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Thn epitrop  krÐshc thc metaptuqiak c aut c ergasÐac apotèlesan oi
A. TertÐkac
A. Tersènob
S. FÐlippac.

EuqaristÐec:
Pr¸t' ap' ìla, jèlw na euqarist sw ton epiblèpwn kajhght  mou kÔrio St�jh FÐlippa
gia thn bo jei� tou me tic gnwseic tou kai gia thn upomon  tou.
Euqarist¸ thn oikogènei� mou gia thn makroqrìnia hjik  kai oikonomik  upost rixh.
Tèloc, na euqarist sw touc fÐlouc pou me bo jhsan sth foithtik  mou stadiodromÐa kai
autoÔc pou me prost�teusan apo thn pl xh kai thn apomìnwsh.
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Kef�laio 1

Eisagwg 

Kentrikì jèma thc ergasÐac aut c eÐnai h exÐswsh Porous Medium:

ut = ∆(um), m > 1, u = u(x, t), x ∈ Rd, t > 0.

H exÐswsh me ton Ðdio tÔpo gia m < 1, lègetai fast diffusion kai poll� apì ta apotelè-
smata pou ja doÔme sthn ergasÐa aforoÔn kai aut  thn perÐptwsh. Arqik�, ja doÔme
fusik� probl mata pou montelopoieÐ h exÐswsh aut . Sto deÔtero kef�laio ja orÐsou-
me tÐ ennooÔme lègontac lÔsh thc exÐswshc kai ja apodeÐxoume Ôparxh kai monadikìthta
thc lÔshc gia thn perÐptwsh m > 1. Ja mac apasqol sei sth sunèqeia h asumptwti-
k  sumperifor� twn lÔsewn gia meg�louc qrìnouc. H mèjodoc pou ja akolouj soume
basÐzetai se k�poio sunarthsiakì Lyapunov gia thn exÐswsh kai se k�poiec anisìthtec
tÔpou Gagliardo-Nirenberg. 'Etsi, sto trÐto kef�laio ja apodeÐxoume tic anisìthtec tÔ-
pou Gagliargo-Nirenberg me bèltisth stajer�. H melèth thc asumptwtik c sumperifor�c
ja gÐnei sto tètarto kef�laio kai ta apìtelèsmata pou ja sunaqjoÔn aforoÔn kai tic dÔo
peript¸seic m > 1 kai m < 1.

H exÐswsh porous medium eÐnai mia exÐswsh pou prokÔptei fusiologik� sth montelo-
poÐhsh diafìrwn fusik¸n problhm�twn, merik� apì ta opoÐa ja anafèroume amèswc.

1.1 Probl mata pou montelopoioÔntai apì thn
Porous Medium

Ro  se por¸dh ulik�. Mia apì tic basikèc efarmogèc thc exÐswshc eÐnai h perigraf 
thc kÐnhshc ideatoÔ reustoÔ mèsa se por¸dec mèso, sto opoÐo ofeÐletai kai h onomasÐa
thc exÐswshc. Gia thn perigraf  tou montèlou, akoloujoÔme ta [13],[1]. Ja perigr�you-
me thn kÐnhsh aut  se makroskopikì epÐpedo, k�tw apì thn upìjesh ìti to reustì eÐnai
suneqèc mèso. H an�gkh gia thn upìjesh aut , prokÔptei apì thn adunamÐa na lÔsoume
exis¸seic gia thn kÐnhsh an asqolhjoÔme me thn kÐnhsh twn morÐwn tou reustoÔ. Parì-
moia probl mata prokÔptoun, an prospaj soume na lÔsoume tic sunhjismènec exis¸seic
kÐnhshc, b�zontac thn gewmetrÐa tou por¸douc mèsou gia sÔnoro.
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Gia to lìgo autì, prèpei na k�noume an�logh upìjesh gia to mèso. Sthn perÐptwsh
tou reustoÔ, to prìblhma xeper�sthke qrhsimopoi¸ntac thn puknìthta, dhlad  to lìgo
thc m�zac tou reustoÔ ana mon�da ìgkou. To Ðdio ja k�noume kai gia to por¸dec mèso.
OrÐzoume thn ènnoia tou por¸douc (porosity) enìc mèsou, pou ja sumbolÐzoume me ε, wc
to lìgo tou ìgkou pou mènei eleÔjeroc gia to reustì an� mon�da ìgkou. EÐnai fanerì
ìti h posìthta aut  mporeÐ na mhn eÐnai stajer  se ìlo to q¸ro. Me thn ènnoia aut , ja
lème èna mèso omogenèc an to ε eÐnai stajerì se ìlo to q¸ro kai mh omogenèc, an to ε
den eÐnai stajerì. Perissìtera gia thn ènnoia tou (porosity) sto [2].

Ac proqwr soume t¸ra sthn kataskeu  twn exis¸sewn kÐnhshc. Ja sumbolÐzoume
me ρ thn puknìthta tou reustoÔ, me p thn pÐesh pou dèqetai to reustì kai me v thn
taqÔthta tou reustoÔ. To reustì mac den jewreÐtai omogenèc, �ra h puknìthta eÐnai
sun�rthsh kai tou q¸rou (x) kai tou qrìnou (t). EpÐshc, to mèso sto opoÐo gÐnetai h
kÐnhsh jewreÐtai omogenèc. Prin suneqÐsoume, ac k�noume mia parat rhsh gia autì pou
onom�same taqÔthta v. Sthn pragmatikìthta, den eÐnai h gnwst  mac taqÔthta all� èna
mègejoc me diast�seic taqÔthtac, pou onom�zetai ro  ìgkou (bl.[14]). 'Otan den èqoume
ro  mèsa se por¸dec mèso, h taqÔthta kai h ro  ìgkou tautÐzontai. Gia na katal�boume
th diafor� twn dÔo megej¸n kai th qrhsimìthta thc ro c ìgkou sthn perÐptws  mac, ac
doÔme èna par�deigma.

JewroÔme mia epÐpedh epif�neia, embadoÔ S, dia mèsou thc opoÐac rèei reustì. An to
reustì se qrìno ∆t proqwr sei kat� ∆x, tìte lème ìti kin jhke me taqÔthta u = ∆x

∆t
.

Tìte o ìgkoc tou reustoÔ pou diapèrase thn epif�neia eÐnai ∆V = S∆x. H ro  ìgkou
eÐnai o rujmìc pou rèei o ìgkoc tou reustoÔ dia mèsou thc epif�neiac, dhlad  v = ∆V

∆t
.

T¸ra, sthn perÐptwsh pou èqoume ro  se por¸dec mèso, h taqÔthta den all�zei, dhlad 
mènei p�li u = ∆x

∆t
. O ìgkoc tou reustoÔ pou diapèrase thn epif�neia ìmwc, den mènei

Ðdioc kajwc èna komm�ti tou ìgkou katalamb�netai apo to por¸dec mèso. 'Etsi o ìgkoc
tou reustoÔ pou diapern�ei to reustì, eÐnai V = εS∆x. 'Etsi, blèpoume ìti h sqèsh pou
sundèei thn taqÔthta tou reustoÔ me th ro  ìgkou eÐnai v = εu.

Gia thn arq  diat rhshc m�zac, lème ìti h metabol  thc m�zac se èna ìgko eÐnai Ðsh me
th m�za pou eisrèei kai ekrèei apì to sÔnoro. Apì thn suz thsh gia th diafor� taqÔthtac
kai ro c ìgkou, blèpoume ìti to mègejoc pou prèpei na qrhsimopoi soume gai th m�za
pou eisrèei kai ekrèei apì to sÔnoro eÐnai h ro  ìgkou. 'Etsi, h gnwst  apì ta reust�
exÐswsh sunèqeiac, gÐnetai

ερt + div(ρv) = 0. (1.1)

H sunhjismènh exÐswsh gia ta reust� Navier-Stokes, antikajÐstatai sthn perÐptwsh
thc kÐnhshc se por¸dec mèso apì ton peiramatikì nìmo tou Darcy, pou ja gr�youme wc

µv = −k∇p. (1.2)

H par�metroc µ eÐnai to ix¸dec tou reustoÔ kai h par�metroc k eÐnai h diaperatìthta
tou mèsou. Oi par�metroi autoÐ jewroÔntai stajerèc kai jetikèc, mia paradoq  pou eÐnai
logik  stic perissìterec peript¸seic.

Mia genik  upìjesh gia ta reust� eÐnai ìti h pÐesh exart�tai apì thn puknìthta tou
reustoÔ, dhlad  jewroÔme p = p(ρ). Antikajist¸ntac sthn exÐswsh (1.2) kai met� thn
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(1.2) sthn (1.1), katal goume

ερt − k

µ
div

(
ρ∇p(ρ)

)
= 0. (1.3)

Gia èna polutropikì aèrio, èqoume gia thn pÐesh

p(ρ) = p0ρ
γ,

ìpou γ ≥ 1 o polutropikìc ekjèthc. Gia isojermikèc diadikasÐec èqoume γ = 1, en¸ gia
adiabatikèc γ > 1. Sthn perÐptwsh loipìn enìc polutropikoÔ aerÐou, h (1.3) gÐnetai

ρt = c∆(ρm),

ìpou m = 1 + γ kai c = γkp0

(γ+1)εµ
. H stajer� c den mac afor� sth majhmatik  melèth,

kaj¸c mporeÐ na exaleifjeÐ eÔkola. Gia par�deigma, jètontac t′ = ct.

Mh grammik  di�qush jermìthtac. Mia deÔterh polÔ shmantik  efarmog  thc
exÐswshc eÐnai sthn melèth thc di�doshc jermìthtac (bl.[13] kai to mèroc X tou [15]).
Autì eÐnai k�ti pou perimènoume blèpontac th morf  thc exÐswshc, afoÔ gia m = 1,
h exÐsws  mac gÐnetai h exÐswsh jermìthtac. H exÐswsh pou perigr�fei th diadikasÐa
metafor�c jermìthtac se èna mèso, qwrÐc thn parousÐa phg¸n   katabojr¸n jermìthtac
sto mèso, eÐnai

cρ
∂T

∂t
= div(κ∇T ), (1.4)

ìpou T eÐnai h jermokrasÐa, pou eÐnai sun�rthsh tou q¸rou kai tou qrìnou, c eÐnai h eidik 
jermìthta kai ρ eÐnai h puknìthta tou mèsou pou diadÐdetai h jermìthta. H par�metroc κ
eÐnai h jermik  agwgimìthta tou mèsou. 'Otan oi metabolèc thc jermokrasÐac eÐnai mikrèc,
mporoÔme na upojèsoume ìti oi par�metroi c, ρ, κ eÐnai stajerèc. S` aut n thn perÐptwsh,
katal goume sthn gnwst  exÐswsh jermìthtac. Stic peript¸seic ìmwc meg�lwn metabo-
l¸n thc jermokrasÐac, h upìjesh aut  den isqÔei. Oi meg�lec allagèc thc jermokrasÐac
dhlad , ephre�zoun tic paramètrouc autèc. 'Etsi, eÐnai logikì na mhn èqoume grammik 
di�qush jermìthtac. H aploÔsterh upìjesh pou mporoÔme na k�noume, eÐnai na jewr -
soume ìti h jermokrasÐa ephre�zei th jermik  agwgimìthta, dhlad  κ = κ(T ). Tìte, h
(1.4) gÐnetai:

cρ
∂T

∂t
= div(κ(t)∇T ),

en¸ an upojèsoume epiplèon ìti h ex�rthsh tou κ apì thn jermokrasÐa dÐnetai apì κ(t) =
aT n, me a kai n > 0 stajerèc, paÐrnoume

Tt = C∆Tm, me m = n + 1,

me C stajer� pou mporeÐ na exaleifjeÐ p�li.
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Upìgeia ro  kai diÔlish reustoÔ. Ja doÔme sth sunèqeia èna akìma prìblhma
sth mhqanik  reust¸n, pou afor� upìgeia ro  kai diÔlish reustoÔ, sto opoÐo prokÔptei
fusiologik� h exÐswsh porous medium me ekjèth m = 2(bl.[13]). Ja melet soume thn
orizìntia ro  ugroÔ mèsa apì èna str¸ma por¸douc mèsou, Ôyouc H pou keÐtai p�nw
se mia adiapèrasth epÐpedh epif�neia. AgnooÔme thn egk�rsia kÐnhsh sthn kateÔjunsh y
dhlad  èqoume kÐnhsh orizìntia kai katakìrufh. Sto Ôyoc thc adiapèrasthc epif�neiac
orÐzoume z = 0, epomènwc to mègisto Ôyoc pou ft�nei to Ôyoc tou str¸matoc eÐnai z = H.
Kaj¸c èqoume ro  sthn kateÔjunsh x, h epÐdrash thc barÔthtac ja prokaleÐ pt¸sh tou
ugroÔ, dhlad  kÐnhsh sthn kateÔjunsh z. 'Etsi, to ugrì pou diulÐzetai ja katalamb�nei
mia perioq 

Ω = {(x, z) ∈ R×R |z ≤ h(x, t)},
dhmiourgeÐtai dhlad  èna eleÔjero sÔnoro h, 0 ≤ h(x, t) ≤ H, pou diaqwrÐzei thn perioq 
pou up�rqei ugrì apì thn perioq  pou den up�rqei. S' autì to shmeÐo na shmei¸soume
ìti èqoume jewr sei pwc den up�rqei perioq  merik¸c diapotismènh apì to ugrì. Mia
shmantik  upìjesh pou k�noume gia thn aplopoÐhsh tou montèlou eÐnai h sqedìn orizìntia
kÐnhsh (v ∼ (v, 0)), ètsi ¸ste na m n èqoume apìtomec metabolèc tou h. Tìte, sthn
exÐswsh kÐnhshc

ρ(
dvz

dt
+ v · ∇vz) = −∂p

∂z
− ρg,

mporoÔme na agno soume to aristerì mèloc kai oloklhr¸nontac ¸c proc z, ja p�roume
ìti h posìthta p + ρgz eÐnai stajer . Gia na upologÐsoume thn tim  thc ja prèpei na
doÔme tÐ gÐnetai sto eleÔjero sÔnoro. An upojèsoume sunèqeia ekeÐ kai jewr¸ntac pwc
h pÐesh sthn eleÔjerh perioq  (z > h(x, t)) eÐnai p = 0, tìte katal goume

p + ρgz = ρgh ⇐⇒ p = ρg(h− z). (1.5)

H taqÔthta v ikanopoieÐ to nìmo tou Darcy, all� t¸ra lamb�noume up' ìyin mac kai tic
barutikèc epidr�seic,

v = −k

µ
∇(p + ρgz). (1.6)

H exÐswsh porous medium ja emfanisteÐ gia thn h mèsa apì thn arq  diat rhshc m�zac. H
puknìthta eÐnai stajer , afoÔ eÐnai omogenèc reustì, �ra ja apaleifjeÐ apì thn exÐswsh.
'Etsi, gia mia perioq  S = (x, x + a)× (0, h), ja gÐnei

ε
∂

∂t

∫ x+a

x

∫ h

0

dzdx = −
∫

∂S

v · ndl (1.7)

Gia to epifaneiakì olokl rwma, èqoume ìti sth dexi� pleurik  epif�neia v · n ≈ (v, 0) ·
(1, 0) = v, en¸ sthn arister  ìmoia èqoume v · n = −v. Apì th sqèsh (1.6) mporoÔme
na doÔme ìti v = − k

µ
px. To p apì thn �llh dÐnetai apì th sqèsh (1.5). Antikajist¸ntac

aut� sthn (1.7) kai paragwgÐzontac wc proc x, paÐrnoume:

ε
∂h

∂t
=

ρgk

µ

∂

∂x

∫ h

0

∂

∂x
hdz.
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Katal goume ètsi sthn exÐswsh

ht =
ρgk

2εµ
(h2)xx,

pou eÐnai h porous medium sth mÐa di�stash me m = 2. Aut  mporeÐ na epektajeÐ kai se
parap�nw diast�seic

ht = ∆(h2).

