
Metaptuqiak  ErgasÐa:
Sqèseic idiotim¸n kai perioqèc sÔgklishc twn

block
epanalhptik¸n mejìdwn SOR

kai SSOR gia p-kuklikoÔc pÐnakec

Emm. A. Kontad�khc

Tm ma Majhmatik¸n
Panepist mio Kr thc

E-mail: kontad@math.uoc.gr

Epiblèpwn kajhght c: Ap. Qatzhd moc

20th October 2005

1



Perieqìmena
0 Eisagwg  - PerÐlhyh ErgasÐac 4

1 Epanalhptikèc mèjodoi 5
1.1 Genik� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Klasikèc epanalhptikèc mèjodoi . . . . . . . . . . . . . . . . . 6

1.2.1 Mèjodoc Jacobi . . . . . . . . . . . . . . . . . . . . . 6
1.2.2 Mèjodoc Gauss-Seidel . . . . . . . . . . . . . . . . . . 6
1.2.3 Mèjodoc thc Diadoqik c Uperqal�rwshc (SOR) . . . 7
1.2.4 Summetrik  SOR (SSOR) Epanalhptik  Mèjodoc . . . 8

1.3 EpanalhptikoÐ pÐnakec twn mejìdwn . . . . . . . . . . . . . . . 9
1.4 Block Epanalhptikèc mèjodoi . . . . . . . . . . . . . . . . . . 9

2 p-kuklikoÐ pÐnakec. OrismoÐ kai idiìthtec 11
2.1 p-kuklikoÐ pÐnakec. . . . . . . . . . . . . . . . . . . . . . . . . 11
2.2 Kateujunìmena graf mata kai efarmogèc stouc p-kuklikoÔc

pÐnakec. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Qr simec idiìthtec twn kateujunìmenwn grafhm�twn . . . . . . 13

3 EÔresh sqèshc idiotim¸n twn Block epanalhptik¸n pin�kwn
Jacobi kai SOR gia p-kuklikoÔc pÐnakec 19
3.1 PerÐptwsh block p-kuklikoÔ pÐnaka thc morf c

GCO(p-1,1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 PerÐptwsh block p-kuklikoÔ pÐnaka GCO(p-k,k) . . . . . . . . 24

4 Perioqèc sÔgklishc thc Block SOR mejìdou gia p-kuklikoÔc
pÐnakec 30

5 EÔresh sqèshc idiotim¸n twn Block epanalhptik¸n pin�kwn
Jacobi kai SSOR gia p-kuklikoÔc pÐnakec 34
5.1 Eisagwg  kai diatÔpwsh thc sqèshc twn idiotim¸n . . . . . . . 34
5.2 Apìdeixh Jewr matoc 5.1 . . . . . . . . . . . . . . . . . . . . . 36
5.3 GenÐkeush Jewr matoc 5.1 . . . . . . . . . . . . . . . . . . . . 45

6 Perioqèc sÔgklishc thc Block SSOR mèjodou gia p-kuklikoÔc
pÐnakec 47
6.1 Eisagwg  kai diatÔpwsh jewrhm�twn gia perioqèc sÔgklishc . 47
6.2 Apìdeixh jewr matoc 6.2 . . . . . . . . . . . . . . . . . . . . 51

6.2.1 PerÐptwsh 1h: 0 < ω < 1. . . . . . . . . . . . . . . . . 53
6.2.2 PerÐptwsh 2h: 1 < ω < 2. . . . . . . . . . . . . . . . . 54

2



6.3 H gewmetrÐa twn kampul¸n ν1,l(ω), ν2,l(ω) kai h apìdeixh tou
Jewr matoc 6.3 . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3



0 Eisagwg  - PerÐlhyh ErgasÐac

H Epanalhptik  Mèjodoc Diadoqik c Uperqal�rwshc, (Successive Over-
Relaxation (SOR)), èqei epaneilhmmèna qrhsimopoihjeÐ gia thn Arijmhtik 
EpÐlush Susthm�twn GrammikoÔ ProgrammatismoÔ, p.q. apì ton Dax [Da03]
to 2003, TetragwnikoÔ ProgrammatismoÔ, p.q. apì ton Cryer [Cr71] to 1971,
kaj¸c kai apì �llouc ereunhtèc twn Epiqeirhsiak¸n Majhmatik¸n.

Sthn paroÔsa ergasÐa pou èqei jewrhtikì qarakt ra, melet�me thn block
SOR, kaj¸c kai thn block epanalhptik  mèjodo thc Summetrik c Diadoqik c
Uperqal�rwshc (Symetric Successive Over-Relaxation (SSOR)), gia th lÔsh
susthm�twn grammik¸n algebrik¸n exis¸sewn Ax = b.

Pio sugkekrimèna sto Kef�laio 1, èpeita apì mÐa eisagwg , perigr�foume
tic klasikèc epanalhptikèc mejìdouc epÐlushc susthm�twn grammik¸n alge-
brik¸n exis¸sewn. Sto Kef�laio 2 anaferìmaste sto eÐdoc tou pÐnaka A tou
grammikoÔ susthm�toc pou ja mac apasqol sei sth sunèqeia. O pÐnakac A
ja an kei se mi� kl�sh arai¸n pin�kwn pou kaloÔntai Genikeumènoi Sunep¸c
Diatetagmènoi GCO(p-k,k), (ìpou p ≥ 2, k = 1, . . . , p− 1).

Sta epìmena kef�laia proqwr�me sta kÔria apotelèsmata aut c thc er-
gasÐac. Sto Kef�laio 3 brÐskoume thn exÐswsh pou sundèei tic idiotimèc tou
block epanalhptikoÔ pÐnaka thc mejìdou Jacobi me autèc tou pÐnaka thc block
SOR. Katìpin, me th bo jeia thc exÐswshc pou proèkuye brÐskoume sto Ke-
f�laio 4 thn akrib  perioq  sÔgklishc thc block SOR epanalhptik c mejìdou
kai deÐqnoume ìti aut  exart�tai mìno apì thn par�metro thc uperqal�rw-
shc ω ∈ R kai apì th fasmatik  aktÐna tou block epanalhptikoÔ pÐnaka thc
mejìdou Jacobi.

Sto Kef�laio 5, ergazìmenoi me thn Ðdia teqnik  pou qrhsimopoi same
sto Kef�laio 3, kai gia thn kl�sh pin�kwn pou proanafèrame (GCO(p-k,k)),
brÐskoume aut  th for� thn exÐswsh pou sundèei tic idiotimèc tou block e-
panalhptikoÔ pÐnaka thc mejìdou Jacobi me autèc tou pÐnaka thc mejìdou
block SSOR. Tèloc, sto Kef�laio 6, me b�sh thn exÐswsh tou KefalaÐou
5, brÐskoume thn akrib  perioq  sÔgklishc thc block SSOR epanalhptik c
mejìdou kai deÐqnoume ìti aut  exart�tai apì thn par�metro thc uperqal�-
rwshc ω ∈ R, apì th fasmatik  aktÐna tou block epanalhptikoÔ pÐnaka thc
mejìdou Jacobi kai apì to lìgo l = k

p
.
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1 Epanalhptikèc mèjodoi

1.1 Genik�

Skopìc twn epanalhptik¸n mejìdwn eÐnai h epÐlush grammik¸n susthm�-
twn thc morf c

Ax = b, A ∈ Cn,n, det(A) 6= 0, b ∈ Cn (1.1)

H basik  idèa twn epanalhptik¸n mejìdwn eÐnai ìti xekin�me apì mia au-
jaÐreth prosèggish thc lÔshc, èstw x(0), kai me b�sh k�poion epanalhptikì
algìrijmo kataskeu�zontai diadoqik� oi ìroi miac akoloujÐac

{
x(k)
}∞
k=0

, h o-
poÐa, k�tw apì orismènec proôpojèseic, sugklÐnei sth lÔsh tou proc epÐlush
sust matoc. Pio sugkekrimèna jewroÔme mia di�spash tou pÐnaka A

A = M −N, (1.2)

me mìnouc periorismoÔc

(i) O pÐnakac M na eÐnai antistrèyimoc.

(ii) 'Ena grammikì sÔsthma me pÐnaka suntelest¸n agn¸stwn M na lÔnetai
me polÔ ligìterec pr�xeic ap' ì,ti èna �llo me pÐnaka A.

(iii) H fasmatik  aktÐna tou pÐnaka T = M−1N na eÐnai mikrìterh thc mo-
n�dac (ρ(T ) < 1) kai ìso to dunatìn mikrìterh.

(O pÐnakacM sth di�spash (1.2) eÐnai gnwstìc wc (pror)rujmist c pÐnakac.)
Qrhsimopoi¸ntac thn (1.2) sthn (1.1) kai anadiat�ssontac èqoume

Mx = Nx+ b (1.3)
H (1.3) eÐnai isodÔnamh me thn

x = Tx+ c, T := M−1N, c := M−1N. (1.4)

H nèa exÐswsh (1.4), pou eÐnai exÐswsh stajeroÔ shmeÐou kai eÐnai isodÔnamh
me thn arqik  (1.1), upodeiknÔei thn kataskeu  tou algorÐjmou

x(k+1) = Tx(k) + c, k = 0, 1, 2, ..., (1.5)

me x(0) ∈ Cn opoiod pote. (O pÐnakac T ston algìrijmo (1.5) eÐnai gnwstìc
wc epanalhptikìc pÐnakac tou algorÐjmou.)

O algìrijmoc (1.5) par�gei akoloujÐa dianusm�twn
{
x(k)
}∞
k=0

, h opoÐa,
k�tw apì orismènec proôpojèseic, sugklÐnei sth lÔsh x = A−1b tou (1.1).
AnagkaÐa kai ikan  sunj kh gia th sÔgklish thc akoloujÐac pou par�gei o
(1.5) sthn lÔsh tou (1.1) eÐnai h ρ(T ) < 1.
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1.2 Klasikèc epanalhptikèc mèjodoi
Oi klassikèc epanalhptikèc mèjodoi basÐzontai sthn akìloujh di�spash

tou pÐnaka twn suntelest¸n twn agn¸stwn A

A = D − L− U, (1.6)

ìpou D = diag(A), dhlad , diag¸nioc pÐnakac me diag¸nia stoiqeÐa ta antÐ-
stoiqa tou A, L austhr� k�tw trigwnikìc kai U austhr� �nw trigwnikìc.
'Opwc eÐnai fanerì h di�spash (1.6) orÐzetai monos manta.

Oi orismoÐ twn klasik¸n epanalhptik¸n mejìdwn pou aforoÔn s' aut  thn
ergasÐa akoloujoÔn parak�tw.

1.2.1 Mèjodoc Jacobi

Sth mèjodo tou Jacobi o rujmist c pÐnakac eÐnai o M = D. Gia na u-
p�rqei h mèjodoc ja prèpei o M na eÐnai antistrèyimoc, kai autì isqÔei ann
det(M) = det(D) = a11a22 · · · ann 6= 0. Epomènwc h mèjodoc tou Jacobi
mporeÐ na oristeÐ ann aii 6= 0, i = 1(1)n. Akìmh, èna sÔsthma me pÐna-
ka suntelest¸n agn¸stwn M = D eÐnai oikonomikìtero sthn epÐlus  tou
(apaiteÐ O(n2) pr�xeic) apì èna sÔsthma me pÐnaka suntelest¸n A (apaiteÐ
O(n3) pr�xeic me th mèjodo apaloif c Gauss .) 'Ara ikanopoieÐtai o deÔteroc
periorismìc efìson ikanopoieÐtai o pr¸toc. Se ì,ti afor� th sÔgklish thc
mejìdou ta p�nta exartioÔntai apì to an ρ(TJ) ≡ ρ((D)−1(L+U) < 1, opìte
h mèjodoc sugklÐnei alli¸c de sugklÐnei. Se morf  pin�kwn h mèjodoc tou
Jacobi eÐnai h akìloujh

x(k+1) = D−1(L+ U)x(k) +D−1b, k = 0, 1, 2, ..., (1.7)

me x(0) ∈ Cn opoiod pote. Oi analutikèc ekfr�seic gia tic sunist¸sec tou
dianÔsmatoc x(k+1) dÐnontai apì ton tÔpo

x
(k+1)
i = (bi −

n∑

j=1, j 6=i
aijx

(k)
j )/aii, i = 1(1)n. (1.8)

.

1.2.2 Mèjodoc Gauss-Seidel

Sthn perÐptwsh thc Gauss-Seidel mejìdou kai me b�sh thn di�spash (1.6)
epilègetai M = D − L. Gia na up�rqei h mèjodoc ja prèpei na up�rqei o
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antÐstrofoc tou D − L, pou eÐnai k�tw trigwnikìc pÐnakac. 'Ara autìc eÐnai
antistrèyimoc ann det(D − L) 6= 0, pou isodunameÐ me aii 6= 0, i = 1(1)n.
Akìmh, èna sÔsthma me pÐnaka suntelest¸n agn¸stwn D − L, lÔnetai me
proc ta pÐsw antikatast�seic (dhlad  apaiteÐ O(n2) pr�xeic) kai epomènwc
eÐnai oikonomikìtero sthn epÐlus  tou apì èna sÔsthma me pÐnaka suntelest¸n
A. H mèjodoc twn Gauss-Seidel se morf  pin�kwn eÐnai h akìloujh

x(k+1) = (D − L)−1Ux(k) + (D − L)−1b, k = 0, 1, 2, ..., (1.9)

me x(0) ∈ Cn opoiod pote. Oi analutikèc ekfr�seic gia tic sunist¸sec tou
dianÔsmatoc x(k+1) dÐnontai apì ton tÔpo

x
(k+1)
i = (bi −

i−1∑
j=1

aijx
(k)
j −

n∑
j=i+1

aijx
(k+1)
j )/aii, i = 1(1)n. (1.10)

Gia thn sÔgklish thc mejìdou ja prèpei ρ(TGS) ≡ ρ((D − L)−1U) < 1

1.2.3 Mèjodoc thc Diadoqik c Uperqal�rwshc (SOR)

H mèjodoc thc Diadoqik c Uperqal�rwshc, gnwst  kai wc SOR (Succes-
sive Over-Relaxation), apoteleÐ mia monoparametrik  genÐkeush thc mejìdou
Gauss-Seidel . Sugkekrimèna, jewr¸ntac th di�spash (1.6) me det(D) 6= 0
orÐzoume to rujmist  pÐnaka wc

Mω =
1

ω
(D − ωL), ω ∈ C− {0}, (1.11)

ìpou h par�metroc ω kaleÐtai par�metroc uperqal�rwshc (  SOR par�me-
troc), opìte eÐnai eÔkolo na brejeÐ ìti h SOR mèjodoc eÐnai h akìloujh

x(k+1) = Lωx(k) + cω, k = 0, 1, 2, ..., (1.12)

me x(0) ∈ Cn opoiod pote, kai

Lω = (D − ωL)−1 ((1− ω)D + ωU) , cω = ω(D − ωL)−1b. (1.13)

'Opwc eÐnai fanerì apì thn (1.11), gia ω = 1 h SOR mèjodoc dÐnei aut 
twn Gauss-Seidel .

H analutik  eÔresh thc opoiasd pote sunist¸sac tou dianÔsmatoc x(k+1)

dÐnetai apì thn èkfrash

x
(k+1)
i = (1−ω)x

(k)
i +ω(bi−

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j )/aii, i = 1(1)n. (1.14)
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MporoÔme na parathr soume ìti h opoiad pote sunist¸sa thc nèac epa-
n�lhyhc dÐnetai san barukentrikìc mèsoc ìroc thc Ðdiac sunist¸sac thc pro-
hgoÔmenhc epan�lhyhc kai thc sunist¸sac pou ja brÐskame an efarmìzame
gia thn eÔresh thc antÐstoiqhc sunist¸sac th mèjodo twn Gauss-Seidel.

Gia th sÔgklish thc SOR mejìdou up�rqei mÐa anagkaÐa sunj kh h opoÐa
eÐnai anex�rthth twn idiot twn tou A. Aut  dÐnetai sto parak�tw je¸rhma
pou diatup¸jhke pr¸ta apì ton Kahan. (Blèpe kai [Ka58]).

Je¸rhma 1.1 (Kahan) 'Estw A ∈ Cn,n. AnagkaÐa sunj kh gia th sÔ-
gklish thc SOR mejìdou eÐnai h akìloujh

| ω − 1| < 1, ω ∈ C, (ω ∈ (0, 2), ω ∈ R).

1.2.4 Summetrik  SOR (SSOR) Epanalhptik  Mèjodoc

H Summetrik  Mèjodoc thc Diadoqik c Uperqal�rwshc eÐnai mÐa epana-
lhptik  mèjodoc sthn opoÐa k�je epan�lhyh apoteleÐtai apì dÔo hmiepanal -
yeic. H pr¸th hmiepan�lhyh eÐnai h Ðdia me thn epan�lhyh thc SOR mejìdou
en¸ h deÔterh hmiepan�lhyh apoteleÐ mia “proc ta pÐsw” epan�lhyh thc SOR
mejìdou. Sugkekrimèna orÐzetai to x(k+1/2) apì to x(k) apì thn SOR

x(k+1/2) = (D − ωL)−1 [(1− ω)D + ωU ]x(k) + ω(D − ωL)−1b (1.15)

kai to x(k+1) apì to x(k+1/2) me thn “proc ta pÐsw” SOR mèjodo

x(k+1) = (D − ωU)−1 [(1− ω)D + ωL]x(k+1/2) + ω(D − ωU)−1b. (1.16)

Sundu�zontac tic (1.15)-(1.16) paÐrnoume

x(k+1) = Sωx(k) + cω k = 0, 1, 2, · · · , (1.17)

me x(0) ∈ Cn opoiod pote, ìpou

Sω = UωLω (1.18)

me Lω, ìpwc orÐzetai sthn (1.13)

Uω = (D − ωU)−1 ((1− ω)D + ωL) , (1.19)

cω = ω(2− ω)(D − ωU)−1D(D − ωL)−1b. (1.20)
AntÐstoiqo je¸rhma me to Je¸rhma 1.1 tou Kahan isqÔei kai gia thn

SSOR mèjodo.

Je¸rhma 1.2 AnagkaÐa sunj kh gia th sÔgklish thc SSOR mejìdou eÐnai
h akìloujh

| ω − 1| < 1, ω ∈ C, (ω ∈ (0, 2), ω ∈ R).
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1.3 EpanalhptikoÐ pÐnakec twn mejìdwn
Anakefalai¸nontac ta prohgoÔmena èqoume sunolik� ta parak�tw gia

touc (pro)rujmistèc all� kurÐwc gia touc EpanalhptikoÔc pÐnakec twn mejì-
dwn Jacobi , Gauss-Seidel, SOR kai SSOR, antÐstoiqa.

MJ = D , TJ = D−1(L+ U) (1.21)

MGS = D − L , TGS = (D − L)−1U (1.22)

MSOR =
1

ω
(D − ωL) , TSOR = Lω = (D − ωL)−1 ((1− ω)D + ωU) (1.23)

kai

MSSOR = 1
ω(2−ω)

(D − ωL)D−1(D − ωU),

TSSOR = Sω = UωLω =
= (D − ωU)−1 ((1− ω)D + ωL) (D − ωL)−1 ((1− ω)D + ωU)





(1.24)

Oi mèjodoi pou orÐsthkan sta prohgoÔmena kef�laia kaloÔntai Point e-
panalhptikèc mèjodoi kai apoteloÔn eidikèc peript¸seic twn Block epanalh-
ptik¸n mejìdwn. Sth sunèqeia ja epekteÐnoume touc orismoÔc pou d¸same
gia tic Point epanalhptikèc mejìdouc kai ja d¸soume touc antÐstoiqouc twn
Block epanalhptik¸n mejìdwn.

1.4 Block Epanalhptikèc mèjodoi
Gia thn epèktash twn orism¸n jewroÔme p�li proc epÐlush to grammikì

sÔsthma (1.1). T¸ra ìmwc diaqwrÐzoume ton pÐnaka A se Blocks N × N
morf , me th basik  proôpìjesh ìti ta diag¸nia Blocks (upopÐnakec) tou A
eÐnai tetragwnikoÐ pÐnakec. 'Eqoume sugkekrimèna ta Aii , i = 1(1)N, na eÐnai
upopÐnakec diast�sewn ni× ni me

∑N
i=1 ni = n. Opìte paÐrnoume to sÔsthma




A1,1 A1,2 . . . A1,i . . . A1,N

A2,1 A2,2 . . . A2,i . . . A2,N
... ... . . . ... ... ...

Ai,1 Ai,2 . . . Ai,i . . . Ai,N
... ... ... ... . . . ...

AN,1 AN,2 . . . AN,i . . . AN,N







x1

x2
...
xi
...
xN




=




b1

b2
...
bi
...
bN




(1.25)

me xi, bi ∈ Cni , i = 1(1)N .
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Sth sunèqeia jewroÔme mÐa di�spash tou A thc Ðdiac morf c me thn (1.6)
me th basik  diafor� ìti o pÐnakac D den eÐnai o gn¸stoc D = diag(A) �lla
o block diag¸nioc pÐnakac D = diag(A11, A22, . . . , ANN).

D =




A1,1 O . . . O

O A2,2
...

... . . . O
O . . . O AN,N


 (1.26)

Oi pÐnakec L kai U orÐzontai kai p�li wc austhr� k�tw kai austhr� �nw
trigwnikoÐ, antÐstoiqa. 'Eqoume loipìn

A = D − L− U (1.27)

kai h di�spash aut  eÐnai monos manta orismènh kai exartiètai mìno apì to
diaqwrismì se blocks tou pÐnaka A.

