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EISAGWGH

Aut  h ergasÐa anafèretai ston kajorismì orismènwn krithrÐwn epilog c ektimht¸n me
surriknwt  kai apoteleÐ mèroc miac ektetamènhc jewrÐac epÐ aut¸n twn ektimht¸n. H jewrÐa
twn ektimht¸n me surrÐknwsh, h opoÐa topojeteÐtai sto plaÐsio thc Grammik c Statistik c
SumperasmatologÐac, eis�getai apì touc James kai Stein[1961], kaj¸c autoÐ epibebai¸noun
th mh-paradoq  tou sun jh ektimht  elaqÐstwn tetrag¸nwn (e.e.t) ìtan h di�stash tou q¸-
rou twn parathr sewn eÐnai ≥ 3, kai èktote èqei d¸sei jèsh se polu�rijmec kai poikÐlec
epekt�seic. 'Omwc, par� ta pollapl� pleonekt mata twn ektimht¸n me surrÐknwsh, autoÐ den
anaplhr¸noun p�ntote ton e.e.t.

Uiojet¸ntac thn coordinate free prosèggish, h ergasÐa aut  apoteleÐ mia analutik  sÔn-
jesh twn �rjrwn twn Fraisse, Raoult, Robert kai Roy [1987−1990] sthn opoÐa dieurÔnetai to
f�sma efarmog c twn ektimht¸n me surrÐknwsh (Kef.1) kai dÐnontai krit ria epilog c mèsa
se kl�seic, oi opoÐec merikèc forèc krÐnontai polÔ genikèc (Kef.2,3,4).

1. TO MONTELO
1.1

JewroÔme genik¸c mÐa t.m. y mèsa s> ènan dianusmatikì q¸ro E, di�stashc n, epÐ tou R,
h opoÐa akoloujeÐ ènan kanonikì nìmo mèsou θ kai diaspor�c σ2v, ìpou v mia gnwst , sum-
metrik , digrammik  morf , jetik� orismènh epÐ tou E∗, duðkìc tou E. Upojètoume epiplèon
ìti to θ ∈ Θ, Θ dianusmatikìc upìqwroc tou E diast�sewc k (3 ≤ k ≤ n − 1) kai ìti o
pollaplasiastikìc par�gontac σ2 eÐnai �gnwstoc.

Shmei¸noume me v−1
Θ ton periorismì tou v−1 epÐ tou Θ, φ0 ton e.e.t tou θ (v−1

Θ -orjog¸nia
probol  tou E epÐ tou Θ) kai s2(y) ton sun jh ektimht  tou σ2.

S> ìlh thn ergasÐa qrhsimopoioÔme thn ènnoia << >> gia na shmei¸soume thn tetragwnik 
morf  pou sundèetai me mÐa summetrik , digrammik  morf . 'Etsi, gia par�deigma,

s2(y) =
1

n− k
v−1

Θ⊥
(y − φ0(y))

(⊥ shmei¸nei thn orjogwnikìthta anaforik� me thn v−1).
Gia mia sun�rthsh g : E → R+ metr simh, shmei¸noume:

Eθ,σ[g(y)] =

∫
E

g(y)Pθ,σ(dy)

ìpou Pθ,σ = N(θ, σ2v), o kanonikìc nìmoc mèsou θ kai diaspor�c σ2v.
Epeid  h v eÐnai jetik� orismènh, o N(θ, σ2v) dèqetai puknìthta pijanìthtac, anaforik�

me to mètro tou Lebesgue λv epÐ tou E, thn sun�rthsh, apì ton E ston R+,
y  (2πσ2)−n/2exp

{
− 1

2σ2
v−1(y − θ)

}
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Oi v−1-orjog¸niec probolèc tou E epÐ tou Θ kai epÐ tou Θ⊥ eÐnai wc gnwstì anex�rthtec t.m.
(anaforik� me ton N(θ, σ2v)) kai èqoume:

N(θ, σ2v) = NΘ(θ, σ2vΘ)×NΘ⊥(0, σ2vΘ⊥)

ToÔto shmaÐnei ìti:
φ0(y) ∼ NΘ(θ, σ2vΘ) kai y − φ0(y) ∼ NΘ⊥(0, σ2vΘ⊥)

Oi ektimhtèc tou θ sugkrÐnontai mèsw thc tetragwnik c ap¸leiac sundedemènh me mÐa
jetik , digrammik , summetrik  morf  q epÐ tou Θ. 'Opwc stouc perissìterouc suggrafeÐc,
lamb�noume kai ed¸

σ−2q(φ(y)− θ)

san tim  thc ap¸leiac h opoÐa ufÐstatai ìtan ektim soume to mèso θ me to φ(y). O sundede-
mènoc me aut n kÐndunoc ja eÐnai loipìn

Rφ(θ, σ) = σ−2Eθ,σ

[
q(φ(y)− θ)

]
'Enac ektimht c anafor�c eÐnai o e.e.t, φ0, tou θ. Mèsw, loipìn, tou parap�nw kindÔnou

sugkrÐnoume me ton φ0 touc ektimhtèc φ tètoiouc ¸ste to φ(y)− φ0(y) na eÐnai suggrammikì
me thn eikìna tou φ0(y) upì ènan endomorfismì c tou Θ. EÐnai praktikì, autoÐ oi ektimhtèc
na grafoÔn upì th morf :

φ(y) = φ0(y)−H
(
φ0(y), y − φ0(y)

)
c(φ0(y))

ìpou H : Θ×Θ⊥ → R metr simh sun�rthsh kaloÔmenh surriknwt c   sun�rthsh surrÐknw-
shc.

H idiaÐterh perÐptwsh, ìpou up�rqei mÐa tetragwnik  morf  b epÐ tou Θ, tètoia ¸ste h
H(x, z) na eÐnai sun�rthsh tou zeÔgouc (

b(x), v−1
Θ⊥

(z)
), apoteleÐ to antikeÐmeno aut c thc

ergasÐac, upì di�fora sq mata upojèsewn epÐ tou c kai epÐ tou surriknwt  (kai epomènwc
idiaÐtera epÐ tou b kai v−1

Θ⊥
). Genik�, oi upojèseic epÐ twn algebrik¸n telest¸n b kai c eÐnai

ligìtero exanagkastikèc apì tic upojèseic analutikìthtac gia thn sun�rthsh H, oi opoÐec
eÐnai perioristikèc.

'Ena idiaÐtera perioristikì plaÐsio epilog c tou b eÐnai ekeÐno ìpou diajètoume lÐgh plh-
roforÐa gia thn diaspor� twn parathr sewn. Mia tètoia perÐptwsh eÐnai ekeÐnh ìpou h koin 
diaspor� twn parathr sewn eÐnai pl rwc �gnwsth. H sun�rthsh surrÐknwshc exart�tai tì-
te mìno apì to φ0(y), mèsw thc tim c sto φ0(y) thc antÐstrofhc tetragwnik c morf c tou
ektimht  thc diaspor�c h opoÐa akoloujeÐ thn katanom  Wishart.

Se merikèc peript¸seic, h epilog  twn b kai c eÐnai pio perioristik  apì aut  tou genikoÔ
montèlou, ìpwc ìtan b = v−1

Θ kai c = idΘ gia polu�rijma apotelèsmata (bl. epÐshc Kef.4)  
ìtan c = vΘb sto Kef.2.

1.2. Ektimht c twn James− Stein

EÐnai kal� gnwstì ìti o e.e.t, φ0, eÐnai elaqÐstou kindÔnou metaxÔ twn amerol ptwn gram-
mik¸n ektimht¸n (Je¸rhma twn Gauss −Markov) kai akìmh, gia ton kanonikì nìmo, meta-
xÔ ìlwn twn amerol ptwn ektimht¸n (Je¸rhma Lehmann − Scheffé). EpÐshc, autìc eÐnai
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minimax (dhl. o φ0 elaqistopoieÐ to mègisto kÐnduno, supθ,σ Rφ(θ, σ), metaxÔ ìlwn twn ekti-
mht¸n φ) kai stajeroÔ kindÔnou Ðsou me tr(vΘq). Gia ton kanonikì nìmo, o φ0 eÐnai exÐsou o
ektimht c megÐsthc pijanof�neiac.

'Omwc, to 1956, o Stein apodeiknÔei ìti o φ0 eÐnai paradektìc mìno an k ≤ 2, dhlad , ìtan
k ≥ 3, up�rqei p�ntote ènac ektimht c φ̃ tètoioc ¸ste:

Rφ̃(θ, σ) ≤ Rφ(θ, σ)

gia k�je (θ, σ), me thn austhr  anisìthta na isqÔei gia èna toul�qisto (θ, σ).
H apìdeixh tou, gia to mèroc thc <<paradoq c>>, ìtan k ≤ 2, eÐnai ìmoia me ekeÐnh tou

Kef.3, h opoÐa apodeiknÔei mÐa anagkaÐa kai ikan  sunj kh Ôparxhc ektimht¸n me surriknwt 
kuriarq¸ntac omoiomìrfwc ton e.e.t gia mia kl�sh apwlei¸n.

Aut  h apìdeixh den  tan epoikodomitik , ìmwc argìtera oi James kai Stein [1961] epidei-
knÔoun ènan ektimht  kindÔnou omoiomìrfwc mikrìterou apì ekeÐnon tou φ0, gia ton <<sun jh>>
kÐnduno sundedemèno me thn q = v−1

Θ . Autìc gr�fetai upì th morf :
φJS(y) =

(
1− ρ

s2(y)

v−1
Θ (φ0(y))

)
φ0(y)

ìpou ρ = (k−2)(n−k)
n−k+2

. FaÐnetai tìte to giatÐ o ektimht c φJS, legìmenoc twn James − Stein,
onom�zetai ektimht c me surriknwt (  ektimht c me surriknwt  klÐmakac(scalaire)) : autìc
pollaplasi�zei ton e.e.t me èna suntelest  mikrìtero tou 1 kai ton surrikn¸nei proc to 0.

2. OI EKTIMHTES ME SURRIKNWTH
2.1

AutoÐ apoteloÔn sth sunèqeia to antikeÐmeno melèthc poll¸n suggrafèwn, oi opoÐoi ek-
metaleÔontai to apotèlesma twn James kai Stein kai to genikeÔoun kat� di�forouc trìpouc
gia na sqhmatÐsoun sig�-sig� ènan eidikì kl�do thc grammik c statistik c (bl. p.q.Judge
kai Bock[1987]). Se genikèc grammèc, h poreÐa thc exèlixhc twn ektimht¸n me surriknwt  èqei
wc ex c:

Oi Baranchik[1964] kai Bock[1975] genikeÔoun ta apotelèsmata twn James kai Stein[1961],
wc proc thn ènnoia thc sun�rthshc surrikn¸sewc, jewr¸ntac ektimhtèc thc morf c:

φB(y) =

(
1− h

( s2(y)

v−1
Θ (φ0(y))

))
φ0(y)

kai apodeiknÔontac epÐ thc sunart sewc h eparkeÐc sunj kec omoiìmorfhc kuriarqÐac tou φBepÐ tou φ0. Di�foroi suggrafeÐc (ìpwc p.q. oi Strawderman[1973], Efron kai Morris[1976])
genikeÔoun proodeutik� autèc tic upojèseic.

Mia deÔterh genÐkeush akoloujeÐ apì touc Berger kai Bock[1976] me thn antikat�stash
tou suntelest  surrÐknwshc apì ton endomorfismì surrÐknwshc c, endomorfismìc epÐ tou Θ,
enarmonÐzontac thn surrÐknwsh kat� sunist¸sa. AutoÐ jewroÔn touc ektimhtèc:

φBB(y) =

(
idΘ − h

( s2(y)

v−1
Θ (φ0(y))

)
c

)
φ0(y)

ìpou idΘ o tautotikìc endomorfismìc epÐ tou Θ.
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Oi Judge kai Bock[1978] genikeÔoun autoÔc touc ektimhtèc stouc:
φJB(y) =

(
idΘ − h

( s2(y)

b(φ0(y))

)
c

)
φ0(y)

ìpou b digrammik , summetrik  morf , epÐ tou Θ, h opoÐa diagwniopoieÐtai, kaj¸c kai o en-
domorfismìc c, mèsa sthn Ðdia b�sh h opoÐa eÐnai v−1

Θ -orjokanonik  kai q-orjog¸nia. Epeid 
oi sunart seic surrikn¸sewc èqoun jetikèc timèc, parathroÔme ìti, mèsa se mÐa tètoia b�sh,
oi di�forec suntetagmènec tou φ0(y) <<surrikn¸nontai>> proc to 0. AutoÐ oi ektimhtèc ja ono-
masjoÔn exÐsou ektimhtèc me surriknwt  kai sugkekrimèna matriciels, upodeiknÔontac ìti h
surrÐknwsh metab�lletai akolouj¸ntac tic suntetagmènec.

Oi eparkeÐc sunj kec epÐ thc h, jewroÔmenec apì touc Judge kai Bock, ¸ste o φJB na
kuriarqeÐ ton φ0, genikeÔontai apì touc Cellier kai Fourdrinier[1985] sthn perÐptwsh mh-
diaforÐsimwn sunart sewn surrÐknwshc. AutoÐ epekteÐnoun ta apotelèsmata touc jewr¸ntac
touc ektimhtèc thc morf c:

φ(y) =
(
idΘ − h(b(φ0(y)), s2(y))c

)
φ0(y)

me upojèseic polÔ ligìtero perioristikèc epÐ thc sun�rthshc surrÐknwshc kai me parat rhsh
y akolouj¸ntac èna nìmo me elleiptik  summetrÐa (h perÐptwsh miac kanonik c parat rhshc
dÐdetai apì touc Cellier, Fourdrinier kai Robert[1989]).

EpekteÐnontac ta apotelèsmata tou Berger[1976], oi Fraisse, Robert kai Roy[1987] (Kef.1)
jewroÔn touc ektimhtèc φ thc anwtèrw morf c sundedemènouc me diaforÐsimec sunart seic
surrikn¸sewc kai dÐnoun eparkeÐc sunj kec kuriarqÐac epÐ tou φ0, sthn perÐptwsh pou oi
di�foroi dianusmatikoÐ telestèc (o endomorfismìc surrÐknwshc c, h digrammik  morf  b pou
upeisèrqetai sthn sun�rthsh surrikn¸sewc) den diagwniopoioÔntai sthn Ðdia b�sh tou Θ, ì-
pwc oi q kai v−1

Θ . Oi toioutotrìpwc lambanìmenec sunj kec qrhsimopoioÔntai sto Kef.4 gia
thn sÔgkrish twn ektimht¸n me surrÐknwsh.

BebaÐwc, up�rqoun genikeÔseic twn anwtèrw apotelesm�twn gia mh-kanonikoÔc nìmouc. O
Brown[1966] genikeÔei to apotèlesma tou Stein[1956] me thn ektÐmhsh thc paramètrou jèse-
wc miac polÔ genik c kl�sewc nìmwn. Oi Brandwein kai Strawderman[1991] genikeÔoun ta
apotelèsmata tou Stein[1981], o opoÐoc eis�gei mia polÔ genik  kl�sh ektimht¸n me surriknw-
t  me eparkeÐc sunj kec kuriarqÐac epÐ tou φ0 polÔ exanagkastikèc, s> èna plaÐsio sfairik�
summetrik¸n nìmwn dedomènhc puknìthtac, en¸ oi Cellier kai Fourdrinier[1994] genikeÔoun
ta apotelèsmata ekeÐnwn s> èna genikìtero plaÐsio nìmwn me elleiptik  summetrÐa (qwrÐc thn
an�gkh Ôparxhc puknìthtac) kai qwrÐc tic isqurèc analutikèc upojèseic ekeÐnwn.

Na shmei¸soume ìti gia touc perissìterouc nìmouc, o jewroÔmenoc ektimht c φ0 den eÐnaiekeÐnoc twn elaqÐstwn tetrag¸nwn all� ekeÐnoc thc megÐsthc pijanof�neiac. EÐnai loipìn
endiafèron na exet�soume thn epirro  twn ektimht¸n me surriknwt  epÐ thc epÐdoshc autoÔ
tou ektimht  (Kef.4).

Sthn sunèqeia tou Berger[1978], o opoÐoc melet� tic poluwnumikèc ap¸leiec, oi Brandwein
kai Strawderman[1980] apodeiknÔoun exÐsou apotelèsmata kuriarqÐac gia kurtèc ap¸leiec.
'Ena krit rio sÔgkrishc, endiafèron gia polloÔc suggrafeÐc, eÐnai ekeÐno tou <<mèsou tetra-
gwnikoÔ sf�lmatoc>> to opoÐo jewreÐ ton pÐnaka thc deÔterhc rop c tou ektimht  apì ton
opoÐon afaireÐtai to θ. Sthn pr�xh, an ènac ektimht c φ kuriarqeÐ ènan ektimht  φ′ me thn
ènnoia autoÔ tou krithrÐou (dhl. ìti h diafor� twn dÔo proanaferjèntwn pin�kwn eÐnai jeti-
k ) o φ ja kuriarqeÐ ton φ′ gia ìlouc touc kindÔnouc sundedemènouc me tetragwnikèc morfèc.
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Sthn perÐptwsh pou h diaspor� eÐnai pl rwc gnwst , o Brown[1975] apodeiknÔei ìti den
up�rqei ektimht c me surriknwt  kalÔteroc tou φ0 me thn ènnoia autoÔ tou krithrÐou. O
C.Robert[1987]([41]) genikeÔei autì to apotèlesma sthn perÐptwsh pou h diaspor� eÐnai gnw-
st  ektìc apì ènan pollaplasiastikì par�gonta (Kef.3).

2.2. BeltÐwsh kai paradoq 
'Opwc eÐdame sthn §2.1, oi kl�seic twn ektimht¸n me surriknwt  aggÐzoun mÐa polÔ meg�lh

genikìthta, h opoÐa sthn pr�xh faÐnetai na eÐnai èna empìdio sthn qr sh aut¸n twn ektimht¸n,
kaj¸c o qr sthc den diajètei krit ria epilog c mèsa sthn proteinìmenh kl�sh ektìc apì tic
eparkeÐc sunj kec kuriarqÐac.

EpekteÐnontac tic qrhsimopoioÔmenec mejìdouc, o C.Robert[1987]([41]), gia na egguhjeÐ
mia omoiìmorfh kuriarqÐa epÐ tou φ0, exasfalÐzei belti¸seic twn uparqìntwn ektimht¸n kai
krithrÐwn pou eÐnai pio akribeÐc apì thn epilog  twn ektimht¸n me surriknwt . Sto Kef.4, loi-
pìn, melet�me tic sunj kec upì tic opoÐec mporoÔme na belti¸soume ènan dedomèno ektimht 
me surriknwt  apì ènan ektimht  <<klÐmakac>>, tropopoi¸ntac ton endomorfismì   th sun�r-
thsh surrikn¸sewc. Akolouj¸ntac autèc tic teqnikèc, oi Judge kai Bock[1978] epekteÐnoun
ton <<positive rule>>, eisagìmeno apì ton Baranchik[1964], sto sÔnolo twn ektimht¸n touc.
Sugkekrimèna, autoÐ deÐqnoun ìti, sthn pr�xh eÐnai protimìtero, ìtan jewreÐtai o ektimht c
kat� suntetagmènh, na pragmatopoieÐtai mia alhjin  surrÐknwsh: <<kolìbwsh tou suntelest 
surrÐknwshc sto 0>>. O Stein[1981] kai oi Dey kai Berger[1983] belti¸noun upì kolìbwsh
ton ektimht  twn James− Stein. Mia tètoia kolìbwsh parousi�zetai sto tèloc tou Kef.4.

Epeid  o ektimht c φ0 eÐnai mh-paradektìc, parousi�zei endiafèron na anarwthjoÔme gia
thn paradoq  twn jewroÔmenwn ektimht¸n genik�. GenikeÔontac to apotèlesma tou Stein[1955],
o Farrell[1968] apodeiknÔei mÐa ikan  kai anagkaÐa sunj kh gia thn paradoq  s> èna plaÐsio
exairetik� genikì. Akolouj¸ntac ton Brown[1971], oi Berger kai Srinivasan[1978] apo-
deiknÔoun, q�ric s> aut  th sunj kh, ìti oi genikeumènoi ektimhtèc tou Bayes twn fusik¸n
paramètrwn miac ekjetik c oikogèneiac apoteloÔn mia pl rh kl�sh. Ta apotelèsmata aut�
epanalamb�nontai ston Brown[1986]. Mia eidik  perÐptwsh aut¸n eÐnai ekeÐnh thc ektÐmhshc
tou mèsou miac poludi�stathc kanonik c katanom c, ìpou h diaspor� eÐnai pl rwc gnwst .
Gia thn perÐptwsh aut , sumperaÐnetai mÐa anagkaÐa sunj kh thc paradoq c twn ektimht¸n me
surriknwt  autoÔ tou mèsou. Oi Fraisse, Raoult, Robert kai Roy[1990] genikeÔoun ta para-
p�nw apotelèsmata apodeiknÔontac ìti gia tic endiafèrousec paramètrouc, oi opoÐec den eÐnai
oi fusikoÐ par�metroi, oi paradektoÐ ektimhtèc eÐnai p�ntote ìria ektimht¸n tou Bayes kai
epideiknÔetai mÐa anagkaÐa morf  aut¸n twn ektimht¸n. MÐa eidik  perÐptwsh thc kat�stashc
aut c eÐnai h ektÐmhsh tou mèsou enìc poludi�statou kanonikoÔ nìmou, ìpou h diaspor� eÐnai
�gnwsth kat� ènan pollaplasiastikì par�gonta pou paÐrnei timèc s> èna sumpagèc di�sthma
tou (0, +∞). S> aut  thn perÐptwsh dÐnoun mÐa anagkaÐa sunj kh paradoq c twn ektimht¸n
me surrÐknwsh, kat� thn opoÐa mèsa se mÐa b�sh v−1

Θ -orjokanonik  oi pÐnakec twn b kai c
ofeÐloun na eÐnai an�logoi. Aut  h genÐkeush apoteleÐ to antikeÐmeno tou Kef.2.

O drìmoc proc thn paradoq , ìpwc faÐnetai sto Kef.2, pern� apì mia bayesienne meta-
qeÐrhsh. Pr�gmati, aut  h metaqeÐrhsh epitrèpei na ekfr�soume tautìqrona to <<fainìmeno
Stein>> (dhl. to giatÐ h tautìqronh ektÐmhsh anexart twn problhm�twn belti¸nei sunolik�
aut  thn ektÐmhsh(p.q Berger[1980])) kai na proteÐnoume ektimhtèc tautoqrìnwc kalÔterouc
apì ton e.e.t (p.q Berger[1982], Berger kai Berliner[1984]) kai m�lista paradektoÔc (p.q
Alam[1973], Berger[1980])

Sto Kef.2 den antimetwpÐzoume touc ektimhtèc me surrÐknwsh upì thn bayesienne optik ,
7



ekeÐ oi ektimhtèc tou Bayes faÐnontai wc ergaleÐo. Gia mia bayesienne prosèggish twn ekti-
mht¸n me surrÐknwsh tou Kef.1, blèpe Critikou kai Terzakis[1992].

Sqedi�gramma thc ergasÐac
Skopìc aut c thc ergasÐac, pèra apì to na katast sei safeÐc k�poiec upojèseic kuriarqÐac

tou φ0 apì ton φ ferìmenec epÐ thc sun�rthshc surrikn¸sewc h (exartìmenh apì ta b(x) kai
v−1(z)) kai twn algebrik¸n telest¸n q, b kai c, eÐnai na d¸sei kai krit ria epilog c sto
eswterikì thc kl�shc twn ektimht¸n φ.

Sugkekrimèna:
− Sto Kef.1 jewreÐtai to prìblhma thc ektÐmhshc tou mèsou enìc poludi�statou kanonikoÔ
nìmou, ìtan h diaspor� eÐnai �gnwsth kat� ènan pollaplasiastikì par�gonta, apì ektimh-
tèc me sun�rthsh surrikn¸sewc diaforÐsimh, h opoÐa mac epitrèpei th qr sh twn mejìdwn
olokl rwshc kat� mèrh eisagìmenh apì ton Stein[1973, 1981]. O upologismìc tou kindÔnou
twn jewroÔmenwn ektimht¸n odhgeÐ se amerìlhptouc ektimhtèc autoÔ tou kindÔnou, apì touc
opoÐouc sumperaÐnontai ikanèc sunj kec kuriarqÐac tou e.e.t oi opoÐec kajÐstantai pio safeÐc
an periorÐsoume thn kl�sh twn endomorfism¸n surrÐknwshc.
− Sto Kef.2 melet�tai arqik� h ektÐmhsh twn mh-fusik¸n paramètrwn se ekjetikèc oi-
kogèneiec puknot twn kai apodeiknÔetai, upì mÐa upìjesh sumpagìthtac, ìti oi paradektoÐ
ektimhtèc aut¸n twn paramètrwn eÐnai ìria ektimht¸n tou Bayes kai mporoÔn na ekfrasjoÔn
upì mia morf  idiaÐtera sunarthsiak . Sto plaÐsio aut c thc melèthc, mia endiafèrousa eidik 
perÐptwsh odhgeÐ sto prìblhma ektÐmhshc tou Kef.1, sumperaÐnontac apì to genikì apotèle-
sma mÐa anagkaÐa sunj kh gia thn paradoq  twn ektimht¸n me surriknwt .
− Sto Kef.3 dÐdetai mia anagkaÐa kai ikan  sunj kh kuriarqÐac tou e.e.t tou kanonikoÔ mèsou
genikeÔontac to apotèlesma tou Brown[1975] kai en mèrei to apotèlesma tou C.Robert[1987]
([41]) antistoÐqwc stic peript¸seic pou b = v−1

Θ kai b opoiad pote digrammik  morf .
− Sto Kef.4 epitugq�netai <<beltÐwsh>> twn ektimht¸n twn prohgoÔmenwn kefalaÐwn enisqÔo-
ntac arqik� thn surrÐknwsh touc mèsw tou endomorfismoÔ surrikn¸sewc jewr¸ntac dedomènh
th sun�rthsh surrÐknwshc kai sthn sunèqeia tropopoi¸ntac   kìbontac thn sun�rthsh sur-
rikn¸sewc touc. O ìroc <<beltÐwsh>> shmaÐnei thn exasf�lish, k�tw apì orismènec sunj kec,
miac omoiìmorfhc wc proc (θ, σ) el�ttwshc tou kindÔnou tou sundedemènou me autìn ektimht .
Mia mèjodoc sto tèloc tou kefalaÐou autoÔ mac epitrèpei na ektim soume thn tim  enìc ekti-
mht  φ1 (me thn ènnoia enìc dedomènou tetragwnikoÔ kindÔnou) ektim¸ntac, me prosomoÐwsh,
to �nw fr�gma tou kèrdouc to opoÐo mporeÐ na epifèrei ènac ektimht c me surriknwt  ana-
forik� me ton e.e.t. MporoÔme, loipìn, na sugkrÐnoume (p�ntote me prosomoÐwsh) to kèrdoc
tou ektimht  φ1 me to fr�gma autì.
− H upìjesh thc diaforisimìthtac sthn sun�rthsh surrÐknwshc mac epitrèpei th qr sh tou
L mmatoc tou Stein, h de qr sh twn algebrik¸n telest¸n dhmiourgeÐ thn an�gkh enìc algebri-
koÔ l mmatoc. Kai ta dÔo dÐdontai wc Par�rthma sto Kef.1. 'Omwc, sto tèloc thc ergasÐac,
akoloujeÐ èna �llo Par�rthma, to opoÐo dÐdetai gia na dieukrinisjoÔn klassik� apotelèsmata
pou emfanÐzontai stouc upologismoÔc kai anafèretai sthn teqnik  thc <<poissonisation>>.
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Kef�laio 1

EKTIMHTES ME DIAFORISIMO
SURRIKNWTH GIA MIA TETRAGWNIKH
SUNARTHSH APWLEIAS

1.1
Sto Kef�laio autì, akolouj¸ntac touc Fraisse, Robert kai Roy[1987], jewroÔme to

prìblhma thc ektÐmhshc tou mèsou enìc poludi�statou kanonikoÔ nìmou, ìtan h diaspor�
eÐnai gnwst  ektìc apì ènan pollaplasiastikì par�gonta, upì mÐa genik  tetragwnik  su-
n�rthsh ap¸leiac, dia mèsou twn ektimht¸n me surriknwt  èqontac diaforÐsimh sun�rthsh
surrÐknwshc k�tw apì asjeneÐc algebrikèc upojèseic. Oi en lìgw ektimhtèc, upì ikanèc sun-
j kec, kuriarqoÔn omoiìmorfa ton e.e.t. Oi ektimhtèc me surrÐknwsh pou jewroÔme an koun
se mia aisjht� megalÔterh kl�sh ektimht¸n apì autèc pou up�rqoun sto megalÔtero mèroc
thc bibliografÐac kai aforoÔn to Ðdio prìblhma.

1.2 TO MONTELO
1.2.1 'Ennoiec

'Estw V ènac dianusmatikìc q¸roc, di�stashc n epÐ tou R kai a mia digrammik  morf  epÐ
tou V . Shmei¸noume me ā thn tetragwnik  morf  pou sundèetai me thn a.

'An a eÐnai mia digrammik  summetrik  morf  epÐ tou V , mporoÔme na thn jewr soume san
ènan omomorfismì apì ton V ston V ∗ (ìpou V ∗ o duðkìc tou V ). Shmei¸noume a− ènan
genikeumèno antÐstrofo (g − inverse) tou a, dhl. ènan omomorfismì tou V ∗ me ton V pou
ikanopoieÐ th sqèsh : a a−a = a. 'Eqoume loipìn, Im(a−)⊕Ker a = V .

1.2.2
'Estw y mia tuqaÐa metablht  me timèc se ènan dianusmatikì q¸ro E, epÐ tou R, di�stashc

n, h opoÐa akoloujeÐ ènan kanonikì nìmo N(θ, σ2v), ìpou to θ an kei se ènan dianusmatikì
upìqwro J tou E, di�stashc k ( me k < n ), v eÐnai mia gnwst , jetik� orismènh, summetrik ,
digrammik  morf  epÐ tou E∗ kai oi par�metroi θ kai σ (σ > 0) eÐnai �gnwstec.

Oi jewroÔmenoi ektimhtèc tou θ, dhl. oi apeikonÐseic φ apì ton E ston J, sugkrÐnontai,
mèsw miac tetragwnik c ap¸leiac, orismènh apì mia jetik , summetrik , digrammik  morf  q
epÐ tou J. JewroÔme aut  th sun�rthsh ap¸leiac na eÐnai h: σ−2q̄(φ(y)− θ). O kÐndunoc tou
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φ eÐnai loipìn:
Rφ(θ, σ) = σ−2Eθ,σ[q̄(φ(y)− θ)]

ìpou gia k�je metr simh apeikìnish f : E → R , shmei¸noume:
Eθ,σ[f(y)] =

∫
E

f(y)N(θ, σ2v; dy)

Shmei¸noume me φ0 ton ektimht  megÐsthc pijanof�neiac tou θ, dhl. thn v−1-orjog¸nia
probol  epÐ tou J. O nìmoc tou φ0(y) eÐnai N(θ, σ2vΘ), ìpou v−1

Θ eÐnai o periorismìc tou
v−1 epÐ tou J. Autìc o ektimht c eÐnai minimax kai dèqetai stajerì kÐnduno Ðso me :
Rφ0(θ, σ) = tr(vΘ q) .
Parat rhsh 1.2.1

To montèlo autì eÐnai sthn pragmatikìthta to montèlo thc grammik c palindrìmhshc.
Pr�gmati, an x1, x2, . . . , xk eÐnai k dianÔsmata tou E, pou par�goun ton J, gia θ =

∑k
i=1 βixi

èqoume y =
∑k

i=1 βixi + u , ìpou u akoloujeÐ ènan kanonikì nìmo, mèsou 0 kai diaspor�c
σ2v. H ektÐmhsh tou (β1, β2, . . . , βk) mac odhgeÐ sthn ektÐmhsh tou θ mèsw thc b�shc
(x1, x2, . . . , xk) tou J. 'Omwc, qwrÐc na epilèxoume mia b�sh anafor�c gia ton J katal goume
se pio sunoptikèc ekfr�seic twn apotelesm�twn.

1.2.3 Oi ektimhtèc me surriknwt 
'Estw b mia jetik , summetrik , digrammik  morf  epÐ tou J, c ènac endomorfismìc tou

Θ kai h mia apeikìnish apì ton (R+)2 ston R+. O c onom�zetai endomorfismìc surrÐknwshc
kai h h sun�rthsh surrÐknwshc. JewroÔme thn upìjesh H1,
UPOJESH H1: Ker b ⊂ Ker c

Oi ektimhtèc me surriknwt  ja eÐnai thc morf c :

φ(y) =

(
idΘ − h

(
b̄(φ0(y)), (n− k)/v−1(y − φ0(y))

)
c

)
φ0(y) (1.1)

Se ìla ta parak�tw ja shmei¸noume :

t = b̄(φ0(y)) kai s2 =
v−1(y − φ0(y))

n− k

s2 o sun jhc ektimhthc thc diaspor�c σ2.
JewroÔme mia b�sh tou E, (e1, e2, . . . , en), v−1- orjokanonik , tètoia ¸ste ta (e1, e2, . . . , ek)na sqhmatÐzoun mia b-orjog¸nia b�sh gia ton J, tètoia ¸ste an m = rg(b), ta k−m teleutaÐa

dianÔsmata aut c thc b�shc na par�goun ton Ker b. 'Eqoume tìte:

φ0(y) =
k∑

i=1

yiei , θ =
k∑

i=1

θiei

t =
m∑

i=1

biy
2
i kai s2 =

1

n− k

n∑
i=k+1

y2
i
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ap' ìpou prokÔptei :

φ(y) =
k∑

i=1

yiei − h
( m∑

i=1

biy
2
i , (n− k)(

n∑
i=k+1

y2
i )
−1

) k∑
i=1

k∑
j=1

cijyjei

ìpou cij ta stoiqeÐa tou pÐnaka pou sundèetai me ton endomorfismì c.
Oi ektimhtèc thc morf c (1.1) genikeÔoun autoÔc twn Berger kai Bock[1976] , Cellier kai

Fourdrinier[1985] , Efron kai Morris[1976] , Judge kai Bock[1978] , Strawderman[1973]
oi opoÐoi jewroÔn mìno sunart seic surrÐknwshc mÐac metablht c   upojètoun ìti ta b, c kai
q eÐnai tautoqrìnwc diagwniopoi sima mèsa se mia b�sh v−1

Θ -orjokanonik  . Oi Cellier kai
Fourdrinier[1985] eis�goun touc ektimhtèc me sun�rthsh surrÐknwshc ìqi anagkaÐa diaforÐ-
simh (oÔte kan suneq ) en¸ ed¸ upojètoume, ìti h h dèqetai merikèc parag¸gouc anaforik�
kai me tic dÔo metablhtèc thc. Q�rh se aut n thn analutik  upìjesh, katargoÔntai, anafo-
rik� me ta parap�nw �rjra,oi arket� isquroÐ periorismoÐ epÐ thc fasmatik c an�lushc twn b,
c kai q.

Ja lème ìti o φ eÐnai omalìc (regulier) an h sun�rthsh surrÐknws c tou, h, ikanopoieÐ
tic parak�tw sunj kec (an me h′i sumbolÐsoume th merik  par�gwgo thc h wc proc thn i-
metablht ):

Eθ,σ[ t h2(t, 1/s2) ] , Eθ,σ [ t h′1(t, 1/s
2) ] ,

Eθ,σ[
t

s4
h(t, 1/s2) h′2(t, 1/s

2) ] kai Eθ,σ[
t

s2
h2(t, 1/s2) ]

eÐnai peperasmènec, gia k�je θ ∈ Θ kai σ > 0.
Ja doÔme ìti, autoÐ oi periorismoÐ exasfalÐzoun to peperasmèno tou kindÔnou tou ektimht 

pou sundèetai me thn h (bl. Prìtash 1.3.1) kai thn egkurìthta twn oloklhr¸sewn kat� mèrh
pou gÐnontai se di�forec apodeÐxeic gia thn efarmog  tou L mmatoc tou Stein (bl.L mma
1.6.2).

H b den eÐnai aparaÐthta jetik� orismènh, all� upojètoume oti rg(b) ≥ 3. Autìc o pe-
riorismìc eÐnai fusikìc afoÔ, ìtan h H1 ikanopoieÐtai kai an rg(b) ≤ 2, eÐnai fanerì oti o
ektimht c tou tÔpou (1.1) diafèrei apì ton φ0 mìno kat� dÔo to polÔ anex�rthtec kateu-
jÔnseic. O Stein[1956] èdeixe oti, gia aut n thn perÐptwsh, o φ0 den mporeÐ na beltiwjeÐ
omoiomìrfwc apì ton φ.

1.3 KINDUNOS TWN EKTIMHTWN ME SURRIKNWTH
1.3.1

SÔmfwna me thn upìjesh H1 kai efarmìzontac to Lhmma 1.6.1 (ii) tou parart matoc,
paÐrnoume oti o periorismìc tou cb− sthn Imb den exart�tai apì thn epilog  tou b−. Epomènwc,
o periorismìc tou endomorfismoÔ tou Θ∗, tcqcb− sthn Imb eÐnai orismènoc qwrÐc amfibolÐa.
'Estw S to f�sma tou endomorfismoÔ autoÔ, shmei¸noume σM = supS kai σm = infS,
to opoÐo eÐnai jetikì   mhdèn, sÔmfwna me to L mma 1.6.1(iv) tou parart matoc, (afoÔ k�je
tetragwnik  morf  dÐnei timèc ston R+). 'Eqoume loipìn:
Prìtash 1.3.1

Upì thn upìjesh H1, mia ikan  sunj kh ¸ste o kÐndunoc tou φ na eÐnai peperasmènoc sto
(θ, σ) eÐnai: Eθ,σ[th2(t, 1/s2)] < +∞ .

E�n epiplèon, rg(c) = rg(b) kai o periorismìc tou q sthn Imc eÐnai jetik� orismènoc tìte
aut  h sunj kh eÐnai kai anagkaÐa.
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Apìdeixh
An jewr soume a = tcqc èqoume oti ,

∀x ∈ Θ, a(x) = tcqc(x) = tcq
(
c(x), .

)
= q

(
c(x), c(.)

