
TA PROBLHMATA TOU EMPODIOU KAI
TOU LEPTOU EMPODIOU APO KOINOU

METAPTUQIAKH ERGASIA

KWNSTANTINOS J. GKIKAS

Epiblèpwn kajhght c: IWANNHS AJANASOPOULOS

PANEPISTHMIO KRHTHS

TMHMA MAJHMATIKWN
KAI

EFARMOSMENWN MAJHMATIKWN

OKTWBRIOS 2005



PerÐlhyh

Se aut n thn ergasÐa apodeiknÔoume th bèltisth C1,1 omalìthta thc lÔshc tou klasikoÔ
probl matoc empodÐou. EpÐshc apodeiknÔoume th bèltisth C1,1/2 omalìthta gia th lÔsh tou
probl matoc tou leptoÔ empodÐou. Tèloc deÐqnoume thn Cα (0 < α < 1) omalìthta tou
telest  (−∆)su ìtan ikanopoieÐ èna antÐstoiqo prìblhma empodÐou.

Lèxeic kai fr�seic kleidi� : klasikì prìblhma empodÐou, prìblhma leptoÔ empodÐou,
yeudodiaforikoÐ telestèc.
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Abstract

In this thesis we prove optimal C1,1 regularity for the classical obstacle problem. We also
prove optimal C1,1/2 regularity for the thin obstacle problem. Finally we prove Cα (0 < α < 1)
regularity for the operator (−∆)su that satisfies a similar obstacle problem.

Key words and phrases : obstacle problem, thin obstacle problem, fractional Laplace
operator.
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Kef�laio 1

Eisagwg 

O skopìc tou suggr�mmatoc autoÔ eÐnai na parousi�soume mÐa oikogèneia problhm�twn {e-
leujèrwn sunìrwn}. Ta {eleÔjera sÔnora} eÐnai mÐa perioq  twn majhmatik¸n klassik  all�
kai sÔgqronh. Oi prìsfatec exelÐxeic stic teqnikèc èdwsan meg�lo endiafèron stic efarmogèc
kai idiaitèrwc sthn qrhmatooikonomÐa. H oikogèneia me thn opoÐa ja asqolhjoÔme eÐnai aut 
twn {empodÐwn}. To klasikì prìblhma tou empodÐou perigr�fetai wc ex c.

JewroÔme mÐa elastik  membr�nh h opoÐa kalÔptei èna empìdio kai ta �kra thc keÐntai
se èna epÐpedo. Skopìc mac eÐnai apì ìlec tic dunatèc membr�nec na prosdiorÐsoume thn
membr�nh me thn el�qisth dunamik  enèrgeia. Pio sugkekrimèna, èstw èna fragmèno qwrÐo Ω,
sumbolÐzoume to empìdio me mia sun�rthsh ϕ, ìpou ϕ|∂Ω < 0 kai supΩ ϕ > 0. H amelhtèou
p�qouc membr�nh parÐstatai me mÐa sun�rthsh u pou prèpei na elaqistopoieÐ to olokl rwma:

∫

Ω

|∇u|2dx,

me u|∂Ω = 0 kai u ≥ ϕ sto Ω.
To zhtoÔmeno se èna tètoiou eÐdouc prìblhma eÐnai h Ôparxh kai monadikìthta tou elaqÐ-

stou (thn sun�rthsh u pou elaqistopoieÐ to olokl rwma), h bèltisth omalìthta thc lÔsewc
kai h omalìthta tou eleujèrou sunìrou, dhlad  to sÔnoro tou sunìlou epaf c {u = ϕ}.

Se autì to sÔggramma ja epikentrwjoÔme sto er¸thma thc beltÐstou omalìthtac thc
lÔsewc autoÔ kai twn epomènwn problhm�twn thc oikogeneÐac aut c. Sto kef�laio 2 loipìn,
parousi�zoume to apotèlesma thc bèltisthc omalìthta thc u,  toi C1,1, dedomènou ìti h ϕ
eÐnai toul�qiston C1,1. H apìdeixh aut  ofeÐletai arqik� ston J. Frehse (Ðde [9]) kai argìtera
me diaforetikì trìpo apì touc L. A. Caffarelli kai D.Kinderlehrer (Ðde [4] kai [9]).

MÐa parallag  autoÔ tou probl matoc, pou ja mac apasqol sei sto kef�laio 3 eÐnai to
gnwstì wc prìblhma tou Signorini   alli¸c prìblhma tou {leptoÔ empodÐou} pou diafèrei apì
to prohgoÔmeno prìblhma, mìno sto ìti o forèac tou empodÐou eÐnai mikrìterhc di�stashc. To
en lìgw prìblhma sqetÐzetai me to pragmatikì prìblhma tou Signorini, dhlad  thn isorropÐa
enìc elastikoÔ s¸matoc ìtan brÐsketai p�nw apì mÐa �kampth epif�nia.

To pr¸to apotèlesma gia thn omalìthta thc lÔsewc ofeÐletai ston J. Frehse (Ðde [10])
kai en suneqeÐa, sta tèlh thc dekaetÐac tou 70, ston L. A. Caffarelli ìti h lÔsh eÐnai C1,α gia
k�poio α ≤ 1/2. Diaforetikèc apodeÐxeic èqoun doj  apì touc H. Brezis kai D. Kinderlehrer
thn dekaetÐa tou 70. H bèltisth omalìthta apedeÐqjei prosf�twc apo touc I. Ajanasìpoulo
kai L. A. Caffarelli (Ðde [1]).

E�n o forèac tou empodÐou eÐnai uposÔnolo tou Ω ∩ Rn−1 tìte eÐnai dunatìn to prìblhma
tou Signorini na melethjeÐ ston Rn−1 an�loga me to klassikì prìblhma tou empodÐou, ìpou
o telest c tou Laplace antikajÐstatai me ènan mh topikì telest  thc morf c (−∆)1/2.
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Sto kef�laio 4, parousi�zoume apotelèsmata tètoia ìqi mìno me ekjèth 1/2, all� me
ekjèth s, ìpou 0 < s ≤ 1. Edikìtera, parousi�zoume thn Cα omalìthta thc (−∆)su, gia
s ∈ (0, 1) kai gia mÐa epark¸c omal  sun�rthsh ϕ, ìpou sumperaÐnoume apì thn par�grafo
(5.4) tou parart matoc ìti u ∈ Cα+2s   u ∈ C1,α+2s−1 dedomènou ìti α + 2s < 1   α + 2s > 1
antÐstoiqa. Tèloc axÐzei na shmeiwjeÐ ìti o L. E. Silvestre èqei apodeÐxei, ìti èqoume bèltisth
omalìthta C1,s thc u, ìtan to sÔnolo Λ = {u = ϕ} eÐnai kurtì (Ðde [19]). 'Otan to sÔnolo Λ
eÐnai tuqaÐo h bèltisth omalìthta thc u paramènei anoiqtì prìblhma.

Se autì to plaÐsio, to prìblhma isodunameÐ me thn melèth twn ex c: na eurej  mÐa sun�r-
thsh u pou ikanopoieÐ,

1. u ≥ ϕ ston Rn

2. (−∆)su ≥ 0 ston Rn

3. (−∆)su = 0 gia ekeÐna ta x ètsi ¸ste u(x) > ϕ(x)

4. lim|x|→+∞ u(x) = 0,

me thn sun�rthsh ϕ na paÐrnei kai jetikèc timèc kai mh-jetikèc sto �peiro.

'Opou to parap�nw prìblhma tautÐzetai me ekeÐno tou klasikoÔ empodÐou gia s = 1 kai
ekeÐnou tou leptoÔ empodÐou gia s = 1/2 (Ðde par�grafo (2.1) kai par�grafo (4.3) antÐstoiqa).

Sunolik� ta probl mata empodÐwn, apant¸ntai se pollèc kai di�forec efarmogèc tìso twn
fusik¸n ìso kai twn oikonomik¸n episthm¸n. IdiaÐtera qrhsimopoioÔntai gia thn timolìghsh
diafìrwn qrhmathsthriak¸n proiìnton kai dh twn parag¸gwn amerik�nikou tÔpou. Telik�
kleÐnoume thn eisagwg  me mÐa tètoia efarmog . 'Estw èna amerik�niko dikaÐwma p¸lhshc me
paradotèa tim  K kai orÐmansh T. Dhlad  o k�toqìc tou èqei to dikaÐwma, all� ìqi thn upo-
qrèwsh na pwl sei to prwtogenèc proðìn, apì th stigm  pou èqei upogr�yei to sumbìlaio e¸c
th qronik  stigm  T , sthn prosumfwnhmènh tim  K. E�n upojèsoume ìti h axÐa tou prwto-
genoÔc proðìntoc dÐdetai wc mÐa stoqastik  anèlixh Xt me X0 = x gia k�poio x ∈ Rn, tìte to
kèrdoc tou katìqou ston qrìno t eÐnai ϕ(Xt) = (K −Xt)

+. To zhtoÔmeno eÐnai na prosdiori-
sjeÐ h axÐa tou dikai¸matoc autoÔ, dhlad  ti prèpei na plhr¸sei k�poioc gia na agor�sei autì
to sumbìlaio. O prosdiorismìc thc axÐac aut c basÐzetai sthn {arq  thc mh-epithdiìthtac}.
H arq  aut  perigr�fetai wc {den eÐnai dunatìn na kerdÐsoume apì mÐa qrhmatisthriak  pr�xh
qwrÐc na diakinduneÔsoume k�poio posì} (Ðde [2]   biblÐo tou J.C.Hull [13] ). To prìblhma
autì eÐnai isodÔnamo me to na broÔme mia sun�rthsh u pou na ikanopoieÐ thn sqèsh,

u(x) = sup
t

E[ϕ(Xt); t < T ].

H sun�rthsh aut  antiproswpeÔei thn axÐa tou dikai¸matoc thn qronik  stigm  mhdèn, e�n
h arqik  axÐa tou prwtogenoÔc proðìntoc eÐnai x. Sthn perÐptws  mac, paÐrnoume T = +∞,
dhlad  exet�zoume thn perÐtwsh pou èqoume èna aènao amerik�niko dikaÐwma. Se aut  thn
perÐptwsh èqei apodeiqjeÐ ìti h u ikanopoieÐ tic sunj kec (1-4) gia s ∈ (0, 1), e�n Xt akoloujeÐ
mÐa stoqastik  anèlixh Lévy, en¸ gia s = 1, e�n Xt akoloujeÐ mÐa kÐnhsh Brown (gia
perissìterec leptomèriec Ðde [8], [17], [18]).
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Kef�laio 2

To Klasikì Prìblhma tou EmpodÐou.

2.1 ParousÐash tou Probl matoc kai Pr¸tec Idiìthtec
thc LÔsewc.

Se aut  thn par�grafo ja parousi�soume to prìblhma tou empodÐou kai ja deÐxoume tic
pr¸tec idiìthtec gia thn lÔsh tou akìloujou probl matoc:

inf
u∈K

∫

D

|∇u|2dx,

ìpou
K = {u ∈ H1, u|∂D = f(x), u ≥ ϕ sqedìn pantoÔ}.

Ed¸ to D ⊆ Rn eÐnai anoiqtì, fragmèno me omalì sÔnoro. H sun�rthsh f eÐnai omal 
sun�rthsh sto D kai ϕ eÐnai omal  sun�rthsh sto D, me ϕ|∂D < f(x), pou thn ìnomazoume
empìdio.

To parap�nw prìblhma èqei monadik  lÔsh thn opoÐa sumbolÐzoume me u0 (Ðde par�rthma
je¸rhma (5.2.1) ).

Sto parak�tw l mma deÐqnoume ìti h u0 eÐnai uperarmonik  kai sac anatrèqoume sto par�r-
thma (par�grafo (5.3) ) gia ton orismì kai k�poiec idiìthtec twn uperarmonik¸n sunart sewn.

L mma 2.1.1

a) u0 paÐrnei tÐmec an�mesa sto λ1 = min
x∈D

(f(x)) kai sto λ2 = max
x∈D

(f(x), ϕ(x)),

b) h u0 eÐnai uperarmonik .

Apìdeixh :

a) H u(x) = min (u0(x), λ2) an kei sto H1(D) kai m�lista

∇u =

{ ∇u0 , u0 ≤ λ2

0 , u0 > λ2

opìte èqw
∫

D

|∇u|2dx =

∫

{u0≤λ2}
|∇u0|2dx
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kai ∫

D

|∇u0|2dx =

∫

D

|∇u|2dx +

∫

{u0>λ2}
|∇u0|2dx ≥

∫

D

|∇u|2dx,

afoÔ om¸c u an kei sto K apì monadikìthta thc lÔshc èqw oti u = u0 σ.π. opìte èqw :

u0 = min(u0, λ2) ⇒ u0 ≤ λ2.

OmoÐwc deÐqnoume oti u0 ≥ λ1 jètontac t¸ra u = max (u0, λ1).
b) 'Estw ζ ∈ C1,1

0 (D) tìte h ζ an kei sto K opìte
∫

D

|∇u0|2dx ≤
∫

D

|∇u0 + εζ|2dx =

∫

D

|∇u0|2dx + 2ε

∫

D

∇u0∇ζdx + ε2

∫

D

∇ζdx,

phgaÐnontac to 2ε
∫

D
∇u0∇ζdx sto �llo mèloc kai apaloÐfontac to

∫
D
|∇u0|2dx diair¸ntac

me to ε kai stèlnont�c to sto 0 èqw ìti

−
∫

D

∇u0∇ζdx ≤ 0 ⇔
∫

D

u0∆ζdx ≤ 0,

h teleutaÐa isodunamÐa isqÔei afoÔ ζ ∈ C1,1
0 (D). 2

Pìrisma 2.1.2 H sun�rthsh u0 eÐnai kat� shmeÐo orismènh kai katw hmisuneq c.

Apìdeixh :

'Amesh sunèpeia apì l mma (5.3.2) kai pìrisma (5.3.3). 2

Pìrisma 2.1.3 To sÔnolo Ω = {x ∈ D : u0(x) > φ(x)} eÐnai anoiqtì kai to sÔnolo
Λ = {x ∈ D : u0(x) = φ(x)} (sqetik� wc proc D ) kleistì.

Apìdeixh :

To ìti to Λ eÐnai sqetik� kleÐsto wc proc to D èpetai apì to gegonìc ìti h U = u0 − φ
eÐnai k�tw hmisuneq c. Eidikìtera, èstw xn mÐa akoloujÐa pou an kei sto Λ me xn → x0 kai
x0 ∈ D, tìte ja èqoume :

U(x0) ≤ lim inf
xn→x0

U(xn) = lim inf
xn→x0

(φ(xn)− φ(xn)) = 0, afoÔ xn ∈ Λ.

Ap�opou sumperaÐnoume ìti u0(x0) ≤ φ(x0), ìmwc èqw ìti h u0 ikanopoieÐ thn u0(x0) ≥ φ(x0),
opìte èqw sunolik�, ìti Λ eÐnai sqetik� kleistì wc proc D. 'Ara Ω sqetik� anoÐqto wc proc
D pou shmaÐnei ìti Ω = D ∩ O ìpou O ⊆ Rn anoiqtì. 'Ara kai to Ω anoiqtì wc tom  dÔo
anoiqt¸n sunìlwn. 2

Pìrisma 2.1.4 H katanom  ∆u0 èqei forèa (sqetik�) me to D sto (sqetik�) kleistì sÔnolo
{x ∈ D : u0(x) = ϕ(x)}
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Apìdeixh :

'Estw ζ ∈ C∞
0 (Ω) kai 0 < ε <

infx∈support(ζ)(u0(x)−ϕ(x))

supx∈Ω |ζ(x)| . Tìte h u0 − εζ ∈ K opìte èqw :
∫

Ω

|∇u0|2dx ≤
∫

Ω

|∇u0 − εζ|2dx =

∫

Ω

|∇u0|2dx − 2ε

∫

Ω

∇u0∇ζdx + ε2

∫

Ω

∇ζdx.

PhgaÐnontac to −2ε
∫

D
∇u0∇ζdx sto �llo mèloc kai apaloÐfontac to

∫
D
|∇u0|2dx diair¸-

ntac me to ε kai stèlnont�c to sto 0 èqw ìti
∫

Ω

∇u0∇ζdx ≤ 0 ⇔ −
∫

Ω

u0∆ζdx ≤ 0.

H teleutaÐa isodunamÐa isqÔei afoÔ ζ ∈ C∞
0 (Ω). 'Omwc h u0 eÐnai uperarmonik  sto D �ra kai

sto Ω, opìte h u0 armonikh sto Ω. 2

Pìrisma 2.1.5 H u0 eÐnai suneq c sun�rthsh sto D.

Apìdeixh :

'Amesh sunèpeia tou jewr matoc (5.3.4). 2

2.2 Bèltisth Omalìthta thc LÔsewc.
Se aut  thn par�frafo ja deÐxoume thn C1,1 omalìthta thc lÔshc, me thn bo jeia tou para-
k�tw l mmatoc.

L mma 2.2.1 'Estw u0(x0) = ϕ(x0) tìte :
a) E�n sup|x−y|≤r(|ϕ(x)− ϕ(y))| ≤ σ(r) , tìte :

sup
x∈Br(x0)

(u0(x)− ϕ(x)) ≤ Cσ(2r).

b) E�n sup|x−y|≤r(|∇ϕ(x)−∇ϕ(y)|) ≤ σ(r)), tìte :

sup
x∈Br(x0)

(u0(x)− ϕ(x)) ≤ Crσ(2r).

'Opou C > 0 kai σ(r) aÔxousa sun�rthsh, dexi� suneq c me σ(0) = 0.

Apìdeixh :

a) JewroÔme th sun�rthsh
w(x) = u(x)− ϕ(x0) + σ(r),

pou eÐnai mÐa mh arnhtik , suneq c kai uperarmonik  sun�rthsh sto Br(x0).
'Estw w = w1 + w2, ìpou w1 armonik  sun�rthsh Ðsh me th w sto ∂Br kai w2 = w − w1.

Epiplèon, ìso h w1 tìso kai h w2 eÐnai mh arnhtikèc sunart seic, afoÔ h pr¸th eÐnai armonik 
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me w ≥ 0 sto ∂Br kai h deÔterh uperarmonik  (�ra paÐrnei el�qisth tim  sto ∂Br) kai eÐnai
Ðsh me 0 sto sÔnoro ∂Br. Opìte èqw to ex c :

0 ≤ w1, w2 ≤ w (2.1)

T¸ra gia th w1 èqw ìti isqÔei h anisìthta Harnack :

w1(x) ≤ Cw1(y) ∀x, y ∈ B r
2
(x0),

opìte apì (2.1) èqw ìti ∀x ∈ B r
2
(x0) :

w1(x) ≤ Cw1(x0) ≤ Cw(x0) = Cσ(r). (2.2)

EpÐshc gia th w2 èqw, afoÔ eÐnai armonik  sto Ω∩Br(x0), 0 sto ∂Br(x0) kai ìqi tautotik�
Ðsh me to 0 paÐrnei megisth tim  sto ∂Ω∩Br(x0). Opìte sunolik� èqw ìti paÐrnei mègisto sto
sÔnolo Λ ∩Br(x0). Dhlad , up�rqei x1 ∈ ∂Ω ∩Br(x0) pou h w2 paÐrnei mègisto kai m�lista

u0(x1) = ϕ(x1). (2.3)

Opìte apì (2.1), (2.3) èqw ìti:

w2(x1) ≤ w(x1) = u0(x1)− ϕ(x1) + σ(r) = σ(r). (2.4)

Tèloc apì tic sqèseic (2.2), (2.4) èqw ∀x ∈ B r
2
(x0) :

w(x) ≤ (C + 1)σ(r)

kai
u0(x)− ϕ(x) ≤ u0(x)− ϕ(x0) + Cσ(r) ≤ (C + 2)σ(r).

Gegonìc pou apodeiknÔei to (a).
b) DouleÔoume omoÐwc ìpwc to (a), jètontac t¸ra w(x) = u0(x)−L(x)+ rσ(r), ìpou L(x) =
ϕ(x0) +∇(ϕ(x0))(x− x0) kai parathr¸ntac ìti ∀x ∈ Br(x0)

|ϕ(x)−ϕ(x0)−∇(ϕ(x0))(x−x0)| = |
∫ 1

0

∇(ϕ(tx+ (1− t)x0))(x−x0)dt−∇(ϕ(x0))(x−x0)|.

Qrhsimopoi¸ntac t¸ra to je¸rhma mèshc timhc gia to olokl rwma èqw gia k�poio 0 ≤ t0 ≤ 1
kai c = t0x + (1− t0)x0 :

= |∇(ϕ(c))(x− x0)−∇(ϕ(x0))(x− x0)| ≤ σ(|c− x0|)|x− x0| ≤ σ(r)r.

