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Prìlogoc

Skopìc thc ergasÐac aut c eÐnai na melet sei ta èwc t¸ra gnwst� apo-
telèsmata gia thn sqèsh metaxÔ twn idiot twn Krein-Milman kai Radon-
Nikodým se q¸rouc Banach.

Sto pr¸to kef�laio eis�gontai oi ènnoiec twn dianusmatik¸n mètrwn kai
tou oloklhr¸matoc Bochner, ènnoiec aparaÐthtec gia ton orismì thc idiìth-
tac Radon-Nikodým.

To 1967 o M.A. Rieffel eis gage sto [14] thn ènnoia thc aiqmhrìthtac kai
parousÐase to pr¸to apotèlesma pou sunèdee thn idiìthta Radon-Nikodým
me gewmetrik� qarakthristik� twn q¸rwn Banach. Apèdeixe, sugkekrimèna,
thn anagkaiìthta thc idiìthtac Radon-Nikodým gia thn aiqmhrìthta tou
q¸rou. To apotèlesma autì parousi�zetai analutik� sthn deÔterh enìthta
tou deutèrou kefalaÐou.

To 1973 o Maynard, sto [10], apèdeixe thn isodunamÐa thc idiìthtac
Radon-Nikodým me mÐa �llh gewmetrik  idiìthta, fainomenik� asjenèste-
rh thc aiqmhrìthtac, thn s-aiqmhrìthta. To 1974, oi W.J. Davis kai R.R.
Phelps sto [12], parat rhsan oti h apìdeixh tou Maynard mporoÔse na tropo-
poihjeÐ ¸ste na leitourg sei kai sthn perÐptwsh thc aiqmhrìthtac, oloklh-
r¸nontac ètsi ènan pr¸to shmantikì qarakthrismì gia thn idiìthta Radon-
Nikodým, thn isodunamÐa thc me thn aiqmhrìthta. Sthn trÐth enìthta tou
deutèrou kefalaÐou parousi�zoume analutik� mÐa apìdeixh autoÔ tou apo-
telèsmatoc, ligìtero perÐplokh apì aut n twn Davis kai Phelps, h opoÐa
parousi�sthke thn Ðdia qroni� sto [8] kai ofeÐletai ston R.E. Huff.

EpÐshc to 1974, parousi�sthkan sto [11] dÔo apodeÐxeic thc anagkaiì-
thtac thc idiìthtac Krein-Milman gia thn aiqmhrìthta enìc q¸rou Banach
kai epomènwc gia thn isqÔ thc idiìthtac Radon-Nikodým. H pr¸th apìdeixh
an kei ston Joram Lindenstrauss, o opoÐoc èdeixe kat' eujeÐan oti h aiqmhrì-
thta sunep�getai thn idiìthta Krein-Milman, en¸ h deÔterh, tou R.R.Phelps,
deÐqnei pr¸ta oti ìtan o q¸roc eÐnai aiqmhrìc tìte k�je kleistì, kurtì kai
fragmèno sÔnolo eÐnai h kleist , kurt  j kh twn isqur� ektejeimènwn sh-
meÐwn tou (kai ìqi apl� twn akraÐwn, ìpwc apaiteÐ h idiìthta Krein-Milman).
Kai oi dÔo autèc apodeÐxeic analÔontai sto trÐto kef�laio.

Apì tìte, èqoun brejeÐ k�poiec peript¸seic stic opoÐec isqÔei h isoduna-
mÐa twn dÔo idiot twn, paradeÐgmatoc q�rin oi duðkoÐ q¸roi Banach kai ta
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8 PERIEQ�OMENA

isqur� kanonik� sÔnola, apotelèsmata ta opoÐa parousi�zoume sto teleutaÐ-
o kef�laio. To basikì ìmwc er¸thma, e�n dhlad  h idiìthta Krein-Milman
apoteleÐ anagkaÐa sunj kh gia thn isqÔ thc idiìthtac Radon-Nikodým, pa-
ramènei mèqri s mera anap�nthto.



Kef�laio 1

Eisagwgikèc ènnoiec

1.1 SÔgklish qwrÐc periorismì
Orismìc 1.1.1. (a) Lème oti h seir�

∑
xi ston q¸ro Banach Q sugklÐnei

apolÔtwc, an sugklÐnei h antÐstoiqh seir� pragmatik¸n arijm¸n
∑
‖xi‖.

(b) Lème oti h seir�
∑

xi tou q¸rou Banach Q eÐnai apolÔtwc Cauchy,
an h antÐstoiqh seir� pragmatik¸n arijm¸n

∑
‖xi‖ eÐnai Cauchy.

Orismìc 1.1.2. `Estw
∑

xi seir� se k�poio q¸ro Banach Q. Lème oti h
seir� sugklÐnei qwrÐc periorismì (unconditionally), an h

∑
xπ(i) su-

gklÐnei me thn metrik  pou ep�gei h nìrma tou Q, gia k�je anadi�taxh π tou
N.

Prìtash 1.1.3. Ta ex c eÐnai isodÔnama :

1. Up�rqei x ∈ X, tètoio ¸ste gia k�je ε > 0, na up�rqei F ⊆ N pepera-
smèno, ètsi ¸ste gia k�je F ′ ⊇ F peperasmèno, na isqÔei∥∥∥∥ x−

∑
i∈F ′

xi

∥∥∥∥< ε

2. H seir�
∑

xi sugklÐnei qwrÐc periorismì.

Apìdeixh. ”(1) =⇒ (2)” `Estw π anadi�taxh tou N. `Estw ε > 0. Apì
to (1) up�rqei F ⊆ N peperasmèno, tètoio ¸ste ‖x −∑i∈F ′ xi‖ < ε, gia
k�je F ′ ⊇ F peperasmèno. AfoÔ to π eÐnai anadi�taxh tou N kai to F
peperasmèno, up�rqei n0 ∈ N, tètoio ¸ste {π(1), π(2), ..., π(n0)} ⊇ F . All�
tìte, gia k�je n > n0, {π(1), π(2), ..., π(n)} ⊇ F , �ra∥∥∥∥ x−

n∑
i=1

xπ(i)

∥∥∥∥< ε

Dhlad , h ∑xπ(i) sugklÐnei sto x gia k�je anadi�taxh π tou N.
9



10 KEF�ALAIO 1. EISAGWGIK�ES �ENNOIES

”(2) =⇒ (1)” AfoÔ h seir� sugklÐnei qwrÐc periorismì, ja up�rqei x ∈ X,
gia to opoÐo ∑i∈N xi = x. `Estw oti den isqÔei to (1). Tìte, gia autì to
x ∈ X, up�rqei ε > 0 tètoio ¸ste gia k�je F ⊆ N peperasmèno, na up�rqei
F ′ ⊇ F peperasmèno me ∥∥∥∥ x−

∑
i∈F ′

xi

∥∥∥∥≥ ε

Apì to oti ∑i∈N xi = x paÐrnoume ta akìlouja
• Up�rqei n1 ∈ N me ∥∥∥∥ x−

n1∑
i=1

xi

∥∥∥∥< 1

.
Gia to {1, 2, ..., n1}, ìmwc, up�rqei F1 ⊇ {1, 2, ..., n1} peperasmèno, tètoio¸ste ∥∥∥∥ x−

∑
i∈F1

xi

∥∥∥∥≥ ε

• Up�rqei n2 > max F1 me∥∥∥∥ x−
n2∑
i=1

xi

∥∥∥∥< 1/2

kai F2 ⊇ {1, 2, ..., n2} peperasmèno, tètoio ¸ste∥∥∥∥ x−
∑
i∈F2

xi

∥∥∥∥≥ ε

...
Kataskeu�zoume ètsi akoloujÐa n1 < n2 < ... < nk < ... kai akoloujÐa

Ek = Fk \ {1, 2, ..., nk} (k�poia apì ta Ek pijanìn na eÐnai ken�), me nk <
minEk ≤ max Ek < nk+1 (ìtan oi posìthtec pou emfanÐzontai up�rqoun),
tètoiec ¸ste ∥∥∥∥ x−

nk∑
i=1

xi

∥∥∥∥< 1
k

kai
∥∥∥∥ x−

nk∑
i=1

xi −
∑
i∈Ek

xi

∥∥∥∥≥ ε

Tìte, ìmwc,

ε ≤
∥∥∥∥ x−

nk∑
i=1

xi −
∑
i∈Ek

xi

∥∥∥∥≤∥∥∥∥ x−
nk∑
i=1

xi

∥∥∥∥ +
∥∥∥∥ ∑

i∈Ek

xi

∥∥∥∥< 1
k
+
∥∥∥∥ ∑

i∈Ek

xi

∥∥∥∥
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`Ara ∥∥∥∥ ∑

i∈Ek

xi

∥∥∥∥> ε− 1
k

Epomènwc, gia ”meg�la” k, to ‖∑i∈Ek
xi‖ den eÐnai ”polÔ mikrìtero” apì

to ε (p.q. > ε
2)Kataskeu�zoume anadi�taxh p tou N

E1, {n ∈ N \ E1 : n < max E1}, E2, {n ∈ N \ E2 : maxE1 < n < max E2},

..., Ek, {n ∈ N \ Ek : maxEk−1 < n < max Ek}, ...

Tìte, h ∑xπ(i) den mporeÐ na sugklÐnei, diìti h akoloujÐa twn merik¸n a-
jroism�twn den eÐnai Cauchy.

(∀n ∈ N,∃nk1 ∈ N : minEnk1
> n kai ‖∑i∈Enk1

xi‖ > ε/2)
`Atopo, diìti h ∑xi sugklÐnei qwrÐc periorismì.

Pìrisma 1.1.4. An h seir�
∑

xi sugklÐnei qwrÐc periorismì, tìte to ìrio
thc

∑
xπ(i) eÐnai Ðdio gia k�je anadi�taxh p tou N. MporoÔme, loipìn, sto

ex c na lème oti h
∑

xi sugklÐnei qwrÐc periorismì sto x.

Apìdeixh. �Estw oti h∑xi sugklÐnei qwrÐc periorismì. Tìte ja isqÔei to (1)thc Prìtashc 1.1.3. Tìte, ìmwc, h apìdeixh ”(1) =⇒ (2)” dÐnei to zhtoÔmeno.

L mma 1.1.5. An h
∑

xi sugklÐnei apolÔtwc, tìte sugklÐnei qwrÐc periori-
smì.

Apìdeixh. `Estw oti h seir� ∑xi sugklÐnei apolÔtwc. Tìte, ja up�rqei
x ∈ X, sto opoÐo ja sugklÐnei h seir� me thn metrik  pou ep�gei h nìrma
tou Q. `Estw ε > 0. Up�rqei n0 ∈ N, tètoio ¸ste∥∥∥∥ n∑

i=1

xi − x

∥∥∥∥< ε/2, gia k�je n ≥ n0

kai
n∑

i=m

‖xi‖ < ε/2, gia k�je m,n ≥ n0

(afoÔ ja eÐnai kai apolÔtwc Cauchy)
Gia k�je F ⊆ N peperasmèno èqoume∥∥∥∥∑

i∈F

xi

∥∥∥∥≤∑
i∈F

‖xi‖ ≤
∞∑

i=min F

‖xi‖
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JewroÔme F = {1, 2, ..., n0}. Tìte gia k�je F ′ ⊇ F peperasmèno èqoume∥∥∥∥ x−
∑
i∈F ′

xi

∥∥∥∥ =
∥∥∥∥ x−

n0∑
i=1

xi −
∑

i∈F ′\F

xi

∥∥∥∥
≤

∥∥∥∥ x−
n0∑
i=1

xi

∥∥∥∥ +
∥∥∥∥ ∑

i∈F ′\F

xi

∥∥∥∥
<

ε

2
+

∑
i∈F ′\F

‖xi‖

≤ ε

2
+

ε

2
= ε

`Ara isqÔei to (1) thc Prìtashc 1.1.3
Orismìc 1.1.6. Lème oti h seir�

∑
xi eÐnai Cauchy qwrÐc periorismì

(unconditionally Cauchy), an gia k�je ε > 0, up�rqei F ⊆ N peperasmè-
no, tètoio ¸ste ‖

∑
F ′ xi‖ < ε, gia k�je F ′ ⊆ N peperasmèno me F ′ ∩ F = ∅.

Prìtash 1.1.7. Mia seir�
∑

xi ston q¸ro Banach Q eÐnai Cauchy qwrÐc
periorismì, an kai mìno an sugklÐnei qwrÐc periorismì.

Apìdeixh. ” =⇒ ” `Estw oti h∑xi eÐnai Cauchy qwrÐc periorismì. Tìte gia
k�je ε > 0, up�rqei F ⊆ N peperasmèno me∥∥∥∥ ∑

i∈F ′

xi

∥∥∥∥< ε, gia k�je F ′ ⊆ N peperasmèno me F ′ ∩ F = ∅

`Ara gia n0 = maxF + 1, èqoume oti gia k�je m > n ≥ n0,∥∥∥∥ m∑
i=n

xi

∥∥∥∥< ε

`Ara h ∑xi eÐnai Cauchy. AfoÔ o Q eÐnai Banach, h seir� ja sugklÐnei se
k�poio x ∈ X. Ja deÐxoume oti sugklÐnei sto x qwrÐc periorismì.

JewroÔme ε, F ìpwc prohgoumènwc. AfoÔ ∑xi = x, up�rqei n1 >
max F , tètoio ¸ste ∥∥∥∥ n1∑

i=1

xi − x

∥∥∥∥< ε

Jètoume F1 = {1, 2, ..., n1}. AfoÔ F ⊆ F1, gia k�je F ′ me F ′ ⊇ F1 èqoume∥∥∥∥ ∑
i∈F ′\F1

xi

∥∥∥∥< ε
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Tìte, gia k�je F ′ ⊇ F1, èqoume∥∥∥∥ ∑

i∈F ′

xi − x

∥∥∥∥ =
∥∥∥∥ n1∑

i=1

xi +
∑

i∈F ′\F1

xi − x

∥∥∥∥
≤

∥∥∥∥ n1∑
i=1

xi − x

∥∥∥∥ +
∥∥∥∥ ∑

i∈F ′\F1

xi

∥∥∥∥< 2ε

`Ara isqÔei to (1) thc Prìtashc 1.1.3
” ⇐= ” `Estw oti h ∑xi sugklÐnei qwrÐc periorismì sto x. Apì thn

Prìtash 1.1.3, gia k�je ε > 0 up�rqei F ⊆ N peperasmèno, tètoio ¸ste gia
k�je F ′ ⊇ F peperasmèno, ∥∥∥∥ ∑

i∈F ′

xi − x

∥∥∥∥< ε

`Estw E ⊆ N peperasmèno, me E ∩ F = ∅. Tìte∥∥∥∥∑
i∈E

xi

∥∥∥∥ =
∥∥∥∥ ∑

i∈E∪F

xi − x + x−
∑
i∈F

xi

∥∥∥∥
≤

∥∥∥∥ x−
∑

i∈E∪F

xi

∥∥∥∥ +
∥∥∥∥ x−

∑
i∈F

xi

∥∥∥∥ (E ∪ F, F ⊇ F peperasmèna)
< 2ε

`Ara h ∑xi eÐnai Cauchy qwrÐc periorismì.
Prìtash 1.1.8. H

∑
xi sugklÐnei qwrÐc periorismì, an kai mìno an h∑

εixi sugklÐnei gia k�je epilog  pros mwn εi.

Apìdeixh. ” =⇒ ” `Estw oti h ∑xi sugklÐnei qwrÐc periorismì. Apì thn
Prìtash 1.1.7, gia dosmèno ε > 0, up�rqei F ⊆ N peperasmèno, tètoio ¸ste
‖
∑

F ′ xi‖ < ε gia k�je F ′ ⊆ N peperasmèno, me F ∩ F ′ = ∅.
`Estw n0 > max F . Tìte, gia m > n > n0 èqoume oti

{n, n + 1, ...,m} ∩ F = ∅

`Ara, an jewr soume
A1 = {i ∈ N : n ≤ i ≤ m kai εi = 1} kai

A2 = {i ∈ N : n ≤ i ≤ m kai εi = −1}

ja èqoume ∥∥∥∥ m∑
i=n

εixi

∥∥∥∥≤∥∥∥∥ ∑
i∈A1

xi

∥∥∥∥ +
∥∥∥∥ ∑

i∈A2

xi

∥∥∥∥< 2ε
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`Ara h ∑
εixi eÐnai Cauchy ston q¸ro Banach Q, epomènwc sugklÐnei.

” ⇐= ” `Estw oti h ∑ εixi sugklÐnei gia k�je epilog  pros mwn εi, all�h ∑
xi den sugklÐnei qwrÐc periorismì. Epomènwc, den eÐnai oÔte Cauchy

qwrÐc periorismì. `Ara, up�rqoun ε > 0 kai Fk ⊆ N, k = 1, 2, ... peperasmèna,
me ∥∥∥∥ ∑

i∈Fk

xi

∥∥∥∥> ε gia k�je k kai max Fk−1 < minFk

OrÐzoume

νi = 1, gia i ∈
∞⋃

k=1

Fk kai νi = −1, gia i /∈
∞⋃

k=1

Fk

EpÐshc,
Ek = {minFk,minFk + 1, ...,max Fk} ⊇ Fk

Tìte∥∥∥∥ ∑
i∈Ek

xi +
∑
i∈Ek

xiνi

∥∥∥∥ =
∥∥∥∥ ∑

i∈Fk

xi +
∑

i∈Ek\Fk

xi +
∑
i∈Fk

xi −
∑

i∈Ek\Fk

xi

∥∥∥∥
= 2

∥∥∥∥ ∑
i∈Fk

xi

∥∥∥∥≥ 2ε

AfoÔ
2ε ≤

∥∥∥∥ ∑
i∈Ek

xi +
∑
i∈Ek

xiνi

∥∥∥∥≤∥∥∥∥ ∑
i∈Ek

xi

∥∥∥∥ +
∥∥∥∥ ∑

i∈Ek

νixi

∥∥∥∥
prèpei gia k�je k ∈ N na isqÔei∥∥∥∥ ∑

i∈Ek

xi

∥∥∥∥≥ ε eÐte
∥∥∥∥ ∑

i∈Ek

νixi

∥∥∥∥≥ ε

An
∥∥∥∥ ∑

i∈Ek

xi

∥∥∥∥≥ ε, jètoume εi = 1, gia ìla ta i ∈ Ek

en¸ an
∥∥∥∥ ∑

i∈Ek

νixi

∥∥∥∥≥ ε, jètoume εi = νi, gia ìla ta i ∈ Ek

(An gia k�poio k ∈ N isqÔoun kai ta dÔo, mporoÔme na doulèyoume me opoia-
d pote apì tic duì peript¸seic)

Gia ta i /∈
∞⋃

k=1

Ek jètoume εi = 1.
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Tìte h seir� ∑

εixi den eÐnai Cauchy, diìti
gia k�je n ∈ N, up�rqei k ∈ N, me n < minEk kai

∥∥∥∥ ∑
i∈Ek

εixi

∥∥∥∥≥ ε

Ara den mporeÐ na sugklÐnei.
Prìtash 1.1.9. H

∑
xi sugklÐnei qwrÐc periorismì, an kai mìno an h∑

xni sugklÐnei gia k�je upakoloujÐa {xni} thc {xi}.

Apìdeixh. ” =⇒ ” `Estw oti h ∑
xi sugklÐnei qwrÐc periorismì kai èstw

{xni} upakoloujÐa thc {xi}. `Estw ε > 0. Up�rqei n0 ∈ N, tètoio ¸ste
‖
∑

F xi‖ < ε, gia k�je peperasmèno F ⊆ N me n0 < minF (afoÔ h ∑
xieÐnai Cauchy qwrÐc periorismì)

`Estw k, l > n0. Tìte nk, nl > n0, �ra ‖∑l
i=k xni‖ < ε. `Ara h {∑xni}eÐnai Cauchy, opìte sugklÐnei.

” ⇐= ” `Estw oti h ∑xni sugklÐnei gia k�je upakoloujÐa {xni} thc {xi}kai èstw oti h ∑
xi den sugklÐnei qwrÐc periorismì. `Ara den eÐnai Cauchy

qwrÐc periorismì. Epomènwc, up�rqoun ε > 0 kai akoloujÐa {Fi} peperasmè-nwn uposunìlwn tou N, tètoia ¸ste max Fi < minFi+1 kai ‖∑i∈Fk
xi‖ ≥ ε.

(`Opwc sthn apìdeixh thc Prìtashc 1.1.8,” ⇐ ”)
Kataskeu�zoume akoloujÐa {ni}, tètoia ¸ste na emfanÐzontai kat� aÔ-

xousa seir� ta stoiqeÐa twn F1, F2, ..., Fk, ....H ∑
xni den mporeÐ na eÐnai Cauchy, �ra den sugklÐnei. `Atopo.

Sunolik�, mporoÔme na poÔme oti
Je¸rhma 1.1.10. Ta ex c eÐnai isodÔnama :

1. H
∑

xn sugklÐnei qwrÐc periorismì.

2. Up�rqei x ∈ X, ètsi ¸ste gia k�je ε > 0 up�rqei F ⊆ N peperasmèno,
tètoio ¸ste gia k�je F ′ ⊇ F peperasmèno, isqÔei∥∥∥∥ x−

∑
i∈F ′

xi

∥∥∥∥< ε

3. H
∑

xn eÐnai Cauchy qwrÐc periorismì.

4. H
∑

εixi sugklÐnei gia k�je epilog  pros mwn εi.

5. H
∑

xni sugklÐnei gia k�je upakoloujÐa {xni} thc {xi}
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1.2 Dianusmatik� mètra
Orismìc 1.2.1. `Estw (S,A) metr simoc q¸roc kai èstw Q q¸roc Banach.
`Ena Q-mètro ston S eÐnai mia apeikìnish τ : A −→ X, tètoia ¸ste

1. τ(∅) = 0

2. τ(
⋃∞

i=1 Ai) =
∑∞

i=1 τ(Ai) gia k�je akoloujÐa {Ai}∞i=1 xènwn an� dÔo
sunìlwn sthn s-�lgebra A.

ParathroÔme oti gia na isqÔei h (2) prèpei h seir� ∑ τ(Ai) na sugklÐnei
qwrÐc periorismì.
Orismìc 1.2.2. H kÔmansh (variation) |τ | tou t eÐnai to s-prosjetikì,
mh-arnhtikì mètro ston (S,A) me tÔpo

|τ |(A) = sup
{ k∑

i=1

‖τ(Ai)‖ : {Ai}k
i=1 ⊆ A peperasmènh diamèrish tou A

}

ShmeÐwsh 1.2.3. To gegonìc oti to |τ | eÐnai s-prosjetikì, mporeÐ na deiqteÐ
wc ex c :

`Estw {Ai}∞i=1 xèna an� dÔo sthnA.

1. An gia k�poio Ai0 èqoume |τ |(Ai0) = +∞, tìte profan¸c

∞∑
i=1

|τ |(Ai) = +∞

kai

|τ |(
∞⋃
i=1

Ai) ≥ ‖τ(Ai0)‖+
∑
i6=i0

‖τ(Ai)‖ = |τ |(Ai0) +
∑
i6=i0

‖τ(Ai)‖ = +∞

Epomènwc
∞∑
i=1

|τ |(Ai) = |τ |(
∞⋃
i=1

Ai) = +∞

2. An |τ |(Ai) < +∞ gia ìla ta i, tìte

(aþ) jewroÔme èna ε > 0. Tìte gia k�je Ai up�rqei peperasmènh dia-
mèrish {Bj

i }
ki
j=1 tou Ai me

ki∑
j=1

‖τ(Bj
i )‖ > |τ |(Ai)−

ε

2i
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opìte kai

∞∑
i=1

ki∑
j=1

‖τ(Bj
i )‖ ≥

∞∑
i=1

|τ |(Ai)− ε (1)

`Omwc, an jewr soume tic peperasmènec diamerÐseic tou
⋃∞

i=1 Ai

B1 = {B1
1 ,

∞⋃
i=1

Ai \B1
1}

B2 = {B1
1 , B2

1 ,
∞⋃
i=1

Ai \ (B1
1 ∪B2

1)}

...

Bk1+1 =
{

B1
1 , ..., Bk1

1 , B1
2 ,

∞⋃
i=1

Ai \ (B1
1 ∪ ... ∪Bk1

1 ∪B1
2)
}

...

tìte

∑
B∈Bj

‖τ(B)‖ ≤ |τ |(
∞⋃
i=1

Ai), gia k�je n ∈ N

`Ara

lim
j→∞

∑
B∈Bj

‖τ(B)‖ ≤ |τ |(
∞⋃
i=1

Ai)

kai
∞∑
i=1

ki∑
j=1

‖τ(Bj
i )‖ ≤ |τ |(

∞⋃
i=1

Ai) (2)

Apì tic (1) kai (2) èqoume oti

|τ |(
∞⋃
i=1

Ai) ≥
∞∑
i=1

|τ |(Ai)− ε

AfoÔ to ε  tan tuqìn, ja prèpei

|τ |(
∞⋃
i=1

Ai) ≥
∞∑
i=1

|τ |(Ai)
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(bþ) JewroÔme tuqoÔsa peperasmènh diamèrish {Bj}k
j=1 tou

⋃∞
i=1 Ai.

