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Eisagwg 

Skopìc thc ergasÐac aut c eÐnai h arijmhtik  epÐlush twn polustrwmatik¸n ex-

is¸sewn Saint-Venant. To klassikì sÔsthma Saint-Venant eÐnai mÐa prosèggish twn

exis¸sewn asumpÐestwn ro¸n Navier-Stokes gia rhq� ner�. Oi exis¸seic autèc peri-

gr�foun di�forec gewfusikèc roèc se pot�mia, lÐmnec, aktèc, wkeanoÔc, atmìsfaira

klp. H apodotikìtht� touc kaj¸c kai to qamhlì upologistikì touc kìstoc, tic

k�noun na qrhsimopoioÔntai polÔ suqn�.

Sthn ergasÐa aut  ja gÐnei an�lush kai epanaprosèggish twn exis¸sewn Navier-

Stokes me thn upìjesh twn rhq¸n ner¸n kai ja parousiasteÐ èna polustrwmatikoÔ

tÔpou montèlo Saint-Venant, to opoÐo ja dieurÔnei thn eggurìthta tou sq matoc,

en¸ tautìqrona diathreÐ thn upologistik  apodotikìthta tou klassikoÔ sust matoc.

Diakritopoi¸ntac to k�jeto komm�ti, prokÔptei to parak�tw sÔsthma exis¸sewn,

∂hα

∂t
+

∂hαUα

∂x
= 0,

∂hαUα

∂t
+

∂

∂x

(
hαU2

α + g
hα

∑M
β=1 hβ

2

)

=
g

(∑M
β=1

)2

2
∂

∂x

hα∑M
β=1

+ 2µ
Uα+1 − Uα

hα+1 + hα
− 2µ

Uα − Uα−1

hα + hα−1
,

ìpou (hα, hαUα)(t, x) eÐnai to di�nusma twn diathrhtik¸n metablht¸n, Ôyoc reustoÔ

kai orm  antÐstoiqa, en¸ Uα eÐnai h taqÔthta. O deÐkthc α antistoiqeÐ sto str¸ma tou
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reustoÔ, ètsi α±1 eÐnai ta geitonik� str¸mata tou α, p�nw kai k�tw. M eÐnai o suno-

likìc arijmìc twn strwm�twn, m o suntelest c ix¸douc, dhlad  thc trib c metaxÔ tou

reustoÔ pou brÐsketai se geitonik� str¸mata kai g h epit�qunsh thc barÔthtac.

Me to montèlo autì axiopoieÐtai epark¸c h plhroforÐa apì thn k�jeth sunist¸sa thc

taqÔthtac kai mporoÔme na anapar�goume me perissìterh akrÐbeia di�fora fainìmena

ìtan o suntelest c trib c tou bujoÔ den eÐnai arket� mikrìc, ìpwc se peript¸seic

jraÔshc fragm�twn. To arijmhtikì sq ma, ìpwc kai sthn perÐptwsh tou sust matoc

Saint-Venant, prèpei na ikanopoieÐ orismènec idiìthtec eust�jeiac, na eÐnai sÔmfwno

me fusikoÔc nìmouc kai na diathreÐ tic stajerèc katast�seic ([3] ,[4]). Dhlad :

1. na diathreÐ to Ôyoc jetikì hα ≥ 0,

2. na diathreÐ thn olik  orm 
∑

α hαUα ìtan m = 0,

3. oi epimèrouc katast�seic se k�je str¸ma na eÐnai sunepeÐc me to klassikì

monostrwmatikì sÔsthma Saint Venant ìtan m = 0,

4. na diathreÐ tic stajerèc katast�seic (steady states).

Gia thn arijmhtik  epÐlush tou sust matoc ja qrhsimopoihjoÔn klassikèc qalarwtikèc

mèjodoi (relaxation methods), mazÐ me mÐa Runge Kutta mèjodo ([14], [1]) pou parèqei

touc mhqanismoÔc qronik c exèlixhc. EÐnai exairetik� qamhloÔ upologistikoÔ kìstouc

kai apotelesmatikèc ìpwc deÐqnoun ta arijmhtik� paradeÐgmata.

H dom  thc ergasÐac èqei ¸c ex c. Sto pr¸to kef�laio ja gÐnei parousÐash tou

montèlou rhq¸n ud�twn, kaj¸c kai tou antÐstoiqou polustrwmatikoÔ montèlou. To

hmidiakritì, to pl rwc diakritì sq ma kaj¸c kai h an�lush twn qalarwtik¸n mejìdwn

ja gÐnei sto kef�laio 2. Tèloc sto kef�laio 3 parateÐjontai mÐa seir� peiramatik¸n

efarmog¸n kai parous�zontai ta arijmhtik� apotelèsmata twn mejìdwn.



Kef�laio 1

Exis¸seic Navier-Stokes kai

sust mata Saint-Venant

Se autì to kef�laio ja gÐnei h parousÐash twn pr¸twn bhm�twn paragwg c twn

montèlwn Saint-Venant apì tic exis¸seic Navier-Stokes, ìpwc kai mia diaforetik 

prosèggish sto prìblhma thc ap¸leiac enèrgeiac, mÐac basik c idiìthtac twn ex-

is¸sewn aut¸n.

JewroÔme tic klassikèc exis¸seic Navier-Stokes eleÔjerhc epif�neiac, ([6], [9]),

∂u

∂x
+

∂w

∂z
= 0, (1.0.1)

∂u

∂t
+

∂u2

∂x
+

∂uw

∂z
+

∂p

∂x
= 2µ

∂2u

∂x2
+ µ

∂2u

∂z2
+ µ

∂2w

∂x∂z
, (1.0.2)

∂w

∂t
+

∂uw

∂x
+

∂w2

∂z
+

∂p

∂z
= −g + µ

∂2w

∂x2
+ µ

∂2u

∂x∂z
+ 2µ

∂2w

∂z2
, (1.0.3)

me

t > 0, x ∈ R, 0 ≤ z ≤ h(t, x),

ìpou u(t, x, z) eÐnai h orizìntia taqÔthta, w(t, x, z) h k�jeth taqÔthta, p(t, x, z) h

pÐesh, h(t, x) to Ôyoc tou reustoÔ, g h barÔthta kai o suntelest c µ sqetÐzetai me to

ix¸dec. Gia aplìthta, jewroÔme thn perÐptwsh epÐpedou bujoÔ, ston opoÐo jewroÔme
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mia sunj kh mh diapèrashc kai ektimoÔme thn trib  mèsw enìc suntelest  κ

w(t, x, 0) = 0, µ
∂u

∂z
(t, x, 0) = κu(t, x, 0). (1.0.4)

Sthn eleÔjerh epif�neia jewroÔme mia sunj kh asumpiestìthtac,

µ
∂u

∂z
+ p

∂h

∂x
− 2µ

∂u

∂x

∂h

∂x
+ µ

∂w

∂x
= 0, στo z = h(t, x), (1.0.5)

p− 2µ
∂w

∂z
+ µ

∂u

∂z

∂h

∂x
+ µ

∂w

∂x

∂h

∂x
= 0, στo z = h(t, x), (1.0.6)

kai thn kinhmatik  sunoriak  sunj kh,

∂h

∂t
+ u(t, x, z = h(t, x))

∂h

∂x
− w(t, x, z = h(t, x)) = 0. (1.0.7)

To endiafèron t¸ra epikentr¸netai stic roèc rhq¸n ner¸n. Eis�goume dÔo qarak-

thristikèc diast�seic H kai L, h k�jeth kai h orizìntia antÐstoiqa. Oi roèc se rhq�

ner� qarakthrÐzontai apì to gegonìc pwc h H eÐnai polÔ mikr  se sqèsh me thn L.

