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Euvyapiotieg

Ou iieha va euyapLoTHOW GAoLG exelvoug Tou Ye PoRinoay e Tov TpoTO TOUC.
Kot™ apydc euyopioted tnv owoyeveld pou Nixo, Moagta, Eer, Mdryta xou Ipo-
x6mn (o€ pdtvouoa oelpd nhixiog), xadde xou Ty eVpOTEEYN OXOYEVELS LOU Xou
e tov Velo pou Anurten. XN cUVEYELL £Val UEYTAO EUYOOIOTE OE OAOUG
Toug BuoxdAoUG Uou, Lexwvoviag and Tov Adavdoo Tewdvn (otov omoio a-
PLEPWVL o TNV epyaoia), YETd oToug xonyntég pou amd to Ilavemotiuo
Adnvary, xuploug Anuriten Bdpoo xan Evdyyero Pdmtn xan téhog otoug xa-
Unyntéc pou and to IavemotAiuo Kertng, toug xuploug AAEEn Koufiddu,
[Napyo Kwotdunn, Muydin Hanadnuntedxn xou Nixo TClaviéxn. Idwitepa Yo
fdela va evyoploThow Tov emBAEnovia Ocddouro Tupeqourdxn yio TNV eumi-
0TooUVY oL Uou €Belle, TNV dhoyn cuvepyaoio, T owoTh xododrynomn xou T
ouveyr evidppuvon. Axdua éva TEpdoTIO ELYAELOTW 08 GAOUG Toug plloug
uou.

Téhog, Vo Atay ddwo av dev avageon 6TL ToAhol amd Toug eEAANVIXOUG
bpoug ogelhovtar atov x. Tloavdxm, eved To @uhohoyixd éreyyo €xave 1 [1omn
Enpeouydxm, TNV onola ELYUELOTO.

H epyaoio agiepdveton otov ddoxaho xon podnuotind Adavdoio Tedvtn,

T0 AvVUAAOIWTO Ao TO YEOVO TEOTUTO UOU.
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IMTepiAndm

H »daou Yewplo aprducy aoyoletton pe {nThAgote ToU agopoly To 6UVOAO
Z v axepalwv apiuny. Ilgoxeyevou va Autolv dudpopa TeolAruaTa Tng
xhaohc Vewplag aprducv avarntdynxe 1 ahyeBewt| Yewpla aprduny, n omola
UEAETAEL TO OOUO xhaoudTwY Tou Z, dnhadr 1o Q, 10 cUvoro TwV eNToY o-
ELIUOY, %oL TETEPUOUEVES AAYEBEIXES EMEXTACELS TOU, Ta AeYOueva aprduntikd
oouata.

Eunveduevol and tic opoldtnteg tou cuvorou Z ye to ovvoho Fx], dniadm
T0 GUVORO TV TOAUWYOUOY UG UETOPBANTAC Téve omd Vol TETEQUCUEVO GOUA
F, Yo uuntolue g mopamdve xataoxsuéc. ‘Etor Yo yehetAcouue 10 copa
F(x), 0 ooua v pntdv ouvaptioewy Tédve ond éva Tencpacévo owua F,
X0l TETEPUOUEVEG OAYEPQIXEC EMEXTUCELS TOL, Tl oWata ouvaptrjoewy. O
amodei&oupe Aotmdy, to avtioTorya Vewmpruato Tng xhaoxrc Yewplag aptiuy,
OTWE TO0 VEMPNUA TOV TEWTWY aPLIUGY, 1) 0XOUO X0 VO TGOV TEOBANUETLY
¢ Vewplag aprumy, 6nng v unddeorn Riemann.

Ov ev Aoy w podnuotixég ovtoTnteg unopoly va ueAetnioly ue epyahela tng
oAYEPBpC YEWUETElOC 1) oXOUa XaL TNG ULy adxAC avaAuoTg, OUKS OTO TOROY
xetuevo Yo TpooTalicoupe va TepLoploTouuE ot pal xodopd alyeBpoaptipoie-
WENTXH TEOCEYYLIOT. LUy VA, TOAY ATOTEAECUATA LGYDOLY XA GTY] YEVIXOTEQT)
Tepintwon, mov to F avtixadiotaton and xdnolo tuyaio cwua. Oo mpoomadn-
COUUE VO UMV TEQLOPICOUNE TNV oY) TWV ATOTEAECUATWY oV XYTL TETOLO OEV

elvor amapaktnTo.

A€leic xAeOLX

Ocipnua [pdtwy Apiuny, Ocwpio Aptiudy, Ilencpacuéva Xopota, Sdyo-
Tor LuvapTthioewy, ‘Alyefea, Ocwenuo Riemann-Roch, Oewpnuo Hasse-Weil,

Trddeon Riemann.
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Abstract

Classic Number Theory is studying the set of integers Z. In order to solve
several problems of classic Number Theory, Algebraic Number Theory was
evolved and Algebraic Number Theory is mainly studying Z’s field of fra-
ctions, Q, the set of rational numbers and it’s algebraic finite extensions, the
number fields.

Inspired from the similarities between the sets Z and F|x], the set of
polunomials of one variable over a finite field IF, we are going to imitate the
above constructions. So we are going to study the field F(x), the field of
rational functions over a finite field [F, and its algebraic finite extensions, the
function fields. We will show the analogues of several theorems of classic
Number Theory, like the Prime Number Theorem, or even the analogues of
open problems, like the Riemann Hypothesis.

The above constructions can be studied using Algebraic Geometry, or
even Complex Analysis, but we keep a more number theoretic aspect of the
subject. In several cases many results apply even if we substitute F with the

arbitary field. We will try not to limit the power of such results, if possible.

Keywords

Prime Number Theorem, Number Theory, Function Fields, Finite Fields, Al-

gebra, Riemann-Roch Theorem, Hasse-Weil Theorem, Riemann Hypothesis.
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ITebhoyoc

Yupoicpol

Ye ohbxnpn Ty epyacio ue K Yo ougPolilouvue v adyeBowd Vhxn tou
owuotog K, xou pe I ™V alyeBpu| Vxn tou K oto F, dnhadr| ol To
otoyela Tou F' mou elvon ahyefeund mévew and to K. Av 6ev undipyel xivouvog
o0yyvone Yo cuuBoriCovue pe F 1o tuyaio menepacuévo ooua, pe ¢ to TArdog
TWV OTOWEY TOU Xou UE p TNV YoeoxTneloTxr tou. Av R duxtOhog, UE
R* Yo cuuPohiiCouue t0 olvoho twv avtioTeédylwy ototyeiwy tou R. Axdua
ue |S| Yo oupPorilovpe tov mAndderduo tou cuvélou S. Télog, Ta ypduata
¢ Tedmoviag cupBoiilouvy To Téhog pag amoBEEng xou o XdUE €val amd Ta
TEOOERU XEPGNALA Y ENOULOTOLE(TAL BLUPOPETING YPWOUL, EVE 1) OELRS TouC (TO M

oto 1° xeqpdioo, To & 070 2° x.0.x.) v un Tuyodo.



Kegdiawo 1
2WOUATA CLUVULTNCEWY

210 xe@dhano autd Vo avaPEEOUNE xUPlE 0PLOUOUE, dhAd oL XATOLES ATAEG
BootnEg WOOTNTEG TWV OWUATOY CUVIPTACEWY. OEwEOUVIUL YVWOOTEC XATOLES
Baowéc yvwoelg dhyePpoac, Yewplag Galois, Vewploc apriudmy, ahyeBpuhc Ve-
oplag aprlucy xon Uy adinhc avdAuoTg.

1.1 Ilpooanaitodueveg aAyeBeixés YVOOELG

Opiwopog 1.1.1. 'Eotww K oopa xou F' enéxtact) tou. Av undpyer © € F,
ue = un olyeBeixd mdvew and 1o K, tétolo wote 1 enéxtoon F/K(z) vo elvo
TENEPAOUEVY), TOTE héue 6T N eméxtaon F/K éyel falud vrepBatikdtnmag 1, xou
n enéxtaon F/K ovoudleton adyefpiké oopa ovvaptrioewy uiag petapAnTig
v omd 10 K 1) anhd odpa ouvaptrjoewy (algebraic function field of one
variable j function field). Téloc, 10 oy FF xaAelton 0 odpa otabepwy
tou F/K.

O mopandve oploude pmopel vor Belyvel 60oyENOTOC, OUME TO TUEUXATW
AfUUOL OLEUXOADVEL TNV XATACTAO).
AAupo 1.1.2. H enéxtaon F/K éya Babuo vrepfatikotntas 1 avv Vo €
F\ K wyve ou n enéktaon F/K(x) elvar terepaopuévn.
Anéoeén. (=) Agol n F/K éyel Badud unepBotixdtnroc 1, tote Iz € F\EF

étot0 wote F/K(z) nenepacuévn.
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‘Eotw tuyalo z € F\ K. Téwe e F, doo x ahyeBewd mhve omod
10 K(2), dpa undpyer fi(X,Z) € K(Z)[X], ve fi(z,z) = 0. Etot undpyet
fo(X,Z) € K|Z,X], pe fo(z,2) =0, dpa z ahyelpixd ndve and to K(x), dpa
[K(z,2): K(x)] < oo.

Axbpo [F: K(z)] < 0o xou

[F:K(2)]=[F: K(z,2)] [K(z,z): K(z)],

Gpa [F: K(z,2)] < oo.

Télog, €youue OTL
[F: K(z)]=[F: K(z,z2)] - [K(z,2) : K(x)]

X0l Amé TOL TopAmAve xotohyoupe 6t [F: K ()] < oo, dnhadt to {nroluevo.

(<) Apeoo. )

Afppa 1.1.3. FEow F/K odua ovvaptioewy. H enéktaon KF/K elvai

TETEPATUEY).

Amdoeién. 'Eotw coua B, ue K € E C F xa E ahyefeind mdve and 1o K.
‘Eotw topa v € I unegfatind nédvew and 10 K xou ki, ..., k, € E ypouuxd
ave€dptnta ndve and to K. Téte, tpogavae, to ki, . . ., k, elvon ypouuixd ove-
Edptnra téve and o K (). Axdua, tpogavie, E(z) C F xi étol xotahfyouue
oTL

[F: K| <[E): Kx)] <[F:K(z)] < .

Egapudlovtag to mapamdve v B = KF €youue 10 {nToluevo. [

Ewwéc, ahld ToAd yphioes otny Teplttwon pog xatnyople owudtonv ou-

VOPTACEWY, elvol oL TapaXdTe.

Optowode 1.1.4. 'Eva odiké odua ovvaptrioewr (global function field) etvou

éva oo ouvaptioeny F/F, étou F nenepacyévo.

Optowode 1.1.5. To odua cuvapthoewy F/K Myeto pnté av F = K(z)

vl xdmow x € F
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M cuvédptnomn mou Yo pag yeetaoTel apyoTepa efvar 1) SloxpELtr armotiunot,

mou oplleTon w¢ e€X¢:

Oplopog 1.1.6. Eotw F owua. Adue otL o cuvdpTnon
u: F— ZU{o0}

elvon drakpiTr) anoTiunon oV XavoToLel TIC TUEAXETE WOLOTNTES.

() u(z) =00 <= 2z =0.

(@) ulzy) = u(z) +uly) Yo,y € F.

(Y) u(z +y) = min{u(z),u(y)} Va,y € F.

(0) dze F : u(z)=1.

(¢) u(a) =0Vae K\ {0}.

Axbpa n diotnta (Y) ovoudleton tprywrikr) aviodTna.

Ané tov Topamdve oplopd evxolo BAETEL xavelg OTL Lo BLoxpLTy| amoTiunon

elvon exl, eved o TapaxdTe) AMpua ebvon 1L auTd dUEGO.

Adppa 1.1.7 (Ioyver Terywvieh Avicdtnta). Eotw u Sukprer anotiunon
tov oduatos ovvaptioewy F/K kat x,y € F tétow dote u(x) # u(y). Tote

u(z +y) = min{(u(z), u(y)}.

Amddeién. Ané tov opiopd 1.1.6 €yovue ot u(ax) = u(z) yoa € K\ {0}, dpa
u(y) = u(—y). Axdpo vrodétouye ywelc PAIBN e yevixdtntog ot u(x) <

u(y). Tote av u(x +y) > u(x) ond tov 1.1.6 éyouvue 6Tt

u(z) = u((z +y) —y) > min{u(z +y), uly)} > ulz),

dtoTmo. '
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1.2 TIlpwTol

1X0TOG HOG OE QUTHY TNV ToEdypago, elvar Vo oplcouue Tar TKTo GToLYEld Yo

v Vemplor uag xon vor JEAETACOUUE XATOLES BUCIXES OLOTNTES TOUC.

Opgwopoc 1.2.1. 'Evac daxtiliog anotiunong (valuation ring) tou owuortog
CLVOPTACEWY F/K eivou évac doxtihoc O, yia tov onoio K ; O ; F »on av

zeF, e z€ Ohzte.
Ac Solye éva Mo TOU CUUTANPMVEL TOV TRV OPLOUO.

Afppa 1.2.2. Av O elvar daxtdhiog anotiunons tov F/K, téte wyvea du
K'co

Anédaén. 'Eotww x € FF. Av z = 0 t61€ Tpogavae x € O, €0l Yag UEVEL va
octCouue 6Tt & € O v x # 0.

Hpdypatt, av z # 0 xow 7! ¢ O, t61e enedh & € F and tov oplopd 1.2.1
Vo tdigoupe otL x € O, ondte pog pével va detloupe 6Tt v € O otny TEplnTwo
moux # 0 xu ! € O.

‘Ouwe moapotneolue 6t ov = # 0 xau x! € O, 16t UG mou To T elvor
olyePpind mave and to K, Yo undpoyouv n > 1 xa ag, ..., a,—1 € K téTo10
WoTE

"4 a1z - 4 ag = 0.

—n+1

H teheutaio oyéon, oav TOMATAACIAGOVYE PE & , Mo Biver 6Tt

T=—Qy1 — Apox " — - —agr ",

an’ 6ToL €0XOAA TUEATNEOVUE 6TL GAa T €A Tou Be€lol YEAOUG TNG LoOTNTAG

avipxouv oto O, enouyevag x € O. [ )

ITépwopa 1.2.3. Av O eivar baxtidios arotiunong tov F/ K, téve woyve éu
K\ {0} c 0.

Amdoeién. Ayeco and to hMuua 1.2.2. [

H mapoxdtey mpdtaon pag oetyvel xdmoteg yproyleg ahyeBpixeg otoTnTeg

TWV 0UXTUM®Y ATOTUNONE TOV CWUATOY GUVIRTHCEMY.
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ITpbtaom 1.2.4. Av o O eivar daxtiAiog arotijnong tov owudtog owvaptn-

oewv F/K, téte 0 O efvar tomikds daktidiog'.

Anddadn. Apxel va detZoupe 6t 10 P i= O\ O eivor 18eddec tou O. Etol
éoww x € Pxow z € O, t6t€ av 2z € OF Yo elyape 61 x ¢ P, dromo, dpu
rz € P. 'Eotw topa x,y € P. Xwplc PAISN Tng yevidtntag unodétovye 6T
zfy € O. Tée 1 +z/y € O xu and 10 nponyovuevo y(l+x/y) =x+y €
0. [

‘Etol olygwva ye v teleutola TOTAGT, UTOPOVUE VoL AGUE Yol TO UE-
YioTx6 W0ewdec P evoc doxtuiiou amotiunone O. Autéd Va pag Bondoer va
0plOOUUE XL TOUG «TEOTOUCY HOG, TEWV OUWS A0 TOV 0PLoUS, a¢ OOUUE EVal

XPHOoWo Afjuuo.

Afppa 1.2.5. Av o O elvar daktidios arotiunons tov F'/K kar P to pepy-

7 7 I
oTKé 10€dde§ Tov, TéTe wyvea out PN K = {0}.

Arndoeiln. Avx € FF\{O}, t61€ and 10 noéplopa 1.2.3 éyouue 6 x € OF, dpot
r ¢ O\ O =P. And 10 teheutaio xou To TEOYavES YEYOVOE 6T 0 € PN K"

Tadpvoupe To {NTovUEVO. [
To Vedpnua mou oxohowdel elvor Wiaitepa yproylo.

Oecwenua 1.2.6. Foww O évag daxtidiog arotinons tov owpidtos ouvvap-

tioewr F/K ka1 P to peyiotixd 16edrdes tov. Téte
(@) wo P elvar kpio 16ecddes kar

(B) av P =tO, tore kdle z € F\{0} éyer povadixn avarapdotaon tng popens
2 =t"u, pen € Z xaru € O*.

Andoeién. (o) ‘Eotw P oy xbpo xaw 3 € P\ {0}. Totre P # 2,0 xou
Goo Jxg € P\ ;0. Tore zowyt ¢ O, dipat UTIOYEEWTIXS. xytr € P, Onhadn

x1 € 2o P. Yuveyllovtog emaywYxd UTOpOUUE VoL XUTUOXEVACOUUE Uil ATELQT

LAnhodh éxel povadind peylotind deddec.
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oxohovio (x;)ieny € P, €101 O0TE X; € T P xon 2441 # x; yioe xdde i > 1.
Ou del€ouye OTL xdTL Té€Tol0 Elvon adLVATO.

Apxel hoiméy va amodeilovye OTL yioo TNV Tuyola TETEPACUEVT axohoudia
T1,...,0, € Pyue 2y = € P\ {0}, z; € 209 P xou x; # @i yoo xdde
1 <i<n-—1,éyouue 6t n < [F: K(z)] < oo.

Ané o Mppoto 1.1.2 xon 1.2.5 xatahfyouue oto ot [F @ K(z)] < oo.
[ TV aprotepr| oviodtnTa apxel vo 6eilouye OTL T 1, . . ., Ty, Ebvon ypouUXE
ave&dptnTo v and to K (x).

"Eotw Aottdy

i=1

ue ¢; € K(x) évoc un tetpylévoc yeauuxods ouvdvaouodc. Eoxola Brémouye
6Tl umopolue vo utotdécouue OtL ¢; € Klz| xou ot av a; = ¢;(0) undpyet

jeA{l,...,n} térow wote a; # 0 xaw a; =0 Vi > j. Etoun (1.1) yivetou

i#]

ue x; € ;P v i < j xou ¢ = xg; Yy i > j (g; € Klz]). 'Etot n (1.2) divel

—¢j:Z¢ii—;+Zxﬁj-gixi. (1.3)

i<j i>]

Loy pe tor Topamdve, OAot oL 6pol tou 8edtol uéhoug e (1.3) avirouv
oto P, dpo ¢; € P. Ouwe, ¢; = a; +xg; ue g; € O xou & € P, dnhod
xrg; € P, dpa a; € PN K\ {0}, drono. Apa 1o x1,. .., 2, clvor yoouuxd
ave&dpTnTo Thve and to K (x).

(B) H povodudtnta tne avomopdotoons eivor TETELUEV, dpo apxel va
oetouue TNy Vol Tne. Alywe BASEN tne yevixotntog utodétouue otL 2 € O,
g 27 € O xan gpyalbpaote pe apwntixole. Av z € OF, t6te 2 = t°2.Av
2 € P, 16t 2 = tzg, e z1 € O. Av z; € O tehewdoaue. AopopeTind,
2z ¢ O dpa 21 € P, ondte 21 = t2g, Ye 20 € O xou 2z = t225. Av 2o € O,
TENELOCUE DIUPOPETING, 29 € P, 29 = tz3, 6moL 23 € O, %o 2 = t%23. Auth 1)
OLadLxacta oTauatd, OnAadr ot xdmowo B n ebvan z, € OF, BLOTL BLAPOPETIXE

Vo ebyaue wa dmepn oxohovdio z, 21, 22, ... Ue 2 € 1P, 21 € %P,... .z €
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2is1 P xou, 6moe oto (o), autéd amoxdeleton. ‘Etot éyoupe 6t 2 = t"z,, e

zn € O, [ )

Optowodg 1.2.7. 'Evoc mpdtog (prime 1 place) P tou 6ouatog ouvaptioewy
F/K eivor to MEYLOTIXG 1OEMBES xdmotou daxTOAoU anotiunone. Axdua, ue Pp
(f amhd P av Bev undpyer xivduvog alyyvong) cupforiloupe 0 GUVOLO TwYV

TEWTWY TOU GOUATOS GLVOETHoEWY F/K.

M SoncinTinr mapoathenon oTov Tapamdvey optoud etvan 6Tt oL daxTOALOL
amotiunong xo ot TpwTol Beloxovton oe 1-1 avtiotoryioa. Amé To Afuua mou

oxohoudel Yo Go0ue OTL %dTL TETOLO Efvol GWATO.

Afppo 1.2.8. Eotw P mpotos kar O o avtiotoryog daktidiog arotiunong?.
Ioytea on

{zeF*|z'¢ P}u{0}=0.

Anddeén. Eowy € O\{0}. Avy € O*, t6tey ' € O, dpoy™' ¢ P, Snhadn
ye{ze€F*|21¢ P} Avy¢ O, t6tey € O\O* = P, cropévacy ' ¢ P,
¢toryef{ze€ F* |z ¢ P}. Suvonxd O C{z e F*| 271 ¢ P}U{0}.
Eotw thpay € {z € F* | 271 ¢ P}. Avy ¢ O, t6t€ enedf| o O ebvou
Soxtvhog amotiunong €youue 6Tt Yyt € O. Ouwc y ' ¢ P, dpa y ' € O,
onraoy| y € O, droro. [ )

‘Etot, and ta topandve, €yl vonua o 6pog 0akTUAI0S arotiunons tov mpw-

Tov P xou 0 cuuBoAiouog
Op:={zeF|z'¢ P}uU{0}.
Axdpa, olugpwva e to () tou 1.2.6 o napoxdte optouds €yer vonua.

Opiopog 1.2.9. Fotww P € Pp. Opllouue we tdén otov P tn ocuvdptnon
ordp : ' — Z U {00}, 6mov av P = tO xa z € F\ {0}, t6t€ ordp(2) :=n

(6mou n exetvog tou 1.2.6((")), xau ordp(0) := oo.

Mt o) onuavTxe WLoTNTo TS TEENE dlveTal amd To TUEUXATe VEDETUOL.

2Anadh o téc v tov ooo P =0\ O *.
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Ocdenua 1.2.10. Eow F/K odua ouvvaptrioewr.

(a’) Ia kdle P € P n ouvdptnon ordp elvar dakprer) extiunon wov F/K.
(B’) Ioyver éu

Op ={z € F|ordp(z) > 0},
Op ={z € F | ordp(z) = 0},
P={z¢€ F|ordp(z) >0} ka1

P =x0p avv ordp(z) = 1.

(y') KdOe daxtilios arotiunons tov F'/ K elvar peyionikds ws mpog wov € ykAer-

o6 vrodakTuAiwy Tou I,

Amndoaén. () To pdvo un npogavés etvon 1 oy e TS TELYWVIXAS aVlodTN TS
av z,y # 0. 'BEotww howdy z,y € F'\ {0}. Tote av ordp(x) = n xou ordp(y) =
m, ue n < m, €yovue 6Tt av P = tOp, 161€ @ = t"u; xou y = tMug, UE

ui, us € Op. Etol
r+y=1t"(u +t" "uy) =t"z,

ue z € Op. Av z =0, t6te ordp(z + y) = oo > min{ordp(z),ordp(y)}. Av

2 #0, t6t€ 2z = thu, ue k > 0 xw u € Op, étor & + y = t"*u, ondte
ordp(z +y) =n+ k >n =min{ordp(x),ordp(y)}.

(B") ©cwpotye 61t P = tOp. To 61 Op = {z € F | ordp(z) = 0} elvan
TpopaveES antd To Yewpenua 1.2.6 xou Tov oploud 1.2.9.