)
, �ra, ā(x) = q̄

(
c(x)

)
.

Opìte sÔmfwna me to L mma 1.6.1 (iv) èqoume :
∀x ∈ Θ , σmb̄(x) ≤ q̄(c(x)) ≤ σM b̄(x) (1.2)

Gia x = φ0(y), pollaplasi�zontac kai ta dÔo mèlh aut c thc anisìthtac me h2(t, 1/s2) paÐr-
noume :

σmth2(t, 1/s2) ≤ q̄
(
c(φ0(y))

)
h2(t, 1/s2) ≤ σM th2(t, 1/s2)

kai oloklhr¸nontac anaforik� me ton N(θ, σ2v), èqoume :
σmEθ,σ[th2(t, 1/s2)] ≤ Eθ,σ[q̄(c(φ0(y)))h2(t, 1/s2)] ≤ σMEθ,σ[th2(t, 1/s2)] (1.3)

An Eθ,σ[th2(t, 1/s2)] < +∞, apì th sqèsh (1.3) prokÔptei oti
Eθ,σ

[
q̄
(
c(φ0(y))

)
h2(t, 1/s2)

]
< +∞

'Omwc,
Rφ(θ, σ) = Rφ0(θ, σ) + σ−2Eθ,σ

[
q̄
(
φ(y)− φ0(y)

)]
− 2σ−2Eθ,σ

[
q
(
φ0(y)− φ(y), φ0(y)− θ

)]
ìpou, efarmìzontac thn anisìthta tou Schwarz ston teleutaÐo ìro,

Eθ,σ

[
q
(
φ0(y)− φ(y), φ0(y)− θ

)]
≤ Eθ,σ

[
q̄ 1/2(φ0(y)− φ(y)) q̄ 1/2(φ0(y)− θ)

]
≤ E1/2

θ,σ

[
q̄(φ0(y)− φ(y))

]
E1/2

θ,σ

[
q̄(φ0(y)− θ)

]
'Etsi, an Eθ,σ[ q̄(φ0(y) − φ(y)) ] = Eθ,σ[ h2(t, 1/s2)q̄( c( φ0(y) ) )] < +∞, Rφ(θ, σ) < +∞

kai antistrìfwc , afoÔ lìgw thc parap�nw anisìthtac ,

Rφ(θ, σ) ≥
(

R
1/2
φ0

(θ, σ)− σ−1 E1/2
θ,σ

[
q̄(φ0(y)− φ(y))

])2

.

Loipìn , o kÐndunoc tou ektimht  φ eÐnai peperasmènoc sto (θ, σ) an kai mìnon an
Eθ,σ

[
h2(t, 1/s2)q̄(c( φ0(y) ) )

]
< +∞

(sunj kh anaferìmenh gia par�deigma apì touc Cellier kai Fourdrinier[1985]), ap> ìpou
prokÔptei to pr¸to mèroc thc prìtashc.

An epiplèon rg(c) = rg(b) kai o periorismìc tou q sthn Imc eÐnai jetik� orismènoc tìte h
prohgoÔmenh sunj kh eÐnai kai anagkaÐa. Pr�gmati, lìgw thc ikan c kai anagkaÐac sunj khc
gia to peperasmèno tou kindÔnou pou apedeÐqjei prohgoumènwc kai thc sqèshc (1.3) arkeÐ na
deÐxoume oti to σm eÐnai gn sia jetikì (dhl. di�foro tou mhdenìc). 'Omwc apì thn upìjesh
H1 kai epeid  rg(c) = rg(b) ja isqÔei oti Ker b = Kerc . Tìte:

∀x 6∈ Ker b ( ⇔ x 6∈ Kerc ) , c(x) 6= 0
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'Ara:
∀x 6∈ Ker b , q̄

(
c(x)

)
6= 0

afoÔ h q eÐnai jetik� orismènh sthn Imc. Sunep¸c,

σm = inf
x6∈Ker b

q̄(c(x))

b̄(x)
> 0

2

Parat rhsh 1.3.2
An σM = 0 tìte ìlec oi idiotimèc tou endomorfismoÔ tcqcb− eÐnai mhdèn kai loipìn tcqc

eÐnai tautotik� mhdèn. Epomènwc, gia k�je (θ, y), q̄( φ0(y)− θ ) = q̄( φ(y)− θ ). Dhlad , oi
φ kai φ0 èqoun ton Ðdio kÐnduno. Autì dikaiologeÐ thn upìjesh:
UPOJESH H2 : O periorismìc tou q sthn Imc den eÐnai mhdèn .
Upì thn upìjesh H1, h H2 isodunameÐ me thn σM 6= 0, to opoÐo prokÔptei �mesa afoÔ:

σM = sup
x 6∈Ker b

q̄(c(x))

b̄(x)

1.3.2
Prìtash 1.3.2

An h upìjesh H1 ikanopoieÐtai kai an o φ eÐnai omalìc , o kÐndunoc Rφ(θ, σ) gr�fetai :
Rφ(θ, σ) = Rφ0(θ, σ)− 2 Eθ,σ

[
h(t, 1/s2) tr(vΘqc) + 2 h′1(t, 1/s

2) bvΘqc( φ0(y) )
]

+ Eθ,σ

[
q̄( c(φ0(y)) )

{
−4h(t, 1/s2)h′2(t, 1/s

2)
1

(n− k)s4
+

n− k − 2

(n− k)s2
h2(t, 1/s2)

} ]
Parat rhsh 1.3.3

Autì to apotèlesma, genÐkeush tou Jewr matoc 1 twn Efron kai Morris[1976], dÐnei ènan
amerìlhpto ektimht  thc diafor�c twn kindÔnwn twn ektimht¸n φ0 kai φ . Sugkekrimèna, o
amerìlhptoc ektimht c aut c thc diafor�c eÐnai h statistik  sun�rthsh:

Ψ(y) = 2 h(t, 1/s2) tr(vΘqc) + 2 h′1(t, 1/s
2) bvΘqc(φ0(y))

− q̄( c(φ0(y)) )
{
−4h(t, 1/s2)h′2(t, 1/s

2)
1

(n− k)s4
+

n− k − 2

(n− k)s2
h2(t, 1/s2)

}
Apìdeixh

Jewr¸ntac th b�sh tou E pou eisag�game sthn §1.2.3, mporoÔme na gr�youme:

(vΘqc)(φ0(y)) =
k∑

i=1

(diyi + βi)ei
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ìpou gia k�je i, βi eÐnai sun�rthsh twn suntelest¸n tou φ0(y) ektìc tou yi kai di eÐnai miastajer�. Pr�gmati,

(vΘqc)
(
φ0(y)

)
= (vΘq)

( k∑
l=1

k∑
j=1

cljyjel

)
= vΘ

( k∑
l=1

k∑
j=1

cljyjq(el)
)

= vΘ

( k∑
l=1

k∑
j=1

cljyj

k∑
i=1

qile
∗
i

)
=

k∑
l=1

k∑
j=1

cljyj

k∑
i=1

qilvΘ(e∗i )

=
k∑

l=1

k∑
j=1

cljyj

k∑
i=1

qilei =
k∑

i=1

ei

k∑
j=1

k∑
l=1

cljyjqil

=
k∑

i=1

ei

( k∑
j=1
j 6=i

k∑
l=1

cljyjqil +
k∑

l=1

cliyiqil

)

=
k∑

i=1

(diyi + βi)

ìpou :
βi =

k∑
j=1
j 6=i

k∑
l=1

cljyjqil kai di =
k∑

l=1

cliqil

OrÐzoume ∆φ(θ, σ) = Rφ(θ, σ)−Rφ0(θ, σ). Opìte prokÔptei:
∆φ(θ, σ) = − 2

σ2
Eθ,σ

[
h(t, 1/s2) q

(
φ0(y)− θ, c(φ0(y))

)]
+

1

σ2
Eθ,σ

[
h2(t, 1/s2) q̄

(
c(φ0(y))

)]
= −2Aφ(θ, σ) + Bφ(θ, σ)

'Eqoume (ìpwc prohgoumènwc gia ton upologismì tou (vΘqc)(φ0(y)) ):
q
(
φ0(y)− θ , c(φ0(y))

)
= q

(
c(φ0(y))

)
(φ0(y)− θ)

=
( k∑

i=1

(diyi + βi)e
∗
i

)( k∑
j=1

(yj − θj)ej

)
=

k∑
i=1

(diyi + βi)(yi − θi)

'Ara :
Aφ(θ, σ) =

1

σ2
Eθ,σ

[
h(t, 1/s2)

k∑
i=1

(yi − θi)(diyi + βi)
]

Prèpei na shmei¸soume oti Eθ,σ[ h(t, 1/s2)(yi − θi)(diyi + βi)] eÐnai peperasmènh gia k�je
i (1 ≤ i ≤ k). Pr�gmati, apì thn anisìthta tou Schwarz, paÐrnoume:

Eθ,σ

[
| h(t, 1/s2)(yi − θi)(diyi + βi)|

]
≤

(
Eθ,σ

[
h2(t, 1/s2)(diyi + βi)

2
]

Eθ,σ

[
(yi − θi)

2
]

︸ ︷︷ ︸
= σ2

)1/2
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kai

Eθ,σ

[
h2(t, 1/s2)(diyi + βi)

2
]
≤ Eθ,σ

[
h2(t, 1/s2)

k∑
j=1

(djyj + βj)
2
]

≤ Eθ,σ

[
h2(t, 1/s2) v̄Θ( qc(φ0(y)) )

]
Blèpoume loipìn, oti aut  h mèsh tim  eÐnai peperasmènh apì mia anisìthta thn opoÐa mpo-
roÔme na bg�loume akrib¸c ìpwc thn (1.3), gia a = tctqvΘqc kai qrhsimopoi¸ntac oti h
Eθ,σ[ t h2(t, 1/s2) ] eÐnai peperasmènh apì thn upìjesh omalìthtac tou φ .

MporoÔme epÐshc na gr�youme, gia 1 ≤ i ≤ k,
Eθ,σ

[
h(t, 1/s2) (yi − θi) (diyi + βi)

]
=

∫
Rn−1

∫ +∞

−∞
h(t, 1/s2)(yi − θi)(diyi + βi)

1√
2π σ

e−(yi−θi)
2/2σ2

dyi Nn−1(θ
i, σ2In−1; dyi)

ìpou, θi = ( θ1, . . . , θi−1, θi+1, . . . , θk, 0, . . . , 0 ) kai yi = ( y1, . . . , yi−1, yi+1, . . . , yn ) .
H Eθ,σ[ h(t, 1/s2)] eÐnai peperasmènh. Pr�gmati, efarmìzontac thn anisìthta tou Schwarz,

paÐrnoume:
Eθ,σ[ h(t, 1/s2) ] = Eθ,σ[ t1/2 h(t, 1/s2) t−1/2 ] ≤

(
Eθ,σ[ t h2(t, 1/s2) ] Eθ,σ[1/t]

)1/2

'Omwc, h Eθ,σ[th2(t, 1/s2)] eÐnai peperasmènh apì thn upìjesh omalìthtac tou φ kai h Eθ,σ[1/t]
eÐnai fragmènh upì mia pollaplasiastik  stajer�, apì th rop  t�xhc −1 enìc mh kentrikoÔ
X 2- nìmou, me rg(b) bajmoÔc eleujerÐac. Pr�gmati,

Eθ,σ[1/t] =

∫
Rn

( m∑
i=1

biy
2
i

)−1

Nn( θ, σ2In ; dy1, . . . , dyn)

≤
(

min
1≤i≤m

bi

)−1
∫

Rn

( m∑
i=1

y2
i

)−1

Nn( θ, σ2In ; dy1, . . . , dyn)

Epeid  θ = t(θ1, . . . , θk, 0, . . . , 0) kai m ≤ k ,∫
Rn

( m∑
i=1

y2
i

)−1

Nn(θ, σ2In; dy1, . . . , dyn)

=

∫
Rm

( m∑
i=1

y2
i

)−1

Nm

(
t(θ1, . . . , θm), σ2Im; dy1, . . . , dym

)
=

1

σ2

∫
Rm

( m∑
i=1

z2
i

)−1

Nm

( 1

σ
t(θ1, . . . , θm), Im; dz1, . . . , dzm

)
=

1

σ2

∫
R+

u−1 X 2
m

( 1

σ2

m∑
i=1

θ2
i ; du

)
to opoÐo eÐnai peperasmèno upojètontac m(= rg(b) ) ≥ 3 (bl. Pìrisma 1, Par�rthma).
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Apì to peperasmèno aut c thc mèshc tim c gia thn h kai touc periorismoÔc pou epib�llo-
ntai apì thn omalìthta tou φ, mporoÔme na epalhjeÔsoume thn upìjesh tou L mmatoc tou
Stein (L mma 1.6.2). Pr�gmati, gia 1 ≤ i ≤ k ,shmei¸nontac me fi thn puknìthta tou
monodi�statou kanonikoÔ nìmou me mèsh tim  θi kai diaspor� σ2, èqoume :∫ +∞

−∞

∣∣∣ ∂

∂yi

[h(t, 1/s2) (diyi + βi)]
∣∣∣ fi(yi)dyi

=

∫ +∞

−∞
| h′1(t, 1/s2) 2biyi (diyi + βi) + dih(t, 1/s2) | fi(yi)dyi

≤ 2 | di |
∫ +∞

−∞
biy

2
i | h′1(t, 1/s2) | fi(yi)dyi + | βi |

∫ +∞

−∞
| h′1(t, 1/s2) 2biyi | fi(yi)dyi

+ | di |
∫ +∞

−∞
| h(t, 1/s2) | fi(yi)dyi

≤ 2 | di |
∫ +∞

−∞
| t h′1(t, 1/s

2) | fi(yi)dyi + | βi |
∫ +∞

−∞
| h′1(t, 1/s2) 2biyi | fi(yi)dyi

+ | di |
∫ +∞

−∞
| h(t, 1/s2) | fi(yi)dyi

O pr¸toc kai o teleutaÐoc ìroc tou parap�nw ajroÐsmatoc eÐnai peperasmènoi sqedìn
pantoÔ afoÔ ta antÐstoiqa oloklhr¸mata ston E eÐnai peperasmèna. Pr�gmati, kajèna apì
aut� eÐnai èna eswterikì olokl rwma twn rop¸n Eθ,σ[| t h′1(t, 1/s

2) |] kai Eθ,σ[h(t, 1/s2)]
antistoÐqwc, pou eÐnai peperasmènec. Mènei epomènwc na elènxoume an o mesaÐoc ìroc eÐnai
peperasmènoc.

'Eqoume :∫ +∞

−∞
| h′1(t, 1/s2) 2biyi | fi(yi)dyi

≤ 2

∫ −1

−∞
| h′1(t, 1/s2) biy

2
i | fi(yi)dyi + 2

∫ +∞

1

| h′1(t, 1/s2) biy
2
i | fi(yi)dyi

+

∫ 1

−1

| h′1(t, 1/s2) 2biyi | fi(yi)dyi

≤ 2

∫ +∞

−∞
| h′1(t, 1/s2) biy

2
i | fi(yi)dyi +

∫ 1

−1

| h′1(t, 1/s2) 2biyi | fi(yi)dyi

≤ 2

∫ +∞

−∞
| t h′1(t, 1/s

2) | fi(yi)dyi +

∫ 1

−1

| h′1(t, 1/s2) 2biyi | fi(yi)dyi

Ed¸, o pr¸toc ìroc eÐnai ìmoioc me autìn pou emfanÐsthke prohgoumènwc kai eÐnai pepera-
smènoc (ìpwc prohgoÔmena ). Gia ton deÔtero ìro, parathroÔme oti:∫ 1

−1

h′1(t, 1/s
2) 2biyi fi(yi)dyi =

∫ 1

−1

( ∂

∂yi

h(t, 1/s2)
)

fi(yi)dyi
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=
[

h(t, 1/s2) fi(yi)
] 1

−1
−

∫ 1

−1

h(t, 1/s2)
yi − θi

σ2
fi(yi)dyi

to opoÐo eÐnai peperasmèno afoÔ h h eÐnai suneq c sun�rthsh. 'Ara, telik�,∫ +∞

−∞

∣∣∣ ∂

∂yi

(
h(t, 1/s2) (diyi + βi)

) ∣∣∣ fi(yi)dyi < +∞

kai epomènwc apì to L mma tou Stein paÐrnoume oti, gia 1 ≤ i ≤ k,∫ +∞

−∞
h(t, 1/s2) (diyi + βi)

yi − θi

σ2
fi(yi)dyi

=

∫ +∞

−∞

∂

∂yi

[
h(t, 1/s2) (diyi + βi)

]
fi(yi)dyi

=

∫ +∞

−∞

[
h′1(t, 1/s

2) 2biyi (diyi + βi) + dih(t, 1/s2)
]

fi(yi)dyi

ProkÔptei loipìn,

Aφ(θ, σ) =
1

σ2
Eθ,σ

[
h(t, 1/s2)

k∑
i=1

(yi − θi) (diyi + βi)
]

=
k∑

i=1

Eθ,σ

[
h(t, 1/s2)

yi − θi

σ2
(diyi + βi)

]
=

k∑
i=1

Eθ,σ

[
h′1(t, 1/s

2) 2biyi(diyi + βi) + dih(t, 1/s2)
]

= Eθ,σ

[
2h′1(t, 1/s

2)
( m∑

i=1

biyi(diyi + βi)
)
+ h(t, 1/s2)

( k∑
i=1

di

)]
= Eθ,σ

[
2h′1(t, 1/s

2)(bvΘqc)(φ0(y)) + h(t, 1/s2)tr(vΘqc)
]

EpÐshc èqoume :
Bφ(θ, σ) =

1

σ2
Eθ,σ

[
h2(t, 1/s2) q̄( c(φ0(y)) )

]
=

1

σ2
Eθ,σ

[
s2 1

s2
h2(t, 1/s2) q̄( c(φ0(y)) )

]
=

1

σ2
Eθ,σ

[( n∑
i=k+1

y2
i

) 1

(n− k)s2
h2(t, 1/s2) q̄( c(φ0(y)) )

]
=

n∑
i=k+1

Eθ,σ

[ 1

(n− k)s2
h2(t, 1/s2) yi

yi

σ2
q̄( c(φ0(y)) )

]
Oi upojèseic omalìthtac gia ton φ , mac exasfalÐzoun thn aparaÐthth proôpìjesh gia thn

efarmog  tou L mmatoc tou Stein sto eswterikì olokl rwma,∫ +∞

−∞

1

(n− k)s2
h2(t, 1/s2) yi

yi

σ2
fi(yi)dyi
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pou emfanÐzetai sthn parap�nw èkfrash tou Bφ(θ, σ). Ed¸ me fi, gia k + 1 ≤ i ≤ n, sh-
mei¸noume thn puknìthta tou monodi�statou kanonikoÔ nìmou me mèso mhdèn kai diaspor�
σ2. Pr�gmati, gia k + 1 ≤ i ≤ n, èqoume :∫ +∞

−∞

∣∣∣ ∂

∂yi

(
h2(t, 1/s2)

yi

(n− k)s2

) ∣∣∣fi(yi)dyi

=

∫ +∞

−∞

∣∣∣ − 4y2
i

n− k
h(t, 1/s2) h′2(t, 1/s

2)
1

(n− k)s6

+ h2(t, 1/s2)
1

(n− k)s2

(
1− 2y2

i

(n− k)s2

) ∣∣∣fi(yi)dyi

≤
∫ +∞

−∞

∣∣∣ 4y2
i

n− k
h(t, 1/s2) h′2(t, 1/s

2)
1

(n− k)s6

∣∣∣fi(yi)dyi

+

∫ +∞

−∞

∣∣∣ h2(t, 1/s2)
1

(n− k)s2

(
1− 2y2

i

(n− k)s2

) ∣∣∣fi(yi)dyi

≤
∫ +∞

−∞

∣∣∣ 4s2 1

(n− k)s6
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣fi(yi)dyi

+

∫ +∞

−∞
h2(t, 1/s2)

1

(n− k)s2

(
1 +

2y2
i

(n− k)s2

)
fi(yi)dyi

≤ 4

∫ +∞

−∞

∣∣∣ 1

(n− k)s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣fi(yi)dyi

+

∫ +∞

−∞
h2(t, 1/s2)

1

(n− k)s2

(
1 +

2s2

s2

)
fi(yi)dyi

≤ 4

∫ +∞

−∞

∣∣∣ 1

(n− k)s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣fi(yi)dyi

+ 3

∫ +∞

−∞
h2(t, 1/s2)

1

(n− k)s2
fi(yi)dyi

'Omwc apì tic upojèseic omalìthtac tou φ, èqoume,
Eθ,σ

[∣∣∣ t

s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣] < +∞

dhl.
∫

Rn−1

t
(∫ +∞

−∞

∣∣∣ 1

s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣fi(yi)dyi

)
Nn−1(θ

′, σ2In−1 ; dyi) < +∞

ìpou θ′ = t(θ1, . . . , θk, 0, . . . , 0) ∈ Rn−1 kai yi = t(y1, . . . , yi−1, yi+1, . . . , yn). Epomènwc,
gia k + 1 ≤ i ≤ n , ∫ +∞

−∞

∣∣∣ 1

s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣fi(yi)dyi < +∞ .

EpÐshc ,
Eθ,σ

[ t

s2
h2(t, 1/s2)

]
< +∞
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to opoÐo shmaÐnei oti∫
Rn−1

t
(∫ +∞

−∞

1

s2
h2(t, 1/s2) fi(yi)dyi

)
Nn−1(θ

′, σ2In−1 ; dyi) < +∞

kai loipìn, gia k + 1 ≤ i ≤ n ,∫ +∞

−∞

1

s2
h2(t, 1/s2) fi(yi)dyi < +∞ .

'Ara telik� prokÔptei oti :∫ +∞

−∞

∣∣∣ ∂

∂yi

( h2(t, 1/s2)
yi

(n− k)s2
)
∣∣∣ fi(yi)dyi < +∞

kai epomènwc efarmìzontac to L mma tou Stein, paÐrnoume gia k + 1 ≤ i ≤ n ,∫ +∞

−∞

1

(n− k)s2
h2(t, 1/s2) yi

yi

σ2
fi(yi)dyi

=

∫ +∞

−∞

∂

∂yi

(
h2(t, 1/s2)

yi

(n− k)s2

)
fi(yi)dyi

=

∫ +∞

−∞

[
− 4y2

i

n− k
h(t, 1/s2) h′2(t, 1/s

2)
1

(n− k)s6

+ h2(t, 1/s2)
1

(n− k)s2

(
1 − 2y2

i

(n− k)s2

) ]
fi(yi)dyi

Ap' ìpou , sÔmfwna me ta prohgoÔmena , èqoume :

Bφ(θ, σ) = Eθ,σ

[
q̄( c(φ0(y)) )

{
h2(t, 1/s2)

1

(n− k)s2

(
n− k −

2
∑n

i=k+1 y2
i

(n− k)s2

)
− 4

∑n
i=k+1 y2

i

n− k
h(t, 1/s2) h′2(t, 1/s

2)
1

(n− k)s6

}]
= Eθ,σ

[
q̄( c(φ0(y)) )

{
h2(t, 1/s2)

n− k − 2

(n− k)s2

− 4 h(t, 1/s2) h′2(t, 1/s
2)

1

(n− k)s4

}]
Sunep¸c,

∆φ(θ, σ) = − 2 Eθ,σ

[
h(t, 1/s2) tr(vΘqc) + 2 h′1(t, 1/s

2) bvΘqc( φ0(y) )
]

+ Eθ,σ

[
q̄( c(φ0(y)) )

{
h2(t, 1/s2)

n− k − 2

(n− k)s2
− 4 h(t, 1/s2) h′2(t, 1/s

2)
1

(n− k)s4

}]
2
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1.3.3
An h h sun�rthsh surrÐknwshc, jètoume:

r(x, z) = xzh(x, z)

Oi ektimhtèc me surriknwt , gr�fontai tìte:
φ(y) =

(
idΘ − s2 r(t, 1/s2)

t
c
)
φ0(y) (1.4)

aut  h graf  eÐnai pr�gmati klassik  (Baranchik[1964], Bock[1975] , Efron kai Morris[1976],
Strawderman[1973] ). SumperaÐnoume loipìn, apì thn Prìtash 1.3.2, to akìloujo pìrisma:
Pìrisma 1.3.1

An ikanopoieÐtai h upìjesh H1 kai an o φ eÐnai omalìc, o kÐndunoc tou parap�nw ektimht 
eÐnai:
Rφ(θ, σ) = Rφ0(θ, σ) − 2 Eθ,σ

[
s2

t

{
r(t, 1/s2) tr(vΘqc)

+ 2bvΘqc( φ0(y) )
(
r′1(t, 1/s

2)− r(t, 1/s2)

t

)}]
+ Eθ,σ

[
q̄( c(φ0(y)) )

(n− k)t2

{
s2 r2(t, 1/s2) (n− k + 2) − 4 r(t, 1/s2) r′2(t, 1/s

2)
}]

Pr�gmati autì eÐnai �mesh sunèpeia thc Prot�sewc 1.3.2, an jèsoume:
h′1(t, 1/s

2) =
∂

∂t
h(t, 1/s2) =

∂

∂t

(s2

t
r(t, 1/s2)

)
= −s2

t
r(t, 1/s2)+

s2

t
r′1(t, 1/s

2)

kai
h′2(t, 1/s

2) =
∂

∂(1/s2)
h(t, 1/s2) =

∂

∂(1/s2)

(s2

t
r(t, 1/s2)

)
= −s4

t
r(t, 1/s2)+

s2

t
r′2(t, 1/s

2).

1.4 IKANH SUNJHKH KURIARQIAS
1.4.1

'Estw a = bvΘqc. Epeid  (lìgw thc H1) Ker b ⊂ Ker a, sÔmfwna me to L mma 1.6.1
tou parart matoc (Parat rhsh 1.6.10) to f�sma tou ab− sumpÐptei me autì tou endomorfi-
smoÔ vΘqc. 'Estw Λ to f�sma tou periorismoÔ tou ab− sthn Imb (anex�rthto thc epilog c
tou b− sÔmfwna me to L mma 1.6.1(ii) ). Autì eÐnai epÐshc to sÔnolo to opoÐo lamb�netai
paraleÐpontac (k − rg(b))−mhdenikèc idiotimèc apì to f�sma tou vΘqc. 'Estw:

λm = infΛ kai λM = sup Λ

'Eqoume tìte, sumfwna me to L mma 1.6.1(iv), gia k�je y ∈ E tètoio ¸ste t = b̄(φ0(y)) 6= 0,
λm ≤ bvΘqc ( φ0(y) )

t
≤ λM (1.5)
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Upì tic upojèseic H1 kai H2 , orÐzoume :

R0 = 2
tr(vΘqc) − 2 λM

σM

n− k

n− k + 2

An λM ≥ 0, gia na eÐnai to R0 jetikì, eÐnai anagkaÐa h sunj kh rg(b) ≥ 3, epeid 
tr(vΘqc)− 2λM ≤ (rg(b)− 2)λM .

Shmei¸nontac me: r′+i = sup(0, r′i) kai r′−i = sup(0,−r′i) (i = 1, 2) prokÔptei h parak�tw
prìtash:
Prìtash 1.4.3

An oi upojèseic H1 kai H2 ikanopoioÔntai , an o φ eÐnai omalìc kai gia k�je (t, u) ,
0 ≤ σM

n− k + 2

n− k
r(t, u)

[
R0 − r(t, u)

]
+ 4

[
t
(
λmr′+1 (t, u)− λMr′−1 (t, u)

)
+

r(t, u)u

n− k

(
σmr′+2 (t, u)− σMr′−2 (t, u)

)] (1.6)
tìte o φ kuriarqeÐ ton φ0 .
Apìdeixh

SÔmfwna me thn sqèsh (1.5), pollaplasi�zontac me r′1(t, 1/s
2), èqoume:

r′1(t, 1/s
2) bvΘqc( φ0(y) )

t
≥ λm r′+1 (t, 1/s2)− λM r′−1 (t, 1/s2)

kai ìmoia apì thn sqèsh (1.2) prokÔptei :
r′2(t, 1/s

2) q̄( φ0(y) )

t
≥ σm r′+2 (t, 1/s2)− σM r′−2 (t, 1/s2)

Apì to pìrisma 1.3.1, jètontac u = 1/s2, èqoume oti:
Rφ0(θ, σ) − Rφ(θ, σ)

= Eθ,σ

[
1

tu

{
2 r(t, u) tr(vΘqc) + 4 bvΘqc( φ0(y) )

(
r′1(t, u) − r(t, u)

t

)
− q̄( c(φ0(y)) )

(n− k)t
r2(t, u) (n− k + 2) + 4

q̄( c(φ0(y)) ) u

(n− k)t
r(t, u) r′2(t, u)

}]
≥ Eθ,σ

[
1

tu

{
σM

n− k + 2

n− k
R0 r(t, u) + 4λMr(t, u) + 4t

(
λmr′+1 (t, u) − λMr′−1 (t, u)

)
− 4λMr(t, u) − n− k + 2

n− k
σMr2(t, u) +

4u

n− k
r(t, u)

(
σmr′+2 (t, u) − σMr′−2 (t, u)

)}]
≥ 0 , lìgw thc sqèshc (1.6).

2
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Parat rhsh 1.4.4
An h r(t, u) eÐnai , gia k�je t , aÔxousa sun�rthsh tou u kai 0 ≤ r(t, u) ≤ R0 , tìte :
(i) an λm ≥ 0 kai r(t, u) eÐnai , gia k�je u, aÔxousa sun�rthsh tou t , tìte o φ kuriarqeÐ ton

φ0. To apotèlesma autì prokÔptei apì thn Prìtash 1.4.3 , afoÔ h sqèsh (1.6) epalhjeÔetai:

σM
n− k + 2

n− k
r(t, u)

[
R0 − r(t, u)

]
+ 4

[
t λm r′1(t, u) +

r(t, u) u

n− k
σm r′2(t, u)

]
≥ 0

(ii) an λM ≤ 0 kai r(t, u) eÐnai , gia k�je u, fjÐnousa sun�rthsh tou t , tìte o φ kuriarqeÐ
ton φ0. Kai autì prokÔptei apì thn Prìtash 1.4.3, afoÔ h sqèsh (1.6) epalhjeÔetai:

σM
n− k + 2

n− k
r(t, u)

[
R0 − r(t, u)

]
+ 4

[
t λM r′1(t, u) +

r(t, u) u

n− k
σm r′2(t, u)

]
≥ 0

(iii) an λm < 0 kai r(t, u) eÐnai , gia k�je u, fjÐnousa sun�rthsh tou t , tìte an λM ≥ 0
h sqèsh (1.6) den odhgeÐ se sumpèrasma , en¸ an λM < 0 h sqèsh aut  epalhjeÔetai kai
sunep¸c o φ kuriarqeÐ ton φ0(apì thn Prìtash 1.4.3) .

(iv) an λM > 0 kai r(t, u) eÐnai, gia k�je u, aÔxousa sun�rthsh tou t, tìte an λm < 0 h
sqèsh (1.6) den odhgeÐ se sumpèrasma, en¸ an λm ≥ 0 h sqèsh aut  epalhjeÔetai kai sunep¸c
o φ kuriarqeÐ ton φ0.(�ra apì tic (iii) kai (iv) den prokÔptei lÔsh ìtan λmλM ≤ 0)

1.4.2 Melèth idiaitèrwn sunart sewn surrÐknwshc
1.4.2(A) . JewroÔme thn upìjesh:
UPOJESH H3 : Up�rqei mia sun�rthsh g apì ton R+ ston R+, tètoia ¸ste, gia k�je
(t, u) ∈ (R+)2, r(t, u) = g(tu) kai to ∆ = {x : g(x) = R0} eÐnai mètrou (Lebesgue) mhdèn.
Epiplèon R0λmλM 6= 0.

Aut  h perÐptwsh, ìpou h sun�rthsh surrÐknwshc exart�tai apì mÐa mìno metablht  eÐnai
aut  pou parousi�zetai suqnìtera sth bibliografÐa (Baranchik[1964], Cellier kai Fourdrinier
[1985], Efron kai Morris[1976], James kai Stein[1961] ).

Upì thn upìjesh H3, orÐzoume tic sunart seic F1 kai F2 apì thn parak�tw sqèsh:

∀x 6∈ ∆ , Fi(x) =
λi xαi g(x) sgn(R0 − g(x))

R0 |R0 − g(x)|ai
(i = 1, 2)

me : λ1 = λm , λ2 = λM

a1 = 1 +
σm R0

(n− k) λm

, a2 = 1 +
σM R0

(n− k) λM

kai αi =
(n− k + 2) R0 σM

4 (n− k) λi

, (i = 1, 2)
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Prìtash 1.4.4
'An oi upojèseic H1, H2, H3 ikanopoioÔntai ,an o φ eÐnai omalìc kai an gia k�je x 6∈ ∆

èqoume
g′(x) ≥ 0 kai F ′

1(x) ≥ 0   g′(x) ≤ 0 kai F ′
2(x) ≥ 0 ,

tìte o φ kuriarqeÐ ton φ0.
Parat rhsh 1.4.5

SumperaÐnoume ètsi, apì ta prohgoÔmena apotelèsmata, mÐa genÐkeush tou jewr matoc 2
twn Efron kai Morris[1976] kai tou 10.2.1.(b) twn Judge kai Bock[1978].
Apìdeixh

Gia x 6∈ ∆ kai tètoio ¸ste R0 − g(x) > 0 kai i = 1, 2, èqoume:

Fi(x) =
λi xαi g(x)

R0( R0 − g(x) )ai

ap' ìpou paragwgÐzontac paÐrnoume :

F ′
i (x) =

λiR0( R0 − g(x) )ai

[
αix

αi−1g(x) + xαig′(x)
]

+ λix
αig(x)R0( R0 − g(x) )ai−1g′(x)ai

R2
0 ( R0 − g(x) )2ai

=
λix

αi−1
[

αi g(x) ( R0 − g(x) ) + R0 x g′(x) + (ai − 1) x g(x) g′(x)
]

R0 ( R0 − g(x) )ai+1

Gia x 6∈ ∆ kai tètoio ¸ste R0 − g(x) < 0 kai i = 1, 2, èqoume :

Fi(x) = − λi xαi g(x)

R0( g(x)−R0 )ai

ap' ìpou paragwgÐzontac paÐrnoume :

F ′
i (x) =

−λiR0(g(x)−R0)
ai

[
αix

αi−1g(x) + xαig′(x)
]

+ λix
αig(x)R0( g(x)−R0 )ai−1g′(x)ai

R2
0 ( g(x)−R0 )2ai

=
λix

αi−1
[
αig(x)(R0 − g(x)) + R0xg′(x) + (ai − 1)xg(x)g′(x)

]
R0(g(x)−R0)ai+1

'Ara, telik�, gia k�je x 6∈ ∆ kai i = 1, 2, èqoume:

F ′
i (x) =

λix
αi−1

[
αig(x)(R0 − g(x)) + R0xg′(x) + (ai − 1)xg(x)g′(x)

]
R0|R0 − g(x)|ai+1

Ed¸, epeid  r′1(t, u) = u g′(tu) kai r′2(t, u) = t g′(tu), h anisìthta (1.6) gr�fetai :

0 ≤ σM
n− k + 2

n− k
g(tu)

(
R0−g(tu)

)
+ 4

(
t λm u g′(tu)+

g(tu)u

n− k
σmt g′(tu)

)
, an g′(tu) ≥ 0
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kai
0 ≤ σM

n− k + 2

n− k
g(tu)

(
R0−g(tu)

)
+ 4

(
t λMu g′(tu)+

g(tu)u

n− k
σM t g′(tu)

)
, an g′(tu) ≤ 0

'Omwc gia x ∈ (R+ −∆), èqoume:
• an F ′

1(x) ≥ 0, tìte
λmxα1−1

[
α1g(x)(R0 − g(x)) + R0xg′(x) + (a1 − 1)xg(x)g′(x)

]
R0|R0 − g(x)|a1+1

≥ 0

ap' ìpou, antikajist¸ntac to α1 kai to a1, prokÔptei:
λm

R0

[(n− k + 2)R0σM

4(n− k)λm

g(x)
(
R0 − g(x)

)
+ R0xg′(x) +

σmR0

(n− k)λm

xg(x)g′(x)
]
≥ 0

dhlad 
σM

n− k + 2

n− k
g(x)

(
R0 − g(x)

)
+ 4

(
λmxg′(x) +

4

n− k
σmxg(x)g′(x)

)
≥ 0

kai omoÐwc,
• an F ′

2(x) ≥ 0, tìte
λM

R0

[(n− k + 2)R0 σM

4(n− k)λM

g(x)
(
R0 − g(x)

)
+ R0xg′(x) +

σMR0

(n− k)λM

xg(x)g′(x)
]
≥ 0

dhlad 
σM

n− k + 2

n− k
g(x)

(
R0 − g(x)

)
+ 4

(
λMxg′(x) +

4

n− k
σMxg(x)g′(x)

)
≥ 0

Apì tic dÔo teleutaÐec sqèseic gia x = tu kai apì thn Prìtash 1.4.3 prokÔptei to zhtoÔmeno
.

