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H paroÔsa metaptuqiak  ergasÐa ekpon jhke sta plaÐsia tou DiatmhmatikoÔ
Progr�mmatoc Metaptuqiak¸n Spoud¸n {Majhmatik� kai Efarmogèc touc} twn
Tmhm�twn Majhmatik¸n kai Efarmosmènwn Majhmatik¸n tou PanepisthmÐou Kr -
thc gia thn apìkthsh MetaptuqiakoÔ Dipl¸matoc EidÐkeushc sta Jewrhtik� Ma-
jhmatik�.

H ergasÐa katatèjhke sto Tm ma Majhmatik¸n to Noèmbrio tou 2008. Thn
kritik  epitrop  apotèlesan oi akadhmaðkoÐ tou Tm matoc Efarmosmènwn Majh-
matik¸n:

Jeìdwroc KatsaoÔnhc, EpÐkouroc Kajhght c
Ge¸rgioc Makr�khc, Anaplhrwt c Kajhght c
Qar�lampoc Makrid�khc, Kajhght c

Thn epÐbley  thc anèlabe o k. Q. Makrid�khc.





EuqaristÐec

Ja  jela pr¸ta na euqarist sw to d�skalì mou, kajhght  k. Q. Makrid�kh pou
me tic suzht seic kai thn kajod ghs  tou me bo jhse na katal�bw tic kentrikèc
idèec pou pragmateÔetai h paroÔsa metaptuqiak  ergasÐa. EpÐshc ton euqarist¸
diìti melèthse thn ergasÐa kai èkane diorj¸seic. Euqarist¸ touc kajhghtèc k.k.
J. KatsaoÔnh kai G. Makr�kh pou apotèlesan mazÐ me ton k. Makrid�kh thn trimel 
mou epitrop . Kai autoÐ melèthsan thn ergasÐa kai èkanan diorj¸seic. Tèloc eu-
qarist¸ ton kajhght  tou Tm matoc Plhroforik c tou PanepisthmÐou IwannÐnwn k.
G. AkrÐbh gia tic suzht seic sthn ergasÐa “G. Akrivis, V. Dougalis, O. Karakashi-

an, On fully discrete Galerkin methods of second-order temporal accuracy for the

nonlinear Schrödinger equation, Numer. Math. 59 (1991), 31-53 ” apì thn opoÐa
eÐnai kat� kÔrio lìgo parmèna ta apotelèsmata tou trÐtou kefalaÐou.

Kat� th di�rkeia twn metaptuqiak¸n mou spoud¸n gia thn apìkthsh Metaptuqi-
akoÔ Dipl¸matoc EidÐkeushc uposthrÐqjhka oikonomik� apì to InstitoÔto Upo-
logistik¸n Majhmatik¸n tou IdrÔmatoc TeqnologÐac kai 'Ereunac (upìtrofoc sto
eurwpaðkì ereunhtikì prìgramma HYKE) kai apì ta Tm mata Efarmosmènwn Ma-
jhmatik¸n kai Majhmatik¸n tou PanepisthmÐou Kr thc (upotrofÐa Manass�kh kai
upotrofÐa PhqwrÐdh). Proc ta IdrÔmata aut� ekfr�zw tic euqaristÐec mou.
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SUMBOLISMOI

'Estw Ω èna fragmèno qwrÐo tou Rd, d ∈ N, me sÔnoro ∂Ω (sthn perÐptwsh pou
to d = 1 to Ω eÐnai apl¸c èna di�sthma (a, b) me sÔnoro ta �kra tou diast matoc).
'Estw epÐshc z ènac migadikìc arijmìc. Tìte |z| kai z̄ eÐnai to mètro kai o suzug c
tou z antÐstoiqa.

Sthn ergasÐa aut  sumbolÐzoume me

L2 := L2(Ω) = {υ : Ω → C :

∫

Ω

|υ|2 < ∞}.

'Estw (·, ·) to eswterikì ginìmeno ston L2 to opoÐo dÐnetai apì

(υ, w) =

∫

Ω

υ(x)w̄(x) dx, υ, w ∈ L2,

kai || · || h antÐstoiqh nìrma. Gia 1 ≤ p < ∞, p 6= 2, sumbolÐzoume me | · |p th nìrma
tou Lp := Lp(Ω), ìpou

Lp(Ω) = {υ : Ω → C :

∫

Ω

|υ|p < ∞},

kai gia p = ∞, sumbolÐzoume me || · ||L∞ th nìrma tou L∞ := L∞(Ω) me

L∞(Ω) = {υ : Ω → C : ess supΩ|υ| < ∞}.

Gia k�je s ∈ N0, èstw

Hs := Hs(Ω) = {υ : Ω → C :up�rqoun ìlec oi asjeneÐc merikèc par�gwgoi

t�xhc mèqri kai s kai eÐnai stoiqeÐa tou L2},
oi migadikoÐ q¸roi Sobolev (oi opoÐoi eÐnai q¸roi Hilbert) kai èstw || · ||s h antÐstoiqh
nìrma touc. JumÐzoume ìti H0 = L2. 'Estw epÐshc

H1
0 := H1

0 (Ω) = {υ ∈ H1 : υ = 0 sto ∂Ω},
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dhlad  o H1
0 eÐnai o upìqwroc tou H1 pou perièqei ta stoiqeÐa mhdenikoÔ Ðqnouc.

OrÐzoume akìma

(∇υ,∇w) :=
d∑

i=1

(υxi
, wxi

).

Tèloc, sthn paroÔsa ergasÐa, h C ja sumbolÐzei mia jetik  stajer�, ìqi a-
paraÐthta Ðdia se diaforetikèc peript¸seic, h opoÐa ja eÐnai p�ntote anex�rthth apì
to qronikì kai to qwrikì b ma, mporeÐ ìmwc na exart�tai apì ta dedomèna tou pro-
bl matoc kai thn akrib  lÔsh. 'Opou qrei�zetai, ja anafèrnoume analutik� apì
poiec posìthtec exart�tai h stajer� C. 'Otan ja gr�foume C(υ) antÐ thc C ja
ennooÔme bebaÐwc ìti h stajer� aut  exart�tai apì th sun�rthsh υ.
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Eisagwg 

Basikìc skopìc thc ergasÐac aut c eÐnai h melèth kat�llhlwn arijmhtik¸n mejìdwn
kai h apìdeixh ek twn protèrwn ektim sewn gia tic exis¸seic tÔpou Schrödinger.

H genikìterh morf  thc grammik c exÐswshc Schrödinger dÐnetai mèsw tou pro-
bl matoc

(1)

{
ut − i∆u + ig(x, t)u = f(x, t) sto Rd × R,
u(·, 0) = u0 sto Rd,

ìpou g, f : Rd×R→ C kai u0 : Rd → C eÐnai dedomènec sunart seic. Stic pio pollèc
fusikèc efarmogèc melet�tai to pio aplì prìblhma sto opoÐo h sun�rthsh g lamb�nei
mìno pragmatikèc timèc kai h sun�rthsh f eÐnai tautotik� Ðsh me mhdèn. H perÐptwsh
aut  apoteleÐ thn pio sunhjismènh morf  thc grammik c exÐswshc Schrödinger kai
eÐnai basikì montèlo se di�fora probl mata kbantomhqanik c (blèpe gia par�deigma
[1, Kef. 2.3-2.4] kai [29]).

H grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou, h opoÐa mporeÐ na jewrhjeÐ
wc eidik  perÐptwsh thc sunhjismènhc morf c thc grammik c exÐswshc Schrödinger,
perigr�fetai apì to prìblhma

(2)





uε
t − i

ε

2
∆uε +

i

ε
V (x)uε = 0 sto Rd × R,

uε(·, 0) = uε
0 sto Rd,

ìpou V : Rd → R eÐnai dedomèno hlektrostatikì dunamikì (kai wc ek toÔtou lam-
b�nei mìno mh arnhtikèc timèc) kai to ε eÐnai h stajer� tou Planck, dhlad  mia jetik 
stajer� polÔ mikrìterh thc mon�dac (0 < ε ¿ 1). To prìblhma (2) parousi�zei
meg�lo endiafèron tìso sto q¸ro twn Merik¸n Diaforik¸n Exis¸sewn, ìso kai
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sto q¸ro thc Arijmhtik c An�lushc, exaitÐac twn talant¸sewn mikroÔ m kouc kÔ-
matoc (t�xewc ε) sto q¸ro kai to qrìno pou parousi�zoun oi lÔseic twn exis¸sewn
aut¸n. O kÔrioc lìgoc thc melèthc tou probl matoc (2) eÐnai oi pollèc efarmogèc
pou èqei sth Fusik  kai thn TeqnologÐa. Gia par�deigma, to prìblhma (2) perigr�fei
poll� probl mata kbantomhqanik c ([2]), optik c ([3]), jal�ssiac akoustik c kai
seismologÐac ([4]).

Tèloc h kubik  mh grammik  exÐswsh Schrödinger, gnwst  wc kubik  NLS, peri-
gr�fetai apì to prìblhma

(3)

{
ut = i∆u + iλ|u|2u sto Rd × R,
u(·, 0) = u0 sto Rd,

ìpou to λ eÐnai mia pragmatik  par�metroc kai h u0 : Rd → C eÐnai dedomènh arqik 
tim . H kÔria duskolÐa tou probl matoc autoÔ eÐnai ìti h lÔsh tou mporeÐ na
ekr gnutai se peperasmèno qrìno. Mac endiafèrei ìmwc poia eÐnai h sumperifor�
thc lÔshc tou probl matoc (3), diìti ìpwc kai h grammik  perÐptwsh, ètsi kai h
kubik  NLS èqei pollèc efarmogèc. Sugkekrimèna apoteleÐ basikì montèlo gia mh
grammik� kÔmata se di�forouc tomeÐc thc Fusik c, ìpwc h udrodunamik , h fusik 
pl�smatoc kai h mh grammik  optik  ([5, sel. 452-465], [6]).

EÐnai loipìn emfanèc ìti oi exis¸seic tÔpou Schrödinger eÐnai exis¸seic jemelei¸-
douc shmasÐac gia th sÔgqronh Fusik  kai thn TeqnologÐa. To gegonìc autì se
sunduasmì me th duskolÐa thc akriboÔc epÐlushc twn problhm�twn pou aforoÔn
tic exis¸seic Schrödinger od ghsan sthn an�gkh eÔreshc arijmhtik c prosèggi-
shc thc akriboÔc lÔshc, dhlad  sthn arijmhtik  epÐlush twn problhm�twn aut¸n.
EÐnai loipìn gia toÔto to lìgo pou pollèc ergasÐec èqoun wc jèma touc thn epi-
log  kat�llhlhc arijmhtik c mejìdou gia thn arijmhtik  epÐlush twn exis¸sewn
tÔpou Schrödinger kai thn apìdeixh ek twn protèrwn ektim sewn. Anafèroume en-
deiktik� tic ergasÐec [7], [8], [9], [10] kai [11] gia th grammik  perÐptwsh kai [12],
[13], [14], [15] kai [16] gia th mh grammik  perÐptwsh. Oi mèjodoi diakritopoÐh-
shc pou sun jwc epilègontai eÐnai peperasmèna stoiqeÐa   peperasmènec diaforèc  
fasmatikèc mèjodoi (gia th diakritopoÐhsh wc proc to q¸ro), se sunduasmì me th
mèjodo Crank-Nicolson (gia th diakritopoÐhsh wc proc to qrìno) kai fasmatikèc
mèjodoi se sunduasmì me tic mejìdouc splitting, kaj¸c epÐshc kai k�poiec paral-
lagèc twn mejìdwn aut¸n. Ta arijmhtik� sq mata epilègontai sun jwc ètsi, ¸ste
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na ikanopoioÔn {kat�llhlec} diakritèc arqèc diat rhshc. Ti ennooÔme me ton ìro
{kat�llhlec} ja katasteÐ safèc sthn an�lush twn arijmhtik¸n mejìdwn sto kÔrio
mèroc thc ergasÐac.

Sto pr¸to kef�laio thc ergasÐac aut c ja jewr soume to prìblhma (1) se
èna fragmèno qwrÐo me mhdenikèc sunoriakèc sunj kec. Ja diakritopoi soume to
prìblhma qrhsimopoi¸ntac peperasmèna stoiqeÐa kai th mèjodo Crank-Nicolson kai
ja apodeÐxoume ek twn protèrwn ektim seic sthn L2− nìrma.

Ta apotelèsmata tou deÔterou kefalaÐou ja eÐnai kurÐwc parmèna apì to �r-
jro [7] kai ja aforoÔn to prìblhma arqik¸n-sunoriak¸n tim¸n gia th monodi�stath
(wc proc to q¸ro) grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou me periodikèc
sunoriakèc sunj kec. Ja melethjoÔn ta sq mata peperasmènwn stoiqeÐwn se sun-
duasmì me th mèjodo Crank-Nicolson kai fasmatik¸n mejìdwn se sunduasmì me
tic mejìdouc splitting. Ja gÐnei sÔgkrish twn dÔo mejìdwn kai ja exhghjoÔn ta
pleonekt mata pou èqoun oi splitting-fasmatikèc mèjodoi se sqèsh me ta pepera-
smèna stoiqeÐa kai th mèjodo Crank-Nicolson, ìson afor� thn epilog  tou qwrikoÔ
kai qronikoÔ b matoc se sqèsh me to ε.

Sto trÐto kai teleutaÐo kef�laio ja melethjeÐ to prìblhma gia thn kubik  NLS

se èna fragmèno qwrÐo me mhdenikèc sunoriakèc sunj kec kai ja gÐnei h arijmhtik 
tou epÐlush me qr sh peperasmènwn stoiqeÐwn kai thc mejìdou Crank-Nicolson. Ta
apotelèsmata tou kefalaÐou autoÔ ja eÐnai kat� kÔrio lìgo parmèna apì to �rjro
[12].

3





Kef�laio 1

H grammik  exÐswsh Schrödinger

1.1 To prìblhma

'Estw Ω ⊆ Rd, d ∈ N, èna fragmèno qwrÐo me sÔnoro ∂Ω kai èstw 0 < T <

∞ dedomèno. JewroÔme to parak�tw prìblhma arqik¸n-sunoriak¸n tim¸n gia th
genikìterh morf  thc exÐswshc Schrödinger: ZhteÐtai sun�rthsh u : Ω̄× [0, T ] → C
h opoÐa ikanopoieÐ to prìblhma

(1.1)





ut − i∆u + ig(x, t)u = f(x, t) sto Ω̄× [0, T ],

u = 0 sto ∂Ω× [0, T ],

u(·, 0) = u0 sto Ω̄,

ìpou g, f : Ω̄ × [0, T ] → C kai u0 : Ω̄ → C eÐnai dedomènec sunart seic. Ja
upojèsoume ìti oi sunart seic autèc eÐnai arket� omalèc ¸ste to prìblhma (1.1) na
èqei monadik  lÔsh, arkoÔntwc omal  gia tic apait seic mac. Jètoume

(1.2) M := sup
(x,t)∈Ω×[0,T ]

|g(x, t)|.

Sto parìn kef�laio, ja diakritopoi soume arqik� to prìblhma (1.1) wc proc
to q¸ro, qrhsimopoi¸ntac peperasmèna stoiqeÐa. Gia na to epitÔqoume autì, gia
0 < h < 1, jewroÔme to q¸ro peperasmènwn stoiqeÐwn Sh, o opoÐoc eÐnai ènac
peperasmenodi�statoc upìqwroc tou H1

0 pou apoteleÐtai apì suneqeÐc sunart seic.
Upojètoume ìti o q¸roc autìc ikanopoieÐ thn akìloujh proseggistik  idiìthta:
Up�rqei r ≥ 2, r ∈ N ètsi ¸ste

(1.3) inf
ϕ∈Sh

(||υ − ϕ||+ h||υ − ϕ||1) ≤ Chs||υ||s, 1 ≤ s ≤ r, ∀υ ∈ Hs ∩H1
0 .
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6 Kef�laio1 : H grammik  exÐswsh Schrödinger

Sqìlio 1.1. Sthn pr�xh o q¸roc peperasmènwn stoiqeÐwn Sh apoteleÐtai apì
tmhmatik� poluwnumikèc sunart seic, oi opoÐec orÐzontai se kat�llhlec diamerÐseic
tou Ω̄ (p.q. trigwnopoi seic). Apì ed¸ kai pèra loipìn ìtan anaferìmaste ston Sh

ja ennooÔme èna tètoio q¸ro. H b�sh pou sun jwc epilègoume gia ton Sh apoteleÐtai
apì stoiqeÐa me ìso to dunatì mikrìtero forèa.

Gia t ∈ [0, T ], ja anazht soume prosèggish uh(t) ∈ Sh thc akriboÔc lÔshc u

tou probl matoc (1.1). Sth sunèqeia ja jewr soume to pl rwc diakritì sq ma me
diakritopoÐhsh wc proc to qrìno th mèjodo Crank-Nicolson. Tìso sto hmidiakritì,
ìso kai sto pl rwc diakritì sq ma, ja apodeiqjeÐ h kal  orisimìthta twn pro-
seggÐsewn kaj¸c epÐshc kai bèltisthc t�xhc ek twn protèrwn ektim seic sthn L2−
nìrma.

Sthn teleutaÐa enìthta tou kefalaÐou autoÔ, ja jewr soume thn eidik  perÐptwsh
thc grammik c exÐswshc Schrödinger, ìpou f ≡ 0 kai g : Ω̄ × [0, T ] → R, dhlad  h
g lamb�nei mìno pragmatikèc timèc. H perÐptwsh aut , ìpwc anafèrjhke kai sthn
eisagwg , apoteleÐ thn pio sunhjismènh morf  thc grammik c exÐswshc Schrödinger

me pollèc efarmogèc sth Fusik . JumÐzoume epÐshc ìti kai h grammik  exÐswsh
Schrödinger hmiklasikoÔ tÔpou, thn opoÐa ja melet soume analutik� sto epìmeno
kef�laio, mporeÐ na jewrhjeÐ eidik  perÐptwsh thc sunhjismènhc morf c thc gram-
mik c exÐswshc Schrödinger.

1.2 HmidiakritopoÐhsh wc proc to q¸ro me peperasmè-
na stoiqeÐa

OrÐzoume wc hmidiakrit  prosèggish thc akriboÔc lÔshc u tou probl matoc (1.1)
thn apeikìnish uh : [0, T ] → Sh pou ikanopoieÐ to prìblhma

(1.4)





(
uh,t(t), ϕ

)
+ i

(∇uh(t),∇ϕ
)

+ i
(
g(t)uh(t), ϕ

)

=
(
f(t), ϕ

)
, ∀ϕ ∈ Sh, 0 ≤ t ≤ T,

uh(·, 0) = u0
h,

ìpou h u0
h ∈ Sh eÐnai mia prosèggish thc u0. Ja upojèsoume ìti h u0

h eÐnai tètoia
¸ste

(1.5) ||u0 − u0
h|| ≤ C||u0||rhr.
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Gia par�deigma h (1.5) isqÔei an epilèxoume thn u0
h na eÐnai h L2− probol  thc

u0 ston Sh, dhlad  an isqÔei

(u0
h, ϕ) = (u0, ϕ), ∀ϕ ∈ Sh.

Pr�gmati, sthn perÐptwsh aut  ja èqoume ìti

(u0 − u0
h, ϕ) = 0, ∀ϕ ∈ Sh.

Sunep¸c
(u0 − u0

h, u0 − u0
h − u0 + ϕ) = 0, ∀ϕ ∈ Sh,

dhlad 
||u0 − u0

h|| ≤ ||u0 − ϕ||, ∀ϕ ∈ Sh.

Qrhsimopoi¸ntac ed¸ thn (1.3) gia s = r lamb�noume thn (1.5).

Parat rhsh 1.1. ParathroÔme ìti to prìblhma (1.1) gr�fetai isodÔnama se
metabolik  morf  wc

(1.6)





(ut(t), υ) + i(∇u(t),∇υ) + i(g(t)u(t), υ)

= (f(t), υ), ∀υ ∈ H1
0 , 0 ≤ t ≤ T,

u(·, 0) = u0.

Epomènwc to prìblhma (1.4) eÐnai to an�logo tou (1.6) diatupwmèno ston pepera-
smenodi�stato upìqwro Sh.

Prìtash 1.1. ('Uparxh kai monadikìthta.) Up�rqei monadik  lÔsh uh : [0, T ] →
Sh tou probl matoc (1.4).

Apìdeixh. 'Estw dim Sh = Nh ∈ N kai {ϕ1, · · · , ϕNh
} mia b�sh tou Sh. AfoÔ gia

k�je t ∈ [0, T ], uh(t) ∈ Sh, h uh gr�fetai wc

uh(t) =

Nh∑
j=1

αj(t)ϕj, 0 ≤ t ≤ T.

