Eitcaywyn

Eotw E ylo ehhentinr) xaunvin opouévr oto ooua Q. Ipdtog o Poincare épioe ota
1901 mpd&n npdoheone Twv pntdy onuelny g eAletttixic xouriine E xal anédelle 6T
Ta onuela autd, ue TNV TEdln auty, anoteholy affehlavy oudda. O Mordell anédeile 6T 7
oudda aut elval memepaouéva Tapayouevy. Auéowg uetd o A. Weil anédelle 611 o Bio
oy Vel xou yla Ty oudda twv K-pntdv onueloy elhetntinfc xauniing optouévng oto K,
E(K), 6mou K alyePpxd odua aptudy.

To x0pLa TpoPAAUaT TOU APOPOVY TNV UEAETY TWV EANELTTIXOV XAUTUAGY elval To e€rg:
Av E/K Socuévr eMerntind) xaunihy, TOTe totd elval 1 ouddo Twv onUEl®Y TETEPAOUEVNS
t8&nc e E(K), Eiy(K) xou n6c0 elvar o rank e E(K); Otav uog dofel n E/K elvat
oyetxd evxoho va Peebel n oudda Ei, (K) e E. Anelpoc duoxohdtepo duwe elval to
epdtnUo: Av K alyePpixd oduo aplbudy, T6Te TolEC elval oL TEMEPUOUEVES 0UAdES TTOU
eugaviCovtal cav auddec onuelwy nenepacuévne Td&ng ehhelnttixy xouriine E oplouévng
oto odua K (1 o undowud tou);

M oyetind exxaoio tou Manin (1969), woyupiletar 6t undpyet otalepd B := B(K),
1 omolo e€optdtal Yubvo and to cdua K xou 1 omolo gpdcoel TNy T8N GAwY TOV 0Uddwy
Eior(K), 6mou E uta ehetntind| xaunvhin optouévn oto oodue K. Mdiiota uta toyupdtepn
uopyt, tne ewaoctac Tou Manin elvar étiL 1 otabepd B dev eaptdtarl and 1o odua, alrd
uévo and tov Babud e enéxtaonc d = (K : Q). Ac onuewwbel edd btu n ewxaoio tou
Manin arodetytnxe npdogata (1994), and tov L. Merel. Tuyxexpiuéva anédetle ott, av
utee eAAelnTix) xaunVln B, opiouévn ent evog alyePpuxol oouatog aplbuny K, Babuo
d > 1 umép 10 Q éyer onuelo tdEnc mpdTou apluod p, téte p < d*”. Te wo epyaoia Tou
donoe enoy’ ota Mabnuotixd o B. Mazur anédeile 6t av E elvar uia ehhetntiny) xaumdin

optouévn oto @, téte N oudda Eiyr (Q), elvar ula and tig axdroubec:
Z/mZ, ov m<10 f m=12

ZRZ S Z[2vZ, oav v <4

Enuoavtixd anotehéouata 6oov agopd TNy ewxacio Tou Manin enétuyav xat oo Kamienny,
Kenku, Mommose.

Yxomb tne epyactag, elvor 1 wehétn twv K-pntdv onuelwy menepaouéyng tdéng uLog



7,

eMelmtxnic xaunVing B, 6mou K elvar évo alyelpuxd odua aptbudy, # Ui oToLyelddng
2-af3ehiavy) drepn eneéxtact tou Q.

Kopudc e epyaotoc, elvar to PBiio tou Silverman ([Sil]), éoov agopd tny yevxn
Bewpla, T0 Gpbpo twv Fung-Miiller-Williams-Zimmer ([Fu]), to onolo avagépetar oe eh-
AelmTéC xoUmORES Ue axépata andAuTr avaAAoloTo 0plouéveg o amAd xuPBxd couTa
apiudy xou téhog to dpbpo twv Laska-Lorenz ([La-Lo]), to onolo avagépetar 6té F-pntd
onuelo TETEQUCUEVNS TAENC EARELTTLXGDY XxAUTUAWY oplouévwy oTo Q, 6mou F' 1 oToLyELd-
dnc 2-afehavh enéxtoaon tou Q, F = Q(Vz|z € Z). T v xatavénen e napoloog
epyaotog anattovvtol yYvooelg AlyePowxric Oewplog aplbudy I xou Oewplac Extiuioewy.

Y10 TPAOTO XEPGAALO XAYOLUE UL 6UVTOUT ETLOXOTLOT TNE DBEwplog TV EAAELTTIXGDY Ko~
UTUA®Y 0L 0TNY GUVEYELX dlvouue TAREn TepLypapr Twy ToALKYOUWLY dlalpeone, Ta omola
uag e€ao@aiilouy Ul yeowr xat xoudr) Yedph TV CUYTETAYUEV®DY TOV TOAATAAGIOVY
evog pnTov onuetlou uag eAeLTTIXT xoUTUANS. Xto 8eUTepo xepdlato opllovue TNy évvola
NS TUTILXAC OUABAC XL LBLALTERY AVAPEPOUAOTE GTNY TUTLXT OUASA ULIC EANELTTLXHC o TU-
Ang , Tne omolag ueietolyue Tig WLOTNTeS. Enlong uehetodue v tumxny| oudda pLag eAAELTTL-
2N xoUTUANS oplouévng oe Tomxd odua apliudy. Xto tpito xepdiao avanticcouue TNV
Bewpla avay oy EMETTIXOY XAUTUAGY, UE 6XOTO TNV ECAYOYY| YPTOUUWY CUUTEQUCULTY
YL TNV UEAETT TV WBLOTATOY TV ONUELDY TETEPAOUEVNS TAENG ULAS EANELTTIXAS XAUTUANC.
Y10 TéT0pT0 XEPEAAL0, GLUVILALOUUE TA ATOTEAEGUOTO TV TELOY TPOTYOLUEVWY XEQUAALWY
oTny TeplnTwon tou 1 xauriin E éyel axépaia andlutn avarholwto xal anodetxviouue To
xVpLo Bedpnua Tou xegohaiou, To onolo uac divel oyéoelg dalpeong Tne Td&ng Tne torsion
ouddoc By (K), avdhoya ue tov Um0 avaywyhc Tou €oule. TNV ouVEYELd Qopublouue
autd To Dedpnua otny Teplntwon 6mou To coduo K elval amhd xuBixd cdua apliundy xa
Tpoodlopilovue Ohec Tig Suvatég eAhelnTixég xaundies E xar 6o ta duvatd oduata K,
ue torsion oudda uia and autég mou uac eao@aAilel To Bedpnuo. XTo TEUTTO XUl TEAEU-
Tato xe@dhalo, mpoodiopilovue dhec Tic duvatéc torsion ouddec Ei,y(F), wiac ehhetmttixnic
xauniing B oplouévne oto Q, 6mou to oodua F elval 1 otouyetddng 2-aehiav enéxtaon
tov Q, F = Q(yz]z € Z). Anodewxviouue 6Tt n oudda Ey, (K) elvar nenepacuévn xot
éxet 31 duvatétnrec. To yeyovéc 6t 1) oudda Ejy, (K) elvar tenepacuév npoxUntel and

éva o yevixd Oedpnua to omolo anédellayv (aveldptnta) ot Serre xou Imai xou pior Thipn



anddelln autol unopel va det xavelc oto [Ril.
Téhog Oa Hleha va euyoplothion tov emBAérnovia KalOnyntd xaw Adoxard pou L'dvyn
Avtwviddr, o onolog ue Borfinoe va avoxohidhw Ty ouoppld Twv TEoBANUdTwy Tne Oewplog

ApBudyy, xabde xat yia tic tohdtiueg cuUPouAéc xal uTodellelg Tou.

HpoduAero 19.10.1995,

Bavdong A. Béoong



1 Tevixd nepl EAAELTTIXGV XAUTOADY

1.1 Ewcaywyr otig EAAELRTIXES XAUTOAES

Eotw E Y24+ 0 XY +o03Y = X3+ a,X2 + oy X + ag, omou o; € K, uta elhetntixd
XAUTOAT, TNy YevxT| Uoppt Tou Weierstrass, oplouévr oto ooua K. Me A Oa cuuPoiilouvue
NV dtaxplvousd Tng %ol UE j TNV amOAUTO avaAlholwTo auThg.

Av 1 yapaxtnplotixy) tou K elvar Stagopetiny tou 2, 161e Unopolue vo aTAOTOLCOUUE

NV Topamdvew e&lowoT), Xxdvovtoag Tov e€Ng UETAOY NUATLOUG:
Y — %(Y— X —az), xu Xm—X.
H e&loworn e xaumding yivetou
E:Y?=4X34 b0, X%+ 204X + b,

6mou ta b; € K Slvovton and Tic e€¥c oyéoelc:

o by = a? + 4ay,

e by =2a4 + aqa3,

® by = a% + 4ag.

Av TGpa xdVOUUE TOUC UETAOYNUATIOUOUC

o by = alag + 4asas — a1azaq + azai — a3,

o ¢, = b2 — 24b,,

o cs = b3 + 36boby — 216bg,
TOTE TPOXUTTEL OTL :

o A = —bibg — 8b3 — 27b2 + 9bybybs,

o j=ci/A.

Edxoha BAénel xavelc oTu:



o 4dbg = bybg — b3 xou 1728A = ¢} — 2
Av emmhéov 1 yapaxtnplotxh tou K, char(K) # 2,3 téte avixabiotdvroc
X —3b Y
0 X ué == xal 10 Y ue  —
36 216
eZagavioupe tov 6po X2 xal malpvouvue Ty anholotepn eilowon:

E:Y?=X3—27¢,X — 54dcs.

Yuvenog eldaue 6Tl dv 1o obua K elval yopaxtnelotixig Slapopetixnic Tou 2 xat Tou 3,

TOTE 1) EMAELTTIN xoUTUAY B ypdgetal otny heyouevr uxet| wopgpr Tou Weierstrass
E:Y?=X>+AX+B é6rmouv A,BeK.
Enlong 8Vo eMeintixéc xaundhes E xal E oplouéveg oto onua K,
E:Y’4+u XY +a3Y =X+ a. X2 +au X +ag  xo,
E:y? + dizy + ayy = 2° + aha® + ayx + a
Oa Aéyovtar auplopnta Lobuoppes, dtav undpyouy r,s,t,u € K xa u € K*, tétowa Gote :
X=v’z+r, Y=udy+suzr+t,

Enlong ta a; xou a}, i € {1,2,3,4,6} cuvdéovtow and tic axdroufec oyéoeic:

uay, = a1 +2s

w’a, = ay— sa; + 3r — s

3 1 _ 2t

u’a; = az+ra;+

Yo, = 2 t 3r? — 2st
u*ay = a4 — saz+2raz — (t+rs)ag + 3r° — 2s
ulaly, = ag+ras+riag+1® —taz —t* —rtay

Téhoc ta b;, bl

L ciy ¢ ot oL dtaxplvouoeg A A twv avtiotolywy xoutiley cuvdéovtal

and TS OYEOELC:

wb, = by +12r



U4b£1 = b4 + TbQ + 67”2
ulby = bg + 2rby + r2by + 41

ubby = bg + 3rbs + 3r°by + r°by + 31

4 1

uc, = ¢
6 1 .

uU'cg = Cg

u?A" = A

[ ula edhetmtoe xaunddn E opllovue we avarrolwto Tou Hasse v otabepd :
dp = —cy/cg  (mod K*Q), oty ¢y, c6 £ 0.
Anodewxvietal de 6t woylel ( [Kov], fedpnua 2.8, oeh. 22 ) :

IMeétaom 1.1 H arndiuty avarlolwtos j utac eAdeintixijc xauniine E xabopilet nAfjpwe
Y xaunUAn xdte and auplopntouc uetaoynuatiouolc tov K (adyeBouxd Oxn tou K).
Mdahiora doletody xar twv 6o avarloidrwy j xat Sg, n xaurnidn opiletar TAfpw¢ xdTw

and auplppntovs uetaoynuatiouols tou tdlov tov oduatos K.

YnueLdvouue OTL Eval amAd TaRddeELYUd aUplopnTOU UETACY NUATLOMOU, ElVaL O UETOO) M-
TLOUOC Amd TNV YEVIXT) Uop®T| oTny Ulxey| Loppr Tou Weierstrass mou eldoue mo moLy .

To cbvoho E(K) := {P = [z,y, 2] € Pa(K)/y*z = 23 + Azz? + B2*}, uall ue to e’
dretpo onueto O = [0, 1, 0] anoteholy afehiavi| tpochetix| oudda, ue oudETEpO GTOLYELD TO
0. Av K elvat éva alyePpixd oodua aptbudy, 16t Aoyw Tou Bewpruoatog Twv Mordell-Weil,

1 oudda auTy) elval TETEPUCUEVA ToEAYOUEVT,
E(K) = E(K)P Z'™

ue ouddo onueiwy nenepaouévne tdEne B (K) xal rank rx € INg ( [Av 2]) .

1.2 Yuvdptnorn tou Weierstrass xot mtoAvodvoua drolpeons

Oewpovue €va dxTuwtd L oto piyadind eninedo C, dnhadh ud ehedlepn ofeiiavy) oudda

dudotaone 2 unép To Z xol €0Tw w1, Wy Ula Bdon tou. Mia eleintind ouvdptnon f (g



Tpoc To duxTiwtd L ) elvan €€ optopol uia uepbuopn ouvdptnon tou C ue Ty emttiéov
Wibtnta e L-neprodixdtnrac, dnhadh f(z) = f(z + w), Yw € L.

Aueor ouvénela Tou oplouoy elval 4T 6Tay Ulo EAAELTTIXY) cuvdpTnom elvol ohduopen
(dev €yel méhoug), elval amapaltnta otabepd SLOTL we ouveyc ouVdpETNOY GTOY ULYadIXG
t6p0 C/L mov etvar cuunaytic, B elvar gpayuévn ouvdptnon xat dpo, Adyw neplodixdTnroc
otafepr (Oedpnua Liouville).

Opllouvue erntong we Beuehiddec TapaAAnhdypauuo Tou dXTUwToY L, T0 6Uvoho GAwY
TV oNuElwy a + t1w; + tawsy, 6oL To a avrixel 6to € xan 0 < ¢; < 1

Xwplc amodellelc avagépovue Ta TapaxdTtw Oewpruota :

Ocdpnua 1.2 Eotw P fOcucliddes napaddnrdypauuo tou dixtvwtod L xar éotw oti 1
eAdewntixy ovvdptnon f ( w¢ mpoc to L ) dev éyer néhovc oto alvopo tov P. Tére to

dbpotoua twv odoxAnpwtixdy uroloinwy tne f oto P elvar 0 .

Mépiopa 1.3 Kdfle eAdetntixsj ouvdptnon f éxel tovddyioto dUo mdlovg (uetpouuévwy

xat twv toAdarotitwy) otov tépo C/ L.

Ocdpnua 1.4 Yrobhérovue oti, dnws xar oto fedpnua 1.2, to P elvar éva Jeueiddeg
rapaAAnAdypauuo xar n ouvdptnon f dev éyet nérovs 1 piles oto olvopd tou. Av a; elvat
pilec 1j mbAot ¢ [ oto eowteptxd tou P xai edv n ovvdptnon [ éyer taln m; oto a;,

0te >.my; = 0.
Ocdpnua 1.5 Av ot urnobéoeic elvar dnwe xar oto edpnua 1.4, 16T 1oy Uel:
Z m;a; = OmodL.

O evdlapepduevog avayvedotne uropel va Beet Tic anodellel Twv Topandvew TEOTACEWY
oto [Lal, ogh. 3 —5.
Xapaxtnetotixd mapddelyua eEAELTTIXNS oLVAETNONS anoTelel 1) o -ouvdptnon Tou Weier-

strass
1 1

z—w)?  w?

z

6mou 1o dfpoloua Slatpéyel GAeC TG UN-UNdEVIXES TEPLOdOUS TOU SIXTUWTOY L = [0, ).
Xwplc anodellelg enlong avagpépovue T TapaxdTo WLOTNTES TN p-ouvdptnong Tou Weier-

strass ( [La], oeh 6 —10 ). H ouvdptnomn p ouyxhivel ouolbéuoppa ot ouUTayT) 6Uvolo Tou
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dev mepteyouv onueta Tou dixtuwtol L. Enlong n  elval dptia ouvdptnon, evéd 1 napdywyog

¢ elvan tepttt]. Eyel 8¢ oto 2 = 0, avdntuyua tng wopphc:
1
p(z) = 2 +3G42? + Ge2t + - -

XOL 1) TARAYWYOS TNS:
-2
p’(z) = 3 + 6G4Z + 20G623 + -,
z

6mou 1o G , dtvovtan and tig oyéoeic Gi(L) = G = 3,40 =~ Opllouye:
go = 60G4, gs = 140G6
H p-ouvdptnon tou Weierstrass uxavorolel tnv axéiouln Swapopuxn ellowon:

¢ (2)" = 49°(2) — g29(2) — gs-
Yuvende yivetal théov gavepd 6TL ta onuela (p(2), ©'(2)), elvar onuela tne eninedne xuBixic
AU TOANG
y* = 4a® — gou — g3

670U To TOAUGOYLUO Tou dellov uéhoug EyeL Staxplvouca
A(wr, 02) = A = g5 — 27g3 # 0.

