {ej} me idiotimèc :

0 ≤ µ1 ≤ µ2 ≤ . . . ≤ µk ≤ . . .→∞ (6.22)
Epiplèon to je¸rhma 6.3.1 mac lèei ìti

µ1 ≥
N + 2

4
(6.23)

Ta ej eÐnai mia orjokanonik  b�sh tou L2(K) . 'Eqoume epÐshc
||ej||H =

√
µj (ei, ej) αν ι 6= j

Upologismìc tou f�smatoc
'Estw N ≥ 3 kai λ ≤ (

N−2
2

)2. JewroÔme to prìblhma idiotim¸n
−∆e− y/2 · ∇e− λ

|y|2
e = µe στoν RN , e ∈ H1(K)

Gr�foume e(r, σ) = φ(r)fj(σ) ìpou fj eÐnai h j-ost  idiosun�rthsh tou Laplace − Beltrami
telest  me idiotimèc cj. Tìte h exÐswsh gia to f gÐnetai :

φrr + (
N − 1

2
+
r

2
)φr + (

λ− cj
r2

+ µ)φ = 0 (6.24)
Upì thn sunj kh ∫ ∞

0

(|φ|2 + |φr|2)rN−1er2/4dr <∞ (6.25)
H allag  metablht¸n φ(r) = r−(N−2)/2ψ(r) dÐnei

ψ′′ + (
1

r
+
r

2
)ψ′ + (µ− N − 2

4
− HC + cj − λ

r2
)ψ = 0. (6.26)

H endeiktik  twn seir¸n Frobenius gia thn (6.26) eÐnai ìpwc kai sthn fragmènh perÐptwsh
m2 =

(
N − 2

2

)2

− λ+ cj (6.27)
Autì upodhl¸nei mia sumperifor� sto kèntro twn kanonik¸n lÔsewn thc morf c ψ(r) ∼ rm

, me m thn mh-arnhtik  rÐza thc (6.27) , to opoÐo sumfwneÐ me thn fragmènh perÐptwsh ìpwc
ja èprepe , efìson h epirro  tou krÐsimou dunamikoÔ sthn idiomorfÐa twn idiosunart sewn
sto mhdèn èqei topik  isqÔ . H pr¸th idiosun�rthsh eÐnai akrib¸c :

ψ1(r) = rme−r2/4, φ1(r) = rm−(N−2)/2e−r2/4, (6.28)
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me idiotim 
µ1(λ) =

N + 2 + 2m

4
, m =

√(
N − 2

2

)2

− λ. (6.29)
Gia λ = 0 èqoume m = (N − 2)/2 kai paÐrnoume µ1(0) = N/2 , en¸ sthn oriak  perÐptwsh
λ =

(
N−2

2

)2 èqoume m = 0 opìte µ1(
(

N−2
2

)2
) = (N + 2)/4.

6.5 Kalìc orismìc kai asÔmptwtec

Me thn eisagwg  twn ìmoiwn metablht¸n (6.3) katal goume sthn isodÔnamh exÐswsh exèlixhc
(6.4) gia tic w(y, s),

ws = ∆w + 1/2y · ∇w +N/4w + λ/|y|2w,

me arqik� dedomèna w(y, 0) = u(x, 0).

6.6 Anaje¸rhsh thc exÐswshc jermìthtac

Prin jewr soume to prìblhma Cauchy gia λ > 0 ac jewr soume sÔntoma thn perÐptwsh ìpou
λ = 0 , thn klassik  exÐswsh jermìthtac . Tìte h exÐswsh eÐnai

ws = ∆w +
1

2
y · ∇w +

N

4
w,

me arqik� dedomèna w(y, 0) = u(y, 0) ston RN . Wc sunèpeia twn apotelesm�twn tou [EK] ta
akìlouja èpontai :
Gia k�je u0 ∈ L2(K) autì to prìblhma arqik¸n tim¸n èqei monadik  lÔsh w ∈ C([0,∞) :
L2(K)) ∩ L2(0,∞ : H1(K)). Epiplèon ,

w(y, s) =
∑
j≥1

e−(µj−N/4)s
[ l(j)∑

l=1

aj,lej,l

]
.