'Estw u0
h =

∑Nh

j=1 γjϕj. Tìte to prìblhma (1.4) eÐnai isodÔnamo me to prìblhma

(1.7)

{
Aα′(t) + iB(t)α(t) = F(t), t ∈ [0, T ],

α(0) = [γ1, · · · , γNh
]T,
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ìpou
A = [(ϕj, ϕi)]i,j=1,··· ,Nh

,

kai gia t ∈ [0, T ],

B(t) = [(∇ϕj,∇ϕi) + (g(t)ϕj, ϕi)]i,j=1,··· ,Nh
,

F(t) = [(f(t), ϕ1), · · · , (f(t), ϕNh
)]T

kai
α(t) = [α1(t), · · · , αNh

(t)]T,

to �gnwsto di�nusma.
To (1.7) eÐnai èna prìblhma arqik¸n tim¸n gia èna Nh × Nh grammikì sÔsth-

ma sun jwn diaforik¸n exis¸sewn. Efìson h sun�rthsh g eÐnai omal  wc proc
to qrìno, ta stoiqeÐa tou pÐnaka B eÐnai omal�. EpÐshc o pÐnakac m�zac A eÐnai
antistrèyimoc wc pÐnakac Gram (eÔkola mporeÐ na deiqjeÐ ìti eÐnai ermitianìc kai
jetik� orismènoc). Epomènwc apì th jewrÐa twn grammik¸n sun jwn diaforik¸n
exis¸sewn sumperaÐnoume ìti up�rqei monadik  lÔsh tou probl matoc (1.7) kai �ra
tou probl matoc (1.4).

Prìtash 1.2. (Eust�jeia tou hmidiakritoÔ probl matoc sthn L2−nìrma.) 'Estw
υh : [0, T ] → Sh h lÔsh tou probl matoc

(1.8)

{
(υh,t(t), ϕ) + i(∇υh(t),∇ϕ) + i(g(t)υh(t), ϕ) = 0, ∀ϕ ∈ Sh, 0 ≤ t ≤ T,

υ(·, 0) = υ0
h.

Tìte

(1.9) max
0≤t≤T

||υh(t)|| ≤ eMT ||υ0
h||,

ìpou M h stajer� pou emfanÐzetai sthn (1.2).

Apìdeixh. Jètontac ϕ = υh sthn pr¸th exÐswsh tou probl matoc (1.8) kai lam-
b�nontac sth sunèqeia pragmatik� mèrh èqoume

1

2

d

dt
||υh(t)||2 = Im(g(t)υh, υh), 0 ≤ t ≤ T.

Epomènwc,
1

2

d

dt
||υh(t)||2 ≤ M ||υh(t)||2,
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||υh(t)|| d
dt
||υh(t)|| ≤ M ||υh(t)||2.

'Ara
d

dt
||υh(t)|| ≤ M ||υh(t)||, 0 ≤ t ≤ T.

(H perÐptwsh pou υh(t) = 0 gia k�poio t dieujeteÐtai eÔkola.) Sunep¸c,

||υh(t)|| ≤ eMt||υ0
h||, 0 ≤ t ≤ T,

apì thn opoÐa èpetai amèswc h (1.9).

Orismìc 1.1. H elleiptik  probol  (  probol  Ritz) Rh : H1
0 → Sh orÐzetai wc

(1.10)
(∇(Rhυ),∇ϕ

)
=

(∇υ,∇ϕ
)
, ∀ϕ ∈ Sh.

EÐnai gnwstì apì thn elleiptik  jewrÐa (blèpe p.q. [17, sel. 64-65] kai [30, sel.
177]) ìti h elleiptik  probol  Rhυ tou stoiqeÐou υ ∈ H1

0 orÐzetai monos manta kai
ikanopoieÐ (lìgw thc (1.3)) thn

(1.11) ||υ −Rhυ||+ h||υ −Rhυ||1 ≤ Chr||υ||r, ∀υ ∈ Hr ∩H1
0 .

Sqìlio 1.2. (Qrhsimìthta thc elleiptik c probol c.) Sundu�zontac tic (1.4) kai
(1.6) lamb�noume ìti

(1.12)
(
(u− uh)t(t), ϕ

)
+ i

(∇(u− uh)(t), ϕ
)

+ i
(
g(t)(u− uh)(t), ϕ

)
= 0, ∀ϕ ∈ Sh, t ∈ [0, T ].

Sunep¸c gia na ektim soume to sf�lma u − uh ja jèlame na jèsoume sthn (1.12)
ϕ = u − uh. 'Omwc autì den mporoÔme na to k�noume, diìti h akrib c lÔsh u den
eÐnai en gènei stoiqeÐo tou Sh. 'Etsi antÐ na sugkrÐnoume apeujeÐac th uh me thn
akrib  lÔsh, th sugkrÐnoume me thn elleiptik  probol  Rhu, thc opoÐac af� enìc h
apìstash apì th u eÐnai t�xhc O(hr) sthn L2−nìrma (dhlad  eÐnai bèltisthc t�xhc)
kai af� etèrou ikanopoieÐ, lìgw thc (1.10), mia exÐswsh antÐstoiqh thc (1.6).

Je¸rhma 1.1. (Ek twn protèrwn ektÐmhsh sthn L2−nìrma.) 'Estw uh h monadik 
lÔsh tou hmidiakritoÔ probl matoc (1.4) kai èstw ìti h u0

h ∈ Sh ikanopoieÐ thn (1.5).
Tìte an h lÔsh tou probl matoc (1.1) eÐnai arket� omal , isqÔei h ek twn protèrwn
ektÐmhsh sf�lmatoc

(1.13) max
0≤t≤T

||u(t)− uh(t)|| ≤ C(u)hr,
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ìpou h stajer� C(u) exart�tai apì th lÔsh u kai ta dedomèna tou probl matoc, ìqi
ìmwc apì to h.

Apìdeixh. Gr�foume to sf�lma (blèpe p. q. [18, sel. 9] kai [30, sel. 179] gia parabo-
lik� probl mata kai [12] gia th mh grammik  exÐswsh Schrödinger) wc

(1.14) u− uh = ρ + θ, ìpou ρ := u−Rhu kai θ := Rhu− uh.

Apì thn (1.11) èqoume ìti

||ρ(t)|| = ||u(t)−Rhu(t)|| ≤ C||u(t)||rhr, 0 ≤ t ≤ T,

kai �ra
max
0≤t≤T

||ρ(t)|| ≤ C max
0≤t≤T

||u(t)||rhr.

Epomènwc apomènei na ektim soume ton ìro max0≤t≤T ||θ(t)||.
Sundu�zontac tic (1.4), (1.6) kai (1.10) lamb�noume, gia k�je ϕ ∈ Sh kai t ∈

[0, T ], ìti

(1.15)
(
θt(t), ϕ

)
+ i

(∇θ(t),∇ϕ
)

+ i(g(t)θ(t), ϕ
)

= −(
ρt(t), ϕ

)− i
(
g(t)ρ(t), ϕ

)
.

Jètontac ϕ = θ sth (1.15) kai lamb�nontac katìpin pragmatik� mèrh paÐrnoume

1

2

d

dt
||θ(t)||2 − Im

(
g(t)θ(t), θ(t)

)
= −Re

(
ρt(t), θ(t)

)
+ Im

(
g(t)ρ(t), θ(t)

)
,

kai �ra qrhsimopoi¸ntac thn anisìthta Cauchy-Schwarz,

1

2

d

dt
||θ(t)||2 ≤ (||ρt(t)||+ M ||ρ(t)||+ M ||θ(t)||) ||θ(t)||, 0 ≤ t ≤ T.

Sunep¸c,

(1.16)
d

dt
||θ(t)|| ≤ M ||θ(t)||+ (||ρt(t)||+ M ||ρ(t)||), 0 ≤ t ≤ T.

Qrhsimopoi¸ntac sth sunèqeia thn anisìthta Gronwall sumperaÐnoume ìti

(1.17) max
0≤t≤T

||θ(t)|| ≤ eMT
[||θ(0)||+

∫ T

0

(||ρt(τ)||+ M ||ρ(τ)||) dτ
]
.

'Omwc,
||θ(0)|| = ||Rhu(0)− u0

h|| ≤ ||Rhu(0)− u0||+ ||u0 − u0
h||.
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Epomènwc apì thn (1.11) èpetai ìti

(1.18) ||θ(0)|| ≤ ||u0 − u0
h||+ C||u0||rhr.

Apì th monadikìthta thc elleiptik c probol c èpetai epÐshc ìti Rhut = (Rhu)t.
'Ara, ìpwc prin, lamb�noume apì thn (1.11) ìti

(1.19) max
0≤t≤T

||ρt(t)|| ≤ C max
0≤t≤T

||ut(t)||rhr.

Sundu�zontac tic (1.16)-(1.19) katal goume sthn

(1.20) max
0≤t≤T

||u(t)− uh(t)|| ≤ eMT ||u0 − u0
h||+ C(u)hr.

Qr sh thc (1.5) sthn (1.20) dÐnei t¸ra thn (1.13).

1.3 To pl rwc diakritì sq ma me diakritopoÐhsh wc
proc to qrìno th mèjodo Crank-Nicolson

Sthn enìthta aut  ja jewr soume to pl rwc diakritì sq ma gia to prìblhma (1.1)
me diakritopoÐhsh wc proc to qrìno th mèjodo Crank-Nicolson, en¸ h diakritopoÐhsh
wc proc to q¸ro ja gÐnei ìpwc kai sthn prohgoÔmenh enìthta me peperasmèna
stoiqeÐa.

'Estw loipìn N ∈ N, k := T
N

to qronikì b ma kai tn = nk, n = 0, 1 . . . , N, oi
kìmboi. Gia dedomèna υ0, . . . , υN , ja qrhsimopoi soume touc sumbolismoÔc

(1.21) ∂υn :=
1

k
(υn+1 − υn),

kai

(1.22) υn+ 1
2 :=

1

2
(υn+1 + υn).

DiakritopoioÔme to hmidiakritì prìblhma (1.4) wc proc to qrìno me th mèjodo
Crank-Nicolson kai odhgoÔmaste se proseggÐseic Un ∈ Sh twn un := u(., tn) oi
opoÐec ikanopoioÔn to parak�tw anadromikì sq ma

(1.23)





(
∂Un, ϕ

)
+ i

(∇Un+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )Un+ 1
2 , ϕ

)

=
(
f(tn+ 1

2 ), ϕ
)
, ∀ϕ ∈ Sh, n = 0, 1 . . . , N − 1,

U0 := u0
h,
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Ja apodeÐxoume ìti, upì k�poio periorismì sto qronikì b ma, oi proseggÐseic
Un, n = 0, 1, . . . , N, eÐnai kal� orismènec kai ìti to pl rwc diakritì sq ma eÐnai
eustajèc wc proc thn L2−nìrma. Tèloc ja apodeÐxoume, thn an�logh me thn (1.13),
ek twn protèrwn ektÐmhsh.

Sta ìsa ja akolouj soun sthn paroÔsa enìthta, ja upojètoume ìti to qronikì
b ma k èqei epilegeÐ ¸ste na ikanopoieÐtai h

(1.24) k <
2

M
.

Prìtash 1.3. ('Uparxh kai monadikìthta twn Un.) Upì thn proôpìjesh (1.24)
up�rqoun monadik� Un, n = 0, 1, . . . , N, pou ikanopoioÔn to pl rwc diakritì sq ma
(1.23).

Apìdeixh. Gia n = 0, to U0 = u0
h eÐnai profan¸c kal� orismèno. Upojètoume ìti

gia dedomèno n, to Un orÐzetai kat� monadikì trìpo. Tìte gia ton upologismì
tou Un+1 qrei�zetai na epilÔsoume èna grammikì tetragwnikì sÔsthma. Epomènwc
gia na apodeÐxoume ìti to Un+1 orÐzetai kal¸c, arkeÐ na deÐxoume ìti to antÐstoiqo
tou (1.23) omogenèc sÔsthma, èqei monadik  lÔsh. (JumÐzoume ìti sta tetragwnik�
sust mata h monadikìthta sunep�getai kai Ôparxh thc lÔshc.) To antÐstoiqo tou
(1.23) omogenèc sÔsthma lamb�netai an jèsoume sthn pr¸th exÐswsh tou (1.23)
Un = 0 kai f ≡ 0. Sthn perÐptwsh aut  ikanopoieÐtai h

1

k

(
Un+1, ϕ

)
+

i

2

(∇Un+1,∇ϕ
)

+
i

2

(
g(tn+ 1

2 )Un+1, ϕ
)

= 0, ∀ϕ ∈ Sh.

Lamb�nontac ed¸ ϕ = Un+1 kai sth sunèqeia pragmatik� mèrh paÐrnoume ìti

1

k
||Un+1||2 ≤ M

2
||Un+1||2.

Qr sh thc (1.24) dÐnei ìti Un+1 = 0, epomènwc to antÐstoiqo omogenèc sÔsthma
èqei mìno thn tetrimmènh mhdenik  lÔsh kai �ra to sÔsthma (1.23) èqei monadik 
lÔsh.

Prìtash 1.4. (Eust�jeia tou pl rwc diakritoÔ sq matoc sthn L2−nìrma.) Upì
thn proôpìjesh (1.24) isqÔei gia to prìblhma

(1.25)





(
∂V n, ϕ

)
+ i

(∇V n+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )V n+ 1
2 , ϕ

)
= 0,

∀ϕ ∈ Sh, n = 0, 1 . . . , N − 1,

V 0 ∈ Sh dedomèno,
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ìti

(1.26) ||V n+1|| ≤
√

1 + Mk
2

1− Mk
2

||V n||, n = 0, 1, . . . , N − 1.

Epomènwc up�rqei stajer� C anex�rthth tou k tètoia ¸ste

(1.27) max
0≤n≤N

||V n|| ≤ C||V 0||.

Apìdeixh. Lamb�nontac ϕ = V n+ 1
2 kai katìpin pragmatik� mèrh sthn pr¸th exÐswsh

thc (1.25) paÐrnoume ìti

1

k
(||V n+1||2 − ||V n||2) ≤ M(||V n+1||+ ||V n||)2,

 
1

k
(||V n+1||+ ||V n||)(||V n+1|| − ||V n||) ≤ M(||V n+1||+ ||V n||)2.

Epomènwc, qrhsimopoi¸ntac ed¸ thn (1.24),

||V n+1|| ≤
√

1 + Mk
2

1− Mk
2

||V n||, n = 0, 1, . . . , N − 1,

pou eÐnai h (1.26). Apì thn �llh meri�,

1 + Mk
2

1− Mk
2

= 1 + Mk + O(k2).

Sunep¸c,
1 + Mk

2

1− Mk
2

≤ eMk+O(k2).

H (1.26) dÐnei ìti

||V n+1||2 ≤ 1 + Mk
2

1− Mk
2

||V n||2, n = 0, 1, . . . , N − 1,

kai epomènwc epagwgik�,

(1.28) max
0≤n≤N

||V n||2 ≤ eMNk+NO(k2)||V 0||2.

Efìson Nk = T, apì thn (1.28) lamb�noume thn (1.27).
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L mma 1.1. (Sf�lma sunèpeiac.) Gia n = 0, 1, . . . , N − 1, h elleiptik  probol 
Rhu

n thc un := u(·, tn) ikanopoieÐ thn exÐswsh

(1.29)
(
∂Rhu

n, ϕ
)

+ i
(∇Rhu

n+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )Rhu
n+ 1

2 , ϕ
)

=
(
f(tn+ 1

2 ), ϕ
)

+
(
En, ϕ

)
, ∀ϕ ∈ Sh, n = 0, 1, . . . , N − 1,

me

(1.30) max
0≤n≤N−1

||En|| ≤ C(u)(hr + k2),

kai ìpou h stajer� C(u) exart�tai apì th lÔsh u kai ta dedomèna tou probl matoc,
ìqi ìmwc apì ta h kai k.

Apìdeixh. Qrhsimopoi¸ntac thn (1.10), èqoume gia ϕ ∈ Sh kai n = 0, 1, . . . , N − 1,

(
∂Rhu

n, ϕ
)

+ i
(∇Rhu

n+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )Rhu
n+ 1

2 , ϕ
)− (

f(tn+ 1
2 ), ϕ

)

=
(
∂Rhu

n, ϕ
)

+ i
(∇un+ 1

2 ,∇ϕ
)

+ i
(
g(tn+ 1

2 )Rhu
n+ 1

2 , ϕ
)− (

f(tn+ 1
2 ), ϕ

)
.

Sunep¸c apì thn (1.6),

(1.31)
(
∂Rhu

n, ϕ
)

+ i
(∇Rhu

n+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )Rhu
n+ 1

2 , ϕ
)− (

f(tn+ 1
2 ), ϕ

)

=
(
En, ϕ

)
, ∀ϕ ∈ Sh, n = 0, 1, . . . , N − 1,

ìpou gia n = 0, 1, . . . , N − 1,

En := En
1 + En

2 + En
3 + En

4 + En
5 ,

me

(1.32) En
1 = ∂Rhu

n − ∂un,

(1.33) En
2 = ∂un − ut(t

n+ 1
2 ),

(1.34) En
3 = i

(
∆u(·, tn+ 1

2 )−∆un+ 1
2

)
,

(1.35) En
4 = −ig(·, tn+ 1

2 )(un+ 1
2 −Rhu

n+ 1
2 ),

(1.36) En
5 = −ig(·, tn+ 1

2 )
(
u(·, tn+ 1

2 )− un+ 1
2

)
.
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Epomènwc arkeÐ na ektim soume tic posìthtec max0≤n≤N−1 ||En
i ||, i = 1, . . . , 5.

Arqik� parathroÔme ìti ((Rh)tu = Rhut)

En
1 =

1

k

∫ tn+1

tn

[
Rhut(·, t)− ut(·, t)

]
dt.

Sunep¸c qrhsimopoi¸ntac thn (1.11),

||En
1 || ≤ C max

tn≤t≤tn+1
||ut(t)||rhr, n = 0, 1, . . . , N − 1,

apì thn opoÐa sumperaÐnoume ìti

(1.37) max
0≤n≤N−1

||En
1 || ≤ C max

0≤t≤T
||ut(t)||rhr.

EpÐshc anaptÔssontac kat� Taylor wc proc to shmeÐo tn+ 1
2 ([31, sel. 235], Je¸rhma

Taylor) èqoume

En
2 =

1

2k

[ ∫ tn+1
2

tn
(t− tn)2uttt(·, t) dt +

∫ tn+1

tn+1
2

(t− tn+ 1
2 )2uttt(·, t) dt

]
,

kai �ra
||En

2 || ≤ C max
tn≤t≤tn+1

||uttt(t)||k2, n = 0, 1, . . . , N − 1.

Dhlad ,

(1.38) max
0≤n≤N−1

||En
2 || ≤ C max

0≤t≤T
||uttt(t)||k2.

OmoÐwc qrhsimopoi¸ntac kai p�li to Je¸rhma Taylor, paÐrnoume ìti

(1.39) u(·, tn+ 1
2 )−un+ 1

2 =
1

2

[ ∫ tn+1

tn+1
2

(t− tn+1)utt(·, t) dt−
∫ tn+1

2

tn
(t− tn)utt(·, t) dt

]
.

Akrib¸c antÐstoiqh sqèsh me thn (1.39) lamb�noume kai gia th diafor� ∆u(·, tn+ 1
2 )−

∆un− 1
2 . Epomènwc,

||En
3 || ≤ C max

tn≤t≤tn+1
||∆utt(t)||k2, n = 0, 1, . . . , N − 1,

 

(1.40) max
0≤n≤N−1

||En
3 || ≤ C max

0≤t≤T
||∆utt(t)||k2,
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kai analìgwc

(1.41) max
0≤n≤N−1

||En
5 || ≤ CM max

0≤t≤T
||utt(t)||k2.

Tèloc, sÔmfwna me thn (1.11),

(1.42) max
0≤n≤N−1

||En
4 || ≤ CM max

0≤t≤T
||u(t)||rhr.

Apì tic (1.37)-(1.42) sumperaÐnoume thn ektÐmhsh (1.30).

Parat rhsh 1.2. H stajer� C pou emfanÐzetai stic (1.37)-(1.42) eÐnai anex�rthth
apì thn akrib  lÔsh u kai th sun�rthsh g (kai fusik� apì ta h kai k). H parat rhsh
aut  ja mac faneÐ qr simh ìtan ja efarmìsoume to sugkekrimèno arijmhtikì sq ma
sto prìblhma pou afor� th grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou.

Je¸rhma 1.2. (Ek twn protèrwn ektÐmhsh gia to pl rwc diakritì sq ma.) Gia
n = 0, 1, . . . , N, èstw un := u(·, tn) kai Un oi proseggÐseic pou orÐzontai apì to
arijmhtikì sq ma (1.23). Upojètoume ìti h lÔsh u tou probl matoc (1.1) eÐnai
arket� omal  kai ìti h u0

h ∈ Sh ikanopoieÐ thn (1.5). Tìte upì thn proôpìjesh
(1.24) isqÔei h ek twn protèrwn ektÐmhsh

(1.43) max
0≤n≤N

||un − Un|| ≤ C(u)(hr + k2),

ìpou h stajer� C(u) exart�tai apì th u kai ta dedomèna tou probl matoc, ìqi ìmwc
apì ta h kai k.

Apìdeixh. Kat� analogÐa proc thn (1.14) gr�foume gia n = 0, 1, . . . , N,

un − Un = ρn + θn me ρn := un −Rhu
n kai θn := Rhu

n − Un.

SÔmfwna me thn (1.11) èqoume ìti

(1.44) max
0≤n≤N

||ρn|| ≤ C max
0≤n≤N

||u(tn)||rhr.

Epomènwc apomènei na ektim soume thn posìthta max0≤n≤N ||θn||. Afair¸ntac thn
pr¸th exÐswsh thc (1.23) apì thn (1.31) lamb�noume ìti

(1.45)
(
∂θn, ϕ

)
+ i

(∇θn+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )θn+ 1
2 , ϕ

)

= −(
En, ϕ

)
, ∀ϕ ∈ Sh, n = 0, 1, . . . , N − 1.
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JumÐzoume ìti ta En, n = 0, 1, . . . , N − 1, ikanopoioÔn thn (1.29). Lamb�nontac
sthn (1.45) ϕ = θn+ 1

2 kai sth sunèqeia pragmatik� mèrh kai qrhsimopoi¸ntac thn
anisìthta Cauchy-Schwarz paÐrnoume ìti

1

k
(||θn+1||2 − ||θn||2) ≤ M

2
(||θn+1||+ ||θn||)2 + ||En||(||θn+1||+ ||θn||),

 

(1.46) ||θn+1|| − ||θn|| ≤ Mk

2
(||θn+1||+ ||θn||) + k||En||, n = 0, 1, . . . , N − 1.

