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Kef�laio 1

Eisagwg 

1.1 To 14-o prìblhma toÔ Hilbert

'Estw S = k[x1, x2, . . . , xn] o poluwnumikìc daktÔlioc (k-�lgebra) n metablht¸n
p�nw apì èna s¸ma k kai èstw G mia upoom�da t c genik c grammik c om�dac
GLn(k). H om�da G dra epÐ twn stoiqeÐwn toÔ daktulÐou S me ton ex c trìpo: se
k�je stoiqeÐo g = (gij)1≤i,j≤n ∈ G antistoiqeÐ o k-grammikìc metasqhmatismìc
σg twn x1, x2, . . . , xn, ìpou

σg(xi) =
n∑

j=1

gijxj , 1 ≤ i ≤ n.

OrÐzoume th dr�sh toÔ g epÐ toÔ tuqìntoc stoiqeÐou f toÔ S wc akoloÔjwc:
g(f) := f(σg(x1), σg(x2), . . . , σg(xn)).

SumbolÐzoume wc SG to sÔnolo twn stoiqeÐwn toÔ S pou mènoun analloÐwta wc
proc th dr�sh t c G. EÔkola diapist¸netai ìti to SG apoteleÐ mia k-upo�lgebra
toÔ S. Sth sunèqeia, diatup¸noume to 14o prìblhma toÔ Hilbert:

'Estw ìti to k eÐnai èna s¸ma, h G mia upoom�da t c GLn(k) h opoÐa

dra epÐ twn stoiqeÐwn toÔ poluwnumikoÔ daktulÐou S = k[x1, x2, . . . , xn] ìpwc

parap�nw, kai SG to sÔnolo twn stoiqeÐwn toÔ S pou mènoun analloÐwta wc proc

th dr�sh t c G. EÐnai o daktÔlioc SG peperasmèna paragìmenoc wc k-�lgebra?

Dhl. up�rqoun peperasmèna to pl joc stoiqeÐa toÔ daktulÐou SG tètoia ¸ste

k�je stoiqeÐo toÔ SG na gr�fetai wc poluwnumikìc sunduasmìc twn parap�nw

stoiqeÐwn me suntelestèc apì to s¸ma k?

To parap�nw er¸thma èqei jetik  ap�nthsh sthn perÐptwsh kat� thn opoÐa
h om�da G eÐnai peperasmènh   G = SLn(k)   G = GLn(k), bl. par�grafo 1.2.
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8 KEF�ALAIO 1. EISAGWG�H

'Omwc to 1958, o Nagata br ke èna antipar�deigma gia to 14o prìblhma toÔ Hil-

bert, bl. [N1], [N2]. To kef�laio 3 anafèretai se autì. To antipar�deigma, to
opoÐo parousi�zoume sthn par�grafo 3.1, basÐzetai se mia algebro-gewmetrik 
prìtash sqetik  me thn Ôparxh epÐpedwn kampul¸n oi opoÐec èqoun se dosmèna
shmeÐa toÔ epipèdou kajorismèno bajmì idi¸matoc. Parousi�zoume aut n thn
prìtash sthn par�grafo 3.2. Me aform  thn teleutaÐa prìtash, o Nagata è-
jese to er¸thma toÔ kat� pìson aut  isqÔei upì k�poiec genikìterec sunj kec
odhgoÔmenoc se mia eikasÐa pou èmeine gnwst  wc h eikasÐa toÔ Nagata kai h
opoÐa paramènei akìmh kai epÐ twn hmer¸n mac �luth. Anaferìmaste se aut 
thn eikasÐa sto kef�laio 4, ìpou parousi�zoume èna prìsfato sqetikì apotèle-
sma toÔ G. Xu, bl. [X]. EpÐshc, k�noume mia episkìphsh �llwn apotelesm�twn
sqetizomènwn me aut n. Tèloc, sto eisagwgikì kef�laio 2 parousi�zoume ori-
smèna prokatartik� stoiqeÐa t c jewrÐac twn algebrik¸n kampul¸n, me èmfash
sthn Iakwbian  miac omal c kampÔlhc kai sth melèth twn epÐpedwn kampul¸n,
basizìmenoi sta biblÐa [M2] kai [U].

1.2 Om�dec gia tic opoÐec to 14-o prìblhma toÔ
Hilbert isqÔei

'Ena qarakthristikì par�deigma om�dac G, gia thn opoÐa h ap�nthsh sto 14o
prìblhma toÔ Hilbert eÐnai jetik , dÐdetai ìtan h G eÐnai h Ðdia h summetrik 
om�da Sn. H Sn mporeÐ na tautisteÐ me thn upoom�da t c GLn(k) (ìpou k eÐnai
èna opoiod pote s¸ma) pou apoteleÐtai apì toÔc pÐnakec pou prokÔptoun apì
to monadiaÐo n × n pÐnaka metajètontac me ìlouc toÔc dunatoÔc trìpouc tic
grammèc tou. Aut  h upoom�da t c GLn(k) dra epÐ tou poluwnumikoÔ daktulÐou
S = k[x1, x2, . . . , xn] prokal¸ntac th met�jesh twn x1, x2, . . . , xn kat� ìlouc
toÔc dunatoÔc trìpouc. EÐnai profanèc, ìti to sÔnolo SSn apoteleÐtai apì
ìla ta summetrik� polu¸numa kai eÐnai gnwstì ìti to sÔnolo twn summetrik¸n
poluwnÔmwn par�getai, wc k-�lgebra, apì ta stoiqei¸dh summetrik� polu¸numa.
'Ara, se aut n thn perÐptwsh, to SG eÐnai ìntwc peperasmèna paragìmeno.

Genikìtera, to 14o prìblhma toÔ Hilbert èqei jetik  ap�nthsh stic peript¸-
seic ìpou h G eÐnai peperasmènh   G = SLn(k)   G = GLn(k) kai h qarakthri-
stik  toÔ s¸matoc k eÐnai mhdèn. 'Eqoume dhlad  to ex c:
Je¸rhma 1.2.1. 'Estw k èna s¸ma qarakthristik c mhdèn kai èstw G mia

upoom�da t c GLn(k) h opoÐa eÐnai eÐte peperasmènh eÐte h SLn(k) eÐte olì-

klhrh h GLn(k). Tìte to sÔnolo twn stoiqeÐwn toÔ k[x1, x2, . . . , xn] pou mènoun

analloÐwta wc proc th dr�sh t c G eÐnai peperasmèna paragìmeno wc k-�lgebra.

Prin proqwr soume sthn apìdeixh toÔ parap�nw jewr matoc upenjumÐzoume
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ìti ènac daktÔlioc R onom�zetai daktÔlioc t c Noether ìtan k�je ide¸dec tou
eÐnai peperasmèna paragìmeno kai anafèroume to parak�tw je¸rhma pou eÐnai
gnwstì wc Je¸rhma B�shc toÔ Hilbert.
Je¸rhma 1.2.2 (Je¸rhma B�shc toÔ Hilbert). An o R eÐnai daktÔlioc t c

Noether, tìte kai o poluwnumikìc daktÔlioc R[x] eÐnai daktÔlioc t c Noether.

H apìdeixh toÔ jewr matoc 1.2.1 basÐzetai kurÐwc sto parak�tw l mma:
L mma 1.2.1. An isqÔoun oi upojèseic toÔ jewr matoc 1.2.1 kai to SG eÐnai

to sÔnolo twn stoiqeÐwn toÔ poluwnumikoÔ daktÔliou S = k[x1, x2, . . . , xn] pou

mènoun analloÐwta wc proc th dr�sh t c G, tìte up�rqei ènac omomorfismìc apì
SG-modules φ : S −→ SG pou diathreÐ toÔc bajmoÔc kai apeikonÐzei ta stoiqeÐa

toÔ SG ston eautì touc.

Apìdeixh. Sthn perÐptwsh kat� thn opoÐa h om�da G eÐnai peperasmènh h apìdei-
xh eÐnai apl . 'Estw γ to pl joc twn stoiqeÐwn t c G. AfoÔ h qarakthristik 
toÔ s¸matoc k eÐnai mhdèn, èqoume γ = γ · 1k, ìpou wc 1k sumbolÐzoume to mona-
diaÐo stoiqeÐo toÔ s¸matoc k. To γ eÐnai mh mhdenikì stoiqeÐo toÔ k, opìte èqei
wc antÐstrofì tou to 1k/γ ∈ k. Sunep¸c mporoÔme na orÐsoume thn apeikìnish
φ : S −→ SG mèsw tou tÔpou

φ(f) = (1k/γ)
∑
g∈G

g(f).

EÔkola diapist¸noume ìti h apeikìnish φ èqei tic epijumhtèc idiìthtec.
Stic peript¸seic ìpou h G eÐnai h SLn(k)   h GLn(k) h apeikìnish φ kata-

skeu�zetai me an�logo trìpo, antikajist¸ntac to �jroisma me to olokl rwma
wc proc to mètro Haar.

T¸ra eÐmaste se jèsh na apodeÐxoume to je¸rhma 1.2.1.
Apìdeixh. 'Estw X to sÔnolo ìlwn twn omogen¸n poluwnÔmwn toÔ SG bajmoÔ
gn sia jetikoÔ kai m to ide¸dec toÔ S pou par�getai apì ta stoiqeÐa toÔ X .
Shmei¸noume ed¸ ìti to m eÐnai ex orismoÔ omogenèc ide¸dec toÔ S. AfoÔ o
S eÐnai daktÔlioc t c Noether, bl. Je¸rhma B�shc toÔ Hilbert, to ide¸dec m

èqei èna peperasmèno sÔnolo gennhtìrwn oi opoÐoi mporoÔn na epilegoÔn apì ta
stoiqeÐa toÔ sunìlou X . Pr�gmati, èstw H1,H2, . . . ,Ht ∈ S genn torec toÔ m.
K�je èna apì ta polu¸numa Hi gr�fetai wc peperasmèno �jroisma t c morf c∑

j hjFj , me hj ∈ S kai Fj ∈ X . 'An F1, F2, . . . , Fs eÐnai ìla ta polu¸numa toÔ
X pou emfanÐzontai stic ekfr�seic twn Hi, i = 1, . . . , t, tìte eÔkola blèpoume
ìti to {F1, F2, . . . , Fs} apoteleÐ èna sÔnolo gennhtìrwn toÔ ide¸douc m.

Ja deÐxoume t¸ra ìti ta polu¸numa Fi, i = 1, . . . , s, par�goun to SG wc k-
�lgebra. 'Estw R h k-upo�lgebra toÔ S pou par�getai apì ta F1, F2, . . . , Fs.
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Profan¸c, R ⊂ SG . 'Estw t¸ra F èna omogenèc polu¸numo toÔ SG , dhl.
F ∈ X . DeÐqnoume ìti F ∈ R me epagwg  wc proc to bajmì toÔ F .

An deg F = 0, tìte F ∈ k ⊂ R, opìte F ∈ R. 'Estw t¸ra ìti deg F > 0 kai
ìti to zhtoÔmeno isqÔei gia ìla ta omogen  polu¸numa toÔ SG bajmoÔ gn sia
mikrìterou apì deg F . Tìte F ∈ X ⊂ m kai, epomènwc, to omogenèc polu¸numo
F mporeÐ na grafeÐ wc

F =
s∑

i=1

QiFi,

ìpou ta Qi, i = 1, . . . , s, eÐnai omogen  polu¸numa toÔ S bajmoÔ deg Qi =

deg F − deg Fi. Pr�gmati, afoÔ to m par�getai, wc ide¸dec toÔ S, apì ta
F1, F2, . . . , Fs, up�rqoun polu¸numa P1, P2, . . . , Ps ∈ S, tètoia ¸ste to F na
gr�fetai wc F =

∑s
i=1 PiFi. Tìte, afoÔ to F eÐnai omogenèc polu¸numo,

mporoÔme na epilèxoume to Qi na eÐnai h omogen c sunist¸sa toÔ Pi bajmoÔ
deg F−deg Fi. Shmei¸noume ìti ìloi oi �lloi ìroi toÔ ajroÐsmatoc apaleÐfontai.

Ta F, Fi, i = 1, . . . , s, eÐnai polu¸numa toÔ SG . 'Etsi an h φ eÐnai h apeikìnish
toÔ l mmatoc 1.2.1, èqoume

φ(F ) = φ(
s∑

i=1

QiFi) =⇒ F =
s∑

i=1

φ(Qi)Fi

kai afoÔ deg φ(Qi) = deg Qi < degF , èqoume apì thn epagwgik  upìjesh ìti
φ(Qi) ∈ R, i = 1, . . . , s kai epomènwc F ∈ R.

'Estw t¸ra tuqìn F ∈ SG . To F gr�fetai wc F = f0 + f1 + . . . + fn gia
k�poio fusikì arijmì n, ìpou to fj , j = 1, . . . , n, eÐnai omogenèc polu¸numo
bajmoÔ j. Tìte

φ(F ) = φ(f0 + f1 + . . . + fn) =⇒ F = φ(f0) + φ(f1) + . . . + φ(fn),

ìpou ta φ(fj), j = 1, . . . , n, eÐnai omogen  polu¸numa toÔ SG . 'Ara, sÔmfwna me
ta prohgoÔmena φ(fj) ∈ R, gi� k�je j = 1, . . . , n, opìte F ∈ R.



Kef�laio 2

Prokatartik� stoiqeÐa

2.1 EpÐpedec KampÔlec
Orismìc 2.1.1. Mia epÐpedh kampÔlh (  mia kampÔlh toÔ probolikoÔ epipèdou

P2) C eÐnai h ènwsh toÔ sunìlou twn jèsewn mhdenismoÔ twn an�gwgwn pa-
ragìntwn enìc omogenoÔc poluwnÔmou F (X, Y, Z) me migadikoÔc suntelestèc,
lambanomènhc up’ ìyin t c pollaplìthtac me thn opoÐa oi an�gwgoi par�gontec
emfanÐzontai sthn an�lush toÔ F (X, Y, Z). Onom�zoume bajmì t c kampÔlhc C

(sumbolÐzont�c ton me deg C) ton bajmì toÔ poluwnÔmou F (X, Y, Z).
ShmeÐwsh 2.1.1. DÔo omogen  polu¸numa me migadikoÔc suntelestèc orÐzoun
thn Ðdia kampÔlh e�n kai mìno e�n to èna isoÔtai me to ginìmeno mi�c mh mhdenik c
stajer�c epÐ to �llo.
Orismìc 2.1.2. Lème ìti mia epÐpedh kampÔlh eÐnai an�gwgh ìtan to polu¸numo,
mèsw toÔ opoÐou orÐzetai, eÐnai an�gwgo.

To pl joc twn omogen¸n monwnÔmwn bajmoÔ d tri¸n metablht¸n eÐnai(
d+2
2

). Epomènwc, to sÔnolo twn omogen¸n poluwnÔmwn tri¸n metablht¸n
bajmoÔ d, mazÐ me to mhdenikì polu¸numo, apoteloÔn ènan dianusmatikì q¸ro
di�stashc N + 1, ìpou N =

(
d+2
2

)
− 1 = d(d+3)

2 . Apì thn parap�nw shmeÐwsh
2.1.1 mporoÔme na sumper�noume ìti to sÔnolo twn epÐpedwn kampul¸n bajmoÔ
d eÐnai h probolikopoÐhsh toÔ dianusmatikoÔ q¸rou twn omogen¸n poluwnÔmwn
bajmoÔ d, sunist¸ntac ènan probolikì q¸ro di�stashc N .

'Estw t¸ra P èna shmeÐo toÔ probolikoÔ epipèdou kai èstw C mia epÐpedh
kampÔlh pou orÐzetai wc to sÔnolo twn jèsewn mhdenismoÔ enìc poluwnÔmou
F (X, Y, Z). Lème ìti h C dièrqetai apì to shmeÐo P ìtan to P eÐnai jèsh mhdeni-
smoÔ toÔ poluwnÔmou F (X, Y, Z). Lème ìti h kampÔlh C dièrqetai apì to shmeÐo

P me pollaplìthta toul�qiston m (  megalÔterhc   Ðshc toÔ m) ìtan ìlec oi
merikèc par�gwgoi toÔ F (X, Y, Z) t�xewc mèqri m − 1 mhdenÐzontai sto shmeÐo

11



12 KEF�ALAIO 2. PROKATARTIK�A STOIQE�IA

P . (Se aut n thn perÐptwsh, gr�foume: multP C ≥ m). Lème ìti h C dièrqetai

apì to shmeÐo P me pollaplìthta akrib¸c m ìtan ìlec oi merikèc par�gwgoi
toÔ F (X, Y, Z) t�xewc mèqri m−1 mhdenÐzontai sto shmeÐo P kai, tautoqrìnwc,
up�rqei toul�qiston mia merik  par�gwgoc toÔ F t�xewc m pou den mhdenÐze-
tai sto P . (Se aut n thn perÐptwsh, gr�foume: multP C = m). Epomènwc, h
sunj kh multP C ≥ m ep�gei (m+1

2

)
= m(m+1)

2 (dhlad  ìsec to pl joc twn
merik¸n parag¸gwn toÔ F (X, Y, Z) mèqri t�xewc m) anex�rthtec - ìpwc apo-
deiknÔetai - grammikèc sunj kec stouc suntelestèc toÔ poluwnÔmou F (X, Y, Z).
Wc ek toÔtou to sÔnolo twn epÐpedwn kampul¸n bajmoÔ d, oi opoÐec dièrqon-
tai apì dojèn shmeÐo toÔ probolikoÔ epipèdou me pollaplìthta toul�qiston m,
apoteleÐ ènan probolikì upìqwro toÔ PN , ìpou N = d(d+3)

2 . Autìc eÐnai eÐte
o mhdenikìc, sthn perÐptwsh kat� thn opoÐa d ≤ m − 1, eÐte èqei (probolik )
di�stash

d(d + 3)
2

− m(m + 1)
2

=
d2 + 3d−m2 −m

2
.

'Omwc gia perissìtera toÔ enìc shmeÐa P1, . . . , Pr toÔ probolikoÔ epipèdou, oi
sunj kec multPi

C ≥ mi, i = 1, . . . , r, ep�goun (mi+1
2

) grammikèc sunj kec
stouc suntelestèc toÔ F (X, Y, Z) gia kajèna shmeÐo Pi, all� endèqetai na eÐnai
exarthmènec. Epomènwc, to sÔnolo t¸n epÐpedwn kampul¸n bajmoÔ d pou dièr-
qontai apì dojènta shmeÐa P1, . . . , Pr me pollaplìthta toul�qiston m1, . . . ,mr,
antÐstoiqa, apoteleÐ ènan probolikì upìqwro toÔ PN , ìpou N = d(d+3)

2 , di�sta-
shc

≥ d(d + 3)
2

−
r∑

i=1

mi(mi + 1)
2

.

Shmei¸noume ìti to kenì sÔnolo èqei di�stash −1.
Orismìc 2.1.3. 'Estw C mia epÐpedh kampÔlh. 'Ena shmeÐo P thc C onom�zetai
idi�zon shmeÐo t c C ìtan multP C ≥ 2. 'Ena shmeÐo thc C pou den eÐnai idi�zon
onom�zetai omalì shmeÐo t c C. Mia kampÔlh pou èqei idi�zonta shmeÐa onom�ze-
tai kampÔlh me idi¸mata. Mia kampÔlh pou den èqei idi�zonta shmeÐa onom�zetai
leÐa.

JewroÔme mia an�gwgh epÐpedh kampÔlh C bajmoÔ d, orizìmenh wc to sÔnolo
twn jèsewn mhdenismoÔ enìc poluwnÔmou F (X, Y, Z). Ja d¸soume mia topik 
perigraf  t c C gÔrw apì èna shmeÐo thc P . Exet�zoume arqik� thn perÐptwsh
kat� thn opoÐa to P eÐnai omalì shmeÐo t c C. QwrÐc bl�bh t c genikìthtac,
mporoÔme na upojèsoume ìti to P eÐnai to shmeÐo [1, 0, 0] ∈ P2 (se perÐptwsh
pou den eÐnai, mporoÔme na metafèroume to P sto [0, 0, 1] me ènan probolikì
metasqhmatismì). Jètoume y = Y

X , z = Z
X kai

f(y, z) =
1

Xd
F (X, Y, Z).
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Mèsw t c parap�nw antikat�stashc, to shmeÐo [1, 0, 0] antistoiqeÐ sto shmeÐo
(y, z) = (0, 0) to opoÐo eÐnai jèsh mhdenismoÔ toÔ poluwnÔmou f(y, z). AfoÔ to
[1, 0, 0] eÐnai omalì shmeÐo t c C, toul�qiston mÐa apì tic merikèc parag¸gouc
toÔ F (X, Y, Z) den mhdenÐzetai sto P . Oi sqèseic pou sundèoun tic merikèc
parag¸gouc toÔ poluwnÔmou F (X, Y, Z) me tic merikèc parag¸gouc toÔ f(y, z)

eÐnai oi ex c:
∂F

∂X
=

∂

∂X

(
Xdf(y, z)

)
= dXd−1f(y, z)−Xd−2

(
Y

∂f

∂y
+ Z

∂f

∂z

)

∂F

∂Y
= Xd−1 ∂f

∂y
kai ∂F

∂Z
= Xd−1 ∂f

∂z
.

Apì tic parap�nw sqèseic sumperaÐnoume ìti toul�qiston mÐa apì tic merikèc
parag¸gouc ∂f

∂y , ∂f
∂z den mhdenÐzetai sto shmeÐo (0, 0). An, gia par�deigma,

∂f
∂y (0, 0) 6= 0, apì to je¸rhma t c antÐstrofhc sun�rthshc mporoÔme na broÔme
mia topik� sugklÐnousa deinamoseir�

y =
∞∑

n=1

anzn,

tètoia ¸ste to shmeÐo (
∑∞

n=1 anzn, z) na eÐnai lÔsh t c exÐswshc f(y, z) = 0.
Epomènwc, h kampÔlh gÔrw apì to (0, 0) parametr�tai apì thn

z 7−→

( ∞∑
n=1

anzn, z

)
.

Wc ek toÔtou, mporoÔme na jewroÔme to z wc topik  par�metro. Sthn perÐptwsh
kata thn opoÐan ∂f

∂z 6= 0, mporoÔme kat’ analogÐan na jewroÔme to y wc topik 
par�metro. SÔmfwna me ta parap�nw, mia leÐa epÐpedh kampÔlh eÐnai topik�
isìmorfh me to s¸ma twn migadik¸n arijm¸n C.
ShmeÐwsh 2.1.2. Apo ta parap�nw sun�getai ìti mia leÐa epÐpedh kampÔlh eÐnai
mia sumpag c epif�neia Riemann, bl. par�grafo 2.2. An o bajmìc t c kampÔlhc
eÐnai Ðsoc me d, tìte to gènoc g t c kampÔlhc isoÔtai me g = (d−1)(d−2)

2 .
'Estw t¸ra ìti to P = [1, 0, 0] eÐnai idi�zon shmeÐo t c kampÔlhc C. JewroÔme

kai p�li to antÐstoiqo apoomogenopoihmèno polu¸numo f(y, z). To polu¸numo
f(y, z) eÐnai an�gwgo, all� mporoÔme qrhsimopoi¸ntac tupikèc dunamoseirèc na
to paragontopoi soume gÔrw apì to shmeÐo (0, 0) wc ex c:

f(y, z) =
k∏

j=1

gj(y, z).



14 KEF�ALAIO 2. PROKATARTIK�A STOIQE�IA

Gia k�je j = 1, . . . , k, to sÔnolo twn (y, z) gia ta opoÐa gj(y, z) = 0, lègetai
kl�doc t c kampÔlhc f(y, z) = 0 gÔrw apì to shmeÐo (0, 0). O k�je kl�doc
den eÐnai plèon kampÔlh, all� anaparist� tm ma t c kampÔlhc f(y, z) = 0 se
mia perioq  toÔ (0, 0). ApodeiknÔetai ìti mporoÔme na eisag�goume mia topik 
par�metro s, ètsi ¸ste gÔrw apì to shmeÐo (0, 0) o kl�doc gj(y, z) = 0 na dÐnetai
apì tic {

y = smj

z = hj(s),

ìpou o mj eÐnai fusikìc arijmìc kai to hj(s) seir� Laurent wc proc s, pou èqei
peperasmèno pl joc ìrwn me arnhtikì ekjèth.
2.1.1 To Je¸rhma toÔ Bezout

JewroÔme duo an�gwgec kampÔlec C,D pou orÐzontai apì ta polu¸numa
F (X, Y, Z) kai G(X, Y, Z), bajmoÔ m kai n antÐstoiqa. Ta shmeÐa tom c twn
kampul¸n C,D eÐnai oi lÔseic toÔ sust matoc{

F (X, Y, Z) = 0
G(X, Y, Z) = 0 .

'Estw P èna shmeÐo tom c twn C,D. Gia lìgouc aploÔsteushc kai qwrÐc bl�bh
t c genikìthtac mporoÔme na upojèsoume ìti to P eÐnai to [1, 0, 0]. Jètoume
y = Y

X , z = Z
X kai

f(y, z) =
1

Xm
F (X, Y, Z),

g(y, z) =
1

Xn
G(X, Y, Z).

'Estw ìti h kampÔlh f(y, z) = 0 èqei k kl�douc sto shmeÐo (0, 0) kai k�je kl�doc
parametr�tai apì tic {

y = smj

z = hj(s)

Antikajist¸ntac t� parap�nw sto polu¸numo g(y, z) èqoume
g
(
smj , hj(s)

)
= cslj + ìroi bajmoÔ megalÔterou apì lj wc proc s.

O fusikìc arijmìc lj , onom�zetai pollaplìthta tom c toÔ j-ostoÔ kl�dou t c
kampÔlhc f(y, z) = 0 kai t c g(y, z) = 0 sto shmeÐo (0, 0). 'Etsi, orÐzoume thn
pollaplìthta tom c twn C,D sto shmeÐo [1, 0, 0], wc to �jroisma twn polla-
plot twn tom c toÔ k�je kl�dou t c f(y, z) = 0 kai t c g(y, z) = 0 sto shmeÐo
(0, 0).

'Ena basikì je¸rhma pou afor� sto pl joc twn shmeÐwn tom c duo kampul¸n
toÔ probolikoÔ epipèdou eÐnai to Je¸rhma toÔ Bezout to opoÐo parajètoume
qwrÐc apìdeixh.
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Je¸rhma 2.1.1 (Je¸rhma toÔ Bezout). 'Estw ìti oi C,D eÐnai duo kampÔlec

toÔ probolikoÔ epipèdou bajm¸n m kai n antÐstoiqa. An oi C,D den èqoun koinèc

sunist¸sec (dhlad  ta polu¸numa, mèsw twn opoÐwn orÐzontai, den èqoun koinoÔc

par�gontec), tìte to pl joc twn shmeÐwn tom c touc, an metr soume to kajèna

tìsec forèc ìsec kai pollaplìthta tom c twn C,D se autì, isoÔtai me mn.

2.2 Epif�neiec Riemann

Mia epif�neia Riemann eÐnai èna monodi�stato sunektikì migadikì polÔptugma.
Oi leÐec epÐpedec migadikèc algebrikèc kampÔlec eÐnai epif�neiec Riemann. DÐ-
noume arqik� toÔc orismoÔc twn ennoi¸n pou mac qrei�zontai gia na orÐsoume tic
epif�neiec Riemann. 'Estw X ènac sunektikìc topologikìc q¸roc di�stashc 1.
Orismìc 2.2.1. 'Enac migadikìc q�rthc,   apl¸c q�rthc, ston X eÐnai ènac
omoiomorfismìc φ : U → V , ìpou to U eÐnai èna anoiqtì uposÔnolo toÔ X

kai to V eÐnai èna anoiqtì uposÔnolo toÔ migadikoÔ epipèdou C. DÔo q�rtec
φ1 : U1 → V1 kai φ2 : U2 → V2 lègontai sumbatoÐ, ìtan eÐte U1 ∩ U2 = ∅ eÐte h
apeikìnish

φ2 ◦ φ−1
1 : φ1 (U1 ∩ U2) → φ2 (U1 ∩ U2)

eÐnai olìmorfh.
Orismìc 2.2.2. 'Enac migadikìc �tlac,   apl� �tlac, A sto X, eÐnai mia sullog 
A = {φα : Uα → Vα} apì an� dÔo sumbatoÔc q�rtec, tètoiouc ¸ste X =

⋃
α Uα.

DÔo �tlantec A1 kai A2 eÐnai isodÔnamoi, an k�je q�rthc toÔ A1 eÐnai sumbatìc
me k�je q�rth toÔ A2.
Epomènwc, dÔo �tlantec eÐnai isodÔnamoi an kai mìno an h ènws  touc eÐnai kai
p�li ènac migadikìc �tlac. K�je �tlac perièqetai se ènan monadikì megistoti-
kì (maximal) �tla kai sunep¸c dÔo �tlantec eÐnai isodÔnamoi an kai mìno an
perièqontai ston Ðdio megistotikì �tla.
Orismìc 2.2.3. Mia migadik  dom  sto X eÐnai ènac megistotikìc �tlac sto
X.

