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EISAGWGH

Skopìc thc paroÔshc ergasÐac eÐnai h parousÐash thc apìdeixhc tou ex c
jewr matoc :

H sun�rthsh z ta opoiasd pote algebrik c pollaplìthtac p�nw apì
k�poio peperasmèno s¸ma eÐnai phlÐko poluwnÔmwn me akèraiouc
suntelestèc kai stajerì ìro mon�da.

H parap�nw prìtash  tan mèroc mÐac seir�c eikasi¸n pou diatup¸jhkan apì
ton A.Weil to 1949 kai apodeÐqjhke apì ton Bernard Dwork (1923− 1998), to
1959.

Mia basik  ènnoia, ìson afor� tic mejìdouc pou qrhsimopoioÔntai gi� thn
apìdeixh tou parap�nw jewr matoc, eÐnai aut  tou mh- Arqim deiou metrikoÔ
q¸rou.
'Enac mh-Arqim deioc metrikìc q¸roc (X, d), eÐnai èna sÔnolo X 6= ∅ efodias-
mèno me mÐa sun�rthsh d : X×X → R+ tètoia ¸ste na ikanopoieÐ tic akìloujec
idiìthtec :

i) d(x, y) = 0 ⇔ x = y
ii) d(x, y) = d(y, x)
iii) d(x, y) ≤ max(d(x, z), d(z, y)) ∀z ∈ X.

Se ì,ti ja akolouj sei, me Ωp ja sumbolÐzoume thn pl rwsh thc algebrik c
kleistìthtac Qp tou s¸matoc Qp twn p−adik¸n arijm¸n, wc proc thn mh-
Arqim deia metrik  pou ep�gei sto Qp h | · |p.

Stic pr¸tec treic enìthtec thc ergasÐac, diatup¸nontai kai apodeiknÔontai
mia seir� apì l mmata pou aforoÔn stic tupikèc dunamoseirèc me suntelestèc
apì mÐa akèraia perioq , kai eidikìtera apì to s¸ma Ωp. AkoloujeÐ o orismìc
thc dunamoseir�c F (X, Y ) kai h apìdeixh tou ìti oi suntelestèc thc an koun
sto daktÔlio Zp.

Sthn enìthta 5 diatup¸netai to basikì je¸rhma thc ergasÐac kai apodeiknÔe-
tai ìti h isqÔc tou an�getai sthn perÐptwsh affinik c uperepeif�neiac, p�nw
apì peperasmèno s¸ma, orismènhc apì èna polu¸numo. DeÐqnoume epiplèon
ìti h sun�rthsh z ta miac affinik c uperepeif�neiac eÐnai mÐa dunamoseir� me
akèraiouc suntelestèc.

OrÐzontac, sthn akìloujh enìthta, ton antiprìswpo Teichmuller enìc s-
toiqeÐou peperasmènou s¸matoc, kai thn dunamoseir� Θ(T ), parousi�zetai to
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<<pèrasma>>, kat� k�poion trìpo, apì èna peperasmèno s¸ma se èna �peiro, to
Ωp en prokeimènw, to opoÐo eÐnai efodiasmèno me mÐa metrik  kai mporeÐ kat'
epèktash kaneÐc na melet sei se autì tic ènnoiec thc An�lushc.

Se ì,ti akoloujeÐ, deÐqnoume ìti h sun�rthsh z ta eÐnai phlÐko duo dunamo-
seir¸n me suntelestèc apì to Ωp, stajerì ìro mon�da kai �peirh aktÐna sÔgk-
lishc. Me th bo jeia, katìpin, mÐac �meshc sunèpeiac tou jewr matoc tou
Weierstrass kai duo lhmm�twn pou apodeiknÔontai sthn teleutaÐa enìthta, oloklhr¸ne-
tai h apìdeixh.
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1 Tupikèc dunamoseirèc.

'Estw s¸ma K qarakthristik c 0. JewroÔme to daktÔlio K[[X]] kai f =
∞∑

i=0

aiX
i ta tupik� tou stoiqeÐa. OrÐzoume ordf

orσ
= d ìpou d = min{i :

ai 6= 0}, kaj¸c kai th sun�rthsh | · |X : K[[X]] −→ R me |f |X = ρordf , ìpou
ρ ∈ R me 0 < ρ < 1. Deqìmaste ìti ord0 = ∞ kai ρ∞ = 0. Me tic sumb�-
seic autèc kai kaj¸c eÔkola mporeÐ na dei kaneÐc ìti ord(fg) = ordf + ordg
kai ìti ord(f + g) ≥ min(ordf, ordg), h parap�nw sun�rthsh kajÐstatai mÐa mh
arqim deia nìrma kai o K[[X]] ènac mh arqim deioc metrikìc q¸roc.

Sta l mmata pou ja akolouj soun ja qrhsimopoihjeÐ to ex c: An {fn}∞n=1

mÐa akoloujÐa stoiqeÐwn tou K[[X]] kai g ∈ K[[X]], tìte |fn − g|X n→∞−→ 0 ⇔
ord(fn − g) n→∞−→ ∞.

L mma 1.1 'Estw {fj}∞j=1 mÐa akoloujÐa stoiqeÐwn tou K[[X]]. Tìte to �jro-

isma
∞∑

j=1

fj up�rqei ston K[[X]] an kai mìno ean ordfj
j→∞−→ ∞.

Apìdeixh. (⇒) 'Estw ìti to �jroisma
∞∑

j=1

fj up�rqei ston K[[X]] kai

èstw M > 0. BrÐskw nM t.¸.

n ≥ nM ⇒ ord(
n∑

j=1

fj −
∞∑

j=1

fj) > M . (1)

Gia ν ≥ 1 èqoume

ordfnN+ν =ord(
nM+ν∑

j=1

fj −
∞∑

j=1

fj +
∞∑

j=1

fj −
nM+ν−1∑

j=1

fj)

≥ min(ord(
nM+ν∑

j=1

fj −
∞∑

j=1

fj), ord(
nM+ν−1∑

j=1

fj −
∞∑

j=1

fj))

> M ,

lìgw thc (1). 'Epetai loipìn ìti an j ≥ nm + 1, tìte ordfj > M .
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(⇐) Jètoume fj =
∞∑

i=0

aj,iX
i gi� k�je j ≥ 1. 'Estw ìti ordfj

j→∞−→ ∞. Ja

deÐxoume ìti
∞∑

j=1

fj =
∞∑

i=0

biX
i gi� k�poio

∞∑

i=0

biX
i ∈ K[[X]], tou opoÐou touc

suntelestèc orÐzoume wc ex c. Gi� k�je M > 0 jètoume j
′
M

orσ
= min{jM :

an j ≥ jM , tìte ordfj > M} kai parathroÔme ìti, an M1 < M2, tìte j
′
M1

≤
j
′
M2

.
'Estw t¸ra M0, gi� to opoÐo isqÔei j′M0

> 1.1 Gi� M = M0+1,M0+2, . . .,

an èqoume
j
′
M−1∑

j=1

fj =
∞∑

i=0

c
j
′
M−1,i

Xi, jètoume bi = c
(j
′
M−1),i

gi� i = 0, . . . , j
′
M −

1. Ta bi ètsi orÐzontai kal¸c, diìti an M0 ≤ M1 < M2, tìte
j
′
M2
−1∑

j=1

fj =

j
′
M1
−1∑

j=1

fj +

j
′
M2
−1∑

j=j
′
M1

fj , ìpou gi� j = j
′
M1

, . . . , j
′
M2

− 1 èqoume fj =
∞∑

i=M1

aj,iX
i,

�ra o suntelest c tou Xi gia i = 0, . . . , j′M1−1 eÐnai o Ðdioc kai sta dÔo mèlh.

EpÐshc ord(
n∑

j=1

fj −
∞∑

i=0

biX
i) n→∞−→ ∞ diìti : 'Estw M > 0. Gi� n ≥ j

′
M − 1

èqoume

n∑

j=1

fj =
j
′
M−1∑

j=1

fj +
n∑

j=j
′
M

fj =
M∑

i=0

c
j
′
M−1,i

Xi + XM+1(· · · ),

diìti ordfj ≥ M + 1 gi� j ≥ j
′
M . Ex' orismoÔ, ìmwc, twn bi eÐnai c

j
′
M−1,i

= bi,

�ra ord(
n∑

j=1

fj −
∞∑

i=0

biX
i) > M .

L mma 1.2 'Estw akoloujÐa {fj}∞j=1 stoiqeÐwn tou K[[X]] me ordfj = 0 gi�

k�je j ≥ 1. Tìte, to ginìmeno
∞∏

j=1

fj up�rqei ston K[[X]] an kai mìno ean

1An gi� k�je M > 0 eÐqame j
′
M = 1, autì ja s maine ìti gi� k�je M > 0, an j ≥ 1 tìte

ordfj > M , dhlad  gi� k�je j ≥ 1 ordfj = ∞,   alli¸c fj ≡ 0. Aut  h perÐptwsh eÐnai
tetrimmènh kai den th lamb�noume upìyin.
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ord(fj − 1)
j→∞−→ ∞.

Apìdeixh. Kat' arq�c parathroÔme ìti, an f, g ∈ K[[X]] me ordf = 0,
tìte ord(g · f − f) > M an kai mìno ean ord(g − 1) > M . H apìdeixh eÐnai
profan c .

(⇒) 'Estw ìti to ginìmeno
∞∏

j=1

fj up�rqei ston K[[X]] kai èstw M > 0.

Gi� to dojèn M , brÐskw nM ∈ N t.¸.

n ≥ nM ⇒ ord(
n∏

j=1

fj −
∞∏

j=1

fj) > M . (2)

Gi� k�je ν ≥ 0 èqoume:

ord(fnM+ν+1

nM+ν∏

j=1

fj −
nM+ν∏

j=1

fj) =

ord(fnM+ν+1

nM+ν∏

j=1

fj −
∞∏

j=1

fj +
∞∏

j=1

fj −
nM+ν∏

j=1

fj)

≥ min(ord(fnM+ν+1

nM+ν∏

j=1

fj −
∞∏

j=1

fj), ord(
nM+ν∏

j=1

fj −
∞∏

j=1

fj))

> M ,

kaj¸c

ord(
nM+ν+1∏

j=1

fj −
∞∏

j=1

fj), ord(
nM+ν∏

j=1

fj −
∞∏

j=1

fj) > M ,

lìgw thc (2). Apì thn arqik  parat rhsh èpetai ìti ord(fnM+ν+1 − 1) > M ,
�ra loipìn, gi� k�je j ≥ nM + 1, èqoume ord(fj − 1) > M .

(⇐) Jètoume fj =
∞∑

i=0

aj,iX
i gi� k�je j ≥ 1.

'Estw ìti ord(fj − 1)
j→∞−→ ∞. Ja deÐxoume ìti

∞∏

j=1

fj =
∞∑

i=0

biX
i gi� k�poio

∞∑

i=0

biX
i ∈ K[[X]], tou opoÐou touc suntelestèc orÐzoume wc ex c. Gi� k�je

M > 0, jètoume j
′
M

orσ
= min{jM : an j ≥ jM tìte ord(fj − 1) > M}. Sto
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shmeÐo autì, omoÐwc me to prohgoÔmeno l mma, parathroÔme ìti, an M1 < M2,
tìte j

M
′
1
≤ j

M
′
2
. Epilègoume M0 gi� to opoÐo isqÔei j

′
M0

> 1.2 Gi� M =

M0+1,M0+2, . . ., an èqoume
j
′
M−1∏

j=1

fj =
j
′
M−1∏

j=1

∞∑

i=0

aj,iX
i =

∞∑

i=0

c
(j
′
M−1),i

Xi, tìte

jètoume bi = c
(j
′
M−1),i

gi� i = 0, . . . , j
′
M−1. Ta bi ètsi orÐzontai kal¸c diìti : an

M1 < M2, tìte, an
j
′
M1
−1∏

j=1

fj =
∞∑

i=0

c
(j
′
M1
−1),i

Xi kai
j
′
M2
−1∏

j=1

fj =
∞∑

i=0

c
(j
′
M2
−1),i

Xi,

ja èqoume
j
′
M2
−1∏

j=1

fj =

j
′
M1
−1∏

j=1

fj

j
′
M2
−1∏

j=j
′
M1

fj , ìpou gi� j = j
′
M1

, . . . , j
′
M2

− 1, èqoume

fj = 1 +
∞∑

i=M1+1

aj,iX
i, �ra apì thn parat rhsh, c

(j
′
M2
−1),i

= c
(j
′
M1
−1),i

gi�

i = 0, . . . , j
′
M1
− 1.

EpÐshc ord(
n∏

j=1

fj−
∞∑

i=0

biX
i) n→∞−→ ∞ diìti : èstw M > 0. Tìte an n ≥ nM

orσ
=

j
′
M−1, lìgw thc kataskeu c tou

∞∑

i=0

bi, èqoume ìti ord(
n∏

j=1

fj−
∞∑

i=0

biX
i) > M .

L mma 1.3 'Estw f =
∞∑

i=0

aiX
i ∈ K[[X]] kai g ∈ K[[X]]. Gi� k�je i ≥ 0

orÐzoume fi =
i∑

j=0

ajX
j . IsqÔei ìti, an ordg > 0, tìte h akoloujÐa {fi ◦ g}∞i=1

sugklÐnei se k�poio stoiqeÐo tou K[[X]], to opoÐo sumbolÐzoume f ◦ g.

Apìdeixh. 'Estw ordg > 0, opìte mporoÔme na gr�youme g =
∞∑

j=1

b1,jX
j .

Epeid  ordgi = i · ordg ≥ i, èqoume gi orσ
=

∞∑

j=i

bi,jX
j , opìte

2An gi� k�je M > 0 eÐqame j
′
M = 1 , autì ja s maine ìti gi� k�je M > 0, an j ≥ 1 tìte

ord(fj−1) > M , dhlad  gi� k�je j ≥ 1 ord(fj−1) = ∞,   alli¸c fj ≡ 1. Aut  h perÐptwsh
eÐnai tetrimmènh kai den th lamb�noume upìyin.
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fi ◦ g = a0 + a1

∞∑

j=1

b1,jX
j + a2

∞∑

j=2

b2,jX
j + . . . + ai

∞∑

j=i

bi,jX
j .

Jètoume c0 = a0 kai gi� j ≥ 1, cj = a1b1,j + a2b2,j + . . . + ajbj,j kai èqoume ìti

ord(fi ◦ g −
∞∑

j=0

cjX
j) i→∞−→ ∞.

L mma 1.4 'Estw f ∈ K[[X]], kai {gκ}∞κ=1 akoloujÐa stoiqeÐwn tou K[[X]]
pou sugklÐnei sto g ∈ K[[X]]. Upojètoume epiplèon ìti ordg > 0 gi� k�je
κ ≥ 1. Tìte orÐzetai h f ◦ g kai m�lista eÐnai to ìrio thc akoloujÐac {f ◦ gk}k≥1

Apìdeixh. 'Estw f =
∞∑

i=0

aiX
i. AfoÔ gi� k�je κ ≥ 1 èqoume ordgκ > 0,

èpetai ìti kai ordg > 0, �ra, apì to l mma 1.3 orÐzetai h f ◦ g. 'Estw t¸ra
M > 0. Epilègoume κM t.¸.

κ ≥ κM ⇒ ord(gκ − g) > M . (3)

Tìte, epiplèon, èqoume kai ìti gi� k�je i ≥ 1 kai k�je κ ≥ κM , eÐnai

ord(gi
κ− gi) = ord(gκ− g)+ord(gi−1

κ + gi−2
κ g + · · ·+ gκgi−2 + gi−1) > M , (4)

lìgw thc (3). An loipìn κ ≥ κM , tìte

ord(f ◦ gκ − f ◦ g) =ord(
M∑

i=1

ai(gi
κ − gi) +

∞∑

i=M+1

ai(gi
κ − gi))

≥ min(ord(
M∑

i=1

ai(gi
κ − gi)), ord(

∞∑

i=M+1

ai(gi
κ − gi)))

> M ,

afoÔ ord(
M∑

i=1

ai(gi
κ − gi)) > M , lìgw thc (4) kai ord(

∞∑

i=M+1

ai(gi
κ − gi)) > M

kaj¸c ordgκ, ordg > 0.

L mma 1.5 'Estw κ jetikìc akèraioc kai gi� k�je j = 1, . . . , κ èqw mÐa akolou-
jÐa {fji}∞i=1 stoiqeÐwn tou K[[X]] tètoia ¸ste ordfij = 0 gi� k�je i, to �peiro
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ginìmeno
∞∏

i=1

fji up�rqei kai isoÔtai, èstw, me fj ∈ K[[X]]. Tìte up�rqei kai to

�peiro ginìmeno
∞∏

i=1

κ∏

j=1

fji kai isoÔtai me
κ∏

j=1

fj(=
κ∏

j=1

∞∏

i=1

fji).

Apìdeixh. 'Estw M > 0. AfoÔ gi� k�je j = 1, . . . , κ, eqoume ord(
r∏

i=1

fji−

fj)
r→∞−→ ∞ gi� k�poio fj ∈ K[[X]], èpetai apì to l mma 1.2 ìti gi� k�je

j = 1, . . . , κ isqÔei ord(fji − 1) i→∞−→ ∞, dhlad  gi� to dojèn M > 0 up-
�rqei i0 tètoio ¸ste, gi� k�je i ≥ i0, kai gi� k�je j = 1, . . . , κ isqÔei ìti
ord(fji − 1) > M , opìte, gi� k�je i ≥ i0, eÐnai kai

ord(
κ∏

j=1

fji − 1) =

ord{(fκi

κ−1∏

j=1

fji −
κ−1∏

j=1

fji) + (fκ−1,i

κ−2∏

j=1

fji −
κ−2∏

j=1

fji) +

· · ·+ (f1if2i − f1i) + (f1i − 1)}

≥ min{ord(fκi

κ−1∏

j=1

fji −
κ−1∏

j=1

fji), ord(fκ−1,i

κ−2∏

j=1

fji −
κ−2∏

j=1

fji),

. . . , ord(f1if2i − f1i), ord(f1i − 1)}
> M

(bl. parat rhsh l mmatoc 1.2). Ta parap�nw deÐqnoun ìti ord(
κ∏

j=1

fji− 1) i→∞−→

∞, �ra apì to l mma 1.2 èqoume ìti to �peiro ginìmeno
∞∏

i=1

κ∏

j=1

fji up�rqei ston

K[[X]]. 'Estw M > 0. Y�qnw n0 t.¸.

n ≥ n0 ⇒ ord(
κ∏

j=1

∞∏

i=1

fji −
n∏

i=1

κ∏

j=1

fji) > M .

'Eqoume ìti gi� k�je j = 1, . . . , κ up�rqei ijM t.¸. an i ≥ ijM tìte ord(fji−1) >

M . Jètoume n0
orσ
= max

1≤j≤κ
{ijM }. An t¸ra i ≥ n0, tìte ord(fji − 1) > M gi�

k�je j = 1, . . . , κ, �ra loipìn, gi� k�je j = 1, . . . , κ kai gi� k�je n ≥ n0 èqoume
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ord(
∞∏

i=n

fji − 1) > M , �ra kai ord(
κ∏

j=1

∞∏

i=n

fji − 1) > M . An loipìn n ≥ n0,

sunolik� èqoume:

ord(
κ∏

j=1

∞∏

i=1

fji −
n∏

i=1

κ∏

j=1

fji) =ord(
κ∏

j=1

n∏

i=1

fji(
κ∏

j=1

∞∏

i=n+1

fji − 1))

=ord(
κ∏

j=1

fji) + ord(
κ∏

j=1

∞∏

i=n+1

fji − 1)

=0 + ord(
κ∏

j=1

∞∏

i=n+1

fji − 1)

>M .

'Epetai loipìn ìti
∞∏

i=1

κ∏

j=1

fji =
κ∏

j=1

fj .

L mma 1.6 'Estw {fj}∞j=1 akoloujÐa antistreyÐmwn stoiqeÐwn tou K[[X]], h
opoÐa sugklÐnei se k�poio f ∈ K[[X]]. Tìte to f eÐnai antistrèyimo stoiqeÐo tou
K[[X]] kai m�lista, f−1 = lim

j→∞
f−1

j .

Apìdeixh. 'Estw fj =
∞∑

i=0

ajiX
i gi� j ≥ 1 kai f =

∞∑

i=0

aiX
i.

AfoÔ ord(fj − f)
j→∞−→ ∞, up�rqei j0 ∈ N t.¸. an j ≥ j0, tìte ord(fj − f) > 0.

Eidikìtera, autì sunep�getai ìti a0 = aj0 , �ra a0 6= 0. Sunep¸c, to f eÐnai

antistrèyimo stoiqeÐo tou K[[X]]. 'Estw gi� j = 1, 2, . . . f−1
j (X) =

∞∑

i=0

bjiX
i

kai f−1(X) =
∞∑

i=0

biX
i. Ta bji kajorÐzontai monos manta apì tic sqèseic





aj0bj0 = 1
aj1bj0 + aj0bj1 = 0
...
ajibj0 + . . . + aj0bji = 0
...
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kai ta bi omoÐwc apì tic




a0b0 = 1
a1b0 + a0b1 = 0
...
aib0 + . . . + a0bi = 0
...

'Estw M > 0. BrÐskoume jM t.¸. an j ≥ jM , tìte ord(fj − f) > 0.
Dhlad  gi� k�je j ≥ jM , aji = ai gi� i = 0, . . . , M . An loipìn j ≥ jM ,
apì tic parap�nw sqèseic, kai epeid  aji = ai gi� i = 0, . . . ,M , prokÔptei ìti
bji = bi gi� i = 0, . . . , M , dhlad  an j ≥ jM , ord(f−1

j − f−1) > M . 'Ara

ord(f−1
j − f−1)

j→∞−→ ∞.
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2 Treic shmantikèc dunamoseirèc sto Ωp[[X]].

Se aut n thn enìthta exet�zoume k�poiec shmantikèc dunamoseirèc ìtan to s¸ma
K eÐnai to Ωp. Autèc oi dunamoseirèc

∑
n

anXn orÐzoun sugklÐnousec seirèc
∑

n

anxn gi� x se kat�llhlo dÐsko D, kètrou 0, tou Ωp.

'Estw f =
∞∑

n=0

anXn ∈ Ωp[[X]] kai x ∈ Ωp. 'Eqei nìhma na d¸sei kaneÐc thn

tim 
∞∑

n=0

anxn sto f(x), ìtan, antikajist¸ntac to x sto X, h seir�
∞∑

n=0

anxn

sugklÐnei,   isodÔnama |anxn|p n→∞−→ 0. Kat' analogÐa me to R kai to C, h aktÐna

sÔgklishc thc dunamoseir�c
∞∑

n=0

anXn orÐzetai wc r = 1

lim sup
n→∞

|an|
1
n
p

. 'Opwc kai

sthn perÐptwsh tou R   tou C, o ìroc aktÐna sÔgklishc dikaiologeÐtai apì to

ìti, kaj¸c apodeiknÔetai, an |x|p < r, tìte h seir�
∞∑

n=0

anxn sugklÐnei, en¸ an

|x|p > r, tìte h seir�
∞∑

n=0

anxn apoklÐnei.

Pragmatik�, èstw x ∈ Ωp me |x|p < r. Jètoume |x|p = (1 − e)r ìpou

0 < e ≤ 1. AfoÔ lim sup |an|
1
n
p = 1

r , èpetai ìti up�rqei n0 ∈ N t.¸. an n ≥ n0,

tìte |an|
1
n
p ≤ 1

r < 1
r(1− 1

2
e) . 'Ara èqoume ìti

lim
n→∞ |anxn|p = lim

n→∞(|an|
1
n
p )n(r(1− e))n <

lim
n→∞ rn(

1
r(1− 1

2e)
)n(1− e)n = lim

n→∞(
(1− e)r
(1− 1

2e)r
)n = 0.

'Estw x ∈ Ωp me |x|p > r. Jètoume |x|p = (1 + e)r ìpou 0 < e. 'Eqoume

ìti lim
κ→∞ |anκ |

1
nκ
p =

1
r

ìpou anκ mÐa upakoloujÐa thc an, �ra up�rqei κ0 t.¸. an

κ ≥ κ0, tìte |anκ |
1

nκ
p > 1

r(1+ 1
2
e) . 'Eqoume loipìn ìti

lim
κ→∞ |anκxnκ |p > lim

κ→∞ rnκ(1 + e)nκ(
1

r(1 + 1
2e)

)nκ = ∞,

sunep¸c |anxn|p
n→∞
6−→ 0.
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2.1 H logarijmik  sun�rthsh.

'Estw h tupik  dunamoseir�
∞∑

n=1

(−1)n+1 Xn

n
∈ Ωp[[X]]. 'Eqoume r = 1

lim sup
n→∞

p
ordpn

n

.

Epeid  ìmwc ordpn
n ≤ logpn

n
n→∞−→ 0, èqoume ìti r = 1. Epiplèon, an x ∈ Ωp me

|x|p = 1, tìte |anxn|p = pordpn ≥ 1, sunep¸c h
∞∑

n=1

(−1)n+1 xn

n
apoklÐnei gi�

ìla ta x ∈ Ωp me |x|p = 1.

H dunamoseir�
∞∑

n=1

(−1)n+1 Xn

n
orÐzei, loipìn, mÐa sun�rthsh apì ton anoiqtì

dÐsko D(1−) sto Ωp pou apeikonÐzei to x ∈ D(1−) sto
∞∑

n=1

(−1)n+1 xn

n
. Aut n

th sun�rthsh ja th sumbolÐzoume logp(1 + X) kai sunep¸c ja èqoume logp(1 +

x) =
∞∑

n=1

(−1)n+1 xn

n
gi� k�je x ∈ D(1−).

2.2 H ekjetik  sun�rthsh.

'Estw h tupik  dunamoseir�
∞∑

n=0

Xn

n!
∈ Ωp[[X]]. 'Eqoume r = 1

lim sup
n→∞

p
ordpn!

n

.

IsqÔei to ex c fr�gma :

ordpn!
n = 1

n

∞∑

i=1

[
n

pi
] ≤ 1

n

∞∑

i=1

n

pi
=

1
p− 1

.

An jewr soume thn upakoloujÐa apN thc an tìte :

lim
N→∞

|apN |
1

pN

p = lim
N→∞

p

1

pN

∞∑

i=1

[
pN

pi
]
=

lim
N→∞

p
1

pN (pN−1+pN−2+...+p+1)
= lim

N→∞
p

pN−1

pN+1−pN = p
1

p−1 ,

�ra h aktÐna sÔgklishc eÐnai r = 1

p
1

p−1
= p

− 1
p−1 . Epiplèon, an |x|p = r, h

seir� apoklÐnei diìti h akoloujÐa me genikì ìro anxn = xn

n! den eÐnai mhdenik .
Pr�gmati, an jewr soume thn upakoloujÐa {ank

xnk}, nk = pk, tìte
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ordp(ank
xnk) = −ordp(pk!) + pk

p−1 = −(1 + p + . . . + pk−1) + pk

p−1 = 1
p−1 ,

�ra h upakoloujÐa {|ank
xnk |p} den eÐnai mhdenik .

H dunamoseir�
∞∑

n=0

Xn

n!
orÐzei, loipìn, mÐa sun�rthsh apì ton anoiqtì dÐsko

D(p−
1

p−1−) sto Ωp pou apeikonÐzei to x ∈ D(p−
1

p−1−) sto
∞∑

n=0

xn

n!
. Aut n

th sun�rthsh ja th sumbolÐzoume expp(X) kai sunep¸c ja èqoume expp(x) =
∞∑

n=0

xn

n!
gi� k�je x ∈ D(p−

1
p−1−).

2.3 H diwnumik  sun�rthsh.

Gi� k�je α ∈ Ωp, orÐzoume thn tupik  dunamoseir�

Bα,p(X)
orσ
= 1 +

∞∑

n=1

α(α− 1) · . . . · (α− n + 1)
n!

Xn =
∞∑

n=0

anXn, h opoÐa enal-

laktik¸c sumbolÐzetai kai wc (1 + X)α. Gi� th melèth thc sÔgklis c thc ja
diakrÐnoume k�poiec peript¸seic, an�loga me thn tim  |α|p, kaj¸c h aktÐna sÔgk-
lis c thc exart�tai apì thn tim  aut .

'Estw ìti |α|p > 1. Tìte kaj¸c gi� k�je i ∈ Z isqÔei ìti |α − i|p =

|α|p, èqoume ìti r = 1

lim sup
n→∞

|α
n

n!
|
1
n
p

= p
− 1

p−1

|α|p , afoÔ sumfwna me ta parap�nw

lim sup
n→∞

(
1
n!

)
1
n = p

1
p−1 . Epiplèon, an x ∈ Ωp me |x|p = p

− 1
p−1

|α|p , tìte

lim→∞ |anxn|p = lim
n→∞

|α|np
|n!|p

p
− 1

p−1

|α|np
= p

− sn
p−1

n→∞
6−→ 0,

p�li sumfwna me ta parap�nw, sunep¸c h 1+
∞∑

n=1

α(α− 1) · . . . · (α− n + 1)
n!

xn

apoklÐnei gi� k�je x ∈ Ωp me |x|p = p
− 1

p−1

|α|p . 'Otan loipìn |α|p > 1, o dÐskoc

sÔklishc thc Bα,p(X) eÐnai o D(p
− 1

p−1

|α|p −).
'Estw t¸ra ìti |α|p ≤ 1. Tìte gi� k�je i ∈ N, |α − i|p ≤ 1, �ra gi� k�je

x ∈ Ωp, |anxn|p ≤ |xn

n! |p. Apì ìsa eÐpame gi� thn
∞∑

n=0

Xn

n!
èpetai ìti h Bα,p(X)

sugklÐnei toul�qiston sto dÐsko D(p−
1

p−1−).