'Ara qrhsimopoi¸ntac thn (1.24) katal goume sth sqèsh

(1.47) ||θn+1|| ≤ 1 + Mk
2

1− Mk
2

||θn||+ k

1− Mk
2

||En||, n = 0, 1, . . . , N − 1.

Opìte, qrhsimopoi¸ntac epagwg  kai ergazìmenoi ìpwc sthn apìdeixh thc Prìtashc
1.4 mporoÔme na apodeÐxoume ìti

max
0≤n≤N

||θn|| ≤ eMT+O(k)(||θ0||+ 1

M
max

0≤n≤N−1
||En||).

Qr sh thc (1.30) dÐnei t¸ra ìti

(1.48) max
0≤n≤N

||θn|| ≤ eMT+O(k)
(||θ0||+ C(u)(hr + k2)

)
.

Tèloc, efìson ||θ0|| ≤ ||ρ0||+ ||u0− u0
h||, o sunduasmìc twn (1.5), (1.44) kai (1.48)

odhgeÐ sth zhtoÔmenh ektÐmhsh (1.43).

1.4 Mia endiafèrousa eidik  perÐptwsh

Sthn enìthta aut  ja melet soume thn pio sunhjismènh morf  thc grammik c exÐsw-
shc Schrödinger, dhlad  thn perÐptwsh pou h sun�rthsh f eÐnai tautotik� Ðsh me
mhdèn kai h sun�rthsh g lamb�nei mìno pragmatikèc timèc. Me �lla lìgia ja
melet soume to prìblhma

(1.49)





ut − i∆u + ig(x, t)u = 0 sto Ω̄× [0, T ],

u = 0 sto ∂Ω× [0, T ],

u(·, 0) = u0 sto Ω̄,
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me g : Ω̄ × [0, T ] → R kai u0 : Ω̄ → C dedomènec sunart seic. To prìblhma (1.49)
gr�fetai isodÔnama se metabolik  morf  wc

(1.50)

{
(ut(t), υ) + i(∇u(t),∇υ) + i(g(t)u(t), υ) = 0, ∀υ ∈ H1

0 , 0 ≤ t ≤ T,

u(·, 0) = u0.

Jètontac sthn pr¸th exÐswsh thc (1.50) υ = u kai paÐrnontac katìpin prag-
matik� mèrh lamb�noume th sqèsh diat rhshc

(1.51) max
0≤t≤T

||u(t)|| = ||u0||.

1.4.1 To hmidiakritì sq ma

Kat� analogÐa proc thn (1.4) orÐzoume wc hmidiakrit  prosèggish thc akriboÔc lÔshc
u tou probl matoc (1.49) thn apeikìnish uh : [0, T ] → Sh pou ikanopoieÐ to prìblhma

(1.52)

{ (
uh,t(t), ϕ

)
+ i

(∇uh(t),∇ϕ
)

+ i
(
g(t)uh(t), ϕ

)
= 0, ∀ϕ ∈ Sh, 0 ≤ t ≤ T,

uh(·, 0) = u0
h,

me th u0
h ∈ Sh na ikanopoieÐ thn (1.5).

H kal  orisimìthta thc hmidiakrit c prosèggishc uh : [0, T ] → Sh eÐnai �mesh
sunèpeia thc Prìtashc 1.1. 'Oson afor� t¸ra thn eust�jeia tou (1.52) sthn
L2−nìrma, aut  apodeiknÔetai polÔ pio apl� se sqèsh me th genik  perÐptwsh,
ìpwc faÐnetai sthn prìtash pou akoloujeÐ.

Prìtash 1.5. 'Estw uh : [0, T ] → Sh h lÔsh tou probl matoc (1.52). Tìte

(1.53) max
0≤t≤T

||uh(t)|| = ||u0
h||,

dhlad  h prosèggish uh ikanopoieÐ to hmidiakritì an�logo thc (1.51). Epomènwc to
prìblhma (1.52) eÐnai eustajèc sthn L2−nìrma.

Apìdeixh. Jètoume sthn pr¸th exÐswsh tou (1.52) ϕ = uh kai sth sunèqeia lam-
b�noume pragmatik� mèrh, opìte paÐrnoume ìti

(1.54)
d

dt
||uh(t)||2 = 0, ∀t ∈ [0, T ].

H (1.53) èpetai t¸ra �mesa apì thn (1.54).
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Je¸rhma 1.3. 'Estw uh h lÔsh tou probl matoc (1.52) kai èstw ìti h uh ∈ Sh

ikanopoieÐ thn (1.5). An h lÔsh tou probl matoc (1.49) eÐnai arket� omal , tìte
isqÔei h k�twji ek twn protèrwn ektÐmhsh sf�lmatoc

(1.55)
max
0≤t≤T

||u(t)− uh(t)|| ≤ C
(||u0||r + (1 + MT ) max

0≤t≤T
||u(t)||r

+ T max
0≤t≤T

||ut(t)||r
)
hr,

ìpou h stajer� C eÐnai anex�rthth apì to h, th sun�rthsh g kai thn akrib  lÔsh
u.

Apìdeixh. Ergazìmenoi ìpwc sthn apìdeixh tou Jewr matoc 1.1 kai enjumoÔmenoi
ìti h sun�rthsh g lamb�nei mìno pragmatikèc timèc (kai �ra Im

(
g(t)θ(t), θ(t)

)
=

0, t ∈ [0, T ]), paÐrnoume ìti

d

dt
||θ(t)|| ≤ ||ρt||+ M ||ρ(t)||,

ìpou ta θ kai ρ orÐzontai ìpwc sthn apìdeixh tou proanaferjèntoc jewr matoc.
Epomènwc (blèpe thn apìdeixh tou Jewr matoc 1.1) katal goume sthn

(1.56)
max
0≤t≤T

||u(t)− uh(t)|| ≤ ||θ(0)||+ C
(
(1 + MT ) max

0≤t≤T
||u(t)||r

+ T max
0≤t≤T

||ut(t)||r
)
hr.

Sundu�zontac tic (1.18), (1.5) kai (1.56) sumperaÐnoume thn (1.55).

Parat rhsh 1.3. Epeid  h sun�rthsh g lamb�nei mìno pragmatikèc timèc, sthn
telik  ektÐmhsh (1.55) den emfanÐzetai o ìroc eMT o opoÐoc emfanÐzetai sthn (1.20).

1.4.2 To pl rwc diakritì sq ma

'Opwc kai sthn enìthta 1.3 ètsi ki ed¸ diakritopoioÔme wc proc to qrìno to
prìblhma (1.49) me th mèjodo Crank-Nicolson kai lamb�noume proseggÐseic Un twn
un := u(·, tn), n = 0, 1, . . . , N, oi opoÐec ikanopoioÔn to arijmhtikì sq ma

(1.57)





(
∂Un, ϕ

)
+ i

(∇Un+ 1
2 ,∇ϕ

)
+ i

(
g(tn+ 1

2 )Un+ 1
2 , ϕ

)
= 0,

∀ϕ ∈ Sh, n = 0, 1 . . . , N − 1,

U0 := u0
h.
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Prìtash 1.6. Up�rqoun monadik� Un, n = 0, 1, . . . , N, pou ikanopoioÔn to pl rwc
diakritì sq ma (1.57).

Apìdeixh. 'Opwc kai sthn apìdeixh thc Prìtashc 1.3 arkeÐ na deÐxoume ìti to

(1.58)
1

k
(Un+1, ϕ) +

i

2
(∇Un+1,∇ϕ) +

i

2

(
g(tn+ 1

2 )Un+1, ϕ
)

= 0, ∀ϕ ∈ Sh,

èqei mìno thn tetrimmènh mhdenik  lÔsh. Jètontac sthn (1.58) ϕ = Un+1 kai lam-
b�nontac sth sunèqeia pragmatik� mèrh paÐrnoume ìti ||Un+1||2 = 0 ap� ìpou èpetai
amèswc ìti Un+1 = 0.

PolÔ eÔkola mporoÔme epÐshc na apodeÐxoume th sqèsh diat rhshc

(1.59) max
0≤n≤N

||Un|| = ||u0
h||,

h opoÐa eÐnai to diakritì an�logo thc (1.51). Pr�gmati, arkeÐ na jèsoume sthn
pr¸th exÐswsh tou (1.57) ϕ = Un+ 1

2 kai na l�boume sth sunèqeia pragmatik� mèrh.
Apì thn (1.59) èpetai kai h eust�jeia tou pl rwc diakritoÔ sq matoc wc proc thn
L2−nìrma.

Tèloc, eÔkola mporoÔme na apodeÐxoume thn akìloujh ek twn protèrwn ektÐmhsh.

Je¸rhma 1.4. Gia n = 0, 1, . . . , N, èstw Un oi proseggÐseic pou orÐzontai apì
to sq ma (1.57) kai un := u(·, tn), ìpou u h akrib c lÔsh tou probl matoc (1.49).
Tìte an h u eÐnai arket� omal  isqÔei h ektÐmhsh

(1.60)

max
0≤n≤N

||un − Un|| ≤ C
{||u0||r +

[
(1 + MT ) max

0≤t≤T
||u(t)||r

+ max
0≤t≤T

||ut(t)||r
]
hr + T

[
max
0≤t≤T

||uttt(t)||+ max
0≤t≤T

||∆utt(t)||

+ M max
0≤t≤T

||utt(t)||
]
k2

}
,

ìpou h stajer� C eÐnai anex�rthth apì ta h, k, th sun�rthsh g kai thn akrib  lÔsh
u.

Apìdeixh. Arqik� èqoume ìti

(1.61) max
0≤n≤N

||un − Un|| ≤ max
0≤n≤N

||ρn||+ max
0≤n≤N

||θn||,

ìpou gia n = 0, 1, . . . , N, ta ρn kai θn orÐzontai ìpwc sthn apìdeixh tou Jewr matoc
1.2. Ergazìmenoi akrib¸c ìpwc sthn apìdeixh tou Jewr matoc 1.2 paÐrnoume ìti

(1.62) max
0≤n≤N

||θn|| ≤ ||θ0||+ T max
0≤n≤N−1

||En||,
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ìpou gia n = 0, 1, . . . , N − 1, ta En eÐnai ìpwc sto L mma 1.1. Sundu�zontac t¸ra
tic (1.5), (1.11), (1.37)-(1.42), (1.44), (1.61) kai (1.62) lamb�noume thn ektÐmhsh
(1.60).

Parat rhsh 1.4. (Grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou.) Jew-
roÔme to prìblhma arqik¸n-sunoriak¸n tim¸n gia th grammik  exÐswsh Schrödinger

hmiklasikoÔ tÔpou

(1.63)





uε
t − i

ε

2
∆uε +

i

ε
V (x)uε = 0, sto Ω̄× [0, T ],

uε = 0 sto ∂Ω× [0, T ],

uε(·, 0) = uε
0 sto Ω̄.

Efìson to dunamikì V lamb�nei mìno mh arnhtikèc (kai �ra pragmatikèc) timèc,
paÐrnontac sthn pr¸th exÐswsh thc (1.63) to eswterikì ginìmeno ston L2 me th uε

kai katìpin pragmatik� mèrh lamb�noume th sqèsh diat rhshc

(1.64) max
0≤t≤T

||uε(t)|| = ||uε
0||.

To prìblhma (1.63) mporeÐ na jewrhjeÐ wc eidik  perÐptwsh tou probl matoc (1.49)
antikajist¸ntac ìpou ∆ kai g sto (1.49) ε∆ kai 1

ε
V antÐstoiqa. 'Etsi ìla ta

apotelèsmata thc enìthtac aut c isqÔoun kai gia to prìblhma (1.63), ft�nei na a-
ntikatast soume ìpou ∆ to ε∆ kai ìpou g to 1

ε
V . Sth sunèqeia parajètoume qwrÐc

apìdeixh ta apotelèsmata pou aforoÔn to pl rwc diakritì sq ma gia to prìblh-
ma (1.63), gia lìgouc plhrìthtac kai diìti ja ta qrhsimopoi soume sto epìmeno
kef�laio.

Diakritopoi¸ntac to prìblhma (1.63) wc proc to q¸ro me peperasmèna stoiqeÐa
kai wc proc to qrìno me th mèjodo Crank-Nicolson lamb�noume gia n = 0, 1, . . . , N,

proseggÐseic U ε,n ∈ Sh twn uε,n := uε(·, tn) pou ikanopoioÔn to anadromikì sq ma




(
∂U ε,n, ϕ

)
+ i

ε

2

(∇U ε,n+ 1
2 ,∇ϕ

)
+

i

ε

(
V U ε,n+ 1

2 , ϕ
)

= 0

∀ϕ ∈ Sh, n = 0, 1 . . . , N − 1,

U ε,0 := uε,0
h ,

me th uε,0
h na ikanopoieÐ thn antÐstoiqh me thn (1.5) proseggistik  sqèsh. Tìte gia

tic proseggÐseic U ε,n, n = 0, 1, . . . , N isqÔei h sqèsh diat rhshc

(1.65) max
0≤n≤N

||U ε,n|| = ||uε,0
h ||.
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EpÐshc apì thn (1.60) sumperaÐnoume thn ek twn protèrwn ektÐmhsh

(1.66)

max
0≤n≤N

||uε,n − U ε,n|| ≤ C
{||uε

0||r +
[(

1 +
T

ε
sup
x∈Ω

V (x)
)

max
0≤t≤T

||uε(t)||r

+ max
0≤t≤T

||uε
t(t)||r

]
hr + T

[
max
0≤t≤T

||uε
ttt(t)||+ ε max

0≤t≤T
||∆uε

tt(t)||

+
1

ε
sup
x∈Ω

V (x) max
0≤t≤T

||uε
tt(t)||

]
k2

}
,

ìpou h stajer� C eÐnai anex�rthth apì ta ε, h, k, to dunamikì V kai thn akrib 
lÔsh uε.



Kef�laio 2

H grammik  exÐswsh Schrödinger

hmiklasikoÔ tÔpou

2.1 To prìblhma

Sto kef�laio autì ja melet soume to prìblhma arqik¸n-sunoriak¸n tim¸n gia th
monodi�stath grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou me periodikèc suno-
riakèc sunj kec

(2.1)





εuε
t − i

ε2

2
uε

xx + iV (x)uε = 0 sto [a, b]× [0, T ],

uε(·, 0) = uε
0 sto [a, b],

uε(a, ·) = uε(b, ·), uε
x(a, ·) = uε

x(b, ·) sto [0, T ],

ìpou [a, b] eÐnai dedomèno di�sthma kai T < ∞ epÐshc dedomèno. To dunamikì V kai
h arqik  sunj kh uε

0 eÐnai dedomènec sunart seic, C∞ sto R kai (b− a)−periodikèc
kai to dunamikì V lamb�nei mìno mh arnhtikèc timèc. PolÔ eÔkola mporoÔme kai se
aut  thn perÐptwsh, twn periodik¸n sunoriak¸n sunjhk¸n, na deÐxoume ìti h lÔsh
uε tou probl matoc (2.1) ikanopoieÐ th sqèsh diat rhshc

(2.2) max
0≤t≤T

||uε(t)|| = ||uε
0||.

Parat rhsh 2.1. JewroÔme to monodi�stato, wc proc to q¸ro, prìblhma gia
eukolÐa stouc sumbolismoÔc. 'Ola ìmwc ta apotelèsmata tou parìntoc kefalaÐou
mporoÔn eÔkola na genikeutoÔn stic d qwrikèc diast�seic.

23
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Sta ìsa ja akolouj soun, upojètoume ìti gia ìlouc touc mh arnhtikoÔc akèraiouc
m up�rqoun apìlutec jetikèc stajerèc Am kai Bm anex�rthtec tou ε tètoiec ¸ste

(U1) || dm

dxm uε
0|| ≤ Am

εm ,

(U2) || dm

dxm V ||L∞ ≤ Bm.

Sqìlio 2.1. Gia par�deigma h upìjesh (U1) ikanopoieÐtai an h uε
0 eÐnai h WKB

arqik  tim  hmiklasikoÔ tÔpou

uε
0(x) =

√
n0(x)ei

S0(x)
ε , x ∈ R,

ìpou oi sunart seic n0 kai S0 eÐnai C∞ sto R kai (b − a)−periodikèc. EpÐshc h
sun�rthsh n0 lamb�nei mìno mh arnhtikèc timèc.

Upojètoume akìma ìti h akrib c lÔsh tou probl matoc (2.1) eÐnai stoiqeÐo tou
q¸rou C∞,∞(R×R) kai (b− a)−periodik  kai ìti gia k�je m1,m2 ∈ N0 up�rqoun
apìlutec stajerèc Em1+m2 anex�rthtec tou ε tètoiec ¸ste

(U3) max0≤t≤T || ∂m1+m2

∂xm1∂tm2
uε(t)|| ≤ Em1+m2

εm1+m2
.

JewroÔme omoiìmorfouc diamerismoÔc twn diasthm�twn [a, b] kai [0, T ] me qwrikì
kai qronikì b ma h kai k antÐstoiqa. Pio sugkekrimèna, èstw h := b−a

M
, ìpou

upojètoume epiplèon ìti to M eÐnai �rtioc fusikìc arijmìc kai èstw xj := a+jh, j =

0, 1, . . . , M. 'Estw epÐshc k := T
N

, N ∈ N kai tn = nk, n = 0, 1, . . . , N, oi kìmboi.
Stic pleÐstec peript¸seic tou kefalaÐou autoÔ ja qreiasjeÐ na upojèsoume ìti

to qwrikì kai qronikì b ma epilègontai ètsi ¸ste

(U4) h
ε

= O(1) kai k
ε

= O(1).

Sto kef�laio autì, arqik�, ja qrhsimopoi soume ta apotelèsmata thc teleutaÐac
enìthtac gia th diakritopoÐhsh tou probl matoc (2.1) me th mèjodo Crank-Nicolson

wc proc to qrìno kai ta peperasmèna stoiqeÐa wc proc to q¸ro kai upì tic proôpo-
jèseic (U1)-(U3) ja melet soume thn ex�rthsh tou qwrikoÔ kai qronikoÔ b matoc
apì thn par�metro ε, ètsi ¸ste na èqoume sÔgklish thc mejìdou. Oi sunj kec pou
ja apodeÐxoume ja eÐnai perioristikèc.

Prospaj¸ntac na xeper�soume th duskolÐa aut , ja odhghjoÔme stic mejìdouc
splitting. Oi mèjodoi splitting eÐnai mèjodoi diakritopoÐhshc wc proc to qrìno,
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kat�llhlec gia th diakritopoÐhsh tou probl matoc (2.1). Ja exhg soume ta pleone-
kt mata twn mejìdwn aut¸n se sqèsh me tic mejìdouc Runge-Kutta gia th diakri-
topoÐhsh tou probl matoc (2.1).

Tèloc ja jewr soume to pl rwc diakritì sq ma, sto opoÐo h diakritopoÐhsh
wc proc to q¸ro ja gÐnei me fasmatikèc mejìdouc kai wc proc to qrìno me th
mèjodo splitting tou Lie kai th mèjodo splitting tou Strang. To basikì apotèlesma
thc teleutaÐac enìthtac ja eÐnai mia ek twn protèrwn ektÐmhsh sthn L2−nìrma. H
shmantikìthta thc ektÐmhshc aut c se sqèsh me thn antÐstoiqh ektÐmhsh ìpou h
diakritopoÐhsh gÐnetai me peperasmèna stoiqeÐa kai th mèjodo Crank-Nicolson, eÐnai
ìti gia na exasfalÐsoume sÔgklish twn splitting-fasmatik¸n mejìdwn, qreiazìmaste
ligìtero perioristikèc sunj kec sthn epilog  tou qwrikoÔ kai qronikoÔ b matoc se
sqèsh me to ε.

2.2 Peperasmèna stoiqeÐa kai mèjodoc Crank-Nicolson

Sthn Parat rhsh 1.4 melet same to pl rwc diakritì sq ma gia to prìblhma (2.1)
sto opoÐo h diakritopoÐhsh wc proc to q¸ro ègine me peperasmèna stoiqeÐa kai h
diakritopoÐhsh wc proc to qrìno ègine me th mèjodo Crank-Nicolson. H monadik 
diafor� tou probl matoc (1.63) me to prìblhma (2.1) eÐnai oi sunoriakèc sunj kec:
Sto prìblhma (1.63) èqoume mhdenikèc sunoriakèc sunj kec, en¸ sto prìblhma
(2.1) oi sunoriakèc sunj kec eÐnai periodikèc. All�zontac loipìn kat�llhla touc
q¸rouc H1

0 kai Sh kai ton orismì thc elleiptik c probol c Rh, ¸ste na up�rqei
sumfwnÐa me tic periodikèc sunoriakèc sunj kec, kai ergazìmenoi akrib¸c ìpwc
sto pr¸to kef�laio, paÐrnoume antÐstoiqec ektim seic. 'Etsi, h eust�jeia gia to
arijmhtikì sq ma, kaj¸c epÐshc kai to diakritì an�logo thc sqèshc diat rhshc (2.2)
prokÔptoun apì th sqèsh (1.65). EpÐshc, polÔ eÔkola, mporoÔme na apodeÐxoume to
epìmeno apotèlesma.

