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Diatmhmatikì Prìgramma Metaptuqiak¸n Spoud¸n
KateÔjunsh: Majhmatik  ProsomeÐwsh kai Teqnikèc UpologismoÔ

Tm mata Majhmatik¸n kai Efarmosmènwn Majhmatik¸n
Panepist mio Kr thc.

H metaptuqiak  ergasÐa katatèjhke sto tm ma Majhmatik¸n tou panepisthmÐou
Kr thc ton Okt¸brio 2005. Epiblèpwn kajhght c  tan o k.Miq�lhc TaroÔdakhc, ton
opoÐo ja  jela na euqarist sw gia thn bo jeia kai thn sumpar�stas  tou kat� th
di�rkeia thc ergasÐac. Thn epitrop  axiolìghshc apotèlesan oi Miq�lhc Taroud�khc,
Gi¸rgoc Makr�khc kai Gi¸rgoc Kosi¸rhc.

Ja  jela, epÐshc, na euqarist sw jerm� ton kajhght  k.Miq�lh L�mprou gia th
bo jeia kai thn sumpar�stas  tou prin kai kat� th di�rkeia twn metaptuqiak¸n mou
spoud¸n.

Tm ma thc ergasÐac pragmatopoi jhke kat� th di�rkeia thc praktik c �skhshc
tou progr�mmatoc {JALATTA} sthn opoÐa summeteÐqa sto 'Idruma TeqnologÐac kai
'Ereunac. To prìgramma qrhmatodot jhke apì thn Genik  GrammateÐa 'Ereunac kai
TeqnologÐac.
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Thn ergasÐa thn afier¸nw sthn oikogènei� mou
kai touc euqarist¸ gia thn polÔtimh st rix  touc

kat� th di�rkeia twn spoud¸n mou.
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Kef�laio 1

Eisagwg 

H upojal�ssia akoustik  eÐnai o ereunhtikìc tomèac, ston opoÐo melet�tai h di�-
dosh enìc hqhtikoÔ kÔmatoc to opoÐo genn�tai sth j�lassa. Ta akoustik� kÔmata
eÐnai diataraq  thc pÐeshc enìc akoustikoÔ mèsou pou diadÐdontai sto en logw mèso.
To jal�ssio perib�llon montelopoieÐtai wc kumatodhgìc me sÔnora pou gewmetrik�
antistoiqoÔn sthn epif�neia kai ston pujmèna thc j�lassac. O pujmènac montelo-
poieÐtai wc reustì   elastikì akoustikì mèso me peperasmèno   hmi�peiro p�qoc.
O  qoc diadÐdetai se èna kumatodhgì me di�forouc trìpouc   idiomorfèc(modes),
ta qarakthristik� twn opoÐwn exart¸ntai apì tic idiìthtec twn kumatodhg¸n. Ta
aploÔstera probl mata thc di�doshc tou  qou sth j�lassa aforoÔn di�dosh se ku-
matodhgì me epÐpeda sÔnora, se perib�llon axonik c summetrÐac. Pio dÔskola eÐnai
ta probl mata thc di�doshc tou  qou sth j�lassa, ìtan ta sÔnora parousi�zoun
anomoiogèneiec (p.q. anuy¸seic-sea mounts) eÐte stic dÔo eÐte stic treic diast�seic.

ArketoÐ ereunhtèc asqol jhkan me di�dosh tou  qou se perib�llon me anomoiogè-
neia ston pujmèna kai sugkekrimèna me thn Ôparxh miac topik c anÔywshc (sea mount)
[1]-[8], qrhsimopoi¸ntac analutikèc   arijmhtikèc teqnikèc (p.q. peperasmèna stoiqeÐ-
a, peperasmènec diaforèc k.l.p.). Sun jhc mèjodoc antimet¸pishc tou probl matoc,
idÐwc stic dÔo diast�seic eÐnai h twn suzeugmènwn idiomorf¸n (Coupling Modes) [1],
[6]-[8], pou ja akolouj soume kai sthn ergasÐa (Kef�laio 3). H paroÔsa ergasÐ-
a ja anaferjeÐ se prìblhma akoustik c di�doshc ìtan ta sÔnora tou kumatodhgoÔ
parousi�zoun topik  anomoiogèneia tìso sthn epif�neia ìso kai ston pujmèna thc j�-
lassac. Se ì,ti afor� thn epif�neia thc j�lassac, h parousÐa anomoiogèneiac mporeÐ
na apodojeÐ sthn Ôparxh p�gou. PolloÐ ereunhtèc mèqri t¸ra èqoun asqolhjeÐ me
di�dosh tou  qou k�tw apì p�go [9]. E�n se mÐa jal�ssia perioq  up�rqei k�luyh
me p�go, h di�dosh tou  qou exart�tai shmantik� apì thn fÔsh tou kai eidik� apì
thn omalìthta thc k�tw pleur�c tou p�gou. P�goc pou èqei prìsfata katayuqjeÐ
eÐnai leÐoc kai h ap¸leia eÐnai ìmoia me nerì se kat�stash hremÐac. Paliìc p�goc
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k�mptetai "bÐaia", opìte gia ènan tètoio p�go h taqÔthta mporeÐ na eÐnai thc t�xhc twn
10m Ôyoc.

Sthn paroÔsa ergasÐa melet�tai to prìblhma thc akoustik c di�doshc stic dÔo
diast�seic kai gia aploÔsteush tou probl matoc, h anomoiogèneia sthn epif�neia
(p�goc) ja jewrhjeÐ leÐa. EpÐshc, ja jewr soume ìti to perib�llon parousi�zei
axonik  summetrÐa (axially symmetric environment). Autì ìpwc ja doÔme epitrèpei
th qr sh shmantik� aploÔsterwn arijmhtik¸n algorÐjmwn kai ètsi h epÐlush tou
probl matoc eÐnai dunat  me progr�mmata me ikanopoihtik  taqÔthta.

GnwrÐzoume ìti to 3D prìblhma mporeÐ na anaqjeÐ se èna 2D e�n oi par�metroi
tou probl matoc eÐnai stajeroÐ kat� m koc miac grammik c phg c   to perib�llon
eÐnai axonik� summetrikì gÔrw apì mÐa shmeiak  phg . Tupik�, k�poioc upojètei ìti
to perib�llon eÐnai range independent, dhlad  orizìntia strwmatopoihmèno [8] se mÐa
orizìntia apìstash makru� apì thn phg  kai o pujmènac omogen c gia arket� meg�-
lo b�joc. 'Eqontac autèc tic upojèseic, mporoÔn na diatupwjoÔn akribeÐc sunoriakèc
sunj kec ètsi ¸ste to probl ma na eÐnai pl rwc orismèno [6], [7]. Sto prìblhma
pou ja melet soume ja upojèsoume ìti to perib�llon parousi�zei stajerèc sunar-
t sei thc apìstashc paramètrouc tìso kont� sthn phg  ìso kai makru� apì thn
anomoiogèneia.

1.1 Di�rjrwsh thc ergasÐac

Sto kef�laio 2 diatup¸netai to prìblhma, h gewmetrÐa kai oi sunoriakèc sunj kec
pou to sunodeÔoun sthn perÐptwsh perib�llontoc axonik c summetrÐac all� genik c
gewmetrÐac. Sto Ðdio kef�laio upologÐzetai h akoustik  pÐesh se kumatodhgì me
hmi�peiro pujmèna kai stajerèc sunart sei thc apìstashc paramètrouc. Sto kef�-
laio 3 upologÐzetai h akoustik  pÐesh se kumatodhgì me mh-epÐpeda sÔnora. Ed¸
ja anaferjoÔme kai sth jewrÐa twn suzeugmènwn idiomorf¸n, h opoÐa eÐnai sunèqeia
thc jewrÐac twn kanonik¸n idiomorf¸n. Sto kef�laio 4 ja diatup¸soume kai ja u-
pologÐsoume thn akoustik  pÐesh se perib�llon me kajorismènh anomoiogèneia sthn
epif�neia kai ston pujmèna. Ja upologistoÔn oi suntelestèc sÔzeuxhc,ìpwc epÐshc
kai h akoustik  pÐesh tou probl matoc . Sto kef�laio 5 ja anaferjoÔn arijmhti-
k� apotelèsmata gia diaforetik� dedomèna tou probl matoc sugkrÐnont�c ta metaxÔ
touc. Tèloc, sto kef�laio 6 ja exakjoÔn ta sumper�smata pou prokÔptoun apì th
melèth tou probl matoc.
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Kef�laio 1: Eisagwg 
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Kef�laio 2

Akoustik  di�dosh se kumatodhgì me
hmi�peiro pujmèna

2.1 Eisagwg 

Se autì to kef�laio ja jewr soume to prìblhma ìpou èqoume akoustik  di�dosh
se kumatodhgì me hmi�peiro pujmèna. Arqik� ja ex�goume thn exÐswsh kÔmatoc,
sthn opoÐa ja upakoÔei h akoustik  pÐesh. Sth sunèqeia, ja qwrÐsoume thn qronik 
apì thn qwrik  ex�rthsh thc akoustik c pÐeshc kai ja upologÐsoume to akoustikì
pedÐo qrhsimopoi¸ntac jewr mata anapar�stashc kai ekfr�zont�c thn se seirèc idio-
sunart sewn. Epeid  to prìblhma pou ja melethjeÐ anafèretai se hmi�peiro pujmèna,
h akoustik  pÐesh ja apoteleÐtai apì èna diakritì kai èna suneqèc f�sma, ìpwc ja
doÔme analutik� sthn Par�grafo 2.5.

2.2 ExÐswsh kÔmatoc

H akoustik  exÐswsh prokÔptei apì sundiasmènh efarmog  twn basik¸n exis¸se-
wn twn reust¸n pou dièpoun tic metabolèc twn qarakthristik¸n megej¸n tou mèsou.
Oi basikèc exis¸seic pou qrhhsimopoioÔntai gia thn exagwg  thc kumatik c exÐswshc
eÐnai:
1. H exÐswsh sunèqeiac

−∇ · ρu =
∂ρ

∂t
(2.1)

pou ekfr�zei th diat rhsh thc m�zac.
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2. H exÐswsh tou Euler

−∇P (1) = ρ
∂u

∂t
+ u · ∇u (2.2)

pou ekfr�zei th diat rhsh thc orm c.
3. H katastatik  exÐswsh

P (1) = g(ρ) (2.3)

pou susqetÐzei tic metabolèc thc pÐeshc kai thc puknìthtac.
H exÐswsh pou prokÔptei apì grammikopoÐhsh twn parap�nw basik¸n exis¸sewn

kaleÐtai grammikopoihmènh akoustik  exiswsh se mèso qwrÐc ap¸leiec:
[
∇2 − 1

ρ0

∇ρ0 · ∇ − 1

c2

∂2

∂t2

]
P (r, t) = −∂Q

∂t
(2.4)

ìpou Q eÐnai o ìroc thc phg c gia thn akoustik  exÐswsh, ρ0 eÐnai h puknìthta ìtan
den èqoume akoustikì kÔma kai c(r, t) h taqÔthta di�doshc tou  qou, h opoÐa sun jwc
eÐnai anex�rthth tou qrìnou.

Sthn paroÔsa ergasÐa ja asqolhjoÔme me akoustik� kÔmata pou proèrqontai apì
shmeiakèc armonikèc phgèc, stic opoÐec o ìroc thc phg c majhmatik� ekfr�zetai wc
ex c:

−Aδ(r− r0) exp−ıωt (2.5)

ìpou δ(r− r0) h sun�rthsh dèlta , r0 to di�nusma jèshc thc phg c, A o suntelest c
pou ekfr�zei thn isqÔ thc phg c kai ω = 2πf h kuklik  suqnìthta.

Epomènwc katal goume sthn omogen  akoustik  exÐswsh an h phg  den perièqetai
sto exetazìmeno qwrÐo kai sthn mh-omogen  akoustik  exÐswsh an h phg  perièqetai
sto exetazìmeno qwrÐo.

2.3 ExÐswsh Helmholtz kai oriakèc sunj kec

ZhteÐtai o upologismìc tou hqhtikoÔ pedÐou (akoustik  pÐesh) pou proèrqetai a-
pì mÐa shmeiak  armonik  phg  suqnìthtac f se perib�llon axonik c summetrÐac me
hmi�peiro pujmèna. H gewmetrÐa tou probl matoc parousi�zetai sto Sq ma 2.1. Ta
ìria an�mesa sto nerì, sthn epif�neia kai sto Ðzhma den eÐnai epÐpeda all� parou-
si�zoun anwmalÐa. H anwmalÐa aut  mporeÐ na eÐnai tuqaÐa   na èqei sugkekrimènh
morf , ìpwc p.q. p�go sugkekrimènou sq matoc sthn epif�neia   anÔywsh sugkekri-
mènou sq matoc ston pujmèna (ìpwc ja doÔme sto Kef�laio 3). H anwmalÐa sthn
epif�neia ekteÐnetai se b�joc h1 kai h anwmalÐa tou pujmèna orÐzetai apì to b�joc
h2. H hqhtik  phg  brÐsketai ep�nw ston �xona summetrÐac tou probl matoc kai se
b�joc z0 en¸ ènac dèkthc brÐsketai se tuqaÐa apìstash (r,z). Me Vi ìpou i = 1, 2, 3
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sumbolÐzoume ta qwrÐa pou dhmiourgoÔntai apì tic anomoiogèneiec. H puknìthta kai
h taqÔthta di�doshc tou  qou sto nerì kai sto Ðzhma mporeÐ na metab�llontai me
thn apìstash, eÐnai ìmwc stajerèc se k�je qwrÐo antÐstoiqa. Sugkekrimèna, me ρi

sumbolÐzoume thn puknìthta pou antistoiqeÐ sto qwrÐo Vi ìpou i = 1, 2, 3. Me an�lo-
go trìpo orÐzoume thn pÐesh P se k�je str¸ma. Me Pi sumbolÐzoume thn pÐesh pou
antistoiqeÐ sto qwrÐo Vi ìpou i = 1, 2, 3.

Sq ma 2.1: Perib�llon me tuqaÐa anomoiogèneia sthn epif�neia kai ston pujmèna.