Eotww y € {z € F | ordp(z) > 0}, téte y = t - (970 ~1y), pe u € O*.
‘Opwc t € O, ordp(y) —1 > 0 xow u € O, onéte tPW-1y € O, enopévac
y € tO = P. 'Etou nadpvoupe 6t {z € F' | ordp(z) > 0} C P. 'Eow y € P.
Av ordp(y) = 0, téte and ta nopandve y € Op, drono. Av ordp(y) < 0,
t6te ordp(y™t) > 0 xou clpgove ye to mopandve y—+ € P, drono. 'Etot
ordp(y) > 0 xou dpa P C {z € F | ordp(z) > 0}, dnhad| cuvolxd {z € F' |
ordp(z) > 0} = P.
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To 61 Op = {z € F | ordp(z) > 0} elvon dueco and ta npoyolueve xot to
61t Op = PUOp, evd 10 61t P = xOp avv ordp(z) = 1 eivon dueoco.

(v") Eotw O daxtdhog anotiynone tou oduatog cuvapthoewy F/K, P
T0 Ueyouxd 1ewdec tou xau z € F\ O. Apxel va dei€oupe 6 F = OJz].
Mpdypart, av y € F téte (woc mou ordp(z71) > 0, agod z ¢ O) v k > 0
apxetd peydho Yo éyoupe 6t ordp(yzF) > 0, dpo av w = yz 7, w6t w € O
xor y = wz® € O[] [ )

Egécov 10 P elvor peyotnd w0ewdeg tou Op, 10 OP/p elvon cwuor xon
elxoha PAénel xavelc 61 PN K = {0}. "Etou hopBdvovtag vt 6 To 6TL €€
optopol K C Op éyoupe 6T 10 K ebvan UTIéGCOpO(g TOU OP/p, doar ExeL vonua

0 TOPUXATL) OPLOUOC.

Opiopog 1.2.11. 'Eotw P mpoTog T0U GOUATOS GUVIPTHCENDY F/K, t6te o
oErduoC
deg P := [Op/p ' K|

ovopdletan Pfaduds Tou P.

To mapaxdtey Vedpnua yag delyvel dytL udvo otL o Baduode evog mpwmTou ebvon

TEMEQUOUEVOS, OAAS g Blver xan Evar dve QedryuaL.

Ocdenua 1.2.12. FEoww P mpdros tov oduatos owvaptricewr F/K ka
xz € P\ {0}, tdre
deg P < [F: K(z)] < c0.

Amdéoeén. Kot apyde, mpogavaoe to o etvar unepBatind mdve and to K, €tol,

ond To AMjupa 1.1.2, apxel va del€ouue v aplotepy| avicdTtnTa. ‘Eotw hoimév
O / ’ — - Op 5oe— o~ P f

2y, 2 € Op TETOWL OOTE T 21, ..., %, € “F/p, UE Z = 2z; + P, vo elvan

Yoouuxd aveldptnTta méve and To K. Oa detlouue OTL TA 21,..., 2, clvon

3 v aypotxétnta o K dev e v 60 pa 1o 9P /p adk 7 exéva 10 K oTo

Or/p péo ncep TE ong
K < Or /p

o ;
r — x+P

0 € vauloéuo 1 e 1o K.



To OEQPHMA TON [IPOTON APIOMON XE 2OMATA Y YNAPTHEEQON 10

Yoouuxd aveZdotnto méve and to K(x). Av oy, undpyouy ¢; € K(z) tétolo

OoTE

i=1

Ouoing, pe v anddeln tou Yewpruatoc 1.2.6 vrtodétouye 6t ¢; € K[z] xou
ot av ¢ = a; + xg; (a; € K, g; € Klz]), téte dev ebvar bha T a; = 0.
‘Opwc ¥ € P xow a; € K, dpu ¢; = a; = a; xou étot N (1.4) tepvdvtoc otov

TNAX00uXTONO Olvel
n

Z (IZ'Z_Z' = O,

i=1
ONAAUOY| EVOLV 1) TETEUIUEVO UNOEVIXG YEUUUIXO GUVOLIGUO TOV 21, . . . , 2y, QTO-

TTO. [

Or mapoaxditey optopol Yo pog dwoouy Evvoleg Tou Yo hag @ovody TohD yerh-

OWEC OE TEYWIXO ETUTEDO.

Optopog 1.2.13. Eow F/K odua cuvapticewy, z € F, P € Pp xu
ordp(z) = m. Avm > 0, 161 Aye 61 o P ebvan pila tou z té&ng m xou ov

m < 0, 161 Aépe OTL 0 P elvan mddog Tou 2 tdEng —m.

Ac Bolpe T@Eo Lol GOV TIX LOLOTNTA TWY TOAMY X0l TV PLLMOV TO ETOUEVO

Vemprnuo Yo pag odnyroet 6to {NToOUEVO ATOTEAECUAL.

Ocevpenpa 1.2.14. Eow F/K odua owapticewy kar R 6aktidiog tétolog
wote K C R C F. Ay I elvar un tetpiujévo 1d6ecddes tov R tote undpyet
kdrows P € Pp térowg dote I C P ka1 R C Op.

Anéoedn. Oewpolue T0 GUVOAO

F :={S | S unodaxtOioc tou F ue R C S xou IS # S}.

Hpogavae R € F, dpo F # 0. Axbua, 1o F eivar Qodlacévo Ye Ty Teogovh
ueptr| SudTaln Tou eyxhewouon, eve av H C F éva utocivolo tou F e ohx)
ougtoln, tote o T = |J{S | S € H} elvar unodoxtdhoc tou F, ue R C T
Ou oelCovue 6Tt IT # T
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‘Eotw Aoy 6w IT =T, t6te 1 = Z?:l a;s; ue a; € I, s; € T. Egdoov
opwe to H €yer ohxry dudtaln Yo umdpyet Sy € H tétolo WoTE s1,. .., S, € Sy,
doo 1 = >0 a;s; € 1Sy, dromo. ‘Apo and to Mjuua tou Zorn (Sec [SHA,
oeh. 40]) 1o F nepiéyel xdnoto peytotxd otolyelo, éotw O. Ou deifoupe ot
70 O elvon daxtUALOG amoTiunorg.

Egbéoov I # {0} xou IO # O, éyouvpe 61t O & F xon I C O\ O*.
Trodétoupe 6t unbpyer z € F pe 2,271 ¢ O (dnhadf 6T 10 O dev ebvan
doxtohog anotipnone). Téte 10[z] = Olz] xa I0[z71] = O[z71] (adhude

0 O Bev Ya Aoy peylotixd ototyeio tou F), xou dpa unopolue va Peolue

ag, ..., 0y, b, ..., by € 10 tét0l OOTE
l=ay+arz+ - +a,2" xu (1.5)
L=by+bz '+ bz ™ (1.6)

eV Tpoavng m,n > 1. Trodétovye 6Tt m, n tétow Hote m < n xou efvan To
ehdyota duvartd. IToMamhactdlovpe v (1.5) pe 1 — by xau v (1.6) Ye anz,

xa TodpvouuEe

1—byg=(1—bo)ag+ (1 —bg)arz + -+ (1 — by)a,z" »au
0= (bop — 1)anz" +branz" "t + - 4 bpa,z" ™.
[pooétwvtac Tic Topandvey eELCOOELS TAUiPVOUUE TNV

1= Co+crz+--- +Cn,12n71

ue ¢; € 10. Ouwg autd elvor dTomo, Aoyw Tng EAXYLOTOTNTIC TOU N. [

To mopoamdve Yedpnuo Sty ver Told agnenuévo, dune To Topaxdte (oyeddv)

dueco Toplopa etvar Wiaitepa Yproulo.

ITépwopa 1.2.15. Eow F/K odue ovvaptioewy kar z € F vrepfatiks

mdvew and to K. Tote to z éyer tovddyiotov éva moko kar pua pida.

Anddaén. Bewpolye tov doxtiho R = K[z] xou 10 1deddec I = zK[z]. Ané
T0 Vempnua 1.2.14 umdpyer P € Pp ue 2 € P, dnhadr| o P ebvan pilo Tou 2 xou
opoiwe undpyet ) € Pp olla tou 2 1 OMAadY) TOAOSG TOU Z. [
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To teheutaio néplopa poc deiyver (petall dMwv) dtt Pr # 0. Xtnv mpory-
Lo dTNTaL Loy Ve x4t ToRD 1oy UEdTERO, 6Tt dnhadY| |Pp| = oo (Bec [ST1, §1.3]).
‘Opwe xon mdhL u€ypL otyurc dev eldaue xdmoo otoryeio Tou Pr xon yio mold
AOYO Tor oTotyElo aUTd TOEOPOLELOVTOL UE TOUC TTEWTOUS apldloUc.

[t var xdvoupe 4Tt T€Tolo Yol TeUE oTNY TEPITTWOT) TOU COUATOS CUVIRTH-
oewv K(x)/K, dnhady| tou entol oouatoc ouvapthoenmy. T'o xdie avdywyo

p(x) € K[z] optlovye we

_ @)
O = {g(w)

ﬂ@ﬁ@eﬁ@ﬂ@@@&

xou PAémoupe edxola 6Tt autd elvon daxtOMog amotiuynone tou K(z)/K, ue
ovT{oTol0 UEYIOTIXO LOEWOES TO

Py = {M

g(z)

f(z),g(z) € K[z], p(z) | f(z), p(z) *g(ﬂi)}-
"Evog dhhog daxtOlog anotiunone touv K (x)/K eivat o

Fe).g(e) € Klal, dog [(0) < degg(o)
UE UEYLOTXO LOEWOES TO

oo {1

g(z)

f@gmemm@MM<®ww}

oL XohelTou xou TP Tog ToU ameipou 1y Apyiunodeios tptog. To mopaxdtes ed>-
e pog OebyVEL OTL 0TO ENTO GOUO CUVAPTACENY UTIEOYOLY UOVO OL TORUTEVE)

TEMTOL.

Ocwpnua 1.2.16. Yo pnté odua ovvaptijoewr K(x)/K av P € Pk,
t0te P = Py 1) P = Py yua kdnow p(x) € K[z avdywyo.

Andoaén. Eoww P € Pr(y) ye P # Px. Awxpivoupe mepintooesg. Av x €
Op, 161 K[z] C Op xau 9étouye I := Klz] N P, 10 onolo elxolo Brémouye
6T ebvon o 10eddec Tou K[z]. Ouwe K[z] elvon meptoyr xuplwv 18ewdmy
(yrortt to K eivon opoer) o to I ebvon mpddto demdeg, dpa undpyet p(z) € K[z

avdywyo, tétoo Kote I = p(x)Klz]. Etor, av 1o g(z) € K[z] dev Soupeito
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and 10 p(z), tote g(x) ¢ I, dpa g(x) ¢ P, doa 1/g(x) € Op. Xuvodilovtag,
€y ouue OTL

_ =)
Orte) = {g(w)

f(2). 9(z) € Klz), pla) +g<m>} c o

‘O, and 1o Yedpnua 1.2.10(y") woyder 61t Op = Op(ay.
Av topa © ¢ Op, t61€ 610¢ TEWY K[27!] C Op, 27t € PN K[z7!] %o
PN K[z =z 'K[z], dpa

0r 2 {1 sta) ey € K] o gt
ap +azt + -+ ax”
{bo+b1m1+ +b b”éo}
agx™ " 4 -+ anT
= { DT+ D" bo # 0}
{40 o). v(0) € Kla], degute) < dego(o)
= Ou.
'Etor, xou dhe, Op = Oy. o

1.3 Awonpéteg xau L yoeol

H évvoio tou dionpétn €yet i pllec tou oty ahyelpur) yewpetpio xon Oyt
otV xhoowny| Yewplo aprducvy. Tlop” Gha awtd ebvar avamdomacTo XOoUUdTL TS
Vewplog Uog, uog mou yden o authyv Yo anodeiloupe To Yewpnuo Riemann-
Roch 670 xegpdrono 2, mou eivan €vor xatahuTinfc oNuaciag amoTEAEOUA, OTWS

Yo doluEe apyodTERQL.

Opwopog 1.3.1. H ehediepn aficiiovy) opdda mou mapdyetor ond Toug Tee-
T0UC €VOC OOUATOS GUVAPTHOEWY, ovopdleton opdoa daipetdy (group of divi-
sors) o oudPolileton wg Dp. Ta ototyela Tng ouddaC BIUEET®Y, 0VOUdLovVTIL

drapétes (divisors).
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'Etot, o tuyaiog dtanpétng etvan Evar Tumixd dipoloua Tng Loppric
D= apP
PcPp
ue ap € Z xou ap = 0 yioe oyeddv 6houg toug P. Ta ap tou mapamdve TOTOU

oupPolilovtar we ordp(D) xou ovoudlovton tdén tou doupétn. Evac edinde

0:=>» 0-P,

PePr

OLonpetng ebvar o

evo av D = P € Pp, tote Aépe 61 o D cbvar mpatog owaipétns.
"Hom BAémoupe 6Tt 610 Dy unopet va optotel pepixy| d1dtaln (D < Dy <=
ordp(D1) < ordp(Ds) VP € Pp). Mdhota, av D > 0, té1e Aépe 61t 0 D elvan

amotedeopatikds (effective). Kdmotor oxduo ypriowor optopof eivan o mapoxdte.

Opiopog 1.3.2. 'Eotw D dwupétng. §2g otnpryua (support) tou D opilouye
10 oOVoho
supp(D) := {P € Pp | ordp(D) # 0}.
Opiopog 1.3.3. Q¢ Padud tou dwnpétn D opilouue tov oprdud
degp D := Z ordp(D) - deg P.
PePg

Av Bev umdpyetl xivduvog olyyvong, cudfoiilouvue tov degr D amhd w¢
deg D. Axdya, eixoha Bhénel xavelg 6T and tov Badud v SlonpeTtehv Teoxs-
TTEL évog ogopopglopos (deg : Dp — Z).

Eniong, edxoha anodewxvieton (8ec [STI, §1.3]) 6 éva x € F\ {0} éyeu
uovo menepaopévee To TAYoC olleC xon TOAOUC, dpol O THEUX YT OPLOUOC EYEL
VOTaL.

Optowdeg 1.3.4. 'Eow z € I\ {0}. Opilouue o
() = Z ordp(x)P, tov dapétn twv pildy tou ,

PePr
ordp(x)>0

() oo := Z (—ordp(z))P, tov dwipétn twy méAwy Tou T X

PePp
ordp(x)<0

() := (z)o — (¥)x TOV KUplo Slaipétn (principal divisor) Tou .
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‘Eva evologpépov Ajuuo eivat 10 TapaxdTe.
Afppa 1.3.5. loyve du z € K (x) =0.

Andoeién. (=) Eow z € K \ {0} xau P mpwroc. And to Muua 1.2.5 €youue
ou PNE = {0}, dpa © ¢ P xou and to Yewenua 1.2.10 ordp(xz) < 0.
Opolng ordp(z™) < 0, dnhadr ordp(x) > 0. Buvoiloviag xatohfyouue ot
ordp(z) = 0.

(<) "Apeco and 1o nopoua 1.2.15. )

Mo €10} uroopdda Wwdtepng onuactog etvar 1 ToEAXATE.
Oplopog 1.3.6. To cOvoro
Pr={(z) |z e F\{0}}
ovoudleton oudda kUpwr daipetddr (group of princpal divisors) tov F/K.

Ebvar mpogaveg 6L 1o Pr elvon untooudda g Dp. 'Etol €yel vonuo xou o

TEAX AT OPLOUOC.
Opiopog 1.3.7. H tniwooudda
CF = DF/pF

ovopdletan opdoda kKAdoewy daipetcrv. Av D € D 1 avtiotolyn xAdor cudSoli-
Ceton pe [D]. Avo dwupétee D, D' € Dy ovopdlovton wodtvauor av (D] = [D']
(ouvuBohxd D ~ D').

¥ ouvéyew opilloupe toug L yweoug mou Vo Tatouv Xt auTol TEKTOYw-

VIoTIXO poAo ot Yewpla pog xou oto Yenmpnua Riemann-Roch.
Opwopoég 1.3.8. 'Eotww A € Dp, éyoupe 6Tl
L(A):={zeF|(x)>—-A}U{0}.

Mo Toh0 yehown mopathenon eivon 6t L(A) # {0} avy undpyer A" ~ A,
ue A’ > 0. H mopaxdte npdtaon wag Sely Vel x4moteg Toh) ONuavTXES WIOTNTES

TV L yOpnv.
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ITp6taon 1.3.9. Foww A € Dp. Tére
(@) wo L(A) elvar biavvopatikés xdpos ndvw aré to K,
(B) av A’ € Dp pe A’ ~ A, téte L(A) = L(A') ws duvvouatixol yopot,
(y) L(0) = K ka
(6) av A < 0 tére L(A) = {0}.
Andoein. (o) ‘Eow z,y € L(A) xu a € K. Téte yia xdde P € Pp oydet
ol

ordp(z +y) > min{ordp(x),ordp(y)} > —ordp(A),
Onhodh « +y € L(A) xou

ordp(ax) = ordp(a) + ordp(z) > —ordp(A),

OnhadY| ax € L(A).
(B") Agob A ~ A" éyoupe 61t A = A’ + (2) vy xdmowo z € F \ {0}.
Oewpole TIC AmMEXOVIOELC
L(A) — LA

T — €Tz T — Xz

L(A) — L(A)

1
X0l TUPATNEOVUE OTL Elvol xohd OPLOUEVES, K -YRUUUIXES XAl 1) Lot avTIoTEORT
¢ ding. ‘Etol n ¢ elvon woopopgioudc.

(v") Ipogoavie K C L£(0). 'Eotw thpa z € L£(0) \ {0}, t61e (2) > 0, dpa
To x Oev €xel mohoug, dpa x € K and to mopioua 1.2.15.

(8") BEow z € L(A) \ {0}, t6te () > —A > 0, dnhadt) to = éyel pilec

oAAG Oyt TOhoUE, GTOTO. '

YNy mopamdve TpdTact eldaue 6Tt Evag L yohpog elvol BLvuUCUXTIXOS Y0~
po¢ mavw amd to K. X1 cuvéyew, Vo UEASTACOUNE T OWOTNTEC TOU WG

OLOVUOUOTIXOU Y WEOL ot Vol XUTOAALOVUE OTL €YEL TEMEQUOUEVT DLAOTAOT).
AAupo 1.3.10. Eoww A, B € Dp ka1 A < B. Tére L(A) C L(B) kai

dimg (ﬁ(B)/E(A)) < deg B — deg A.
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Anddaén. To 6t L(A) C L(B) eivor npogavéc. Ta va amodel€ouye tnv AN
oyéon elvon apxetéd vo utodéoouye 6t B = A + P, ue P € Pp, xou 1 yevixy
TEPIMTWOT CUVETAYETOL ETOYWOYLXA.

Eotw howméy 61t B = A+ P, pe P € Pp, xu' t € F e ordp(t) =
ordp(B) = ordp(A) + 1. T x € L(B) éyouue 6Tt

ordp(z) > —ordp(B) = —ordp(t),

doo ordp(zt) > 0, onhadh zt € Op. Enopévig €yer vonua vor WAGUE yior Ty
TOEUXATE UTELXOVLOT)
L(B) — ©°°/p

x — xt

(1S

Y

n onoio etvon K -ypopuux xou & € keryp <= ordp(xt) > 0, Snhodr| ordp(z) >
—ordp(A). 'Etor xatolfyouue 6t kertp = L(A), dpa and to 1° dedpnuo

LOOHOPPLOUWY
dimpg (E(B)/ﬁ(A)) < dimg (OP/P) =deg P = deg B — deg A. [

ITpétaomn 1.3.11. Ta kdle A € D, 0 L(A) eivar tenepaouévng didotaons

d1aVVoHATIKOS Y pos Tdvw amd o K.

Amndoeadn. Oewpolue 61t A = Ay + A_ (ue Ay xon A ta mpogavh). Agov
L(A) C L(A}) opxel vo det&oupe 6Tt

dimg L(A}) < deg A, + 1.
‘Ouwe 0 < AL, dpa omd to AMupa 1.3.10 woyder ot
dimg ('C(A”/L(O)) <degA,.
Axdpo and v mpdtacn 1.3.9(y") éyoupe 61 L(0) = K, dpa
dimg £(A}) = dimg (““/20)) +1

xou ouvdudlovtag Ta 500 ToEATdVE Eyouue To {NToUUEVO. [

4 o NTETOL tE AC Ak ETUL O 6 TO EW MU . . .
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Y1 teheutaio mpoTaoT eldaue 6Tl Evag L ywpog elval EVag TEMEQUOUEVNC
OLdoTUONG OLAVUCHATIXOS YOEOS Tve antd to K. 'Etol o mopuxdte oploudg

EYEL VOTAL.

Optowodg 1.3.12. T évav A € Dy o axépaog [(A) = dimg L(A) ovoud-

Ceton 1 oidotaon Tou A.

Anodewvietan (0ec [STI, §1.3]) 61y ¢ € F'\ K woyler dn to deg(x)o xou
deg(x)oo tvor 0 MO (o0 pe [F' 2 K (z)]. 210 napaxdtw Yedpnuo Yo dodue 6Tt

OTNV TEAYHATIXOTNTA oY VEL 1) LOOTNTAL.
Ocedenua 1.3.13. Ia z € F'\ K wyva du
deg(x)g = deg(z)o = [F : K(x)].

Anédeitn. ©étovue n = [F : K(z)] xou B = () X0t GULPVO UE TOL TOQ0-
Téve opxel v deloupe 61t deg B > n. Emhéyouue {uq, ..., u,} wa Bdon g
enéxtaonc F/K(z) xa C € Dp téroo Hote C > 0 xou (u;) > —C' yio xdde
i =1,...,n. Axdbua, éneton dueoa and Toug optopolc 6Tt VEk > 0 woylel ot
zu; € LIkB+C) yia 0 <i < kxu 1 <j<n. Enlone, elxoha BAénouye o1t

TOL TUPATIAVG) oToLyEla etva ypauuixd aveldotnta Téve and to K dpa
(kB+C)>n(k+1) (1.7)

v xde k > 0. O€toupe ¢ := deg C xon amd Ty amddeln tne 1.3.11 talpvouue
oun(k+1) <l(kB+C)<k-degB+c+ 1. Etol

k(degB—n)>n—c—1 (1.8)

v xde k € N. Ouwe ¢ > n, agol and tnv andédeln e 1.3.11 €youpe 6Tt
c > l(C) agob C > 0 xou [(C) > n and (1.7) yia k = 0. 'Etou n (1.8) biver
drono av deg B < n, dpa deg B > n. [ )

To noapandve Yempnua amodexvieTol EUXOAGTERPN v UTOVEGOUNE OTL To K

elvon TEAELO GOUNL X0 YPNOWOTOACOVKE TIC 1t0TNTES Tou K (2] 0d¢ Soxtuhiou
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Dedekind® (dec [Ros, oeh. 47]), Gpwc €5 TPOTUACUUE WOl THO CUYXEXEUIE-
v mpoceyyion. Télog, mpwv xheloouue T0 xEQdAono ag DOVUE Uepd dusca

Toplopata Tou TeEheuTAlOL VeWE|UTOS.
ITépiopa 1.3.14. Ay x € F'\ {0}, tdre deg(z) = 0.
Anéoeén. Ayeco and 1o Yewenuo 1.3.13 xou Tov opioud 1.3.4. [

ITépwopa 1.3.15. Eoww A, A" € Dp pe A ~ A'. Tére [(A) = I(A) ka
deg A = deg A'.

Ardoeién. To {ntoluevo énetan dueoa and to népioua 1.3.14 xau tny npdtaoT

1.3.9(8). o

ITépropa 1.3.16. Av A € Dy e deg A <0 wore [(A) = 0 extds av A ~ 0,
omdre [(A) = 1.

Andoeién. Avdeg A < 0xadz € L(A)\{0}, t6te deg((x)+A) =degA <0,
and 1o néplopa 1.3.14, xa deg((x) +A) > 0, and tov opioud tou L(A), droto,
doo L(A) = {0} xau [(A) = 0. Av degA = 0 xau Fz € L(A) \ {0}, 1ot
() + A >0 xou deg((z) + A) =0, dpa (z) + A =0, dpa A ~ 0. Téhog, av
A ~ 0 téte and népopa 1.3.15 [(A) = 1(0) xou, woc mou L£(0) = K ond tnv
mpdtaon 1.3.9(y"), 1(0) = 1. )

5 tov 0 woud 1o daxt Ao Dedekind dec NEU oel.