Montèlo biologik¸n plhjusm¸n.Tèloc, h exÐswsh emfanÐzetai sthn perigraf 
montèlou biologik¸n plhjusm¸n (bl.[8]). SumbolÐzoume me ρ(x, t) thn puknìthta tou
plhjusmoÔ, dhlad  to pl joc twn atìmwn an� mon�da ìgkou sto sugkekrimèno shmeÐo
th sugkekrimènh stigm . Me σ ja sumbolÐzoume to rujmì me ton opoÐo auxomei¸netai o
plhjusmìc apì genn seic kai jan�touc. H taqÔthta me thn opoÐa kinoÔntai ta �toma se
mia sugkekrimènh stigmh th sumbolÐzoume me v. Me touc sumbolismoÔc autoÔc, mporoÔme
na poÔme ìti h metabol  tou plujusmoÔ se mia perioq  B isoÔtai me thn eisro  atìmwn apì
to sÔnorì tou, sun thn metabol  tou apì genn seic   jan�touc. Majhmatik� mporoÔme
na gr�youme

d

dt

∫

B

ρdx =

∫

B

σdx−
∫

∂B

ρv · ndS =

∫

B

σdx−
∫

B

div(ρv)dx. (1.8)

MporoÔme dhlad  na gr�youme, an upojèsoume oti èqoume omalèc sunart seic,

ρt + div(ρv) = σ. (1.9)

Na parathr soume ed¸, oti h exÐswsh aut  eÐnai h exÐswsh sunèqeiac pou èqoume gia ta
reust� all� me m  omogen  ìro. H Ôparxh autoÔ tou ìrou ofeÐletai sthn upìjesh ìti
èqoume genn seic kai jan�touc, pou paÐzoun to rìlo phg¸n   katabojr¸n an antistoiqÐ-
soume me ta reust�.

Qreiazìmaste k�poiec upojèseic gia tic sunart seic σ kai v. Mia logik  upìjesh,
eÐnai ìti ènac basikì lìgoc gia th metakÐnhsh plhjusm¸n eÐnai o uperplhjusmìc. Up�r-
qei dhlad  h t�sh na metakinoÔntai apì perioqèc me meg�lh puknìthta se perioqèc me
mikrìterh puknìthta. Gia to v, dhlad , upojètoume

v = −k(ρ)∇ρ, me k(ρ) > 0.

Ja upojèsoume sth sunèqeia k(ρ) = Cρm, me m ≥ 2. Gia to σ, mporoÔme apì th biologÐa
na k�noume di�forec epilogèc. Ja epilèxoume th grammik  ex�rthsh apì to ρ pou proteÐnei
o nìmoc tou Malthus.

σ(ρ) = µρ, (µ = stajer�).

Antikajist¸ntac autèc tic sunart seic sthn (1.9) paÐrnoume

ρt = ∆(ρm) + µρ.

Me kat�llhlh allag  metablht¸n
(
ρ = ueµt, τ = 1

µ(m−1)
(eµ(m−1)t − 1)

)
, katal goume

sthn
uτ = ∆(um).
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Fusik�, autì eÐnai èna uperaplousteumèno montèlo, kaj¸c den lamb�nei up' ìyin tou
tic allhlepidr�seic metaxÔ twn eid¸n, oÔte thc hlikÐac twn atìmwn, kaj¸c kai �llouc
par�gontec pou periplèkoun to montèlo.

1.2 Eidik  lÔsh kai genikèc idiìthtec
Ja  tan qr simo gia thn kalÔterh melèth thc exÐswshc na doÔme k�poiec genikèc idiìthtec
twn lÔsewn pou prokÔptoun apì thn Ðdia thn exÐswsh. Pollaplasi�zontac thn exÐswsh
me mia cutoff sun�rthsh ζ kai oloklhr¸nontac, paÐrnoume apì olokl rwsh kat� mèrh

∫

Rd

utζdx =

∫

Rd

um∆ζdx.

Af nontac ζ ↑ 1, blèpoume to amet�blhto thc sunolik c m�zac sto qrìno.

M =

∫

Rd

udx = stajer�.

Gia na epidèqetai mia diaforik  exÐswsh self-similar lÔsh, prèpei na mènei amet�blhth
k�tw apì klim�kwsh. Autì jèloume na exet�soume sthn exÐsws  mac. OrÐzoume loipìn
mia nèa qwrik  metablht  x̃ = kx, me k mia jetik  pragmatik  stajer�. H nèa sun�rthsh,
gia na diathr sei thn Ðdia m�za prèpei na eÐnai ũ = k−du. Apì thn �llh, gia na lÔnei h
metasqhmatismènh sun�rthsh thn Ðdia exÐswsh, prèpei na broÔme t̃(t), ¸ste

ũt̃ = ∆(ũm) ⇐⇒ k−dut
1

t̃′(t)
= k−(md+2)∆(um).

Gia na isqÔei autì, prèpei t̃ = kd(m−1)+2t.
Blèpoume dhlad , ìti an èqoume mia lÔsh, tìte mporoÔme na p�roume mia oikogèneia
lÔsewn. Gia na p�roume èna sunduasmì qwrik¸n metablht¸n kai qrìnou pou na mènei
amet�blhtoc, eis�goume mia nèa metablht  pou apaitoÔme na eÐnai amet�blhth k�tw apì
to metasqhmatismì. 'Etsi, y�qnoume a tètoio ¸ste:

y =
x

ta
=

x̃

t̃a
.

To monadikì a gia to opoÐo sumbaÐnei autì eÐnai a = (d(m− 1)+2)−1. Kata k�poio trìpo
dhlad , èqoume eisag�gei mia mon�da m kouc pou mac epitrèpei na klimak¸noume th lÔsh
mac. M' autì ton trìpo mporoÔme na b�loume kai stic dÔo sunart seic thn Ðdia qwrik 
metablht  y, sth jèsh twn x kai x̃. 'Etsi, y�qnontac gia lÔseic me th mèjodo qwrizomènwn
metablht¸n, mporoÔme na gr�youme

u(x, t) = g(t)f(y) kai ũ(x̃, t̃) = g(t̃)f(y), en¸ ũ = k−du.

Apì tic sqèseic autèc, mporoÔme na doÔme ìti g(t) = t−da. 'Ara h lÔsh eÐnai thc morf c

u(x, t) = t−da · f(
x

ta
).
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'Eqontac breÐ th self-similarity thc exÐswshc, mènei na broÔme thn f , gia na èqoume mia
lÔsh. Upojètoume ìti h f eÐnai aktinik� summetrik , f(|y|) = v(r) kai antikajistoÔme
sthn exÐswsh gia na p�roume:

(
rd−1(vm)′

)′
+ a

(
rdv

)′
= 0 =⇒ rd−1(vm)′ + ardv = C, C = stajer�.

An upojèsoume lim
r→+∞

v = lim
r→+∞

v′ = 0, ja p�roume C = 0. Epomènwc,

(vm)′ = −arv ⇐⇒ (vm−1)′ = −m− 1

m
ar ⇐⇒ vm−1 = σ2−m− 1

2m
ar2, ìpou σ2 = stajer�.

Antikajist¸ntac, tic allagèc metablht¸n pou èqoume k�nei kai frontÐzontac h lÔsh mac
na paramènei mh arnhtik  gia na apofÔgoume ekfulismì thc, sun�goume thn eponomazì-
menh lÔsh
Barenblatt:

U(x, t) = t−da
(
σ2 − m− 1

2m
a
|x|2
t2a

) 1
m−1

+
.

To σ2 eÐnai mia stajer�, h opoÐa mporeÐ na epilegeÐ eleÔjera, wste na kajorÐzei th su-
nolik  m�za. H lÔseic autèc èqoun to qarakthristiko, ìti ta arqik� touc dedomèna eÐnai
Dirac. EpÐshc, èqoun exèqousa shmasÐa sth sumperifor� twn lÔsewn gia meg�louc qrì-
nouc, kaj¸c droun san elkustèc touc. Dhlad , gia mia lÔsh thc exÐswshc me arqik�
dedomèna u0, an epilèxoume to σ, ¸ste h m�za thc U na eÐnai Ðdia me th m�za tou u0, h
asumptwtik  sumperifor� thc lÔshc perigr�fetai apì th U . Sugkekrimèna, èqoume ta
ex c apotelèsmata gia m > 1   (d− 2)/d < m < 1:

lim
t→+∞

||u(t, ·)− U(t, ·)||L1(Rd) = 0, kai lim
t→+∞

tda||u(t, ·)− U(t, ·)||L∞(Rd). (1.10)

Aut� ta apìtelèsmata ta jewroÔme gnwst�. H pr¸th touc emf�nish shmei¸jhke arketa
paliìtera kai gia thn apìdeix  touc parapèmpoume sthn prìsfath doulei� [12]
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Kef�laio 2

'Uparxh kai Monadikìthta

Sto kef�laio autì, ja asqolhjoÔme me thn Ôparxh kai th monadikìthta lÔshc gia thn
exÐswsh Porous Medium se fragmèno qwrÐo kai se ìlo to q¸ro. Gia thn poreÐa twn
apodeÐxewn, akolouj same to [11].

2.1 Prìblhma Dirichlet

Sthn par�grafo auth ja asqolhjoÔme me to prìblhma arqik¸n sunoriak¸n tim¸n se
fragmèno qwrÐo Ω ⊂ Rd, d > 1. Dhlad  ja asqolhjoÔme me to prìblhma

ut = ∆um, sto QT , (2.1)

u(x, 0) = u0(x), sto Ω, (2.2)

u(x, t) = 0, sto ΣT , (2.3)

ìpou m > 1 kai QT = Ω× [0, T ]. H u0 eÐnai mh arnhtik , topik� oloklhr¸simh sun�rthsh
sto Ω fragmèno uposÔnolo tou Rd, d ≥ 1 me sÔnoro Γ = ∂Ω ∈ C2+α, α ∈ (0, 1). O
qrìnoc T mporeÐ na eÐnai eÐte peperasmènoc eÐte �peiroc.

Jèloume arqik� na d¸soume ènan orismì asjenoÔc lÔshc gia to prìblhma (2.1)-(2.3).

Orismìc 1. Mia mh arnhtik  sun�rthsh u orismènh sto QT ja lègetai asjen c lÔsh
tou (2.1)-(2.3) an

1. um ∈ L2(0, T ; H1
0 (Ω))

2. H u ikanopoieÐ
∫ ∫

QT

∇um∇ϕ− uϕtdxdt =

∫

Ω

u0(x)ϕ(x, 0)dx, (2.4)

gia ìlec tic sunart seic ϕ ∈ C1(QT ) pou mhdenÐzontai sto Σ kai gia t = T .
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Arqik�, ja prèpei na parathr soume ìti gia na èqei nìhma h exÐswsh (2.4) ja prèpei
toul�qiston u0 ∈ L1(Ω). Epishc, den apaitoÔme apì tic parag¸gouc sthn (2.1) na eÐnai
pragmatikec sunart seic all� mìno na ikanopoioÔntai me thn asjen  ènnoia.

Je¸rhma 1. To prìblhma (2.1)-(2.3) èqei to polÔ mÐa asjen  lÔsh

Apìdeixh. 'Estw ìti èqei dÔo lÔseic u1, u2 tìte apì (2.4) èqoume
∫ ∫

QT

(∇(um
1 − um

2 )∇ϕ− (u1 − u2)ϕt

)
dxdt = 0 ∀ϕ ∈ C(Q̄T ). (2.5)

Jèloume na qrhsimopoi soume kat�llhlh sun�rthsh test. 'Estw

η(x, t) =

{∫ T

t
(um

1 (x, s)− um
2 (x, s))ds, 0 < t < T

0, t ≥ T
.

ìpou T > 0. Akìmh ki an h η den èqei thn apaitoÔmenh omalìthta mporoÔme na thn
proseggÐsoume me omalopoihtèc. An loipìn ηε omalopoÐhsh thc η, tìte ja èqoume apì
(2.5) ∫ ∫

QT

(∇(um
1 − um

2 )∇ηε − (u1 − u2)η
ε
t

)
dxdt = 0, ∀ε > 0,

kai gia ε → 0 paÐrnoume
∫ ∫

QT

(∇(um
1 − um

2 )∇η − (u1 − u2)ηt

)
dxdt = 0.

Dhl�d  h (2.5) ikanopoieÐtai kai gia ϕ = η afoÔ

ηt = −(um
1 − um

2 ) ∈ L2(QT ),

∇η =

∫ T

t

(∇um
1 −∇um

2 )ds ∈ L2(QT ),

kai epiplèon η(t) ∈ H1
0 (Ω) kai η(T ) = 0. Epomènwc

∫ ∫

QT

(um
1 − um

2 )(u1 − u2)dxdt +

∫ ∫

QT

(∇(um
1 − um

2 )
)(∫ T

t

(∇um
1 −∇um

2 )ds
)
dxdt = 0,

⇔
∫ ∫

QT

(um
1 − um

2 )(u1 − u2)dxdt +
1

2

∫

Ω

(

∫ T

t

(∇um
1 −∇um

2 )ds)2dx = 0.

Blèpoume t¸ra ìti kai ta dÔo oloklhr¸mata diathroÔn prìshmo. 'Etsi, sumperaÐnoume
ìti u1 = u2 sqedìn pantoÔ sto QT . 'Ara to prìblhma èqei to polÔ mÐa lÔsh.

Je¸rhma 2. 'Estw u0 ∈ Lm+1(Ω), u0 ≥ 0. Tìte to prìblhma (2.1) èqei asjen  lÔsh me
T = +∞.
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Apìdeixh. H apìdeixh ja qwristeÐ se b mata. Ja xekin soume me leÐec sunart seic kai
ja elatt¸noume ana b ma thn omalìthta.

1o b ma: JewroÔme u0 eÐnai mh arnhtik  kai C∞ leÐa sun�rthsh me sumpag  forèa
sto Ω. Ja kataskeu�soume akoloujÐa pou na proseggÐzei ta arqik� mac dedomèna, qwrÐc
na mhdenÐzontai gia na apofÔgoume ton ekfulismì thc exÐswshc. Gi' autì jewroÔme

u0n(x) = u0(x) +
1

n
,

kai t¸ra èqoume na lÔsoume to prìblhma

(un)t = ∆(um
n ) sto Q, (2.6)

un(x, 0) = u0n(x) sto Ω̄, (2.7)

un(x, t) =
1

n
sto Σ = ∂Ω× [0,∞). (2.8)

Apì Arq  MegÐstou kai koit�zontac ta arqik� kai sunoriak� dedomèna, perimènoume frag-
mènec lÔseic

1

n
≤ un(x, t) ≤ M +

1

n
sto Q, (2.9)

ìpou M = sup(u0).
T¸ra, mporoÔme na antikatast soume thn (2.6) me

(un)t = div
(
an(u)∇u

)
, (2.10)

ìpou an(u) = mum−1. H an(u) eÐnai jetik  kai leÐa sun�rthsh sto [1/n,M + 1/n]. To
prìblhma (2.10), (2.7), (2.8) èqei monadik  lÔsh sto q¸ro C2,1(Q̄) apì jewrÐa hmigram-
mik¸n elleiptik¸n exis¸sewn. M�lista, me epanalambanìmenh parag¸gish h lÔsh eÐnai
C∞(Q). Me autìn ton trìpo exasfalÐzoume klassik  lÔsh gia to prìblhma (2.6)-(2.8).
Epiplèon, apì thn Arq  MegÐstou èqoume

un+1(x, t) ≤ un(x, t) sto Q̄,

gia k�je n ≥ 1, dhlad  h akoloujÐa mac eÐnai fjÐnousa kai sunep¸c mporoÔme na orÐsoume
thn sun�rthsh

u(x, t) = lim
n→∞

un(x, t), (x, t) ∈ Q̄.