Gia na na mporoÔn na oristoÔn oi, antÐstoiqec twn point, block epana-
lhptikèc mèjodoi, ja prèpei o D na eÐnai antistrèyimoc. Autì isqÔei ann oi
block upopÐnakec Aii, i = 1(1)N , eÐnai antistrèyimoi.

'Etsi loipìn oi block epanalhptikèc mèjodoi Jacobi, Gauss-Seidel, SOR kai
SSOR orÐzontai ìpwc kai oi antÐstoiqec point, me th di�spash ìmwc D,L, U
ìpwc aut  parousi�sthke stic parap�nw par�grafouc. Oi (pro)rujmistèc
kai oi EpanalhptikoÐ pÐnakec twn block Jacobi, Gauss-Seidel, SOR, SSOR
mejìdwn dÐnontai ìpwc stic (1.21)-(1.24), antÐstoiqa.

'Epishc o n× n pÐnakac B pou ìrizetai apì thn

B := −D−1A+ I (1.28)

eÐnai o block Jacobi pÐnakac tou A.
H sqèsh (1.28) gia ton block Jacobi pÐnaka tou A prokÔptei an xekin -

soume apì ta gnwst�. Dhlad  ìti o block Jacobi pÐnakac tou A eÐnai o
B = D−1(L + U). K�nontac pr�xeic èqoume B = D−1(L + U) = D−1(D −
D + L+ U) = D−1(D − A) = I −D−1A.

K�ti epiplèon pou prèpei na tonisteÐ eÐnai ìti to Je¸rhma tou Kahan (
1.1 kai to antÐstoiqì tou 1.2 ) isqÔoun kai gia tic block SOR kai block SSOR
mejìdouc.

Sth sunèqeia oi mèjodoi pou ja mac apasqol soun ja eÐnai oi block e-
panalhptikèc mèjodoi Jacobi, SOR kai SSOR. Sto epìmeno kef�laio parou-
si�zontai oi eidikèc kathgorÐec twn pin�kwn pou ja melethjoÔn stic block
mejìdouc, k�poioi epiplèon orismoÐ, kaj¸c kai di�forec idiìthtec twn en lì-
gw pin�kwn pou ja qreiastoÔn sta epìmena kef�laia.
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2 p-kuklikoÐ pÐnakec. OrismoÐ kai idiìthtec

2.1 p-kuklikoÐ pÐnakec.

Orismìc 2.1 'Enac pÐnakac B ∈ Cn×Cn pou eÐnai diaqwrismènoc se N ×N
block morf , lègetai asjen¸c kuklikìc me deÐkth p (> 1) an up�rqei ènac
n× n metajetikìc pÐnakac P tètoioc ¸ste

• na metajètei ta blocks tou B sÔmfwna me ton N ×N diaqwrismì tou,

• na isqÔei

PBP T =




O O · · · O B1,p

B2,1 O O O
O B3,2 O O

. . .
O O · · · Bp,p−1 O



, (2.1)

ìpou oi mhdenikoÐ diag¸nioi upopÐnakec tou PBP T eÐnai tetragwnikoÐ kai
to p ∈ {1, · · · , N}.

Se autì to shmeÐo prèpei na tonÐsoume ìti ìtan o B den eÐnai diaqw-
rismènoc se blocks, tìte o orismìc tou ��asjen¸c kuklikoÔ�� eÐnai Ðdioc me
parap�nw, mìno pou san blocks tou B jewroÔme ta n2 stoiqeÐa tou. Se
aut  th perÐptwsh o pÐnakac mporeÐ na eÐnai tautìqrona asjen¸c kuklikìc me
diaforetikoÔc deÐktec.

E�n èqoume ènan pÐnaka B pou eÐnai asjen¸c kuklikìc me deÐkth p kai
isqÔoun epiplèon: B ∈ Rn × Rn , B ≥ O, kai B anag¸gimoc pÐnakac ,
tìte h morf  tou pÐnaka PBP T sth (2.1) lègetai kai kanonik  mìrfh tou
B.

Orismìc 2.2 'Enac pÐnakac A ∈ C kaleÐtai p-kuklikìc, an o antÐstoiqoc
block Jacobi pÐnakacB = I−D−1A (p�ntote se sqèsh me ton block diaqwrismì
pou èqei gÐnei ston A) eÐnai asjen¸c kuklikìc me deÐkth p (> 1).

Touc parap�nw dÔo orismoÔc gia thn asjen  kuklikìthta kai thn p-kuklikìthta
touc eis gage o Varga sto [Va](sel. 44 kai 113).
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2.2 Kateujunìmena graf mata kai efarmogèc stouc
p-kuklikoÔc pÐnakec.

'Estw pÐnakac A ìpwc sthn (1.25). Tìte

Orismìc 2.3 OrÐzoume wc block kateujunìmeno gr�fhma tou pÐnaka
A, (blèpe kai [Va] sel. 113), kai to sumbolÐzoume me Gπ(A), èna gr�fhma to
opoÐo:
(i) 'Eqei N kìmbouc (N eÐnai to pl joc twn diag¸niwn blocks tou A), touc
Pπ(1), Pπ(2), . . . , Pπ(N).
(ii) An Ai,j 6= O tìte o Pπ(i) sundèetai me ton Pπ(j) sto gr�fhma kai to
sumbolÐzoume me Pπ(i) 7→ Pπ(j).

Orismìc 2.4 'Ena (block) kateujunìmeno gr�fhma lègetai kuklikì deÐkth
p an eÐnai kleistì, (dhlad  opoioid pote dÔo kìmboi tou sundèontai me k�poio
monop�ti), kai an o mègistoc koinìc diairèthc twn mhk¸n ìlwn twn kleist¸n
diadrom¸n p�nw se autì eÐnai p.

( Sto ([Va] sel. 56) dÐnetai o antÐstoiqoc me ton parap�nw orismìc ìpou èqoume
ìmwc antÐ gia block, point kateujunìmeno gr�fhma ).

Je¸rhma 2.1 'Enac pÐnakac B eÐnai asjen¸c kuklikìc me deÐkth p, an to
block kateujunìmeno gr�fhm� tou eÐnai kuklikì deÐkth p.

Profan c sunèpeia tou parap�nw jewr matoc eÐnai to parak�tw.

Je¸rhma 2.2 'Enac pÐnakac A diaqwrismènoc, ìpwc sthn (1.25), eÐnai p-
kuklikìc e�n to block kateujunìmeno gr�fhma tou block Jacobi pÐnak� tou B
eÐnai kuklikì deÐkth p. ([Va] sel. 114)

Oi pÐnakec pou ja mac apasqol soun sth sunèqeia thc ergasÐac eÐnai oi
p-kuklikoÐ pou èqoun th morf 

A =




A1,1 O . . . O A1,k+1 O . . . O
O A2,2 . . . O O A2,k+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . Ap−k,p

Ap−k+1,1 O . . . O . . . O
... ... ... ...
O O . . . Ap,k O O . . . Ap,p,




(2.2)

ìpou k ∈ {1, . . . , p− 1}. Opìte oi block Jacobi pÐnakec twn pin�kwn pou eÐnai
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ìpwc sthn (2.2), èqoun th morf 

B =




O O . . . O B1,k+1 O . . . O
O O . . . O O B2,k+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . Bp−k,p

Bp−k+1,1 O . . . O . . . O
... ... ... ...
O O . . . Bp,k O O . . . O




(2.3)

Orismìc 2.5 Oi pÐnakec, ìpwc sthn isìthta (2.2), lègontai sth gl¸ssa
tou Young (bl. [Ya]) kai genikeumènoi (p− k, k) sunep¸c diatetagmènoi
pÐnakec   gia suntomÐa GCO(p-k,k) .

Parak�tw dÐnetai èna par�deigma pou afor� se pÐnaka thc morf c (2.2).

Par�deigma 2.1 S' autì to par�deigma dÐnetai o block Jacobi pÐnakac enìc
pÐnaka A èstw

B =




O O B1,3 O O
O O O B2,4 O
O O O O B3,5

B4,1 O O O O
O B5,2 O O O



. (2.4)

(UpenjumÐzetai ìti oi block diag¸nioi upopÐnakec tou B eÐnai tetragwnikoÐ afoÔ
autì apoteleÐ mÐa apì tic aparaÐthtec proôpojèseic gia th Ôparx  tou.)
Tìte to gr�fhma tou B eÐnai

Pπ(1) 7→ Pπ(3) 7→ Pπ(5) 7→ Pπ(2) 7→ Pπ(4) 7→ Pπ(1)

O A eÐnai 5-kuklikìc, kai autì prokÔptei apì to block kateujunìmeno gr�fhma
tou pÐnaka B pou eÐnai kuklikì deÐkth p, ìpou p = 5. O A m�lista eÐnai
epiplèon GCO(p-k,k) me k = 2.

2.3 Qr simec idiìthtec twn kateujunìmenwn grafhm�-
twn

Katarq n ta block kateujunìmena graf mata gia tic dun�meic enìc pÐnaka
A mporoÔn apl� na prokÔyoun apì to block kateujunìmeno gr�fhma Gπ(A)
tou pÐnaka A.
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Autì isqÔei diìti to block kateujunìmeno gr�fhma gia ton pÐnaka Ar, r ≥
1, eÐnai to kateujunìmeno gr�fhma pou sqhmatÐzetai jewr¸ntac san monop�-
tia m kouc mon�dac s' autì, ìla ta kateujunìmena monop�tia tou Gπ(A)
pou èqoun m koc akrib¸c r. Me �lla lìgia, gia to kateujunìmeno monop�ti−−−−−−−→
Pπ(i)Pπ(l1),

−−−−−−−−→
Pπ(l1)Pπ(l2), . . . ,

−−−−−−−−−−−−−→
Pπ(lr−1)Pπ(lr = j), pou brÐsketai sto gr�fhma

Gπ(A), en¸noume kateujeÐan ton kìmbo Pπ(i) me ton Pπ(j) me èna kateujunì-
meno tìxo proc ton Pπ(j) m kouc 1 gia to kateujunìmeno gr�fhma Gπ(Ar).

Me thn parap�nw parat rhsh mporoÔn na exaqjoÔn sumper�smata gia th
morf  tou pÐnaka Bp, ìtan B eÐnai o block Jacobi pÐnakac enìc pÐnaka thc mor-
f c (2.2),   genikìtera ìtan eÐnai pÐnakac thc morf c (2.3) me tetragwnikoÔc
block diag¸niouc upopÐnakec. Ja èqoume loipìn ìti to gr�fhma Gπ(B) apo-
teleÐtai apì kleist� monop�tia pou xekinoÔn kai katal goun ston Ðdio kìmbo
kai èqoun thn ex c morf 

Pπ(i) −→ Pπ(k + i(modp)) −→ Pπ(2k + i(modp))
‖ ↙

Pπ(pk+i(modp))← Pπ((p− 1)k+i(modp))← · · ·
i ∈ {1, . . . , p}

(2.5)

UposhmeÐwsh 2.1 Ston tÔpo (2.5) ìpou parousi�zetai deÐkthc kìmbou me upìloipo
modp Ðso me 0, autìn to deÐkth ton jewroÔme Ðso me p.

'Ara to gr�fhma Gπ(Bp) apoteleÐtai apì p xèna kleist� monop�tia m kouc 1.
To k�je èna apì aut� antistoiqeÐ se ènan kìmbo tou Gπ(B) kai xekin� kai
katal gei s' autìn. Me lÐga lìgia o Bp eÐnai diag¸nioc.

Ta parap�nw mporoÔme na ta sunoyÐsoume sthn ex c prìtash:

Prìtash 2.1 An B eÐnai pÐnakac thc morf c (2.3), me tetragwnikoÔc block
diag¸niouc upopÐnakec, tìte o Bp eÐnai block diag¸nioc, me diag¸niouc upopÐ-
nakec touc

B̃ii = Bi,k+i(modp)Bk+i(modp),2k+i(modp) . . . B(p−1)k+i(modp),i i ∈ {1, . . . , p}.
(2.6)

H UposhmeÐwsh 2.1 isqÔei kai gia touc deÐktec tou tÔpou (2.6).

Gia na katast soume safèstera ta parap�nw ja parousi�soume èna pa-
r�deigma me ton pÐnaka tou ParadeÐgmatoc 2.1.

Par�deigma 2.2 'Eqoume ìti o A eÐnai GCO(3, 2) kai o block Jacobi tou A
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eÐnai

B =




O O B1,3 O O
O O O B2,4 O
O O O O B3,5

B4,1 O O O O
O B5,2 O O O



. (2.7)

To gr�fhma tou B eÐnai

Gπ(B) = Pπ(1) 7→ Pπ(3) 7→ Pπ(5) 7→ Pπ(2) 7→ Pπ(4) 7→ Pπ(1).

'H poio parastatik�

Pπ(1) −→ Pπ(3) −→ Pπ(5)
Gπ(B) : ↑ ↙

Pπ(4) ←− Pπ(2)
(2.8)

'Ara gia na sqhmatÐsoume to Gπ(Bp) paÐrnoume ta kleist� monop�tia pou
emfanÐzontai s' autì kai èqoun m koc p:

−−−−−−−→
Pπ(1)Pπ(3),

−−−−−−−→
Pπ(3)Pπ(5),

−−−−−−−→
Pπ(5)Pπ(2),

−−−−−−−→
Pπ(2)Pπ(4),

−−−−−−−→
Pπ(4)Pπ(1) (2.9)

−−−−−−−→
Pπ(2)Pπ(4),

−−−−−−−→
Pπ(4)Pπ(1),

−−−−−−−→
Pπ(1)Pπ(3),

−−−−−−−→
Pπ(3)Pπ(5),

−−−−−−−→
Pπ(5)Pπ(2) (2.10)

−−−−−−−→
Pπ(3)Pπ(5),

−−−−−−−→
Pπ(5)Pπ(2),

−−−−−−−→
Pπ(2)Pπ(4),

−−−−−−−→
Pπ(4)Pπ(1),

−−−−−−−→
Pπ(1)Pπ(3) (2.11)

−−−−−−−→
Pπ(4)Pπ(1),

−−−−−−−→
Pπ(1)Pπ(3),

−−−−−−−→
Pπ(3)Pπ(5),

−−−−−−−→
Pπ(5)Pπ(2),

−−−−−−−→
Pπ(2)Pπ(4) (2.12)

−−−−−−−→
Pπ(5)Pπ(2),

−−−−−−−→
Pπ(2)Pπ(4),

−−−−−−−→
Pπ(4)Pπ(1),

−−−−−−−→
Pπ(1)Pπ(3),

−−−−−−−→
Pπ(3)Pπ(5) (2.13)

kai en¸noume se k�je èna apì aut� ton pr¸to me to, teleutaÐo kìmbo, pou
tautÐzontai, kai èqoume

Gπ(Bp) = {Pπ(1)↔ Pπ(1), Pπ(2)↔ Pπ(2),
Pπ(3)↔ Pπ(3), Pπ(4)↔ Pπ(4), Pπ(5)↔ Pπ(5)} (2.14)
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Sthn perÐptws  mac o Bp ja eÐnai

Bp =




B1,3B3,5B5,2B2,4B4,1 O O O O
O B2,4B4,1B1,3B3,5B5,2 O O O
O O B3,5B5,2B2,4B4,1B1,3 O O
O O O B4,1B1,3B3,5B5,2B2,4 O
O O O O B5,2B2,4B4,1B1,3B3,5




(2.15)

Ston epìmeno orismì ja doÔme poia akrib¸c eÐnai h ènnoia tou sunep¸c
diatetagmènou pÐnaka, pou sunant same ston orismì twn GCO(p-k,k) pin�-
kwn, mìno ìmwc sthn apl  perÐptwsh pou k = 1, kai ìpwc èqei dojeÐ apì ton
Varga sto [Va] (sel. 115). O akrib c orismìc thc ènnoiac tou ��genikeumènou
sunep¸c diatetagmènou�� up�rqei sto biblÐo tou Young [Ya] (Kef. 13), all�
em�c se aut  thn ergasÐa den ja mac apasqol sei.

Orismìc 2.6 E�n o pÐnakac A sthn (1.25) eÐnai p-kuklikìc, tìte lème ìti
eÐnai sunep¸c diatetagmènoc e�n oi idiotimèc tou pÐnaka

B(a) := aE + a−(p−1)F

eÐnai anex�rthtec tou a, gia a 6= 0, ìpou, jewr¸ntac th di�spash (1.27) tou
A, èqoume jèsei E := D−1L, F := D−1U , kai �ra o block Jacobi pÐnakac tou
A eÐnai o B = E + F ).

Prìtash 2.2 Ac upojèsoume t¸ra ìti o A eÐnai p-kuklikìc pÐnakac thc mor-
f c

A =




A1,1 O · · · O A1,p

A2,1 A2,2 O O
O A3,2 O O

. . .
O O · · · Ap,p−1 Ap,p



, (2.16)

me tetragwnikoÔc kai antistrèyimouc diag¸niouc upopÐnakec. Tìte o A eÐnai
sunep¸c diatetagmènoc.
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Apìdeixh: O block Jacobi pÐnakac tou A eÐnai thc morf c (2.1). Dhlad 

B =




O O · · · O B1,p

B2,1 O O O
O B3,2 O O

. . .
O O · · · Bp,p−1 O




(2.17)

opìte èqw

B(a) =




O O · · · O a−(p−1)B1,p

aB2,1 O O O
O aB3,2 O O

. . .
O O · · · aBp,p−1 O




(2.18)

Efìson oi pÐnakec (2.17) kai (2.18) eÐnai kai oi dÔo thc morf c (2.3) (me
k = p−1), qrhsimopoi¸ntac thn Prìtash 2.1 kai k�nontac pr�xeic brÐskoume
ìti

Bp(a) = Bp =

=




B1,pBp,p−1 . . . B2,1 O . . . O
O B2,1B1,pBp,p−1 . . . B3,2 O
... . . . ...

O
O O . . . Bp,p−1Bp−1,p−2 . . . B1,p




(2.19)

gia ìla ta a 6= 0. Gia tuqaÐa idiotim  λ tou B(a) èqoume ìti h λp eÐnai idiotim 
tou Bp(a). 'Ara λp eÐnai idiotim  kai tou Bp. Epomènwc h λp eÐnai anex�rthth
tou a. 'Omwc tìte kai h λ eÐnai anex�rthth tou a. OdhgoÔmaste ètsi sto
sumpèrasma ìti oi pÐnakec pou èqoun th morf  (2.16) eÐnai p-kuklikoÐ kai
sunep¸c diatetagmènoi . �

KleÐnontac autì to kef�laio dÐnoume dÔo polÔ sumantikèc parathr seic,
ek twn opoÐwn h pr¸th èqei to qarakt ra upenjÔmishc.

Parat rhsh 2.1 'Oloi oi parap�nw orismoÐ kai ènnoiec isqÔoun upì thn pro-
ôpìjesh ìti ta diag¸nia blocks tou A eÐnai pÐnakec tetragwnikoÐ kai antistrèyi-
moi. Aut  h proôpìjesh jewreÐtai ìti isqÔei diìti ètsi exasfalÐzetai h Ôparxh
tou epanalhptikoÔ pÐnaka Jacobi.
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Parat rhsh 2.2 Oi pÐnakec pou èqoun th morf  (2.2), kai sthn gl¸ssa tou
Young ìpwc eÐdame lègontai GCO(p-k,k), den eÐnai aparaÐthta p-kuklikoÐ.
Sto Kef�laio 3.2 ja doÔme pìte sumbaÐnei autì, kaj¸c kai pìte eÐnai p-
kuklikoÐ. Em�c ja mac apasqol soun oi p-kuklikoÐ GCO(p-k,k) pÐnakec.
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3 EÔresh sqèshc idiotim¸n twn Block epana-
lhptik¸n pin�kwn Jacobi kai SOR gia p-
kuklikoÔc pÐnakec

3.1 PerÐptwsh block p-kuklikoÔ pÐnaka thc morf c
GCO(p-1,1)

H pr¸th perÐptwsh pou ja melethjeÐ kai katìpin ja proqwr soume sthn
pio genik  eÐnai aut  tou pÐnaka thc morf c

A =




A1,1 A1,2 O . . . O

O A2,2 A2,3 . . .
...

O O A3,3
. . . O

... ... . . . . . . Ap−1,p

Ap,1 O . . . O Ap,p



, (3.1)

ìpou oi block upopÐnakec thc kÔriac diagwnÐou tou A eÐnai antistrèyimoi.
OrÐzoume thn (D,L, U) di�spash tou pÐnaka A wc ex c: A = D − L− U ,

me D, ìpwc sthn (1.26), antistèyimo,

−L =




O . . . . . . O
... . . . ... ...
O O . . . O
Ap,1 O . . . O


 , (3.2)

ìpou o −L eÐnai k�tw trigwnikìc me monadikì mh mhdenikì upopÐnaka ton Ap,1,
kai

−U =




O A1,2 . . . O
... . . . . . . ...
O O . . . Ap−1,p

O O . . . O


 (3.3)

ìpou oi monadikoÐ mh mhdenikoÐ upopÐnakec tou −U eÐnai autoÐ p�nw apì thn
kÔria diag¸nio.

Jètontac t¸ra E = D−1L kai F = D−1U . O block Jacobi pÐnakac B tou
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A eÐnai o B = E + F pou èqei th morf 

B =




O B1,2 . . . O
... . . . . . . ...
O O . . . Bp−1,p

Bp,1 O . . . O


 . (3.4)

Profan¸c èqoume

E =




O O . . . O
... ... ... ...
O O . . . O
Bp,1 O . . . O


 , (3.5)

F =




O B1,2 . . . O
... . . . . . . ...
O O . . . Bp−1,p

O O . . . O


 . (3.6)

T¸ra eÐmaste se jèsh na diatup¸soume kai na apodeÐxoume to je¸rhma pou
mac dÐnei th sqèsh metaxÔ twn idiotim¸n tou block Jacobi epanalhptikoÔ pÐnaka
B kai tou antÐstoiqou thc block SOR mejìdou, gia ton pÐnaka A, ìpwc autìc
dìjhke sthn (3.1).

