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Euyaplotieg

Euyapiot® tov emPAénovta xadnyntd pou x. I'edpyio Koowwern yia ) fordeta tou pe Tig
YVOOELS TOU ot TNV UTOUOVY Tou xaddg xot yiol 1) oLVoRixr ouufBoly) xat xaodiynoy| Tou
xo)” ONT) T DLAEXELI TN MEAETNG %Ol CUYYPAPTIC TNG PETATTUY XS Lo epyaaiog. Enlong Yo
Uela vor euyaptoThow Ohoug Toug xadnynTég mou pou €xavay pdinuo 1660 GE TEOTTUYIAXO
000 XUl OE PETATTUYIAXO ENINEDO YL TIC YVWOELS TOU Wou Tapelyay o1 SLdpxeta Twy Yéyet
TWPA OTOUBMY Uou xau ialtepa To x. Muydhn Aouhdnrn xddwg xou Toug x. I'ewpyio Zovpden
xou x. Miydhn IIhe€ovadxrn mou Htav 6Tny emTEony| a&lohGYNONG UOU.

Oa feha va euyaptoTHow Yepud TNV OXoYEVELX LOoU xail EI0Xd Toug Yovelg pwou, IMiwpym
xar Ayardovixm, yia T gaxpoyeovio olxovouixy| xol tWnxr unooTARLEY TOU LoV TEOGEPERAY
6ho auTE Tar Ypovia xou Tou HToy mdvTa dimha wou o€ Oheg T Bloxohec otiypés. Téhog,
ELYAPLOT® TOUC QlAoug mou pe Bordnoay xatd 1 SLdpxelo TS POLTNTIXAC LOU TOPElC Xl
Wadtepa T @iAn xon cupgorthtela wou Moapla yia Tic Gpeg drafdopatog mou nepdooue pall
xoO¢ xa yia TN oTHEEN NG Oha QUTA TAL YEOVLAL.
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H epyacia avth agiepdvetar otovg yoveis pov,
INdpyn ka1 Ayatovikn, kar ota adépgpra pov, Avedvn kar Kwotn!
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Eicoywyn

‘Onwe eivar yvowotd 1 apyh peylotou, n amapaitnty npobnddeoyn tou Behtiotou eréyyou,
xaepdUNXE Yiot TOV VIETEQUVIOTING €AYy 0 and TNy oudda tou Pontryagin ta étn 1950
xou 1960. And to1e €yer yivel mOMD €pEuva OYETIXG UE TO GTOYAOTIXO ENEYYO OMO TOUG
Bensoussan A, Bismut J.M. , Kushner H.J. , Peng S. x.a.

H apy?| yeyiotou avagépet 61t onotosdnnote BérTiotog éheyyog pall ue ) BEATIOTH TpOYL4
mpénel va Aooet o npoxinTov XoAtoviavd 6O THua, To onolo eivor éva 800 oNUElwY Ppayué-
vo mpdfBinua a&iag alv wa suviixn ueyiotou wdg ouvdptnong mou xaheiton Xawihtoviovy. H
pod NUATIXT, OTOLOUOTHTA TNE APy TS UEYIOTOU EYXELTUL GTO OTL TO VO UEYIOTOTOOELS TNV Xo-
pATovioavy] efvon ToAD mo edxolo and to va Audel 1o TpwTdTUTO TEOBANUA EAEYYOU TO oToio
elvon anelpwv Swotdoewy. Autd odnyel o xhelotol TOTOL AIGELS Yo OPIOUEVES XATNYOP(-
£¢ mpofAnudtey Bektiotou ehéyyou, ocuunepthogBavouévoy xat NG YRUUWIXAS TETPOYWVIXHAS
nepintworng.

H apyixt) éxdoon tne apy s weyiotou tou Pontryagin #tay yio vietepuivioTind npoAiuotd,
omou 1) Baotxr éa mponhde and Tov xhaotxd hoyioud petaBorwy. Katd tov utohoyiowd tng
apy i< ueyiotou datapdocoupe aoVevng éva TpoBAnua eEAEyyou pe 1 Boflela TG AeYOUEVNS
”spike variation” (mopodhorypévn axida) xou xatdmy eZetdloupe Tov TEOTNS TAEEWS GpO OE
évo. Taylor avdntuypa oe oyéon pe outh T Olotapay. MTEAVOVTAE AOTOV 11 dtatopay™
0To Pndéy odnyeltar xdnotog ot wo aviootnta petaforwy. To tehixd emuuntd anotéheopa
(n apy’) peyiotou) mpoxinter and tn duadixdtnta. Llap’ dho autd cuvavtd xavelc ouctaoTi-
x€¢ duoxohieg otav npoomolfioel va axolovdficer auth TNV e yia Eval TEOBANUA EAEYYOU
OTOYAOTIXWY CUOTNUATOY 6oL 0 6pog Bidyuong elaptdtar enlong and Tov €heyyo. H xdpia
duoxOhiol EYXEITAL OTO OTL TO GTOYACTIXO OAOXATpwUa Tou Ito, :ﬁ odW, eivon wévo /e
téewe (avtl € téene dmwe eivan o xavovixd xatd Lebesque ohoxhfpwua) étot 1 ouvhing
TeOTNG TAENG uéV000G UETABOMNS ATOTUY Y AVEL.

[Mo vo Eemepaotel autrh 1 duoxola ypetdleton var JEAETNHOUY TAUTOYEOVA XU Ol TEMTNS
T4Eng ahhd xar ol dedtepng taEng dpol oto avdmtuyua Taylor tng "spike variation” xau
VoL XUTIAAEOVUE GE Wit Apy ) OTOYAGTIXOU YEYIGTOU CUUTEPIAAUBAVOUEVOU EVOS GTOYAGTIXOD
YAUATOVIAVOU GUCTALATOS TO 0Ttolo anoTeheltar and pia TEdE To EYTEOS Xou (ot TEOE To Tow
otoyaotixy| dtapopixt| e&lowarn xoodg xa o ouVIxn ueYioTou ue éva emmAéoy TETPUYWVIXD
6p0 0TO CUYTEAECTY| DidyuoNg.

Yny epyacta auth entyelpolue va neptypdoupe Tic faoixég 1deeg ng Yewplog 61Oy oo Tixo0
eAEYYOU %ot TA XUPIOTERX CUUTERATUATA TTOL auTH cuvendyetat. H dopr tng napovasiaong €yel
o e&hg.
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Apynd Vo etodyoupe 10 otoyaoTind medPinue Beitiotou eréyyou mou Vo pog omac)yo-
Moet, und xdnoleg untoVéoelg Tou TEENEL Vo Loy YouY, To onolo elvan 1 ehaylotonoinon NG
ouvdptnong afiog ue Tov éeyyo va ebvan teptoptopévog o€ éva olvoro mou Ba opioovye. 3
ouvéyela opiCoupe 1ig ouluyelg e€lowoElC TPAOTNG xou dedTEPTS TAENE oL omoleg matlouy ornuay-
Txd POAO TNV APy N UEYIOTOU X0t ENELTA BLUTUTOVOUPE TO VEMPNUA TNS apY NS OTOYACTIXOY
weylotou xou mopadétouue TNV anddelly Tou.

Y70 Be0TEPO XEPAANMO AVAUPECOUUE TNV dpY T SUVOIXOU TEOYPUUHATION0D, uto uédodo yia
v eniluon npofAnudtwy eAéyyou, xadwe xou tny Hamilton-Jacobi-Bellman egiowon tng
ormolag 1 Aban, ot mepintwon mou eivon emAloun, pog eacgaurilel éva Béhtioto €heyyo
UEYLOTOTOIWVTAS 1 EAAYIOTOTOLOVTAG TNV avTioToryn Xouthtoviov]. 310 T€hog autol) Tou Xe-
gaiatou opiCoupe Tic Aoeig L€wdoug ol omoieg ixavonototy 1y Hamilton-Jacobi-Bellman e-
Clowan xau wag Bordoiv va oplooupe 6ot Ti¢ aoVeVeElg AOGEIC TWV UN YRUUUXDY DLAPORIXMDY
eZI0MOEWY UE PEPIXES TURIYWYOUS TOU TPOXVTTOUY GTO XAUCLXO DUVUULIXS TROYPUUUATIOUO.

Y10 Kegdhoo 3 mpoomodolye Vo anavIGOUUE GTO EPOTNUA XATE TGCO UTAPYEL OYEoT)
OVIPESA GTNY dEYT) OTOYACTIXOU PEYIOTOU Xt TO duvouixd mpoypauuationd. ‘Etol noupadé-
TOUYE XATOL OTOLYEWDON VEWPAUATA, YId TIS TEPITTWAELS TTOY 1 GuVAETNOoY o&iag lvor oYY
1 Oyt obppwva ye to onofa PAénoupe TS 1 ouvdptnon olioc (tou eugaviletar otny apyth
Suvoixol TpoYpauuaTiopol) ouvdéetar ue Tic ovluyeic yetafintéc (mou nailouv Biadtepo
EOhO oY apy | 0TOYUoTIXOU PEYIoTOU).

Téhog meprypdpouye to TEdBANUA TS pvTavong tng enyhc Aluvng xat egapuolovue tr Ve-
wplo Tou otoyaoTinol Pektiotou eléyyou mavew o’autd. Opilouye dnAady To oTOYACTIXG
duvauxd GUOTNUA TOU XAVOTIOLEL, EQapUOlOVUE TNV dpyY oToyooTxo) peyloTou xat e&d-
youpe 1N Bértiotn Hamilton-Jacobi-Bellman eZiowomn yio v onolo napouvctdlouye xon €va
aprduntind oyfpa tou npooeyyilel ™) Abon hdoug Tng.
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Kegpdiowo 1

ApyN oToYACTIXOU UEYLIOTOU

Yxomdg pag o autd 10 xeQAAo elvar vor oploouue 1o TEOBANua wog utd xdnoteg unoYEaElS,
6mw¢ enfong va elodyoupe T ouluyels elonoelg mpwTNg xou delTEPNS TAENG AP xou
™ youAtoviavy. 31n cuvéyela avagépouue To Yedpnua Tne apyfis otoyaoTixol ueyiotou
poall pe tn anddelly tou, 1 omola yiveton pe v BoRleia g tEYVIXAC YETIBONDY Xl TOV
avontuyudtwy Taylor.

1.1  Xrtoyaoctixd meofAnua eAéyyou

Eoto (2, F, P) évac yopoc mavétniac epodiacpévos pe wa Stfdnon {Fi}s, tétole Gote
i. O ydpoc mdavétnrog (2, F,P) va ebvar mhfpne.

ii. H o-dhyeBpa Fo va neptéyet dha to P-undevind odvoha otny F xou

ili. H dufdnon {Fi}isq v ebvon 5e€id ouveyrc dnhadh: Fip i= NsseFy

dedouévne wa m-didotatne tumxic xivrone Brown W (t) ue W(0)=0.

OewpOVUE TO ENOUEVO GTOYACTIXG GUOTNUA EAEYYOU

{ d:z:())f) =b(t,x(t),u(t))dt + o(t,x(t),u(t))dW(t), te]0,T], (1.1)
z(0) = xo,

pe T ouvdptnon aglug

T
Ju()=E {/0 F@t,a(t), u(t))dt + h(l‘(T))} : (1.2)

L [0,T] x R* x U — R™,
0, 7] x R" x U — R™™™,
20, T x R x U — R xou
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eniong optlouyue

( b(t, x,u)
b(t,z,u) = : ,
b (t, x,u)
o(t,x,u) = (Ul(t,x,u), e ,am(t,x,u)) , (1.3)
oli(t, x,u)
ol (t,m,u) = : , 1<j<m.
o™ (t,z,u)

Aq xdvouye tig €€¥¢ unotéoelg
(S0) {Fi}i>etvon o guoned dufdnon.

(S1) (U,d) eivan évac duaympiopoc uetpixde ywpog, 6mou d 1 petpixs] tou yodeou U, xat
T > 0.

(S2) Orouvapthoeic b, o, f xon h elvon uetphowes xou undpyet wro otadepd L > 0 xou évor yé-
Tp0 oLVEYELC W : [0,00) — [0, 00) étot wote Y (t, x, u) = b(t, x,u), o(t, z,u), f(t, z,u), h(x)
va. €Youpe

Vte[0,T], z,ze€R" wuuel, (1.4)
lp(t,0,u)| < L, V(t,u) € [0,T] x U.

(S3) O ouvapthoeic b, o, f xou h eivoar C? ¢ npoc x. Ernfone urdpyet wa otadepd L > 0
xou €éva pétpo ouvéyetag w : [0,00) — [0, 00) tétoo GoTE Yo 9=b, 0, f, h va €youye

loa(t, z,u) — (¢, 2,0)| < Llz — 2| + @ (d(u, 1)),

[Paa(t, ,u) — paa(t, 7,0)| <@ (|2 — 2| 4+ d(u, 1)), (1.5)
vVt e [0,T], z,z€R™ wu,uel.

Y1 ouveyela opilouue 1o €€1¢ oUVOAO
U[o, T a {u 1[0, T] x Q — U | émou u eivon pia nposappoouévn didnon {]:t}tzo} . (1.6)
To mpdPinua Bertiotou ehéyyou yia T0 onolo evdlapepduaoTe lvon 10 €€XC

IIpb6BANua S : Na ehayrotonomiel v (1.2) oto obvoro U0, T7.

Optowog 1.1.1 Kdde u(-) € U[0,T] mov ikavoroel Tny

J@()) = inf J(u(: 1.7
(@) = inf () (17)
kakeftar Bértiotos éheyyos, eved ta T(-) = z (- ;u(-)) kar (T(-),u(-)) kakolvrar BédtioTn

Tpoyid ka1 Pédtioto Levydpr avtiotoya.



1.2, YTZYTELS ESISOSELS 1% KAT 2% TA=ZHY 5

1.2 XYuluyeic eCilowoelg 15 o 2 TAENS

Y7 authy v nopdypapo Yo elodyoupe T ouluyelc €El0MOE TOU EUTAEXOVTAUL GTNV Op-
Y oToyaoTxol yeyioTou xaddg xa 0T0 OYETIXG GTOYACTIXNG YAUUATOVIOVG GUGTNUA. LTIV
vietepviotixd nepintwon 1 oulnyhc uetoBints p(-) nailer tov xevipixd pdho oty apyh
peylotou xou 1 ouluyrc e€lowon mou xavorotel eivon uior omiaodpoutny) cuviing Stagoptxt
eZlowon (mou onpaiver 6t 1 Tehudd] T eivar tpoodoplopévn). Elvar eniong toodhvaun ye wo
TEOS To EUNEOS e€iowon edv avTioTeédoupe To Ypdvo. Apyixd EI0AYOUUE TO ETMOUEVO TER-
potixd nedPinua o&lug, ntou ovopdleton ouluyrg elowan TeOTNG TAENS, VLo Wid OTOYACTIXN
drapopixt| e€lowan).

1% tégng ouluyelc eClohoelg

dp(t) = —{bx(t,f(t)ﬂ(t))Tp(t) + 30 okt 7 (), u(t)) T g5(t)
—fx(tj(t)ﬂ(t))}dt FadW (), tel0,T), (1.8)
p(T) = —h(Z(T)).

Yy eZloworn auth o dyveootog eivon éva Leuydpt and {Fi s TEOGOOUOGUEVES BLodixaoi-
ec (p(+), q(*)) o xaheiton «omoVodpounty cToyactixs dgopurh eicworn (OXAE). Kéde
Levydpr dadixaoidy (p(-), q(-)) € LE(0,T;R™) x (L%(0,T;R™))™ nou wavorowet v (1.8)
ovopdletar mpocapuoouévn hoom g (1.8) (énov L%(0,T;R") eiver 10 ohvoro Ghwv TV
{F},>0 mpooopuoopévey R™ dadixaoidy X (-) étot wote fOT |X(t)]2dt < 00). Tréd ¢
unodéoeic (S0) — (S1) v xéde (Z(-),u(+)) € LZ(0,T;R™) x U[0,T] n (1.8) éyer pia mpo-
oappoopévn Aoon (p(-), q(+)) n onola etvar povadixd.

ot Tégng ouluyels eClodoelg

dP(t) = —{bu(t (1), TD)TP(E) + P()ba(t. 7). (1)
+ Y o (T8, 7(6) T P()ok (¢ (), 7))
+ 3 {8 (0, 3(0)TQ;(1) + Qs (Do (t.7(1). u(t)) } (1.9)
o+ Hya (6, 7(1), (1), p(8), (1)) et + Y7, Qy(H)aW (1),

P(T) = ~hea (3(T)),

omouv H ebvar 1 yowhtoviavy) xau opileton w¢ e&hg

H(t,z,u,p,q) = (p,b(t,z,u)) + tr {qTJ(t,x,u)] — f(t,xz,u),
(t,x,u,p,q) € [0,T] x R" x U x R" x R™*™,

(1.10)

(pe (-, -) ouuBohilouye 10 ecwTEPtS Yvouevo xou tr(A) to tyvog tou nivaxa A) xar (p(+), q(+))
efvar 1) Aon e (1.8). Ty e€iowon (1.9) o dyvwotog eivar xou tdh évar Leuydpt and oto-
yootxée ddixactes (P(-), Q(+) € L%(0,T;8™) x (L%(0,T;8™))™. H e&iowon (1.9) etvou
enione wa (OLAE) xa 6nwe oty (1.8) étot xar o’ authy, vnd g unodéoeig (S0) — (S1),
undpyet plo povadixh hoon (P(-),Q(+)). Oa avagepbuacte oty (1.8) (avtiotorya otny
(1.9)) oav v npdtne t8Ene (avtiotoya debtepne tdne) ouluyy eliowon xau oto p(-)
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(avtioTtorya 610 P(+)) oav v npodtne tééne (avtiotorya debtepne téddng) ouluyy Srodixo-
ofa. To (Z(-),a(-),p(-),q(-), P(-), Q(-)) Vo ovoudleton Bértiotn e€dda (avtioToryo anodexth
e&dda) av to (Z(-),u(-)) etvou éva Béhnioto (avtiotoyya anodextd) Leuydpr, xon (p(-),q(-)),
(P(+),Q(-)) etvon npooappoopéves hioec twv (1.8) xar (1.9) avtiotoya.