K�tw apì tic sunj kec autèc h akoustik  pÐesh pou ofeÐletai se mÐa shmeiak 
armonik  phg  se kulindrikì sÔsthma suntetagmènwn, pou eÐnai kat�llhlo gia aut 
th gewmetrÐa, dÐdetai apì thn sqèsh:

4P (r, z) + k2(r, z)P (r, z) = − 1

2πr
δ(r)δ(z − z0) (2.6)

ìpou
k(r, z) =

ω

c(r, z)
(2.7)

o arijmìc kÔmatoc kai 4 o telest c ∇2. Shmei¸netai, ìti efìson jewrhjeÐ stajer 
puknìthta se k�je str¸ma, mporoÔme na jewr soume ìti h exÐswsh 2.6 orÐzetai se
k�je str¸ma qwrist�, ¸ste na mhn apaiteÐtai eisagwg  thc puknìthtac sthn exÐswsh.
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Gia ton pl rh kajorismì tou probl matoc apaiteÐtai h epibol  twn kat�llhlwn
sunoriak¸n sunjhk¸n. H epif�neia thc j�lassac (z = 0) apaitoÔme na eÐnai eleÔjerh
pièsewn (P = 0), pou shmaÐnei ìti den eÐnai dunat  h di�dosh tou  qou apì to nerì
ston aèra. Kat� m koc tou sunìrou str¸matoc epif�neiac - neroÔ (∂V1) epib�lloume
h pÐesh kai h k�jeth taqÔthta twn stoiqeiwd¸n swmatidÐwn pou eÐnai an�logh thc
parag¸gou thc pÐeshc na eÐnai suneqeÐc sunart seic. Thn Ðdia apaÐthsh èqoume kai
kat� m koc tou sunìrou neroÔ - pujmèna (∂V2). Ston tèloc jewroÔme upìstrwma
pou epekteÐnetai mèqri to �peiro kai zhtoÔme h enèrgeia na aposbaÐnei sto �peiro.
AfoÔ to qwrÐo ekteÐnetai ep' �peiron wc proc thn orizìntia apìstash r epib�lloume
thn sunj kh aktinobolÐac Sommerfeld pou kajorÐzei thn sumperifor� thc lÔshc sto
�peiro (r →∞) kai epib�lei ìti den up�rqei epanaktinoboloÔmenh enèrgeia apì ekeÐ.

Sugkekrimèna, oi sunoriakèc sunj kec eÐnai oi akìloujec:

P (1)(., 0) = 0 (2.8)
P (1)(., h1) = P (2)(., h1) (2.9)

1

ρ1

∂P (1)(., h1)

∂~η
= − 1

ρ2

∂P (2)(., h1)

∂~η
(2.10)

P (2)(., h2) = P (3)(., h2) (2.11)
1

ρ2

∂P (2)(., h2)

∂~η
= − 1

ρ3

∂P (3)(., h2)

∂~η
(2.12)

limz→∞P (3)(r, z) = 0 (2.13)

ìpou

P (r, z) =





P (1)(r, z), an 0 ≤ z ≤ h1

P (2)(r, z), an h1 ≤ z ≤ h2

P (3)(r, z), an h2 ≤ z < ∞
kai

ρ =





ρ1, an 0 ≤ z ≤ h1

ρ2, an h1 ≤ z ≤ h2

ρ3, an h2 ≤ z < ∞
kai ~η eÐnai to monadiaÐo k�jeto di�nusma, to opoÐo èqei for� proc to eswterikì thc
ek�stote anomoiogèneiac, prosjètontac thn Sunj kh AktinobolÐac

limr→∞
√

r(
∂

∂r
− ik)P = 0. (2.14)
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2.4 'Ekfrash thc lÔshc se seir� idiosunart sewn se
sunart sei thc apìstashc paramètrwn

Se aut n thn par�grafo, ja anaferjoÔme sth lÔsh tou probl matoc se perib�l-
lon stajer¸n sunart sei thc apìstashc paramètrwn. To perib�llon autì onom�zetai
orizìntia strwmatopoihmèno [1] kai eÐnai to basikì perib�llon pou melet� kaneÐc sthn
akoustik  di�dosh. Gia thn paroÔsa ergasÐa, h anafor� se autì krÐnetai anagkaÐa
lìgw tou orismoÔ enìc pedÐou aktinobolÐac ìpwc ja doÔme sth sunèqeia. H diatÔpwsh
tou probl matoc mac epitrèpei na anaptÔxoume th lÔsh tou me th qr sh kat�llhlhc
anapar�stashc se seir� idiosunart sewn, pou ikanopoieÐ ìlec tic sunoriakèc sunj -
kec. To prìblhma autì eÐnai èna idiìmorfo prìblhma Sturm− Liouville [16], me thn
idiomorfÐa na ofeÐletai sthn Ôparxh sunìrou sto �peiro. Gia ta probl mata aut c
thc morf c gnwrÐzoume ìti orÐzetai èna f�sma diakrit¸n idiotim¸n kai èna f�sma
suneq¸n idiotim¸n. Me an�logo trìpo orÐzontai oi diakritèc kai oi suneqeÐc idiosu-
nart seic, um(z) kai F(z, k) antÐstoiqa. SÔmfwna me je¸rhma anapar�stashc [4], mÐa
tuqaÐa sun�rthsh pou orÐzetai sto Ðdio di�sthma me ekeÐno twn idiosunart sewn kai
ikanopoieÐ tic Ðdiec oriakèc sunj kec, mporeÐ na anaptuqjeÐ se seir� kai olokl rwma
p�nw stic idiosunart seic autèc antÐstoiqa sÔmfwna me thn sqèsh

P (r, z) =
M∑

m=1

Fm(r)um(z) +

∫

S

b(r, k)Φ(z, k)dk (2.15)

ìpou me S sumbolÐzetai to suneqèc f�sma twn idiotim¸n k, b eÐnai suntelest c o opoÐoc
exart�tai apì thn idiotim  k kai M eÐnai h mègisth t�xh twn diakrit¸n idiotim¸n.

Oi sunart seic um(z) ikanopoioÔn to akìloujo prìblhma b�jouc:

d2um(z)

dz2
+

(
k2(z)− k2

m

)
um(z) = 0 (2.16)

ìpou k eÐnai o arijmìc kÔmatoc kai km eÐnai stajerèc pou mporoÔn na upologistoÔn,
wc idiotimèc tou probl matoc pou orÐzontai apì thn exÐswsh 2.16 kai tic akìloujec
sunoriakèc sunj kec:
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u(1)
m (0) = 0 (2.17)

u(1)
m (h1) = u(2)

m (h1) (2.18)
1

ρ1

du
(1)
m (h1)

dz
=

1

ρ2

du
(2)
m (h1)

dz
(2.19)

u(2)
m (h2) = u(3)

m (h2) (2.20)
1

ρ2

du
(2)
m (h2)

dz
=

1

ρ3

du
(3)
m (h2)

dz
(2.21)

limz→∞u(3)
m (z) = 0 (2.22)

ìpou

um(z) =





u
(1)
m (z), an 0 ≤ z ≤ h1

u
(2)
m (z), an h1 ≤ z ≤ h2

u
(3)
m (z), an h2 ≤ z < ∞

kai

ρ =





ρ1, an 0 ≤ z ≤ h1

ρ2, an h1 ≤ z ≤ h2

ρ3, an h2 ≤ z < ∞
Oi idiosunart seic, ìpwc orÐzontai parap�nw, apoteloÔn orjokanonikì sÔsthma me
exÐswsh orjokanonikìthtac:

∫ ∞

0

1

ρ(z)
un(z)um(z)dz = δmn (2.23)

H gewmetrÐa tou probl matoc eÐnai an�logh aut c tou Sq matoc 2.1 thc prohgoÔme-
nhc paragr�fou, me th diafor� ìti oi diepif�neiec eÐnai epÐpeda orizìntia. AntÐstoiqo
prìblhma me diaforetikèc sunj kec orjogwniìthtac upakoÔoun oi idiosunart seic
Φ(z, k) [4].

Gia na suneqÐsoume, ja k�noume thn upìjesh ìti to suneqèc f�sma den ephre�zei
shmantik� thn lÔsh mac. H upìjesh aut , ìpwc èqei apodeiqjeÐ den ephre�zei sh-
mantik� thn lÔsh mac stic peript¸seic pou endiaferìmaste gia di�dosh se meg�lec
apost�seic [4]. MporoÔme, loipìn, na gr�youme thn anapar�stash thc lÔshc wc:

P (r, z) =
M∑

m=1

Fm(r)um(z) (2.24)

Antikajist¸ntac thn èkfrash thc pÐeshc sthn omogen  Helmholtz, paÐrnontac upìyh
thn exÐswsh 2.16 kai qrhsimopoi¸ntac thn sunj kh orjokanonikìthtac twn idiosunar-
t sewn um(z) katal goume sthn exÐswsh:
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∑
m

δnm

(
d2Fm(r)

dr2
+

1

r

dFm(r)

dr
+ k2

m

)
= 0 (2.25)

pou isodunameÐ me thn exÐswsh Bessel:

d2Fn(r)

dr2
+

1

r

dFn(r)

dr
+ k2

n = 0 (2.26)

me genik  lÔsh:

Fn(r) = AnH
(1)
0 (knr) + BnH

(2)
0 (knr) (2.27)

ìpou An kai Bn prosdioristèoi suntelestèc kai H
(1)
0 kai H

(2)
0 sunart seic Hankel

mhdenik c t�xhc pr¸tou eÐdouc kai deutèrou eÐdouc antÐstoiqa.
Opìte, h genik  lÔsh thc kumatik c exÐswshc e�n amel soume to suneqèc f�sma

eÐnai:

P (r, z) =
∑
m

(
AmH

(1)
0 (kmr) + BmH

(2)
0 (kmr)

)
um(z) (2.28)

Apì fusik c pleur�c, h qrhsimopoÐhsh twn sunart sewn H
(1)
0 kai H

(2)
0 sthn èkfrash

thc pÐeshc upodhl¸noun h men pr¸th thn enèrgeia pou odeÔei proc ta auxanìmena r
kai h deÔterh thn enèrgeia pou odeÔei proc ta meioÔmena r.

EpishmaÐnoume ìti h puknìthta diafèrei sta trÐa str¸mata mènontac stajer  su-
nart sei tou b�jouc mìno se k�je str¸ma qwrist�.

2.5 Suneqèc f�sma

EpishmaÐnoume ìti h anapar�stash thc lÔshc mèsw twn idiosunart sewn se seir�,
ìpwc sth sqèsh 2.24, eÐnai akrib c sthn perÐptwsh pou to sÔsthm� touc eÐnai pl rec.
Sthn perÐptwsh enìc tèleia �kamptou upostr¸matoc to sÔsthma twn idiosunart se-
wn eÐnai pr�gmati pl rec kai to �jroisma stic sqèseic 2.24 kai 2.25 eÐnai mèqri to
�peiro, afoÔ sÔmfwna me th jewrÐa tou probl matoc Sturm− Liouville gia kanoni-
k� probl mata, ìpwc autì pou upakoÔoun oi idiosunart seic, h lÔsh apoteleÐtai apì
diakritì f�sma idiotim¸n.

H par�leiyh tou suneqoÔc f�smatoc se perib�llon stajer¸n paramètrwn dhmiour-
geÐ probl mata kai ìtan melet�tai to hqhtikì pedÐo polÔ kont� sthn phg , miac kai
autì parist�nei enèrgeia pou q�netai polÔ gr gora proc ton pujmèna. Sthn perÐptw-
sh pou to perib�llon eÐnai metaballìmenwn paramètrwn h par�leiyh tou suneqoÔc
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f�smatoc endeqomènwc na dhmiourgeÐ probl mata, miac kai prèpei na gnwrÐzoume pì-
sh enèrgeia metafèretai apì to suneqèc f�sma all� kai pìsh enèrgeia antall�setai
an�mesa stic diakritèc kai tic suneqeÐc idiomorfèc.
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Kef�laio 2: Akoustik  di�dosh se kumatodhgì me hmi�peiro pujmèna.
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Kef�laio 3

Akoustik  di�dosh se kumatodhgì me
mh-epÐpeda sÔnora

3.1 Eisagwg 

Se autì to kef�laio ja asqolhjoÔme me th di�dosh tou  qou se perib�llon me
mh-epÐpeda sÔnora. Gia aploÔsteush tou probl matoc ja jewr soume perib�llon me
topik  anomoiogèneia. Se autèc tic peript¸seic, ìpou h epif�neia   o pujmènac den
eÐnai orizìntioi   h taqÔthta tou  qou metab�lletai me thn apìstash, to perib�llon
den eÐnai orizìntia strwmatopoihmèno kai h jewrÐa twn kanonik¸n idiomorf¸n den
mporeÐ na qrhsimopoihjeÐ me thn morf  pou thn anafèrame sto prohgoÔmeno kef�laio.
To prìblhma antimetwpÐzetai me th jewrÐa suzeugmènwn idiomorf¸n, h opoÐa
apoteleÐ epèktash thc jewrÐac twn kanonik¸n idiomorf¸n [7], [8],[10].

21
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3.2 JewrÐa Suzeugmènwn Idiomorf¸n

Ja jewr soume to perib�llon tou Sq matoc 3.1. QarakthrÐzetai apì mÐa topik 
anomoiomorfÐa sthn epif�neia kai ston pujmèna. To perib�llon qwrÐzetai se trÐa
qwrÐa me qr sh katakìrufwn diepifanei¸n pou orÐzontai apì thn arq  kai to tèloc
thc anomoiogèneiac se apìstash rN kai rF antÐstoiqa apì thn phg , ìpwc sto sq ma
3.1.

Sq ma 3.1: Perib�llon me topik  anomoiomorfÐa.

To akoustikì pedÐo ja to qwrÐsoume se dÔo upopedÐa, to pedÐo aktinobolÐac Prd

(radiation field) kai to pedÐo perÐjlashc Pd (diffraction field). Dhladh, ja èqou-
me

P (r, z) = Prd(r, z) + Pd(r, z) (3.1)
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3.2.1 To PedÐo AktinobolÐac

To pedÐo aktinobolÐac anafèretai se èna perib�llon tou opoÐou oi par�metroi den
metab�llontai me thn apìstash kai tìso h epif�neia ìso kai o pujmènac eÐnai epÐpeda
kai orizìntia (par�llhla metaxÔ touc). To pedÐo aktinobolÐac perièqei thn phg  gi'
autì kai h pÐesh upakoÔei sth mh-omogen  exÐswsh Helmholtz me oriakèc sunj kec
ìpwc prokÔptoun apì th gewmetrÐa tou qwrÐou mèqri thn arq  thc anomoiogèneiac. H
gewmètria tou probl matoc parousi�zetai sto Sq ma 3.2. Sth jèsh z0 èqei topojeth-
jeÐ h phg  en¸ o pujmènac ekteÐnetai mèqri to �peiro. Me D1 kai D2 qarakthrÐzoume
ta qwrÐa pou orÐzei h diepif�neia gia z = h. To qwrÐo D1, eÐnai autì poÔ perièqei thn
phg .