Apo 1 mapandve xoumUAn elvor uto eARELTTIC] XaumOAn xaL 1 p-cuvdpTtnon Tou Weter-

strass v mopouetpllel Uéow Tou ( avahuTixol ) LooUopPLEUOY :
C/L-{0} — E(C) - {0}

2 (1, 0(2), ¢'(2)).
Y1y ouvéyeta Oa oploouue ta Tohudvuua Slalpeong xal Bo UEAETHOOLUE TS BLOTNTES
TOUC.
Av A elvar ofehiavy) tpocletint| oudda xa n évag Quoxds apliude ue A, Oo cLUBOAL-
Couue TNy uTooudda Twv otolyelwy u € A tétoln bote nu = 0.
Kot apyniv Ou anodeilovue 6t yia xdfe guowxd aplbud n > 1 undpyer eAhelntixd

oLVAETNOY fr, TETOLL OOTE :

(fa(2))* = n* [1(p(2) — p(u)),
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6mou to Ywluevo datpéyel 6ha to u € (C/L), , u # 0.

Hpdyuott :

[ n meptttd dhot oL tapdyovies Ha €youv molhamAdtnta 2, SLoTL oL dVo TLwég Fu dev
elvat LoodUvaues modulo L xar Slvouv, npogavde, tny i tuh, p(u) = p(—u).

[ n dpTio Ghot oL TapPdYOVTES TOU YLVOUEVOU EY0UV TOAATAOTNTA 2, EXTOS AUTOV YLd

Toug omoloug toylel 2u = 0 (mod L). Ipogavide, autol aviiotolyoly 6Tic TLUéC %, %,

w3

2 (w3 = 1 + g ) xat éyouy TodharAétnta 1. Ye autd ta onuela n ouvdptnon p — p(u)

éxet S plla xou toyver 6t ([Lal, oek. 10 )

(¢")? = 4]I(p — p(u)),

6mou To YLvéuEYO dlatpéyel ta onuela u tdine 2, u # 0. Apa to yvbuevo, [1(p(z) — p(u)),
6mou u € (C/L),, elvar Téheto teTpdywVO.
Enouévwce 1 cuvdptnom optouol tou f,(2)?, elvar téheo tetpdywvo. Mropolue Aoty

v dtahéZovue To mpdomnuo e fr(2), étol Gore:

n’—1

[ n mepitté f, = Po(p) , 6mou P, moAudvuuo Bafuod 5= xau
n2—1
fn=np 7 +
e /7 A VA 2_
T n dptio fr, = 20" Py(p), 6mou 10 P, elvon todudvuuo Babuod 222 xau
n ’ nZ-4
fa=g590 7+

Yuvendg oe xdfe neplntwon €yovue avdntuyua oTo onueio z = 0 TN Lop@nig

(_1)n+1n

fal2) = o T

AT, oTo avdrntuyua 6to 2 = 0 Tng p-ouvdptnone tou Weierstrass o npdtog 6pog elvol o

1 , / ’ -2 7 ’ 7 _ ! .
22 EVL TYNC O Elval 23 ETEO{J.EV(DC O TPWTOZ TOL AVATNTUYUATOC OTO 2 = 0 s fn , ELVOL:

]_ n2-1 n ,
n(—) 2z = oy YW TepiTTo,
2
n,,—2,, 1 n2-4 —n ,
(5)(;)(5 P o Yl noopuo,

dnhad? to {nroduevo.
Y1y ouveyela opllovue Yo xdbe puowxd aplbud n > 1 v elrc axoloubioa cuvapTH-
OEWV:

pn(2) = p(nz)



Ocodpnua 1.6 Ioyle

_ fn+1fn71

AnddelZn : Oo anodellouvue 6L N ouvdptnon p(nz) — p(z) (extéc TV onuelwy Tou

duxtuwtoY L ), éyel
1. méhoug axpBie ot pileg Tne (fn)Z, Ohec ue TNV dlar ToAamAdTNTA, 2.
2. pllec ota onuela z tétoln Gote nz = £2modL

[pdyuatt:

Kat’apyhv oe xdbe dixtuwtd L = [0y, ws] Tou C opllovue, extdc and v p-cuvdptnon
Tou Weierstrass xou tnv c-ouvdptnor tou Weierstrass wg egrig:

o)== I (1= D)esple/o+ 3 (=/0))).
©EL,0#0

[ty o-cuvdptnon tou Weierstrass, eivar yvootd 6tL €yel pilec molanhétnrog 1 ota
onuela tou dixtvwtod L ( [Lal, oek. 19 ).

Ou 6 xou p-ouvapthioels Tou Welerstrass ouvdéovtar and tny axdroudn oyéon ([Lal,

Bedpnua 6.2, oel. 23):

ola _ _olz+a)o(z —a) weC - .
p(Z) p( ) - (0(2))2(0 a )2 ) € C L ( )

H ouvdpton p(z) — p(nz) éxet téroug ( extdc Twv onuelwy tou dixtuwtol ) ot onuela
Yo T omola toyet nz =0 (mod L), dSnhadh axppdc oe autd ta u 6mou n f2 éxel pilec
Taine 2.

Eivow mpogavéc étu ta onuela yia to omolo Loyler nz = £z (mod L) elvan pilec tng
ouvaptnone p(z) — p(nz). Emnhéov dhec autéc ot pilec éyouv molanidtnra 1. [a va to

dovue autod og Oécouye:

onoTE:

YUVETOS EAY nz = tzmodL, t61Te :

¢'(2) = ng'(+2) — ¢'(2) = +ng'(2) — ©'(2) = (n - 1)¢'(2) #0,
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dtoTL n # 1. Apa 1 ouvdptnon:
falpn — p)
fn-i-lfn—l ’

! 7 7 ! 7 / / / ’ 4 /
elvarl eAAeLmTiey) xa dev €yel plleg fj tdhoug exTdg amd To onueia Tou dixTuwTtol L. Enouévoc

N Topandve cuvdpetnon elvat otabepr| . Eyel 8¢ 610 0 avdntuyua tou onolou o TpdhToC 6p0C

elvat:
Ay
(m+1)(n—-1) '
Apa mpdyuarti:
On = N fn-l—l];n—l‘ 9

Me v Borfewa tou Bewpruatog 1.6 Oo utohoyloouue TNV GUVEYELX TNV EXPEICT TOV
fn ooy TOALGYLUA TN P-cuVdpTnong Tou Weierstrass yio Uixpég TyES Tou n. I'ia Tov oxond
uac autod B ypnotuonolfioouvue v e€ic oyéon ( [Lal, oeh. 13 ):

1 pIl
()%

— 90+ — (X
2 @‘1‘4@,

Ouwg napaywyllovtag v Swagopxt e&lowon tng ouvdptnone tou Weierstrass, €youue:

1

//:6 2 - .
o © 292

Yuvddlovtac autéc Tic 000 OYETELS, EYOUUE:
oy = o 9~ 30 = 3030 — 3593
()2

Ané Toug TONOUC TV f,, TPOXUTTEL AUéonC OTL:

f1 =1 Kol f2 = pl

Ané 1o Oedpnuo 1.6 €yovue po — 1 = —(K{%. Apa:

3 1
— 34— 20,02 — 3 2
fs=3p 5926 939 ~ 169

Avdhoya, ue v Borfeia Tou Bewpruatog 1.6 xaL tou 7 Oewpruatog tpdcleons 7 tne p-

ouvdptnong tou Weierstrass ( [Lal, oeh. 10 — 13 ), unopel xavelc vo anodellel dtu:

1 5 !
fi=39/49" = 5920" = 20059" = 1026 — 92059 = 203+ 1592)

Loy el To axdrovbo Bedpnua :
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Ocodpnua 1.7 Eotw m > n. Tote :

fm+1fm71f2 - fn+1fm71f31 - fm+nfmfn-

Anddelln 1 Adyw tou Oewprjuatog 1.6 éyouue :

Jot1fn- Jms1fm—
@_@n:% pdeds @_@m:%- ApO(Z
ik fin

On — Pm = fm+1fm71f73 B fn+1fn71f31

n m .
fnts

Enouévwe apxel va anodeiovue oti:
. _ fm-l—nfm—n

Pn = Pm = f2£2

Hopatnpolue 6TL 1 GLUVAETNON O — ©n , E)EL pllec oTa onuela u Tétoln GOoTE:
mu = +nu #0 (mod L)

xat pudhiota pe tohhanhotnta 1 (Aoyw tne oyéone (x)). Ouws ol 6UVAPTAGELS fr, fm, OEV
éyouv pllec oe autd to uw SLOTL ToL onuelor nu, mu dev elvon toodVvaua ue 0 modulo L.

Enouévoc to onuela v tétowa dote mu = £nu Z0  (mod L) etvon pilec tng ouvdptnong:

fn-l—lfn—lffn - fm+1fm_1f§.

And v dhAn mhevpd OUWS N CUVEETNOTN fotn fmn EYEL AXEBOS aUTd Ta u S pllES, EVH
N OUVAEINGT fri1fa1fr — fmi1fm—1[2 €xeL TOhouc ubvo ota ornueta Tou dixtvwtoy L.

LUVETHOS 1) CUVAPTNOT)
fm+nfmfn
fn+1fn71f31 - fm+1fm71f¢%

elval otabepr). Eyel de 0710 2 = 0 avdntuyua Tou onolou o TpOTOS Hpog elval

(m+n)(m —n) _
(n+1)(n—1)m?— (m+1)(m — 1)n? '

Apa mpdyuarti:
fm+1fm71f2 - fnflfnJrlfz - fm+nfmfn- 2

Yoy eldixr] TEPLTTMON, XAVOUUE TOUS UETUOY NUATLOUOUC:
(m—n+1, n—n) xu (m—n+l, n—n-—1),
xoL malpvouue Tto axdroubo:
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Ocdpnua 1.8 ['a xdlbe puoixd apifuc n > 1, toyvovy ot eéijc ayéoeig :
font1 = fasafs = friifa1,
@Ion = fn(fn—l—Zfr%—l - fn—2f7%+1)'

O¢Touye:

1 1 1
X = p, Y::§g)', = =70, b::—Zgg

om6Te TalpvoLUE EAAELTTLIXY XaUTUAY oTNY Wixper] wopgt| Tou Weierstrass :
Y? =X+ aX +b.

And Ty Topandyve avTiXaTdoTooT) TEOXUTTEL AUECKS OTL OL GUVAPTAHCELS [y elval TOAUGVLUA

v uetaBintdy X, Y. Ot tinol g oeidog 8, ypdgovtol:
=1 f,=2Y, f3=3X*"4+6aX?+120X — a2,
fi=4Y (X% 4+ 5aX* + 206X> — 5a*X? — 4abX — 8b* — a®).
BAérouue howmdy amd ta mapandve 6Tyl n = 1,2, 3,4 unopovue vo ypddouue:
fn = Po(X), v n teptttod xou

fn=2YP,(X), v n dotio

6mou ta P, elvar mohudvuua ue cuvteleotéc and tov daxtiio Zla,b, X|. Autd oylet
v x&be puowd aplbud n. o va 1o dodue Ba mpémelr xat’ apyny, ue v Borbela Tou

Oewpruatog 1.8, va anodellouue Toug mapaxdTw avadpoulxols TUToUC:
3 3 4 7
Pori1 = fony1 = PooPy) — Py 1 P16 | yio n mepLtto

Popy1 = font1 = =16Y " PyyoPy — Py Py, v n dptio,
Py, = Py(Pyy2Pl_y — Py 5P )

XUl GTNY GUYEYELN VO YPNOLUOTOAo0LUE uabnuatixn etaywyy. Ou anodel&ouue Tov TEGOTO

amd toug teelc TUToug. Ouola anodelxviovtal xaL ot dAlol 8Vo.
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Av o n elval meptttdc , T6TE 0 N+ 2 elvan emlong mepLtToC eved oL n+ 1 xaw n — 1 elvon

dptiot. Apa:

P2n+1 - f2n+1 = fn+2f7§’ - fg+1fn71 - P2n+2P3 - (QYPn+2)32YPn717

dnhad? to {nroduevo.

Ac ypddouue 4, (X,Y) = fn, v %8s guowd aplud n xou oc oploouue, enttiéoy,
Go == 0 xot ¢y, :== —¢,, (n € N). Me v Borfela TV Topandve avadpouxdy Tinwy,
uTopoUUE Vo UTohoyloouue Tov otabepd 6po Tou TOALLVIUOU b, 1(X). Buyxexptuéva Ha
anodel&ouue 6TL Loy UeL:

Gon41(0) = (—1)”a”2+” , av b=0.
pdyuatt :
Gont1 = font1 = Popy1, ool 2n+1 nepittodc.

YUVETOC :

bont1(0) = Pony1(0).

Avtixafiotdvrag duwe X = 0 xaw b = 0, 1 eZloworn tou Weierstrass Y2 = X? 4+ aX + b
uac dtvet 6t xor Y = 0.

Apa and Toug Tapandve avadpoutxoUs TUTOUS EYOUUE:
Goni1(0) = Poy2(0)P2(0) , yio n mepitté |

Pan+1(0) = —PSH(O)Pn,l(O) , Yl n dptio .

Eotw 611 0 guowdcg aplbude n elvan meptttog, n = 2X + 1, A € IN. Zuveyilovue tdpa tnv

anodelln enaywyd wg npdc A. Eotw A = 0, dnhadh n = 1. Tore:
$3(0) = P3(0)P}(0) = £3(0)f1(0).
Ouwc fi=1, f3=3X"+6aX?+ 120X — a®. Anhadh:
03(0) = —a® = (=1)'a”*!,  oyleL

Eoto tdpa 61L Loyvel To {NToduevo yia 60U TOUS PuUOLXOUEC TOUS ULXPOTEPOUS TOU .

AgoV o n elvol tepLttoc €netol 6T

¢2n+1(0) = Pn+2(0)P3(0)-
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Enlong npogavde toyveL:
Pn+2(0) = fn+2(0) = q)n-l-Q(O)'
Ouowa P, (0) = §,(0). Hpogavde n+2 = 2(A+1)+1. Enouévec unopolue va epapubcouue

NV emaywyw) unébeon i To G = Yorg1, Uny2 = Gapagry41- Eyovue
Gon+1(0) = Gort1y41(0) = Gnr2(0)2(0) = (—1))‘a3)‘2+3)‘(—1))‘“@(”1)2“)‘“)
= (-l)2n+1(0) — (_1)2x+1a3x2+3x+(x+1)2+x+1
= ¢2n+1(0) — (_l)na4x2+fn+2 _ (_l)nan2+n‘

Apa v n meptttd Loylel o {nroduevo . Ouota doulevouue Yo 1 dpTLo.
To nopaxdtw Bedpnua cuvodilel Tny SouAeld Tou €youue xdvel UEYPL TOPA GTA TOAUKD-

vuua Salpeong:
Ocdenua 1.9 Eotw P = (z,y), onuelo ¢ eAdeintixrc xauniine

E:Y?’=X34+aX +b. Opilovue tic eéijc ouvaptiioeig:

(Pn(l') = 374)721 - ¢n+1¢n—1,
dyw, = ¢n+2q’i—1 - (PR—QL!)?L-H'
Tore:
1. nP = (i—g, $—§)
2. Ta g, , b, vian teptttd xa q;_Z yian dptio elvar todvdvuua tou Zla, b, x]. MdAtota
toyvet:

On(z) = 2" + -, ue owvteheots ueyiotofabulov dpou 1.
Erione 2 (z) = n2a™ "' + .-+, ue ouvredeotsf ueyiorofalbuiov dpouv n?.

3. Télog ta y 'w, yian nepittd, xau w, yia n dotio elvar roAvdvuua tou Saxturiov

Zla,b, x|, ue ovvredeaty ueytotofabuiov dpov 1.

Anddeln :
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1. Adyw Tou YVwoToU 1oouoppLouoy o onolog tapaueTpllel TNV EAAELTTIXT Xouriin E
éxovue P = (z,y) = (p(2), ¢'(2)), yia xdnowo z € C/L. T héyoug anhdtnroc
eyxatalelnovue ota TopaxdTw TNV mopductpo z. H mpdtn ocuviotdhoa tou onueiou

nP elvat:

Jn1fn1 1¥n-1
z(nP) = p, = —n+f72n éx(nP):x—%.
Oa unohoyicouue xou Ty deltepn ouviothow, y(nP) tou onuelov nP. EZ opiouol
€Y OVUE:
ol — ol
4y

Apo oe ouvdlaoud ue Tov TUTO Yo TO fa, ( Bedpnua 1.8 ) toydeL:

Wnp

Wp q)2n

b2

Ly ouvéyela Ha anodellouue otu:

[pdyuatt, AMyw tne oyéoewc (x) tne oehldog 7, toylel 1 oyéon:

o(z+u)o(z—u)
p(2) —p(u) _  “o2e(w?