Opìte kai mporeÐ na gÐnei kai h upìjesh rhq¸n ner¸n, na oristeÐ dhlad  mia mikr 

par�metroc ε = H
L . 'Etsi mporoÔme na xanagr�youme tic (1.0.1)-(1.0.3) san èna adi�s-

tato sÔsthma Navier-Stokes,

∂u

∂x
+

∂w

∂z
= 0, (1.0.8)

∂u

∂t
+

∂u2

∂x
+

∂uw

∂z
+

∂p

∂x
= 2ν

∂2u

∂x2
+

ν

ε2
∂2u

∂z2
+ ν

∂2w

∂x∂z
, (1.0.9)

ε2
(

∂w

∂t
+

∂uw

∂x
+

∂w2

∂z

)
+

∂p

∂z
= −g + ε2ν

∂2w

∂x2
+ ν

∂2u

∂x∂z
+ 2ν

∂2w

∂z2
. (1.0.10)

ParathroÔme ìti o arijmìc ν = µ/(UL) eÐnai h adi�stath morf  tou suntelest  ix¸-

douc kai pwc se ìlec tic adi�statec exis¸seic to g den dhl¸nei thn epit�qunsh thc

barÔthtac all� ton arijmì Froude, Fr = g
LU . H antÐstoiqh sunoriak  sunj kh thc

(1.0.4) gia to bujì eÐnai

w(t, x, 0) = 0,
ν

ε

∂u

∂z
(t, x, 0) = γu(t, x, 0), (1.0.11)
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ìpou γ = κ/U h adi�stath morf  tou suntelest  trib c. Oi sunoriakèc sunj kec

gia thn eleÔjerh epif�neia (1.0.5)-(1.0.6) gÐnontai

ν

ε2
∂u

∂z
+ p

∂h

∂x
− 2ν

∂u

∂x

∂h

∂x
+ ν

∂w

∂x
= 0, στo z = h(t, x), (1.0.12)

p− 2ν
∂w

∂z
+ ν

∂u

∂z

∂h

∂x
+ ε2ν

∂w

∂x

∂h

∂x
= 0, στo z = h(t, x). (1.0.13)

H kinhmatik  sunj kh (1.0.7) paramènei wc èqei.

1.1 Udrostatikì montèlo me ix¸dec

AplopoioÔme to sÔsthma (1.0.1)-(1.0.3) diathr¸ntac touc ìrouc mhdenik c kai

pr¸thc t�xhc wc proc ε kai paÐrnoume to udrostatikì montèlo me ix¸dec,

∂u

∂x
+

∂w

∂z
= 0, (1.1.1)

∂u

∂t
+

∂u2

∂x
+

∂uw

∂z
+

∂p

∂x
= 2ν

∂2u

∂x2
+

ν

ε2
∂2u

∂z2
+ ν

∂2w

∂x∂z
, (1.1.2)

∂p

∂z
= −g + ε2ν

∂2w

∂x2
+ ν

∂2u

∂x∂z
+ 2ν

∂2w

∂z2
, (1.1.3)

me

t > 0, x ∈ R, 0 ≤ z ≤ h(t, x).

Oi sunoriakèc sunj kec eÐnai oi Ðdiec me autèc tou adi�statou sust matoc Navier-

Stokes. O lìgoc gia ton opoÐo krat same ton ìro deÔterhc t�xhc sto dexÐ mèloc,

kaj¸c kai sthn sunoriak  sunj kh gia thn eleÔjerh epif�neia, eÐnai diìti eÐnai a-

paraÐthtoc gia thn ap¸leia enèrgeiac. H upologistik  poluplokìthta kai kìstoc

autoÔ tou montèlou paramènoun ìmoia me twn exis¸sewn Navier-Stokes. 'Enac trìpoc

na aplopoi soume parap�nw to montèlo eÐnai all�zontac klÐmaka stouc suntelestèc
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ix¸douc kai trib c, pr�gma pou faÐnetai na sumfwneÐ me th fusik  skopi�. Up�r-

qoun di�foroi trìpoi gia na efarmìsoume aut  thn allag  klÐmakac ([5]). Ed¸ ja

qrhsimopoi soume thn

ν = εν0, γ = εγ0. (1.1.4)

1.2 To klassikì udrostatikì montèlo

JewroÔme to sÔsthma (1.0.8)-(1.0.10) kai thn morf  (1.1.4) gia touc ìrouc ix¸-

douc kai trib c. Krat¸ntac mìno touc ìrouc mhdenik c t�xhc paÐrnoume to klassikì

udrostatikì montèlo,

∂u

∂x
+

∂w

∂z
= 0, (1.2.1)

∂u

∂t
+

∂u2

∂x
+

∂uw

∂z
+

∂p

∂x
=

ν0

ε

∂2u

∂z2
, (1.2.2)

∂p

∂z
= −g, (1.2.3)

ìpou

t > 0, x ∈ R, 0 ≤ z ≤ h(t, x).

AfoÔ aplopoi soume kai touc ìrouc stic sunoriakèc sunj kec (1.0.11)-(1.0.13) è-

qoume

w(t, x, 0) = 0, (1.2.4)
ν0

ε

∂u

∂z
(t, x, 0) = γ0u(t, x, 0),

∂u

∂z
(t, x, h(t, x)) = 0, (1.2.5)

p(t, x, h(t, x)) = 0. (1.2.6)

To sÔsthma sundèetai akìma me thn kinhtik  sunoriak  sunj kh (1.0.7). Lamb�non-

tac upìyhn tic sunoriakèc sunj kec gia thn pÐesh sthn eleÔjerh epif�neia (1.2.6), h

(1.2.3) gÐnetai

p(t, x, z) = g(h(t, x)− z). (1.2.7)
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1.3 To polustrwmatikì sÔsthma Saint-Venant

T¸ra mporoÔme na par�goume to montèlo Saint-Venant . Autì ja epiteuqjeÐ

analÔontac ta udrostatik� montèla pou èqoun  dh parousiasteÐ. Sto [12] proseggÐ-

zontai ta monostrwmatik� montèla Saint-Venant kai orÐzontac thn mèsh taqÔthta,

U(t, x) =
1

h(t, x)

∫ h

0
u(t, x, z)dz,

phgaÐnoume apì to udrostatikì montèlo (1.2.1)-(1.2.3) kai to udrostatikì montèlo

me ix¸dec (1.1.1)-(1.1.3) mazÐ me thn (1.1.4) sto klassikì (monostrwmatikì) sÔsthma

Saint-Venant me trib ,

∂h

∂t
+

∂(hU)
∂x

= 0, (1.3.1)

∂(hU)
∂t

+
∂

∂x

(
hU2 +

gh2

2

)
= −κU, (1.3.2)

kai to sÔsthma Saint-Venant me ix¸dec kai trib ,

∂h

∂t
+

∂(hU)
∂x

= 0, (1.3.3)

∂(hU)
∂t

+
∂

∂x

(
hU2 +

gh2

2

)
= − κ

1 + κh
3µ

U + 4µ
∂

∂x

(
h

∂U

∂x

)
, (1.3.4)

me asumptwtik  an�lush kai prosèggish se t�xeic O(ε) kai O(ε2) twn exis¸sewn

Navier-Stokes antÐstoiqa. Perissìterec leptomèreiec p�nw se autì to jèma mporoÔn

na brejoÔn sta [12], [9].

ParathroÔme pwc to klassikì sÔsthma Saint-Venant (1.3.1)-(1.3.2) dÐnei thn akrib 

lÔsh tou udrostatikoÔ sust matoc (1.2.1)-(1.2.3), ìtan den up�rqei trib  ston bujì

(γ0 = 0). Pr�gmati, mporoÔme na epilèxoume,

u(t, x, z) = U(t, x), w(t, x, z) = −z
∂U

∂x
, p(t, x, z) = g(h(t, x)− z),
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ìpou (h,U)(t, x) eÐnai h lÔsh tou klassikoÔ sust matoc Saint-Venant (1.3.1)-(1.3.2).

EpÐshc to Ðdio sumbaÐnei kai me ta montèla me ix¸dec. H lÔsh (hv, Uv)(t, x) tou mon-

tèlou Saint-Venant me ix¸dec (1.3.3)-(1.3.4) , qwrÐc trib  bujoÔ, dÐnei lÔsh gia to

udrostatikì sÔsthma me ix¸dec (1.1.1)-(1.1.3) an kai mìno an isqÔei kai h isìthta

4
∂

∂x

(
hv

∂Uv

∂x

)
= 3hv

∂2Uv

∂x2
.

T¸ra ja per�soume se mÐa perissìtero leptomer  prosèggish. Eidikìtera epijumoÔme

na krat soume plhroforÐa gia to k�jeto mèroc thc taqÔthtac, ìpwc eÐqame anaferjeÐ

sthn arq .