14



Sthn perÐptwsh pou |α|p ≤ 1 kai eidikìtera an α ∈ Zp, ja deÐxoume
ìti Bα,p(X) ∈ Zp[[x]] kai sunep¸c sugklÐnei toul�qiston sto dÐsko D(1−).3

Dhlad , prèpei na deÐxoume ìti, an α ∈ Zp, tìte α(α−1)·...·(α−n+1)
n! ∈ Zp.

AfoÔ α ∈ Zp, èqoume ìti α = b0+b1p+b2p
2+. . . me touc bi ∈ {0, 1, . . . , p−

1}. Eidikìtera, α = b+pnβ, ìpou b ∈ Z kai β ∈ Zp. 'Ara α(α−1) · . . . ·(α−n+
1) = b(b− 1) · . . . · (b− n + 1) + pnγ me γ ∈ Zp. 'Epetai ìti α(α−1)·...·(α−n+1)

n! =(
b
n

)
+ pn

n! γ. All� t¸ra
(

b
n

) ∈ Z kai pn

n! ∈ Zp, afoÔ ordp(pn

n! ) = n − ordp(n!) >

n− n
p−1 ≥ 0. 'Ara α(α−1)·...·(α−n+1)

n! ∈ Zp.

3An f =

∞X
n=0

anXn ∈ Zp[[X]] kai x ∈ Ωp me |x|p < 1, tìte |anxn|p ≤ |x|np n→∞−→ 0, �ra h

f(X) sugklÐnei toul�qiston ston dÐsko D(1−).

15



3 Dunamoseirèc poll¸n metablht¸n.

Sthn enìthta aut  genikeÔoume thn ènnoia twn tupik¸n dunamosei¸n apì mÐa se
perissìterec metablhtèc. Diatup¸noume kai apodeiknÔoume mÐa seir� apì l m-
mata, antÐstoiqa aut¸n thc enìthtac 1, kai exet�zoume k�poiec idiìthtec pou tic
aforoÔn.

'Estw R akèraia perioq . OrÐzoume wc to sÔnolo twn tupik¸n dunamo-
seir¸n n metablht¸n me suntelestèc apì thn R, kai to sumbolÐzoume R[[X1, . . . , Xn]],
to sunolo {f : f : Nn

0 → R}. To tupikì stoiqeÐo f ∈ R[[X1, . . . , Xn]] to sum-
bolÐzoume

∑
ri1,...inXi1

1 · . . . ·Xin
n .

MetaxÔ twn stoiqeÐwn tou R[[X1, . . . , Xn]] orÐzoume prìsjesh kai pol-
laplasiasmì wc ex c : An f, g ∈ R[[X1, . . . , Xn]] me f =

∑
ri1,...inXi1

1 · . . . ·Xin
n

kai g =
∑

si1,...inXi1
1 · . . . ·Xin

n , tìte orÐzoume

f + g =
∑

(ri1,...in + si1,...in)Xi1
1 · . . . ·Xin

n

kai

f · g =
∑

ti1,...,inXi1
1 · . . . ·Xin

n ,

ìpou ti1,...,in =
∑

(j1,...,jn),(k1,...,kn) me
(j1,...,jn)+(k1,...,kn)=

(i1,...,in)

rj1,...,jnsk1,...,kn .

EpÐshc, gi� k�je f =
∑

ri1,...inXi1
1 · . . . · Xin

n ∈ R[[X1, . . . , Xn]] orÐzoume wc
bajmì tou f , kai sumbolÐzoume me ordf , ton arijmì

d
orσ
= min{d′ ∈ N0 : d

′
= i1 + . . . + ingi� k�poio ri1,...in 6= 0},

k�nontac thn sÔmbash ìti f = 0 ⇔ ordf = ∞.
Katìpin twn parap�nw eÐnai fanerì ìti to sÔnolo R[[X1, . . . , Xn]] èqei dom 
daktulÐou.

StajeropoioÔme R+ 3 ρ < 1 kai orÐzoume th sun�rthsh | · |X1,...,Xn :
R[[X1, . . . , Xn]] → R wc ex c : An f =

∑
ri1,...inXi1

1 ·. . .·Xin
n ∈ R[[X1, . . . , Xn]],

tìte |f |X1,...,Xn

orσ
= ρordf .

L mma 3.1 H |·|X1,...,Xn eÐnai mÐa mh arqim deia nìrma tou daktulÐou R[[X1, . . . , Xn]].
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Apìdeixh :i) 'Eqoume ex' orismoÔ |f |X1,...,Xn = 0 ⇔ ρordf = 0 ⇔ ordf =
∞⇔ f = 0

ii)'Estw f =
∑

ri1,...inXi1
1 · . . . · Xin

n kai g =
∑

si1,...inXi1
1 · . . . · Xin

n

ston R[[X1, . . . , Xn]], me ordf = d1 kai ordg = d2. Ja deÐxoume ìti ordfg =
ordf + ordg = d1 + d2. An autì deiqjeÐ, tìte ja èqoume :

|fg|X1,...,Xn = ρordfg = ρordf+ordg = ρordfρordg = |f |X1,...,Xn |g|X1,...,Xn .

'Estw loipìn ìti f · g =
∑

ti1,...,inXi1
1 · . . . ·Xin

n .
IsqÔei ìti ord(fg) ≥ d1 + d2.
Pr�gmati, afoÔ ìloi oi ìroi thc f eÐnai bajmoÔ ≥ d1 kai ìloi oi ìroi thc g eÐnai
bajmoÔ ≥ d2, èpetai ìti ìloi oi ìroi thc f · g eÐnai bajmoÔ ≥ d1 + d2 �ra kai o
elaqistob�jmioc ìroc thc f · g eÐnai bajmoÔ d1 + d2.
Epiplèon isqÔei ìti to polu¸numo

(
∑

j1+...+jn=d1

rj1,...,jnXj1
1 · . . . ·Xjn

n )(
∑

k1+...+kn=d2

sk1,...,knXk1
1 · . . . ·Xkn

n ),

pou eÐnai <<tm ma>> thc seir�c f · g, eÐnai mh mhdenikì (�ra bajmoÔ d1 + d2).
Pr�gmati, an  tan mhdenikì, tìte, afoÔ o R eÐnai akèraia perioq , èpetai kai ìti
to R[X1, . . . , Xn] eÐnai akèraia perioq , sunep¸c,

 
∑

j1+...+jn=d1

rj1,...,jnXj1
1 · . . . ·Xjn

n = 0,

eÐte
∑

k1+...+kn=d2

sk1,...,knXk1
1 · . . . ·Xkn

n = 0.

'Omwc, kaj¸c ordf = d1 kai ordg = d2, kammÐa ìmwc apì tic parap�nw
peript¸seic den eÐnai dunat . Ta parap�nw deÐqnoun ìti ord(f · g) = d1 + d2.
iii)Ja deÐxoume ìti ord(f + g) ≥ min(ordf, ordg). An autì deiqjeÐ, tìte ja
èqoume : |f + g|X1,...,Xn = ρord(f+g) ≤ ρmin(ordf,ordg) = max(ρordf , ρordg) =
max(|f |X1,...,Xn , |g|X1,...,Xn).
An d1 6= d2, tìte profan¸c ord(f + g) = min(d1, d2). An d1 = d2, tìte
ord(f + g) ≥ min(d1, d2), kaj¸c endèqetai na èqoume ri1,...,in + si1,...,in = 0 gi�
k�je mh mhdenikoÔc ri1,...,in , si1,...,in me i1 + . . . + in = d1 + d2. Sunolik� loipìn
ord(f + g) ≥ min(d1, d2).

L mma 3.2 O daktÔlioc R[[X1, . . . , Xn]] eÐnai pl rhc wc proc thn | · |X1,...,Xn .
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Apìdeixh : 'Estw {fm}m∈N0 me fm =
∑

rmi1,...,in
Xi1

1 , . . . , Xin
n akoloujÐa

Cauchy stoiqeÐwn tou R[[X1, . . . , Xn]]. Ja deÐxoume ìti ord(fm − f) m→∞−→ ∞
gi� k�poio f =

∑
ri1,...,inXi1

1 , . . . , Xin
n ∈ R[[X1, . . . , Xn]]. AfoÔ h {fm}m∈N0

eÐnai Cauchy èqoume ìti gi� k�je M ≥ 0 mporoÔme na broÔme mM t.¸. an m2 >

m1 ≥ mM , tìte ord(fm2−fm1) > M . OrÐzoume to f =
∑

ri1,...,inXi1
1 , . . . , Xin

n

wc ex c : Gi� M = 0, 1, . . . jètoume

m
′
M = min{mM : m2 > m1 ≥ mM ⇒ ord(fm2 − fm1) > M}.

ParathroÔme ìti, an M1 < M2, tìte m
′
M1

≤ m
′
M1

.
Gi� k�je (i1, . . . , in) me i1+. . .+in ≤ M , jètw ri1,...,in := r

m
′
M i1,...,in

. Ta ri1,...,in

ètsi orÐzontai kal¸c, diìti an M1 < M2, tìte m
′
M1

≤ m
′
M2

, �ra ord(f
m
′
M2

−
f

m
′
M1

) > M1, dhlad  r
m
′
M2 i1,...,in

= r
m
′
M1 i1,...,in

gi� k�je (i1, . . . , in) me i1+ . . .+

in ≤ M .
Ja deÐxoume t¸ra ìti ord(fm − f) m→∞−→ ∞.
'Estw M ≥ 0. An m ≥ m

′
M èqoume : ord(fm − f

m
′
M

) > M apì thn idiìthta
tou m

′
M , all� kai ord(f

m
′
M
− f) > M apì ton orismì tou f . Sunep¸c

ord(fm − f) = ord(fm − f
m
′
M

+ f
m
′
M
− f)

≥ min(ord(fm − f
m
′
M

), ord(f
m
′
M
− f))

> M.

L mma 3.3 'Estw {fm}m∈N0 akoloujÐa stoiqeÐwn tou R[[X1, . . . , Xn]] me ordfm =

0 gi� k�je m ≥ 0. Tìte to ginìmeno
∞∏

i=0

fi up�rqei ston R[[X1, . . . , Xn]] an kai

mìno an ord(fm − 1) m→∞−→ ∞.

Apìdeixh :Kat' arq�c parathroÔme ìti, an f , g ∈ R[[X1, . . . , Xn]] me
ordf = 0, tìte ord(gf − f) > M an kai mìno e�n ord(g − 1) > M . Pr�gmati

ord(fg − f) > M ⇔ ordf + ord(g − 1) > M ⇔ 0 + ord(g − 1) > M .

Jètoume fm =
∑

rmi1,...,in
Xi1

1 , . . . , Xin
n . 'Estw ìti ord(

m∏

i=0

fi−f) m→∞−→ ∞

gi� k�poio f =
∑

ri1,...,inXi1
1 , . . . , Xin

n ∈ R[[X1, . . . , Xn]], kai èstw M ≥ 0.

BrÐskoume mM ∈ N0 t.¸. an m ≥ mM , tìte ord(
m∏

i=0

fi − f) > M .
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Gi� k�je n ≥ 0 èqoume:

ord(fmM+n+1

mM+n∏

i=0

fi −
mM+n∏

i=0

fi) =

ord(fmM+n+1

mM+n∏

i=0

fi − f + f −
mM+n∏

i=0

fi)

≥ min(fmM+n+1ord(
mM+n∏

i=0

fi − f), ord(
mM+n∏

i=0

fi − f))

> M ,

kaj¸c

ord(
mM+n+1∏

i=0

fi − f), ord(
mM+n∏

i=0

fi − f) > M .

Apì thn parat rhsh èpetai ìti ord(fmM+n+1 − 1) > M , �ra loipìn, gi� k�je
m ≥ mM + 1, èqoume ord(fm − 1) > M .
AntÐstrofa, èstw ìti ord(fm − 1) m→∞−→ ∞. Ja deÐxoume ìti h akoloujÐa

{
m∏

i=0

fi}m∈N0 eÐnai Cauchy. 'Estw M > 0. BrÐskoume mM ∈ N0 t.¸. an

m ≥ mM , tìte ord(fm − 1) > M . 'Estw m2 > m1 ≥ mM . Tìte :

ord(
m2∏

i=0

fi −
m1∏

i=0

fi) = ord{
m1∏

i=0

fi(
m2∏

i=m1+1

fi − 1)} =

ord(
m1∏

i=0

fi) + ord{
m2∏

m1+1

fi −
m2−1∏

m1+1

fi +
m2−1∏

m1+1

fi −
m2−2∏

m1+1

fi +
m2−2∏

m1+1

fi −

. . . + fm1+1 − fm1+1 − 1}

≥ ord(
m1∏

i=0

fi) + min{ord(fm2

m2−1∏

i=m1+1

fi −
m2−1∏

i=m1+1

fi), . . . , ord(fm1+2fm1+1 − fm1+1),

, ord(fm1+1 − 1)}

≥ min(ord(fm2

m2−1∏

i=m1+1

fi −
m2−1∏

i=m1+1

fi), . . . , ord(fm1+2fm1+1 − fm1+1),

, ord(fm1+1 − 1)}
> M
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lìgw thc parat rhshc, kaj¸c ord(fm − 1) > M gi� m = m1 + 1, . . . , m2

apì thn upìjesh. Sunep¸c h akoloujÐa {
m∏

i=0

fi}m∈N0 eÐnai Cauchy.

L mma 3.4 'Estw f =
∑

rj1,...,jnXj1
1 . . . Xjn

n ∈ R[[X1, . . . , Xn]]. OrÐzoume

fd =
∑

rj1,...,jnXj1
1 , . . . , Xjn

n me rj1,...,jn = 0 gi� k�je (j1, . . . , jn) me j1 + . . . +
jn > d. Akìma, gi� k = 1, . . . , n, èstw gk ∈ R[[X1, . . . , Xn]] me ord(gk) > 0.
Tìte h akoloujÐa {fd(g1, . . . , gn)}d∈N0 eÐnai Cauchy. 4

Apìdeixh : Gi� k�je k = 1, . . . , n jètoume gk =
∑

ski1,...,in
Xi1

1 . . . Xin
n .

'Estw M ≥ 0. ArkeÐ na deÐxoume ìti an d > M , tìte ord(fd(g1, . . . , gn) −
fM (g1, . . . , gn)) > M , diìti an to parap�nw isqÔei kai d2 > d1 ≥ M + 1, tìte

ord(fd2(g1, . . . , gn)− fd1(g1, . . . , gn)) ≥
min{ord(fd2(g1, . . . , gn)− fM (g1, . . . , gn)) , ord(fd1(g1, . . . , gn)− fM (g1, . . . , gn))}

> M .

'Estw loipìn d > M kai èstw (j1, . . . , jn) me j1+. . .+jn ≤ M . Ja deÐxoume
ìti oi antÐstoiqoi suntelestèc twn fd(g1, . . . , gn) kai fM (g1, . . . , gn) eÐnai Ðsoi.
'Eqoume ìti :

fM (g1, . . . , gn) =
∑

rj1,...,jn(
∑

s1i1...in
Xi1

1 . . . Xin
n )j1 . . . (

∑
ski1,...,in

Xi1
1 . . . Xin

n )jn ,

ìpou rj1,...,jn = 0 gi� k�je (j1, . . . , jn) me j1 + . . . + jn > M , kai

fd(g1, . . . , gn) = fM (g1, . . . , gn) + A,

ìpou

A
orσ
=

∑
rj1,...,jn(

∑
s1i1...in

Xi1
1 . . . Xin

n )j1 . . . (
∑

ski1,...,in
Xi1

1 . . . Xin
n )jn

me rj1,...,jn = 0 gi� k�je (j1, . . . , jn) me j1+. . .+jn ≤ M   j1+. . .+jn > d. 'Estw
kj1,...,jn o antÐstoiqoc suntelest c tou fM (g1, . . . , gn). Tìte o antÐstoiqoc sun-
telest c tou fd(g1, . . . , gn) ja eÐnai kj1,...,jn +tj1,...,jn , ìpou tj1,...,jn eÐnai o antÐs-
toiqoc suntelest c sto A. 'Omwc, kaj¸c ord(

∑
ski1,...,in

Xi1
1 . . . Xin

n ) ≥ 1 gi�
k�je k = 1, . . . , n, k�je prosjetaÐoc tou A eÐnai stoiqeÐo tou R[[X1, . . . , Xn]]

4ParathroÔme ìti gi� k�je d ≥ 0, to fd(g1, . . . , gn) orÐzetai kal¸c, afoÔ eÐnai peperasmèno
�jroisma stoiqeÐwn tou R[[X1, . . . , Xn]].
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me bajmì ≥ j1 + . . .+jn > M , �ra tj1,...,jn = 0. 'Epetai loipìn ìti oi antÐstoiqoi
suntelestèc twn fM (g1, . . . , gn) kai fd(g1, . . . , gn) eÐnai Ðsoi.

JewroÔme gnwstì apì thn An�lush ìti isqÔoun oi parak�tw duo prot�seic:

Prìtash 3.1 'Estw f, fd, g1, . . . , gk ìpwc sthn ekf¸nhsh tou l mmatoc 3.4,
ìpou t¸ra R = R. 'Estw akìma ìti gi� k�poio ε > 0 oi dunamoseirèc f, g1, . . . , gk

eÐnai apolÔtwc sugklÐnousec gi� Xi = xi sto di�sthma [−ε, ε] ⊆ R. Tìte h
dunamoseir� f ◦ g eÐnai apolÔtwc sugklÐnousa sto [−ε

′
, ε
′
] ⊆ [−ε, ε] gi� k�poio

ε
′
> 0.

Prìtash 3.2 An, upì tic proupojèseic tou prohgoÔmenou l mmatoc, f◦g(x1, . . . , xn) =
0 gi� k�je (x1, . . . , xn) ∈ [−ε, ε]n, tìte h f ◦ g eÐnai h mhdenik  dunamoseir� sto
R[X1, . . . , Xn].

Sta parak�tw to K sumbolÐzei èna s¸ma qarakthristhk c 0, opìte to K
eÐnai epèktash tou s¸matoc Q. Gi� n akèraio ≥ 1 orÐzoume tic ex c dunamoseirèc
tou K[[X1, . . . , Xn]] :

log(1 + Xi)
orσ
=

∞∑

k=1

Xk
i , expXi

orσ
=

∞∑

k=0

1
k!

Xk
i (i = 1, . . . , n),

log
n∏

i=1

(1 + Xi)
orσ
=

∞∑

k=1

(−1)k+1

k

(
(1 + X1) · . . . · (1 + Xn)

)k

exp
n∑

i=1

Xi
orσ
=

∞∑

k=0

1
k!

(X1 + . . . + Xn)k.

Gi� k�je f, g ∈ K[[X1, . . . , Xn]] me ordf, ordg > 0,

Bg,p(f)
orσ
= (1 + f)g orσ

= 1 +
∞∑

k=1

g(g − 1) · . . . · (g − k + 1)
k!

fk.

SÔmfwna me th jewrÐa pou mèqri t¸ra ekjèsame, ìlec oi parap�nw dunamoseirèc
eÐnai kal¸c orismèna stoiqeÐa tou K[[X1, . . . , Xn]]. 'Olec autèc tic seirèc m-
poroÔme na tic doÔme kai wc tupikèc dunamoseirèc me suntelestèc apì to Q,
kai ìpwc ja doÔme se k�je perÐptwsh, k�je mÐa apì autèc tic seirèc orÐzei
apolÔtwc sugklÐnousa dunamoseir� n metablht¸n se kat�llhlo ε-kÔbo tou Rn.
Ed¸, <<ε-kÔboc tou Rn>> (gi� ε > 0) shmaÐnei to sÔnolo
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{(x1, . . . , xn) ∈ Rn : |xk| < ε gi� ìla ta k = 1, . . . , n}.
Apì ta sumfrazìmena ja eÐnai safèc pìte mÐa dunamoseir� me rhtoÔc sunte-
lestèc th blèpoume wc stoiqeÐo tou K[[X1, . . . , Xn]] kai pìte wc sun�rthsh n
metablht¸n orismènh se k�poio ε-kÔbo tou Rn.

TAUT. 3.1 Gi� k�je n ≥ 1, isqÔei
n∑

i=1

log(1 + Xi) = log(
n∏

i=1

(1 + Xi)).

Apìdeixh : Ja deÐxoume ìti log(1 + X1) + log(1 + X2) = log((1 +
X1)(1 + X2)), opìte, gi� n > 2, to zhtoÔmeno èpetai apì apl  epagwg .
DouleÔoume sto daktÔlio K[[X1, . . . , Xn]]. JewroÔme th dunamoseir� f =
∞∑

n=1

(−1)n+1 Xn
1 + Xn

2 −Xn
3

n
. Wc sun�rthsh orismènh stonR3, h f eÐnai apolÔtwc

sugklÐnousa ston 1
3−kÔbo diìti gi� k�je (x1, x2, x3) ston 1

3−kÔbo èqoume :

|(−1)n+1 xn
1 +xn

2−xn
3

n | ≤ 1
3n−1n

kai h
∞∑

n=1

1
3n−1n

sugklÐnei. JewroÔme akìma tic

dunamoseirèc g1 = X1, g2 = X2, g3 = X1+X2+X1X2, oi opoÐec eÐnai apolÔtwc
sugklÐnousec ston 1

3−kÔbo tou R3. Apì thn prìtash 3.1, gi� k�poio 0 < ε
′ ≤ ε,

an (x1, x2, x3) ston ε
′-kÔbo, h f(g1(x1, x2, x3), g2(x1, x2, x3), g3(x1, x2, x3)) eÐnai

sugklÐnousa. 'Omwc

f(g1(x1, x2, x3), g2(x1, x2, x3), g3(x1, x2, x3)) = f(x1, x2, x1 + x2 + x1x2) =

log(1 + x1) + log(1 + x2)− log(1 + x1 + x2 + x2x2) =

log(1 + x1) + log(1 + x2)− log((1 + x1)(1 + x2)) = 0.

'Ara apì to l mma 3.2 ìloi oi suntelestèc thc dunamoseir�c f(X1, X2, X1 +
X2 + X1X2) eÐnai 0. An k�noume dhlad  pr�xeic sto �jroisma

∞∑

n=1

(−1)n+1

n
(Xn

1 + Xn
2 − (X1 + X2 + X1X2)n), (5)

ja broÔme ìti oi suntelestèc tou Xi
1X

j
2 gi� k�je (i, j) ∈ N2 eÐnai mhdèn. Stic

pr�xeic ìmwc autèc upeisèrqontai mìno oi rhtoÐ kai oi idiìthtèc touc, sunep¸c,
an doÔme thn 5 wc dunamoseir� me suntelestèc apì opoiad pote epèktash tou
Q ja prokÔyei p�li to Ðdio sumpèrasma.
Katal goume loipìn sto sumpèrasma ìti, ston K[[X1, X2]] isqÔei h tautìthta
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∞∑

n=1

(−1)n+1

n
Xn

1 +
∞∑

n=1

(−1)n+1

n
Xn

2 =
∞∑

n=1

(−1)n+1

n
(X1 + X2 + X1X2)n,

dhlad 

log(1 + X1) + log(1 + X2) = log((1 + X1)(1 + X2)).

TAUT. 3.2 Gi� k�je n ≥ 1, isqÔei
n∏

i=1

exp(Xi) = exp(
n∑

i=1

Xi).

Apìdeixh :Ja deÐxoume ìti exp(X1) exp(X2) = exp(X1 + X2), opìte gi�
n > 2, to zhtoÔmeno èpetai apì apl  epagwg . DouleÔoume ston K[[X1, X2, X3]].

JewroÔme th dunamoseir� f =
∞∑

n=0

(
n∑

k=0

Xk
1

k!
Xn−k

2

(n− k)!
−Xn

3

n!
) h opoÐa eÐnai apolÔtwc

sugklÐnousa ston 1
3−kÔbo tou R3, diìti, gi� k�je (x1, x2, x3) ston 1

3−kÔbo è-

qoume : |
n∑

k=0

xk
1

k!
xn−k

2

(n− k)!
− xn

3

n!
| ≤ n + 2

3n
kai h

∞∑

n=1

n + 2
3n

sugklÐnei. JewroÔme

akìma tic dunamoseirèc g1 = X1, g2 = X2, g3 = X1 + X2, oi opoÐec eÐnai
apolÔtwc sugklÐnousec ston 1

3 -kÔbo tou R3. Apì thn prìtash 3.1, gi� k�poio
ε
′ ≤ 1

3 , an (x1, x2, x3) ston ε
′-kÔbo, h f(g1(x1, x2, x3), g2(x1, x2, x3), g3(x1, x2, x3))

eÐnai sugklÐnousa. 'Omwc

f(g1(x1, x2, x3), g2(x1, x2, x3), g3(x1, x2, x3)) =

f(x1, x2, x1 + x2) = exp(x1) + exp(x2)− exp(x1 + x2) = 0.

'Ara apì thn prìtash 3.2, ìloi oi suntelestèc thc dunamoseir�c f(X1, X2, X1 +
X2) eÐnai 0. T¸ra me epiqeÐrhma ìmoio me autì tou TAUT. 3.1, katal goume sto
sumpèrasma ìti ston K[[X1, X2]] isqÔei h tautìthta

∞∑

n=0

(
n∑

k=0

Xk
1

k!
Xn−k

2

(n− k)!
) =

∞∑

n=0

Xn
1

n!

∞∑

n=0

Xn
2

n!
=

∞∑

n=0

(X1 + X2)n

n!
,

dhlad 

exp(X1) · exp(X2) = exp(X1 + X2).

TAUT. 3.3 log(exp(X)) = X.
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Apìdeixh : DouleÔoume ston K[[X1, X2]]. JewroÔme th dunamoseir�

f =
∞∑

n=1

(−1)n+1

n
Xn

1−X2, h opoÐa eÐnai apolÔtwc sugklÐnousa ston 1
3−kÔbo tou

R2, diìti, an |x1| ≤ 1
3 , h

∞∑

n=1

(−1)n+1

n
xn

1 sugklÐnei apolÔtwc. JewroÔme akìma

tic dunamoseirèc g1 =
∞∑

n=1

Xn
1

n!
, g2 = X1, oi opoÐec eÐnai apolÔtwc sugklÐnousec

ston 1
3 -kÔbo tou R2. Apì thn prìtash 3.1, gi� k�poio ε

′ ≤ 1
3 , an (x1, x2) ston

ε
′-kÔbo, h f(g1(x1, x2), g2(x1, x2)) eÐnai sugklÐnousa. 'Omwc

f(g1(x1, x2), g2(x1, x2)) = f(exp(x1)− 1, x1) =

∞∑

n=1

(−1)n

n
[exp(x1)− 1]n − x1 = log(exp(x1))− x1 = 0.

'Ara apì thn prìtash 3.2 ìloi oi suntelestèc thc dunamoseir�c f(g1(X1, X2), X1) =
log[1 + (exp(X1)− 1)]−X1 = log(exp(X1))−X1 eÐnai 0. 'Epetai loipìn, ìmoia
me prin, ìti isqÔei h tautìthta

log(exp(X)) = X.

TAUT. 3.4 exp(log(1 + X)) = 1 + X.

Apìdeixh : DouleÔoume ston K[[X1, X2]]. JewroÔme th dunamoseir�

f =
∞∑

n=0

Xn
1

n!
− X2, h opoÐa eÐnai apolÔtwc sugklÐnousa ston 1

3−kÔbo tou R2.

JewroÔme akìma tic dunamoseirèc g1 =
∞∑

n=1

(−1)n+1

n
Xn

1 , g2 = 1 + X1 oi opoÐec

eÐnai apolÔtwc sugklÐnousec ston 1
3−kÔbo tou R2. Apì thn prìtash 3.1, gi�

k�poio ε
′ ≤ 1

3 , an (x1, x2) ston ε
′-kÔbo, h f(g1(x1, x2), g2(x1, x2)) eÐnai sugklÐ-

nousa. 'Omwc

f(g1(x1, x2), g2(x1, x2)) = f(log(1 + x1), 1 + x1) =

∞∑

n=1

1
n!

[log(1 + x1)]n − (1 + x1) = exp(log(1 + x1))− (1 + x1) = 0.

'Ara apì thn prìtash 3.2, ìloi oi suntelestèc thc dunamoseir�c
f(g1(X1, X2), g2(X1, X2)) = exp(log(1+X1))−(1+X1) eÐnai 0. 'Epetai loipìn,
ìmoia me prin, ìti isqÔei h tautìthta
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exp(log(1 + X)) = 1 + X.

TAUT. 3.5 Gi� k�je m ∈ Z∗, isqÔei [(1 + X)
1
m ]m = 1 + X.

Apìdeixh :DouleÔoume ston K[[X1, X2]]. JewroÔme th dunamoseir� f =
Xm

1 −X2. H f eÐnai apolÔtwc sugklÐnousa ston 1
3−kÔbo tou R2. JewroÔme akì-

ma tic dunamoseirèc g1 = (1+X1)
1
m = 1+

∞∑

n=1

1
m( 1

m − 1) · . . . · ( 1
m − n + 1)

n!
Xn

1 ,

g2 = 1 + X1. H g2 eÐnai apolÔtwc sugklÐnousa ston 1
3−kÔbo. To Ðdio isqÔei

kai gi� thn g1 diìti :

-An m = 1, tìte g1 = 1 + X1, h opoÐa sugklÐnei apolÔtwc kata tetrimmèno
trìpo ston 1

3−kÔbo.

-An m = −1, tìte g1 = (1 + X1)−1 = 1 −
∞∑

n=1

Xn
1 , h opoÐa sugklÐnei

apolÔtwc ston 1
3−kÔbo.

-An |m| ≥ 2,   isodÔnama | 1
m | ≤ 1

2 , tìte, gi� k�je k ∈ N èqoume | 1
m − k| ≤

2k+1
2 . 'Ara, an (x1, x2) ston 1

3−kÔbo, tìte

|
1
m

( 1
m
−1)·...·( 1

m
−n+1)

n! xn
1 | < 1·3·...·(2n−1)

2nn! |x1|n = 1
2nn!

(2n−1)!
2·4·...·(2n−2) |x1|n =

1
2nn!

