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1 Eisagwg 
EÐnai gnwstì pwc h epist mh twn ulik¸n apoteleÐ èna taqèwc anap-

tussìmeno pedÐo èreunac me pollèc efarmogèc. Ta duadik� kr�mata eÐnai
sust mata pou apoteloÔntai apì dÔo eÐdh stoiqeÐwn A − B sta opoÐa ta
�toma tou A kai tou B dhmiourgoÔn fusikoÔc desmoÔc pou odhgoÔn sth gè-
nesh enìc nèou mÐgmatoc.

K�tw apì sunj kec stajer c pÐeshc h jermodunamik  kat�stash tou mÐg-
matoc kajorÐzetai apì dÔo paramètrouc : th jermokrasÐa T kai th sugkèn-
trwsh C tou kajenìc. Ta megèjh TA kai TB ekfr�zoun tic jermokrasÐec
t xhc twn A kai B antÐstoiqa. Tìte, gÐnetai antilhptì ìti, se opoiad pote
jermokrasÐa T me TA < T < TB, to kr�ma ja apoteleÐtai apì stereì kai ugrì
se diaforetikèc analogÐec kai epèrqetai isorropÐa metaxÔ arqikoÔ kr�matoc
kai nèou mÐgmatoc.

B�sei twn parap�nw prokÔptoun polÔploka eÐdh diepifanei¸n, ìpou h u-
gr  kai h stere  kat�stash sunup�rqoun. An h diepif�neia eÐnai leÐa, tìte
h kÐnhs  thc perigr�fetai apì k�poio sÔsthma diaforik¸n exis¸sewn. Up�r-
qoun dÔo montèla ta opoÐa mporoÔn na perigr�youn th morf  thc diepif�neiac.
Sto èna montèlo h diepif�neia jewreÐtai mhdenikoÔ p�qouc en¸ sto deÔtero
qarakthrÐzetai san èna str¸ma me peperasmèno p�qoc.

MporoÔme na diakrÐnoume dÔo st�dia sthn exèlixh tou fainomènou tou d-
uadikoÔ kr�matoc:to diaqwrismì kai thn adropoÐhsh. To st�dio pou mac endi-
afèrei kai me to opoÐo ja asqolhjoÔme eÐnai h adropoÐhsh , ìpou to sÔsthma
exelÐssetai me skopì na elaqistopoi sei thn epifaneiak  tou enèrgeia. Se
autì to st�dio ta meg�la swmatÐdia exelÐssontai se b�roc twn mikr¸n kai
parathreÐtai mÐa shmantik  meÐwsh tou sunolikoÔ arijmoÔ twn swmatidÐwn en¸
to mèso mègejoc aux�nei (bl. [8]).

Sthn klasik  jewrÐa twn Lifshitz-Slyozov-Wagner ta swmatÐdia jewroÔn-
tai sfairik� opìte se k�je swmatÐdio enswmat¸noume èna kèntro kai mÐa
aktÐna gia ìlh th qronik  exèlixh tou fainomènou. Ja melet soume thn an�p-
tuxh tou swmatidÐou se sqèsh me thn epÐdrash pou askeÐ èna “ mèso ” pedÐo
to opoÐo anaparist� thn epÐdrash twn upìloipwn swmatidÐwn. Brèjhke ìti
opoiad pote aktÐna R(t) exelÐssetai sÔmfwna me ton tÔpo

∂R

∂t
= V (R, Rc(t)) :=

a

R2

( R

Rc(t)
− 1

)
, (1.1)

ìpou a eÐnai mÐa stajer� kai h krÐsimh aktÐna Rc(t) eÐnai Ðdia gia ìla ta
swmatÐdia kai h tim  thc kajorÐzetai apì th diat rhsh thc m�zac. An h
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m�za sto pedÐo “ di�qushc ” mporeÐ na agnohjeÐ, tìte o sunolikìc ìgkoc
twn swmatidÐwn diathreÐtai kai h krÐsimh aktÐna isoÔtai me th mèsh aktÐna
twn  dh uparqìntwn swmatidÐwn. SwmatÐdia me aktÐna megalÔterh apì Rc(t)
aux�noun, en¸ mikr� swmatÐdia surrikn¸nontai se peperasmèno qrìno kai
exafanÐzontai.

H LSW jewrÐa asqoleÐtai me èna sÔsthma sto opoÐo ta perissìtera ar-
qik� swmatÐdia èqoun exafanisteÐ all� èna meg�lo mèroc paramènei.To sÔsth-
ma qarakthrÐzetai apì thn katanom  thc aktÐnac twn swmatidÐwn n(t, R). Aut 
eÐnai mÐa kanonikopoihmènh puknìthta ètsi ¸ste to

∫ R

0
n(t, r)dr na dhl¸nei ton

arijmì twn swmatidÐwn me aktÐna mikrìterh apì R diairemènh me ton arijmì N
twn arqik� uparqìntwn swmatidÐwn. H n(t, R) ikanopoieÐ to nìmo diat rhshc

∂tn + ∂R(V n) = 0, (1.2)

ìpou h krÐsimh aktÐna dÐnetai apì ton tÔpo

Rc(t) =

∫ ∞

0

Rn(t, R)dR
/∫ ∞

0

n(t, R)dR. (1.3)

H arqik  puknìthta n0(R) = n(0, R) ikanopoieÐ
∫∞

0
n0(R)dR = 1.

Ja  tan pio bolikì na doulèyoume me ton ìgko υ twn swmatidÐwn antÐ
thc aktÐnac R kai me th sun�rthsh thc katanom c φ antÐ gia thn puknìthta
n, ìpou h φ orÐzetai na eÐnai to posostì twn arqik� uparqìntwn swmatidÐwn
me ìgko megalÔtero   Ðso apì υ. O ìgkoc υ(t) opoioud pote swmatidÐou ja
ikanopoieÐ :

dυ

dt
= Λ(υ, θ(t)) := υ1/3θ(t)− 1 (1.4)

ìpou to θ(t) eÐnai Ðdio gia ìla ta swmatÐdia kai orÐzetai mèsw thc krÐsimhc
aktÐnac sÔmfwna me ton tÔpo θ(t)−3 = (4π/3)Rc(t)

3.
Oi Lifschitz-Slyozov-Wagner upost rixan loipìn pwc :

1. H R3
c(t) aux�nei grammik� gia meg�louc qrìnouc kai m�lista san 4t/9,

2. H katanom  megèjouc twn swmatidÐwn proseggÐzei mÐa morf  pou eÐnai
omoiìjeth an k�noume kanonikopoÐhsh wc proc thn krÐsimh aktÐna, kai

3. Genik�, ìlec oi kanonikopoihmènec katanomèc ja proseggÐzoun thn Ðdia
omoiìjeth lÔsh. Aut  h lÔsh ja eÐnai omal , me sumpag  forèa kai
eÐnai upologÐsimh.
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Se aut n thn ergasÐa ja asqolhjoÔme me thn kal  topojèthsh tou prob-
l matoc arqik¸n tim¸n, ja exet�soume thn asumptwtik  sumperifor� twn
lÔsewn, ja mac apasqol soun oi lÔseic omoiojesÐac kai ja katal xoume se
sunj kec anagkaÐec kai ikanèc prokeimènou na sugklÐnei h lÔsh tou probl -
matìc mac, afoÔ prohgoumènwc k�noume thn kat�llhlh kanonikopoÐhsh sth
sun�rthsh katanom c.
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2 Kal  Topojèthsh, Omalìthta,
KanonikopoÐhsh

2.1 Kal  topojèthsh tou probl matoc
UpenjumÐzoume ìti h ϕ eÐnai to posostì twn swmatidÐwn me ìgko megalÔtero

  Ðso me υ th qronik  stigm  t. Wc sun�rthsh tou ìgkou υ th qronik  stigm 
t, h ϕ(t, υ) eÐnai fjÐnousa sun�rthsh, apì arister� suneq c me phd mata, to
ϕ(t, 0) = 1 kai

∫∞
0

ϕ(t, υ)dυ (sunolikìc ìgkoc) eÐnai anex�rthtoc tou qrìnou.
H katanom  tou ìgkou twn swmatidÐwn ,pou orÐzetai apì th sqèsh

f(t, υ)dυ = −dϕ(t, υ)

gia k�je stajeropoihmèno t , sundèetai me to n mèsw tou tÔpou

f(t, υ)dυ = n(t, R)dR.

Ja asqolhjoÔme me lÔseic gia tic opoÐec h arqik  katanom  f(0, υ)dυ eÐnai
èna tuqaÐo mètro pijanìthtac me sumpag  forèa. Autì epitrèpei katanomèc
ìpou èna peperasmèno mèroc twn swmatidÐwn èqoun ìla gia par�deigma to Ðdio
mègejoc. O sumpag c forèac antistoiqeÐ sthn apaÐthsh oi ìgkoi twn arqik¸n
swmatidÐwn na eÐnai fragmènoi.

Antistrèfoume sth sunèqeia th sqèsh metaxÔ υ kai ϕ kai jewroÔme ton
ìgko υ sto qrìno t wc sun�rthsh tou ϕ ∈ [0, 1], kai paÐrnoume th υ(t, ϕ) ètsi
¸ste h apeikìnish ϕ 7→ υ(t, ϕ) na eÐnai fjÐnousa kai apì dexi� suneq c me
phd mata kai me υ(t, 1) = 0 . Gia èna peperasmèno sÔsthma swmatidÐwn me
ìgkouc topojethmènouc se fjÐnousa seir� υ0(t) ≥ ... ≥ υN−1(t) èqoume ìti
υ(t, ϕ) = υj gia ϕ pou an kei sto [j/N, (j + 1)/N). Genik�

υ(t, x) = sup{y | ϕ(t, y) > x} για 0 ≤ x < 1 = max ϕ. (2.1)

Onom�zoume thn apeikìnish ϕ 7→ υ(t, ϕ) di�taxh ìgkou gia th qronik  stigm 
t kai th ϕ di�taxh twn swmatidÐwn.

H sun�rthsh katanom c orÐzetai mèsw thc di�taxhc ìgkou kai sÔmfwna
me thn perigraf 

ϕ(t, y) = sup{x | υ(t, x) > y} ∨ 0

=

{
sup{x | υ(t, x) > y} για 0 ≤ y < max υ(t, x),
0 για y ≥ max υ(t, x).

(2.2)
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Epiplèon, ìpwc eÐdame h exÐswsh pou kajorÐzei thn exèlixh thc υ(t, ϕ)
eÐnai

∂υ

∂t
= Λ(υ, θ(t)) ≡ υ1/3θ(t)− 1. (2.3)

OrÐzoume loipìn ton ex c metrikì q¸ro:

Orismìc 2.1. : A := { υ0 : [0, 1] → R+
0 : υ0 fjÐnousa , dexi� suneq c ,

υ0(1) = 0}.
To sÔnolo autì to efodi�zoume me th supremum metrik 

‖υ0‖ = sup
ϕ∈[0,1]

|υ0(ϕ)|

kai gia opoiod pote T > 0, o C([0, T ];A) eÐnai o metrikìc q¸roc twn suneq¸n
sunart sewn υ : [0, T ] → A, me metrik  pou dÐnetai apì th sup[0,T ] ‖υ(t, ·)‖ .

EpÐshc me L∞loc(0,∞) sumbolÐzoume to q¸ro twn metr simwn sunart sewn
pou eÐnai topik� fragmènec sto (0,∞) , ìpou dÔo sunart seic jewroÔntai
isodÔnamec e�n sumpÐptoun sqedìn pantoÔ.

Arqikìc stìqoc mac eÐnai na apodeÐxoume to ex c je¸rhma olik c Ôparxhc
kai monadikìthtac (bl. [5]):

Je¸rhma 2.1. 'Estw υ0 ∈ A. Tìte up�rqei monadikì zeug�ri sunart sewn
υ ∈ C([0,∞);A) kai θ ∈ L∞loc(0,∞) tètoio ¸ste :

∫ 1

0

υ(t, ϕ)dϕ =

∫ 1

0

υ0(ϕ)dϕ, ∀t ≥ 0 (2.4)

kai
υ(t, ϕ) = υ0(ϕ) +

∫ t

0

(υ(s, ϕ)1/3θ(s)− 1)ds (2.5)

gia ìla ta (t, ϕ) pou eÐnai tètoia ¸ste υ(t, ϕ) > 0.
EpÐshc h apeikìnish apì th υ0 sth υ eÐnai topik� Lipschitz suneq c apì to
sÔnolo A sto C([0, T ];A) ,gia opoiod pote T > 0.

Oi lÔseic tou parap�nw sust matoc antistoiqoÔn se asjeneÐc lÔseic tou
arqikoÔ probl matìc mac.

Prokeimènou loipìn na apodeÐxoume to parap�nw je¸rhma ja xekin soume
anafèrontac dÔo l mmata pou eÐnai parallagèc thc anisìthtac Gronwall:
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L mma 2.2. 'Estw sun�rthsh G : [0, T ] → R aÔxousa me G(0) = 1, kai
K ≥ 0 mÐa stajer�. 'Estw epÐshc mÐa f : [0, T ] → R suneq c kai h opoÐa
ikanopoieÐ

0 ≤ f(t) ≤ K +

∫ t

0+

f(s)dG(s), 0 ≤ t ≤ T.

Tìte ja isqÔei

f(t) ≤ KeG(t), για 0 ≤ t ≤ T.

L mma 2.3. 'Estw G : [0, T ] → R mÐa aÔxousa sun�rthsh kai f : [0, T ] → R
mÐa sun�rthsh suneq c, mh-arnhtik  kai aÔxousa.

Tìte efìson 0 ≤ t + f(t) ≤ T ja isqÔei
∫ t

0

(G(s + f(s))−G(s))ds ≤
∫ f(0)

0

(G(f(0))−G(s))ds +

∫ t

0

f(s)dG̃(s),

ìpou G̃(s) = G(s + f(s)).

StajeropoioÔme loipìn èna T > 0 kai jewroÔme t ∈ [0, T ]. 'Estw θ ∈
L∞(0, T ) jetik  kai èstw υ ∈ C([0, T ],A([0, 1])) kai pou eÐnai tètoia ¸ste

∫ 1

0

υ(t, ϕ)dϕ =

∫ 1

0

υ(0, ϕ)dϕ (2.6)

gia ìla ta t kai

υ(t, ϕ) = υ(0, ϕ) +

∫ t

0

(υ(s, ϕ)1/3θ(s)− 1)ds (2.7)

opoted pote to υ(t, ϕ) > 0.
Apì thn parap�nw sqèsh prokÔptei ìti h apeikìnish t → υ(t, ϕ) eÐnai Lip-

schitz suneq c kai �ra eÐnai sqedìn pantoÔ paragwgÐsimh opìte ja ikanopoieÐ

∂υ

∂t
= υ1/3θ(t)− 1 (2.8)

gia sqedìn k�je t se opoiod pote di�sthma ìpou h υ > 0. OrÐzontac ε−1
0 =

8 · esssup0≤t≤T θ(t) paÐrnoume υ1/3θ− 1 ≤ −1
2
, για υ < ε0 kai me b�sh autì

prokÔptei ìti an

υ(t0, ϕ) = 0 ⇒ υ(t, ϕ) = 0, για t ≥ t0.
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Parajètoume touc ex c sumbolismoÔc:

υ(t) := υ(t, 0) = max
ϕ

υ(t, ϕ),

t(ϕ) := inf{t ∈ [0, T ]|υ(t, ϕ) = 0} ∧ T,

ϕ(t) := sup{ϕ ∈ [0, 1]| υ(t, ϕ) > 0} (2.9)

h opoÐa ϕ(t) eÐnai akrib¸c to �kro tou forèa thc sun�rthshc υ(t, ·).
Oi sunart seic t kai ϕ eÐnai fjÐnousec kai m�lista ϕ(t) > 0 gia ìla ta

t, efìson h υ(t, ·) den eÐnai tautotik� mhdèn lìgw thc diat rhshc tou ìgkou.
Th sun�rthsh t thn apokaloÔme qrìno exaf�nishc gia thn υ(t, ϕ) sto ϕ e�n
t(ϕ) < T.

Sth sunèqeia parajètoume kai apodeiknÔoume èna l mma to opoÐo kajorÐzei
thn tim  tou θ(t) kai dÐnei kai èna �nw fr�gma tou.

L mma 2.4. Gia sqedìn k�je t ∈ [0, T ] isqÔei

0 < θ(t) =
ϕ(t)∫ 1

0
υ(t, ϕ)1/3dϕ

≤ υ(t)2/3 ≤ (etυ(0))2/3. (2.10)

ApìdeixhUpologÐzoume th sqèsh (2.7) sto min(t, t(ϕ)) kai oloklhr¸noume
wc proc ϕ ∈ [0, 1]. K�nontac allag  sth seir� olokl rwshc kai qrhsi-
mopoi¸ntac to gegonìc ìti t(ϕ) < t ⇒ υ(t(ϕ), ϕ) = 0 brÐskoume ìti

0 =

∫ ϕ(t)

0

υ(t, ϕ)dϕ−
∫ 1

0

υ(0, ϕ)dϕ

=

∫ 1

0

∫ min(t,t(ϕ))

0

(υ(s, ϕ)1/3θ(s)− 1)dsdϕ

=

∫ t

0

∫ ϕ(s)

0

(υ(s, ϕ)1/3θ(s)− 1)dϕds.

Epeid  to t  tan tuqaÐo èpetai ìti
∫ ϕ(s)

0

(υ(s, ϕ)1/3θ(s)− 1)dϕds = 0

opìte
θ(t) =

ϕ(t)∫ 1

0
υ(t, ϕ)1/3dϕ

.

8



Prokeimènou na apodeÐxoume tic anisìthtec , qrhsimopoioÔme ìti ϕ(t) ≤ 1

kai
∫ 1

0
υ1/3dϕ ≥ υ(t)−2/3

∫ 1

0
υdϕ. Tìte ja isqÔei dυ/dt ≤ υ1/3θ ≤ υ apì ìpou

kai brÐskoume ìti θ(t) ≤ υ(t)2/3 kai υ(t) ≤ etυ(0). 2

Sth sunèqeia parajètoume èna akìmh l mma to opoÐo prokÔptei �mesa apì
to gegonìc ìti an υ < ε0 ⇒ υ1/3θ − 1 < −1

2
:

L mma 2.5. 'Estw t1 > 0 kai ε0 > 0. Tìte

∂υ/∂t < −1

2
, για σχεδóν κάθε t ∈ [t1, t(ϕ)]

kai
1

2
(t(ϕ)− t) ≤ υ(t, ϕ) ≤ ε0 − 1

2
(t− t1), ∀t ∈ [t1, t(ϕ)].

MÐa sunèpeia autoÔ tou l mmatoc eÐnai to ex c pìrisma :

Pìrisma 2.6. 'Estw T > 0 kai C0 mÐa stajer�. Tìte up�rqei stajer�
C = C(T, C0) tètoia ¸ste

∫ t(ϕ)

0

υ(t, ϕ)−2/3dt ≤ C, ∀ϕ ∈ [0, 1]. (2.11)

Epiplèon , h sun�rthsh β pou orÐzetai wc ex c

β(t) =

∫ ϕ(t)

0

υ(t, ϕ)−2/3dϕ (2.12)

eÐnai peperasmènh gia sqedìn k�je t ∈ [0, T ] kai
∫ t

0
β(t)dt ≤ C.

Skopìc mac eÐnai na deÐxoume pìso kont� paramènoun dÔo lÔseic ìtan
arqik� h apìstas  touc eÐnai mikr .

H ap�nthsh dÐnetai apì thn ex c prìtash :

Prìtash 2.7. 'Estw T > 0 kai C0 > 0. Tìte up�rqei mÐa stajer� C > 0 kai
èna δ > 0 tètoio ¸ste an (υ1, θ1) kai (υ2, θ2) eÐnai dÔo lÔseic pou an koun sto
A× L∞loc kai ikanopoioÔn tic (2.4) kai (2.5) kai e�n upojèsoume ìti

‖υ1(0, ·)− υ2(0, ·)‖ ≤ δ

tìte
sup

0≤t≤T
‖υ1(t, ·)− υ2(t, ·)‖ ≤ C ‖υ1(0, ·)− υ2(0, ·)‖ . (2.13)
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Xekin�me thn apìdeixh upojètontac ìti ta T, C0 > 0 kai jètoume

ε1 = (8eT C0)
−1.

Upojètoume epÐshc ìti (υ1, θ1) kai (υ2, θ2) pou an koun sto C([0, T ];A)×
L∞(0, T ) eÐnai dÔo lÔseic tou (2.4) kai (2.5) tètoiec ¸ste max(υ1(0, 0), υ2(0, 0))
≤ C0.

Epiplèon orÐzoume

M(t) = sup
0≤s≤t

‖υ1(s, ·)− υ2(s, ·)‖

kai upojètoume ìti M(0) < ε1.
Parajètoume sth sunèqeia trÐa l mmata pou ja mac bohj soun sthn

apìdeixh thc parap�nw prìtashc:

L mma 2.8. Up�rqei mÐa stajer� C1 = C1(T, C0) tètoia ¸ste an 0 ≤ t ≤ T
tìte

M(t) ≤ C1

(
M(0) +

∫ t

0

|θ1(s)− θ2s| ds
)

(2.14)

Apìdeixh
StajeropoioÔme èna ϕ ∈ [0, 1]. Upojètoume qwrÐc bl�bh thc genikìthtac ìti
t1(ϕ) ≥ t2(ϕ). Gia t ∈ [0, t2(ϕ)] èqoume

υ1(t, ϕ)− υ2(t, ϕ) = υ1(0, ϕ)− υ2(0, ϕ) +

∫ t

0

υ2(s, ϕ)1/3(θ1(s)− θ2(s))ds +

∫ t

0

θ1(s)(υ1(s, ϕ)1/3 − υ2(s, ϕ)1/3)ds.

PaÐrnontac apìlutec timèc sthn parap�nw sqèsh kai qrhsimopoi¸ntac to
gegonìc ìti |a− b| ≤ |a3 − b3| /a2 opoted pote ta a, b eÐnai jetik� paÐrnoume
thn ex c ektÐmhsh

|υ1(t, ϕ)− υ2(t, ϕ)| ≤ |υ1(0, ϕ)− υ2(0, ϕ)|+ C?

∫ t

0

|θ1(s)− θ2(s)| ds

+C2
?

∫ t

0

υ1(t, ϕ)−2/3 |υ1(s, ϕ)− υ2(s, ϕ)| ds (2.15)

ìpou jèsame C? = (eT C0)
1/3. E�n to t ∈ [t2(ϕ), t1(ϕ)] tìte υ2(t, ϕ) = 0 kai

υ1(t, ϕ) ≤ υ1(t2(ϕ), ϕ) + C2
?

∫ t

t2(ϕ)

υ1(s, ϕ)1/3ds.
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Jètontac t = t2(ϕ) sth sqèsh (2.11) brÐskoume ìti aut  ja isqÔei gia ìla
ta t ∈ [0, t1(ϕ)]. Qrhsimopoi¸ntac epiplèon kai thn anisìthta tou Gronwall
katal goume sthn ektÐmhsh

exp
(
− C2

?

∫ t

0

υ1(t, ϕ)−2/3ds
)
|υ1(t, ϕ)− υ2(t, ϕ)| ≤

|υ1(0, ϕ)− υ2(0, ϕ)|+ C?

∫ t

0

|θ1(s)− θ2(s)| ds.

Qrhsimopoi¸ntac kai to pìrisma 2.6 katal goume sto zhtoÔmeno. 2

Parajètoume en suneqeÐa to deÔtero l mma :

L mma 2.9. 'Estw τ > 0 kai ε1 > 0. Upojètoume ìti

M(t) ≤ ε1 για 0 ≤ t ≤ τ.

Tìte ja isqÔei

|ϕ1(t)− ϕ2(t)| ≤ ϕ1(t)− ϕ1(t + 2M(t)) + ϕ2(t)− ϕ2(t + M(t)) (2.16)

ìso to t + 2M(t) ≤ τ.

ProqwroÔme sto trÐto l mma pou ja mac bohj sei sthn apìdeixh thc Prì-
tashc 2.7.

L mma 2.10. Up�rqei mÐa stajer� C2 h opoÐa exart�tai apì ta T kai C0 kai
mÐa aÔxousa sun�rthsh H : [0, T ] → R h opoÐa exart�tai apì tic lÔseic υ1

kai υ2 tou probl matoc 2.6-2.7, kai h opoÐa ikanopoieÐ to ex c : H(0) = 0 kai
H(T ) ≤ C2. Tìte e�n M(t) ≤ ε1 gia 0 ≤ t ≤ τ ja isqÔei

∫ t

0

|θ1(s)− θ2(s)| ds ≤ C2M(0) +

∫ t

0+

M(s)dH(s) (2.17)

ìso to t + 2M(t) ≤ τ.

Apìdeixh
Qrhsimopoi¸ntac th sqèsh gia to θ(t) kai thn anisìthta

∫
υ

1/3
j dϕ ≥

ῡ
−2/3
j ≥ C−2

? brÐskoume ìti

|θ1(t)− θ2(t)| ≥ C2
? |ϕ̄1(t)− ϕ̄2(t)|+ C4

?

∫ 1

0

∣∣∣υ1/3
1 − υ

1/3
2

∣∣∣ dϕ.
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OrÐzoume ϕ+(t) = max ϕ̄1(t), ϕ̄2(t). Tìte e�n ϕ < ϕ+ ja èqoume
∣∣∣υ1/3

1 − υ
1/3
2

∣∣∣ ≤ |υ1 − υ2|
υ

2/3
1 + υ

2/3
2

.

'Omwc tìte apì to Pìrisma 2.6 kai jètontac t+(ϕ) = max t̄1(ϕ), t̄1(ϕ) ja
prokÔyei ìti ∫ t+(ϕ)

0

1

υ
2/3
1 + υ

2/3
2

dt ≤ C(T, C0).