Kegdhawo 2

To Yewpenua Riemann-Roch

To xevtpxd anotéleopa tou xegaiaiou autol elvon To Yewenuo Riemann-
Roch. To dedpnua Riemann-Roch éyel tic pilec tou otnv Ahyeleudr T'ewye-
Telo, EVe xdTL avtioToyo Oev uTdEyEL 0TV xAuotxr Oswpion Aptiuoy.

Avagépoupe to Vempnua Riemann-Roch di6tt ebvon éva mavioyupo epyaielo,
10 omolo yog Ponder va €youue anoteréopata 6T Oewpla Aprumy ot oouaTta
CLUVUPTACE®Y, EUXONOTER o OTL oty xAaoixr) Ocwpla Apriucy, omwe Yo
00UuE xou oTa emdueva xe@dhono. H ioyic Tou Yewpruatoc Riemann-Roch efvou
TOG0 UEYAAT TOL AT TOANOUG TIPOXELTOL YL TO OTUOVTIXOTEQO UTOTEAEOUA TNG
Vewplog TwWV COUNTWY GUVIPTAGEWY.

Y10 xe@dhoto autd Yo Vewpolye mdvto 6Tt 10 F/K elvon odua cuVIRTHoEWY

., —F
v o1t K = K.

2.1 TIlpoanoutolueveg €vvoleg

Xty mapdypeapo auTh To Bacxd pag YEANUA slvon Vo 0plcoupE To YEvog evog
OWHATOS GLVAPTHOEWY, xowe autd Yo Tatlel xoopiloTnd pdro. Acg Lexwvi-

coUUE Aoltov amd o Bondntixy| TpdTaoT.

Ilpbtaom 2.1.1. Yrdpye kdmowa otalepd v € Z tétoa chote ya kdbe A €
Dr va 1wy Vel
deg A —I(A) <.

20
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Anéoaén. Kot apydc napatnpoiue and to AMupa 1.3.10 €youue ot av Aj, As

elvon OlonpéTeg, ToOTE
Al < A2 = degA1 — l(Al) < deg A2 — Z(AQ) (21)

Ocwp éva audaipeto © € F \ K, 1o onolo Yo matZel Pondnuixd pdho otnv
amodeln, xou €otw B = (). Té1E, axOROULIGOVTOC v (Bl dodxacior Ye
exebvn g andoelng Tou Yewprjuatog 1.3.13, xaddg xou 1o 1.3.13 xatahhyouue
6t undpyet xdmoto C' € Dp, nou eZoptdton and 10 z, T€tolo Kwote C' > 0 xou

yioe xde k > 0 woydel ot
(kB+C) > (k+1)degB. (2.2)
Axobua, and 1o Muua 1.3.10 éyoupe ot yia xdde k > 0 woyler 6Tt
(kB+C)—1(kB) < deg(kB + C) — deg(kB)
= [(kB+C) <degC+I[(kB). (2.3)
Yuvoudlovtog g (2.2) xou (2.3) xatahfyoupe 6t yia xdde k > 0
[(kB) > (k+1)deg B — deg C' = deg(kB) + (deg B — deg C)
ONAXOT| Yo xdToLo ¥ € Z 1oy Vel OTL
deg(kB) — I(kB) < 7. (2.4)

©éhouye va BetZoupe 6Tl 1 (2.4) 1oy DEL oXOPL XL AV AVTIXATAGTACOVUE 10 kB
ue to tuyafo otoryelo Tou Dp.

Loyvelouaote 6t yia xde A € Dp undpyouv A1, D € Dp xa k € Zx
tétool wote A < Ay, Ay ~ D xou D < kB. Ipdypott, av emthé€ouye xdmolo
Ay € Dp této0 wote Ay > A xaw Ay > 0, tote v k opxetd ueydho

(kB —A;) > l(kB)—degA, (omd o Myupa 1.3.10)
> deg(kB) — v —deg Ay (oamd v (2.4))
> 0 (Yot opxeTd peydho k) .

‘Apa vndpyet z € L(EB — Ap) \ {0} xou 9étovtag D := A; — (z) nadpvouye ot
AlNDXO(LDSAl—(Al—kB):kJB.
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’ Z 4 4 7 4 4
ETOL, UTCO'SETOU[JE OTL Al o D OTIWC TIYPATIAVG XAl €Y OVUE OTL

deg A —1(A) < degA; —1(A) (oamd v (2.1))
= degD — (D) (am6 moptopa 1.3.15)
< deg(kB) — l(kB) (oam6 v (2.1))
< v (amd v (2.4)) ,
OnAadY| To {nToluEvo. &

LOUPOVAL JE TNV TOEAUTEVE TEOTACT] EXEL VOT|UO O TORUXATL OPLOUOC.

Optopdg 2.1.2. To yévog (genus) tou owpatog ouvaptioewy F/K opileton
e
g :=max{deg A —I(A)+1| A€ Dp}.

To yévog evog cwuatog cuvapThoeny elval xadoploTinic onuacias, Ouws

€V YEVEL O UTOAOYIOUOS TOU BeV elvan eUxohog. Axduoa loylel 6Tt
g>0. (2.5)

To amoteheoua autd 10 hofBdvouue av YEWEARCOUUE TOV UNOEVIXO BLULOETT XAl
nopatnericouue ot deg 0 = 0 xau [(0) = 1, ondte deg0 — 1(0) + 1 = 0 xou dpa,
amd ToV 0ploud Tou Yyeévoug, g > 0. Mo dhAn oyéomn mou amopeél dueca ard

TOV 0pIoUO Tou Yévoug etvar 6TL yia xde A € Dy woylel 6T
[(A) > degA+1—g, (2.6)
1 aAg 1 aviodtnTa Riemann. Axdupo ioylel To mapoxdtw Yempnuo.

Ocdenua 2.1.3 (Riemann). Av g wo yévog tov F/K téte vndpyer kdmoio
c € Z nov ekaprdtar and to F/K térowo dote av A € Dy e deg A > ¢ wyvea
ot

[(A) =degA+1—g.
Arnédaén. 'Eoww Ay € Dp této0 dote! deg Ag — [(Ag) + 1 = g xou ¢ =
deg Ag+g. Av A € Dp pe deg A > ¢, t61€ amd v avicotnta Riemann oy Vet

7

6Tt
(A= Ap) >deg(A—Ag)+1—g>c—degAop+1—g=1.

! o nrtétolo Age oo oA €TOL O O TOV O LOUO TO  YEVO C.
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Enopévwe, umdpyelt z € L(A — Ap) \ {0}. Ocwpolye roindv tov donpétn
A= A+ (2), yw tov onoio toylel 61t A" > Aj. ‘Etol éyoupe

deg A—1(A) = degA —1(A) (am6 mépopa 1.3.15)
> deg Ap — (Ap) (omd Mupor 1.3.10)
= g—1.

Enopévwe, [(A) < deg A+ 1 — g xou cuvdudlovtag e tny aviodtnta Riemann

ONOXATPOVOUUE TNV amOdEEN. &

2.2 To Yepnua Riemann-Roch

Tovioupe 6TOV avaryvoHeTN OTL axGUa Xou Yiol THY BITUTWOT] TOL YeWRUATog
Riemann-Roch ypewdleton apxets) axdpo npomapaoxeur. XTnv evoTnta outh
Vo Srotundoovpe xon Yo amodeifouue to Vewpnua Riemann-Roch (Yedpnuo
2.2.16). Xe oNOXhNEN TNV EVOTNTO UE g Var GUUPBOAILLOUUE TO YEVOS TOU GOUATOS

ouvopthoewy F//K. Ou Zexwvhcoule divovtac xdmoloug yerotous oplopolc.
Opopog 2.2.1. I'a A € Dy, o axépaog

i(A) :=1(A) —degA+g—1
ovoudletan hartepdrnta (index of speciality) tou A.

H ovioétnro Riemann (oyéon (2.6)) poag eZoogoriler 6t yio xdde A € Dp
woyver 6t i(A) > 0, eved and to Vedpnuo Riemann (Yedpnua 2.1.3) éyouue 6t

av deg A elvon opxetd peydro, tote i(A) = 0.

Oplopog 2.2.2. To clvoho

.AF = {(Oép)pepF S H F

PE]PF

ap € Op Yy oyedov 6ha o P € ]PF}

ovoudleton daxtidiog daywpioudy (adele space, repartition space, adele ring

7 idele ring).
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Edxoho umopolue vor 600UE 6Tt 0 GuxTOMOG Ol WELOUMY EVOS COUATOG
CLUVUPTHCEMY EYEL TEAYUATL DOUT) Do TUAIOL, 0hAd 0T BE Vol JoC Amacy OATOEL
wiadtepa. Avtieta, onuavtnd podro otn Yewpla Yo tailer To yeyovog 6Tt €yel
xa dour) K-dovuouatino) yweou.

Enione, xdle z € F éyer nencpoopévec to mAfdoc pilec xou méroug [STI,
oeh. 14], dpa 1 euBiidion

5 F —  Ap
2z (2)pers
etva XUAd OPIOUEVT), XL ETOL UTOPOUUE VoL BoluE To F' g K-umdyweo tou Ap.
Eniong, urmopolue va emextelvoulue Xatd QUG TEOTO ol TNV TAEN EVOS TR TOU

ond 10 F' ot0 Ap, onéte yia xdde Py € Pp opllouue
Ap —  ZU{}

ordp, :
" (ap)per, > ordp(ap)

X0 TO YEYOVOC OTL av o € Ap, t6t€ ordp(a) > 0 yio oyeddv oha o P € Pp
elvon dueco amd Toug oplouole.

A¢ Bolpe Thpa por ToAD onuavTixy owoyéveln K-undympwy tou Ap.

Opiopog 2.2.3. T A € Dp opiCouue
Ap(A) :={a € Ap | ordp(a) > —ordp(A) VP € Pr}.

To mapaxdtey Yewmpnua Yo pog Bondnoel vo Eyouue pLo TemTr <EXD0)Y > TOU
Vewprjuortog Riemann-Roch xaddg xon evoy axdua yopoxtnetopd tou YEVoug.
Ocwenpa 2.2.4. ['a kdle A € Dy 1wxle 6u

’L(A) = dimK (AF/AF(A)+F) .
Andéoaén. Kot apydc, Yo anodetlovue 6t av Ai, Ay € Dy pue A < Ay, to1e
Ap(A;) C Ap(Az) o
dimg (AF(AQ)/AF(Al)) = deg Ay — deg A;. (2.7)
To 6t Ap(A1) C Ap(As) elvau mpogovéc. Ta v amddedn e (2.7) apxel
vo. 0el€oupe TNy mepintwon Ay = Ay + Py ye Py € Pr, xou 1 yevinr| tepintwon
éneton pe emoywyh. Emiéyouue® t € F pe ordp, (t) = ordp, (A1) +1 xou opolwe

2 o NTETOL tE AC Ak ETUL O 6 TOV O WoUd TNC T TNE EVOS  OTO .
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Ue TNV amoéoelln touv AMjupatog 1.3.10 n anexdynon

Ap(4y) — 7 /p

(ap)pep, +—  tap,

o:

etvan xoAd oplopévr, K-ypouuxn xo ker ¢ = Ap(A;). Axdua, mopatneolue
oty xde © € Op, av (Bp)pep, € Ar pe Bp tétow Gote ordp(fp) =
—ordp(Ay) yio P # Py xu Bp, = t7'x, 1617 (Bp)pep, € Ap(Az) xou
o((Bp)pepy) = T, ONhadA M ¢ eivar eni. ‘Etor, and to 1° Jewpnua woouop-
pLopoy Todpvoupe Ty (2.7).

¥ ouvéyewa Yo anodetfoupe ot av Ay, Ay omwe mpwy, T6TE

dimg (AF(A2)+F/AF(A1)+F)

(2.8)
Mpdrypott, Yewpolue Ty oxohovdio
0= £/ piayy BATED ) 29)

2>‘AF(AQ)—"_F/J‘U«“(141)-"-1'7’ =0

ue o; To Tpogavy. ‘Eyouue 6Tt mpogavag im oy = ker oy, im o3 = ker oy xou
imoy, C keros. 'Eotw topa o € Ap(As) pe o3(a + Ap(A1)) = 0, t61
a € Ap(A;y) + F ondte undpyer xdmowo = € F ye a —x € Ap(A4y). Kadog
Ap(A1) C Ap(Az) xatafyouue 61t € Ap(A2) N F = L(Ay). Etot a +
Ap(A1) = 2+ Ap(A1) = oao(x + L(A1)), dnhodh keros C im oy, dnhoon
cuvolxd im oy = ker o3. 'Etol n axoloudla otny (2.9) etvan Beoycwar axplPric

(6ec [REL oel. 45]) xou dpa yenotdonowdvtag xot Ty (2.7) molpvouye:

dim g (AF(A2)+F/AF(A1)+F)
= dimg (17 ) 4, (a1)) — dimg (22 a,))

= (deg Ay — deg A1) — (I(A2) — {(A1)).

Axébpa, Yo 6et€ouvpe dtL av B € Dy ye I(B) =deg B+ 1 — g t6t¢

Ap = Ap(B) + F. (2.10)
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Mpdrypott, xat” apyde mapatneolue OtL and to AMuue 1.3.10 av By > B, t6te
I(By) < degB; +1(B) —deg B=deg B, +1 —g.

Toutdypova and tny avicétnto Riemann (oyéon (2.6)) {(B;) > deg B1+1—g,

door GUVONLXSL
I(By)=degB1+1—g¢g ywxdde B; > B. (2.11)

‘Eotww thpa v € Ap. Hpogavie undpyer By > B tétowo hote o € Ap(By).
Ané Tic (2.8) xou (2.11) éyoupe

ArBOTE ) (By+F)

= (deg By — I(By)) — (deg B — I(B))
=(¢g-1)—-(g—-1)=0,
onhadr) Ap(B) + F = Ap(B1) + F o epoécov a € Ap(B1) xotohfyouue 6Tt
a € Ap(B) + F, dn\adh det€ope v (2.10).
Télog, éotw A donpétne. Amd 1o VYedpenua Riemann (V. 2.1.3) undpyet

xdmotog droupétng Ay > A tétowog dote [(Ar) = deg Ay +1 —g. And
(2.10), Ap = Ap(A1) + F xau étou 1 (2.8) Siver

dimg (AF [ apay+r) = dimg (AF(A1)+F/ Ap(A)+F)
= (deg A; — l(Ay)) — (deg A — [(A))

=(g—1)+1(A) —deg A =i(A). &
To moagomdve Yempnua poag oelyvel 6Tt Yo xdde A € Dy oy lel 6Tl
[(A) =deg A+ 1— g+ dimg (AF/AF(A)+F) , (2.12)

oL efvol Lot TeoxaTaeX Ty SlatiTwoT Tou Yewehuatoc Riemann-Roch. Ax6-
oL, Lo Vel évay axdun TeéTo UTOROYIGHOU TOU YEVOUS, OTwe BAETOUNE GTO

TEAX AT TOPLOUAL.
ITépiopa 2.2.5. Ioyve éu

g = dimg (**/ 4, (0)4F) -



To OEQPHMA TON [IPOTON APIOMON XE 2OMATA Y YNAPTHEEQON 27

Anéoeaén. Ao to Yewpnua 2.2.4 woylet ot
Y1 ouvéyeta Vo Bolue TNy €vvota Tou dlapoptxon Weil.

Optowode 2.2.6. Eva dapopiks Weil tou oduatoc cuvapthoeny F/K eivo
wor K -ypapux anewévion w : Ap — K, mou undeviletor 6to Ap(A) + F vy
xdmow A € Dp. To clhvoro twv dwpopxcdyv Weil tou F/K ouufBorileTon e
Q.

Edxoha Bhénel xavelc 6t to 2p elvon K-Blovuouatindg Y meog (e NV Tpo-
pavry tpdodeon xou yioo Tolamiactooud av x € K, £ € Ap xa w € 2p
opiloupe we (zw)(€) = w(xf)). Eixoho Brénet xovelc oxduo 6Tt pa ooyé-

verr K-umdywpenv Tou £2p TEpLYRdPETOL OTOV TURAXATL OPLOUO.
Opiopog 2.2.7. T A € Dp opiCouue
2p(A) :=={w € 2p | 10 w undevileton oto Ap(A) + F}.

Efpaote mAéov oc Véorn va dwoouue €vay axodun TeoTo UTOAOYIOUOY TNg

LOLUTEQOTNTOG EVOG DLOUEETT).
Afppa 2.2.8. ['a kdde A € Dy éxovpe du dimg 2p(A) = i(A).

Anddaén. Kéde ortoryeio tou 2p(A) eivar K-ypopuxy| anexovion Ap — K
xou, dpa, dedouévou ot T0 Ap eivon K-Bravuouatinde yopeog, yopoxtnelleto
TAPWE amd TNV EXGVA TwV oTolyeiny Tng K-Bdong tou Ap. Tavtdypova duwe,
axplBig 600 and autd amoteholyv Ty K-Bdon tou Ap(A)+ F elvon decyeupéva
xodd¢ TeETEL amd Tov oplopd 2.2.7 va loobvton pe Undéy. Etol xotahfyouue
ot

dimK QF(A) = dimK (AF/AF(A)+F)

xou oo o Yedpenua 2.2.4 to {nroduevo éncton dUECOL. &
And to terevTaio AMupa BAETOUUE OTL v TIEEOUUE EVOY BLULEETT A €youpe

dimg 2p(A) =i(A) =1(A) —deg A+g—1, (2.13)
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étol av deg A < —2, t6te (hopPdvovtoc un’ édny to moptopa 1.3.16) €youue
6t dimg 2p(A) > 1, Snhadh 2p(A) 2 {0}, ondte xu 2p 2 {0}
Mt axdpar ToAD onuovTd) Tapatenon ebvar otL and To AMuuo 2.2.8, Tov

oploud 2.2.1 xou 1o moplopa 1.3.16 €youue OTL Yo T0 YEVOC Loy LEL OTL
g = dimg 27(0), (2.14)

ONnAadY| TO YEVOC umopel var uTtohoyYLoTel Y€ TV dtapoptxey Weil.

Téhog, nopatnpoiue 6Tt o K-Baduwtdc molhamhaclooudc Tou oploaue mo-
eamdve, yia var del€ouue 6Tl To (2p elivan K-Bloavuouatinde yOpoc, EtexTeiveTo
puotoroyxd xaw oto F. 'Etol 1o 2F elvon xou F-Blavuopatinde yompog, Ye
OLopopd GumS OTL TOpa av ¢ € F xou w € 2p, Ye 10 w va undevileton oto
Ap(A) + F, w0 zw undeviletn oto Ap(A + (z)) + F. 'Etot w 2p(A) pe
A € Dp dev eivar F-umdywpol tou 2p.

M enlong yefiown TapaTAENOY), TOU UTOPEEEL ATO TO TUPATAVL elvor OTL
av e € F,we 2p\ {0} xou zw =0, 16t = 0, evd (Tpogavde) toylel xo
T0 avtloTeopo.

H dudotacn tou 2 o¢ F-diavuouatinol yoeou Yo Jag armacyohfoeL, apod
etvan xadoploTixrc onuaoctag oty anddelln tou Yewperuatog Riemann-Roch:
TEOTA Opwe, Yo oplooupe To Sonpetn evog dlugpopixol Weil. To mopaxdte

Mo Yo pog Pondrioel va etvar xaAd oplopévn 1 Evvolo auTH.

Afupoa 2.2.9. Eowww € 2p\{0}. Tore vndpyer kdroios povadikés A € Dy
této105 Hote w(Ap(A) + F) = {0} kai 0 A va eivar peyiotikds ws mpos averiy

TNy 1010TNTa.

Anédaén. Anéd 1o Yemenua Riemann (0. 2.1.3) undpyet xdmolo ¢ tétoo Hote
i(A) =0y xdde A € Dp pe deg A > c¢. ‘Ouwe and 1o Yedpnua 2.2.4 €youue
6tLav deg A > ¢, tote Ap = Ap(A)+F, dpo to w undeviletar oe oAdxhneo 1o
Ap, dn\adh w = 0, drono. Etot av ¥éoovpe 7 := {A € Dy | w(Ap(A)+F) =
{0}} éyoupe 61 ot Baduol Ghwv TV oTolyelwy Tou T @edocovial ond 1o c.
‘Eotw howmdv A € T péyiotou Baduold. Oa delCouue otL 0 A eivor o {n-
Tolpevog Slupétne. ‘Eotw howmdv A' € T, t61e mpogavae lem(A, A') € T,
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61OV

lem(A, A') := Z max{ordp(A),ordp(A" )} P € Dp.

PePr
‘Opwe deglem(A, A') > deg A, dpo and v peytotdétnto tou deg A éneton 4Tt
deglem(A, A') = deg A, dnhadh Vo npénet lem(A, A') = A, dnhadn A’ < A. H
uovodtxoTnTa Tou A elvon TETELUPEVN. &

Ané 1o mopandve Aupa €YEL VONUA O THRUXATE 0PLOUOS.

Opwopdc 2.2.10. O donpétng mou meptypdpetor 0To Afupa 2.2.9 ovoudletan
drapéng tou dragpopicot Weil w xon cupfoliletou we (w). Axdpo av W e Dp
oo Kote W = (w) yio xdnoo w € 2p\{0}, t61€ 0 W ovopdleton kavovikés

dlaipéTng.

Mt oy ed6v mpogavic WLoTNTA Twv dlarpetov Weil dlatunovetor 610 Topo-

AT AL

Afppa 2.2.11. Av A € Dy karw € 2p, tote 10 w undevilerar ovo Ap(A)+
Farv A< (w).

Anédeaén. Ayeco and touc optopoie 2.2.3 xon 2.2.10. &

’AN\Y] HLa 0TI TV BlonpeT®v dtapopxey Weil diveton otny mopodtw

TEOTAOT).
Ipétaon 2.2.12. Avz € F* katw € 2p \ {0} wyvea du
(zw) = (2) + (w).

Amndoaén. Av to w undevileto 610 Ap(A) + F 10 2w pndeviletar oto Ap(A+
(z))+F, dpo yrog mou 1o w undevileton oto Ap((w))+F, 10 2w Yo undeviletan
ot0 Ap((x) + (w)) + F, dpa, and tn ueytotxr| diétnto 10U (2w),

(w) + () < (2w).
Ouoloc (zw)+ (z71) < (z71aw) = (w). 'Etot, cuvdudlovtoc ta 800 Tapamdve

Tadpvouue 6Tl

(W) +(2) < (aw) < =27 + (W) = (w) + (2). s
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Efpaote mhéov oe ¥€on va utohoylcouue tn SLldoTooT Tou §2F (¢ OLVUCHo-

TIX00 YWEOL Ve amd To [
Ilpbtaom 2.2.13. Ioyvea éu dimp 2p = 1.

Anddaén. Kot apydc Vo dei€ouue 6Tt av w € 2p \ {0} xu z € L((w) — A),
ue A € Dp, t61€ 1oylel 61 aw € N2p(A). Ipdyuat, agod z € L((w) — A)
éyoupe otL (z) > A—(w), eved and v tpdtaon 2.2.12 (aw) = (z) + (w). ‘Etol
nodpvouye 0Tt (zw) > A, dnhadh 2w € 2p(A).

Y1 ouvéyetor Yo deloupe ottt av w € 2p \ {0} xu A € Dp, t61E 10
L((w)—A)w eivor K-undywpoc tou 2p(A). Hedypot and tny npdtacn 1.3.9(«)
10 L((w) — A) eivon K-Blavuopotinde yweog, dea elxoho Unopel va det xavels
6t xon 10 L((w) —A)w Yo ebvar K-Slavuoatixde yiheog, EVE amd TNV TopaTdve
Topathpnon éneton dueca Tt Vo etvon xon uToaUVoho Tou 2p(A).