1.3 Oeovpnua tTng apyNs oToYACTIXOU peyioTou
Osdpnua 1.3.1 (Apyn otoyaotikob peyiotov) Eotw du wydovr or vnotéoeg (S0) —

(53) ka1 (z(-),u(-)) etvar éva Bédtioro Levydpr Tov mpopArjuatos S. Téte vndpyovr Levydpia

o dikaoicddy

(p(-),a()) € L%(0,T;R™) x (L%(0, T;R™))™
) ) o (1.11)
( ( )7@( )) € L}'(OvTvSn) X (L}'(O>T7Sn))
q¢)=(@1(), - sam(),  Q() = (Q1(), ,@m(")), (1.12)
g;(-) € LX(0, T;RY),  Q;() € L%(0,T;8™), 1<j<m, '

OV 1Kavomooly TNy mpdTns kai deUtepns tdéng ovlvyeis eqiodoeg (1.8) kar (1.9) avtiotoya

éron doe Htz (), a(t), p(t), q(t)) — Ht, 7(1), u, p(t), q(t))

_ %tr( (ot 7(1), (1)) — ot 7(t), )} P(t)

(1.13)
Aot @), 1) — ot 3(t), w)} ) 20,
VueU, te[0,T] —om., P—om.,
1 1000Vvaja
H(t,7(1) u(t)) = max H(t,7(t).w),  t€[0,T] —om., P—om. (1.14)
H(t,x,u)
& H(t,,up(0), (1)) — 5 r [0l 7(0),50) P00 (170, 50+ (1.15)

1

str{lo(tz.u) — ot 2(t), u(t)] " P(t) lo(t 2,u) — ot 7(8), u(t)]}

H arwdtnra (1.13) kakefvar petaPolixny avicétnra (variational inequality) evd n (1.14)
ovopdletar ovydnikn peyiotov (maximum condition).

Trdpyouv 800 eVBLPEQOUTES EWBXES TEPITTWAELS OL OToleg elvan ot e€Xg
1. Av 7 didyvon dev eZaptdton and Tov EAEY YO ONAadY
o(t,z,u) =o(t,z), Y(t,xz,u)€[0,T] xR" x U. (1.16)
Y authv v nepintwon n ouviixn yeyiotou (1.14) petatpénetan otny

H(tz(t),u(t), p(t), q(t)) = max H(t,z(t), u, p(t), (1)),

tel0,T]—om., P—om.

(1.17)
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Eb6 nopatnpolue 61 1 nepintwon auth elvon (Bl ue Ty vietepuviotixn xot 6Tt 1) e&I-
owon (1.9) v ta (P(+), Q(+)) dev ypedletar. Ondte xou 1 800 popéc SwgoplotudTnTa
TWV oLVAPTHCEWY b, 0, f xou h oto = dev elvor anopaitnTy.

2. Av 1o 1edio opiopold U C RF tou ehéyyou eivar xuptéd xon 6hot ot cuvteheotée eivar O
o¢ npoc u t6te 1) (1.13) Biver

(Hu(t,2(t),u(t), p(t), (t)), u —u(t)) <0,

(1.18)
VYueU, tel0,T]—om., P—om.

H napandve oviodtnta aviiotoryel otny tomxn wopen e apyfc peyiotou ot avtiteon
HE Ty o tne pwopet, (1.13) 4 (1.14).

To obotnua (1.1) pali e tic mpdne 18&ne ovluyeic e€lowoelc unopel vo ypapei wg e€hc

() = Byl ()., (0 a0

<<mmm<m<m W), w19
100) = 10 200,00 a0+ A OV, 1€ 07,
#(0) =0, p(T) = ~ha(w(T)

O ouvbuaopde twyv (1.19), (1.9) xar (1.13) (7 (1.14)) Aéyeton otoyaotind yopuhtoviavé ob-
otnpa pe ) hoor toug va etvar plar €€dda (2(-), u(-), p(+), q(-), P(-), Q(-)).

IMapatrpnomn: Ly VIETEpUVioTixY TepinTwon To avtioTolyo yomAtoviavd clotnua -

i(t) = Hy(t,2(),u(t), p(t)), € [0,T] - o,

P(t) = —Ha (6, 2(0), u(t), p(t), € [0,T] - o,

2(0) = 2, p(T) = —hu(x(T)),

H(t,(t), u(t), p(t)) = max H(t,2(0),u,p(t)), € [0,T) - o,

6mou 1 yawhtoviavy H o’ authy tnv nepintworn oplleta we:

2

H(t.a,u,p) 2 (p,b(t,2,w)) — f(ta,u) pe (ta,u,p) € [0,T) x B" x U x R, (L20)

1.4 Amnddeln tng opyNS OTOYACTIXOU UEYIOTOU

Y authy TNy Topdypago Ba BeoouUE THY amddelln Tng apy e oToyaoTxol UeyioTou Yl To
Ochpnua 1.3.1. H xevtpixs 1d€a etvon ot teyvixés UETABOADY, 0L OTOlES YENOILOTOLOUVTAL XAl
OTOV VIETEPUIVIOTIXO EAEY YO, UE XdToEC TpoTonotfioelg eEoutiag Tng UTTUEENG TOU GUVTEAEDTH
Odyvone (o(t, z,u)) mov uropel vo neptéyet tn LeToANTA Tou eAéyyou (u(t)) étol dote va
TEOCUPUOCTOUY 0T GTOYACTIXY, TEP(NTWOT,.

‘Eotww (Z(-),u(-)) 1o Béhtioto Leuydpt to onolo ixavonotel To axdroudo atoyactixd choTnua

{dm(t):b(t,m() u(t))dt +o(t,2(t),u(t))dw(t),  tel0,T], (1.21)



8 KEPAANAIO 1. APXH YTOXAXTIKOY MEI'YTOT

[ xdmowo u(-) € U[0,T] xon € > 0 opiCovye

(1) = u(t), te[0,7)\ Ee, (1.22)
u(t), te E.,
6mouv 1o E. C [0,T] eivan éva petphiowo obvoro pe |E| = . Eotw 6t 1o (2°(-),u("))
IXOVOTOLEL T0 axdhoudo
dx®(t) = b(t,z°(t), us(t))dt + o(t, z°(t), u®(t))dW (t), t € [0,T], (1.23)
z%(0) = xo. ’
T = b, 0%, f (1<i<mn, 1<j<m), opiloupe o e&fc
A N A N
(,Ox(t) = (Px(tvx(t)au(t))> Sowfﬂ(t) = gom(t,x(t), U(t)),
A _ _
dp(t) = o(t,z(t), u(t)) — o(t, z(t),u(t)),
A (1.24)
dpz(t) = t

Axbun, ot yo(-) xa 25(+) va eivar ot AOoEKC TV axOAOUDWV CTOYUOTIXMY JLAPOPIXMOY
egloGoewy avtiotorya

dy*(£) = bo(O)y* (Ot + 5 {oh (09 () + 80 (t)xm. (1) AW (1),

Ve 0.T] (1.25)
y=(0) =0,
%ol 1
25 (t) = {bm(t)ze(t) +0b(t)xe. (1) + 2bm(t)y€(t)2} dt
Iy {o%(t)za(t) + 802 (1)y" (H)x . (1) (1.26)
gty (02 JaWI(0), e [0,7)
ZE(O) = 07

tr {03 (O)y" () (1) " }
bea (1) (1)? 2 z , (127)
tr {0 ()" (" (8) T }
tr { o () Dy ()T }
a3, (1)y° (t)? : . 1<j<m. (1.28)
{0y Oy ()7 |
To endyevo Vewdpnua pog diver to avartOyyoata Taylor tng xatdotacng oe oyéorn pe )
dlotapay ) Tou ENEYYOU.

>

Ospnua 1.4.1 Eotw du wyvovr o (S1) — (53). Tére ya onowdnnote k > 1 wyvovr
ta €&ng

sup Elz(t) — z(t)|** = o(e"), (1.29)
te€[0,T]
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sup Ely® (1) = o(eh), (1.30)
te[0,T
sup E|2°(t)|*F = o(e?), (1.31)
te[0,7
sup Ela®(t) — T(t) — y° (1) % = o(e™), (1.32)
te[0,T
sup Ela(t) — Z(t) — y° (t) — 25 (£)|?F = o(e?). (1.33)
te[0,7)

EmnAéov, yia tn ovvdptnon a&iag wyver to €€ns avdntuyua
J(u(-)) =J (")) + E(he(T(T)),y*(T) + 2°(T))
+ S B () (D), (7))

(1.34)
8 [ {0,070+ 20) + 3 UaOn 0,570
+ 6 (t)xE <>}dt+o<>

[ty anddeiln tov Ocwphpoatoc 1.4.1 Bh. [JXZ] Ochdpnua 4.4 oeh. 129-134.
AAqupa 1.4.1 Eotw 6t woyvovr o1 (S0) — (S3) kar y°(+), 2°(+) elvar o1 Adoeg twv (1.25)
kar (1.26) avtiotorya. Av (p(-),q(+)) efvar pa mpooapuoouévn Adon tng (1.8) tére

E/ (o) 5 (0) + trla() S0 (D]xm (0 bt (135)

Kai

T
=8 [ {10500 + 00, bes 07 0)
+ 2@@), 4 (1) (1)*)] (1.36)

+ [0, 3b(0) + D a;(8), 60207 () | xm. (1) }a.

=1

Am6deln: Ou anodeiouye npdta v (1.35). Egapuéloviac to Hépiopa 5.6 and to [JXZ]
oeh. 37 v tic (1.25) xau (1.8) éyoupe

(1), y°(T)) = (p(0), y(0))

T
+ /0 {(p(t), ba(8)y7 (1)) + (b ()p(t) = Y od " (£)as(8) + fu(t),y7 (D))

J=1

(0 Aot Oy 0 + 507 (s 0O

m

T
+/0 {ta). v Z{UJ )+ 807 (H)xm (1)}) AW (1),
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bpoc yenotwonotdvtag 6t (p(0),y°(0)) = 0 (awol y = 0) xaddc xau Tic drdTNTES
(A+B,C)=(A,C)+ (B,C) nau (A,B+ C) = (A, B) + (A, C) naipvoupe

T m
A D) = [ {0000l 0) = 0 0p(0).570) — (o) a5 (0).57(0)
j=1
(o (0,570) + (), Y 02Oy @) + (a(t), > 607 ()x. (1)) }et
2 2
+ /0 {(a(),57@) + (), {0y (1) + 807 (O)xm. (1)) faW (1),

(1.37)
bpec oyter 6xt (p(t), bo(t)y(8) = (B ()p(t), v (£)) agoo

(p(t), ba(t)y=(t) Wbt (A, B) = tr(AB")
= tr[p(t)(b:(t)y°(t)) "]  WSibtqie: (AB)T = BTAT
= tr[p(t)y°(¢) "o, (t)] wiotnta: tr(AB) = tr(BA)
= tr[b, )

eniong,

apol,

7j=1
wfa®) (Yol 1) | = o)X (@l 1) 7] =
7j=1 Jj=1
trg() Dy () ol ()| = trla(yr )T D ol(t)] =
T =1 j=1
tr[ Dl - ay (7] = (3 o) a0, 57 (1)).
j=1 j=1

Onéte Surypdgotac Toug avtidetoug dpouc otny (1.37) naipvouue

T

D). (1) = [ {0057 0) + lale), Y 607 e, ()

0
+ [ {07 ®) + 00, (e 0r O + 50 Oxs O Jaw 0.
j=1
dpa, Balovtag Y€or T xar oTa V0 UEAT xat Yvwpellovtag OTL 1) UECT TIUY| TOU GTOY Ao TIX00

ohoxhnpdpatog It woolton ye undéy €youpe to emduuntd anotéheoya dnAUdY,

T
B (D) = B [ {(£:(0).5°(0) + ula() 500z (0} .



1.4. AIIOAFEIZH THY APXHY YTOXAXTIKOY MEI'IYTOT 11

‘Opota, egappdloviag 1o (o Hdpiopa yia tic oyéoeic (1.26) xon (1.8) éyoupe

b [ {00.00250) + 30 0) + 70 + (- (000
f;a%(t)Tq](t)+fx(t) zs(t)>+<q(t)§;{0i() (1) + 603 (1)o7 (F) e (1)
+yebr @ [ {lac > o

+ SO OXE. (0 + Sk (0 Yaw (o)

Gpa, matpvovtag péor Tiun xar ota 8o péln, 6nwe xou mply, anodetxvboupe  oyéon (1.36)
onhad),

HpooBétovtag tic (1.35) xou (1.36) xatd péhn xar yenotuonotdvIaS 10 YEYOVoS 6Tt
m

o{ [ [ w0802 () xe e} = ofc),

J=1
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Taipvouue
B(p(T), (1) + Bp(T),*(T)) =
T
B [ {05700 + 000,70 + 500, boa 07 (1)
5 Dl L) + [(w0).50(0)) + tr () 50(0)) | . (1) Yt + o(e).

[y

]:

Y ovvéyewa yvwpilovtac 6t p(T) = —hy(T(T')) xadde xou v wiotnta (A, B) + (A, C) =
(A, B + C) éyovue

= E(h.(z(T)), y"(T) + 25(T)) =

T
B [ {10570+ 0 + 300 b O O + 5 300, RO O (135
+ [p(®), b)) + tr () T80(1)) | xm. (0 Jt + ().

‘Opwc and v eglowon (1.34) xu 10 yeyovée 6t To u(-) ebvor Béhtioto (omdte Yo oydet
J@(-)) < J(ue(-)) Ve >0) éyoupe 61t

— B (D)) (T), (7))

4 € 1> 1 3 g
- B /0 {0y (1) + 22 0) + 5 Fae (WY (£),0°(0) + 5F DX (1)}t + (),

Goa avtixatotdviag to 8edi péhoc e (1.38) naipvouye

0= J(u() = J(u () = =E(ha((T)), y"(T) + 2°(T))

0> F / (Folt), (6) + 250}t + 5 / D (%) + 3 a5 (0. 0L, (e (1))
j=1
ve [l )+ e (a(6)00(1)) | . () bt — 5 Blhea (F (D) (7), (D))

1 T T
/ (o0, (0) + = (0t — B / oo (O (0,47 (O)dt — B / 51 (8)x. (D)t + ofc) =
0 0

ozlE/T {tw(0),bx +iq] ol (O (1)) f i
ve [l )+ tr( ()7 60(1)) | . () bt — 5 B e (E (D)7 (T), (7))
—E/ (fual®) ))dt — B /5f xe. (1)dt + ofc),

énerta ypnoworowbdviag 6t (A, B) = tr(ABT) = tr(A" B) éyoupe
T
0> §Etr{—hm(f(T)) ()T} + 1E / [ faa (B (O ()] + 2 [p(0) (bae (D57 (8)2) ]

£ 3 a0, oL (O (0 Jdt + B / —8(8) + {p(1).00(0) + tr(a(0)80(0)) be. ()t + 0(2),
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onéte, €yoviac un’ Gdy Tov opoud e yauhtoviovic (1.10), avtixadiotolue ta e€ic

=
8
—
~
N—r
|
=
8]
~
~
3
—~
— =
S
—~
~
N—
=
o
~
N—
—_Q
~
N—
=

>1E P(TYS(T E e H Ye 0H d 1
0> SEtr {P(1)Y*(I)} + /0{2““[ wa(O)Y ()] + SH (D). (1) bt + ofe).  (1.39)

Yt ouvéyela epapubloviag Tov xavéva tou Itd oto yF(H)yE(t) T o yenotponoidviac Ty
(1.25) éyw

—i—Za() +Z503 1)o7 (t) " x . (1)
7j=1
+j§:jl(a;<t> 060°(0)" + 670y T od0) m O}t

[a va xadopiotel 1 oyéon dvaddtntag avdpesa otic (1.40) xa (1.9) ypewalduacte 10
ax6houdo AU, TOU oTtolou 1) anddeln €ncTon GUECH and TOV xavova Tou Ito.