Apì to je¸rhma tou Fubini prokÔptei ìti h sun�rthsh pou orÐzetai mèsw
thc sqèshc

h0(t) =

∫ ϕ+(t)

0

1

υ
2/3
1 + υ

2/3
2

dϕ

eÐnai peperasmènh gia sqedìn ìla ta t kai eÐnai oloklhr¸simh me
∫ T

0
h0(t)dt ≤

C(T,C0).
Tìte sundu�zontac tic parap�nw sqèseic paÐrnoume ìti

∫ 1

0

∣∣∣υ1/3
1 − υ

1/3
2

∣∣∣ dϕ ≤ M(t)h0(t),

gia sqedìn ìla ta t ∈ [0, T ].
Sth sunèqeia jètontac G(t) = −ϕ̄j(t) gia j = 1, 2 kai f(t) = 2M(t), sto

L mma 2.3 kai k�nontac aplèc pr�xeic katal goume sto ìti
∫ t

0

ϕ̄j(s)− ϕ̄j(s + 2M(s))ds ≤ 2M(0) +

∫ t

0+

2M(s)dHj(s),

ìpou Hj(t) = −ϕ̄j(t+2M(t))+ϕ̄j(2M(0)). Profan¸c h Hj ikanopoieÐ Hj(t) ≤
1, ∀t.

Qrhsimopoi¸ntac ìlec tic parap�nw ektim seic kaj¸c kai to apotèlesma
tou L mmatoc 2.9 brÐskoume ìti

∫ t

0

|θ1(s)− θ2(s)| ds ≤ 4C2
?M(0) +

∫ t

0+

M(s)dH(s)ds,

ìpou orÐsame

H(t) = 2C2
?(H1(t) + H2(t)) + c4

?

∫ t

0

h0(s)ds.
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To zhtoÔmeno prokÔptei t¸ra eÔkola. 2

Epistrèfoume loipìn sthn apìdeixh thc Prìtashc 2.7, ìpou kai ja qrhsi-
mopoi soume èna epiqeÐrhma sunèqeiac basismèno kai stic parap�nw ektim seic
mazÐ me thn ektÐmhsh

M(τ)−M(t) ≤ 2C3
∗(τ − t), (2.18)

opoted pote 0 ≤ t ≤ τ ≤ T, to opoÐo prokÔptei apì thn
∣∣∂v

∂t

∣∣ ≤ C3
∗ . AfoÔ

h M eÐnai aÔxousa mporoÔme na broÔme T̃ ≤ T ètsi ¸ste T̃ + 2M(T̃ ) = T.
Jètontac τ = t + 2M(t), h anisìthta (2.18) dÐdei

M(t + 2M(t)) ≤ M(t)(1 + 4C3
∗), (2.19)

opoted pote t ≤ T̃ . T¸ra orÐzoume

Ω =
{

t ∈ [0, T̃ ]|M(t + 2M(t)) ≤ ε
}

.

E�n M(0) ≤ δ0 := ε1

(1+4C3∗)
, tìte 0 ∈ Ω ètsi to Ω eÐnai mh-kenì, kai

profan¸c eÐnai kai kleistì.
Isqurizìmaste ìti to Ω eÐnai anoiqtì sto [0, T̃ ] e�n to M(0) eÐnai arket�

mikrì.
Dedomènou loipìn k�poiou t1 ∈ Ω mporoÔme na efarmìsoume ta L mmata

2.8 kai 2.10 gia na p�roume ìti

M(t) ≤ C1(1 + C2)M(0) + C1

∫ t

0+

M(s)dH(s), (2.20)

gia 0 ≤ t ≤ t1. Tìte apì to L mma 2.2 èqoume

M(t) ≤ C3M(0), (2.21)

gia 0 ≤ t ≤ t1, ìpou jèsame C3(T, C0) = exp(C1C2)C1(1+C2). Qrhsimopoi¸n-
tac sth sunèqeia th (2.19) sumperaÐnoume ìti M(t1 + 2M(t1)) ≤ C4M(0)
orÐzontac C4 = C3(1 + 4C3

∗). Efìson upojèsoume ìti

M(0) ≤ δ1 :=
1

2

ε

C4

,

prokÔptei ìti M(t1 + 2M(t1)) < ε1, kai afoÔ h M eÐnai suneq c, to Ω eÐnai
anoiqtì sto [0, T̃ ].

Sunep¸c èqoume ìti T̃ ∈ Ω. Jètontac t1 = T̃ , autì shmaÐnei ìti èqoume
M(t) ≤ ε1 kai M(t) ≤ C4M(0) e�n M(0) ≤ δ1, kai ètsi telei¸nei h apìdeixh.
2

IsqÔei to ex c l mma:
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L mma 2.11. : To sÔnolo twn sunart sewn tou A oi opoÐec paÐrnoun èna
peperasmèno pl joc tim¸n, eÐnai puknì sto A.

EÐmaste t¸ra se jèsh na apodeÐxoume to Je¸rhma 2.1.

Apìdeixh tou Jewr matoc 2.1
H monadikìthta prokÔptei apì thn Prìtash 2.7. Gia na apodeÐxoume thn

Ôparxh gia tuqaÐo υ0 ∈ A, apì thn Prìtash 2.7 kai to L mma 2.4 profan¸c
arkeÐ na deÐxoume olik  Ôparxh gia υ0 se èna puknì sÔnolo tou A.

Upojètoume loipìn ìti h υ0 paÐrnei to peperasmèno pl joc tim¸n y0 >
· · · > yN = 0. Tìte jètontac ϕj = inf{ϕ|υ0(φ) = yj} paÐrnoume ìti 0 =
φ0 < · · · < φN ≤ 1 kai υ0(ϕ) = yj gia ϕ ∈ [ϕj, ϕj+1), j = 0, · · · , N −
1. ArqÐzoume na kataskeu�zoume mÐa lÔsh lÔnontac to ex c sÔsthma twn
diaforik¸n exis¸sewn:

ω′j(t) = ωj(t)
1/3Θ(t)− 1, j = 0, · · · , N − 1, (2.22)

me

Θ(t) = ϕN/

N−1∑
j=0

ωj(t)
1/3(ϕj+1 − ϕj) (2.23)

me ωj(0) = yj se èna mègisto di�sthma [0, tN) sto opoÐo min ωj(t) > 0. H
lÔsh eÐnai omal  kai ωj(t) > ωj+1(t) apì th monadikìthta thc exÐswshc ω′ =
ω1/3Θ− 1. H posìthta

N−1∑
j=0

ωj(t)(ϕj+1 − ϕj)

diathreÐtai sto qrìno kai qwrÐc bl�bh thc genikìthtac mporoÔme na upo-
jèsoume ìti eÐnai Ðsh me 1. Apì ton tÔpo thc Θ(t) prokÔptei ìti Θ(t) ≤
ω0(t)

2/3 ètsi ja èqoume ω′0 ≤ ω0 kai ètsi ω0(t) ≤ ety0. E�n tN < ∞ tìte
prokÔptei ìti o mikrìteroc suntelest c exafanÐzetai , dhlad  ωN−1(t

−
N) =

limt↑tN ωN−1(t) = 0.
Gia t ∈ [0, tN) orÐzoume υ(t, ϕ) = ωj(t) gia ϕ ∈ [ϕj, ϕj+1), j = 0, · · · , N −

1, kai θ = Θ. Autì sunep�gei mÐa lÔsh tou Probl matoc 2.6-2.7 gia t ∈ [0, tN).
Kaj¸c to t → tN ta ìria υ(t−N , ϕ) kai θ(t−N) up�rqoun. H lÔsh mporeÐ ètsi
na xanaorisjeÐ sto qrìno t me èna ligìtero suntelest ( to N antikajÐstatai
apì to N − 1.) Met� apì peperasmèno arijmì tètoiwn bhm�twn h lÔsh prèpei
na up�rqei olik�. 'Etsi gia mÐa υ0 ∈ A me èna peperasmèno pl joc tim¸n , mÐa
olik  lÔsh ja up�rqei. 'Etsi oloklhr¸netai kai h apìdeixh tou Jewr matoc
2.1. 2
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2.2 KanonikopoÐhsh
Prìtash 2.12. 'Estw (υ, θ) ∈ C([0,∞);A)×L∞loc(0,∞) mÐa lÔsh tou sust -
matoc

∂υ

∂t
= υ1/3θ(t)− 1

kai
θ(t) =

ϕ(t)∫ 1

0
υ(t, ϕ)1/3dϕ

≤ υ(t)2/3.

Gia x > 0, èstw V(t, x) mÐa lÔsh thc oloklhrwtik c exÐswshc

V(t, x) = x +

∫ t

0

(V(s, x)1/3θ(s)− 1)ds (2.24)

orismènh sto mègisto di�sthma qrìnou [0, t̂(x)) ìpou h V > 0. Tìte

(a) H V eÐnai analutik  wc proc x, dhlad  ìtan V(t0, x0) > 0 h apeikìnish
x 7→ V(t0, x) eÐnai analutik  kont� sto x0.

(b) H ∂V/∂x eÐnai austhr� aÔxousa wc proc to qrìno gia k�je x.

(γ) υ(t, ϕ) = V(t, υ0(ϕ)), óταν υ0(ϕ) > 0.

Apìdeixh
Katarq n parathroÔme ìti

V(t, υ0(ϕ)) = υ0(ϕ) +

∫ t

0

(V(s, υ0(ϕ))1/3θ(s)− 1)ds.

Xèroume ìmwc apì to Je¸rhma 2.1 ìti h lÔsh thc oloklhrwtik c exÐswshc
(2.5) eÐnai monadik  . 'Ara afoÔ h V thn lÔnei , èpetai ìti υ(t, ϕ) = V(t, υ0(ϕ)).
Autì apodeiknÔei to (γ).

Gia thn apìdeixh tou (b) skeftìmaste wc ex c: Efìson h sun�rthsh
w 7→ w1/3 eÐnai omal  gia w > 0, sÔmfwna me gnwstì je¸rhma ja èqoume ìti
h apeikìnish x 7→ V(t0, x) eÐnai suneq¸c diaforÐsimh opoiasd pote t�xhc kai
k�je par�gwgoc eÐnai Lipschitz suneq c wc proc ton qrìno , �ra kai sqedìn
pantoÔ diaforÐsimh wc proc ton qrìno .

'Eqoume ìti

V(t, x) = x +

∫ t

0

(V(s, x)1/3θ(s)− 1)ds,
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opìte
∂V
∂x

(t, x) = 1 +

∫ t

0

1

3
V(s, x)−2/3 ∂V

∂x
(s, x) θ(s)ds,

kai
∂

∂t

∂V
∂x

(t, x) =
1

3
V(t, x)−2/3 ∂V

∂x
(t, x) θ(t),

kai epomènwc
∂

∂t

∂V
∂x

(t, x) =
θ(t)

3V(t, x)2/3

∂V
∂x

(t, x). (2.25)

'Omwc
∂V
∂x

(0, x) = 1

kai an jèsoume

φ(t) =
∂V
∂x

(t, x),

èqoume

φ′(t) =
θ(t)

3V(t, x)2/3
φ(t)

pou me olokl rwsh dÐnei

ln φ(t) = ln φ(0) +

∫ t

0

θ(s)

3V(s, x)2/3
ds (2.26)

kai telik� ìti
∂V
∂x

(t, x) = exp

∫ t

0

θ(s)

3V(s, x)2/3
ds.

Apì thn teleutaÐa sqèsh sumperaÐnoume ìti ∂V
∂x

(t, x) > 0 opìte apì th sqèsh
(2.25) èqoume to zhtoÔmeno.

Sth sunèqeia parajètoume ton ex c orismì :

Orismìc 2.2. H g : (0,∞) → R lègetai apolÔtwc monìtonh ìtan h g eÐnai
�peirec forèc diaforÐsimh sun�rthsh me thn idiìthta

(−1)κg(κ) ≥ 0, ∀κ = 0, 1, 2, . . .

IsqÔei kai h ex c prìtash tou Bernstein(bl.[1]):

Prìtash 2.13. 'Estw g : (0,∞) → R mÐa apolÔtwc monìtonh sun�rthsh .
Tìte h g èqei mÐa analutik  epèktash sto anoiktì dexÐ hmÐqwro tou migadikoÔ
epipèdou.
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Prokeimènou loipìn na apodeÐxoume to pr¸to isqurismì ja qrhsimopoi -
soume to parap�nw apotèlesma. Katarq n me dedomèno to gegonìc ìti h
V(t, x) wc sun�rthsh tou x eÐnai gnhsÐwc aÔxousa kai tou ìti den èqoume
èkrhxh thc lÔshc katal goume sto ìti

V(t0, x0) < V(t0, x) < ∞ για óλα τα x > x0.

'Etsi gia na apodeÐxoume to (a) arkeÐ na deÐxoume ìti e�n to V(t0, x0) > 0
tìte h sun�rthsh x 7→ (∂V/∂x)(t0, x0 + x) eÐnai apolÔtwc monìtonh. Autì
me th seir� tou apodeiknÔetai e�n deÐxoume ìti h sun�rthsh pou orÐzetai wc
ex c:

ω(t, x) = −V(t,−x + x0) για 0 ≤ t ≤ t0, x < 0

ikanopoieÐ ∂κ
xω ≥ 0 gia ìlouc touc akeraÐouc κ ≥ 1.

Efarmìzoume thn majhmatik  epagwg . Gia κ = 1 isqÔei lìgw tou (b).
Upojètoume ìti isqÔei gia 1 ≤ κ < j gia k�poio j.

OrÐzoume G(y) = −(−y)1/3 gia y < 0 kai paragwgÐzontac paÐrnoume ìti

G(n)(y) =





1
3
(−y)−2/3, n = 1

1
3

2
3
(−y)−5/3, n = 2

1
3

2
3
. . . 2n−1

3
(−y)−

2n+2
3 , n περιττ ó ≥ 3

1
3

2
3
. . . 2n

3
(−y)−

2n+3
3 , n άρτιo ≥ 4

kai ìpwc parathroÔme oi par�gwgoi G(κ) eÐnai jetikèc gia ìla ta κ ≥ 1.
T¸ra

G(ω) = −(−ω)1/3 = −V(t,−x + x0)
1/3,

kai paragwgÐzontac paÐrnoume

∂

∂x
G(ω) =

1

3
V(t,−x + x0)

−2/3∂V
∂x

(t,−x + x0),

dhlad 
∂

∂x
G(ω) =

1

3V(t,−x + x0)2/3

∂V
∂x

(t,−x + x0). (2.27)

EpÐshc
ω(t, x) = −V(t,−x + x0)

opìte
∂ω

∂x
(t, x) =

∂V
∂x

(t,−x + x0). (2.28)
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EpÐshc apì tic sqèseic (2.25),(2.27) paÐrnoume ìti

∂

∂x
G(ω) =

1

θ(t)

∂

∂t

∂ω

∂x
(t, x)

kai �ra

θ(t)
∂

∂x
G(ω) =

∂

∂t

∂ω

∂x
(t, x).

Epiplèon
∂

∂x
θ(t)

∂

∂x
G(ω) =

∂

∂x

∂

∂t

∂ω

∂x
(t, x)

kai �ra

θ(t)
∂2

∂x2
G(ω) =

∂

∂t

∂2

∂x2
ω(t, x)

opìte

∂

∂t
∂j

xω = θ(t)∂j
x(G(ω)). (2.29)

EpÐshc met� apì paragwgÐseic prokÔptei ìti

∂j
xG(ω) = G′(ω)∂j

xω + Rj(t, x)

ìpou to Rj(t, x) eÐnai èna �jroisma ìrwn thc morf c caG
(κ)(ω)∂α1

x ω . . . ∂αn
x ω

to opoÐo èqei jetikoÔc suntelestèc kai oi par�gwgoi ∂κ
xω eÐnai t�xhc κ ≤

j − 1. Apì thn epagwgik  upìjesh èqoume ìti ∂κ
xω ≥ 0. EpÐshc ta Gκ ≥ 0

opìte to Rj(t, x) ≥ 0. SunoyÐzontac èqoume ìti

∂

∂t
∂j

xω = θ(t)∂j
x(G(ω)) = θ(t)

(
G′(ω)∂j

xω + Rj(t, x)
)
. (2.30)

'Eqoume loipìn

∂

∂t
∂j

xω = θ(t)
(
G′(ω)∂j

xω + Rj(t, x)
)
.

Jètoume
φ(t) = ∂j

xω(t, x)

kai èqoume
φ′(t) = θ(t)G′(ω)φ(t) + Rj(t, x)θ(t)
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dhlad 
Rj(t, x)θ(t) = φ′(t)− θ(t)G′(ω)φ(t). (2.31)

Sth sunèqeia pollaplasi�zoume thn (2.31) me th sun�rthsh
µ(t) = exp

∫ t

0
−θ(r)G′(ω(r, x))dr kai me olokl rwsh paÐrnoume

φ(t) = φ(0) exp

∫ t

0

θ(r)G′(ω(r, x))dr

+

∫ t

0

θ(s)Rj(s, x)
exp− ∫ s

0
θ(r)G′(ω(r, x))dr

exp− ∫ t

0
θ(r)G′(ω(r, x))dr

ds.

Opìte
φ(t) = φ(0) exp

∫ t

0

θ(r)G′(ω(r, x))dr

+

∫ t

0

θ(s)Rj(s, x) exp

∫ t

s

θ(r)G′(ω(r, x))dr.

'Omwc epeid 

φ(0) = ∂j
xω(0, x) και

∂

∂x
ω(0, x) =

∂V
∂x

(0,−x + x0) = 1,

telik� paÐrnoume

∂j
xω(t, x) =

∫ t

0

ω(t, x) exp

∫ t

0

θ(r)G′(ω(r, x))drθ(s)Rj(s, x)ds ≥ 0

gia 0 ≤ t ≤ t0, x < 0. 'Etsi telei¸nei h majhmatik  epagwg  kai katal goume
sto zhtoÔmeno. 2

2.3 Exèlixh thc sun�rthshc katanom c
Parak�tw paratÐjetai èna l mma to opoÐo perigr�fei th qronik  exèlixh

thc ϕ(t, υ) kai sunep�gei ìti eÐnai mÐa lÔsh thc exÐswshc

∂tϕ + Λ(υ, θ(t))∂υϕ = 0 (2.32)

opoted pote ta arqik� dedomèna ϕ0 = ϕ(0, ·) eÐnai diaforÐsima. M�lista oi
qarakthristikèc (bl. [4]) aut c thc exÐswshc dÐnontai apì th sun�rthsh V
thc prohgoÔmenhc prìtashc.
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L mma 2.14. 'Estw υ0 ∈ A kai (υ, θ) h lÔsh tou (2.4)-(2.5). 'Estw epÐshc
V mÐa lÔsh tou (2.24). Jètoume

φ(t, y) = sup{x|υ(t, x) > y} ∨ 0.

E�n isqÔei: 0 < V(t, y) < υ(t) tìte ja èqoume

φ(t,V(t, y)) = φ0(y).

Apìdeixh
Apì thn Prìtash 2.12 èqoume ìti υ(t, φ) = V(t, υ0(φ)). Opìte

φ(t,V(t, y)) = sup{x| υ(t, x) > V(t, y)} ∨ 0

dhlad 
φ(t,V(t, y)) = sup{x| V(t, υ0(x)) > V(t, y)} ∨ 0

kai �ra

φ(t,V(t, y)) =

{
sup{x| V(t, υ0(x)) > V(t, y)} για 0 ≤ V(t, y) < maxx V(t, υ0(x))

0 για V(t, y) ≥ υ(t)

'Omwc h V(t, x) eÐnai gn sia jetik  sto di�sthma ìpou orÐzetai kai epÐshc
maxx V(t, υ0(x)) = maxx υ(t, x) = υ(t) �ra

φ(t,V(t, y)) = sup{x| V(t, υ0(x)) > V(t, y)} για 0 < V(t, y) < υ(t).

Me aploÔc upologismoÔc kai me dedomèno ìti h V(t, x) eÐnai gnhsÐwc aÔx-
ousa wc proc x èqoume ton ex c isqurismì:

V(t, υ0(x)) > V(t, y) ⇔ υ0(x) > y

opìte

sup{x| V(t, υ0(x)) > V(t, y)} = sup{x| υ0(x) > y} για 0 < V(t, y) < υ(t).

EpÐshc eÔkola apodeiknÔetai ìti

V(t, y) < υ(t) ⇔ y < υ(0).

'Omwc to sup{x| V(t, υ0(x)) > V(t, y)} για y < υ(0) eÐnai ex orismoÔ to
φ(0, y) = φ0(y). 'Ara katal goume sto ìti

φ(t,V(t, y)) = φ0(y) óταν 0 < V(t, y) < υ(t). 2
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3 Asumptwtik  sumperifor� I
Se aut  thn enìthta ja doÔme orismèna basik� apotelèsmata gia to p¸c

sumperifèretai h lÔsh kaj¸c o qrìnoc teÐnei sto �peiro qwrÐc na k�noume
omoiojesÐa sth lÔsh, pr�gma pou ja efarmìsoume sto epìmeno kef�laio.

Katarq n xekin�me me ènan sumbolismì:
SumbolÐzoume to mègisto ìgko swmatidÐou th qronik  stigm  t wc ex c :

υ(t) = υ(t, 0) = max
ϕ

υ(t, ϕ).

Xèroume ìti

θ(t) =
ϕ(t)∫ ϕ(t)

0
υ(t, ϕ)1/3dϕ

,

opìte

υ(t)1/3θ(t) = υ(t)1/3 ϕ(t)∫ ϕ(t)

0
υ(t)1/3dϕ

.

'Omwc epeid 
∫ ϕ(t)

0

υ(t)1/3dϕ ≤ {max
ϕ

υ(t, ϕ)}1/3ϕ(t)

prokÔptei ìti
1∫ ϕ(t)

0
υ(t)1/3dϕ

≥ 1

ϕ(t)υ(t)1/3
,

dhlad 
ϕ(t)∫ ϕ(t)

0
υ(t)1/3dϕ

≥ 1

υ(t)1/3

kai �ra

υ(t)1/3θ(t) ≥ υ(t)1/3

υ(t)1/3
= 1.

EpÐshc xèroume ìti isqÔei h sqèsh
∂υ

∂t
(t, ϕ) = υ1/3θ(t)− 1

kai epomènwc dυ(t)
dt

≥ 0, dhlad  h υ(t) eÐnai aÔxousa.
O sunolikìc ìgkoc twn swmatidÐwn sto sÔsthma ja dÐnetai apì ton tÔpo

V =

∫ 1

0

υ(t, ϕ)dϕ.
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3.1 H perÐptwsh m�zac Dirac sto �kro tou forèa
JewroÔme thn perÐptwsh pou èna jetikì mèroc twn swmatidÐwn èqei ìgko

Ðso me to mègisto dunatì sto sÔsthma . Qrhsimopoi¸ntac thn katanom  tou
ìgkou twn swmatidÐwn f autì shmaÐnei ìti ta arqik� dedomèna f0 metafèroun
mÐa m�za Dirac sto �kro tou forèa . Dhlad 

f0(υ) = αδ(υ − υ0) + f̃0(υ)

ìpou 0 < α ≤ 1 , δ(υ − υ0) dhl¸nei th katanom  Dirac sto υ0 kai h f̃0

ikanopoieÐ
lim

υ→υ0

∫ ∞

υ

f̃0(y)dy = 0.

Gia th sun�rthsh thc di�taxhc ìgkou υ autì shmaÐnei ìti h lÔsh υ(t, ·) eÐnai
stajer  se èna di�sthma thc morf c [0, α).

Se aut n thn perÐptwsh h asumptwtik  sumperifor� twn lÔsewn qarak-
thrÐzetai apì thn ex c prìtash :

Prìtash 3.1. 'Estw ìti ta arqik� dedomèna υ0 ∈ A gia k�poia tim  tou
α ∈ (0, 1] ikanopoioÔn

υ0(0) = υ0(ϕ) για 0 ≤ ϕ < α

kai
υ0(0) > υ0(ϕ) για ϕ > α.

Tìte ja isqÔoun:

(α) limt→∞ ϕ(t) = α

(β) limt→∞ υ(t, ϕ) =

{
V/α, 0 ≤ ϕ < α,

0 , ϕ > α

(γ) limt→∞ ϕ(t, υ) =

{
α, 0 ≤ υ < V/α,
0, υ > V/α.

Apìdeixh
PerÐptwsh 1η : 0 ≤ ϕ < α

'Eqoume

υ(t, ϕ) = υ0(ϕ) +

∫ t

0

(υ(s, ϕ)1/3θ(s)− 1)ds (3.1)
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kai
υ(t, 0) = υ0(0) +

∫ t

0

(υ(s, 0)1/3θ(s)− 1)ds (3.2)

ìpou to teleutaÐo, me b�sh ta arqik� dedomèna ,dhlad  ìti υ0(0) = υ0(ϕ) gia
0 ≤ ϕ < α , isoÔtai me

υ(t, 0) = υ0(ϕ) +

∫ t

0

(υ(s, 0)1/3θ(s)− 1)ds. (3.3)

Afair¸ntac kat� mèlh tic (3.1) kai (3.3) paÐrnoume ìti

υ(t, ϕ) = υ(t, 0)−
∫ t

0

(υ(s, 0)1/3 − υ(s, ϕ)1/3)θ(s)ds.

'Omwc h oloklhrwtèa posìthta eÐnai mh arnhtik  opìte kai to olokl rwma
eÐnai mh arnhtikì �ra katal goume sto ìti

υ(t, ϕ) ≥ υ(t, 0) = υ(t)

kai afoÔ to υ(t, ϕ) ≤ υ(t) gia k�je ϕ prokÔptei ìti υ(t, ϕ) = υ(t).
PerÐptwsh 2η : ϕ > α Qrhsimopoi¸ntac t¸ra to gegonìc ìti υ0(0) >

υ0(ϕ) gia ϕ > α kai tic sqèseic (3.1) kai (3.3) èqoume

υ(t) > υ0(ϕ) +

∫ t

0

(υ(s, 0)1/3θ(s)− 1)ds

opìte
υ(t) > υ(t, ϕ) +

∫ t

0

(υ(s, 0)1/3 − υ(s, ϕ)1/3)θ(s)ds.

'Opwc exhg jhke kai prohgoumènwc to olokl rwma eÐnai mh arnhtikì kai �ra
υ(t) > υ(t, ϕ).

SunoyÐzontac loipìn èqoume ìti

υ(t, ϕ) = υ(t) για 0 ≤ ϕ < α και υ(t, ϕ) < υ(t) για ϕ > α.

Lìgw thc diat rhshc tou ìgkou kai twn arqik¸n dedomènwn èqoume

V =

∫ ∞

0

υ(t, ϕ)dϕ =

∫ 1

0

υ(t, ϕ)dϕ

=

∫ α

0

υ(t, ϕ)dϕ +

∫ 1

α

υ(t, ϕ)dϕ

=

∫ α

0

υ(t)dϕ +

∫ 1

α

υ(t, ϕ)dϕ ≥
∫ α

0

υ(t)dϕ = αυ(t).
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'Ara

V ≥ αυ(t) ⇒ υ(t) ≤ V

α
,

dhlad  h υ(t) eÐnai omoiìmorfa fragmènh kai efìson eÐnai kai aÔxousa èpetai
ìti sugklÐnei. OrÐzoume

υ∞ = lim
t→∞

υ(t).