Je¸rhma 2.1. Gia n = 0, 1, . . . , N, èstw U ε,n ∈ Sh oi proseggÐseic stouc kìmbouc
tn thc akriboÔc lÔshc uε tou probl matoc (2.1) pou lamb�noume ìtan dakritopoi -
soume me peperasmèna stoiqeÐa kai th mèjodo Crank-Nicolson to prìblhma (2.1).
Tìte upì tic proôpojèseic (U1)-(U3) isqÔei h ektÐmhsh

(2.3) max
0≤n≤N

||uε(tn)− U ε,n|| ≤ Cr
hr

εr+1
+ C

k2

ε3
,
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ìpou h stajer� Cr eÐnai anex�rthth apì ta ε, h kai k kai h stajer� C anex�rthth
apì ta r, ε, h kai k.

Apìdeixh. H (2.3) prokÔptei apì thn efarmog  twn upojèsewn (U1)-(U3) sthn
(1.66).

Parat rhsh 2.2. (Epilog  qwrikoÔ kai qronikoÔ b matoc se sqèsh me to ε.)
'Estw ìti jèloume na isqÔei h

max
0≤n≤N

||uε(tn)− U ε,n|| ≤ δ,

ìpou δ > 0 èna epijumhtì �nw fr�gma gia to sf�lma. Tìte sÔmfwna me th (2.3),
arkeÐ na akolouj soume thn parak�tw strathgik  epilog c qwrikoÔ kai qronikoÔ
b matoc se sqèsh me to ε:

(2.4) (a) k = O
(
(δε3)1/2

)
kai (b) h = O

(
(δεr+1)1/r

)
.

Oi sunj kec autèc eÐnai arket� perioristikèc idiaÐtera sthn perÐptwsh pou h tim 
thc stajer�c tou Planck eÐnai kont� sto mhdèn.

2.3 Mèjodoi splitting

'Estw C ènac grammikìc telest c. Gia t ∈ (tn, tn+1], n = 0, 1, . . . , N − 1, sumbolÐ-
zoume me e(t−tn)Cωn th lÔsh tou probl matoc arqik¸n tim¸n

(2.5)

{
ωt = Cω sto (tn, tn+1],

ω(tn) = ωn.

H kentrik  idèa twn mejìdwn splitting eÐnai na gr�youme ton telest  C wc �-
jroisma aploÔsterwn telest¸n Ci, i = 1, . . . , P, C =

∑P
i=1 Ci. Sth sunèqeia pro-

seggÐzoume thn akrib  lÔsh tou probl matoc (2.5) sto tn+1, ω(tn+1) = ekCωn me
thn ωn+1 = ekCp · · · ekC1ωn. Me �lla lìgia epilÔoume diadoqik� ta parak�tw, pio
apl�, P probl mata arqik¸n tim¸n

{
ω1,t = C1ω1 sto (tn, tn+1],

ω1(t
n) = ωn,

kai gia i = 2, 3 . . . , P, {
ωi,t = Ciωi sto (tn, tn+1],

ωi(t
n) = ekCi−1 · · · ekC1ωn.
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Sqìlio 2.2. To sf�lma ω(tn)−ωn stic mejìdouc splitting eÐnai mhdèn an kai mìno
an oi telestèc Ci, i = 1, . . . , P, eÐnai an� dÔo antimetajèsimoi.

Sth sunèqeia ja parousi�soume tic dÔo pio gnwstèc mejìdouc splitting gia to
prìblhma (2.5): Th mèjodo splitting tou Lie kai th mèjodo splitting tou Strang. Gia
to skopì autì orÐzoume touc telestèc

(2.6) Aε = i
ε

2
∂xx kai Bε = −i

V (x)

ε

EÐnai gnwstì ìti h mèjodoc splitting tou Lie eÐnai pr¸thc t�xhc akrÐbeiac, en¸ h
mèjodoc splitting tou Strang deÔterhc (blèpe gia par�deigma [19], [20] kai [21] gia
th mh grammik  perÐptwsh). Parak�tw ja exhg soume giatÐ anamènoume h mèjodoc
splitting tou Lie na eÐnai pr¸thc t�xhc akrÐbeiac kai p¸c exart�tai to qronikì b ma
apì th stajer� ε. EpÐshc ja exhg soume giatÐ den mporoÔme na sundu�soume th
mèjodo splitting tou Lie (kai kat� epèktash th mèjodo splitting tou Strang) me
opoiad pote mèjodo Runge-Kutta.

2.3.1 H mèjodoc splitting tou Lie

JewroÔme to prìblhma arqik¸n tim¸n

(2.7)

{
υt = (A + B)υ sto [0, T ],

υ(0) = υ0,

ìpou A kai B eÐnai grammikoÐ telestèc. Tìte gia n = 0, 1, . . . , N − 1, h akrib c
lÔsh tou probl matoc (2.7) dÐnetai apì

υ(tn+1) = ek(A+B)υ(tn).

H mèjodoc splitting tou Lie dÐnetai apì to sq ma

(2.8)

{
υn+1 = ekBekAυn, n = 0, 1, . . . , N − 1,

υ0 = υ0,

dhlad  se k�je b ma n, n = 0, 1, . . . , N − 1, epilÔoume pr¸ta to prìblhma
{

υ1,t = Aυ1 sto (tn, tn+1],

υ1(t
n) = υn.
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kai sth sunèqeia to {
υ2,t = Bυ2 sto (tn, tn+1],

υ2(t
n) = υ1(t

n+1).

Tìte υn+1 = υ2(t
n+1).

• Topikì sf�lma

AnaptÔssoume se seir� Taylor tic posìthtec ekBekA kai ek(A+B) kai lamb�noume

ekBekA = (I + kB +
k2

2
B2 +

k3

6
B3 + · · · )(I + kA +

k2

2
A2 +

k3

6
A3 + · · · )

= I + k(A + B) +
k2

2
(A2 + B2 + 2BA) +

k3

6
(A3 + B3 + 3B2A + 3BA2) + · · ·

kai

ek(A+B) = I + k(A + B) +
k2

2
(A + B)2 +

k3

6
(A + B)3 + · · ·

= I + k(A + B) +
k2

2
(A2 + B2 + AB + BA)

+
k3

6
(A3 + B3 + A2B + B2A + ABA + AB2 + BA2 + BAB) + · · ·

Epomènwc

(2.9)
ek(A+B) − ekBekA =

k2

2
(AB−BA) +

k3

6
(A2B + ABA− 2BA2)

+
k3

6
(AB2 + BAB− 2B2A) + O(k4).

'Estw ìti sto b ma n gnwrÐzoume thn akrib  lÔsh υ(tn) tou probl matoc (2.7).
Tìte lìgw thc (2.9)

(2.10)
υ(tn+1)− υn+1 = (ek(A+B) − ekBekA)υ(tn) =

[k2

2
(AB−BA) +

k3

6
(A2B

+ ABA− 2BA2) +
k3

6
(AB2 + BAB− 2B2A)

]
υ(tn) + O(k4).

Epomènwc h mèjodoc splitting tou Lie eÐnai topik� deÔterhc t�xhc.
Ac upojèsoume t¸ra ìti A = Aε kai B = Bε ìpou oi telestèc Aε kai Bε dÐnontai

apì th (2.6) kai èstw ìti efarmìzoume th mèjodo splitting tou Lie sto prìblhma
(2.1). Dhlad  diakritopoioÔme to prìblhma (2.1) mìno wc proc to qrìno me th
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mèjodo splitting tou Lie. 'Estw uε(x, tn), x ∈ [a, b], h akrib c lÔsh ston kìmbo tn

tou probl matoc (2.1). Gia k�je s ∈ N, èqoume ìti

(Aε)suε(x, tn) = (i
ε

2
)s ∂2s

∂x2s
uε(x, tn),

kai

(Bε)suε(x, tn) = (−i
V (x)

ε
)suε(x, tn).

Epomènwc, sÔmfwna me tic upojèseic (U2) kai (U3) lamb�noume gia k�je s ∈ N ìti

||(Aε)suε(tn)|| = O(
1

εs
)

kai

||(Bε)suε(tn)|| ≤ 1

εs
||V ||sL∞||uε(tn)|| = O(

1

εs
).

Apì th (2.10) parathroÔme ìti gia s = 2   3 oi ìroi (Aε)2, (Bε)2, (Aε)3 kai (Bε)3

apaleÐfontai. Genik� mporoÔme, gia k�je s ∈ N, na apodeÐxoume ìti oi ìroi (Aε)s

kai (Bε)s apaleÐfontai.
EpÐshc qrhsimopoi¸ntac touc kanìnec parag¸gishc Leibniz lamb�noume

(AεBε − BεAε)uε(x, tn) =
( ∂2

∂x2

(
V (x)uε(x, tn)

)− V (x)
∂2

∂x2
uε(x, tn)

)

= uε(x, tn)
d2

dx2
V (x) + 2

d

dx
V (x)

∂

∂x
uε(x, tn),

kai �ra lìgw twn (U2) kai (U3)

||(AεBε − BεAε)uε(tn)|| = O(
1

ε
).

Mia shmantik  parat rhsh eÐnai ìti o ìroc V (x) ∂2

∂x2 u
ε(x, tn) pou eÐnai, sÔmfwna me

tic (U2) kai (U3), wc proc thn L2−nìrma, t�xhc 1
ε2 apaleÐfetai.

OmoÐwc, qrhsimopoi¸ntac kai p�li touc kanìnec parag¸gishc Leibniz lamb�noume

[
(Aε)2Bε +AεBεAε − 2Bε(Aε)2

]
uε(x, tn)

= i
ε

4

[
uε(x, tn)

d4

dx4
V (x) + 4

d3

dx3
V (x)

∂

∂x
uε(x, tn)

+ 7
d2

dx2
V (x)

∂2

∂x2
uε(x, tn) + 6

d

dx
V (x)

∂3

∂x3
uε(x, tn)

]
,
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kai
[Aε(Bε)2 + BεAεBε − 2(Bε)2Aε

]
uε(x, tn) = − i

2ε

[
2(

d

dx
V (x))2uε(x, tn)

+ 3uε(x, tn)V (x)
d2

dx2
V (x) + 6V (x)

d

dx
V (x)

∂

∂x
uε(x, tn)

]
.

Sunep¸c apì tic upojèseic (U2) kai (U3) paÐrnoume ìti

||[(Aε)2Bε +AεBεAε − 2Bε(Aε)2
]
uε(x, tn)|| = O(

1

ε2
),

kai
||[Aε(Bε)2 + BεAεBε − 2(Bε)2Aε

]
uε(x, tn)|| = O(

1

ε2
).

ParathrhroÔme p�li ìti oi ìroi i ε
4
V (x) ∂4

∂x4 u
ε(x, tn) kai − i

2ε
V 2(x) ∂2

∂x2 u
ε(x, tn) pou

eÐnai t�xhc 1
ε3 wc proc thn L2− nìrma apaleÐfontai. Genikìtera, gia k�je s ≥

2, s ∈ N, mporoÔme, qrhsimopoi¸ntac touc kanìnec parag¸gishc Leibniz kai tic
upojèseic (U2) kai (U3), na apodeÐxoume ìti o suntelest c tou ks sto an�ptugma
(ek(Aε+Bε)−ekBε

ekAε
)uε(x, tn) eÐnai, wc proc thn L2−nìrma, t�xewc 1

εs−1 . Epomènwc,
qrhsimopoi¸ntac th (2.10) gia A = Aε, B = Bε kai υ(tn) = uε(x, tn) thn akrib 
lÔsh tou probl matoc (2.1) sto tn kai thn parap�nw an�lush sumperaÐnoume, upì
tic proôpojèseic (U2)-(U4), ìti gia n = 0, 1, . . . , N − 1, isqÔei

(2.11) ||uε(tn+1)− uε,n+1|| = ||(ek(Aε+Bε) − ekBε

ekAε

)uε(tn)|| = O(
k2

ε
),

ìpou uε(·, tn+1) eÐnai h akrib c lÔsh tou probl matoc (2.1) ston kìmbo tn+1 kai
uε,n+1 eÐnai h prosèggish pou lamb�noume ìtan efarmìsoume apì to tn sto tn+1 th
mèjodo splitting tou Lie sto prìblhma (2.1) upojètontac ìti gnwrÐzoume thn akrib 
lÔsh uε(·, tn) ston kìmbo tn.

Sunep¸c to kÔrio pleonèkthma thc mejìdou splitting tou Lie, ìtan aut  efar-
mìzetai sto prìblhma (2.1), eÐnai ìti dÐnei topikì sf�lma t�xhc k2

ε
antÐ gia k2

ε2 .

Parat rhsh 2.3. (Splitting Vs Runge-Kutta.) 'Opwc exhg same parap�nw, h
efarmog  thc mejìdou splitting tou Lie gia to prìblhma (2.1) apì to qrìno tn sto
tn+1 èqei wc apotèlesma thn akrib  epÐlush (wc proc to qrìno) twn problhm�twn

(2.12)





εuε
1,t − i

ε2

2
uε

1,xx = 0 sto [a, b]× (tn, tn+1],

uε
1(t

n) = uε,n,
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(2.13)

{
εuε

2,t + iV (x)uε
2 = 0 sto [a, b]× (tn, tn+1],

uε
2(t

n) = uε
1(t

n+1).

To prìblhma (2.13) mporeÐ na epilujeÐ akrib¸c qwrÐc kami� duskolÐa. Apì thn �llh
meri�, gia na mporèsoume na epilÔsoume akrib¸c to prìblhma (2.12) wc proc to
qrìno prèpei na jewr soume kat�llhlh diakritopoÐhsh tou probl matoc wc proc
to q¸ro. Autì ja eÐnai kai to kÔrio antikeÐmeno thc epìmenhc enìthtac. Parìla
aut� tÐjetai to er¸thma kat� pìso mporoÔme na proseggÐsoume th lÔsh tou pro-
bl matoc (2.12) qrhsimopoi¸ntac, gia par�deigma, mia mèjodo Runge-Kutta (R-K),
diathr¸ntac ìmwc tautìqrona to pleonèkthma thc mejìdou splitting wc proc thn
ex�rthsh tou qronikoÔ b matoc apì to ε (blèpe th (2.11)). H ap�nthsh sto er¸thma
autì eÐnai arnhtik . Pr�gmati èstw ìti proseggÐzoume th lÔsh tou probl matoc
(2.12) me mia mèjodo R-K t�xhc p kai èstw r h rht  prosèggish pou antistoiqeÐ se
aut . Tìte h nèa mèjodoc dÐnetai, gia x ∈ [a, b], apì to sq ma

{
ũε,n+1(x) = ekBε

r(kAε)ũε,n(x), n = 0, 1, . . . , N − 1,

ũε,0(x) = uε
0(x),

ìpou

r(kAε) = I + kAε +
k2

2
(Aε)2 + · · ·+ kp

p!
(Aε)p + C̃p+1k

p+1(Aε)p+1 + · · ·

me

C̃p+1 6= 1

(p + 1)!
.

Sunep¸c anaptÔssontac se seir� Taylor to topikì sf�lma
(
ek(Aε+Bε)− ekBε

r(kAε)
)

uε(x, tn) lamb�noume mh mhdenikì suntelest  gia to (Aε)p+1. 'Omwc

||(Aε)p+1uε(tn)|| = O(
1

εp+1
),

kai �ra upì tic proôpojèseic (U2) kai (U3)

||(ek(Aε+Bε) − ekBε

r(kAε)
)
uε(tn)|| = C2

k2

ε
+ · · ·+ Cp

kp

εp−1
+ Cp+1

kp+1

εp+1
+ · · ·

Epomènwc, upì thn proôpìjesh (U4), o kurÐarqoc ìroc gia ε mikrì, eÐnai o kp+1

εp+1 kai
ìqi o k2

ε
, ìpwc prohgoumènwc. O sunduasmìc loipìn thc mejìdou splitting tou Lie

(kai genikìtera k�je mejìdou splitting) me opoiad pote mèjodo R-K gia thn arij-
mhtik  (wc proc to qrìno) epÐlush tou probl matoc (2.1), anaireÐ to pleonèkthma
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pou èqei h mèjodoc splitting wc proc thn epilog  tou qronikoÔ b matoc se sqèsh
me to ε.

2.3.2 H mèjodoc splitting tou Strang

Mia �llh polÔ gnwst  mèjodoc splitting gia th diakritopoÐhsh tou probl matoc
(2.7) eÐnai h mèjodoc splitting tou Strang. Sthn perÐptwsh aut  apì to tn sto tn+1

epilÔoume ta probl mata




υ1,t =
1

2
Bυ1 sto (tn, tn+1],

υ1(t
n) = υn,

{
υ2,t = Aυ2 sto (tn, tn+1],

υ2(t
n) = υ1(t

n+1),

kai 



υ3,t =
1

2
Bυ3 sto (tn, tn+1],

υ3(t
n) = υ2(t

n+1).

Tìte υn+1 = υ3(t
n+1).

Sunoptik� to arijmhtikì sq ma dÐnetai apì

{
υn+1 = e

k
2
BekAe

k
2
Bυn, n = 0, 1, . . . , N − 1,

υ0 = υ0.

H mèjodoc splitting tou Strang eÐnai topik� trÐthc t�xhc. EpÐshc ergazìmenoi
ìpwc kai sth mèjodo splitting tou Lie kai upì tic proôpojèseic (U2)-(U4), lam-
b�noume kat� analogÐa proc th (2.11) thn

(2.14) ||uε(tn+1)− uε,n+1|| = ||(ek(Aε+Bε) − e
k
2
Bε

ekAε

e
k
2
Bε

)uε(tn)|| = O(
k3

ε
),

ìpou uε(x, t), x ∈ [a, b], t ∈ [0, T ], h akrib c lÔsh tou probl matoc (2.1), uε,n(x), x ∈
[a, b], n = 0, 1, . . . , N, oi proseggÐseic pou lamb�noume apì th mèjodo splitting tou
Strang ìtan aut  efarmosjeÐ sto prìblhma (2.1) kai oi telestèc Aε kai Bε orÐzontai
sth (2.6).
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2.4 Mèjodoi splitting kai fasmatikèc mèjodoi

Sthn enìthta aut  ja melet soume to pl rwc diakritì sq ma gia to prìblhma (2.1)
me diakritopoÐhsh wc proc to qrìno th mèjodo splitting tou Lie (kai th mèjodo
splitting tou Strang), en¸ h diakritopoÐhsh wc proc to q¸ro ja gÐnei me fasmatikèc
mejìdouc. Oi mèjodoi diakritopoÐhshc kai ta apotelèsmata pou ja parousi�soume
eÐnai parmèna apì to �rjro [7]. EpÐshc oi Ðdiec mèjodoi èqoun melethjeÐ gia th mh
grammik  perÐptwsh sto [16].

H kÔria idèa thc Lie splitting fasmatik c mejìdou eÐnai ìti apì to tn sto tn+1 h
exÐswsh sto prìblhma (2.12) ja diakritopoihjeÐ wc proc to q¸ro me th fasmatik 
mèjodo kai sth sunèqeia ja epilujeÐ akrib¸c wc proc to qrìno, kai h exÐswsh
(2.13) ja epilujeÐ akrib¸c. Me �lla lìgia, h Lie splitting fasmatik  mèjodoc
èqei èna endi�meso b ma kai perigr�fetai analutik�, gia j = 0, 1, . . . ,M − 1 kai
n = 0, 1, . . . , N − 1, apì to sq ma

(2.15)





U ε,∗
j =

1

M

M
2
−1∑

`=−M
2

e−iεkµ2
`/2Û ε,n

` eiµ`(xj−a),

U ε,n+1
j = e−iV (xj)k/εU ε,∗

j ,

me
U ε,0

j = uε
0(xj),

kai gia ` = −M
2
, . . . , M

2
− 1,

µ` =
2π`

b− a

kai

(2.16) Û ε,n
` =

M−1∑
j=0

U ε,n
j e−iµ`(xj−a).

Gia x ∈ [a, b] kai n = 0, 1, . . . , N, oi proseggÐseic U ε,n
I (x) thc akriboÔc lÔshc

uε(x, tn) tou probl matoc (2.1) stouc kìmbouc tn orÐzontai wc

(2.17) U ε,n
I =

1

M

M
2
−1∑

`=−M
2

Û ε,n
` eiµ`(·−a).
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Kat� analogÐa t¸ra, h Strang splitting fasmatik  mèjodoc èqei dÔo endi�mesa
b mata kai perigr�fetai gia j = 0, 1, . . . , M−1 kai n = 0, 1 . . . , N−1, apì to sq ma

(2.18)





U ε,∗
j = e−iV (xj)

k
2ε U ε,n

j ,

U ε,∗∗
j =

1

M

M
2
−1∑

`=−M
2

e−iε k
2
µ2

` Û ε,∗
` eiµ`(xj−a),

U ε,n+1
j = e−iV (xj)

k
2ε U ε,∗∗

j ,

me U ε,0
j = uε

0(xj) kai gia ` = −M
2
, . . . , M

2
− 1, ta µ` dÐnontai ìpwc prin kai

Û ε,∗
` =

M−1∑
j=0

U ε,∗
j e−iµ`(xj−a).

Kai p�li gia x ∈ [a, b] kai n = 0, 1, . . . , N, oi proseggÐseic thc akriboÔc lÔshc uε

stouc kìmbouc tn dÐnontai apì th (2.17) me ta Û ε,n
` , ` = −M

2
, . . . , M

2
−1, na orÐzontai

ìpwc sthn (2.16) kai ta U ε,n
j , j = 0, 1, . . . , M − 1, na orÐzontai mèsw thc (2.18).

