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Eisagwg 

'Estw X1, X2, .., Xn èna sÔnolo anex�rthtwn kai isìnomwn parathr sewn oi opoÐec
apoteloÔn èna deÐgma apì mÐa �gnwsth katanom  gia thn opoÐa upojètoume ìti up�r-
qei h sun�rthsh puknìthtac pijanìthtac f . 'Ena apì ta kentrikìtera probl mata thc
Statistik c eÐnai h ektÐmhsh thc �gnwsthc sun�rthshc f . Apì diagnwstik c apìyewc
h ektÐmhsh thc f , ènanti thc sun�rthshc katanom c F , eÐnai protimìterh diìti emfanÐzei
eukrinèstera tic sugkentr¸seic m�zac pijanìthtac, enw h F , lìgw thc olokl rwshc pou
gÐnetai, tic exomalÔnei.

Mia prosèggish sthn ektÐmhsh puknìthtac eÐnai h parametrik . Upojètoume ìti
ta dedomèna proèrqontai apì mia gnwst  parametrik  oikogèneia katanom¸n, p.q. thn
kanonik  katanom , all� me �gnwstouc to mèso m kai th diaspor� σ2. H puknìthta f
pou perigr�fei ta dedomèna mporeÐ tìte na ektimhjeÐ antikajist¸ntac ston tÔpo p.q. thc
puknìthtac thc kanonik c katanom c ta m kai σ2 me tic antÐstoiqec ektim triec touc.

Mia �llh prosèggish, me thn opoÐa ja asqolhjoÔme ed¸, eÐnai mèsw thc mh - para-
metrik c statistik c, kat� thn opoÐa den gÐnontai polÔ desmeutikèc upojèseic gia thn
katanom  twn parathr sewn. Oi upojèseic gia thn f eÐnai poiotikèc p.q. h f suneq c  
diaforÐsimh, topik�   se ìlo to pedÐo orismoÔ thc,   plhreÐ k�poiec sunj kec omalìth-
tac, p.q. f ′   (f

1
2 )′ ∈ L2. DÔo �llec endi�mesec proseggÐseic eÐnai autèc thc eustajoÔc

kai hmiparametrik c statistik c
H palaiìterh ektim tria thc f eÐnai to istìgramma, en¸ �llec mh parametrikèc mè-

jodoi ektÐmhshc pou anaptÔqjhkan kurÐwc apì th dekaetÐa tou 1960 kai met� eÐnai h
mèjodoc twn pur nwn, twn orjog¸niwn seir¸n, k − nearest neighbour, mèjodoc twn
shieves kai mègisthc poinikopoihmènhc pijanof�neiac (MPLE), (bl. [21]), me mÐa pro-
sèggish thc opoÐac ja asqolhjoÔme ed¸.

Oi ektim triec twn pur nwn ja mporoÔsan na jewrhjoÔn wc proseggistikèc <<lÔseic>>
sto prìblhma megistopoÐhshc thc pijanof�neiac:

max
n∏

i=1

f(xi) (1)
t.w. 

f ≥ 0∫
f = 1

(2)
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To an¸tero prìblhma den èqei, fusik�, lÔsh ston L1, dedomènou ìti h pijanof�neia
eÐnai mh fragmènh kai h genikeumènh sun�rthsh Dirac :

dn(x) ≡ 1

n

n∑
i=1

d(x−Xi) (3)

ìpou d(.) h Dirac delta sun�rthsh sto mhdèn, eÐnai h formalistik  èkfrash thc <<mh
lÔsewc>> tou anwtèrou probl matoc. MÐa prosèggish loipìn thc (3) eÐnai h:

fn(x) =
1

nh

n∑
i=1

k
(x−Xi

h

) (4)

me h → 0 , dedomènou ìti gia x 6= Xi,

1

h
k
(x−Xi

h

)
−→ 0

kai gia x = Xi,
1

h
k
(x−Xi

h

)
−→ +∞

en¸ ∫
R

1

h
k
(x−Xi

h

)
dx = 1

Ed¸ prosjètontac k�poiec kat�llhlec sunj kec omalìthtac p.q. (f
1
2 )′ ∈ L2 stouc

periorismoÔc (2), ja epitÔqoume to prìblhma (1) na èqei lÔsh. Aut   tan h prìtash twn
Good kai Gaskins, (bl. [9]) oi opoÐoi prosèjesan, ousiastik�, stouc (2) thn sunj kh∫

[(f
1
2 )′]2 < M, (5)

h opoÐa kai od ghse sthn pr¸th MPLE twn Good kai Gaskins,   thn sunj kh∫
[(f

1
2 )′′]2 < M, (6)

h opoÐa od ghse sth deÔterh MPLE twn Good kai Gaskins.
T¸ra an gr�youme thn Lagrangian tou probl matoc (1), me epiplèon sunj kh mÐa

twn (5),(6), èqoume to prìblhma thc, qwrÐc periorismoÔc, plhn tou : f ≥ 0 , megisto-
poÐhshc thc Lagrangian :

max
{ n∑

i=1

log f(xi)− λ

∫
(f

1
2 )2 − α

∫
[(f

1
2 )′]2

} (7)
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max

n∑
i=1

log f(xi)− ‖f
1
2‖2

W 1,2

ìpou ‖ · ‖W 1,2 h nìrma Sobolev t�xewc 1 ston L2, mporeÐ na jewrhjeÐ kai wc sunar-
thsoeidèc poin c, gia mh omalìthta, ex ou kai o ìroc <<poinikopoihmènh>> pijanof�neia.
Bèbaia oi Good kai Gaskins odhg jhkan sto prìblhma (7), mèsw �llwn krithrÐwn, pro-
erqomènwn apì th jewrÐa Bayes kai gia aut� parapèmpoume sto �rjro touc, (bl.[9]).
Oi lÔseic problhm�twn san to (7), odhgoÔn stic MPLE me tic opoÐec ja asqolhjoÔme
ed¸, kai h suggèneia twn problhm�twn (1) kai (7) prooiwnÐzei thn suggèneia twn MPLE
me tic ektim triec twn pur nwn, stouc de q¸rouc Sobolev W k,2, me eswterikì ginìmeno
〈u, v〉 :=

∑k
i=0 wi

∫
u(i)v(i), to grammikì sunarthsoeidèc : Px(u) := u(x) eÐnai suneqèc

(fragmèno), �ra kai h pijanof�neia eÐnai suneq c, kai �ra, p�nw se kat�llhla sÔnola,
èqei pr�gmati mègisto, kai ètsi apofeÔgontai oi << lÔseic >> Dirac san thn (3).

Oi De Montricher, Tapia kai Thompson, (bl. [7]), to 1975 apèdeixan thn Ôparxh
kai monadikìthta twn dÔo MPL ektimht¸n twn Good kai Gaskins se q¸rouc Sobolev,

W 2,l = {u ∈ L2(R) : ‖u(l)‖2 < ∞}

me l jetikì akèraio, L2(R) o q¸roc twn tetragwnik� oloklhr¸simwn sunart sewn kai
‖u‖2

2 =
∫

u2.
Oi MPL ektim triec u pou ja melet soume ed¸ eÐnai oi lÔseic tou probl matoc

beltistopoÐhshc

max
{ n∑

i=1

log u(xi)− λ(2π)−p

∫
|ũ|2dµ, u ∈ H

} (8)

ìpou ũ o metasqhmatismìc Fourier thc u, H = {u ∈ L2(Rp),
∫
|u|2dµ < ∞} kai λ > 0

tètoio, ¸ste ∫
u2 = 1.

Se k�je jetikì mètro m, to opoÐo kuriarqeÐtai apì to mètro Lebesque me puknìthta
m(t), antistoiqeÐ mia monadik  MPL ektim tria kai eÐnai mÐa spline sun�rthsh, (bl.
Par�rthma, Orismìc .1), thc morf c:

u(x) = λ−1

n∑
i=1

u−1(Xi)κµ(x1 −Xi1, ..., xp −Xip), x ∈ Rp,

me mκµ = 1. 'Epeita ektimoÔme thn f me thn fn = u2. Sta kef�laia 3 kai 4, ìpou
melet�tai h sunèpeia aut¸n twn ektimht¸n, to m ja exart�tai apì mÐa par�metro h ∈ Rp

ètsi, ¸ste m(t) = m0(h1t1, ...hptp), t ∈ Rp, me hj > 0, j = 1, .., p.
Tìte,

κµ(z) = (h1 ... hp)
−1k(z1/h1, ..., zp/hp), z ∈ Rp,

ìpou to k eÐnai tètoio, ¸ste k̃m0 = 1. Shmei¸noume ìti an jèsoume m(t) =
∑l

j=0 αjt
2j,

me α0, αl > 0 kai αj ≥ 0, gia j = 1, .., l − 1 gia k�poio jetikì akèraio l, apì efarmog 
tou jewr matoc Parseval, (bl. [24]), to prìblhma megistopoÐhshc (1.7) eÐnai isodÔnamo

4



me autì twn De Montricher, Tapia kai Thompson (1975) ìpou me l = 1, 2 èqoume thn
pr¸th kai deÔterh MPLE twn Good kai Gaskins pou antistoiqeÐ sta Φ1(u) = α

∫
(u′)2

kai Φ2(u) = β
∫

(u′)2 + α
∫

(u′′)2, α > 0, β ≥ 0 kai par�getai apì touc pur nec kµ thc
morf c: (α/2) exp {−α|x|} kai
[4|αβ|(α2 + β2)]−1 exp{−|αx|[|β| cos |βx|+ |α| sin |βx|]} antÐstoiqa. (bl. [15])

5



Kef�laio 1

'Uparxh kai arijmhtikìc upologismìc twn
ektimht¸n

H jewrÐa sthn opoÐa gÐnetai anafor� anaptÔqjhke stouc Reproducing Kernel
Hilbert Spaces (RKHS) .
Orismìc 1.1

'Enac q¸roc Hilbert H(W) sunart sewn orismènwn sto W onom�zetai Reproducing
Kernel Hilbert Space an up�rqei èna sunarthsoeidèc K(·, ·) orismèno sto Ω× Ω t.w:
1.K(·, t) ∈ H(Ω) gia k�je t ∈ Ω kai
2.f(t) = 〈f(·), K(·, t)〉H gia k�je f ∈ H(Ω) kai t ∈ Ω

Se èna tètoio q¸ro mia fusik  sun�rthsh poin c pou mporeÐ na qrhsimopoihjeÐ eÐnai
h Φ(u) = ‖u‖2

H . Prin suneqÐsoume th melèth twn parap�nw ektimhtri¸n ja apodeÐxoume
thn prìtash 2.1 h opoÐa exasfalÐzei tìso thn Ôparxh ìso kai th monadikìthta twn
ektimhtri¸n mac. Me th bo jeia tou parap�nw orismoÔ kai twn Lhmm�twn 1-7 tou
Parart matoc proqwr�me sthn prìtash 2.1 .
Prìtash 1.1

Upojètoume ìti o H(W) eÐnai ènac RKHS kai D kleistì kurtì uposÔnolo tou {u ∈
H(Ω) : u(xi) ≥ 0} me thn idiìthta ìti to D perièqei toul�qiston mia sun�rthsh h opoÐa
eÐnai jetik  sta x1, x2, .., xn. Tìte to sunarthsoeidèc thc poinikopoihmènhc pijanof�neiac
L̂(u) =

∏n
i=1 u(xi) exp (−Φ(u)) èqei monadikì mègisto sto D.