'Eqoume V =
∫ 1

0
υ(t, ϕ)dϕ ≤ ∫ 1

0
υ(t)dϕ ≤ υ(t). 'Ara υ(t) ≥ V > 0. EpÐshc

xèroume ìti gia 0 ≤ ϕ < α

υ(t, ϕ) = υ(t) ≥ V > 0 ⇒ ϕ(t) ≥ α, ∀t.

Epeid  h ϕ(t) eÐnai fjÐnousa kai k�tw fragmènh apì to 0 ja sugklÐnei kai

lim
t→∞

ϕ(t) ≥ 0.

Upojètoume ìti limt→∞ ϕ(t) > 0 kai ja katal xoume se �topo.
Isqurismìc

Up�rqei ϕ > α tètoia ¸ste υ(t, ϕ) > 0 gia ìla ta t > 0.
Apìdeixh
Apì ton orismì tou orÐou up�rqei t1 > 0 tètoio ¸ste

∀ t ≥ t1 ϕ(t) ≥ β > α.

'Estw t < t1. H ϕ eÐnai fjÐnousa opìte

ϕ(t) ≥ ϕ(t1) ≥ β > α.

'Ara
ϕ(t) ≥ β > α ∀t > 0.

EpÐshc isqÔei ìti

ϕ(t) ≥ β >
β + α

2
> α ∀t > 0. (3.4)

Sth sunèqeia ja apodeÐxoume ìti

υ(t,
β + α

2
) > 0 ∀t > 0.
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AkoloujoÔme thn eic �topo apagwg . 'Estw ìti up�rqei t0 tètoio ¸ste
υ(t0,

β+α
2

) = 0. Tìte ϕ(t0) ≤ β+α
2

pou eÐnai �topo apì th sqèsh (3.4).

'Ara br kame mÐa ϕ thn ϕ = β+α
2

h opoÐa eÐnai gn sia megalÔterh apì α kai

υ(t,
β + α

2
) > 0 ∀t > 0.

Afair¸ntac kat� mèlh tic sqèseic (3.1) kai (3.2) paÐrnoume

υ(t)− υ(t, ϕ) = υ0(0)− υ0(ϕ) +

∫ t

0

(υ(s)1/3 − υ(s, ϕ)1/3)θ(s)ds (3.5)

kai paragwgÐzontac th teleutaÐa ja èqoume ìti gia sqedìn k�je t

∂t(υ(t)− υ(t, ϕ)) = (υ(t)1/3 − υ(t, ϕ)1/3)θ(t). (3.6)

Qrhsimopoi¸ntac t¸ra thn anisìthta α− β ≥ (α3−β3)/3α2 gia α > β >
0 paÐrnoume

∂t(υ(t)− υ(t, ϕ)) ≥ θ(t)
υ(t)− υ(t, ϕ)

3υ(t)2/3
,

kai epomènwc

∂t(υ(t)− υ(t, ϕ)) ≥ θ(t)
υ(t)1/3

3υ(t)
(υ(t)− υ(t, ϕ)). (3.7)

'Omwc to υ(t)1/3θ(t) ≥ 1 kai 1
υ(t)

≥ α
V

. Opìte

∂t(υ(t)− υ(t, ϕ)) ≥ α(υ(t)− υ(t, ϕ))

3V

kai ètsi
∂t(υ(t)− υ(t, ϕ))− α(υ(t)− υ(t, ϕ))

3V
≥ 0.

DhmiourgoÔme tèleio diaforikì pollaplasi�zontac me e
−αt
3V . Tìte

∂

∂t
(e

−αt
3V (υ(t)− υ(t, ϕ))) ≥ 0,

kai eÔkola prokÔptei ìti

e
−αt
3V (υ(t)− υ(t, ϕ)) είναι αύξoυσα. (3.8)
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'Ara
e
−αt
3V (υ(t)− υ(t, ϕ)) ≥ e0(υ(0)− υ(0, ϕ)),

dhlad 
υ(t)− υ(t, ϕ) ≥ (υ(0)− υ(0, ϕ))e

αt
3V . (3.9)

Epeid  to ϕ > α ⇒ υ(0) > υ(0, ϕ) ⇒ υ(0)− υ(0, ϕ) > 0 opìte af nontac
to t →∞ sth sqèsh (3.5) katal goume sto ìti

lim
t→∞

(υ(t)− υ(t, ϕ)) = ∞

pou eÐnai �topo, lìgw tou ìti h υ(t) eÐnai fragmènh kai to υ(t, ϕ) > 0 ∀t > 0.
'Ara gia k�je ϕ > α to υ(t, ϕ) = 0 gia arket� meg�lo t. Dhlad 

lim
t→∞

υ(t, ϕ) = 0 για ∀ϕ > α και lim
t→∞

ϕ(t) = α. (3.10)

Ja apodeÐxoume t¸ra ìti

υ∞ = lim
t→∞

υ(t) =
V

α
.

'Eqoume

V =

∫ ∞

0

υ(t, ϕ)dϕ =

∫ α+ε

0

υ(t, ϕ)dϕ +

∫ ∞

α+ε

υ(t, ϕ)dϕ =

∫ α+ε

0

υ(t, ϕ)dϕ

lìgw tou ìti gia k�je ϕ > α to υ(t, ϕ) = 0 gia arket� meg�lo t.
'Ara

V =

∫ α+ε

0

υ(t, ϕ)dϕ ≤
∫ α+ε

0

υ(t)dϕ ≤ υ(t)(α + ε).

Opìte
V

α + ε
≤ υ(t) ≤ V

α

gia arket� meg�lo t. Af nontac to ε → 0 paÐrnoume ìti

lim
t→∞

υ(t) =
V

α
.

'Ara gia 0 ≤ ϕ < α isqÔei υ(t, ϕ) = υ(t) kai limt→∞ υ(t, ϕ) = limt→∞ υ(t) =
V
α
, en¸ gia ϕ > α, limt→∞ υ(t, ϕ) = 0.
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EpÐshc gia ϕ < ϕ(t) èqoume υ(t, ϕ) > 0 kai gia ϕ > α èqoume υ(t, ϕ) <
υ(t). 'Ara

0 ≤ υ < υ(t) ⇒ α < ϕ ≤ ϕ(t) ⇒ α ≤ ϕ ≤ ϕ(t)

kai epeid  h ϕ(t, υ) eÐnai apì arister� suneq c wc proc υ, èpetai ìti gia

0 ≤ υ ≤ υ(t) ⇒ α ≤ ϕ ≤ ϕ(t).

Opìte èqoume thn ex c kat�stash
{

α ≤ ϕ(t, υ) ≤ ϕ(t), 0 ≤ υ ≤ υ(t),
ϕ(t, υ) = 0, υ > υ(t).

(3.11)

'Estw loipìn èna υ me 0 ≤ υ < V
α
. 'Omwc to limt→∞ υ(t) = V

α
,�ra

brÐskoume t0 tètoio ¸ste ∀ t ≥ t0 υ(t) ≥ υ. Opìte apì th sqèsh (3.6)
paÐrnoume α ≤ ϕ(t, υ) ≤ ϕ(t) για ∀ t ≥ t0 kai af nontac to t → ∞ èqoume
apì to je¸rhma isosugklinous¸n sunart sewn ìti

lim
t→∞

ϕ(t, υ) = α.

'Estw t¸ra èna υ me υ > V
α
. Epeid  to limt→∞ υ(t) = V

α
kai lìgw tou ìti

h υ(t) eÐnai aÔxousa paÐrnoume

υ >
V

α
≥ υ(t),∀ t ≥ t0.

'Ara υ > υ(t),∀ t ≥ t0 kai apì th sqèsh (3.6) èqoume ìti ϕ(t, υ) = 0,∀ t ≥ t0.
'Ara limt→∞ ϕ(t, υ) = limt→∞ 0 = 0. Telik�

lim
t→∞

ϕ(t, υ) =

{
α, 0 ≤ υ < V

α
,

0, υ > V
α
.

2

3.2 H perÐptwsh thc mh-Ôparxhc m�zac Dirac sto �kro
tou forèa

Apì ed¸ kai sto ex c kai kaj� ìlh th di�rkeia thc ergasÐac upojètoume ìti
kanèna jetikì mèroc twn swmatidÐwn den èqei ìgko Ðso me to mègisto dunatì
ìgko dhlad  me to υ. Gia thn arqik  katanom  ìgkou f0 autì shmaÐnei ìti

lim
υ→υ0

∫ ∞

υ

f0(y)dy = 0.
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Prìtash 3.2. Upojètoume ìti υ0 ∈ A kai υ0(0) > υ0(ϕ) gia ìla ta ϕ ∈ (0, 1].
Tìte

(α) limt→∞ υ(t) = ∞ , dhlad  o mègistoc dunatìc ìgkoc teÐnei sto �peiro.

(β) lim inft→∞ θ(t) = 0 , dhlad  h krÐsimh aktÐna eÐnai �frakth.

(γ) limt→∞ φ(t) = 0, dhlad  to mèroc twn swmatidÐwn pou exakoloujeÐ na
up�rqei sto qrìno t fjÐnei sto 0.

ShmeÐwsh: Den xèroume an to apotèlesma sto (β) mporeÐ na beltiwjeÐ ètsi
¸ste limt→∞ θ(t) = 0.

Apìdeixh
Ja apodeÐxoume ìti h υ(t) eÐnai �frakth qrhsimopoi¸ntac th diat rhsh

tou ìgkou. AkoloujoÔme thn eic �topo apagwg . 'Estw ìti υ(t) ≤ C gia
ìla ta t. E�n p�roume mÐa opoiad pote ϕ > 0 tètoia ¸ste to υ(t, ϕ) > 0 tìte
gia aut n ja isqÔoun oi sqèseic (3.5) ,(3.6) kai (3.7). 'Omwc to 1

υ(t)
≥ C kai

υ(t)1/3θ(t) ≥ 1. Opìte

∂t(υ(t)− υ(t, ϕ)) ≥ 1

3C
(υ(t)− υ(t, ϕ)).

DhmiourgoÔme tèleio diaforikì pollaplasi�zontac me e−
t

3C kai èqoume

∂

∂t
(e−

t
3C )(υ(t)− υ(t, ϕ)) ≥ 0

kai �ra
υ(t)− υ(t, ϕ) ≥ (υ(0)− υ0(ϕ))e

t
3C . (3.12)

Apì thn upìjesh isqÔei ìti υ0(0) > υ0(ϕ) gia ìla ta ϕ ∈ (0, 1]. Opìte
gia k�je ϕ > 0 to υ(0) − υ0(ϕ) = υ0(0) − υ0(ϕ) > 0. Opìte an sth sqèsh
(3.12) steÐloume to t sto �peiro ja prèpei to υ(t)− υ(t, ϕ) na teÐnei kai autì
sto �peiro ,to opoÐo ìmwc eÐnai �topo, giatÐ h υ(t) eÐnai �nw fragmènh kai to
υ(t, ϕ) > 0 ∀ ϕ > 0. Sunep¸c gia k�je ϕ > 0 to υ(t0, ϕ) = 0, gia k�poio
t0. 'Ara kai gia t ≥ t0 to υ(t, ϕ) = 0. Epiprìsjeta h υ(t, ϕ) eÐnai apì dexi�
suneq c wc proc ϕ. 'Epetai ìti gia k�je ϕ to υ(t, ϕ) = 0 gia arket� meg�lo
t. Autì profan¸c shmaÐnei ìti ϕ(t) → 0 kaj¸c to t →∞.

T¸ra ,

V =

∫ 1

0

υ(t, ϕ)dϕ =

∫ ϕ(t)

0

υ(t, ϕ)dϕ
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≤
∫ ϕ(t)

0

υ(t)dϕ = υ(t)ϕ(t) → 0 καθώς t →∞.

dhlad  V = 0. Autì ìmwc eÐnai �topo ,giatÐ an upojèsoume ìti alhjeÔei, tìte
èqoume

0 = V =

∫ 1

0

υ(t, ϕ)dϕ =

∫ 1

0

υ0(ϕ)dϕ ⇒ υ0(ϕ) ≡ 0 ∀ ϕ,

ìpou to teleutaÐo isqÔei epeid  h υ0(ϕ) eÐnai fjÐnousa kai apì dexi� suneq c.
Autì ìmwc èrqetai se antÐjesh me thn upìjesh ìti υ0(0) > υ0(ϕ) gia ϕ ∈
(0, 1]. 'Ara h υ(t) eÐnai �frakth kai efìson den eÐnai �nw fragmènh ja apoklÐnei
sto �peiro.

T¸ra gia thn apìdeixh tou deÔterou skèlouc phgaÐnoume me �topo. 'Estw
ìti lim inf θ(t) > 0. Xèroume ìti h θ(t) eÐnai gn sia jetik  se peperasmèna
diast mata qrìnou, opìte up�rqei èna δ1 > 0 tètoio ¸ste θ(t) ≥ δ1, για t ∈
[0, t1].

Isqurismìc
Up�rqei èna δ2 > 0 tètoio ¸ste θ(t) ≥ δ2,∀t ≥ t1.
Apìdeixh tou isqurismoÔ
Eic �topo apagwg . 'Estw ìti

∀ δ2 > 0 : ∃t ≥ t1 τ έτoιo ώστε θ(t) ≤ δ2.

PaÐrnw δ2 = 1
n
. Tìte ∃tn ≥ t1 τ έτoιo ώστε θ(tn) ≤ 1

n
.

E�n h akoloujÐa (tn) eÐnai fragmènh tìte up�rqei upakoloujÐa thc pou sugk-
lÐnei ,dhlad  up�rqei tnk

tètoia ¸ste tnk
→ t0 ≥ 0. Tìte afoÔ 0 ≤ θ(tnk

) ≤ 1
nk

prokÔptei ìti limk→∞ θ(tnk
) = 0. Epeid  tnk

→ t0 ⇒ tnk
∈ [0, 2t0] kai deÐxame

ìti gia ta tnk
∈ [0, 2t0] τo limk→∞ θ(tnk

) = 0. 'Atopo, diìti θ(t) ≥ 1

υ(t)1/3 ≥
1

υ(T )1/3 > 0, gia opoiod pote T > 0 kai efìson h υ(t) eÐnai aÔxousa. 'Ara
afoÔ h θ(t) > 0 den mporeÐ na up�rqei akoloujÐa tn tètoia ¸ste θ(tn) → ∞
kaj¸c to n →∞. 'Ara h tn →∞ kai θ(tn) → 0 kaj¸c to n →∞.
All� autì shmaÐnei ìti lim inft→∞ θ(t) = 0 pou eÐnai �topo apì thn upìjes 
mac. Opìte èqoume

{ ∃δ2 > 0 : θ(t) ≥ δ2, t ≥ t1
∃δ1 > 0 : θ(t) ≥ δ1, t ∈ [0, t1]

}
.

PaÐrnoume δ = max{δ1, δ2}. Sumperasmatik� èqoume ìti up�rqei δ > 0 tètoio
¸ste θ(t) ≥ δ gia ìla ta t.
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Sth sunèqeia apodeiknÔoume to ex c :
Isqurismìc
Up�rqei ε > 0 kai (t0, ϕ0) me ϕ0 > 0 tètoio ¸ste υ(t0, ϕ0)

1/3δ − 1 ≥ ε.
Apìdeixh tou isqurismoÔ
Epeid  limt→∞ υ(t) = ∞ èqoume ìti ∀ M > 0, ∃t0 > 0 : ∀ t ≥ t0 υ(t) >
M. Epomènwc

∀ M > 0 ∃t0 > 0 : υ(t)1/3δ − 1 > M1/3δ − 1.

Epilègoume t¸ra ekeÐno to M pou eÐnai tètoio ¸ste M1/3δ − 1 = ε > 0.

Opìte up�rqei ε > 0 kai t0 tètoia ¸ste υ(t0)
1/3δ−1 > ε, dhlad  υ(t, 0)1/3δ−

1 > ε. Epeid  h υ(t0, ϕ) eÐnai apì dexi� suneq c wc proc ϕ isqÔei

lim
ϕ→0+

υ(t, ϕ) = υ(t, 0)

dhlad 

∀ ε1 > 0 ∃k > 0 : για 0 < ϕ < k |υ(t0, ϕ)− υ(t0, 0)| < ε1

�ra

∀ ε1 > 0 ∃k > 0 : για 0 < ϕ < k υ(t0, 0) < υ(t0, ϕ) + ε1

epomènwc

∀ ε1 > 0 ∃k > 0 : για 0 < ϕ < k ε < υ(t0, 0)1/3δ − 1

kai
ε < υ(t0, 0)1/3δ − 1(υ(t0, ϕ) + ε1)

1/3δ − 1.

Epeid  h teleutaÐa sqèsh isqÔei gia k�je ε1 > 0 af nontac to ε1 → 0
paÐrnoume ìti

υ(t0, ϕ)1/3δ − 1 ≥ ε, 0 < ϕ < k.

'Ara up�rqei ε > 0 kai (t0, ϕ0) me ϕ0 > 0 tètoio ¸ste

υ(t0, ϕ0)
1/3δ − 1 ≥ ε. (3.13)

Sth sunèqeia apodeiknÔoume èna trÐto isqurismì:
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Isqurismìc

∂υ

∂t
(t, ϕ0) = υ1/3θ(t)− 1 ≥ ε > 0

gia sqedìn ìla ta t ≥ t0.

Apìdeixh tou isqurismoÔ
Katarq n gia t = t0 isqÔei afoÔ

∂υ

∂t
(t0, ϕ0) = υ1/3(t0, ϕ0)θ(t0)− 1 ≥ υ1/3(t0, ϕ0)δ − 1 > ε > 0,

ta opoÐa alhjeÔoun apì touc prohgoÔmenouc isqurismoÔc.
En suneqeÐa deÐqnoume ìti o isqurismìc eÐnai alhj c gia ta t pou an koun

se mÐa perioq  tou t0, èstw sthn [t0, t0 + h] gia k�poio h > 0.
Xèroume ìti h t → υ(t, ϕ) eÐnai Lipschitz suneq c �ra suneq c. Opìte

∂υ

∂t
(t, ϕ0) = υ1/3(t, ϕ0)θ(t0)− 1 ≥ υ1/3(t, ϕ0)δ − 1

kai
lim
t→t0

(υ1/3(t, ϕ0)δ − 1) > ε.

'Ara gia t → t0, dhlad  gia t se mÐa perioq  tou t0 to ∂υ
∂t

(t, ϕ0) ≥ ε > 0.
Ja deÐxoume ìti t¸ra ìti o isqurismìc alhjeÔei gia k�je di�sthma thc

morf c [t0, t0 + h], h > 0.
QrhsimopoioÔme thn eic �topo apagwg . 'Estw ìti gia k�poio ξ ≥ t0 + h
isqÔei

∂υ

∂t
(ξ, ϕ0) = υ1/3(ξ, ϕ0)θ(ξ)− 1 < ε.

Tìte oloklhr¸nontac sto [t0, ξ) paÐrnoume
∫ ξ

t0

∂υ

∂t
(t, ϕ0)dt =

∫ ξ

t0

(υ1/3(t, ϕ0)θ(t)− 1)dt

kai �ra
υ1/3(ξ, ϕ0)θ(ξ)− 1) ≥ ε

to opoÐo eÐnai �topo apì thn upìjes  mac. Opìte

∂υ

∂t
(t, ϕ0) ≥ ε > 0, ∀ t ≥ t0
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kai ètsi apodeiknÔetai o isqurismìc mac.
Apì thn teleutaÐa sqèsh paÐrnoume ìti h υ(t, ϕ0) eÐnai aÔxousa sto [t0,∞),

opìte
υ(t, ϕ0) ≥ υ(t0, ϕ0) + ε(t− t0).

Kaj¸c ìmwc to t →∞ h υ(t, ϕ0) apoklÐnei sto �peiro kai �ra eÐnai �frakth.
Autì ìmwc èrqetai se antÐjesh me thn ex c parat rhsh

V =

∫ 1

0

υ(t, ϕ)dϕ ≥
∫ ϕ0

0

υ(t, ϕ)dϕ ≥
∫ ϕ0

0

υ(t, ϕ0)dϕ

dhlad 

υ(t, ϕ0) ≤ V

ϕ0

< ∞, ∀ t

kai �ra
υ(t, ϕ0) είναι φραγµένη.

'Ara katal goume sto sumpèrasma tou deÔterou erwt matoc, ìti dhlad ,

lim inf
t→∞

θ(t) = 0.

T¸ra gia thn apìdeixh tou trÐtou skèlouc skeftìmaste wc ex c:

θ(t) =
ϕ(t)∫ ϕ(t)

0
υ1/3(t, ϕ)

dϕ

dhlad 

ϕ(t) = θ(t)

∫ ϕ(t)

0

υ1/3(t, ϕ)dϕ

kai �ra
ϕ(t) = θ(t) + θ(t)V = θ(t)(1 + V )

ìpou qrhsimopoi same thn anisìthta υ1/3 < 1 + υ.
Opìte

0 ≤ ϕ(t) ≤ θ(t)(1 + V )

dhlad 
0 ≤ lim

t→∞
ϕ(t) ≤ (1 + V ) lim inf

t→∞
θ(t).

'Omwc ìpwc apodeÐqjhke prohgoumènwc lim inft→∞ θ(t) = 0, kai �ra è-
qoume to zhtoÔmeno. 2

32



4 LÔseic OmoiojesÐac
Se aut n thn enìthta ja asqolhjoÔme me lÔseic omoiojesÐac. Katar-

q�c jewroÔme thn ex c paradoq  : h katanom  tou ìgkou èqei �peiro forèa.
Opoiad pote katanom  omoiojesÐac ϕ gia thn opoÐa o sunolikìc ìgkoc diathreÐ-
tai kai eÐnai peperasmènoc eÐnai thc morf c

ϕ(t, υ) = α(t)ψ̃(α(t)υ) (4.1)

gia k�poiec fjÐnousec sunart seic ψ̃ kai α. To parap�nw dikaiologeÐtai an
skeftoÔme ìti ìtan ennooÔme lÔsh omoiojesÐac ennoÔme na eÐnai thc morf c
ϕ(t, υ) = α(t)f(β(t)υ), ìpou paÐrnoume thn α(t) > 0. Epeid  jèloume o ìgkoc
na diathreÐtai paÐrnoume

V =

∫ ∞

0

ϕ(t, υ)dυ =

∫ 1

0

υ(t, ϕ)dϕ

=

∫ ∞

0

α(t)f(β(t)υ)dυ

=
α(t)

β(t)

∫ ∞

0

f(z)dz,

ìpou jèsame z = β(t)υ, kai efìson eÐnai anex�rthtoc tou t ja prèpei to
α(t)
β(t)

= λ gia k�poio λ. 'Epetai ìti β(t) = λα(t) kai an aporrof soume to λ

sth f paÐrnoume α(t) = β(t) kai ψ̃(t) = λf.

Opìte ϕ(t, υ) = α(t)ψ̃(α(t)υ) kai V = α(t)
β(t)

∫∞
0

f(z)dz =
∫∞
0

ψ̃(s)ds.

EpÐshc ϕ(t) = ϕ(t, 0) opìte

θ(t) =
ϕ(t)∫ ϕ(t)

0
υ1/3(t, ϕ)dϕ

=
ϕ(t, 0)∫ ϕ(t,0)

0
υ1/3(t, ϕ)dϕ

.

'Omwc
∫ ϕ(t,0)

0

υ1/3(t, ϕ)dϕ =

∫ ϕ(t,0)

0

ϕ′υ1/3(t, ϕ)dϕ

= ϕ(t, 0)υ1/3(t, ϕ(t, 0))− 0υ1/3(t, 0)−

−
∫ ϕ(t,0)

0

ϕ
1

3
υ
−2
3 (t, ϕ)

∂υ(t, ϕ)

∂ϕ
dϕ.
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EpÐshc to υ(t, ϕ(t, 0)) = 0 kai �ra
∫ ϕ(t,0)

0

υ1/3(t, ϕ)dϕ = −
∫ ϕ(t,0)

0

ϕ
1

3
υ
−2
3 (t, ϕ)

∂υ(t, ϕ)

∂ϕ
dϕ. (4.2)

K�noume thn ex c allag  metablht¸n :

υ = υ(t, ϕ)

kai paragwgÐzontac paÐrnoume :

dυ =
∂υ(t, ϕ)

∂ϕ
dϕ.

Epiplèon

ϕ = 0 → υ = υ(t)

και ϕ = ϕ(t, 0) → υ = υ(t, ϕ(t, 0)) = 0.

kai �ra apì thn (4.2) sumperaÐnoume ìti
∫ ϕ(t,0)

0

υ1/3(t, ϕ)dϕ = −
∫ 0

υ(t)

ϕ(t, υ)
1

3
υ−

2
3 dυ

=

∫ υ(t)

0

ϕ(t, υ)
1

3
υ−

2
3 dυ

=

∫ ∞

0

1

3
ϕ(t, υ)υ−

2
3 dυ.

Opìte

θ(t) =
ϕ(t, 0)∫∞

0
1
3

ϕ(t, υ)υ−
2
3 dυ

=
ϕ(t, 0)∫∞

0
1
3

υ−
2
3 α(t)ψ̃(α(t)υ)dυ

=
α(t)ψ̃(0)

∫∞
0

1
3

s
−2
3

α(t)−
2
3
ψ̃(s)ds

=
α(t)ψ̃(0)

α(t)
2
3
∫∞
0

1
3

s
−2
3 ψ̃(s)ds

dhlad 

θ(t) =
α(t)

1
3 ψ̃(0)∫∞

0
1
3

s
−2
3 ψ̃(s)ds

. (4.3)
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L mma 4.1. Opoiad pote omoiìjeth sun�rthsh katanom c ϕ thc morf c

ϕ(t, υ) = α(t)ψ̃(α(t)υ)

me sunolikì ìgko peperasmèno èqei sumpag  forèa.