1.4 To polustrwmatikì montèlo Saint-Venant

JewroÔme to udrostatikì montèlo (1.2.1)-(1.2.3). Arqik� diakritopoioÔme th

metablht  z. 'Ustera gia k�poio M ∈ N orÐzoume M endi�mesa Ôyh neroÔ tètoia

¸ste

0 = H0(t, x) ≤ H1(t, x) ≤ H2(t, x) ≤ . . . ≤ HM−1(t, x) ≤ HM (t, x) = h(t, x).

Gia k�je str¸ma orÐzoume to Ôyoc tou reustoÔ wc

hα = Hα(t, x)−Hα−1(t, x), ∀ α = 1...M,

kai thn mèsh taqÔthta

Uα(t, x) =
1

hα(t, x)

∫ Hα

Hα−1

u(t, x, z) dz, ∀ α = 1...M.

'Etsi, sÔmfwna me ta parap�nw,

Hα(t, x) =
α∑

j=1

hj(t, x),
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Sthn eikìna 1 faÐnetai grafik� èna par�deigma tess�rwn strwm�twn, ta Ôyh kai oi

taqÔthtec ìpwc orÐsthkan parap�nw.

Eikìna 1 : Polustrwmatik  prosèggish

Tìte to polustrwmatikì sÔsthma Saint-Venant pou orÐzetai apì

∂h1

∂t
+

∂h1U1

∂x
= 0, (1.4.1)

∂h1U1

∂t
+

∂

∂x

(
h1U

2
1

)
+ gh1

∂

∂x

M∑

β=1

hβ = 2µ
U2 − U1

h2 + h1
− κU1, (1.4.2)

∂hα

∂t
+

∂hαUα

∂x
= 0, (1.4.3)

∂hαUα

∂t
+

∂

∂x

(
hαU2

α

)
+ ghα

∂

∂x

M∑

β=1

hβ = 2µ
Uα+1 − Uα

hα+1 + hα
− 2µ

Uα − Uα−1

hα + hα−1
, (1.4.4)

για α = 2, . . . ,M − 1,

∂hM

∂t
+

∂hMUM

∂x
= 0, (1.4.5)

∂hMUM

∂t
+

∂

∂x

(
hMU2

M

)
+ ghM

∂

∂x

M∑

β=1

hβ = −2µ
UM − UM−1

hM + hM−1
, (1.4.6)
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proèrqetai apì asumptwtik  prosèggish t�xhc O(ε) mazÐ me thn k�jeth di-

akritopoÐhsh tou udrostatikoÔ montèlou kai kat' epèktash, twn exis¸sewn

Navier-Stokes.

Gia thn apìdeixh o anagn¸sthc parapèmpetai sto [3]. To sÔsthma (1.4.1)-(1.4.6) èqei

dÔo basik� meionekt mata. Arqik�, se antÐjesh me thn monostrwmatik  perÐptwsh, oi

ìroi pÐeshc den eÐnai se diathrhtik  morf  kai ètsi o orismìc touc den eÐnai profan c

ìtan parousi�zontai kroustik� kÔmmata. Epiplèon to sÔsthma den eÐnai uperbolikì.

Gia na xeper�soume aut� ta probl mata k�noume th di�spash

ghα
∂

∂x




M∑

β=1

hβ


 =

1
2

ghα
∂

∂x




M∑

β=1

hβ


 +

1
2

ghα
∂

∂x




M∑

β=1

hβ


 ,

kai prosjafair¸ntac ton ìro

1
2

g




M∑

β=1

hβ


 ∂hα

∂x
,

paÐrnoume

ghα
∂

∂x




M∑

β=1

hβ


 =

=
1
2

ghα
∂

∂x




M∑

β=1

hβ


+

1
2

g




M∑

β=1

hβ


 ∂hα

∂x
+

1
2

ghα
∂

∂x




M∑

β=1

hβ


−1

2
g




M∑

β=1

hβ


 ∂hα

∂x
=

=
1
2

g
∂

∂x


hα

M∑

β=1

hβ


 +

1
2

g

(∑M
β=1 hβ

)2

(∑M
β=1 hβ

)2


hα

∂

∂x




M∑

β=1

hβ


−




M∑

β=1

hβ


 ∂hα

∂x


 =

=
1
2

g
∂

∂x


hα

M∑

β=1

hβ


−

g
(∑M

β=1 hβ

)2

2
∂

∂x

(
hα∑M

β=1 hβ

)
.
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'Etsi, odhgoÔmaste se èna merik¸c diaforetikì sq ma,

∂h1

∂t
+

∂(h1U1)
∂x

= 0, (1.4.7)

∂(h1U1)
∂t

+
∂

∂x


h1U

2
1 + g

h1

(∑M
β=1 hβ

)

2


 =

=
g

(∑M
β=1 hβ

)2

2
∂

∂x

(
h1∑M

β=1 hβ

)
+ 2µ

U2 − U1

h2 + h1
− κU1, (1.4.8)

∂hα

∂t
+

∂(hαUα)
∂x

= 0, (1.4.9)

∂(hαUα)
∂t

+
∂

∂x


hαU2

α + g
hα

(∑M
β=1 hβ

)

2


 =

=
g

(∑M
β=1 hβ

)2

2
∂

∂x

(
hα∑M

β=1 hβ

)
+ 2µ

(
Uα+1 − Uα

hα+1 + hα
− Uα − Uα−1

hα + hα−1

)
, (1.4.10)

για α = 2, . . . ,M − 1,

∂hM

∂t
+

∂(hMUM )
∂x

= 0, (1.4.11)

∂(hMUM )
∂t

+
∂

∂x


hMU2

α + g
hM

(∑M
β=1 hβ

)

2


 =

=
g

(∑M
β=1 hβ

)2

2
∂

∂x

(
hM∑M
β=1 hβ

)
− 2µ

UM − UM−1

hM + hM−1
. (1.4.12)

To parap�nw sq ma diathreÐ tic jetikèc timèc tou Ôyouc, kaj¸c kai tic stajerèc

katast�seic. EpÐshc to omogenèc sÔsthma eÐnai uperbolikì kai to �jroisma tou Ôy-

ouc kai thc orm c se k�je str¸ma eÐnai miac pr¸thc t�xhc prosèggish tou klassikoÔ

sust matoc Saint-Venant.
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To parap�nw sÔsthma mporeÐ na grafeÐ san èna sÔsthma nìmwn diat rhshc me ph-

gaÐouc ìrouc,

∂uα

∂t
+

∂

∂x
F(uα) = Sα(uα), α = 1, ..., M, (1.4.13)

me

uα =


 hα

qα


 , F(uα) =


 qα(

q2
α/hα

)
+ 1

2ghα

(∑M
β=1 hβ

)

 ,

ìpou

qα = hαUα ,

S1 =




0
g(
PM

β=1 hβ)2

2
∂
∂x

(
h1PM

β=1 hβ

)
+ 2µ (q2/h2)−(q1/h1)

h2+h1
− κ(q1/h1)− g

(∑M
β=1 hβ

)
Z ′


 ,

gia α = 2, ..., M − 1,

Sα =




0
g(
PM

β=1 hβ)2

2
∂
∂x

(
hαPM

β=1 hβ

)
+ 2µ

(
(qα+1/hα+1)−(qα/hα)

hα+1+hα
− (qα/hα)−(qα−1/hα−1)

hα+hα−1

)

 ,

kai

SM =




0
g(
PM

β=1 hβ)2

2
∂
∂x

(
hMPM
β=1 hβ

)
− 2µ

(qM/hM )−(qM−1/hM−1)
hM+hM−1


 .

'Opou Z = Z(x) eÐnai h exÐswsh pou perigr�fei to bujì. Aut  eÐnai kai h telik 

morf  tou montèlou pou ja prèpei na epilujeÐ me tic mejìdouc pou parousi�zontai

sto epìmeno kef�laio. Tonizoume oti oi diathrhtikèc metablhtèc eÐnai oi hα kai qα.