Tìte, gia k�je i ∈ N èqoume

|τ |(Ai) ≥
k∑

j=1

‖τ(Ai ∩Bj)‖

`Ara
∞∑
i=1

|τ |(Ai) ≥
∞∑
i=1

k∑
j=1

‖τ(Ai ∩Bj)‖ (3)

AfoÔ to èna �jroisma èqei peperasmèno pl joc prosjetèwn, h
seir� thc �jroishc mporeÐ na all�xei kai epomènwc h (3) ja gÐnei

∞∑
i=1

|τ |(Ai) ≥
k∑

j=1

∞∑
i=1

‖τ(Ai ∩Bj)‖ ≥
k∑

j=1

∥∥∥∥ ∞∑
i=1

τ(Ai ∩Bj)
∥∥∥∥

kai afoÔ to t eÐnai s-prosjetikì

k∑
j=1

∥∥∥∥ ∞∑
i=1

τ(Ai ∩Bj)
∥∥∥∥= k∑

j=1

‖τ(Bj)‖

Dhlad , gia tuqoÔsa peperasmènh diamèrish {Bj}k
j=1 tou

⋃∞
i=1 Ai

èqoume
∞∑
i=1

|τ |(Ai) ≥
k∑

j=1

‖τ(Bj)‖

PaÐrnontac supremum sthn parap�nw sqèsh katal goume sthn

∞∑
i=1

|τ |(Ai) ≥ |τ |(
∞⋃
i=1

Ai)

Telik� se k�je perÐptwsh

∞∑
i=1

|τ |(Ai) = |τ |(
∞⋃
i=1

Ai)

Ja endiaferjoÔme kurÐwc gia mètra fragmènhc kÔmanshc (of finite
variation), dhlad  gia dianusmatik� mètra t, tètoia ¸ste |τ |(S) < ∞.

ParadeÐgmata
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1. `Estw S = N, A = P(N) kai Q tuq¸n q¸roc Banach.

Gia na orÐsoume èna Q-mètro t sto N, arkeÐ na orÐsoume ta τ({i}) =
xi ∈ X, gia k�je i ∈ N , ètsi ¸ste h seir� ∑xi na sugklÐnei qwrÐc
periorismì.
`Ena tètoio mètro ja eÐnai fragmènhc kÔmanshc, an kai mìno an h seir�
sugklÐnei apolÔtwc, dhlad  an ∑

‖xi‖ < ∞, diìti∑
i∈A

‖xi‖ =
∑
i∈A

‖τ({i})‖

({{i}} eÐnai h monadik  mh tetrimmènh diamèrish tou {i})
=

∑
i∈A

|τ |({i})

(to |τ | eÐnai s-prosjetikì apì thn shmeÐwsh1.2.3)
= |τ |(A), gia k�je A ∈ A

Epomènwc kai
|τ |(N) =

∑
i∈N

‖xi‖

2. `Estw (S,A, µ) o sun jhc q¸roc Lebesgue sto [0, 1] kai èstw X =
Lp(0, 1), ìpou 1 ≤ p ≤ ∞.
OrÐzoume τ : A −→ X me τ(A) = χA, gia k�je A ⊆ [0, 1], ìpou χAeÐnai h qarakthristik  sun�rthsh tou A.
Tìte
(aþ) To t eÐnai s-prosjetikì, an kai mìno an p < ∞.
(bþ) To t eÐnai fragmènhc kÔmanshc, an kai mìno an p = 1.
Pr�gmati
(aþ) Gia 1 ≤ p < ∞ to t eÐnai mètro, diìti

•τ(∅) = χ∅ = 0 ∈ Lp(0, 1)
• An {Ai}∞i=1 ⊂ A xèna an� dÔo, tìte

τ(
∞⋃
i=1

Ai) = χ⋃∞
i=1 Ai

kai
∞∑
i=1

τ(Ai) = lim
k→∞

k∑
i=1

χAi

Epomènwc,
τ(

∞⋃
i=1

Ai) =
∞∑
i=1

τ(Ai) ⇐⇒ ‖χ⋃∞
i=1

− χ⋃k
i=1 Ai

‖p
k→∞−→ 0
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All�
‖χ⋃∞

i=1
− χ⋃k

i=1 Ai
‖p = ‖χ⋃∞

i=k+1 Ai
‖p

=
( ∫

[0,1]
χ⋃∞

i=k+1 Ai
dµ

)1/p

Aixèna=
( ∞∑

i=k+1

µ(Ai)
)1/p

k→∞−→ 0

Gia p = ∞ , to t den eÐnai s-prosjetikì, diìti p.q gia

An =
(

1
n + 1

,
1
n

]
, èqoume

∞⋃
n=1

An = (0, 1]

`Ara
χ⋃∞

n=1 An
=

{
1, sto (0, 1]
0, sto 0

`Omwc, ∥∥∥∥ χ⋃k
n=1 An

− χ⋃∞
n=1 An

∥∥∥∥
∞
≡ 1 9 0

(bþ) ” ⇐= ” An p = 1, tìte gia k�je diamèrish {Ai}k
i=1 tou [0, 1]

èqoume
k∑

i=1

‖τ(Ai)‖1 =
k∑

i=1

∫
χAidµ =

k∑
i=1

µ(Ai)

Aixèna= µ(
k⋃

i=1

Ai) = µ([0, 1]) = 1 < ∞

`Ara
|τ |([0, 1]) = 1 < ∞

” =⇒ ” An 1 < p < ∞, tìte gia k�je diamèrish {Ak
i }k

i=1 tou [0,1]
me

µ(Ak
i ) =

1
k
, gia k�je i ∈ N
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èqoume

k∑
i=1

‖τ(Ak
i )‖p =

k∑
i=1

( ∫
χAk

i
dµ

)1/p

=
k∑

i=1

[
µ(Ak

i )
]1/p

= k·
(

1
k

)1/p

= k1−1/p k→∞−→ ∞

(afoÔ 1− 1
p

> 0)

Dhlad , up�rqei akoloujÐa diamerÐsewn tou [0,1] me
k∑

i=1

‖τ(Ak
i )‖p

k→∞−→ ∞

`Ara to t den eÐnai fragmènhc kÔmanshc.

Orismìc 1.2.4. `Estw t mètro fragmènhc kÔmanshc. To olokl rwma wc
proc to dianusmatikì mètro t miac apl c sun�rthshc

f =
m∑

i=1

αiχAi , αi ∈ R

ston L1(|τ |) orÐzetai na eÐnai to

∫
fdτ =

m∑
i=1

αiτ(Ai) ∈ X

kai o orismìc epekteÐnetai se tuqoÔsa f ∈ L1(|τ |) mèsw sunèqeiac.

Prìtash 1.2.5.
∥∥∥∥ ∫

S
fdτ

∥∥∥∥≤ ∫
S
|f |d|τ |, gia k�je f ∈ L1(|τ |)
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Apìdeixh. • An f =
∑m

i=1 αiχAi , tìte∥∥∥∥ ∫
S

fdτ

∥∥∥∥ =
∥∥∥∥ m∑

i=1

αiτ(Ai)
∥∥∥∥

≤
m∑

i=1

|αi| · ‖τ(Ai)‖

≤
m∑

i=1

|αi| · |τ |(Ai)

=
∫

S
|f |d|τ |

• An f ∈ L1(|τ |) tuqoÔsa, tìte mporeÐ na proseggisteÐ apì φn ∈ L1(|τ |)aplèc. All� tìte∥∥∥∥ ∫
S

φndτ

∥∥∥∥≤ ∫
S
|φn|d|τ |, gia k�je n ∈ N

Epomènwc kai ∥∥∥∥ ∫
S

fdτ

∥∥∥∥≤ ∫
S
|f |d|τ |

Prìtash 1.2.6. To {τ(A) : A ∈ A} èqei asjen¸c-sumpag  kleistìthta.

Gia thn apìdeixh thc Prìtashc 1.2.6 ja qreiastoÔme ta ex c :
L mma 1.2.7. An A, B q¸roi Banach kai f : A −→ B grammik , asjen¸c-
suneq c sun�rthsh kai to K ⊆ A eÐnai sqetik� asjen¸c-sumpagèc, tìte to
f(K) ⊆ B eÐnai sqetik� asjen¸c-sumpagèc.

Apìdeixh. AfoÔ to K ⊆ A eÐnai sqetik� asjen¸c-sumpagèc, up�rqei L me
K ⊆ L ⊆ A asjen¸c-sumpagèc. All� tìte f(L) ⊇ f(K) kai to f(L)
eÐnai asjen¸c-sumpagèc sto B, afoÔ h f eÐnai asjen¸c-suneq c (opìte stèl-
nei asjen¸c-sumpag  se asjen¸c-sumpag ). `Ara to f(K) eÐnai sqetik�
asjen¸c-sumpagèc.
L mma 1.2.8. To sÔnolo {χA : A ∈ A} eÐnai sqetik� asjen¸c-sumpagèc
ston L1(|τ |).

Apìdeixh. JewroÔme ton telest 
id : L2(|τ |) −→ L1(|τ |)

Autìc eÐnai profan¸c grammikìc kai eÐnai fragmènoc, diìti
‖f‖1

Hölder
≤ ‖f‖2 · |τ |(S)1/2
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`Ara

‖id‖ ≤ |τ |(S)1/2

`Ara eÐnai suneq c apì ton L2(|τ |) me thn asjen  topologÐa ston L1(|τ |) me
thn asjen  topologÐa. Apì to L mma 1.2.7, an to {χA : A ∈ A} eÐnai sqetik�
asjen¸c-sumpagèc ston L2(|τ |), ja eÐnai sqetik� asjen¸c-sumpagèc kai ston
L1(|τ |).`Omwc, to {χA : A ∈ A} eÐnai sqetik� asjen¸c-sumpagèc ston L2(|τ |),diìti o L2(|τ |) eÐnai anaklastikìc, opìte h kleist  mp�la tou eÐnai sumpag c
me thn asjen -topologÐa.

(Stouc anaklastikoÔc q¸rouc, h asjen c-topologÐa tautÐzetai me thn
asjen *-topologÐa kai h kleist  mp�la tou tuqaÐou q¸rou Banach Q* eÐnai
asjen¸c*-sumpag c)

EpÐshc, an A ∈ A, tìte
‖χA‖2 =

( ∫
χAd|τ |

)1/2

= |τ |(A)1/2 ≤ |τ |(S)1/2

Dhlad , to {χA : A ∈ A} perièqetai sthn kleist  mp�la me aktÐna |τ |(S)1/2,
pou eÐnai asjen¸c-sumpag c.

`Ara to {χA : A ∈ A} eÐnai sqetik� asjen¸c-sumpagèc ston L2(|τ |), �rakai ston L1(|τ |).
L mma 1.2.9. O telest c

∫
s · dτ : L1(|τ |) −→ X eÐnai grammikìc kai frag-

mènoc.

Apìdeixh. O telest c eÐnai grammikìc sto sÔnolo twn apl¸n sunart sewn,
epomènwc mèsw orÐwn kai ston L1(|τ |).EÐnai fragmènoc, diìti∥∥∥∥ ∫

S
fdτ

∥∥∥∥≤ ∫
S
|f |d|τ | = ‖f‖1

`Ara ∥∥∥∥ ∫
S
· dτ

∥∥∥∥≤ 1

Apìdeixh. (Prìtashc 1.2.6)
`Eqoume
{τ(A) : A ∈ A} =

{ ∫
S

χA : A ∈ A
}

=
∫

S

(
{χA : A ∈ A}

)
dτ

Dhlad , to {τ(A) : A ∈ A} eÐnai eikìna tou sqetik� asjen¸c-sumpagoÔc
sunìlou {χA : A ∈ A} mèsw tou suneqoÔc, grammikoÔ (�ra kai asjen¸c-
suneqoÔc ) telest  ∫S · dτ . Apì to L mma 1.2.7 ja eÐnai sqetik� asjen¸c-
sumpagèc.
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Orismìc 1.2.10. `Ena mètro t fragmènhc kÔmanshc lègetai apolÔtwc su-
neqèc wc proc èna bajmwtì s-peperasmèno mètro m (kai ja to sumbolÐzoume
τ << µ) an isqÔei èna apì ta ex c:

1. |τ | << µ

2. An A ∈ A me µ(A) = 0, tìte τ(A) = 0

3. Gia k�je ε > 0, up�rqei δ > 0, ètsi ¸ste an A ∈ A me µ(A) < δ, tìte
|τ |(A) < ε

ShmeÐwsh 1.2.11. Ta (1), (2), (3) eÐnai isodÔnama. (H apodeixh gÐnetai
eÔkola me qr sh twn orism¸n kai twn antÐstoiqwn idiot twn twn bajmwt¸n
mètrwn)

ShmeÐwsh 1.2.12.
τ << |τ |

1.3 Olokl rwsh dianusmatik¸n sunart sewn
`Estw (S,A, µ) q¸roc mètrou kai Q q¸roc Banach.
Orismìc 1.3.1. K�je dianusmatik  sun�rthsh x(s) apì ton S ston Q, h
opoÐa paÐrnei peperasmèno pl joc diaforetik¸n tim¸n kai k�je tim  diafore-
tik  tou mhdenìc se èna m-metr simo sÔnolo peperasmènou mètrou, lègetai
apl  sun�rthsh.
Orismìc 1.3.2. H graf 

g(s) =
m∑

j=1

gjχSj (s)

ìpou gj ∈ X diaforetik� an� dÔo kai χSj eÐnai h qarakthristik  sun�rthsh
tou sunìlou Sj , ja lègetai kanonik  anapar�stash thc apl c sun�rthshc
g(s), an ta Sj eÐnai an� dÔo xèna, m-metr sima sÔnola peperasmènou mètrou.

`Opwc sthn perÐptwsh twn bajmwt¸n sunart sewn, k�je apl  dianusma-
tik  sun�rthsh èqei kanonik  anapar�stash kai h apìdeixh eÐnai an�logh
aut c gia bajmwtèc aplèc sunart seic.
Orismìc 1.3.3. An g(s) eÐnai mia apl  sun�rthsh sto S, me kanonik  ana-
par�stash

g(s) =
m∑

j=1

gjχSj (s)

tìte to olokl rwma thc g(s) wc proc to m orÐzetai na eÐnai to di�nusma∫
g(s)dµ =

m∑
j=1

gjµ(Sj)
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Basikèc idiìthtec
1. Profan¸c to olokl rwma autì eÐnai grammikì ston dianusmatikì q¸ro

ìlwn twn apl¸n sunart sewn.
2. ‖ ∫ g(s)dµ‖ ≤

∫
‖g(s)‖dµ, gia k�je apl  sun�rthsh g.

Apìdeixh.

‖g(s)‖ =
∥∥∥∥ m∑

j=1

gjχSj (s)
∥∥∥∥= m∑

j=1

‖gj‖χSj (s) (∗)

gia k�je s ∈ S. `Ara,∥∥∥∥ ∫ g(s)dµ

∥∥∥∥orc=
∥∥∥∥ m∑

j=1

gjµ(Sj)
∥∥∥∥≤ m∑

j=1

‖gj‖µ(Sj)
(∗)
=
∫
‖g(s)‖dµ

Gia thn apìdeixh tou epìmenou Jewr matoc, ja qreiastoÔme èna apotè-
lesma gia to olokl rwma Lebesgue, tou opoÐou h apìdeixh mporeÐ na brejeÐ
sto [5] (sel. 55, Je¸rhma 2.25).
L mma 1.3.4. An h {fn} eÐnai akoloujÐa pragmatik¸n, m-oloklhr¸simwn
sunart sewn, gia tic opoÐec

∑∫
|fn|dµ < ∞, tìte h

∑
fn sugklÐnei m-sqedìn

pantoÔ se k�poia pragmatik , m-oloklhr¸simh sun�rthsh f kai
∑∫

fndµ =∫
fdµ.

Je¸rhma 1.3.5. An mia akoloujÐa {xn(t)} apl¸n dianusmatik¸n sunart -
sewn sto S, ikonopoieÐ thn∫

‖xn(t)− xm(t)‖dµ
n,m→∞−→ 0

tìte up�rqei monadik  dianusmatik  sun�rthsh x(t), tètoia ¸ste oi

‖x(t)‖, ‖xn(t)− x(t)‖ na eÐnai A-metr simec kai∫
‖x(t)− xn(t)‖dµ

n→∞−→ 0

(JewroÔme Ðsec sunart seic pou diafèroun se sÔnolo mètrou 0.)
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Apìdeixh. 1. `Estw {xn(t)} akoloujÐa apl¸n sunart sewn pou ikanopoieÐ
thn upìjesh tou Jewr matoc. Tìte∥∥∥∥ ‖xn(t)− xm(t)‖

∥∥∥∥
1

n,m→∞−→ 0

Sunep¸c, up�rqei upakoloujÐa {xnk
(t)} thc {xn(t)}, tètoia ¸ste

∞∑
k=1

∥∥∥∥ ‖xnk+1
(t)− xnk

(t)‖
∥∥∥∥

1

=
∞∑

k=1

∫
‖xnk+1

(t)− xnk
(t)‖dµ < ∞

Dhlad , oi ‖xnk+1
(t)− xnk

(t)‖ eÐnai oloklhr¸simec kai
∞∑

k=1

∫
‖xnk+1

(t)− xnk
(t)‖dµ < ∞

`Ara, apo to L mma 1.3.4, h∑∞
k=1 ‖xnk=1

(t)−xnk
(t)‖ eÐnai m-oloklhr¸simh,

�ra kai h ‖xn1(t)‖ +
∑∞

k=1 ‖xnk+1
(t) − xnk

(t)‖ eÐnai m-oloklhr¸simh.
Epomènwc peperasmènh gia m-sqedìn ìla ta t ∈ S.
T¸ra, (xèroume oti an ∑ ‖fn(t)‖ < ∞, tìte h ∑ fn(t) sugklÐnei ston
q¸ro Banach Q) h dianusmatik  seir�

xn1(t) +
∞∑

k=1

[xnk+1
(t)− xnk

(t)]

sugklÐnei gia autèc tic timèc tou t gia tic opoÐec h antÐstoiqh seir� twn
norm¸n eÐnai peperasmènh, dhlad  gia m-sqedìn ìla ta t ∈ S.
`Estw

x(t) =


xn1(t) +

∑∞
k=1[xnk+1

(t)− xnk
(t)], gia ta t ∈ S gia ta opoÐa

h seir� sugklÐnei
0, gia ìla ta upìloipa t ∈ S

2. AfoÔ x(t) = limk→∞ xnk
(t) m-sqedìn pantoÔ, ja prèpei

‖x(t)‖ = lim
k→∞

‖xnk
(t)‖ kai

‖x(t)−xn(t)‖ = lim
k→∞

‖xnk
(t)−xn(t)‖ m-sqedìn pantoÔ gia k�je n ∈ N

Epomènwc, oi ‖xn(t)‖, ‖x(t) − xn(t)‖ eÐnai A-metr simec, san ìrio A-
metr simwn sunart sewn.
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3. AfoÔ

x(t)− xnp(t) = xn1(t) +
∞∑

k=1

[xnk+1
(t)− xnk

(t)]− xnp(t)

= xn1(t) + [xn2(t)− xn1(t)] + ... +
+ [xnp(t)− xnp−1(t)] +

+
∞∑

k=p

[xnk+1
(t)− xnk

(t)]− xnp(t)

=
∞∑

k=p

[xnk+1
(t)− xnk

(t)]

èqoume oti
‖x(t)− xnp(t)‖ =

∥∥∥∥ ∞∑
k=p

[xnk+1
(t)− xnk

(t)]
∥∥∥∥p→∞−→ 0

EpÐshc ∫
‖xn(t)− xnp(t)‖dµ

n,p→∞−→ 0

diìti ∫
‖xn(t)− xm(t)‖dµ

n,m→∞−→ 0

`Ara∫
‖x(t)−xn(t)‖dµ ≤

∫
‖xn(t)−xnp(t)‖dµ+

∫
‖x(t)−xnp(t)‖dµ

n,p→∞−→ 0

`Eqoume, loipìn, oti oi ‖x(t)‖, ‖x(t)− xn(t)‖ eÐnai A-metr simec kai∫
‖x(t)− xn(t)‖dµ

n→∞−→ 0

4. `Estw oti up�rqei y(t) me tic Ðdiec idiìthtec.
Tìte ∫

‖y(t)− xn(t)‖ n→∞−→ 0

`Ara∫
‖x(t)−y(t)‖dµ ≤

∫
‖xnk

(t)−x(t)‖dµ+
∫
‖xnk

(t)−y(t)‖dµ
k→∞−→ 0

Sunep¸c, ∫ ‖x(t) − y(t)‖dµ = 0, opìte ‖x(t) − y(t)‖ = 0 m-sqedìn
pantoÔ. Epomènwc, x(t) = y(t) gia m-sqedìn ìla ta t ∈ S.
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Orismìc 1.3.6. An h {xn(t)} eÐnai akoloujÐa apl¸n dianusmatik¸n sunar-

t sewn ston S, tètoia ¸ste
∫
‖xn(t)−xm(t)‖dµ

n,m→∞−→ 0, tìte apo to Je¸rh-
ma 1.3.5 up�rqei monadik  x(t) ston S tètoia ¸ste

∫
‖xn(t)−x(t)‖dµ

n→∞−→ 0.
Onom�zoume olokl rwma Bochner thc x(t) wc proc to m, to∫

x(t)dµ = lim
n→∞

∫
xn(t)dµ

ShmeÐwsh 1.3.7. ParathroÔme oti me tic upojèseic tou parap�nw Jewr -
matoc isqÔei∥∥∥∥ ∫ xn(t)dµ−

∫
xm(t)dµ

∥∥∥∥ =
∥∥∥∥ ∫ [xn(t)− xm(t)]dµ

∥∥∥∥
≤

∫
‖xn(t)− xm(t)‖dµ

n,m→∞−→ 0

Dhlad , h {
∫

xn(t)dµ} eÐnai akoloujÐa Cauchy ston q¸ro Banach Q, epomè-
nwc sugklÐnei.

ShmeÐwsh 1.3.8. To stoiqeÐo limn→∞
∫

xn(t)dµ eÐnai monadik� kajorismèno
apì thn x(t).

Pr�gmati, an {xn(t)}, {yn(t)} eÐnai dÔo akoloujÐec apl¸n sunart sewn
tètoiec ¸ste,

lim
n→∞

∫
‖x(t)− xn(t)‖dµ = 0 kai

lim
n→∞

∫
‖x(t)− yn(t)‖dµ = 0

tìte∥∥∥∥ ∫ xn(t)dµ−
∫

yn(t)dµ

∥∥∥∥ =
∥∥∥∥ ∫ [xn(t)− yn(t)]dµ

∥∥∥∥
≤

∫
‖xn(t)− yn(t)‖dµ

≤
∫
‖xn(t)− x(t)‖dµ +

∫
‖yn(t)− x(t)‖dµ

n→∞−→ 0

Dhladh, limn→∞
∫

xn(t)dµ = limn→∞
∫

yn(t)dµ.

Orismìc 1.3.9. Mia dianusmatik  sun�rthsh x(t) sto S lègetai Bochner-
oloklhr¸simh, an up�rqei akoloujÐa {xn(t)} apl¸n sunart sewn sto S,
tètoia ¸ste∫
‖xn(t)−xm(t)‖dµ

m,n→∞−→ 0 kai xn(t) n→∞−→ x(t), gia m-sqedìn ìla ta t ∈ S.

Tìte ∫
x(t)dµ = lim

n→∞

∫
xn(t)dµ
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SumbolÐzoume to sÔnolo twn Bochner-oloklhr¸simwn sunart sewn me B1 =
B(S,A, µ;X)

Profan¸c, o B1 eÐnai C-dianusmatikìc q¸roc kai to olokl rwma Bochner
eÐnai grammikì ston B1.

Sthn perÐptwsh X = C, o B1 = L1(S,A, µ) eÐnai o q¸roc ìlwn twn
migadik¸n m-oloklhr¸simwn sunart sewn.

Je¸rhma 1.3.10. An x(t) ∈ B1, tìte h ‖x(t)‖ eÐnai m-oloklhr¸simh kai∥∥∥∥ ∫ x(t)dµ

∥∥∥∥≤ ∫ ‖x(t)‖dµ

Apìdeixh. AfoÔ x(t) ∈ B1, up�rqei akoloujÐa {xn(t)} apl¸n sunart sewn,
tètoia ¸ste ∫

‖x(t)− xn(t)‖dµ
n→∞−→ 0

`Estw ε > 0. Tìte, up�rqei n ∈ N, tètoio ¸ste∫
‖x(t)− xn(t)‖dµ < ε

AfoÔ h xn(t) eÐnai apl , ja prèpei ∫ ‖xn(t)‖dµ < ∞, opìte kai∫
‖x(t)‖dµ ≤

∫
‖x(t)− xn(t)‖dµ +

∫
‖xn(t)‖dµ < ε +

∫
‖xn(t)‖dµ < ∞

EpÐshc,∣∣∣∣ ∫ ‖x(t)‖dµ−
∫
‖xn(t)‖dµ

∣∣∣∣ ≤
∫ ∣∣∣∣ ‖x(t)‖ − ‖xn(t)‖

∣∣∣∣ dµ

≤
∫
‖x(t)− xn(t)‖dµ

n→∞−→ 0

`Ara ∫
‖x(t)‖dµ = lim

n→∞

∫
‖xn(t)‖dµ (∗)

Epomènwc, ∥∥∥∥ ∫ x(t)dµ

∥∥∥∥ =
∥∥∥∥ lim

n→∞

∫
xn(t)dµ

∥∥∥∥
= lim

n→∞

∥∥∥∥ ∫ xn(t)dµ

∥∥∥∥
≤ lim

n→∞

∫
‖xn(t)‖dµ

(∗)
=

∫
‖x(t)‖dµ
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Je¸rhma 1.3.11. O C-dianusmatikìc q¸roc B1 eÐnai q¸roc Banach me th
nìrma

‖x‖ =
∫
‖x(t)‖dµ

Apìdeixh. Profan¸c h èkfrash pou orÐsthke eÐnai nìrma (èqoume tautÐsei
tic sunart seic pou eÐnai Ðsec m-sqedìn pantoÔ). ArkeÐ, loipìn, na deiqteÐ h
plhrìthta tou q¸rou.