Adppa 1.4.2 Eoww Y (+), P(-) € L%(0,T; R"™™) ta orofa 1kavorooly ta akélovda

{dY(t) = ®(t)dt + I i (H)dWI(t),

(1.41)
dP(t):e(t)dtJrZ L Qi(t)dWI(t),

érov @(-), U;(+), (), Q;(-) € L%(0, T;R™ ™). Tére wyver to ekric

r m (1.42)
E /0 [0y () + P()2(1) + 3 Q1) w;(0)] b,
j=1
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Egapudlovtag 1o mponyobuevo Mupa otny (1.40) xar (1.9) éyouue

B{tr[P(0)Y*(T)] - [ PO)Y*(0)] } =

E /0 i = BT POYE) - OBV ~ 3 ol PO (Y ()~

ST (@) T Qi(1) + Qi (1)l (1) YE(t) — Haua(£)Y(t)+

Jj=1

P(t)by (£)YE(t) + P(t)YE(t)be(t) T + P(t i ol )"+
j=1

2603 )60 (t -1—2 () + Qi)Y (t)o (t)T)+

Jj=1

ZQJ (607 (1)Y=(t)T +Ys(t)éoj(t)T)XEe(t)]}dt,

drorypdpovtac toug avtietoug dpoug, €yovtag un’ v v Wbt tr[AB] = tr[BA] xadoe
o 61t YE(0) =0 (Y5(0) = 4°(0)y°(0) " = 0 agol y*(0) = 0) mafpvoupe

T

E{tr[P(T)YE(T)]} =E [ [5a(t)TP(t)5a(t)XEa(t) —Ha;gc(t)Yf(t)]dtJr

E [ ] 3 Qi@ Y )T + Y el (1)) e (t)|dt,

téhog, yenotponotwvtag o Ockpnua 1.4.1 éyoupe
T
E{tr[P(T)Yf(T)]} -y /0 tr[5o(t)T P(t)50(t)xp, (t) — Hew(t)YE(1)]dt + o(e).  (1.43)

Onéte avtixadotdvrag to 0e&f wéhog tne (1.43) otnyv (1.39) éyouye

0> E/ o(t)xm.(t)] — %tr[Hmc(t)Ya(t)]dt-i-

B[ {étrw (0¥ (0] + H (e, (6) b + ofc) =

T
&)>E /O [58(1) + %tr[éa(t)TP(t)éa(t)]}XEE(t)dt,

Gpa avuxathotdvtac Zava 0 H (t) = H(t,Z(t), u(t), p(t), q(t)) — H(t,Z(t),u(t), p(t), q(t)) =
do(t) =o(t,z(t),u(t)) — o(t,z(t), u(t)) naipvouye

T
()= E /0 {H3(0), u(t), p(®), a(t) — H(t, (), 7(0), p(t), a(t))+
Sir [(a(t,w), u(t)) — o(t. 70 7(1))) P(1) (oL 70, u(t)) - o(t,w),u(t)))] Fxe. (at,
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Shad,

H(t,z(t), u(t), p(t), q(t)) — H(t,z(t), u, p(t), q(t))—
;U[(U@Jﬂﬂﬂdﬂ)—J@¢dﬂﬂU)TP@)Gﬂtx@Lu@D—wﬂhm@%uw]22&
onéte anodeifape tny (1.13). Tdpa Ya deiZw 61t 1 oyéon (1.13) eivan toodhvayun pe v (1.14)
pe ) Bordewa tne (1.15). Hpdypott

iR
=
—
Q
—
\.@F
5‘3
<
=
|
Q
=
S
-
:—/
gl
-
Nt
=
i
=
q’
—~
\.ﬂ-
i
£
|
Q
=
1
-
~
S
-
Nt
=
|

ém({aﬁﬂﬂﬂ,ﬂ@)—a(tf@%zﬁ}TFKﬂ-{a@ﬁﬂﬂ,ﬂ@)—a(tf@%tﬁ})ziQ
VueU, te[0,T]—onm., P—omn. &

H(t,z,u) > H(t,T,u) YueU, t€[0,T]—oxr., P—on. &

H(t7(6),u(t) = max H(L (), w), t€[0.7) o, P—ou.

Edw ohoxhnpodvetor 1 anddetln tou Oewpfuatog 1.3.1 .
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KE®AANAIO 1.

APXH YTOXAXTIKOY MEI'IXTOY



Kegpdiowo 2

Apyn duvoUL®oU
neoypoupaticnol xou HIB
elowon

Y autd 10 xe@dhato o PEAETACOUME Wiol AT WoyueY| TpocéyYion 6To va Aovoupe Tpofhy-
pata Bedtiotou ehéyyou 1 onolo ovoudletar uédodog tou duvauixol mpoypoupatiowod. O
duvauxog Tpoypapuatiopds tpofpde and tov R.Bellman otic apyéc tigc dexaetiog tou 50,
elvor Wit PordMUATien) TEYVIXT Y10 THY XATAOKELT] S oxOhoudiag AAANAEVOETOY ATOPACEWY, 1)
orola uropet va epapuoctel oe Tohhd mpoiiuata fehtiotonoinone. H Paoi déa authc tng
pedodou mou eqapuoletan ot BEATIOTO €AYy 0 eivon va eEETAOEL Uit OLXOYEVELX amd TEOBATUo-
T Behtiotou ehéyyou e BrapopeTixolg apy Lol YEOVOUS Xal XUTAGTACELS, Yol T1 dnuioupyia
OYECEWY AVAPETH OE AUTA Ta TpoBAiuata péow tng anoxaholuevne Hamilton-Jacobi-Belman
(HJB) egiowong, 1 onolo efvar pia un yeouuxs Tedtne TdEne (oTny VIETEpUVIo T TEPITTW-
on) 1 dedtepne tdine (o oToyaoTiXY Tepintwon) uepxt| dwgopixt| eicwon. Edv n HIB
eZlowon elvon emthdowy (eite avahutxd eite aprduntixd), téte unopel va eaogahiotel évac
Béhtiotog unyovioude ehéyyou ue ) Mdn yeyiotou/ehayiotou e XawAtoviovic 1 g ye-
vixeuuévng Xouthtoviavrg nou nepiéyetan otny HIB egiowor. Autn eivar 1 heyouevn teyvixt
enahblevornc (verification technique). Ac onpeidoouye 61t auth 1 mpooéyyion diver hoeic
o€ OAEC TIC OLXOYEVEIES TPOPANUATWY (HE DtapopeTinols apytxols YpOVouS Xal XATAOTAOELS),
1Blwe 07O TPWTHTUTO TEOBANUAL

Hoapdho outd UTREYE €val TNUAVTIXG UEIOVEXTNPO OTNY TROGEYYIOT) TOU XAaoIXOL SUVOIXO)
rpoypaupatiopol. Anwtoboe 1 HIB ediowon va déyetar xhaoxés Aioewg, tou onuaiver 61t
ol Moeig Yo mpénel va elvon apxeTd opahéc. Ievind duwg, 1 ouvdptnon allug dev eiva apxeTd
OUUAT) £TOL WOTE VA LXAVOTOLE! TIG EELOWOELS BUVOIXOD TEOYPOUUATIONOD Xl ETIGNE UTARY OUY
TOAMEC GUVAPTAOES EXTOS amtd TN ouvdptnoy ofiag Tou txavomololy TNy e&iowor, oyedov
navtol. T va Eenepaotel auth 1 duoxohio, ot Crandall xar Lions eiofyayav Tic Aeyoueveg
Aooeig IEOdoug oTic apyéc e dexaetiog Tou '80. Auth 1 xouvolpyia évvola elvar €va eldog and
un-ogohéc Aoel Yo Yepixéc Slapopixéc ELOMOELS, TOL TO Paoixd TOUS YUPAXTNPIOTIXG Elval
VoL avTIXaHoTOUY TIC GUVATELS THPAYOYOUS UE TENEPACUEVES DIAPORES DIATNEOVTIC ToPAAAT AL
N UOVABXOTNTO TV AUOEWY %dTw and ToAs fmec ouviixes. Autég Aowmdv xdvouv 1
Vewpla EVa Loy uEd EQYUAELD YId THY AVTILETOTIOT TEoBANudtey Behtiotou ehéyyou. Ot Adoelg
1Z00ug mou Vo UEAETHOOUPUE 07 AUTO TO XEQPIAMO UTOPOLUY Vo lvatl AmAd GUVEY TS ot Oyt
aropoitrTa dlapopiotued.

17
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2.1 H apyn tng otoyactixng BeAtioTonowong xo ny HJB
eglowon

X7 auth Ty evotnTa Yo e€eTdooude TO TEOBANUA TOU GTOYACTIXOU BUVIUUIXOD TPOYPUUUI-
Ttopol xou Vo oploovye v e&lowor H-J-B. Y10 duvopixd npoypaadatiogd, Elodyoupe Wi
ouvdptnon V', nou v ovoudCouye ouvdptnor aliog 1 onola etvan 1) BEATIOTY Tiwn NG €E6QAY-
oNng 1o YeWpelTol ¢ oLVAETNOT TV oy ix®y dedopévwy. H ouvdptnon afiag yia 1o npdBinua
Behtiotou eAéyyoU, OTNY VIETEQUIVIOTIXT BIATUTOT], IXOVOTIOLEL Wiat TEOTNG TAENG W] YPOUUL-
x| Sapopixt| e€lowor oe avtileor Ye TNV oToYAoTIXY| TEPINTWOT TOU AUVEL Uil GTOYAGTIXY
Srapopixt| e&iowon devtepne tdEne. ([ nepioodtepec AenMTOUEPEIES YioL TNV VIETEPUVIOTIXH
TEPITTWOoT 0 EVOIUPEPOUEVOS avary Vo Tne wnopel va avatpéZel oto [WES] Kegdhao I)

2.1.1 3TtoyaoTixdg BUVAULXOS TEOYPAUUATIOWROG

Eotw U évac petptnde yopoc, téte yia xdde T > 0 xar (s,y) € [0,T) x R™ Yewpolye tny
elowon

{ dﬂ(c(;f) =b(t,z(t),u(t))dt + o(t,z(t),u(t))dW(t) te s, T, (2.1)
z(s) =y,

UE TN OUVEPTNGT XOOTOUG

T(s,yu {/ £t 2(8), ul®))dt + h(x(T ))}. (2.2)

Ac eiodyouye xdnotec vnodéoeic (unopoldv va cuyxprdoly ye autés tou Kegahaiou 1).
(S1)” O (U, d) etvon évag [lohwvixde yweog, 6mov d 1 yetpnd) Tou yopov U, xa T > 0.

(S2)” Ot ouvaptfoeic b: [0,T] x R" x U — R", 0 : [0,T] x R" x U — R™™  f:[0,T] x
R"xU — R xou h : R" — R eivon ogoldpoppo auveyels xou undpyet wio otadepd L > 0
o Bote Yo p(t, x,u) = b(t,x,u),o(t,z,u), f(t,z,u), h(z) vo woyler

{ ‘(10(757 )_QP( ,U)‘§L|$—§|, Vte[ovTL-rafEan’[LEUa (23)

(6,0, < L, V(t,w) € [0,T] x U.
Hopatnpolpe 61t oe avtideon pe tig vrodéoeic (S1) — (52), nou ewodyope oto Kegdhao 1,
ot (S1)" —(52) anartohv o yopoc U va eivar thipne xat ot tepteydUeveS ouvapTAoeLs va elva
ovveyelc oo (¢, z,u) ouunepthapBavopévou xat Tou t.

¥’ auté o onyeio xau Tplv opioouye T ouvdptnon afiog ag eloayoupe o shvoro U™ [s, T). T
0edoyévo s € [0,T) ouvuBohiloupe pe U™ [s, T'] to 6hvoho bhwy Ty neviddwy (2, F, P, W (-),u(-))

nou wxavorotel Ta axdlouda
i. O (Q,F,P) eivor évac nhfpne ywpoc mdavotntac.

ii. H{W(t)};>, ebvou o m-didorotn xivion Brown opopévn oo yopo (2, F, P) ent tou
[, T] (ue W(s) =0o0.m.) xun Ff =oc {W(r):s <r <t} elvou enavinuévn ye 6o ta
P-undevixd olvora oto F.

iil. Hu:[s5,7] x @ — U ebvar wa {F7}5 , npocappocpévy dufinon oto yopo (2, F,P) .
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iv. N xdide y € R™ n e€iowon (2.1) €xer povedixd Aoom z(+) oto ywpo (2, F, {F 5, P).

v. loyber 6t f(,2(-),u(-)) € L%(0,T;R) xen h(z(T)) € L}: (;R) 6mou ot yopou
LL(0,T;R) xen L% (4 R) ebvar opropévor oto Bedopévo prhtpapiopévo yoHpo mrdo-
s (2, F. (F) Fize o P).

Noa tovicouye 61t oty eZiowon (2.1) n apytxf xatdotaoy ¥ elvar gio VIETEPUVIOTIXY UETUBAY-
™ 010 ywpo (2, F,P). Enlone oty (2.2) n yéon uph E eivan oe oyéon pe tny mdavétnta
P. To npéfinua Beltiotou eréyyou howndy umopel vo datunwiel wg e€ig:

IMpbfAnua (Ssy) : 'Eoto (s,y) € [0,T) xR" éva otadepd onpeio. Avalnrolpe wa nevidda
u(-) = (Q, ? P,W( ) ( ) €U [s,T] étot thate

J(s,y;u()) = inf J(s,y;u(+)). 2.4

(o) = inf (s () (2.4)

Optowég 2.1.1 116 ng vrodéoes (S1) — (S2), ya kdde onpeio (s,y) € [0,T) x R™ kai
u(-) € U[s, T| n eblowon (2.1) éa povadixn Aon z(-) = z(- ;s,y,u(-)) ka1 n ovvdpTnon
aklag (2.2) efvar kakd opiopévn. ‘Etor Aoindv opilovpe tnv enduevn ovvdptnon

Vis,y) = inf  J(s,y;u(-)), V(s,y)€[0,T)xR"
{ (s) =, dal S V) €01 <R
V(T,y) =h(y), VyeR"

n onota ovopdletar ovvdptnon a&iag tov llpopAriuacog S (énov to IlpéPAnua S opiotnre oo
Kegdlaiwo 1).

H enduevn npdrac neprypdpel pepixés Paoixée wdioTnTeC g ouvdptnong a&lag.

Ilpbtaom 2.1.1 Ynd nig vnodéoe (S1)" — (S2)" n owvdpTnon a&iag V (s, y) ikavoroel wa
axdovia

Vs, y)l < KA +yl), ¥(s,9) €[0,T] xR, (2.6)

V(s,9) = VED| < K{ly — 71+ (1L + |yl v [F)s — 512},
Vs, 5 €10,T],y,y € R", (2.7)

émov a Vb := max{a, b}.

2.1.2 H opy"n Beitiotou xatd Bellman xow vy HIB eflicwon

To axdhovdo Yewpnpa pag diver T otoy oot datimwon g apy s fehtiotou xatd Bellman.