Sq ma 3.2: To pedÐo aktinobolÐac Prd.

Sugkekrimèna èqoume,

4Prd(r, z) + k2(r, z)Prd(r, z) = − 1

2πr
δ(r)δ(z − z0) (3.2)

me tic akìloujec sunoriakèc sunj kec:
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P
(1)
rd (., 0) = 0 (3.3)

P
(1)
rd (., h) = P

(2)
rd (., h) (3.4)

1

ρ1

∂P
(1)
rd (., h)

∂~η
= − 1

ρ2

∂P
(2)
rd (., h)

∂~η
(3.5)

limz→∞P
(2)
rd (r, z) = 0 (3.6)

ìpou

Prd(r, z) =

{
P

(1)
rd (r, z), an 0 ≤ z ≤ h

P
(2)
rd (r, z), an h ≤ z < ∞

kai
ρ =

{
ρ1, an 0 ≤ z ≤ h
ρ2, an h ≤ z < ∞

kai ~η eÐnai to monadiaÐo k�jeto di�nusma, to opoÐo èqei for� proc to eswterikì tou
ek�stote qwrÐou. Gia na èqei to prìblhm� mac monadik  lÔsh prosjètoume thn Sun-
j kh AktinobolÐac.

SÔmfwna me th mèjodo twn kanonik¸n idiomorf¸n to akoustikì pedÐo se orizìntia
strwmatopoihmèno perib�llon qwrÐzetai wc proc to b�joc kai thn apìstash, kai h
akoustik  pÐesh mporeÐ na anaparastajeÐ mèsw anaptÔgmatoc se seir� wc ex c:

P (r, z) =
M∑

m=1

Am(r)um(z) (3.7)

ìpou èqei, kai p�li, amelhjeÐ to suneqèc f�sma. O upologismìc twn idiosunart sewn
upakoÔei sthn filosofÐa tou prohgoÔmenou KefalaÐou. IkanopoioÔn, kai p�li, thn
exÐswsh b�jouc:

d2um(z)

dz2
+

(
k2(z)− k2

m

)
um(z) = 0 (3.8)

ìpou km oi idiotimèc tou probl matoc. To prìblhma b�jouc sunodeÔetai apì oriakèc
sunj kec, oi opoÐec eÐnai oi akìloujec:

u(1)
m (0) = 0 (3.9)

u(1)
m (h) = u(2)

m (h) (3.10)
1

ρ1

du
(1)
m (h)

dz
=

1

ρ2

du
(2)
m (h)

dz
(3.11)

limz→∞u(2)
m (z) = 0 (3.12)
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ìpou

um(z) =

{
u

(1)
m (z), an 0 ≤ z ≤ h

u
(2)
m (z), an h ≤ z < ∞

AntÐstoiqa, qarakthrÐzoume thn puknìthta, wc

ρ =

{
ρ1, an 0 ≤ z ≤ h
ρ2, an h ≤ z < ∞

UpenjumÐzoume ìti, oi idiosunart seic ìpwc orÐzontai parap�nw apoteloÔn orjoka-
nonikì sÔsthma me sunj kh orjokanonikìthtac:

∫ ∞

0

1

ρ(z)
um(z)un(z)dz = δnm (3.13)

Antikajist¸ntac thn èkfrash thc pÐeshc sthn omogen  Helmholtz kai qrhsimopoi¸-
ntac thn sunj kh orjogwniìthtac, h lÔsh ekfr�zetai sth morf 

Prd(r, z) =
i

4ρ1

M∑
m=1

um(z)um(z0)H
(1)
0 (kmr). (3.14)

ìpou H
(1)
0 h sun�rthsh Hankel pr¸tou eÐdouc mhdenik c t�xhc, pou ikanopoieÐ th

diaforik  exÐswsh Bessel:

d2H
(1)
0 (kmr)

dr2
+

1

r2

dH
(1)
0

dr
+ k2

0H
(1)
0 (kmr) = 0 (3.15)

AxÐzei na shmeiwjeÐ ìti se sÔgkrish me thn exÐswsh 2.27 pou anafèretai sto
Ðdio praktik� prìblhma, h apousÐa thc sun�rthshc Hankel deutèrou eÐdouc ofeÐletai
sth sunj kh aktinobolÐac tou Sommerfeld pou den epitrèpei epanaktinoboloÔmenh
enèrgeia apì to �peiro, h opoÐa ekfr�zetai asumptwtik� apì thn sun�rthsh Hankel
deutèrou eÐdouc [6].

Gia ton upologismì thc pÐeshc sth morf  3.14, èqei qrhsimopoihjeÐ h jewrÐa twn
sunart sewn Green pou apoteloÔn lÔsh thc mh-omogen  Helmholtz [4]. O upolo-
gismìc twn idiotim¸n ja gÐnei afoÔ efarmostoÔn oi oriakèc sunj kec se kat�llhlh
anapar�stash twn idiosunart sewn met� apì kat�llhlh epexergasÐa, h opoÐa odhgeÐ
sthn diatÔpwsh miac qarakthristik c exÐswshc (bl. Kef.4.4).
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3.2.2 To PedÐo PerÐjlashc

To pedÐo perÐjlashc Pd anafèretai se èna perib�llon tou opoÐou oi par�metroi
metab�llontai me thn apìstash (Range−Dependent Environment) kai ofeÐletai
sthn skèdash tou akoustikoÔ pedÐou apì thn anomoiogèneia. Sugkekrimèna, to pedÐo
perÐjlashc qwrÐzetai se trÐa upopedÐa: to pedÐo kont� sthn phg  PN

d (Near F ield),
to pedÐo me thn anomoiogèneia P I

d (Intermediate F ield) kai to pedÐo makri� apì thn
anomoiogèneia P F

d (Far F ield). H gewmetrÐa tou parousi�zetai sto Sq ma 3.3.

Sq ma 3.3: To pedÐo P I
d .

Wc PN
d qarakthrÐzetai to upopedÐo gia 0 ≤ r ≤ rN kai 0 ≤ z < ∞. Wc P F

d

qarakthrÐzetai to upopedÐo gia r ≥ rF kai 0 ≤ z < ∞. An�mesa sta dÔo aut� pedÐa,
to P I

d gia rN ≤ r ≤ rF kai 0 ≤ z < ∞, qarakthrÐzetai apì aujaÐreth metabol 
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tou profÐl taqÔthtac c = c(r, z). To profÐl taqÔthtac toso sto pedÐo prin thn
anomoiogèneia ìso kai makri� apì aut  ja eÐnai sun�rthsh mìno tou z.

Ta dÔo upopedÐa PN
d kai P F

d upakoÔoun sthn omogen  Helmholtz:

4P ∗
d (r, z) + k2(r, z)P ∗

d (r, z) = 0 (3.16)

ìpou ∗ = N, F . Gia ton pl rh kajorismì tou probl matoc apaiteÐtai h epibol 
katall lwn sunoriak¸n sunjhk¸n:

P ∗,1
d (., 0) = 0 (3.17)

P ∗,1
d (., h) = P ∗,2

d (., h) (3.18)
1

ρ∗1

∂P ∗,1
d (., h)

∂~η
= − 1

ρ∗2

∂P ∗,2
d (., h)

∂~η
(3.19)

limz→∞P ∗,2
d (., z) = 0 (3.20)

ìpou
P ∗

d (r, z) =

{
P ∗,1

d (r, z), an 0 ≤ z ≤ h

P ∗,2
d (r, z), an h ≤ z < ∞

kai
ρ∗ =

{
ρ∗1, an 0 ≤ z ≤ h
ρ∗2, an h ≤ z < ∞

SÔmfwna me ton parap�nw orismì tou probl matoc, h pÐesh perÐjlashc mporeÐ
na anaparastajeÐ wc mÐa seir� idiosunart sewn oi opoÐec ja oristoÔn kat�llhla.
Sugkekrimèna, h pÐesh sto upopedÐo prin thn anomoiomorfÐa dÐnetai apì th sqèsh:

PN
d (r, z) =

M∑
m=1

EN
mJ0(k

N
mr)uN

m(z) (3.21)

ìpou EN
m �gnwstoi suntelestèc oi opoÐoi ja prosdioristoÔn, J0(k

N
mr) h sun�rthsh

Bessel mhdenik c t�xhc, kN
m oi idiotimèc kai uN

m(z) oi idiosunart seic. H qr sh thc
Bessel sthn èkfrash thc pÐeshc ofeÐletai sto gegonìc ìti h pÐesh eÐnai pantoÔ ana-
lutik  akìma kai sto r = 0. Kat� an�logo trìpo, h akoustik  pÐesh sto upopedÐo
makru� apì thn anomoiogèneia dÐnetai apì thn èkfrash:

P F
d (r, z) =

M∑
m=1

EF
mH

(1)
0 (kF

mr)uF
m(z) (3.22)

ìpou EF
m �gnwstoi suntelestèc oi opoÐoi prosdiorÐzontai, H

(1)
0 (kN

mr) h sun�rthsh
Hankel pr¸tou eÐdouc mhdenik c t�xhc, kF

m oi idiotimèc kai uF
m(z) oi idiosunart -

seic. H qr sh mìno thc sun�rthshc Hankel pr¸tou eÐdouc sthn èkfrash thc pÐeshc
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ofeÐletai, kai p�li, sth sunj kh aktinobolÐac, me thn opoÐa apaitoÔme mhdenik  e-
panaktinoboloÔmenh enèrgeia apì to �peiro, pou isodunameÐ me ton apokleismì tou
sugklÐnontoc proc thn phg  pedÐou.

Me anafor� sto Sq ma 3.3, oi idiosunart seic uN
m(z) kai uF

m(z) ikanopoioÔn to
akìloujo prìblhma b�jouc:

d2u∗m(z)

dz2
+

(
k2(z)− (k∗m)2

)
u∗m(z) = 0 (3.23)

ìpou k∗m oi idiotimèc tou probl matoc. To prìblhma b�jouc sunodeÔetai apì oriakèc
sunj kec, oi opoÐec eÐnai oi akìloujec:

u∗,1m (0) = 0 (3.24)
u∗,1m (h) = u∗,2m (h) (3.25)

1

ρ∗1

du∗,1m (h)

dz
=

1

ρ∗2

du∗,2m (h)

dz
(3.26)

limz→∞u∗,2m (z) = 0 (3.27)

ìpou
u∗m(z) =

{
u∗,1m (z), an 0 ≤ z ≤ h
u∗,2m (z), an h ≤ z < ∞

kai
ρ∗ =

{
ρ∗1, an 0 ≤ z ≤ h
ρ∗2, an h ≤ z < ∞

ìpou ∗ = N, F . Oi idiosunart seic ìpwc orÐzontai parap�nw apoteloÔn orjokanonikì
sÔsthma me sunj kh orjokanonikìthtac:

∫ ∞

0

1

ρ∗(z)
u∗m(z)u∗n(z)dz = δnm (3.28)

Gia na katasteÐ dunat  h arijmhtik  epÐlush tou probl matoc sto endi�meso qw-
rÐo P I

d to qwrÐzoume se kulindrikoÔc daktulÐouc pou orÐzontai apì aktÐnec rj ìpwc
faÐnontai sto Sq ma 3.4. O qwrismìc autìc gÐnetai kai sthn epif�neia kai ston puj-
mèna. Se kajèna apì touc daktulÐouc oi par�metroi tou probl matoc metab�llontai
mìno me to b�joc.

To pedÐo P I
d upakoÔei sthn omogen  Helmholtz:

4P I,j
d (r, z) + k2(r, z)P I,j

d (r, z) = 0 (3.29)

sunodeuìmeno me tic akìloujec sunoriakèc sunj kec:
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Sq ma 3.4: DiakritopoÐhsh thc anomoiogèneiac an�mesa sta rN kai rF .

P I,1
d (., 0) = 0 (3.30)

P I,1
d (., h1,j) = P I,2

d (., h1,j) (3.31)
1

ρI
1

∂P I,1
d, (., h1,j)

∂~η
= − 1

ρI
2

∂P I,2
d (., h1,j)

∂~η
(3.32)

P I,2
d (., h2,j) = P I,3

d (., h2,j) (3.33)
1

ρI
2

∂P I,2
d, (., h2,j)

∂~η
= − 1

ρI
3

∂P I,3
d (., h2,j)

∂~η
(3.34)

limz→∞P I,3
d (., z) = 0 (3.35)
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ìpou

P I
d (r, z) =





P I,1
d (r, z), an 0 ≤ z ≤ h1

P I,2
d (r, z), an h1 ≤ z ≤ h2

P I,3
d (r, z), an h2 ≤ z < ∞

kai

ρI =





ρI
1, an 0 ≤ z ≤ h1

ρI
2, an h1 ≤ z ≤ h2

ρI
3, an h2 ≤ z < ∞

Se k�je daktÔlio me deÐkth j orÐzoume èna prìblhma b�jouc:

d2uI,j
m (z)

dz2
+ (k2(z)− (kI,j

m )2)uI,j
m (z) = 0 (3.36)

sunodeuìmeno me tic akìloujec sunj kec orÐwn kai diepif�neiac:

uI,1
m (0) = 0 (3.37)

uI,1
m, (h1,j) = uI,2

m (h1,j) (3.38)
1

ρI
1

duI,1
m (h1,j)

dz
=

1

ρI
2

duI,2
m (h1,j)

dz
(3.39)

uI,2
m, (h2,j) = uI,3

m (h2,j) (3.40)
1

ρI
2

duI,2
m (h2,j)

dz
=

1

ρI
3

duI,3
m (h2,j)

dz
(3.41)

limz→∞uI,3
m (z) = 0 (3.42)

ìpou

uI
m(z) =





uI,1
m (z), an 0 ≤ z ≤ h1

uI,2
m (z), an h1 ≤ z ≤ h2

uI,3
m (z), an h2 ≤ z < ∞

Oi idiosunart seic ìpwc orÐzontai parap�nw apoteloÔn orjokanonikì sÔsthma me
sunj kh orjokanonikìthtac

∫ ∞

0

1

ρI
j (z)

uI,j
m (z)uI,j

n (z)dz = δnm (3.43)

opìte k�je suneq c sun�rthsh mporeÐ na anaparastajeÐ se mÐa seir�:

P j(r, z) =
M∑

m=1

φj
m(r)uj

m(z) (3.44)

ìpou φj
m(r) ikanopoioÔn sth diaforik  exÐswsh tÔpou Bessel
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d2φj
m

dr2
+

1

r

dφj
m

dr
+ (kj

m)2φj
m = 0 (3.45)

SÔmfwna me ta parap�nw to pedÐo P I
d ekfr�zetai sth morf :

P I,j
d (r, z) =

M∑
m=1

(
Aj

mH1
0 (kI,j

m r) + Bj
mH2

0 (kI,j
m r)

)
uI,j

m (z), j = 1, 2, ..., J (3.46)

ìpou Aj
m, Bj

m �gnwstoi suntelestèc oi opoÐoi prosdiorÐzontai, H(1)
0 sun�rthsh Hankel

pr¸tou eÐdouc mhdenik c t�xhc, H
(2)
0 sun�rthsh Hankel deutèrou eÐdouc mhdenik c

t�xhc, kI,j
m kai uI,j

m (z) oi idiotimèc kai oi idiosunart seic antÐstoiqa.
O upologismìc twn agn¸stwn, oi opoÐoi emfanÐzontai stic ekfr�seic twn akousti-

k¸n pièsewn se seirèc idiosunart sewn, ja gÐnei me thn epibol  katall lwn sunjhk¸n
gia r = rN kai r = rF . Kai autì giatÐ sÔmfwna me ton orismì twn sunart sewn P ∗

d

ìpou ∗ = N, I, F , ja prèpei na eÐnai sumbibastèc sta teqnik� sÔnora rj, ètsi ¸ste na
èqei monadik  lush to prìblhma. Oi sunj kec thc pÐeshc kai thc k�jethc taqÔthtac
sta ìria rj ja mac d¸soun tic aparaÐthtec sunj kec gia autì:

P ∗
j (rj, z) = P ∗

j+1(rj, z) (3.47)
1

ρ∗j

∂P ∗
j (rj, z)

∂r
=

1

ρ∗j+1

∂P ∗
j+1(rj, z)

∂r
(3.48)

ìpou ∗ = N, I, F .
UpologÐzontac touc agn¸stouc tou probl matoc diapist¸noume ìti èqoume M

agn¸stouc EN
m gia to eggÔc pedÐo, 2 ×M × J agn¸stouc (Aj

m, Bj
m) gia ta J qwrÐa

diamerismoÔ thc anomoiogèneiac kai M agn¸stouc EF
m gia to makrinì pedÐo.

'Omwc oi sunj kec 3.47, 3.48 efarmozìmenec qwrÐc epexergasÐa den mporoÔn na
d¸soun tic aparaÐthtec exis¸seic gia ton upologismì twn agn¸stwn. Gia na katal -
xoume se èna grammikì sÔsthma wc proc touc agn¸stouc tou probl matoc, epib�lle-
tai h axiopoÐhsh thc sunj khc orjokanonikìthtac. Ja pollaplasi�soume, loipìn, thn
sqèsh 3.47 me 1

ρj
uj

n(z) kai thn sqèsh 3.48 me uj
n(z) kai ja oloklhr¸soume apì 0 èwc

∞ wc proc z. Tèloc, k�nontac qr sh twn asumptwtik¸n ekfr�sewn twn sunart sewn
Hankel gia meg�la orÐsmata:

dH
(k)
0 (kr)

dr
= −kH

(k)
1 (kr) (3.49)

H
(1)
1 (kr) = −iH

(1)
0 (kr) (3.50)

H
(2)
1 (kr) = iH

(2)
0 (kr) (3.51)
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kai qrhsimopoi¸ntac tic antikatast�seic:

C1(j, j + 1, nm) =

∫ ∞

0

1

ρj

uj
nuj+1

m dz (3.52)

C2(j, j + 1, nm) =

∫ ∞

0

1

ρj+1

uj
nuj+1

m dz (3.53)

odhgoÔmaste se èna grammikì sÔsthma wc proc touc agn¸stouc suntelestèc. Opìte,
epilÔontac to sÔsthma ja upologistoÔn oi �gnwstoi kai sth sunèqeia upologÐzetai
eÔkola h olik  akoustik  pièsh tou probl matoc gia tic dÐaforec timèc twn r kai z.
Dhlad , h olik  pÐesh ja orÐzetai, k�je for�, wc to �jroisma tou pedÐou aktinobolÐac
kai tou pedÐou perÐjlashc, èqontac thn ex c morf :

PN(r, z) = Prd(r, z) + PN
d (r, z) (3.54)

P I(r, z) = Prd(r, z) + P I
d (r, z) (3.55)

P F (r, z) = Prd(r, z) + P F
d (r, z) (3.56)

Oi suntelestèc C1(j, j+1, nm) kai C2(j, j+1, nm) pou orÐsame parap�nw , onom�-
zontai suntelestèc sÔzeuxhc (Coupling Coefficients) kai h mèjodoc pou anaptÔ-
qjhke se autì to kef�laio onom�zetai jewrÐa suzeugmènwn idiomorf¸n[10]. Oi
suntelestèc sÔzeuxhc ekfr�zoun thn antallag  enèrgeiac kat� th di�dosh tou  qou
stic di�forec kumatomorfèc. 'Otan o suntelest c C1   o antÐstoiqoc C2 eÐnai mon�da,
ìlh h enèrgeia pou metafèretai apì thn idiomorf  t�xhc m metafèretai sthn idiomorf 
t�xhc n tou epìmenou tm matoc, opìte mil�me gia pl rh sÔzeuxh. Profan¸c, pl rhc
sÔzeuxh den anamènetai an�mesa se idiomorfèc diaforetik c t�xhc.

Genik�, h mèjodoc twn suzeugmènwn idiomorf¸n eÐnai ikanopoihtik  gia efarmogèc
se j�lassa gia qamhlèc èwc mesaÐec suqnìthtec kai gia perib�llonta me stajerèc
all� kai me mh stajerèc wc proc thn apìstash paramètrouc. Epeid  o arijmìc twn
idiomorf¸n eÐnai an�logoc me to b�joc tou neroÔ kai thn suqnìthta, h mèjodoc eÐnai
upologistik� apaithtik  gia meg�lec suqnìthtec kai meg�la b�jh. To qarakthristikì
thc mejìdou eÐnai ìti den basÐzetai se kammÐa paradoq  wc proc th morf  thc exÐswshc
kai to prìblhma pou epilÔei. 'Opwc parousi�same se autì to kef�laio, h efarmog 
thc mejìdou se perib�llon me hmi�peiro pujmèna eÐnai �mesh, miac kai ìpwc eÐdame oi
seirèc pou anaparastoÔn thn akoustik  pÐesh èqoun peperasmèno pl joc ìrwn, ìsec
kai oi kanonikèc idiomorfèc tou probl matoc.
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Kef�laio 3: Akoustik  di�dosh se pedÐa me mh-epÐpeda sÔnora.
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Kef�laio 4

Efarmog  se perib�llon me
anomoiogèneia sthn epif�neia kai
ston pujmèna

4.1 Eisagwg 

Sta Kef�laia 2 kai 3 anaferj kame sthn akoustik  di�dosh se kumatodhgì me
mh-epÐpeda sÔnora kai me hmi�peiro pujmèna. Anaferj kame ston upologismì thc a-
koustik c pÐeshc qrhsimopoi¸ntac jewr mata anapar�stashc, basizìmenoi sth jew-
rÐa twn suzeugmènwn idiomorf¸n. Se autì to kef�laio ja upologÐsoume to akoustikì
pedÐo se perib�llon me anomoiomorfÐa sthn epif�neia kai ston pujmèna sugkekrimè-
nou sq matoc. EpÐshc, ja upologÐsoume tic idiotimèc, tic idiosunart seic kai touc
suntelestèc sÔzeuxhc tou probl matoc.

4.2 To prìblhma

ZhteÐtai o upologismìc tou hqhtikoÔ pedÐou (akoustik  pÐesh) pou proèrqetai
apì mÐa shmeiak  armonik  phg  suqnìthtac f se perib�llon axonik c summetrÐac.
JewroÔme èna str¸ma p�gou sthn epif�neia thc j�lassac pou ekteÐnetai mèqri b�jouc
h1 kai mÐa anÔywsh ston pujmèna mèqri b�jouc h2. H gewmetrÐa tou probl matoc
parousi�zetai sto Sq ma 4.1. 'Opwc faÐnetai kai sto sq ma, tìso o p�goc ìso kai h
anÔywsh èqoun sugkekrimènh dom  dhlad  epÐpeda sÔnora. O deÐkthc h qarakthrÐzei
to tèloc thc anÔywshc tou pujmèna. Apì to b�joc h èwc to∞ ekteÐnetai o pujmènac.
To str¸ma p�gou kai h anÔywsh tou pujmèna ekteÐnontai apì th jèsh r1 èwc th jèsh
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r2. H hqhtik  phg  brÐsketai ep�nw ston �xona summetrÐac tou probl matoc kai se
b�joc (r, z) = (0, z0). H taqÔthta di�doshc tou  qou sto nerì kai sto Ðzhma eÐnai
stajer . Stajer , epÐshc, eÐnai kai h puknìthta se k�je str¸ma.

Sq ma 4.1: Perib�llon me p�go sthn epif�neia kai anÔywsh ston pujmèna sugkekri-
mènou sq matoc.
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4.3 Anapar�stash thc lÔshc

'Opwc anafèrame sto Kef�laio 3, o upologismìc thc akoustik c pÐeshc ja gÐnei
diaqwrÐzontac to akoustikì pedÐo tou Sq matoc 4.1 se dÔo pedÐa, to pedÐo aktinobo-
lÐac kai to pedÐo perÐjlashc.

To pedÐo aktinobolÐac Prd(r, z), ìpwc gnwrÐzoume, anafèretai se èna perib�llon
tou opoÐou oi par�metroi den metab�llonntai me thn apìstash kai tìso h epif�neia
ìso kai o pujmènac eÐnai epÐpedoi. O upologismìc tou ègine sto prohgoÔmeno kef�laio
sthn Par�grafo 3.2.1. H gewmetrÐa sthn opoÐa upakoÔei to pedÐo aktinobolÐac eÐnai
h Ðdia me ekeÐnh thc Paragr�fou 3.2.1. Opìte h akoustik  pÐesh ekfr�zetai se seir�
idiosunart sewn kai sugkekrimèna paÐrnei thn akìloujh morf :

Prd(r, z) =
ı

4ρ1

M∑
m=1

um(z)um(z0)H
(1)
0 (kmr). (4.1)

ìpou H
(1)
0 h sun�rthsh Hankel pr¸tou eÐdouc mhdenik c t�xhc, um(z) oi idiosunar-

t seic kai km oi antÐstoiqec idiotimèc. Oi idiosunart seic upakoÔoun stic sqèseic 3.8
èwc 3.12. O upologismìc tou Prd ja gÐnei sthn epìmenh par�grafo.

To pedÐo perÐjlashc Pd(r, z) anafèretai se èna perib�llon tou opoÐou oi par�me-
troi metab�llonntai me thn apìstash kai perièqei thn anomoiogèneia sthn epif�neia
kai ston pujmèna. Sugkekrimèna, ìpwc èqoume  dh anafèrei sthn Par�grafo 3.2.2,
to pedÐo perÐjlashc qwrÐzetai se trÐa upopedÐa: to pedÐo PN

d (Near F ield), to pedÐo
P I

d (Intermediate F ield) kai to P F
d (Far F ield).

Wc PN
d qarakthrÐzetai to upopedÐo gia 0 ≤ r ≤ rN = r1 kai 0 ≤ z < ∞. Wc

P F
d qarakthrÐzetai to upopedÐo gia r ≥ rF = r2 kai 0 ≤ z < ∞. An�mesa sta dÔo

aut� pedÐa, to P I
d gia r1 = rN ≤ r ≤ rF = r2 kai 0 ≤ z < ∞, qarakthrÐzetai apì

aujaÐreth metabol  tou profÐl taqÔthtac c = c(r, z). To profÐl taqÔthtac toso sto
pedÐo kont� sthn anomoiogèneia ìso kai makri� apì aut  ja eÐnai sun�rthsh mìno tou
z.

O upologismìc twn dÔo upopedÐwn PN
d kai P F

d èqei gÐnei sthn Par�grafo 3.2.2.
UpenjumÐzoume tic ekfr�seic aut¸n:

PN
d (r, z) =

M∑
m=1

EN
mJ0(k

N
mr)uN

m(z) (4.2)

kai

P F
d (r, z) =

M∑
m=1

EF
mH

(1)
0 (kF

mr)uF
m(z) (4.3)
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ìpou EN
m , EF

m �gnwstoi suntelestèc oi opoÐoi prosdiorÐzontai, J0(k
N
mr) h sun�rthsh

Bessel mhdenik c t�xhc, H
(1)
0 (kF

mr) h sun�rthsh Hankel pr¸tou eÐdouc mhdenik c
t�xhc, kN

m , kF
m oi idiotimèc kai uN

m(z), uF
m(z) oi idiosunart seic.

Ja prèpei na shmeiwjeÐ ed¸ ìti lìgw tou gegonìtoc ìti oi idiosunart seic tou
pedÐou aktinobolÐac upakoÔoun akrib¸c sthn Ðdia exÐswsh kai stic Ðdiec oriakèc sun-
j kec me ekeÐnec twn upopedÐwn PN

d kai P F
d , isqÔei um(z) = uN

m(z) = uF
m(z) kai

km = kN
m = kF

m.
To upopedÐo P I

d perilamb�nei thn anomoiogèneia sthn epif�neia kai ston pujmèna.
H gewmetrÐa tou prob matoc parousi�zetai sto Sq ma 4.2. To P I

d upakoÔei sthn
omogen  Helmholtz sunodeuìmeno me tic sunoriakèc sunj kec pou èqoun anaferjeÐ
sthn Par�grafo 3.2.2. Gia lìgouc eukolÐac sthn epexergasÐa tou sust matoc ja
tropopoi soume thn èkfrash 3.46 pou antistoiqeÐ sto pedÐo perÐjlashc kai ja ekfr�-
soume thn pÐesh wc:

P I
d (r, z) =

M∑
m=1

(AmH1
0 (kI

mr) + BmH2
0 (kI

mr))uI
m(z)− Prd (4.4)

ìpou h wc �nw èkfrash dikaiologeÐtai apì to gegonìc ìti h èkfrash 3.46 isqÔei kai
gia to olikì pedÐo. Akolouj¸ntac ton sumbolismì thc 4.4, oi suntelestèc Am diafè-
roun apì ekeÐnouc thc 3.42. Oi �gnwstoi suntelestèc Am, Bm prosdiorÐzontai, H

(1)
0

sun�rthsh Hankel pr¸tou eÐdouc mhdenik c t�xhc, H
(2)
0 sun�rthsh Hankel deutèrou

eÐdouc mhdenik c t�xhc, kI
m kai uI

m(z) oi idiotimèc kai oi idiosunart seic antÐstoiqa.
Sth sunèqeia ja jewr soume ìti o diadidìmenoc arijmìc idiomorf¸n se ìla ta upo-
qwrÐa (M) paramènei o Ðdioc.