Opìte èqw :
L(x)− rσ(r) ≤ ϕ(x) ≤ u0(x)

kai ìmoia apodukneÐw ìpwc to (a) ìti,

u0(x)− ϕ(x) ≤ u0(x)− L(x) + rσ(r) ≤ rσ(r). (2.5)

2

Je¸rhma 2.2.2 Ean h ϕ eÐnai C1,1 tìte eÐnai kai h u0.
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Apìdeixh :

1 perÐptwsh : e�n up�rqei r0, x ètsi ¸ste ∀r < r0 Br(x) ⊆ Λ tìte h u0 fr�ssetai ap'th
C1,1(D) nìrma thc ϕ.
2 perÐptwsh : e�n up�rqei 0 < r < δ, x (ìpou δ polÔ mikrì ) ètsi ¸ste Br(x) ⊂ B2r(x) ⊂⊂ Ω
tìte apì Schauder ektim seic sto eswterikì (blèpe [12]), afoÔ h u0 armonik  ekeÐ, èqw :

||u0||C1,1(Br(x)) ≤ C(r, n) sup
Br(x)

|u0(x)|

3 perÐptwsh : e�n up�rqei r0, x0 ∈ Λ ètsi ¸ste ∀r < 4r0 < 2δ Br(x0) ∩ Ω 6= ∅.
Tìte jewr¸ x1 ∈ Ω∩Br(x0) kai ρ = d(x1, Λ) = d(x1, x0). Tìte u0 armonik  ekeÐ kai jètontac
sto prohgoÔmeno l mma σ(r) = r, kai qrhsimopoi¸ntac thn sqèsh (2.5) èqw ìti, :

|∇2(u0(x1))| = |∇2(u0(x1)− Lx0(x) + ρσ(ρ))| ≤ C

ρ2
sup

Bρ(x1)

|u0 − Lx0(x) + ρσ(ρ)| ≤ C

ρ2
ρ2 = C.

Apì ìpou sumper�noume ìti oi merikèc par�gwgoi thc u0 eÐnai Lipschitz suneqeÐc. 2
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Kef�laio 3

To prìblhma tou LeptoÔ EmpodÐou.

PrwtoÔ na asqolhjeÐte me to prìblhma tou leptoÔ empodÐou ja  tan kalÔtero na deÐte thn
par�grafo (5.1) tou parart matoc.

To prìblhma tou leptoÔ empodÐou pou ja mac apasqìlhsei eÐnai to ex c :

inf
u∈K

∫

B1(0)

|∇u|2dx,

ìpou

K = {u ∈ H1(B1(0)) : u− f ∈ H1
0 (B1(0)), u ≥ 0 sto B1(0) ∩ Rn−1wc proc to H1(B1(0))}.

Ed¸ h sunarthsh f eÐnai omal  sto B1(0), summetrik  wc proc to {xn = 0}, paÐrnei timèc
tìso jetikèc ìso kai arnhtikèc sto sÔnoro kai tèloc 0 < f(x) sto B1(0) ∩ Rn−1.

To parap�nw prìblhma èqei monadik  lÔsh thn opoÐa sumbolÐzoume me u, afoÔ K kurtì
kai kleistì (blèpe par�rthma je¸rhma (5.2.1) ).

H u eÐnai summetrik  wc proc to {xn = 0} kai ìpwc sto prìblhma tou empodÐou apodeiknÔ-
etai ìmoia ìti h u eÐnai uperarmonik  kai armonik  sto anoiqtì B1(0)\Λ, ìpou Λ = {(x′, 0) ∈
B1(0) : u(x′, 0) = 0}. Ston parìn kef�laio ja apodeÐxoume ìti h uxn ∈ Cα, pou ìpwc
xèroume eÐnai mÐa ikan  sunj kh gia ta probl mata Neumann, ¸ste na sumper�noume ìti h
u ∈ C1,α(Ðde [12]).

3.1 Lipschitz Omalìthta kai Sqedìn kurtìthta.
Se aut n thn enìthta me thn bo jeia tou parak�tw l mmatoc ja deÐxw thn Lipschitz omalì-
thta gia thn u.

L mma 3.1.1 'Estw u h lÔsh tou parap�nw probl matoc tou leptoÔ empodÐou. Tìte up�rqei
mÐa stajer� C ètsi ¸ste :
a)

||u||H1(B1/2(0)) ≤ C||u||L2(B1(0))

b)
||u||L∞(B1/2(0)) ≤ C||u||L2(B1(0))
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Apìdeixh :

a)

Pr¸ta ja deÐxw ìti oi sunart seic u+, u− eÐnai ufarmonikèc. JewroÔme loipìn thn h ∈
C∞

0 (B1(0)), h ≥ 0 kai γδ thn dèlta grammik  apeikìnish tou Heaviside. Dhlad ,

γδ(u) =

{ 0 gia u ≤ 0

u/δ gia 0 < u ≤ δ

1 gia u > δ

Parathr¸ ìti :
0 ≤ u

δ
χ{0<u≤δ} ≤ χ{0<u≤δ} → 0 kaj¸c δ → 0,

opìte èqw :
γδ =

u

δ
χ{0<u≤δ} + χ{u>δ} → χ{u>0} kaj¸c δ → 0,

kai apì to je¸rhma kuriarqhmènhc sÔgklishc tou Lebesque èqw :
∫

B1(0)

γδ(u)dx →
∫

B1(0)

χ{u>0}dx kaj¸c δ → 0. (3.1)

T¸ra epilègw 0 < ε < δ/C, ìpou C = supB1(0) h, tìte h uε = u−εhγδ(u) an kei sto K, opìte
èqw : ∫

B1(0)

|∇u|2dx ≤
∫

B1(0)

|∇uε|2dx

≤
∫

B1(0)

|∇u|2dx + ε2

∫

B1(0)

|∇hγδ(u)|2dx− 2ε

∫

B1(0)

∇u∇(γδh)dx.

T¸ra apaloÐfontac ton aristerì ìro thc anÐswshc me to pr¸to olokl rwma tou dexiou
ìrou, sth sunèqeia diair¸ntac me to 2ε kai stèlnont�c to ε sto 0 èqw :

∫

B1(0)

∇u∇hγδdx ≤
∫

B1(0)

h∇u∇γδdx = −
∫

{0<u<δ}

h

δ
|∇u|2dx ≤ 0.

Apì thn sqèsh (3.1), kaj¸c to δ p�ei sto 0 èqw :
∫

B1(0)

∇u∇hχ{u>0}dx =

∫

B1(0)

∇u+∇hdx ≤ 0,

dhlad  h u+ eÐnai ufarmonik .
'Omwc afoÔ u ufarmonik  èqw ìti :

∫

B1(0)

∇u−∇hdx =

∫

B1(0)

∇u+∇hdx−
∫

B1(0)

∇u∇hdx ≤ 0.

'Ara kai h u− eÐnai ufarmonik . T¸ra jewroÔme h ∈ C∞
0 (B1(0)), 0 ≤ h ≤ 1 kai h = 1 sto

B1/2(0) tìte h w = u− h2u+ an kei sto K opìte èqw :
∫

B1(0)

|∇u|2dx ≤
∫

B1(0)

|∇w|2dx.
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K�nontac tic pr�xeic sto deutero meloc h anisìthta gÐnetai :
∫

B1(0)

|∇u|2dx ≤
∫

B1(0)

|∇u|2dx + 4

∫

B1(0)

h2|∇h|2|u+|2dx +

∫

B1(0)

h4|∇u+|2dx

−4

∫

B1(0)

hu+∇u∇hdx−
∫

B1(0)

2h2∇u+∇u + 2

∫

B1(0)

h3u+∇h∇u+dx

To pr¸to mèroc thc anisìthtac tou aristeroÔ mèrouc apaloÐfetai me to pr¸to ìro tou dexioÔ
mèrouc, epÐshc parathr¸ ìti :

∫

B1(0)

2h2∇u+∇udx =

∫

B1(0)

2h2|∇u+|2dx

kai ston tètarto kai èqto ìro efarmìzw thn Cauchy − Swhartz anisìthta me par�metrouc
ε, ε′ > 0 antÐstoiqa, opìte èqw sunolik� :

(1− 4ε− 2ε′)
∫

B1(0)

h2|∇u+|2dx ≤ C(ε, ε′, h, |∇h|)
∫

B1(0)

|u+|2dx

Opìte paÐrnw 1− 4ε− 2ε′ > 0 kai afoÔ h = 1 sto B1/2(0) èqw ìti :
∫

B1/2(0)

|∇u+|2dx ≤ C

∫

B1(0)

|u|2dx.

OmoÐwc gia thn u− èqw :
∫

B1/2(0)

|∇u−|2dx ≤ C

∫

B1(0)

|u|2dx.

Kai afoÔ ∫

B1/2(0)

|∇u|2dx =

∫

B1/2(0)

|∇u+|2dx +

∫

B1/2(0)

|∇u−|2dx.

Gegonìc pou apodeiknÔei to a) .
b)
AfoÔ h u+ eÐnai ufarmonik  ∀ x ∈ B1/2(0) èqw :

u+(x) ≤ 1

B1/8(x)

∫

B1/8(x)

u+dx

Opìte apì Jensen h teleutaÐa anÐswsh gÐnetai :

sup
B1/2(0)

u+ ≤ C||u||L2(B1(0))dx.

OmoÐwc gia thn u− èqw :
sup

B1/2(0)

u− ≤ C||u||L2(B1(0))dx.

Gegonìc pou apodeiknÔei to b), afoÔ |u| = u+ + u−. 2
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Je¸rhma 3.1.2 'Estw u h lÔsh tou parap�nw probl matoc tou leptoÔ empodÐou. Tìte up�r-
qei mÐa stajer� C ètsi ¸ste :
a)

||u||Lip(B1/2(0)) ≤ C||u||L2(B1(0))

b)
inf

B1/2(0)
uττ ≥ −C||u||L2(B1(0))

'Opou uττ eÐnai thc morf c uxixj
gia 1 ≤ i, j ≤ n− 1

Apìdeixh :

a)

Gia na apodeÐxoume to (a) paÐrnw thn tuqaÐa sun�rthsh h pou ikanopoieÐ to exhc :

{ ∆h = 0 sto B1(0)\{xn = 0}
h = 0 sto B1(0) ∩ {xn = 0}
h = −m sto ∂B1(0),

ìpou m eÐnai mÐa jetik  stajer� me −m < inf∂B1(0) u. T¸ra, h h orÐzetai se ìlh thn monadiaÐa
mp�lla kai h u eÐnai h antÐstoiqh lÔsh tou probl matoc tou empodÐou me empìdio thn h, afoÔ
èqw ìti :

{u ∈ H1(B1(0)) : u− f ;∈ H1
0 (B1(0)), u ≥ h sto B1(0)wc proc to H1(B1(0))} ⊂ K.

EpÐshc, parathr¸ ìti h h eÐnai analutik  sto B+
1/2 (kai B−

1/2 ) p�nw sto xn = 0. Jètw loipìn
M = supB1/2

|∇h|. 'Omwc xèrw ìti isqÔei |∇u| ≤ |∇h| (Ðde [15]), opìte èqw ∀x ∈ B1/2:

|∇u|2 ≤ |∇h|2 ≤ M2 ≤ C

∫

B1/2

|∇u|2dx.

Gegonìc pou oloklhr¸nei thn apìdeixh tou (a).
b)

Gia na fr�xoume thn uττ megal¸noume to empìdio sto hε(x
′, xn) = −x2

n/ε kai sumbolÐzw
thn antÐstoiqh lÔsh tou empodÐou me uε. Tìte apì apotelèsmata tou probl matoc tou empo-
dÐou (Ðde [5]) xèrw ìti (uε)ττ ≥ 0 sto {uε = hε} kaj¸c kai sto ∂{uε > hε} ∩ {uε = hε}.Ja
proqwr soume sthn apìdeix  mac t¸ra me thn bo jeia thc mèjodoc tou Berstein. 'Estw, h
omal  sun�rthsh 0 ≤ η ≤ 1 tètoia ¸ste na mhdenÐzetai kont� sto ∂(B1), η(x) = 1 ∀x ∈ B1/2

kai jètw :
g(x) = η(x)(uε)ττ (x)− λ|∇uε(x)|2.

H g gia ε < 1 paÐrnei el�qisto sto sÔnolo {uε > hε}. 'Estw ìti paÐrnei el�qisto sto x0, tìte
sto x0 èqw dÔo peript¸seic.

Pr¸th perÐptwsh :
η(x0) = 0, tìte ∀x ∈ B1/2 èqw :

(uε)ττ (x) ≥ −λ|∇uε(x0)|2.
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DeÔterh perÐptwsh :
η(x0) > 0

∆g = ∆η(uε)ττ + 2∇η∇(uε)− 2λ
n∑

i,j=1

(uε)
2
xixj

≥ 0

epiplèon ja èqw :

0 = ∇g = ∇η(uε)ττ + η∇(uε)ττ − 2
n∑

i=1

λ(uε)xi
∇(uε)xi

.

Pollaplasi�zw thn pr¸th me η kai thn teleutaÐa me ∇η kai thn afaÐrw ap'thn pr¸th, opìte
èqoume :

0 ≤ (η∆η − 2|∇η|2)(uε)ττ + 4λ∇η

n∑
i=1

(uε)xi
∇(uε)xi

− 2λη

n∑
i,j=1

(uε)
2
xixj

.

Jètw C = η(x0), C1 = supB1/2
|η∆η|+ |∇η|2, C2 = |∇η| kai gia λ > C1

C
èqw :

|D2uε|2 ≤ 4C1|D2uε||∇uε|.
'Omwc to M = −(uε)ττ (x0) ≤ |D2uε(x0)|, opìte èqw epiplèon :

M ≤ |D2uε| ≤ 4C1|∇uε|.
Tìte kai se aut  thn perÐptwsh èqw ∀x ∈ B1/2:

(uε)ττ (x) ≥ −λ|∇uε(x0)|2.
T¸ra h |∇uε| eÐnai ufarmonik  ektìc tou Λε = {uε = hε} kai ∇uε = ∇hε sto Λε. AfoÔ h
sun�rthsh h tou mèrouc (a) eÐnai analutik  kont� sto {xn = 0} kai h(x′, 0) = 0, èqw ìti
h(x′, xn) > −Cxn > hε, e�n xn > Cε. 'Omwc uε ≥ h sto {xn = 0} kai sto ∂B1 kai afoÔ uε−h
ufarmonik  sto B+

1 (kai B−
1 ), èqw ìti uε ≥ h sto B1. Opìte

Λε ⊂ {x ∈ B1(0) : |xn| ≤ Cε}. (3.2)

'Etsi, me to gegonoc, ìti h sun�rthsh max(u,−x2
n/ε) anoÐkei sto

Kε = {u ∈ H1(B1(0)) : u− f(x) ∈ H1
0 (B1(0)), u ≥ hε sto B1(0)wc proc to H1(B1(0)),

f > hε sto ∂B1}
kai me th sqèsh (3.2) èqw :

∫

B1

|∇uε|2dx ≤
∫

B1

∇max(u,−x2
n/ε)dx ≤ C ′

∫

B1

|∇u|2dx + 2C. (3.3)

T¸ra to ìti h |∇uε| eÐnai fragmènh anex�rthta tou ε sthn Br(0) me r < 1 kai x0 ∈ Br(0)
prokÔptei ìpwc sto prohgoÔmeno l mma, afoÔ h sun�rthsh max(|∇uε|, 2C) eÐnai ufarmonik .
Opìte kai stic dÔo peript¸seic ∀x ∈ B1/2 èqw :

(uε)ττ (x) ≥ −C.
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AfoÔ h uε armonik  ektoc tou Λε kai |uε| = |hε| ≤ Cε sto Λε eqw ìti h |uε| ≤ C kai ap'thn
anisìthta (3.3) èqw ìti up�rqei u′ tètoia ¸ste uε ⇀ u′ sto H1(B1(0)). EpÐshc ∀v ∈ Kε h uε

ikanopoieÐ thn (blepe sto par�rthma thn parat rhsh) :
∫

B1

∇v∇(v − uε)dx ≥ 0 (3.4)

kai afoÔ sugklÐnei asjen¸c sthn u′ èqw ìti kai h u′ ikanopoieÐ thn Ðdia sqèsh. 'Omwc gia
mikr� ε èqw ìti H1,∞ ∩ K ⊂ H1,∞ ∩ Kε, ap�opou sunep�getai ìti h u′ ikanopoieÐ thn (3.4)
∀v ∈ K, ìmwc to prìblhma tou leptoÔ empodÐou eÐnai isodÔnamo me to prìblhma na broume
mia u pou na ikanopoieÐ thn sqèsh (3.4) ∀v ∈ K opìte apì monadikìthta èqw u = u′ sqedìn
pantoÔ. Opìte ∀ζ ∈ H1

0 (Br(x0)) me Br(x0) ⊂ B1/2(0) kai Λ ∩Br(x0) = ∅, èqw :

−C

∫

Br

ζdx ≤
∫

Br

(uε)ττζdx = −
∫

Br

(uε)τζτdx → −
∫

Br

(u)τζτdx

ap�opou sunep�getai uττ (x0) ≥ −C, afoÔ uττ suneq c sto Br(x0), gegonìc pou oloklhr¸nei
thn apìdeixh tou (b). 2

Ap'to je¸rhma (3.1.2) blèpoume ìti uxnxn ≤ C sto B1/2\Λ, afoÔ h u eÐnai armonik  se autì
to qwrÐo.
Parat rhsh.

Tèloc, to L mma (3.1.1) kaj¸c kai h pro goÔmenh parat rhsh, mac epitrèpei na orÐsoume
to limxn→0 uxn(x′, xn) = limxn→0−uxn(x′,−xn) (afoÔ h u eÐnai summetrÐkh). EpÐshc, e�n
(x′, 0) den an kei sto Λ tìte h u eÐnai armonik  se autì to shmeÐo kai afoÔ eÐnai summetrik 
èqw

u(x′, xn)− u(x′, 0)

xn

= −u(x′,−xn)− u(x′, 0)

−xn

Opìte paÐrnontac to ìrio xn → 0+, èqw ìti uxn(x′, 0) = 0. Tèloc, e�n (x′, 0) ∈ Λ, jewroÔme
ζ ∈ C∞

0 (B1(0)) kai ζ ≥ 0. Tìte afoÔ h u eÐnai uperarmonik  ja isqÔei :

0 ≤
∫

B1

∇u∇ζdx = 2

∫

B+
1

∇u∇ζdx = −2

∫

xn=0

uxnζdSx ⇒ uxn(x′, 0) ≤ 0.

AfoÔ u summetrik  kai armonik  sto B+
1 .

3.2 Topikèc C1,a Ektim seic
Ja xekin soume aut n thn par�grafo gia to ti mporoÔme na sumper�noume gia thn u, apì
aut� pou  dh xèroume apì prin.

L mma 3.2.1 'Estw h u h lÔsh mac sto B1(0) kai ||u||L2(B1) ≤ 0. Tìte up�rqei k�poia sta-
jer� ¸ste sto B+

1/2 na isqÔei:

a) u(x′, xn) − Cx2
n na eÐnai koÐlh wc proc to xn, u(x′, xn) + C|x′|2 na eÐnai kurt  wc proc

to x′

Eidikìtera

b) uxn(x′, t)− uxn(x′, s) ≤ C(t− s)
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g) u(x′, t)− u(x′, 0) ≤ Ct2

d) e�n u(x′, t) ≥ h tìte sthn mis  mp�lla

HB′
r = {z′ : |z′ − x′| ≤ r, (z′ − x′)∇x′u ≥ 0}

na isqÔei u(x′, t) ≥ h− Cr2.

Apìdeixh :

a)

H u eÐnai armonik  sto B+
1/2, opìte gia na apodeÐxw ìti h u eÐnai koÐlh wc proc to xn,

paragwgÐzw thn u−Cx2
n dÔo forèc wc proc xn kai ap'to je¸rhma (3.1.2), sumperaÐnw oti eÐnai

mh jetik , �ra koÐlh. OmoÐwc douleÔw gia thn u + C|x′|2 pou thn paragwgÐzw dÔo forec wc
proc x′i pou blèpw ∀i = 1, .., n− 1 na eÐnai mh arnhtik , �ra kurt .
b)

Ap'to je¸rhma (3.1.2) prokÔptei to (b), eidikìtera èqw :

uxn(x′, t)− uxn(x′, s) =

∫ t

s

uxnxn(r)dr ≤ C(t− s)

g)

Kaj¸c sthn anisìthta sto (b) to s p�ei sto 0, tìte ap'th parat rhsh met� to je¸rhma
(3.1.2) prokÔptei h uxn ≤ Ct. Opìte ean oloklhr¸sw thn parap�nw sqèsh apì 0 e¸c t èqw
to (g).
d)

K�nontac Taylor sthn u gia z′ ∈ HB′
r(x

′) ja èqw :

u(z′, t) = u(x′, t) + (z′ − x′)∇u(x′, t) +

∫ 1

0

n−1∑
i,j=1

ux′ix
′
j
(sz′ + (1− s)x′, t)(z′i − x′i)(z

′
j − x′j)ds,

apì ìpou mèsw tou jewr matoc (3.1.2) kai thc upìjeshc prokÔptei to zhtoÔmeno. 2

Apì ed¸ kai k�tw ja doulèyoume p�nw ston kÔlindro Γr = B′
r × [0, r

2n
] gia na aplopoi -

soume thn gewmetrÐa.