2

1.4.2(B). Merik  perÐptwsh
St n sunèqeia twn James kai Stein[1961] , mia perÐptwsh pou emfanÐzetai suqn� eÐnai ekeÐ-

nh ìpou h sun�rthsh r , orismènh sthn par�grafo 1.3.3. eÐnai stajer  (blèpe, gia par�deigma,
Stein[1981]). Lamb�noume ètsi mÐa upo-kl�sh twn ektimht¸n thc morf c (1.4),

φ%(y) =
(

idΘ − %
s2

t
c

)
φ0(y) , % ∈ R+ (1.7)

'Otan b = v−1
Θ , autoÐ oi ektimhtèc apoteloÔn mia �mesh genÐkeush tou << istorikoÔ>> ektimht 

twn James kai Stein[1961] (gia ton opoÐo c = idΘ). Oi metablhtèc t kai s2 eÐnai anex�rthtec
kai oi sunj kec omalìthtac ikanopoioÔntai an Eθ,σ(1/t), Eθ,σ(s2) kai Eθ,σ(s4) eÐnai pepera-
smènec. 'Eqoume deÐ sthn apìdeixh thc Prìtashc 1.3.2 oti gia rg(b) ≥ 3, h pr¸th apì tic
sunj kec autèc ikanopoieÐtai. Oi �llec dÔo prokÔptoun apì to oti h (n− k)s2/σ2 akoloujeÐ
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mia X 2-katanom  me (n−k) bajmoÔc eleujerÐac gia thn opoÐa up�rqoun ìlec oi ropèc t�xewc
megalÔterhc   Ðshc tou −(n− k)/2. ProkÔptei loipìn, apì to Pìrisma 1.3.1, oti:

Rφ%(θ, σ) = Rφ0(θ, σ) − 2% Eθ,σ

[
tr(vΘqc)s2

t
− 2

bvΘqc( φ0(y) )s2

t2

]

+
n− k + 2

n− k
%2 Eθ,σ

[ q̄
(
c( φ0(y) )

)
s2

t2

]
Stajeropo¸ntac to (θ, σ), o kÐndunoc Rφ%(θ, σ) eÐnai sun�rthsh tou % (kai m�lista polu¸-

numo deutèrou bajmoÔ), fjÐnei mèqri to % na p�rei thn tim :

%m(θ, σ) =
n− k

n− k + 2

tr(vΘqc) Eθ,σ

[
s2/t

]
− 2 Eθ,σ

[
bvΘqc( φ0(y) ) s2/t2

]
Eθ,σ

[
q̄
(
c( φ0(y) )

)
s2/t2

]
kai aux�nei ìtan to % paÐrnei megalÔterec timèc apì aut n.

Apì thn sqèsh (1.2) gia x = φ0(y) èqoume, σmt ≤ q̄( c(φ0(y)) ) ≤ σM t. Qrhsimopoi¸ntac
th sqèsh aut  kai thn (1.5), èqoume:

%m(θ, σ) ≥ n− k

n− k + 2

tr(vΘqc) Eθ,σ[s2/t] − 2 λM Eθ,σ[s2/t]

σM Eθ,σ[s2/t]
=

R0

2

kai
%m(θ, σ) ≤ n− k

n− k + 2

tr(vΘqc) Eθ,σ[s2/t] − 2 λm Eθ,σ[s2/t]

σm Eθ,σ[s2/t]
=

R1

2

Epomènwc,
∀(θ, σ) ,

R0

2
≤ %m(θ, σ) ≤ R1

2

ìpou R1 = 2
tr(vΘqc) − 2 λm

σm

n− k

n− k + 2
, an σm 6= 0 (diaforetik� antikajistoÔme to σm

me thn pio mikr  mh-mhdenik  idiotim  tou tcqcb− ). ParathroÔme oti, an to R1 eÐnai arnhtikì,oi bèltistoi (optimals) suntelestèc % eÐnai arnhtikoÐ, to opoÐo apokleÐetai. Upojètoume, loi-
pìn, sta parak�tw ìti to R1 eÐnai jetikì [mporoÔme na epanèljoume se autì metab�llontac
endeqomènwc to c se (−c)].
Prìtash 1.4.5

MetaxÔ twn ektimht¸n φ%, autoÐ gia touc opoÐouc to % periorÐzetai metaxÔ tou sup(0, R0/2)
kai tou R1/2, sqhmatÐzoun mÐa pl rh kl�sh.

An % ≥ R1, tìte o φ0 kuriarqeÐ ton φ%. 'Otan to R0 ≥ 0, o φ% kuriarqeÐ ton φ0 gia
% ∈ [0, R0].
Apìdeixh

To pr¸to mèroc thc parap�nw prìtashc eÐnai profanèc apì ton orismì thc pl rhc kl�shc.
(An E = {φ : E → Θ} o q¸roc twn ektimht¸n tou θ kai C ⊆ E tìte h C eÐnai pl rhc an
∀φ 6∈ C, ∃φ′ ∈ C tètoioc ¸ste Rφ′ < Rφ.)Gia to deÔtero mèroc thc prìtashc èqoume : % ≥ R1 ⇒ % ≥ 2%m. 'Omwc, gia % = 2%mèqoume Rφ%(θ, σ) = Rφ0(θ, σ) kai gia % ≥ 2%m, h Rφ%(θ, σ) eÐnai aÔxousa sun�rthsh tou %.
'Ara gia % ≥ R1 , Rφ%(θ, σ) ≥ Rφ0(θ, σ).
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'Otan to R0 ≥ 0, apì thn Prìtash 1.4.3 èqoume oti, an

0 ≤ σM
n− k + 2

n− k
% (R0 − %) (dhlad  gia % ≤ R0)

tìte o φ kuriarqeÐ ton φ0.
2

Parat rhsh 1.4.6
'Otan R0R1 ≤ 0, den mporoÔme na poÔme k�ti gia thn diafor� twn kindÔnwn metaxÔ tou φ%kai tou φ0, gia % ∈ [0, R1/2]. Gia orismènec timèc tou (θ, σ), o φ0 mporeÐ na èqei mikrìtero

kÐnduno apì autìn tou φ%, gia opoiond pote %.
Parat rhsh 1.4.7

Se antÐjesh me touc James kai Stein[1961] kai ton Stein[1981], h èkfrash tou %m(θ, σ)
deÐqnei oti den up�rqei genik� ènac ektimht c φ%, bèltistoc omoiomìrfwc sto (θ, σ). (O
Stein[1981] melèthse thn eidik  perÐptwsh ìpou b = v−1

Θ c2 me c stajer�).

1.5 DIAFORISIMOI ELEGQOMENOI EKTIMHTES
1.5.1

Oi sunj kec tic opoÐec èqoume kajorÐsei stic prohgoÔmenec paragr�fouc faÐnontai na eÐnai
eÐte polÔ genikèc kai gi�autì dÔskola efarmìsimec (Prìtash 1.4.3) eÐte polÔ sugkekrimènec
(Prot�seic 1.4.4 kai 1.4.5) lìgw twn perioristik¸n upojèsewn epÐ thc sun�rthshc surrÐknw-
shc. Oi periorismoÐ pou ja eis�goume parak�tw eÐnai pio isquroÐ apì autoÔc thc Prìtashc
1.4.3, all� parousi�zoun to pleonèkthma na qarakthrÐzoun thn metabol  thc sun�rthshc
surrÐknwshc apait¸ntac mÐa ell�twsh sto algebrikì plaÐsio tou montèlou.

Epib�loume pr�gmati, ston endomorfismì vΘqc na èqei ìlec tic idiotimèc tou jetikèc  
mhdèn. Dhlad , upojètoume:
UPOJESH H4: λm ≥ 0 .

Shmei¸noume oti aut  h upìjesh epib�llei ston c na èqei ìlec tic idiotimèc tou jetikèc  
mhdèn.

O orismìc pou akoloujeÐ èqei eisaqjeÐ apì touc Cellier, Fourdrinier kai Robert[1986]

Orismìc 1.5.1
'Estw λ ∈ R+. MÐa apeikìnish f , apì ton R+ ston R+, ja lègetai elegqìmenh se Ôyoc l

an h tλf(t) eÐnai aÔxousa sun�rthsh.

1.5.2
Lamb�noume to akìloujo apotèlesma:
Prìtash 1.5.6

An rg(b) ≥ 3 kai oi upojèseic H1, H2, H4 ikanopoioÔntai, mÐa ikan  sunj kh ¸ste o ekti-
mht c φ na kuriarqeÐ ton ektimht  φ0 eÐnai na up�rqoun dÔo pragmatikoÐ arijmoÐ µ1 kai µ2,
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tètoioi ¸ste, gia k�je u > 0, h h( . , u) na eÐnai elegqìmenh se Ôyoc µ1, gia k�je t > 0, h
h(t, . ) na eÐnai elegqìmenh se Ôyoc µ2 kai h tuh(t, u) na eÐnai omoiìmorfa fragmènh apì to:

R2 = 2
tr(vΘqc) − 2 µ1 λM

σM

n− k

n− k + 4µ2 − 2

Parat rhsh 1.5.8
Basismèno ston Alam[1973], pou èqei eisag�gei thn ènnoia tou <<contrôl >> mèsw twn

sunart sewn dun�mewc, to parap�nw apotèlesma eÐnai polÔ plhsÐon se autì twn Cellier,
Fourdrinier kai Robert[1989], ìpou oi algebrikèc upojèseic epÐ twn b kai c eÐnai pio periori-
stikèc ap�oti ed¸, all� ìpou antijètwc o surriknwt c den jewreÐtai diaforÐsimoc.
Parat rhsh 1.5.9

'Eqoume oti R2 ≤ R0. Epiplèon, R2 = R0 sthn perÐptwsh pou ta µ1 kai µ2 eÐnai Ðsa me 1, e-
l�qisth tim  gia thn opoÐa oi upojèseic thc Prìtashc 1.5.6 eÐnai sumbatèc. Gia par�deigma, an
µ2 < 1, tìte

∀t > 0 , lim
u→+∞

u h(t, u) = lim
u→+∞

u1−µ2 uµ2 h(t, u) = +∞ ,

to opoÐo eÐnai �topo afoÔ h uh(t, u) eÐnai fragmènh.
Apìdeixh

Ja apodeÐxoume oti ikanopoioÔntai oi upojèseic thc Prìtashc 1.4.3.
H upìjesh tou fragmènou thc tuh(t, u) arkeÐ gia na apodeiqjoÔn oi sunj kec omalìthtac

tou φ. Gia na eÐnai h Eθ,σ[ th2(t, 1/s2) ] peperasmènh, arkeÐ na eÐnai peperasmènh h Eθ,σ[ s4/t ],
afoÔ: Eθ,σ[ th2(t, 1/s2) ] = Eθ,σ[ s4

t
t2 1

s4 h2(t, 1/s2) ] ≤ R 2
2 Eθ,σ[ s4/t ]. OmoÐwc gia to

peperasmèno thc Eθ,σ[ t
s2 h

2(t, 1/s2) ] arkeÐ na eÐnai peperasmènh h Eθ,σ[ s2/t ]. To peperasmèno
aut¸n twn mèswn tim¸n exasfalÐzetai, ìpwc eÐdame sthn §1.4.2.(B), apì thn anexarthsÐa tou
t kai tou s2 kai to peperasmèno twn Eθ,σ[ 1/t ], Eθ,σ[ s2 ], Eθ,σ[ s4 ]. Epiplèon, h upìjesh
tou fragmènou thc tuh(t, u), mac epitrèpei na oloklhr¸soume kat� mèrh ta oloklhr¸mata
sta opoÐa efarmìsame to L mma tou Stein sthn apìdeixh thc Prìtashc 1.3.2 . AntistoÐqwc
loipìn, gia 1 ≤ i ≤ k, èqoume:∫ +∞

−∞
h(t, 1/s2)(diyi + βi)

yi − θi

σ2
fi(yi)dyi

=

∫ +∞

−∞

∂

∂yi

(
h(t, 1/s2)(diyi + βi)

)
fi(yi)dyi −

[
h(t, 1/s2) (diyi + βi)fi(yi)

]+∞

−∞

'Omwc,∣∣∣h(t, 1/s2) (diyi + βi)fi(yi)
∣∣∣ =

∣∣∣ t

s2
h(t, 1/s2)

∣∣∣ ∣∣∣(diyi + βi)s
2

t
fi(yi)

∣∣∣
≤ R2 s2

∣∣∣(diyi + βi)s
2∑k

j=1 bjy2
j

fi(yi)
∣∣∣ −→ 0 , ìtan yi → ±∞

'Ara, akrib¸c ìpwc sthn apìdeixh thc Prìtashc 1.3.2, prokÔptei telik� oti:
2 Eθ,σ

[
h′1(t, 1/s

2)(bvΘqc)( φ0(y) )
]

= Aφ(θ, σ)− tr(vΘqc) Eθ,σ

[
h(t, 1/s2)

]
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kai epeid  to deÔtero mèloc eÐnai peperasmèno, qrhsimopoi¸ntac th sqèsh (1.5), prokÔptei
oti:

Eθ,σ

[
| t h′1(t, 1/s

2) |
]

< +∞

OmoÐwc, gia k + 1 ≤ i ≤ n, èqoume:∫ +∞

−∞

1

(n− k)s2
h2(t, 1/s2)yi

yi

σ2
fi(yi)dyi

=

∫ +∞

−∞

∂

∂yi

(
h2(t, 1/s2)

yi

(n− k)s2

)
fi(yi)dyi −

[
h2(t, 1/s2)

yi

(n− k)s2
fi(yi)

]+∞

−∞

'Omwc,∣∣∣h2(t, 1/s2)
yi

(n− k)s2
fi(yi)

∣∣∣ =
∣∣∣ t2
s4

h2(t, 1/s2)
∣∣∣ ∣∣∣ s2yi

(n− k)t2
fi(yi)

∣∣∣
≤ 1

(n− k)t2
R2

2

∣∣∣s2yifi(yi)
∣∣∣ −→ 0 , ìtan yi → ±∞

Opìte, ìpwc sthn apìdeixh thc Prìtashc 1.3.2, lamb�noume:
4

n− k
Eθ,σ

[ 1

s4
h(t, 1/s2) h′2(t, 1/s

2) q̄
(
c(φ0(y))

)]
= Eθ,σ

[n− k − 2

(n− k)s2
h2(t, 1/s2) q̄

(
c(φ0(y))

)]
− Bφ(θ, σ)

ap' ìpou qrhsimopoi¸ntac th sqèsh (1.3) katal goume sto:
Eθ,σ

[ ∣∣∣ t

s4
h(t, 1/s2) h′2(t, 1/s

2)
∣∣∣ ]

< +∞

'Eqoume, apì tic upojèseic tou <<elègqou>> gia th sun�rthsh surrÐknwshc h, oti r(t, u) tµ1−1 uµ2−1

eÐnai aÔxousa sun�rthsh xeqwrist� wc prìc t kai wc prìc u. Sunep¸c:

r′1(t, u) tµ1−1 uµ2−1 + ( µ1 − 1) r(t, u) tµ1−2 uµ2−1 ≥ 0 ⇒ r′1(t, u) ≥ −(µ1 − 1)
r(t, u)

t

kai omoÐwc:
r′2(t, u) ≥ −(µ2 − 1)

r(t, u)

u

Ap' ìpou prokÔptei :
λmr′+1 (t, u)− λMr′−1 (t, u) = inf

{
λmr′1(t, u) , λMr′1(t, u)

}
≥ −λM(µ1 − 1)

r(t, u)

t

kai
σmr′+2 (t, u)− σMr′−2 (t, u) = inf

{
σmr′2(t, u) , σMr′2(t, u)

}
≥ −σM(µ2 − 1)

r(t, u)

u
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Loipìn, apì tic parap�nw sqèseic kai to gegonìc ìti, r(t, u) ≤ R2, paÐrnoume
σM

n− k + 2

n− k
r(t, u)

(
R0 − r(t, u)

)
+ 4t

(
λmr′+1 (t, u)− λMr′−1 (t, u)

)
+ 4

r(t, u)u

n− k

(
σmr′+2 (t, u)− σMr′−2 (t, u)

)
≥ σM

n− k + 2

n− k
r(t, u)

(
R0 − r(t, u)

)
− 4λM(µ1 − 1)r(t, u)− 4σM

µ2 − 1

n− k
r2(t, u)

= r(t, u)
[
σM

n− k + 2

n− k
R0 − σM

n− k + 2

n− k
r(t, u)− 4λM(µ1 − 1)− 4σM

µ2 − 1

n− k
r(t, u)

]
= r(t, u)

[
2( tr(vΘqc )− 2λM )− 4λM(µ1 − 1)− σM

n− k
(n− k + 4µ2 − 2)r(t, u)

]
≥ 0

dhlad , ikanopoieÐtai kai h upìjesh (1.6) thc prot�sewc 1.4.3. Epomènwc, o φ kuriarqeÐ ton φ0.
2

1.6 PARARTHMA
'Estw V ènac dianusmatikìc q¸roc, di�stashc n, epÐ tou R kai a mÐa digrammik  morf  epÐ

tou V . Shmei¸noume me sa = 1
2

(a + ta) thn digrammik  summetrik  morf  kai me ā thn
tetragwnik  morf  pou sundèetai me thn a.

An a eÐnai mÐa digrammik  summetrik  morf  epÐ tou V , mporoÔme na thn jewr soume san
ènan omomorfismì tou V mèsa ston V ∗(duðkìc tou V ). Shmei¸noume me a− ènan genikeumèno
antÐstrofo tou a, dhlad  ènan omomorfismì tou V ∗ mèsa ston V , pou ikanopoieÐ th sunj -
kh: a a− a = a (dhl. a−|Ima = (a|E′)−1, ìpou E ′ o sumplhrwmatikìc upìqwroc tou Ker a).
'Eqoume tìte Ima− ⊕Ker a = V .

UpenjumÐzoume sto parak�tw L mma k�poiec qr simec algebrikèc idiìthtec.
L mma 1.6.1

'Estw a kai b dÔo digrammikèc morfèc epÐ enìc dianusmatikoÔ q¸rou V diast�sewc n. H b
eÐnai summetrik  kai jetik . Upojètoume oti: Ker b ⊂ Ker a kai Ker b ⊂ Ker ta. Tìte:

(i) Ima ⊂ Imb, Im ta ⊂ Imb, Im sa ⊂ Imb

(ii) Oi periorismoÐ sthn Imb twn ab−, tab− kai sab− den exart¸ntai apì thn epilog  tou
genikeumènou antÐstrofou b− tou b.

(iii) Ta f�smata twn ab− kai tab− sumpÐptoun kai den exart¸ntai apo thn epilog  tou
b−. To koinì f�sma diaqwrÐzetai sto Λ, f�sma tou periorismoÔ sthn Imb kai se n − rg(b)
mhdenikèc idiotimèc.

(iv) inf
x6∈Ker b

ā(x)

b̄(x)
= inf Λ kai sup

x 6∈Ker b

ā(x)

b̄(x)
= sup Λ
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Apìdeixh
(i) Epeid  Ker b ⊂ Ker a, èqoume oti dim(Ker b) ≤ dim(Ker a). 'Ara,

dim(Ima) = n − dim(Ker a) ≤ n − dim(Ker b) = dim(Imb)

ap' ìpou prokÔptei oti: Ima ⊂ Imb.
'Omoia gia tic �llec peript¸seic.

(ii) 'Estw b−1 , b−2 dÔo genikeumènoi antÐstrofoi tou b, tìte, gia k�je y ∈ Imb,
b−1 (y)− b−2 (y) ∈ Ker b(⊂ Ker a)

'Ara, a
(
b−1 (y)− b−2 (y)

)
= ab−1 (y)− ab−2 (y) = 0 ⇒ ab−1 (y) = ab−2 (y), ∀y ∈ Imb

(iii) Profanèc, lìgw tou oti ta f�smata twn a kai ta tautÐzontai.
(iv) Dedomènou oti h b eÐnai mÐa digrammik , summetrik  morf , up�rqei èna zeÔgoc duðk¸n

b�sewn E = (e1, . . . , en) kai E∗ = (e∗1, . . . , e∗n), b−orjokanonik¸n ìpou ta em+1, . . . , enna apoteloÔn b�sh gia ton Ker b ( m = rg(b) ). O pÐnakac thc b wc proc to zeÔgoc autì twn
b�sewn eÐnai: (

Im 0
0 0

)
O pÐnakac enìc genikeumènou antistrìfou b− tou b ja eÐnai :(

Im α
β γ

)
ìpou α, β, γ pÐnakec tÔpou (m,n−m), (n−m, m) kai (n−m, n−m) antistoÐqwc.

'Estw (aij) o pÐnakac tou a anaforik� me autèc tic b�seic. Epeid  Ker b ⊂ Ker a kai
Ker b ⊂ Kerta , aij = 0 gia i > m   j > m, dhlad :

(aij) =

(
Am 0
0 0

) (
= E∗(a)E

)
'Ara,

E∗( ab−)E∗ =

(
Am 0
0 0

) (
Im α
β γ

)
=

(
Am Amα
0 0

)
kai

E∗(
tab−)E∗ =

(
tAm 0
0 0

) (
Im α
β γ

)
=

(
tAm

tAmα
0 0

)
ParathroÔme oti: tr(ab−) = tr Am = tr tAm = tr(tab−) = tr(sab−), ∀b− genikeumèno antÐ-
strofo tou b.

Eklègontac thn b�sh E na eÐnai kai sa-orjog¸nia, o pÐnakac tou sab− periorismènou sthn
Imb eÐnai tìte diag¸nioc kai dèqetai gia f�sma to Λ = {υ1, . . . , υm}.'Estw x ∈ V kai x1, . . . , xn oi suntetagmènec tou wc prìc th b�sh E . Tìte:

ā(x) =
m∑

i=1

υix
2
i kai b̄(x) =

m∑
i=1

x2
i

Epomènwc,
min

1≤i≤m
υi ≤

ā(x)

b̄(x)
=

∑m
i=1 υix

2
i∑m

i=1 x2
i

≤ max
1≤i≤m

υi

2
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Parat rhsh 1.6.10
To parap�nw L mma efarmìzetai idiaitèrwc gia a = bd, ìpou d eÐnai ènac endomorfismìc

tou V tètoioc ¸ste Ker b ⊂ Ker d. EpalhjeÔetai stoiqeiwd¸c oti to f�sma tou bdb− sumpÐ-
ptei me to f�sma tou d.

Pr�gmati, epeid  Ker b ⊂ Ker d, o pÐnakac tou d wc prìc th b�sh E èqei tic n − m
teleutaÐec st lec mhdèn, dhlad ,

E(d)E =

(
Cm 0
∗ 0

)
O pÐnakac tou bd wc prìc to zeÔgoc twn parap�nw duðk¸n b�sewn E kai E∗ sumperaÐnetai apì
ton E(d)E antikajist¸ntac tic n−m teleutaÐec grammèc me to mhdèn, afoÔ:

E∗(bd)E =E∗ (b)E E(d)E =

(
Im 0
0 0

) (
Cm 0
∗ 0

)
=

(
Cm 0
0 0

)
To Ðdio gÐnetai gia ekeÐnon tou bdb−, afoÔ:

E∗(bdb−)E∗ = E∗(bd)E E(b
−)E∗ =

(
Cm 0
0 0

) (
Im α
β γ

)
=

(
Cm Cmα
0 0

)
.

To parak�tw l mma ofeÐletai ston Stein[1981]:
L mma 1.6.2 (tou Stein)

'Estw Y mÐa tuqaÐa metablht  pou akoloujeÐ ènan kanonikì nìmo mèsou θ kai diaspor�c
σ2 kai g mÐa sun�rthsh apì ton R ston R, diaforÐsimh kai tètoia ¸ste E| g′(Y )| na eÐnai
peperasmènh. Tìte:

E
[ Y − θ

σ2
g(Y )

]
= E

[
g′(Y )

]
Apìdeixh

SumbolÐzontac me f(y) thn puknìthta thc kanonik c katanom c N(θ, σ2), h par�gwgoc
thc eÐnai:

f ′(y) = −y − θ

σ2
f(y)

Loipìn,
E

[
g′(Y )

]
=

∫ +∞

−∞
g′(y) f(y) dy

=

∫ +∞

0

g′(y)

(∫ +∞

y

z − θ

σ2
f(z) dz

)
dy −

∫ 0

−∞
g′(y)

(∫ y

−∞

z − θ

σ2
f(z) dz

)
dy

=

∫ +∞

0

z − θ

σ2
f(z)

(∫ z

0

g′(y) dy

)
dz −

∫ 0

−∞

z − θ

σ2
f(z)

(∫ 0

z

g′(y) dy

)
dz

=

∫ +∞

0

z − θ

σ2
f(z)

(
g(z)− g(0)

)
dz +

∫ 0

−∞

z − θ

σ2
f(z)

(
g(z)− g(0)

)
dz
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=

∫ +∞

−∞

z − θ

σ2
f(z)

(
g(z)− g(0)

)
dz

=

∫ +∞

−∞

z − θ

σ2
f(z) g(z) dz − g(0)

∫ +∞

−∞
f ′(z)dz︸ ︷︷ ︸

= 0

=

∫ +∞

−∞

z − θ

σ2
g(z) f(z) dz

= E
[ Y − θ

σ2
g(Y )

]
H trÐth isìthta parap�nw proèkuye efarmìzontac to Je¸rhma tou Fubini kai stouc dÔo

ìrouc, thn qr sh tou opoÐou mac exasfalÐzei h upìjesh tou L mmatoc: E| g′(Y )| < +∞, ap'
ìpou prokÔptei:∫ +∞

0

| g′(y)|f(y) dy ≤ E| g′(Y )| < +∞ kai
∫ 0

−∞
| g′(y)|f(y) dy ≤ E| g′(Y )| < +∞

2
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Kef�laio 2

MIA ANAGKAIA SUNJHKH PARADOQHS KAI TA
APOTELESMATA THS EPI TWN EKTIMHTWN ME
SURRIKNWTH

2.1
Jewr¸ntac ed¸ tic ekjetikèc oikogèneiec puknot twn, ja ektim soume endiafèrousec pa-

ramètrouc pou den eÐnai oi fusikèc par�metroi. Akolouj¸ntac to [33], apodeiknÔoume, upì
mia upìjesh sumpagìthtac, oti oi paradektoÐ ektimhtèc aut¸n twn paramètrwn eÐnai ìria e-
ktimht¸n tou Bayes kai mporoÔn na ekfrasjoÔn upì mia morf  idiaÐtera sunarthsiak . Mia
endiafèrousa eidik  perÐptwsh sto plaÐsio aut c thc melèthc odhgeÐ sthn ektÐmhsh tou mèsou
miac poludi�stathc kanonik c katanom c ìtan h diaspor� eÐnai gnwst  ektìc apì ènan polla-
plasiastikì par�gonta. SumperaÐnoume apì to genikì apotèlesma mia anagkaÐa sunj kh gia
thn paradoq  twn ektimht¸n me surriknwt  kai ergazìmenoi se mÐa upokl�sh sumperaÐnoume,
apì to Kef.1, ikanèc sunj kec omoiìmorfhc kuriarqÐac epÐ tou e.e.t.

2.2 TO MONTELO
Oi ènnoiec pou ja qrhsimopoihjoÔn parak�tw eÐnai autèc thc paragr�fou 1.2.1.

2.2.1 Ekjetikèc Oikogèneiec
JewroÔme ed¸, tic ekjetikèc oikogèneiec (k + 1)−di�stashc tou parak�tw tÔpou: 'Estw

Θ ènac eukleÐdeioc q¸roc di�stashc k epÐ tou R kai èstw ∆ èna sumpagèc di�sthma tou R∗
+.ParathroÔme to tuqaÐo zeÔgoc (u, z) tou Θ×R me nìmo pou dèqetai puknìthta anaforik� me

èna mètro λ, s-peperasmèno, thn:
p(u, z, θ, δ) = exp

{
θ.u + δz −K(θ, δ)

}
Shmei¸noume me H thn kleist , kurt  j kh tou forèa tou λ.
H par�metroc (θ, δ) eÐnai �gnwsth kai endiaferìmaste gia thn ektÐmhsh tou θ/δ. Oi ekti-

mhtèc tou θ/δ, dhl. oi metr simec apeikonÐseic apì ton Θ×R ston Θ, sugkrÐnontai mèsw miac
sun�rthshc apwleÐac pou sundèetai me mia jetik� orismènh, summetrik  digrammik  morf  q
epÐ tou Θ, èstw

L
(
d, (θ, δ)

)
= δ q̄(d− θ

δ
)
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2.2.2 Eidik  PerÐptwsh twn Ektimht¸n tou Bayes

'Estw ρ èna peperasmèno mètro epÐ tou Θ × ∆, me sumpag  forèa. Shmei¸noume µ to
mètro epÐ tou Θ ×∆, pou dèqetai puknìthta thn exp{−K(θ, δ)} anaforik� me to ρ kai fµ o
metasqhmatismìc Laplace tou µ, gia to bajmwtì ginìmeno orismèno epÐ tou Θ × R apì th
sqèsh: < (θ, δ), (u, z) >= θ.u + δz, dhlad 

fµ(u, z) =

∫
Θ×∆

exp
{

< (θ, δ), (u, z) >
}

µ(dθ, dδ)

ProkÔptei tìte apì th morf  thc sun�rthshc apwleÐac oti o ektimht c:

φρ(u, z) =

∫
θ exp(θ.u + δz)µ(dθ, dδ)∫
δ exp(θ.u + δz)µ(dθ, dδ)

=
∂fµ

∂u
(u, z)

∂fµ

∂z
(u, z)

eÐnai ènac ektimht c tou Bayes gia to θ/δ anaforik� me to ek twn protèrwn mètro ρ. (h
∂fµ

∂u
(u, z) orÐzetai wc èna stoiqeÐo tou Θ sÔmfwna me thn eukleÐdeia dom  autoÔ tou q¸rou)
Pr�gmati, epeid  to ρ eÐnai peperasmèno kai me sumpag  forèa, h fµ eÐnai orismènh se

olìklhro ton Θ× R, diaforÐsimh kai epalhjeÔei:

∀(u, z) ∈ Θ× R ,
∂fµ

∂u
(u, z) =

∫
Θ×∆

θ exp{θ.u + δ z}µ(dθ, dδ)

kai ∂fµ

∂z
(u, z) =

∫
Θ×∆

δ exp{θ.u + δ z}µ(dθ, dδ)

Shmei¸nontac me Rφ(θ, δ) ton (klassikì) kÐnduno enìc ektimht  φ tou θ/δ,

Rφ(θ, δ) =

∫
Θ×R

L
(
φ(u, z)− (θ, δ)

)
p(u, z, θ, δ)λ(du, dz) ,

o bayesien kÐndunoc tou φ anaforik� me to ek twn protèrwn mètro ρ,

rφ(ρ) =

∫
Θ×∆

Rφ(θ, δ)ρ(dθ, dδ)

sÔmfwna me to Je¸rhma tou Fubini, gÐnetai:

rφ(ρ) =

∫
Θ×R

(∫
Θ×∆

δ q̄(φ(u, z)− θ/δ)p(u, z, θ, δ)ρ(dθ, dδ)

)
λ(du, dz)

GnwrÐzontac loipìn oti o ektimht c tou Bayes tou θ/δ, elaqistopoieÐ ton bayesien kÐnduno,
autìc ja prokÔyei sundèontac me to (u, z) to shmeÐo φρ(u, z) tou Θ sto opoÐo h sun�rthsh

Φ(u,z)(d) =

∫
Θ×∆

δ q̄(d− θ/δ)p(u, z, θ, δ)ρ(dθ, dδ)

lamb�nei thn el�qisth tim  thc (upì thn proôpìjesh oti èna tètoio shmeÐo up�rqei gia k�je
(u, z)).
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Gia ton skopì autì èqoume:

Φ(u,z)(d) =

∫
Θ×∆

δ q̄(d− θ/δ)exp{θ.u + δ z}µ(dθ, dδ)

= q̄(d)

∫
Θ×∆

δ exp{θ.u + δ z}µ(dθ, dδ) +

∫
Θ×∆

δ−1q̄(θ)exp{θ.u + δ z}µ(dθ, dδ)

−2q
(
d,

∫
Θ×∆

θ exp{θ.u + δ z}µ(dθ, dδ)
)

kai

Φ′
(u,z)(d) = 2qd

∫
Θ×∆

δ exp{θ.u + δ z}µ(dθ, dδ)− 2q

∫
Θ×∆

θ exp{θ.u + δ z}µ(dθ, dδ)

Epeid  h q eÐnai jetik� orismènh, h exÐswsh Φ′
(u,z)(d) = 0 odhgeÐ sthn lÔsh:

d̂ =

∫
Θ×∆

θ exp{θ.u + δ z}µ(dθ, dδ)∫
Θ×∆

δ exp{θ.u + δ z}µ(dθ, dδ)

Parathr¸ntac oti, h

Φ′′
(u,z)(d) =

(
2

∫
Θ×∆

δ exp{θ.u + δ z}µ(dθ, dδ)
)
q

eÐnai jetik� orismènh, o φρ(u, z) = d̂ eÐnai o zhtoÔmenoc ektimht c.

2.3 PARADOQH
To apotèlesma thc paradoq c pou ja anafèroume parak�tw epekteÐnei, me thn ektÐmhsh

tou θ/δ, th morf  thc anagkaÐac sunj khc gia thn paradoq  twn ektimht¸n twn fusik¸n
paramètrwn (θ, δ), pou apodeÐqjhke apì ton Brown[1986].

Gia k�je mètro µ epÐ tou q¸rou twn paramètrwn Θ×∆, to Ψµ ja shmei¸nei ton log�rijmo
tou metasqhmatismoÔ Laplace tou mètrou autoÔ.
L mma

An (µn) eÐnai mia akoloujÐa mètrwn me peperasmèno forèa, tètoia ¸ste, gia sqedìn k�je
(u, z), h oikogèneia (‖grad Ψµn(u, z)‖) na eÐnai fragmènh, tìte up�rqei èna mètro µ kai mia
upakoloujÐa (µnk

) tètoia ¸ste gia sqedìn k�je (u, z) tou Ho, na èqoume:
lim

k→+∞
Ψµnk

(u, z) = Ψµ(u, z) kai lim
k→+∞

grad Ψµnk
(u, z) = grad Ψµ(u, z)

To l mma autì perièqetai sthn apìdeixh tou Jewr matoc 4.14 tou Brown[1986] h opoÐa
basÐzetai sto Je¸rhma 2.17 tou Ðdiou �rjrou (sunèqeia tou metasqhmatismoÔ Laplace enìc
mètrou). To L mma autì eÐnai shmantikì gia thn apìdeixh thc parak�tw Prìtashc:
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Prìtash 2.3.1
An o φ eÐnai ènac paradektìc ektimht c tou θ/δ, ìpou to δ an kei se èna sumpagèc di�sthma

∆ tou R∗
+, up�rqei èna mètro µ0 orismèno epÐ tou Θ × ∆, me metasqhmatismì Laplace fµ0 ,tètoio ¸ste gia sqedìn k�je (u, z) ∈ Ho,

φ(u, z) =

∫
θ exp{θ.u + δ z}µ0(dθ, dδ)∫
δ exp{θ.u + δ z}µ0(dθ, dδ)

=

∂fµ0

∂u
(u, z)

∂fµ0

∂z
(u, z)

Apìdeixh
AfoÔ o φ eÐnai paradektìc prokÔptei, apì to Je¸rhma 4.14 tou Brown[1986] (tou opoÐou h

efarmog  gia thn ap¸leia L(d, (θ, δ)) eÐnai �mesh), oti up�rqei mia akoloujÐa ek twn protèrwn
mètrwn (ρn) me peperasmèno forèa epÐ tou Θ×∆ tètoia ¸ste h akoloujÐa twn ektimht¸n tou
Bayes φρn na sugklÐnei λ-sqedìn pantoÔ proc ton φ. Me tic ènnoiec thc §2.2.2, èqoume:

φρn(u, z) =

∫
θ exp{θ.u + δ z}µn(dθ, dδ)∫
δ exp{θ.u + δ z}µn(dθ, dδ)

me dµn = exp{−K(θ, δ)}dρn.'Estw (u, z) tètoio ¸ste
lim

n→+∞
φρn(u, z) = φ(u, z)

kai èstw c ènac pragmatikìc arijmìc, tètoioc ¸ste ‖φρn(u, z)‖ ≤ c. Shmei¸noume me A to
supremum tou ∆. 'Eqoume,∥∥∥∫

(θ, δ)exp{θ.u + δ z}µn(dθ, dδ)
∥∥∥

≤
∥∥∥∫

θ exp{θ.u + δ z}µn(dθ, dδ)
∥∥∥ +

∣∣∣ ∫
δ exp{θ.u + δ z}µn(dθ, dδ)

∣∣∣
ap' ìpou prokÔptei

‖
∫

(θ, δ)exp{θ.u + δ z}µn(dθ, dδ)‖∫
exp{θ.u + δ z}µn(dθ, dδ)

≤
‖

∫
θ exp{θ.u + δ z}µn(dθ, dδ‖∫
exp{θ.u + δ z}µn(dθ, dδ)

+
|
∫

δ exp{θ.u + δ z}µn(dθ, dδ)|∫
exp{θ.u + δ z}µn(dθ, dδ)

=
|
∫

δ exp{θ.u + δ z}µn(dθ, dδ)|∫
exp{θ.u + δ z}µn(dθ, dδ)

[
‖

∫
θ exp{θ.u + δ z}µn(dθ, dδ)‖

|
∫

δ exp{θ.u + δ z}µn(dθ, dδ)|
+ 1

]
≤ A(c + 1)

Dhlad , ‖grad Ψµn(u, z)‖ ≤ A(c + 1).
'Ara, oi upojèseic tou parap�nw L mmatoc ikanopoioÔntai kai sunep¸c èqoume oti up�rqei

èna mètro µ0 kai mia upakoloujÐa (µnk
) tètoia ¸ste:

lim
k→+∞

grad Ψµnk
(u, z) = grad Ψµ0(u, z) , gia sqedìn k�je (u, z) ∈ Ho

dhlad ,
lim

k→+∞

∫
(θ, δ)exp{θ.u + δ z}µnk

(dθ, dδ)∫
exp{θ.u + δ z}µnk

(dθ, dδ)
=

∫
(θ, δ)exp{θ.u + δ z}µ0(dθ, dδ)∫

exp{θ.u + δ z}µ0(dθ, dδ)

36



gia sqedìn k�je (u, z) ∈ Ho.
Epomènwc, gia sqedìn k�je (u, z) ∈ Ho,

lim
k→+∞

∫
θ exp{θ.u + δ z}µnk

(dθ, dδ)∫
exp{θ.u + δ z}µnk

(dθ, dδ)
=

∫
θ exp{θ.u + δ z}µ0(dθ, dδ)∫
exp{θ.u + δ z}µ0(dθ, dδ)

(2.1)
kai

lim
k→+∞

∫
δ exp{θ.u + δ z}µnk

(dθ, dδ)∫
exp{θ.u + δ z}µnk

(dθ, dδ)
=

∫
δ exp{θ.u + δ z}µ0(dθ, dδ)∫
exp{θ.u + δ z}µ0(dθ, dδ)

(2.2)
Epeid  to ∆ eÐnai sumpagèc di�sthma tou R∗

+ èqoume, gia k�je k, kai shmei¸nontac me B
to infimum tou ∆, oti:

B ≤
∫

δ exp{θ.u + δ z}µnk
(dθ, dδ)∫

exp{θ.u + δ z}µnk
(dθ, dδ)

≤ A

dhlad , ∫
δ exp{θ.u + δ z}µnk

(dθ, dδ)∫
exp{θ.u + δ z}µnk

(dθ, dδ)
∈ ∆

Lìgw thc (2.2) kai thc sumpagìthtac tou ∆, lamb�noume∫
δ exp{θ.u + δ z}µ0(dθ, dδ)∫
exp{θ.u + δ z}µ0(dθ, dδ)

∈ ∆ (2.3)

SumperaÐnoume loipìn apì tic (2.1), (2.2) kai (2.3), oti gia sqedìn k�je (u, z) ∈ Ho,

lim
k→+∞

∫
θ exp{θ.u + δ z}µnk

(dθ, dδ)∫
δ exp{θ.u + δ z}µnk

(dθ, dδ)
=

∫
θ exp{θ.u + δ z}µ0(dθ, dδ)∫
δ exp{θ.u + δ z}µ0(dθ, dδ)

Dhlad , gia sqedìn k�je (u, z) ∈ Ho, èqoume:

φ(u, z) =

∫
θ exp{θ.u + δ z}µ0(dθ, dδ)∫
δ exp{θ.u + δ z}µ0(dθ, dδ)

=

∂fµ0

∂u
(u, z)

∂fµ0

∂z
(u, z)

2

2.4 EFARMOGH STON KANONIKO NOMO
2.4.1

'Opwc anafèrame kai sthn eisagwg , h kanonik  katanom  apoteleÐ mia eidik  perÐptwsh
tou montèlou pou eisag�game sthn par�grafo 2.2. 'Estw y èna tuqaÐo di�nusma me timèc
se ènan dianusmatikì q¸ro E, di�stashc n, epÐ tou R pou akoloujeÐ mia kanonik  katanom 
N(m, σ2v), ìpou m ∈ Θ, Θ ènac dianusmatikìc upìqwroc tou E, di�stashc k (3 ≤ k ≤ n) kai
v mia jetik� orismènh, summetrik , digrammik  morf  ston E∗(dôikìc tou E). Oi par�metroi
m kai σ2(σ2 > 0) eÐnai �gnwstoi.