Ocevpnpa 2.1.1 Eotw driwylovr o vnodéoes (S1) —(S2), téte ya kdde onueio (s,y) €
[0,T) x R™, wyver

Vis) =, inf E{/UVJWa%m»am»ﬁ+V@x@a%um»}

u(-)eU?[s,T] (28)

VO<s<s<T.
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Anédegn: Ac ouvyfohicovue to Bl péhoc e (2.8) pe V(s,y), 161 Yo xdde € > 0,
undpyer éva (Q, F, P, W (), u()) € U[s, T] dote

Vis,y)+e> J(s,y;ul(+))

- / Pttt + Wa(T5,30() |

E

T
/ ft,z(t;s,y,u ()),u(t))dtJrE[/A ftx(t; s, y,ul), u(t)dt + h(z(T; s, y, ul-))) fA}}

E

T
[ sttt ) tpan + [ f(@x(t;a:c(g),u(-)),u(t»dt+h(x(T;ax@),u(-)»|f§]}

> F

E{/ fQta(t; s,y u ())7U(t))dt+J(§,ﬂf(§;s,y,U(-));U(~))}

/ f(tvx(t; Svyvu('))vu(t))dt + V(?,a:(/s\, S, y’u())))} > V(S’y)‘

Avuiotpbowe, yia onowdhnote € > 0, and v lpbtaon 2.1.1, undpyer éva 8=56(¢) tétot0
dote av |y — Y| < 6 vo oylet

Gy u() = JGE G u)+ VEY) - VEY <6 Vu() eU”[sT]. (2.9)

‘Eotw {Dj};>1 wa Borel dtyotéunon tou R" (dnhadd D; € B(R"), ;51 Dj = R™ o
DiNDj =0y i # j ) pe ddpetpo diam(D;) < 0. Eotw x; € Dj. T xdde j, vndpyet
(Q, F5, P, Wi(-),u;(-)) € U"[5,T] tétowo oTte

J(5 zj5u;() S V(5 25) + e (2.10)
Enopévoc, yia xdde x € Dj, ouvdudlovtag tic (2.9) xau (2.10) €youue
J(5z5ui(0) < J(S zj5u4(-) +e SV (5, 25) + 2 < V(5,2) + 3e. (2.11)

Ané tov optoyd tne w-anodextic nevtddos (25, F;, Py, Wj(), u;(-)), undpyet wa ouvdptnom
Y € AP(U) téroia wote

uj(t,w) =t Wi(- At,w)), Pj—om., weQy VtelsT].

Topa, yio xqde (Q,F, P, W(-),u(-)) € UV[s,T], éotw z(-) = x(-;s,y,u(-)) va ovuBohilet
v avticTtoyn tpoytd xatdotaonec tou npofiruatos (Ssy). Opilouue éva véo éheyyo

S5 ) = u(t,w), avtels,s),
HEO) = (W (A to) - W(S,0), avte [5.T] xaalt,o) € D;.
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Hpogavae wyder (Q, F, P, W(-),a(-)) € U"[s,T]. Luvenwe,

V(s,y) < J(s,y;a(-))
T

k'ﬁ
—~
“ﬂ-
S
=
2
8
—~~
»)
IS
—_
5
Q B}

()dt + h(a(T;5,2(3), a()) | 73] |
/ Pt (85,0, u(0)dt + T3, 2(5 5,y u())s ()}

<E / Pt 2(t: 5, ,u()), w(®)dt + V(E,2(3:5,,u() + 3¢,

4 7 4 7. 4 4 4 .
émou 1 teheutala aviodtnTa mpoxinter and v (2.11). Omndrte, naipvovtog 1o infimum yio

u(-) € U"[s, T hopPdvoupe vy (2.8).

O

Oshpnua 2.1.2 Eotw du wylbovr o vrodéoas (S1) — (S2)'. Av (Z(-),u(:)) evar éva
Bértioto Levydpr tov mpoPAnuatos (Ssy) toTe

v / (), w)dr + h(z(T)) | Ff} 212

om., Vtel[s,T].

‘Onwe oty vietepuvio iy nepintwon €tot xon 8w, ovopdlovue v egiowon (2.8) efivwon
durapnkot mpoypapuuatiopot. Auth 1 e&lowor ebvar tohl odvietn xar diyver adivatov 1o
va T Aboouye aneudeiag. Etor howmdy, eiodyouye v axdhouldn mpdtact), ORGPV Ye TNV
orola, 1 cuvdptnon ofioc etvow Abon evog TepuaTixol TEOBARUNTOC Tou eivor To €UXOMO Vo
Mgl og oyéon pe v eglowon (2.8). Eotw CH2([0,7] x R™) 10 60voho @V TwV GUVEYGY
ouvapthoeny v @ [0,T] x R™ — R €161 OOTE 0L Vg, Uy XU Ugy VO ElVOL OAEC CUVEYEIC WC TPOC

(t,x).

Ilpértacy 2.1.2 Eotw dr wwxdowr or vrodéoeg (S1) — (S2)" ka n ovvdptnon aklagV €
CL2([0,T] x R™). Tére n'V efvar ua Abon tov axdéloviov teppaticod tpopAnuaros aéiag

—vy + sup G(t, x,u, —vz, —Uz) =0, (t,2) €[0,T) x R",
uell (2.13)
U == h(z), xR,

dmov

é%157“(130(1&:):, u)o(t,x,u)T) + (p, b(t, z,w)) — f(t,x,u),

V(t,z,u,p, P) € [0,T] x R" x U x R" x S" (2.14)

drov S efvar to oUVoAo CAwY Twv 1 X N mvdkwy.

G(t7 x? u7p7 P)
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Anédedn: 'Eoto (s,y) € [0,T) x R™ éva otavepd onpeio, u € U xon x(+) vo efvar 1 tpoyid
xotdotaong tov avtototyel otov éheyyo u(-) € U™ [s, T] tou npoBAfuatoc (Ssy) ue u(t) = wu.
Ané v eZlowon (2.8) pe 5] s xar and tov xavéva tou It6 €yovue ta e€hc

0> _E{V(/S\, ZC;\?)_)S— V(S7y)} N gi SE/gf(t,x(t),u)dt
= [ (Rl 0) + G al0) ), Va0, Vel ()

- V;f(S, y) + G(37 Yy, u, _Vw(‘g? y)a _V;EIE(Sv y))7 Vu € U7
onoTE Amd TNV TURATAVL AVICOTNTA €Y OUPE

0> —Vi(s,y) +sup G(s,y, u, —Va(s,y), —Vaa(s, ). (2.15)
uelU

Eniong, yio xdde €>0, 0 < s<5 < T pe 5 — s>0 apxetd uxpd, undpyet éva u(-) = us 5(+) €
UY[s,T] této10 dote

V(s,y)+e(s—s) > E{ /s f(t,x(t),u(t))dt + V(g,x(g))}.

Onéte and tov xavéva tou 1t6 xon yia 5 | s nalpyvouye

oo BVEHD Vi L g [ o, att
= [V (0) + Gl n(0), u(0). Vit (1), ~Vaal2(0))

< [ {rin0) + sup 66000, 0, Vatt (0, Vet b

s—s

uelU
— _‘/;5(87 y) + Sug G(Sa Y, u, _VI(S) y)7 _vav’l?(sv y))
ue
"Apa
0 < _‘/t(sv y) + sup G(Sv Yy, u, _Vw($7y)a _V;Em(sv y)) (216)
uelU

Lo v anddeiln Tou mponyoluevou oplou, YeNoULOTOOUUE TO YEYOVOS OTL

lim Sup |90(t7y7u) - @(S>yvu)| = Oa

tls yeER™ uelU
yio ¢ = b, 0, f 10 onolo cuveRdyeTal AN TNV OPOLOUOPPT, CUVEYELN TWV CUVIPTHCEWY b, 0
xat f omwc meprypdgetar oty unddeon (S2)'. Luvduvdlovtac homdy tic (2.15) xar (2.16)
Tofpvoupe 10 EMUUUNTO UTOTEAEGUOL.

O

H eZioworn (2.13) ovopdletor eliowon Hamilton-Jacobi-Bellman (HJB) yio to npdBinuo
(S) n onola etvon Bedtepne T8Ene, oe oyéomn ue TRV avticTtoyn eiowWON TOU VIETEPUIVIOTIXOD
rpofiiuatog mou eivar mpdTe. H ouvdptnon G(t, z,u,p, P) mou opileton ano v (2.14)
ovopdleton yevikeuuérn yapAtoriavi.
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2.2 Abloeigc 1&wooug

‘Onwc eidope, otny pdtaor 2.1.2 1 anddeiln Basiotnxe oty unddeon bt n V etvaw C12 dnho-
01) 0pXETA OYoAT. LNy nepinTtwor Aotndy mou 1 V' dev elvar oyl Yo mpénel va UEAETHOOUYE
v enthuon e (2.13) e ) Borleta actevidv hicewv. Ondte, dnwe 6Ty VIETEPUVIOTIXY
nepintwo, €10l xo oY TEPnTWoT ToU 6ToYAGTIX0U TPOBARATOS, Juo EIGEYOUUE TNV EVvold
TV acdevoy Micewy 1€mdoug xat Yo yapaxtnploovue T ouvdptnon afiog ooy Tn Lovadixr
Aoon i€adoue e avtiotoryne HIB eiowone (2.13).

2.2.1 Opiopoi-povadixotnia AVCEWY

Opwowog 2.2.1 Mia owvdptnon v € C([0,T] x R™) ovopdletar vnodvon iEdoovs (1) vrep-
AVon) g etiowong (2.13) edv wydovr ta €&rig

v(T,z) < h(x), VeeR" (Hho(T,z)>h(z)), (2.17)

ka1 yia onowadrinote p € CL2([0,T] x R™) kdfe popd mov n drapopd v — ¢ mapovordler romiks
péywzo (edyworo) oo (t,x) € [0,T) x R™, éyovue

_(Pt(t, .%') + sup G(ta z,u, _(Pr(tv .27), _(pmr(tv .’lﬁ)) S 07 (2 0) (218)
uelU

Edv nv e C([0,T] x R") elvar tavtdypora kar vroAvon kar vrepAvon 1&bdovs tns (2.13)
tote kaetrar Avon Ewdovs avtng g eklowong.

Ocehpnpa 2.2.1 T1d nug vrotéoeg (S1) — (S2) n owdptnon atiag V., dénws opiletar and
ty (2.5), efvar pua Adon 1Eddovs tng eivwong (2.13).

AnddeEn: Eotw wa onowdfrote owvdptnon ¢ € CH2([0,7] x R) dote n V — ¢ va
ropovotdler tomxd péyoto oto (s,y) € [0,T) x R™. 'Eotw éva dedopévo u € U xou x(-) =
z(-;8,y,u) va elvon 1 tpoytd xatdotaone pe tov éheyyo u(t) = u. Ondte and v oy
Bektiotou xatd Bellman (2.8) xat tov xavéva tou Ito, vy s — s > 0 opxetd wxpd éyouvpe

E{V(s,y) —¢(s,9) =V (5,2(5)) + 9(5,2(5)) }

s—s

{/fta: )t — (3,y)+<p(§,x(§))}

— (s, y) + 20 (t T, U)QPgr + b(t, x,u)pp + f(t,2,u)

0<

= %(S,y) - G(Say,ua _@x(say)a _pr:r(say))a Vu eU
= 790t(57y) + G(Svyvua *%(Sa?/)a *@zx(S,y)) S 07 VU S U.

Onére

_@t(87 y) + SUBG(S7 Yy, u, _(Pm(sv y)7 _(me(sv y)) S 07 (219)
ue

10 onofo onuaiver dtu n V elvon wor unohbor 1€ddouc e e&iowone (2.13).

Avtdétac, edv 1 V — ¢ napouotdlet touxd eldyioto oto (s,y) € [0,1) x R™ téte yio xdie
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>0 xou 5>5 (ue 5 — s > 0 apxetd wxpd) unopolue va Beolue éva u(-) = ue5(-) € U[s, T
TETOIO WOTE

0= E{V(s,y) —¢(s,y) = V(5,2(5)) + (5, 2(5))}
> —e(5—s5)+E {/S ft (), u(t)dt — ¢(s,y) + (5, fﬁ(g))} :

Atpdvtog Je § — s o egapubloviac tov xavéva tou Ito oty avéMin p(t, z(t)) €youye

2 { [ st — o5, + go@x(@))}
= gi JE {/ [w(t,x(t)) + %JQ(t,x(t),u(d)somm +b(t, (1), u(-)) e + f(t,x(t),u(-))] dt}
= < gi sE {/s{—tpt(t,w(t)) + G(t, x(t), u, —pg(t, x(t)), —gom(t,m(t)))}dt}

<

S { [ et a@) + sup Glt,5(0), b, 2(0). ~pal x(t)))}dt}

ueU
— —i(s,y) + sup G(s,y,u, —02(5,Y), —@22(5,)).
ue

Onéte

_Sot(sa y) + Sug G(Sa Y, u, —QOQ;(S, y)? —QOxz(S, y)) Z O’ (220)
ue

and 10 onofo ouvendyeton 6Tt N V elvon pio unephion) wdoug g e&iowong (2.13).

Tuvdudlovtac howndy g (2.19) xar (2.20) ovunepaivoupe 6t n Vo oeivor wor Miom 1€ddoucg
e (2.13).

|

Y’ autd 10 onueio Vo elodyoUUE TNV EVVOLOL TWV YEVIXEUUEVWY Blapopx®dy delTepng TAENS Ue
™ Boriela twv onolwy Yo dcoupe Eva evalhaxTixd oplopd Tng Aiang IEHB0UE Tou LXAVOToLE
n H-J-B e&iowon,.

Opwopde 2.2.2 Tav € C([0, T)xR™) kai (t,z) € [0,T) xR"™ opifovpe to devtepns—rdéng
rapaBoliké vrepdiagopikd tov v ato (t, ) ws €&rg:
Dt{f#v(t,x) 2 {(q,p, P)e RxR" x 8" |
— 1

satl,irer[lo,ﬂ |s —t[+ |y — $‘2 vie:y) =~ v(h:) (2.21)
y—x
1
—4(s— 1)~ (py—2) — 5y —2) Py —a)| <0},

Opoa opilovue to deltepns—rtdéng napaPoliké vrodiapopiké tov v oo (t,x) ws €€nfg:
Dy v(t,2) £ {(q,p, P)eRxR" xS |
1
lim v(s,y) — vtz
s—t,s€[0,T) ‘S - t| =+ ‘y — 1“2 ( y) ( ) (222)

Yy—x

1

—als—t) = (py —2) — Sy — ) Ply - x)} > 0}.
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To devtepns—rtdéng debi6 mapafolikd vrep/vnodiapopixd Dgﬁgv(t, x) Kai Dtlf”x_v(t, x) opi-
lovrar mwepropilovrag s | t onig (2.21), (2.22) avtiororya.

‘Evag dhhog optopds twv Aboewmy I£O00ug Tou Tepléyet Ta dragopind debtepng Tdéng elvar o
e&nic:

Optowog 2.2.3 Mia ouvdptnon v € C([0,T] x R™) eivar pna vrodvon iEddovs tns (2.13)
dv ka1 pévo dv v(T,x) < h(x) ka

—q +sup G(ta L, U, —p, _P) < 07 V(qapa P) € lel,f’+v(t7 .I‘), (223>
uelU

avtiotowa, e ovvdptnon v € C([0,T] x R™) efvar pa vrepAvon Eddovs tng (2.13) dv kar
pévo dv v(T,x) > h(zx) xar

—q +sup G(ta L, U, —p, _P) 2 0’ V(Qapa P) € Dtl,’:?il)(tv ':L') (224>
uclU

Enewdy oty [lpdtaoy 2.1.2 yprowwonojoaue 1o yeYovog Ot 1 ouvdptnon oliag V' etvan
OUaAY), TEdypa To onolo Bev toy Vel YeVid, Vo dwoouue To axdroudo Ve®penua ToU amoTEAEL
plat evohhaxtixy Stathnwon tng Hpdtaong 2.1.2 ye ) Lordeia Twv YEVIXEUUEVODY BLUPORIXOV.

Behpnpa 2.2.2 Eotw du wylow o vrodéoeg (S1) — (S2)'. Tére n ovvdptnon a&iag
V(-,-) € C([0,T] x R™) zov mpofAnjuarog (S) elvar n udvn ovvdptnon mov ikavoroiel Tig
(2.6) — (2.7) ka1 to axdrovdo: I'a Ala a (t,z) € [0,T) x R™, wyve

—q +sup G(t,x,u, D, _P) < 07 v(qapa P) € Dtl—f,gv(ta$)a
uelU

—q+sup G(t,z,u,—p,—P) >0, Y(q,p,P) € D; 3, V(t,x), (2.25)
uelU ’

V(T,z) = h(x).

To Oewpnpa 2.2.1 avagépet Ty Onapn Aorng €ddoug via v H-J-B eZiowor. ‘Ocgov agopd
bpwe ) povadixdtnta Aoewy Bedtiotou eAéyyou, éxer anodeyel avohutixd oto [PLL] yio
v nepintwon nov 1 H-J-B eZiowon elvon npotne tééne (vietepmviotins|) xou oto [HIL] yio
v nepinTwon nou eivan dedtepne TdEne (oToyaoTiXR).

2.3 BéATIOTOC OTOYACTIXNOGC EAEY YOG ATELPOL YPOVIXOUL
opllovta

Ocwpolye 10 6TOYUoTIXO GOGTNUA ENEYYOU

{ da(t) = bla(t), ult))dt + o (x(t), u(t)dW(E) £ >0, 1, o)

z(0) = o,

xou optlouye TV avtioTolyn oUVAETNOY XOCTOUG

J(zo,u(-)) = E {/O+O° ePtF(x(t), u(t))dt} : (2.27)
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6mou p > 0 ebvan to mpoeZophnuind emténio. H ouvdptnon allug autod Tou mEolAfuatog
BehtioTtou eréyyou elvon
Vi) = inf,_J(a(t)u() (2.29)
u(-)eU>

6TOVL,
U* = {u :[0,400) = U | bnou u eivon wior petpriowdn xon tpoodppoouévn difjinon {]:t}tzo} .