To enduevo Brua pog VYo etvan vor Sefoupe 6t av w,w’ € 2p \ {0}, té1e

undeyet xdmowo A € Dy tétolo BOTE
L{(w) = Awn L((W) = A" # {0}

Hedrypott Yewpole xonoto P € Pp xou 9étoupe D,, := —nP (n € N). And
oyéon (2.13) xou 1o méptopa 1.3.16 €youue dTL

dimg 2p(D,,) =1(D,) —degD,, +g—1=ndeg P+ g — 1. (2.15)

Ané v ovioétrra Riemann (oyéon (2.6)) xow to yeyovée 6t
dimye £((w) — Do) = dimg £((w) — Dy),

oy el OTL

dimg L((w) — Dp)w = I((w) + nP) > deg(w) + ndeg P — g + 1,
eV To (010 loylel xou Yo 1o w'. 'Etol nadpvoupe ot

dimg L((w) — Dy)w + dimg L£((w) — Dy )w'’
> 2ndeg P + deg(w) + deg(w') — 2¢g + 2.

3 tbwyaddbnavwe N\ {0} xnreF e zw=0 < =0 6 cec doye

OTAL OO UET  TO MAuUoL . . .
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‘Eto, Yy n apxetd ueydho to nopandve diooloua Yo yivel ueyolbTtepo amd o
ndeg P+ g — 1 mou ané v oyéon (2.13) wolta pe dimg 2p(D,,). Anhadh

ov VEGOUUE WS Ny TO TPV TEpLypapouevo n xoaw A := D, , té1e
dimg L((w) — A)w + dimg L((w) — A)w > dimg 2r(A).

'Etol 10 teheutado, amd oTolyElmdn Yeouuxr| SAYEBoo xon Ylag Tou, OTwe eldoue
mopamdve, o L((w) — A)w xou L((w') — A)w’ eivon K-undywpor tou 2p(A)
o Oivel To {NTOVUEVO AMOTEREOUAL.

Eipaote mAéov oe Véomn va anodetlovue to Yedpnua. Aedoyévou ooy,
6t 2p # {0} opxel vo delZoupe ot yia xde wy,wq € 2F \ {0}, t6TE UTdEYEL
2z € F 1tétoo wote wy = zwy. lpdypott, and tnv mponyoluevn Tapdypapo

umdeyet xdmotoc A € Dp téT0l0¢ MOTE
M = (L((w1) — A)w; N L((wg) — A)wo) \ {0} # 0.

‘Etovav m € M urdpyouy x,y € F™* T€t010 OOTE M = Tw; = Ywa, ONAAOA Yo

z = a 'y éyovue to {nToluevo. &

H rmapandve mpdtacn otnv oucla yog diver 1o Yeopnue Riemann-Roch,

Opee Yo mpénel v 6ellouye TEMTH UEELXE ToplouaTd TNG.
ITépiopa 2.2.14. Avw € 25 \ {0} ka1 A € Dy tdte
L((w) —A) = 2r(A).

Anéoedn. Eyouye det mopandve OTL xan To 000 cUvoha etvon K -SLovuouatixol
YOEOL, EVO TNV anddelln tne mponyoluevne npdtaone detloue 6Tt L((w)—A) C
Q2r(A). 'Etoy, apxel va dei€oupe 6t L((w) — A) D 2p(A).

‘Eotw Mowév W' € 2p(A). And tny npdtaon 2.2.13 undpyet € F tétoo
Hote W = zw. Egboov 1o w' undevileton oto Ap(A)+F éyouue (AauPdvovrag
v v xon TV medtoon 2.2.12) du A < (W) = (2) + (w), dnhadh (z) >
—((w) = A), onadh z € L((w) — A). &

ITépropa 2.2.15. O1 kavovikol 0iaipéteg anotedoly pia KAGon O1aIPETOY WS

/ /7 /
mpog TNy vrooudoda twy KUpiwy Oaipetwy Pr.
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Anéoeaén. To 6t 600 xavovixol BLUEETES EVoL LOOBUVAUOL ETETOL GUECO ATt
Tic mpotdoele 2.2.12 xan 2.2.13. 'Eoto tpa w € 2p \ {0} xaw A € [(w)]. Tore
Y xdmowo x € F* Yo éyovpe 61t A = (2) + (w) = (2w), dnhadr o A elvor

XOVOVIXOC DLEETNSG. &

‘Etot €yel vonua vor IASUE Yo TNV XAEOT TV XUVOVIXGY OLEETWY, 1) OTolol
ovoudleton kavovikr) kAdomn (canonical class) tou F/K o cugBohiletan ye

We. Eluocte mhéov oe V€orn va amodeiloupe to Yedprnuo Riemann-Roch.

Ocedenua 2.2.16 (Riemann-Roch). Av W € Wy téte ya kie A € Dp
1wy el 6T

[(A) =deg A+1— g+ (W — A).

Amnddeaén. Ayeco ond ta moplopata 2.2.14 xan 2.2.15 xou Ty oyéon (2.13). &

2.3 Yvuvéneiec Tou Riemann-Roch.

To Yewpnua Riemann-Roch efvan éva and o ioyvpdtepa pyaleio otny Vempia
TWV CWUATOY oLVOETAoEWY. Ed® Yo dolue xdrota dusoa enoxdrovdd Tou, xd-
ToLoL £ TV onolwy Ya forydricouy ot To (Blo To Vemdpnua vo etvar o edyenoTo.

A¢ Eexavrioouue hoimdv yapaxtneilovtoag TV xavovixr xAdon We.

ITpbtaomn 2.3.1. Ta kdfe W € Wy éyoupe duideg W = 2g—2 kar [(W) = g.

Anédeaén. 'Eotw W € Wp. To dedprnuo Riemann-Roch yio A = 0 diver ot
[(0) =deg0+1—g+ (W) dpa (W) =1(0)—1+g

xou and 1o népope 1.3.16 Yo €youue 6t [(W) = g. Axduo to Riemann-Roch
yiao A =W Biver

[(W)=degW +1—g+1(0) dpa degW =1(W)+g—1—1(0),
ONAAOY) amd TO TEONYOUNEVO Xt To Topoua 1.3.16, degW = 2g — 2. &

Ilpbtaon 2.3.2. Av W € Dp, pe degW = 29 — 2 ka1 (W) > g, téte
W e Wke.
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Anddeadn. Oewpolye xdnoo A € Dp, pe deg A = 29 — 2 xau [(A) > g, xu

xdmoto W € Wp. Téte ano 1o Yedpnua Riemann-Roch éyouue ot
g<Il(A)=degA+1—g+I(W—-A)=g—1+1(W - A).

‘Etou (W — A) > 1. Ouwc deg(W — A) = 0, étoL and 10 ndpopo 1.3.16
éyoupe 6Tt W — A ~ 0, dnhadr) W ~ A. &

To enduevo Veompnua Tpoodlop(let ue axplBeta T oTaepd ¢ Tou avapépinxe

oto Yewpenua Riemann (0. 2.1.3).
Oewpenua 2.3.3. H otalepd ¢ tov Jecwpnpatog Riemann evar 2g — 1.

Amdoeién. 'Eotw A € Dp pe degA > 29 — 1 xou W € Wp. Toérte, and v
Tpotaon 2.3.1, éyouue 61t deg W = 29 —2, dpa deg(W — A) < 0, ondte, and 1o
moptopa 1.3.16, éyouvpe 6t [(W — A) = 0. Tdpa, o Yewpnua Riemann-Roch
uog Olvel

[(A) =degA+1—g.

To 611 1 otodepd autr Bev elvon UixpdTepn and 2g — 1 €neton dueca amd TNV
mpodtaon 2.3.1, apol deg W = 2g — 2 xau dev 1oy ler 1 {ntoduevn oyéon. &

Y1 ouvéyela Yo amodeilouue TNV Unapdn otolyeiny Tou F' mou éyouv éva

X0l LOVAOXO TLOO.

Ilpbtaom 2.3.4. Ay P € Pp, tote ya kde n > 2g vrdpyer kdrowo x € F

T€t010 HoTE (X))o = NP.

Anooaén. T n > 2g ond to Yewenua 2.3.3 €yovue 6t l((n — 1)P) = (n —
1)deg P+1—gxul(nP)=ndegP+1—g. Etoul((n—1)P) # l[(nP), dpa
L((n—=1)P) G L(nP). Avz € LnP)\ L((n — 1)P), 161€ (T)oo = nP. &

Khetvovtag 1o xeq@drono autd, Yo SOGoVUE Evay xoUdo yoeaxTneioud Tou

eNT00 OWUATOC CUVAPTHOEWY

ITpotaom 2.3.5. Eyouue 6u o F/K efvar pnté avv g = 0 kar vrdpyer
kdroiog A € Dp pe deg A = 1.
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Anéoeadn. Ntny anddeln Yo ¥enotuoTOo0VUE TOUS GUUBOACUONS TIoU Yen-
olonoljoaue oTo Vewprnuo 1.2.16.

‘Eotw hownév 6t F' = K(x). H Onapén Swupétn Baduod 1 eivon tetpyuuévn
(my. D = Py). Axdbua, and to Vewenua Riemann (9. 2.1.3) yw n > 0
ueydho éyoupe 6Tt l(nPy) = n — g+ 1. Emmiéoy, ta K-ypouuixd avedptnta
Lz, ..., 2" tpogavde avixouv 1o L(nPs,), dniadt [(nPoo) > n + 1. 'Etot,
ouvolwd g < 0. Ouwe, 6mwe eldoue ota oy oAl UETE TOV 0pLOUSO TOL YEVOUCQ
toyvel 6t g > 0. Emouévee, ouvolxd g = 0.

Avtilotpoga, éotw 6Tt g = 0 xou A € Dp pe deg A = 1. Emcior) deg A >
2g — 1, an6 1o 2.3.3 Va éyoupe ot [(A) = 2 > 0, dpo and Vv TopaTHENoN
otov opopd 1.3.8, undpyet xdnowo Yetxd A" € Dp ye A" ~ A. Egdcov topa
dimg L(A") = I(A") = 2, undpyet xdnow = € L(A) \ K, dpo () # 0 xou
(z) + A" > 0. 'Ouwc, epbéoov A" > 0 o deg A" = 1 xdtt €010 elvor epixtd

uévo oty nepintwon mouv A’ = (). Etot, and to Yedpnua 1.3.13 Yo £youue
[F: K(z)] = deg(x)s = deg A" = 1,

onhady) F' = K (x). &



Kegdiowo 3

Enextdosic cwudtwy

Guvocp‘cv']oeo)v

210 xe@dharo autd Va oplcoupe xdmoteg Bacixég Evvoleg Tepl TwWV ENEXTACEWY
TWY COUITWY CLVURTACEWY Xt Yo 00UUE xdmoleg amhég WLoTNTES Toug. Bdoel
TWY EVVOLOY TOL Yol 0plcOUUE 6TO XEPIAALO AUTO, Vol UTOPOUGUUE VoL ATOOEIOL-
UE oyETXd EUXOAA T avT{oTOLY O HEYIAWY TEOBANUETLY TNE xhaotxr|c Ocwplag
Apriucyv, omwe to Yewpenua Riemann-Hurwitz ) tnv ewaocio ABC, dung xd-
L tétolo Legelyel and toug oxonolg pag. T Tic amodellelc Twv mapamdve
Topanéunovle oto [Ros, xe@. 7).

Axbua, oto xepdhono autd Va e€axohoVIRCOUUE VO YENOHIOTOWUUE TOUG
GUUPOAGUOOS ot TG TUEADOYES TV TEONYOUUEV®Y XEQaAaiwy xou entiong Vo

deyobuaote 6L t0 K elvon téhetol, dmou awtd elvor omapaitnro.

3.1 TI'svixég 0LoTNTES

Yy nopdypoago outh Yo doUUE xdmoleg Baoinéc EVVOLEC XL WBOTNTEC TWY
TEMEQUOUEVOV ETEXTACEWY CWUATOY CUVIPTACEWY. Ag Zextviooude Aoimov

optlovtog TNV évvola TG ETEXTACTG.

LAn\ad” bhec oL ohye 1xéc € exT oEIC TO € vou Dloy  OLuEC.

35
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Optowode 3.1.1. Av F/K odua ouvapthoewy, L akyelext| enéxtaon tou
F yu E = KL, t61€ 10 L/E civa enéktaon tou F/K (ouu. F < L).
Av [L : F] < o0, 161 | F' < L ebvou memepaouérn enéktaon, av L = EF,
TOTE €Y 0VUE W €méktaon otalepol oapatos xou av = K, tote €youue pla

VEWUETPIKT) €TEKTAON.

Aev elvon npogavéc 6Tl to L/ E tou mopandve oplogol eivon Tedyatt Goud
ouvopThoewy. Amodewvietar dune (BAéne [MOR, n. 19.18]) 6w av Fy/Fy/F;
etvon évag mipyog enextdoewy cwpdtony xou trdeg(F;/Fj) o Bodudeg unepBorti-

xotntac? e enéxtaorc owudtwy F;/Fj, tote
trdeg(Fy/F3) = trdeg(Fy/Fy) + trdeg(Fy/ F3), (3.1)

xou (BAéme [MOR, 1. 19.9 & o. 19.16]) 6t trdeg(F;/F;) = 0 ovv 1 enéxtaon
F; | F; etvan oalyeBpux.

'Etot, éyouue 6L av I, K, L xa E énewe otov optouo 3.1.1, tote Yo toy et
6t trdeg(F/K) = 1, trdeg(L/F) = 0 xau trdeg(E/K) = 0. Téhog, and
oyéon (3.1) madpvoupe 6 trdeg(L/E) = 1, dnhoadr 1o L/E elvar mpdypatt
OWUA CLVAPTHCENY X 0 oplopog 3.1.1 elvon xahoe.

Axoua, éva dueco ouurépacua Tou oplouol 3.1.1 elvor To TapodTey AU
AAupo 3.1.2. Av w0 L/E eivar nemepacuévn enéikraon touv F/ K, tdve
[E: K] < 0.

Anddeadn. Bewpole 10 owua cuvaptioewy L/K xou to {ntolyevo éncton &-

ueoo and to Aupoe 1.1.3. &

O optopde 3.1.1 Belyver mohdmhoxog, ohhd to oyfue 3.1 (mou tepthouBdvel
xou To Mupa 3.1.2) Ttov divel oynuotixd xon efvon dtapotionxd. Mo axduo

yeriown mapathenon etvan 61t ' < EF < L, ye F' < EF enéxtoon otadepol

2 1 tov yevxd o 1oubd To o po £ atxdtnroc pog € éxtaone A e MOR
oel. . ov ouyedttomy € Ton o trdeg(E/F;) =1 o yewxds o oude

XOL O O LWOUOS . . TOL T OVIOL XOT o v T 6 o.
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TENEPO‘GHV \Vpﬁan%n Bordpov 1
unepPatixh chﬁpotx Aepacusvn

Yynuo 3.1: To L/E eivou menepoouévn enéxtoaon tou F/K.

oouotoc xaw BF < L yewpetpwh. And edo xou népa Yo Yewpolue 6t 10 L/E
elvon TETEPAOUEVT) ETEXTAOT) TOU I /K ywelc va yivetar avapopd.

YN ouvéyela, Ya SoUUE TKG oyeT{ovTon Ol TEKMTOL TOU L/E ue exetvoug
touv F/K.

Opiwowog 3.1.3. 'Eow P € Pp xau P € Pr. Adue 61 o B Ppiorerar ndvew
1es above) amo TOv cuup. av Op = N xor P =°pP3N0Op.
lies ab ) P (ouu P Op = OgpNF xou P (@)

A¢ Bolue thpa xdmowa peyElr mou yopaxtneilouy TNV TERLYEAUPOUEVY ATO
TOV TORUTEVG OPLOUSG OYEDT. Zextviue Ye €vor Afppa Tou Yo xdvel To ueyein

XS OPLOUEVAL.
Adppa 3.1.4. Av P ka1 P onws mprv, tote

(a’) ©o 9% /g efvar Bravvopatikds yopos tenepacévng didotaong tdvw ard to

Or /p kai
(B) POyp =P ya kdnowv axépao e > 1.

Anddaén. (o) And to oyl ety tov oplopd 1.2.11 xou to Yedpnua 1.2.12, o
Or [ p xon O /g elvon Sravuopatxol ywpot tenepacuévng didoTaonc Téve amd To
K xau E avtiototya, eve haufBdvovtog unt oy to AMjupa 3.1.2 Yo ndpouue ot
0 9% /o Vo ebvon xon autd K-Blavuouatinde ymeos TETERUoUEVNC dldoTooTC.
Eto, péver va delfoupe 61t 10 O7 /p elvor undywpog tou 9% /g, Autéd ebvan

QuUECO, AV TUEUTNENCEL XAVEIC OTL 1) ATEXOVLOT)

ol = /g

a+P — a+P
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elvoll UOVOPoPPLOUOS.

(B") Eyouvue 61t 10 POy eivor un undevixd yvhoto deddec tou Ogp, doa
opxel va 6ei&oupe OTL To {nToluEVo Wy VEL Yl XGUE Un UNBEVIXS YVAGLO LOEDOES
tou Og. Hpdypart, v I un undevixd yvioto demdec tou Og xau® P = tOgp,
161€ 10 oUvoho A = {r € N | t" € I} elvou pn xevo, yioti o I Yo mepiéyet
XGTOLO PT) UNOEVIXG X0l [T} AVTIOTREYIO oToLyElo, dnhadt| otolyeio Tou (O,
¢oto t'u (e r > 1 xow u € Oy), ondte xo u 'y = 1" € I. ©Oétouue
n := min(A) xou éyoupe 1L I D t" Oy xotd mpogavr teomo xou av y € 1\ {0},
tote y = t"w ye m > 1 xouw w € O, doo xou t™ € I, dpa Yo mpéner n < m
AOY® EAAYLOTOTNTOC TOU N, ETOUEVLC Y € t" Oy, dnhadr) cuvohixd I = t"Oyp =
B ¢

'Etol 0 mopaxdtew oploudg £yel vonua.
Optopog 3.1.5. Av P | P wc oyenxd Pfadud (relative degree ¥ inertia
degree) v P xa P opilovye tov aptdud
FOB/P) = [7/q + O /p]

xou we Oeiktn duakAddowongs (ramification index) twv P xow P (ouuP. e(PB/P))
Tov axépato e exeivo tou POy = P Av e(B/P) = 1, t61€ Mpe 6t o P
adpavel (inerts) méve omd tov P, odhde Méue 6t dakAaddvetar (ramifies)

Tévw ond tov P.

Av dev undpyet xtvduvog olyyuong, Yo yedgouue amhd f xa e avtioTolyo.
Axoua, ebvon mpogavég 6Tl xan Tol 600 Tapamdve YeyEl ) etvar tdvto > 1. Eniong

Lol QUECT) CUVETIELYL TWV 0PLOUWY Elvan OTL Yl xde a € I €youue 6TL
ordg(a) = e - ordp(a). (3.2)
A¢ Bolpe Tdpa TNV TOMNATAAGLATIXY WLOTNTA TOV TURATENVG UEYEVMY.

Ilpbtaom 3.1.6. Av K < L <M ka1 P € Pk, P € Pp, ka1 p € Py térowa

wdotep | P | P, téte

e(p/P) =e(p/B)-e(B/P) xa f(p/P) = f(p/B)- f(B/P).

TO Y VETOL 6 TO EG MU .. A .

3
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Anéoeaén. Ayeco and toug oplopolc. &

Meypt otiyung dung dev eldape ovte av urdeyouy B xaw P mou va avo-
mowly TN oyéon P | P, olte noéow elvon autd av eUelc oTo)EpOTOLACOUUE TO

éva and to 0Vo. H enduevn npdtaon amavtdel (v U€pet) o€ aUTO TO EPOTNUOL.
Ilpbtaom 3.1.7. Av F < L, tote
(@) yia kdOe P € P, vndpyer kdmow povadiké P € Pr téroo dote P | P ka1

(B) ya kdle P € Pp vndpyer toukdyiotor éva, aAAd memepaouéva to mAdog

otoiyeta tov Py, mov Ppiokovtar tdvw and avtd.

Anédaén. (o) ‘Ayeco ond tov opiopd 3.1.3.
(B") Amd v mpdtaon 2.3.4 undpyer xdnow x € F'\ K, této0 Bote o P

va gbvor 1) povadur| tou pilo. Oa detloupe Ot
P | P < ordgp(zr) > 0. (3.3)

Hedyportt, oand v (3.2) av P | P, téte ordyp(z) = eordp(z) > 0. Avtiotpogpa,
av ordg(z) > 0 xou @ o povadixoc npotoc tou F/K pe P | Q, tote and v
(3.2) Yo woyler 6t ordg(z) > 0. ‘Ouwe, 10 x éyer we povadnn pilla oto F/K
Tov P, dpa P = Q.

‘Etot, 1 (3.3) poc Aéet 6t o P Beloxeton néve and tov P avy etvon pila
tou z ot0 L/E. Ouwe, 10 © 610 L/E éyel 10 TON) TOUNSYLOTOV pidt, oAAd

Tenepaouéves To Ao pilec oto L/ E. O

LOPQWVL UE TNV TORITAVE TEOTUOT), EYEL VONUA Vol WANUE Yot TO GOVOAO
TV TeGTeY Tou L/E tou Beloxovton méve and évay tpokto tou F/K.

Enéuevog 6toy0¢ pog eivor va detoupe 6Tt av TOAMATAACLIGOUUE TOV BEXT
OLAGOWOoNG UE TOV OyYeTixd Badud yio xde P € P, mou Beloxeton mvey amd
10 P € Pp xou npoc¥écouye tor mopamdve YVOUEVY, TO amoTéAecuo mou Yo

mdpouye eivan [L @ F|. Zexwvdue pe pa omhy| Tedtao.

ITpbtaon 3.1.8. Av P e Py, Pe P ket P | P, tére ef < [L: F.
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Anddeaén. Egocov f = [O% /g : O7/p], épouvpe 61 Du undpyouv xdmow
Wi,y ..., wp € Oy 10100 OOTE o WY, ..., € 9% /gy va elvon ypopuxd ove-
Zptnro éve amd o O /p. Axdua, and o Jempnua 1.2.6(c) Yo undpyel
xdmowo T € L tétoo ote P = TOgx. Ou detlovpe 61w (ef t0o mhrdoc)
wiT9, ue 1 <i< fxou0<j<e, elvo ypoppxd aveldptnra téve ond 10 F.

"Eotw Aowmdv 6Tt
f

e—1
Z Z aijwiTj =0

j=0 i=1
EVOC [N TETPWMEVOS YROUUIXOS CLUVOUNOUOS UE a;; € F. Enlong, ywel BASEN
NS YEVIXOTNTOC Unopolue va utovécoupe 6Tl a;; € Op (vl To COUO XA
opdtov ou Op eivar 10 F) xou 6Tt TOUAIYIOTOV X4MoLo amd ouTd Sev avixet
010 P (rolomiactdlovtac 60eC QopES YREWOTEL TNV OYEoT Ue t~1, 6nout € F
oo wote P =tO0p). Oewpolye thpa to ototyelo

f

Aj = E aijwi

i=1
v 0 < j < e. Av oy v xdmolo j undpyel xdmoto a;; ¢ P, tote di; # 0 xou
dpa (omd T Yoo aveZaptnolo Tov W;) éyouue 6t A; # 0, dnradh A; ¢ B,
onhadny A; € Oy Aviideta, av a;; € P yio xdde 4, 161€ ¢ | Aj xon dpar, pioc
mou t = T° and v anddelln tou Mupatoc 3.1.4(B"), ordyp(A4;) > e.

‘Etot, and v toyver teryomvixy| aviedtnta (oot yio OhoL o j Tou UTdeyEL
xémow a;; ¢ P ta ordg A;T7 efvon Sapopetind ava 800, adhd mévia < e
xou yla exetvor Tou dev woyver autd to ordyg Ajt7 efvon > e) Ya éyoupe oTL
ordg (Ze.;é AjTj> < e. Opoe S0 ATV = 0 xan ordg(0) = oo, dromo. &

j j
211 cuvéyela, Yo BOVUE TOV LOYLELOUS LS Yia TNV EWWT TERITTWOT), 6ToU

n enéxtaon L/F eivon Sioryweloyn.