'Eqoume oti h v−1 orÐzei epÐ tou E kai loipìn epÐ tou Θ, mia eukleÐdeia dom  kai shmei¸noume
me ν to mètro tou Lebesgue pou sundèetai me aut n.
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An φ0 eÐnai h v−1-orjog¸nia probol  epÐ tou Θ(dhlad , o ektimht c elaqÐstwn tetrag¸nwn
tou m), o nìmoc tou y dèqetai, anaforik� me to ν, puknìthta thn:

pθ,σ(y) =
1

(2πσ2)n/2
exp

{
− 1

2σ2
‖y −m‖2

}
=

1

(2πσ2)n/2
exp

{
− 1

2σ2
‖y − φ0(y) + φ0(y)−m‖2

}
=

1

(2πσ2)n/2
exp

{
− 1

2σ2

(
‖y − φ0(y)‖2 + ‖φ0(y)−m‖2

)}

'Omwc,
‖y − φ0(y)‖2 + ‖φ0(y)−m‖2

= ‖y‖2 − 2v−1(y, φ0(y)) + 2‖φ0(y)‖2 − 2v−1(φ0(y), m) + ‖m‖2

= ‖y‖2 − 2
(
v−1(y, φ0(y))− v−1(φ0(y), φ0(y))

)
− 2v−1(φ0(y), m) + ‖m‖2

= ‖y‖2 − 2 v−1(y − φ0(y), φ0(y))︸ ︷︷ ︸
= 0

−2v−1(φ0(y), m) + ‖m‖2

= −2v−1(φ0(y), m) + ‖y‖2 + ‖m‖2

Sunep¸c, h pθ,σ gr�fetai,
pθ,σ(y) = exp

{ 1

σ2
v−1(φ0(y), m)− 1

2σ2
‖y‖2 − 1

2σ2
‖m‖2 − n

2
ln(2πσ2)

}
 

pθ,σ(y) = exp
{ 1

σ2
m.φ0(y)− 1

2σ2
‖y‖2 − 1

2σ2
‖m‖2 − n

2
ln(2πσ2)

}
autì to opoÐo mac epitrèpei na upodeÐxoume ton sÔndesmo me tic ènnoiec thc paragr�fou 2.2:

u = φ0(y) , z = −1

2
‖y‖2 = t(y) , H = Θ× R

λ eÐnai h eikìna tou ν upì thn apeikìnish h opoÐa sto y antistoiqeÐ to (u, z). H fusik 
par�metroc eÐnai to (θ, δ) = (m/σ2, 1/σ2) en¸ h endiafèrousa par�metroc eÐnai to θ/δ = m.

2.4.2 Ektimhtèc me surriknwt 
Oi jewroÔmenoi ed¸ ektimhtèc eÐnai, ìpwc sto Kef.1, me surriknwt  <<matriciel>>, dhla-

d  den efarmìzoun ton Ðdio suntelest  surrÐknwshc stic di�forec sunist¸sec tou ektimht 
elaqÐstwn tetrag¸nwn φ0.'Estw b mia jetik , summetrik , digrammik  morf  epÐ tou Θ, t�xewc megalÔterhc   Ðshc
tou 3 kai c ènac endomorfismìc tou Θ. 'Estw h mia sun�rthsh apì ton (R+)2 ston R+,diaforÐsimh. Epiplèon, upojètoume oti up�rqei èna anoiktì, mh-kenì uposÔnolo tou (R+)2, sto
opoÐo h merik  par�gwgoc thc h anaforik� me thn pr¸th metablht , thn opoÐa shmei¸noume

38



h′1, eÐnai suneq c kai ìqi tautotik� mhdèn. O sun jhc amerìlhptoc ektimht c tou σ2 eÐnai o
s2(y) = ‖y − φ0(y)‖2/(n − k). OrÐzoume ton ektimht  me surriknwt  pou sundèetai me tic
b, c, h apì th sqèsh:

φ(y) =
{

idΘ − h
(
b̄(φ0(y)), s2(y)

)
c
}

φ0(y) (2.4)
ìpou idΘ eÐnai o tautotikìc endomorfismìc tou Θ.

2.4.3 AnagkaÐa sunj kh gia thn paradoq 
Exet�zontac ta apotelèsmata thc Prìtashc 2.3.1 gia touc ektimhtèc thc morf c (2.4)

prokÔptei:
Prìtash 2.4.2

An ènac ektimht c thc morf c (2.4) eÐnai paradektìc, jewr¸ntac oti to σ2 paÐrnei timèc
se èna sumpagèc di�sthma tou R∗

+, tìte up�rqei èna % ∈ R∗ tètoio ¸ste c = %vΘb, ìpou v−1
Θ o

periorismìc tou v−1 sto Θ.
Apìdeixh

a) 'Estw φ ènac paradektìc ektimht c kai èstw f mia C∞-sun�rthsh apì ton Θ×R∗ ston
R, tètoia ¸ste:

φ(y) =
∂f
∂u

(φ0(y), t(y))
∂f
∂z

(φ0(y), t(y))
(ν- σ.p.)

'Estw E = (e1, . . . , en) mia b�sh v−1-orjokanonik  tou E, tètoia ¸ste oi k pr¸toi ìroi,
(e1, . . . , ek), na apoteloÔn mia b�sh tou Θ, b-orjog¸nia. An y =

∑n
i=1 yiei tìte:

φ0(y) =
k∑

i=1

yiei , s2(y) =
1

n− k

n∑
i=k+1

y2
i kai b̄

(
φ0(y)

)
=

k∑
i=1

biy
2
i

ìpou, lìgw thc upìjeshc rg(b) ≥ 3, toul�qiston treÐc apì touc suntelestèc bi eÐnai mh
mhdenikoÐ.

'Estw (cij) o pÐnakac tou endomorfismoÔ c se aut  th b�sh. H Prìtash ja apodeiqjeÐ,
deÐqnontac oti, gia k�je i di�foro tou j, cij = 0 kai oti up�rqei èna % tètoio ¸ste, gia k�-
je i, cii = %bi(shmei¸noume oti to % den mporeÐ na eÐnai mhdèn, giatÐ se aut  thn perÐptwsh
o φ ja tautizìtan me ton φ0, o opoÐoc ìmwc den eÐnai paradektìc sÔmfwna me ton Stein[1956]).

b) Jètontac,

g(y1, . . . , yk, s
2(y)) = f

( k∑
i=1

yiei,−
1

2
(

k∑
i=1

y2
i + (n− k)s2(y))

)
,

gia 1 ≤ i ≤ k, èqoume:
∂g

∂yi

(y1, . . . , yk, s
2(y)) =

∂f

∂u

( k∑
i=1

yiei,−
1

2
(

k∑
i=1

y2
i + (n− k)s2(y))

).ei

− ∂f

∂z

( k∑
i=1

yiei,−
1

2
(

k∑
i=1

y2
i + (n− k)s2(y))

)
yi
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'Ara,
k∑

i=1

∂g

∂yi

(y1, . . . , yk, s
2(y))ei =

∂f

∂u

( k∑
i=1

yiei, t(y)
)
− ∂f

∂z

( k∑
i=1

yiei, t(y)
) k∑

i=1

yiei

kai
∂g

∂s2
(y1, . . . , yk, s

2(y)) = −n− k

2

∂f

∂z

( k∑
i=1

yiei, t(y)
)

ap' ìpou prokÔptei,

φ(y) =
∂f
∂u

(φ0(y), t(y))
∂f
∂z

(φ0(y), t(y))

=

∑k
i=1

∂g
∂yi

(y1, . . . , yk, s
2(y))ei +

∑k
i=1 yiei

∂f
∂z

(∑k
i=1 yiei, t(y)

)
− 2

n−k
∂g
∂s2 (y1, . . . , yk, s2(y))

= −n− k

2

∑k
i=1

∂g
∂yi

(y1, . . . , yk, s
2(y))ei

∂g
∂s2 (y1, . . . , yk, s2(y))

+

∑k
i=1 yiei

∂f
∂z

(∑k
i=1 yiei, t(y)

)
− 2

n−k
∂g
∂s2 (y1, . . . , yk, s2(y))

=
k∑

i=1

yiei −
n− k

2

k∑
i=1

∂g
∂yi

(y1, . . . , yk, s
2(y))

∂g
∂s2 (y1, . . . , yk, s2(y))

ei (ν − σ.p.)

Gia na eÐnai, loipìn, ènac ektimht c thc morf c (2.4) paradektìc eÐnai anagkaÐo na isqÔei
oti, gia k�je i me 1 ≤ i ≤ k,

h
( k∑

j=1

bjy
2
j , s

2(y)
) k∑

j=1

cijyj
σ.π.
=

n− k

2

∂g

∂yi

(y1, . . . , yk, s
2(y))

( ∂g

∂s2
(y1, . . . , yk, s

2(y))
)−1 (2.5)

afoÔ, c
(
φ0(y)

)
=

k∑
i=1

yic(ei) =
k∑

i=1

yi

( k∑
j=1

cjiej

)
=

k∑
j=1

( k∑
i=1

cjiyi

)
ej =

k∑
i=1

( k∑
j=1

cijyj

)
ei

Mia �mesh sunèpeia thc (2.5) eÐnai oti, gia sqedìn k�je y,
∂g

∂yi

(y1, . . . , yk, s
2(y))

( k∑
j=1

cijyj

)−1

eÐnai anex�rthth tou i. ProkÔptei, loipìn, oti: ∀(i, p) ∈ {1, . . . , k}2,
∂2g

∂s2∂yi

(y1, . . . , yk, s
2(y))

k∑
j=1

cpjyj
σ.π.
=

∂2g

∂s2∂yp

(y1, . . . , yk, s
2(y))

k∑
j=1

cijyj (2.6)

Epiplèon, parathroÔme oti h (2.5) mac dÐnei, gia k�je i, mÐa èkfrash thc ∂g/∂yi, sugke-krimèna
n− k

2

∂g

∂yi

(y1, . . . , yk, s
2(y))

σ.π.
=

∂g

∂s2
(y1, . . . , yk, s

2(y))h
( k∑

j=1

bjy
2
j , s

2(y)
) k∑

j=1

cijyj
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ParagwgÐzontac th sqèsh aut , lamb�noume:
n− k

2

∂2g

∂yp∂yi

(y1, . . . , yk, s
2(y))

σ.π.
= h′1

( k∑
j=1

bjy
2
j , s

2(y)
)
2bpyp

( k∑
j=1

cijyj

) ∂g

∂s2
(y1, . . . , yk, s

2(y))

+h
( k∑

j=1

bjy
2
j , s

2(y)
)
cip

∂g

∂s2
(y1, . . . , yk, s

2(y))

+h
( k∑

j=1

bjy
2
j , s

2(y)
)( k∑

j=1

cijyj

) ∂2g

∂yp∂s2
(y1, . . . , yk, s

2(y))

=
[
2h′1

(
b̄(φ0(y)), s2(y)

)
bpyp

k∑
j=1

cijyj + h
(
b̄(φ0(y)), s2(y)

)
cip

] ∂g

∂s2
(y1, . . . , yk, s

2(y))

+
∂2g

∂s2∂yp

(y1, . . . , yk, s
2(y))h

(
b̄(φ0(y)), s2(y)

) k∑
j=1

cijyj

Akrib¸c me ton Ðdio trìpo, lamb�noume,
n− k

2

∂2g

∂yi∂yp

(y1, . . . , yk, s
2(y))

=
[
2h′1

(
b̄(φ0(y)), s2(y)

)
biyi

k∑
j=1

cpjyj + h
(
b̄(φ0(y)), s2(y)

)
cpi

] ∂g

∂s2
(y1, . . . , yk, s

2(y))

+
∂2g

∂s2∂yi

(y1, . . . , yk, s
2(y))h

(
b̄(φ0(y)), s2(y)

) k∑
j=1

cpjyj

Qrhsimopoi¸ntac thn (2.6) kai exis¸nontac tic dÔo parap�nw ekfr�seic paÐrnoume:

2h′1

(
b̄(φ0(y)), s2(y)

)
bpyp

k∑
j=1

cijyj + h
(
b̄(φ0(y)), s2(y)

)
cip

= 2h′1

(
b̄(φ0(y)), s2(y)

)
biyi

k∑
j=1

cpjyj + h
(
b̄(φ0(y)), s2(y)

)
cpi

ap' ìpou, jètontac
Pip(y1, . . . , yk) = bpyp

k∑
j=1

cijyj

prokÔptei oti, gia k�je (i, p) ∈ {1, . . . , k}2 kai gia sqedìn k�je y,
2h′1

(
b̄(φ0(y)), s2(y)

)[
Pip(y1, . . . , yk)−Ppi(y1, . . . , yk)

]
= h

(
b̄(φ0(y)), s2(y)

)
(cpi−cip) (2.7)

Apì thn upìjesh(blèpe par�grafo 2.4.2), up�rqei èna anoiktì, mh kenì sÔnolo A ⊂
(R+)2 sto opoÐo h h′1 eÐnai suneq c kai ìqi tautotik� mhdèn. An jewr soume th dianusmatik 
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sun�rthsh F : E → (R+)2 me F (y) =
(
b̄(φ0(y)), s2(y)

), aut  eÐnai suneq c �ra h antÐstrofh
eikìna tou A, F−1(A), eÐnai anoiktì uposÔnolo tou E. Dhlad , sto anoiktì F−1(A) (⊂ E) h
h′1 ◦ F eÐnai suneq c kai ìqi tautotik� mhdèn, �ra up�rqei èna mh-kenì, anoiktì G ⊂ F−1(A)
¸ste ∀y ∈ G, h′1 ◦ F (y) 6= 0 kai na ikanopoioÔntai oi isìthtec thc morf c (2.7).

ProkÔptei, loipìn, oti gia k�je tri�da (i, p, q) èqoume thn isìthta twn poluwnÔmwn:
(cqi − ciq)(Pip − Ppi) = (cpi − cip)(Piq − Pqi) (2.8)

Pr�gmati, apì thn (2.7) gia ta zeÔgh (i, p) kai (i, q) xeqwrist�, paÐrnoume:
2h′1

(
b̄(φ0(y)), s2(y)

)[
Pip(y1, . . . , yk)− Ppi(y1, . . . , yk)

]
= h

(
b̄(φ0(y)), s2(y)

)
(cpi − cip)

kai
2h′1

(
b̄(φ0(y)), s2(y)

)[
Piq(y1, . . . , yk)− Pqi(y1, . . . , yk)

]
= h

(
b̄(φ0(y)), s2(y)

)
(cqi − ciq)

ap' ìpou diair¸ntac kat� mèlh lamb�noume thn (2.8).
Tautopoi¸ntac, apì ta polu¸numa thc (2.8), sumperaÐnoume oti, gia k�je tri�da (i, p, q)

diaforetik¸n stoiqeÐwn èqoume:
(cpi − cip)bqciq = 0 kai (cqi − ciq)bpciq = (cpi − cip)bqcip (2.9)

(oi sqèseic autèc proèkuyan exis¸nontac touc suntelestèc tou y2
q kai tou yqyp antistoÐqwc

sthn (2.8) )
EpÐshc, gia k�je zeÔgoc (i, p), up�rqei èna q, di�foro twn i kai p, tètoio ¸ste bq 6= 0

(giatÐ èqoume upojèsei oti rg(b) ≥ 3). ProkÔptei, loipìn, apì thn (2.9) kai upojètontac oti
cip 6= cpi, oti ciq = 0 kai sunep¸c cip = 0. 'Omwc, epeid  ta i kai p èqoun summetrikoÔc rìlouc
(dhl. h (2.9) isqÔei kai an enall�xoume ta i kai p), h upìjesh aut  mac dÐnei akrib¸c ìmoia
oti kai cpi = 0. 'Eqoume loipìn anagkastik� oti cip = cpi.Epeid  oi isìthtec (2.7) ikanopoioÔntai se ìlo to G, prokÔptei loipìn, apì th mh-mhdenikìthta
thc h′1

(
b̄(φ0(y)), s2(y)

) sto G, h isìthta twn poluwnÔmwn Pip kai Ppi, gia k�je zeÔgoc (i, p).
Dhlad ,

bpyp

k∑
j=1

cijyj = biyi

k∑
j=1

cpjyj

Tautopoi¸ntac touc ìrouc tou poluwnÔmou, sumperaÐnoume oti gia k�je tri�da (i, j, p) me
i 6= j 6= p èqoume bpcij = 0 (exis¸nontac touc suntelestèc tou ypyj) kai gia k�je zeÔgoc (i, p),
bpcii = bicpp (suntelestèc tou yiyp). Qrhsimopoi¸ntac, ek nèou, thn upìjesh oti toul�qiston
treÐc apì touc suntelestèc bp eÐnai mh-mhdenikoÐ, lamb�noume oti:

∀i 6= j , cij = 0 (afoÔ bpcij = 0 kai bp 6= 0)

kai oti, up�rqei % ∈ R∗, tètoio ¸ste, gia k�je i, cii = %bi.Pr�gmati, epeid  gia k�je i, cii = bicpp/bp èqoume:
k∑

i=1

cii =
cpp

bp

k∑
i=1

bi dhl. cpp

bp

=
tr c∑k
i=1 bi

Lamb�nontac loipìn % =
tr c∑k
i=1 bi

èqoume to zhtoÔmeno.
2
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2.4.4 Pl rhc Upokl�sh
JewroÔme touc ektimhtèc thc morf c (2.4) me c = vΘb, diìti mìno autoÐ mporoÔn na eÐnai

paradektoÐ (mporoÔme p�ntote na jewroÔme thn perÐptwsh ìpou % = 1, antikajist¸ntac thn h
me %h). MetaxÔ twn ektimht¸n thc morf c (2.4) autoÐ gia touc opoÐouc c = vΘb sqhmatÐzoun
mia pl rh kl�sh.
Prìtash 2.4.3

Mia ikan  sunj kh ¸ste o ektimht c
φ(y) =

{
idΘ − h

(
b̄(φ0(y)), s2(y)

)
vΘb

}
φ0(y)

ìpou rg(b) ≥ 3, na kuriarqeÐ ton ektimht  elaqÐstwn tetrag¸nwn, φ0, eÐnai na up�rqoun dÔo
pragmatikoÐ arijmoÐ l1 kai l2 tètoioi ¸ste:

i)∀u > 0, t 7→ tl1h(t, u) na eÐnai aÔxousa sun�rthsh
ii)∀t > 0, u 7→ ul2h(t, u) na eÐnai fjÐnousa sun�rthsh kai
iii)h (t/u)h(t, u) na eÐnai omoiìmorfa fragmènh apì to

2

(
tr(vΘqvΘb)

pgvp(vΘqvΘb)
− 2l1

)
n− k

n− k − 2− 4l2

ìpou pgvp(vΘqvΘb) shmei¸nei th megalÔterh idiotim  tou endomorfismoÔ vΘqvΘb.
Parat rhsh 2.4.1

Oi upojèseic thc Prot�sewc 2.4.3 eÐnai sumbatèc an l2 < −1 diìti, diaforetik� ja eÐqame:
∀t > 0, lim

u→0
u−1h(t, u) = lim

u→0

(
u−1−l2ul2h(t, u)

)
= +∞

to opoÐo antif�skei ston isqurismì oti h tu−1h(t, u) eÐnai fragmènh.
Apìdeixh

H Prìtash aut  apoteleÐ mia eidik  perÐptwsh thc Prìtashc 1.5.6, ìpou ed¸ c = vΘb.
SumperaÐnetai loipìn apì aut  epalhjeÔontac tic sunj kec thc. An h̃(t, u) eÐnai h sun�rthsh
surrÐknwshc ekeÐnhc thc Prìtashc tìte h̃(t, u) = h(t, 1/u). Opìte,
∀u > 0, t 7→ tl1h̃(t, u) = tl1h(t, 1/u) eÐnai aÔxousa sun�rthsh (sÔmfwna me to i))
∀t > 0, u 7→ u−l2h̃(t, u) = u−l2h(t, 1/u) eÐnai aÔxousa sun�rthsh (sÔmfwna me to ii)) kai
h tuh̃(t, u)= tuh(t, 1/u) eÐnai omoiìmorfa fragmènh apì to

2

(
tr(vΘqvΘb)

pgvp(vΘqvΘb)
− 2l1

)
n− k

n− k − 2− 4l2

(sÔmfwna me to iii)). 'Omwc aut  h stajer� eÐnai Ðsh me thn R2 thc Prìtashc 1.5.6, afoÔ ta
f�smata twn endomorfism¸n tcqcb− kai vΘqvΘb sumpÐptoun kai epomènwc

λM = σM = pgvp(vΘqvΘb)

ap' ìpou exasfalÐzetai �mesa kai h upìjesh λm ≥ 0, afoÔ λm = σm ≥ 0 (blèpe Kef�laio 1,
par�grafoc 1.3.1).

2
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ParathroÔme oti h epilog  tou b pou megistopoieÐ to parap�nw fr�gma eÐnai b = (vΘqvΘ)−1,
afoÔ

2

(
tr(vΘqvΘb)

pgvp(vΘqvΘb)
− 2l1

)
n− k

n− k − 2− 4l2
≤ 2

(
pgvp(vΘqvΘb)k

pgvp(vΘqvΘb)
− 2l1

)
n− k

n− k − 2− 4l2

=
2(k − 2l1)(n− k)

n− k − 2− 4l2

fr�gma to opoÐo lamb�netai ìtan to b = (vΘqvΘ)−1 (autì den antistoiqeÐ anagkaÐwc sto
mègisto kèrdoc, anaforik� me ton ektimht  elaqÐstwn tetrag¸nwn).

ProkÔptei, loipìn, oti me k�je sun�rthsh h(t, u) pou ikanopoieÐ tic sunj kec i) kai ii) kai
epÐshc

sup
t,u

t

u
h(t, u) ≤ 2(k − 2l1)(n− k)

n− k − 2− 4l2

mporoÔme na sundèsoume ènan ektimht  me surriknwt  kuriarq¸ntac omoiomìrfwc ton φ0,anaforik� me k�je tetragwnik  sun�rthsh apwleÐac. 'Enac tètoioc ektimht c ja eÐqe tìte
thn morf :

φ(y) =
{

idΘ − h
(
b̄′(φ0(y)), s2(y)

)
vΘb′

}
φ0(y)

me b′ = (vΘqvΘ)−1 kai vΘb′ = (vΘq)−1.
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Kef�laio 3

IKANH KAI ANAGKAIA SUNJHKH GIA THN
KURIARQIA TOU SUNHJOUS EKTIMHTH
ELAQISTWN TETRAGWNWN

3.1
Kaj¸c oi James kai Stein[1961] jètoun tic b�seic thc jewrÐac twn ektimht¸n me surriknw-

t , plhj¸ra suggrafèwn melet� tic pijanèc <<belti¸seic>> tou ektimht  elaqÐstwn tetrag¸nwn,
upì di�forec optikèc (bl. p.q.Judge kai Bock[1978]   Berger[1982]).

H pleioyhfÐa twn suggrafèwn jewreÐ tetragwnikèc sunart seic ap¸leiac, oi Brardwein
kai Strawderman[1980] meletoÔn kurtèc sunart seic ap¸leiac, gia to sÔnolo twn nìmwn me
sfairik  summetrÐa. Apì thn �llh, k�poioi suggrafeÐc sugkrÐnoun touc ektimhtèc touc me
krit rio thn t�xh twn digrammik¸n morf¸n, <<deÔterh rop  thc dianusmatik c tuqaÐac meta-
blht c:{ektÐmhsh meÐon thn alhjin  tim }>> (autì apoteleÐ to krit rio tou mèsou tetragwnikoÔ
sf�lmatoc(MSE))   isodÔnama anaforik� me to sÔnolo twn tetragwnik¸n kindÔnwn. Aut 
h idiìthta eÐnai endiafèrousa epeid  deÐqnei th <<rwmaleìthta>> tou ektimht , kuriarq¸ntac me
thn ènnoia tou MSE.

O Brown[1975], gia thn kl�sh twn ektimht¸n thc morf c:
φ(y) = φ0(y)− h

(
‖φ0(y)‖2

)
φ0(y)

apodeiknÔei ìti den up�rqei ektimht c pou na belti¸nei ton e.e.t. φ0 gia to sÔnolo twn tetra-
gwnik¸n apwlei¸n. To apotèlesma autì apoteleÐ pìrisma miac ikan c kai anagkaÐac sunj khc
kuriarqÐac epÐ tou e.e.t. gia èna sÔnolo tetragwnik¸n sunart sewn ap¸leiac. Ed¸ ja asqo-
lhjoÔme, sÔmfwna me ton C.Robert[1987] ([41]), me th genÐkeush ekeÐnhc thc sunj khc gia thn
kl�sh twn ektimht¸n me surriknwt  <<matriciel>> tou Kef.2, lamb�nontac arqik� b = v−1

Θ . Sth
sunèqeia genikeÔoume to apotèlesma gia opoiad pote jetik , summetrik , digrammik  morf 
b.

3.2 TO MONTELO
'Estw E dianusmatikìc q¸roc, di�stashc n, epÐ tou R, Θ ènac dianusmatikìc upìqwroc

tou E, di�stashc k (3 ≤ k < n − 1). ParathroÔme y ∈ E, y eÐnai h pragmatopoÐhsh mÐac
kanonik c t.m mèsou θ ∈ Θ kai diaspor�c σ2v, ìpou v eÐnai mia gnwst  summetrik  digrammik 
morf , jetik� orismènh epÐ tou E∗(duðkìc tou E). Deqìmaste kai ed¸ ìti h diaspor� eÐnai
gnwst  ektìc apì ton pollaplasiastikì par�gonta σ2.

45



Oi ektimhtèc me surriknwt  tou θ, touc opoÐouc jewroÔme, eÐnai thc morf c:
φ(y) =

(
idΘ − h

(
v−1

Θ (φ0(y)), s2(y)
)
c
)
φ0(y) (3.1)

ìpou:
- idΘ eÐnai o tautotikìc endomorfismìc tou Θ,
- c eÐnai ènac endomorfismìc tou Θ,
- φ0(y) eÐnai h v−1-orjog¸nia probol  epÐ tou Θ, dhl. o e.e.t tou θ kai s2(y) = 1

n−k
v−1

(
y−

φ0(y)
) o sun jhc amerìlhptoc ektimht c tou σ2,

- h eÐnai mÐa metr simh apeikìnish apì ton R+ × R+ ston R.
ParathroÔme ìti, anaforik� me thn kl�sh twn ektimht¸n (2.4) tou Kef.2, ed¸ jewroÔme

thn eidik  perÐptwsh ìpou h tetragwnik  morf  b, pou upeisèrqetai ston orismì thc h, eÐnai
h v−1

Θ .
Dedomènhc miac jetik c, summetrik c, digrammik c morf c, q, epÐ tou Θ, h sun�rthsh

ap¸leiac pou sundèetai me aut n orÐzetai na eÐnai h:
1

σ2
q(θ̂ − θ)

an θ̂ eÐnai o jewroÔmenoc ektimht c tou θ. Ed¸ ja jewr soume mia kl�sh summetrik¸n,
digrammik¸n morf¸n Q. Ja lème ìti ènac ektimht c φ kuriarqeÐ ton φ0 omoiomìrfwc sto
(θ, σ2) epÐ tou Q an, gia k�je (θ, σ2) ∈ Θ× R∗

+ kai gia k�je q ∈ Q, èqoume:
1

σ2
Eθ,σ

[
q(φ(y)− θ)

]
≤ 1

σ2
Eθ,σ

[
q(φ0(y)− θ)

]
,

ìpou gia k�je g metr simh apeikìnish, shmei¸noume
Eθ,σ

[
g(y)

]
=

∫
E

g(y)Pθ,σ(dy) , Pθ,σ = N(θ, σ2v)

Ja apodeÐxoume parak�tw mia ikan  kai anagkaÐa sunj kh gia thn Ôparxh enìc ektimht 
φ kuriarq¸ntac ton φ0 omoiomìrfwc sto (θ, σ2) epÐ tou Q. To apotèlesma tou Brown[1975],
pou afor� thn eidik  parÐptwsh ìpou to σ2 eÐnai gnwstì kai o c = idΘ faÐnetai tìte san
pìrisma tou jewr matoc autoÔ.

3.3 IKANH KAI ANAGKAIA SUNJHKH
Jewr¸ntac mia oikogèneia sunart sewn apwleÐac Q, an gia k�je q ∈ Q, tr(vΘqc) > 0,

èqoume:
Je¸rhma 3.3.1

Up�rqei ènac ektimht c φ thc morf c (3.1) pou kuriarqeÐ ton φ0 omoiomìrfwc sto (θ, σ2)
epÐ tou Q an kai mìnon an

inf
q∈Q

{
tr(vΘqc)− 2pgvp(vΘqc)

}
> 0 (3.2)
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Prèpei na shmei¸soume ìti h sunj kh (3.2) eÐnai ligìtero perioristik  apì thn antÐstoiqh
tou Brown:

inf
q∈Q

{
tr(vΘq)− 2pgvp(vΘq)

}
> 0 .

H eisagwg , loipìn, tou endomorfismoÔ surrÐknwshc, c, mac epitrèpei, gia k�poiec kl�seic Q,
na èqoume omoiìmorfh kuriarqÐa h opoÐa den eÐnai efikt  gia touc ektimhtèc me surriknwt 
klÐmakac (idiaitèrwc stic peript¸seic thc <<multicolinéarité>>).

H èkfrash {tr(vΘqc)−2pgvp(vΘqc)}, emfanÐzetai suqn� stic sunj kec �nw fr�gmatoc thc
sunart sewc surrÐknwshc (ìpwc stouc Judge kai Bock[1978], Cellier kai Fourdrinier[1985]
kai sto Kef.1). 'Otan autì to fr�gma  tan arnhtikì up rqe adunamÐa na protajoÔn ektimhtèc
kalÔteroi apì ton φ0. To parap�nw ìmwc Je¸rhma apodeiknÔei ìti k�ti tètoio den mporeÐ
na gÐnei. Shmei¸noume akìmh ìti h sunj kh tr(vΘqc)− 2pgvp(vΘqc) > 0 emfanÐzetai  dh san
anagkaÐa stic peript¸seic pou h sun�rthsh surrÐknwshc h eÐnai thc morf c h(t, u) = αtλ1uλ2

(blèpe Kef.1).
Na shmei¸soume ìti autì to kef�laio den perilamb�nei th melèth ektimht¸n pou exart¸-

ntai apì thn epilog  tou kindÔnou, ìpwc, gia par�deigma ja  tan h perÐptwsh pou cq = (vΘq)−1,
o opoÐoc megistopoieÐ thn posìthta {tr(vΘqc)− 2pgvp(vΘqc)} (se ènan bajmwtì par�gonta).
Apìdeixh

To ìti h sunj kh (3.2) eÐnai ikan , gia thn Ôparxh enìc ektimht  φ pou kuriarqeÐ ton φ0omoiomìrfwc sto (θ, σ2) epÐ tou Q, exasfalÐzetai apì thn Prìtash 1.5.6(Kef.1), paÐrnontac
µ1 = 1, opìte R2 > 0.

Gia na apodeÐxoume ìti h sunj kh aut  eÐnai kai anagkaÐa ja qrhsimopoi soume thn teqnik 
tou Brown[1975] pou sthrÐzetai, ìpwc ekeÐnh tou Stein[1956], sthn anisìthta Cramer−Rao.

Gia na kuriarqeÐ ènac ektimht c φ ton φ0, omoiomìrfwc sto (θ, σ2) epÐ tou Q, ja prèpei,
gia k�je q ∈ Q kai gia k�je (θ, σ2) ∈ Θ× R∗

+, na isqÔei:
Eθ,σ

[
q(φ(y)− θ)

]
≤ Eθ,σ

[
q(φ0(y)− θ)

]
= σ2tr(vΘq)

'Estw (e1, ... , ek) mia b�sh v−1
Θ -orjokanonik  tou Θ kai q-orjog¸nia. Loipìn, se aut  th

b�sh, èqoume:

θ =
k∑

i=1

θiei kai Eθ,σ

[
(φ(y)− θ)

]
= bσ(θ) =

k∑
i=1

bσi
(θ)ei to di�nusma thc merolhyÐac.

Gia k�je j, shmei¸noume (∂jbσi
)(θ) th merik  par�gwgo tou bσi

anaforik� me thn j-st  su-
ntetagmènh tou θ. Gia k�je i, h anisìthta twn Cramer −Rao:

k∑
i=1

Eθ,σ

(
φi(y)− θi

)2

≥
k∑

i=1

(
bσi

(θ)
)2

+kσ2 + 2σ2

k∑
i=1

∂ibσi
(θ) + σ2

k∑
i=1

k∑
j=1

(
∂jbσi

(θ)
)2

efarmozìmenh sto montèlo ìpou θj(j 6= i) kai σ2 jewroÔntai gnwst�, kai ìpou mìno to θieÐnai �gnwsto, paÐrnei th morf :
Eθ,σ

[
(φi(y)− θi)

2
]
≥

(
bσi

(θ)
)2

+
(
1 + ∂ibσi

(θ)
)2

σ2
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Shme¸noume (qi)1≤i≤k, tic idiotimèc tou vΘq. Gia na kuriarqeÐ o φ ton φ0, ja prèpei loipìn
k∑

i=1

qi

(
bσi

(θ)
)2

+ σ2

k∑
i=1

qi

(
∂ibσi

(θ) + 1
)2

≤ σ2

k∑
i=1

qi (3.3)

afoÔ

Eθ,σ

[
q(φ(y)− θ)

]
= Eθ,σ

[ k∑
i=1

qi(φi(y)− θi)
2
]

=
k∑

i=1

qiEθ,σ

[
(φi(y)− θi)

2
]

≥
k∑

i=1

qi

(
bσi

(θ)
)2

+ σ2

k∑
i=1

qi

(
∂ibσi

(θ) + 1
)2

kai tr(vΘq) =
k∑

i=1

qi

Apì thn (3.3), me stoiqei¸deic upologismoÔc, prokÔptei ìti:

σ−2

k∑
i=1

qi

(
bσi

(θ)
)2

+ 2
k∑

i=1

qi∂ibσi
(θ) +

k∑
i=1

qi

(
∂ibσi

(θ)
)2

≤ 0

Sth sqèsh aut  o teleutaÐoc ìroc eÐnai mh-arnhtikìc, opìte ja prèpei:

σ−2

k∑
i=1

qi

(
bσi

(θ)
)2

+ 2
k∑

i=1

qi∂ibσi
(θ) ≤ 0 (3.4)

Apì th morf  tou ektimht  φ, pou dÐnetai apì ton tÔpo (3.1), lamb�noume:
bσ(θ) = Eθ,σ

[
φ(y)− θ

]
= Eθ,σ

[
φ0(y)− θ − h

(
v−1

Θ (φ0(y)), s2(y)
)
c(φ0(y))

]
= Eθ,σ

[
φ0(y)− θ

]
︸ ︷︷ ︸

= 0

−Eθ,σ

[
h
(
v−1

Θ (φ0(y)), s2(y)
)
c(φ0(y))

]

= −Eθ,σ

[
h
(
v−1

Θ (φ0(y)), s2(y)
)
c(φ0(y))

]
= −

∫
Θ×Θ⊥

h
(
v−1

Θ (x),
v−1(z)

n− k

)
c(x)NΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

= −
∫

Θ

c(x)

(∫
Θ⊥

h
(
v−1

Θ (x),
v−1(z)

n− k

)
NΘ⊥(0, σ2vΘ⊥ ; dz)

)
NΘ(θ, σ2vΘ; dx)

= −
∫

Θ

c(x)

(∫
Θ⊥

h
(
v−1

Θ (x),
σ2

n− k
v−1(z′)

)
NΘ⊥(0, vΘ⊥ ; dz′)

)
NΘ(θ, σ2vΘ; dx)
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= −
∫

Θ

c(x)

(∫
R+

h
(
v−1

Θ (x),
σ2

n− k
u
)
X 2

n−k(du)

)
NΘ(θ, σ2vΘ; dx)

= −
∫

Θ

c(x)

(∫
R+

h
(
v−1

Θ (x), u
)( σ2

n− k
X 2

n−k

)
(du)

)
NΘ(θ, σ2vΘ; dx)

= −
∫

R+

(∫
Θ

c(x)h
(
v−1

Θ (x), u
)
NΘ(θ, σ2vΘ; dx)

)( σ2

n− k
X 2

n−k

)
(du)

'Omwc, gia k�je u, efarmìzontac to L mma 5(iii) (bl.Par�rthma), èqoume:∫
Θ

h
(
v−1

Θ (x), u
)
c(x)NΘ(θ, σ2vΘ; dx)

=

∫
Θ

h
(
σ2v−1

Θ (x/σ), u
)
σc(x/σ)NΘ(θ, σ2vΘ; dx)

= σ

∫
Θ

h
(
σ2v−1

Θ (t), u
)
c(t)NΘ

( θ

σ
, vΘ; dt

)
= σ

∫
Rk

h
(
σ2‖t‖2, u

)
c tNk

( θ

σ
, Ik; dt

)
= σc

∫
Rk

h
(
σ2‖t‖2, u

)
tNk

( θ

σ
, Ik; dt

)
= cθ

∫
N0

(∫
R+

h(σ2v, u)X 2
k+2m+2(dv)

)
π
(‖θ‖2

2σ2
; dm

)
Loipìn,

bσ(θ) = −cθ

∫
R+

(∫
N0

(∫
R+

h(σ2v, u)X 2
k+2m+2(dv)

)
π
(‖θ‖2

2σ2
; dm

))( σ2

n− k
X 2

n−k

)
(du)

= −cθΨσ(‖θ‖2)

ìpou
Ψσ(‖θ‖2) = e−‖θ‖

2/2σ2
+∞∑
m=0

Hm(σ2)
‖θ‖2m

2mσ2mm!

me
Hm(σ2) =

∫
R+

(∫
R+

h(σ2v, u)X 2
k+2m+2(dv)

)( σ2

n− k
X 2

n−k

)
(du)

Autì mac epitrèpei na gr�youme
bσ(θ) = −Ψσ(t)cθ

ìpou t = v−1
Θ (θ) kai h Ψσ(t), ìpwc orÐsthke parap�nw, eÐnai diaforÐsimh sun�rthsh, wc prìc

t, apì ton R+ ston R.
Apì thn anisìthta (3.4), lamb�noume loipìn,

−2
k∑

i=1

qi∂i

[
Ψσ(t)

k∑
j=1

cijθj

]
+ σ−2

k∑
i=1

qi

[
Ψ2

σ(t)
( k∑

j=1

cijθj

)2]
≤ 0
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dhlad ,

−2Ψσ(t)
k∑

i=1

qicii − 2Ψ′
σ(t)

k∑
i=1

qi
∂t

∂θi

k∑
j=1

cijθj + σ−2

k∑
i=1

qi

[
Ψ2

σ(t)
( k∑

j=1

cijθj

)2]
≤ 0

ap> ìpou prokÔptei:

2Ψσ(t)
k∑

i=1

qicii + 4Ψ′
σ(t)

k∑
i=1

qiθi

( k∑
j=1

cijθj

)
− σ−2Ψ2

σ(t)
k∑

i=1

qi

( k∑
j=1

cijθj

)2

≥ 0

(afoÔ ∂t/∂θi = 2θi).Aut  h sunj kh mporeÐ epiplèon na sumptuqjeÐ kai na grafeÐ sthn morf :
2Ψσ(t)tr(vΘqc) + 4Ψ′

σ(t)q
(
θ, c(θ)

)
− σ−2Ψ2

σ(t)q
(
c(θ)

)
≥ 0 (3.5)

Ja apodeÐxoume ìti, an h sunj kh (3.2) den ikanopoieÐtai tìte h (3.5) èqei monadik  lÔsh
thn Ψσ = 0.