Apìdeixh:
AfoÔ o H(W) eÐnai ènac RKHS ja èqoume :|u(xi)| ≤ Ki‖u‖H gia i = 1, .., n. 'Ara gia

to poinikopoihmèno sunarthsoeidèc pijanof�neiac me sun�rthsh poin c thn Φ(u) = ‖u‖2
H ,

L̂(u) =
∏n

j=1 u(xi) exp (−Φ(u)) ja èqoume

|L̂(u)| =
∣∣∣ n∏
j=1

u(xi) exp (−Φ(u))
∣∣∣ ≤

n∏
j=1

|u(xi)| exp (−Φ(u))

≤ c1‖u‖n
H exp (−‖u‖2

H) (1.1)
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H sun�rthsh θ(λ) = λn exp (−λ2) eÐnai fragmènh apì p�nw, apì to (n/2)(n
2
) exp (−n/2)

�ra |L̂(u)| ≤ c2. An M = sup{L̂(u) : u ∈ D} tìte up�rqei {uj} ⊂ D tètoia, ¸ste
L̂(uj) → M . Apì thn upìjes  mac - mÐa toul�qiston na eÐnai jetik  - prokÔptei ìti
M > 0 . ParathroÔme epÐshc ìti θ(λ) → 0 kaj¸c λ →∞. 'Ara apì th (1.1)

‖uj‖H ≤ c3, ∀j (1.2)
H mp�la {u ∈ H(Ω) : ‖u‖H ≤ c3} eÐnai asjen¸c sumpag c . 'Ara h {uj} perièqei mia
asjen¸c sugklÐnousa upoakoloujÐa thn opoÐa epÐshc dhl¸noume wc {uj}. 'Eqoume ìti
uj(xi) → u∗(xi) kaj¸c j → ∞ gia k�je i = 1, .., n. H nìrma eÐnai èna suneqèc kurtì
sunarthsoeidèc �ra asjen¸c k�tw hmisuneqèc ètsi, ¸ste :
lim infj ‖uj‖H ≥ ‖u∗‖H , �ra prokÔptei ìti

lim sup
n∏

i=1

uj(xi) exp (−‖uj‖2
H) ≤

n∏
i=1

u∗(xi) exp (−‖u∗‖2
H)

�ra
lim

j

n∏
i=1

uj(xi) exp (−‖uj‖2
H) ≤

n∏
i=1

u∗(xi) exp(−‖u∗‖2
H) (1.3)

'Omwc to aristerì mèloc thc (1.3) eÐnai Ðso me M kai to dexÐ mèloc me L̂(u∗) �ra
M ≤ L̂(u∗). T¸ra afoÔ to D eÐnai kleistì kai kurtì eÐnai kai asjen¸c kleistì. 'Ara
u∗ ∈ D kai M = L̂(u∗). Autì apodeiknÔei to mègisto.

To na megistopoi soume thn L̂ p�nw sto D eÐnai isodÔnamo me to na megistopoi-
 soume to J(u) = log L̂(u) =

∑n
i=1 logu(xi) − ‖u‖2

H . p�nw sto D. UpologÐzoume to
diaforikì Gateaux pr¸thc t�xhc:

∇J(u)(η) =
d

dε
J(u + εη)

∣∣∣∣
ε=0

=
d

dε

{ n∑
i=1

log(u + ηε)(xi)− ‖u + ηε‖2
H

}∣∣∣∣
ε=0

=
n∑

i=1

η(xi)

(u + ηε)(xi)
− 2ε‖η‖2

H − 〈u, η〉
∣∣∣∣
ε=0

=
n∑

i=1

η(xi)

u(xi)
− 2〈u, η〉

Gia to diaforikì deÔterhc t�xhc omoÐwc prokÔptei ìti:

∇2J(u)(µ, η) = −
n∑

i=1

µ(xi)η(xi)

u(xi)2
− 2〈µ, η〉. (1.4)

Kaj¸c ìmwc to ∇2J eÐnai arnhtik� orismèno, to J ja èqei to polÔ èna mègisto.
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2

Sth sunèqeia ja p�roume th spline

u(x) = λ−1

n∑
i=1

u−1(Xi)κµ(x−Xi) , x ∈ Rp (1.5)

wc monadik  lÔsh tou probl matoc:

max
{ n∑

i=1

log u2(Xi)− λ(2π)−p

∫
|ũ|2dµ, u ∈ H

} (1.6)

wc proc to u(xi) ≥ 0, i = 1, . . . , n kai ja upodeÐxoume mia prosèggish gia ton arijmhtikì
upologismì twn ektimht¸n.

'Otan to mètro ston L2(Rp), p ∈ Z+ diafèrei apì to mètro Lebesgue, dhl¸noume to
q¸ro L2(µ), ìpou µ jetikì mètro ston Rp pou kuriarqeÐtai apì to mètro Lebesgue me
puknìthta m(t). 'Estw H = {u ∈ L2(Rp) : ũ ∈ L2(µ)} q¸roc Hilbert ìpou h

ũ(t) = (2π)−p

∫
Rp

e−itT xu(x)dx

dhl¸nei to metasqhmatismì Fourier thc u me antÐstoiqo tÔpo antistrof c tou
u(x) = (2π)−p

∫
Rp

eitT xũ(t)dt , t, x ∈ Rp.

Ta mètra m pou upojètoume ed¸ eÐnai tètoia, ¸ste na up�rqei mia summetrik  gÔrw apì
to mhdèn sun�rthsh kµ ∈ L2(Rp) me

k̃µ(t)m(t) = 1 (1.7)
p.q. m(t) = exp{h2t2/2} me kµ(·) = h−1ϕ(·/h) ìpou f h tupik  kanonik  katanom .

Gia na doÔme ìti o H eÐnai ènac RKHS me pur na κ∗(x, y) = κµ(x − y), èstw to
eswterikì ginìmeno tou H

〈u, v〉 ≡ (2π)−p

∫
ũṽdµ (1.8)

kai h eisagìmenh nìrma
‖u‖ ≡ 〈u, u〉1/2

=
{

(2π)−p

∫
ũ(t)ũ(t)dµ

}1/2

= (2π)−p/2
(∫

ũ(t)ũ(t)m(t)dt
)1/2

= (2π)−p/2‖m1/2ũ‖2.
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Tìte jètontac κ∗x(·) = κ∗(·, x) ∈ H , x ∈ Rp èqoume apì thn idiìthta tou q¸rou :
∀u ∈ H u(x) = 〈κ∗x, u〉

⇔ (2π)−p

∫
Rp

exp−itT x ũ(t)dt = (2π)−p

∫
Rp

κ̃∗x(t)ũ(t)m(t)dt

⇔ κ̃∗x(t) = exp−itT x /m(t)

⇔ κ̃∗x(t) = exp−itT x κ̃µ(t)

⇔ (2π)−p/2

∫
Rp

eitT ξkx(ξ)dξ = e−itT x(2π)−p/2

∫
Rp

eitT ξkµ(ξ)dξ

⇔ (2π)−p/2

∫
Rp

eitT ξkx(ξ)dξ = (2π)−p/2

∫
Rp

eitT (ξ−xkµ(ξ)dξ

⇔ (2π)−p/2

∫
Rp

eitT ξkx(ξ)dξ = (2π)−p/2

∫
Rp

eitT (ukµ(u + x)du

⇔ kx(ξ) = kµ(u + x)

to opoÐo mac dÐnei to apotèlesma.
MporoÔme t¸ra na orÐsoume th spline (1.5) wc th monadik  lÔsh tou probl matoc

beltistopoÐhshc (1.6).
Prìtash 1.2

To prìblhma beltistopoÐhshc

max
{[ n∏

i=1

u2(xi)
]
exp{−λ‖u‖2}, u ∈ H, u(xi) ≥ 0, i = 1, .., n

}
èqei monadik  lÔsh pou dÐnetai apì thn (1.5) me κ̃µm = 1, λ > 0.

Apìdeixh:
O H eÐnai RKHS �ra h Ôparxh kai monadikìthta thc lÔshc eÐna apotèlesma thc

prìtashc 1.1. H megistopoÐhsh thc poinikopoihmènhc pijanof�neiac

L̂(u) =
n∏

i=1

u2(Xi) exp{−λ ‖ u ‖2}

wc proc u ∈ H eÐnai isodÔnamh me th megstopoÐhsh tou

J(u) = log
[ n∏

i=1

u2(Xi) exp{−λ‖u‖2}
]

wc proc u ∈ H. 'Omwc paÐrnontac to diaforikì Gateux, (bl. Par�rthma, Orismìc .3),
pr¸thc t�xhc èqoume ìti:

∇J(u)(η) = 2
n∑

i=1

1

u(Xi)
η(Xi)− 2λ〈u, η〉H
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'Ara
∇J(u)(η) = 2

n∑
i=1

1

u(Xi)
η(Xi)− 2λ(2π)−p

∫
ũη̃dµ (1.9)

Gia to prìblhma megistopoÐhshc jèloume ∇J(u) = 0 kai me th bo jeia twn sqèsewn tou
Parseval, (bl. Par�rthma, L mma .9), h (1.9) gÐnetai:

2
n∑

i=1

u−1(Xi)η(Xi)− λ(2π)−p
{∫

mũη̃ +

∫
mũη̃

}
= 0 , ∀η ∈ H

⇔
n∑

i=1

u−1(Xi)

(
(2π)−p

∫
e−itT Xi η̃(t)dt + (2π)−p

∫
e−itT Xi η̃(t)dt

)
−λ

(
(2π)−p

∫
mũη̃ + (2π)−p

∫
mũη̃

)
= 0 , ∀η ∈ H

⇔
n∑

i=1

u−1(Xi)

∫
e−itT Xi η̃(t)dt− λ

∫
mũη̃

+
n∑

i=1

u−1(Xi)

∫
eitT Xi η̃(t)dt− λ

∫
mũη̃ = 0 , ∀η ∈ H

⇔ 2Re

{∫ [ n∑
i=1

u−1(Xi)e
−itT Xi − λm(t)ũ(t)

]
η̃(t)dt

}
= 0 ∀η ∈ H

Gia na isqÔei h teleutaÐa sqèsh prèpei: ∑n
i=1 u(Xi)

−1e−itT Xi − λm(t)ũ(t) = 0

kai gia k̃µ(t)m(t) = 1 paÐrnoume :

ũ(t) = λ−1

n∑
i=1

u−1(Xi)e
−itT xikµ(t)

to opoÐo apì ton tÔpo thc antistrof c dÐnei thn (1.5) .
To ìti eÐnai monadik  h lÔsh prokÔptei apì thn Prìtash 1.1 kai eÐnai sumpèrasma

apì to gegonìc ìti h deÔterh par�gwgoc tou J(u) me tÔpo :

∇2J(u) = −2
n∑

i=1

η2(Xi)u
−2(Xi)− 2λ(2π)−p

∫
m|η̃|2

eÐnai arnhtik� orismènh pantoÔ.
2

H par�metroc l epilègetai ètsi, ¸ste ∫
u2 = 1. Gia na upologÐsoume to l parath-

roÔme ìti jètontac q ≡ λ1/2u èqoume

u(x) =
1

λ

n∑
i=1

1

u(Xi)
k(x−Xi) ⇔

√
λu(x) =

n∑
i=1

1√
λu(Xi)

k(x−Xi)
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'Ara
q(x) =

n∑
i=1

1

q(Xi)
k(x−Xi) (1.10)

dhlad  to q = λ1/2u den exart�tai apì to l kai : ‖q‖2
2 = ‖λ1/2u‖2

2 = λ
Gia na lÔsoume to sÔsthma (1.10) jètoume gi ≡ q(Xi)

−1, i = 1, ..., n kai elaqisto-
poioÔme isodÔnama thn kurt  sun�rthsh

gT |Σg −
n∑

i=1

log g2
i sto {g ∈ Rn : gi ≥ 0, i = 1, ..., n},

ìpou |Σ ≡ [κµ(Xi−Xj)] ∈ Rn2 kai λ =
∑n

i=1

∑n
j=1 gigj(κµ ∗ κµ)(Xi−Xj). O algìrijmoc

pou qrhsimopoi jhke eÐnai basismènoc se mÐa truncated − Newton mèjodo, h opoÐa
perigr�fetai apì ton Nash (1982). (bl. [18], [13], [14])
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Kef�laio 2

Proeisagwgik� L mmata

Se autì to kef�laio ja parousi�soume tèssera l mmata sta opoÐa basÐzontai oi
apodeÐxeic thc sunèpeiac twn ektimht¸n pou emfanÐzontai sto Kef�laio 4.