`Estw {yn(t)} akoloujÐa Cauchy ston B1 me thn metrik  pou ep�gei h
nìrma. Dhlad , ∫

‖yn(t)− ym(t)‖dµ
n,m→∞−→ 0

Apì ton orismì thc oloklhrwsimìthtac Bochner kai to Je¸rhma 1.3.5, gia
k�je yn(t) up�rqei apl  sun�rthsh xn(t) tètoia ¸ste∫

‖yn(t)− xn(t)‖dµ <
1
2n

EpÐshc, gia thn akoloujÐa {xn(t)} èqoume oti∫
‖xn(t)− xm(t)‖dµ ≤

≤
∫
‖xn(t)− yn(t)‖dµ +

∫
‖xm(t)− ym(t)‖dµ +

∫
‖yn(t)− ym(t)‖dµ

≤ 1
2n

+
1

2m
+
∫
‖yn(t)− ym(t)‖dµ

n,m−→∞−→ 0

AfoÔ oi xn(t) eÐnai aplèc, apì to Je¸rhma 1.3.5 up�rqei x(t) ∈ B1, tètoia
¸ste

lim
n→∞

∫
‖x(t)− xn(t)‖dµ = 0

All� tìte∫
‖x(t)− yn(t)‖dµ ≤

∫
‖x(t)− xn(t)‖dµ +

∫
‖yn(t)− xn(t)‖dµ

n→∞−→ 0

`Ara h {yn(t)} sugklÐnei sthn x(t) me aut n th metrik .
Je¸rhma 1.3.12. (To Je¸rhma kuriarqhmènhc sÔgklishc gia to
olokl rwma Bochner)

`Estw yn(t) ∈ B1 tètoiec ¸ste

1. ‖yn(t)‖ ≤ g(t), gia k�je n ∈ N, gia k�poia g(t) m-oloklhr¸simh sto
S.

2. yn(t) n→∞−→ x(t) m-sqedìn pantoÔ

Tìte x(t) ∈ B1 kai limn→∞
∫
‖x(t)− yn(t)‖dµ = 0

(`Ara kai
∫

x(t)dµ = limn→∞
∫

yn(t)dµ)
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Apìdeixh. AfoÔ

yn(t)− x(t) = lim
m→∞

[yn(t)− ym(t)], m-sqedìn pantoÔ
èqoume oti

‖yn(t)− x(t)‖ = lim
m→∞

‖yn(t)− ym(t)‖,m-sqedìn pantoÔ.
`Ara h ‖x(t)− yn(t)‖ eÐnai A-metr simh.

EpÐshc, afoÔ ‖yn(t)‖ ≤ g(t) gia k�je n ∈ N, èqoume oti
‖yn(t)− x(t)‖ ≤ ‖yn(t)‖+ lim

m→∞
‖ym(t)‖ ≤ 2g(t), m-sqedìn pantoÔ

kai
lim

n→∞
‖yn(t)− x(t)‖ = 0, m-sqedìn pantoÔ.

Apì to je¸rhma kuriarqhmènhc sÔgklishc gia bajmwtèc sunart seic [5],
èqoume gia thn ‖yn(t)− x(t)‖ oti∫

‖yn(t)− x(t)‖dµ
n→∞−→ 0

AfoÔ o B1 eÐnai pl rhc me th nìrma tou Jewr matoc 1.3.11, up�rqei y(t) ∈
B1 me ∫ ‖yn(t) − y(t)‖dµ

n→∞−→ 0. Tìte x(t) = y(t) m-sqedìn pantoÔ, �ra
x(t) ∈ B1.

Tèloc,∥∥∥∥ ∫ x(t)dµ−
∫

yn(t)dµ

∥∥∥∥=∥∥∥∥ ∫ [x(t)−yn(t)]dµ

∥∥∥∥≤ ∫ ‖x(t)−yn(t)‖dµ
n→∞−→ 0

`Ara ∫
x(t)dµ = lim

n→∞

∫
yn(t)dµ

Orismìc 1.3.13. `Estw Q q¸roc Banach kai (S,A, µ) q¸roc mètrou. Mia
sun�rthsh x(t) apì ton S ston Q lègetai asjen¸c A-metr simh, ìtan gia
k�je x∗ ∈ X∗, h bajmwt  sun�rthsh x∗(x(t)) eÐnai A-metr simh.

H x(t) lègetai isqur� A-metr simh , ìtan up�rqei akoloujÐa apl¸n
sunart sewn pou sugklÐnei isqur� sthn x(t) m-sqedìn pantoÔ sto S.

Orismìc 1.3.14. H x(t) lègetai diaqwrisÐmwn tim¸n, an to pedÐo tim¸n
thc x(S) = {x(t) : t ∈ S}, eÐnai diaqwrÐsimo.

H x(t) lègetai m-sqedìn diaqwrisÐmwn tim¸n, an up�rqeiA-metr simo
sÔnolo S0 me µ(S0) = 0, tètoio ¸ste to x(S \ S0) na eÐnai diaqwrÐsimo.
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Je¸rhma 1.3.15. (B. J. Pettis 1938)
An o (S,A, µ) eÐnai s-peperasmènoc q¸roc mètrou, tìte h x(t) eÐnai isqu-

r� A-metr simh, an kai mìno an eÐnai asjen¸c A-metr simh kai m-sqedìn
diaqwrisÐmwn tim¸n.

L mma 1.3.16. K�je apl  xn(t) eÐnai asjen¸c A-metr simh.

Apìdeixh. `Estw
xn(t) =

m∑
j=1

αjχAj (t), αj ∈ X

h kanonik  anapar�stash thc xn(t).
`Estw x∗ ∈ X∗. Tìte

x∗(xn(t)) =
m∑

j=1

x∗(αj)χAj (t) = x∗(αj0) = cj0

an t ∈ Aj0 . Dhlad , h x∗(xn(t)) =
∑m

j=1 cjχAj (t) eÐnai apl , me cj ∈ C kai
Aj ∈ A. Ara h x∗(xn(t)) eÐnai A-metr simh, gia k�je x∗ ∈ X∗.
Apìdeixh. (Jewr matoc 1.3.15)

” =⇒ ” `Estw x(t) isqur� A-metr simh sun�rthsh. Tìte up�rqoun
xn(t), n = 1, 2, ... aplèc kai S0 ∈ A me µ(S0) = 0 tètoia ¸ste ‖xn(t) −
x(t)‖ n→∞−→ 0, gia k�je t ∈ S \ S0.`Estw x∗ ∈ X∗. Tìte x∗(x(t)) = limn→∞ x∗(xn(t)), gia k�je t ∈ S \ S0,afoÔ to x∗ eÐnai suneqèc sunarthsioeidèc. `Ara h x∗(x(t)) eÐnai A-metr simh
bajmwt , san ìrio A-metr simwn bajmwt¸n. Epomènwc, h x(t) eÐnai asjen¸c
A-metr simh.

AfoÔ oi xn(t) eÐnai aplèc, ta xn(S) eÐnai peperasmèna sÔnola, �ra to⋃
n∈N xn(S) eÐnai arijm simo. Epomènwc, h ‖ · ‖-kleistìtht� tou eÐnai dia-

qwrÐsimo sÔnolo. `Omwc tìte, to x(S \ S0) ⊆
⋃

n∈N xn(S) ja eÐnai epÐshc
diaqwrÐsimo.

” ⇐= ”

1. QwrÐc bl�bh thc genikìthtac, jewroÔme to x(S) diaqwrÐsimo. Mpo-
roÔme na k�noume k�ti tètoio, diìti up�rqei S0 ∈ A me µ(S0) = 0,
tètoio ¸ste to x(S \S0) na eÐnai diaqwrÐsimo. Epomènwc, mporoÔme na
douleÔoume me mia sun�rthsh Ðsh m-sqedìn pantoÔ me thn arqik , me
diaqwrÐsimo pedÐo tim¸n.

2. MporoÔme epÐshc na upojèsoume oti o Q eÐnai diaqwrÐsimoc, afoÔ mpo-
roume na douleÔoume ston q¸ro Banach Y = span(x(S)) ⊆ X.

3. `Estw α ∈ R. JewroÔme ta sÔnola
A = {t ∈ S, ‖x(t)‖ ≤ α}
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kai A(x∗) = {t ∈ S, |x∗(x(t))| ≤ α}, x∗ ∈ X∗

`Estw t ∈ A. Tìte, an x∗ ∈ X∗ me ‖x∗‖ = 1, èqoume ‖x(t)‖ ≤ α, �ra
|x∗(x(t))| ≤ ‖x∗‖ · ‖x(t)‖ ≤ 1 · α = α

Sunep¸c, t ∈ A(x∗).
Epomènwc, A ⊆

⋂
‖x∗‖=1 A(x∗).

`Estw t ∈
⋂
‖x∗‖=1 A(x∗). Tìte |x∗(x(t))| ≤ α gia k�je x∗ ∈ X∗ me

‖x∗‖ = 1. GnwrÐzoume, apì Pìrisma tou Jewr matoc Hahn-Banach,
oti up�rqei x∗0 ∈ X∗, tètoio ¸ste ‖x∗0‖ = 1 kai x∗0(x(t)) = ‖x(t)‖. `Ara
‖x(t)‖ ≤ α. Epomènwc, t ∈ A.
Epomènwc, ⋂‖x∗‖=1 A(x∗) ⊆ A.
Telik�,

A =
⋂

‖x∗‖=1

A(x∗)

L mma: `Estw Q diaqwrÐsimoc q¸roc Banach. Tìte up�rqei {x∗j} ⊆
X∗, me ‖x∗j‖ ≤ 1, tètoia ¸ste gia k�je x∗0 ∈ X∗ me ‖x∗0‖ ≤ 1, na
up�rqei {x∗jk

} upakoloujÐa thc {x∗j} me x∗jk
(x) k→∞−→ x∗0(x), gia k�je

x ∈ X.
(H apìdeixh tou parap�nw l mmatoc mporeÐ na brejeÐ sto [7], L mma
7.5.6)

`Estw {x∗j} ⊆ X∗ h akoloujÐa tou l mmatoc.
Tìte profan¸c ⋂∞j=1 A(x∗j ) ⊇

⋂
‖x∗‖≤1 A(x∗)

kai apì thn epilog  twn x∗j ,
⋂∞

j=1 A(x∗j ) ⊆
⋂
‖x∗‖≤1 A(x∗).

Epomènwc, ⋂∞j=1 A(x∗j ) =
⋂
‖x∗‖≤1 A(x∗).

Telik�,
A =

∞⋂
j=1

A(x∗j )

AfoÔ h x(t) eÐnai asjen¸c A-metr simh, oi x∗j (x(t)) eÐnai A-metr simec.
`Ara ta A(x∗j ) eÐnaiA-metr sima , opìte to⋂∞j=1 A(x∗j ) eÐnaiA-metr simo,epomènwc to A = {t ∈ S : ‖x(t)‖ ≤ α} eÐnai A-metr simo gia k�je
α ∈ R.
Telik�, h ‖x(t)‖ eÐnai A-metr simh bajmwt .

4. AfoÔ to x(S) eÐnai diaqwrÐsimo, mporeÐ na kalufjeÐ apì arijm simo
pl joc anoikt¸n sfair¸n stajer c aktÐnac.
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`Estw {Sj,n}∞j=1 akoloujÐa anoikt¸n sfair¸n me aktÐna mikrìterh tou
1
n , h opoÐa kalÔptei to x(S) kai èstw xj,n to kèntro thc sfaÐrac Sj,n.
Sto b ma 3 apodeÐxame oti an mia sun�rthsh y(t) eÐnai asjen¸c A-
metr simh kai diaqwrisÐmwn tim¸n, tìte h ‖y(t)‖ eÐnai A-metr simh
bajmwt  sun�rthsh. AfoÔ h x(t) eÐnai asjen¸c A -metr simh kai dia-
qwrisÐmwn tim¸n, to Ðdio ja isqÔei kai gia tic x(t) − xj,n. `Ara kai oi
‖x(t)− xj,n‖ ja eÐnai A-metr simec bajmwtèc. Epomènwc, to

Tj,n = {t ∈ S : x(t) ∈ Sj,n}

dhlad  h antÐstrofh eikìna tou [0, 1
n), mèsw thc metr simhc ‖x(t) −

xj,n‖, eÐnai A -metr simo sÔnolo.
AfoÔ h {Sj,n}∞j=1 eÐnai k�luyh tou x(S), èqoume

S =
∞⋃

j=1

Tj,n

5. Kataskeu�zoume thn {yn(t)}, pou ja mac d¸sei thn isqur A-metr simìthta,
wc ex c :
Jètoume

xn(t) = xi,n, gia t ∈ {Ti,n \
i−1⋃
j=1

Tj,n}, ìpou
0⋃

j=1

Tj,n = ∅

Oi sunart seic autèc eÐnai kal� orismènec, afoÔ
S =

∞⋃
i=1

{Ti,n \
i−1⋃
j=1

Tj,n}

kai ta sÔnola thc ènwshc eÐnai xèna.
T¸ra, gia k�je t ∈ S, an i0 = min{i : t ∈ Ti,n}, èqoume

‖x(t)− xn(t)‖ = ‖x(t)− xi0,n‖ ≤
1
n

n→∞−→ 0

afoÔ t ∈ Ti0,n. Dhlad  xn(t) −→ x(t) isqur�.
K�je xn(t) eÐnai isqur� A-metr simh, afoÔ

xn(t) =
∞∑
i=1

xi,nχTi,n\
⋃i−1

j=1 Tj,n
(t)

kai ta sÔnola Ti,n \
⋃i−1

j=1 Tj,n eÐnai A-metr sima.
`Ara k�je xn(t) eÐnai to isqurì ìrio twn merik¸n ajroism�twn, pou eÐnai
aplèc sunart seic.
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6. `Estw oti µ(S) < ∞.

Jètoume
Ai,n = Ti,n \

i−1⋃
j=1

Tj,n

AfoÔ S =
⋃∞

i=1 Ai,n ènwsh xènwn sunìlwn, èqoume

µ(S) =
∞∑
i=1

µ(Ai,n) < ∞, �ra

gia k�je n ∈ N, up�rqei in ∈ N tètoio ¸ste
∞∑

i=in

µ(Ai,n) <
1
2n

Gia k�je t ∈ S \
⋃∞

i=in
Ai,n èqoume oti

∥∥∥∥ xn(t)−
in−1∑
i=1

xi,nχAi,n(t)
∥∥∥∥= 0

afoÔ ta Ai,n eÐnai xèna.
Epomènwc, gia k�je n ∈ N , up�rqei yn(t) apl  (h ∑in−1

i=1 xi,nχAi,n(t))
tètoia ¸ste xn(t) = yn(t) ektìc tou sunìlou ⋃∞i=in

Ai,n := Bn, me
µ(Bn) < 1

2n .
Jètoume B = lim supBn.
Tìte, afoÔ∑∞

n=1 µ(Bn) ≤
∑∞

n=1
1
2n < ∞, apì to 1o Lhmma twn Borel-

Cantelli, ja prèpei µ(B) = µ(lim sup(Bn)) = 0

JewroÔme thn akoloujÐa apl¸n sunart sewn {yn(t)}.
Tìte, gia k�je t ∈ S \B, èqoume oti

‖x(t)− xn(t)‖ n→∞−→ 0, afoÔ xn(t) −→ x(t) isqur�
kai ‖xn(t)− yn(t)‖ n→∞−→ 0, diìti t /∈ lim supBn

dhlad  xn(t)− yn(t) = 0 telik�.
Epomènwc, gia k�je t ∈ S \B, èqoume oti

‖x(t)− yn(t)‖ ≤ ‖x(t)− xn(t)‖+ ‖xn(t)− yn(t)‖ n→∞−→ 0

ìpou oi yn(t) eÐnai aplèc kai µ(B) = 0. `Ara h x(t) eÐnai isqur� A-
metr simh.

7. AfoÔ to m eÐnai s-peperasmèno, up�rqoun S1, ..., Sn, ... xèna an� dÔo,
tètoia ¸ste S =

⋃∞
i=1 Si kai µ(Si) < ∞.
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AfoÔ S =
⋃∞

i=1 Ai,n kai ta Ai,n eÐnai xèna an� dÔo, èqoume
Sj =

∞⋃
i=1

(Sj ∩Ai,n)

kai ta Sj ∩Ai,n eÐnai xèna an� dÔo.
AfoÔ xn(t) −→ x(t) isqur� sto S, ja prèpei xn(t) −→ x(t) isqur� se
k�je Sj .
AfoÔ µ(Sj) < ∞, kataskeu�zoume gia k�je j ∈ N akoloujÐa apl¸n
sunart sewn {yj

n(t)}∞n=1 me yj
n(t) −→ x(t) isqur� sqedìn pantoÔ sto

Sj , ìpwc sto b ma 6, jewr¸ntac Bj ta antÐstoiqa sÔnola mètrou 0,
sta opoÐa den isqÔei h sÔgklish. EpekteÐnoume tic yj

n(t) se olìklhro to
S, dÐnont�c touc thn tim  0 ektìc tou Sj (diathr¸ntac ton sumbolismì
yj

n(t)) kai jewroÔme thn
yn(t) =

n∑
j=1

yj
n(t)

Tìte h yn(t) eÐnai apl , wc peperasmèno �jroisma apl¸n, kai gia k�je
t ∈ S \

⋃∞
j=1 Bj up�rqei j0 ∈ N, tètoio ¸ste t ∈ Sj0 kai t /∈ Sj gia

j 6= j0.
`Ara, gia n ≥ j0,

‖yn(t)− x(t)‖ = ‖yj0
n (t)− x(t)‖ n→∞−→ 0

afoÔ yj0
n (t) −→ x(t) isqur� sto Sj0 . `Omwc, µ(

⋃∞
j=1 Bj) = 0, �ra

yn(t) −→ x(t) isqur� sqedìn pantoÔ sto S kai oi yn(t) eÐnai aplèc.
`Ara h x(t) eÐnai isqur� A-metr simh.

Je¸rhma 1.3.17. H x(t) eÐnai Bochner m-oloklhr¸simh, an kai mìno an
eÐnai isqura A-metr simh kai h ‖x(t)‖ eÐnai m-oloklhr¸simh.

Apìdeixh. ” =⇒ ” An h x(t) eÐnai Bochner oloklhr¸simh, tìte, ìpwc sto
Je¸rhma 1.3.10 , ∫

‖x(t)‖dµ = lim
n→∞

∫
‖xn(t)‖dµ < ∞

ìpou {xn(t)} eInai h akoloujÐa apl¸n sunart sewn pou dÐnei o orismìc thc
Bochner oloklhrwsimìthtac.

” ⇐= ” AfoÔ h x(t) eÐnai isqur� A-metr simh, up�rqoun {xn(t)} aplèc
sunart seic, ètsi ¸ste ‖xn(t)− x(t)‖ n→∞−→ 0 gia m-sqedìn ìla ta t ∈ S.
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`Estw

yn(t) =

{
xn(t), an ‖xn(t)‖ ≤ ‖x(t)‖ · (1 + 1

n)
0, alli¸c.

Tìte h yn(t) eÐnai apl  gia k�je n ∈ N kai
‖yn(t)‖ ≤ ‖x(t)‖ · (1 +

1
n

)

≤ 2‖x(t)‖, gia k�je n ∈ N kai gia ìla ta t ∈ S

EpÐshc, an t ∈ S me
‖xn(t)− x(t)‖ n→∞−→ 0

up�rqei n0 ∈ N, tètoio ¸ste gia n ≥ n0 na èqoume
‖xn(t)‖ ≤ ‖x(t)‖ · (1 +

1
n

) eÐte x(t) = 0

All� tìte, gia n ≥ n0

‖yn(t)− x(t)‖ = ‖xn(t)− x(t)‖ eÐte ‖yn(t)− x(t)‖ = 0

Se k�je perÐptwsh,
‖yn(t)− x(t)‖ n→∞−→ 0

Apì thn upìjesh h ‖x(t)‖ eÐnai m-oloklhr¸simh. Epomènwc, apì to Je¸rhma
kuriarqhmènhc sÔgklishc, h x(t) eÐnai Bochner m-oloklhr¸simh kai m�lista∫

x(t)dµ = lim
n→∞

∫
yn(t)dµ

Je¸rhma 1.3.18. `Estw T fragmènoc, grammikìc telest c apì ton q¸ro
Banach Q ston q¸ro Banach Y , dhlad  T ∈ C(X, Y ).

An x(t) eÐnai mia Bochner m-oloklhr¸simh sun�rthsh me timèc ston Q,
tìte h T [x(t)] eÐnai Bochner m-oloklhr¸simh me timèc ston Y .

Epiplèon
∫

T [x(t)]dµ = T

[ ∫
x(t)dµ

]
.

Apìdeixh. AfoÔ h x(t) eÐnai Bochner m-oloklhr¸simh, up�rqei akoloujÐa
apl¸n pou sugklÐnei isqur� sthn x(t) m-sqedìn pantoÔ. `Ara h x(t) eÐnai
isqur� A-metr simh. `Opwc sthn apìdeixh tou Jewr matoc 1.3.17, mporoÔme
na kataskeu�soume akoloujÐa apl¸n sunart sewn {yn(t)}, tètoia ¸ste

‖yn(t)‖ ≤ ‖x(t)‖ · (1 +
1
n

) kai
‖yn(t)− x(t)‖ n→∞−→ 0 m-sqedìn pantoÔ
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AfoÔ o T eÐnai grammikìc kai oi yn(t) aplèc, èqoume∫
T [yn(t)]dµ = T

( ∫
yn(t)dµ

)
, gia kaje n ∈ N

EpÐshc, afoÔ o T eÐnai fragmènoc (�ra suneq c sun�rthsh)
‖T [yn(t)]‖ ≤ ‖T‖ · ‖yn(t)‖ ≤ 2‖T‖ · ‖x(t)‖

kai ‖T [yn(t)]− T [x(t)]‖ n→∞−→ 0 m-sqedìn pantoÔ
Apì to Je¸rhma kuriarqhmènhc sÔgklishc, h T [x(t)] eÐnai Bochner m-oloklhr¸simh
kai m�lista ∫

T [x(t)]dµ = lim
n→∞

∫
T [yn(t)]dµ

ynaplèc= lim
n→∞

T

( ∫
yn(t)dµ

)
T suneq c

= T

(
lim

n→∞

∫
yn(t)dµ

)

= T

[ ∫
x(t)dµ

]



Kef�laio 2

H isodunamÐa thc aiqmhrìthtac
kai thc RNP

2.1 OrismoÐ
EÐmaste plèon se jèsh na orÐsoume thn pr¸th basik  idiìthta twn q¸rwn
Banach pou ja mac apasqol sei.
Orismìc 2.1.1. `Ena kleistì, kurtì kai fragmèno sÔnolo K se èna q¸ro
Banach Q èqei thn idiìthta Radon-Nikodym (RNP), an ikanopoieÐ thn
akìloujh idiìthta :

`Estw (S,A) ènac metr simoc q¸roc kai èstw t èna Q-mètro kai m èna
bajmwtì mètro pijanìthtac ston (S,A). Upojètoume oti to τ eÐnai apolÔtwc
suneqèc wc proc to µ kai oti τ(A)/µ(A) ∈ K, gia k�je A ∈ A me µ(A) 6= 0.
Tìte up�rqei f ∈ B1(µ,X), tètoia ¸ste

τ(A) =
∫

A
fdµ, gia k�je A ∈ A (∗)

Orismìc 2.1.2. Ja lème oti o q¸roc Banach Q èqei thn RNP an h monadiaÐa
mp�la tou Q èqei thn RNP.

ShmeÐwsh 2.1.3. 1. ParathroÔme oti èna kleistì, kurtì uposÔnolo enìc
sunìlou me thn RNP ja èqei epÐshc aut n thn idiìthta. Epomènwc, k�je
kleistì, kurtì kai fragmèno uposÔnolo enìc q¸rou me thn RNP ja èqei
epÐshc thn RNP.

2. AfoÔ to K eÐnai fragmèno, h upìjesh oti τ(A)/µ(A) ∈ K gia k�je
A ∈ A, shmaÐnei eidikìtera oti to t eÐnai fragmènhc kÔmanshc.

Apìdeixh. `Estw {Ai}k
i=1 ⊆ A peperasmènh diamèrish tou S me µ(Ai) 6=

0 gia i = 1, 2, ... . Tìte apì thn upìjesh, up�rqoun xi ∈ K, tètoia
39
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¸ste τ(Ai) = µ(Ai)xi, �ra
k∑

i=1

‖τ(Ai)‖ ≤ max
x∈K

‖x‖
k∑

i=1

µ(Ai) = max
x∈K

‖x‖µ(
k⋃

i=1

Ai)

= µ(S) max
x∈K

‖x‖ = max
x∈K

‖x‖

Epomènwc
|τ |(S) = sup

{∑
‖τ(Ai)‖ : {Ai} peperasmènh diamèrish tou S

}
≤ max

x∈K
‖x‖ < ∞

Skopìc tou kefalaÐou autoÔ eÐnai na exetasteÐ h sqèsh thc RNP me mÐa
gewmetrik  idiìthta tou q¸rou (thn aiqmhrìthta), h opoÐa ja oristeÐ sth
sunèqeia.

