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Euqarist�e


Ja  jela na euqarist sw ìlou
 eke�nou
 pou me bo jhsan me ton trìpo tou
.

Kat> arq�
 euqarist¸ thn oikogènei� mou N�ko, Mar�a, 'Erh, M�gia kai Pro-

kìph (se fj�nousa seir� hlik�a
), kaj¸
 kai thn eurÔterh oikogènei� mou kai

eidik� ton je�o mou Dhm trh. Sth sunèqeia èna meg�lo euqarist¸ se ìlou


tou
 dask�lou
 mou, xekin¸nta
 apì ton Ajan�sio Tri�nth (ston opo�o a-

fier¸nw kai thn ergas�a), met� stou
 kajhghtè
 mou apì to Panepist mio

Ajhn¸n, kur�ou
 Dhm trh B�rso kai Eu�ggelo R�pth kai tèlo
 stou
 ka-

jhghtè
 mou apì to Panepist mio Kr th
, tou
 kur�ou
 Alèxh Koubid�kh,

Gi¸rgo Kwst�kh, Miq�lh Papadhmhtr�kh kai N�ko Tzan�kh. Idia�tera ja

 jela na euqarist sw ton epiblèponta Jeìdoulo Garefal�kh gia thn empi-

stosÔnh pou mou èdeixe, thn �yogh sunergas�a, th swst  kajod ghsh kai th

suneq  enj�rrunsh. Akìma èna ter�stio euqarist¸ se ìlou
 tou
 f�lou


mou.

Tèlo
, ja  tan �diko an den anafèrw ìti pollo� apì tou
 ellhnikoÔ


ìrou
 ofe�lontai ston k. Tzan�kh, en¸ to filologikì èlegqo èkane h Pìph

Xhrouq�kh, thn opo�a euqarist¸.

H ergas�a afier¸netai ston d�skalo kai majhmatikì Ajan�sio Tri�nth,

to anallo�wto apì to qrìno prìtupì mou.
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Per�lhyh

H klasik  jewr�a arijm¸n asqole�tai me zht mata pou aforoÔn to sÔnolo

Zvtwn akera�wn arijm¸n. Prokeimènou na lujoÔn di�fora probl mata th


klasik 
 jewr�a
 arijm¸n anaptÔqjhke h algebrik  jewr�a arijm¸n, h opo�a

melet�ei to s¸ma klasm�twn tou Z, dhlad  to Q, to sÔnolo twn rht¸n a-

rijm¸n, kai peperasmène
 algebrikè
 epekt�sei
 tou, ta legìmena arijmhtik�

s¸mata.

Empneìmenoi apì ti
 omoiìthte
 tou sunìlou Zvme to sÔnolo F[x], dhlad 

to sÔnolo twn poluwnÔmwn mia
 metablht 
 p�nw apì èna peperasmèno s¸ma

F, ja mimhjoÔme ti
 parap�nw kataskeuè
. 'Etsi ja melet soume to s¸ma

F(x), to s¸ma twn rht¸n sunart sewn p�nw apì èna peperasèno s¸ma F,

kai peperasmène
 algebrikè
 epekt�sei
 tou, ta s¸mata sunart sewn. Ja

apode�xoume loipìn, ta ant�stoiqa jewr mata th
 klasik 
 jewr�a
 arijm¸n,

ìpw
 to je¸rhma twn pr¸twn arijm¸n,   akìma kai anoiqt¸n problhm�twn

th
 jewr�a
 arijm¸n, ìpw
 thn upìjesh Riemann.

Oi en lìgw majhmatikè
 ontìthte
 mporoÔn na melethjoÔn me ergale�a th


algebrik 
 gewmetr�a
   akìma kai th
 migadik 
 an�lush
, ìmw
 sto parìn

ke�meno ja prospaj soume na perioristoÔme se mia kajar� algebroarijmoje-

wrhtik  prosèggish. Suqn�, poll� apotelèsmata isqÔoun kai sth genikìterh

per�ptwsh, pou to Fvantikaj�statai apì k�poio tuqa�o s¸ma. Ja prospaj -

soume na mhn perior�soume thn isqÔ twn apotelesm�twn an k�ti tètoio den

e�nai apara�thto.

Lèxei
 kleidi�

Je¸rhma Pr¸twn Arijm¸n, Jewr�a Arijm¸n, Peperasmèna S¸mata, S¸ma-

ta Sunart sewn, 'Algebra, Je¸rhma Riemann-Roch, Je¸rhma Hasse-Weil,

Upìjesh Riemann.
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Abstract

Classic Number Theory is studying the set of integers Z. In order to solve

several problems of classic Number Theory, Algebraic Number Theory was

evolved and Algebraic Number Theory is mainly studying Z’s field of fra-

ctions, Q, the set of rational numbers and it’s algebraic finite extensions, the

number fields.

Inspired from the similarities between the sets Z and F[x], the set of

polunomials of one variable over a finite field F, we are going to imitate the

above constructions. So we are going to study the field F(x), the field of

rational functions over a finite field F, and its algebraic finite extensions, the

function fields. We will show the analogues of several theorems of classic

Number Theory, like the Prime Number Theorem, or even the analogues of

open problems, like the Riemann Hypothesis.

The above constructions can be studied using Algebraic Geometry, or

even Complex Analysis, but we keep a more number theoretic aspect of the

subject. In several cases many results apply even if we substitute F with the

arbitary field. We will try not to limit the power of such results, if possible.

Keywords

Prime Number Theorem, Number Theory, Function Fields, Finite Fields, Al-

gebra, Riemann-Roch Theorem, Hasse-Weil Theorem, Riemann Hypothesis.
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Prìlogo


Sumbolismo�

Se olìklhrh thn ergas�a me K ja sumbol�zoume thn algebrik  j kh tou

s¸mato
 K, kai me K

F
thn algebrik  j kh tou K sto F , dhlad  ìla ta

stoiqe�a tou F pou e�nai algebrik� p�nw apì to K. An den up�rqei k�nduno


sÔgqush
 ja sumbol�zoume me Fvto tuqa�o peperasmèno s¸ma, me q to pl jo


twn stoiqe�wn tou kai me p thn qarakthristik  tou. An R daktÔlio
, me

R
∗ ja sumbol�zoume to sÔnolo twn antistrèyimwn stoiqe�wn tou R. Akìma

me |S| ja sumbol�zoume ton plhj�rijmo tou sunìlou S. Tèlo
, ta qr¸mata

th
 tr�poula
 sumbol�zoun to tèlo
 mia
 apìdeixh
 kai se k�je èna apì ta

tèssera kef�laia qrhsimopoie�tai diaforetikì qr¸ma, en¸ h seir� tou
 (to ♠
sto 1o kef�laio, to ♣ sto 2o k.o.k.) e�nai mh tuqa�a.

v



Kef�laio 1

S¸mata sunart sewn

Sto kef�laio autì ja anafèroume kur�w
 orismoÔ
, all� kai k�poie
 aplè


basikè
 idiìthte
 twn swm�twn sunart sewn. JewroÔntai gnwstè
 k�poie


basikè
 gn¸sei
 �lgebra
, jewr�a
 Galois, jewr�a
 arijm¸n, algebrik 
 je-

wr�a
 arijm¸n kai migadik 
 an�lush
.

1.1 ProapaitoÔmene
 algebrikè
 gn¸sei


Orismì
 1.1.1. 'Estw K s¸ma kai F epèktas  tou. An up�rqei x ∈ F ,

me x mh algebrikì p�nw apì to K, tètoio ¸ste h epèktash F/K(x) na e�nai

peperasmènh, tìte lème ìti h epèktash F/K èqei bajmì uperbatikìthta
 1, kai

h epèktash F/K onom�zetai algebrikì s¸ma sunart sewn mia
 metablht 


p�nw apì to K   apl� s¸ma sunart sewn (algebraic function field of one

variable   function field). Tèlo
, to s¸ma K

F
kale�tai to s¸ma stajer¸n

tou F/K.

O parap�nw orismì
 mpore� na de�qnei dÔsqrhsto
, ìmw
 to parak�tw

l mma dieukolÔnei thn kat�stash.

L mma 1.1.2. H epèktash F/K èqei bajmì uperbatikìthta
 1 ann ∀x ∈
F \ K

F
isqÔei ìti h epèktash F/K(x) e�nai peperasmènh.

Apìdeixh. (⇒) AfoÔ h F/K èqei bajmì uperbatikìthta
 1, tìte ∃ z ∈ F \K

F

tètoio ¸ste F/K(z) peperasmènh.

1
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'Estw tuqa�o x ∈ F \ K

F
. Tìte x ∈ F , �ra x algebrikì p�nw apì

to K(z), �ra up�rqei f1(X,Z) ∈ K(Z)[X], me f1(x, z) = 0. 'Etsi up�rqei

f2(X,Z) ∈ K[Z,X], me f2(x, z) = 0, �ra z algebrikì p�nw apì to K(x), �ra

[K(x, z) : K(x)] < ∞.

Akìma [F : K(z)] < ∞ kai

[F : K(z)] = [F : K(x, z)] · [K(x, z) : K(z)],

�ra [F : K(x, z)] < ∞.

Tèlo
, èqoume ìti

[F : K(x)] = [F : K(x, z)] · [K(x, z) : K(x)]

kai apì ta parap�nw katal goume ìti [F : K(x)] < ∞, dhlad  to zhtoÔmeno.

(⇐) 'Ameso. ♠

L mma 1.1.3. 'Estw F/K s¸ma sunart sewn. H epèktash K

F
/K e�nai

peperasmènh.

Apìdeixh. 'Estw s¸ma E, me K ⊆ E ⊆ F kai E algebrikì p�nw apì to K.

'Estw t¸ra x ∈ F uperbatikì p�nw apì to K kai k1, . . . , kn ∈ E grammik�

anex�rthta p�nw apì to K. Tìte, profan¸
, ta k1, . . . , kn e�nai grammik� ane-

x�rthta p�nw apì to K(x). Akìma, profan¸
, E(x) ⊆ F ki ètsi katal goume

ìti

[E : K] ≤ [E(x) : K(x)] ≤ [F : K(x)] < ∞.

Efarmìzonta
 to parap�nw gia E = K

F
èqoume to zhtoÔmeno. ♠

Eidikè
, all� polÔ qr sime
 sthn per�ptws  ma
 kathgor�e
 swm�twn su-

nart sewn, e�nai oi parak�tw.

Orismì
 1.1.4. 'Ena olikì s¸ma sunart sewn (global function field) e�nai

èna s¸ma sunart sewn F/F, ìpou Fvpeperasmèno.

Orismì
 1.1.5. To s¸ma sunart sewn F/K lègetai rhtì an F = K(x)

gia k�poio x ∈ F .
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Mia sun�rthsh pou ja ma
 qreiaste� argìtera e�nai h diakrit  apot�mhsh,

pou or�zetai w
 ex 
:

Orismì
 1.1.6. 'Estw F s¸ma. Lème ìti mia sun�rthsh

u : F → Z ∪ {∞}

e�nai diakrit  apot�mhsh an ikanopoie� ti
 parak�tw idiìthte
.

(aþ) u(x) = ∞ ⇐⇒ x = 0.

(bþ) u(xy) = u(x) + u(y) ∀x, y ∈ F .

(gþ) u(x + y) ≥ min{u(x), u(y)} ∀x, y ∈ F .

(dþ) ∃ z ∈ F : u(z) = 1.

(eþ) u(a) = 0 ∀ a ∈ K \ {0}.

Akìma h idiìthta (g') onom�zetai trigwnik  anisìthta.

Apì ton parap�nw orismì eÔkola blèpei kane�
 ìti mia diakrit  apot�mhsh

e�nai ep�, en¸ to parak�tw l mma e�nai ki autì �meso.

L mma 1.1.7 (Isqur  Trigwnik  Anisìthta). 'Estw u diakrit  apot�mhsh

tou s¸mato
 sunart sewn F/K kai x, y ∈ F tètoia ¸ste u(x) 6= u(y). Tìte

u(x + y) = min{(u(x), u(y)}.

Apìdeixh. Apì ton orismì 1.1.6 èqoume ìti u(ax) = u(x) gia a ∈ K \{0}, �ra
u(y) = u(−y). Akìma upojètoume qwr�
 bl�bh th
 genikìthta
 ìti u(x) <

u(y). Tìte an u(x + y) > u(x) apì ton 1.1.6 èqoume ìti

u(x) = u((x + y) − y) ≥ min{u(x + y), u(y)} > u(x),

�topo. ♠
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1.2 Pr¸toi

Skopì
 ma
 se aut n thn par�grafo, e�nai na or�soume ta pr¸ta stoiqe�a gia

thn jewr�a ma
 kai na melet soume k�poie
 basikè
 idiìthtè
 tou
.

Orismì
 1.2.1. 'Ena
 daktÔlio
 apot�mhsh
 (valuation ring) tou s¸mato


sunart sewn F/K e�nai èna
 daktÔlio
 O, gia ton opo�o K $ O $ F kai an

z ∈ F , tìte z ∈ O   z
−1 ∈ O.

A
 doÔme èna l mma pou sumplhr¸nei ton parap�nw orismì.

L mma 1.2.2. An O e�nai daktÔlio
 apot�mhsh
 tou F/K, tìte isqÔei ìti

K

F ⊆ O.

Apìdeixh. 'Estw x ∈ K

F
. An x = 0 tìte profan¸
 x ∈ O, ètsi ma
 mènei na

de�xoume ìti x ∈ O gia x 6= 0.

Pr�gmati, an x 6= 0 kai x
−1

/∈ O, tìte epeid  x ∈ F apì ton orismì 1.2.1

ja p�roume ìti x ∈ O, opìte ma
 mènei na de�xoume ìti x ∈ O sthn per�ptwsh

pou x 6= 0 kai x
−1 ∈ O.

'Omw
 parathroÔme ìti an x 6= 0 kai x
−1 ∈ O, tìte mia
 pou to x e�nai

algebrikì p�nw apì to K, ja up�rqoun n ≥ 1 kai a0, . . . , an−1 ∈ K tètoia

¸ste

x
n + an−1x

n−1 + · · · + a0 = 0.

H teleuta�a sqèsh, an pollaplasi�soume me x
−n+1, ma
 d�nei ìti

x = −an−1 − an−2x
−1 − · · · − a0x

−n+1
,

ap> ìpou eÔkola parathroÔme ìti ìla ta mèlh tou dexioÔ mèlou
 th
 isìthta


an koun sto O, epomènw
 x ∈ O. ♠

Pìrisma 1.2.3. An O e�nai daktÔlio
 apot�mhsh
 tou F/K, tìte isqÔei ìti

K

F \ {0} ⊆ O∗.

Apìdeixh. 'Ameso apì to l mma 1.2.2. ♠

H parak�tw prìtash ma
 de�qnei k�poie
 qr sime
 algebrikè
 idiìthte


twn daktul�wn apot�mhsh
 twn swm�twn sunart sewn.
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Prìtash 1.2.4. An o O e�nai daktÔlio
 apot�mhsh
 tou swm�to
 sunart -

sewn F/K, tìte o O e�nai topikì
 daktÔlio
1.

Apìdeixh. Arke� na de�xoume ìti to P := O \ O∗ e�nai ide¸de
 tou O. 'Etsi

èstw x ∈ P kai z ∈ O, tìte an xz ∈ O∗ ja e�qame ìti x /∈ P , �topo, �ra

xz ∈ P . 'Estw t¸ra x, y ∈ P . Qwr�
 bl�bh th
 genikìthta
 upojètoume ìti

x/y ∈ O. Tìte 1 + x/y ∈ O kai apì to prohgoÔmeno y(1 + x/y) = x + y ∈
O. ♠

'Etsi sÔmfwna me thn teleuta�a prìtash mporoÔme na mil�me gia to me-

gistikì ide¸de
 P enì
 daktul�ou apot�mhsh
 O. Autì ja ma
 bohj sei na

or�soume kai tou
 {pr¸tou
} ma
, prin ìmw
 apì ton orismì, a
 doÔme èna

qr simo l mma.

L mma 1.2.5. An o O e�nai daktÔlio
 apot�mhsh
 tou F/K kai P to megi-

stikì ide¸de
 tou, tìte isqÔei ìti P ∩ K

F
= {0}.

Apìdeixh. An x ∈ K

F \{0}, tìte apì to pìrisma 1.2.3 èqoume ìti x ∈ O∗, �ra

x /∈ O \ O∗ = P . Apì to teleuta�o kai to profanè
 gegonì
 ìti 0 ∈ P ∩ K

F

pa�rnoume to zhtoÔmeno. ♠

To je¸rhma pou akolouje� e�nai idia�tera qr simo.

Je¸rhma 1.2.6. 'Estw O èna
 daktÔlio
 apot�mhsh
 tou swm�to
 sunar-

t sewn F/K kai P to megistikì ide¸de
 tou. Tìte

(aþ) to P e�nai kÔrio ide¸de
 kai

(bþ) an P = tO, tìte k�je z ∈ F \{0} èqei monadik  anapar�stash th
 morf 


z = t
n
u, me n ∈ Z kai u ∈ O∗.

Apìdeixh. (a') 'Estw P ìqi kÔrio kai x1 ∈ P \ {0}. Tìte P 6= x1O kai

�ra ∃x2 ∈ P \ x1O. Tìte x2x
−1
1 /∈ O, �ra upoqrewtik� x

−1
2 x1 ∈ P , dhlad 

x1 ∈ x2P . Suneq�zonta
 epagwgik� mporoÔme na kataskeu�soume mia �peirh

1Δηλαδή έχει μοναδικό μεγιστικό ιδεώδες.
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akolouj�a (xi)i∈N ∈ P , tètoia ¸ste xi ∈ xi+1P kai xi+1 6= xi gia k�je i ≥ 1.

Ja de�xoume ìti k�ti tètoio e�nai adÔnato.

Arke� loipìn na apode�xoume ìti gia thn tuqa�a peperasmènh akolouj�a

x1, . . . , xn ∈ P , me x1 = x ∈ P \ {0}, xi ∈ xi+1P kai xi 6= xi+1 gia k�je

1 ≤ i ≤ n − 1, èqoume ìti n ≤ [F : K(x)] < ∞.

Apì ta l mmata 1.1.2 kai 1.2.5 katal goume sto ìti [F : K(x)] < ∞.

Gia thn arister  anisìthta arke� na de�xoume ìti ta x1, . . . , xn e�nai grammik�

anex�rthta p�nw apì to K(x).

'Estw loipìn
n
∑

i=1

φixi = 0 (1.1)

me φi ∈ K(x) èna
 mh tetrimmèno
 grammikì
 sunduasmì
. EÔkola blèpoume

ìti mporoÔme na upojèsoume ìti φi ∈ K[x] kai ìti an ai := φi(0) up�rqei

j ∈ {1, . . . , n} tètoio ¸ste aj 6= 0 kai ai = 0 ∀ i > j. 'Etsi h (1.1) g�netai

−φjxj =
∑

i6=j

φixi (1.2)

me xi ∈ xjP gia i < j kai φi = xgi gia i > j (gi ∈ K[x]). 'Etsi h (1.2) d�nei

−φj =
∑

i<j

φi ·
xi

xj

+
∑

i>j

x

xj

· gixi. (1.3)

SÔmfwna me ta parap�nw, ìloi oi ìroi tou dexioÔ mèlou
 th
 (1.3) an koun

sto P , �ra φj ∈ P . 'Omw
, φj = aj + xgj me gj ∈ O kai x ∈ P , dhlad 

xgj ∈ P , �ra aj ∈ P ∩ K \ {0}, �topo. 'Ara ta x1, . . . , xn e�nai grammik�

anex�rthta p�nw apì to K(x).

(b') H monadikìthta th
 anapar�stash
 e�nai tetrimmènh, �ra arke� na

de�xoume thn Ôparx  th
. D�qw
 bl�bh th
 genikìthta
 upojètoume ìti z ∈ O,

alli¸
 z
−1 ∈ O kai ergazìmaste me arnhtikoÔ
. An z ∈ O∗, tìte z = t

0
z.An

z ∈ P , tìte z = tz1, me z1 ∈ O. An z1 ∈ O∗ telei¸same. Diaforetik�,

z1 /∈ O∗ �ra z1 ∈ P , opìte z1 = tz2, me z2 ∈ O kai z = t
2
z2. An z2 ∈ O∗,

telei¸same; diaforetik�, z2 ∈ P , z2 = tz3, ìpou z3 ∈ O, kai z = t
3
z3. Aut  h

diadikas�a stamat�, dhlad  se k�poio b ma n e�nai zn ∈ O∗, diìti diaforetik�

ja e�qame mia �peirh akolouj�a z, z1, z2, . . . me z ∈ z1P , z1 ∈ z2P ,. . . ,zi ∈
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zi+1P kai, ìpw
 sto (a'), autì apokle�etai. 'Etsi èqoume ìti z = t
n
zn, me

zn ∈ O∗. ♠

Orismì
 1.2.7. 'Ena
 pr¸to
 (prime   place) P tou s¸mato
 sunart sewn

F/K e�nai to megistikì ide¸de
 k�poiou daktÔliou apot�mhsh
. Akìma, me PF

(  apl� Pvan den up�rqei k�nduno
 sÔgqush
) sumbol�zoume to sÔnolo twn

pr¸twn tou s¸mato
 sunart sewn F/K.

Mia diaisjhtik  parat rhsh ston parap�nw orismì e�nai ìti oi daktÔlioi

apot�mhsh
 kai oi pr¸toi br�skontai se 1-1 antistoiq�a. Apì to l mma pou

akolouje� ja doÔme ìti k�ti tètoio e�nai swstì.

L mma 1.2.8. 'Estw P pr¸to
 kai O o ant�stoiqo
 daktÔlio
 apot�mhsh
2.

IsqÔei ìti

{z ∈ F
∗ | z

−1
/∈ P} ∪ {0} = O.

Apìdeixh. 'Estw y ∈ O\{0}. An y ∈ O∗, tìte y
−1 ∈ O∗, �ra y

−1
/∈ P , dhlad 

y ∈ {z ∈ F
∗ | z

−1
/∈ P}. An y /∈ O∗, tìte y ∈ O\O∗ = P , epomènw
 y

−1
/∈ P ,

ètsi y ∈ {z ∈ F
∗ | z

−1
/∈ P}. Sunolik� O ⊆ {z ∈ F

∗ | z
−1

/∈ P} ∪ {0}.
'Estw t¸ra y ∈ {z ∈ F

∗ | z
−1

/∈ P}. An y /∈ O, tìte epeid  o O e�nai

daktÔlio
 apot�mhsh
 èqoume ìti y
−1 ∈ O. 'Omw
 y

−1
/∈ P , �ra y

−1 ∈ O∗,

dhlad  y ∈ O, �topo. ♠

'Etsi, apì ta parap�nw, èqei nìhma o ìro
 daktÔlio
 apot�mhsh
 tou pr¸-

tou P kai o sumbolismì


OP := {z ∈ F
∗ | z

−1
/∈ P} ∪ {0}.

Akìma, sÔmfwna me to (b') tou 1.2.6 o parak�tw orismì
 èqei nìhma.

Orismì
 1.2.9. 'Estw P ∈ PF . Or�zoume w
 t�xh ston P th sun�rthsh

ordP : F → Z ∪ {∞}, ìpou an P = tO kai z ∈ F \ {0}, tìte ordP (z) := n

(ìpou n eke�no
 tou 1.2.6(b')v), kai ordP (0) := ∞.

Mia polÔ shmantik  idiìthta th
 t�xh
 d�netai apì to parak�tw je¸rhma.

2Δηλαδή αuτός για τον οpοÐο P = O \ O ∗.
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Je¸rhma 1.2.10. 'Estw F/K s¸ma sunart sewn.

(aþ) Gia k�je P ∈ P h sun�rthsh ordP e�nai diakrit  ekt�mhsh tou F/K.

(bþ) IsqÔei ìti

OP = {z ∈ F | ordP (z) ≥ 0},
O∗

P = {z ∈ F | ordP (z) = 0},
P = {z ∈ F | ordP (z) > 0} kai

P = xOP ann ordP (x) = 1.

(gþ) K�je daktÔlio
 apot�mhsh
 tou F/K e�nai megistikì
 w
 pro
 ton egklei-

smì upodaktul�wn tou F .

Apìdeixh. (a') To mìno mh profanè
 e�nai h isqÔ
 th
 trigwnik 
 anisìthta


an x, y 6= 0. 'Estw loipìn x, y ∈ F \ {0}. Tìte an ordP (x) = n kai ordP (y) =

m, me n ≤ m, èqoume ìti an P = tOP , tìte x = t
n
u1 kai y = t

m
u2, me

u1, u2 ∈ O∗
P . 'Etsi

x + y = t
n(u1 + t

m−n
u2) = t

n
z,

me z ∈ OP . An z = 0, tìte ordP (x + y) = ∞ > min{ordP (x), ordP (y)}. An

z 6= 0, tìte z = t
k
u, me k ≥ 0 kai u ∈ O∗

P , ètsi x + y = t
n+k

u, opìte

ordP (x + y) = n + k ≥ n = min{ordP (x), ordP (y)}.

(b') JewroÔme ìti P = tOP . To ìti O∗
P = {z ∈ F | ordP (z) = 0} e�nai

profanè
 apì to je¸rhma 1.2.6 kai ton orismì 1.2.9.

'Estw y ∈ {z ∈ F | ordP (z) > 0}, tìte y = t · (tordP (y)−1
u), me u ∈ O∗.

'Omw
 t ∈ O, ordP (y) − 1 ≥ 0 kai u ∈ O, opìte t
ordP (y)−1

u ∈ O, epomènw


y ∈ tO = P . 'Etsi pa�rnoume ìti {z ∈ F | ordP (z) > 0} ⊆ P . 'Estw y ∈ P .

An ordP (y) = 0, tìte apì ta parap�nw y ∈ O∗
P , �topo. An ordP (y) < 0,

tìte ordP (y−1) > 0 kai sÔmfwna me ta parap�nw y
−1 ∈ P , �topo. 'Etsi

ordP (y) > 0 kai �ra P ⊆ {z ∈ F | ordP (z) > 0}, dhlad  sunolik� {z ∈ F |
ordP (z) > 0} = P .
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To ìti OP = {z ∈ F | ordP (z) ≥ 0} e�nai �meso apì ta progoÔmena kai to

ìti OP = P ∪ O∗
P , en¸ to ìti P = xOP ann ordP (x) = 1 e�nai �meso.