Shmei¸noume me ‖ · ‖p tic Lp(R) nìrmec, p = 1, 2,∞ kai èstw ‖ · ‖ h nìrma pou
sundèetai me to eswterikì ginìmeno ston H. Oi apodeÐxeic thc sunèpeiac basÐzontai sto
parak�tw l mma.
L mma 2.1

'Estw uλ h lÔsh tou probl matoc (1.6) gia k�poio λ > 0. An v = f 1/2 ∈ H, tìte

‖ uλ − v ‖2≤ λ−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)kµ(Xi −Xj)− 2(n/λ)+ ‖ v ‖2

Apìdeixh:
ParathroÔme ìti apì thn upìjesh tou probl matoc beltistopoÐhshc, uλ > 0. EpÐshc

v = f 1/2 > 0, �ra
n∑

i=1

u−1
λ (Xi)v

−1(Xi)(uλ(Xi)− v(Xi))
2 ≥ 0

epomènwc, gia λ > 0,
〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− uλ, uλ − v〉

= 〈λ−1

n∑
i=1

kµ(·,−Xi)

v(Xi)
− λ−1

n∑
i=1

kµ(·,−Xi)

uλ(Xi)
, uλ − v〉

= 〈λ−1

n∑
i=1

kµ(·,−Xi)(uλ(Xi)− v(Xi))

v(Xi)uλ(Xi)
, uλ − v〉

= λ−1

n∑
i=1

(uλ(Xi)− v(Xi))

v(Xi)uλ(Xi)
〈kµ(·,−Xi), uλ − v〉

= λ−1

n∑
i=1

(uλ(Xi)− v(Xi))

v(Xi)uλ(Xi)
(uλ(Xi)− v(Xi))
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= λ−1

n∑
i=1

v−1(Xi)u
−1
λ (Xi)(uλ(Xi)− v(Xi))

2

≥ 0

'Ara

〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− uλ, uλ − v〉 ≥ 0

⇔ 〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi), uλ − v〉 ≥ 〈uλ, uλ − v〉

⇔ 〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v, uλ − v〉 ≥ 〈uλ, uλ − v〉 − 〈v, uλ − v〉

⇔ 〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v, uλ − v〉 ≥ ‖uλ − v‖2

Apì thn anisìthta Cauchy − Schwartz prokÔptei ìti:

‖uλ − v‖2 ≤ 〈λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v, uλ − v〉

≤ ‖λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v‖‖uλ − v‖

�ra
‖uλ − v‖ ≤ ‖ λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v ‖

dhlad 

‖uλ − v‖2 ≤ ‖λ−1

n∑
i=1

v−1(Xi)kµ(·,−Xi)− v‖2

⇔ ‖uλ − v‖2 ≤ λ−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)〈kµ(·,−Xi), kµ(·,−Xj)〉

−2λ−1

n∑
i=1

v−1(Xi)〈kµ(·,−Xi), v〉+ ‖v‖2

Epeid  o H eÐnai RKHS èqoume:

‖uλ − v‖2 ≤ λ−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)kµ(Xi −Xj)
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−2λ−1

n∑
i=1

v−1(Xi)v(Xi) + ‖v‖2

⇔ ‖uλ − v‖2 ≤ λ−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)kµ(Xi −Xj)− 2(n/λ) + ‖v‖2.

2

'Estw λn h tim  tou l ètsi ¸ste ∫
u2

λn
= 1. To epìmeno l mma perigr�fei pijanoje-

wrhtik� th sumperifor� tou λn/n.
L mma 2.2

An v ∈ H , tìte

|(λn/n)1/2 − 1| ≤‖ kµ ‖1/2
1

{
n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)kµ(Xi −Xj)− 2+ ‖ v ‖2

}1/2

Apìdeixh:
Apì to l mma 2.1 gia l= n èqoume ìti :

‖ un − v ‖2≤ n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)kµ(Xi −Xj)− 2+ ‖ v ‖2 (2.1)

EpÐshc apì th sqèsh (1.10) paÐrnoume
q(Xj) =

n∑
i=1

1

q(Xi)
kµ(Xi −Xj) , j = 1, .., n

me q(x) =
√

λu(x) �ra h posìthta λ1/2u den exart�tai apì to l. Epomènwc gia l = n
eÐnai

λ1/2
n uλn = n1/2un ⇔ ‖λ1/2

n uλn‖2 = ‖n1/2un‖2 ⇔ ‖uλn‖2 =
( n

λn

)1/2

‖un‖2

dhlad 
λn

n
= ‖un‖2

2 (2.2)
kaj¸c ∫

u2
λn

= 1 . EpÐshc parathroÔme ìti 1 = m(t)k̃µ(t) ≤ m(t)‖kµ‖1 . 'Ara
1 ≤ ‖m‖2‖kµ‖1 ⇔ ‖m‖2 ≥

1

‖kµ‖1

H eisagìmenh nìrma tou q¸rou H eÐnai h ‖u‖ = (2π)−p/2‖m1/2ũ‖2, ∀u ∈ H, �ra
‖u‖2 = (2π)−p‖m1/2ũ‖2

2 ≥ (2π)−p 1

‖kµ‖1

‖ũ‖2
2 , ∀u ∈ H

⇔ ‖u‖2‖kµ‖1 ≥ ‖u‖2
2 , ∀u ∈ H
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'Ara
‖ · ‖2

2 ≤ ‖kµ‖1‖ · ‖2 (2.3)
kai qrhsimopoi¸ntac th sqèsh (2.2) paÐrnoume :

|(λn/n)1/2 − 1| =
∣∣∣‖un‖2 − ‖v‖2

∣∣∣ ≤ ‖un − v‖2 ≤ ‖kµ‖1/2
1 ‖un − v‖

h opoÐa mazÐ me thn (2.1) mac dÐnoun to apotèlesma.
2

Ja qrhsimopoi soume touc parak�tw sumbolismoÔc gia th sÔgklish kat� pijanìthta
kai th sqedìn bebaÐwc sÔgklish wc ex c:
Gia dÔo akoloujÐec An kai an kai c k�poia stajer�, ja lème ìti
An = O(an) ìtan An

an
→ c, sqedìn bebaÐwc, kaj¸c n → +∞.

EpÐshc,
An = Op(an) ìtan An

an
→ c, kat� pijanìthta, kaj¸c n → +∞.

Tèloc,
An = o(an) ìtan An

an
→ 0, sqedìn bebaÐwc, kaj¸c n → +∞.

Apì ed¸ kai sto ex c ja jewroÔme ton RKHS H, me pur na k∗(x, y) = kµ(x − y)
me kµ(·) = h−1k(·/h), h ≥ 0, kai ja paÐrnoume h = hn = O(n−t) gia k�poia t ∈ (0, 1/2)
ètsi, ¸ste h (1.5) na paÐrnei th morf  :

u(x) = λ−1
n

n∑
i=1

u−1(Xi)h
−1k

(x−Xi

h

)
, x ∈ R. (2.4)

L mma 2.3
K�tw apì tic upojèseic :

Y1 : E{f−r(X)} < +∞ gia k�poio r < (1− t), t ∈ (0, 1/2),
Y2 : ‖v(s+2)‖2 < +∞ ìpou s = 0, 1, .. o arijmìc twn �rtiwn rop¸n tou pur na k, oi opoÐec
eÐnai mhdèn èqoume ìti :∣∣∣n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
− 1

∣∣∣
= Op(n

−(1−δ−r−t)) + Op(n
−(1/2+(2+s)t)) + O(n−2(1+s)t)

gia k�poio δ > 0.

Apìdeixh:
'Estw Yij ≡ v−1(Xi)v

−1(Xj)h
−1k

(
Xi−Xj

h

)
i, j = 1, .., n ParathroÔme ìti gia i = j,

eÐnai k(0)−1hYii = v−2(Xi) = f−1(Xi), i = 1, .., n. Apì thn Y1 paÐrnoume ìti:
E{f−r(X)} < +∞ , gia r < (1− t) < 1.

Apì thn prosarmog  tou INMA apì ton Marcinkiewicz (bl. Par�rthma, L mma .11)
paÐrnoume ( 1

n1/r

n∑
i=1

1

f(Xi)

)
→ 0,
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epomènwc, dedomènou ìti h = O(n−t) ja eÐnai :
h−1

n2− 1
r

(
1

n1/r

n∑
i=1

1

f(Xi)

)
= o(n−2+ 1

r
+t)

�ra kai
k(0)h−1n−2

n∑
i=1

f−1(Xi) = O(n(1/r)+t−2) a.s. (2.5)
ètsi, ¸ste na mporoÔme na apasqolhjoÔme mìno me ton ìro ∑∑

i6=j Yij.
AfoÔ EY 2

ij = +∞ gia na melet soume th sÔgklish twn seir¸n ja qrhsimopoi soume
thn teqnik  tou truncation. Gia i, j me i 6= j èstw Zij ≡ Xi −Xj,

Zc
ij =


+∞, an|Xi| > ci kai |Xj| > cj

Zij , alloi¸c
me ci = iζ , ζ > r−1, kai orÐzoume Y c

ij ≡ v(Xi)
−1v(Xj)

−1h−1k
(

Zc
ij

h

). ParathroÔme ìti
Yij 6= Y c

ij mìno an Zij 6= Zc
ij. 'Ara ∀ h > 0

P (Yij 6= Y c
ij, i.o.) = P (Zij 6= Zc

ij, i.o.) = P
(
|Xi| > ci kai |Xj| > cj , i.o.

)
≤ P

(
|Xi| > ci , i.o.

)
P

(
|Xj| > cj , i.o.