Apìdeixh tou l mmatoc
Apì th sqèsh (4.3) k�nontac omoiojesÐa wc proc α kai ψ mporoÔme na

petÔqoume to θ(t)α(t)
−1
3 ≡ 1. SÔmfwna me to L mma 2.14 èqoume

ϕ(t,V(t, y)) = ϕ0(y) = ϕ(0, y) óταν 0 < V(t, y) < υ(t).

Sunep¸c

α(t) ψ̃(α(t) V(t, y)) = α(0) ψ̃(α(0) y) óταν 0 < V(t, y) < υ(t). (4.4)

Y�qnoume gia mh stajerèc lÔseic. Oi sunart seic α(t) kai ψ̃ eÐnai di-
aforÐsimec sunart seic diìti, apì to l mma 2.14 èqoume ϕ(t,V(t, y)) = ϕ0(y)
kai ta arqik� dedomèna ϕ0(y) eÐnai diaforÐsima. 'Ara h ϕ0(y) eÐnai diaforÐsimh
wc proc y kai wc proc t. EpÐshc apì thn Prìtash 2.12 h V eÐnai analutik 
wc proc y, opìte h ϕ eÐnai diaforÐsimh wc proc y wc sÔnjesh diaforÐsimwn
sunart sewn. Epiplèon h ϕ0 eÐnai diaforÐsimh wc proc t opìte kai h ϕ eÐ-
nai diaforÐsimh wc proc t. Epeid  isqÔei ϕ(t, υ) = α(t)ψ̃(α(t)υ) sumperaÐ-
noume ìti h α(t) eÐnai diaforÐsimh wc proc t kai h ψ̃ eÐnai diaforÐsimh wc proc
y. Opìte paragwgÐzontac thn sqèsh (4.4) paÐrnoume afoÔ pr¸ta jèsoume
α(t) V(t, y) = s

α′(t)ψ̃(s) + α(t)ψ̃′(s)
∂s

∂t
(t, y) = 0,

dhlad 

α′(t)ψ̃(s) + α(t)ψ̃′(s)
{

α′(t) V(t, y) + α(t)
∂V
∂t

(t, y)

}
= 0

kai �ra

α′(t)
{

ψ̃(s) + ψ̃′(s)α(t) V(t, y)
}

+ α2(t)ψ̃′(s)
∂V
∂t

(t, y) = 0. (4.5)

'Omwc

V(t, y) = y +

∫ t

0

(V1/3(s, y)θ(s)− 1)ds
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kai me parag¸gish èqoume

∂V
∂t

(t, y) = V1/3(t, y)θ(t)− 1 = V1/3(t, y)α(t)1/3 − 1

dhlad 
∂V
∂t

(t, y) = s1/3 − 1. (4.6)

Sundu�zontac tic sqèseic (4.5) kai (4.6) paÐrnoume

α′(t)
{

ψ̃(s) + ψ̃′(s)s
}

+ α2(t)ψ̃′(s)(s1/3 − 1) = 0. (4.7)

En suneqeÐa me qwrismì metablht¸n sthn teleutaÐa sqèsh paÐrnoume

α′(t)
α2(t)

=
(1− s1/3)ψ̃′(s)

ψ̃(s) + sψ̃′(s)
. (4.8)

'Eqoume loipìn ìti mÐa sun�rthsh tou t eÐnai Ðsh me mÐa sun�rthsh tou s èpetai
ìti ja prèpei na eÐnai stajerèc, dhlad  α′(t)

α2(t)
= c.

'Omwc h α(t) eÐnai fjÐnousa kai �ra c ≤ 0. M�lista h c < 0. An h c = 0 tìte
èpetai ìti kai h α′(t) = 0. Tìte ìmwc apì th sqèsh (4.7) ja eÐqame

α2(t)ψ̃′(s)(s1/3 − 1) = 0,∀s ≥ 0. (4.9)

An to α(t) ≡ 0 tìte h ϕ(t, υ) = 0, all� y�qnoume gia mh stajerèc lÔseic.
'Estw ìti α(t) 6= 0. Tìte gia na isqÔei h (4.9) gia k�je s ≥ 0 ja prèpei
anagkastik� h ψ̃′(s) = 0 ⇒ ψ̃(s) = c1, ìpou c1 eÐnai mÐa stajer�. Tìte ìmwc
apì th sqèsh (4.4) ja eÐqame

α(t)c1 = α(0)c1 ⇒ α(t) = α(0),

dhlad  kai h α(t) ja  tan stajer  ,apì ìpou èpetai ìti kai h ϕ(t, υ) ja  tan
stajer  ,pou antÐkeitai sthn upìjes  mac gia mh stajerèc lÔseic. Opìte
α′(t)
α2(t)

= c < 0.

En suneqeÐa jètoume β = −α2

α′ kai èqoume

α′(t)
α2(t)

=
−1

β
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dhlad 

α(t) =
βα(0)

β + tα(0)
. (4.10)

EpÐshc apì thn (4.8) paÐrnoume

(1− s1/3)ψ̃′(s)

ψ̃(s) + sψ̃′(s)
=
−1

β

dhlad 
ψ̃(s) + (s + β(1− s1/3))ψ̃′(s) = 0 (4.11)

kai �ra

− ln(
ψ̃(s)

ψ̃(0)
) =

∫ s

0

dx

x + β(1− x1/3)
(4.12)

ìso to ψ̃ > 0. H sun�rthsh s → s + β(1 − s1/3) eÐnai kurt  me tim  β > 0
sto s = 0 kai sto s = (β/3)3/2 lamb�nei thn el�qisth tim  thc pou eÐnai h
β(1−

√
4β/27). Aut  eÐnai jetik  e�n β < 27/4 kai mh-arnhtik  e�n β ≥ 27/4.

PerÐptwsh 1η : β < 27/4.

Tìte h f(s) = s + β(1 − s1/3) den èqei rÐza, opìte h sqèsh (4.12) orÐzetai
kal� kai me proseggÐseic paÐrnoume ìti gia k�poia tim  tou κ ∈ R kai gia
meg�lec timèc tou s isqÔei

− ln(
ψ̃(s)

ψ̃(0)
) =

∫ s

0

dx

x + β(1− x1/3)
∼

∫ s

1

dx

x
∼ ln(s) + k,

dhlad 

ln(
ψ̃(s)

ψ̃(0)
) ∼ ln

1

s
− k

kai �ra
ψ̃(s) ∼

c

s
, καθώς s →∞ (4.13)

efìson h ψ̃ orÐzetai gia ìla ta s > 0. Opìte

V =

∫ ∞

0

ψ̃(s)ds ∼
∫ ∞

1

c

s
ds = ∞,

to opoÐo eÐnai �topo, giatÐ sthn upìjes  mac o ìgkoc eÐnai peperasmènoc. 'Ara
h perÐptwsh β < 27/4 den ufÐstatai.
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PerÐptwsh 2η : β ≥ 27/4.

ParathroÔme ìti f(0) = β > 0 kai f(27
8
) = 27

8
− β

2
< 0. 'Ara apì Bolzano

up�rqei mÐa rÐza sto (1, 27
8
). Onom�zw s0 th mikrìterh jetik  rÐza sto (1, 27

8
).

OrÐsame f(s) = s+β(1−s1/3).ParathroÔme ìti, gia na èqoume rÐza ,ja prèpei
kaj¸c to β → ∞ to 1− s1/3 → 0, dhlad  s → 1. An loipìn s → s0 tìte to
olokl rwma sth sqèsh (4.12) apoklÐnei kai �ra

lim
s→s0

ln(
ψ̃(s)

ψ̃(0)
) = −∞

kai �ra
lim
s→s0

ψ̃(s) = 0, αϕoύ ψ̃(0) < ∞.

'Ara ψ̃(s) → 0, kaj¸c s → s0 kai jètoume ψ̃(s) = 0 για s ≥ s0.
Apì thn teleutaÐa sqèsh sumperaÐnoume ìti o forèac thc ψ̃(s) eÐnai to di�sth-
ma [0, s0). 'Eqoume

s ≥ s0 ⇔ α(t)υ ≥ s0 ⇔ υ ≥ s0

α(t)
.

O arijmìc s0

α(t)
eÐnai peperasmènoc diìti, to s0 eÐnai peperasmèno kai to α(t)

eÐnai peperasmèno, diìti an to teleutaÐo  tan �peiro tìte ja proèkupte kai
to θ(t) na  tan �peiro sÔmfwna me ton tÔpo (4.3). 'Ara h ϕ(t, υ) = 0 gia
υ ≥ s0

α(t)
, apì ìpou sumperaÐnoume ìti h ϕ(t, υ) èqei sumpag  forèa. 2

EÐdame loipìn ìti ìlec oi lÔseic omoiojesÐac me peperasmèno ìgko èqoun
sumpag  forèa. Gia na perigr�youme autèc tic lÔseic me èna trìpo pou sqetÐ-
zontai me ta parak�tw, k�noume kanonikopoÐhsh wc proc to �kro tou forèa,
eis�gontac tic metablhtèc u kai ψ?(u) oi opoÐec ikanopoioÔn

1− u =
υ

υ(t)
=

υα(t)

υ(t)α(t)
=

s

s0

, (4.14)

και ψ?(u) =
υ(t)ϕ(t, υ)

V
=

υ(t)α(t)ψ̃(α(t)υ)

V
=

s0ψ̃(s)

V
(4.15)

gia 0 < s < s0 ⇔ 0 < u < 1. Shmei¸noume ìti υα(t) = s kai υ(t)α(t) = s0.
EpexhgoÔme thn teleutaÐa sqèsh: Xèroume ìti

υ(t) = υ(t, 0) = sup{ y| ϕ(t, y) > 0}.
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Opìte ϕ(t, υ(t)) = 0 kai m�lista to υ(t) eÐnai to pr¸to shmeÐo mhdenismoÔ thc
ϕ. EpÐshc, ìpwc eÐdame sthn apìdeixh tou prohgoÔmenou l mmatoc , ψ̃(s) =
0, για s ≥ s0 ⇒ ψ̃(s0) = 0. EpÐshc

ϕ(t, υ(t)) = α(t)ψ̃(α(t)υ(t)).

Epeid  α(t) > 0 kai ϕ(t, υ(t)) = 0 ⇒ ψ̃(α(t)υ(t)) = 0. Epiprìsjeta, epeid 
to υ(t) eÐnai to pr¸to shmeÐo mhdenismoÔ thc ϕ ja èqoume ìti to α(t)υ(t) eÐnai
to pr¸to shmeÐo mhdenismoÔ thc ψ̃. EpÐshc kai to s0 ,ìpwc eÐdame parap�nw ,
eÐnai to pr¸to shmeÐo mhdenismoÔ thc ψ̃, �ra s0 = α(t)υ(t).

SuneqÐzontac t¸ra, qrhsimopoioÔme th sqèsh (4.10) kai paÐrnoume

υ(t) =
s0

α(t)
=

s0(β + α(0)t)

βα(0)

=
1

β
(υ(0)β + s0t)

= υ(0) +
σ0t

β
.

Jètoume

k? =
s0 + β

3s0

=
βs

1/3
0

3s0

, (4.16)

afoÔ to s0 eÐnai rÐza tou f(s) = s + β(1− s1/3).
Opìte

k? =
s0 + β

3s0

kai �ra
β

s0

= 3k? − 1. (4.17)

T¸ra qrhsimopoi¸ntac tic sqèseic (4.16) kai (4.17) paÐrnoume

k? =
βs

1/3
0

3s0

=
β

s0

s
1/3
0

3
= (3k? − 1)

s
1/3
0

3
(4.18)

dhlad 

s0 =
( 3k?

3k? − 1

)3

. (4.19)
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Xèroume ìti 1 ≤ s0 ≤ 27
8
. Me aplèc pr�xeic brÐskoume ìti

8β
27

+ 1

3
≤ k? ≤ β + 1

3
.

Opìte kaj¸c to β aux�nei apì to 27
4

sto ∞, to k? aux�nei apì to 1 sto ∞.
EpÐshc

s + β(1− s1/3)

s0

=
s

s0

+
β

s0

− βs1/3

s
1/3
0 s

2/3
0

= (1− u) + (3k? − 1)− β

s
2/3
0

( s

s0

)1/3

= 3k? − u− 3k?(1− u)1/3

= 3k?(1− (1− u)1/3)− u

= u
(
k?

3(1− (1− u)1/3)

u
− 1

)

(4.20)

kai �ra
s + β(1− s1/3)

s0

= u(k?Q(u)− 1), (4.21)

ìpou qrhsimopoi same tic sqèseic (4.14) kai (4.17) kai orÐsame

Q(u) = 3
((1− (1− u)1/3)

u

)
. (4.22)

ParathroÔme ìti Q(0) = 1 kai Q(1) = 3. EpÐshc h sun�rthsh (1 − u)1/3

anaptÔssetai se dunamoseir� wc ex c:

(1− u)1/3 = 1− 1

3
u− 1

9
u2 − 5

34
u3 + . . .

'Ara kai h Q ja anaptÔssetai se dunamoseir� me tÔpo

Q(u) = 1 +
1

3
u +

5

27
u2 + . . . ,

h opoÐa sugklÐnei gia |u| < 1 kai ìloi oi suntelestèc thc eÐnai jetikoÐ.
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Epistrèfontac stic lÔseic omoiojesÐac ψ?(u) ja deÐxoume ìti eÐnai aÔx-
ousec sunart seic pou ikanopoioÔn

d

du
ln ψ? =

1

u(κ?Q(u)− 1)
για 0 < u < 1 (4.23)

kai ∫ 1

0

ψ?(u)du = 1. (4.24)

Katarq�c

ψ?(u) =
s0ψ̃(s)

V
, για 0 ≤ s ≤ s0

opìte
ln(ψ?(u)) = ln(

s0

V
) + ln(ψ̃(s))

kai me parag¸gish paÐrnoume

d

du
ln(ψ?(u)) =

d

ds
ln ψ̃(s)

ds

du

dhlad 
d

du
ln(ψ?(u)) =

−1

s + β(1− s
1
3 )

(−s0)

kai epomènwc

d

du
ln(ψ?(u)) =

1

u(κ?Q(u)− 1)
για 0 < u < 1,

ìpou qrhsimopoi same th sqèsh (4.21) , to gegonìc ìti

1− u =
s

s0

δηλαδή
ds

du
= −s0 (4.25)

kai
d

ds
ln ψ̃(s) =

−1

s + β(1− s
1
3 )

,

h opoÐa prokÔptei me aplèc pr�xeic apì th sqèsh (4.11). 'Etsi apodeiknÔetai
h sqèsh (4.23).

Prokeimènou na deÐxoume ìti eÐnai aÔxousec sunart seic skeftìmaste wc
ex c: AfoÔ 0 < s < s0, h f(s) = s+β(1− s

1
3 ) den èqei rÐza ìpwc eÐdame sthn
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apìdeixh tou L mmatoc , kai m�lista eÐnai kurt  me tim  β > 0 sto s = 0.

SumperaÐnoume loipìn ìti h par�stash s+β(1−s1/3)
s0

> 0 kai �ra

1

u(κ?Q(u)− 1)
> 0

dhlad 
d

du
ln(ψ?(u)) > 0.

Epomènwc h ln ψ?(u) eÐnai gnhsÐwc aÔxousa kai �ra h ψ?(u) akoloujeÐ to Ðdio
eÐdoc monotonÐac.

Sth sunèqeia apodeiknÔoume th sqèsh (4.24). 'Eqoume
∫ 1

0

ψ?(u)du =

∫ 1

0

s0ψ̃(s)

V
du

=

∫ s0

0

ψ̃(s)

V
ds =

1

V
V = 1

ìpou qrhsimopoi same tic sqèseic (4.15), (4.25) kai to gegonìc ìti V =∫∞
0

ψ̃(s)ds.
Epiplèon isqÔei kai o ex c tÔpoc gia κ? > 1

1

u(κ?Q(u)− 1)
=

1

(κ? − 1)u
− (

κ?

κ? − 1
)

Q(u)− 1

u(κ?Q(u)− 1)
(4.26)

o opoÐoc prokÔptei eÔkola an xekin soume apì to deÔtero mèloc kai k�noume
ta kl�smata om¸numa . IsqÔei gia κ? > 1, efìson eÐmaste sthn perÐptwsh
pou to β ≥ 27

4
kai �ra to κ? ≥ 1(h perÐptwsh β < 27

4
èqei  dh aporrifjeÐ

sÔmfwna me thn apìdeixh tou L mmatoc 4.1).
T¸ra ,xèroume ìti to κ? > 1, to 1

u(κ?Q(u)−1)
> 0 kai Q(u) − 1 = 1

3
u +

5
27

u2 + . . . > 0 efìson to 0 < u < 1 kai ìloi oi suntelestèc eÐnai jetikoÐ
,ìpwc èqei proanaferjeÐ. 'Ara o teleutaÐoc ìroc tou parap�nw tÔpou eÐnai
arnhtikìc kai paramènei fragmènoc kaj¸c to u → 0, diìti to Q(u)− 1 ∼ 1

3
u

kont� sto 0 kai �ra to

Q(u)− 1

u(κ?Q(u)− 1)
∼

1
3
u

u(κ?Q(u)− 1)
∼

1

3(κ? − 1)
< ∞

afoÔ to Q(0) = 1 kai κ? > 1.

42



Sth sunèqeia oloklhr¸noume th sqèsh (4.23) kai èqoume
∫ 1

u

d

du
ln ψ?(u)du =

∫ 1

u

dξ

ξ(κ?Q(ξ)− 1)

dhlad 
ψ?(u)

ψ?(1)
= exp

{
−

∫ 1

u

dξ

ξ(κ?Q(ξ)− 1)

}
. (4.27)

Y�qnoume t¸ra na broÔme p tètoio ¸ste

lim
u↓0

ψ?(u)

up
= c 6= 0.

Apì th sqèsh (4.26) èqoume ìti to 1
ξ(κ?Q(ξ)−1)

sp�ei se dÔo komm�tia, to
pr¸to apeirÐzetai me k�poio suntelest  kaj¸c to u → 0 kai to deÔtero eÐnai
mÐa fragmènh sun�rthsh ,ìpwc apodeÐxame parap�nw, thn opoÐa apokaloÔme
p(ξ). Opìte apì th sqèsh (4.27) paÐrnoume

ψ?(u)

ψ?(1)
= exp

{
−

∫ 1

u

dξ

(κ? − 1)ξ
+

∫ 1

u

p(ξ)dξ
}

dhlad 
ψ?(u)

ψ?(1)
= exp

{ 1

(κ? − 1)
ln(u)

}
exp

{ ∫ 1

u

p(ξ)dξ
}

epomènwc

ψ?(u) = ψ?(1)u
1

κ?−1 exp
{ ∫ 1

u

p(ξ)dξ
}

kai �ra

lim
u↓0

ψ?(u)

u
1

κ?−1

= lim
u↓0

(
ψ?(1) exp

{ ∫ 1

u

p(ξ)dξ)
})

.

'Omwc to teleutaÐo ìrio eÐnai k�poio c 6= 0 afoÔ h p(ξ) eÐnai fragmènh
sun�rthsh kai �ra to olokl rwm� thc se kleistì di�sthma ja eÐnai peperas-
mènoc arijmìc. Opìte apì thn teleutaÐa sqèsh sumperaÐnoume ìti ja prèpei
to p = 1

κ?−1
kai �ra

ψ?(u) = ψ?(1) exp
{ ∫ 1

u

p(ξ)dξ
}

up. (4.28)

Dhlad  br kame th lÔsh omoiojesÐac ψ?(u) sunart sei tou ekjèth p = 1
κ?−1

,
o opoÐoc elègqei ton trìpo mhdenismoÔ thc ψ?(u) kaj¸c to u → 0. Th lÔsh
ψ?(u) tou sust matoc (4.23)-(4.24) me κ? = 1 + 1

p
thn sumbolÐzoume me Ψp.
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L mma 4.2. Gia opoiod pote p ∈ (0,∞] h exÐswsh thc sun�rthshc katanom c

∂tϕ + Λ(υ, θ(t))∂υϕ = 0

èqei mÐa lÔsh omoiojesÐac pou orÐzetai apì tic sqèseic

ψ?(u) =
υ(t)ϕ(t, υ)

V
=

s0ψ̃(s)

V

kai
d

du
ln ψ? =

1

u(κ?Q(u)− 1)

me κ? = 1 + 1
p
. DiakrÐnoume dÔo peript¸seic:

1. p < ∞. Tìte h lÔsh èqei th morf 

Ψp(u) = αp(u)up

ìpou h αp eÐnai fjÐnousa kai analutik  sto [0, 1).

2. p = ∞ (κ? = 1). Tìte h lÔsh eÐnai thc morf c

Ψ∞(u) = ◦(uq) καθώς u → 0

gia ìla ta q > 0.

Apìdeixh tou l mmatoc
H pr¸th parat rhsh èqei  dh prokÔyei wc apotèlesma thc an�lushc pou èqei
anaptuqjeÐ èwc t¸ra.

Gia th morf  twn lÔsewn k�noume tic ex c parathr seic : An to p < ∞
tìte apì ton tÔpo (4.28) paÐrnoume

Ψp(u) = αp(u)up (4.29)

ìpou
αp(u) = Ψp(1) exp

{ ∫ 1

u

p(ξ)dξ
}

.

ParagwgÐzontac thn teleutaÐa sqèsh paÐrnoume

α′p(u) = −Ψp(1) exp
{ ∫ 1

u

p(ξ)dξ
}

p(u).
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'Omwc to Ψp(1) = ψ?(1) = s0ψ̃(0)
V

≥ 0 kai p(u) ≥ 0. 'Ara h αp(u) eÐnai
fjÐnousa. EpÐshc xèroume ìti h Q(ξ) anaptÔssetai se dunamoseir� opìte
eÐnai analutik  kai epomènwc to Ðdio ja eÐnai kai h p(ξ) wc phlÐko analu-
tik¸n sunart sewn. 'Ara h αp(u) eÐnai kai analutik  wc sÔnjesh analutik¸n
sunart sewn.

T¸ra, an to p = ∞ dhlad  κ? = 1,paÐrnoume

d

du
ln ψ? =

1

u(Q(u)− 1)
.

'Omwc ìpwc eÐdame to Q(u)− 1 sumperifèretai ìpwc to 1
3
u kaj¸c to u → 0,

opìte to 1
u(Q(u)−1)

to sp�me se dÔo komm�tia wc ex c:

1

u(Q(u)− 1)
=

1

u1
3
u
− p(u) =

3

u2
− p(u)

ìpou lÔnontac wc proc p(u) brÐskoume

p(u) =
3(Q(u)− 1)− u

u2(Q(u)− 1)
. (4.30)

'Eqoume

Q(u)− 1 =
1

3
u +

5

27
+ . . .

dhlad 

3(Q(u)− 1) = u +
5

9
u2 + . . .

'Ara o arijmht c tou kl�smatoc sthn sqèsh (4.30) sumperifèretai san 5
9
u2

en¸ o paronomast c san u3

3
. Sumperasmatik� to p(u) ja sumperifèretai san

5
3u

kaj¸c to u → 0. Epomènwc paÐrnoume thn sqèsh

1

u(Q(u)− 1)
=

3

u2
− 5

3u
− S(u) (4.31)

ìpou lÔnontac wc proc S(u) kai antikajist¸ntac thn Q(u) me th dunamoseir�
thc ,èqoume ìti h

S(u) =
A(u)

1 + B(u)

me A(u) και B(u) na eÐnai dÔo dunamoseirèc pou sugklÐnoun, afoÔ 0 <
u < 1. 'Ara to S(u) paramènei fragmèno kaj¸c to u → 0.
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'Estw loipìn èna q > 0. Ja deÐxoume ìti

lim
u→0

Ψp(u)

uq
= 0.

Oloklhr¸nontac th sqèsh (4.31) kai k�nontac k�poiec aplèc pr�xeic paÐrnoume
ìti ∫ 1

u

dξ

ξ(Q(ξ)− 1)
=

3

u
+ ln u

5
3 − 3−

∫ 1

u

S(ξ)dξ.

EpÐshc sundu�zontac tic sqèseic (4.15) kai (4.31) brÐskoume

d

du
ln ψ∞(u) =

3

u2
− 5

3u
− S(u) (4.32)

thn opoÐa oloklhr¸nontac paÐrnoume

ψ∞(u) = exp{−3

u
}u− 5

3 exp{3 +

∫ 1

u

S(ξ)dξ}.

Opìte
ψ∞(u)

uq
=

exp{− 3
u
}

uq+ 5
3

exp{3 +

∫ 1

u

S(ξ)dξ}. (4.33)

'Omwc to

lim
u→0

exp{− 3
u
}

uq+ 5
3

= 0

gia k�je q > 0 kai to

exp{3 +

∫ 1

u

S(ξ)dξ}

eÐnai peperasmèno, afoÔ h S(ξ) eÐnai fragmènh kaj¸c to u → 0. Opìte apì
th sqèsh (4.33) sumperaÐnoume ìti to

lim
u→0

Ψ∞(u)

uq
= 0

kai epeid  to q  tan tuqaÐo, èpetai to zhtoÔmeno. 2

JewroÔme thn ex c allag  metablht¸n:

1− u = x3
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opìte h par�stash u(κ?(u)Q(u)− 1) gÐnetai

u(κ?(u)Q(u)− 1) = (x− 1)(x− α)(x + α− 1)

ìpou 2α = −1 +
√

3(4κ? − 1).
Qrhsimopoi¸ntac tic parap�nw matablhtèc sth sqèsh (4.23) kai oloklhr¸non-

tac me qr sh thc mejìdou twn merik¸n klasm�twn brÐskoume ìti sthn men
perÐptwsh pou to p < ∞ (κ? > 1) to

Ψp(u)

Ψp(1)
=

(1− x)p

(1− x
α
)p1(1 + x

α+1
)p2

(4.34)

ìpou

p =
3

(α− 1)(α + 2)
, p1 =

3α2

(α− 1)(2α + 1)
, p2 =

3(α + 1)2

(α + 2)(2α + 1)

en¸ sthn perÐptwsh pou to p = ∞ (κ? = 1) èqoume

Ψ∞(u)

Ψ∞(1)
=

e
−x

(1−x)

(1− x)
5
3 (1 + x

2
)

4
3

. (4.35)

Shmei¸noume ìti
1− u = x3

kai �ra

x = (1− u)
1
3 =

( υ

υ(t)

) 1
3

=
( 4

3
πR3

4
3
πR(t)3

) 1
3

=
R

R(t)
,

ìpou to R antiproswpeÔei thn aktÐna tou swmatidÐou kai to R(t) eÐnai h
mègisth dunat  aktÐna . Epeid  to p = 3

(α−1)(α+2)
ja èqoume ìti kaj¸c to

p → 0 to α →∞ kai �ra to

lim
p→0

Ψp(u)

Ψp(1)
= 1 για 0 < u < 1.