39

Sq ma 4.2: To pedÐo perÐjlashc Pd kai o qwrismìc tou se PN
d , P I

d , P F
d .
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4.4 Upologismìc idiotim¸n - idiosunart sewn

'Eqontac ekfr�sei th lÔsh se seirèc idiosunart sewn, mporoÔme na metaboÔme
sto epìmeno st�dio, dhlad  ston upologismì twn idiosunart sewn kai twn antÐstoi-
qwn idiotim¸n. Se k�je perÐptwsh, oi idiosunart seic upakoÔoun se èna prìblhma
b�jouc kai oi idiotimèc prokÔptoun apì mÐa qarakthristik  exÐswsh efarmìzontac tic
sunoriakèc sunj kec.

4.4.1 Upologismìc idiotim¸n - idiosunart sewn tou Prd

UpenjumÐzetai ìti sto pedÐo aktinobolÐac oi idiosunart seic ikanopoioÔn thn su-
n jh diaforik  exÐswsh:

d2um(z)

dz2
+

(
k2(z)− k2

m

)
um(z) = 0 (4.5)

ìpou km oi idiotimèc tou probl matoc. To prìblhma b�jouc sunodeÔetai apì oriakèc
sunj kec, oi opoÐec dÐnontai apì tic sqèseic 3.9 èwc 3.12. H gewmetrÐa tou probl -
matoc faÐnetai sto Sq ma 3.2 tou prohgoÔmenou kefalaÐou.

Epeid  h taqÔthta di�doshc tou  qou eÐnai stajer  wc proc z, h lÔsh tou prob -
matoc ekfr�zetai wc ex c:

um(z) =

{
aeit1z + be−it1z, an 0 ≤ z ≤ h

ce−t2z, an h ≤ z < ∞

ìpou a, b, c �gnwstoi, oi opoÐoi ja prosdioristoÔn. Me t1 jètoume thn posìthta√
k2(z)− k2

m gia to di�sthma 0 ≤ z ≤ h kai me t2 jètoume th diafor�
√
−k2(z) + k2

m

gia to di�sthma h ≤ z < ∞. H morf  twn idiosunart sewn gia to di�sthma
h ≤ z < ∞ ofeÐletai sthn sunj kh 3.12.

Gia ton upologismì twn idiotim¸n ja efarmìsoume tic oriakèc sunj kec sth lÔsh
tou probl matoc. Efarmìzontac thn sunj kh 3.9 sthn um(z) prokÔptei ìti b = −a.
Sth sunèqeia efarmìzontac tic 3.10 , 3.11 sthn um(z), ja prokÔyei èna omogenèc
sÔsthma 2 exis¸sewn me 2 agn¸stouc:

a
(
eit1h − e−it1h

)
= ce−t2h (4.6)

a
(it1

ρ1

(eit1h + e−it1h)
)

= − t2
ρ2

ce−t2h (4.7)
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Lìgw tou kanìna tou Cramer, gia na èqei to sÔsthma mh-mhdenik  lÔsh, ja prèpei
h orÐzousa twn suntelest¸n twn agn¸stwn na isoÔtai me mhdèn. Opìte èqoume:

∣∣∣∣
eit1h − e−it1h −e−t2h

it1
ρ1

(eit1h + e−it1h) t2
ρ2

e−t2h

∣∣∣∣ = 0

kai prokÔptei to ex c:

e2it1h =
t2ρ1 + iρ2t1
t2ρ1 − iρ2t1

(4.8)

H exÐswsh 4.8 apoteleÐ thn qarakthristik  exÐswsh, apì thn opoÐa prokÔptoun oi
idiotimèc. Prìkeitai gia mh-grammik  exÐswsh, h lÔsh thc opoÐac upologÐzetai me
arijmhtikèc mejìdouc.

Sth sunèqeia gia ton upologismì twn agn¸stwn twn suntelest¸n ja qrhsimo-
poi soume th mèjodo thc antikat�stashc. LÔnoume thn 4.6 wc proc c kai èqoume to
ex c:

c = a
(eit1h − e−t1h

e−t2h

)
. (4.9)

Opìte, oi idiosunart seic eÐnai oi akìloujec:

um(z) =





a
(
eit1z − e−it1z

)
, an 0 ≤ z ≤ h

a
(

eit1h−e−it1h

e−t2h

)
e−t2z, an h ≤ z < ∞

O �gnwstoc a ja upologisteÐ qrhsimopoi¸ntac thn sunj kh orjokanonikìthtac twn
idiosunart sewn
∫ ∞

0

1

ρ(z)
(um(z))2dz = 1 ⇔

∫ h

0

1

ρ1(z)
(u(1)

m (z))2dz+

∫ ∞

h

1

ρ2(z)
(u(2)

m (z))2dz = 1 (4.10)

apì ìpou paÐrnoume:

1

a2
=

1

2iρ1t1
(e2it1h − e−2it1h − 4iht1) +

1

2ρ2t2
(e2it1h − e−2it1h − 2) (4.11)

Tèloc, èqontac upologÐsei ton �gnwsto a, sth sunèqeia upologÐzetai eÔkola kai o
�gnwstoc c.

4.4.2 Upologismìc idiotim¸n - idiosunart sewn tou PN,F
d

Oi idiosunart seic uN
m(z) kai uF

m(z) twn pedÐwn PN
d kai P F

d antÐstoiqa, ikanopoioÔn,
kai autèc, to prìblhma b�jouc thc sqèshc 3.8 sunodeuìmeno apì tic sunj kec twn
sqèsewn 3.9 èwc 3.12. H gewmetrÐa tou probl matoc parousi�zetai sto Sq ma 4.3.
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Sq ma 4.3: Ta perib�llonta PN
d kai P F

d .

H diadikasÐa pou akoloujeÐtai gia thn eÔresh twn idiotim¸n kai twn idiosunart -
sewn eÐnai akrib¸c Ðdia me ekeÐnh pou parousi�sthke sthn prohgoÔmenh par�grafo.
'Etsi, h lÔsh tou probl matoc b�jouc ekfr�zetai p�li me thn morf  pou parousi�sth-
ke sthn prohgoÔmenh par�grafo. Efarmìzontac tic sunj kec sth lÔsh, ja prokÔyei
p�li èna omogenèc sÔsthma 2 × 2 kai paÐrnontac thn orÐzousa twn agn¸stwn twn
suntelest¸n ja prokÔyei h qarakthristik  exÐswsh apì thn opoÐa ja upologistoÔn
oi idiotimèc tou probl matoc.
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4.4.3 Upologismìc idiotim¸n - idiosunart sewn tou P I
d

Sto pedÐo P I
d , ìpwc parousi�zetai sto Sq ma 4.4, oi idiosunart seic upakoÔoun

to omogenèc prìblhma b�jouc:

d2uI,j
m (z)

dz2
+

(
k2(z)− (kI,j

m )2
)
uI,j

m (z) = 0 (4.12)

sunodeuìmeno me tic akìloujec sunj kec orÐwn kai diepif�neiac:

uI,1
m (0) = 0 (4.13)

uI,1
m (h1) = uI,2

m (h1) (4.14)
1

ρI
1

duI,1
m (h1)

dz
=

1

ρI
2

duI,2
m (h1)

dz
(4.15)

uI,2
m (h2) = uI,3

m (h2) (4.16)
1

ρI
2

duI,2
m (h2)

dz
=

1

ρI
3

duI,3
m (h2)

dz
(4.17)

limz→∞uI,3
m (z) = 0 (4.18)

ìpou

uI
m(z) =





uI,1
m (z), an 0 ≤ z ≤ h1

uI,2
m (z), an h1 ≤ z ≤ h2

uI,3
m (z), an h2 ≤ z < ∞

kai

ρI =





ρI
1, an 0 ≤ z ≤ h1

ρI
2, an h1 ≤ z ≤ h2

ρI
3, an h2 ≤ z < ∞

Oi idiosunart seic ìpwc orÐzontai parap�nw apoteloÔn orjokanonikì sÔsthma me
sunj kh orjokanonikìthtac:

∫ ∞

0

1

ρI
j (z)

uI,j
m (z)uI,j

n (z)dz = δnm (4.19)

'Opwc parousi�same kai stic dÔo prohgoÔmenec paragr�fouc, h diadikasÐa eÔreshc
twn idiotim¸n kai twn idiosunart sewn paramènei Ðdia. Pr¸ta apì ìla, ja anafèroume
th lÔsh tou probl matoc:

uI
m(z) =





aeit1z + be−it1z, an 0 ≤ z ≤ h1

ceit2z + de−it2z, an h1 ≤ z ≤ h2

fe−t3z, an h2 ≤ z < ∞
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ìpou a, b, c, d, f �gnwstoi, touc opoÐouc ja prosdiorÐsoume. Me t1 jètoume, kai p�li,
thn posìthta

√
k2(z)− k2

m gia to di�sthma 0 ≤ z ≤ h1, me t2 jètoume thn posì-
thta

√
k2(z)− k2

m gia to di�sthma h1 ≤ z ≤ h2 kai me t3 jètoume thn posìthta√
−k2(z) + k2

m gia to di�sthma h2 ≤ z < ∞.

Sq ma 4.4: To perib�llon P I
d .
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Qrhsimopoi¸ntac tic oriakèc sunj kec prokÔptei èna omogenèc sÔsthma 5 exis¸-
sewn me 5 agn¸stouc. Gia thn èuresh thc qarakthristik c exÐswshc ja apait soume
h orÐzousa twn agn¸stwn twn suntelest¸n na isoÔtai me mhdèn. Efarmìzontac thn
idiosun�rthsh uI

m(z) stic sunj kec katal goume sthn akìloujh qarakthristik  exÐ-
swsh:

e2it2h1

(−it2
ρ2

+
t3
ρ3

)[
e2it1h1

( t1
ρ1

− t2
ρ2

)
+

( t1
ρ1

+
t2
ρ2

)]

− e2it2h2

(it2
ρ2

+
t3
ρ3

)[
e2it1h1

( t1
ρ1

+
t2
ρ2

)
+

( t1
ρ1

− t2
ρ2

)]
= 0 (4.20)

LÔnontac th mh-grammik  aut  exÐswsh wc proc km me kat�llhlh arijmhtik  mè-
jodo upologÐzoume tic idiotimèc. Sth sunèqeia, lÔnontac to sÔsthma me th mèjodo
tou Cramer ja prokÔyoun oi idiosunart seic tou probl matoc, oi opoÐec, ìpwc kai
stic prohgoÔmenec peript¸seic, gr�fontai sunart sei enìc apì touc agn¸stouc tou
probl matoc, o opoÐoc ja upologisteÐ k�nontac qr sh thc sunj khc orjokanonikì-
thtac:

∫ ∞

0

1

ρI(z)
(uI,j

m (z))2dz = 1 ⇔
∫ h1

0

1

ρI
1(z)

(uI,1
m (z))2dz +

∫ h2

h1

1

ρI
2(z)

(uI,2
m (z))2dz +

∫ ∞

h2

1

ρI
3(z)

(uI,3
m (z))2dz = 1 (4.21)

4.5 Upologismìc twn suntelest¸n sÔzeuxhc

'Eqontac upologÐsei tic idiotimèc kai tic idiosunart seic tou probl matoc, eÐmaste
se jèsh na upologÐsoume touc suntelestèc sÔzeuxhc kai sth sunèqeia touc agn¸stouc
suntelestèc twn anaparast�sewn (Sqèseic 4.2, 4.3 kai 4.4). Gia na èqei to prìblhma
monadik  lÔsh, apaiteÐtai h epibol  katall lwn sunjhk¸n gia r = r1 kai r = r2. Kai
autì giatÐ,ìpwc anafèrame kai sto prohgoÔmeno kef�laio, sÔmfwna me ton orismì
twn sunart sewn P ∗

d ìpou ∗ = N, I, F , ja prèpei na eÐnai sumbibastèc sta teqnik�
sÔnora r1, r2. H sunèqeia thc pÐeshc kai thc k�jethc taqÔthtac ja mac d¸soun tic
aparaÐthtec sunj kec gia autì:

PN
d (r1, .) = P I

d (r1, .) (4.22)
1

ρN

∂PN
d (r1, .)

∂r
=

1

ρI

∂P I
d (r1, .)

∂r
(4.23)

P F
d (r2, .) = P I

d (r2, .) (4.24)
1

ρF

∂P F
d (r2, .)

∂r
=

1

ρI

∂P I
d (r2, .)

∂r
(4.25)
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Skopìc mac, arqik�, eÐnai na analÔsoume tic parap�nw sunj kec, apì ìpou ja
prokÔyoun kai oi suntelestèc sÔzeuxhc. Sugkekrimèna, ja xekin soume me thn sqèsh
4.22 kai ja antikatast soume se aut n tic ekfr�seic twn pièsewn, wc anaparast�seic
se seirèc idiosunart sewn. Opìte, ja èqoume:

M∑
m=1

EN
mJ0(k

N
mr1)u

N
m(z) =

M∑
m=1

(
AmH

(1)
0 (kI

mr1) + BmH
(2)
0 (kI

mr1)
)
uI

m(z)

− i

4ρ1

M∑
m=1

um(z)um(z0)H
(1)
0 (kmr1) (4.26)

T¸ra, qrhsimopoi¸ntac thn sunj kh orjokanonikìthtac twn idiosunart sewn uNm(z),
dhlad  pollaplasi�zontac kai ta dÔo mèlh me 1

ρN uNm(z) kai oloklhr¸nontac apì 0 èwc
∞ prokÔptei

ENmJ0(k
Nmr1) =

M∑
m=1

(
AmH

(1)
0 (kI

mr1) + BmH
(2)
0 (kI

mr1)
)(∫ ∞

0

1

ρN
uNm(z)uI

m(z)dz
)

− i

4ρ1

um(z0)H
(1)
0 (kmr1) (4.27)

OrÐzoume to olokl rwma sthn 4.27 wc pr¸to suntelest  sÔzeuxhc C1:

C1 =

∫ ∞

0

1

ρN
uNm(z)uI

m(z)dz. (4.28)

Diair¸ntac thnn 4.27 me J0(k
Nmr1) kai qrhsimopoi¸ntac thn 4.28, prokÔptei:

ENm =
M∑

m=1

(
Am

H
(1)
0 (kI

mr1)

J0(kNmr1)
+ Bm

H
(2)
0 (kI

mr1)

J0(kNmr1)

)
C1 − i

4ρ1

um(z0)
H

(1)
0 (kmr1)

J0(kNmr1)
(4.29)

Sth sunèqeia ja exèt�soume thn sunj kh 4.23:

1

ρN

∂PN
d (r1, .)