(g') 'Estw O daktÔlio
 apot�mhsh
 tou s¸mato
 sunart sewn F/K, P

to megistikì ide¸de
 tou kai z ∈ F \ O. Arke� na de�xoume ìti F = O[z].

Pr�gmati, an y ∈ F tìte (mia
 pou ordP (z−1) > 0, afoÔ z /∈ O) gia k ≥ 0

arket� meg�lo ja èqoume ìti ordP (yz
−k) ≥ 0, �ra an w := yz

−k, tìte w ∈ O
kai y = wz

k ∈ O[z]. ♠

Efìson to P e�nai megistikì ide¸de
 tou OP , to OP
/P e�nai s¸ma kai

eÔkola blèpei kane�
 ìti P ∩ K = {0}. 'Etsi lamb�nonta
 up> ìyin to ìti ex

orismoÔ K ⊆ OP èqoume ìti to K e�nai upìswma3 tou OP
/P , �ra èqei nìhma

o parak�tw orismì
.

Orismì
 1.2.11. 'Estw P pr¸to
 tou s¸mato
 sunart sewn F/K, tìte o

arijmì


deg P :=
[

OP
/P : K

]

onom�zetai bajmì
 tou P .

To parak�tw je¸rhma ma
 de�qnei ìqi mìno ìti o bajmì
 enì
 pr¸tou e�nai

peperasmèno
, all� ma
 d�nei kai èna �nw fr�gma.

Je¸rhma 1.2.12. 'Estw P pr¸to
 tou s¸mato
 sunart sewn F/K kai

x ∈ P \ {0}, tìte
deg P ≤ [F : K(x)] < ∞.

Apìdeixh. Kat> arq�
, profan¸
 to x e�nai uperbatikì p�nw apì to K, ètsi,

apì to l mma 1.1.2, arke� na de�xoume thn arister  anisìthta. 'Estw loipìn

z1, . . . , zn ∈ OP tètoia ¸ste ta z̄1, . . . , z̄n ∈ OP
/P , me z̄i := zi + P , na e�nai

grammik� anex�rthta p�nw apì to K. Ja de�xoume ìti ta z1, . . . , zn e�nai

3Sτην prαγματικότητα το K δεν εÐναι upόσwμα τοuOP /P,αλλ�η εικόνα τοuK στο
OP /P,μέσwτης εμfÔτεuσης

φ :
K →֒ OP /P

x 7→ x + P
,

pοuεÐναι ισόμοrfη με το K.
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grammik� anex�rthta p�nw apì to K(x). An ìqi, up�rqoun φi ∈ K(x) tètoia

¸ste
n
∑

i=1

φizi = 0. (1.4)

Omo�w
, me thn apìdeixh tou jewr mato
 1.2.6 upojètoume ìti φi ∈ K[x] kai

ìti an φi = ai + xgi (ai ∈ K, gi ∈ K[x]), tìte den e�nai ìla ta ai = 0.

'Omw
 x ∈ P kai ai ∈ K, �ra φ̄i = āi = ai kai ètsi h (1.4) pern¸nta
 ston

phlikodaktÔlio d�nei
n
∑

i=1

aiz̄i = 0,

dhlad  ènan mh tetrimmèno mhdenikì grammikì sunduasmì twn z̄1, . . . , z̄n, �to-

po. ♠

Oi parak�tw orismo� ja ma
 d¸soun ènnoie
 pou ja ma
 fanoÔn polÔ qr -

sime
 se teqnikì ep�pedo.

Orismì
 1.2.13. 'Estw F/K s¸ma sunart sewn, z ∈ F , P ∈ PF kai

ordP (z) = m. An m > 0, tìte lème ìti o P e�nai r�za tou z t�xh
 m kai an

m < 0, tìte lème ìti o P e�nai pìlo
 tou z t�xh
 −m.

A
 doÔme t¸ra mia shmantik  idiìthta twn pìlwn kai twn riz¸n; to epìmeno

je¸rhma ja ma
 odhg sei sto zhtoÔmeno apotèlesma.

Je¸rhma 1.2.14. 'Estw F/K s¸ma sunart sewn kai R daktÔlio
 tètoio


¸ste K ⊆ R ⊆ F . An I e�nai mh tetrimmèno ide¸de
 tou R tìte up�rqei

k�poio
 P ∈ PF tètoio
 ¸ste I ⊆ P kai R ⊆ OP .

Apìdeixh. JewroÔme to sÔnolo

F := {S | S upodaktÔlio
 tou F me R ⊆ S kai IS 6= S}.

Profan¸
 R ∈ F , �ra F 6= ∅. Akìma, to F e�nai efodiasmèno me thn profan 

merik  di�taxh tou egkleismoÔ, en¸ an H ⊆ F èna uposÔnolo tou F me olik 

di�taxh, tìte to T :=
⋃{S | S ∈ H} e�nai upodaktÔlio
 tou F , me R ⊆ T .

Ja de�xoume ìti IT 6= T .
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'Estw loipìn ìti IT = T , tìte 1 =
∑n

i=1 aisi me ai ∈ I, si ∈ T . Efìson

ìmw
 to H èqei olik  di�taxh ja up�rqei S0 ∈ H tètoio ¸ste s1, . . . , sn ∈ S0,

�ra 1 =
∑n

i=1 aisi ∈ IS0, �topo. 'Ara apì to l mma tou Zorn (de
 [Sha,

sel. 40℄) to F perièqei k�poio megistikì stoiqe�o, èstw O. Ja de�xoume ìti

to O e�nai daktÔlio
 apot�mhsh
.

Efìson I 6= {0} kai IO 6= O, èqoume ìti O $ F kai I ⊆ O \ O∗.

Upojètoume ìti up�rqei z ∈ F me z, z
−1

/∈ O (dhlad  ìti to O den e�nai

daktÔlio
 apot�mhsh
). Tìte IO[z] = O[z] kai IO[z−1] = O[z−1] (alli¸


to O den ja  tan megistikì stoiqe�o tou F), kai �ra mporoÔme na broÔme

a0, . . . , an, b0, . . . , bm ∈ IO tètoia ¸ste

1 = a0 + a1z + · · · + anz
n
kai (1.5)

1 = b0 + b1z
−1 + · · · + bmz

−m
, (1.6)

en¸ profan¸
 m,n ≥ 1. Upojètoume ìti m,n tètoia ¸ste m ≤ n kai e�nai ta

el�qista dunat�. Pollaplasi�zoume thn (1.5) me 1− b0 kai thn (1.6) me anzn

kai pa�rnoume

1 − b0 = (1 − b0)a0 + (1 − b0)a1z + · · · + (1 − b0)anz
n
kai

0 = (b0 − 1)anz
n + b1anz

n−1 + · · · + bmanz
n−m

.

Prosjètwnta
 ti
 parap�nw exis¸sei
 pa�rnoume thn

1 = c0 + c1z + · · · + cn−1z
n−1

me ci ∈ IO. 'Omw
 autì e�nai �topo, lìgw th
 elaqistìthta
 tou n. ♠

To parap�nw je¸rhma de�qnei polÔ afhrhmèno, ìmw
 to parak�tw (sqedìn)

�meso pìrisma e�nai idia�tera qr simo.

Pìrisma 1.2.15. 'Estw F/K s¸ma sunart sewn kai z ∈ F uperbatikì

p�nw apì to K. Tìte to z èqei toul�qiston èna pìlo kai mia r�za.

Apìdeixh. JewroÔme ton daktÔlio R = K[z] kai to ide¸de
 I = zK[z]. Apì

to je¸rhma 1.2.14 up�rqei P ∈ PF me z ∈ P , dhlad  o P e�nai r�za tou z kai

omo�w
 up�rqei Q ∈ PF r�za tou z
−1, dhlad  pìlo
 tou z. ♠
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To teleuta�o pìrisma ma
 de�qnei (metaxÔ �llwn) ìti PF 6= ∅. Sthn prag-

matikìthta isqÔei k�ti polÔ isqurìtero, ìti dhlad  |PF | = ∞ (de
 [Sti, §I.3℄).
'Omw
 kai p�li mèqri stigm 
 den e�dame k�poio stoiqe�o tou PF kai gia poiì

lìgo ta stoiqe�a aut� paromoi�zontai me tou
 pr¸tou
 arijmoÔ
.

Gia na k�noume k�ti tètoio ja p�me sthn per�ptwsh tou s¸mato
 sunart -

sewn K(x)/K, dhlad  tou rhtoÔ s¸mato
 sunart sewn. Gia k�je an�gwgo

p(x) ∈ K[x] or�zoume w


Op(x) :=

{

f(x)

g(x)

∣

∣

∣

∣

f(x), g(x) ∈ K[x], p(x) ∤ g(x)

}

kai blèpoume eÔkola ìti autì e�nai daktÔlio
 apot�mhsh
 tou K(x)/K, me

ant�stoiqo megistikì ide¸de
 to

Pp(x) =

{

f(x)

g(x)

∣

∣

∣

∣

f(x), g(x) ∈ K[x], p(x) | f(x), p(x) ∤ g(x)

}

.

'Ena
 �llo
 daktÔlio
 apot�mhsh
 tou K(x)/K e�nai o

O∞ :=

{

f(x)

g(x)

∣

∣

∣

∣

f(x), g(x) ∈ K[x], deg f(x) ≤ deg g(x)

}

me megistikì ide¸de
 to

P∞ =

{

f(x)

g(x)

∣

∣

∣

∣

f(x), g(x) ∈ K[x], deg f(x) < deg g(x)

}

,

pou kale�tai kai pr¸to
 tou ape�rou   Arqim deio
 pr¸to
. To parak�tw je¸-

rhma ma
 de�qnei ìti sto rhtì s¸ma sunart sewn up�rqoun mìno oi parap�nw

pr¸toi.

Je¸rhma 1.2.16. Sto rhtì s¸ma sunart sewn K(x)/K an P ∈ PK(x),

tìte P = P∞   P = Pp(x) gia k�poio p(x) ∈ K[x] an�gwgo.

Apìdeixh. 'Estw P ∈ PK(x) me P 6= P∞. Diakr�noume peript¸sei
. An x ∈
OP , tìte K[x] ⊆ OP kai jètoume I := K[x] ∩ P , to opo�o eÔkola blèpoume

ìti e�nai pr¸to ide¸de
 tou K[x]. 'Omw
 K[x] e�nai perioq  kur�wn idewd¸n

(giat� to K e�nai s¸ma) kai to I e�nai pr¸to ide¸de
, �ra up�rqei p(x) ∈ K[x]

an�gwgo, tètoio ¸ste I = p(x)K[x]. 'Etsi, an to g(x) ∈ K[x] den diaire�tai
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apì to p(x), tìte g(x) /∈ I, �ra g(x) /∈ P , �ra 1/g(x) ∈ OP . Sunoy�zonta
,

èqoume ìti

Op(x) =

{

f(x)

g(x)

∣

∣

∣

∣

f(x), g(x) ∈ K[x], p(x) ∤ g(x)

}

⊆ OP .

'Omw
, apì to je¸rhma 1.2.10(g') isqÔei ìti OP = Op(x).

An t¸ra x /∈ OP , tìte ìpw
 prin K[x−1] ⊆ OP , x
−1 ∈ P ∩ K[x−1] kai

P ∩ K[x−1] = x
−1

K[x−1], �ra

OP ⊇
{

f(x−1)

g(x−1)

∣

∣

∣

∣

f(x−1), g(x−1) ∈ K[x−1], x
−1 ∤ g(x−1)

}

=

{

a0 + a1x
−1 + · · · + anx

−n

b0 + b1x
−1 + · · · + bmx

−m

∣

∣

∣

∣

b0 6= 0

}

=

{

a0x
m+n + · · · + anx

m

b0x
m+n + · · · + bmx

n

∣

∣

∣

∣

b0 6= 0

}

=

{

u(x)

v(x)

∣

∣

∣

∣

u(x), v(x) ∈ K[x], deg u(x) ≤ deg v(x)

}

= O∞.

'Etsi, kai p�li, OP = O∞. ♠

1.3 Diairète
 kai L q¸roi

H ènnoia tou diairèth èqei ti
 r�ze
 tou sthn algebrik  gewmetr�a kai ìqi

sthn klasik  jewr�a arijm¸n. Par> ìla aut� e�nai anapìspasto komm�ti th


jewr�a
 ma
, mia
 pou q�rh se aut n ja apode�xoume to je¸rhma Riemann-

Roch sto kef�laio 2, pou e�nai èna katalutik 
 shmas�a
 apotèlesma, ìpw


ja doÔme argìtera.

Orismì
 1.3.1. H eleÔjerh abelian  om�da pou par�getai apì tou
 pr¸-

tou
 enì
 s¸mato
 sunart sewn, onom�zetai om�da diairet¸n (group of divi-

sors) kai sumbol�zetai w
 DF . Ta stoiqe�a th
 om�da
 diairet¸n, onom�zontai

diairète
 (divisors).
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'Etsi, o tuqa�o
 diairèth
 e�nai èna tupikì �jroisma th
 morf 


D =
∑

P∈PF

aP P

me aP ∈ Z kai aP = 0 gia sqedìn ìlou
 tou
 P . Ta aP tou parap�nw tÔpou

sumbol�zontai w
 ordP (D) kai onom�zontai t�xh tou diairèth. 'Ena
 eidikì


diairèth
 e�nai o

0 :=
∑

P∈PF

0 · P,

en¸ an D = P ∈ PF , tìte lème ìti o D e�nai pr¸to
 diairèth
.

'Hdh blèpoume ìti sto DF mpore� na oriste� merik  di�taxh (D1 ≤ D2 ⇐⇒
ordP (D1) ≤ ordP (D2) ∀P ∈ PF ). M�lista, an D > 0, tìte lème ìti o D e�nai

apotelesmatikì
 (effective). K�poioi akìma qr simoi orismo� e�nai oi parak�tw.

Orismì
 1.3.2. 'Estw D diairèth
. W
 st rigma (support) tou D or�zoume

to sÔnolo

supp(D) := {P ∈ PF | ordP (D) 6= 0}.

Orismì
 1.3.3. W
 bajmì tou diairèth D or�zoume ton arijmì

degF D :=
∑

P∈PF

ordP (D) · deg P.

An den up�rqei k�nduno
 sÔgqush
, sumbol�zoume ton degF D apl� w


deg D. Akìma, eÔkola blèpei kane�
 ìti apì ton bajmì twn diairet¸n prokÔ-

ptei èna
 omomorfismì
 (deg : DF → Z).

Ep�sh
, eÔkola apodeiknÔetai (de
 [Sti, §I.3℄) ìti èna x ∈ F \ {0} èqei

mìno peperasmène
 to pl jo
 r�ze
 kai pìlou
, �ra o parak�tw orismì
 èqei

nìhma.

Orismì
 1.3.4. 'Estw x ∈ F \ {0}. Or�zoume w


(x)0 :=
∑

P∈PF

ordP (x)>0

ordP (x)P, ton diairèth twn riz¸n tou x,

(x)∞ :=
∑

P∈PF

ordP (x)<0

(− ordP (x))P, ton diairèth twn pìlwn tou x kai

(x) := (x)0 − (x)∞ ton kÔrio diairèth (principal divisor) tou x.
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'Ena endiafèron l mma e�nai to parak�tw.

L mma 1.3.5. IsqÔei ìti x ∈ K

F ⇐⇒ (x) = 0.

Apìdeixh. (⇒) 'Estw x ∈ K

F \{0} kai P pr¸to
. Apì to l mma 1.2.5 èqoume

ìti P ∩ K

F
= {0}, �ra x /∈ P kai apì to je¸rhma 1.2.10 ordP (x) ≤ 0.

Omo�w
 ordP (x−1) ≤ 0, dhlad  ordP (x) ≥ 0. Sunoy�zonta
 katal goume ìti

ordP (x) = 0.

(⇐) 'Ameso apì to pìrisma 1.2.15. ♠

Mia eidik  upoom�da idia�terh
 shmas�a
 e�nai h parak�tw.

Orismì
 1.3.6. To sÔnolo

PF := { (x) | x ∈ F \ {0} }

onom�zetai om�da kÔriwn diairet¸n (group of princpal divisors) tou F/K.

E�nai profanè
 ìti to PF e�nai upoom�da th
 DF . 'Etsi èqei nìhma kai o

parak�tw orismì
.

Orismì
 1.3.7. H phlikoom�da

CF := DF
/PF

onom�zetai om�da kl�sewn diairet¸n. An D ∈ DF h ant�stoiqh kl�sh sumbol�-

zetai me [D]. DÔo diairète
 D, D
′ ∈ DF onom�zontai isodÔnamoi an [D] = [D′]

(sumbolik� D ∼ D
′).

Sth sunèqeia or�zoume tou
 L q¸rou
 pou ja pa�xoun ki auto� prwtagw-

nistikì rìlo sth jewr�a ma
 kai sto je¸rhma Riemann-Roch.

Orismì
 1.3.8. 'Estw A ∈ DF , èqoume ìti

L(A) := {x ∈ F | (x) ≥ −A } ∪ {0}.

Mia polÔ qr simh parat rhsh e�nai ìti L(A) 6= {0} ann up�rqei A
′ ∼ A,

me A
′ ≥ 0. H parak�tw prìtash ma
 de�qnei k�poie
 polÔ shmantikè
 idiìthte


twn L q¸rwn.
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Prìtash 1.3.9. 'Estw A ∈ DF . Tìte

(aþ) to L(A) e�nai dianusmatikì
 q¸ro
 p�nw apì to K,

(bþ) an A′ ∈ DF me A′ ∼ A, tìte L(A) ∼= L(A′) w
 dianusmatiko� q¸roi,

(gþ) L(0) = K kai

(dþ) an A < 0 tìte L(A) = {0}.

Apìdeixh. (a') 'Estw x, y ∈ L(A) kai a ∈ K. Tìte gia k�je P ∈ PF isqÔei

ìti

ordP (x+ y) ≥ min{ordP (x), ordP (y)} ≥ − ordP (A),

dhlad  x+ y ∈ L(A) kai

ordP (ax) = ordP (a) + ordP (x) ≥ − ordP (A),

dhlad  ax ∈ L(A).

(b') AfoÔ A ∼ A
′ èqoume ìti A = A

′ + (z) gia k�poio z ∈ F \ {0}.
JewroÔme ti
 apeikon�sei


φ :
L(A) → L(A′)

x 7→ xz

kai φ
′ :

L(A′) → L(A)

x 7→ xz
−1

kai parathroÔme ìti e�nai kal� orismène
, K-grammikè
 kai h mia ant�strofh

th
 �llh
. 'Etsi h φ e�nai isomorfismì
.

(g') Profan¸
 K ⊆ L(0). 'Estw t¸ra x ∈ L(0) \ {0}, tìte (x) ≥ 0, �ra

to x den èqei pìlou
, �ra x ∈ K apì to pìrisma 1.2.15.

(d') 'Estw x ∈ L(A) \ {0}, tìte (x) ≥ −A > 0, dhlad  to x èqei r�ze


all� ìqi pìlou
, �topo. ♠

Sthn parap�nw prìtash e�dame ìti èna
 L q¸ro
 e�nai dianusmatikì
 q¸-

ro
 p�nw apì to K. Sth sunèqeia, ja melet soume ti
 idiìthte
 tou w


dianusmatikoÔ q¸rou kai ja katal xoume ìti èqei peperasmènh di�stash.

L mma 1.3.10. 'Estw A,B ∈ DF kai A ≤ B. Tìte L(A) ⊆ L(B) kai

dimK

(

L(B)
/L(A)

)

≤ degB − degA.
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Apìdeixh. To ìti L(A) ⊆ L(B) e�nai profanè
. Gia na apode�xoume thn �llh

sqèsh e�nai arketì na upojèsoume ìti B = A + P , me P ∈ PF , kai h genik 

per�ptwsh sunep�getai epagwgik�.

'Estw loipìn ìti B = A + P , me P ∈ PF , kai4 t ∈ F me ordP (t) =

ordP (B) = ordP (A) + 1. Gia x ∈ L(B) èqoume ìti

ordP (x) ≥ − ordP (B) = − ordP (t),

�ra ordP (xt) ≥ 0, dhlad  xt ∈ OP . Epomènw
 èqei nìhma na mil�me gia thn

parak�tw apeikìnish

ψ :
L(B) → OP

/P

x 7→ x̄t

,

h opo�a e�nai K-grammik  kai x ∈ kerψ ⇐⇒ ordP (xt) > 0, dhlad  ordP (x) ≥
− ordP (A). 'Etsi katal goume ìti kerψ = L(A), �ra apì to 1o je¸rhma

isomorfism¸n

dimK

(

L(B)
/L(A)

)

≤ dimK

(

OP
/P

)

= degP = degB − degA. ♠

Prìtash 1.3.11. Gia k�je A ∈ DF , o L(A) e�nai peperasmènh
 di�stash


dianusmatikì
 q¸ro
 p�nw apì to K.

Apìdeixh. JewroÔme ìti A = A+ + A− (me A+ kai A− ta profan ). AfoÔ

L(A) ⊆ L(A+) arke� na de�xoume ìti

dimK L(A+) ≤ degA+ + 1.

'Omw
 0 ≤ A+, �ra apì to l mma 1.3.10 isqÔei ìti

dimK

(

L(A+)
/L(0)

)

≤ degA+.

Akìma apì thn prìtash 1.3.9(g') èqoume ìti L(0) = K, �ra

dimK L(A+) = dimK

(

L(A+)
/L(0)

)

+ 1

kai sundu�zonta
 ta dÔo parap�nw èqoume to zhtoÔmeno. ♠
4HÔpαrxη τέτοιοut εxασfαλÐzεται αpό το jεώrημα 1.2.6.
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Sth teleuta�a prìtash e�dame ìti èna
 L q¸ro
 e�nai èna
 peperasmènh


di�stash
 dianusmatikì
 q¸ro
 p�nw apì to K. 'Etsi o parak�tw orismì


èqei nìhma.

Orismì
 1.3.12. Gia ènan A ∈ DF o akèraio
 l(A) := dimK L(A) onom�-

zetai h di�stash tou A.

ApodeiknÔetai (de
 [Sti, §I.3℄) ìti gia x ∈ F \K isqÔei ìti ta deg(x)0 kai

deg(x)∞ e�nai to polÔ �sa me [F : K(x)]. Sto parak�tw je¸rhma ja doÔme ìti

sthn pragmatikìthta isqÔei h isìthta.

Je¸rhma 1.3.13. Gia x ∈ F \ K isqÔei ìti

deg(x)0 = deg(x)∞ = [F : K(x)].

Apìdeixh. Jètoume n := [F : K(x)] kai B := (x)∞ kai sÔmfwna me ta para-

p�nw arke� na de�xoume ìti deg B ≥ n. Epilègoume {u1, . . . , un} mia b�sh th


epèktash
 F/K(x) kai C ∈ DF tètoio ¸ste C ≥ 0 kai (ui) ≥ −C gia k�je

i = 1, . . . , n. Akìma, èpetai �mesa apì tou
 orismoÔ
 ìti ∀ k ≥ 0 isqÔei ìti

x
i
uj ∈ L(kB + C) gia 0 ≤ i ≤ k kai 1 ≤ j ≤ n. Ep�sh
, eÔkola blèpoume ìti

ta parap�nw stoiqe�a e�nai grammik� anex�rthta p�nw apì to K �ra

l(kB + C) ≥ n(k + 1) (1.7)

gia k�je k ≥ 0. Jètoume c := deg C kai apì thn apìdeixh th
 1.3.11 pa�rnoume

ìti n(k + 1) ≤ l(kB + C) ≤ k · deg B + c + 1. 'Etsi

k(deg B − n) ≥ n − c − 1 (1.8)

gia k�je k ∈ N. 'Omw
 c > n, afoÔ apì thn apìdeixh th
 1.3.11 èqoume ìti

c > l(C) afoÔ C ≥ 0 kai l(C) ≥ n apì (1.7) gia k = 0. 'Etsi h (1.8) d�nei

�topo an deg B < n, �ra deg B ≥ n. ♠

To parap�nw je¸rhma apodeiknÔetai eukolìtera an upojèsoume ìti to K

e�nai tèleio s¸ma kai qrhsimopoi soume ti
 idiìthte
 tou K[x] w
 daktul�ou
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Dedekind5 (de
 [Ros, sel. 47℄), ìmw
 ed¸ protim same mia pio sugkekrimè-

nh prosèggish. Tèlo
, prin kle�soume to kef�laio a
 doÔme merik� �mesa

por�smata tou teleuta�ou jewr mato
.

Pìrisma 1.3.14. An x ∈ F \ {0}, tìte deg(x) = 0.

Apìdeixh. 'Ameso apì to je¸rhma 1.3.13 kai ton orismì 1.3.4. ♠

Pìrisma 1.3.15. 'Estw A, A
′ ∈ DF me A ∼ A

′. Tìte l(A) = l(A′) kai

deg A = deg A
′.

Apìdeixh. To zhtoÔmeno èpetai �mesa apì to pìrisma 1.3.14 kai thn prìtash

1.3.9(b'). ♠

Pìrisma 1.3.16. An A ∈ DF me deg A ≤ 0 tìte l(A) = 0 ektì
 an A ∼ 0,

opìte l(A) = 1.

Apìdeixh. An deg A < 0 kai ∃x ∈ L(A)\{0}, tìte deg((x)+A) = deg A < 0,

apì to pìrisma 1.3.14, kai deg((x)+A) ≥ 0, apì ton orismì tou L(A), �topo,

�ra L(A) = {0} kai l(A) = 0. An deg A = 0 kai ∃x ∈ L(A) \ {0}, tìte

(x) + A ≥ 0 kai deg((x) + A) = 0, �ra (x) + A = 0, �ra A ∼ 0. Tèlo
, an

A ∼ 0 tìte apì pìrisma 1.3.15 l(A) = l(0) kai, mia
 pou L(0) = K apì thn

prìtash 1.3.9(g'), l(0) = 1. ♠

5Gια τον οrισμό τοuδακτuλÐοuDedekind δες [Neu,σελ. 18].