Lamb�nontac upìyh ìti gia j ≥ 1 µj ≥ µ1 ≥ N/2 èqoume
||w(·, s)||L2(K) ≤ e−Ns/4||u0||L2(K) (6.30)

Epistrèfontac stic arqikèc metablhtèc èpetai ìti∫
u2(z, es − 1)dz ≤

∫
u2(z, es − 1)exp(

z2

4es
)dz

= eNs/2

∫
u2(es/2y, es − 1)exp(

|y|2

4
)dy

= ||w(·, s)||2L2(K) ≤ e−Ns/2||u0||2L2(K)

Sugkekrimèna èqoume :
||u(·, t)||L2(RN ) ≤ (t+ 1)−N/4||u0||L2(K). (6.31)
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6.7 H upì-krÐsimh perÐptwsh

T¸ra ja melet soume to prìblhma Cauchy ston RN , N ≥ 3 , ìtan 0 < λ <
(

N−2
2

)2

.SÔmfwna me to je¸rhma 6.3.1 o telest c

A(l) = −∆− y

2
· ∇ − λ

|y|2
I

eÐnai ènac isomorfismìc apì ton H1(K) ston H−1(K) . 'Otan perioristeÐ ston L2(K) gÐnetai
ènac autosuzug c telest c me sumpag  antÐstrofo . Opìte , o L2(K) dèqetai mia orjokano-
nik  b�sh idiosunart sewn tou A(λ) me idiodianÔsmata µj(λ), j ≥ 1,

−∆ej −
y

2
∇ej −

λ

|y|2
ej = µj(λ)ej στoνRN

èqoume epÐshc ∫
|∇ej|2Kdy − λ

∫
|ej|2

|y|2
Kdy = µj(λ)

kai ∫
∇ej · ∇ekKdy − λ

∫
ejek

|y|2
Kdy = 0

an j 6= k . Sugkekrimèna , ej ∈ H1(K) gia k�je j ≥ 1 . Aut  ja eÐnai h kÔria diafor� me
thn perÐptwsh λ =

(
N−2

2

)2 ìpou oi idiosunart seic brÐskontai se èna megalÔtero q¸ro H .
'Eqoume epÐshc thn anÐswsh gia k�je f ∈ H1(K)∫

|∇f |2Kdy − λ

∫
|f |2

|y|2
Kdy ≥ µ1(λ)

∫
f 2Kdy, (6.32)

me to µ1(λ) na dÐnetai apì ton tÔpo (6.29). To akìloujo apotèlesma isqÔei

Je¸rhma 6.7.1 Upojètoume ìti N ≥ 3 kai λ <
(

N−2
2

)2 . Tìte , gia k�je u0 ∈ L2(K) to
prìblhma Cauchy èqei monadik  lÔsh u ∈ C[(0,∞) : L2(K))

⋂
L2(0,∞ : H1(K)).

Ac parathr soume pr¸ta k�poiec idiìthtec thc lÔshc . An anaptÔxoume ta arqik� dedomèna
wc ex c

u0 =
∑
j≥1

ajej, (6.33)

tìte
w =

∑
j≥1

aje
−νjsej νj = µj −

N

4
=

1

2
(1 +m(λ, j)). (6.34)

'Eqoume epÐshc gia k�je s > 0 kai u0 ∈ L2(K)

||w(·, s)||L2(K) ≤ e−ν1(λ)s||u0||L2(K), ν1(λ) =
1

2
+

1

2

√(
N − 2

2

)2

− λ. (6.35)
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'Ola ta parap�nw apotelèsmata eÐnai �mesec sunèpeiec twn akìloujwn. O decay − rate 6.35
epibebai¸netai eÔkola apì klassikèc ektim seic enèrgeiac . Pr�gmati pollaplasi�zontac thn
w-exÐswsh me wK kai oloklhr¸nontac an� mèlh paÐrnoume

d

ds

∫
w2Kdy +

∫
|∇w|2Kdy − N

4

∫
w2Kdy − λ

∫
w2

|y|2
Kdy = 0

SÔmfwna me thn (6.32) sumperaÐnoume ìti
d

ds

∫
w2Kdy + (µ1(λ)− N

4
)

∫
w2Kdy ≤ 0

me thn opoÐa paÐrnoume thn (6.35). ParathroÔme ìti ν1(λ) = N/4 gia λ = 0 , kai paÐrnoume
ton decay−rate thc exÐswshc jermìthtac . Apì thn �llh , gia λ =

(
N−2

2

)2 paÐrnoume ν∗ = 1/2
,to opoÐo, ìpwc anamenìtan ,eÐnai ènac pio argìc decay − rate (efìson N ≥ 3).
Qrhsimopoi¸ntac thn fìrmoula (6.5) kai to gegonìc ìti K ≥ 1,èqoume stic arqikèc metablh-
tèc
Pìrisma 6.7.2 Upojètoume ìti N ≥ 3 kai ìti 0 < λ <

(
N−2

2

)2 . Tìte , gia k�je t > 0 kai
gia ìla ta u0 ∈ L2(K)

||u(t)||L2(RN ) ≤ t−ν1(λ)||u0||L2(K). (6.36)
H parap�nw ektÐmhsh eÐnai akrib c efìson èqoume mÐa lÔsh me thn mikrìterh decay pou
antistoiqeÐ sthn pr¸th idiotim  tou telest  L] pou èqei upologisteÐ parap�nw , o opoÐoc èqei
akrib¸c autì ton rujmì .