Kef�laio 2

Mèjodoi epÐlushc kai

diakritopoÐhsh

Se autì to kef�laio ja parousiastoÔn oi arijmhtikèc mèjodoi epÐlushc tou prob-

l matoc (1.4.13). Ja epilèxoume qalarwtik� sq mata, qrhsimopoi¸ntac peperasmè-

nouc ìgkouc. AkoloujeÐ parousÐash twn qalarwtik¸n mejìdwn kai Ôstera h lep-

tomer c qwrik  kai qronik  diakritopoÐhsh tou (1.4.13).

2.1 Qalarwtik� sq mata

Gia aplìthta, arqik� jewroÔme to prìblhma arqik¸n tim¸n gia to bajmwtì monodi�s-

tato nìmo diat rhshc,

ut + f(u)x = 0, x ∈ R, t > 0,

u(x, 0) = u0(x), x ∈ R.
(2.1.1)

To qalarwtikì sq ma pou parousi�zetai kai sto [13] eÐnai

ut + vx = 0,

vt + c2ux = −1
ε (v − f(u)),

(2.1.2)

17
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to opoÐo mporeÐ na jewrhjeÐ omalopoÐhsh tou (2.1.1) me ton kumatikì telest ,

ut + f(u)x = −ε(utt − c2uxx) + O(ε2). (2.1.3)

E�n isqÔei h sunj kh |f ′(u)| < c tìte me mia asumtwtik  an�lush blèpoume pwc

to qalarwtikì sq ma (2.1.2) dÐnei to (2.1.1) ìtan ε → 0. Sthn perÐptwsh nìmwn

diat rhshc me phgaÐouc ìrouc,

ut + f(u)x = s(u), x ∈ R, t > 0,

u(x, 0) = u0(x), x ∈ R,
(2.1.4)

to qalarwtikì sq ma ([7]) paÐrnei thn morf 

ut + vx = s(u),

vt + c2ux = −1
ε (v − f(u)),

(2.1.5)

pou dÐnei thn omalopoÐhsh tou (2.1.4),

ut + f(u)x = s(u) + εs(u)t − ε(utt − c2uxx) + O(ε2). (2.1.6)

Den perimènoume ìti to (2.1.5) ja diathreÐ tic stajerèc katast�seic tou (2.1.4), ektìc

kai an up�rqoun eidikèc domèc pou na to epitrèpoun, ìpwc ja doÔme parak�tw. Oi

t�xeic sfalm�twn eÐnai O(ε) gi' autì kai ja epilèxoume arket� mikrì ε.

Akolouj¸ntac aut  thn idèa, efarmìzoume ston nìmo diat rhshc (1.4.13) to qalarwtikì

sq ma kai paÐrnoume èna megalÔtero sÔsthma,

hα,t + vα,x = Sα,1(hα, qα), (2.1.7)

qα,t + wα,x = Sα,2(hα, qα), (2.1.8)

vα,t + c2
α,1hα,x = −1

ε
(vα − F1(hα, qα)), (2.1.9)

wα,t + c2
α,2qα,x = −1

ε
(wα − F2(hα, qα)) , (2.1.10)



P.M.S Majhmatik� kai Efarmogèc • 19

kai jètontac

uα =


 hα

qα


 , vα =


 vα

wα


 , Cα =


 cα,1 0

0 cα,2


 , (2.1.11)

to sÔsthma (2.1.7)-(2.1.10) mporeÐ na xanagrafeÐ wc

uα,t + vα,x = Sα(uα),

vα,t + C2
αuα,x = 1

ε (vα − F(uα)),
(2.1.12)

ìpou t¸ra uα, vα ∈ R2 kai Cα ∈ R2×2. Upojètoume qwrÐc bl�bh thc genikìthtac

pwc o C èqei jetikèc idiotimèc cj > 0 για j = 1, 2 kai ètsi to (2.1.12) mporeÐ na

xanagrafeÐ san


 uα

vα




t

+


 0 I

C2
α 0





 uα

vα




x

=


 Sα(uα)

−1
ε (vα − F(uα))


 . (2.1.13)

O nìmoc diat rhshc èqei t¸ra antikatastajeÐ apì èna grammikì uperbolikì sÔsthma,

me phgaÐo ìro gia ton opoÐo vα → F(uα) kaj¸c ε → 0. Se merikèc peript¸seic mporeÐ

na deiqjeÐ pwc lÔseic tou (2.1.13) proseggÐzoun lÔseic tou arqikoÔ nìmou diat rhshc

([8], [15], [16], [18], [20]).

Gia sust mata h sunj kh pou prèpei na ikanopoieÐtai prokeimènou na èqoume sÔgklish

eÐnai gia k�je idiotim  λα thc F′(uα)

|λα| ≤ cα,max, (2.1.14)

ìpou cα,max = maxjcα,j , j = 1, 2. 'Etsi eggu¸maste pwc oi qarakthristikèc

taqÔthtec tou (2.1.13) eÐnai toul�qiston tìso meg�lec, ìso autèc tou arqikoÔ probl -

matoc. Epilègoume loipon kat�llhla tic stajerèc cα,1, cα,2 ¸ste na isqÔei h (2.1.14).

Gia th ulopoÐhsh thc mejìdou ja qrhsimopoihjoÔn sq mata peperasmènwn ìgkwn.

JewroÔme mia omoiìmorfh diamèrish tou diast matoc sto opoÐo melet�me to prìblhma

k�je for�, èstw [a, b], me N-1 eswterik� shmeÐa. 'Etsi orÐzoume ∆̃x = (b−a)/N =
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xi+1−xi me xi = a + i∆̃x ,i = 0, ..., N . Profan¸c x0 = a, xN = b. H diamèrish

sto qrìno, kaj¸c kai to qronikì b ma ∆t = tn+1 − tn ja oristoÔn parak�tw.

2.2 Peperasmènoi ìgkoi

Gia to sq ma peperasmènwn ìgkwn, efarmìzoume ston diamerismì pou parousi�sthke

parap�nw èna nèo, ston opoÐo kìmboi eÐnai ta mèsa twn keli¸n tou prohgoÔmenou di-

amerismoÔ. 'Etsi orÐzoume:

xi+ 1
2

=
xi + xi+1

2
, i = 0, ..., N − 1,

kai ∆x = xi+ 1
2
− xi− 1

2
. Profan¸c ∆x = ∆̃x ìtan o diamerismìc eÐnai omoiìmorfoc.

H proseggistik  lÔsh ston kìmbo xi kai sto qrìno tn orÐzetai wc un
α,i kai eÐnai

o proseggistikìc mèsoc ìroc thc u sto kelÐ [xi− 1
2
, xi+ 1

2
] kai sto str¸ma α. H pros-

eggistik  shmeiak  tim  thc u ston kìmbo xi+ 1
2
, ston qrìno tn kai sto str¸ma α

orÐzetai ¸c un
α,i+ 1

2

. Skopìc eÐnai dosmènwn twn shmeiak¸n tim¸n un
α,i na p�roume tic

kainoÔriec un+1
α,i , i = 0, ..., N .

Gia ton upologismì twn arqik¸n dedomènwn apì tic arqikèc sunj kec qrhsimopoi jhke

o kanìnac olokl rwshc tou Gauss 5 shmeÐwn,

∫ 1

0
g(s)ds ≈

5∑

j=1

wj g(ξj), (2.2.1)

me

ξ1 = 0.046910077030668, w1 = 0.118463442528095, (2.2.2)

ξ2 = 0.230765344947159, w2 = 0.239314335249683, (2.2.3)

ξ3 = 0.500000000000000, w3 = 0.284444444444444, (2.2.4)

ξ4 = 0.769234655052841, w4 = 0.239314335249683, (2.2.5)

ξ5 = 0.953089922969332, w5 = 0.118463442528095, (2.2.6)
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kai qrhsimopoi¸ntac kat�llhlh allag  metablht¸n.