Erqìmaste t¸ra ston orismì t c (sumpagoÔc) epif�neiac Riemann.
Orismìc 2.2.4. Mia (sumpag c) epif�neia Riemann X, eÐnai ènac sumpag c
sunektikìc topologikìc q¸roc Hausdorff di�stashc 1, me arijm simh b�sh gia
thn topologÐa tou, efodiasmènoc me mia migadik  dom .

H basik  topologik  analloÐwtoc miac (sumpagoÔc) epif�neiac Riemann eÐnai
to gènoc thc.
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2.2.1 Sunart seic se epif�neiec Riemann

'Estw X mia epif�neia Riemann. Upojètoume ìti to p èna shmeÐo t c X kai to
W èna anoiqtì uposÔnolo toÔ X me p ∈ W .
Orismìc 2.2.5. 'Estw f mia migadik  sun�rthsh orismènh sto W . Lème ìti h
f eÐnai olìmorfh sto shmeÐo p ìtan up�rqei q�rthc φ : U → V me p ∈ U , tètoioc
¸ste h apeikìnish f ◦ φ−1 : φ(U) −→ C na eÐnai olìmorfh sto φ(p). Akìmh,
lème ìti h f eÐnai olìmorfh sto anoiktì sÔnolo W toÔ X ìtan eÐnai olìmorfh se
k�je shmeÐo toÔ W .
Orismìc 2.2.6. 'Estw f mia sun�rthsh orismènh kai olìmorfh sto W \ {p}.
Lème ìti h sun�rthsh f èqei epousi¸dec idÐwma (ant. pìlo, ant. ousi¸dec idÐwma)
sto shmeÐo p ìtan up�rqei ènac q�rthc φ : U → V me p ∈ U , tètoioc ¸ste h
sun�rthsh f ◦ φ−1 : φ(U) −→ C na èqei epousi¸dec idÐwma (ant. pìlo, ant.
ousi¸dec idÐwma) sto shmeÐo φ(p).
Orismìc 2.2.7. Mia migadik  sun�rthsh f orismènh se mia epif�neia Riemann

X lègetai merìmorfh sto shmeÐo p ∈ X an eÐte eÐnai olìmorfh eÐte èqei epou-
si¸dec idÐwma eÐte pìlo sto p. Lème ìti h f eÐnai merìmorfh se èna anoiqtì

uposÔnolo W toÔ X ìtan eÐnai merìmorfh se k�je shmeÐo toÔ X.
To sÔnolo ìlwn twn merìmorfwn sunart sewn se èna anoiqtì uposÔnolo W

miac epif�neiac Riemann X to sumbolÐzoume wc M(W ).
Orismìc 2.2.8. 'Estw mia sun�rthsh f orismènh kai olìmorfh sto W \ {p}.
'Estw akìmh ènac q�rthc φ : U → V me p ∈ U . Onom�zoume seir� Laurent t c
f gÔrw apì to p wc proc ton q�rth φ, th seir� Laurent t c sun�rthshc f ◦φ−1

gÔrw apì to shmeÐo φ(p).
Sthn perÐptwsh twn migadik¸n sunart sewn miac migadik c metablht c mpo-

roÔme na p�roume plhroforÐec gia to eÐdoc toÔ idi¸matoc pou parousi�zei mia
sun�rthsh se k�poio shmeÐo apì th morf  t c seir�c Laurent  , pio sugkekri-
mèna, apì ton el�qisto akèraio (an autìc up�rqei) gia ton opoÐo o antÐstoiqoc
suntelest c t c seir�c Laurent eÐnai mh mhdenikìc. Sthn perÐptwsh twn epif�-
nei¸n Riemann h seir� Laurent miac sun�rthshc gÔrw apì èna shmeÐo exart�tai
apì thn epilog  toÔ q�rth gÔrw apì to shmeÐo. 'Omwc, apodeiknÔetai ìti o el�-
qistoc akèraioc (an autìc up�rqei), gia ton opoÐo o antÐstoiqoc suntelest c sth
seir� Laurent eÐnai mh mhdenikìc, eÐnai anex�rthtoc apì thn epilog  toÔ q�rth.
'Eqoume to ex c:
L mma 2.2.1. 'Estw mia sun�rthsh f orismènh sto W \ {p} kai olìmorfh ep’

autoÔ. Tìte, h f èqei epousi¸dec (ant. pìlo, ant. ousi¸dec) idÐwma sto shmeÐo
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p an kai mìno an h seir� Laurent t c f gÔrw apì to p, wc proc opoiond po-

te q�rth, den èqei arnhtikoÔc suntelestèc (ant. èqei peperasmèno - all� ìqi

mhdenikì - pl joc arnhtik¸n suntelest¸n, ant. èqei �peiro pl joc arnhtik¸n

suntelest¸n).

'Estw t¸ra ìti mia sun�rthsh f eÐnai merìmorfh sto shmeÐo p ∈ X.
Orismìc 2.2.9. Ton el�qisto akèraio, gia ton opoÐo o antÐstoiqoc suntelest c
t c seir�c Laurent t c sun�rthshc f gÔrw apì to shmeÐo p, wc proc ènan q�rth,
eÐnai mh mhdenikìc, onom�zoume t�xh t c f sto p kai ton sumbolÐzoume wc ordp f .
To akìloujo l mma prokÔptei �mesa apì ton teleutaÐo orismì kai to l mma
2.2.1.
L mma 2.2.2. 'Estw ìti h sun�rthsh f eÐnai merìmorfh sto shmeÐo p. Tìte h f

eÐnai olìmorfh sto shmeÐo p an kai mìno an ordp f ≥ 0. Se aut n thn perÐptwsh,

to p eÐnai jèsh mhdenismoÔ t c f an kai mìno an ordp f > 0. EpÐshc, h f èqei

pìlo sto shmeÐo p an kai mìno an ordp f < 0.

QrhsimopoioÔme epÐshc thn parak�tw orologÐa.
Orismìc 2.2.10. Lème ìti to shmeÐo p eÐnai jèsh mhdenismoÔ t c sun�rthshc f

t�xhc n ìtan ordp f = n ≥ 1. Lème ìti to shmeÐo p eÐnai pìloc t c sun�rthshc
f t�xhc n ìtan ordp f = −n < 0.

Anafèroume qwrÐc apìdeixh k�poiec idiìthtec t c sun�rthshc ordp.
L mma 2.2.3. E�n oi f, g eÐnai dÔo merìmorfec sunart seic sto shmeÐo p, tìte,

1. ordp(fg) = ordp f + ordp g,

2. ordp

(
f
g

)
= ordp f − ordp g.

Poll� apì ta jewr mata pou isqÔoun gia tic migadikèc sunart seic miac
migadik c metablht c metafèrontai, mèsw qart¸n, kai se sunart seic orismènec
se epif�neiec Riemann.
Je¸rhma 2.2.1. 'Estw f mia sun�rthsh orismènh se èna anoiqtì kai sunektikì

uposÔnolo W miac epif�neiac Riemann X, sto opoÐo eÐnai merìmorfh. An h f

den eÐnai tautotik� mhdèn sto W , tìte to uposÔnolo toÔ W pou apoteleÐtai apì

tic jèseic mhdenismoÔ kai toÔc pìlouc t c f eÐnai diakritì.

Lìgw t c sump�geiac twn epifanei¸n Riemann, èqoume to akìloujo pìrisma:
Pìrisma 2.2.1. 'Estw X mia epif�neia Riemann. An mia mh mhdenik  sun�r-

thsh f eÐnai merìmorfh se ìlh th X, tìte tìso to pl joc twn jèsewn mhdenismoÔ

ìso kai to pl joc twn pìlwn t c f eÐnai peperasmèno.
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To epìmeno je¸rhma eÐnai pìrisma t c arq c toÔ megÐstou kai t c sump�geiac
t c epif�neiac Riemann.
Je¸rhma 2.2.2. 'Estw X mia epif�neia Riemann. An mia sun�rthsh f eÐnai

olìmorfh se ìlh th X, tìte h f eÐnai stajer  sun�rthsh.

2.2.2 ApeikonÐseic metaxÔ epifanei¸n Riemann

Orismìc 2.2.11. Mia apeikìnish F : X → Y metaxÔ duo epifanei¸n Riemann

X kai Y eÐnai olìmorfh sto shmeÐo p ∈ X an up�rqoun q�rtec φ1 : U1 → V1 sth
X me p ∈ U1 kai φ2 : U2 → V2 sthn Y me F (p) ∈ U2, tètoioi ¸ste h apeikìnish
φ2 ◦ F ◦ φ−1

1 na eÐnai olìmorfh sto shmeÐo φ1(p). Lème ìti h apeikìnish F eÐnai
olìmorfh sto anoiqtì W ⊂ X ìtan h F eÐnai olìmorfh se k�je shmeÐo toÔ
sunìlou W .

Oi olìmorfec apeikonÐseic metaxÔ epifanei¸n Riemann èqoun, topik�, mia
polÔ eidik  morf . Sugkekrimèna èqoume to ex c:
Je¸rhma 2.2.3. Ac upojèsoume ìti oi X, Y eÐnai duo epif�neiec Riemann, h

F : X → Y mia mh stajer  olìmorfh apeikìnish kai p èna shmeÐo thc X. Tìte

up�rqei monadikìc akèraioc arijmìc m ≥ 1 me thn akìloujh idiìthta: Gia k�je

q�rth φ2 : U2 → V2 sthn Y , me F (p) ∈ U2 kai φ2(F (p)) = 0, up�rqei q�rthc

φ1 : U1 → V1 sth X, me p ∈ U1 kai φ1(p) = 0, tètoioc ¸ste(
φ2 ◦ F ◦ φ−1

1

)
(z) = zm gia k�je z ∈ φ1(U1).

Orismìc 2.2.12. Ton monadikì akèraio arijmì m o opoÐoc plhroÐ tic sunj kec
toÔ parap�nw jewr matoc, onom�zoume pollaplìthta t c apeikìnishc F sto

shmeÐo p kai ton sumbolÐzoume wc multp F .
'Estw X mia epif�neia Riemann. Up�rqei mia 1-1 antistoiqÐa metaxÔ toÔ

sunìlou M(X), twn merìmorfwn apeikonÐsewn sth X kai toÔ sunìlou twn o-
lìmorfwn apeikonÐsewn F : X → C∞, ìpou wc C∞ sumbolÐzoume to sumpagèc
migadikì epÐpedo, pou den eÐnai tautotik� Ðsec me ∞. Aut  kataskeu�zetai anti-
stoiq¸ntac se mÐa f ∈M(X) thn apeikìnish

F (x) =
{

f(x) ∈ C, an to x den eÐnai pìloc t c f
∞, an to x eÐnai pìloc t c f .

Ja èqoume tìte to ex c:
L mma 2.2.4. 'Estw f mia merìmorfh sun�rthsh sthn epif�neia Riemann X

kai F : X −→ C∞ h antÐstoiqh olìmorfh apeikìnish sto sumpagec migadikì

epÐpedo.
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1. An to shmeÐo p ∈ X eÐnai jèsh mhdenismoÔ t c f , tìte multp F = ordp f .

2. An to shmeÐo p ∈ X eÐnai pìloc t c f , tìte multp F = − ordp f .

3. An to shmeÐo p ∈ X den eÐnai oÔte jèsh mhdenismoÔ oÔte pìloc t c f , tìte

multp F = ordp(f − f(p)).

H parak�tw prìtash mac parèqei mia basik  idiìthta twn olìmorfwn apei-
konÐsewn metaxÔ epifanei¸n Riemann.
Prìtash 2.2.1. 'Estw F : X → Y mia mh stajer  olìmorfh apeikìnish metaxÔ

duo epifanei¸n Riemann X kai Y . Tìte, gia k�je shmeÐo y ∈ Y , to �jroisma∑
p∈F−1(y)

multpF

eÐnai stajerì.

Shmei¸noume ìti to parap�nw �jroisma eÐnai peperasmèno. To teleutaÐo
prokÔptei apì to l mma 2.2.4 kai to gegonìc ìti mia merìmorfh sun�rthsh se
mia epif�neia Riemann èqei peperasmènou pl jouc pìlouc kai jèseic mhdenismoÔ.
Orismìc 2.2.13. To �jroisma t c parap�nw prìtashc to onom�zoume bajmì

t c sun�rthshc F .
Tèloc, me qr sh twn parap�nw, mporeÐ na apodeiqjeÐ h akìloujh basik 

prìtash:
Prìtash 2.2.2. 'Estw f mia merìmorfh sun�rthsh se mia epif�neia Riemann

X. Tìte, ∑
p∈X

ordpf = 0.

2.3 Olokl rwsh se epif�neiec Riemann

Orismìc 2.3.1. 'Ena monop�ti γ se mia epif�neia Riemann X eÐnai mia suneq c
kai kat� tm mata omal  apeikìnish γ : [a, b] → X, ìpou to [a, b] eÐnai èna kleistì
di�sthma t c pragmatik c eujeÐac. Ta shmeÐa γ(a), γ(b) onom�zontai �kra ( 

lhktik� shmeÐa) toÔ monopatioÔ γ. Sugkekrimèna, to γ(a) onom�zetai arqikì kai
to γ(b) onom�zetai telikì shmeÐo toÔ γ. 'Ena monop�ti γ kaleÐtai kleistì ìtan
γ(a) = γ(b).

'Estw γ èna monop�ti se mia epif�neia Riemann kai èstw f mia merìmorfh
sun�rthsh pou eÐnai olìmorfh kat� m koc toÔ monopatioÔ. O orismìc toÔ o-
loklhr¸matoc ∫

γ
f me qr sh qart¸n kai anagwg  sthn olokl rwsh migadik¸n
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sunart sewn mi�c metablht c proskroÔei sthn sumbatìthta allag c qart¸n.
Epomènwc, oloklhr¸mata ìpwc to parap�nw den mporoÔn na oristoÔn. Ta anti-
keÐmena pou mporoÔme na oloklhr¸soume kat� m koc monopati¸n se mia epif�-
neia Riemann eÐnai oi C∞ 1-morfèc. Gia thn melèth mac ja perioristoÔme se mia
eidikìterh kathgorÐa morf¸n, tic olìmorfec 1-morfèc.
Orismìc 2.3.2. 1. Mia olìmorfh 1-morf  se èna anoiqtì sÔnolo V ⊆ C eÐnai
mÐa èkfrash t c morf c ω = f(z)dz, ìpou f eÐnai olìmorfh sun�rthsh sto V .
2. Mia olìmorfh 1-morf  se mia epif�neia Riemann X eÐnai mia antistoiqÐa se
k�je q�rth φi : Ui −→ Vi ⊆ C t c X miac olìmorfhc 1-morf c ωi = fi(zi)dzi

sto Vi ⊆ C pou ikanopoieÐ thn ex c sunj kh sumbatìthtac: An oi φi : Ui −→
Vi, i = 1, 2 eÐnai duo q�rtec me mh ken  tom  kai T = φ1 ◦ φ−1

2 h antÐstoiqh
allag  qart¸n, tìte T ∗(ω1) = ω2, dhl.

f1 ◦ (φ1 ◦ φ−1
2 )(z2) (φ1 ◦ φ−1

2 )′(z2) = f2(z2).

H parap�nw sunj kh sumbatìthtac gia tic olìmorfec 1-morfèc antistoiqeÐ
ston nìmo allag c metablht c sta oloklhr¸mata, pr�gma pou sunep�getai thn
sumbatìthta toÔ orismoÔ toÔ oloklhr¸matoc t c 1-morf c kata m koc enìc
monopatioÔ me qr sh qart¸n. 'Eqoume to parak�tw basikì kai polÔ dÔskolo
je¸rhma pou afor� stic olìmorfec morfèc miac epif�neiac Riemann gènouc g.
Je¸rhma 2.3.1. To sÔnolo twn olìmorfwn morf¸n se mia epif�neia Riemann

X gènouc g eÐnai ènac dianusmatikìc q¸roc di�stashc g, ton opoÐo efex c ja

sumbolÐzoume wc Ω1(X).

Orismìc 2.3.3. Mia alusÐda se mia epif�neia Riemann eÐnai èna peperasmèno
tupikì �jroisma t c morf c ∑i niγi, ìpou ta γi eÐnai monop�tia sth X kai ta
ni akèraioi arijmoÐ.
To sÔnolo ìlwn twn alusÐdwn se mia epif�neia Riemann X, apoteleÐ mia eleÔ-
jerh abelian  om�da, thn opoÐa sumbolÐzoume me Ch(X), me b�sh to sÔnolo twn
monopati¸n sth X. 'Estw t¸ra ω mia olìmorfh 1-morf  se mia epif�neia Rie-

mann X. DojeÐsac miac alusÐdac Γ =
∑

i niγi sth X, mporoÔme na epekteÐnoume
thn ènnoia toÔ oloklhr¸matoc t c ω p�nw sth Γ wc ex c:∫

Γ

ω = ni

∑
i

∫
γi

ω.

2.3.1 1h om�da omologÐac miac epif�neiac Riemann

'Estw X mia epif�neia Riemann kai γ : [a, b] → X, δ : [a, b] → X duo monop�tia
sth X me γ(a) = δ(a) kai γ(b) = δ(b) (me ta γ kai δ na èqoun ta Ðdia �kra).
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Diaisjhtik�, lème ìti ta monop�tia γ kai δ eÐnai omotopik�, ìtan to èna mporeÐ
na prokÔyei apì suneq  paramìrfwsh toÔ �llou. Pio austhr�,
Orismìc 2.3.4. Duo monop�tia γ : [a, b] → X kai δ : [a, b] → X se mia epif�neia
Riemann X, me �kra γ(a) = δ(a) = p kai γ(b) = δ(b) = q, kaloÔntai omotopik�,
ìtan up�rqei mia suneq c apeikìnish Γ : [a, b]× [0, 1] → X, tètoia ¸ste, gia k�je
s ∈ [0, 1] h apeikìnish γs : [a, b] → X pou orÐzetai wc γs(t) = Γ(t, s), t ∈ [a, b],
na eÐnai èna monop�ti sth X, me arqikì shmeÐo to p kai telikì to q, kai γ0 = γ,
γ1 = δ. Mia tètoia apeikìnish Γ kaleÐtai omotopÐa.

H ènnoia t c omotopÐac orÐzei mia sqèsh isodunamÐac sto sÔnolo ìlwn twn
monopati¸n me stajeropoihmèna �kra se mia epif�neia Riemann. Oi antÐstoiqec
kl�seic isodunamÐac onom�zontai kl�seic omotopÐac.
Orismìc 2.3.5. 'Estw X mia epif�neia Riemann kai èstw p èna shmeÐo t c X.
To sÔnolo twn kl�sewn omotopÐac twn monopati¸n sth X me arqikì kai telikì
shmeÐo to p, onom�zetai Jemeli¸dhc Om�da t c X basizìmenh sto shmeÐo p kai
sumbolizìmenh wc π1(X, p).

Shmei¸noume ìti h Jemeli¸dhc Om�da miac epif�neiac Riemann X, ìpwc aut 
orÐsthke parap�nw, eÐnai pr�gmati om�da me pr�xh thn prìsjesh twn kl�sewn
omotopÐac pou ep�getai me ton profan  trìpo apì thn prìsjesh twn monopati¸n.
EpÐshc, apodeiknÔetai ìti an p, q eÐnai duo shmeÐa t c X, oi om�dec π1(X, p) kai
π1(X, q) eÐnai isìmorfec! 'Ara mporoÔme na mil�me gia th Jemeli¸dh Om�da miac
epif�neiac Riemann qwrÐc na anaferìmaste se k�poio sugkekrimèno shmeÐo t c
X. To parak�tw je¸rhma eÐnai sunèpeia toÔ jewr matoc toÔ Stokes.
Prìtash 2.3.1. 'Estw ìti ta γ, δ eÐnai duo omotopik� monop�tia se mia epif�neia

Riemann X kai h ω mia kleist  merìmorfh 1-morf  sth X. Tìte∫
γ

ω =
∫

δ

ω.

Me b�sh to parap�nw, gia k�je olìmorfh 1-morf  ω ep�getai mia kal�
orismènh apeikìnish

φω =
∫
−

ω : π1(X, p) −→ C

pou orÐzetai wc ex c:
φω([γ]) =

∫
γ

ω, gia k�je [γ] ∈ π1(X, p).

Epiplèon, eÔkola blèpoume ìti h φω eÐnai omomorfismìc om�dwn. SumbolÐzoume
t¸ra wc [π1, π1] th metajètria upoom�da t c π1(X, p). An ker φω eÐnai o pur nac
toÔ omomorfismoÔ φω, h om�da phlÐkwn π1(X, p)/ ker φω eÐnai abelian , diìti
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h C eÐnai abelian . Epomènwc, h metajètria upoom�da t c π1(X, p) perièqetai
ston pur na toÔ φω, dhlad  [π1, π1] ⊂ ker φω. To teleutaÐo shmaÐnei ìti o
omomorfismìc φω ep�gei ènan kal� orismèno omomorfismì om�dwn, ton opoÐo
sumbolÐzoume kai p�li wc φω,

φω : π1(X, p)/[π1, π1] −→ C.

Orismìc 2.3.6. H om�da phlÐkwn π1(X, p)/[π1, π1] onom�zetai pr¸th om�da

omologÐac t c epif�neiac Riemann X kai sumbolÐzetai wc H1(X).
Sth sunèqeia dÐnoume ènan pio gewmetrikì orismì t c pr¸thc om�dac omolo-

gÐac miac epif�neiac Riemann, o opoÐoc apodeiknÔetai ìti eÐnai isodÔnamoc me ton
parap�nw. JewroÔme thn om�da Ch(X), pou apoteleÐtai apì ìlec tic alusÐdec
sthn epif�neia Riemann X. Se k�je alusÐda Γ =

∑
i niγi mporoÔme na antistoi-

qÐsoume èna peperasmèno tupikì �jroisma shmeÐwn t c X. Autì gÐnetai, arqik�,
antistoiq¸ntac se k�je monop�ti γi thn tupik  diafor� twn �krwn tou kai, sth
sunèqeia, epekteÐnontac grammik�. Me autìn ton trìpo orÐzetai ènac omomorfi-
smìc om�dwn apì thn om�da twn alusÐdwn Ch(X) sthn eleÔjerh abelian  om�da
me b�sh ta stoiqeÐa t c X. O pur nac autoÔ toÔ omomorfismoÔ apoteleÐtai apì
tic alusÐdec∑i niγi, stic opoÐec to telikì shmeÐo k�je monopatioÔ γi, sumpÐptei
me to arqikì shmeÐo k�poiou monopatioÔ γj (mh apokleiomènou tou endeqomènou
na èqoume i = j). SumbolÐzoume autìn ton pur na wc ClCh(X) kai ton onom�-
zoume sÔnolo twn kleist¸n alusÐdwn sth X. EÐnai profanèc ìti to sÔnoro enìc
kleistoÔ apl� sunektikoÔ qwrÐou D sth X, eÐnai mia kleist  alusÐda. Mia tè-
toia kleist  alusÐda onom�zetai sunoriak  alusÐda. SumbolÐzoume me BoCh(X)

thn upoom�da t c ClCh(X) pou par�getai apì ìlec tic sunoriakèc alusÐdec sth
X.
Orismìc 2.3.7. H om�da phlÐkwn ClCh(X)/BoCh(X) onom�zetai pr¸th om�da

omologÐac t c epif�neiac Riemann X kai sumbolÐzetai wc H1(X).
ApodeiknÔetai ìti oi om�dec ClCh(X)/BoCh(X) kai π1(X, p)/[π1, π1] eÐnai

isìmorfec. 'Ara oi orismoÐ 2.3.6 kai 2.3.7 eÐnai isodÔnamoi. O en lìgw isomorfi-
smìc eÐnai o ex c:

Φ : π1(X, p)/[π1, π1] −→ ClCh(X)/BoCh(X)

me Φ([γ] + [π1, π1]) = [γ] + BoCh(X), ìpou wc [γ] sumbolÐzoume thn kl�sh
omotopÐac enìc monopatioÔ γ me arqikì kai telikì shmeÐo to p.

'Estw t¸ra ω mia kleist  merìmorfh 1-morf  sthn epif�neia Riemann X.
JewroÔme thn apeikìnish

φω : ClCh(X) −→ C
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me φω(Γ) =

∫
Γ

ω, gia k�je kleist  alusÐda γ sth X. H apeikìnish φω eÐnai omo-
morfismìc om�dwn kai an ∂D eÐnai mia sunoriak  alusÐda sth X, tìte sÔmfwna
me to je¸rhma Stokes èqoume

φω(∂D) =
∫

∂D

ω = 0.

Epomènwc, to sÔnolo twn sunoriak¸n alusÐdwn BoCh(X) perièqetai ston pu-
r na toÔ φω. O φω ep�gei ènan kal� orismèno omomorfismì om�dwn, ton opoÐo
sumbolÐzoume kai p�li wc φω,

φω : H1(X) −→ C.

O omomorfismìc φω legetai perÐodoc toÔ ω kai mporoÔme na jewroÔme wc pedÐo
orismoÔ tou eÐte thn abelianopoÐhsh t c jemeli¸douc om�dac t c X, eÐte thn
om�da phlÐkwn ClCh(X)/BoCh(X). SÔmfwna me ta parap�nw an h ω eÐnai mia
olìmorfh 1-morf  se mia epif�neia Riemann kai h γ mia kleist  alusÐda sth
X, mporoÔme na orÐsoume to olokl rwma t c ω p�nw sthn kl�sh omologÐac t c
alusÐdac γ wc akoloÔjwc: ∫

[γ]

ω = φω(γ) =
∫

γ

ω.

O teleutaÐoc orismìc eÐnai kalìc, me thn ènnoia toÔ ìti den exart�tai apì thn
epilog  toÔ antipros¸pou t c kl�shc omologÐac t c alusÐdac γ.

Sthn perÐptwsh ìpou h epif�neia Riemann X èqei gènoc g > 0, h pr¸th om�da
omologÐac t c X eÐnai mia eleÔjerh abelian  om�da bajmÐdac 2g. MporoÔme na
perigr�youme toÔc genn torec t c H1(X) qrhsimopoi¸ntac mia anapar�stash
t c X wc polÔgwno me 4g pleurèc tautismènec me kat�llhlo trìpo. JewroÔme
èna polÔgwno Pg me 4g pleurèc ai, bi, a

′
i, b

′
i, i = 1, . . . , g. ProsanatolÐzoume tic

pleurèc a′i, b
′
i, i = 1, . . . , g, kat� thn wrologiak  for� kai tic pleurèc ai, bi kat�

thn antÐjeth wrologiak  for� ìpwc sto parak�tw sq ma. H epif�neia Riemann

X prokÔptei an tautÐsoume thn pleur� ai me thn a′i kai thn pleura bi me th b′i,
gia k�je i = 1, . . . , g, sÔmfwna me tic dojeÐsec dieujÔnseic. EpÐshc, sÔmfwna
me tic parap�nw tautÐseic, ìlec oi korufèc toÔ polug¸nou Pg ja tautÐzontai
me èna shmeÐo sthn epif�neia Riemann X. Epomènwc oi ai, bi jewroÔmenec wc
kampÔlec sth X, eÐnai kleist� monop�tia. Aut� ta monop�tia, jewroÔmena wc
kleistèc alusÐdec sth X, par�goun thn pr¸th om�da omologÐac H1(X) t c X.

2.4 Diairètec se epif�neiec Riemann

Orismìc 2.4.1. 'Enac diairèthc D se mia epif�neia Riemann X eÐnai mia apei-
kìnish D : X −→ Z, ìpou Z eÐnai to sÔnolo twn akèraiwn arijm¸n, gia thn
opoÐa isqÔei D(p) 6= 0 mìno gia peperasmènou pl jouc shmeÐa p ∈ X.
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To sÔnolo twn diairet¸n sthn X apoteleÐ mia om�da me pr�xh thc thn
prìsjesh apeikonÐsewn, thn opoÐa sumbolÐzoume wc Div(X). 'Enac diairèthc
D ∈ Div(X) mporeÐ na parastajeÐ wc èna tupikì �jroisma t c morf c

D =
∑
p∈X

D(p) · p.

Orismìc 2.4.2. O bajmìc enìc diairèth D ∈ Div(X), eÐnai to �jroisma twn
tim¸n toÔ D. Ton arijmì autì sumbolÐzoume wc deg D. 'Eqoume dhlad 

deg D =
∑
p∈X

D(p).

Shmei¸noume ìti to parap�nw �jroisma eÐnai peperasmèno, ex’ orismoÔ toÔ D.
EpÐshc eÔkola blèpoume ìti h sun�rthsh deg : Div(X) → Z, pou antistoiqeÐ se
k�je diairèth D ∈ Div(X) to bajmì tou, eÐnai omomorfismìc om�dwn me pur na
tou to sÔnolo twn diairet¸n bajmoÔ mhdèn, to opoÐo sumbolÐzoume wc Div0(X).

'Estw f mia merìmorfh sun�rthsh sthn epif�neia Riemann X.
Orismìc 2.4.3. O diairèthc t c f , ton opoÐo sumbolÐzoume wc (f), eÐnai o

(f) :=
∑
p∈X

ordpf · p .