Kef�laio 2

To je¸rhma Riemann-Roch

To kentrikì apotèlesma tou kefala�ou autoÔ e�nai to je¸rhma Riemann-

Roch. To je¸rhma Riemann-Roch èqei ti
 r�ze
 tou sthn Algebrik  Gewme-

tr�a, en¸ k�ti ant�stoiqo den up�rqei sthn klasik  Jewr�a Arijm¸n.

Anafèroume to je¸rhma Riemann-Roch diìti e�nai èna pan�squro ergale�o,

to opo�o ma
 bohj�ei na èqoume apotelèsmata sth Jewr�a Arijm¸n se s¸mata

sunart sewn, eukolìtera ap> ìti sthn klasik  Jewr�a Arijm¸n, ìpw
 ja

doÔme kai sta epìmena kef�laia. H isqÔ
 tou jewr mato
 Riemann-Roch e�nai

tìso meg�lh pou kat� polloÔ
 prìkeitai gia to shmantikìtero apotèlesma th


jewr�a
 twn swm�twn sunart sewn.

Sto kef�laio autì ja jewroÔme p�nta ìti to F/K e�nai s¸ma sunart sewn

kai ìti K

F
= K.

2.1 ProapaitoÔmene
 ènnoie


Sthn par�grafo aut  to basikì ma
 mèlhma e�nai na or�soume to gèno
 enì


s¸mato
 sunart sewn, kaj¸
 autì ja pa�xei kajoristikì rìlo. A
 xekin -

soume loipìn apì mia bohjhtik  prìtash.

Prìtash 2.1.1. Up�rqei k�poia stajer� γ ∈ Z tètoia ¸ste gia k�je A ∈
DF na isqÔei

deg A − l(A) ≤ γ.

20
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Apìdeixh. Kat> arq�
 parathroÔme apì to l mma 1.3.10 èqoume ìti an A1, A2

e�nai diairète
, tìte

A1 ≤ A2 ⇒ deg A1 − l(A1) ≤ deg A2 − l(A2). (2.1)

Jewr¸ èna auja�reto x ∈ F \ K, to opo�o ja pa�xei bohjhtikì rìlo sthn

apìdeixh, kai èstw B := (x)∞. Tìte, akolouj¸nta
 thn �dia diadikas�a me

eke�nh th
 apìdeixh
 tou jewr mato
 1.3.13, kaj¸
 kai to 1.3.13 katal goume

ìti up�rqei k�poio C ∈ DF , pou exart�tai apì to x, tètoio ¸ste C ≥ 0 kai

gia k�je k ≥ 0 isqÔei ìti

l(kB + C) ≥ (k + 1) deg B. (2.2)

Akìma, apì to l mma 1.3.10 èqoume ìti gia k�je k ≥ 0 isqÔei ìti

l(kB + C) − l(kB) ≤ deg(kB + C) − deg(kB)

⇒ l(kB + C) ≤ deg C + l(kB). (2.3)

Sundu�zonta
 ti
 (2.2) kai (2.3) katal goume ìti gia k�je k ≥ 0

l(kB) ≥ (k + 1) deg B − deg C = deg(kB) + (deg B − deg C)

dhlad  gia k�poio γ ∈ Z isqÔei ìti

deg(kB) − l(kB) ≤ γ. (2.4)

Jèloume na de�xoume ìti h (2.4) isqÔei akìma ki an antikatast soume to kB

me to tuqa�o stoiqe�o tou DF .

Isqurizìmaste ìti gia k�je A ∈ DF up�rqoun A1, D ∈ DF kai k ∈ Z≥0

tètoioi ¸ste A ≤ A1, A1 ∼ D kai D ≤ kB. Pr�gmati, an epilèxoume k�poio

A1 ∈ DF tètoio ¸ste A1 ≥ A kai A1 ≥ 0, tìte gia k arket� meg�lo

l(kB − A1) ≥ l(kB) − deg A1 (apì to l mma 1.3.10)

≥ deg(kB) − γ − deg A1 (apì thn (2.4)v)

> 0 (gia arket� meg�lo k) .

'Ara up�rqei z ∈ L(kB −A1) \ {0} kai jètonta
 D := A1 − (z) pa�rnoume ìti

A1 ∼ D kai D ≤ A1 − (A1 − kB) = kB.
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'Etsi, upojètoume ìti A1 kai D ìpw
 parap�nw kai èqoume ìti

deg A − l(A) ≤ deg A1 − l(A1) (apì thn (2.1)v)

= deg D − l(D) (apì pìrisma 1.3.15)

≤ deg(kB) − l(kB) (apì thn (2.1)v)

≤ γ (apì thn (2.4)v) ,

dhlad  to zhtoÔmeno. ♣

SÔmfwna me thn parap�nw prìtash èqei nìhma o parak�tw orismì
.

Orismì
 2.1.2. To gèno
 (genus) tou s¸mato
 sunart sewn F/K or�zetai

w


g := max{deg A − l(A) + 1 | A ∈ DF}.

To gèno
 enì
 s¸mato
 sunart sewn e�nai kajoristik 
 shmas�a
, ìmw


en gènei o upologismì
 tou den e�nai eÔkolo
. Akìma isqÔei ìti

g ≥ 0. (2.5)

To apotèlesma autì to lamb�noume an jewr soume ton mhdenikì diairèth kai

parathr soume ìti deg 0 = 0 kai l(0) = 1, opìte deg 0− l(0) + 1 = 0 kai �ra,

apì ton orismì tou gènou
, g ≥ 0. Mia �llh sqèsh pou aporrèi �mesa apì

ton orismì tou gènou
 e�nai ìti gia k�je A ∈ DF isqÔei ìti

l(A) ≥ deg A + 1 − g, (2.6)

  alli¸
 h anisìthta Riemann. Akìma isqÔei to parak�tw je¸rhma.

Je¸rhma 2.1.3 (Riemann). An g to gèno
 tou F/K tìte up�rqei k�poio

c ∈ Z pou exart�tai apì to F/K tètoio ¸ste an A ∈ DF me deg A ≥ c isqÔei

ìti

l(A) = deg A + 1 − g.

Apìdeixh. 'Estw A0 ∈ DF tètoio ¸ste1 deg A0 − l(A0) + 1 = g kai c :=

deg A0 +g. An A ∈ DF me deg A ≥ c, tìte apì thn anisìthta Riemann isqÔei

ìti

l(A − A0) ≥ deg(A − A0) + 1 − g ≥ c − deg A0 + 1 − g = 1.

1HÔpαrxη τέτοιοuA 0 εxασfαλÐzεται αpό τον οrισμό τοuγένοuς.
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Epomènw
, up�rqei z ∈ L(A − A0) \ {0}. JewroÔme loipìn ton diairèth

A
′ := A + (z), gia ton opo�o isqÔei ìti A

′ ≥ A0. 'Etsi èqoume

deg A − l(A) = deg A
′ − l(A′) (apì pìrisma 1.3.15)

≥ deg A0 − l(A0) (apì l mma 1.3.10)

= g − 1 .

Epomènw
, l(A) ≤ deg A + 1− g kai sundu�zonta
 me thn anisìthta Riemann

oloklhr¸noume thn apìdeixh. ♣

2.2 To je¸rhma Riemann-Roch

Ton�zoume ston anagn¸sth ìti akìma kai gia thn diatÔpwsh tou jewr mato


Riemann-Roch qrei�zetai arket  akìma proparaskeu . Sthn enìthta aut 

ja diatup¸soume kai ja apode�xoume to je¸rhma Riemann-Roch (je¸rhma

2.2.16). Se olìklhrh thn enìthta me g ja sumbol�zoume to gèno
 tou s¸mato


sunart sewn F/K. Ja xekin soume d�nonta
 k�poiou
 qr simou
 orismoÔ
.

Orismì
 2.2.1. Gia A ∈ DF , o akèraio


i(A) := l(A) − deg A + g − 1

onom�zetai idiaiterìthta (index of speciality) tou A.

H anisìthta Riemann (sqèsh (2.6)v) ma
 exasfal�zei ìti gia k�je A ∈ DF

isqÔei ìti i(A) ≥ 0, en¸ apì to je¸rhma Riemann (je¸rhma 2.1.3) èqoume ìti

an deg A e�nai arket� meg�lo, tìte i(A) = 0.

Orismì
 2.2.2. To sÔnolo

AF :=

{

(αP )P∈PF
∈
∏

P∈PF

F

∣

∣

∣

∣

∣

αP ∈ OP gia sqedìn ìla ta P ∈ PF

}

onom�zetai daktÔlio
 diaqwrism¸n (adele space, repartition space, adele ring

  idèle ring).
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EÔkola mporoÔme na doÔme ìti o daktÔlio
 diaqwrism¸n enì
 s¸mato


sunart sewn èqei pr�gmati dom  daktul�ou, all� autì de ja ma
 apasqol sei

idia�tera. Ant�jeta, shmantikì rìlo sth jewr�a ja pa�xei to gegonì
 ìti èqei

kai dom  K-dianusmatikoÔ q¸rou.

Ep�sh
, k�je x ∈ F èqei peperasmène
 to pl jo
 r�ze
 kai pìlou
 [Sti,

sel. 14℄, �ra h embÔjish

φ :
F →֒ AF

z 7→ (z)P∈PF

e�nai kal� orismènh, ki ètsi mporoÔme na doÔme to F w
 K-upìqwro tou AF .

Ep�sh
, mporoÔme na epekte�noume kat� fusikì trìpo kai thn t�xh enì
 pr¸tou

apì to F sto AF , opìte gia k�je P1 ∈ PF or�zoume

ordP1 :
AF → Z ∪ {∞}

(αP )P∈PF
7→ ordP1(αP1)

kai to gegonì
 ìti an α ∈ AF , tìte ordP (α) ≥ 0 gia sqedìn ìla ta P ∈ PF

e�nai �meso apì tou
 orismoÔ
.

A
 doÔme t¸ra mia polÔ shmantik  oikogèneia K-upìqwrwn tou AF .

Orismì
 2.2.3. Gia A ∈ DF or�zoume

AF (A) := {α ∈ AF | ordP (α) ≥ − ordP (A) ∀P ∈ PF}.

To parak�tw je¸rhma ja ma
 bohj sei na èqoume mia pr¸th {ekdoq } tou

jewr mato
 Riemann-Roch kaj¸
 kai ènan akìma qarakthrismì tou gènou
.

Je¸rhma 2.2.4. Gia k�je A ∈ DF isqÔei ìti

i(A) = dimK

(

AF
/AF (A)+F

)

.

Apìdeixh. Kat> arq�
, ja apode�xoume ìti an A1, A2 ∈ DF me A1 ≤ A2, tìte

AF (A1) ⊆ AF (A2) kai

dimK

(

AF (A2)
/AF (A1)

)

= deg A2 − deg A1. (2.7)

To ìti AF (A1) ⊆ AF (A2) e�nai profanè
. Gia thn apìdeixh th
 (2.7) arke�

na de�xoume thn per�ptwsh A2 = A1 + P1 me P1 ∈ PF , kai h genik  per�ptwsh

èpetai me epagwg . Epilègoume2 t ∈ F me ordP1(t) = ordP1(A1)+1 kai omo�w


2HÔpαrxη τέτοιοut εxασfαλÐzεται αpό τον οrισμό της τ�xης ενός prώτοu.
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me thn apìdeixh tou l mmato
 1.3.10 h apeikìnhsh

φ :
AF (A2) → OP1/P1

(αP )P∈PF
7→ ¯tαP1

e�nai kal� orismènh, K-grammik  kai ker φ = AF (A1). Akìma, parathroÔme

ìti gia k�je x ∈ OP1 an (βP )P∈PF
∈ AF me βP tètoia ¸ste ordP (βP ) =

− ordP (A2) gia P 6= P1 kai βP1 = t
−1

x, tìte (βP )P∈PF
∈ AF (A2) kai

φ((βP )P∈PF
) = x̄, dhlad  h φ e�nai ep�. 'Etsi, apì to 1o je¸rhma isomor-

fism¸n pa�rnoume thn (2.7).

Sth sunèqeia ja apode�xoume ìti an A1, A2 ìpw
 prin, tìte

dimK

(

AF (A2)+F
/AF (A1)+F

)

= (deg A2 − l(A2)) − (deg A1 − l(A1)).
(2.8)

Pr�gmati, jewroÔme thn akolouj�a

0
σ1→ L(A2)

/L(A1)
σ2→AF (A2)

/AF (A1)

σ3→AF (A2)+F
/AF (A1)+F

σ4→ 0
(2.9)

me σi ta profan . 'Eqoume ìti profan¸
 im σ1 = ker σ2, im σ3 = ker σ4 kai

im σ2 ⊆ ker σ3. 'Estw t¸ra α ∈ AF (A2) me σ3(α + AF (A1)) = 0, tìte

α ∈ AF (A1) + F opìte up�rqei k�poio x ∈ F me α − x ∈ AF (A1). Kaj¸


AF (A1) ⊆ AF (A2) katal goume ìti x ∈ AF (A2) ∩ F = L(A2). 'Etsi α +

AF (A1) = x + AF (A1) = σ2(x + L(A1)), dhlad  ker σ3 ⊆ im σ2, dhlad 

sunolik� im σ2 = ker σ3. 'Etsi h akolouj�a sthn (2.9) e�nai braqèia akrib 


(de
 [Rei, sel. 45℄) kai �ra qrhsimopoi¸nta
 kai thn (2.7) pa�rnoume:

dimK

(

AF (A2)+F
/AF (A1)+F

)

= dimK

(

AF (A2)
/AF (A1)

)

− dimK

(

L(A2)
/L(A1)

)

= (deg A2 − deg A1) − (l(A2) − l(A1)).

Akìma, ja de�xoume ìti an B ∈ DF me l(B) = deg B + 1 − g tìte

AF = AF (B) + F. (2.10)
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Pr�gmati, kat> arq�
 parathroÔme ìti apì to l mma 1.3.10 an B1 ≥ B, tìte

l(B1) ≤ deg B1 + l(B) − deg B = deg B1 + 1 − g.

Tautìqrona apì thn anisìthta Riemann (sqèsh (2.6)v) l(B1) ≥ deg B1+1−g,

�ra sunolik�

l(B1) = deg B1 + 1 − g gia k�je B1 ≥ B. (2.11)

'Estw t¸ra α ∈ AF . Profan¸
 up�rqei B1 ≥ B tètoio ¸ste α ∈ AF (B1).

Apì ti
 (2.8) kai (2.11) èqoume

dimK

(

AF (B1)+F
/AF (B)+F

)

= (deg B1 − l(B1)) − (deg B − l(B))

= (g − 1) − (g − 1) = 0,

dhlad  AF (B) + F = AF (B1) + F kai efìson α ∈ AF (B1) katal goume ìti

α ∈ AF (B) + F , dhlad  de�xame thn (2.10).

Tèlo
, èstw A diairèth
. Apì to je¸rhma Riemann (j. 2.1.3) up�rqei

k�poio
 diairèth
 A1 ≥ A tètoio
 ¸ste l(A1) = deg A1 + 1 − g. Apì thn

(2.10), AF = AF (A1) + F kai ètsi h (2.8) d�nei

dimK

(

AF
/AF (A)+F

)

= dimK

(

AF (A1)+F
/AF (A)+F

)

= (deg A1 − l(A1)) − (deg A − l(A))

= (g − 1) + l(A) − deg A = i(A). ♣

To parap�nw je¸rhma ma
 de�qnei ìti gia k�je A ∈ DF isqÔei ìti

l(A) = deg A + 1 − g + dimK

(

AF
/AF (A)+F

)

, (2.12)

pou e�nai mia prokatarktik  diatÔpwsh tou jewr mato
 Riemann-Roch. Akì-

ma, ma
 d�nei ènan akìmh trìpo upologismoÔ tou gènou
, ìpw
 blèpoume sto

parak�tw pìrisma.

Pìrisma 2.2.5. IsqÔei ìti

g = dimK

(

AF
/AF (0)+F

)

.
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Apìdeixh. Apì to je¸rhma 2.2.4 isqÔei ìti

dimK

(

AF
/AF (0)+F

)

= i(0) := l(0) − deg 0 + g − 1 = g. ♣

Sth sunèqeia ja doÔme thn ènnoia tou diaforikoÔ Weil.

Orismì
 2.2.6. 'Ena diaforikì Weil tou s¸mato
 sunart sewn F/K e�nai

mia K-grammik  apeikìnish ω : AF → K, pou mhden�zetai sto AF (A) + F gia

k�poio A ∈ DF . To sÔnolo twn diaforik¸n Weil tou F/K sumbol�zetai me

ΩF .

EÔkola blèpei kane�
 ìti to ΩF e�nai K-dianusmatikì
 q¸ro
 (me thn pro-

fan  prìsjesh kai gia pollaplasiasmì an x ∈ K, ξ ∈ AF kai ω ∈ ΩF

or�zoume w
 (xω)(ξ) := ω(xξ)). EÔkola blèpei kane�
 akìma ìti mia oikogè-

neia K-upìqwrwn tou ΩF perigr�fetai ston parak�tw orismì.

Orismì
 2.2.7. Gia A ∈ DF or�zoume

ΩF (A) := {ω ∈ ΩF | to ω mhden�zetai sto AF (A) + F}.

E�maste plèon se jèsh na d¸soume ènan akìmh trìpo upologismoÔ th


idiaiterìthta
 enì
 diairèth.

L mma 2.2.8. Gia k�je A ∈ DF èqoume ìti dimK ΩF (A) = i(A).

Apìdeixh. K�je stoiqe�o tou ΩF (A) e�nai K-grammik  apeikìnish AF → K

kai, �ra, dedomènou ìti to AF e�nai K-dianusmatikì
 q¸ro
, qarakthr�zetai

pl rw
 apì thn eikìna twn stoiqe�wn th
 K-b�sh
 touAF . Tautìqrona ìmw
,

akrib¸
 ìsa apì aut� apoteloÔn thn K-b�sh tou AF (A)+F e�nai desmeumèna

kaj¸
 prèpei apì ton orismì 2.2.7 na isoÔntai me mhdèn. 'Etsi katal goume

ìti

dimK ΩF (A) = dimK

(

AF
/AF (A)+F

)

kai apì to je¸rhma 2.2.4 to zhtoÔmeno èpetai �mesa. ♣

Apì to teleuta�o l mma blèpoume ìti an p�roume ènan diairèth A èqoume

dimK ΩF (A) = i(A) = l(A) − deg A + g − 1, (2.13)
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ètsi an deg A ≤ −2, tìte (lamb�nonta
 up> ìyhn to pìrisma 1.3.16) èqoume

ìti dimK ΩF (A) ≥ 1, dhlad  ΩF (A) % {0}, opìte kai ΩF % {0}.
Mia akìma polÔ shmantik  parat rhsh e�nai ìti apì to l mma 2.2.8, ton

orismì 2.2.1 kai to pìrisma 1.3.16 èqoume ìti gia to gèno
 isqÔei ìti

g = dimK ΩF (0), (2.14)

dhlad  to gèno
 mpore� na upologiste� mèsw twn diaforik¸n Weil.

Tèlo
, parathroÔme ìti o K-bajmwtì
 pollaplasiasmì
 pou or�same pa-

rap�nw, gia na de�xoume ìti to ΩF e�nai K-dianusmatikì
 q¸ro
, epekte�netai

fusiologik� kai sto F . 'Etsi to ΩF e�nai kai F -dianusmatikì
 q¸ro
, me th

diafor� ìmw
 ìti t¸ra an x ∈ F kai ω ∈ ΩF , me to ω na mhden�zetai sto

AF (A) + F , to xω mhden�zetai sto AF (A + (x)) + F . 'Etsi ta ΩF (A) me

A ∈ DF den e�nai F -upìqwroi tou ΩF .

Mia ep�sh
 qr simh parat rhsh, pou aporrèei apì to parap�nw e�nai ìti

an x ∈ F , ω ∈ ΩF \ {0} kai xω = 0, tìte x = 0, en¸ (profan¸
) isqÔei kai

to ant�strofo.

H di�stash tou ΩF w
 F -dianusmatikoÔ q¸rou ja ma
 apasqol sei, afoÔ

e�nai kajoristik 
 shmas�a
 sthn apìdeixh tou jewr mato
 Riemann-Roch;

pr¸ta ìmw
, ja or�soume to diairèth enì
 diaforikoÔ Weil. To parak�tw

l mma ja ma
 bohj sei na e�nai kal� orismènh h ènnoia aut .

L mma 2.2.9. 'Estw ω ∈ ΩF \{0}. Tìte up�rqei k�poio
 monadikì
 A ∈ DF

tètoio
 ¸ste ω(AF (A) + F ) = {0} kai o A na e�nai megistikì
 w
 pro
 aut n

thn idiìthta.

Apìdeixh. Apì to je¸rhma Riemann (j. 2.1.3) up�rqei k�poio c tètoio ¸ste

i(A) = 0 gia k�je A ∈ DF me deg A ≥ c. 'Omw
 apì to je¸rhma 2.2.4 èqoume

ìti an deg A ≥ c, tìte AF = AF (A)+F , �ra to ω mhden�zetai se olìklhro to

AF , dhlad  ω = 0, �topo. 'Etsi an jèsoume T := {A ∈ DF | ω(AF (A)+F ) =

{0}} èqoume ìti oi bajmo� ìlwn twn stoiqe�wn tou T fr�ssontai apì to c.

'Estw loipìn A ∈ T mègistou bajmoÔ. Ja de�xoume ìti o A e�nai o zh-

toÔmeno
 diairèth
. 'Estw loipìn A
′ ∈ T , tìte profan¸
 lcm(A, A

′) ∈ T ,
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ìpou

lcm(A, A
′) :=

∑

P∈PF

max{ordP (A), ordP (A′)}P ∈ DF .

'Omw
 deg lcm(A, A
′) ≥ deg A, �ra apì thn megistìthta tou deg A èpetai ìti

deg lcm(A, A
′) = deg A, dhlad  ja prèpei lcm(A, A

′) = A, dhlad  A
′ ≤ A. H

monadikìthta tou A e�nai tetrimmènh. ♣

Apì to parap�nw l mma èqei nìhma o parak�tw orismì
.

Orismì
 2.2.10. O diairèth
 pou perigr�fetai sto l mma 2.2.9 onom�zetai

diairèth
 tou diaforikoÔ Weil ω kai sumbol�zetai w
 (ω). Akìma an W ∈ DF

tètoio ¸ste W = (ω) gia k�poio ω ∈ ΩF \{0}, tìte o W onom�zetai kanonikì


diairèth
.

Mia sqedìn profan 
 idiìthta twn diairet¸n Weil diatup¸netai sto para-

k�tw l mma.

L mma 2.2.11. An A ∈ DF kai ω ∈ ΩF , tìte to ω mhden�zetai sto AF (A)+

F ann A ≤ (ω).

Apìdeixh. 'Ameso apì tou
 orismoÔ
 2.2.3 kai 2.2.10. ♣

'Allh mia idiìthta twn diairet¸n diaforik¸n Weil d�netai sthn parak�tw

prìtash.

Prìtash 2.2.12. An x ∈ F
∗ kai ω ∈ ΩF \ {0} isqÔei ìti

(xω) = (x) + (ω).

Apìdeixh. An to ω mhden�zetai sto AF (A)+F to xω mhden�zetai sto AF (A+

(x))+F , �ra mia
 pou to ω mhden�zetai sto AF ((ω))+F , to xω ja mhden�zetai

sto AF ((x) + (ω)) + F , �ra, apì th megistik  idiìthta tou (xω),

(ω) + (x) ≤ (xω).

Omo�w
 (xω)+(x−1) ≤ (x−1
xω) = (ω). 'Etsi, sundu�zonta
 ta dÔo parap�nw

pa�rnoume ìti

(ω) + (x) ≤ (xω) ≤ −(x−1) + (ω) = (ω) + (x). ♣
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E�maste plèon se jèsh na upolog�soume th di�stash tou ΩF w
 dianusma-

tikoÔ q¸rou p�nw apì to F .

Prìtash 2.2.13. IsqÔei ìti dimF ΩF = 1.

Apìdeixh. Kat> arq�
 ja de�xoume ìti an ω ∈ ΩF \ {0} kai x ∈ L((ω) − A),

me A ∈ DF , tìte isqÔei ìti xω ∈ ΩF (A). Pr�gmati, afoÔ x ∈ L((ω) − A)

èqoume ìti (x) ≥ A− (ω), en¸ apì thn prìtash 2.2.12 (xω) = (x)+(ω). 'Etsi

pa�rnoume ìti (xω) ≥ A, dhlad  xω ∈ ΩF (A).

Sth sunèqeia ja de�xoume ìti an ω ∈ ΩF \ {0} kai A ∈ DF , tìte to

L((ω)−A)ω e�nai K-upìqwro
 tou ΩF (A). Pr�gmati apì thn prìtash 1.3.9(a')

to L((ω) − A) e�nai K-dianusmatikì
 q¸ro
, �ra eÔkola mpore� na dei kane�


ìti kai to L((ω)−A)ω ja e�nai K-dianusmatikì
 q¸ro
, en¸ apì thn parap�nw

parat rhsh èpetai �mesa ìti ja e�nai kai uposÔnolo tou ΩF (A).

To epìmeno b ma ma
 ja e�nai na de�xoume ìti an ω, ω
′ ∈ ΩF \ {0}, tìte

up�rqei k�poio A ∈ DF tètoio ¸ste

L((ω) − A)ω ∩ L((ω′) − A)ω′ 6= {0}.

Pr�gmati jewroÔme kapoio P ∈ PF kai jètoume Dn := −nP (n ∈ N). Apì th

sqèsh (2.13) kai to pìrisma 1.3.16 èqoume ìti

dimK ΩF (Dn) = l(Dn) − deg Dn + g − 1 = n deg P + g − 1. (2.15)

Apì thn anisìthta Riemann (sqèsh (2.6)v) kai to gegonì
 ìti3

dimK L((ω) − Dn)ω = dimK L((ω) − Dn),

isqÔei ìti

dimK L((ω) − Dn)ω = l((ω) + nP ) ≥ deg(ω) + n deg P − g + 1,

en¸ to �dio isqÔei kai gia to ω
′. 'Etsi pa�rnoume ìti

dimK L((ω) − Dn)ω + dimK L((ω) − Dn)ω′

≥ 2n deg P + deg(ω) + deg(ω′) − 2g + 2.