Z—U Z—U

v xdfe z € C,u € C — L. Enouévoc:

o(z4u)o(z—u)

¢ (u) = — lim —22 (1 ) - (lim 210

o(z —u)
Z2—U Z — U Z2—U Z — U Z2—U G(Z)2G(U)2

),

edv Befalog undpyouv Ta bpla. Ou anodeilovue 6TL TpdyuaTL LTdeyouy. Eyouue:

lim o(z +u) :c(2u)
=uo(z)?o(u)?  ofu)t

u)

Enlong lim,_,, o) — 1 bt omb Tov oploud tng o-cuvdptnong tou Weierstrass,

€Y OVUE:
o(z — u) z—u z—u 1 z—u,
bt e/ 1— -
U - e (),

wEL,w#0

10 omolo cuyxiivel oTo 1, dtay to 2 telvel oto u. Apa Loyvel To {nToduevo.
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Anodewxvieta 6t ([Fo], tpdtaon 2.3, oeh. 15) :

D) = (—1yrr 20

o(u)"
Apa :
pl(nu) = _G(QTLU,) — _ % — L!)Zn(u)
of(nu) (2t ()

YUVETHOC EYOVUE :

- q)2n(u) _ Yn

o)

. To ¢y, = fu = Pu(p) yia n meptttd elvor mohudvuuo touv Zlz, a, b], Babuod

y(nP) = ¢ (nu)

n2-1
2

Xl
ue ouvteheoth) Tou ueylotoPafutou bpou n?. Tdpa Yo T0 @, TaEATHEOVUE OTL AV O
n elvat meptttég ToTE 0L N+ 1, n — 1 elvon dpTiol, xou dpa:

n+1
(-l)n+1 - 9 plpn+1(p)7

(n+1)?—

/ /. 4 4 /7
6mou 10 P11 (p) moludvuuo Babuol 55— xaL uola :

n—1
L!)nfl — 9 plpnfl(p)a

(n—1)2—4
2

6mouv to P,_1 , elvon Bafuot . Enouévwg:

/

Upt1Pn_1 = (n2 — 1)(%)2Pn+1(@)Pn—1(@)-

Ouwcg oyveL otL:
/

%:y2:x3+ax+b,
dnhadn to % elvo Tohudvuuo Babuol 3 wg tpog = xat To Yvouevo P, i1 (p)Po-1(p),
elvar Babuo, ("+12)274 + (”712)2’4 = n? — 3. Sovende 10 Youevo G, b, 1 elvar

TohuGvUUo Bafuol n? —3+3 = n? wg tpog x. Apa To @, elvar ToAuGVLUO Babuos n?
xa avixel Tpogavds otov daxtiio Z|x,a, b]. Ocov agopd Tdpa TV GLVTEAEGTY| TOU
ueytotoBabutou dpou tou @, tapatneolue To eZhc : Ta tohudvuua Y2, xar Gpp1n_1,
3 3 ’ 7 2 2 ’ 7

€youv ouvteleoTég ueylotoPabuiov 6pou n” xou n® — 1 avtiotoiya. Enouéveg to

TOAUGOYLUO:
— )2
on(T) = 2y, — Ynt1dn-1,
éyeL ouvteheoth| ueylotoBalulou dpou n? — (n? —1) = 1 . Kutd eviehdc duolo tpbmo

Souevouue xat yio o G /2y, Y 0p, Wy 2
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Téhoc o embuevo Oedpnua uog divel Tig axdlouvleg WiLdTnTeg datpeong tou Cassels :

Ocdpnua 1.10 1. Eotw dtt 0 2° elvar n ueyaditepn uvaun tov 2 mov Satpel Tov n.
Téte 0 2% elvar o uéyiotog xowvds Stapétne twv ouvteleotdv tou Y2 (z,a,b).

2. Ayn =2, tdte :

2

2—25q)i = " -1 4 h($),
érov to h(z) elvar moAvdvuuo tou Zlx,a,b] Babuod uixpdtepov and n* — 1, wc mpoc

X.

3. Avn =p°, drov o p évar nEPITTOC MPATOC , TOTE TO TOAVGYUUO

Qo
gps (flf) = q)Qp 17
P

avixer otov Z|x,a,b], ue ovvtedeoth ueyiotofabuiov dpov p* xar ouvteleotéc mpd-
Touc uetaél Touc.
Anddeln :
1. Eotw 61t 0 n elvon mepittoc , dnhadt| s = 0. Tote, onwe eldape mo unpootd, 1 Uy
e otabepdc oto §,(0), yia b = 0, uac diver  £1. Anhady) o todudvuuo Gy, (z, a,b

yet éva 6po e ouvtereoT £1 xaL GUVETHS €youue To {nToduevo.
EZetdlovue tdpa L yiveTtaw yio n dptio. Oétovue n = 2k, k € IN.
Enedy) g = 2y, ouvendyeton 6TL 1) mpdTaon woylel yia k=1, n=2.

Yuveyllovue emaywywd. Eotw 6t woyler to {ntoduevo yia dhoug Toug dpTloug
uxpbTEpoUS Tou 1 = 2k. Oa arnodelfouue 6Tt 0 2%% elvon 1 ueyahUtepn dUvaun Tou

Srapel to 3. Katapydc yio xdbe k quowd, oylel bop = 20wy, SioTt

9ok = Gr(brrabi_1 — Yr 20i11), Aoy Tou Bewpiuatoc 1.8

1 1
Enouévwe oy = Eq)xélyo)k = 2—Ll)k4yo>k, AoYw Tou Dewpruatoc 1.9
Y

Anhadi:
G, = 2.
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Ermouévoc:
2 412,.2
bar = 4oy,
T k mepLTT6, 0 UEYLOTOS x0LVAC dLotpétng TV cuvTereoTdY Tou ) elvan 1. Eniniéoy,

Aoy Tou Oewpriuatog 1.9
op = (Y or)? y? = (v or)? - (2° + az +b) € Z[r,a,b).

XL 0 UEYLOTOS XOLVGS DLUPETNS T®V GUVTEAEGTMY Tou ToAuwViUoU i elvar 1. Apa
n veyahUteen dUvaun Tou 2 mou Slatpel ToV UEYLOTO %0V SLLRETN TWY GUVTEAECGTOV

Tou 3, Yo k mepLtto elvar 22 = 4, bnwe axpBde {nrolcaye.

Do k dpTio, 0 UéYLoToC x0LvhS BloLpéTne TwY GUVTEAEGTOY TOU TOANUWYLLOL Wi, elva
1, Myw Tou 3 tou Oewpruatoc 1.9. Emniéov and tnv undbeon tne ualnuatixhc
ETAYWYNS TEoXUTTEL OTL €dv 0 2% elvon 1 ueyalltepn SUvaun Tou 2 mou dlopel Tov
n = 2k, dhadh o 2571 elvar n yeyahdtepn dlvaur tou 2 mou doupel tov k, tHTE O
22671 glvar 1 ueyahdtepn SOvaun Tou 2 Tou Slaupel Tov UEYLOTO XOWVE BlatpéTh TwY
ouvteheotGy Tou P2, Emouévac o 22 - 2267Y elvar 1 ueyoddtepn S0vaun tou 2 mou
Sratpel TOV UEYLOTO x0LVH dLapéTn TwY BUYTEAEGTGHY Tou b2, Apa LoyleL To {nToluevo

v xé0e Quoxd aplud k, dnhady) yia dhoug Toug dptioug n = 2k, k € IN.
. Auté elvar anhi epapuoyn Tou fewpruatog 1.9 yio n = 2°.
. Téhoc éotw n = p°, 6Tov o p elvar TepLttdc TEGOTOC. ToTe, €€ 0pLou0y €youue:
dps (@) = p* [[(0(2) = p(u),  (z=p(2))
6mou to Yvbuevo datpéyel Gha to u tou avixouy oto (C/L),s. Enlong:
o (@) =" [(0(2) = p(u)),

OTIOV TO YLVOUEVO dtatpéyel Ghal o u Tov avixouy 6To (C/L) 1. Apa dtopdvtag To

b2 (2), ue to P2, (x), éxouue
gp () = p* [[(9(2) = p(u)),

6mov 10 u € (C/L)ps — (C/L)ps—1 xan t0 yvduevo elvar to tohudvuuo tou o, P, (p)

UE OUVTEAEOTES Ao TO Z.
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Apa mpdyuatt To gps(x) elvar ToAvdvLUO Tou Z |, a,b], ue ouvteheoty| ueytotoBab-
ulou dpou p2.

Enlong o ouvteheotéc TOU gps (z) elvar mpdtoL petall toug, SLOTL 0 UEYLOTOC XOLVOC
Sl TNS TWY GUYTEREGTAY TWY TOAWYOULY Pps (), Dps—1(x) elvon 1 ( AMoyw Tou 1
ToU TaPdVTOC Bewpriuatoc ) xat etouévwe and to Afuua tou Gauss To (dlo Ha Loy vet

XaL ylor To TNAXOV Toug Tou Elval TO gps (). 2
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2  Tumuxég ouddeg

Y10 xe@dioio avtd R Oa cuuforilel évay un-tetpluuévo avtiuetabetind daxTOAO Ue Uo-

vadialo otolyeto 1 € R.

2.1 Opiopotl - IdLétnTeg

Optouds 2.1 Mia (uovorapauetpuxt, avruetalbetixs) tumxy oudda F, optouévn otoy
daxtidio R, elvar wia tumxi Suvauooepd F(X,Y) € R[[X,Y]], ue ti¢c tbidrnree:

1. F(X,Y)=X+Y+G(X,Y), dnov n G(X,Y) € R[[X,Y]] xat anoteAeltar and dpoug
Babuoi (w¢ mpoc X xar' Y ) ueyadirepov 1 loov tou 2.

9. F(X,F(Y,Z)) = F(F(X,Y), Z).
3. F(X,Y) = F(Y, X).
4. Yrdpyer povadixr tumoe Suvauooeipd  i(T) € R[[T]], téroia dote F(T,i(T)) = 0.
5. F(X,0)= X, F(0,Y) =Y
H F Qo Aéyertaw évag tumxds vouog ouddos tne F.

[apatneroeic :

1. Kot apyhyv woydet: F(0,0) = 0 ( Moyw tne wiétntoac 1 tou optouot ). Luvende o
duvauooepéc F(X, F(Y,Z)), xau F(F(X,Y), Z), tnec Wdidtnrac 2 Tou optopoy, elvat

xah& optouévec TuTxéc duvapooelpéc Tou daxtuiiov R[[X,Y, Z]].

2. Eoto M = XR[[X,Y]]. Av f,g € M, opilovue (f o g)(X) := f(g(X)). Téte to0
1Beddegc M, yivetal ToAamAoGLaGTLXT NULOUEda Ue Tedln Ty o, xau 1 Suvauooelpd
X elvan to wovadiato otolyelo Tne nuouddac, dnhadh X o f = fo X = f. Enouévnc
eav fog=go f =X, énou f,g € M, t61e Ypdouue f =g ' xar g= f~L

Adppa 2.2 Av a € R* xau f(T) € R[[T]], térow dote f(T) = aT + ---, tdte undpyet
povaduxy Suvauooeipd g(T') € R[[T]] tétota dote f(g(T)) = T. Emrnréov ioyver g(f(T)) =
T.
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An6deln : Oua xataoxeuvdoovue axoloubio Tolueviuwy ¢,(T) € R[T], tétowa dote:
f(gn(T)) = TmodT™ ", v gni1 = gu(T)modT" .

Oa deifouue 6Tt T0 bpLo limy, o gn(T), undpyer xau eav Béoovue ¢(T) = lim, o0 gn(T),
mpogavee oylel 6t f(g(T)) = T. Kévouue enaywyy ent tou n. Ta n = 1, opllovue
g1(T) := a™'T. To ¢,(T) enarnfeder v oyéon f(g1(T)) = TmodT?. Eoctw 61t oylel
oyVel n undleorn tng valbnuotixrc emaywyng, Snhadh OTL €YOUVUE XATAOXEVACEL TO GTOL-
¥eto gn—1(T). E€etdlovue av undpyet A € R, €100 Gote 1 ¢u(T) = gn_1(T) + AT™, va

weavorolel Ty {ntoduevn WioTnTA:
F(gn(T) = f(gn 1(T) +AT™) = f(gn 1(T)) + aXT"modT™ ! = T 4+ bT" + aXT"modT™**

v xdmolo b € R, Moy tng undbeong tng uabnuatuaic enaywyrc. Apxel hoimdy va ndpouue
A= =2 10 onolo elvar otoyelo Tou R, 86t a € R*. Etol eZacgoaiilovue v Unapin
duvauooepdc g(T') € R[[T]], tétowc dote f(g(T)) = T. Emnhéov epapudloviac o g
oto f(g9(T)) = T, éyouue g(f(9(T))) = g(T), To onolo elvor tautéTATA 6TOV SAXTOALO
R[lg(T)]]. Zvverde g(f(T)) =T

Téhoc av unobéoouue 6TL undpyer h(T') € R[[T]], tétowo dote f(h(T)) =T, téte:

9(T) = g(f(M(T))) = (g o )(WT)) = MT),

Tou uog amodewxviel Ty wovadxotnta tou ¢(T). 2
Y1y ouvéyela xdvovtag Yenon tou AMjuuatog 2.2 umopolue vo armodelouvue 6TL, oL

WiotnTeg 1 xat 2 tou oplouoy, divouy Tic WLOTATES 4 xat 5. Anodewxviovue v WibTNnTA 4.

Ilpétaoy 2.3 Eotw F(X,Y) € R[[X,Y]] n onola vrobétovue dte nhnpol tic ididrnrec 1
xar 2 tou optopoy 2.1. Tére undpyet uovaduey duvauoocepd i(X) € R[[X]], téroia dote

F(X,i(X)) = F(i(X),X) = 0.

AnddelZn @ Oewpolue ty cuvauocepd G(X,Y) =X — F(X,Y), tou mpogavie dev
et otalepd bpo. Av bewphoouue Ty G(X,Y), wc duvauooepd ubvo tou Y, Ue ouvte-

Aeotéc and tov daxtUho R[[X]], tote 1 Suvapooepd gx (V) = G(X,Y) € (R[[X]])[[Y]],
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elvar g wopyiic gx(Y) =aY +---, 6mov a = —1 € R[[X]]*. Yuvendc unopolue vo eqop-

u6couue 1o Muua 2.2 . Yrdpyer howndy duvauooeipd ix(Y) € (R[[X]])[[Y]] térora dote

gx(ix(Y)) =Y. Opillovue i(X,Y) :=ix(Y) € R[[X,Y]]. Téte:

Enouévoc otov Saxtiho R[[T]], émou T := X =Y éyouue 0 = F(T,i(T,T)). ©étouue

i(T) = i(T,T) xav ouvendc éyovue amodellel v Unapln Suvauooepds i(T) € R[[T]],

tétoac wote F(T,i(T)) = 0. Evtiehde duowa anodewvietar ot F(i(T),T) = 0.
Anodewviouue téhoc undpyet uovadixh duvauooetpd i(T) € R[[T]] tétowa dote F(T,i(T)) =

F(i(T),T) = 0. Av unoféoouue btL undpyel xou devtepn duvapooepd j(T) € R[[T]], tétow
wote F(j(T),T)=F(T,j(T)) =0, t6te:

i((T) = F(E(T, §(T)),uT)) = F((T), F(T,u(T))) = i(T)-2

Hapadelyuata :

1. H tumxy mpooletixr) oudda, nou cuuBoiileton e G,. Alvetal and Tov Tumxd vouo

ouddac F(X,Y)=X+Y.

2. H tumur) tohhanhaciaotiny oudda ,tou cuuBoAiletol ue Gpp,. Alvetol and Tov Tumxd

vouo ouddac FI(X,Y) =X +Y + XY.

Optowés 2.4 Fotw (F,F) xat (G,G), 8vo tumixéc ouddec opiouévec otov daxtirio R.
Ouopopypiousc tme F otnv G, elvar ula Suvauoocepd f(T) € T - R[[T]], téroia dote
F(F(X,Y)) = G(f(X), f(Y)). Ot tumixéc ouddec (F,F), (G,G) a Aéyovrar toduopyec
avy 3g:G — F, ououopypiouds tumxdy ouddwy, tétows dote f(g(T)) = g(f(T)) =T.

Opwoués 2.5 Eotw (F, F), ula tunuxlf oudda. Opilovue enaywyixd tov elic ououopyt-
ous:

m|]: F — F, vyiaxdfe m € Z, w¢ e&ic:
OI(T) =0, [m+1(T) = F([m|(T),T), [m—1|(T)= F([m|(T),i(T)).
Etxola enahnfedetar ( emaywywxd ) 6tL elvar ououop@Louds xat AEYETal omelxévion

TOAATAQOLAGUOY UE M.
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IMpbraoy 2.6 Eotw F ula tumxij oudda optouévy otov Saxtiiio R xar m € Z. Tore:
1. [m|(T) =mT + (dpot ueyarvrepouv falbuol ) .
2. Ay m € R*, tdte n anewxdvion moAdariactaouol ue m, elvor LoOUOpPLOUDS.
Anddeln :

1. Kat’ apyfv Oewpolue tnv nepintwor étou m > 0 xou anodeixviouue to {NToduevo
eTAYwYWd wg tpoc m. Ipdyuatt, yia m = 0 éyouvue [0](T) = 0. Eotw 61t toylel 1o

{ntovuevo Yo Tov Quolxd aplbud m. Enouévoc:

[m+ 1)(T) = F(Im|(T),T) = [m](T) + T + (épot ueyaritepou Babuol)
=mT + T + 6poL peyahitepou Pabuot = (m + 1)T + (6polL ueyaritepou Pabuov).
Anhadt) toy et yia xdfe m > 0. Av tdpa m < 0, 16Te YENoLWUOTOLOVUE TNV TAVTOTNHTA:

0=F(T,i(T)) =T +i(T) + (6pol ueyaritepou Pabuov),

and tny onola éneton 61t i(T) = —T + (6potL ueyohitepou Babuov), xa epopudlovue

ETAYWYY) YL TO —M.

2. Ay m € R*, t61e 10 YeYOVOS 6TL 0 [m] elvan Loopopploude elval dUeoT) GUVETELL TOU

1 xau Tou AMjuuatog 2.2. 2

2.2 H tumuxy opdda ptag eEAAELRTIXNG XoUUTOANG
Eotw ula ehhewntinr xaunvin E, ue e¢lowon Weierstrass:
Ey? +ayzy + asy = 2 + ap2® + a4 + ag,a; € R.