(2n−1)!
2n−1(n−1)!

|x1|n = (2n−1
n )

22n−1 |x1|n ≤ 5|x1|n,

sunep¸c h g1 sugklÐnei apolÔtwc ston 1
3−kÔbo.

Apì thn prìtash 3.1 t¸ra, gi� k�poio ε
′ ≤ 1

3 , an (x1, x2) ston ε
′-kÔbo, h

f(g1(x1, x2), g2(x1, x2)) eÐnai apolÔtwc sugklÐnousa. 'Omwc

f(g1(x1, x2), g2(x1, x2)) = f((1 + x1)
1
m , 1 + x1) =

[(1 + x1)
1
m ]m − (1 + x1) = 0.

'Ara apì thn prìtash 3.2 ìloi oi suntelestèc thc dunamoseir�c
f(g1(X1, X2), g2(X1, X2)) = [(1 + X1)

1
m ]m − (1 + X1) eÐnai 0. 'Epetai loipìn,

ìmoia me prin, ìti isqÔei h tautìthta
5Me apl  epagwg  blèpei kaneÐc ìti isqÔei

`
2n−1

n

´ ≤ 22n−1
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[(1 + X1)
1
m ]m = (1 + X1).

TAUT. 3.6 Gi� k�je m jetikì akèraio, 1
(1+X2)mX1

= (1 + X2)−mX1 .

Apìdeixh :ParathroÔme kat' arq�c ìti, gi� (x1, x2) ston 1
2 -kÔbo tou R2,

h diwnumk  seir� (1 + x1)x2 = 1 +
∞∑

n=1

x2(x2 − 1) · . . . · (x2 − n + 1)
n!

xn
1 eÐnai

apolÔtwc sugklÐnousa. Pr�gmati, gi� k ∈ N, èqoume |x2 − k| ≤ 2k+1
2 , �ra

|x2(x2−1)·...·(x2−n+1)
n! xn

1 | <
(2n−1

n )
22n−1 |x1|n ≤ |x1|n. DouleÔoume ston K[[X1, X2]].

JewroÔme tic dunamoseirèc f = 1
1+X1

− X2, g1 = (1 + X2)mX1 − 1 kai g2 =
(1 + X2)−mX1 . Gi� (x1, x2) ston 1

2m−kÔbo, oi seirèc f(x1, x2), g1(x1, x2),
g2(x1, x2) eÐnai apolÔtwc sugklÐnousec. Apì thn prìtash 3.1 t¸ra, gi� k�poio
ε
′ ≤ 1

2m , an (x1, x2) ston ε
′-kÔbo, h f(g1(x1, x2), g2(x1, x2)) eÐnai apolÔtwc

sugklÐnousa. 'Omwc

f(g1(x1, x2), g2(x1, x2)) = f((1 + x2)mx1 − 1, (1 + x2)−mx1) =

1
(1+x2)mx1

− (1 + x2)−mx1 = 0.

'Omoia loipìn me ta parap�nw, gi� k�je m jetikì akèraio, isqÔei h tautìthta

1
(1+X2)mX1

= (1 + X2)−mX1 .

TAUT. 3.7 (1 + X2)X1(1 + X3)X1 = ((1 + X2)(1 + X3))X1 .

Apìdeixh : DouleÔoume ston K[[X1, X2, X3, X4]]. JewroÔme th dunamo-
seir�

f = (1 + X2)X1(1 + X3)X1 − (1 + X4)X1

H f eÐnai apolÔtwc sugklÐnousa ston 1
3 -kÔbo diìti : An (x1, x2, x3, x4) ston

1
3 -kÔbo, tìte

|
n∑

k=1

x1(x1 − 1) · . . . · (x1 − k + 1)
k!

xk
2

x1(x1 − 1) · . . . · (x1 − (n− k) + 1)
(n− k)1

xn−k
3 −

x1(x1 − 1) · . . . · (x1 − k + 1)
n!

xn
4 | < n

1
3n

+
1
3n

=
n + 1
3n
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kai h
∞∑

n=1

n + 1
3n

sugklÐnei. JewroÔme akìma tic dunamoseirèc g1 = X1, g2 = X2,

g3 = X3, g4 = (1 + X2)(1 + X3). Oi g1, g2, g3, g4 eÐnai apolÔtwc sugklÐnousec
ston 1

3 -kÔbo. Apì thn prìtash 3.1 t¸ra, gi� k�poio ε
′ ≤ 1

3 , an (x1, x2, x3, x4) s-
ton ε

′-kÔbo, h f(g1, g2, g3, g4)(x1, x2, x3, x4) eÐnai apolÔtwc sugklÐnousa. 'Omwc

f(g1, g2, g3, g4)(x1, x2, x3, x4) = f(x1, x2, x3, (1 + x2)(1 + x3)− 1) =

(1 + x2)x1(1 + x3)x1 − [(1 + x2)(1 + x3)]x1 = 0.

'Ara apì thn prìtash 3.2, ìloi oi suntelestèc thc dunamoseir�c
f(X1, X2, X3, (1 + X2)(1 + X3) − 1) eÐnai 0. 'Epetai loipìn, ìmoia me prin, ìti
isqÔei h tautìthta

(1 + X2)X1(1 + X3)X1 = ((1 + X2)(1 + X3))X1 .

TAUT. 3.8 Gi� k�je m jetikì akèraio, [(1 + X1)m]X2 = (1 + X1)mX2 .

Apìdeixh :DouleÔoume ston K[[X1, X2, X3, X4]]. JewroÔme tic dunamo-
seirèc f = (1 + X1)X2 − (1 + X3)X4 , g1 = (1 + X1)m − 1, g2 = X2, g3 = X1,
g4 = mX2. Oi parap�nw dunamoseirèc eÐnai apolÔtwc sugklÐnousec ston 1

2m -
kÔbo. Apì thn prìtash 3.1, gi� k�poio ε

′ ≤ 1
2m , an (x1, x2, x3, x4) ston ε

′-kÔbo,
h f(g1, g2, g3, g4)(x1, x2, x3, x4) eÐnai apolÔtwc sugklÐnousa. 'Omwc

f(g1, g2, g3, g4)(x1, x2, x3, x4) = f((1 + x1)m − 1, x2, x1,mx2) =

[(1 + x1)m]x2 − (1 + x1)mx2 = 0.

'Epetai loipìn, ìmoia me prin, ìti gi� k�je m jetikì akèraio isqÔei h tautìthta

[(1 + X1)m]X2 = (1 + X1)mX2 .

TAUT. 3.9 (1 + X1)X2(1 + X1)X3 = (1 + X1)X2+X3 , se k�je s¸ma K, me
K ⊇ Q.

Apìdeixh :DouleÔoume ston K[[X1, X2, X3, X4]]. JewroÔme tic dunamo-
seirèc f = (1 + X1)X2(1 + X1)X3 − (1 + X1)X4 , g1 = X1, g2 = X2, g3 = X3,
g4 = X2 + X3. Oi parap�nw dunamoseirèc eÐnai apolÔtwc sugklÐnousec ston
1
2 -kÔbo. Apì thn prìtash 3.1, gi� k�poio ε

′ ≤ 1
2 , an (x1, x2, x3, x4) ston ε

′-kÔbo,
h f(g1, g2, g3, g4)(x1, x2, x3, x4) eÐnai apolÔtwc sugklÐnousa. 'Omwc

f(g1, g2, g3, g4)(x1, x2, x3, x4) = f(x1, x2, x3, x2 + x3) =
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(1 + x1)x2(1 + x1)x3 − (1 + x1)x2+x3 = 0.

'Epetai loipìn, ìmoia me prin, ìti isqÔei h tautìthta

(1 + X1)X2(1 + X1)X3 = (1 + X1)X2+X3 .

Wc �mesh sunèpeia t¸ra twn parap�nw tautot twn kai tou l mmatoc 3.4,
selÐda 20, prokÔptoun ta ex c : An K s¸ma me K ≥ Q, tìte,

• Gi� k�je f1, . . . , fn ∈ K[[X]], me ordfi > 0 gi� k�je i ∈ {1, . . . n}, isqÔei
n∑

i=1

log(1 + fi) = log(
n∏

i=1

(1 + fi)) kai
n∏

i=1

exp(fi) = exp(
n∑

i=1

fi). (6)

• Gi� k�je f ∈ K[[X]] me ordf > 0, isqÔei

log(exp(f)) = f kai exp(log(1 + f)) = 1 + f. (7)

• Gi� k�je m ∈ Z∗, kai f ∈ K[[X]] me ordf > 0 isqÔei

[(1 + f)
1
m ]m = 1 + f. (8)

• Gi� k�je m jetikì akèraio, kai f1, f2 ∈ K[[X]] me ordf, ordf2 > 0, isqÔei

1
(1 + f2)mf1

= (1 + f2)−mf1 . (9)

• Gi� k�je f1, f2, f3 ∈ K[[X]], me ordfi > 0 gi� k�je i = 1, 2, 3, isqÔei

(1 + f2)f1(1 + f3)f1 = ((1 + f2)(1 + f3))f1 . (10)

• Gi� k�je m jetikì akèraio, kai f1, f2 ∈ K[[X]] me ordf1, ordf2 > 0,
isqÔei

[(1 + f1)m]f2 = (1 + f1)mf2 . (11)

• Gi� k�je f1, f2, f3 ∈ K[[X]], me ordfi > 0 gi� k�je i = 1, 2, 3, isqÔei

(1 + f1)f2(1 + f1)f3 = (1 + f1)f2+f3 . (12)

EpÐshc, ja qreiastoÔme to parak�tw l mma.
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L mma 3.5 An {fj}∞j=1 eÐnai akoloujÐa stoiqeÐwn tou K[[X]], me ordfj > 0

gi� k�je j ≥ 1 kai,epiplèon, orÐzetai to �peiro �jroisma
∞∑

j=1

fj , tìte orÐzontai ta

exp(
∞∑

j=1

fj), kai
∞∏

j=1

exp(fj) kai eÐnai Ðsa.

Apìdeixh. Kaj¸c ordfj > 0 gi� k�je j ≥ 1 kai afoÔ orÐzetai to �peiro

�jroisma
∞∑

j=1

fj , èpetai kai ìti ord(
∞∑

j=1

fj) > 0, �ra orÐzetai kai to exp(
∞∑

j=1

fj).

Gi� n ≥ 1, jètoume fn
j =

∞∑

i=0

an,j,iX
i. 'Estw M > 0. AfoÔ orÐzetai to

∞∑

j=1

fj ,

apì to l mma 1.1, sel. 4 èqoume ìti ord(fj)
j→∞−→ ∞, dhlad  gi� to dojèn M > 0

mporoÔme na broÔme jM t.¸. an j ≥ jM , tìte ord(fj) > M . An loipìn j ≥ jM ,
èqoume ìti gi� k�je n ≥ 1, an,j,0 = . . . = an,j,M = 0, �ra

ord(exp(fj)− 1) = ord(
1
1!

a1,j,1X + (
1
1!

a1,j,2 +
1
2!

a2,j,1)X2 +

. . . +(
1
1!

a1,j,M +
1
2!

a2,j,(M−1) + . . . +
1

M !
aM,j,1)XM + . . .)

> M .

'Ara èqoume ìti ord(exp(fj) − 1)
j→∞−→ ∞, ara to

∞∏

j=1

exp(fj) sugklÐnei apì to

l mma 1.2, sel 5. Epeid  t¸ra gi� k�je κ ≥ 2 exp(
κ∑

j=1

fj) =
κ∏

j=1

exp(fj) kai ka-

j¸c ord(
κ∏

j=1

exp(fj)−
∞∏

j=1

exp(fj))
κ→∞−→ ∞ kai lìgw tou prohgoÔmenou l mmatoc

ord(exp(
κ∑

j=1

fj)− exp(
∞∑

j=1

fj))
κ→∞−→ ∞, èpetai ìti exp(

∞∑

j=1

fj) =
∞∏

j=1

exp(fj).

L mma 3.6 'Estw f(X) =
∞∑

i=0

aiX
i ∈ 1 + XQp[[X]]. Tìte f(X) ∈ 1 +

XZp[[X]] an kai mìno ean f(Xp)
fp(X) ∈ 1 + pXZp[[X]].

Apìdeixh. (⇒) Lamb�nontac up�oyin ìti an a, b ∈ Zp , tìte (a + b)p ≡
ap + bp(modp) kai ap ≡ a(modp), èqoume ìti fp(X) = f(Xp) + pg(X) ìpou
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g(X) ∈ XZp[[X]]. 6 Kaj¸c to fp(X) eÐnai antistrèyimo stoiqeÐo tou Zp[[X]],
7 èqoume ìti f(Xp)

fp(X) = 1− pg(X)
fp(X) ∈ 1 + pXZp[[X]]. 8

(⇐) 'Estw ìti
f(Xp) = fp(X)g(X) (13)

gi� k�poio g(X) =
∞∑

i=0

biX
i ∈ 1 + pXZp[[X]]. Ja deÐxoume epagwgik� ìti

ai ∈ Zp gi� k�je i ≥ 0. Gi� i = 0, a0 = 1 ∈ Zp. 'Estw ai ∈ Zp gi� k�-
je i < n gi� k�poion n ≥ 1. Apì th sqèsh 13 prokÔptei ìti o suntelest c
tou Xn sto aristerì mèloc eÐnai Ðsoc me ton suntelest  tou Xn sto ginìmeno

(
n∑

i=0

aiX
i)p(1 +

n∑

i=1

biX
i). An p|n èqoume : an

p
= pan + ap

n
p

+ pc, ìpou c ∈ Zp,

kai epeid  ap
n
p
≡ an

p
(mod p), èqoume ap

n
p
− an

p
= pc

′ , ìpou c
′ ∈ Z, opìte

an = −c− c
′ ∈ Zp. An p 6 |n èqoume : 0 = pan + pc ìpou c ∈ Zp, �ra an ∈ Zp.

Se k�je perÐptwsh loipìn, an ∈ Zp.

To parap�nw l mma isqÔei kai sthn perÐptwsh pou h f eÐnai mÐa dunamoseir�
dÔo metablht¸n me suntelestèc sto Qp kai stajerì ìro mon�da, dhlad  :

'Estw f(X, Y ) ∈ 1 + XQp[[X, Y ]] + YQp[[X, Y ]]. Tìte f(X,Y ) ∈
1 + XZp[[X, Y ]] + Y Zp[[X, Y ]] an kai mìno ean f(Xp,Y p)

fp(X,Y ) ∈ 1 +
pXZp[[X, Y ]] + pY Zp[[X, Y ]].

OrÐzoume F (X, Y ) ∈ Q[[X, Y ]] wc ex c :

6 'Estw fn = 1 + a1X + a2X
2 + . . . + anXn gi� n = 1, 2, . . .. EÐnai fp

n ∈ 1 + ap
1X

p + . . . +

ap
nXpn + pXZp[X]. Akìma, ap

i = ai + pa
′
i, ìpou a

′
i ∈ Zp, gi� i = 1, 2, . . ., �ra fp

n = fn(Xp) +
pXgn, ìpou gn ∈ Zp[X] (1). ParathroÔme ìti m > n ⇒ ord(gm−gn) ≥ n. Pr�gmati, kaj¸c
fm = fn+an+1X

n+1+. . .+amXm, èqoume ìti fp
m−fp

n ∈ Xn+1Zp[X] kai fm(Xp)−fn(Xp) ∈
Xp(n+1)Zp[X]. Apì thn (1) ìmwc èpetai ìti (fp

m− fp
n)− (fm(Xp)− fn(Xp)) = pX(gm− gn),

�ra apì ta parap�nw pX(gm − gn) ∈ Xn+1Zp[X], sunep¸c p(gm − gn) ∈ XnZp[X]. An
loipìn gi� opoiod pote k ≥ 0 orÐsoume ck na eÐnai o suntelest c tou Xk sto polu¸numo
gn, ìpou n aujaÐretoc deÐkthc > k, to ck eÐnai kal¸c orismèno stoiqeÐo tou Zp kai lim

n
gn =

c0 + c1X + c2X
2 + . . .

orσ
= g ∈ Zp[[X]]. PaÐrnontac t¸ra ìria wc proc n sthn (1), èqoume ìti

fp(X) = f(Xp) + pg(X).
7Genik� isqÔei ìti an R eÐnai antimetajetikìc daktÔlioc me mon�da, tìte to

∞X
i=0

aiX
i ∈

R[[X]] eÐnai antistrèyimo stoiqeÐo tou R[[X]], an kai mìno ean to a0 eÐnai antistrèyimo stoiqeÐo
tou R. Ed¸ to fp(X) èqei stajerì ìro 1.

8Diìti 1
fp(X)

∈ Zp[[X]] kai g(X) ∈ XZp[[X]].
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F (X,Y ) =

BX,p(Y )BXp−X
p

,p(Y
p)B

Xp2−Xp

p2 ,p
(Y p2

) · . . . ·B
Xpn−Xpn−1

pn ,p
(Y pn

) · . . . =

(1 + Y )X(1 + Y p)
Xp−X

p (1 + Y p2
)

Xp2−Xp

p2 · . . . · (1 + Y pn
)

Xpn−Xpn−1

pn · . . . =

(1 +
∞∑

i=1

X(X − 1) · . . . · (X − i + 1)
i!

Y i)·
∞∏

n=1

(1 +
∞∑

i=1

Xpn −Xpn−1

pn
(
Xpn −Xpn−1

pn
− 1) ·

. . . · (X
pn −Xpn−1

pn
− i + 1)

Y ipn

i!
).

To parap�nw apeiroginìmeno tupik¸n dunamoseir¸n sugklÐnei.9

'Eqoume loipìn ìti F (X,Y ) ∈ 1+XQp[[X, Y ]]+YQp[[X, Y ]]. Ja deÐxoume
ìti F (X, Y ) ∈ Zp[[X,Y ]].'Eqoume ìti

F (Xp,Y p)
F p(X,Y ) = (1+Y p)Xp

(1+Y p2
)

Xp2−Xp

p (1+Y p3
)

Xp3−Xp2

p2 ·...

(1+Y )pX(1+Y p)Xp−X(1+Y p2
)

Xp2−Xp
p ·...

= (1+Y p)X

(1+Y )pX . 10

Apì to prohgoÔmeno l mma, gi� thn 1 + Y , èqoume ìti, afoÔ 1 + Y ∈
1 + Y Zp[[X]], èpetai ìti 1+Y p

(1+Y )p = 1 + pY g(Y ) gi� k�poia g(Y ) ∈ Zp[[Y ]]. 'Ara
loipìn

(1+Y p)X

(1+Y )pX = [(1+Y )p(1+pY g(Y ))]X

(1+Y )pX = 11 [(1+Y )p]X(1+pY g(Y ))X

(1+Y )pX = 12

9Genikìtera, an {fi}i∈N, {gi}i∈N akoloujÐec stoiqeÐwn tou Ωp[[X1, X2]] me ordfi, ordgi > 0

gi� k�je i, tìte : An ordfi
i→∞−→ ∞, tìte to ginìmeno

∞Y
i=1

(1+fi)
gi up�rqei ston Ωp[[X1, X2]].

Pr�gmati, èstw M > 0. Kaj¸c gi� k�je i, ordfi, ordgi > 0, to (1 + fi)
gi up�r-

qei ston Ωp[[X1, X2]] gi� k�je i. BrÐskoume i0 t.¸. an i ≥ i0, tìte ordfi > M .

An t¸ra i ≥ i0, tìte ord(1 − (1 + fi)
gi) = ord(

∞X
n=1

gi(gi − 1) · . . . · (gi − n + 1)

n!
fn

i ) ≥

min
n
{ord(

g1(gi − 1) · . . . · (gi − n + 1)

n!
fn

i )} > M . 'Ara ord(1 − (1 + fi)
gi)

i→∞−→ ∞, �ra to

ginìmeno
∞Y

i=1

(1 + fi)
gi up�rqei ston Ωp[[X1, X2]].

10Bl. par�rthma
11Bl. sqèsh 10, sel. 28
12Bl. sqèsh 11, sel. 28
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(1 + Y )pX(1 + pY g(Y ))X

(1 + Y )pX
= (1 + pY g(Y ))X =

1 +
∞∑

i=1

X(X − 1) · . . . · (X − i + 1)
i!

pi(Y g(Y ))i

∈ 1 + pXZp[[X, Y ]] + pY Zp[[X, Y ]].

'Ara apì to parap�nw l mma, F (X, Y ) ∈ Zp[[X, Y ]].
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4 PolÔgwna tou Newton kai to je¸rhma tou
Weierstrass.

'Estw f = 1 +
n∑

i=1

aiX
i ∈ 1 + XΩp[X] polu¸numo. JewroÔme sto Kartesianì

epÐpedo ta shmeÐa (0, 0),(i, ordpai) ìpou ai 6= 0. OrÐzoume to polÔgwno tou
Newton tou f kai ja to sumbolÐzoume N.P , wc thn kurt  j kh tou sunìlou
{(i, ordpai) : i ≥ 1 kai ai 6= 0} ∪ {(0, 0)}.
To N.P. tou f mporeÐ praktik� na kataskeuasteÐ mèsw thc parak�tw diadikasÐac.
Jètoume λ1

orσ
= min{ordpai

i : i ≥ 1} kai katìpin i1
orσ
= max{i ≥ 1 : ordpai =

λ1i}. To pr¸to tm ma tou N.P. tou f eÐnai to eujÔgrammo tm ma me �kra ta
shmeÐa (0, 0) kai (i1, ordpai1). 'Estw ìti èqoume kataskeu�sei to κ-ostì tm -
ma tou N.P. tou f . jètoume λκ+1

orσ
= min{ordpai−ordpaiκ

i−iκ
: i ≥ iκ + 1} kai

iκ+1
orσ
= max{i ≥ iκ + 1 : ordpai − ordpaiκ = λκ+1(i− iκ)}. To (κ + 1)-ostì

tm ma tou N.P. tou f eÐnai to eujÔgrammo tm ma me �kra ta shmeÐa (iκ, ordpaiκ)
kai (iκ+1, ordpaiκ+1). H diadikasÐa stamat�ei sto κ-ostì b ma pou ja èqoume
iκ = n, ìpou n eÐnai o bajmìc tou f .

O orismìc tou N.P. mporeÐ na genikeuteÐ kai sthn perÐptwsh pou h f eÐnai
mÐa dunamoseir�.

'Estw f = 1+
∞∑

i=1

aiX
i ∈ 1+xΩp[[X]]. To N.P. thc f orÐzetai na eÐnai to ìrio

wc proc n twn N.P. twn fn
orσ
= 1 +

n∑

i=1

aiX
i. To N.P. thc f mporeÐ praktik�

na kataskeuasteÐ mèsw thc parak�tw diadikasÐac.

Kat�rq n jewroÔme sto Kartesianì epÐpedo ta shmeÐa (0, 0),(i, ordpai)
ìpou ai 6= 0. Jètoume λ1

orσ
= inf{ordpai

i : i ≥ 1} kai katìpin i1
orσ
= sup{i ≥ 0 :

ordpai = λ1i}.
• An i1 = ∞, tìte to teleutaÐo tm ma tou N.P. thc f eÐnai h hmieujeÐa me arq 
to (0, 0) kai klÐsh λ1.
• An i1 < ∞, tìte :

-An i1 = 0, omoÐwc to teleutaÐo tm ma tou N.P. thc f eÐnai h hmieujeÐa me
arq  to (0, 0) kai klÐsh λ1.

-An 0 < i1 < ∞, tìte jètoume λ2
orσ
= inf{ordpai−ordpai1

i−i1
: i ≥ i1 + 1}.

-An λ2 = λ1, tìte to teleutaÐo tm ma tou N.P. thc f eÐnai h hmieujeÐa
me arq  to (0, 0) kai klÐsh λ2 = λ1.
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-An λ2 > λ1,13 tìte to pr¸to tm ma tou N.P. thc f eÐnai to eujÔgram-
mo tm ma me �kra ta shmeÐa (0, 0) kai (i1, ordpai1) kai h diadikasÐa suneqÐzetai
jètontac i2

orσ
= sup{i ≥ i1 : ordpai − ordpai1 = λ2(i− i1)}.

'Estw ìti èqoume kataskeu�sei to n-ostì tm ma tou N.P. thc f kai ìti λn+1 >
λn,14 dhlad  to n-ostì tm ma tou N.P. thc f den eÐnai to teleutaÐo.
Jètoume in+1

orσ
= sup{i ≥ in : ordpai − ordpain = λn+1(i− in)}.

• An in+1 = ∞, tìte to (n + 1)-ostì kai teleutaÐo tm ma tou N.P. thc f eÐnai
h hmieujeÐa me arq  to shmeÐo (in, ordpain) kai klÐsh λn+1.
• An in+1 < ∞, tìte :

-An in+1 = in, tìte to (n + 1)-ostì kai teleutaÐo tm ma tou N.P. thc f
eÐnai h hmieujeÐa me arq  to shmeÐo (in, ordpain) kai klÐsh λn+1.

-An in < in+1 < ∞, tìte jètoume λn+2
orσ
= inf{ordpai−ordpain+1

i−in+1
: i ≥

in+1 + 1}.
-An λn+2 = λn+1, tìte to (n+1)-ostì kai teleutaÐo tm ma tou N.P.

thc f eÐnai h hmieujeÐa me arq  to (in+1, ordpain+1) kai klÐsh λn+2 = λn+1.
-An λn+2 > λn+1,15 tìte to (n + 1)-ostì tm ma tou N.P. thc f eÐnai

to eujÔgrammo tm ma me �kra ta shmeÐa (in, ordpain) kai (in+1, ordpain+1) kai h
diadikasÐa suneqÐzetai jètontac in+2

orσ
= sup{i ≥ in+1 : ordpai − ordpain+1 =

λn+2(i− in+1)}.

L mma 4.1 'Estw f = 1 + a1X + . . . + anXn = (1 − X
α1

) · · · (1 − X
αn

), me
an 6= 0, ìpou α1, . . . , αn oi rÐzec tou f .16 'Estw λi

orσ
= ordp

1
αi

. Tìte, an èna
tm ma tou N.P. tou f èqei klÐsh λ kai probol  ston orizìntio �xona m kouc l,
èpetai ìti gi� akrib¸c l timèc tou i ∈ {1, 2, . . . , n} èqoume λi = λ.

Apìdeixh :Upojètoume ìti oi αi eÐnai diatetagmènec ètsi ¸ste ordp
1

α1
≤

. . . ≤ ordp
1

αn
,   alli¸c λ1 ≤ . . . ≤ λn. 'Estw ìti λ1 = λ2 = . . . = λr < λr+1.

Ja deÐxoume ìti to pr¸to tm ma tou N.P. tou f eÐnai to tm ma me �kra ta (0, 0)
kai (r, rλ1). Sto shmeÐo autì parathroÔme ta ex c : f = an(Xn + an−1

an
Xn−1 +

. . . + 1
an

) kai epeid  gi� i = 0, . . . , n− 1 eÐnai
13Shmeiwtèon ìti λ2 ≥ λ1 diìti : An λ2 < λ1, tìte gi� k�poio iκ ≥ i1 + 1 ja eÐqame

λ2 ≤ ordpaiκ−ordpai1
iκ−i1

< λ1, sunep¸c ordpaiκ−ordpai1
iκ−i1

<
ordpaiκ

iκ
. 'Omwc ordpaiκ−ordpai1

iκ−i1
<

ordpaiκ
iκ

⇔ ordpaiκ
iκ

<
ordpai1

i1
(= λ1), k�ti pou eÐnai �topo. Shmei¸noume epÐshc ed¸ ìti kaj¸c

èqei oristeÐ to λ2, eÐnai 0 < i1 < ∞.
14 'Omoia me prin deÐqnei kaneÐc ìti λn+1 ≥ λn.
15 'Omoia λn+2 ≥ λn+1.
16Kaj¸c f = 1 + a1X + . . . + anXn, èqoume f = an(X − α1) · · · (X − αn), ìpou

an(−1)nα1 · · ·αn = 1. 'Ara f = (−1)nanα1 · · ·αn(1− X
α1

) · · · (1− X
αn

) = (1− X
α1

) · · · (1− X
αn

).
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ai
an

= (−1)n−i
∑

1≤j1<...<jn−i≤n

αji · · ·αjn−i ,

èqoume ìti gi� i = 0, . . . , n− 1 eÐnai

ai = 1
α1···αn

∑

1≤j1<...<jn−i≤n

αji · · ·αjn−i = (−1)i
∑

1≤j1<...<ji≤n

1
αj1

· · · 1
αji

.

'Omwc kaj¸c gi� k�je 1 ≤ j1 < . . . < ji ≤ n èqoume ordp
1

αj1
· · · 1

αji
≥ iλ1,

èpetai ìti ordpai ≥ iλ1. Autì shmaÐnei ìti gi� k�je i = 0, 1, . . ., to shmeÐo
(i, ordpai) brÐsketai eÐte p�nw sthn,   p�nw apì thn eujeÐa pou en¸nei to (0, 0)
me to (r, rλ1). Ja deÐxoume ìti ordpar = rλ1, dhlad  to shmeÐo (r, ordpar)
eÐnai ousiastik� to shmeÐo (r, rλ1) kai ìti gi� k�je i > r èqoume ordpai > iλ1,
dhlad  ta shmeÐa (i, ordpai) me i > r brÐskontai p�nw apì thn eujeÐa pou en¸nei
to (0, 0) me to (r, rλ1). ParathroÔme ìti isqÔei to ex c : An {j1, . . . , jr} =
{1, . . . , r} tìte ordp

1
αj1

· · · 1
αjr

= rλ1, kai an {j1, . . . , jr} 6= {1, . . . , r}, tìte
ordp

1
αj1

· · · 1
αjr

> rλ1, kaj¸c sto ginìmeno 1
αj1

· · · 1
αjr

ja up�rqei toul�qiston
ènac par�gontac 1

αji
me ordp

1
αji

> λ1. 'Epetai loipìn ìti

ordp((−1)r
∑

1≤j1<...<jr≤n
{j1,...,jr}6={1,...,r}

1
αj1

· · · 1
αjr

) > rλ1,

�ra

ordpar = ordp((−1)r
∑

1≤j1<...<jr≤n

1
αj1

· · · 1
αjr

) = rλ1.