2.3 To hmidiakritì sq ma

OrÐzoume to hmidiakritì sq ma tou (2.1.12):

∂

∂t
uα,i +

1
∆x

(vα,i+ 1
2
− vα,i− 1

2
) = Sα(uα,i), (2.3.1)

∂

∂t
vα,i +

1
∆x

C2
α(uα,i+ 1

2
− uα,i− 1

2
) = −1

ε
(vα,i − F(uα,i)), (2.3.2)

tou opoÐou to grammikì uperbolikì komm�ti èqei qarakthristikèc taqÔthtec:

vα ±Cαuα

To pr¸thc t�xhc upwind sq ma upologÐzei tic timèc ui±1/2 an�loga me thn kateÔjunsh

thc ro c, dhlad  me to prìshmo twn qarakthristik¸n taqut twn tou reustoÔ ston

kìmbo xi. Sto sq ma MUSCL , paremb�lloume stic stajerèc timèc thc lÔshc èna

pr¸thc t�xhc kat� tm mata grammikì polu¸numo, ¸ste na p�roume mÐa t�xh akrÐbeiac

perissìterh sto q¸ro. O qwrismìc twn ro¸n gÐnetai me ton Ðdio trìpo me autìn tou

upwind lamb�nontac ìmwc upìyhn kai touc nèouc ìrouc apì thn parembol . EpÐshc

me thn epilog  kat�llhlwn perioristik¸n sunart sewn upologÐzoume thn tim  thc

parag¸gou kont� se shmeÐa ìpou aut  jewrhtik� den orÐzetai, [4], [7], [10].

2.3.1 To upwind sq ma

Me b�sh ta parap�nw, h pr¸thc t�xhc upwind prosèggish twn vα±Cαuα eÐnai:

(vα + Cαuα)i+ 1
2

= (vα + Cαuα)i, (2.3.3)

(vα −Cαuα)i+ 1
2

= (vα −Cαuα)i+1. (2.3.4)

LÔnontac wc proc uα,i+1/2 kai vα,i+1/2 tic (2.3.3) kai (2.3.4) paÐrnoume:
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uα,i+ 1
2

=
1
2
(uα,i + uα,i+1)− 1

2
C−1

α (vα,i+1 − vα,i),

vα,i+ 1
2

=
1
2
(vα,i + vα,i+1)− 1

2
Cα(uα,i+1 − uα,i).

'Etsi antikajist¸ntac tic timèc twn uα,i± 1
2
kai vα,i± 1

2
stic (2.3.1) kai (2.3.2) kataskeu�-

zoume thn pr¸thc t�xhc upwind hmidiakrit  prosèggish tou qalarwtikoÔ mac sq -

matoc:

∂

∂t
uα,i +

1
2∆x

(vα,i+1 − vα,i−1)− 1
2∆x

Cα(uα,i+1 − 2uα,i + uα,i−1) = Sα(uα,i),

∂

∂t
vα,i+

1
2∆x

C2
α(uα,i+1−uα,i−1)− 1

2∆x
Cα(vα,i+1−2vα,i+vα,i−1) = −1

ε
(vα,i−F(uα,i)).

2.3.2 To sq ma MUSCL

Gia na kataskeu�soume èna sq ma deÔterhc t�xhc akrÐbeiac sto q¸ro, paremb�l-

loume stic stajerèc proseggÐseic èna kat� tm mata grammikì polu¸numo to opoÐo

ìtan efarmìzetai sthn k-ost  sunist¸sa tou vα ±Cαuα dÐnei antÐstoiqa:

(vα + cα,kuα)i+ 1
2

= (vα + cα,kuα)i +
1
2
∆xs+

α,i, (2.3.5)

(vα − cα,kuα)i+ 1
2

= (vα − ckuα)i+1 − 1
2
∆xs−α,i+1, (2.3.6)

ìpou uα, vα eÐnai oi k-ostèc sunist¸sec twn uα kai vα antÐstoiqa. Oi klÐseic s±α sto

i-ostì kelÐ orÐzontai apì:

s±α,i =
1

∆x
(vα,i+1 ± cα,kuα,i+1 − vα,i ∓ cα,kuα,i)φ(θ±α,i),

me

θ±α,i =
vα,i ± cα,kuα,i − vα,i−1 ∓ cα,kuα,i−1

vα,i+1 ± cα,kuα,i+1 − vα,i ∓ cα,kuα,i
,
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kai φ mia perioristik  sun�rthsh (limiter function, [17]) h opoÐa ikanopoieÐ:

0 ≤ φ(θ) ≤ minmod(2, 2θ).

Up�rqoun di�forec tètoiec sunart seic periorismoÔ, ìpwc:

• MinMod (MM) :

φ(θ) = max(0,min(1, θ)),

• VanLeer (VL) :

φ(θ) =
|θ|+ θ

1 + |θ| ,

• Monotonized Central (MC) :

φ(θ) = max(0,min((1 + θ)/2, 2, 2θ)),

me touc dÔo teleutaÐouc na sumperifèrontai kalÔtera sta diast mata sta opoÐa

parousi�zontai asunèqeiec, afoÔ den mei¸noun thn klÐsh tìso suqn� ìso o MM.

'Opwc kai prÐn lÔnontac tic (2.3.5) kai (2.3.6) paÐrnoume:

uα,i+ 1
2

=
1
2
(uα,i + uα,i+1)− 1

2cα,k
(vα,i+1 − vα,i) +

∆x

4cα,k
(s+

α,i + s−α,i+1),

vα,i+ 1
2

=
1
2
(vα,i + vα,i+1)− cα,k

2
(uα,i+1 − uα,i) +

∆x

4
(s+

α,i − s−α,i+1),

kai sunep¸c, antikajist¸ntac stic (2.3.1) kai (2.3.2) to hmidiakritì sq ma deÔterhc

t�xhc sto q¸ro eÐnai:

∂

∂t
uα,i +

1
2∆x

(vα,i+1 − vα,i−1)− cα,k

2∆x
(uα,i+1 − 2uα,i + uα,i−1)−

−1
4
(s−α,i+1 − s−α,i + s+

α,i−1 − s+
α,i) = Sα,k(uα,i),

∂

∂t
vα,i +

c2
α,k

2∆x
(uα,i+1 − uα,i−1)− cα,k

2∆x
(vα,i+1 − 2vα,i + vα,i−1)+

+
cα,k

4
(s−α,i+1 − s−α,i − s+

α,i−1 + s+
α,i) = −1

ε
(vα,i − Fk(uα,i)),



24 • A.E. TWN POLUSTRWMATIKWN EXISWSEWN
SAINT-VENANT

me Sα,k kai Fk na eÐnai oi k-ostèc sunist¸sec twn S kai F antÐstoiqa. ParathroÔme

pwc sthn perÐptwsh sthn opoÐa s± = 0   φ = 0, to sq ma MUSCL eÐnai akrib¸c to

upwind sq ma pr¸thc t�xhc.

2.3.3 Arqikèc kai sunoriakèc sunj kec

'Opwc eÐpame prohgoumènwc, oi arqikèc proseggÐseic upologÐzontai mèsw tou kanìn-

a olokl rwshc tou Gauss (2.2.1). OrÐzoume:

h0
α,i =

1
∆x

∫ x
i+1

2

x
i− 1

2

h0,α(x)dx,

kai

U0
α,i =

1
∆x

∫ x
i+1

2

x
i− 1

2

U0,α(x)dx.

Me thn allag  metablht c x = s ∆x+xi− 1
2
, h opoÐa metafèrei to di�sthma [xi− 1

2
, xi+ 1

2
]

sto [0,1] kai dx = ∆x ds paÐrnoume:

h0
α,i =

1
∆x

∫ x
i+1

2

x
i− 1

2

h0,α(x)dx =
∫ 1

0
h0,α(∆x s + xi− 1

2
)ds ≈

5∑

j=1

wjh0,α(∆x ξj + xi− 1
2
).

'Omoia:

U0
α,i ≈

5∑

j=1

wjU0,α(∆x ξj + xi− 1
2
),

me wj kai ξj , j = 1, ..., 5 ìpwc orÐsjhkan stic (2.2.2)-(2.2.6).

'Etsi arqikopoioÔme kai tic qα, vα, wα wc:

q0
α,i = h0

α,iU
0
α,i,

v0
α,i = q0

α,i,
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w0
α,i =

(q0
α,i)

2

h0
α,i

+ g
h0

α,i(
∑M

j=1 h0
j,i)

2
,

gia i = 0, ..., N.

Oi sunoriakèc sunj kec gia ta vα, wα eÐnai vα,bound = F(uα,bound) ìpou uα,bound

eÐnai oi sunoriakèc sunj kec pou upojètoume gia to u. Dhlad :

vα,bound = qα,bound,

wα,bound =
(qα,bound)2

hα,bound
+ g

hα,bound(
∑M

j=1 hj,bound)
2

.