To npdinua Behtiotou eAéyyou oty TepinTtwoT Tou dnelpou ypovixol opllovta opiletal ©g
e€ng:

ITpoBANpa (S*°) : Na ehaytotonomiel 1 (2.27) mou undxertar otny e&iowon (2.26) oto olivoro
U>.

Ac unoléooupe npoowpvd bt undpyer éva Pértioto Levydpt (Z(t),u(t)) tétoto wote

+o0 ~
vwwszmwsz{A ewvmwwwm§, (2.20)

Goa v T > 0 €youpe 611
T 5 +00 ~
J(xo,u(-)) =FE {/0 e P f(Z(t),u(t))dt + / eptf(x(t),u(t))dt} . (2.30)

T

Ané v 86T,
Z(t+ 8,1) = Tzm)(s,u(- +1)) t,s >0,

Taipvouye 10 €€1c anoTéheoua

T ~
V(zg) = FE {/0 e P f(T(t),u(t))dt + V(x(T))e_”T} , (2.31)

mou oy et yio xdde T > 0 xou 9 € R™. Xtn yevix) nepintwon (ywelc v Orapén Behtiotou
ehéyyou),  (2.31) avuxadiotdron and tny

T ~
V(xg) = (i)nzg E {/ e P f(x(t), u(t))dt + V(m(T))epT} , (2.32)
1 onolo anoTeEAE! TNV XATACTACY TNS apX ]S SUVapIKkoU TPOYPaupHaTio oy Yiol TO GUYXEXPULEVO

TEOBANUAL.

Trnv aviiotoryn Hamilton Jacobi Bellman egicwom, oto npdPinua nou egetdlouye, pag
diver To mapaxdte Vewmpnua.

Osdpnua 2.3.1 H HJB etiowon nov ikavoroiel n ovvdptnon alag V (otnr nepittmon
mov efval apketd opadn) eivar

pV = sup G(z,u, DV,D*V), (2.33)

uelU>

dnov n ovvdptnon G opiletar and tny (2.14). Me DV (z) ovuPorilovue tny npdtn napdywyo
g V 6nAads tny V, ka1 pue D2V (x) tny debrepn napdywyo V.
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AnodeiEn: Oétw f(t,x(t),u(t)) = e P f(x(t), u(t)) xu v =ePV. Ondte avuxahotdy-
o oty ediowon (2.13) nalpvoupe

pe PV + sup G(z,u, —e PV, —e PV,) =0, (2.34)

uelU>®

xou and tny (2.14) naipvouye 10 €€hc

G(z,u,—e PV, —e PVyp) =

%tr(—e_ptha(t,x,u)a(t,az,u)T) + (—e PV, b(t, ,u)) — f(t,z,u) =

G(z,u, —e PV, —e PVy,) =

%efpttr(—vma(t,x,u)a(t,x,u)T) + e PV, b(t, z,u)) — e PLf(t, @, u) =

G(z,u, —e PV, —e PVop) = e PGz, u, — Vi, — Vi), (2.35)

Goa avtixadiotdviac Ty (2.35) oty (2.34) éyoupe to emduuntd anotérecpa

pe PV +e Pt sup G(z,u, —Vy, —Vep) =0 =

ucU>®
pV + sup G(x,u,—Vy, —Vyp) =0 =
ueUe®
pV = sup G(z,u, Vg, Vyz) =0.
uelU®

Y ouvéyela divouge tov optopd twv Aboewv 1EOdous Yo Ty egioworn (2.33).

Optowog 2.3.1 Mia ouvdptnon v € C(R™) efvar Abon Eédovs tng HIB eklowons (2.33)

/ 7z
av 1kavoroloUytal ta akddovia

i. Ta orowadnrote p € CH2(R™), av y € R™ efvar éva tomikd uéyoro ya Ty v — @ TéTe

pu(y) < sup G(y,u, Dy, D*p).
ueU

ii. Ta orowedrirote p € C12(R™), av y € R™ efvar éva tomixd eAdyioto yia Ty v — @ téte

pu(y) > sup G(y,u, Dy, D*p).
ueU

Orowedrirote ovvdpTnon v tov ikavoroiel Tny (i) Aéyetar vnodvon iEddovs tng HIB eflowons
eved av ikavonoel Ty (i) Aéyetar vnepAion 1Eoddous.

Hapoxdte optlouye Ta UTEEBIAPOPIXE Xot LTOBIAPOEIXE OTKS BLULOPPWVOVTOL GV TERITTWAN
TOU €Y OLUE dnELRO Ypovixd optlovta.

Optowodg 2.3.2 e v € C(R") ka1 x € R™ opilovpe tov dedtepng—tdéng mapafolikd
UTEPOIAPOPIKs TOU U 0T0 & w§ €ENg:

1
Dyt u(z) 2 {(p, P) € R" x S" | T ——
o) = (b P) € RTXST | i o

[v(y) = v(z)

—(py—x) — %(y —z) Py —x)] < 0}.
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Opoa optlovpe tov Oettepns—tdéng napafodid vrodiapopikdé tov v 0T0 T ws €£ng:
o
y—aly —zf?

—(py—z) - %(y —z) P(y — )] > 0}.

DI2=y(z) & {(p, P) € R" x 8" | lim [w(y) — v(z)

Eniong o Optopdg 2.2.2 diapoppavetal ws e€1g

Optowog 2.3.3 Mia ovvdptnon v € C(R™) elvar pua vrodvon 1Eddovs tns (2.33) dv ka
Jovo dv:
pv(x) < sup G(z,u,p, P), V(p,P) € Dy*Fu(x), (2.36)
uclU

avtiotoya, e owdptnon v € C(R") elvar pua vrepAvon iEddovs tng (2.33) dv kar pudvo dv:

pv(x) > sup G(z,u,p, P), ¥(p, P) € Dy* v(). (2.37)
uelU

Téhoc, 10 Oetpnua 2.3.1 SraTunGOVETUL UE EVUAAAXTIXG TEOTO UE TN YPNOT TWV YEVIXEUUEVLY
dLapopixwy we e€ng

Oehpnpa 2.3.2 Trd ng vrotéoeg (S1) — (S2)' n ovvdptnon aélag V(-,-) € C([0,T] x
R™) zov mpopAnuatog (S*°) efvar n pévn ovrdptnon mov ikavoroiel to akélovdo: Ia dAa ta
(t,z) € [0, +00) x R", wyva

pu(z) < sup G(z,u,p, P), ¥(p, P) € D> (),

uel 12,— (2.38)
pv(m) Z SuP G(JZ,U,p, P), V(p, P) € Dl‘7 ’ U(J?)
uelU



Kepdiowo 3

2IYECT oY NS HEYICTOL Mo
OLVOULXOU TIEOYLUUUATICUOU

Yo Kegdhona 1,2 pehethoaue vy apy? ueyiotou (AM ev ouvtopio) xar tov xotd Bellman
duvopxd mpoypappatiopd (Al ev ouvtopia). Auvtéc ot npooeyyioeic eivar 600 and ta Mo
onuavTixd gpyohela yio TV enthuon npoBinudtwy Behtiotou eréyyou. Kar  AM xo o AIL
umopoly va Yewpenloldy wg ot avayxaieg cuvinxes yio Ty Unapdn Pedtiotwy eAéyywv. Eva
EVOIPEPOV QUUVOUEVO TTOU UTOREL XATOLo¢ Vo Tapatneroet ebvan 6Tt 67 éva peydho Podud autég
oL dUo uévodol €youv avantuylel Eeywpiotd xou aveldptnta 1 xde pio. ‘Etot yevviétal 1)
eZhc epwtnomn: Trdpyel xdnoto olvdeon avdueoa o’ autég tic dho mpooeyyioeg; X7 autd
AOLTIOV TO XEQPIAMO Vol AMAVTACOVUE AUTH TNV EPAOTNOT.

To youthtoviavd cusThaTa Tou ouvdéovta ue TNV AM, 611 pev VIETEpUIVIOTIXT] TEpinTwa
efvar cuvAIne Sagpopxéc efiowoelc (XAE), o1 8¢ otoyaotit| anotehodvial and oToyooTi-
xéc dragopixée eliodhoeg (UTAE). Y1n pétdodo tou duvauxold mpoypoptatiopol Teed, oL
eZiowoelc HIB nou epgavilovton etvon yepixés dagopixéc eCiowoelc (MAE), npdtne 18ine
YI0L TO VIETEPUIVIOTIXG TEOPBANPa ot SebTEPTE TAENS Yiar TO oToyaoTixd. Enouéveg 1 oyéon
petald e AM xar tou Al elvon otny ouaio o oyéon Yetadl TV YUUATOVIOVOY GUGTH-
pdtwy xa 1wy HIB eiodoswy 1, axdun mo yevixd, oyéon uetall tov LAE, YtAE xa
MAE.

A¢ xdvouue Ouwe TEMTA Pla aVAPopd 0T TEPITTWOY TOU VIETEPUIVIGTIX0) TEOBAAUATOS
Behtiotou ehéyyou xar ot cuvEYEL o DOVUE AVOhLTIXG T1) OTOYACTIXY DLATUTWOT).

OewpolyE T0 VIETEPUVIOTIXG GOOTNHA EAEY Y OU
{ x(t) = b(t, z(t),u(t)), tels,T]—om.,
z(s) =y,

pe T ouvdpTnon aglug

(3.1)

T
J(s,y5u(-)) = / ft,a(t), u(t))dt + h(z(T)), (3-2)

émou (s,y) € [0,T] x R™ éva otadepd onueio, To onoio avtinpoowreler Tov apytxd ypdvo xa
™V apy x| XaTdoTacT Tou cuothpatos. O éheyyoc u(-) maipvel Tipéc 010 TopAxdTe GUVOAO

Vs, T = {u:[s,T] = U | o6mouv u(-) petpAowo}.

29
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To mpdPinua Bertiotou eréyyou elvan to e&€¥g:

IIpb6BAnpa (Dgy). T éva otadepd onueio (s,y) € [0,T) x R™, va ehayotonomiet n
(3.2), und v (3.1), oto olvoro Vs, T].

H ouvdptnon aiog opiletar we e€hc

{Vﬂsw uomﬁ]J@WAWD7 @w)EWJﬁxRﬂ(&a

V(T,y) = h(y), yeR™
Ac¢ xdvouye Ti¢ e€fic unoYéoers:

(D1) (U,d) eivon évac Sywpiowos petpixds yopos, 6nou d 1 petpwxt tou yweou U, xat
T>0.

(D2) Ot ouvvoptfioec b: [0,T] x R" x U - R, f : [0,T] x R" x U — R xou h: R® - R
efvar opotdpoppa ouveyelc xat utdpyet wa otadepd L > 0 tétow wote v (b, z,u) =
b(t,z,u), f(t,z,u), h(x) va oylen:

{Iﬂt w) — o(t,z,u)| < Lz — 2|, Vte[0,T],2,2 € R"uel,
lp(t,0,u)| < L, Y(t,u)€[0,T] xU.

(D3) Ot ouvapthoeic b, f xa h ebvar Ct ¢ npoc x. Enfone undpyet éva uétpo ouvéyelag
w : [0,00) — [0,00) tét0t0 Wote Y o(t, x,u) = b(t, z,u), f(t,z,u), h(x) va éyouye:

loz(t, z,u) — @ (t,Z,u)| <@(|lz —Z|), Ytel0,T], z,zeR", uel.

H ouluyfc petafintd p(-) xou 7 ouvdptnon oliog V() nailouv tov xlpto pbho otnv op-
XN weyiotou xou to duvouixd Tpoypoguatiopd aviiotorya. To axdhoudo Yemdpnpo hoindy,
woc Ofver tn oyéon mou undpyet avdpeoa oto p(-) xou otn ouvdptnon adiac V(-,-) pe tnv
rpobndieon 6t n V (-, -) elvar apxetd opoht.

Osdpnua 3.0.3 Eotw dti wyvovr o1 vnodéoeas (D1) — (D3) kai (s,y) € [0,T) x R™ éva
otadepd onueio. ‘Lotw axdun (Z(-),a(-),p(-)) va evar pua fédnioTn tpidda tov LpoPAiuatog
Dy, . TroOérouue éut n ovvdpnon aéfas Ve CH1([0,T] x R™). Tére:

Vi(t,z(t)) =H (L, 2(t), u(t), —Va(t, (1))

(
= max (t,z(t),u, —Vyp(t,z(t))), te][s,T]—o.m..

(3.4)
Emméov, dv V € C12([0,T] x R") ka1 n Vi efvar emiong ovveyris, téte:

Ve(t,Z(t)) = —p(t), Vte[s,T].

‘Ornou 1 yaphtoviavh H opiletar and v (1.20). Trv avtictoryn datinwor tou Ocwphuatog
3.0.3, dnhadt dtav 1 ouvdptnot adiog eivon Un-ouaAy), uag TN oiver To axdhoudo Yewpnua.
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Oevpnpa 3.0.4 Eotw du wydovr o1 vnodéoeas (D1) — (D3) ka1 (s,y) € [0,T) x R™ éva
otalepd onueio. Fotw axdun (T(-),u(-),p(+)) va evar pna Bédniotn tpidda tov IlpopAripatos
Dy, . Tore:
1,— — i =
Dy V(6 z(t) € {(HE, (), u(t), p(t), —p(t) }
CDIV(tE(), telsT)—om.,

Dy~ V(t,z(t) € {—p(t)} C Dy V(L,7(t)), Vte s, T,

Kai
q =H(t,z(t),u(t),—p) = max H(t,z(t),u,—p),
ue
Y(q,p) € DV (4,T(t) UDy, V(L T(t), t€[s,T]—om. .

(Tt Tov opioyd twy unep xou vodlagopxdy Bh. [JXZ] oek 172.)

3.1 Opoin cuvdptnon aglog

Ou Zextvhioouye Aotdy T UEAETY Yag Ye TNV TepinTworn tou 1) ouvdptnor oliag V (s, y) eiva
UPUETA OUUAT) XAl OTN CUVEYELL OTAY OEV Vol OUIAT).

Oshpnua 3.1.1 Eotw du wyvovr o vnodéoags (S1) — (52)" (tns Evérnras 2.1.1) kar
éotw (s,y) € [0,T) x R™ éva otallepd onueio. Eorw ou o (Z(),u(-),p(:),q(-)) evar
pa Bédniotn tetpdda tov mpoPAnuaros (Ssy). Tmobérouue du n ovvdpTnon afiag V€
CH2([0,T] x R™). Tére wyer:

Vit 7(t)) = Gt T (), (t), Vi (t, 7(1)), — Vi £ Tt

= max G(t,Z(t),u, —Vo(t,Z(t)), = Viz(t,

te[s,T|—om., P—om.

)
z(1))), (3.5)

EminAéov, edv V € CH3([0,T] x R™) ka1 n Vi eivar emiong ouveyris, téte:

Vo(t,Z(t)) = —p(t), Vtels,T], P—om.,
{ Voo (1 7(0) o (4,70, 1)) = —q(t), L€ [5,T] — o, P— o 5O

AnodeiEn: And 1o Oewpnpa 2.1.2 €youye 6Tt

Vi / (), w(r)dr + h(z(T)) | F }, .
P—om., VtelsT].
OpiCouue
/ Flr. 7). a(r))dr + h(ET)) | 77}, t € [s.T]. (3.8)

Loyber 61t to m(-) ebvon éva tetpaywvixd ohoxinphowo F; —martingale (vreviupilovtag bt
10 s € [0,T) eivan otadepd onueio). Etor and 1o Oedpnua avanapdotaons evéc martingale
(B [IKS] Oepnua 3.4.15 oeh 170) éyovye

+ / t M(r)dW (r) =
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m(t) = V(s,y) —I—/ M(r)dW(r), tels,T), (3.9)

émou M € (L%(s, T;R™))™. Onédte and 1c (3.7) xon (3.9) woydet

V(t,zZ(t)) = m(t) —/ flr,z(r),u(r))dr

V(s,y) /frw dr—i—/M YdW (r). .