ITpbtaomn 3.1.9. Av n enéktaon L/ F eivar duaywpionun, téte, yia kdde P €
Pr, av {P1,...,Pr} evar to ovoro twr mpdtwr tov L mov Ppiokortar mdvw
ané to P, e; :== e(B,;/P) ka1 f; := f(P;/P), tdre

k

D eifi=IL:F).

i=1
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Anéoaén. H npbdtaon oylel yevind yio daxtuiioug Dedekind, yia tny amddeiln
dec [NEU, xeq. I, . (8.2)]. o

Ac Solue topa TL ouuPaivel oTNY TEPITTWOTN TOU 1) EMEXTAOT L/F elvan
TARROG U1 Otarywelowun.
ITpo6taoy 3.1.10. Eotww éu L/ F tAipws un dwaywpioun enéktaon faduol
p ka1 p = char F. Av F' = LP ka1 P € Pp, tére vndpyer povaoikds P € Py,
téroios hote P | P. Axdua e = p ka1 f =1, onére ef = [L : F.

Anédaén. ©¢tovge R == {r € L | ? € Op} xa P := {r € L | ? € P}.
Aebopévne tne Towtotntag (a £ b)P = aP £ b oe cOUUTO YoeaxXTELOTIXAS P,
elxoha PAEmoupe 6Tl T0 IR ebvan doxtOMog, To P Te®TO WEWOES TOU XL OTL
PNOp=P. Ou deiouye 6L 0 R elvar doxtdoc anotiunone tou L/ E.

‘Eotw t yevvitopag tou P. Egbécov LP = F urndpyel xénowo T' € L tétolo
oote TP = t. Ilpogaveg, T € P. 'BEotww x € L, ondte 2P € F, dpa P = ut?,
6mov u € Op xu s € Z. Oo woylel 6t (z/T%)P = u, dnhadh /1% € R xou
wec mov ut € Op xan u™t = (T% /)P Yo éyoupe xa 61t T%/x € R. 'Etol,
xatoAfyouue 6Tl xdie ototyelo Tou L ebvan ywvouevo xdmolag dOvoung tou T’
ue xdmoto cTovyeio Tou R*. Edxoha Aowmdv xotahfyouue 6T P = TR xou 6T
medyuott To R efvan daxtOog amotiunorng.

AetZope ooy 6 P € Pp, xon P | P. 'Eotww P’ évac dhhoc npdrtoc tou
L mou Beloxeton mdve and 1o P. Av o € Ogy, t6te 2P € F N Op, dpa x € R,
onhaor) Og C R. Etor and 1o 1.2.10(Y") Vo woytel 61t O = R, dpo P = P'.

Mog pével hoimdv va deiloupe toug loyvplouols Yo ta e xan f. Tpdyuatt
and v (3.2), woc mou ordsy(t) = p, Vo éyouue 6Tl e = p xon omd v 3.1.8 Va
eyouue otLef < p, doa f = 1. &

A¢ Solue topa xdmoleg yevixég alyelpés mpotdoeic mou Yo pog Bondn-
oouv apyodtepa. TreviuuiCouue 6TL éva omua Aéyeton TéAelo, av xde alyeBpuxr)
TOU EMEXTAUOT £lvar Loy welolun A 1oodLVaU oV xGVE VY wYO TOAUOVLUS ToU

elvon Oy wplolpo.

Adppa 3.1.11. Av o F eivar odpa e char F' = p > 0, tére 0 F' elvar

téAewo avy F = FP,
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Anéoedn. BOu yenowonoiicouue To yeyovog 6t av char F' = p > 0 xou f €
F[X] avdywyo, téte f un doywpeiowo avy f € F[XP] (dec [AsH, n. 3.4.3(2)]).
(=) Aol F téheto, Vo éyoupe 6Tt yia xdle o € F 10 XP — o Bev Y ebvon
avdywyo. Oune XP —a = (X — ¢/a)P xou dpa npéner X — ¢/a € FX], dnhodn
Yo € F. 'Etot F C FP xou dpa F' = F?.
(<) Av f € F[XP], t6te f € FP[XP] xou dpa to f elvar tng Lopprc

f(X)=ab+ A XP + -+l XPn
= (ap+ a1 X + -+ a, X")P,
doa f Oy avdywyo. &

Ilpbtaom 3.1.12. Ay o K eivar téleio owua yapaktnpiotkng p > 0, téte
[F: FP] = p.

Andoaén. Eow x € F\ K, tote [F: K(x)], [F: K(2P)] < oco. Kot™ opydc,

nopatneolpe ot K(x)P = KP(aP) = K(aP). Axdpa, eivon eupovéc 6Tl T0

ovvoro {1, z, 2%, ..., xP~ 1} elvan por K (2P)-Bdon tov K () étol éxouye 6Tt
(K (2) - K()] = p. (3.4
11 ouvéyeLa, ov ThEOVUE {w, . . ., Wy, } o K (2)-Bdiom tou F' BAénouue ebxoha
6t 1o obvoho {wf,...,wh} eivar wa K (z)P-Bdon tou FP, étol ouvoxd Va
€Y OLUE OTL
[F: K(x)] =[F?: K(z")]. (3.5)

Axoua, topatneolue 6Tt

[F: K(2P)] = [F: K(z)] - [K(x): K(2P)] xou 3.6
[F - K(2")] = [F: FP]-[FP - K (27)], (3.7)
étol and Tic (3.4), (3.5), (3.6) xau (3.7) xatodyoupe 6to {nroluevo. &

ITopropa 3.1.13. Av 0 K eivar tédeto odpa yapaktnpiotkns p > 0 kal
n endktaon L/F elvar mAipws un dwywpionun, Baduod p, téte E = K kai
Lr =F.
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Anéoeaén. 'Eotww a € E. EC oplopol 1o a evon akyefeind ndve and o K
X0l EQOCOV 1) ETEXTAUON L/F eivou TARpeC U1 dloywelown Boduod p €youpe OTL
aP € F xou etvon alyelpind néve amd to K, onote a? € K. 'Etot, and 1o Muyo
3.1.11 Yo €youpe xan a € K, omradr) E C K, ondte tehwnd B = K.

Eqboov n enéxtaon E/K eivar ahyefouxs), 10 £ Ya ebvor xon autd téleto.
‘Etol and v mpdtaon 3.1.12 Yo éyovue 6L [L @ LP] = p. ‘Ouwe, agod 1
eméxtaon L/F eivar mhpwe un dtoyweiown Yo woydelr 6t LP C F xou étol
ouvohxd [F : LP] =1, onéte LP = F. &

ITpbtaom 3.1.14. Eoww K tékeo odua ka1 FF < M < L, pe M tn péywotn
owaywpioun enéktaon tou F'. Tére to yévos tov M eivai ioo e to yévog tou

L. Axdua, ya kdle p € Py vndpyer povadixé P € P, térowo dote P | p kar
axdpa e(P/p) = [L: M] xar f(P/p) = 1.

Anéoaén. Av N 1o ooua otadepwyv tou M, 16t 10 N elvon T€Ael0 w¢ ahye-
Bewr enéxtaon tou K. Egdcov tohpa 1 eméxtaon etvan mAfpwe un doyweiotun

amd oToyElmdn dAyePea, Yo utdpyouv couata Ko, Ky, ..., K, TeT0l0 WOTE
FCM=KycKyC---CK,1CK,=1L

xou yior xdde ¢ < 1 voroyder 6t n eméxtoaon K; /K,y etvon TAfipwe un Sy welot-
un Boduol p. Me enarywyn xou 1o moptopa 3.1.13 xotodiyouue 6u K,;_; = K.
"Etot ol anewxovioslc

K; — K

¢i

a +— aof

etvan loopop@lopol, dnhadr dha to K; Yo €youv To (o yévoc.
‘Olot oL undLOLTOL IGYLECUOL ETOVTOL JUEGH UE ETUYWYT| XAVOVTAS YeNoT

Tou Toplopatog 3.1.13, tng npdtaong 3.1.10 xou tng npdTaong 3.1.6. &

II\éov elpaote oe Yeon va OE(COUUE TOV LOYUPLOUO TIOU XAVAE oTn GEADY
39.

Ocvpnua 3.1.15 (Ocuehnddne Tovtétna). Eoww F/K odua ovvaptrioe-

wv, K télewo ka1 L odua térow dove [L : F] = n < co. Av P € Pp,
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{B1,..., B} C P o npdror tov L mov Ppiokovtar ndvw ané tov P, e; :=

e(P;/P) xar f; :== f(P;/P), téte

m

Zeifi = n.

i=1
Anéoeén. 'Eoww M npéyiot (uéoo oto L) doywplown enéxtoon tou F. a
x&e ¢ VeToupe P; Tov TeKTO Tou M Tou Peloxetan xdTw and Tov P, xan axdua
Vétoupe €] := e(p;/P) xau f = f(p;/P). And v nedtaon 3.1.9 woylel 6t

m

Sl = M Fl

i=1
Axépa and e npotdoeg 3.1.6 xou 3.1.14 Ya wylel 6t e; = €[L 1 M| xou
fi = fl. "Etot 1o napandve ddpotopa divel

m

> eifi=I[L:M]-[M:F]=n. o

i=1
H depehcddng tautdtnTa amodevieTon xot Ywelg vo utodécoupe 6Tt 10 K
elvon TEAELO UE yprioN WIOTHTOY TV owpdtwy cuvopthoswy. [lup” dha autd,
euelc €8¢ 1o Oellope pe yevixéc pedodoug mou Vo UToPOUGAY VoL YENOUIOTOLN-
Yolv oe onowdrnote doxtuAo Dedekind. Auty| 1 086¢ mépav TN yevixotnTac
NG UEDOB0L Hag EDWGE Xou UEELXS EVOLAPEROVTO EVOLIUECI ATOTEAECUATA, OTLG
v mpdtoon 3.1.14. Tty edinr anddelln nopanéunovye oto [STI, §III.1].
Y11 ouvEyeLa, Yo BOVUE XATOIEG ONUAVTIXES ATMEWOVIGELS X HEPIXES ATTAES
woTNTéC Toug. Tovilouye 6TL o TopodTw €vvoles elivon xoAd OpLOoUEVES YdEN

otnv npodtaon 3.1.7.

Opwowodg 3.1.16. Av F < L, tote nanewédvnon Npp : Dy, — Dp ue

Npr(B) = f(B/P)P,

6mou P € P, xou P o (ovadinde) mewtoc tou F tou Peioxeton xdtw and tov
B, enextetvouevn yYpouuxd o€ 6ho to Dy, ovoudleton vdpua ¥ otdOun (norm).

Erniong, n arewovion iy p : Dp — Dp pe

ir(P) =3 e(B/P)P,

BlIP
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omov P € Pp, enextewvopevn yoouuixd o€ 6Ao 10 Dp, ovoudletoan ourdppia

(conorm).

Eivau dueco and toug oplopole 6TL 1) vopuo efval ETYUORPIOUOS XAl 1) GUVOEU
LOVOUORPLOUOS. AxOuo omd TOV 0ploUs TNG VORUAS XAl TNG CUVORUAS XUl TNV

VepeAmon) TauToTNTA €0X0AA BAETOVUE OTL

Axbuo amd Tov 0ploUd TNG VOPUAS XAl TNG GLVORUAS Xou TNV TpdTacT 3.1.6

eyoupe otLav FF < M < L, A€ Dp xou A € Dy, 161€

ir/p(RA) = ipnr(ingr(A)) xou (3.9)
Nip(A) = Npj(Nayr(A)). (3.10)

H enduevn mpotach pog detyvel tog oyetiCovta ol foduol Twv Tpoeixdvev

UE EXEIVOUC TV EOVOY TV €V AOY® ATELXOVICEWY.

Ilp6taom 3.1.17. Av A € Dy, ka1 A € Dp, téte

degp(Np/p(A)) = [£: K]deg, A xai
[L:F|

degp A.

Anéoeadn. Apxel vo Bel€ouye TOUC oY LELOUOUS HOS Yio THY TERITTWOT) TOU OL
donpétee A xon A ebvan xdmolor tedtol P xon P aviicTorya.
'Etou mopatnpolue xot apydc 6T
(%% /g K] = [/ E] - [E: K] = [/9:9/p] - [ /p: K],
ONhadn
(B K]deg, = f(P/P) deg,. P, (3.11)

o’ OTOUL ENETOL GUECA 1) TEATN TEOC UmOOELLT e&lowon.
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2T CUVEYELN TOPUTNPOVUE OTL

degy (ir/r(P)) = > e(B/P)deg, P
PBIP
= g D COR/P)(B/P) deg P
e
[L: F]
[E : K]

degp P,

6mou n mpwn e&lowaon énetan amd Tov optoud 3.1.16, n Sedtepn and v (3.11)

xau 1) Teltn amd to Yewpenua 3.1.15. &

Kielvovtag v nopdypago autr Yo SoOUe Uio TedTaoT GYETXE UE T CUY-

TEPLPORE TN oLVOEUAS 0Ta Pr ot Pr, TIC OUUOES TV Y0PV OLUOETOV.
IMeoétaoy 3.1.18. Ava € F*, tote' iy p((a)r) = (a)r.

Anédeaén. 'Eyouue ot

iL/F((a)p) = iL/F (Z ordp(a)P>

= > ordp(a) ) _e(B/P)P
peEPR BIP

= Y e(B/P)ordp(a)P
BePL

= Z ordg(a)P =: (a)r. &
PePL

And Ty teleuTola TEOTAUCT) TUEUTNEOVUE OTL 1 GUVOPUY ETEYEL (PUGLONOY XS
évay ououoppiond Cp — Cr, tov omolo eniong Yo cuuBolilouvue Ue if/p.
3.2 Enextdoesig otalepol cwPATOS

Xty napdypogo autr| Yo aoyorndolue ue enextdoelc otadepol owuatog, -

7 7 / 4 7 7. 7
Twe aUTEC oploTnxay otov oploud 3.1.1. O enextdoec autég elvan WLaltepa

4 8k evvoo pe (a) pi= Y pep,. ordp(a)P xou (a)r == 2ypep, ordyp(a)P.
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onuovTéS xou Bdoel tne Yewplag autic Tne maporyedpou, Yo amodetfouue TO
VEDENUO TOV TEOTWY dpLIUMY 0T GOUITA CUVIPTACEWY OTNY doUeVH TOU Uop-
@. Tehog, otny moapdypapo auth VYo xdvouue 6Ceg TUPUBOYES XAVIUE OTNY
TponyoluevY Tapdypapo xon eniong Yo Vewpolue ot 0 owua K elvon téAEL0,
Ywelc vor yiveton WLadtepn avopopd.
A¢ Cexwvriooupe e xdmoleg Pouctxég WOLOTNTES TWV ETEXTACEMY GTadepoD
CWUATOC.
Ilpétaon 3.2.1. Ioyvea 6u [FE : F| = [E : K| ka1 éut kd0e K-Bdon tov E
etvar ka1 F'-Bdon tov FE.
Amndoaén. Av nenéxtaon E/K civor Galois, t6te pag mou E/K nenepacpévn
xao ENF =K (agol 1o K elvar 10 adua otodepdy tou F), da éyouvye ot
n enéxtaon FE/F eivar Galois xoau Gal(FE/F) = Gal(E/K), oané to [AsH,
V. 6.2.2]. 'Etoy, | Gal(FE/F)| = | Gal(E/K)|, Sn\adh [FE : F] = [E : K].
‘Eotw ot n enéxtaon B /K givon Oty wplown. @éroupef’ ¢ Ey v eAdyiotn
enéxtaorn tou K oto E, mou eivor Galois méve anéd to K. Térte, OEDOUEVOL Xl

TOU TEOTYOUUEVOU, €YOUUE OTL

By : K| =[FE,: F]=[FE,: FE|[FE: F| xu
[Ey : K| =[F; : E][E: K],

ONAXOT GUVOALXS
|[FE,: FE|[FE: F]=[E, : E|[E : K]. (3.12)

‘Opwe npogavedrs [FEy : FE] < [Ey : E] xa [FE : F] < [E: K], éto1 ond v
(3.12) nadpvoupe ot [FEy : FE| = [Ey : El xu [FE : F| = [E : K].

Eoto thpo 6t {a, ..., an} wo K-Bdon tou E. Téte xdde atoryeio e tou
E Yo ypdgetu w¢ e = Z?:l ki pe k; € K, dpa xdde otowyelo r tou FE
Yedoeton wg =Y, fiej ue fj € F xou ej € B, ondre

r = ijej = ijZkijOéi = Z (ijk”> oy = Zleaz
j=1 j=1 =1

=1 7=1 =1

5 o Nt Eieva o avic.
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‘Etol Phénouye 611, wag mov f; € F, w0 {ay,...,a,} tapdyer 1o FE wc F-
SlavuopaTixd yweo xat and to tponyovueva [E @ K| = [FE : FJ, dea Va

éyoupe 6Tt 0 {0y, ..., a,} eivou xau F-Béon tou FE. &

To mapaxdtey Ao Yewplog owudtwy Yo Yac Qovel yefolo ot SLdpopeg

Tcspwc'co'ocstgﬁ.
Afppa 3.2.2. Eoww L/F menepaouérn enéktaon owudrwr.

(a) Av o K elvar vnéowua tou F', akyeBpixd kA€woté oto F kai to § € L efvai

akyefpird mdvew and to K, tote trp p(5) € K.

(B) Av o O elvar vrodaxtidiog tov F, axépaia kAeiotés oto F kar to b € L

efvar axépaio mdvw ard tov O, tote try p(b) € O.

Andoaén. Av xi,...,z, o pllec tou Irr(B, F) oty akyeleuch Ohxn tou F,
t61€ pogavae Irr(B, F) | Irr(B, K) oto F[X], étot w1, . . . 2y, elvou ahyePpixd
Thve and to K. ‘Apo xou Z?:l x; ahyefpind mhve and to K. ‘Oung and to

[AsH, . 7.3.5] PAénouye 6Tt yio xdmowo k € Z €youye OTL

trp p(B) =k Z T,
i=1

Onhodr) cuvolixd trr, p(B) ahyeBeind mdvw amd to K xou g mou (Yevixd)
trp p(B) € F xou K olyefod xhelotéd mdve ond 1o F xotoliyouue 6Tt

trL/F(ﬁ) € K. Ouolwe amodewvietar xou 1 nepintwon (B). &

H enduevn mpdtaor poc delyvel motd axplag lvon To oo oTHERHDY TOU
FE.

Ilpbtaom 3.2.3. To E elvar o owua otalepwv tov FE.

Amdoeién. Apxel va delCouue OTL xdde otoyelo Tou F'E mou ebvan olyeBpd

Tve and o B avixel oto E.

6 0 Mupa o 6 dev o awte Ty Wbt L = EF 10y €L YEVIXOTE 0.
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Eoto’ {ai,...,an} wo K-Phon tou E xou f € FE alyePeixd néve ond

10 E. And tny npdtoocn 3.2.1 undpyouv yovadxd z; € F tétola koTe

=1

‘Etol yw xde j = 1,...,n Yo €yovue Ot
trrp/p(0;0) = trpp/p (Z O-/jaixi> ;
i=1

xou 0ol 10 trpp/p elvan F-ypouuixy| amewovion o £youue ot
n
trpp/p(o;f) = ZtrFE/F(OZjOZi)I'Z'.
i=1

Egécov topa 1o B etvon olyefewxd méve and 1o E xa E/K olyefewt, 1o 3
Vo ebvon adyefeind mdve and to K, dpo xan a3 adyefeind mdve and to K,
Onhodr amd to M 3.2.2(o) Vo Eyoude Ot trpp p(oy8) € K. Axdpo, ajo;
olyePpind mave and to K, dpo xan trFE/F(ajai) € K. 'Etol paleovtog to

TOEATEVE), EYOUUE TO TUPUXATL N X N Yeauixd cloTNue entl Tou F

trpp/p(a1B) = trpgplaicn)ry + -+ trpgp(oog)o,

trrp/p(onB) = tregrlanon)rs + -+ 4+ trpgp(onan)o,

xou mopatneolpe 6Tt omd [NEU, oel. 11}, wog mou
det(trFE/F(oziozj) = det(tl"E/K<OéiOéj)

ané v meotacn 3.2.1, D = det(trpg/p(aie;) # 0. Amd tov xavéva tou
Cramer (0ec [ANA, oeh. 165]), Ya éyouue 6t z; € K vy xdde ¢ = 1,...,n.
‘Etot 1 (3.13), oe cuvduooud Ye to yeyovoe ot {ay, ...,y } ot K-Bdon tou
E, uog dtver 6T B € E. &

A¢ dolue Topa Evol axOud YENOWO AU,

T tétolor om yera o [E:K]=n<oo.
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Afppa 3.2.4. Eow {ay,...,a,} e K-pdon wv E, P € Pp ka1 Op o
avtiotoryos daxtiAios anotiunons. Av Rp 1 axépaia Orjkn tov Op oto FE,

tote o {a, ..., a,} €lvar pia axépaia Bdon tov Rp ndvw and to Op.

Amdoeién. Epocov K C Op €& opiopol xou xdide a; ahyefpind mdve and to
K, t6te xdle oy ebvon oxépano méve amd tov Op.

‘Eotw tdpa f € Rp. And v npdtacn 3.2.1 undpyouy x; € F 1étola OOTE

n
ﬁ = Z ;0.
i=1

'Etot, opolwe ye tny amodelln tne 3.2.3 y xde j = 1,...,n €youue 6Tt
trep/p(a;B3) = Z trep/r(ojo;)T;
i=1

xou PE Yeron Tou AMupatog 3.2.2(B") xou ToavouoldTUmY UE EXEVOUG NS amo-
oei&ne e mpoTaong 3.2.3 GUALOYLoUOY xatolfyouue OTt x; € Op. Enopévec,
0 {0, .., a,} Tapdyel 10 Rp néve ond 1o Op.

Axdpa, agol 1o {aq, ..., o} eivon F-Bdon tou FE, to o, ..., oy Vo lvan
Yoouuxd aveldptnta téve and to Op, doo Va eivon o ehediepn Bdon tou Rp

w¢ Op-dravuopartixh Teptoy . &

To enduevo péhnud pog elvon Voo UEAETACOUNE T GUUTERLPOES TOL Boarduoy
%0l TNG LG TAGTG EVOC OLOMEETY), OTAY ETEXTEIVOUUE TO COU CUVIPTACEWY UECK
wag emextaong otoaepol cwuatog. o v axpifela, yiao D € Dy Yo cuyxpel-
vouue to degp D xou (D) pe e degrp(ipp/p(D)) xou l(ipg/r(D)). Zexivdue
UE 0o yerowo Auuote. Amo €6w xon mépa, Vo Yewpolue 6Tl 1 emExToo

F < L elvon eméxtaon otadepol 6OUATOC.

Adppa 3.2.5. Avxy, ..., 2, € F ypaupuxd avebdptnta mdvew ané to K, téte

WX, ..., Ty €lvar ypappuxd avebdptnta tdvew and to E.

Aréoeiln. 'Eotw
Zﬁﬁi =0, (3.14)
i=1

8 ¢ davvopatiky wepioyn evvoo pe Tov die VA 6 o module.
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ue B; € E. Apxel va Sei€oupe 611 f; = 0 yoo xdde i. Av {aq,...,q,} pa
K-Bdon tou B, t6te 3; = 3 _7_, cijay, pe ¢ € K, xau n (3.14) diver

i=1 \j=1 j=1 \li=1

To televtolo amd TNV mpdTact 3.2.1 pag diver oTL Y xdie j Eyouue 6T

m
E Cij T = 0.
i=1

‘Opwe, to o1, . . ., Ty, sbvon K-yoouuixd aveldotna xat ¢;; € K, dpa ¢;; = 0 yia

xdde 7 xou 7, doo xou B = 0 yia xdde 7. &

AAupo 3.2.6. Av P € Pp ka1t Py, ..., B o1 mpddtor tov L/ E mov Bpioicor-
Tl ndvw and tov P, téte o1 Py, ..., Py, adpavolv mdvw and tov P. Axdua,
av ya kdmowa n € Z ka1 b € L wyve 6u ordg,(b) > —n ya xdOe i, tote
ordp(try/p(b)) > —n.