)
≤ lim

m

∞∑
i=m

∞∑
j=m

P (|Xi| > ci)P (|Xj| > cj) = lim
m

∞∑
i=m

P (|Xi| > ci)
2

All� apì thn anisìthta Markov èqoume ìti

P (|Xi| > ci) ≤
E|X|1/r

|ci|1/r
= E|X|1/ri−ζ/r

�ra h seir� sugklÐnei. Tìte ∀ h > 0

P (Yij 6= Y c
ij, io) ≤

(
lim
m

∞∑
i=m

E|X|1/ri−ζ/r
)2

= 0

Jètoume Sn =
∑n

i=1 i6=j

∑n
j=1 v(Xi)

−1v(Xj)
−1k

(
Zij

hn

) kai orÐzoume to Sc
n omoÐwc mèsa

apì to Zc
ij.ParathroÔme ìti gia jetikì n kai peperasmèno sÔnolo A

|Sn − Sc
n| =

∣∣∣ n∑
i=1 i6=j

n∑
j=1

v(Xi)
−1v(Xj)

−1k
(Zij

hn

)
−

n∑
i=1 i6=j

n∑
j=1

v(Xi)
−1v(Xj)

−1k
(Zc

ij

hn

)∣∣∣
16



=
∣∣∣ ∑
i∈A i6=j

∑
j∈A

v(Xi)
−1v(Xj)

−1

(
k
(Zij

hn

)
− k

(Zc
ij

hn

))∣∣∣
≤

∣∣∣∑
i∈A

∑
j∈A

v(Xi)
−1v(Xj)

−1‖2k‖∞
∣∣∣

= 2‖k‖∞
∣∣∣∑
i∈A

∑
j∈A

v(Xi)
−1v(Xj)

−1
∣∣∣

≤ 2‖k‖∞
(∑

i∈A

v(Xi)
−1

)2

ìpou to A paramènei peperasmèno sÔnolo kai P (v(Xi) = 0) = 0 afoÔ h f suneq c.
'Ara, gia k�je akoloujÐa αn → 0 kaj¸c n →∞ gia |Sn − Sc

n| ≤ M , M > 0, eÐnai
αn|Sn − Sc

n| → 0 σ.π. kaj¸c n →∞

dhlad  oi seirèc αnSn kai αnS
c
n sugklÐnoun isodÔnama, �ra arkeÐ na deÐxoume to apotè-

lesm� mac gia tic truncated tuqaÐec metablhtèc.
ParathroÔme loipìn ìti me th bo jeia thc truncated morf c tou Yij kai me b�sh th

di�taxh twn Xi, Xj se sqèsh me ta ci, cj antÐstoiqa, ja eÐnai:

EY c
ij = EYij −

[∫ +∞

ci

∫ +∞

cj

+

∫ +∞

ci

∫ −cj

−∞
+

∫ −ci

−∞

∫ −cj

−∞
+

∫ −ci

−∞

∫ +∞

cj

]
[
h−1k

(x− y

h

)
v(x)−1v(y)−1f(x)f(y)

]
dxdy

= EYij −
[∫ +∞

ci

∫ +∞

cj

+

∫ +∞

ci

∫ −cj

−∞
+

∫ −ci

−∞

∫ −cj

−∞
+

∫ −ci

−∞

∫ +∞

cj

]
[
h−1k

(x− y

h

)
f(x)−1/2f(y)−1/2f(x)f(y)

]
dxdy

= EYij −
[∫ +∞

ci

∫ +∞

cj

+

∫ +∞

ci

∫ −cj

−∞
+

∫ −ci

−∞

∫ −cj

−∞
+

∫ −ci

−∞

∫ +∞

cj

]
[
h−1k

(x− y

h

)
f 1/2(x)f 1/2(y)

]
dxdy

'Omwc apì anisìthta Hölder

∣∣∣∫ +∞

ci

∫ +∞

cj

h−1k
(x− y

h

)
f 1/2(x)f 1/2(y)dxdy

∣∣∣
≤

{∫ +∞

ci

∫ +∞

cj

h−1
∣∣∣k(x− y

h

)∣∣∣f(x)dxdy

}1/2{∫ +∞

ci

∫ +∞

cj

h−1
∣∣∣k(x− y

h

)∣∣∣f(y)dxdy

}1/2

=

{∫ +∞

cj

∫ +∞

ci

h−1k
(x− y

h

)
f(x)dydx

}1/2{∫ +∞

ci

∫ +∞

cj

h−1k
(x− y

h

)
f(y)dxdy

}1/2
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≤
{∫ +∞

cj

∫
R

h−1k
(x− y

h

)
dyf(x)dx

}1/2{∫ +∞

ci

f(y)

∫
R

h−1k
(x− y

h

)
dxdy

}1/2

≤
{∫ +∞

cj

‖k‖1f(x)dx

}1/2{∫ +∞

ci

f(y)‖k‖1dy

}1/2

= ‖k‖1/2
1

[
P (Xi > ci)

]1/2

‖k‖1/2
1

[
P (Xj > cj)

]1/2

Apì anisìthta Markov prokÔptei ìti:

‖k‖1

[
P (Xi > ci)

]1/2[
P (Xj > cj)

]1/2

≤ ‖k‖1

[(
E|Xi|1/r

ci

)]1/2[(
E|Xj|1/r

cj

)]1/2

= ‖k‖1
E|Xi|1/r

(cicj)1/2r
= ‖k‖1

E|Xi|1/r

(ij)ζ/2r

To Ðdio fr�gma proèrqetai omoÐwc apì ta �lla trÐa oloklhr¸mata ètsi, ¸ste :
|EY c

ij − EY12| ≤ 4‖k‖1E|Xi|1/r(ij)ζ/2r (2.6)
AjroÐzontac ta Yij , gia i = 1, .., n kai j = 1, .., n ìpou i 6= j , dhlad  n(n − 1) sto
pl joc, gia thn t�xh tou n prokÔptei apì thn (2.6) ìti :

[n(n− 1)]−1E
{∑ ∑

i6=j

Y c
ij

}
= EY12 + O(n−ζ/2rn−ζ/2r)

'Ara
[n(n− 1)]−1E

{∑ ∑
i6=j

Y c
ij

}
= EY12 + O(n−ζ/r) (2.7)

'Epeita, gia na petÔqoume thn t�xh me thn opoÐa q�netai h merolhyÐa, arkeÐ na elèg-
xoume ton epìmeno ìro :

|EY12 − 1| =
∣∣∣∫ ∫

h−1k
(x− y

h

)
v(x)−1v(y)−1v2(x)v2(y)dxdy − 1

∣∣∣
=

∣∣∣∫ ∫
h−1k

(x− y

h

)
v(x)v(y)dxdy − 1

∣∣∣
kai k�nontac allag  metablht c y−x

h
= z prokÔptei ìti∣∣∣EY12 − 1

∣∣∣ =
∣∣∣∫ ∫

k(z)v(y + hz)v(y)dzdy − 1
∣∣∣

=
∣∣∣∫ ∫

v(y)k(z)
{

v(y) + zv′(y) +
h2

2
z2v′′(y + hz)

}
dzdy − 1

∣∣∣
18



=
∣∣∣∫ ∫

v(y)2k(z)dzdy +

∫ ∫
hk(z)zv(y)v′(y)dzdy

+

∫ ∫
h2

2
z2k(z)v(y)v′′(y + hz)dzdy − 1

∣∣∣
=

∣∣∣∫ v(y)2
(∫

k(z)dz
)
dy +

∫
v(y)v′(z)h

(∫
k(z)zdz

)
dy

+

∫ ∫
h2

2
z2k(z)v(y)v′′(y + hz)dzdy − 1

∣∣∣
=

∣∣∣1 +
h2

2

∫ ∫
z2k(z)v(y)v′′(y + hz)dzdy − 1

∣∣∣
kaj¸c h k eÐnai summetrik  gÔrw apì to 0 kai ∫ k(z)zdz = 0, en¸ ∫

k(z)dz = 1, epomènwc∣∣∣EY12 − 1
∣∣∣ =

h2

2

∫ ∫
z2k(z)v(y)v′′(y + hz)dzdy , ∀h ∈ (0, h)

Oloklhr¸nontac kat� par�gontec paÐrnoume :

h2

2

∣∣∣ ∫
z2k(z)

∫
v(y)v′′(y + hz)dydz

∣∣∣ =
h2

2

∣∣∣ ∫
z2k(z)

∫
v′(y)v′(y + hz)dydz

∣∣∣
≤ h2

2

∣∣∣∫ z2k(z)‖v′‖2
2dz

∣∣∣
≤ h2

2
‖v′‖2

2

∫
z2|k(z)|dz

EpÐshc parathroÔme ìti an ∫
z2sk(z)dz = 0 gia k�poiouc jetikoÔc akeraÐouc s , mpo-

roÔme na metafèroume to parap�nw an�ptugma Taylor kai na ft�soume sthn anisìthta∣∣∣EY12 − 1
∣∣∣ ≤ h2(s+1)

2(s + 1)!
‖v(s+1)‖2

2

∫
z2(s+1)|k(z)|dz.

Opìte prokÔptei ìti: ∣∣∣EY12 − 1
∣∣∣ = O(h2(s+1)) (2.8)

Gia par�deigma, gia s = 1 an�loga me prin ja prokÔyei ìti
∣∣∣EY12 − 1

∣∣∣ = O(h4).

'Epeita, èqontac thn (2.7) kai thn (2.8) gia na sumper�noume thn apìdeixh qreiazì-
maste mìno na deÐxoume ìti:

[n(n− 1)]−1
∑ ∑

i6=j

(Y c
ij − EY c

ij) = Op(n
−1/2h2+s) + Op(n

−1+(ζ/2)h−1/2) (2.9)

apì ta opoÐa me th bo jeia thc anisìthtac Markov paÐrnoume ìti:

P

(∣∣∣ [n(n− 1)]−1
∑∑

i6=j(Y
c
ij − EY c

ij)

n1/2h2+s

∣∣∣ > c1

)
≤

E
{

[n(n− 1)]−1
∑∑

i6=j(Y
c
ij − EY c

ij)
}2

n−1/2h2+sc2
1
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kai

P

(∣∣∣ [n(n− 1)]−1
∑∑

i6=j(Y
c
ij − EY c

ij)

n−1+(ζ/2)h−1/2

∣∣∣ > c2

)
≤

E
{

[n(n− 1)]−1
∑∑

i6=j(Y
c
ij − EY c

ij)
}2

n−2+ζh−1c2
2

ìpou c1, c2 jetikèc stajerèc. 'Ara arkeÐ na deÐxoume ìti :
E

{
[n(n− 1)]−1

∑ ∑
i6=j

(Y c
ij − EY c

ij)
}2

= O(n−1h2s+4) + O(n−2+ζh−1) (2.10)

Pr¸ta parathroÔme ìti
∑ ∑

i6=j

E{Y c
ij}2 ≤

∑ ∑
i6=j

{∫ cj

−cj

∫ +∞

−∞

[
h−1k

(x− y

h

)
v−1(x)v−1(y)

]2

dFxdFy

+

∫ ci

−ci

∫ +∞

−∞

[
h−1k

(x− y

h

)
v−1(x)v−1(y)