Tìte, h un sugklÐnei sth u ston Lp(Ω) gia ìla ta 1 ≤ p < ∞. Menei na deÐxoume ìti
h u eÐnai asjen c lÔsh tou (2.1)-(2.3). Gia na mporèsoume na per�soume sto ìrio, sta
oloklhr¸mata thc asjenoÔc lÔshc, qreiazìmaste k�poiec ektim seic. Apì th sqèsh (2.9)
paÐrnoume

0 ≤ u ≤ M sto Q.

Qreiazìmaste fr�gma kai gia to ∇(um). Pollaplasi�zoume thn (2.6) me ϕn = um
n − ( 1

n
)m

kai oloklhr¸noume sto QT .
∫ ∫

QT

(un)t

(
um

n − (
1

n
)m

)
dxdt =

∫ ∫

QT

(
um

n − (
1

n
)m

)
∆(um

n )dxdt.
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To pr¸to olokl rwma me olokl rwsh kat� mèrh gÐnetai

A =

∫ ∫

QT

(un)t

(
um

n − (
1

n
)m

)
dxdt =

∫

Ω

un

(
um

n − (
1

n
)m

)∣∣∣
T

0
dx−

∫ ∫

QT

un(um
n )tdxdt

=

∫

Ω

un

(
um

n − (
1

n
)m

)∣∣∣
T

0
dx−m

∫ ∫

QT

um
n (un)t + m

∫ ∫

QT

(un)t(
1

n
)mdxdt

−m

∫ ∫

QT

(un)t(
1

n
)mdxdt.

⇒ (m + 1)A =

∫

Ω

un

(
um

n − (
1

n
)m

)∣∣∣
T

0
dx−m

∫

Ω

1

nm
un

∣∣∣
T

0
dx.

Etsi,

A =

∫

Ω

1

m + 1
un(x, T )

(
um

n (x, T )− 1

nm

)
dx−

∫

Ω

1

m + 1
u0n(um

0n
− 1

nm
)dx

− m

(m + 1)nm

∫

Ω

un(x, T )dx +
m

(m + 1)nm

∫

Ω

u0ndx

=

∫

Ω

un(x, T )
( 1

m + 1
um

n (x, T )− 1

nm

)−
∫

Ω

( 1

m + 1
um

0n
− 1

nm

)
dx.

Apì thn �llh to deÔtero olokl rwma me olokl rwsh kat� mèrh, gÐnetai

B =

∫ ∫

QT

(um
n −

1

nm
)∆(um) =

∫

ΣT

(um
n −

1

nm
)∇um

n ν̄dSdt−
∫ ∫

QT

|∇um
n |2dxdt.

'Omwc h parènjesh tou deÔterou oloklhr¸matoc mhdenÐzetai,afoÔ un = 1
n
sto ΣT

AfoÔ loipìn A=B paÐrnoume
∫ ∫

QT

|∇um
n |2dxdt =

∫

Ω

(
1

m + 1
um

0n
− 1

nm
)u0ndx−

∫

Ω

(
1

m + 1
um

n (x, T )− 1

nm
)un(x, T )dx

≤ 1

m + 1

∫

Ω

(u0(x) +
1

n
)m+1dx +

1

nm
(M +

1

n
)

∫

Ω

dx.

'Ara ∇(um
n ) omoiìmorfa fragmènh ston L2(Q), dhlad  up�rqei upakoloujÐa thc pou su-

gklÐnei asjen¸c se k�poia sun�rthsh ψ. 'Omwc xèroume ìti um
n → um, epomènwc ψ = ∇um

me thn asjen  ènnoia. T¸ra h anisìthta mporeÐ na grafeÐ
∫ ∫

QT

|∇um
n |2dxdt+

∫

Ω

(
1

m + 1
um

n (x, T )+
1

nm
)un(x, T )dx ≤ 1

m + 1

∫

Ω

(u0(x)+
1

n
)m +1dx,

kai paÐrnontac ìrio, èqoume thn ektÐmhsh

(m + 1)

∫ ∫

QT

|∇um|2dxdt +

∫

Ω

um+1(x, T )dx ≤
∫

Ω

um+1
0 (x)dx, (2.11)
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pou onom�zoume EktÐmhsh Enèrgeiac (Energy Estimate). Apì thn �llh, èqoume ìti
un ∈ C(Q̄), un = 1

n
sto Σ kai 0 ≤ u ≤ un, epomènwc èqoume

lim
(x,t)→Σ

u(x, t) = 0,

me omoiìmorfh sÔgklish. Epomènwc, um(·, t) ∈ H1
0 (Ω) sqedìn gia k�je t > 0. Telik�,

efìson h un eÐnai klassik  lÔsh, eÐnai kai asjen c. Epomènwc ikanopoieÐ thn (2.4) an
antikatast soume to u0 me u0n .∫ ∫

QT

∇um
n ∇ϕ− unϕtdxdt =

∫

Ω

u0n(x)ϕ(x, 0)dx.

PaÐrnontac loipìn ìrio, katal goume
∫ ∫

QT

∇um∇ϕ− uϕtdxdt =

∫

Ω

u0(x)ϕ(x, 0)dx.

'Ara h u eÐnai asjen c lÔsh tou (2.1)-(2.3). 'Eqoume loipìn apodeÐxei Ôparxh lÔshc sthn
perÐptwsh u0 ∈ C∞

0 (Ω). Na parathr soume ed¸ ìti an eqoume duo arqik� dedomèna tètoia
¸ste u0 ≤ û0,tìte me thn prosèggish pou qrhsimopoi same par�goume diatetagmènec
akoloujÐec u0n ≤ û0n kai apì Arqh MegÐstou, ja èqoume un ≤ ûn ∀n ≥ 1, �ra sto ìrio
ja p�roume u ≤ û.

2o b ma: JewroÔme u0 fragmènh pou exafanÐzetai konta sto sÔnoro. H mèjodoc
eÐnai Ðdia me authn tou pr¸tou b matoc. T¸ra oi proseggistikèc sunart seic eÐnai un ∈
C∞(Q)∩C2,1(Q∪Σ) kai den eÐnai suneqeÐc sto t = 0, ektìc ki an eÐnai ta arqik� dedomèna.
Ta arqik� dedomèna ta paÐrnoun stouc Lp ∀p < ∞. Autì ìmwc den all�zei apolÔtwc
tÐpota sthn poreÐa thc apìdeixhc.

3o b ma: Genik  perÐptwsh. Sthn perÐptwsh u0 ∈ Lm+1(Ω), ja p�roume mia aÔxousa
akoloujÐa apì cutoff sunart seic ζk pou exafanÐzontai kont� sto Γ, kai gia na proseg-
gÐsoume ta arqik� dedomèna jewroÔme thn akoloujÐa

u0k
= min{u0(x)ζk(x), k}.

'Etsi, an efarmìsoume to deÔtero b ma, me arqik� dedomèna u0k
èqoume monadik  uk

asjenh lÔsh tou (2.1)-(2.3). EpÐshc, apì thn parat rhsh sto tèloc tou pr¸tou b matoc,
èqoume uk+1 ≥ uk sto Q. 'Eqoume dhladh aÔxousa akoloujÐa. Apì thn �llh, h ektÐmhsh
(2.11) mac exasfalÐzei ìti h {uk} eÐnai omoiìmorfa fragmènh sto {L∞(0,∞) : Lm+1(Ω)}
kai h∇um

k ston L2(Q). 'Etsi, èqoume exasfalÐsei sqedìn pantoÔ sÔgklish thc {uk} se mÐa
sun�rthsh u ∈ {L∞(0,∞) : Lm+1} kai ∇um

k na sugklÐnei asjen¸c ston L2(Q) sthn ∇um.
'Etsi, h u ikanopoieÐ thn (2.11) kai telik� um ∈ {L2(0,∞ : H1

0 (Ω))}. 'Etsi, ikanopoieÐtai
kai h (2.4) kai katal goume ìti h u eÐnai asjen c lÔsh tou (2.1)-(2.3).

'Eqoume loipìn oloklhr¸sei thn apìdeixh gia Ôparxh kai monadikìthta asjenoÔc lÔshc
sto prìblhma Dirichlet.

T¸ra pou èqoume exasfalÐsei mia lÔsh, mac endiafèrei na doÔme kat� pìso mia tètoia
lÔsh mporeÐ na eÐnai klassik . Ja deÐxoume sthn epìmenh prìtash, ìti an ta arqik�
dedomèna mac eÐnai leÐa kai jetik� sto Ω, tìte h lÔsh mac eÐnai klassik .
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Prìtash 1. 'Estw u0 ∈ C(Ω̄) eÐnai jetik  sto Ω kai mhdenÐzetai sto Γ kai u h asjen c
lÔsh tou probl matoc. Tìte u ∈ C∞(Q) ∩ C(Q̄) eÐnai jetik  sto Q kai mhdenÐzetai sto
Σ.

Apìdeixh. Pr¸ta ja deÐxoume pwc ∀x0 ∈ Ω ìpou u0(x0) > 0 ja èqoume u(x0, t) > 0 ∀t > 0.
Autì ja gÐnei me sÔgkrish th lÔshc mac me mia gnwst  lÔsh. An B = Br(x0) eÐnai mia
mp�la aktÐnac r kai kèntrou x0, pou h u0 eÐnai jetik , u0 ≥ c > 0 ∀x ∈ B, jewroÔme th
sun�rthsh

ũ = U(x− x0, t + 1; C) (ìpou U h lÔsh Barenblatt).

MporoÔme na dialèxoume C tètoio ¸ste u0(x) ≥ ũ(x, 0) sth B kai o forèac thc ũ na
perièqetai sto QT gia dosmèno T. O forèac ja eÐnai thc morf c S = {(x, t) : c|x−x0|α <
t + 1} ìpou α = d(m− 1) + 2. GnwrÐzoume ìti h ũ ∈ C∞(S) kai exafanÐzetai sto sÔnoro
tou S.
An efarmìsoume thn Arq  MegÐstou sto sÔnolo S ∩QT gia th ũ kai mia leÐa prosèggish
thc lÔshc mac, katal goume u ≥ ũ sto S. Blèpoume m' autìn ton trìpo ìti krat�me th
lÔsh mac makri� apì to 0 se mia perioq  N = B × (0, T ). Epomènwc, sthn prosèggish
pou k�noume sto Je¸rhma 2 mporoÔme na efarmìsoume sto N th jewrÐa hmigrammik¸n
parabolik¸n exis¸sewn kai na sumper�noume pwc u ∈ C∞(N) kai ta arqik� dedomèna
lamb�nontai me suneq  trìpo. To ìti h u mhdenÐzetai me suneq  trìpo sto Σ faÐnetai an
doÔme sthn prosèggish pou k�noume ìti, u ≤ un, un ∈ C∞(Q̄) kai un = 1

n
sto Σ.

ProtoÔ proqwr soume sto prìblhma Cauchy pou eÐnai kai auto pou ja mac apasqo-
l sei telika, ac doÔme k�poiec idiìthtec twn lÔsewn.

Pr¸ta, ja doÔme mia shmantik  ektÐmhsh, pou ja mac d¸sei k�poia apotelèsmata
eust�jeiac thc lÔshc ston L1.

Prìtash 2. 'Estw u0, û0 dÔo arqik� dedomèna ston Lm+1(Ω) kai èstw u, û oi antÐstoiqec
asjeneÐc lÔseic. Tìte gia k�je t > τ ≥ 0

∫
[u(x, t)− û(x, t)]+dx ≤

∫
[u(x, τ)− û(x, τ)]+dx ≤

∫
[u0(x)− û0(x)]+dx, (2.12)

kai sunep¸c,
||u(t)− û(t)||1 ≤ ||u(τ)− û(τ)||1 ≤ ||u0 − û0||1. (2.13)

Apìdeixh. 'Estw p ∈ C1(R) tètoia ¸ste 0 ≤ p ≤ 1, p(s) = 0 gia s < 0, p′(s) > 0 gia s >
0 kai ac jewr soume un, ûn tic proseggistikèc lÔseic thc apìdeixhc tou jewr matoc Ô-
parxhc, me to Ðdio n. 'Eqoume tìte gia t > 0

(un − ûn)t = ∆(um
n − ûm

n ),

(un − ûn)tp(um
n − ûm

n ) = ∆(um
n − ûm

n )p(um
n − ûm

n ),
∫

(un − ûn)tp(um
n − ûm

n )dx =

∫
∆(um

n − ûm
n )p(um

n − ûm
n )dx,
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ParathroÔme, t¸ra, ìti p(um
n − ûm

n ) = 0 sto Σ, afoÔ eÐnai un = ûn = 1
n
sto Σ. 'Etsi, me

olokl rwsh kat� mèrh sto deÔtero meloc, èqoume
∫

(un − ûn)tp(um
n − ûm

n )dx = −
∫
|∇(um

n − ûm
n )|2p′(um

n − ûm
n )dx ≤ 0.

ParathroÔme t¸ra, pwc d
dt

[un − ûn]+ = (un − ûn)tsign+
0 (un − ûn) kai pwc mporoÔme na

p�roume
p → sign+

0 , ìpou

sign+
0 (s) =

{
1, s > 0

0, s ≤ 0
.

'Ara loipìn, h anisìthta gÐnetai

d

dt

∫
[un − ûn]+dx ≤ 0.

Autì apodeiknÔei thn (2.12) gia un, ûn. Pern¸ntac sto ìrio paÐrnoume thn (2.12). H
apìdeixh thc, den allazei an thn efarmìsoume antÐstrofa,gia [ûn − un]+ kai apì aut n
thn parat rhsh sumperaÐnoume thn (2.13).

Ed¸, na parathr soume ìti h prìtash aut  mac dÐnei dÔo endiafèronta porÐsmata.To
pr¸to èqei na k�nei me sÔgkrish lÔsewn, en¸ to deÔtero me sunèqeia twn lÔsewn ston L1

Pìrisma 1. An u0 ≤ û0 sqedìn pantou sto Ω, tìte u ≤ û sqedìn pantoÔ sto Q.

Pìrisma 2. H asjen c lÔsh tou probl matoc(2.1)-(2.3) mporei na jewrhjeÐ san mia
suneq c kampÔlh ston L1.Dhlad , u ∈ C([0,∞) : L1(Ω)).

Apìdeixh. 'Eqoume deÐxei ìti ìtan h u0 ∈ C(Ω̄) eÐnai jetik  kai exafanÐzetai sto ∂Ω
tìte, u ∈ C([0, T ] : L1(Ω)). Gia tuqaÐa u0 ja thn proseggÐsoume me û0 ∈ C(Ω̄). T¸ra,
qrhsimopoi¸ntac thn prìtash, paÐrnoume

||u(τ)− u0||1 ≤ ||u(τ)− û(τ)||1 + ||u0 − û0||1 + ||û0(τ)− û0||1 ≤
≤ 2||u0 − û0||1 + ||û(τ)− û0||1.

'Etsi, an p�roume û0 → u0 kai τ → 0 paÐrnoume u(τ) → u0. Dhlad , èqoume sunèqeia
sto 0. Gia na doÔme ìti eÐnai suneq c kai se opoiod pote �llo t > 0, mporoÔme na
epanal�boume thn Ðdia diadikasÐa stouc qrìnouc t kai t + τ .Katal goume loipìn, u ∈
C([0,∞) : L1(Ω)).