2.4 To pl rwc diakritì sq ma

Gia th diakritopoÐhsh sto qrìno, ja qrhsimopoihjeÐ mia deÔterhc t�xhc Runge

Kutta mèjodoc ([14]), h opoÐa diaqeirÐzetai touc phgaÐouc kai �kamptouc ìrouc me dÔo

èmmesa b mata, en¸ me dÔo �mesa b mata touc ìrouc ro¸n. GnwrÐzontac tic timèc

un, vn, o algìrijmoc èqei wc ex c: gia k�je str¸ma α kai kìmbo i

un,1 = un, (2.4.1)

vn,1 = vn +
∆t

ε
(vn,1 − F(un,1)), (2.4.2)

u(1) = un,1 −∆tD+vn,1 + ∆tS(un,1), (2.4.3)

v(1) = vn,1 −∆tC2D+un,1, (2.4.4)

un,2 = u(1), (2.4.5)

vn,2 = v(1) − ∆t

ε
(vn,2 − F(un,2))− 2∆t

ε
(vn,1 − F(un,1)), (2.4.6)

u(2) = un,2 −∆tD+vn,2 + ∆tS(un,2), (2.4.7)

v(2) = vn,2 −∆tC2D+un,2, (2.4.8)

un+1 =
1
2
(un + u(2)), (2.4.9)

vn+1 =
1
2
(vn + v(2)), (2.4.10)
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ìpou

D+wi =
1

∆x
(wi+ 1

2
−wi− 1

2
).

Stic (2.4.2) kai (2.4.6),oi timèc vn,1 kai vn,2 upologÐzontai akrib¸c,

vn,1 =
vn − ∆t

ε F(un,1)
(1− ∆t

ε )
,

vn,2 =
v(1) + ∆t

ε F(un,2)− 2∆t
ε (vn,1 − F(un,1)

(1 + ∆t
ε )

,

Gia lìgouc eust�jeiac, h epilog  tou ∆t epib�lletai na eÐnai gia to upwind,

cmax
∆t

∆x
≤ 1,

kai gia to MUSCL,

cmax
∆t

∆x
≤ 1

2
,

ìpou

cmax = max( max
1≤α≤M

cα,1 , max
1≤α≤M

cα,2),

'Etsi oi epilogèc eÐnai gia to upwind,

∆t = CFL cmax ∆x, 0 < CFL ≤ 1,

kai gia to MUSCL,

∆t =
1
2

CFL cmax ∆x, 0 < CFL ≤ 1,

O upologismìc twn nèwn taqut twn Un+1
α,i , i = 0, ..., N gÐnetai me thn epÐlush tou

M ×M tridiag¸niou grammikoÔ sust matoc,
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


a1,i b1,i 0 · · · 0

c2,i
. . . . . . . . . ...

0
. . . . . . . . . 0

... . . . . . . . . . bM−1,i

0 · · · 0 cM,i aM,i







Un+1
1,i
...
...
...

Un+1
M,i




=




qn+1
1,i
...
...
...

qn+1
M,i




,

ìpou

a1,i = hn+1
1,i +

2µ∆tn

hn+1
1,i + hn+1

2,i

+ κ∆tn,

aα,i = hn+1
α,i + 2µ∆tn

(
1

hn+1
α,i + hn+1

α+1,i

+
1

hn+1
α,i + hn+1

α−1,i

)
, α = 2, ...,M − 1,

aM,i = hn+1
M,i +

2µ∆tn

hn+1
M,i + hn+1

M−1,i

,

bα,i = − 2µ∆tn

hn+1
α,i + hn+1

α+1,i

, α = 1, ..., M − 1,

cα,i = − 2µ∆tn

hn+1
α,i + hn+1

α−1,i

, α = 2, ..., M,

Sto epìmeno kef�laio ja elègxoume tic mejìdouc, wc proc thn apotelesmatikìtht�

touc se mÐa seir� problhm�twn anafor�c (benchmark problems).
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Kef�laio 3

Arijmhtik� apotelèsmata

Ja exet�soume th sumperifor� twn arijmhtik¸n sqhm�twn gia di�forouc arijmoÔc

strwm�twn, sumperilamb�nontac kai thn monostrwmatik  perÐptwsh. Ta probl ma-

ta aut� eÐnai klassikèc efarmogèc oi opoÐec qrhsimopoioÔntai gia na diapistwjeÐ h

eggurìthta kai h axiopistÐa tou. KÔria probl mata anafor�c eÐnai h jraÔsh fr�g-

matoc (dam-break) kai h lÔsh stajer c kat�stashc (steady state solution   lake at

rest state). Gia sÔgkrish twn apotelesm�twn me tic akribeÐc lÔseic elègxte ta [2],

[11], [19], [1].

3.1 Sq ma enìc str¸matoc me epÐpedo bujì

Arqik� ja exet�soume thn klassik  perÐptwsh tou monostrwmatikoÔ montèlou.

Ja parousi�soume thn sumperifor� tou sq matoc se epÐpedo bujì, stic peript¸seic

pou anafèrjhkan parap�nw. Oi fusikèc par�metroi tou probl matoc eÐnai κ = 0, g

= 9.8, en¸ h µ den qrhsimopoieÐtai se aut  thn perÐptwsh.

29
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3.1.1 PerÐptwsh jraÔshc fr�gmatoc (Dam-break flow)

JewroÔme to prìblhma jraÔshc fr�gmatoc se èna parallhlìgrammo kan�li me

epÐpedo bujì, Z=0. UpologÐzoume th lÔsh se èna kan�li m kouc 2000 mètrwn (di�sth-

ma [0,2000]) sto qrìno 50 deuterolèptwn apì thn stigm  pou sp�ei to fr�gma kai

arqikèc sunj kec:

u(x, 0) = 0,

h(x, 0) =





h1 x ≤ 0,

h0 x > 0,

me h1 > h0. Autì eÐnai to omogenèc prìblhma Riemann. To fr�gma sp�ei sto

qrìno t = 0 to opoÐo dhmiourgeÐ èna kroustikì kÔma (shock−wave) to opoÐo kineÐtai

dexi�, kaj¸c kai èna kÔma araÐwshc (rarefaction− wave) to opoÐo kineÐtai proc ta

arister�. To Ôyoc h1 diathreÐtai stajerì sta 10 mètra en¸ to h0 diaforopoieÐtai se

k�je èna apì ta parak�tw probl mata:

1. upokrÐsimh ro  (subcritical flow) :

ìtan o lìgoc h0/h1 eÐnai megalÔteroc apì 0.5. Sto peÐram� mac paÐrnoume

h0/h1 = 0.5. Ta apotelèsmata parousi�zontai sta graf mata 3.1 kai 3.2.

2. metakrÐsimh ro  (transcritical flow) :

O lìgoc h0/h1 eÐnai mikrìteroc apì 0.5. Ed¸ epilègoume h0/h1 = 0.05. DuskoleÔei

h anapar�stash tou kroustikoÔ kÔmatoc, en¸ to kÔma araÐwshc paramènei

subcritical (graf mata 3.3 kai 3.4).

3. uperkrÐsimh ro  (supercritical flow) :

gia polÔ mikrèc timèc tou h0/h1. Sto peÐrama h0/h1 = 0.005. Kai ta dÔo kÔmata

eÐnai dÔskolo na anaparastoÔn akrib¸c (graf mata 3.5 kai 3.6).

Oi timèc twn ε kai CFL eÐnai ε = 10−4, CFL = 0.5, en¸ oi timèc twn c1, c2 upologÐ-

zontai se k�je qronikì b ma ìpwc perigr�fhke sto prohgoÔmeno kef�laio.
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Sta apotelèsmata twn grafhm�twn 3.1 kai 3.2 faÐnetai pwc to sq ma MUSCL u-

perèqei shmantik� tou sq matoc pr¸thc t�xhc, tìso sto shock ìso kai sto kÔma

araÐwshc, sto opoÐo parathreÐtai arket  parap�nw di�qush. H akrÐbeia kont� sthn

perioq  thc asunèqeiac eÐnai polÔ megalÔterh sto sq ma MUSCL, tìso me 100, ìso

kai me 200 shmeÐa diamerismoÔ, me el�qista apì aut� na brÐskontai sthn perioq  tou

shock. H di�qush tou upwind sq matoc diathreÐtai kai sta epìmena (3.3, 3.4, 3.5, 3.6)

graf mata, me to MUSCL, qrhsimopoi¸ntac ton MC limiter, ìpwc anamenìtan, na

èqei thn kalÔterh prosèggish. Eidik� sta shock thc teleutaÐac perÐptwshc, diakrÐne-

tai kajar� h adunamÐa tou upwind na antapokrijeÐ stic apait seic tou probl matoc.