Je¸rhma 3.2.2 'Estw ìti ||u||L2(Γ1) ≤ 1 kai to 0 an kei sto Λ, epÐshc upojètw ìti

inf
Γr

uxn ≥ −rα.

Tìte
sup
Γr/2

(u)− inf
Γr/2

(u) ≤ Cr1+α.

18



Apìdeixh :

An p�rw to ìrio sth sqèsh (b) tou l mmatoc (3.2.1) kai afoÔ lims→0 uxn(x′, s) ≤ 0 èqw
∀x ∈ Γr :

uxn(x′, xn) ≤ Cr ≤ Crα,

afoÔ r ≤ 1 kai α ≤ 1. Opìte lìgw autoÔ kai thc upìjeshc ja èqw sunolik� :

sup
Γr

|uxn| ≤ Crα

EpÐshc gia k�je t, s ∈ (0, r
2n

] kai tuqaÐo x′ ∈ B′
r èqw :

u(x′, t)− u(x′, s) =

∫ 1

0

uxn(x′, kt + (1− k)s)(t− s)dk ≤ Cr1+α,

ìmwc h u apì je¸rhma (3.1.2)(a) eÐnai suneq c sto Γr, opìte èqw :

sup
0≤t≤ r

2n

u− inf
0≤t≤ r

2n

u ≤ Cr1+α. (3.5)

E�n up�rqei M tètoio ¸ste na isqÔei supB′
r/2

u(x′, 0) ≤ Mr1+α tìte èqoume telei¸sei, giatÐ
ja èqoume ∀(x′, s), (y′, s) ∈ Γr/2 :

u(x′, t)− u(y′, s) = u(x′, s)− u(x′, 0)− u(y′, s) + u(x′, 0)− u(y′, 0) ≤ CMr1+α,

h teleutaÐa sqèsh prokÔptei ap'thn sqèsh (3.5) kai ap'thn upìjes  mac.

'Estw loipìn ìti den up�rqei tètoio M kai gia k�je M > 0 na isqÔei supB′
r/2

u(x′, 0) >

Mr1+α. Tìte apì l mma (3.2.1)(d) up�rqei HB′
r/2(x

′, 0) tètoia ¸ste ∀z′ ∈ HB′
r/2(x

′, 0) na
isqÔei :

u(z′, 0) ≥ Mr1+α − Cr2 ≥ C0Mr1+a , dialègontac to M >> C. (3.6)

EpÐshc èqoume

u(z′, t)− u(z′, e) =

∫ t

e

uxn(z′, s)ds ≥ −Cr1+α

PhgaÐnontac to e sto 0 kai ap'thn sqèsh (3.6) èqw :

u(z′, t) ≥ C1Mr1+α. (3.7)

JewroÔme thn sun�rthsh Vr/2 tou l mmatoc (5.3.2) gia tic n− 1 diast�seic. Tìte ja èqoume
:

∫

B′
r/2

∆z′u(z′, t)Vr/2dz′ =
∫

B′
r/2

u(z′, t)∆z′Vr/2dz′ =
∫

B′
r/2

u(z′, t)∆z′V dz′ −
∫

B′
r/2

u∆z′Pr/2dz′

kai afoÔ ∆V = C1δ(x) ja èqoume :
∫

B′
r/2

∆z′u(z′, t)Vr/2dz′ = C1u(0, t)− C2

|B′
r/2|

∫

B′
r/2

u(z′, t)dz′, (3.8)
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T¸ra e�n z′ ∈ HB′
r/2(x

′, 0), tìte isqÔei h (3.6), alli¸c ja èqoume :

u(z′, t) ≥ −Cr1+α.

Tèloc, afoÔ to mhdèn an kei sto Λ ja èqw apì to l mma (3.2.1)(g) to ex c :

u(0, t) = u(0, t)− u(0, 0) ≤ Cr2 ≤ Cr1+α.

Opìte ja èqw sunolik� :

C1u(0, t)− C2

|B′
r/2|

∫

B′
r/2

u(z′, t)dz′ ≤ −C4Mr1+α,

epiplèon oloklhr¸nontac wc proc t ja èqoume :
∫ t

0

(C1u(0, s)− C2

|B′
r/2|

∫

B′
r/2

u(z′, s)dz′)ds ≤ −C5Mr2+α. (3.9)

Tèloc gia ton pr¸to ìro thc sqèshc (3.8), oloklhr¸nont�c to wc proc t kai qrhsimopoi¸-
ntac to gegonìc ìti h u eÐnai armonik  èqw :

|
∫ t

0

∫

B′
r/2

∆z′u(z′, s)Vr/2dz′ds| = | −
∫

B′
r/2

∫ t

0

uxnxn(z′, s)Vr/2dsdz′| =

| −
∫

B′
r/2

(uxn(z′, t)− uxn(z′, 0))Vr/2dz′| ≤ Crα

∫

B′
r/2

Vr/2dz ≤ C6r
2+α.

Om¸c ap'thn sqèsh (3.9) èqoume :

−C6r
2+α ≤ −C5Mr2+α.

'Atopo e�n dialèxw to M polÔ meg�lo. 2

Je¸rhma 3.2.3 (C1,α ektÐmhsh). 'Estw u h lÔsh mac sto Γ1 me ||u||L2(Γ1) ≤ 1 kai 0 na
an kei sto Λ. Tìte up�rqei mÐa stajer� C kai µ < 1 tètoia ¸ste

sup
Γ

4−k

|u| ≤ C(
µ

4
)k

Apìdeixh :

Sthn pragmatikìthta ja deÐxw ìti :

sup
Γ

4−k

|uxn | ≤ C(µ)k.

Thn apìdeixh ja thn k�noume me epagwg . 'Estw loipìn oti gia k ≤ k0. Tìte ja èqoume :

sup
Γ

4−k0

|uxn | ≤ C(µ)k0 .

Eidikìtera èqoume,
sup

1
2
Γ

4−k0

|u| ≤ CM(
µ

4
)k0 .
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T¸ra kanonikopoioÔme th u sto Γ1 jètontac :

u(x) = C−1(
4

µ
)k0u(4−k0x).

Epiplèon, èqoume :
(i) sup |uxn | ≤ 1
(ii) sup |u| ≤ M
kai
(iii) uxnxn ≤ C0C

−1(4µ)−k0 kai uττ ≥ −C0C
−1(4µ)−k0 .

Sthn sunèqeia dialègoume k∗ ètsi ¸ste C0C
−1 ≤ C1µ

k∗ kai jètoume :

w = u− C1µ
k∗(4µ)−k0(|x′|2 − (n− 1)x2

n).

AfoÔ h w eÐnai armonik  ektìc tou Λ kai eÐnai 0 sto x = 0 paÐrnei jetikì mègisto sto
∂(Γ1/2\{u = 0}).
H w den mporeÐ na paÐrnei mègisto sto Γ1/2 ∩ Λ, afoÔ eÐnai arnhtik  ekeÐ. Opìte h w paÐrnei
megistì   se kapoio (x′0, 1/(4n)) ∈ Γ1/2   se k�poio (x′0, t) ∈ Γ1/2 me |x′0| = 1/2.
'Estw paÐrnei mègisto sto (x′0, 1/(4n)). Tìte w(x′0, 1/4n) ≥ 0 ⇒

u ≥ C1µ
k∗(4µ)−k0(|x′|2 − (n− 1)x2

n) ≥ −n− 1

16n2
C1µ

k∗(4µ)−k0 ⇒

u(x) = C−1(
4

µ
)k0u(4−k0x) ≥ −n− 1

16n2
C1µ

k∗(4µ)−k0 ⇒ u(4−k0) ≥ −n− 1

16n2
C04

−2k0

Opìte apì l mma (3.2.1) up�rqei HB′
1/2(x

′
0, 1/4n) ètsi ¸ste

u(4−k0x) ≥ −n− 1

16n2
C04

−2k0 − C0

16
4−2k0 ≥ −n− 1 + n2

16n2
4−2k0 .

Opìte èqoume sunolik� :

u ≥ −n− 1 + n2

16n2
C1µ

k∗(4µ)−k0 ∀x′ ∈ HB′
1/2(x

′
0, 1/4n)

T¸ra e�n (4−k0x′, 0) ∈ Λ, tìte k�nontac Taylor ja èqoume :

uxn(x′, 0) ≤ C3µ
k∗(4µ)−k0 (3.10)

E�n (4−k0x′, 0) den an kei sto Λ tìte uxn(x′, 0) = 0, opìte kai stic dÔo peript¸seic èqoume
ìti isqÔei h sqèsh (3.10).
Tèloc, e�n paÐrnei mègisto sto (x′0, t) ∈ Γ1/2 me |x′0| = 1/2. Totè ja sumbaÐnei to èxhc :

|xn|2 ≤ 1

16n2
=
|x′0|2
2n2

.

Opìte, afoÔ h w jetik  se autì to shmeÐo ja èqoume :

u(x′0, t) ≥
2n2 − n + 1

4n2
C1µ

k∗(4µ)−k0 .

OmoÐwc me prin ja èqoume ∀(x′, t) ∈ HB′
1/2(x

′
0, t) :

u(x′, t) ≥ 8n2 − 4n + 3

4n2
C1µ

k∗(4µ)−k0 , (3.11)
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ìmwc apo l mma (3.2.1)(g) isqÔei :

u(x′, 0) > u(x′, t)− C1µ
k∗(4µ)−k0

16n2

kai apì th sqèsh (3.11) èqoume ìti

u(x′, 0) > 0 ⇒ uxn(x′, 0) = 0 ∀x′ ∈ HB′
1/2(x

′
0, t).

'Etsi sumperaÐnoume, ìti up�rqei mis  mp�lla me kèntro k�poiou shmeÐou tou B′
1/2 pou na mac

dÐnei :
uxn(x′, 0) ≥ −C3µ

k∗(4µ)−k0 .

E�n t¸ra dialexoume to 1/4 ≤ µ ≤ 1/2, tìte èqoume gia èna sugkekrimèno k∗

0 ≥ uxn(x′, 0) ≥ −C3(
1

2
)k∗ ≥ −1

2
.

AfoÔ |uxn| ≤ 1 sto Γ1 apì thn anapar�stash tou tÔpou tou Poisson paÐrnoume,

|uxn| < θ < 1,

sto eswterikì tou qwrÐou,

D = {|x′| ≤ 1

2
, xn =

1

4n
}.

Qrhsimopoi¸ntac to gegonìc t¸ra ìti h u eÐnai hmikoÐlh epistrèfoume sto xn = 0 kai èqoume,

|u| ≤ θ + C3(
1

2
)k∗ = µ < 1,

gegonìc pou oloklhr¸nei thn apìdeixh. 2

Parat rhsh.
Apì to prohgoÔmeno jewr ma mporoÔme na sumper�noume thn Ôparxh enìc 0 < α < 1, ètsi

¸ste supΓr |uxn| ≤ Crα, opìte na sumper�noume apì to je¸rhma (3.2.3) to supΓr |u| ≤ Cr1+α.
O trìpoc pou prokÔptei autì to apotèlesma eÐnai o ex c :
èstw x ∈ Γ4−k\Γ4−k−1 tìte

|x| ≥ 2−k−1(1 + 1/2n)1/2 ⇒ log|x| ≥ (−k − 1)log2 + log(1 + 1/2n)1/2 ⇒

−k ≤ log|x|
log2

+
1− log(1 + 1/2n)1/2

log2
=

log|x|
log2

+ C1.

Ap'to l mma (3.2.3) èqoume :

|uxn | ≤ Ceklogµ ≤ Ce(
log|x|
log2

+C1)(−logµ) ⇒

|uxn | ≤ C2|x|
−logµ
log2

Apì ìpou sumperaÐnoume oti to α eÐnai Ðso me −logµ
log2

.

Pìrisma 3.2.4 'Estw h u h lÔsh mac kai ||u||L2(B1) ≤ 1, tìte up�rqei stajer� C tètoia
¸ste :

||u||C1,α(B+
1/4

) ≤ C

22



Apìdeixh :

'Estw dF (x′, t) sumbolÐzei thn apìstash tou (x′, t) ap'to Λ kai d(x1, x2) thn apìstash twn
shmeÐwn aut¸n kai jewroÔme dÔo shmeÐa (x1, t1), (x2, t2). Tèloc, epeid  mac endiafèrei pwc
èna shmeÐo apì B+

1/4 \ Λ proseggÐzei h uxn èna shmeÐo tou Λ, je¸r¸ dÔo peript¸seic. Pr¸th
perÐptwsh :

dF = max
1=1,2

dF (x′i, ti) > 4d((x′1, t1), (x
′
2, t

′
2))

AfoÔ h u eÐnai armonik  sto BdF/2
(x′1, t1)   sto (BdF/2

(x′2, t
′
2)) èqoume ìti gia k�poia

x, y ∈ BdF/2
((x′1, t1)) kai c = tx + (1− t)y, t ∈ [0, 1]:

u(x)− u(y) ≤ |∇u(c)||x− y| ≤ CdF ≤ Cd1+α
F ⇒

sup
BdF /2

(u)− inf
BdF /2

(u) ≤ Cd1+α
F

kai qrhsimopoi¸ ek twn ustèrwn ektim seic (blèpe [12]) ìpou ja èqoume :

|uxn| ≤ Cdα
F ,

sto BdF/4
(x1, t1).

E�n t¸ra
dF = max

1=1,2
dF (x′i, t) ≤ 4d((x′1, t1), (x

′
2, t

′
2))

Tìte apì prin gnwrÐzoume ìti :

|u(xi, ti)| ≤ Cd1+α
F ≤ Cd1+α

kai
∇|u(xi, ti)| ≤ Cdα

F ≤ Cdα

Opìte prokÔptei to zhtoÔmeno. 2

3.3 Kurt  PerÐptwsh
Se aut n thn par�grafo ja asqolhjoÔme me thn perÐptwsh pou uττ > 0 (uxnxn < 0). Ja
apodeÐxoume m�lista ìti h u ∈ C1,1/2.

H apìdeixh tou parap�nw sqetÐzetai me ton upologismì thc pr¸thc idiotÐmhc tou akìloujou
probl matoc idiotim¸n.

L mma 3.3.1 'Estw ∇θ sumbolÐzei to epifaneiakì gradient p�nw sthn manadiaÐa sfaÐra ∂B1.
JewroÔme

λ0 = inf
w∈H1/2(∂B+

1 ), w=0 sto ∂(B′1)−

∫
∂B+

1
|∇θw|2dS∫

∂B+
1

w2dS
,

ìpou
B+

1 = {x = (x′, xn) ∈ B1 : xn > 0}, B′
1 = B1 ∩ Rn−1

kai
∂(B′

1)
− = {x = (x′′, xn−1) ∈ B′

1 : xn−1 < 0}.
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Tìte
λ0 =

2n− 3

4

Apìdeixh :

GnwrÐzw ìti to parap�nw prìblhma idiotim¸n èqei monadik  lÔsh kai oi idiotimèc eÐnai
jetikèc. Opìte, e�n brw mÐa sun�rthsh na ikanopoieÐ tic sunj kec tou parapanw probl matoc,
na eÐnai armonik  kai pantoÔ mh arnhtik , tìte aut  h sun�rthsh antistoiqeÐ sthn pr¸th
idiotim .
JewroÔme loipìn sto B+

1 thn sun�rthsh :

w0 = ρ1/2 cos(ψ/2),

ìpou, ρ =
√

x2
n−1 + x2

n, ψ = arctan(xn−1

xn
). Apo tic sqèseic :

0 = ∆w0 = w0ρρ +
n− 1

ρ
w0ρ +

1

ρ2
∆θw0,

kai
−∆θw0 = λw0,

èqoume :

∆θw0 =
2n− 3

4
w0.

Opìte jètw :

w̃ =

{ w0(xn−1, xn) ìtan xn−1 > 0, xn > 0

w0(−xn−1, xn) ìtan xn−1 < 0, xn > 0

0 ìtan xn = 0.

Tìte h w̃ eÐnai armonik , mh arnhtik  pantoÔ kai ikanopoieÐ tic sunj kec tou probl matoc twn
idiotim¸n. Opìte eÐnai mÐa idiosun�rthsh tou probl matìc mac, pou antistoiqeÐ sthn pr¸th
idiotim  λ0. 2

L mma 3.3.2 'Estw w suneq c sun�rthsh sto B+
r , armonik  sto B+

r , w(0) = 0, w(x′, 0) ≤
0, w(x′, 0)wxn(x′, 0) = 0, ∀x′ ∈ B′

r kai {x′ ∈ B′
r : w(x′, 0) < 0} eÐnai mh kenì kai kurtì.

JewroÔme thn :

ϕ(r) =
1

r

∫

B+
r

|∇w|2
|x|n−2

tìte ϕ(r) < ∞ kai fjÐnousa wc proc to r ∈ (0, R).

Apìdeixh :

AfoÔ h w armonik , èqoume ìti ∆w2 = 2w∆w + 2|∇w|2 = 2|∇w|2 ap�opou sunep�getai :

ϕ′(r) = − 1

2r2

∫

B+
r

∆w2

|x|n−2
dx +

1

rn−1

∫

(∂Br)+
|∇w|2dS = I1 + I2.

Twra,

I1 = − 1

2r2
(

∫

B+
r

w2∆
1

|x|n−2
dx−

∫

∂B+
r

w2 ∂

∂v

1

|x|n−2
+

2wwv

|x|n−2
dS) =

1

2r2
(0 + I3 + I4)
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I3 =

∫

∂(Br)+
w2 ∂

∂v

1

|x|n−2
dS +

∫

{xn=0}
w2 ∂

∂v

1

|x|n−2
dS =

∫

∂(Br)+
w2 2− n

|x|n−1
dS =

2− n

rn−1

∫

∂(Br)+
w2dS.

I4 = −
∫

∂(Br)+

2wwv

|x|n−2
dS −

∫

{xn=0}

2wwv

|x|n−2
dS = −

∫

∂(Br)+

2wwv

|x|n−2
dS,

ìpou eqoume qrhsimopoi sei to gegonìc ìti w(x′, 0)wxn(x′, 0) = 0.
'Omwc ∀x ∈ ∂(Br)

+, èqoume wr = 1
r
∇u · x ⇒

I4 = − 1

rn−2

∫

∂(Br)+
2wwrdS.

Tèloc gia to I2 èqoume :

I2 = (
1

rn+1

∫

(∂Br)+
|∇θw|2dS +

1

rn−1

∫

(∂Br)+
|wr|2dS).

Opìte èqoume sunolik� :

ϕ′(r) ≥ 2− n

2rn+1

∫

∂(Br)+
w2dS − 1

rn

∫

∂(Br)+
wwrdS + I2

Efarmìzontac sto deÔtero ìro thn anisìthta Schwartz, èqoume

ϕ′(r) ≥ 2− n

2rn+1

∫

∂(Br)+
w2dS

−(
1

2rn+1

∫

∂(Br)+
w2dS)

1
2 (

1

rn−1

∫

∂(Br)+
2w2

rdS)
1
2 + I2 ≥

−2n− 3

4rn+1

∫

∂(Br)+
w2dS +

1

2rn+1

∫

∂(Br)+
|∇θw|2dS,

ìpou ston teleutaÐo ìro èqoume antakatast sei to I2. Tèloc, afoÔ to sÔnolo {x′ ∈ B′
r :

w(x′, 0) < 0} eÐnai mh kenì kai kurtì, èqoume ìti h w mhdenÐzetai se megalÔtero mèroc ap'thn
mis  mp�lla. Opìte qwrÐc periorismì thc genikìthtac (k�nontac mÐa allag  suntetagmènwn),
jewroÔme ìti h w mhdenÐzetai sto qwrÐo {x ∈ Br : x′n−1 < 0, xn = 0}. Opìte ap'to l mma
(3.3.1) èqoume to zhtoÔmeno. 2

Je¸rhma 3.3.3 'Estw h u eÐnai h lÔsh tou probl matìc mac, tìte h u ∈ C1,1/2 se k�je meri�
tou Λ.