Sthn perÐptwsh pou to dunamikì V (x), x ∈ [a, b], eÐnai stajer  sun�rthsh,
dhlad  V (x) = V gia k�je x ∈ [a, b], oi telestèc Aε kai Bε pou orÐzontai sth (2.6)
eÐnai antimetajèsimoi kai �ra to sf�lma pou proèrqetai apì tic mejìdouc splitting

eÐnai mhdèn; me �lla lìgia de gÐnetai diakritopoÐhsh wc proc to qrìno. Sunep¸c oi
mèjodoi (2.15) kai (2.18) den èqoun sthn perÐptwsh aut  endi�mesa b mata kai h Lie

splitting fasmatik  mèjodoc kai h Strang splitting fasmatik  mèjodoc tautÐzontai
kai gr�fontai aploÔstera gia j = 0, 1, . . . , M − 1 kai n = 0, 1, . . . , N, wc

(2.19) U ε,n
j =

1

M

M
2
−1∑

`=−M
2

e−i(ε
µ2

`
2

+V
ε

)tnÛ ε,0
` eiµ`(xj−a),

me

(2.20) Û ε,0
` =

M−1∑
j=0

U ε,0
j e−iµ`(xj−a) =

M−1∑
j=0

uε
0(xj)e

−iµ`(xj−a), ` = −M

2
, . . . ,

M

2
− 1.

Oi proseggÐseic gia thn akrib  lÔsh stouc kìmbouc tn, n = 0, 1, . . . , N, dÐnontai kai
p�li apì th (2.17).
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ProtoÔ proqwr soume, orÐzoume thn trigwnometrik  paremb�llousa fI miac su-
n�rthshc f ∈ C([a, b]) sta shmeÐa {x0, x1, . . . , xM−1} wc

(2.21) fI :=
1

M

M
2
−1∑

`=−M
2

f̂` eiµ`(·−a) sto [a, b],

me

f̂` =
M−1∑
j=0

f(xj)e
−iµ`(xj−a), ` = −M

2
, . . . ,

M

2
− 1.

L mma 2.1. 'Estw f ∈ C([a, b]). Tìte h trigwnometrik  paremb�llousa fI thc f

pou dÐnetai apì th (2.21) eÐnai monadik .

Sth sunèqeia ja apodeÐxoume ìti h Lie splitting fasmatik  mèjodoc kai h Strang

splitting fasmatik  mèjodoc pou orÐzontai mèsw twn (2.15), (2.17) kai (2.18), (2.17)
antÐstoiqa eÐnai eustajeÐc. Gia to skopì autì, gia n = 0, 1, . . . , N, orÐzoume ta
dianÔsmata

(2.22) Uε,n = [U ε,n
0 , . . . , U ε,n

M−1]
T,

kai

(2.23) uε
0 =

[
uε

0(x0), . . . , u
ε
0(xM−1)

]T
.

EÐnai profanèc ìti U ε,0 = uε
0. EpÐshc gia tuqaÐo di�nusma υ = [υ0, . . . , υM−1]

T,

orÐzoume th nìrma

||υ||`2 :=

√√√√b− a

M

M−1∑
j=0

|υj|2.

Ja qreiastoÔme akìma k�poiec profaneÐc tautìthtec tic opoÐec sugkentr¸noume
sto l mma pou akoloujeÐ.

L mma 2.2. Gia `1, `2, j1, j2 ∈ Z isqÔoun ta akìlouja

(2.24)
(
eiµ`1

(·−a), eiµ`2
(·−a)

)
=

{
b− a an `1 = `2

0 an `1 6= `2,

(2.25)
M−1∑
j=0

ei2π(`1−`2)j/M =

{
M an `1 = `2 mod M

0 an `1 6= `2 mod M,
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(2.26)

M
2
−1∑

`=−M
2

ei2π(j1−j2) `
M =

{
M an j1 = j2 mod M

0 an j1 6= j2 mod M.

Prìtash 2.1. (Eust�jeia splitting fasmatik¸n mejìdwn.) Oi Lie splitting fa-
smatik  kai Strang splitting fasmatik  mèjodoi pou orÐzontai mèsw twn arijmhtik¸n
sqhm�twn (2.15) kai (2.18) antistoÐqwc eÐnai eustajeÐc. Eidikìtera,

(2.27) ||Uε,n||`2 = ||uε
0||`2 , n = 0, 1, . . . , N,

kai

(2.28) ||U ε,n
I || = ||uε

0,I ||, n = 0, 1, . . . , N,

ìpou ta Uε,n, n = 01, . . . , N kai uε
0 orÐzontai apì tic (2.22) kai (2.23) antÐstoiqa,

oi U ε,n
I , n = 0, 1, . . . , N, orÐzontai apì th (2.17) kai h uε

0,I eÐnai h trigwnometrik 
paremb�llousa thc sun�rthshc uε

0 sta shmeÐa {x0, . . . , xM−1} (blèpe th (2.21)).

Apìdeixh. Arqik� parathroÔme ìti

(2.29) uε
0 = Uε,0 kai uε

0,I = U ε,0
I .

EpÐshc gia n = 0, 1, . . . , N,

||U ε,n
I || = ||Uε,n||`2 .

Pr�gmati, qrhsimopoi¸ntac tic (2.24) kai (2.26) lamb�noume

||U ε,n
I ||2 = || 1

M

M
2
−1∑

`=−M
2

Û ε,n
` eiµ`(·−a)||2 =

1

M2

M
2
−1∑

`1,`2=−M
2

Û ε,n
`1

¯̂
U ε,n

`2
(eiµ`1

(·−a), eiµ`2
(·−a))

=
b− a

M2

M
2
−1∑

`=−M
2

|Û ε,n
` |2 =

b− a

M2

M−1∑
j1,j2=0

U ε,n
j1

Ū ε,n
j2

M
2
−1∑

`=−M
2

eiµ`(xj2
−xj1

)

=
b− a

M

M−1∑
j=0

|U ε,n
j |2 = ||Uε,n||2`2 .

Apì ta parap�nw prokÔptei akìma ìti

(2.30) ||Uε,n||2`2 =
b− a

M2

M
2
−1∑

`=−M
2

|Û ε,n
` |2.
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Epomènwc arkeÐ na deÐxoume ìti isqÔei h (2.27) gia ta dÔo arijmhtik� sq mata.
Qrhsimopoi¸ntac to arijmhtikì sq ma (2.15) lamb�noume gia n = 0, 1, . . . , N−1,

||Uε,n+1||2`2 =
b− a

M

M−1∑
j=0

|U ε,n+1
j |2 =

b− a

M

M−1∑
j=0

|e−iV (xj)
k
ε U ε,∗

j |2

=
b− a

M

M−1∑
j=0

|U ε,∗
j |2 =

b− a

M3

M
2
−1∑

`1,`2=−M
2

e−iεk
µ2

`1
2 eiεk

µ2
`2
2 Û ε,n

`1

¯̂
U ε,n

`2

M−1∑
j=0

ei(µ`1
−µ`2

)(xj−a)

=
b− a

M2

M
2
−1∑

`=−M
2

|Û ε,n
` |2 = ||Uε,n||2`2 .

H proteleutaÐa isìthta isqÔei lìgw thc (2.25), en¸ h teleutaÐa lìgw thc (2.30).
'Ara gia n = 0, 1, . . . , N − 1,

(2.31) ||Uε,n+1||`2 = ||Uε,n||`2 .

OmoÐwc, qrhsimopoi¸ntac to arijmhtikì sq ma (2.18) kai tic tautìthtec (2.25)
kai (2.26), lamb�noume gia n = 0, 1, . . . , N − 1,

||Uε,n+1||2`2 =
b− a

M

M−1∑
j=0

|U ε,n+1
j |2 =

b− a

M

M−1∑
j=0

|e−iV (xj)
k
2ε U ε,∗∗

j |2

=
b− a

M

M−1∑
j=0

|U ε,∗∗
j |2 =

b− a

M3

M−1∑
j=0

|
M
2
−1∑

`=−M
2

e−iεk
µ2

`
2 Û ε,∗

` eiµ`(xj−a)|2

=
b− a

M2

M
2
−1∑

`=−M
2

|Û ε,∗
` |2 =

b− a

M2

M
2
−1∑

`=−M
2

|
M−1∑
j=0

U ε,∗
j e−iµ`(xj−a)|2

=
b− a

M2

M−1∑
j1,j2=1

U ε,∗
j1

Ū ε,∗
j2

M
2
−1∑

`=−M
2

eiµ`(xj2
−xj1

) =
b− a

M

M−1∑
j=0

|U ε,∗
j |2

=
b− a

M

M−1∑
j=0

|e−iV (xj)
k
2ε U ε,n

j |2 =
b− a

M

M−1∑
j=0

|U ε,n
j |2 = ||Uε,n||2`2

'Ara gia n = 0, 1, . . . , N − 1,

(2.32) ||Uε,n+1||`2 = ||Uε,n||`2 .
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Lamb�noume thn isìthta (2.30) qrhsimopoi¸ntac epagwg  kai tic sqèseic (2.29)
kai (2.31) gia to sq ma (2.15) kai tic sqèseic (2.29) kai (2.32) gia to sq ma (2.18).

Sqìlio 2.3. H (2.28) lèei ìti tìso h Lie splitting fasmatik  mèjodoc, ìso kai
h Strang splitting fasmatik  mèjodoc ikanopoioÔn to diakritì an�logo thc sqèshc
diat rhshc (2.2)

Gia thn apìdeixh twn ek twn protèrwn ektim sewn pou ja akolouj soun, ja
qreiastoÔme to epìmeno je¸rhma, to opoÐo eÐnai �mesh sunèpeia tou Jewr matoc 3
sto [22].

Je¸rhma 2.2. 'Estw C∞
p ([a, b]) o q¸roc twn C∞ sto R kai (b − a)−periodik¸n

sunart sewn. 'Estw epÐshc m ∈ N kai n ∈ N0 me n ≤ m. Tìte up�rqei stajer� D

h opoÐa exart�tai mìno apì to b− a ètsi ¸ste

(2.33) || dn

dxn
(ω − ωI)|| ≤ D(

h

b− a
)m−n|| dm

dxm
ω||, ∀ω ∈ C∞

p ([a, b]),

ìpou ωI eÐnai h trigwnometrik  paremb�llousa thc ω sta shmeÐa {x0, . . . , xM−1}.

Je¸rhma 2.3. (Ek twn protèrwn ektÐmhsh gia stajerì dunamikì.) 'Estw uε h
akrib c lÔsh tou probl matoc (2.1) kai èstw V (x) = V gia k�je x ∈ [a, b], dhlad 
èstw ìti to dunamikì V eÐnai stajer  sun�rthsh. 'Estw epÐshc U ε,n

I , n = 0, 1, . . . , N,

oi proseggÐseic (2.17) pou orÐzontai mèsw twn (2.19) kai (2.20). Tìte upì thn
proôpìjesh (U1) isqÔei, gia k�je jetikì akèraio m, h ektÐmhsh

(2.34) max
0≤n≤N

||uε(tn)− U ε,n
I || ≤ DAm(

h

ε(b− a)
)m,

ìpou D h stajer� pou emfanÐzetai sth (2.33) kai Am, m ∈ N, oi stajerèc sthn
(U1).

Apìdeixh. Gia t ∈ [0, T ] kai j = 0, 1, . . . , M − 1, orÐzoume tic sunart seic

(2.35) U ε
j (t) :=

1

M

M
2
−1∑

`=−M
2

e−i(ε
µ2

`
2

+V
ε

)tÛ ε,0
` eiµ`(xj−a),
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ìpou gia ` = −M
2
, . . . , M

2
− 1, ta Û ε,0

` orÐzontai apì th (2.20). 'Estw epÐshc

U ε
I (x, t) =

1

M

M
2
−1∑

`=−M
2

( M−1∑
j=0

U ε
j (t)e−iµ`(xj−a)

)
eiµ`(x−a), (x, t) ∈ [a, b]× [0, T ].

Tìte U ε
I (x, tn) = U ε,n

I (x), x ∈ [a, b], n = 0, 1 . . . , N. ParathroÔme akìma ìti h
U ε

I : [a, b]× [0, T ] → C ikanopoieÐ gia n = 0, 1, . . . , N, to prìblhma




εU ε
I,t − i

ε2

2
U ε

I,xx + iV U ε
I = 0 sto [a, b]× [0, tn],

U ε
I (·, 0) = uε

0,I sto [a, b],

me periodikèc sunoriakèc sunj kec. 'Estw eε := uε − U ε
I . Tìte to sf�lma eε

ikanopoieÐ gia n = 1, . . . , N, to prìblhma

(2.36)





εeε
t − i

ε2

2
eε

xx + iV eε = 0 sto [a, b]× [0, tn],

eε(·, 0) = uε
0 − uε

0,I sto [a, b],

me periodikèc sunoriakèc sunj kec. Lamb�nontac sthn pr¸th exÐswsh tou probl -
matoc (2.36) to eswterikì ginìmeno ston L2 me thn eε kai sth sunèqeia pragmatik�
mèrh paÐrnoume gia t ∈ [0, tn] ìti

d

dt
||eε(t)||2 = 0.

'Ara ||eε(tn)|| = ||eε(0)|| gia n = 0, 1, . . . , N. Sunep¸c gia n = 0, 1, . . . , N,

(2.37) ||uε(tn)− U ε,n
I || = ||uε

0 − uε
0,I ||

Qrhsimopoi¸ntac th (2.33) sumperaÐnoume gia m ∈ N ìti

(2.38) ||uε
0 − uε

0,I || ≤ D(
h

b− a
)m|| dm

dxm
uε

0||.

Sundu�zontac tic (2.37), (2.38) kai thn upìjesh (U1) katal goume sthn ektÐmhsh
(2.34).

Parat rhsh 2.4. 'Estw δ > 0 to epijumhtì �nw fr�gma gia to sf�lma max0≤n≤N

||uε(tn)−U ε,n
I ||. Tìte h max0≤n≤N ||uε(tn)−U ε,n

I || ≤ δ isqÔei an gia k�poio m ≥ 1,

(2.39)
h

ε
≤ (b− a)δ

1
m

(DAm)
1
m

.
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H (2.39) mac lèei p¸c prèpei na epilèxoume to qwrikì b ma h se sqèsh me to ε ¸ste
na èqoume to epijumhtì �nw fr�gma gia to sf�lma.

Parat rhsh 2.5. Sthn perÐptwsh tou stajeroÔ dunamikoÔ, to prìblhma (2.1)
epilÔetai akrib¸c wc proc to qrìno kai h diakritopoÐhsh gÐnetai mìno wc proc to
q¸ro. Epomènwc eÐnai apìluta logikì pou sthn ektÐmhsh (2.34) den emfanÐzetai
qronikì sf�lma.

Je¸rhma 2.4. (Ek twn protèrwn ektÐmhsh gia metablhtì dunamikì.) 'Estw uε h
akrib c lÔsh tou probl matoc (2.1) kai U ε,n

I , n = 0, 1, . . . , N, oi proseggÐseic (2.17)
pou orÐzontai apì to arijmhtikì sq ma (2.15)gia th Lie splitting fasmatik  mèjodo.
Tìte upì tic proôpojèseic (U1)-(U4), isqÔei gia ìlouc touc jetikoÔc akèraiouc m,
h ektÐmhsh

(2.40) max
0≤n≤N

||uε(tn)− U ε,n
I || ≤ Gm

T

k

( h

ε(b− a)

)m
+ CT

k

ε
,

ìpou h stajer� C eÐnai anex�rthth apì ta ε, h, k kai m kai h Gm eÐnai anex�rthth
apì ta ε, h kai k.

Apìdeixh.

• B ma 1o.

'Estw Aε kai Bε oi telestèc pou orÐzontai apì th (2.6). Gia n = 0, 1, . . . , N − 1 kai
x ∈ [a, b], èstw

uε,n+1(x) = ekBε

ekAε

u(x, tn)

h prosèggish pou prokÔptei an diakritopoi soume mìno wc proc to qrìno to prìblh-
ma (2.1) sto di�sthma (tn, tn+1] me th mèjodo splitting tou Lie me arqik  tim  thn
akrib  lÔsh ston kìmbo tn. Tìte upì thn proôpìjesh (U4) gia to qronikì b ma kai
th (2.11) paÐrnoume gia n = 0, 1, . . . , N − 1, ìti

(2.41) ||uε(tn+1)− uε,n+1|| ≤ C
k2

ε
,

ìpou h stajer� C paramènei fragmènh kaj¸c ta k kai ε teÐnoun sto mhdèn.
Gia n = 0, 1, . . . , N − 1, gr�foume

(2.42)
||uε(tn+1)− U ε,n+1

I || ≤ ||uε(tn+1)− uε,n+1||+ ||uε,n+1 − uε,n+1
I ||

+ ||uε,n+1
I − U ε,n+1

I ||.
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• B ma 2o.

Gia n = 0, 1, . . . , N, orÐzoume

(2.43) uε,n :=
[
uε,n(x0), . . . , u

ε,n(xM−1)
]T

,

(2.44) ekAε

u
ε
(tn) :=

[(
ekAε

uε(tn)
)
(x0), . . . ,

(
ekAε

uε(tn)
)
(xM−1)

]T
,

kai

(2.45) Uε,∗ := [U ε,∗
1 , . . . , U ε,∗

M−1]
T.

Ja apodeÐxoume ìti

(2.46) ||uε,n+1
I − U ε,n+1

I || = ||ekAε

u
ε
(tn)−Uε,∗||`2 .

Pr¸ta apì ìla qrhsimopoi¸ntac tic (2.24) kai (2.26) upologÐzoume

||uε,n+1
I − U ε,n+1

I ||2 = || 1

M

M
2
−1∑

`=−M
2

(ûε,n+1
` − Û ε,n+1

` )eiµ`(·−a)||2

=
1

M2

M
2
−1∑

`1,`2=−M
2

(ûε,n+1
`1

− Û ε,n+1
`1

)(¯̂uε,n+1
`2

− ¯̂
U ε,n+1

`2
)(eiµ`1

(·−a), eiµ`2
(·−a))

=
b− a

M2

M
2
−1∑

`=−M
2

|ûε,n+1
` − Û ε,n+1

` |2

=
b− a

M2

M−1∑
j1,j2=0

(uε,n+1(xj1)− U ε,n+1
j1

)(ūε,n+1(xj2)− Ū ε,n+1
j2

)

M
2
−1∑

`=−M
2

eiµ`(xj2
−xj1

)

=
b− a

M

M−1∑
j=0

|uε,n+1(xj)− U ε,n+1
j |2 = ||uε,n+1 −Uε,n+1||2`2 ,

ìpou to Uε,n+1 orÐzetai apì th (2.22) kai to uε,n+1 apì th (2.43). Dhlad  gia
n = 0, 1, . . . , N − 1,

(2.47) ||uε,n+1
I − U ε,n+1

I || = ||uε,n+1 −Uε,n+1||`2 .

Apì thn �llh meri�, sÔmfwna me ton orismì twn uε,n+1 kai Uε,n+1 mporoÔme na
gr�youme

uε,n+1 = ekBε

ekAε

u
ε
(tn)
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kai
Uε,n+1 = ekBε

Uε,∗.

Epomènwc

(2.48) ||uε,n+1−Uε,n+1||`2 = ||ekBε

(ekAε

u
ε
(tn)−Uε,∗)||`2 = ||ekAε

u
ε
(tn)−Uε,∗||`2 .

Sundu�zontac tic (2.47) kai (2.48) lamb�noume th (2.46).

• B ma 3o.

Gia x ∈ [a, b] kai t ∈ (tn, tn+1], n = 0, 1, . . . , N − 1, orÐzoume

ωε(x, t) := e(t−tn)Aε

uε(x, tn),

kai

U ε,∗(x, t) :=
1

M

M
2
−1∑

`=−M
2

e−iε(t−tn)
µ2

`
2 Û ε,n

` eiµ`(x−a).

ParathroÔme ìti gia j = 0, 1, . . . ,M −1, U ε,∗(xj, t
n+1) = U ε,∗

j . EpÐshc h ωε : [a, b]×
(tn, tn+1] → C eÐnai ex� orismoÔ h lÔsh tou probl matoc

(2.49)





ωε
t − i

ε

2
ωε

xx = 0 sto [a, b]× (tn, tn+1],

ωε(·, tn) = uε(·, tn) sto [a, b],

me periodikèc sunoriakèc sunj kec, en¸ eÔkola mporoÔme na deÐxoume ìti h U ε,∗ :

[a, b]× (tn, tn+1] → C ikanopoieÐ to prìblhma

(2.50)





U ε,∗
t − i

ε

2
U ε,∗

xx = 0 sto [a, b]× (tn, tn+1],

ωε(·, tn) = U ε,n
I sto [a, b],

me periodikèc sunoriakèc sunj kec. 'Estw eε := ωε − U ε,∗. Tìte h eε : [a, b] ×
(tn, tn+1] → C ikanopoieÐ to prìblhma

(2.51)





eε
t − i

ε

2
eε

xx = 0 sto [a, b]× (tn, tn+1],

eε(·, tn) = uε(·, tn)− U ε,n
I sto [a, b],

me periodikèc sunoriakèc sunj kec. Lamb�nontac sthn pr¸th exÐswsh tou (2.51) to
eswterikì ginìmeno ston L2 me thn eε kai katìpin pragmatik� mèrh paÐrnoume

d

dt
||eε(t)||2 = 0   ||eε(t)|| = ||eε(tn)||, t ∈ (tn, tn+1].
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Sunep¸c,

(2.52) ||ωε(tn+1)− U ε,∗(tn+1)|| = ||ekAε

uε(tn)− U ε,∗|| = ||uε(tn)− U ε,n
I ||.