Aut� eÐnai arket� enjarruntik� apotelèsmata, eidik� qwrÐc thn epilog  enìc pio lep-

toÔ diamerismoÔ, kaj¸c anamènetai uyhl  apìdosh tou algorÐjmou se pio apaithtik�

probl mata.
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Figure 3.1 Dam break flow, subcritical case, 100 grid points, c1 = 5, c2 = 12
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Figure 3.2 Dam break flow, subcritical case, 200 grid points, c1 = 5, c2 = 12
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Figure 3.3 Dam break flow, transcritical case, 100 grid points, c1 = 6, c2 = 16
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Figure 3.4 Dam break flow, transcritical case, 200 grid points, c1 = 6, c2 = 16
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Figure 3.5 Dam break flow, supercritical case, 100 grid points, c1 = 12, c2 = 18
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Figure 3.6 Dam break flow, supercritical case, 200 grid points, c1 = 12, c2 = 18
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3.1.2 LÔsh stajer c kat�stashc (Lake at rest)

JewroÔme to kan�li ìpwc kai prin me arqikèc sunj kec t¸ra:

u(x, 0) = 0, h(x, 0) = H0 = 10.

Se aut  thn perÐptwsh oi akrib c lÔsh tou probl matoc eÐnai h(t, x) = H0 , u(t, x) =

0 , ∀t > 0. Ta apotelèsmata se qrìno 200 deuterolèptwn  tan, tìso sto upwind

ìso kai sto MUSCL (MC limiter), idanik�. H kat�stash parèmeine ìpwc arqik�

 tan anamenìmeno. Oi nìrmec sfalm�twn gia to Ôyoc kai thn orm  metr jhkan:

||hupwind −H0||L1 = 9.308E − 3, ||qupwind||L1 = 9.225E − 2

||hMUSCL −H0||L1 = 2.029E − 3, ||qMUSCL||L1 = 1.969E − 2.

H perÐptwsh epÐpedou bujoÔ dèn parousi�zei idiaÐtero endiafèron par� mìno san ar-

qik  epal jeush thc diat rhshc twn stajer¸n katast�sewn. Perissìtera sqìlia ja

gÐnoun sthn perÐptwsh anomoiìmorfhc kat�stashc tou bujoÔ.

AkoloujoÔn ta graf mata tou Ôyouc kai thc orm c. Sugkekrimèna oi eikìnec 3.7

kai 3.8, anafèrontai sto upwind sq ma, en¸ oi 3.9, 3.10 sto sq ma MUSCL.



36 • A.E. TWN POLUSTRWMATIKWN EXISWSEWN
SAINT-VENANT

0

2

4

6

8

10

0 500 1000 1500 2000

h 
(m

)

x (m)

Figure 3.7 Lake at rest, 100 grid points
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Figure 3.8 Lake at rest, 100 grid points
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Figure 3.9 Lake at rest, 100 grid points
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Figure 3.10 Lake at rest, 100 grid points
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3.2 Sq ma enìc str¸matoc me mh tetrimèno bujì

Se autì to mèroc ja doÔme th sumperifor� tou sq matoc se peript¸seic mh

tetrimènou bujoÔ, Z 6= 0. Genik� ja èqoume arqik  sunj kh gia to Ôyoc:

h(x, 0) + Z(x) = H0,

ìpou Z(x) eÐnai h exÐswsh thc epif�neiac tou bujoÔ. Ja elegjoÔn tìso oi stajerèc

katast�seic, ìso kai katast�seic ro¸n.

3.2.1 LÔsh stajer c kat�stashc

JewroÔme to prìblhm� mac me arqikèc sunj kec:

u(x, 0) = 0, h(x, 0) + Z(x) = H0,

me

Z(x) =





0.2− 0.05(x− 10)2, 8 ≤ x ≤ 12,

0, αλλιως,

se kan�li m kouc 25 mètrwn kai H = 2 mètra, ε = 10−5 kai CFL = 0.5. O qrìnoc

pou upologÐsthke h lÔsh eÐnai ta 200 deuterìlepta, me 200 shmeÐa diamerismoÔ. Oi

timèc twn c1 kai c2 diathr jhkan stajerèc c1 = 4, c2 = 4.5. Gia to sq ma MUSCL

qrhsimopoi jhke o MC limiter. H akrib c lÔsh eÐnai:

h(t, x) + Z(x) = H0 , u(t, x) = 0 , ∀t > 0.

H diafor� twn dÔo sqhm�twn gÐnetai perissìtero antilhpt  sto gr�fhma twn orm¸n

(eikìna 3.13) ìpou sto sq ma deÔterhc ikanopoieÐ polÔ kalÔtera thn stajer  kat�s-

tash. Gia na gÐnei kai poiotikìc èlegqoc, ja akolouj sei kai pÐnakac me tic nìrmec

sfalm�twn tou Ôyouc kai thc orm c. Sta graf mata 3.11 kai 3.12 faÐnetai h stajer 

kat�stash gia to k�je sq ma.
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Figure 3.11 Lake at rest, 200 grid points, c1 = 4, c2 = 4.5
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Figure 3.12 Lake at rest, 200 grid points, c1 = 4, c2 = 4.5
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Figure 3.13 Lake at rest, 200 grid points, c1 = 4, c2 = 4.5
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Stouc parak�tw pÐnakec dÐnontai ta sf�lmata upologismèna sthn L1 nìrma kai oi t�x-

eic, kaj¸c metab�lletai o suntelest c ε. Oi metr seic èginan gia timèc tou ε tètoiec

¸ste O(ε) 6= ∆t afoÔ up�rqei o periorismìc ∆t >> ε gia ta qalarwtik� sq mata.

Gia to upwind :

ε L1 error for h Rate(h) L1 error for q Rate(q)

1.E − 1 7.816E − 2 − 6.835E − 1 −
8.E − 2 5.418E − 2 1.642 5.829E − 1 0.713

6.E − 2 3.237E − 2 1.790 4.734E − 1 0.723

4.E − 2 1.513E − 2 1.875 3.553E − 1 0.707

kai gia to MUSCL :

ε L1 error for h Rate(h) L1 error for q Rate(q)

1.E − 1 7.315E − 2 − 5.960E − 1 −
8.E − 2 6.301E − 2 0.668 5.016E − 1 0.772

6.E − 2 3.014E − 2 2.563 3.784E − 1 0.979

4.E − 2 2.003E − 2 1.007 2.586E − 1 0.938

3.2.2 LÔsh stajer c ro c

'Opwc kai sto prohgoÔmeno peÐrama jewroÔme to Ðdio kan�li me ton Ðdio bujì. Oi

arqikèc sunj kec eÐnai

u(x, 0) = 0, h(x, 0) + Z(x) = H0,

me ton Ðdio diamerismì kai telikì qrìno upologismoÔ 200 deuterìlepta. An�loga me

tic arqikèc kai sunoriakèc sunj kec h ro  mporeÐ na eÐnai upokrÐsimh kai metakrÐsimh

me   qwrÐc kroustikì kÔma. Se ìlec tic peript¸seic h CFL sunj kh eÐnai stajer 

CFL = 0.5, en¸ gia ta sq mata deÔterhc t�xhc qrhsimopoi jhke o MC limiter .
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1. UpokrÐsimh (subcritical) ro :

Upojètoume Dirichlet sunoriak  sunj kh q = 4.42m2/s gia to aristerì �kro

kai Neumann ( ∂q
∂x = 0) gia to dexÐ gia thn orm , kai gia to Ôyoc Neuman-

n (∂h
∂x = 0) gia to aristerì kai Dirichlet h = 2m gia to dexÐ. Oi upìloipec

par�metroi eÐnai ε = 1.E − 5, c1 = 4 kai c2 = 7. Ta apotelèsmata parousi�-

zontai sta graf mata 3.14, 3.15 kai 3.16.