Apìdeixh :

'Estw to 0 den an kei sto Λ, mpor¸ na doulèyw ìpwc sto l mma(3.3.2), afoÔ w(0) =
0, {w(x, 0) < 0} ⊂ Λ pou to Λ eÐnai kurtì kai tèloc w(x′, 0)wxn(x′, 0) ≥ 0. Opìte èqou-
me :

1

rn−1

∫

B+
r

|∇w|2dx ≤ C.
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EpÐshc, afoÔ h w mhdenÐzetai toul�qiston stì misì tou sunìlou {xn = 0}∩Br apì anisìthta
Poincare èqw to ex c :

1

|B+
r |

∫

B+
r

w2dx ≤ Cr2 1

|B+
r |

∫

B+
r

|∇w|2 ≤ Cr.

T¸ra h w2 eÐnai ufarmonik  sto Br, afoÔ èstw h ∈ C∞
0 (B1) mh arnhtik , tìte ja èqw

∫

B1

∇w2∇hdx = −
∫

B1

∆w2hdx− 2

∫

{xn=0}
wxnwhdx ≤ 0,

afoÔ w(x′, 0)wxn(x′, 0) ≥ 0 kai u summetrik  wc proc to xn = 0. Opìte ja èqoume :

w2|Br ≤ C(

∫

B+
r

w2dx +

∫

B−r
w2dx) ≤ Cr.

T¸ra èstw x = (x′, t) kai jewroÔme dÔo peript¸seic :
a) e�n d(x, {u(x′, 0) = 0}) ≤ 4t, tìte sthn mp�lla Bt(x) h w eÐnai armonik  kai

|w| ≤ Ct1/2

b) e�n d(x, {u(x′, 0) = 0}) ≥ 4t, tìte sthn mp�lla Bd/2(x) h w eÐnai armonik  kai

|w| ≤ Cd1/2.

Ap�opou prokÔptei to zhtoÔmeno, afoÔ mac endiafèrei pwc èna shmeÐo apì B+
r/2\Λ proseggÐzei

h uxn èna shmeÐo tou Λ. 2

3.4 To kentrikì Apotèlesma.
Se aut  thn par�grafo ja apodeÐxoume th C1,1/2 omalìthta thc u upojètontac thn C1,α

omalìthta thc, gia 0 < α ≤ 1/2. Ja xekin soume me to pr¸to l mma pou basÐzetai sto l mma
(3.2.1).

L mma 3.4.1 'Estw h u eÐnai h lÔsh tou probl matoc mac me 0 ∈ Λ. Tìte up�rqei èna δ > 0
pou exart�tai ap'to α ètsi ¸ste h kurt  j kh tou {(x′, 0) : uxn(x′, 0) < −rα+δ} sthn B′

r, gia
r < 1 na mhn perièqei to 0.

Apìdeixh :

'Estw (x′, 0) ∈ {(x′, 0) : uxn(x′, 0) < −rα+δ}), afou uxn,xn < M apì Taylor wc proc h kai
epeid  u(x′, 0) = 0, èqw :

u(x′, h) ≤ −rα+δh +
M

2
h2

kai gia δ = rα+mδ

M
gia k�poio m > 1 èqw :

u(x′, h) ≤ −r2α+(m+1)

2M
,

afou r < 1 kai m > 1. Epiplèon e�n |x′| < r
2M

èqw :

u(x′, h) + M |x′| ≤ −r2α+(m+1)

2M
+

r2

4M
,
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kai gia δ < 2(1−α)
M+1

gÐnetai :

u(x′, h) + M |x′| ≤ −r2α+(m+1)

4M
. (3.12)

Ap'thn �llh meri� èqw ìti :

|u(0, h)| = |u(0, h)− u(0, 0)| ≤ C0h
1+α = C0

r(α+mδ)(1+α)

M1+α
,

kai e�n epilèxw M > 4C0 > 1 h teleutaÐa sqèsh gÐnetai :

u(0, h) ≥ −C0
r(α+mδ)(1+α)

4M
,

tèloc e�n epilèxw (α + mδ)(1 + α) > 2α + (m + 1)δ kai 2 (1−α)
mα−1

> δ > α(1−α)
mα−1

(ap�opou
sumperaÐnw ìti ja prèpei na isqÔei m > 1 + α/2) ja èqw :

u(0, h) ≥ −C0
r(2α+(m+1)δ)

4M
. (3.13)

'Estw loipìn ìti (0, 0) ∈< {(x′, 0) : uxn(x′, 0) < −rα+δ} >, tìte up�rqoun (x′, 0), (y′, 0) ∈
{(x′, 0) : uxn(x′, 0) < −rα+δ} tètoia ¸ste 0 = tx′ + (1 − t)y′, 0 ≤ t ≤ 1, opìte apì l mma
(3.2.1) kai sqèsh (3.12) ja èqw :

u(0, h) ≤ tu(x′, h) + (1− t)u(y′, h) + t|x′|2 + (1− t)|y′|2 <
−r2α+(m+1)

4M
.

'Atopo apì thn sqèsh (3.13). 2

L mma 3.4.2 'Estw δ > 0 kai u eÐnai h lÔsh mac, jètw w = uxn , tìte gia r < 1 èqoume :

ϕ(r) =
1

r

∫

B+
r

|∇w|2
|x|n−2

dx.

Tìte, up�rqei mÐa stajer� C, ètsi ¸ste
a) e�n,

2α + δ > 1, ϕ(r) ≤ C

b) e�n,
2α + δ < 1, ϕ(r) ≤ Cr2α+δ−1.

Apìdeixh :

DouleÔoume ìpwc sto l mma (3.3.2) ìpou èqoume :

ϕ′(r) ≥ −2n− 3

4rn+1

∫

∂(Br)+
w2dS +

1

2rn+1

∫

∂(Br)+
|∇θw|2dS.

Sthn sunèqeia jewroÔme thn sun�rthsh wt = −(w + rα+δ)− kai parathroÔme ìti :
∫

∂(Br)+
|∇θwt|2dS =

∫

∂(Br)+∩{w<−rα+δ}
|∇θw|2dS ≤

∫

∂(Br)+
|∇θw|2dS.
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Tìte èqoume :

ϕ′(r) ≥ −2n− 3

4rn+1

∫

∂(Br)+
(w − wt + wt)

2dS +
1

2rn+1

∫

∂(Br)+
|∇θwt|2dS.

kai apì to l mma (3.3.1) (gia ton Ðdio lìgo pou h w to ikanopoieÐ to l mma (3.3.1) sto je¸rhma
(3.3.3) ) èqoume:

ϕ′(r) ≥ −2n− 3

4rn+1

∫

∂(Br)+
(w − wt)

2 + 2wt(w − wt)dS.

T¸ra, e�n w < −rα+δ kai afoÔ èqoume ìti kai |w| < Crα tìte (w − wt)
2 + 2wt(w − wt) <

3Cr2α+δ kai, e�n w > −rα+δ, èqoume (w − wt)
2 + 2wt(w − wt) ≤ Cr2α+2δ, opìte èqoume

sunolik� :
ϕ′(r) ≥ −3(2n− 3)

4
Cr2α+δ−2.

Epiplèon,

ϕ(1)− ϕ(r) ≥ − 3(2n− 3)

4(2α + δ − 1)
C +

3(2n− 3)

4(2α + δ − 1)
Cr2α+δ−1,

gegonìc pou oloklhr¸nei thn apìdeixh e�n dialèxoume to C arket� meg�lo. 2

Je¸rhma 3.4.3 'Estw h u eÐnai h lÔsh tou probl matìc mac, tìte h u ∈ C1,1/2 se k�je meri�
tou Λ.

Apìdeixh :

JewroÔme thn w = uxn , kai thn wt tou prhgoÔmenou l mmatoc. AfoÔ h wt mhdenÐzetai
toul�qiston stì misì tou sunìlou {xn = 0} ∩ Br apì anisìthta Poincare èqoume to ex c :

1

|B+
r |

∫

B+
r

w2
t dx ≤ Cr2 1

|B+
r |

∫

B+
r

|∇wt|2dx.

Epiplèon,

1

rn+1

∫

B+
r

|∇wt|2dx =
1

rn+1

∫

B+
r ∩{w<−rα+δ}

|∇w|2dx ≤ C

rn−1

∫

B+
r

|∇w|2 ≤ Cϕ(r).

T¸ra afoÔ h w2
t eÐnai ufarmonik  (apodeiknÔetai ìmoia ìpwc sto je¸rhma (3.3.3) ), ∀|x| ≤ r

èqoume :

w2
t (x) ≤ 1

|Bs|
∫

Bs(x)

w2
t dx ≤ 1

|Bs|
∫

Br(x)

w2
t dx, gia s < r − |x|

≤ C
rn

snrn

∫

B+
r (x)

w2
t dx ≤ C

rn

sn
ϕ(r)r.

T¸ra apì to l mma (3.4.2), e�n (2α + δ > 1) (dhlad  ϕ ≤ C anag¸maste ìpwc sthn kurt 
perÐptwsh. Alli¸c, ja èqoume u ∈ C1,α+δ/2, opìte jètw α1 = α + δ/2 kai douleÔw omoÐwc
me prin. Met� apì èna peperasmèno arijmì bhm�twn ja èqoume ìti u ∈ C1,αn+δ/2, me αn =
α+(n− 1)δ kai 2αn + δ > 1 kai ètsi anag¸maste sthn pr¸th perÐptwsh, dhlad  u ∈ C1,1/2.2
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Kef�laio 4

Omalìthta twn lÔsewn tou probl matoc
tou EmpodÐou gia Yeudo-diaforikoÔc
telestèc tou TÔpou (−∆)s.

4.1 To Prìblhma tou empodÐou gia ton Telest  (−∆)s.

Se aut n thn par�grafo ja kataskeu�soume mÐa lÔsh gia to prìblhm� mac kai ja deÐxoume
ta pr¸ta apotelèsmata gia thn omalìthta thc lÔshc.
'Estw ϕ : Rn → R mÐa suneq c sun�rthsh me sumpag  forèa. JewroÔme thn sun�rthsh u
pou ikanopoieÐ ta parak�tw :
1. u ≥ ϕ ston Rn

2. (−∆)su ≥ 0 ston Rn

3. (−∆)su = 0 sto sÔnolo {x ∈ Rn : u(x) > ϕ(x)}.

4. lim|x|→+∞ u(x) = 0.

Ja apodeÐxoume ìti gia k�je ϕ up�rqei mÐa lÔsh tou parap�nw probl matoc.
Ja kataskeu�soume thn u wc thn sun�rthsh pou elaqistopoieÐ to

J(u) =

∫

Rn

∫

Rn

|u(x)− u(y)|2
|x− y|n+2s

dydx,

gia k�je sun�rthsh u ∈ Ḣs pou ikanopoieÐ thn u ≥ ϕ. Gia k�je sun�rthsh f ∈ Ḣs, h nìrma
ston Ḣs dÐnetai apì :

||f ||Ḣs =

√∫

Rn

∫

Rn

|f(x)− f(y)|2
|x− y|n+2s

dydx.

O q¸roc Ḣs eÐnai ènac q¸roc Hilbert kai to eswterikì ginìmeno dÐnetai apì :

< f, g >Ḣs=

∫

Rn

∫

Rn

(f(x)− f(y))(g(x)− g(y))

|x− y|n+2s
dxdy

= 2

∫

Rn

f(x)(−∆)sg(x)dx.
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To sÔnolo {u ∈ Ḣs : u ≥ ϕ} eÐnai kurtì, kleistì kai mh kenì, afoÔ h ϕ eÐnai fragmènh
kai èqei sumpag  forèa. 'Etsi, to sunarthsoeidèc J èqei èna monadikì el�qisto sto sÔnolo
autì (Ðde par�rthma je¸rhma (5.2.1) ). Stic prot�seic, pou akoloujoÔn ja apodeÐxoume ìti
o elaqistopoiht c eÐnai h lÔsh tou probl matìc mac.

Prìtash 4.1.1 H sun�rthsh u eÐnai mÐa uperlÔsh tou (−∆)su ≥ 0.

Apìdeixh :

'Estw h ∈ C∞
0 (Rn) mÐa mh arnhtik  sun�rthsh. Tìte gia t > 0 h sun�rthsh u + th eÐnai

megalÔterh   Ðsh thc ϕ. Opìte ikanopoieÐ thn ex c sqèsh :

< u, u >Ḣs≤< u + th, u + th >Ḣs⇒

0 ≤ 2t < u, h >Ḣs +t2 < h, h >Ḣs

= 4

∫

Rn

u(x)(−∆)sh(x)dx + t2 < h, h >Ḣs ,

diair¸ntac me to t kai stèlnont�c to èpeita sto 0 èqw ìti :
∫

Rn

u(x)(−∆)sh(x)dx ≥ 0,

gegonìc pou oloklhr¸nei thn apìdeixh, afoÔ h h eÐnai mÐa tuqaÐa, omal  kai mh arnhtik 
sun�rthsh. 2

Prìtash 4.1.2 'Estw x0 ∈ Rn tètoio ¸ste gia k�poio r > 0 kai ε > 0, na èqw u− ϕ > ε sto
Br(x0), tìte (−∆)su(x0) = 0.

Apìdeixh :

'Estw h ∈ C∞
0 (Br(x0)) kai 0 < t < u(x)−ϕ(x)

sup|h| , tìte ja èqw u− th ≥ ϕ. Opìte e�n doulèyoume
ìpwc sthn prìtash (4.1.1), ja èqoume to zhtoÔmeno. 2

Sth sunèqeia jètw U = u − ϕ kai upojètw ìti h (−∆)sϕ eÐnai mÐa suneq c sun�rth-
sh. K�nontac tic pr�xeic blepoume ìti h U ikanopoieÐ èna ìmoio prìblhma empodÐou kai ìti
elaqistopoieÐ to parak�tw sunarthsoeidèc,

||U ||2
Ḣs + 4

∫

Rn

U(x)(−∆)sϕ(x)dx.

Kai apì tic idiìthtec pou  dh xèroume gia thn u, èqoume ìti h U ikanopoieÐ (−∆)sU ≥ (−∆)sϕ
kai U ≥ 0.

Prìtash 4.1.3 H sun�rthsh U , epÐshc elaqistopoieÐ to :

I(V ) = ||V ||2
Ḣs + 4

∫

Rn

V (x)(−∆)sϕ(x)χ{V >0}dx,

apì ìlec tic V pou an koun ston Ḣs(Rn).
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Apìdeixh :

E�n V ≥ 0, tìte I(V ) = ||V ||2
Ḣs + 4

∫
Rn V (x)(−∆)sϕ(x)dx, apì ìpou sunep�getai ìti U = V

apo monadikìthta.
E�n V < 0 se k�poia shmeÐa, tìte arkeÐ na deÐxw ìti I(V ) ≥ I(V +), isodÔnama arkeÐ na deÐxw
ìti ||V ||Ḣs ≥ ||V +||Ḣs . Jètw D1 = {V ≥ 0}, D2 = {V ≤ 0} kai V − = V − V +.

||V ||2
Ḣs =

∫

Rn

∫

Rn

|V (x)− V (y)|2
|x− y|n+2s

dydx

=

∫

D1

∫

D1

|V +(x)− V +(y)|2
|x− y|n+2s

dydx + 2

∫

D1

∫

D2

|V +(x) + V −(y)|2
|x− y|n+2s

dydx

+

∫

D2

∫

D2

|V −(x)− V −(y)|2
|x− y|n+2s

dydx

≥
∫

D1

∫

D1

|V +(x)− V +(y)|2
|x− y|n+2s

dydx = ||V +||Ḣs ,

kai afoÔ U eÐnai el�qisto tou I apì ìlec tic mh arnhtikèc sunart seic èqw, I(V ) ≥ I(V +) ≥
I(U) ∀ V ∈ Ḣs(Rn). 2

Prìtash 4.1.4 H sun�rthsh U ikanopoieÐ thn parak�tw anisìthta (me thn ènoia twn kata-
nom¸n toul�qiston)

(−∆)su + (−∆)sϕχ{V >0} ≤ 0

Apìdeixh :

PaÐrnoume mia omal  sun�rthsh h mh arnhtik  kai jewroÔme to I(U − th).Tìte èqw :

I(U − th) = ||U − th||2
Ḣs + 4

∫

Rn

(U(x)− th(x))(−∆)sϕ(x)χ{V−th>0}dx

= I(U)− t
(
2 < U, h >Ḣs +4

∫

Rn

h(x)(−∆)sϕ(x)χ{V >0}
)
dx

+t2||h||2
Ḣs − 4t

∫

{th>U>0}
(U(x)− th(x))(−∆)sϕ(x)dx.

'Omwc
∣∣∣
∫

{th>U>0}
(U(x)− th(x))(−∆)sϕ(x)dx

∣∣∣ ≤
∫

{th>U>0}
th(x)|(−∆)sϕ(x)|dx = o(t),

afoÔ
∫
{th>U>0} h(x)|(−∆)sϕ(x)|dx → 0, apì je¸rhma kuriarqhmènhc sÔgklishc. Opìte èqw

sunolik�

I(U) ≤ I(U − th) ≤ I(U)− 4t

∫

Rn

(−∆)sh(x)(U(x) + ϕ(x)χ{V >0})dx + o(t),

diair¸ntac me t kai stèlnont�c to sto 0 èqw :
∫

Rn

(−∆)sh(x)(U(x) + ϕ(x)χ{V >0})dx ≤ 0.

Gegonìc pou oloklhr¸nei thn apìdeixh, afoÔ h h eÐnai tuqaÐa sun�rthsh. 2
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Pìrisma 4.1.5 (−∆)sU ∈ L∞, U eÐnai suneq c, kai (−∆)sU = −(−∆)sϕ sto sÔnolo {U >
0}.
Apìdeixh :

'Eqoume  dh deÐxei ìti,

−(−∆)sϕ ≤ (−∆)sU ≤ −(−∆)sϕχ{U>0}, (4.1)

opìte (−∆)sU ∈ L∞, afoÔ (−∆)sϕ ∈ L∞. T¸ra apì thn prìtash (5.4.10) èqw ìti h U eÐnai
suneq c apì ìpou èpetai ìti to sÔnolo {U > 0} eÐnai anoiqtì. Opìte mèsw thc sqèshc (4.1)
èqoume oloklhr¸sei thn apìdeixh tou porÐsmatoc. 2

Pìrisma 4.1.6 H sun�rthsh u eÐnai suneq c, (−∆)su ∈ L∞, (−∆)su = 0 sto Ω = {u > ϕ}.

0 ≤ (−∆)su ≤ (−∆)sϕ(1− χ{U>0}).

Apìdeixh :

'Amesh sunèpeia tou porÐsmatoc (4.1.5). 2

Pìrisma 4.1.7 H sun�rthsh u eÐnai h el�qisth uperlÔsh tou (−∆)su ≥ 0 pou eÐnai mega-
lÔterh   Ðsh thc ϕ kai eÐnai mh arnhtik  sto �peiro (lim inf |x|→+∞ u(x) ≥ 0).

Apìdeixh :

'Estw υ mÐa �llh sun�rthsh pou ikanopoieÐ ta parap�nw, jètw Ω = {u > ϕ} kai m =
min(u, υ). Sto Rn \ Ω èqw m = u, ìmwc sto Ω gnwrÐzw ìti isqÔei (−∆)su = 0 kai apì thn
prìtash (5.5.9) (−∆)s(m − u) ≥ 0, opìte apì thn prìtash (5.5.8) èqw m = u, gegonìc pou
oloklhr¸nei thn apìdeixh. 2

Pìrisma 4.1.8 H sun�rthsh u eÐnai fragmènh kai sup u ≤ sup ϕ

Apìdeixh :

Apì upìjesh èqw u ≥ ϕ. H stajer  sun�rthsh υ = sup ϕ eÐnai uperlÔsh p�nw apì thn ϕ kai
apì prìtash (4.1.7) èqoume to zhtoÔmeno. 2

Je¸rhma 4.1.9 E�n to empìdio ϕ èqei modulus sunèqeiac c tìte kai h sun�rthsh u èqei to
Ðdio modulus sunèqeiac.

Apìdeixh :

AfoÔ c eÐnai modulus sunèqeiac gia thn ϕ èqw ∀x, h ∈ Rn,

ϕ(x + h) + c(h) ≥ ϕ(x),

ìmwc
u(x + h) + c(h) ≥ ϕ(x + h) + c(h) ≥ ϕ(x).

Opìte, apì prìtash (4.1.7) èqw u(x+h)+c(h) ≥ u(x), ∀x, h ∈ Rn, dhlad , h u èqei modulus
sunèqeiac to c. 2
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Pìrisma 4.1.10 H sun�rthsh u eÐnai Lipschitz, kai h Lipschitz stajer� den eÐnai megalÔ-
terh apì ekeÐnhc thc ϕ.