Upojètoume ìti up�rqei q ∈ Q tètoio ¸ste 2pgvp(vΘqc) ≥ tr(vΘqc).
1o) 'Estw ìti up�rqei t0 tètoio ¸ste Ψσ(t0) > 0 kai èstw f1 èna idiodi�nusma tou en-

domorfismoÔ vΘqc sundedemèno me thn idiotim  pgvp(vΘqc) kai v−1
Θ -orjokanonikì. JewroÔme

tìte θ = t
1/2
0 f1 (gia to opoÐo isqÔei v−1

Θ (θ) = t0, afoÔ v−1
Θ (f1) = 1). 'Eqoume, loipìn, ìti:

q
(
θ, c(θ)

)
= q

(
t
1/2
0 f1, c(t

1/2
0 f1)

)
= t0q

(
f1, c(f1)

)
= t0

tf1qcf1

kai epeid  to f1 eÐnai idiodi�nusma pou sundèetai me thn pgvp(vΘqc) èqoume:
vΘqcf1 = pgvp(vΘqc)f1

dhlad ,
qcf1 = pgvp(vΘqc)v−1

Θ f1

opìte,
q
(
θ, c(θ)

)
= t0pgvp(vΘqc)tf1v

−1
Θ f1 = t0pgvp(vΘqc) v−1

Θ (f1)︸ ︷︷ ︸
=1

= t0pgvp(vΘqc)

Epomènwc, apì thn epilog  aut  twn t0 kai θ, h (3.5) gÐnetai:
2Ψσ(t0)tr(vΘqc) + 4Ψ′

σ(t0)pgvp(vΘqc)t0 − σ−2Ψ2
σ(t0)t0q(cf1) ≥ 0

'Omwc, Ψσ(t0) > 0 kai tr(vΘqc) ≤ 2pgvp(vΘqc), �ra apì thn parap�nw anisìthta prokÔptei
ìti:

4
(
Ψ′

σ(t0)t0 + Ψσ(t0)
)
pgvp(vΘqc)− σ−2Ψ2

σ(t0)t0q(cf1) ≥ 0 (3.6)
Epeid , −σ−2Ψ2

σ(t0)t0q(cf1) ≤ 0, o pr¸toc ìroc thc parap�nw anisìthtac ja eÐnai mh ar-
nhtikìc, loipìn Ψ′

σ(t0)t0 +Ψσ(t0) ≥ 0 (epeid  tr(vΘqc) > 0, ex upojèsewc) ap> ìpou prokÔptei
ìti h t tΨσ(t) eÐnai aÔxousa gia k�je t ≥ t0.Pr�gmati, an upojèsoume ìti up�rqei èna di�sthma (t1, t2) me t0 < t1 < t2 sto opoÐo
h tΨσ(t) eÐnai fjÐnousa gia t ∈ (t1, t2) kai aÔxousa gia t ∈ (t0, t1) tìte ja èqoume ìti:
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t1Ψσ(t1) ≥ t0Ψσ(t0) ap> ìpou sumperaÐnoume ìti Ψσ(t1) > 0 kai k�nontac ta Ðdia gia to t1(ìpwc prÐn gia to t0) prokÔptei o Ðdioc tÔpoc:
4
(
Ψ′

σ(t1)t1 + Ψσ(t1)
)
pgvp(vΘqc)− σ−2Ψ2

σ(t1)t1q(cf1) ≥ 0

ap> ìpou paÐrnoume Ψ′
σ(t1)t1 + Ψσ(t1) ≥ 0 kai sunep¸c up�rqei di�sthma (t1, t

′
1) sto opoÐo h

t  tΨσ(t) eÐnai aÔxousa. Autì ìmwc eÐnai �topo kai sunep¸c gia k�je t ≥ t0 h t  tΨσ(t)
eÐnai aÔxousa.

Apì to apotèlesma autì kai thn anisìthta (3.6) prokÔptei ìti, gia k�je t ≥ t0:
tΨ′

σ(t) + Ψσ(t)

Ψ2
σ(t)

≥ σ−2q(cf1)
1

4pgvp(vΘqc)
t

Pollaplasi�zontac kai ta dÔo mèlh me 1/t2 kai oloklhr¸nontac apì t0 èwc t1, lamb�noume:(
t0Ψσ(t0)

)−1

−
(
t1Ψσ(t1)

)−1

≥ σ−2q(cf1)

4pgvp(vΘqc)
log

t1
t0

kai katal goume se antÐfash paÐrnontac t1 → +∞ epeid , to deÔtero mèloc thc anisìthtac
teÐnei sto +∞ kaj¸c to t1 → +∞, en¸ to pr¸to mèloc teÐnei se ènan stajerì ìro, afoÔ

lim
t1→+∞

(
t1Ψσ(t1)

)−1

= C (≥ 0)

2o) 'Estw ìti up�rqei t0 tètoio ¸ste Ψσ(t0) < 0, kai èstw (f1, ... , fk) mÐa b�sh apì
idiodianÔsmata tou endomorfismoÔ vΘqc, h opoÐa eÐnai v−1

Θ -orjokanonik . JewroÔme tìte

θ =
(t0

k

)1/2
k∑

i=1

fi

(to opoÐo epalhjeÔei thn: v−1
Θ (θ) = t0). 'Eqoume, loipìn, ìti:

q
(
θ, c(θ)

)
= q

((t0
k

)1/2
k∑

i=1

fi,
(t0

k

)1/2
k∑

j=1

c(fj)

)
=

t0
k

k∑
i=1

k∑
j=1

q
(
fi, c(fj)

)
'Omwc,

q
(
fi, c(fj)

)
= tfiqcfj = tfiv

−1
Θ vΘqcfj = tfiv

−1
Θ λjfj

= λj
tfiv

−1
Θ fj = λjv

−1
Θ (fi, fj) =

{
λj , an i = j

0 , alloÔ
ìpou λj, h idiotim  pou sundèetai me to idiodi�nusma fj. Epomènwc,

q
(
θ, c(θ)

)
=

t0
k

k∑
j=1

λj =
t0
k

tr(vΘqc)

kai sunep¸c h (3.5) gr�fetai (gia t = t0 kai to jewroÔmeno θ):

2Ψσ(t0)tr(vΘqc) + 4Ψ′
σ(t0)

t0
k

tr(vΘqc)− σ−2Ψ2
σ(t0)

t0
k

q
( k∑

i=1

cfi

)
≥ 0
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H teleutaÐa aut  anisìthta (pollaplasi�zontac me k
(
4tr(vΘqc)

)−1

> 0) gr�fetai:
k

2
Ψσ(t0) + Ψ′

σ(t0)t0 − αΨ2
σ(t0)t0 ≥ 0 (3.7)

me α =
σ−2

4tr(vΘqc)
q
( k∑

i=1

cfi

)
> 0

Apì thn (3.7), epeid  Ψσ(t0) < 0, sumperaÐnoume ìti Ψ′
σ(t0) > 0. Ap> ìpou prokÔptei ìti

Ψσ(t) eÐnai aÔxousa gia k�je t ≤ t0 (apodeiknÔetai ìpwc prohgoumènwc gia thn t  tΨσ(t))
kai epomènwc h (3.7) isqÔei gia k�je t ≤ t0.H (3.7) mporeÐ na grafeÐ isodÔnama (pol/zontac kai ta dÔo mèlh me t(k−2)/2) wc ex c:

k

2
t(k−2)/2Ψσ(t) + tk/2Ψ′

σ(t)− αΨ2
σ(t)tk/2 ≥ 0

kai diair¸ntac me tkΨ2
σ(t), èqoume:

k
2
t(k−2)/2Ψσ(t) + tk/2Ψ′

σ(t)

tkΨ2
σ(t)

− α
1

tk/2
≥ 0

ap> ìpou, oloklhr¸nontac apì t1 èwc t0, paÐrnoume:
− 1

Ψσ(t0)t
k/2
0

+
1

Ψσ(t1)t
k/2
1

− 2α

k − 2

( 1

t
(k−2)/2
1

− 1

t
(k−2)/2
0

)
≥ 0

PaÐrnontac to t1 → 0 katal goume se antÐfash epeid :
lim
t1→0

1

Ψσ(t1)t
k/2
1

≤ 0 , afoÔ ∀t1 ≤ t0,
1

Ψσ(t1)t
k/2
1

< 0 (dhl. prokÔptei −∞ ≥ 0 , �topo)
Kat� sunèpeia, h mình lÔsh thc (3.5) eÐnai h Ψσ = 0 kai epomènwc bσ(θ) = 0. 'Omwc tìte

h sqèsh pou proèkuye apì thn anisìthta Cramer −Rao gr�fetai:
Eθ,σ

[(
φi(y)− θi

)2]
≥ σ2

kai sunep¸c èqoume:
Eθ,σ

[
q
(
φ(y)− θ

)]
=

k∑
i=1

qiEθ,σ

[(
φi(y)− θi

)2]
≥ σ2

k∑
i=1

qi = σ2tr(vΘq)

Dhlad , den up�rqei ektimht c thc morf c (3.1), ektìc apì ton φ0 pou na kuriarqeÐ ton φ0omoiomìrfwc.
2

Parat rhsh
Epeid  o ektimht c (3.1) eÐnai eidik  perÐptwsh twn ektimht¸n twn prohgoÔmenwn kefa-

laÐwn, eÔloga tÐjetai to er¸thma an h qr sh miac �llhc tetragwnik c morf c b, mèsa sthn
sun�rthsh surrÐknwshc (dhl. an aut  eÐqe th morf  h

(
b(φ0(y)), s2(y)

)) ja epètrepe thn
omoiìmorfh kuriarqÐa epÐ tou φ0, akìma kai an h (3.2) den ikanopoieÐtai. IdiaÐtera, eÐdame
sto Kef.2, ìti tètoioi ektimhtèc me surriknwt  <<matriciel>>, gia na eÐnai paradektoÐ ja prèpei
b = v−1

Θ c. Parathr¸ntac ìti h posìthta tr(vΘqc)− 2pgvp(vΘqc), h opoÐa emfanÐzetai kai sto
Kef.1, eÐnai anex�rthth tou b, faÐnetai dunat  h epèktash tou parap�nw jewr matoc sthn pe-
rÐptwsh pou b eÐnai mia opoiad pote digrammik  morf  epÐ tou Θ. Sthn parak�tw par�grafo
dÐnoume aut n thn epèktash gia opoiad pote b tètoia ¸ste Kerb ⊂ Kerc.
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3.4 MIA GENIKEUSH TOU JEWRHMATOS 3.3.1
JewroÔme thn kl�sh twn ektimht¸n thc morf c:

φ(y) =
(
idΘ − h

(
b(φ0(y)), s2(y)

)
c
)
φ0(y) (3.8)

ìpou b mia jetik  summetrik  digrammik  morf  epÐ tou J, me rg(b) ≥ 3 kai c ènac endomor-
fismìc tou J. Deqìmaste ìti Kerb ⊂ Kerc. Tìte:
Je¸rhma 3.4.1

Up�rqei ènac ektimht c thc morf c (3.8) pou kuriarqeÐ ton φ0 omoiomìrfwc sto (θ, σ2) epÐ
tou Q an kai mìnon an ikanopoieÐtai h (3.2).

Epeid  h apìdeixh autoÔ tou jewr matoc eÐnai parìmoia me ekeÐnh tou Jewr.3.1.1, ja
perioristoÔme se mÐa skiagr�fhsh aut c, epimènontac mìno sta shmeÐa sta opoÐa aut  diafo-
ropoieÐtai.
Apìdeixh

To ìti h sunj kh (3.2) eÐnai ikan  exasfalÐzetai apì thn Prot.1.5.6, Kef.1, gia µ1 = 1.
'Estw (e1, ... , ek) mÐa b�sh tou Θ, v−1

Θ -orjokanonik  kai q-orjog¸nia epÐ thc opoÐac h b
diagwniopoieÐtai me diag¸nia stoiqeÐa 1 kai 0 (deqìmaste ìti ta pr¸ta p(= rg(b)) diag¸nia
stoiqeÐa eÐnai 1) kai o c diagwniopoieÐtai me diag¸nia stoiqeÐa ci ≥ 0, i = 1, ..., k.

Tìte mèsa s> aut  th b�sh,

θ =
k∑

i=1

θiei , b(θ) =

p∑
i=1

θ2
i

kai to di�nusma b̃σ(θ) thc merolhyÐac gr�fetai:

Eθ,σ

[
φ(y)− θ

]
= b̃σ(θ) =

k∑
i=1

b̃σi
(θ)ei

Shmei¸noume me qi, i = 1, ..., k tic idiotimèc tou vΘq.
Gia na kuriarqeÐ, loipìn, o φ ton φ0, ja prèpei:

σ−2

k∑
i=1

qi

(
b̃σi

(θ)
)2

+ 2
k∑

i=1

qi∂ib̃σi
(θ) ≤ 0 (3.9)

Lamb�nontac upìyh th morf  tou φ, h opoÐa dÐdetai apì thn (3.8), èqoume:
b̃σ(θ) = −Eθ,σ

[
h
(
b(φ0(y)), s2(y)

)
c(φ0(y))

]
= −

∫
E

h
(
b(φ0(y)), s2(y)

)
c(φ0(y))NE(θ, σ2v; dy)

= −
∫

Θ

c(x)

(∫
Θ⊥

h
(
b(x),

1

n− k
v−1(z)

)
NΘ⊥(0, σ2vΘ⊥ ; dz)

)
NΘ(θ, σ2vΘ; dx)
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= −
∫

Θ

c(x)

(∫
Θ⊥

h
(
b(x),

σ2

n− k
v−1(z)

)
NΘ⊥(0, vΘ⊥ ; dz)

)
NΘ(θ, σ2vΘ; dx)

= −
∫

Θ

c(x)

(∫
R+

h
(
b(x),

σ2

n− k
u
)
X 2

n−k(du)

)
NΘ(θ, σ2vΘ; dx)

= −
∫

R+

(∫
Θ

h
(
b(x), u

)
c(x)NΘ(θ, σ2vΘ; dx)

)( σ2

n− k
X 2

n−k

)
(du)

'Omwc, ∫
Θ

h
(
b(x), u

)
c(x)NΘ(θ, σ2vΘ; dx) = σ

∫
Θ

h
(
σ2b(t), u

)
c(t)NΘ

( θ

σ
, vΘ; dt

)
= σ

∫
Rk

h
(
σ2b(t), u

)
ctNk

( θ

σ
, Ik; dt

) (3.10)

ParathroÔme ìti: ∀i ∈ {1, 2, ..., k},
∂

∂θi

∫
Rk

h
(
σ2b(t), u

)
Nk

( θ

σ
, Ik; dt

)

=
∂

∂θi

∫
Rk

h
(
σ2b(t), u

)
(2π)−k/2exp

{
− 1

2

k∑
i=1

(
ti −

θi

σ

)2}
dt1...dtk

=
1

σ

∫
Rk

h
(
σ2b(t), u

)(
ti −

θi

σ

)
Nk

( θ

σ
, Ik; dt

) (3.11)

EpÐshc, epeid  o pÐnakac b ikanopoieÐ b · b = b, èqoume ìti, h eikìna tou nìmou Nk(θ/σ, Ik)upì thn tetragwnik  morf  b eÐnai o nìmoc X 2
p (δ) me p = rg(b) kai δ = 1

σ2 b(θ)(bl.L mma 4,
Par�rthma).

Loipìn, mporoÔme na gr�youme:∫
Rk

h
(
σ2b(t), u

)
Nk

( θ

σ
, Ik; dt

)
=

∫
R+

h(σ2s, u)X 2
p

(b(θ)

σ2
; ds

)
=

∫
N0

(∫
R+

h(σ2s, u)X 2
p+2m(ds)

)
π
(b(θ)

2σ2
; dm

) (3.12)

Onom�zontac
fσ(m,u) =

∫
R+

h(σ2s, u)X 2
p+2m(ds)

h (3.12), dÐnei : ∀i ∈ {1, 2, ..., p},
∂

∂θi

∫
Rk

h
(
σ2b(t), u

)
Nk

( θ

σ
, Ik; dt

)
=

∂

∂θi

+∞∑
m=0

fσ(m, u)exp
{
− 1

2σ2

p∑
i=1

θ2
i

}( 1

2σ2

p∑
i=1

θ2
i

)m 1

m!
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=
+∞∑
m=0

fσ(m, u)

m!

[
− 1

σ2
θiexp

{
− 1

2σ2

p∑
i=1

θ2
i

}( 1

2σ2

p∑
i=1

θ2
i

)m

+exp
{
− 1

2σ2

p∑
i=1

θ2
i

}
m

( 1

2σ2

p∑
i=1

θ2
i

)m−1 θi

σ2

]

=
+∞∑
m=0

fσ(m, u)

m!

θi

σ2
exp

{
− 1

2σ2

p∑
i=1

θ2
i

}( 1

2σ2

p∑
i=1

θ2
i

)m−1(
m− 1

2σ2

p∑
i=1

θ2
i

)

=
θi

σ2

+∞∑
m=0

fσ(m, u)

m!
exp

{
−b(θ)

2σ2

}(b(θ)

2σ2

)m−1(
m− b(θ)

2σ2

)

=
θi

b(θ)

+∞∑
m=0

fσ(m,u)

m!
exp

{
−b(θ)

2σ2

}(b(θ)

2σ2

)m(
2m− b(θ)

σ2

)
=

θi

b(θ)

∫
N0

fσ(m, u)
(
2m− b(θ)

σ2

)
π
(b(θ)

2σ2
; dm

) (3.13)

Exis¸nontac tic (3.11) kai (3.13) prokÔptei ìti:
1

σ

∫
Rk

h
(
σ2b(t), u

)(
ti −

θi

σ

)
Nk

( θ

σ
, Ik; dt

)
=

θi

b(θ)

∫
N0

fσ(m,u)
(
2m− b(θ)

σ2

)
π
(b(θ)

2σ2
; dm

)
apì to opoÐo, lìgw thc (3.12), lamb�noume: ∀i ∈ {1, 2, ..., p},

1

σ

∫
Rk

h
(
σ2b(t), u

)
tiNk

( θ

σ
, Ik; dt

)
=

θi

b(θ)

∫
N0

fσ(m, u)2mπ
(b(θ)

2σ2
; dm

)
Epeid  rg(c) ≤ rg(b), p to polÔ stoiqeÐa ci eÐnai mh-mhdenik� kai epomènwc h (3.10) gÐnetai:∫

Θ

h
(
b(x), u

)
c(x)NΘ(θ, σ2vΘ; dx) = σ2 cθ

b(θ)

∫
N0

fσ(m, u)2mπ
(b(θ)

2σ2
; dm

)
'Etsi, to di�nusma thc merolhyÐac b̃σ(θ), gr�fetai:

b̃σ(θ) = −cθ

∫
R+

σ2

b(θ)

(∫
N0

fσ(m, u)2mπ
(b(θ)

2σ2
; dm

))( σ2

n− k
X 2

n−k

)
(du)

= −Ψσ(t)cθ me t = b(θ) (3.14)
ìpou

Ψσ(t) = e−t2/2σ2
+∞∑
m=0

Hm(σ2)
tm

2mσ2mm!
,

me
Hm(σ2) =

∫
R+

(∫
R+

h(σ2s, u)X 2
p+2m+2(ds)

)( σ2

n− k
X 2

n−k

)
(du) ,

diaforÐsimh, wc prìc t, sun�rthsh apì ton R+ ston R.
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Deqìmaste ìti ta pr¸ta p -to polÔ stoiqeÐa tou pÐnaka tou endomorfismoÔ c eÐnai mh-
mhdenik�. Tìte h (3.9), lìgw thc (3.14), gr�fetai:

σ−2

k∑
i=1

qiΨ
2
σ(t)

( k∑
j=1

cijθj

)2

+ 2
k∑

i=1

qi
∂

∂θi

(
−Ψσ(t)

k∑
j=1

cijθj

)
≤ 0

isodÔnama
σ−2Ψ2

σ(t)

p∑
i=1

qi(ciθi)
2 + 2

p∑
i=1

qi
∂

∂θi

(
−Ψσ(t)ciθi

)
≤ 0

dhlad 
2Ψσ(t)

p∑
i=1

qici + 4Ψ′
σ(t)

p∑
i=1

qiciθ
2
i − σ−2Ψ2

σ(t)

p∑
i=1

qic
2
i θ

2
i ≥ 0

  sunoptikìtera
2Ψσ(t)tr(vΘqc) + 4Ψ′

σ(t)bvΘq
(
θ, c(θ)

)
− σ−2Ψ2

σ(t)q
(
c(θ)

)
≥ 0 (3.15)

parathr¸ntac ìti q(θ, c(θ)) = bvΘq(θ, c(θ)).
ApodeiknÔetai omoÐwc me to Je¸r.3.1.3, ìti an h sunj kh (3.2) den ikanopoieÐtai h (3.15)

èqei monadik  lÔsh thn Ψσ= 0. Upojètoume loipìn ìti up�rqei q∈Q, tètoio ¸ste:
2pgvp(vΘqc) ≥ tr(vΘqc)

1o) 'Estw ìti up�rqei t0 tètoio ¸ste Ψσ(t0)> 0 kai èstw f1 èna idiodi�nusma tou endo-
morfismoÔ vΘqc sundedemèno me thn idiotim  pgvp(vΘqc) kai b-orjokanonikì. JewroÔme tìte
θ = t

1/2
0 f1 (gia to opoÐo isqÔei, b(θ) = t0). 'Eqoume, loipìn, ìti:

bvΘq
(
θ, c(θ)

)
= bvΘq

(
t
1/2
0 f1, c(t

1/2
0 f1)

)
= t0bvΘq

(
f1, c(f1)

)
= t0

tf1b(vΘqcf1)

= t0pgvp(vΘqc) tf1bf1

= t0pgvp(vΘqc)

Epomènwc gia thn epilog  aut  twn t0 kai θ, h (3.15) katal gei sthn (3.6) tou Jewr.3.1.1,
h opoÐa odhgeÐ se antÐfash.

2o) 'Estw ìti up�rqei t0 tètoio ¸ste Ψσ(t0)< 0, kai èstw (f1, ... , fk) mÐa b�sh apì
idiodianÔsmata tou endomorfismoÔ vΘqc, h opoÐa eÐnai b-orjokanonik . JewroÔme tìte

θ =
(t0

k

)1/2
k∑

i=1

fi

(to opoÐo epalhjeÔei: b(θ) = t0
k
b
(∑k

i=1 fi

)
= t0

k

∑k
i=1

∑k
j=1 b(fi, fj) = t0).
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Tìte, loipìn, èqoume:

bvΘq
(
θ, c(θ)

)
= bvΘq

((t0
k

)1/2
k∑

i=1

fi,
(t0

k

)1/2

c
( k∑

j=1

fj

))

=
t0
k

bvΘq
( k∑

i=1

fi,

k∑
j=1

c(fj)
)

=
t0
k

k∑
i=1

k∑
j=1

bvΘq
(
fi, c(fj)

)
'Omwc,

bvΘq
(
fi, c(fj)

)
= tfibvΘqcfj

= λj fibfj =

{
λj , an i = j

0 , alloÔ
ìpou λj h idiotim  pou antistoiqeÐ sto idiodi�nusma fj. Epomènwc,

bvΘq
(
θ, c(θ)

)
=

t0
k

k∑
j=1

λj =
t0
k

tr(vΘqc)

Gia thn epilog  loipìn aut  twn t0 kai θ, h (3.15) katal gei sthn (3.7) tou Jewr.3.1.1, h
opoÐa odhgeÐ se antÐfash.

2

57



Kef�laio 4

SUGKRISEIS METAXU TWN EKTIMHTWN ME
SURRIKNWTH

4.1 GENIKOTHTES - OPTIMALITÉ

4.1.1
Sto kef�laio autì periorizìmaste stouc ektimhtèc twn prohgoÔmenwn kefalaÐwn, dhlad 

s> autoÔc twn Fraisse, Robert kai Roy[1987] kai Cellier, Fourdrinier kai Robert[1989], oi
opoÐoi genikeÔoun ta apotelèsmata twn Judge kai Bock[1978] antÐstoiqa stic peript¸seic
ìpou oi dianusmatikoÐ telestèc pou upeisèrqontai ston ektimht  eÐnai opoioid pote kai ìpou
h sun�rthsh surrÐknwshc den eÐnai anagkastik� suneq c.

LÐgoi sqetik� suggrafeÐc, èqoun apodeÐxei proodeutik� kai ekten¸c sunj kec kuriarqÐac
sto eswterikì tètoiwn kl�sewn. Ektìc apì ta akrib  apotelèsmata (paradoq  tou protei-
nìmenou ektimht , kuriarqÐa tou ektimht  twn James-Stein(bl.Tze kai Wen[1982])), mpo-
roÔme na parajèsoume thn anagkaÐa sunj kh paradoq c apodedeigmènh apì touc Berger
kai Srinivasan[1978] h opoÐa genikeÔetai sto Kef.2 kai thn apìdeixh gia thn kuriarqÐa tou
<<positive rule>> ektimht  thn opoÐa mporoÔme na broÔme upì mÐa morf  sqetik� genik  stouc
Judge kai Bock[1978, sel.238-240].

ProtoÔ exet�soume ta apotelèsmata epÐ thc epÐdoshc enìc ektimht  me surriknwt  tro-
popoi¸ntac   kìbontac th sun�rthsh surrikn¸sewc tou, ja exet�soume upì poièc sunj kec
up�rqei bèltisth(optimal) tropopoÐhsh klÐmakac tou ìrou surrikn¸sewc. To montèlo to
opoÐo jewroÔme eÐnai ekeÐno thc ektÐmhshc tou mèsou enìc kanonikoÔ dianÔsmatoc me diaspo-
r� gnwst  ektìc apì ènan pollaplasiastikì par�gonta. Oi ektimhtèc me surriknwt  touc
opoÐouc jewroÔme eÐnai thc morf c:

φ(y) =
(
idΘ − h

(
b(φ0(y)), 1/s2(y)

)
c
)
φ0(y)

me tic upojèseic kai tic ènnoiec twn Cellier, Fourdrinier kai Robert[1989]. Idiaitèrwc, upojè-
toume ìti b kai c diagwniopoioÔntai tautìqrona se mia b�sh v−1

Θ -orjokanonik  kai q-orjog¸nia.
H sun�rthsh surrikn¸sewc h ja jewreÐtai dedomènh.

4.1.2 BeltistopoÐhsh me thn ènnoia twn James− Stein

Kat� ènan klassikì trìpo, ìpwc ekeÐnon twn James− Stein[1961] oi opoÐoi apodeiknÔoun
ìti o ektimht c:

φJS(y) =
(
1− ρ∗

1

tu

)
φ0(y)
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(ìpou ρ∗ = (k−2)(n−k)
n−k+2

, t = b(φ0(y)), u = 1/s2(y) kai q = b = v−1
Θ ) eÐnai bèltistoc, me th sun jh

ènnoia tou tetragwnikoÔ sf�lmatoc, metaxÔ twn ektimht¸n:
φρ(y) =

(
1− ρ

1

tu

)
φ0(y)

apodeiknÔetai ìti,gia thn kl�sh twn jewroÔmenwn ektimht¸n, den up�rqei bèltistoc ektimht c,
me thn ènnoia twn James− Stein, ìpwc deÐqnei to akìloujo apotèlesma.
Prìtash 4.1.1

MetaxÔ twn ektimht¸n
φλ(y) =

(
idΘ − λh(t, u)c

)
φ0(y) , λ ∈ R (4.1)

o ektimht c elaqÐstou kindÔnou sto (θ, σ) sundèetai me to:

λ(θ, σ) =
Eθ,σ

[
h(t, u)

∑k
i=1 qiciyi(yi − θi)

]
Eθ,σ

[
h2(t, u)

∑k
i=1 qic2

i y
2
i

]
Apìdeixh

Gia ton kÐnduno pou sundèetai me thn tetragwnik  ap¸leia σ−2q(θ̂ − θ), èqoume:
Rφ0(θ, σ)−Rφλ

(θ, σ)

=
2

σ2
Eθ,σ

[
q
(
φ0(y)− θ, λh(t, u)c(φ0(y))

)]
− 1

σ2
Eθ,σ

[
q
(
λh(t, u)c(φ0(y))

)]

=
2

σ2
Eθ,σ

[
λh(t, u)

k∑
i=1

qici(yi − θi)yi

]
− 1

σ2
Eθ,σ

[
λ2h2(t, u)

k∑
i=1

qic
2
i y

2
i

]

= λ

[
2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

qiciyi(yi − θi)
]
− λ

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

qic
2
i y

2
i

]]
epeid , wc proc th jewroÔmenh b�sh (bl. tèloc thc §4.1.1),

φ0(y) =
k∑

i=1

yiei

kai

q
(
φ0(y)− θ, c(φ0(y))

)
= q

( k∑
i=1

(yi − θi)ei, c
( k∑

i=1

yiei

))

=
k∑

i=1

q
(
(yi − θi)ei,

k∑
j=1

yjc(ej)
)

=
k∑

i=1

(yi − θi)q
(
ei,

k∑
j=1

yjcjej

)
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=
k∑

i=1

k∑
j=1

(yi − θi)yjcjq(ei, ej)

=
k∑

i=1

qiciyi(yi − θi)

'Omwc apì thn prohgoÔmenh sqèsh thc diafor�c twn kindÔnwn eÐnai fanerì oti h posìthta
aut  megistopoieÐtai ìtan to λ p�rei thn tim  λ(θ, σ).

2

To λ(θ, σ) exartìmeno genik� apì to (θ, σ), shmaÐnei ìti den up�rqei gia to pleÐston twn
sunart sewn surrikn¸sewc, ektimht c thc kl�shc (4.1) o opoÐoc na eÐnai elaqÐstou kindÔnou
omoiomìrfwc sto (θ, σ). XanabrÐskoume loipìn, gia h(t, u) = 1/tu, th merik  perÐptwsh
1.4.2(B) tou Kef.1 h opoÐa parèqei mia kl�sh ektimht¸n me surriknwt  oi opoÐoi den eÐnai
sugkrÐsimoi (Prot.1.4.5, Kef.1).

4.2 ENISQUSH THS SURRIKNWSHS
4.2.1 Genik  PerÐptwsh

Dedomènhc miac sun�rthshc surrikn¸sewc h, ja exet�soume upì poi� sunj kh mÐa tropo-
poÐhsh tou endomorfismoÔ surrikn¸sewc epitrèpei, mÐa omoiìmorfh wc proc (θ, σ), ell�twsh
tou kindÔnou tou sundedemènou me autìn ektimht . Ja l�boume upìyh mìno thn <ánÐsqush>> thc
surrÐknwshc, dhlad  mÐa aÔxhsh twn idiotim¸n tou endomorfismoÔ surrikn¸sewc, jewr¸ntac
ìti, me dedomènh th sun�rthsh surrikn¸sewc, mporoÔme p�ntote na xekin soume apì ènan
endomorfismì me idiotimèc <<mikrèc>> kai tic opoÐec aux�noume ìso o periorismìc pou eis�getai
sthn parak�tw prìtash ikanopoieÐtai.

JewroÔme touc ektimhtèc thc morf c:
φ(y) =

(
idΘ − h(t, u)c

)
φ0(y) , me t = b

(
φ0(y)

)
, u =

1

s2(y)
(4.2)

ìpou b jetik , summetrik , digrammik  morf  epÐ tou Θ,
c endomorfismìc tou Θ,
h : R2

+ → R+ metr simh sun�rthsh
kai upojètoume, sumfwna me touc Cellier, Fourdrinier kai Robert[1989], ìti ta b, c kai q
ikanopoioÔn tic parak�tw upojèseic:

(P̃1) Up�rqei mia b�sh (e1, ..., en) tou E, v−1-orjokanonik , thc opoÐac ta k pr¸ta stoiqeÐa
na apoteloÔn b�sh tou J, q-orjog¸nia, mèsa sthn opoÐa b kai c diagwniopoioÔntai.

(P̃2) 'Olec oi idiotimèc tou c eÐnai mh arnhtikèc.
(P̃3) H rg(b) ≥ 3, to opoÐo upodhl¸nei ìti k ≥ 3, kai Kerb ⊂ Kerc, to opoÐo upodhl¸nei

ìti o periorismìc tou cb− sthn Imb orÐzetai monos manta gia k�je genikeumèno antÐstrofo
b− tou b.

(P̃4) tcqcb− den eÐnai tautotik� mhdèn.
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Epiplèon upojètoume ìti h h epalhjeÔei tic upojèseic tou <<elègqou>>:
(a) Up�rqei λ1 tètoio ¸ste h h(·, u) na eÐnai elegqìmenh se Ôyoc λ1, gia k�je u.
(b) Up�rqei λ2 tètoio ¸ste h h(t, ·) na eÐnai elegqìmenh se Ôyoc λ2, gia k�je t.
Tìte (bl. basikì Je¸rhma sto [16]) èqoume:

L mma
Upo tic upojèseic (P̃1),(P̃2),(P̃3) kai (P̃4), mia ikan  sunj kh gia na kuriarqeÐ o ektimht c

φ pou orÐzetai apì thn (4.2) ton ektimht  elaqÐstwn tetrag¸nwn φ0 eÐnai h h na ikanopoieÐ tic
sunj kec elègqou (a), (b) kai h apeikìnish

(t, u) tuh(t, u)

na eÐnai omoiomìrfwc fragmènh apì thn posìthta:

β = 2
tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp( tcqcb−)

n− k

n− k + 2λ2

Jewr¸ntac ènan ektimht  thc morf c (4.2) kai ε = (ε1, ... , εk) ∈ (R+)k eis�goume ton
diataragmèno (perturbé) ektimht :

φε(y) =
(
idΘ − h(t, u)cε

)
φ0(y)

ìpou o endomorfismìc cε dèqetai ton pÐnaka: c1 + ε1 0. . .
0 ck + εk


mèsa sthn b�sh idiodianusm�twn tou c h opoÐa eÐnai v−1

Θ -orjokanonik  kai q- orjog¸nia. Mè-
sa s�aut  th b�sh, gia 1 ≤ i ≤ k, to θi ektim�tai apì to yi − h(t, u)(ci + εi)yi, gi�autìn ton
diataragmèno ektimht .