3Auτό ισχÔει διότι αν ω ∈ Ω F \ {0} και x ∈ F,τότε:xω = 0 ⇐⇒ x = 0,όpwς εÐδαμε

στα σχόλια μετ�το λήμμα 2.2.8.
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'Etsi, gia n arket� meg�lo to parap�nw �jroisma ja g�nei megalÔtero apì to

n deg P + g − 1 pou apì thn sqèsh (2.13) isoÔtai me dimK ΩF (Dn). Dhlad 

an jèsoume w
 n1 to parap�nw perigrafìmeno n kai A := Dn1 , tìte

dimK L((ω) − A)ω + dimK L((ω) − A)ω ≥ dimK ΩF (A).

'Etsi to teleuta�o, apì stoiqei¸dh grammik  �lgebra kai mia
 pou, ìpw
 e�dame

parap�nw, ta L((ω) − A)ω kai L((ω′) − A)ω′ e�nai K-upìqwroi tou ΩF (A)

ma
 d�nei to zhtoÔmeno apotèlesma.

E�maste plèon se jèsh na apode�xoume to je¸rhma. Dedomènou loipìn,

ìti ΩF 6= {0} arke� na de�xoume ìti gia k�je ω1, ω2 ∈ ΩF \ {0}, tìte up�rqei

z ∈ F tètoio ¸ste ω1 = zω2. Pr�gmati, apì thn prohgoÔmenh par�grafo

up�rqei k�poio
 A ∈ DF tètoio
 ¸ste

M := (L((ω1) − A)ω1 ∩ L((ω2) − A)ω2) \ {0} 6= ∅.

'Etsi an m ∈ M up�rqoun x, y ∈ F
∗ tètoia ¸ste m = xω1 = yω2, dhlad  gia

z := x
−1

y èqoume to zhtoÔmeno. ♣

H parap�nw prìtash sthn ous�a ma
 d�nei to je¸rhma Riemann-Roch,

ìmw
 ja prèpei na de�xoume pr¸ta merik� por�smat� th
.

Pìrisma 2.2.14. An ω ∈ ΩF \ {0} kai A ∈ DF tìte

L((ω) − A) = ΩF (A).

Apìdeixh. 'Eqoume dei parap�nw ìti kai ta dÔo sÔnola e�nai K-dianusmatiko�

q¸roi, en¸ sthn apìdeixh th
 prohgoÔmenh
 prìtash
 de�xame ìti L((ω)−A) ⊆
ΩF (A). 'Etsi, arke� na de�xoume ìti L((ω) − A) ⊇ ΩF (A).

'Estw loipìn ω
′ ∈ ΩF (A). Apì thn prìtash 2.2.13 up�rqei x ∈ F tètoio

¸ste ω
′ = xω. Efìson to ω

′ mhden�zetai sto AF (A)+F èqoume (lamb�nonta


up> ìyin kai thn prìtash 2.2.12) ìti A ≤ (ω′) = (x) + (ω), dhlad  (x) ≥
−((ω) − A), dhlad  x ∈ L((ω) − A). ♣

Pìrisma 2.2.15. Oi kanoniko� diairète
 apoteloÔn mia kl�sh diairet¸n w


pro
 thn upoom�da twn kÔriwn diairet¸n PF .
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Apìdeixh. To ìti dÔo kanoniko� diairète
 e�nai isodÔnamoi èpetai �mesa apì

ti
 prot�sei
 2.2.12 kai 2.2.13. 'Estw t¸ra ω ∈ ΩF \ {0} kai A ∈ [(ω)]. Tìte

gia k�poio x ∈ F
∗ ja èqoume ìti A = (x) + (ω) = (xω), dhlad  o A e�nai

kanonikì
 diairèth
. ♣

'Etsi èqei nìhma na mil�me gia thn kl�sh twn kanonik¸n diairet¸n, h opo�a

onom�zetai kanonik  kl�sh (canonical class) tou F/K kai sumbol�zetai me

WF . E�maste plèon se jèsh na apode�xoume to je¸rhma Riemann-Roch.

Je¸rhma 2.2.16 (Riemann-Roch). An W ∈ WF tìte gia k�je A ∈ DF

isqÔei ìti

l(A) = deg A + 1 − g + l(W − A).

Apìdeixh. 'Ameso apì ta por�smata 2.2.14 kai 2.2.15 kai thn sqèsh (2.13). ♣

2.3 Sunèpeie
 tou Riemann-Roch.

To je¸rhma Riemann-Roch e�nai èna apì ta isqurìtera ergale�a sthn jewr�a

twn swm�twn sunart sewn. Ed¸ ja doÔme k�poia �mesa epakìlouj� tou, k�-

poia ek twn opo�wn ja bohj soun kai to �dio to je¸rhma na e�nai pio eÔqrhsto.

A
 xekin soume loipìn qarakthr�zonta
 thn kanonik  kl�sh WF .

Prìtash 2.3.1. Gia k�je W ∈ WF èqoume ìti deg W = 2g−2 kai l(W ) = g.

Apìdeixh. 'Estw W ∈ WF . To je¸rhma Riemann-Roch gia A = 0 d�nei ìti

l(0) = deg 0 + 1 − g + l(W ) �ra l(W ) = l(0) − 1 + g

kai apì to pìrisma 1.3.16 ja èqoume ìti l(W ) = g. Akìma to Riemann-Roch

gia A = W d�nei

l(W ) = deg W + 1 − g + l(0) �ra deg W = l(W ) + g − 1 − l(0),

dhlad  apì to prohgoÔmeno kai to pìrisma 1.3.16, deg W = 2g − 2. ♣

Prìtash 2.3.2. An W ∈ DF , me deg W = 2g − 2 kai l(W ) ≥ g, tìte

W ∈ WF .
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Apìdeixh. JewroÔme k�poio A ∈ DF , me deg A = 2g − 2 kai l(A) ≥ g, kai

k�poio W ∈ WF . Tìte apo to je¸rhma Riemann-Roch èqoume ìti

g ≤ l(A) = deg A + 1 − g + l(W − A) = g − 1 + l(W − A).

'Etsi l(W − A) ≥ 1. 'Omw
 deg(W − A) = 0, ètsi apì to pìrisma 1.3.16

èqoume ìti W − A ∼ 0, dhlad  W ∼ A. ♣

To epìmeno je¸rhma prosdior�zei me akr�beia th stajer� c pou anafèrjhke

sto je¸rhma Riemann (j. 2.1.3).

Je¸rhma 2.3.3. H stajer� c tou jewr mato
 Riemann e�nai 2g − 1.

Apìdeixh. 'Estw A ∈ DF me deg A ≥ 2g − 1 kai W ∈ WF . Tìte, apì thn

prìtash 2.3.1, èqoume ìti deg W = 2g−2, �ra deg(W −A) < 0, opìte, apì to

pìrisma 1.3.16, èqoume ìti l(W − A) = 0. T¸ra, to je¸rhma Riemann-Roch

ma
 d�nei

l(A) = deg A + 1 − g.

To ìti h stajer� aut  den e�nai mikrìterh apì 2g − 1 èpetai �mesa apì thn

prìtash 2.3.1, afoÔ deg W = 2g − 2 kai den isqÔei h zhtoÔmenh sqèsh. ♣

Sth sunèqeia ja apode�xoume thn Ôparxh stoiqe�wn tou F pou èqoun èna

kai monadikì pìlo.

Prìtash 2.3.4. An P ∈ PF , tìte gia k�je n ≥ 2g up�rqei k�poio x ∈ F

tètoio ¸ste (x)∞ = nP .

Apìdeixh. Gia n ≥ 2g apì to je¸rhma 2.3.3 èqoume ìti l((n − 1)P ) = (n −
1) deg P + 1− g kai l(nP ) = n deg P + 1− g. 'Etsi l((n− 1)P ) 6= l(nP ), �ra

L((n − 1)P ) $ L(nP ). An x ∈ L(nP ) \ L((n − 1)P ), tìte (x)∞ = nP . ♣

Kle�nonta
 to kef�laio autì, ja d¸soume ènan komyì qarakthrismì tou

rhtoÔ s¸mato
 sunart sewn

Prìtash 2.3.5. 'Eqoume ìti to F/K e�nai rhtì ann g = 0 kai up�rqei

k�poio
 A ∈ DF me deg A = 1.
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Apìdeixh. Sthn apìdeixh ja qrhsimopoi soume tou
 sumbolismoÔ
 pou qrh-

simopoi same sto je¸rhma 1.2.16.

'Estw loipìn ìti F = K(x). H Ôparxh diairèth bajmoÔ 1 e�nai tetrimmènh

(p.q. D := P∞). Akìma, apì to je¸rhma Riemann (j. 2.1.3) gia n > 0

meg�lo èqoume ìti l(nP∞) = n− g + 1. Epiplèon, ta K-grammik� anex�rthta

1, x, . . . , x
n profan¸
 an koun sto L(nP∞), dhlad  l(nP∞) ≥ n + 1. 'Etsi,

sunolik� g ≤ 0. 'Omw
, ìpw
 e�dame sta sqìlia met� ton orismì tou gènou


isqÔei ìti g ≥ 0. Epomènw
, sunolik� g = 0.

Ant�strofa, èstw ìti g = 0 kai A ∈ DF me deg A = 1. Epeid  deg A >

2g − 1, apì to 2.3.3 ja èqoume ìti l(A) = 2 > 0, �ra apì thn parat rhsh

ston orismì 1.3.8, up�rqei k�poio jetikì A
′ ∈ DF me A

′ ∼ A. Efìson t¸ra

dimK L(A′) = l(A′) = 2, up�rqei k�poio x ∈ L(A′) \ K, �ra (x) 6= 0 kai

(x) + A
′ ≥ 0. 'Omw
, efìson A

′ ≥ 0 kai deg A
′ = 1 k�ti tètoio e�nai efiktì

mìno sthn per�ptwsh pou A
′ = (x)∞. 'Etsi, apì to je¸rhma 1.3.13 ja èqoume

[F : K(x)] = deg(x)∞ = deg A
′ = 1,

dhlad  F = K(x). ♣



Kef�laio 3

Epekt�sei
 swm�twn

sunart sewn

Sto kef�laio autì ja or�soume k�poie
 basikè
 ènnoie
 per� twn epekt�sewn

twn swm�twn sunart sewn kai ja doÔme k�poie
 aplè
 idiìthtè
 tou
. B�sei

twn ennoi¸n pou ja or�soume sto kef�laio autì, ja mporoÔsame na apode�xou-

me sqetik� eÔkola ta ant�stoiqa meg�lwn problhm�twn th
 klasik 
 Jewr�a


Arijm¸n, ìpw
 to je¸rhma Riemann-Hurwitz   thn eikas�a ABC, ìmw
 k�-

ti tètoio xefeÔgei apì tou
 skopoÔ
 ma
. Gia ti
 apode�xei
 twn parap�nw

parapèmpoume sto [Ros, kef. 7℄.

Akìma, sto kef�laio autì ja exakolouj soume na qrhsimopoioÔme tou


sumbolismoÔ
 kai ti
 paradoqè
 twn prohgoÔmenwn kefala�wn kai ep�sh
 ja

deqìmaste ìti to K e�nai tèleio1, ìpou autì e�nai apara�thto.

3.1 Genikè
 idiìthte


Sthn par�grafo aut  ja doÔme k�poie
 basikè
 ènnoie
 kai idiìthte
 twn

peperasmènwn epekt�sewn swm�twn sunart sewn. A
 xekin soume loipìn

or�zonta
 thn ènnoia th
 epèktash
.

1Δηλαδή όλες οι αλγεbrικές εpεκτ�σεις τοuεÐναι διαχwrÐσιμες.

35
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Orismì
 3.1.1. An F/K s¸ma sunart sewn, L algebrik  epèktash tou

F kai E := K

L
, tìte to L/E e�nai epèktash tou F/K (sumb. F ≤ L).

An [L : F ] < ∞, tìte h F ≤ L e�nai peperasmènh epèktash, an L = EF ,

tìte èqoume mia epèktash stajeroÔ s¸mato
 kai an E = K, tìte èqoume mia

gewmetrik  epèktash.

Den e�nai profanè
 ìti to L/E tou parap�nw orismoÔ e�nai pr�gmati s¸ma

sunart sewn. ApodeiknÔetai ìmw
 (blèpe [Mor, p. 19.18℄) ìti an F1/F2/F3

e�nai èna
 pÔrgo
 epekt�sewn swm�twn kai trdeg(Fi/Fj) o bajmì
 uperbati-

kìthta
2 th
 epèktash
 swm�twn Fi/Fj, tìte

trdeg(F1/F3) = trdeg(F1/F2) + trdeg(F2/F3), (3.1)

kai (blèpe [Mor, p. 19.9 & o. 19.16℄) ìti trdeg(Fi/Fj) = 0 ann h epèktash

Fi/Fj e�nai algebrik .

'Etsi, èqoume ìti an F, K, L kai E ìpw
 ston orismì 3.1.1, tìte ja isqÔei

ìti trdeg(F/K) = 1, trdeg(L/F ) = 0 kai trdeg(E/K) = 0. Tèlo
, apì th

sqèsh (3.1) pa�rnoume ìti trdeg(L/E) = 1, dhlad  to L/E e�nai pr�gmati

s¸ma sunart sewn kai o orismì
 3.1.1 e�nai kalì
.

Akìma, èna �meso sumpèrasma tou orismoÔ 3.1.1 e�nai to parak�tw l mma.

L mma 3.1.2. An to L/E e�nai peperasmènh epèktash tou F/K, tìte

[E : K] < ∞.

Apìdeixh. JewroÔme to s¸ma sunart sewn L/K kai to zhtoÔmeno èpetai �-

mesa apì to l mma 1.1.3. ♦

O orismì
 3.1.1 de�qnei polÔploko
, all� to sq ma 3.1 (pou perilamb�nei

kai to l mma 3.1.2) ton d�nei sqhmatik� kai e�nai diafwtistikì. Mia akìma

qr simh parat rhsh e�nai ìti F ≤ EF ≤ L, me F ≤ EF epèktash stajeroÔ

2Gια τον γενικό οrισμό τοubαjμοÔupεrbατικότητας μιας εpέκτασης bλέpε [Mor,

σελ. 173�179]. TονÐzοuμε ότι στην pεrÐpτwση pοutrdeg(Fi/Fj) = 1 ο γενικός οrισμός

και ο οrισμός 1.1.1ταuτÐzονται,κατ�prοfανή τrόpο.
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L

uperbatik  bajmoÔ 1
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~~
~~

~~
~~

F E

K

uperbatik  bajmoÔ 1

@@@@@@@@ peperasmènh

}}}}}}}

Sq ma 3.1: To L/E e�nai peperasmènh epèktash tou F/K.

s¸mato
 kai EF ≤ L gewmetrik . Apì ed¸ kai pèra ja jewroÔme ìti to L/E

e�nai peperasmènh epèktash tou F/K qwr�
 na g�netai anafor�.

Sth sunèqeia, ja doÔme p¸
 sqet�zontai oi pr¸toi tou L/E me eke�nou


tou F/K.

Orismì
 3.1.3. 'Estw P ∈ PF kai P ∈ PL. Lème ìti o P br�sketai p�nw

(lies above) apì ton P (sumb. P | P ) an OP = OP ∩ F kai P = P ∩ OP .

A
 doÔme t¸ra k�poia megèjh pou qarakthr�zoun thn perigrafìmenh apì

ton parap�nw orismì sqèsh. Xekin�me me èna l mma pou ja k�nei ta megèjh

kal� orismèna.

L mma 3.1.4. An P kai P ìpw
 prin, tìte

(aþ) to OP
/P e�nai dianusmatikì
 q¸ro
 peperasmènh
 di�stash
 p�nw apì to

OP
/P kai

(bþ) POP = Pe gia k�poion akèraio e ≥ 1.

Apìdeixh. (a') Apì ta sqìlia prin ton orismì 1.2.11 kai to je¸rhma 1.2.12, ta

OP
/P kai OP

/P e�nai dianusmatiko� q¸roi peperasmènh
 di�stash
 p�nw apì ta

K kai E ant�stoiqa, en¸ lamb�nonta
 up> ìyin to l mma 3.1.2 ja p�roume ìti

to OP
/P ja e�nai kai autì K-dianusmatikì
 q¸ro
 peperasmènh
 di�stash
.

'Etsi, mènei na de�xoume ìti to OP
/P e�nai upìqwro
 tou OP

/P. Autì e�nai

�meso, an parathr sei kane�
 ìti h apeikìnish

φ :
OP

/P →֒ OP
/P

α + P 7→ α + P
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e�nai monomorfismì
.

(b') 'Eqoume ìti to POP e�nai mh mhdenikì gn sio ide¸de
 tou OP, �ra

arke� na de�xoume ìti to zhtoÔmeno isqÔei gia k�je mh mhdenikì gn sio ide¸de


tou OP. Pr�gmati, an I mh mhdenikì gn sio ide¸de
 tou OP kai3 P = tOP,

tìte to sÔnolo A := {r ∈ N | t
r ∈ I} e�nai mh kenì, giat� to I ja perièqei

k�poio mh mhdenikì kai mh antistrèyimo stoiqe�o, dhlad  stoiqe�o tou tO∗
P,

èstw t
r
u (me r ≥ 1 kai u ∈ O∗

P), opìte kai u
−1

t
r
u = t

r ∈ I. Jètoume

n := min(A) kai èqoume ìti I ⊇ t
nOP kat� profan  trìpo kai an y ∈ I \{0},

tìte y = t
m

w me m ≥ 1 kai w ∈ O∗
P, �ra kai t

m ∈ I, �ra ja prèpei n ≤ m

lìgw elaqistìthta
 tou n, epomènw
 y ∈ t
nOP, dhlad  sunolik� I = t

nOP =

Pn. ♦

'Etsi o parak�tw orismì
 èqei nìhma.

Orismì
 3.1.5. An P | P w
 sqetikì bajmì (relative degree   inertia

degree) twn P kai P or�zoume ton arijmì

f(P/P ) :=
[

OP
/P : OP

/P

]

kai w
 de�kth diakl�dwsh
 (ramification index) twn P kai P (sumb. e(P/P ))

ton akèraio e eke�no pou POP = Pe. An e(P/P ) = 1, tìte lème ìti o P

adrane� (inerts) p�nw apì ton P , alli¸
 lème ìti diaklad¸netai (ramifies)

p�nw apì ton P .

An den up�rqei k�nduno
 sÔgqush
, ja gr�foume apl� f kai e ant�stoiqa.

Akìma, e�nai profanè
 ìti kai ta dÔo parap�nw megèjh e�nai p�nta ≥ 1. Ep�sh


mia �mesh sunèpeia twn orism¸n e�nai ìti gia k�je a ∈ F èqoume ìti

ordP(a) = e · ordP (a). (3.2)

A
 doÔme t¸ra thn pollaplasiatik  idiìthta twn parap�nw megej¸n.

Prìtash 3.1.6. An K ≤ L ≤ M kai P ∈ PK , P ∈ PL kai p ∈ PM tètoia

¸ste p | P | P , tìte

e(p/P ) = e(p/P) · e(P/P ) kai f(p/P ) = f(p/P) · f(P/P ).

3Auτό γÐνεται αpό το jεώrημα 1.2.6(α').
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Apìdeixh. 'Ameso apì tou
 orismoÔ
. ♦

Mèqri stigm 
 ìmw
 den e�dame oÔte an up�rqoun P kai P pou na ikano-

poioÔn th sqèsh P | P , oÔte pìsa e�nai aut� an eme�
 stajeropoi soume to

èna apì ta dÔo. H epìmenh prìtash apant�ei (en mèrei) se autì to er¸thma.

Prìtash 3.1.7. An F ≤ L, tìte

(aþ) gia k�je P ∈ PL up�rqei k�poio monadikì P ∈ PF tètoio ¸ste P | P kai

(bþ) gia k�je P ∈ PF up�rqei toul�qiston èna, all� peperasmèna to pl jo


stoiqe�a tou PL pou br�skontai p�nw apì autì.

Apìdeixh. (a') 'Ameso apì ton orismì 3.1.3.

(b') Apì thn prìtash 2.3.4 up�rqei k�poio x ∈ F \ K, tètoio ¸ste o P

na e�nai h monadik  tou r�za. Ja de�xoume ìti

P | P ⇐⇒ ordP(x) > 0. (3.3)

Pr�gmati, apì thn (3.2) an P | P , tìte ordP(x) = e ordP (x) > 0. Ant�strofa,

an ordP(x) > 0 kai Q o monadikì
 pr¸to
 tou F/K me P | Q, tìte apì thn

(3.2) ja isqÔei ìti ordQ(x) > 0. 'Omw
, to x èqei w
 monadik  r�za sto F/K

ton P , �ra P = Q.

'Etsi, h (3.3) ma
 lèei ìti o P br�sketai p�nw apì ton P ann e�nai r�za

tou x sto L/E. 'Omw
, to x sto L/E èqei to polÔ toul�qiston m�a, all�

peperasmène
 to pl jo
 r�ze
 sto L/E. ♦

SÔmfwna me thn parap�nw prìtash, èqei nìhma na mil�me gia to sÔnolo

twn pr¸twn tou L/E pou br�skontai p�nw apì ènan pr¸to tou F/K.

Epìmeno
 stìqo
 ma
 e�nai na de�xoume ìti an pollaplasi�soume ton de�kth

diakl�dwsh
 me ton sqetikì bajmì gia k�je P ∈ PL pou br�sketai p�nw apì

to P ∈ PF kai prosjèsoume ta parap�nw ginìmena, to apotèlesma pou ja

p�roume e�nai [L : F ]. Xekin�me me mia apl  prìtash.

Prìtash 3.1.8. An P ∈ PF , P ∈ PL kai P | P , tìte ef ≤ [L : F ].
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Apìdeixh. Efìson f =
[

OP
/P : OP

/P

]

, èqoume ìti ja up�rqoun k�poia

ω1, . . . , ωf ∈ OP tètoia ¸ste ta ω̄1, . . . , ω̄f ∈ OP
/P na e�nai grammik� ane-

x�rthta p�nw apì to OP
/P . Akìma, apì to je¸rhma 1.2.6(a') ja up�rqei

k�poio T ∈ L tètoio ¸ste P = TOP. Ja de�xoume ìti ta (ef to pl jo
)

ωiT
j, me 1 ≤ i ≤ f kai 0 ≤ j < e, e�nai grammik� anex�rthta p�nw apì to F .

'Estw loipìn ìti
e−1
∑

j=0

f
∑

i=1

aijωiT
j = 0

èna
 mh tetrimmèno
 grammikì
 sunduasmì
 me aij ∈ F . Ep�sh
, qwr�
 bl�bh

th
 genikìthta
 mporoÔme na upojèsoume ìti aij ∈ OP (giat� to s¸ma kla-

sm�twn tou OP e�nai to F ) kai ìti toul�qiston k�poio apì aut� den an kei

sto P (pollaplasi�zonta
 ìse
 forè
 qreiaste� thn sqèsh me t
−1, ìpou t ∈ F

tètoio ¸ste P = tOP ). JewroÔme t¸ra ta stoiqe�a

Aj :=

f
∑

i=1

aijωi

gia 0 ≤ j < e. An loipìn gia k�poio j up�rqei k�poio aij /∈ P , tìte āij 6= 0̄ kai

�ra (apì th grammik  anexarths�a twn ω̄i) èqoume ìti Āj 6= 0̄, dhlad  Aj /∈ P,

dhlad  Aj ∈ O∗
P. Ant�jeta, an aij ∈ P gia k�je i, tìte t | Aj kai �ra, mia


pou t = T
e apì thn apìdeixh tou l mmato
 3.1.4(b'), ordP(Aj) ≥ e.

'Etsi, apì thn isqur  trigwnik  anisìthta (afoÔ gia ìla ta j pou up�rqei

k�poio aij /∈ P ta ordP AjT
j e�nai diaforetikì ana dÔo, all� p�nta < e

kai gia eke�na pou den isqÔei autì ta ordP Ajt
j e�nai ≥ e) ja èqoume ìti

ordP

(

∑e−1
j=0 AjT

j
)

< e. 'Omw

∑e−1

j=0 AjT
j = 0 kai ordP(0) = ∞, �topo. ♦

Sth sunèqeia, ja doÔme ton isqurismì ma
 gia thn eidik  per�ptwsh, ìpou

h epèktash L/F e�nai diaqwr�simh.

Prìtash 3.1.9. An h epèktash L/F e�nai diaqwr�simh, tìte, gia k�je P ∈
PF , an {P1, . . . ,Pk} e�nai to sÔnolo twn pr¸twn tou L pou br�skontai p�nw

apì to P , ei := e(Pi/P ) kai fi := f(Pi/P ), tìte

k
∑

i=1

eifi = [L : F ].
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Apìdeixh. H prìtash isqÔei genik� gia daktul�ou
 Dedekind, gia thn apìdeixh

de
 [Neu, kef. I, p. (8.2)℄. ♦

A
 doÔme t¸ra ti sumba�nei sthn per�ptwsh pou h epèktash L/F e�nai

pl rw
 mh diaqwr�simh.

Prìtash 3.1.10. 'Estw ìti L/F pl rw
 mh diaqwr�simh epèktash bajmoÔ

p kai p = char F . An F = L
p kai P ∈ PF , tìte up�rqei monadikì
 P ∈ PL

tètoio
 ¸ste P | P . Akìma e = p kai f = 1, opìte ef = [L : F ].

Apìdeixh. Jètoume R := {r ∈ L | r
p ∈ OP} kai P := {r ∈ L | r

p ∈ P}.
Dedomènh
 th
 tautìthta
 (a ± b)p = a

p ± b
p se s¸mata qarakthristik 
 p,

eÔkola blèpoume ìti to R e�nai daktÔlio
, to P pr¸to ide¸de
 tou kai ìti

P ∩ OP = P . Ja de�xoume ìti o R e�nai daktÔlio
 apot�mhsh
 tou L/E.

'Estw t genn tora
 tou P . Efìson L
p = F up�rqei k�poio T ∈ L tètoio

¸ste T
p = t. Profan¸
, T ∈ P. 'Estw x ∈ L, opìte x

p ∈ F , �ra x
p = ut

s,

ìpou u ∈ O∗
P kai s ∈ Z. Ja isqÔei ìti (x/T

s)p = u, dhlad  x/T
s ∈ R kai

mia
 pou u
−1 ∈ OP kai u

−1 = (T s
/x)p ja èqoume kai ìti T

s
/x ∈ R. 'Etsi,

katal goume ìti k�je stoiqe�o tou L e�nai ginìmeno k�poia
 dÔnamh
 tou T

me k�poio stoiqe�o tou R
∗. EÔkola loipìn katal goume ìti P = TR kai ìti

pr�gmati to R e�nai daktÔlio
 apot�mhsh
.