2.2 Prìblhma Cauchy

Sthn par�grafo aut  ja asqolhjoÔme me to prìblhma arqik¸n tim¸n se ìlo ton Rd, me
arqik� dedomèna, u0 ∈ L1(Rd), u0 ≥ 0. T¸ra, me Q ja sumbolÐzoume to Q = Rd×R+ kai
QT = Rd × (0, T ). Ja deÐxoume Ôparxh kai monadikìthta isqur c lÔshc gia to prìblhma

ut = ∆(um) sto Q (2.14)
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u(x, 0) = u0(x) gia x ∈ R (2.15)
ìpou m > 1 kai u0 ∈ L1(Rd), u0 ≥ 0.
Ac d¸soume pr¸ta ènan orismì isqur c lÔshc tou probl matìc mac

Orismìc 2. Mia mh arnhtik  sun�rthsh u ∈ C([0,∞) : L1(Rd)) ja lègetai isqurh lÔsh
tou probl matoc (2.14)-(2.15) an

1. um, ut, ∆(um) ∈ L1
loc(0,∞ : L1(Rd))

2. ut = ∆(um) sqedìn pantoÔ sto Q

3. u(0) = u0.

Arqik�,ja doÔme èna l mma gia th di�taxh twn lÔsewn pou ja mac d¸sei telik� th
monadikìthta thc lÔshc.

L mma 1. 'Estw u1, u2 dÔo isqurèc lÔseic tou (2.14)-(2.15) sto QT . Gia k�je 0 < t1 < t2
èqoume ∫

[u1(x, t2)− u2(x, t2)]+dx ≤
∫

[u1(x, t1)− u2(x, t1)]+dx.

Apìdeixh. 'Estw p ∈ C1(R) ∩ L∞(R) tètoia ¸ste p(s) = 0 gia s ≤ 0, p′(s) > 0 gia s > 0
kai 0 ≤ p ≤ 1 kai èstw j(r) =

∫ r

0
p(s)ds mia par�gousa thc p. Blèpoume ìti h p mporeÐ

na eÐnai mia prosèggish thc

sign+
0 (r) =

{
1, r > 0

0, r ≤ 0
,

kai tìte h j ja proseggÐzei thn s 7→ [s]+.
Epiplèon, jewroÔme cutoff sun�rthsh ζ0 ∈ C∞

c (Rd) ìpou 0 ≤ ζ0 ≤ 1, ζ0(x) = 1 gia
|x| ≤ 1, ζ0(x) = 0 an |x| ≥ 2 kai èstw ζn(x) = ζ0(

x
n
). H akoloujÐa eÐnai tètoia ¸ste

kaj¸c
n →∞, ζn ↑ 1.

Afair¸ntac kat� mèlh tic exis¸seic pou ikanopoioÔn oi lÔseic mac, èqoume

(u1 − u2)t = ∆w,

ìpou w = um
1 − um

2 . T¸ra pollaplasi�zontac me p(w)ζn kai oloklhr¸nontac sto S =
Rd × [t1, t2] paÐrnoume

∫ ∫
(u1 − u2)tp(w)ζn =

∫ ∫
∆wp(w)ζn. (2.16)

T¸ra proseggÐzoume th w me sunelÐxeic thc me leÐouc pur nec ρk, wk = w ∗ ρk. 'Eqoume
wk → w, ∇wk → ∇w kai ∆wk → ∆w ston L1

loc(Q) kai sqedìn pantoÔ gia k�poia
upakoloujÐa. 'Etsi p(wk) → p(w) sqedìn pantoÔ. Epiplèon, apì olokl rwsh kat� mèrh
èqoume

∫ ∫
p(wk)∆wkζn = −

∫ ∫
p′(wk)|∇wk|2ζn −

∫ ∫
p(wk)∇wk∇ζn,
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dhlad , to
∫ ∫

p′(wk)|∇wk|2ζn = −
∫ ∫

p(wk)∆wkζn −
∫ ∫

p(wk)∇wk∇ζn,

kai apì l mma Fatou, stèlnontac to k → +∞,
∫ ∫

p′(w)|∇w|2ζn ≤ −
∫ ∫

p(w)∆wζn −
∫ ∫

p(w)∇w∇ζn.

Epistrèfontac t¸ra sthn (2.16) paÐrnoume
∫ ∫

(u1 − u2)tp(w)ζn ≤ −
∫ ∫

p′(w)|∇w|2ζn −
∫ ∫

p(w)∇w∇ζn

≤ −
∫ ∫

p(w)∇w∇ζn =

∫ ∫
∇j(w)∇ζn =

∫ ∫
j(w)∆ζn

≤
∫ ∫

|w||∆ζn|,

ìpou h olokl rwsh gÐnetai sto S.
An af soume t¸ra thn p → sign+

0 kai parathr soume ìti d
dt

[u1 − u2]t = sign+
0 (u1 −

u2)
d
dt

(u1 − u2), tìte èqoume
∫

[u1(x, t2)−u2(x, t2)]+ζndx ≤
∫

[u1(x, t1)−u2(x, t2)]+ζndx+||∆ζn||∞
∫ ∫

S∩{x>n}
|w(x, t)|dxdt.

To teleutaÐo olokl rwma gÐnetai ètsi, afoÔ to ∆ζn zeÐ sto [n, 2n].
T¸ra, èqoume ìti w ∈ L1(t1, t2 : L1(Rd)) kai ||∆ζn||∞ = ||∆ζ0||∞

n2 , mporoÔme na af sou-
me to n →∞ kai tìte ζn → 1 kai telik�

∫
[u1(x, t2)− u2(x, t2)]+dx ≤

∫
[u1(x, t1)− u2(x, t1)]+dx.

To apotelesma autì ja mac d¸sei �mesa th monadikìthta thc lÔshc.

Je¸rhma 3. To prìblhma(2.14)-(2.15) èqei to polÔ mÐa isqur  lÔsh. An u1, u2 eÐnai
isqurèc lÔseic me arqik� dedomèna u01, u02 antÐstoiqa kai u01 ≤ u02 ston Rd, tìte u1 ≤ u2

sqedìn pantoÔ sto Q. Pio sugkekrimèna, an u01 = u02 sqedìn pantoÔ, tìte u1 = u2 sqedìn
pantoÔ.

Apìdeixh. 'Estw u01 ≤ u02 ston Rd. Apì to l mma, èqoume gia tic antÐstoiqec lÔseic
∫

[u1(x, t2)− u2(x, t2)]+dx ≤
∫

[u1(x, t1)− u2(x, t1)]+dx,
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∀ 0 < t1 < t2. Xèroume ìmwc apì ton orismì thc isqur c lÔshc ìti u1, u2 ∈ C([0,∞) :
L1(Rd)), �ra mporoÔme na af soume to t1 → 0 kai na p�roume

∫
[u1(x, t)− u2(x, t)]+dx ≤

∫
[u01 − u02]+dx = 0.

'Ara, u1 ≤ u2 sqedìn pantoÔ sto Q. Gia ton Ðdio lìgo, kai efarmìzontac to Ðdio kai gia
[u2 − u1]+, katal goume ìti u1 = u2 sqedìn pantoÔ sto Q.

Ja doÔme sth sunèqeia thn apìdeixh gia Ôparxh isqur c lÔshc tou probl matoc kai
ja qreiastoume gi' autì ta apotelèsmata thc prohgoÔmenhc paragr�fou.

Je¸rhma 4. Gia k�je mh arnhtik  sun�rthsh u0 ∈ L1(Rd) ∩ L∞(Rd) up�rqei isqur 
lÔsh tou probl matoc (2.14)-(2.15).

Apìdeixh. 1o b ma: Arqik� ja d¸soume thn apìdeixh gia arqik� dedomèna, pou ektìc apì
tic proôpojèseic tou jewr matoc ja eÐnai gn sia jetik� C∞ kai me ìlec tic parag¸gouc
fragmènec ston Rd. Kataskeu�zoume tìte ta probl mata arqik¸n sunoriak¸n tim¸n

(Pn)





ut = ∆(um) sto , Qn = Bn(0)× (0,∞)

u(x, 0) = u0n(x) gia , |x| = n, t ≥ 0

u(x, t) = 0 gia , |x| = n, t ≥ 0.

.

ìpou u0n = u0ζn, kai h {ζn} eÐnai mia sun�rthsh cutoff pou ikanopoieÐ ta ex c: ζn ∈
C∞(Rd), ζn(x) = 1 gia |x| ≤ n − 1, ζn(x) = 0 gia |x| ≥ n, 0 ≤ ζn(x) ≤ 1, gia n − 1 <
|x| < n, kai oi par�gwgoÐ touc mèqri deÔterhc t�xhc eÐnai omoiìmorfa fragmènoi ston Rd

kai n ≥ 2. Tèloc, ∆(ζm−1
n ) na eÐnai omoiìmorfa fragmèno apì k�tw.

Apì thn prohgoÔmenh par�grafo xèroume oti ta (Pn) èqoun monadik  klassikh lÔsh
un ∈ C∞(Qn) ∩ C(Q̄n). Pio sugkekrimèna, mporoÔme na parathr soume ìti h un+1 ja
eÐnai kai klassik  lÔsh thc exÐswshc sto Qn me jetik� sunoriak� dedomèna kai arqik�
dedomèna megalÔtera apì u0n . Apì Arq  MegÐstou sumperaÐnoume ìti un+1 ≥ un èqoume
dhlad  aÔxousa akoloujÐa.
Epiplèon èqoume tic ektim seic:
un ston L∞(0,∞ : Lp(Bn(0))), 1 ≤ p ≤ ∞,
(un)t ston L∞(0,∞ : L1(Bn(0))) ∩ Lp

loc(Qn),
um

n ston L2(0,∞ : H1
0 (Bn(0))).

'Etsi mporoÔme na per�soume sto ìrio gia n →∞ kai na p�roume mia jetik  sun�rthsh
u ∈ L∞(0,∞ : Lp(Bn(0))), 1 ≤ p ≤ ∞, kai oi ut, u

m, ∆(um) na an koun stouc antÐstoiqouc
q¸rouc, kai na ikanopoieÐ thn (2.14) sto Q.
Sthn pragmatikìthta h u èqei kalÔterh omalìthta. ParathroÔme ìti se mia perioq 
N ⊂ Q̄ kajenìc shmeÐou (x0, t) ∈ Q̄ èqoume ìti un(x, t ≥ c > 0 ∀(x, t) ∈ N , epomènwc
apì jewrÐa hmigrammik¸n parabolik¸n exis¸sewn, èqoume omoiìmorfa fr�gmata gia mia
mikrìterh perioq . 'Etsi telik� sto ìrio ja p�roume u ∈ C∞(Q̄), kai gia t = 0, u(x, t) =
u0(x), x ∈ Rd.
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'Eqoume loipìn dei ìti h u eÐnai klassik  lÔsh tou (2.14)-(2.15).
2o b ma: An u0 ∈ L1(Rd) ∩ L∞(Rd) den ikanopoieÐ tic parap�nw proupojèseic, proseg-
gÐzetai ìmwc apì u0n ìpwc sto (i) tètoiec ¸ste ||u0n||1 ≤ ||u0||1, ||u0n ||∞ ≤ ||u0||∞ kai
u0n → u0 ston L1(Rd).
'Etsi, an un eÐnai lÔsh me arqik� dedomèna u0n tìte

(un)t = ∆(um
n ),

un(0) = u0n ,

kai sto ìrio un → u sto C([0,∞) : L1(Rd)) kai u(0) = u0. 'Etsi, afoÔ oi ektim seic
suneqÐzoun na isqÔoun, tìte aut  h sun�rthsh eÐnai isqur  lÔsh tou probl matoc Cauchy.
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Kef�laio 3

Anisìthtec Gagliardo-Nirenberg

Eisagwg 
Sto kef�laio autì ja apodeÐxoume k�poiec anisìthtec tÔpou Gagliardo-Nirenberg , stic o-
poÐec ìmwc èqoume tic bèltistec stajerèc, kai autì ja mac d¸sei telik� k�poiec ektim seic
pou mac bohjoÔn sth melèth thc asumptwtik c sumperifor�c twn lÔsewn thc exÐswshc
porous medium, (bl.kef�laia 2,3 tou [6])

3.1 Anisìthtec Gagliardo-Nirenberg

S' aut  thn enìthta ja doÔme k�poia jewr mata elaqistopoÐhshc, ta opoÐa sthn poreÐa
ja apodeiqjeÐ ìti eÐnai isodÔnama me tic anisìthtec pou jèloume telik� na katal xoume.

Efìson ja doÔme probl mata elaqistopoÐhshc ac orÐsoume kai touc q¸rouc ìpou ja
koit�me gia elaqistopoihtèc. OrÐzoume loipìn

Dp(Rd) = {w ∈ Lp+1(Rd) : ∇w ∈ L2(Rd) kai |w|2p ∈ L1(Rd)},
kai X = {w ∈ Dp : 1

2p

∫
Rd |w|2pdx = J∞}, ìpou

J∞ :=
πd/2

2p

( 2p

d− p(d− 2)

)y+1 (d− y − 1)d

pd/2

Γ(y + 1− d/2)

Γ(y + 1)
, (3.1)

kai y = (p + 1)/(p− 1).
Ac jewr soume t¸ra to sunarthsiakì

G(w) =
1

2

∫

Rd

|∇w|2dx +
1

1 + p

∫

Rd

|w|1+pdx,

kai to prìblhma elaqistopoÐhshc.

I∞ ≡ inf
w∈X

G(w).
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Je¸rhma 5. 'Estw p > 1 kai p < d
d−2

an d ≥ 3. Tìte to I∞ ulopoieÐtai. Epiplèon, gia
k�je elaqistopoiht  w̄ ∈ X , up�rqei x̄ ∈ Rd tètoio ¸ste

w̄(x) =
( a

b + |x− x̄|2
) 1

p−1 ∀x ∈ Rd,

ìpou
a = 2

2p− d(p− 1)

(p− 1)2
kai b =

(2p− d(p− 1))2

p(p− 1)2
. (3.2)

Apìdeixh. Apì anisìthta parembol c èqoume ìti ||w||L2p ≤ ||w||θLp+1||w||(1−θ)

L2d/(d−2) kai apì
anisìthta Sobolev xèroume ìti ||w||L2d/(d−2) ≤ C||∇w||L2 . 'Ara, 0 < (2pJ∞)1/2p = ||w||L2p ≤
C||w||θLp+1||∇w||1−θ

L2 . SumperaÐnoume ìti I∞ > 0, giatÐ an up rqe akoloujÐa ¸ste G(wk) →
0, tìte ja eÐqame

||wk||θLp+1||wk||(1−θ)

L2d/(d−2) → 0,

�topo.
Gia k�je R > 0, jewroÔme BR mia mp�la me kèntro thn arq  twn axìnwn kai aktÐna

R kai XR = X ∩H1
0 (BR). Ac jewr soume t¸ra thn oikogèneia twn elaqÐstwn

IR = inf
w∈XR

G(w).

To IR fjÐnei me to R, en¸ apì puknìthta limR→∞ IR = I∞.
Ac doÔme t¸ra kat� pìso ulopoieÐtai to Ðdio to IR. 'Estw elaqistopoioÔsa akoloujÐa
{wk}∞k=1 ⊂ XR, G(wk) → IR. Apì ton orismì tou G(w) blèpoume ìti:

1. To G eÐnai kurtì wc proc to ∇w, to opoÐo mac exasfalÐzei k�tw hmisunèqeia gia to
G,

2. G(w) ≥ ∫
BR
|∇w|2dx.

SumperaÐnoume, loipìn, eÔkola ìti gia k = 1, 2, ...

||∇wk||2 < C (3.3)

kai apì thn anisìthta Poincare katal goume ìti

||wk||q < C ∀ 1 ≤ q ≤ 2d

d− 2
. (3.4)

Tìte ìmwc, afoÔ p < d/(d − 2) mporoÔme na p�roume mia upakoloujÐa, thn opoÐa ja
onom�zoume p�li wk, gia thn opoÐa ja up�rqei w tètoia ¸ste wk → w isqur� stouc
Lp+1(BR) kai L2p(BR), en¸ ∇wk ⇀ ∇w ston L2(BR). 'Etsi, apì k�tw hmisunèqeia tou
G(w), katal goume ìti

G(w) ≤ IR kai w ∈ XR,

dhlad , to IR ulopoieÐtai.
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O elaqistopoiht c wR ikanopoieÐ sthn BR thn exÐswsh

−∆wR + wp
R = µRw2p−1

R ,

ìpou µR o pollaplasiast c Lagrange. Apì gnwst� apotelèsmata (bl. Je¸rhma 1 sto
[3]), h lÔsh thc exÐswshc aut c eÐnai mh arnhtik , aktinik� summetrik  kai fjÐnousa.
Pollaplasi�zontac thn exÐswsh me w kai oloklhr¸nontac, parathroÔme ìti

∫

Rd

|∇wR|2dx +

∫

Rd

|wR|1+pdx = µR

∫

Rd

|wR|2pdx = 2pµRJ∞.