Anédaén. T tnv anddelln Tou TEMToU Loy uplouol Topanéunove oto [ROs,
1. 8.5]. 'Eotw topa t € F tétowo Gote ordp(t) = 1. Téte vy xdde 7, apod
o P abdpavel mhvew ond tov P, 1 (3.2) Yo pag dooer 6t ordgy, (t) = 1. 'Etoy,
v x&le ¢ éyoupe 6Tt ordgy, (b) > —n, dnhadh ordg, (t"b) > 0. Emouévoc,
t"b € Ogp, Yo xde 7, dNAadY

t"b € () O,
i=1
‘Opwe and [STI, m. 1I1.3.5] éyoupe du to (-, O, eivon 1 oxépanor Hfxn Tou
Op oto L, dpa 1o t"b elvon axépono mdve and 1o Op. Axdua 1o yeyovog 6T
0 (e, O, elvan 1 axépanar 9fxn tou Op 6T0 L, 6€ GUVBLAOUS UE TOV 0pLOUG
3.1.3, poc diver 61 n oxépounat Minn tou Op oto F ebvan (12, Og, N F = Op,
onhadY| 1o Op elvon axépona xAelotdc oto F. Enopévee, and to Auua 3.2.2({3')
éxouvue 6t trp p(b) € Op. 'Etou éyouvue 6t ordp(t™ trr, p(b)) > 0, dnhodr
ordp(trz,r(b)) > —n. &

Efpaote micov oe Véon va xdvouue tnv tpoavapepieica clyxplom.
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Ilpbtaon 3.2.7. Av D € Dp ka1 L := EF, téte
degL(zL/F(D)) = degFD Kai l(ZL/F(D)) = Z(D)

Anéoeaén. Anod tnv mpdtaon 3.2.3 o E eivan 10 owua otadepnyv tou L. ‘Etot,
dedopévou 6t [L @ F| = [E : K| (mpbtoon 3.2.1), and v mpdroon 3.1.17
€y ouue TNV TEWTN e€lowor).

Amd v mpdtacn 3.1.18, éyovue dTLav & € F* tote i p((2)r) = ()1 xou
étol BAénouye dueca 6t L(D) C L(ip/p(D)). Eow tdpa {z1,...,zq} pma
K-Béon touv L(D). Ta xq,...,xq eivon K-ypopuxd aveZdotnto, EToPEVHS and

To Mupe 3.2.5 Vo etvan xan E-ypouuixd aveldptnto. ‘Etol éyouue ot
I(D) < l(ig/r(D))

xou A apxel vor bei€oupe 6Tt T0 GUVOAO {21, . .., xq} Topdyer Tov L(ig/p(D))
Téve omd o F.

Ou Zexwvrioouue amodewviovtag ot av u € L(ip/p(D)), tote 1oydel ot
try p(u) € L(D). And tov oplopd tou L yweou éyovue 6t u € L(ig/p(D))

avv Yo xae P € P, woydel 6Tt
ordy(u) > —ordy(ir r(D)).

‘Eoto toea P € Pr xaw P o npdrog tou F//K mou Bploxetan %o and tov P.
Ané to Mppa 3.2.6, o P adpavel tdvew and tov P xou €10t and tov oploud 3.1.16
Vo éyouvpe 6L ordgp(ip/p(D)) = ordp(D). 'Etol cuvdudlovtag ta mopamdve,

éyoupe 6Tt u € L(ig/p(D)) avv vy xdde P € Pp éyoupe 6t
ordg(u) > —ordp(D)

v xdde P € Ppye P | P. To tehevtaio ond 1o Mupo 3.2.6 pog diver o1t
ordp(trr/p(u)) > —ordp(D) yio xéde P € Pp, dnhodh trr p(u) € L(D).
Tea elpoote oe Véorn va amodeillouye 6Tt T0 6OVONO {21, ..., T4} ToEdyEL
tov L(igr(D)) méve ané o E. ‘Eotw howév z € L(igp(D)) xou {ay, ..., an}
wor K-Bdon tou E. And v nedtaon 3.2.1 Yo €youpe 6t 10 {a, ..., a,} ebva

wa F-Bdon tou L, dpa umdpyouy y; € F' tétoln (ot

z = Zyiai. (3.15)
i=1



To OEQPHMA TON [IPOTON APIOMON XE 2OMATA Y YNAPTHEEQON 53

H teleutaio oyéor, dmwe otny amddeln tne 3.2.3, pag dlvet 6ty j = 1,...,n

loyVeL 6Tt
trp p(a;z) = ZtrL/F(Oéjai)yi.
i=1

Axdpa, wog xou z € L(ig/p(D)), Yo éxyovpe xou oz € L{ip/p(D)) xou dpa
GUUPWYAL UE TOV TEOTYOVUEVO Loy UELoWo trr p(ay2) € L(D). Etol, nopouoing
Ue TNV ambdeln tng mpotaong 3.2.3, and tov xavéva tou Cramer Vo €youue
ot y; € L(D) yw xdde i. 'Etor, To y; avixouy 6Tov yoHpo ToU Topdyouy
K-ypouuixd to &1, . .., 24, ONhod| y; = Z;lzl cijxj, e ¢;; € K. 'Etoun (3.15)

yivetal

n d d n d
Z = E Cijxj ;= E E Cz‘jOéi .CCj = E T’jl’j,
1 7=1 i=1 j=1

i=1 \j=

ue r; € K. &

H enduevn mpdtaon yoag meprypdgel To YEVOC O Yol EMEXTUOT] OTadepoU

CWUITOC.
ITebtaomn 3.2.8. To yévog tov F/K elvai ivo i€ to yévos tov FE/E.

Anédaén. ©¢tovye L := FE, g to yévoc tou F/K xou ¢’ tou L/E. 'Eotw
D € Dy pe degp D > max{2g —1,2¢' — 1}. And tnv npdtacn 3.2.7 Yo éyouvue
ot degy (ir/r(D)) = degp D. 'Etol and 1o Vewpnuo 2.3.3 xou 10 Yewpnua

Riemann Yo €youpe ot

I(D) =degp(D) —g+1 xa l(igp(D)) =deg,(irr(D)) — g + 1.
To teheutaio o cuVBLUCUOS Pe TNV TEdTooT 3.2.7, wag Bivel 6Tt —g+1 = —g'+1,
onhaodY| g = ¢’ O

Efdoue oty mpdtaon 3.1.7 6tu undpyouy nencpacuévol 1o TAdog TewmTol
tou L/E mou Beloxovton méve and évay mpodto tou F/K. Ot endueveg 60-
o mpotdoelg Yo poag 6etlouv OTL av 1) EMEXTAOT pag elvan EMéxTaoT oTadepoy

OWUATOG, TOTE UTOPOVUE Vo Bpolue oxet3me autd to TArdoc.
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IMpétaom 3.2.9. Eow P € Py, ka1 P o tpdrog touv F/ K nov Ppioretar kdtw
and tov P. Av Eg =% /gy ka1 Fp := 7 /p, téte Eqy = FpE.

Anéoaén. Tlpogoavwe FpE C Eyp. 'Eotw topa @ € By xow w € Ogp évag
avunpbownog ou w. Av {P = Pi, P, ..., P} o mpdror tou L/E novu
Beloxovtan méve omé tov P. A To [ST1, ¥. 1.3.1]% éy0upe 6T undpyer xdmoto
W' € L, té¢too dote ordp(w’ — w) > 0 xou ordg (w') > 0y @ = 2,...,m.
Tére, npogavie w' € (o, Ogp,, dnhadh (dnwe oty anddelln Tou MAUUATOC
3.2.6) to W' eivon axépano mévw and 10 Op. Etor av {ay, ..., o, } wo K-Bdon
Tou E anéd 1o Mupa 3.2.4 eivon xou Op-axépona don tng axépanag Vixng tou

Op oto L. 'Etol undpyouv @1, ...,z, € Op €100 OCTE

n

/ § :

w = €T; Q.
i=1

H tehevtala oycorn avoyduevn modulo P pag diver ot W' € FpE. ‘Ouwe
ordgp(w' —w) > 0, onéte W' —w € P, dpa W' =, dNhad © € FpE. o

IMpétaon 3.2.10. Eotw P € Pr ka1 Fp :=°7/p. Av Fp = K[0], h(X) :=
Irr(0, K) kai

BX) = iy (X) - hn(X)
n avdAvon tov h(X) o€ avdywya oto E[X], téte vndpyovr akpifcs m to tArdos
mpcol tov L/ E mov Bpiokovtal ndvw and tov P. Axdua av {Bq, ..., P} evai

/ / / 4 / Zz Zz 7 4 Z
T0 OUVOAO QUTAY TwV TPdTwY, TOTE (€VOexopévms etd and kdrnow avadidta&n

tous) deg; PB; = deg hi(X) yai=1,...,m. Té\os, wyle du

degc P =)  deg, P
i=1

9 0 ed nuo o t6 Myetow a0 v mpooe 1wtk € p pa weak approximation the-

orem ot ovo € ettt av Pry...,Pyav 8o évor droito F/K m,...,r, € F xou
T,...,Tpn €Z TOTE et x o x € F této0 Gdote ordp, (v — x;) =71 Yla X € 1.

oy Ote 1M exBoOYN TO € VU TO W0XUp TPoo€ 10Tk € p ua strong approxima-
tion theorem 0 € v g oxého o 1o ¢ Auoto¢ Riemann-Roch xou € exte vel v
ac v exdoyf) o €l o yYVAiclo oo voho S to Pp.  u va e o 6 1 106TNTaL TO
00 EVO ¢ VO LOY EL UOVO YLt € € AOPEVO TO AN 0¢ OTOE o To S xau ylo oo Aol o

oy et 6tLordp(z) > 0. 1wty a 6del ndec STI oeh
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Anddaén. T tny anddelln dec [Ros, oeh. 107]. &

Ané v tereutada mpdtoom Brénovue bt av OF /p =2 KX/ o pix, TéTE
UTopOUUE Vo TEpLY pdouue ue oxpifeta Toug mpdhtoug tou L/ E mou Beloxovto
v and tov P. Axbua, eivon eugavéc 6tt av [E @ K| = n xou 1o h(X)
avahUeton Thipwe oto E[X], tdte undpyouv n 1o maidoc npdtot tou L/E ntovu

Beloxovta mévew and tov P Poaduod 1.



Kegdrouo 4

H ocuvdptnon {nto Tou

Riemann

210 xepdhono auTd Yo Ao ONOVUAGTE AMOXAEIGTIXG UE TO OAXO CWUA GUVUE-
moewy F/IF, xoadoe exel éyouye to mpoavagepdévta amoteréopota. Eniong ue
g Yo ouuPBoiiloupe to Yévog Tou atuatoc cuvapthcewy F/F.

Y10 xeqpdrono autd Yo acyorndolue pe T cuvdpetnon ¢ Tou Riemann ota
CWUATO CUVIPTACERY. LTNV TEOTN Taedyeapo Yo SOUUE TOV 0pLoUO TN ol
xdmoleg Baoxég W1oTNTéC Tne. X1 0eUtepr) Topdyeapo Vo 600UE TNV anddelln
¢ ao¥evolc Yop@hic ToU VEWENUUTOS TWY TEMTWY UELIU®Y OE COUTO G-
vapThoewy, N omola Baciletan otn Yewpla Tou xegoiaiou 3. Xtnv teitn Xou
TeleuTada Topdypago Ya Sovue TNV amddelln Tou Yewpruatog Hasse-Weil, mou
etvar 1 utddeon Riemann oe couata cuvaptioewy: and auth Ya arodellouue
X0 L0l LOYVROTERT] LOPYPY| TOU VEWPANATOC TWV TEWTWY dpliu®y oE GOUATA

CUVOPTACEMV.

4.1  Opioupol — Baouxég 1oLoTNnTES

[pwv mpoyweRoouUE GToV 0pIoUG NG CUVAETNOTS ¢ Vo BoUUE XdmoLa ATOTEAE-

ouoTol Tou xooTOUY T1 GUVEETNOT) ¢ XAUAS OPLOHEVT).

o6
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Adppa 4.1.1. To mAndos twy aroteAeopatikwy owpetwy Padod n > 0 elvar

TETEPATTLEVO.

Anédeén. And Tov opiod ToU BIUEETT XAl TOL ATOTEAECUATIXO) DLUEETY), TRO-

pavadg, apxel vo del€oude 6TL To GUVOAO
S:={P €Pp|degP <n}

elvon TETEPACUEVO.

Emhéyouue o urepBatind mdve amd to F. Onwg eldoue oto Yedpnua 1.2.16,
ot tpwtol tou F(z)/F Beloxoviaw oe avtiotouyio éva mpoc évo e T Uovixd
avéywyo tou Flz] (extoc tou anelpou mpidtov). Axdpo, eixola Phénet xavelc
6Tt 0 Poduog xde mewTou twodTtan pe To Bodud Tou avticTor oL TOALWVIUOU
(xon 0 Pordude Tou P, ebvon 1), omdte yia xdde m > 0 undpyouyv TENEPUCUEVOL
T0 Thfidoc mpTol Baduol m.

‘Etou andé v mpdtacn 3.1.17 Yo undpyouv xau mencpacuévol o mhridog
Tewtol Tou F/F Boduol n. @

A¢ Bolpe Thpa ToV 0pIoUO 800 CTUAVTIXGY oELIUMY.

Opwopog 4.1.2. O¢toupe
apy = |{P € Pp | deg P = n}|

%ol
by = |{A € Dp|degA=nxu A> 0}

Av dev undpyel xvouvog clyyuong Yed@oude amhd a, xou b, avtioTouyo.
Axoua, olugwvo ue 1o Muuo 4.1.1 €youye 6TL oL ay,, xou by, etvar puoxol apripo.

21N ouveyela Yo BoUUE AATOLOUG aXOUA YEHOLLOUS OpIoU00S.
Oplopog 4.1.3. To cOvoho
D). :={A € Dp | deg A = 0}
ovopdletar oudda Sraipetcry Paliol undér xou to GUVoLo
CY = {[A] € Cr | deg A = 0}

ovopdletar oudda kAdoewr daipetddy Baduol unoé.
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ToviCouye 611 0 OploudS TOUL C% elvol 60oTo¢ and to mopoya 1.3.14. Y

ouvéyeta Yo dolpe Lo ToN) onuavticd| Wdtnta Tou Ch.

ITpbtaom 4.1.4. H oudda kAdoewv dwaipetar Paduol unoév efvar menepa-
opérn.
Anédeaén. 'Eotw B € Dy pye deg B =:n > g xou

Cr:={[A] € Cr | deg A =n}.

H omewxdvion
C% — Ch
[A] — [A+ B]

7z 7 7 z 7 e 7’ ’ /7 n
elVOLL, TEOPAVHS, €V TIEOC €Vl Xol ETtE, ETOUEVWLCS apxel va deifoupe ot [CR| < oo,

o :

‘Ouwc and 1o Mupo 4.1.1 apxel va det€oupe 61t yio xdde [C] € Cp undpyet
xémoog A € [C] pye A > 0.
Hedrypat, éotw [C] € Ci. And 1o Yedpnuo Riemann-Roch éyoupe 6t

(C)>degC+1—g=n+1-g>0.

‘Etar L(C) # {0} xou and v nopathpnon Petd tov opopd 1.3.8 éneton 6Tt

UTtdpyEL Xdmotog anotehecpatixde dunpétne A € [C]. V)
‘Evag axdpo onuavtinde oplopog ebval o mopoxdte.
Oplopog 4.1.5. O oprduoc
he = |C
ovoudleton apripés khdoewy tou F/F.

H npdtaon 4.1.4 pog delyvel 611 0 aprdudc (AAoEDY EVOS OAMXOU COUATOG
CLVAPTACE®Y Elvon PUOOS aELIUOS, eved To Ylotl o aEtduds aUTOS xoheiTon
apriude xhdoewy Ya to dolue apydtepa. ‘Evag dAlog apriude mou Yo yog

AmAGY OMNGEL TPOCWEVG vl 0
¥ :=min{deg A | A € Dp xu A > 0}.

Eivar mpogavég 6tL av fn, t6te b, = 0. YuveylCouue pe éva yproo Afupa.
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Afppa 4.1.6. Eotw C € Dp. Ioyla dut

¢ —1
HAG[CHAEOH:f1
Axdua avn > 2g — 2 ka1 ¥ | n, tdte
hrp
by = ——(¢""79 —1).
q_l(q )

Anédaén. Eyoupe 61t A € [C] xaw A > 0 avww A = (2) + C vy xdmowo
r € F\ {0} ye () > —=C. To tehevtaio onpoiver 61t € L(C) \ {0}. Ouwc
TETOLEC DLVATES ETMAOYEC TOL X Efvor oxEUBKC ql(C) —1, eve 800 €€ auTY 6lvouy
Tov {810 BroneéTn avy dapépouy xatd otadepd a € F. 'Etol mpoxintel 1) mpdTn
oyEon.

‘Onee eldope xou otny anddelln tng npotaong 4.1.4 undpyouv axpBac hp
xhdoelc dtonpetdv pe Stapétee Poduol n. Eotw [Ch], ..., [Ch,] ot xhdoeig ow-
Téc. Ané to Vedpnua 2.3.3 xou To TEoNYoLUEVO €youpE OTL, Yoo j = 1,..., hp,

WG — 1 gntle — ]

q
{Ae(c)az 0= -

Axoua, mpogavae, xdlde dlunpetne Porduod n avixel oc axpBoe o and TIg

xhdoewc [Ch], ..., [Chy]. Etor tpoxintel to {nroduevo. Q

ITpwv opicouue 0 cuvdptnom ¢ Yo GoVUE Evary 0plous ULog oxouo BoninTixsc
oLVEETNONC.
Opopog 4.1.7. Av A € Dr wc NA opiloupe tov oprdud qles 4,
Eivou mpogavég 6t av A xou B Sioupéteg, t61e
N(A+B)=NA-NB (4.1)
Elpaote mAcov oe Véom va oplcouye ) cuvdptnon (.

Ogwopo6c 4.1.8. H owvdptnon {hra tou F/F optletar g
Cr(s) = Z NA™, seC.

A€EDp
A>0

D ev p opedug:=|F| opu vopetc o odoyéc e oeh dog v.
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Edxoha BAémer xavelc 6TL 1 ouvdetnon (p UTOREl Var YRopTEL Xou Y GAAOUG

ns

yeriowouc teonoue. ‘Erol éyouue my. 6tt NA™® = ¢~ émou n = deg A,

dioat XATOATYOUUE OTL
o0

Crls) =Y (4.2)

qns !

Axdpa, av Yewpricouue éva s € C tétolo kote 1 (p(s) va eivor cuyxhivouoa,

n=1

61 amd v (4.1) xou Tov oploud tou Dy elxolo BAémovue 6Tt

e ] (zuvas)

PePp \ j=0
xou enedh) ouyxivel 1 Cr(s) Vo ouyrhiver xan 1 D720 (NP) ™7, xon xde o
and TIC OELpEC QUTEC Elval Pat GLYXAIVOLOO YEWPETEXT oElpd Ue ddpotopa (1 —
(NP)=%)~L. "Etou éyouye 6t
Cr(s)= ] A= @P)™)". (4.3)
PePr

Emnpootétoe, éyoude dueca and toug opiopols xon Ty (4.3) ot

o0

Grls) =TI =) (4.4)

n=1
Ou 800 mapandve exppdoeic TG (p ovopdlovtan To ywdueva Euler ths (hra.

21N ouvEyeto Yo BOVPE Wil LoodVoT), dhAG GUY VA THO TEAUXTXT YeaPY| TNG (F-

Oplopog 4.1.9. ©¢touue u 1= ¢~ % xaL 1 cLVAETNON
Zp(u) == Cp(s) = anu”
n=0

ovoudleton ovvdptnon Zita tou F/F.
Axébpa and tov mopandve opopd xar Ty (4.3) €youue 6T
Ze(w) = T (L —uter), (45)
PePr
onAadY| To Yvdevo Euler tng Znta.
Enouevo yéhnud pag etvon vo del€ouvye 6t 1 cuvdptnorn (fto cuyxAivel o-
méohuta oo s € C pe R(s) > 1. Eivor mpogavég 6Tt autod elvor 1oodUuvopo Ye )

oUyxhon e Zhta yioou € C pe ul < ¢t
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ITp6taom 4.1.10. H duvauooeipd

Cr(s) =) &

qns

n=1
Ka1 Tto (17T€lp0)/17/(5}1€7/0

o0

Crl(s) = [J(1—q )

n=1

ovykAivouy andlvta ya s € C ue R(s) > 1.

Amdoeién. Ano to Mupo 4.1.6 xon ta oy oo ueTd Tov oplopd 4.1.5 €youue 6L
10 by, eivar 0 ToAD O(g"). Amd autd 1 1oy 0C TOL TEAOTOU LoYLELOUOY ETETA
QuecaL.

[ Ty am6delln Tou BelTEPOL LOYUELOUOU TOEAUTNEOUUE OTL

[e.e] e}

[T —a™) " =T]0 - A,

n=1 n=1

6mov A, této0 Gote A, = ¢ ue Z;";ll aj <m < 37 aj. Ano [T,
Toéuocg Ila, oeh. 174-176] €YOUUE OTL TO OEUTEQO UEAOG TNG LOOTNTUC CUYXALVEL
anO T avv 1 Y oo |An] ouyxhiver, Snhadh ovv 1 Y7 a,|qT™| ouyxivel.

‘Ouwe to Tekeutaio woyvel agol a, < b, xou 10 by, eivar T0 ToAb O(q"). V)
ITpbtaon 4.1.11. Ta s € C ue R(s) > 1 éyouue éu

(a’) av g =0, tdre

1 q 1
o) = (1 — ¢ 11— Q‘Sﬂ)

(B) xarav g > 1, téte (p(s) = fi(s) + fa(s) dmov

o I(C)—sdegC
his) = — Y g ¢

[CleCr
0<deg C<2g—2

Kai

fa(s) = 1

hp qlfg+(1fs)(2g72+19) B 1
1— qﬁ(l—s) 1— q—sﬂ ’
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Anédeadn. Oo delfoupe Tic avtiototyec oyéoelc Yo TNV Zp(u), étou u = ¢~ °.
(') 'Eotw [A4] € CY. Téte and 1o Jedpnua Riemann-Roch éyoupe 6Tt
[(A) = deg A+1—g = 1, onéte undpyet xdmowo x € F\{0} pe () > —A. ‘Ouwc
ond 1o mopopa 1.3.14 Ya éyoupe deg A = deg(—(z)) = 0 xou w¢ ex TovTOU
A= —(x) = (z71), onéte A € P, dnpadt| [A] = Pr. 'Etol xatodfyoupe 6Tt
hp = 1.
Y1 ouvéEyeta and Tov opoud 4.1.9, 1o Mupo 4.1.6, o ool YeTd TOV

optopd 4.1.5 xou o mponyoluevo, yia [u| < ¢~ o éyoupe bt

x© _In+1 1

Zp(u) = ibnu" = ibﬁnuﬂ” = Z qu VL
n=0 n=0 n=0

- (-]

n

=0
1 q 1
S g—1\1—-(qu)? 1—u?)’

(B") Xe auth v mepintwon and to Mppo 4.1.6 %o to Yedpnuo Riemann-

Roch €youue ot

Zp(w) =Y bu"= Y [{A€[C]|A>0} u'eC
n=0 [CleCr
deg C>0
= Z ql(C) —1 deg C
[CleCF ¢-1
deg C>0
1
_ — Z ¢/ (C)ydee©
[CleCr

0<deg C<2g—2

4 egC+1l—g | udegC - udegC.
Loy Ly
[CleCr [CleCr
deg C>2g—2 deg C>0

A6 10 tedeutaio evxola BAénoupe bt mpoxinte To {nroduevo i |u| < ¢ .

Q
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ITépwopa 4.1.12. H ouvvdptnon {Nta enexteiverar avalvtikd oto C ue a-

mAoUs molovg ota onueia s = 0 ka1 s = 1.
Amdéoeén. Ayeco and tnv mpdtaon 4.1.11. @

Enéuevog 6toy0¢ pag civon vo deilouye OTL OE OTOLOOHTOTE OMXO GGUA
undieyouv dtanpéteg Baduol 1. H mpdtn anddelln tou anoTtehéouatog autol
UTtdpyEL 6TO [SCH].