'Estw i > r. Epeid , ìmoia me ta parap�nw èqoume ìti gi� k�je 1 ≤ j1 < . . . <
ji ≤ n èqoume ordp

1
αj1

· · · 1
αji

> iλ1, èpetai ìti

ordpai ≥ min
1≤j1<...<ji≤n

(ordp
1

αj1

· · · 1
αji

) > iλ1.

ProkÔptei loipìn ìti to pr¸to tm ma tou N.P. tou f eÐnai to tm ma me �kra ta
(0, 0) kai (r, rλ1).
'Estw t¸ra ìti λs < λs+1 = λs+2 = . . . = λs+r < λs+r+1. Ja deÐxoume ìti to
tm ma pou en¸nei ta shmeÐa (s, λ1 + . . . + λs) kai (s + r, λ1 + . . . + λs + rλs+1)
eÐnai tm ma tou N.P. tou f . Gia autì, lamb�nontac up' ìyin ìti h eujeÐa pou
en¸nei aut� ta duo shmeÐa eÐnai h y = λs+1x+(λ1 + . . .+λs− sλs+1), blèpoume
ìti arkeÐ na deÐxoume pwc

ordpas+r = (s + r)λs+1 + (λ1 + . . . + λs − sλs+1) = rλs+1 + λ1 + . . . + λs,
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ordpas = sλs+1 + (λ1 + . . . + λs − sλs+1) = λ1 + . . . + λs,

kai pwc an i > s + r,   i < s, tìte

ordpai > iλs+1 + (λ1 + . . . + λs − sλs+1).

Entel¸c ìmoia me ta prohgoÔmena blèpoume ìti

ordpas+r = (s + r)λs+1 + (λ1 + . . . + λs − sλs+1) = rλs+1 + λ1 + . . . + λs

kai ìti

ordpas = sλs+1 + (λ1 + . . . + λs − sλs+1) = λ1 + . . . + λs.

'Estw ìti i > s + r. 'Eqoume ìti

iλs+1 + (λ1 + . . . + λs − sλs+1) = λ1 + . . . + λs + rλs+1 + (i− (s + r))λs+1.

Epeid  gi� k�je 1 ≤ j1 < . . . < ji ≤ n eÐnai

ordp
1

αj1
· · · 1

αji
≥ λ1 + . . . + λs + rλs+1 + λs+r+1 + . . . + λi,

èqoume

ordpai ≥ λ1 + . . . + λs + rλs+1 + λs+r+1 + . . . + λi.

'Omwc profan¸c

λ1+. . .+λs+rλs+1+λs+r+1+. . .+λi > λ1+. . .+λs+rλs+1+(i−(s+r))λs+1,

sunep¸c

ordpai > λ1 + . . . + λs + rλs+1 + (i− (s + r))λs+1.

'Estw ìti i < s. Jètoume i = s− k, ìpou k ≥ 1. 'Eqoume ìti

iλs+1 + (λ1 + . . . + λs − sλs+1) = λ1 + . . . + λs − kλs+1 =

λ1 + . . . + λs−k + λs−k+1 + . . . + λs − kλs+1.

Epeid  gi� k�je 1 ≤ j1 < . . . < ji ≤ n eÐnai ordp
1

αj1
· · · 1

αji
≥ λ1 + . . . + λi,

èqoume ordpai ≥ λ1 + . . . + λi = λ1 + . . . + λs−k 'Omwc profan¸c

λ1 + . . . + λs−k > λ1 + . . . + λs−k + λs−k+1 + . . . + λs − kλs+1,

sunep¸c

ordpai > iλs+1 + (λ1 + . . . + λs − sλs+1).
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L mma 4.2 'Estw f = 1 +
∞∑

i=1

aiX
i ∈ Ωp[[X]] kai èstw b = sup{λ :

λ eÐnai klÐsh k�poiou tm matoc tou N.P. thc f}. Tìte h aktÐna sÔgklishc
thc f eÐnai pb.

Apìdeixh :'Estw x ∈ Ωp me |x|p < pb,   alli¸c ordp > −b. Jè-
toume ordpx

orσ
= −b

′ me −b
′

> −b,   b
′

< b. Ja deÐxoume ìti ordpaix
i =

ordpai−ib
′ i→∞−→ ∞. 'Estw tm ma tou N.P. thc f me klÐsh b1 ìpou b

′
< b1 ≤ b.17

An autì eÐnai peperasmènou m kouc, èstw ìti èqei �kra ta shmeÐa (i1, ordpai1)
kai (i2, ordpai2). 'Estw akìma ìti h eujeÐa pou dièrqetai apì ta �kra tou tèmnei
thn y = b

′
x sto shmeÐo (x0, y0). Jètoume i0

orσ
= max(i1, i2, [x0]) + 1. An i > i0,

ja èqoume ordpai − ib
′ ≥ i(b1 − b

′
) i→∞−→ ∞.

An to tm ma me klÐsh b1 eÐnai �peiro, dhlad  eÐnai mÐa hmieujeÐa, èstw (i1, ordpai1)
h arq  thc kai èstw (x0, y0) to shmeÐo tom c thc eujeÐac pou dièrqetai apì autì
to tm ma me thn eujeÐa y = b

′
x. Jètoume i0

orσ
= max([x0], i1) + 1. An i > i0,

tìte ordpai − ib
′ ≥ i(b1 − b

′
) i→∞−→ ∞.

'Estw x ∈ Ωp me |x|p > pb,   alli¸c ordp < −b. Jètoume ordpx
orσ
= −b

′ me
−b

′
< −b,   b

′
> b. DiakrÐnoume treic peript¸seic :

i) 'Estw ìti up�rqoun �peira to pl joc tm mata tou N.P. thc f me klÐsh
mikrìterh apì b. Tìte, an (iκ, ordpaiκ) eÐnai èna �kro tètoiou tm matoc, è-
qoume ordpaiκ − b

′
iκ < ordpaiκ − biκ < 0. AfoÔ ta �kra aut� eÐnai �peira,

up�rqei upakoloujÐa ijκ thc iκ t.¸. gi� k�je j ≥ 0 èqoume ordpaijκ
− b

′
ijκ < 0.

'Epetai loipìn ìti ordpai − b
′
i

i→∞
6−→ ∞.

ii) 'Estw ìti to N.P. thc f èqei teleutaÐo �peirou m kouc tm ma (profan¸c
klÐshc b), me �peira shmeÐa (iκ, ordpaiκ) p�nw se autì. Tìte gi� k�je tè-
toio shmeÐo (iκ, ordpaiκ) èqoume ordpaiκ − b

′
iκ < ordpaiκ − biκ ≤ 0, sunep¸c

ordpai − b
′
i

i→∞
6−→ ∞.

iii) 'Estw ìti to N.P. thc f èqei teleutaÐo �peirou m kouc tm ma (profan¸c
klÐshc b), me peperasmèna to pl joc shmeÐa (iκ, ordpaiκ) p�nw se autì kai èstw
(i
′
κ, ordpai′κ

) ekeÐno to shmeÐo apì aut�, me thn megalÔterh tetmhmènh. 'Estw
ìti gi� peperasmèna i me i ≥ i

′
κ + 1 eÐnai ordpai − b

′
i < 0. IsqÔei ìti

b = inf{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1 kai ai 6= 0} =

17Up�rqei tètoio apì thn idiìthta tou b
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min(inf{ordpai − ordpa
′
iκ

i− i′κ
: i ≥ i

′
κ + 1, ordpai − b

′
i < 0 kai ai 6= 0},

inf{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1, ordpai − b

′
i ≥ 0 kai ai 6= 0}).

'Omwc gi� k�je i ≥ i
′
κ + 1 me ordpai − b

′
i ≥ 0 èqoume ordpai−ordpa

′
iκ

i−i′κ
≥ b

′
> b,

sunep¸c inf{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1, ordpai − b

′
i ≥ 0 kai ai 6= 0} > b,

kai gi� k�je èna apì ta peperasmèna to pl joc i ≥ i
′
κ + 1 me ordpai − b

′
i < 0

èqoume ordpai−ordpa
′
iκ

i−i
′
κ

> b,18 sunep¸c

inf{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1, ordpai − b

′
i < 0 kai ai 6= 0} =

min{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1, ordpai − b

′
i < 0 kai ai 6= 0} > b.

Sunolik� loipìn b = inf{ordpai−ordpa
′
iκ

i−i′κ
: i ≥ i

′
κ + 1 kai ai 6= 0} > b, �topo.

'Ara up�rqoun �peira i ≥ i
′
κ me ordpai − ib

′
< 0, opìte ordpai − b

′
i

i→∞
6−→ ∞.

L mma 4.3 'Estw f =
∞∑

i=0

aiX
i ∈ 1 + X[[Ωp]] me λ1 na eÐnai h klÐsh tou

pr¸tou tm matoc tou N.P. thc kai èstw c ∈ Ωp me ordpc = λ ≤ λ1. Upojètoume
ìti h f sugklÐnei (toul�qiston) sto dÐsko D(pλ). Jètoume g = (1 − cX)f ∈
1 + X[[Ωp]]. Tìte to N.P. thc g prokÔptei an metafèroume to N.P. thc f kat�
mÐa mon�da dexi� kai kat� λ proc ta p�nw kai tou episun�youme to eujÔgrammo
tm ma pou en¸nei ta shmeÐa (0, 0) kai (1, λ). Epiplèon, an h f èqei teleutaÐo
tm ma klÐshc λf kai sugklÐnei ston D(pλf ), tìte kai h g èqei teleutaÐo tm ma
klÐshc λf kai sugklÐnei epÐshc ston D(pλf ).

Apìdeixh :'Estw ìti to l mma isqÔei sthn perÐptwsh pou c = 1, �ra
λ = 0 kai èstw f , g kai c ∈ Ωp me ordpc = λ pou ikanopoioÔn tic upojèseic tou
l mmatoc, dhlad  to pr¸to tm ma tou N.P. thc f èqei klÐsh λ1, ordpc = λ ≤ λ1,
h f sugklÐnei ston D(pλ) kai g = (1 − cX)f . Jètoume f1

orσ
= f(X

c ) kai

18An eÐqa ordpai0−ordpa
′
iκ

i0−i
′
κ

≥ b
′

= b gi� k�poio i0 ≥ i
′
κ + 1, tìte to (i0, ordpai0) ja an ke

sto teleutaÐo tm ma tou N.P. thc f , �topo lìgw thc idiìthtac tou i
′
κ.
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g1
orσ
= (1 − X)f1. Gi� tic f1, g1 isqÔoun : To pr¸to tm ma tou N.P. thc

f1 èqei klÐsh λ1−λ, 19 gi� κ
orσ
= 1 ∈ Ωp èqoume ordpκ = ordp1 = 0 ≤ λ1−λ, h

f1 sugklÐnei ston D(pordpκ) = D(1)20 kai g1 = (1−κX)f1 = (1−X)f1. Akìma,
an h f èqei teleutaÐo tm ma klÐshc λf kai sugklÐnei ston D(pλf ), tìte h f1 èqei
teleutaÐo tm ma klÐshc λf − λ kai sugklÐnei ston D(pλf−λ). 'Eqoume dhlad 
ìti oi f1 kai g1 plhroÔn tic upojèseic tou l mmatoc, an ìpou c, λ, λ1 jèsoume
antÐstoiqa 1, 0, λ1−λ. Apì thn upìjes  mac loipìn, èqoume ìti to N.P. thc g1

prokÔptei apì to N.P. thc f1 an to metafèroume kat� mÐa mon�da dexi� kai tou
episun�youme tou eujÔgrammo tm ma pou en¸nei to (0, 0) me to (1, 0). 'Omwc
tìte, afoÔ g = g1(cX) to N.P. thc g prokÔptei apì to N.P. thc g1 an se autì
prosjèsoume thn eujeÐa y = λx. Epeid  t¸ra to N.P. thc f1 prokÔptei apì to
N.P. thc f an apì autì afairèsoume thn eujeÐa y = λx, èqoume sunolik� ìti to
N.P. thc g ja prokÔyei apì to N.P. thc f an autì metaferjeÐ kat� mÐa mon�da
dexi� kai kat� λ proc ta p�nw kai tou episun�youme to eujÔgrammo tm ma pou
en¸nei ta shmeÐa (0, 0) kai (1, λ). Epiplèon èqoume : An h f èqei teleutaÐo tm -
ma klÐshc λf kai sugklÐnei ston D(pλf ), tìte h f1 èqei teleutaÐo tm ma klÐshc
λf − λ kai sugklÐnei ston D(pλf−λ), sunep¸c, apì thn upìjes  mac, h g1 èqei
teleutaÐo tm ma klÐshc λf − λ kai sugklÐnei ston D(pλf−λ). 'Omwc tìte, afoÔ
g = g1(cX) kai h g1 sugklÐnei ston D(pλf−λ), èpetai ìti h g èqei teleutaÐo
tm ma klÐshc λf kai sugklÐnei ston D(pλf ).
Apì ta parap�nw faÐnetai ìti arkeÐ na apodeÐxoume thn isqÔ tou l mmatoc sthn
perÐptwsh pou c = 1, �ra ordpc = λ = 0.

'Estw loipìn g = (1 −X)f
orσ
= 1 +

∞∑

i=1

biX
i. Ja èqoume bi+1 = ai+1 − ai gi�

i ≥ 0, sunep¸c ordpbi+1 ≥ min(ordpai+1, ordpai) me thn isìthta na isqÔei
an ordpai+1 6= ordpai. Kaj¸c λ1 eÐnai h klÐsh tou pr¸tou tm matoc tou
N.P. thc fX kai λ1 ≥ 0, èpetai ìti kai ta duo shmeÐa (i, ordpai), (i, ordpai+1)
brÐskontai eÐte p�nw sto,   p�nw apì to N.P. thc f . AfoÔ loipìn ordpbi+1 ≥
min(ordpai+1, ordpai), èpetai ìti to Ðdio ja isqÔei kai gi� to shmeÐo (i, ordpbi+1).
An epÐshc to shmeÐo (i, ordpai) eÐnai koruf  tou N.P. thc f , epeid  p�li λ1 ≥ 0,
ja eÐnai ordpai+1 > ordpai, �ra ordpbi+1 = ordpai. Ta parap�nw deÐqnoun ìti :
An to N.P. thc f , den èqei teleutaÐo �peirou m kouc tm ma, tìte an metaferjeÐ

19An f = 1 +

∞X
i=1

aiX
i, g = 1 +

∞X
i=1

biX
i ∈ 1 + XΩp[[X]] kai c ∈ Ωp me ordpc = λ kai

g = f(X
c
), tìte to N.P. thc g prokÔptei apì to N.P. thc f an apì autì afairèsoume thn

grammh y = λx. Autì isqÔei diìti gi� k�je i ≥ 1 èqoume ordpbi = ordp
ai
ci = ordpai − iλ.

20Autì diìti an f(X
c
) = 1 +

∞X
i=1

diX
i, tìte ordpdi = ordpai − iλ

i→∞−→ ∞, kaj¸c h f

sugklÐnei ston D(pλ).
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kat� mÐa mon�da dexi� kai tou episun�youme to eujÔgrammo tm ma pou en¸nei
ta (0, 0) kai (1, 0), prokÔptei to N.P. thc g. An to N.P. thc f , èqei teleutaÐo
�peirou m kouc tm ma klÐshc λf , tìte an k�noume thn parap�nw metafor� mèqri
kai thn teleutaÐa koruf  tou N.P. thc f kai episun�youme to eujÔgrammo tm -
ma pou en¸nei ta (0, 0) kai (1, 0), to sq ma pou ja prokÔyei ja pèsei p�nw sto
N.P. thc g. Epeid  gi� k�je i ≥ 0 èqoume ìti to shmeÐo (i, ordpbi+1) brÐske-
tai eÐte p�nw sto,   p�nw apì to N.P. thc f , gi� na apodeiqjeÐ to zhtoÔmeno,
apomènei na apokleÐsoume thn perÐptwsh to N.P. thc g na èqei tm ma klÐshc
èstw λg me λg > λf . An to N.P. thc g eÐqe èna tètoio tm ma, tìte gi� k�poio
i0 arkoÔntwc meg�lo, 21 to shmeÐo (i0 + 1, ordpai0) ja briskìtan k�tw apì to
N.P. thc g. Tìte ìmwc ja eÐqame ordpbj > ordpai0 gi� k�je j ≥ i0 + 1 kai
epeid  ordpai+1 ≥ min(ordpbi + 1, ordpai), ja  tan ordpaj = ordpai0 gi� k�je
j ≥ i0 + 1, atìpo afoÔ ordpai

i→∞−→ ∞22.
Mènei na deÐxoume ìti an h f sugklÐnei ston D(λf ) tìte to Ðdio isqÔei kai gi�
thn g.
'Estw x ∈ Ωp me ordpx = κ ≥ 0 sto opoÐo sugklÐnei h f , dhlad  ordpai+iκ

i→∞−→
∞. 'Eqoume ordpbi + iκ ≥ min(ordpai, ordpai−1) + iκ. 'Estw M > 0. BrÐsk-
oume i0 t.¸. an i ≥ i0 tìte ordpai + iκ > M . An t¸ra i ≥ i0 + 1 èqoume :
an ordpai ≤ ordpai−1 tìte min(ordpai, ordpai−1) + iκ = ordpai + iκ > M , an
ordpai ≥ ordpai−1 tìte min(ordpai, ordpai−1)+iκ = ordpai−1+iκ = ordpai−1+
(i−1)κ+κ > M +κ > M , �ra ordpbi + iκ > M . An ordpx = κ < 0, jewroÔme
M > κ kai omoÐwc brÐskoume i0 t.¸. an i ≥ i0 tìte ordpbi + iκ > M + κ. Se
k�je perÐptwsh loipìn èqoume ordpbi + iκ

i→∞−→ ∞, sunep¸c h g sugklÐnei sto
x. 'Opou loipìn sugklÐnei h f , sugklÐnei kai h g.

L mma 4.4 'Estw ìti to pr¸to tm ma tou N.P. thc f = 1+
∞∑

i=1

aiX
i ∈ Ωp[[x]]

èqei klÐsh λ1 kai ìti dièrqetai apì toul�qiston èna shmeÐo (i, ordpai). 'Estw
akìma ìti h f sugklÐnei (toul�qiston) sto dÐsko D(pλ1). Tìte up�rqei x ∈ Ωp

t.¸. ordx = −λ1 kai gi� to opoÐo isqÔei f(x) = 0.

Apìdeixh :'Estw ìti to l mma isqÔei gi� λ1 = 0 kai èstw f ∈ 1 +
XΩp[[X]] pou ikanopoieÐ tic upojèseic tou jewr matoc. Jètoume π ∈ Ωp mÐa
apì tic rÐzec tou Xi − ai ∈ Ωp[X],23 ìpou (i, ordpai) eÐnai èna apì ta shmeÐa

21To i0 ja eÐnai megalÔtero apì thn tetmhmènh tou shmeÐou tom c thc eujeÐac pou dièrqetai
apì to teleutaÐo tm ma tou N.P. thc f me thn eujeÐa pou dièrqetai apì to tm ma me klÐsh λg

tou N.P. thc g.
22Autì diìti upojèsame ìti h f sugklÐnei ston D(1).
23To Ωp eÐnai algebrik� kleistì, sunep¸c π ∈ Ωp.
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apì ta opoÐa dièrqetai to pr¸to tm ma tou N.P. thc f . ParathroÔme ìti iλi =
ordpai = ordpπ

i = iordpπ, �ra λ1 = ordpπ. Jètoume g = f(X
π ). H g t¸ra

ikanopoieÐ tic upojèseic tou jewr matoc gi� λ1 = 0, opìte up�rqei x2 ∈ Ωp

t.¸. ordpx2 = 0 kai g(x2) = 0. Jètontac x1 = x2
π , èqoume ìti ordpx1 = −λ1

kai f(x1) = f(x2
π ) = g(x2) = 0.

ArkeÐ loipìn na apodeÐxoume thn isqÔ tou l mmatoc gi� λ1 = 0.
'Estw loipìn ìti λ1 = 0 kai ìti h f sugklÐnei (toul�qiston) ston kleistì dÐsko
D(1). Eidikìtera èqoume ìti ordpai

i→∞−→ ∞, sunep¸c up�rqoun peperasmènec
timèc tou i gi� tic opoÐec ordpai = 0. 'Estw N ≥ 1 h megalÔterh tètoia tim .

Jètoume fn = 1 +
n∑

i=1

aiX
i. Apì to l mma 4.1 , gi� k�je n ≥ N , to fn

èqei akrib¸c N rÐzec, èstw tic xn,1, . . . , xn,N , me ordpxn,i = 0 gi� i = 1, . . . , N .
Jètoume xN

orσ
= xN,1 kai gi� k�je n ≥ N jètoume xn+1 mÐa opoiad pote xn+1,j0 ,

ìpou j0 ∈ {1, . . . , N} pou ikanopoieÐ th sunj kh

|xn+1,j0 − xn|p = min
1≤i≤N

(|xn+1,i − xn|p).

Ja deÐxoume ìti h akoloujÐa {xn}∞n=N eÐnai Cauchy kai ìti to ìriì thc, èstw
x ∈ Ωp

24 èqei tic idiìthtec :

ordpx = 0 kai f(x) = 0.

Gi� n ≥ N , èstw Sn sÔnolo twn riz¸n tou fn mazÐ me tic pollaplìthtèc touc.
Tìte gi� n ≥ N èqoume :

|fn+1(xn)− fn(xn)|p = 25|fn+1(xn)|p =
∏

κ∈Sn

|1− xn

κ
|p =

N∏

i=1

|1− xn

xn+1,i
|p26 =

N∏

i=1

|xn+1,i − xn|p27 ≥ |xn+1 − xn|Np 28.

'Ara loipìn |xn+1 − xn|Np ≤ |fn+1(xn) − fn(xn)|p = |an+1x
n+1
n+1|p = |an+1|p,  

|xn+1 − xn|p ≤ |an+1|
1
N
p = p−

ordpan
N

n→∞−→ 0. 'Epetai loipìn ìti h {xn}∞n=N eÐnai
24To Ωp eÐnai pl rec sunep¸c k�je akoloujÐa Cauchy stoiqeÐwn tou Ωp èqei ìrio sto Ωp
25Kaj¸c fn(xn) = 0
26An κ ∈ Sn+1\{xn+1,1, . . . , xn+1,N}, tìte ordp

1
κ

> 0. 'Eqoume loipìn |1 − xn
κ
|p ≤

max(1, |xn
κ
|p) me thn isìthta na isqÔei an 1 6= |xn

κ
|p. Epeid  ordp

xn
κ

= ordpxn + ordp
1
κ

=
0 + ordp

1
κ

> 0, èqoume |xn
κ
|p < 1, �ra |1− xn

κ
|p = 1

27Kaj¸c |xn+1,i|p = 1 gi� i = 1, . . . , N
28Apì ton trìpo pou epilèqjhkan ta xn
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Cauchy.29 'Estw ìti xn
n→∞−→ x ∈ Ωp. Kat' arq n èqoume ordpx = 0 diìti : afoÔ

xn
n→∞−→ x, èpetai ìti up�rqei n0 ≥ N t.¸. gi� k�je n ≥ n0 eÐnai |x− xn|p < 1.

Gi� k�poio n1 ≥ n0 loipìn èqoume |x|p ≤ max(|x−xn1 |p, |xn1 |p) me thn isìthta
na isqÔei an |x − xn1 |p 6= |xn1 |p. AfoÔ loipìn |x − xn1 |p < 1 = |xn1 |p, èpetai
ìti |x|p = 1,   ordpx = 0. Ja deÐxoume t¸ra ìti f(x) = 0. 'Eqoume :

|fn(x)|p = 30|fn(x)−fn(xn)|p = |x−xn|p|
n∑

i=1

ai
xi − xi

n

x− xn
|p ≤ 31|x−xn|p n→∞−→ 0.

Sunep¸c f(x) = limn→∞ fn(x) = 0.

L mma 4.5 'Estw ìti h f = 1 +
∞∑

i=1

aiX
i ∈ 1 + xΩp[[X]] suklÐnei sto α ∈ Ωp

kai f(α) = 0.32 'Estw akìma g
orσ
= 1 +

∞∑

i=1

biX
i = f(1 +

1
α

X +
1
α2

X2 + . . . +

1
αi

Xi = . . .). Tìte h g sugklÐnei ston D(|α|p).

Apìdeixh :'Estw fn = 1 +
n∑

i=1

aiX
i. Tìte ja èqoume bi = ai + ai−1

α +

. . . + a1

αi−1 + 1
αi , �ra biα

i = fi(α). An loipìn x ∈ D(|α|p), tìte : |bix
i|p ≤

|biα
i|p = |fi(α)|p i→∞−→ f(α) = 0. 'Ara loipìn h g sugklÐnei sto x.

Je¸rhma 4.1 (Weierstrass) 'Estw f = 1+
∞∑

i=1

aiX
i ∈ 1+XΩp[[X]] h opoÐa

sugklÐnei (toul�qiston) sto dÐsko D(pλ). An to N.P. thc f èqei tm mata me
klÐsh megalÔterh apì λ, èstw N to sunolikì orizìntio m koc twn tmhm�twn
tou me klÐsh mikrìterh h Ðsh apì λ.
An to N.P. thc f èqei teleutaÐo �peirou m kouc tm ma klÐshc λ me peperasmèna
to pl joc shmeÐa (i, ordpai) ep�nw tou, èstw N to megalÔtero i gi� to opoÐo to
(i, ordpai) eÐnai èna apì aut� ta shmeÐa.33

29Se ènan mh-arqim deio metrikì q¸ro, (X, | · |)ìpwc to (Ωp, | · |p), isqÔei ìti mÐa akoloujÐa
{xn}∞n=1 stoiqeÐwn tou X eÐnai Cauchy an kai mìno ean isqÔei |xn+1 − xn|p n→∞−→ 0

30Kaj¸c fn(xn) = 0
31Kaj¸c ordpai ≥ 0,   |ai|p ≤ 1, kai |xi−xi

n
x−xn

|p = |xi−1+xi−2xn + . . .+xxni−2 +xi−1
n |p ≤ 1,

me thn teleutaÐa anisìthta na isqÔei diìti |xn|p = 1 kai |x|p = 1
32Profan¸c α 6= 0, afoÔ an  tan ètsi, ja eÐqame 0 = f(α) = 1
33Lìgw tou ìti h f sugklÐnei ston kleistì dÐsko D(pλ), apokleÐetai h perÐptwsh to polÔg-

wno tou Newton thc f na èqei �peira to pl joc tm mata me klÐsh mikrìterh   Ðsh apì λ.
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Tìte up�rqei èna polu¸numo h ∈ 1 + XΩp[X] bajmoÔ N kai mÐa dunamoseir�

g = 1 +
∞∑

i=1

biX
i ∈ 1 + XΩp[[X]], h opoÐa sugklÐnei kai de mhdenÐzetai sto

dÐsko D(pλ) gi� ta opoÐa isqÔei h sqèsh h = f · g. To polu¸numo h kajorÐzetai
monos manta apì autèc tic idiìthtec kai to N.P. tou sumpÐptei me ekèino thc f
wc to shmeÐo (N, ordpaN ).

Apìdeixh. 'Estw ìti to je¸rhma isqÔei sthn perÐptwsh pou λ = 0 kai
èstw f pou ikanopoieÐ tic upojèseic tou jewr matoc. Dhlad  h f sugklÐnei
ston D(pλ) kai akìma : an to N.P. thc f èqei tm mata me klÐsh megalÔterh apì
λ, èstw N to sunolikì orizìntio m koc twn tmhm�twn tou me klÐsh mikrìterh h
Ðsh apì λ, en¸ an to N.P. thc f èqei teleutaÐo �peirou m kouc tm ma klÐshc λ me
peperasmèna to pl joc shmeÐa (i, ordpai) ep�nw tou, èstw N to megalÔtero i gi�
to opoÐo to (i, ordpai) eÐnai èna apì aut� ta shmeÐa. 'Estw c ∈ Ωp me ordpc = λ.
Jètoume f1

orσ
= f(X

c ). Gi� thn f1 isqÔoun : sugklÐnei ston D(p0) = D(1),34
an to N.P. thc f èqei tm mata me klÐsh megalÔterh apì λ tìte to sunolikì
orizìntio m koc twn tmhm�twn tou N.P. thc f1 me klÐsh mikrìterh h Ðsh apì
0 eÐnai N , en¸ an to N.P. thc f èqei teleutaÐo �peirou m kouc tm ma klÐshc
λ me peperasmèna to pl joc shmeÐa (i, ordpai) ep�nw tou tìte to N.P. thc f1

èqei teleutaÐo �peirou m kouc tm ma klÐshc 0 me peperasmèna to pl joc shmeÐa
(i, ordpai) ep�nw tou kai N eÐnai to megalÔtero i gi� to opoÐo to (i, ordpai)
eÐnai èna apì aut� ta shmeÐa. Apì thn isqÔ tou jewr matoc gia thn perÐptwsh
pou λ = 0, èqoume ìti : up�rqei polu¸numo h1 ∈ 1 + XΩp[X] bajmoÔ N kai

dunamoseir� g1 = 1+
∞∑

i=1

b1,iX
i pou sugklÐnei kai de mhdenÐzetai ston D(1) t.¸.

h1 = f1g1. EpÐshc to h1 eÐnai monadik� kajorismèno apì autèc tic idiìthtec 35 kai
to N.P. tou sumpÐptei me autì thc f1 wc to shmeÐo (N, ordpaN ). Jètoume t¸ra
h

orσ
= h1(cX) kai g orσ

= g1(cX) kai èqoume : h = h1(cX) = f1(cX)g1(cX) = f ·g,
h g sugklÐnei kai de mhdenÐzetai ston D(pλ), 36 to h eÐnai monadik� kajorismèno
apì autèc tic idiìthtec 37 kai to N.P. tou h sumpÐptei me autì tou f wc to

34Autì diìti lìgw thc sÔgklishc thc f ston D(pλ) èqoume ordpai + iλ
i→∞−→ ∞

35Eidikìtera, èqei tic Ðdiec rÐzec (N to pl joc) me to f1 ston D(1) kai stajerì ìro mon�da.
36An g = 1 +

∞X
i=1

biX
i, tìte èqoume bi = cib1,i. Apì th sÔgklish thc g1 ston D(1) èqoume

ordpb1,i = ordp
bi
ci = ordpbi − iλ

i→∞−→ ∞, sunep¸c h g sugklÐnei ston D(pλ). An akìma
up rqe α ∈ D(pλ) me g(α) = 0, tìte cα ∈ D(1) kai g1(cα) = g(α) = 0, �topo. 'Ara h g de
mhdenÐzetai ston D(pλ).