'Etsi,
2p

p + 1
µRJ∞ ≤ IR ≤ pµRJ∞,

kai blèpoume ìti to µR eÐnai omoiìmorfa fragmèno, �nw kai k�tw, kai k�poia upakoloujÐa
toul�qiston sugklÐnei se k�poio µ∞ > 0. Apì (3.3),(3.4), h H1 nìrma tou wR eÐnai
omoiìmorfa fragmènh sta sumpag  uposÔnola thc BR. Apì thn exÐswsh pou ikanopoieÐ to
wR kai gnwstèc elleiptikèc proseggÐseic, paÐrnoume omoiìmorfo èlegqo sth C2,α nìrma.
'Etsi, pern¸ntac se mia upakoloujÐa R →∞, mporoÔme na sumper�noume ìti wR sugklÐnei
omoiìmorfa me th C2 ènnoia sta sumpag  se mia aktinik  sun�rthsh w. MporoÔme epÐshc
na upojèsoume ìti,

wR ⇀ w asjen¸c ston Lp+1(Rd),

∇wR ⇀ ∇w asjen¸c ston L2(Rd),

kai
wR ⇀ w asjen¸c ston L2p(Rd). (3.5)

Epiplèon, h wR lamb�nei mègisto sto 0 (afoÔ eÐnai aktinik� summetrik  kai fjÐnousa),
epomènwc ∆wR(0) < 0. Apì thn exÐswsh parathroÔme ìti

−∆wR(0) = wp
R(0)(µRwp−1

R (0)− 1),

kai efìson wR(0) > 0, sumperaÐnoume ìti

1 ≤ µRwp−1
R (0).

Autì shmaÐnei ìti h sunart seic den ekfulÐzontai sto ìrio. 'Etsi, h w eÐnai mia jetik  kai
aktinik� fjÐnousa sun�rthsh pou ikanopoieÐ

−∆w + wp = µ∞w2p−1,

se ìlon ton Rd kai w(|x|) → 0 kaj¸c x → ∞. ParathroÔme ìti h exÐswsh mporeÐ na
grafeÐ

−∆w +
1

2
wp = wp(µ∞wp−1 − 1

2
).
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'Etsi, afou h sÔgklish tou wR sto w omoiìmorfh sta sumpag , kai wR, aktinik� fjÐnousa,
mporoÔme na dialèxoume r arket� meg�lo all� stajerì, tètoio ¸ste h wR na ikanopoieÐ

−∆w +
1

2
wp ≤ 0,

sto ρ < |x| < R.
Apì thn �llh, afoÔ p < d

d−2
h sun�rthsh

ζ(x) =
C

|x|2/(p−1)
,

eÐnai
−∆ζ +

1

2
ζp = [

2(d− 1)C

p− 1
− 2(p + 1)C

(p− 1)2
+

1

2
Cp]r−2p/(p−1),

pou ikanopoieÐ gia arket� meg�lo C,

−∆ζ +
1

2
ζp ≥ 0.

Epilègont�c to C ètsi ¸ste wR(ρ) < ζ(ρ) gia ìla ta arket� meg�la R, tìte apì sÔgkrish
katal goume ìti

wR(x) <
C

|x|2/(p−1)
, |x| > ρ.

T¸ra, efìson 2p
p−1

> d, parathroÔme ìti

∫

M<|x|<R

|wR|2pdx <

∫

M<|x|<R

C2p

|x|4p/(p−1)
dx < C

∫

M<|x|<R

1

|x|2d
dx

= C

∫ R

M

∫

∂B(0,1)

1

r2d
rd−1dSdr = C

∫ R

M

1

r2d
rd−1dr = C

∫ R

M

r−(d+1)dr

= C
(− 1

d

)
r−d

∣∣∣
R

M

'Etsi,

lim
M→∞

sup
R>M

∫

M<|x|<R

|wR|2pdx = 0.

Telik�, koit�zontac th sqèsh aut  kai thn (3.5), gia ε > 0 mporoÔme na dialèxoume arket�
meg�lo M, kai up�rqei R0 ¸ste ∀R > R0

∫

Rd

|w − wR|2pdx =

∫

|x|<M

|w − wR|2pdx +

∫

|x|>M

|w − wR|2pdx

≤
∫

|x|<M

|w − wR|2pdx +

∫

|x|>M

|w|2pdx +

∫

|x|>M

|wR|2pdx < 3ε

25



'Ara, wR → w isqur� ston L2p(Rd). Dhlad , w ∈ X kai èqoume. G(wR) = IR kai
sto ìrio, apì k�tw hmisunèqeia, G(w) ≤ I∞, to opoÐo mac eggu�tai thn Ôparxh enìc
elaqistopoiht .

Tèloc, èstw w elaqistopoiht c tou G sto X . Tìte, ikanopoieÐ thn exÐswsh

−∆w + wp = µ∞w2p−1.

Oi lÔseic aut c thc exÐswshc eÐnai aktinikèc gÔrw apì k�poio shmeÐo (bl.[3]). QwrÐc bl�bh
thc genikìthtac jewroÔme thn arq . Apì thn �llh, up�rqei monadik  epilog  jetik c
paramètrou λ, tètoia ¸ste w̄(x) = λ2/(p−1)w(λx) na ikanopoieÐ thn

−∆w̄ + w̄p = w̄2p−1,

AfoÔ
−∆w̄ + w̄p = λ2p/p−1(−∆w + wp) = λ2p/p−1µ∞w2p−1 = λ−2µ∞w̄2p−1,

'Ara, arkeÐ µ∞ = λ2. Apì apotelèsmata monadikìthtac jetik¸n lÔsewn ([10],[4]) gia h-
migrammikèc elleiptikèc exis¸seic, sumperaÐnoume ìti h exÐswsh èqei monadik  lÔsh. Y�-
qnoume gia lÔseic thc morf c

w̄ =
( a

b + |x|2
) 1

p−1
,

kai antikajist¸ntac sthn exÐswsh, brÐskoume tic stajerèc ìpwc sto (3.2). Telik�, to
gegonìc ìti

1

2p

∫

Rd

w2pdx = J∞,

mac exasfalÐzei thn tim  tou λ, λ = 1, �ra kai µ∞ = 1 to opoÐo mac exasfalÐzei kai th
monadikìthta tou orÐou thc akoloujÐac {µ∞}. An up rqe upakoloujÐa pou sunèkline se
k�poio µ 6= µ∞, tìte akolouj¸ntac thn Ðdia diadikasÐa ja paÐrname p�li µ = 1.

Gia na doÔme to an�logo je¸rhma gia thn perÐptwsh 0 < p < 1 ja jewr soume to
sunarthsiakì

G̃(w) =
1

2

∫

Rd

|∇w|2dx +
1

2p

∫

Rd

|w|2pdx,

kai to prìblhma elaqistopoÐhshc

Ĩ∞ ≡ inf
w∈X̃

G̃(w),

ìpou
X̃ = {w ∈ Dp(Rd) :

1

p + 1

∫

Rd

|w|p+1dx = J̃∞},
kai

J̃∞ =
πd/2

p + 1

( 2p

d− p(d− 2)

)1−y (d + y − 1)d

pd/2

Γ(1 + y)

Γ(1 + y + d/2)
,

me y = p+1
1−p

. Tìte ja p�roume
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Je¸rhma 6. 'Estw 0 < p < 1. Tìte to Ĩ∞ ulopoieÐtai apì thn aktinik� summetrik 
sun�rthsh

w̃(x) = a−
1

1−p (b− |x|2)
1

1−p

+ ,

ìpou a kai b dÐnontai apì th sqèsh (3.2). Epiplèon, an p > 1
2
, gia k�je elaqistopoiht  w,

up�rqei x̃ tètoio ¸ste w(x) = w̃(x− x̃), ∀x ∈ Rd.

H apìdeixh eÐnai parìmoia me aut n tou prohgoÔmenou jewr matoc kai paraleÐpetai.
Sth sunèqeia ja apodeÐxoume ìti ta jewr mata aut� eÐnai ousiastik� isodÔnama me tic
anisìthtec pou qreiazìmaste.

Je¸rhma 7. 'Estw d ≥ 2. An p > 1 kai p ≤ d
d−2

gia d ≥ 3, tìte gia k�je sun�rthsh
w ∈ Dp(Rd), isqÔei h ex c anisìthta:

||w||2p ≤ A||∇w||θ2||w||1−θ
p+1, (3.6)

ìpou

A =
(y(p− 1)2

2πd

) θ
2
(2y − d

2y

) 1
2p

( Γ(y)

Γ(y − d/2)

) θ
d
,

kai
θ =

d(p− 1)

p(d + 2− (d− 2)p)
, y =

p + 1

p− 1
.

To A eÐnai bèltisth stajer� kai h (3.6) gÐnetai isìthta an kai mìno an h w eÐnai pollapl�sia
miac ek twn

wσ,x̄(x) =
( 1

σ2 + |x− x̄|2
) 1

p−1
,

me σ > 0 kai x̄ ∈ Rd.

Apìdeixh. 'Estw w ∈ Dp pou ikanopoieÐ ton periorismì

J(w) :=
1

2p

∫

Rd

|w(x)|2pdx = J∞,

me to J∞ ìpwc orÐzetai sthn (3.1). Gia λ > 0 jewroÔme thn klimakwmènh sun�rthsh

wλ(x) = λ
d
2p w(λx).

Tìte,

J(wλ) =
1

2p

∫

Rd

|wλ(x)2p|dx =
1

2p

∫

Rd

|λ d
2p w(λx)|2pdx =

λd

2p

∫

Rd

|w(λx)|2pdx

=
1

2p

∫

Rd

|w(y)|2pdy = J∞.
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Gia k�je λ > 0 ja isqÔei

G(wλ) =
1

2

∫

Rd

|∇w|2dx · λd/p−(d−2) +
1

p + 1

∫

Rd

|w|p+1dx · λ−d(p−1)/2p ≥ I∞.

Tìte kai to el�qisto wc proc λ tou G(wλ),ja eÐnai megalÔtero   Ðso tou I∞.

∂

∂λ
G(wλ0) = 0 ⇐⇒ λ0 =

(
λ∗

∫

Rd

|w|p+1dx
)r( ∫

Rd

|∇w|2dx
)−r

,

ìpou
λ∗ =

d

d− p(d− 2)

p− 1

p + 1
kai r =

2p

4p− d(p− 1)
.

ParathroÔme ìti r · (d/p − d + 2) = r · (−d(p − 1)/2p) + 1. Sto G(wλ0) oi ekjètec
twn oloklhrwm�twn eÐnai koinoÐ kai stouc dÔo ìrouc. Dhlad  me thn klim�kwsh pou
k�name, metatrèyame thn anisìthta apì �jroisma se ginìmeno, kai to shmantikìtero, apo
mh omogen  se omogen . 'Etsi, h G(wλ0) ≥ I∞ gÐnetai

G(wλ0) = C∗[||∇w||θ2||w||1−θ
p+1]

δ ≥ I∞,

me

C∗ =
1

2
λr(d/p−d+2)
∗ +

1

p + 1
λr(−d(p−1)/2p)
∗ ,

δ = 2p
d + 2− p(d− 2)

4p− d(p− 1)
kai θ =

d(p− 1)

p(d + 2− p(d− 2))
.

H anisìthta aut  isqÔei gia w ∈ X . Gia w ∈ Dp jètoume u = w
||w||2p

(2pJ∞)1/2p kai tìte
efarmìzoume thn anisìthta sthn u ∈ X , kai katal goume

||∇w||θ2||w||1−θ
p+1 ≥

(I∞
C∗

)1/δ ||w||2p

(2pJ∞)1/2p
.

pou isqÔei gia k�je w ∈ Dp, me bèltisth stajer�

A = (2pJ∞)1/2p
(I∞

C∗

)1/δ

.

H stajer� eÐnai bèltisth giatÐ ìpwc eÐdame sto Je¸rhma 5 to I∞ ulopoieÐtai apì k�poia
w sto X .

Parat rhsh 1. Gia na p�roume thn èkfrash thc bèltisthc stajer�c, ìpwc dÐnetai sto
Je¸rhma 7, mporoÔme na gr�youme

A =
||w̄a,b||2p

||∇w̄a,b||θ2||w̄a,b||1−θ
p+1

, (3.7)
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ìpou w̄a,b o elaqistopoiht c pou eÐdame sto Je¸rhma 5. H anisìthta ìmwc ektìc a-
pì omogenhc, eÐnai kai amet�blhth sthn klim�kwsh w(x) 7→ w(x

λ
). 'Etsi, mporoÔme na

upologÐsoume th stajer� A gia

w̄a,b(x) =
( a

b + |x|2
) 1

p−1
,

me tuqaÐec stajerèc a, b. 'Estw loipìn a = b = 1 :

1.
∫

Rd

|∇w̄|2dx =
4

(p− 1)2

∫

Rd

( 1

1 + |x|2
) 2p

p−1 |x|2dx

=
4

(p− 1)2

∫ ∞

0

∫

∂B(0,r)

( 1

1 + r2

)y+1

r2dSdr,

Me thn allag  metablht c t = 1
1+r2 katal goume,

∫

Rd

|∇w̄|2dx =
2dπd/2

(p− 1)2Γ(d
2

+ 1)

∫ 1

0

ty−
d
2
−1(1− t)

d
2 dt =

2dπd/2

y(p− 1)2

Γ(y − d
2
)

Γ(y)
.

2. ∫

Rd

|w̄|p+1dx =

∫

Rd

( 1

1 + |x|2
) p+1

p−1
dx =

∫ ∞

0

∫

∂B(0,r)

( 1

1 + r2

)y

dSdr,

Me thn Ðdia allag  metablht¸n paÐrnoume,

∫

Rd

|w̄|p+1dx =
dπd/2

2Γ(d
2

+ 1)

∫ 1

0

ty−
d
2
−1(1− t)

d
2
−1dt = πd/2 Γ(y − d

2
)

Γ(y)
.

3. ∫

Rd

|w̄|2pdx =

∫

Rd

( 1

1 + |x|2
) 2p

p−1
dx =

∫ ∞

0

∫

∂B(0,r)

( 1

1 + r2

)y+1

dSdr,

kai ìmoia me prÐn,

∫

Rd

|w̄|2p =
dπd/2

2Γ(d
2

+ 1)

∫ 1

0

ty−
d
2 (1− t)

d
2
−1dt = πd/2 2y − d

2y

Γ(y − d
2
)

Γ(y)
.

Parathr¸ntac pwc 1
2p
− θ

2
− 1−θ

p+1
= − θ

d
kai me antikat�stash sthn (3.7) paÐrnoume thn A

ìpwc gr�fetai sto Je¸rhma 7.