]2

dFxdFy

}
=

∑ ∑
i6=j

{∫ cj

−cj

∫ +∞

−∞
h−2k2

(x− y

h

)
v−2(x)v−2(y)f(x)f(y)dxdy

+

∫ ci

−ci

∫ +∞

−∞
h−2k2

(x− y

h

)
v−2(x)v−2(y)f(x)f(y)dxdy

}
=

∑ ∑
i6=j

{∫ cj

−cj

∫ +∞

−∞
h−2k2

(x− y

h

)
dxdy

+

∫ ci

−ci

∫ +∞

−∞
h−2k2

(x− y

h

)
dxdy

}
ìpou k�nontac allag  metablht c x−y

h
= z prokÔptei :

∑ ∑
i6=j

E{Y c
ij}2 ≤

∑ ∑
i6=j

{∫ cj

−cj

∫ +∞

−∞
h−2k2(z)hdxdy +

∫ ci

−ci

∫ +∞

−∞
h−2k2(z)hdxdy

}
=

∑ ∑
i6=j

{∫ cj

−cj

h−1‖k‖2
2dy +

∫ ci

−ci

h−1‖k‖2
2dxdy

}
=

∑ ∑
i6=j

{
2cjh

−1‖k‖2
2 + 2cih

−1‖k‖2
2

}
= 2‖k‖2

2h
−1

∑ ∑
i6=j

(ci + cj) = 2‖k‖2
2h

−1
∑ ∑

i6=j

(iζ + jζ)

≤ 2‖k‖2
2h

−1
∑ ∑

i6=j

(nζ + nζ)

= 2‖k‖2
2h

−1n(n− 1)(2nζ)

≤ 4‖k‖2
2h

−1nζ+2
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'Ara ∑ ∑
i6=j

E(Y c
ij − EY c

ij)
2 = O(h−1nζ+2)

epomènwc
[n(n− 1)]−2

∑ ∑
i6=j

E(Y c
ij − EY c

ij)
2 = O(h−1n−2+ζ) (2.11)

Oi upìloipoi mh mhdenikoÐ ìroi thc (2.10) apoteloÔn èna triplì �jroisma apì ìrouc pou
fr�soume parak�tw.

|EY c
ijY

c
jl − EY c

ijEY c
jl|

= |EY c
ijY

c
jl − EYijYjl + EYijYjl − EYijEYjl + EYijEYjl − EY c

jlEY12

+EY12EY c
jl − EY c

jlEY c
ij|

≤ |EY c
ijY

c
jl − EYijYjl|+ |EYijYjl − EYijEYjl|+ |EY12EY12 − EY c

jlEY12|
+|EY12EY c

jl − EY c
jlEY c

ij|
= |EY c

ijY
c
jl − EYijYjl|+ |EYijYjl − EYijEYjl|+ |EY12||EY c

jl − EY12|
+|EY c

jl||EY c
jl − EY12|. (2.12)

'Omwc, jètontac Ii = [−ci, ci] èqoume ìti :

EYijYjl

=

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞

[
h−2k

(x− y

h

)
k
(y − z

h

)
v−1(x)v−2(y)v(z)−1f(x)f(y)f(z)

]
dxdydz

=

{∫
Ii

∫
Ij

∫
Il

+

∫
Ic
i

∫
Ij

∫
Il

+

∫
Ii

∫
Ic
j

∫
Il

+

∫
Ic
i

∫
Ic
j

∫
Il

+

∫
Ii

∫
Ij

∫
Ic
l

+

∫
Ic
i

∫
Ij

∫
Ic
l

+

∫
Ii

∫
Ic
j

∫
Ic
l

+

∫
Ic
i

∫
Ic
j

∫
Ic
l

}
[
h−2k

(x− y

h

)
k
(y − z

h

)
v(x)v(z)

]
dxdydz

EpÐshc me b�sh ton trìpo pou orÐzontai ta Y c
ij, Y

c
jl eÐnai:

EY c
ijY

c
jl =

{∫
Ii

∫
Ic
j

∫
Il

+

∫
Ii

∫
Ij

∫
Il

+

∫
Ic
i

∫
Ij

∫
Il

+

∫
Ii

∫
Ij

∫
Ic
l

+

∫
Ic
i

∫
Ij

∫
Ic
l

}
[
h−2k

(x− y

h

)
k
(y − z

h

)
v(x)v(z)

]
dxdydz
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Epomènwc,

|EY c
ijY

c
jl − EYijYjl|

=

∣∣∣∣{∫
Ic
i

∫
Ic
j

∫
Il

+

∫
Ii

∫
Ic
j

∫
Ic
l

+

∫
Ic
i

∫
Ic
j

∫
Ic
l

}[
h−2k

(x− y

h

)
k
(y − z

h

)
v(x)v(z)

]
dxdydz

∣∣∣∣
=

∣∣∣∣{∫
Ii

∫
Ic
j

∫
Ic
l

+

∫
Ic
i

∫
Ic
j

∫ +∞

−∞

}[
h−2k

(x− y

h

)
k
(y − z

h

)
v(x)v(z)

]
dxdydz

∣∣∣∣
≤

{∫
Ii

∫
Ic
j

∫
Ic
l

+

∫
Ic
i

∫
Ic
j

∫ +∞

−∞

}[
h−2

∣∣∣k(x− y

h

)∣∣∣∣∣∣k(y − z

h

)∣∣∣v(x)v(z)
]
dxdydz

=

{∫
Ii

∫
Ic
j

∫
Ic
l

+

∫
Ic
i

∫
Ic
j

∫ +∞

−∞

}[
h−2

∣∣∣k(y − x

h

)∣∣∣∣∣∣k(z − y

h

)∣∣∣v(x)v(z)
]
dxdydz

≤
{∫

Ii

∫ +∞

−∞

∫
Ic
l

+

∫
Ic
i

∫ +∞

−∞

∫ +∞

−∞

}[
h−1|k(t)|

∣∣∣k(z − x

h
− t

)∣∣∣v(x)v(z)
]
dxdtdz

≤
{∫

Ii

∫
Ic
l

+

∫
Ic
i

∫ +∞

−∞

}[
[h−1v(x)v(z)]

∫ +∞

−∞
|k(t)|

∣∣∣k(z − x

h
− t

)∣∣∣dtdxdz
]

≤
{∫ +∞

−∞

∫
Ic
l

+

∫
Ic
i

∫ +∞

−∞

}[
[h−1v(x)v(z)]

(
|k| ∗ |k|

)(x− z

h

)
dxdz

]
= I1 + I2

ìpou,

I1 =

∫ +∞

−∞

∫
Ic
l

[h−1v(x)v(z)]
(
|k| ∗ |k|

)(x− z

h

)
dxdz

]
kai

I2 =

∫
Ic
i

∫ +∞

−∞
[h−1v(x)v(z)]

(
|k| ∗ |k|

)(x− z

h

)
dxdz

]
'Omwc

I1 ≤
{∫ +∞

−∞

∫
Ic
l

[h−1v(x)2]
(
|k| ∗ |k|

)(x− z

h

)
dxdz

]}1/2

{∫ +∞

−∞

∫
Ic
l

[h−1v2(z)]
(
|k| ∗ |k|

)(x− z

h

)
dxdz

]}1/2

≤
{∫

Ic
l

v2(x)

∫ +∞

−∞
h−1|k| ∗ |k|

(x− z

h

)
dzdx

]}1/2
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{∫ +∞

−∞
v2(z)

∫ +∞

∞
h−1|k| ∗ |k|

(x− z

h

)
dxdz

]}1/2

≤
{∫

Ic
l

v2(x)

∫ +∞

−∞

∫ +∞

−∞
h−1|k|

(x− z

h
− y

)
|k|(y)dydzdx

]}1/2

{∫ +∞

−∞
v2(z)

∫ +∞

∞

∫ +∞

∞
h−1|k|

(x− z

h
− y

)
|k|(y)dydxdz

]}1/2

≤
{∫

Ic
l

v2(x)

∫ +∞

−∞
h−1|k|

(x− z

h
− y

) ∫ +∞

−∞
|k|(y)dzdydx

]}1/2

{∫ +∞

−∞
v2(z)

∫ +∞

∞
h−1|k|

(x− z

h
− y

) ∫ +∞

∞
|k|(y)dxdydz

]}1/2

≤
[
‖k‖2

1

∫
Ic
l

v2(x)dx
]1/2

‖k‖2
1

∫ +∞

−∞
v2(z)dz

]1/2

= ‖k‖2
1P (|X| > cl)

1/2

OmoÐwc
I2 ≤ ‖k‖2

1P (|X| > ci)
1/2

epomènwc

|EY c
ijY

c
jl − EYijYjl| ≤ ‖k‖2

1

[
P (|X| > cl)

1/2 + P (|X| > ci)
1/2

]
≤ ‖k‖2

1

[(E|X|1/r

c
1/r
l

)1/2

+
(E|X|1/r

c
1/r
i

)1/2]
= ‖k‖2

1E|X|1/2r(l−ζ/2r + i−ζ/2r)

Epomènwc
|EY c

ijY
c
jl − EYijYjl| ≤ ‖k‖2

1E|X|1/2r(l−ζ/2r + i−ζ/2r) (2.13)
'Epeita parathroÔme ìti gia ènan pur na k me s = 0, 1, 2, ... mhdenikèc �rtiec ropèc, h
sunèlixh k ∗ k ja èqei s mhdenikèc ropèc kai

m∗
2s+2 = 2m2s+2 ,

ìpou mr, m
∗
r eÐnai h r−ost  rop  twn k kai k ∗ k antÐstoiqa. Gia s = 0

m∗
2 =

∫
x2

∫
k(x− y)k(y)dydx

=

∫ (∫
(z + y)2k(z)dz

)
k(y)dy
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=

∫ ∫
(z2 + y2 + 2yz)k(z)dz)k(y)dy

= m2 +

∫
y2k(y)dy

= 2m2

Tìte :
EYijYjl

=

∫ +∞

−∞

∫ +∞

−∞
h−1(k ∗ k)

(x− y

h

)
v(x)v(y)dxdy

=

∫ +∞

−∞

∫ +∞

−∞
h−1(k ∗ k)(z)v(y + hz)v(y)dzdy

=

∫ +∞

−∞

∫ +∞

−∞
(k ∗ k)(z)v(y)

{
v(y) + hzv′(y) +

h2

2!
z2v′′(y) +

h3

3!
z3v′′′(y)

+
h4

4!
z4v(4)(y + hz)

}
dzdy

= 1 +
h2

2

∫ ∫
(k ∗ k)(z)z2v′′(y)v(y)dzdy +

h4

4!

∫ ∫
z4(k ∗ k)(z)v(4)(y + hz)v(y)dzdy

= 1 + 2
h2

2
m2‖v′‖2

2 + O(h4) , h ∈ (0, h).