And n Yewplo owpdtwy yvopiloupe 6Tt yio xdle 1 > 1 undpyel povadx

enéxtoon Fyr /F Baduod r. Oétouue
F, := FF,.. (4.6)

Eivar mpogavég 6tL 1 eméxtaon owudtonv ouvapthioewy F < F. elvou enéxtoon
oToepO COUATOC ot amd TNV TeoTacy 3.2.3 €youpe 6Tt 1o Fyr elvan To ooy
oToEQ®Y TOU F,./F . evéy and ™V TpoTacT 3.2.8 €youue 6TL TO YEVOC TOU

F,/Fg Yo ebvon g. Axduo, 1oyler To mopoxdte Afuua.

Adppo 4.1.13. FEow P € Pp pe deg P =m. Tove ip,p(P) =P1+ -+
PBa, pe d := ged(m,r) kar P; didpopovs avd 6o, Palpov m/d mpddtovg tou
F,/Fgr.

Anooaén. 'Eow P € Pp, ue P | P. And 1o Muua 3.2.6 o P adpavel méve

oo Tov P xon amd tny mpdtact 3.2.9 Yo Eyouue OTL
Om/m ~F, 9 /p.

‘Opow and tov opopd 1.2.11 éyoupe 6t 97 /p = Fym. ‘Etot av [ = lem(m, 1),

tote 9% [y = F . Anhadf BAémoupe 6T
deg P == [O‘*‘/ap ; ]qu] — [F, : F,] = m/d.
To anotéleoya EneTon GUECH OO TO TUEATAVE XAk TO YEYOVOS OTL
degp, (iFv»/F(P)) = degp P =m,

ond TNy TedToon 3.2.7. Q
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"Evor axdpa Mupo tou Yo pac yeetootel elvon to mopoxdto (Te Vi) M.

Afppa 4.1.14. FEotw m,r € Z kar d := ged(m,r). Av wy,...,w, €vai o1
r-0tés§ piles tng povdoas oto C kart € C, tére

T

(L=t =T] = (w)™).
j=1
Anddeén. Topatnpolue 6t o Tohudvupa fi(X) = (X9 = 1) xou fo(X) =
[T5— (X —wi") tou C[X] eivor aupotepa povixd, Badpod 7 xou €youv we pileg
éEnc r/d o wj, dpo Yo Eyoupe ot f1(X) = fo(X). H mpoc anddeln oyéon

EMETAL JUECH AV OVTIXUTAOTACOVUE To X ue ¢t~ Q
Ac Bolpe Thpa i EVOLAPEEOLC TEOTAOT).

Ilpbtaom 4.1.15. Av wy,...,w, evar o1 7-0T&S piles Tng povdoas oto C,

ToTE

ZFr HZF (Uj

Arddeaén. Egboov appdtepec o Zp, xou Zp elvon avohutixéc oto C\ {1,471},
apxet va det€oupe Ty mpoc ambdelln oyéon yio |u| < g7t Ly teployt auth

10 ywouevo Euler tng Zp, elvou

ZFT(UT): H (1_ rdeg&B H H o rdegEB (47)

PePE, PcPr B|IP

‘Eotw P € Pp. ©étoupe m := deg P xa d := ged(r, m) xou €youye 6Tt

r

[0 - wree®) = 1wy = T](1 - (™)
BIP J=1

= [T - @u=)

Jj=1

ond toe Mupoto 4.1.13 xan 4.1.14. "Etow n (4.7) Siver

ZF?« H H ]_— wj degP HZF wj QQ

] 1 PE]PF
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Efpaote miéov oe Véom va delCoupe to Venpnua tou F. K. Schmidt.
Oebenua 4.1.16 (Schmidt). ¥ = 1.

Anéoeién. Epboov 9 | deg Py xée P € P, av w etvor o ¥-otn pia tng

uovéoag oto C, tote

Zpwu) = J] 0= (wu)®=?)~t = T] (01— ") = Zp(u).

PePp PePp

Enouévec Zg, (u”) = Zr(u)?, and tnv npdtaon 4.1.15. ‘Ouwg, and 10 tdpiopa
4.1.12, n Zg, (u?’) éyer amhé mého oo u = 1, eve amd 10 o tépLoua, 1 Zp(u)?

gyeL oTo B onuelo toho Baduol ¥. ‘Etol xataryouue 6L ) = 1. @

‘Eva dueco moplopa tou Yewprjuatog Scmidt xou tng mpdtaong 2.3.5 eivan
61, 1o F/F etvon pntéd avy g = 0. Axdua, nopatneolue ot 1 tpdtaon 4.1.11

ETOVOOLUTUTIOVETAL ATAOVGTERY WG ECHC.
ITépiopa 4.1.17. Ia s € C e RN(s) > 1 éyoupe 6u av g = 0, tore

1
(I=¢"*)(1—g)
Kat av g > 1, tite Cel(s) = fi(s) + fols), pie

1 !
_ (C)—sdegC
fils) = — Y g ¢

[CleCr
0<deg C<2g—2

Cr(s) =

Kai
Y U e o U e (VI B
q—1 (1=g¢'=)(1-g¢)

Amdoeién. To amotéheopa ebvan dusco and v mpotaorn 4.1.11, 1o Yedpnua

fa(s)

4.1.16 xon pepixéc ahyeBpinéc npdlels. @
‘Eva oncoua Tohl onuavtind népiopo ebval 1o TopaxdTo.

Afppo 4.1.18. Yrdpyer rdrowo Lp(u) € Zlul, pne deg Lp = 2g térow dote

Lr(q™?)
(1—g=)A—-q")

Axdua Lp(0) =1, L'-(0) = a; — 1 — g ka1 Lp(1) = hp.

Cr(s) =
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Anddaén. H Onapén xdmotou toluwviuou tou Le(u) € Qu] ye deg Ly = 2¢

pae ik
Lr(q™®)

(1—=g)(1—¢')

émeton dueoa and to moptopa 4.1.17. Axdua av u := ¢~° mapatnpolue 6T

Cr(s) =

Le(u) = (1= u)(1 = qu) Zi(u) = (1 —u)(1 — qu) 3 bu”

— i bou" — (¢ +1) i byu"t! 4 g i bpu"t? = i Apu”,
n=0 n=0 n=0 n=0

61OV
bo ,TL:O

Ap=14b — (g+ )by ,n=1
qbpio — (@+ Dby +0b, , n>2.
Amo 1o mopamdve etvor tpogavég 6t Lp(u) € Zlu] xon axdua 6t Lp(0) = by
xou L'(0) = by — (g + 1)by, evéd amd tov opopd 4.1.2 ebvon cagé 6t by = 1
xou by = ay. 'Etou xotohfyoupe 6t Lp(0) =1 xou L(0) =a; — 1 —gq.

To yeyovog 6t Lp(l) = hp eivan dueco otny nepintwon mou g = 0, agod
161€ hp = 1, 6Tw¢ eldaue 0TV ambdOEln TS TEOTAONS 4.1.11(e() %o an6d To
néptopo 4.1.17 Brénovye 6t Lp(u) = 1y xéde w € C. Av g > 1, téte and
T0 moptopa 4.1.17 €youue 6TL

Lp(1) =1lim(1 —u)(1 — qu)Zp(u) = hp. ©

u—1

To mohuwvuuo Lp(u) tne mapondve npdtaone ovoudletoal 10 L-roAvdyu-
po tou F/F xou eivon xadoploTinfic onuaciog, omwe Yo SoUUE ot ToEUXET.
Ipwv xhelooupe authy TNV ToEdypapo o DOUUE GAAT ULl CNUOVTLXY WOLOTNTA

¢ ouvdptnong {HTa.

Ocwpnua 4.1.19 (Euvoptnowmd Elowon tne (r). La kdle s € C éyoupe
ot
(O IR(1  5) = g ()
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Anéoeaén. Av Vécouue u = ¢ %, TOTE 1) TPOC AMOOEIET OYEaT) Elvor lGOBUVOUT
UE TNV
Zp(u) = ¢ u* " Zp((qu) ).
o g = 0 1 oyéon €ncton dueoa and 1o noépwoua 4.1.17. To g > 1, 10

noptopa 4.1.17 ouvendyetan 6t Zp(u) = Fi(u) + Fo(u) pe

P (u) — - Z ql(C)udegC

[CleCr
0<deg C<2g—2

Fy(u) = he (qgu29_1 ! ! )

S g—1 l—qu_l—u

p(els

‘Etot, anéd 1o Jedpnua Riemann-Roch xaw tnv npdtaon 2.3.1, av n Wg elvou 1|

xovovt| xhdon tou F/F xaw W € W, td1e

(a-DF@w= Y  ¢Qul=C

[CleCr
0<deg C<2g—2

_ E qdegC+1—g+l(W—C)udegC

[CleCr
0<deg C<2g—2

— 2 Z ¢ C—(29-2)+(W—C), deg C—(29—2)

[CleCr
0<deg C<2g—2

_ qgflu2g72 Z ql(WfC)((qu)fl)deg(WfC)

[CleCr
0<deg C'<2g—2

= ¢ (g — DFi((qu) ),

B2
Fi(u) = q9_1u29_2F1((qu)_1). (4.8)

Zuc aa v EIC X MNOWO OoUUE TNV Tal TOTNTA

—deg(W — C) =degC — (29 — 2).

o TOTTA o T o TeL € o Wo ovtag to €6 Muo Riemann-Roch o yux  yio tov C

xou HeT Y tov W —C xau ev Téhel 0 VO ovtog TG O 0 OYECELS.
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Axoua €youpe 6Tt

¢ P Fy((qu) ™)

2g—1
b g (L)L 1
qg—1 qu 1—qqiu 1—qiu

2g9—1

=
B!
—_

1 qu
g—1\ul—-1 qu(l_L>

qu
N S B
qg—1 l—qu 1—u)/)’

Fy(u) = ¢~ Fy((qu) ™). (4.9)

ONAOH
Amo Tic (4.8) xau (4.9) éyoupe Ty mpog anddeEn oyéon. Q

4.2 To Ysvpnua tov tpdTtony aptdudy (o-
cevrc poppn)

To Yewpnua 1wV TEOTOVY apLiu®Y GTNV XAACXTH TOU LORPY|, AVUPEREL OTL, oV

7(z) elvon to TARYOC TWY TEMTEY oL Elval UXEOTEEOL OTd T, TOTE

m(z)logwr )

lim
T—00 x
To Yemprnuo autod amodelyinxe aveldptnta and toug Hadamard xon de la Vallée
Poussin to 1896, v w¢ mpofinua Aty avolytod yio tepinou 100 ypdvia. A-
x0Ua, 0TV an6delln cLvEBahay oyeddy Glot oL ueydhol yadnuatixol Tou 19%°
ouwvar xot €Tt Ouxadng Yewpriinxe wg eva and o JeyoAUTERA Mo uaTind EL-
TEVYUOTO TOL atdvor auTol. Xto [JAM] undpyouy 800 anodeifelc Tou Vewpriua-
TOG, LOTOELXA GTOLYElO XOL EQPUPUOYES.
‘Eva avéhoyo dedenua, cdupove pe tny aviietotyio tou Z ue to Flz] mou
AVaUPERAUE GTOV TPOAOYO, UTdpyel 6To [ROS, xeg. 2]. Bdoetr autol, av e a,

oudfolicoupe 0 TANHOC TWV POVIXWY oVEYWY®Y TOAWVIUWY Boduod n tou
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F,[z], tote

n n/2
n n

Av xou 1 anddelln etvor copmc EUXOAOTERT), ElVOL LOYUREOTERO Umd TO AVTIGTOL O
TOU AUOLXOL VEWPAUATOC TWV TEWMTWY UEIIUMOY Xol TO ovToTol 0 omoTENE-
opo otV xAaotxr Ocwpla Apriuny cuvendyetar Ty untddeon Riemann (Bréne
[Jam, §5.2]).

Yy mapdypago auth Yo detoupe €va Yedpnua, To 0Tolo, oV X0 QUIVOUE-
VXA AGVEVEGTERO Ao TO VEWENUO TV TEMTWY AELIU®Y T TOAWVUUA, Efval
YEVIXOTEQOD, amd TNV dmodn 6Tt oy Vel Yiol EMEXTAOEIS. LTNV AmOdEXTiXT) OLadL-
xaola dev Yo ypelotolue Ty utddeon Riemann yio GOUATA CUVIETACEWY.

YNV eNOUEVT ToRdyeapo, apol TpTa arodeilovye TNy unddeon Riemann
YLOL COUOTA CUVAPTACE®Y, Vol BOUUE EVOL AXOUO LOYUPOTECO ATMOTEAECUA, TOU
uoldleL cav avdAOYO TOU VEWEHUATOC TV TEMTOY ApldU®Y 0TA TOAUMYUUOL.

Téloc, yuu xdde r > 0 Yo opilovue 10 odua F, énwe oplotnxe otny (4.6).
Oa EeXVCOUPE UE XATOLOL ATOTEAEGHOTA OYETIXE UE ETEXTAGELS 0TadEpOD G-
MOTOC oV OO ONXE COUUTA CUVIPTACEWY, Tor omtolar o uag odnyioouy o

xdmota amoteAéoUaTa Yior TN cuvdpTnom AT

IMpétaomn 4.2.1. Av P € Py, tdre vndpyovr axpifds ged(n, degy P) mpdtor

tou [F},, mou Bpiokovtar ndvw ané tov P. Axdua av B € Pr, ka1 P | P, tdre

degp P n

eer, P ged(n, degy P) war fOB/P) ged(n, degp P)

Anddeaén. 'Eotw P € Pp, ye P | P. Eyouvue 6t degp P := [97 /p : F], dpa
OP/p = F acep p. ‘Etol and yvwotd anotéheoua tng Yewplog TEREpUOUEVELY

CLUATWY Vo €youue OTL
OP/P . Fqn - quegFP . Fqn = Fqlcm(n,degF pP) .

’ 7 7 2 7 O _ 7
Etot and ty npdtaon 3.2.9 Yo éyouue ot UF [y = [F jem(n,des - Py, OTOTE

lem(n, degy, P) degp P
n ~ ged(n,degp P)

degy, B = [O% /3 Fn| =
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Axoua Yo €youvpe 6Tt
lem(n, degp P) n
degp P ~ ged(n,degp P)

Emnpociétng, €youue fon det otL 1 enextaon I < F, elvon enextoon otadepou

fOp/P) = [O% /3O /| =

oWUATOS, Gpor amd To Ay 3.2.6 Eyouue 6TL 0 P adpavel tdvw and Tov P. ‘Etot
ané TN Yepehddn toutoTnTa Yo €youue 6T uTdpyouy axpBng ged(n, degy P)

npwtol Tou F, /Fen mou Beioxovtor méve and tov P. @

Axduo Yo g yeeloTel Plal OTOLYIEMDNS TAUTOTNTOL.

Aqppa 4.2.2. Fotw w, € C ua npotapyixn n-otn pida tng povdoas, v € C

karm € Z~g. Tote

n—1
H(l — wglmum> — (1 . ulcm(m,n))gcd(m,n)'
7=0

Anddeaén. Eyoupe 61 X" —1 = H?;& (X — wl), apol xan Tat BV TOAUVUUYL
tou C[X] eivan povixd, Baduod n xon €youy g dleg pilec, ue té&n 1. ‘Etot yio
X = u™! xatohfyoupe ot

n—1 n—1

=Tl o) = 1w =Tl )

5=0 5=0
Onhady| Betloue To {nrovuevo Yo m = 1.

[oem > 1 %érovge m’ == m/ ged(n,m) xou n' := n/ ged(m, n) xou Pré-
TOUPE EVXOAA OTL TO Wit elvan par TpwTtopy x| n/-otn ptlo e povddag, Tny
omolo ovoudlovye wy,y. Ané tov tino tne Euxdeldelog dibpeong €youue 6Tt Yo
x&e j =0,1,...,n—1 vndpyovy povadxd k xou 7, pe 0 < k < ged(n, m) xou

0 <r<n/, o Gote j = kn' + r. Enopévwe, éyouue

n—1 n—1 ged(n,m)—1 /n/—1
[0 - st = Tl0 -ty =TT (TL0 -t

j=0 j=0 k=0 r=0
ged(nm)—1 /n'~1 ged(n,m)—1
S (Te-wom) =TT e
k=0 r=0 k=0

— (1 o umn’)gcd(n,m) )

mn
ged(m.n)

‘Ouwe mn' = = lem(m, n), ondte éyoupe 10 {nToduevo. Q©
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Topea elpacte o Yéon va dellouye T {ntoduevn oyéon yuo T (AT

Oecwpnua 4.2.3. Av w, evar pua uryadikn npwtapyikn n-otn pila tns po-

vdodag kar v := q~°, tote ya kdle u € C éyovue du
n—1
Cr(s) = Zp, (u") = [ [ Zr(win).
=0

Anddaén. Epboov and tny npdtacn 3.2.3 1o owpo otadepmy tou F, /Fn elvo

70 Fyn mou €yel ¢" to mhloc ototyela, amd Tov oploud 4.1.9 €youue 6Tt

Cr.(8) = Zr,((¢")°) = Zr,((¢°)") = Zp, (u").

X1n ouvéyela, and TNy (4.3) neptoptldpevol oe XUTIANAL S, TPVOUUE
Cr(s) = [T (1= ()™ (4.10)
BePr,

Axbpa, Vétoviac dp := ged(n, degy P), €youue and tov optoud 4.1.7 xon tny
mpotoor 4.2.1
_degFP

NP = (¢")%8m B = " dp = (¢%8r P)ap = (NP)r. (4.11)

Ané ¢ oyéoeig (4.10) xan (4.11) xou tic mpotdoeig 4.2.1 xan 3.1.7 Yo tépouye

ot

()= J] a-vp) =T T[ - @wp) i)

PePr, PePr PePr,
B|P
=[] - (vp)=ir)=de, (4.12)
PePp

21N ouvEyEl, and Tov oplopd 4.1.7, To Muuo 4.2.2 xan Tig oYECElg (4.5) xou
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(4.12) éyouue 6Tt

ndegp P

Gr(9) = [T - @&y = [Ta—g @)

PePp PePp

— H ((1 . lcm(n,degF P))ng(n,degF P))

'rL 1 -1
w%degF PudegF P)
H N | T :

Y10 mopropa 4.1.12 eidoye 611 1 cuvdptnon (Hta emextelveTon avahuTnd e

-1

ordxhneo to C ye amholg méhoug ota onueta s = 0 xan s = 1. Axdua, oto
Mo 4.1.18 beilope 6t 1 (p(s) ebvon pnr ouvdptnon tou ¢~ °, ondte elva
Teptodixy ue nepiodo 27i/logq. Enopévwe, n {hta éyel dnepouc 1o mAKdog
mohoug oTic evdeiec Rs = 0 xou s = 1 xou pdhiota, otn dedtepn evdeia, o

27rm

mohoL Tng ebvon Tar onuelor s = 1 47 - , m € Z. Axbya, v Vv eutdelo auTy)

lOXUEl U KO(pO(XO(TCO TEPOTO(OT].

Ilpbtaomn 4.2.4. H ovvdptnon {jta dev undeviletar otnr evleia {s € C |
Rs =1}.

Amdoaén. Kot apydg mapatnpolue 6t yio xdde 0 € R €youue 6Tt

2(1+cosf)* >0
= 2(1+2cosf + cos>6) > 0
= 24 4cosf +2cos’ >0
= 3+ 4cosf +cos20>0. (4.13)

Axbpa and v (4.3) éyovue 6 av 0 1= Rs, 7 := Fs xu 0 > 1, t61€

r(s)= ] @ —(vp))™

PePp

= log (p(s Z log(1 — (NP)™%).

PePp
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‘Ouwe, teptopllbuevol o xatdAAN L T, EYOUUE OTL

—log(1—1z) =

m=1

Y

x

m
4 /7 Ve /

EMOUEVC TO TEAEUTOHO paC Obvel OTL

1OgCF Z Zm NP -ms — Z Zm—l —slog(NP)™

PcPr m=1 PcPp m=1

BrhadF

Rlog Cr(s Z Zm (NP)~™ cos(t log((NP)™).

‘Etot and 1o mopandve xon v (4.13) €youue ot
3-Rlog(p(o) +4-Rlogr(o+it) + Rlog (p(o + 2iT) > 0,
ooy Yo xde o > 1 xan v xdde 7 € R €youpe ot

[Cr(a)* - [¢p(o +im)|* - [Cp(o + 2i7)| > 1. (4.14)

‘Eotw topa 611 0ev oylel 1 undleon, onladr| 6Tt udeyet 7 € R tétolo
Oote Cp(l+i7) = 0. And tnv (4.14) xou to oydha ety Ty napoloa Tpdtaon

EYOUNE OTL T # 7% 2’” g Y x&e k € Z. Axodua, éyoupe oTL

lim CF(J—i—iT) _ fim Cr(o+it) — (p(1 +i7)

o1t o —1 o1t (o +it) — (1 +1i7)

= (p(1+47)
xat apoU 1 (p ebvon avoutiny| 6o 1+ 147, 10
lim Cr(o+iT)
oc—1t o—1
Vo etvan pparypévo. Anéd to nopiopa 4.1.12 €youue OTL N (g €xel amAd TOAO GTO
s =1, doo 0

lim (o —1)Cr(0)

o—1t
elvon eniong gporypévo. Télog, av To T OV LOOUTAL PE XATOLO TEQLTTO TOAAA-

Thdoto tou 7/ log g, ToTE xu TO

lim (p(o + 2iT)

o—1t
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elvo Qparyévo cUUQeYA UE ToL oY oA ey TNV TpoTaon auth. ‘Ouwe To Topa-
Téve épyovtan oe avtiVeon ue v (4.14).

Enopévwg yag amouéver vo UEAETACOLUE TNV TepInTwon Tou To T ebvon Te-
ottté ToMamhdoto tou T/ logq. Ye authv Ty mepittwon ¢ 1T = —g7L,
‘Etol elvor mpogavég amd tov oplopd tng ZHTo %ol TOU TEOTYOUUEVOU OTL 0p-
xel va Oetlouue 6Tl ZF(—q_l) # 0. Ouwg and tov oployd tne Zhta xau 10
Vedpnua 4.1.19 éyovpe 6t Zp(—q ) # 0 aw Zp(—1) # 0. Emnpociétec,
and tov optopd e Zrjta xan to Mupa 4.1.18, Yo €youue dtL Zp(—1) # 0 avv
Lp(—1) # 0. Opwc and 1o Yedpnuo 4.2.3 nafpvoupe 61t

Lp,(1) = Lp(1)Lp(-1)
xou Bdoet Tou Mupatog 4.1.18 1 oyéon auth Uag divel
Lp(—1) = he #0. @
hp

H nopondve mpdtact toylel xal oty Teplntwon g xAAoxig cuVEETNoTNg
Chta (BAéme [APo, §13.5]) xou mailer xevipixd pdho oty anddelln tou Vew-
ENUOTOC TWV TEOTOY detdumy. Euelc €8¢ Yo T yenotuoToljcouUE, WOTE Vol
amodelEouye €0XOA VoL ATOTEREOHA TToEOUOL PE TNV LtdUeon Riemann, oahid

aGVEVESTEQROD.

ITépwopa 4.2.5. Tndpyer kdmowog 0 € R, ue 0 < 1, téroog wote n {nra va
pn pundeviterar ovo nuieninedo {s € C | Rs > 0}.

Anéoeaén. Anod tny npdtoaon 4.1.10 BAémouye otL 1 (ol otvamopto TéTon amd €val
un undevixd cuyxAlvov amelpoytvouevo yia Fis > 1, dev €yel pilec otny nepioy
{s € C| Rs > 1}. Autd, oe cuvduacud pe tny 4.2.4 poc héer 6t 1 {ita dev
éxet pilec oty teptoyn {s € C | Rs > 1}. To ouunépoaoya autd, o€ GUVSLUOUO
ue to Yewpenuo 4.1.19, poc Aéet ot 1 {fta 0 unpevileton eniong otnv mepioy
{s e C|Rs <0}.