'Opwc anamènoume, an�logec ektim seic isqÔoun kai gia thn perÐptwsh 0 < p < 1.
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Je¸rhma 8. 'Estw d ≥ 2 kai 0 < p < 1. Tìte gia k�je sun�rthsh w ∈ Dp(Rd) isqÔei h
ex c anisìthta:

||w||p+1 ≤ A||∇w||θ2||w||1−θ
2p , (3.8)

ìpou

A =
(y(p− 1)2

2πd

) θ
2
( 2y

2y + d

) 1−θ
2p

(Γ(d
2

+ 1 + y)

Γ(1 + y)

) θ
d
,

me

θ =
d(1− p)

(1 + p)(d− p(d− 2))
, y =

p + 1

1− p
.

H stajer� A eÐnai bèltisth kai h (3.8) gÐnetai isìthta me tic sumpagoÔc forèa sunart seic

wσ,x̄(x) = (σ2 − |x− x̄|2)
1

1−p

+ ,

me σ > 0 kai x̄ ∈ Rd.

Apìdeixh. H apìdeixh eÐnai parìmoia me tou prohgoÔmenou jewr matoc. Gia k�je sun�r-
thsh w ∈ Dp pou ikanopoieÐ

J̃(w) :=
1

p + 1

∫

Rd

|w(x)|p+1dx = J̃∞,

kai gia k�je λ > 0, t¸ra jewroÔme thn klimakwmènh sun�rthsh wλ(x) = λd/(p+1)w(λx)
Tìte,

J̃(wλ) =
1

p + 1

∫

Rd

|λ d
p+1 w(λx)|p+1dx =

1

p + 1

∫

Rd

λd|w(λx)|p+1dx

=
1

p + 1

∫

Rd

w(y)dy = J̃∞.

'Ara, h klimakwmènh sun�rthsh eÐnai p�li stoiqeÐo tou X̃ . Gia k�je λ > 0 ja isqÔei

G̃(wλ) =
1

2

∫

Rd

|∇w|2dx · λ 2d
p+1

−(d−2) +
1

2p

∫

Rd

|w|2pdx · λ d(p−1)
p+1 ≥ I∞.

Elaqistopoi¸ntac p�li wc proc λ paÐrnoume

G̃(wλ0) = 0 ⇐⇒ λ0 =
(
λ∗

∫

Rd

|w|2pdx
)r( ∫

Rd

|∇w|2dx
)−r

,

ìpou
λ∗ =

1− p

p

d

d + 2− p(d− 2)
kai r =

p + 1

2(d + 1− p(d− 1))
.

Parathr¸ntac ìti r( 2d
p+1

− (d− 2)) = r(d(p−1)
p+1

) + 1 paÐrnoume

C̃∗[||∇w||θ2||w||1−θ
2p ]δ̃ ≥ Ĩ∞,
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ìpou
C̃∗ =

1

2
λ

r( 2d
p+1

−d+2)
∗ +

1

2p
λ

r(−d 1−p
p+1

)
∗ ,

δ̃ =
(1 + p)(d− p(d− 2))

d + 1− p(d− 1)
kai θ =

d(1− p)

(p + 1)(d− p(d− 2))
.

'Omoia me prÐn, an w ∈ Dp jètoume u = w
||w||p+1

((p + 1)J̃∞)1/(p + 1) kai efarmìzoume thn
anisìthta gia u ∈ X gia na p�roume

||∇w||θ2||w||1−θ
2p ≥

( Ĩ∞
C̃∗

)1/δ̃ ||w||p+1(
(p + 1)J̃∞

) 1
p+1

.

pou isqÔei gia k�je w ∈ Dp me bèltisth stajer�

A =
(
(p + 1)J̃∞

) 1
p+1

( C̃∗
Ĩ∞

)1/δ̃

.

H èkfrash thc stajer�c ìpwc faÐnetai sto Jewrhma 8 brÐsketai, an l�boume up�oyin mac
pwc h anisìthta eÐnai omogen c kai amet�blhth apì thn klim�kwsh w(x) 7→ w(λx) , apì

A =
||w̄a,b||p+1

||∇w̄a,b||θ2||w̄a,b||1−θ
2p

,

me eleÔjerec stajerèc a, b ìpou

w̄a,b(x) =
(b− |x|2

a

)1/(1−p)

+
.

3.2 PorÐsmata
Sthn enìthta aut , ja xanagr�youme tic anisìthtec Gagliardo-Nirenberg twn jewrhm�twn
7,8 se mÐa monadik  anisìthta, m  omogen , me bèltistec stajerèc epÐshc. Sth sunèqeia
ja doÔme kai k�poia porÐsmata twn anisot twn aut¸n, ta opoÐa sundèoun tic anisìthtec,
me èna sunarthsiakì Lyapunov gia thn exÐswsh porous medium. H Ôparxh tou sunarth-
siakoÔ eÐnai gnwst  apì pio pali� (bl. [9],citeRa84). Gia tic sugkekrimènec ektim seic
pou ja doÔme ed¸ kai th sÔndesh me tic anisìthtec Gagliardo-Nirenberg bl.[6].

Prìtash 3. 'Estw d ≥ 2, τ > 0 kai p > 0 tètoia ¸ste p 6= 1, kai p ≤ d
d−2

an d ≥ 3. Tìte,
gia k�je sun�rthsh w ∈ Dp, isqÔei h akìloujh anisìthta:

1

2
τ

d
p
−d+2||∇w||22 +

ε

p + 1
τ−d p−1

2p ||w||1+p
1+p −

ε

2p
K||w||δ2p ≥ 0, (3.9)
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ìpou ε eÐnai to prìshmo tou p− 1,

δ = 2p
d + 2− p(d− 2)

4p− d(p− 1)
,

kai K > 0 eÐnai bèltisth stajer�. Gia p > 1
2
, p 6= 1, oi bèltistec sunart seic gia thn

anisìthta (3.9) dÐnontai ìlec apì thn oikogèneia twn sunart sewn

x 7→ τ−
d
2p w̄(

x− x̄

τ
).

ìpou
w̄(x) =

( a

b + ε|x|2
) 1

p−1

+
,

me a, b ìpwc dÐnontai sth 3.2. Gia 0 < p ≤ 1
2
, h (3.9) ulopoieÐtai apì thn Ðdia oikogèneia

sunart sewn. H akrib c morf  thc stajer�c K ja dojeÐ se parak�tw parat rhsh.

Apìdeixh. 1. 1 < p ≤ d
d−2

, �ra ε = 1. Ja deÐxoume pr¸ta thn anisìthta (3.9) gia
τ = 1. Apì to Je¸rhma 7 èqoume ìti

||w||2p ≤ A||∇w||θ2||w||1−θ
p+1 ⇐⇒ ||w||δ2p ≤ Aδ

[||∇w||θ2||w||1−θ
p+1

]δ
.

'Apo thn apìdeixh tou jewr matoc upenjumÐzoume ìti

C∗
[||∇w||θ2||w||1−θ

p+1

]δ ≤ 1

2
||∇w||22 · λ

d
p
−d+2 +

1

1 + p
||w||p+1

p+1 · λ−d p−1
2p ∀λ > 0.

'Ara kai gia λ = 1, to opoÐo mac dÐnei thn anisìthta 3.9 me K = C∗A−δ, τ = 1.
T¸ra, qrhsimopoi¸ntac thn klim�kwsh

w 7→ τ
d
2p w(τ ·),

katal goume sthn (3.9) kai oloklhr¸netai h apìdeixh gia p > 1.

2. 0 < p < 1, �ra ε = −1. Gia thn perÐptwsh aut  to apotèlesma den eÐnai tìso
�meso apì to antÐstoiqo je¸rhma. Ja qreiasteÐ na epanal�boume thn apìdeixh tou
Jewr matoc 8. JewroÔme thn klimakwmènh sun�rthsh

wλ(x) = λ
d

p+1 w(λx).

Tìte,

1

2
τ

d
p
−d+2||∇wλ||22 +

K

2p
||wλ||δ2p =

1

2
τ

d
p
−d+2||∇w||22 · λ

2d
p+1

−d+2 +
K

2p
||w||δ2p · λd p−1

p+1
δ
2p .

Elaqistopoi¸ntac to deÔtero mèloc wc proc λ, paÐrnoume ìti

1

2
τ

d
p
−d+2||∇wλ||22 +

K

2p
||wλ||δ2p ≥ K

1
2

4p−d(p−1)
2p−dp−1 C

[||∇w||θ2||w||1−θ
2p

]p+1 ∀λ > 0,
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ìpou C, k�poia sugkekrimènh stajer� pou h akrib c thc èkfrash den qrei�zetai
ed¸. Xanagr�fontac t¸ra thn anisìthta aut  gia λ = 1, gia kat�llhlo K kai
qrhsimopoi¸ntac to Je¸rhma 8, paÐrnoume:

1

2
τ

d
p
−d+2||∇w||22 +

K

2p
||w||δ2p ≥ τ−d p−1

2p ||w||p−1
p+1.

Parat rhsh 2. H sun�rthsh w̄ = w̄a,b ìpwc thn orÐsame parap�nw eÐnai mia m  arnhtik 
aktinik� summetrik  lÔsh thc exÐswshc −∆w + εwp = εw2p−1. Pollaplasi�zontac thn
exÐswsh me w kai (x · ∇w) kai oloklhr¸nontac paÐrnoume to sÔsthma

∫

Rd

|∇w|2dx + ε

∫

Rd

|w|1+pdx = ε

∫

Rd

w2pdx, (3.10)

d− 2

2d

∫

Rd

|∇w|2dx +
ε

p + 1

∫

Rd

|w|1+pdx =
ε

2p

∫

Rd

w2pdx. (3.11)

LÔnontac, paÐrnoume
∫

Rd

|∇w|2dx = ε
d(p− 1)

p(2p + 2− d(p− 1))

∫

Rd

w2pdx,

∫

Rd

wp+1dx =
p + 1

p

2p− d(p− 1)

2p + 2− d(p− 1)

∫

Rd

w2pdx.

Apì thn �llh, h Ðdia sun�rthsh elaqistopoieÐ thn anisìthta (3.9), dhlad 

1

2
||∇w||22 +

ε

p + 1
||w||1+p

1+p =
ε

2p
K||w||δ2p (3.12)

Antikajist¸ntac sto pr¸to mèloc, katal goume oti mporoÔme na upologÐsoume th sta-
jer� K wc

K =
4p− d(p− 1)

2p + 2− d(p− 1)
||w̄||2p−δ.

Sth sunèqeia, h anisìthta (3.9) ja grafteÐ me trìpo pou ja perièqei èna sunarthsiakì
Lyapunov. H anisìthta ja eÐnai p�li bèltisth, en¸ h morf  aut  ja faneÐ idiaÐtera
qr simh sto epìmeno kef�laio, sth melèth thc asumptwtik c sumperifor�c twn lÔsewn
thc exÐswshc porous medium.

Pìrisma 3. 'Estw d ≥ 2, m ≥ d−1
d

(m > 1
2
an d = 2),m 6= 1 kai v mia mh arnhtik 

sun�rthsh tètoia ¸ste ∇vm− 1
2 ∈ L2(Rd), x 7→ |x|2v(x) ∈ L1(Rd) kai
{

v ∈ L1(Rd) an m > 1,

vm ∈ L1(Rd) an m < 1.
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Tìte,
0 ≤ L[v]− L[v∞] ≤ 1

2

∫

Rd

v
∣∣∣x +

m

m− 1
∇(vm−1)

∣∣∣
2

dx, (3.13)

ìpou L[v] =

∫

Rd

(
v
|x|2
2
− 1

1−m
vm

)
dx,

kai
v∞(x) =

(
σ2 +

1−m

2m
|x|2

) 1
m−1

+
,

me to σ tètoio ¸ste M := ||v||1 = ||v∞||1. H anisìthta eÐnai bèltisth kai gÐnetai isìthta
an kai mìno an v = v∞.

Apìdeixh. Ja xekin soume me mia parat rhsh gia to dexÐ skèloc (B) thc anisìthtac
(3.13). AnaptÔssontac to tetr�gwno mesa sto olokl rwma paÐrnoume

B =
1

2

∫

Rd

v
∣∣∣x +

m

m− 1
∇(vm−1)

∣∣∣
2

dx

=

∫

Rd

v
|x|2
2

+
m

m− 1
vx∇(vm−1) +

1

2

( m

m− 1

)2
v|∇(vm−1)|2dx.

Me olokl rwsh kat� mèlh ston deÔtero ìro tou oloklhr¸matoc, èqoume

B =

∫

Rd

v
|x|2
2

dx− m

m− 1

∫

Rd

x(∇v)vm−1 − md

m− 1

∫

Rd

vmdx

+
1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx.

Antikajist¸ntac sto deÔtero olokl rwma mvm−1 · ∇v = ∇(vm) kai oloklhr¸nontac
kat� par�gontec p�li, paÐrnoume

B =

∫

Rd

v
|x|2
2

dx− 1

m− 1

∫

Rd

x∇(vm)dx− md

m− 1

∫

Rd

vmdx

+
1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx

=

∫

Rd

v
|x|2
2

dx− d

m− 1

∫

Rd

vmdx− md

m− 1

∫

Rd

vmdx +
1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx

=

∫

Rd

v
|x|2
2

dx− d

∫

Rd

vmdx +
1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx,

'Etsi, mporoÔme na gr�youme

L[v] =
1

2

∫

Rd

v
∣∣∣x +

m

m− 1
∇(vm−1)

∣∣∣
2

dx− 1− d(1−m)

1−m

∫

Rd

vmdx

− 1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx.
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Met� apì aplèc pr�xeic, mporoÔme na doume ìti
∫

Rd

v
∣∣∣x +

m

m− 1
∇(vm−1)

∣∣∣
2

dx = 0, ìtan v = v∞,

(apì to opoÐo parempiptìntwc blèpoume kai ìti h anisìthta (3.13) pou ja apodeÐxoume
eÐnai bèltisth). Tìte, to na deÐxoume ìti

L[v]− L[v∞] ≤ 1

2

∫

Rd

v
∣∣∣x +

m

m− 1
∇(vm−1)

∣∣∣
2

dx,

eÐnai isodÔnamo me to na deÐxoume ìti

1− d(1−m)

1−m

∫

Rd

vmdx− 1

2

( m

m− 1

)2
∫

Rd

v|∇(vm−1)|2dx ≥,

1− d(1−m)

1−m

∫

Rd

vm
∞dx− 1

2

( m

m− 1

)2
∫

Rd

v∞|∇(vm−1
∞ )|2dx.

T¸ra, an xanagr�youme thn anisìthta aut  me

v = w2p, v∞ = w2p
∞ kai m =

p + 1

2p
,

qrhsimopoi¸ntac ìti v|∇vm−1|2 = (p− 1)2|∇w|2, paÐrnoume
2p− d(p− 1)

p− 1

∫

Rd

wp+1dx− 1

2
(p + 1)2

∫

Rd

|∇w|2dx ≥
2p− d(p− 1)

p− 1

∫

Rd

wp+1
∞ dx− 1

2
(p + 1)2

∫

Rd

|∇w∞|2dx,

Jètoume t¸ra

τ−
1
2p

(4p−d(p−1)) =
2p− d(p− 1)

|p2 − 1| ,

kai paÐrnoume
1

2
τ

d
p
−d+2||∇w||22 +

ε

p + 1
τ−d p−1

2p ||w||1+p
1+p ≥

1

2
τ

d
p
−d+2||∇w∞||22 +

ε

p + 1
τ−d p−1

2p ||w∞||1+p
1+p.

Qrhsimopoi¸ntac pwc ||w||2p = ||w∞||2p, mporoÔme na prosjèsoume se k�je mèloc thc
anisìthtac to antÐstoiqo. Blèpoume ìmwc, ìti h sun�rthsh w∞ eÐnai elaqistopoioÔsa
sun�rthsh thc anisìthtac (3.9). 'Ara,

1

2
τ

d
p
−d+2||∇w||22 +

ε

p + 1
τ−d p−1

2p ||w||1+p
1+p −

ε

2p
K||w||δ2p = 0,

gia w = w∞. 'Etsi, arkeÐ telik� na deÐxoume
1

2
τ

d
p
−d+2||∇w||22 +

ε

p + 1
τ−d p−1

2p ||w||1+p
1+p −

ε

2p
K||w||δ2p ≥ 0,

pou eÐnai akrib¸c h anisìthta (3.9).
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Kef�laio 4

Asumptwtik  sumperifor� gia
meg�louc qrìnouc

Sth sunèqeia, ja sumbolÐzoume me u(x, t) th lÔsh tou probl matoc Cauchy (2.14)-(2.15).
EpÐshc, ja sumbolÐzoume

M =

∫

Rd

u0(x)dx.