K�je diairèthc t c parap�nw morf c lègetai kÔrioc kai to sÔnolo ìlwn twn
kÔriwn diairet¸n sthn epif�neia Riemann X, sumbolÐzetai wc PDiv(X).
L mma 2.4.1. 'Estw f mia merìmorfh sun�rthsh se mia epif�neia Riemann X.

Tìte deg(f) = 0.

Me an�logo trìpo orÐzoume ton diairèth miac olìmorfhc 1-morf c se mia
epif�neia Riemann X. 'Estw t¸ra ω mia olìmorfh 1-morf  sthn epif�neia
Riemann.
Orismìc 2.4.4. O diairèthc t c ω, ton opoÐo sumbolÐzoume me (ω), eÐnai o

(ω) :=
∑
p∈X

ordpω · p.

2.4.1 Diairètec tom c

'Estw C mia leÐa probolik  kampÔlh. Oi leÐec probolikèc kampÔlec eÐnai e-
pif�neiec Riemann olìmorfa emfuteumènec se k�poion probolikì q¸ro Pn.
SumbolÐzoume wc (x0, x1, . . . , xn) tic omogeneÐc suntetagmènec sto Pn. 'Estw
G(x0, x2, . . . , xn) èna omogenèc polu¸numo pou den eÐnai tautotik� mhdèn sthn
C.
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Jèloume na orÐsoume èna diairèth G sthn C pou na sqetÐzetai me ta shmeÐa

t c tom c thc me thn kampÔlh pou orÐzetai apì to polu¸numo G(x0, x1, . . . , xn),
dhlad  ta shmeÐa t c C sta opoÐa mhdenÐzetai to G(x0, x1, . . . , xn). Fusik� ja
prèpei na l�boume up’ ìyin kai tic pollaplìthtec tom c sta en lìgw shmeÐa.
'Estw p shmeÐo t c kampÔlhc C sto opoÐo to polu¸numo G(x0, x1, . . . , xn) mh-
denÐzetai. Epilègoume èna omogenèc polu¸numo G′(x0, x1, . . . , xn), bajmoÔ Ðdiou
me to G(x0, x1, . . . , xn), pou den mhdenÐzetai sto shmeÐo p. Gia par�deigma, an xi

eÐnai mh mhdenik  suntetagmènh toÔ p kai d eÐnai o bajmìc toÔ G(x0, x1, . . . , xn),
epilègoume to G′(x0, x1, . . . , xn) = xd

i . JewroÔme to phlÐko f = G
G′ to opoÐo

orÐzei mia merìmorfh sun�rthsh sthn C pou mhdenÐzetai sto shmeÐo p. Sth sunè-
qeia orÐzoume thn tim  toÔ diairèth (G) sto shmeÐo p na eÐnai h t�xh t c f sto p.
Sta shmeÐa t c kampÔlhc C ìpou to polu¸numo G(x0, x1, . . . , xn) de mhdenÐzetai,
orÐzoume thn tim  toÔ (G) na eÐnai mhdèn.
L mma 2.4.2. O (G) eÐnai ènac kal� orismènoc diairèthc sthn kampÔlh C,

dhlad  den exart�tai apì thn epilog  toÔ poluwnÔmou G′(x0, x1, . . . , xn).

Apìdeixh. Ac epilèxoume èna diaforetikì polu¸numo G′′(x0, x1, . . . , xn). Ta po-
lu¸numa G′(x0, x1, . . . , xn) kai G′′(x0, x1, . . . , xn) èqoun ton Ðdio bajmì, �ra to
phlÐko G′

G′′ orÐzei mia merìmorfh sun�rthsh sthn kampÔlh C, thn opoÐa sumbo-
lÐzoume wc h. Akìmh, sumbolÐzoume wc g th merìmorfh sun�rthsh pou orÐzetai
apì to phlÐko G

G′′ . Tìte g = f · h, opìte
ordpg = ordpf + ordph,

gia k�je shmeÐo p ∈ C. 'Omwc h t�xh t c h eÐnai mhdèn se k�je shmeÐo t c C.
'Ara ordp g = ordp f , gia k�je p ∈ C.
Orismìc 2.4.5. O diairèthc (G), ìpwc parap�nw, onom�zetai diairèthc tom c

toÔ G sthn C.
ShmeÐwsh 2.4.1. 'Estw ìti h C eÐnai mia leÐa epÐpedh kampÔlh kai h D mia
epÐpedh kampÔlh pou orÐzetai wc to sÔnolo twn jèsewn mhdenismoÔ toÔ omoge-
noÔc poluwnÔmou F (X, Y, Z). Upojètoume ìti oi kampÔlec C,D tèmnontai sta
shmeÐa P1, . . . , Pk me pollaplìthtec tom c m1, . . . ,mk antÐstoiqa, ìpwc autèc
orÐsthkan sthn par�grafo 2.1.1. O diairèthc pou orÐzetai p�nw sth C apì ta
shmeÐa t c tom c thc me thn kampÔlh D, dhlad  o diairèthc ∑k

j=1 mjPj , eÐnai o
diairèthc tom c toÔ F sthn C.
Orismìc 2.4.6. An to polu¸numo G eÐnai pr¸tou bajmoÔ, o diairèthc tom c
(G) onom�zetai diairèthc uperepipèdou.

Oi diairètec tom c sqetÐzontai me toÔc kÔriouc diairètec wc ex c:
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L mma 2.4.3. An G1(x0, x1, . . . , xn), G2(x0, x1, . . . , xn) eÐnai duo omogen  po-

lu¸numa toÔ Ðdiou bajmoÔ, tìte o diairèthc t c merìmorfhc sun�rthshc f pou

orÐzetai apì to phlÐko G1
G2

eÐnai h diafor� twn antÐstoiqwn diairet¸n tom c twn

duo poluwnÔmwn, dhlad  (f) = (G1)− (G2).

Apìdeixh. 'Estw p tuqìn shmeÐo t c kampÔlhc C. JewroÔme èna polu¸numo
H(x0, x1, . . . , xn), bajmoÔ Ðsou me ton bajmì twn poluwnÔmwn G1(x1, x2, . . . , xn)

kai G2(x1, x2, . . . , xn), pou de mhdenÐzetai sto shmeÐo p. Sth sunèqeia gr�foume
th sun�rthsh f wc ex c:

f =
G1

H

H

G2
.

Apì autì èpetai ìti
ordpf = ordp

(
G1

H

)
− ordp

(
H

G2

)
= (G1)(p)− (G2)(p).

2.4.2 Grammik  isodunamÐa diairet¸n

Orismìc 2.4.7. Duo diairètec D1, D2 se mia epif�neia Riemann X, lègontai
grammik� isodÔnamoi an h diafor� touc eÐnai o diairèthc miac merìmorfhc sun�r-
thshc orismènhc sth X. Sumbolik� gr�foume D1 ∼ D2.

EÔkola blèpoume ìti h grammik  isodunamÐa diairet¸n apoteleÐ mia sqèsh
isodunamÐac sto sÔnolo Div(X) ìlwn twn diairet¸n se mia epif�neia Riemann

X.
ShmeÐwsh 2.4.2. Grammik� isodÔnamoi diairètec èqoun ton Ðdio bajmì. Autì
sumbaÐnei, diìti o bajmìc enìc kÔriou diairèth eÐnai mhdèn. An D1 = (f) + D2,
ìpou D1, D2 ∈ Div(X) kai h f eÐnai mia merìmorfh sun�rthsh sth X, tìte

deg D1 = deg(f) + deg D2

�ra deg D1 = deg D2.
OrÐzoume t¸ra ton bajmì miac leÐac probolik c kampÔlhc, o opoÐoc sthn

perÐptwsh twn leÐwn epÐpedwn kampul¸n eÐnai isodÔnamoc me autìn pou d¸same
sthn par�grafo 2.1.
Orismìc 2.4.8. 'Estw C mia leÐa probolik  kampÔlh. O bajmìc t c C, ton
opoÐo sumbolÐzoume wc deg C, eÐnai o bajmìc enìc tuqìntoc diairèth uperepipèdou
sthn C.

O parap�nw orismìc eÐnai kalìc, diìti ìloi oi diairètec uperepipèdwn se mia
kampÔlh C èqoun ton Ðdio bajmì. To teleutaÐo prokÔptei apì to l mma 2.4.3 kai
thn shmeÐwsh 2.4.2
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Apì to l mma 2.4.3 mporoÔme epÐshc na sumper�noume to akìloujo: an h C

eÐnai mia leÐa epÐpedh kampÔlh kai oi D,D′ duo epÐpedec kampÔlec Ðdiou bajmoÔ
orizìmenec apì ta polu¸numa G(X, Y, Z) kai G′(X, Y, Z), antÐstoiqa, tìte o
diairèthc pou orÐzetai p�nw sthn C apì ta shmeÐa t c tom c thc me th D (pou,
ìpwc eÐdame sthn parat rhsh 2.4.1, eÐnai o diairèthc tom c toÔ G sthn C) eÐnai
grammik� isodÔnamoc me ton diairèth pou orÐzetai sth C apì ta shmeÐa t c tom c
thc me thn kampÔlh D′, dhlad  ton diairèth tom c toÔ G′ sthn C.
2.4.3 Grammik� sust mata diairet¸n

Sto sÔnolo Div(X) twn diairet¸n miac epif�neiac Riemann X, orÐzoume sqèsh
merik c di�taxhc me ton parak�tw trìpo. 'Estw D ∈ Div(X). Gr�foume D ≥ 0,
ìtan D(p) ≥ 0, gia k�je p ∈ X. Gr�foume D > 0, ìtan D ≥ 0 kai D 6= 0.
EpÐshc, ìtan D1, D2 ∈ Div(X), gr�foume D1 ≥ D2 sthn perÐptwsh kat� thn
opoÐa D1 −D2 ≥ 0 (kai an�loga gia to >). Parìmoia orÐzoume kai tic sqèseic
≤ kai < gia diairètec. 'Estw t¸ra D ènac diairèthc se mia epif�neia Riemann

X. Jètoume
L(D) = {f ∈M(X) / (f) ≥ −D}.

EÔkola blèpoume ìti o L(D) eÐnai ènac migadikìc dianusmatikìc q¸roc.
Perigr�foume t¸ra th morf  twn sunart sewn pou perièqontai ston L(D).

'Estw èna shmeÐo p t c X kai mia sun�rthsh f ∈ L(D). An D(p) = n > 0, apì
ton orismì toÔ q¸rou L(D), èqoume ordp f ≥ −n, pou shmaÐnei ìti to shmeÐo p

mporeÐ na eÐnai pìloc t c sun�rthshc f t�xhc to polÔ n. An D(p) = −n < 0,
tìte ordp f ≥ n, dhlad  to shmeÐo p eÐnai rÐza t c f t�xhc toul�qiston n. EpÐshc
gia ton mhdenikì diairèth èqoume L(0) = {stajerèc sunart seic sth X} ∼= C.
L mma 2.4.4. 'Estw D diairèthc se mia epif�neia Riemann X, me deg D < 0.

Tìte L(D) = {0}.

Apìdeixh. Upojètoume ìti up�rqei mia mh mhdenik  sun�rthsh f ∈ L(D). Je-
wroÔme ton diairèth E = (f) + D. Tìte, afoÔ f ∈ L(D), èqoume (f) ≥ −D,
�ra E ≥ 0. Epomènwc, o bajmìc toÔ diairèth E eÐnai mh arnhtikìc. 'Omwc, afoÔ
deg(f) = 0, èqoume deg E = deg D < 0, �topo.
Orismìc 2.4.9. 'Estw D ènac diairèthc se mia epif�neia Riemann X. To pl rec
grammikì sÔsthma toÔ D, to opoÐo sumbolÐzoume wc |D|, eÐnai to sÔnolo ìlwn
twn mh arnhtik¸n diairet¸n, sth X, pou eÐnai grammik� isodÔnamoi me ton D:

|D| = {E ∈ Div(X) / E ∼ D kai E ≥ 0}.

UpenjumÐzoume ed¸, ìti an V eÐnai ènac migadikìc dianusmatikìc q¸roc, h
probolikopoÐhsh P(V ) toÔ V eÐnai to sÔnolo twn monodi�statwn upìqwrwn toÔ
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V . An o dianusmatikìc q¸roc V èqei di�stash n+1, h probolikopoÐhs  toÔ P(V )

èrqetai se 1−1 antistoiqÐa me to migadikì probolikì q¸ro Pn, eÐnai dhlad  ènac
probolikìc q¸roc (probolik c) di�stashc n. DeÐqnoume sth sunèqeia ìti, an D

eÐnai ènac diairèthc se mia epif�neia Riemann X, to pl rec grammikì sÔsthma
toÔ D eÐnai h probolikopoÐhsh toÔ dianusmatikoÔ q¸rou L(D).

JewroÔme thn probolikopoÐhsh P
(
L(D)

) toÔ L(D) kai orÐzoume mia apeikì-
nish

φ : P
(
L(D)

)
−→ |D|,

stèlnontac ton monodi�stato upìqwro toÔ L(D) o opoÐoc par�getai apì th
sun�rthsh f , ston diairèth (f) + D ∈ |D|. Shmei¸noume ìti h apeikìnish φ eÐnai
kal� orismènh, diìti an epilèxoume mia �llh sun�rthsh g pou par�gei ton Ðdio
upìqwro me thn f , tìte g = λf gia k�poio λ ∈ C, �ra (g) = (f).
L mma 2.4.5. H apeikìnish φ ìpwc aut  orÐsthke parap�nw, eÐnai mia 1 − 1

antistoiqÐa.

Apìdeixh. Arqik� deÐqnoume ìti h φ eÐnai epÐ toÔ |D|. 'Estw loipìn ènac diairèthc
E ∈ |D|. Tìte, afoÔ oi diairètec D kai E eÐnai grammik� isodÔnamoi, up�rqei
mia merìmorfh sun�rthsh f sth X, tètoia ¸ste E = (f) + D. Epiplèon, afoÔ
E ≥ 0, èqoume (f) ≥ −D, dhlad  f ∈ L(D). JewroÔme t¸ra ton upìqwro
< f > toÔ L(D), dhlad  ton upìqwro pou par�getai apì th sun�rthsh f . EÐnai
profanèc ìti h eikìna autoÔ toÔ < f >, mèsw t c apeikìnishc φ, eÐnai o diairèthc
E. 'Ara, pr�gmati, h φ eÐnai epÐ.

Sth sunèqeia deÐqnoume ìti h φ eÐnai 1−1. 'Estw < f >, < g > dianusmatikoÐ
upìqwroi toÔ L(D), tètoioi ¸ste φ(< f >) = φ(< g >). Tìte

(f) + D = (g) + D ⇒ (f) = (g) ⇒
(

f

g

)
= 0.

To teleutaÐo shmaÐnei ìti h sun�rthsh f
g den èqei oÔte pìlouc oÔte mhdenik� sth

X, epomènwc f
g = λ, λ ∈ C. 'Ara oi sunart seic f, g par�goun ton Ðdio upìqwro

toÔ L(D), dhlad  < f >=< g >.

2.5 H Iakwbian  miac epif�neiac Riemann

'Estw X mia epif�neia Riemann. Sthn par�grafo 2.3.1 eÐdame ìti to olokl -
rwma miac olìmorfhc 1-morf c ω p�nw sthn kl�sh omologÐac miac kleist c
alusÐdac γ eÐnai kal� orismèno. UpenjumÐzoume ìti wc Ω1(X) sumbolÐzoume ton
dianusmatikì q¸ro twn olìmorfwn 1-morf¸n sthn epif�neia Riemann X. 'Estw
[γ] ∈ H1(X). JewroÔme thn apeikìnish∫

[γ]

: Ω1(X) −→ C
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pou apeikonÐzei k�je ω ∈ Ω1(X) sto olokl rwm� thc p�nw sthn kl�sh omologÐac
t c γ. H parap�nw apeikìnish eÐnai èna grammikì sunarthsoeidèc.
Orismìc 2.5.1. 'Ena grammikì sunarthsoeidèc λ : Ω1(X) −→ C onom�zetai
perÐodoc, an eÐnai t c morf c ∫

[γ]
, gia k�poio [γ] ∈ H1(X). To uposÔnolo toÔ

Ω1(X)? pou apoteleÐtai apì ìlec tic periìdouc to sumbolÐzoume wc Λ.
Sthn perÐptwsh ìpou h epif�neia Riemann X èqei gènoc g > 0, to Λ apoteleÐ

mia eleÔjerh abelian  upoom�da toÔ duðkoÔ q¸rou Ω1(X)?. An γ1, . . . , γ2g eÐnai
oi genn torec t c H1(X), tìte oi genn torec t c Λ eÐnai oi ∫

γ1
, . . . ,

∫
γ2g

.
DÐnoume t¸ra ton orismì t c Iakwbian c miac epif�neiac Riemann.
Orismìc 2.5.2. H om�da phlÐkwn Ω1(X)?

/Λ onom�zetai Iakwbian  t c epif�-

neiac Riemann X kai sumbolÐzetai me J (X).
TautÐzontac kat�llhla ton dianusmatikì q¸ro Ω1(X)? me to Cg, mporoÔ-

me na d¸soume mia pio katanoht  perigraf  gia thn Iakwbian  miac epif�neiac
Riemann X gènouc g > 0. 'Estw ω1, . . . , ωg mia b�sh toÔ Ω1(X). Tìte ta
sunarthsoeid  λ1, . . . , λg me

λi(ω) = λi(c1ω1 + · · ·+ ciωi + · · ·+ cgωg) = ci, ω ∈ Ω1(X),

gia k�je i = 1, . . . , g, apoteloÔn mia b�sh toÔ Ω1(X)?. 'Etsi, an to λ eÐnai èna
stoiqeÐo toÔ Ω1(X)?, tìte gr�fetai wc

λ = λ(ω1)λ1 + · · ·+ λ(ωg)λg.

Epomènwc, mporoÔme na tautÐsoume k�je sunarthsoeidèc λ ∈ Ω1(X)? me to
an�strofo toÔ dianÔsmatoc (λ(ω1), . . . , λ(ωg)

). Me autìn ton trìpo tautÐzoume
to Ω1(X) me to Cg.

'Estw t¸ra γ1, . . . , γ2g mia b�sh t c H1(X). Tìte, ta antÐstoiqa sunarth-
soeid  ∫

γ1
, . . . ,

∫
γ2g

, pou apoteloÔn b�sh t c Λ, tautÐzontai, sÔmfwna me ta
parap�nw, me ta dianÔsmata

πi =
(∫

γi

ω1, . . . ,

∫
γi

ωg

)T

, i = 1, . . . , 2g.

ApodeiknÔetai t¸ra ìti ta dianÔsmata π1, . . . , π2g eÐnai grammik� anex�rthta p�-
nw apì to s¸ma twn pragmatik¸n arijm¸n R. TautÐzontac to Ω1(X)? me to C,
to Λ tautÐzetai me to sÔnolo {∑2g

j=1 njπj |nj ∈ Z
}
⊂ Cg, to opoÐo ja sumbolÐ-

zoume kai p�li me Λ. AfoÔ ta dianÔsmata π1, . . . , π2g eÐnai grammik� anex�rthta
p�nw apì to R, to sÔnolo Λ eÐnai èna megistikì plègma. Epomènwc, to phlÐko
Cg/Λ eÐnai ènac migadikìc tìroc di�stashc g. SÔmfwna me ta prohgoÔmena, o
parak�tw orismìc gia thn Iakwbian  miac epif�neiac Riemann eÐnai isodÔnamoc
me ton orismì 2.5.2.
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Orismìc 2.5.3. Upojètoume ìti h X eÐnai mia epif�neia Riemann gènouc g > 0

kai to Λ ìpwc parap�nw. O g-di�statoc tìroc Cg/Λ onom�zetai Iakwbian  t c

X kai sumbolÐzetai wc J (X).
ShmeÐwsh 2.5.1. Sthn perÐptwsh kat� thn opoÐa h epif�neia Riemann X è-
qei gènoc g = 0, h Iakwbian  t c X eÐnai h tetrimmènh J (X) = {0}, diìti en
prokeimènw o q¸roc Ω1(X) eÐnai tetrimmènoc.
2.5.1 H apeikìnish Abel-Jacobi

H Iakwbian  J (X) miac epif�neiac Riemann X sundèetai me th X mèsw miac
apeikìnishc, gnwst c wc apeikìnish Abel-Jacobi, t c opoÐac thn kataskeu  pe-
rigr�foume parak�tw. StajeropoioÔme èna shmeÐo p0 sth X. T¸ra, gia k�je
shmeÐo p ∈ X, epilègoume èna monop�ti γp sth X, me arqikì shmeÐo to p0 kai
telikì to p. OrÐzoume mia apeikìnish

A : X −→ Ω1(X)
?

stèlnontac k�je shmeÐo p ∈ X sto sunarthsoeidèc
A(p) : Ω1(X) −→ C

me
A(p)(ω) =

∫
γp

ω, gia k�je ω ∈ Ω1(X).

H apeikìnish A pou kataskeu�same me ton parap�nw trìpo den eÐnai kal� o-
rismènh, diìti exart�tai apì thn epilog  toÔ monopatioÔ γp. Pr�gmati, an γ′p

eÐnai èna �llo monop�ti sth X, me arqikì shmeÐo to p0 kai telikì to p, h nèa
tim  toÔ A(p) se mia olìmorfh 1-morf  ω diafèrei apì thn prohgoÔmenh kat�
to sunarthsoeidèc ∫

γp−γ′p
. 'Omwc, èna tètoio sunarthsoeidèc eÐnai stoiqeÐo t c

upoom�dac toÔ Ω1(X)? pou apoteleÐtai apì ìlec tic periìdouc Λ. Epomènwc h
apeikìnish

A : X −→ Ω1(X)?

Λ
= J (X)

eÐnai kal� orismènh. Onom�zoume thn teleutaÐa apeikìnish apeikìnish Abel-

Jacobi kai shmei¸noume ìti exart�tai apì to arqikì shmeÐo p0 pou stajero-
poi same.

Jewr¸ntac thn Iakwbian  t c epif�neiac Riemann X wc ton g-di�stato tìro
Cg/Λ, ìpwc sthn prohgoÔmenh par�grafo, ìpou g eÐnai to gènoc t c X, mporoÔme
na jewr soume thn apeikìnish Abel-Jacobi wc mia apeikìnish

A : X −→ Cg

Λ
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me tÔpo

A(p) =
(∫ p

p0

ω1, . . . ,

∫ p

p0

ωg

)T

mod Λ,

ìpou ta ω1, . . . , ωg apoteloÔn b�sh toÔ Ω1(X).
MporoÔme na epekteÐnoume thn apeikìnish Abel-Jacobi apì th X sthn om�da

Div(X) twn diairet¸n sth X. An D =
∑

p∈X npp (ìpou np = D(p), p ∈ X)
eÐnai ènac diairèthc sth X orÐzoume

A(D) = A(
∑
p∈X

npp) =
∑
p∈X

npA(p).

UpenjumÐzoume ìti to parap�nw �jroisma eÐnai peperasmèno diìti mìno pepera-
smènou pl jouc np eÐnai mh mhdenik�. Me autìn ton trìpo kataskeu�zoume ènan
omomorfismì om�dwn ton opoÐo onom�zoume, epÐshc, apeikìnish Abel-Jacobi kai
sumbolÐzoume epÐshc wc A:

A : Div(X) → J (X).

Jewr¸ntac thn J(X) wc thn om�da phlÐkwn Cg/Λ, ìpwc prohgoumènwc, o tÔpoc
toÔ omomorfismoÔ A eÐnai:

A(D) =

(
k∑

i=1

(
npi

∫ pi

p0

ω1

)
, . . . ,

k∑
i=1

(
npi

∫ pi

p0

ωg

))T

mod Λ,

ìpou p1, . . . , pk eÐnai ta shmeÐa t c X, gia ta opoÐa npi
6= 0. EÐnai profanèc ìti

o omomorfismìc A exart�tai apì to shmeÐo po.
JewroÔme t¸ra ton periorismì t c apeikìnishc Abel-Jacobi sto uposÔnolo

Divd(X) t c Div(X) pou apoteleÐtai apì ìlouc toÔc diairètec sth X bajmoÔ d:
Ad : Div0(X) −→ J (X).

Onom�zoume thn apeikìnish Ad peikìnish Abel-Jacobi bajmoÔ d. Sthn perÐptwsh
kat� thn opoÐa èqoume d = 0, to sÔnolo Div0(X) apoteleÐ mia upoom�da t c
om�dac ìlwn twn diairet¸n Div(X) kai h apeikìnish

A0 : Div0(X) −→ J (X)

ènan omomorfismì om�dwn. EpÐshc, se aut n thn perÐptwsh, èqoume to parak�tw
basikì l mma.
L mma 2.5.1. H apeikìnish Abel-Jacobi bajmoÔ mhdèn eÐnai anex�rthth apì thn

epilog  toÔ shmeÐou p0, b�sei toÔ opoÐou orÐsthke.

Apìdeixh. 'Estw ìti stajeropoioÔme èna diaforetikì shmeÐo p′0 t c X kai ìti
orÐzoume thn apeikìnish Abel-Jacobi b�sei toÔ p′0. 'Estw akìmh γ, èna monop�ti
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me arqikì shmeÐo to p′0 kai telikì shmeÐo to p0. JewroÔme èna diairèth D =∑k
i=1 npi

pi sth X, me deg(D) = 0, dhlad  ∑k
i=1 npi

= 0. Tìte, h tim  t c
apeikìnishc Abel-Jacobi pou orÐzetai b�sei toÔ shmeÐou p′0 diafèrei apì thn tim 
t c apeikìnishc Abel-Jacobi pou orÐzetai b�sei toÔ shmeÐou p0 kat� to di�nusma(

k∑
i=1

(
npi

∫ p0

p′0

ω1

)
, . . . ,

k∑
i=1

(
npi

∫ p0

p′0

ωg

))
mod Λ =

((∫ p0

p′0

ω1

) k∑
i=1

npi
, . . . ,

(∫ p0

p′0

ωg

) k∑
i=1

npi

)
mod Λ =

(0, . . . , 0) mod Λ,

ìpou ta ω1, . . . , ωg apoteloÔn b�sh toÔ Ω1(X).
UpenjumÐzoume ìti o diairèthc (f) miac merìmorfhc sun�rthshc f se mia

epif�neia Riemann X èqei bajmì mhdèn. To antÐstrofo, genik�, den isqÔei. To
parak�tw basikì je¸rhma, h apìdeixh toÔ opoÐou eÐnai dÔskolh, dÐnei to akribèc
krit rio.
Je¸rhma 2.5.1. 'Estw X mia epif�neia Riemann gènouc g > 0 kai

A0 : Div0(S) −→ J (X)

h apeikìnish Abel-Jacobi bajmoÔ mhdèn. 'Estw akìmh D ènac diairèthc sth X

bajmoÔ mhdèn. Tìte o D eÐnai o diairèthc miac merìmorfhc sun�rthshc an kai

mìno an A0(D) = 0 ∈ J (X).

Pìrisma 2.5.1. 'Estw X mia epif�neia Riemann gènouc g > 0 kai èstw

Ad : Divd(X) −→ J (X)

h apeikìnish Abel-Jacobi bajmoÔ d. 'Estw akìmh D ∈ Divd(X). Tìte to sÔnolo

A−1
d

(
Ad(D)

)
isoÔtai me to sÔnolo twn diairet¸n pou eÐnai grammik� isodÔnamoi

me ton D.

Apìdeixh. 'Estw E ∈ A−1
d

(
Ad(D)

). Tìte èqoume
Ad(E) = Ad(D) ⇐⇒ A0(E −D) = 0,

ìpou A0 eÐnai h apeikìnish Abel-Jacobi bajmoÔ mhdèn. Tìte, sÔmfwna me to
je¸rhma toÔ Abel, èqoume

E −D = (f) ⇐⇒ E ∼ D,

ìpou h f eÐnai mia merìmorfh sun�rthsh sth X.
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To teleutaÐo pou qreiazìmaste gia na qarakthrÐsoume ta stoiqeÐa t c Iakw-

bian c miac epif�neiac Riemann X, se sqèsh me thn Ðdia th X, eÐnai to parak�tw
je¸rhma to opoÐo dÐnoume qwrÐc apìdeixh.
Je¸rhma 2.5.2 (Je¸rhma Antistrof c toÔ Jacobi). 'Estw X mia epif�-

neia Riemann gènouc g > 0. H apeikìnish Abel-Jacobi A0 : Div0(X) −→ J (X)

eÐnai epÐ.