De�xame loipìn ìti P ∈ PL kai P | P . 'Estw P′ èna
 �llo
 pr¸to
 tou

L pou br�sketai p�nw apì to P . An x ∈ OP′ , tìte x
p ∈ F ∩ OP , �ra x ∈ R,

dhlad  OP′ ⊆ R. 'Etsi apì to 1.2.10(g') ja isqÔei ìti OP′ = R, �ra P = P′.

Ma
 mènei loipìn na de�xoume tou
 isqurismoÔ
 gia ta e kai f . Pr�gmati

apì thn (3.2), mia
 pou ordP(t) = p, ja èqoume ìti e = p kai apì thn 3.1.8 ja

èqoume ìti ef ≤ p, �ra f = 1. ♦

A
 doÔme t¸ra k�poie
 genikè
 algebrikè
 prot�sei
 pou ja ma
 bohj -

soun argìtera. Upenjum�zoume ìti èna s¸ma lègetai tèleio, an k�je algebrik 

tou epèktash e�nai diaqwr�simh   isodÔnama an k�je an�gwgo polu¸numì tou

e�nai diaqwr�simo.

L mma 3.1.11. An to F e�nai s¸ma me char F = p > 0, tìte to F e�nai

tèleio ann F = F
p.
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Apìdeixh. Ja qrhsimopoi soume to gegonì
 ìti an char F = p > 0 kai f ∈
F [X] an�gwgo, tìte f mh diaqwr�simo ann f ∈ F [Xp] (de
 [Ash, p. 3.4.3(2)℄).

(⇒) AfoÔ F tèleio, ja èqoume ìti gia k�je α ∈ F to X
p −α den ja e�nai

an�gwgo. 'Omw
 X
p−α = (X− p

√
α)p kai �ra prèpei X− p

√
α ∈ F [X], dhlad 

p
√

α ∈ F . 'Etsi F ⊂ F
p kai �ra F = F

p.

(⇐) An f ∈ F [Xp], tìte f ∈ F
p[Xp] kai �ra to f e�nai th
 morf 


f(X) = α
p
0 + α

p
1X

p + · · · + α
p
nX

p
n

= (α0 + α1X + · · · + αnX
n)p

,

�ra f ìqi an�gwgo. ♦

Prìtash 3.1.12. An to K e�nai tèleio s¸ma qarakthristik 
 p > 0, tìte

[F : F
p] = p.

Apìdeixh. 'Estw x ∈ F \ K, tìte [F : K(x)], [F : K(xp)] < ∞. Kat> arq�
,

parathroÔme ìti K(x)p = K
p(xp) = K(xp). Akìma, e�nai emfanè
 ìti to

sÔnolo {1, x, x
2
, . . . , x

p−1} e�nai mia K(xp)-b�sh tou K(x) ètsi èqoume ìti

[K(x) : K(xp)] = p. (3.4)

Sth sunèqeia, an p�roume {ω1, . . . , ωm} mia K(x)-b�sh tou F blèpoume eÔkola

ìti to sÔnolo {ωp
1, . . . , ω

p
m} e�nai mia K(x)p-b�sh tou F

p, ètsi sunolik� ja

èqoume ìti

[F : K(x)] = [F p : K(xp)]. (3.5)

Akìma, parathroÔme ìti

[F : K(xp)] = [F : K(x)] · [K(x) : K(xp)] kai (3.6)

[F : K(xp)] = [F : F
p] · [F p : K(xp)], (3.7)

ètsi apì ti
 (3.4), (3.5), (3.6) kai (3.7) katal goume sto zhtoÔmeno. ♦

Pìrisma 3.1.13. An to K e�nai tèleio s¸ma qarakthristik 
 p > 0 kai

h ep�ktash L/F e�nai pl rw
 mh diaqwr�simh, bajmoÔ p, tìte E = K kai

L
p = F .
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Apìdeixh. 'Estw a ∈ E. Ex orismoÔ to a e�nai algebrikì p�nw apì to K

kai efìson h epèktash L/F e�nai pl rw
 mh diaqwr�simh bajmoÔ p èqoume ìti

a
p ∈ F kai e�nai algebrikì p�nw apì to K, opìte a

p ∈ K. 'Etsi, apì to l mma

3.1.11 ja èqoume kai a ∈ K, dhlad  E ⊆ K, opìte telik� E = K.

Efìson h epèktash E/K e�nai algebrik , to E ja e�nai kai autì tèleio.

'Etsi apì thn prìtash 3.1.12 ja èqoume ìti [L : L
p] = p. 'Omw
, afoÔ h

epèktash L/F e�nai pl rw
 mh diaqwr�simh ja isqÔei ìti L
p ⊆ F kai ètsi

sunolik� [F : L
p] = 1, opìte L

p = F . ♦

Prìtash 3.1.14. 'Estw K tèleio s¸ma kai F ≤ M ≤ L, me M th mègisth

diaqwr�simh epèktash tou F . Tìte to gèno
 tou M e�nai �so me to gèno
 tou

L. Akìma, gia k�je p ∈ PM up�rqei monadikì P ∈ PL tètoio ¸ste P | p kai

akìma e(P/p) = [L : M ] kai f(P/p) = 1.

Apìdeixh. An N to s¸ma stajer¸n tou M , tìte to N e�nai tèleio w
 alge-

brik  epèktash tou K. Efìson t¸ra h epèktash e�nai pl rw
 mh diaqwr�simh

apì stoiqei¸dh �lgebra, ja up�rqoun s¸mata K0, K1, . . . , Kn tetoia ¸ste

F ⊆ M = K0 ⊂ K1 ⊂ · · · ⊂ Kn−1 ⊂ Kn = L

kai gia k�je i ≤ 1 na isqÔei ìti h epèktash Ki/Ki−1 e�nai pl rw
 mh diaqwr�si-

mh bajmoÔ p. Me epagwg  kai to pìrisma 3.1.13 katal goume ìti Ki−1 = K
p
i .

'Etsi oi apeikon�sei


φi :
Ki → Ki−1

α 7→ α
p

e�nai isomorfismo�, dhlad  ìla ta Ki ja èqoun to �dio gèno
.

'Oloi oi upìloipoi isqurismo� èpontai �mesa me epagwg  k�nonta
 qr sh

tou por�smato
 3.1.13, th
 prìtash
 3.1.10 kai th
 prìtash
 3.1.6. ♦

Plèon e�maste se jèsh na de�xoume ton isqurismì pou k�name sth sel�da

39.

Je¸rhma 3.1.15 (Jemeli¸dh
 Tautìthta). 'Estw F/K s¸ma sunart se-

wn, K tèleio kai L s¸ma tètoio ¸ste [L : F ] = n ≤ ∞. An P ∈ PF ,
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{P1, . . . ,Pm} ⊆ PL oi pr¸toi tou L pou br�skontai p�nw apì ton P , ei :=

e(Pi/P ) kai fi := f(Pi/P ), tìte

m
∑

i=1

eifi = n.

Apìdeixh. 'Estw M h mègisth (mèsa sto L) diaqwr�simh epèktash tou F . Gia

k�je i jètoume pi ton pr¸to tou M pou br�sketai k�tw apì ton Pi kai akìma

jètoume e
′
i := e(pi/P ) kai f

′
i := f(pi/P ). Apì thn prìtash 3.1.9 isqÔei ìti

m
∑

i=1

e
′
if

′
i = [M : F ].

Akìma apì ti
 prot�sei
 3.1.6 kai 3.1.14 ja isqÔei ìti ei = e
′
i[L : M ] kai

fi = f
′
i . 'Etsi to parap�nw �jroisma d�nei

m
∑

i=1

eifi = [L : M ] · [M : F ] = n. ♦

H jemeli¸dh
 tautìthta apodeiknÔetai kai qwr�
 na upojèsoume ìti to K

e�nai tèleio me qr sh idiot twn twn swm�twn sunart sewn. Par> ìla aut�,

eme�
 ed¸ to de�xame me genikè
 mejìdou
 pou ja mporoÔsan na qrhsimopoih-

joÔn se opoiod pote daktÔlio Dedekind. Aut  h odì
 pèran th
 genikìthta


th
 mejìdou ma
 èdwse kai merik� endiafèronta endi�mesa apotelèsmata, ìpw


thn prìtash 3.1.14. Gia thn eidik  apìdeixh parapèmpoume sto [Sti, §III.1℄.
Sth sunèqeia, ja doÔme k�poie
 shmantikè
 apeikon�sei
 kai merikè
 aplè


idiìthtè
 tou
. Ton�zoume ìti oi parak�tw ènnoie
 e�nai kal� orismène
 q�rh

sthn prìtash 3.1.7.

Orismì
 3.1.16. An F ≤ L, tìte h apeikìnhsh NL/F : DL → DF me

NL/F (P) = f(P/P )P,

ìpou P ∈ PL kai P o (monadikì
) pr¸to
 tou F pou br�sketai k�tw apì ton

P, epekteinìmenh grammik� se ìlo to DL, onom�zetai nìrma   st�jmh (norm).

Ep�sh
, h apeikìnish iL/F : DF → DL me

iL/F (P ) =
∑

P|P

e(P/P )P,
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ìpou P ∈ PF , epekteinìmenh grammik� se ìlo to DF , onom�zetai sunìrma

(conorm).

E�nai �meso apì tou
 orismoÔ
 ìti h nìrma e�nai epimorfismì
 kai h sunìrma

monomorfismì
. Akìma apì ton orismì th
 nìrma
 kai th
 sunìrma
 kai thn

jemeli¸dh tautìthta eÔkola blèpoume ìti

(NL/F ◦ iL/F )(D) = [L : F ] · D. (3.8)

Akìma apì ton orismì th
 nìrma
 kai th
 sunìrma
 kai thn prìtash 3.1.6

èqoume ìti an F ≤ M ≤ L, A ∈ DF kai A ∈ DL, tìte

iL/F (A) = iL/M(iM/F (A)) kai (3.9)

NL/F (A) = NL/M(NM/F (A)). (3.10)

H epìmenh prìtash ma
 de�qnei p¸
 sqet�zontai oi bajmo� twn proeikìnwn

me eke�nou
 twn eikìnwn twn en lìgw apeikon�sewn.

Prìtash 3.1.17. An A ∈ DL kai A ∈ DF , tìte

degF (NL/F (A)) = [E : K] degL A kai

degL(iL/F (A)) =
[L : F ]

[E : K]
degF A.

Apìdeixh. Arke� na de�xoume tou
 isqurismoÔ
 ma
 gia thn per�ptwsh pou oi

diairète
 A kai A e�nai k�poioi pr¸toi P kai P ant�stoiqa.

'Etsi parathroÔme kat> arq�
 ìti

[

OP
/P : K

]

=
[

OP
/P : E

]

· [E : K] =
[

OP
/P : OP

/P

]

·
[

OP
/P : K

]

,

dhlad 

[E : K] degL P = f(P/P ) degF P, (3.11)

ap> ìpou èpetai �mesa h pr¸th pro
 apìdeixh ex�swsh.
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Sth sunèqeia parathroÔme ìti

degL(iL/F (P )) =
∑

P|P

e(P/P ) degL P

=
1

[E : K]

∑

P|P

e(P/P )f(P/P ) degF P

=
[L : F ]

[E : K]
degF P,

ìpou h pr¸th ex�swsh èpetai apì ton orismì 3.1.16, h deÔterh apì thn (3.11)

kai h tr�th apì to je¸rhma 3.1.15. ♦

Kle�nonta
 thn par�grafo aut  ja doÔme mia prìtash sqetik� me th sum-

perifor� th
 sunìrma
 sta PF kai PL, ti
 om�de
 twn kÔriwn diairet¸n.

Prìtash 3.1.18. An a ∈ F
∗, tìte4 iL/F ((a)F ) = (a)L.

Apìdeixh. 'Eqoume ìti

iL/F ((a)F ) = iL/F

(

∑

P∈PF

ordP (a)P

)

=
∑

p∈PF

ordP (a)
∑

P|P

e(P/P )P

=
∑

P∈PL

e(P/P ) ordP (a)P

=
∑

P∈PL

ordP(a)P =: (a)L. ♦

Apì thn teleuta�a prìtash parathroÔme ìti h sunìrma ep�gei fusiologik�

ènan omomorfismì CF → CL, ton opo�o ep�sh
 ja sumbol�zoume me iL/F .

3.2 Epekt�sei
 stajeroÔ s¸mato


Sthn par�grafo aut  ja asqolhjoÔme me epekt�sei
 stajeroÔ s¸mato
, ì-

pw
 autè
 or�sthkan ston orismì 3.1.1. Oi epekt�sei
 autè
 e�nai idia�tera

4Eδώ εννοοÔμε (a) F :=
∑

P∈PF
ordP (a)P και (a)L :=

∑

P∈PL
ordP(a)P.
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shmantikè
 kai b�sei th
 jewr�a
 aut 
 th
 paragr�fou, ja apode�xoume to

je¸rhma twn pr¸twn arijm¸n sta s¸mata sunart sewn sthn asjen  tou mor-

f . Tèlo
, sthn par�grafo aut  ja k�noume ìse
 paradoqè
 k�name sthn

prohgoÔmenh par�grafo kai ep�sh
 ja jewroÔme ìti to s¸ma K e�nai tèleio,

qwr�
 na g�netai idia�terh anafor�.

A
 xekin soume me k�poie
 basikè
 idiìthte
 twn epekt�sewn stajeroÔ

s¸mato
.

Prìtash 3.2.1. IsqÔei ìti [FE : F ] = [E : K] kai ìti k�je K-b�sh tou E

e�nai kai F -b�sh tou FE.

Apìdeixh. An h epèktash E/K e�nai Galois, tìte mia
 pou E/K peperasmènh

kai E ∩ F = K (afoÔ to K e�nai to s¸ma stajer¸n tou F ), ja èqoume ìti

h epèktash FE/F e�nai Galois kai Gal(FE/F ) ∼= Gal(E/K), apì to [Ash,

j. 6.2.2℄. 'Etsi, |Gal(FE/F )| = |Gal(E/K)|, dhlad  [FE : F ] = [E : K].

'Estw ìti h epèktash E/K e�nai diaqwr�simh. Jètoume5 w
 E1 thn el�qisth

epèktash tou K sto Ē, pou e�nai Galois p�nw apì to K. Tìte, dedomènou kai

tou prohgoÔmenou, èqoume ìti

[E1 : K] = [FE1 : F ] = [FE1 : FE][FE : F ] kai

[E1 : K] = [E1 : E][E : K],

dhlad  sunolik�

[FE1 : FE][FE : F ] = [E1 : E][E : K]. (3.12)

'Omw
 profan¸
 [FE1 : FE] ≤ [E1 : E] kai [FE : F ] ≤ [E : K], ètsi apì thn

(3.12) pa�rnoume ìti [FE1 : FE] = [E1 : E] kai [FE : F ] = [E : K].

'Estw t¸ra ìti {α1, . . . , αn} mia K-b�sh tou E. Tìte k�je stoiqe�o e tou

E ja gr�fetai w
 e =
∑n

i=1 kiαi me ki ∈ K, �ra k�je stoiqe�o r tou FE

gr�fetai w
 r =
∑m

j=1 fjej me fj ∈ F kai ej ∈ E, opìte

r =
m
∑

j=1

fjej =
m
∑

j=1

fj

n
∑

i=1

kijαi =
n
∑

i=1

(

m
∑

j=1

fjkij

)

αi =
n
∑

i=1

f
′
iαi.

5HÔpαrxη τέτοιοuE 1 εÐναι prοfανής.
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'Etsi blèpoume ìti, mia
 pou f
′
i ∈ F , to {α1, . . . , αn} par�gei to FE w
 F -

dianusmatikì q¸ro kai apì ta prohgoÔmena [E : K] = [FE : F ], �ra ja

èqoume ìti to {α1, . . . , αn} e�nai kai F -b�sh tou FE. ♦

To parak�tw l mma jewr�a
 swm�twn ja ma
 fane� qr simo se di�fore


peript¸sei
6.

L mma 3.2.2. 'Estw L/F peperasmènh epèktash swm�twn.

(aþ) An to K e�nai upìswma tou F , algebrik� kleistì sto F kai to β ∈ L e�nai

algebrikì p�nw apì to K, tìte trL/F (β) ∈ K.

(bþ) An o O e�nai upodaktÔlio
 tou F , akèraia kleistì
 sto F kai to b ∈ L

e�nai akèraio p�nw apì ton O, tìte trL/F (b) ∈ O.

Apìdeixh. An x1, . . . , xn oi r�ze
 tou Irr(β, F ) sthn algebrik  j kh tou F ,

tìte profan¸
 Irr(β, F ) | Irr(β, K) sto F [X], ètsi ta x1, . . . xn e�nai algebrik�

p�nw apì to K. 'Ara kai
∑n

i=1 xi algebrikì p�nw apì to K. 'Omw
 apì to

[Ash, p. 7.3.5℄ blèpoume ìti gia k�poio k ∈ Z èqoume ìti

trL/F (β) = k

n
∑

i=1

xi,

dhlad  sunolik� trL/F (β) algebrikì p�nw apì to K kai mia
 pou (genik�)

trL/F (β) ∈ F kai K algebrik� kleistì p�nw apì to F katal goume ìti

trL/F (β) ∈ K. Omo�w
 apodeiknÔetai kai h per�ptwsh (b'). ♦

H epìmenh prìtash ma
 de�qnei poiì akrib¸
 e�nai to s¸ma stajer¸n tou

FE.

Prìtash 3.2.3. To E e�nai to s¸ma stajer¸n tou FE.

Apìdeixh. Arke� na de�xoume ìti k�je stoiqe�o tou FE pou e�nai algebrikì

p�nw apì to E an kei sto E.

6Tο λήμμα αuτό δεν αpαιτεÐτην ισότητα L = EF,ισχÔει γενικότεrα.
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'Estw7 {α1, . . . , αn} mia K-b�sh tou E kai β ∈ FE algebrikì p�nw apì

to E. Apì thn prìtash 3.2.1 up�rqoun monadik� xi ∈ F tètoia ¸ste

β =
n
∑

i=1

xiαi. (3.13)

'Etsi gia k�je j = 1, . . . , n ja èqoume ìti

trFE/F (αjβ) = trFE/F

(

n
∑

i=1

αjαixi

)

,

kai afoÔ to trFE/F e�nai F -grammik  apeikìnish ja èqoume ìti

trFE/F (αjβ) =
n
∑

i=1

trFE/F (αjαi)xi.

Efìson t¸ra to β e�nai algebrikì p�nw apì to E kai E/K algebrik , to β

ja e�nai algebrikì p�nw apì to K, �ra kai αjβ algebrikì p�nw apì to K,

dhlad  apì to l mma 3.2.2(a') ja èqoume ìti trFE/F (αjβ) ∈ K. Akìma, αjαi

algebrikì p�nw apì to K, �ra kai trFE/F (αjαi) ∈ K. 'Etsi mazeÔonta
 ta

parap�nw, èqoume to parak�tw n × n grammikì sÔsthma ep� tou F















trFE/F (α1β) = trFE/F (α1α1)x1 + · · · + trFE/F (α1αn)xn

...
...

. . .
...

trFE/F (αnβ) = trFE/F (αnα1)x1 + · · · + trFE/F (αnαn)xn

kai parathroÔme ìti apì [Neu, sel. 11℄, mia
 pou

det(trFE/F (αiαj) = det(trE/K(αiαj)

apì thn prìtash 3.2.1, D := det(trFE/F (αiαj) 6= 0. Apì ton kanìna tou

Cramer (de
 [And, sel. 165℄), ja èqoume ìti xi ∈ K gia k�je i = 1, . . . , n.

'Etsi h (3.13), se sunduasmì me to gegonì
 ìti {α1, . . . , αn} mia K-b�sh tou

E, ma
 d�nei ìti β ∈ E. ♦

A
 doÔme t¸ra èna akìma qr simo l mma.

7Mια τέτοια b�ση up�rχει αfοÔ[E : K] = n < ∞.
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L mma 3.2.4. 'Estw {α1, . . . , αn} mia K-b�sh tou E, P ∈ PF kai OP o

ant�stoiqo
 daktÔlio
 apot�mhsh
. An RP h akèraia j kh tou OP sto FE,

tìte to {α1, . . . , αn} e�nai mia akèraia b�sh tou RP p�nw apì to OP .

Apìdeixh. Efìson K ⊂ OP ex orismoÔ kai k�je αi algebrikì p�nw apì to

K, tìte k�je αi e�nai akèraio p�nw apì ton OP .

'Estw t¸ra β ∈ RP . Apì thn prìtash 3.2.1 up�rqoun xi ∈ F tètoia ¸ste

β =
n
∑

i=1

xiαi.

'Etsi, omo�w
 me thn apodeixh th
 3.2.3 gia k�je j = 1, . . . , n èqoume ìti

trFE/F (αjβ) =
n
∑

i=1

trFE/F (αjαi)xi

kai me qr sh tou l mmato
 3.2.2(b') kai panomoiìtupwn me eke�nou
 th
 apì-

deixh
 th
 prìtash
 3.2.3 sullogism¸n katal goume ìti xi ∈ OP . Epomènw
,

to {α1, . . . , αn} par�gei to RP p�nw apì to OP .

Akìma, afoÔ to {α1, . . . , αn} e�nai F -b�sh tou FE, ta α1, . . . , αn ja e�nai

grammik� anex�rthta p�nw apì to OP , �ra ja e�nai mia eleÔjerh b�sh tou RP

w
 OP -dianusmatik  perioq 8. ♦

To epìmeno mèlhm� ma
 e�nai na melet soume th sumperifor� tou bajmoÔ

kai th
 di�stash
 enì
 diairèth, ìtan epekte�noume to s¸ma sunart sewn mèsw

mia
 epèktash
 stajeroÔ s¸mato
. Gia thn akr�beia, gia D ∈ DF ja sugkr�-

noume ta degF D kai l(D) me ta degFE(iFE/F (D)) kai l(iFE/F (D)). Xekin�me

me dÔo qr sima l mmata. Apì ed¸ kai pèra, ja jewroÔme ìti h epèktash

F ≤ L e�nai epèktash stajeroÔ s¸mato
.

L mma 3.2.5. An x1, . . . , xm ∈ F grammik� anex�rthta p�nw apì to K, tìte

ta x1, . . . , xm e�nai grammik� anex�rthta p�nw apì to E.

Apìdeixh. 'Estw
m
∑

i=1

βixi = 0, (3.14)

8Wς διανυσματική περιοχή εννοοÔμε τον διεjνή όrο module.
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me βi ∈ E. Arke� na de�xoume ìti βi = 0 gia k�je i. An {α1, . . . , αn} mia

K-b�sh tou E, tìte βi =
∑n

j=1 cijαj, me cij ∈ K, kai h (3.14) d�nei

m
∑

i=1

(

n
∑

j=1

cijαj

)

xi =
n
∑

j=1

(

m
∑

i=1

cijxi

)

αj = 0.

To teleuta�o apì thn prìtash 3.2.1 ma
 d�nei ìti gia k�je j èqoume ìti

m
∑

i=1

cijxi = 0.

'Omw
, ta x1, . . . , xm e�nai K-grammik� anex�rthta kai cij ∈ K, �ra cij = 0 gia

k�je i kai j, �ra kai βi = 0 gia k�je i. ♦

L mma 3.2.6. An P ∈ PF kai P1, . . . ,Pm oi pr¸toi tou L/E pou br�skon-

tai p�nw apì ton P , tìte oi P1, . . . ,Pm adranoÔn p�nw apì ton P . Akìma,

an gia k�poia n ∈ Z kai b ∈ L isqÔei ìti ordPi
(b) ≥ −n gia k�je i, tìte

ordP (trL/F (b)) ≥ −n.

Apìdeixh. Gia thn apìdeixh tou pr¸tou isqurismoÔ parapèmpoume sto [Ros,

p. 8.5℄. 'Estw t¸ra t ∈ F tètoio ¸ste ordP (t) = 1. Tìte gia k�je i, afoÔ

o Pi adrane� p�nw apì ton P , h (3.2) ja ma
 d¸sei ìti ordPi
(t) = 1. 'Etsi,

gia k�je i èqoume ìti ordPi
(b) ≥ −n, dhlad  ordPi

(tnb) ≥ 0. Epomènw
,

t
n
b ∈ OPi

gia k�je i, dhlad 

t
n
b ∈

m
⋂

i=1

OPi
.

'Omw
 apì [Sti, p. III.3.5℄ èqoume ìti to
⋂m

i=1 OPi
e�nai h akèraia j kh tou

OP sto L, �ra to t
n
b e�nai akèraio p�nw apì to OP . Akìma to gegonì
 ìti

to
⋂m

i=1 OPi
e�nai h akèraia j kh tou OP sto L, se sunduasmì me ton orismì

3.1.3, ma
 d�nei ìti h akèraia j kh tou OP sto F e�nai h
⋂m

i=1 OPi
∩ F = OP ,

dhlad  to OP e�nai akèraia kleistì
 sto F . Epomènw
, apì to l mma 3.2.2(b')

èqoume ìti trL/F (b) ∈ OP . 'Etsi èqoume ìti ordP (tn trL/F (b)) ≥ 0, dhlad 

ordP (trL/F (b)) ≥ −n. ♦

E�maste plèon se jèsh na k�noume thn proanaferje�sa sÔgkrish.
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Prìtash 3.2.7. An D ∈ DF kai L := EF , tìte

degL(iL/F (D)) = degF D kai l(iL/F (D)) = l(D).

Apìdeixh. Apì thn prìtash 3.2.3 to E e�nai to s¸ma stajer¸n tou L. 'Etsi,

dedomènou ìti [L : F ] = [E : K] (prìtash 3.2.1), apì thn prìtash 3.1.17

èqoume thn pr¸th ex�swsh.