Kdvouue tov e€fic uetaoynuatiousd:

T 1
Zi=——, wi= ——.
Y Y
Anodh) = z/w xar y = —1/w. O yetaoynuatiopndc autde UaC UETAPEREL TO ET’ GTELPO

onuelo e xaundine E, oty apyi tov afévey (0,0). H eZlowon tne E o ouvtetayuéveg

(z,w), elvav:
w = 2° + ajzw + ag 2w + azw? + agzw? + agw® = f(z,w)

24



P =2 (a1 24a02?) [P+ (a2 4+ap 2w+ -]

— w = 2’ +(a12+ax 2w+ (a3 +as2)w? +agw
=2+ 12" + (a] + a9)2” + (a3 + 2a109 + a3)2° + - = 22 (1 + Az + Ag2” + -+ ),
6mou A, € Zlay,- - -, ag]. Exgpdoaue dnhadh to w we duvauooelpd tou z. Ou anodel&ouue

6TL auth 1 Suvaooelpd ouyxhivel xabdc enlong ot w(z) = f(z, w(z)).

OplCouue enaywywd v e&hc axolovlia TOALGYOUWY:

filz,w) = f(z,w),  fori(z,w) = flz, f(z,w)).

Tére natpvouue ooy w(z) = limy, 00 frm (2, 0), xaL eTouévoc apxel va anodel&ouue 6Tt autd

T0 6plo €yeL vonua otov Saxtiho Zlai, aq, - - -, ag[[2]].
IMpétaon 2.7 1. H mapandve Stadixacia opiler ouyxAivovoa Suvauoocipd:

w(z) =2* (14 A1z + Az’ + ) € Zlay, as, - -+, ag)[[2]]
2. Hw(z), elvar n povaduxyj Suvauooeipd mou tAnpol tyy w(z) = f(z, w(z)).

[ Ty anddelln e napandve tpétaong, yeetalduaote to Aduua tou Hensel ( oe ulo

o YEWXT Lop@H )

Adppa 2.8 Eotw R Saxtiiioc mAfpne we mpoc xdrow 1deddec tou I, xar éotw F(w) €
R[w]. Av vroféoovue 61t t0 otoryelo a € R, ixavorowel ( yia xdrowy axépaton > 1 ), ¢
oyéoeic F(a) € I xat F'(a) € R*. Téte yia xdfe o € R, této10 dote a = F'(a)modl,

n axolovlia :
F(wy,)
o

Wy = A, Wm+1 = Wy, —
ovyxAiver oe otolyeio b € R, tétowo dorte:

Fb)=0 xa b=amodl".

Av udhiota o R elvar axepala nepoyr) téte o napandve ouvliixes opilovy éva uovadixd

b.

AnddelZn : [ Av 1] ( 2ty mpayUaTixdTnTo TEOXELTOL Ylot ULl amd TS LOPYES TOU

alybpetBuou tou Newton ). 2
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[poywpolue thpa 6Tny anddellrn tne npdtaong 2.7:

AnddelZn e mpdraone 2.7 : Egupudlovue to Muua 2.8 ywo R == Zlay, as, - -+, ag)[[2]],

I:=(2),a:=0,a:=—1xu F(w) =: f(2,w) —w. [Hpdyuatt :
P(0) = £(,0) — 0 = f(2,0) € I*

F'(0) = f'(z,w)|p=0— 1= =14 agz + -,

TOL TPOYAVKS elval Yovdda tou R. Exlong:

wyg =a=0,Wyni1 = Wy —
— F(wo) = F(a) = F(0) = f(z,0),
F(wm) = f(Zawm) - Wy — F(wm) + Wy, = f(z,wm) = f(z, fm(Z,O)) = wm+12

Exqpdlovye ta x,y o< SuvoUoCELpES TOU 2 ¢

z 1 a

x(z):w(z) :;—;—ag—agz—(a4+a1a3)22—---,
-1 1 aq (03]
y(Z):w(z) :—;—i—?+;+a3+(a4+a1a3)z+---,

6oL oL GUYTEAEOTEC TwY avanTtuyudtwy Laurent tov z(z), y(z) €xouv ouvteheotéc and tov
daxtiho Zlay, ag, - -, ag)-

Y

To Zevydpt (x(2),y(2),) poc diver ula 7 tumxr 7 Aon e eglowone tou Weierstrass,

n omolo avixel 070 odUA TNAIX®Y Tou SaxTuAlou TV TUTIXOY duvauocelp®Y. BOo uro-

7 ”

povooue va mpoomabricouue vo 7 mapdyouvue 7 onueta e edentiic xaunvine E/K,
nalpvovtac éva otoyelo z € K xou xottdlovtoag to Ceuydpl (x(z),y(2)). Enewd) duwe ot
z(2), y(z) elvan drelpec oelpéc dev éyouy mdvta vonua. Otay duwe to adua K elvar TAfpes
TOTXO OOUA, KOS TEOS Ulol Slaxplt) extiunom v, ue daxtiilo axepatlwy R, uéyloto 3eddeg
M xou oL ouvteheotéc ne ellowone Tou Weierstrass tne E, a;, elval otouyeta Tou Saxtu-
AMou R, t6te oL Suvapooelpéc z(2), y(z) anoxtoly vémua xor uyxiivouy divovtac onuelo
(z(2),y(2)) e enhetntinfic xauniing E. Etot howndv xataoxevdletor xatd guotohoyixd
TEOTO 1) EUPUTEVOT):

M E(K).
H ewdva tng anexdviong ¢, etvar 6ha ta onuela (z,y) € E(K), tétowa Gote zy~' € M.
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Eotw 21, zo aveldptnrec uetafhntéc xoaw w; = w(z), yw ¢ = 1,2. Téte oto (w, 2)-
eninedo 1 evbela Tou ouvdéer ta ((TTumxd ) onuela (wy, z1), (we, 22) ExeL xhiomn:

Wo — W G
A=Az, 2) = ————=3"2""L ¢ Zlay, a9, - - -, ag][[21, 22]].
Z9 — R n=3 Z9 — 21

Ynuetdvovue udiiota 6Tt To A Bev €yel olte otalepd, olte mpwtoBdbulo bpo. Erlong
optlouye:

vi=wv(21,2) = wy — A2y € Zlay, ag, - -, ag)[[21, 22]].
Téte 1) evbela mou tepvd and to onueta (wy, 21), (wa, 22) €xet ellowon w = Az + v. Avti-
xabotdvtac otny elowon tou Weierstrass, matpvouue €va xuBixd toludvuuo wg mpoc 2,
oL €yel wg pllec Tou Ta 21, 29. Eotw 23, 1 tpltn Tou plla. Tdte 10 23 unopel va exppoaoctel
©¢ SUVAUOGELRY TWV 21, 22 :

A\ + as\? — agv — 2a4\V — 3ag\’v
1+ ag A + as A% + ag\3

23 = 23(21,22) = —21 — 22 + ,

10 omtolo avixeL 6ToV BAXTUALO TV TUTXGY SUVOUOCELOY Z(ay, as, - - -, as[[21, 22]]. Ent-
TAéov MOY® Tou vouoL ouddoc tne eAketntixiic xauniing E, to onuela (w;, z;), 1 = 1,2,3
afpollovtal oo en’ dnewo onuelo e xauniine O. Xto (x,y)-eninedo to avtibeto tou
onuelou (z,y), elvan To onuelo (x, —y — a1z — az). Luvende to avtibeto Tou onuelou (z, w),
o éyel z-ouvtetayuévn (z = —z/y ):

z(2) 272 —apz7t— -

() = y(z) + ma(z) +as  —2 0+ 2z 2+ - € Zla, az, -, a2

Auty) n oyéon uog dlvel Tov TUTXS YOUO ouddac:
F(z1,2) = i(23(21, 22)) = 21+ 20—y —ag (229 + 2125 ) —+ -+ € Zlay, ag, - - -, ag)[[21, 22]],

xal emohnfevel TLC WBLOTNTES 0pLoUOY TNS TUTLXNAC OUAdUC.

2.3 Opddeg eMLOUVATTOUEVES OE TUTLXES OUADES

Mio Tumxy) oudda, elvon amhd €vog vouog ouddog. Av 6uws o daxtiiiog R elvan Tomxde xat
Thheng SaxTUALOS, oL eav oL UETABANTES Talpvouy TLWES amd TO UOVAdIXO UEYLOTO LOEDDES
Tou R, té1E 1) SuVOOGELRY 0pLEUOY TNE TUTLXHS ouddag, cuyxhivel. Yto emdueva Oa elvou:

R TAdeng Tomxde SaxTUALOC,
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M To UEYLOTO WeMdEC Tou R,

K T0 odua Thixwy R/M,

F ulor Tumer oudda optouévn otov R, ue tumixd vouo ouddac F(X,Y).
Optouds 2.9 Opilovue emtovvantéuevn oudda tne tumixic ouddas F /R, to olvolo M,
ue mpdln mpdoleons:

x@fy:F(x,y), %?JGM
xar QvTLoTEOPou:
oz =i(z), =zyeM.
Ty ovuPorilovue ue F(M).
Kaf’ buolo tpéno, av m > 1, opillouue tny urnooudda tne F (M), F(M™), tne onolag

T0 6Uvolo oplouoy elvat o M".

[Mapathenon : To yeyovéc 61l o R elvar mAfipng Tomixdg SaxtUAOS GUVERAYETAL OTL OL

duvauooelpéc F(x,y) xau i(z), ovyxhivouy 6tav z,y € M. Enouévecs ta aliduata optouol
e TUTXfc ouddog Sivouv dour ouddoc oty F (M), xau Sour| utoouddog oty F(M™).

[opadelyuata :

1. H npoobetinh oudda Go(M), elvar 1o atvoro (M, +) epodocuévo ue ™y ouvn-
Oiouévn mpdln mpdobeonc oto M. Enouévwe 1 mapaxdtew axohoubia mpoohHetixdy

ouddwy elvar axpBhc:
0— GoM) —R—K—0
2. H molamhaoiaotixd, oudda G, (M), elvor 1 oudda tov 1-uovédwy ( 1+ M ), ue

Y ouvniouévn Tedln toAlarhactacuol. Ouota AoLTOY €YOUUE THY TURUXATK ULXET

axpLBr) axohoubior TOMATAACLAGTIXGDY 0UdSWY:
0 — Gn(M) — R* — K* — 0
3. Eotw E, n tumd oudda e elewmtixic xauniine F/K, émou K elvar to obua

TNAixwy Tou daxtuiiou R. Onwe yvwpilouue ol Suvauooelpéc x(z), y(z), opillovy Ty

ATEXOVLOT:

M — E(K)
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2 (2(2),y(2))
1 omola endyel ououoppioud e ouddwy e E(M) oty E(K). Anodeucvietan ud-
Aoto OTL 1) TopaxdTe axohoulior elval axplBrg:

0— E(M) — E(K) — E(K) — 0

av 1 xounihn E, 6rou €€ optopot elvar n E modulo M, elvar un-Siéuopen. Stny
YA®ooo tng Oewplog avaywyhc otnv omolo Ou avagepholue extevds oto embuevo
xepdhano, To yeyovée autd onualver 6t 1 E(M) elvar o muphvac e amexéviong

ALY wYNS.
IMpbtaom 2.10 1. ['a xdfe n > 1, n anetxdvion:
f(Mn)/f(MnJrl) N Mn/Mn+1

TOU ENAYETAL ATO TNV TAUTOTIXY AMEXOYION oTA avTloToLYa oUvoda, elval Loouopy!-

OUOS OUAOWY.

2. Eotw p n yapaxthpiot tou oduatoc K. Téte xdfe onuelo nemepaouévyc tdéne

¢ ouddoc F(M) éyet taén Svvaun tou mpdrou aptbuol p.
Anddeln :

1. Aol ta avtioTolyo cVvola elvon (oo, apxel va arodelouue 6TL 1) TAPATEVE ATEXS-

7

vion elval YoppLoudc ouddwy. Ac mdpouvue otolyela x,y € M™. Tote:

1@y =F(z,y)=c+y+---=x+y modM"
Tou amodelxvlel To {nrolduevo.

2. Ac mdpouue otowyelo © € F(M), 14&€nc m € IN. Av 1oAamhaoldoovue T0 T UE
XA TIAANAY dUvoun Tou p, elval @oavepd OTL apxel va anodellovue 6Tl dev LTdEYOULY
un-undevixd onuelo memepacuévne tdéng, we Taln mpdtn meog Tov p. Koat’ apyrv
o daxtihioc R elvar doxtVloc tne Noether. Oo amodellouvue enaywywxd 6t x €
F(M™), yio x&0e puoxd apfud n xou etouévws, hoyw tou fewpriuatog tou Krull ([B-

I-V], oeh. 65) énetar 61t & = 0. EE unobéoewc x € F(M). Apa 1 toylet to {ntoduevo
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e n = 1. Eotw 61 z € F(M™). H eixédva tou z, & € F(M")/F (M), éyel 14En
mou diapettan and tov m. And Ty AN Thevpd duwe N oudda F(M™)/F(M™H)
€yeL onuela mou 1 Td&n Toug Statpeltol UGVO Ue p, SLOTL elval Loduopgn Ue TNV oudda
M/ ML Enouévae T = 0, dnhadf x € F(M"). Apa z € F(M") yio xébe

puoxd aplhud n. 2
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3  EMewntinés xopunOAeS 0OpLOUEVES
OE TOTXA GOUATA

Ye auto 1o xeqpdhato Ha uehetiooLUE TNV OUAdY TWV PNTAOY ONUELLY ULIC EANAELTTIXNC X0l
unVAng E optouévng oe Tomixd oduo opliudy ue x0plo oxond tny oY WY1 CUUTEQUCUATY
Yoo Tig WLOTNTES TV oNUelwY TEnepacuévne Taine tne . Yto mopaxdte Oa xpathcouue
TovV ax6iovbo cuufoiloud:

K, : tomxd odua aplBudy mhipec o¢ mpog uia Slaxptty extiunon v,

R : o Saxtihog Ty axepaiwy tou K, R = {z € K,/u(z) > 0},

R* : 1 oudda twv wovddwv tou R, R* = {x € K,/u(z) = 0},

P, : to uéyioto Wdeddec tou R, P, = {z € K,/u(z) > 0},

T 1 0 Yevitopag tou P, P, = R,
K, : o oGuo vtololtwy tou R, K, = R/P,.

Enionc unofétouue 6tL n extiunon u elvar xavovixonotnuévn, dnhadf u(m) = 1. Kdvouue
udhiota Ty obuBaon u(0) = co. Téhog unobétouue 6t ta K, xau K, elvan téhela obuata

(dnhadh xdbe alyeBpixt| Toug enéxtaoy elvar Swrywplown ).

3.1 EAdyiota poviéda tou Weierstrass

Eotw E ehlewmtixd xaundin oplouévn oto ooua K, xol €0Tw:
Y24+ a XY +a3Y = X34+ 0o X2 4+ ay X + ag
utd egloworn tou Weierstrass ywa tnv E. Kdvouue tov uetaoynuatious:
(X,Y) = (u?X,u %), (u€K})

mou uac divel e¢lowomn tou Weierstrass ue cuvteAeoTég u'a; (a; — uiai). SUVETOS SLaAEYO-
vtog u € K mou va Stonpeltal and apxetd peydirn ddvaurn tou T xataifyovue ot eZlowor
tou Weierstrass ue ouvteheotéc otov daxtiho R. Téte duwc u(A) > 0 xou €@’ boov 1 U
elval dtaxplth extiunorn unopoVue vo avalnTRooVUE UOVTENO ENAELTTIXHC XaunUANG B ue

dtaxplvouoa U(A) ”"6oo To duvatd uxer”.
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Opwoués 3.1 Eotw E/K, uia eAdewntixy xaunidy. Mia eéiowon tou Weierstrass tnc E
Ba Aéyetan eddyioty we mpoc v Béon v drav n U(A) elvar eddyiotny vrd Ty mpoundleon

otl aq, a9, a3, a4, ag € R.

I1d¢ unopolue dume va ehéylovue av ulo doouévn ellowor tou Weierstrass elvo ehd-
xLotn; Katapyiv 6ha ta a; mpénel va avrixouv otov daxtihio R xol edixdétepa A € R. Av
n e€lowon dev elval eAdylotn, T6TE UTdEYEL AUPlENTH AAAXYT) CUVTETAYUEVKDY ToU Blvel Slo-
xplvovoa A" = u™2A € R. Brérnouue howrdy 6t 1) draxptvousa adhdlel ubvo xatd Priuata
Tou 12. Yuvende av a; € R xou U(A) uxpdtepo tou 12 téte 7 eliowon elvar eldyiot.

’ A A § /I _ .6
OHOL(})C APOL C4 = U €4 XA Cg = U

C, EYOVUE OTL GV a; € R %o ¢q UxpbTERO TOU 4,
ce UxpdTERO TOL 6, TOTE 1) e€lowon elvan eNdylotn. Mdhiota €dv 1 YapaxTnELOTIXY TOU
oouatog K, elvar dlapopetinr) Tov 2 xar 3 TOTE Loy el Xl TO avTioTEOPOo. XNUELOVOLUE
emlong GTL yior Tuydy Tomxd odua K, undpyet évag alybptBuoc tou Tate ( [Ta | ), nou pag

Tpoodlopllel av uia eélowon Tou Weierstrass elvat eAdyto.