EpÐshc
EYijEYjl =

{∫ +∞

−∞

∫ +∞

−∞
h−1k

(x− y

h

)
v(x)v(y)dxdy

}2

=
{

1 +
h2

2!
m2‖v′‖2

2 + O(h4)
}2

Epomènwc
EYijYjl − EYijEYjl = 1 + 2

h2

2
m2‖v′‖2

2 + O(h4)−
{

1 +
h2

2!
m2‖v′‖2

2 + O(h4)
}2

= O(h4)

Genik�, gia s = 1, 2, .. kai m∗
2s+2 = 2m2s+2 eÐnai

EYijYjl − EYijEYjl

= 1 + (−1)s+1 h2s+2

(2s + 2)!
m∗

2s+2‖v(s+1)‖2
2 + O(h2s+4)

−
{

1 + (−1)s+1 h2s+2

(2s + 2)!
m2s+2‖v(s+1)‖2

2 + O(h2s+4)
}2

24



= 1 + (−1)s+1 h2s+2

(2s + 2)!
m∗

2s+2‖v(s+1)‖2
2 + O(h2s+4)

−
{

1 +
h4s+4

((2s + 2)!)2
m2

2s+2‖v(s+1)‖4
2 + O(h8s+4) + 2(−1)s+1 h2s+2

(2s + 2)!
m2s+2‖v(s+1)‖2

2

+O(h2s+4) + 2O(h2s+4)(−1)s+1 h2s+2

(2s + 2)!
m2s+2‖v(s+1)‖2

2

}
epomènwc

EYijYjl − EYijEYjl = O(h4+2s) (2.14)
Epomènwc, epistrèfontac sth sqèsh (2.12), sunoyÐzoume tic t�xeic sÔgklishc tou

dexioÔ mèlouc thc ki èqoume:
|EY c

ijY
c
jl − EYijYjl| ≤ ‖k‖2

1E|X|1/2r(l−ζ/2r + n−ζ/2r) = O(n−ζ/2r) = O(n−1)

apì th sqèsh (2.13) kai gia ζ/r > 2. EpÐshc, apì thn sqèsh (2.6) paÐrnoume ìti
|EY c

jl − EY12| ≤ 4‖k‖1E|Xi|1/r(n2)−ζ/2r = O(n−ζ/r) = O(n−2)

gia ζ/r > 2.
'Ara h sqèsh (2.12) se sunduasmì me tic dÔo parap�nw sqèseic kai thn (2.14) dÐnei

ìti :
(EY c

ijY
c
jl − EY c

ijEY c
jl) = O(n−1) + O(h4+2s)

kai ajroÐzontac prokÔptei ìti∑
i

∑
j

i6=j 6=l

∑
l

E(Y c
ijY

c
jl − EY c

ijEY c
jl) = O(n−1n3) + O(n3h4+2s)

apì ìpou sunep�getai h
[n(n− 1)]−2

∑
i

∑
j

i6=j 6=l

∑
l

E(Y c
ijY

c
jl − EY c

ijEY c
jl) = O(n−2) + O(n−1h4+2s) (2.15)

H parap�nw sqèsh mazÐ me thn (2.11) sumplhr¸noun touc ìrouc tou aristeroÔ mèlouc
thc (2.10) kai thn apodeiknÔoun. Epomènwc, kai h apìdeixh tou L mmatoc eÐnai plhrhc.

2

Pìrisma 2.1
K�tw apì tic upojèseic : Y1, Y2 èqoume ìti :

∣∣∣n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
− 1

∣∣∣ = Op(n
−ξ)

ìpou ξ = 1− r − t, t = [(1− r)/(3 + 2s)], s = 0, 1, 2
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Parat rhsh 3.1:
An h f èqei ìlec tic ropèc tic peperasmènec, p.q. an h f èqei sumpag  forèa, to

apotèlesma tou PorÐsmatoc 2.1 isqÔei gia ξ < (1− t) kai t < (3 + 2s)−1, s = 0, 1, ...
H sÔgklish kat� pijanìthta pou apodeiknÔetai sto L mma 2.2, metatrèpetai, me pro-

sektikìterh an�lush, se sqedìn bebaÐwc sÔgklish, ìpwc faÐnetai sto epìmeno L mma.
L mma 2.4

K�tw apì tic upojèseic Y1 kai Y2, èqoume ìti me pijanìthta 1 :∣∣∣n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
− 1

∣∣∣
= O(n−(1−δ−r−t)) + O(n−ξ′) + O(n−2(1+s)t),

gia k�poio δ > 0 kai ξ′ < [(1/4) + (2 + s)t] ∧ [(3/4)− r − (t/2)].

Apìdeixh:
'Eqontac tic sqèseic (2.5) kai (2.8) eÐnai arketì na apodeÐxoume th sqèsh (2.9) gia σ.β.

sÔgklish me thn paroÔsa t�xh. Gia na aplopoi soume thn parat rhsh aut  orÐzoume
W h

ij ≡ v−1(Xi)v
−1(Xj)h

−1k(Zc
ij/h), Uh

ij ≡ W h
ij − EW h

ij

kai
Sn(h) ≡

n∑
i=1 i6=j

n∑
j=1

Uh
ij

'Epeita, èstw n2 ≤ m ≤ (n + 1)2 . Tìte,
|Sm(hm)| − |Sn2(hm)| ≤

∣∣∣|Sm(hm)| − |Sn2(hm)|
∣∣∣ ≤ |Sm(hm)− Sn2(hm)| ≤ Dn

ìpou: Dn = sup{|Sm(hm)− Sn2(hm)| : n2 ≤ m ≤ (n + 1)2}. 'Ara,
|Sm(hm)| ≤ |Sn2(hm)|+ Dn (2.16)

Sthn (2.10), jètoume ìpou n to n2 kai paÐrnoume
E{[n2(n2 − 1)]−1mξ′Sn2(hm)}2 = O(n−2−(8+4s)t+4ξ′) + O(n−4+2ζ+2t+4ξ′),

ètsi ¸ste gia −2− (8 + 4s)t + 4ξ′ < −1 kai −4 + 2ζ + 2t + 4ξ′ < −1, dhlad ,
ξ′ < [(1/4) + (2 + s)t] ∧ [(3/4)− (ζ + t)/2], (2.17)

apì thn anisìthta tou Chebyshev, ja èqoume ìti:

P
(
|[n2(n2 − 1)]−1mξ′Sn2(hm)| > ε

)
<

E(n2(n2 − 1)]−1mξ′Sn2(hm))

ε
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�ra, ∑∞
n=1 P

(
[n2(n2 − 1)]−1mξ′Sn2(hm) > ε

)
< ∞. Epomènwc apì to L mma Borel −

Cantelli prokÔtei ìti
[n2(n2 − 1)]−1mξ′Sn2(hm) = o(1). (2.18)

EpÐshc,

E[Sm(hm)− Sn2(hm)]2

= E
{ m∑

i=1
i6=j

m∑
j=1

Uij(hm)−
n2∑
i=1
i6=j

n2∑
j=1

Uij(hm)
}2

= E
{ n2∑

i=1
i6=j

n2∑
j=1

Uij(hm) +
m∑

i=n2+1

n2∑
j=1

Uij(hm) +
n2∑
i=1

m∑
j=n2+1

Uij(hm)

+
m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)−
n2∑
i=1
i6=j

n2∑
j=1

Uij(hm)
}2

= E
{

2
m∑

i=n2+1

n2∑
j=1

Uij(hm) +
m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}2

= E
{

2
m∑

i=n2+1

n2∑
j=1

Uij(hm)
}2

+ E
{ m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}2

+4E
{ m∑

i=n2+1

n2∑
j=1

Uij(hm)
m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}

= E
{(

2
m∑

i=n2+1

n2∑
j=1

Uij(hm)
)(

2
m∑

i′=n2+1

n2∑
j′=1

Uij(hm)
)}

+ E
{ m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}2

+4E
{ m∑

i=n2+1

n2∑
j=1

Uij(hm)
m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}

=
{

4
m∑

i=n2+1

n2∑
j=1

EU2
ij(hm) + 4

m∑
i=n2+1

i6=j

m∑
j=n2+1

n2∑
l=1

EUij(hm)Uil(hm)

+4
m∑

i=n2+1
i6=l

m∑
l=n2+1

n2∑
j=1

EUij(hm)Ulj(hm)
}

+ E
{ m∑

i=n2+1
i6=j

m∑
j=n2+1

Uij(hm)
}2
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+8
m∑

i=n2+1

n2∑
j=1

m∑
l=n2+1

EUij(hm)Uil(hm)

= O(n3+2ζ+2t) + {O(n3) + O(n5−(8+4s)t)}+ {O(n3) + O(n4−(8+4s)t)}

+{O(n2+2ζ+2t) + O(n3−(8+4s)t)}+ {O(n3) + O(n4−(8+4s)t)}

= {O(n3+2ζ+2t) + O(n5−(8+4s)t)}.

Oi parap�nw t�xeic prokÔptoun apì tic sqèseic (2.6),(2.14) kai tic anisìthtec pou
qrhsimopoioÔntai stic sqèseic (2.11) kai (2.12) apodeiknÔontac thn (2.10). 'Ara

E[Sm(hm)− Sn2(hm)]2 = O(n3+2ζ+2t) + O(n5−(8+4s)t)

dhlad ,

ED2
n ≤

(n+1)2∑
m=n2+1

E[Sm(hm)− Sn2(hm)]2 = O(n · n3+2ζ+2/r) + O(n · n5−(8+4s)t)

= O(n4+2ζ+2/r) + O(n6−(8+4s)t)

ètsi, ¸ste
E{[n2(n2 − 1)]−1mξ′Dn}2 = O(n−8n4+2ζ+2tm2ξ′) + O(n−8n6−(8+4s)tm2ξ′)

= O(n−4+2ζ+2t+4ξ′) + O(n−2−(8+4s)t+4ξ′),

gia n2 ≤ m ≤ (n + 1)2 kai ξ′ ìpwc sth sqèsh (2.17), �ra p�li me thn bo jeia tic
anisìthtac Chebyshev kai tou L mmatoc Borel−Cantelli, èqoume ìti me pijanìthta 1

[n2(n2 − 1)]−1mξ′Dn = o(1). (2.19)
Apì thn (2.16) me th bo jeia thc (2.19) paÐrnoume to zhtoÔmeno.

2

Pìrisma 2.2
K�tw apì tic upojèseic Y1 kai Y2, me pijanìthta 1 èqoume ìti:∣∣∣n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
− 1

∣∣∣ = o(−ξ′)

ìpou ξ′ = (3/4) − r − (t/2), me t = [(3 − 4r)/(10 + 8s)]− an s ≤ 5(1 − 4r)−1/2 kai
t = [(1− 2r)/(5 + 2s)]− alli¸c , s = 0, 1, ... .
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Parat rhsh 3.2:
ParathroÔme ìti, an h f èqei ìlec tic ropèc thc peperasmènec, p.q., an èqei sumpag 

forèa, tìte to apotèlesma tou PorÐsmatoc 2.2 isqÔei gia ξ′ = [(3/4) − (t/2)]− me
t = [3(10 + 8s)−1]− an s < 5/2 kai t = [(5 + 2s)−1]− an s > 5/2, s = 0, 1, .. .
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Kef�laio 3

Sunèpeia twn Ektimht¸n

Se autì to kef�laio ja apodeÐxoume th sunèpeia kat� pijanìthta kai sqedìn
bebaÐwc thc MPLE u thc f 1/2 (apìstash Hellinger bl. Par�rthma, Orismìc .8) kai
thc ektim triac fn = u2 wc proc tic Lp(R) nìrmec , p = 1, 2,∞ EpÐshc ja upodeÐxoume
tic bèltistec t�xeic sÔgklishc se k�je perÐptwsh. Shmei¸noume thn MPLE twn v, f
wc u kai fn = u2 antÐstoiqa, thn par�metro kanonikopoÐhshc λn wc l kai jewroÔme
h = O(n−t), t < 1/2

Je¸rhma 3.1
K�tw apì tic upojèseic tou L mmatoc 2.1 kai gia v ∈ H, èqoume ìti:
(i) |(λ/n)− 1| = Op(n

−(1−δ−r−t)/2) + Op(n
−ξ/2) + O(n−(s+1)t),

(ii) ‖u− v‖2 = Op(n
−(1−δ−r−t)/2) + Op(n

−ξ/2) + O(n−(s+1)t),

(iii) ‖u− v‖∞ = Op(n
−(1−δ−r−2t)/2) + Op(n

−(ξ−t)/2) + O(n−(2s+1)t/2),

me ξ = 1/2 + (s + 2)t gia th sÔgklish kat� pijanìthta kai
ξ = [1/4 + (s + 2)t] ∧ [3/4− r − (t/2)] gia th sqedìn bebaÐwc sÔgklish.
Apìdeixh:

'Estw k̃ o metasqhmatismìc Fourier tou pur na k, dhlad  k̃(t) =
∫ +∞
−∞ eitxk(x)dx.