6.8 H krÐsimh perÐptwsh

'Otan èqoume λ =
(

N−2
2

)2 h ektÐmhsh eÐnai
||w(·, s)||L2(K) ≤ e−s/2||u0||L2(K) (6.37)

gia k�je u0 ∈ L2(K). H qwrizomènwn metablht¸n sun�rthsh me thn mikrìterh decay pou
antistoiqeÐ sthn pr¸th idiotim  tou telest  L] dÐnei

w(y, s) = |y|−(N−2)/2e−|y|
2/4e−s/2, (6.38)

dhlad  stic arqikèc metablhtèc

U1(x, t) =
1

|x|(N−2)/2t
exp(−x

2

4t
). (6.39)

Je¸rhma 6.8.1 Upojètoume ìti N ≥ 3 kai ìti λ =
(

N−2
2

)2 . Tìte gia k�je u0 ∈ L2(K) to
prìblhma Cauchy èqei monadik  lÔsh u ∈ C([0,∞) : L2(K))

⋂
L2(0,∞ : H). Epiplèon , gia

k�je u0 ∈ L2(K) kai gia k�je t > 0

||u(·, t)||L2(RN ) ≤ t−1/2||u0||L2(K) (6.40)
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kai
lim
t→∞

t1/2||u(x, t)− a1U1(r, t)||L2(RN ) → 0, (6.41)
ìpou

a1 =

∫ N

R
u0(x)U1(r, 0)Kdx/||U1(r, 0)||L2(K). (6.42)

Parat rhsh :
To akribèc apotèlesma pou paÐrnoume gia thn u sto prìblhma Cauchy eÐnai∫

RN

u2(x, t)x2/4(t+1)dx ≤ 1

1 + t

∫
RN

u2
0(x)e

x2/4tdx. (6.43)
ParathroÔme ìti ìpwc anamenìtan , U1(x, t) den an kei ston H1

loc(RN). Epiplèon aut  eÐnai
mÐa mh-tetrimmènh lÔsh me endiafèrousa arqik  sumperifor� efìson

U1(x, t) → 0 καθως t→ 0 για καθε x 6= 0,

en¸ apoklÐnei sto x = 0 gia k�je t > 0 . Epiplèon ,U1(t) ∈ Lp(RN) gia k�je p < 2N/(N − 2)
me

||U1(t)||p = Ct−a µε α =
N + 2

4
− N

2p

ètsi ¸ste a = 1/2 gia p = 2 kai a → 1 kaj¸c p → 2N/(N − 2). Autì shmaÐnei ìti h U1eÐnai lÔsh upoom�dac gia k�je t ≥ τ > 0 h opoÐa paÐrnei tetrimmèna arqik� dedomèna ìqi
mìno me thn ènnoia twn katanom¸n all� epÐshc kai ston Lp(B) gia k�je p < 2N/(N − 2)
kai k�je mp�la pou na perièqei thn arq  twn axìnwn . Sugkekrimèna , gia p = 1 èqoume
a = (2−N)/4 < 0, pou antistoiqeÐ akrib¸c se mÐa decay ||w(s)||1 ∼ e−s/2 , ìpwc anamenìtan
.Apì thn �llh , h Lp-nìrma eÐnai stajer  gia p = 2N/(N + 2) kai aux�nei kaj¸c t → 0

gia p > N/(N + 2) . Melet¸ntac thn sumperifor� gia 0 < λ <
(

N−2
2

)2 brÐskoume èna
trìpo na sundèsoume aut  th lÔsh me thn jemeli¸dh lÔsh thc exÐswshc jermìthtac , kai na
exhg soume me poiì trìpo h mh-tetrimmènh anwmalÐa sto (x, t) = (0, 0) sumbaÐnei . Pr�gmati
, ìtan melet�me thn asumptwtik  sumperifor� gia aÔth thn aktÐna paramètrwn h pr¸th lÔsh
eÐnai

U1(x; t;λ)|x|m−(N−2)/2t−(1+m)exp(−x
2

4t
) (6.44)

me m = (
(

N−2
2

)2 − λ)1/2. Gia λ > 0 aut  h sun�rthsh èqei mÐa idiomorfÐa sto x = 0 gia k�je
t > 0 kai u(x, 0) = 0 gia x 6= 0. AntÐjeta me thn krÐsimh perÐptwsh , U1(t) ∈ H1(RN) gia
λ <

(
N−2

2

)2 kai t > 0 .
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