Sto ex c K ja eÐnai èna mh kenì uposÔnolo tou q¸rou Banach Q. Ja
sumbolÐzoume me

1. B(x, ε) thn kleist  mp�la kèntrou x kai aktÐnac ε tou q¸rou
2. K thn ‖ · ‖-kleistìthta tou sunìlou K
3. conv(K) thn ‖ · ‖-kleist , kurt  j kh tou sunìlou K
4. M(K) to sup{‖x‖ : x ∈ K}

5. M(f,K) to sup{f(x) : x ∈ K}, gia f ∈ X∗

Orismìc 2.1.4. An ‖f‖ = 1 kai α > 0, orÐzoume

S(f, α,K) = {x : x ∈ K kai f(x) ≥ M(f,K)− α}

`Ena tètoio sÔnolo lègetai fèta (slice) tou K.

Orismìc 2.1.5. `Estw Q q¸roc Banach kai F grammikìc upìqwroc tou X∗

pou diaqwrÐzei ta shmeÐa tou Q.

1. Ena shmeÐo x ∈ K ⊆ X lègetai akraÐo shmeÐo tou kurtoÔ sunìlou K
(extreme point) an den eÐnai eswterikì shmeÐo eujÔgrammou tm matoc
tou K. To sÔnolo t¸n akraÐwn shmeÐwn enìc sunìlou K, ja sumbolÐzetai
sto ex c me ex(K).

2. `Ena uposÔnolo A tou Q lègetai F-aiqmhrì (F-dentable), an gia
k�je ε > 0, up�rqei x ∈ A, tètoio ¸ste to x na mhn an kei sthn
s(Q,F)-kleist , kurt  j kh tou A \B(x, ε) .



2.1. ORISMO�I 41
3. E�n F = X∗, tìte lème oti to A eÐnai aiqmhrì (dentable).

4. `Ena shmeÐo x ∈ A ⊆ X lègetai F-aiqmhrì shmeÐo tou A (F-denting
point), an gia k�je ε > 0, to x den an kei sthn s(Q,F)-kleist , kurt 
j kh tou A \B(x, ε).

5. An F = X∗, tìte to x lègetai aiqmhrì shmeÐo (denting point) tou
A.

Prìtash 2.1.6. `Ena uposÔnolo A tou Q eÐnai F-aiqmhrì, an kai mono an
gia k�je ε > 0 up�rqei fèta S(f, α,A) tou A diamètrou mikrìterhc tou ε,
ìpou f ∈ F .

Apìdeixh. ” =⇒ ” `Estw oti to A eÐnai F-aiqmhrì kai èstw ε > 0. Tìte
up�rqei x ∈ A, tètoio ¸ste to x na mhn eÐnai sthn s(Q,F )-kleist ,kurt 
j kh tou A \B(x, ε

2), thn opoÐa ja sumbolÐzoume B.
Profan¸c,

A \B ⊆ B(x,
ε

2
)

AfoÔ o F diaqwrÐzei ta shmeÐa tou Q, eÐnai gnwstì oti (X, σ(X, F ))∗ = F ,
�ra up�rqei f ∈ F me ‖f‖ = 1, to opoÐo diaqwrÐzei to x apo to B. Dhlad ,
up�rqei f ∈ F me ‖f‖ = 1 tètoio ¸ste f(x) > 0 kai f(y) ≤ 0, gia k�je
y ∈ B. Tìte, M(f,A) > 0. JewroÔme α = M(f,A)/2, opìte

S(f, α,A) =
{

y ∈ A : f(y) ≥ M(f,A)− α

}
=

{
y ∈ A : f(y) ≥ M(f,A)

2

}
⊆ A \B

afoÔ M(f,A)/2 > 0 kai S(f, α,A) 6= ∅.
Epiplèon,

diam S(f, α, A) ≤ diam(A \B) ≤ diam B(x,
ε

2
) ≤ ε

” ⇐= ” An ε > 0, apì thn upìjesh up�rqei fèta S(f, α,A) tou A,
diamètrou mikrìterhc tou ε. Dhlad , up�rqei f ∈ F me ‖f‖ = 1 kai α > 0,
tètoia ¸ste

diam S(f, α,A) < ε

`Estw x ∈ A tètoio ¸ste
f(x) ≥ M(f,A)− α

2
(opìte x ∈ S(f, α,A))

Tìte
S(f, α,A) ⊆ B(x, ε) (afoÔ diam S(f, α,A) < ε)

`Ara
A \ S(f, α,A) ⊇ A \B(x, ε)



42KEF�ALAIO 2. H ISODUNAM�IA THS AIQMHR�OTHTASKAI THSRNP

kai to A \ S(f, α,A) eÐnai kurtì. Epomènwc,
A \ S(f, α,A) ⊇ conv(A \B(x, ε))

ArkeÐ loipìn na deiqteÐ oti to x den an kei sthn s(Q,F)-kleist  kurt  j kh
tou A \ S(f, α,A). All�, an y ∈ A \ S(f, α,A), tìte

f(y) < M(f,A)− α

epomènwc
|f(y)− f(x)| = f(x)− f(y) ≥ M(f,A)− α

2
−M(f,A) + α =

α

2
> 0

AfoÔ
f ∈ F kai |f(y)− f(x)| ≥ α

2
> 0 gia k�je y ∈ A \ S(f, α,A)

to x den proseggÐzetai apì stoiqeÐa tou A \ S(f, α,A) wc proc thn s(Q,F)
topologÐa. `Ara to x den an kei sthn s(Q,F)-kleistìthta tou A \S(f, α,A),
pou perièqei thn s(Q,F)-kleist  kurt  j kh tou A \B(x, ε).

Sto ex c, ìpote krÐnetai aparaÐthto, ja qrhsimopoioÔme ton parap�nw
qarakthrismì thc aiqmhrìthtac antÐ tou orismoÔ, qwric idiaÐtero sqìlio.

2.2 H aiqmhrìthta wc ikan  sunj kh gia thn RNP

Sthn enìthta aut  ja asqolhjoÔme me thn apìdeixh enìc shmantikoÔ apote-
lèsmatoc tou M.A. Rieffel, to opoÐo mporeÐ na brejeÐ sto [14] kai to opoÐo
diatup¸netai wc ex c :

Je¸rhma 2.2.1. (Rieffel, 1967 [14])
`Estw (S,A, µ) s-peperasmènoc q¸roc mètrou kai èstw Q q¸roc Banach.

`Estw t èna dianusmatikì mètro fragmènhc kÔmanshc sthn A me timèc ston
Q, to opoÐo eÐnai apolÔtwc suneqèc wc proc to m. An topik� to t eqei sqedìn
aiqmhr  mèsh tim , tìte up�rqei mia f : S −→ X Bochner-oloklhr¸simh,
tètoia ¸ste

τ(E) =
∫

E
fdµ, gia k�je E ∈ A (RN)

Orismìc 2.2.2. Lème oti to dianusmatikì mètro t èqei topik� sqedìn
aiqmhr  mèsh tim  , an gia k�je E ∈ A me µ(E) < ∞ kai gia k�je ε > 0,
up�rqei F ⊆ E me µ(E \ F ) < ε kai to

AF = {τ(F ′)/µ(F ′) : F ′ ⊆ F, µ(F ′) > 0}

eÐnai aiqmhrì.
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Gia thn apìdeixh tou Jewr matoc 2.2.1 ja qreiastoÔme ta akìlouja :

Prìtash 2.2.3. `Estw K uposÔnolo enìc q¸rou Banach. An to conv(K)
eÐnai aiqmhrì, tìte kai to K eÐnai aiqmhrì.

Apìdeixh. `Estw ε > 0. AfoÔ to conv(K) eÐnai aiqmhrì, up�rqei b′ ∈
conv(K) me

b′ ∈ conv
(

conv(K) \B(b′, ε/2)
)

=: Q

AfoÔ b′ ∈ conv(K)\Q kai to Q eÐnai kleistì kai kurtì, den mporeÐ na perièqei
to K. (An eÐqame K ⊆ Q, tìte conv(K) ⊆ Q, opìte conv(K) \Q = ∅. All�
b′ ∈ conv(K) \Q). AfoÔ K 6⊆ Q, up�rqei b ∈ K \Q.

Tìte b ∈ B(b′, ε/2), diìti
b /∈ Q =⇒ b /∈ conv(K) \B(b′, ε/2) b∈K=⇒ b ∈ B(b′, ε/2)

`Ara
B(b, ε) ⊇ B(b′, ε/2) =⇒

=⇒ K \B(b, ε/2) ⊆ K \B(b′, ε/2) ⊆ conv(K) \B(b′, ε/2) ⊆

⊆ conv
(

conv(K) \B(b′, ε/2)
)

= Q

Dhlad ,
K \B(b, ε) ⊆ Q =⇒ conv(K \B(b, ε)) ⊆ Q

All�
b /∈ Q =⇒ b /∈ conv(K \B(b, ε))

AfoÔ to ε  tan tuqìn, to K eÐnai aiqmhrì.
Prìtash 2.2.4. K�je sqetik� ‖·‖-sumpagèc uposÔnolo enìc q¸rou Banach
eÐnai aiqmhrì.

Apìdeixh. 1. `Estw oti to K 6= ∅ eÐnai ‖ · ‖-sumpagèc kai kurtì. Apì to
Je¸rhma Krein-Milman èqoume oti K = conv(ex(K)). `Ara to K èqei
akraÐa shmeÐa. `Estw b akraÐo shmeÐo tou K kai èstw ε > 0.
Tìte profan¸c b /∈ K \B(b, ε)

An eÐqame
b ∈ conv(K \B(b, ε)) ⊆ K

ja èprepe
b ∈ ex

(
conv(K \B(b, ε))

)
`Omwc, ta akraÐa shmeÐa tou conv(K \ B(b, ε)) eÐnai ìla stoiqeÐa tou
K \B(b, ε) apì pìrisma tou Jewr matoc Krein-Milman
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(An H = conv(L), tìte ex(H) ⊆ L).
Epomènwc,

b /∈ conv(K \B(b, ε))

`Ara to b eÐnai aiqmhrì shmeÐo tou K. Epomènwc to K eÐnai aiqmhrì.
2. `Estw K sqetik� ‖ · ‖-sumpagèc uposÔnolo enìc q¸rou Banach. Tìte,

up�rqei A ⊇ K, ‖·‖-sumpagèc. `Ara kai to conv(A) eÐnai ‖·‖-sumpagèc
kai conv(A) ⊇ conv(K). AfoÔ to conv(K) eÐnai ‖·‖-kleistì uposÔnolo
tou ‖ · ‖-sumpagoÔc conv(A) , ja eÐnai epÐshc ‖ · ‖-sumpagèc. Dhlad ,
to conv(K) eÐnai ‖ · ‖ -sumpagèc kai kleistì. Apì to pr¸to b ma ja
eÐnai aiqmhrì. `Ara apì thn Prìtash 2.2.3 kai to K ja eÐnai aiqmhrì.

Pìrisma 2.2.5. An to K eÐnai ‖ · ‖-sumpagèc kai kurtì, tìte ta akraÐa
shmeÐa tou K eÐnai aiqmhr� shmeÐa tou K.

Apìdeixh. Apì to pr¸to b ma thc parap�nw apìdeixhc.
Orismìc 2.2.6. Dedomènou enìc b ∈ X kai enìc ε > 0, lème oti èna sÔnolo
E ∈ A eÐnai (b,e)-agnì ((b,e)-pure) gia to τ wc proc to m, an

τ(F )/µ(F ) ∈ B(b, ε), gia k�je F ⊆ E me 0 < µ(F ) < ∞

L mma 2.2.7. `Estw (S,A, µ) s-peperasmènoc q¸roc mètrou kai èstw τ èna
dianusmatikì mètro sthn A me timèc ston Q, pou ikanopoieÐ tic upojèseic
tou Jewr matoc 2.2.1, kai èstw ε > 0 kai E ∈ A me µ(E) > 0 dosmèna.
Tìte, up�rqoun F ⊆ E kai b ∈ X, tètoia ¸ste µ(F ) > 0 kai to F na eÐnai
(b, ε)-agnì.

Apìdeixh. AfoÔ o q¸roc eÐnai s-peperasmènoc, up�rqei E′ ⊆ E me 0 <
µ(E′) < ∞.

Apì thn upìjesh, up�rqei Ed ⊆ E′ ⊆ E me µ(Ed) > 0 kai to AEd
na eÐnai

aiqmhrì.
Gia to dosmèno ε > 0 , afoÔ to AEd

eÐnai aiqmhrì, up�rqei b ∈ AEd
,

tètoio ¸ste
b /∈ conv

(
AEd

\B(b, ε)
)

:= Q

AfoÔ b ∈ AEd
, up�rqei F0 ⊆ Ed me 0 < µ(F0) < ∞, tètoio ¸ste

b = τ(F0)/µ(F0)

An to F0 eÐnai (b, ε)-agnì, tìte telei¸same.
`Estw oti to F0 den eÐnai (b, ε)-agnì.
Tìte, up�rqei F ⊆ F0 me 0 < µ(F ) < ∞ kai τ(F )/µ(F ) /∈ B(b, ε).



2.2. H AIQMHR�OTHTA WS IKAN�H SUNJ�HKH GIA THN RNP 45
All�, F ⊆ F0 ⊆ Ed kai µ(F ) > 0, epomènwc, apì ton orismì tou AEd

,
èqoume

τ(F )/µ(F ) ∈ AEd

`Ara
τ(F )/µ(F ) ∈ AEd

\B(b, ε) ⊆ Q

Telik� , afoÔ to F0 den eÐnai (b, ε)-agnì, up�rqei F ⊆ F0 me 0 < µ(F ) < ∞
kai τ(F )/µ(F ) ∈ Q.

• `Estw k1 ≥ 2 o mikrìteroc akèraioc gia ton opoÐo up�rqei E1 ⊆ F0 me
µ(E1) ≥ 1/k1 kai τ(E1)/µ(E1) ∈ Q.

`Estw F1 = F0 \ E1Tìte, µ(F1) > 0
Pr�gmati, an eÐqame µ(F1) = 0, ja èprepe kai τ(F1) = 0, afoÔ τ << µ.

Opìte,
µ(F0)

E1,F1xèna= µ(E1) + µ(F1) = µ(E1)

kai
τ(F0)

E1,F1xèna= τ(E1) + τ(F1) = τ(E1)

All� tìte
b =

τ(F0)
µ(F0)

=
τ(E1)
µ(E1)

∈ Q

`Atopo, diìti b /∈ Q.
An to F1 eÐnai (b, ε)-agnì, tìte telei¸same.
`Estw oti den eÐnai (b, ε)-agnì.
•`Estw k2 ≥ 2 o mikrìteroc akèraioc gia ton opoÐo up�rqei E2 ⊆ F1 me

µ(E2) ≥ 1/k2 kai τ(E2)/µ(E2) ∈ Q.
Tìte k2 ≥ k1, afoÔ F1 = F0\E1 ⊆ F0 kai o k1  tan o mikrìteroc akèraiocgia ton opoÐo up�rqei E1 ⊆ F0 me µ(E1) ≥ 1/k1 kai τ(E1)/µ(E1) ∈ Q.
EpÐshc, E1 ∩ E2 = ∅, afoÔ E2 ⊆ F1 = F0 \ E.
`Estw F2 = F1 \ E2...
SuneqÐzontac ètsi, kataskeu�zoume akoloujÐa {Ei} xènwn an� dÔo u-

posunìlwn tou F0 (pijan¸c peperasmènh) kai mia aÔxousa akoloujÐa {ki}akeraÐwn (pijan¸c peperasmènh) me thn idiìthta
τ(Ei)
µ(Ei)

∈ Q kai µ(Ei) ≥
1
ki

, gia k�je i

• EpÐshc, an
E′ ⊆ F0 \

n⋃
i=1

Ei kai τ(E′)/µ(E′) ∈ Q

tìte
µ(E′) < 1/(kn − 1)
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Pr�gmati, afoÔ
E′ ⊆ F0 \

n⋃
i=1

Ei = Fn kai τ(E′)/µ(E′) ∈ Q

an eÐqame
µ(E′) ≥ 1/(kn − 1), tìte ja èprepe kn − 1 ≥ kn+1 ≥ kn, �topo
• AfoÔ to F0 èqei peperasmèno mètro kai ta Ei eÐnai xèna an� dÔo, ja

prèpei
µ(

∞⋃
i=1

Ei) =
∞∑
i=1

µ(Ei) ≤ µ(F0) < ∞

`Ara µ(Ei)
i→∞−→ 0. All� tìte

1
ki
≤ µ(Ei)

i→∞−→ 0 =⇒ ki
i→∞−→ ∞

• `Estw E0 =
⋃∞

i=1 Ei kai F = F0 \ E0.Tìte
1. µ(F ) > 0

diìti an eÐqame µ(F ) = 0, ja èprepe kai τ(F ) = 0, afoÔ τ << µ. `Ara
τ(F0)
µ(F0)

=
τ(F ) + τ(E0

µ(F ) + µ(E0)

=
τ(E0)
µ(E0)

=
τ(
⋃∞

i=1 Ei)
µ(E0)

=
∑∞

i=1 τ(Ei)
µ(E0)

=
∞∑
i=1

τ(Ei)
µ(E0)

=
∞∑
i=1

(
τ(Ei)
µ(Ei)

· µ(Ei)
µ(E0)

)
`Omwc,

∞∑
i=1

µ(Ei)
µ(E0)

=
µ(
⋃∞

i=1 Ei)
µ(E0)

=
µ(E0)
µ(E0)

= 1

kai
τ(Ei)
µ(Ei)

∈ Q, gia k�je i
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L mma : An Q kleistì kai kurtì, ∑∞

i=1 λi = 1, λi > 0, qi ∈ Q kai h
seir� ∑∞

i=1 λiqi sugklÐnei, tìte ∑∞
i=1 λiqi ∈ Q.

Pr�gmati ,
an jewr soume αn =

∑n
i=1 λi, tìte αn

n→∞−→ 1.
EpÐshc, afoÔ to Q eÐnai kurtì, qi ∈ Q kai

n∑
i=1

λi/αn = 1/αn

n∑
i=1

λi = αn/αn = 1

ja prèpei
n∑

i=1

λi

αn
qi =

1
αn

n∑
i=1

λiqi ∈ Q, gia kaje n ∈ N

`Estw oti ∑n
i=1 λiqi

n→∞−→ b ∈ X.
Tìte 1

αn

∑n
i=1 λiqi

n→∞−→ 1 · b.
AfoÔ 1

αn

∑n
i=1 λiqi ∈ Q kai to Q eÐnai kleistì, ja prèpei b ∈ Q.♦

AfoÔ to Q eÐnai kleistì kai kurtì, apì to parap�nw l mma ja prèpei
to b = τ(F0)/µ(F0) na eÐnai epÐshc stoiqeÐo tou Q. `Atopo diìti to b
epilèqthke ètsi ¸ste na mhn eÐnai stoiqeÐo tou Q.

2. To F eÐnai (b, ε)-agnì (opìte eÐnai to zhtoÔmeno), diìti an up�rqei F ′ ⊆
F me µ(F ′) > 0 kai τ(F ′)/µ(F ′) ∈ Q, tìte èqoume deÐxei oti ja prèpei

µ(F ′) <
1

kn − 1
, gia k�je n ∈ N

All� kn
n→∞−→ ∞. Epomènwc, µ(F ′) = 0, �topo. `Ara den up�rqei

tètoio F ′ ⊆ F .
`Ara, gia k�je F ′ ⊆ F me µ(F ′) > 0 , èqoume

τ(F ′)
µ(F ′)

/∈ Q =⇒ τ(F ′)
µ(F ′)

∈ B(b, ε)

Je¸rhma 2.2.8. `Estw (S,A, µ) s-peperasmènoc q¸roc mètrou kai èstw τ
èna dianusmatikì mètro sthn A me timèc ston Q, pou ikanopoieÐ tic upojèseic
tou Jewr matoc 2.2.1. Tìte, dedomènou enìc ε > 0, up�rqoun (pijan¸c pepe-
rasmènec) akoloujÐec {bi} kai {Ei} stoiqeÐwn tou Q kai thc A antistoÐqwc,
tètoiec ¸ste to Ei eÐnai (bi, ε)-agnì gia k�je i kai S =

⋃
Ei.
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Apìdeixh. 1. `Estw oti µ(S) < ∞.
`Estw k1 o mikrìteroc akèraioc (toul�qiston 2), tètoioc ¸ste na up�r-
qei b1 ∈ X kai E1 ⊆ S me to E1 na eÐnai (b1, ε)-agnì kai µ(E1) ≥ 1/k1.
(Apì to L mma 2.2.7 , gia to dosmèno ε up�rqei toul�qiston èna b1 kai
èna E1 me tic parap�nw idiìthtec.)
`Estw k2 o mikrìteroc akèraioc (toul�qiston 2), tètoioc ¸ste na u-
p�rqei b2 ∈ X kai E2 ⊆ S \ E1 me to E2 na eÐnai (b2, ε)-agnì kai
µ(E2) ≥ 1/k2.

...
Kataskeu�zoume ètsi akoloujÐec
{Ei} xènwn an� dÔo uposunìlwn tou S

{bi} stoiqeÐwn tou Q kai
{ki} aÔxousa akeraÐwn
tètoiec ¸ste to Ei na eÐnai (bi, ε)-agnì kai µ(Ei) ≥ 1/ki, gia k�je i

EpÐshc, an F ⊆ S \
⋃n

i=1 Ei kai to F eÐnai (b, ε)-agnì gia k�poio b ∈
X, tìte µ(F ) < 1/(kn − 1) (apì thn elaqistìthta twn kn) kai afoÔ
µ(S) < ∞ kai ta Ei eÐnai xèna me µ(Ei) ≥ 1/ki, ja prèpei

∞∑
i=1

µ(Ei) ≤ µ(S) < ∞ =⇒ µ(Ei)
i→∞−→ 0

=⇒ 1
ki
≤ µ(Ei)

i→∞−→ 0

=⇒ ki
i→∞−→ ∞

`Estw E = S \
⋃∞

i=1 Ei.
(aþ) µ(E) = 0

`Estw oti µ(E) > 0. Tìte apì to L mma 2.2.7, up�rqoun F ⊆ E
kai b ∈ X, tètoia ¸ste µ(F ) > 0 kai to F na eÐnai (b, ε)-agnì.
All� tìte F ⊆ E = S \

⋃∞
i=1 Ei ⊆ S \

⋃n
i=1 Ei, gia k�je n ∈ N.

Epomènwc, ìpwc deÐqthke, µ(F ) < 1/(kn − 1), gia k�je n ∈ N.
AfoÔ kn

i→∞−→ ∞, ja prèpei µ(F ) = 0, pou eÐnai antÐfash.
(bþ) AfoÔ µ(E) = 0 , mporoÔme na jewr soume mÐa nèa {E′

i}, ìpou
E′

1 = E1 ∪ E kai E′
n = En, gia k�je n ≥ 2.

Tìte ta E′
n eÐnai (bn, ε)-agn� gia n ≥ 2 kai to E′

1 eÐnai (b1, ε)-agnì,diìti an F ⊆ E′
1 me µ(F ) > 0, èqoume

F = (F ∩ E1) ∪ (F ∩ E) =⇒

{
µ(F ) = µ(F ∩ E1) + µ(F ∩ E)
τ(F ) = τ(F ∩ E1) + τ(F ∩ E)
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All� F ∩ E ⊆ E kai µ(E) = 0. `Ara µ(F ∩ E) = 0 kai afoÔ
τ << µ, ja prèpei τ(F ∩ E) = 0.
Epomènwc, τ(F ) = τ(F ∩ E1) kai µ(F ) = µ(F ∩ E1).
AfoÔ µ(F ) > 0 kai µ(F ∩ E) = 0, prèpei µ(F ∩ E1) > 0 . All�
F ∩ E1 ⊆ E1 , to opoÐo eÐnai (b1, ε)-agnì. `Ara

τ(F )
µ(F )

=
τ(F ∩ E1)
µ(F ∩ E1)

∈ B(b1, ε)

AfoÔ to F ⊆ E′
1  tan tuqìn me µ(F ) > 0, to E′

1 eÐnai (b1, ε)-agnì.
T¸ra, k�je E′

i eÐnai (bi, ε)-agnì kai S =
⋃∞

i=1 E′
i, dhlad  to zhtoÔmeno.

2. AfoÔ o S eÐnai s-peperasmènoc, up�rqoun Ai ∈ A me µ(Ai) < ∞ kai
S =

⋃∞
i=1 Ai.

Apì to pr¸to b ma, gia k�je i, up�rqoun {Ei,n}∞n=1 kai {bi,n}∞n=1, me
Ai =

⋃∞
n=1 Ei,n kai k�je Ei,n na eÐnai (bi,n, ε)-agnì.

`Ara o S gr�fetai san arijm simh ènwsh sunìlwn (twn Ei,n) , tètoiwn¸ste k�je Ei,n na eÐnai (bi,n, ε)-agnì.

Orismìc 2.2.9. `Ena kateujunìmeno (directed) sÔnolo Π eÐnai èna sÔ-
nolo me merik  di�taxh tètoia ¸ste gia k�je zeÔgoc π1, π2 stoiqeÐwn tou Π ,
up�rqei π3 ∈ Π me thn idiìthta π1 ≤ π3 kai π2 ≤ π3.

Apìdeixh. (Jewr matoc 2.2.1)
1. `Estw

Π = {π : π = sullog  peperasmènou pl jouc xènwn stoiqeÐwn thc
A austhr� jetikoÔ peperasmènou mètrou}

dhlad  sÔnolo stoiqeÐwn thc morf c
π = {F1, ..., Fn : Fi ∈ A, 0 < µ(Fi) < ∞}

Tìte to Π eÐnai kateujunìmeno sÔnolo (mèqri sunìlwn mètrou 0), me
di�taxh

π1 ≥ π ⇐⇒ gia k�je F ∈ π, up�rqei Fi ∈ π1

me F = (
⋃

Fi) ∪ F0,

ìpou F0 eÐnai èna sÔnolo mètrou 0
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2. Gia k�je π ∈ Π orÐzoume
fπ =

∑
E∈π

τ(E)
µ(E)

· χE

Oi fπ eÐnai aplèc oloklhr¸simec, afoÔ ta stoiqeÐa tou π eÐnai pepera-
smèna to pl joc kai me peperasmèna mètra.