[apdderyua : Eotw 1 eAleimtied xaumdin:
E:Y?+ XY =X*+1

Yrohoyilovue: ¢4 = b2 — 24by, by = a? + 4as = 1, by = 2a4 + ajaz = 0 xo dpa cqg = 1.
Yuvende vy xdfe Héon v woylel u(cs) = u(l) = 0, To omolo elvar uxpdtepo Tou 4. Apa 1

ellowon e E elvar ehdytotn,.

Ilpétaoy 3.2 1. Kdbe erhewntixsf xaunvin E/K, éyet ua eddyioty eélowon tou Weier-

strass.

2. Mia eddyioty elowon tou Weierstrass elvar uovadixij, xdtw and aupipntovs ueta-
OYNUATLOUOUS TNG UOPPNS:
r=ur'+r y=uy +usz’ +t,
omov u € R* xat r,s,t € R.
Anddeln :

1. Elvaw mpogavég 6t mévta urnopolue va Bpovue ula e&loworn tou Weierstrass ue a; € R

ol U(A), 660 T0 duvatdy uLxpd, dLOTL N extiunon v elval Staxplth.
) )
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2. Eotw 611 1 doouévn edlowor elvat o eAdytotn woppy xoL €0Tw OTL Xal 1) XoUTOAN
TOL TEOXUTTEL ATd TNV apyXn, UEoW aAlayhg ouvTeTayuévwy, elval enlong eAdytoTy.
Téte u(A) = v(A'). Ouwe A = u"A’ xou enopévoc u € R*. Exlong Moyo tng
oyéonc (Keg. 1, oeh. 2) mou pac exppdlel 1o by ouvapthoel tou bg ( avtiotolya To
b} cuvapthoel Tou by ), BAérovue 6Tt To 4r® ((avtlotouya 3rt ), avixel ooy daxtiho
R. Yuvende r € R. Ouota 1 oyéon mou exppdlel T0 ay, GUVAPTAOEL TOU @y Uog dive
6t s € R xou téhog 1 oyéon nou exppedlel TO ag, CUVIPTAGEL TOU Gg UAC OLVeL OTL

teR. 2

3.2  Avoaywy?h modulo 7

Ocwpolue TNV QUOLXY| TEOBOAA:
R — R/7R

tst=t+7R

Eyovtag Aowmdy pia ehhelntinn xaunvin E ue ouvteheotéc and tov daxtiilo R, unopolue
va avdyouue tToug ouvteleotéc tng modulo 7. H xaundin mtou mpoxintel E elvor oplouévn
oto ooua K, xou AMyetar n avnyuévn e apyweic modulo m. H avnyuévn xourdhn elva

mhavdv va Eyel Wlopoppiec.

Opiouds 3.3 1. Oa Aéue o1t n E éyet xadij avaywyri (1 stable ) ndvew and to odua
K, aw 5 E elvar un-tdiduoppn.

2. Oa Aéue 6t n E éyer noddandaciaotixi (1 semistable ) avaywyrd ndve arnd to
obua K, av n E Eyet bouopyia moldardaciactixod tinov ( xdufoc ). Xe auvtiy
™y mepintwon n avaywyry fou Aéyetar Staywoilouévn ( split multiplicative ), 1§ un-
Staywptlouévy avddoya ue to av ot xAiceic twy epantouévwy cvlfetdy otov xoufo

avijxouy oto odua K, 1 oyt

3. Oa Aéue ot n E éyet mpooletixi (1§ unstable ) avaywyr ndvw and to K, avy E

Eyet bouopypla mpooletixol timov (axida )

Eotw thpa P € E(K,). Téte unopolue va Ppolue ouoyevels ouvtetayuéves P =

(%0, Yo, 20]s %o, Yo, 20 € R, Tét0lEC GOTE TOUAAYLOTO éVaL b b T T, Yo, 20 VO AVHXEL GTO
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R*. Yuvende 1o avaybuevo onuelo P = [, o, %], avixer oty E(K,). Opilouue Snhadh
TNV ATEXOVLOT) VALY WY

E(K,) — E(K,)
P P

Enuetdvouue 8 6TL 1 avnyuévn xaurihn E uropel va elvor 8éuopgn. I'vwpilovue duwg
oTL oe %dBe meplntworn To GUVorO TV UN-WLOUoPYWY oNuelwy TS Tou To cuuPohilovue

E,s(K,) amotehel oudda ( [Si 1], npbraon 2.5 ) Opilouue ta e&fc unostvora e E(K,) :
EV(K,):={P € E(K,)/P € E,(K,)}
EW(K,):={P € F(K,)/P = O}.

Aré tov opoud e n EQ(K,) elvar t0 odvoho twv onueiov g E ue un-dibpopen ava-

yovh evd n EW(K,) elvar 0 Tuphvag T aneévons avayoync.
IMpbtaom 3.4 Eyovue tnv eijc uixpr axpBn axolovbia:
0 — EW(K,) — EO(K,)) — E,,(K,) — 0,
omou n TolTn xatd ocipd ancixovion elvar ) aneixévion avaywyrys modulo .

An6den : O vbuog ouddos, 1600 oty E(K,), 660 xa. oty En(K,), oplletar, nolp-
vovtac TV Tour TNne xauniing ue eubelec Tou mpoohuxoy emimédou, P?. Enedr| 1 anewxdion
avaywyhic P2(K,) — P?(K,) anewovilel eubelec oe eubeleg, ouvendyeta 6t n BO(K,)
elvan oudda xau 1 amexévion EO(K,) — E,(K,), elvar ououoppioudc ouddwy. Em-
mhéov n EW(K,), elvor oudda, diétt elvar o muphvag tne arexéviong avaywyhc. Hpogavic
EW(K,) € EO(K,) (3.6t t0 O dev elvar Wibuoppo onueio e E ). Enouévwg éyouue
axplBela oty mpdtn Oéon. Enlone n axpiBeia otnv deldtepr Oéon npoxintel amd 1o yeyovoc
6t EW(K,) elvar o muphvag Tne amewévione avayoyhe. Mével howrdy va arnodelouue Ty
axplBewa oty teheutaia Béom, dnhadh 6T N anewdvion avaywyic EO(K,) — E,(K,)
elval enl, yeyovog mou Oa mpoxddel and to Ajuua Tou Hensel xou and tnv mhnpdtnta Tou
oouatog K.

2

Eotw f(z,y) = y® + a12y + asy — 2° — apx? — aux — ag = 0 xan f(z,y) to aviiotowyo

tohudvuuo avnyuévo modulo m. AoBévroc onuetov P = (o,B) € En(K,), éxouue 6t
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2—5(15) # 0, elte 2—5(15) # 0. YrnoBétouue, ywplc meploploud e yevxotntog, 6t Loyvel
%(15) # 0. Awdéyouue yp € R tétolo dote §y = P xa eetdlouvue v ellowon f(x, yo).
Kdvovtag avaywy? modulo 7 napatnpolue 6tL 1 avnyuévn ellowon €yel 1o o wg amhy
olZa, dubTL 1 uepwd mapdywyoc e f we mpoc & oo onueto (o, 7o) dev etvan 0. Apa ané
t0 Muua tou Hensel 3z € R tétoo dote Ty = a xav f(xg,y0) = 0. Apa 10 onueio

P = (z0,10) € EO(K,) avéyetar oto P. 2

3.3 7 - adwd pilTtpa

Eotw F : Y? = X% + AX + B elewntinf| xounihn, Ue cuvieheotéc and 10 odua K.
Xwplc meptoptoud tne yevixdtntag unopovue va unobécovue 61t A, B € R. ¥xondg authc
TNC Tapayed@ou elval 1 UEAETY TOU TUPHVAL TNS ATELXOVLONC AVAYWYTC.

O muprvac e anewxdviong avaywyhc elvol To oUvoho Ty onuelwy tne E tou areixo-
vilovtaw oo O, dnadi elvan to onueto O pall ue ta onueta (z,y) € B(K,) tétow dote
z,y € R. Hpdyuatt av éva and ta z,y avixel otov R 161 %ot ta 3Yo Oo avixouy otov R.
Yuvende ypdwovtac to P = (z,y) ot opoyevelc ouvtetayuévee P = [z,y, 1] 6nov 2,y € R
o avdyovtag to onuelo P modulo 7 naipvouue P = [#,7, 1] # O, Snhadh xatalhyouue
ot dtomo.

Av z,y &€ R ( dnhadf| 1o onuelo P = (x,y) aviAxel 6Tov TUpHva TNC AMEXOVLONC avaL-
Yoyhc ), T6te N ultrametric avieétnta dtver [Jy||* = ||z||* ( 6mou 1 || - || elvon n uetpueh
mou TpoxUrTeL and v extiunon v ). Ernouévec ||z|| = ¢, |ly|| = &, émouv ¢ > 1, xo

n Quoxo6S apliudc. Autéy Tov guoxd aplud n tov ovoudlovue eninedo avaywYRg Tou

onuetov P = (z,y).
H axélovbn npdtaocm ouvdéel tny Bewpla avaywnync, ue Ty Bewpla Twv TUTIXGY 0UddWY

EMELTTIXOV XAUTOAWY:

Ilpétaoy 3.5 Eotw E/K, eAdeintixy xaunvdn Soouévy oe eddyioty uopyr tou Weier-
strass. Eotw de EJR 5 avtlotouyy tumof oudda e xaunidne E xar w(z) € R[] p

avtiotolyn duvauooelpd (dec Key. 2, oeA. 22). Téte n anexdvion:

E(rR) — EW(K,)

I\
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elvat toouopyioudc ouddwy (dmov to z =0 arewxoviletar oto en’ drewpo onueio O ).

An6deln 1 And v Bewpla TV TUTXGY 0uddwY eEMReltTXG)Y xaurihwy ( Kegpdlolo
2 ) yvwpilouue 6L t0 onuelo (z/w(z), —1/w(2)), wavoroel v e&lowon e xoUmvANG
E. Ernlong n duvapooepd w(z) = z*(1 + --), ouyxhivel Vz € mR. Enouévec to onuelo
(z/w(z), —1/w(z)) avixer oty ouddo E(K,) 6tav z € TR, xou epboov v(—1/w(z)) =

—3u(2), 10 ev hoYw onuelo aviixel oty oudda EW(K,). Apa n arexévion:

E(rR) — EW(K,)

2ot
w(z)” w(z)

ZH( )7

elval xahdS oplouévn. Emmhéov ool o tumixde vouog ouddac otny E npoxintel and Tov
vouo ouddag g xaunving E, elval mpogavég 6Tl 1 Tapamdvew anexévion elval ououop@L-

7 7

ouée. Elvar 8¢ xar uovouoppioude, diétt w(z) = 0, ubvo étav z = 0. Anouével homdv va
anodel&ovue 6T elvan el

Eotw onueto (z,y) € EW(K,). Suverde to (7,y) avdyetor modulo m 670 an’ drelpo
onueto ™e xauriine E xaw dpa u(x) < 0, u(y) < 0 xou 3u(z) = 2u(y) = —6n, émou n To

eninedo tou onuelov (z,y). Enouévwc z/y € TR, Snhadf n anewxdvion:

EW(K,) — E(zR)

s
(l‘,y) = ——
Y

7

elvar xahde oplouévn. Mdtota elval uovouopplouds (ue to (8o axplBic oxentixd dnuc

\

%ol TPONYOUUEVLS ). Anhadh ot atewxovicelc:
E(rR) — EW(K,) — E(nR)

elval uovouopglouol, xal 1 alvbeor| Toug elvat 1 TautéTnTa. Apa elval toouopgiouotl. 2

Eotw tdpa N > 1. Oewpolue TOV UETAOY NUATIOUO:
Xy =7X, Yy =Y,
H e&lowon tne xaumding uetaoynuatiletar og e€hc:
Ey:YE=Xy+a"AXy + 7B,
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Kdévouue avaywyrn modulo 7 xol xatadfyouue otny t8LOU0pQY XoUTOAY:

Ey:Y2=X3}.

7 7

[opatnpotue 61t av éva onuelo P = (x,y) € E(K,) anewoviletar 670 WBLouoppo onuelo

\

(0,0) avv 0 eninedd Tou elvar uixpdtepo tou N. Hpdyuatt to onuelo (x,y) anewxoviletat

3k

070 (0,0) aw 7|zx, Yy, Srhadh avw on = ur? yy = u'n, émov u,u’ € R* xau k > 1

2N

vowxée aplhude. Toodvvaua tote, 2N = un?® ym3N = u/73% xou autd ouuBalvel ToHTE X
\ Y Y

2(k—N) 3(k—N

uévo tOTE OTAV T = UT Yy =u'm ). Ouwe 7,y & R xot dpa to k elvar auotned
ulxpdtepo Tou N.

Enionc av to onueio P = (x,y) avixel 6Tov Tuphiva TN ametxovians ovaywyhs Téte 1o
eninedd tou elvar yeyalitepo tou N (1 anddelZn yivetar xatd duoto tpbdno ).

Téhog amodewvieTar 6L 1 oudda Twy un Wibuoppey onuelwy e xaumiine Ey elvau 1

rpoobetueh opdda Tou oduatos K, & L ([Si 1], npdraon 2.5 )

Oedpnua 3.6 Av ue EW) guuBolicovue to ovvoro twv onuelov tne E ue eniredo ueya-

Mtepo 7 oo tou N, téte 00 EN) elvar afediavéc ouddec xar 1oyder:
E>EQOSELD 5. .. W) 5.

xou udhiota o apAixa BN JENTY yig N > 1 elvar evlféa yivéueva xuxhixdy ouddwy

Tdéewe p.

Am6deiln : Kat’ apyhv oL eyxhelopol eivor tpovaveic. Atodeuxviouue tdpa 61t on EXY)

elval ouddec.

Kdvouue tov petaoynuotioud t = ¢, s = i TOL WO UETAPEREL TO €T’ dnelpo onuelo O

oty apyh v aévey (0,0).
Y1ic véec ouvtetayuévee ta oivoha EMY) unopodv va yapaxtnpiotodv ©g 1o 6Uvora Twv

2 3N

Zeuyov (s,t) tétow Gote V|, w3V |s |, St av x = ur 2, y = /73N | bmov u, u' € R,

téte t = LN xaw s = L3,
u (7

H eZlowon e xauniine E oe ouvtetayuéves (s, t), elvat:

s =t3 + As’t + Bs®.
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Av Py = (t1, 51), P2 = (to, s2) elvaw onuelo tne véag xauniing, toTe:

59— 51 = (t5 — 13) + A(s3ty — s°t,) + B(s5 — s2).

$2—81

Av howroy 1y # ta, T0TE M xhlon g evbeloc s = at + 0,  a = P, Tou diEpyeTaL amd T

onueta Pr, Py, elvow

a = (t7 + tito +t3) + Ass + Aty (so + 51)a + Ba(ss + 5159 + 57)

3+ tity + 13 + As3

—— q =
1 — A(sy + s9)t; — B(s3 + s159 + 57)

xau dpa 2N |a.

Av P; = (t3, s3) elvar 1o tpito onueio toudc tne evbelac s = at + B, ue Ty xounvin £,

ToTE T 11, 9, t3 elvar oL Moelg g elowong:

at +03 =t + A(at +P)*t + B(at +p)* = 0 = t*(1 + Ba® + Aa®) + t*(2AaB + 3Ba*p) + - - -

2AapB + 3Ba’p
1+ Ba3 + Aa?’

=1+l + 13 =—

O mopovouaothic Tou xAdouatoc avixel Tpogavds otov R* ( diétt a, A, B € R). Erlonc
apol B = s; — aty ouverdyetar 61t w3 ouverde TN [t + ty + t3.

Av howrdv TN [ty ty, ToTe TV|t3, TOU AUTH onuatvel 6TL Py = (t3,83) € EWN). Apa oL
EW) elvar mpdyuatt ouddec (tpowavie afehavéc).

Oéhouue Téhog va amodelfouue 61 ot ouddec EW) /ENHY givar yivouevo xuxhixdy
ouddwy tdéne p. Heplopilovue xatopyhy TNy Lehétn vog oe p-adixd oduata. Ao arnodel-
Zouue 6TL oe auTd To oopata oyvel 6t N 14N e BN /EWHY eivoy p. Oewpodue Tic
elrc anexovioelc:

E© — Ny pV) /p(N+1)
(z,y) = Nz, p*Ny) — Nz, p*Ny) + EOHD

mou elva xau ot 8o enl. Yuvernde n anewévion E© —s EM) /EOFY elyay enl xan éyel

rponavde muphva Ty oudda B, Eropévac:
E(N)/E(N+1) o E(O)/E(l) ~F.

omou 1 teheutala Loouoppla toylel AoYw Tng tpdTaomg 3.4 .
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Emmhéov agol n avayoyh elval ntpochetixol tinov, éyovue 6t ([Si 1], oeh. 61):
Evs 2 (Z,|0Z,)" = (Z/pZ)"
Apa 1 T6En tne ouddoc ., elvat p.

Ecetdlouue tdpa v yivetal ot menepacuéveg enextdoec Tou Q,, K. Eyouue:
EN /EWNH) =~ | oo (K7,

Ouwc (K, : Z/pZ) = f ( o BabBude adpavelog tou deddouc TR ). Suvende to odua K,

7

elvat Lobuopwo ue f 7 avtlypaga 7 tou nenepacuévou oduatos Z/pZ. Apa mpdyuatt N

EW) JENHD glyar yivduevo xuxhixdy ouddwy téEng p. 2

IMpétaom 3.7 Eotw p npdroc apifuds xar m € N, guowde apifudsc térotog dote, o m

va elval mpotog npog tov p. Tote:
1. H oudda EW(K,) dev éyer onuela tdénc m.