Apì thn prìtash 3.1.18, èqoume ìti an x ∈ F
∗ tìte iL/F ((x)F ) = (x)L kai

ètsi blèpoume �mesa ìti L(D) ⊆ L(iL/F (D)). 'Estw t¸ra {x1, . . . , xd} mia

K-b�sh tou L(D). Ta x1, . . . , xd e�nai K-grammik� anex�rthta, epomènw
 apì

to l mma 3.2.5 ja e�nai kai E-grammik� anex�rthta. 'Etsi èqoume ìti

l(D) ≤ l(iL/F (D))

kai pleìn arke� na de�xoume ìti to sÔnolo {x1, . . . , xd} par�gei ton L(iL/F (D))

p�nw apì to E.

Ja xekin soume apodeiknÔonta
 ìti an u ∈ L(iL/F (D)), tìte isqÔei ìti

trL/F (u) ∈ L(D). Apì ton orismì tou L q¸rou èqoume ìti u ∈ L(iL/F (D))

ann gia k�je P ∈ PL isqÔei ìti

ordP(u) ≥ − ordP(iL/F (D)).

'Estw t¸ra P ∈ PL kai P o pr¸to
 tou F/K pou br�sketai k�tw apì ton P.

Apì to l mma 3.2.6, o P adrane� p�nw apì ton P kai ètsi apì ton orismì 3.1.16

ja èqoume ìti ordP(iL/F (D)) = ordP (D). 'Etsi sundu�zonta
 ta parap�nw,

èqoume ìti u ∈ L(iL/F (D)) ann gia k�je P ∈ PF èqoume ìti

ordP(u) ≥ − ordP (D)

gia k�je P ∈ PL me P | P . To teleuta�o apì to l mma 3.2.6 ma
 d�nei ìti

ordP (trL/F (u)) ≥ − ordP (D) gia k�je P ∈ PF , dhlad  trL/F (u) ∈ L(D).

T¸ra e�maste se jèsh na apode�xoume ìti to sÔnolo {x1, . . . , xd} par�gei

ton L(iL/F (D)) p�nw apì to E. 'Estw loipìn z ∈ L(iL/F (D)) kai {α1, . . . , αn}
mia K-b�sh tou E. Apì thn prìtash 3.2.1 ja èqoume ìti to {α1, . . . , αn} e�nai

mia F -b�sh tou L, �ra up�rqoun yi ∈ F tètoia ¸ste

z =
n
∑

i=1

yiαi. (3.15)
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H teleuta�a sqèsh, ìpw
 sthn apìdeixh th
 3.2.3, ma
 d�nei ìti gia j = 1, . . . , n

isqÔei ìti

trL/F (αjz) =
n
∑

i=1

trL/F (αjαi)yi.

Akìma, mia
 kai z ∈ L(iL/F (D)), ja èqoume kai αjz ∈ L(iL/F (D)) kai �ra

sÔmfwna me ton prohgoÔmeno isqurismì trL/F (αjz) ∈ L(D). 'Etsi, paromo�w


me thn apìdeixh th
 prìtash
 3.2.3, apì ton kanìna tou Cramer ja èqoume

ìti yi ∈ L(D) gia k�je i. 'Etsi, ta yi an koun ston q¸ro pou par�goun

K-grammik� ta x1, . . . , xd, dhlad  yi =
∑d

j=1 cijxj, me cij ∈ K. 'Etsi h (3.15)

g�netai

z =
n
∑

i=1

(

d
∑

j=1

cijxj

)

αi =
d
∑

j=1

(

n
∑

i=1

cijαi

)

xj =
d
∑

j=1

rjxj,

me rj ∈ E. ♦

H epìmenh prìtash ma
 perigr�fei to gèno
 se mia epèktash stajeroÔ

s¸mato
.

Prìtash 3.2.8. To gèno
 tou F/K e�nai �so me to gèno
 tou FE/E.

Apìdeixh. Jètoume L := FE, g to gèno
 tou F/K kai g
′ tou L/E. 'Estw

D ∈ DF me degF D > max{2g−1, 2g′−1}. Apì thn prìtash 3.2.7 ja èqoume

ìti degL(iL/F (D)) = degF D. 'Etsi apì to je¸rhma 2.3.3 kai to je¸rhma

Riemann ja èqoume ìti

l(D) = degF (D) − g + 1 kai l(iL/F (D)) = degL(iL/F (D)) − g
′ + 1.

To teleuta�o se sunduasmì me thn prìtash 3.2.7, ma
 d�nei ìti−g+1 = −g
′+1,

dhlad  g = g
′. ♦

E�dame sthn prìtash 3.1.7 ìti up�rqoun peperasmènoi to pl jo
 pr¸toi

tou L/E pou br�skontai p�nw apì ènan pr¸to tou F/K. Oi epìmene
 dÔ-

o prot�sei
 ja ma
 de�xoun ìti an h epèktas  ma
 e�nai epèktash stajeroÔ

s¸mato
, tìte mporoÔme na broÔme akrib¸
 autì to pl jo
.
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Prìtash 3.2.9. 'Estw P ∈ PL kai P o pr¸to
 tou F/K pou br�sketai k�tw

apì ton P. An EP := OP
/P kai FP := OP

/P , tìte EP = FP E.

Apìdeixh. Profan¸
 FP E ⊆ EP. 'Estw t¸ra ω̄ ∈ EP kai ω ∈ OP èna


antiprìswpo
 tou ω̄. An {P = P1,P2, . . . ,Pm} oi pr¸toi tou L/E pou

br�skontai p�nw apì ton P . Apì to [Sti, j. I.3.1℄9 èqoume ìti up�rqei k�poio

ω
′ ∈ L, tètoio ¸ste ordP(ω′ − ω) > 0 kai ordPi

(ω′) > 0 gia i = 2, . . . , m.

Tìte, profan¸
 ω
′ ∈ ⋂m

i=1 OPi
, dhlad  (ìpw
 sthn apìdeixh tou l mmato


3.2.6) to ω
′ e�nai akèraio p�nw apì to OP . 'Etsi an {α1, . . . , αn} mia K-b�sh

tou E apì to l mma 3.2.4 e�nai kai OP -akèraia b�sh th
 akèraia
 j kh
 tou

OP sto L. 'Etsi up�rqoun x1, . . . , xn ∈ OP tètoia ¸ste

ω
′ =

n
∑

i=1

xi αi.

H teleuta�a sqèsh anagìmenh modulo P ma
 d�nei ìti ω̄
′ ∈ FP E. 'Omw


ordP(ω′ − ω) > 0, opìte ω
′ − ω ∈ P, �ra ω̄

′ = ω̄, dhlad  ω̄ ∈ FP E. ♦

Prìtash 3.2.10. 'Estw P ∈ PF kai FP := OP
/P . An FP = K[θ], h(X) :=

Irr(θ, K) kai

h(X) = h1(X) · · ·hm(X)

h an�lush tou h(X) se an�gwga sto E[X], tìte up�rqoun akrib¸
 m to pl jo


pr¸toi tou L/E pou br�skontai p�nw apì ton P . Akìma an {P1, . . . ,Pm} e�nai

to sÔnolo aut¸n twn pr¸twn, tìte (endeqomènw
 met� apì k�poia anadi�tax 

tou
) degL Pi = deg hi(X) gia i = 1, . . . , m. Tèlo
, isqÔei ìti

degK P =
m
∑

i=1

degL Pi.

9Tο jεώrημα αuτό λέγεται ασjενècπροσεggιστικìjε ρ̧hμα (weak approximation the-

orem)και αναfέrει ότι αν P1, . . . , Pn αν�δÔο xένοι prώτοι τοuF/K,x1, . . . , xn ∈ F και

r1, . . . , rn ∈ Z,τότε up�rχει κ�pοιο x ∈ F τέτοιο ώστε ordPi
(x − xi) = ri για κ�jε i.

Mια ισχurότεrη εκδοχή τοuεÐναι το ισχυρìπροσεggιστικìjε ρ̧hμα (strong approxima-

tion theorem),pοuεÐναι εpακόλοujο τοujεwrήματος Riemann-Roch και εpεκτεÐνει την

ασjενή εκδοχή σε �pειrο γνήσιο upοσÔνολο S τοuPF . SÔμfwνα με αuτό η ισότητα τοu

ασjενοÔς να ισχÔει μόνο για pεpεrασμένο το pλήjος στοιχεÐα τοuS και για τα upόλοιpα

ισχÔει ότι ordP (x) ≥ 0. Gια την αpόδειxη δες [Sti,σελ. 31].
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Apìdeixh. Gia thn apìdeixh de
 [Ros, sel. 107℄. ♦

Apì thn teleuta�a prìtash blèpoume ìti an OP
/P

∼= K[X]
/h(X)K[X], tìte

mporoÔme na perigr�youme me akr�beia tou
 pr¸tou
 tou L/E pou br�skontai

p�nw apì ton P . Akìma, e�nai emfanè
 ìti an [E : K] = n kai to h(X)

analÔetai pl rw
 sto E[X], tìte up�rqoun n to pl jo
 pr¸toi tou L/E pou

br�skontai p�nw apì ton P bajmoÔ 1.



Kef�laio 4

H sun�rthsh z ta tou

Riemann

Sto kef�laio autì ja asqoloÔmaste apokleistik� me to olikì s¸ma sunar-

t sewn F/F, kaj¸
 eke� èqoume ta proanaferjènta apotelèsmata. Ep�sh
 me

g ja sumbol�zoume to gèno
 tou s¸mato
 sunart sewn F/F.

Sto kef�laio autì ja asqolhjoÔme me th sun�rthsh ζ tou Riemann sta

s¸mata sunart sewn. Sthn pr¸th par�grafo ja doÔme ton orismì th
 kai

k�poie
 basikè
 idiìthtè
 th
. Sth deÔterh par�grafo ja doÔme thn apìdeixh

th
 asjenoÔ
 morf 
 tou jewr mato
 twn pr¸twn arijm¸n se s¸mata su-

nart sewn, h opo�a bas�zetai sth jewr�a tou kefala�ou 3. Sthn tr�th kai

teleuta�a par�grafo ja doÔme thn apìdeixh tou jewr mato
 Hasse-Weil, pou

e�nai h upìjesh Riemann se s¸mata sunart sewn; apì aut  ja apode�xoume

kai mia isqurìterh morf  tou jewr mato
 twn pr¸twn arijm¸n se s¸mata

sunart sewn.

4.1 Orismo� � Basikè
 idiìthte


Prin proqwr soume ston orismì th
 sun�rthsh
 ζ ja doÔme k�poia apotelè-

smata pou kajistoÔn th sun�rthsh ζ kal� orismènh.

56
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L mma 4.1.1. To pl jo
 twn apotelesmatik¸n diairet¸n bajmoÔ n ≥ 0 e�nai

peperasmèno.

Apìdeixh. Apì ton orismì tou diairèth kai tou apotelesmatikoÔ diairèth, pro-

fan¸
, arke� na de�xoume ìti to sÔnolo

S := {P ∈ PF | deg P ≤ n}

e�nai peperasmèno.

Epilègoume x uperbatikì p�nw apì to F. 'Opw
 e�dame sto je¸rhma 1.2.16,

oi pr¸toi tou F(x)/F br�skontai se antistoiq�a èna pro
 èna me ta monik�

an�gwga tou F[x] (ektì
 tou ape�rou pr¸tou). Akìma, eÔkola blèpei kane�


ìti o bajmì
 k�je pr¸tou isoÔtai me to bajmì tou ant�stoiqou poluwnÔmou

(kai o bajmì
 tou P∞ e�nai 1), opìte gia k�je m ≥ 0 up�rqoun peperasmènoi

to pl jo
 pr¸toi bajmoÔ m.

'Etsi apì thn prìtash 3.1.17 ja up�rqoun kai peperasmènoi to pl jo


pr¸toi tou F/F bajmoÔ n. ♥

A
 doÔme t¸ra ton orismì dÔo shmantik¸n arijm¸n.

Orismì
 4.1.2. Jètoume

aF,n := |{P ∈ PF | deg P = n}|

kai

bF,n := |{A ∈ DF | deg A = n kai A ≥ 0}|.

An den up�rqei k�nduno
 sÔgqush
 gr�foume apl� an kai bn ant�stoiqa.

Akìma, sÔmfwna me to l mma 4.1.1 èqoume ìti oi an kai bn e�nai fusiko� arijmo�.

Sth sunèqeia ja doÔme k�poiou
 akìma qr simou
 orismoÔ
.

Orismì
 4.1.3. To sÔnolo

D0
F := {A ∈ DF | deg A = 0}

onom�zetai om�da diairet¸n bajmoÔ mhdèn kai to sÔnolo

C0
F := {[A] ∈ CF | deg A = 0}

onom�zetai om�da kl�sewn diairet¸n bajmoÔ mhdèn.
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Ton�zoume ìti o orismì
 tou C0
F e�nai swstì
 apì to pìrisma 1.3.14. Sth

sunèqeia ja doÔme mia polÔ shmantik  idiìthta tou C0
F .

Prìtash 4.1.4. H om�da kl�sewn diairet¸n bajmoÔ mhdèn e�nai pepera-

smènh.

Apìdeixh. 'Estw B ∈ DF me deg B =: n ≥ g kai

Cn
F := {[A] ∈ CF | deg A = n}.

H apeikìnish

φ :
C0

F → Cn
F

[A] 7→ [A + B]

e�nai, profan¸
, èna pro
 èna kai ep�, epomènw
 arke� na de�xoume ìti |Cn
F | < ∞.

'Omw
 apì to l mma 4.1.1 arke� na de�xoume ìti gia k�je [C] ∈ Cn
F up�rqei

k�poio
 A ∈ [C] me A ≥ 0.

Pr�gmati, èstw [C] ∈ Cn
F . Apì to je¸rhma Riemann-Roch èqoume ìti

l(C) ≥ deg C + 1 − g = n + 1 − g > 0.

'Etsi L(C) 6= {0} kai apì thn parat rhsh met� ton orismì 1.3.8 èpetai ìti

up�rqei k�poio
 apotelesmatikì
 diairèth
 A ∈ [C]. ♥

'Ena
 akìma shmantikì
 orismì
 e�nai o parak�tw.

Orismì
 4.1.5. O arijmì


hF := |C0
F |

onom�zetai arijmì
 kl�sewn tou F/F.

H prìtash 4.1.4 ma
 de�qnei ìti o arijmì
 kl�sewn enì
 olikoÔ s¸mato


sunart sewn e�nai fusikì
 arijmì
, en¸ to giat� o arijmì
 autì
 kale�tai

arijmì
 kl�sewn ja to doÔme argìtera. 'Ena
 �llo
 arijmì
 pou ja ma


apasqol sei proswrin� e�nai o

ϑ := min{deg A | A ∈ DF kai A > 0}.

E�nai profanè
 ìti an ϑ ∤ n, tìte bn = 0. Suneq�zoume me èna qr simo l mma.
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L mma 4.1.6. 'Estw C ∈ DF . IsqÔei ìti
1

|{A ∈ [C] | A ≥ 0}| =
q

l(C) − 1

q − 1
.

Akìma an n > 2g − 2 kai ϑ | n, tìte

bn =
hF

q − 1
(qn+1−g − 1).

Apìdeixh. 'Eqoume ìti A ∈ [C] kai A ≥ 0 ann A = (x) + C gia k�poio

x ∈ F \ {0} me (x) ≥ −C. To teleuta�o shma�nei ìti x ∈ L(C) \ {0}. 'Omw


tètoie
 dunatè
 epilogè
 tou x e�nai akrib¸
 q
l(C)−1, en¸ dÔo ex aut¸n d�noun

ton �dio diairèth ann diafèroun kat� stajer� α ∈ F. 'Etsi prokÔptei h pr¸th

sqèsh.

'Opw
 e�dame kai sthn apìdeixh th
 prìtash
 4.1.4 up�rqoun akrib¸
 hF

kl�sei
 diairet¸n me diairète
 bajmoÔ n. 'Estw [C1], . . . , [ChF
] oi kl�sei
 au-

tè
. Apì to je¸rhma 2.3.3 kai to prohgoÔmeno èqoume ìti, gia j = 1, . . . , hF ,

|{A ∈ [Cj] | A ≥ 0}| =
q

l(Cj) − 1

q − 1
=

q
n+1−g − 1

q − 1
.

Akìma, profan¸
, k�je diairèth
 bajmoÔ n an kei se akrib¸
 mia apì ti


kl�sei
 [C1], . . . , [ChF
]. 'Etsi prokÔptei to zhtoÔmeno. ♥

Prin or�soume th sun�rthsh ζ ja doÔme ènan orismì mia
 akìma bohjhtik 


sun�rthsh
.

Orismì
 4.1.7. An A ∈ DF w
 NA or�zoume ton arijmì q
deg A.

E�nai profanè
 ìti an A kai B diairète
, tìte

N(A + B) = NA · NB (4.1)

E�maste plèon se jèsh na or�soume th sun�rthsh ζ.

Orismì
 4.1.8. H sun�rthsh z ta tou F/F or�zetai w


ζF (s) :=
∑

A∈DF
A≥0

NA
−s

, s ∈ C.

1UpενjuμÐzοuμε ότι q := |F|,σÔμfwνα με τις pαrαδοχές της σελÐδας v.
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EÔkola blèpei kane�
 ìti h sun�rthsh ζF mpore� na grafte� kai me �llou


qr simou
 trìpou
. 'Etsi èqoume p.q. ìti NA
−s = q

−ns, ìpou n := deg A,

�ra katal goume ìti

ζF (s) =
∞
∑

n=1

bn

q
ns

. (4.2)

Akìma, an jewr soume èna s ∈ C tètoio ¸ste h ζF (s) na e�nai sugkl�nousa,

tìte apì thn (4.1) kai ton orismì tou DF eÔkola blèpoume ìti

ζF (s) =
∏

P∈PF

(

∞
∑

j=0

(NP )−js

)

kai epeid  sugkl�nei h ζF (s) ja sugkl�nei kai h
∑∞

j=0(NP )−js, kai k�je mia

apì ti
 seirè
 autè
 e�nai mia sugkl�nousa gewmetrik  seir� me �jroisma (1−
(NP )−s)−1. 'Etsi èqoume ìti

ζF (s) =
∏

P∈PF

(1 − (NP )−s)−1
. (4.3)

Epiprosjètw
, èqoume �mesa apì tou
 orismoÔ
 kai thn (4.3) ìti

ζF (s) =
∞
∏

n=1

(1 − q
−ns)−an

. (4.4)

Oi dÔo parap�nw ekfr�sei
 th
 ζF onom�zontai ta ginìmena Euler th
 z ta.

Sth sunèqeia ja doÔme mia isodÔnamh, all� suqn� pio praktik  graf  th
 ζF .

Orismì
 4.1.9. Jètoume u := q
−s kai h sun�rthsh

ZF (u) := ζF (s) =
∞
∑

n=0

bnu
n

onom�zetai sun�rthsh Z ta tou F/F.

Akìma apì ton parap�nw orismì kai thn (4.3) èqoume ìti

ZF (u) =
∏

P∈PF

(1 − u
deg P )−1

, (4.5)

dhlad  to ginìmeno Euler th
 Z ta.

Epìmeno mèlhm� ma
 e�nai na de�xoume ìti h sun�rthsh z ta sugkl�nei a-

pìluta gia s ∈ C me ℜ(s) > 1. E�nai profanè
 ìti autì e�nai isodÔnamo me th

sÔgklish th
 Z ta gia u ∈ C me |u| < q
−1.
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Prìtash 4.1.10. H dunamoseir�

ζF (s) =
∞
∑

n=1

bn

q
ns

kai to apeiroginìmeno

ζF (s) =
∞
∏

n=1

(1 − q
−ns)−an

sugkl�noun apìluta gia s ∈ C me ℜ(s) > 1.

Apìdeixh. Apì to l mma 4.1.6 kai ta sqìlia met� ton orismì 4.1.5 èqoume ìti

to bn e�nai to polÔ O(qn). Apì autì h isqÔ
 tou pr¸tou isqurismoÔ èpetai

�mesa.

Gia thn apìdeixh tou deÔterou isqurismoÔ parathroÔme ìti

∞
∏

n=1

(1 − q
−ns)−an =

∞
∏

n=1

(1 − An),

ìpou An tètoio ¸ste An = q
−ms me

∑m−1
j=1 aj < m ≤ ∑m

j=1 aj. Apì [Gia,

Tìmo
 IIa, sel. 174�176℄ èqoume ìti to deÔtero mèlo
 th
 isìthta
 sugkl�nei

apìluta ann h
∑∞

n=1 |An| sugkl�nei, dhlad  ann h
∑∞

n=1 an|q−ns| sugkl�nei.
'Omw
 to teleuta�o isqÔei afoÔ an ≤ bn kai to bn e�nai to polÔ O(qn). ♥

Prìtash 4.1.11. Gia s ∈ C me ℜ(s) > 1 èqoume ìti

(aþ) an g = 0, tìte

ζF (s) =
1

q − 1

(

q

1 − q
(1−s)ϑ

− 1

1 − q
−sϑ

)

(bþ) kai an g ≥ 1, tìte ζF (s) = f1(s) + f2(s) ìpou

f1(s) =
1

q − 1

∑

[C]∈CF

0≤deg C≤2g−2

q
l(C)−s deg C

kai

f2(s) =
hF

q − 1

(

q
1−g+(1−s)(2g−2+ϑ)

1 − q
ϑ(1−s)

− 1

1 − q
−sϑ

)

.
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Apìdeixh. Ja de�xoume ti
 ant�stoiqe
 sqèsei
 gia thn ZF (u), ìpou u = q
−s.

(a') 'Estw [A] ∈ C0
F . Tìte apì to je¸rhma Riemann-Roch èqoume ìti

l(A) = deg A+1−g = 1, opìte up�rqei k�poio x ∈ F\{0} me (x) ≥ −A. 'Omw


apì to pìrisma 1.3.14 ja èqoume deg A = deg(−(x)) = 0 kai w
 ek toÔtou

A = −(x) = (x−1), opìte A ∈ PF , dhlad  [A] = PF . 'Etsi katal goume ìti

hF = 1.

Sth sunèqeia apì ton orismì 4.1.9, to l mma 4.1.6, ta sqìlia met� ton

orismì 4.1.5 kai to prohgoÔmeno, gia |u| < q
−1 ja èqoume ìti

ZF (u) =
∞
∑

n=0

bnu
n =

∞
∑

n=0

bϑnu
ϑn =

∞
∑

n=0

q
ϑn+1 − 1

q − 1
· uϑn

=
1

q − 1

(

q

∞
∑

n=0

(qu)ϑn −
∞
∑

n=0

u
ϑn

)

=
1

q − 1

(

q

1 − (qu)ϑ
− 1

1 − u
ϑ

)

.

(b') Se aut  thn per�ptwsh apì to l mma 4.1.6 kai to je¸rhma Riemann-

Roch èqoume ìti

ZF (u) =
∞
∑

n=0

bnu
n =

∑

[C]∈CF

deg C≥0

|{A ∈ [C] | A ≥ 0}| · udeg C

=
∑

[C]∈CF

deg C≥0

q
l(C) − 1

q − 1
· udeg C

=
1

q − 1

∑

[C]∈CF

0≤deg C≤2g−2

q
l(C)

u
deg C

+
1

q − 1

∑

[C]∈CF

deg C>2g−2

q
deg C+1−g · udeg C − 1

q − 1

∑

[C]∈CF

deg C≥0

u
deg C

.

Apì to teleuta�o eÔkola blèpoume ìti prokÔptei to zhtoÔmeno gia |u| < q
−1.

♥
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Pìrisma 4.1.12. H sun�rthsh z ta epekte�netai analutik� sto Cvme a-

ploÔ
 pìlou
 sta shme�a s = 0 kai s = 1.

Apìdeixh. 'Ameso apì thn prìtash 4.1.11. ♥

Epìmeno
 stìqo
 ma
 e�nai na de�xoume ìti se opoiod pote olikì s¸ma

up�rqoun diairète
 bajmoÔ 1. H pr¸th apìdeixh tou apotelèsmato
 autoÔ

up�rqei sto [Sch℄.

Apì th jewr�a swm�twn gnwr�zoume ìti gia k�je r ≥ 1 up�rqei monadik 

epèktash Fqr/F bajmoÔ r. Jètoume

Fr := FFqr . (4.6)

E�nai profanè
 ìti h epèktash swm�twn sunart sewn F ≤ Fr e�nai epèktash

stajeroÔ s¸mato
 kai apì thn prìtash 3.2.3 èqoume ìti to Fqr e�nai to s¸ma

stajer¸n tou Fr/Fqr , en¸ apì thn prìtash 3.2.8 èqoume ìti to gèno
 tou

Fr/Fqr ja e�nai g. Akìma, isqÔei to parak�tw l mma.

L mma 4.1.13. 'Estw P ∈ PF me deg P = m. Tìte iFr/F (P ) = P1 + · · · +
Pd, me d := gcd(m, r) kai Pi di�forou
 an� dÔo, bajmoÔ m/d pr¸tou
 tou

Fr/Fqr .

Apìdeixh. 'Estw P ∈ PFr
me P | P . Apì to l mma 3.2.6 o P adrane� p�nw

apì ton P kai apì thn prìtash 3.2.9 ja èqoume ìti

OP�P = Fqr · OP �
P

.

'Omw
 apì ton orismì 1.2.11 èqoume ìti OP
/P = Fqm . 'Etsi an l := lcm(m, r),

tìte OP
/P = Fql . Dhlad  blèpoume ìti

deg P :=
[OP�P : Fqr

]

= [Fql : Fqr ] = m/d.

To apotèlesma èpetai �mesa apì ta parap�nw kai to gegonì
 ìti

degFr
(iFr/F (P )) = degF P = m,

apì thn prìtash 3.2.7. ♥
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'Ena akìma l mma pou ja ma
 qreiaste� e�nai to parak�tw (teqnikì) l mma.

L mma 4.1.14. 'Estw m, r ∈ Z kai d := gcd(m, r). An ω1, . . . , ωr e�nai oi

r-stè
 r�ze
 th
 mon�da
 sto Cvkai t ∈ C, tìte

(1 − t
mr/d)d =

r
∏

j=1

(1 − (ωjt)
m).