'Estw t¸ra f ∈ C([a, b]), fI h trigwnometrik  thc paremb�llousa kai f =

[f(x0), . . . , f(xM−1)]
T. Tìte apì thn isìthta Parseval (h opoÐa mporeÐ polÔ eÔkola

na apodeiqjeÐ me qr sh twn (2.24) kai (2.26)), èqoume

||fI || = ||f ||`2 .

Epomènwc (me f = ωε(tn+1)− U ε,∗(tn+1)),

||ekAε

u
ε
(tn)−Uε,∗||`2 = ||(ωε(tn+1)

)
I
− (

U ε,∗(tn+1)
)

I
||.

Apì th monadikìthta thc trigwnometrik c paremb�llousac kai ton orismì thc
U ε,∗(·, tn+1) èpetai ìti

(
U ε,∗(tn+1)

)
I

= U ε,∗(tn+1). 'Ara

(2.53)
||ekAε

u
ε
(tn)−Uε,∗||`2 = ||(ωε(tn+1)

)
I
− U ε,∗(tn+1)||

≤ ||ωε(tn+1)− U ε,∗(tn+1)||+ ||(ωε(tn+1)
)

I
− ωε(tn+1)||.

Sundu�zontac tic (2.46), (2.52) kai (2.53) katal goume sthn ektÐmhsh

(2.54) ||uε,n+1
I − U ε,n+1

I || ≤ ||uε(tn)− U ε,n
I ||+ ||(ωε(tn+1)

)
I
− ωε(tn+1)||.

• B ma 4o. (EktÐmhsh tou ||(ωε(tn+1)
)

I
− ωε(tn+1)||.)

Qr sh thc (2.33) dÐnei gia m ∈ N, ìti

(2.55) ||(ωε(tn+1)
)

I
− ωε(tn+1)|| ≤ D(

h

b− a
)m|| dm

dxm
ωε(tn+1)||.

Apì to prìblhma (2.49) sumperaÐnoume ìti gia m ∈ N, h ∂m

∂xm ωε : [a, b]× (tn, tn+1] →
C ikanopoieÐ to prìblhma





(
∂m

∂xm
ωε)t − i

ε

2
(

∂m

∂xm
ωε)xx = 0 sto [a, b]× (tn, tn+1],

dm

dxm
ωε(·, tn) =

dm

dxm
uε(·, tn) sto [a, b].

Epomènwc ergazìmenoi ìmoia me prin lamb�noume ìti

|| dm

dxm
ωε(tn+1)|| = || dm

dxm
uε(tn)||,
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kai �ra apì thn upìjesh (U3),

(2.56) || dm

dxm
ωε(tn+1)|| ≤ Em

εm
, m ∈ N.

Sundu�zontac tic (2.42), (2.55) kai (2.56) katal goume sthn

(2.57) ||uε,n+1
I − U ε,n+1

I || ≤ ||uε(tn)− U ε,n
I ||+ DEm

( h

(b− a)ε

)m
.

• B ma 5o. (EktÐmhsh tou ||uε,n+1 − uε,n+1
I ||.)

Qrhsimopoi¸ntac th (2.33) paÐrnoume gia m ∈ N,

||uε,n+1 − uε,n+1
I || ≤ D(

h

b− a
)m|| dm

dxm
uε,n+1||.

JumÐzoume ìti uε,n+1(x) = ekBε
ekAε

uε(x, tn), x ∈ [a, b]. Epomènwc k�nontac qr sh
twn kanìnwn parag¸gishc Leibniz lamb�noume

dm

dxm
uε,n+1(x) =

m∑
j=0

(
m
j

) dj

dxj
ekBε dm−j

dxm−j

(
ekAε

uε(x, tn)
)
, x ∈ [a, b].

Sunep¸c

|| dm

dxm
uε,n+1|| ≤

m∑
j=0

(
m
j

)|| dj

dxj
ekBε||L∞|| dm−j

dxm−j
ωε(tn)||

≤
m∑

j=0

(
m
j

)|| dj

dxj
ekBε||L∞Em−j

εm−j
.

H teleutaÐa anisìthta isqÔei (upì thn proôpìjesh (U3)) lìgw thc (2.56). Sunep¸c
upì tic proôpojèseic (U2) kai (U4) katal goume sthn

|| dm

dxm
uε,n+1|| ≤ Fm

εm
,

kai �ra

(2.58) ||uε,n+1 − uε,n+1
I || ≤ DFm

( h

(b− a)ε

)m
, m ∈ N,

me tic stajerèc Fm na exart¸ntai apì to m, all� na paramènoun fragmènec kaj¸c
ta ε, k kai h teÐnoun sto mhdèn.

Sundu�zontac tic (2.41), (2.42), (2.54) kai (2.58) lamb�noume gia m ∈ N kai
n = 0, 1, . . . , N − 1,

||uε(tn+1)− U ε,n+1
I || ≤ C

k2

ε
+ D(Em + Fm)

( h

(b− a)ε

)m
+ ||uε(tn)− U ε,n

I ||.
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Qrhsimopoi¸ntac epagwg  kai enjumoÔmenoi ìti

||uε(t0)− U ε,0
I || = ||uε

0 − uε
0,I || ≤ DAm

( h

(b− a)ε

)m
, m ∈ N,

(h anisìthta isqÔei lìgw thc (U1)), katal goume gia m ∈ N, sthn ektÐmhsh

max
0≤n≤N

||uε(tn)− U ε,n
I || ≤ Gm

T

k

( h

(b− a)ε

)m
+ CT

k

ε
,

me Gm = D(Amk + Em + Fm).

Sqìlio 2.4. H apìdeixh tou jewr matoc pou parousi�same parap�nw diafèrei se
k�poio shmeÐo kai eÐnai pio makroskel c apì thn apìdeixh sto [7]. Ki autì diìti
jewroÔme ìti up�rqei k�poio l�joc sto shmeÐo autì. Sugkekrimèna, pisteÔoume ìti
h isìthta

||ekBε

(ekAε

u
ε
(tn)−Uε,∗)||`2 = ||uε(tn)−Uε,n||`2

den isqÔei.

Parat rhsh 2.6. (Epilog  qronikoÔ kai qwrikoÔ b matoc se sqèsh me to ε.)
'Estw δ > 0 to epijumhtì �nw fr�gma gia to sf�lma, dhlad  èstw ìti jèloume na
isqÔei h

(2.59) max
0≤n≤N

||uε(tn)− U ε,n
I || ≤ δ.

Tìte sÔmfwna me thn ektÐmhsh (2.40) gia na isqÔei h (2.59) arkeÐ na akolouj soume,
gia m ∈ N, thn ex c strathgik  epilog c qronikoÔ kai qwrikoÔ b matoc se sqèsh
me to ε:

(2.60) (a)
k

ε
= O(

δ

T
) kai (b)

h

ε
= O

( δ1/m

G
1/m
m

(
k

T
)1/m(b− a)

)
.

Shmei¸noume ìti h ex�rthsh tou qwrikoÔ b matoc sthn perÐptwsh tou metablhtoÔ
dunamikoÔ eÐnai k�pwc qeirìterh se sqèsh me thn perÐptwsh tou stajeroÔ dunamikoÔ
exaitÐac tou ìrou ( k

T
)1/m pou emfanÐzetai sth (2.60)(b).

Parat rhsh 2.7. An�logh me th (2.40) ektÐmhsh anamènoume kai sthn perÐptwsh
thc Strang splitting fasmatik c mejìdou. Efìson h mèjodoc splitting tou Strang

eÐnai deÔterhc t�xhc akrÐbeiac, h ektÐmhsh pou anamènoume eÐnai h

(2.61) max
0≤n≤N

||uε(tn)− U ε,n
I || ≤ Gm

T

k

( h

(b− a)ε

)m
+ CT

k2

ε
.
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Parìla aut� oi pr�xeic sthn perÐptwsh aut  eÐnai polÔ perissìterec kai ètsi pa-
raleÐpoume thn apìdeixh thc (2.61).

Parat rhsh 2.8. (SÔgkrish mejìdwn.) SugkrÐnontac tic ektim seic (2.3), (2.34),
(2.40) kai (2.61) blèpoume ìti oi splitting fasmatikèc mèjodoi uperteroÔn ènanti thc
mejìdou peperasmènwn stoiqeÐwn-Crank-Nicolson, idiaÐtera ìson afor� thn epilog 
tou qronikoÔ b matoc se sqèsh me ε. Sugkekrimèna, en¸ sth mèjodo peperasmè-
nwn stoiqeÐwn-Crank-Nicolson gia na èqoume ikanopoihtik� �nw fr�gmata gia thn
L2−nìrma tou sf�lmatoc, ja prèpei na epilèxoume k = o(ε

3
2 ), sthn perÐptwsh thc

Lie splitting fasmatik c mejìdou arkeÐ na l�boume k = o(ε) kai sth Strang splitting

fasmatik  mèjodo arkeÐ k = O(ε) gia ε → 0+. M�lista sthn perÐptwsh stajeroÔ
dunamikoÔ stic splitting fasmatikèc mejìdouc to k mporeÐ na epilegeÐ anex�rthta
apì to ε. To pleonèkthma autì pou èqoun oi splitting fasmatikèc mèjodoi se sqèsh
me th mèjodo peperasmènwn stoiqeÐwn-Crank-Nicolson eÐnai polÔ shmantikì diìti h
exÐswsh (2.1) mac endiafèrei gia timèc tou ε kont� sto mhdèn. Eidikìtera de mac endi-
afèrei na proseggÐsoume swst� to asjenèc ìrio twn parak�tw fusik¸n posot twn

(2.62) nε = |uε|2 sto Ω̄× [0, T ],

(2.63) Jε =
1

2i
(ūε∇uε − uε∇ūε) sto Ω̄× [0, T ].

An ñε kai J̃ε eÐnai oi proseggÐseic pou lamb�noume, ìtan efarmìsoume k�poio a-
rijmhtikì sq ma sth (2.1), gia tic nε kai Jε antÐstoiqa, tìte mporeÐ na apodei-
qjeÐ me qr sh tou metasqhmatismoÔ Wigner ìti ta sf�lmata max0≤n≤N ||nε(tn) −
ñε(tn)|| kai max0≤n≤N ||Jε(tn) − J̃ε(tn)|| mporoÔn na elegqjoÔn mèsw tou sf�l-
matoc max0≤n≤N ||uε(tn)− ũε(tn)||, ìpou ũε eÐnai h prosèggish pou lamb�noume gia
thn akrib  lÔsh uε. Gia to lìgo autì eÐnai polÔ shmantikì na mporoÔme na epilè-
goume se sqèsh me to ε ìso to dunatì megalÔtero qwrikì kai qronikì b ma. Gia
peraitèrw leptomèreiec parapèmpoume sto �rjro [7], sto opoÐo m�lista exhgeÐ-
tai giatÐ sthn prosèggish twn fusik¸n megej¸n (2.62) kai (2.63) me tic splitting

fasmatikèc mejìdouc anamènontai akìma asjenèsterec sunj kec ìson afor� sthn
epilog  tou qronikoÔ b matoc se sqèsh me to ε.



Kef�laio 3

H kubik  mh grammik  exÐswsh
Schrödinger

3.1 To prìblhma

Sto trÐto kai teleutaÐo kef�laio ja asqolhjoÔme me thn kubik  mh grammik  exÐswsh
Schrödinger (kubik  NLS). 'Opwc kai sto pr¸to kef�laio, èstw Ω ⊆ Rd, d = 1  
2, fragmèno qwrÐo me sÔnoro ∂Ω kai 0 < T < ∞ dedomèno. To prìblhma gia thn
kubik  NLS diatup¸netai wc ex c: AnazhtoÔme sun�rthsh u : Ω̄ × [0, T ] → C h
opoÐa ikanopoieÐ

(3.1)





ut = i∆u + iλ|u|2u sto Ω̄× [0, T ],

u = 0 sto ∂Ω× [0, T ],

u(·, 0) = u0 sto Ω̄,

ìpou λ eÐnai mia pragmatik  par�metroc kai u0 : Ω̄ → C dedomènh arqik  tim .
EÐnai gnwstì ìti upì kat�llhlec sunj kec omalìthtac sta arqik� dedomèna, to
prìblhma (3.1) èqei monadik  omal  lÔsh an d = 1 kai an d = 2 me λ ≤ 0   λ > 0

kai λ||u0||2 < 4 ([23], [24]). An d = 2 kai λ > 0 me λ||u0||2 ≥ 4, tìte h lÔsh tou
probl matoc mporeÐ na ekr gnutai se peperasmèno qrìno ([25], [26]). Sth sunèqeia
ja upojèsoume ìti ta dedomèna tou probl matoc eÐnai omal� kai sumbat�, ¸ste na
up�rqei monadik  lÔsh tou probl matoc (3.1), arkoÔntwc omal  gia tic apait seic
mac.

47
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Prìtash 3.1. Gia to prìblhma (3.1) isqÔoun oi parak�tw sqèseic diat rhshc

(3.2) max
0≤t≤T

||u(t)|| = ||u0||,

(3.3) ||∇u(t)||2 − λ

2
|u(t)|44 = ||∇u0|| − λ

2
|u0|44, t ∈ [0, T ].

Apìdeixh. H sqèsh diat rhshc (3.2) apodeiknÔetai ìpwc kai sth grammik  perÐptwsh:
Lamb�noume sthn pr¸th exÐswsh thc (3.1) to eswterikì ginìmeno ston L2 me th u

kai katìpin pragmatik� mèrh opìte prokÔptei h

d

dt
||u(t)||2 = 0, t ∈ [0, T ],

apì thn opoÐa èpetai amèswc h (3.2).
Gia thn apìdeixh thc (3.3) lamb�noume sthn pr¸th exÐswsh thc (3.1) to eswterikì

ginìmeno ston L2 me th ut kai met� fantastik� mèrh. Tìte

(3.4) Re

∫ t

0

(∇u(τ),∇ut(τ)
)
dτ = λRe

∫ t

0

(|u(τ)|2u(τ), ut(τ)
)
dτ.

'Omwc

(3.5)
Re

∫ t

0

(∇u(τ),∇ut(τ)
)
dτ =

1

2

d

dt

∫ t

0

||∇u(τ)||2 dτ

=
1

2
||∇u(t)||2 − 1

2
||∇u(0)||2.

Apì thn �llh meri�

Re

∫ t

0

(|u(τ)|2u(τ), ut(τ)
)
dτ = Re

∫ t

0

∫

Ω

|u(x, τ)|2u(x, τ)ūt(x, τ) dx dτ

=

∫ t

0

∫

Ω

|u(x, τ)|2Re
(
u(x, τ)ūt(x, τ)

)
dx dτ =

1

2

∫

Ω

∫ t

0

|u(x, τ)|2 d

dτ
|u(x, τ)|2 dτ dx

=
1

4
|u(t)|44 −

1

4
|u(0)|44 − Re

∫ t

0

(|u(τ)|2u(τ), ut(τ)
)
dτ.

Sunep¸c,

(3.6) Re

∫ t

0

(|u(τ)|2u(τ), ut(τ)
)
dτ =

1

4
|u(t)|44 −

1

4
|u(0)|44.

Sundu�zontac tic (3.4), (3.5) kai (3.6) lamb�noume thn (3.3).
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'Opwc kai sto pr¸to kef�laio, ètsi kai ed¸, ja jewr soume to hmidiakritì kai
pl rwc diakritì sq ma gia to prìblhma (3.1) me diakritopoÐhsh wc proc to q¸ro
ta peperasmèna stoiqeÐa kai wc proc to qrìno th mèjodo Crank-Nicolson. Ja
apodeÐxoume kai p�li thn kal  orisimìthta twn proseggÐsewn, thn eust�jeia twn
arijmhtik¸n sqhm�twn sthn L2−nìrma kai ek twn protèrwn ektim seic. Ta apotelè-
smata thc enìthtac aut c eÐnai parmèna apì to �rjro [12]. Sto sugkekrimèno �rjro
melet�tai kai èna �llo arijmhtikì sq ma sto opoÐo h diakritopoÐhsh wc proc to
qrìno gÐnetai me mia tropopoihmènh mèjodo Crank-Nicolson. Autì to arijmhtikì
sq ma prot�jhke sto [27] kai to pleonèkthm� tou se sqèsh me to sq ma sto opoÐo
h diakritopoÐhsh wc proc to qrìno gÐnetai me th mèjodo Crank-Nicolson eÐnai ìti
ikanopoieÐ, ektìc apì to diakritì an�logo thc sqèshc diat rhshc (3.2), kai to di-
akritì an�logo thc sqèshc diat rhshc (3.3).

'Estw loipìn o q¸roc peperasmènwn stoiqeÐwn ton opoÐo eisag�game sto pr¸-
to kef�laio. Ja upojèsoume epiplèon ìti ta stoiqeÐa tou Sh ikanopoioÔn thn a-
ntÐstrofh anisìthta

(3.7) ||ϕ||L∞ ≤ CIh
− d

2 ||ϕ||, ∀ϕ ∈ Sh,

kai epÐshc ìti isqÔei h

(3.8) lim
h→0

sup
0≤t≤T

inf
ϕ∈Sh

{||u(t)− ϕ||L∞ + h−
d
2 ||u(t)− ϕ||} = 0.

ExaitÐac thc emf�nishc tou mh grammikoÔ ìrou sthn pr¸th exÐswsh tou pro-
bl matoc (3.1), h apìdeixh twn apotelesm�twn den eÐnai tìso apl , ìpwc sto pr¸to
kef�laio. Gia na mporèsoume na apodeÐxoume ek twn protèrwn ektim seic gia to
prìblhma (3.1), ja qreiasteÐ na qrhsimopoi soume tic ektim seic gia to prìblhma

(3.9)





vt = i∆v + if(v) sto Ω̄× [0, T ],

v = 0 sto ∂Ω× [0, T ],

v(·, 0) = u0 sto Ω̄,

ìpou h f : C→ C eÐnai mia kat�llhlh Lipschitz suneq c sun�rthsh. Wc ek toÔtou
ja apodeÐxoume pr¸ta ektim seic gia to prìblhma (3.9) kai sth sunèqeia gia to
prìblhma (3.1).

ProtoÔ proqwr soume sta arijmhtik� sq mata, shmei¸noume ìti to prìblhma
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(3.1) gr�fetai isodÔnama se metabolik  morf  wc

(3.10)

{ (
ut(t), w

)
+ i

(∇u(t),∇w
)

= iλ
(|u(t)|2u(t), w

)
, ∀w ∈ H1

0 , 0 ≤ t ≤ T,

u(·, 0) = u0,

kai antÐstoiqa, to prìblhma (3.9), wc

(3.11)

{ (
vt(t), w

)
+ i

(∇v(t),∇w
)

= i
(
f(v), w

)
, ∀w ∈ H1

0 , 0 ≤ t ≤ T,

v(·, 0) = u0.

3.2 H perÐptwsh thc Lipschitz suneqoÔc sun�rthshc

'Estw ìti h sun�rthsh f : C→ C pou emfanÐzetai sto prìblhma (3.9) eÐnai Lipschitz

suneq c. Epomènwc up�rqei stajer� L > 0 tètoia ¸ste

(3.12) |f(z1)− f(z2)| ≤ L|z1 − z2|, ∀z1, z2 ∈ C.

Upojètoume epÐshc ìti up�rqei stajer� c1 > 0 tètoia ¸ste

(3.13) |f(z)| ≤ c1|z|, ∀z ∈ C.

3.2.1 HmidiakritopoÐhsh

OrÐzoume thn hmidiakrit  prosèggish thc akriboÔc lÔshc v tou probl matoc (3.9)
ston Sh wc thn apeikìnish vh : [0, T ] → Sh pou ikanopoieÐ to prìblhma

(3.14)

{ (
vh,t(t), ϕ

)
+ i

(∇vh(t),∇ϕ
)

= i
(
f(vh), ϕ

)
, ∀ϕ ∈ Sh, 0 ≤ t ≤ T,

vh(·, 0) = u0
h,

ìpou h u0
h ∈ Sh ikanopoieÐ thn (1.5).

To prìblhma (3.14), ìpwc kai sth grammik  perÐptwsh, antistoiqeÐ se èna sÔsth-
ma sun jwn diaforik¸n exis¸sewn (S.D.E.) (ìqi ìmwc grammik¸n diaforik¸n e-
xis¸sewn). Efìson h f eÐnai Lipschitz suneq c sun�rthsh, apì th jewrÐa twn
S.D.E. èpetai ìti to prìblhma (3.14) èqei monadik  lÔsh.

Je¸rhma 3.1. 'Estw vh h prosèggish pou orÐzetai mèsw tou (3.14) kai v h akrib c
lÔsh tou probl matoc (3.9). Tìte an h v eÐnai arkoÔntwc omal , isqÔei h ektÐmhsh

(3.15) max
0≤t≤T

||v(t)− vh(t)|| ≤ C(v)(||u0 − u0
h||+ hr),
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ìpou h stajer� C(v) exart�tai apì thn akrib  lÔsh v, ìqi ìmwc apì to h. Epomènwc,
lìgw thc (1.5),

(3.16) max
0≤t≤T

||v(t)− vh(t)|| ≤ C(v)hr.