3. Oi fπ sqhmatÐzoun èna dÐktuo Cauchy wc proc thn metrik  pou ep�getai
apì thn nìrma tou L1.
Dhlad ,

∀ε > 0,∃π0 ∈ Π : π ≥ π0 =⇒ ‖fπ − fπ0‖1 < ε

Apìdeixh
`Estw ε > 0.
AfoÔ to |τ | eÐnai peperasmèno mètro, up�rqei E ∈ A me µ(E) < ∞ kai
|τ |(S \ E) < ε/3.
EpÐshc, afoÔ τ << µ, ja prèpei kai |τ | << µ. Apì to (3) tou orismoÔ
thc apìluthc sunèqeiac

∃δ > 0 : µ(F ) < δ =⇒ |τ |(F ) < ε/6

Apì to Je¸rhma 2.2.8, up�rqoun akoloujÐec {Ei} kai {bi} (pijan¸c
peperasmènec), stoiqeÐwn thc A kai tou Q antÐstoiqa, tètoiec ¸ste
to Ei na eÐnai (bi,

ε
6µ(E))-agnì gia k�je i kai E =

⋃
Ei (xènh ènwsh

ìpwc sthn kataskeu  pou emfanÐzetai sthn apìdeixh tou Jewr matoc
2.2.8).
AfoÔ µ(E) < ∞ , ja èqoume kai µ(Ei) < ∞, ∀i.
EpÐshc, afoÔ µ(E) < ∞, up�rqei n ∈ N, tètoio ¸ste
an E0 = E \

⋃n
i=1 Ei, tìte µ(E0) < δ.

An µ(E0) > 0, jètoume π0 = {Ei, 0 ≤ i ≤ n}.
(JewroÔme oti µ(Ei) > 0, diìti diaforetik� mporoÔme na jewr soume
nèa akoloujÐa {E′

i} me
E =

⋃
E′

i kai E′
1 =
( ⋃

µ(Ei)=0

Ei

)
∪Ei0

ìpou to i0 ∈ N eÐnai o pr¸toc akèraioc me µ(Ei0) > 0.)
An µ(E0) = 0, jètoume π0 = {Ei, 1 ≤ i ≤ n}.
Tìte gia π ≥ π0 èqoume oti gia k�je Ei ∈ π0, up�rqei {F i

k} ⊆ π me
Ei = (

⋃
k F i

k) ∪ F i
0, gia k�poio sÔnolo F i

0 mètrou 0.
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`Ara

‖fπ − fπ0‖1 =
∥∥∥∥ ∑

F∈π

τ(F )
µ(F )

χF −
n∑

i=0 1

τ(Ei)
µ(Ei)

χEi

∥∥∥∥
1

`Estw π1 ⊆ π me F ∈ π1 ⇐⇒ F 6= F i
k. Tìte

‖fπ − fπ0‖1 =
∫ ∥∥∥∥ ∑

F∈π

τ(F )
µ(F )

χF −
n∑

i=0 1

τ(Ei)
µ(Ei)

χEi

∥∥∥∥ dµ

≤
∫ ( ∑

F∈π1

‖τ(F )‖
µ(F )

χF +
∑
i,k

∥∥∥∥ τ(F i
k)

µ(F i
k)
− τ(Ei)

µ(Ei)

∥∥∥∥ ·χF i
k

)
dµ

=
∑

F∈π1

‖τ(F )‖
µ(F )

µ(F ) +
∑
i,k

∥∥∥∥ τ(F i
k)

µ(F i
k)
− τ(Ei)

µ(Ei)

∥∥∥∥ µ(F i
k)

=
∑

F∈π1

‖τ(F )‖+
∑
i,k

∥∥∥∥ τ(F i
k)

µ(F i
k)
− τ(Ei)

µ(Ei)

∥∥∥∥ µ(F i
k) (∗)

All�,
F ∈ π1 =⇒ µ(F ∩ E) = 0 =⇒ |τ |(F ∩ E) = 0

`Ara

|τ |
( ⋃

F∈π1

F

)
= |τ |

(
(
⋃

F∈π1

F ) ∩ E

)
+|τ |

(
(
⋃

F∈π1

F ) ∩ (S \ E)
)

= |τ |
(

(
⋃

F∈π1

F ) ∩ (S \ E)
)
≤ |τ |(S \ E) < ε/3

Epomènwc,

∑
F∈π1

‖τ(F )‖ ≤
∑

F∈π1

|τ(F )| F xèna
= |τ |(

⋃
F∈π1

F ) < ε/3 (1)
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Ex �llou

∑
i,k

∥∥∥∥ τ(F i
k)

µ(F i
k)
− τ(Ei)

µ(Ei)

∥∥∥∥ µ(F i
k) ≤

≤
∑
i,k

∥∥∥∥ τ(F i
k)

µ(F i
k)
− bi

∥∥∥∥ µ(F i
k) +

∑
i,k

∥∥∥∥ τ(Ei)
µ(Ei)

− bi

∥∥∥∥ µ(F i
k)

(ta Ei eÐnai (bi, ε/6µ(E))− agn� kai F i
k ⊆ Ei me 0 < µ(F i

k) < ∞)

≤ ε

6µ(E)

∑
i,k

µ(F i
k) +

ε

6µ(E)

∑
i,k

µ(F i
k)

=
ε

3µ(E)

∑
i,k

µ(F i
k)

( ta F i
k eÐnai xèna uposÔnola tou E)

≤ ε

3µ(E)
µ(E) = ε/3 (2)

Apì tic (*), (1) kai (2) èqoume telik� oti

‖fπ − fπ0‖1 < 2ε/3 < ε

4. AfoÔ to dÐktuo {fπ}π∈Π eÐnai Cauchy, up�rqei f oloklhr¸simh tètoia
¸ste ‖fπ − f‖1 −→ 0.
Tìte ja èqoume epÐshc kai oti

∫
E

fπdµ −→
∫

E
fdµ, gia k�je E ∈ A

5. Ja deÐxoume oti τ(E) =
∫
E fdµ, gia k�je E ∈ A.

An µ(E) = 0, tìte kai τ(E) = 0 kai profan¸c ∫E fdµ = 0. Epomènwc,
se aut n thn perÐptwsh isqÔei to zhtoÔmeno.
An 0 < µ(E) < ∞, jewroÔme π0 = {E}

Tìte, gia π ≥ π0, to E gr�fetai (E =
⋃

i Fi) ∪ F0, gia k�poia Fi ∈ π
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kai k�poio F0 me µ(F0) = 0, opìte∫

E
fπdµ =

∫ ∑
F∈π

τ(F )
µ(F )

χE∩F dµ

=
∑

i

τ(Fi)
µ(Fi)

µ(Fi)

=
∑

i

τ(Fi)

Fi xèna
= τ(

⋃
i

Fi)

= τ(F0 ∪ (
⋃
i

Fi))

= τ(E)

AfoÔ τ(E) =
∫
E fπdµ, ∀π ≥ π0 ja prèpei kai

τ(E) = lim
π

∫
E

fπdµ =
∫

E
fdµ

An µ(E) = ∞ , tìte up�rqoun {Fi}∞i=1 èna an� dÔo me 0 < µ(Fi) < ∞,
tètoia ¸ste E =

⋃∞
i=1 Fi (afoÔ to m eÐnai s-peperasmèno).

Apì to prohgoÔmeno b ma

τ(
∞⋃
i=1

Fi) =
∫

⋃∞
i=1 Fi

fdµ, ∀k ∈ N =⇒

=⇒ lim
k→∞

τ(
∞⋃
i=1

Fi) = lim
k→∞

∫
⋃∞

i=1 Fi

fdµ =⇒

=⇒ τ(E) = τ(
∞⋃
i=1

Fi) =
∫

E
fdµ

Telik� isqÔei to zhtoÔmeno gia k�je E ∈ A.

Me thn apìdeixh tou Jewr matoc 2.2.1, exasfalÐzoume thn isqÔ tou po-
rÐsmatoc pou akoloujeÐ kai to opoÐo apoteleÐ to pr¸to basikì apotèlesma
autoÔ tou kefalaÐou.
Pìrisma 2.2.10. An o Q eÐnai q¸roc Banach, tètoioc ¸ste k�je fragmèno
uposÔnolo tou Q na eÐnai aiqmhrì, tìte o Q èqei thn RNP.
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Apìdeixh. `Estw (S,A, µ) ènac q¸roc pijanìthtac kai èstw t èna Q-mètro
fragmènhc kÔmanshc kai apolÔtwc suneqèc wc proc to m, gia ta opoÐa èqoume
τ(E)/µ(E) ∈ B(0, 1), gia k�je E ∈ A. Tìte, profan¸c to

AF = {τ(F ′)/µ(F ′) : F ′ ⊆ F, µ(F ) > 0}

eÐnai fragmèno, epomènwc apì thn upìjesh kai aiqmhrì. `Ara isqÔoun oi
upojèseic tou Jewr matoc 2.2.1, sunep¸c o Q èqei thn RNP.

2.3 H aimhrìthta wc anagkaÐa sunj kh gia thn
RNP

Oloklhr¸noume autì to kef�laio me thn apìdeixh tou R.E. Huff gia thn isqÔ
kai tou antistrìfou :

Je¸rhma 2.3.1. (Huff, 1974 [8])
`Enac q¸roc Banach Q èqei thn RNP, an kai mìno an k�je fragmèno

uposÔnolo tou Q eÐnai aiqmhrì.

Apìdeixh. ” =⇒ ” To Pìrisma 2.2.10 tou Rieffel.
” ⇐= ” Ja upojèsoume oti o Q perièqei mh aiqmhrì, fragmèno uposÔnolo
K kai ja apodeÐxoume oti tìte o Q den èqei thn RNP.
1. AfoÔ to K den eÐnai aiqmhrì, up�rqei ε > 0 tètoio ¸ste

x ∈ K =⇒ x ∈ conv(K \B(x, ε))

`Estw S = [0, 1) kai m to mètro Lebesgue sthn s-�lgebra A ìlwn twn
Borel uposunìlwn tou [0, 1).
Ja orÐsoume me epagwg  akoloujÐa diamerÐsewn tou [0, 1)

πn = {In
1 , ..., In

pn
} hmianoikt¸n diasthm�twn kai mÐa antÐstoiqh akolou-

jÐa apl¸n sunart sewn me pedÐo tim¸n sto K
fn =

pn∑
i=1

xn
i · χIn

i

gia tic opoÐec ja isqÔoun ta ex c
(aþ) H πn+1 eÐnai eklèptunsh thc πn gia ìla ta n = 0, 1, 2, ...

(bþ) H A eÐnai h mikrìterh s-�lgebra pou perièqei thn ⋃∞n=0 πn

(gþ) ‖fn(t)− fn+1(t)‖ ≥ ε, gia ìla ta n kai ìla ta t ∈ [0, 1)

(dþ)
∥∥∥∥ ∫In

i
(fn − fn+k)dµ

∥∥∥∥< 1
2n µ(In

i )

gia ìla ta n, k ∈ N kai ìla ta i = 1, ..., pn.
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(eþ) τ(E) = limn→∞

∫
E fndµ, gia k�je E ∈ A.

2. Ac upojèsoume oti up�rqoun tètoiec akoloujÐec {πn} kai {fn}.
AfoÔ to K eÐnai fragmèno, up�rqei M > 0 tètoio ¸ste
‖x‖ ≤ M , gia k�je x ∈ K.
Tìte, gia k�je E ∈ A èqoume∫

E
‖fn‖dµ =

∫
E

∥∥∥∥ pn∑
i=1

xn
i · χIn

i

∥∥∥∥ dµ

=
∫ ∥∥∥∥ pn∑

i=1

xn
i · χIn

i ∩E

∥∥∥∥ dµ

≤
∫ pn∑

i=1

‖xn
i χIn

i ∩E‖dµ

=
pn∑
i=1

∫
‖xn

i χIn
i ∩E‖dµ

≤ M

pn∑
i=1

∫
‖χIn

i ∩E‖dµ (afoÔ xk
i ∈ K)

= M

pn∑
i=1

µ(In
i ∩ E)

= M · µ
( pn⋃

i=1

(In
i ∩ E)

)
(afoÔ ta In

i ∩ E eÐnai xèna)
≤ M · µ(E) (∗)

opìte
‖τ(E)‖ (ε′)

= lim
n→∞

∥∥∥∥ ∫
E

fndµ

∥∥∥∥
≤ lim sup

n∈N

∫
E
‖fn‖dµ

(∗)
≤ M · µ(E)

Epomènwc, to t eÐnai fragmènhc kÔmanshc (afoÔ to m eÐnai fragmèno),
apolÔtwc suneqèc wc proc to m kai τ(E)/µ(E) ∈ B(0,M), gia k�je
E ∈ A.
An o Q èqei thn RNP, up�rqei g ∈ B1(µ,X), tètoia ¸ste

τ(E) =
∫

E
gdµ, ∀E ∈ A
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`Estw
gn =

pn∑
i=1

(
1

µ(In
i )

∫
In
i

gdµ

)
·χIn

i
=

pn∑
i=1

(
τ(In

i )
µ(In

i )

)
·χIn

i

Tìte, apì thn ShmeÐwsh 2.3.4∫
S
‖g − gn‖dµ

n→∞−→ 0

Epomènwc, h {gn} eÐnai Cauchy ston B1(µ,X). Tìte, ìmwc,∫
S
‖fn − gn‖dµ =

∫
S

∥∥∥∥ pn∑
i=1

xn
i χIn

i
−

pn∑
i=1

τ(In
i )

µ(In
i )

χIn
i

∥∥∥∥ dµ

=
∫

S

∥∥∥∥ pn∑
i=1

(
xn

i −
τ(In

i )
µ(In

i )

)
·χIn

i

∥∥∥∥ dµ

=
pn∑
i=1

( ∫
In
i

∥∥∥∥ xn
i −

τ(In
i )

µ(In
i )

∥∥∥∥ dµ

)

=
pn∑
i=1

∥∥∥∥ xn
i −

τ(In
i )

µ(In
i )

∥∥∥∥ µ(In
i )

=
pn∑
i=1

‖xn
i · µ(In

i )− τ(In
i )‖

(ε′)
=

pn∑
i=1

∥∥∥∥ xn
i · µ(In

i )− lim
k→∞

∫
In
i

fkdµ

∥∥∥∥
= lim

k→∞

pn∑
i=1

∥∥∥∥ xn
i · µ(In

i )−
∫

In
i

fkdµ

∥∥∥∥
= lim

k→∞

pn∑
i=1

∥∥∥∥ ∫
In
i

fndµ−
∫

In
i

fkdµ

∥∥∥∥
= lim

k→∞

pn∑
i=1

∥∥∥∥ ∫
In
i

(fn − fk)dµ

∥∥∥∥
= lim

k→∞

pn∑
i=1

∥∥∥∥ ∫
In
i

(fn − fn+k)dµ

∥∥∥∥
(δ′)
≤

pn∑
i=1

1
2n

µ(In
i )

=
1
2n

µ([0, 1)) =
1
2n

n→∞−→ 0

`Ara ∫
S
‖fn − g‖dµ ≤

∫
S
‖fn − gn‖dµ +

∫
S
‖gn − g‖dµ

n→∞−→ 0
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Epomènwc, kai h {fn} eÐnai Cauchy ston B1(µ,X). AntÐfash, diìti
apì to (g'), ∫S ‖fn − fn+1‖dµ ≥ ε, gia k�je n ∈ N.
Telik�, o Q den mporeÐ na èqei thn RNP.

3. Mènei na kataskeuastoÔn {πn}, {fn} pou na ikanopoioun tic (a')-(e').
`Estw π0 = {[0, 1)}, x1

0 ∈ K kai f0 = x1
0χ[0,1).

`Estw oti èqoun oristeÐ
πn = {In

1 , ..., In
pn
} diamèrish tou [0, 1) apì hmianoikt� diast mata

kai fn =
∑pn

i=1 xn
i χIn

i
, ìpou xn

i ∈ K, i = 1, ..., pn.
Apì thn epilog  tou ε, afoÔ xn

i ∈ K, up�rqoun y
(i)
1 , ..., y

(i)
qi ∈ K kai

a
(i)
1 , ..., a

(i)
qi jetikoÐ pragmatikoÐ arijmoÐ me

qi∑
j=1

a
(i)
j = 1 kai ‖y(i)

j − xn
i ‖ ≥ ε kai ‖xn

i −
qi∑

j=1

a
(i)
j y

(i)
j ‖ <

1
2n+1

AfoÔ den apaitoÔme ta y
(i)
j na eÐnai diakrit�, mporoÔme epÐshc na upo-

jèsoume oti
a

(i)
j <

1
n + 1

, ∀j ∈ {1, ..., qi}

(An k�poio eÐnai megalÔtero apì 1/(n + 1) , mporoÔme na jewr soume
kainoÔrgia graf  tou ajroÐsmatoc, ”sp�zontac ” ton ìro a

(i)
j y

(i)
j se s

ìrouc y
(i)
j a

(i)
j /s + ... + y

(i)
j a

(i)
j /s .)

Sth sunèqeia jewroÔme diamèrish J
(i)
1 , ..., J

(i)
qi tou In

i se hmianoikt�
diast mata tètoia ¸ste

µ(J (i)
j ) = a

(i)
j µ(In

i ), j = 1, ..., qi kai
πn+1 = {J (i)

j , i = 1, ..., pn, j = 1, ..., qi}

OrÐzoume
fn+1 =

pn∑
i=1

qi∑
j=1

y
(i)
j χ

J
(i)
j

Oi {πn}, {fn}, pou orÐsthkan parap�nw epagwgik�, ikanopoioÔn tic
(a')-(e').
(aþ) Profanèc, apì ton orismì thc πn+1.
(bþ) An σ(

⋃∞
i=0 πi) eÐnai h s-�lgebra pou par�getai apì thn ⋃∞i=0 πi,tìte profan¸c,

A ⊇ σ(
∞⋃
i=0

πi)
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EpÐshc, apì thn epilog  twn a
(i)
j , èqoume oti

max{µ(In+1
i ), i = 1, ..., pn+1} = max{a(i)

j µ(In
i ), j = 1, ..., qi, i = 1, ..., pn}

<
1

n + 1
max{µ(In

i ), i = 1, ..., pn}
n→∞−→ 0

Dhlad 
lim

n→∞
max{µ(In

i ), i = 1, ..., pn} = 0

Gia na deÐxoume oti A ⊇ σ(
⋃∞

i=0 πi), arkeÐ na deÐxoume oti k�-
je [a, b) ⊆ [0, 1) gr�fetai wc arijm simh ènwsh stoiqeÐwn thc⋃∞

i=1 πi.
`Estw [a, b) ⊆ [0, 1). Tìte up�rqei diamèrish πn1 kai i1, ..., in1diadoqikoÐ, tètoioi ¸ste

n⋃
k=1

In1
ik

= [a, b) kai In1
i1−1 ∩ [0, a) 6= ∅ kai In1

in1
∩ [b, 1) 6= ∅

Tìte to I1 :=
⋃n1

k=1 In1
ik

eÐnai k�poio [a1, b1), peperasmènh ènwsh
stoiqeÐwn thc πn1 .AfoÔ limn→∞max{µ(In

i ), i = 1, ..., pn} = 0, mporoÔme na dialè-
xoume n1 arket� mèg�lo ¸ste

max{µ(In1
i ), i = 1, ..., pn1} <

b− a

4

Tìte µ(I1) > b−a
2 , diìti an  tan mikrìtero ja mporoÔsame na

prosjèsoume sthn ènwsh to In1
i1−1   to In1

in1+1.
An a1 = a kai b1 = b, tìte telei¸same.
An b1 6= b, tìte ìpwc prin, up�rqei πn2 kai I2,1 peperasm�nh ènwshstoiqeÐwn thc πn2 , tètoia ¸ste

I2,1 ⊆ [b1, b) kai µ(I2,1) >
b− b1

2

An a1 6= a, tìte mporoÔme na jewr soume thn πn2 , tètoia ¸ste
na up�rqei I2,2 peperasmènh ènwsh stoiqeÐwn thc πn2 me

I2,2 ⊆ [a, a1) kai µ(I2,1) >
a1 − a

2

(jewroÔme to n2 arket� meg�lo ¸ste na sumbaÐnoun kai ta dÔo)
`Estw I2 = I2,1 ∪ I2,2. Tìte

µ(I2) >
µ([a, b) \ [a1, b1))

2
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...

SuneqÐzontac ètsi kataskeu�zoume {In} akoloujÐa xènwn, pepe-
rasmènwn en¸sewn stoiqeÐwn thc ⋃∞i=0 πi, tètoia ¸ste ⋃∞n=1 In =
[a, b).

(gþ) `Estw t ∈ [0, 1). Tìte, gia stajerì n, up�rqei i ∈ {1, ..., pn}, tè-toio ¸ste t ∈ In
i . `Ara fn(t) = xn

i . EpÐshc, up�rqei j ∈ {1, ..., qi}
tètoio ¸ste t ∈ J

(i)
j . `Ara fn+1(t) = y

(i)
j . All� tìte

‖fn(t)− fn+1(t)‖ = ‖xn
i − y

(i)
j ‖ ≥ ε

(dþ)

∥∥∥∥ ∫
In
i

(fn − fn+1)dµ

∥∥∥∥ =
∥∥∥∥ ∫

In
i

( pn∑
j=1

xn
j χIn

j
−

pn∑
j=1

qj∑
k=1

y
(j)
k χ

J
(j)
k

)
dµ

∥∥∥∥
=

∥∥∥∥ ∫
In
i

(
xn

i −
qi∑

j=1

y
(i)
j χ

J
(i)
j

)
dµ

∥∥∥∥
=

∥∥∥∥ xn
i · µ(In

i )−
qi∑

j=1

y
(i)
j µ(J (i)

j )
∥∥∥∥

=
∥∥∥∥ xn

i µ(In
i )−

qi∑
j=1

y
(i)
j a

(i)
j µ(In

i )
∥∥∥∥

(apì thn kataskeu  twn J
(i)
j )

= µ(In
i )
∥∥∥∥ xn

i −
qi∑

j=1

y
(i)
j a

(i)
j

∥∥∥∥
≤ 1

2n+1
µ(In

i )

(apì thn epilog  twn y
(i)
j a

(i)
j )

Dhlad 
∥∥∥∥ ∫

In
i

(fn − fn+1)dµ

∥∥∥∥≤ 1
2n+1

µ(In
i ), gia k�jen, i ∈ N (1)
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`Estw J ⊆ {1, ..., pn}. Tìte
∥∥∥∥ ∫⋃

i∈J In
i

(fn − fn+1)dµ

∥∥∥∥ xènh ènwsh
=

∥∥∥∥∑
i∈J

∫
In
i

(fn − fn+1)dµ

∥∥∥∥
≤

∑
i∈J

∥∥∥∥ ∫
In
i

(fn − fn+1)dµ

∥∥∥∥
(1)

≤ 1
2n+1

∑
i∈J

µ(In
i )

xènh ènwsh
=

1
2n+1

µ(
⋃
i∈J

In
i ) (2)

Telik�, gia k�je i, n ∈ N

∥∥∥∥ ∫
In
i

(fn − fn+k)dµ

∥∥∥∥ =
∥∥∥∥ ∫

In
i

k∑
s=1

(fn+s−1 − fn+s)dµ

∥∥∥∥
=

∥∥∥∥ k∑
s=1

∫
In
i

(fn+s−1 − fn+s)dµ

∥∥∥∥
≤

k∑
s=1

∥∥∥∥ ∫
In
i

(fn+s−1 − fn+s)dµ

∥∥∥∥
=

k∑
s=1

∥∥∥∥ ∫⋃
In+s
i

⊆In
i

In+s
i

(fn+s−1 − fn+s)dµ

∥∥∥∥
(2)

≤
k∑

s=1

1
2n+s+1

µ(
⋃

In=s
i ⊆In

i

In+s
i )

=
k∑

s=1

1
2n+s+1

µ(In
i )

(h πn+s eÐnai eklèptunsh thc πn)

=
1
2n

µ(In
i )

k∑
s=1

1
2s+1

<
1
2n

µ(In
i ),

(eþ) `Estw A1 h �lgebra pou par�getai apì thn ⋃∞n=0 πn. Tìte k�je
E ∈ A1 gr�fetai wc peperasmènh ènwsh stoiqeÐwn thc ⋃∞n=0 πnkai afoÔ k�je πn+1 eÐna eklèptunsh thc πn, mporoÔme na jewr -
soume oti to E gr�fetai wc peperasmènh ènwsh stoiqeÐwn k�poiac
πn(E).
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Tìte, apì to (g'), èqoume oti∥∥∥∥ ∫

E
(fn − fn+k)dµ

∥∥∥∥ =
∥∥∥∥ ∫⋃

I
n(E)
i

⊆E
I

n(E)
i

(fn − fn+k)dµ

∥∥∥∥
≤ 1

2n+1
µ(

⋃
I

n(E)
i ⊆E

I
n(E)
i )

=
1

2n+1
µ(E) n→∞−→ 0

Epomènwc h {∫E fndµ}n∈N eÐnai Cauchy ston q¸ro Banach Q.
`Ara up�rqei to limn→∞

∫
E fndµ, gia k�je E ∈ A1.