Axobua, omwe eldape ota oydha ey Ty TedTaon 4.2.4, 1 (hta civon me-
olodur| ue meplodo 2mi/log g, dpo cuVBLALoVTaC XAt TO ToEATAVE oEXEl Va

avalnrriooupe Ti¢ plleg tne {Ata oTto cUvoho

A={seC|0<Rs <1xm0<Is<2mi/logqg}.
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‘Opwe, 1 Chtor ebvon un undevixt| xon oavaAuTixr, 0nhadr T0 cOVORO TV ELLOV
Tne Oev pmopel va €yel onuelo cucompeuonc. Autd, o GUYBLAOUOS UE TO OTL
T0 A elvon ouumaryée, yag divel 611 To TAfdog Twv pllov e {fta oto A ebvor

nenepoouévo. ‘Etol 1o {ntoluevo éneton dueoa. @

ITpwv @Tdcoupe 0TO XEVTEXO VEDENUI TN TUEUYEAPOL AUTAS, o¢ DOVUE TL

axEUBOC OTUALVEL TO TOEATEVE TOPIOMOL Y10l TO TOAUGOVUUO Lp(u). And 1o Muua

4.1.18 €youpue 6TL LTdEYOUV xdTOoLXL P, UE J = 1,...,2¢g TETOLH OOTE
29
Le(w) = [ [0 = pyu) (115)
j=1

X0l YENOWOTOWWVTOS TO Topioua 4.2.5 mtalpvouue 6T
il < ¢ (4.16)

v xde 7 =1,...,2g, ue 8 tn otadepd tou moplopatog 4.2.5. A¢ dolue Twea

TO XEVTEO VeWEnuo AUTAC TNS TRy PApOUL.

Ocdpnua 4.2.6 (Ilpwtwv Apiudy — Actevic Mopgn). Trdpyer kdnowog
0 € R, pue § < 1, térowg wote

N ON
q q
_4 Lo(1).
av =" (N>

Anéoeadn. Yuvdudlovtog Tov optopd tne Zita, To Auue 4.1.18 %o Tic oyéoelg
(4.4) xau (4.15) éyouue 6Tt

20 -pu)
1—u)1—qu L

(1 —u?)=,

And v mapamdve oyéon Taipvouue dladoyixd OTL

29 o]
—log(1 —u) —log(1 — qu) + Zlog(l — pju) = — Zad log(1 — u?)
d=1

j=1

p(els

29 00 d—1
1 q Pi du
1—u+1—qu Z1—,0ju_zadl—ud

=1
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ONAaON
U qu 29
d
1—u+1—qu p 1—pJ z::ad

‘Ouowe o uixpd o woydel 6t 7= = Zk 1 2*. "Etol 1o teheutaio uoc Obver

0o 00 29 oo 0o 00

Dout Y (qw =3 > (o) =2 > dagu™

k=1 k=1 j=1 k=1 d=1 k=1

10 onofo pog Oivel Ye TN oelpd Tou 6T yio xde N > 1 oy bel 6T

29
Y = Y
j=1 dIN
A6 Tov TOno avtiotpoghc Tou Mdbius® to teheutaio tooduvopel pe To
N = i+ 3+ o (3207
d|N N N

6mou p M ouvdpTnon Mobius?, xau prec Tou Zd‘N pu(d) =0y N > 1, ané 1o
[Apo, 1. 2.1], To teleuTalo Yag Bivel

Nay =Y p(d)g™* +> " p(d (Z pN/d> : (4.17)
dN dN
‘Ouwe ebvon mpogovég amd Tov oploud T cuvdetnone Mobius 6t
> ud)g"*t =gV + O(g""?). (4.18)
d|N

Axdya, and Tov oploud tne cuvdptnone Mobius xou Ty (4.16) €youue 6T

2g
> u(d) (Z Py /d> < 294" + 2gN¢"2. (4.19)
j=1

d|N

3 1 ocoavuot o Nc to  Mobius et 6t

n) =Y g(d) < g(n Zu f(n/d),
d|n

60 pno v ton Mobius. wTnvo 63t nTo T o o o éy o ueoto APO
4l Tov o loud xo  Aoxég WLIoTNTEC g 0 v tnong Mobius deg Apo § .
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Téhog, howPdavovtog ut” odv 6Tt Bdoet Tou Vewpruatog 4.1.19 yia ) otordepd
6 tou moplopatoc 4.2.5, mou towtiletar ye ) otodepd 6 e (4.19) xou 1oy el

6T 5 < 0 < 1, modpvoupe omd g oyéoerg (4.17), (4.18) xou (4.19) 6T
NCLN = qN + O(qu)v

a6 To omolo To {NToUPEVO EMETOL GUETUL. Q

4.3 To Jedpnuo Hasse-Weil

To xevtpxd VYewpnua tng mopayedpou authg etvor 1o Yewprnuo Hasse-Weil 1
oaAMwe 1 utddeon Riemann yua ooduota cuvapthoeny. To Yedprnuo exdleton
Yoo TeOTN Qopd amd Tov Artin ot Slateldr) Tou xon AmOdEXVIETAL Yiol UEPL-
%€¢ Povo mepintwoelg, and tov Hasse tn dexaction Tou 40. Mto €A tng Dag
dexaetioc o Weil oto [WEI] amodetxviet tn yevixn neplntwon Ue yerion teoyw-
enuévng ahyePBoinric yewuetplag. M oyetind amhy| anddeln doUnxe and Tov
W. Schmidt rou Baciotnxe og weeg Tou Stepanov nepinou 20 ypdvio apydTe-
ea amo exetvn tou Weil. Tny anddelln autr anionoinoe axdua teplocoTeERO 0
Bombieri oto [Bom]. H anddet&n mou Yo 6ooouue oo xeluevo autd elvor xotd
Bdon exeivn Tou Bombieri.

Yny mapdypopo auTY| BLUTNEOVUUE TOUG GUUBOAMOUOUS xaL T CLUPBKCELS
TWY TEONYOUUEVODY Topaypdpemy autol Tou xegoialov. To Yewpnuo mou Yo

amodei&oupe elvon To ToRUXdTE.

Ocdpnua 4.3.1 (Hasse-Weil). OAes o1 piles tns ovvdptnong {rjwa Ppiokor-
tar ndve oty evlela {s € C | Rs = 1/2}.

Mo evohhooctiny| Slatimwon cOUgova Ue 6,Tt arodellynxe 6T TEoNYOUUE-

veg mapaypdipoug, Yo iTay Ot
0l = ¢ yaxdde j=1,...,2g. (4.20)
Ac Eexviioouye TOpa TNV amoOEET.

Afppa 4.3.2. Eoww m € Z~g. To Oecdpnua Hasse-Weil wyver ya o F/F

avv wyver yia © F, [Fom.
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Anéoeadn. Av wp, elvor uior pryodn| m-oth ella g povadag, ToTE omd 1o

Vempnuo 4.2.3 xar to Mjuuo 4.2.2 €youue 6Tl

Lp, (") = (1 =t"™)(1 = ¢"t") Z, (")

m—1
=@ =t")(L—q"t") || Zr(wit)
7=0
m—1 j
= (1)1 —q"t™) [] Lp(wnt)
L =an =g
m—1 29 m—1 29
=TI ety =TT TT 0 = pit) = T2 = o)
j=0 =1 j=0 i=1

Apa L, (u) = [[22,(1 — pi™u), ondre, o {nrotuevo éneton dueoca, apol yio

xde j =1,...,2¢g €youue OTL
il = ¢ = |}l = (¢™)". O

Y10 mapomdve Appa delloue 6Tl apxel va 6eiloupe to Yewpenuo Hasse-Weil

Yo xdmotor enéxtoon otadepol oduatog tou F/F. Ac dolue thpo évar axduol
Yphowo Mo

Adppa 4.3.3. Av vndpyer kdmoio ¢ € R téroio dote ya kdle r > 1 va wyde
ot
lara — (@ + 1) < g,

téte wyvel to Jeddpnua Hasse-Weil ya vo F/F.

Amdéoein. 'Eotw 6t ioyler n avagepduevn cuvifixn. And tnv anddeln tou
TEONYOUMEVOU AAUMaTOC €youpe OTL yiow xdde r > 1 wybel 6t Lp, (u) =
[122,(1 = pfu), ondte av avemtiEouue To YWOUEVO autd BAETOUUE GTL O GUVTE-
heoThe Tou U givon — 327 pf, onbte Ly (0) = — S22 pr. 'Etou omb to Mo
4.1.18 éyouue 6t ap1 — (¢" +1) = — 3229, pb, dpor ovUGeva e TV uTédeon

Yo €youpe 6Tt

< cq!? (4.21)

29
T
>0
i=1
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Axopa Yewpolye T cuvdpetnon

2g pt
H(t) = .
= 1t

(4.22)

O¢toupe p = min{|p; | | 1 < i < 2g}. Anéd v (4.22) n oxriva oOyronC
e Suvaooelede e H(t) ypw and to 0 ebvan oxoBde p. Axdua, v [t < p

€Y OuUE OTL

=330 =3 (3501 7

i=1 r=1 r=1
‘Opoc, omd v (4.21), 1 terevtalo duvouooelpd ouyxhiver’ yi [t < ¢ /2.
Anéd autd mofpvouue 6Tt g% <y, ONAoH
¢ > |pi| yaxdde i=1,...,2g. (4.23)

‘Opwe and 1N cuvoptnotaxt| e€lowon e (hta £youvue 6Tl T0 5 ebvon pila
e {hta avy xan to 1 — s ebvan oo e {Ato. Autd onuaiver 6Tt To u ebvan pila
tou Lp avv 10 1/qu eivan pilo tou Lp. 'Etou ou (29 10 mAfdoc) pilec éyouv
avé Bl Yvopevo ¢ 1, ont6Te To Yvopevo Twv (g o TARboc) Leuydv pldv Tou
l60UTAL UE TO YWOUEVO TV ELloV, eivan (oo ye ¢79. And autd, ahhd xan amd To

YEYOVOC OTL Ta pj Ebvan Tar avTioTROPA TRV oty e {hta Tadpvouue 6T
29
[Io =" (420
j=1

A tic (4.23) xou (4.24) madpvoupe 61t |p;] = ¢H/? v xdde j = 1,...,2g.
Q©

To mopomdve Aupo ouctaoTixd Yoc xododnyel oTny avalATNnon XAmowwy

oTtadep®y c1, c2 € Ry Té€Towwy wote
r r/2
ap— (¢ +1) < ag”

2Ol
ap.1—(¢"+1)> —caq"?

yioo xde v > 1. H enduevn npdtoom uag dlvel EUUEc T TEOTN OVIoOTNTA.

5 COU ¢ XUT oV YXN O TO VAL € VOU XOL 1] OXT VO G YXALONG.
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Tpétaomn 4.3.4. Av w q €fvar tetpdywro > (g + 1)*, tdre
a — (g+1) < (29 + 1)g"2.

Amdéoeién. Av a; = 0, t6te 1 1oy 0¢ Tne TedTaong ivon mpogavic. Av a; > 0,
ToTE LTdEYEL xdmowo Q € Pp, ye deg @ = 1. Octoupe qo == /¢, m := qo—1 xu
n = 29 + qo. An6 Tic unovéoelc elvar TPOYAVES OTL OL oAV aptduol etvor
Vetol oxéponol. Axdpa, ebxola BAémoupe 6Tt Y tov 1 i= g — 1+ (29 + 1)g'/?
€Y OUUE OTL

r=m + ngo. (4.25)

211 cUVEYELL VEWPOUUE TO YWEO
£ = L(mQ)L(nQ)™,

Tou anotelelton and dAa T nEnEpaopéva adpolopota TNS Hopphic D T, YL, ue
z, € LIMmQ) xu y, € L(nQ). And uc WiémTeC TNg ouvdptnone ordg ©¢
OLoXELTTC amoTiUNoNg, EUXOAA ToEUTNEOUUE OTL xdle TéTolo dipotoua avixel
xou 0to L(rQ), Snhodn

L C L(rQ). (4.26)

‘Eotw thpo 61t undpyel xdmowo x € L\ {0}, ttol0 dote dhot oL mpoToL Tou
F/F Baduol 1, extoc tou Q, va ebvan pilec tou. And tny biétnta Tou = Vo
éyer ¢ plleg Tou dhoug Toug mpmToug Porduoy 1, extdc amd Tov  €dxoha

cuuTEPavoulE OTL

(x)o > Z P = deg(z)o>a —1.

PePp
deg P=1, P#Q

Axépa, oné 1o 61 x € L, and ty (4.26) xar Tov optoud v L-ydenv taie-
VOUUE OTL
(T)oo <7Q = deg(z)o <.

1/2

‘Opwxc €€ opopol 7 = g — 1+ (29 + 1)¢"/* xon deg(x)y = deg(x)s and o0

Vewprnuo 1.3.13, €tot oL 6o teheutalec oyéoelc pog divouy

a—1<qg—-1+29+1)¢"? = a—(qg+1)<(2g+1)g"%
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‘Etot, Brémoupe dtL opxel va anodeiloupe ty Unapén xdrmoov € L\ {0}
étolou HOTE Ghot ot mpohtol Tou F/F Paduol 1, extéc tou @, vo ebvan pilec
Tou. Auté Vo To xdvouue oe Téocepa BruaTaL.

BrApa 1° Ay

T:={i€Z|0<i<muxu 3z e F tét010 dote () = iQ}

xou yoe xde ¢ € T emhéEoupe xdmowo u; € F \ {0}, této0 dote (u;)s = 10Q),
t61€ 10 oOvolro {u; | i € T} elvon po F-Bdon tou L(mAQ).

Kot apydc mopatnpolue 6t m = /q — 1, ondte agol and tnv unddeon
q > (g + 1)* Yo éyovpe dm > g2 + 29 > 2g — 1, emopévme omd to Vedpnua

Riemann Yo €youue

[(mQ)=m+1—g.

Axbuo, EXPETOAAEUOPEVOL TIEAL TO YEYOVOC OTL M > 2¢, amd TO VEWMENUL XEVOY

tou Weierstrafl (BAéne [STI, ¥. 1.6.7]), Vo mdpoupe ot
T =m+1—g.
‘Etotl and Tic 600 teheutaleg oy€oelg £Youue OTL
dimp L(mQ) = [{u; | i € T}|

xou ool {u; | i € T} C L(mQ), opxel va det€ouue OtL To aToLyelar TOU

{u; | i € T} ebvon F-ypopuuixd aveldptnto. ‘Eotw howndy 6w k; € F, ye i € T,

€T

TETOLOL (DOTE

Auto onuatver ot
ordg ( g /{;Zuz> = 00.
i€T
Axbuo and Ty 1oyuph Tery Vx| avicdTnTa Yo TdpouUE 6T av yia xdmow i € T

woyler 6TL k; # 0, tote

ordg (Z k1u1> = —max{i € T\ {0} | k; # 0} # oc.

€T
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Arno ¢ 6Yo Teheutaieg oyéoelg madpvouue 6TL k; = 0 vy xdde i € T

Brpa 2° Kdde y € L ypdpeton xotd uovadixd To0To 6T Uop®H

y= Zuizfo ue 2 € L(nQ).
ieT
H Omopén authic Tne yeoaprc elvar dUeco amoTéAEOUA TOU TEMTOU BUdTOg
xou Tou opiolol Tou L. I vo anodel€oude Tn) povadixotnTa, dpxel vo deilouue

OTL av

> wal =0, (4.27)

€T
1ot ; = 0 vy x&e ¢ € T. 'Eotw howndv 611 undpyouv xdnow @ € T, ue

x; # 0. Tote v to i autd Yo €youpe ot
ordg(u;x{®) = ordg(u;) = —i  (mod qp).

Axbuo m = gy — 1, emopévwe o aprduotl i € T' etvon avd 500 Bidpopol modulo

qo, G OO TNV LoYURT| TELYwVIXT| aviooTnTa Yo Tépoupe Ot

ordg (Z uias?‘)) = min{ordg(w;z) | it € T} # o0,

€T
rou elvat droTo.

Brpa 3° H aneixdvion

L —  L((gom +n)Q)
ZieT uizzqo = Zz’eT ugo %

ue z; € L(nQ) eivon oUOUOpPIOUOC TV XATEIAANAWY TEOCVETIXDV OUEdWY Xou

ker A # {0}.

To debtepo Prpa pog e€ao@oiilel To OTL 1) ATELXOVIOT) €Vl XAUAG OPLOUEVT

A

XL TO YEYOVOS OTL TPOXELTOL YLl OUOUORPIOUO TV TEOCUETIXOY ouddwy vl
mpogavéc. Emouévee, poc amopéver va 6ellouvue 6L ker X # {0}. And To

TV pag aexel var oeffouue 6Tt
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Ané to 800 mpwTo Briwato xar TNV avicotnToe Riemann Yo €youue ot
dimp £ =1(mQ) - 1(nQ) > (m+1—g)(n+1—g).
Emnpociétng, epdoov oy lel 6Tl

deg((gom + n)Q) = gom +n = qo(go — 1) + (29 + qo) = 29 + ¢,

a6 To Vedpnua 2.3.3 xau to Yewpenuo Riemann, Yo éyouue 6Tt

dimg L((gom + n)Q) =: 1((gom + n)Q)
=29+q)+1—g
=g+q+1.

‘Etol and ta mopandve pog apxel vo deilouue ot
(m+1—g)n+1—g)>g+q+1.
Mpdrypott, €youue SLadoyLxd

(m+1—g)n+1—g)>g+q—1
= (-9 29+q+1-g)>g+q—1
= qg-F+p—g>g+q+l
= q>9 +29+1
= qy > (g+1)?
= q>(g+1)*

%o 10 TEAELTALO Loy Vel amd TNy undieo.

Brupa 4° Av z € ker A\ {0}, t61€ 6hol o1 npdtol Tou F/F Baduod 1,
exto¢ Tou @, ebvan pllec Tou .

Eotw P € Py, ye P # Q xou degP = 1. Avy € L\ {0}, t61e and tov
opopd tou L, 10 y Yo éyer we povadixd tou tého tov Q, dnhadh ordp(y) > 0
xou omd to Vewenua 1.2.10(a) Ya €youue oty € Op. 'Etar L C Op. Axdua,

wag xon deg P = 1 amd tov opioyd tou Poduod evog mpwtou, Va £youue 6Tt
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Or/p = F. 'Etol, cuvdudloviac 1o Topomdve UE YVOOTH OmMOTEAECUA TG

Vewplog TEMEQUOUEVOY CwUdT®Y, Vo TdEOoUUE OTL
=9y yaxide yeL. (4.28)

ToviCouye OTL UE TAVOPOLOTUTIO TEOTO UTOROVIE Vo DEEOUUE OTL OAAL Tal oS-
Ve 1oy ouv xou yio T £(nQ) xaw L(mQ). "Eotw thpa xdnowo = € ker A\ {0}.
H Onapln tétoou z eaogoiileton and to Tplto Bruc. Améd o dedtepo Brjua
Vo umtdipyer xdmota povad Ypaph & = Y, Uz, pe z; € L(nQ). 'Etor ond

™V (4.28), pag Tou To gy givor ToAhamAdGLo Tou p, Yo Tépouue HTL

g0
.qu — (E uizilIO> — E /IIZ,QOZ*Z,Q — E ﬂiqogi

ieT ieT i€T
_ Q. _ A
= 5 ul®z = Nx) =0,
ieT
ONAON T = 0, onéte T0 P clvan oiCa tou 7. V)

H rapamdve mpdtaom pog detyvel ott, av YewpRoouue xdmoLo ETEXTAOT) OTo-
Uepo) oWUATOC TOU F/F, OEBOPEVOL OTL TO YEVOS BeEV UAAGLEL, AOYW TNS TEo-
Taong 3.2.8, UTOPOUUE VoL TIEOLUE EVAL BV PEAYUY, OTWS auTO anantinxe oTa

oy oMo YeTd To A 4.3.3. Ag So0ue Twpa T0 {NTOUPEVO XATG) QEAyHL.

Ilpbtaom 4.3.5. Trdpyowr otalepés otalepd c1,ca € Ry, mov efapraddvrar
anokAewotikd and to F/F, téroies dote av q tetpdywvo ka1 ¢ > c1, ToTe ya

kdOe r > 1 1w0yvea ou
ap,1 — (q"+1) > —coq"'?,

Anédaén. T v anddeln dec [STI, oeh. 174-178], [Ros, oeh. 335-336] 7
[Bowm]. Q

H amédeln tne mopandve medtaong xdvel yenorn emextdocwy Galois, mou
0ev UeAeTHoAUE 0TO Xeluevo autd. Axdua, 1 npdtacn auth, uall ue TV npdTaoT)
4.3.4 xon tor Mo 4.3.2 xan 4.3.3 elvon o xoupdTior evoc «malhy, 1 «GUVIE-

LOAGYToT> ToL oTolou, 61K Yo BoUYE, amoTEAEL TNV AmOOELL T TOU VEWMRAUATOG
Hasse-Weil.
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OloxA\Mpwon Tng anoddelEng

O¢toupe C := max{(g+ 1)* ¢1} (6mou ¢1 1 avtioToyn otadepd g TpdTaoNS
4.3.5) xan mopatneolpe OTL elvon Tpogavée 6Tt umopel va Bpedel xdmoo s > 1
T€TOl0 WOTE TO ¢° Vo ebvan TeETEdYWVO xou ¢° > C.

O¢toupe Y := max{2g + 1,2} xou and v npdtacn 3.2.8 éyouye o yLol
x&e r > 1 1o yévocg tou F, /F,r elvau g, enopévee yia xdde r Yetind axépono
TOMATAGGLO TOU S IXavoTotouVTaL oL UTOVECELS TN TedTacng 4.3.4 xau dpa yia

x&de 7 VeTind ax€pono TOAATALCLO TOU § €YOUUE OTL
ap1— (" +1) < 29+ 1)g"? <Yq/> (4.29)

Axbua, ond v mpotact 4.3.5 €youpe oL yia xdde 7 VeTind axépano ToAlo-

TAdGOLO TOU s Loy Vel OTL
ap1 — (¢ +1) > —eq”? > Vg7, (4.30)

Yuvovdlovtoc i (4.29) xau (4.30) xatahriyouue 6T yior xdde r Yeuxd

ox€paLo TOAMATAGGLO TOU 5 Loy VEL OTL
(T 1 Y /2
lap,1 — (¢" + 1) <Yq"7,

onhadY| to Fy/Fgs iavomolel tic npolnodéoelc tou Mupatoc 4.3.3. ‘Etol and
10 Mupa 4.3.3 woyvet to Yedpnuo Hasse-Weil yia o Fy/Fs.

Téhog, epdoov woyler to Yewprnua Hasse-Weil yia o F JF s Vo oy el xou
yw 0 F/F, ané to Mupa 4.3.2. Autd ohoxhnpdvel Ty anddellr poc!

4.4 Yuveéreiec Tou Hasse-Weil

Kielvouue tnv epyaocio auth ue xdmoleg EVOLPELOUGES GUVETELES TOU Vewprua-
to¢ Hasse-Weil. ZEexavdpe pe tny 1oyuet| Lop@1| Tou Vewpuatos TV TEMTwy

oELIUOV.

Ocdenua 4.4.1 (Ilpdtwv Aptiudy — Ioyuer Mopyt). Ioyve du

N N/2
q q
_ o)
av =yt (N)
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Anéoeaén. And tov opioud g ouvdptnone Mobius xo to Yewpnua Hasse-Weil
€y ouue OTL
29

> ul(d) (Z ﬂj‘wd> < 29" 4+ 2gNg"/*.

d|N j=1
H ovioétnta auth, oe cuvduaoud pe tic oyéoel (4.17) xou (4.18), ouvendyeto
oTL

NCLN = qN + O(qN/Q)a

on’ 6mou To {NToluEVO ETETAL UETL. @

Mo oxduor cuvéEnelo tou Yewprjuatog Hasse-Weil efvar to @pdryuo Hasse-
Weil.

Ocedenua 4.4.2 (Ppdypo Hasse-Weil). Ioyve du
jar — (g + )| < 294",

Anédeitn. Ané to Mupo 4.1.18 éyouvue 6Tt Lp(0) = a1 — (1 + ¢q). Axdpo,
and 1N oyéon (4.15) éyouue ot L(0) = — Z?il p;. 'Etot, ta mopoamdve pac

dtvouy oTL

o = (1 +q)| =

29 29
Zﬂj < Z |pjl
j=1 j=1

%l T0 TeEheuTalo 68 GUVBLCUS P To Vewpnua Hasse-Weil, pog diver 6Tt

lag — (¢ +1)| < 292 Q
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