Emniéov, egapudlovtac tov xavéva tou It oty V (¢, Z(t)) éyouue to ¢
AV (1,3(1)) = {ViCt.7(0)) + (Valt, 7(0). b2, 7(0). 7(1))
+ %tr(o(t,f(t),ﬂ(t))TVm(t,T(t)a(t,f(t),ﬂ(t))) b (3.11)

V(b 7(0) Tt 7(0), 1))V (1)
Yuyxpivovtag v (3.11) e v (3.10) ocuunepaivoupe 6t

Vilt,(2)) + (Va(t,3(0)),b(t,3(2), (1))
%r(a<,m>, () Vaul () o (1, 7(). (1)) 12
—1(t.3(0) a(t)),

Valt,7(0) ot 3(0).1(8) = M0

Ané n oyéon (3.12) hondy xou Tov 0plopd NG Yevixeuuévne yopthtoviavic G oyéon (2.14)
nafpvoupe TNy TGN bt e (3.5). Enfong, apol n V € CH2([0,T] x R™) t61e ixavornoed
v HIB eZiowon (2.13) étol howndv cuvendyetar xou 1 dedtepy twobtnta ot oyéon (3.5).
Axbpn and v e&iowon (2.13) éyovpe

Gtz (t), u(t), =Va(t, T(t)), = Vau (£, 2(1))) — Vi(t, (1)) = O (3.13)
> G(t,x,u(t), =Vi(t,z), —Vez(t,x)) — Vi(t,x), Vo e R"™ '
Yovende, av V € C13([0,T] x R™) xon 1 Vi va efvor enfone ouveyihc, 161e
%{G(t,x,ﬂ(t), Vu(t,x), —Via(t, 7)) — m(t,x)} e =0 (3.14)
Ané v (2.14) 7 nopandve oyéon yYedpetar we e&hC
Vi (8, T(1)) + Vaa (8, T(8))b(E, T(2), u(?))
+ (8, 7(t), u(t) Vi (t, Z(1))
1 I _ o
+ 5t (o (8 2(0), 0(0)  Vasa (1, 7(0) (¢, 7(0),7(1))) 1)

J

3 (ol 0.7 (Vault. F0)o(r. 7(0), (1) )
j=1
+ fo(t, (1), u(t)) = 0,

6TOU

t1(0 Vaaer) 2 (12007 (V) a0 -, t0(0 T (V) a0
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e
(Va)! o (Vo)) =V

Ennhéov, egappéloviac tov xavéva tou Itd yia ) ouvdptnon Vi (t, Z(t)) nafpvoupe (ue
Bordeia xau g oyéone 3.15)
dvy(t,z(t)) =
{Vialt 7(8)) + Vi (8, 500t 7(8), (1))

+ %tl‘ <O’(t, f(t) ’ ﬂ(t))—rvxmﬁ (t, f(t))o-(t¢ f@)? ﬂ(t))) }dt

(3.16)

Axoun éyouue ot
Vo1, 2(T)) = —he(z(T))-

‘Etot and 1t povadixdtnta wwv Aoewyv e (1.8) (ue t € [s,T]) nafpvoupe tnv (3.6).

3.2 Mn opalr cuvdptnon adlog: dLAPOpLXA Y WEIXNS UE-
TaBANTNS

Y auth TV evOTnTa Yol UJEAETHACOUPE TNV TER(NTWAY 670U 1) ouvdptnoy a&lug dev eivor amopol-
ot opory. Now onueidcovye 6Tt autd etvor mdovoy vor GUPSBEL av To UTOXEEVO GTOYAOTIXO
obotnpa elvon expuitllopevo. o dhhn wat gopd hoimdy Va yenoiponoiicoure Ty Yewpla Twv
ANooewv i€hdoug MAE deltepng 1d&ng, wote va ueAetoouye tn oyéor avdueoa oty AM xou
10 AL Ou e&dyoupe hotndy, Ty dratinwor e (3.6) ot nepintwon mou N ouvdptnon aliug
0ev eivon opaA) VK 0TV ENOPEVT eVOTNTA Yot Aoy oANJOlUE UE TNV AVTIOTOLYT TERINTWOT TNS
(3.5).

Ac¢ ddooupe duwe TGP TOUS 0PLoYOUE TWV PEPIXDY UTEP- X0l LTOBLIPOPIXAOY Yo xdie uia
and Ti¢ UETOPANTES ¢ xou .

Optopde 3.2.1 Nz v e C([0,T] x R™) ka1 (£,%) € [0,T) x R opilovye:

DX (7)) = {( P) e R" x S" |
hm(f)—v@w%ﬂnw—@—éw—ffp@—f)<®
T—T ’ZL’—EP - ’

DY w(f7) = {(p, P) e R" x " |
N Rl e T Mo PN
e |z — z]? -
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Kai R R

U(t’/x\) B U(ta /.’E\) B Q(t 7 t)

t 1] ~

o o3 —vED) —qt —1

Dl v(t,x):{qe R\m”( z) —v(t,x) —q(t—1)
tit \t—ﬂ

IN

D7) = {ae ®|Tm 0}.
o}. (3.18)

Vv

[a euxohio opifovue [S, 00) 2 {§€ S| S > S} v xde S € S", oupota xon Yo TO
(=00, S5]. To axbdroudo howmdy Vedpnua poc diver v avtiotoyn datinwon e (3.6) yia
un-opahyy ouvdptnon ol .

Osdpnpa 3.2.1 Eotw dtwoydovy o1 vnodéoes (S1), (52) (tns Evérnrag 2.1.1) ka1 (S3)
(tns Evétnrag 1.1 ) ka1 (s,y) € [0,T)xR"™ éva otadepd onueio. Av o (z(-),a(-),p(+),q(-), P(-), Q(+))
efvar pia Péktiorn e€dda Tov mpoPAnuatos (Ssy) toTe:

{=p()} x [-P(t),00) C D>V (t,%(t)), Vte[s,T], P—om., (3.19)

D27V (t,%(t)) C {—p(t)} x (=00, —P(t)], Vte[s,T], P—o.. (3.20)

xT

Anodedn: H anddeldn ywpelletan oe tpla BApota.
Brjua 1. EQiowoeic yetaBohdy.

Eotww t € [s,T]. T onowdinote z € R", cupPorilovpe pe x*(-) tn Aoon e oaxdhou-
e e€iowone oto [t, T, n onola eivan o TAE 610 ydpo (Q FAF s P( ]-"ts)(co)) yiat

P—-om.
¥ (r)=z+ /tT b(a, 2% (), u(a))de + /tT o(a, z%(a), u(a))dW (). (3.21)

Oétw £#(r) = 2*(r) — Z(r). Ondte wybet ) axdhouvldn avicdtnta yia xdlde k > 1 (Bh. [JXZ]
Kegdhao 1, Oedpnpa 6.3)

E{ sup &% (r) %" | ff} < K|z —zt)[*, P—o. (3.22)
t<r<T

Topa ypdpouye v eZiowon yia to £7(+) pe dbo drapopetixolic tpdnous Paotouévor e dua-
POPETIXES TAZELS AVATMTUYUATOVY

dE™(r) = by (r)&* (r)dr + 377 0% (r)E* (r)dW ()
tea(r)dr + 30 e, (r)dWi(r), 1 e [t, T, (3.23)
& (t) = 2 - z(1),

4 () = {B ()€ (r) + 5 €% () Thaa ()% (r) bl

3y {o <><>+18<>am<x%>}mﬂw>@2@
tesa(r)dr + S Sy (AW i), s € [6,T),
£:(t) = = — (1),
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[ 5:(0) 2 bu(r 70, 0(0), - () & 0, 3(0). ()
€ () Thaw (P (1) £ (€(1) Dy (NE (), €() B ()€ (),
)T ) 2 (€0 TPEER), & 0T ),
oo (r) 2 bl (r () (1),
73.(r) £ o, (r, z(r), u(r)),

Ho

221(r) 2 Jy{ba(r.(r) + 08°(r) () = Bo() )6 ()b,

1) 2 [ odtr 70 +9£Z( ), () = 7 (r) Y& (r)de

cea() 2 20 006 () (b1 3(0) + 0620, 5(7) — B 1))
L) 2

Jo (L =0)&(r) T {odu(r, 2 (r) + 06%(r), (1)) — T4 (r) ¥ (r )

M
W~
<

Brjpa 2. Extiuiocic 1wv utohotnwy Gpwy.

[Na onoodinote k > 1 umdpyel Wil VIETERUIVIOTIXY, OUVEYNC %ot abEovoa cuvdptnon 6 :

[0,00) = [0, 00), aveldptntn touv 2z € R™ pe lim, 8(r) = 0 €101 Kote
T
B lea()hdr | 7] (@) < 0z = F (), Poom, o
E| [l |y (r)Prdr | F | (0) < 6(z =2t 0)[*), P-—om,

Holt
I e2s(r)|Fdr | F¢
S 1Ly (r) Fdr | Fp

<(|lz —7T(t,0)|?*), P—om.,
(3.26)
<(|z — E(t,0)|?*), P —o.r.

E (@)
E ()

( T tic amodeifeic v (3.25) xou (3.26) Bh. [JXZ] oeh 258-259).

Brjpa 3. Xyéorn duadixdtnrag.

Egapuélovtag 1o Afppa 1.4.2 (oyéomn duadiedtntag) yio ta £7(+) xou p(-), mou ixavomooty T
(3.24) o (1.8) (pe t € [s,T]) avtiotoya, xa opiloviac f,.(r) = fu(r,Z(r),u(r)) maipvouye
T €8¢

B{ulp(t)e* (0] - ulp(1)E (D]} =
T m
B [ {o] =5 p0E0) = ) 0008 0 + F0IEE) + B pr)+

%éz(T)Tgm(T)éz(T)p(T) +eas(r)p(r) + > {a;(r)ad(r)e(r)+

SE T ME ) + (i)} bar
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Onéte, darypdypovtag toug avtiVetoug bpouc xar aviixathotovtag p(T') = —h,(T(T)) €éxouye

B{trlp(t)6 (1) + trlha (F(T))E(T)] | =
T - _
B [ (e [F06 ) + 580 BanE 00 + alrntr)+
> (5 T E ) + (s} bar,
téhoc, yenoiworowbdviac Ty Wibtta tr[ABT] = (A, B) xatahfiyw oty
B{ / (Folr). € + (o (F(T), €(T)) rfs}
B{3 [ (00, €0) Bt 0)

(qj(r), € (r) " (r)) ylr—

(3.27)
_|_

MSA

1

/{ ,Ex3(r +Z ), el (r }dr|fs} P—o..

Jj=1

.
Il

Emuniéov, Vétovrac ®*(r) = E2(r)&*(r) T xon equpublovac Tov xavéva tou Itd éyoupe

d®*(r) = {by(r)® ()+<I>Z< )b ()"
+ 30 T (r) @2 ()T (r) T + ex5(r) b |
+ 3 T ()@ (r) + O ()T (r) T + elg(r) W (r), 1€ [t,T],
2 (t) = £ ()7 (1) T,

(3.28)

oTOU

exs5(r) 2 e ()€ (r)T +£Z< Jea(r)" , o
| +Zj AT (r)ely ()T +ely ()€ (r) TTa(r) T + ey (r)ely(r) T
elo(r) 2 e (NE(r)T + 5 (r)ely ().

Egappélovtac Eavd to Adupa 1.4.2 yio ta %(-) xau P(-), mou wxavonowly ti¢ (3.28) xou
(1.9) (ue t € [s,T]) avtiotorya, éyoupe

B{t[P(®)2*(1)] - u[P(T)®*(T)]} =
T m
/t {tr[ =) TP () — POIB(r)2*(r) — 37 (r) T P(r)ard (r) 2 (r) -
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Awaypdgovtag Toug avtietoug dpoug xar avtxahotodvtog P(T) = —hg (Z(T')) €éxouye

E{tr[P(t)@Z(t)} + tr[hm(f(T)‘IV(T)]} _

[ ] et )+ P + 3 g1

i=1

Enionge, xdvovtag v e&hc aviatdotaoy ®%(t) = £7()€*(t) T nafpvouye

B{ul P& ()€ (1)) + trlhes (F(T)E (€ ()]} =
/ o] - HaE0EOT +esPr) + 3 24, (0)]

J=1

onoTE ANd EDW HATAAYOUPUE OTNY
T
B{ [ €0) T Har)€ )i+ (D) hea G(T)ET) | ff}

T
== POEO - B{ | ulPr)es(r) + z Q,ely(r)ldr | 7}, P - o
(3.29)

Bnjua 4. Ohoxhfpwon tng anddellng.

Ac oupPolicouvpe éva z € R™ pntd dv dheg Tou ot ouvtetaypéveg eivon pntol aprduol. A-
(ol 10 6OVORO OAwV TwV pNTOY 2 € R™ elvan puetproto, unopolue va Bpolue €vo uTochvolo
Qo C Q ue P(Qp) =1 étoL dote yia xdde wg € Qp va 1oy veL

V(ta(t o) = B{ [ 1. 30),a(m)dr + h(T) | F¢ }(wo),
ot (3.23), (3.25), (3.26), (3.27), (3.29) wavonotolvton Y xdve pntd z,

(€, F, P(- [ F7)(wo), W() = W(t);a(") |iry) € U]t T] xen
sup_(|p(r, o)| + [P (r, wo)]) < +oc.
s<r<T
H mpdtn wétnta woyber Adyo tne apyfic Behtiotou xatd Bellman (Oedprua 2.1.2) evéd 1
teheutada avichTnTa toyber dedopévou 6t E sup (|p(r)|? + |P(r)[?) < +oo (Br. [JXZ] oeh

s<r<T
349). 'Eotw éva otadepd wy € Qo xot opiloupe EY = E(- | F)(wo). Téte yia xdde pntéd
z € R™ éyouyue

V(t,2) = V(t.(t o)
T
< B{ [ (0010 - T + h(a(1) — hia ()}
T*
- / (T (), € () dr + (ha((D)), (7)) } (3.30)

T
38 [ €00 Tl (r)r + €(1) haa(a(T)ET)

+o(|]z = z(t, 00) ).
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Ané uc oyéoec (3.27) xar (3.29) woyle
V(t,z) = V(t,Z(t, w0)) < —(p(t, w0), (¢, wo))

{5 [ €T A+ 60 Rl ()

+ O(|Z - $(t7w0)| ) = _<p(ta wO)vfz(tv(’)O»
- %Sz(tvwo)—rp(tﬂ (‘)O)gz(tvwo) + 0(|Z - j(tv (‘)0)|2) = —<p(t,030), 2 E(tv (‘)U)>
(e —z(, ®0)) " P(t,w0)(z — T(t, w0))

5 + o(|]z — Z(t, wo)[?).

(3.31)
Na onperdoouye 61t 0 6poc o(|z —Z(t, o)) eCaptdron povo and 1o yéyedoc tou |2 —Z(t, wo)|
xou ebvon ave&dptntoc tou z. Enopévec and tn ouvéyea tne V (1, ) éyoupe 6t m (3.31) oy e
vio xdde z € R™ xou cuvenoe

(—p(t), —P(t)) € D>TV (t,%(t)). (3.32)

Etot ané v (3.17) hapBdvoupe v (3.19).
Ac anodei€oupe topa ™y (3.20). Eotw éva Bsﬁopsvo o € Q étot wote 1 (3.31) va woyle
i x8de z € R™. That oxowdinote (p, P) € D>~V (t,Z(t)), and tov Optoud 3.2.1, éyouye

V(t,2) = V(t,7(t) — (p,z —T(t)) — 5(z —T(t) " P(2 — ()

0< lim ~
o—7(1) |z —Z(t)|?
< i —(p(t) +p,z —T(t)) — 5(z — () T (P(t) + P)(z — Z(t))
= a5z |z —z(t)[? ’

6mou 1 tehevtaio aviodtna toylet Aoyo e (3.31). Enopévwc
p=—p(t), P<—P(t).
Onéte woyber 1 (3.20) .
Od

Efvar evdiagépov v onuewdooupe 61t av V€ CH2([0,T] x R™) téte or (3.19) — (3.20)

YedpovTol 0T LopgY Vi) — ot
t, T —p(t),
{ Vealt,7(0)) < —P(1). *9)

3.3 Mn opory cuvdptnorn alloag: BLapopixd YEOVIXNS
neTaBANTNS

Y ouTh TNV Tapdypapo TEOYWEOVUUE OTY PEAETY T®V UTER- Xt UTOBLAPOPLXOY NG CUVdp-

mong o&lag oty PeTABANTA Tou yedvou t uali pe wo Béhtiotn tpoyd. Iappdho nou otny

VIETEPUIVIOTIXY TERIMTMOT Tl UTEEBLAPORLXS TNg cLVAPTNHONS a&lag 6To Ypbvo t exppdlovTal

e ) pofidewr tne H (¢, T(t), u(t), p(t)), n onoiw eivan n yéyrotn tpd tne H (¢, (), u, p(t)) wc
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mpoc u € U, o1 otoyaotix nepintwor dev etvar 1 yevixeupévy youitoviavyy G mou Yo ue-
yiotonomlel xatd v apyh ueyiotou (extde xar av 1 V elvou apxetd opot, dec (3.5)). Avri
howdy authc (tng yevixeuuévng yaphtoviavic) eggaviletar otny apy i) otoyacTtixol peyiotou
1 axohovldn cuvdpTnom

H(t,z,u) 2 G(t,z,u,p(t), P(t)) + tr (U(t,az,u)T[q(t) - P(t)a(t,f(t),a(t))]), (3.34)

émou p(-),q(-) xar P(-) eivon ot Moewc twv (1.8) xou (1.9) nou oyetilovian pe 10 Péltioto
Ceuydpl (Z(-),u(-)). 'Etor howndv éyouye 10 axdhovdo anotéleoua.