Ja prospaj soume na broÔme to kat�llhlo scaling pou sundèei tic lÔseic tou pro-
bl matoc mac, me autèc thc mh grammik c exÐswshc Fokker-Planck

vτ = ∆(vm) +∇ · (xv), τ > 0, x ∈ Rd, (4.1)

Na shmei¸soume ed¸ ìti h sun�rthsh v∞, ìpwc orÐsthke sto pìrisma pou eÐdame sto
prohgoÔmeno kef�laio, apoteleÐ lÔsh thc exÐswshc aut c.
Apì to scaling thc exÐswshc y�qnoume allag  metablht¸n thc morf c

u(x, t) = R(t)−d · v
(
τ(t),

x

R(t)

)
. (4.2)

kai y�qnoume epomènwc kat�llhlec sunart seic R(t), τ(t) ¸ste an h u eÐnai lÔsh thc
(2.14) h v na eÐnai lÔsh thc (4.1). Antikajist¸ntac sth sqèsh ut = ∆um, katal goume

R(t)−dτ̇ vτ = Ṙ(t)R(t)−d−1∇(xv) + R(t)−md−2∆vm.

'Ara, jèloume oi sunart seic τ, R na ikanopoioÔn tic exis¸seic

Ṙ(t) = R(t)(1−m)d−1 (4.3)

τ̇(t) =
Ṙ(t)

R(t)
(4.4)

'Etsi, gia thn τ blèpoume amèswc ìti τ(t) = log R(t). Jèloume h v na ikanopoieÐ thn
exÐswsh (4.1) me arqik� dedomèna Ðdia me thc u.

v(x, τ = 0) = u(x, 0) = u0(x) ∀x ∈ Rd.
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'Etsi, paÐrnoume gia t = 0, τ(0) = 0 ⇒ R(0) = 1. T¸ra gia thn R, lÔnoume thn
exÐswsh me arqik� dedomèna R(0) = 1 kai brÐskoume

R(t) =
(
1 + (2− d(1−m))t

) 1
2−d(1−m) .

Na parathr soume ed¸ ìti ìtan m > d/(d− 2), R(t) > 0 kai R(t) → +∞. EpÐshc, apì
ton trìpo pou orÐsame thn v, blèpoume ìti h L1 nìrma diathreÐtai.

||u(t, ·)||L1(Rd) = ||v(
τ(t), ·)||L1(Rd).

O metasqhmatismìc autìc antistrèfetai kai paÐrnoume

v(x, t) = edtu(etx, a(et/k − 1)).

Gia u = U , paÐrnoume

V(x, t) = edt
[
a−da(et/a − 1)−da

(
σ2 − m− 1

2m
a

e2t|x|2
a2a(et/a − 1)2a

) 1
m−1

]
,

pou lÔnei thn (4.1). Me to sumbolismì, ìpwc sthn Eisagwg , kaj¸c

t → +∞, R(t) ∼ ta, u(t, ·) ∼ U(t, ·),
kai sÔmfwna me thn (1.10) to gegonìc ìti u(t, ·) ∼ U(t, ·), sthn kainoÔria klÐmaka, gÐnetai
v(t, ·) ∼ V(t, ·) kai telik�, afoÔ V ∼ v∞,

v(τ, x) → v∞(x) gia τ → +∞, ,

kai omoiìmorfa kai me thn L1 ènnoia. To gegonìc autì mac dÐnei th dunatìthta na meta-
trèpoume èna apotèlesma gia thn asumptwtik  sumperifor� twn lÔsewn thc mÐac exÐswshc
se antÐstoiqh sumperifor� twn lÔsewn thc �llhc. Gia th sÔndesh twn dÔo exis¸sewn,
parapèmpoume kai sto [5]

Ja doÔme sth sunèqeia ìti to

v 7→ L[v] =

∫

Rd

(
v
|x|2
2
− 1

1−m
vm

)
dx,

orÐzei sunarthsiakì Lyapunov gia thn exÐswsh (4.1)

Prìtash 4. 'Estw m > d
d+2

kai u0 mia mh arnhtik  sun�rthsh tètoia ¸ste (1 + |x|2)u0

kai um
0 na an koun ston L1(Rd). 'Estw v lÔsh thc (4.1) me arqik� dedomèna u0. Tìte,

d

dτ
L[v(τ, ·)] = −

∫

Rd

v(τ, ·)
∣∣∣x +

m

m− 1
∇v(τ, ·)m−1

∣∣∣
2

dx, (4.5)

lim
τ→+∞

L[v(τ.·)] = L[v∞], (4.6)

kai an d−1
d
≤ m < 1 gia d ≥ 3, 1

2
< m < 1 an d = 2,   m > 1, tìte

0 ≤ L[v(τ, ·)]− L[v∞] ≤ (
L[u0]− L[v∞]

) · e−2τ . (4.7)
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Apìdeixh. Ac upojèsoume pr¸ta ìti ta arqik� dedomèna u0(x) eÐnai leÐa kai me sumpag 
forèa, ac poÔme mèsa sthn mp�la B(0, ρ) gia k�poio ρ > 0. Ja doÔme pr¸ta gia

d

d + 2
< m < 1.

H lÔsh eÐnai leÐa sÔmfwna me to [7]. MporoÔme eÔkola na doÔme ìti h sun�rthsh

wρ(x) =
(1−m

2m

)− 1
1−m (|x|2 − ρ2

)− 1
1−m ,

eÐnai lÔsh thc (4.1) sthn perioq  |x| > ρ. H sun�rthsh aut  apeirÐzetai sto ∂B(0, ρ).
Dhlad  v(τ, x) ≤ wρ(x) ∀τ > 0 sto ∂B(0, ρ). Kai oi sunart seic v, w eÐnai lÔseic thc
(4.1) sto |x| > ρ. 'Etsi, apì sÔgkrish blèpoume ìti v(τ, x) ≤ wρ(x) ∀τ > 0. Epomènwc,

v(x, τ) = O
(|x|− 2

1−m

)
(4.8)

omoiìmorfa ¸c proc τ > 0. Ac stajeropoi soume èna R > 0. 'Eqoume tìte apì olokl -
rwsh kata mèrh:

d

dτ

∫

B(0,R)

v
|x|2
2

dx =

∫

B(0,R)

|x|2
2
∇ · (∇vm + xv

)
dx

= −
∫

B(0,R)

x · (∇vm + xv
)
dx +

∫

∂B(0,R)

|x|2
2

(∇vm + xv) · x

|x|dS

= −
∫

B(0,R)

x · ∇vmdx−
∫

B(0,R)

|x|2vdx +
R

2

∫

∂B(0,R)

(∇vm + xv
) · xdS

= d

∫

B(0,R)

vmdx−
∫

B(0,R)

|x|2vdx−R2

∫

∂B(0,R)

vmdS +
R

2

∫

∂B(0,R)

(∇vm + xv
) · xdS.

Oloklhr¸nontac wc proc τ , paÐrnoume:
∫

B(0,R)

(
v(x, τ)− u0(x)

) |x|2
2

dx = d

∫ τ

0

∫

B(0,R)

vm(x, s)dxds−
∫ τ

0

∫

B(0,R)

|x|2vdxds

+
R

2

∫ τ

0

∫

∂B(0,R)

(∇vm(x, s) · x + v(x, s)R2
)
dSds−R2

∫ τ

0

∫

∂B(0,R)

vmdS. (4.9)

T¸ra, gia stajerì τ kai apì thn ektÐmhsh(4.8), ja doÔme ìti kaj¸c R → ∞ ta oloklh-
r¸mata me touc sunoriakoÔc ìrouc teÐnoun na mhdenistoun. 'Eqoume loipìn:

R3

∫ τ

0

∫

∂B(0,R)

v(x, s)dSds = O
(
Rd+2− 2

1−m

)
,
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R2

∫ τ

0

∫

∂B(0,R)

vmdSds = O
(
Rd+1− 2m

1−m

)
.

Dhlad , efìson m > d
d+2

to teleutaÐo olokl rwma kai o deÔteroc ìroc tou proteleutaÐou
sthn (4.9) mhdenÐzontai kaj¸c R → ∞. Apì thn �llh, h teleutaÐa ektÐmhsh, mporeÐ na
grafeÐ ∫

∂B(0,1)

∫ τ

0

vm(Rz, s)dsdS = O
(
R− 2m

1−m

)
.

'Etsi, gia mia akoloujÐa Rn → +∞, èqoume:

∂

∂R

∫

∂B(0,1)

∫ τ

0

vm(Rz, s)dsdS|R=Rn = O
(
R
− 2m

m−1
−1

n

)
.

IsodÔnama,

R−d
n

∫

∂B(0,Rn)

∫ τ

0

∇vm(x, s) · xdsdS = O
(
R
− 2m

1−m
−1

n

)
,

dhlad ,

Rn

∫ τ

0

∫

∂B(0,R)

∇vm · xdSds = O
(
R

d− 2m
1−m

n

)
.

Katal goume loipìn, ìti efìson m > d
d+2

, ìloi oi sunoriakoÐ ìroi thc (4.9) mhdenÐzontai
kaj¸c Rn → +∞. 'Ara, gÐnetai

∫

Rd

(
v(x, τ)− u0(x)

) |x|2
2

dx = d

∫ τ

0

∫

Rd

vm(x, s)dxds−
∫ τ

0

∫

Rd

|x|2vdxds. (4.10)

Me ton Ðdo trìpo, ja ektim soume kai ton ìro
∫

1
1−m

vmdx. 'Eqoume,

d

dτ

∫

B(0,R)

1

1−m
vmdx =

1

1−m

∫

B(0,R)

mvm−1uτdx =
m

1−m

∫

B(0,R)

vm−1∇ · (∇vm + xv
)
dx

=
m

m− 1

∫

B(0,R)

∇vm−1 · (∇vm + xv
)
dx +

m

1−m

∫

∂B(0,R)

vm−1
(∇vm + xv

) · x

R
dS

=

∫

B(0,R)

4m2

(2m− 1)2

∣∣∇vm− 1
2

∣∣2dx +

∫

B(0,R)

x · ∇vmdx +
m

1−m

∫

∂B(0,R)

vm−1
(∇vm + xv

) · x

R
dS

=

∫

B(0,R)

4m2

(2m− 1)2

∣∣∇vm− 1
2

∣∣2dx− d

∫

B(0,R)

vmdx

+ R

∫

∂B(0,R)

vm · xdS +
m

1−m

∫

∂B(0,R)

vm−1
(∇vm + xv

) · x

R
dS
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Oloklhr¸nontac p�li wc proc τ kai me parìmoiec pr�xeic, blèpoume ìti gia k�poia ako-
loujÐa Rn → +∞ oi sunoriakoÐ ìroi mhdenÐzontai. 'Etsi, katal goume

1

1−m

∫

Rd

(
vm(x, τ)− u0(x)

)
dx =

∫ τ

0

∫

Rd

( 4m2

(2m− 1)2

∣∣∇vm− 1
2

∣∣2 − dvm
)
dxds. (4.11)

Afair¸ntac apì thn (4.10) thn (4.11) kai paragwgÐzontac wc proc τ , katal goume

d

dτ
L[v(τ, ·)] = −

∫

Rd

( 4m2

(2m− 1)2

∣∣∇vm− 1
2

∣∣2 + 2dvm − |x|2v)
dx

= −
∫

Rd

v(τ, ·)
∣∣∣x +

m

m− 1
∇v(τ, ·)m−1

∣∣2dx.

'Otan m > 1, h lÔsh èqei sumpag  forèa gia k�je τ > 0, �ra mporoÔme na paragwgÐsoume
to L[v(τ, ·)] �mesa, gia na p�roume

d

dτ
L[v(τ, ·)] =

d

dτ

∫

Rd

(
v
|x|2
2
− 1

1−m
vm

)
dx =

∫

Rd

(
vτ
|x|2
2
− 1

1−m

d

dτ
(vm)

)
dx

=

∫

Rd

(
vτ
|x|2
2
− m

1−m
vm−1vτ

)
dx

=

∫

Rd

(
∆(vm) +∇ · (xv)

)( |x|2
2
− m

1−m
vm−1

)
dx

=

∫

Rd

∇(∇vm + xv)
( |x|2

2
− m

1−m
vm−1

)
dx

pou me olokl rwsh kata par�gontec kai antikajist¸ntac xv +∇vm = v(x+ m
m−1

∇vm−1),
katal goume

d

dτ
L[v(τ, ·)] = −

∫

Rd

v
∣∣∣x +

m

m− 1
∇v(τ, ·)m−1

∣∣2dx.

'Eqoume dhlad  deÐxei thn sqèsh (4.5). H apaÐthsh gia u0 leÐa kai me sumpag  forèa
mporeÐ na exaleifjeÐ kaj¸c oi leÐec, me sumpag  forèa, sunart seic eÐnai puknèc sto
q¸ro pou apaitoÔme na eÐnai h u0.
Gia na sumper�noume thn (4.7) gia d−1

d
≤ m < 1 gia d ≥ 3, 1

2
< m < 1 an d = 2,  

m > 1, ja antikatast soume to deÔtero skèloc apì thn (3.13). Tìte,

d

dτ
L[v] ≤ −2(L[v]− L[v∞])

d

dτ
L[v] + 2L[v] ≤ 2L[v∞]

d

dτ
(e2τL[v]) ≤ d

dτ
(e2τL[v∞])

e2τL[v(τ, ·)]− L[u0] ≤ e2τL[v∞]− L[v∞]

L[v(τ, ·)]− L[v∞] ≤ (L[u0]− L[v∞])e2τ
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Stic peript¸seic autèc, h (4.6) eÐnai profan c.
Gia na oloklhrwjeÐ h apìdeixh thc prìtashc mènei na deÐxoume thn (4.6) ìtan d

d+2
<

m < d−1
d

. GnwrÐzoume ìti h m�za tou v eÐnai peperasmènh kai ìti to L[v(·, τ)] eÐnai fjÐnwn
kai epomènwc omoiìmorfa fragmèno apì p�nw wc proc τ . Ja doÔme xeqwrist� ta ìria
gia k�je ìro tou L[v], epomènwc ja qreiastoÔme �nw fr�gmata gia ta

∫

Rd

v(τ, x)|x|2dx kai
∫

Rd

vm(τ, x)dx.

Efarmìzoume thn anisìthta Hölder sto vmv
−m(1−m)
∞ · vm(1−m)

∞ :
∫

ω

vmdx ≤
[ ∫

ω

v
(
σ2 +

1−m

2m
|x|2

)
dx

]m

·
[ ∫

ω

vm
∞

]1−m

, (4.12)

gia k�je ω ⊂ Rd. Apì th sqèsh aut  kai ton orismì tou L[v] paÐrnoume:
∫

Rd

v|x|2dx− 1

1−m

[ ∫

Rd

v
(
σ2 +

1−m

2m
|x|2

)
dx

]m

·
[ ∫

Rd

vm
∞dx

]1−m

≤ L[v] (4.13)

'Etsi gia to
∫
Rd v|x|2dx, èqoume mia sqèsh thc morf c

A− (C1 + A)m ≤ C2,

pou mac dÐnei omoiìmorfo fr�gma kai autì me th seir� tou mac dÐnei omoiìmorfo fr�gma
gia to

∫
Rd vmdx. 'Eqoume telik� ektim seic gia ta

∫

Rd

v
|x|2
2

dx kai ||vm||L1(Rd),

pou exart¸ntai mìno apì ta m,M kai L[v]. Gia na oloklhrwjeÐ h apìdeixh arkeÐ na
deÐxoume ìti

∫

Rd

vmdx →
∫

Rd

vm
∞dx kai

∫

Rd

v|x|2dx →
∫

Rd

v∞|x|2dx gia τ → +∞.