Apì thn ShmeÐwsh 2.3.5, gia na deÐxoume oti up�rqei to limn→∞
∫
E fndµ,

gia k�je E ∈ A (dhlad  to zhtoÔmeno), arkeÐ na deÐxoume oti oi
sunolosunart seic ∫ fndµ eÐnai arijm sima prosjetikèc kai oti h
arijm simh prosjetikìtht� touc eÐnai omoiìmorfh wc proc ta n.
All� eÐnai arijm sima prosjetikèc, diìti∫

⋃∞
i=1 Ei

fndµ =
∞∑
i=1

∫
Ei

fndµ

gia k�je n ∈ N kai k�je {Ei} akoloujÐa xènwn an� dÔo sunìlwn
thc A.
EpÐshc, h arijm simh prosjetikìthta eÐnai omoiìmorfh wc proc
ta n, diìti :∥∥∥∥ ∫

E
fndµ

∥∥∥∥≤ ∫
E
‖fn‖dµ ≤ M · µ(E), gia k�je E ∈ A, n ∈ N

afoÔ oi fn paÐrnoun timèc apì to K. All� tìte, an E =
⋃∞

i=0 Ei,ìpou ta Ei eÐnai xèna an� dÔo∥∥∥∥ ∫⋃∞
i=1 Ei

fndµ−
∫

E
fndµ

∥∥∥∥ =
∥∥∥∥ ∫

E\
⋃∞

i=1 Ei

fndµ

∥∥∥∥
≤ M · µ(E \

∞⋃
i=1

Ei)

= M · µ(
∞⋃

i=k+1

Ei)
k→∞−→ 0

Epomènwc, an ε1 > 0, up�rqei k0 ∈ N, tètoio ¸ste gia k ≥ k0 na
èqoume∥∥∥∥ ∫⋃∞

i=1 Ei

fndµ−
∫

E
fndµ

∥∥∥∥< ε1, gia k�je n ∈ N
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Pìrisma 2.3.2. `Estw µ to mètro Lebesgue sthn s-�lgebra A twn Borel
uposunìlwn tou [0, 1]. `Enac q¸roc Banach Q èqei thn RNP , an kai mìno
an gia k�je µ-suneqèc mètro τ : A −→ X fragmènhc kÔmanshc, up�rqei
g ∈ B1(µ,X) tètoio ¸ste

τ(E) =
∫

E
gdµ, gia k�je E ∈ A

Apìdeixh. Gia to ” =⇒ ” : An den èqei thn RNP, mporeÐ na brejeÐ antipa-
r�deigma sthn A me to µ.

Pìrisma 2.3.3. `Enac q¸roc Banach Q èqei thn RNP, an kai mìno an k�je
kleistìc, diaqwrÐsimoc upìqwroc tou Q èqei thn RNP.

Apìdeixh. Gia to ” ⇐= ” : An up�rqei Y diaqwrÐsimoc upìqwroc tou Q, pou
den èqei thn RNP, apì to Je¸rhma 2.3.1, up�rqei K ⊆ Y ⊆ X fragmèno,
mh aiqmhrì. `Ara apì to Ðdio Je¸rhma o Q den èqei thn RNP.

ShmeÐwsh 2.3.4. `Estw
πn = {In

1 , ..., In
pn
}

Πn = σ(πn)

B = σ(
∞⋃

n=0

Πn)

1. `Estw g, f Bochner oloklhr¸simec kai èstw

gn =
pn∑
i=1

(
1

λ(In
i )

∫
In
i

gdλ

)
·χIn

i

fn =
pn∑
i=1

(
1

λ(In
i )

∫
In
i

fdλ

)
·χIn

i
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Tìte∫

‖gn − fn‖dλ =
∫ ∥∥∥∥ pn∑

i=1

(
1

λ(In
i )

∫
In
i

(g − f)dλ

)
·χIn

i

∥∥∥∥ dλ

=
∫ pn∑

i=1

1
λ(In

i )

∥∥∥∥ ∫
In
i

(g − f)dλ

∥∥∥∥ χIn
i
dλ

=
pn∑
i=1

1
λ(In

i )

∥∥∥∥ ∫
In
i

(g − f)dλ

∥∥∥∥ ·λ(In
i )

=
pn∑
i=1

∥∥∥∥ ∫
In
i

(g − f)dλ

∥∥∥∥
≤

pn∑
i=1

∫
In
i

‖g − f‖dλ

=
∫
‖g − f‖dλ

Dhlad , gia k�je g, f Bochner oloklhr¸simec kai gia k�je n ∈ N∫
‖gn − fn‖dλ ≤

∫
‖g − f‖dλ

2. `Estw ε > 0 kai èstw oti up�rqei

φ =
k∑

i=1

xiχEi

me Ei ∈
⋃∞

n=0 Πn, tètoia ¸ste
∫
‖g − φ‖dλ < ε/2.

AfoÔ ta Ei eÐnai peperasmèna to pl joc kai Πn+1 ⊇ Πn gia k�je n ∈ N,
ja up�rqei �lgebra Πn0 , tètoia ¸ste Ei ∈ Πn0 , gia k�je i ∈ {1, ..., k}.
Tìte, ìmwc, φ = φn, gia k�je n ∈ N (ìpwc orÐsthke sto (1) )

`Estw n ≥ n0. Tìte∫
‖g − gn‖dλ ≤

∫
‖g − φ‖dλ +

∫
‖φ− gn‖dλ

=
∫
‖g − φ‖dλ +

∫
‖φn − gn‖dλ

(1)

≤ 2
∫
‖g − φ‖dλ < ε

`Ara ∫
‖g − gn‖dλ

n→∞−→ 0
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3. ArkeÐ, loipìn, na deiqteÐ oti up�rqei φ =
∑k

i=1 xiχEi me Ei ∈
⋃∞

n=0 Πn,
tètoia ¸ste

∫
‖g − φ‖dλ < ε/2.

AfoÔ o Q èqei thn RNP , h g eÐnai Bochner oloklhr¸simh , �ra up�rqei

φ1 =
k∑

i=1

xiχAi me

∫
‖g − φ1‖dλ < ε/8

gia k�poia Ai ⊆ [0, 1) metr sima.

Tìte, ìmwc, eÐnai gnwstì oti gia k�je Ai, up�rqei Bi ènwsh hmianoikt¸n
diasthm�twn me

λ(Ai 4Bi) <
ε

8kM

(ìpou M = supx∈K ‖x‖)

QwrÐc bl�bh thc genikìthtac, mporoÔme na jewr soume ta Bi xèna an�
dÔo kai na orÐsoume thn

φ2 =
k∑

i=1

xiχBi

Tìte ∫
‖φ1 − φ2‖dλ =

∫ ∥∥∥∥ k∑
i=1

xiχAi −
k∑

i=1

xiχBi

∥∥∥∥ dλ

=
∫ ∥∥∥∥ k∑

i=1

xi(χAi − χBi)
∥∥∥∥ dλ

≤
∫ k∑

i=1

‖xi‖χAi4Bi

=
k∑

i=1

‖xi‖λ(Ai 4Bi)

≤ M
k∑

i=1

ε

8kM

=
ε

8

Epomènwc∫
‖g − φ2‖dλ ≤

∫
‖g − φ1‖dλ +

∫
‖φ1 − φ2‖dλ

<
ε

8
+

ε

8
=

ε

4
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AfoÔ h B = σ(

⋃∞
n=0 Πn) eÐnai h Borel s-�lgebra sto [0, 1) apì thn

upìjesh, k�je stoiqeÐo sthn B proseggÐzetai apì stoiqeÐo thc
⋃∞

n=0 Πn.
Epomènwc, gia k�je Bi (stoiqeÐo thc B afoÔ eÐnai ènwsh diasthm�twn),
up�rqei Ei ∈

⋃∞
n=0 Πn tètoio ¸ste

λ(Bi 4 Ei) <
ε

4kM

JewroÔme telik�

φ =
k∑

i=1

xiχEi

Tìte,
∫
‖φ2 − φ‖dλ < ε/4 kai∫

‖φ− g‖dλ ≤
∫
‖φ− φ2‖dλ +

∫
‖φ2 − g‖dλ

<
ε

4
+

ε

4
< ε

Epomènwc, h φ eÐnai h zhtoÔmenh.

ShmeÐwsh 2.3.5. `Estw S s-�lgebra uposunìlwn tou S kai Σ1 upo�lgebra
thc S, pou par�gei thn s-�lgebra S. `Estw {µn} akoloujÐa arijm sima pro-
sjetik¸n sunolosunart sewn, me timèc ston q¸ro Banach Q. Upojètoume oti
h arijm simh prosjetikìthta aut¸n eÐnai omoiìmorfh wc proc ta n kai oti
up�rqei to limn→∞ µn(E), gia k�je E ∈ Σ1. Tìte up�rqei to limn→∞ µn(E),
gia k�je E ∈ Σ.

Apìdeixh. `Estw Σ2 h oikogèneia ìlwn twn E ∈ Σ, gia ta opoÐa up�rqei to
limn→∞ µn(F ∩ E) gia k�je F ∈ Σ1.`Estw Σ3 h oikogèneia ìlwn twn E ∈ Σ2, gia ta opoÐa E ∩ F ∈ Σ2 gia
k�je F ∈ Σ2.

• H Σ3 eÐnai �lgebra, afoÔ
1. An F1, F2 ∈ Σ3, tìte F1 ∩ F2 ∈ Σ3. Pr�gmati

F1, F2 ∈ Σ3 =⇒ {F1 ∈ Σ3 kai F2 ∈ Σ2} =⇒ F1 ∩ F2 ∈ Σ2

AfoÔ F2 ∈ Σ3, gia k�je F ∈ Σ2, èqoume F2 ∩ F ∈ Σ2, opìte, afoÔ
F1 ∈ Σ3 èqoume F1 ∩ F2 ∩ F ∈ Σ2.

2. An F1 ∈ Σ3, tìte S \ F1 ∈ Σ3. Pr�gmati
F1 ∈ Σ3 =⇒ F1 ∈ Σ =⇒ S \ F1 ∈ Σ

EpÐshc, F1 ∈ Σ3 =⇒ F1 ∈ Σ2, �ra up�rqei to limn→∞ µn(F1 ∩ F ), gia
k�je F ∈ Σ1.
All� to limn→∞ µn(F ) up�rqei gia k�je F ∈ Σ1 apì thn upìjesh.
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`Ara gia k�je F ∈ Σ1 up�rqei to
lim

n→∞
µn

(
(S \ F1) ∩ F

)
= lim

n→∞
µn(F )− lim

n→∞
µn(F1 ∩ F )

`Ara S \ F1 ∈ Σ2.
`Estw F ∈ Σ2 kai E ∈ Σ1. Tìte

F ∩ E =
(

(S \ F1) ∩ F ∩ E

)
∪
(

F1 ∩ F ∩ E

)
=⇒

=⇒ µn(F ∩ E) = µn((S \ F1) ∩ F ∩ E) + µn(F1 ∩ F ∩ E), ∀n ∈ N
=⇒ µn((S \ F1) ∩ F ∩ E) = µn(F ∩ E)− µn(F1 ∩ F ∩ E), ∀n ∈ N
=⇒ lim

n→∞
µn((S \ F1) ∩ F ∩ E) = lim

n→∞
µn(F ∩ E)− lim

n→∞
µn(F1 ∩ F ∩ E)

Ta dÔo teleutaÐa ìria up�rqoun, to pr¸to diìti F ∈ Σ2, E ∈ Σ1 kai to
deÔtero diìti F1 ∩ F ∈ Σ2 (afoÔ F1 ∈ Σ3) kai E ∈ Σ1.
`Ara gia k�je F ∈ Σ2 èqoume (S \F1)∩F ∈ Σ2. Epomènwc S \F1 ∈ Σ3.

3. An F1, F2 ∈ Σ3 , me F1 ∩ F2 6= ∅, tìte F1 ∪ F2 ∈ Σ3.
Pr�gmati, an E ∈ Σ1, tìte

lim
n→∞

µn((F1 ∪ F2) ∩ E) = lim
n→∞

µn(F1 ∩ E) + lim
n→∞

µn(F2 ∩ E)

pou up�rqoun, afoÔ F1, F2 ∈ Σ2, �ra F1 ∪ F2 ∈ Σ2.
EpÐshc, gia k�je F ∈ Σ2, E ∈ Σ1

lim
n→∞

µn((F1 ∪ F2) ∩ F ∩ E) = lim
n→∞

[µn(F1 ∩ F ∩ E) + µn(F2 ∩ F ∩ E)]

= lim
n→∞

µn(F1 ∩ F ∩ E) + lim
n→∞

µn(F2 ∩ F ∩ E)

ta opoÐa up�rqoun, afoÔ F1, F2 ∈ Σ3. Epomènwc, F1 ∪ F2 ∈ Σ3.
• H Σ3 eÐnai s-�lgebra.

Pr�gmati, an {Fk} akoloujÐa xènwn stoiqeÐwn thc Σ3 me ⋃∞k=1 Fk = F
kai E1 ∈ Σ1, E ∈ Σ2, tìte

lim
m→∞

m∑
k=1

µn(Fk ∩ E ∩ E1) = µn(F ∩ E ∩ E1)

omoiìmorfa wc proc ta n, apì thn upìjesh.
EpÐshc, to limn→∞ µn(Fk ∩ E ∩ E1) up�rqei gia k�je k ∈ N, afoÔ Fk ∈

Σ3, E1 ∈ Σ1, E ∈ Σ2. `Ara , apì gnwst  idiìthta twn orÐwn, up�rqei to
limn→∞ µn(F ∩ E ∩ E1). Telik� F ∈ Σ3.

• Σ3 = Σ (afoÔ Σ3 ⊇ Σ1 ⇒ Σ3 ⊇ Σ = σ(Σ1)). Epomènwc, h S èqei thn
zhtoÔmenh idiìthta.



Kef�laio 3

H aiqmhrìthta wc ikan 
sunj kh gia thn KMP

3.1 OrismoÐ
Sto prohgoÔmeno kef�laio apodeÐqthke h isodunamÐa thc aiqmhrìthtac kai
thc RNP stouc q¸rouc Banach. Se autì to kef�laio ja apodeÐxoume oti oi
parap�nw idiìthtec tou q¸rou eÐnai ikanèc sunj kec gia thn isqÔ mÐac �llhc
gewmetrik c idiìthtac tou q¸rou, thc KMP, h opoÐa orÐzetai wc ex c
Orismìc 3.1.1. Lème oti ènac q¸roc Banach Q èqei thn idiìthta Krein-
Milman (KMP), an k�je fragmèno, kleistì kai kurtì uposÔnolo tou Q
eÐnai h kleist , kurt  j kh twn akraÐwn shmeÐwn tou.

Stic dÔo apodeÐxeic pou akoloujoÔn ja k�noume qr sh enìc diaqwristi-
koÔ Jewr matoc, gewmetrik c apìdoshc tou Jewr matoc Hahn-Banach, tou
opoÐou h apìdeixh mporeÐ na brejeÐ se poll� keÐmena (p.q. sto [4], sel. 417)
Je¸rhma 3.1.2. `Estw A, B kurt� uposÔnola enìc pragmatikoÔ Hausdorff
topologikoÔ, dianusmatikoÔ q¸rou Q kai èstw oti to eswterikì tou B eÐnai
mh kenì kai xèno proc to A. Tìte ta A, B mporoÔn na diaqwristoÔn apì èna
uperepÐpedo. Dhlad , up�rqei suneqèc, grammikì sunarthsioeidèc f sto Q,
ìqi to mhdenikì, tètoio ¸ste sup(A) ≤ inf(B).

`Ena �meso pìrisma tou Jewr matoc 3.1.2, pou ja qrhsimopoi soume sto
ex c eÐnai to
Pìrisma 3.1.3. An to K eÐnai èna kurtì uposÔnolo enìc pragmatikoÔ Haus-
dorff topologikoÔ dianusmatikoÔ q¸rou Q, me mh kenì eswterikì kai an to
x eÐnai èna shmeÐo sto sÔnoro tou K, tìte up�rqei uperepÐpedo pou sthrÐzei
(supports) to K sto x, dhlad , up�rqei suneqèc, grammikì sunarthsioeidèc
f 6≡ 0 sto Q, tètoio ¸ste f(x) = sup f(K).

`Ena tètoio f lègetai sunarthsioeidèc st rixhc (support functio-
nal) tou K kai to x lègetai shmeÐo st rixhc (support point)tou K.

67
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Apì ton parap�nw orismì, faÐnetai eÔkola oti an to f eÐnai èna sunarth-
sioeidèc tou K , tìte k�je jetikì pollapl�sio tou f eÐnai epÐshc sunarthsioeidèc-
forèac tou K.

Sthn sunèqeia, ja sumbolÐzoume
U = {x, ‖x‖ ≤ 1}

kai an f ∈ X∗, ja jewroÔme
‖f‖ = sup f(U)

3.2 H apìdeixh tou J. Lindenstrauss

Sthn apìdeixh tou kÔriou jewr matoc tou Lindenstrauss ja qrhsimopoi sou-
me to gegonìc oti
Prìtash 3.2.1. Ta sunarthsioeid  st rixhc enìc fragmènou sunìlou ston
q¸ro Banach Q eÐnai pukn� ston duðkì q¸ro X∗.

Gia thn apìdeixh thc parap�nw prìtashc ja qreiastoÔme ta ex c :

Orismìc 3.2.2. Ja lème oti èna uposÔnolo K tou Q eÐnai kurtìc k¸noc,
an to K eÐnai kurtì sÔnolo kai λy ∈ K, ìpote y ∈ K kai λ > 0.

An to Y eÐnai èna sÔnolo pou perièqei to shmeÐo y0 kai an o K eÐnai kurtìc
k¸noc tètoioc ¸ste to K + y0 na eÐnai xèno proc to Y \ {y0}, tìte lème oti to
K + y0 st rixhc to Y sto y0.

`Estw oti o K eÐnai kurtìc k¸noc me mh kenì eswterikì, oti to C eÐnai
kurtì kai oti to K + x0 sthrÐzei to C sto x0 . Tìte, apì to je¸rhma 3.1.2,
up�rqei mh mhdenikì g ∈ X∗, tètoio ¸ste sup g(C) ≤ inf g(K + x0).AfoÔ to x0 eÐnai stoiqeÐo kai tou K +x0 all� kai tou C, eÔkola faÐnetai
oti

sup g(C) = g(x0) = inf g(K + x0)

dhlad , to g fèrei to C sto x0.`Etsi, gia na deÐxoume thn Ôparxh shmeÐwn st rixhc kai sunarthsioeid¸n
st rixhc gia to C, arkeÐ na broÔme k¸nouc st rixhc tou C me mh ken� esw-
terik�.

Oi k¸noi pou ja qrhsimopoÔme eÐnai thc parak�tw morf c:
K(f, k) = {x : ‖x‖ ≤ kf(x)}

ìpou f ∈ X∗ me ‖f‖ = 1 kai k > 0.
Profan¸c, ta K(f,K) eÐnai kleistoÐ, kurtoÐ k¸noi.
Epiplèon, an k > 1, tìte to eswterikì tou K(f, k) eÐnai mh kenì.
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Pr�gmati, afoÔ ‖f‖ = 1 kai 0 < 1/k < 1, up�rqei x ∈ X me ‖x‖ = 1 kai

f(x) > 1/k. Dhlad , ‖x‖ < k · f(x). AfoÔ oi f, ‖ · ‖ eÐnai suneqeÐc, up�rqei
perioq  V tou x, tètoia ¸ste gia k�je y ∈ V na èqoume ‖y‖ < kf(y) .
L mma 3.2.3. `Estw K èna kleistì uposÔnolo tou q¸rou Banach Q kai èstw
f ∈ X∗ me nìrma 1, fragmèno sto K kai k > 0. An z ∈ K, tìte up�rqei
shmeÐo x0 ∈ K, tètoio ¸ste x0 ∈ K(f, k) + z kai to K(f, k) + x0 na sthrÐzei
to K sto x0.

Apìdeixh. OrÐzoume merik  di�taxh sto K mèsw tou K(f, k). Dhlad ,
x � y ⇐⇒ x− y ∈ K(f, k)

orc
⇐⇒ ‖x− y‖ ≤ kf(x− y)

JewroÔme to sÔnolo
Z = {x ∈ K : x � z} = K ∩ (K(f, k) + z)

kai W èna olik¸c diatetagmèno uposÔnolo tou Z. Tìte to sÔnolo
{f(x) : x ∈ W}

eÐnai fragmèno, monìtono dÐktuo pragmatik¸n arijm¸n (an qrhsimopoi soume
to W san kateujunìmeno dÐktuo deikt¸n), opìte sugklÐnei sto supremum
tou. Epomènwc ja eÐnai dÐktuo Cauchy kai afoÔ

an x, y ∈ W, tìte ‖x− y‖ ≤ k[f(x)− f(y)]

ja prèpei kai to W na eÐnai dÐktuo Cauchy sto Z.
AfoÔ Z = K ∩ (K(f, k)+ z) kai afoÔ to K(f, k) eÐnai kleistì, ja prèpei

kai to Z na eÐnai kleistì kai epomènwc to W ja sugklÐnei se èna stoiqeÐo
y ∈ Z. Lìgw sunèqeiac thc f kai thc nìrmac, èqoume oti y � x, gia k�je
x ∈ W . Dhlad , to W ja èqei �nw fr�gma sto Z.

Efarmìzontac t¸ra to L mma tou Zorn sto Z, katal goume sto oti ja
up�rqei èna megistikì stoiqeÐo, èstw to x0 sto Z.

T¸ra faÐnetai eÔkola oti to K(f, k) + x0 ja sthrÐzei to K sto x0.
Prìtash 3.2.4. An to K eÐnai kurtì, kleistì uposÔnolo tou q¸rou Banach
Q, tìte ta shmeÐa st rixhc tou K eÐnai pukn� sto sÔnoro tou K.

Apìdeixh. An to z eÐnai ena shmeÐo sto sÔnoro tou K kai η > 0, dialègoume
y ∈ X \ K tètoio ¸ste ‖y − z‖ < η/2 kai dialègoume f ∈ X∗ me ‖f‖ = 1
kai sup f(K) ≤ f(y). (MporoÔme na k�noume k�ti tètoio efarmìzontac to
Je¸rma 3.1.2 se opoiad pote kurt  perioq  tou y, h opoÐa eÐnai xènh proc to
kleistì sÔnolo K)

Apì to L mma 3.2.3, up�rqei x0 sto K me x0 ∈ K(f, 2)+z kai tètoio ¸ste
to K(f, 2) + x0 na sthrÐzei to K sto x0. Efarmìzontac xan� to Je¸rhma
3.1.2 sta K, K(f, 2) + x0, deÐqnoume oti to x0 eÐnai shmeÐo st rixhc tou K.
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Epiplèon, afoÔ x0 − z ∈ K(f, 2) kai x0 ∈ K, ja prèpei
‖x0 − z‖ ≤ 2[f(x0)− f(z)] ≤ 2[f(y)− f(z)] ≤ 2‖y − z‖ < η

L mma 3.2.5. `Estw η > 0, ‖f‖ = ‖g‖ = 1 kai oti gia k�je x me f(x) = 0
kai ‖x‖ = 1 èqoume |g(x)| ≤ η/2. Tìte eÐte ‖f−g‖ ≤ η/2, eÐte ‖f +g‖ ≤ η/2.

Apìdeixh. Apì to Je¸rhma Hahn-Banach, mporoÔme na dialèxoume h ∈ X∗

tètoio ¸ste h(x) = g(x) gia k�je x ∈ f−1(0) kai ‖h‖ = sup |g(U)∩ f−1(0)|.
Tìte, apì thn upìjesh, ‖h‖ ≤ η/2.
EpÐshc, afoÔ h g−h mhdenÐzetai sto f−1(0), up�rqei δ ∈ R, gia to opoÐo
g − h = δf .
Tìte ‖g − δf‖ = ‖h‖ ≤ η/2 (1).
`Estw oti δ > 0.
• An δ ≥ 1, tìte 1/δ ≤ 1, opìte,

‖g − f‖ = ‖(1− 1
δ
)g +

1
δ
(g − δf)‖

≤ (1− 1
δ
)‖g‖+

1
δ
‖g − δf‖

= 1− 1
δ

+
1
δ
‖g − δf‖

≤ 1− 1
δ

+ ‖g − δf‖, (2)

EpÐshc,
δ = ‖δf‖ ≤ ‖g‖+ ‖g − δf‖ = 1 + ‖g − δf‖

Epomènwc,
1− 1

δ
≤ 1− (1 + ‖g − δf‖)−1

= ‖g − δf‖ · (1 + ‖g − δf‖)−1

≤ ‖g − δf‖, (3)

`Ara
‖g − f‖

(2),(3)
≤ 2‖g − δf‖

(1)
≤ η

• An 0 ≤ δ ≤ 1, tìte
‖g − f‖ ≤ ‖g − δf‖+ ‖(1− δ)f‖

= ‖g − δf‖+ 1− δ

= ‖g − δf‖+ ‖g‖ − ‖δf‖

≤ 2‖g − δf‖
(1)
≤ η
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• An δ < 0, qrhsimopoi¸ntac to −δf sth Ðdia apìdeixh, deÐqnoume oti

‖g + f‖ ≤ η

L mma 3.2.6. `Estw 0 < η < 1, ‖f‖ = ‖g‖ = 1 kai k > 1 + 2/η. An to g
eÐnai mh arnhtikì sto K(f, k), tìte ‖f − g‖ ≤ η.