Je¸rhma 3.1 'Estw ì,ti o A eÐnai ènac block p-kuklikìc pÐnakac, ìpwc sthn
(3.1), me antistrèyimouc diag¸niouc upopÐnakec. E�n èqoume ω 6= 0 kai λ 6= 0
eÐnai idiotim , tou epanalhptikoÔ pÐnaka thc block SOR mejìdou, Lω, tìte to
µ pou ikanopoieÐ th sqèsh

(λ+ ω − 1)p = λωpµp, (3.7)

eÐnai idiotim  tou block Jacobi pÐnaka B pou dÐnetai sthn (3.4). AntÐstrofa,
an µ eÐnai idiotim  tou block Jacobi pÐnaka B kai λ 6= 0 ikanopoieÐ thn (3.7)
tìte to λ eÐnai idiotim  tou Lω.
Apìdeixh: 'Eqoume gia ton pÐnaka thc SOR ìti

Lω = (D − ωL)−1 ((1− ω)D + ωU) . (3.8)

S' aut  th sqèsh antikajistoÔme ta L kai U me ta DE kai DF, antÐstoiqa,
afoÔ diìti E = D−1L ⇒ L = DE, F = D−1U ⇒ U = DF . 'Etsi h (3.8)
metall�ssetai sthn

Lω = (I − ωE)−1 ((1− ω)I + ωF ) . (3.9)
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'Estw loipìn λ idiotim  tou Lω kai y to antÐstoiqo idiodi�nusma (mh mh-

denikì di�nusma). SumbolÐzoume me: y =




y1

y2
...
yp


 , ìpou o block diaqwrismìc

tou y èqei gÐnei me b�sh autì tou pÐnaka A. Tìte èqoume

Lωy = λy ⇔ (3.10)
⇔ (I − ωE)−1 ((1− ω)I + ωF ) y = λy

⇔ ((1− ω)I + ωF ) y = (I − ωE)λy

⇔ (λ+ ω − 1)Iy = (λωE + ωF )y (3.11)

H parap�nw sqèsh se morf  pin�kwn eÐnai



(λ+ ω − 1)I1 O . . . O
O (λ+ ω − 1)I2 O
... . . . ...
O (λ+ ω − 1)Ip







y1

y2
...
yp


 =

=




O ωB1,2 . . . O
... . . . . . . ...
O . . . . . . ωBp−1,p

λωBp,1 . . . . . . O







y1

y2
...
yp




(3.12)

'Olec oi idiotimèc tou Lω eÐnai oi rÐzec tou qarakthristikoÔ tou poluwnÔmou

φ(t) = det(tI − Lω ), (3.13)

to opoÐo, apì tic (3.10)-(3.11), eÐnai Ðso me

φ(t) = det ((t+ ω − 1)I − tωE − ωF ) . (3.14)

SumbolÐzontac p�nta me λ mÐa idiotim  tou Lω jètoume

B̃ := λωE+ωF =




O B̃1,2 . . . O
... . . . . . . ...
O . . . . . . B̃p−1,p

B̃p,1 . . . . . . O


 =




O ωB1,2 . . . O
... . . . . . . ...
O . . . . . . ωBp−1,p

λωBp,1 . . . . . . O


 .

(3.15)
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O B̃p, apì thn Prìtash 2.1, eÐnai diag¸nioc kai upologÐzont�c ton brÐskoume

B̃p =

=




B̃1,2B̃2,3 . . . B̃p−1,pBp,1 O . . . O

O B̃2,3B̃3,4 . . . B̃p−1,pB̃p,1B̃1,2 O

... . . .

O O . . . B̃p,1B̃1,2 . . . B̃p−1,p




=




λωpB1,2B2,3 . . . Bp−1,pBp,1 O . . . O

O λωpB2,3B3,4 . . . Bp−1,pBp,1B1,2 O

... . . .

O O . . . λωpBp,1B1,2 . . . Bp−1,p




= λωp




B1,2B2,3 . . . Bp−1,pBp,1 O . . . O

O B2,3B3,4 . . . Bp−1,pBp,1B1,2 O

... . . .

O O . . . Bp,1B1,2 . . . Bp−1,p




(3.16)
EpÐshc p�li apì thn Prìtash 2.1 o Bp eÐnai diag¸nioc kai

Bp =

=




B1,2B2,3 . . . Bp−1,pBp,1 O . . . O

O B2,3B3,4 . . . Bp−1,pBp,1B1,2 O

... . . .

O O . . . Bp,1B1,2 . . . Bp−1,p




(3.17)
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'Ara
B̃p = λωpBp. (3.18)

Epeid  λ, ω 6= 0, èqoume o pÐnakac ( 1
λ1/pω

B̃)p eÐnai Ðsoc me ton Bp. 'Ara o
1

λ1/pω
B̃ èqei tic Ðdiec, anex�rthtec apì ta λ, ω, idiotimèc me autèc tou B.

σ(B̃) = σ(λ1/pωB), (3.19)

ìpou σ(·) sumbolÐzei to f�sma twn idiotim¸n enìc pÐnaka. Sundu�zontac t¸ra
tic (3.14) kai (3.19) èqoume ìti to qarakthristikì polu¸numo tou Lω eÐnai to

φ(t) = det
(
(t+ ω − 1)I − t1/pωB) . (3.20)

S' autì to shmeÐo paremb�lletai èna je¸rhma pou eÐnai aparaÐthto gia th
sunèqeia.

Je¸rhma 3.2 (Romanovski) 'Estw ìti C eÐnai ènac n× n asjen¸c kukli-
kìc pÐnakac deÐkth k > 1. Tìte to qarakthristikì polu¸numo tou C eÐnai

φ(t) = det(tI − C) = tm
r∏
i=1

(tk − σki ), (3.21)

ìpou m+ rk = n, kai σi ìlec oi mh mhdenikèc idiotimèc tou C. (blèpe kai ([Va]
sel. 44) ).

Gia touc pÐnakec B kai λ1/pωB ìti gnwrÐzoume lìgw thc morf c touc
eÐnai asjen¸c kuklikoÐ me deÐkth p. 'Etsi efarmìzontac to Je¸rhma tou
Romanovski sthn (3.20) èqoume telik� ìti to qarakthristikì polu¸numo tou
Lω eÐnai

φ(t) = (t+ ω − 1)m
r∏
i=1

((t+ ω − 1)p − tωpµpi ) , (3.22)

ìpou

• n× n eÐnai h di�stash tou A, �ra kai tou λ1/pωB, kai m+ rp = n.

• Ta µi eÐnai oi idiotimèc tou B kai eÐnai mh mhdenikèc ìtan r ≥ 1.

EÐmaste ètoimoi t¸ra na apodeÐxoume tic dÔo kateujÔnseic tou jewr matoc:

(i) 'Estw loipìn ìti µ eÐnai idiotim  tou block Jacobi pÐnaka B, kai èstw ìti
h λ ikanopoieÐ thn (3.7). Tìte k�poioc apì touc par�gontec thc (3.22)
mhdenÐzetai, pr�gma pou apodeiknÔei ìti h λ eÐnai idiotim  tou Lω .'Etsi
oloklhr¸netai h mÐa kateÔjunsh tou jewr matoc.
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(ii) Gia thn antÐstrofh kateÔjunsh upojètoume ìti ω 6= 0, kai ìti h λ
eÐnai mÐa mh mhdenik  idiotim  tou pÐnaka Lω . Tìte toul�qiston ènac
par�gontac thc (3.22) mhdenÐzetai.

• E�n µ 6= 0 kai µ ikanopoieÐ thn (3.7), tìte (λ+ω− 1) 6= 0. Opìte

(λ+ ω − 1)p = λωpµpi

gia k�poia i, 1 ≤ i ≤ r ìpou µi mh mhdenik�. Sundu�zontac autì
to apotèlesma me thn (3.7) èqoume ìti

λωp(µp − µpi ) = 0. (3.23)

Efìson ta λ, ω eÐnai mh mhdenik� tìte µp = µpi . PaÐrnontac tic
p-ostèc rÐzec èqoume

µ = µie
2πr/p, (3.24)

me to r na eÐnai ènac akèraioc pou ikanopoieÐ thn 0 ≤ r < p. All�
p�li apì thn asjen  kuklikìthta tou B kai lìgw tou Jewr matoc
3.2 èqoume ìti h µ eÐnai idiotim  tou B.
• E�n µ = 0 ikanopoieÐ thn (3.7) tìte èqoume (λ+ω− 1) = 0, opìte

h (3.20) mac dÐnei φ(λ) = det(λ1/pωB) = 0 ⇒ detB = 0 dhlad  h
µ = 0 eÐnai idiotim  tou B.

'Etsi oloklhr¸netai kai h apìdeixh thc antÐstrofhc kateÔjunshc tou
jewr matoc. �

Se autì to shmeÐo prèpei na anafèroume ìti pr¸toc o Young to 1950, (bl.
[Ya50]), eis gage ton orismì twn 2-kuklik¸n sunep¸n diatetagmènwn pin�kwn
kai èdeixe thn eidik  perÐptwsh tou Jewr matoc 3.1 ìpou to p = 2. O Varga
to 1959, (bl.[Va59]), genÐkeuse ton orismì pou eÐqe d¸sei o Young, mil¸ntac
plèon gia p-kuklikoÔc pÐnakec kai èdeixe to Je¸rhma 3.1, gia k�je p ≥ 3.

3.2 PerÐptwsh block p-kuklikoÔ pÐnaka GCO(p-k,k)

Sto shmeÐo autì ja k�noume mÐa parat rhsh ìson afor� touc pÐnakec
pou eÐnai thc morf c pou melet�tai s' autì to kef�laio, ta sumper�smata thc
opoÐac ja isqÔoun genikìtera apì ed¸ kai sto ex c.

Parat rhsh 3.1 Ston GCO(p − k, k) pÐnaka pou èqoume dei mèqri t¸ra
(morf  (2.2) ) an ta p kai k den eÐnai pr¸ta metaxÔ touc, dhlad  an up�rqei
r ∈ N tètoio ¸ste p = rp̃ kai k = rk̃ kai r eÐnai mègistoc koinìc diairèthc
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twn p, k ( opìte ta p̃, k̃ eÐnai pr¸ta metaxÔ touc ), tìte apì ton tÔpo tou
graf matoc Gπ(B) tou B ìpwc dÐnetai sthn (2.5) faÐnetai ìti autì apoteleÐtai
apì r xeqwrist� kleist� kuklik� monop�tia m kouc p̃.
'Ara aut� mporoÔn na grafoÔn kalÔtera kai san

Pπ(i) −→ Pπ(k̃ + i(modp̃)) −→ Pπ(2k̃ + i(modp̃))
‖ ↙

Pπ(p̃k̃+i(modp̃))← Pπ((p̃− 1)k̃+i(modp̃))← · · ·
i ∈ {1, . . . , p̃}

(3.25)
ìpou to k�je èna apì aut� ja eÐnai mÐa anakÔklwsh apì ènan kìmbo sto-
n eautì tou kai ja pern� apì ìlouc touc kìmbouc tou Gπ(B). 'Ara gia k�je
i ∈ {1, . . . , p̃} o tÔpoc (3.25) eÐnai ousiastik� to Ðdio monop�ti kai apoteleÐ olì-
klhro to Gπ(B). Ta parap�nw qrhsimopoiìntac to Je¸rhma 2.2 mac odhgoÔn
sta ex c sumper�smata.

• O B den eÐnai p-kuklikìc.

• AntÐjeta me to prohgoÔmeno oB eÐnai p̃-kuklikìc kai oBp̃ eÐnai diag¸nioc
me diag¸niouc upopÐnakec touc

˜̃Bii = Bi,k̃+i(modp̃)Bk̃+i(modp̃),2k̃+i(modp̃) . . . B(p̃−1)k̃+i(modp̃),i, i ∈ {1, . . . , p̃},
(3.26)

ìpou oi Bi,k̃+i(modp̃) , Bk̃+i(modp̃), 2k̃+i(modp̃) , . . . , B(p̃−1)k̃+i(modp̃),i eÐnai
ìloi oi mh mhdenikoÐ upopÐnakec tou B, ∀ i ∈ {1, . . . , p̃}.

Epomènwc ton GCO(p − k, k) pÐnaka mporoÔme na ton jewroÔme apì t¸-
ra kai sto ex c san GCO(p̃− k̃, k̃) p̃-kuklikì pÐnaka, epanadiaqwrÐzont�c ton.

SÔmfwna me ta parap�nw loipìn, sto ex c ìtan anaferìmaste
se GCO(p-k,k)pÐnakec, ja ennooÔme ìti ta p, k, eÐnai pr¸ta metaxÔ
touc, o tÔpoc (2.5) ja apoteleÐ olìklhro to gr�fhma Gπ(B) kai ja
sqhmatÐzei mÐa akrib¸c anakÔklwsh tou k�je kìmbou ston eautì
tou.

Sth sunèqeia dÐnetai èna par�deigma epanadiaqwrismoÔ, ìpwc anafèrjhke
sthn Parat rhsh 3.1.

Par�deigma 3.1 'Estw ìti o pÐnakac A, eÐnai GCO(3, 6). SÔmfwna me thn
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Parat rhsh 3.1 o A eÐnai kai 3-kuklikìc GCO(1, 2). 'Eqoume dhlad 

B =




O O O O O O B1,7 O O
O O O O O O O B2,8 O
O O O O O O O O B3,9

B4,1 O O O O O O O O
O B5,2 O O O O O O O
O O B6,3 O O O O O O
O O O B7,4 O O O O O
O O O O B8,5 O O O O
O O O O O B9,6 O O O




=




O O B̌1,3

B̌2,1 O O
O B̌3,2 O




(3.27)

Me B̌1,3 =



B1,7 O O
O B2,8 O
O O B3,9


, B̌2,1 =



B4,1 O O
O B5,2 O
O O B6,3


 kai

B̌3,2 =



B7,4 O O
O B8,5 O
O O B9,6


 .

ParathroÔme ìti oi diag¸nioi upopÐnakec tou B sth morf  pou ton jewroÔme
GCO(1, 2), sth sqèsh (3.27), eÐnai tetragwnikoÐ.

T¸ra loipìn mporoÔme na xekin soume thn anaz thsh gia thn eÔresh sqè-
shc antÐstoiqhc me aut n tou Jewr matoc 3.1 sth genikìterh perÐptwsh pÐ-
naka thc morf c

A =




A1,1 O . . . O A1,k+1 O . . . O
O A2,2 . . . O O A2,k+2 . . . O
... ... . . . ... ... ... . . . ...
O O . . . . . . . . . . . . Ap−k,p

Ap−k+1,1 O . . . O . . . O . . . O
... ... ... ... ... . . . ...
O O . . . Ap,k O O . . . Ap,p




, (3.28)

ìpou k ∈ {1, . . . , p − 1}, ta p, k eÐnai pr¸ta metaxÔ touc kai oi Ai,i eÐnai te-
tragwnikoÐ kai antistrèyimoi upopÐnakec tou A. Dhlad  o A eÐnai p-kuklikìc
GCO(p− k, k).
Gia k = 1 èqw thn eidik  perÐptwsh pÐnaka tou KefalaÐou 3.1.

'Opwc akrib¸c kai sto Kef�laio 3.1 arqÐzoume orÐzontac thn (D,L, U)
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di�spash tou pÐnaka A. 'Eqoume loipìn A = D − L− U kai

D =




A1,1 O . . . O

O A2,2
...

... . . . O
O . . . O Ap,p


 , (3.29)

−L =




O . . . O
... . . . ...

Ap−k+1,1
... . . .
O Ap,k . . . O



, (3.30)

−U =




O . . . A1,k+1 . . . O
... . . . . . . ...
O Ap−k,p
... ...
O O . . . O



. (3.31)

EpÐshc èqoume E = D−1L kai F = D−1U me ton block Jacobi pÐnaka B tou
A na eÐnai B = E + F kai

E =




O . . . . . . . . . O
... . . . . . . . . .

...
Bp−k+1,1 . . . . . .

...
... . . . . . .

. . . ...
O . . . Bp,k . . . O



, (3.32)

F =




O . . . B1,k+1 . . . O
... . . . . . . ... ...
O O

. . . O Bp−k,p
... ... ... . . . ...
O O . . . . . . O



. (3.33)

Gia ton A loipìn sthn (3.28) to antÐstoiqo je¸rhma tou 3.1 eÐnai to:

Je¸rhma 3.3 'Estw ì,ti o A eÐnai GCO(p-k,k) pÐnakac, dhlad  ìpwc sthn
(3.28), me antistrèyimouc diag¸niouc upopÐnakec. E�n ω 6= 0 kai λ 6= 0
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eÐnai mia idiotim  tou block epanalhptikoÔ pÐnaka Lω thc SOR mejìdou pou
antistoiqeÐ ston A, tìte to µ pou ikanopoieÐ thn

(λ+ ω − 1)p = λkωpµp, (3.34)

eÐnai idiotim  tou block Jacobi pÐnaka B. AntÐstrofa an µ eÐnai idiotim  tou
block Jacobi pÐnaka B tou A kai λ 6= 0 ikanopoieÐ thn (3.34), tìte h λ eÐnai
idiotim  tou Lω.
Apìdeixh: Ta b mata pou ja akolouj soume eÐnai ta Ðdia me aut� sthn a-
pìdeixh tou Jewr matoc 3.1. O Lω eÐnai ìpwc sthn (3.9). EpÐshc an λ
eÐnai idiotim  tou Lω kai y to antÐstoiqo idiodi�nusma, tìte h isodunamÐa
Lωy = λy ⇔ (λ + ω − 1)y = (λωE + ωF )y, pou ìpwc eÐdame apì tic (3.10)
kai (3.11), ja mac odhg sei sthn antÐstoiqh isìthta thc (3.12), pou eÐnai




(λ+ ω − 1)I1 O . . . O
O (λ+ ω − 1)I2 O
... . . . ...
O (λ+ ω − 1)Ip







y1

y2
...
yp


 =

=




O O . . . O ωB1,k+1 O . . . O
O O . . . O O ωB2,k+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . ωBp−k,p

λωBp−k+1,1 O . . . O . . . O
... ... ... ...
O O . . . λωBp,k O O . . . O







y1

y2
...
yp




(3.35)
'Opwc prohgoumènwc ìlec oi idiotimèc tou Lω , eÐnai oi rÐzec tou qarakth-

ristikoÔ tou poluwnÔmou

φ(t) = det(tI − Lω ), (3.36)

to opoÐo, apì tic (3.10) kai (3.11), eÐnai Ðso me

φ(t) = det ((t+ ω − 1)I − tωE − ωF ) . (3.37)

ParathroÔme apì thn Prìtash 2.1 ìti oi pÐnakec

B̃ii := Bi,k+i(modp)Bk+i(modp),2k+i(modp) . . . B(p−1)k+i(modp),i,
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eÐnai oi diag¸nioi upopÐnakec tou Bp. EpÐshc, an

B̃ =




O O . . . O ωB1,k+1 O . . . O
O O . . . O O ωB2,k+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . ωBp−k,p

λωBp−k+1,1 O . . . O . . . O
... ... ... ...
O O . . . λωBp,k O O . . . O




,

(3.38)
tìte p�li apì thn Prìtash 2.1 efarmosmènh ston B̃ èqoume ìti

B̃p = λkωpBp. (3.39)

H (3.39) mac odhgeÐ sthn

σ(B̃) = σ(λk/pωB), (3.40)

h apìdeixh thc opoÐac eÐnai Ðdia me aut n thc (3.19). Sundu�zontac t¸ra thn
(3.37) me thn (3.40) èqoume ìti to qarakthristikì polu¸numo tou Lω eÐnai

φ(t) = det
(
(t+ ω − 1)I − tk/pωB) . (3.41)

Efarmìzontac to Je¸rhma Romanovski, Je¸rhma 3.2, ston B, opìte gia
t 6= 0 paÐrnoume apì thn (3.41) to polu¸numo

φ(t) = (t+ ω − 1)m
r∏
i=1

(
(t+ ω − 1)p − tkωpµpi

)
, (3.42)

ìpou n × n eÐnai h di�stash tou B, m + rp = n kai ta µi eÐnai oi idiotimèc
tou B kai eÐnai mh mhdenikèc ìtan r ≥ 1. Oi rÐzec tou (3.42) mac dÐnoun ìlec
tic mh mhdenikèc idiotimèc tou Lω . Akolouj¸ntac t¸ra akrib¸c ta b mata (i)
kai (ii) thc apìdeixhc tou Jewr matoc 3.1 all� qrhsimopoi¸ntac, ìpou qrei�-
zetai, antÐ gia touc tÔpouc (3.7), (3.20), (3.22), touc (3.34), (3.41), (3.42),
antÐstoiqa, oloklhr¸netai h apìdeix  mac. �

KleÐnontac autì to kef�laio ja prèpei na poÔme ìti to Je¸rhma 3.3 pou
ousiastik� eÐnai h genik  perÐptwsh tou Jewr matoc 3.1, apodeiknÔetai apì
touc Verner kai Bernal sto [VeBe68], en¸ up�rqei kai ston Varga [Va].
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4 Perioqèc sÔgklishc thc Block SOR mejì-
dou gia p-kuklikoÔc pÐnakec

S' autì to kef�laio asqoloÔmaste me to prìblhma tou kajorismoÔ twn
perioq¸n sÔgklishc thc SOR mejìdou gia th lÔsh susthm�twn grammik¸n
exis¸sewn thc morf c Ax = b, ìpou o A eÐnai ènac block p-kuklikìc pÐnakac
thc morf c (3.28), dhlad  GCO(p−k, k) me k ∈ {1, . . . , p−1} kai p, k pr¸ta
metaxÔ touc. Gia ton A isqÔoun, loipìn, ìla ìsa anafèrontai sto Kef�laio
3.2.