EpÐshc apì th sqèsh (4.34) èqoume ìti :

Ψp(u) = Ψp(1)
(1− x)p

(1− x
α
)p1(1 + x

α+1
)p2

.

47



OrÐzoume Qp(u) = (1−x)p

(1− x
α

)p1(1+ x
α+1

)p2
, ìpou to 0 ≤ Qp(u) ≤ 2 kai Qp(u) →

1 kaj¸c to p → 0, gia u ∈ (0, 1). Opìte apì to je¸rhma kuriarqhmènhc
sÔgklishc paÐrnoume ìti ∫ 1

0

Qp(u)du → 1,

kaj¸c to p → 0. Epiplèon epeid 
∫ 1

0

Ψp(u)du = 1 ⇒ Ψp(1)

∫ 1

0

Qp(u)du = 1

kai paÐrnontac to ìrio èqoume ìti

lim
p→0

Ψp(1) = 1.

Qrhsimopoi¸ntac kai th sqèsh (4.34) sumperaÐnoume ìti

lim
p→0

Ψp(u) = 1, για 0 < u < 1.

EpÐshc gia th lÔsh omoiojesÐac Ψp, o mègistoc dunatìc ìgkoc twn swmatidÐ-
wn ikanopoieÐ th sqèsh

υ(t) = υ(0) +
pt

2p + 3
.

Pr�gmati, xèroume ìti υ(t) = υ(0) + ts0

β
. Opìte

υ(t) = υ(0) +
t

3κ? − 1

dhlad 
υ(t) = υ(0) +

tp

2p + 3
,

ìpou qrhsimopoi same th sqèsh (4.17) kai ìti to κ? = 1 + 1
p
.
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5 Asumptwtik  sumperifor� II

5.1 Kanonikopoihmènec metablhtèc
Apì ed¸ kai sto ex c jewroÔme thn perÐptwsh pou kanèna jetikì mèroc

twn swmatidÐwn den èqei to mègisto dunatì ìgko υ. Autì shmaÐnei ìti h
katanom  tou ìgkou den perièqei kanèna �tomo sto �kro tou forèa. Prokeimè-
nou na katal�boume th shmasÐa thc sumperifor�c omoiojesÐac gia meg�louc
qrìnouc, eÐnai orjì na diairèsoume ton ìgko me to mègisto dunatì ìgko υ.

Eis�goume loipìn tic metablhtèc

τ = ln
υ(t)

υ(0)
, u = 1− υ

υ(t)
, ψ =

υ(t)ϕ

V
. (5.1)

Me dedomèno ìti h φ(t, υ) eÐnai apì arister� suneq c kai fjÐnousa wc
proc υ sumperaÐnoume ìti gia ∀τ ≥ 0 h sun�rthsh u → ψ(τ, u) eÐnai apì
arister� suneq c kai aÔxousa sto [0, 1] me ψ(τ, 0) = 0. OrÐzontac ψ0(u) =
υ(0)φ0(υ)/V kai me qr sh tou L mmatoc 2.14 katal goume sto ìti h exèlixh
thc ψ(τ, u) dÐnetai apì th sqèsh

ψ(τ, U(τ, u)) = eτψ0(u) (5.2)

ìso to 0 < U(τ, u) < 1, ìpou U(τ, u) = 1− V (t, υ)/υ(t) kai ikanopoieÐ

∂U

∂τ
= (κ(τ)Q(U)− 1)U, U(0, u) = u. (5.3)

Ed¸ h Q eÐnai h sun�rthsh pou orÐzetai sth sqèsh (4.22) kai to κ(τ) orÐzetai
wc ex c

1

υ(t)1/3θ(t)
= 1− 1

3κ(τ)
=

1

ψ(τ, 1)

∫ 1

0

1

3
(1− u)

−2
3 ψ(τ, u)du. (5.4)

Profan¸c κ(τ) > 1
3
. Epiplèon h diat rhsh tou sunolikoÔ ìgkou ekfr�zetai

apì thn tautìthta ∫ 1

0

ψ(τ, u)du = 1, ∀τ ≥ 0. (5.5)

EpÐshc gia diaforÐsima arqik� dedomèna h kainoÔria sun�rthsh ψ ja ikanopoieÐ
th diaforik  exÐswsh

∂τψ + (κ(τ)Q(u)− 1)u∂uψ = ψ (5.6)
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gia 0 < u < 1, τ > 0. ApodeiknÔetai eÔkola ìti oi qarakthristikèc thc
parap�nw exÐswshc ikanopoioÔn th sqèsh (5.3) kai se ì,ti afor� sthn troqi�
touc k�noume tic ex c parathr seic :

An orÐsoume f(U) = (κ(τ)Q(U) − 1)U tìte epeid  h f(u) eÐnai �peirec
forèc paragwgÐsimh sto [0, 1), prokÔptei ìti an u > 0 , h qarakthristik  pou
ja xekin�ei apì to u den ja tèmnei ton �xona twn τ. 'Ara h qarakthristik 
pou ja xekin�ei apì to 0 ja eÐnai monadik  kai epiplèon ja isqÔei to monos -
manto gia 0 ≤ u < 1. EpÐshc lìgw thc suneq c ex�rthshc apì ta arqik�
dedomèna apì k�je shmeÐo ja pern�ei qarakthristik  kai lìgw tou monosh-
m�ntou h qarakthristik  ja eÐnai monadik . Sumperasmatik� opoiod pote
shmeÐo (τ1, u1) ∈ (0,∞) × (0, 1) ja brÐsketai p�nw se mÐa monadik  qarak-
thristik  h opoÐa ja mporeÐ na suneqisteÐ pÐsw sto qrìno τ = 0. To teleutaÐo
shmaÐnei ìti u1 = U(τ1, ũ1), gia k�poio ũ1 ∈ (0, 1).

An t¸ra to u = 1 tìte epeid  to κ(τ)Q(1) − 1 > 0, ∀τ > 0 ja èqoume
ìti se mÐa perioq  tou U = 1 to (κ(τ)Q(U)− 1)U > 0 kai �ra h efaptomènh
thc qarakthristik c sto shmeÐo U ja èqei jetik  klÐsh kai �ra ja tèmnei thn
eujeÐa U = 1, opìte kai h Ðdia h qarakthristik  ja tèmnei thn U = 1. 'Ara oi
qarakthristikèc ja tèmnoun thn U = 1.

Oi st�simec lÔseic thc diaforik c exÐswshc (5.6) tic opoÐec sumbolÐzoume
me ψ(u) ja ikanopoioÔn th

(κQ(u)− 1)uψ(u) = ψ(u)

ìpou to κ dÐnetai apì ton tÔpo (5.4), ìpou antikatast same thn ψ(τ, u) sto
dexÐ mèloc apì thn ψ(u). H parap�nw sqèsh mporeÐ na grafteÐ sth morf 

d

du
ln ψ(u) =

1

(κQ(u)− 1)u

dhlad  h ψ(u) lÔnei th (4.23) me κ? = κ > 1 kai ψ = Ψp ìpou p = 1
κ?−1

= 1
κ−1

.
Me �lla lìgia oi lÔseic omoiojesÐac thc exÐswshc (2.32) antistoiqoÔn se
st�simec lÔseic thc exÐswshc (5.6).

Genik� autì pou mac endiafèrei kai me to opoÐo ja asqolhjoÔme sth sunè-
qeia eÐnai, k�tw apì poièc proôpojèseic h lÔsh ψ(τ, u) sugklÐnei kaj¸c to
τ →∞. Ja doÔme ìti h sumperifor� twn lÔsewn gia meg�louc qrìnouc eÐnai
sun�rthsh tou trìpou me ton opoÐo ta arqik� dedomèna mhdenÐzontai kaj¸c
to u → 0.
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5.2 Sumperifor� sto �kro kai “ mèso ” pedÐo
Sth sunèqeia anafèroume kat�llhlec proôpojèseic pou prèpei na ikanopoioÔn

ta arqik� dedomèna gia na èqoume sÔgklish thc sun�rthshc κ(τ) h opoÐa
orÐzetai mèsw tou tÔpou

1

υ(t)1/3θ(t)
= 1− 1

3κ(τ)
=

1

ψ(τ, 1)

∫ 1

0

1

3
(1− u)

−2
3 ψ(τ, u)du.

Prìtash 5.1. 'Estw sun�rthsh ψ ìpwc orÐzetai stic sqèseic (5.2)-(5.5) kai
0 < p < ∞.

1. E�n infu>0 ψ0(u)/up > 0, tìte lim supτ→∞ κ(τ) > 1 + 1
p
.

2. E�n supu>0 ψ0(u)/up < ∞, tìte lim infτ→∞ κ(τ) ≤ 1 + 1
p
.

Apìdeixh thc prìtashc
'Estw ìti to inf{ψ0(u)/up|u > 0} = w > 0. Tìte

ψ0(u)/up ≥ w⇔ ψ0(u) ≥ wup.

EpÐshc apì to L mma (4.2) xèroume ìti gia p < ∞ h Ψp(u) = αp(u)up, ìpou
h αp(u) eÐnai fjÐnousa kai analutik  sto [0, 1). Opìte

ψ0(u) ≥ w

αp(0)
Ψp(u)⇔ ψ0(u) ≥ α0Ψp(u) (5.7)

gia 0 < u < 1 kai α0 = w
αp(0)

> 0.

JewroÔme thn ψ−(τ, u) h opoÐa lÔnei to ex c sÔsthma :




ψ−τ (τ, u) + (κ(τ)Q(u)− 1)uψ−u (τ, u) ≤ ψ−(τ, u)
ψ−(0, u) ≤ ψ(0, u)

1− 1
3κ(τ)

= 1
ψ(τ,1)

∫ 1

0
1
3
(1− u)

−2
3 ψ(τ, u)du

(5.8)

Tìte h ψ−(τ, u) eÐnai upolÔsh, dhlad  ψ−(τ, u) ≤ ψ(τ, u). 'Ontwc, epeid 
to κ(τ) eÐnai to Ðdio kai gia th lÔsh kai gia thn upolÔsh oi qarakthristikèc
kampÔlec ja eÐnai oi Ðdiec kai �ra h lÔsh ja dÐnetai apì ton Ðdio tÔpo, opìte

ψ−(τ, u) = eτψ−(0, u) ≤ eτψ(0, u) = ψ(τ, U(τ, u)),
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ìpou qrhsimopoi same th sqèsh (5.2).
Ja deÐxoume ìti an h ψ−(τ, u) èqei th morf  α(τ)Ψp(u), ìpou h α(τ) eÐnai

Lipschitz, α(0) = α0 kai gia sqedìn k�je τ > 0 ikanopoieÐ

α′(τ)

α(τ)
≤ 1− κ(τ)Q(u)− 1

κ?Q(u)− 1
=

κ? − κ(τ)

κ? − 1/Q(u)
(5.9)

gia 0 < u < 1, tìte h ψ−(τ, u) eÐnai upolÔsh.
Efìson 1 ≤ Q(u) ≤ 3 h parap�nw sqèsh exasfalÐzetai an apait soume na
isqÔei to ex c:

α′(τ)

α(τ)
=





(κ? − κ(τ))/(κ? − 1), εα̇ν κ? − κ(τ) < 0,
(κ? − κ(τ))/(κ? − 1/3), εα̇ν κ? − κ(τ) > 0
0, εα̇ν κ? − κ(τ) = 0,

(5.10)

Opìte me dedomèno ta parap�nw ja apodeÐxoume ìti h ψ(τ, u) eÐnai upolÔsh.
Katarq�c

ψ−(0, u) = α(0)Ψp(u) = α0Ψp(u) ≤ ψ0(u)

gia 0 < u < 1, sÔmfwna me th sqèsh (5.7). Opìte

ψ−τ (τ, u) +(κ(τ)Q(u)− 1)uψ−u (τ, u)− ψ−(τ, u) =

= α(τ)Ψp(u)

[
α′(τ)

α(τ)
+ (κ(τ)Q(u)− 1)u

Ψp
′(u)

Ψp(u)
− 1

]

= α(τ)Ψp(u)

[
α′(τ)

α(τ)
+

κ(τ)Q(u)− 1

κ?Q(u)− 1
− 1

]

H teleutaÐa agkÔlh lìgw thc sqèshc (5.9) eÐnai arnhtik  kai apì th sqèsh
(5.10) prokÔptei to ex c sÔsthma:

{
α′(τ) = α(τ)p(τ)
α(0) = α0 > 0

gia ekeÐna ta τ gia ta opoÐa orÐzetai h p(τ). T¸ra lìgw tou monoshm�ntou
tou sust matoc prokÔptei ìti h α(τ) > 0 gia ìla ta parap�nw τ. Opìte

ψ−τ (τ, u) + (κ(τ)Q(u)− 1)uψ−u (τ, u) ≤ ψ−(τ, u)
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kai �ra h ψ−(τ, u) = α(τ)Ψp(u) eÐnai upolÔsh, dhlad  ψ(τ,u)
α(τ)Ψp(u))

≥ 1 gia
0 < u < 1. Epeid  h ψ(τ, u) eÐnai apì arister� suneq c h parap�nw anisìthta
ja isqÔei gia 0 < u ≤ 1 kai gia ìla ta τ ≥ 0.

Upojètoume t¸ra ìti lim sup κ(τ) < κ? kai ja katal xoume se �topo.
Jètoume α = lim sup κ(τ). Epeid  to α < κ?,∃ β µε α < β < κ? kai
∃ δ > 0 µε κ(τ) ≤ β για τ > 1

δ
.

'Eqoume loipìn ìti κ? − κ(τ) > 0 για τ > δ kai �ra apì th sqèsh
(5.10) èqoume:

α′(τ)

α(τ)
=

κ? − κ(τ)

κ? − 1/3
≥ κ? − β

κ? − 1/3
> 0,

dhlad  α′(τ)
α(τ)

≥ θ gia k�poio θ > 0 και τ > δ. Opìte

d

dτ
ln α(τ) ≥ θ

kai me pr�xeic katal goume sth sqèsh

α(τ) ≥ eθτ+µ,

ìpou orÐsame µ = ln α(1
δ
) − θ

δ
. Kaj¸c to τ → ∞ ⇒ α(τ) → ∞, to opoÐo

èrqetai se antÐjesh me th diat rhsh tou ìgkou, apì ìpou prokÔptei ìti to
α(τ) ≤ 1, gia ∀τ ≥ 0, kai �ra lim sup κ(τ) ≥ κ?.

T¸ra prokeimènou na apodeÐxoume to deÔtero skèloc tou porÐsmatoc ja
ergastoÔme an�loga. An h ψ̃(τ, u) lÔnei to sÔsthma:





ψ̃τ (τ, u) + (κ(τ)Q(u)− 1)uψ̃u(τ, u) ≤ ψ̃(τ, u)

ψ̃(0, u) ≤ ψ(0, u)

1− 1
3κ(τ)

= 1
ψ(τ,1)

∫ 1

0
1
3
(1− u)

−2
3 ψ(τ, u)du

(5.11)

tìte ψ̃(τ, u) ≥ ψ(τ, u) dhlad  h ψ̃(τ, u) eÐnai mÐa uperlÔsh.
'Estw loipìn ìti sup{ψ0(u)/up|u > 0} = w < ∞ kai epeid  gia p < ∞ to

Ψp(u) = αp(u)up me αp(u) fjÐnousa, sumperaÐnoume ìti ψ0(u) ≤ β0Ψp(u) gia
0 < u < 1 kai ìpou β0 = w

αp(1)
> 0.

Ja deÐxoume t¸ra ìti h sun�rthsh ψ+(τ, u) = β(τ)Ψp(u) me β(0) = β0,
β(τ) Lipscitz, kai h opoÐa ikanopoieÐ thn anÐswsh

β′(τ)

β(τ)
≥ 1− κ(τ)Q(u)− 1

κ?Q(u)− 1
=

κ? − κ(τ)

κ? − 1/Q(u)
(5.12)
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gia 0 < u < 1, eÐnai uperlÔsh.
Efìson 1 ≤ Q(u) ≤ 3 h parap�nw sqèsh exasfalÐzetai an apait soume na
isqÔei to ex c:

β′(τ)

β(τ)
=





(κ? − κ(τ))/(κ? − 1), εα̇ν κ? − κ(τ) > 0,
(κ? − κ(τ))/(κ? − 1/3), εα̇ν κ? − κ(τ) < 0
0, εα̇ν κ? − κ(τ) = 0.

(5.13)

Se k�je perÐptwsh loipìn èqoume to ex c sÔsthma:
{

β′(τ) = β(τ)p(τ)
β(0) = β0 > 0

gia ekeÐna ta τ gia ta opoÐa orÐzetai h p(τ). T¸ra lìgw tou monoshm�ntou
tou sust matoc prokÔptei ìti h β(τ) > 0 gia ìla ta parap�nw τ.

Upojètoume t¸ra ìti lim inf κ(τ) > κ? kai ja katal xoume se �topo.
Jètoume α = lim inf κ(τ). Epeid  to α > κ?,∃ β µε α > β > κ? kai
∃ δ > 0 µε κ(τ) ≥ β για τ > 1

δ
.

'Eqoume loipìn ìti κ? − κ(τ) < 0 για τ > δ kai �ra apì th sqèsh (5.13)
èqoume:

β′(τ)

β(τ)
=

κ? − κ(τ)

κ? − 1/3
≤ κ? − β

κ? − 1/3
< 0,

dhlad  β′(τ)
β(τ)

≤ −θ gia k�poio θ > 0 kai τ > δ. Opìte

d

dτ
ln β(τ) ≤ −θ

kai katal goume sto ìti
β(τ) ≤ eµ−θτ ,

ìpou orÐsame µ = ln β(1
δ
) + θ

δ
. Kaj¸c to τ → ∞ ⇒ β(τ) → 0, to opoÐo

èrqetai se antÐjesh me th diat rhsh tou ìgkou, apì ìpou prokÔptei ìti to
β(τ) ≥ 1, gia ∀τ ≥ 0, kai �ra lim inf κ(τ) ≤ κ?. 2

5.3 AnagkaÐec sunj kec gia sÔgklish
Skopìc mac se aut n thn enìthta eÐnai na ex�goume k�poiouc periorismoÔc

sta arqik� dedomèna ψ0 oi opoÐoi prèpei na isqÔoun prokeimènou na èqoume
sÔgklish me tic kanonikopoihmènec metablhtèc.
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5.3.1 Sunj kec sÔgklishc

L mma 5.2. Upojètoume ìti to limτ→∞ ψ(τ, u) = ψ∞(u) up�rqei gia k�je u ∈
[0, 1]. Tìte to limτ→∞ 1

κ(τ)
= 1

κ∞
up�rqei, ìpou 1 ≤ κ∞ ≤ ∞, kai ψ∞ = Ψp(u),

ìpou p = 1
κ∞−1

∈ [0,∞]. Epiplèon kaj¸c to τ → ∞, h ψ(τ, u) sugklÐnei
omoiìmorfa wc proc u se opoiod pote sumpagèc uposÔnolo tou (0, 1].

Apìdeixh tou l mmatoc
Xèroume ìti h ψ(τ, ) eÐnai aÔxousa wc proc u kai apì thn upìjesh up�rqei

to ìriì thc kaj¸c to τ →∞. Opìte

lim
τ→∞

1

3
(1− u)−2/3ψ(τ, u) =

1

3
(1− u)−2/3ψ∞(u),

kai 1
3
(1 − u)−2/3ψ(τ, u) ≤ 1

3
ψ(τ, 1), ìpou h teleutaÐa eÐnai oloklhr¸simh wc

proc u. Apì to je¸rhma kuriarqhmènhc sÔgklishc ja p�roume ìti

lim
τ→∞

∫ 1

0

1

3
(1− u)−2/3ψ(τ, u)du =

∫ 1

0

1

3
(1− u)−2/3ψ∞(u)du.

Epiplèon isqÔei kai h sqèsh (5.4), ìpou pern¸ntac sta ìria paÐrnoume ìti

1− 1

3 limτ→∞ κ(τ)
=

1

ψ∞(1)

∫ 1

0

1

3
(1− u)−2/3ψ∞(u)du. (5.14)

Opìte lìgw thc Ôparxhc tou oloklhr¸matoc sta dexi� prokÔptei ìti up�rqei
to limτ→∞ 1

κ(τ)
.

Sth sunèqeia diakrÐnoume dÔo peript¸seic :
PerÐptwsh 1η: limτ→∞ 1

κ(τ)
= 0.

Tìte limτ→∞ κ(τ) = κ∞ = ∞. Apì th sqèsh (5.14) kai lamb�nontac upìyh
ìti 1

3

∫ 1

0
(1− u)−2/3du = 1, prokÔptei ìti

∫ 1

0

(1− u)−2/3 {ψ∞(1)− ψ∞(u)} du = 0.

'Omwc h ψ∞(u) eÐnai aÔxousa kai �ra h sun�rthsh ψ∞(1)− ψ∞(u) eÐnai fjÐ-
nousa, mh-arnhtik  ,èqei kai olokl rwma mhdèn, opìte ja eÐnai h mhdenik 
sun�rthsh sto (0, 1). Apì th diat rhsh tou ìgkou prokÔptei epiplèon ìti∫ 1

0
ψ∞(u)du = 1, kai lìgw thc parap�nw parat rhshc

∫ 1

0

ψ∞(1)du = 1 ⇒ ψ∞(u) = ψ∞(1) = 1,
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gia u ∈ (0, 1], afoÔ to ψ∞(0) = limτ→∞ ψ(τ, 0) = limτ→∞ 0 = 0. EpÐshc
epeid  p = 1/(κ∞ − 1) kai κ∞ = ∞, ja èqoume ìti aut  eÐnai akrib¸c h
perÐptwsh p = 0 tou l mmatoc.

PerÐptwsh 2η: limτ→∞ 1
κ(τ)

6= 0.

Tìte κ∞ 6= ∞ kai �ra 1
3
≤ κ∞ < ∞. Eidikìtera isqÔei ìti 1 ≤ κ∞ < ∞.

Prokeimènou na to apodeÐxoume ja akolouj soume thn eic �topo apagwg .
'Estw ìti κ∞ < 1. Epeid  Q(0) = 1 kai κ∞Q(0) − 1 < 0 ja up�rqei mÐa

perioq  tou mhdenìc tètoia ¸ste κ∞Q(u)−1 < 0 gia ta u aut c thc perioq c.
Sugkekrimèna ja up�rqei èna u0 > 0 tètoio ¸ste to κ∞Q(u) − 1 < 0 gia
u ∈ (0, u0].
Apì th sqèsh (5.3) kai gia arket� meg�lo τ ja èqoume

Uτ = (κ(τ)Q(U)− 1)U ∼ (κ∞Q(U)− 1)U,

apì ìpou paÐrnoume ìti an 0 < U ≤ u0 tìte Uτ < 0. Lìgw thc sunèqishc
ex�rthshc apì ta arqik� dedomèna kai tou gegonìtoc ìti apì k�je shmeÐo
pern�ei monadik  qarakthristik  ja èqoume ìti up�rqei u1 > 0 tètoio ¸ste
gia k�poio τ1 to U(τ1, u1) < u0. Epeid 

Uτ < 0 για U ≤ u0 ⇒ U(τ, u1) ≤ U(τ1, u1) < u0 για τ ≥ τ1.

'Ara gia τ arket� meg�lo, 0 < U(τ, u1) < u0.
'Estw t¸ra ìti paÐrnoume u0 ≤ u ≤ 1, opìte U(τ, u1) < u0 ≤ u ≤ 1.

Ekmetalleuìmenoi to gegonìc ìti h ψ(τ, u) eÐnai aÔxousa wc proc u kaj¸c
kai th sqèsh (5.2), katal goume sto ìti

eτψ0(u1) ≤ ψ(τ, u) για u0 ≤ u ≤ 1,

thn opoÐa oloklhr¸nontac wc proc u kai apì u0 èwc 1 paÐrnoume ìti
∫ 1

0

ψ(τ, u)du = ∞,

pou èrqetai se antÐjesh me th diat rhsh tou ìgkou. 'Ara κ∞ ≥ 1.
Apì th diat rhsh tou ìgkou prokÔptei epÐshc ìti up�rqei k�poio u0 ∈ (0, 1)
tètoio ¸ste ψ∞(u0) > 0, diaforetik� ja eÐqame ìti

∫ 1

0

ψ∞(u)du = 0 6= 1,

�topo.
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SkopeÔoume na deÐxoume ìti gia opoiod pote u1 ∈ (0, 1), ψ∞(u1) > 0 kai

ln ψ∞(u1)− ln ψ∞(u0) = τ10 :=

∫ u1

u0

du

u(κ∞Q(u)− 1)
. (5.15)

Pr¸ta orÐzoume U∞ na eÐnai h lÔsh thc diaforik c exÐswshc

∂U∞
∂τ

= (κ∞Q(U∞)− 1)U∞, U∞(0) = u0.

Ja deÐxoume ìti h U∞ orÐzetai se èna mègisto di�sthma thc morf c (−∞, T0)
me U∞(−∞) = 0 kai U∞(T0) = 1.

Katarq�c an 0 < U∞ ≤ 1 tìte to deÔtero mèloc thc exÐswshc eÐnai
jetikì kai �ra h U∞(τ, u) eÐnai gnhsÐwc aÔxousa, opìte kaj¸c to τ → −∞ h
U∞(τ, u) fjÐnei proc to mhdèn kai �ra U∞(τ, u) → l ≥ 0. 'Estw ìti U∞(τ, u) →
l > 0. Tìte paÐrnontac ìria sth diaforik  exÐswsh katal goume sto ìti ja
prèpei to κ∞ = 1 kai l = 0, �topo. 'Ara l = 0 kai afoÔ to U∞(τ, u) → 0
kaj¸c to τ → −∞, èpetai ìti U∞(−∞) = 0.

Gia na apodeÐxoume ìti U∞(T0) = 1, upojètoume to antÐjeto . 'Estw
loipìn ìti U∞(τ) < 1 kai U∞(τ) → 1 kaj¸c to τ → ∞. Tìte paÐrnontac
p�li ìria sth diaforik  exÐswsh katal goume sto ìti ja prèpei to κ∞ = 1

3
,

�topo giatÐ ìpwc apodeÐqjhke parap�nw to κ∞ ≥ 1. 'Ara up�rqei T0 > 0
tètoio ¸ste U∞(T0) = 1.