∂r
=

1

ρI

∂P I
d (r1, .)

∂r
(4.30)

Qrhsimopoi¸ntac tic parak�tw sqèseic pou sundèoun tic sunart seic Hankel me tic
parag¸gouc aut¸n,

dH
(1)
0 (x)

dr
= −xH

(1)
1 (x) (4.31)

dH
(2)
0 (x)

dr
= −xH

(2)
1 (x) (4.32)
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kai pollaplasi�zontac kai ta dÔo mèlh me uNm(z) , h 4.30 gr�fetai

−kNmENmJ1(k
Nmr1) =−

M∑
m=1

kI
m

(
AmH

(1)
1 (kI

mr1) + BmH
(2)
1 (kI

mr1)
)(∫ ∞

0

1

ρI
uNm(z)uI

m(z)dz
)

+
i

4ρ1

kmum(z0)H
(1)
1 (kmr1) (4.33)

OrÐzoume to olokl rwma sthn 4.33 wc deÔtero suntelest c sÔzeuxhc C2:

C2 =

∫ ∞

0

1

ρI
uNm(z)uI

m(z)dz (4.34)

Sth sunèqeia, diair¸ntac thn 4.33 me −kNmJ1(k
Nmr1) paÐrnoume:

ENm =
M∑

m=1

kI
m

kNm

(
Am

H
(1)
1 (kI

mr1)

J1(kNmr1)
+ Bm

H
(2)
1 (kI

mr1)

J1(kNmr1)

)
C2 − i

4ρ1

km
kNm

um(z0)
H

(1)
1 (kmr1)

J1(kNmr1)

(4.35)
Qrhsimopoi¸ntac tic asumptwtikèc ekfr�seic twn sunart sewn Hankel gia meg�-

la orÐsmata

H
(1)
1 (x) = −iH

(1)
0 (x) (4.36)

H
(2)
1 (x) = iH

(2)
0 (x) (4.37)

h 4.35 paÐrnei thn ex c morf :

ENm =
M∑

m=1

kI
m

kNm

(
Am

−iH
(1)
0 (kI

mr1)

J1(kNmr1)
+ Bm

iH
(2)
0 (kI

mr1)

J1(kNmr1)

)
C2 − i

4ρ1

km
kNm

um(z0)
−iH

(1)
0 (kmr1)

J1(kNmr1)

(4.38)
Me an�logo trìpo ja exaqjoÔn oi suntelestèc sÔzeuxhc C3, C4 apì tic sunj kec

4.24 kai 4.25 antÐstoiqa. AnaptÔssontac thn sunj kh 4.24 kai qrhsimopoi¸ntac thn
sunj kh orjokanonikìthtac twn idiosunart sewn, pollaplasi�zontac me 1

ρF uF
m(z),

prokÔptei

EFmH
(1)
0 (kFmr2) =

M∑
m=1

(
AmH

(1)
0 (kI

mr2) + BmH
(2)
0 (kI

mr2)
)(∫ ∞

0

1

ρF
uFm(z)uI

m(z)dz
)

− i

4ρ1

um(z0)H
(1)
0 (kmr2) (4.39)

O suntelest c sÔzeuxhc C3 ja isoÔtai me

C3 =

∫ ∞

0

1

ρF
uFm(z)uI

m(z)dz. (4.40)
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Diair¸ntac me H
(1)
0 (kFmr2), ta dÔo mèlh thc 4.39 katal goume sth sqèsh:

EFm =
M∑

m=1

(
Am

H
(1)
0 (kI

mr2)

H
(1)
0 (kFmr2)

+ Bm
H

(2)
0 (kI

mr2)

H
(1)
0 (kFmr2)

)
C3 − i

4ρ1

um(z0)
H

(1)
0 (kmr2)

H
(1)
0 (kFmr2)

(4.41)

Tèloc,efarmìzontac sthn 4.25 thn diadikasÐa pou qrhsimopoi jhke gia thn exagwg 
tou suntelest  C2, katal goume sthn akìloujh èkfrash

EFm =
M∑

m=1

kI
m

kFm

(
Am

H
(1)
1 (kI

mr2)

H
(1)
1 (kFmr2)

+Bm
H

(2)
1 (kI

mr2)

H
(1)
1 (kFmr2)

)
C4− i

4ρ1

km
kFm

um(z0)
H

(1)
1 (kmr2)

H
(1)
1 (kFmr2)

(4.42)

ìpou
C4 =

∫ ∞

0

1

ρI
uFm(z)uI

m(z)dz (4.43)

eÐnai o tètartoc suntelest c sÔzeuxhc.
Opìte, oi suntelestèc sÔzeuxhc tou probl matoc eÐnai oi akìloujoi

C1 =

∫ ∞

0

1

ρN
uNm(z)uI

m(z)dz

C2 =

∫ ∞

0

1

ρI
uNm(z)uI

m(z)dz

C3 =

∫ ∞

0

1

ρF
uFm(z)uI

m(z)dz

C4 =

∫ ∞

0

1

ρI
uFm(z)uI

m(z)dz

(4.44)

4.6 Upologismìc twn agn¸stwn suntelest¸n twn
anaparast�sewn

'Eqontac ex�gei touc tèsseric suntelestèc sÔzeuxhc tou probl matoc, mporoÔme
t¸ra na upologÐsoume touc agn¸stouc suntelestèc twn anaparast�sewn sundi�zo-
ntac tic sqèseic 4.29, 4.38, 4.41, 4.42. Gia ton upologismì touc, ja prèpei pr¸ta na
elègxoume thn monadikìthta thc lÔshc. Diapist¸noume ìti èqoume M agn¸stouc EN

m

gia to eggÔc pedÐo, 2×M × 1 agn¸stouc (Am, Bm) gia to qwrÐo thc anomoiogèneiac
(efìson J = 1) kai M agn¸stouc EF

m gia to makrinì pedÐo. 'Ara èqoume 4×M agn¸-
stouc, opìte qreiazìmaste 4 × M exis¸seic. Metr¸ntac tic exis¸seic, ìpwc èqoun
anaptuqjeÐ sthn prohgoÔmenh par�grafo, diapist¸noume ìti isqÔei k�ti tètoio.
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'Ara exis¸nontac tic sqèseic 4.29 kai 4.38 èqoume
M∑

m=1

(
Am

H
(1)
0 (kI

mr1)

J0(kNmr1)
+ Bm

H
(2)
0 (kI

mr1)

J0(kNmr1)

)
C1 − i

4ρ1

um(z0)
H

(1)
0 (kmr1)

J0(kNmr1)

=
M∑

m=1

kI
m

kNm

(
Am

−iH
(1)
0 (kI

mr1)

J1(kNmr1)
+ Bm

iH
(2)
0 (kI

mr1)

J1(kNmr1)

)
C2 − i

4ρ1

km
kNm

um(z0)
−iH

(1)
0 (kmr1)

J1(kNmr1)

(4.45)

K�nontac anagwg  gnwst¸n kai �gnwstwn ìrwn katal goume sthn exÐswsh
M∑

m=1

(
AmH

(1)
0 (kI

mr1)
( C1

J0(kNmr1)
+ i

kI
m

kNm
C2

J1(kNmr1)

)
+ BmH

(2)
0 (kI

mr1)
( C1

J0(kNmr1)
− i

kI
m

kNm
C2

J1(kNmr1)

))

=
i

4ρ1

um(z0)H
(1)
0 (kmr1)

( 1

J0(kNmr1)
+

ı

J1(kNmr1)

)
(4.46)

Sth sunèqeia exis¸nontac tic 4.41 kai 4.42 èqoume
M∑

m=1

(
Am

H
(1)
0 (kI

mr2)

H
(1)
0 (kFmr2)

+ Bm
H

(2)
0 (kI

mr2)

H
(1)
0 (kFmr2)

)
C3 − i

4ρ1

um(z0)
H

(1)
0 (kmr2)

H
(1)
0 (kFmr2)

=
M∑

m=1

kI
m

kFm

(
Am

H
(1)
1 (kI

mr2)

H
(1)
1 (kFmr2)

+ Bm
H

(2)
1 (kI

mr2)

H
(1)
1 (kFmr2)

)
C4 − i

4ρ1

km
kFm

um(z0)
H

(1)
1 (kmr2)

H
(1)
1 (kFmr2)

(4.47)

K�nontac tic apaitoÔmenec pr�xeic sthn teleutaÐa ja katal xoume sthn akìloujh
exÐswsh

M∑
m=1

(
Am

H
(1)
0 (kI

mr2)

H
(1)
0 (kFmr2)

(
C3 − kI

m

kFm
C4

)
+ Bm

H
(2)
0 (kI

mr2)

H
(1)
0 (kFmr2)

(
C3 +

kI
m

kFm
C4

))
= 0 (4.48)

Opìte, qrhsimopoi¸ntac tic exis¸seic 4.46 kai 4.48 ja prokÔyei èna grammikì sÔsthma
thc morf c D·X = U , apì ìpou ja upologistoÔn oi �gnwstoi Am, Bm. Sugkekrimèna,
ja katal xoume sto akìloujo sÔsthma




H
(1)
0 (kI

mr1)
(

C1

J0(kNmr1)
+ i kI

m

kNm
C2

J1(kNmr1)

)
H

(2)
0 (kI

mr1)
(

C1

J0(kNmr1)
− i kI

m

kNm
C2

J1(kNmr1)

)

H
(1)
0 (kI

mr2)

H
(1)
0 (kFmr2)

(
C3 − kI

m

kFm
C4

)
H

(2)
0 (kI

mr2)

H
(1)
0 (kFmr2)

(
C3 + kI

m

kFm
C4

)

×

(
Am

Bm

)

=




i
4ρ1

um(z0)H
(1)
0 (kmr1)

(
1

J0(kNmr1)
+ ı

J1(kNmr1)

)

0
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ìpou o pÐnakac D èqei di�stash 2M × 2M , to di�nusma X èqei di�stash 2M , ìpwc
epÐshc kai to di�nusma U eÐnai diast�sewn 2M .

Bèbaia, gia ton upologismì twn Am, Bm ja qrhsimopoi  soume tic asumptwtikèc
ekfr�seic twn sunart sewn Bessel kai Hankel gia meg�la orÐsmata:

H
(1)
0 (x) =

√
2

πx
ei(x−π

4
) (4.49)

H
(2)
0 (x) =

√
2

πx
e−i(x−π

4
) (4.50)

J0(x) =

√
2

πx
cos(x− π

4
) (4.51)

J1(x) =

√
2

πx
sin(x− π

4
) (4.52)

Met� thn eÔresh twn Am, Bm, o upologismìc twn ENm , EFm ja eÐnai �mesoc.

4.7 Upologismìc thc ap¸leiac di�doshc TL

'Eqontac upologÐsei tic idiotimèc-idiosunart seic, touc suntelestèc sÔzeuxhc kai
touc agn¸stouc suntelestèc twn anaparast�sewn, mporoÔme na upologÐsoume thn
ap¸leia di�doshc (Transmission Loss) tou akoustikoÔ pedÐou. Ekfr�zetai se mo-
n�dec db (decibel) kai eÐnai èna energeiakì mègejoc to opoÐo ekfr�zei to posì thc
èntashc tou akoustikoÔ pedÐou pou mei¸netai kaj¸c to s ma diadÐdetai ston kumato-
dhgì. OrÐzetai wc:

TL(r, z) = −20
|P (r, z)|
|P0| (4.53)

ìpou P0 eÐnai mÐa pÐesh anafor�c pou orÐzetai, sun jwc, wc h pÐesh se apìstash 1m
apì mÐa shmeiak  armonik  phg  pou ekpèmpei se mh-fragmèno qwrÐo. Opìte, gia ton
upologismì thc P0, ja prèpei na broÔme th lÔsh tou probl matoc thc di�doshc tou
 qou se mh-fragmèno qwrÐo.

H exÐswsh pou dièpei to prìblhma eÐnai h mh-omogen c Helmholtz

4P (r) + k2P (r) = −δ(~x− ~x0) (4.54)

pou se sfairikì sÔsthma suntetagmènwn (sthn perÐptwsh thc axonik c summetrÐac)
kai me P exartìmeno mìno apì to r gr�fetai

d2P

dr2
+

2

r

dP

dr
+ k2P = − δ(r)

4πr2
. (4.55)
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To prìblhma, sunodeuìmeno apì mÐa sunj kh aktinobolÐac Sommerfeld, mac dÐnei
thn akìloujh lÔsh

P (r) =
1

4πr
eikr. (4.56)

Opìte, gia r = 1 èqoume

|P0| =
∣∣∣ 1

4πr

∣∣∣ =
1

4π
. (4.57)

Gia ton upologismì thc ap¸leiac di�doshc, ìpwc faÐnetai kai sthn sqèsh 4.53,
qrei�zetai o upologismìc thc akoustik c pÐeshc gia k�je (r, z).
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Kef�laio 4: Efarmog  se perib�llon me anomoiogèneia sthn epif�neia kai ston
pujmèna.