'Estw t¸ra ìti me σ(·) sumbolÐzoume to f�sma twn idiotim¸n enìc pÐnaka
kai me ρ(·) th fasmatik  tou aktÐna. Jètoume ν = ρ(B), ìpou B eÐnai o block
Jacobi pÐnakac tou A (blèpe (2.3) ).

To er¸thma pou tÐjetai plèon eÐnai to akìloujo:
Gia poi� shmeÐa (ν, ω) tou (ν, ω)−epipèdou, ìlec oi rÐzec tou poluwnÔmou

me metablht  to λ pou prokÔptei apì thn (3.34) brÐskontai sto eswterikì tou
monadiaÐou kÔklou, pr�gma pou mac exasfalÐzei lìgw tou Jewr matoc 3.3 ìti
ìlec oi idiotimèc tou Lω eÐnai apìluta mikrìterec thc mon�dac

ρ(Lω) < 1, (4.1)

dhlad  ìti mèjodoc SOR gia ton A sugklÐnei?
Gia èna sugkekrimèno ω ∈ (0, 2), orÐzoume

f(λ) = (λ+ ω − 1)p − λkωpµp (4.2)

kai
g(λ) = (λ+ ω − 1)p. (4.3)

S' autì to shmeÐo k�noume mÐa parènjesh kai parajètoume èna je¸rhma
pou mac eÐnai gnwstì apì th Migadik  An�lush kai eÐnai apolÔtwc aparaÐthto
gia thn eÔresh twn perioq¸n sÔgklishc thc SOR mejìdou. (bl. [He])

Je¸rhma 4.1 (Rouché) 'Estw ìti oi f, g eÐnai analutikèc sunart seic se
apl� sunektikì tìpo Ω. An |f(z)| > |g(z) − f(z)| gia ìla ta shmeÐa z miac
apl c kleist c kat� tm mata leÐac kampÔlhc γ, h opoÐa brÐsketai mèsa sto
Ω, tìte h f kai h g èqoun ton Ðdio arijmì riz¸n mèsa sth γ (metr¸ntac kai
tic pollaplìthtec).

Sthn perÐptws  mac jètoume Ω := {λ ∈ C | |λ| ≤ 1}. Profan¸c oi f(λ)
kai g(λ) eÐnai analutikèc sto Ω sÔmfwna me touc orismoÔc touc stic (4.2) kai
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(4.3), antÐstoiqa. H g(λ) èqei ìlec tic rÐzec thc sto eswterikì tou Ω kai �ra
prokÔptei apì to Je¸rhma Rouché ìti gia k�je ν ≥ 0 gia to opoÐo isqÔei

|f(λ)− g(λ)| = |λ|p−kωpνp < |λ+ ω − 1|p = |g(λ)|, ∀λ ∈ ∂Ω, (4.4)

ìpou me ∂Ω sumbolÐzetai to sÔnoro tou sunìlou Ω, oi f(λ), g(λ) ja èqoun
ton Ðdio arijmì riz¸n mèsa sto Ω. 'Omwc efìson h f eÐnai polu¸numo tou
Ðdiou bajmoÔ me thn g, tìte ∀ν ≥ 0 tètoio ¸ste na isqÔei h (4.4), h f ja èqei
ìlec tic rÐzec thc mèsa sto Ω, dhlad  ja èqoume

σ(Lω) ⊂ Ω⇔ ρ(Lω) < 1. (4.5)

H anisìthta (4.4) eÐnai isodÔnamh me thn parak�tw

ωpνp < min
λ∈∂Ω

|λ+ ω − 1|p
|λ|p−k . (4.6)

'Omwc epeid  λ ∈ ∂Ω sunep�getai ìti |λ|p−k = 1 kai h (4.6) gÐnetai

ωpνp < min
λ∈∂Ω
|λ+ ω − 1|p (4.7)

Antikajist¸ntac to λ ∈ ∂Ω me x + iy, x, y ∈ R kai y2 = 1 − x2, sthn (4.7)
èqoume

|λ+ ω − 1|p = |(x+ ω − 1) + iy|p =

= ((x+ ω − 1)2 + 1− x2)
p
2 = [1 + (ω − 1)2 + 2(ω − 1)x]

p
2

'Ara katal goume telik� ìti h (4.4) eÐnai isodÔnamh me thn anisìthta

ωpνp < min
x∈[−1,1]

h(x, ω), (4.8)

ìpou
h(x, ω) := [1 + (ω − 1)2 + 2(ω − 1)x]

p
2 . (4.9)

QrhsimopoioÔme t¸ra thn (4.8) gia na broÔme ta ν ≥ 0 gia ta opoÐa isqÔei
h (4.4) kai katal goume sto je¸rhma pou parajètoume kai to opoÐo dÐnei
ta telik� sumper�smata gia ton kajorismì twn akrib¸n perioq¸n sÔgklishc
thc SOR mejìdou gia th lÔsh susthm�twn grammik¸n exis¸sewn thc morf c
Ax = b, ìpou o A eÐnai ènac block p-kuklikìc pÐnakac thc morf c (2.2),
dhlad  GCO(p− k, k).
Prin thn par�jesh tou jewr matoc eis�goume ton parak�tw sumbolismì pou
ja qrhsimopoioÔme efex c sthn ergasÐa mac.

Sumbolismìc: To sÔmbolo ∼ ja qrhsimopoieÐtai san sÔmbolo dimeloÔc
sqèshc

A ∼ B,

gia na dhl¸sei ìti oi posìthtec A, B to Ðdio prìshmo.
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Je¸rhma 4.2 'Estw A ènac block p-kuklikìc pÐnakac thc morf c (2.2), dh-
lad  GCO(p − k, k), kai èstw ìti ν = ρ(B), ìpou B o block Jacobi pÐnakac
tou A. Tìte me dedomèno ìti (ν, ω) ∈ R(p), èqoume ìti ρ(Lω) < 1. TonÐzetai
ìti R(p) eÐnai h perioq  sto (ν, ω)−epÐpedo pou dÐnetai apì

R := R(p, k) =

{
0 < ω ≤ 1, 0 ≤ ν < 1
1 ≤ ω < 2, 0 ≤ ν < 2−ω

ω

(4.10)

Apìdeixh: ArkeÐ na broÔme gia poia x h sun�rthsh h(x, ω) elaqistopoieÐtai.
'Eqoume

∂h(x, ω)

∂x
=

p

2
[1 + (ω − 1)2 + 2(ω − 1)x]

p
2
−12(ω − 1)

∼ (ω − 1)[1 + (ω − 1)2 + 2(ω − 1)x]
p
2
−1

= (ω − 1)[(x+ ω − 1)2 + 1− x2]
p
2
−1

Epeid  x ∈ [−1, 1] kai ω ∈ (0, 2) èqoume ìti (x+ ω − 1)2 + 1− x2 > 0. 'Ara

∂h(x, ω)

∂x
∼ (ω − 1) (4.11)

Apì thn (4.11) èqoume:

(i) 'Otan ω = 1 tìte h(x, ω) = 1 ∀x ∈ [−1, 1], opìte apì thn (4.8) paÐr-
noume

ν < 1, ω = 1 (4.12)

(ii) 'Otan ω ∈ (0, 1), h h(x, ω) eÐnai fjÐnousa (↘) wc proc x sto [−1, 1],
kai �ra paÐrnei thn el�qisth tim  gia x = 1. Opìte h (4.8) gÐnetai

ωpνp < h(1, ω), ω ∈ (0, 1)

= [1 + (ω − 1)2 + 2(ω − 1)]
p
2

= ωp ⇔
ωpνp < ωp, ω ∈ (0, 1) ⇔

ν < 1, ω ∈ (0, 1). (4.13)

Apì tic (4.12)-(4.13) èqoume telik� ìti

ν < 1, ω ∈ (0, 1] (4.14)
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(iii) 'Otan ω ∈ (1, 2), h h(x, ω) eÐnai aÔxousa (↗) wc proc x sto [−1, 1], kai
�ra paÐrnei thn el�qisth tim  thc gia x = −1. Opìte h (4.8) gÐnetai

ωpνp < h(−1, ω), ω ∈ (1, 2)

= [1 + (ω − 1)2 − 2(ω − 1)]
p
2

= ((ω − 2)2)
p
2

= ((2− ω)p ⇔
ωpνp < (2− ω)p, ω ∈ (1, 2) ⇔

ν <
(2− ω)

ω
, ω ∈ (1, 2) (4.15)

ParathroÔme s' autì to shmeÐo ìti limω→1+
(2−ω)
ω

= 1. 'Ara sundu�zo-
ntac autì to apotèlesma kai tic (4.12), (4.15) èqoume

ν <
(2− ω)

ω
, ω ∈ [1, 2) (4.16)

Oi (4.14) kai (4.16) eÐnai isodÔnamec me thn (4.4), gia ν ≥ 0. OdhgoÔmaste
ètsi sthn olokl rwsh thc apìdeixhc. �

KleÐnontac to Kef�laio k�noume thn ex c parat rhsh:

Parat rhsh 4.1 H perioq  R ìpou ρ(Lω ) < 1, dhlad  h perioq  sÔgkli-
shc gia thn block SOR epanalhptik  mèjodo, den exart�tai apì ta p, k tou
GCO(p-k,k) pÐnaka A tou grammikoÔ sust matoc to opoÐo melet�me.
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5 EÔresh sqèshc idiotim¸n twn Block epana-
lhptik¸n pin�kwn Jacobi kai SSOR gia p-
kuklikoÔc pÐnakec

5.1 Eisagwg  kai diatÔpwsh thc sqèshc twn idiotim¸n

O pÐnakac A pou ja mac apasqol sei s' autì to kef�laio jewroÔme ìti
eÐnai GCO(p−k, k). Dhlad , ìpwc o pÐnakac (3.28) me diag¸niouc upopÐnakec
tetragwnikoÔc kai p, k pr¸ta metaxÔ touc. 'Ara o antÐstoiqoc block Jacobi
pÐnakac B eÐnai o

B = E + F =

=




O O . . . O B1,k+1 O . . . O
O O . . . O O B2,k+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . Bp−k,p

Bp−k+1,1 O . . . O . . . O
... ... ... ...
O O . . . Bp,k O O . . . O




, (5.1)

ìpou E eÐnai ìpwc sthn (3.32) kai F ìpwc sthn (3.33), austhr� k�tw kai
austhr� �nw trigwnikoÐ pÐnakec, antÐstoiqa. O block epanalhptikìc pÐnakac
thc mejìdou SSOR dÐnetai ìpwc eÐdame kai sto pr¸to kef�laio sthn (1.24)
apì thn Sω = UωLω. Sundu�zontac autì me thn (3.9) èqoume

Sω = (I − ωF )−1 ((1− ω)I + ωE) (I − ωE)−1 ((1− ω)I + ωF ) (5.2)

Prìtash 5.1 O Sω eÐnai ìmoioc me ton pÐnaka

S̃ω = (I − ωE)−1 ((1− ω)I + ωE) (I − ωF )−1 ((1− ω)I + ωF ) . (5.3)

Apìdeixh: O Sω eÐnai ìmoioc me ton pÐnaka

(I − ωF ) Sω (I − ωF )−1 =

= ((1− ω)I + ωE) (I − ωE)−1 ((1− ω)I + ωF ) (I − ωF )−1. (5.4)

Epeid  oi E kai F eÐnai austhr� trigwnikoÐ, oi (I − ωE)−1, (I − ωF )−1

eÐnai poluwnumikèc ekfr�seic twn E kai F, antÐstoiqa, oi opoÐec brÐskontai
parak�tw stic (5.17) kai (5.14) kai sunep¸c antimetatÐjentai, sthn (5.4), me
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tic (1−ω)I+ωE kai (1−ω)I+ωF, antÐstoiqa. Epomènwc o (I−ωF ) Sω (I−
ωF )−1 eÐnai Ðsoc me ton pÐnaka

S̃ω = (I − ωE)−1 ((1− ω)I + ωE) (I − ωF )−1 ((1− ω)I + ωF ) (5.5)

'Ara o Sω eÐnai ìmoioc me ton S̃ω. �

Efex c ja qrhsimopoioÔme gia touc skopoÔc mac ton pÐnaka S̃ω epeid  èqei
tic Ðdiec idiotimèc me ton Sω all� eÐnai piì praktikìc sth qr sh tou. OrÐzontac

M(C) := (I − ωC)−1[(1− ω)I + ωC] (5.6)

gia k�je austhr� trigwnikì pÐnaka C, mporoÔme na gr�youme ton S̃ω kai san

S̃ω = M(E)M(F ). (5.7)

EÐmaste t¸ra se jèsh na diatup¸soume to je¸rhma pou dÐnei th sqèsh
metaxÔ twn idiotim¸n tou block Jacobi pÐnaka B kai tou epanalhptikoÔ pÐnaka
thc block SSOR mejìdou, dhlad  th sqèsh metaxÔ twn idiotim¸n tou B kai
tou pÐnaka S̃ω.

Shmei¸noume ed¸ ìti ja exetasteÐ h perÐptwsh ìpou gia ta k, p
isqÔoun ta ex c

p = qk + a, 1 ≤ a ≤ k, q ∈ N \ {1}, (5.8)

dhlad  k ≤ p/2.
H GenÐkeush ìpou to k ∈ {1, . . . , p−1}, ja gÐnei sto Kef�laio 5.3.

Je¸rhma 5.1 'Estw ì,ti o A eÐnai GCO(p-k,k) pÐnakac, dhlad  ìpwc sthn
(3.28), me antistrèyimouc diag¸niouc upopÐnakec. EpÐshc èstw ìti gia ta p, k
pou eÐnai pr¸ta metaxÔ touc isqÔei kai h k ≤ p/2. Tìte

• E�n λ 6= (1− ω)2 eÐnai idiotim  tou Sω kai µ ikanopoieÐ th sqèsh

[λ− (ω − 1)2]p = λk[λ− (ω − 1)]p−2k(2− ω)2kωpµp, (5.9)

tìte to µ eÐnai idiotim  tou block Jacobi pÐnaka B.

• AntÐstrofa, e�n µ eÐnai idiotim  tou B kai λ 6= (1− ω)2 ikanopoieÐ thn
(5.9), tìte h λ eÐnai idiotim  tou Sω .
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5.2 Apìdeixh Jewr matoc 5.1

'Eqoume

ωF =




O . . . ωB1,k+1 . . . O
... . . . . . . ...
O ωBp−k,p
... ...
O O . . . O




(5.10)

kai gia m ≤ q

(ωF )m = (5.11)

=




O . . . ωm(B
1,k+1

B
k+1,2k+1

· · ·B
(m−1)k+1,mk+1

) . . . O
. . .

... . . .

O ωm(B
y,k+y
· · ·B

(m−1)k+y,mk+y
)

... ...
O . . . . . . O




ìpou y = (q −m)k + a = p−mk. EpÐshc isqÔei ìti

(ωF )q+1 = O, (5.12)

opìte lìgw thc (5.12) èqoume

(I − ωF )[I + ωF + (ωF )2 + . . .+ (ωF )q] = Iq+1 − (ωF )q+1 = I. (5.13)

'Ara
(I − ωF )−1 = [I + ωF + (ωF )2 + . . .+ (ωF )q]. (5.14)

Epiplèon èqoume
(ωE)2 = O, (5.15)

kai lìgw thc (5.15)

(I − ωE)(I + ωE) = I2 − (ωE)2 = I. (5.16)

'Ara
(I − ωE)−1 = (I + ωE). (5.17)
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Antikajist¸ntac to deÔtero mèloc thc (5.17) sthnM(E) kai k�nontac pr�xeic
èqoume

M(E) = (I + ωE)[(1− ω)I + ωE] = [(1− ω)I + (2− ω)ωE] (5.18)

Antikajist¸ntac, antÐstoiqa, to deÔtero mèloc thc (5.14) sthn M(F ) kai
k�nontac pr�xeic èqoume

M(F ) = [I + ωF + (ωF )2 + . . .+ (ωF )q][(1− ω)I + ωF ]

=
[
(1− ω)I + (2− ω)

(
ωF + (ωF )2 + . . .+ (ωF )q

)]
. (5.19)

Apì tic (5.19) kai (5.18) paÐrnoume

S̃ω = M(E)M(F )
= [(1− ω)I + (2− ω)ωE]
× [(1− ω)I + (2− ω)

(
ωF + (ωF )2 + . . .+ (ωF )q

)]

= (1− ω)2I + (2− ω)(1− ω)[ωF + (ωF )2 + . . .+ (ωF )q]
+(2− ω)(1− ω)ωE + (2− ω)2ωE[ωF + (ωF )2 + . . .+ (ωF )q] (5.20)

Gia praktikoÔc lìgouc jètoume

σ := (2− ω)(1− ω) (5.21)

kai
F̃ := ωF + (ωF )2 + . . .+ (ωF )q. (5.22)

'Ara h (5.20) gÐnetai

S̃ω = M(E)M(F ) = σ(ωE + F̃ ) + ω(2− ω)2EF̃ + (1− ω)2I (5.23)

'Estw t¸ra ìti λ eÐnai mÐa mh mhdenik  idiotim  tou S̃ω kai X to antÐstoiqo
idiodi�nusma. Tìte ja èqoume

S̃ωX = λX
(5.23)⇐⇒

⇐⇒
[
σ(ωE + F̃ ) + ω(2− ω)2EF̃

]
X = (λ− (1− ω)2)X.

(5.24)

Jètontac
τ = λ− (1− ω)2 6= 0, (5.25)

pou eÐnai mÐa apì tic upojèseic tou jewr matoc, èqoume

σ + τ = λ+ 1− ω. (5.26)

37



Diasp¸ntac t¸ra thn (5.24) se dÔo �llec sqèseic, tic

σF̃X = τ



Y1

−
O


 (5.27)

kai
[
σωE + ω(2− ω)2EF̃

]
X = τ



O
−
Y2


 , (5.28)

ìpou

X =



Y1

−
Y2


 (5.29)

me to Y1 na apoteleÐtai apì tic pr¸tec p− k block sunist¸sec en¸ to Y2 apì
tic upìloipec k block sunist¸sec tou X.
H (5.27) isqÔei diìti oi teleutaÐec k block grammèc tou pÐnaka σF̃ eÐnai mh-
denikèc. AntÐstoiqa, h (5.28) isqÔei diìti oi pr¸tec p − k block grammèc tou
pÐnaka

[
σωE + ω(2− ω)2EF̃

]
eÐnai mhdenikèc.

JètontacX = [XT
1 X

T
2 . . . X

T
i ]T , ìpouXi di�nusma me ni, i = 1(1)p, (

∑p
i=1 ni =

n), sunist¸sec antÐstoiqa, h (5.27) analÔetai stic ex c exis¸seic
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a

ex/seic





σ
∑q−1

j=0 ω
j+1
[∏j

i=0Bik+1,(i+1)k+1

]
X(j+1)k+1 = τX1 (5.30.[(q − 1)k + a])

... ...
σ
∑q−1

j=0 ω
j+1
[∏j

i=0Bik+a,(i+1)k+a

]
X(j+1)k+a = τXa (5.30.[(q − 1)k + 1])

k

ex/seic





σ
∑q−2

j=0 ω
j+1
[∏j

i=0Bik+a+1,(i+1)k+a+1

]
X(j+1)k+a+1 = τXa+1 (5.30.[(q − 1)k])

... ...
σ
∑q−2

j=0 ω
j+1
[∏j

i=0B(i+1)k+a,(i+2)k+a

]
X(j+2)k+a = τXa+k (5.30.[(q − 2)k + 1])

...

k

ex/seic





σ
∑1

j=0 ω
j+1
[∏j

i=0B(i+q−3)k+a+1,(i+q−2)k+a+1

]
X(j+q−2)k+a+1 = τX(q−3)k+a+1 (5.30.2k)

... ...
σ
∑1

j=0 ω
j+1
[∏j

i=0B(i+q−2)k+a,(i+q−1)k+a

]
X(j+q−1)k+a = τX(q−2)k+a (5.30.(k + 1))

k

ex/seic





σωB(q−2)k+a+1,(q−1)k+a+1X(q−1)k+a+1 = τX(q−2)k+a+1 (5.30.k)
... ...

σωB(q−1)k+a,qk+aXqk+a = τX(q−1)k+a (5.30.1)

(5.30)

ParathroÔme ìti èqoume q− 1 k-�dec exis¸sewn, ìpou h k�je k-�da èqei
ton Ðdio arijmì ìrwn sto �jroisma k�je exÐsws c thc. 'Eqoume epÐshc kai a
exis¸seic me q ìrouc h k�je mÐa sto �jroism� thc.

Ja deÐxoume t¸ra ìti oi exis¸seic (5.30. mk + δ), me δ na eÐnai

δ ∈ N , 1 ≤ δ ≤ k (5.31)

kai m
m ∈ N , 1 ≤ m < q − 1, (5.32)

eÐnai isodÔnamec me tic antÐstoiqec exis¸seic pou dÐnontai apì ton tÔpo

σωm+1

τm+1 (σ + τ)m
(∏m

i=0B[q−(m+1)+i]k+a−δ+1,(q−m+i)k+a−δ+1

)×
×Xqk+a−δ+1 = X[q−(m+1)]k+a−δ+1 (5.33.mk + δ)

(5.33)

Gia tuqaÐo δ ∈ {1, . . . , k}. Ja deÐxoume thn proanaferjeÐsa isodunamÐa me
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epagwg  wc proc m.
Epagwg :

(i) Gia m = 1, antikajist¸ntac thn (5.30.δ) sthn (5.30.k + δ), h teleutaÐa
gÐnetai

σω2

τ 2 (σ + τ)(B(q−2)k+a−δ+1,(q−1)k+a−δ+1B(q−1)k+a−δ+1,qk+a−δ+1)×
×Xqk+a−δ+1 = X(q−2)k+a−δ+1.