Lamb�noume, loipìn, to akìloujo apotèlesma:
Prìtash 4.2.2

O φε kuriarqeÐ ton φ omoiomìrfwc sto (θ, σ), an

sup
t,u

tuh(t, u) ≤ 2

∑k
i=1 qiεi − 2λ1 max(qiεi)

max{qib
−1
i εi(2ci + εi)}

n− k

n− k + 2λ2

Apìdeixh
H diafor� twn kindÔnwn metaxÔ twn dÔo ektimht¸n, gr�fetai:
Rφ(θ, σ)−Rφε(θ, σ)

= − 2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

qici(yi − θi)yi

]
+

1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

qic
2
i y

2
i

]
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+
2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

qi(ci + εi)(yi − θi)yi

]
− 1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

qi(ci + εi)
2y2

i

]
=

2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

qi(ci + εi − ci)(yi − θi)yi

]
− 1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

qi

(
(ci + εi)

2 − c2
i

)
y2

i

]
=

2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

qiεiyi(yi − θi)
]
− 1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

qiεi(2ci + εi)y
2
i

]
Jètoume:

q̃i = qi
εi

2ci + εi

, c̃i = 2ci + εi (1 ≤ i ≤ k)

oi antÐstoiqec idiotimèc thc digrammik c morf c q̃ kai tou endomorfismoÔ c̃. H diafor� twn
kindÔnwn gr�fetai, loipìn

Rφ(θ, σ)−Rφε(θ, σ) =
2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

q̃ic̃iyi(yi − θi)
]
− 1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

q̃ic̃
2
i y

2
i

]
kai emfanÐzetai san th diafor� twn kindÔnwn tou e.e.t φ0 kai tou ektimht  me surriknwt 
φ(y) = (idΘ − h(t, u)c̃)φ0(y) gia th sun�rthsh apwleÐac pou sundèetai me thn digrammik 
morf  q̃. Sunep¸c, sÔmfwna me to prohgoÔmeno L mma, èqoume to zhtoÔmeno an:

sup
t,u

tuh(t, u) ≤ 2
tr(vΘ q̃ c̃)− 2λ1pgvp(vΘ q̃ c̃)

pgvp(tc̃ q̃ c̃ b−)

n− k

n− k + 2λ2

= 2

∑k
i=1 q̃ic̃i − 2λ1 max(q̃ic̃i)

max{c̃iqic̃ib
−1
i }

n− k

n− k + 2λ2

= 2

∑k
i=1 qiεi − 2λ1 max(qiεi)

max{qiεi(2ci + εi)b
−1
i }

n− k

n− k + 2λ2

dhlad , an ikanopoieÐtai h sunj kh thc en lìgw prìtashc.
2

Epomènwc gia na mporèsei ènac diataragmènoc ektimht c na belti¸sei ton φ prèpei h
tuh(t, u) na eÐnai fragmènh. Se mia tètoia perÐptwsh, ja mporoÔsame xekin¸ntac apì ci mikr�,na belti¸noume ton ektimht  aux�nontac stadiak� tic idiotimèc kat� trìpo ¸ste to anwtèrw
fr�ximo na suneqÐzei na epalhjeÔetai.

ParathroÔme ìti, gia c = 0, epistrèfoume sto apotèlesma tou L mmatoc kai ìti h tropo-
poÐhsh miac   dÔo sunistws¸n den mac epitrèpei na efarmìsoume thn Prìtash 4.2.2 (epeid 
λ1≥1 kai s�aut  thn perÐptwsh to fr�gma bgaÐnei arnhtikì).

4.2.2 Surriknwtèc KlÐmakac
4.2.2(A).

H eisagwg  tou endomorfismoÔ surrÐknwshc mèsa stouc ektimhtèc me surriknwt  apì touc
Berger kai Bock basÐzetai sthn perÐptwsh ìpou, mèsa sth jewroÔmenh aut¸n b�sh, o pÐnakac
diaspor¸n-sundiaspor¸n den eÐnai o monadiaÐoc (shmei¸noume epÐshc oti h epilog  c=(vΘq)−1,
eis�getai fusiologik� sthn perÐptwsh pou h sun�rthsh apwleÐac eÐnai sundedemènh me mÐa
tetragwnik  morf  �llh apì thn v−1

Θ ).
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Epeid  me thn eisagwg  tou endomorfismoÔ surrikn¸sewc c, h surrÐknwsh eÐnai diafore-
tik  akolouj¸ntac k�je suntetagmènh tou φ0(y) kai o prokÔptwn ektimht c den topojeteÐtai
plèon (ìpwc sthn perÐptwsh tou ektimht  klÐmakac) epÐ thc eujeÐac pou sundèei ton ekle-
gìmeno pìlo me ton e.e.t, dedomènou enìc ektimht  me surriknwt  matriciel ja exet�soume
upì poièc sunj kec eÐnai protimìtero na qrhsimopoioÔme ènan sundedemèno me autìn ektimht 
klÐmakac(scalaire).Upojètoume ìti ikanopoioÔntai oi upojèseic elègqou thc §4.2.1. ProkÔ-
ptei, tìte apì thn Prìtash 4.2.2 (jètontac εi=α− ci, 1≤i≤k) ìti:
Pìrisma 4.2.1

O ektimht c φs(y) =
(
1 − αh(t, u)

)
φ0(y), ìpou α ≥ pgvp(c), kuriarqeÐ omoiomìrfwc ton

φ, an:
sup
t,u

tuh(t, u) ≤ 2

∑k
i=1 qi(α− ci)− 2λ1 max qi(α− ci)

max
(
qib

−1
i (α2 − c2

i )
) n− k

n− k + 2λ2

H sunj kh α ≥ pgvp(c), mac exasfalÐzei ìti, gia k�je i(1≤i≤k), to εi≥0.
4.2.2(B). Epilog  tou α

Jewr¸ntac dedomènh thn sun�rthsh h, ja up�rqei loipìn ènac ektimht c me surriknwt 
klÐmakac kindÔnou mikrìterou   Ðsou apì ekeÐno tou φ, an

sup
t,u

tuh(t, u) ≤ sup
α≥pgvp(c)

[
2

∑k
i=1 qi(α− ci)− 2λ1 max qi(α− ci)

max
(
qib

−1
i (α2 − c2

i )
) n− k

n− k + 2λ2

]
(4.3)

Epeid  genik�, den eÐnai dunatìn na melet soume thn sun�rthsh tou α toioutotrìpwc
orismènh, ja jewr soume th merik  perÐptwsh ìpou q = b = v−1

Θ . 'Estw tìte

f(α) =
[
(k − 2λ1)α−

( k∑
i=1

ci − 2λ1 min(ci)
)] [

α2 − (min(ci))
2
]−1

=
(k − 2λ1)α− γ

α2 −m2

ìpou γ =
k∑

i=1

ci−2λ1m kai m = min(ci)

H diakrÐnousa thc deuterob�jmiac exÐswshc α2− 2γ

k − 2λ1

α+m2 = 0(pou isodunameÐ me thn
f ′(α) = 0) eÐnai: ∆ = 4

γ2

(k − 2λ1)2
−4m2, ìpou γ =

k∑
i=1

ci−2λ1m ≥ (k−2λ1)m. Kat� sunèpeia,
èqoume ìti D≥0 kai epomènwc up�rqoun dÔo rÐzec α1 kai α2 kai tètoiec ¸ste f ′(α1)=f ′(α2)=0,me:

α1 =
γ

k − 2λ1

−

√
γ2

(k − 2λ1)2
−m2 ≥ 0 kai α2 =

γ

k − 2λ1

+

√
γ2

(k − 2λ1)2
−m2 ≥ 0

EpÐshc, parathroÔme ìti α1 ≤ m ≤ α2. 'Eqoume, loipìn ton parak�tw pÐnaka metabol c thc
sunart sewc f :
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α 0 α1 m α2 +∞
+∞

f γ
m2

f(α2)

↘ ↗ ↗ ↘
f(α1) 0

−∞

Jètontac, loipìn, α0 = sup
(
α2, max(ci)

), up�rqei ektimht c me surriknwt  klÐmakac
kuriarq¸ntac ton φ an,

2f(α0)
n− k

n− k + 2λ2

≥ sup
t,u

tuh(t, u)

4.2.2(G).
Jewr¸ntac mÐa sun�rthsh surrikn¸sewc h kai sundèontac me aut  ènan endomorfismì

c, ja prèpei loipìn na epalhjeÔsoume ìti h sunj kh (4.3) den ikanopoieÐtai. 'Omwc aut  h
sunj kh den arkeÐ gia na bebaiwjoÔme ìti o ektimht c pou kataskeu�same m�autìn ton trìpo
kuriarqeÐ ìlouc touc ektimhtèc me surriknwt  klÐmakac. Wstìso oi ektimhtèc me surriknw-
t  <<matriciel>> parousi�zoun idiaÐtero endiafèron ìpwc, gia par�deigma, sthn perÐptwsh twn
ektimht¸n me tuqaÐo pìlo (Efron kai Morris[1975], Manjogue kai Rao[1981])   sthn pe-
rÐptwsh thc polusuggramikìthtac (<<multicolinéarité>>), ìtan oi ektimhtèc klÐmakac teÐnoun
ìloi proc ton e.e.t.

4.2.3 MÐa pl rhc upo-kl�sh
H Prìtash 4.2.2 mac epitrèpei exÐsou na apokleÐsoume èna mèroc sunart sewn surrÐknwshc

apodeiknÔontac oti oi ektimhtèc pou sundèontai me autèc kuriarqoÔntai omoiomìrfwc. Ja d¸-
soume parak�tw, akolouj¸ntac ton C.Robert[1987] ([41]), mÐa genÐkeush tou apotelèsmatoc
twn Judge kai Bock (sel.183-184) gia ton ektimht  twn James-Stein kai tou apotelèsmatoc
tou Kef.1(Prìt.1.4.5) gia touc ektimhtèc thc morf c:

φ(y) =
(
idΘ − ρ

1

tu
c
)
φ0(y)

'Eqoume loipìn:
Pìrisma 4.2.2

An h h ikanopoieÐ

∀t, u , tuh(t, u) <

∑k
i=1 qici − 2λ1 max(qici)

max(qic2
i b
−1
i )

n− k

n− k + 2λ2

tìte o ektimht c pou sundèetai me thn h kai ton c eÐnai omoiìmorfa kuriarqhmènoc.

Apìdeixh
Ja kataskeu�soume ènan diataragmèno ektimht  o opoÐoc belti¸nei ton ektimht :

φ(y) =
(
idΘ − h(t, u)c

)
φ0(y)
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'Estw α>1 kai εi=(α−1)ci (1≤i≤k). Kat� sunèpeia, εi(2ci +εi)=(α2−1)c2
i kai to fr�gma

thc Prìtashc 4.2.2 gÐnetai:

2
(α− 1)

∑k
i=1 qici − 2λ1(α− 1) max(qici)

(α2 − 1) max(qic2
i b
−1
i )

n− k

n− k + 2λ2

  isodÔnama
2

1

α + 1

∑k
i=1 qici − 2λ1 max(qici)

max(qic2
i b
−1
i )

n− k

n− k + 2λ2

H apeikìnish α  (α + 1)−1 eÐnai mÐa fjÐnousa sun�rthsh tou α me tim  1/2 sto α=1.
An h h ikanopoieÐ ton periorismì tou porÐsmatoc, lamb�nontac to α arket� kont� sto 1, h
sunj kh thc Prot.4.2.2 ja ikanopoieÐtai, ap> ìpou to apotèlesma.

2

ParathroÔme loipìn ìti, o ektimht c, belti¸nontac ton φ(y) =
(
idΘ−h(t, u)c

)
φ0(y), eÐnai

o φ̃(y) =
(
idΘ − αh(t, u)c

)
φ0(y).

4.3 ENDOMORFISMOI ME ARNHTIKES IDIOTIMES
Stouc Cellier, Fourdrinier kai Robert kaj¸c kai sthn pleionìthta twn �rjrwn mÐa basik 

upìjesh eÐnai ìti oi idiotimèc tou endomorfismoÔ c eÐnai mh-arnhtikèc. Autìc o periorismìc
dikaiologeÐtai fusik� apì ton ìro autì kaj�autì thc surrÐknwshc: ìtan mia idiotim  eÐnai
arnhtik , o ektimht c apomakrÔnetai apì ton pìlo sthn antÐstoiqh dieÔjunsh. 'Omwc, sto
Kef.1, eÐdame eparkeÐc sunj kec gia thn kuriarqÐa epÐ tou e.e.t oi opoÐec exakoloujoÔn na
diathroÔntai analloÐwtec akìma kai ìtan k�poiec idiotimèc tou c eÐnai arnhtikèc. Idiaitèrwc, e-
keÐ eÐdame mÐa saf  epark  sunj kh ìtan ìlec oi idiotimèc tou c eÐnai arnhtikèc(bl.Parat rhsh
1.4.4, Kef.1)

'Omwc, sthn perÐptwsh pou k�poiec idiotimèc eÐnai arnhtikèc den mporoÔme na kajorÐsoume
tic sunart seic surrÐknwshc ¸ste na epiteuqjeÐ mÐa omoiìmorfh kuriarqÐa epÐ tou e.e.t. EÐ-
nai, loipìn, protimìtero na perioristoÔme stouc ektimhtèc me endomorfismì surrÐknwshc pou
epidèqetai mh arnhtikèc idiotimèc. Ja doÔme upì poièc proôpojèseic up�rqei ènac tètoioc ekti-
mht c o opoÐoc na belti¸nei ènan ektimht  pou den surrikn¸netai proc ìlec tic kateujÔnseic.

ParathroÔme ìti h Prìtash 4.2.2 isqÔei exÐsou gia endomorfismoÔc me arnhtikèc idiotimèc
me thn proôpìjesh to ε na ikanopoieÐ th sunj kh: εi + 2ci> 0 (1≤i≤k), (tìte ta q̃ kai c̃ thc
apìdeixhc èqoun mh-arnhtikèc idiotimèc).

Upojètoume sta parak�tw ìti isqÔoun oi upojèseic tou Kef.1 kai epiplèon ìti h h ikano-
poieÐ tic sunj kec <<elègqou>> pou orÐsthkan sthn §4.2.1 ((a) kai (b)). ProkÔptei tìte:
Pìrisma 4.3.3

O ektimht c φ tou tÔpou (4.2) kuriarqeÐtai apì ton ektimht 
φd(y) =

(
idΘ − h(t, u)d

)
φ0(y) ìpou di ≥ |ci| (1 ≤ i ≤ k)

an
sup
t,u

tuh(t, u) ≤ 2

∑k
i=1 qi(di − ci)− 2λ1 max qi(di − ci)

max qib
−1
i (d2

i − c2
i )

n− k

n− k + 2λ2
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To parap�nw pìrisma eÐnai �mesh sunèpeia thc Prìtashc 4.2.2 lamb�nontac εi = di−ci ≥ 0
(1≤i≤k) opìte o cε = d.

Lamb�noume exÐsou to parak�tw apotèlesma, pou epib�llei ligìterouc periorismoÔc epÐ
thc sun�rthshc surrÐknwshc(diathroÔme mìno thn (a)).
Prìtash 4.3.3

O ektimht c φ, pou sundèetai me thn h kai ton c, kuriarqeÐtai apì ton ektimht 
φ+(y) =

(
idΘ − h(t, u)d

)
φ0(y) , ìpou di = |ci| (1 ≤ i ≤ k)

an ∑
i∈J

qi|ci|−2λ1 max
i∈J

qi|ci| ≥ 0 , ìpou J =
{

i ∈ {1, ..., k} : ci < 0
}

.

Apìdeixh
'Eqoume:

Rφ(θ, σ)−Rφ+(θ, σ)

=
1

σ2
Eθ,σ

[
h2(t, u)

(
q(c(φ0(y)))−q(d(φ0(y)))

)]
+

2

σ2
Eθ,σ

[
h(t, u)q

(
φ0(y)−θ, d(φ0(y))−c(φ0(y))

)]
=

1

σ2
Eθ,σ

[
h2(t, u)

k∑
i=1

(c2
i − d2

i )︸ ︷︷ ︸
= 0

y2
i qi

]
+

2

σ2
Eθ,σ

[
h(t, u)

k∑
i=1

(di−ci)qiyi(yi−θi)
]

=
4

σ2
Eθ,σ

[
h(t, u)

∑
i∈J

qi|ci|yi(yi−θi)
]

epeid , dojèntoc ìti di = |ci| gia k�je i ∈ {1, ..., k}, d2
i = c2

i kai
k∑

i=1

qi(di − ci)yi(yi − θi) =
∑

i:ci<0

qi(di − ci)yi(yi − θi) = 2
∑
i∈J

qi|ci|yi(yi − θi)

Oloklhr¸nontac kat� mèrh(qrhsimopoi¸ntac to L mma tou Stein ìpwc sthn apìdeixh thc
Prìt.1.3.2, Kef.1 gia ton ìro Aφ(θ, σ)), lamb�noume ìti:

Rφ(θ, σ)−Rφ+(θ, σ) = 4 Eθ,σ

[
h(t, u)

∑
i∈J

qi|ci|+ 2h′1(t, u)
∑
i∈J

qibi|ci|y2
i

]
'Omwc epeid  tλ1h(t, u) eÐnai aÔxousa sun�rthsh tou t, gia k�je u, (lìgw tou (a)) èqoume

ìti λ1t
λ1−1h(t, u) + tλ1h′1(t, u) ≥0, dhlad  λ1h(t, u) + th′1(t, u) ≥0, ap> ìpou prokÔptei ìti:

h′1(t, u) ≥ −λ1
1

t
h(t, u)

Sunep¸c,
Rφ(θ, σ)−Rφ+(θ, σ) ≥ 4 Eθ,σ

[
h(t, u)

( ∑
i∈J

qi|ci| − 2λ1
1

t

∑
i∈J

qibi|ci|y2
i

)]
≥ 4 Eθ,σ

[
h(t, u)

( ∑
i∈J

qi|ci| − 2λ1 max
i∈J

(qi|ci|)
1

t

∑
i∈J

biy
2
i︸ ︷︷ ︸

≤ 1

)]

≥ 4 Eθ,σ

[
h(t, u)

( ∑
i∈J

qi|ci| − 2λ1 max
i∈J

(qi|ci|)
)]
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to opoÐo eÐnai megalÔtero   Ðso tou mhdenìc an isqÔei h sunj kh thc Prìtashc.
2

MÐa �mesh sunèpeia thc Prìtashc 4.3.3 eÐnai:
Pìrisma 4.3.4

MÐa ikan  sunj kh ¸ste o ektimht c φ(y) =
(
1 + αh(t, u)

)
φ0(y), ìpou α∈R+, na kuriar-

qeÐtai apì ton φ+(y) =
(
1− αh(t, u)

)
φ0(y) eÐnai: k − 2λ1 ≥0.

Pr�gmati, lamb�nontac c = −αidΘ kai d = αidΘ, ikanopoioÔntai profan¸c oi sunj kec
thc Prìtashc 4.3.3:

∀i di = |ci| , afoÔ di = α kai ci = −α

kai ∑
i∈J

qi|ci|−2λ1 max
i∈J

(qi|ci|) = α
( k∑

i=1

qi−2λ1 max
1≤i≤k

qi

)
≤ α(k−2λ1) max

1≤i≤k
qi

Sunep¸c aparaÐthth proôpìjesh gia na isqÔei h sunj kh thc Prìt.4.3.3 eÐnai to k−2λ1≥0.

4.4 MIA IDIOTHTA TOU EKTIMHTH TWN JAMES− STEIN

'Eqoume apodeÐxei sthn §4.2.2 ìti, gia mÐa sugkekrimènh kl�sh ektimht¸n me surriknwt ,
up�rqoun ektimhtèc me surriknwt  klÐmakac pou touc kuriarqoÔn (me thn ènnoia tou kindÔnou).
Ja apodeÐxoume thn kuriarqÐa tou ektimht  twn James−Stein gia èna krit rio pio qondroeidèc
apì autì tou tetragwnikoÔ kindÔnou: thn kuriarqÐa me thn ènnoia tou ektimht  enìc �nw
fr�gmatoc tou kindÔnou   <<m−kuriarqÐa>>.

Akolouj¸ntac touc Efron kai Morris[1976], polu�rijmoi suggrafeÐc qrhsimopoioÔn è-
nan amerìlhpto ektimht  tou kindÔnou gia na exasfalÐsoun ikanèc sunj kec gia thn kuriarqÐa
epÐ tou e.e.t. Apì autìn ton amerìlhpto ektimht , o opoÐoc eÐnai monadikìc gia ton kanonikì
nìmo, oi Moore kai Brooks[1978] sumperaÐnoun èna krit rio sÔgkrishc twn ektimht¸n ono-
mazìmeno krit rio thc sÔgkrishc me thn ènnoia tou ektimht  tou kindÔnou. Sugkekrimèna,
an Rφ(θ, σ) = Eθ,σ[Ψ(φ; y)], o φ ja kuriarqeÐ ton φ′ me thn ènnoia tou krithrÐou autoÔ an
Ψ(φ; y) ≤ Ψ(φ′; y), ∀y. AutoÐ apodeiknÔoun ìti o ektimht c twn James − Stein den kuriar-
qeÐtai me thn ènnoia tou krithrÐou autoÔ, apì kanènan ektimht  me surriknwt  klÐmakac. Ja
mporoÔse kaneÐc na genikeÔsei to apotèlesma touc se ìlouc touc ektimhtèc me surriknwt  h
tètoio ¸ste h tuh(t, u) na eÐnai fragmènh.

Ja sumper�noume apì autì to krit rio ènan <<qondroeid >> trìpo sÔgkrishc, jewr¸ntac
to �nw fr�gma tou Ψ to opoÐo ja qrhsimopoihjeÐ gia na prokÔyoun ikanèc sunj kec gia thn
kuriarqÐa epÐ tou e.e.t. JewroÔme ìti isqÔoun oi upojèseic tou Kef.1 kai jètoume q = b = v−1

Θ .
Apì thn Prìtash 1.3.2 tou Kef.1, èqoume ìti:

Rφ0(θ, σ)−Rφ(θ, σ) = 2 Eθ,σ

[ k∑
i=1

cih(t, u) + 2h′1(t, u)
k∑

i=1

ciy
2
i

]
− Eθ,σ

[ k∑
i=1

c2
i y

2
i

{
−4h(t, u)h′2(t, u)

u2

n− k
+

n− k − 2

n− k
uh2(t, u)

}]
An upojèsoume ìti oi sunj kec tou <<elègqou>> ikanopoioÔntai, opìte prokÔptoun antÐstoi-

qa oi sqèseic:
h′1(t, u) ≥ −λ1

1

t
h(t, u) kai h′2(t, u) ≥ −λ2

1

u
h(t, u) ,
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lamb�noume ìti:
Rφ0(θ, σ)−Rφ(θ, σ) ≥ 2 Eθ,σ

[
h(t, u)

{ k∑
i=1

ci − 2λ1 max(ci)
}]

− Eθ,σ

[
tuh2(t, u)

n− k − 2 + 4λ2

n− k
max(c2

i )
]

Kai an β = sup
t,u

tuh(t, u) , sumperaÐnoume ìti :

Rφ0(θ, σ)−Rφ(θ, σ) ≥ Eθ,σ

[
h(t, u)

{
2
( k∑

i=1

ci − 2λ1 max(ci)
)
− β

n− k − 2 + 4λ2

n− k
max(c2

i )
}]

Onom�zontac ektimht  tou �nw fr�gmatoc tou kindÔnou sundedemèno me ta λ1, λ2, th su-
n�rthsh:

ξλ1,λ2(φ; y) = h(t, u)

{
2
( k∑

i=1

ci − 2λ1 max(ci)
)
− β

n− k − 2 + 4λ2

n− k
max(c2

i )

}
ja lème ìti o φ m−kuriarqeÐ ton φ′ an

ξλ1,λ2(φ; y) ≥ ξλ1,λ2(φ
′; y) , ∀y

ApodeiknÔoume tìte:
Prìtash 4.4.4

O ektimht c twn James− Stein, m−kuriarqeÐ touc ektimhtèc me surriknwt  pou sundè-
ontai me mÐa sun�rthsh surrikn¸sewc h tètoia ¸ste h h( · , u) na eÐnai elegqìmenh se Ôyoc
λ1 gia k�je u, h h(t, ·) na eÐnai elegqìmenh se Ôyoc λ2 kai h tuh(t, u) na eÐnai omoiìmorfa
fragmènh.
Apìdeixh

Jewr¸ntac ton ξλ1,λ2(φ; y) parathroÔme ìti:

2
( k∑

i=1

ci − 2λ1 max(ci)
)
− β

n− k − 2 + 4λ2

n− k
max(c2

i )

megistopoieÐtai gia c1 = . . . = ck =
(k − 2λ1)(n− k)

β(n− k − 2 + 4λ2)
kai gia λ1 = λ2 = 1 en¸ h(t, u) ≤ β

tu
·

Epomènwc

ξλ1,λ2(φ; y) ≤ β

tu

{
2k

(k − 2)(n− k)

β(n− k + 2)
− 4

(k − 2)(n− k)

β(n− k + 2)
− β

n− k + 2

n− k

(k − 2)2(n− k)

β2(n− k + 2)2

}

=
β

tu

{
2
(k − 2)2(n− k)

β(n− k + 2)
− (k − 2)2(n− k)

β(n− k + 2)

}

=
1

tu

(k − 2)2(n− k)

n− k + 2

= ξ1,1(φJS; y)
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ìpou ξ1,1(φJS; y) eÐnai o ektimht c tou �nw fr�gmatoc tou kindÔnou tou ektimht  twn James−
Stein:

φJS(y) =
(
1− (n− k)(k − 2)

n− k + 2

1

tu

)
φ0(y)

gia ton opoÐon h(t, u) =
(n− k)(k − 2)

n− k + 2

1

tu
kai c = idΘ ( epÐshc sthn perÐptwsh aut 

β =
(n− k)(k − 2)

n− k + 2
).

2

4.5 TROPOPOIHSH THS SUNARTHSHS SURRIKNWSHS
'Ewc t¸ra sto kef�laio autì jewr same tropopoi seic tou endomorfismoÔ surrÐknwshc

upì mÐa dedomènh sun�rthsh surrÐknwshc h. S�aut  thn par�grafo, ja d¸soume èna krit rio
gia thn kuriarqÐa epÐ enìc ektimht  me surriknwt , tropopoi¸ntac thn sun�rthsh surrikn¸-
sewc. Gia na aplopoi soume touc upologismoÔc, upojètoume ìti h b eÐnai jetik� orismènh kai
oi sunart seic surrikn¸sewc eÐnai diaforÐsimec.

ProkÔptei tìte, upì tic upojèseic (H1), (H2) kai (H4) tou Kef.1, ìti:
Prìtash 4.5.5

O ektimht c φh(y)=(
idΘ−h(t, u)c

)
φ0(y) kuriarqeÐ ton ektimht  φl(y)=(

idΘ−l(t, u)c
)
φ0(y)

omoiomìrfwc sto (θ, σ), an
(i) up�rqei λ1 tètoio ¸ste h t  tλ1(h(t, u) − l(t, u)) na eÐnai aÔxousa sun�rthsh tou t,

gia k�je u

(ii) up�rqei λ2 tètoio ¸ste h u uλ2(h(t, u)− l(t, u)) na eÐnai aÔxousa sun�rthsh tou u,
gia k�je t

(iii) an h(t, u) > l(t, u) tìte
tu(h + l)(t, u) ≤ 2

tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp(tcqcb−1)

n− k

n− k − 2 + 2λ2

(iv) an h(t, u) < l(t, u) tìte
tu(h + l)(t, u) ≥ 2

tr(vΘqc)− 2λ1ppvp(vΘqc)

ppvp(tcqcb−1)

n− k

n− k − 2 + 2λ2

ìpou ppvp sumbolÐzei th mikrìterh idiotim  tou antÐstoiqou endomorfismoÔ.
Apìdeixh

Qrhsimopoi¸ntac thn Prìt.1.3.2(Kef.1), h diafor� twn kindÔnwn metaxÔ twn dÔo ektimht¸n
gr�fetai:
Rφl

(θ, σ)−Rφh
(θ, σ)

= 2Eθ,σ

[
tr(vΘqc)

(
h(t, u)− l(t, u)

)
+ 2bvΘqc(φ0(y))

(
h′1(t, u)− l′1(t, u)

)]
−Eθ,σ

[
q
(
c(φ0(y))

){
−4

u2

n−k

(
h(t, u)h′2(t, u)− l(t, u)l′2(t, u)

)
+

n−k−2

n−k
u
(
h2(t, u)− l2(t, u)

)}]
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= 2Eθ,σ

[
tr(vΘqc)

(
h(t, u)− l(t, u)

)
+ 2

k∑
i=1

qicibiy
2
i

(
h′1(t, u)− l′1(t, u)

)]
−Eθ,σ

[ k∑
i=1

qic
2
i y

2
i

{
−4

u2

n−k

(
h(t, u)h′2(t, u)− l(t, u)l′2(t, u)

)
+

n−k−2

n−k
u
(
h2(t, u)− l2(t, u)

)}]
'Omwc, lìgw tou (i), èqoume ìti:

λ1t
λ1−1

(
h(t, u)− l(t, u)

)
+ tλ1

(
h′1(t, u)− l′1(t, u)

)
≥ 0

dhlad ,
λ1

(
h(t, u)− l(t, u)

)
+ t

(
h′1(t, u)− l′1(t, u)

)
≥ 0

ap> ìpou lamb�noume:
h′1(t, u)− l′1(t, u) ≥ λ1

1

t

(
h(t, u)− l(t, u)

) (4.4)
OmoÐwc, lìgw tou (ii), èqoume:

λ2u
λ2−1

(
h2(t, u)− l2(t, u)

)
+ uλ2

(
2h(t, u)h′2(t, u)− 2l(t, u)l′2(t, u)

)
≥ 0

dhlad ,
λ2

(
h2(t, u)− l2(t, u)

)
+ 2u

(
h(t, u)h′2(t, u)− l(t, u)l′2(t, u)

)
≥ 0

ap> ìpou lamb�noume:
h(t, u)h′2(t, u)− l(t, u)l′2(t, u) ≥ λ2

2

1

u

(
h2(t, u)− l2(t, u)

) (4.5)
Sunep¸c, apì tic sqèseic (4.4) kai (4.5), èqoume ìti:

Rφl
(θ, σ)−Rφh

(θ, σ)

≥ 2 Eθ,σ

[(
h(t, u)− l(t, u)

)(
tr(vΘqc)− 2λ1

1

t

k∑
i=1

qicibiy
2
i

)]
−Eθ,σ

[(
h2(t, u)− l2(t, u)

)
u

k∑
i=1

qic
2
i y

2
i

n−k−2+2λ2

n−k

]
= Eθ,σ

[(
h(t, u)− l(t, u)

){
2
(
tr(vΘqc)−2λ1

1

t

k∑
i=1

qicibiy
2
i

)
−

(
h(t, u)+ l(t, u)

)
u

k∑
i=1

qic
2
i y

2
i

n−k−2+2λ2

n−k

}]

DiakrÐnoume loipìn tic peript¸seic:
• An h(t, u) > l(t, u) tìte, lìgw tou (iii), èqoume:

(
h(t, u) + l(t, u)

)
u

k∑
i=1

qic
2
i y

2
i

n− k − 2 + 2λ2

n− k
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≤ 2
1

t

tr(vΘqc)− 2λ1pgvp(vΘqc)

pgvp(tcqcb−1)

k∑
i=1

qic
2
i y

2
i

≤ 2
1

t

tr(vΘqc)− 2λ1 max(qici)

max(qic2
i b
−1
i )

max(qic
2
i b
−1
i )

k∑
i=1

biy
2
i

= 2
(
tr(vΘqc)− 2λ1 max(qici)

)
= 2

(
tr(vΘqc)− 2λ1

1

t
max(qici)

k∑
i=1

biy
2
i

)
≤ 2

(
tr(vΘqc)− 2λ1

1

t

k∑
i=1

qicibiy
2
i

)
apì to opoÐo sumperaÐnoume ìti, Rφl

(θ, σ)−Rφh
(θ, σ) ≥ 0.

• An h(t, u) < l(t, u) tìte, lìgw tou (iv), èqoume:(
h(t, u) + l(t, u)

)
u

k∑
i=1

qic
2
i y

2
i

n− k − 2 + 2λ2

n− k

≥ 2
1

t

tr(vΘqc)− 2λ1ppvp(vΘqc)

ppvp(tcqcb−1)

k∑
i=1

qic
2
i y

2
i

≥ 2
1

t

tr(vΘqc)− 2λ1 min(qici)

min(qic2
i b
−1
i )

min(qic
2
i b
−1
i )

k∑
i=1

biy
2
i

= 2
(
tr(vΘqc)− 2λ1 min(qici)

)
= 2

(
tr(vΘqc)− 2λ1

1

t
min(qici)

k∑
i=1

biy
2
i

)
≥ 2

(
tr(vΘqc)− 2λ1

1

t

k∑
i=1

qicibiy
2
i

)
ap> ìpou sumperaÐnoume ìti kai s> aut n thn perÐptwsh, Rφl

(θ, σ)−Rφh
(θ, σ) ≥ 0.

2

4.6 BELTIWSH UPO <<KOLOBWSH>> TWN EKTIMHTWN ME
SURRIKNWSH

MÐa endiafèrousa <<klassik >> perÐptwsh beltÐwshc ektimht¸n me surriknwt , energ¸ntac
epÐ thc sun�rthshc surrikn¸sewc, apoteloÔn oi <<koloboÐ>> (tronqués) ektimhtèc klÐmakac.

4.6.1 <<Kìyimo>> ek twn k�tw
Periorizìmaste sthn perÐptwsh ìpou q = b = v−1

Θ kai c = idΘ, dhlad  jewroÔme touc
ektimhtèc thc morf c:

φ(y) =

(
1− h

(
v−1

Θ (φ0(y)),
1

s2(y)

))
φ0(y) (4.6)
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oi opoÐoi sugkrÐnontai me ton e.e.t upì thn sun jh tetragwnik  ap¸leia:
σ−2v−1

Θ (θ̂ − θ) (4.7)
H beltÐwsh thn opoÐa epifèroun oi ektimhtèc autoÐ anaforik� me ton e.e.t φ0 ofeÐletai

sto gegonìc ìti h sun�rthsh surrikn¸sewc h surrikn¸nei thn ektÐmhsh φ0(y) proc ton pìlo
mhdèn. BebaÐwc aut  h surrÐknwsh pragmatopoieÐtai mìno ìtan

h
(
v−1

Θ (φ0(y)),
1

s2(y)

)
≥ 0

autìc eÐnai o lìgoc gia ton opoÐo se orismènec ergasÐec epib�lletai sthn h na lamb�nei timèc
jetikèc   mhdèn (perÐptwsh thn opoÐa jewr same sta prohgoÔmena kef�laia).

FaÐnetai loipìn logikì, an diajètoume ènan ektimht  me sun�rthsh surrikn¸sewc h, h o-
poÐa mporeÐ na p�rei kai arnhtikèc timèc, na jewr soume ton ektimht  o opoÐoc ja prokÔyei
apì autìn antikajist¸ntac thn h apì to jetikì thc mèroc h+(= sup(0, h)). OrÐzetai tìte,
ènac nèoc ektimht c tou tÔpou (4.6), o opoÐoc belti¸nei ton arqikì ektimht .
Orismìc

MÐa sun�rthsh f : R+ → R+ ja lème ìti an kei sthn kl�sh C e�n aut  ikanopoieÐ th
sunj kh:

∀k ∈ N0 ,

∫
R+

f(w)(w − k)X 2
k (dw) ≥ 0

Par�deigma
Gia k�je r ≥ 0, h sun�rthsh w  wr, an kei sthn kl�sh C.