Apìdeixh. 'Estw
ρ := v −Rhv kai θ := Rhv − vh,

ìpou Rhv eÐnai h elleiptik  probol  thc v pou orÐzetai sthn (1.10). Qrhsimopoi¸-
ntac tic (1.11), (3.11) kai (3.14) lamb�noume ìti
(
θ(t), ϕ

)
+i(∇θ(t),∇ϕ

)
= −(

ρt(t), ϕ
)
+i

(
f
(
v(t)

)−f
(
vh(t)

)
, ϕ

)
, ∀ϕ ∈ Sh, 0 ≤ t ≤ T.

Jètontac ed¸ ϕ = θ kai paÐrnontac sth sunèqeia pragmatik� mèrh lamb�noume ìti

1

2

d

dt
||θ(t)||2 ≤ (||f(

v(t)
)− f

(
vh(t)

)||+ ||ρt(t)||)||θ(t)||,

 
||θ(t)|| ≤ ||f(

v(t)
)− f

(
vh(t)

)||+ ||ρt(t)||, 0 ≤ t ≤ T.

'Omwc h f eÐnai Lipschitz suneq c sun�rthsh kai �ra apì thn (3.12),

d

dt
||θ(t)|| ≤ L||(v − vh)(t)||+ ||ρt(t)||

≤ L||θ(t)||+ L||ρ(t)||+ ||ρt(t)||, t ∈ [0, T ].

Epomènwc qr sh thc anisìthtac Gronwall dÐnei ìti

||θ(t)|| ≤ eLT (||θ(0)||+ L

∫ T

0

||ρ(t)|| dt +

∫ T

0

||ρt(t)|| dt), t ∈ [0, T ].

Apì thn (1.11) kai th monadikìthta thc elleiptik c probol c èqoume ìti

||ρ(t)|| ≤ C(v)hr, 0 ≤ t ≤ T,

kai
||ρt(t)|| ≤ C(v)hr, 0 ≤ t ≤ T.

EpÐshc,
||θ(0)|| ≤ ||ρ(0)||+ ||u0 − u0

h|| ≤ C(v)hr + ||u0 − u0
h||.

Sundu�zontac tic tèsseric teleutaÐec sqèseic lamb�noume thn ektÐmhsh (3.15).
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3.2.2 To pl rwc diakritì sq ma

Ja qrhsimopoi soume kai p�li touc sumbolismoÔc (1.21) kai (1.22) gia th diakri-
topoÐhsh tou hmidiakritoÔ probl matoc (3.14) wc proc to qrìno me th mèjodo Crank-

Nicolson. Oi proseggÐseic V n ∈ Sh twn vn := v(·, tn), n = 0, 1, . . . , N, orÐzontai
wc

(3.17)

{
(∂V n, ϕ) + i(∇V n+ 1

2 ,∇ϕ) = i
(
f(V n+ 1

2 ), ϕ
)
, ∀ϕ ∈ Sh, 0 ≤ n ≤ N − 1,

V 0 = u0
h,

Gia na apodeÐxoume thn Ôparxh twn proseggÐsewn V n, n = 0, 1, . . . , N, ja qrhsi-
mopoi soume thn akìloujh morf  tou jewr matoc stajeroÔ shmeÐou tou Brower.

L mma 3.1. 'Estw
(
H, (·, ·)) ènac peperasmenodi�statoc grammikìc q¸roc eswte-

rikoÔ ginomènou kai èstw || · || h epagìmenh apì autìn nìrma. 'Estw G : H → H

suneq c sun�rthsh kai upojètoume ìti up�rqei α > 0 ètsi ¸ste gia k�je z ∈ H me
||z|| = α na isqÔei ìti Re

(
G(z), z) ≥ 0. Tìte up�rqei z∗ ∈ H tètoio ¸ste G(z∗) = 0

kai ||z∗|| ≤ α.

Apìdeixh. Upojètoume ìti gia k�je z ∈ H me ||z|| ≤ α isqÔei G(z) 6= 0 kai èstw
B = {z ∈ H : ||z|| ≤ α}. OrÐzoume th sun�rthsh r : B → B me

r(z) = −α
G(z)

||G(z)|| .

Lìgw thc upìjeshc, h r eÐnai suneq c. Epomènwc apì to je¸rhma stajeroÔ shmeÐou
tou Brower ([28, sel. 441], Je¸rhma 3), up�rqei z0 ∈ B tètoio ¸ste r(z0) = z0.

'Omwc tìte

(3.18) ||z0|| = ||r(z0)|| = α > 0,

kai

(3.19)
||z0||2 =

(
r(z0), z0

)
= − α

||G(z0)||
(
G(z0), z0

)

= − α

||G(z0)||Re
(
G(z0), z0

) ≤ 0

(diìti Re
(
G(z0), z0

) ≥ 0). Apì tic (3.18) kai (3.19) katal goume se �topo.
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Sth sunèqeia orÐzoume th sun�rthsh Φ : Sh → Sh ètsi ¸ste

(3.20)
(
Φ(ϕ), χ

)
=

1

2

[− (∇ϕ,∇χ) +
(
f(ϕ), χ

)]
, ∀ϕ, χ ∈ Sh.

Tìte h Φ eÐnai suneq c. Pr�gmati apì ton orismì thc,

(3.21)

||Φ(ϕ1)− Φ(ϕ2)||2 =
(
Φ(ϕ1)− Φ(ϕ2), Φ(ϕ1)− Φ(ϕ2)

)

=
1

2
[||∇(ϕ1 − ϕ2)||2 − 2Re

(∇(ϕ1 − ϕ2), f(ϕ1)− f(ϕ2)
)

+ ||f(ϕ1)− f(ϕ2)||2] ≤ 1

2
(||∇ϕ1 −∇ϕ2|| − ||f(ϕ1)− f(ϕ2)||)2.

H teleutaÐa anisìthta isqÔei lìgw thc anisìthtac Cauchy-Schwarz. Apì thn (3.21)
prokÔptei h sunèqeia thc Φ, diìti h f eÐnai Lipschitz suneq c sun�rthsh kai o Sh

eÐnai peperasmènhc di�stashc upìqwroc tou H1
0 (kai �ra ìlec oi nìrmec tou eÐnai

isodÔnamec).

Prìtash 3.2. (Kal  orisimìthta twn V n.) An k < 2 max{ 1
c1

, 1
L
}, ìpou k eÐnai to

qronikì b ma, c1 h stajer� pou emfanÐzetai sthn (3.13) kai L h stajer� Lipschitz gia
thn f , tìte gia n = 0, 1, . . . , N, up�rqoun monadik� V n pou ikanopoioÔn to prìblhma
(3.17).

Apìdeixh. Qrhsimopoi¸ntac ton orismì thc Φ (blèpe thn (3.20)) mporoÔme na gr�-
youme isodÔnama to prìblhma (3.17) wc

(3.22)

{
V n+ 1

2 = V n + ikΦ(V n+ 1
2 ), 0 ≤ n ≤ N − 1,

V 0 = u0
h.

Gia n = 0, to V 0 = u0
h eÐnai kal� orismèno. Dedomènou V n orÐzoume thn apeikìnish

Π : Sh → Sh me
Π(ϕ) := ϕ− V n − ikΦ(ϕ), ϕ ∈ Sh.

Tìte h Π eÐnai suneq c, diìti h Φ eÐnai suneq c. EpÐshc,
(
Π(ϕ), ϕ

)
= ||ϕ||2 − (V n, ϕ)− ik

(
Φ(ϕ), ϕ

)
.

Sunep¸c, lamb�nontac pragmatik� mèrh, èqoume ìti

Re
(
Π(ϕ), ϕ

)
= ||ϕ||2 − Re(V n, ϕ) +

k

2
Im

(
f(ϕ), ϕ

)

≥ ||ϕ||2 − ||V n|| ||ϕ|| − k

2
||f(ϕ)|| ||ϕ||.
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Qrhsimopoi¸ntac thn (3.13) paÐrnoume ìti

(3.23)
Re

(
Π(ϕ), ϕ

) ≥ ||ϕ||2 − ||V n|| ||ϕ|| − c1k

2
||ϕ||2

= ||ϕ||((1− c1k

2
)||ϕ|| − ||V n||).

'Ara gia k�je ϕ ∈ Sh me ||ϕ|| = 2
2−c1k

||V n||+1 > 0 lamb�noume ìti Re
(
Π(ϕ), ϕ

) ≥ 0.
Sunep¸c qrhsimopoi¸ntac to L mma 3.1, sumperaÐnoume ìti up�rqei ϕ∗ ∈ Sh tètoio,
¸ste Π(ϕ∗) = 0, dhlad  up�rqei V n+1 pou ikanopoieÐ thn (3.17).

Gia th monadikìthta ergazìmaste wc ex c: Dedomènou V n ∈ Sh, èstw V, W ∈ Sh

pou ikanopoioÔn thn pr¸th exÐswsh tou probl matoc (3.22), dhlad  èstw

V = V n + ikΦ(V ) kai W = V n + ikΦ(W ).

Tìte
(V −W,ϕ) = i

k

2

[− (∇(V −W ),∇ϕ
)

+
(
f(V )− f(W ), ϕ

)]
.

Epomènwc gia ϕ = V −W paÐrnoume ìti

||V −W ||2 = −i
k

2
||∇(V −W )||2 + i

k

2

(
f(V )− f(W ), V −W

)
.

Lamb�nontac ed¸ pragmatik� mèrh katal goume sth sqèsh

(3.24) ||V −W ||2 = −k

2
Im

(
f(V )− f(W ), V −W

) ≤ Lk

2
||V −W ||2.

H teleutaÐa anisìthta prokÔptei apì thn anisìthta Cauchy-Schwarz kai thn (3.12).
Efìson k < 2

L
, apì thn (3.24) èpetai ìti ||V −W ||2 ≤ 0 kai �ra V = W.

Je¸rhma 3.2. (Ek twn protèrwn ektÐmhsh gia th Lipschitz suneq  perÐptwsh.)
Gia n = 0, 1, . . . , N, èstw V n oi proseggÐseic pou orÐzontai mèsw tou arijmhtikoÔ
sq matoc (3.17) kai èstw vn := v(·, tn) oi timèc thc akriboÔc lÔshc tou probl matoc
(3.9). Tìte, an h akrib c lÔsh v eÐnai arkoÔntwc omal  kai an epilèxoume to qronikì
b ma k ètsi ¸ste k < 2

L
, isqÔei h akìloujh ek twn protèrwn ektÐmhsh

(3.25) max
0≤n≤N

||vn − V n|| ≤ C(v)(||u0 − u0
h||+ hr + k2),

kai epomènwc lìgw thc (1.5)

(3.26) max
0≤n≤N

||vn − V n|| ≤ C(v)(hr + k2).
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Apìdeixh. Gia n = 0, 1, . . . , N, èstw

θn := V n −Rhv
n kai ρn := Rhv

n − vn.

Tìte apì thn (1.11) prokÔptei �mesa ìti

(3.27) max
0≤n≤N

||ρn|| ≤ C(v)hr.

Epomènwc apomènei na ektim soume thn posìthta max0≤n≤N ||θn||. Qrhsimopoi-
¸ntac tic (1.10), (3.17) kai (3.11) lamb�noume ìti

(3.28) (∂θn, ϕ) + i(∇θn+ 1
2 ,∇ϕ) = −(En, ϕ), ∀ϕ ∈ Sh, n = 0, 1, . . . , N − 1,

ìpou gia n = 0, 1, . . . , N − 1,

En := En
1 + En

2 + En
3 + En

4 ,

me
En

1 = ∂Rhv
n − ∂vn,

En
2 = ∂vn − vt(·, tn+ 1

2 ),

En
3 = i

(
∆v(·, tn+ 1

2 )−∆vn+ 1
2

)

kai
En

4 = i
[
f
(
v(·, tn+ 1

2 )
)− f(V n+ 1

2 )
]
.

K�nontac qr sh stic (1.37)-(1.40) (antikajist¸ntac ìpou u th v) èqoume ìti

(3.29) max
0≤n≤N−1

||En
1 || ≤ C(v)hr,

(3.30) max
0≤n≤N−1

||En
2 || ≤ C(v)k2

kai

(3.31) max
0≤n≤N−1

||En
3 || ≤ C(v)k2.

EpÐshc ergazìmenoi, ìpwc sthn perÐptwsh twn ektim sewn twn (1.35) kai (1.36),
lamb�noume kat� analogÐa proc tic (1.41) kai (1.42) ìti

max
0≤n≤N−1

||vn+ 1
2 −Rhv

n+ 1
2 || ≤ C(v)hr
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kai
max

0≤n≤N−1
||v(tn+ 1

2 )− vn+ 1
2 || ≤ C(v)k2.

Qrhsimopoi¸ntac tic dÔo parap�nw ektim seic kai to gegonìc ìti h f eÐnai Lipschitz

suneq c sun�rthsh lamb�noume gia n = 0, 1, . . . , N − 1, thn ektÐmhsh

(3.32)

||En
4 || = ||f(

v(tn+ 1
2 )

)− f(V n+ 1
2 )|| ≤ L||v(tn+ 1

2 )− V n+ 1
2 ||

≤ L(||v(tn+ 1
2 )− vn+ 1

2 ||+ ||vn+ 1
2 −Rhv

n+ 1
2 ||+ ||θn+ 1

2 ||)

≤ L

2
(||θn+1||+ ||θn||) + C(v)(hr + k2).

Jètontac t¸ra sthn (3.28) ϕ = θn+ 1
2 kai lamb�nontac sth sunèqeia pragmatik� mèrh

paÐrnoume ìti
||θn+1||2 − ||θn||2 = −kRe(En, θn+1 + θn)

  lìgw thc anisìthtac Cauchy-Schwarz,

||θn+1|| ≤ ||θn||+ k||En||, n = 0, 1, . . . , N − 1.

Qrhsimopoi¸ntac ed¸ tic ektim seic (3.29)-(3.32) katal goume sthn

||θn+1|| ≤ ||θn||+ Lk

2
(||θn+1||+ ||θn||) + kC(v)(hr + k2), n = 0, 1, . . . , N − 1.

Efìson k < 2
L
,

(3.33) ||θn+1|| ≤ 1 + Lk
2

1− Lk
2

||θn||+ k

1− Lk
2

C(v)(hr + k2), n = 0, 1, . . . , N − 1.

H (3.33) eÐnai thc Ðdiac morf c me thn (1.47). 'Etsi ergazìmenoi ìpwc to teleutaÐo
mèroc thc apìdeixhc tou Jewr matoc 1.2 lamb�noume thn ektÐmhsh

(3.34) max
0≤n≤N

||θn|| ≤ C||θ0||+ C(v)(hr + k2).

H zhtoÔmenh ektÐmhsh (3.25) prokÔptei apì tic (3.27) kai (3.34) kai th sqèsh
max0≤n≤N ||vn − V n|| ≤ max0≤n≤N ||ρn||+ max0≤n≤N ||θn||.

3.3 Arijmhtik  epÐlush thc kubik c NLS

'Opwc proanafèrame, gia thn apìdeixh ek twn protèrwn ektim sewn gia to prìblh-
ma (3.1), ja qrhsimopoi soume tic ek twn protèrwn ektim seic thc prohgoÔmenhc



3.3 Arijmhtik  epÐlush thc kubik c NLS 57

enìthtac, dhlad  ja qrhsimopoi soume ta apotelèsmata twn Jewrhm�twn 3.1 kai
3.2. Gia na katasteÐ pio safèc to ti ennooÔme, parajètoume ta akìlouja bohjhtik�
apotelèsmata, ta opoÐa ja qrhsimopoi soume sth sunèqeia gia thn apìdeixh ek twn
protèrwn ektim sewn gia thn kubik  NLS.

L mma 3.2. ([13], [14]) 'Estw M > 0. Tìte up�rqei sun�rthsh f̃ : C→ C tètoia,
¸ste:

(1) f̃(z) = |z|2z an |z| ≤ M.

(2) Up�rqei stajer� c̃1 > 0 tètoia, ¸ste |f̃(z)| ≤ c̃1|z|, ∀z ∈ C.

(3) H f̃ eÐnai Lipschitz suneq c sun�rthsh, dhlad  up�rqei stajer� L̃ > 0 ètsi,
¸ste

|f̃(z1)− f̃(z2)| ≤ L̃|z1 − z2|, ∀z1, z2 ∈ C.

Apìdeixh. 'Estw γ : [0,∞) → R mia C2 sun�rthsh me fragmènec parag¸gouc tètoia,
¸ste

γ(s) =

{
s an s ≤ M2

(2M)2 an s ≥ (2M)2

kai
M2 ≤ γ(s) ≤ (2M)2 an M2 ≤ s ≤ (2M)2.

OrÐzoume th sun�rthsh f̃ : C→ C me

f̃(z) = γ(|z|2)z.

Tìte profan¸c isqÔoun oi (1) kai (2) me c̃1 = (2M)2.

Gia thn apìdeixh thc (3), gr�foume pr¸ta

f̃(z1)− f̃(z2) = γ(|z1|2)(z1 − z2) +
[
γ(|z1|2)− γ(|z2|2)

]
z2.

Apì to Je¸rhma Mèshc Tim c èpetai ìti up�rqei k�poio ξ an�mesa sta |z1|2 kai
|z2|2 tètoio, ¸ste

γ(|z1|2)− γ(|z2|2) = γ ′(ξ)(|z1| − |z2|)(|z1|+ |z2|).

• 1h perÐptwsh: 'Estw |z1|, |z2| ≥ 4M .

Tìte ξ ≥ (4M)2 kai �ra γ ′(ξ) = 0. Epomènwc γ(|z1|2)− γ(|z2|2) = 0, dhlad 

(3.35) |f̃(z1)− f̃(z2)| = |γ(|z1|2)||z1 − z2| ≤ (2M)2|z1 − z2|.
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• 2h perÐptwsh: 'Estw |z1|, |z2| ≤ 4M .

Tìte
|γ(|z1|2)− γ(|z2|2)| |z2| ≤ 32M2 sup

s∈[0,∞)

|γ ′(s)| |z1 − z2|.

Epomènwc

(3.36) |f̃(z1)− f̃(z2)| ≤ (2M)2
[
1 + 8 sup

s∈[0,∞)

|γ ′(s)|]|z1 − z2|.

• 3h perÐptwsh: 'Estw |z1| ≥ 4M kai |z2| ≤ 4M .

Ã An |z1| ≥ 4M kai 2M ≤ |z2| ≤ 4M, tìte ξ ≥ (2M)2 kai �ra γ ′(ξ) = 0. Sunep¸c

(3.37) |f̃(z1)− f̃(z2)| ≤ (2M)2|z1 − z2|.
Ã An |z1| ≥ 4M kai z2 ≤ 2M, tìte |z1 − z2| ≥ |z1| − |z2| ≥ 2M kai epomènwc
|z1 − z2| ≥ |z2|. 'Ara

(3.38)
|f̃(z1)− f̃(z2)| ≤ |γ(|z1|2)| |z1 − z2|+

[|γ(|z1|2)|+ |γ(|z2|2)|
]|z2|

≤ (2M)2|z1 − z2|+ 2(2M)2|z1 − z2| ≤ 3(2M)2|z1 − z2|.
• 4h perÐptwsh: 'Estw |z1| ≤ 4M kai |z2| ≥ 4M .

Tìte |f̃(z1)− f̃(z2)| = |f̃(z2)− f̃(z1)|, kai �ra h 4h perÐptwsh eÐnai h Ðdia me thn 3h

perÐptwsh.

Sundu�zontac tic tèsseric parap�nw peript¸seic kai qrhsimopoi¸ntac tic (3.35)-
(3.38) lamb�noume thn (3) me

L̃ = max{(2M)2(1 + 8 sup
s∈[0,∞)

|γ ′(s)|), 3(2M)2}.

Pìrisma 3.1. 'Estw λ ∈ R kai M > 0. Tìte up�rqei sun�rthsh f : C → C
tètoia, ¸ste:

(1) f(z) = λ|z|2z an |z| ≤ M.

(2) Up�rqei stajer� c1 > 0 tètoia, ¸ste |f(z)| ≤ c1|z|, ∀z ∈ C.

(3) H f eÐnai Lipschitz suneq c sun�rthsh, dhlad  up�rqei stajer� L > 0 ètsi,
¸ste

|f(z1)− f(z2)| ≤ L|z1 − z2|, ∀z1, z2 ∈ C.
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3.3.1 HmidiakritopoÐhsh

H hmidiakrit  prosèggish uh ston Sh thc akriboÔc lÔshc u tou probl matoc (3.1)
orÐzetai wc h apeikìnish uh : [0, T ] → Sh pou ikanopoieÐ to prìblhma

(3.39)

{ (
uh,t(t), ϕ

)
+ i

(∇uh(t),∇ϕ
)

= iλ
(|uh(t)|2uh(t), ϕ

)
, ∀ϕ ∈ Sh, 0 ≤ t ≤ T,

uh(·, 0) = u0
h,

Ergazìmenoi ìpwc sthn apìdeixh thc Prìtashc 3.1 mporoÔme na apodeÐxoume ìti h
hmidiakrit  prosèggish uh ikanopoieÐ tic sqèseic diat rhshc

(3.40) max
0≤t≤T

||uh(t)|| = ||u0
h||,

(3.41) ||∇uh(t)|| − λ

2
|uh(t)|44 = ||∇u0

h|| −
λ

2
|u0

h|44, t ∈ [0, T ],

oi opoÐec eÐnai ta hmidiakrit� an�loga twn sqèsewn diat rhshc (3.2) kai (3.3). Apì
thn (3.40) èpetai kai h eust�jeia tou hmidiakritoÔ sq matoc.