An up�rqei q > 0 tètoio, ¸ste to
cq = lim

u→0

[1− k̃(u)

|u|q
]

na èinai mh mhdenikì kai peperasmèno, tìte to q onom�zetai qarakthristikìc deÐkthc tou
k me qarakthristikì suntelest  cq.'Omwc,
cq = lim

u→0

[1− k̃(u)

|u|q
]

= lim
u→0

[1−
∫ +∞
−∞ eiuxk(x)dx

|u|q
]

= lim
u→0

1

|u|q
[
1−

∫ +∞

−∞
k(x)dx− iu

∫ +∞

−∞
xk(x)dx

−...− (iu)q−1

(q − 1)!

∫ +∞

−∞
xq−1k(x)dx− (iu)q

q!

∫ +∞

−∞
xqk(x)dx + O(uq+1)

]
.
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An to k̃ eÐnai peperasmèno kai jetikì prèpei :

∫
k̃(x)dx = 1∫ +∞
−∞ xj k̃(x)dx = 0 gia j = 1, 2, .., q − 1∫
xqk̃(x)dx 6= 0  ∞

ParathroÔme ìti gia na eÐnai to k̃ puknìthta pijanìthtac ja prèpei na ikanopoioÔntai
ta ex c: {

k̃(x) ≥ 0∫
k̃(x)dx = 1

epomènwc sthn perÐptwsh aut  ja eÐnai q = 2. Sthn perÐptwsh pou ∫
z2sk(z)dz = 0, s ∈

Z+, ìpwc orÐsthke sthn apìdeixh tou L mmatoc 2.2, tìte q = 2(s+1). Qrhsimopoiìntac
to je¸rhma tou Parseval gia to metasqhmatismì Fourier èqoume ìti :

‖u‖2
2 = (2π)−1‖ũ‖2

2

Epomènwc
h−2(s+1)(‖v‖2 − 1) = h−2(s+1)((2π)−1‖ṽm1/2‖2

2 − (2π)−1‖ṽ‖2
2)

= h−2(s+1)(2π)−1
[∫

|ṽ(t)|2m(ht)dt−
∫
|ṽ(t)|2dt

]
= (2π)−1

[∫
|ṽ(t)|2k̃(ht)−1h−2(s+1)dt−

∫
h−2(s+1)|ṽ(t)|2dt

]
= (2π)−1

[∫
|ṽ(t)|2h−2(s+1)

(
k̃(ht)−1 − 1

)
dt

= (2π)−1
[∫

|ṽ(t)|2t2(s+1) [1− k̃(ht)]

(ht)2(s+1)
k̃(ht)−1dt

ìpou gia h → 0 , 1−k̃(ht)

(ht)2(s+1) → c2 kai k̃(ht)−1 → 1
k(0)

= 1. Apì to je¸rhma kuriarqhmènhc
sÔgklishc kai to L mma .12 tou Parart matoc, prokÔptei ìti

h−2(s+1)(‖v‖2 − 1) → c2‖v(s+1)‖2
2 gia h → 0

Epomènwc
‖v‖2 − 1 = O(h2(s+1)) (3.1)

San sumpèrasma thc (3.1) kai tou L mmatoc 2.2 kai 2.3 paÐrnoume to (i) kaj¸c
|(λn/n)1/2 − 1|

≤ ‖kµ‖1/2
1

{
n−2

n∑
i=1

n∑
j=1

v(Xi)
−1v(Xj)

−1k(Xi −Xj)− 1 + ‖v‖2 − 1
}1/2
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≤ ‖kµ‖1/2
1

{
n−2

n∑
i=1

n∑
j=1

v(Xi)
−1v(Xj)

−1k(Xi −Xj)− 1
}1/2

+ ‖kµ‖1/2
1 {‖v‖2 − 1}1/2

= Op(n
−(1−δ−r−t)/2) + Op(n

−ξ/2) + O(n−(s+1)t).

Gia to (ii) parathroÔme ìti apì to L mma 2.1 gia ton pur na tou RKHS H, κ∗x =
h−1k((x− y)/h):

‖uλ − v‖2 ≤ λ−2

n∑
i=1

n∑
j=1

v(Xi)
−1v(Xj)

−1h−1k
(Xi −Xj

h

)
− 2(n/λ) + ‖v‖2

= (n/λ)2{n−2

n∑
i=1

n∑
j=1

v(Xi)
−1v(Xj)

−1h−1k
(Xi −Xj

h

)
− 1}

+[(n/λ)− 1]2 + ‖v‖2 − 1 (3.2)
EpÐshc apì thn (2.3) prokÔptei ìti:

‖u− v‖2
2 ≤ ‖k‖1‖u− v‖2

kai me th bo jeia tou L mmatoc 2.2 , tou L mmatoc 2.3 kai thc sqèshc (3.1) prokÔptei
to (ii).

'Epeita, parathroÔme ìti gia ton pur na κ∗(x, y) = h−1k((x − y)/h) tou RKHS H,
eÐnai ‖κ∗x‖2 = k(0)h−1, ìpou κ∗x(·) = κ∗(·, x). Tìte

|u(x)− v(x)| = |〈κ∗x, u− v〉|
≤ ‖κ∗x‖‖u− v‖
≤ h−1/2‖k‖‖u− v‖
≤ h−1/2‖k‖∞‖u− v‖

apì ìpou sumperaÐnetai to (iii) me thn bo jeia twn sqèsewn (3.1), (3.2),to (i) , to L mma
2.3 kai gia h = O(n−t).

Ta apotelèsmata gia thn σ.β. sÔgklish prokÔptoun ìmoia me th qr sh tou L mmatoc
2.4 sth jèsh tou L mmatoc 2.3.

2

Pìrisma 3.1
K�tw apì tic upojèseic tou Jewr matoc 3.1 èqoume ìti h fn sugklÐnei sthn f kat�

pijanìthta kai sqedìn bebaÐwc wc proc tic L1(R) kai L2(R) nìrmec me thn t�xh tou
mèrouc (i) kai wc proc thn sup nìrma me thn t�xh tou mèrouc (ii) tou Jewr matoc 3.1

Apìdeixh:
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i) EÐnai:
‖fn − f‖1 =

∫
|fn − f | =

∫
|u2

n − v2|

=

∫
|un − v||un + v| ≤ ‖un − v‖2‖un + v‖2

≤ ‖un − v‖2(‖un‖2 + ‖v‖2) = 2‖un − v‖2

'Ara ‖fn − f‖1 ≤ 2‖u − v‖2 kai apì to (ii) tou Jewr matoc 3.1 prokÔptei h sÔgklish
thc fn sthn f kat� pijanìthta kai σ.β.

(ii) ‖fn − f‖2
2 =

∫
(u2

n − v2)2 =

∫
[(un − v)(un + v)]2

=

∫
(un − v)2(un + v)2 ≤ ‖un − v‖2

2‖un + v‖2
∞

= ‖un − v‖2
2‖un − v + v + v‖2

∞

≤ (‖un − v‖∞ + 2‖v‖∞)2‖un − v‖2
2

Epomènwc ‖fn− f‖2 ≤ (‖un− v‖∞ + 2‖v‖∞)2‖un− v‖2
2 kai to zhtoÔmeno prokÔptei apì

to (ii) kai (iii) tou Jewr matoc 3.1.
(iii) Tèloc ìmoia me to (ii) prokÔptei ìti

|fn − f | ≤ |un − v||2v + (un − v)| ≤ 2|v||un − v|+ |un − v|2

Epomènwc
‖fn − f‖∞ ≤ 2‖v‖∞‖un − v‖∞ + ‖un − v‖2

∞

kai to zhtoÔmeno prokÔptei apì to (ii) kai (iii) tou Jewr matoc 3.1.
2

Oi bèltistec t�xeic sÔgklishc gia ta apotelèsmata tou Jewr matoc 3.1 kai tou
PorÐsmatoc 3.1 sumperaÐnontai apì ta PorÐsmata 3.1 kai 3.2. Sthn epìmenh Prìtash
sunoyÐzoume tic mègistec timèc pou lamb�noume apì tic apodeÐxeic upojètontac ìti ìlec
oi ropèc thc f eÐnai peperasmènec, dhlad , h f èqei sumpag  forèa.
Prìtash 3.1

K�tw apì tic upojèseic tou Jewr matoc 3.1 kai me r = 0 èqoume ìti:
(i) ‖fn − f‖1 = op(n

−ρ)

(ii) ‖fn − f‖2 = op(n
−ρ)
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(iii) ‖fn − f‖∞ = op(n
−ρ+(t/2))

ìpou ρ = (1/2) − (4s + 6)−1, me t = [(2s + 3)−1]− gia th sÔgklish kat� pijanìthta,
kai gia th σ.β. sÔgklish ρ = (3/8)− 3(40 + 32s)−1 me t = [3/(10 + 8s)]− an s ≤ 2 kai
ρ = (3/8)− (20 + 8s)−1 me t = [(5 + 2s)−1]− an s ≥ 3.

Sthn perÐptwsh pou h nìrma tou H orÐzetai mèsw tou mètrou mh me puknìthta

m(ht) = 1 +
l∑

j=s+1

(ht)2j , s = 0, 1, .., l − 1 (3.3)

oi antÐstoiqec MPLE u thc v = f 1/2 eÐnai isodÔnamec me autèc pou asqol jhkan oi
Good kai Gaskins (1971) kai De Montricher (1975). ParathroÔme ìti h poin  pou
orÐzetai mèsw thc (3.3) odhgeÐ se ènan pur na k summetrikì gÔrw apì to 0 me

k̃(t) = 1− (m(t)− 1)m(t)−1

�ra o k èqei mhdenikèc tic perittèc ropèc tou.
Kaj¸c k̃ > 0, h sunèpeia pou èqoume wc apotèlesma se autì to kef�laio efarmìzetai

kai se autèc tic ektim seic. EpÐshc ja deÐxoume ìti oi par�gwgoi twn ektimht¸n fn ìso
kai twn u pou antistoiqoÔn sthn (3.3) , sugklÐnoun wc proc thn L2(R) nìrma . Gia na
aplopoi soume ton isqurismì tou parap�nw jewr matoc, jewroÔme τ = +∞ ìpwc sthn
prìtash 3.1 parìlo pou h apìdeixh basÐzetai sto Je¸rhma 3.1.
Je¸rhma 3.2

Gia to m orismèno ìpwc sthn (3.3) kai k�tw apì tic upojèseic thc prìtashc 3.1 èqoume
ìti kat� pijanìthta kai σ.β.