Sundu�zontac to teleutaÐo je¸rhma me to l mma 2.5.1, sumperaÐnoume ìti
mporoÔme na jewroÔme ta stoiqeÐa t c Iakwbian c miac epif�neiac Riemann X,
wc kl�seic grammik� isodÔnamwn diairet¸n bajmoÔ mhdèn sth X. Epiplèon, an d

eÐnai ènac akèraioc arijmìc, tìte to sÔnolo twn diairet¸n bajmoÔ d sth X, ìpwc
èqoume  dh dei, èrqetai se 1-1 antistoiqÐa me to Div0(X) 'Ara, telik�, an d eÐnai
ènac tuqaÐoc akèraioc arijmìc, mporoÔme na jewroÔme ta stoiqeÐa t c Iakwbian c
miac epif�neiac Riemann X, wc kl�seic grammik� isodÔnamwn diairet¸n bajmoÔ
d sth X.
2.5.2 To summetrikì ginìmeno

'Estw X mia epif�neia Riemann. OrÐzoume to d-ostì summetrikì ginìmeno t c

X, to opoÐo sumbolÐzoume wc X(d), wc to sÔnolo phlÐkwn
X(d) = X×d/Sd,

ìpou Sd eÐnai h summetrik  om�da pou dra me fusiologikì trìpo epÐ twn stoi-
qeÐwn toÔ X(d). SÔmfwna me ton parap�nw orismì, ta shmeÐa toÔ X(d), eÐnai
mh diatetagmènec d-�dec shmeÐwn t c epif�neiac Riemann X, ta opoÐa sumbolÐ-
zoume wc tupik� ajroÐsmata t c morf c P1 + · · ·+ Pd. EÔkola blèpoume ìti to
summetrikì ginìmeno t c X, èrqetai se 1-1 antistoiqÐa me to sÔnolo twn jeti-
k¸n diairet¸n bajmoÔ d sth X. ApodeiknÔetai ìti to summetrikì ginìmeno miac
epif�neiac Riamann èqei th dom  enìc (leÐou) algebrikoÔ poluptÔgmatoc.

JewroÔme t¸ra ton periorismì t c apeikìnishc Abel-Jacobi bajmoÔ d sto
summetrikì ginìmeno t c X. Thn apeikìnish pou ep�getai ja thn onom�zoume
kai p�li apeikìnish Abel-Jacobi bajmoÔ d kai ja thn sumbolÐzoume wc ud,

ud : X(d) → J (X).

Diathr¸ntac toÔc parap�nw sumbolismoÔc, èqoume thn akìloujh:
Prìtash 2.5.1. An D eÐnai ènac jetikìc diairèthc bajmoÔ d sth X, tìte

A−1
d

(
Ad(D)

)
= |D|.

Apìdeixh. SÔmfwna me to pìrisma 2.5.1, to sÔnolo u−1
d

(
ud(D)

) apoteleÐtai apì
ìlouc toÔc diairètec sth X pou eÐnai grammik� isodÔnamoi me to D. Epomènwc
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to u−1
d

(
ud(D)

) apoteleÐtai apì ìlouc toÔc jetikoÔc diairètec sth X, oi opoÐoi
eÐnai grammik� isodÔnamoi me ton D, dhlad  eÐnai to pl rec grammikì sÔsthma
|D| toÔ diairèth D.

Tèloc, dÐnoume qwrÐc apìdeixh to parak�tw je¸rhma pou eÐnai gnwstì wc
Isqurì Je¸rhma Antistrof c toÔ Jacobi.
Je¸rhma 2.5.3. 'Estw X mia epif�neia Riemann gènouc g > 0. H apeikìnish

Abel-Jacobi ud : X(d) −→ J (X), bajmoÔ d, eÐnai epÐ ìtan d ≥ g kai en gènei

embÔjish ìtan d ≤ g. Epomènwc, ìtan d = g, h apeikìnish Abel-Jacobi bajmoÔ g

eÐnai epÐ kai en gènei embÔjish.

ShmeÐwsh 2.5.2. Me b�sh to parap�nw je¸rhma èqoume to ex c: 'Estw d ènac
jetikìc akèraioc me d ≥ g. Tìte to sÔnolo phlÐkwn X(d)/ ∼, ìpou wc ∼ sum-
bolÐzoume thn grammik  isodunamÐa diairet¸n, eÐnai ènac g-di�statoc algebrikìc
tìroc (h Iakwbian  thc X), anex�rthtoc - mèqri isomorfÐac - apì thn epilog 
tou d.



Kef�laio 3

To 14-o prìblhma toÔ

Hilbert

3.1 To antipar�deigma toÔ Nagata - Algebrikì
mèroc

Prin proqwr soume sthn kataskeu  toÔ antiparadeÐgmatoc toÔ Nagata, orÐzoume
kai dieukrinÐzoume mia orologÐa pou ja qrhsimopoi soume kat’ epan�lhyh sthn
sunèqeia. Estw P1, P2, . . . , Pr (diaforetik�) shmeÐa toÔ probolikoÔ epipèdou P2.
SumbolÐzoume wc P1+ · · ·+Pr thn mh diatetagmènh r-�da twn parap�nw shmeÐwn.
To sÔnolo pou parametr� aut� ta stoiqeÐa eÐnai to r-ostì summetrikì ginìmeno
toÔ P2, gia to opoÐo upenjumÐzoume ìti orÐzetai wc ex c:

SymrP2 = (P2)×r/Sr ,

ìpou h Sr eÐnai h summetrik  om�da twn r stoiqeÐwn pou dra me ton fusiolo-
gikì trìpo epÐ tou ginomènou (P2)×r. 'Opwc anafèrame kai sto prohgoÔmeno
kef�laio, to SymrP2 eÐnai kai autì mia algebrik  poikilìthta (me idi¸mata ka-
t� m koc twn diagwnÐwn). Estw Ur to kat� Zariski anoiktì uposÔnolo toÔ
SymrP2 pou orÐzetai wc to sumpl rwma twn diagwnÐwn. 'Eqontac dialèxei ta
shmeÐa P1, P2, . . . , Pr na eÐnai diaforetik� metaxÔ touc, parathroÔme ìti to antÐ-
stoiqo shmeÐo P1 + · · ·+ Pr an kei sto Ur. Ja lème ìti ta shmeÐa P1, P2, . . . , Pr

eÐnai genik� shmeÐa toÔ epipèdou P2   shmeÐa tou epipèdou euriskìmena se genik 

jèsh (wc proc k�poia idiìthta) an to antÐstoiqo shmeÐo P1 + · · · + Pr an kei
se èna uposÔnolo Ar toÔ Ur t c morf c Ar= kat� Zariski anoiktì ektìc apì
arijm simo pl joc kleist¸n, k�je shmeÐo toÔ opoÐou ikanopoieÐ thn parap�nw
idiìthta. To sumpl rwma enìc sunìlou t c parap�nw morf c eÐnai èna �leptì�
uposÔnolo toÔ Ur. Shmei¸noume, tèloc, ìti akribèstero ja  tan na lègame ìti
mia sugkekrimmènh idiìthta ikanopoieÐtai apì to genikì shmeÐo toÔ epipèdou an

35
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up�rqei k�poio uposÔnolo toÔ Ur t c parap�nw morf c Ar, k�je shmeÐo toÔ
opoÐou ikanopoieÐ thn parap�nw idiìthta. Wstìso, h parap�nw orologÐa èqei
epikrat sei.

Upojètoume ìti oi aij , i = 1, 2, 3, j = 1, . . . , r eÐnai algebrik� anex�rthtoi a-
rijmoÐ p�nw apì to Q kai orÐzoume ta shmeÐa Pi = [a1i, a2i, a3i] ∈ P2, i = 1, . . . , r

toÔ probolikoÔ epipèdou. Ja deÐxoume ìti ta shmeÐa aut� eÐnai genik� shmeÐa toÔ
epipèdou. Ac to deÐxoume pr¸ta gia r = 1. E�n oi a1, a2, a3 eÐnai algebrik� ane-
x�rthtoi arijmoÐ p�nw apì to Q kai P = [a1, a2, a3] ∈ P2, tìte to sumpl rwma
toÔ sunìlou aut¸n twn shmeÐwn eÐnai ta shmeÐa toÔ probolikoÔ epipèdou, ìlec oi
parast�seic twn opoÐwn eÐnai algebrik� exhrthmènec tri�dec arijm¸n. Me �lla
lìgia, antistoiqoÔn se eujeÐec toÔ C3 pou dièrqontai apì thn arq  twn axìnwn
kai k�je shmeÐo touc antistoiqeÐ se mia tri�da arijm¸n algebrik� exhrthmènwn.
Mia tètoia tri�da arijm¸n an kei se mia apì tic arijm simec (uper)epif�neic toÔ
C3 pou orÐzontai apì tic exis¸seic tri¸n metablht¸n me rhtoÔc suntelestèc. Sh-
mei¸noume pr¸ta ìti, an mia eujeÐa ìpwc parap�nw den an kei -ex’ olokl rou-
se k�poia apì autèc tic epif�neiec, tìte up�rqei shmeÐo thc pou na mhn an kei
se kami� apì tic parap�nw epif�neiec. Pr�gmati, se aut n thn perÐptwsh, k�je
epif�neia tèmnei thn eujeÐa se peperasmèno pl joc shmeÐwn kai, epeid  to pl joc
touc eÐnai arijm simo, kai ta shmeÐa tom c touc me thn eujeÐa ja eÐnai arijm sima.
Ac exet�soume t¸ra to pl joc twn eujei¸n pou dièrqontai apì thn arq  twn
axìnwn kai pou an koun se k�poia apì tic parap�nw epif�neiec. Shmei¸noume
ìti mia tètoia eujeÐa ja an kei se k�poia an�gwgh sunist¸sa t c epif�neiac pou
dièrqetai apì thn arq  twn axìnwn. Epeid  to pl joc twn epifanei¸n eÐnai a-
rijm simo, to pl joc twn an�gwgwn sunistws¸n touc eÐnai kai autì arijm simo.
JewroÔme to epÐpedo z = 1. Oi eujeÐec oi dierqìmenec apì thn arq  twn axìnwn
antistoiqoÔn sta shmeÐa autoÔ toÔ epipèdou, me exaÐresh tic �eujeÐec sto �peiro�.
Apì thn �llh pleur�, oi parap�nw an�gwgec sunist¸sec tèmnoun to epÐpedo se
arijm simo pl joc kampul¸n. Epomènwc, k�je eujeÐa pou pern�ei apì k�poio
shmeÐo toÔ epipèdou pou eÐnai sto sumpl rwma aut¸n twn kampul¸n den an kei
se k�poia epif�neia. Shmei¸noume t¸ra, ìti ta shmeÐa toÔ parap�nw epipèdou
antistoiqoÔn sta shmeÐa toÔ probolikoÔ q¸rou pou apartÐzoun èna apì ta trÐa
basik� kat� Zariski anoikt� uposÔnola toÔ P2. Epomènwc, k�je shmeÐo autoÔ
toÔ kat� Zariski anoiktoÔ uposunìlou, me exaÐresh enìc arijm simou pl jouc
kleist¸n uposunìlwn (pou antistoiqoÔn stic parap�nw kampÔlec) ekproswpeÐ
k�poia tri�da arijm¸n algebrik� anex�rthtwn p�nw apì to Q.

SkiagrafoÔme t¸ra thn apìdeixh gia thn perÐptwsh kat� thn opoÐa jewroÔ-
me opoioud pote pl jouc shmeÐa. Oi arijmoÐ aij , i = 1, 2, 3, j = 1, . . . , r eÐnai
algebrik� exhrthmènoi an an koun se k�poia apì tic arijm simec uperepif�neiec
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toÔ C3r pou orÐzontai apì exis¸seic me rhtoÔc suntelestèc. Se k�je sunist¸sa
C3 toÔ C3r jewroÔme to epÐpedo z = 1. To ginìmeno A aut¸n twn epipèdwn
eÐnai èna uposÔnolo di�stashc 2r, ta shmeÐa toÔ opoÐou antistoiqoÔn se èna apì
ta basik� kat� Zariski anoikt� uposÔnola toÔ ginomènou (P2)×r. Ta shmeÐa
P1, . . . , Pr pou den ikanopoioÔn thn zhtoÔmenh sunj kh eÐnai aut� ta opoÐa gia
k�je par�stas  touc to antÐstoiqo sÔnolo twn suntetagmènwn touc eÐnai al-
gebrik� exhrthmènoi arijmoÐ. K�je mia apì tic diaforetikèc parast�seic miac
r-�dac shmeÐwn toÔ probolikoÔ q¸rou antistoiqeÐ se èna grammikì upìqwro toÔ
C3r di�stashc r. Epomènwc, autìc o grammikìc upìqwroc ja prèpei na mhn an kei
se kamÐa apì tic parap�nw uperepif�neiec. 'Opwc kai sthn perÐptwsh kat� thn
opoÐa r = 1, blèpoume ìti gia ta shmeÐa toÔ A, ta opoÐa den an koun sthn tom 
toÔ A me tic an�gwgec sunist¸sec twn parap�nw uperepifanei¸n pou dièrqontai
apì thn arq  twn axìnwn, ikanopoioÔn th zhtoÔmenh sunj kh. Epomènwc, up�r-
qei sto diatetagmèno ginìmeno èna kat� Zariski anoiktì uposÔnolo, me exaÐresh
arijmhsÐmou pl jouc kleist� uposÔnola, k�je shmeÐo toÔ opoÐou ikanopoieÐ thn
zhtoÔmenh sunj kh. H eikìna autoÔ toÔ sunìlou sto summetrikì ginìmeno eÐnai
sÔnolo t c idÐac morf c, diìti h antÐstoiqh apeikìnish eÐnai anoikt  kai kleist 
wc peperasmènh apeikìnish. 'Etsi ft�noume sto sumpèrasma pou jèloume.

Sthn par�grafo 3.2 ja apodeÐxoume thn parak�tw prìtash, bl. je¸rhma
3.2.2.

(?) Estw r ènac fusikìc arijmìc o opoÐoc eÐnai tèleio tetr�gwno (dhl.

r = s2, ìpou s ∈ N) kai, epÐshc, r > 9. 'Estw ìti ta P1, P2, . . . , Pr eÐnai shmeÐa

toÔ probolikoÔ epipèdou euriskìmena se genik  jèsh. An mia kampÔlh toÔ

epipèdou bajmoÔ d dièrqetai apì aut� me pollaplìthta toul�qiston m > 0, tìte

d >
√

r m.

Se ìti akoloujeÐ, upojètoume ìti ta shmeÐa P1, P2, . . . , Pr, ìpou r = s2

kai r > 9, eÐnai genik� shmeÐa toÔ epipèdou wc proc amfìterec tic proanafer-
jeÐsec idiìthtec. Autì eÐnai dunatì diìti h tom  dÔo kat� Zariski anoikt¸n
uposunìlwn (me exaÐresh arijmhsÐmou pl jouc kleist� uposÔnola) eÐnai p�li
t c Ðdiac morf c.

'Estw pj to omogenèc pr¸to ide¸dec toÔ Pj , j = 1, . . . , r, ston poluwnumikì
daktÔlio C[x, y, z]. Gia k�je m ∈ N (ìpou me N sumbolÐzoume to sÔnolo twn
jetik¸n akeraÐwn), jètoume Pm =

⋂r
j=1 pm

j .
Prìtash 3.1.1. Gia k�je fusikì arijmì m, up�rqei fusikìc arijmìc n, tètoioc

¸ste na isqÔei Pn
m 6= Pmn.

Apìdeixh. Gia k�je m ∈ N to ide¸dec Pm apoteleÐtai apì ta polu¸numa toÔ
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C[x, y, z] pou mhdenÐzontai se k�je shmeÐo Pj , j = 1, . . . , r, me pollaplìthta
toul�qiston m. SumbolÐzoume wc Ld to sÔnolo twn epÐpedwn kampul¸n toÔ P2

bajmoÔ d pou dièrqontai apì k�je shmeÐo Pj , j = 1, . . . , r, me pollaplìthta tou-
l�qiston m. Diathr¸ntac ton parap�nw sumbolismì, autì to sÔnolo apoteleÐ
ènan probolikì upìqwro toÔ PN di�stashc

dimLd ≥
d2 + 3d− rm2 − rm

2
.

Gia k�je m ∈ N, jètoume d0(m) = min{deg f, f ∈ Pm}. Tìte,
Ld0(m)−1 = ∅ =⇒ dimLd0(m)−1 = −1

=⇒ (d0(m)− 1)2 + 3(d0(m)− 1)− rm2 − rm < 0

=⇒ (
d0(m)

m
)2 +

d0(m)
m2

− 2
m2

− r − r

m
< 0

=⇒ (
d0(m)

m
)2 < r +

r

m
+

2
m2

=⇒ d0(m)
m

<

√
r +

r

m
+

2
m2

.

Lamb�nontac up` ìyin kai thn (?), èqoume telik�
√

r <
d0(m)

m
<

√
r +

r

m
+

2
m2

,

�ra
lim

m→∞

d0(m)
m

=
√

r .

'Estw t¸ra tuqìn m ∈ N. SÔmfwna me ta prohgoÔmena, èqoume d0(m)
m >

√
r

kai limn→∞
d0(mn)

mn =
√

r, �ra up�rqei fusikìc arijmìc n, o opoÐoc exart�tai
apì ton m, tètoioc ¸ste

d0(mn)
mn

<
d0(m)

m
⇒ d0(mn) < nd0(m).

'Omwc
nd0(m) = n min{deg f, f ∈ Pm} = min{deg f, f ∈ Pn

m},

opìte,
min{deg f, f ∈ Pmn} < min{deg f, f ∈ Pn

m} =⇒ Pmn 6= Pn
m.

ProqwroÔme t¸ra sthn kataskeu  toÔ paradeÐgmatoc. 'Estw ìti ta αij , i =

1, 2, 3, j = 1, . . . , r, eÐnai algebrik� anex�rthta stoiqeÐa p�nw apì to Q. Tìte
ta shmeÐa Pj = (α1j , α2j , α3j) eÐnai shmeÐa toÔ probolikoÔ epipèdou euriskìme-
na se genik  jèsh. 'Estw V ? o dianusmatikìc q¸roc di�stashc r p�nw apì
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to C kai èstw V o dianusmatikìc upìqwroc toÔ V ? pou eÐnai k�jetoc sta dia-
nÔsmata (αi1, αi2, . . . , αir), i = 1, 2, 3. H di�stash toÔ V eÐnai r − 3. 'Estw
S = C[x1, . . . , xr, y1, . . . , yr] o poluwnumikìc daktÔlioc 2r metablht¸n p�nw apì
to C kai èstw G h upoom�da t c GL2r(C) pou apoteleÐtai apì toÔc pÐnakec t c
morf c:

g =



c1 0 · · · 0 c1b1 0 · · · 0
0 c2 · · · 0 0 c2b2 · · · 0... ... . . . ... ... ... . . . ...
0 0 · · · cr 0 0 · · · crbr

0 0 · · · 0 c1 0 · · · 0
0 0 · · · 0 0 c2 · · · 0... ... . . . ... ... ... . . . ...
0 0 · · · 0 0 0 · · · cr


me c1, c2, . . . , cr ∈ C, tètoia ¸ste c1c2 · · · cr = 1 kai (b1, b2, . . . , br) ∈ V . O
antÐstoiqoc C-grammikìc metasqhmatismìc twn x1, . . . , xr, y1, . . . , yr eÐnai o σg

me
σg(xj) = cj(xj + bjyj), j = 1, . . . , r

kai
σg(yj) = cjyj , j = 1, . . . , r.

Je¸rhma 3.1.1. To sÔnolo SG twn stoiqeÐwn toÔ S pou mènoun analloÐwta wc

proc th dr�sh t c G den eÐnai peperasmèna paragìmeno wc C-�lgebra.

H apìdeixh toÔ parap�nw jewr matoc sthrÐzetai se mia seir� apì prot�-
seic kai l mmata. Eis�goume ton parak�tw sumbolismì (ìpou y1 · · · y̌k · · · yr =

y1 · · · yk−1yk+1 · · · yr):
t = y1y2 · · · yr,

uj = t/yj = y1 · · · y̌j · · · yr, j = 1, 2, . . . , r

vj = xjuj = xjy1 · · · y̌j · · · yr, j = 1, 2, . . . , r

wi =
r∑

j=1

αijvj , i = 1, 2, 3.

Sthn sunèqeia, ja qrhsimopoi soume suqn� thn ex c gnwst  prìtash: 'Estw
k ⊂ F epèktash swm�twn me tr.degkF = n. An up�rqoun a1, . . . , an ∈ F me

F = k(a1, . . . , an) tìte ta a1, . . . , an eÐnai mia uperbatik  b�sh toÔ F p�nw apì

to k kai kat� sunèpeia eÐnai algebrik� anex�rthta p�nw apì to k. ArqÐzoume me
to akìloujo l mma
L mma 3.1.1. 'Estw ìti 1 ≤ i1 < i2 < · · · < ir−3 ≤ r. Tìte

1. C(x1, . . . , xr, y1, . . . , yr) = C(w1, w2, w3, xi1 , . . . , xir−3 , y1, . . . , yr) kai epo-

mènwc ta w1, w2, w3 eÐnai algebrik� anex�rthta p�nw apì to C.
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2. Ta v1, . . . , vr eÐnai algebrik� anex�rthta p�nw apì to C.

3. C(w1, w2, w3, vi1 , . . . , vir−3) = C(v1, . . . , vr).

Apìdeixh. Gia to 1). 'Estw F = C(x1, . . . , xr, y1, . . . , yr). QwrÐc bl�bh t c
genikìthtac mporoÔme na upojèsoume ìti i1 = 4, . . . , ir−3 = r. O egkleismìc
F ⊇ C(w1, w2, w3, x4, . . . , xr, y1, . . . , yr) eÐnai profan c. Gia ton antÐstrofo
egkleismì parathroÔme ìti an

A =

α11 α12 α13

α21 α22 α23

α31 α32 α33

 ,

tìte
A

u1x1

u2x2

u3x3

 =

w1 −
∑r

j=4 α1jvj

w2 −
∑r

j=4 α2jvj

w3 −
∑r

j=4 α3jvj

 .

Ta αij eÐnai algebrik� anex�rthta p�nw apì to Q kai epomènwc h orÐzousa toÔ
pÐnaka A eÐnai mh mhdenik . 'Arav1

v2

v3

 =

u1x1

u2x2

u3x3

 = A−1

w1 −
∑r

j=4 α1jvj

w2 −
∑r

j=4 α2jvj

w3 −
∑r

j=4 α3jvj

 .

Epomènwc, uixi ∈ C[w1, w2, w3, x4, . . . , xr, y1, . . . , yr] kai afoÔ
1/ui =

1
y1 · · · y̌j · · · yr

∈ C(w1, w2, w3, x4, . . . , xr, y1, . . . , yr)

èqoume kai
xi = (1/ui)uixi ∈ C(w1, w2, w3, x4, . . . , xr, y1, . . . , yr), gia i = 1, 2, 3.

Sunep¸c èqoume kai ton antÐstrofo egkleismì
F ⊆ C(w1, w2, w3, x4, . . . , xr, y1, . . . , yr).

Shmei¸noume ed¸ ìti apì thn teleutaÐa isìthta sun�goume ìti oi gen torec
w1, w2, w3, x4, . . . , xr, y1, . . . , yr toÔ F p�nw apì to C eÐnai algebrik� anex�r-
thta stoiqeÐa p�nw apì to C, diìti tr.degCF = 2r. Sunep¸c kai ta w1, w2, w3

eÐnai algebrik� anex�rthta p�nw apì to C.
Gi� to 2). 'Estw ìti ∑I bIv

i1
1 · · · vir

r = 0, ìpou vj = xjy1 · · · y̌j · · · yr, j =

1, . . . , r. Tìte bI = 0, diìti o vi1
1 · · · vir

r eÐnai o monadikìc ìroc toÔ ajroÐsmatoc
pou perièqei to xi1

1 · · ·xir
r .

Gi� to 3). H apìdeixh ed¸ eÐnai an�logh ekeÐnhc toÔ 1).
Prìtash 3.1.2. SG = S ∩ C(w1, w2, w3, t).
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Apìdeixh. EpekteÐnoume me fusiologikì trìpo th dr�sh t c om�dac G epÐ twn
stoiqeÐwn toÔ s¸matoc klasm�twn F = C(x1, . . . , xr, y1, . . . , yr) toÔ S kai sum-
bolÐzoume wc FG to upìswma toÔ F pou mènei analloÐwto k�tw apì th dr�sh
t c G. Tìte SG = S ∩ FG . ArkeÐ oipìn na deÐxoume ìti FG = C(w1, w2, w3, t).

'Estw H h upoom�da t c G pou apoteleÐtai apì ekeÐna ta stoiqeÐa t c G, gia
ta opoÐa èqoume ci = 1, i = 1, . . . , r. Tìte, an h ∈ H, èqoume

σh(wi) = σh(
r∑

j=1

αijxj
t

yj
) =

r∑
j=1

αij(xj + bjyj)
t

yj

=
r∑

j=1

αijxj
t

yj
+ t

r∑
j=1

αijbj =
r∑

j=1

αijxj
t

yj

= wi, (i = 1, 2, 3),

diìti to di�nusma (b1, b2, . . . , br) ∈ V ? eÐnai k�jeto sto di�nusma (αi1, . . . , αir),
�ra ∑r

j=1 αijbj = 0, i = 1, 2, 3. EpÐshc èqoume σh(xj) = xj + bjyj kai
σh(yj) = yj , j = 1, . . . , r. Epomènwc, an FH eÐnai to upìswma toÔ F =

C(w1, w2, w3, x4, . . . , xr, y1, . . . , yr) (bl. l mma 3.1.1) pou mènei analloÐwto wc
proc th dr�sh t c H, èqoume

FH = C(w1, w2, w3, y1, . . . , yr),

kai afoÔ h H eÐnai upoom�da t c G, to FG eÐnai upìswma toÔ FH, opìte
FG ⊂ C(w1, w2, w3, y1, . . . , yr).

Ex�llou, epeid  t = y1y2 · · · yr èqoume
C(w1, w2, w3, y1, . . . , yr) = C(w1, w2, w3, t, y2, . . . , yr).

'Ara telik�
FG ⊂ C(w1, w2, w3, t, y2, . . . , yr) ⊂ F .

ArkeÐ loipìn na deÐxoume ìti to upìswma toÔ C(w1, w2, w3, t, y2, . . . , yr) pou
mènei analloÐwto wc proc th dr�sh t c G eÐnai to C(w1, w2, w3, t). 'Estw g ∈ G.
Tìte,

σg(t) = σg(y1y2 · · · yr) = c1c2 · · · cry1y2 · · · yr = t,

σg(wi) = σg(
r∑

j=1

αijxj
t

yj
) =

r∑
j=1

αij

(
cj(xj + bjyj)

) t

cjyj

=
r∑

j=1

αijxj
t

yj
= wi, i = 1, 2, 3,

σg(yj) = cjyj , j = 1, . . . , r.

'Ara to upìswma toÔ C(w1, w2, w3, t, y2, . . . , yr) pou mènei analloÐwto k�tw apì
th dr�sh t c G eÐnai to C(w1, w2, w3, t), epomènwc FG = C(w1, w2, w3, t).



42 KEF�ALAIO 3. TO 14-O PR�OBLHMA TO�U HILBERT

Apì to l mma 3.1.1 sumperaÐnoume ìti ta w1, w2, w3 eÐnai algebrik� ane-
x�rthta p�nw apì to C kai epomènwc mporoÔme na jewr soume ton daktÔlio
C[w1, w2, w3] wc ton daktÔlio twn omogen¸n suntetagmènwn toÔ probolikoÔ
epipèdou P2. 'Estw pj ⊂ C[w1, w2, w3] to omogenèc pr¸to ide¸dec toÔ shmeÐ-
ou Pj = (α1j , α2j , α3j), j = 1, . . . , r. Gia k�je fusikì arijmì n, jètoume
Pn =

⋂r
j=1 pn

j .
Prìtash 3.1.3. To SG eÐnai to sÔnolo twn stoiqeÐwn t c morf c

∑
αnt−n

(peperasmèno �jroisma) me αn ∈ C[w1, w2, w3] kai an n > 0, αn ∈ Pn.

Gia thn apìdeixh t c prìtashc ja qreiastoÔn ta parak�tw l mmata.
L mma 3.1.2. K�je stoiqeÐo toÔ SG gr�fetai sth morf 

∑
αnt−n (pepera-

smèno �jroisma), ìpou αn ∈ C[w1, w2, w3].

Apìdeixh. 'Opwc eÐdame sthn apìdeixh toÔ l mmatoc 3.1.1,
uixi ∈ C[w1, w2, w3, x4, . . . , xr, y1, . . . , yr].

'Ara èqoume
xi = uixi

1
ui

= uixi
1
y1
· · · 1

yi−1

1
yi+1

· · · 1
yr

∈ C[w1, w2, w3, x4, . . . , xr, y1, . . . , yr,
1
y1

, . . . ,
1
yr

], i = 1, 2, 3.

Epomènwc,
C[x1, . . . , xr, y1, . . . , yr] ⊂ C[w1, w2, w3, x4, . . . , xr, y1, . . . , yr, 1/y1, . . . , 1/yr],

opìte
C[x1, . . . , xr, y1, . . . , yr] ∩ C(w1, w2, w3, t) ⊂

C[w1, w2, w3, x4, . . . , xr, y1, . . . , yr, 1/y1, . . . , 1/yr] ∩ C(w1, w2, w3, y1, . . . , yr) =

C[w1, w2, w3, y1, . . . , yr, 1/y1, . . . , 1/yr].