37 'Eqei tic Ðdiec rÐzec (N to pl joc) me to f ston D(pλ) kai stajerì ìro mon�da. Autì
isqÔei diìti : α ∈ D(1) kai f1(α) = 0 an kai mìno an α

c
∈ D(pλ) kai f(α

c
) = 0. OmoÐwc
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shmeÐo (N, ordpaN ). 38

Ta parap�nw deÐqnoun ìti arkeÐ na apodeÐxoume to je¸rhma sthn perÐptwsh pou
λ = 0.

'Estw loipìn f = 1 +
∞∑

i=1

aiX
i, N kai λ(= 0), ìpwc sthn ekf¸nhsh tou jew-

r matoc. Ja k�noume epagwg  wc proc to N . 'Estw N = 0. Ja deÐxoume

ìti h f−1 orσ
= g = 1 +

∞∑

i=1

biX
i sugklÐnei kai de mhdenÐzetai ston D(1). Apì

thn upìjesh èqoume ìti ordpai > 0 gi� k�je i ≥ 1 kai ordpai
i→∞−→ ∞. Kaj¸c

f · g = 1 èpetai ìti bi = −(bi−1a1 + bi−2a2 + . . . + b1ai−1 + ai) gi� i ≥ 1. AfoÔ
ìmwc ordpai > 0 gi� k�je i ≥ 1, ja eÐnai kai ordpbi > 0 gi� k�je i ≥ 1. Katìpin
ja deÐxoume pwc ordpbi

i→∞−→ ∞. 'Estw M > 0. BrÐskoume m t.¸. an i > m
tìte ordpai > M . Jètoume

ε
orσ
= min(ordpa1, . . . , ordpam) > 0.

Ja deÐxoume ìti

i > nm ⇒ ordpbi > min(M, nε).

An autì deiqjeÐ, tìte ja èqoume ìti ordpbi
i→∞−→ ∞.39 Ja deÐxoume thn isqÔ

thc sunepagwg c epagwgik� wc proc to n. Gi� n = 0 isqÔei tetrimmèna, kaj¸c
h sunepagwg  i > 0 ⇒ ordp > 0 eÐnai alhj c. 'Estw ìti h sunepagwg  eÐnai
alhj c gi� n − 1 me n ≥ 1 kai èstw i > nm. 'Eqoume bi = −(bi−1a1 + . . . +
bi−mam + bi−(m+1)am+1 + . . . + ai). Gi� touc ìrouc bi−jaj me j > m èqoume

ordpbi−jaj > ordpaj > M

en¸ gi� touc ìrouc me j ≤ m èqoume

ordpbi−jaj ≥ ordpbi−j + ε > 40 min(M, (n− 1)ε) + ε.

h1(α) = 0 an kai mìno an h(α
c
) = 0. Epeid  t¸ra to h1 èqei tic Ðdiec rÐzec (N to pl joc) me

to f1 ston D(1) kai stajerì ìro mon�da, èpetai ìti to h èqei tic Ðdiec rÐzec (N to pl joc)
me to f ston D(pλ) kai stajerì ìro mon�da.

38To N.P. thc f1 prokÔptei apì autì thc f an tou afairèsoume thn eujeÐa y = λx. To
N.P. tou h1 sumpÐptei me autì thc f1 wc to shmeÐo (N, ordpaN ). To N.P. tou h prokÔptei
apì autì tou h1 an se autì prosjèsoume thn eujeÐa y = λx, sunep¸c to N.P. tou h sumpÐptei
me autì tou f wc to shmeÐo (N, ordpaN ).

39 'Estw ìti isqÔei h sunepagwg  i > nm ⇒ ordpbi > min(M, nε). BrÐskoume n0 t.¸.
n0ε≥M . An t¸ra i > n0m, apì thn isqÔ thc sunepagwg c èqoume ìti ordpbi > min(M, n0ε) =

M . AfoÔ to M  tan tuqaÐo, èpetai ìti ordpbi
i→∞−→ ∞.

40i + m − j ≥ i > mn, �ra i + m − j > nm,   isodÔnama i − j > m(n − 1). Apì thn
epagwgik  upìjesh loipìn èqoume ordpbi−j > min(M, (n− 1)ε).
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Gi� ìlouc loipìn touc ìrouc bi−jaj me j = 1, . . . , i, èqoume

ordpbi−jai > min(M, nε).41

Sunolik� loipìn sumperaÐnoume ìti h g = 1+
∞∑

i=1

biX
i = 1−

∞∑

i=1

(bi−1a1+bi−2a2+

. . . + b1ai−1 + ai)Xi sugklÐnei ston D(1). EpÐshc h g de mhdenÐzetai ston D(1)
kaj¸c an up rqe α ∈ D(1) me g(α) = 0, tìte ja eÐqame 1 = f(α)g(α) = 0 �topo.
Kat� tetrimmèno trìpo akìma isqÔei ìti oi rÐzec tou stajeroÔ poluwnÔmou 1
eÐnai akrib¸c ekeÐnec thc f ston D(1). 'Estw N ≥ 1 kai èstw ìti to je¸rhma
isqÔei gi� N − 1. 'Estw λ1 ≤ 0 h klÐsh tou pr¸tou tm matoc tou. N.P. thc
f . AfoÔ N ≥ 1 kai λ1 ≤ 0, èpetai ìti h f , ektìc apì to ìti sugklÐnei ston
D(pλ1) ⊆ D(1), to pr¸to tm ma tou N.P. thc dièrqetai apì toul�qiston èna
shmeÐo (i, ordpai) 6= (0, 0). Apì to l mma 4.4, sel. 40 loipìn, èqoume ìti up�rqei
α ∈ Ωp me ordpα = −λ1 kai f(α) = 0. 'Estw

f1 = f(1 + X
α + X2

α2 + . . . + Xi

αi + . . .) ∈ 1 + XΩp[[X]].

Apì to l mma 4.5, sel. 42, h f1 sugklÐnei ston D(|α|p) = D(pordpα) = D(pλ1).
Kaj¸c α 6= 0,42 jètoume c

orσ
= 1

α , opìte èqoume f = (1 − cX)f1. An to N.P.

thc f1 eÐqe pr¸to tm ma klÐshc λ
′
1 < λ1, tìte apì to l mma 4.4, sel, 40, ja

up rqe b ∈ Ωp me f1(b) = 0 kai ordp = −λ
′
1,43 �ra ja  tan kai f(b) = 0,

�topo. 'Ara λ
′
1 ≥ λ1, sunep¸c isqÔoun oi upojèseic tou l mmatoc 4.3, sel.

38, ìpou th jèsh twn f, g, λ1, λ, c thc ekf¸nhshc èqoun oi f1, f, λ
′
1, λ1,

1
α = c

antÐstoiqa. Apì to l mma loipìn 4.3, èqoume ìti h f1 èqei to Ðdio N.P. me autì
thc f , an afairèsei kaneÐc to eujÔgrammo tm ma me �kra ta (0, 0), (1, λ1), kai
akìma an h f , �ra kai h f1, èqei teleutaÐo tm ma klÐshc λ = 0, epeid  h f
sugklÐnei ston D(1), to Ðdio ja isqÔei kai gi� thn f1. 'Eqoume loipìn ìti h f1

ikanopoieÐ tic upojèseic tou jewr matoc, me to N −1 sth jèsh tou N . Apì thn
41An (n − 1)ε ≤ M ≤ nε tìte gi� j > m èqoume ordpbi−jaj > M = min(M, nε) kai gi�

j ≤ m èqoume ordpbi−jaj > min(M, (n − 1)ε) + ε = (n − 1)ε + ε = nε ≥ M = min(M, nε),
�ra gi� k�je j = 1, . . . , i èqoume ordpbi−jaj > min(M, nε). An M ≤ (n − 1)ε ≤ nε tìte
gi� j > m èqoume ordpbi−jaj > M = min(M, nε) kai gi� j ≤ m èqoume ordpbi−jaj >
min(M, (n − 1)ε) + ε = M + ε > M = min(M, nε), �ra p�li gi� k�je j = 1, . . . , i èqoume
ordpbi−jaj > min(M, nε). An (n− 1)ε ≤ nε ≤ M tìte gi� j > m èqoume ordpbi−jaj > M ≥
nε = min(M, nε) kai gi� j ≤ m èqoume ordpbi−jaj > min(M, (n− 1)ε) + ε = (n− 1)ε + ε =
nε = min(M, nε), �ra p�li gi� k�je j = 1, . . . , i èqoume ordpbi−jaj > min(M, nε).

42Bl. L mma 4.5, sel. 42.
43Epeid  h f1 sugklÐnei ston D(pλ1) ⊃ D(pλ

′
1), èpetai ìti eÐte to N.P. thc èqei tm mata

me klÐseic > λ1 > λ
′
1,   èqei teleutaÐo tm ma klÐshc λ1 me peperasmèna shmeÐa (i, ordpai)

p�nw se autì. 'Omwc afoÔ λ1 > λ
′
1, to pr¸to tm ma tou N.P. thc, klÐshc λ

′
1 ja dièrqetai

apì toul�qiston èna shmeÐo (i, ordpai) 6= (0, 0).
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epagwgik  upìjesh t¸ra up�rqei polu¸numo h1 ∈ 1 + XΩp[X] bajmoÔ N − 1
kai dunamoseir� g ∈ 1 + XΩp[[X]], h opoÐa sugklÐnei kai de mhdenÐzetai ston
D(1) t.¸.

h1 = f1g,

oi rÐzec tou h1 eÐnai akrib¸c oi N − 1 to pl joc rÐzec tou f1 ston D(1) kai
to N.P. tou sumpÐptei me autì tou f1 wc to shmeÐo (N − 1, ordpaN−1). Pol-
laplasi�zontac t¸ra th sqèsh 4 me 1−cX kai jètontac h

orσ
= (1−cX)h1 èqoume

h = f · g ìpou oi rÐzec tou h eÐnai akrib¸c oi N rÐzec tou f ston D(1)44 kai
h ∈ 1 + XΩp[X]. 'Eqoume loipìn ìti to h eÐnai monos manta kajorismèno kai
akìma ìti, afoÔ to N.P. tou h prokÔptei apì to N.P. tou h1, an tou episun�y-
oume to eujÔgrammo tm ma me �kra ta (0, 0), (1, λ1), to N.P. tou h sumpÐptei
me autì tou f wc to shmeÐo (N, ordpaN ).

Pìrisma 4.1 'Estw f ∈ 1+XΩp[[X]] h opoÐa sugklÐnei sto Ωp. Tìte up�rqei
monadikì polu¸numo h ∈ 1 + XΩp[X] kai dunamoseir� g ∈ 1 + XΩp[[X]], opoÐa
sugklÐnei kai de mhdenÐzetai sto Ωp, t.¸. na isqÔei h sqèsh h = f · g.

44Shmeiwtèon ìti 1
c

= α ∈ D(1).
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5 Uperepif�neiec - Sunart seic z ta - To je¸rhma
tou Dwork.

'Estw F s¸ma. SumbolÐzoume me An
F kai onom�zoume n-di�sto affinikì q¸ro

p�nw apì to s¸ma F , to sÔnolo twn diatetagmènwn n-�dwn (x1, . . . , xn) me
xi ∈ F gi� i = 1, . . . , n.
'Estw S ⊆ F [X1, . . . , Xn]. Onom�zoume affinik  uperepif�neia orismènh apì
to S ston An

F to sÔnolo

HS
orσ
= {(x1, . . . , xn) ∈ An

F : f(x1, . . . , xn) = 0 ∀f ∈ S}
kai kaloÔme di�stas  tou ton arijmì n− 1. An S = {f1, . . . , fm}, tìte, gi� lì-
gouc aploÔsteushc tou sumbolismoÔ, ja gr�foume Hf1,...,fm antÐ gi� H{f1,...,fm}.

Epiplèon, sumbolÐzoume me Pn
F kai onom�zoume n-di�sto probolikì q¸ro

p�nw apì to s¸ma F , to sÔnolo twn kl�sewn isodunamÐac twn stoiqeÐwn tou
An+1

F \{(0, . . . , 0)} wc proc th sqèsh isodunamÐac (x0, . . . , xn) ∼ (x
′
0, . . . , x

′
n) ⇔

∃λ ∈ F× : x
′
i = λxi, gi� i = 0, . . . , xn.

Thn kl�sh isodunamÐac enìc stoiqeÐou tou An+1
F \{(0, . . . , 0)} wc proc th sqèsh

aut , ja th sumbolÐzoume [x0, . . . , xn].
Se autì to shmeÐo parathroÔme ìti isqÔei h sqèsh

Pn
F = An

F ] An−1
F ] · · · ] A1

F ] (0, . . . , 1) , (14)

(ìpou ] orσ
= xènh ènwsh), katìpin thc tautÐsewc [1, x1, . . . , xn] ↔ (x1, . . . , xn),

[0, 1, x1, . . . , xn−1] ↔ (x1, . . . , xn−1), . . ., [0, . . . , 1, x1] ↔ x1, [0, . . . , 1] ↔ 1.
Wc ìmogenèc polu¸numo bajmoÔ d, orÐzetai èna opoiod pote polu¸numo

f(X0, . . . , Xn) ∈ F [X0, . . . , Xn], pou eÐnai grammikìc sunduasmìc mononÔmwn
tou idÐou sunolikoÔ bajmoÔ d.
Dojèntoc enìc poluwnÔmou f(X1, . . . , Xn) ∈ F [X1, . . . , Xn] bajmoÔ d, wc o-
mogen c tou pl rwsh, f(X0, . . . , Xn), kaleÐtai to polu¸numo Xd

0f(X1
X0

, . . . , Xn
X0

),
to opoÐo eÐnai omogenèc bajmoÔ d.
ParathroÔme ìti an k�poio polu¸numo f(X0, . . . , Xn) eÐnai omogenèc, kai an
f(x0, . . . , xn) = 0 gi� k�poio (x0, . . . , xn) ∈ An+1

F , tìte isqÔei kai f(λx0, . . . , λxn) =
0 gi� k�je λ ∈ F×, sunep¸c èqei nìhma na k�nei kaneÐc lìgo gi� to sÔnolo twn
stoiqeÐwn tou Pn

F pou mhdenÐzoun to f .
Katìpin loipìn twn parap�nw, an S ⊆ F [X0, . . . , Xn] me f omogenèc gi� k�-
je f ∈ S, orÐzoume wc probolik  uperepif�neia orismènh apì to S sto Pn

F to
sÔnolo

HS
orσ
= {[x0, . . . , xn] ∈ Pn

F : f([x0, . . . , xn]) = 0 ∀f ∈ S}.
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An S = {f1, . . . , fm}, tìte, gi� lìgouc aploÔsteushc tou sumbolismoÔ, ja
gr�foume Hf1,...,fm

antÐ gi� H{f1,...,fm}.

'Estw s¸ma K me F ⊂ K. An f(X1, . . . , Xn) ∈ F [X1, . . . , Xn], tìte kai
f(X1, . . . , Xn) ∈ K[X1, . . . , Xn], sunep¸c, an S ⊆ F [X1, . . . , Xn], mporoÔme na
orÐsoume to sÔnolo

HS(K)
orσ
= {(x1, . . . , xn) ∈ An

K : f(x1, . . . , xn) = 0 ∀f ∈ S} .

An S ⊆ F [X0, . . . , Xn] me f omogenèc gi� k�je f ∈ S, ìmoia orÐzoume to sÔnolo

HS(K)
orσ
= {[x0, . . . , xn] ∈ Pn

K : f([x0, . . . , xn]) = 0 ∀f ∈ S} .

Apì ed¸ kai sto ex c ja anaferìmaste se peperasmèna s¸mata F = Fq kai
peperasmènec epekt�seic touc K = Fqs . Stic peript¸seic autèc parathroÔme ìti
ta sÔnola HS(K) kai HS(K) eÐnai peperasmèna, kaj¸c #HS(Fqs) ≤ #An

Fqs
=

qsn kai #HS(Fqs) ≤ #Pn
Fqs

= qsn + . . . + qs + 1.
Gi� k�je s ≥ 1 jètoume

Ns
orσ
= #HS(Fqs) kai N s

orσ
= #HS(Fqs)

kai orÐzoume antÐstoiqa tic sunart seic z ta twn HS kai HS wc tic tupikèc
dunamoseirèc

Z(HS/Fq; T )
orσ
= exp(

∞∑

s=1

Ns
T s

s
) ∈ Q[[T ]]

kai

Z(HS/Fq; T )
orσ
= exp(

∞∑

s=1

N s
T s

s
) ∈ Q[[T ]] .

Apì to je¸rhma b�shc tou Hilbert èpetai ìti, gi� k�je S ⊆ F [X1, . . . , Xn]
up�rqei peperasmèno sÔnolo S

′ ⊆ F [X1, . . . , Xn], tètoio ¸ste HS = HS′ ,
kaj¸c epÐshc kai ìti gi� k�je sÔnolo S ⊆ F [X0, . . . , Xn] omogen¸n poluwnÔmwn
up�rqei peperasmèno sÔnolo omogen¸n poluwnÔmwn S

′ ⊆ F [X0, . . . , Xn], tètoio
¸ste HS = HS

′ . 'Epetai loipìn ìti

Z(HS/Fq; T ) = Z(HS
′/Fq;T ) kai Z(HS/Fq; T ) = Z(HS

′/Fq;T ).

Je¸rhma 5.1 (Dwork) H sun�rthsh z ta k�je affinik c uperepif�neiac
orismènhc apì k�poio polu¸numo f(X1, . . . , Xn) ston An

Fq
kai k�je probolik c

uperepif�neiac orismènhc apì k�poio omogenèc polu¸numo f(X0, . . . , Xn) ston
Pn
Fq
, ìpou to Fq eÐnai peperasmèno s¸ma, eÐnai kl�sma duo poluwnÔmwn me sun-

telestèc sto Z kai stajerì suntelest  mon�da.
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Ja doÔme amèswc parak�tw ìti sunèpeia tou jewr matoc 5.1 eÐnai ìti h
sun�rthsh z ta k�je affinik c uperepif�neiac orismènhc apì k�poio sÔnolo
S ⊆ Fq[X1, . . . , Xn] ston An

Fq
kai k�je probolik c uperepif�neiac orismènhc

apì k�poio sÔnolo omogen¸n poluwnÔmwn S ⊆ Fq[X0, . . . , Xn] ston Pn
Fq

eÐnai
kl�sma duo poluwnÔmwn me suntelestèc sto Z kai stajerì ìro mon�da.

SÔmfwna me ìti prohg jhke tou jewr matoc , arkeÐ autì na deiqjeÐ gi�
thn perÐptwsh pou to S eÐnai peperasmèno.
'Estw, loipìn, ìti èqei apodeiqjeÐ to je¸rhma 5.1, kai S = {f1, f2} ⊆ Fq[X1, . . . , Xn].
Jètoume Nf1,s = #Hf1(Fqs), Nf2,s = #Hf2(Fqs), NS,s = #HS(Fqs) kai Nf1·f2,s =
#Hf1·f2(Fqs). 'Eqoume ìti Nf1·f2,s = Nf1,s + Nf2,s −NS,s, sunep¸c,

Z(Hf1,f2/Fq;T ) = exp(
∞∑

s=1

NS,s
T s

s
)

= exp(
∞∑

s=1

(Nf1,s + Nf2,s −Nf1·f2,s)
T s

s
)

=
Z(Hf1/Fq; T )Z(Hf2/Fq; T )

Z(Hf1·f2/Fq;T )
,

to opoÐo eÐnai profan¸c kl�sma poluwnÔmwn me suntelestèc sto Z kai stajerì
ìro mon�da.
An t¸ra #S = k ≥ 3, tìte to zhtoÔmeno èpetai epagwgik� me th bo jeia thc
sunduastik c arq c egkleismoÔ-apokleismoÔ: An A1, . . . , An eÐnai peperasmèna
sÔnola, tìte isqÔei h isìthta

#(∪n
i=1Ai) =

∑

1≤i1≤n

#Ai1 −
∑

1≤i1<i2≤n

#(Ai1 ∩Ai2)

+
∑

1≤i1<i2<i3≤n

#(Ai1 ∩Ai2 ∩Ai3)− . . . + (−1)n#(∩n
i=1Ai) .

(15)

H apìdeixh gi� thn probolik  perÐptwsh eÐnai entel¸c ìmoia.

To akìloujo l mma deÐqnei pwc arkeÐ na apodeiqjeÐ to jewrhma 5.1 gi� thn
perÐptwsh affinik¸n uperepifanei¸n.

L mma : 5.1 An to je¸rhma 5.1 isqÔei gi� k�je affinik  uperepif�neia
orismènh apì k�poio polu¸numo f(X1, . . . , Xn) ston An

Fq
, tìte isqÔei kai gi� k�-

je probolik  uperepif�neia orismènh apì k�poio omogenèc polu¸numo f(X0, . . . , Xn)
ston Pn

Fq
.
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Apìdeixh.'Estw ìti to je¸rhma tou Dwork isqÔei gi� k�je affinik  u-
perepif�neia, kai èstw Hf mÐa probolik  uperepif�neia orismènh apì k�poio
omogenèc polu¸numo f(X0, . . . , Xn) ston Pn

Fq
.

OrÐzoume ta polu¸numa fn, . . . , f0 wc ex c : fn(X1, . . . , Xn) = f(1, X1, . . . , Xn)
kai gi� i = 1, . . . , n, fn−i(X1, . . . , Xn−i) = f(0, . . . , 0, 1︸ ︷︷ ︸

i+1

, X1, . . . , Xn−i). Ei-

dikìtera, to f0 eÐnai to stajerì polu¸numo.
ParathroÔme ìti f([1, x1, . . . , xn]) = 0 ⇔ fn(x1, . . . , xn) = 0 kai gi� k�je

i = 1, . . . , n, f([0, . . . , 0, 1︸ ︷︷ ︸
i+1

, x1, . . . , xn−i]) = 0 ⇔ fn−i(x1, . . . , xn−i) = 0.

OrÐzoume akìma ta sÔnola Bn, . . . , B0 wc ex c : Bn = {(x1, . . . , xn) ∈
An
Fqs

: f(1, x1, . . . , xn) = 0} kai gi� k�je i = 1, . . . , n Bn−i = {(x1, . . . , xn−i) ∈
An−i
Fqs

: f(0, . . . , 0, 1︸ ︷︷ ︸
i+1

, x1, . . . , xn−i) = 0}. Lìgw thc 14 sel. 47, èqoume ìti

N s = #Hf (Fqs) = #Bn + #Bn−1 + · · ·+ #B1 + #B0, �ra

N s =
{

#Hfn(Fqs) + #Hfn−1(Fqs) + . . . + #Hf1(Fqs) + 1, an f0 = 0
#Hfn(Fqs) + #Hfn−1(Fqs) + . . . + #Hf1(Fqs) + 0, alli¸c

Sunep¸c loipìn,

Z(Hf/Fq; T ) = exp(
∞∑

s=1

N s
T s

s
) =

=





exp(
∞∑

s=1

(#Hfn(Fqs) + #Hfn−1(Fqs) + . . . + #Hf1(Fqs) + 1)
T s

s
), an f0 = 0

exp(
∞∑

s=1

(#Hfn(Fqs) + #Hfn−1(Fqs) + . . . + #Hf1(Fqs))
T s

s
), alli¸c

=





n∏

i=1

exp(
∞∑

s=1

(#Hfi(Fqs)
T s

s
) exp(

∞∑

s=1

T s

s
), an f0 = 0

n∏

i=1

exp(
∞∑

s=1

(#Hfi(Fqs)
T s

s
), alli¸c

=





n∏

i=1

exp(
∞∑

s=1

(#Hfi(Fqs)
T s

s
)

1
1− T

, an f0 = 0

n∏

i=1

exp(
∞∑

s=1

(#Hfi(Fqs)
T s

s
), alli¸c

.
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Se k�je perÐptwsh loipìn, lìgw thc isqÔoc tou jewr matoc 5.1 gi� affinikèc
uperepif�neiec, kai kaj¸c ginìmeno klasm�twn thc morf c pou upodeiknÔei to
je¸rhma eÐnai epÐshc kl�sma thc Ðdiac morf c, prokÔptei to zhtoÔmeno.

L mma : 5.2 Z(Hf/Fq; T ) ∈ 1 + TZ[[T ]].

Apìdeixh. Gi� k�je j ∈ Z, èstw σj ∈ Gal(Fq/Fq) pou orÐzetai apì thn
σj(x) = xqj . O automorfismìc σj dra fusiologik� ston An

Fq
wc ex c : Gi�

P = (x1, . . . , xn) ∈ An
Fq
, P σj

orσ
= (σj(x1), . . . , σj(xn)). OrÐzoume sto Hf (Fq)

thn ex c sqèsh isodunamÐac : P ∼ Q ⇔ Q = P σj gi� k�poio j ∈ Z, kai sum-
bolÐzoume me [P ] thn kl�sh isodunamÐac tou P .
Isqurismìc : #[P ] = min{s ∈ N : P ∈ An(Fqs)} orσ

= sP .
Gi� thn apìdexh tou isqurismoÔ ja deÐxoume pr¸ta ìti ta P σj , ìpou j =
0, . . . , sP − 1, eÐnai diaforetik� metaxÔ touc, �ra #[P ] ≥ sP . 'Estw P =
(x1, . . . , xn) ∈ An(Fqs) kai P σi = P σj gi� k�poia i, j{0, . . . , sP − 1} me i 6= j.
Tìte ja èqoume σi(xk) = σj(xk) gi� k�je k = 1, . . . , n. Efarmìzontac t¸ra
ton σ−j èqoume σ−j(σi(xk) = σi−j(xk) = xk gi� k�je k = 1, . . . , n. H epèktash
FqsP /Fq eÐnai Galois. To gegonìc ìti oi suntetagmènec tou P mènoun stajerèc
upì thn epÐdrash tou σi−j , shmaÐnei ìti Fq(x1, . . . , xn) ⊆ upìswma tou FqsP pou
ta stoiqeÐa tou paramènoun analloÐwta apì ton σi−j . 'Omwc Fq(x1, . . . , xn) =
(el�qisth epèktash tou Fq pou perièqei tic suntetagmènec tou P )

orσ
= FqsP .

'Ara ìla ta stoiqeÐa tou FqsP mènoun analloÐwta apì ton σi−j . Epeid  ìmwc h
FqsP /Fq eÐnai Galois, èpetai ìti σi−j = id. 'Atopo.

Ja deÐxoume epiplèon ìti, an Q ∼ P , tìte Q = P σj gi� k�poio j ∈
{0, 1, . . . , sP − 1}, �ra #[P ] ≤ sP . 'Estw loipìn Q ∼ P . Tìte Q = P σj

gi� k�poio j ∈ Z. Dhlad , an Q = (y1, . . . , yn) kai P = (x1, . . . , xn), tìte
yi = xqj

i gi� k�je i = 1, . . . , n. 'Omwc P ∈ An(FqsP ) �ra, jètontac j = ks + j0

ìpou j0 ∈ {0, 1, . . . , sP − 1}, èqoume yi = xqj

i = xqks+j0

i = (xqks

i )qj0 = xqj0

i gi�
k�je i = 1, . . . , n, sunep¸c Q = P σj0 gi� k�poio j0 ∈ {0, 1, . . . , sP − 1}.

Epiplèon èqoume ìti, an Q ∼ P , tìte gi� k�je s ≥ 1 isqÔei h isodunamÐa
Q ∈ An(Fqs) ⇔ P ∈ An(Fqs). Pr�gmati, an P = (x1, . . . , xn), Q = (y1, . . . , yn)
kai P ∈ An(Fqs), tìte, kaj¸c yi = xqj

i gi� k�poio j ∈ Z, èqoume yqs

i = (xqj

i )qs
=

(xqs

i )qj
= xqj

i = yi gi� k�je i = 1, . . . , n �ra Q ∈ An(Fqs). To antÐstrofo
prokÔptei omoÐwc.

Gi� k�je P ∈ Hf (Fq) kai s ≥ 1, jètoume

εP,s =
{

1 an P ∈ An(Fqs)
0 diaforetik�
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IsqÔei ìti εP,s = 1 ⇔ sP |s.
Pr�gmati, an P = (x1, . . . , xn), tìte, afoÔ to FqsP eÐnai h el�qisth epèktash
tou Fq pou perièqei ta x1, . . . , xn, èpetai ìti FqsP = Fq(x1, . . . , xn). An loipìn
P ∈ An(Fqs), tìte Fqs ⊇ Fq(x1, . . . , xn) = FqsP , �ra sP |s. AntÐstrofa, an
sP |s, tìte Fqs ⊇ FqsP , �ra P ∈ An(Fqs).

SÔmfwna loipìn me ta parap�nw èqoume
∞∑

s=1

Ns
T s

s
=

∑

P∈Hf (Fq)

∞∑

s=1

εP,s
T s

s
=

∑

[P ]

∞∑

s=1

εP,s#[P ]
T s

s

=
∑

[P ]

∞∑

k=1

sP

(k · sP )
T k·sP =

∑

[P ]

∞∑

k=1

(T sP )k

k

=
∑

[P ]

− logp(1− T sP ) .