‖u(j) − u(j)‖2 = Op(n
−ρ(1−j(s+1)−1))

ìpou to r orÐzetai ìpwc sthn Prìtash 3.1 kai j ≤ s.

Apìdeixh:
ParathroÔme ìti :

‖u− v‖2 =
(∫

m(t)(ũ− ṽ)dt
)2

≥
(∫ (

1 +
l∑

j=s+1

(ht)2j
)
(ũ− ṽ)dt

)2

=
(∫

(ũ− ṽ)dt +

∫ l∑
j=s+1

(ht)2j(ũ− ṽ)dt
)2

= ‖u− v‖2
2 +

∫
h2(s+1)(t2(s+1)(ũ− ṽ))2dt

≥ ‖u− v‖2
2 + h2(s+1)

∫
(ũ(s+1) − ṽ(s+1))2dt

≥ h2(s+1)‖u(s+1) − v(s+1)‖2
2
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Epomènwc apì thn (3.2) èqoume :
h2(s+1)‖u(s+1) − v(s+1)‖2

2 ≤ ‖u− v‖2

≤ (n/λ)2
{

n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
− 1

}
+ [(n/λ)− 1]2 + ‖v‖2 − 1

ìpou
‖v‖2 =

∫ (
1 +

l∑
j=s+1

(ht)2j
)
ṽ2(t)dt = 1 +

l∑
j=s+1

h2j‖v(j)‖2
2

'Ara
h2(s+1)‖u(s+1) − v(s+1)‖ ≤

(n/λ)2
{

n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k
(Xi −Xj

h

)
−1

}
+[(n/λ)−1]2+

l∑
j=s+1

h2j‖v(j)‖2
2

(3.4)
'Omoia me to L mma 2.2, jètoume λ = n kai èqoume :

|(λ/n)− 1|2 ≤
{

n−2

n∑
i=1

n∑
j=1

v−1(Xi)v
−1(Xj)h

−1k(
Xi −Xj

h
)− 1

}
+

l∑
j=s+1

h2j‖v(j)‖2
2

EpÐshc, ìmoia me to Je¸rhma 3.1, èqoume ìti :
[(n/λ)− 1]2, ‖u− v‖2 = Op(n

−(1−δ−r−t)) + Op(n
−ξ) + O(n−2(s+1)t) (3.5)

me x orismèno ìpwc sto Je¸rhma 3.1.
Tìte apì thn (3.4) kai thn (3.5) sumperaÐnoume gia h = O(n−t) ìti :

‖u(s+1) − v(s+1)‖2 = Op(1) (3.6)
'Epeita, parathroume ìti: ‖g(j)‖2

2 ≤ ‖g(j−1)‖2‖g(j+1)‖2, g ∈ H �ra me epagwg  èqoume
ìti:

‖u(j) − v(j)‖2 ≤ ‖u− v‖1−j(s+1)−1

2 ‖u(s+1) − v(s+1)‖j(s+1)−1

2

to opoÐo mazÐ me tic sqèseic (3.5),(3.6) kai ta L mmata 2.3 , 2.4 dÐnoun to apotèlesma.
H t�xh epitugq�netai ìpwc sthn Prìtash 3.1.

2
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PARARTHMA

Orismìc .1
'Estw [a, b] ⊂ R, D : a = x0 < x1 < ... < xn = b mia diamèrish tou [a, b], kai

m ∈ N. Ta stoiqeÐa tou sunìlou

Sm(∆) := {s ∈ Cm−1[a, b] : s|[xi,X−i+1] ∈ Pm, i = 0, ..., n− 1}

lègontai (poluwnumikèc) splines bajmoÔ m (wc proc D).(bl. [1])

Orismìc .2
'Enac q¸roc Hilbert H, sunart sewn orismènwn se èna sÔnolo T onom�zetai proper

functional Hilbert space an gia k�je t to sunarthsoeidèc f , f ∈ H sto t eÐnai suneqèc,
dhlad  up�rqei Mt tètoio ¸ste |f(t)| ≤ Mt‖f‖, ∀f ∈ H. (bl. [23])

L mma .1
'Enac q¸roc Hilbert sunart sewn orismènwn se èna sÔnolo T eÐnai proper functional

q¸roc Hilbert an kai mìno an eÐnai RKHS. (bl. [23])

L mma .2
O q¸roc Sobolev Hs(−∞, +∞)={f : f (j) ∈ L2(−∞, +∞) gia j = 0, .., s} me eswte-

rikì ginìmeno 〈f, g〉 = {
∑s

j=0 〈f (j), g(j)〉} eÐnai ènac RKHS. (bl. [23])

Orismìc .3
'Estw f : H → R. Gia x, η1, ..., ηn ∈ H orÐzoume wc n−ost  Gâteaux metabol  tou

S sto x kata tic kateujÔnseic twn η1, ..., ηn thn

f (n)(x)(η1, ..., ηn) = lim
t→0

t−1[f (n−1)(x + tηn)(η1, ..., ηn−1)− f (n−1)(x)(η1, ..., ηn−1)],

me f (0)(x) = f(x). (bl. [23])

L mma .3
An Φ(t) = f(x + tη) tìte Φ(n)(0) = f (n)(xn)(η, .., η). (bl. [23])

Orismìc .4
MÐa akoloujÐa {xn} se èna q¸ro Hilbert H lème ìti sugklÐnei asjen¸c sto x∗ ∈ H

an f(xn) → f(x∗) ∀f ∈ H∗ ìpou H∗ o duikìc tou H. (bl. [23])
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L mma .4
An h xn sugklÐnei sto x∗ ston H, tìte sugklÐnei asjen¸c sto x∗.Epiplèon, an o H

eÐnai peperasmènhc di�stashc, tìte h xn sugklÐnei asjen¸c sto x∗. (bl. [23])

Orismìc .5
'Enac telest c f : H → J onom�zetai asjen¸c suneq c an ìtan h {xn} ⊂ H sugklÐnei

asjen¸c sto x∗ ∈ H, tìte kai h {f(xn)} sugklÐnei asjen¸c sto f(x∗) sto J . (bl. [23])

L mma .5
'Ena sÔnolo S ⊂ H onom�zetai asjen¸c sumpagèc an xn ⊂ S sunep�getai ìti h xn

perièqei mia upoakoloujÐa h opoÐa sugklÐnei asjen¸c se èna stoiqeÐo tou S. (bl. [23])

Orismìc .6
'Ena sÔnolo S onom�zetai asjen¸c kleistì an ìtan h xn ∈ S sugklÐnei asjen¸c sto

x∗ ∈ H tìte x ∈ S. (bl. [23])

L mma .6
JewroÔme to kurtì uposÔnolo S ⊂ H.Tìte to S eÐnai asjen¸c kleistì an to S eÐnai

kleistì. Epiplèon to S eÐnai asjen¸c sumpagèc an to S eÐnai epÐshc kleistì kai fragmèno.
(bl. [23])

Orismìc .7
To shnarthsoeidèc f onom�zetai asjen¸c k�tw hmisuneqèc sto x ∈ H an gia dojeÐsa

akoloujÐa {xn} ⊂ H h opoÐa sugklÐnei asjen¸c sto x, tìte gia dojèn ε > 0, up�rqei
akèraioc Nε tètoioc ¸ste −ε < f(xn)− f(x) ∀n ≥ Nε. (bl. [23])

L mma .7
'Ena suneqèc kurtì sunarthsoeidèc f orismèno se èna kleistì uposÔnolo S tou H

eÐnai asjen¸c k�tw hmisuneqèc. (bl. [23])

L mma .8
'Estw ìti oi f1(x) kai f2(x) an koun kai oi dÔo ston L2(Rn), kai èstw oi metasqhma-

tismoÐ Fourier me f̂1(u) kai f̂2(u), antÐstoiqa. Tìte∫
Rn

f̂1(u)f̂2(u)du =

∫
Rn

f1(x)f2(−x)dx

kai ∫
Rn

f̂1(u)f̂2(u)ei〈u,x〉du =

∫
Rn

f1(y)f2(x− y)dy

(bl. [24])
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L mma .9
An f̂ , ĝ, oi metasqhmatismoÐ Fourier twn f , g kai oi antÐstrofoi tÔpoi aut¸n, f̃1 kai

f̃2 antÐstoiqa, èqoume: ∫
f̂(ξ)g(ξ)dξ =

∫
f(x)ĝ(x)dx∫

f(ξ)g(ξ)dξ =

∫
f̃(x)g̃(x)dx kai

(f̂ ∗ g) = (2π)n/2f̂ ĝ kai (2π)n/2(f̂g) = f̂ ∗ ĝ

ìpou h sunèlixh f ∗ g orÐzetai wc:

(f ∗ g)(x) =

∫
f(x− y)g(y)dy =

∫
g(x− y)f(y)dy.

(bl. [24])

L mma .10
'Estw 1 ≤ p ≤ +∞, f ∈ Lp(Rn) kai g ∈ L1(Rn), tìte f ∗ g ∈ Lp(Rn) kai ‖f ∗ g‖p ≤

‖f‖p‖g‖1 (bl. [24])

Orismìc .8
'Estw P kai Q duo mètra pijanìthtac se mÐa s-�lgebra A. 'Estw µ = P + Q kai

èstw f kai g oi puknìthtec f = dP/dµ kai g = dQ/dµ.H L1 nìrma thc diafor�c P −
Q eÐnai ‖P − Q‖ =

∫
|f − g|dµ = 2[1 − ‖P ∧ Q‖], ìpou P ∧ Q to minimum twn

mètrwn P kai Q to opoÐo eÐnai to mètro pou antistoiqeÐ sthn f ∧ g wc proc to m. O
metasqhmatismìc Hellinger tou zeÔgouc {P, Q} einai h sun�rthsh f orismènh sto [0, 1]
me φ(α) = ‖(dP )1−α(dQ)α‖ =

∫
f 1−αgαdµ. H tim  ρ(P, Q) = φ(1/2) =

∫
(dPdQ)1/2

onom�zetai epÐshc affinity metaxÔ twn P, Q. H apìstash Hellinger H(P, Q) orÐzetai
wc H2(P, Q) =

∫
((dP )1/2 − (dQ)1/2)2 =

∫
(f 1/2 − g1/2)2dµ = 2[1− ρ(P, Q)] (bl. [16])

L mma .11
'Estw qn ≤ q ìpou q(x) = P (|X| ≥ x) kai q(xn) = P (|Xn| ≥ x) kai E|X|r < ∞ me

r < 2. Tìte ,
1

n1/r

n∑
k=1

(Xk − ak) →a.s. 0

ìpou ak = 0   EXk an�loga me to an r < 1,   r > 1. (bl. [17])

L mma .12
An E|X|k < ∞, tìte h qarathristik  sun�rthsh thc Q èqei an�ptugma

f(u) =
k−1∑
j=0

(iu)k

j!
EXj +

(iu)k

k!
(EXk + δ(u)),

ìpou δ(u) eÐnai mia sun�rthsh tou u tètoia, ¸ste limu→0 δ(u) = 0 kai ikanopoieÐ th sqèsh
|δ(u)| ≤ 3E|X|k gia k�je u. (bl. [3])
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