Apìdeixh :

To zhtoÔmeno akoloujeÐ apì thn prìtash (4.1.9) me c(r) = C|r|. 2

Prìtash 4.1.11 Upojètoume ìti ϕ ∈ C1,1. Gia k�je di�nusma e ∈ Rn, jètoume C =
sup−∂eeϕ. Tìte ∂eeu ≥ −C. 'Etsi, h u eÐnai hmikurt , kai epiplèon gia k�je x ∈ Rn,
up�rqei èna paraboloeidèc pou thn akoump� apì k�tw.

Apìdeixh :

AfoÔ ∂eeϕ ≥ −C, èqw
ϕ(x + th)− ϕ(x− th)

2
+ Ct2 ≥ ϕ(x),

gia k�je t > 0 kai x ∈ Rn. Epiplèon

υ(x) =
u(x + th)− u(x− th)

2
+ Ct2 ≥ ϕ(x),

kai h υ eÐnai uperlÔsh thc (−∆)sυ ≥ 0. Opìte apì prìtash (4.3.7), èqw υ ≥ u, tìte

υ(x) =
u(x + th)− u(x− th)

2
+ Ct2 ≥ u(x),

gia k�je t > 0 kai x ∈ Rn. Epiplèon ∂eeu ≥ −C. 2

Prìtash 4.1.12 Upojètoume ìti (−∆)sϕ ≤ C gia k�poia jetik  stajer� kai s ∈ (0, 1).
Tìte, (−∆)su ≤ C (Ðswc gia mia diaforetik  stajer� pou exart�tai apì thn di�stash n).

Apìdeixh :

Efarmìzoume to pìrisma (5.5.11) gia na èqoume

ϕ(x) ≤ ϕ ∗ γλ + Cλ2s,

gia k�je x ∈ Rn kai λ > 0. AfoÔ h u eÐnai s−uperarmonik  èqw :

u ∗ γλ + Cλ2s ≥ ϕ ∗ γλ + Cλ2s ≥ ϕ(x),

tìte apì prìtash (4.1.7) èqw u ∗ γλ + Cλ2s ≥ u, apì ìpou mèsw thc prìtashc (5.5.11) èqw
(−∆)su ≤ C. 2

4.2 Epiplèon Omalìthta thc LÔshc tou problhmatoc tou
empodÐou.

Se aut  thn par�grafo ja melet soume thn omalìthta thc u. Eidikìtera ja deÐxoume ìti to
(−∆)su an kei ston Cα gia k�poio mikrì α, e�n to empìdio ϕ eÐnai arket� omalì.
Gia thn melèth thc omalìthtac tou probl matoc ja jewr soume thn diafor� u − ϕ. To
prìblhma t¸ra metatrèpetai se èna antÐstoiqo prìblhma empodÐou, me empìdio 0, all� up�rqei
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to dexÐ mèroc thc isìthtac. Tèloc thn lÔsh tou probl matoc ja thn suneqÐsoume na thn
kaloÔme u.
'Etsi, èstw u h lÔsh tou akìloujou probl matoc:

u(x) ≥ 0, (4.2)

(−∆)su(x) ≥ φ(x), (4.3)
(−∆)su(x) = φ(x) ìtan u > 0, (4.4)

ìpou φ = −(−∆)sϕ, gia to empìdio ϕ thc prohgoÔmenhc enìthtac. Tèloc jètoume w =
(−∆)su.

Sto upìloipo aut c thc enìthtac ja upojèsoume ìti h ϕ eÐnai C∞, �ra kai h φ ∈ C∞.
Opìte, gnwrÐzoume apì thn enìthta (4.3) ìti h u eÐnai mÐa fragmènh Lipschitz suneq c su-
n�rthsh (pìrisma (4.1.10) ) kai hmikurt  (prìtash (4.1.11) ), tèloc xèroume ìti h w ∈ L∞

apì to pìrisma (4.1.6). Sunolik� gnwrÐzoume ìti isqÔei :

sup
x
|φ(x)| ≤ C, (4.5)

sup
x,y

|φ(x)− φ(y)|
|x− y| ≤ C, (4.6)

uee ≥ −C ∀ e ètsi ¸ste |e| = 1, (4.7)
|w(x)| ≤ C. (4.8)

L mma 4.2.1 Gia s ∈ (0, 1), up�rqei mÐa stajer� C pou exart�tai mìno apì to s kai thn
di�stash, ètsi ¸ste e�n υ eÐnai fragmènh kai hmikurt ,

sup
x
|υ(x)| < A

inf
x

inf
|e|=1

υee(x) ≥ −B

tìte supx(−∆)sυ(x) ≤ CA1−sBs.

Apìdeixh :

MporoÔme na upojèsoume ìti h υ eÐnai omal , alli¸c paÐrnoume ènan omalopoiht  ψλ(x) =
ψ( x

λ
)

λn kai èqoume gia k�je λ > 0, ìti h ψλ ∗ υ eÐnai leÐa sun�rthsh kai ikanopoieÐ tic upojèseic
tou l mmatoc. Opìte e�n mporèsoume na apodeÐxoume ìti supx(−∆)s(ψλ ∗ υ)(x) ≤ CBsA1−s

omoiìmorfa wc proc λ kai sth sunèqeia pern�me sto ìrio k�j¸c to λ p�ei sto 0.
H (−∆)sυ mporeÐ na upologisteÐ apì to olokl rwma,

(−∆)sυ =

∫

Rn

υ(x)− υ(y)

|x− y|n+2s
dy

≤
∫

BR(x)

−∇υ(x)(y − x) + B|y − x|2
|x− y|n+2s

dy + 2

∫

Rn\BR(x)

A

|x− y|n+2s
dy

≤ B
1

|x− y|n+2s−2
dy + 2A

∫

Rn\BR(x)

1

|x− y|n+2s
dy

≤ C(BR2−2s + AR−2s).

Antikajist¸ntac ìpou R to
√

A
B

èqw to zhtoÔmeno. 2
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L mma 4.2.2 'Estw υ ètsi ¸ste ||(−∆)sυ||L∞ ≤ C. Gia α < 2s, jètw υλ = 1
λα υ(λx). Tìte

||(−∆)sυλ||L∞ → 0 kaj¸c λ → 0.

Apìdeixh :

GnwrÐzw ìti

(−∆)sυλ(x) =
λ2s

λα
(−∆)s(υ)(λx),

opìte èqw

|(−∆)sυλ(x)| ≤ λ2s

λα
||(−∆)s(υ)||L∞ ≤ C

λ2s

λα
→ 0.

2

L mma 4.2.3 Gia k�je s ∈ (0, 1) kai δ > 0, e�n ε kai α dialeqtoÔn na eÐnai arket� mikr�,
tìte up�rqei èna γ > 0 ètsi ¸ste e�n

(−∆)sυ(x) ≤ ε gia x ∈ B1(0),

υ(x) ≤ 1 gia x ∈ B1(0),

υ(x) ≤ |2x|α gia x ∈ Rn \B1(0),

δ ≤ |{x ∈ B1(0) : υ(x) ≤ 0}|,
tìte υ(x) ≤ 1− γ gia k�je x ∈ B1/2(0).

Apìdeixh :

'Opwc sto l mma (4.2.1) jewroÔme thn υ omal .
'Estw b(x) = β(|x|) mÐa omal  aktinik  sun�rthsh me forèa sto B1, ètsi ¸ste β(0) = 1 kai
h β na eÐnai fjÐnousa.
Gia arket� mikrì ε kai α, mporÔme na dialèxoume èna jetikì arijmì κ < 1/4, ètsi ¸ste

ε + κ sup
x

(−∆)sb(x) +

∫

Rn\B1/4

|8y|α − 1

|y|n+2s
dy <

δ

2 · 2n+2s
. (4.9)

Jètw γ = κ(β(1/2) − β(3/4)). Upojètw ìti up�rqei x0 ∈ B1/2, ètsi ¸ste υ(x0) > 1 − γ =
1 − κ(β(1/2) − β(3/4)). Tìte, υ(x0) + κβ(|x0|) ≥ 1 + κβ(3/4) ≥ υ(y) + κβ(y) gia k�je
x ∈ B1 \ B3/4. Dhlad  to mègisto thc sun�rthshc υ(x) + κb(x) sto B1 eÐnai megalÔtero
ap'to 1 kai lamb�netai sto eswterikì tou B3/4. 'Estw ìti lamb�nei mègisto sto x1 ∈ B3/4,
apì to èna mèroc èqw ìti

(−∆)s(υ + κb)(x1) = (−∆)sυ(x1) + κ(−∆)sb(x1) ≤ ε + κ(−∆)sb(x1),

kai ap'to �llo mèroc èqw :

(−∆)s(υ + κb)(x1) =

∫

Rn

(υ + κb)(x1)− (υ + κb)(y)

|x1 − y|n+2s
dy. (4.10)

T¸ra gia k�je shmeÐo z pou an kei sto B1 xèroume ìti (υ + κb)(x1) ≥ (υ + κb)(z) kai apì
upìjesh xèrw ìti |A0| = |{x ∈ B1(0) : υ(x) ≤ 0}| ≥ δ. Ac prospaj soume t¸ra na broÔme
èna k�tw fr�gma gia to olokl rwma (4.10).

(−∆)s(υ +κb)(x1) =

∫

Rn\B1

(υ + κb)(x1)− (υ + κb)(y)

|x1 − y|n+2s
dy +

∫

B1

(υ + κb)(x1)− (υ + κb)(y)

|x1 − y|n+2s
dy
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= I1 + I2.

T¸ra gia to I1 èqw :

I1 ≥
∫

Rn\B1

1 + κb(3/4)− |2y|α
|x1 − y|n+2s

dy ≥
∫

Rn\B1

1− (2(|y − x1|+ |x1|))α

|x1 − y|n+2s
dy,

ìmwc |x1| ≤ 3
4
≤ 3|x1 − y|, afoÔ y ∈ Rn \ B1. Opìte ja èqw sunolik� (kanontac mia allag 

metablht¸n sto olokl rwma),

I1 ≥
∫

Rn\B1

1 + κb(3/4)− (8|y − x1|)α

|x1 − y|n+2s
dy ≥

∫

Rn\B1/4

1− (8|y|)α

|y|n+2s
dy.

Gia to I2 t¸ra èqw

I2 ≥
∫

A0

1− 2κ

|x1 − y|n+2s
dy ≥ δ

2 · 2n+2s
.

Gegonìc pou oloklhr¸nei thn apìdeixh, giatÐ odhgoÔmaste se �topo apo thn sqèsh (4.9).2

Pìrisma 4.2.4 Gia k�je s ∈ (0, 1) kai δ > 0, e�n ε kai α dialeqtoÔn na eÐnai arket� mikr�,
tìte up�rqei èna γ > 0 ètsi ¸ste e�n

|(−∆)sυ(x)| ≤ ε gia x ∈ B1(0),

|υ(x)| ≤ 1 gia x ∈ B1(0),

|υ(x)| ≤ |2x|α gia x ∈ Rn \B1(0),

tìte supB1/2
υ − infB1/2

υ ≤ 2− γ.

Apìdeixh :

Jewr¸ to Ðdio γ ìpwc to l mma (4.2.3) gia δ = |B1|
2

. Upojètw ìti |{x ∈ B1 : υ ≤ 0}| ≥ |B1|
2

,
alli¸c jewr¸ thn −υ antÐ thc υ. Apì l mma (4.2.3) paÐrnw ìti υ(x) ≤ 1− γ ∀x ∈ B1/2, �ra
supB1/2

υ − infB1/2
υ ≤ 2− γ. 2

L mma 4.2.5 Gia k�je s ∈ (0, 1) kai α ∈ (0, 2s), e�n δ eÐnai kont� sto |B1|, tìte mporoÔme
na dialexoume ε tètoio ¸ste, na up�rqei èna γ > 0 ètsi ¸ste e�n

(−∆)sυ(x) ≤ ε gia x ∈ B1(0),

υ(x) ≤ 1 gia x ∈ B1(0),

υ(x) ≤ 1 + |2x|α gia x ∈ Rn \B1(0),

δ ≤ |{x ∈ B1(0) : υ(x) ≤ 0}|,
tìte υ(x) ≤ 1− γ gia k�je x ∈ B1/2(0).

Apìdeixh :

H apìdeixh eÐnai ìmoia me aut c tou l mmatoc (4.2.3) me thn mình diafor�, ìti dialègoume to
κ ètsi ¸ste :

ε + κ(−∆)sb(x) +

∫

Rn\B1/4

|8y|α
|y|n+2s

dy < inf
A⊂B1,|A|=δ

∫

A

1/2

|x1 − y|n+2s
dy,

pou qreiazìmaste to δ na eÐnai kont� sto |B1| ètsi ¸ste o teleutaÐoc ìroc tou aristeroÔ
mèrouc na eÐnai mikrìteroc apì ekeÐnou tou dexioÔ. 2
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L mma 4.2.6 Gia k�je s ∈ (0, 1), èstw υ mia sun�rthsh ètsi ¸ste (−∆)sυ(x) = 0 gia k�je
x pou an kei se èna anoiqtì sÔnolo Ω. Upojètoume ìti

|υ(x)− υ(y)| ≤ c(|x− y|), (4.11)

gia k�je x ∈ Rn \ Ω, y ∈ Rn kai k�poio modulus sunèqeiac c. Tìte to Ðdio isqÔei gia k�je
x, y ∈ Rn.

Apìdeixh :

To mìno pou mac mènei na deÐxoume eÐnai ìti isqÔei h (4.11) ìtan x, y ∈ Rn. H sun�rthsh υ
eÐnai suneq c sto Ω lìgw tou ìti h (−∆)sυ eÐnai mhdèn ekeÐ kai sto Rn \ Ω logw thc sqèshc
(4.11), ètsi h υ eÐnai suneq c. Jètw υ1(z) = υ(z) − υ(z + x − y), tìte (−∆)sυ1(z) = 0 gia
z ∈ Ω∩ (Ω + y − x) kai υ1(z) ≤ c(|x− y|) ìtan to z den an kei sto Ω∩ (Ω + y − x). Apì thn
arq  megÐstou èqw ìti υ(z) ≤ c(|x− y|) gia k�je z ∈ Rn, b�zontac t¸ra sth jèsh tou z to y
èqw to zhtoÔmeno. 2

L mma 4.2.7 'Estw µ > 0, e�n u(x) ≥ µr2 gia k�poio x ∈ Br, tìte

|{x ∈ B2r : u(x) > 0}| ≥ δ|B2r|,

gia k�poio δ pou exart�tai apì to µ.

Apìdeixh :

GnwrÐzw ìti h u eÐnai hmikurt , opìte gia k�je x up�rqei èna paraboloðdèc pou akoump� thn
u apì k�tw, dhlad 

u(y) ≥ u(x) + B(y − x)− C

2
|x− y|2,

ìpou B eÐnai èna opoiod pote di�nusma pou an kei sto upodiaforikì thc u(y) + C
2
|x− y|2 sto

x.
T¸ra jewr¸ to sÔnolo

A = {y : B(y − x) ≥ 0} ∩B( µ
C

)1/2r.

'Estw y ∈ A tìte

u(y) ≥ u(x) + B(y − x)− C

2
|x− y|2 ≥ u(x)− µr2

2
≥ µr2

2
> 0.

To sÔnolo A eÐnai to misì thc mp�llac, opìte e�n ( µ
C

)1/2 ≤ 1 to A perièqetai pl rwc sthn
mp�lla B2r kai sumperaÐnoume to apotèlesma gia δ = 1

2
( µ

4C
)n/2, afoÔ

|{x ∈ B2r : u(x) > 0}| ≥ |A| ≥ 1

2
|B( µ

C
)1/2r| =

1

2
(

µ

4C
)n/2|B2r|.

An t¸ra ( µ
C
)1/2 > 1 paÐrnoume A′ = {y : B(y − x) ≥ 0} ∩ Br kai omoÐwc ft�noume sto Ðdio

apotèlesma gia δ = 1
2
(1

2
)n. 2

T¸ra eÐmaste ètoimoi na deÐxoume thn Cα omalìthta thc w.

Je¸rhma 4.2.8 'Estw ìti h u kai h w eÐnai ìpwc tic (4.2-4.8), tìte h w eÐnai Cα suneq c,
kai h Cα nìrma thc exart�tai ap'thn stajer� twn sqèsewn (4.2-4.8).
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Apìdeixh :

Ac kanonikopoi soume tic u kai w, ètsi ¸ste ||w||L∞ = 1. Jèloume na deÐxoume ìti up�rqei
stajer� C0, ètsi ¸ste ∀x ∈ Rn kai k ∈ N na isqÔei :

sup
B

2−k (x)

w − inf
B

2−k (x)
w ≤ C02

−αk, (4.12)

dhlad  ìti h w eÐnai Cα. AfoÔ h sun�rthsh w eÐnai fragmènh, mporoÔme na dialèxoume C0 ¸ste
h sqèsh (4.12) na isqÔei gia k ≤ k0. Ja deÐxoume to apotèlesma me epagwg , dialègontac to
C0 arket� meg�lo ètsi ¸ste h sqèsh (4.12) na isqÔei ∀k ∈ N.
QwrÐc periorismì thc genikìthtac jewr¸ x = 0 kai ìti to 0 an kei ston forèa thc u (ja
jewr soume argìtera thn �llh perÐptwsh). 'Estw loipìn, ìti h sqèsh (4.12) isqÔei gia
k = 0, 1, .., k0, ac p�me na deÐxoume ìti isqÔei kai gia k = k0 + 1. 'Estw δ > 0 (ènac mikrìc
arijmìc pou ja prosdioristeÐ argìtera), ja apodeÐxoume ìti

|{x ∈ B2−k : w(x)− inf
B

2−k0

≤ C0

2
2−αk0}| ≥ δ|B2k0 |. (4.13)

All� pr¸ta ja deÐxoume pwc h sqèsh (4.13) efarmìzetai sthn epagwg  mac. Jewr¸ thn
sun�rthsh

υ(x) = 2C−1
0 2k0α(w(2−k0x)− inf

B
2−k0

w)− 1.

Tìte e�n dialèxoume to α < 2− 2s kai arket� mikrì kaj¸c kai to k0 arket� meg�lo ja èqw
ìti h υ ikanopoieÐ tic upojèseic tou l mmatoc (4.2.3) me 1− s. AfoÔ,

(−∆)1−sυ(x) = 2C−1
0 2k0α(−∆)1−so (−∆)su(2−k0x)

≤ C ′2−2k0+k0α < ε,

gia x ∈ B1 kai k0 arket� meg�lo.
H sqèsh υ(x) ≤ 1 , gia x ∈ B1, bgaÐnei apì thn sqèsh (4.12). H sqèsh δ ≤ |{x ∈ B1(0) :
υ(x) ≤ 0}|, bgaÐnei apì thn sqèsh (4.13) kai tèloc h sqèsh υ(x) ≤ |2x|α gia x ∈ Rn \ B1(0),
bgaÐnei apì to l mma (4.2.2).
Opìte up�rqei γ > 0 ètsi ¸ste υ(x) ≤ 1− γ gia x ∈ B1/2, pou sunep�getai

w(2−k0x) ≤ (1− γ

2
)C02

−k0α + inf
B

2−k0

w,

gia x ∈ B2−k0−1 . Opìte e�n dialèxw to γ < 1/2 èqw :

sup
B

2−k0−1

w − inf
B

2−k0−1

w ≤ C02
−α(k0+1),

kai telei¸nei ed¸ h epagwg  mac.
Mac mènei loipìn na deÐxoume thn sqèsh (4.13). Ja thn deÐxoume me �topo. 'Estw ìti isqÔei :

|{x ∈ B2−k : w(x)− inf
B

2−k0

w ≤ C0

2
2−αk0}| ≤ δ|B2k0 |. (4.14)

GnwrÐzoume ìti isqÔei w(x) ≥ φ(x) gia k�je x ∈ Rn. Tìte infB
2−k0

w ≥ infB
2−k0

φ kai afoÔ h
φ eÐnai Lipschitz

sup
B

2−k0−1

φ− inf
B

2−k0−1

φ ≤ C2−k0 <
C0

2
2−αk0 ,
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gia k0 arket� meg�lo.
EpÐshc gnwrÐzoume ìti, ìtan u(x) > 0, tìte w(x) = φ(x), kai epiplèon èqw

{x ∈ B2−k : u(x) > 0} ⊂ {x ∈ B2−k : w(x)− inf
B

2−k0

≤ C0

2
2−αk0},

opìte èqw sunolik�
{x ∈ B2−k : u(x) > 0} ≤ δ|B2k0 |.

Dialègoume to δ sthn apìdeix  mac arket� mikrì, ètsi ¸ste apo to l mma (4.2.7) na èqw
u(x) ≤ µ2−2k0 ∀x ∈ B 3

4
2−k0 .