2. Ay n avpyuévn xaumUAn elvar un-1diduopyn T0TE N ATELXOVION AVAYWYNC TEQLOPL-
ouévn oty vrooudda twv onuelwy e E(K,) twv onolwy n tdén dapeitar ue m,

E(K,)[m], elvar 1 — 1.
Anddeln :

1. Eoww P = (z,y) € E(K,) onuelo té&nc m. Téte z,y € R do6T av x,y ¢ R, t61€ T0
onuelo P = (z,y), Bo aviixe o xdnolo and ta enineda avaywyhc. LUVETHS unopolue
va unobéocouue 61t P € EN) | oddd P ¢ ENHY. Auté onuaiver 6Tt to P elvon un-
undevixd otoryeto tne ouddoc EWN)/EWFY yai dou éyel 14Zn p. Autd buwg elvar
dromo dotL (m,p) = 1. Apa to onuelo P éyel axépaec ouvtetayuévee z,y € R.
Ouwc 1 oudda EM mepiéyel onueta mou oL ouvtetayuévec Toug dev elvar axépatec.

Apa mpdypatt n B Sev nepiéyel onuela té&ng m.

Enlong ula dhin anddelln unopel va dobel yenoiuonoidvtac tny fewpla v TUTIXGOY

ouddwy. Eyouvue tny wixen axpi3) axoiouvbio:

0 — EV(K,) — EO(K,)) — E(K,) — 0.
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Ouwc E(rR) = EW(K,), ((anb tny npdtaoy 3.5 ) 6mou E elvar 1 Tumxd oudda mou
avtloTolyel oty ehhelntiny) xouniin E. Emniéov 7 E(?TR) dev €yeL UN-TETPLUUEVA

onuela té&nc m, ( Aoyw e mpdtaonc 2.10) xa dpa toylel To {ntoluevo.
2. Eyouue mdvta tny uwxpr| axpBr) ahohoubio:
0 — EW(K,) — EO(K,) — Epy(K,) — 0

Otav buwe n avnyuévn xaurvin etvar un Wibuopen téte EO(K,) = E(K,) xa

E,(K,) = E(K,). Suvende oyvet:
E(K,) = E(K,)/EW(K,).

Agot bunc 1 oudda EW(K,) Sev mepiéyel onueta t84Enc mpdtng mpog Tov p éyouue

T0 {nroduevo. 2

Kotd v anodewxtixny diadixacio tng mponyoluevng tpotaong eldaue 6TL av €va onueio
P = (z,y) woc eMewnuxfc xaunvine E/K, éyel td&n m ue (m,p) = 1, t61e z,y € R.
Yo mopaxdte Bo mpoonaffcovue va araviioouvue oto eChc epdTuo: Ti ouuPaivel oty

teplntwon 6nou (m, p) # 1;
Ilpbvaoy 3.8 H anewxdvion:
EWM/EGN) 5 7NR/mNR
P — t(P)
elvat 1oouopPLoONGS OUAOWY.

An6deln : Kdvovrag tov petaoynuatioud t = I, s 1= é, yYvwpilovue 6Tl av To ornueio
P = (z,y) € EWN) t61e 7V|t, 73V|s. Av pdhiota P, = (t1,51), Py = (t2,52), P3 = (13, 53)
elvar onuela tne mpoxUntoucas xaunvine oto (t, s)-eninedo, mou va Beloxovtal otny (Sla
euBelo, t6te: t + ty + t3 = Omodm®V R.

Oewpolue TMPA TLC ATMELXOVIGELS:
EM) — 7R — 7VR/7mNR
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P=(x,y) — t(P) = g — t(P) + ™V R.

Mopatneotue 6t 1 amewodxévion EN) — aVNR/mN R éyer muphva v oudda BN,
Arodeifaue dnhadh 6t n anewévon BN /ECN) 5 aVNR /7N R elvar 1 — 1.

Erniong énwg yvwpilovue and tny Oewpla TwV TUTXGOY 0USSWY EARELTTIXOY XOUTOAWY
dobévtoc t € TR, xataoxevdlovtan duvauooelpéc x(t), y(t), ol onolec (Sedouévou 6L To
odua K, elval mhipec wg mpog Ty Slaxplth extiunon v ) ouYXAlvouy xat GUVETHS dlvouy
onuelo P = (z(t), y(t)) otny ehhewntix| xaundhn E. Luvende n anewxdvion P — t(P) elvon
entl. Apa €yovue v {ntoduevn Lcouoppla. 2

IMoeropa 3.9 Eotw dtt o m dtaipel Tov mpdto aptbud p. Tote dev vndpyet onuelo meme-

paouévns tdéne otny E(N), N > 1, ue taén m, mpdty mpdc tov p.

Anédeiln : Eotw P = (z,y) € EMN) — BN+ 24Znc m, énou (m,p) = 1. Téte and v
am6delln tou Bewphuatog 3.8, éyouue t(2P) = 2¢(P) (mod 7°N R). Enouévec t(mP) =
mt(P) =0 (mod 7V R). Yuverndc mt(P) € N R. Ouwc 1o deddec ™V R, elvar Tpw-
Tebov Weddec (dec [A-M], oeh. 50 — 58 ), di6tt rad(m®MR) = 7R (ue rad(A) ouvufoli-
Zovye to pllxd evig Weddoug A) xaL apol m ¢ TR, ouverndyetar 61t t(P) € N R. Apa

P € EGN), nou elvan drono. 2

IT6piopa 3.10 Eotw m fetixds axépaioc, m Syt dvvaun mpdrov. Av P = (z,y) xou

ord(P)=m , téte z € R.

Am6deiln : Eoto 6tz € R. Téte P € EM) yio xdnowov guoxd apifué N > 1. Eotw
de m = ["ngy Yo xdnotoug Quoxols aplbuoic [, n, ng Tétoloug Gote o | va uny Slonpel Tov
no xoL o m va uny danpetl tov [ otov R. Téte 1o onuelo ngP # O xou 1 td&n tou elval
[". Ouwg ot I™ xau 7 elvar mpdtol uetald touc. Atomo, Aoyw tou moplouatog 3.9. Apa

medyuatt z € R. 2

IMépiopa 3.11 Eotw P,Q € E(K,) xat m fetixde axépaiog térotog dote mP = Q). Tote

o napovouactic tov x(P) Siaipel tov napovouaoty tov x(Q).

Am6deiln 1 Eotw P € BN — EN4D §madh o 72N elvon n ueyahltepn SYvaun tou 7 ©ou

Stonpet Tov Tapovouast Tou z(P). Téte to onueio Q = mP avixel otny EWY) (agol brog
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anodellaue elval oudda ). Xuvende to @ elvon emnédouv touldytoto N xau dpa 1 dvvaun
Tou T ToL PBploxeton oTov tapovouasth Tou x(Q) elvar ueyahitepn B lon and tov 2N. Apa
Tpdyuatt o mapovouaothc Tou x(P) dwutpel tov mapovouaoth tou z(Q). 2

To axbdrovbo Bedpnuo uog dlvel €va Pedyud, TOU EMLTESOU TV ONUELDY TETEPUOUEVNC

Taéne.

Ocdpnua 3.12 Eotw P € E(K,), onuelo tdénc m. Eotw dc ot m Stawpel tov mpdto
aptbud p, ue deixty daxdddwonc e ( dpradh p = wu, u € R* ). Tére av P € EW),

N > 1, wyver N < 1.

Anddeiln 1 Kot’ apynyv 0o anodellouvue 6t xot’ avdyxn m elvar SVvaun mpdtou. Aldt
av 0o m dev elvat SUvoun tedtou aptbuot p, téte agod mP = O cuvendyetal (néplopa 3.9)
6tL 2(P) € R. Atono, di6t P € EWN) N > 1. Apa m = pF, yia xdnoov puoixd aptbud
k> 1.

Eoto Q :=p™ 1P, dnadh pQ = O. Eyovue:

Pc BN —= Q ¢ F™) = 7V |t(Q).
Av r elvon n ueyoakdtepn ddvoun tou m nou dtatel Tov £(Q), TéTe
O =t(pQ) =p- t(Q)modr™ R = 7° - u - (Q) = Omodr™ R.
Ouwc t(Q) = 7"/, ywo xdmoo u' € R*. Apa:

" = Omodn™ R = 7|77 = 5r <e+r=1r<

=~ o

Ocdpnua 3.13 Eotw 7 Siawpel tov mpdto apifué p ue elxty SiaxAddwonc e. Av P =
(z,y) € E(K,), td¢énc axpifdc p*, tote:

1. Avp=2, tdre x,y € R.

2. Avp #2, téte P € EM) | énou N < @, Maliota av e uxpétepo tov p — 1, dev

éyovue onueto waénc p otpy EW,
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Anddeln :

1. Av p = 2, woyler 6L to z(P) elvan plla Tou mohvwviuou 2722, tou elvar Lowxd
roludvuuo tov Rz := Zla, b, x] (fedpnua 1.10 ). Ounc o R elvor axépora xhetotdc

(o< daxprtde daxtvlioc extiunons ). Apa x € R.

2. Eoto tdpa p # 2. T xdroov guowd aplbuéd n, 1 < n < p® xai (n,p) = 1, ypdpouue
nP = (z,,y,). Exovue p(p*) tétola ntohhanhdowr tou onuetou P, ue axpi3R téln p.

Enlong énwe yvwpllovue oL cuvtetayuéves o, elvon pllec Twv ToALGYOUGY:

9(X) = o (X) ( Oedpnua 1.10),

=2
L!)ps_l(‘)()
To omola éyouv cuvteleoth ueyiotoPubulou Gpou p? o uxéparouc cuvteheoTég (

TpGToug peTaly toug). Elvaw npogavéc de Gtu:

9(X) =p*(X — z,) [[(X — 2(Q))

6mou To YouEvo Blatpéyel dha Tor Q Tou €youv TAEN axpBo p’ xou QQ # nP.
Emniéov toylel 6Tl 6TL 0 TAPOVOUNGTHAC TOU 1 OLoLPEl TOV TUQOVOULGTYH TOU Ty,
(méploua 3.11), ouvendc ||z, || < [|z1]]- Ouwe (n,p) = 1, dpa xau (n, p*) = 1, ouvende

UTLAEYOLY aXEQALOL M1, Mg, TETOLOL DOTE:
nmy + p°my =1 = mynP + myp’P = P = my(nP) = P.

Egapuélovtag Eavd to méploua 3.11 vy to onuelo nP, éyovue 6t ||z1|| < ||z
Apa toylel nwétnra ||z ]| = ||@,]]. Hopatnpodue dtL o otabepdc dpoc Tou g(X) elvar
otoyelo tou R ( g(X) € R[X] ). Buvende n anéhuty Ty tou otabepold dpou tou
g(X), elvaw:

s s _ _2_
1P 1| 7P < 1= [l 777 < lp]| = = p* = [|laa]] < p7&7 (%),

Ouwc ||p|| = [Ix]|e. Exlong [Ja1]] > |7 72N = p*¢ (x%). Tuvdidlovtac Tic Yo

AVIOOTIXES OYEOELS (%) %ol (%) EYOUUE:

2N 2 e
— <




[apathenorn : Eotw n = ps 6Tou p TepitTHC TPdhTOC. Eotw 8¢ P € BN N < Ok

Ouwc e = u(p), p(p®) =p° —p° !, xau dpa éyovue 61t N < Ané v dhhn Thevpd

ps psl

6uwe, agol 1o P éyel entnedo N, woyle 2Nz (P), 3N y(P) € R. Apa:

V=120

3.4 H 14&n tng ouddog E(K,)/EV(K))

Yxomog authc Tne Tapaypdgou elval 1 anddelén tou e€ic Bewpruatoc:

Ocdpnua 3.14 ( Kodaira , Neron ) Eotw E /K, eAdetntixtj xaunvin. Av n E éyet Siayw-
ptlouévy roldamdaciactixy avaywyy, téte n B(K,)/EO(K,) elvar xuxixi oudda ta@éne
—u(j). Ye xdbe dAdy mepintwon n E(K,)/EO(K,) eivar nerepaouévy oudde tdénc to
ToAU 4.

Kot apyfv étav n xauniln E/K, éyel xakf avayoyh, woydel 61 E(K,) = EO(K,)
X0l OLVETHC eV €yovue va anodeléovue tinota.

Eextvolue and Ty Teplntwon 6nou 1 xaunvin E éyel avaywyr tpocetixod timou. Ou
TEPLOPLOTOUUE OE TEPLTTOGELS GTOU 1) YupaxTHELeTr Tou abuatoc K, elvar Siopopetixd
TV 2 xat 3 (YL TIC TEPLTTOOELS Yapaxtnplotxhc 2 1 3 naparnéunovue oto [Pa ] ) . Ac
ouuPBohicouue Tnv 14N e ouddoc E(K,)/E®(K,) ue m.

Eotw E : Y? = X3 + aX + b, ehdyroto uoviého tou Weierstrass. Suvende agol 1
YAQUXTNPLOTLXY TOU GOUATOC K, dev eivou 2 1 3, toyvel 6L U(A) uxpdtepo Tou 12, xabde

enlong 6t u(a) uxpdtepo tou 4, u(b) uxpdtepo tou 6 (oeh. 29 ).

Ipétaon 3.15 Eotw F/K, : Y? = X3 + aX + b eddytoto poviédo tou Weierstrass tne

E. Ay n E éyet avaywyrj npoobetixol timov modulo m, tdte:
1. Avvu(a) > 1 xar v(b) =1, tdre m = 1.
2. Avu(a) =1 xat u(b) > 2, tdre m = 2.
3. Avu(a) > 2 xar v(b) =2, tdre m = 3.
4. Avu(a) =2 xat v(b) > 3, tdre m = 4.
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5. Av u(a) =2 xat u(j) < 0, tdre m = 4.

6. Avvu(a) > 3 xat v(b) =4, tdre m = 3.

7. Av u(a) = 3 xat v(b) > 5, tdte m = 2.

8. Avu(a) > 4 xat u(b) =5, téte m = 1.
Anddeln :

1. Eoto u(a) > 1 xou u(b) = 1. Av urdpyer onueto P = (1,y) € E(K,) — EO(K,)
t61e anewoviletar Uéow TNg amedvLong avaywyhc oTo Wibuoppo onueto (0,0) tne

XoUTOANC E. Yuvende 7|z, y. Kdévouue tov petaoynuatiousd:

H mpoximtovoa xaumdhn elval n:

B 7*(y)? = n*(a')® + ara’ +b.
Ouwc u(b) = 1. Apa 0 b ypdyetow oty wopwh b = mu, u € R*. Exnlong éyovue ot
v(a) > 1, ouvendec o a ypdopetaw otny wopyh a = 7hu', v € R*, k > 1. Avuixafi-
otovtag otny elowon e E', éyouue:

B (y)? = (o) + o7 ru, dnhadh

B 7(y)? =73 (2)® + o7’ 4 .

Yuvende, m|u. Atoro. Apa E(K,) = EQ(K,), dnaddm =1
2. Eotw u(a) = 1 xou u(b) > 2. Téte a = mu xaw b = 7Fu’, u, v/ € R* xouw k > 2. H
xaunihn E éyel ellowon:
E:y? =2° 4 muz + 7.

Eoto 8%o onuela P = (z1,11), @ = (29,12) € E(K,) — EQ(K,). Téte 1o onuela

P, Q amewovilovtal Uéow TN amemévong avaywyhic oto Wibuoppo onusio (0,0),

Snhadh 7|z, vi, i = 1,2. Anodewcviouue 61L oyder n P+ Q € EO(K,).
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Eotw 6t dev woydet. Téte éyouue ot m|z(P + Q). Av P # Q, oy Vet

Y2 — U1

)2—$1—$2
To — 1

v(P+Q) = (

e y2—y1 /7 /. /7 /7 /
To xMopa 2=2 dev avixer oto Weddec TR, dotL av avixe, fa ypapdTav otny

uopg i, 6mou [ > 1 xou 4 € R*. Téte Ha elyope:
yo =y = 1 U(wy — 11) => Y3 — Y = wu(x2 — 1) (Y2 + y1)

= (22 — 21) (2] + 2129 + 23) + Tu(22 — 21) = TU(T2 — 21) (Y2 + Y1)
= 2% + 1129 + 25 + Tu = 7U(ys + Y1)

Hapatnpolue 6TL 1 ueyaddtepr SUvaur Tou T ToL dlalpel To TEATO UENOS TNG LOOTNTAS
elval 0 (Blog o 7, v To SelTtepo UENOS TNC LodTNTAC SLatpeltol TOUAEYLOTO amd Tov 72,
drono. Tuvende 1o xhdoua 2= dev avixel 070 Wewdes TR. Anhadr elvon povéda
Tou daxtuklou R. Apa o (P + Q) € R*, 86T 1,29 € TR, dtono. Apa mpdyuott
P+Q € EO(K,) (1 replntwon P = Q , yivetow eviedde duowa ). Ouwc téHTe Ho

7

éyouue uévo dvo Thevpixéc ouddec tne EO(K,) otnv E(K,), Snhadh m = 2

. Eotw u(a) > 2 xou u(b) = 2. Téte a = 7*u, b = 72/, énov u,u’ € R* xa k > 2. H

ellowon Tne eMelnTixhc xaunUing E, elvol:
E:y? =2 4+ 7Ffuz + 720/

Eotw P = (1,y) € E(K,) — EO(K,). Apa 7|z, y. Tlapatnpolue tdpa 67t 0 72 Sev
drapel Tov y ( BibTL edv Tov dapolioe téte Ha Enpene w|u', dtono ). Enouévec xdbe
onuelo P € E(K,) — EO(K,), ypdopeton otny uopy# P = (z,7w), x € TR, w € R*.
Ac mpouye éva dhho onueio Q € E(K,) — EO(K,), Q = (2',7w'), émou 2’ €

TR, w' € R*. H z-ouvtetayuévn tou onuetov P + Q, elval:

m(w' —w)., :
P+Q) = (B =Wy g
P+ = (e y oy
Eyouue:
N m(w' —w) 2+ a2+’ + 7y
r—r m(w' + w)
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Mopatneotue 6t 10 P+ Q € EO(K,) avv o 7 Sev Swonpel 10 2(P + Q) Snhadh avv

m(w' —w)

o, Enouéveg, m|r(w' —w) & w' = w (mod 7). Kdvouue

o 7 dev dapel To
TOV UETUOY NUATLOUO:

r:=wh y:=nmnw.
H véa e€loworn tne xaundine E, elvol n:
E:n?w® = 7®h3 + 78 uh + 7% o 1oodhvaua :
E:w?=7h*+ 7" uh + .
Avaydyouue Ty E modulo 7 xau natpvouue tny elowon:

w? = (mod 7).