'Eqoume ìti ord(logp(1−T sP )) = sP kai gi� k�je M > 0, to polÔ peperasmèna
to pl joc shmeÐa P èqoun sP ≤ M , �ra lim

P
ord(logp(1 − T sP )) = +∞. H

teleutaÐa seir� loipìn sugklÐnei kai kaj¸c èqei stajerì ìro mhdèn orÐzetai to
ekjetikì thc. Apì to l mma t¸ra 3.5, sel. 29, èqoume ìti

exp(
∞∑

s=1

Ns

s
T s) = exp(

∑

[P ]

− logp(1− T sP )) =

∏

[P ]

1
1− T sP

=
∏

[P ]

(1 + T sP + T 2sP + . . .) ∈ 1 + TZ[[T ]].

SÔmfwna me to L mma 5.2 kai lìgw tou akìloujou L mmatoc, blèpei kaneÐc
pwc arkeÐ na deiqjeÐ ìti h Z(Hf/Fq; T ) eÐnai phlÐko rht¸n poluwnÔmwn.

L mma : 5.3 An h(T ) ∈ 1+TZ[[T ]] kai h(T ) = f(T )
g(T ) gi� k�poia f(T ), g(T ) ∈

Q[T ], tìte h(T ) = f
′
(T )

g
′
(T )

gi� k�poia f
′
(T ), g

′
(T ) ∈ 1+TZ[T ] pr¸ta metaxÔ touc.

Apìdeixh :'Eqoume ìti h(T ) = f
′
(T )

g′ (T )
gi� k�poia f

′
(T ), g

′
(T ) ∈ Q[T ]

pr¸ta metaxÔ touc p�nw apì to Q[T ], afoÔ k�je koinìc touc par�gontac twn
f(T ), g(T ) sto Q[T ] mporeÐ na aplopoihjeÐ. Epiplèon mporoÔme na upojèsoume
ìti ta f

′
(T ) kai g

′
(T ) èqoun stajerì ìro mon�da, kaj¸c, lìgw tou ìti h h(T )

èqei stajerì ìro mon�da, èpetai ìti ta f
′
(T ), g

′
(T ) èqoun koinì stajerì ìro.

'Eqoume ìti
f
′
(T )f1(T ) + g

′
(T )g1(T ) = 1 (16)
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gi� k�poia f1(T ), g1(T ) ∈ Q[T ]. 'Estw t¸ra g
′
(T ) = 1 + b1T + . . . + bmTm =

m∏

i=1

(1 − 1
βi

T ), ìpou bi ∈ Q gi� 1 ≤ bi ≤ m kai èstw p pr¸toc. An | 1
βi
|p > 1

gi� k�poio i ∈ {1, . . . ,m}, tìte |βi|p < 1, �ra f
′
(βi) = 45g

′
(βi)h(βi) = 0.

Blèpontac thn 16 sto Ωp wc proc ton pr¸to p, kai jètontac T = βi èqoume
0 = 1. 'Atopo. 'Ara | 1

βi
|p < 1 gi� k�je i = 1, . . . ,m, sunep¸c |bi|p < 1 gi� k�je

i = 1, . . . , m. AfoÔ ta bi eÐnai rhtoÐ, ja èqoume bi ∈ Z gi� k�je i = 1, . . . , m.
Kaj¸c t¸ra h(T ) ∈ 1 + Z[[T ]], g

′
(T ) ∈ 1 + Z[T ] kai h(T )g

′
(T ) = f

′
(T ) èpetai

kai ìti f
′
(T ) ∈ 1 + Z[T ]. 2

L mma : 5.4 O suntelest c tou T j sthn Z(Hf/Fq; T ) eÐnai ≤ qnj .

Apìdeixh. H megalÔterh tim  tou Ns, eÐnai qns = #An
qs , �ra oi sunte-

lestèc thc Z(Hf/Fq; T ) eÐnai mikrìteroi   Ðsoi apì qns. 'Omwc exp(
∞∑

s=1

qns T s

s
) =

exp(− log(1− qnT )) =
1

1− qnT
=

∞∑

j=0

qnjT j .

45K�je dunamoseir� sto Ωp[[T ]] sugklÐnei ston D(1).

53



6 Antiprìswpoi Teichmuller kai h dunamoseir� J(T).

Gi� thn analutikìterh parousÐash ìswn ektÐjentai s' aut n thn enìthta para-
pèmpoume sto biblÐo tou Koblitz [Ko]. Arqik� parajètoume k�poiouc prokatark-
tikoÔc orismoÔc.

'Estw K epèktash tou Qp me [K/Qp] = n. An a ∈ K, orÐzoume ordpa
orσ
=

− logp |a|p = − logp |NK/Qp
(a)|

1
n
p = − 1

n logp |NKQp(a)|p, ìpou logp : R+ → R
eÐnai o sunhjismènoc log�rijmoc me b�sh to p. Sto shmeÐo autì parathroÔme
ìti an a, b ∈ K, tìte

ordp(ab) = − 1
n logp |NK/Qp

(ab)|p = − 1
n logp |NK/Qp

(a)NK/Qp
(b)|p =

− 1
n logp |NK/Qp

(a)|p|NK/Qp
(b)|p = − 1

n logp |NK/Qp
(a)|p − 1

n logp |NK/Qp
(b)|p =

ordpa + ordpb.

Lìgw thc parap�nw idiìthtac kai kaj¸c NK/Qp
(a) ∈ Qp gi� k�je a ∈ K, an

sumbolÐsoume me ordp(K) thn eikìna tou K mèsw thc apeikìnishc ordp, ja è-
qoume ìti h ordp(K) eÐnai mÐa prosjetik  upoom�da thc 1

nZ thc morf c 1
eZ gi�

k�poion fusikì e me e|n.46 Ton fusikì autì e ton onom�zoume deÐkth diakl�d-
wshc tou K p�nw apì to Qp. An e = 1, tìte lème ìti to K eÐnai adiakl�dwth
epèktash tou Qp, en¸ antÐjeta, an e = n, tìte lème ìti to K eÐnai olik� di-
akladwmènh epèktash tou Qp. Genikìtera, an A = {x ∈ K : |x|p ≤ 1} eÐnai
o daktÔlioc thc p-adik c ektÐmhshc kai M = {x ∈ K : |x|p < 1} eÐnai to
monadikì maximal ide¸dec tou A, isqÔei ìti to Fp eÐnai upìswma tou A/M kai
ìti n = [K/Qp] = [(A/M)/Fp] · e.47

MÐa qr simh parat rhsh eÐnai ìti, an π ∈ K eÐnai èna stoiqeÐo me ordpπ = 1
e ,

tìte k�je x ∈ K mporeÐ na grafeÐ sth morf  πmu ìpou u ∈ K me |u|p = 1 kai
m = e · ordpx ∈ Z.
Autì diìti : an ordpx = m

e = m · ordpπ = ordpπ
m, tìte ordp

x
πm = 0,  

| x
πm |p = 1, kai jètontac u

orσ
= x

πm èqoume x = πmu me |u|p = 1, kaj¸c epÐshc
kai m = e · ordpx ∈ Z, afoÔ ordpx ∈ 1

eZ.
Sumfwna loipìn me ta parap�nw, sthn perÐptwsh adiakl�dwthc epèktashc, m-
poroÔme na jewroÔme wc π ton p.

46Oi prosjetikèc upoom�dec thc 1
n
Z eÐnai profan¸c thc morf c a

n
Z, ìpou a ∈ Z. 'Omwc gi�

k�je epèktash K tou Qp ìpwc parap�nw, 1 = ordpp ∈ ordp(K), kaj¸c 1 ∈ K, �ra a
n
e = 1

gi� k�poion e ∈ Z,(eidikìtera e ∈ N),   ae = n. Sunep¸c h ordp(K) eÐnai mÐa upoom�da thc
morf c 1

e
Z gi� k�poion e ∈ N.

47Bl. [Gou], prìtash 5.4.6. sel.146 .
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'Estw q = ps. ApodeiknÔontai ta ex c. Up�rqei mÐa monadik  adiakl�dwth
epèktash tou Qp bajmoÔ s, thn opoÐa ed¸ ja sumbolÐzoume Kad

q . IsqÔei ìti
Kad

q = Qp(γ) gi� opoiad pote arqik  (q − 1)- rÐza thc mon�doc γ.48 'Estw A o
daktÔlioc thc p-adik c ektÐmhshc

A
orσ
= {x ∈ Kad

q : |x|p ≤ 1} = {x ∈ Kad
q : ordpx ≥ 0}

kai M to monadikì maximal ide¸dec tou A,

M
orσ
= {x ∈ A : |x|p < 1} = {x ∈ A : ordpx > 0}.

Kaj¸c isqÔei ìti M = πA 49 kai lìgw tou ìti h Kad
q eÐnai adiakl�dwth, èqoume

ìti M = pA.

K�je x ∈ Kad
q gr�fetai sth morf  x =

∞∑

i=m

aip
i, ìpou m = ordpx kai k�je

ai ∈ A eÐnai eÐte 0 eÐte (q − 1)-rÐza thc mon�dac.50

Eidikìtera, an x ∈ A, kaj¸c ordpx ≥ 0, èqoume x =
∞∑

i=0

aip
i, sunep¸c x+M =

a0 + M , ìpou a0 = 0 eÐte a0 = γk gi� k�poio k ∈ {0, 1, . . . , q − 2}.
Epeid  èqoume s = [Kad

q /Qp] = [(A/M)/Fp]·e kai e = 1, èpetai ìti to A/M
eÐnai isìmorfo me to Fq. SÔmfwna loipìn me ta parap�nw, ta stoiqeÐa tou Fq

ta blèpoume wc a+M , ìpou a = 0, eÐte a = γk gi� k�poio k ∈ {0, 1, . . . , q−2},
dhlad  to tupikì mh mhdenikì stoiqeÐo u ∈ Fq tautÐzetai me k�poio t + M ,
ìpou to t ∈ A eÐnai k�poia (q − 1)-t�xewc rÐza thc mon�dac. Autì to t kaleÐtai
antiprìswpoc Teichmuller tou u. Profan¸c kai k�je a+M me a ∈ A tautÐzetai
me k�poio stoiqeÐo u ∈ Fq, akìma kai an to a den eÐnai (q− 1)- rÐza thc mon�dac,
tìte ìmwc to a den eÐnai antiprìswpoc Teichmuller tou u. Kaj¸c isqÔei h
isomorfik  emfÔteush Fp ↪→ A/M pou orÐzetai apì thn z + pZ 7→ z + M me
z ∈ Z, èpetai ìti mporeÐ kaneÐc na tautÐsei ta stoiqeÐa tou Fp me ta z + M ìpou
z ∈ Z. An jèloume na blèpoume ta stoiqeÐa tou Fp wc stoiqeÐa tou Fq, tìte ta
tautÐzoume me ta

0 + M, 1 + M, ζ + M, ζ2 + M, . . . , ζp−2 + M ìpou ζ = γ
q−1
p−1 .

48Bl. prìtash sel. 67 tou [Ko]
49(⊇) 'Estw a ∈ A. Tìte |πa|p ≤ |π|p = 1

p
1
e

< 1.

(⊆) 'Estw µ ∈ M . Tìte µ = πe·ordpµu = π(πe·ordpµ−1u), ìpou |πe·ordpµ−1u|p =
|πe·ordpµ−1|p = 1

p
e·ordpµ−1

e

≤ 1 kaj¸c ordpµ > 0, �ra e ·ordpµ > 0 kai afoÔ e ·ordpµ > 0 ∈ Z,
e · ordpµ ≥ 1.

50Bl. [Ko], pìrisma sel. 68 .
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Sta parak�tw ja qrhsimopoioÔme ton ex c sumbolismì : Gi� k�je g(X) =
a0 + a1X + . . . + amXm ∈ A[X], ìtan gr�foume g(X), ennooÔme to polu¸numo
(a0 + M) + (a1 + M)X + . . . + (am + M)Xm ∈ Fq[X]. AntÐstrofa, lìgw twn
parap�nw, k�je polu¸numo p�nw apì to Fq eÐnai thc morf c g(X) gi� k�poio
g(X) ∈ A[X].

AfoÔ ta mh mhdenik� stoiqeÐa tou Fq tautÐzontai isomorfik� me ta γk + M
me k = 0, 1, . . . , q− 2, èpetai ìti an 0 ≤ i, j ≤ q− 2 kai γi + M = γj + M , tìte
i = j. Apì autì èpetai polÔ eÔkola ìti o u

orσ
= γ + M eÐnai o genn torac thc

pollaplasiastik c om�dac F×q , kai ìti Fq = Fp(u). K�je stoiqeÐo loipìn tou
F×q eÐnai thc morf c uk gi� k�poio k ∈ {0, . . . , q − 2}. JewroÔme èna tètoio uk

kai ja upologÐsoume to TrFq/Fp
(uk).

'Estw g0(uk) = 0 gi� k�poio monikì an�gwgo g0 ∈ Fp[X] bajmoÔ d ìpou
d|s kai g0 ∈ Zp[X]. Jètoume Φ(X) = Xq−1 − 1 ∈ Z[X] ⊆ Zp[X]. Tìte èqoume
g0|Φ kai èstw Φ = g0h0 gi� k�poio h0 ∈ Zp[X]. Epeid  to Φ den èqei pollaplèc
rÐzec, ta g0,h0 eÐnai pr¸ta metaxÔ touc. Apì to l mma tou Hensel,51 èqoume
ìti up�rqoun g, h ∈ Zp[X], me to g monikì bajmoÔ d, t.¸. Φ = gh, g = g0 kai
h = h0. Kaj¸c to g0 eÐnai an�gwgo p�nw apì to Fp, èpetai ìti to Ðdio isqÔei
kai gi� to g, �ra kai to g ja eÐnai an�gwgo p�nw apì to Zp[X]. Akìma, kaj¸c
g = g0, èpetai ìti g = g0 + pg1 gi� k�poio g1 ∈ Zp[X].

AnazhtoÔme tic rÐzec tou g(X). H tupik  tou rÐza, afoÔ eÐnai rÐza tou
Φ, ja eÐnai thc morf c γi ìpou to i paÐrnei d diaforetikèc timèc sto sÔnolo
{0, . . . , q − 2}. Ja deÐxoume oi timèc autèc eÐnai akrib¸c oi k, kp, . . . , kpd−1. An
g(γi) = 0, tìte ja èqoume :

0 = g(γi) = g0(γi) + pg1(γi), �ra 0 + M = g0(γi + M) = g0(ui),

dhlad  h ui ja eÐnai rÐza tou g0 ∈ Fp[X]. 'Omwc h epèktash Fp(uk)/Fp eÐnai
Galois kai om�da Galois thc Fp(uk)/Fp eÐnai kuklik  t�xewc d kai par�getai apì
ton Fp-automorfismì σ ìpou σ(x)xp gi� k�je x ∈ Fp(uk). AfoÔ loipìn mÐa rÐza
tou g0 eÐnai h uk, oi rÐzec tou g0 ja eÐnai akrib¸c oi uk, σ(uk), . . . , σd−1(uk),
dhlad  oi uk, ukp, . . . , ukp(d−1) . 'Oson afor� loipìn tic rÐzec tou g èqoume ìti
ja eÐnai thc morf c γi gi� k�poia i ∈ {k, kp, . . . , kpd−1}. 'Omwc to i paÐrnei
d diaforetikèc timèc, �ra oi rÐzec tou eÐnai akrib¸c oi γk, γkp, . . . , γkpd−1 . Ja

51L mma tou Hensel : 'Estw f(X) prwtaqikì polu¸numo me suntelestèc sto daktÔlio S
twn akeraÐwn stoiqeÐwn enìc s¸matoc k pl rec wc proc mÐa ektÐmhsh. An sto s¸ma kl�sewn
upoloÐpwn Σ to polu¸numo f ∈ Σ[X] èqei paragontopoÐhsh f = g0h0 (g0, h0 ∈ A[X]) me ta
g0, h0 pr¸ta metaxÔ touc, tìte up�rqoun polu¸numa g, h ∈ A[X], t.¸. f = gh me g = g0,
h = h0 kai deg(g) = deg(g0). Sthn perÐptws  mac f(X) = Φ(X), A = Zp, k = Qp. Bl kai
[BS], je¸rhma 2 sel. 275.

56



èqoume loipìn ìti TrFq/Fp
(uk) = s

d

d−1∑

j=0

ukpj
kai TrKad

q /Qp
(γk) = s

d

d−1∑

j=0

γkpj
.52

'Omwc afoÔ jèsame u = γ +M , dhlad  o antiprìswpoc Teichmuller tou u eÐnai
o γ, ja èqoume kai uk = (γ + M)k = γk + M ,ara o antiprìswpoc Teichmuller
tou tupikoÔ stoiqeÐou uk ∈ Fq ja eÐnai o t

orσ
= γk. Apì ta parap�nw loipìn

èqoume ta ex c :

An x ∈ Fq, tìte gi� ton antiprìswpo Teichmuller t tou x isqÔei ìti
TrFq/Fp

(x) = TrKad
q /Qp

(t) + M = TrKad
q /Qp

(t) + pA.

H epèktash Kad
q /Qp eÐnai Galois kai h om�da Galois aut c thc epèktashc

par�getai apì ton Qp−isomorfismì Kad
q 3 x 7→ xp t�xewc s. Ara

TrKad
q /Qp

(t) = t + tp + . . . + tp
s−1

'Estw ε mÐa p-ost  rÐza thc mon�dac sto Ωp. Epeid  o t eÐnai algebrikìc
akèraioc p�nw apì ton daktÔlio Zp, èpetai ìti TrKad

q /Qp
(t) ∈ Zp. Genik� t¸ra,

prèpei na deÐxei kaneÐc ìti gi� a ∈ Zp orÐzetai to εa kai ìti εpa = 1.
Pr�gmati, èstw ε = 1 + λ. EÐnai ordpλ = 1

p−1 .
53 Epeid  a ∈ Zp, apì thn

enìthta 2.3, èqoume ìti h seir� Ba,p(x) sugklÐnei ìtan |x|p < 1, �ra èqei nìhma
to Ba,p(λ) ∈ Ωp kai orÐzoume εa = Ba,p(λ). OmoÐwc, gi� a ∈ Zp, εpa orÐzetai
na eÐnai to Bap,p(λ). Ja deÐxoume ìti εpa = 1. Pr�gmati, apì thn tautìthta
(1 + X1)pX2 = [(1 + X1)p]X2 èqoume

εpa = (1 + λ)pa = [(1 + λ)p]a = [1 + (pλ +
(
p
2

)
λ2 + . . . + λp)]a =

1 +
∞∑

n=1

a(a− 1) · . . . · (a− n + 1)
n!

(pλ +
(

p

2

)
λ2 + . . . + λp)n.

'Omwc

(pλ +
(
p
2

)
λ2 + . . . + λp) = (−1 + (1 + λ)p)n = (−1 + εp)n = 0n = 0,

�ra
52EÐnai gnwstì apì th jewrÐa Galois ìti an L/K peperasmènh epèktash swm�twn me [L :

K] = s x ∈ L kai g = Irr(x, K) me degg = d, tìte TrL/K(x) = s
d
·�jroisma twn riz¸n tou g.

53 'Estw p pr¸toc di�foroc tou 2. 'Eqoume ìti f(X)
orσ
= Irr(ε,Qp) = Xp−1 +Xp−2 + . . .+

1 = Xp−1
X−1

, kaj¸c f(ε) = 0 kai to f(X) eÐnai an�gwgo. 'Ara loipìn [Qp(ε) : Qp] = p − 1,

sunep¸c |ε|p = |NQp(ε)/Qpε|
1

p−1
p = |(−1)p−1 · 1|

1
p−1
p = 1. Akìma Qp(ε − 1) = Qp(ε), �ra

[Qp(ε − 1) : Qp] = p − 1 kai epeid  to f(X + 1) eÐnai an�gwgo, f((ε − 1) + 1) = 0 kai

f(0 + 1) = p, èqoume ìti |ε− 1|p = |(−1)p−1p|
1

p−1
p = 1

p
1

p−1
, dhlad  ordp(ε− 1) = 1

p−1
.
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∞∑

n=1

a(a− 1) · . . . · (a− n + 1)
n!

(pλ +
(

p

2

)
λ2 + . . . + λp)n = 0,

kai sunep¸c εpa = 1.

'Estw x ∈ Fq. Jètontac Tx ton el�qisto fusikì apì touc antipros¸pouc
thc kl�shc (mod p) tou TrFq/Fp

(x) ∈ Fp, mporoÔme na orÐsoume to εTx ∈ Ωp to
opoÐo apì ed¸ kai sto ex c ja gr�foume εTrFq/Fp (x) gi� na apofÔgoume th qr sh
poll¸n sumbìlwn. Kaj¸c to stoiqeÐo εTrFq/Fp (x) exart�tai mìno apì thn kl�sh
(mod p) tou ekjèth, kai afoÔ deÐxame ìti isqÔei TrFq/Fp

(x) = TrKad
q /Qp

(t)+ pA

èqoume ìti εTrFq/Fp(x) = εTrK/Qp(t).

Sta parak�tw anazhtoÔme mÐa dunamoseir�, thn opoÐa ìtan ja kajorÐsoume
ja sumbolÐzoume me Θ(T ), h opoÐa ja èqei thn idiìthta

Θ(t)Θ(tp)Θ(tp
2
) · . . . ·Θ(tp

s−1
) = εTrFq/Fpx.

'Estw λ = ε− 1. JewroÔme th dunamoseir�

F (X,Y ) =

(1 + Y )X(1 + Y p)
Xp−X

p (1 + Y p2
)

Xp2−Xp

p2 · . . . · (1 + Y pn
)

Xpn−Xpn−1

pn · . . . =

(1 +
∞∑

i=1

X(X − 1) · . . . · (X − i + 1)
i!

Y i)·
∞∏

n=1

(1 +
∞∑

i=1

Xpn −Xpn−1

pn
(
Xpn −Xpn−1

pn
− 1) ·

. . . · (X
pn −Xpn−1

pn
− i + 1)

Y ipn

i!
).

, pou orÐsthke sthn selÐda 31, sth morf  F (X,Y ) =
∞∑

n=0

(Xn
∞∑

m=n

am,nY m) me

am,n ∈ Zp.54
'Estw n stajerì. Kaj¸c gi� k�je m am,n ∈ Zp kai ordpλ = 1

p−1 , èqoume

54Gi� k�je n = 0, 1, . . ., èqoume am,n = 0 gi� m < n kai autì diìti gi� k�je n, k�je
prosjetaÐoc thc seir�c
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ordpam,nλm ≥ 0+ m
p−1

m→∞−→ ∞, èpetai ìti h seir�
∞∑

m=n

am,nλm sugklÐnei. Epei-

d  t¸ra gi� k�je m, n, am,nλm ∈ Qp(λ) = Qp(ε) kai to Qp(ε) eÐnai pl rec,55

èqoume ìti gi� k�je n, αn
orσ
=

∞∑
m=n

am,nλm ∈ Qp(ε).

Jètoume

Θ(T )
orσ
= F (T, λ) =

∞∑

n=0

αnTn ∈ Qp(ε).

H dunamoseir� Θ(T ) sugklÐnei toul�qiston sto dÐsko D(1) diìti :
gi� k�je x ∈ D(1) èqoume

ordpαnxn ≥ ordpαn1n = ordp(
∞∑

m=n

am,nλm) = ordp(λn
∞∑

m=0

am+n,nλm) =

nordpλ + ordp(
∞∑

m=0

am+n,nλm) ≥ n
p−1 + cn

56 ≥ n
p−1

n→∞−→ ∞.

Gi� ton antiprìswpo Teichmuller t tou x, jewroÔme th seir�

(1 + Y )t+tp+tp
2
+...+tp

s−1

= B
t+tp+tp2+...+tps−1 ,p

(Y ).

Ja deÐxoume ìti isqÔei h akìloujh sqèsh sto Ωp[[Y ]] :

(1 + Y )t+tp+tp
2
+...+tp

s−1

= F (t, Y )F (tp, Y )F (tp
2
, Y ) · . . . · F (tp

s−1
, Y ).

'Eqoume :

F (t, Y )F (tp, Y )F (tp
2
, Y ) · . . . · F (tp

s−1
, Y ) =

(1 + Y )t(1 + Y p)
tp−t

p (1 + Y p2
)

tp
2−tp

p2 · . . . · (1 + Y pn
)

tp
n−tp

n−1

pn · . . . ·
∞Y

n=1

(1 +

∞X
i=1

Xpn−Xpn−1

pn
(
Xpn−Xpn−1

pn
− 1) · . . . · (Xpn−Xpn−1

pn
− i + 1)

Y ipn

i!
),

omoÐwc kai thc (1 +

∞X
i=1

X(X − 1) · . . . · (X − i + 1)

i!
Y i), èqei to X uywmèno se dÔnamh

mikrìterh h Ðsh apì ipn, dÔnamh sthn opoÐa eÐnai uywmèno to antÐstoiqo Y .
55K�je peperasmènh epèktash K tou Qp eÐnai pl rhc wc proc th monadik  epèktash sto

K thc | · |p. Bl. [Ca] sel.115
56cn stajer� megalÔterh   Ðsh tou mhdenìc, exartìmenh apì to n
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(1 + Y )tp(1 + Y p)
tp

2−tp

p (1 + Y p2
)

tp
3−tp

2

p2 · . . . · (1 + Y pn
)

tp
n+1−tp

n

pn · . . . ·
...

(1+Y )tp
s−1

(1+Y p)
tp

s−tp
s−1

p (1+Y p2
)

tp
s+1−tp

s

p2 ·. . .·(1+Y pn
)

tp
s+n−1−tp

s+n−2

pn ·. . . =

= 57((1 + Y )t(1 + Y )tp · . . . · (1 + Y )tp
s−1

)·

((1 + Y p)
tp−t

p ((1 + Y p)
tp

2−tp

p · . . . · (1 + Y p)
tp

s−tp
s−1

p )·

((1 + Y p2
)

tp
2−tp

p2 (1 + Y p2
)

tp
3−tp

2

p2 · . . . · (1 + Y p2
)

tp
s+1−tp

s

p2 ) · . . . ·

((1 + Y pn
)

tp
n−tp

n−1

pn (1 + Y pn
)

tp
n+1−tp

n

pn (1 + Y pn
)

tp
s+n−1−tp

s+n−2

pn ) · . . . =

58(1 + Y )t+tp+tp
2
+...+tp

s−1

(1 + Y p)
tp

s−t
p (1 + Y p2

)
tp

s+1−tp

p2 (1 + Y p3
)

tp
s+2−tp

2

p3 ·
. . . (1 + Y pn

)
tp

s+n−1−tp
n−1

pn · . . . = 59(1 + Y )t+tp+tp
2
+...+tp

s−1

.

AfoÔ xèroume ìti h dunamoseir� Θ(T ) sugklÐnei sta x ∈ Ωp me |x|p = 1,
antikajist¸ntac tic timèc t, tp, tp

2
, . . . , tp

s−1 kai pollaplasi�zontac, èqoume ìti

Θ(t)Θ(tp)Θ(tp
2
) · . . . ·Θ(tp

s−1
) = F (t, λ)F (tp, λ)F (tp

2
, λ) · . . . · F (tp

s−1
, λ) =

(1 + λ)t+tp+tp
2
+...+tp

s−1

= εTrK/Qp (t) = εTrFq/Fp(x).

57Apì to L mma 1.5.
58Bl. sqèsh 12, sel. 28.
59Kaj¸c tps

= t.
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7 Grammik  apeikìnish sto q¸ro twn dunamo-
seir¸n.

'Estw R
orσ
= Ωp[[X1, X2, . . . , Xn]] o q¸roc twn tupik¸n dunamoseir¸n me sunte-

lestèc apì to Ωp.
Ja sumbolÐzoume me Xu to mon¸numo Xu1

1 Xu2
2 · · ·Xun

n , ìpou u = (u1, . . . , un)
∈ U me to U na sumbolÐzei to sÔnolo twn diatetagmènwn n-�dwn me suntelestèc
mh arnhtikoÔc akeraÐouc. 'Ena tupikì stoiqeÐo tìte tou R ja èqei th morf ∑

u∈U

auXu,  , gi� suntomÐa,
∑

auXu, ìpou au ∈ Ωp.

O R eÐnai ènac dianusmatikìc q¸roc me b�sh to {Xu|u ∈ U}.
Gi� k�je G ∈ R, orÐzoume th grammik  apeikìnish G : R −→ R me G(r) =

Gr kai gi� k�je jetikì akèraio q, (ìpou to q ja sumbolÐzei mÐa dÔnamh k�poiou
pr¸tou p), th grammik  apeikìnish Tq : R −→ R me Tq(

∑
auXu) =

∑
auX

u
q

ìpou

X
u
q =

{
X

u1
q

1 · . . . ·X
un
q

n , an q|ui gi� k�je i
0, alli¸c.

'Estw t¸ra Ψq,G
orσ
= Tq ◦ G : R −→ R. An G =

∑

w∈U

gwXw, tìte h grammik 

apeikìnish Ψq,G dra sta stoiqeÐa Xu thc b�shc tou R wc ex c : Ψq,G(Xu) =
Tq(

∑

w∈U

gwXw+u) =
∑

v∈U

gqv−uXv. 'Estw Gq(X)
orσ
= G(Xq) =

∑

w∈U

gwXqw.

Tìte isqÔoun oi sqèseic :

G ◦ Tq = Tq ◦Gq = Ψq,Gq ,
60 (17)

Tq ◦ · · · ◦ Tq︸ ︷︷ ︸
n

= Tqn , (18)

gi� k�je n ∈ N, (G ·Gq · . . . ·Gqn)q ◦G = G ·Gq · . . . ·Gqn+1 .61 (19)

OrÐzoume th sun�rthsh | · | : U −→ N0, me |u| =
n∑

i=1

ui, kai èstw

R0
orσ
= {G =

∑

w∈U

gwXw ∈ R| gia k�poio M > 0, ordpgw ≥ M |w| gi� k�je

60Bl. par�rthma
61Bl. par�rthma
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w ∈ U}.