Kat� sunèpeia,
SG ⊂ C[w1, w2, w3, y1, . . . , yr, 1/y1, . . . , 1/yr]

opìte
SG ∩ C(w1, w2, w3, t) ⊂ C[w1, w2, w3, y1, . . . , yr, 1/y1, . . . , 1/yr] ∩ C(w1, w2, w3, t)

= C[w1, w2, w3, t, 1/t]

kai, wc ek toÔtou,
SG ⊂ C[w1, w2, w3][t, 1/t].
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'Estw t¸ra Rj = C[x1, . . . , xr, y1, . . . , yr]〈yj〉 h topikopoÐhsh toÔ daktulÐ-

ou C[x1, . . . , xr, y1, . . . , yr] wc proc to pr¸to ide¸dec tou pou par�getai apì
to yj , j = 1, 2, . . . , r. Sto s¸ma klasm�twn C(x1, . . . , xr, y1, . . . , yr) toÔ topi-
koÔ daktulÐou C[x1, . . . , xr, y1, . . . , yr]〈yj〉 orÐzetai fusiologik� mia diakrit  e-
ktÐmhsh Vj wc ex c: an f

g ∈ C(x1, . . . , xr, y1, . . . , yr), tìte up�rqoun akèraioi
arijmoÐ κ, λ, tètoioi ¸ste f

g = f1yκ
j

g1yλ
j

, ìpou f1, g1 ∈ C[x1, . . . , xr, y1, . . . , yr] kai
MK∆(f1, yj) = MK∆(g1, yj) = 1. H ektÐmhsh Vj orÐzetai wc ex c: Vj( f

g ) =

κ−λ, kai o daktÔlioc ektÐmhshc t c Vj eÐnai o Rj . SumbolÐzoume wc mj to mègi-
sto ide¸dec toÔ Rj , dhl. to sÔnolo twn stoiqeÐwn f

g ∈ C(x1, . . . , xr, y1, . . . , yr)

me Vj( f
g ) ≥ 1.

L mma 3.1.3. Upojètontac ìti zj = α3jw1−α1jw3, z̄j = α3jw2−α2jw3 eÐnai oi

genn torec toÔ ide¸douc pj pou eÐnai to ide¸dec toÔ shmeÐou Pj = [α1j , α2j , α3j ],

èqoume ta akìlouja

1. C[zj , z̄j , w3] = C[w1, w2, w3].

2. Vj(zj) = Vj(z̄j) = 1, Vj(vk) = 1− δjk, Vj(wi) = 0.

3. An f(w1, w2, w3) ∈ C[w1, w2, w3], tìte

f(w1, w2, w3) + mj = R(w3) + mj ,

gia k�poio polu¸numo R(w3) ∈ C[w3].

Apìdeixh. Gia to 1). H isìthta aut  eÐnai profan c apì ton orismì twn zj , z̄j ,
diìti α3j 6= 0 lìgw t c algebrik c anexarthsÐac twn αij p�nw apì to Q.
Gia to 2). UpologÐzoume thn ektÐmhsh Vj sta zj , z̄j . 'Eqoume
zj = α3jw1−α1jw3 = α3j

r∑
k=1

α1kxky1 · · · y̌k · · · yr−α1j

r∑
k=1

α3kxky1 · · · y̌k · · · yr,

ìpou y1 · · · y̌k · · · yr = y1 · · · yk−1yk+1 · · · yr. 'Ara
zj = α3jα1jxjy1 · · · y̌j · · · yr + α3j

r∑
k=1
k 6=j

α1kxky1 · · · y̌k · · · yr

−α1jα3jxjy1 · · · y̌j · · · yr + α1j

r∑
k=1
k 6=j

α3kxky1 · · · y̌k · · · yr

= yj

r∑
k=1
k 6=j

(α3jα1k − α1jα3k)xky1 · · · y̌k · · · yr.

OmoÐwc èqoume
z̄j = yj

r∑
k=1
k 6=j

(α3jα2k − α2jα3k)xky1 · · · y̌j · · · yr,
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kai epomènwc Vj(zj) = Vj(z̄j) = 1. EpÐshc, Vj(vk) = 1 − δjk diìti vk =

xky1 · · · y̌k · · · yr. Tèloc, wi =
∑r

k=1 αikvk kai, wc ek toÔtou, wi + mj =

αijvj + mj 6= mj , diìti αij 6= 0. 'Ara Vj(wi) ≤ 1. Apì thn �llh, eÐnai pro-
fanèc ìti wi ∈ Rj , opìte Vj(wi) = 0.
Gia to 3). Lìgw toÔ 1) mporoÔme na gr�youme to F sthn morf 

f(w1, w2, w3) = g(zj , z̄j , w3) = g1(zj , z̄j , w3)zj + g2(z̄j , w3)z̄j + R(w3).

Apì to 2) sumperaÐnoume ìti F (w1, w2, w3) + mj = R(w3) + mj .

L mma 3.1.4. An f ∈ C[w1, w2, w3] kai n ∈ N, tìte Vj(f) ≥ n an kai mìno an

f ∈ pn
j .

Apìdeixh. 'Estw n eÐnai ènac fusikìc arijmìc. To ide¸dec pn
j par�getai apì ta

stoiqeÐa
zn
j , zn−1

j z̄j , . . . , zj z̄
n−1
j , z̄n

j .

'Etsi, an f ∈ pn
j , tìte up�rqoun polu¸numa fi ∈ C[w1, w2, w3], i = 0, . . . , n,

ètsi ¸ste to f na gr�fetai wc f =
∑n

i=0 fi zi
j z̄n−i

j . 'Ara

Vj(f) = Vj(
n∑

i=0

fi zi
j z̄n−i

j ) ≥ min
i
{Vj(fi zi

j z̄n−i
j )}

= min
i
{Vj(fi) + Vj(zi

j) + Vj(z̄n−i
j )}

= min
i
{Vj(fi) + iVj(zj) + (n− i)Vj(z̄j)} = min

i
{Vj(fi) + i + n− i}

= min
i
{Vj(fi) + n} ≥ n.

Q�rin eukolÐac kai qwrÐc bl�bh t c genikìthtac apodeiknÔoume to antÐstrofo
sthn perÐptwsh kat� thn opoÐa j = 1, efarmìzontac epagwg  wc proc n. Gia
n = 1, èstw f ∈ C[w1, w2, w3] me V1(f) ≥ 1. Apì to l mma 3.1.3 èqoume ìti
C[w1, w2, w3] = C[z1, z2, w3] kai �ra

f = g1z1 + g2z̄1 + R(w3) ,

me g1, g2 ∈ C[w1, w2, w3] kai R(w3) ∈ C[w3]. ArkeÐ loipìn na deÐxoume ìti R = 0.
To polu¸numo R eÐnai t c morf c R(w3) =

∑
l clw

l
3, cl ∈ C. AfoÔ V1(f) ≥ 1,

to y1 diaireÐ to f ston daktÔlio R1. EpÐshc, to y1 diaireÐ ta z1, z̄1, opìte telik�
to y1 diaireÐ to R ston R1. Epomènwc,

R(w3) + m1 = m1 ,

ìpou m1 eÐnai to mègisto ide¸dec toÔ R1. 'Omwc
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w3 + m1 = (α31x1y2 · · · yr + y1

r∑
k=2

α3kxky2 · · · yr) + m1

= α31x1y2 · · · yr + m1 =⇒

R(w3) + m1 =
∑

l

clα
l
31x

l
1y

l
2 · · · yl

r + m1 =
∑

l

clα
l
31v

l
1 + m1.

'Ara èqoume ∑
l

clα
l
31x

l
1y

l
2 · · · yl

r + m1 = m1

kai epomènwc∑
l

clα
l
31x

l
1y

l
2 · · · yl

r = y1
f(x1, . . . , xr, y1, . . . , yr)
g(x1, . . . , xr, y1, . . . , yr)

, ìpou (g, y1) = 1.

Gia na isqÔei to teleutaÐo ja prèpei y1 |
∑

l clα
l
31x

l
1y

l
2 · · · yl

r pou sunep�getai ìti
to ∑l clα

l
31x

l
1y

l
2 · · · yl

r prèpei na eÐnai to mhdenikì polu¸numo. Epomènwc,
clα

l
31 = 0, ∀l =⇒ cl = 0,∀l =⇒ R = 0

(to α31 eÐnai mh mhdenikì lìgw t c algebrik c anexarthsÐac twn αij p�nw apì
to Q). Sunep¸c

f = z1P + z̄1P̄ , P, P̄ ∈ C[w1, w2, w3] ⇒ f ∈ p1.

'Ara gia n = 1 to zhtoÔmeno isqÔei.
Upojètoume t¸ra ìti autì isqÔei gia fusikoÔc mikrìterouc   Ðsouc apì n−1.

'Opwc eÐdame sta prohgoÔmena,
z1 = y1

r∑
k=2

(α31α1k − α11α3k)xky2 · · · y̌k · · · yr,

z̄1 = y1

r∑
k=2

(α31α2k − α21α3k)xky2 · · · y̌k · · · yr.

Jètoume
αk = α31α1k − α11α3k, k = 2, . . . , r,

ᾱk = α31α2k − α21α3k, k = 2, . . . , r.

Epomènwc,
z1 = y1

r∑
k=2

αkxky2 · · · y̌k · · · yr = y1

r∑
k=2

αkvk,

z̄1 = y1

r∑
k=2

ᾱkxky2 · · · y̌k · · · yr = y1

r∑
k=2

ᾱkvk.
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Jètoume
Z1 =

z1

y1
=

r∑
k=2

αk
vk

y1
,

Z̄1 =
z̄1

y1
=

r∑
k=2

ᾱk
vk

y1
.

'Estw f ∈ C[w1, w2, w3] me V1(f) ≥ n. Tìte V1(f) ≥ n − 1, opìte apì
thn epagwgik  upìjesh èqoume f ∈ pn−1

1 . Epomènwc, up�rqoun polu¸numa
f0, f1, . . . , fn−1 ∈ C[w1, w2, w3], tètoia ¸ste to f na gr�fetai wc

f = f0z
n−1
1 + f1z

n−2
1 z̄1 + · · ·+ fn−1z̄

n−1
1 .

Gia k�je i = 0, 1, . . . , n − 1 up�rqoun polu¸numa Pi, P̄i ∈ C[w1, w2, w3] kai
Ri ∈ C[w3], tètoia ¸ste to fi na gr�fetai wc

fi = z1Pi + z̄1P̄i + Ri

(apì to l mma 3.1.3 ). Kat� sunèpeia,
f = (z1P0 + z̄1P̄0 + R0)zn−1

1 + (z1P1 + z̄1P̄1 + R1)zn−2
1 z̄1 + · · ·

+ (z1Pn−1 + z̄1P̄n−1 + Rn−1)z̄n−1
1

kai
f = g + R0(w3)zn−1

1 + R1(w3)zn−2
1 z̄1 + · · ·+ Rn−1(w3)z̄n−1

1 , ìpou g ∈ pn
1 .

Ja deÐxoume ìti R0 = R1 = · · · = Rn−1 = 0. AfoÔ V1(f) ≥ n, to yn
1 diaireÐ to

f ston daktÔlio R1 kai epeid  g ∈ pn
1 , to yn

1 diaireÐ kai to g. Epomènwc, to yn
1

diaireÐ to R0z
n−1
1 + R1z

n−2
1 z̄1 + · · ·+ Rn−1z̄

n−1
1 ston R1. 'Omwc

R0z
n−1
1 + R1z

n−2
1 z̄1 + · · ·+ Rn−1z̄

n−1
1 =

R0y
n−1
1 Zn−1

1 + R1y
n−2
1 Zn−2

1 y1Z̄1 + · · ·+ Rn−1y
n−1
1 Z̄n−1

1 =

yn−1
1 (R0Z

n−1
1 + R1Z

n−2
1 Z̄1 + · · ·+ Rn−1Z̄

n−1
1 )

�ra to y1 diaireÐ to R0Z
n−1
1 + R1Z

n−2
1 Z̄1 + · · ·+ Rn−1Z̄

n−1
1 ston daktÔlio R1.

Epomènwc,
R0(w3)Zn−1

1 + R1(w3)Zn−2
1 Z̄1 + · · ·+ Rn−1(w3)Z̄n−1

1 + m1 = m1.

Gr�foume ta polu¸numa Ri(w3), i = 0, 1, . . . , n − 1 sthn morf  Ri(w3) =∑
l cilw

l
3. 'Opwc eÐdame parap�nw, èqoume

Ri(w3) + m1 =
∑

l

cilα
l
31v

l
1 + m1 =

∑
l

Cilv
l
1 + m1,



3.1. TO ANTIPAR�ADEIGMA TO�U NAGATA - ALGEBRIK�O M�EROS 47
ìpou Cil = cilα

l
31. Sunep¸c,

R0(w3)Zn−1
1 + R1(w3)Zn−2

1 Z̄1 + · · ·+ Rn−1(w3)Z̄n−1
1 + m1 = m1 =⇒∑

l

C0lv
l
1Z

n−1
1 +

∑
l

C1lv
l
1Z

n−2
1 Z̄1 + · · ·+

∑
l

Cn−1lv
l
1Z̄

n−1
1 + m1 = m1

kai �ra∑
l

C0lv
l
1Z

n−1
1 +

∑
l

C1lv
l
1Z

n−2
1 Z̄1 + · · ·+

∑
l

Cn−1lv
l
1Z̄

n−1
1 = 0,

diìti to polu¸numo den perièqei to y1. Pollaplasi�zontac me to yn−1
1 sumperaÐ-

noume ìti∑
l

C0lv
l
1z

n−1
1 +

∑
l

C1lv
l
1z

n−2
1 z̄1 + · · ·+

∑
l

Cn−1lv
l
1z̄

n−1
1 = 0.

Apì to l mma 3.1.1 èqoume ìti ta w1, w2, w3, v1 eÐnai algebrik� anex�rthta p�nw
apì to C. EpÐshc, apì ton orismì twn z1, z2 èqoume ìti

C(z1, z2, w3, v1) = C(w1, w2, w3, v1).

Sunep¸c, ta z1, z2, v1 eÐnai algebrik� anex�rthta p�nw apì to s¸ma C kai �ra
ja prèpei Cil = 0, ∀i = 0, . . . , n−1, ∀l. AfoÔ Cil = cilα

l
31 kai α31 6= 0 paÐrnoume

ìti cil = 0, ∀i = 0, . . . , n− 1, ∀l kai epomènwc, Ri = 0, ∀i = 0, . . . , n− 1.
L mma 3.1.5. An αn ∈ C[w1, w2, w3], tìte Vj(

∑
αnt−n) = minn{Vj(αnt−n)}

(ìpou to �jroisma jewreÐtai peperasmèno).

Apìdeixh. ArkeÐ na deÐxoume ìti an up�rqoun m0, n0 me m0 6= n0, ètsi ¸ste na
isqÔei

Vj(αm0t
−m0) = Vj(αn0t

−n0) = min
n
{Vj(αnt−n)} = s0

opìte
Vj(αm0t

−m0 + αn0t
−n0) = s0.

'Estw loipìn m0, n0 ìpwc parap�nw. Tìte
Vj(αm0t

−m0) = s0 ⇒ Vj(αm0)−m0 = s0 ⇒ Vj(αm0) = m0 + s0

kai omoÐwc
Vj(αn0) = n0 + s0.

Apì to l mma 3.1.4 sun�goume ìti αm0 ∈ pm0+s0
j \ pm0+s0+1

j kai αn0 ∈ pn0+s0
j \

pn0+s0+1
j . 'Ara

αm0 =
∑

κ+λ=m0+s0

gκλzκ
j z̄λ

j , gκλ ∈ C[w1, w2, w3]
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me minκλ{Vj(gκλ)} = 0 (diìti an minκλ{Vj(gκλ)} ≥ 1, tìte Vj(gκλ) ≥ 1, ∀κ, λ,
opìte

Vj(gκλzκ
j z̄λ

j ) ≥ 1 + κ + λ = 1 + m0 + s0, ∀κ, λ

kai
Vj(αm0) ≥ 1 + m0 + s0,

pou eÐnai �topo diìti - sÔmfwna me to l mma 3.1.4 - αm0 ∈ pm0+s0+1
j . OmoÐwc

αn0 =
∑

µ+ν=n0+s0

hµνzµ
j z̄ν

j , hµν ∈ C[w1, w2, w3]

me minµ,ν{Vj(hµν)} = 0, opìte
αm0t

−m0 + αn0t
−n0 = ts0(αm0t

−(m0+s0) + αn0t
−(n0+s0))

= ts0

( ∑
κ+λ=m0+s0

gκλzκ
j z̄λ

j t−(κ+λ) +
∑

µ+ν=n0+s0

hµνzµ
j z̄ν

j t−(µ+ν)

)

= ts0

( ∑
κ+λ=m0+s0

gκλ(
zj

t
)κ(

z̄j

t
)λ +

∑
µ+ν=n0+s0

hµν(
zj

t
)µ(

z̄j

t
)ν

)
.

Jètoume
F (

zj

t
,
z̄j

t
) =

∑
κ+λ=m0+s0

gκλ(
zj

t
)κ(

z̄j

t
)λ +

∑
µ+ν=n0+s0

hµν(
zj

t
)µ(

z̄j

t
)ν .

ArkeÐ na deÐxoume ìti Vj(F ( zj

t ,
z̄j

t )) = 0.
Upojètoume ìti to teleutaÐo den isqÔei, dhlad  ìti Vj(F ( zj

t ,
z̄j

t )) ≥ 1 kai ja
ft�soume se �topo. Ja èqoume tìte ìti

F (
zj

t
,
z̄j

t
) + mj = mj ,

dhlad ∑
κ+λ=m0+s0

gκλ(
zj

t
)κ(

z̄j

t
)λ +

∑
µ+ν=n0+s0

hµν(
zj

t
)µ(

z̄j

t
)ν + mj = mj . (3.1)

UpenjumÐzoume ìti Vj(zj) = Vj(z̄j) = Vj(t) = 1 kai �ra Vj(
zj

t ) = Vj(
z̄j

t ) = 0.
EpÐshc, Vj(gκλ) ≥ 0, Vj(hµν) ≥ 0 kai

min
κ,λ

{Vj(gκλ)} = 0, min
µ,ν
{Vj(hµν)} = 0.

Apì to l mma 3.1.3 èqoume gκλ+mj = Rκλ(w3)+mj . An Rκλ(w3) =
∑

l cκλlw
l
3,

tìte, ìpwc eÐdame sthn apìdeixh toÔ l mmatoc 3.1.4, èqoume
gκλ + mj = Rκλ(w3) + mj =

∑
l

cκλlα
l
3jv

l
j + mj =

∑
l

Cκλlv
l
j + mj ,
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ìpou Cκλl = cκλlα

l
3j . To minκ,λ{Vj(gκλ)} = 0 isodunameÐ me to ìti gia k�poia

κ0, λ0, l0 èqoume Cκ0λ0l0 6= 0. Pr�gmati, an Cκλl = 0 gia k�je κ, λ, l tìte
Rκλ(w3) + mj = mj gia k�je κ, λ kai epomènwc Vj(gκλ) ≥ 1 gia k�je κ, λ. Apì
thn �llh, an gia k�poia κ0, λ0, l0 èqoume Cκ0λ0l0 6= 0, tìte Rκ0λ0(w3)+mj 6= mj

kai epomènwc Vj(gκ0λ0) = 0. Pr�gmati, diaforetika ja eÐqame ∑l Cκ0λ0lv
l
j +

mj = mj kai �ra yj |
∑

l Cκ0λ0lv
l
j pou sunep�getai ìti∑l Cκ0λ0lv

l
j = 0, diìti den

perièqei to y1. 'Omwc tìte Cκ0λ0l = 0,∀l, diìti to vj eÐnai algebrik� anex�rthto
p�nw apì to C (bl. l mma 3.1.1), pr�gma �topo apì thn upìjesh. OmoÐwc
èqoume ìti hµν + mj = Sµν(w3) + mj me

hµν + mj = Sµν(w3) + mj =
∑
m

dµνmαm
3jv

m
j + mj =

∑
m

Dµνlv
m
j + mj ,

ìpou Dµνm = dµνmαm
3j kai Dµ0ν0m0 6= 0 gia k�poia

µ0, ν0,m0. Apì ta parap�nw, h exÐswsh 3.1 gÐnetai∑
l, κ+λ=m0+s0

Cκλlv
l
j(

zj

t
)κ(

z̄j

t
)λ +

∑
m, µ+ν=n0+s0

Dµνlv
m
j (

zj

t
)µ(

z̄j

t
)ν + mj = mj .

To parap�nw polu¸numo den perièqei to yj kai ètsi paÐrnoume ìti∑
l, κ+λ=m0+s0

Cκλlv
l
j(

zj

t
)κ(

z̄j

t
)λ +

∑
m, µ+ν=n0+s0

Dµνlv
m
j (

zj

t
)µ(

z̄j

t
)ν = 0 (3.2)

Isqurizìmaste twra ìti ta zj , z̄j , vj , t eÐnai algebrik� anex�rthta p�nw apì to
C. Pr�gmati, apì to l mma 3.1.1 èqoume ìti ta w1, w2, w3, xj , y1, . . . , yr eÐnai
algebrik� anex�rthta p�nw apì to C. Apì ton orismì twn zj , z̄j sumperaÐnoume
ìti ta zj , z̄j , w3, xj , y1, . . . , yr eÐnai algebrik� anex�rthta p�nw apì to C. U-
pojètoume qwrÐc bl�bh t c genikìthtac, ìti j 6= r. Epeid  yr = t

y1···yr−1
, ta

zj , z̄j , w3, xj , t, y1, . . . , yr−1 eÐnai algebrik� anex�rthta p�nw apì to C. EpÐshc,
epeid  xj = yj

t vj , kai ta zj , z̄j , w3, vj , t, y1, . . . , yr−1 eÐnai algebrik� anex�rthta
p�nw apì to C kai epomènwc to Ðdio isqÔei kai gia ta zj , z̄j , vj , t. Sunep¸c, h
teleutaÐa sqèsh 3.2 dÐdei Cκλl = 0, gia k�je κ, λ, l kai Dµνl = 0 gia k�je µ, ν, l

(upenjumÐzoume ìti m0 6= n0). 'Etsi ft�same se �topo kai to l mma apodeÐqjh-
ke.

Erqìmaste t¸ra sthn apìdeixh t c prìtashc 3.1.3.
Apìdeixh. 'Estw èna stoiqeÐo t c morf c ∑αnt−n (peperasmèno �jroisma),
me αn ∈ C[w1, w2, w3] kai an n > 0, αn ∈ Pn. Profan¸c, ∑αnt−n ∈
C(w1, w2, w3, t). EpÐshc, parathroÔme ìti ∑αnt−n ∈ C[x1, . . . , xr, y1, . . . , yr],
diìti an n > 0, tìte αn ∈ Pn kai αn ∈ pn

j , ∀j = 1, . . . , r. 'Ara gia k�je j to
yn

j diaireÐ to αn ston daktÔlio C[x1, . . . , xr, y1, . . . , yr], kai, wc ek toÔtou, to tn

diaireÐ to αn ston daktÔlio C[x1, . . . , xr, y1, . . . , yr]. Epomènwc
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αnt−n ∈ C[x1, . . . , xr, y1, . . . , yr],∀n,

opìte ∑
αnt−n ∈ C(w1, w2, w3, t) ∩ C[x1, . . . , xr, y1, . . . , yr] = SG .

'Etsi, apodeÐxame ìti to sÔnolo twn stoiqeÐwn t c morf c∑αnt−n (peperasmèno
�jroisma), me αn ∈ C[w1, w2, w3] kai me αn ∈ Pn ìtan n > 0, eÐnai uposÔnolo
toÔ SG .

AntÐstrofa, ac jewr soume èna stoiqeÐo s ∈ SG . Tìte apì to l mma 3.1.2
èqoume s =

∑
αnt−n (peperasmèno �jroisma) me αn ∈ C[w1, w2, w3]. Gia k�je

j = 1, . . . , r, èqoume Vj(s) ≥ 0, diìti s ∈ C[x1, . . . , xr, y1, . . . , yr]. 'Ara
Vj(
∑

αnt−n) ≥ 0, j = 1, . . . , r.

'Omwc, lìgw toÔ l mmatoc 3.1.5,
Vj(
∑

αnt−n) = min
n
{Vj(αnt−n)}.

'Ara gia k�je j = 1, . . . , r èqoume
min

n
{Vj(αnt−n)} ≥ 0 =⇒ Vj(αnt−n) ≥ 0,∀n

=⇒ Vj(αn)− n ≥ 0,∀n =⇒ Vj(αn) ≥ n,∀n.

Epomènwc, an n > 0, sÔmfwna me ta parap�nw kai to l mma 3.1.4, èqoume
αn ∈ pn

j , ∀j = 1, . . . , r, �ra an n > 0, αn ∈ Pn.
Prìtash 3.1.4. 'Estw D mia akèraia perioq  kai èstw B1,B2, . . . mia akoloujÐa

idewd¸n t c D, tètoia ¸ste Bi+1 ⊂ Bi, i = 1, 2, . . . kai BiBj ⊂ Bi+j , i, j =

1, 2, . . .. 'Estw t èna uperbatikì p�nw stoiqeÐo apì thn D kai èstw D? to sÔnolo

twn stoiqeÐwn t c morf c
∑

bjt
−j (peperasmèno �jroisma), me bj ∈ D kai an

j > 0, bj ∈ Bj . Tìte to D? apoteleÐ akèraia perioq . Akìmh, an h D? eÐnai

peperasmèna paragìmenh p�nw apì thn D, tìte up�rqei fusikìc arijmìc m,

tètoioc ¸ste Bl
m = Bml, gia k�je fusikì arijmì l.

Apìdeixh. 'Estw d1, d2 ∈ D?. Ta d1, d2 gr�fontai wc d1 =
∑

j b1
j t
−j kai d2 =∑

j b2
j t
−j , me b1

j , b
2
j ∈ D (kai an j > 0, b1

j , b
2
j ∈ Bj). Ex�llou, d1−d2, d1d2 ∈ D?.

Pr�gmati, eÐnai profanèc ìti
d1 − d2 =

∑
j

(b1
j − b2

j )t
−j ∈ D?

kai gia to ginìmeno
d1d2 =

∑
i,j

b1
i b

2
j t
−(i+j)
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arkeÐ na elègxoume ìti an i + j > 0, tìte b1

i b
2
j ∈ Bi+j . 'Estw loipìn i, j me

i + j > 0. Tìte:
(i) an i, j > 0, tìte b1

i ∈ Bi kai b2
j ∈ Bj . Epomènwc b1

i b
2
j ∈ BiBj ⊂ Bi+j , �ra

b1
i b

2
j ∈ Bi+j kai

(ii) an i > 0, j < 0, tìte b1
i ∈ Bi, �ra b1

i b
2
j ∈ Bi kai afoÔ i + j < i, èqoume

Bi ⊂ Bi+j , �ra b1
i b

2
j ∈ Bi+j .

Apì ta parap�nw sumperaÐnoume ìti to sÔnolo D? eÐnai ènac daktÔlioc kai
m�lista upodaktÔlioc toÔ D[t, 1/t]. O D[t, 1/t] eÐnai akèraia perioq , diìti h
D eÐnai akèraia perioq , �ra kai o D? eÐnai akèraia perioq . Shmei¸noume ìti
t ∈ D?, en¸ t−1 ∈ D? ⇔ Bi = D, ∀i. Eqoume loipìn toÔc egkleismoÔc D ⊂
D[t] ⊆ D? ⊆ D[t, 1/t].

Upojètoume t¸ra ìti h akèraia perioq  D? eÐnai peperasmèna paragìme-
nh p�nw apì thn D kai ìti oi d1, d2, . . . , dκ eÐnai genn torèc thc, dhl. D? =

D[d1, . . . , dκ]. K�je èna apì ta di gr�fetai wc di =
∑

j bi
jt
−j , opìte up�r-

qei ènac fusikìc arijmìc s, tètoioc ¸ste h D? na par�getai p�nw apì thn D
apì to t kai apì stoiqeÐa t c morf c bjt

−j , me bj ∈ Bj , 0 ≤ j ≤ s, dhl.
D? = D[t, d1t

−1, . . . , bst
−s] me bj ∈ Bj , 0 ≤ j ≤ s. 'Estw n tuqaÐoc fusikìc

arijmìc kai bn stoiqeÐo toÔ Bn. Tìte to bnt−n eÐnai stoiqeÐo t c D?, opìte gr�-
fetai wc �jroisma stoiqeÐwn t c morf c tn0c1(t−1)n1c2(t−2)n2 · · · cs(t−s)ns , me
ni ≥ 0, i = 0, . . . , s kai ci ∈ Bni

i , i = 1, . . . , s. EpÐshc, lìgw t c uperbatikìthtac
toÔ t p�nw apì ton D, ja prèpei

1n1 + 2n2 + . . . + sns = n + n0 ≥ n.