Apìdeixh. ParathroÔme ìti ta polu¸numa f1(X) := (Xr/d − 1)d kai f2(X) :=
∏r

j=1(X − ω
m
j ) tou C[X] e�nai amfìtera monik�, bajmoÔ r kai èqoun w
 r�ze


t�xh
 r/d ta ωj, �ra ja èqoume ìti f1(X) = f2(X). H pro
 apìdeixh sqèsh

èpetai �mesa an antikatast soume to X me t
−m. ♥

A
 doÔme t¸ra mia endiafèrousa prìtash.

Prìtash 4.1.15. An ω1, . . . , ωr e�nai oi r-stè
 r�ze
 th
 mon�da
 sto C,

tìte

ZFr
(ur) =

r
∏

j=1

ZF (ωju).

Apìdeixh. Efìson amfìtere
 oi ZFr
kai ZF e�nai analutikè
 sto C \ {1, q−1},

arke� na de�xoume thn pro
 apìdeixh sqèsh gia |u| < q
−1. Sthn perioq  aut 

to ginìmeno Euler th
 ZFr
e�nai

ZFr
(ur) =

∏

P∈PFr

(1 − u
r·deg P)−1 =

∏

P∈PF

∏

P|P

(1 − u
r·deg P)−1

. (4.7)

'Estw P ∈ PF . Jètoume m := deg P kai d := gcd(r,m) kai èqoume ìti

∏

P|P

(1 − u
r·deg P) = (1 − u

rm/d)d =
r
∏

j=1

(1 − (ωru)m)

=
r
∏

j=1

(1 − (ωju)deg P )

apì ta l mmata 4.1.13 kai 4.1.14. 'Etsi h (4.7) d�nei

ZFr
(ur) =

r
∏

j=1

∏

P∈PF

(1 − (ωju)deg P )−1 =
r
∏

j=1

ZF (ωju). ♥
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E�maste plèon se jèsh na de�xoume to je¸rhma tou F. K. Schmidt.

Je¸rhma 4.1.16 (Schmidt). ϑ = 1.

Apìdeixh. Efìson ϑ | deg P gia k�je P ∈ PF , an ω e�nai mia ϑ-sth r�za th


mon�da
 sto C, tìte

ZF (ωu) =
∏

P∈PF

(1 − (ωu)deg P )−1 =
∏

P∈PF

(1 − u
deg P )−1 = ZF (u).

Epomènw
 ZFϑ
(uϑ) = ZF (u)ϑ, apì thn prìtash 4.1.15. 'Omw
, apì to pìrisma

4.1.12, h ZFϑ
(uϑ) èqei aplì pìlo sto u = 1, en¸ apì to �dio pìrisma, h ZF (u)ϑ

èqei sto �dio shme�o pìlo bajmoÔ ϑ. 'Etsi katal goume ìti ϑ = 1. ♥

'Ena �meso pìrisma tou jewr mato
 Scmidt kai th
 prìtash
 2.3.5 e�nai

ìti, to F/F e�nai rhtì ann g = 0. Akìma, parathroÔme ìti h prìtash 4.1.11

epanadiatup¸netai aploÔstera w
 ex 
.

Pìrisma 4.1.17. Gia s ∈ C me ℜ(s) > 1 èqoume ìti an g = 0, tìte

ζF (s) =
1

(1 − q
1−s)(1 − q

−s)

kai an g ≥ 1, tìte ζF (s) = f1(s) + f2(s), me

f1(s) =
1

q − 1

∑

[C]∈CF

0≤deg C≤2g−2

q
l(C)−s deg C

kai

f2(s) =
hF

q − 1
· −q

g(q−s)2g + q
g(q−s)2g−1 + q(q−s) − 1

(1 − q
1−s)(1 − q

−s)
.

Apìdeixh. To apotèlesma e�nai �meso apì thn prìtash 4.1.11, to je¸rhma

4.1.16 kai merikè
 algebrikè
 pr�xei
. ♥

'Ena akìma polÔ shmantikì pìrisma e�nai to parak�tw.

L mma 4.1.18. Up�rqei k�poio LF (u) ∈ Z[u], me deg LF = 2g tètoio ¸ste

ζF (s) =
LF (q−s)

(1 − q
−s)(1 − q

1−s)
.

Akìma LF (0) = 1, L
′
F (0) = a1 − 1 − q kai LF (1) = hF .
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Apìdeixh. H Ôparxh k�poiou poluwnÔmou tou LF (u) ∈ Q[u] me deg LF = 2g

kai

ζF (s) =
LF (q−s)

(1 − q
−s)(1 − q

1−s)

èpetai �mesa apì to pìrisma 4.1.17. Akìma an u := q
−s parathroÔme ìti

LF (u) = (1 − u)(1 − qu)ZF (u) = (1 − u)(1 − qu)
∞
∑

n=0

bnu
n

=
∞
∑

n=0

bnu
n − (q + 1)

∞
∑

n=0

bnu
n+1 + q

∞
∑

n=0

bnu
n+2 =

∞
∑

n=0

Anu
n
,

ìpou

An =



















b0 , n = 0

b1 − (q + 1)b0 , n = 1

qbn+2 − (q + 1)bn+1 + bn , n ≥ 2 .

Apì to parap�nw e�nai profanè
 ìti LF (u) ∈ Z[u] kai akìma ìti LF (0) = b0

kai L
′
F (0) = b1 − (q + 1)b0, en¸ apì ton orismì 4.1.2 e�nai safè
 ìti b0 = 1

kai b1 = a1. 'Etsi katal goume ìti LF (0) = 1 kai L
′
F (0) = a1 − 1 − q.

To gegonì
 ìti LF (1) = hF e�nai �meso sthn per�ptwsh pou g = 0, afoÔ

tìte hF = 1, ìpw
 e�dame sthn apìdeixh th
 prìtash
 4.1.11(a') kai apì to

pìrisma 4.1.17 blèpoume ìti LF (u) = 1 gia k�je u ∈ C. An g ≥ 1, tìte apì

to pìrisma 4.1.17 èqoume ìti

LF (1) = lim
u→1

(1 − u)(1 − qu)ZF (u) = hF . ♥

To polu¸numo LF (u) th
 parap�nw prìtash
 onom�zetai to L-polu¸nu-

mo tou F/F kai e�nai kajoristik 
 shmas�a
, ìpw
 ja doÔme kai parak�tw.

Prin kle�soume aut n thn par�grafo a
 doÔme �llh mia shmantik  idiìthta

th
 sun�rthsh
 z ta.

Je¸rhma 4.1.19 (Sunarthsiak  Ex�swsh th
 ζF ). Gia k�je s ∈ C èqoume

ìti

q
(g−1)(1−s)

ζF (1 − s) = q
(g−1)s

ζF (s).
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Apìdeixh. An jèsoume u := q
−s, tìte h pro
 apìdeixh sqèsh e�nai isodÔnamh

me thn

ZF (u) = q
g−1

u
2g−2

ZF ((qu)−1).

Gia g = 0 h sqèsh èpetai �mesa apì to pìrisma 4.1.17. Gia g ≥ 1, to

pìrisma 4.1.17 sunep�getai ìti ZF (u) = F1(u) + F2(u) me

F1(u) :=
1

q − 1

∑

[C]∈CF

0≤deg C≤2g−2

q
l(C)

u
deg C

kai

F2(u) :=
hF

q − 1

(

q
g
u

2g−1 1

1 − qu

− 1

1 − u

)

.

'Etsi, apì to je¸rhma Riemann-Roch kai thn prìtash 2.3.1, an h WF e�nai h

kanonik  kl�sh tou F/F kai W ∈ WF , tìte

(q − 1)F1(u) =
∑

[C]∈CF

0≤deg C≤2g−2

q
l(C)

u
deg C

=
∑

[C]∈CF

0≤deg C≤2g−2

q
deg C+1−g+l(W−C)

u
deg C

= q
g−1

u
2g−2

∑

[C]∈CF

0≤deg C≤2g−2

q
deg C−(2g−2)+l(W−C)

u
deg C−(2g−2)

= q
g−1

u
2g−2

∑

[C]∈CF

0≤deg C≤2g−2

q
l(W−C)((qu)−1)deg(W−C)

= q
g−1

u
2g−2(q − 1)F1((qu)−1),

dhlad 2

F1(u) = q
g−1

u
2g−2

F1((qu)−1). (4.8)

2Sτις pαrαp�νwpr�xεις χrησιμοpοιήσαμε την ταuτότητα

−deg(W − C) = deg C − (2g − 2).

Hταuτότητα αuτή prοκÔpτει εfαrμόzοντας το jεώrημα Riemann-Roch αrχικ�για τον C

και μετ�για τον W − C,και,εν τέλει,σuνδu�zοντας τις δÔο σχέσεις.
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Akìma èqoume ìti

q
g−1

u
2g−2

F2((qu)−1)

=
hF

q − 1
q

g−1
u

2g−2

(

q
g

(

1

qu

)2g−1
1

1 − q
1
qu

− 1

1 − 1
qu

)

=
hF

q − 1





1

u

1

1 − 1
u

− q
g
u

2g−1

qu

(

1 − 1
qu

)





=
hF

q − 1

(

q
g
u

2g−1 1

1 − qu

− 1

1 − u

)

,

dhlad 

F2(u) = q
g−1

u
2g−2

F2((qu)−1). (4.9)

Apì ti
 (4.8) kai (4.9) èqoume thn pro
 apìdeixh sqèsh. ♥

4.2 To je¸rhma twn pr¸twn arijm¸n (a-

sjen 
 morf )

To je¸rhma twn pr¸twn arijm¸n sthn klasik  tou morf , anafèrei ìti, an

π(x) e�nai to pl jo
 twn pr¸twn pou e�nai mikrìteroi apì x, tìte

lim
x→∞

π(x) log x

x

= 1.

To je¸rhma autì apode�qjhke anex�rthta apì tou
 Hadamard kai de la Vallée

Poussin to 1896, en¸ w
 prìblhma  tan anoiqtì gia per�pou 100 qrìnia. A-

kìma, sthn apìdeixh sunèbalan sqedìn ìloi oi meg�loi majhmatiko� tou 19ou

ai¸na kai ètsi dika�w
 jewr jhke w
 èna apì ta megalÔtera majhmatik� epi-

teÔgmata tou ai¸na autoÔ. Sto [Jam℄ up�rqoun dÔo apode�xei
 tou jewr ma-

to
, istorik� stoiqe�a kai efarmogè
.

'Ena an�logo je¸rhma, sÔmfwna me thn antistoiq�a tou Zvme to F[x] pou

anafèrame ston prìlogo, up�rqei sto [Ros, kef. 2℄. B�sei autoÔ, an me an

sumbol�soume to pl jo
 twn monik¸n an�gwgwn poluwnÔmwn bajmoÔ n tou
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Fq[x], tìte

an =
q

n

n

+ O

(

q
n/2

n

)

.

An kai h apìdeixh e�nai saf¸
 eukolìterh, e�nai isqurìtero apì to ant�stoiqo

tou klasikoÔ jewr mato
 twn pr¸twn arijm¸n kai to ant�stoiqo apotèle-

sma sthn klasik  Jewr�a Arijm¸n sunep�getai thn upìjesh Riemann (blèpe

[Jam, §5.2℄).
Sthn par�grafo aut  ja de�xoume èna je¸rhma, to opo�o, an kai fainome-

nik� asjenèstero apì to je¸rhma twn pr¸twn arijm¸n sta polu¸numa, e�nai

genikìtero, apì thn �poyh ìti isqÔei gia epekt�sei
. Sthn apodeiktik  diadi-

kas�a den ja qreiastoÔme thn upìjesh Riemann gia s¸mata sunart sewn.

Sthn epìmenh par�grafo, afoÔ pr¸ta apode�xoume thn upìjesh Riemann

gia s¸mata sunart sewn, ja doÔme èna akìma isqurìtero apotèlesma, pou

moi�zei san an�logo tou jewr mato
 twn pr¸twn arijm¸n sta polu¸numa.

Tèlo
, gia k�je r > 0 ja or�zoume to s¸ma Fr ìpw
 or�sthke sthn (4.6).

Ja xekin soume me k�poia apotelèsmata sqetik� me epekt�sei
 stajeroÔ s¸-

mato
 p�nw apì olik� s¸mata sunart sewn, ta opo�a ja ma
 odhg soun se

k�poia apotelèsmata gia th sun�rthsh z ta.

Prìtash 4.2.1. An P ∈ PF , tìte up�rqoun akrib¸
 gcd(n, degF P ) pr¸toi

tou Fn, pou br�skontai p�nw apì ton P . Akìma an P ∈ PFn
kai P | P , tìte

degFn
P =

degF P

gcd(n, degF P )
kai f(P/P ) =

n

gcd(n, degF P )
.

Apìdeixh. 'Estw P ∈ PFn
me P | P . 'Eqoume ìti degF P :=

[

OP
/P : F

]

, �ra

OP
/P = FqdegF P . 'Etsi apì gnwstì apotèlesma th
 jewr�a
 peperasmènwn

swm�twn ja èqoume ìti

OP �
P

· Fqn = FqdegF P · Fqn = Fqlcm(n,degF P ) .

'Etsi apì thn prìtash 3.2.9 ja èqoume ìti OP
/P = Fqlcm(n,degF P ) , opìte

degFn
P :=

[OP�P : Fqn

]

=
lcm(n, degF P )

n

=
degF P

gcd(n, degF P )
.
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Akìma ja èqoume ìti

f(P/P ) :=
[OP�P : OP �

P

]

=
lcm(n, degF P )

degF P

=
n

gcd(n, degF P )
.

Epiprosjètw
, èqoume  dh dei ìti h epèktash F ≤ Fn e�nai epèktash stajeroÔ

s¸mato
, �ra apì to l mma 3.2.6 èqoume ìti o P adrane� p�nw apì ton P . 'Etsi

apì th jemeli¸dh tautìthta ja èqoume ìti up�rqoun akrib¸
 gcd(n, degF P )

pr¸toi tou Fn/Fqn pou br�skontai p�nw apì ton P . ♥

Akìma ja ma
 qreiaste� mia stoiqie¸dh
 tautìthta.

L mma 4.2.2. 'Estw ωn ∈ C mia prwtarqik  n-st  r�za th
 mon�da
, u ∈ C

kai m ∈ Z>0. Tìte

n−1
∏

j=0

(1 − ω
jm
n u

m) = (1 − u
lcm(m,n))gcd(m,n)

.

Apìdeixh. 'Eqoume ìti X
n − 1 =

∏n−1
j=0 (X − ω

j
n), afoÔ kai ta dÔo polu¸numa

tou C[X] e�nai monik�, bajmoÔ n kai èqoun ti
 �die
 r�ze
, me t�xh 1. 'Etsi gia

X = u
−1 katal goume ìti

u
−n − 1 =

n−1
∏

j=0

(u−1 − ω
j
n) ⇒ 1 − u

n =
n−1
∏

j=0

(1 − uω
j
n),

dhlad  de�xame to zhtoÔmeno gia m = 1.

Gia m > 1 jètoume m
′ := m/ gcd(n,m) kai n

′ := n/ gcd(m,n) kai blè-

poume eÔkola ìti to ω
m
n e�nai mia prwtarqik  n

′-sth r�za th
 mon�da
, thn

opo�a onom�zoume ωn′ . Apì ton tÔpo th
 Eukle�deia
 dia�resh
 èqoume ìti gia

k�je j = 0, 1, . . . , n− 1 up�rqoun monadik� k kai r, me 0 ≤ k < gcd(n,m) kai

0 ≤ r < n
′, tètoia ¸ste j = kn

′ + r. Epomènw
, èqoume

n−1
∏

j=0

(1 − ω
jm
n u

m) =
n−1
∏

j=0

(1 − ω
j
n′u

m) =

gcd(n,m)−1
∏

k=0

(

n′−1
∏

r=0

(1 − ω
kn′+r
n′ u

m)

)

=

gcd(n,m)−1
∏

k=0

(

n′−1
∏

r=0

(1 − ω
r
n′u

m)

)

=

gcd(n,m)−1
∏

k=0

(1 − u
mn′

)

= (1 − u
mn′

)gcd(n,m)
.

'Omw
 mn
′ = mn

gcd(m,n)
= lcm(m,n), opìte èqoume to zhtoÔmeno. ♥
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T¸ra e�maste se jèsh na de�xoume th zhtoÔmenh sqèsh gia th z ta.

Je¸rhma 4.2.3. An ωn e�nai mia migadik  prwtarqik  n-st  r�za th
 mo-

n�da
 kai u := q
−s, tìte gia k�je u ∈ C èqoume ìti

ζFn
(s) = ZFn

(un) =
n−1
∏

j=0

ZF (ωj
nu).

Apìdeixh. Efìson apì thn prìtash 3.2.3 to s¸ma stajer¸n tou Fn/Fqn e�nai

to Fqn pou èqei q
n to pl jo
 stoiqe�a, apì ton orismì 4.1.9 èqoume ìti

ζFn
(s) = ZFn

((qn)−s) = ZFn
((q−s)n) = ZFn

(un).

Sth sunèqeia, apì thn (4.3) periorizìmenoi se kat�llhla s, pa�rnoume

ζFn
(s) =

∏

P∈PFn

(1 − (NP)−s)−1
. (4.10)

Akìma, jètonta
 dP := gcd(n, degF P ), èqoume apì ton orismì 4.1.7 kai thn

prìtash 4.2.1

NP := (qn)degFn
P = q

n·
degF P

dP = (qdegF P )
n

dP = (NP )
n

dP . (4.11)

Apì ti
 sqèsei
 (4.10) kai (4.11) kai ti
 prot�sei
 4.2.1 kai 3.1.7 ja p�roume

ìti

ζFn
(s) =

∏

P∈PFn

(1 − (NP)−s)−1 =
∏

P∈PF

∏

P∈PFn

P|P

(1 − (NP )
−s n

dP )−1

=
∏

P∈PF

(1 − (NP )
−s n

dP )−dP
. (4.12)

Sth sunèqeia, apì ton orismì 4.1.7, to l mma 4.2.2 kai ti
 sqèsei
 (4.5) kai



To Jewrhma twn Prwtwn Arijmwn se Swmata Sunarthsewn 72

(4.12) èqoume ìti

ζFn
(s) =

∏

P∈PF

(1 − (NP )
−s n

dP )−dP =
∏

P∈PF

(1 − q
−s

n degF P

dP )−dP

=
∏

P∈PF

(

(

1 − u
lcm(n,degF P )

)gcd(n,degF P )
)−1

=
∏

P∈PF

(

n−1
∏

j=0

(1 − ω
j degF P
n u

degF P )

)−1

=
n−1
∏

j=0

∏

P∈PF

(1 − (ωj
nu)degF P )−1 =

n−1
∏

j=0

ZF (ωj
nu). ♥

Sto pìrisma 4.1.12 e�dame ìti h sun�rthsh z ta epekte�netai analutik� se

olìklhro to Cvme aploÔ
 pìlou
 sta shme�a s = 0 kai s = 1. Akìma, sto

l mma 4.1.18 de�xame ìti h ζF (s) e�nai rht  sun�rthsh tou q
−s, opìte e�nai

periodik  me per�odo 2πi/ log q. Epomènw
, h z ta èqei �peirou
 to pl jo


pìlou
 sti
 euje�e
 ℜs = 0 kai ℜs = 1 kai m�lista, sth deÔterh euje�a, oi

pìloi th
 e�nai ta shme�a s = 1 + i · 2πm
log q

, m ∈ Z. Akìma, gia thn euje�a aut 

isqÔei h parak�tw prìtash.

Prìtash 4.2.4. H sun�rthsh z ta den mhden�zetai sthn euje�a {s ∈ C |
ℜs = 1}.

Apìdeixh. Kat> arq�
 parathroÔme ìti gia k�je θ ∈ R èqoume ìti

2(1 + cos θ)2 ≥ 0

⇒ 2(1 + 2 cos θ + cos2
θ) ≥ 0

⇒ 2 + 4 cos θ + 2 cos2
θ ≥ 0

⇒ 3 + 4 cos θ + cos 2θ ≥ 0 . (4.13)

Akìma apì thn (4.3) èqoume ìti an σ := ℜs, τ := ℑs kai σ > 1, tìte

ζF (s) =
∏

P∈PF

(1 − (NP )−s)−1

⇒ log ζF (s) = −
∑

P∈PF

log(1 − (NP )−s).
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'Omw
, periorizìmenoi se kat�llhla x, èqoume ìti

− log(1 − x) =
∞
∑

m=1

x
m

m

,

epomènw
 to teleuta�o ma
 d�nei ìti

log ζF (s) =
∑

P∈PF

∞
∑

m=1

m
−1(NP )−ms =

∑

P∈PF

∞
∑

m=1

m
−1

e
−s log(NP )m

,

dhlad 

ℜ log ζF (s) =
∑

P∈PF

∞
∑

m=1

m
−1(NP )−mσ cos(τ log((NP )m).

'Etsi apì to parap�nw kai thn (4.13) èqoume ìti

3 · ℜ log ζF (σ) + 4 · ℜ log ζF (σ + iτ) + ℜ log ζF (σ + 2iτ) ≥ 0,

dhlad  gia k�je σ > 1 kai gia k�je τ ∈ R èqoume ìti

|ζF (σ)|3 · |ζF (σ + iτ)|4 · |ζF (σ + 2iτ)| ≥ 1. (4.14)

'Estw t¸ra ìti den isqÔei h upìjesh, dhlad  ìti up�rqei τ ∈ R tètoio

¸ste ζF (1+ iτ) = 0. Apì thn (4.14) kai ta sqìlia prin thn paroÔsa Prìtash

èqoume ìti τ 6= 2kπ
log q

gia k�je k ∈ Z. Akìma, èqoume ìti

lim
σ→1+

ζF (σ + iτ)

σ − 1
= lim

σ→1+

ζF (σ + iτ) − ζF (1 + iτ)

(σ + iτ) − (1 + iτ)
= ζ

′
F (1 + iτ)

kai afoÔ h ζF e�nai analutik  sto 1 + iτ , to

lim
σ→1+

ζF (σ + iτ)

σ − 1

ja e�nai fragmèno. Apì to pìrisma 4.1.12 èqoume ìti h ζF èqei aplì pìlo sto

s = 1, �ra to

lim
σ→1+

(σ − 1)ζF (σ)

e�nai ep�sh
 fragmèno. Tèlo
, an to τ den isoÔtai me k�poio perittì polla-

pl�sio tou π/ log q, tìte kai to

lim
σ→1+

ζF (σ + 2iτ)
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e�nai fragmèno sÔmfwna me ta sqìlia prin thn prìtash aut . 'Omw
 ta para-

p�nw èrqontai se ant�jesh me thn (4.14).

Epomènw
 ma
 apomènei na melet soume thn per�ptwsh pou to τ e�nai pe-

rittì pollapl�sio tou π/ log q. Se aut n thn per�ptwsh q
−(1+iτ) = −q

−1.

'Etsi e�nai profanè
 apì ton orismì th
 Z ta kai tou prohgoÔmenou ìti ar-

ke� na de�xoume ìti ZF (−q
−1) 6= 0. 'Omw
 apì ton orismì th
 Z ta kai to

je¸rhma 4.1.19 èqoume ìti ZF (−q
−1) 6= 0 ann ZF (−1) 6= 0. Epiprosjètw
,

apì ton orismì th
 Z ta kai to l mma 4.1.18, ja èqoume ìti ZF (−1) 6= 0 ann

LF (−1) 6= 0. 'Omw
 apì to je¸rhma 4.2.3 pa�rnoume ìti

LF2(1) = LF (1)LF (−1)

kai b�sei tou l mmato
 4.1.18 h sqèsh aut  ma
 d�nei

LF (−1) =
hF2

hF

6= 0. ♥

H parap�nw prìtash isqÔei kai sthn per�ptwsh th
 klasik 
 sun�rthsh


z ta (blèpe [Apo, §13.5℄) kai pa�zei kentrikì rìlo sthn apìdeixh tou jew-

r mato
 twn pr¸twn arijm¸n. Eme�
 ed¸ ja th qrhsimopoi soume, ¸ste na

apode�xoume eÔkola èna apotèlesma parìmoio me thn upìjesh Riemann, all�

asjenèstero.

Pìrisma 4.2.5. Up�rqei k�poio
 θ ∈ R, me θ < 1, tètoio
 ¸ste h z ta na

mh mhden�zetai sto hmiep�pedo {s ∈ C | ℜs > θ}.

Apìdeixh. Apì thn prìtash 4.1.10 blèpoume ìti h z ta anaparist�tai apì èna

mh mhdenikì sugkl�non apeiroginìmeno gia ℜs > 1, den èqei r�ze
 sthn perioq 

{s ∈ C | ℜs > 1}. Autì, se sunduasmì me thn 4.2.4 ma
 lèei ìti h z ta den

èqei r�ze
 sthn perioq  {s ∈ C | ℜs ≥ 1}. To sumpèrasma autì, se sunduasmì

me to je¸rhma 4.1.19, ma
 lèei ìti h z ta de mhden�zetai ep�sh
 sthn perioq 

{s ∈ C | ℜs ≤ 0}.
Akìma, ìpw
 e�dame sta sqìlia prin thn prìtash 4.2.4, h z ta e�nai pe-

riodik  me per�odo 2πi/ log q, �ra sundu�zonta
 kai to parap�nw arke� na

anazht soume ti
 r�ze
 th
 z ta sto sÔnolo

A := {s ∈ C | 0 ≤ ℜs ≤ 1 kai 0 ≤ ℑs ≤ 2πi/ log q}.
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'Omw
, h z ta e�nai mh mhdenik  kai analutik , dhlad  to sÔnolo twn riz¸n

th
 den mpore� na èqei shme�o suss¸reush
. Autì, se sunduasmì me to ìti

to A e�nai sumpagè
, ma
 d�nei ìti to pl jo
 twn riz¸n th
 z ta sto A e�nai

peperasmèno. 'Etsi to zhtoÔmeno èpetai �mesa. ♥

Prin ft�soume sto kentrikì je¸rhma th
 paragr�fou aut 
, a
 doÔme ti

akrib¸
 shma�nei to parap�nw pìrisma gia to polu¸numo LF (u). Apì to l mma

4.1.18 èqoume ìti up�rqoun k�poia ρj, me j = 1, . . . , 2g tètoia ¸ste

LF (u) =

2g
∏

j=1

(1 − ρju) (4.15)

kai qrhsimopoi¸nta
 to pìrisma 4.2.5 pa�rnoume ìti

|ρj| ≤ q
θ

(4.16)

gia k�je j = 1, . . . , 2g, me θ th stajer� tou por�smato
 4.2.5. A
 doÔme t¸ra

to kentrikì je¸rhma aut 
 th
 paragr�fou.