H nopandve eZlowon uac odnyel oe dbo Moelc modulo 7, w = +s  (mod 7). Ouwc
s # —s (mod 7), d6TL edv Aoy téTE 7|25 = 7|s, dnhadn to 7 Ha dapel To w,
dromo. Apa éyouue Toukdyoto dlo mhevpixée ouddec tne EO(K,) oty E(K,),
v Theuptx oudda Twv onuelwy Tou 1N y-ouvietayuévn Touc avhxel oto s + TR
XUl TNV TAELPLXY| 0Udda TV ONUELWY TOU 1 Y-CUYTETAYUEYY TOUC OVAXEL OTO —S +
m™R. Ay w =5 (mod 7), t61e Bproxdunote 61Ny Bla Thevpued| oudda xaL av w =
—s (mod ), t61e Pproxbuacte 6TNY GAAY TheLpLXH 0udda. BUVOAXE EYOUUE TEELS
TAEVPLXES OUBABES TNV TAUTOTLXY %ol TS dAAeS dU0 Tou anodelloue GTL uTdpyouy. Apa

TedyuaTtl m = 3.

O mepintddoeig 4, 5, 6 anodewxviovtal xatd duolo Tedémo ue TNy nepintwon 3. H nepl-
TTwoN 7, anodexvieTal duolo Ue TNV TeplnTwor 2 xau TEhog 1) topintwon 8, arnodet-

xvVeTaL 6uola Ue Ty mepintwon 1. 2

[Mapathenon @ Yrdpyel xar dAAN anddelén tng nponyolueyns medtaong, 1 onola Yen-

owwornotel epyadela AhyeBpuxrc Fewuetplag ( [Ta) ).

Aueon ouvénewr tne tpdTacng 3.15 elvan To:

ITépiopa 3.16 Eotw E/K, eAdeintixi xaunidy. Av n xaurnivin E éyet avaywyrj npoobe-

rixod tUrov modulo . téte 1§ Tdén ¢ ouddoc E(K,)/EV(K,), elvar uixpdrepn 7 loy

Tou 4.
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Amouéver va e€etdoouue TV Tepintwon 6mou N eAkewntixy) xounvin E/K,, éyel Sua-
ywetlouévn molhamhaolaotix avoywyr modulo 7. H tepintwon auth ouvdéel dueca tnv
Dewplol TV EANELTTIUOY XAUTVAGY OPLOUEVWY GE TOTLXY o®uaTa Ue TLC xautiiec tou Tate.

Tu elvan duwe wa xaunvin tou Tate;

Opoudsg 3.17 Eotw K, tomxd obua nAijpec we mpog ula dixpithf extiunon v, xar q €

mR. Opllovue we xauridn tov Tate xdbfe xaumidn tnc uopwrs:
E,:Y? = XY = X? — hyX — hs,

onov ta hy, hs, elvar ot ouyxiivovoes Suvauooeipés Ttou q :

n3q" 1 & (5n® + Tn®)g"
hy =5 sum;>, qn hy = — —( n)q ,
1—¢q 12 7= 1—¢q
w¢ mpog Ty p-aduxt uetpwed || - || mov endyetar and Ty extiunon v.

T w € (K,)*, optlovue Tic oelpéc wg eErc:

q"w ©  pg"
X,w) =Y LY o
! n;z(l—q“w)2 7;1—@
(qnw)Z o] nqn
Y(w)= Y L
U

Anodewxvietal to €€ Bedpnua ( [Kov], oer.84 ):

Ocdpnua 3.18 (Tate) Ou cepéc X (w), Y (w) ovyxiivovy oto (K,)* xar opilovy tov
EMLUOPPLOUG:

T2 (KU)* — Eq(KU)
w = (Xg(w), Yo(w)), avw & ¢”

w0, avw € ¢%?

Mdliota o nuphvac tou ¢ elvar o ¢Z.
Enlone woydel n e€hc npdtaon ( [Kov |, fewp. 4.5 ) :

Ilpéraoy 3.19 [a xdbe j € K tétow dote u(j) apvnruxd, urndpyer uovadixij xaurniln

tov Tate ue andAvty avalolwro j.
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IT6piopa 3.20 Eotw eAdewntixyf xaurnvin E/K,, ue avaywyy roAhardaciactixol timou

modulo . Téte undpyet xaunidy tov Tate E,, toduopgn ue tpv E, ndve and to odua K,,.

Y1y ouvéyela anodetxviouue Ty e€ig TpdTAON:

Ipéraoy 3.21 Mia eldewntixij xaunivdn E/K, éyxer draywpilouévy noldardaciaotixi

avaywyl avy vrdpyet xourUin tov Tate Ey, toduoppn ue tyy E, ndve arnd to cdua K,.

AnédelZn @ Eotw 6t n elewnuxd] xouniin E/K, divetar and tnyv ehdytotn eilowon

tou Welerstrass:
E: Y 4+, XY +a3Y = X3+ a, X% + as X + ag

Av uroBécouvue 6TL 1 xaurVAn E €yel Sty wptlouévn tolhaniactaotixy avaywyr modulo 7,
TOTE Y WPl TEPLOPLOUS TN YEVXOTNTAS, UTopolue va utobécouue 6Tl To WiLduoppo onuelo

modulo 7 elvar to onuelo (0,0), tou autd onuaivel otL:

az=as=as =0 (mod )

by = ajaz +2a4 =0 (mod 7),
be = a3 +4ag =0 (mod 7),
cy = by — 24by = b5 (mod 7).

Enedr n E éyel tolManhaolaotx avaywyq énetat 6t ¢y # 0(modr) ([Sil],cen. 180).

Enouévwe by # 0 (mod 7). Ynohoyilovue v avahholwto tou Hasse tng ehhetmtinic

xaunoing £ :
b
s 04 b2 — 24b, :l( 1 =243 )
P g 03+ 36hoby — 21605 by 1+ 364 421653
2 2
Eyouue [|%|| = ||ba]|, mou elvar wxpétepo tou 1, duétt by = Omodr. Enlong :

by

- 2 < = -
Iz + 035l = maxtliz I 1
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T0 omolo elvon uxpdtepo tou 1, ot by = bg = 0 (mod ) xou ||ba]| = 1. Dvwpilovue
buwe 6t av 1o ||z|| elvan uixpbtepo tou 1 téte To 1 + 4z, elvon tédelo teTpdYWVO oT0 K|,

([Kov], Muua 4.6). Xuvende:

1
3p = — = bymod(K¥)2.
by

Kévouue avaywyrn tng £ modulo 7 :
E:Y?+ @ XY — @X? = X?

Aot buwe 1 avayeyh e elhemtixic xaunoine E elvar dwywpllopévn, utdpyou @, 3

a # B, ue &, B € K,, oo GoTe
E: (Y —aX)(Y -p3X) =X

Abyow duwe Tou Muuoatog tou Hensel, undpyouy a, £, and 1o oodua K, ta omolo avdyovta

modulo 7 ota @, B YUVETOC :
by = af +4day = (@ + B)* + 4(—af) = (a = B)* € (KJ)*.

Anadhdp =1 (mod (K7)?). Ané o [Kov], néptoua 4.7 éyouue 61 dg, =1  (mod (K%).
Enouévws 8p, =3 = 1 (mod (KY)?), dnhadh ou E, Ey, elvar 106uopges mdve ond 1o
K,.

H &\hn xotedBuvon elvol mpogavrc. 2

Eotw eMewnuxt| xaunvhn E/K,, ue daywplouévn tohhanhactaotixy avaywyy. Téte,

onwe anodelloue, undpyet xaunvin tou Tate E, tétowa dote:
E(K,) = E,(K,) = K} /q¢”.
Kdvouue tnv yvootn Siadixocio ue to m-adixd @iltpa otny Ej :
E,(K,) > EP(K,) > EM(K,)

Ioyvet 6tL (npbraon 3.4 ):



Eniong Oewpolue 1o e€hic " puhtpdpioua ”
K'/¢” D R* D R}

6mou R := {a € R*/a = 1modr}. Hpogavéc wyder 6t R /R = K, . Emnhéov oyde
6t (R}) € EW(K,). Mpdyuatt, éotw w € R;. Eyouue :

q"w s w s q"w
X, (w) = —— —25(q + + — — 251(q),
() %;g(l—q"w)2 2_: 1—q w) (1 —w)? ,;(q"—w)Q @
omou s1(q) = Yl q o tpltoc xaL o tétaptoc Gpoc tou afpolouatoc diat-

covvtal ue Tov 7. Eotw ¥ to dbpotoud toug. Tote:

B w o Y(l-w)i4w
Xolw) =0+ T =~ gy

O aptBunthc tou X, (w) elval wovdda Tou R, evéd 0 TpoVOUAGTAC TOU SLULEELTAL ot ToY 2.
q )

Ouota doukevovtag Ue 1o Yy(w), ouurepaivouue 6t o 2, donpel Tov Yy (w). Apa mpdyuatt
o(R;) C EV(K,). Sty ouvéyew fo anodelZoupe 61L tehxd oyler 1 obtta,

Xpnowwonoldvtag Ty YAGooa TV TUmxdy ouddwy ( mapddelyua oeh. 25 ), €youue:
R = G (7R)
ur—1—wu

Enlong AMoyow tne mpdtaong 3.5, toylet oTL:

6mou ue B, ouuBolilovue v tumwed oudda tne B, xou ue Gy, ouuBokilouue ™y tumdd

TolhamhoolaoTixy ouddo. Adyw TwWV TAPATIVE LGOUOPPLOUDY, EYOVUE:

Gm(TR) — R — EW(K,) — E,(7R)

Avtixafiotolue to 1 — 1, ue w otic oepés X, (w), Yy(w), ot onoleg we oelpée Laurent tou

t, €YOUV AVATTUYUA TNS LOPPHC:

X,(1—t)=t72(1+ i A t™)

m=1
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YVi(l4+1t)=—t(1+ D byt™)
m=1

Xy (1-1)
V(1 1)

UE OUVTEAEGTES Gy, by, € R. To mnhixov elvar o Suvoooelpd tne pwopehc —t(1 +
oo Ymt™). Apxel howndv va anodellouue 6t 1) amewxdvion: ¥ it —H(1 + o0 Ymt™),
elvar ent.  Autd duwg elvar dueor cuvérela tou Ajuuotoc 2.4, mou uog eooahilel Ty
Unapgn duvauooerpde AM(T') € R[[T]], ue v Wbtra p(AM(T)) = T, dnhadh n anewxdvion
¢ elvar ent, doTL v xdBe w € TR éyouue YP(M(w)) = w. Apa woylel tTeElxd 1 LodTHTA
o(R) = B (K,).

Aouvhévovtog xaf’ duolo tpémo, 6nwe ue Ty oudda R, éyovue ott p(R*) C ELSO)(KU).

Abyw tou 611 (R;) = E{V(K,), éyouue tny e&fc eugiteuon otig ouddes Tniixa

e YRy <5 BO(K,)EO(K,) = (By)u(K,)
T 1w

H onewéwon K — F,(K,) elvoa eni, Abyo tou fewpfuoatoc 3.18 ( Tate ) xou éye

u— (

avtiotpogo ty (z,y) — % Apa R*/R; = E(K,)/EV(K,). Ocwpolue 10 eZfc avtiue-

TafeTind dLdypouua:
1 — R — R — K' — 1
0 — EM(K,) = EO(K,) = Ens(K,) =0

am6 1o onolo yivetal Théov gavepd OTL 1 arexxovion ¢ @ R* — Ego)(Ku), elval LoouopgLoudg
ouddwv. Xuvenoe:
Ki/R'q” = B,(K,)/E{ (K.)

Télog 1 amewxcdvion:
Kj/R¢" — Z[u(0)Z
u— v(u)
elvan 1oouopgLouds ouddwy. Emoutves 1 t4Zn e ouddos Ey(K,)/EP(K,), etvar u(q) =
—u(j), 6mou n ambhuTy avakholwtog j Slvetal we SuVaUOoELRd Tou ¢, j = % + 744+ ---.
Apa 1 téEn e opddoc E(K,)/EW(K,), étav éyouue Saynplouévn molamhaoLaotix
avaywyt, elvat tpdyuatt —u(j). AnodetZoue howmdév mhipws to fedpnua twv Kondaira-

Neron.

52



4  Ympelo TENEPACUEVNG TAENG EAAELTTIXOV XAUATOAGY

4.1 T'evixy) Oewploa

Eotw E elewmtiey xoauniin oplouévn oe éva ahyeBewxd odua aplbudy K. Eotw 8¢ v
uto daxpLty| extiunon Tou cduatog K. Iatpvouvue tny mifpworn tou K, K, wg mpog Ny
exTlunom L XL, ywpelc TEpLopLoUd TN YEVXOTNTAC, UTolétouue 6Tl 1 E elvor u-eAdytotn
oto oGua K,. Katd to yvootd pag, ue R Ha cuuforilovue Tov SaxtiAlo TV AXEQULDY TOU
K,, ue TR 1o yovadixd péytoto weddec tou R ( émou 7 elvar o yevvAtopag Tou uéylotou
WBeddoug ) xau téhog ue K, 10 6dua umorolnwy tou K. Emmhéov ue e == e, xou f := f, Oa
ovufBoiilovue tov delxtn Slodhddwong xal Tov Bubud adpavelac aviiotolya Tou Wehdoug
mR. Enouévwc 1 tdn Tou oduatog Ii) elvaw pf*, 6mou p elva o avtloTolyog Tp®dTog apLuog
Tou Q, Téve ard Tov omoto Pploxetal o mR. Oétouue ¢ = p’o. Tpopavie Loylouy oL e&hc
eyxAelouot:

K C K, = E(K) C E(K,)
Onwe yvopllovue n ehhetnuxn xournvin E éyel ([Sil], npdtaon 5.1, oek. 180):
e Kol avaywyh modulo 7 étav: u(A) = 0. Téte woydet u(j) > 0.
e ITolamhaotaotin avaywyr modulo 7 étav: L(A) > 0 xat u(eq) = 0. Téte u(j) < 0.

e Ilpooletixh avaywys modulo 7 6tav: U(A) > 0 xat u(eq) > 0. Téte n u(j), unopet

va €YEL OTOLOOHTOTE TPOCTUO.

Emouévoc edv neploptotolue e eARELTTIXES xoUTUAEC B Tou €youv anmdiutn avaiiolwTo j
tétola Gote u(j) > 0 ( dnhadh j € R ), téte 1 E éyel xolf) i mpoohetinh avaywyr modulo
.

To Oedpnua mou axohoulel elvar TOAD Baoixd oty UEAETN TWV ONUELDY TETEPAOUEVNS

TaENe.
Ocdpnua 4.1 H tdén ¢ ouddoc Eiy (K), txavonoel ti¢ e€ijc ouvhixec:
1. Av n E éyet xalij avaywyr modulo 7, tote:
#Eor(K) | #E(K,) ™ < (1+q, +20/@)p™
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2. Av n E éyet npooletinyj avaywyry modulo 7, tdéte:
#Etor(K) | #E(KU)/E(U) (KU) .p2+2t < 4p2+2t

Mdaliota toyvovy ta eijc :

(a) T p=2, #E, (K) | 2*72.3

(b) Tiot p = 3, #E,,,(K) | 22 .33+
(¢) Tap =5, #E,,.(K) | 22-3-522%

/
omov

0 av o(p¥) >e
max{v € N/p(p") <e} , addid¢

t:=
xat @ elvar n ovvdptnon tou Euler.