Apìdeixh. Dialègoume x ∈ X, tètoio ¸ste ‖x‖ = 1 kai f(x) > k−1(1+2/η).
`Estw, epÐshc, y′ ∈ X, tètoio ¸ste f(y′) = 0 kai ‖y′‖ < 2/η. Tìte

‖x± y′‖ ≤ 1 +
2
η

< kf(x) = kf(x± y′)

opìte x± y′ ∈ K(f, k) kai epomènwc g(x± y′) ≥ 0. Tìte, ìmwc,
|g(y′)| ≤ g(x) ≤ ‖x‖ = 1

`Eqoume, loipìn, oti an f(y) = 0 kai ‖y‖ ≤ 1, tìte |g(y)| < η/2 (gia y =
ηy′/2), �ra apì to L mma 3.2.5 ja prèpei

‖f + g‖ ≤ η eÐte ‖f − g‖ ≤ η

Dialègoume z ∈ X me ‖z‖ = 1 kai f(z) > max(k−1, η). Tìte z ∈ K(f, k),
opìte g(z) ≥ 0 kai epomènwc

‖f + g‖ ≥ (f + g)(z) > η

`Ara anagkastik� ‖f − g‖ ≤ η, dhlad  to zhtoÔmeno.
Je¸rhma 3.2.7. `Estw C, K uposÔnola tou q¸rou Banach Q, tètoia ¸ste
to C na eÐnai kleistì kai kurtì kai to K fragmèno, mh kenì. An η > 0
kai f ∈ X∗ me nìrma 1, ¸ste sup f(C) < inf f(K), tìte up�rqei g ∈ X∗ me
‖g‖ = 1 kai x0 ∈ C gia ta opoÐa ‖f−g‖ ≤ η kai g(x0) = sup g(C) < inf g(K).

Apìdeixh. `Estw γ = sup f(C), δ = inf f(K) kai èstw b tètoio ¸ste γ < β <
δ. JewroÔme thn perioq  V tou K pou orÐzetai wc V = K + (δ − β)U . To
V eÐnai fragmèno sÔnolo kai afoÔ inf f(U) = −1,

inf f(V ) = inf f(K)− (δ − β) = β

`Estw α = 1 + 2/η kai èstw z ∈ C, tètoio ¸ste γ − f(z) < (2α)−1(β − γ).
JewroÔme

M > max
{

2−1(β − γ), sup{‖y − z‖, y ∈ V }
}

kai k = 2αM(β − γ)−1 (ParathroÔme oti tìte k > α > 1).
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Apì to L mma 3.2.3, mporoÔme na dialèxoume èna shmeÐo x0 ∈ C, tètoio
¸ste to K(f, k) + x0 na sthrÐzei to C sto x0 kai x0 − z ∈ K(f, k). Ja
deÐxoume oti V ⊆ K(f, k) + x0.Pr�gmati, an y ∈ V , tìte

‖y + x0‖ ≤ ‖y − z‖+ ‖x0 − z‖
< M + ‖x0 − z‖
≤ M + kf(x0 − z)
≤ M + k[γ − f(z)]
< M + k(2α)−1(β − γ)
= 2M

< 2αM

= k(β − γ)
≤ kf(y − x0)

Apì to Je¸rhma 3.1.2, up�rqei g ∈ X∗ me ‖g‖ = 1, tètoio ¸ste
sup g(C) = g(x0)

≤ inf g(K(f, k) + x0)
≤ inf g(V )
= inf g(K)− (δ − β)
< inf g(K)

AfoÔ inf g(K(f, k)) ≥ 0 kai k > 1 + 2/η, apì to L mma 3.2.6, prokÔptei oti
‖f − g‖ ≤ η.

T¸ra, h Prìtash 3.2.1 eÐnai �meso Pìrisma tou Jewr matoc 3.2.7.
Je¸rhma 3.2.8. (Lindenstrauss, 1974 [11])

An k�je fragmèno uposÔnolo tou q¸rou Banach Q eÐnai aiqmhrì kai an
to K eÐnai èna fragmèno, kleistì kai kurtì uposÔnolo tou Q, tìte to K eÐnai
h kleist , kurt  j kh twn akraÐwn shmeÐwn tou.

Apìdeixh. SumbolÐzoume
F (g,K) = {x ∈ K, g(x) = M(g,K)}

mÐa pleur� st rixhc (support face) tou K, ìpou g ∈ X∗ me nìrma 1.
L mma: K�je fèta S(f, α,K) tou K perièqei mÐa mh ken  pleur� st ri-

xhc tou K.
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Pr�gmati, gia 0 < δ < α

2M(K) kai g ∈ X∗ me ‖g‖ = 1 tètoia ¸ste
‖f − g‖ < δ, èqoume

F (g,K) ⊆ S(f, α,K)

afoÔ an x ∈ F (g,K), tìte g(x) = M(g,K). EpÐshc, gia y ∈ K me
f(y) ≥ M(f,K)− α

2

èqoume
‖g(y)− f(y)‖ ≤ ‖g − f‖ ‖y‖ < δ‖y‖ <

α

2M(K)
M(K) =

α

2
=⇒

=⇒ g(y) ≥ f(y)− α

2
≥ M(f,K)− α

2
− α

2
= M(f,K)− α

opìte
g(x) = M(g,K) ≥ g(y) ≥ M(f,K)− α

dhlad  x ∈ S(f, α,K) (apo thn Prìtash 3.2.1 up�rqei p�nta tètoio g).♦

`Estw S(f, α, K) fèta tou K kai F1 = F (g,K) ⊆ S(f, α, K) mh ken 
pleur� st rixhc tou K.

AfoÔ to F1 eÐnai fragmèno uposÔnolo tou Q (wc uposÔnolo tou K),
apì thn upìjesh ja eÐnai aiqmhrì. `Ara ja up�rqei fèta tou F1 diamètrou
mikrìterhc tou 1, opìte apì to arqikì epiqeÐrhma ja up�rqei mh ken  pleur�
st rixhc F2 = F (g1, F1) tou F1, pou ja perièqetai se aut n th fèta.

Profan¸c diam F2 < 1
Epagwgik�, kataskeu�zoume ètsi akoloujÐa F1 ⊇ F2 ⊇ F3 ⊇ ... tètoiwn

sunìlwn (pleur¸n st rixhc tou K) me
diam Fn

n→∞−→ 0

Lìgw thc plhrìthtac tou q¸rou, h tom  aut¸n ja eÐnai èna monosÔnolo {x}
me x ∈ S(f, α, K). Auto to x ja eÐnai akraÐo shmeÐo tou K (�ra to K eqei
akraÐa shmeÐa).

Pr�gmati,
an x = λα + (1− λ)β gia k�poia α, β ∈ K kai λ ∈ (0, 1), tìte

gn(x) = M(gn,K) = λgn(α) + (1− λ)gn(β)
≤ λM(gn,K) + (1− λ)M(gn,K) = M(gn,K)

kai h isìthta isqÔei an kai mìno an
gn(α) = gn(β) = M(gn,K), gia k�je n ∈ N
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Dhlad , ta α, β eÐnai stoiqeÐa tom c twn Fn, epomènwc α = β = x ( afou⋂
n∈N Fn = {x} ).
Profan¸c conv(ex(K)) ⊆ K ( To K eÐnai kleistì kai kurtì). `ArkeÐ,

loipìn, na deiqteÐ oti conv(ex(K)) ⊇ K.
`Estw ìqi.`Estw, dhlad , oti up�rqei x ∈ K \ conv(ex(K)). Tìte, afoÔ

to conv(ex(K)) eÐnai kleistì, up�rqei g ∈ X∗ me
g(x) > 0 kai g(y) ≤ 0, gia k�je y ∈ conv(ex(K))

Tìte, ìmwc, h fèta S(g, α,K), ìpou
α = M(g,K)− g(x) +

g(x)
2

> 0

perièqei to x, diìti
g(x) ≥ M(g,K)− α = M(g,K)−M(g,K) + g(x)− g(x)

2
=

g(x)
2

Apo to prohgoÔmeno epiqeÐrhma ja prèpei na perièqei kai akraÐo shmeÐo tou
K, �topo.

3.3 H apìdeixh tou R.R. Phelps

Sthn enìthta aut  ja parousi�soume mÐa diaforetik  prosèggish tou Ðdiou
apotelèsmatoc, h opoÐa dìjhke epÐshc to 1974 apì ton R.R. Phelps.
L mma 3.3.1. `Estw T isomorfismìc tou Q (dhladh, T : X −→ X, gram-
mikìc, disuneq c, èna proc èna kai epÐ) kai èstw S(f, α,K) mÐa fèta tou K
diamètrou d. Tìte to T [S(f, α, K)] eÐnai fèta tou TK diamètrou to polu d‖T‖.

Apìdeixh. `Estw T ∗ o suzug c telest c tou T kai èstw f∗ = (T ∗)−1f .
Tìte,

f∗ = (T ∗)−1f =⇒ T ∗f∗ = (T ∗)(T ∗)−1f

=⇒ T ∗f∗ = f

=⇒ f∗ ◦ T = f

Dhlad , f∗(Tx) = f(x), gia k�je x ∈ K.
Epomènwc, M(f,K) = M(f∗, TK).
Tìte ìmwc

T [S(f, α,K)] = T [{x ∈ K : f(x) > M(f,K)− α}]
= {Tx ∈ TK : f∗(Tx) > M(f∗, TK)− α}
= S(f∗, α, TK)

pou eÐnai fèta tou TK.
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`Estw d′ h di�metroc tou T [S(f, α,K)]. Tìte

d′ = sup{‖x− y‖ : x, y ∈ T [S(f, α,K)]}
= sup{‖Tx− Ty‖ : x, y ∈ S(f, α, K)}
≤ sup{‖T‖ · ‖x− y‖ : x, y ∈ S(f, α,K)}
= ‖T‖ · sup{‖x− y‖ : x, y ∈ S(f, α,K)}
= d · ‖T‖

L mma 3.3.2. `Estw oti k�je fragmèno uposÔnolo tou Q eÐnai aiqmhrì kai
èstw g ∈ X∗ me ‖g‖ = 1. An ε > 0 kai to K \ g−1(0) eÐnai mh kenì,
tìte up�rqei fèta tou K diamètrou mikrìterhc tou ε, xènh proc to sÔnolo
D = K ∩ g−1(0).

Apìdeixh. `Estw oti D 6= ∅. (An D = ∅, tìte K \ g−1(0) = K, opìte ìla
eÐnai profan ).

AfoÔ K \ g−1(0) 6= ∅, up�rqei z ∈ K \ g−1(0). Upojètoume oti g(z) > 0
(h apìdeixh sthn perÐptwsh g(z) < 0 ja eÐnai an�logh).
`Estw r = 1

g(z) .
1. Gia x ∈ D orÐzoume Tx : X −→ R me

Txy = y − 2rg(y)(z − x), gia k�je y ∈ X

Tìte, gia k�je x ∈ D

(aþ) O Tx eÐnai grammikìc (profan¸c) kai fragmènoc,diìti
‖Txy‖ = ‖y − 2rg(y)(z − x)‖ ≤ ‖y‖+ 2r‖g(y)‖ · ‖z − x‖

≤ ‖y‖+ 2r‖g‖ · ‖y‖ · ‖z − x‖
‖g‖=1

= ‖y‖ · [1 + 2r(‖z‖+ ‖x‖)]
≤ ‖y‖ · [1 + 2r(M(K) + M(K))]
= ‖y‖ · (1 + 4rM(K))

`Ara
‖Tx‖ ≤ 1 + 4rM(K) ≡ M

(to opoÐo den exart�tai oÔte apì to x)
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(bþ) T−1
x = Tx, afoÔ
Tx(Txy) =

= Txy − 2rg(Txy)(z − x)
= y − 2rg(y)(z − x)− 2rg(y − 2rg(y)(z − x))(z − x)
= y − 2rg(y)(z − x)− 2rg(z − x) +

+2rg(2rg(y)(z − x))(z − x)
= y − 2rg(y)(z − x)− 2rg(y)(z − x) +

+4r2g(y)(g(z)− g(x))(z − x)
g(x)=0

= y − 2rg(z − x)− 2rg(y)(z − x) + 4r2g(y)g(z)(z − x)
g(z)=r−1

= y − 4rg(y)(z − x) + 4rg(y)(z − x)
= y

`Ara T 2
x = id, opìte T−1

x = Tx.
(gþ) Txz = 2x− z , afoÔ

Txz = y − 2
g(z)
g(z)

(z − x)

= z − 2z + 2x

= 2x− z

(dþ) Txy = y, gia k�je y ∈ g−1(0) ,afoÔ
Txy = y − 2

g(y)
g(z)

(z − x)

g(y)=0
= y

Epomènwc, o Tx eÐnai an�klash tou Q mèsw tou uperepipèdou g−1(0)
kat� m koc thc eujeÐac pou pern�ei apì to 0 kai orÐzetai apì to z− x.

2. `Estw K1 = {K} ∪ {TxK, x ∈ D}

kai C = conv
⋃
{L,L ∈ K1}

To kleistì, kurtì sÔnolo C eÐnai fragmèno, diìti gia x ∈ D,

M(TxK) ≤ ‖Tx‖ ·M(K) ≤ M ·M(K)

`Ara
M(C) ≤ M ·M(K)
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Gia x ∈ D , èqoume

Txz = 2x− z =⇒ x =
1
2
z +

1
2
Txz

`Ara to x eÐnai mèso eujÔgrammou tm matoc tou C (afoÔ z, Txz ∈ C,
pou eÐnai kurtì) me m koc

‖z − Txz‖ = ‖z − z + 2rg(z)(z − x)‖
= 2‖z − x‖

‖g‖=1

≥ 2|g(z − x)|
= 2|g(z)− g(x)|
= 2|g(z)|

g(z)>0
= 2g(z) > 0

AfoÔ, apì thn upìjesh, to fragmèno C eÐnai aiqmhrì, up�rqei fèta
S(f, α,C) tou C diamètrou d, ìpou d < min{ ε

M , g(z)} , gia to ε pou
dìjhke sthn ekf¸nhsh.
T¸ra, M(f, C) = M(f,

⋃
{L,L ∈ K1}), dioti

gia k�je δ > 0, up�rqei y1 ∈ C tètoio ¸ste f(y1) > M(f, C)− δ
2 .

AfoÔ y1 ∈ C = conv
⋃
{L,L ∈ K1}, up�rqei y2 ∈ conv(

⋃
{L,L ∈ K1})me ‖y1 − y2‖ < δ

2

opìte
|f(y1)− f(y2)| ≤ ‖f‖ · ‖y1 − y2‖

‖f‖=1
< ‖y1 − y2‖ <

δ

2

` Ara,
f(y2) > f(y1)−

δ

2
> M(f, C)− δ

Dhlad , up�rqei y2 ∈ conv(
⋃
{L,L ∈ K1}) me f(y2) > M(f, C)− δ.

AfoÔ, y2 ∈ conv(
⋃
{L,L ∈ K1}), up�rqoun w1, ..., wn ∈

⋃
{L,L ∈ K1}kai λ1, ..., λn ∈ R me ∑n

i=1 λi = 1 tètoia ¸ste

y2 =
n∑

i=1

λiwi

`Ara,
f(y2) =

n∑
i=1

λif(wi) > M(f, C)− δ
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opìte ja up�rqei wi0 ∈
⋃
{L,L ∈ K1} me

f(wi0) > M(f, C)− δ

(diaforetik� ja eÐqame
f(y2) =

n∑
i=1

λif(wi) ≤ (M(f, C)− δ)
n∑

i=1

λi = M(f, C)− δ ,�topo)

`Ara to M(f, C) proseggÐzetai apì stoiqeÐa thc ⋃{L,L ∈ K1}.
Epomènwc, up�rqei L0 ∈ K1 tètoio ¸ste M(f, L0) > M(f, C)−α (gia
to dosmèno a). Tìte

β = M(f, L0)− [M(f, C)− α] > 0

(opìte mporoÔme na mil�me gia fèta).
EpÐshc, afoÔ L0 ⊆ C, an x ∈ S(f, β, L0) èqoume

f(x) > M(f, L0)− β

= M(f, L0)−M(f, L0) + M(f, C)− α

= M(f, C)− α

Dhlad , x ∈ S(f, α,C). `Ara S(f, β, L0) ⊆ S(f, α, C). Epomènwc,
diam S(f, β, L0) ≤ d = diam S(f, α, C)

3. To S(f, α,C) ∩D = ∅, diìti an up rqe x ∈ S(f, α, C) ∩D, tìte, afoÔ
x ∈ D, eÐnai mèso eujÔgrammou tm matoc tou C (èqei deiqteÐ), opìte
k�poio apì ta dÔo �kra autoÔ tou eujÔgrammou tm matoc ja èprepe
na eÐnai epÐshc stoiqeÐo thc S(f, α,C) .
(`Eqoume
x =

1
2
z +

1
2
Txz =⇒ f(x) =

1
2
f(z) +

1
2
f(Txz)

=⇒ f(z) + f(Txz) ≥ 2M(f, C)− 2α

=⇒ f(z) ≥ M(f, C)− α   f(Txz) ≥ M(f, C)− α )

Dhlad , ta x, z   ta x, Txz eÐnai kai ta dÔo stoiqeÐa thc S(f, α,C).
`Omwc

‖z − x‖ = ‖Txz − x‖ ≥ g(z)

antÐfash, diìti epilèxame d < g(z). `Ara S(f, α,C) ∩D = ∅.
`Ara kai S(f, β, L0) ∩D = ∅ (L0 ∈ {K} ∪ {TxK, x ∈ D} = K1).

4. (aþ) An L0 = C, tìte telei¸same.
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(bþ) An L0 = TxK, gia k�poio x ∈ D, tìte apì to L mma 3.3.1 ,gia

T = T−1
x , afoÔ S(f, β, L0) eÐnai fèta tou L0 = TxK , diamètrou to

polÔ Ðshc me d , to T−1
x S(f, β, TxK) eÐnai fèta tou T−1

x TxK = K,
diamètrou to polÔ
‖T−1

x ‖ · d T−1
x =Tx= ‖Tx‖ · d ≤ M · d = M ·min

{
ε

M
, g(z)

}
≤ ε

Epiplèon, h fèta tou K, T−1
x S(f, β, TxK), èqei ken  tom  me to

D, afoÔ an y ∈ D, tìte
y /∈ S(f, β, TxK) =⇒ y = T−1

x y

(afoÔ y ∈ D , èqoume T−1
x

∣∣∣
D

= id) pou den an kei sto T−1
x S(f, β, TxK).

Je¸rhma 3.3.3. `Estw oti k�je fragmèno uposÔnolo tou Q eÐnai aiqmhrì
kai oti to K eÐnai fragmèno, kleistì kai kurtì. Tìte to K eÐnai h kleist ,
kurt  j kh twn aiqmhr¸n shmeÐwn tou.

Apìdeixh. 1. ArkeÐ na deiqteÐ oti k�je fèta tou K perièqei aiqmhrì shmeÐo
tou K. Pr�gmati, tìte :

(aþ) dp(K) = {x ∈ K : x aiqmhro shmeÐo tou K} 6= ∅
(bþ) conv(dp(K)) ⊆ K , afoÔ to K eÐnai kleistì kai kurtì.
(gþ) K ⊆ conv(dp(K))

diìti diaforetik�, ja up rqe x ∈ K \ conv(dp(K)). Alla tìte,
afoÔ to conv(dp(K)) eÐnai kleistì, apì to Je¸rhma 3.1.2, up�rqei
f ∈ X∗ me ‖f‖ = 1, pou diaqwrÐzei ta x, conv(dp(K)) . Autì
to f orÐzei fèta S tou K, me x ∈ S. Apì thn upìjesh, up�rqei
stoiqeÐo sto sÔnolo S∩dp(K), �topo, diìti S∩conv(dp(K)) = ∅
ek kataskeu c tou S.

2. `Estw S(g, β,K) fèta tou K. Upojètoume oti to shmeÐo 0 ∈ X periè-
qetai sto uperepÐpedo {x ∈ X : g(x) = M(g,K)− β}, opìte , afoÔ to
g eÐnai grammikì, autì to uperepÐpedo eÐnai to g−1(0) (me metatìpish
tou K).
`Estw K1 = S(g, β,K). Apì to L mma 3.3.2, up�rqei K2, fèta thc K1,me K2 ∩ (K1 ∩ g−1(0)) = ∅ kai di�metro mikrìterh tou 1

2 ....
Up�rqei fèta Kn, fèta tou Kn−1 me Kn ( Kn−1 kai di�metro mikrìterhtou 1

2 .
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...
Kataskeu�zoume, ètsi akoloujÐa {Kn} apì fètec tou K, me Kn (
Kn−1 kai diam Kn −→ 0. Tìte ⋂∞i=1 Kn = {x}, gia k�poio x ∈ K.
Autì to x eÐnai anagkastik� aiqmhrì shmeÐo tou K, afoÔ gia k�je
ε > 0 , up�rqei fèta tou K me di�metro mikrìterh tou ε, tètoia ¸ste
to x na eÐnai stoiqeÐo thc.
All� tìte, to x eÐnai aiqmhrì shmeÐo tou K kai x ∈

⋂∞
i=1 Ki. Sunep¸c,

x ∈ K1 = S(g, β,K), pou  tan tuqoÔsa fèta tou K.

L mma 3.3.4. `Estw F grammikìc upìqwroc tou X∗ kai èstw oti k�je frag-
mèno, s(Q,F )-kleistì kai kurtì uposÔnolo tou Q eÐnai h s(Q,F )-kleist , kur-
t  j kh twn F -aiqmhr¸n shmeÐwn tou. Epiplèon, upojètoume oti h S(f, α, K)
eÐnai fèta tou fragmènou, s(Q, F )-kleistoÔ, kurtoÔ sunìlou K, me f ∈ F kai
0 < ε < 1. Tìte, up�rqei fèta S(g, β,K), diamètrou mikrìterhc tou ε, tètoia
¸ste g ∈ F, ‖g − f‖ < ε kai S(g, β,K) ⊆ S(f, α, K).

Apìdeixh. MporoÔme na upojèsoume oti to uperepÐpedo
H = {x ∈ X : f(x) = M(f,K)− α}

perièqei to 0, dhlad  oti H = f−1(0) (metafèrontac to K ìpwc mac epitrèpei
to L mma 3.3.1).

Tìte M(f,K) = α > 0 (f(0) = 0).
`Estw M = M(K) kai èstw K1 h s(Q, F )-kleist , kurt  j kh tou

S(f, α,K) ∪ (λU ∩H), ìpou λ > 2M
ε .

To K1 eÐnai kai fragmèno, opìte, apì thn upìjesh eÐnai h s(Q,F )-kleist ,
kurt  j kh twn F -aiqmhr¸n shmeÐwn tou.

AfoÔ M(f,K) > 0, to K1 \ H eÐnai mh kenì, �ra up�rqei F -aiqmhrì
shmeÐo sto K1 \H.

`Ara up�rqei fèta S(g, β,K1) diamètrou mikrìterhc tou ε, xènh proc to
λU ∩H, me g ∈ F . Tìte, ìmwc,

M(g,K1)
(1)
= M(g, S(f, α,K))

(2)
= M(g,K)

Pr�gmati,
(1) M(g, S(f, α,K)) ≤ M(g,K1), afoÔ S(f, α,K) ⊆ K1.IsqÔei h isìthta, diìti diaforetik�, afoÔ M(g,K1) = M(g, S(g, β,K1),ja up rqe

z ∈ K1 \H me g(z) > g(x), gia k�je x ∈ S(f, α,K)

Epomènwc, ja up rqe fèta S(g, γ,K1) me γ < β, xènh proc to S(f, α,K)∪H.
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Aut  ja eÐqe F -aiqmhrì shmeÐo sto

K1 \ {x ∈ K1 : g(x) = M(g,K1)− γ}

opìte autì ja  tan kai F -aiqmhrì shmeÐo tou K1, �ra apì to (*) sto
S(f, α,K) ∪H.

(*)Ta F -aiqmhr� shmeÐa tou K1 eÐnai stoiqeÐa tou S(f, α, K)∪ (λU ∩H),
diìti an to z eÐnai F -aiqmhrì shmeÐo tou K1 me z /∈ S(f, α,K) ∪ (λU ∩H),
tìte up�rqei uperepÐpedo pou ta diaqwrÐzei, opìte h s(Q, F )-kleist , kurt 
j kh tou S(f, α,K) ∪ (λU ∩H) den perièqei to z, �topo.