T¸ra jewr¸ to parametrikopoihmèno prìblhma :

u(x) = C−1
0 2k0(α+2s)u(2−k0x),

w(x) = C−1
0 2k0αw(2−k0x),

φ(x) = C−1
0 2k0αφ(2−k0x),

oi sunart seic u, w, epÐshc ikanopoioÔn tic arqikèc mac upojèseic :

w(x) = (−∆)su(x)

u(x) ≥ 0,

w ≥ φ(x),

w = φ(x) ìtan u > 0,

kai apì tic sqèseic ( (4.5)-(4.8) ), èqw

sup
x,y

|φ(x)− φ(y)|
|x− y| ≤ C2−k0(1−α),

uee ≥ −C2−k0(2−2s−α) ∀ e ètsi ¸ste |e| = 1,

u(x) ≤ C2−k0(2−2s−α) ∀x ∈ B3/4.

E�n dialèxoume to C0, ètsi ¸ste na jewr soume to k0 arket� meg�lo, gia na èqoume

sup
x,y

|φ(x)− φ(y)|
|x− y| ≤ ε, (4.15)

uee ≥ −ε ∀ e ètsi ¸ste |e| = 1, (4.16)

0 ≤ u(x) ≤ ε ∀x ∈ B3/4, (4.17)

gia tuqaÐo ε << δ.
Apì tic sqèseic (4.15), (4.17) kai apì to l mma (4.2.6), èqw ìti h u eÐnai Lipschitz sto B5/8

kai h nìrma thc eÐnai mikrìterh apì Cε.
Opìte h epagwg  mou metatrèpetai sthn

sup
B

2k (x)

w − inf
B

2k (x)
w ≤ C02

αk,
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gia k = 0, 1, 2...
Tìte ja èqoume

|w(x)− w(0)| ≤ 1, gia |x| ≤ 1

|w(x)− w(0)| ≤ |2x|α, gia |x| > 1

tèloc apì thn (4.14)

|{x ∈ B1 : w(x)− inf
B1

w ≤ 1

2
}| ≤ δ|B1|

⇒ (1− δ)|B1| ≤ |{x ∈ B1 : w(x)− inf
B1

w >
1

2
}|. (4.18)

T¸ra jewr¸ thn omal  sun�rthsh 0 ≤ b ≤ 1 pou ikanopoieÐ ta ex c :

b(x) = 0, e�n x ∈ Rn \B5/8

b(x) = 1, e�n x ∈ \B7/16.

'Etsi èqoume :
b(x)u(x) ≤ ε,

(b(x)u(x))ee = beeu + 2beue + buee ≥ −Cε− C ′.

Jètw h = (−∆)s(bu). MporoÔme na efarmìsoume to l mma (4.2.1), gia na sumper�noume ìti
h ≤ Cεs. Apì kataskeu c èqw u− bu = 0 sto B7/16, epiplèon

0 = −∆(u− bu) = (−∆)1−s(w − h) sto B7/16.

Jètw υ = 1 + 2(h(x) + infB1 w − w(x)− Cεs). Tìte,

(−∆)1−sυ = 0 sto B7/16,

sup
B1

υ ≤ 1,

sup
B

2k

υ ≤ 1 + 2(h(x) + |w(x)− w(0)| − 2Cεs ≤ 1 + 2(2 · 2k)α ∀k ∈ N,

kai apì th sqèsh (4.18) èqw:

(1− δ)|B1| ≤ |{x ∈ B1 : υ(x) < 0}|.

Tìte, e�n to δ dialeqteÐ arket� mikrì, efarmìzoume to l mma (4.2.5) (parametrikopoi¸ntac
thn υ) gia na bg�loume, υ(x) ≤ (1− γ) apì ìpou sunep�getai,

w ≥ γ + 2 inf
B1

w + 2h + 2Cεs, (4.19)

gia x ∈ B5/8.
Jètw υ1(x) = b(x)u + εb(2x). Tìte max υ(x) = υ(x0) gia k�poio x0 ∈ B5/8. Epiplèon, afoÔ
0 ∈ suppu kai εb(0) = ε ≤ εb(x0), èqw ìti u(x0) > 0, opìte up�rqei perioq  tou x0, tètoia
¸ste u(x) > 0, dhlad , (−∆)su(x) = φ(x), pou sunep�getai ìti tìso h (−∆)su ìso kai h
(−∆)sυ1(x), eÐnai omalèc sunart seic se mia perioq  tou x0. AfoÔ sto shmeÐo x0 h υ1 paÐrnei
mègisto, sunep�getai

0 ≤ (−∆)sυ1(x0) = h(x0) + ε(−∆)sb(2x) ≤ h(x0) + Cεs,
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opìte èqoume,
w(x0) ≥ γ + inf

B1

w + h(x0)− Cεs,

apì ìpou sumperaÐnoume mèsw thc (4.19) kai tou ìti x ∈ suppu thn akìloujh anisìthta,

γ ≤ φ(x0)− inf
B1

φ + Cεs < C ′εs,

opìte èqw sunolik�,

w(x0)− inf
B1

w ≤ 1

2
− υ(x0)

2
+ h(x0)− Cεs ≤ C ′εs < 1/2,

dhlad  den up�rqei δ, ètsi ¸ste na ikanopoieÐtai h sqèsh (4.14). Gegonìc pou oloklhr¸nei
thn apìdeixh, e�n x ∈ suppu. Gia na to epekteÐnoume t¸ra se ìlo ton Rn douleÔoume wc ex c,
èstw x ∈ {u = 0}\ int({u = 0}), jewr¸ mÐa akoloujÐa xn ∈ {u > 0} tètoia ¸ste na sugklÐnei
sto x. Tìte ∀y ∈ {u > 0} èqw ìti isqÔei

|w(y)− w(xn)| ≤ C|xn − y|α,

pou sunep�getai paÐrnontac to ìrio, ìti w ∈ Cα. E�n t¸ra x ∈ int{u = 0}, èqoume
(−∆)1−sw = 0 opìte apì to l mma (4.2.6) èqw to zhtoÔmeno. 2

4.3 Efarmog  sto prìblhma tou LeptoÔ EmpodÐou.
JewroÔme mÐa sun�rthsh u0 : Rn−1 → R pou an kei ston S. 'Estw u : Rn−1 × (0,∞) → R
eÐnai h monadik  lÔsh thc exÐswshc Laplace ston p�nw hmÐqwro pou mhdenÐzetai sto �peiro
kai èqei thn u0 san arqik  sunj kh :

u(x′, 0) = u0(x
′) ,gia x′ ∈ Rn−1

∆u(x) = 0 ,gia x′ ∈ Rn−1 × (0, +∞)

JewroÔme ton telest  T : u0 → −∂nu. ParathroÔme
∫

Rn−1

u(x′, 0)(−∂nu(x′, 0))dx′ =
∫

Rn−1×(0,+∞)

−u(x)∆u(x) + |∇u|2dx ≥ 0,

dhlad  o telest c T eÐnai jetikoc. Epiplèon, afoÔ h ∂nu(x) eÐnai epÐshc armonik  sun�rthsh,
e�n efarmìsoume ton telest  dÔo forèc paÐrnoume :

ToTu0 = (−∂n)(−∂n)u(x′, 0) = ∂nnu(x′, 0)

= −
n−1∑
i=1

∂iiu(x′, 0) = −∆u0,

dhlad  o telest c T eÐnai o telest c (−∆)1/2.
Epeid  suqn� to prìblhma tou leptoÔ empodÐou melet�tai se fragmèna qwrÐa, all�zoume to
prìblhma me ton ex c trìpo. 'Estw ìti èqoume thn lÔsh tou leptoÔ empodÐou tou akìloujou
probl matoc sthn monadiaÐa mp�lla :

−∆u(x) = 0 sto B+
1 (0)
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u(x) = 0 sto (∂B1(0))+

u(x′, 0) ≥ ϕ(x′) ìtan |x′| ≤ 1

∂u(x′, 0) ≤ 0 ìtan |x′| ≤ 1

∂u(x′, 0) = 0 ìtan u(x′, 0) > ϕ(x′)

kai tèloc èqw ϕ(x′) < 0 ìtan |x′| = 1. 'Estw 0 ≤ η ≤ 1 mÐa aktinik  sun�rthsh omal , ètsi
¸ste {ϕ > 0} ⊂⊂ {η = 1} kai suppη ⊂ B1(0). H sun�rthsh ηu eÐnai megalÔterh thc ϕ kai
epÐshc ikanopoieÐ ∂ηu(x′, 0) ≤ 0, ìtan x′ ∈ Rn−1 kai ∂ηu(x′, 0) = 0, ìtan ηu(x′, 0) > ϕ(x′).
Parìlou pou h sun�rthsh ηu den eÐnai armonik  ston p�nw hmÐqwro, h ∆ηu wstìso eÐnai omal 
sun�rthsh. Jewr¸ thn υ pou eÐnai h monadik  fragmènh lÔsh tou parak�tw probl matoc
Newmann sto p�nw hmÐqwro,

∆υ(x) = ∆ηu = ∆η(x)u(x) + 2∇η(x)∇u(x)

∂nυ(x′, 0) = 0

AfoÔ h ∆ηu eÐnai omal  me sumpag  forèa, h υ eÐnai mÐa omal  sun�rthsh. T¸ra h sun�rthsh
ηu−υ eÐnai h lÔsh tou probl matoc tou leptoÔ empodÐou me empìdio thn φ(x′)−υ(x′, 0). 'Etsi
pern�me apì thn fragmènh perÐptwsh sthn mh fragmènh kai efarmìzoume ta apotelèsmat�
mac.
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Kef�laio 5

Par�rthma.

5.1 BasikoÐ OrismoÐ.
Se aut n thn par�grafo ja d¸soume basikoÔc orismoÔ pou ja qreiastoÔn kurÐwc sto kef�laio
3 (gia perisìterec leptomèriec Ðde [15]).

Orismìc 5.1.1 'Estw u ∈ H1(Ω), ìpou Ω anoiqtì, fragmèno, me omalì sÔnoro kai sunektikì
uposÔnolo tou Rn kai èstw E ⊂ Ω. Tìte h u ≥ 0 sto E wc proc sto H1(Ω), e�n up�rqei mÐa
akoloujÐa un ∈ H1,∞(Ω) ètsi ¸ste :

un(x) ≥ 0 gia x ∈ E kai un → u sto H1(Ω).

E�n −u ≥ 0 sto H1(Ω) kai u ≤ 0 sto H1(Ω) tìte ja lème, ìti u = 0 sto H1(Ω). EpÐshc
ja lème ìti u ≤ h sto H1(Ω), e�n h − u ≥ 0 sto H1(Ω) gia dÔo stoiqeÐa u, h ∈ H1(Ω).
Eidikìtera, h h mporeÐ na eÐnai stajer  sun�rthsh, to opoÐo mac odhgeÐ ston ex c orismì :

sup
x∈E

u = inf {M ∈ R : u ≤ M sto E sto H1(Ω)}.

Epiplèon, parathr¸ ìti to uposÔnolo twn sunart sewn u ∈ H1(Ω) ikanopoi¸ntac u ≥ 0
sto E wc proc sto H1(Ω) eÐnai ènac kurtìc kai kleistìc k¸noc. Eidikìtera, mÐa �mesh sunèpeia
eÐnai ìti ston parap�nw orismì arkeÐ na dialèxoume mÐa akoloujÐa tètoia ¸ste um ⇀ u sto
H1(Ω), ap'to je¸rhma twn Banach− Saks.

Ac proqwr soume t¸ra sthn diatÔpwsh thc prìtashc pou eÐnai :

Prìtash 5.1.2 'Estw Ω ⊂ Rn fragmèno, E ⊂ Ω, kai u ∈ H1(Ω).
a) E�n u ≥ 0 sto E wc proc sto H1(Ω), tìte u ≥ 0 sto E sqedìn pantou.
b) E�n u ≥ 0 sto E sqedìn pantou, tìte u ≥ 0 sto E wc proc sto H1(Ω).
g) E�n u ∈ H1

0 (Ω) kai u ≥ 0 sqedìn pantoÔ sto Ω, tìte up�rqei mÐa akoloujÐa un ∈ H1,∞
0 (Ω)

ètsi ¸ste un ≥ 0 sto Ω kai un → u ston H1
0 (Ω).

d) Ean E anoiqtì uposÔnolo tou Ω kai u ≥ 0 sqedìn pantoÔ sto E, tìte u ≥ 0 sto K wc proc
to H1(Ω) gia k�je sumpagèc K uposÔnolo tou Ω.

Orismìc 5.1.3 'Estw u ∈ H1(Ω). Ja lème ìti u(x) > 0 gia x ∈ Ω wc proc to H1(Ω) e�n
up�rqei mÐa perioq  Br(x) kai h ∈ H1,∞

0 (Br(x)), h ≥ 0, na mhn eÐnai pantoÔ 0, ètsi ¸ste
u− h ≥ 0 wc proc to H1(Ω).
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5.2 'Uparxh kai Monadikìthta twn LÔsewn gia ta TrÐa
Probl mata.

Jewr¸ to parak�tw prìblhma :

Je¸rhma 5.2.1 'Estw K kurtì kai kleistì uposÔnolo enìc q¸rou Hilbert H. EpÐshc èstw
ènac digrammikìc summetrikìc telesthc a(., .) : H × H → R pou na ikanopoieÐ a(u, u) ≥
C||u||2H , ∀u ∈ H kai f ∈ H ′. Up�rqei, tìte èna monadikì u ∈ K pou na ikanopoieÐ

I(u) = a(u, u)− < f, u >= inf
v∈K

I(v)

kai aut  m�lista ikanopoi tai h ex c sqèsh,

a(u, v − u) ≥< f, v − u >, ∀ v ∈ K

epÐshc e�n u1, u2 eÐnai lÔseic tou parap�nw probl matoc me antÐstoiqec f1, f2 ∈ H ′ tìte :

||u1 − u2||H ≤ 1

C
||f1 − f2||H′ , (5.1)

ìpou h stajer� C exart�tai ap'to telest  a.

Apìdeixh :

Pr¸ta ja deÐxoume thn (5.1). 'Estw u1, u2 lÔseic tou probl matoc me antistoiqec f1, f2.
Tìte autèc ja ikanopoioÔn :

a(ui, v − ui) ≥< f, v − ui >, ∀ v ∈ K kai i = 1, 2 ⇒

a(u1, u2 − u1) ≥< f1, u2 − u1 >

kai
a(u2, u1 − u2) ≥< f2, u1 − u2 > .

Sth sunèqeia ta prosjètw kat� mèlh opìte èqw :

−a(u1 − u2, u1 − u2) ≥ − < f1 − f2, u1 − u2 >⇒

C||u1 − u2||2H ≤ a(u1 − u2, u1 − u2) ≤< f1 − f2, u1 − u2 >≤ ||f1 − f2||H′ ||u1 − u2||H ,

ap�opou sunep�getai h sqèsh (5.1).
T¸ra mènei na apodeÐxoume thn Ôparxh thc u. Jètw

d = inf
{u∈K}

I(u).

AfoÔ ∀u ∈ K isqÔei,

I(u) ≥ C||u||2H − ||f ||H′||u||H ≥ C||u||2H −
C ′

ε
||f ||2H′ + ε||u||H ,

dialègontac ε < C èqw :

I(u) ≥ −C ′

ε
||f ||2H′ ∀u ∈ K,
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opìte up�rqei akoloujÐa un ∈ K tètoia ¸ste d ≤ I(un) ≤ d + 1/n ∀ n. Efarmìzontac ton
kanìna tou parallhlogr�mou, èqw :

C||un−um||2H ≤ a(un−um, un−um) = 2a(un, un)+2a(um, um)−4a(
1

2
(un+um),

1

2
(un+um)) =

2I(un) + 2I(um)− 4I(
1

2
(un + um)) ≤ 2(

1

n
+

1

m
),

ìpou èqoume qrhsimopoi sei 4 < f, un > +4 < f, um > −8 < f, 1
2
(un + um) >= 0. Opìte h

akoloujÐa un eÐnai Cauchy, opìte up�rqei u ∈ K ètsi ¸ste un → u sto H kai I(un) → I(u),
opìte I(u) = d. T¸ra ∀v ∈ K èqw ìti u + ε(v − u) ∈ K ∀ε ∈ [0, 1] kai

I(u + ε(v − u)) ≥ I(u),

ìmwc gia ε = 0 h sun�rthsh ϕ(ε) = I(u + ε(v− u)) paÐrnei el�qisto, opìte ja èqw ϕ′(0) = 0,
epiplèon èqw

ϕ(ε) = 2εa(u, v − u) + ε2a(v − u, v − u)− 2ε < f, v − u >⇒
ϕ′(ε) = 2a(u, v − u) + εa(v − u, v − u)− < f, v − u >,

gegonìc pou oloklhr¸nei thn apìdeixh gia ε = 0. 2

Parat rhsh. Gia f = 0 èqw ìti to prìblhma eÐnai isodÔnamo me to ìti h sun�rthsh u prèpei
na ikanopoieÐ thn :

a(v, v − u) ≥ 0 ∀ v ∈ K. (5.2)

'Ontwc, èstw h u ikanopoieÐ to prìblhm� mac, tìte ja èqw :

0 ≤ a(v − u, v − u) = a(v, v − u)− a(u, v − u) ≤ a(v, v − u).

'Estw h u ikanopoieÐ to (5.2), tìte ja èqw gia 0 ≤ t ≤ 1 kai w ∈ K:

0 ≤ a(u + t(w − u), t(w − u)) = ta(u,w − u) + t2a(w − u,w − u),

diair¸ntac to teleutaÐo ìro me t kai stèlnont�c to sto mhdèn, èqw to zhtoÔmeno.

5.3 Idiìthtec twn uperarmonik¸n sunart sewn.
Sthn par�grafo aut  ja d¸soume ton orismì twn uperarmìnik¸n sunart sewn kai ja deÐxoume
k�poiec idiìthtec, aut¸n twn sunart swn.

Orismìc 5.3.1 H sun�rthsh u ∈ L1
loc(D) eÐnai uperarmonik  sto D, e�n ∀ ψ ∈ C1,1

0 (D) me
ψ mh arnhtik  na ikanopoieÐtai h anisìthta:

∫

D

u∆ψdx ≤ 0

L mma 5.3.2 E�n h u eÐnai uperarmonik  tìte h mèsh tim  thc eÐnai fjÐnousa sun�rthsh wc
proc R. Eidikìtera, e�n 0 < R < S

1

|BR(x0)|
∫

BR(x0)

u(y)dy ≥ 1

|BS(x0)|
∫

BS(x0)

u(y)dy
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Apìdeixh :

QwrÐc periorismì thc genikìthtac ja to apodeÐxw gia x0 = 0. JewroÔme thn paraboloeid c
sun�rthsh PR(x) = a(R)|x|2+b(R) pou ef�ptetai apì k�tw thc jemeli¸douc lÔshc V = 1

|x|n−2

sto |x| = R kai epilègw a(R) = 2−n
2Rn kai b(R) = n

2Rn−2 ¸ste h sun�rthsh

VR =

{
V − PR gia |x| < R

0 alli¸c

na eÐnai C1,1 kai ∆VR = −a(R), makri� ap'to 0. EpÐshc gia R < S èqw VR ≤ VS.
Sthn sunèqeia jètw ψ = VS − VR, tìte parathr¸ ìti, h ψ mhdenÐzetai èxw ap'to BS(0),
ψ ∈ C1,1

0 , ψ ≥ 0 kai
∆ψ = −2a(S)χBS(0) + 2a(R)χBR(0).

Tèloc, gia thn uperarmonik  u efarmìzoume ton orismì (5.3.1) me sun�rthsh elègqou thn
parap�nw ψ opìte èqw

0 ≥
∫

Rn

u∆ψdx = (n− 2)q(n)(
1

|BS(x0)|
∫

BS(x0)

u(y)dy − 1

|BR(x0)|
∫

BR(x0)

u(y)dy)

ìpou q(n) o ìgkoc thc monadiaÐac mp�llac. 2

Pìrisma 5.3.3 K�je �nw fragmènh uperarmonik  sun�rthsh u, èqei monadik� kat� shmeÐo
orismèna antiprìswpo ap'th sqèsh :

u(x0) = lim
R→0

1

|BR(x0)|
∫

BR(x0)

u(y)dy .

EpÐshc, h u eÐnai k�tw hmisuneq c, dhlad 

u(x0) ≤ lim inf
x→x0

u(x).

Apìdeixh :

a) Apì je¸rhma parag¸gishc tou Lebesque èqw ìti u(x0) = limR→0
1

|BR(x0)|
∫

BR(x0)
u(y)dy

sqèdon pantoÔ. Gia ta x0 pou den isqÔei orÐzw thn u na paÐrnei tic timèc tou orÐou : u(x0) =
limR→0

1
|BR(x0)|

∫
BR(x0)

u(y)dy . To ìrio up�rqei, afoÔ ap'thn upìjesh kai ap'to l mma (5.3.2)
èqw mÐa �nw fragmènh akoloujÐa kaj¸c to R fjÐnei.