Pr�gmati, ∫
R+

wr(w − k)X 2
k (dw) =

∫
R+

wr+1X 2
k (dw)− k

∫
R+

wrX 2
k (dw)

= 2r+1 Γ(k
2

+ r + 1)

Γ(k
2
)

− k 2r Γ(k
2

+ r)

Γ(k
2
)

= 2r+1
(k

2
+ r

)Γ(k
2

+ r)

Γ(k
2
)

− k 2r Γ(k
2

+ r)

Γ(k
2
)

= 2r+1r
Γ(k

2
+ r)

Γ(k
2
)

Prìtash 4.6.6
Upojètoume ìti h sun�rthsh h, orismènh epÐ tou R+ × R+, eÐnai tètoia ¸ste, gia k�je u,

h sun�rthsh
w  h−(σ2w, u)

ìpou h− = sup(0,−h), na an kei sthn kl�sh C. Tìte, gia k�je θ, o ektimht c tou tÔpou (4.6)
belti¸netai apì ton ektimht :

φh+(y) =

(
1− h+

(
v−1

Θ (φ0(y)),
1

s2(y)

))
φ0(y)
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me thn ex c ènnoia:
∀θ, σ Rφ(θ, σ) ≥ Rφh+ (θ, σ)

Apìdeixh
H diafor� twn kindÔnwn twn dÔo ektimht¸n, gr�fetai:

Rφ(θ, σ)−Rφh+ (θ, σ)

=
1

σ2

∫
E

{
v−1

Θ

(
φ0(y)− θ − h

(
v−1

Θ (φ0(y)),
1

s2(y)

)
φ0(y)

)
−v−1

Θ

(
φ0(y)− θ − h+

(
v−1

Θ (φ0(y)),
1

s2(y)

)
φ0(y)

)}
NE(θ, σ2v; dy)

=
1

σ2

∫
Θ×Θ⊥

{
v−1

Θ

(
x− θ − h

(
v−1

Θ (x),
n− k

v−1
Θ⊥

(z)

)
x

)

−v−1
Θ

(
x− θ − h+

(
v−1

Θ (x),
n− k

v−1
Θ⊥

(z)

)
x

)}
NΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

=
1

σ2

∫
Rk×Rn−k

{∥∥∥x− θ − h
(
‖x‖2,

n− k

‖z‖2

)
x
∥∥∥2

−
∥∥∥x− θ − h+

(
‖x‖2,

n− k

‖z‖2

)
x
∥∥∥2

}
Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz) (4.8)

=
1

σ2
(A + 2B)

ìpou
A =

∫
Rk×Rn−k

{
h2

(
‖x‖2,

n− k

‖z‖2

)
− h+2

(
‖x‖2,

n− k

‖z‖2

)}
‖x‖2Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

kai
B =

∫
Rk×Rn−k

h−
(
‖x‖2,

n− k

‖z‖2

)
t(x−θ)xNk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

Pr�gmati, h upì olokl rwsh posìthta sthn (4.8),lamb�nontac upìyin ìti h = h+ − h−,
gr�fetai: ∥∥∥x− θ − h

(
‖x‖2,

n− k

‖z‖2

)
x
∥∥∥2

−
∥∥∥x− θ − h+

(
‖x‖2,

n− k

‖z‖2

)
x
∥∥∥2

=

(
h2

(
‖x‖2,

n− k

‖z‖2

)
− h+2

(
‖x‖2,

n− k

‖z‖2

))
‖x‖2

+ 2

(
h+

(
‖x‖2,

n− k

‖z‖2

)
− h

(
‖x‖2,

n− k

‖z‖2

))
t(x− θ)x

=

(
h2

(
‖x‖2,

n− k

‖z‖2

)
−h+2

(
‖x‖2,

n− k

‖z‖2

))
‖x‖2 + 2h−

(
‖x‖2,

n− k

‖z‖2

)
t(x− θ)x
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to opoÐo dikaiologeÐ thn teleutaÐa èkfrash thc diafor�c twn kindÔnwn.
EÐnai profanèc ìti A ≥ 0, epeid :

h2 − h+2
=

{
h2, an h < 0
0 , an h > 0

EpÐshc to B, me th bo jeia tou L mmatoc 5(iv) (bl.Par�rthma), gr�fetai:

B =

∫
Rn−k

(∫
Rk

h−
(
‖x‖2,

n− k

‖z‖2

)
t(x− θ)xNk(θ, σ

2Ik; dx)

)
Nn−k(0, σ

2In−k; dz)

= σ2

∫
Rn−k

(∫
Rk

h−
(
σ2‖t‖2,

n− k

‖z‖2

)
t(t− θ

σ
)tNk

( θ

σ
, Ik; dt

))
Nn−k(0, σ

2In−k; dz)

= σ2

∫
Rn−k

(∫
N0

(∫
R+

h−
(
σ2w,

n− k

‖z‖2

)
(w − 2m)X 2

k+2m(dw)

)
π
(‖θ‖2

2σ2
; dm

))
Nn−k(0, σ

2In−k; dz)

'Omwc, ex upojèsewc, h sun�rthsh w  h−(σ2w, (n − k)/‖z‖2) an kei sthn kl�sh C kai
epomènwc, ∀m ∈ N0, ∫

R+

h−
(
σ2w,

n− k

‖z‖2

)
(w − 2m)X 2

k+2m(dw) ≥ 0

Loipìn kai to B ≥ 0. Kat� sunèpeia èqoume ìti:
∀(θ, σ) , Rφ(θ, σ) ≥ Rφh+ (θ, σ)

to opoÐo oloklhr¸nei thn apìdeixh.
2

4.6.2 <<Kìyimo>> ek twn �nw
H <<prosèggish>>, h opoÐa pragmatopoieÐtai me thn sun�rthsh surrikn¸sewc h, faÐnetai

na diayeÔdetai ìtan h h(v−1
Θ (φ0(y)), 1/s2(y)) ≥ 1. Sthn perÐptwsh aut  oi φ(y) kai φ0(y)

brÐskontai apì to èna kai to �llo mèroc tou pìlou 0.
Autì upodeiknÔei thn antikat�stash thc h apì thn:

h
2

= inf(h, 1) = 1− (1− h)+

H Prìtash pou akoloujeÐ dikaiologeÐ aut  th mèjodo gia ìlouc touc ektimhtèc tou tÔpou
(4.6)
Prìtash 4.6.7

Gia k�je ektimht  φh tou tÔpou (4.6), o ektimht c pou lamb�netai <<kìbontac>> ek twn �nw
thn h sto 1, φh2

, eÐnai omoiomìrfwc kalÔteroc, dhlad ,
∀(θ, σ) , Rφh

(θ, σ) ≥ Rφh2
(θ, σ)

Apìdeixh
Ergazìmenoi ìpwc sthn apìdeixh thc Prìt.4.6.6, èqoume:
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Rφh
(θ, σ)−Rφh2

(θ, σ)=
1

σ2

∫
E

{
v−1

Θ

((
1− h(v−1

Θ (φ0(y)), 1/s2(y))
)
φ0(y)− θ

)
−v−1

Θ

((
1− h(v−1

Θ (φ0(y)), 1/s2(y))
)+

φ0(y)− θ

)}
NE(θ, σ2v; dy)

=
1

σ2
(A + 2B)

ìpou
A =

∫
E

{[
1−h

(
v−1

Θ (φ0(y)),
1

s2(y)

)]2

−
[
1− h

(
v−1

Θ (φ0(y)),
1

s2(y)

)]+2}
v−1

Θ (φ0(y))NE(θ, σ2v; dy)

kai
B =

∫
E

[
1−h

(
v−1

Θ (φ0(y)),
1

s2(y)

)]−
tφ0(y)θNE(θ, σ2v; dy)

Profan¸c A ≥ 0, epeid 
(1− h)2 − (1− h)+2

=

{
(1− h)2, an (1− h) < 0

0 , an (1− h) > 0

kai qrhsimopoi¸ntac to L mma 5(iii) (bl.Par�rthma),
B =

∫
Θ×Θ⊥

[
1− h

(
v−1

Θ (x),
n− k

v−1
Θ⊥

(z)

)]−
txθNΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

=

[∫
Rn−k

(∫
Rk

[
1− h

(
‖x‖2,

n− k

‖z‖2

)]−
txNk(θ, σ

2Ik; dx)

)
Nn−k(0, σ

2Ik; dz)

]
θ

= σ

[∫
Rn−k

(∫
Rk

[
1− h

(
σ2‖t‖2,

n− k

‖z‖2

)]−
ttNk

( θ

σ
, Ik; dt

))
Nn−k(0, σ

2Ik; dz)

]
θ

= σtθ

[∫
Rn−k

(∫
N0

(∫
R+

[
1− h

(
σ2w,

n− k

‖z‖2

)]−
X 2

k+2+2m(dw)

)
π
(‖θ‖2

2σ2
; dm

))
Nn−k(0, σ

2Ik; dz)

]
θ

= σ‖θ‖2

∫
Rn−k

(∫
N0

(∫
R+

[
1− h

(
σ2w,

n− k

‖z‖2

)]−
X 2

k+2+2m(dw)

)
π
(‖θ‖2

2σ2
; dm

))
Nn−k(0, σ

2Ik; dz)

≥ 0

to opoÐo oloklhr¸nei thn apìdeixh.
2

4.6.3 Diplì <<Kìyimo>>
An o ektimht c φh eÐnai tou tÔpou (4.6) me thn h na lamb�nei sugqrìnwc timèc austhr�

arnhtikèc kai timèc austhr� megalÔterec tou 1 kai an epiplèon h h ikanopoieÐ tic upojèseic
thc Prìtashc 4.6.6 mporoÔme bebaÐwc na ton belti¸soume qrhsimopoi¸ntac ton φh+

2
me:

h+
2

=

{ 1, an h > 1
h, an 0 ≤ h ≤ 1
0, an h < 0

= inf(1, h+)
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4.7 MERIKH PERIPTWSH:
EKTIMHTHS TWN JAMES− STEIN <<JETIKOUMEROUS>>

MÐa endiafèrousa upokl�sh thc (4.6) eÐnai h kl�sh twn ektimht¸n twn James − Stein
thc morf c:

φ(y) =

(
1− α

v−1
Θ⊥

(y − φ0(y))

v−1
Θ (φ0(y))

)
φ0(y) , α ∈ R+

sthn opoÐa upokl�sh o <<bèltistoc>>(optimal) ektimht c, upì th sun jh tetragwnik  ap¸leia,
σ−2v−1

Θ (θ̂ − θ), eÐnai ekeÐnoc twn James− Stein

φJS(y) =

(
1− k − 2

n− k + 2

v−1
Θ⊥

(y − φ0(y))

v−1
Θ (φ0(y))

)
φ0(y) (4.9)

O ektimht c autìc belti¸netai me <<kìyimo>> ek twn �nw (bl.4.6.2) apì ton ektimht  James−
Stein <<jetikoÔ mèrouc>>:

φ+
JS(y) =

(
1− k − 2

n− k + 2

v−1
Θ⊥

(y − φ0(y))

v−1
Θ (φ0(y))

)+

φ0(y) (4.9)′

An kai autìc o ektimht c den eÐnai paradektìc, kanènac ektimht c omoimìrfwc kalÔteroc
apì autìn den eÐnai gnwstìc. Oi Bock[1987] kai Brown[1987] apodeiknÔoun ìti h sun jhc
teqnik  thc amerìlhpthc ektÐmhshc tou kindÔnou den eÐnai qr simh se aut n thn perÐptwsh.

4.7.1 KÐndunoc tou ektimht  twn James− Stein (φJS)
O kÐndunoc tou ektimht  φJS eÐnai:

RφJS
(θ, σ)

= σ−2

∫
E

v−1
Θ

(
φ0(y)− θ − k − 2

n− k + 2

v−1
Θ⊥

(y − φ0(y))

v−1
Θ (φ0(y))

φ0(y)
)
NE(θ, σ2v; dy)

= σ−2

∫
Θ×Θ⊥

v−1
Θ

(
x− θ − k − 2

n− k + 2

v−1
Θ⊥

(z)

v−1
Θ (x)

x
)
NΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

= σ−2

∫
Rn−k

∫
Rk

∥∥∥x− θ − k − 2

n− k + 2

‖z‖2

‖x‖2
x
∥∥∥Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

= σ−2

∫
Rn−k

∫
Rk

{
‖x− θ‖2 +

(k − 2)2

(n− k + 2)2

‖z‖4

‖x‖2
− 2

k − 2

n− k + 2

‖z‖2

‖x‖2
t(x− θ)x

}
Nk(θ, σ

2Ik; dx)

Nn−k(0, σ
2In−k; dz)

= A + B + C

ìpou, upì th qr sh tou Parart matoc (L mma 1(3), Pìrisma 1, L mma 5(iv)), antistoÐqwc
epÐ twn oloklhrwm�twn A, B kai C, lamb�noume:
A = σ−2

∫
Rn−k

∫
Rk

‖x− θ‖2Nk(θ, σ
2Ik; dx)Nn−k(0, σ

2In−k; dz)
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=

∫
Rk

∫
Rn−k

∥∥∥x− θ

σ

∥∥∥2

Nk(θ, σ
2Ik; dx)Nn−k(0, σ

2In−k; dz)

=

∫
Rn−k

∫
Rk

‖t‖2Nk(0, Ik; dt)Nn−k(0, σ
2In−k; dz)

=

∫
Rn−k

∫
R+

uX 2
k (du)Nn−k(0, σ

2In−k; dz)

=

∫
Rn−k

kNn−k(0, σ
2In−k; dz) = k

B = σ−2 (k − 2)2

(n− k + 2)2

∫
Rn−k

∫
Rk

‖z‖4

‖x‖2
Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

= σ−2 (k − 2)2

(n− k + 2)2

∫
Rn−k

∫
Rk

σ2 ‖z/σ‖4

‖x/σ‖2
Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

=
(k − 2)2

(n− k + 2)2

∫
Rn−k

∫
Rk

‖s‖4

‖t‖2
Nk

( θ

σ
, Ik; dt

)
Nn−k(0, In−k; ds)

=
(k − 2)2

(n− k + 2)2

∫
R+

(∫
R+

v2

u
X 2

k

(‖θ‖2

σ2
; du

))
X 2

n−k(dv)

=
(k − 2)2

(n− k + 2)2

(∫
R+

v2X 2
n−k(dv)

)(∫
R+

1

u
X 2

k

(‖θ‖2

σ2
; du

))

=
(k − 2)2

(n− k + 2)2
(n− k)(n− k + 2)

1

2

∫
N0

Γ(k
2

+ m− 1)

Γ(k
2

+ m)
π
(‖θ‖2

2σ2
; dm

)
=

(k − 2)2(n− k)

(n− k + 2)

1

2

∫
N0

Γ(k
2

+ m− 1)

(k
2

+ m− 1)Γ(k
2

+ m− 1)
π
(‖θ‖2

2σ2
; dm

)
=

(k − 2)2(n− k)

(n− k + 2)

∫
N0

1

k + 2m− 2
π
(‖θ‖2

2σ2
; dm

)
kai

C = − 2

σ2

k − 2

n− k + 2

∫
Rk

1

‖x‖2
t(x− θ)x

(∫
Rn−k

‖z‖2Nn−k(0, σ
2In−k; dz)

)
Nk(θ, σ

2Ik; dx)

= −2
k − 2

n− k + 2

(∫
Rk

1

‖x/σ‖2

t
(x

σ
− θ

σ

)x

σ
Nk(θ, σ

2Ik; dx)

)(∫
Rn−k

‖z/σ‖2Nn−k(0, σ
2In−k; dz)

)
= −2

k − 2

n− k + 2

(∫
Rk

1

‖t‖2

t
(
t− θ

σ

)
tNk

( θ

σ
, Ik; dt)

)(∫
Rn−k

‖s‖2Nn−k(0, In−k; ds)

)

= −2
k − 2

n− k + 2

(∫
N0

(∫
R+

1

u
(u− 2m)X 2

k+2m(du)

)
π
(‖θ‖2

2σ2
; dm

))(∫
R+

vX 2
n−k(dv)

)
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= −2
k − 2

n− k + 2
(n− k)

∫
N0

(∫
R+

(
1− 2m

u

)
X 2

k+2m(du)

)
π
(‖θ‖2

2σ2
; dm

)
= −2

(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

∫
N0

2m

(∫
R+

1

u
X 2

k+2m(du)

)
π
(‖θ‖2

2σ2
; dm

)
= −2

(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

∫
N0

2m

(
1

2

Γ(k
2

+ m− 1)

Γ(k
2

+ m)

)
π
(‖θ‖2

2σ2
; dm

)
= −2

(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

∫
N0

2m

k + 2m− 2
π
(‖θ‖2

2σ2
; dm

)
= −2

(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

+∞∑
m=1

2m

k + 2(m− 1)

1

m!
exp

{−‖θ‖2

2σ2

}(‖θ‖2

2σ2

)m

= −2
(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

+∞∑
l=0

1

k + 2l

‖θ‖2

σ2

1

l!
exp

{−‖θ‖2

2σ2

}(‖θ‖2

2σ2

)l

= −2
(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

‖θ‖2

σ2

∫
N0

1

k + 2l
π
(‖θ‖2

2σ2
; dl

)
Sunep¸c,

RφJS
(θ, σ) = k +

(k − 2)2(n− k)

(n− k + 2)

∫
N0

1

k + 2m− 2
π
(‖θ‖2

2σ2
; dm

)
−2

(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2

‖θ‖2

σ2

∫
N0

1

k + 2m
π
(‖θ‖2

2σ2
; dm

) (4.10)

'Omwc, jètontac λ = ‖θ‖2
2σ2 kai qrhsimopoi¸ntac th sqèsh:

∫ λ

0

xm+ k
2
−1dx =

λm+ k
2

m + k
2

èqoume:
∫

N0

1
k
2

+ m
π(λ; dm) =

+∞∑
m=0

e−λλm

m!

1
k
2

+ m
=

1

λk/2

+∞∑
m=0

e−λλm+ k
2

m!(k
2

+ m)

=
1

λk/2

+∞∑
m=0

e−λ

m!

∫ λ

0

xm+ k
2
−1dx =

e−λ

λk/2

∫ λ

0

x
k
2
−1

(+∞∑
m=0

xm

m!

)
dx

=
e−λ

λk/2

∫ λ

0

x
k
2
−1exdx

OmoÐwc prokÔptei ìti: ∫
N0

1
k
2

+ m− 1
π(λ; dm) =

e−λ

λ
k
2
−1

∫ λ

0

x
k
2
−2exdx
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'Ara, telik�, h sqèsh (4.10) gr�fetai:
RφJS

(θ, σ) = k +
(k − 2)2(n− k)

(n− k + 2)

e−λ

2λ
k
2
−1

∫ λ

0

x
k
2
−2exdx

−2
(k − 2)(n− k)

n− k + 2
+ 2

(k − 2)(n− k)

n− k + 2
λ

e−λ

λk/2

∫ λ

0

x
k
2
−1exdx (4.11)

me λ =
‖θ‖2

2σ2

4.7.2 Kèrdoc tou ektimht  twn James− Stein <<jetikoÔ mèrouc>> (φ+
JS)

O ektimht c φ+
JS eÐnai profan¸c ènac ektimht c thc morf c (4.6) :

φ+
JS(y) =

(
1− h

(
v−1

Θ (φ0(y)),
1

s2(y)

))+

φ0(y)

ìpou
h
(
v−1

Θ (φ0(y)),
1

s2(y)

)
=

α0s
2(y)

v−1
Θ (φ0(y))

I
( α0s

2(y)

v−1
Θ (φ0(y))

< 1
)

+ I
( α0s

2(y)

v−1
Θ (φ0(y))

> 1
)

me α0 =
(k − 2)(n− k)

n− k + 2

I
( α0s

2(y)

v−1
Θ (φ0(y))

< 1
)

=

{
1 an α0s2(y)

v−1
Θ (φ0(y))

< 1

0 alloÔkai
I
( α0s

2(y)

v−1
Θ (φ0(y))

> 1
)

= 1− I
( α0s

2(y)

v−1
Θ (φ0(y))

< 1
)

Tìte h diafor� twn kindÔnwn metaxÔ twn ektimht¸n φ0 kai φ+
JS eÐnai:

Rφ0(θ, σ)−Rφ+
JS

(θ, σ) = σ−2Eθ,σ

[
v−1

Θ (φ0(y)− θ)
]
− σ−2Eθ,σ

[
v−1

Θ (φ+
JS(y)− θ)

]
= 2σ−2Eθ,σ

[
h
(
v−1

Θ (φ0(y)),
1

s2(y)

)
v−1

Θ

(
φ0(y), φ0(y)− θ

)]
−σ−2Eθ,σ

[
h2

(
v−1

Θ (φ0(y)),
1

s2(y)

)
v−1

Θ (φ0(y))
]

'Omwc, b�sei tou L mmatoc 5(iv)(bl.Par�rthma),
σ−2Eθ,σ

[
h
(
v−1

Θ (φ0(y)),
1

s2(y)

)
v−1

Θ

(
φ0(y), φ0(y)− θ

)]
= σ−2

∫
Θ×Θ⊥

h
(
v−1

Θ (x),
n− k

v−1
Θ⊥

(z)

)
v−1

Θ (x, x− θ)NΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

= σ−2

∫
Rk×Rn−k

h
(
‖x‖2,

n− k

‖z‖2

)
tx(x− θ)Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

=

∫
R+

[∫
N0

(∫
R+

h
(
σ2u,

n− k

σ2s

)
(u− 2m)X 2

k+2m(du)

)
π
(‖θ‖2

2σ2
; dm

)]
X 2

n−k(ds) (4.12)
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kai b�sei thc èkfrashc (3) tou L mmatoc 1(bl.Par�rthma) èqoume ìti:
σ−2Eθ,σ

[
h2

(
v−1

Θ (φ0(y)),
1

s2(y)

)
v−1

Θ (φ0(y))
]

= σ−2

∫
Θ×Θ⊥

h2
(
v−1

Θ (x),
n− k

v−1
Θ⊥

(z)

)
v−1

Θ (x)NΘ(θ, σ2vΘ; dx)NΘ⊥(0, σ2vΘ⊥ ; dz)

= σ−2

∫
Rk×Rn−k

h2
(
‖x‖2,

n− k

‖z‖2

)
‖x‖2Nk(θ, σ

2Ik; dx)Nn−k(0, σ
2In−k; dz)

=

∫
R+

(∫
R+

h2
(
σ2u,

n− k

σ2s

)
uX 2

k

(‖θ‖2

σ2
; du

))
X 2

n−k(ds)

=

∫
R+

[∫
N0

(∫
R+

h2
(
σ2u,

n− k

σ2s

)
uX 2

k+2m(du)

)
π
(‖θ‖2

2σ2
; dm

)]
X 2

n−k(ds) (4.13)

me h
(
σ2u,

n− k

σ2s

)
= α0

s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ I

( α0s

(n− k)u
> 1

)
kai h2

(
σ2u,

n− k

σ2s

)
= α2

0

s2

(n− k)2u2
I
( α0s

(n− k)u
< 1

)
+ I

( α0s

(n− k)u
> 1

)
Sunep¸c, lìgw twn (4.12) kai (4.13), prokÔptei ìti:

Rφ0(θ, σ)−Rφ+
JS

(θ, σ)

= 2

∫
R+×N0×R+

{
α0

s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ I

( α0s

(n− k)u
> 1

)}
(u− 2m)X 2

k+2m(du)

π
(‖θ‖2

2σ2
; dm

)
X 2

n−k(ds)

−
∫

R+×N0×R+

{
α2

0

s2

(n− k)2u2
I
( α0s

(n− k)u
< 1

)
+ I

( α0s

(n− k)u
> 1

)}
uX 2

k+2m(du)

π
(‖θ‖2

2σ2
; dm

)
X 2

n−k(ds) (4.14)

Jètontac, se ìti akoloujeÐ, β =
α0s

n− k
kai γ−1 =

α0

(n− k)u
, upì paragontik  olokl rwsh

lamb�noume:∫
R+

{
α0

s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ I

( α0s

(n− k)u
> 1

)}
(u− 2m)X 2

k+2m(du)

=

∫
R+

{
β

1

u
I(u > β) + I(u < β)

}
(u− 2m)X 2

k+2m(du)

= β

∫ +∞

β

(
1− 2u

β

)
X 2

k+2m(du) +

∫ β

0

(u− 2m)X 2
k+2m(du)

=
2β

Γ(k
2

+ m)2
k
2
+m

β
k
2
+m−1e−β/2 + (k − 2)β

∫ +∞

β

u−1X 2
k+2m(du)
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− 2

Γ(k
2

+ m)2
k
2
+m

β
k
2
+me−β/2 + k

∫ β

0

X 2
k+2m(du)

= (k − 2)β

∫ +∞

β

u−1X 2
k+2m(du) + k

∫ β

0

X 2
k+2m(du) (4.15)

kai ∫
R+

{
α2

0

s2

(n− k)2u2
I
(
α0

s

(n− k)u
< 1

)
+ I

(
α0

s

(n− k)u
> 1

)
uX 2

n−k(ds)

=
α0

n− k
γ−1

∫ γ

0

s2X 2
n−k(ds) + u

∫ +∞

γ

X 2
n−k(ds)

= −2γ
n−k

2
α0

n− k

e−γ/2

Γ(n−k
2

)2
n−k

2

+ α0γ
−1 n− k + 2

n− k

∫ γ

0

sX 2
n−k(ds)

+
2u

Γ(n−k
2

)2
n−k

2

γ
n−k

2
−1e−γ/2 + (n− k − 2)u

∫ +∞

γ

s−1X 2
n−k(ds)

=
2γ

n−k
2 e−γ/2

Γ(n−k
2

)2
n−k

2

(
γ−1u− α0

n− k︸ ︷︷ ︸
= 0

)
+ α0γ

−1n− k + 2

n− k

∫ γ

0

sX 2
n−k(ds)

+(n− k − 2)u

∫ +∞

γ

s−1X 2
n−k(ds) (4.16)

Apì tic (4.15) kai (4.16), h sqèsh (4.14) gr�fetai:
Rφ0(θ, σ)−Rφ+

JS
(θ, σ)

= 2

∫
R+×R+

{
(k − 2)

α0s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ k I

( α0s

(n− k)u
> 1

)}
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds)

−
∫

R+×R+

{
α2

0

n− k + 2

(n− k)2

s

u
I
( α0s

(n− k)u
< 1

)
+ (n− k − 2)

u

s
I
( α0s

(n− k)u
> 1

)}
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds)

Autì to kèrdoc mporeÐ epÐshc na grafeÐ:
Rφ0(θ, σ)−Rφ+

JS
(θ, σ)

= k − ‖θ‖2

σ2
+

∫
R+×R+

{ (k−2)2

n−k+2

s

u
− 2k + (n−k−2)

u

s

}
I
( α0s

(n−k)u
> 1

)
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds)

(4.17)
Pr�gmati, epeid :

2
{

(k − 2)
α0s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ k I

( α0s

(n− k)u
> 1

)}
= 2

{
(k − 2)

α0s

(n− k)u
I
( α0s

(n− k)u
< 1

)
+ k − k I

( α0s

(n− k)u
< 1

)}
= 2k + 2

(
(k − 2)

α0s

(n− k)u
− k

)
I
( α0s

(n− k)u
< 1

)
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kai
α2

0

n− k + 2

(n− k)2

s

u
I
( α0s

(n− k)u
< 1

)
+ (n− k − 2)

u

s
I
( α0s

(n− k)u
> 1

)
= (n− k − 2)

u

s
+

(
α2

0

n− k + 2

(n− k)2

s

u
− (n− k − 2)

u

s

)
I
( α0s

(n− k)u
< 1

)
èqoume:
Rφ0(θ, σ)−Rφ+

JS
(θ, σ) = 2k − (n− k − 2)

∫
R+×R+

u

s
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds)

+

∫
R+×R+

{
2
(
(k − 2)

α0s

(n− k)u
− k

)
−

(
α2

0

n− k + 2

(n− k)2

s

u
− (n− k − 2)

u

s

)}
I
( α0s

(n− k)u
< 1

)
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds)

ìpou, apì ton orismì tou α0,
2
(
(k − 2)

α0s

(n− k)u
− k

)
−

(
α2

0

n− k + 2

(n− k)2

s

u
− (n− k − 2)

u

s

)
=

s

u

(
2(k − 2)

α0

n− k
− α2

0

n− k + 2

(n− k)2

)
+ (n− k − 2)

u

s
− 2k

=
(k − 2)2

n− k + 2

s

u
− 2k + (n− k − 2)

u

s

kai ∫
R+×R+

u

s
X 2

k

(‖θ‖2

σ2
; du

)
X 2

n−k(ds) =

(∫
R+

uX 2
k

(‖θ‖2

σ2
; du

))(∫
R+

s−1X 2
n−k(ds)

)

=

(
2

∫
N0

Γ(k
2

+ m + 1)

Γ(k
2

+ m)
π
(‖θ‖2

2σ2
; dm

))(
2−1 Γ(n−k

2
− 1)

Γ(n−k
2

)

)

=
(n− k

2
− 1

)−1
∫

N0

(k

2
+ m

)
π
(‖θ‖2

2σ2
; dm

)
=

2

n− k − 2

(k

2
+
‖θ‖2

2σ2

)
=

1

n− k − 2

(
k +

‖θ‖2

σ2

)
ap> ìpou prokÔptei h (4.17).

H analutik  èkfrash tou kèrdouc exart�tai apì thn fÔsh tou k(dhl. an k eÐnai �rtioc  
perittìc). Sthn analutik  aut  èkfrash tou kèrdouc emfanÐzetai to Dawson-olokl rwma:

D(λ) = e−λ2

∫ λ

0

et2dt

to opoÐo dÐnetai se pÐnakec stouc Abramowitz kai Stegun[1964]. AxÐzei na shmei¸soume
ìti h prosèggish tou et2 apì to ∑100

i=0
t2i

i!
sto parap�nw olokl rwma dÐnei akrib¸c ta Ðdia

apotelèsmata ìpwc o pÐnakac twn Abramowitz kai Stegun.
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Loipìn, jètontac λ = ‖θ‖2/σ2, met� apì arket� ektetamèno logismì (bl.C.Robert[1987]([40])),
prokÔptei:

a) An to k eÐnai �rtioc, to kèrdoc eÐnai:
Rφ0(θ, σ)−Rφ+

JS
(θ, σ)

=
(k − 2)(n− k)

n− k + 2

[ k−2
2∑

j=1

(−1)j+1 Γ(k
2
)

Γ(k
2
− j)

(2

λ

)j{
1−

(k − 2

n

)−j+ k−2
2

e−
λ
2

n−k+2
n

}]

− e−
λ
2

n−k+2
n

[ n−k
2∑

i=1

{
(n− k)(n− k + 2)− 4

k(n− k + 2)

k − 2
i + 4i(i− 1)

}(n− k + 2

n

)i−2

×
Γ(k−2

2
+ i)

Γ(k
2
)

1

2i!

i−1∑
j=0

( i−1

j

)Γ(k+2
2
− j)

Γ(k+2
2

)

(k − 2

n

)j(λ

2

)j
](k − 2

n

) k+2
2 (4.18)

b) An to k eÐnai perittìc, to kèrdoc eÐnai:
Rφ0(θ, σ)−Rφ+

JS
(θ, σ)

=
(k − 2)(n− k)

n− k + 2

[ k−3
2∑

j=1

(−1)j+1 (k − 2) . . . (k − 2j)

λj

{
1−

(k − 2

n

)−j+ k−2
2

e−
λ
2

n−k+2
n

}

+
(−1)

k−3
2 (k − 2)!

(2λ)
k−3
2 (k−3

2
)!
√

λ/2

{
D(

√
λ/2)− e−

λ
2

n−k+2
n D

(((k − 2)λ

2n

)1/2)}]

− e−
λ
2

n−k+2
n

[ n−k
2∑

i=1

{
(n− k)(n− k + 2)− 4

k(n− k + 2)

k − 2
i + 4i(i− 1)

}(n− k + 2

n

)i−2

×
Γ(k−2

2
+ i)

Γ(k
2
)

1

2i!

i−1∑
j=0

( i−1

j

)Γ(k+2
2
− j)

Γ(k+2
2

)

(k − 2

n

)j(λ

2

)j
](k − 2

n

) k+2
2 (4.19)

ìpou to Γ(x± i)

Γ(x)
pou emfanÐzetai stouc parap�nw tÔpouc upologÐzetai eÔkola apì ton tÔpo

Γ(x + 1) = xΓ(x). EpÐshc, h prosèggish tou et2 , mèsw tou parap�nw merikoÔ ajroÐsmatoc,
bohj� sthn qr sh twn parap�nw tÔpwn mèsw H/U.
ParadeÐgmata

An kai oi fìrmoulec (4.18) kai (4.19) faÐnontai dusmetaqeÐristec, autèc mporoÔn na pe-
rioristoÔn polÔ se praktikèc peript¸seic. Gia par�deigma, ìtan k = 3 kai n = 7 , apì ton
tÔpo (4.19), lamb�noume:

Rφ0(θ, σ)−Rφ+
JS

(θ, σ) =
2

3

D(
√

λ/2)− e−
3
7
λD(

√
λ/14)√

λ/2
+

2e−
3
7
λ

7
√

7

(
5 +

λ

7

)
Gia λ = 0, h tim  tou kèrdouc eÐnai:

2

3
+

16

21
√

7

(kaj¸c lim
λ→0

D(λ)

λ
= 1

)
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to opoÐo mporoÔme na sugkrÐnoume me thn tim  tou kèrdouc tou ektimht  twn James−Stein,
2/3, (upologizìmenh me th bo jeia thc (4.11), bl.§4.7.1 )

Sto parak�tw gr�fhma parist�netai to kèrdoc tou ektimht  φ+
JS, ìtan k=3 kai n = 7

Kai ìtan to k = 4 kai n = 8, qrhsimopoi¸ntac thn (4.18), to kèrdoc eÐnai:

Rφ0(θ, σ)−Rφ+
JS

(θ, σ) =
8

3λ

(
1− e−3λ/8

)
+

e−3λ/8

4

(
3 +

λ

8

)
'Otan to λ = 0, to kèrdoc eÐnai 7/4 en¸ ekeÐno tou ektimht  φJS eÐnai 4/3.

Sto parak�tw gr�fhma parist�netai to kèrdoc tou ektimht  φ+
JS, ìtan k=4 kai n = 8

Tèloc dÐnoume èna endeiktikì gr�fhma twn kindÔnwn twn ektimht¸n φ0, φJS kai φ+
JS, su-nart sei tou ‖θ‖2, jewr¸ntac to σ = 1, gia k = 4 kai n = 8. Sugkekrimèna, sthn pèrÐptwsh

aut  èqoume:

Rφ+
JS

(θ) = 4− 8

3‖θ‖2

(
1− e−3‖θ‖2/8

)
− e−3‖θ‖2/8

4

(
3 +

‖θ‖2

8

)
kai

RφJS
(θ) = 4− 8

3‖θ‖2

(
1− e−‖θ‖

2/2
)
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Sto gr�fhma autì faÐnetai h <<beltÐwsh>> thn opoÐa epifèrei o φ+
JS sugkritik� me ton φJS.
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EFARMOGH:
'Ena �nw fr�gma tou kèrdouc ferìmeno apì ènan ektimht  me surri-
knwt 

'Eqoume melet sei stic prohgoÔmenec paragr�fouc upì poièc sunj kec eÐnai dunat  h
beltÐwsh enìc ektimht  me dedomèno surriknwt . Ja doÔme parak�tw mÐa mèjodo pou mac
epitrèpei na ektim soume thn tim  enìc ektimht  φ1 (me thn ènnoia enìc dedomènou tetragw-
nikoÔ kindÔnou) ektim¸ntac, me prosomoÐwsh, to �nw fr�gma tou kèrdouc G, to opoÐo mporeÐ
na epifèrei ènac ektimht c me surriknwt , φ, anaforik� me ton e.e.t φ0 (G = Rφ0 − Rφ).MporoÔme loipìn, na sugkrÐnoume (p�ntote me prosomoÐwsh) to kèrdoc tou ektimht  φ1 me
to fr�gma autì.

'Estw E dianusmatikìc q¸roc, diast�sewc n, epÐ tou R kai èstw y ∈ E akolouj¸ntac
èna nìmo me elleiptik  summetrÐa Pθ,w paramètrou jèsewc θ ∈ Θ (Θ gnwstìc dianusmatikìc
upìqwroc tou E, diast�sewc k, k ≥ 3) kai paramètrou diakÔmanshc w, digrammik  summetrik 
morf  jetik� orismènh epÐ tou E∗ (duðkìc tou E). Upojètoume ìti h w eÐnai gnwst  ektìc
apì ènan pollaplasiastikì par�gonta, èstw w = σ2v (σ2(> 0) �gnwsto, v gnwst  d.σ.m,
jetik� orismènh epÐ tou E∗).

Upojètoume ìti: (H) :

∫
E

‖y‖2
v−1P0,σ2v(dy) < +∞

Sth sunèqeia diathroÔme touc sumbolismoÔc kai tic ènnoiec twn prohgoÔmenwn kefalaÐwn
en¸ h qrhsimopoioÔmenh ap¸leia eÐnai h genik  tetragwnik  ap¸leia:

σ−2q(θ̂ − θ)

'Estw θ ∈ Θ stajeropoihmèno. MetaxÔ twn ektimht¸n tou θ thc morf c:
φ(y) =

(
1− h(φ0(y), s2(y))c

)
φ0(y) (1)

ìpou c eÐnai ènac endomorfismìc tou Θ kai h mÐa metr simh sun�rthsh apì ton Θ × R+ston R+, up�rqei ènac ektimht c (thc morf c aut c) o opoÐoc elaqistopoieÐ ton tetragwnikì
kÐnduno Rφ(θ, σ) pou sundèetai me th jetik , digrammik , summetrik  morf  q sto (θ, σ2), gia
opoiod pote σ2:

Rφ(θ, σ) =
1

σ2
Eθ,σ[q(φ(y)− θ)] =

1

σ2

∫
E

q(φ(y)− θ)Pθ,σ2v(dy) .

O ektimht c autìc eÐnai ekeÐnoc pou sundèetai me thn:

h∗θ

(
φ0(y), s2(y)

)
=

q
(
c(φ0(y)), φ0(y)− θ

)
q
(
c(φ0(y))

)
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Pr�gmati, gia ton kÐnduno pou sundèetai me thn q èqoume:
Rφ(θ, σ)−Rφ0(θ, σ)

=
1

σ2
Eθ,σ

[
q
(
φ0(y)− θ − h(φ0(y), s2(y))c(φ0(y))

)]
− 1

σ2
Eθ,σ

[
q
(
φ0(y)− θ

)]
=

1

σ2
Eθ,σ

[
h2

(
φ0(y), s2(y)

)
q
(
c(φ0(y))

)]
− 2

σ2
Eθ,σ

[
h
(
φ0(y), s2(y)

)
q
(
c(φ0(y)), φ0(y)− θ

)]
Gia k�je (φ0(y), s2(y)), h h∗θ profan¸c megistopoieÐ thn èkfrash:

h
(
φ0(y), s2(y)

){
2q

(
c(φ0(y)), φ0(y)− θ

)
− h

(
φ0(y), s2(y)

)
q
(
c(φ0(y))

)}
O kÐndunoc tou ektimht  φ∗θ pou sundèetai me thn h∗θ sto (θ, σ), gr�fetai loipìn:

Rφ∗θ
(θ, σ) = Rφ0(θ, σ) +

1

σ2
Eθ,σ

[q2
(
c(φ0(y)), φ0(y)− θ

)
q
(
c(φ0(y))

)
q2

(
c(φ0(y))

) ]

− 2

σ2
Eθ,σ

[q2
(
c(φ0(y)), φ0(y)− θ

)
q
(
c(φ0(y))

) ]

= Rφ0(θ, σ)− 1

σ2
Eθ,σ

[q2
(
c(φ0(y)), φ0(y)− θ

)
q
(
c(φ0(y))

) ]

Apì thn anisìthta tou Schwarz, èqoume:

Eθ,σ

[q2
(
c(φ0(y)), φ0(y)− θ

)
q
(
c(φ0(y))

) ]
≤ Eθ,σ

[q
(
c(φ0(y))

)
q
(
φ0(y)− θ

)
q
(
c(φ0(y))

) ]

= Eθ,σ

[
q
(
φ0(y)− θ

)]
=

∫
E

q
(
φ0(y)− θ

)
Pθ,σ2v(dy)

=

∫
E

q
(
φ0(y − θ)

)
Pθ,σ2v(dy)

=

∫
E

q
(
φ0(x)

)
P0,σ2v(dx)

≤ max
1≤i≤k

qi

∫
E

‖φ0(x)‖2
v−1P0,σ2v(dx)

≤ max
1≤i≤k

qi

∫
E

‖x‖2
v−1P0,σ2v(dx)

to opoÐo eÐnai peperasmèno lìgw thc (H). 'Ara, o kÐndunoc sto (θ, σ) tou φ∗θ eÐnai peperasmènoc.
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'Omwc, ìpwc mporoÔme na doÔme sto 1o gr�fhma parak�tw, o ektimht c φ∗θ0
pou sundèetai

me thn h∗θ0
, gia stajeropoihmèno θ0, den kuriarqeÐ ton e.e.t φ0 omoiomìrfwc wc proc (θ, σ).