EÐnai eÔkolo na dei kaneÐc ìti to R0 eÐnai kleistì wc proc ton pollaplasi-
asmì62 kai thn apeikìnish R 3 G 7→ Gq.63

'Estw A : V −→ V grammik  apeikìnish se k�poion peperasmènhc di�s-
tashc dianusmatikì q¸ro V p�nw apì èna s¸ma F . An to F eÐnai efodiasmèno
me mÐa metrik , èstw d, genikeÔoume thn ènnoia tou Ðqnouc, TrA, thc A, kai

sthn perÐptwsh pou o V eÐnai apeirodi�statoc, orÐzontac TrA
orσ
=

∞∑

i=1

aii ìpou

aii eÐnai ta diag¸nia stoiqeÐa tou <�peirou>> pÐnaka thc grammik c apeikìnishc A,

upì thn proupìjesh bèbaia ìti h
n∑

i=1

aii sugklÐnei wc proc thn d.

L mma : 7.1 'Estw G ∈ R0 kai Ψ
orσ
= Ψq,G. Tìte to Tr(Ψs) sugklÐnei gi�

k�je s ∈ N, kai
(qs − 1)nTr(Ψs) =

∑

x∈Ωn
p me xqs−1=1

G(x)G(xq)G(xq2
) · · ·G(xqs−1

),

ìpou x = (x1, . . . , xn), xqi
= (xqi

1 , . . . , xqi

n ) kai xqs−1 = 1 shmaÐnei xqs−1
j = 1

gi� j = 1, . . . , n.

Apìdeixh : Ja to apodeÐxoume pr¸ta gi� s = 1. 'Eqoume ìti Ψ(Xu) =∑

v∈U

gqv−uXv, �ra TrΨ =
∑

u∈U

g(q−1)u, to opoÐo sugklÐnei kaj¸c G ∈ R0.64

Epeid  gi� k�je i = 1, . . . , n isqÔei ìti 65

∑

xi∈Ωp me xq−1
i =1

xwi
i =

{
q − 1, an q − 1|wi

0, alli¸c ,

ja èqoume , gi� k�je w = (w1, . . . , wn),
∑

x∈Ωn
p me xq−1=1

xw =
n∏

i=1

(
∑

xq−1
j =1

xwi
j ) =

{
(q − 1)n, an q − 1|w
0, alli¸c

62Bl. Par�rthma
63Bl. Par�rthma
64An u1, u2, . . . , un, . . . eÐnai mÐa arÐjmhsh twn stoiqeÐwn tou U , tìte ordp(g(q−1)ui

) ≥
M(q − 1)|ui| all� kai |ui| i→∞−→ ∞ (An ìqi, tìte ja up rqe N > 0 t.¸. gi� k�je i0 na eÐnai
dunat  h eÔresh k�poiou i1 > i0 me |ui1 | < N , �topo, kaj¸c up�rqoun peperasmèna ui me
|ui| < N ) �ra to TrΨ =

X
u∈U

g(q−1)u sugklÐnei.

65Bl. par�rthma
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'Ara,
∑

xq−1=1

G(x) =
∑

w∈U

gw

∑

xq−1=1

xw = (q − 1)n
∑

u∈U

g(q−1)u = (q − 1)nTrΨ.

'Estw t¸ra ìti s > 1. Tìte ja èqoume :

Ψs = Tq ◦G◦Tq ◦G◦Ψs−2 17= Tq ◦Tq ◦Gq ◦G◦Ψs−2 18,19
= Tq2 ◦G ·Gq ◦Ψs−2 =

Tq2 ◦G ·Gq ◦ Tq ◦G ◦Ψs−3 17= Tq2 ◦ Tq ◦ (G ·Gq)q ◦G ◦Ψs−3 18,19
=

Tq3 ◦G ·Gq ·Gq2 ◦Ψs−3 = · · · = Tqs ◦G ·Gq ·Gq2 · · ·Gqs−1 =

Ψqs,G·Gq ·Gq2 ···Gqs−1 .

Antikajist¸ntac t¸ra ìpou q to qs, kai ìpou G to G ·Gq · . . . ·Gqs−1 , èqoume
to zhtoÔmeno. 2

Sto shmeÐo autì paremb�loume èna genikì l mma.

L mma : 7.2 'Estw (Ak)k, (Bk)k, . . . , (Wk)k peperasmèno pl joc auxous¸n
akolouji¸n deikt¸n me #Ak,#Bk, . . . , #Wk < ∞ gi� k�je k kai antÐstoiqec
�peirec en¸seic A,B, . . . ,W . 'Estw akìma ìti h seir�

∑

a∈A

∑

b∈B

· · ·
∑

w∈W

f(a, b, . . . , w)

sugklÐnei sto s ∈ Ωp. Tìte lim
k→∞

∑

a∈Ak

∑

b∈Bk

· · ·
∑

w∈Wk

f(a, b, . . . , w) = s.

Apìdeixh : Jètoume, gi� k�je k, Ik = Ak ×Bk × · · · ×Wk, opìte èqw mÐa
aÔxousa akoloujÐa sunìlwn (Ik)k me ènwsh I = A×B×· · ·×W . H di�taxh twn
(a, b, . . . , w) den paÐzei rìlo, sunep¸c xèroume ìti

∑

i∈I

f(i) = s ∈ Ωp. OrÐzoume

tuqaÐa di�taxh sto I1 kai, epagwgik�, gi� k�je k ≥ 1, orÐzoume tuqaÐa di�taxh
sto Ik+1 pou sèbetai aut n tou Ik kai k�je i ∈ Ik+1\Ik eÐnai megalÔtero apì
k�je stoiqeÐo tou Ik. Autì eÐnai efiktì kaj¸c ta sÔnola Ik eÐnai peperasmèna.
'Etsi ep�getai mÐa di�taxh ≺ sto I kai jewr¸ I = {i1 ≺ i2 ≺ i3 ≺ . . .}, �ra

s =
∞∑

ν=1

f(iν). An t¸ra jèsoume zk =
∑

i∈Ik

f(i), to opoÐo eÐnai èna peperasmèno

�jroisma, tìte h akoloujÐa (zk)k eÐnai upakoloujÐa thc akoloujÐac twn merik¸n

ajroism�twn
n∑

ν=1

f(iν), �ra
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lim
k→∞

∑

a∈Ak

∑

b∈Bk

· · ·
∑

w∈Wk

f(a, b, . . . , w) = lim
k→∞

zk = s. 2

Epistrèfoume sthn proanaferjeÐsa F -grammik  apeikìnish A : V −→ V
ston peperasmènhc di�stashc, èstw n, dianusmatikì q¸ro V . GnwrÐzoume ìti
to qarakthristikì polu¸numo tou pÐnaka A pou orÐzei h A eÐnai to char(A) =

det(I −At) =
n∑

m=0

bmtm, ìpou

bm = (−1)m
∑

1≤i1<...<im≤n
σ∈Sm

sgn(σ)aiσ(1),i1 · . . . · aiσ(m),im =

(−1)m
∑

1≤i1<...<im≤n

∣∣∣∣∣∣∣

ai1,i1 . . . ai1,im
...

...
...

aim,i1 . . . aim,im

∣∣∣∣∣∣∣
.

An to s¸ma F eÐnai efodiasmèno me mÐa metrik  d kai o V eÐnai apeirodi�s-
tatoc, dhlad  o A eÐnai ènac �peiroc pÐnakac, tìte èqei nìhma na mil�me gi� to
qarakthristikì tou polu¸numo det(I − At) tou A wc tupik  dunamoseir� me
suntelestèc apì to F , dedomènou bèbaia ìti to �jroisma pou kajorÐzei ton bm,
pou t¸ra ja eÐnai mÐa �peirh seir� thc morf c

bm = (−1)m
∑

1≤i1<...<im
σ∈Sm

sgn(σ)aiσ(1),i1 · . . . · aiσ(m),im =

(−1)m
∑

1≤i1<...<im

∣∣∣∣∣∣∣

ai1,i1 . . . ai1,im
...

...
...

aim,i1 . . . aim,im

∣∣∣∣∣∣∣
, (20)

sugklÐnei wc proc thn d. OrÐzoume

bm,k = (−1)m
∑

1≤i1<...<im≤m+k
σ∈Sm

sgn(σ)aiσ(1),i1 · . . . · aiσ(m),im ,

gi� m ≥ 1 kai k ≥ 0, kai bm = lim
k→∞

bm,k, efìson to ìrio up�rqei.
Ja exet�soume parak�tw an mporoÔme na efarmìsoume ta proanaferjèn-

ta sthn perÐptwsh pou o pÐnakac A eÐnai o pÐnakac pou orÐzei h Ωp-grammik 
apeikìnish Ψ = Tq ◦G : R −→ R, ìpou G ∈ R0.

JewroÔme mÐa arÐjmhsh tou sunìlou deikt¸n U : u1, u2, u3, . . .. EÐnai ex-
uphretikì na jewr soume u1 ≺ u2 ≺ u3 ≺ . . ., ìpou u ≺ v shmaÐnei ex' orismoÔ,
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|u| < |v| eÐte |u| = |v| kai to u eÐnai <<mikrìtero>> tou v wc proc th lexikografik 

di�taxh. EÐnai Ψ(Xuj ) = Ψq,G(Xuj ) =
∞∑

i=1

gqui−ujX
ui , �ra o pÐnakac A thc Ψ

wc proc th b�sh Xu1 , Xu2 , . . . eÐnai

A =




gqu1−u1 gqu1−u2 . . . gqu1−uj . . .
gqu2−u1 gqu2−u2 . . . gqu2−uj . . .

...
...

...
...

...
gqui−u1 gqui−u2 . . . gqui−uj . . .

...
...

...
... . . .




.

Ja deÐxoume ìti gi� k�je m, to �peiro �jroisma bm sthn 20 sugklÐnei
sto Ωp. Gi� ton sugkekrimèno pÐnaka A èqoume aij = gqui−uj , �ra o tupikìc
prosjetaÐoc tou ajroÐsmatoc 20 eÐnai sgn(σ)gquiσ(1)

−ui1
· . . . ·gquiσ(m)

−uim
, ìpou

1 ≤ i1 < . . . < im kai σ ∈ Sm. 'Ara h ordp autoÔ tou ìrou eÐnai ≥ M(|quiσ(1)
−

ui1 |+ · · ·+ |quiσ(m)
−uim |) = M(q

m∑

j=1

|uiσ(j)
|−

m∑

j=1

|uij |) = 66M(q−1)
m∑

j=1

|uij |.

Akìma, sthn perÐptws  mac,

bm,k = (−1)m
∑

1≤i1<...<im≤m+k
σ∈Sm

sgn(σ)gquiσ(1)
−ui1

· . . . · gquiσ(m)
−uim

.

Gi� stajerì m h akoloujÐa {bm,k}k eÐnai Cauchy. Pr�gmati, an n2 > n1

tìte

bm,n2 − bm,n1 = (−1)m
n1∑

1≤i1<...<im≤m+n2
σ∈Sm

sgn(σ)gquiσ(1)
−ui1

· . . . · gquiσ(m)
−uim

,

(21)

ìpou to
n1∑

dhl¸nei ìti toul�qiston èna apì ta i1, . . . , im eÐnai > n1.
'Omwc, gi� dojèn M0, peperasmèna to pl joc u ∈ U èqoun |u| ≤ M0, �ra
up�rqei n0 t.¸. an k > n0, tìte |uk| > M0. An loipìn jewr sw n1 ≥ n0, tìte

h ordp tou tupikoÔ prosjetèou sto dexÐ mèloc thc 21 eÐnai ≥ M(q− 1)
m∑

j=1

|uij |

kai ij0 > n1 ≥ n0 gi� k�poio j0 ∈ {1, . . . , m}. Sunep¸c |uij0
| > M0 �ra h ordp

eÐnai > M(q − 1)M0.

66Kaj¸c
mX

j=1

|uiσ(j) | =
mX

j=1

|uij |.
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Ja deÐxoume epiplèon ìti h
∞∑

m=0

bmtm, ìpou

bm = (−1)m
∑

1≤i1<...<im
σ∈Sm

sgn(σ)gquiσ(1)
−ui1

· . . . · gquiσ(m)
−uim

∈ Ωp,

eÐnai mÐa sun�rthsh orismènh se ìlo to Ωp. 'Eqei dhlad  wc dunamoseir�, �peirh
aktÐna sÔgklishc.

'Eqoume ìti an m ≥ 2nen+1 tìte
m∑

j=1

|uij | ≥
n

6e
m

n+1
n , 67 �ra ordpbm,k ≥

M(q−1)
m∑

j=1

|uij | ≥ M(q−1)
n

6e
m

n+1
n , opìte kai ordpbm ≥ M(q−1) n

6em
n+1

n =

Cm
1
n m. 'Ara 1

mordpbm ≥ Cm
1
n , sunep¸c |bm|

1
m
p = p−

1
m

ordpbm ≤ p−Cm
1
n . 'E-

qoume dhlad  ìti 1

|bm|
1
m
p

≥ pCm
1
n , ìmwc lim

m→∞Cm
1
n = +∞, opìte h aktÐna

sÔgklishc r = 1

lim sup
m→∞

|bm|
1
m
p

= +∞.

Sto shmeÐo autì orÐzoume ton pÐnaka Ai1,...,im gi� k�je epilog  deikt¸n
1 ≤ i1 < i2 < . . . < im kai epekteÐnoume ton orismì det(I −At) ston �peiro
pÐnaka A wc ex c :

det(I −At)
orσ
=

∞∑

m=0

(−1)m
( ∑

i1<...<im

det(Ai1,...,im)
)
tm

orσ
=

∞∑

m=0

c∞mtm,

ìpou

Ai1,...,im
orσ
=




gqui1
−ui1

gqui1
−ui2

. . . gui1
−uim

gqui2
−ui1

gqui2
−ui2

. . . gui2
−uim

...
...

...
...

gquim−ui1
gquim−ui2

. . . gquim−uim


 ,

dhlad  èqoume ìti :

67IsqÔei ìti ìtan m ≥ 2nen+1, tìte
mX

j=1

|uij | ≥
n

6e
m

n+1
n . Gi� perissìterec leptomèreiec

bl. shmei¸seic Waldsmidt §3 Lemma 4.3
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bm = (−1)m
∑

i1<...<im

det




gqui1
−ui1

gqui1
−ui2

. . . gui1
−uim

gqui2
−ui1

gqui2
−ui2

. . . gui2
−uim

...
...

...
...

gquim−ui1
gquim−ui2

. . . gquim−uim


 .

Ja apodeÐxoume katìpin, gi� ton pÐnaka A, ton tÔpo

det(I −At) = exp
{
−

∞∑

s=1

Tr(As)
ts

s

}
.

OrÐzontac A(κ) na eÐnai o κ× κ �nw arister� upopÐnakac tou A, jètoume

det(I −A(κ)t) =
κ∑

m=0

(−1)m
( ∑

1≤i1<...<im≤κ

det(Ai1,...,im)
)
tm + 0 · tκ+1 + . . .

orσ
=

∞∑

m=0

cκmtm = charpoly(A(κ)) ∈ Ωp[[t]]

kai par�llhla èqoume ìti

exp
(
−

∞∑

s=1

Tr((A(κ))s)
T s

s

)
=

∞∑

n=0

(
−

∞∑

s=1

Tr((A(κ))s)
T s

s

)n

n!
=

1−

( ∞∑

s=1

Tr((A(κ))s)
T s

s

)

1!
+

( ∞∑

s=1

Tr((A(κ))s)
T s

s

)2

2!
− . . .

+(−1)n

( ∞∑

s=1

Tr((A(κ))s)
T s

s

)n

n!
+ . . . =

1 +
(
−

Tr(A(κ))
1

1!

)
T +

(
−

Tr((A(κ))2)
2

1!
+

Tr2(A(κ))
1

2!

)
T 2 + . . .

+
(−Tr((A(κ))n)

n

1!
+

Trn(A(κ))
1

n!

)
Tn + . . .

orσ
=

∞∑

m=0

dκmTm ∈ Ωp[[t]]68

kai omoÐwc
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exp
(
−

∞∑

s=1

Tr(As)
T s

s

)
=

∞∑

n=0

(
−

∞∑

s=1

Tr(As)
T s

s

)n

n!
=

1−

( ∞∑

s=1

Tr(As)
T s

s

)

1!
+

( ∞∑

s=1

Tr(As)
T s

s

)2

2!
− . . .

+(−1)n

( ∞∑

s=1

Tr(As)
T s

s

)n

n!
+ . . . =

1 +
(
−

Tr(A)
1

1!

)
T +

(
−

Tr(A2)
2

1!
+

Tr2(A)
1

2!

)
T 2 + . . .

+
(−Tr(An)

n

1!
+

Trn(A)
1

n!

)
Tn + . . .

orσ
=

∞∑

m=0

d∞m ∈ Ωp[[t]]

Isqurismìc : Gi� k�je κ > 0, isqÔei ìti

det(I −A(κ)t) = exp
{
−

∞∑

s=1

Tr((A(κ))s)
ts

s

}

Apìdeixh : 'Estw κ > 0. Kaj¸c to Ωp eÐnai algebrik� kleistì, o pÐnakac A(κ)

eÐnai trigwnÐsimoc,69 ìmoioc dhlad  proc ènan trigwnikì pÐnaka, èstw A(κ)
t =

{aκij}1≤i,j≤κ, kai èqoume ìti det(I − A(κ)t) = det(I − A(κ)
t t), kai gi� k�je

s ≥ 1, Tr((A(κ))s) = Tr((A(κ)
t )s).70

'Ara loipìn, epeid  det(I −A(κ)t) =
κ∏

i=1

(1− aκiiT ) kai Tr((A(κ))s) =
κ∑

i=1

as
κii

,

69Bl. par�rthma
70Apì thn omoiìthta tou A(κ) me ton A(κ)

t èqoume ìti A(κ) = CA(κ)
t C−1 gi� k�poion

antistrèyimo pÐnaka C ∈ Ωκ2

p .
'Omwc tìte, gi� k�je s ≥ 1 èqoume (A(κ))s = CA(κ)

t C−1 · . . . · CA(κ)
t C−1

| {z }
s

= C(A(κ)
t )sC−1.

'Ara oi A(κ), A(κ)
t eÐnai ìmoioi kai sunep¸c Tr((A(κ))s) = Tr((A(κ)

t )s).
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èqoume ìti

exp
{
−

∞∑

s=1

Tr((A(κ))s)
ts

s

}
= exp

{
−

∞∑

s=1

κ∑

i=1

as
κii

T s

s

}
=

exp
{ κ∑

i=1

−
∞∑

s=1

as
κii

T s

s

}
=

κ∏

i=1

exp
{
−

∞∑

s=1

(aκiiT )s

s

}
=

κ∏

i=1

exp(logp(1− aκiiT )) =
κ∏

i=1

(1− aκiiT ).71

SÔmfwna loipìn me ton isqurismì, èqoume ìti gi� k�je κ > 0, cκm =
dκm gi� k�je m ≥ 0.

'Omwc gi� k�je m ≥ 0,

cκm = (−1)m
∑

1≤i1<...<im≤κ

det(Ai1,...,im) κ→∞−→=

(−1)m
∑

1≤i1<...<im

det(Ai1,...,im) = c∞m , 72

kai akìma gi� k�je s ≥ 1, Tr((A(κ))s) κ→∞−→ Tr(As), 73 �ra

dκm

κ→∞−→ d∞m .
72Apì to l mma 7.2, sel. 63.
73 'Estw (Aκ)ij kai (A)ij to stoiqeÐo thc i-ost c gramm c - j-ost c

st lhc tou pÐnaka Aκ kai A antÐstoiqa. Lamb�nontac up�oyhn ìti

((Aκ)2)ij =

κX
κ1=1

Aiκ1Aκ1j , eÔkola diapist¸nei kaneÐc ìti gi� k�je s ≥ 1

èqoume ((Aκ)s)ij =

κX
κs−1=1

κX
κs−2=1

· · ·
κX

κ1=1

(Aκ)iκ1(A
κ)κ1κ2 · · · (Aκ)κs−1j =

κX
κs−1=1

κX
κs−2=1

· · ·
κX

κ1=1

(A)iκ1(A)κ1κ2 · · · (A)κs−1j kai

(As)ij =

∞X
κs−1=1

∞X
κs−2=1

· · ·
∞X

κ1=1

(A)iκ1(A)κ1κ2 · · · (A)κs−1j . 'Eqoume loipìn ìti

Tr((Aκ)s) =

κX
i=1

κX
κs−1=1

κX
κs−2=1

· · ·
κX

κ1=1

(A)iκ1(A)κ1κ2 · · · (A)κs−1i kai Tr((A)s) =

∞X
κs−1=1

∞X
κs−2=1

· · ·
∞X

κ1=1

(A)iκ1(A)κ1κ2 · · · (A)κs−1i, kai piì sugkekrimèna,

Tr((Aκ)s) =

κX
i=1

κX
κs−1=1

κX
κs−2=1

· · ·
κX

κ1=1

gqui−uκs−1
· gquκs−1−uκs−2

· . . . · gquκ1−ui kai
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'Epetai loipìn ìti gi� k�je m ≥ 0 èqoume ìti c∞m = d∞m , sunep¸c

det(I −At) = exp
{
−

∞∑

s=1

Tr(As)
ts

s

}

SunoyÐzontac ta parap�nw, katal goume sto ex c l mma:

L mma 7.3 :An G(X) =
∑

w∈U

gwXw ∈ R0, Ψ = Tq ◦ G : R −→ R kai

A = {gqui−uj}ui,uj∈U eÐnai o pÐnakac thc Ψ, tìte h seir� det(I −At) eÐnai èna
kal¸c orismèno stoiqeÐo tou Ωp[[t]] me �peirh aktÐna sÔgklishc kai isoÔtai me

exp
{
−

∞∑

s=1

Tr(As)
ts

s

}
.

Tr((A)s) =

∞X
i=1

∞X
κs−1=1

∞X
κs−2=1

· · ·
∞X

κ1=1

gqui−uκs−1
· gquκs−1−uκs−2

· . . . · gquκ1−ui .

Thn Ôparxh tou Tr((A)s) mac eggu�tai to l mma 7.1, sel. 62.
T¸ra, to ìti Tr((A(κ))s)

κ→∞−→ Tr(As) eÐnai �mesh sunèpeia tou l mmatoc 7.2, sel. 63.
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8 MÐa p-adik  analutik  èkfrash gi� th sun�rthsh
z ta.

Sthn enìthta aut  ja deÐxoume thn ex c prìtash :

Prìtash 8.1 H sun�rthsh z ta, Z(Hf/Fq; T ) ∈ 1+TZ[[T ]] ⊂ 1+TΩp[[T ]],
k�je uperepif�neiac Hf pou orÐzetai apì to f(X1, . . . , Xn) ∈ Fq[X1, . . . , Xn],
eÐnai phlÐko dunamoseir¸n me suntelestèc sto Ωp[[T ]], stajerì ìro mon�da kai
�peirh aktÐna sÔgklishc,   alli¸c, p-adik� merìmorfh.

Ja to apodeÐxoume me epagwg  wc proc ton arijmì n twn metablht¸n,
  isodÔnama, wc proc th di�stash n− 1 thc di�stashc thc uperepeif�neiac Hf .

Gi� n = 0 to zhtoÔmeno isqÔei kat� tetrimmèno trìpo, afoÔ tìte Z(Hf/Fq; T ) =
1. 'Estw ìti to zhtoÔmeno isqÔei gi� k�je κ me 0 ≤ κ ≤ n−1, ìpou κ to pl joc
twn metablht¸n.
Isqurismìc : ArkeÐ na apodeiqteÐ to zhtoÔmeno gi� thn

Z
′
(Hf/Fq;T )

orσ
= exp

( ∞∑

s=1

N
′
s

T s

s

)
,

ìpou

N
′
s
orσ
= #{(x1, . . . , xn) ∈ Fn

qs : f(x1, . . . , xn) = 0 kai xi 6= 0 ∀i = 1, . . . , n}
= #{(x1, . . . , xn) ∈ Fn

qs : f(x1, . . . , xn) = 0 kai xqs−1
i = 1 ∀i = 1, . . . , n}.

Apìdeixh tou isqurismoÔ : 'Eqoume ìti

Z(Hf/Fq;T ) = Z
′
(Hf/Fq; T ) exp

( ∞∑

s=1

(Ns −N
′
s)

T s

s

)

ìpou exp
( ∞∑

s=1

(Ns −N
′
s)

T s

s

)
= Z(

n⋃

i=1

Hi/Fq; T ) me

Hi = {(x1, . . . , xn) ∈ Fn
qs : f(x1, . . . , xn) = 0 kai Xi = 0} 74.

'Omwc b�sei thc prìtashc 15, sel. 49, apodeiknÔetai ìti
74dimHi = n− 2
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Z(
n⋃

i=1

Hi/Fq;T ) =

∏

1≤i1<...<im≤n
1≤m perittìc≤n

Z(Hf/Fq; T )(Hi1,...,im/Fq; T )

∏

1≤i1<...<im≤n
2≤m �rtioc≤n

Z(Hf/Fq; T )(Hi1,...,im/Fq; T )

ìpou

Hi1,...,iκ
orσ
= {(x1, . . . , xn) ∈ Fn

qs : f(x1, . . . , xn) = 0 kai xi1 = . . . = xiκ = 0},
�ra o isqurismìc eÐnai alhj c lìgw thc epagwgik c upìjeshc.

'Estw s ≥ 1 kai q = pr. UpenjumÐzoume ìti an t, eÐnai o antiprìswpoc
Teichmuller tou x ∈ Fqs , tìte h p-ost  rÐza thc mon�dac eTr(x) wc sun�rthsh
tou t, dÐnetai apì ton tÔpo : eTr(x) = Θ(t)Θ(tp)Θ(tp

2
) · · ·Θ(tp

rs−1
).

Kaj¸c isqÔei ìti 75

∑

x0∈Fqs

eTr(x0u) =
{

0, an u ∈ F×qs

qs, an u = 0
,

afair¸ntac ton prosjetèo pou antistoiqeÐ sto x0 = 0 èqoume :

∑

x0∈F×qs

eTr(x0u) =
{ −1, an u ∈ F×qs

qs − 1, an u = 0
.

Jètontac ìpou u
orσ
= f(x1, . . . , xn) kai efarmìzontac to parap�nw ajroÐzontac

p�nw apì ìla ta x1, . . . , xn ∈ F×qs , èqoume :
∑

x0,x1,...,xn∈ F×qs

eTr(x0f(x1,...,xn)) = (qs−1)N
′
s−((qs−1)n−N

′
s) = qsN

′
s−(qs−1)n.

Antikajist¸ntac t¸ra touc suntelestèc tou X0f(X1, . . . , Xn) ∈ Fq[X0, . . . , Xn]
me touc antÐstoiqouc antipros¸pouc Teichmuller, prokÔptei to polu¸numo

F (X0, . . . , Xn) = (èstw)
N∑

i=1

tiX
wi ∈ Ωp[X0, . . . , Xn], ìpou Xwi = X

wi0
0 X

wi1
1 · · ·Xwin

n .

'Ara loipìn, sumbolÐzontac me
′∑

to
∑

x0,x1...,xn∈Ωp

xqs−1
0 =···=xqs−1

n =1

, èqoume :

75Bl. par�rthma
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qsN
′
s = (qs − 1)n +

∑

x0,x1,...,xn∈F×qs

eTr(x0f(x1,...,xn)) =

(qs − 1)n +
′∑ N∏

i=1

Θ(tixwi)Θ(tpi x
pwi) · · ·Θ(tp

rs−1

i xprs−1wi) =

(qs − 1)n +
′∑ N∏

i=1

(
Θ(tixwi) · · ·Θ(tp

r−1

i xpr−1wi)
)(

Θ(tp
r

i xprwi) · · ·Θ(tp
2r−1

i xp2r−1wi)
)
·

. . . ·
(
Θ(tp

(s−1)r

i xp(s−1)rwi) · · ·Θ(tp
rs−1

i xprs−1wi)
)

= 76

(qs − 1)n +
′∑ N∏

i=1

(
Θ(tixwi) · · ·Θ(tp

r−1

i xpr−1wi)
)(

Θ(tixprwi) · · ·Θ(tp
r−1

i xp2r−1wi)
)
·

. . . ·
(
Θ(tixp(s−1)rwi) · · ·Θ(tp

r−1

i xprs−1wi)
)
.

Jètoume t¸ra

G(X0, . . . , Xn)
orσ
=

N∏

i=1

Θ(tiXwi)Θ(tpi X
pwi) · · ·Θ(tp

r−1

i Xpr−1wi),

sunep¸c
qsN

′
s = (qs − 1)n +

∑

x0,x1...,xn∈Ωp

xqs−1
0 =···=xqs−1

n =1

G(x)G(xq)G(xq2
) · · ·G(xqs−1

)

Epeid  ìmwc Θ(tp
j

i Xpjwi) ∈ R0 gi� k�je i = 1, . . . , n kai j = 1, . . . , r − 1
77 kai to R0 eÐnai kleistì wc proc ton pollaplasiasmì kai thn apeikìnish
R 3 G 7→ Gq ∈ R, èqoume ìti G(X0, . . . , Xn) ∈ R0 ⊂ Ωp[[X0, . . . , Xn]].