(2) M(g, S(f, α,K)) ≤ M(g,K)
afoÔ S(f, α,K) ⊆ K kai h isìthta isqÔei , diìti to S(g, β, S(f, α,K)) ⊆

S(f, α,K1) eÐnai mh kenì.
(up�rqei z, F -aiqmhrì shmeÐo tou K1 sto K1 \ H, �ra apì to (*) sto

S(f, α,K), to opoÐo èqei
g(z) ≥ M(g,K1)− β

(1)⇔ g(z) ≥ M(g, S(f, α,K))− β

�ra z ∈ S(g, β, S(f, α,K)).)
`Ara sto K \ S(f, α,K) ⊆ K \ S(g, β, S(f, α, K)), èqoume

g(x) < M(g,K1)− β, gia k�je x

Epomènwc, M(g,K) = M(g, S(f, α,K)).
Telik�, ja prèpei

S(g, β, S(f, α,K)) = S(g, β,K)

pou eÐnai fèta tou K diamètrou mikrìterhc tou ε kai perièqetai sthn S(f, α,K).
Mènei na deiqteÐ oti ‖f − g‖ < ε.
`Estw z ∈ S(g, β,K) me

g(z) > M(g,K1)− β ≥ M(g, λU ∩H) ≥ 0

AfoÔ to λU ∩H eÐnai summetrikì, ja prèpei
g(λU ∩H) ⊆ [−g(z), g(z)]

All� tìte, afoÔ to g eÐnai grammikì, èqoume
g(U ∩H) = g(U ∩ f−1(0)) ⊆ [−g(z)

λ
,
g(z)
λ

]

Apì to L mma 3.2.5, gia η = 2g(z)/λ,
‖f − g‖ ≤ 2g(z)

λ
, eÐte ‖f + g‖ ≤ 2g(z)

λ
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Sthn pr¸th perÐptwsh,
‖f − g‖ ≤ 2g(z)

λ
≤ 2‖g‖ · ‖z‖

λ

‖g‖=1

≤ 2M

λ
< ε

apì thn epilog  tou l. Opìte prokÔptei to zhtoÔmeno.
Sthn deÔterh perÐptwsh,

z ∈ S(g, β,K) ⊆ S(f, α, K) kai M(f,K) = α =⇒ f(z) ≥ 0

Ara,
‖f + g‖ ≥ (f + g)(

z

‖z‖
) = f(

z

‖z‖
) + g(

z

‖z‖
) ≥ g(z) · 1

‖z‖
≥ g(z)

M
(∗∗)

`Omwc, apì thn upìjesh
‖f + g‖ ≤ 2g(z)

λ

(∗∗)
=⇒ g(z)

M
≤ 2g(z)

λ
=⇒ λ < 2M

2M/ε<λ
=⇒ 2M

ε
≤ 2M

=⇒ ε ≥ 1

�topo, afoÔ 0 < ε < 1 ex upojèsewc.
Epomènwc, h deÔterh perÐptwsh den mporeÐ na sumbeÐ.

Orismìc 3.3.5. `Estw Q q¸roc Banach kai F grammikìc upìqwroc tou X∗

pou diaqwrÐzei ta shmeÐa tou Q.

1. `Ena shmeÐo x ∈ A ⊆ X lègetai ektejeimèno shmeÐo (exposed
point) tou A, an up�rqei f ∈ X∗, tètoio ¸ste f(x) > f(y), gia k�je
y ∈ A diaforetikì apì to x. Lème, tìte, oti to sunarthsioeidèc f ∈ F
ekjètei to x.

2. Ena shmeÐo x ∈ A ⊆ X lègetai F-isqur� ektejeimèno shmeÐo (F-
strongly exposed point) tou A, an up�rqei f ∈ F nìrmac 1, tètoio
¸ste gia k�je ε > 0, up�rqei α > 0, ètsi ¸ste h fèta S(f, α, A) na
perièqei to x kai na èqei di�metro mikrìterh tou ε. Lème, tìte, oti to
sunarthsioeidèc f ∈ F ekjètei isqur� to x.

3. An F = X∗,tìte to x lègetai apl� isqur� ektejeimèno shmeÐo tou
A (strongly exposed point).

L mma 3.3.6. (Bishop) `Estw Q q¸roc Banach , F ènac ‖ · ‖-kleistìc
upìqwroc tou duðkoÔ q¸rou X∗ kai K fragmèno, kleistì kai kurtì uposÔnolo
tou Q. `Estw oti gia k�je fèta S(f, α) tou K, ìpou f ∈ F kai gia k�je
ε > 0 , up�rqei fèta S(g, β) diamètrou mikrìterhc tou ε, tètoia ¸ste g ∈
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F, S(g, β) ⊆ S(f, α) kai ‖f − g‖ < ε. Tìte k�je fèta S(f, α) tou K, me
f ∈ F , perièqei shmeÐo tou K, to opoÐo eÐnai isqur� ektejeimèno apì èna
sunarthsioeidèc tou F .

Apìdeixh. SumbolÐzoume M(f) to M(f,K) kai qwrÐc bl�bh thc genikìthtac
upojètoume oti M(K) = 1. `Estw S(f, α) fèta tou K, ìpou f ∈ F .

Jètoume f = g0 kai α = β0 kai qrhsimopoi¸ntac thn upìjesh kata-
skeu�zoume epagwgik� akoloujÐa {gκ} stoiqeÐwn tou F nìrmac 1 (gia na
èqei nìhma o ìroc ”fèta”) kai jetik¸n, pragmatik¸n arijm¸n {βκ} tètoiwn
¸ste :

1. ‖gκ+1 − gκ‖ < βκ

2κ

2. βκ+1 < βκ

2κ

3. diam S(gκ, βκ) < βκ

2κ

4. S(gκ+1, βκ+1) ⊆ S(gκ, βκ)

Tìte, gia k�je κ, j ∈ N èqoume
‖gκ+j − gκ‖ ≤

j∑
r=1

‖gκ+r − gκ+r−1‖

upìj.
<

j∑
r=1

βκ+r−1

2κ+r−1

=
1

2κ−1

j∑
r=1

βκ+r−1

2r

<
1

2κ−1

j∑
r=1

βκ

2r

=
βκ

2κ−1

j∑
r=1

1
2r

<
βκ

2κ−1

AfoÔ h {βκ} eÐnai fjÐnousa, h {gκ} ja eÐnai Cauchy kai epomènwc ja sugklÐ-
nei se k�poio g tou kleistoÔ F me ‖g‖ = 1 (afoÔ ‖gκ‖ = 1,∀κ).

Epiplèon, h fjÐnousa akoloujÐa kleist¸n sunìlwn {S(gκ, βκ)} ja èqei
mh ken  tom , èna monosÔnolo {x0} me x0 ∈ S(f, α)

(afoÔ diam S(gκ, βκ) < βκ

2κ −→ 0).
Ja deÐxoume oti to x0 eÐnai isqur� ektejeimèno apì to g.
Pr�gmati,

‖gκ+j − gκ‖ <
1

2κ−1
βκ, gia k�je κ, j ∈ N
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`Ara
‖g − gκ‖ ≤

1
2κ−1

βκ, gia k�je κ ∈ N

Sunep¸c, gia k�je κ ∈ N kai k�je x ∈ K

|g(x)− gκ(x)| ≤ ‖g − gκ‖ · ‖x‖
M(K)=1

≤ 1
2κ−1

βκ (1)

`Ara, gia k�je x ∈ K èqoume
M(g) ≥ g(x) ≥ gκ(x)− 1

2κ−1
βκ =⇒

=⇒ M(g) ≥ M(gκ)− 1
2κ−1

βκ =⇒

=⇒ M(g) ≥ M(gκ)− 1
22

βκ,∀κ ≥ 3 (2)

Epiplèon, an x ∈ S(g, βκ

4 ), gia κ ≥ 3, tìte
(1) =⇒ gκ(x) ≥ g(x)− 1

22
βκ

x∈S(g, βκ
4

)

≥ M(g)− βκ

4
− 1

22
βκ

= M(g)− βκ

2
(2)

≥ M(gκ)− 1
22

βκ −
βκ

2
= M(gκ)− 3/4 · βκ

≥ M(gκ)− βκ

Dhlad , x ∈ S(gκ, βκ).
`Ara, S(g, βκ

4 ) ⊆ S(gκ, βκ) gia κ ≥ 3.
Epomènwc,

∅ 6=
⋂
κ∈N

S(g,
βκ

4
) ⊆

⋂
κ∈N

S(gκ, βκ) = {x0}

Sunep¸c ⋂
κ∈N

S(g,
βκ

4
) = {x0}

kai
diam S(g,

βκ

4
) ≤ diam S(g, βκ) κ→∞−→ 0

Epomènwc, gia k�je ε > 0, up�rqei κ ∈ N, tètoio ¸ste h S(g, βκ

4 ) na èqei
di�metro mikrìterh tou ε kai na perièqei to x0.`Ara to x0 ektÐjetai isqur� apì thn g.
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Prìtash 3.3.7. `Estw Q q¸roc Banach kai F ènac ‖ · ‖-kleistìc upìqwroc
tou X∗, o opoiìc diaqwrÐzei ta shmeÐa tou Q. Upojètoume oti k�je fragmèno,
s(Q,F )-kleistì, kurtì uposÔnolo tou Q eÐnai h s(Q,F )-kleist , kurt  j kh
twn F -aiqmhr¸n shmeÐwn tou. Tìte, k�je tètoio sÔnolo eÐnai h s(Q,F )-
kleist , kurt  j kh twn F -isqur� ektejeimènwn shmeÐwn tou.

Apìdeixh. `Estw K èna tètoio sÔnolo. Apì to L mma 3.3.4, gia k�je fèta
S(f, α,K) me f ∈ F kai gia k�je ε > 0, up�rqei S(g, β,K) ⊆ S(f, α, K), me
g ∈ F , diamètrou mikrìterhc tou ε, tètoia ¸ste ‖g − f‖ < ε. Apì to L mma
3.3.6, k�je fèta S(f, α, K) me f ∈ F perièqei F -isqur� ektejeimèno shmeÐo
tou K. `Estw se(K) 6= ∅ to sÔnolo twn F -isqur� ektejeimènwn shmeÐwn
tou K kai se(K) h s(Q,F )-kleist , kurt  j kh tou. Profan¸c se(K) ⊆ K.
`Estw oti den isqÔei h isìthta. Tìte, ja up�rqei x ∈ K \ se(K). Apo to
Je¸rhma 3.1.2 , up�rqei f ∈ F pou diaqwrÐzei ta {x}, se(K). All�, tìte,
ja up�rqei fèta tou K pou perièqei to x, xènh proc to K. `Atopo, afoÔ ja
prèpei na perièqei stoiqeÐo tou se(K).
Je¸rhma 3.3.8. `Estw Q q¸roc Banach. K�je fragmèno uposÔnolo tou Q
eÐnai aiqmhrì an kai mìno an k�je fragmèno , kleistì kai kurtì uposÔnolo
tou Q eÐnai h kleist , kurt  j kh twn isqur� ektejeimènwn shmeÐwn tou.

Apìdeixh. ” =⇒ ” Apì to Je¸rhma 3.3.3, k�je fragmèno, kleistì kai kurtì
eÐnai h kleist , kurt  j kh twn aiqmhr¸n shmeÐwn tou kai apì thn prìtash
3.3.7 gia F = X∗, twn isqur� ektejeimènwn shmeÐwn tou.

” ⇐= ” K�je fragmèno sÔnolo ja èqei isqur� ektejeimèna shmeÐa, ara
kai aiqmhr� shmeÐa.
Pìrisma 3.3.9. `Estw Q q¸roc Banach kai èstw oti k�je fragmèno asjen¸c*-
kleistì uposÔnolo tou X∗ eÐnai h asjen¸c*-kleist , kurt  j kh twn asjen¸c*-
aiqmhr¸n shmeÐwn tou. Tìte to Ðdio sumbaÐnei gia ta asjen¸c*-isqur� ekte-
jeimèna shmeÐa tou.

Apìdeixh. Apì thn Prìtash 3.3.7 gia F ⊆ X∗∗ th fusiologik  embÔjish tou
Q ston X∗∗.

To shmantikìtero, ìmwc, gia em�c pìrisma tou jewr matoc 3.3.8, eÐnai
akrib¸c to je¸rhma 3.2.8, to opoÐo plèon an�getai sthn
Prìtash 3.3.10. An to K eÐnai kurtì uposÔnolo tou q¸rou Banach Q, tìte
ta ektejeimèna shmeÐa tou K eÐnai kai akraÐa shmeÐa tou.

Apìdeixh. `Estw x ektejeimèno shmeÐo tou K kai èstw oti
x = λa + (1− λ)b, gia k�poia a, b ∈ K \ {x} kai λ ∈ (0, 1)

`Estw oti to f ∈ X∗ ekjètei to x. Tìte
f(x) = λf(a) + (1− λ)f(b)

< λf(x) + (1− λ)f(x) = f(x)
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`Atopo, �ra a = b = x, opìte x ∈ ex(K).



Kef�laio 4

To anoiktì prìblhma

DeÐxame mèqri stigm c oti h idiìthta Radon-Nikodým sunep�getai thn idiì-
thta Krein-Milman. Genn�tai, loipìn, eÔloga to er¸thma e�n telik� isqÔei
h isodunamÐa twn dÔo idiot twn kai, sthn perÐptwsh pou den sumbaÐnei k�ti
tètoio, e�n mporoÔme toul�qiston na qarakthrÐsoume touc q¸rouc Banach
stouc opoÐouc isqÔei.

Apì to 1974, pou dìjhke h apìdeixh thc pr¸thc kateÔjunshc èwc kai
s mera to er¸thma autì paramènei anap�nthto, an kai èqei apodeiqteÐ oti se
orismènouc q¸rouc èqoume pr�gmati thn isodunamÐa. ParadeÐgmatoc q�rin

To 1975, apì touc Huff kai Morris sto [9] gia duðkoÔc q¸rouc Banach.
To 1981, apì touc Bourgain kai Talagrand sto [3] gia dÐktua Banach.
To 1985, apì ton Schachermayer sto [15] gia q¸rouc Q, oi opoÐoi eÐnai
isomorfikoÐ me touc X ⊕X.
To 1987, epÐshc apì ton Schachermayer sto [16] gia isqur� kanonik�
sÔnola.
Sto kef�laio autì ja parousi�soume analutik� to apotèlesma twn Huff

kai Morris gia duðkoÔc q¸rouc.

4.1 H ap�nthsh se duðkoÔc q¸rouc
Je¸rhma 4.1.1. (R.E. Huff, P.D. Morris, 1975 [9])

K�je duðkìc q¸roc Banach me thn idiìthta Krein-Milman èqei thn idiì-
thta Radon-Nikodym.

Gia thn apodeixh tou Jewr matoc autoÔ ja qreiasteÐ na orÐsoume k�poiec
kainoÔrgiec ènnoiec.
Orismìc 4.1.2. `Estw m èna Borel mètro ston topik� sumpag , Hausdorff
topologikì q¸ro Q kai E èna Borel uposÔnolo tou Q. Ja lème oti to m eÐnai

87
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1. exwterik� kanonikì sto E, an

µ(E) = inf{µ(U) : U ⊇ E, anoiktì}

2. eswterik� kanonikì sto E, an

µ(E) = sup{µ(K) : K ⊆ E, sumpagèc}

3. kanonikì, an eÐnai exwterik� kai eswterik� kanonikì se ìla ta Borel
sÔnola.

4. mètro Radon, an eÐnai peperasmèno se ìla ta sumpag  sÔnola, exw-
terik� kanonikì se ìla ta Borel sÔnola kai eswterik� kanonikì se ìla
ta anoikt� sÔnola.

Orismìc 4.1.3. `Ena sÔnolo E ja lègetai sÔnolo Baire, an eÐnai stoiqeÐo
thc s-�lgebrac pou par�getai apì to sÔnolo CC(X) twn suneq¸n pragmati-
k¸n sunart sewn tou Q oi opoÐec èqoun sumpag  forèa (dhlad , thc mikrìte-
rhc s-�lgebrac wc proc thn opoÐa k�je stoiqeÐo tou CC(X) eÐnai metr simh
sun�rthsh).

Orismìc 4.1.4. `Ena uposÔnolo K tou sunìlou L lègetai akraÐo (ex-
tremal) uposÔnolo tou L, an gia k�je x ∈ K, pou mporeÐ na grafeÐ x =
ty + (1 − t)z, gia k�poia y, z ∈ L kai k�poion pragmatikì arijmì 0 < t < 1,
ja prèpei y, z ∈ K.

L mma 4.1.5. An to sÔnolo K eÐnai akraÐo uposÔnolo tou L, tìte k�je
akraÐo shmeÐo tou K eÐnai akraÐo kai sto L.

Apìdeixh. `Estw oti to x eÐnai akraÐo shmeÐo tou K kai èstw y, z ∈ L kai
0 < t < 1, tètoia ¸ste x = ty + (1 − t)z. Tìte, afoÔ to K eÐnai akraÐo
uposÔnolo tou L, ja prèpei y, z ∈ K. `Omwc, to x eÐnai akraÐo shmeÐo tou
K, opìte y = z = x, to opoÐo eÐnai kai to zhtoÔmeno.
Orismìc 4.1.6. `Enac q¸roc Banach Q ja lègetai injective, an gia opoion-
d pote q¸ro Banach Z, k�je telest c T apì k�je upìq¸ro tou Z ston Q èqei
epèktash se ènan telest  T̃ : Z −→ X, tètoion ¸ste ‖T̃‖ ≤ ‖T‖.

Orismìc 4.1.7. `Enac q¸roc K lègetai akraÐa mh sunektikìc (extre-
mely disconected), an k�je anoiktì uposÔnolì tou èqei anoikt  kleistìth-
ta.

ShmeÐwsh 4.1.8. ErgasÐec twn Nachbin, Goodner, Kelley kai Hasumi qa-
rakthrÐzoun touc pragmatikoÔc kai migadikoÔc injective q¸rouc wc touc q¸-
rouc C(K), ìpou to K eÐnai akraÐa mh sunektikìc, sumpag c q¸roc Hausdorff
([20], sel. 123-125).

ApodeiknÔetai oti k�je pragmatikìc q¸roc L∞(µ), ìpou to m eÐnai pepe-
rasmèno, eÐnai ènac injective q¸roc.
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Orismìc 4.1.9. An D eÐnai to sÔnolo tou Cantor, tote duadik� diast ma-
ta tou D ja lème ta stoiqeÐa thc akoloujÐac A1 = ∆, A2 = ∆∩ [0, 1/3], A3 =
∆ ∩ [2/3, 1], A4 = ∆ ∩ [0, 1/9], A5 = ∆ ∩ [2/9, 1/3], ... .

Me autìn ton trìpo, h {An}∞n=1 eÐnai akoloujÐa apo uposÔnola tou D, ta
opoÐa eÐnai anoikt� kai kleist�, me deÐktec n, tètoiouc ¸ste to An na eÐnai
h xènh ènwsh twn A2n kai A2n+1. `Etsi, gia k�je k = 1, 2, ..., to D eÐnai h
xènh ènwsh twn {Am, 2k ≤ m < 2k+1}.

Ja qreiastoÔme epÐshc dÔo apotelèsmata, twn Uhl kai Stegall, ta opoÐa
dÐnoume qwrÐc apodeÐxeic, afoÔ autèc xefeÔgoun apì ton skopì aut c thc
ergasÐac.
Je¸rhma 4.1.10. (J.J. Uhl Jr., 1971 [19])

An o Q eÐnai q¸roc Banach, tètoioc ¸ste k�je kleistìc diaqwrÐsimoc
upìqwroc tou Q na eÐnai grammik� omoiomorfikìc me ènan upìqwro enìc dia-
qwrÐsimou duðkoÔ q¸rou, tìte o Q èqei thn idiìthta Radon-Nikodym.

Pìrisma 4.1.11. (Phillips, 1943 [13])
K�je anaklastikìc q¸roc Banach èqei thn idiìthta Radon-Nikodym.

Pìrisma 4.1.12. An o Q eÐnai q¸roc Banach tètoioc ¸ste k�je diaqwrÐsi-
moc upìqwroc tou Q na èqei diaqwrÐsimo duðkì, tìte o X∗ èqei thn idiìthta
Radon-Nikodym.

Je¸rhma 4.1.13. (C.Stegall, [17])
`Estw oti o Q eÐnai diaqwrÐsimoc q¸roc Banach, gia ton opoÐo o X∗ den

eÐnai diaqwrÐsimoc. Dedomènou enìc ε > 0, up�rqoun

1. `Ena uposÔnolo D thc monadiaÐac sfaÐrac tou X∗, to opoÐo eÐnai asjen¸c*-
omoiomorfikì me to sÔnolo tou Cantor

2. MÐa akoloujÐa {xn} sto Q, me ‖xn‖ < 1+ε gia ìla ta n, gia thn opoÐa

∞∑
n=1

‖Txn − χAn‖ < ε

ìpou o T : X −→ C(∆) eÐnai o telest c ektÐmhshc (dhlad  me tÔpo
(Tx)(x∗) = x∗(x)) kai ta An eÐnai oi omoiomorfikèc eikìnec twn duadi-
k¸n diasthm�twn tou sunìlou tou Cantor.

Apìdeixh. (tou Jewr matoc 4.1.1)
`Estw Q q¸roc Banach. Upojètoume oti o duðkìc q¸roc X∗ den èqei thn

RNP. Ja apodeÐxoume oti tìte up�rqei uposÔnolo K tou X∗, to opoÐo eÐnai
mh kenì, fragmèno, ‖ · ‖-kleistì kai kurtì, alla den èqei akraÐa shmeÐa.

AfoÔ o X∗ den èqei thn RNP, apì to Pìrisma 4.1.12, o Q ja èqei k�-
poion diaqwrÐsimo upìqwro Y , tètoion ¸ste o Y ∗ na mhn eÐnai diaqwrÐsmoc.
Efarmìzoume ston Y to Je¸rhma 4.1.13 gia ε = 1/2.
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`Estw m to mètro Radon sto D, me µ(An) = 2−k gia 2k ≤ n < 2k+1.
Gia k�je n, orÐzoume mètro Radon sto D, µn, mèsw thc sqèshc

µn(E) =
µ(E ∩An)

µ(An)

gia k�je sÔnolo Baire E.
O telest c T mporeÐ na jewrhjeÐ apeikìnish tou Y ston L∞(∆). AfoÔ

o L∞(∆, µ) eÐnai injective, o T ja epekteÐnetai se ènan fragmèno telest 
(ton opoÐo ja suneqÐzoume na sumbolÐzoume T) apì olìklhro ton Q ston
L∞(∆, µ). Ta µn mporoÔn na jewrhjoÔn stoiqeÐa tou L∞(∆, µ)∗. T¸ra, gia
k�je n, orÐzoume

x∗n = T ∗(µn) ∈ X∗

kai ta sÔnola
C = conv∗({µn}) ⊆ L∞(∆, µ)

D = conv∗({x∗n}) ⊆ X∗

K = {z∗ ∈ D : z∗(xn) n→∞−→ 0}

ìpou {xn} eÐnai h akoloujÐa pou dÐnei to Je¸rhma 4.1.13 kai conv∗ ja sum-
bolÐzoume thn asjen¸c*-kleist , kurt  j kh.

Ta C,D eÐnai kai ta dÔo asjen¸c*-sumpag , kurt� sÔnola kai D = T ∗(C)
(apì ton orismì aut¸n twn sunìlwn).

Ja deÐxoume oti to K eÐnai mh kenì, fragmèno, ‖ · ‖-kleistì kai kurtì,
all� den èqei akraÐa shmeÐa.

To gegonìc oti to K eÐnai fragmèno kai kurtì eÐnai profanèc. To oti eÐnai
‖ · ‖-kleistì prokÔptei eÔkola apì to oti h akoloujÐa {xn} eÐnai fragmènh.

Ja deÐxoume oti to K eÐnai mh kenì.
Gia k�je n, m èqoume oti

|x∗n(xm)| = |µn(Txm)| ≤ |µn(Txm − χAm)|+ |µn(χAm)|

≤ ‖Txm − χAm‖+
µ(An ∩Am)

µ(An)
m→∞−→ 0

Epomènwc, to K perièqei thn akoloujÐa {x∗n}.Mènei na deiqteÐ oti to K den èqei akraÐa shmeÐa.
Ja deÐxoume pr¸ta oti to K eÐnai akraÐo uposÔnolo tou D. Pr�gmati,

gia k�je n, m

x∗n(xm) = µn(Txm − χAm) + µn(χAm) ≥ −‖Txm − χAm‖

`Etsi
z∗(xm) ≥ −‖Txm−χAm‖, gia k�je z∗ ∈ D = conv∗({x∗n}) kai gia k�je m

opìte
lim inf z∗(xm) ≥ 0, gia k�je z∗ ∈ D (∗)
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Upojètoume, t¸ra, oti ta z∗1 , z

∗
2 eÐnai stoiqeÐa tou D, tètoia ¸ste z∗ =

1/2(z∗1 + z∗2) ∈ K. Tìte
lim sup z∗1(xm) ≤ 2 lim sup z∗(xm)− lim inf z∗2(xm) ≤ 0

afoÔ z∗ ∈ K kai afoÔ z∗2 ∈ D, opìte isqÔei h (*). `Ara to z∗1 (kai omoÐwc to
z∗2 ) eÐnai stoiqeÐo tou K. Epomènwc to K eÐnai akraÐo sto D.

Gia na sumplhrwjeÐ h apìdeixh, arkeÐ plèon, apì to L mma 4.1.5, na
deiqjeÐ oti an to z∗ eÐnai akraÐo shmeÐo tou D, tìte to z∗ den eÐnai stoiqeÐo
tou K.

To sÔnolo C ∩ (T ∗)−1(z∗) eÐnai akraÐo sto C kai mh kenì, afoÔ T ∗(C) =
D. Sunep¸c, up�rqei akraÐo shmeÐo b tou C gia to opoÐo T ∗(β) = z∗. To b
eÐnai sthn asjen *-kleistìthta W thc {µn}, ìmwc eÐnai eÔkolo na deikteÐ apì
ton orismì twn µn oti µn = 1/2(µ2n+µ2n+1), gia k�je n. `Ara β ∈ W \{µn}.AfoÔ to µn(χAm) eÐnai eÐte 0, eÐte 1, gia n ≥ m, ja prèpei kai to β(χAm) na
eÐnai eÐte 0, eÐte 1, gia k�je m. `Omwc,

1 = β(χA1) =
2k+1−1∑
m=2k

β(χAm), gia k�je k

opìte β(χAm) = 1, gia �peira to pl joc m. `Omwc, gia ta m gia ta opoÐa
β(χAm) = 1, èqoume

z∗(xm) = β(Txm) = β(χAm) + β(Txm − χAm) > 1− ε = 1/2

`Etsi, to z∗ den eÐnai stoiqeÐo tou K kai h apìdeixh eÐnai pl rhc.
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