Ara bn ∈
∑
Bn1

1 Bn2
2 · · · Bns

s , ìpou h �jroish gÐnetai p�nw apì k�poia
n1, n2, . . . , ns me 1n1 + 2n2 + · · · + sns ≥ n. JewroÔme t¸ra thn perÐptwsh
ìpou n ≥ ss!. Tìte,

1n1 + 2n2 + . . . + sns ≥ ss!

�ra, up�rqei t ∈ {1, 2, . . . , s}, tètoio ¸ste tnt ≥ s!. Sunep¸c,
Bn1

1 Bn2
2 · · · Bns

s = B(s!/t)
t Bn1

1 · · · Bnt−1
t−1 B

nt−(s!/t)
t Bnt+1

t+1 · · · Bns
s ⊂ Bs!Bn−s!.

Pr�gmati,
B(s!/t)

t = BtBt · · · Bt︸ ︷︷ ︸
s!/t

⊂ Bt + t + · · ·+ t︸ ︷︷ ︸
s!/t

= Bs!

kai
Bn1

1 · · · Bnt−1
t−1 B

nt−(s!/t)
t Bnt+1

t+1 · · · Bns
s ⊂

B1n1 · · · B(t−1)nt−1Bt[nt−(s!/t)]B(t+1)nt+1 · · · Bsns
⊂ B1n1+2n2+···+sns−s! ⊂ Bn−s!

diìti 1n1+2n2+ · · ·+sns−s! ≥ n−s! kai h akoloujÐa B1,B2, . . . eÐnai fjÐnousa.
'Ara èqoume deÐxei ìti an n ≥ ss! kai bn ∈ Bn, tìte bn ∈ Bs!Bn−s!, dhlad  an
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n ≥ ss!, tìte Bn ⊂ Bs!Bn−s!. 'Estw ìti to n eÐnai èna tuqaÐo pollapl�sio toÔ
ss!, dhlad  n = ss!l, l ∈ N. Tìte n ≥ ss! �ra sÔmfwna me ta prohgoÔmena
èqoume

Bss!l = Bs!Bss!l−s! = Bs!Bs!Bss!l−s!−s! = · · ·

= Bs(l−1)
s! Bss!l−[s(l−1)]s! = Bs(l−1)

s! Bss!.

'Omwc
Bs(l−1)

s! = (Bs
s!)

l−1 ⊂ Bl−1
ss!

�ra,
Bs(l−1)

s! Bss! ⊂ Bl−1
ss! Bss! = Bl

ss!.

Epomènwc Bss!l ⊂ Bl
ss! kai, wc ek toÔtou, Bss!l = Bl

ss! (o antÐstrofoc egkleismìc
isqÔei apì thn upìjes  mac), k�ti pou apodeiknÔei to l mma jètontac m =

ss!.
Oloklhr¸noume aut  thn par�grafo me thn apìdeixh toÔ jewr matoc 3.1.1.

Apìdeixh. Gia thn akoloujÐa twn idewd¸n Pm t c akèraiac perioq c D =

C[w1, w2, w3] pou orÐsjhke sthn arq  t c paragr�fou, isqÔoun ta ex c:
(i) Pi+1 ⊂ Pi, i = 1, 2, . . . kai (ii) PiPj ⊂ Pi+j , i, j = 1, 2, . . . .
Apì thn prìtash 3.1.3 sunperaÐnoume ìti to SG tautÐzetai me to D? t c prìtashc
3.1.4. An loipìn to SG  tan peperasmèna paragìmeno p�nw apì to C, tìte ja
 tan peperasmèna paragìmeno kai p�nw apì thn akèraia perioq  C[w1, w2, w3]

(C ⊂ C[w1, w2, w3] ⊂ SG), opìte sÔmfwna me thn prìtash 3.1.4 ja up rqe fu-
sikìc arijmìc m, tètoioc ¸ste na isqÔei P l

m = Pml, gia k�je l ∈ N. 'Omwc autì
de mporeÐ na isqÔei lìgw t c prìtashc 3.1.1. 'Ara to SG den eÐnai peperasmèna
paragìmeno wc C-�lgebra.

3.2 To antipar�deigma toÔ Nagata - Gewmetrikì
mèroc

Sthn par�grafo aut  ja apodeÐxoume thn isqÔ thc prìtashc (?) thc paragr�-
fou 3.1. Q�rin aplìthtoc, ja apodeÐxoume pr¸ta thn an�logh prìtash me to
asjenèstero sumpèrasma �d ≥ m

√
r �, bl. Je¸rhma 3.2.1. H prìtash aut  brÐ-

sketai sthn ergasÐa [CK]. H apìdeixh gia thn austhr  anisìthta, pou brÐsketai
sthn ergasÐa [N2], eÐnai teqnik� polÔ pio dÔskolh kai dÐdetai sto je¸rhma 3.2.2.
ArqÐzoume me k�poia l mmata.
L mma 3.2.1. 'Estw X mia epif�neia Riemann gènouc g > 0 kai èstw L0 èna

stoiqeÐo t c Iakwbian c J (X) t c X. Tìte, gia k�je fusikì arijmì k, up�rqoun
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akrib¸c k2g shmeÐa t c J (X), ac poÔme ta L1, . . . , Lk2g , tètoia ¸ste na isqÔoun

oi isìthtec kLi = L0, gia k�je i = 1, . . . , k2g.

Apìdeixh. 'Opwc eÐdame, h Iakwbian  t c X eÐnai h om�da phlÐkwn J (X) = Cg/Λ,
ìpou Λ =

{∑2g
j=1 njπj |j = 1, . . . , 2g

} kai ta πj , j = 1, . . . , 2g, eÐnai 2g R-
grammik� anex�rthta dianÔsmata. 'Estw k ènac tuq¸n fusikìc arijmìc.

JewroÔme pr¸ta thn perÐptwsh ìpou L0 = 0 + Λ ∈ J (X). AnazhtoÔme to
pl joc twn stoiqeÐwn L = x + Λ, gia ta opoÐa k(x + Λ) = 0 + Λ. Profan¸c,

kx ∈ Λ ⇔ kx = n1π1 + · · ·+ n2gπ2g, n1, . . . , n2g ∈ Z

⇔ x =
n1

k
π1 + · · ·+ n2g

k
π2g, n1, . . . , n2g ∈ Z.

Epomènwc, an l�boume up’ ìyin kai th grammik  anexarthsÐa twn π1, . . . , π2g,
ìla ta diaforetik� stoiqeÐa t c Iakwbian c t c X pou ikanopoioÔn thn exÐswsh
k(x + Λ) = 0 + Λ eÐnai ta stoiqeÐa t c morf c (n1

k π1 + · · ·+ n2g

k

)
+ Λ, ìpou

nj ∈ {1, . . . , k} gia k�je j = 1, . . . , 2g. 'Ara to pl joc twn lÔsewn t c exÐswshc
kL = 0 sthn J (X) eÐnai akrib¸c k2g.

'Estw t¸ra tuqìn stoiqeÐo L0 ∈ J (X) kai L1, . . . , Lk2g ta stoiqeÐa t c
Iakwbian c t c X gia ta opoÐa kLi = 0. Tìte ta L′i = Li + 1

kL0, i = 1, . . . , k2g

eÐnai ìlec oi diaforetikèc lÔseic t c exÐswshc kL = L0 sthn J (X).
L mma 3.2.2. 'Estw r = s2, ìpou o s eÐnai fusikìc arijmìc me s ≥ 3. 'Estw M

mia leÐa an�gwgh kampÔlh bajmoÔ s kai Q1, . . . , Qr shmeÐa sthn M se genik 

jèsh. An mia kampÔlh N bajmoÔ sm dièrqetai apì ta shmeÐa Q1, . . . , Qr me

pollaplìthta toul�qiston m tìte h N eÐnai Ðsh me th mM .

Apìdeixh. Upojètoume ìti N 6= mM kai ja ft�soume se �topo. Gr�foume thn
kampÔlh N wc N = αM +C, ìpou o α eÐnai ènac mh arnhtikìc akèraioc arijmìc
me α < m (apì thn upìjesh) kai h C eÐnai kampÔlh bajmoÔ s(m − α) > 0 pou
den perièqei thn M . To pl joc twn shmeÐwn tom c twn kampul¸n C kai M

(metr¸ntac to k�je èna apì aut� tìsec forèc ìsec h antÐstoiqh pollaplìthta
tom c) eÐnai s2(m−α) = r(m−α), bl. to Je¸rhma tou Bezout 2.1.1. H kampÔlh
C tèmnei thn M sta shmeÐa Q1, . . . , Qr kai dièrqetai apì k�je èna apì aut� me
pollaplìthta toul�qiston m − α. 'Ara ta shmeÐa tom c twn C kai M eÐnai
akrib¸c ta Q1, . . . , Qr. Epomènwc, an jèsoume D = Q1 + · · · + Qr, o diairèthc
tom c pou orÐzetai p�nw sthn kampÔlh M apì thn tom  thc me th kampÔlh C

eÐnai o (m− α)D.
'Estw H èna tuqìn uperepÐpedo toÔ probolikoÔ epipèdou kai èstw D0 o

diairèthc tom c pou orÐzetai p�nw sthn kampÔlh M apì thn tom  thc me to
s(m − α)-pollapl�sio toÔ H. Autìc antistoiqeÐ, mèsw thc apeikìnishc Abel-

Jacobi bajmoÔ s2(m−α) se èna (qarakthristikì!!) stoiqeÐo L0 thc Iakwbian c.
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M

C

Q1 Q2

Qr

Bajmìc (M)=s

Bajmìc (C)=s(m− α)

Sq ma 3.1:

O diairèthc (m − α)D eÐnai grammik� isodÔnamoc me ton D0, opìte mèsw t c
parap�nw apeikìnishc Abel-Jacobi o diairèthc (m − α)D antistoiqeÐ sto Ðdio
stoiqeÐo L0 t c Iakwbian c t c M . 'Estw p = [(s − 1)(s − 2)]/2 to gènoc t c
M . AfoÔ s ≥ 3, to gènoc t c M eÐnai jetikì.

UpenjumÐzoume ìti up�rqoun peperasmèna to pl joc shmeÐa L = Li, i =

1, 2, . . . , (m−α)2p, t c Iakwbian c bajmoÔ r me (m−α)L = L0, bl. l mma 3.2.1.
JewroÔme t¸ra thn apeikìnish Abel-Jacobi bajmoÔ r, ur : M (r) −→ J (M).
SÔmfwna me ta parap�nw, o diairèthc D an kei se mia Ðna t c ur p�nw apì
k�poio apì ta stoiqeÐa Li, i = 1, 2, . . . , (m − α)2p, gegonìc pou antÐkeitai sth
genikìthta twn Q1, . . . , Qr. 'Etsi ft�noume se �topo.

'Estw ∆ to uposÔnolo toÔ S(r) pou apoteleÐtai apì tic diagwnÐouc toÔ S(r),
dhlad  ta stoiqeÐa t c morf c P1 + · · · + Pr gia ta opoÐa Pi = Pj , gia k�poia
i, j me i 6= j. Jètoume Ur = S(r) \∆.

'Opwc  dh èqoume dei, oi epÐpedec kampÔlec bajmoÔ d, èrqontai se èna proc
èna antistoiqÐa me ta stoiqeÐa toÔ PN , N =

(
d+2

d

)
−1, mèsw t c C ↔ [C], ìpou

to [C] ∈ PN èqei wc suntetagmènec toÔc suntelestèc toÔ omogenoÔc poluwnÔmou
pou orÐzei thn kampÔlh [C]. SumbolÐzoume wc Xd,m to uposÔnolo toÔ PN × Ur

pou apoteleÐtai apì ta zeÔgh ([C], P1 + · · · + Pr), ìpou h C eÐnai mia epÐpedh
kampÔlh pou dièrqetai apì ta shmeÐa P1, . . . , Pr me pollaplìthta toul�qiston
m, dhlad 
Xd,m = {([C], P1 + · · ·+ Pr)/ deg C = d, mult

Pi

C ≥ m, i = 1, . . . , r} ⊂ PN ×Ur.
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Apì ton trìpo orismoÔ tou, apodeiknÔetai ìti to Xd,m eÐnai èna algebrikì po-
lÔptugma. JewroÔme thn probol 

π : Xd,m → Ur.

Tìte isqÔei h ex c prìtash:
Prìtash 3.2.1. H sun�rthsh δ pou orÐzetai sto Ur wc δ(P ) = dimP π−1(P ),

gia k�je P = P1 + · · ·+Pr ∈ Ur, eÐnai �nw hmisuneq c wc proc thn Z-topologÐa.

ShmeÐwsh 3.2.1. H parap�nw prìtash eÐnai eidik  perÐptwsh t c ex c prìta-
shc: 'Estw X mia algebrik  poikilìthta kai φ : X −→ Pn mia apeikìnish ston
probolikì q¸ro. Upojètoume ìti gia k�je Q ∈ X h Ðna XQ = φ−1(φ(Q)) eÐnai
mia an�gwgh poikilìthta. Tìte h sun�rthsh µ : X −→ N me µ(Q) = dimP(XQ)

eÐnai �nw hmisuneq c sthn X wc proc thn Z-topologÐa.
Je¸rhma 3.2.1. 'Estw r = s2, ìpou o s eÐnai fusikìc arijmìc me s ≥ 3.

'Estw ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ epipèdou P2 euriskìmena se

genik  jèsh. An mia kampÔlh C bajmoÔ d dièrqetai apì aut� me pollaplìthta

toul�qiston m, tìte d ≥ sm.

Apìdeixh. Upojètoume ìti gia to genikì shmeÐo P = P1+ · · ·+Pr toÔ Ur up�rqei
kampÔlh C bajmoÔ d me d < sm pou dièrqetai apì ta shmeÐa P1, . . . , Pr me pol-
laplìthta toul�qiston m. Autì shmaÐnei ìti up�rqei èna kat� Zariski anoiqtì
uposÔnolo A toÔ Ur kai B1, B2, . . . kleist� uposÔnola toÔ Ur, ètsi ¸ste gia
k�je P = P1 + · · · + Pr ∈ A \ (

⋃
j Bj) na isqÔei δ(P ) ≥ 0. Ja deÐxoume ìti

δ(x) ≥ 0, ∀x ∈ Ur.
'Estw ìti up�rqei x0 ∈ Ur tètoio ¸ste δ(x0) = −1, dhl. ìti h Ðna p�nw

apì to shmeÐo x0 eÐnai to kenì sÔnolo. Tìte afoÔ h sun�rthsh δ eÐnai �nw
hmisuneq c (bl. prìtash 3.2.1) ja up�rqei anoiqt  perioq  Vx0 toÔ x0, tètoia
¸ste na isqÔei

δ(x) ≤ δ(x0) ⇒ δ(x) = −1, ∀x ∈ Vx0 .

'Omwc autì eÐnai �topo, diìti to sÔnolo A \ (
⋃

j Bj) eÐnai puknì sto Ur, pr�gma
pou shmaÐnei ìti èqei mh ken  tom  me to Vx0 . 'Ara pr�gmati δ(x) ≥ 0, ∀x ∈ Ur.

JewroÔme t¸ra shmeÐa Q1, . . . , Qr ìpwc sto l mma 3.2.2. SÔmfwna me ta
parap�nw èqoume

δ(Q1 + . . . + Qr) ≥ 0 ,

opìte up�rqei kampÔlh C bajmoÔ d < sm pou dièrqetai apì ta shmeÐa Q1, . . . , Qr

me pollaplìthta toul�qiston m. Gr�foume to d wc d = sm − α, α ≥ 1 kai
jewroÔme thn kampÔlh C? = C+αL, ìpou wc L sumbolÐzoume mia tuqaÐa eujeÐa.
Tìte h C? eÐnai mia kampÔlh bajmoÔ sm pou dièrqetai apì ta shmeÐa Q1, . . . , Qr
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me pollaplìthta toul�qiston m. SÔmfwna me to l mma 3.2.2, èqoume C? = mM .
'Omwc to teleutaÐo eÐnai �topo, diìti h kampÔlh M eÐnai an�gwgh, en¸ h C?

perièqei thn eujeÐa L.
Je¸rhma 3.2.2. 'Estw r = s2, ìpou o s eÐnai fusikìc arijmìc me s > 3.

'Estw ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ epipèdou P2 euriskìmena se

genik  jèsh. An mia kampÔlh C bajmoÔ d dièrqetai apì aut� me pollaplìthta

toul�qiston m, tìte d > sm.

Apìdeixh. Upojètoume ìti up�rqei kampÔlh C bajmoÔ d = sm pou dièrqetai apì
ta genik� shmeÐa toÔ probolikoÔ epipèdou P1, . . . , Pr me pollaplìthta toul�qi-
ston m. Tìte, lìgw t c prìtashc 3.2.1, gia opoiad pote r shmeÐa toÔ probolikoÔ
epipèdou up�rqei kampÔlh bajmoÔ sm pou dièrqetai apì aut� me pollaplìthta
toul�qiston m. Exet�zoume thn perÐptwsh ìpou o s eÐnai perittìc. Jètoume
s′ = (s + 1)/2. Sthn perÐptwsh ìpou o s eÐnai �rtioc ergazìmaste an�loga.

 

Cs′

C ′
s′

C∗
s′

C
′∗
s′

Cs

P1

P2

Ps

P ∗
1

P ∗
s

Q1

Q r−s
2

Q r−s+2
2 Qr−s

Q∗
1

Q∗
r−s
2

Q∗
s

Q∗
r−s+2

2

Sq ma 3.2:
JewroÔme mia leÐa kampÔlh Cs′ bajmoÔ s′ kai P1, . . . , Ps shmeÐa sth Cs′

se genik  jèsh. 'Estw C ′
s′ mia leÐa kampÔlh bajmoÔ s′ pou dièrqetai apì ta

shmeÐa P1, . . . , Ps kai tèmnei th Cs′ egk�rsia. Shmei¸noume ìti mia kampÔlh me
tic idiìthtec t c C ′

s′ up�rqei diìti h (probolik ) di�stash toÔ grammikoÔ q¸rou



3.2. TO ANTIPAR�ADEIGMA TO�U NAGATA - GEWMETRIK�O M�EROS 57
twn epÐpedwn kampul¸n bajmoÔ s′ eÐnai Ðsh me(

s′ + 2
2

)
− 1 =

s′(s′ + 3)
2

,

opìte h (probolik ) di�stash toÔ grammikoÔ q¸rou twn epÐpedwn kampul¸n baj-
moÔ s′ pou dièrqontai apì ta shmeÐa P1, . . . , Ps eÐnai toul�qiston

s′(s′ + 3)
2

− s =
(s′ − 2)(s′ + 1)

2
> 0

(s ≥ 5, �ra s′ ≥ 3). JewroÔme epÐshc mia leÐa kampÔlh Cs bajmoÔ s h opoÐa
tèmnei tic Cs′ , C ′

s′ egk�rsia. Epilègoume shmeÐa Q1, . . . , Qr−s p�nw sth Cs, ètsi
¸ste ta Q1, . . . , Q r−s

2
na eÐnai k�poia apì ta shmeÐa tom c twn Cs, Cs′ kai ta

Q r−s
2 +1, . . . , Qr−s na eÐnai k�poia apì ta shmeÐa tom c twn Cs, C

′
s′ . SÔmfwna me

thn arqik  mac upìjesh, up�rqei kampÔlh E bajmoÔ sm pou dièrqetai apì ta
shmeÐa P1, . . . , Ps, Q1, . . . , Qr−s me pollaplìthta toul�qiston m. Ja deÐxoume
ìti h E perièqei th Cs′ . Ac upojèsoume ìti autì den isqÔei. Tìte oi E,Cs′

ja tèmnontai se sms′ = s(s + 1)m/2 shmeÐa (Je¸rhma toÔ Bezout 2.1.1). Pa-
rathroÔme ìti ta shmeÐa P1, . . . , Ps, Q1, . . . , Q r−s

2
eÐnai shmeÐa tom c twn E,Cs′

me pollaplìthta tom c m sto k�je èna. To pl joc twn parap�nw shmeÐwn, an
metr soume to k�je èna tìsec forèc ìsec h pollaplìthta tom c se autì, eÐnai
Ðso me

ms + m(
s− r

2
) = s(s + 1)m/2.

'Ara ta shmeÐa tom c twn E,Cs′ eÐnai akrib¸c ta P1, . . . , Ps, Q1, . . . , Q r−s
2

me
pollaplìthta tom c sto k�je èna apì aut� m kai o diairèthc pou orÐze-
tai p�nw sth Cs′ apì aut� eÐnai o ∑s

i=1 mPi +
∑ r−s

2
i=1 mQi = mD, ìpou

D =
∑s

i=1 Pi +
∑ r−s

2
i=1 Qi. JewroÔme tuqìn uperepÐpedo H toÔ probolikoÔ epi-

pèdou kai upojètoume ìti o D0 eÐnai o diairèthc pou orÐzetai p�nw sth Cs′ apì
ta shmeÐa t c tom c thc me to sm pollapl�sio toÔ H. Tìte oi diairètec D0,mD

eÐnai grammik� isodÔnamoi. 'Ara antistoiqoÔn sto Ðdio stoiqeÐo L0 t c Iakwbian c
t c Cs′ . 'Estw p = (s′ − 1)(s′ − 2)/2, dhl. to gènoc t c kampÔlhc Cs′ . Shmei¸-
noume ìti afoÔ s ≥ 4, to gènoc t c Cs′ eÐnai gn sia jetikì. SumbolÐzoume wc
Li, i = 1, 2, . . . ,m2p ta stoiqeÐa t c J s(s+1)/2(Cs′), gia ta opoÐa mLi = L0. An
h

us(s+1)/2 : C
s(s+1)/2
s′ −→ J s(s+1)/2(Cs′)

eÐnai h apeikìnish Abel-Jacobi bajmoÔ s(s + 1)/2, o diairèthc D an kei se mia
Ðna t c us(s+1)/2 p�nw apì k�poio apì ta Li, i = 1, 2, . . . ,m2p. Dhlad  èqoume
peperasmèno pl joc epilog¸n gia thn kl�sh toÔ diairèth m(

∑s
i=1 Pi+

∑ r−s
2

i=1 Qi)

kai afoÔ èqoume peperasmèno pl joc epilog¸n gia ta shmeÐa Qi, i = 1, . . . , (r−
s)/2 (kajìti ta Q1, . . . , Q(r−s)/2 epilèqjhkan an�mesa sta shmeÐa tom c twn
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Cs, Cs′), èqoume telik� peperasmèno pl joc epilog¸n gia thn kl�sh toÔ diairèth
P1+· · ·+Ps. To teleutaÐo eÐnai �topo, diìti ta P1, . . . , Ps eÐnai genik� shmeÐa t c
kampÔlhc Cs′ . 'Ara h kampÔlh E perièqei th Cs′ . Jètoume t¸ra E′ = E − Cs′ .
H kampÔlh E′ èqei bajmì sm − s′ dierqìmenh apì ta shmeÐa Pi, i = 1, . . . , s

me pollaplìthta toul�qiston m − 1 kai apì ta shmeÐa Q r−s
2 +1, . . . , Qr−s me

pollaplìthta toul�qiston m. Ja deÐxoume ìti h kampÔlh E′ perièqei th C ′
s′ .

'Estw ìti h E′ den perièqei th C ′
s′ . Tìte to pl joc twn shmeÐwn tom c twn

E′, C ′
s′ eÐnai s′(sm − s′). ParathroÔme ìti ta shmeÐa P1, . . . , Ps eÐnai shmeÐa

tom c twn E′, C ′
s′ me pollaplìthta tom c (toul�qiston) m− 1 to k�je èna kai

ìti ta Q r−s
2 +1, . . . , Qr−s eÐnai epÐshc shmeÐa tom c twn E′, C ′

s′ me pollaplìthta
tom c toul�qiston m to k�je èna. 'Ara,

s′(sm− s′) ≥ (m− 1)s + m
r − s

2
=⇒

ss′m− s′2 ≥ ss′m− s ⇒ s′2 − s ≤ 0 =⇒

(
s + 1

2
)2 − s ≤ 0 ⇒ (s− 1)2 ≤ 0 =⇒ s = 1,

pou eÐnai �topo diìti s ≥ 4 ex’ upojèsewc. 'Ara h kampÔlh E′ perièqei th C ′
s′ .

Jètoume Ẽ = E′ − C ′
s′ . Tìte h kampÔlh Ẽ èqei bajmì sm − 2s′ dierqìmenh

apì ta shmeÐa P1, . . . , Ps me pollaplìthta toul�qiston m− 2 kai apì ta shmeÐa
Q1, . . . , Qr−s me pollaplìthta toul�qiston m− 1.

Sth sunèqeia, jewroÔme mia akìmh pio eidik  jèsh r shmeÐwn toÔ probolikoÔ
epipèdou. 'Estw ìti ta P ?

1 , . . . , P ?
s eÐnai shmeÐa t c kampÔlhc Cs euriskìmena se

genik  jèsh. JewroÔme dÔo kampÔlec C?
s′ kai C?

s′
′ bajmoÔ s′ pou dièrqontai apì

ta P ?
1 , . . . , P ?

s . Epiprìsjeta, upojètoume ìti ta Q?
1, . . . , Q

?
r−s eÐnai shmeÐa t c

Cs, tètoia ¸ste ta shmeÐa tom c twn Cs, C
?
s′ na eÐnai ta P ?

1 , . . . , P ?
s , Q?

1, . . . , Q
?
r−s
2(me pollaplìthta tom c 1 to k�je èna) kai, epÐshc, ta shmeÐa tom c twn Cs, C
′ ?
s′

na eÐnai ta P ?
1 , . . . , P ?

s , Q?
r−s+2

2
, . . . , Q?

s (me pollaplìthta tom c 1 to k�je èna).
Apì thn Ôparxh t c kampÔlhc Ẽ pou eÐdame sta parap�nw sun�getai h Ôparxh
miac kampÔlhc E? bajmoÔ sm−2s′ dierqomènhc apì ta shmeÐa P ?

1 , . . . , P ?
s me pol-

laplìthta toul�qiston m− 2 kai apì ta shmeÐa Q1, . . . , Qr−s me pollaplìthta
toul�qiston m− 1.

Ja deÐxoume ìti h Ôparxh t c kampÔlhc E? odhgeÐ se �topo, me epagwg  sto
m. An m = 1, tìte profan¸c èqoume katal xei se �topo. An m > 1, upojètoume
ìti gia opoiond pote fusikì arijmì gn sia mikrìtero apì m, den up�rqei kampÔlh
me tic idiìthtec t c E?. 'Estw ìti up�rqei kampÔlh E? dierqìmenh apì ta shmeÐa
P ?

1 , . . . , P ?
s me pollaplìthta toul�qiston m− 2 kai apì ta shmeÐa Q1, . . . , Qr−s

me pollaplìthta toul�qiston m − 1. Ja deÐxoume ìti tìte h E? perièqei thn
kampÔlh Cs. 'Estw ìti h E? den perièqei th Cs. Tìte to pl joc twn shmeÐwn
tom c twn Cs, E

? eÐnai s(sm − 2s′) = s2m − s2 − s (bl. Je¸rhma toÔ Bezout
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2.1.1). ParathroÔme ìti ta shmeÐa P ?

1 , . . . , P ?
s eÐnai shmeÐa tom c twn Cs, E

?

me pollaplìthta tom c m − 2 to k�je èna kai ìti ta shmeÐa Q?
1, . . . , Q

?
r−s eÐnai

epÐshc shmeÐa tom c twn Cs, E
? me pollaplìthta m − 1. 'Ara ta shmeÐa tom c

twn kampul¸n Cs, E
? eÐnai akrib¸c ta P ?

1 , . . . , P ?
s me pollaplìthta tom c m− 2

kai ta Q?
1, . . . , Q

?
r−s me pollaplìthta tom c m − 1. O diairèthc pou orÐzetai

p�nw sthn kampÔlh Cs apì ta parap�nw shmeÐa eÐnai o D1 =
∑s

i=1(m− 2)P ?
i +∑r−s

i=1 (m − 1)Q?
i . JewroÔme thn kampÔlh C?

s′ + C?
s′
′. O diairèthc pou orÐzetai

p�nw sth Cs apì ta shmeÐa t c tom c thc me thn kampÔlh C?
s′ +C?

s′
′ eÐnai o D2 =∑s

i=1 2P ?
i +

∑r−s
i=1 Q?

i . Sth sunèqeia jewroÔme thn kampÔlh E? + C?
s′ + C?

s′
′. O

diairèthc pou orÐzetai p�nw sthn kampÔlh Cs apì ta shmeÐa t c tom c thc me thn
E?+C?

s′+C?
s′
′ eÐnai o D = D1+D2 = m(

∑s
i=1 P ?

i +
∑r−s

i=1 Q?
i ). Me th bo jeia t c

apeikìnishc Abel-Jacobi mporoÔme na deÐxoume ìti èqoume peperasmènec epilogèc
gia thn kl�sh toÔ diairèth ∑s

i=1 P ?
i (èqoume qrhsimopoi sei to Ðdio epiqeÐrhma

gia ton diairèth m(
∑s

i=1 Pi +
∑ r−s

2
i=1 )), pr�gma �topo, diìti ta P ?