Je¸rhma 4.2.6 (Pr¸twn Arijm¸n � Asjen 
 Morf ). Up�rqei k�poio


θ ∈ R, me θ < 1, tètoio
 ¸ste

aN =
q

N

N

+ O

(

q
θN

N

)

.

Apìdeixh. Sundu�zonta
 ton orismì th
 Z ta, to l mma 4.1.18 kai ti
 sqèsei


(4.4) kai (4.15) èqoume ìti

∏2g
j=1(1 − ρju)

(1 − u)(1 − qu)
=

∞
∏

d=1

(1 − u
d)−ad

.

Apì thn parap�nw sqèsh pa�rnoume diadoqik� ìti

− log(1 − u) − log(1 − qu) +

2g
∑

j=1

log(1 − ρju) = −
∞
∑

d=1

ad log(1 − u
d)

kai

1

1 − u

+
q

1 − qu

−
2g
∑

j=1

ρj

1 − ρju
=

∞
∑

d=1

ad
du

d−1

1 − u
d
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dhlad 

u

1 − u

+
qu

1 − qu

−
2g
∑

j=1

ρju

1 − ρju
=

∞
∑

d=1

dad
u

d

1 − u
d
.

'Omw
 gia mikr� x isqÔei ìti
x

1−x
=
∑∞

k=1 x
k. 'Etsi to teleuta�o ma
 d�nei

∞
∑

k=1

u
k +

∞
∑

k=1

(qu)k −
2g
∑

j=1

∞
∑

k=1

(ρju)k =
∞
∑

d=1

∞
∑

k=1

dadu
dk

to opo�o ma
 d�nei me th seir� tou ìti gia k�je N ≥ 1 isqÔei ìti

1 + q
N −

2g
∑

j=1

ρ
N
j =

∑

d|N

dad.

Apì ton tÔpo antistrof 
 tou Möbius3 to teleuta�o isoduname� me to

NaN =
∑

d|N

µ(d)qN/d +
∑

d|N

µ(d) +
∑

d|N

µ(d)

(

2g
∑

j=1

ρ
N/d
j

)

,

ìpou µ h sun�rthsh Möbius4, kai mia
 pou
∑

d|N µ(d) = 0 gia N ≥ 1, apì to

[Apo, j. 2.1℄, to teleuta�o ma
 d�nei

NaN =
∑

d|N

µ(d)qN/d +
∑

d|N

µ(d)

(

2g
∑

j=1

ρ
N/d
j

)

. (4.17)

'Omw
 e�nai profanè
 apì ton orismì th
 sun�rthsh
 Möbius ìti

∑

d|N

µ(d)qN/d = q
N + O(qN/2). (4.18)

Akìma, apì ton orismì th
 sun�rthsh
 Möbius kai thn (4.16) èqoume ìti

∣

∣

∣

∣

∣

∣

∑

d|N

µ(d)

(

2g
∑

j=1

ρ
N/d
j

)

∣

∣

∣

∣

∣

∣

≤ 2gq
θN + 2gNq

θN/2
. (4.19)

3OτÔpος αντιστrοfής τοuMöbius λέει ότι

f(n) =

∑

d|n

g(d) ⇐⇒ g(n) =

∑

d|n

µ(d)f(n/d),

όpοuµ η σuν�rτηση Möbius. Gια την αpόδειxη τοuτÔpοupαrαpέμpοuμε στο [Apo,j. 2.9].
4Gια τον οrισμό και bασικές ιδιότητες της σuν�rτησης Möbius δες [Apo,§2.2].
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Tèlo
, lamb�nonta
 up> ìyin ìti b�sei tou jewr mato
 4.1.19 gia th stajer�

θ tou por�smato
 4.2.5, pou taut�zetai me th stajer� θ th
 (4.19) kai isqÔei

ìti
1
2
≤ θ < 1, pa�rnoume apì ti
 sqèsei
 (4.17), (4.18) kai (4.19) ìti

NaN = q
N + O(qθN),

apì to opo�o to zhtoÔmeno èpetai �mesa. ♥

4.3 To je¸rhma Hasse-Weil

To kentrikì je¸rhma th
 paragr�fou aut 
 e�nai to je¸rhma Hasse-Weil  

alli¸
 h upìjesh Riemann gia s¸mata sunart sewn. To je¸rhma eik�zetai

gia pr¸th for� apì ton Artin sth diatrib  tou kai apodeiknÔetai gia meri-

kè
 mìno peript¸sei
, apì ton Hasse th dekaet�a tou >40. Sta tèlh th
 �dia


dekaet�a
 o Weil sto [Wei℄ apodeiknÔei th genik  per�ptwsh me qr sh proqw-

rhmènh
 algebrik 
 gewmetr�a
. Mia sqetik� apl  apìdeixh dìjhke apì ton

W. Schmidt pou bas�sthke se idèe
 tou Stepanov per�pou 20 qrìnia argìte-

ra apì eke�nh tou Weil. Thn apìdeixh aut  aplopo�hse akìma perissìtero o

Bombieri sto [Bom℄. H apìdeixh pou ja d¸soume sto ke�meno autì e�nai kat�

b�sh eke�nh tou Bombieri.

Sthn par�grafo aut  diathroÔme tou
 sumbolismoÔ
 kai ti
 sumb�sei


twn prohgoÔmenwn paragr�fwn autoÔ tou kefala�ou. To je¸rhma pou ja

apode�xoume e�nai to parak�tw.

Je¸rhma 4.3.1 (Hasse-Weil). 'Ole
 oi r�ze
 th
 sun�rthsh
 z ta br�skon-

tai p�nw sthn euje�a {s ∈ C | ℜs = 1/2}.

Mia enallaktik  diatÔpwsh sÔmfwna me ì,ti apode�jqhke sti
 prohgoÔme-

ne
 paragr�fou
, ja  tan ìti

|ρj| = q
1/2

gia k�je j = 1, . . . , 2g. (4.20)

A
 xekin soume t¸ra thn apìdeixh.

L mma 4.3.2. 'Estw m ∈ Z>0. To je¸rhma Hasse-Weil isqÔei gia to F/F

ann isqÔei gia to Fm/Fqm .
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Apìdeixh. An ωm e�nai mia migadik  m-st  r�za th
 mon�da
, tìte apì to

je¸rhma 4.2.3 kai to l mma 4.2.2 èqoume ìti

LFm
(tm) = (1 − t

m)(1 − q
m

t
m)ZFm

(tm)

= (1 − t
m)(1 − q

m
t
m)

m−1
∏

j=0

ZF (ωj
mt)

= (1 − t
m)(1 − q

m
t
m)

m−1
∏

j=0

LF (ωj
mt)

(1 − ω
j
mt)(1 − qω

j
mt)

=
m−1
∏

j=0

LF (ωj
mt) =

2g
∏

i=1

m−1
∏

j=0

(1 − ρiω
j
mt) =

2g
∏

i=1

(1 − ρ
m
i t

m).

'Ara LFm
(u) =

∏2g
i=1(1 − ρ

m
i u), opìte, to zhtoÔmeno èpetai �mesa, afoÔ gia

k�je j = 1, . . . , 2g èqoume ìti

|ρj| = q
1/2 ⇐⇒ |ρm

j | = (qm)1/2
. ♥

Sto parap�nw l mma de�xame ìti arke� na de�xoume to je¸rhma Hasse-Weil

gia k�poia epèktash stajeroÔ s¸mato
 tou F/F. A
 doÔme t¸ra èna akìma

qr simo l mma.

L mma 4.3.3. An up�rqei k�poio c ∈ R tètoio ¸ste gia k�je r ≥ 1 na isqÔei

ìti

|aFr,1 − (qr + 1)| ≤ cq
r/2

,

tìte isqÔei to je¸rhma Hasse-Weil gia to F/F.

Apìdeixh. 'Estw ìti isqÔei h anaferìmenh sunj kh. Apì thn apìdeixh tou

prohgoÔmenou l mmato
 èqoume ìti gia k�je r ≥ 1 isqÔei ìti LFr
(u) =

∏2g
i=1(1− ρ

r
i u), opìte an anaptÔxoume to ginìmeno autì blèpoume ìti o sunte-

lest 
 tou u e�nai −∑2g
i=1 ρ

r
i , opìte L

′
Fr

(0) = −∑2g
i=1 ρ

r
i . 'Etsi apì to l mma

4.1.18 èqoume ìti aFr,1 − (qr + 1) = −∑2g
i=1 ρ

r
i , �ra sÔmfwna me thn upìjesh

ja èqoume ìti
∣

∣

∣

∣

∣

2g
∑

i=1

ρ
r
i

∣

∣

∣

∣

∣

≤ cq
r/2

. (4.21)
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Akìma jewroÔme th sun�rthsh

H(t) :=

2g
∑

i=1

ρit

1 − ρit
. (4.22)

Jètoume µ := min{|ρ−1
i | | 1 ≤ i ≤ 2g}. Apì thn (4.22) h akt�na sÔgklish


th
 dunamoseir�
 th
 H(t) gÔrw apì to 0 e�nai akrib¸
 µ. Akìma, gia |t| < µ

èqoume ìti

H(t) =

2g
∑

i=1

∞
∑

r=1

(ρit)
r =

∞
∑

r=1

(

2g
∑

i=1

ρ
r
i

)

t
r
.

'Omw
, apì thn (4.21), h teleuta�a dunamoseir� sugkl�nei5 gia |t| < q
−1/2.

Apì aut� pa�rnoume ìti q
−1/2 ≤ µ, dhlad 

q
1/2 ≥ |ρi| gia k�je i = 1, . . . , 2g. (4.23)

'Omw
 apì th sunarthsiak  ex�swsh th
 z ta èqoume ìti to s e�nai r�za

th
 z ta ann kai to 1− s e�nai r�za th
 z ta. Autì shma�nei ìti to u e�nai r�za

tou LF ann to 1/qu e�nai r�za tou LF . 'Etsi oi (2g to pl jo
) r�ze
 èqoun

an� dÔo ginìmeno q
−1, opìte to ginìmeno twn (g to pl jo
) zeug¸n riz¸n pou

isoÔtai me to ginìmeno twn riz¸n, e�nai �so me q
−g. Apì autì, all� kai apì to

gegonì
 ìti ta ρj e�nai ta ant�strofa twn riz¸n th
 z ta pa�rnoume ìti

2g
∏

j=1

ρj = q
g
. (4.24)

Apì ti
 (4.23) kai (4.24) pa�rnoume ìti |ρj| = q
1/2 gia k�je j = 1, . . . , 2g.

♥

To parap�nw l mma ousiastik� ma
 kajodhge� sthn anaz thsh k�poiwn

stajer¸n c1, c2 ∈ R>0 tètoiwn ¸ste

aFr,1 − (qr + 1) ≤ c1q
r/2

kai

aFr,1 − (qr + 1) ≥ −c2q
r/2

gia k�je r ≥ 1. H epìmenh prìtash ma
 d�nei èmmesa thn pr¸th anisìthta.

5QwrÐς όμwς κατ>αν�γκη αuτό να εÐναι και η ακτÐνα σÔγκλισης.
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Prìtash 4.3.4. An to q e�nai tetr�gwno > (g + 1)4, tìte

a1 − (q + 1) < (2g + 1)q1/2
.

Apìdeixh. An a1 = 0, tìte h isqÔ
 th
 prìtash
 e�nai profan 
. An a1 > 0,

tìte up�rqei k�poio Q ∈ PF , me deg Q = 1. Jètoume q0 :=
√

q, m := q0−1 kai

n := 2g + q0. Apì ti
 upojèsei
 e�nai profanè
 ìti oi parap�nw arijmo� e�nai

jetiko� akèraioi. Akìma, eÔkola blèpoume ìti gia ton r := q−1+(2g +1)q1/2

èqoume ìti

r = m + nq0. (4.25)

Sth sunèqeia jewroÔme to q¸ro

L := L(mQ)L(nQ)q0
,

pou apotele�tai apì ìla ta peperasmèna ajro�smata th
 morf 

∑

xνy
q0
ν , me

xν ∈ L(mQ) kai yν ∈ L(nQ). Apì ti
 idiìthte
 th
 sun�rthsh
 ordQ w


diakrit 
 apot�mhsh
, eÔkola parathroÔme ìti k�je tètoio �jroisma an kei

kai sto L(rQ), dhlad 

L ⊆ L(rQ). (4.26)

'Estw t¸ra ìti up�rqei k�poio x ∈ L \ {0}, tètoio ¸ste ìloi oi pr¸toi tou

F/F bajmoÔ 1, ektì
 tou Q, na e�nai r�ze
 tou. Apì thn idiìthta tou x na

èqei w
 r�ze
 tou ìlou
 tou
 pr¸tou
 bajmoÔ 1, ektì
 apì ton Q eÔkola

sumpera�noume ìti

(x)0 ≥
∑

P∈PF
deg P=1, P 6=Q

P ⇒ deg(x)0 ≥ a1 − 1.

Akìma, apì to ìti x ∈ L, apì thn (4.26) kai ton orismì twn L-q¸rwn pa�r-

noume ìti

(x)∞ ≤ rQ ⇒ deg(x)∞ ≤ r.

'Omw
 ex orismoÔ r = q − 1 + (2g + 1)q1/2 kai deg(x)0 = deg(x)∞ apì to

je¸rhma 1.3.13, ètsi oi dÔo teleuta�e
 sqèsei
 ma
 d�noun

a1 − 1 ≤ q − 1 + (2g + 1)q1/2 ⇒ a1 − (q + 1) < (2g + 1)q1/2
.
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'Etsi, blèpoume ìti arke� na apode�xoume thn Ôparxh k�poiou x ∈ L \ {0}
tètoiou ¸ste ìloi oi pr¸toi tou F/F bajmoÔ 1, ektì
 tou Q, na e�nai r�ze


tou. Autì ja to k�noume se tèssera b mata.

B ma 1o An

T := {i ∈ Z | 0 ≤ i ≤ m kai ∃x ∈ F tètoio ¸ste (x)∞ = iQ}

kai gia k�je i ∈ T epilèxoume k�poio ui ∈ F \ {0}, tètoio ¸ste (ui)∞ = iQ,

tìte to sÔnolo {ui | i ∈ T} e�nai mia F-b�sh tou L(mQ).

Kat> arq�
 parathroÔme ìti m =
√

q − 1, opìte afoÔ apì thn upìjesh

q > (g + 1)4 ja èqoume ìti m > g
2 + 2g ≥ 2g − 1, epomènw
 apì to je¸rhma

Riemann ja èqoume

l(mQ) = m + 1 − g.

Akìma, ekmetalleuìmenoi p�li to gegonì
 ìti m > 2g, apì to je¸rhma ken¸n

tou Weierstraß (blèpe [Sti, j. I.6.7℄), ja p�roume ìti

|T | = m + 1 − g.

'Etsi apì ti
 dÔo teleuta�e
 sqèsei
 èqoume ìti

dimF L(mQ) = |{ui | i ∈ T}|

kai afoÔ {ui | i ∈ T} ⊆ L(mQ), arke� na de�xoume ìti ta stoiqe�a tou

{ui | i ∈ T} e�nai F-grammik� anex�rthta. 'Estw loipìn ìti ki ∈ F, me i ∈ T ,

tètoia ¸ste
∑

i∈T

kiui = 0.

Autì shma�nei ìti

ordQ

(

∑

i∈T

kiui

)

= ∞.

Akìma apì thn isqur  trigwnik  anisìthta ja p�roume ìti an gia k�poia i ∈ T

isqÔei ìti ki 6= 0, tìte

ordQ

(

∑

i∈T

kiui

)

= −max{i ∈ T \ {0} | ki 6= 0} 6= ∞.
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Apo ti
 dÔo teleuta�e
 sqèsei
 pa�rnoume ìti ki = 0 gia k�je i ∈ T .

B ma 2o K�je y ∈ L gr�fetai kat� monadikì trìpo sth morf 

y =
∑

i∈T

uiz
q0

i me zi ∈ L(nQ).

H Ôparxh aut 
 th
 graf 
 e�nai �meso apotèlesma tou pr¸tou b mato


kai tou orismoÔ tou L. Gia na apode�xoume th monadikìthta, arke� na de�xoume

ìti an
∑

i∈T

uix
q0

i = 0, (4.27)

tìte xi = 0 gia k�je i ∈ T . 'Estw loipìn ìti up�rqoun k�poia i ∈ T , me

xi 6= 0. Tìte gia ta i aut� ja èqoume ìti

ordQ(uix
q0

i ) ≡ ordQ(ui) ≡ −i (mod q0).

Akìma m = q0 − 1, epomènw
 oi arijmo� i ∈ T e�nai an� dÔo di�foroi modulo

q0, �ra apì thn isqur  trigwnik  anisìthta ja p�roume ìti

ordQ

(

∑

i∈T

uix
q0

i

)

= min{ordQ(uix
q0

i ) | i ∈ T} 6= ∞,

pou e�nai �topo.

B ma 3o H apeikìnish

λ :
L → L((q0m + n)Q)

∑

i∈T uiz
q0

i 7→ ∑

i∈T u
q0

i zi

,

me zi ∈ L(nQ) e�nai omomorfismì
 twn kat�llhlwn prosjetik¸n om�dwn kai

ker λ 6= {0}.
To deÔtero b ma ma
 exasfal�zei to ìti h apeikìnish e�nai kal� orismènh

kai to gegonì
 ìti prìkeitai gia omomorfismì twn prosjetik¸n om�dwn e�nai

profanè
. Epomènw
, ma
 apomènei na de�xoume ìti ker λ 6= {0}. Apì ta

parap�nw ma
 arke� na de�xoume ìti

dimF L > dimF L((q0m + n)Q).
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Apì ta dÔo pr¸ta b mata kai thn anisìthta Riemann ja èqoume ìti

dimF L = l(mQ) · l(nQ) ≥ (m + 1 − g)(n + 1 − g).

Epiprosjètw
, efìson isqÔei ìti

deg((q0m + n)Q) = q0m + n = q0(q0 − 1) + (2g + q0) = 2g + q,

apì to je¸rhma 2.3.3 kai to je¸rhma Riemann, ja èqoume ìti

dimF L((q0m + n)Q) =: l((q0m + n)Q)

= (2g + q) + 1 − g

= g + q + 1.

'Etsi apì ta parap�nw ma
 arke� na de�xoume ìti

(m + 1 − g)(n + 1 − g) > g + q + 1.

Pr�gmati, èqoume diadoqik�

(m + 1 − g)(n + 1 − g) > g + q − 1

⇐⇒ (q0 − g)(2g + q0 + 1 − g) > g + q − 1

⇐⇒ q − g
2 + q0 − g > g + q + 1

⇐⇒ q0 > g
2 + 2g + 1

⇐⇒ q0 > (g + 1)2

⇐⇒ q > (g + 1)4

kai to teleuta�o isqÔei apì thn upìjesh.

B ma 4o An x ∈ ker λ \ {0}, tìte ìloi oi pr¸toi tou F/F bajmoÔ 1,

ektì
 tou Q, e�nai r�ze
 tou x.

'Estw P ∈ PF, me P 6= Q kai deg P = 1. An y ∈ L \ {0}, tìte apì ton

orismì tou L, to y ja èqei w
 monadikì tou pìlo ton Q, dhlad  ordP (y) ≥ 0

kai apì to je¸rhma 1.2.10(a') ja èqoume ìti y ∈ OP . 'Etsi L ⊆ OP . Akìma,

mia
 kai deg P = 1 apì ton orismì tou bajmoÔ enì
 pr¸tou, ja èqoume ìti
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OP
/P = F. 'Etsi, sundu�zonta
 ta parap�nw me gnwstì apotèlesma th


jewr�a
 peperasmènwn swm�twn, ja p�roume ìti

ȳ
p = ȳ gia k�je y ∈ L. (4.28)

Ton�zoume ìti me panomoiìtupo trìpo mporoÔme na de�xoume ìti ìla ta parap�-

nw isqÔoun kai gia ta L(nQ) kai L(mQ). 'Estw t¸ra k�poio x ∈ ker λ \ {0}.
H Ôparxh tètoiou x exasfal�zetai apì to tr�to b ma. Apì to deÔtero b ma

ja up�rqei k�poia monadik  graf  x =
∑

i∈T uiz
q0

i , me zi ∈ L(nQ). 'Etsi apì

thn (4.28), mia
 pou to q0 e�nai pollapl�sio tou p, ja p�roume ìti

x̄
q0 =

(

∑

i∈T

ūiz̄i
q0

)q0

=
∑

i∈T

ūi
q0

z̄i
q =

∑

i∈T

ūi
q0

z̄i

=
∑

i∈T

u
q0

i zi = λ(x) = 0̄,

dhlad  x̄ = 0̄, opìte to P e�nai r�za tou x. ♥

H parap�nw prìtash ma
 de�qnei ìti, an jewr soume k�poia epèktash sta-

jeroÔ s¸mato
 tou F/F, dedomènou ìti to gèno
 den all�zei, lìgw th
 prì-

tash
 3.2.8, mporoÔme na p�roume èna �nw fr�gma, ìpw
 autì apait jhke sta

sqìlia met� to l mma 4.3.3. A
 doÔme t¸ra to zhtoÔmeno k�tw fr�gma.

Prìtash 4.3.5. Up�rqoun stajerè
 stajer� c1, c2 ∈ R>0, pou exart¸ntai

apokleistik� apì to F/F, tètoie
 ¸ste an q tetr�gwno kai q > c1, tìte gia

k�je r ≥ 1 isqÔei ìti

aFr,1 − (qr + 1) > −c2q
r/2

.

Apìdeixh. Gia thn apìdeixh de
 [Sti, sel. 174�178℄, [Ros, sel. 335�336℄  

[Bom℄. ♥

H apìdeixh th
 parap�nw prìtash
 k�nei qr sh epekt�sewn Galois, pou

den melet same sto ke�meno autì. Akìma, h prìtash aut , maz� me thn prìtash

4.3.4 kai ta l mmata 4.3.2 kai 4.3.3 e�nai ta komm�tia enì
 {pazl}, h {sunar-

molìghsh} tou opo�ou, ìpw
 ja doÔme, apotele� thn apìdeixh tou jewr mato


Hasse-Weil.
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Olokl rwsh th
 apìdeixh


Jètoume C := max{(g + 1)4
, c1} (ìpou c1 h ant�stoiqh stajer� th
 prìtash


4.3.5) kai parathroÔme ìti e�nai profanè
 ìti mpore� na breje� k�poio s ≥ 1

tètoio ¸ste to q
s na e�nai tetr�gwno kai q

s
> C.

Jètoume Y := max{2g + 1, c2} kai apì thn prìtash 3.2.8 èqoume ìti gia

k�je r ≥ 1 to gèno
 tou Fr/Fqr e�nai g, epomènw
 gia k�je r jetikì akèraio

pollapl�sio tou s ikanopoioÔntai oi upojèsei
 th
 prìtash
 4.3.4 kai �ra gia

k�je r jetikì akèraio pollapl�sio tou s èqoume ìti

aFr,1 − (qr + 1) < (2g + 1)qr/2 ≤ Y q
r/2

. (4.29)

Akìma, apì thn prìtash 4.3.5 èqoume ìti gia k�je r jetikì akèraio polla-

pl�sio tou s isqÔei ìti

aFr,1 − (qr + 1) > −c2q
r/2 ≥ Y q

r/2
. (4.30)

Sundu�zonta
 ti
 (4.29) kai (4.30) katal goume ìti gia k�je r jetikì

akèraio pollapl�sio tou s isqÔei ìti

|aFr,1 − (qr + 1)| < Y q
r/2

,

dhlad  to Fs/Fqs ikanopoie� ti
 pro�pojèsei
 tou l mmato
 4.3.3. 'Etsi apì

to l mma 4.3.3 isqÔei to je¸rhma Hasse-Weil gia to Fs/Fqs .

Tèlo
, efìson isqÔei to je¸rhma Hasse-Weil gia to Fs/Fqs ja isqÔei kai

gia to F/F, apì to l mma 4.3.2. Autì oloklhr¸nei thn apìdeix  ma
!

4.4 Sunèpeie
 tou Hasse-Weil

Kle�noume thn ergas�a aut  me k�poie
 endiafèrouse
 sunèpeie
 tou jewr ma-

to
 Hasse-Weil. Xekin�me me thn isqur  morf  tou jewr mato
 twn pr¸twn

arijm¸n.

Je¸rhma 4.4.1 (Pr¸twn Arijm¸n � Isqur  Morf ). IsqÔei ìti

aN =
q

N

N

+ O

(

q
N/2

N

)

.
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Apìdeixh. Apì ton orismì th
 sun�rthsh
 Möbius kai to je¸rhma Hasse-Weil

èqoume ìti
∣

∣

∣

∣

∣

∣

∑

d|N

µ(d)

(

2g
∑

j=1

ρ
N/d
j

)

∣

∣

∣

∣

∣

∣

≤ 2gq
N/2 + 2gNq

N/4
.

H anisìthta aut , se sunduasmì me ti
 sqèsei
 (4.17) kai (4.18), sunep�getai

ìti

NaN = q
N + O(qN/2),

ap> ìpou to zhtoÔmeno èpetai �mesa. ♥

M�a akìma sunèpeia tou jewr mato
 Hasse-Weil e�nai to fr�gma Hasse-

Weil.

Je¸rhma 4.4.2 (Fr�gma Hasse-Weil). IsqÔei ìti

|a1 − (q + 1)| ≤ 2gq
1/2

.

Apìdeixh. Apì to l mma 4.1.18 èqoume ìti L
′
F (0) = a1 − (1 + q). Akìma,

apì th sqèsh (4.15) èqoume ìti L
′
F (0) = −∑2g

j=1 ρj. 'Etsi, ta parap�nw ma


d�noun ìti

|a1 − (1 + q)| =

∣

∣

∣

∣

∣

2g
∑

j=1

ρj

∣

∣

∣

∣

∣

≤
2g
∑

j=1

|ρj|

kai to teleuta�o se sunduasmì me to je¸rhma Hasse-Weil, ma
 d�nei ìti

|a1 − (q + 1)| ≤ 2gq
1/2

. ♥
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