Pr�gmati, periorizìmaste sthn perÐptwsh, ìpou c = idΘ, q = v−1
Θ (kai σ = 1) kai jewroÔme

ton ektimht :
φ∗θ0

(y) =
(
1− h∗θ0

(φ0(y), s2(y))
)
φ0(y) , gia θ0

(
∈ Θ

) stajerì

ìpou h∗θ0

(
φ0(y), s2(y)

)
=

v−1
Θ

(
φ0(y), φ0(y)− θ0

)
v−1

Θ

(
φ0(y)

)
=

v−1
Θ

(
φ0(y)

)
− v−1

Θ

(
φ0(y), θ0

)
v−1

Θ

(
φ0(y)

)
= 1−

v−1
Θ

(
φ0(y), θ0

)
v−1

Θ

(
φ0(y)

)
  1− h∗θ0

(
φ0(y), s2(y)

)
=

v−1
Θ

(
φ0(y), θ0

)
v−1

Θ

(
φ0(y)

)
Tìte o kÐndunoc tou parap�nw ektimht , s> èna tuqaÐo θ ∈ Θ, eÐnai:

Rφ∗θ0
(θ) = Eθ

[
q(φ∗θ0

(y)− θ)
]

= Eθ

[
q
(v−1

Θ (φ0(y), θ0)

v−1
Θ (φ0(y))

φ0(y)− θ
)]

= q(θ) + Eθ

[(v−1
Θ (φ0(y), θ0)

v−1
Θ (φ0(y))

)2

q(φ0(y))

]
−2Eθ

[
v−1

Θ (φ0(y), θ0)

v−1
Θ (φ0(y))

q(φ0(y), θ)

]

(q = v−1
Θ ) = v−1

Θ (θ) + Eθ

[(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

]
− 2Eθ

[
v−1

Θ (φ0(y), θ0)v
−1
Θ (φ0(y), θ)

v−1
Θ (φ0(y))

]
Ap> ìpou, gia θ = θ0, lamb�noume ìti:

Rφ∗θ0
(θ0) = v−1

Θ (θ0)− Eθ0

[(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

]
ParathroÔme ìti oi statistikèc sunart seic:

T1(y) =

(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

kai T2(y) =
v−1

Θ (φ0(y), θ0) v−1
Θ (φ0(y), θ)

v−1
Θ (φ0(y))

eÐnai eleÔjerec upì omojesÐa hr(x) = rx (r > 0).
(dhl. ∀x ∈ E , Ti ◦ hr(x) = Ti(x) , i = 1, 2)
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Loipìn, an Uv,r,θ eÐnai o omoiìmorfoc nìmoc epÐ thc sfaÐrac Sv,r,θ = {x ∈ E : ‖x−θ‖2 = r2},
kèntrou θ kai aktÐnac r, èqoume:(

Uv,r,θ

)
Ti

(B) = Uv,r,θ

(
T−1

i (B)
)

=
((
Uv,1,θ

)
hr

)(
T−1

i (B)
)

=
(
Uv,1,θ

)
Ti◦hr

(B) =
(
Uv,1,θ

)
Ti

(B)

Epomènwc, lamb�nontac upìyh ìti ènac v-elleiptik� summetrikìc nìmoc gÔrw apì to θ
eÐnai èna mÐgma omoiomìrfwn nìmwn (bl.[22]), èqoume:(

Uv,1,θ

)
Ti

(B) =

∫
R+

(
Uv,r,θ

)
Ti

(B)P‖·‖(dr)

=

∫
R+

(∫
Sv,r,θ

1T−1
i (B)dUv,r,θ

)
P‖·‖(dr)

= Pθ,v

(
T−1

i (B)
)

=
(
Pθ,v

)
Ti

(B)

dhlad , o nìmoc thc Ti (eikìna tou Pθ,v upì thn Ti, gia opoiond pote Pθ,v) eÐnai h eikìna tou
omoiìmorfou nìmou Uv,1,θ mèsw thc Ti. QwrÐc, loipìn, periorismì thc genikìthtac lamb�noume:

Pθ,v = NE(θ, v)

Analutikìc tÔpoc twn kindÔnwn Rφ∗θ0
(θ0) kai Rφ∗θ0

(θ).
Me th bo jeia tou Jewr matoc 1(bl.Par�rthma), èqoume ìti:

Eθ

[(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

]
=

∫
E

(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

NE(θ, v; dy)

=

∫
Rn−k

(∫
Rk

tθ0x
txθ0

txx
Nk(θ, Ik; dx)

)
Nn−k(0, In−k; dz)

= tθ0

(∫
Rk

xtx
txx

Nk(θ, Ik; dx)

)
θ0

= tθ0

(∫
R+

1

u
X 2

k+2(2λ; du)

)
Ikθ0 + tθ0

(∫
R+

1

u
X 2

k+4(2λ; du)

)
θtθθ0

= ‖θ0‖2

(∫
R+

1

u
X 2

k+2(2λ; du)

)
+ tθ0θ

tθθ0

(∫
R+

1

u
X 2

k+4(2λ; du)

)

= ‖θ0‖2

(
2−1

∫
N0

Γ(k+2
2
− 1 + m)

Γ(k+2
2

+ m)
π(λ; dm)

)
+ tθ0θ

tθθ0

(
2−1

∫
N0

Γ(k+4
2
− 1 + m)

Γ(k+4
2

+ m)
π(λ; dm)

)

=
‖θ0‖2

2

(∫
N0

Γ(k
2
+m)

(k
2
+m)Γ(k

2
+m)

π(λ; dm)

)
+ tθ0θ

tθθ0

(
1

2

∫
N0

Γ(k
2
+m+1)

(k
2
+m+1)Γ(k

2
+m+1)

π(λ; dm)

)

=
‖θ0‖2

2

(∫
N0

1
k
2

+ m
π(λ; dm)

)
+ tθ0θ

tθθ0

(
1

2

∫
N0

1
k
2

+ m + 1
π(λ; dm)

)
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Epeid , ìpwc eÐdame kai sthn §4.7.1,∫
N0

1
k
2

+ m
π(λ; dm) =

e−λ

λk/2

∫ λ

0

x
k
2
−1exdx

kai ∫
N0

1
k
2

+ m + 1
π(λ; dm) =

e−λ

λ
k
2
+1

∫ λ

0

x
k
2 exdx ,

prokÔptei ìti:

Eθ

[(
v−1

Θ (φ0(y), θ0)
)2

v−1
Θ (φ0(y))

]
=
‖θ‖2e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx + tθ0θ

tθθ0

(
e−λ

2λ
k
2
+1

∫ λ

0

x
k
2 exdx

)
EpÐshc,

Eθ

[
v−1

Θ (φ0(y), θ0)v
−1
Θ (φ0(y), θ)

v−1
Θ (φ0(y))

]
=

∫
Rk

tθ0x
txθ

txx
Nk(θ, Ik; dx)

= tθ0

(∫
Rk

x tx
txx

Nk(θ, Ik; dx)

)
θ

= tθ0

(∫
R+

1

u
X 2

k+2(2λ; du)

)
Ikθ + tθ0

(∫
R+

1

u
X 2

k+4(2λ; du)

)
θ tθθ

= tθ0θ

(
e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx

)
+ tθ0θ

(
‖θ‖2e−λ

2λ
k
2
+1

∫ λ

0

xk/2exdx

)
Sunep¸c,

Rφ∗θ0
(θ) = ‖θ‖2 + ‖θ0‖2 e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx + tθ0θ

tθθ0

(
e−λ

2λ
k
2
+1

∫ λ

0

x
k
2 exdx

)

− 2 tθ0θ

(
e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx

)
− 2 tθ0θ‖θ‖2

(
e−λ

2λ
k
2
+1

∫ λ

0

x
k
2 exdx

)
dhlad ,

Rφ∗θ0
(θ) = ‖θ‖2 −

(
2 tθ0θ − ‖θ0‖2

) e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx

− tθ0θ
(
2‖θ‖2 − tθ0θ

) e−λ

2λ
k
2
+1

∫ λ

0

xk/2exdx (2)

kai
Rφ∗θ0

(θ0) = ‖θ0‖2 − ‖θ0‖2 e−λ

2λk/2

∫ λ

0

x
k
2
−1exdx− ‖θ0‖4 e−λ

2λ
k
2
+1

∫ λ

0

xk/2exdx (3)

Ta apotelèsmata aut� mac dÐnoun th dunatìthta na d¸soume to parak�tw gr�fhma. Sto
gr�fhma autì faÐnontai oi grafikèc parast�seic twn Rφ∗θ

(θ), Rφ∗θ1
(θ), Rφ∗θ2

(θ), Rφ∗θ3
(θ) su-

nart sei tou ‖θ‖, gia k = 4, ìpou Rφ∗θ
(θ) dÐnetai apì ton tÔpo (3) kai ta Rφ∗θ1

(θ), Rφ∗θ2
(θ),
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Rφ∗θ3
(θ) apì ton tÔpo (2), an jewr soume ìti to θ = Cθi (i = 1, 2, 3) me C > 0 kai ‖θ1‖ = 1,

‖θ2‖ = 2 kai ‖θ3‖ = 4 antistoÐqwc.

Gr�fhma 1o: KÐndunoi twn ektimht¸n φ∗θi
, i = 1, 2, 3 , sunart sei tou ‖θ‖, gia k = 4.

Parathr seic:
1) Oi ektimhtèc thc morf c:

φ∗θi
(y) =

v−1
Θ (φ0(y), θi)

v−1
Θ (φ0(y))

φ0(y)

gia θi stajeropoihmèno (i = 1, 2, 3) den parousi�zoun idiaÐtero endiafèron afoÔ, ìpwc mpo-
roÔme na doÔme kai sto parap�nw gr�fhma, den kuriarqoÔn omoiomìrfwc, me thn ènnoia tou
kindÔnou, ton e.e.t φ0, o opoÐoc èqei stajerì kÐnduno kai Ðso me 4.

2) Epeid  h kampÔlh tou kindÔnou Rφ∗θi
(θ) ef�ptetai ekeÐnhc tou Rφ∗θ

(θ) (el�qistoc kÐndu-
noc) o ektimht c φ∗θi

eÐnai apodotikìc an to θ, alhjin  tim  thc paramètrou, eÐnai plhsÐon tou θi.
MporoÔme epÐshc na jewr soume thn akoloujÐa twn ektimht¸n

φi(y) =
v−1

Θ (φ0(y), θi−1)

v−1
Θ (φ0(y))

φ0(y)

ìpou θi−1 = φi−1(y) gia i ≥ 2 kai θ0 na eÐnai mÐa ektÐmhsh tou θ, apì ènan ektimht  me sur-
riknwt  (gia par�deigma ekeÐnon twn James − Stein <<jetikoÔ mèrouc>>). 'Omwc, oi pragma-
topoioÔmenec prosomoi¸seic (bl.[41]) den èqoun apodeÐxei th sÔgklish aut c thc akoloujÐac,
oi opoÐec apì tic pr¸tec epanal yeic parousi�zoun ènan kÐnduno megalÔtero apì ekeÐnon twn
James− Stein.

91

1
* ( )R
θφ

θ   
2

* ( )R
θφ

θ  

1 2 3 4 5 6

2

4

6

8

10

 

3
* ( )R
θφ

θ  

 
 
 
 

* ( )R
θφ
θ  



Sto parak�tw gr�fhma faÐnetai o kÐndunoc tou ektimht  James−Stein <<jetikoÔ mèrouc>>
(bl.§4.7.2) kai o el�qistoc kÐndunoc Rφ∗θ

(θ) enìc ektimht  me surriknwt  sunart sei tou ‖θ‖,
ìtan h di�stash k tou Θ eÐnai 4.

Gr�fhma 2o: KÐndunoc tou ektimht  twn James − Stein <<jetikoÔ mèrouc>> kai el�qistoc
kÐndunoc enìc ektimht  me surriknwt  φ∗θ, sunart sei tou ‖θ‖, gia k = 4.
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PARARTHMA

H MH-KENTRIKH X 2-KATANOMH
L mma 1

H mh-kentrik  X 2-pijanìthta me n bajmoÔc eleujerÐac kai par�metro δ, X 2
n(δ), eÐnai h

sÔnjesh thc pijanìthtac Poisson paramètrou δ/2, π(δ/2), kai thc met�bashc pijanìthtac
apì ton N0 ston R+, h opoÐa me k�je k sundèei thn kentrik  X 2-pijanìthta me n+2k bajmoÔc
eleujerÐac, X 2

n+2k.
'Allec ekfr�seic tou L mmatoc

(1) An X1, ...Xn anex�rthtec t.m.: Xi ∼ N(µi, 1) i = 1, ..., n, tìte
n∑

i=1

X2
i ∼ X 2

n(δ) ìpou δ =
n∑

i=1

µ2
i

(2) An mÐa t.m Y akoloujeÐ, desmeutik� me mÐa t.m K, to nìmo X 2
n+2K kai an K akoloujeÐ

thn Poisson π(δ/2) tìte h Y akoloujeÐ thn X 2
n(δ).

(3) Gia k�je apeikìnish, f apì ton R+ mèsa ston R, X 2
n(δ)-oloklhr¸simh, èqoume:∫

R+

f(x)X 2
n(δ; dx) =

∫
N0

(∫
R+

f(x)X 2
n+2k(dx)

)
π(δ/2; dk)

Apìdeixh
H puknìthta pijanìthtac h opoÐa prokÔptei apì thn sÔnjesh thc π(δ/2) kai thc met�bashc

k  X 2
n+2k eÐnai

+∞∑
k=0

e−δ/2

k!

(δ

2

)k y
n
2
+k−1

Γ(n
2

+ k)

e−y/2

2
n
2
+k

h opoÐa den eÐnai �llh apì thn puknìthta thc X 2
n(δ) (bl. [21]).

2

Pìrisma 1
'Estw u ∈ R, h rop  t�xewc u thc mh-kentrik c X 2

n -pijanìthtac, X 2
n(δ), eÐnai peperasmènh

an kai mìnon an u > −n/2. S�aut  thn perÐptwsh,∫
R+

xuX 2
n(δ; dx) = 2u

∫
N0

Γ(n
2

+ u + k)

Γ(n
2

+ k)
π(δ/2; dk)

Apìdeixh
Apì thn èkfrash (3) tou L mmatoc 1, èqoume:
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∫
R+

xuX 2
n(δ; dx) =

∫
N0

(∫
R+

xuX 2
n+2k(dx)

)
π(

δ

2
; dk) =

+∞∑
k=0

(∫
R+

xuX 2
n+2k(dx)

)e−
δ
2 ( δ

2
)k

k!
(1)

ìpou ∀k ∈ N0,
∫

R+
xuX 2

n+2k(dx) ∈ (0, +∞]

• an u ≤ −n
2
, tìte∫

R+

xuX 2
n(dx) =

∫
R+

xu 1

Γ(n
2
)2

n
2

x
n
2
−1e−

x
2 dx =

1

Γ(n
2
)2

n
2

∫
R+

x(u+n
2
)−1e−

x
2 dx

Jètontac a = u + n
2
, to teleutaÐo olokl rwma gr�fetai:∫

R+

xae−
x
2 dx =

∫ 1

0

xae−
x
2 dx +

∫ +∞

1

xae−
x
2 dx = I1 + I2 ìpou a ≤ −1

Epeid  e−
x
2 ↓ sto [0, 1],

I1 ≥
∫ 1

0

xae−
1
2 dx = +∞

en¸
I2 < +∞

Epomènwc, ∫
R+

xuX 2
n(dx) = +∞ dhlad  o mhdenikìc ìroc sthn (1) apeirÐzetai, �ra∫

R+

xuX 2
n(δ; dx) = +∞

• an u > −n
2
, ∀k ∈ N0,∫

R+

xuX 2
n+2k(dx) =

∫
R+

xu 1

Γ(k + n
2
)2k+n

2

xk+n
2
−1e−

x
2 dx

=
1

Γ(k + n
2
)2k+n

2

∫
R+

x(u+k+n
2
)−1e−

x
2 dx

=
1

Γ(k + n
2
)2k+n

2

· Γ(u + k +
n

2
)2u+k+n

2

= 2u Γ(u + k + n
2
)

Γ(n
2

+ k)
(2)

kai h zhtoÔmenh sqèsh prokÔptei �mesa apì tic (1) kai (2).
Mènei na epalhjeÔsoume se aut n thn perÐptwsh ìti ∫

R+
xuX 2

n(δ; dx) < +∞. Gia na to
apodeÐxoume qrhsimopoioÔme to gegonìc ìti:

∀t ≥ 0, X 2
n( δ, [0, t] ) ≤ X 2

n( 0, [0, t] )

Pr�gmati, èstw M = t(X1, ..., Xn) dianusmatik  tuqaÐa metablht  me Xi ∼ N(µi, 1) , i =
1, ..., n, anex�rthtec. An Z =

∑n
i=1 X2

i tìte Z ∼ X 2
n(δ) ìpou δ =

∑n
i=1 µ2

i . Mèsw enìc
orjog¸niou metasqhmatismoÔ h Z gr�fetai

Z = U + V ìpou U =
n−1∑
i=1

Yi
2 kai V = Yn

2
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me Yi ∼ N(0, 1), i = 1, ..., n− 1 kai Yn ∼ N(
√

δ, 1). Gia k�je z ≥ 0, èqoume:
FV (z) = P (V ≤ z) = P (Yn

2 ≤ z) = P (−
√

z ≤ Yn ≤
√

z)

= P (−
√

z −
√

δ ≤ Yn −
√

δ ≤
√

z −
√

δ)

= Φ(
√

z −
√

δ)− Φ(−
√

z −
√

δ)

ìpou Φ h sun�rthsh katanom c thc N(0, 1).
ParathroÔme ìti, kaj¸c δ ↑, FV (z) ↓. 'Ara, gia k�je z ≥ 0, èqoume:

FZ(z) = P (U + V ≤ z) =

∫ z

0

(∫ −u+z

0

f(U,V )(u, v)dv
)
du

=

∫ z

0

(∫ −u+z

0

fV (v)dv
)
fU(u)du

=

∫ z

0

FV (z − u)fU(u)du

to opoÐo fjÐnei an to δ aux�nei. Sunep¸c, epeid  Z ∼ X 2
n(δ),

∀z ≥ 0, X 2
n(δ, [0, z]) ≤ X 2

n(0, [0, z])

Epeid  xu ≥ 0, prokÔptei:∫ +∞

0

xuX 2
n(δ; dx) ≤

∫ +∞

0

xuX 2
n(0; dx) < +∞

kai to pìrisma apodeÐqthke.
2

L mma 2
An Z∼ X 2

n(δ) tìte h qarakthristik  thc sun�rthsh dÐnetai apì ton tÔpo:
φZ(t) = (1− 2it)−n/2eitδ/(1−2it)

(bl.[29], sel.24)
Apì to L mma 2, �mesa prokÔptei ìti:

L mma 3
An Z1, Z2 anex�rthtec t.m. me Z1 ∼ X 2

n1
(δ1) kai Z2 ∼ X 2

n2
(δ2) tìte Z1+Z2 ∼ X 2

n1+n2
(δ1+δ2)

L mma 4
An X tuqaÐo di�nusma me X ∼ Nm(µ, Im) kai B eÐnai ènac m×m summetrikìc pÐnakac tìte

tXBX ∼ X 2
k (δ) an kai mìnon an o B eÐnai tautodÔnamoc(dhl.B2=B). S> aut  thn perÐptwsh

èqoume ìti k = rg(B) = tr(B) kai δ = tµBµ.
(gia thn apìdeixh blèpe [29], Je¸r.1.4.2, sel.27)
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L mma 5
'Estw θ ∈ Rp kai h : Rp → R metr simh sun�rthsh, Np(θ, Ip)-oloklhr¸simh. Upojètoume

ìti h sun�rthsh, apì ton Rp ston Rp, z  h(‖z‖2)z eÐnai oloklhr¸simh (λp-oloklhr¸simh,
ìpou λp to mètro Lebesgue epÐ tou Rp).
Tìte:

(i)

∫
Rp

h(‖z‖2)(z − θ)Np(θ, Ip ; dz) =
θ

‖θ‖2

∫
N0

(∫
R+

h(u)X 2
p+2k(du)

)
(2k − ‖θ‖2)π

(‖θ‖2

2
; dk

)
(ii)

∫
Rp

h(‖z‖2)zNp(θ, Ip ; dz) =
θ

‖θ‖2

∫
N0

(∫
R+

h(u)X 2
p+2k(du)

)
2kπ

(‖θ‖2

2
; dk

)
(iii)

∫
Rp

h(‖z‖2)zNp(θ, Ip ; dz) = θ

∫
N0

(∫
R+

h(u)X 2
p+2t+2(du)

)
π
(‖θ‖2

2
; dt

)
(iv)

∫
Rp

h(‖z‖2) t(z − θ)zNp(θ, Ip ; dz) =

∫
N0

(∫
R+

h(u)(u− 2k)X 2
p+2k(du)

)
π
(‖θ‖2

2
; dk

)
Apìdeixh

(i) Gia k�je i, me 1≤i≤p, èqoume ìti:
∂

∂θi

∫
Rp

h(‖z‖2)Np(θ, Ip ; dz) =
∂

∂θi

∫
Rp

h
( p∑

i=1

z2
i

)
(2π)−p/2exp

{
−1

2

p∑
i=1

(zi − θi)
2
} p∏

i=1

dzi

=

∫
Rp

h
( p∑

i=1

z2
i

)
(2π)−p/2(zi − θi)exp

{
−1

2

p∑
i=1

(zi − θi)
2
} p∏

i=1

dzi

=

∫
Rp

h(‖z‖2)(zi − θi)Np(θ, Ip ; dz)

'Omwc, jètontac u=‖z‖2 kai qrhsimopoi¸ntac tic ekfr�seic (1) kai (3) antÐstoiqa tou L m-
matoc 1.1, èqoume:∫

Rp

h(‖z‖2)Np(θ, Ip ; dz) =

∫
R+

h(u)X 2
p (‖θ‖2; du)

=

∫
N0

f(k)π
(‖θ‖2

2
; dk

)
, ìpou f(k) =

∫
R+

h(u)X 2
p+2k(du) (3)

ap> ìpou lamb�noume ìti:
∂

∂θi

∫
Rp

h(‖z‖2)Np(θ, Ip ; dz)

=
∂

∂θi

+∞∑
k=0

f(k)exp
{
−1

2

p∑
i=1

θ2
i

}(1

2

p∑
i=1

θ2
i

)k 1

k!

=
+∞∑
k=0

f(k)

k!

[
−θiexp

{
−1

2

p∑
i=1

θ2
i

}(1

2

p∑
i=1

θ2
i

)k

+ exp
{
−1

2

p∑
i=1

θ2
i

}
kθi

(1

2

p∑
i=1

θ2
i

)k−1]
=

+∞∑
k=0

f(k)

k!

[
−θiexp

{
−‖θ‖

2

2

}(‖θ‖2

2

)k

+ exp
{
−‖θ‖

2

2

}
kθi

(‖θ‖2

2

)k−1]
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=
+∞∑
k=0

f(k)

k!
exp

{
−‖θ‖

2

2

}(‖θ‖2

2

)k−1

θi

(
k − ‖θ‖2

2

)]
=

θi

‖θ‖2

+∞∑
k=0

f(k)

k!
exp

{
−‖θ‖

2

2

}(‖θ‖2

2

)k(
2k − ‖θ‖2

)]
=

θi

‖θ‖2

∫
N0

f(k)(2k − ‖θ‖2)π
(‖θ‖2

2
; dk

)
Sunep¸c, prokÔptei ìti gia k�je i me 1≤i≤p,∫

Rp

h(‖z‖2)(zi − θi)Np(θ, Ip ; dz) =
θi

‖θ‖2

∫
N0

f(k)(2k − ‖θ‖2)π
(‖θ‖2

2
; dk

)
(4)

kai epomènwc,∫
Rp

h(‖z‖2)(z − θ)Np(θ, Ip ; dz) =
θ

‖θ‖2

∫
N0

(∫
R+

h(u)X 2
p+2k(du)

)
(2k − ‖θ‖2)π

(‖θ‖2

2
; dk

)
(ii) Apì tic sqèseic (3) kai (4) prokÔptei ìti, gia k�je i, me 1≤i≤p,∫

Rp

h(‖z‖2)ziNp(θ, Ip ; dz) =
θi

‖θ‖2

∫
N0

f(k)2kπ
(‖θ‖2

2
; dk

)
(5)

Sunep¸c, ∫
Rp

h(‖z‖2)zNp(θ, Ip ; dz) =
θ

‖θ‖2

∫
N0

(∫
R+

h(u)X 2
p+2k(du)

)
2kπ

(‖θ‖2

2
; dk

)
(iii) ParathroÔme ìti:

1

‖θ‖2

∫
N0

f(k)2kπ
(‖θ‖2

2
; dk

)
=

2

‖θ‖2

+∞∑
k=1

f(k)kexp
{
−‖θ‖

2

2

}(‖θ‖2

2

)k 1

k!

=
2

‖θ‖2

+∞∑
k=1

f(k)exp
{
−‖θ‖

2

2

}(‖θ‖2

2

)k 1

(k − 1)!

=
+∞∑
k=1

f(k)exp
{
−‖θ‖

2

2

}(‖θ‖2

2

)k−1 1

(k − 1)!

(jètontac k − 1 = t) =
+∞∑
t=0

f(t + 1)exp
{
−‖θ‖

2

2

}(‖θ‖2

2

)t 1

t!

=

∫
N0

f(t + 1)π
(‖θ‖2

2
; dt

)
Ap> ìpou, sÔmfwna me thn (ii), sumperaÐnoume ìti:∫

Rp

h(‖z‖2)zNp(θ, Ip ; dz) = θ

∫
N0

(∫
R+

h(u)X 2
p+2t+2(du)

)
π
(‖θ‖2

2
; dt

)
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(iv) Tèloc, apì thn èkfrash (3) tou L mmatoc 1 kai to (ii) tou parìntoc L mmatoc,
lamb�noume ìti:∫

Rp

h(‖z‖2) t(z − θ)zNp(θ, Ip ; dz)

=

∫
Rp

h(‖z‖2)‖z‖2Np(θ, Ip ; dz)− tθ

∫
Rp

h(‖z‖2)zNp(θ, Ip ; dz)

=

∫
R+

h(u)uX 2
p

(
‖θ‖2; du

)
− tθ

∫
Rp

h(‖z‖2)zNp(θ, Ip ; dz)

=

∫
N0

(∫
R+

h(u)uX 2
p+2k(du)

)
π
(‖θ‖2

2
; dk

)
− tθ

θ

‖θ‖2

∫
N0

(∫
R+

h(u)X 2
p+2k(du)

)
2kπ

(‖θ‖2

2
; dk

)
=

∫
N0

(∫
R+

h(u)(u− 2k)X 2
p+2k(du)

)
π
(‖θ‖2

2
; dk

)
2

L mma 6
'Estw w ∼ N(δ, 1) kai ϕ(w2)-Borel metr simh sun�rthsh. Tìte:

E[ϕ(w2)w2] =

∫
R

ϕ(w2)w2N(δ, 1; dw) =

∫
R+

ϕ(u)X 2
3 (δ2; du) +

∫
R+

ϕ(u)X 2
5 (δ2; du)

Apìdeixh
'Eqoume:∫

R
ϕ(w2)w2N(δ, 1; dw) =

∫
R+

ϕ(u)uX 2
1 (δ2; du) =

∫
N0

(∫
R+

ϕ(u)uX 2
1+2k(du)

)
π(δ2/2; dk)

ìpou ∫
R+

ϕ(u)uX 2
1+2k(du) =

1

Γ(k + 1/2)2k+1/2

∫ +∞

0

ϕ(u)uuk+ 1
2
−1e−u/2du

=
1

Γ(k + 1/2)2k+1/2

∫ +∞

0

ϕ(u)uk+ 3
2
−1e−u/2du

=
Γ(k + 3

2
)2k+ 3

2

Γ(k + 1/2)2k+1/2

∫ +∞

0

ϕ(u)X 2
2k+3(du)

=
(k + 1

2
)Γ(k + 1

2
)2k+ 3

2

Γ(k + 1/2)2k+1/2

∫ +∞

0

ϕ(u)X 2
2k+3(du)

= 2(k + 1/2)

∫ +∞

0

ϕ(u)X 2
2k+3(du)

Sunep¸c,∫
R

ϕ(w2)w2N(δ, 1; dw) =

∫
N0

(2k + 1)

(∫
R+

ϕ(u)X 2
2k+3(du)

)
π(δ2/2; dk)

= 2

∫
N0

k

(∫
R+

ϕ(u)X 2
2k+3(du)

)
π(δ2/2; dk)

+

∫
N0

(∫
R+

ϕ(u)X 2
2k+3(du)

)
π(δ2/2; dk)

= A + B
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ìpou
B =

∫
R+

ϕ(u)X 2
3 (δ2; du)

kai
A = 2

+∞∑
k=1

ke−δ2/2 (δ2/2)k

k!

∫ +∞

0

ϕ(u)X 2
2k+3(du)

= 2
+∞∑
k=1

e−δ2/2 (δ2/2)k

(k − 1)!

∫ +∞

0

ϕ(u)X 2
2k+3(du)

= 2
δ2

2

+∞∑
m=0

e−δ2/2 (δ2/2)m

m!

∫ +∞

0

ϕ(u)X 2
2m+5(du)

= δ2

∫
R+

ϕ(u)X 2
5 (δ2; du)

ap> ìpou prokÔptei to zhtoÔmeno.
2

L mma 7
Upojètoume ìti w ∼ N(δ, 1) kai ϕ(w2)-Borel metr simh sun�rthsh. Tìte:

E[ϕ(w2)w] =

∫
R

ϕ(w2)wN(δ, 1; dw) = δ

∫
R+

ϕ(u)X 2
3 (δ2; du)

Apìdeixh
Upì tic upojèseic ekeÐnec oi opoÐec epitrèpoun thn enallag  parag¸gou kai oloklhr¸matoc

èqoume: ∫
R

ϕ(w2)wN(δ, 1; dw)

=
1√
2π

∫
R

ϕ(w2)wexp
{
−1

2
(w − δ)2

}
dw

=
1√
2π

exp
{
−δ2

2

}∫
R

ϕ(w2)wexp
{
−1

2
w2 + δw

}
dw

=
1√
2π

exp
{
−δ2

2

}∫
R

ϕ(w2)
∂

∂δ
exp

{
−1

2
w2 + δw

}
dw

=
1√
2π

exp
{
−δ2

2

} ∂

∂δ

∫
R

ϕ(w2)exp
{
−1

2
w2 + δw

}
dw

= exp
{
−δ2

2

} ∂

∂δ

(
exp

{δ2

2

}∫
R

ϕ(w2)N(δ, 1; dw)

)

= exp
{
−δ2

2

} ∂

∂δ

(
exp

{δ2

2

}∫
R+

ϕ(w)X 2
1 (δ2; du)

)

= exp
{
−δ2

2

} ∂

∂δ

(
exp

{δ2

2

} +∞∑
k=0

e−δ2/2 (δ2/2)k

k!

(∫
R+

ϕ(u)X 2
1+2k(du)

))
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= exp
{
−δ2

2

} ∂

∂δ

+∞∑
k=0

(δ2/2)k

k!

∫
R+

ϕ(u)X 2
1+2k(du)

= exp
{
−δ2

2

} +∞∑
k=0

k(δ2/2)k−1

k!
δ

∫
R+

ϕ(u)X 2
1+2k(du)

= exp
{
−δ2

2

} +∞∑
k=1

1

(k − 1)!
(δ2/2)k−1δ

∫
R+

ϕ(u)X 2
1+2k(du)

= δexp
{
−δ2

2

} +∞∑
m=0

1

m!
(δ2/2)m

∫
R+

ϕ(u)X 2
2m+3(du)

= δ

∫
R+

ϕ(u)X 2
3 (δ2; du)

2

Je¸rhma 1
An w ∼ Nk(θ, Ik) kai ϕ(w2)-Borel metr simh sun�rthsh, tìte:

E[ϕ( tww)w tw]=

∫
Rk

ϕ( tww)w twNk(θ, Ik; dw)

=

(∫
R+

ϕ(u)X 2
k+2(2λ; du)

)
Ik +

(∫
R+

ϕ(u)X 2
k+4(2λ; du)

)
θ tθ

ìpou λ = tθθ/2.
Apìdeixh

'Estw w = t(w1, ..., wk) kai kajorÐzoume ta diag¸nia kai mh-diag¸nia stoiqeÐa tou pÐnaka
E[ϕ( tww)w tw].

Ta diag¸nia stoiqeÐa tou eÐnai thc morf c :
E

[
ϕ
( k∑

i=1

w2
i

)
w2

i

]
ta opoÐa gr�fontai:

E
[
ϕ
( k∑

i=1

w2
i

)
w2

i

]
=

∫
Rk

ϕ
(
w2

i +
∑
j 6=i

w2
j

)
w2

i Nk(θ, Ik; dw)

=

∫
Rk−1

(∫
R

ϕ
(
w2

i +
∑
j 6=i

w2
j

)
w2

i N(θi, 1; dwi)

)
Nk−1(θ

i, Ik−1; dwi)

ìpou θi = (θ1, ..., θi−1, θi+1, ..., θk) kai wi = (w1, ..., wi−1, wi+1, ..., wk).Epomènwc, lìgw tou L mmatoc 6 (anwtèrw), èqoume:
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E
[
ϕ
( k∑

i=1

w2
i

)
w2

i

]
=

∫
Rk−1

(∫
R+

ϕ
(
u +

∑
j 6=i

w2
j

)
X 2

3 (θ2
i ; du) + θ2

i

∫
R+

ϕ
(
u +

∑
j 6=i

w2
j

)
X 2

5 (θ2
i ; du)

)
Nk−1(θ

i, Ik−1; dwi)

=

∫
R+

(∫
Rk−1

ϕ
(
u +

∑
j 6=i

w2
j

)
Nk−1(θ

i, Ik−1; dwi)

)
X 2

3 (θ2
i ; du)

+ θ2
i

∫
R+

(∫
Rk−1

ϕ
(
u +

∑
j 6=i

w2
j

)
Nk−1(θ

i, Ik−1; dwi)

)
X 2

5 (θ2
i ; du)

=

∫
R+

(∫
R+

ϕ(u + v)X 2
k−1(

tθiθi; dv)

)
X 2

3 (θ2
i ; du)

+ θ2
i

∫
R+

(∫
R+

ϕ(u + v)X 2
k−1(

tθiθi; dv)

)
X 2

5 (θ2
i ; du)

=

∫
R+×R+

ϕ(u + v)X 2
k−1(

tθiθi; dv)X 2
3 (θ2

i ; du) + θ2
i

∫
R+×R+

ϕ(u + v)X 2
k−1(

tθiθi; dv)X 2
5 (θ2

i ; du)

=

∫
R+

ϕ(t)X 2
k+2(

tθθ; dt) + θ2
i

∫
R+

ϕ(t)X 2
k+4(

tθθ; dt)

h teleutaÐa aut  isìthta prokÔptei apì thn anexarthsÐa twn u kai v kai to L mma 3.
Ta mh-diag¸nia stoiqeÐa tou, gia i 6= j, èqoun th morf :
E

[
ϕ
( k∑

i=1

w2
i

)
wiwj

]
=

∫
Rk−1

wj

(∫
R

ϕ
(
w2

i +
∑
l 6=i

w2
l

)
wiN(θi, 1; dwi)

)
Nk−1(θ

i, Ik−1; dwi)

ta opoÐa lìgw tou L mmatoc 7 gr�fontai:

E
[
ϕ
( k∑

i=1

w2
i

)
wiwj

]
=

∫
Rk−1

wj

(
θi

∫
R+

ϕ
(
u +

∑
l 6=i

w2
l

)
X 2

3 (θ2
i ; du)

)
Nk−1(θ

i, Ik−1; dwi)

= θi

∫
R+

(∫
Rk−1

ϕ
(
u +

∑
l 6=i

w2
l

)
wjNk−1(θ

i, Ik−1; dwi)

)
X 2

3 (θ2
i ; du)

Efarmìzontac akìmh mÐa for� to L mma 7 sto parap�nw eswterikì olokl rwma kai
jètontac θi,j = (θ1, ..., θi−1, θi+1, ..., θj−1, θj+1, ..., θk), lamb�noume:∫

Rk−1

ϕ
(
u +

∑
l 6=i

w2
l

)
wjNk−1(θ

i, Ik−1; dwi)

=

∫
Rk−1

ϕ
(
u + w2

j +
∑
l 6=i,j

w2
l

)
wjNk−1(θ

i, Ik−1; dwi)

=

∫
Rk−2

(∫
R

ϕ
(
w2

j + u +
∑
l 6=i,j

w2
l

)
wjN(θj, 1; dwj)

)
Nk−2(θ

i,j, Ik−2; dwi,j)

=

∫
Rk−2

(
θj

∫
R+

ϕ
(
v + u +

∑
l 6=i,j

w2
l

)
X 2

3 (θ2
j ; dv)

)
Nk−2(θ

i,j, Ik−2; dwi,j)
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= θj

∫
R+

(∫
Rk−2

ϕ
(
v + u +

∑
l 6=i,j

w2
l

)
Nk−2(θ

i,j, Ik−2; dwi,j)

)
X 2

3 (θ2
j ; dv)

= θj

∫
R+

(∫
R+

ϕ(v + u + z)X 2
k−2

(∑
l 6=i,j

θ2
l ; dz

))
X 2

3 (θ2
j ; dv)

Sunep¸c,

E
[
ϕ
( k∑

i=1

w2
i

)
wiwj

]
= θiθj

∫
R+

(∫
R+

(∫
R+

ϕ(v + u + z)X 2
k−2

(∑
l 6=i,j

θ2
l ; dz

))
X 2

3 (θ2
j ; dv)

)
X 2

3 (θ2
i ; du)

= θiθj

∫
R+×R+×R+

ϕ(u + v + z)X 2
3 (θ2

i ; du)X 2
3 (θ2

j ; dv)X 2
k−2

(∑
l 6=i,j

θ2
l ; dz

)
= θiθj

∫
R+

ϕ(t)X 2
k+4(

tθθ; dt)

lìgw anexarthsÐac twn u, v kai z kai tou L mmatoc 3.
Sundu�zontac ta diag¸nia kai mh diag¸nia stoiqeÐa, katal goume sth zhtoÔmenh isìthta

pin�kwn.
2
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in Mathematics

[23] Cellier D., Fourdrinier D. et Robert C.(1989) Controlled Shrinkage Estimators(A
class of estimators better than the least squares estimator, with respect to a general quadratic
loss, for normal observations) −Statistics 20, 1, pp.13− 22

[24] Cellier D. et Fourdrinier D.(1994) Shrinkage Estimators under Spherical Symmetry
for the General Linear Model −Document 1994− 09, Université de Rouen
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Matriciels −These, Université de Rouen
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