(5.34)

Opìte h (5.30.k + δ) eÐnai isodÔnamh me thn (5.33.k + δ) gia δ ∈ {1, . . . , k}.
(ii) 'Estw ìti h (5.30.mk + δ) eÐnai isodÔnamh me thn (5.33.mk + δ) gia k�je

m ∈ {1, · · · , φ}, ìpou φ ∈ N, φ < q − 2. Ja deÐxoume ìti h isodunamÐa
isqÔei kai gia m = φ+ 1, opìte ja èqoume telei¸sei thn epagwg .
AntikajistoÔme loipìn sthn (5.30.((φ+ 1)k + δ)) tic (5.30.δ), (5.30.(k + δ)),
èwc (5.30.(φk + δ)). H (5.30.((φ+ 1)k + δ)) gÐnetai
[
σω
τ
σωφ+1

τφ+1 (σ + τ)φ + σω2

τ

(
σωφ

τφ
(σ + τ)φ−1

)
+ . . .+ σωφ

τ ×

×
(
σω2

τ 2 (σ + τ)
)

+ σωφ+1

τ
σω
τ + σωφ+2

τ

]
×

×(
∏φ+1

i=0 B[q−φ−2+i]k+a−δ+1,(q−φ−1+i)k+a−δ+1) Xqk+a−δ+1 =

= X(q−φ−2)k+a−δ+1 ⇐⇒

⇐⇒ σωφ+2

τφ+2 (σ + τ)φ+1(
∏φ+1

i=0 B[q−φ−2+i]k+a−δ+1,(q−φ−1+i)k+a−δ+1)×

×Xqk+a−δ+1 = X(q−φ−2)k+a−δ+1.
(5.35)

Epomènwc h exÐswsh sthn (5.35) eÐnai isodÔnamh me thn (5.30.((φ+ 1)k + δ)).
'Omwc aut  den eÐnai �llh apì thn (5.33.mk + δ) gia m = φ + 1. 'Etsi
oloklhr¸netai h epagwg .

EpekteÐnontac t¸ra ta sumper�smata thc epagwg c kai gia m = q − 1,
me epilog  tou δ ∈ {1, . . . , a}, ex�goume to sumpèrasma ìti oi a exis¸seic,
apì (5.30.[(q − 1)k + 1]) èwc kai (5.30.[(q − 1)k + a]) eÐnai epÐshc isodÔnamec me tic
antÐstoiqec pou dÐnontai apì ton tÔpo (5.33). EpÐshc jètontac ston (5.33)
m = 0 paÐrnoume tic exis¸seic apì (5.30.1) èwc (5.30.k).

Sugkentr¸nontac ìla ta prohgoÔmena apotelèsmata se mÐa prìtash èqou-
me
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Prìtash 5.2 Oi sqèseic (5.30.mk + δ) eÐnai isodÔnamec me tic antÐstoiqec
(5.33.mk + δ) ìtan

•
m ∈ {0, . . . , q − 2} kai δ ∈ {1, . . . , k}, (5.36)

•   ìtan
m = q − 1 kai δ ∈ {1, . . . , a}. (5.37)

H sqèsh loipìn

σF̃X = τ



Y1

−
O


 (5.38)

me diadoqikèc antikatast�seic mac dÐnei tic (5.33).
Sth sunèqeia parousi�zontai oi sqèseic pou prokÔptoun analÔontac thn

(5.28). Autèc eÐnai oi

σωBp−k+1,1X1 + (2− ω)2
∑q

j=1 ω
j+1Bp−k+1,1[

∏j
i=1B(i−1)k+1,ik+1]×

×Xjk+1 = τXp−k+1
(5.39.1)

...

σωBp−k+a,aXa + (2− ω)2
∑q

j=1 ω
j+1Bp−k+a,a[

∏j
i=1B(i−1)k+a,ik+a]×

×Xjk+a = τXp−k+a
(5.39.a)

σωBp−k+a+1,a+1Xa+1+

+(2− ω)2
∑q−1

j=1 ω
j+1Bp−k+a+1,a+1[

∏j
i=1B(i−1)k+a+1,ik+a+1]×

×Xjk+a = τXp−k+a+1

(5.39.a+ 1)

...

σωBp,kXk + (2− ω)2
∑q−1

j=1 ω
j+1Bp,k[

∏j
i=1Bik,(i+1)k]×

×X(j+1)k = τXp .
(5.39.k)

(5.39)
ParathroÔme ìti oi pr¸tec a apì autèc èqoun q+1 ìrouc sta ajroÐsmat�

touc en¸ oi upìloipec k − a èqoun q ìrouc.
Gia s ∈ {1, . . . , k} antikajistoÔme sth sqèsh (5.39.s) ta Xjk+p, ìpou

j = 0 èwc q − 1 an s ≤ a,   j = 0 èwc q − 2 an s > a, me ta Ðsa touc apì tic
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antÐstoiqec sqèseic (5.33.(jk + a+ 1− s)), opìte aut  gÐnetai
[
σ2ωq+1

τ q
(σ + τ)q−1 + σ(2− ω)2ωq+1

∑q−1
i=1

(σ + τ)i−1

τ i
+

+ωq+1(2− ω)2]
∏q

i=1Bp−k+s,sB(i−1)k+s,ik+sXqk+s = τXp−k+s,
(5.40)

e�n s ≤ a  
[
σ2ωq+1

τ q
(σ + τ)q−1 + σ(2− ω)2ωq+1

∑q−1
i=1

(σ + τ)i−1

τ i
+

+ωq+1(2− ω)2]
∏q−1

i=1 Bp−k+s,sB(i−1)k+s,ik+sX(q−1)k+s = τXp−k+s,
(5.41)

e�n s > a.
Ektel¸ntac pr�xeic stic (5.40), (5.41), brÐsketai ìti eÐnai Ðsec me tic

ωq+1(2− ω)2λ(σ + τ)q−1
∏q

i=1Bp−k+s,sB(i−1)k+s,ik+sXqk+s =
= τ q+1Xp−k+s,

(5.42)

ωq(2− ω)2λ(σ + τ)q−2
∏q−1

i=1 Bp−k+s,sB(i−1)k+s,ik+sX(q−1)k+s =
= τ qXp−k+s,

(5.43)

antÐstoiqa. 'Ara sÔmfwna me ta parap�nw oi (5.39) eÐnai isodÔnamec me tic

ωq+1

τ q+1 (2− ω)2λ(σ + τ)q−1
∏q

i=1Bp−k+1,1B(i−1)k+1,ik+1Xqk+1 =

= Xp−k+1

(5.44.1)

...

ωq+1

τ q+1 (2− ω)2λ(σ + τ)q−1
∏q

i=1Bp−k+a,aB(i−1)k+a,ik+aXqk+a =

= Xp−k+a

(5.44.a)

ωq

τ q
(2− ω)2λ(σ + τ)q−2

∏q−1
i=1 Bp−k+a+1,a+1B(i−1)k+a+1,ik+a+1X(q−1)k+a =

= Xp−k+a+1

(5.44.a+ 1)

...

ωq

τ q
(2− ω)2λ(σ + τ)q−2

∏q−1
i=1 Bp,kBik,(i+1)kXqk =

= Xp

(5.44.k)

ParathroÔme t¸ra ìti o pÐnakac tou sust matoc twn exis¸sewn (5.44) pou
èqei diamorfwjeÐ, eÐnai GCO(a,k) me a, k pr¸ta metaxÔ touc, kai èqei mh
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mhdenikoÔc upopÐnakec touc

ωm+1

τm+1 (2− ω)2λ(σ + τ)m−1B̃s,((m−n+1)k+s−a), (5.45)

me

B̃s,((m−n+1)k+s−a) :=
m∏
i=1

Bp−k+s,sB(i−1)k+s,ik+s (5.46)

ìpou s ∈ {1, . . . , k} kai m = q ìtan s ≤ a diaforetik� m = q − 1. Opìte to
sÔsthma (5.44) gr�fetai alli¸c wc

B̃ =




O O . . . O ν1B̃1,k−a+1 O . . . O

O O . . . O O ν1B̃2,k−a+2 . . . O
... ... ... ... . . . ...
O O . . . O O . . . ν1B̃a,k

ν2B̃a+1,1 O . . . O . . . O
... ... ... ...
O O . . . ν2B̃k,k−a O O . . . O







Xp−k+1

Xp−k+2
...

Xp−k+a

Xp−k+a+1
...
Xp




=

=




Xp−k+1

Xp−k+2
...

Xp−k+a

Xp−k+a+1
...
Xp




(5.47)

me

ν1 :=
ωq+1

τ q+1 (2− ω)2λ(σ + τ)q−1, (5.48)

ν2 :=
ωq

τ q
(2− ω)2λ(σ + τ)q−2. (5.49)

'Ara apì thn Prìtash 2.1 èqoume ìti o B̃k eÐnai diag¸nioc. EpÐshc oi diag¸nioi
upopÐnakec tou B̃k mac dÐnoun

νa1 ν
k−a
2 ḂiiXp−k+i = Xp−k+i, (5.50)

ìpou
Ḃii := B̃i,k−a+i(modk) . . . B̃(k−1)(k−a)+i(modk),i. (5.51)

43



ParathroÔme t¸ra ìti ta Ḃii, efìson arqÐzoun kai telei¸noun me ton Ðdio
deÐkth kai eÐnai ginìmena upopin�kwn tou arqikoÔ mac pÐnaka B, ja eÐnai a-
nagkastik� diag¸nioi upopÐnakec autoÔ tou pÐnaka uywmènou sthn p dÔnamh.
Dhlad 

Ḃii = Bp−k+i,iBi,k+i(modp) . . . B(p−2)k+i(modp),(p−1)k+i(modp). (5.52)

UpologÐzontac to ginìmeno νa1 νk−a2 pou brÐsketai sthn par�stash (5.50)

νa1 ν
k−a
2 =

=
ω(q+1)a

τ (q+1)a
(2− ω)2aλa(σ + τ)(q−1)a ×

×ω
q(k−a)

τ q(k−a)
(2− ω)2(k−a)λk−a(σ + τ)(q−2)(k−a)

=
ωp

τ p
(2− ω)2kλk(σ + τ)p−2k. (5.53)

T¸ra an upojèsoume ìti k�poio apì ta Xp−k+i, i ∈ {1, . . . , k} eÐnai mhdèn,
tìte apì thn (5.47) eÐnai fanerì ìti Xp−k+i = 0 ∀ i ∈ {1, . . . , k}, opìte apì
tic (5.33) sumperaÐnoume genik� ìti to X eÐnai Ðso me mhdèn, pou eÐnai �topo
afoÔ upojèsame sthn arq  ìti to X eÐnai idiodi�nusma tou S̃ω kai �ra mh
mhdenikì.

'Eqoume loipìn apì tic (5.50) kai (5.53) thn

ωp

τ p
(2− ω)2kλk(σ + τ)p−2k ḂiiXp−k+i = Xp−k+i ⇔

⇔ ωp

(λ− (1− ω)2)p
(2− ω)2kλk(λ+ ω − 1)p−2k ḂiiXp−k+i = Xp−k+i (5.54)

Sthn (5.54) to 2− ω kaj¸c kai to ω eÐnai diaforetik� tou mhdenìc diìti gia
th mèjodì mac isqÔei to Je¸rhma 1.2, pou apoteleÐ anagkaÐa sunj kh gia
th sÔgklis  thc. EpÐshc ex' upojèsewc èqoume jèsei ta λ, λ − (1 − ω)2

diaforetik� tou mhdenìc. Epiplèon, eÐdame ìti kai Xp−k+i 6= O. 'Ara apì
ta prohgoÔmena isqÔei upoqrewtik� ìti kai λ + ω − 1 6= 0. 'Etsi thn (5.54)
mporoÔme na th gr�youme kai wc

ḂiiXp−k+i =
(λ− (1− ω)2)p

ωp(2− ω)2kλk(λ+ ω − 1)p−2k
Xp−k+i (5.55)

ParathroÔme apì thn (5.55) ìti to Xp−k+i eÐnai èna mh mhdenikì idiodi�-
nusma tou pÐnaka Ḃii, pou ìpwc eÐdame eÐnai diag¸nioc upopÐnakac tou Bp, me
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idiotim  thn (λ− (1− ω)2)p

ωp(2− ω)2kλk(λ+ ω − 1)p−2k . 'Omwc ìloi oi diag¸nioi upopÐna-

kec tou Bp èqoun tic Ðdiec mh mhdenikèc idiotimèc. EpÐshc apì Je¸rhma 3.2,
tou Romanovski, èqoume

ḂiiYp−k+i = µpYp−k+i (µ 6= 0, Yp−k+i 6= 0) (5.56)

an kai mìno an µ eÐnai mh mhdenik  idiotim  tou B. O sunduasmìc thc (5.55)
me thn (5.56) mac dÐnei ìti

µp =
(λ− (1− ω)2)p

ωp(2− ω)2kλk(λ+ ω − 1)p−2k
⇔

⇔ (λ− (1− ω)2)p = µpωp(2− ω)2kλk(λ+ ω − 1)p−2k, (5.57)

ìpou to µ eÐnai idiotim  tou B. Me �lla lìgia deÐxame ìti an λ eÐnai mÐa mh
mhdenik  idiotim  tou S̃ω , sunep¸c kai tou Sω , pou eÐnai o pÐnakac thc SSOR
mejìdou, gia thn opoÐa èqoume λ − (1 − ω)2 6= 0, e�n ω ∈ (0, 2) kai e�n µ
ikanopoieÐ thn (5.57), tìte µ eÐnai mÐa mh mhdenik  idiotim  tou block Jacobi
pÐnaka B.

Gia to antÐstrofo t¸ra e�n ω ∈ (0, 2), upojètoume ìti µ eÐnai mÐa idiotim 
tou B. EpÐshc e�n λ ikanopoieÐ thn (5.57) me λ − (1 − ω)2 6= 0, ja deÐxoume
ìti h λ eÐnai idiotim  tou S̃ω kai epomènwc kai tou Sω .

ArqÐzoume loipìn anafèrontac ìti apì thn upìjesh µ 6= 0. 'Opwc eÐdame
kai prohgoumènwc apì thn (5.56) gi' autì to µ up�rqei idiodi�nusma Yp−k+i 6= 0
tètoio ¸ste

ḂiiYp−k+i = µpYp−k+i, i ∈ {1, . . . , k}. (5.58)

Antikajist¸ntac t¸ra apì thn (5.57) to µp sthn (5.58) kai akolouj¸nta-
c thn antÐstrofh diadikasÐa se sqèsh me aut� pou èginan mèqric ed¸, (ì,ti
deÐxame mèqri na katal xoume sthn (5.55) me tic upojèseic pou èqoume k�nei
apoteloÔn isodunamÐa), orÐzoume ta Yj 6= 0, j ∈ {1, . . . , p} ¸ste na isqÔoun
oi (5.27), (5.28) kai katal goume telik� ìti h λ eÐnai idiotim  tou S̃ω . �

5.3 GenÐkeush Jewr matoc 5.1

To Je¸rhma 5.1 to deÐxame sthn eidik  perÐptwsh ìpou k ≤ p/2. 'Estw
t¸ra k > p/2. Jètontac k′ = p− k, o p-kuklikìc GCO(p-k,k) pÐnakac sthn
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(3.28) mporeÐ na parastajeÐ kai san GCO(k′,p-k′). Dhlad  ja èqoume

A =




A1,1 O . . . O A1,p−k′+1 O . . . O
O A2,2 . . . O O A2,p−k′+2 . . . O
... ... . . . ... ... ... . . . ...
O O . . . . . . . . . . . . Ak′,p

Ak′+1,1 O . . . O . . . O . . . O
... ... ... ... ... . . . ...
O O . . . Ap,p−k′ O O . . . Ap,p




,

(5.59)
O an�strofoc tou A, (sumbolÐzoume AT ), eÐnai p-kuklikìc GCO(p-k′,k′) pÐ-
nakac me k′ < p/2. 'Etsi efarmìzontac to Je¸rhma 5.1 ston AT h sqèsh
idiotim¸n pou brÐskoume eÐnai

[λ− (ω − 1)2]p = λk
′
[λ− (ω − 1)]p−2k′(2− ω)2k′ωpµp. (5.60)

Lamb�nontac t¸ra up' oyin ìti

σ(Sω ) = σ(STω ) = σ(SATω ), (5.61)

katal goume sto sumpèrasma ìti ta exagìmena tou Jewr matoc 5.1 gia ton
AT , isqÔoun kai gia ton A.

SunoyÐzontac loipìn èqoume ìti akìma kai an gia ènan pÐnaka A pou eÐnai
p-kuklikìc GCO(p-k,k) isqÔei k > p/2, epistrèfoume kai p�li sthn perÐ-
ptwsh tou Jewr matoc 5.1 ergazìmenoi apl¸c gia ton an�strofo tou kai
efarmìzontac aut� pou brÐskoume se autìn.

KleÐnontac to Kef�laio 5 ja anafèroume ìti th sqèsh twn idiotim¸n twn
Block epanalhptik¸n pin�kwn Jacobi kai SSOR gia p-kuklikoÔc pÐnakec pou
eÐnai GCO(p-k,k)   GCO(k,p-k), me (p, k) = (2, 1), thn èdeixan anex�r-
thta oi D’Sylva kai Miles sto [DaMi63], kai o Lynn sto [Ly64]. EpÐshc thn
antÐstoiqh sqèsh gia p ≥ 3, k = 1 èdeixan oi Varga, Niethammer kai Cai sto
[VNC84]. Tèloc th sqèsh sth genik  perÐptwsh èdeixan oi Chong kai Cai
sto [ChCa85] to 1985.
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6 Perioqèc sÔgklishc thc Block SSOR mèjo-
dou gia p-kuklikoÔc pÐnakec

6.1 Eisagwg  kai diatÔpwsh jewrhm�twn gia perioqèc
sÔgklishc

S' autì to kef�laio ja ergastoÔme ìpwc kai sto tètarto gia na broÔ-
me tic perioqèc sÔgklishc thc block SSOR mejìdou gia th lÔsh grammik¸n
susthm�twn exis¸sewn Ax = b, ìpou o A eÐnai block antistrèyimoc pÐnakac
thc morf c (3.28), dhlad  GCO(p − k, k), me p, k pr¸ta metaxÔ touc kai
k ∈ {1, . . . , p − 1}. GnwrÐzoume t¸ra ìti gia ton block Jacobi pÐnaka B tou
A isqÔei h isìthta (5.1), kaj¸c epÐshc kai oi (3.32), (3.33) gia touc E kai
F, antÐstoiqa. Epiplèon èqoume kai thn isqÔ thc isìthtac (5.2) gia ton block
SSOR pÐnaka tou A.

Ja basistoÔme sto kÔrio je¸rhma tou prohgoÔmenou kefalaÐou pou mac
dÐnei th sqèsh twn idiotim¸n twn block SSOR kai block Jacobi mejìdwn gia
GCO(p− k, k) pÐnakec, to opoÐo paratÐjetai kai ed¸.

Je¸rhma 6.1 'Eqoume thn exÐswsh
[
λ− (ω − 1)2

]p
= λk [λ− (ω − 1)]p−2k (2− ω)2kωpµp (6.1)

me ω ∈ (0, 2). Tìte 0 6= λ ∈ σ(Sω) an kai mìno an µ ∈ σ(B).

UpenjumÐzoume ed¸ ìti me ρ(·) sumbolÐzoume th fasmatik  aktÐna enìc
pÐnaka kai jètoume ν := ρ(B). EgeÐretai t¸ra to ex c er¸thma.

Gia poi� shmeÐa (ν, ω) sto (ν, ω)−epÐpedo ìlec oi lÔseic λ tou (6.1) brÐ-
skontai sto eswterikì tou monadiaÐou kÔklou, pr�gma pou mac exasfalÐzei
ìti

ρ(Sω) < 1, (6.2)

dhlad  ìti h SSOR mejodoc sugklÐnei?
Thn ap�nthsh se autì to er¸thma gia p ≥ 3, th dÐnei to pr¸to kÔrio

apotèlesma autoÔ tou kefalaÐou pou eÐnai to parak�tw je¸rhma.