Ocwpnpa 3.3.1 116 g idieg vnotéoers tov Oecwpnuatos 3.2.1 éyovue:
H(t,T(t),a(t)) € DLV (,E(L), tel[s,T]—om , P—om (3.35)

Anéddeln: H pédodog tne anddelng eivar napdpowa ye auth tou Oewpripatos 3.2.1 . (D
THO AVOAUTIXG O EVOLUPEPOUEVOC aVaY VWO TNG Uropel va avatpélel oto [JXZ] oeh 263).
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Kepdiowo 4

To mpdlBAnua pbTavong TnNS eNnNyne
Auvnc

4.1 Ilepirypopr Tou TEOPBARUATOS

Or pnyéc Muveg elvon éva and ta mo ed¥paota €01 0XOCUGTNUATWY GTOY XOOUO xat fval
YEVIXA Ta Tp®OTA Tou emnpedlovial dUeca and T SLAPOpEC avamTUELOXES BpaoTNELOTNTEC.
Exaroppdpra avipwnot Lolv xovid otig dydeg pnywv Muvey xot ot {még Toug eopT@VTaL and
™V TepBavtoloy it xatdotaoy Twv Apvey. Emmiéov, ot pnyéc Muveg, ouvridog, Bploxovta
XOVTA 0€ XUMMEQYNOWES EXTACEIC TO OTOIO TIG XAVEL UXOUY MO EUAAWTES 0TI avipOTIVES
dpaotnprotntec. ‘Etot, unopel ebxoha va yiver xatovontod yiati undpyet pla e uehétn tov
ENYOY MUVAY, Tou wTHoOo Exel YIVEL o €VvTovr povo TPdoQATA.

H pinavorn twv pnywy Apvaoy eivon v QouvoUevo 10 omolo Tapatneeitol apreTd ouy Ve xat
ogeileTar xuplwg oTn Bapld yeron Mnaoudteny oTic Yipn Teployé xot aTny auinuévr €lopot
Aupdtwy and Toug otxiouots xat Tic Plounyaviec. O gwogopoc, o onolog nepléyetal eite oTa
Mndopota eite oe Lwixd andfinta, eivor To xUplo YeENTIXG GUOTUTIXG TWYV PUXLOY X0l TOV
Inlaviwv tou Loy 6710 vepd. ‘Otav hoindy auidveton unepBohixd, TOTE avanTOCOVTAL ToL PUXN
1o OOl EAAUTWVOLY TNV TEQIEXTIXOTNTA TOU 0EUYOVOL PEGA GTN AV xaL TO QAOS TOU NHALoU
8év eivan o€ Véon va dietodloet 610 vepd. Etor wio xadopr, yordla Alpvry (ohryotpoguxs M-
UVT) HE Tpdova QUTE HETATPETETOL OE Wit Aluvn ue oG wxpn opatdTnta, e oyeddy xaddrou
Tpdotva QUTA xat pelwor Tou TAlou Twv Paptdy xat YEViXE TV LUBELRLLY EBOY (euTpoQIXY
Auvn).

Ta nopandve dnplovpyody v avéyxn wde BéEltiotne dayeiplong autold tou eidoug Twv
owocvotnudtewy. To mpdéfinua Beitiotou eréyyou mou pehetdue €66 mpoépyetal and 10
oLYBLACUS B0O0 TAPAYOVTWY: ANO T1 Yo 1] WPEALOTTTO TOU UTOPEL VoL TROGQEREL 1) AMuvT Yid
B18popes YEWPYIXES DpaoTNEIOTATES o amd TNV GAAY 1) YenotuoTnTa wioag xodouphs AMuvng ot
ToAéc Spaotnprdtntes avauyric (akicuom, nnyr R6oLoL VEROD, EXOEOUES XTA.).

[Mpbogates épeuveg €youv e€dyel Xdmold CUUTEPACUATA Yiot TO UEYLOTO BuvaTd ENINEDO TOU
pwopdpou uéoa ot Muvn Oote va Behtiotonoteitan 1 drayelplon g oTig BLdpopeS XATACTY-
oeig nov unopetl va Bpedel (ohryotpopixd A eutpogxt). ‘Ouwe ot teptoodtepes Epeuves Eyouy
emxevipwiel 6TO VIETEPUVIOTING HOVTELO Xou €TOL 1) GTOYAOTIXT Suvoixy| yior TV BélTioTn
Otayeipton TV ENY®V Auveyv Peloxetal o apyixd oTAdL UEAETTS.

41
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H o0leuén tou Yoplfou o uh yoaumxéc vieTepuvioTixég eEI0MOELC XIVNONG UTOREL VoL 0dY-
Yhoel oe pn) teTpwpéva arnoteréopata. o napdderyua o VépuPog unopet va otadeponoloel
W aotad 1ooppomia xon Vo PETATOTIOEL BIaxAABWOELS, SNAADY TNV THH TS TapaETEoU XATd
v onola 1 duvopxr aAldlel molotixd. O YopuBoc unopel va odnyfoel o€ evahhayéc Yetadt
CUYUTIORYOVIOY VIETEQUIVIOTIXWY OTAVEQOY XaTaoTdoewy. EvBlopépov npoxahel oxdun to
YeYovog 6Tl 0 V6pufog unopel Vo TpOXUAECEL OTATIOTIXG TPOTIUWUEVES XATAGTAGEL TOU OEV
€YOUV VIETEQUIVIOTIXG OVIAOYO. XTO TpdY XEQAANLO OOV Vo ELGAYOVUE T1) OTOYACTIXN
€x800M NG OXOVOPIXAC aVAAUGTC TNG PUTAVOYS Woc eNy N Aluvng.

4.2 H Béitiotn (optimal) Hamilton-Jacobi-Bellman e&i-
ocwor (OHJB)

To otoyactixd duvauixd choTnua Tou TeofBhiuatog etvar To €€1g

z%(t)

d(t) = <U(t) —hO+

z(0) = o,

) dt +ox(t)dW(t), ¢>0, (4.1)

émov u(t) = ui(t) + ua(t) xou ui(t),us(t) ebvou ot mosdtnies 10V PWOPbEOL e TIC ONOlES
emPBaplvouy 1) xadepia oand Tic 000 xovotnTeS ot A, x(t) efvon 1 tocdTHTR TOV PEOGPEEOY
ota eiixy, b 10 1060016 Tou Ydvetar e€outiag TNg xoilnong, TN dapporic xaL TG dEoUEUoNS
and dhhec Proudles xat o évag ypoppixd tohhamhactaotixde Yopufoc.

Trodétovye 6t u;(1)>0, i = 1,2, t € [0,+00) xon €youue 6Tt T0 TP€Y®V XGOTOC Yo THY
x&de xowbtnra etvan In(u;) —cz?. H Muvn éyer ol we delapevh Yewpyx®y anoBAftey yio
vewpyio (Inw;) xou eniong napéyer oxxohoynéc uvnnpesies oL PELOGVOVTOL UE THY TOCHTNTA TOU
pwopbdpoy (—cx?). H napduetpoc ¢ (tou 610 npdBinua poc Yewpolue 61t ¢ = 2) xadopilel

7 19 7

10 oyeTo Bdpog Yo xdle Wi amd aUTEC TIg BUO XUTACTAOELS.

Trodétovpe enlong 61t T0 MEOBANUa €yel dnepo ypovixd opilovia, ondte ot atoyor Wi
yivovto

W, =F {/OOO e ! [Inu;(t) — ca®(t)] dt} , i=1,2, ¢=2, (4.2)

émou p>0 eivar 1o npoeZopintind emttdxio. H Bédtiotn dayeipton e Muvne (rou eivon xou
0 oxomdE aUTol Tou XeYohaiou) anartel va ueyioTonOoouUE To dlpotoua Aoy Twv W, und
T0 duvapxd ovotnue (4.1). Autéd eivar éva npbéBinua Bektiotou eéyyou xou 1 cuvdptnom
afiog Tou To avinpoownelel eivat 1)

V(zg) = sup FE {/000 e PHIn(u (t)) + In(ua(t)) — 2x2(t)}dt} . (4.3)

(u1,u2)eU
H yevixeupévn youhtoviovh o’ auth v nepintoon oOugpwva pe ty (2.14) eivon 1 e&hc

2

2

1

G(xz,u,p, P) = 502932P +p (u —bxr + $2x+ 1) + Z Inu; — 22°. (4.4)
i=1
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Lopgova pe 1o Ocdpnua 2.3.1 xon utodétovtag 61t 1 V elvon apxetd ogod| TOTE xavomoLel
v HIB eiowon (2.33), dnhadr

pV = sup G(z,u,DV,D?V). (4.5)

u1,u2€B

‘Onou U elvor 10 60voho 6Awv twv petphoipwy ouvapthoewny (ur,uz) : [0,4+00) — B pe
B = (0, +00).

To napaxdtw Myupa pog divel T poper nou uropet va ndpet 1 HIB e&iowon (4.5) v tic
otdpopeg Tiwég Tou DV,

Aupa 4.2.1 H Hamilton-Jacobi-Bellman eiowon tov ikavoroel nn ovvdptnon aéilag V.
2

naipyer Ty popen pV = (:E;CH — bx) DV —2(In(-DV)+2? +1) + %(721’2D2V atny
nepintwon mov DV < 0, evd) av DV > 0 tdte n yapirtoviavry G dev peyiotonoeitar .
Amé6deln: And v (HIB) ediowon €youpe
z? 1 2
pV = sup [(u —bx + 332+1> DV + 50'2562D2V + Zlnui — 2952] =

uy,us€EB i—

(4.6)

2
1
(—bx + ; > DV + =o222D?V — 222 + sup
x4+ 1 2 ueB

2
uDV + Z In uz] .

i=1

Opilw: g(u) = g(u1,u2) = u1 DV + uaDV + Inwu; + Inug.
Av DV <0 t6te:

szvjtizo:ul:—l)lv,

99luv,ua) _ pyr 1 _ L

329?53 u2) DV1+ ” 00:2;?;1 uz)DV7 1 1

28u% =2 <= 2 o2 (_DV’_DV> =-DV?,

. g(alsg’m) - _:3 <0=7 9591257@) (_Dlv’_DlI/) =-DV?,

i) -one - (P050) () () -
Ondte o710 onueio (—Dlv, _DLV 1 GLUVAETNOT g TaEOLGLALEL HEYLOTO TO

1 1 1 1
—2—2In(—DV).

Enopévoe and my (4.6) éyow
1
pV = ( - bm) DV + 5a%;?D?v —22%2 -2 -2In(-DV) =

2 +1

2
1
pV = (xi i bx) DV =2(In(=DV) +2* +1) + 502> DV.
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‘Ouwe, av DV > 0 té1e 1 ouvdptnon g eivon Yvnolng adtgovoa 1o R?2 ue

lim g(ui,ug) = 400
(u1,u2)— (400,400

on61e Bev mopouctdletl péytoto, dpa N 1 youhtoviovh G 8ev yeylotonote(ton .

|

Hapatrpnon: Xty nepintwor nou 1 cuvdptnor o&lac V' elvon ogodr) xou 1 mapdywyog
¢ etvan apvnTied], dnhadh DV < 0, avagévoupe 6Tt Yo ixavornoel wa Béhtioty (optimal)
Hamilton-Jacobi-Bellman eZiowon (OHJIB), dnhadh to sup tne yophtoviavic va opileto,
xou owTh Vo ebvor 1 e€h¢

2
1
PV = <f+1 - bx) DV =2 (In(=DV) +2° +1) + 50%2*D*V  (OHJB)  (47)
X

4.3 XTOYACTIXO YAULATOVIAVO CUCTNUA

Y10 Kegdhato 1 pyeretrioope 10 oTo)aoTixd mpoBAnua ehEyyou xou eldaue T0 Oedpnua Tne
apy"ic oToYaoTIX00 UEYIoTOU XaldC Xt TO 0TOYACTIXG YOUATOVIOVS GUGTNUA. L TO TOPUXETE
Vewpnua Aotnoy, epapudlovtag autés Tic Vewpleg Yo T0 mpdPBAnua tne enyhc Aluvng mou
HeETaE €86, €EGyYOUUE TO BEATIOTO GTOYACTIXG YOWATOVIAVO GOCTHUOL.

Ocswpnua 4.3.1 To péltioto otoyaotikd yapudroviaré ovoTnua tov tpofAnpatos puag eivar
0 €€n¢
—2e Pt z2(t)
dz(t) = | ——— —bx(t) + =~ | dt + oz(t)dW(t
o(0) = (o b0 + 2oy 7 ) de-+on(BaW )
2z

dp(t) = [(b - (-%"2+1)2> p(t) — oq(t) + 4xept} dt + q(t)dW (t),

(4.8)

pe Ty mpoundleon ot p(t) < 0, drnov p(t),q(t) or ovluyeis petaPAntés ka1 T(t) n PédtioTn
Tpoy1d.
Amddelr: And m otoyaotxy| diaupopixt, eZicwon (1.8) éyouue ot

97
dp(t) = — [(—b + ”32> p(t) + oq(t) — 4936—011 dt + g(OdW (1), (4.9)
(2 +1)
Enione obugwva pe ty eiowon (1.10) n Xowhtoviavr H opiletou o¢
2
H(t,x,u,p,q) = pui(t) + pua(t) — pbx + xfi 1 + qox + (ln(ul) + In(ug) — 212) e~ Pt

Onéte and v apyr otoyactixol yeyiotou (Oemdpnua 1.3.1 el nepintwon 1) €xyw

H(tz(t), u(t), p(t), (t)) = max H(t,T(t), u, p(t), ¢(t))-

uelU
‘Eotw hotndy 1 cuvdptnon
2
g(u1(t), uz(t)) = puy(t) + pua(t) — pbx + xQLZ_l + qoz + (In(uy) + In(ug) — 22%) e,

VYa Pew yio méd onpeio (ug(t), uz(t)) yeyiotonoieiton.
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‘Eyw hoindv:
o —pt —pt
g(u1,u2):p+e :0:>u1:_67’
aul U1
o —pt —pt
g(u1,usg) o+ gy =
Oug U p
82 , —pt
ouy uj
82 —pt
glusuz) _ €7y,
ous us
02g(u1, us) <_e‘pt _e‘pt) __pRert — %g(u1,u2) (_E_pt _€_pt>
o p ' p o3 pp )
97g(u1, u2)
ZATHL )
8u1c’)u% o 9 9
D— <3 g(u12, Uz)) (3 9(U127 UQ)) ~ 9%g(ur,u9) )
8u1 8u2 8U18U2
e Pt et
Onéte olugpova ue To xpithpto yeyiotou oto (U1, Uz) = (—p, —p) € ONXO YUEYIOTO.
Enopévoc,
(1) = () + Ba(1) = 2m() = 60) = o sl = el (410)
u = ux (75) = ZUq u = u = 5 .
p(t)et p(t)

(apots U (t) = wa(t))
Goa avtixohotdvtag v (4.10) ot (4.1) xou éyovtac un’ édiv ) oyéon (4.9) naipvoupe 10
ax6houto BEATIGTO GTOYACTIXG YOUATOVIOVG UG TNUA

o —2e~ Pt B z2(t) B
dl‘(t) = < p(t) ; b.’L’(t) + .%'2<t)+1> dt + O'Ji(t)dW(t),

dp(t) = [ b— (36_2-1-1)2> p(t) — oq(t) + 43’06”"} dt + q(t)dW (t).

(4.11)

4.4 MeAétn tng ocvvapetnong adlog
4.4.1 H ovuvdptnon adlag cav wid Abon &wdoug
Y10 npofAnua pog o Optopog 2.3.1, 1wy AMoswy 1€0d0uS, Ypdpeton ¢ eEAC

Opwowog 4.4.1 Mia ovvdptnon V eivar Adon i€addovs tng HJIB efiowons oto O C R,
orov O elvar éva avoryté didotnua, av ikavorooVvtal ta axoiovia:

i. Ia onowdnrore p € C12(0), av y € O elvar éva tomkd uéyoro ya tr 'V — ¢ téte

pV (y) < sup G(y,u, Do, D*p)
uelU

ii. I'a orowdnrote p € C12(0), av y € O efvar éva tomikd eAdyioto ya Ty V — ¢ tdte

PV (y) > sup G(y,u, Dy, D*p).
ue
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Orowdrjnote ovvdptnon V mou ikavornoiel Ty (1) Aéyetar vrodvon i€ddovs tng HIB ekivwons
eves av ikavoroel Ty (i) Aéyetar vrepAvon 1€dbdoug.