EpÐshc an jèsoume ìpou u = U∞(τ10) sto olokl rwma thc sqèshc (5.15)
ja p�roume ìti U∞(τ10) = u1.

Sth sunèqeia orÐzoume U0(τ) na eÐnai h lÔsh thc diaforik c exÐswshc

∂U0

∂τ
= (κ(τ0 + τ)Q(U0)− 1)U0, U0(0) = u0.

Lìgw thc suneq c ex�rthshc apì ta arqik� dedomèna kai tou ìti to κ(τ0 +
τ) → ∞ kaj¸c to τ0 → ∞ kai ìti h Q eÐnai omal  sto (0, 1) ja èqoume ìti
gia τ se opoiod pote sumpagèc uposÔnolo tou (−∞, T0), to U0(τ) → U∞(τ),
me �lla lìgia

sup
α≤τ≤β

|U0(τ)− U∞(τ)| → 0

kaj¸c to τ0 →∞.
Sth sunèqeia stajeropoioÔme èna kleistì di�sthma to opoÐo perièqei to 0

kai to τ10 sto eswterikì tou. Tìte exaitÐac thc parap�nw sqèshc èqoume ìti

∀ε > 0 ∃δ > 0 : ∀τ0 ≥ δ U∞(τ)− ε ≤ U0(τ) ≤ U∞(τ) + ε,

57



kai epeid  h ψ(τ, u) eÐnai aÔxousa paÐrnoume ìti

ψ(τ0 + τ, U∞(τ)− ε) ≤ ψ(τ0 + τ, U0(τ)) = eτψ(τ0, u0) ≤ ψ(τ0 + τ, U∞(τ) + ε),

gia opoiod pote τ ∈ [α, β] kai �ra gia th qronik  stigm  τ10 h opoÐa an kei
sto sugkekrimèno di�sthma, ja isqÔei

ψ(τ0 + τ10, u1 − ε) ≤ eτ10ψ(τ0, u0) ≤ ψ(τ0 + τ10, u1 + ε).

PaÐrnontac ìria katal goume sto ìti

ψ∞(u1 − ε) ≤ eτ10ψ∞(u0) ≤ ψ∞(u1 + ε),∀ε > 0. (5.16)

Apì th sqèsh (5.2) prokÔptei ìti gia opoiod pote τ ∈ [α, β] ja èqoume

ψ(τ0 + τ, U0(τ)) = eτψ(τ0, u0) → eτψ∞(u0)

kaj¸c to τ0 →∞.
Epilègoume loipìn to ε > 0 me tètoio trìpo ¸ste u1 = u0 − 2ε, u1 + ε < 1
kai u1 − ε > 0. Tìte h sqèsh (5.16) paÐrnei th morf 

ψ∞(u0 − 3ε) ≤ ψ∞(u0) exp

∫ u0−2ε

u0

du

u(κ∞Q(u)− 1)
≤ ψ∞(u0 − ε) ≤ ψ∞(u0)

dhlad 
ψ∞(u0) ≤ lim

ε→0
ψ∞(u0 − ε) ≤ ψ∞(u0)

opìte
lim
ε→0

ψ∞(u0 − ε) = ψ∞(u0),

dhlad  h ψ∞(u) eÐnai apì arister� suneq c.
Epilègoume t¸ra to ε > 0 me tètoio trìpo ¸ste u1 = u0 + 2ε, u1 +

ε < 1 kai u1 − ε > 0. Ergazìmenoi ìpwc prohgoumènwc katal goume sto
ìti limε→0 ψ∞(u0 + ε) = ψ∞(u0), dhlad  h ψ∞(u) eÐnai apì dexi� suneq c.
'Epetai ìti h ψ∞(u) eÐnai suneq c sto (0, 1), kai apì th sqèsh (5.16) prokÔptei
epiplèon ìti ,gia u1 ∈ (0, 1) isqÔei

eτ10ψ∞(u0) = ψ∞(u1) > 0

opìte
ln ψ∞(u0) = τ10,
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dhlad  èqoume to zhtoÔmeno.
Ja deÐxoume ìti h ψ∞(u) eÐnai suneq c kai sto u1 = 1 opìte h (5.15) ja

isqÔei kai gia u1 = 1. H Q eÐnai gnhsÐwc aÔxousa, opìte an u0 < U0 < 1 ⇒
1 < Q(u0) < Q(U0) < 3. EpÐshc gia arket� meg�lo τ0 to κ(τ0 + τ) ∼ κ∞ ≥ 1,
�ra ∂U0

∂τ
= (κ(τ0 + τ)Q(U0) − 1)U0 > 0. Opìte up�rqei δ > 0 tètoio ¸ste

∂U0

∂τ
> δ gia u0 < U0 < 1 kai τ0 arket� meg�lo.
'Estw ε > 0 mikrì. Epeid  h ψ(τ, u) eÐnai apì arister� suneq c kai sug-

klÐnei sthn ψ∞(u) kaj¸c to τ0 → ∞ ja èqoume ìti gia τ0 arket� meg�-
lo up�rqei u0 kont� sto 1 tètoio ¸ste ψ(τ0, u0) > ψ∞(1) − ε. Epiplèon
oloklhr¸nontac thn ∂U0

∂τ
> δ wc proc τ paÐrnoume ìti U0(−ε) < 1 − δε kai

ètsi

ψ(τ0 − ε, 1− δε) ≥ ψ(τ0 − ε, U0(−ε)) = e−εψ(τ0, u0) ≥ e−ε(ψ∞(1)− ε),

ìpou af nontac to τ0 →∞ paÐrnoume

ψ∞(1) ≤ eεψ∞(1− δε) + ε

dhlad 

ψ∞(1) ≤ lim
ε→0

ψ∞(1− δε) = lim
u→1

ψ∞(u) ≤ lim
u→1

ψ∞(1) = ψ∞(1)

opìte
lim
u→1

ψ∞(u) = ψ∞(1),

�ra h ψ∞ eÐnai suneq c sto u ∈ (0, 1] kai h sqèsh (5.15) isqÔei gia u ∈ (0, 1].
Opìte oloklhr¸nontac thn (5.15) kai sugkrÐnontac to apotèlesma me th

sqèsh (4.23) paÐrnoume ìti ψ∞(u) = Ψp(u) kai κ∞ = κ?, dhlad  p = 1
κ∞−1

.
Sundu�zontac loipìn tic dÔo parap�nw peript¸seic paÐrnoume ìti ψ∞(u) =

Ψp(u), ìpou p = 1/(κ∞ − 1) ∈ [0,∞].
Epeid  t¸ra h ψ(τ, u) → Ψp(u), kaj¸c to τ →∞, h Ψp eÐnai suneq c kai

h ψ(τ, u) eÐnai aÔxousa, apì basikì je¸rhma thc An�lushc ja èqoume ìti h
ψ(τ, u) sugklÐnei omoiìmorfa wc proc u, se opoiod pote sumpagèc uposÔnolo
tou (0, 1]. 2

Sth sunèqeia apodeiknÔoume to ex c pìrisma :
Pìrisma 5.3. Upojètoume ìti to limτ→∞ ψ(τ, u) = ψ∞(u) up�rqei gia k�je
u ∈ [0, 1]. Tìte up�rqei p ∈ [0,∞] tètoio ¸ste ψ∞(u) = Ψp(u) kai

inf
u>0

ψ0(u)/uq = 0 για óλα τα q < p,

sup
u>0

ψ0(u)/uq = ∞ για óλα τα q > p.
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Apìdeixh tou porÐsmatoc
To pr¸to prokÔptei �mesa apì to L mma 5.2. Gia to deÔtero skèloc ph-

gaÐnoume me �topo. 'Estw ìti up�rqei q < p tètoio ¸ste infu>0 ψ0(u)/uq > 0.
Tìte apì thn Prìtash 5.1 to lim supτ→∞ κ(τ) ≥ 1 + 1

q
. 'Omwc apì to L m-

ma 5.2 èqoume ìti up�rqei to limτ→∞ κ(τ) = κ∞. 'Ara κ∞ ≥ 1 + 1
q
. Opìte

apì thn anisìthta q < p èpetai ìti κ∞ > 1 + 1
p
, to opoÐo eÐnai �topo, giatÐ

p = 1
κ∞−1

⇒ κ∞ = 1 + 1
p
. 'Ara to infu>0 ψ0(u)/uq = 0 gia ìla ta q < p.

Se ì,ti afor� sto sup phgaÐnoume p�li me �topo.'Estw ìti up�rqei q > p
tètoio ¸ste supu>0 ψ0(u)/uq < ∞. Tìte apì thn Prìtash 5.1 èqoume ìti
lim infτ→∞ κ(τ) ≤ 1 + 1

q
, kai epeid  ,ìpwc proanafèrjhke, up�rqei to

limτ→∞ κ(τ) = κ∞, ja èqoume ìti κ∞ ≤ 1+ 1
q
. T¸ra apì thn anisìthta q > p

prokÔptei ìti κ∞ < 1+ 1
p
, �topo. 'Ara supu>0 ψ0(u)/uq = ∞ gia ìla ta q > p.

2

Ta apotelèsmata autoÔ tou porÐsmatoc tonÐzoun akrib¸c thn ast�jeia
twn st�simwn lÔsewn Ψp wc proc th supremum nìrma. Aut  h parat rhsh
diatup¸netai akribèstera sto parak�tw pìrisma :

Pìrisma 5.4. Dosmènou opoioud pote p ∈ (0,∞], h st�simh lÔsh Ψp eÐnai
astaj c se diataraqèc ìpou ta arqik� dedomèna ikanopoioÔn

inf
u>0

ψ0(u)/uq > 0 για κάπoιo q < p.

IdiaÐtera h LSW lÔsh (me p = ∞) eÐnai astaj c gia ìlec tic diataraqèc gia
tic opoÐec

inf
u>0

ψ0(u)/uq > 0 για κάπoιo q < ∞.

Apìdeixh tou porÐsmatoc
Katarq�c upojètoume ìti h ψ(τ, u) sugklÐnei. H idèa eÐnai na p�roume

arqik� dedomèna ψ0(u) kont� sthn Ψp kai tètoia, ¸ste infu>0 ψ0(u)/uq > 0
gia k�poio q < p.

Skopìc mac eÐnai gia èna dosmèno δ > 0, na broÔme ε > 0, tètoio ¸ste ta
arqik� dedomèna ψ(0, u) na eÐnai δ−kont� sthn Ψp me thn supremum nìrma,
all� h lÔsh ψ(τ, u) me aut� ta arqik� dedomèna na mhn eÐnai ε−kont� sthn
Ψp. Gia autì to lìgo fti�qnoume arqik� dedomèna tètoia ¸ste ψ0 ∼ uq kont�
sto mhdèn , Ψp(u) ≤ ψ0(u) ≤ Ψp(u) + δ kai

∫ 1

0
ψ0(u)du = 1. Epeid  ψ0 ∼ uq

kont� sto mhdèn , èpetai ìti ψ0(u)
uq → l > 0 kai �ra to supremum kai to

infimum thc sun�rthshc ψ0(u)
uq eÐnai jetik� kai peperasmèna, opìte apì thn
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Prìtash 5.1 ja èqoume ìti limτ→∞ κ(τ) = κ∞ = 1 + 1
q
, efìson h ψ(τ, u)

sugklÐnei kai �ra apì to L mma 5.2 up�rqei to ìrio tou κ(τ). Epiplèon apì
to Ðdio L mma paÐrnoume thn plhroforÐa ìti ψ(τ, u) → Ψq, kaj¸c to τ →∞.
Opìte

‖ψ(τ, u)−Ψp(u)‖∞ ∼ ‖Ψq −Ψp‖∞
gia meg�louc qrìnouc.

SumperaÐnoume loipìn ìti arkeÐ na p�roume ε =
‖Ψq−Ψp‖∞

2
> 0. Tìte gia to

δ > 0 br kame ε > 0, tètoio ¸ste ‖ψ(0, u)−Ψp(u)‖∞ < δ, all� gia k�poio
meg�lo qrìno T0, ‖ψ(T0, u)−Ψp(u)‖∞ ≥ ε, dhlad  h Ψp eÐnai astaj c. 2

5.3.2 Fusiologik� kumainìmenec sunart seic

Sth sunèqeia parajètoume k�poiouc orismoÔc kai l mmata ta opoÐa ja
qrhsimopoi soume gia thn apìdeixh basik¸n jewrhm�twn.

Orismìc 5.1. MÐa jetik , metr simh sun�rthsh g, orismènh se k�poio di�sth-
ma thc morf c (0, α], lègetai fusiologik� kumainìmenh sto 0 me ekjèth p ∈ R
e�n

lim
x→0+

g(λx)

λpg(x)
= 1, ∀λ > 0. (5.17)

E�n to p = 0, lème ìti h g eÐnai arg� kumainìmenh sto 0.

Orismìc 5.2. Lème ìti mÐa pragmatik¸n tim¸n, metr simh sun�rthsh h, oris-
mènh se k�poio di�sthma thc morf c [A,∞) eÐnai topik� grammik  sto ∞ me
klÐsh p ∈ R e�n

lim
y→∞

h(y + L)− h(y) = pL, ∀L ∈ R (5.18)

E�n to p = 0, lème ìti h h eÐnai topik� epÐpedh sto ∞.

'Ena basikì apotèlesma anafèrei ìti e�n h g eÐnai fusiologik� kumainìmen-
h sto 0, tìte to ìrio sth sqèsh (5.17) pi�netai omoiìmorfa gia ìlec tic timèc
tou λ se èna opoiod pote sumpagèc di�sthma [α, β] tou (0,∞). Parìmoia e�n
h h eÐnai topik� grammik  sto∞ tìte to ìrio sth sqèsh (5.18) pi�netai omoiì-
morfa gia ìlec tic timèc tou L se èna opoiod pote fixarismèno peperasmèno
di�sthma. (bl.[2],[7])
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Sth sunèqeia orÐzoume thn tal�ntwsh miac sun�rthshc h se èna di�sthma
[α, β] na eÐnai

oscz∈[α,β]h(z) = sup
z∈[α,β]

h(z)− inf
z∈[α,β]

h(z) = sup
z1,z2∈[α,β]

h(z1)− h(z2). (5.19)

'Eqoume ta ex c dÔo basik� l mmata apì th jewrÐa twn fusiologik� ku-
mainìmenwn sunart sewn sto mhdèn kai twn topik� grammik¸n sunart sewn
sto �peiro :

L mma 5.5. Upojètoume ìti h(− ln x) = − ln g(x). Tìte ta parak�tw eÐnai
isodÔnama .

(i) h g eÐnai fusiologik� kumainìmenh sto 0 me ekjèth p.

(ii) h h eÐnai topik� grammik  sto ∞ me klÐsh p.

(iii) ∀L > 0,

oscz∈[y,y+L](h(z)− pz) → 0, καθώς y →∞.

(iν) ∀λ > 1,
supz∈[x,λx] g(z)/zp

infz∈[x,λx] g(z)/zp
→ 1, καθώς x → 0.

L mma 5.6. Upojètoume ìti h apeikìnish x → X(x) eÐnai C1 kont� sto x = 0
me X(0) = 0 kai X ′ > 0. Tìte h g eÐnai fusiologik� kumainìmenh sto 0 me
ekjèth p e�n kai mìno e�n h sun�rthsh g ◦X èqei thn Ðdia idiìthta.

5.3.3 H sÔgklish apaiteÐ fusiologik� kumainìmena dedomèna

UpenjumÐzoume ìti

U(τ, u) = 1− V (t, υ)

υ(t)
,

ìpou τ = ln υ(t)
υ(0)

kai u = 1− υ
υ(t)

. H U(τ, u) gr�fetai isodÔnama sth morf 

U(τ, u) = 1− V (t, eτυ(0)(1− u))

eτυ(0)
(5.20)

kai apì thn Prìtash 2.12 ja èqoume ìti h V (t, ·) eÐnai analutik  se mÐa perioq 
tou υ(t) me jetik  par�gwgo.

ApodeiknÔoume t¸ra to ex c l mma :
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L mma 5.7. Gia opoiod pote τ > 0 kai p ∈ [0,∞), h ψ(τ, u) eÐnai fusiologik�
kumainìmenh sto mhdèn me ekjèth p e�n kai mìno e�n h ψ0 èqei thn Ðdia
idiìthta.

Apìdeixh tou l mmatoc
Me b�sh th sqèsh (5.20) paÐrnoume ìti afoÔ h V (t, υ) eÐnai analutik 

se mÐa perioq  tou υ(t), h U(τ, u) ja eÐnai analutik  se mÐa perioq  tou 0.
'Ara h apeikìnish u → U(τ, u) eÐnai C1 kont� sto 0, kai m�lista èqei jetik 
par�gwgo.
Epiplèon U(τ, 0) = 0, lìgw thc monadikìthtac twn qarakthristik¸n. Opìte
me b�sh to L mma 5.6 kai th sqèsh (5.2) èqoume ìti h ψ(τ, ·) eÐnai fusiologik�
kumainìmenh sto 0 me ekjèth p isodÔnama h ψ(τ, ·) ◦U(τ, u) eÐnai fusiologik�
kumainìmenh sto 0 me ekjèth p isodÔnama h eτψ0(u) eÐnai fusiologik� ku-
mainìmenh sto 0 me ekjèth p isodÔnama h ψ0(u) eÐnai fusiologik� kumainìmenh
sto 0 me ekjèth p. 2

To epìmeno je¸rhma mac dÐnei mÐa anagkaÐa sunj kh prokeimènou na è-
qoume sÔgklish wc proc tic kanonikopoihmènec metablhtèc se mÐa opoiad pote
st�simh lÔsh Ψp, ìtan 0 ≤ p < ∞.

Je¸rhma 5.8. Upojètoume ìti gia k�poio p ∈ [0,∞) èqoume

lim
τ→∞

ψ(τ, u) = Ψp(u), ∀u ∈ [0, 1].

Tìte h ψ0 eÐnai fusiologik� kumainìmenh sto 0 me ekjèth p.

Apìdeixh tou jewr matoc
Me b�sh to L mma 5.7 arkeÐ na deÐxoume ìti gia k�poio τ0 > 0, h ψ(τ0, ·) eÐnai
fusiologik� kumainìmenh sto 0 me ekjèth p. DiakrÐnoume dÔo peript¸seic:
PerÐptwsh 1η: p > 0.

AfoÔ apì thn upìjesh h ψ(τ, u) sugklÐnei, apì to L mma 5.2 ja èqoume
ìti κ(τ) → κ∞, kaj¸c to τ → ∞. Opìte apì ton orismì tou orÐou kai gia
ε = 1

2p
, ja èqoume ìti up�rqei τ0 > 0 tètoio ¸ste :∀τ ≥ τ0 |κ(τ)− κ?| ≤ 1

2p
.

JewroÔme sth sunèqeia thn ex c allag  metablht¸n :

y = − ln u, ρ = − ln ψ (5.21)

kai e�n ρ0(y) = − ln ψ0(u) και Y = − ln U µε Y (τ, y) > 0 tìte h sqèsh
(5.2) paÐrnei th morf 

ρ(τ, Y (τ, y)) = ρ0(y)− τ (5.22)
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kai h sqèsh (5.3) th morf 

∂Y

∂τ
= −κ(τ)Q(e−Y ) + 1, Y (0, y) = y. (5.23)

Gia diaforÐsima arqik� dedomèna ρ0(y), h sqèsh (5.22) paragwgizìmenh wc
proc τ dÐnei

∂τρ− (κ(τ)Q(e−y)− 1)∂yρ = −1. (5.24)

Me autèc tic metablhtèc oi st�simec lÔseic perigr�fontai apì tic ρ?(y),
dhlad  ρ?(y) = − ln ψ?(u) kai h sqèsh (4.23) paÐrnei th morf 

(κ?Q(e−y)− 1)ρ′?(y) = 1 (5.25)

gia ìla ta y > 0. Gia 0 < p = 1/(κ? − 1) < ∞ prokÔptei ìti

ρ?(y) = ρy − A?(y) (5.26)

ìpou to limy→∞ A?(y) up�rqei kai ètsi h A? eÐnai topik� epÐpedh sto ∞.
'Ontwc to parap�nw apodeiknÔetai eÔkola, an analogisjoÔme ìti h Ψp(u) =

αp(u)up, apì to L mma 4.2 ìpou h αp(u) eÐnai fjÐnousa kai analutik  s-
to [0, 1) kai logarijm soume thn parap�nw sqèsh. Tìte ja prokÔyei ìti
ρ?(y) = ρy − A?(y), ìpou A?(y) = − ln αp(u) kai epeid  h αp(u) eÐnai fjÐ-
nousa kai analutik  sto [0, 1) èpetai ìti ja up�rqei to ìrio thc A?(y).

Sth sunèqeia orÐzoume

h(τ, y) = ρ(τ, y)− ρ?(y). (5.27)

Apì to L mma 5.2 èqoume ìti h ψ(τ, u) sugklÐnei omoiìmorfa wc proc u
ta opoÐa an koun se èna opoiod pote sumpagèc uposÔnolo tou (0, 1]. Me thn
parap�nw allag  metablht¸n autì metafr�zetai sto ìti h h(τ, y) sugklÐnei
sto 0 omoiìmorfa wc proc y ta opoÐa an koun se èna opoiod pote sumpagèc
di�sthma [α, β] ⊂ [0,∞).

Opìte prokeimènou na apodeÐxoume to je¸rhma arkeÐ na deÐxoume ìti h
h(τ0, ·) eÐnai topik� epÐpedh sto ∞, giatÐ tìte h ρ(τ0, y) ja eÐnai topik� gram-
mik  sto ∞ me ekjèth p, afoÔ h ρ?(y) eÐnai topik� grammik  sto ∞ me ekjèth
p, ( A? eÐnai topik� epÐpedh sto ∞,) kai b�sh tou L mmatoc 5.5 ja prokÔyei
ìti h ψ(τ0, ·) eÐnai fusiologik� kumainìmenh sto 0 me ekjèth p.

H idèa eÐnai na akolouj soume zeug�ria qarakthristik¸n pÐsw sto qrìno
kai sugkekrimèna apì meg�louc qrìnouc τ̃ kai mèqri th qronik  stigm  τ0.
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Stic ektim seic pou ja akolouj soun ja doÔme ìti h sunolik  allag  sthn
apìstash metaxÔ tètoiwn zeugari¸n paramènei fragmènh anex�rthta apì to
qrìno τ̃ .

Xekin�me, sumbolÐzontac me Ỹ (τ, ỹ) th qarakthristik  pou ikanopoieÐ th
diaforik  exÐswsh

∂Ỹ

∂τ
= −(κ(τ)Q(e−Ỹ )− 1), Ỹ (τ̃ , ỹ) = ỹ. (5.28)

Koit¸ntac proc ta pÐsw sto qrìno, dhlad  gia τ̃ ≥ τ ≥ τ0 ja èqoume
apì mÐa parat rhsh pou èqei prohghjeÐ sthn arq  ìti, afoÔ to τ ≥ τ0 to
|κ(τ)− κ?| ≤ 1

2p
, kai �ra to κ(τ)− 1 ≥ 1

2p
, dedomènou ìti κ? = 1 + 1

p
.

EpÐshc, ìpwc gnwrÐzoume h Q(0) = 1 kai h Q eÐnai gnhsÐwc aÔxousa opìte
κ(τ)Q(e−Ỹ )− 1 ≥ κ(τ)− 1 kai �ra

−∂Ỹ

∂τ
≥ κ(τ)− 1 ≥ 1

2p
(5.29)

gia τ̃ ≥ τ ≥ τ0. Sth sunèqeia me olokl rwsh thc parap�nw anisìthtac kai
gia qrìnouc apì τ èwc τ̃ paÐrnoume to ex c

Ỹ (τ, ỹ) ≥ ỹ + (τ̃ − τ)/2p. (5.30)

EpÐshc p�li apì to gegonìc ìti gia τ ≥ τ0 to |κ(τ)− κ?| ≤ 1
2p

, prokÔptei
h anisìthta

κ(τ) ≤ K0 := κ? + 1/2p (5.31)

kai epeid  0 < Q(e−Ỹ ) ≤ 3 ja èqoume ∂Ỹ
∂τ
≥ −3K0 apì thn opoÐa me olok-

l rwsh paÐrnoume ìti

Ỹ (τ, ỹ) ≤ ỹ + 3K0(τ̃ − τ). (5.32)

T¸ra, efìson to Q′(0) = 1
3
up�rqei k�poio δ0 > 0 tètoio ¸ste Q′(e−y) <

1, gia y ≥ δ0. Upojètoume ìti δ0 ≤ ỹ ≤ min (ỹ1, ỹ2). 'Estw

Ỹ1(τ) = Ỹ (τ, ỹ1), y1 = Ỹ1(τ0)

Ỹ2(τ) = Ỹ (τ, ỹ2), y2 = Ỹ2(τ0).
(5.33)

OrÐzoume E(τ̃ , ỹ1, ỹ2) := (y1 − y2)− (ỹ1 − ỹ2) kai m�lista

E(τ̃ , ỹ1, ỹ2) =

∫ τ̃

τ0

κ(τ)(Q(e−Ỹ1(τ))−Q(e−Ỹ2(τ)))dτ.
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Pr�gmati, apì th sqèsh (5.28) sunep�getai ìti

κ(τ)Q(e−Ỹ1(τ)) = 1− ∂Ỹ1

∂τ

κ(τ)Q(e−Ỹ2(τ)) = 1− ∂Ỹ2

∂τ

dhlad 

κ(τ)[Q(e−Ỹ1(τ))−Q(e−Ỹ2)] =
∂Ỹ2

∂τ
− ∂Ỹ1

∂τ
,

thn opoÐa oloklhr¸noume wc proc τ kai paÐrnoume to zhtoÔmeno. 'Ara

E(τ̃ , ỹ1, ỹ2) : = (y1 − y2)− (ỹ1 − ỹ2)

=

∫ τ̃

τ0

κ(τ)(Q(e−Ỹ1(τ))−Q(e−Ỹ2(τ)))dτ. (5.34)

EpÐshc an sthn sqèsh (5.30) jèsoume ỹ = ỹ1 kai ỹ = ỹ2 kai qrhsimopoi -
soume kai th sqèsh (5.33) ja p�roume ìti Ỹ1(τ), Ỹ2(τ) ≥ δ0, opìte efar-
mìzontac to je¸rhma mèshc tim c gia th sun�rthsh Q ◦ e−x sto di�sthma
[Ỹ1(τ), Ỹ2(τ)] kai dedomènou ìti Q′(e−y) < 1 gia y ≥ δ0 kai ìti h sun�rthsh
Ỹ2(τ)− Ỹ1(τ) eÐnai aÔxousa wc proc to τ ja katal xoume sthn ex c ektÐmhsh

∣∣∣Q(e−Ỹ1(τ))−Q(e−Ỹ2(τ))
∣∣∣ ≤ e−Ỹ (τ) |ỹ1 − ỹ2| . (5.35)

PaÐrnontac loipìn apìlutec timèc sth sqèsh (5.34) kai qrhsimopoi¸n-
tac tic sqèseic (5.30) , (5.20) kai thn parap�nw ektÐmhsh katal goume sto
sumpèrasma ìti

|E(τ̃ , ỹ1, ỹ2)| ≤ K0e
−ỹ |ỹ1 − ỹ2|

∫ τ̃

τ0

e−(τ̃−τ)/2pdτ ≤ 2pK0e
−ỹ |ỹ1 − ỹ2| . (5.36)

Sth sunèqeia orÐzoume

H(τ̃ , ỹ1, ỹ2) := (h(τ0, y1)− h(τ0, y2))− (h(τ̃ , ỹ1)− h(τ̃ , ỹ2))

kai m�lista

H(τ̃ , ỹ1, ỹ2) =

∫ τ̃

τ0

(κ? − κ(τ))
Q(e−Ỹ2(τ))−Q(e−Ỹ1(τ))

(κ?Q(e−Ỹ1(τ))− 1)(κ?Q(e−Ỹ2(τ))− 1)
dτ.
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'Ontwc apì th sqèsh (5.22) paÐrnoume to ex c

ρ(τ, Ỹ1(τ)) = ρ0(ỹ1)− τ

ρ(τ, Ỹ2(τ)) = ρ0(ỹ2)− τ.