Je¸rhma 6.2 'Estw ìti o A eÐnai block antistrèyimocGCO(p−k, k) pÐnakac,
ìpwc sthn (3.28), me p ≥ 3 kai k < 1

2
p. EpÐshc èstw ìti ta diag¸nia blocks tou

A eÐnai tetragwnikoÐ kai antistèyimoi pÐnakec. JewroÔme ìti B kai Sω eÐnai oi
block Jacobi kai block SSOR epanalhptikoÐ pÐnakec tou A pou dÐnontai stic
(5.1) kai (5.2), antÐstoiqa. Upojètoume ìti ρ(B) = ν. Tìte exasfalÐzetai ìti
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ρ(Sω) < 1 ìtan gnwrÐzoume ìti (ν, ω) ∈ R(l), ìpou R(l) eÐnai h perioq  sto
(ν, ω)−epÐpedo pou dÐnetai apì

R(l) =





0 < ω ≤ 1, 0 ≤ ν < 1, (6.3a)

1 ≤ ω ≤ ω∗l , 0 ≤ ν <
1 + (ω − 1)2

(2− ω)2lω2−2l =: ν1, l(ω), (6.3b)

(a) l ∈ (0, 3/8], ω∗l ≤ ω < 2,

0 ≤ ν <
(ω − 1)1/2(φ(ω) + 1)l

ω(1− 2l)(1−2l)/2(2l)l
=: ν2, l(ω), (6.3c.i)

(b) l ∈ (3/8, 1/2), ω∗l ≤ ω ≤ ω∗∗l ,

0 ≤ ν <
(ω − 1)1/2(φ(ω) + 1)l

ω(1− 2l)(1−2l)/2(2l)l
= ν2, l(ω), (6.3c.ii)

l ∈ (3/8, 1/2), ω∗∗l ≤ ω < 2,

0 ≤ ν < 1, (6.3d)

ìpou
l =

k

p
, (6.4)

ω∗ := ω∗l :=
2(φ∗l + 2)1/2

(φ∗l + 2)1/2 + (φ∗l + 2)1/2
, φ∗ := φ∗l :=

1 + (9− 16l)1/2

2(1− 2l)
, (6.5)

ω∗∗ := ω∗∗l :=
2(φ∗∗l + 2)1/2

(φ∗∗l + 2)1/2 + (φ∗∗l + 2)1/2
, φ∗∗ := φ∗∗l :=

−1 + 4l

1− 2l
, (6.6)

kai
φ := φ(ω) := ω − 1 +

1

ω − 1
, ω 6= 1. (6.7)

H apìdeixh tou Jewr matoc 6.2 dÐnetai sto Upokef�laio 6.2. H basik 
idèa thc apìdeixhc, ìpwc kai sto Kef�laio 4, eÐnai h qrhsimopoÐhsh tou Je-
wr matoc 4.1, tou Rouché pou efarmìzetai se analutikèc sunart seic kai
epomènwc kai sto polu¸numo wc proc λ sthn (6.1).
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H an�lush twn idiot twn tou sunìrou thc perioq c R(l) pou dÐnetai sthn
(6.3), gÐnetai sto Upokef�laio 6.3 kai sunoyÐzetai sto deÔtero kÔrio apotè-
lesma tou kefalaÐou autoÔ pou eÐnai to parak�tw je¸rhma.

Je¸rhma 6.3 Upì tic sunj kec k�tw apì tic opoÐec èqoume thn isqÔ tou
Jewr matoc 6.2 kai gia opoiousd pote arijmoÔc l1, l2 ∈ (0, 1

2) èqoume

R(l1) ⊂ R(l2) (6.8)

an kai mìno an

(i) 0 < l1 < l2 ≤ 3

8
, (6.9)

 

(ii) 0 < l1 ≤ l∗ <
3

8
< l2 <

1

2
, (6.10)

ìpou l∗ eÐnai h monadik  pragmatik  rÐza mèsa sto (0, 3
8
) thc exÐswshc

ν2, l∗(2) = ν2, 1/2(2) = lim
l→(1/2)−

ν2, l(2) =

√
3

2
, (6.11)

 

(iii) 0 < l∗ < l1 <
3

8
< l2 ≤ l∗2(l1) <

1

2
, (6.12)

ìpou l∗2(l1) eÐnai h monadik  pragmatik  rÐza mèsa sto (3
8
, 1

2
) thc exÐswshc

ν2, l∗2(l1)(2) = ν2, l1(2) , (6.13)

 

(iv) 0 < l∗ < l∗1(l2) ≤ l1 <
3

8
< l2 <

1

2
(6.14)

ìpou l∗1(l2) eÐnai h monadik  pragmatik  rÐza mèsa sto (l∗, 3
8
) thc exÐswshc

ν2, l∗1(l2)(2) = ν2, l2(2) . (6.15)

Gia k�je �llo zeÔgoc arijm¸n l1, l2 ∈ (0, 1
2
) kanèna apì ta R(l1), R(l2) den

eÐnai uposÔnolo tou �llou. Epiplèon,

R :=
⋂

l∈(0,1/2)

R(l) :=





0 < ω < 2 , 0 ≤ ν ≤ 1
2
,

0 < ω ≤ 2
1 + (2ν − 1)1/2 ,

1
2
< ν < 1 .

(6.16)
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Parak�tw parajètoume merik� akìma sumper�mata pou aforoÔn olìklhro
to Kef�laio 6.

(i) H an�lush pou ja gÐnei sta Upokef�laia 6.2 kai 6.3 ja deÐxei ìti h
perioq  sÔgklishc R(l) thc SSOR mejìdou exart�tai mìno apì ta ν, ω
kai apì to lìgo l = k

p
.

(ii) Ja deÐxoume ìti kaj¸c to l teÐnei sto 0+, to shmeÐo pou oi kampÔlec
ν1,l(ω) kai ν2,l(ω) tèmnontai, to opoÐo eÐnai kai shmeÐo pou ef�ptontai,
teÐnei sto shmeÐo (0, 1

2
).

(iii) Gia l = 1
2
, h perioq  R(1

2
) eÐnai to parallhlìgrammo

0 < ω < 2, 0 ≤ ν < 2.

EpÐshc R(l) ⊂ R(1
2
),∀l ∈ (0, 1/2). 'Etsi h (6.16) mporeÐ na enisqujeÐ

kai na grafteÐ ìpwc parak�tw
⋂

l∈(0,1/2]

R(l) =
⋂

l∈(0,1/2)

R(l) := R. (6.17)

(iv) JewroÔme ìti oi logikèc timèc pou mporeÐ na p�rei to l eÐnai rhtoÐ arij-
moÐ sto (0, 1/2), parìlo pou h an�lush pou gÐnetai s' autì to kef�laio
kalÔptei pragmatikèc timèc tou l apì olìklhro to di�sthma (0, 1/2).
Sthn pragmatikìthta mporoÔme na doÔme ìti h an�lush kalÔptei olì-
klhro to di�sthma (0,1). Autì sumbaÐnei diìti an A eÐnai GCO(p-k,k) me
l = k/p ∈ (1/2, 1), tìte lìgw twn sumperasm�twn tou UpokefalaÐou
5.3, isqÔei gi' autìn h an�lush tou parìntoc kefalaÐou me l′ antÐ gia l
stouc tÔpouc, ìpou l′ = p−k

p
= 1− l ∈ (0, 1/2).

Se autì to shmeÐo kleÐnontac to upokef�laio prèpei na poÔme ìti h eÔresh
twn akrib¸n perioq¸n sÔgklishc thc Block SSOR mèjodou gia thn kl�sh twn
p-kuklik¸n GCO(p-k,k) pin�kwn pou èqoume dei, ègine arqik� sthn perÐptwsh
p ≥ 3, k = 1, apì touc Qatzhd mo kai Neumann to 1989 (bl. [HaNe89]). Oi
Ðdioi suggrafeÐc to 1990 br kan tic akribeÐc perioqèc sÔgklishc sth genik 
perÐptwsh ìpou k ∈ {1, . . . , p− 1}. (bl. [HaNe90])
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6.2 Apìdeixh jewr matoc 6.2

Arqik� anakaloÔme to Je¸rhma 4.1, tou Rouché.Sthn prokeimènh perÐ-
ptwsh èqoume thn exÐswsh (6.1) kai zht�me na kajorÐsoume tic perioqèc ìpou
brÐskontai oi rÐzec λ aut c, se sun�rthsh me to

ν := ρ(B) = max
µ∈σ(B)

|µ|.

H basik  idèa, ìpwc kai sto Kef�laio 4, eÐnai h ex c: Jètoume

f(λ) =
[
λ− (ω − 1)2

]p − λk [λ− (ω − 1)]p−2k (2− ω)2kωpµp (6.18)
kai

g(λ) =
[
λ− (ω − 1)2

]p
. (6.19)

AfoÔ h g(λ) èqei gia k�je ω ∈ (0, 2) ìlec tic rÐzec thc sto eswterikì tou
monadiaÐou kÔklou, me efarmog  tou Jewr matoc tou Rouché sto monadiaÐo
kÔklo gia tic f(λ), g(λ) tÐjetai to ex c er¸thma: Dojèntoc ω ∈ (0, 2) gia
poi� µ ∈ C isqÔei ìti

|λ− (ω − 1)|p−2k (2− ω)2kωp|µ|p = |f(λ)− g(λ)| < |g(λ)|
= |λ− (ω − 1)2|p, ∀λ ∈ ∂Ω, (6.20)

ìpou me Ω sumbolÐzoume to monadiaÐo dÐsko?
Kaj¸c λ− (ω − 1) 6= 0 ìtan λ ∈ ∂Ω, gia na apant soume sto parap�nw

er¸thma arkeÐ na kajorÐsoume, gia dojèn ω ∈ (0, 2), ekeÐna ta µ ∈ C gia ta
opoÐa isqÔei

minλ∈∂Ω
|λ− (ω − 1)2|p
|λ− (ω − 1)|p−2k > (2− ω)2kωp|µ|p ⇐⇒

⇐⇒ minλ∈∂Ω
|λ− (ω − 1)2|
|λ− (ω − 1)|1−2l > (2− ω)2lω|µ| (6.21)

me l = k/p.
Gia λ ∈ ∂Ω gr�foume λ = x+ iy, x, y ∈ R. Tìte o lìgoc pou emfanÐzetai

sthn (6.21) gÐnetai
|λ− (ω − 1)2|
|λ− (ω − 1)|1−2l

=

√
(x− (ω − 1)2)2 + y2

[
√

(x− (ω − 1))2 + y2]1−2l

=
[x2 + y2 + (ω − 1)4 − 2(ω − 1)2x]1/2

[x2 + y2 + (ω − 1)2 − 2(ω − 1)x]1/2−l

x2+y2=1
=

[1 + (ω − 1)4 − 2(ω − 1)2x]1/2

[1 + (ω − 1)2 − 2(ω − 1)x]1/2−l
=: h(x, ω). (6.22)
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'Etsi gÐnetai fanerì ìti h anisìthta (6.21) eÐnai isodÔnamh me thn

min
x∈[−1,1]

h(x, ω) > (2− ω)2lω|µ|. (6.23)

Lìgw thc (6.23), gia stajerì ω ∈ (0, 2), ja exet�soume th sumperifor� thc
h(x, ω) san sun�rthshc tou x ∈ [−1, 1]. UpenjumÐzoume ìti qrhsimopoioÔme to
sumbolismì ��∼�� enno¸ntac thn isìthta twn pros mwn metaxÔ dÔo ekfr�sewn.

Prin xekin soume thn èreun� mac parajètoume mÐa parat rhsh pou ja mac
qreiasteÐ sth sunèqeia.

Parat rhsh 6.1

(i) Gia ω = 1 mÐa ikan  kai anagkaÐa sunj kh gia na isqÔei h (6.20) eÐnai
h |µ| < 1.

(ii) Epiplèon, ìtan ω = 1, mÐa ikan  kai anagkaÐa sunj kh ¸ste λ ∈ ∂Ω na
eÐnai rÐza tou poluwnÔmou (6.18) eÐnai h λk = µp.

Apìdeixh: Epeid  h(x, 1) = 1, ∀x ∈ [−1, 1], eÔkola diapist¸noume ìti h (6.23)
gÐnetai |µ| < 1. 'Ara, ìtan ω = 1, h sunj kh |µ| < 1 eÐnai isodÔnamh me thn
(6.20).
Gia thn apìdeixh tou deÔterou skèlouc thc parat rhshc èqoume ìti ìtan
ω = 1, tìte f(λ) = λp−k(λk − µp). Apì autì prokÔptei kateujeÐan to zhtoÔ-
meno. �

Lìgw thc Parat rhshc 6.1 efex c ja mac endiafèroun ta ω ∈ (0, 2)\{1}.
Gia tètoia ω loipìn orÐzoume tic sunart seic

h1 := h1(x, ω) := 1 + (ω − 1)4 − 2(ω − 1)2x (6.24)

kai
h2 := h2(x, ω) := 1 + (ω − 1)2 − 2(ω − 1)x (6.25)

Apì thn (6.22) èqoume h(x, ω) =
h

1/2
1

h
1/2−l
2

. EpÐshc oi h1, h2 paÐrnoun mìno

jetikèc timèc. All� tìte ja èqoume ta akìlouja

∂h(x, ω)

∂x
=
−(ω − 1)2h

1/2−l
2 h

−1/2
1 + (ω − 1)(1− 2l)h

−1/2−l
2 h

1/2
1

h1−2l
2

∼ −(ω − 1)2h
1/2−l
2 h

−1/2
1 + (ω − 1)(1− 2l)h

−1/2−l
2 h

1/2
1
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=
−(ω − 1)2h2 + (ω − 1)(1− 2l)h1

h
1/2+l
2 h

1/2
1

∼ −(ω − 1)2h2 + (ω − 1)(1− 2l)h1

= −(ω − 1)2[1 + (ω − 1)2 − 2(ω − 1)x]

+(ω − 1)(1− 2l)[1 + (ω − 1)4 − 2(ω − 1)2x]

= (ω − 1)− (ω − 1)2 − (ω − 1)4 + (ω − 1)5

−2l(ω − 1)− 2l(ω − 1)5 + 4l(ω − 1)3x

∼ (ω − 1)

[(
(ω − 1)2 +

1

(ω − 1)2

)
(1− 2l)

−
(

(ω − 1) +
1

ω − 1

)
+ 4lx

]

∼ (ω − 1)(x−Ψ(ω)), (6.26)

ìpou

Ψ(ω) :=
1

4l

(
ω − 1 +

1

ω − 1

)
− (1− 2l)

4l

[
(ω − 1)2 +

1

(ω − 1)2

]
. (6.27)

Gia na broÔme t¸ra ta krÐsima shmeÐa thc h(x, ω) sto di�sthma [-1,1], arkeÐ
na broÔme aut� ta shmeÐa, sto [-1,1], gia ta opoÐa o deÔteroc par�gontac
tou dexioÔ mèlouc thc (6.26) mhdenÐzetai. UpenjumÐzetai ìti to ω jewreÐtai
stajerì kai ω ∈ (0, 2) \ {1}. Exet�zoume dÔo peript¸seic.

6.2.1 PerÐptwsh 1h: 0 < ω < 1.

S' aut  thn perÐptwsh apì thn (6.26) èqoume

∂h(x, ω)

∂x
∼ −(x−Ψ(ω)).

Epiplèon (ω − 1) + 1
(ω − 1)

< −2 kai

(
(ω − 1) + 1

(ω − 1)

)2

> 4 ⇔
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⇔ (ω − 1)2 + 1
(ω − 1)2 > 2,

opìte, apì thn (6.27), Ψ(ω) < −1/2l−(1−2l)/2l = −1/l+1 < −2+1 = −1,
kaj¸c èqoume l < 1/2. Sunep¸c isqÔei −(x − Ψ(ω)) < −x − 1 < 0, afoÔ

x ∈ [−1, 1], to opoÐo deÐqnei ìti ∂h(x, ω)
∂x

< 0. 'Etsi apodeiknÔetai ìti

min
x∈[−1,1]

h(x, ω) = h(1, ω) = (2− ω)2lω. (6.28)

Sundu�zontac thn (6.28) me thn (6.23) odhgoÔmaste sta akìlouja sumper�-
smata.

L mma 6.1 Gia k�je ω ∈ (0, 1)
(i) MÐa ikan  kai anagkaÐa sunj kh gia na isqÔei h (6.20) eÐnai |µ| < 1.
(ii) 'Otan |µ| = 1, mÐa ikan  kai anagkaÐa sunj kh gia to λ ∈ ∂Ω

na eÐnai rÐza tou f(λ) eÐnai λ = 1 kai µp = 1.

Apìdeixh: Apì tic (6.28) kai (6.23) h apìdeixh tou (i) eÐnai �mesh. (Ou-
siastik� aut  ègine me ta epiqeir mata pou mac od ghsan sto l mma.) 'Ara
mènei mìno na deiqjeÐ to (ii). H ep�rkeia thc sunj khc eÐnai �mesh an thn
antikatast soume sthn (6.18). 'Eqoume dhlad  ìti f(λ) = 0 ìtan λ = 1 kai
µp = 1. AntÐstrofa, upojètoume ìti λ = x + iy ∈ ∂Ω eÐnai rÐza tou f(λ).
Lamb�nontac up' ìyin ìti |µ| = 1 parathroÔme apì tic (6.18) kai (6.22) ìti
h(x, ω) = (2 − ω)2lω. All� epeid  h (6.23) isqÔei gia ìla ta |µ| < 1, ja
prèpei na èqoume x = 1, kai �ra λ = 1. Jètontac t¸ra f(1) = 0 paÐrnoume
µp = 1. �

6.2.2 PerÐptwsh 2h: 1 < ω < 2.

ParathroÔme apì thn (6.26) ìti,

∂h(x, ω)

∂x
∼ (x−Ψ(ω)).

Epiplèon èqontac th φ(ω), ìpwc sthn (6.7), sumperaÐnoume ìti

φ(ω) > 2. (6.29)

EpÐshc èqoume

φ2(ω)− 2 = (ω − 1)2 +
1

(ω − 1)2 (6.30)
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Antikajist¸ntac tic (6.7) kai (6.30) sthn (6.27) èqoume

Ψ(ω) =
1

4l
[−(1− 2l)φ2(ω) + φ(ω) + 2(1− 2l)]. (6.31)

Ja exet�soume sth sunèqeia to prìshmo thc x−Ψ(ω), ìtan oi timèc tou x kei-
mènontai metaxÔ −1 kai 1. Gia to skopì autì ja exet�soume th sumperifor�
thc Ψ(ω) sunart sei twn l = k/p kai ω.

L mma 6.2 Gia ω ∈ (1, 2), èqoume

(i)
−1 ≥ Ψ(ω) (6.32)

ìtan

φ∗ :=
1 + (9− 16l)1/2

2(1− 2l)
≤ φ(ω) <∞, (6.33)

(ii)
1 ≥ Ψ(ω) ≥ −1 (6.34)

ìtan
(a) l ∈ (0,

3

8
], 2 < φ(ω) ≤ φ∗. (6.35)

 

(b) l ∈ [
3

8
,
1

2
), φ∗∗ ≤ φ(ω) ≤ φ∗. (6.36)

ìpou
φ∗∗ :=

−1 + 4l

1− 2l
. (6.37)

(iii)
Ψ(ω) ≥ 1 (6.38)

ìtan
l ∈ [

3

8
,
1

2
), 2 < φ(ω) ≤ φ∗∗. (6.39)

Apìdeixh:

(i) Gia to pr¸to skèloc tou l mmatoc èqoume

Ψ(ω) ≤ −1
(6.31)⇐⇒ (1− 2l)φ2(ω)− φ(ω)− 2 ≥ 0 (6.40)

jètoume
f1(φ) := (1− 2l)φ2 − φ− 2. (6.41)
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Oi rÐzec tou poluwnÔmou f1, (wc proc φ), eÐnai

φ∗ := φ1 =
1 + (9− 16l)1/2

2(1− 2l)
, φ2 =

1− (9− 16l)1/2

2(1− 2l)
(6.42)

Apì autèc h φ∗ = φ1 eÐnai h megalÔterh. M�lista φ1 > 2, ∀l ∈ (0, 1/2)
epeid  f1(2) = −4l < 0 = f1(φ1). EpÐshc h φ2 eÐnai p�ntote mikrìterh
apì to 0. 'Ara èqoume ton epìmeno PÐnaka gia to polu¸numo f1

φ φ2 2 φ∗ = φ1

f1(φ) + 0 0 +

PÐnakac 1: Prìshmo thc f1(φ) gia tic di�forec timèc tou φ.

'Ara loipìn an φ(ω) ≥ φ∗ tìte profan¸c isqÔei h anisìthta f1(φ(ω)) ≥
0, pou eÐnai isodÔnamh me thn anisìthta (6.32).

(ii) 'Oson afor� sto deÔtero skèloc tou l mmatoc gia na èqoume katarq n

Ψ(ω) ≥ −1
(6.31)⇐⇒ (1− 2l)φ2(ω)− φ(ω)− 2 ≤ 0, (6.43)

ja prèpei, ìpwc eÐnai fanerì kai apì ton PÐnaka 1, na isqÔei

φ(ω) ∈ (2, φ∗]. (6.44)

Gia thn anisìthta
Ψ(ω) ≤ 1 (6.45)

èqoume

Ψ(ω) ≤ 1
(6.31)⇐⇒ (1− 2l)φ2(ω)− φ(ω)− 2(1− 4l) ≥ 0. (6.46)

OrÐzoume
f2(φ) := (1− 2l)φ2 − φ− 2(1− 4l). (6.47)

Oi rÐzec tou poluwnÔmou f2 eÐnai oi

φ̃1 = 2, φ∗∗ := φ̃2 =
−1 + 4l

1− 2l
. (6.48)

Gia tic φ1, φ2 èqoume ta ex c
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φ 2 φ∗∗

f2(φ) + 0 0 +

PÐnakac 2: Prìshmo thc f2(φ) ìtan l ∈ (3/8, 1/2).

φ φ∗∗ 2
f2(φ) + 0 0 +

PÐnakac 3: Prìshmo thc f2(φ) ìtan l ∈ (0, 3/8).

(a) 'Otan l = 3
8 tìte φ∗∗ = 2, opìte gia thn f2 isqÔei f2 ≥ 0 ∀φ ∈ R.

(b) 'Otan l ∈ (3
8 ,

1
2) tìte φ∗∗ > 2. Opìte gia thn f2 paÐrnoume ton

PÐnaka pros mwn 2.
(g) Tèloc ìtan l ∈ (0, 3

8) tìte φ∗∗ < 2. Opìte gia to to f2 paÐrnoume
ton PÐnaka pros mwn 3.