Gia to ìti eÐnai k�tw hmisuneq c jewr¸ tic apolÔtwc suneqeÐc sunart seic un(x) =
1

|B 1
n

(x)|
∫

B 1
n

(x)
u(y)dy pou sugklÐnoun kat� shmeÐo sto u(x) kai e�n n > m tìte isqÔei ∀x u(x) ≥

un(x) ≥ um(x). 'Estw x0 kai ε ≥ 0. Jewr¸ n ètsi ¸ste |un(x0)− u(x0)| < ε/2 kai δ > 0 ètsi
¸ste ∀x ∈ Bδ(x0) na èqw |un(x)− un(x0)| < ε/2 tìte èqw to ex c :

u(x)− u(x0) = u(x)− un(x) + un(x)− u(x0) + un(x0)− un(x0)

≥ un(x)− u(x0) + un(x0)− un(x0) > ε/2 + ε/2 = ε.

Dhlad , h u eÐnai k�tw hmisuneq c sto x0 kai afoÔ to x0 eÐnai tuqaÐo èqoume oloklhr¸sei
thn apìdeixh. 2
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Je¸rhma 5.3.4 'Estw u uperarmonik  sun�rthsh, kai upojètoume ìti h u/support(∆(u))
eÐnai suneq c. Tìte u eÐnai suneq c

Apìdeixh :

'Estw ìti h u den eÐnai suneq c . Opìte up�rqei akoloujÐa xk ∈ D me xk ∈ D ∀k ∈ N
ètsi ¸ste limk→∞ xk = x0 ∈ D kai limk→∞(u(xk)) 6= u(x0) (to ìrio up�rqei afoÔ u k�tw
hmisuneq c).
a) Tìte x0 ∈ support(∆(u)), giatÐ alli¸c h u ja  tan armonik  se mia perioq  tou x0 �ra kai
suneq c �topo.
b) H xk /∈ support(∆(u)), afoÔ h u eÐnai sunèqhc ekeÐ. g) 'Estw limk→∞(u(xk)) = a > u(x0) =
0 (qwrÐc periorismì thc genikìthtac).
d) Epiplèon, apì hmisunèqeia , dojèntoc ε > 0, up�rqei δ > 0, ètsi ¸ste u(x) > −ε ∀x ∈
Bδ(x0).

Jewr¸ yk ∈ support(∆u0) na eÐnai to plhsièstero shmeÐo sto xk, eidikìtera δk = |xk −
yk| ≤ |xk − x0| → 0.
Opìte limk→∞(u(yk)) = u(x0) = 0, afoÔ h u eÐnai suneq c sto support(∆u0). T¸ra eÐmaste
se jèsh na broÔme to �topo.

Apì l mma (5.3.2) èqw ìti ∀s < δk < δ
2

1

|Bs(yk)|
∫

Bs(yk)

u(y)dy ≥ 1

|Bδk
(yk)|

∫

Bδk
(yk)

u(y)dy

kai ap'to pìrisma (5.3.3) èqw ìti kaj¸c s →∞ :

u(yk) ≥ 1

|Bδk
(yk)|

∫

Bδk
(yk)

u(y)dy. (5.3)

Epiplèon èqw ìti :
∫

B2δk
(yk)

u(y)dy =

∫

Bδk
(xk)

u(y)dy +

∫

B2δk
(yk)−Bδk

(xk)

u(y)dy = I1 + I2.

EpÐshc jewr¸ |xk − x0| < δ ∀k ≥ k0 gia k�poio k0 pou exart�tai ap'to δ. Opìte gia to I2,
sto qwrÐo pou oloklhr¸noume èqw ìti u > −ε ⇒ I2 > −ε|B2δk

|.
Gia to I1, èqw ìti h u eÐnai armonik  ekeÐ pou thn oloklhr¸noume, opìte ap'to je¸rhma

mèshc tim c èqw ìti
I1 > −ε|Bδk

(xk)|.
Epiplèon apì (5.3) èqw ìti :

u(yk) ≥ −ε(δk)
n2nq(n) + (δk)

nq(n)u(x(k))

(δk)nq(n)
= −ε2n + u(xk).

Opìte kaj¸c k →∞ èqw ìti:

0 = lim
k→∞

u(yk) ≥ lim
k→∞

u(xk) = a > 0.

'Atopo. 2
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5.4 Basik  JewrÐa gia touc Yeudo-diaforikoÔc telestèc
tou TÔpou (−∆)s.

Sthn parak�tw par�grafo ja deÐxoume basÐkec idiìthtec tou telest  (−∆)s pou ja mac
qreiastoÔn sto kef�laio 4. Stic apodeÐxeic twn idiot twn aut¸n, suqn� ja anaferìmaste
sto biblÐo tou Landkof ([16]) . Sth sunèqeia ja sumbolÐzoume me S ton q¸ro t¸n C∞(Rn)
sunart sewn pou ikanopoioÔn thn ex c sqèsh,

sup |xαDβφ| < ∞,

gia k�je poludeÐkth α, β. Kai ton duikì tou ja ton sumbolÐzoume me S ′, pou eÐnai o q¸roc
ton katanom¸n ston Rn.
T¸ra ja d¸soume èna orismì gia ton yeudodiaforikì telest  (−∆)s.

Orismìc 5.4.1 'Estw s ∈ (−n/2, 1] kai f ∈ S, orÐzoume ton (−∆)s wc ton metasqhmathsmì
Fourier :

(̂−∆)sf(ξ) = |ξ|2sf̂(ξ), (5.4)

  isodÔnama e�n s ∈ (0, 1)

(−∆)sf(x) = cn,sPV

∫

Rn

f(x)− f(y)

|x− y|n+2s
dy, (5.5)

  e�n s ∈ (−n/2, 0)

(−∆)sf(x) = cn,−s

∫

Rn

f(y)

|x− y|n+2s
dy, (5.6)

ìpou
cn,s = π2s−n Γ(n+2s

2
)|s− 1|

Γ(|s|) .

Gia thn isodunamÐa twn sqèsewn (5.4) kai (5.5), kaj¸c kai twn (5.4) kai (5.6) ja sac a-
natrèxoume sto biblÐo tou Landkof [16], kaj¸c epÐshc ìti (−∆)sf ∈ C∞ kai ìti den an -
kei ston S. EpÐshc apì thn sqèsh (5.4) èqw ìti isqÔei, (−∆)1 = −∆, (−∆)0 = Id kai
(−∆)s1o(−∆)s2 = (−∆)s1+s2 . EpÐshc ap'thn (5.6) èqw ìti h jemeli¸dh lÔsh tou telest 
(−∆)s eÐnai h sun�rthsh F (x) = cn,−s

1
|x|n−2s , dhlad  (−∆)sF = δ0 ìtan n > 2s (Ðde Landkof

[16]).
T¸ra ac melet soume to olokl rwma thc sqèshc (5.5). PaÐrnw gia thn aplopoÐhsh twn pr�-
xewn f ∈ C∞

0 (Rn) kai jètw T = B1(0) kai gia s diaforo tou n + 2k (k = 0, 1, ...) èqw thn
:

ψ(x, s) = cn,s

∫

Rn

f(x)− f(y + x)

|y|n+2s
dy

= cn,s

∫

Rn\T

f(x)− f(y + x)

|y|n+2s
dy + cn,s

∫

T

f(x)− f(y + x)

|y|n+2s
dy,

ìmwc

cn,s

∫

Rn\T

f(x)

|y|n+2s
dy =

cn,s

2s
f(x)ωn,

ìpou
ωn =

2πn/2

Γ(n/2)
,
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to embadìn thc monadiaÐac sfaÐrac.
Opìte èqw sunolik�

ψ(x, s) = cn,s

∫

Rn\T

−f(y + x)

|y|n+2s
dy + cn,s

∫

T

f(x)− f(y + x)

|y|n+2s
dy +

cn,s

2s
f(x)ωn. (5.7)

EÔkola diapist¸noume ìti o pr¸toc kai o trÐtoc ìroc thc sqèshc (5.7) eÐnai peperasmènoi.
T¸ra gia na melet soume ton mesaÐo ìro eis�goume thn mèsh tim ,

f̃(x, r) =
1

ωn

∫

|y|=r

f(x + y)dωy.

Tìte eÐnai eÔkolo na doÔme ìti

cn,s

∫

T

f(x)− f(y + x)

|y|n+2s
dy = cn,sωn

∫ 1

0

(f(x)− f̃(x, r))r−2s−1dr. (5.8)

Qrhsimopoi¸ntac t¸ra ton tÔpo tou Pizzeti :

f̃(x, r) = f(x) +
∆f(x)

1!2n
r2 + ....... +

∆mf(x)

m!2mn(n + 2)...(n + 2m− 2)
r2m + O(r2m+2)(r → 0),

blèpoume ìti f̃(x, r)− f(x) = O(r2) kai epiplèon to olokl rwma (5.8) eÐnai peperasmèno ìtan
to s ∈ [0, 1). Opìte h sun�rthsh ψ(x, s) eÐnai analutik� suneq c ìtan s ∈ [0, 1).
Tèloc parathr¸ntac ìti

lim
s→0

cn,s

2s
=

1

ωn

tìte ap'th sqèsh (5.7) paÐrnw ìti :

ψ(x, 0) = f(x)

Gia na melet soume t¸ra thn ψ(x, s) ìtan s ∈ [1, 2), gr�foume thn ψ(x, s) wc ex c :

ψ(x, s) = cn,sωn

∫ ∞

0

(f(x)− f̃(x, r))r−2s−1dr = cn,sωn

∫ 1

0

(f(x)− f̃(x, r) +
∆f(x)

1!2n
r2)r−2s−1dr

+
cn,s

2n(2− 2s)
ωn∆f(x) + cn,sωn

∫ ∞

1

(f(x)− f̃(x, r))r−2s−1dr. (5.9)

'Omwc ap'ton tÔpo tou Pizzeti èqw :

f(x)− f̃(x, r) +
∆f(x)

1!2n
r2 = O(r4),

Opìte èqw ìti h ψ(x, s) eÐnai omal  ìtan s ∈ [1, 2). EpÐshc blèpoume eÔkola ìti isqÔei kai h
sqèsh :

ψ(x, s) = cn,sωn

∫ ∞

0

(f(x)− f̃(x, r) +
∆f(x)

1!2n
r2)r−2s−1dr,

kai
ψ(x, 1) = − 1

4π2
∆f.

Ac suneqÐsoume t¸ra dÐnontac ton parak�tw orismì.

49



Orismìc 5.4.2 'Estw S = {f ∈ C∞ : (1 + |x|n+2s)f (k)(x) na eÐnai fragmènh ∀k ≥ 0}.
EpÐshc jewr¸ thn topologÐa sto S pou dÐnetai apì thn hminìrma :

[f ]k = sup(1 + |x|n+2s)f (k)(x).

Kai sumbolÐzoume ton duikì q¸ro me S ′

MporoÔme na elèxoume ìti (−∆)sf ∈ S, ìtan f ∈ S.
EpÐshc apì thn summetrÐa tou telest  (−∆)s mporoÔme na epekteÐnoume ton orismì ston q¸ro
S ′ mèsw thc duikìthtac, dhlad  e�n u ∈ S ′, tìte:

< (−∆)su, f >=< u, (−∆)sf > .

T¸ra o q¸roc pou ja asqolhjoÔme sto upìloipo tou kefalaÐou ja eÐnai o L1 me b�roc,
eidikìtera :

Ls = L1
loc ∩ S ′ =

{
u : Rn → R :

∫

Rn

|u(x)|
1 + |x|n+2s

dx < ∞
}

.

H nìrma ston Ls dÐnetai apì :

||u||Ls =

∫

Rn

|u(x)|
1 + |x|n+2s

dx.

Se eidikèc peript¸seic, oi tÔpoi mac mèsw tou metasqhmatismoÔ Fourier   mèsw tou kata-
qrhstikoÔ oloklhr¸matoc mac epitrèpoun na upologÐsoume to (−∆)su. H parak�tw prìtash
mac lèei mia perÐptwsh pou to (−∆)su mporeÐ na ekfrasteÐ apì to kataqrhstikì olokl rwma
(5.5).

Prìtash 5.4.3 'Estw f mÐa sun�rthsh pou an kei sto Ls kai eÐnai C2s+ε (  C1,2s+ε−1 e�n
s > 1/2) gia k�poio ε > 0 se èna anoiqtì Ω, tìte gia s ∈ (0, 1), (−∆)sf eÐnai suneq c
sun�rthsh sto Ω kai h tim  thc dÐnetai ap'to kataqrhstikì olokl rwma (5.5).

Apìdeixh :

Pr¸ta ja deÐxoume ìti, e�n efarmìsoume to olokl rwma (5.5) sthn f tìte autì eÐnai pepe-
rasmèno ∀x ∈ Ω.
'Estw s ≤ 1/2, f ∈ C2s+ε(Ω) kai Br(x) ⊂ Ω gia k�poio r > 0. Tìte ja èqw,

∫

Rn

f(x)− f(y)

|x− y|n+2s
dy =

∫

Rn\Br(x)

f(x)− f(y)

|x− y|n+2s
dy +

∫

Br(x)

f(x)− f(y)

|x− y|n+2s
dy,

o pr¸toc ìroc thc parap�nw isìthtac eÐnai peperasmènoc, afoÔ f ∈ Ls. ArkeÐ na deÐxw ìti
eÐnai peperasmènoc kai o deÔteroc ìroc.

∫

Br(x)

f(x)− f(y)

|x− y|n+2s
dy ≤ C

∫

Br(x)

|x− y|2s+ε

|x− y|n+2s
dy < ∞.

'Estw t¸ra s > 1/2 kai f ∈ C1,2s+ε−1(Ω), tìte parathr¸ ìti
∫

Br(x)

Df(x)(y − x)

|x− y|n+2s
dy = 0,
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opìte gia k�poio c = tx + (1− t)y, t ∈ [0, 1], èqw ìti
∫

Br(x)

f(x)− f(y)

|x− y|n+2s
dy ≤

∫

Br(x)

|Df(c)−Df(x)|
|x− y|n+2s

dy ≤
∫

Br(x)

|x− y|2s+ε−1

|x− y|n+2s
dy < ∞.

'Estw èna anoiqtì sÔnolo Ω0 ⊂⊂ Ω. Tìte up�rqei mÐa akoloujÐa fk ∈ S, omoiìmorfa frag-
mènh sto Cs+ε(Ω) (  C1,2s+ε−1(Ω)), pou sugklÐnei omoiìmorfa sthn f sto Ω0 kaj¸c epÐshc
sugklÐnei sthn f wc proc thn nìrma Ls. Sth sunèqeia jewr¸ r > 0 tètoio ¸ste Br(x) ⊂ Ω0

gia k�poio x ∈ Ω0. Tìte, qrhsimopoi¸ntac to gegonoc ìti h fk eÐnai omoiìmorfa fragmènh
sto Cs+ε(Ω) (  C1,2s+ε−1(Ω)) mporoÔme na deÐxoume ìti ta dÔo oloklhr¸mata sugklÐnoun
omoiìmorfa sto Ω0.

(−∆)sfk = cn,s

∫

Rn

fk(x)− fk(y)

|x− y|n+2s
dy → cn,s

∫

Rn

f(x)− f(y)

|x− y|n+2s
dy.

'Omwc (−∆)sfk → (−∆)sf sthn topologÐa tou S ′. Ap�opou sunep�getai ìti to (−∆)sf su-
mpÐptei me to olokl rwma sto Ω0 apì th monadikìthta tou orÐou kai afoÔ to Ω0  tan tuqaÐo,
autì sumbaÐnei ∀x ∈ Ω. 2

Ja proq¸rhsoume t¸ra me dÔo prot�seic pou h apìdeix  touc eÐnai tetrimmènh, all� mac
deÐqnoun mÐa morf  thc arq c megÐstou pou sumperaÐnoume qrhsimopoi¸ntac to kataqrhstikì
olokl rwma.

Prìtash 5.4.4 Upojètoume ìti u ∈ Ls, kai ìti up�rqei èna shmeÐo x0 ètsi ¸ste :
1. u(x0) = 0.
2. H u an kei ston Cs+ε (  C1,2s+ε−1) gia k�poio ε > 0 se mia perioq  tou x0.
3. u ≥ 0 ston Rn.
Tìte (−∆)su(x0) ≤ 0. Epiplèon, (−∆)su(x0) = 0 mìno ìtan u = 0.

Prìtash 5.4.5 Upojètoume ìti u, f ∈ Ls, kai ìti up�rqei èna shmeÐo x0 ètsi ¸ste :
1. u(x0) = f(x0)
2. Oi u, f an koun ston Cs+ε (  C1,2s+ε−1) gia k�poio ε > 0 se mia perioq  tou x0.
3. u ≥ f ston Rn.
Tìte (−∆)su(x0) ≤ (−∆)sf(x0). Epiplèon, (−∆)su(x0) = (−∆)sf(x0) mìno ìtan u = f .

Oi epìmenec prot�seic pou ja akolouj soun, mac deÐqnoun thn omalìthta (−∆)su, ìtan h u
èqei k�poiec idiìthtec.

Prìtash 5.4.6 'Estw h u ∈ C0,α(Rn), gia α ∈ (0, 1] kai α > 2s > 0, tìte h (−∆)su ∈
C0,α−2s(Rn) kai

[(−∆)su]C0,α−2s ≤ C[u]C0,α ,

ìpou C exart�tai mìno ap'ta α, s kai n.

Apìdeixh :

'Estw x1, x2 ∈ Rn, ac ektim soume thn diafor� |(−∆)su(x1)− (−∆)su(x2)|.

|(−∆)su(x1)− (−∆)su(x2)| =
∣∣∣
∫

Rn

u(x1)− u(x1 + y) + u(x2 + y)− u(x2)

|y|n+2s
dy

∣∣∣ ≤ I1 + I2,
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ìpou
I1 =

∣∣∣
∫

Br(0)

u(x1)− u(x1 + y) + u(x2 + y)− u(x2)

|y|n+2s
dy

∣∣∣
kai

I2 =
∣∣∣
∫

Rn\Br(0)

u(x1)− u(x1 + y) + u(x2 + y)− u(x2)

|y|n+2s
dy

∣∣∣.

Gia thn ektÐmhsh tou I1, qrhsimopoioÔme to gegonìc ìti |u(xi)− u(xi + y)| ≤ C[u]C0,α|y|α gia
i = 1, 2. Opìte èqw :

I1 ≤
∫

Br(0)

C[u]C0,α

|y|α
|y|n+2s

dy ≤ C[u]C0,αrα−2s.

Gia to I2, qrhsimopoioÔme thn |u(x1 + y)− u(x2 + y)| ≤ C[u]C0,α|x1 − x2|α, opìte ja èqw :

I2 ≤
∫

Rn\Br(0)

C[u]C0,α

|x1 − x2|α
|y|n+2s

dy ≤ C[u]C0,αr−2s|x1 − x2|α.

Opìte paÐrnontac gia r = |x1 − x2| kai prosjètwntac ta I1, I2 èqw to zhtoÔmeno. 2

Prìtash 5.4.7 'Estw u ∈ C1,α, gia α ∈ (0, 1] kai s > 0, tìte :
1. E�n α > 2s, tìte (−∆)su ∈ C1,α−2s kai

[(−∆)su]C1,α−2s ≤ C[u]C1,α ,

ìpou C exart�tai mìno ap'ta α, s kai n.
2. E�n α < 2s, tìte (−∆)su ∈ C0,α−2s+1 kai

[(−∆)su]C0,α−2s+1 ≤ C[u]C1,α ,

ìpou C exart�tai mìno ap'ta α, s kai n.

Apìdeixh :

1.
'Estw, f ∈ S tìte ja èqw :

̂∂

∂xi

(−∆)sf(ξ) = (iξ)|ξ|2sf̂(ξ) =
̂

(−∆)s
∂f

∂xi

(ξ) ⇒

∂

∂xi

(−∆)sf = (−∆)s ∂f

∂xi

∀ i = 1, .., n.

Opìte ja èqw,

<
∂

∂xi

(−∆)su, f >= − < u, (−∆)s ∂f

∂xi

>= − < u,
∂

∂xi

(−∆)sf >=< (−∆)s ∂u

∂xi

, f >⇒

∂

∂xi

(−∆)su = (−∆)s ∂u

∂xi

∀ i = 1, .., n.