‘Onwe avagaipaye xat oty Evétnta 2.3, undpyet €vag 160d0vagog TpoTog Vo SLUTUTWMGOUUE TiC
ouvviixee (1) xou (ii) and tny drodrn twv unepdiaoptxdy xou utodiagoptx@y e V oto onueio
z (Opiopéde 2.3.3). AMG npota ag Sodue twg o Optods 2.3.2 TwVv UTER- X0l UTOBLAPOPIXMOV
amhonoteiton 6To Btxd Wwog TeEdBAnua.

Opwopoc 4.4.2 Eotw V a ovvdptnon ano to (o, B) oto R ka1 zg € (o, 3). Tére o
urepdiapopid tng V oto xg efvar to glvodo twy po, Py € R, to onolo gupPoriletar pe
Dy*TV (20) éron dote va wydea

(v — 0)% Py

5 + O((z — x0)?). (4.12)

V(z) < V(xo) + po(z — z0) +

Opoa, to vrodagopiké tns V' oto xq elvar to odvodo twr po, Py € R, to omoio ovpporiletar
1 2 - 4 7
pe Dy V(xg) éror dote va wyva

(x — x0)% Py

5 + O((z — x0)?). (4.13)

V(z) = V(xo) + po(z — z0) +

Onéte ot nepintwon pag, ol UTOAUoELS xou LTERALOELS EMD0UE Unopoly eniong va optoToly
¢ &g

Oplowodg 4.4.3 H ourdnkn i1woyvde av kar poévo av

pV (o) < sup G(zo,u,p, P), Vxo € O,Y(p,P) € Dy* TV (xo).
uelU

Opoa n i1 10y Ve av kar pdvo av

pV (o) > sup G(zo,u,p, P), VYxg € O,Y(p,P) € Dy*~V(xo).
uelU

IHapathenon: Av Dy < 0 té1e ot ouviiixeg i xau ii Tou Oplopot 4.4.1 mafpvouy Tic €&¥g
poppes

i. T onowdfmote ¢ € CL2(0), av y € O elvan éva Tomxd péytoto vty V — ¢ té1e

pV (y) < sup G(y,u, Do, D*p) =
uelU
2

Y 1
pV(y) < <y2 1 by) Dy —2 (In(—Dy) +y* +1) + 502y2D2g0.

ii. T onotadhnote p € CH2(0), av y € O eivan éva Tomxd ehdyioto y Ty V — ¢ 161¢

pV (y) > sup G(y,u, Do, D*p) =
uelU
2

1
oV (y) > <y2y+ i by> Dy —2 (In(—Dy) +y* +1) + 502;/21)290.
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4.4.2 Xyéomn apyng KEYIOTOU %ol BUVAULXOU TEOYLUUUATIOUOD

Y auth v evotnTa Yo Bolue Thg ouvdEsTan 1 dpy OTOYAoTIX0) PEYIGTOU PE TO BUVAULXG
TEOYPAUHUATIONS. LUYHEXPILEVAL Vol AvaQAipOLUE TO Tapaxdte Yedpnuo Tou yag 8ivel T ayéon
avapeoa otic culuyeic petaintés p(-), q(-) xar ) ouvdptnon ofioc V.

Ocedpnua 4.4.1 Eotw éun ovvdptnon akiagV elvai apretd opadrj kar (Z(-),a(-), p(-), q(+))
va elvar pa Pélniotn tetpdda tov mpofAnparos pas. Or oyéoes mov ovvdéovy tny mpdTn
ka1 tn deltepn napdywyo, ws mpog ., tns owvdptnon alag, Vi, kar Vi, avtiotowa, pe g
ovluyeis petafAntés p(-), q(-) etvar o1 €&ng

2(t, (1) =
{ Vaa (8, (1)) o ( () a(t)) = —q(t), +14)

eva 1 oxéon mov ovvoéer Tny mapdywyo tng V. ws mpog to xpovo t, onkaon Vi, pe tny mpaTn
Kkar T 0eUtepn Tapdywyo ws mpos T elval
2T(t)* Vaa

— o — 2 _ z(t)°
Vilt,3(1) = =5 = 2(3(1)? + 14+ In(Va)) + Vi (bx(t) - W> (4.15)

A7é6degn: To olvotnua (4.14) Byaiver dupeoa and ) oyéon (3.6) tou Oewphpatog 3.1.1.
Eniong and 1o B0 Yedpnpa £youvue 6Tt

‘/;(t7f(t)) I;lea‘é( G(t 'T(t) u, _Vx(t7§(t))7 _me(tvf(t)))a (416)

onéte and v oyéon (4.4) naipvouye,

2
1 T
max G(z,u, Vo, Vi) = —50°8 Ve, = 25% 4 Voo~ Vg — +max {—qu—i-;lnui}.

(4.17)
Axohovdevtag Ty [Bla dtadixacia tou xdvaye otny anodeln tou Afuuatog 4.2.1, ) e&lowon
(4.17) nofpver v e€hc popph

02TV L 72

max G@,u,—Vy, — Vi) = — 5

Apa, and v (4.16) xou (4.18) noipvouye ot

272V$I =2
Vil (1)) = 75 =22 4 1+ In(Va)) + Vi (07 — 5 ).

O
Yy 6o Tuvdudlovtac tic oyéoels (4.14) xou (4.15) hopPdvouye to napuxdtew anotéheoud

oT T2
Vit 7(0) = 91 2200 + 14 m(p(0) - 900 (100) - ).
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4.5 To aptiunTtixd oyfu

O oxondg authg e evotntog ebvan vo npooeyylooupe aprduntixd tn cuvdptnon aflag, uéow
¢ oOYxMoTC povdTovou oyfpatos, tpoceyyilovtag ) Abon &adoug tne (OHJB). Trodé-
Tovtog 6Tt DV < 0, dnhadh n V etvor yvnolwg glivouod, nopouctdloue TO Topoxdte oy fud
(1o mpooeyyioTixd oyfuata Bh. [GBS])

( V,(l+1)—v.(l> V(l) _V_(H'l) 2 2 V(l) +V(l) —2Vv(l+l>
oy 7 Az i—1 2 ln _ a1 sz +,81 + UQI/L 141 (’L&;)Q 7
y D) _
- p (4.19)
i=1,2,...,L—1,1=0,1,2,... :
Vi =V(a,,), V7 =V(zs,) , r=0,1,2,...
VO i=1,2,...,L—1 ebvor ypouunde ouvduaopss tov VY, VY
/ xSQ _ xSl 4 4 7
omou: Az = UE Tgy, Tgy, VA ELVOL TOL GOYHOTIXG OTUELQL.

L

A¢ e€nyfiooue uwe TORPA TS XATACAEVACTNXE aUTO To oyfua. Ilpdta unohoyloaue
o caypotixd onueloa xou v apyxr; ouviixn e (OHJB) eioworne.  Avtixatactiooye
oy ty Ty, and 1o deki uéhog, nupdywyo DV otny (OHJIB) pe v «omotodpouixsy

Vi) = V- "o .
Tpooéyyion nenepacuévng dapopdc DV (x;) ~ (1) AL (zi-1) , EVO N GAAT Tapdywyog DV
avTIXATACTAONKE and TNV «TPOC TA EUTPOCY TPOOEYYION TENEPUOPEVNC Dtapopde DV (x;) ~
V(wiy1) — V(s , ~ . a ,

(z +1ix Vizi) xau téhoc 1) deltepn mapdywyoc D2V édwoe t Véon g oty D2V () ~
V(Z‘H_l) + V(a:z-_l) — QV(J}Z)

(Az)?

1’2 V—V‘fl V+1—V‘
= i _bi 7 7 —9211 A 7 2 1
o (w%ﬂ z) Az [n( Az )”ﬁ}

0222(Vig1 + Vier — 2V5)
2(Ax)? ’

. 'Etot, éyoupe v nopaxdto dtaxprth npocéyyton e (OHIB)

2

{ Moouue © V; tou 0 uéhovu Ué =G —bx;

NV onola av TN Abooupe »¢ Tpog 1o V; tou aptotepol péhoug xau Hétovtag oy = 2 T;
i

xu B; = 22 + 1 nofpvouye tnv (4.19).
Y11 ouvéyeta axohoulel Eva Yedpnuo olyxhiong.

Ocswpnua 4.5.1 To epunuixéd oxripa (4.19) elvar ovvenés kar povdtovo, emmiéov elvar
otalepd kar ovyAiver otn owotr) oplakn AVon 1£bOoS.

Andéderdn: H anddeilr tou Yewpruatog anotekeiton and o axdrouda BhApota

o Kot apyhv Vo anodeiloupe 61t to aprduntind oyfua (4.19) etvou ouvenée. Autd da yivel
UE TOV XAAGIXO TROTO Yiot UEVODOUC TEMEQUCHEVWY DIAPOPWY. ZAVAYPAPOUUE TO TYUd
(4.19) avtixahotdvtog o Vi we V(z;) ondte éyouye éva o@dhpa r; Tou npootiveton
oto téhog g €€lowong xat emTAoyY yernotponoolue To avartOypata Taylor yuo i
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TPOGEYYIOEIC TENEPATUEVODY DLapopiv, dNAadY

Vi = Vi o, AaV”

/
Az ~ Vit 9
Vi—Vi , AzV”
Tae T
Vo Vs =2, (B0PVO
(Az)? 12
ondte yivetan
" .
(4.20)
G w
+ 2 14 ( ) 12 + 7.

‘Eretta agorpodvrag v (4.20) and my (OHJIB) e&iowon xat ypnotponoidviac Ty ovi-
owonlnzx <z —1, x € R éyovue 6Tt

ri = —2In(=V'(z;)) — (MW) +2 [m (—v’(g;i) " M"(ﬂf)ﬂ

2 2
021‘% ((AJ;)?V(‘Q(.I‘Z)) < *2(*V/(-Ti) . 1) + (V/(l‘l) + 1)2 4ot

12
2 (_vf(m | AV (@) 1) o (va;’m)) o ((Ax>21v2<4> <a:i>>

— ola? )2V (z;
g(V’(azi)+1)2+"'+A95V,/(93i)(2 2 )_ 2 <(A)1V2 ( ))

2 a 2,2
= |ri| < (V/(:Ei) + 1)2 +"'+ACL‘|V”(:L‘Z-)| ( 204 ) i 0'2Zz (A

= | nax. 1|rl\ <K+ 4 AzKy + (Az)* K3 < K1 (Az)? + -+ + Ko(Az)? 4+ K3(Ax)?
1

= C(Az)®’ = max |rj| < C(Az)?,
1<i<L—1

2)*|V O ()]

émou Ky, Ky, K3,C Yeuxéc otadepéc. Auth n oyéon howndy deiyver bt 1o oyfipa (4.19)
elvat ouvenéc.

o To aptduntixd oyhua (4.19) eivar éva npooeyyioTnd oyfua Tne Lopehc
g(r,z,u’ (zi—1),u" (wi41),u”) = 0 070 Q,

6mou 1 g : RT x Q@ x R x B(2) — R ebvor tomxd gporypévn (RT = [0, 4+00) %ot 10
2 C R™ ebvor avoryté o pparypévo). E8®, r = Az, o = x; xou u” efvon o suvdptnomn
optopévn 010 Apag = {x; =0,..., L} ye u"(zi-1) = Vi—1 xaw v (zi41) = Vip1. 'Etou
0 apriuntixd oyfua (4.19) yedpetar we eic

9(Az, z;, Vi1, Vigr, V) =0,
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OToU

d—u; o?y?(d +t — 2u;)
k ) +BZ:| - 2]€2 )

i — 1
g(k7y7t7d7u) = pu; _OéiuT +2 |:hl (—

2

psai:#—by, Bi=y?+1, k>0, y€Apy, t,d€ Rxouu€ B(Apy).

To apriuntind oyfua (4.19) eivor povétovo. Apxel hotndy va deiloupe 61t
g(k’y7t’d’u) S g(k7y7t7d’v) av u Z U7

yioohata k>0, y € Apg, t,d € R xaw u,v € B(Aaz) e u; = v; = w.
‘Eyouye hoimév

UV = U] 2 Vi1 = —Uji—1 < —Vj—1 =

W= Uiml W Uil a0 W Uiy W Vg

= >
k - L « A e p
W=t W — Vj—1
ey STe (1.21)
oXOUN,
U >V = Uip] 2> Vit = _ Uit —w < e
k k
2 [m <_U+1k—w> N gi] <2 [m <_U+1k—w> . 5@,] | o)
xaL TEAOG Loy VEL
U> V= Uir] > U
U ; v éul-Jri ;UZ.T } ;>Uz‘+1+ui,1 > Vg1 +vio1 =
= i—1 = Uj—
Uit1 + Ui—1 — 2w > Vip1 + Vi—1 — 2w
k2 = L2
1 5 ouipr +uj1 —2y 1 5 oUi1 + Vi1 — 2y
1 4 i—1 — 2 1 . 9
—Zg22 Uit] + Ui—1 w ¥ pw < _50_2y2 Vit1 + Vi1 w + pw. (423)

2° k2 k?
Onéte npocétwvrag xatd wékn tic (4.21), (4.22), (4.23) éyoupe
u>v=g(k,yt,du) <glkyt,dw).

ITou onuaivel hotmdy 6Tt 10 oyfud elvol LOVOTOVO.

To cuvenée xau povétovo oynua yioo Ty H-J-B eiowon eivar euatadé xar ouyxhiver
ot owoth Mo Zddouc (BA. [JAS], oehida 104) .

|

Y ovvéyeio mopadéToue pla TEOTAOT Yo TN wovadixdtnta e Abong Vi tou oyfuatog
(4.19).
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Ilpbtaon 4.5.1 H nenepaouévn duagopixij ekivwon (4.19) éye povadikn Abon ws npog V;
av to Ax 1kavonoel Tny axodovin ovvinin

l l
pvi(i)l . ‘72'Yi (Vig»)l—vi(7>1)
) e 2 +hi— 4(Ax)2

- ORIRT0)
Afﬂéi:g}}g_l (Vi_l Vi

(4.24)
yual=0,12,... ye%:x%.

Arno6degn: Opilw

a; 2 y—Vz‘+1> ] o2y
= =V =2 i (=) 8+ —— L (Vi + Vi — 2
9(y) DAz (y 1) g [ ( Az B Qp(Ax>2( +1 1—2y)

we y € (Vig1, Vic1).
Ondte €y
_ Az-ai(y = Viyr) — 2(A2)? — (y = Vi) -0 -
p-(Az)? - (y — Viy)

agot a; <0, Az >0, p>0xuy > 0. Apan g(y) eivar yvnoiwe gdivovoa. Enione opilw
™ ouvdptnon h(y) = g(y) — y 1 onola eivan xou auth| Yvnoing gpdivovoa oto (Vigr, Vi—1) xa
oy Vet Ot

J'(y) Y Vy € (Vig1, Vica),

lim h(y) = lim (g9(y) —y) = +oo.
y=Vin y=Vin
Enopévec h(Vig1) > 0. Onéte yio va éyel n b govadixd| pila oo ddotnua (Vigr, Vie1), agod
efvat yvnolwe povotovy (dnhady éyel o mohd pia), apxet va woyler 6t h(Vi—1) < 0. 'Eyouye
howndy
h(Vic1) <0 g(Vie1) < Vi

2 Vier — Vi oy
—— |1 Az i A g WVigr = Vier) < Vi
& p[n( - )+B]+2 5(Vig1 = Vie1) < Vi

p(Az)
Vicr = Vina oy pVic1
(ALY g T ) >
< < Az ) +A 4(Aw)2(v+1 Vi-) 2
i Vi1
& In(Viey — Vig1) —InAz — W(Viﬂ — Vi) > - 5 Bi
i pVi-1
< InAx + m(%+1 — ‘/7;_1) < ln(‘/;_l - V;_H) + 2 —+ ﬁz
(Vi1 - Vie1) Vi
& In|Ar-e A2 <In(Viei — Vi) + —+ B;
727 (Vit1—Vie1) Vi
S Azr-e 4(Ax)2 < (Vi1 = Vig1)e 2 +Bi
PVi_1 +ﬂi_02%‘(Vi+1—Vi—1)

& Azr < (Vieg —Vigr)e 2 4(ax)?

H tehevtado aviodtnta woyder yia xdve ¢ = 1,2,..., L — 1 Aéyo e (4.24). Etor v h(y) =
9(y) — y €xer povadixr Moor, oto ddotnua (Vigr, Vie).
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