2. MetakrÐsimh (transcritical) ro  qwrÐc shock :

Upojètoume Dirichlet sunoriak  sunj kh q = 1.53m2/s gia to aristerì �kro

kai Neumann gia to dexÐ gia thn orm , kai gia to Ôyoc Neumann gia to aris-

terì kai Dirichlet h = 0.66m gia to dexÐ, mìno sthn perÐptwsh pou h ro  eÐnai

subcritical . Oi upìloipec par�metroi eÐnai ε = 1.E − 5, c1 = 5 kai c2 = 5. Ta

apotelèsmata parousi�zontai sta graf mata 3.17 kai 3.18.

3. MetakrÐsimh (transcritical) ro  me shock :

Upojètoume Dirichlet sunoriak  sunj kh q = 0.18m2/s gia to aristerì �kro

kai Neumann gia to dexÐ gia thn orm , kai gia to Ôyoc Neumann gia to aristerì

kai Dirichlet h = 0.33m gia to dexÐ. Oi upìloipec par�metroi eÐnai ε = 1.E− 6,

c1 = c2 = 5. Ta apotelèsmata parousi�zontai sta graf mata 3.19 kai 3.20.

Se aut� ta probl mata diakrÐnetai h adunamÐa tou upwind na diathrhsei thn orm 

se stajer� epÐpeda, eidik� sthn perioq  ìpou o bujìc den èqei omal  pr¸th par�g-

wgo. Ta apotelèsmat� tou sthn metakrÐsimh ro  me shock apoklÐnoun shmantik�

apì thn akrib  lÔsh, se antÐjesh me to MUSCL to opoÐo dÐnei polÔ ikanopoihtikèc

proseggÐseic.
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Figure 3.14 Subcritical flow over a hump (h)
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Figure 3.15 Subcritical flow over a hump (h)
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Figure 3.16 Subcritical flow over a hump (q)
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Figure 3.17 Transcritical flow over a hump (h)
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Figure 3.18 Transcritical flow over a hump (q)
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Figure 3.19 Transcritical flow over a hump with shock (h)
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Figure 3.20 Transcritical flow over a hump with shock(q)
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3.3 Polustrwmatikì sq ma

JewroÔme th perÐptwsh jraÔshc fr�gmatoc se epÐpedo bujì. Ja sugkrÐnoume to

monostrwmatikì (omogenèc kai mh omogenèc) sq ma me to polustrwmatikì. To kan�li

èqei m koc 120 mètra (di�sthma [-60,60]), me arqikèc sunj kec,

h(x, 0) =





2, αν x < 0,

1, αν x ≥ 0,

u(x, 0) = 0,

Oi kÔriec par�metroi gia ìla ta peir�mata eÐnai µ = 0.01, g = 2 kai κ = 0.1 gia to

mh omogenèc kai κ = 0 gia to omogenèc sÔsthma. Oi par�metroi c1, c2 upologÐzontai

se k�je qronikì b ma, CFL = 0.5, kai ε = 1.E − 5. Gia to sq ma deÔterhc t�xhc

qrhsimopoi jhke o MC limiter. O qrìnoc upologismoÔ eÐnai 14 deuterìlepta, me 200

shmeÐa diamerismoÔ.

3.3.1 SÔgkrish me monostrwmatik� montèla Saint-Venant

Ed¸ epalhjeÔoume pwc h trib  sto bujì èqei san apotèlesma thn meÐwsh thc

mèshc taqÔthtac thc ro c. Orat  eÐnai epÐshc h diafor� metaxÔ monostrwmatikoÔ

kai polustrwmatikoÔ sq matoc (10 strwm�twn), kai h adunamÐa tou pr¸tou na ana-

parast sei th ro . EpÐshc to polustrwmatikì sq ma eÐnai polÔ kont� me th lÔsh tou

Saint-Venant sust matoc me ix¸dec, to opoÐo kai perigr�fei kalÔtera tic exis¸seic

Navier-Stokes (deÐte [3]). Sta graf mata 3.21 kai 3.22 parousi�zontai ta Ôyh kai oi

taqÔthtec gia ta trÐa sq mata, qrhsimopoi¸ntac to upwind sq ma kai sta 3.23 kai

3.24 ta antÐstoiqa tou MUSCL .
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Figure 3.21 Free surface Various Saint-Venant models
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Figure 3.22 Velocity Various Saint-Venant models
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Figure 3.23 Free surface Various Saint-Venant models
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Figure 3.24 Velocity Various Saint-Venant models
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3.3.2 Sumperifor� tou polustrwmatikoÔ montèlou

Ed¸ ja melet soume thn exèlixh k�je str¸matoc (10 sunolik�). Arqik� parousi�-

zontai oi taqÔthtec k�je str¸matoc (gr�fhma 3.25 gia upwind kai 3.28 gia MUSCL)

oi opoÐec sumfwnoÔn me tic upojèseic. H trib  sto bujì k�nei ta kat¸tera str¸-

mata na kinoÔntai pio arg� se sqèsh me ta uyhlìtera. ParathroÔme pwc to sq ma

mporeÐ na upologÐzei meg�lec diaforèc metaxÔ twn strwm�twn sto bujì kai sthn

epif�neia. Sta graf mata 3.26, 3.27 (upwind) kai 3.29, 3.30 (MUSCL) faÐnontai

ta Ôyh. ParathroÔme sth sumperifor� touc pwc ta kat¸tera str¸mata lìgw twn

qamhl¸n taqut twn mènoun pÐsw apì ta an¸tera, ta opoÐa kinoÔntai sqedìn me ton

Ðdio rujmì. Ta Ðdia sumper�smata prokÔptoun kai sthn perÐptwsh dÔo strwm�twn

sta graf mata 3.31, 3.32, 3.33 (upwind) kai 3.34, 3.35, 3.36 (MUSCL).
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Figure 3.25 Layer Velocities, Multilayer Saint-Venant model
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Figure 3.26 Layer Heights, Multilayer Saint-Venant model
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Figure 3.27 Layer Heights, Multilayer Saint-Venant model
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Figure 3.28 Layer Velocities, Multilayer Saint-Venant model
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Figure 3.29 Layer Heights, Multilayer Saint-Venant model
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Figure 3.30 Layer Heights, Multilayer Saint-Venant model
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Figure 3.31 Layer velocities, Multilayer Saint-Venant model
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Figure 3.32 Layer Heights, Multilayer Saint-Venant model
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Figure 3.33 Layer Heights, Multilayer Saint-Venant model
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Figure 3.34 Layer velocities, Multilayer Saint-Venant model
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Figure 3.35 Layer Heights, Multilayer Saint-Venant model
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Figure 3.36 Layer Heights, Multilayer Saint-Venant model
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ParathroÔme epÐshc ìti akìma kai se perioqèc ìpou sunant¸ntai asunèqeiec, ta

apotelèsmata, akìma kai twn qamhlìterwn strwm�twn, eÐnai arket� omal�.



Sumper�smata

Q�rh se mia asumptwtik  an�lush twn exis¸sewn Navier-Stokes gia rhq� ner�,

dhmiourgoÔme èna polustrwmatikì montèlo Saint-Venant to opoÐo epitrèpei metablht 

k�jeth taqÔthta, diathr¸ntac thn upologistik  aptelesmatikìthta tou klassikoÔ

sust matoc Saint-Venant. To montèlo èqei thn Ðdia eggurìthta me to udrostatikì

montèlo Navier-Stokes.

To polustrwmatikì montèlo ikanopoieÐ tic basikèc sunj kec eust�jeiac, diathreÐ

to Ôyoc se jetikèc timèc, Ôparxh miac mh auxanìmenhc enèrgeiac, en¸ to diathrhtikì

komm�ti eÐnai uperbolikì. EpÐshc diathreÐ tic stajerèc katast�seic, sÔmfwna me tic

exis¸seic Saint-Venant kai Navier-Stokes.

SugkrÐseic me to klassikì Saint-Venant sÔsthma se prìblhma jraÔshc fr�gmatoc

epalhjeÔoun to montèlo.
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