'Ara me dedomèno ìti φ(ω) > 2, h anisìthta f2(φ(ω)) ≥ 0 prokÔptei
amèswc apì touc PÐnakec 2 kai 3 kaj¸c kai to (a), ìtan

φ(ω) ≥ φ∗∗, l ∈ (3/8, 1/2) (6.49)

 
φ(ω) > 2, l ∈ (0, 3/8]. (6.50)

S' autì to shmeÐo prèpei na k�noume thn ex c parat rhsh

Parat rhsh 6.2 Gia k�je l ∈ (0, 1/2)

φ∗∗ < φ∗. (6.51)

Gia thn apìdeixh thc parap�nw anisìthtac èqoume

f1(φ∗∗) = f2(φ∗∗)− 8l = −8l
l ∈ (0, 1

2 )

< 0 = f1(φ∗). (6.52)

Sundu�zontac thn anisìthta (6.52) me ton PÐnaka 1 prokÔptei h (6.51).

Oi (6.49) kai (6.50) t¸ra mac dÐnoun thn isodÔnamh thc f2(φ(ω)) ≥ 0
pou eÐnai, ìpwc eÐdame kai prohgoumènwc apì thn (6.46), h anisìthta

Ψ(ω) ≤ 1. (6.53)

Sundu�zontac ta parap�nw me thn (6.51) kai thn (6.43), pou isqÔei
ìtan èqoume thn (6.44), dhlad  ìtan φ(ω) ∈ (2, φ∗], katal goume sthn
olokl rwsh tou deÔterou skèlouc tou l mmatoc.
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(iii) To trÐto skèloc tou l mmatoc prokÔptei apì to gegonìc ìti h anisìthta
Ψ(ω) ≥ 1 eÐnai isodÔnamh me thn f2(φ(ω)) ≤ 0. 'Etsi apì ton PÐnaka 2
paÐrnoume kateujeÐan tic sunj kec (6.39). �

Q�rh stic parathr seic tou L mmatoc 6.2 eÐdame pwc sumperifèretai h
Ψ(ω) sunart sei twn l = k/p kai ω. Prin ìmwc proqwr soume sth melè-
th tou pros mou thc x − Ψ(ω) kai katìpin thc ∂h(x,ω)

∂x
, ja k�noume k�poiec

parathr seic epiplèon pou aforoÔn sth φ(ω) kai thn antÐstrof  thc.
LÔnontac thn exÐswsh φ = ω − 1 + 1

ω − 1 wc proc φ brÐskoume dÔo rÐzec.
Autèc eÐnai oi

ω1(φ) =
φ+ 2 + (φ2 − 4)1/2

2
, ω2(φ) =

φ+ 2− (φ2 − 4)1/2

2
. (6.54)

Ac shmeiwjeÐ ìti h par�gwgoc thc φ(ω) eÐnai
∂φ(ω)

∂ω
= 1− 1

(ω − 1)2
. (6.55)

H teleutaÐa gia ω ∈ (1, 2) eÐnai p�nta arnhtik . 'Ara h φ(ω) eÐnai gnhsÐwc
fjÐnousa sun�rthsh tou ω sto (1, 2), kai to pedÐo tim¸n thc eÐnai to (2,+∞).
Epomènwc prèpei kai h antÐstrofh sun�rthsh thc φ(ω), pou ja onom�soume
ω(φ), na eÐnai gnhsÐwc fjÐnousa ìtan φ ∈ (2,+∞) kai to pedÐo tim¸n thc na
eÐnai to (1, 2). Autì sumbaÐnei an epilèxoume

ω(φ) := ω2(φ) =
φ+ 2− (φ2 − 4)1/2

2
, (6.56)

h opoÐa, epeid  to pedÐo orismoÔ thc mac endiafèrei na eÐnai to (2,+∞), gr�-
fetai diadoqik�

ω(φ) =
φ+ 2− (φ2 − 4)1/2

2

=
(φ+ 2)((φ+ 2)1/2 − (φ− 2)1/2)((φ+ 2)1/2 + (φ− 2)1/2)

2(φ+ 2)1/2((φ+ 2)1/2 + (φ− 2)1/2)

=
2(φ+ 2)1/2

(φ+ 2)1/2 + (φ− 2)1/2
. (6.57)

AkoloÔjwc ja jewroÔme
ω∗ = ω(φ∗), (6.58)

me φ∗ autì tou L mmatoc 6.2, ìpwc stic (6.5) kai (6.33). EpÐshc ja jewroÔme

ω∗∗ = ω(φ∗∗), (6.59)

me φ∗∗, autì tou L mmatoc 6.2 sthn (6.37). K�noume t¸ra thn akìloujh
parat rhsh gia ta ω∗ kai ω∗∗.
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Parat rhsh 6.3 Gia k�je l ∈ (0, 1/2)

ω∗ < ω∗∗. (6.60)

Apìdeixh: Apì thn Parat rhsh 6.2 kai apì to gegonìc ìti h ω(φ) eÐnai gnh-
sÐwc fjÐnousa sun�rthsh, h anisìthta (6.60) prokÔptei �mesa. �

EÐmaste se jèsh plèon na proqwr soume sth melèth tou pros mou th-
c x − Ψ(ω) kai katìpin thc ∂h(x,ω)

∂x
, pou ja mac odhg sei sthn eÔresh tou

minx∈[−1,1] h(x, ω) sthn (6.23). S' autì to shmeÐo upenjumÐzoume ìti briskì-
maste sthn 2h perÐptwsh ìpou ω ∈ (1, 2). Exet�zoume loipìn tic ex c upope-
ript¸seic:

• 1h upoperÐptwsh:
'Otan

1 < ω ≤ ω∗, (6.61)
èqoume apì ton orismì thc ω(φ) ìti

φ∗ ≤ φ(ω) <∞. (6.62)

Opìte apì to L mma 6.2.(i), Ψ(ω) ≤ −1 kai gia x ∈ (−1, 1],

x−Ψ(ω) > 0
(6.26)
=⇒ ∂h(x, ω)

∂x
> 0.

Ta parap�nw mac odhgoÔn sto sumpèrasma ìti h h(x, ω) eÐnai gnhsÐwc
aÔxousa se olìklhro to di�sthma [−1, 1] opìte

min
x∈[−1,1]

h(x, ω) = h(−1, ω)

=
[1 + (ω − 1)4 + 2(ω − 1)2]1/2

[1 + (ω − 1)2 + 2(ω − 1)]1/2−l

=
1 + (ω − 1)2

ω1−2l
. (6.63)

Sundu�zontac thn (6.63) me thn (6.23) eÐnai fanerì plèon ìti gia k�je
ω ∈ (1, ω∗], h (6.20) isqÔei an kai mìno an

|µ| < 1 + (1− ω)2

(2− ω)2lω2−2l
:= ν1, l(ω) := ν1(ω) (6.64)

• 2h upoperÐptwsh:
'Otan

l ∈ (0, 3/8] kai ω∗ ≤ ω < 2⇔ 2 < φ(ω) ≤ φ∗, (6.65)
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  ìtan

l ∈ (3/8, 1/2) kai ω∗ ≤ ω < ω∗∗ ⇔ φ∗∗ < φ(ω) ≤ φ∗, (6.66)

tìte apì to L mma 6.2.(ii), èqoume ìti gia x ∈ [−1, 1]

(ω − 1)(x−Ψ(ω)) ≤ 0⇔ ∂h(x, ω)

∂x
≤ 0 ìtan x ≤ Ψ(ω), (6.67)

me thn isìthta na isqÔei an kai mìno an x = Ψ(ω), en¸

(ω − 1)(x−Ψ(ω)) > 0⇔ ∂h(x, ω)

∂x
> 0 ìtan x > Ψ(ω). (6.68)

Ta parap�nw mac odhgoÔn sto sumpèrasma

min
x∈[−1,1]

h(x, ω) = h(Ψ(ω), ω). (6.69)

Sundu�zontac thn (6.69) me thn (6.23), èqoume ìti gia k�je ω ∈ [ω∗, 2)
kai l ∈ (0, 3/8],   gia k�je ω ∈ [ω∗, ω∗∗) kai l ∈ (3/8, 1/2), h anisìthta
(6.20) isqÔei an kai mìno an

|µ| < [1 + (ω − 1)4 − 2(ω − 1)2Ψ(ω)]1/2

(2− ω)2lω[1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)]1/2−l
=: ν2, l(ω) := ν2(ω).

(6.70)

• 3h upoperÐptwsh:
'Otan

l ∈ (3/8, 1/2) kai ω∗∗ ≤ ω < 2⇔ 2 < φ(ω) ≤ φ∗∗, (6.71)

tìte apì L mma 6.2(iii), Ψ(ω) ≥ 1 kai gia x ∈ [−1, 1)

(ω − 1)(x−Ψ(ω)) < 0
(6.26)
=⇒ ∂h(x, ω)

∂x
< 0. (6.72)

Ta parap�nw mac odhgoÔn sto sumpèrasma ìti h h(x, ω) eÐnai gnhsÐwc
fjÐnousa se olìklhro to di�sthma [−1, 1] opìte

min
x∈[−1,1]

h(x, ω) = h(1, ω)

=
[1 + (ω − 1)4 − 2(ω − 1)2]1/2

[1 + (ω − 1)2 − 2(ω − 1)]1/2−l

= ω(2− ω)2l . (6.73)

Sundu�zontac thn (6.73) me thn (6.23) eÐnai fanerì ìti gia k�je ω ∈
[ω∗∗, 2) kai gia l ∈ (3/8, 1/2), h (6.20) isqÔei an kai mìno an

|µ| < 1. (6.74)
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Prin sunoyÐsoume ta prohgoÔmena apotelèsmata se èna l mma ja para-
jèsoume mÐa parat rhsh ìson afor� thn ν2(ω).

Parat rhsh 6.4 ja deÐxoume thn isìthta twn dÔo tÔpwn pou èqoume brei
mèqri t¸ra gia thn ν2(ω), oi opoÐoi dÐnontai stic (6.3c) kai (6.70), antÐstoiqa.
Gia to skopì autì ja xekin soume apì autìn pou dÐnetai sthn (6.70).

ν2(ω) =

[
1 + (ω − 1)4 − 2(ω − 1)2Ψ(ω)

]1/2

(2− ω)2lω
[
1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)

]1/2−l

=

(ω − 1)1/2+l

[
1

(ω − 1)2
+ (ω − 1)2 − 2Ψ(ω)

]1/2

(2− ω)2lω

[
(ω − 1) +

1

(ω − 1)
− 2Ψ(ω)

]1/2−l

(6.30)
=

(ω − 1)1/2+l
[
φ2(ω)− 2− 2Ψ(ω)

]1/2

(2− ω)2lω [φ(ω)− 2Ψ(ω)]1/2−l

(6.31)
=

(ω − 1)1/2+l

[
φ2(ω)− 2 +

1

2l
φ2(ω)− φ2(ω)− 1

2l
φ(ω)− 1

l
+ 2

]1/2

(2− ω)2lω

[
φ(ω) +

1

2l
φ2(ω)− φ2(ω)− 1

2l
φ(ω)− 1

l
+ 2

]1/2−l

=

(ω − 1)1/2+l

(
1

2l

)1/2 [
φ2(ω)− φ(ω)− 2

]1/2

(2− ω)2lω

[
φ(ω)(1− 1

2l
) + (

1

2l
− 1)φ2(ω)− 2(

1

2l
− 2)

]1/2−l

=

(ω − 1)1/2+l

(
1

2l

)1/2 [
φ2(ω)− φ(ω)− 2

]l

(2− ω)2lω

(
1− 2l

2l

) 1
2
−l

=
(ω − 1)1/2[(ω − 1)(φ(ω)− 2)(φ(ω) + 1)]l

(2− ω)2lω(1− 2l)
1
2
−l(2l)l

=
(ω − 1)1/2(2− ω)2l(φ(ω) + 1)l

(2− ω)2lω(1− 2l)
1
2
−l(2l)l

=
(ω − 1)1/2(φ(ω) + 1)l

ω(1− 2l)
1
2
−l(2l)l

. (6.75)
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SunoyÐzoume t¸ra ta prohgoÔmena apotelèsmata sto akìloujo l mma

L mma 6.3 'Estw ìti ω ∈ (1, 2) kai ω∗, ω∗∗ ìpwc dÐdontai stic (6.58) kai
(6.59), antÐstoiqa. Tìte

(i) Gia ω ∈ (1, ω∗], h (6.20) isqÔei an kai mìno an |µ| < ν1(ω). Epiplèon,
gia k�je ω s' autì to di�sthma,

ν1(ω) < 1. (6.76)

(ii) Gia l ∈ (0, 3/8] kai ω ∈ [ω∗, 2), h (6.20) isqÔei an kai mìno an |µ| <
ν2(ω). Epiplèon, gia k�je ω s' autì to di�sthma,

ν2(ω) < 1. (6.77)

(iii) Gia l ∈ (3/8, 1/2) kai ω ∈ [ω∗, ω∗∗), h (6.20) isqÔei an kai mìno an
|µ| < ν2(ω). Epiplèon, gia k�je ω ∈ [ω∗, ω∗∗),

ν2(ω) < 1. (6.78)

(iv) Gia l ∈ (3/8, 1/2) kai ω ∈ [ω∗∗, 2), h (6.20) isqÔei an kai mìno an
|µ| < 1. Epiplèon gia ω = ω∗∗ èqoume ν2(ω) = 1.

(v) Gia ω ∈ (1, ω∗] kai |µ| = ν1(ω), λ ∈ ∂Ω eÐnai rÐza tou f(λ) an kai mìno
an λ = −1 kai

µp = (−1)k
[1 + (1− ω)2]p

(2− ω)2kω2p−2k
. (6.79)

(vi) Gia l ∈ (0, 3/8], ω ∈ (ω∗, 2) kai |µ| = ν2(ω), an λ ∈ ∂Ω eÐnai rÐza tou
f(λ), tìte den eÐnai pragmatikìc arijmìc. OmoÐwc gia l ∈ (3/8, 1/2),
ω ∈ [ω∗, ω∗∗).

(vii) Gia l ∈ (3/8, 1/2) kai ω ∈ [ω∗∗, 2), ìtan |µ| = 1, ikan  kai anagkaÐa
sunj kh gia na èqoume λ ∈ ∂Ω kai na eÐnai rÐza tou f(λ) eÐnai λ = 1
kai µp = 1.

Apìdeixh:

(i) To pr¸to komm�ti autoÔ tou mèrouc tou l mmatoc èqei deiqjeÐ sthn 1h
upoperÐptwsh pou mac od ghse sthn (6.64). Gia na deÐxoume thn (6.76)
anakaloÔme to gegonìc ìti h sun�rthsh h(x, ω) eÐnai gnhsÐwc aÔxousa
gia k�je x ∈ [−1, 1] ìtan ω ∈ (1, ω∗]. 'Etsi apì (6.22) brÐskoume ìti

max
x∈[−1,1]

h(x, ω) = h(1, ω) = ω(2− ω)2l. (6.80)
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To opoÐo mac odhgeÐ se sundiasmì kai me thn (6.63) sthn

(2− ω)2l >
1 + (ω + 1)2

ω1−2l
⇔ 1 > ν1(ω). (6.81)

(ii) H apìdeixh tou arqikoÔ kommatioÔ autoÔ tou mèrouc tou l mmatoc ègine
sta b mata pou mac od ghsan sthn (6.70). Gia na deÐxoume thn (6.77)
anakaloÔme to gegonìc ìti ìtan l ∈ (0, 3/8], sto [ω∗, 2), h sun�rthsh
h(x, ω) eÐnai gnhsÐwc fjÐnousa mèqri x = Ψ(ω) kai katìpin gnhsÐwc
aÔxousa. 'Ara

h(1, ω) > h(Ψ(ω), ω)⇔ (2− ω)2l > h(Ψ(ω), ω). (6.82)

Diair¸ntac kai tic dÔo pleurèc aut c thc anisìthtac me (2−ω)2l, paÐr-
noume thn (6.77).

(iii) 'Opwc kai sto (ii) h apìdeixh tou arqikoÔ kommatioÔ kai autoÔ tou mè-
rouc tou l mmatoc, ègine sta b mata pou mac od ghsan sthn (6.70). Gia
na deÐxoume thn (6.78) anakaloÔme to gegonìc ìti ìtan l ∈ (3/8, 1/2),
sto [ω∗, ω∗∗), h sun�rthsh h(x, ω) eÐnai gnhsÐwc fjÐnousa mèqri x =
Ψ(ω) kai katìpin gnhsÐwc aÔxousa. 'Ara

h(1, ω) > h(Ψ(ω), ω)⇔ ω(2− ω)2l > h(Ψ(ω), ω)⇔ 1 > ν2(ω). (6.83)

(iv) H apìdeixh tou pr¸tou skèlouc tou (iv) eÐnai sta epiqeir mata pou mac
od ghsan sthn (6.74). Epiplèon gia ω = ω∗∗ èqw Ψ(ω) = 1 opìte
ν2(ω) = 1.

(v) Upojètoume t¸ra ìti ω ∈ (1, ω∗]. An λ = −1 kai µp = (−1)k[1+(1−ω)2]p

(2−ω)2kω2p−2k

tìte antikajist¸ntac sthn (6.18) prokÔptei �mesa ìti to -1 eÐnai rÐza
thc f . Gia thn antÐstrofh kateÔjunsh upojètoume ìti λ ∈ ∂Ω eÐnai rÐza
tou f(λ). Tìte efìson λ = x + iy kai µ = ν1(ω), parathroÔme, apì
(6.18) kai (6.22), ìti h(x, ω) = [1 + (ω− 1)2]/ω1−21. All� epeid  (6.23)
isqÔei gia k�je µ < ν1(ω), ja prèpei na èqoume λ = −1. Jètontac
f(−1) = 0 sthn (6.18) prokÔptei �mesa h zhtoÔmenh par�stash gia to
µp.

(vi) Upojètoume ìti l ∈ (0, 3/8], ω ∈ (ω∗, 2), kai ìti λ ∈ ∂Ω eÐnai rÐza tou
f(λ). Tìte efìson λ = x + iy kai µ = ν2(ω), parathroÔme, apì (6.18)
kai (6.22), ìti h(x, ω) = h(Ψ(ω), ω). All� epeid  (6.23) isqÔei gia k�je
µ < ν2(ω) kai efìson èqoume kai thn isqÔ thc (6.69), ja prèpei to x na
brÐsketai sto di�sthma (−1, 1), dhlad  to λ na eÐnai fantastikìc.
Sthn perÐptwsh pou l ∈ (3/8, 1/2), ω ∈ [ω∗, ω∗∗), h apìdeixh eÐnai akri-
b¸c Ðdia me prohgoumènwc.
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(vii) Upojètoume ìti λ = 1 kai µp = 1. Antikajist¸ntac sto polu¸numo
f(λ), blèpoume ìti autì mhdenÐzetai. H apìdeixh thc antÐjethc kateÔ-
junshc eÐnai akrib¸c Ðdia me aut  tou L mmatoc 6.1.(ii).

6.3 H gewmetrÐa twn kampul¸n ν1,l(ω), ν2,l(ω) kai h a-
pìdeixh tou Jewr matoc 6.3

Kat' arq n ja deÐxoume ìti oi kampÔlec ν1,l(ω), ν2,l(ω) èqoun koinì shmeÐo
gia ω = ω∗. 'Eqoume

Ψ(ω∗) = Ψ(ω(φ∗)) =
1

4l
[−(1− 2l)φ2(ω(φ∗)) + φ(ω(φ∗)) + 2(1− 2l)]

=
1

4l
[−(1− 2l)(φ∗)2 + φ∗ + 2(1− 2l)]

(6.41),(6.42)
= −1. (6.84)

EpÐshc

ν1, l(ω
∗) =

h(−1, ω∗)

(2− ω∗)2lω∗
, (6.85)

kai

ν2, l(ω
∗) =

h(Ψ(ω∗), ω∗)

(2− ω∗)2lω∗

=
h(−1, ω∗)

(2− ω∗)2lω∗
. (6.86)

Opìte apì (6.85) kai (6.86) eÐnai fanerìc o isqurismìc mac.
SuneqÐzoume me to ex c l mma:

L mma 6.4 To koinì shmeÐo gia ω = ω∗ twn kampul¸n ν1,l(ω), kai ν2,l(ω)
eÐnai shmeÐo epaf c touc.

Apìdeixh: Efìson, ìpwc eÐdame ν1,l(ω
∗) = ν2,l(ω

∗), ja èqoume

∂

∂ω
[νp1,l(ω)− νp2,l(ω)]|ω=ω∗ = p νp−1

1,l (ω∗)[ν
′
1,l(ω

∗)− ν ′2,l(ω∗)]. (6.87)

All� tìte, epeid  ν1,l(ω
∗) 6= 0, gia na apodeÐxoume ton isqurismì mac arkeÐ na

deÐxoume ìti to pr¸to mèloc thc isìthtac thc exÐswshc (6.87) eÐnai 0. 'Etsi
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èqoume

∆(ω) :=
∂

∂ω
[νp1,l(ω)− νp2,l(ω)]

=
1

(2− ω)4kω4p−4k

{
(2− ω)2kω2p−2kp[1 + (ω − 1)2]p−12(ω − 1)

− [1 + (ω − 1)2
]p [−2k(2− ω)2k−1ω2p−2k

+(2p− 2k)(2− ω)2kω2p−2k−1
]}

− 1

ω2p(2− ω)4k[1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)]p−2k

×{ωp(2− ω)2k[1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)]p/2−k

×p
2

[1 + (ω − 1)4 − 2(ω − 1)2Ψ(ω)]p/2−1

×[4(ω − 1)3 − 4(ω − 1)Ψ(ω)− 2(ω − 1)2Ψ
′
(ω)]

−[1 + (ω − 1)4 − 2(ω − 1)2Ψ(ω)]p/2

×{p ωp−1(2− ω)2k[1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)]p/2−k

+(
p

2
− k)ωp(2− ω)2k[1 + (ω − 1)2 − 2(ω − 1)Ψ(ω)]p/2−k−1

×[2(ω − 1)− 2Ψ(ω)− 2(ω − 1)Ψ
′
(ω)]

}}
. (6.88)

Antikajist¸ntac t¸ra sth ∆(ω) to ω∗ parathroÔme ìti oi paronomastèc pou
emfanÐzontai s' aut n eÐnai Ðsoi. Pr�gmati èqoume

[1 + (ω∗ − 1)2 − 2(ω∗ − 1)Ψ(ω∗)] = [1 + (ω∗ − 1)2 + 2(ω∗ − 1)]

= [(ω − 1) + 1]2

= (ω∗)2. (6.89)

Opìte
1

(ω∗)2p(2− ω∗)4k[1 + (ω∗ − 1)2 − 2(ω∗ − 1)Ψ(ω∗)]p−2k
=

1

(2− ω∗)4k(ω∗)4p−4k
.