Apì to l mma loipìn 7.1, sel. 62, èqoume ìti qsN
′
s = (qs − 1)n + (qs −

1)n+1Tr(Ψs) �ra

N
′
s =

n∑

i=0

(−1)i

(
n

i

)
qs(n−i−1) +

n+1∑

i=0

(
n + 1

i

)
qs(n−i)Tr(Ψs),

kai jètontac sÔmfwna me to l mma sel. 56,

∆(T )
orσ
= det(I −AT ) = exp

{
−

∞∑

s=1

Tr(Ψs)
T s

s

}
,

77Bl. par�rthma

73



èqoume ta ex c :

Z
′
(Hf/Fq;T ) = exp

{ ∞∑

s=1

N
′
s

T s

s

}
=

exp
{ ∞∑

s=1

( n∑

i=0

(−1)i

(
n

i

)
qs(n−i−1) +

n+1∑

i=1

(−1)i

(
n + 1

i

)
qs(n−i)Tr(Ψs)

)T s

s

}
=

exp
{ ∞∑

s=1

( n∑

i=0

(−1)i

(
n

i

)
qs(n−i−1) T

s

s
+

n+1∑

i=0

(−1)i

(
n + 1

i

)
qs(n−i)Tr(Ψs)

T s

s

)}
=

exp
{ n∑

i=0

∞∑

s=1

(−1)i

(
n

i

)
qs(n−i−1) T

s

s
+

n+1∑

i=0

∞∑

s=1

(−1)i

(
n + 1

i

)
qs(n−i)Tr(Ψs)

T s

s

}
=

n∏

i=0

exp
{ ∞∑

s=1

(−1)i

(
n

i

)
qs(n−i−1) T

s

s

}

×
n+1∏

i=0

exp
{ ∞∑

s=1

(−1)i

(
n + 1

i

)
qs(n−i)Tr(Ψs)

T s

s

}
=

n∏

i=0

(
exp

{ ∞∑

s=1

qs(n−i−1) T
s

s

})(−1)i(n
i)

×
n+1∏

i=0

(
exp

{ ∞∑

s=1

qs(n−i)Tr(Ψs)
T s

s

})(−1)i(n+1
i )

=

n∏

i=0

exp
{
−

∞∑

s=1

(−1)s+1 (−qn−i−1)s

s

}(−1)i(n
i)

×
n+1∏

i=0

exp
{
−

∞∑

s=1

Tr(Ψs)
(qn−iT )s

s

}(−1)i+1(n+1
i )

=

n∏

i=0

exp{logp(1− q(n−i−1)T )}(−1)i+1(n
i) ·

n+1∏

i=0

∆(qn−iT )(−1)i+1(n+1
i ) =

n∏

i=0

(1− qn−i−1T )(−1)i+1(n
i)

n+1∏

i=0

∆(qn−iT )(−1)i+1(n+1
i ).

74



Lamb�nontac up�oyin to gegonìc ìti, lìgw tou l mmatoc 7.3, gi� k�je
a ∈ Ωp, h ∆(aT ) eÐnai mÐa dunamoseir� me �peirh aktÐna sÔklishc kai stajerì ìro
mon�da, parathroÔme ìti h teleutaÐa par�stash eÐnai èna kl�sma, o arijmht c
kai o paronomast c tou opoÐou eÐnai peperasmèna ginìmena dunamoseir¸n me tic
Ðdiec idiìthtec. 'Epetai loipìn ìti h Z

′
(Hf/Fq) eÐnai merìmorfh.

Sthn epìmenh enìthta ja deÐxoume ìti h sun�rthsh z ta eÐnai ousiastik�
èna phlÐko poluwnÔmwn.
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9 To teleutaÐo b ma thc apìdeixhc.

L mma : 9.1 'Estw F (T ) =
∞∑

i=0

aiT
i ∈ K[[T ]], ìpou K èna tuqaÐo s¸ma.

Gi� k�je m, s ≥ 0, èstw As,m o pÐnakac {as+i+j}0≤i,j≤m :




as as+1 as+2 · · · as+m

as+1 as+2 as+3 · · · as+m+1

as+2 as+3 as+4 · · · as+m+2
...

...
... . . . ...

as+m as+m+1 as+m+2 · · · as+2m




kai èstw Ns,m
orσ
= det(As,m).

Tìte F (T ) = P (T )
Q(T ) ìpou P (T ), Q(T ) ∈ K[T ] polu¸numa, an kai mìno an up�r-

qoun akèraioi m ≥ 0 kai S tètoioi ¸ste Ns,m = 0 ìtan s ≥ S.

Apìdeixh : (=⇒) 'Estw ìti F (T ) = P (T )
Q(T ) ìpou P (T ), Q(T ) ∈ K[T ]

polu¸numa. 'Estw akìma P (T ) =
M∑

i=0

biT
i kai Q(T ) =

N∑

i=0

ciTi. Tìte, exis¸non-

tac touc suntelestèc tou T i sth sqèsh F (T )Q(T ) = P (T ) gi� i > max(M,N)

èqoume :
N∑

j=0

ai−N+jcN−j = 0.

'Estw t¸ra S = max(M −N + 1, 1) kai m
orσ
= N .

An s ≥ S, apì thn parap�nw exÐswsh gi� i = s + N, s + N + 1, . . . , s + 2N
èqoume :

ascN + as+1cN−1 + . . . + as+Nc0 = 0
as+1cN + as+2cN−1 + . . . + as+N+1c0 = 0

...
as+NcN + as+N+1cN−1 + . . . + as+2Nc0 = 0.
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,  alli¸c

As,N ·




cN

cN−1
...
c0


 = 0.

'Omwc (cN , . . . , c0) 6= (0, . . . , 0), kaj¸c Q(T ) 6= 0, �ra Ns,m = Ns,N = 0 gi�
s ≥ S.

(⇐=) 'Estw m o el�qistoc fusikìc gi� ton opoÐo up�rqei akèraioc S ètsi
¸ste na isqÔei Ns,m = 0 ∀s ≥ S. Tìte, ja deÐxoume pr¸ta ìti Ns,m−1 6= 0
∀s ≥ S, kai me b�sh autì ja oloklhr¸soume thn apìdeixh.
Ac upojèsoume loipìn ìti gi� k�poio s ≥ S isqÔei Ns,m−1 = 0. Ja deÐxoume
epagwgik� ìti tìte Ns+j,m−1 = 0 gi� j = 1, 2, . . ., opìte ja èrjoume se antÐfash
me thn epilog  tou m.

Lìgw thc Ns,m−1 = 0, èpetai ìti up�rqoun b0, . . . , bm−1 ∈ Ωp, me (b0, . . . , bm−1) 6=
(0, . . . , 0), tètoia ¸ste

b0(as, as+1, . . . , as+m−1) + b1(as+1, as+2, . . . , as+m) + . . . +
bm−1(as+m−1, as+m, . . . , as+2m−2) = 0.

'Estw j0 to el�qisto j ∈ {0, . . . ,m− 1} me bj 6= 0 kai èstw

b = as+m+j0 − bj0+1

bj0
as+m+j0+1 − . . .− bm−1

bj0
as+2m−1 ∈ Ωp.

i) An j0 > 0, tìte

Ns,m = det




as as+1 as+2 · · · as+m−2 as+m

− − − − − q
as+1 as+2 as+3 · · · as+m−1 | as+m+1
...

...
... · · · ... | ...

0 0 0 · · · 0 | b
...

...
... · · · ... | ...

as+m as+m+1 as+m+2 · · · as+2m−2 | as+2m




,

,

ìpou h gramm  (0, . . . , 0, b) eÐnai sth j0 + 1 jèsh.
Autì diìti, an j0 = m − 1, tìte h proteleutaÐa gramm  tou As,m eÐnai

(0, . . . , 0, b), en¸ an j0 < m − 1 tìte, antikajist¸ntac ston As,m thn (j0 +
1)−ost  gramm  me thn
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(as+j0 , . . . as+j0+m)− bj0+1

bj0
(as+j0+1, . . . , as+j0+m+1)− . . .−

bm−1

bj0
(as+m−1, . . . , as+2m−1)

èpetai to zhtoÔmeno. H orÐzousa tou k�tw arister� upopÐnaka eÐnai Ðsh me
Ns+1,m−1 = 0.

ii) An j0 = 0, tìte

Ns,m = det




0 | 0 · · · 0 b
− − − − − q

as+1 | as+2 · · · | as+m+1
... | ... · · · | ...
...

...
... · · · ... | ...

x − − y −
as+m as+m+1 as+m+2 · · · as+2m−2 | as+2m




,

ap�opou prokÔptei ìti 0 = Ns,m = Ns+1,m−1b.
a)An b 6= 0, tìte Ns+1,m−1 = 0.
b)An b = 0, tìte, epeÐd  lìgw thc summetrikìthtac tou As,m, h orÐzousa tou
p�nw dexi� upopÐnaka tou As,m eÐnai h Ns+1,m−1, p�li èqoume ìti Ns+1,m−1 = 0.
Se k�je perÐptwsh loipìn èqoume ìti Ns+1,m−1 = 0.

DeÐxame ìti : Ns,m−1 = 0 ⇒ Ns+1,m−1 = 0, opìte, epagwgik�, Ns+j,m−1 =
0 ∀j ≥ 1, k�ti poÔ antif�skei me thn epilog  tou m.
SumperaÐnoume loipìn ìti gi� k�je s ≥ S, èqoume ìti Ns,m = 0 kai Ns,m−1 6= 0.
JewroÔme ton pÐnaka




aS aS+1 · · · aS+m−1 aS+m

aS+1 aS+2 · · · aS+m aS+m+1
...

...
... . . . ...

aS+m−2 aS+m−1 · · · aS+2m−3 aS+2m−2

aS+m−1 aS+m · · · aS+2m−2 aS+2m−1




.

Kaj¸c NS,m−1 6= 0, èpetai ìti h t�xh tou pÐnaka eÐnai m. Up�rqei loipìn
(um, . . . , u0) 6= (0, . . . , 0) me
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


aS aS+1 · · · aS+m−1 aS+m

aS+1 aS+2 · · · aS+m aS+m+1
...

...
... . . . ...

aS+m−2 aS+m−1 · · · aS+2m−3 aS+2m−2

aS+m−1 aS+m · · · aS+2m−2 aS+2m−1







um

um−1
...

u0


 = 0

Epeid  t¸ra NS,m = 0, h episÔnayh ston parap�nw pÐnaka thc gram-
m c (aS+m, . . . , aS+2m) den aux�nei thn t�xh tou pÐnaka, sunep¸c h gramm 
(aS+m, . . . , aS+2m) eÐnai grammikìc sundiasmìc twn upoleÐpwn gramm¸n. 'Epetai
ìti aS+mum + . . . + aS+2mu0 = 0.

JewroÔme t¸ra ton pÐnaka



aS+1 aS+2 · · · aS+m aS+m+1

aS+2 aS+3 · · · aS+m+1 aS+m+2
...

...
... . . . ...

aS+m−1 aS+m · · · aS+2m−2 aS+2m−1

aS+m aS+m+1 · · · aS+2m−1 aS+2m




.

Kaj¸c NS+1,m−1 6= 0, èpetai ìti h t�xh tou pÐnaka eÐnai m. Akìma




aS+1 aS+2 · · · aS+m aS+m+1

aS+2 aS+3 · · · aS+m+1 aS+m+2
...

...
... . . . ...

aS+m−1 aS+m · · · aS+2m−2 aS+2m−1

aS+m aS+m+1 · · · aS+2m−1 aS+2m







um

um−1
...

u0


 = 0

'Omoia me prohgoumènwc, epeid  NS+1,m = 0, h episÔnayh ston parap�nw
pÐnaka thc gramm c (aS+m+1, . . . , aS+2m+1) den aux�nei thn t�xh tou pÐnaka,
�ra aS+m+1um + . . . + aS+2m+1u0 = 0.

Epagwgik�, me ton Ðdio sullogismì, blèpei kaneÐc ìti aS+kum + . . . +

aS+m+ku0 = 0 gi� k�je k ≥ 0, ap�opou prokÔptei ìti to
( m∑

i=0

uiX
i
)( ∞∑

i=0

aiX
i
)

eÐnai èna polu¸numo bajmoÔ mikrìterou apì S + m.

Sthn enìthta 8 eÐdame ìti h Z(Hf/Fq; T ) eÐnai phlÐko dÔo dunamoseir¸n
sto Ωp[[T ]] me �peirh aktÐna sÔgklishc kai stajerì ìro mon�da. 'Estw loipìn
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Z(Hf/Fq; T )
orσ
= Z(T ) = A(T )

B(T ) ìpou A(T ), B(T ) ìpwc pronafèrjhkan. Apì
to Pìrisma 4.1 sel. 46 gi� thn B(T ), èqoume ìti up�rqei dunamoseir� G(T )
me �peirh aktÐna sÔgklishc pou de mhdenÐzetai sto Ωp kai polu¸numo P (T ) gia
ta opoÐa isqÔei h sqèsh P (T ) = B(T )G(T ),   alli¸c B(T ) = P (T )

G(T ) . 'Eqoume

sunep¸c ìti Z(T ) = A(T )G(T )
P (T ) ,  , jètontac F (T )

orσ
= A(T )G(T ), Z(T ) = F (T )

P (T ) ,
ìpou h F (T ) sugklÐnei gi� k�je t ∈ Ωp, kaj¸c oi A(T ), G(T ) sugklÐnoun gi�
k�je t ∈ Ωp.
AfoÔ èqoume sÔgklish se ìlo to Ωp, mporoÔme na jewr soume ìti èqoume sÔgk-
lish se èna dÐsko D(R) aktÐnac R

orσ
= q2n. 78 'Eqoume loipìn ìti F (T ) =

P (T )Z(T ) kai èstw ìti F (T ) =
∞∑

i=0

biT
i ∈ 1 + TΩp[[T ]], P (T ) =

e∑

i=0

ciT
i ∈

1 + Ωp[T ] kai Z(T ) =
∞∑

i=0

aiT
i ∈ 1 + TZ[[T ]]. Apì to l mma 5.4, sel. 53,

èqoume ìti |ai|∞ ≤ qin. Kaj¸c h F (T ) sugklÐnei ston D(R), èqoume ìti
|bi|pRi i→∞−→ 0, �ra mporoÔme na broÔme i0 t.¸. an i ≥ i0, tìte |bi|pRi ≤ 1,
  |bi|p ≤ R−i = q−2ni. Epilègoume t¸ra kai stajeropoioÔme m > 2e.

'Estw As,m = {as+i+j}0≤i,j≤m ìpwc sto teleutaÐo l mma kai Ns,m =
det(As,m). Ja deÐxoume ìti gi� meg�lo s, èqoume Ns,m = 0. An autì deiq-
jeÐ, tìte apì to teleutaÐo l mma kai epeid  Z(T ) ∈ 1 + Z[[T ]] ⊆ 1 +Q[[T ]], ja
èqoume ìti h Z(T ) eÐnai èna phlÐko dÔo poluwnÔmwn me suntelestèc sto Q.
Exis¸nontac touc suntelestèc sth sqèsh F (T ) = P (T )Z(T ), èqoume ìti gi�
k�je j ≥ 0, bj+e = aj+e + c1aj+e−1 + c2aj+e−2 + . . . + ceaj .

JewroÔme ton pÐnaka A
′
s,m o opoÐoc eqei prokÔyei apì ton As,m katìpin

antikat�stashc thc (j + e)-ost c st lhc tou apì thn c0(j + e)-ost  +c1(j +
e−1)-ost  + . . . +ce(j +e−e)-ost  ìpou j = 1, . . . ,m+1−e. 'Eqoume loipìn
ìti Ns,m = det(A

′
s,m) =

det




as · · · as+e−1 bs+e bs+e+1 · · · bs+m

as+1 · · · as+e bs+e+1 bs+e+2 · · · bs+m+1

as+2 · · · as+e+1 bs+e+2 bs+e+3 · · · bs+m+2
...

...
...

...
...

as+m−2 · · · as+e−1+m−2 bs+e+m−2 bs+e+m−1 · · · bs+2m−2

as+m−1 · · · as+e−1+m−1 bs+e+m−1 bs+e+m · · · bs+2m−1

as+m · · · as+e−1+m bs+e+m bs+e+m+1 · · · bs+2m




orσ
= N

′
s,m.

78 'Opou n eÐnai to pl joc twn metablht¸n tou f .
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ProkÔptoun t¸ra oi ex c ektim seic :

|Ns,m|p = |N ′
s,m|p ≤ 79 ( max

s+e≤j≤s+2m
|bj |p)m+1−e ≤ 80 ( max

j≥s+e
|bj |p)m+1−e <

R−s(m+1−e) < q−ns(m+2)

ìtan s ≥ i0, 81 kaj¸c R = q2n kai m > 2e.
Par�llhla, epeid  |ai|∞ ≤ qin, èqoume ìti

|Ns,m|∞ ≤ (m + 1)!qn(s+2m)(m+1) = (m + 1)!q2nm(m+1)qns(m+1).

ProkÔptei sunep¸c ìti

|Ns,m|p|Ns,m|∞ < q−ns(m+2)(m + 1)!q2nm(m+1)qns(m+1) = (m+1)!q2nm(m+1)

qns

�ra mporoÔme na broÔme s0 > i0 t.¸. gi� k�je s ≥ s0 na isqÔei

|Ns,m|p|Ns,m|∞ < 1.

'Omwc Ns,m ∈ Z kai kaj¸c n ∈ Z kai |n|∞|n|p < 1 ⇒ n = 0,82 èpetai ìti
Ns,m = 0 gi� k�je s ≥ s0.

Endeiktik  thc shmasÐac tou jewr matoc tou Dwork, eÐnai h parak�tw e-
farmog  :

'Estw HS mÐa (affinik    probolik ) pollaplìthta kai Z(Hf/Fq; T ) =

exp(
∞∑

s=1

Ns
T s

s
) h sun�rthsh z ta aut c. IsqÔei ìti peperasmènoi migadikoÐ ari-

jmoÐ kajorÐzoun thn akoloujÐa {Ns}s≥1.
Pr�gmati, apì to je¸rhma tou Dwork èqoume ìti

Z(Hf/Fq; T ) = exp(
∞∑

s=1

Ns
T s

s
) =

f

g

gi� k�poia f, g ∈ 1 + XZ[X]. 'Ara,
79Gi� k�je i èqoume ai ∈ Z, �ra |ai|p ≤ 1
80 'Eqoume jèsei R = q2n ≥ 1, �ra apì th sÔgklish thc F (t) gia t ∈ w me |t|p = 1 èqoume

ìti |bj |p →∞−→ 0. 'Eqei nìhma loipìn to max
j≥e

|bj |p kai m�lista max
s+e≤j≤s+2m

|bj |p ≤ max
j≥e

|bj |p.
81Gi� j ≥ s + e > s ≥ i0 èqoume |bj |p < R−j < R−s, �ra max

j≥s+e
|bj |p < R−s.

82An 0 6= |n|∞ = pκl ìpou 1 ≤ l < p, tìte |n|∞ ≥ pκ �ra |n|∞|n|p ≥ 1.
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exp(
∞∑

s=1

Ns
T s

s
) =

m∏

i=1

(1− aiT )

n∏

i=1

(1− biT )

,

ìpou ta ai i = 1, . . . , m kai bi i = 1, . . . , n eÐnai ta antÐstrofa twn migadik¸n
riz¸n twn f kai g antÐstoiqa. Logarijm¸ntac ta duo mèlh thc parap�nw isìth-
tac, lìgw twn sqèsewn 6, 7, sel. 28, èqoume ìti

∞∑

s=1

Ns
T s

s
=

∞∑

s=1

(−1)s+1(−
m∑

i=1

as
i +

n∑

i=1

bs
i )

T s

s
,

sunep¸c

Ns =
m∑

i=1

(−ai)s −
n∑

i=1

(−bi)s

gi� k�je s ≥ 1. Blèpoume loipìn ìti, gi� k�je s ≥ 1, to Ns kajorÐzetai apì ta
a1, . . . , am, b1, . . . , bn.
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10 Par�rthma.

10.
F (Xp,Y p)
F p(X,Y ) = F (Xp, Y p)(F p(X, Y ))−1 = 83

((1 + Y p)Xp
(1 + Y p2

)
Xp2−Xp

p (1 + Y p3
)

Xp3−Xp2

p2 · . . .)·

((1 + Y )pX(1 + Y p)Xp−X(1 + Y p2
)

Xp2−Xp

p · . . .)−1 =

((1+Y p)Xp
∞∏

n=2

(1+Y pn
)

Xpn−Xpn−1

pn−1 )((1+Y )pX
∞∏

n=1

(1+Y pn
)

Xpn−Xpn−1

pn−1 )−1 (22)

'Omwc,

((1 + Y )pX
∞∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1 =

((1 + Y )pX)−1
∞∏

n=1

((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1

diìti : èqoume

|(1 + Y )pX
κ∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 −

(1 + Y )pX
∞∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 |X,Y
κ→∞−→ 084.

Akìma, gi� k�je κ ≥ 1, to (1+Y )pX
κ∏

n=1

(1+Y pn
)

Xpn−Xpn−1

pn−1 eÐnai antistrèyimo

stoiqeÐo tou Qp[[X, Y ]] kaj¸c èqei stajerì ìro mon�da. Apì to l mma 1.6 sel.

10 loipìn, kai to (1 + Y )pX
∞∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 eÐnai antistrèyimo stoiqeÐo

83Apo to l mma 1.5 sel. 8kai th sqèsh 12 sel. 28
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tou Qp[[X,Y ]] kai epiplèon èqoume

|((1 + Y )pX
κ∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1−

((1 + Y )pX
∞∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1|X,Y
κ→∞−→ 0.

'Omwc gi� k�je κ ≥ 1,

((1 + Y )pX
κ∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1 =

((1 + Y )pX)−1
κ∏

n=1

((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1

kai akìma

|((1 + Y )pX)−1
κ∏

n=1

((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1−

((1 + Y )pX)−1
∞∏

n=1

((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1|X,Y
κ→∞−→ 0

diìti

ord(((1 + Y pn
)

Xpn−Xpn−1

pn−1 )− 1) = ord(((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1 − 1) n→∞−→ ∞.

Sunep¸c ((1 + Y )pX
∞∏

n=1

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1 = ((1 + Y )pX)−1
∞∏

n=1

((1 +

Y pn
)

Xpn−Xpn−1

pn−1 )−1. SuneqÐzontac loipìn thn 22 sel. 83, èqoume ìti

(22) = ((1 + Y p)Xp
∞∏

n=2

(1 + Y pn
)

Xpn−Xpn−1

pn−1 )

×((1 + Y )pX)−1
∞∏

n=1

((1 + Y pn
)

Xpn−Xpn−1

pn−1 )−1 = 85 (1 + Y p)X

(1 + Y )pX
.

60. G ◦ Tq = Tq ◦Gq = Ψq,Gq .
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Apìdeixh : 'Estw u ∈ U . Tìte

G(Tq(Xu)) =
{

G(X
u
q ), an q|u

G(0), alli¸c
=





∑

w∈U

gwX
w+u

q , an q|u

0, alli¸c

Tq(Gq(Xu)) = Tq(
∑

w∈U

gwXqw+u) =

∑

w∈U

gqwXqw+u =





∑

w∈U

gwX
w+u

q , an q|u

0, alli¸c
.

61. Gi� k�je n ∈ N (G ·Gq · . . . ·Gqn)q ◦G = G ·Gq · . . . ·Gqn+1 .

Apìdeixh : 'Estw r ∈ R kai κ ∈ N. Tìte

((G ·Gq · . . . ·Gqκ)q ◦G)(r) =(G ·Gq · . . . ·Gqκ)q(Gr) = 86

(Gq ·Gq2 · . . . ·Gqκ+1)(Gr) = G ·Gq · . . . ·Gqκ+1(r).

62. 'Estw G =
∑

w∈U

gwXw, r =
∑

u∈U

auXu ∈ R0. up�rqoun loipìn

M,N > 0 t.¸. ord(gw) ≥ M |w| ∀ w ∈ U kai ord(au) ≥ N |u| ∀ u ∈ U . 'Est-
w akìma Gr =

∑

v∈U

βvX
v ìpou βv =

∑

w,u∈U me
wi+ui=vi ∀ i=1,...,n

gwau. Jètontac K =

min{M, N}, gi� k�je v ∈ U èqoume : ord(βv) = ord
( ∑

w,u∈U me
wi+ui=vi ∀ i=1,...,n

gwau

)
≥

max
w,u∈U me

wi+ui=vi ∀ i=1,...,n

{ord(gw) + ord(au)} ≥ K|w|+ K|u| = K|v|.

63. 'Estw G(X) =
∑

w∈U

gwXw ∈ R0. 'Ara up�rqei M > 0 t.¸. ord(gw) ≥

M |w| ∀ w ∈ U . Tìte Gq(X) =
∑

w∈U

gwXwq =
∑

w∈U

awXw ìpou

aw =

{
0, an q 6 |w
gw

q
, an q|w.

Jètontac t¸ra K = M
q , èqoume :

ord(aw) =

{
∞ ≥ K|w|, an q 6 |w
ord(gw

q
) ≥ M |wq | = K|w|, an q|w.

85



65. Gi� k�je jetikoÔc akèraiouc n, α, isqÔei ìti :

∑

ζ∈Ωp me ζn=1

ζα =
{

n, an n|α
0, alli¸c .

Apìdeixh : • An n|α, dhlad  α = nκ, tìte ja èqoume :
∑

ζ∈Ωp me ζn=1

ζα =

∑

ζ∈Ωp me ζn=1

ζnκ =
∑

ζ∈Ωp me ζn=1

1 = n.

• An n 6 |α, tìte
-An n > α, tìte n = ακ+λ me 0 ≤ λ < α, �ra jèloume

∑

ζ∈Ωp me ζn=1

ζα = 0

-An n < α, tìte α = nκ + λ me 0 < λ < α, �ra jèloume
∑

ζ∈Ωp me ζn=1

ζα =

∑

ζ∈Ωp me ζn=1

ζnκζλ =
∑

ζ∈Ωp me ζn=1

ζλ = 0

ArkeÐ loipìn na deÐxoume ìti an α eÐnai jetikìc akèraioc me α < n, tìte∑

ζ∈Ωp me ζn=1

ζα = 0

'Estw A
orσ
= {ζ0

0 = 1, ζ1
0 , . . . , ζn−1

0 } oi n-ostèc rÐzec thc mon�dac.
-'Estw (α, n) = 1. Tìte, an eÐqa ζα

i = ζα
j gi� k�poia ζi, ζj ∈ A kai i, j me

i > j, tìte, an ζi = ζi
0 kai ζj = ζj

0 , ja eÐqa ζ
α(i−j)
0 = 1 �ra n|α(i− j), kai kaj¸c

(n, α) = 1 ja prèpei n|i− j, �topo afoÔ i, j ∈ {0, 1, . . . n− 1}.
Sthn perÐptwsh loipìn aut , ta ζ0α

0 , ζ1α
0 , . . . , ζ

(n−1)α
0 eÐnai mÐa anadi�taxh twn

ζ0
0 , ζ1

0 , . . . , ζn−1
0 , �ra

∑

ζ∈Ωp me ζn=1

ζα = 0.

-'Estw (α, n) > 1. Tìte
∑

ζ∈Ωp me ζn=1

ζα = 1 + ζα
0 + ζ2α

0 + . . . + ζ
(n−1)α
0 =

1 + (ζα
0 ) + (ζα

0 )2 + . . . + (ζα
0 )n−1.

'Estw κ = ord(ζα
0 ) kai {1, ζα

0 , . . . , ζκα
0 } h om�da pou par�gei h ζα

0 . Afou κ|n,
èstw ìti dhlad  n = κd, ja èqoume ìti

1 + (ζα
0 ) + (ζα

0 )2 + . . . + (ζα
0 )n−1 =

(1 + ζα
0 + . . . + ζ

α(κ−1)
0 ) + . . . + (1 + ζα

0 + . . . + ζ
α(κ−1)
0 )︸ ︷︷ ︸

d

= 0,

afoÔ 1 + ζα
0 + . . . + ζ

α(κ−1)
0 = 0.
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69. IsqÔei to ex c
Je¸rhma : 'Enac pÐnakac A eÐnai trigwnÐsimoc an kai mìno an to qarak-

thristikì tou polu¸numo eÐnai ginìmeno prwtobajmÐwn paragìntwn.
Apìdeixh : Blèpe Stul. Andread�kh Grammik  'Algebra je¸rhma 6.5.1

sel.209.
'Ameso pìrisma tou parap�nw jewr matoc eÐnai ìti k�je pÐnakac me stoiqeÐa

apì èna algebrik� kleistì s¸ma eÐnai trigwnÐsimoc.

75. 'Estw epèktash Fq Fp kai e ∈ Ωp prwtarqik  p-ost  rÐza tou 1. Tìte
isqÔei ìti

∑

x∈Fq

eTrFq Fpx = 0.

Apìdeixh : AfoÔ h epèktash Fq\Fp eÐnai diaqwrÐsimh, èqoume ìti h
apeikìnish TrFq\Fp

: Fq −→ Fp eÐnai di�forh thc mhdenik c. Up�rqei loipìn x0 ∈
Fq me TrFq Fpx0 6= 0. 'Eqoume loipìn :

∑

x∈Fq

eTrFq\Fpx =
∑

x+x0∈Fq

eTrFq\Fp(x+x0) =

eTrFq\Fpx0
∑

x∈Fq

eTrFq\Fpx. Jètontac Σ =
∑

x∈Fq

eTrFq\Fpx, èqoume ìti Σ = eTrFq\Fp (x0)Σ

kai epeid  eTrFq\Fp (x0) 6= 1, èqoume ìti Σ = 0.

77. 'Estw Xw = Xw1
1 · · ·Xwn

n kai b ∈ D(1). Tìte Θ(bXw) ∈ R0.

Apìdeixh : AfoÔ Θ(T) =
∞∑

κ=1

aκTκ, 87 ja èqoume ìti Θ(bXw) =

∞∑

κ=0

aκbκXwκ =
∑

u∈U

suXu, ìpou

su =
{

0, an u 6= λw gi� k�je λ ∈ N0

aκbκ, an u = κw gi� k�poio κ ∈ N0 .

Jètontac t¸ra M = 1
(p−1)|w| , èqoume :

ord(su) =

{
∞ > 1

(p−1)|w| |u| = M |u| an u 6= λw gi� k�je λ ∈ N0

ord(aκ) + κordb ≥ 88 κ
(p−1)|w| |w| = M |u|, an u = κw gi� k�poio κ ∈ N0 .

87Bl. selÐda 59
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