Prìtash 3.3. (Kal  orisimìthta hmidiakrit c prosèggishc.) Up�rqei monadik 
lÔsh uh : [0, T ] → Sh tou probl matoc (3.39).

Apìdeixh. To prìblhma (3.39) eÐnai èna sÔsthma sun jwn diaforik¸n exis¸sewn. E-
fìson h sun�rthsh F (z) = λ|z|2z, z ∈ C eÐnai topik� Lipschitz suneq c sun�rthsh,
to prìblhma (3.39) èqei monadik  lÔsh, toul�qiston topik�. Gia stajerì h èstw
[0, th), 0 ≤ th ≤ T to mègisto di�sthma Ôparxhc kai monadikìthtac thc uh. Apì thn
(3.7) èpetai ìti

||uh(t)||∞ ≤ CIh
− d

2 ||uh(t)|| = CIh
− d

2 ||u0
h||, t ∈ [0, th).

H isìthta isqÔei lìgw thc (3.40). 'Ara

sup
t∈[0,th)

||uh(t)||L∞ ≤ CIh
− d

2 ||u0
h|| =: C(h),

dhlad  h uh eÐnai fragmènh sto mègisto di�sthma Ôparx c thc. Apì th jewrÐa twn
sun jwn diaforik¸n exis¸sewn lamb�noume ìti th = T, dhlad  up�rqei monadik 
lÔsh tou probl matoc (3.39) sto [0, T ].
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Je¸rhma 3.3. (Ek twn protèrwn ektÐmhsh gia to hmidiakritì sq ma) 'Estw uh h
monadik  lÔsh tou probl matoc (3.39) kai èstw ìti h u0

h ikanopoieÐ thn (1.5). An
h lÔsh u tou probl matoc (3.1) eÐnai arkoÔntwc omal , tìte up�rqei h0 > 0 ètsi,
¸ste gia k�je h ≤ h0 na isqÔei h ektÐmhsh

(3.42) max
0≤t≤T

||u(t)− uh(t)|| ≤ C(u)hr,

ìpou h stajer� C(u) exart�tai apì th u kai ta dedomèna tou probl matoc, ìqi ìmwc
apì to h.

Apìdeixh. 'Estw f h sun�rthsh tou PorÐsmatoc 3.1 me M := supt∈[0,T ] ||u(t)||L∞+1.

Efìson supt∈[0,T ] ||u(t)||L∞ ≤ M, tìte

f(u) = λ|u|2u sto Ω̄× [0, T ].

'Ara h u eÐnai lÔsh tou probl matoc (3.9). 'Omwc to prìblhma (3.9) èqei monadik 
lÔsh kai �ra

u = v sto Ω̄× [0, T ].

Epomènwc h ektÐmhsh (3.16) gr�fetai t¸ra wc

(3.43) max
0≤t≤T

||u(t)− vh(t)|| ≤ C(u)hr.

OrÐzoume ta ρ kai θ ìpwc sthn apìdeixh tou Jewr matoc 3.1. Tìte qrhsimopoi¸ntac
tic (1.11), (3.7) kai (3.43) lamb�noume gia t ∈ [0, T ] kai ϕ ∈ Sh, ìti

||u(t)− vh(t)||L∞ ≤ ||ρ(t)||L∞ + ||θ(t)||L∞
≤ ||u(t)− ϕ||L∞ + ||ϕ−Rhu(t)||L∞ + ||θ(t)||L∞
≤ ||u(t)− ϕ||L∞ + CIh

− d
2 (||u(t)− ϕ||+ ||ρ(t)||+ ||θ(t)||)

≤ ||u(t)− ϕ||L∞ + CIh
− d

2 ||u(t)− ϕ||+ C(u)hr− d
2 .

Epomènwc,

(3.44) ||u(t)− vh(t)||L∞ ≤ C(u)(||u(t)− ϕ||L∞ + h−
d
2 ||u(t)− ϕ||+ hr− d

2 ).

Apì thn (3.8) sumperaÐnoume ìti up�rqei h0 > 0 (r ≥ 2) ètsi, ¸ste gia k�je h ≤ h0

na isqÔei ìti

(3.45) C(u)(||u(t)− ϕ||L∞ + h−
d
2 ||u(t)− ϕ||+ hr− d

2 ) ≤ 1.
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Sundu�zontac tic (3.44) kai (3.45) odhgoÔmaste sthn

sup
t∈[0,T ]

||vh(t)||L∞ ≤ sup
t∈[0,T ]

||u(t)||L∞ + sup
t∈[0,T ]

||u(t)− vh(t)||L∞

≤ 1 + sup
t∈[0,T ]

||u(t)||L∞ = M.

'Ara gia h ≤ h0,

f(vh) = λ|vh|2vh sto Ω̄× [0, T ].

Sunep¸c gia h ≤ h0, h vh : [0, T ] → Sh eÐnai lÔsh tou probl matoc (3.39). 'Omwc
to prìblhma (3.39) èqei monadik  lÔsh. Epomènwc gia h ≤ h0,

vh = uh sto Ω̄× [0, T ],

kai h zhtoÔmenh ektÐmhsh (3.42) prokÔptei apì thn (3.43).

3.3.2 To pl rwc diakritì sq ma

DiakritopoioÔme to prìblhma (3.39) me th mèjodo Crank-Nicolson. ProkÔptoun
ètsi, gia n = 0, 1, . . . , N, proseggÐseic Un ∈ Sh twn un := u(·, tn) pou ikanopoioÔn
to sq ma

(3.46)





(∂Un, ϕ) + i(∇Un+ 1
2 ,∇ϕ)

= iλ
(|Un+ 1

2 |2Un+ 1
2 , ϕ

)
, ∀ϕ ∈ Sh, 0 ≤ n ≤ N − 1,

U0 = u0
h,

EÔkola mporoÔme kai se aut  thn perÐptwsh na apodeÐxoume th sqèsh diat rhshc

(3.47) max
0≤n≤N

||Un|| = ||U0||,

h opoÐa eÐnai to diakritì an�logo thc (3.2). 'Omwc den isqÔei to diakritì an�logo
thc (3.3).

Prìtash 3.4. ('Uparxh twn Un.) Gia n = 0, 1, . . . , N, up�rqoun Un pou ikanopoioÔn
to anadromikì sq ma (3.46).

Apìdeixh. OrÐzoume th sun�rthsh Φ : Sh → Sh ètsi, ¸ste

(
Φ(ϕ), χ

)
=

1

2

[− (∇ϕ,∇χ
)

+ λ(|ϕ|2ϕ, χ)
]
, ∀ϕ, χ ∈ Sh.



62 Kef�laio3 : H kubik  mh grammik  exÐswsh Schrödinger

Ergazìmenoi ìpwc sthn perÐptwsh thc Lipschitz suneqoÔc sun�rthshc mporoÔme na
apodeÐxoume ìti Φ eÐnai suneq c. EpÐshc apì ton orismì thc Φ to prìblhma (3.46)
gr�fetai isodÔnama wc

(3.48)

{
Un+ 1

2 = Un + ikΦ(Un+ 1
2 ), 0 ≤ n ≤ N − 1,

U0 = u0
h.

Gia n = 0, to U0 eÐnai profan¸c kal� orismèno. Gia dedomèno Un orÐzoume ìpwc kai
sthn apìdeixh thc Prìtashc 3.2 thn apeikìnish Π : Sh → Sh wc

Π(ϕ) := ϕ− Un − ikΦ(ϕ), ϕ ∈ Sh.

Profan¸c h Π eÐnai suneq c. Akolouj¸ntac akrib¸c ta Ðdia b mata me thn apìdeixh
thc Prìtashc 3.2 kai enjumoÔmenoi ìti Im(|ϕ|2ϕ, ϕ) = 0 gia ϕ ∈ Sh katal goume
sthn

Re
(
Π(ϕ), ϕ

) ≥ ||ϕ||(||ϕ|| − ||Un||).

Epomènwc gia k�je ϕ ∈ Sh me ||ϕ|| = ||Un|| + 1 èqoume ìti Re
(
Π(ϕ), ϕ

) ≥ 0. Apì
to L mma 3.1 sumperaÐnoume ìti up�rqei ϕ∗ ∈ Sh ètsi, ¸ste Π(ϕ∗) = 0, dhlad 
sumperaÐnoume thn Ôparxh Un+1 pou ikanopoieÐ thn (3.46).

Upì k�poiec proôpojèseic mporeÐ na apodeiqjeÐ kai h monadikìthta thc lÔshc
tou probl matoc (3.46). Epeid  ìmwc h apìdeixh thc monadikìthtac twn Un, n =

0, 1, . . . N, eÐnai polÔ teqnik , parajètoume sth sunèqeia thn antÐstoiqh prìtash
qwrÐc apìdeixh.

Prìtash 3.5. (Monadikìthta twn Un.) Gia n = 0, 1, . . . , N, ta Un pou ikanopoioÔn
to pl rwc diakritì sq ma (3.46) eÐnai monadik� an isqÔei mÐa apì tic parak�tw
sunj kec:

(i) d = 1 kai

(3.49) ||u0
h|| ≤ c,

gia k�poia stajer� c anex�rthth twn h kai k, ìpou ta h kai k eÐnai arkoÔntwc
mikr�.

(ii) d = 2 kai |λ| ||u0
h||2 < 1

2
an λ ≤ 0   λ||u0

h||2 <
√

65−1
16

an λ > 0.
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(iii) d = 2 kai gia n = 0, 1, . . . , N, |Un|44 = o(k−1) kaj¸c k → 0+ kai to k eÐnai
arkoÔntwc mikrì.

Sto shmeÐo autì jewroÔme skìpimo na anafèroume ta kÔria ergaleÐa pou a-
paitoÔntai gia thn apìdeixh thc parap�nw prìtashc.

Gia d = 1 basikìc eÐnai o rìloc thc parak�tw anisìthtac Sobolev (thc opoÐac h
apìdeixh eÐnai polÔ eÔkolh),

(3.50) |w|44 ≤ ||w||3||wx||, ∀w ∈ H1
0 ,

en¸ gia d = 2, h (3.50) antikajÐstatai apì thn anisìthta Gagliardo-Nirenberg ([23]),

(3.51) |w|44 ≤
1

2
||w||2||∇w||2, ∀w ∈ H1

0 .

EpÐshc tìso sth monodi�stath ìso kai sth disdi�stath perÐptwsh gÐnetai qr sh
thc sqèshc

| |z1|2z1 − |z2|2z2| ≤ (|z1|+ |z2|)2|z1 − z2|, ∀z1, z2 ∈ C,

kai tou gegonìtoc ìti to prìblhma (3.46) gr�fetai isodÔnama sth morf  (3.48).
Gia peraitèrw leptomèreiec parapèmpoume sto �rjro [12].

Sqìlio 3.1. H (3.49) isqÔei gia par�deigma an h u0
h epilegeÐ wc h L2−probol 

thc u0 ston Sh. Pr�gmati sthn perÐptwsh aut  èqoume ìti

||u0
h||2 = (u0

h, u
0
h) = (u0, u

0
h) ≤ ||u0|| ||u0

h||.
H deÔterh isìthta prokÔptei apì ton orismì thc L2−probol c.

Parat rhsh 3.1. H sunj kh gia λ > 0 sto (ii) thc Prìtashc 3.5 eÐnai poiotik�
swst  efìson, ìpwc anafèrame sthn arq  tou parìntoc kefalaÐou, gia λ > 0 h
lÔsh tou probl matoc mporeÐ na ekr gnutai se peperasmèno qrìno an λ||u0||2 > 4.

Je¸rhma 3.4. (Ek twn protèrwn ektÐmhsh gia thn kubik  NLS.) Upojètoume ìti
h akrib c lÔsh u tou probl matoc (3.1) eÐnai arket� omal  kai ìti isqÔei h (1.5).
Upojètoume akìma ìti k = o(h

d
4 ). Tìte up�rqei monadik  lÔsh Un, n = 0, 1, . . . , N,

tou (3.46) pou ikanopoieÐ thn ek twn protèrwn ektÐmhsh

(3.52) max
0≤n≤N

||un − Un|| ≤ C(u)(hr + k2),

ìpou un := u(·, tn), n = 0, 1, . . . , N kai h stajer� C(u) exart�tai apì th u kai ta
dedomèna tou probl matoc, ìqi ìmwc apì ta h kai k.
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Apìdeixh. 'Estw kai p�li f h sun�rthsh tou PorÐsmatoc 3.1 me M := supt∈[0,T ]

||u(t)||L∞+1. Efìson supt∈[0,T ] ||u(t)||L∞ ≤ M h ektÐmhsh (3.26) gr�fetai wc (blèpe
thn apìdeixh tou Jewr matoc 3.3)

(3.53) max
0≤n≤N

||un − V n|| ≤ C(u)(hr + k2).

Gia n = 0, 1, . . . , N, orÐzoume ta ρn kai θn ìpwc sthn apìdeixh tou Jewr matoc
3.2. Qrhsimopoi¸ntac tic (1.11), (3.7) kai (3.53) paÐrnoume gia n = 0, 1, . . . , N kai
ϕ ∈ Sh, ìti

||un − V n||L∞ ≤ ||un − ϕ||L∞ + ||ϕ−Rhu
n||L∞ + ||θn||L∞

≤ ||un − ϕ||+ CIh
− d

2 (||un − ϕ||+ ||ρn||+ ||θn||)
≤ ||un − ϕ||L∞ + CIh

− d
2 ||un − ϕ||+ C(u)(hr− d

2 + k2h−
d
2 ).

Epomènwc gia n = 0, 1, . . . , N kai ϕ ∈ Sh,

(3.54) ||un − V n||L∞ ≤ C(u)(||un − ϕ||L∞ + h−
d
2 ||un − ϕ||+ hr− d

2 + k2h−
d
2 ).

Efìson k = o(d
d
4 ), apì thn (3.8) sumperaÐnoume ìti up�rqoun k0 > 0 kai h0 > 0

ètsi, ¸ste gia k�je k ≤ k0 kai h ≤ h0 na isqÔei

(3.55) C(u)(||un − ϕ||L∞ + h−
d
2 ||un − ϕ||+ hr− d

2 + k2h−
d
2 ) ≤ 1.

Apì tic (3.54) kai (3.55) odhgoÔmaste sthn

(3.56) max
0≤n≤N

||un − V n||L∞ ≤ 1.

Sundu�zontac tic (3.55) kai (3.56) paÐrnoume ìti

max
0≤n≤N−1

||V n+ 1
2 ||L∞ ≤ max

0≤n≤N−1
(||un+ 1

2 + ||un+ 1
2 − V n+ 1

2 ||L∞)

max
0≤n≤N−1

[1

2
(||un||L∞ + ||un+1||L∞) +

1

2
(||un − V n||L∞ + ||un+1 − V n+1||L∞)

]

≤ sup
t∈[0,T ]

||u(t)||L∞ + 1 = M.

Dhlad  gia k ≤ k0, h ≤ h0 kai n = 0, 1, . . . , N − 1,

f(V n+ 1
2 ) = λ|V n+ 1

2 |2V n+ 1
2 sto Ω̄.

Sunep¸c gia k ≤ k0 kai h ≤ h0 ta V n, n = 0, 1, . . . , N, apoteloÔn lÔsh gia to
prìblhma (3.46). 'Ara arkeÐ na deÐxoume ìti oi lÔseic pou ikanopoioÔn thn (3.53)
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eÐnai upoqrewtik� monadikèc. Tìte ja èqoume V n = Un, n = 0, 1, . . . , N kai h (3.52)
ja prokÔyei apì thn (3.53). 'Eqoume loipìn, qrhsimopoi¸ntac tic (1.11), (3.7) kai
(3.53), gia n = 0, 1, . . . , N kai ϕ ∈ Sh, ìti

||un − V n||L∞ ≤ ||V n − ϕ||L∞ + ||un − ϕ||L∞
≤ CIh

− d
2 ||V n − ϕ||+ c(h−

d
2 ||un − ϕ||+ ||un − ϕ||L∞)

≤ C(u)(h−
d
2 ||un − ϕ||+ ||un − ϕ||L∞ + hr− d

2 + k2h−
d
2 ).

Epomènwc ergazìmenoi ìpwc sthn apìdeixh thc (3.56) lamb�noume gia k kai h arkoÔ-
ntwc mikr� ìti

max
0≤n≤N

||un − V n||L∞ ≤ 1.

Sunep¸c,

(3.57) max
0≤n≤N

||V n||L∞ ≤ C,

ìpou h stajer� C eÐnai anex�rthth twn k kai h. Apì thn Prìtash 3.5 èpetai ìti
oi lÔseic pou ikanopoioÔn thn (3.57) eÐnai monadikèc. Pr�gmati gia d = 1 autì eÐnai
profanèc, an ta k, h eÐnai arkoÔntwc mikr�, en¸ gia d = 2 paÐrnoume apì thn (3.57)
ìti

(3.58) max
0≤n≤N

|V n|44 ≤ C max
0≤n≤N

||V n||L∞ ≤ C,

me th stajer� C na eÐnai anex�rthth apì ta k kai h. H monadikìthta prokÔptei gia
d = 2 apì to (iii) thc Prìtashc 3.5 kai thn (3.58) upì thn proôpìjesh ìti to k

eÐnai arkoÔntwc mikrì. Epomènwc oi lÔseic tou probl matoc (3.46) pou ikanopoioÔn
thn (3.53) eÐnai upoqrewtik� monadikèc kai autì oloklhr¸nei thn apìdeixh tou jew-
r matoc.





Sumper�smata-Mellontik 
ergasÐa

Sthn ergasÐa aut  melet jhkan arijmhtik� sq mata kai apodeÐqjhkan ek twn pro-
tèrwn ektim seic gia tic exis¸seic tÔpou Schrödinger. Sugkekrimèna gia th genik 
kai th sunhjismènh morf  thc grammik c exÐswshc Schrödinger kaj¸c epÐshc kai
gia thn kubik  NLS jewr jhke to arijmhtikì sq ma sto opoÐo h diakritopoÐhsh
wc proc to q¸ro ègine me peperasmèna stoiqeÐa kai wc proc to qrìno me th mèjo-
do Crank-Nicolson. H apìdeixh ek twn protèrwn ektim sewn gia thn kubik  NLS

den  tan tìso apl  ìpwc sth grammik  perÐptwsh exaitÐac thc parousÐac tou mh
grammikoÔ ìrou. 'Etsi h apìdeixh twn ektim sewn sthn perÐptwsh aut  epiteÔqjhke
mèsw k�poiwn gnwst¸n teqnasm�twn.

Gia th grammik  exÐswsh Schrödinger hmiklasikoÔ tÔpou oi ek twn protèrwn
ektim seic pou apodeÐqjhkan gia to arijmhtikì sq ma peperasmènwn stoiqeÐwn kai
mejìdou Crank-Nicolson kai gia ta arijmhtik� sq mata thc Lie splitting fasmatik c
mejìdou kai thc Strang splitting fasmatik c mejìdou èdeixan ìti oi dÔo teleutaÐec
mèjodoi uperteroÔn ènanti thc pr¸thc ìson afor� thn epilog  tou qwrikoÔ kai
qronikoÔ b matoc se sqèsh me thn par�metro ε. M�lista apodeÐqjhke ìti sthn
perÐptwsh pou to dunamikì eÐnai stajer  sun�rthsh, to qronikì b ma sthn perÐptwsh
twn splitting fasmatik¸n mejìdwn mporeÐ na epilegeÐ anex�rthta apì th stajer� tou
Planck; k�ti tètoio de sumbaÐnei sthn perÐptwsh twn peperasmènwn stoiqeÐwn kai thc
mejìdou Crank-Nicolson. Gia touc parap�nw lìgouc loipìn, oi splitting fasmatikèc
mèjodoi deÐqnoun na eÐnai oi plèon kat�llhlec mèjodoi gia thn arijmhtik  epÐlush
thc grammik c exÐswshc Schrödinger hmiklasikoÔ tÔpou, miac kai h sugkekrimènh
exÐswsh mac endiafèrei kurÐwc sthn perÐptwsh pou h stajer� tou Planck eÐnai polÔ
kont� sto mhdèn.
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'Opwc anafèrame kai sthn eisagwg , lìgw twn poll¸n efarmog¸n twn exi-
s¸sewn Schrödinger sth Fusik  kai thn TeqnologÐa, up�rqoun arketèc ergasÐec
stic opoÐec apodeiknÔontai ek twn protèrwn ektim seic gia di�fora arijmhtik� sq -
mata gia tic exis¸seic autèc. Parìla aut�, den up�rqei kamÐa ergasÐa sthn opoÐ-
a na apodeiknÔontai bèltisthc t�xhc ek twn ustèrwn ektim seic gia tic exis¸seic
Schrödinger. H apìdeixh ek twn ustèrwn ektim sewn ja bohj sei sthn peretaÐrw
katanìhsh thc sumperifor�c twn proseggistik¸n lÔsewn se sqèsh me tic akribeÐc
lÔseic, tìso gia tic grammikèc exis¸seic Schrödinger, ìso kai gia thn kubik  NLS.
Gi� autì epìmenìc mac stìqoc eÐnai h apìdeixh ek twn ustèrwn ektim sewn bèltisthc
t�xhc gi� autoÔ tou eÐdouc tic exis¸seic. H drasthriìthta pou up�rqei ta teleutaÐa
qrìnia sto q¸ro twn ek twn ustèrwn ektim sewn gia qronoexart¸mena probl mata
k�nei to stìqo toÔto na fant�zei efiktìc...
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