EpÐshc apì th sqèsh (5.27) prokÔpei ìti gia tic Ỹ1, Ỹ2 ja isqÔei

h(τ, Ỹ1(τ)) = ρ(τ, Ỹ1(τ))− ρ?(Ỹ1(τ))

h(τ, Ỹ2(τ)) = ρ(τ, Ỹ2(τ))− ρ?(Ỹ2(τ)).

Opìte sundu�zontac tic parap�nw sqèseic èqoume

h(τ, Ỹ1(τ))− h(τ, Ỹ2(τ)) = ρ0(ỹ1)− ρ0(ỹ2)− ρ?(Ỹ1(τ)) + ρ?(Ỹ2(τ))

dhlad 

∂

∂τ
(h(τ, Ỹ1(τ))− h(τ, Ỹ2(τ))) = −ρ′?(Ỹ1(τ))Ỹ ′

1(τ) + ρ′?(Ỹ2(τ))Ỹ ′
2(τ)

=
−1

κ?Q(e−Ỹ1(τ))− 1
Ỹ ′

1(τ) +
−1

κ?Q(e−Ỹ2(τ))− 1
Ỹ ′

2(τ)

=
κ(τ)Q(e−Ỹ1(τ))− 1

κ?Q(e−Ỹ1(τ))− 1
− κ(τ)Q(e−Ỹ2(τ))− 1

κ?Q(e−Ỹ2(τ))− 1

=
(κ? − κ(τ))(Q(e−Ỹ1(τ))−Q(e−Ỹ2(τ)))

(κ?Q(e−Ỹ1(τ))− 1)(κ?Q(e−Ỹ2(τ))− 1)

ìpou qrhsimopoi same tic sqèseic (5.25),(5.28) kai en suneqeÐa an oloklhr¸-
soume thn teleutaÐa sqèsh apì τ0 èwc τ̃ kai èqontac upìyhn thn (5.33) brÐsk-
oume

H(τ̃ , ỹ1, ỹ2) := (h(τ0, y1)− h(τ0, y2))− (h(τ̃ , ỹ1)− h(τ̃ , ỹ2))

=

∫ τ̃

τ0

(κ? − κ(τ))
Q(e−Ỹ2(τ))−Q(e−Ỹ1(τ))

(κ?Q(e−Ỹ1(τ))− 1)(κ?Q(e−Ỹ2(τ))− 1)
dτ. (5.37)

Opìte

H ≤
∫ τ̃

τ0

(κ? − κ(τ))
Q(e−Ỹ2(τ))−Q(e−Ỹ1(τ))

(κ? − 1)2

= p2

∫ τ̃

τ0

(κ? − κ(τ))(Q(e−Ỹ2(τ))−Q(e−Ỹ1(τ)))dτ

(5.38)
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dhlad 

|H| ≤ p2

∫ τ̃

τ0

|κ? − κ(τ)| e−Ỹ (τ) |ỹ1 − ỹ2| dτ

≤ p2e−ỹ |ỹ1 − ỹ2|
∫ τ̃

τ0

|κ? − κ(τ)| e−(τ̃−τ)
2p dτ := M0(τ̃)

ìpou k�name qr sh thc (5.30). Efìson t¸ra κ(τ) − κ? → 0, èpetai ìti
M0(τ̃) → 0, kaj¸c to τ̃ →∞.

'Estw loipìn èna L > 0 kai stajeropoioÔme èna ỹ > δ0. Jètoume ỹ2 = ỹ
kai dialègoume èna ỹ1 > ỹ2 tètoio ¸ste me y = y(τ̃) = y2 na èqoume y+L = y1.
Apì th sqèsh (5.36) èqoume to ex c :

|L− (ỹ1 − ỹ)| ≤ 2pK0e
−ỹ(ỹ1 − ỹ)

dhlad 
(ỹ1 − ỹ)− L ≤ 2pK0e

−ỹ(ỹ1 − ỹ)

opìte
ỹ1 ≤ ỹ +

L

1− 2pK0e−δ0
,

ìpou p rame δ0 arket� meg�lo prokeimènou na isqÔei ìti 1 − 2pK0e
−δ0 > 0.

'Ara èqoume ìti to ỹ1 ∈ [0, ỹ + 1
1−2pK0e−δ0

L], kai afoÔ h h(τ, ·) sugklÐnei
sto 0 omoiìmorfa wc proc y pou an koun se sumpagèc di�sthma èpetai ìti
h(τ̃ , ỹ1) → 0 omoiìmorfa wc proc ỹ1 ∈ [0, ỹ + 1

1−2pK0e−δ0
L] kai h(τ̃ , ỹ) → 0

omoiìmorfa wc proc ỹ ∈ [0, ỹ + 1
1−2pK0e−δ0

L], kaj¸c to τ̃ →∞.
T¸ra, afoÔ H → 0, kaj¸c to τ̃ →∞, kai me dedomèna ta parap�nw ìria

paÐrnoume

lim
τ̃→∞

{(h(τ0, y(τ̃) + L)− h(τ0, y(τ̃)))− (h(τ̃ , ỹ1)− h(τ̃ , ỹ))} = 0

lim
y→∞

(h(τ0, y + L)− h(τ0, y)) = 0. (5.39)

Epeid  to L > 0  tan tuqaÐo èpetai ìti h h(τ0, ·) eÐnai topik� epÐpedh sto
∞. 'Etsi telei¸nei h apìdeixh tou Jewr matoc sthn perÐptwsh pou to p > 0.
PerÐptwsh 2η: p = 0.

Se aut n thn perÐptwsh eÐqame dei sthn apìdeixh tou L mmatoc 5.2 ìti
Ψp(u) = 1,∀u ∈ (0, 1] kai lìgw thc sqèshc (5.21) sunep�getai ìti ρ? = 0 kai
�ra h(τ, y) = ρ(τ, y). Opìte qrhsimopoi¸ntac tic sqèseic (5.33),(5.22),(5.28)
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kai k�nontac k�poiec pr�xeic katal goume sto ìti H(τ̃ , ỹ1, ỹ2) = 0. EpÐshc
limτ→∞ κ(τ) = κ∞ = ∞ kai �ra mporoÔme na broÔme τ0 arket� meg�lo tètoio
¸ste κ(τ) > 2 gia τ ≥ τ0.

H strathgik  aut c thc apìdeixhc eÐnai h Ðdia me thn prohgoÔmenh. To
kleidÐ eÐnai na deÐxoume ìti h E(τ̃ , ỹ1, ỹ2) eÐnai fragmènh anex�rthta apì to τ̃
me τ̃ > τ0. IsqÔoun p�li oi sqèseic (5.28) kai (5.29). Oloklhr¸nontac thn
teleutaÐa sqèsh kai qrhsimopoi¸ntac tic (5.34) kai (5.35) kai to ìti κ(τ) > 2
gia τ ≥ τ0, paÐrnoume thn ex c ektÐmhsh :

|E(τ̃ , ỹ1, ỹ2)| ≤ e−ỹ |ỹ1 − ỹ2| ≤ e−δ0 |ỹ1 − ỹ2| ≤ 1

2
|ỹ1 − ỹ2|

ìpou gia na isqÔei to teleutaÐo p rame δ0 arket� meg�lo ¸ste na ikanopoieÐ
ìti e−δ0 < 1

2
. Me aut n thn epilog  ta ỹ1, ỹ2 ja an koun se sumpagèc di�sthma

kai epiqeirhmatolog¸ntac akrib¸c ìpwc sthn perÐptwsh pou to p > 0 katal -
goume sto ìti h h(τ0, ·) eÐnai topik� epÐpedh sto ∞, dhlad  sto zhtoÔmeno.
2

5.4 MÐa ikan  sunj kh gia ep�rkeia
To prohgoÔmeno je¸rhma apedeÐknue thn anagkaiìthta tou na eÐnai ta

arqik� dedomèna fusiologik� kumainìmena sto mhdèn me ekjèth p prokeimènou
na èqoume sÔgklish thc lÔshc. Eik�zoume loipìn ìti h apaÐthsh aut  mporeÐ
na eÐnai kai ikan . Sugkekrimèna, an èqoume sÔgklish thc sun�rthshc κ(τ)
tìte ìntwc èqoume sÔgklish thc lÔshc ìpwc faÐnetai sto epìmeno je¸rhma:

Je¸rhma 5.9. Upojètoume ìti

lim
τ→∞

κ(τ) = κ? ∈ (1,∞].

Tìte limτ→∞ ψ(τ, u) up�rqei gia ìla ta u ∈ [0, 1] e�n kai mìno e�n h ψ0 eÐnai
fusiologik� kumainìmenh sto 0 me ekjèth p = 1/(κ? − 1).

Apìdeixh tou jewr matoc
H euj c kateÔjunsh eÐnai akrib¸c to Je¸rhma 5.8. Gia thn antÐstrofh

kateÔjunsh upojètoume ìti h ψ0 eÐnai fusiologik� kumainìmenh sto 0 me
ekjèth p. DiakrÐnoume dÔo peript¸seic:
PerÐptwsh1η: p > 0.

Tìte lìgw thc idiìthtac thc ψ0 isqÔei to ex c: gia ∀q < p, ψ0(u)/uq → 0
kaj¸c to u → 0 kai ∀q > p, ψ0(u)/uq → ∞ kaj¸c to u → 0. Opìte
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infu>0
ψ0(u)

uq = 0, ∀q < p, en¸ supu>0
ψ0(u)

uq = ∞, ∀q > p. Epomènwc
infu>0

ψ0(u)
up = 0 kai supu>0

ψ0(u)
uq = ∞. Dhlad  ikanopoioÔntai oi upojè-

seic thc Prìtashc 5.1 kai afoÔ apì thn upìjesh up�rqei to ìrio tou κ(τ)
paÐrnoume ìti p = 1/(κ? − 1) kai ìti up�rqei τ0 arket� meg�lo tètoio ¸-
ste κ(τ) − 1 ≥ 1/2p gia τ ≥ τ0. Opìte mporoÔme na qrhsimopoi soume tic
ektim seic apì thn apìdeixh tou Jewr matoc 5.8.

To pr¸to mac b ma eÐnai na deÐxoume ìti gia opoiod pote L > 0, isqÔei

sup
z∈[δ0,δ0+L]

|h(τ̃ , z)− b(τ̃)| → 0, καθώς τ̃ →∞ (5.40)

ìpou orÐsame b(τ̃) = h(τ̃ , δ0).
Upojètoume ìti ỹ2 = δ0 kai ỹ1 ∈ [δ0, δ0 + L]. Tìte ỹ1 ≥ ỹ2 kai efìson

oi qarakthristikèc den tèmnontai ja èqoume ìti Ỹ1 ≥ Ỹ2. Me dedomèno to
teleutaÐo kai to gegonìc ìti h Q eÐnai aÔxousa prokÔpei ìti E(τ̃ , ỹ1, ỹ2) ≤ 0
kai me b�sh autì kai tic sqèseic (5.30),(5.33) paÐrnoume ìti

δ0 + (τ̃ − τ0)/2p ≤ y2 ≤ y1 ≤ y2 + L.

Apì th sqèsh (5.37) èqoume ìti |H| ≤ M0(τ̃) kai �ra

|(h(τ0, y1)− h(τ0, y2))− (h(τ̃ , ỹ1)− b(τ̃))| ≤ M0(τ̃)

dhlad 
|h(τ̃ , ỹ1)− b(τ̃)| ≤ |(h(τ0, y1)− h(τ0, y2))|+ M0(τ̃)

opìte
|h(τ̃ , ỹ1)− b(τ̃)| ≤ oscz∈[y2,y2+L]h(τ0, z) + M0(τ̃). (5.41)

'Omwc ìpwc èqoume apodeÐxei M0(τ̃) → 0 kaj¸c to τ̃ → ∞ kai epiplèon
h h(τ0, ·) eÐnai topik� epÐpedh sto �peiro kai �ra sÔmfwna me to L mma 5.5
oscz∈[y2,y2+L]h(τ0, z) → 0 kaj¸c to y2 → ∞. (Apì th sqèsh δ0 + (τ̃−τ0)

2p
≤ y2

prokÔptei ìti an τ̃ →∞ tìte kai y2 →∞.)
Opìte apì th sqèsh (5.41) prokÔptei ìti

|h(τ̃ , ỹ1)− b(τ̃)| → 0

kaj¸c to τ̃ →∞, omoiìmorfa wc proc ỹ1 ∈ [δ0, δ0 + L], dhlad 

sup
z∈[δ0,δ0+L]

|h(τ̃ , z)− b(τ̃)| → 0, καθώς τ̃ →∞.
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'Etsi apodeiknÔetai h (5.40).
Sth sunèqeia ja deÐxoume ìti gia opoiod pote L > δ0, isqÔei

sup
z∈[0,L]

|h(τ̃ , z)− b(τ̃)| → 0, καθώς τ̃ →∞. (5.42)

Se aut n thn perÐptwsh orÐzoume τ0 := τ1 = τ̃ − 2pδ0, dhlad  τ̃−τ1
2p

= δ0 kai
jètontac sthn (5.30) ỹ = 0 paÐrnoume Ỹ (τ1, ỹ) ≥ δ0. Fix�roume ỹ2 = δ0 kai
jewroÔme ỹ1 ∈ [0, L]. Tìte jètontac τ = τ1 sth sqèsh (5.30) paÐrnoume thn
anÐswsh δ0 ≤ y1 en¸ jètontac τ = τ1 kai ỹ = ỹ1 sth sqèsh (5.32) paÐrnoume
thn anÐswsh y1 ≤ L̃ := L + 3K0(τ̃ − τ1) = L + 6pδ0K0, dhlad  sunolik�

δ0 ≤ y1 ≤ L + 3K0(τ̃ − τ1) = L + 4pδ0K0.

AntikajistoÔme sthn (5.37) to τ0 me to τ1 kai efìson 1 ≤ Q ≤ 3 ja p�roume
ìti

|H(τ̃ , ỹ1, ỹ2)| ≤ 3p2

∫ τ̃

τ1

|κ? − κ(τ)| dτ

dhlad 

|h(τ̃ , ỹ1)− b(τ̃)| ≤ oscz∈[δ0,L̃]h(τ1, z) + 3p2

∫ τ̃

τ1

|κ? − κ(τ)| dτ.

Epeid  to κ(τ) → κ∞ kaj¸c to τ → ∞, kai efìson h h(τ1, ·) eÐnai topik�
epÐpedh sto �peiro prokÔptei ìti

|h(τ̃ , ỹ1)− b(τ̃)| → 0

kaj¸c to τ̃ →∞, omoiìmorfa wc proc ỹ1 ∈ [0, L], dhlad 

sup
z∈[0,L]

|h(τ̃ , z)− b(τ̃)| → 0, καθώς τ̃ →∞.

'Etsi apodeiknÔetai h (5.42), apì thn apoÐa sunep�getai ìti gia opoiod pote
L > 0, ρ(τ, y)−b(τ) → ρ?(y), kaj¸c to τ →∞ omoiìmorfa wc proc y ∈ [0, L],
afoÔ h(τ, y) = ρ(τ, y)− ρ?(y).

EpÐshc h ρ(τ, y) − b(τ) aux�nei sto �peiro kaj¸c to y → ∞ gia k�je τ.
Opìte me dedomèna ta parap�nw ìria kai thn tautìthta thc diat rhshc tou
ìgkou stic nèec metablhtèc ρ kai y paÐrnoume ìti

eb(τ) =

∫ ∞

0

e−ρ(τ,y)+b(τ)e−ydy →
∫ ∞

0

e−ρ?(y)e−ydy = 1,
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me kat�llhlh efarmog  tou jewr matoc kuriarqhmènhc sÔgklishc. Opìte
limτ→∞ b(τ) = 0 kai ìpwc eÔkola parathroÔme ja isqÔei ìti limτ→∞ ρ(τ, y) =
ρ?(y), dhlad  limτ→∞ ψ(τ, u) = ψ?(u),∀u ∈ [0, 1]. Opìte èqoume to zhtoÔmeno
sthn perÐptwsh pou to p > 0.
PerÐptwsh 2η: p = 0.

T¸ra κ? = ∞ kai �ra limτ→∞ κ(τ) = ∞. 'Estw loipìn ìti h ψ0 eÐnai
fusiologik� kumainìmenh sto mhdèn me ekjèth p = 0. Epeid  se aut n thn
perÐptwsh Ψp(u) = 1,∀u ∈ (0, 1] ⇒ ρ?(y) = 0 ⇒ h(τ0, ·) = ρ(τ0, ·), h
opoÐa eÐnai topik� epÐpedh sto �peiro, gia k�je τ0 ≥ 0, ìpwc eÐdame sthn
apìdeixh tou Jewr matoc 5.8. EpÐshc, epeid  limτ→∞ κ(τ) = ∞, up�rqei τ0

arket� meg�lo tètoio ¸ste κ(τ) > 2, ∀τ ≥ τ0 kai èstw ỹ2 = 0 kai ỹ1 ∈ [0, L].
Tìte ỹ1 ≥ ỹ2 kai epomènwc Ỹ1(τ) ≥ Ỹ2(τ).

Epiprìsjeta apì th sqèsh (5.29) èqoume ìti −∂Ỹ
∂τ

≥ κ(τ) − 1 > 1, thn
opoÐa an oloklhr¸soume paÐrnoume ìti Ỹ (τ, ỹ) ≥ ỹ+(τ̃−τ), για τ̃ ≥ τ ≥ τ0

kai sthn teleutaÐa an jèsoume ỹ = ỹ2 ja p�roume ìti Ỹ1(τ) ≥ Ỹ2(τ) ≥
τ̃ − τ, για τ̃ ≥ τ ≥ τ0. Me dedomènh aut  th sqèsh kai to gegonìc ìti h Q
eÐnai aÔxousa prokÔptei abÐasta ìti E(τ̃ , ỹ1, ỹ2) ≤ 0, kai �ra ìti y1 ≤ y2 + L.
EpÐshc apì to ìti Ỹ1(τ0) ≥ Ỹ2(τ) ≥ τ̃−τ0, paÐrnoume τ̃−τ0 ≤ y2 ≤ y1 kai �ra
sunolik� τ̃ − τ0 ≤ y2 ≤ y1 ≤ y2 + L. Opìte epeid  H(τ̃ , ỹ1, ỹ2) = 0 prokÔptei
ìti

|(h(τ0, y1)− h(τ0, y2))− (h(τ̃ , ỹ1)− h(τ̃ , 0))| ≤ 0

kai �ra
|h(τ̃ , ỹ1)− h(τ̃ , 0)| ≤ oscz∈[y2,y2+L]h(τ0, z). (5.43)

En suneqeÐa epeid  h h(τ0, ·) eÐnai topik� epÐpedh sto �peiro prokÔptei ìti
oscz∈[y2,y2+L]h(τ0, z) → 0 kaj¸c to y2 → ∞( afoÔ to τ̃ → ∞ kai τ̃ − τ0 ≤
y2, y2 →∞.) Opìte apì th sqèsh (5.43) paÐrnoume ìti |h(τ̃ , ỹ1)− h(τ̃ , 0)| →
0, kaj¸c to τ̃ →∞, omoiìmorfa wc proc y ∈ [0, L], dhlad 

sup
z∈[0,L]

|h(τ̃ , ỹ1)− h(τ̃ , 0)| → 0

kaj¸c to τ̃ →∞. An t¸ra to b(τ) = h(τ, 0) tìte h parap�nw sqèsh me τ = τ̃
mac dÐnei ìti h(τ, y)−b(τ) = ρ(τ, y)−b(τ) → 0 kaj¸c to τ →∞, omoiìmorfa
wc proc y ∈ [0, L], ∀L > 0.

An sthn sunèqeia ergastoÔme ìpwc akrib¸c kai prohgoumènwc qrhsi-
mopoi¸ntac thn tautìthta thc diat rhshc tou ìgkou, ja katal xoume sto
ìti b(τ) → 0 kai me b�sh kai to pio p�nw ìrio brÐskoume ìti ρ(τ, y) → 0
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kaj¸c to τ →∞, dhlad  limτ→∞ ψ(τ, u) = 1,∀u ∈ (0, 1]. 2

5.5 Eust�jeia kai sÔgklish gia mikrì p

UpenjumÐzoume ìti

h(τ, y) = ρ(τ, y)− ρ?(y) = − ln{ψ(τ, e−y)/Ψp(e
−y)}.

OrÐzoume to mètro epipedìthtac thc h na eÐnai

ω(τ, y) = sup
ỹ≥y

oscz∈[ỹ,ỹ+1]h(τ, z). (5.44)

Shmei¸noume epÐshc ìti opoted pote 0 ≤ a < b < c, tìte

oscz∈[a,c]h(τ, z) ≤ oscz∈[a,b]h(τ, z) + oscz∈[b,c]h(τ, z)

kai ètsi gia opoiod pote jetikì akèraio n ja isqÔei

oscz∈[y,y+n]h(τ, z) ≤ nω(τ, y). (5.45)

Profan¸c h ω(τ, y) eÐnai fjÐnousa wc proc y kai isqÔei ìti

ω(τ, y) → 0 καθώς y →∞ ⇔ h(τ, ·) είναι τoπικά επίπεδη στo∞. (5.46)

Sth sunèqeia parajètoume èna je¸rhma to opoÐo mac dÐnei gia kat�llhla
mikrèc timèc tou p thn ikan  ekeÐnh sunj kh gia na sugklÐnei h lÔsh.

Je¸rhma 5.10. 'Estw p > 0 kat�llhla mikrì . Tìte up�rqoun jetikèc
stajerèc δ? kai K0 me thn akìloujh idiìthta :
E�n to mètro epipedìthtac thc h ikanopoieÐ ω(0, 0) ≤ δ? tìte

ω(τ, 0) ≤ K0ω(0, 0) (5.47)

kai
sup

0<u≤1
|ψ(τ, u)−Ψp(u)| ≤ K0ω(τ, 0) (5.48)

gia ìla ta τ ≥ 0.
E�n epiplèon h ψ0 eÐnai fusiologik� kumainìmenh sto 0 me ekjèth p (isodÔna-
ma, e�n h h(0, ·) eÐnai topik� epÐpedh sto ∞ ), tìte

ω(τ, 0) → 0, τ →∞
kai

lim
τ→∞

ψ(τ, u) = Ψp(u) για óλα τα u ∈ [0, 1].
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Apìdeixh tou jewr matoc
Xekin�me, paÐrnontac èna fr�gma p�nw sthn |κ(τ)− κ?| ìpou κ? = 1+1/p.

Apì thn sqèsh (5.4) kai jètontac ψ? = Ψp paÐrnoume ìti

1

κ?

= 3− 1

ψ?(1)

∫ 1

0

(1− u)−2/3ψ?(u)du

1

κ(τ)
= 3− 1

ψ(τ, 1)

∫ 1

0

(1− u)−2/3ψ?(u)du

kai me afaÐresh kat� mèlh paÐrnoume ìti

1

κ(τ)
− 1

κ?

=

∫ 1

0

(ψ?(u)

ψ?(1)
− ψ(τ, u)

ψ(τ, 1)

)
(1− u)−2/3du. (5.49)

K�nontac thn allag  metablht¸n pou dÐnetai apì touc tÔpouc sth sqèsh
(5.21) paÐrnoume ìti

ψ?(u)

ψ?(1)
− ψ(τ, u)

ψ(τ, 1)
=

e−ρ?(y)

e−ρ?(0)
− e−ρ(τ,(y))

e−ρ(τ,0)

= e−ρ?(y)+ρ?(0) − e−ρ(τ,y)+ρ(τ,0)

= e−ρ?(y)+ρ?(0) − e−ρ?(y)+ρ?(0)eh(τ,0)−h(τ,y)

= eρ?(0)−ρ?(y)
(
1− eh(τ,0)−h(τ,y)

)

ìpou qrhsimopoi same th sqèsh h(τ, y) = ρ(τ, y) − ρ?(y). Opìte h sqèsh
(5.49) paÐrnei th morf 

1

κ(τ)
− 1

κ?

=

∫ 1

0

(ψ?(u)

ψ?(1)
− ψ(τ, u)

ψ(τ, 1)

)
(1− u)−2/3du

=

∫ ∞

0

(1− eh(τ,0)−h(τ,y))eρ?(0)−ρ?(y)(1− e−y)−2/3e−ydy.(5.50)

Sth sunèqeia apodeiknÔoume thn ex c anÐswsh

|h(τ, 0)− h(τ, y)| ≤ (y + 1) ω(τ, 0). (5.51)

Katarq�c ja apodeÐxoume epagwgik� ìti

|h(τ, 0)− h(τ, y)| ≤ N ω(τ, 0), ∀ y ∈ [N − 1, N ].