GnwrÐzoume  dh ìti v → v∞ ston L1(Rd). Apì autì mporoÔme na p�roume vm ⇀ vm
∞ ston

L1/m(Rd). Pr�gmati an g ∈ L1/(1−m) èqoume
∣∣∣
∫

Rd

vmgdx−
∫

Rd

vm
∞gdx

∣∣∣ =
∣∣∣
∫

Rd

(
vm − vm

∞
)
gdx

∣∣∣ ≤
∫

Rd

∣∣vm − vm
∞

∣∣gdx

≤
∫

Rd

∣∣v − v∞
∣∣mgdx ≤

( ∫

Rd

|v − v∞|dx
)m( ∫

Rd

g
1

1−m dx
)1−m

→ 0

Epilègontac thn g = χB(0,R), mporoÔme na p�roume
∫

B(0,R)

vmdx →
∫

B(0,R)

vm
∞dx gia τ → +∞, ∀R > 0.
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T¸ra, efarmìzontac thn (4.12) gia ω = {x ∈ Rd : |x| > R}, blèpoume eÔkola ìti
∫

|x|>R

vmdx → 0 gia R → +∞.

'Etsi, èqoume
∣∣∣
∫

Rd

vmdx−
∫

Rd

vm
∞dx

∣∣∣ ≤
∣∣∣
∫

|x|<R

vm −
∫

|x|<R

vm
∞dx

∣∣∣ +
∣∣∣
∫

|x|>R

vmdx
∣∣∣ +

∣∣∣
∫

|x|>R

vm
∞dx

∣∣∣,

kai gia k�je ε > 0, mporoÔme na broÔme τ0 ¸ste gia k�je τ > τ0

∣∣∣
∫

|x|<R

v(τ, ·)m −
∫

|x|<R

vm
∞dx

∣∣∣ <
ε

2
,

en¸ mporoÔme na broÔme R0, ¸ste gia k�je R > R0

∫

|x|>R

vmdx <
ε

4
kai

∫

|x|>R

vm
∞dx <

ε

4
.

'Ara telik� ∣∣∣
∫

Rd

vmdx−
∫

Rd

vm
∞dx

∣∣∣ < ε.

Apì thn �llh,
∣∣∣
∫

Rd

v|x|2dx−
∫

Rd

v∞|x|2dx
∣∣∣ ≤ R2

∫

|x|<R

|v − v∞|dx +

∫

|x|>R

|x|2vdx +

∫

|x|>R

|x|2v∞dx,

kai gia k�je ε > 0, up�rqei τ0 ¸ste ∀τ > τ0

∫

|x|<R

|v − v∞|dx <
ε

2R2
,

kai efìson ta dÔo teleutaÐa oloklhr¸mata eÐnai omoiìmorfa fragmèna, mporoÔme na
p�roume R0 ¸ste gia R > R0

∫

|x|>R

|x|2vdx <
ε

2
kai

∫

|x|>R

|x|2v∞dx <
ε

2
.

Blèpoume loipìn telik� ìti
lim

τ→+∞
L[v(τ, x)] = L[v∞].

Sth sunèqeia ja doÔme mia ektÐmhsh gia th diafor� twn v, v∞ wc proc to L. Gia
thn apìdeixh tou apotelèsmatoc ja qreiastoÔme to akìloujo l mma, to opoÐo eÐnai mia
parallag  thc anisìthtac Csiszar-Kullback.
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L mma 2. Upojètoume ìti Ω ⊂ Rd kai s eÐnai mia kurt  kai mh arnhtik  sun�rthsh sto
R+, tètoia ¸ste s(1) = 0 kai s′(1) = 0. An µ eÐnai èna m  arnhtikì mètro sto Ω kai f kai
g eÐnai m  arnhtikèc metr simec sunart seic sto Ω ¸c proc µ, tìte

∫

Ω

s
(f

g

)
gdµ ≥ K

max{∫
Ω

fdµ,
∫
Ω

gdµ} · ||f − g||2L1(Ω,dµ), (4.14)

ìpou K = 1
2
·min{K1, K2},

K1 = min
η∈(0,1)

s′′(η) kai K2 = min
θ∈(0,1),h>0

s′′(1 + θ, h)(1 + h),

ìtan ìla ta parap�nw oloklhr¸mata eÐnai peperasmèna.

Apìdeixh. QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti f, g eÐnai gn sia
jetikèc sunart seic. Jètoume h = (f − g)/g, ètsi f/g = 1 + h. An ω eÐnai èna uposÔnolo
tou Ω kai k mia jetik , oloklhr¸simh sto ω sun�rthsh, tìte apì anisìthta Cauchy-

Schwarz gia thn sun�rthsh |f−g|
k1/2 , paÐrnoume:
∫

ω

|f − g|
k

dµ ≥
( ∫

ω
|f − g| dµ

)2

∫
ω

k dµ
. (4.15)

Sth sunèqeia ja p�roume to an�ptugma Taylor thc s(t) gÔrw apì to t = 1. Efìson
èqoume apì upìjesh s(1) = s′(1) = 0, paÐrnoume

s
(f

g

)
= s(1 + h) =

1

2
s′′(1 + θh)h2,

gia k�poia sun�rthsh x 7→ θ(x) me timèc sto (0,1). Gia thn apìdeixh thc (4.14) jèloume
ektim seic apì k�tw gia to ∫

ω

s′′(1 + θh)gh2dµ.

Ja p�roume ektim seic xeqwrist� gia {f < g} kai gia {f > g}.
Gia {f < g} èqoume ìti h < 0 kai afoÔ f, g jetikèc sunart seic (1 + θh) ∈ (0, 1), �ra:

∫

{f<g}

s′′(1 + θh)gh2dµ =

∫

{f<g}

s′′(1 + θh)
|f − g|2

g
dµ ≥ K1

∫

{f<g}

|f − g|2
g

dµ.

Efarmìzontac thn (4.15) gia k = g paÐrnoume
∫

{f<g}

s′′(1 + θh)gh2dµ ≥ K1

( ∫
{f<g} |f − g|dµ

)2

∫
{f<g} gdµ

.

Gia {f > g} èqoume ìti h > 0 kai θ ∈ (0, 1) opìte èqoume
∫

{f>g}

s′′(1 + θh)gh2dµ =

∫

{f>g}

s′′(1 + θh)(1 + h)
|f − g|2

f
dµ ≥ K2

∫

{f>g}

|f − g|2
f

dµ.
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Efarmìzoume thn (4.15) gia k = f gia na p�roume thn ektÐmhsh

∫

{f>g}

s′′(1 + θh)gh2dµ ≥ K2

( ∫
{f>g} |f − g|dµ

)2

∫
{f>g} f dµ

.

An ajroÐsoume tic ektim seic èqoume
∫

Ω

s
(f

g

)
gdµ ≥

∫

{f<g}

s
(f

g

)
gdµ +

∫

{f>g}

s
(f

g

)
gdµ

≥ K1

( ∫
{f<g} |f − g|dµ

)2

∫
{f<g} gdµ

+ K2

( ∫
{f>g} |f − g|dµ

)2

∫
{f>g} f dµ

≥ K

max{∫
Ω

fdµ,
∫

Ω
gdµ}||f − g||2L1(Ω,dµ). (4.16)

Me b�sh autì to l mma, ja p�roume �mesa tic ektim seic me thn akìloujh prìtash

Prìtash 5. Upojètoume d ≥ 2. 'Estw v mia m  arnhtik  sun�rthsh tètoia ¸ste x 7→
(1 + |x|2)v kai vm na an koun ston L1(Rd) kai h v∞ ìpwc èqei oristeÐ sto pìrisma tou
prohgoÔmenou kefalaÐou.

1. An d−2
d
≤ m ≤ 1, m > 1

2
, tìte up�rqei stajer� C > 0 pou exart�tai mìno apì ta

m, M =
∫
Rd vdx kai L[v] tètoia ¸ste

C||vm − vm
∞||2L1(Rd) ≤ L[v]− L[v∞].

2. An 1 < m ≤ 2 kai R =
√

2m
m−1

σ2, tìte

C||(v − v∞)vm−1
∞ ||2L1(Rd) ≤ L[v]− L[v∞].

Apìdeixh. Ja efarmìsoume �mesa to l mma gia kat�llhlh kurt  sun�rthsh s kai kat�l-
lhlo mètro µ.

Gia m < 1 paÐrnoume

s(t) =
mt1/m − t

1−m
+ 1 kai dµ(x) = dx.

Gia thn s, blèpoume eÔkola ìti s(1) = s′(1) = 0 kai K1 = K2 = 1
m
. Efarmìzoume to

l mma gia f = vm, g = vm
∞ gia na p�roume:

A[v] =

∫

Rd

s
(vm

vm∞

)
vm
∞dx ≥ 1

2m ·max{∫Rd vmdx,
∫
Rd vm∞dx}||v

m − vm
∞||2L1(Rd). (4.17)
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MporoÔme na doÔme ìti

A[v] =

∫

Rd

{ m

1−m
vvm−1
∞ − 1

1−m
vm + vm

∞
}

dx.

Antikajist¸ntac to v∞ apì ton orismì tou ston pr¸to ìro tou oloklhr¸matoc kai apì
ton orismì tou L[v] katal goume:

A[v] =

∫

Rd

mσ2

1−m
vdx−

∫

Rd

1

1−m
vmdx +

∫

Rd

v
|x|2
2

dx +

∫

Rd

vm
∞dx

=

∫

Rd

mσ2

1−m
vdx + L[v] +

∫

Rd

vm
∞dx,

�ra telik�

A[v] =
mσ2M

1−m
+ L[v] +

∫

Rd

vm
∞dx.

Apì thn �llh, èqoume ìti A[v∞] = 0 afoÔ s(1) = 0. 'Ara, mporoÔme na p�roume

mσ2M

1−m
+ L[v∞] +

∫

Rd

vm
∞dx = 0 =⇒ mσ2M

1−m
+

∫

Rd

vm
∞dx = −L[v].

'Ara, A[v] = L[v]− L[v∞]. Antikajist¸ntac sth sqèsh (4.17) paÐrnoume

1

2m ·max{∫Rd vmdx,
∫
Rd vm∞dx}||v

m − vm
∞||2L1(Rd) ≤ L[v]− L[v∞].

Kai efìson èqoume fr�gma gia to ||vm||L1(Rd) pou exart�tai apì ta m, M,L[v] h staje-
r� sto pr¸to mèloc thc anisìthtac exart�tai epÐshc apì aut�. Autì oloklhr¸nei thn
apìdeixh gia m < 1.

Gia 1 < m < 2, to v∞ èqei ex' orismoÔ sumpag  forèa. Sugkekrimèna o forèac tou
eÐnai mp�la me kèntro thn arq  kai aktÐna R =

√
2m

m−1
σ2.

Sth sunèqeia, ja efarmìsoume to l mma gia

s(t) =
tm −mt

m− 1
+ 1 kai dµ(x) = vm−1

∞ dx.

Blèpoume eÔkola ìti ikanopoioÔntai oi proupojèseic tou l mmatoc kai K1 = K2 = m.
Gia f = v, g = v∞, paÐrnoume

A[v] =

∫

Rd

s
( v

v∞

)
v∞dµ(x) ≥ C||v − v∞||2L1(Rd,µ) (4.18)

Koit�zontac p�li to A[v], me dedomèno ton forèa thc v∞, èqoume

A[v] =

∫

B(0,R)

1

m− 1
vm − m

m− 1

∫

B(0,R)

vσ2dx +

∫

B(0,R)

v
|x|2
2

dx

= L[v]−
∫

B(0,R)c

(
v
|x|2
2

+
1

m− 1
vm

)
dx− m

m− 1
σ2

∫

B(0,R)

vdx
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'Eqoume epÐshc ìti:

A[v∞] = 0 ⇐⇒ −L[v∞] = − m

m− 1
σ2

∫

B(0,R)

v∞dx =
m

m− 1
σ2

∫

Rd

vdx,

afoÔ M =
∫

B(0,R)
v∞dx =

∫
Rd vdx. Telik� h (4.18) gÐnetai

L[v]−L[v∞] ≥ C||(v−v∞)vm−1
∞ ||L1(Rd)+

∫

B(0,R)c

v
( |x|2

2
− m

m− 1
σ2

)
dx+

1

m− 1

∫

B(0,R)c

vmdx.

To teleutaÐo olokl rwma eÐnai megalÔtero apì mhdèn. To prìteleutaÐo eÐnai epÐshc jetikì
an doÔme to qwrÐo pou oloklhr¸noume:

|x| >
√

2m

m− 1
σ2 ⇐⇒ |x|2

2
≥ m

m− 1
σ2,

Katal goume ètsi sth sqèsh pou jèlame na deÐxoume me to C na exart�tai mìno apì ta
m,M, L[v].

T¸ra eÐmaste ètoimoi na doÔme kai na apodeÐxoume to telikì Je¸rhma gia th sumpe-
rifor� twn lÔsewn gia meg�louc qrìnouc. Sugkekrimèna,

Je¸rhma 9. Upojètoume ìti ta arqik� dedomèna u0 eÐnai mia mh arnhtik  sun�rthsh me
∫

Rd

u0(1 + |x|2)dx +

∫

Rd

um
0 dx < +∞.

An h u eÐnai lÔsh tou probl matoc (2.14)-(2.15) kai

U(x, t) = t−da ·
(
σ2 − m− 1

2m
a
|x|2
t2a

) 1
m−1

+
, a = (2− d(1−m))−1,

¸ste ∫

Rd

U(t, x)dx =

∫

Rd

u0dx,

tìte isqÔoun:

1. An d−1
d

< m < 1, m > 1
2
, tìte

lim sup
t→+∞

t
1−d(1−m)
2−d(1−m) ||um(t, ·)− Um(t, ·)||L1(Rd) < +∞.

2. An 1 < m < 2, tìte

lim sup
t→+∞

t
1+d(m−1)
2+d(m−1) ||[u(t, ·)− U(t, ·)]Um−1(t, ·)||L1(Rd) < +∞.
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Apìdeixh. H apìdeixh ja mac dojeÐ apì thn prìtash pou mìlic eÐdame kai thn ektÐmhsh
(4.7). 'Etsi, gia m < 1, èqoume

C||vm(·, τ)− vm
∞||2L1(Rd) ≤

(
L[u0]− L[v∞]

) · e−2τ ∀τ > 0,

en¸ gia m > 1

C||(v(·, τ)− v∞
)
vm−1
∞ ||2L1(Rd) ≤

(
L[u0]− L[v∞]

) · e−2τ .

An t¸ra antikatast soume to v apì ton orismì tou ìpwc dÐnetai sthn (4.2), to τ(t) =
log R(t) kai gr�fontac an�loga

u∞(t, x) = R(t)−dv∞
( x

R(t)

)
,

paÐrnoume gia m < 1

CR(t)1−d(1−m)||um − um
∞||L1(Rd) ≤

(
L[u0]− L[v∞]

) 1
2 ,

kai gia m > 1

CR(t)1+d(m−1)||(u− u∞)um−1
∞ ||L1(Rd) ≤

(
L[u0]− L[v∞

]
)

1
2 .

T¸ra,efìson R(t) ∼ ta mporoÔme eÔkola na doÔme ìti

u∞ ∼ U kaj¸c t → +∞.

'Ara, katal goume stic sqèseic pou jèlame na deÐxoume sto Je¸rhma.
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