Kef�laio 5

Arijmhtik� apotelèsmata

5.1 Eisagwg 

Se autì to kef�laio ja ex�goume apotelèsmata gia peript¸seic stic opoÐec h ano-
moiogèneia, ìpwc parousi�sthke sto prohgoÔmeno Kef�laio, parathreÐtai eÐte mìno
sthn epif�neia eÐte mìno ston pujmèna eÐte na isqÔoun kai ta dÔo. Sthn PerÐptwsh
I ja exet�soume to perib�llon sto opoÐo den èqoume anomoiogèneia, dhlad  èqoume
epÐpeda sÔnora. Sthn PerÐptwsh II ja asqol joÔme me perib�llon sto opoÐo èqoume
epÐpedh epif�neia kai anÔywsh ston pujmèna. Sthn epìmenh PerÐptwsh to perib�llon
perilamb�nei p�go sthn epif�neia kai epÐpedo pujmèna. Teloc, stic dÔo teleutaÐec
Peript¸seic to perib�llon ja perilamb�nei p�go sthn epif�neia kai anÔywsh ston
pujmèna. Se ìlec tic Peript¸seic, qrhsimopoi¸ntac th mèjodo twn suzeugmènwn idio-
morf¸n, ìpwc anaptÔqjhke sto prohgoÔmeno Kef�laio, ja exaqjoÔn apotelèsmata
gia touc suntelestèc sÔzeuxhc kai thn ap¸leia di�doshc kai, fusik�, ja sugkrijoÔn
metaxÔ touc. Se k�je perÐptwsh, arqik� upologÐzontai oi idiotimèc tou ek�stote
probl matoc b�jouc kai sth sunèqeia oi antÐstoiqec idiosunart seic. Katìpin upo-
logÐzontai oi suntelestèc sÔzeuxhc, oi opoÐoi, mazÐ me ta anwtèrw, qrhsimopoioÔntai
gia ton upologismì twn agn¸stwn twn anaparast�sewn, ìpwc èqoume anafèrei sto
prohgoÔmeno Kef�laio.

EpishmaÐnoume ìti gia thn eÔresh twn idiotim¸n ja prèpei na kajoristeÐ k�je for�
to antÐstoiqo di�sthma, sto opoÐo oi idiotimèc eÐnai epitreptèc [11]. Sugkekrimèna,
gr�fontac me kn tic idiotimèc, tìte èqoume akoustik  di�dosh gia

ω

cmax

≤ kn ≤ ω

cmin

(5.1)

Ta dedomèna pou ja qrhsimopoihjoÔn gia thn exagwg  twn apotelesm�twn eÐnai
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ta akìlouja:

Jèsh phg c→ z0 = 35m (5.2)
Jèsh dèkth→ z = 50m (5.3)

Arq  anomoiogèneiac→ r1 = 2000m (5.4)
Pèrac anomoiogèneiac→ r2 = 3000m (5.5)

P�qoc p�gou→ h1 = 10, 20m (5.6)
AnÔywsh pujmèna→ h2 = 70, 60m (5.7)

Pujmènac→ h = 80m (5.8)
Suqnìthta phg c→ f = 50Hz (5.9)

Puknìthta sto nerì→ ρw = 1000Kg/m3 (5.10)
Puknìthta ston p�go→ ρi = 900Kg/m3 (5.11)
Puknìthta sto Ðzhma→ ρb = 1700Kg/m3 (5.12)

TaqÔthta di�doshc tou  qou sto nerì→ cw = 1500m/sec (5.13)
TaqÔthta di�doshc tou  qou ston p�go→ ci = 2000m/sec (5.14)
TaqÔthta di�doshc tou  qou sto Ðzhma→ cb = 2500m/sec (5.15)

H sÔgkrish twn apotelesm�twn ja gÐnei basizìmenh stic grafikèc parast�seic pou
parajètoume parak�tw. Skopìc aut c thc ergasÐac eÐnai na melet sei thn ap¸leia
di�doshc gia perib�llonta me anomoiogèneia sthn epif�neia kai ston pujmèna, me th
mèjodo twn suzeugmènwn idiomorf¸n. Gia to lìgo autì, sto Kef�laio 4 jewr same
pènte diaforetik� perib�llonta, ìpwc p�go p�qouc 20m sthn epif�neia, anÔywsh 20m
ston pujmèna, p�goc kai anÔywsh 20m to kajèna kai, tèloc, p�goc kai anÔywsh 10m
to kajèna.

Sugkekrimèna, h sÔgkrish ja gÐnei me thn grafik  par�stash thc ap¸leiac di�-
doshc se perib�llon me epÐpeda sÔnora. Se ìla ta graf mata me kìkkino qr¸ma
parist�netai h ap¸leia di�doshc gia perib�llon me epÐpeda sÔnora TLP kai me mple
qr¸ma parist�netai perib�llon me thn ek�stote anomoiogèneia. H ap¸leia di�doshc,
se k�je perÐptwsh, upologÐzetai gia apìstash r = 100m èwc r = 10.000m, me jèsh
phg c z0 = 35m kai jèsh dèkth z = 50m.

EpishmaÐnoume, ìti endèqetai na up�rqoun ligìterec diadidìmenec idiomorfèc sthn
perioq  thc anomoiogèneiac apì ìti èxw apì aut . Autì parousi�zetai sta apote-
lèsmata pou parajètoume sth sunèqeia. Gia autì, o arijmìc twn idiomorf¸n pou
qrhsimopoioÔme se k�je perÐptwsh eÐnai akrib¸c ekeÐnoc pou upologÐzetai sthn perio-
q  thc anomoiogèneiac.
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5.2 PerÐptwsh I
Xekin�me me thn perÐptwsh pou èqoume epÐpeda sÔnora, ìpwc faÐnetai kai sto Sq ma
3.2. H akoustik  pÐesh ekfr�zetai se seir� idiosunart sewn, ìpwc èqoume perigr�yei
sto prohgoÔmeno Kef�laio. Oi idiosunart seic ikanopoioÔn to prìblhma b�jouc, to
opoÐo èqei parousiasteÐ sthn par�grafo 4.4.1. Oi idiotimèc upakoÔoun sthn akìloujh
sqèsh

ω

cmax

≤ kn ≤ ω

cmin

⇔ 2πf

2500
≤ kn ≤ 2πf

1500
(5.16)

kai eÐnai oi ex c:

k1 = 0.180451 (5.17)
k2 = 0.197228 (5.18)
k3 = 0.206483 (5.19)

Oi idiosunart seic pou prokÔptoun parist�nontai sta parak�tw diagr�mmata. Sth
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Sq ma 5.1: To pr¸to di�gramma apeikonÐzei thn idiosun�rthsh gia k = 0.206483, to
deÔtero gia k = 0.197228 kai to trÐto gia k = 0.180451
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sunèqeia, upologÐzontac touc suntelestèc sÔzeuxhc prokÔptei o parak�tw pÐnakac



1 0 0
0 1 0
0 0 1




kai autì giatÐ èqoume pl rh sÔzeuxh twn idiomorf¸n.
Tèloc, upologÐzontac touc agn¸stouc twn anaparast�sewn twn pièsewn mèsw thc

epÐlushc tou grammikoÔ sust matoc (Par�grafoc 4.6), eÐnai efiktìc o upologismìc
thc ap¸leiac di�doshc TL (db) mèsw thc Sqèshc 4.58. H grafik  par�stash tou TL
sunart sei tou r parousi�zetai sto akìloujo di�gramma.

0 2000 4000 6000 8000 10000

35

40

45

50

55

60

65

70

75

Range (m)

TL
(d

b 
pe

r 
1m

)

Sq ma 5.2: Grafik  par�stash tou TL(db) sunart sei tou r gia epÐpeda sÔnora.
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'Opwc faÐnetai kai sto di�gramma, h ap¸leia di�doshc kumaÐnetai an�mesa se 40
db kai 70 db, ta opoÐa eÐnai ta sun jh ìria gia perib�llon me qamhl  suqnìthta kai
meg�la b�jh. Stic epìmenec paragr�fouc h ap¸leia di�doshc ja upologisteÐ gia
perib�llonta me anomoiogèneia sthn epif�neia kai ston pujmèna.

Ta apotelèsmata thc PerÐptwshc aut c ja apotelèsoun, ìpwc èqei  dh anaferjeÐ,
stoiqeÐa sÔgkrishc gia ta apotelèsmata twn upoloÐpwn Peript¸sewn pou parousi�-
zontai se autì to Kef�laio. Pr¸ta apì ìla, ja sugkrijoÔn ta apotelèsmata aut c
thc perÐptwshc me ekeÐna pou prokÔptoun qrhsimopoi¸ntac to prìgramma Mode1 [8].
Prìkeitai gia èna prìgramma, to opoÐo èqei dhmiourghjeÐ se gl¸ssa programmati-
smoÔ Fortran kai upologÐzei to akoustikì pedÐo se perib�llon to opoÐo apoteleÐtai
apì epÐpedh epif�neia, enìc str¸matoc neroÔ kai enìc str¸matoc iz matoc to opoÐo e-
kteÐnetai se polÔ meg�lo b�joc. Oi idiotimèc sumptÐptoun me ekeÐnec tou Mode1 mèqri
kai to èkto dekadikì arijmì. EpÐshc, tautÐzontai ta apotelèsmata pou aforoÔn thn
ap¸leia di�doshc. Epomènwc, jewroÔme ìti to prìgramma ìpwc èqei anaptuqjeÐ eÐnai
axiìpisto tìso ston upologismì twn idiotim¸n ìso kai ston upologismì thc ap¸leiac
di�doshc.
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5.3 PerÐptwsh II
Se aut n thn par�grafo ja qrhsimopoi soume th jewrÐa twn suzeugmènwn idiomor-
f¸n gia perib�llon ìpwc parousi�zetai sto Sq ma 5.3. JewroÔme perib�llon me
anomoiogen  pujmèna me anÔywsh sugkekrimènou sq matoc, h opoÐa ekteÐnetai apì
r1 èwc r2 kai gia b�joc h2 − h = 20m. Gia h = 60 èqoume thn arq  tou pujmèna o
opoÐoc ekteÐnetai mèqri to �peiro.

Sq ma 5.3: Perib�llon me epÐpedh epif�neia kai anÔywsh ston pujmèna 20m.
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Kai se aut n thn perÐptwsh, oi idiotimèc kai oi idiosunart seic upakoÔoun se mÐa
omogen  deuterob�jmia sun jhc diaforik  exÐswsh. Oi idiotimèc pou prokÔptoun eÐnai
oi ex c:

kN,F
1 = 0.180451 (5.20)

kN,F
2 = 0.197228 (5.21)

kN,F
3 = 0.206483 (5.22)
kI

1 = 0.157574 (5.23)
kI

2 = 0.188519 (5.24)
kI

3 = 0.204502 (5.25)

Oi idiosunart seic parousi�zontai sta epìmena trÐa diagr�mmata. Me kìkkino qr¸ma
parist�nontai oi idiosunart seic se perib�llon me epÐpeda sÔnora kai me mple qr¸ma
oi antÐstoiqec gia thn perÐptwsh pou exet�zoume.
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Sq ma 5.4: To pr¸to di�gramma apeikonÐzei tic idiosunart seic gia k = 0.206483
kai kI = 0.204502, to deÔtero gia k = 0.197228 kai kI = 0.188519 kai to trÐto gia
k = 0.180451 kai kI = 0.157574.
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Sth sunèqeia, upologÐzontac touc suntelestèc sÔzeuxhc ja prokÔyoun ta akìlou-
ja apotelèsmata, ìpou o C1 isoÔtai me ton C3 kai o C2 isoÔtai me ton C4 . 'Opwc

Sq ma 5.5: O suntelest c sÔzeuxhc C1 = C3.

Sq ma 5.6: O suntelest c sÔzeuxhc C2 = C4.

parathroÔme, tìso ston suntelest  sÔzeuxhc C1 ìso kai ston C2, ta stoiqeÐa thc
diagwnÐou apèqoun polÔ apì th mon�da. Autì shmaÐnei ìti up�rqei meg�lh sÔzeuxh
an�mesa stic idiomorfèc.

H grafik  par�stash tou TL sunart sei tou r parousi�zetai sto akìloujo di�-
gramma. ParathroÔme ìti h ap¸leia di�doshc, sugkrÐnont�c thn me thn ap¸leia
di�doshc pou parousi�zetai se perib�llon me epÐpeda sÔnora, parousi�zei shmantikèc
allagèc tìso wc proc to pl�toc thc ìso kai wc proc thn sqetik  jèsh megÐstwn-
elaqÐstwn.
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Sq ma 5.7: Grafik  par�stash tou TL(db) sunart sei tou r gia anÔywsh 20m,
sugkrÐnont�c to me to TLP .

To di�gramma deÐqnei ìti, gia r = 100m èwc r = 2000m (arq  thc anÔywshc),
h ap¸leia di�doshc tautÐzetai gia ta dÔo perib�llonta. Gia apìstash r = 2000m
èwc r = 3000m, sthn opoÐa up�rqei h anÔywsh, parathroÔme ìti aux�netai h ap¸leia
di�doshc. 'Opwc, epÐshc, aÔxhsh parousi�zetai kai gia thn upìloiph apìstash gia
r = 3000m èwc r = 10000m.
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5.4 PerÐptwsh III
SuneqÐzoume thn seir� twn apotelesm�twn jewr¸ntac perib�llon me anomoiogen 
epif�neia sthn opoÐa ja mporoÔsame na èqoume p�go, o opoÐoc ekteÐnetai apì r1 èwc
r2 kai gia b�joc h1 = 20m. Gia h = 80 èqoume thn arq  tou pujmèna o opoÐoc
ekteÐnetai mèqri to �peiro ìpwc apeikonÐzetai kai sto Sq ma 5.8.

Sq ma 5.8: Perib�llon me p�go sthn epif�neia p�qouc 20mkai epÐpedo pujmèna.
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Oi idiotimèc pou prokÔptoun eÐnai oi akìloujec:

kN,F
1 = 0.180451 (5.26)

kN,F
2 = 0.197228 (5.27)

kN,F
3 = 0.206483 (5.28)
kI

1 = 0.169265 (5.29)
kI

2 = 0.192427 (5.30)
kI

3 = 0.205331 (5.31)

Oi idiosunart seic parousi�zontai sta epìmena trÐa diagr�mmata. Me kìkkino qr¸ma
parist�nontai oi idiosunart seic se perib�llon me epÐpeda sÔnora kai me mple qr¸ma
oi antÐstoiqec gia thn perÐptwsh pou exet�zoume.
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Sq ma 5.9: To pr¸to di�gramma apeikonÐzei tic idiosunart seic gia k = 0.206483
kai kI = 0.205331, to deÔtero gia k = 0.197228 kai kI = 0.192427 kai to trÐto gia
k = 0.180451 kai kI = 0.169265
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Opìte, upologÐzontac touc suntelestèc sÔzeuxhc kai thn ap¸leia di�doshc pro-
kÔptoun ta akìlouja apotelèsmata

Sq ma 5.10: O suntelest c sÔzeuxhc C1 = C3.

Sq ma 5.11: O suntelest c sÔzeuxhc C2 = C4.