74



Gia N = 1 : |h(τ, 0)− h(τ, y)| ≤ oscz∈[0,1]h(τ, z) ≤ 1ω(τ, 0), dhlad  isqÔei
o isqurismìc.
Deqìmaste ìti isqÔei gia N − 1 kai ja deÐxoume ìti isqÔei gia N = 1. Tìte

|h(τ, 0)− h(τ, y)| = |h(τ, 0)− h(τ,N − 1) + h(τ, N − 1)− h(τ, y)|
≤ |h(τ, 0)− h(τ,N − 1)|+ |h(τ, N − 1)− h(τ, y)|
≤ (N − 1)ω(τ, 0) + |h(τ,N − 1)− h(τ, y)|
≤ (N − 1)ω(τ, 0) + oscz∈[N−1,N ]h(τ, z)

≤ (N − 1)ω(τ, 0) + ω(τ, N − 1)

≤ (N − 1)ω(τ, 0) + ω(τ, 0) = N ω(τ, 0)

ìpou qrhsimopoi same thn epagwgik  upìjesh kai epeid  to N − 1 ≤ y ≤ N
paÐrnoume ìti

|h(τ, 0)− h(τ, y)| ≤ N ω(τ, 0) ≤ (y + 1) ω(τ, 0).

T¸ra efìson to |1− ex| ≤ |x| e|x|, ∀x kai ρ?(y)−ρ?(0) ≥ 0 h oloklhrwtèa
posìthta thc (5.50) mac dÐnei

(1− eh(τ,0)−h(τ,y))eρ?(0)−ρ?(y)(1− e−y)−2/3e−y

≤ |h(τ, 0)− h(τ, y)| e|h(τ,0)−h(τ,y)|(1− e−y)−2/3e−y

≤ (y + 1)ω(τ, 0)e(y+1)ω(τ,0)(1− e−y)−2/3e−y.

An upojèsoume ìti ω(τ, 0) ≤ 1
2
tìte paÐrnontac apìlutec timèc sthn (5.50)

èqoume ìti
∣∣∣∣

1

κ(τ)
− 1

κ?

∣∣∣∣ ≤
∫ ∞

0

(y + 1)ω(τ, 0)e(y+1)ω(τ,0)(1− e−y)−2/3e−ydy

≤ ω(τ, 0)

∫ ∞

0

(y + 1)e
y+1
2 e−ydy ≤ Kω(τ, 0)

dhlad  ∣∣∣∣
1

κ(τ)
− 1

κ?

∣∣∣∣ ≤ Kω(τ, 0) (5.52)

ìpou K = 6e
1
2 , anex�rthth twn h kai p. E�n epiplèon upojèsoume ìti Kω(τ, 0) ≤

1/2pκ?
2 = p/4(p + 1)2 tìte me k�poiec aplèc pr�xeic kai th qr sh thc (5.52)

prokÔptei ìti κ(τ) ≤ 2κ? kai

|κ? − κ(τ)| ≤ 2κ2
?Kω(τ, 0) ≤ 1

2p
. (5.53)

Sth sunèqeia paremb�lloume to ex c l mma :
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L mma 5.11. 'Estw p > 0. Tìte up�rqei mÐa jetik , fjÐnousa sun�rthsh
Gp : [0,∞) → R tètoia ¸ste

∫ ∞

0

Gp(τ)dτ ≤ Cp(p + 1)2

gia k�poia stajer� C > 0 anex�rthth tou p kai isqÔei to akìloujo:
Upojètoume ìti gia k�poio τ? > 0 èqoume

Kω(τ̃ , 0) ≤ p/4(p + 1)2 για 0 ≤ τ̃ ≤ τ?.

Tìte
ω(τ̃ , 0) ≤ ω(0, τ̃ /2p) +

∫ τ̃

0

Gp(τ̃ − τ)ω(τ, 0)dτ (5.54)

gia 0 ≤ τ̃ ≤ τ?.

Apìdeixh tou l mmatoc
Katarq�c upojètoume to sumbolismì thc apìdeixhc tou Jewr matoc 5.8.

'Estw loipìn tuqìn ỹ ≥ 0 kai ỹ1, ỹ2 ∈ [ỹ, ỹ + 1]. Apì th sqèsh (5.37) kai to
gegonìc ìti h 1 ≤ Q ≤ 3 paÐrnoume ìti gia opoiad pote tim  tou τ0 ≤ τ̃ kai
metaxÔ tou 0 kai tou τ? ,ìti

H(τ̃ , ỹ1, ỹ2) := (h(τ0, y1)− h(τ0, y2))− h(τ̃ , ỹ1)− h(τ̃ , ỹ2)

≤
∫ τ̃

τ0

(κ? − κ(τ))
Q(e−Ỹ2)−Q(e−Ỹ1)

(κ? − 1)2
dτ

≤
∫ τ̃

τ0

(κ? − κ(τ))
Q(e−Ỹ2)

1
p2

dτ

≤ 3p2

∫ τ̃

τ0

(κ? − κ(τ))dτ

kai �ra

|h(τ̃ , ỹ1)− h(τ̃ , ỹ2)| ≤ |h(τ0, y1)− h(τ0, y2)|+ 3p2

∫ τ̃

τ0

|(κ? − κ(τ))| dτ.

EpÐshc epeid  ỹ ≤ ỹ1 ≤ ỹ +1 kai efìson oi qarakthristikèc den tèmnontai
sunep�getai ìti

Ỹ (τ0, ỹ) ≤ Ỹ (τ0, ỹ1) ≤ Ỹ (τ0, ỹ) + 1

⇒ ŷ ≤ y1 ≤ ŷ + 1
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ìpou Ỹ (τ0, ỹ) = ŷ. 'Omoia gia to y2. 'Ara y1, y2 ∈ [ŷ, ŷ + 1].
EÐqame dei prohgoumènwc ìti an Kω(τ, 0) ≤ p

4(p+1)2
, τ óτε |κ? − κ(τ)| ≤

2κ2
?Kω(τ, 0), opìte me qr sh thc parap�nw anÐswshc paÐrnoume ìti

|h(τ̃ , ỹ1)− h(τ̃ , ỹ2)| ≤ |h(τ0, y1)− h(τ0, y2)|+ 3p2

∫ τ̃

τ0

|(κ? − κ(τ))| dτ

≤ |h(τ0, y1)− h(τ0, y2)|+ 3p22κ2
?K

∫ τ̃

τ0

ω(τ, 0)dτ

≤ |h(τ0, y1)− h(τ0, y2)|+ 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ

opìte

oscz∈[ỹ,ỹ+1]h(τ̃ , z) ≤ oscz∈[ŷ,ŷ+1]h(τ0, z) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ.

PaÐrnontac t¸ra to sup p�nw apì ìla ta ỹ ≤ y, èqoume

sup
ỹ≥y

oscz∈[ỹ,ỹ+1]h(τ̃ , z) ≤ sup
ỹ≥y

oscz∈[ŷ,ŷ+1]h(τ0, z) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ

≤ sup
ỹ+

(τ̃−τ0)
2p

≥y+
(τ̃−τ0)

2p

oscz∈[ŷ,ŷ+1]h(τ0, z) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ

≤ sup
ŷ≥y+

(τ̃−τ0)
2p

oscz∈[ŷ,ŷ+1]h(τ0, z) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ

(5.55)

kai �ra

ω(τ̃ , y) ≤ ω(τ0, y +
(τ̃ − τ0)

2p
) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ. (5.56)

Sth sunèqeia upojètoume ìti ỹ ≥ δ0 me δ0 ìpwc epilèqjhke sthn apìdeixh
tou Jewr matoc 5.8 kai èstw p�li ỹ1, ỹ2 ∈ [ỹ, ỹ + 1]. PaÐrnontac τ0 = 0 sthn
(5.39) èqoume thn ektÐmhsh
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|h(τ̃ , ỹ1)− h(τ̃ , ỹ2)| ≤ |h(0, y1)− h(0, y2)|

+p2e−ỹ |ỹ1 − ỹ2|
∫ τ̃

0

|κ? − κ(τ)| e−(τ̃−τ)/2pdτ.

Apì autì sumperaÐnoume ìti gia y ≥ δ0

|h(τ̃ , ỹ1)− h(τ̃ , ỹ2)| ≤ |h(0, y1)− h(0, y2)|

+ p2e−δ0 |ỹ1 − ỹ2|
∫ τ̃

0

2κ2
?Kω(τ, 0)e−(τ̃−τ)/2pdτ

≤ oscz∈[ŷ,ŷ+1]h(0, z)

+ 2(p + 1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ

kai �ra

oscz∈[ỹ,ỹ+1]h(τ̃ , z) ≤ oscz∈[ŷ,ŷ+1]h(0, z)+2(p+1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ.

PaÐrnontac t¸ra to sup p�nw apì ìla ta ỹ ≥ y, èqoume

sup
ỹ≥y

oscz∈[ỹ,ỹ+1]h(τ̃ , z) ≤ sup
ỹ≥y

oscz∈[ŷ,ŷ+1]h(0, z)

+ 2(p + 1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ

≤ supỹ+ τ̃
2p
≥y+ τ̃

2p
oscz∈[ŷ,ŷ+1]h(0, z)

+ 2(p + 1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ

≤ sup
ŷ+ τ̃

2p
≥y+ τ̃

2p

oscz∈[ŷ,ŷ+1]h(0, z)

+ 2(p + 1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ

kai �ra

ω(τ̃ , y) ≤ ω(0, y +
τ̃

2p
) + 2(p + 1)2e−δ0K

∫ τ̃

0

ω(τ, 0)e−(τ̃−τ)/2pdτ. (5.57)
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'Epeita orÐzoume thn ex c sun�rthsh Gp h opoÐa ja eÐnai kai h zhtoÔmenh
me tic idiìthtec tou L mmatoc

Gp(τ) =

{
6(p + 1)2K, 0 ≤ τ ≤ 2pδ0

2(p + 1)2Ke−τ/2p, τ ≥ 2pδ0.

Katarq�c ìpwc eÔkola parathroÔme h Gp eÐnai jetik  , fjÐnousa, orismènh
sto [0,∞) kai

∫ ∞

0

Gp(τ) =

∫ 2pδ0

0

6(p + 1)2Kdτ +

∫ ∞

2pδ0

2(p + 1)2Ke−τ/2pdτ

= 6(p + 1)2K2pδ0 + 2(p + 1)2K2pe−δ0

≤ p(p + 1)2[12δ0K + 4K] = Cp(p + 1)2

ìpou C = 12δ0K + 4K > 0, anex�rthto tou p.
T¸ra , orÐzoume τ0 = max(0, τ̃ − 2pδ0). E�n τ0 = τ̃ − 2pδ0 tìte an sthn

(5.56) jèsoume ìpou y to 0 ja p�roume

ω(τ̃ , 0) ≤ ω(τ0, δ0) + 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ

en¸ apì thn (5.57) jètontac τ̃ = τ0 kai y = δ0 paÐrnoume ìti

ω(τ0, δ0) ≤ ω(0, τ̃ /2p) + 2(p + 1)2e−δ0K

∫ τ̃−2pδ0

0

ω(τ, 0)e−(τ0−τ)/2pdτ.

Sundu�zontac tic dÔo parap�nw anis¸seic prokÔptei ìti

ω(τ̃ , 0) ≤ ω(0, τ̃ /2p) + 2(p + 1)2e−δ0K

∫ τ̃−2pδ0

0

ω(τ, 0)e−(τ0−τ)/2pdτ

+ 6(p + 1)2K

∫ τ̃

τ0

ω(τ, 0)dτ,

dhlad 

ω(τ̃ , 0) ≤ ω(0, τ̃ /2p)

∫ τ̃

0

Gp(τ̃ − τ)ω(τ, 0)dτ.

E�n τ0 = 0 tìte p�li apì thn (5.56) gia y = 0 paÐrnoume ìti h Gp ikanopoieÐ
thn anÐswsh tou L mmatoc. 'Ara h parap�nw Gp eÐnai h zhtoÔmenh sun�rthsh.
'Etsi telei¸nei h apìdeixh tou L mmatoc.
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SuneqÐzontac me thn apìdeixh tou Jewr matoc upojètoume ìti to p eÐnai
arket� mikrì ètsi ¸ste Cp(p + 1)2 ≤ 1

2
kai ìti Kω(0, 0) < p/8(p + 1)2.

'Estw epÐshc ìti M(τ̃) = sup0≤τ≤τ̃ ω(τ, 0). Tìte afoÔ isqÔoun oi upojèseic
tou L mmatoc 5.11 kai h ω(τ, y) eÐnai fjÐnousa wc proc y paÐrnoume ìti

ω(τ̃ , 0) ≤ ω(0, τ̃ /2p) +

∫ τ̃

0

Gp(τ̃ − τ)ω(τ, 0)dτ

≤ ω(0, 0) + M(τ̃)

∫ τ̃

0

Gp(τ̃ − τ)dτ

≤ ω(0, 0) + M(τ̃)

∫ ∞

0

Gp(τ̃ − τ)dτ

≤ ω(0, 0) + M(τ̃)Cp(p + 1)2

≤ ω(0, 0) + M(τ̃)
1

2
.

'Ara

sup
0≤τ≤τ̃

ω(τ, 0) ≤ ω(0, 0) + M(τ̃)
1

2

opìte
M(τ̃) ≤ 2ω(0, 0), ∀τ̃ ≥ 0.

'Etsi an p�roume δ? = p

8K(p+1)2
> 0 tìte afoÔ Kω(0, 0) < p

8(p+1)2
sunep�ge-

tai ìti ω(0, 0) < δ? kai afoÔ M(τ̃) ≤ 2ω(0, 0),∀τ̃ ≥ 0 èqoume ìti ω(τ, 0) ≤
M(τ̃) ≤ 2ω(0, 0), ∀τ ≥ 0 dhlad  ω(τ, 0) ≤ 2ω(0, 0), ∀τ ≥ 0. Opìte me
thn parap�nw epilog  tou δ? kai me K0 ≥ 2 apodeiknÔetai h pr¸th ektÐmhsh
tou Jewr matoc.

Paremb�lloume t¸ra to ex c l mma :

L mma 5.12. 'Estw f, a kai g jetikèc, fragmènec kai metr simec sunart seic
orismènec sto (0,∞) kai

∫ ∞

0

g(s)ds = γ < 1.

Upojètoume epÐshc ìti

f(t) ≤ a(t) +

∫ t

0

g(t− s)f(s)ds, ∀t ≥ 0
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kai
a(t) → 0, t →∞.

Tìte
f(t) → 0 καθώς t →∞.

OrÐzoume loipìn g(τ) = Gp(τ), f(τ) = ω(τ), a(τ) = ω(0, τ
2p

). H Gp

eÐnai jetik  , fjÐnousa ,Gp(τ) ≤ Gp(0) = 6(p + 1)2K, dhlad  eÐnai fragmènh
kai

∫∞
0

Gp(s)ds ≤ Cp(p + 1)2 ≤ 1
2

= γ < 1. EpÐshc ω(τ, 0) ≤ K0ω(0, 0) ≤
K0δ?, dhlad  eÐnai fragmènh kai ω(0, τ

2p
) ≤ ω(0, 0) ≤ δ?, dhlad  kai h ω(0, τ

2p
)

eÐnai fragmènh. EpÐshc isqÔei kai h sqèsh (5.54) . An upojèsoume ìti h ψ0

eÐnai fusiologik� kumainìmenh sto mhdèn me ekjèth p tìte h h(0, ·) eÐnai topik�
epÐpedh sto �peiro kai �ra ω(τ, y) → 0 kaj¸c y → ∞ gia k�je τ ≥ 0. 'Ara
ω(0, τ

2p
) → 0 kaj¸c τ →∞. Opìte oi sunart seic pou orÐsthkan kat� autì

ton trìpo ikanopoioÔn tic upojèseic tou L mmatoc 5.12 opìte ω(τ, 0) → 0
kaj¸c τ →∞. Tìte ìmwc apì thn (5.53) prokÔptei ìti |κ? − κ(τ)| → 0 kaj¸c
τ → ∞, kai �ra apì to Je¸rhma 5.9 ja èqoume ìti ψ(τ, u) → Ψp(u) kaj¸c
τ →∞, ∀u ∈ [0, 1]. 'Etsi apodeiknÔetai to teleutaÐo mèroc tou Jewr matoc.

Apomènei loipìn na apodeÐxoume thn ektÐmhsh eust�jeiac (5.48). Efìson∫ 1

0
ψ(τ, u)du =

∫ 1

0
Ψp(u)du = 1 prokÔptei apì thn allag  metablht¸n u =

e−y ìti
∫∞

0
ψ(τ, e−y)e−ydy =

∫∞
0

Ψp(e
−y)e−ydy = 1. EpÐshc eÐqame dei ìti

h(τ, y) = − ln
(ψ(τ, e−y)

Ψp(e−y)

)

kai �ra

e−h(τ,y) =
ψ(τ, e−y)

Ψp(e−y)
.

Opìte me dedomènec tic parap�nw sqèseic paÐrnoume ìti

eh(τ,0) − 1 = eh(τ,0)

∫ ∞

0

e−h(τ,y)Ψp(e
−y)e−ydy −

∫ ∞

0

Ψp(e
−y)e−ydy

dhlad 

eh(τ,0) − 1 =

∫ ∞

0

(eh(τ,0)−h(τ,y) − 1)Ψp(e
−y)e−ydy. (5.58)
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EpÐshc xèroume ìti Ψp(u) ≤ αp(0)up. An loipìn exasfalÐsoume ìti ω(τ, 0) ≤
1
2
tìte kai me dedomènh thn anÐswsh |ex − 1| ≤ |x| e|x| h (5.58) paÐrnei th morf 

∣∣eh(τ,0)−1
∣∣ ≤

∫ ∞

0

∣∣eh(τ,0)−h(τ,y) − 1
∣∣ Ψp(e

−y)e−ydy

≤
∫ ∞

0

|h(τ, 0)− h(τ, y)| e|h(τ,0)−h(τ,y)|Ψp(e
−y)e−ydy

≤
∫ ∞

0

(y + 1)ω(τ, 0)e(y+1)ω(τ,0)αp(0)e−pye−ydy

≤ αp(0)ω(τ, 0)

∫ ∞

0

(y + 1)e
y+1
2 e−(p+1)ydy

≤ αp(0)ω(τ, 0)e
1
2

p + 3
2

(p + 1
2
)2

(5.59)

dhlad  ∣∣eh(τ,0)−1
∣∣ ≤ K1ω(τ, 0), (5.60)

ìpou K1 = αp(0)e
1
2

p+ 3
2

(p+ 1
2
)2

.

E�n epÐshc exasfalÐsoume ìti ω(τ, 0) ≤ 1
2K1

tìte prokÔptei eÔkola ìti
eh(τ,0) ≥ 1/2 kai logarijmÐzontac thn (5.60) paÐrnoume ìti

ln (1−K1ω(τ, 0)) ≤ h(τ, 0) ≤ ln (1 + K1ω(τ, 0))

dhlad 

|h(τ, 0)| ≤ max
(
− ln (1−K1ω(τ, 0)), ln (1 + K1ω(τ, 0))

)
.

Eidikìtera isqÔei ìti
|h(τ, 0)| ≤ 2K1ω(τ, 0) (5.61)

opìte h sqèsh (5.51) me b�sh aut  thn anÐswsh mac dÐnei ìti

|h(τ, y)| ≤ |h(τ, 0)|+ (y + 1)ω(τ, 0)

kai �ra

|h(τ, y)| ≤ 2K1ω(τ, 0) + (y + 1)ω(τ, 0) = (y + K2)ω(τ, 0) (5.62)
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ìpou K2 = 1 + 2K1. Tìte gia u = e−y ∈ (0, 1], kai efìson mporoÔme na
exasfalÐsoume ìti ω(τ, 0) ≤ p

2
prokÔptei ìti

|ψ(τ, u)−Ψp(u)| =
∣∣ψ(τ, e−y)−Ψp(e

−y)
∣∣

≤
∣∣e−h(τ,y) − 1

∣∣ Ψp(e
−y)

≤ αp(0)(y + K2)ω(τ, 0)e(y+K2)ω(τ,0)−py

= eK2ω(τ,0)αp(0)(y + K2)e
(ω(τ,0)−p)y

≤ e
K2p

2 αp(0)(C + K2)ω(τ, 0)

ìpou C eÐnai h mègisth tim  thc sun�rthshc ye−
py
2 kai �ra

|ψ(τ, u)−Ψp(u)| ≤ K3ω(τ, 0)

me K3 = e
K2p

2 αp(0)(C +K2). Opìte orÐzontac K0 = max{2, K3} ikanopoieÐtai
h (5.47) kai epÐshc

|ψ(τ, u)−Ψp(u)| ≤ K3ω(τ, 0), 0 < u ≤ 1

opìte
sup

0<u≤1
|ψ(τ, u)−Ψp(u)| ≤ K0ω(τ, 0), ∀τ ≥ 0. 2
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6 Sumper�smata
Tèloc, ja d¸soume k�poia sumper�smata p�nw se ìlh thn an�lush kai

jewrÐa pou èqei prohghjeÐ. Katarq�c upenjumÐzoume ìti

u = 1− υ/υ(t) και ψ = (υ(t)/V )ϕ

ìpou ϕ(t, x) =
∫∞

x
f(t, υ)dυ, kai upojètoume ìti ta arqik� dedomèna gia thn

ψ eÐnai grammèna sth morf  :

ψ0(u) = (
υ0

V
)ϕ0(υ0(1− u)) = Ψp(u)e−h0(ln(1/u)).

Ed¸ h ψ0 prèpei na eÐnai aÔxousa kai kanonikopoihmènh ¸ste
∫ 1

0
ψ0(u)du = 1.

EÐdame loipìn ìti :

1. E�n h kanonikopoihmènh sun�rthsh katanom c ψ sugklÐnei shmeiak�
kaj¸c to τ → ∞, tìte to ìrio eÐnai h st�simh lÔsh Ψp gia k�poio
p ∈ [0,∞].

2. E�n isqÔei

ψ0(u) ≥ αuq > 0 για κάπoιo q < ∞ και α > 0

tìte h ψ de mporeÐ na sugklÐnei sthn Ψ∞, dhlad  sth lÔsh pou presbeÔei
h jewrÐa twn Lifshitz-Slyozov-Wagner.

3. E�n h ψ sugklÐnei sthn Ψp gia k�poio p ∈ [0,∞) tìte h ψ0 eÐnai fu-
siologik� kumainìmenh sto 0 me ekjèth p.

4. E�n to p eÐnai kat�llhla mikrì kai jetikì kai e�n to flatness modulus
thc h0 eÐnai arket� mikrì, ìpou h0 = ρ0 − ρ?, tìte h ψ sugklÐnei sthn
Ψp e�n kai mìno e�n h ψ0 eÐnai fusiologik� kumainìmenh sto 0 me ekjèth
p.

UpenjumÐzoume ìti h ψ0 eÐnai fusiologik� kumainìmenh sto 0 me ekjèth
p e�n kai mìno e�n h sun�rthsh h0 eÐnai topik� epÐpedh sto ∞. 'Etsi , e�n
h h0 eÐnai fragmènh ,to opoÐo sunep�gei ìti ψ0(u) ≥ αup, kai e�n den eÐnai
topik� epÐpedh sto ∞, tìte h ψ de mporeÐ na sugklÐnei shmeiak� se kanèna
ìrio kaj¸c to t →∞.
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E�n h h0 eÐnai C1, tìte h h0 ja eÐnai topik� epÐpedh sto �peiro opìte an
to p eÐnai kat�llhla mikrì h lÔsh ψ ja sugklÐnei sthn Ψp par� to gegonìc
ìti ψ0(u)/up →∞, u → 0.

Sumper�name epÐshc ìti h asumptwtik  sumperifor� twn lÔsewn eÐnai “
euaÐsjhth ” wc proc th sumperifor� twn arqik¸n dedomènwn kont� sto �kro
tou forèa. Ta dÔo parap�nw sumper�smata pou bebai¸noun th mh sÔgklish
stic kanonikopoihmènec metablhtèc exart¸ntai mìno apì thn arqik  katanom 
megèjouc enìc tuqaÐou mikroÔ posostoÔ twn megalÔterwn swmatidÐwn. Autì
shmaÐnei ìti aut� axart¸ntai mìno apì apì thn arqik  di�taxh ìgkou υ0(ϕ)
gia timèc thc di�taxhc ϕ twn swmatidÐwn pou an koun se èna tuqaÐo mikrì
di�sthma (0, ε0).

EÐnai profanèc ìti mporoÔme p�nta na diatar�xoume ta megèjh enìc tuqaÐou
mikroÔ posostoÔ apì ta megalÔtera swmatÐdia ètsi ¸ste na petÔqoume na eÐ-
nai h ψ0 mh fusiologik� kumainìmenh sto 0 kai ψ0(u) ≥ αup gia k�poio p.
Autì shmaÐnei ìti , wc proc thn topologÐa pou dÐnetai apì th sypremum nìr-
ma thc apìstashc metaxÔ twn diat�xewn ìgkou ,up�rqei èna puknì sÔnolo
arqik¸n dedomènwn pou sunep�goun mh sÔgklish sth lÔsh omoiojesÐac.

Parìmoia, diatar�ssontac ta megèjh twn megalÔterwn swmatidÐwn, m-
poroÔme na petÔqoume h ψ0 na eÐnai fusiologik� kumainìmenh sto 0 me ekjèth
p. E�n eÐnai al jeia ìti èqontac tètoia dedomèna sunep�getai ìti h ψ sugklÐnei
sth lÔsh omoiojesÐac Ψp, tìte up�rqei èna puknì sÔnolo arqik¸n dedomènwn
pou sunep�goun sÔgklish sthn Ψp, gia opoiod pote p ∈ [0,∞).

EpÐshc ja mporoÔsame na k�noume mikrèc diatar�xeic ¸ste na gÐnei h
di�taxh ìgkou stajer  se èna mikrì di�sthma thc morf c (0, ε). Autì shmaÐnei
ìti h sun�rthsh katanom c perièqei èna Dirac dèlta sto �kro tou forèa,
opìte sÔmfwna me thn Prìtash 3.1, h diataragmènh sun�rthsh katanom c ja
sugklÐnei se mÐa st�simh katanom  pou ja èqei kai aut  mÐa m�za Dirac.
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