(6.90)
EpÐshc

[1 + (ω∗ − 1)4 − 2(ω∗ − 1)2Ψ(ω∗)] = [1 + (ω∗ − 1)4 + 2(ω∗ − 1)2]

= [(ω∗ − 1)2 + 1]2. (6.91)

Me b�sh ta parap�nw, k�nontac algebrikèc pr�xeic kai aplopoi seic sth
∆(ω∗) èqoume telik� ìti

∆(ω∗) =
[1 + (ω∗ − 1)2]p−2

(2− ω∗)2k+1(ω∗)2p−2k+2
∆1(ω∗), (6.92)
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ìpou

∆1(ω∗) = (2−ω∗)(ω∗−1)
{
p (ω∗)2(ω∗ − 1)− (p− 2k)[1 + (ω∗ − 1)2]2

}
Ψ
′
(ω∗).

(6.93)
EÐnai gnwstì t¸ra ìti ω∗ 6= 1. (Gia thn akrÐbeia apì ton orismì thc φ(ω) kai
tou ω∗ èqoume ìti ω∗ > 1.) 'Ara h par�gwgoc

dΨ(ω)

dω
=

1

4l
[1− (ω − 1)−2]− 1− 2l

4l
[2ω − 2− 2(ω − 1)−3], (6.94)

eÐnai fragmènh sto ω = ω∗. Ja deÐxoume ìti h ∆1(ω∗) eÐnai 0, ìpote kai h
∆(ω∗) ja eÐnai 0, kai ètsi ja èqoume oloklhr¸sei thn apìdeixh. Gia to skopì
autì paÐrnoume apì to dexÐ mèloc thc (6.93)

p (ω∗)2(ω∗ − 1)− (p− 2k)[1 + (ω∗ − 1)2]2 =
(6.89),(6.91)

= +p (ω∗ − 1)[(ω∗ − 1)2 + 2(ω∗ − 1) + 1]

−(p− 2k)[1 + (ω∗ − 1)4 + 2(ω∗ − 1)2]

= +p (ω∗ − 1)2[(ω∗ − 1) + 2 +
1

(ω∗ − 1)
]

−(p− 2k)(ω∗ − 1)2[
1

(ω∗ − 1)2 + (ω∗ − 1)2 + 2]

= p(ω∗ − 1)2)[−(1− 2l)(φ∗)2 + φ∗ + 2]
(6.41),(6.42)

= 0. (6.95)

Opìte h ∆(ω∗) = 0 kai ètsi oloklhr¸netai h apìdeixh. �

Ja epikentr¸soume t¸ra thn prosoq  mac sthn sumperifor� thc kampÔlhc
ν1,l(ω). ParathroÔme apì thn (6.64) ìti h kampÔlh ν1,l(ω) eÐnai kal� orismènh
se olìklhro to di�sthma (0, 2), kai ìqi mìno sto (1, ω∗] ìpou orÐsthke kai
qrhsimopoi jhke sto Kef�laio 6.2. Arqik� isqurizìmaste ìti h ν1,l(ω) èqei
èna monadikì akrìtato shmeÐo sto di�sthma (1, 2). 'Eqoume

ν
′
1, l(ω) =

1

[(2− ω)2lω2−2l]2
{

(2− ω)2lω2−2l2(ω − 1)− [1 + (ω − 1)2]

×[−2l(2− ω)2l−1ω2−2l + (2− ω)2l(2− 2l)ω1−2l]
}

∼ ω(ω − 1)− [1 + (ω − 1)2]

[−lω + (1− l)(2− ω)

(2− ω)

]

∼ ω(ω − 1)(2− ω)− [1 + (ω − 1)2][2(1− l)− ω]

= ω(2− ω)(ω − 1) + (ω(2− ω)− 2)[2(1− l)− ω]

= −[(1− 2l)ω2 − 4(1− l)ω + 4(1− l)]. (6.96)
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ω 0 1 ω̃1 2
ν1, l(ω) ∞ ↘ ↘ ↗ ∞
PÐnakac 4: Sumperifor� thc ν1,l(ω).

Oi rÐzec ω̃1 kai ω̃2 tou poluwnÔmou pou emfanÐzetai sthn teleutaÐa gramm 
thc (6.96) eÐnai oi

ω̃1 =
2(1− l)1/2

(1− l)1/2 + l1/2
, ω̃2 =

2(1− l)1/2

(1− l)1/2 − l1/2 . (6.97)

Autèc ikanopoioÔn p�nta th sunj kh 1 < ω̃1 < 2 < ω̃2. Ston PÐnaka 4
dÐnontai ta diast mata monotonÐac thc ν1,l(ω). Ap' autìn mporoÔme eÔkola na
diapist¸soume ìti to ω̃1 eÐnai to monadikì akrìtato shmeÐo thc ν1,l(ω) sto
di�sthma (1, 2).

Sth sunèqeia Ja d¸soume akìmh mÐa idiìthta pou afor� sto ω̃1.

L mma 6.5 To shmeÐo (ν1,l(ω̃1), ω̃1) thc kampÔlhc ν1,l(ω) brÐsketai prin apì
to shmeÐo (ν1,l(ω

∗), ω∗) ìpou ef�ptontai oi kampÔlec ν1,l(ω), kai ν2,l(ω), dhlad 
antistoiqeÐ se mikrìterh tetagmènh ω̃1 < ω∗.

Apìdeixh: 'Eqoume

ω̃1 < ω∗ ⇔ 2(1− l)1/2

(1− l)1/2 + l1/2
<

2(φ∗ + 2)1/2

(φ∗ + 2)1/2 + (φ∗ − 2)1/2

⇔ 2

1 +
l1/2

(1− l)1/2

<
2

1 +
(φ∗ − 2)1/2

(φ∗ + 2)1/2

⇔ 1− l
l

<
φ∗ + 2

φ∗ − 2
, (6.98)

ìpou apì thn teleutaÐa, antikajist¸ntac to φ∗ apì thn (6.42) kai k�nontac
pr�xeic, katal goume sthn isodÔnamh anisìthta

0 <
10l − 3 + (9− 16)1/2 + 2l(9− 16)1/2

−3 + 8l + (9− 16)1/2
, (6.99)

h opoÐa isqÔei gia k�je l ∈ (0, 1/2). 'Etsi èqoume kai thn isqÔ thc arqik c
anisìthtac. �

Mèqri t¸ra èqoume melet sei th sumperifor� thc ν1,l(ω) sunart sei tou
ω. Sth sunèqeia ja ereun soume thn ex�rthsh thc ν1,l(ω) apì to l.
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L mma 6.6 Gia 0 < l1 < l2 < 1/2 isqÔoun ta akìlouja

ν1,l1(ω) > ν1,l2(ω), ω ∈ (0, 1), (6.100.a)

ν1,l1(1) = ν1,l2(1), (6.100.b)

ν1,l1(ω) < ν1,l2(ω), ω ∈ (1, 2), (6.100.c)

Epiplèon gia ìla ta ω ∈ (1, 2) isqÔei ìti

lim
l→0+

ν1, l(ω) =
1 + (ω − 1)2

ω2 . (6.101)

Apìdeixh: Apì thn (6.64) paÐrnoume

ν1,l1(ω)

ν1,l2(ω)
=

1 + (ω − 1)2

(2− ω)2l1ω2−2l1

1 + (ω − 1)2

(2− ω)2l2ω2−2l2

=

(
2− ω
ω

)2(l2−l1)

(6.102)

Oi (6.100.a)-(6.100.c) prokÔptoun �mesa apì thn (6.102). H èkfrash sthn
(6.101) prokÔptei kai aut  �mesa an p�roume to ìrio sthn (6.64), dhlad 

lim
l→0+

ν1,l(ω) = lim
l→0+

1 + (ω − 1)2

(2− ω)2lω2−2l
=

1 + (ω − 1)2

ω2 . �

Gia na deÐxoume t¸ra thn ex�rthsh tou shmeÐou ω̃1 thc kampÔlhc ν1,l(ω)
apì to l ja sumbolÐzoume to shmeÐo autì me

ω̃1,l := ω̃1.

OmoÐwc gia na deÐxoume thn ex�rthsh apì to l tou shmeÐou ω∗, ìpou, ìpwc
eÐdame kai sto L mma 6.5, oi kampÔlec ν1,l(ω), ν2,l(ω) ef�ptontai s' autì, ja
to sumbolÐzoume me

ω∗l := ω∗.

Apì thn (6.97) paÐrnoume

lim
l→0+

ω̃1,l = lim
l→0+

2(1− l)1/2

(1− l)1/2 + l1/2
= 2,
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kai kaj¸c h ν1, l(ω) eÐnai suneq c wc proc to ω, all� kai wc proc to l ∈
(0, 1/2), èqoume apì thn (6.101) ìti

lim
l→0+

ν1,l(ω̃1,l) =
1

2
.

Telik� deÐxame ìti

lim
l→0+

(ν1,l(ω̃1,l), ω̃1,l) = (
1

2
, 2). (6.103)

Ja exet�soume t¸ra th sumperifor� tou shmeÐwn ω∗l kaj¸c to l teÐnei sto 0.
Pr¸ta ja deÐxoume ìti gia 0 < l1 < l2 < 1/2,

ω∗l1 > ω∗l2 . (6.104)

Pr�gmati, apì thn epiqeirhmatologÐa, pou mac od ghse stouc tÔpouc (6.56)
kai (6.57) �lla kai me �meso upologismì, èqoume ìti

dω

dφ
∼ −4

((φ)2 − 4)1/2
< 0, φ ∈ (2,∞).

'Ara
dω∗l
dφ∗l

< 0.

EpÐshc apì thn (6.42) upologÐzoume thn dφ∗l /dl > 0. All� tìte ja isqÔei kai
dω∗l /dl < 0, apì to opoÐo prokÔptei h (6.104).
Xan� apì thn (6.42) èqoume liml→0+ φ∗l = 2, kai efìson h ω∗l eÐnai suneq c wc
proc φ∗l , èqoume

lim
l→0+

ω∗l = lim
φ∗l→2+

ω(φ∗l ) = 2. (6.105)

'Etsi efarmìzontac gia mÐa akìmh for� th sqèsh (6.101) paÐrnoume

lim
l→0+

(ν1,l(ω
∗
l ), ω

∗
l ) = (

1

2
, 2). (6.106)

'Eqontac analÔsei leptomer¸c th sun�rthsh ν1,l(ω), sth sunèqeia ja a-
nalÔsoume kai th sumperifor� thc ν2,l(ω) pr¸ta wc sun�rthshc tou ω gia
stajerì l ∈ (0, 1/2) kai katìpin wc sun�rthshc tou l gia stajerì ω ∈ (1, 2).
Prin xekin soume ja prèpei na epishm�noume ìti h ν2,l(ω), ìpwc �llwste faÐ-
netai kai apì thn (6.3c), ìti aut  eÐnai kal� orismènh se olìklhro to (1,∞)
kai ìqi mìno sto di�sthma [ω∗, 2).

L mma 6.7 'Estw l ∈ (0, 1/2). Tìte
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(i) Gia k�je l ∈ (0, 3/8],

ν2,l(ω1) < ν2,l(ω2), 1 < ω1 < ω2 ≤ 2. (6.107)

(ii) Gia k�je l ∈ (3/8, 1/2),

ν2,l(ω1) < ν2,l(ω2), 1 < ω1 < ω2 ≤ ω̃
′
1 (6.108)

kai
ν2,l(ω1) > ν2,l(ω2), ω̃

′
1 < ω1 < ω2 < 2, (6.109)

ìpou

ω̃
′
1 = ω∗∗ =

2

1 + (−3 + 8l)1/2
. (Gia thn ω∗∗ blèpe kai (6.59)) (6.110)

Apìdeixh:

(i) Epeid  h ν2,l(ω) eÐnai kal� orismènh gia ìla ta ω > 1, sun�getai apì
thn (6.3c) ìti

ν
′
2(ω) ∼ ω

[
1

2
(ω − 1)−1/2(φ+ 1)l + (ω − 1)1/2l(φ+ 1)l−1φ

′
]

−(ω − 1)1/2(φ+ 1)l

∼ ω(φ+ 1) + 2lω(ω − 1)φ
′ − 2(ω − 1)(φ+ 1)

= (φ+ 1)(2− ω) + 2lω(ω − 1)φ
′

=

(
ω − 1 +

1

ω − 1
+ 1

)
(2− ω) + 2lω(ω − 1)

[
1− 1

(ω − 1)2

]

∼ (1− 2l)ω2 − ω + 1. (6.111)

Gia l ∈ (0, 3/8] h diakrÐnousa D = 8l − 3 tou triwnÔmou sthn (6.111)
eÐnai arnhtik    mhdenik , opìte h ν2,l(ω) eÐnai gnhsÐwc aÔxousa kai
èqoume to zhtoÔmeno.

(ii) Gia l ∈ (3/8, 1/2) h diakrÐnousa tou triwnÔmou sthn (6.111) eÐnai jetik .
'Etsi oi dÔo diakritèc rÐzec autoÔ eÐnai oi

ω̃
′
1 =

1− (−3 + 8l)1/2

2(1− 2l)
=

2

1 + (−3 + 8l)1/2
, (6.112)

ω̃
′
2 =

1 + (−3 + 8l)1/2

2(1− 2l)
=

2

1− (−3 + 8l)1/2
. (6.113)
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ω 1 ω̃
′
1 2 ω̃

′
2 ∞

ν2, l(ω) 1− 2l ↗ ↘ ↘ ↗ ∞
PÐnakac 5: Sumperifor� thc ν2, l(ω).

Autèc ikanopoioÔn th sunj kh 1 < ω̃
′
1 < 2 < ω̃

′
2. ( M�lista gia l =

3/8, ω̃
′
1 = ω̃

′
2 = 2 ). 'Etsi kataskeu�zoume ton parak�tw PÐnaka 5, o

opoÐoc deÐqnei ta diast mata monotonÐac thc ν2,l(ω).

Me mÐa prosektik  mati� ston PÐnaka 5 prokÔptoun amèswc oi (6.108),
(6.109). Apomènei na deÐxoume ìti ω∗∗ = ω̃

′
1. Pr�gmati èqoume

ω∗∗ =
2(φ∗∗ + 2)1/2

(φ∗∗ + 2)1/2 + (φ∗∗ − 2)1/2

=
2

1 +

(
φ∗∗ − 2

φ∗∗ + 2

)1/2

(6.48)
=

2

1 +



−1 + 4l

1− 2l
− 2

−1 + 4l

1− 2l
+ 2




1/2

=
2

1 + (−3 + 8l)1/2
= ω̃

′
1 .

�

Diatup¸noume t¸ra èna l mma antÐstoiqo me to L mma 6.5

L mma 6.8 To shmeÐo (ν2,l(ω̃
′
1), ω̃

′
1) thc kampÔlhc ν2,l(ω) brÐsketai met� to

shmeÐo (ν2,l(ω
∗), ω∗) sto opoÐo ef�ptontai oi kampÔlec ν1,l(ω), kai ν2,l(ω), dh-

lad  antistoiqeÐ se megalÔterh tetagmènh ω∗ < ω̃
′
1.

Apìdeixh: Epeid  isqÔei ìti ω̃′1 = ω∗∗, tìte apì Parat rhsh 6.3 h apìdeixh
tou l mmatoc eÐnai �mesh. (Ousiastik� to l mma eÐnai h Ðdia h Parat rhsh
6.3) �

Prin ereun soume thn ex�rthsh thc ν2,l(ω) apì to l, exet�zoume th sumpe-
rifor� thc oriak c kampÔlhc

ν2,1/2(ω) := lim
l→(1/2)−

ν2,l(ω), (6.115)
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gia ìla ta ω ∈ (1, 2]. Apì thn èkfrash (6.3c), kai èqontac up' ìyin ìti
liml→(1/2)−(1− 2l)1−2l = 1, èqoume

lim
l→(1/2)−

ν2,l(ω) =
(ω2 − ω + 1)1/2

ω
∀ω ∈ (1, 2]. (6.116)

'Etsi

ν
′
2,1/2(ω) =

1

2
(ω2 − ω + 1)1/2(2ω − 1)ω − (ω2 − ω + 1)1/2

ω2

∼ (2ω − 1)ω − 2ω2 + 2ω − 2)

∼ ω − 2 ≤ 0 . (6.117)

Autì sunep�getai ìti h ν2,1/2(ω) eÐnai gnhsÐwc fjÐnousa sto di�sthma (1, 2],
pr�gma to opoÐo sumfwneÐ kai me ta apotelèsmata tou L mmatoc 6.7 sthn
perÐptwsh ìpou l ∈ (3/8, 1/2). EpÐshc shmei¸noume ìti kaj¸c l→ (1/2)− ta
trÐa shmeÐa (ν2,1/2(ω̃1), ω̃1), (ν2,1/2(ω∗), ω∗) kai (ν2,1/2(ω∗∗), ω∗∗) tautÐzontai
me to (ν, ω) = (1, 1).

K�ti �llo pou prèpei na parathr soume sto shmeÐo autì eÐnai ìti

lim
l→(1/2)−

lim
ω→1+

(ν2,l(ω), ω) = 0 6= 1 = lim
ω→1+

lim
l→(1/2)−

(ν2,l(ω), ω).

Sth sunèqeia dÐnontai kai apodeiknÔontai dÔo l mmata pou deÐqnoun kajar�
to p¸c exart�tai h kampÔlh ν2,l(ω) apì to l.

L mma 6.9 Gia 0 < l1 < l2 ≤ 3/8 èqoume to ex c

ν2,l1(ω) < ν2,l2(ω), 1 < ω ≤ 2. (6.118)

Apìdeixh: Apì thn èkfrash (6.3c) gia thn ν2,l(ω) èqoume ìti k�je ènac apì
touc par�gontèc thc eÐnai jetikìc gia ω ∈ (1, 2], l ∈ (0, 1/2). 'Etsi kai h
ν2,l(ω) gia k�je zeÔgoc (l, ω) sthn parap�nw perioq  eÐnai jetik . Jètoume

z := z(l, ω) := ln ν2,l(ω)

= ln
(ω − 1)1/2

ω
+ l ln(φ+ 1)− 1

2
ln(1− 2l) + l ln(1− 2l)− l ln(2l). (6.119)

ParagwgÐzontac thn (6.119) wc proc l èqoume

∂z

∂l
= ln(φ+ 1)− (−2)

2(1− 2l)
+ ln(1− 2l) + l

(−2)

(1− 2l)
− ln(2l)− l 2

2l

= ln

[
(1− 2l)(φ+ 1)

2l

]
. (6.120)
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'Opwc èqoume epishm�nei kai parap�nw (blèpe (6.55) ), h φ(ω) eÐnai austhr�
fjÐnousa sto di�sthma (1, 2] kai efìson φ(2) = 2 sunep�getai ìti

(1− 2l)

2l
(φ+ 1) ≥ 3(1− 2l)

2l
(me ��=�� mìno gia φ(2) = 2). (6.121)

'Omwc, gia ìla ta l ∈ (0, 3/8],

3(1− 2l)

2l
≥ 1 (me ��=�� mìno gia l = 3/8).

Autì to apotèlesma, se sunduasmì me thn (6.120) kai thn (6.119), sunep�ge-
tai ìti gia stajerì ω ∈ (1, 2], h ν2,l(ω) eÐnai gnhsÐwc aÔxousa wc proc l sto
di�sthma (0, 3/8]. �

L mma 6.10 San sun�rthsh tou l, h ν2,l(2) eÐnai gnhsÐwc aÔxousa sto di�-
sthma (0, 3/8] kai gnhsÐwc fjÐnousa sto di�sthma [3/8, 1/2).

Apìdeixh:

• Apì to prohgoÔmeno l mma prokÔptei �mesa to pr¸to sumpèrasma gia
l ∈ (0, 3/8].

• Gia l ∈ [3/8, 1/2) èqoume

∂z

∂l
(2) = ln

[
(1− 2l)(φ(2) + 1)

2l

]

= ln
3(1− 2l)

2l
≤ 0 (me ��=�� mìno gia l = 3/8). (6.122)

Opìte h ν2,l(2) eÐnai gnhsÐwc fjÐnousa s' autì to di�sthma. �

Me mia prosektik  exètash twn Lhmm�twn 6.4-6.10 apodeiknÔontai oi i-
squrismoÐ mac sto Je¸rhma 6.3. Tèloc h (6.16) prokÔptei apì tic (6.101),
(6.103), (6.106), kai apì to gegonìc ìti gia k�je ω ∈ (1, 2) to oriakì shmeÐo
liml→0+(ν1,l(ω), ω), eÐnai to shmeÐo

(
1 + (ω − 1)2

ω2 , ω

)
,

ìpou h ν = (1 + (ω − 1)2)/ω2 eÐnai h antÐstrofh sun�rthsh thc

ω =
2

1 + (2ν − 1)1/2
, ν ∈ (1/2, 1).
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