Se aut n thn perÐptwsh, h sÔzeuxh den eÐnai meg�lh kai autì faÐnetai apì ta
stoiqeÐa thc diagwnÐou kai stouc dÔo pÐnakec pou parousi�zontai parap�nw. Sth
sunèqeia parousi�zetai h grafik  par�stash thc ap¸leiac di�doshc sunart sei thc
apìstashc.
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Sq ma 5.12: Grafik  par�stash tou TL(db) sunart sei tou r gia p�go 20m, sugkrÐ-
nont�c to me to TLP .

'Opwc parathroÔme, gia r = 100m èwc r = 2000m (arq  thc anomoiogèneiac),
h ap¸leia di�doshc tautÐzetai gia ta dÔo perib�llonta. Gia apìstash r = 2000m
èwc r = 3000m, sthn opoÐa up�rqei o p�goc, parathroÔme ìti h morf  thc grafi-
k c par�stashc all�zei kai, sugkekrimèna, aux�netai h ap¸leia di�doshc. AÔxhsh
parousi�zetai kai gia thn upìloiph apìstash gia r = 3000m èwc r = 10000m.
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5.5 PerÐptwsh IV

Sth sunèqeia jewroÔme èna perib�llon me p�go sthn epif�neia, o opoÐoc ekteÐnetai
apì r1 èwc r2 kai gia b�joc h1 = 20m. EpÐshc, jewroÔme anÔywsh ston pujmèna
Ôyouc h − h2 = 20. Kai se aut n thn perÐptwsh o pujmènac eÐnai hmi�peiroc. Sto
Sq ma 5.13 apeikonÐzetai to perib�llon pou exet�zoume:

Sq ma 5.13: Perib�llon me p�go sthn epif�neia kai anÔywsh pujmèna p�qouc 20m
to kajèna.
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Oi idiotimèc pou prokÔptoun eÐnai oi ex c:

kN,F
1 = 0.180451 (5.32)

kN,F
2 = 0.197228 (5.33)

kN,F
3 = 0.206483 (5.34)
kI

1 = 0.133302 (5.35)
kI

2 = 0.177092 (5.36)
kI

3 = 0.201798 (5.37)

Oi idiosunart seic parousi�zontai sta epìmena trÐa diagr�mmata. Me kìkkino qr¸ma
parist�nontai oi idiosunart seic se perib�llon me epÐpeda sÔnora kai me mple qr¸ma
oi antÐstoiqec gia thn perÐptwsh pou exet�zoume.
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Sq ma 5.14: To pr¸to di�gramma apeikonÐzei tic idiosunart seic gia k = 0.206483
kai kI = 0.201798, to deÔtero gia k = 0.197228 kai kI = 0.177092 kai to trÐto gia
k = 0.180451 kai kI = 0.133302
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Opìte, upologÐzontac touc suntelestèc sÔzeuxhc kai thn ap¸leia di�doshc pro-
kÔptoun ta akìlouja apotelèsmata

Sq ma 5.15: O suntelest c sÔzeuxhc C1 = C3.

Sq ma 5.16: O suntelest c sÔzeuxhc C2 = C4.

Parathr¸ntac ta parap�nw apotelèsmata, epishmaÐnoume ìti h anomoiogèneia sthn
epif�neia kai ston pujmèna, me ta qarakthristik� pou èqoun anaferjeÐ, epidr� ston
upologismì thc ap¸leiac di�doshc ìpwc faÐnetai kai sto parak�tw di�gramma.
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Sq ma 5.17: Grafik  par�stash tou TL(db) sunart sei tou r gia p�go 20m kai
anÔywsh 20m, sugkrÐnont�c to me to TLP .

Se aut n parÐptwsh, gia r = 100m èwc r = 2000m h ap¸leia di�doshc den tautÐze-
tai apìluta gia ta dÔo perib�llonta. Gia to komm�ti thc anomoiogèneiac parathroÔme
ìti aux�netai h ap¸leia di�doshc. Met� to tèloc thc anomoiogèneiac, h ap¸leia eÐnai
mikr , ìpwc faÐnetai so di�gramma.
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5.6 PerÐptwsh V

Wc teleutaÐa perÐptwsh twn apotelesm�twn ja jewr soume to Sq ma 5.13 thc proh-
goÔmenhc Paragr�fou me th diafor� ìti tìso to p�qoc tou p�gou ìso kai h anÔywsh
tou pujmèna eÐnai 10m to kajèna. QrhsimopoieÐtai kai ed¸ h jewrÐa twn suzeugmè-
nwn idiomorf¸n, èqontac ta akìlouja apotelèsmata xekin¸ntac me thn eÔresh twn
idiotim¸n:

kN,F
1 = 0.180451 (5.38)

kN,F
2 = 0.197228 (5.39)

kN,F
3 = 0.206483 (5.40)
kI

1 = 0.167224 (5.41)
kI

2 = 0.191931 (5.42)
kI

3 = 0.205244 (5.43)

Oi idiosunart seic parousi�zontai sta epìmena trÐa diagr�mmata. Me kìkkino qr¸ma
parist�nontai oi idiosunart seic se perib�llon me epÐpeda sÔnora kai me mple qr¸ma
oi antÐstoiqec gia thn perÐptwsh pou exet�zoume.
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Sq ma 5.18: Grafikèc Parast�seic twn idiosunart sewn
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To pr¸to di�gramma apeikonÐzei tic idiosunart seic gia k = 0.206483 kai kI =
0.205244, to deÔtero gia k = 0.197228 kai kI = 0.191931 kai to trÐto gia k = 0.180451
kai kI = 0.167224

Sth sunèqeia, seir� èqei o upologismìc twn suntelest¸n sÔzeuxhc kai, tèloc, h
ap¸leia di�doshc tou akoustikoÔ pedÐou, h grafik  par�stash thc opoÐac, sunart sei
thc apìstashc r, parousi�zetai parak�tw.

Sq ma 5.19: O suntelest c sÔzeuxhc C1 = C3.

Sq ma 5.20: O suntelest c sÔzeuxhc C2 = C4.

Se aut n thn perÐptwsh, h sÔzeuxh twn idiomorf¸n eÐnai polÔ mikr . Ta stoiqeÐa
thc diagwnÐou kai stouc dÔo pÐnakec plhsi�zoun arket� sth mon�da. SumperaÐnoume,
loipìn, ìti h anomoiogèneia den epidr� polÔ sthn ap¸leia di�doshc, ìpwc faÐnetai sto
di�gramma pou parat jetai parak�tw.
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Sq ma 5.21: Grafik  par�stash tou TL(db) sunart sei tou r gia p�go 10m kai
anÔywsh 10m, sugkrÐnont�c to me to TLP .

Sto komm�ti prÐn thn anomoiogèneia h ap¸leia di�doshc den tautÐzetai apìluta
gia ta dÔo perib�llonta, ìpwc kai sthn prohgoÔmenh perÐptwsh. Gia to komm�ti thc
anomoiogèneiac parathroÔme ìti aux�netai lÐgo h ap¸leia di�doshc. Met� to tèloc
thc anomoiogèneiac, h ap¸leia eÐnai mikr , ìpwc faÐnetai sto di�gramma.
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Kef�laio 5: Arijmhtik� apotelèsmata
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Kef�laio 6

Sumper�smata

6.1 SugkrÐseic Apotelesm�twn

Sto tèloc aut c thc ergasÐac, krÐnetai anagkaÐa h sÔgkrish ìlwn twn grafik¸n
parast�sewn pou apeikonÐzoun thn ap¸leia di�doshc sunart sei thc apìstashc pou
parousi�sthkan sto prohgoÔmeno Kef�laio. H sÔgkrish gÐnetai apeikonÐzontac ìla
ta diagr�mmata se èna kai sth sunèqeia parathr¸ntac to pwc kumaÐnetai h ap¸leia
di�doshc se k�je perÐptwsh. To di�gramma tou Sq matoc 6.1 apeikonÐzontai ta pa-
rap�nw.

Pr¸ta apì ìla ja sugkrÐnoume thn ap¸leia di�doshc se perib�llon me epÐpeda
sÔnora (maÔro qr¸ma, PerÐptwsh I), to opoÐo apoteleÐ stoiqeÐo anafor�c, me thn
ap¸leia se perib�llon me anÔywsh sthn epif�neia (kìkkino qr¸ma, PerÐptwsh II)  
p�go ston pujmèna (pr�sino qr¸ma, PerÐptwsh III) . ParathroÔme, loipìn, ìti sthn
PerÐptwsh II up�rqoun megalÔterec ap¸leiec apì ìti sthn PerÐptwsh III. EpÐshc,
sugkrÐnontac thn ap¸leia se perib�llon me p�go sthn epif�neia kai anÔywsh ston
pujmèna

(
kÐtrino qr¸ma (PerÐptwsh IV ) kai mple qr¸ma (PerÐptwsh V )

)
, me thn

antÐstoiqh me epÐpeda sÔnora, parathroÔme ìti stic Peript¸seic IV, V h ap¸leia den
diafèrei polÔ apì thn antÐstoiqh thc PerÐptwshc I. Tèloc, parathroÔme ìti oi ap¸-
leiec twn Peript¸sewn IV, V eÐnai ligìterec apì ìti twn Peript¸sewn II,III. Dhlad ,
to perib�llon me anÔywsh ston pujmèna kai p�go sthn epif�neia èqei ligìterec a-
p¸leiec apì ìti to perib�llon me mìno p�go sthn epif�neia   mìno anÔywsh ston
pujmèna.
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6.2 Sumper�smata

Sthn ergasÐa asqolhj kame me ton upologismì tou akoustikoÔ pedÐou gia me-
g�lec apost�seic se perib�llon me anomoiogèneia èqontac hmi�peiro pujmèna. O
upologismìc gÐnetai basizìmenoc sth mèjodo twn suzeugmènwn idiomorf¸n, h opoÐa
anaptÔqjhke sto Kef�laio 3.

Arqik�, anaptÔxame thn pÐesh se seir� idiosunart sewn kai afoÔ efarmìsame
thn mèjodo twn qwrizomènwn metablht¸n katal xame se èna prìblhma b�jouc me tic
kat�llhlec sunj kec sthn epif�neia tou neroÔ, sthn diepif�neia neroÔ-anomoiogèneiac
kai anomoiogèneiac-Ðzhma kai, tèloc, ston pujmèna. To prìblhma b�jouc eÐnai èna
prìblhma idiotim¸n-idiosunart sewn kai gia thn epÐlus  tou ja prèpei na diatupwjeÐ
kat�llhlh qarakthristik  exÐswsh. Sthn perÐptws  mac h exÐswsh prokÔptei apì tic
sunj kec prosarmog c stic diepif�neiec anomoiogèneiac-neroÔ-pujmèna.

H anaz thsh twn idiotim¸n gÐnetai p�nw ston pragmatikì �xona kai apoteloÔn
rÐzec miac, en gènei, migadik c kai mh-grammik c qarakthristik c exÐswshc. Sth su-
nèqeia, o upologismìc twn idiosunart sewn gÐnetai �mesa.

Jewr same anomoiogèneia sthn epif�neia kai ston pujmèna. Sth sÔnèqeia, qw-
rÐsame to akoustikì pedÐo se pedÐo aktinobolÐac (pou anafèretai se perib�llon me
epÐpeda sÔnora) kai se pedÐo perÐjlashc (pedÐo pou perilamb�nei thn anomoiogèneia).
O upologismìc tou pr¸tou gÐnetai qrhsimopoi¸ntac sunart seic Bessel. Gia ton
upologismì tou deutèrou krÐnetai aparaÐthtoc o qwrismìc tou pedÐou se �lla trÐa
upopedÐa, to pr¸to kont� sthn phg , to deÔtero perièqei thn anomoiogèneia kai thn
trÐth makru� apì aut . H epibol  kat�llhlwn sunjhk¸n (sunèqeia thc pÐeshc kai
thc k�jethc parag¸gou aut c) stic diepif�neiec pou orÐzoun ta parap�nw upopedÐa,
bohjoÔn ston upologismì twn agn¸stwn suntelest¸n twn anaparast�sewn. Sugke-
krimèna, odhgoÔmaste se èna grammikì sÔsthma apì to opoÐo upologÐzontai �mesa oi
�gnwstoi suntelestèc. Sth sunèqeia, o upologismìc thc pÐeshc prokÔptei �mesa kai,
sugkekrimèna, orÐzetai wc to �jroisma thc pÐeshc tou pedÐou aktinobolÐac kai tou pe-
dÐou perÐjlashc. Tèloc, o upologismìc thc ap¸leiac di�doshc gÐnetai efarmìzontac
thn Sqèsh 4.53 pou parousi�sthke sto Kef�laio 4.

H ergasÐa telei¸nei parousi�zontac apìtelèsmata gia perib�llonta me anomoio-
gèneia sth epif�neia kai ston pujmèna. Apì thn sÔgkrish twn apotelesm�twn aut¸n
prokÔptoun basik� sumper�smata.

SumperaÐnoume, loipìn, ìti se perib�llon me anomoiogèneia ston pujmèna (ìpwc
p.q. anÔywsh) h ap¸leia di�doshc eÐnai megalÔterh apì ekeÐnh se perib�llon me
anomoiogèneia sthn epif�neia (ìpwc p.q. p�go). EpÐshc, se perib�llon pou perièqei
anomoiogèneia sthn epif�neia kai ston pujmèna h ap¸leia di�doshc eÐnai mikrìterh
apì ekeÐnh se perib�llon me anomoiogèneia eÐte mìno sthn epif�neia eÐte mìno ston
pujmèna. To di�gramma pou akoloujeÐ apeikonÐzei ìsa anafèrjhkan.
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Wc telikèc parathr seic, anafèroume ìti me th jewrÐa twn suzeugmènwn idiomor-
f¸n mporoÔme na antimetwpÐsoume probl mata me topik  anomoiogèneia sta dÔo sÔno-
ra tou kumatodhgoÔ. Wstìso, se perÐptwsh pou o kumatodhgìc ekteÐnetai sto �peiro
sthn katakìrufh di�stash, ja prèpei na lamb�netai up�ìyin h antallag  enèrgeiac
an�mesa sto diakritì kai sto suneqèc f�sma twn idiomorf¸n, k�ti pou den èqei lhfjeÐ
up�oyin sthn paroÔsa ergasÐa.
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Sq ma 6.1: Genik  grafik  par�stash tou TL(db) sunart sei thc apìstashc r.
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Kef�laio 6: Sumper�smata
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