1 , . . . , P ?
s eÐnai

genik� shmeÐa t c Cs. 'Ara h E? perièqei thn kampÔlh Cs. Opìte up�rqei mia
kampÔlh bajmoÔ sm−2s′−s = s(m−1)−2s′, en prokeimènw h E?−Cs, h opoÐa
dièrqetai apì ta shmeÐa P ?

1 , . . . , P ?
s me pollaplìthta toul�qiston (m−1)−2 kai

apì ta shmeÐa Q?
1, . . . , Q

?
r−s me pollaplìthta toul�qiston (m − 1) − 1. 'Omwc,

lìgw t c epagwgik c upìjeshc, to teleutaÐo eÐnai �topo.
'Ara, telik�, gia akeraÐouc s ≥ 4, den up�rqei kampÔlh bajmoÔ sm dierqìmenh

apì r = s2 genik� shmeÐa toÔ probolikoÔ epipèdou me pollaplìthta toul�qiston
m sto k�je èna. Sunep¸c den up�rqei kamÐa kampÔlh bajmoÔ gn sia mikrìterou
toÔ sm dierqìmenh apì r genik� shmeÐa toÔ P2, diìti an h C  tan mia tètoia
kampÔlh me bajmì d, tìte h kampÔlh C ′ = C + (sm − d)L, ìpou L tuqoÔsa
eujeÐa, ja  tan kampÔlh bajmoÔ sm dierqìmenh apì ta r genik� shmeÐa toÔ P2

me pollaplìthta toul�qiston m.
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Kef�laio 4

H eikasÐa toÔ Nagata

4.1 Eisagwg 
Me aform  to je¸rhma 3.2.2 o Nagata diatÔpwse sthn ergasÐa tou [N2] thn
parak�tw eikasÐa, pou eÐnai gnwst  wc h eikasÐa toÔ Nagata.
EikasÐa 4.1.1 (Nagata). 'Estw ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ

epipèdou P2 euriskìmena se genik  jèsh, ìpou r ≥ 10. An mia kampÔlh C bajmoÔ

d dièrqetai apì aut� me pollaplìthta m, tìte d >
√

r m.

H parap�nw eikasÐa paramènei �luth mèqri twn hmer¸n mac. 'Ena apì ta isqu-
rìtera apotelèsmata sqetik� me thn eikasÐa toÔ Nagata eÐnai autì pou apèdeixe
o Geng Xu sthn ergasÐa tou [X], to opoÐo parousi�zoume parak�tw, bl. par�-
grafo 4.2. Pr¸ta ìmwc dÐdoume, gia k�je mia apì tic peript¸seic r = 1, . . . , 9,
èna par�deigma sto opoÐo isqÔei d ≤

√
r m.

1. r = 1: Epilègoume mia eujeÐa pou pern� apì to P1. Tìte d = 1, m = 1

kai 1 =
√

1 · 1.
2. r = 2: Epilègoume thn eujeÐa pou pern� apì ta P1, P2. Tìte d = 1, m = 1

kai 1 <
√

2 · 1.
3. r = 3: Epilègoume tic treÐc eujeÐec pou pern�ne apì ta trÐa zeug�ria twn

shmei¸n P1, P2, P3. Tìte d = 3, m = 2 kai 3 <
√

3 · 2.
4. r = 4: Epilègoume mÐa kampÔlh bajmoÔ 2 (kwnik  kampÔlh) pou pern� apì

ta 4 shmeÐa. Mia tètoia kampÔlh up�rqei, diìti 2(2+3)
2 = 5 ≥ 4. Tìte

d = 2, m = 1 kai 2 =
√

4 · 1.
5. r = 5: Epilègoume mÐa kampÔlh bajmoÔ 2 (kwnik  kampÔlh) pou pern� apì

ta 5 shmeÐa. Mia tètoia kampÔlh up�rqei, diìti 2(2+3)
2 = 5 ≥ 5. Tìte

d = 2, m = 1 kai 2 <
√

5 · 1.
61
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6. r = 6: An� 5 shmeÐa epilègoume mia kampÔlh bajmoÔ 2 (kwnik  kampÔlh)
pou pern� apì auta (ìpwc sthn perÐptwsh r = 5). 'Eqoume me autì ton
trìpo 6 epilogèc kampul¸n. H ènws  touc eÐnai mia kampÔlh bajmoÔ 12 =

2×6 pou pern� apì k�je èna apì ta shmeÐa me pollaplìthta 5. Epomènwc
d = 12, m = 5 kai 12 <

√
6 · 5.

7. r = 7: Gia k�je shmeÐo epilègoume mia kampÔlh bajmoÔ 3 (kubik  kampÔlh)
pou èqei se autì to shmeÐo pollaplìthta 2 kai epÐshc pern� apì ta upì-
loipa 6 shmeÐa. Mia tètoia kampÔlh up�rqei diìti 3(3+3)

2 = 9 ≥ 3 + 6 = 9.
B�sei autoÔ diajètoume 7 epilogèc kampul¸n. H ènws  touc eÐnai mia
kampÔlh bajmoÔ 21 = 3 × 7 pou pern� apì k�je èna apì ta shmeÐa me
pollaplìthta 8. Epomènwc, d = 21, m = 8 kai 21 <

√
7 · 8.

8. r = 8: Gia k�je shmeÐo epilègoume mia kampÔlh bajmoÔ 6 pou èqei se
autì to shmeÐo pollaplìthta 3 kai epÐshc èqei sta upìloipa 7 shmeÐa
pollaplìthta 2. Mia tètoia kampÔlh up�rqei diìti 6(6+3)

2 = 27 ≥ 6 + 7×
3 = 27. 'Eqoume me autì ton trìpo 8 epilogèc kampul¸n. H ènws  touc
eÐnai mia kampÔlh bajmoÔ 48 = 6×8 pou pern� apì k�je èna apì ta shmeÐa
me pollaplìthta 17. Epomènwc d = 48, m = 17 kai 48 <

√
8 · 17.

9. r = 9: Epilègoume mÐa kampÔlh bajmoÔ 3 (kubik  kampÔlh) pou pern� apì
ta 9 shmeÐa. Tìte d = 3, m = 1 kai 3 =

√
9 · 1.

4.2 Ta apotelèsmata toÔ G. Xu

Erqìmaste t¸ra sta apotelèsmata toÔ Geng Xu. Se ì,ti akoloujeÐ ta
m1, . . . ,mr eÐnai stajeropoihmènoi mh arnhtikoÐ akèraioi arijmoÐ.
L mma 4.2.1. 'Estw ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ epipèdou P2

euriskìmena se genik  jèsh kai h C mia an�gwgh kampÔlh bajmoÔ d pou dièrqetai

apì aut� me pollaplìthtec (akrib¸c) m1, . . . ,mr, antÐstoiqa. Tìte

d2 ≥
r∑

i=1

m2
i −mq

gia opoiod pote q ∈ {1, . . . , r}, gia to opoÐo isqÔei mq > 0.

Apìdeixh. Upojètoume ìti up�rqei mia an�gwgh kampÔlh C bajmoÔ d, me d2 <∑r
i=1 m2

i −mq, gia k�poio q ∈ {1, . . . , r}, gia to opoÐo mq > 0, h opoÐa dièrqe-
tai apì ta genik� shmeÐa P1, . . . , Pr toÔ probolikoÔ epipèdou me pollaplìthtec
akrib¸c m1, . . . ,mr, antÐstoiqa. 'Estw mI = (m1, . . . ,mr). Jètoume
Xd,mI

= {([C], Q1 + · · ·+ Qr) me deg C = d, multQi
C ≥ mi, i = 1, . . . , r}

⊂ PN × Ur,
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ìpou Ur = SymrC\diag¸nioi. JewroÔme thn probol  π2 : Xd,mI

−→ Ur.
Aut  eÐnai mia analutik  apeikìnish èqousa probolikoÔc upìqwrouc toÔ
PN wc Ðnec thc. Shmei¸noume ìti ston orismì toÔ sunìlou Xd,mI

èqoume
epilèxei multQiC ≥ mi (kai ìqi multQiC = mi), diìti h pr¸th sqèsh ek-
fr�zetai akrib¸c wc to sÔnolo mhdenismoÔ k�poiwn poluwnÔmwn, pr�gma pou
shmaÐnei ìti oi Ðnec eÐnai probolikoÐ upìqwroi toÔ PN (diaforetik� ja  tan
k�poia kat� Zariski-anoikt� uposÔnola entìc aut¸n). Lìgw t c arqik c
mac upìjeshc kai toÔ l mmatoc 3.2.1, h π2 eÐnai "epÐ". 'Estw A mia anoi-
kt  geitoni� toÔ C gÔrw apì to mhdèn. 'Estw α mia analutik  apeikìnish
α : A −→ Ur me α(t) = P (t) = P1(t) + · · · + Pr(t) ∈ Ur, tètoia ¸ste na
isqÔei α(0) = P (0) = P1 + · · · + Pr. Tìte up�rqei mia analutik  apeikìnish
β : A −→ Xd,mI

me π2 ◦ β = α tètoia ¸ste na isqÔei β(0) = ([C], P1 + · · ·+ Pr).
Sth sunèqeia jewroÔme thn probol  π1 : Xd,mI

−→ PN kai jètoume γ = π1 ◦ β.
Gia k�je t ∈ A to γ(t) = [C(t)] ∈ PN eÐnai mia kampÔlh (pio swst�, mia kl�sh
kampul¸n) bajmoÔ d pou dièrqetai apì ta P1(t), . . . , Pr(t) me pollaplìthtec
toul�qiston m1, . . . ,mr, antÐstoiqa, kai γ(0) = [C]. Ta parap�nw sunoyÐzontai
sto akìloujo di�gramma:

PN Xd,mi
⊂ PN × Ur

C ⊇ A Ur

� π1

?

π2

6

γ

-α
�

���
���

��*

β (4.1)

Sthn parap�nw oikogèneia γ : A −→ PN apartizìmenh apì kl�seic kampu-
l¸n bajmoÔ d antistoiqeÐ mia oikogèneia apì (pragmatikèc) kampÔlec, h opoÐa
kataskeu�zetai wc akoloÔjwc: SumbolÐzoume wc aijk, i+j+k = d tic omogeneÐc
suntetagmènec toÔ PN kai wc X, Y, Z tic omogeneÐc suntetagmènec toÔ P2. Sto
PN × P2 jewroÔme thn algebrik  pollaplìthta Cd pou antistoiqeÐ sta shmeÐa
mhdenismoÔ toÔ poluwnÔmou

Fd(aijk, X, Y, Z) =
∑

i+j+k=d

aijkXiY jZk .

'Eqoume to ex c di�gramma:
Cd ⊆ PN × P2 P2

PN

-π2

?

π1 (4.2)

Me ton parap�nw sumbolismì, h apeikìnish γ : A −→ PN eÐnai t c morf c γ(t) =

[aijk(t)]i+j+k=d. Tìte ta shmeÐa mhdenismoÔ toÔ poluwnÔmou Ft(X, Y, Z) :=
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∑
i+j+k=d aijk(t)XiY jZk antistoiqoÔn se mia algebrik  pollaplìthta Cd(t) h

opoÐa eÐnai to fiber-ginìmeno twn apeikonÐsewn π1 kai γ, dhl. orÐzetai wc to
sÔnolo

Cd(t) = {(t, p), t ∈ A, p ∈ Cd me γ(t) = π1(t)}.

'Eqoume, epomènwc, to di�gramma
Cd(t) Cd

A PN

-ι

?

π̃1

?

π1

-γ

(4.3)

H oikogèneia kampul¸n π̃1 eÐnai akrib¸c aut  pou antistoiqeÐ sthn oikogèneia
γ : A −→ PN thn apartizìmenh apì kl�seic kampul¸n bajmoÔ d. Pr�gmati, h
Ðna C(t0) t c apeikìnishc π̃1 p�nw apì to shmeÐo t0 ∈ A eÐnai h kampÔlh pou
orÐzetai apì to polu¸numo Ft0(X, Y, Z) =

∑
i+j+k=d aijk(t0)XiY jZk, opìte

eÐnai h kampÔlh pou antistoiqeÐ sto shmeÐo γ(t0) = [aijk(t0))]i+j+k=d toÔ PN .
Ta shmeÐa P1, . . . , Pr eÐnai genik�, opìte mporoÔme na upojèsoume ìti h Z-

suntetagmènh sto k�je èna apì ta Pi(t) eÐnai mh mhdenik . 'Estw
Pi(t) = [ci(t), di(t), 1] = (ci(t), di(t)), i = 1, . . . , r,

ìpou mèsw thc ( ) sumbolÐzoume thn afinik  (susqetik ) par�stash twn shmeÐ-
wn. Shmei¸noume ìti tìte gÔrw apì to shmeÐo P1(0) + · · ·+ Pr(t) to Ur èqei mia
afinik  (susqetik ) geitoni� ∼= C2r sthn opoÐa h afinik  (susqetik ) morf  t c
apeikìnishc α : A −→ C2r eÐnai h

α(t) = (c1(t), d1(t), . . . , cr(t), dr(t)).

Jètoume x = X
Z kai y = Y

Z . Tìte to polu¸numo Ft(X, Y, Z) t c kampÔlhc
C(t), t ∈ A, antistoiqeÐ se afinikèc (susqetikèc) suntetagmènec sto polu¸numo
ft(x, y) := Ft(x, y, 1), to opoÐo, kont� sto shmeÐo Pi, ekfr�zetai se an�ptugma
Taylor wc ex c:

ft(x, y) =
∑

k+l≥mi

αi
kl(t)(x− ci(t))k(y − di(t))l.

Epomènwc,
dft

dt

∣∣∣∣
t=0

(x, y) =
∑

k+l≥mi

dαi
kl(t)
dt

∣∣∣∣
t=0

(x− ci(0))k(y − di(0))l

− dci(t)
dt

∣∣∣∣
t=0

∑
k+l≥mi

k≥1

αi
kl(0)k(x− ci(0))k−1(y − di(0))l

− ddi(t)
dt

∣∣∣∣
t=0

∑
k+l≥mi

l≥1

αi
kl(0)(x− ci(0))kl(y − di(0))l−1.
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'Estw D h kampÔlh pou orÐzetai apì thn exÐswsh dFt

dt

∣∣∣
t=0

(X, Y, Z) = 0 dhl.
apì thn exÐswsh∑i+j+k=d

daijk(t)
dt

∣∣∣∣
t=0

XiY jZk = 0. Me kat�llhlh epilog  t c
apeikìnishc α mporoÔme na petÔqoume o bajmìc t c D na eÐnai deg(D) = d kai,
epiprìsjeta, multPi D ≥ mi, gia k�je i 6= q, kai multPq D = mq − 1, wc ex c:
AfoÔ h kampÔlh C(0) = C dièrqetai apì to shmeÐo Pq(0) = Pq me pollaplìthta
mq 6= 0, up�rqoun kq, lq me kq + lq = mq, ètsi ¸ste na èqoume αq

kqlq
(0) 6= 0.

An kq 6= 0, epilègoume thn apeikìnish α kat� trìpo ¸ste dci(t)
dt

∣∣∣
t=0

= 0 gia
k�je i 6= q, dcq(t)

dt

∣∣∣
t=0

= c 6= 0 kai ddi(t)
dt

∣∣∣
t=0

= 0, gia k�je i = 1, . . . , r. Mia
epilog  pou ikanopoieÐ tic parap�nw proôpojèseic eÐnai h
α(t) = (c1(0)+ t2, d1(0)+ t2, . . . , cq(0)+ ct, dq(0)+ t2, . . . , cr(0)+ t2, dr(0)+ t2) .

Kont� sto Pq èqoume
dft

dt

∣∣∣∣
t=0

(x, y) = − cαq
kqlq

(0)kq(x− cq(0))kq−1(y − dq(0))lq

− c
∑

k+l≥mq
k≥1

(k,l)6=(kq,lq)

αq
kl(0)k(x− cq(0))k−1(y − dq(0))l

+
∑

k+l≥mq

dαq
kl(t)
dt

∣∣∣∣
t=0

(x− cq(0))k(y − dq(0))l

kai afoÔ cαq
kqlq

(0)kq 6= 0, èqoume multPq D = mq − 1. Kat’ analogÐan, kont�
sto Pi, i 6= q èqoume

dft

dt

∣∣∣∣
t=0

(x, y) =
∑

k+l≥mi

dαi
kl(t)
dt

∣∣∣∣
t=0

(x− ci(0))k(y − di(0))l

'Ara multPi
D ≥ mi gia k�je i 6= q.

An kq = 0, epilègoume, me an�logo trìpo ìpwc parap�nw, thn apeikìnish α

ètsi ¸ste ddi(t)
dt

∣∣∣
t=0

= 0 gia k�je i 6= q, ddq(t)
dt

∣∣∣
t=0

= d 6= 0 kai dci(t)
dt

∣∣∣
t=0

= 0 gia
k�je i = 1, . . . , r. Tìte,

dft

dt

∣∣∣∣
t=0

(x, y) = − dαq
0mq

mq(y − dq(0))mq−1

− d
∑

k+l≥mq
l≥1

(k,l)6=(0,mq)

αq
kl(0)(x− cq(0))k(y − dq(0))l−1

+
∑

k+l≥mq

dαq
kl(t)
dt

∣∣∣∣
t=0

(x− cq(0))k(y − dq(0))l

kai afoÔ dαq
0mq

(0)mq 6= 0, èqoume ìti multPq
D = mq − 1. EpÐshc, kont� sto

Pi, i 6= q, èqoume
dft

dt

∣∣∣∣
t=0

(x, y) =
∑

k+l≥mi

dαi
kl(t)
dt

∣∣∣∣
t=0

(x− ci(0))k(y − di(0))l
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'Ara multPi
D ≥ mi gia k�je i 6= q.

'Etsi loipìn, se k�je perÐptwsh, h D eÐnai mia kampÔlh bajmoÔ d, h opoÐa
dièrqetai apì to shmeÐo Pq me pollaplìthta multPq

D = mq − 1 kai apì ta
shmeÐa Pi, i 6= q me pollaplìthta multPi D ≥ mi. E�n h kampÔlh D perieÐqe
th C, ja eÐqame multPq

D ≥ mq pou eÐnai �topo. Ex�llou h C eÐnai an�gwgh,
opìte den mporeÐ na perièqei thn D. Epomènwc oi kampÔlec C,D den èqoun koinèc
sunist¸sec, kai, sÔmfwna me to je¸rhma toÔ textlatinBezout, to pl joc twn
shmeÐwn tom c aut¸n (me kajèna exaut¸n metroÔmeno tìsec forèc ìsec kai h
pollaplìthta tom c se autì) eÐnai deg C · deg D = d2. 'Omwc ta Pi, i 6= q, eÐnai
shmeÐa tom c twn C,D me pollaplìthta tom c toul�qiston m2

i kai to Pq eÐnai
shmeÐo tom c twn C,D me pollaplìthta tom c toul�qiston mq(mq−1). 'Ara ja
prèpei na isqÔei d2 ≥

∑
i 6=q m2

i +mq(mq− 1) =
∑r

i=1 m2
i −mq, k�ti pou èrqetai

se antÐfash me thn arqik  mac upìjesh.
Ac upojèsoume ìti ta P1, . . . , Pr eÐnai genik� shmeÐa toÔ probolikoÔ epipèdou.

Mia ikan  sunj kh pou exasfalÐzei thn Ôparxh kampÔlhc C bajmoÔ d dierqìmenh
apì aut� me pollaplìthtec m1, . . . ,mr, antÐstoiqa, eÐnai h(

d + 2
d

)
>

r∑
i=1

mi(mi + 1)
2

. (?)

Apì thn �llh meri�, an ta P1, . . . , P5 eÐnai tuqìnta genik� shmeÐa toÔ probolikoÔ
epipèdou, up�rqei kwnik  C, tètoia ¸ste na isqÔoun oi isìthtec

deg(2C) = d = 4, mult
Pi

(2C) = mi = 4, i = 1, . . . , 5,

kai (
d + 2

2

)
=

5∑
i=1

mi(mi + 1)
2

= 15.

An ìmwc perioristoÔme se an�gwgec kampulec kai to pl joc twn shmeÐwn eÐnai
to polÔ 7, tìte h sunj kh (?) kajÐstatai kai anagkaÐa. 'Eqoume dhlad  thn
ex c:
Prìtash 4.2.1. 'Estw ìti ta P1, . . . , Pr, r ≤ 7, eÐnai genik� shmeÐa toÔ probo-

likoÔ epipèdou kai h C mia an�gwgh kampÔlh bajmoÔ d pou dièrqetai apì aut�

me pollaplìthtec m1, . . . ,mr, antÐstoiqa. Tìte,(
d + 2

d

)
>

r∑
i=1

mi(mi + 1)
2

.

Apìdeixh. Upojètoume ìti m1 > 0.
(i) 'Estw d > 3. AfoÔ r ≤ 7, èqoume ( 3+2

3

)
> 2(2+1)

2 +
∑r

i=2
1(1+1)

2 . 'A-
ra up�rqei kampÔlh C1, tètoia ¸ste na isqÔoun oi isìthtec deg C1 =
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3, multP1 C1 = 2 kai multPi

C1 = 1, i > 1. AfoÔ h C eÐnai an�gwgh
me bajmì d > 3 den èqei koinèc sunist¸sec me thn kubik  kampÔlh C1

kai epomènwc, sÔmfwna me to je¸rhma tou Bezout, to pl joc twn sh-
meÐwn tom c twn C, C1 eÐnai Ðso me deg(C) · deg(C1) = 3d. Ta shmeÐa
P1, P2, . . . , Pr eÐnai shmeÐa tom c twn C, C1 me pollaplìthta tom c tou-
l�qiston 2m1,m2, . . . ,mr, antÐstoiqa. 'Ara èqoume 3d ≥ 2m1 +

∑r
i=2 mi.

Ex�llou, sÔmfwna me to l mma 4.2.1, d2 ≥
∑r

i=1 m2
i −m1, opìte

d(d + 3) = d2 + 3d ≥
r∑

i=1

m2
i −m1 + 2m1 +

r∑
i=2

mi =
r∑

i=1

mi(mi + 1).

Epomènwc, (
d + 2

d

)
=

d(d + 3)
2

+ 1 >
r∑

i=1

mi(mi + 1)
2

.

(ii) 'Estw d = 3. Tìte ja prèpei na èqoume anagkastik� mi ≤ 2, i = 1, . . . , r.
Diaforetik�, mia eujeÐa dierqìmenh apì to Pi kai apì k�poio �llo shmeÐo
t c kampÔlhc ja ètemne thn C se perissìtera apì trÐa shmeÐa, pr�gma
pou antibaÐnei proc to je¸rhma toÔ Bezout. EpÐshc, mi = 2 to polÔ gia
èna shmeÐo, diìti an mi = 2 = mj , i 6= j, tìte h eujeÐa pou pern�ei apì
ta Pi, Pj ja tèmnei p�li thn C se perissìtera apì trÐa shmeÐa. Epomè-
nwc oi megalÔterec timèc pou mporoÔn na èqoun ta mi, i = 1, . . . , r eÐnai
(m1, . . . ,mr) = (2, 1, 1, . . . , 1). Sunep¸c h mègisth tim  toÔ∑r

i=1
mi(mi+1)

2

eÐnai 9, dhlad  mikrìterh toÔ ( 3+2
3

)
= 10.

(iii) 'Estw d = 2. Tìte ja prèpei na èqoume anagkastik� mi ≤ 1. Lì-
gw toÔ l mmatoc 4.2.1 oi megalÔterec timèc pou mporoÔn na l�boun ta
mi, i = 1, . . . , r eÐnai (m1, . . . ,mr) = (1, 1, 1, 1, 1, 0, 0), opìte mporoÔme eÔ-
kola na elègxoume ìti to sumpèrasma toÔ l mmatoc isqÔei kai se aut n
thn perÐptwsh.

Je¸rhma 4.2.1 (Geng Xu). 'Estw ìti ta P1, . . . , Pr eÐnai genik� shmeÐa toÔ

probolikoÔ epipèdou kai h C mia an�gwgh kampÔlh bajmoÔ d dierqìmenh apì aut�

me pollaplìthtec m1, . . . ,mr, antÐstoiqa. Tìte isqÔoun ta akìlouja

(a) d ≥
√

r−1
r

∑r
i=1 mi,

(b) d + 1
2
√

r−1
> 1√

r

∑r
i=1 mi, an r ≥ 2.
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Apìdeixh. Upojètoume ìti 0 < m1 ≤ m2 ≤ . . . ≤ mt kai ìti mi = 0, i =

t + 1, . . . , r, me t ≤ r. H perÐptwsh kat� thn opìia t = 1 eÐnai profan c, diìti
èqoume p�nta ìti d > m1. Exet�zoume thn perÐptwsh ìpou t ≥ 2. Sth sunèqeia
ja qrhsimopoi soume kat’ epan�lhyh ìti

t
t∑

i=1

m2
i ≥ (

t∑
i=1

mi)2.

Pr�gmati, an t = 2, tìte profan¸c h parap�nw anisìthta isqÔei. Upojètoume
ìti isqÔei ìtan t = k. Tìte,

(k + 1)
k+1∑
i=1

m2
i = k(m2

1 + · · ·+ m2
k) + m2

1 + · · ·+ m2
k + (k + 1)m2

k+1

≥ (m1 + · · ·+ mk)2 + m2
1 + · · ·+ m2

k + (k + 1)m2
k+1

= (m1 + · · ·+ mk + mk+1)2 + m2
1 + · · ·+ m2

k + km2
k+1

−2m1mk+1 − · · · − 2mkmk+1

= (m1 + · · ·+ mk + mk+1)2 + (m1 −mk+1)2 + · · ·

+(mk −mk+1)2

≥ (m1 + · · ·+ mk + mk+1)2.

(a) Apì to l mma 4.2.1 èqoume d2 ≥
∑t

i=1 m2
i −mq, gia k�je q ≤ t. Epomènwc,

td2 ≥ t
t∑

i=1

m2
i −

t∑
i=1

mi ≥ (
t∑

i=1

mi)2 −
t∑

i=1

mi

= (
t∑

i=1

mi)2 (1− 1∑t
i=1 mi

)

≥ (1− 1
t
)(

t∑
i=1

mi)2,

opìte
d ≥

√
t− 1
t

t∑
i=1

mi ≥
√

r − 1
r

r∑
i=1

mi.

Shmei¸noume ìti √t−1
t ≥

√
r−1
r , diìti 2 ≤ t ≤ r. Pr�gmati,

√
t− 1
t

≥
√

r − 1
r

⇐⇒ r2(t− 1) ≥ t2(r − 1) ⇐⇒

rt(r − t) ≥ (r − t)(r + t) ⇐⇒ rt ≥ r + t ⇐⇒ r(t− 1) ≥ t,

 toi k�ti to opoÐo isqÔei.
(b) (i) 'Estw ìti r ≥ 4 kai 2 ≤ t ≤ r − 2. Tìte,

(t− 2)(t− (r − 2)) ≤ 0 =⇒ t2 − tr + 2r − 4 ≤ 0 =⇒

t(r − t) ≥ 2r − 4 ≥ r =⇒ t(r − t) ≥ r.
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Epomènwc

(r − t)(
t∑

i=1

m2
i ) ≥ (r − t)tm2

1 ≥ rm1

kai

r(
t∑

i=1

m2
i −m1) ≥ t

t∑
i=1

m2
i ≥ (

t∑
i=1

mi)2.

Epiprìsjeta, apì to l mma 4.2.1, èqoume d2 ≥
∑r

i=1 m2
i −m1. 'Ara

rd2 ≥ r(
r∑

i=1

m2
i −m1) ≥ (

r∑
i=1

mi)2 =⇒

d ≥ 1√
r

r∑
i=1

mi =⇒ d +
1

2
√

r − 1
>

1√
r

r∑
i=1

mi.

(ii) JewroÔme thn perÐptwsh ìpou t = r − 1. Tìte h anisìthta (r −
t)
∑t

i=1 m2
i ≥ rm1 isqÔei p�li, me mình exaÐresh thn perÐptwsh kat�

thn opoÐa èqoume m1 = · · · = mt = 1. Pr�gmati, an mi0 ≥ 2 gia
k�poio i0 ∈ {1, . . . , r − 1}, tìte m2

i0
≥ 2mi0 ≥ 2m1, opìte

(r − (r − 1))
r−1∑
i=1

m2
i = m2

1 + · · ·+ m2
i0 + · · ·+ m2

r−1

≥ m1 + · · ·+ 2m1 + · · ·+ m1 = rm1.

H sunèqeia t c apìdeixhc se aut  thn perÐptwsh eÐnai ìpwc sthn (i).
An m1 = · · · = mr−1 = 1, tìte apì to l mma 4.2.1 èqoume d2 ≥ r−2,
opìte

d +
1

2
√

r − 1
≥
√

r − 2 +
1

2
√

r − 1
.