'Omwc h uxi
∈ C0,α kai apì prìtash (5.4.6) èqw ìti, (−∆)s ∂u

∂xi
∈ C0,α−2s, ap�opou sunep�getai

ìti
∂

∂xi

(−∆)su ∈ C0,α−2s.
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Gegonìc pou oloklhr¸nei thn apìdeixh tou (1).
2.
Upojètoume ìti s < 1/2. Tìte douleÔontac omoÐwc ìpwc thn prìtash (5.4.6) èqoume :

|(−∆)su(x1)− (−∆)su(x2)| ≤ I1 + I2,

gia ta Ðdia I1, I2 me ekeÐnhc thc prìtashc. All� t¸ra gia na ektim soume ta I1, I2 qrhsi-
mopoioÔme to gegonìc ìti u ∈ C1,α, eidikìtera, gia ta I1, I2 qrhsimopoi¸ tic dÔo parak�tw
anisìthtec antÐstoiqa

|u(x1)− u(x1 + y) + u(x2 + y)− u(x2)| ≤ C[u]C1,α(|y||x1 − x2|α)

kai
|u(x1)− u(x1 + y) + u(x2 + y)− u(x2)| ≤ C[u]C1,α(|y|α|x1 − x2|).

Opìte gia r = |x1 − x2| èqw to epijumhtì apotèlesma.
E�n t¸ra s ≥ 1/2, gr�fw (−∆)s = (−∆)s−1/2o(−∆)1/2 kai to apotèlesma akoloujeÐ k�nontac
thn parat rhsh ìti (−∆)1/2 =

∑
i Ri∂i, ìpou Ri eÐnai o metasqhmatismìc tou Riesz (Ðde [15],

[16] ). 2

Prìtash 5.4.8 'Estw u ∈ Ck,α, kai upojètoume ìti k + α − 2s den eÐnai akèraioc. Tìte
(−∆)su ∈ C l,β, ìpou l eÐnai to akèraio mèroc tou k + α− 2s kai β = k + α− 2s− l.

Apìdeixh :

E�n α > 2s, tìte Dβu ∈ C0,α gia |β| = k. Opìte apì prìtash (5.4.6) èqw ìti Dβ(−∆)su ∈
C0,a−2s ap�opou sunep�getai ìti −(∆)su ∈ Ck,α−2s.
E�n t¸ra a < 2s, tìte Dβu ∈ C1,α gia |β| = k − 1. Opìte apì prìtash (5.4.7) èqw ìti
Dβ(−∆)su ∈ C0,a−2s+1 ap�opou sunep�getai ìti (−∆)su ∈ Ck−,α−2s+1. 2

Prìtash 5.4.9 'Estw w = (−∆)su, upojètoume ìti w ∈ C0,α kai u ∈ L∞, gia k�poio α ∈
(0, 1] kai s > 0, tìte
1. E�n α + 2s < 1, tìte u ∈ C0,α+2s(Rn). Epiplèon

||u||C0,α+2s(Rn) ≤ C(||u||L∞ + ||w||C0,α),

ìpou C exart�tai mìno ap'ta α, s kai n.
2. E�n α + 2s > 1, tìte u ∈ C1,α+2s−1(Rn). Epiplèon

||u||C1,α+2s−1(Rn) ≤ C(||u||L∞ + ||w||C0,α),

ìpou C exart�tai mìno ap'ta α, s kai n.

Apìdeixh :

ArkeÐ na deÐxoume q¸ric periorismì thc genikìthtac ìti h u paÐrnei thn an�logh omalìthta
(C0,α+2s   C1,α+2s−1)se mia perioq  tou mhdenìc. Jewr¸ loipìn, mÐa omal  sun�rthsh η me
0 ≤ η ≤ 1, ∀x ∈ Rn, suppη ⊂ B2(0) kai η(x) = 1 ∀x ∈ B1(0). Jewr¸ t¸ra thn sun�rthsh

u0(x) = cn,−s

∫

Rn

η(y)w(y)

|x− y|n−2s
dy = (−∆)−s(ηw)(x),
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epiplèon èqw, (−∆)su0 = wη, ìpou sunep�getai :

(−∆)su0 = (−∆)su ∀x ∈ B1(0),

eidikìtera gia k�je x ∈ B1/2(0) èqw ìti u− u0 = 0.
Opìte arkeÐ na deÐxoume ìti u0 ∈ C0,α+2s(B1/2(0)   u0 ∈ C1,α+2s−1(0). H u0 loipìn, gr�fetai
wc ex c : u0 = (−∆)1−so(−∆)−1ηw, ìmwc apì tic ektim seic gia thn exÐswsh Poisson èqw
ìti (−∆)−1ηw ∈ C2,α. Kai apo thn prìtash (5.4.8) prokÔptei to zhtoÔmeno. 2

Prìtash 5.4.10 'Estw w = (−∆)su, upjètoume ìti w ∈ L∞ kai u ∈ L∞, gia k�poio α ∈ (0, 1]
kai s > 0, tìte
1. E�n 2s < 1, tìte u ∈ C0,α(Rn) ∀α < 2s. Epiplèon

||u||C0,α(Rn) ≤ C(||u||L∞ + ||w||L∞),

ìpou C exart�tai mìno ap'ta α, s kai n.
2. E�n 2s > 1, tìte u ∈ C1,α(Rn) ∀α < 2s− 1. Epiplèon

||u||C1,α(Rn) ≤ C(||u||L∞ + ||w||L∞),

ìpou C exart�tai mìno ap'ta α, s kai n.

Apìdeixh :

H apìdeixh eÐnai Ðdia me aut c thc prìtashc (5.4.9)me thn diafor� ìti qrhsimopoioÔme C1,α

ektim seic gia thn exÐswsh Poisson me L∞ ektim seic tou dexioÔ mèrouc antÐ gia C2,α ekti-
m seic. 2

5.5 Idiìthtec twn s−Uperarmonik¸n Sunart sewn
Se aut n thn par�grafo ja apodeÐxoume idiìthtec twn s−uperarmonik¸n sunart sewn, ì-
moiec me ekeÐnwn twn uperarmonik¸n. All� pr¸ta ac orÐsoume to pìte eÐnai mÐa sun�rthsh
s−uperarmonik .

Orismìc 5.5.1 Lème ìti h u ∈ S ′ eÐnai s−uperarmonik  se èna anoiqtì sÔnolo Ω, e�n gia
k�je mh arnhtik  sun�rthsh elègqou φ me forèa mèsa sto Ω na isqÔei

< u, (−∆)sφ >≥ 0.

Sthn sunèqeia ja jèlame na d¸soume mÐa idiìthta sthn u an�logh me ton orismì twn upe-
rarmonik¸n sunart sewn, pou sugkrÐnoun tic timèc touc se èna shmeÐo me thn mèsh tim  touc
gÔrw apì mÐa <<mikr >> mp�lla me kèntro to en lìgw shmeÐo. Gia na to epitÔqoume autì, ja
perioristoÔme ston q¸ro Ls kai ja qrhsimopoi soume mia eidik  sun�rthsh elègqou. Jew-
r¸ loipìn, Φ(x) = C

|x|n−2s
thn jemeli¸dh lÔsh tou telest  (−∆)s kai jewr¸ thn sun�rthsh

Γ ∈ C1,1 wc ex c :

Γ(x) =

{
C(2s− n)|x|2 + C(1− 2s + n) , e�n |x| ≤ 1

Φ(x) , e�n |x| > 1

Dojèntwc λ > 0, jewr¸ thn Γλ = 1
λn−2s (

x
λ
) . H sun�rthsh Γλ sumpÐptei me thn Φ ektìc thc

mp�llac aktÐnac λ me kèntro to mhdèn, kai eÐnai èna paraboloeidèc mèsa sthn mp�lla .
'Etsi, ja suneqÐsoume me thn epìmenh prìtash gia na qrhsimopoi soume thn (−∆)sΓλ, san
mÐa proseggistik  tautìthta kai isqÔei Γλ2 ≥ Γλ1 , ìtan λ1 > λ2. Sto upìloipo tou kefalaÐou
ja paraleÐpoume thn stajer� cn,s.
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Prìtash 5.5.2 H (−∆)sΓ eÐnai mÐa jetik  suneq c sun�rthsh ston L1. EpÐshc eÐnai s−uperarmonik 
kai isqÔei : ∫

Rn

(−∆)sΓ(x)dx = 1.

Apìdeixh :

AfoÔ h Γ ∈ C1,1 eÐnai uperarmonik  mporoÔme na qrhsimopoi soume to olokl rwma (5.5) gia
na upologÐsoume thn (−∆)sΓ.
E�n x0 den an kei sto B1(0), tìte Γ(x0) = Φ(x0) kai parathr¸ntac ìti gia k�je �llo x ìti
isqÔei, Γ(x) ≤ Φ(x), èqw :

(−∆)sΓ(x0) =

∫

Rn

Γ(x0)− Γ(y)

|x0 − y|n+2s
dy >

∫

Rn

Φ(x0)− Φ(y)

|x0 − y|n+2s
dy = 0,

afoÔ Φ eÐnai h jemeli¸dhc lÔsh.
E�n t¸ra x0 ∈ B1(0) \ {0}, tìte up�rqei x1 kai δ > 0 tètoia ¸ste Φ(x − x1) + δ ≥ Γ(x) kai
Φ(x0 − x1) + δ = Γ(x0). Opìte ja èqw :

(−∆)sΓ(x0) >

∫

Rn

Φ(x0 − x1) + δ − Φ(y − x1)− δ

|x0 − y|n+2s
dy = 0.

E�n t¸ra x0 = 0 tìte h Γ paÐrnei olikì mègisto sto x0 opìte èqw (−∆)sΓ(x0) > 0.
Gia na upologÐsoume to olokl rwma

∫
Rn(−∆)sΓ(x)dx douleÔoume wc ex c :

∫

Rn

(−∆)sΓ(x)dx− 1 =< (−∆)sΓ− (−∆)sΦ, 1 >=< Γ− Φ, 0 >= 0.

2

Jètw γλ = (−∆)sΓλ.

Prìtash 5.5.3 Gia k�je λ > 0, h sun�rthsh γλ(x) mhdenÐzetai ìpwc h 1
|x|n+2s , ìtan |x| → ∞

Apìdeixh :

Gia |x| > 2λ meg�lo èqw ìti, Γλ(x) = Φ(x) kai

(−∆)sΓλ(x) =

∫

Rn

Γλ(x)− Γλ(y)

|x− y|n+2s
dy =

∫

Rn

Φ(x)− Φ(y)

|x− y|n+2s
dy +

∫

Rn

Φ(y)− Γλ(y)

|x− y|n+2s
dy

=

∫

{|y|≤λ}

Φ(y)− Γλ(y)

|x− y|n+2s
dy ≤

∫

{|y|≤λ}

C
|y|n−2s − C1|y|2

λn−2s−2

|x− y|n+2s
≤ C(n, λ, s)

|x|n+2s
.

2

Prìtash 5.5.4 E�n u ∈ Ls, tìte :

u ∗ γλ(x) =

∫

Rn

u(y)γλ(x− y)dy → u(x) sqedìn pantoÔ, kaj¸c λ → 0.
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Apìdeixh :

Pr¸ta ap�ola jewr¸ thn u mÐa omal  sun�rthsh (alli¸c douleÔw ìpwc to l mma (4.2.1) ),
èpeita blèpoume ìti h u(y)γλ(x − y) eÐnai oloklhr¸simh sun�rthsh, afoÔ u ∈ Ls kai apì
prìtash (5.5.3) h sun�rthsh γλ(x) mhdenÐzetai ìpwc h 1

|x|n+2s , ìtan |x| → ∞.
EpÐshc èqw to ex c :

γλ(x) = (−∆)sΓλ(x) =

∫

Rn

Γλ(x)− Γλ(y)

|x− y|n+2s
dy =

1

λn−2s

∫

Rn

Γλ(
x
λ
)− Γλ(

y
λ
)

|x− y|n+2s
dy

=
1

λn

∫

Rn

Γλ(
x
λ
)− Γλ(y)

|x
λ
− y|n+2s

dy =
1

λn
γ1(

x

λ
).

Tèloc, afoÔ γ1 eÐnai mh arnhtik  kai
∫
Rn γ1(x)dx = 1, èqw to zhtoÔmeno. 2

Prìtash 5.5.5 E�n h (−∆)su eÐnai suneq c se èna shmeÐo x ∈ Rn tìte

(−∆)su(x) = lim
λ→0

C

λ2s
(u(x)− u ∗ γλ(x))

ìpou C exart�tai mìno ap'to s kai n.

Apìdeixh :

AfoÔ h (−∆)su eÐnai suneq c sto shmeÐo x, tìte eÐnai fragmènh se mia perioq  tou x kai gia
k�je g ∈ L1(Rn) me sumpag  forèa kai λ arket� mikrì, etsi ¸ste na mpor¸ na èqw :
∫

Rn

(−∆)su(x−y)
g( y

λ
)

λn
dy =

∫

Rn

(−∆)su(x−λy)g(y)dy → (−∆)su(x)

∫

Rn

g(y)dy, ìtan λ → 0.

Sth sunèqeia jewr¸ g(y) = Φ(y)− Γ(y), tìte

1

λn
g(

x

λ
) =

1

λn
Φ(

x

λ
)− 1

λ2s
Γλ(x) =

1

λ2s
(Φ(x)− Γλ(x)).

Opìte èqw sunolik� :

1

Cλ2s

∫

Rn

(−∆)su(x− y)(Φ(x)− Γλ(x)) =
1

Cλ2s
(u(x)− u ∗ γλ(x)) → (−∆)su(x), ìtan λ → 0.

2

Prìtash 5.5.6 Mia sun�rthsh u ∈ Ls eÐnai s−uperarmonik  se èna anoiqtì sÔnolo Ω e�n
kai mìno e�n h u eÐnai k�tw hmisuneq c sto Ω kai ikanopoieÐ thn parak�tw anisìthta

u(x0) ≥
∫

Rn

u(x)γλ(x− x0)dx,

∀x0 ∈ Ω kai gia λ arket� mikrì.

Apìdeixh :

Jewr¸ r > λ1 > λ2 > 0, epiplèon xèroume ìti sun�rthsh Γλ2 −Γλ1 ≥ 0 eÐnai C1,1 me sumpag 
forèa sto Br(0). E�n u eÐnai s−uperarmonik  sto Br(x0) tìte :

0 ≤< (−∆)su, Γλ2(x− x0)− Γλ1(x− x0) >=< u, (−∆)sΓλ2(x− x0)− (−∆)sΓλ1(x− x0) >⇒
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u ∗ γλ2(x0) ≥ u ∗ γλ1(x0).

'Estw t¸ra èna tuqaÐo anoiqtì sÔnolo Ω0 ⊂⊂ Ω. Jètw r = dist(Ω0, ∂Ω), tìte e�n r > λ1 >
λ2 > 0, èqw

u ∗ γλ2(x) ≥ u ∗ γλ1(x) sto Ω0.

'Omwc u ∗ γλ2(x) → u(x) sto Ω0 (all�zont�c thn Ðswc se èna sÔnolo mètrou 0). Tèloc
parathr¸ ìti gia k�je λ h u ∗ γλ(x) eÐnai suneq c, opìte h u eÐnai ìrio aÔxousac akoloujÐac
suneq¸n sunart sewn, �ra eÐnai k�tw hmisuneq c. 2

Pìrisma 5.5.7 Up�rqei mÐa stajer� C ètsi ¸ste gia k�je x ∈ Ω,

u(x) ≥ u ∗ γλ(x)− Cλ2s,

e�n kai mìnon e�n (−∆)su ≥ −C sto Ω (me thn ènoia ìti (−∆)su + C eÐnai èna mh arnhtikì
mètro Radon).

Apìdeixh :

MporoÔme na upojèsoume ìti to Ω eÐnai fragmèno (afoÔ e�n f > −C topik� sto Ω eÐnai
isodÔnamo me to f > −C se olìklhro to Ω gia k�je katanom  f).
'Estw g = CΦ ∗ χΩ, pou sunep�getai ìti (−∆)sg = CχΩ.
Ap'thn prìtash (5.5.5), gia k�je x ∈ Ω èqw :

C = lim
λ→0

1

λ2s
(g(x)− g ∗ γλ(x)),

epÐshc apì thn prìtash (5.5.5) mporoÔme na doÔme ìti ∀x ∈ Ω

C =
1

λ2s
(g(x)− g ∗ γλ(x)),

gia λ < dist(x, ∂Ω.)
T¸ra jewr¸ thn u + g, tìte (u + g)(x) ≥ (u + g) ∗ γλ(x) pou eÐnai isodÔnamo sÔmfwna me thn
prìtash (5.5.6) me to h u+g na eÐnai s−uperarmonik , dhlad  (−∆)s(u+g) ≥ 0 ⇔ (−∆)su ≥
−C sto Ω. 2

'Eqontac thn prìtash (5.5.6) sto mualì mac, mporoÔme na apodeÐxoume basikèc idiìthtec
twn s−uperarmonik¸n sunart sewn, qwrÐc na qrhsimopoioÔme to kataqrhstikì olokl rwma.
Ja deÐxoume t¸ra mia arq  megÐstou.

Prìtash 5.5.8 'Estw Ω ⊂⊂ Rn anoiqtì sÔnolo, u mÐa s−uperarmonik  sun�rthsh sto Ω,
k�tw hmisuneq c sto Ω, ètsi ¸ste u ≥ 0 sto Rn \ Ω. Tìte u ≥ 0 ston Rn. Epiplèon, e�n
u(x) = 0 se k�poio shmeÐo x ∈ Ω, tìte u = 0 se olìklhro ton Rn.

Apìdeixh :

'Estw ìti paÐrnei arnhtikì el�qisto se k�poio x0 ∈ Ω. Tìte gia k�poio λ > 0 èqw ìti isqÔei
u(x0) ≥

∫
Rn u(x)γλ(x− x0)dx. 'Omwc gnwrÐzoume ìti

∫
Rn γλ(x)dx = 1, pou sunep�getai

0 ≥
∫

Rn

(u(x)− u(x0))γλ(x− x0)dx,

�topo, afoÔ γλ > 0. E�n t¸ra u(x0) = 0, afoÔ u ≥ 0, paÐrnoume

0 = u(x0) ≥
∫

Rn

u(x)γλ(x− x0)dx ≥ 0,

dhlad  u = 0 ∀x ∈ Rn. 2
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Prìtash 5.5.9 E�n oi sunart seic u1, u2 ∈ Ls eÐnai s−uperarmonikèc sto Ω, tìte eÐnai kai
h u = min(u1, u2).

Apìdeixh :

'Estw x0 ∈ Ω, apì thn prìtash (5.5.6) up�rqei λ > 0 ètsi ¸ste na isqÔei

ui(x0) ≥
∫

Rn

ui(x)γλ(x− x0)dx ≥
∫

Rn

min(u1(x), u2(x))γλ(x− x0)dx ìpou i = 1, 2 ⇒

min(u1(x0), u2(x0)) ≥
∫

Rn

min(u1(x), u2(x))γλ(x− x0)dx,

pou apì thn prìtash (5.5.6) èqw to zhtoÔmeno. 2

Oi s−ufarmonikèc sunart seic orÐzontai me ton profan  trìpo kai èqoun an�logec idiì-
thtec me ekeÐnwn twn s−uperarmonik¸n, dhlad  :

Prìtash 5.5.10 Mia sun�rthsh u ∈ Ls eÐnai s−ufarmonik  se èna anoiqtì sÔnolo Ω e�n
kai mìno e�n h u eÐnai p�nw hmisuneq c sto Ω kai ikanopoieÐ thn parak�tw anisìthta

u(x0) ≤
∫

Rn

u(x)γλ(x− x0)dx,

∀x0 ∈ Ω kai gia λ arket� mikrì.

Pìrisma 5.5.11 Up�rqei mÐa stajer� C ètsi ¸ste gia k�je x ∈ Ω,

u(x) ≤ u ∗ γλ(x) + Cλ2s,

e�n kai mìnon e�n (−∆)su ≤ +C sto Ω.

Prìtash 5.5.12 'Estw Ω ⊂⊂ Rn anoiqtì sÔnolo, u, υ dÔo s−uperarmonikèc sunart seic
sto Ω, me u − υ k�tw hmisuneq c sto Ω, ètsi ¸ste u ≥ υ sto Rn \ Ω. Tìte u ≥ υ ston Rn.
Epiplèon, e�n u(x) = υ(x) se k�poio shmeÐo x ∈ Ω, tìte u = υ se olìklhro ton Rn.

Apìdeixh :

Efarmìzoume thn prìtash (5.5.8) sthn sun�rthsh u− υ. 2

OmoÐwc orÐzoume mÐa sun�rthsh s−armonik  e�n eÐnai s−uperarmonik  kai s−ufarmonik 
tautìqrona kai se aut  thn perÐptwsh èqoume :

Prìtash 5.5.13 Mia sun�rthsh u ∈ Ls eÐnai s−armonik  se èna anoiqtì sÔnolo Ω e�n kai
mìno e�n h u eÐnai suneq c sto Ω kai ikanopoieÐ thn parak�tw isìthta

u(x0) =

∫

Rn

u(x)γλ(x− x0)dx,

∀x0 ∈ Ω kai gia λ arket� mikrì.
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