Gia r = 2 eÐnai profanèc ìti d + 1
2
√

r−1
> r−1√

r
= 1√

r

∑r
i=1 mi. DeÐ-

qnoume ìti an r ≥ 3, tìte √r − 2 + 1
2
√

r−1
> r−1√

r
.

√
r − 2 +

1
2
√

r − 1
>

r − 1√
r
⇐⇒

2
√

r(r − 1)(r − 2) +
√

r > 2(r − 1)
√

r − 1 ⇐⇒

4r(r − 1)(r − 2) + r + 4r
√

(r − 1)(r − 2) > 4(r − 1)3 ⇐⇒

4r
√

(r − 1)(r − 2) > 3r − 4 ⇐⇒

16r2(r − 1)(r − 2) > 9r2 + 16− 24r ⇐⇒

16r4 − 3 · 16r3 + 23r2 + 24r − 16 > 0.

'Ara, pr�gmati, an r ≥ 3, tìte 16r4−3 ·16r3 ≥ 0 kai 23r2 +24r > 16,
opìte 16r4 − 3 · 16r3 + 23r2 + 24r − 16 > 0. 'Ara se k�je perÐptwsh

d +
1

2
√

r − 1
>

r − 1√
r

=
1√
r

r∑
i=1

mi.



70 KEF�ALAIO 4. H EIKAS�IA TO�U NAGATA

(iii) Tèloc, exet�zoume thn perÐptwsh ìpou t = r. Apì to l mma 4.2.1
èqoume

d2 ≥
r∑

i=1

m2
i −m1 ≥ (r − 1)m2

1 =⇒ d ≥
√

r − 1 m1.

'Ara,
(
∑r

i=1 mi)2

r
≤

r∑
i=1

m2
i ≤ d2 + m1 < (d +

m1

2d
)2 ≤ (d +

1
2
√

r − 1
)2 =⇒

d +
1

2
√

r − 1
>

1√
r

r∑
i=1

mi.

Pìrisma 4.2.1. 'Estw ìti ta P1, . . . , Pr eÐnai genik� shmeÐa toÔ probolikoÔ

epipèdou kai h C mia an�gwgh kampÔlh bajmoÔ d dierqìmenh apì aut� me polla-

plìthta m. Tìte isqÔoun ta akìlouja:

(a) d ≥
√

r − 1 m,

(b) d >
√

r m− 1
2
√

r−1
, an r ≥ 2.

4.3 Episkìphsh sqetik¸n apotelesm�twn
Se aut  thn par�grafo ja parousi�soume mia eikasÐa twn Hirschowitz kai Har-

bourne, thn opoÐa onom�zoume kÔria EikasÐa, h opoÐa eÐnai genikìterh apì aut n
toÔ Nagata, upì thn ènnoia toÔ ìti, an h kÔria EikasÐa apodeiqjeÐ alhj c, tì-
te kai h eikasÐa toÔ Nagata ja eÐnai epÐshc alhj c. Ta stoiqeÐa aut c t c
paragr�fou antl jhkan apì ta �rjra [C] kai [M1].
4.3.1 Anamenìmenh di�stash grammik¸n susthm�twn

'Opwc eÐdame sto kef�laio 2, to sÔnolo twn epÐpedwn kampul¸n bajmoÔ d pou
dièrqontai apì dojènta shmeÐa P1, . . . , Pr toÔ probolikoÔ epipèdou P2 me pol-
laplìthtec toul�qiston m1, . . . ,mr, antÐstoiqa, apoteleÐ ènan probolikì q¸ro,
ton opoÐo ja sumbolÐzoume wc

Ld

(
−

r∑
i=1

miPi

)
.

'Ena sÔnolo ìpwc to parap�nw eÐnai èna grammikì sÔsthma epÐpedwn kampu-
l¸n. EÐdame, epÐshc, ìti h di�stash toÔ grammikoÔ q¸rou ìlwn twn epÐpedwn
kampul¸n bajmoÔ d eÐnai d(d+3)

2 kai ìti h sunj kh toÔ na dièrqetai mia epÐpedh
kampÔlh apì èna shmeÐo me pollaplìthta m ep�gei m(m+1)

2 grammikèc exis¸seic
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stouc suntelestèc toÔ omogenoÔc poluwnÔmou mesw toÔ opoÐou orÐzetai. Sth
sunèqeia orÐzoume thn fainomenik  (virtual) di�stash toÔ grammikoÔ sust matoc
Ld (−

∑r
i=1 miPi) wc ton akèraio arijmì

vd

(
−

r∑
i=1

miPi

)
:=

d(d + 3)
2

−
r∑

i=1

mi(mi + 1)
2

kai thn anamenìmenh (expected) di�stash toÔ Ðdiou grammikoÔ sust matoc wc ton

ed

(
−

r∑
i=1

miPi

)
:= max{−1, vd}.

Qrhsimopoi¸nac autoÔc toÔc sumbolismoÔc parathroÔme ìti isqÔei h ex c anisì-
thta:

dimLd

(
−

r∑
i=1

miPi

)
≥ ed

(
−

r∑
i=1

miPi

)
To er¸thma pou tÐjetai eÐnai, k�tw apì poièc sunj kec h di�stash enìc gram-
mikoÔ sust matoc sumpÐptei me thn anamenìmenh di�stas  tou. H ap�nthsh e-
xart�tai kat’ arq�c apì th jèsh twn shmeÐwn sto probolikì epÐpedo, akìmh kai
sthn apl  perÐptwsh ìpou ìlec oi pollaplìthtec eÐnai Ðsec me èna.
Par�deigma 4.3.1. 'Estw ìti oi C,D eÐnai duo epÐpedec kampÔlec trÐtou baj-
moÔ pou tèmnontai se ennèa diaforetik� shmeÐa P1, . . . , P9. Shmei¸noume ìti
apì to je¸rhma tou Bezout duo kampÔlec trÐtou bajmoÔ, pou den èqoun koinèc
sunist¸sec, tèmnontai anagkastik� se ennèa shmeÐa, an metr soume to kajèna
tìsec forèc ìsec kai h pollaplìthta tom c se autì, kai genik�, mporoÔme na
epilèxoume kat�llhla tic duo kampÔlec ¸ste na tèmnontai sto k�je shmeÐo me
pollaplìthta èna. JewroÔme to grammikì sÔsthma L3(−

∑9
i=1 Pi) twn epÐpedwn

kampul¸n bajmoÔ 3 pou dièrqontai apì ta P1, . . . , P9 me pollaplìthta èna. A-
foÔ èqoume  dh duo tètoiec kampÔlec,  toi tic C,D, h di�stash toÔ sust matoc
eÐnai toul�qiston èna. 'Omwc h fainomenik  di�stash eÐnai

v3(−
9∑

i=1

Pi) = 9− 9 = 0.

Epomènwc, se aut n thn perÐptwsh, h pragmatik  di�stash toÔ sust matoc eÐnai
gn sia megalÔterh apì thn anamenìmenh.

Ta shmeÐa sto prohgoÔmeno par�deigma epilèqjhkan wc shmeÐa tom c duo
kampul¸n. H jèsh touc dhlad  sto probolikì epÐpedo eÐnai, kat� k�poio trì-
po, "eidik ". Sthn perÐptwsh ìmwc pou ta shmeÐa brÐskontai se genik  jèsh oi
antÐstoiqec pollaplìthtec eÐnai ìlec Ðsec me èna kai isqÔei to ex c:
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Je¸rhma 4.3.1. 'Estw ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ epipèdou

se genik  jèsh. Tìte h di�stash toÔ grammikoÔ sust matoc Ld(−
∑r

i=1 Pi)

eÐnai Ðsh me thn anamenìmenh di�stas  tou.

Se ì,ti akoloujeÐ, ja lème ìti èna sÔsthma Ld(−
∑r

i=1 miPi) eÐnai eidikì an
den èqei thn anamenìmenh di�stash. Diaforetik� ja lème ìti to sÔsthma eÐnai
mh eidikì. SÔmfwna me to parap�nw je¸rhma, an ìlec oi pollaplìthtec mi

eÐnai Ðsec me èna kai ta shmeÐa Pi brÐskontai se genik  jèsh, tìte to antÐstoiqo
grammikì sÔsthma eÐnai mh eidikì. Apì thn �llh meri�, an oi pollaplìthtec
eÐnai megalÔterec apì èna, up�rqoun grammik� sust mata pou eÐnai eidik� akìma
kai ìtan ta shmeÐa brÐskontai se genik  jèsh, ìpwc blèpoume sto akìloujo
par�deigma.
Par�deigma 4.3.2. 'Estw ìti ta P1, . . . , P5 eÐnai pènte shmeÐa toÔ probolikoÔ
epipèdou euriskìmena se genik  jèsh. H fainomenik  di�stash toÔ grammikoÔ
sust matoc twn epÐpedwn kampul¸n bajmoÔ dÔo, oi opoÐec dièrqontai apì ta
P1, . . . , P5 me pollaplìthta èna, eÐnai mhdèn, epomènwc sÔmfwna me to je¸rh-
ma 4.3.1, dimL2(−

∑5
i=1 Pi) = 0. To teleutaÐo shmaÐnei ìti up�rqei monadik 

kampÔlh C deutèrou bajmoÔ dierqìmenh apì ta P1, . . . , P5. 'Estw F (X, Y, Z),
to deuterob�jmio polu¸numo mèsw toÔ opoÐou orÐzetai h en lìgw kampÔlh C.
Jètoume G(X, Y, Z) = F 2(X, Y, Z). Tìte to polu¸numo G(X, Y, Z) èqei bajmì
tèssera kai h kampÔlh 2C pou orÐzetai wc to sÔnolo twn jèsewn mhdenismoÔ
toÔ G(X, Y, Z) dièrqetai apì ta shmeÐa P1, . . . , P5 me pollaplìthta dÔo sto ka-
jèna. Epomènwc to grammikì sÔsthma L4(−

∑5
i=1 2Pi) eÐnai mh kenì. 'Omwc h

anamenìmenh di�stas  tou eÐnai
e4(−

5∑
i=1

2Pi) = 14− 15 = −1.

'Ara to sÔsthma L4(−
∑5

i=1 2Pi) eÐnai eidikì, parìti pou ta shmeÐa P1, . . . , P5

brÐskontai se genik  jèsh.
4.3.2 O arijmìc twn epiplèon tom¸n

Ac upojèsoume ìti ta P1, . . . , Pr eÐnai shmeÐa toÔ probolikoÔ epipèdou. JewroÔ-
me ta grammik� sust mata Ld(−

∑r
i=1 miPi), Le(−

∑r
i=1 niPi) kai duo epÐpedec

kampÔlec C,D tètoiec ¸ste C ∈ Ld(−
∑r

i=1 miPi) kai D ∈ Le(−
∑r

i=1 niPi).
Gia k�je i = 1, . . . , r h pollaplìthta tom c twn C,D sto shmeÐo Pi eÐnai me-
galÔterh   Ðsh apì to ginìmeno mini, dhlad  oi kampÔlec C,D tèmnontai se
toul�qiston ∑r

i=1 mini shmeÐa, metr¸ntac to kajèna tìsec forèc ìsec kai h
pollaplìthta tom c se autì. Apì to je¸rhma toÔ Bezout, sthn perÐptwsh pou
oi C,D den èqoun koinèc sunist¸sec, o arijmìc twn tom¸n touc eÐnai de. EÐnai
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fusiologikì loipìn, na orÐsoume ton arijmì twn epiplèon tom¸n twn C,D, wc
ton akèraio arijmì

〈C,D〉 = de−
r∑

i=1

mini.

H parap�nw posìthta den exart�tai apì thn epilog  twn kampul¸n C,D, all�
mìno apì toÔc bajmoÔc touc kai thn pollaplìthta me thn opoÐa dièrqontai apì
kajèna apì ta shmeÐa P1, . . . , Pr, dhlad  mono apì ta grammik� sust mata sta
opoÐa autèc an koun.
ShmeÐwsh 4.3.1. H apeikìnish

〈−,−〉 : {(C,D) | C ∈ Ld(−
r∑

i=1

miPi), D ∈ Le(−
r∑

i=1

niPi)} −→ Z,

ìpou d, e,mi, ni ∈ N, eÐnai Z-digrammik .
ShmeÐwsh 4.3.2. An o arijmìc twn epiplèon tom¸n duo kampul¸n C,D eÐnai
arnhtikìc, tìte, lìgw toÔ jewr matoc toÔ Bezout, oi C,D diajètoun k�poia
koin  sunist¸sa.
4.3.3 To Arijmhtikì kai to Gewmetrikì Gènoc

Sto pr¸to kef�laio orÐsame to gènoc g miac leÐac epÐpedhc kampÔlhc bajmoÔ d

wc
g =

(d− 1)(d− 2)
2

.

'Estw t¸ra mia an�gwgh epÐpedh kampÔlh C poÔ èqei idi�zonta shmeÐa ta
P1, . . . , Pr. Shmei¸noume ìti to pl joc twn idiazìntwn shmeÐwn miac epÐpedhc
kampÔlhc eÐnai p�ntote peperasmèno. Onom�zoume gewmetrikì gènoc t c kampÔ-
lhc C, to gènoc t c leÐac kampÔlhc (epif�neiac Riemann) pou prokÔptei Ôstera
apì th di�lush twn idiwm�twn t c C. ApodeiknÔetai ìti an h kampÔlh C èqei
bajmì d, tìte to gewmetrikì thc gènoc eÐnai Ðso me

g(C) =
(d− 1)(d− 2)

2
− δ,

ìpou to δ eÐnai ènac mh arnhtikìc akèraioc arijmìc pou exart�tai apì to eÐdoc
twn idiom�twn t c kampÔlhc. Gia idi�zonta shmeÐa me stajer  pollaplìthta, h
el�qisth tim  toÔ δ epitugq�netai ìtan to idÐwma eÐnai sÔnhjec. Sugkekrimè-
na, an h C èqei mìno sun jh idi¸mata sta shmeÐa P1, . . . , Pr me pollaplìthtec
m1, . . . ,mr, antÐstoiqa, dhlad  an kont� sto kajèna apì ta Pi h C apoteleÐtai
apì mi kl�douc me diaforetikèc efaptomènec, tìte èqoume

δ =
r∑

i=1

mi(mi − 1)
2
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kai, wc ek toÔtou, to gewmetrikì gènoc t c kampÔlhc C dÐdetai apì ton tÔpo

g(C) =
(d− 1)(d− 2)

2
−

r∑
i=1

mi(mi − 1)
2

.

Apì thn �llh meri�, opoiad pote an�gwgh kampÔlh dierqìmenh apì ta shmeÐa
P1, . . . , Pr me pollaplìthtec toul�qiston m1, . . . ,mr ja èqei gewmetrikì gè-
noc mikrìtero   Ðso toÔ parap�nw arijmoÔ. ParathroÔme ìti, ex orismoÔ,
to gewmetrikì gènoc miac an�gwghc kampÔlhc eÐnai mh arnhtikì. 'Estw t¸ra
C ∈ Ld(−

∑r
i=1 miPi). OrÐzoume wc (arijmhtikì) gènoc t c C (jewroumènhc wc

stoiqeÐou toÔ grammikoÔ sust matoc Ld(−
∑r

i=1 miPi)) ton arijmì

p(C) =
(d− 1)(d− 2)

2
−

r∑
i=1

mi(mi − 1)
2

.

Shmei¸noume ìti h parap�nw orologÐa proèrqetai apì to gegonìc ìti to gènoc
t c C sumpÐptei me to arijmhtikì gènoc (me ton sun jh orismì) toÔ gn siou
metasqhmatismoÔ t c C sthn anatÐnaxh toÔ probolikoÔ epipèdou sta shmeÐa
P1, . . . , Pr. ParathroÔme ìti, an h C eÐnai an�gwgh tìte p(C) ≥ g(C) ≥ 0

kai, epÐshc, ìti an p(C) = 0, tìte g(C) = 0. Kat� sunèpeian, Ôstera apì thn
di�lush twn idiwm�twn thc, h C eÐnai mia sfaÐra toÔ Riemann.

4.3.4 (-1)-kampÔlec kai h kÔria EikasÐa

Se ì,ti akoloujeÐ, ìtan mil�me gia gènoc miac kampÔlhc C ∈ Ld(−
∑r

i=1 miPi) ja
enooÔme to arijmhtikì thc gènoc. JewroÔme mia kampÔlh C ∈ Ld(−

∑r
i=1 miPi).

Onom�zoume arijmì autotom c t c C ton arijmì twn epiplèwn tom¸n

〈C2〉 = 〈C,C〉 = d2 −
r∑

i=1

m2
i .

ParathroÔme ìti o arijmìc autotom c miac kampÔlhc mporeÐ na eÐnai arnhtikìc.
DÐnoume sth sunèqeia duo tètoia paradeÐgmata.
Par�deigma 4.3.3. JewroÔme duo shmeÐa toÔ probolikoÔ epipèdou P1, P2 kai
mia eujeÐa C pou dièrqetai apì aut� (up�rqei monadik ). Tìte, 〈C2〉 = 1− 2 =

−1.
Par�deigma 4.3.4. JewroÔme pènte shmeÐa toÔ probolikoÔ epipèdou P1, . . . , P5

kai mia deuterob�jmia kampÔlh C pou dièrqetai apì aut� (up�rqei monadik ).
Tìte, 〈C2〉 = 4− 5 = −1.

Oi kampÔlec twn dÔo teleutaÐwn paradeigm�twn èqoun akìmh èna koinì stoi-
qeÐo, pèra apì to ìti o arijmìc autotom c touc eÐnai −1. To gènoc touc eÐnai
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mhdèn. An�gwgec epÐpedec kampÔlec me autèc tic idiìthtec onom�zontai (−1)-
kampÔlec. Sth sunèqeia melet�me ton trìpo me ton opoÐo sundèontai oi (−1)-
kampÔlec me ta eidik� sust mata.

Sto par�deigma 4.3.2, eÐdame thn perÐptwsh miac kampÔlhc C, tètoiac ¸-
ste h dipl�sia aut c, dhlad  h kampÔlh 2C, den anamènetai na up�rqei (diìti
h anamenìmenh di�stash toÔ sust matoc eÐnai arnhtik ). Sta parap�nw para-
deÐgmata eÐdame, epÐshc, ìti h kampÔlh C eÐnai mia (−1)-kampÔlh. Autì eÐnai
èna genikìtero fainìmeno: an p�roume mia an�gwgh kampÔlh E se èna sÔsthma
Ld(−

∑r
i=1 miPi) to opoÐo anamènoume na eÐnai mh kenì (dhl. na èqei mh arnhtik 

anamenìmenh di�stash) all� h dipl�si� thc 2C den anamènetai na up�rqei, dh-
lad  to sÔsthma L2d(−

∑r
i=1 2miPi) èqei arnhtik  anamenìmenh di�stash, tìte

mporeÐ na apodeiqjeÐ ìti h E eÐnai mia (−1)-kampÔlh. Pr�gmati, ènac eÔkoloc
upologismìc mac dÐnei tic akìloujec isìthtec:

vd(−
r∑

i=1

miPi) =< E2 > −p(E) + 1, p(2E) =< E2 > −2p(E)− 1.

AfoÔ to sÔsthma Ld(−
∑r

i=1 miPi) eÐnai m  kenì ja prèpei na èqoume

vd(−
r∑

i=1

miPi) ≥ 0.

Ex�llou, afoÔ to L2d(−
∑r

i=1 2miPi) èqei arnhtik  anamenìmenh di�stash ja
prèpei

v2d(−
r∑

i=1

2miPi) ≤ −1.

Sunep¸c ja èqoume
< E2 > −p(E) + 1 ≥ 0 =⇒ < E2 > −p(E) ≥ −1 ,

4 < E2 > −p(2E) + 1 ≤ −1 =⇒ < E2 > −p(E) ≤ −1− p(E)
3

.

Lamb�nontac up’ ìyin ìti p(E) ≥ 0, ja prèpei p(E) = 0 kai epÐshc < E2 >= −1,
dhl. h E na eÐnai mia (−1)-kampÔlh.

Ja doÔme t¸ra p¸c mporoÔme na kataskeu�soume eidik� grammik� sust mata
qrhsimopoi¸ntac (−1)-kampÔlec. Ac upojèsoume ìti ta P1, . . . , Pr eÐnai shmeÐa
toÔ epipèdou. JewroÔme èna grammikì sÔsthma Ld(−

∑r
i=1 miPi), tètoio ¸ste

mia (kai epomènwc kai k�je) kampÔlh C ∈ Ld(−
∑r

i=1 miPi) na èqei arnhtikì
arijmì epiplèon tom¸n me mia an�gwgh (−1)-kampÔlh E ∈ Le(−

∑r
i=1 niPi),

gia k�poia e, n1, . . . , nr. Dhlad , 〈C,E〉 = −N, N ≥ 1, gia k�je kampÔlh
C ∈ Ld(−

∑r
i=1 miPi). SÔmfwna me thn parat rhsh 4.3.2 kai afoÔ h E eÐ-

nai an�gwgh, h kampÔlh C perièqei thn E wc sunist¸sa. 'Etsi, mporoÔme na
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jewr soume thn kampÔlh
C ′ = C − E ∈ Ld−e

(
−

r∑
i=1

(mi − ni)Pi

)
.

Tìte, an N ≥ 2, o arijmìc epiplèon tom¸n t c C ′ (kai k�je kampÔlhc toÔ su-
st matoc Ld−e

(
−
∑r

i=1(mi − ni)Pi

)) kai t c E eÐnai 〈C ′, E〉 = −N + 1 < 0.
Epanalamb�nontac thn parap�nw diadikasÐa N -forèc, katal goume se èna gram-
mikì sÔsthma Ld−Ne

(
−
∑r

i=1(mi − Nni)Pi

), tètoio ¸ste gia k�je kampÔlh
D ∈ Ld−Ne

(
−
∑r

i=1(mi − Nni)Pi

) èqoume 〈D,E〉 = 0. Epomènwc, k�je stoi-
qeÐo toÔ grammikoÔ sust matoc Ld(−

∑r
i=1 miPi) perièqei to N pollapl�sio

t c kampÔlhc E. Epomènwc up�rqei mia 1-1 antistoiqÐa an�mesa sta stoiqeÐa
toÔ sust matoc Ld−Ne

(
−
∑r

i=1(mi − Nni)Pi

) me aut� toÔ arqikoÔ sust ma-
toc Ld(−

∑r
i=1 miPi) kai h opoÐa dÐdetai apì thn apeikìnish D → D + NE.

Sunep¸c,
dimLd(−

r∑
i=1

miPi) = dimLd−Ne

(
−

r∑
i=1

(mi −Nni)Pi

)
≥ vd−Ne

(
−

r∑
i=1

(mi −Nni)Pi

)
= vd(−

r∑
i=1

miPi) +
N(N − 1)

2
> vd(−

r∑
i=1

miPi)

ìtan N ≥ 2. 'Ara to grammikì sÔsthma Ld(−
∑r

i=1 miPi) eÐnai eidikì.
T¸ra antistrèfontac thn parap�nw diadikasÐa mporoÔme na kataskeu�soume

eidik� grammik� sust mata: JewroÔme èna mh kenì grammikì sÔsthma L kai mia
an�gwgh (−1)-kampÔlh E, tètoia ¸ste na isqÔei 〈C,E〉 = 0 gia k�je kampÔlh
C ∈ L. To sÔsthma L + NE eÐnai eidikì gia k�je N ≥ 2. Epiplèon, ìla ta
mèqri t¸ra gnwst� paradeÐgmata eidik¸n grammik¸n susthm�twn mporoÔn na
prokÔyoun me thn parap�nw diadikasÐa. H kÔria eikasÐa eÐnai ìti opoiod pote
eidikì grammikì sÔsthma mporeÐ pr�gmati na prokÔyei me autìn trìpo.

H kÔria EikasÐa. [Hirschowitz-Harbourne] 'Estw ìti ta P1, . . . , Pr eÐnai

r shmeÐa toÔ probolikoÔ epipèdou euriskìmena se genik  jèsh. To grammikì

sÔsthma L = Ld(−
∑r

i=1 miPi) eÐnai eidikì an kai mìnon an up�rqei mia

(−1)-kampÔlh E tètoia ¸ste

〈C,E〉 = −N, N ≥ 2,

gia k�je kampÔlh C ∈ L.

H kÔria EikasÐa paramènei akìmh anoiqt . Prìsfata, h èreuna èqei epi-
kentrwjeÐ stic eidikèc peript¸seic ìpou ìlec oi pollaplìthtec eÐnai Ðsec, dhlad 
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sta grammik� sust mata Ld(−

∑r
i=1 mPi) twn epÐpedwn kampul¸n bajmoÔ d

pou dièrqontai apì r genik� shmeÐa toÔ probolikoÔ epipèdou me pollaplìthta
toul�qiston m. H kÔria EikasÐa èqei apodeiqjeÐ ìti alhjeÔei ìtan r ≤ 9   ìtan
m ≤ 12, apì toÔc Castelnuovo, Nagata, Gimigliano, Harbourne kai Hirschowitz,

Ciliberto, Miranda, antÐstoiqa. EpÐshc, èqei apodeiqjeÐ ìti sthn perÐptwsh kat�
thn opoÐa m1 = · · ·mr = m, ta grammik� sust mata Ld(−

∑r
i=1 mPi) perièqoun

(−1)-kampÔlec mìnon ìtan r = 2, 3, 5, 6, 7, 8. Apì to teleutaÐo �getai ìti an h
kÔria EikasÐa eÐnai alhj c, tìte k�je grammikì sÔsthma Ld(−

∑r
i=1 miPi), me

r ≥ 9, ja eÐnai mh eidikì. Me b�sh autì apodeiknÔetai h parak�tw prìtash
Prìtash 4.3.1. H kÔria eikasÐa sunep�getai thn eikasÐa toÔ Nagata.

Apìdeixh. Ac upojèsoume ìti ta P1, . . . , Pr, r ≥ 10, eÐnai genik� shmeÐa toÔ
epipèdou kai ìti h C eÐnai mia kampÔlh bajmoÔ d pou dièrqetai apì aut� me pol-
laplìthta m. Apì to je¸rhma 3.2.2 gnwrÐzoume ìti h eikasÐa toÔ Nagata isqÔei
ìtan to r eÐnai tèleio tetr�gwno. Thn apodeiknÔoume t¸ra kai sthn perÐptwsh
pou to r den eÐnai tèleio tetr�gwno. 'Estw A mia an�gwgh sunist¸sa t c C.
Tìte h A an kei se èna grammikì sÔsthma to opoÐo eÐnai mh eidikì (apì thn kÔria
eikasÐa). Sunep¸c h di�stas  tou, h opoÐa eÐnai ≥ 0 (diìti perièqei thn kampÔlh
A), isoÔtai me thn fainomenik  di�stas  tou kai h opoÐa epomènwc ja eÐnai ≥ 0.
Sunep¸c,

< A2 > −p(A) + 1 ≥ 0

kai
< A2 >≥ p(A)− 1 ≥ −1.

Isqurizìmaste t¸ra ìti < A2 >6= −1. Pr�gmati, an < A2 >= −1, tìte apì
thn parap�nw anisìthta sun�goume ìti p(A) = 0 kai epomènwc h A ja  tan
mia (−1)-kampÔlh, pr�gma �topo, diìti r ≥ 10. Sunep¸c, gia k�je an�gwgh
sunist¸sa Ai t c C, èqoume ìti < A2

i >≥ 0 kai, wc ek toÔtou,
< C2 >= d2 − rm2 ≥ 0.

Epomènwc, d ≥
√

r m kai afoÔ to r den eÐnai tèleio tetr�gwno èqoume ìti d >
√

r m.
H kÔria teqnik  pou akoloujoÔn oi ereunhtèc gia na elègxoun pìte èna gram-

mikì sÔsthma èqei thn anamenìmenh di�stash eÐnai h ex c: 'Estw ìti jèloume na
melet soume to grammikì sÔsthma twn epÐpedwn kampul¸n bajmoÔ d pou dièr-
qontai apì r genik� shmeÐa toÔ probolikoÔ epipèdou P1, . . . , Pr me pollaplìthtec
m1, . . . ,mr, antÐstoiqa, dhlad  to sÔsthma L = Ld(−

∑r
i=1 miPi). An jewr -

soume ìti ta P1, . . . , Pr brÐskontai se mia pio eidik  jèsh, tìte h di�stash toÔ
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antÐstoiqou grammikoÔ sust matoc eÐnai megalÔterh   Ðsh apì th di�stash toÔ
L sthn perÐptwsh pou ta shmeÐa P1, . . . , Pr eÐnai genik�. Apì thn �llh meri�, h
eidik  jèsh twn shmeÐwn dieukolÔnei ton upologismì t c di�stashc. Epomènwc,
an katafèroume na broÔme mia eidik  jèsh twn P1, . . . , Pr, ètsi ¸ste h di�stash
toÔ L na tautÐzetai me thn anamenìmenh di�stas  tou, tìte kai gia ta genik�
shmeÐa, h pragmatik  di�stash toÔ antÐstoiqou sust matoc ja tautÐzetai me thn
anamenìmenh, opìte ja eÐnai mh eidikì.
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