3. Ay n E éyet noddardaoiactixyj avaywyr modulo m, tote:
#Ewor(K) | v(A)- (" —1) - p*
Anédeln @ Ioyldouv Ta e€ic :

E(K) C E(KU) = Etor(K) C Etor(KU) = #Etor(K) | #Etor(Ku)

Etor(KU) E(Ku)
Bl (K,) — EW(K)’
(1)

6mou By, (K,) := EM(K,) N Eyp (K,) oL, 6nog éxouue anodelfel 610 TponyoUuevo xepd-

[pogavoe €youue,

Ao ( dec Bedpnua 3.6, oek. 34 ), elvar nenepacuévn p-oudda. Eyouue howndy v axdhouhn
WotnTa dakpeong:
E(K,)

#Buor () | #55 cey - #Etor ()

Oewpolue onuelo P = (z,y) € Et(;,?(KU) Eotw n o yéylotoc guoxdc tétolog dote P €
EM(K,), 3nadd u(z) = —2n. Emnhéov 1o onueto P € E™(K,), éyet 14&n p, yia xdnolov
v € IN. Enouévoc obugpova ue to Bedpnua 3.13 éyovue, n < e/p(p”). Av loyve 6T
o(p¥) > e, t6te n < 1, mou elvan dromo. Luvende éyouue o(p¥) < e, dnhadh v < t ( €&

optouol tou t ). Enedy) 8¢ n p”-torsion unooudda €yet Babud (rank) 2, woydel:

#EG(K,) | p*
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E(K.) o

Apa,  #Ei(K) | #E(l)i(K)'p

Zeywpllovue Tic eENC TEPLTTAOOELS:

1. Eoto 6T éyouue xakf avaywyh modulo 7. Téte E(K,) = EQ(K,). Suverdg:

E(K,)
EO(K,)

E0) (Ku)

* ED(K,)

=# = #E(K,) <1+q +2Vq

Aoy tne undheonc tou Riemann ( [Sil], oeh. 131 ).
2. Av éyouvue mpochetixt| avaywyr modulo 7, téte:

E(K,) . E(K.,)/EV(K,)

EO(K,)  BO(K,)/EW(K,)
, E(K) _, B(K) ,E9K,)
apa, #E(l) (Ku) - #E(O) (Ku) #E(l) (Ku)
Erlone n E(K,)/EO(K,) éye t64&n wxpbrepn # ton tou 4 (Bedonua 3.14, oel. 41).
Emniéov:
E(O)(K ) . .
T = Ens(K,) = K+:u: fo
. E(K,) 2 I3
YUVETHDC EYOVUE, #m | 2°-3-p

4 ’ ’ 7 e + ’ /. 74
Mériota to f, unopel va aviixataotalet ue 2, duétin K, , elvol otouyetddng afehioavn

p-oudda xoL 6mws yvwpllouue to p-torsion xouudt tne E(K,) elvor tng uopprhc

ZIpZ & Z|pZ.
. E(K,) ) )
Erouévoc, #m | 22.3.p
; E(K,)
Apa éyouvue, #FE(K) | #m P < g 22
Téhoc ylap=2:
E(Ky) oy 242t 442t
#Etor(K) |#mp |3'4'2 =3-2 .
[ap=3:
#FEior (K) | 4.3.3%12% — 4. 33+%
Kat yta p=5:

#Ep(K) | 4-3-521%
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3. Eotw 6t 1 elhewntint| xaunvin E €yel avaywyr tolarniaciaoctixol titou modulo
7. Tote yvwpillovue étu undpyel xaunvin tou Tate Ey, 1 omola elvo toduopgn ue tny
E, oe tetpaywvixn enéxtaon tou K, éotw L. Enlong toyvel 6tL n td&n tng ouddog

E,(L)/E™(L), etvar |u(j)]. Ouws E(K,) C E(L) = E,(L). Suverndg éyoude v
eZne eupuTevon oTic ouddec Thixa:
B, B
O(K,)  BO(L)
Apa n té&n e ouddoc E (K )/E )(K,)
) _

), Stopet Tov |u(y)]. Enlone:

EO(K,) :

= #F,,(K,
Av elyaue Swrywpllouévn todhanhaotaotixd avaywyt ( dnkadh ou xhicec Twv ego-
ttouévey otov x6uBo avixav oto odua K, ) téte Oa loyve 6t B (K,) = K.

Yuvenoe otav 1 E éyel avayoyy tolhaniaclootixol tinou, daywellouévn 1 un,

TdvTote Loy VEL:
Eo(E) C By = é Z)pz),
6mou 1 K, (V1) elvan tetporywvixd| enéxtaon tou aduatog K,. Ouwc 1 téEn tne ouddag
(@, Z/pZ)* civan p*P> —1. Enopévec 1 téEn e ouddoc B, (K,), Sawgel tov apifud
pHv —1.
Apa,  #Eo(K) | [u()]- (0™ —1)-p*. 2

4.2  S-povddeg xal dLdlovoes S-povadeg

Eotw Yk, 10 6Uvoho 6hwv twv Béoewy tou K, xat C éva TenepaoUévo unocivolo Tou Yk
Tou va tepLéyel e dnelpeg Béoetc tou K. Opllovue S 1= Yk —C xar ovuPorilouue ue O(S)
Tov daxTUAO TV S-axepainv Tou aduatoc K ( dnhadf tov Saxtilio tou teptéyel ototyel
a € K tétowr dote u(a) > 0, ya xdbe v € S ) xaL e U(S), v oudda twv S-povdduny tou
daxtuhiouv O(S). Oeuehddouc onuactog elvon to Hedpnua twy Dirichlet-Hasse-Chevalley

([Weil):

Ocdpnua 4.2 H oudda twv S-uovadwy évic alyefpixol oduatoc apifudy K elvar neme-
paouéva mapayouevy. loyvet:

usS)=zwepz

56



omov W elvar n oudda twv pildv tn¢ povddos tov oduatoc K xar s = #C.

Oplowés 4.3 Eva otowyeio € tov oduatoc K, Aéyetar (bidlovoa S-uovdda, w¢ mnpoc xd-
moto doouévo v € K*, av toyvet €,e —y € U(S). To € fa Aéyetar ididlovoa S-uovdda, av

elvat 10talovoa S-uovada w¢ mpoc to otolyelo v = 1.

Anodewvieton to e€fic Bedpnua (dec amodewxtixd| dtadixaota tou Hewphuatog 4.1, [Sil],

oeh. 253 ) :
Ocdpnua 4.4 Eotw K adyefoixd odua apibudy. Tote n Swpavrixy eiowon :
aXP+ Y =~, «,B,7v€K*
éyet memepaouévou tAffouc AMoeic (z,y) € U(S)?.
Yav cuvénela €yovue to axoiovo:

Oedpnua 4.5 To ovvolo twy dialoviwy S-uovddwy, w¢ mpog xdnoto doouévo otolyelo

v € K*, evic adyefoixol oduatos aptiudy, eivar nenepaouévo.
Anédeln @ Kat’ apyrv yedgouue:
y=e+[-(e=7)

An\adh odnyolucote oe ellowon tne Uopphic € + € = v (1), 6nou €, € U(S). Apxel
Aoty va anodeilouue 6t N ellowon (1) éyel tenepaouévou thifouc Aoelc €, € € U(S).

Ané 1o Bedpnua Twv Dirichlet-Hasse-Chevalley, éyouue 6t undpyouv s — 1 ehetfepol

YEVWATORES M1, M2, + + +, Ms—1 %o plleg e wovddocg ¢, (', tétowa dote:
_ P Ps—
e=qny mey

¢ =Cnton, (i € Z).
Eotw g; = p; + 3k xav 1 = v + 3X;, 6mov 0 < p;, v; < 2,4,5 =1,---,5 — 1. Otouvye:

a:= 'yt A=ty

k1 Ks—1 AN As—1
Ti=Mm N, Yi=mM M
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N i,7 € {1,---,s — 1}, aphvovue ta i, Vj VO TdEOUY OAeC TLC dUVATES TLWES OTIC BU0

npdtec efiodoeic. Téte n eiowon (1), uropel va aviixataotalel and 326~ efiodoeic e

Hopprc:
aX?+BY =~ (2).

Av 7o mhfog Ty plldv g wovddog tou oouatog K elval w tote agrivovtag ta ¢, (', va
Statpéyouy To GUvolo Twv plldv g Uovddog, malpvouue ouvolxd w232l efiohoeic
ToU TUTTOL e (2). Lougova duwe e to Bedpnua 4.4 ou eZlodoelc authc g Lop@hc €youv

nenepaoUéves To Thifog Adoelc 6To oUvoro TwV S-uovidwy. 2
4.3 Iapapetploetls
Eotw E ehentixt| xoauniin oplouévn oe éva alyeloxd odua aplfuody K, ue ellowon:
E: Y’ +a XY +a3Y = X° + ;X + a4 X + as.
Arnoutodue ta e€hc:
1. P=(0,0) € B (K).
2. H 1d&n tou onuelov P dev elvon 2 1 3.

3. H evbela Y = 0, egdntetan tng E oto onuelo P.

Kévovtag otolyetddelc hoyapLtacuolc €yovue avilotolyo:

3. a37é0,a4:0

Enouévng uropolue vo xdvouue Tov e€ig LETACY NUATLOUS:

a2

X (B2x, v (Byy
as as
Eniong Oétouue:
3
a1a9 ay
l—ci=——= —b:=—=(#0
¢i= = o2 (#0)
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H véa e€lowon tne E, elvau:
E(b,c): Y2+ (1 —¢)XY —bY = X? —bX* (b,c€ K),

n onolo ovoudZetar E(b, ¢)-poppt tou Kubert. T Aoyouc ouvtouiac Bétouue 0 := 1 — c.

H duaxpivouoa xat n andhutn avalioiwtoc e E(b, ), elvau:

[(6% — 4b)2 + 2400)°
A(b, c)

A(b,c) = b*(0* — 0° — 80%b + 360b + 166> — 27b),  j(b,c) =

O mopandve napauetploelc toyouy 6tay 1 eAelnTixt| xauniin E, tAnpol T tpouto-
féoec 1., 2., 3.

Eav 1o onueio P = (0,0), elvar t8&nc 3, woylel 6t ag # 0, SbtL edv ag = 0 t61e
P =—P = 2P =0, nou elvaw dtomo S8L6TL to onueto P éyel 14&n 3. Kdvovtac udiiota Tov
UETACY NUATLOUO:

a2

Y=Y+ (35X, X~—JX,

as

n e¢lowon g edhetmtixic xoaunving E, elval tne uopgrc:
E . Y2 +a1XY+a3Y = X3 —|—a2X2

Ouwc 3P = 0 & 2P = —P & z(P) = z(2P) o agoy P = (0,0), énetar 611 0 = —2—2,
Snhadr bg = 0 xar loodlvaua asa3 = 0 & ay = 0. Apa ula elkewttixd| xaumorn E, n onola

el onueto t8&nc 3, déyetan TNy axdrouln toapouéToLon:
E:Y?’4+a XY 4+a3Y =X3 a3 #0.

Eotw tdpa L, 10 clvoho 6hwv twv Oécewv tou oduatoc K xau C éva memepaoUévo
UTOGUVOLO TOU X ToU TEPLEYEL XL Tig Amelpeg Déoelc Tou oouatog K. Oétovue S =

Yk — C. Ioydel 1o e€hc mohl Boaoixd Bedpnua :

Ocdpnua 4.6 Eotw E cAlewntie] xaunidn opiouévn oto adyefpuxd odua apibudy K,
ue S-axépara andivty avarlolwro j. Tote yia Soouévny vrooudda rercpaouévne tdéne tne

E, érov to P = (0,0) elvar onuelo uéyiotne tdéne, toyvovy ta axdlovba:
1. Ay By, (K) D Z)2Z, n E éxet tny uopyr):
E:Y?=X(X*+aX +ay), aga€K, aj#0
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Oewpovue tny twist tpc E :
Ey:Y?=X(X?+ aydX +ayd?), deK*

érov d := ay'. Oérovue ¢ := %, b:=c—4 xa e := 16b, dniady j = @. Tote
Loyvet:

JE€O(S) <= 0<u(e) <12u(2),Yv e S
2. Av E10r(K) D Z2Z ® Z/2Z, n E éyet tnpy uoppij:
E:Y?’=X(X+7r)(X+s), nsc€K, r#s, rs#0
Téte n E elvar auplonta toduoppn, ue TNy eAAELTTIX] xaurUAn:
E':Y’=aX(X-1)(X—-p), acK*' peK—{1}

(28—24'8+82)3

Oérovue e 1= 2" - p, dnhadyf j = =555 Tore:

(1) 0<u(e) <8u(2) YueS

JEO(S) — {
(2) 0<vule—16)<8u(2) YweS

3. Av By (K) D ZJAZ, n E éxet v uopyn:
E:Y?4+ XY -bY =X>-bX? beK*

e(e+16)+16]>

Oérouue e := b, dprady j = | et - T0Te

. (1) 0<wu(e) <8u(2) Yue S
Jj€O(S) <~
(2) 0<vu(e+16)<8u(2) YweS
4. Ay By (K) D Z/8Z, n E éyet tny uopyi:
E:Y?+(1-¢)XY —bY =X?-bX? beK* ceK

ornov ¢ = (2d — 1)(d — 1)d™", b= cd. Oérovue e :=d™", Snlady :

(€8 — 16e” + 96e° — 288¢” + 480e! — 488¢® + 224€? — 64e + 16)3
e?(2 —e)*(1 —e)¥(e? — 8e + 8)

j =
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Téte :

(1) 0<u(e) < 2u(2) YoeS
. (2) 0<vu(2—e) <2u(2) Yue S
SO = % (3) (1—e)eUS)

| (4) 0<u(e® —8e+8) <5u2) avul2, ue S

5. Av By (K) D Z2Z ® Z|AZ, n E éxer v uopyn:
E:Y*(X?+2(a®+1)X + (a® - 1)?), a€ K*—{+1}

Oétovue e = 4a, dnlady j = (25655525‘121?5;2)2)3. Téte :

_ (1) 0<u(e) <4u(2) Ywe S
JE€O(S) <=
(2) 0<u(e*—
6. Ay By, (K) D ZJAZ @ Z|AZ, n E éxer tny uopyn):
E:Y?=X(X*+(2(a*+1)X + (a® —1)?), a€K*—{£1}

EminAéov oyver 6te /=1, Ja € K. Ofrovue e = 4a, dnradsj j = (256:225258_2;6;2)2)3.

Téte:

jEO(S)‘:*{ 0=l = ) YueS
2-16) <

(2) 0<vu(e*—16) <8u(2) YueS

7. AV By (K) D Z2Z D Z/8Z, n E éyet tny uopyr:
E:Y 4+ (1-0)XY —bY =X®-bX? beK*', ceK
omou:
c=12d—1)(d-1)d ", b=cd, d=a(8a+2)8a*—1)"

xar d(d—1)(2d — 1)(8d* — 8d + 1) # 0. Erlonc n andAuty avarlolwtoc elva
. {l(1=c)* — 4> + 24b(1 — ¢) }?
)= B{[(1—¢)?—4b>+8(1 —¢)? =270 — 9(1 — ¢)[(1 — ¢)? — 4b]}

Tore :
(1) —2u(2) <u(a) <0 YweS
J€0(S) e (2) u(Ba+2)=1u(2) YweS
3) —vu(2)<ua+1)<2 Yue S
L (4)  —u(2) <uBa®—1)<Iu(2) YueS



8. Av By (K) D ZJ3Z, n E elvar tn¢ popypic:

10.

11.

E:Y?’4+ceXY+2Y =X3, ceK*

Oérovue e := ¢ — 27, dnAady j = w Tore :

JE€O(S) <= 0<u(e) <6u(3), YwesS

Av By (K) D Z/9YZ, téte n E elvar tn¢ uopyric :
E:Y’+(1-0XY —-bY =X?>-0bY, bEK', ccK

érovec=f(d—-1), feK, d=f(f—-1)+1, b=cd, dnlady:

L {l(1 = ¢)? — 4b)* + 24b(1 — ¢)}3
)= D{[(1 — )2 — 4b]2 + 8(1 — ¢)® — 27b — 9(1 — ¢)[(1 — ¢)2 — 4b]}

Téte €yovue :
(1) feU(s) ,

jeO(S)<:>{
(2) f-1€U(S)

Av By (K) D ZI3Z ® Z/3Z, n E éxet tpv uopyr:
E:Y?’=X>4+AX+B, abek

onov —A = 3a(a® +8), —B = 2(a® — 20a® — 8) xar /=3 € K. Oétouuce e := 3a,
dnlady :
e[(e — 3)(e* + 3e +9) + 37

(e —3)(e2+3e+9) )y

J=(
Téte éyovue :

(1) ee€O(S)
JEOS) =14 (2) u(e®—27)<6u3) YueS
(3) ule—3)<3u3) WYues

Ay Ey,.(K) D Z|6Z, n E éyet tny uopyy :

E:Y?+(1=)XY —¢(c+1)Y =X’ —c(c+1)X? ce K —{+£1}

62



Oétovue e := ¢, Splady j = ((1+e)?(9+¢)—16¢)®

. Tote éyovue:

2 (1+e)3(9+e)
(1) 0<ue)<2u8) WuesS
(2) 0<vu(l+e)<3u(2) YueS
jEO(S = { (3) v(O+e)=0 av u dev diaipel Tov 6 xat v €S
(4) v9+e)=v(l+e) avvl]2, veS
| 5)  u(9+¢e)=0(e) avul3, veS

12. Ay Ey,.(K) D Z|12Z, n E éyet tny uopyr:

E:Y’+(1-0XY —-bY =X*—-0bY, bEK', ccK

srovd=m+t, f=m(l—t)"c=f(d-1),b=cd,m=Bt—t*—1)(¢t—1)""
Oétovue e ;=11 dprady:

. {l(1=c)* — 4> + 24b(1 — ¢) }?
1= D{[(1 —¢)? —4b]2 4+ 8(1 — ¢)®> — 270 — 9(1 — ¢)[(1 — ¢)? — 4b]}

Téte éyovue :

(1) 0<vule) <u(2)+3u(3) YweS

J0(s) — (2) e—1€U(S)
(3) uv(le—2)= av u dev Siawpel Ttov 2 xarv € S
(4) u(e—2)=u(e) avvul|2,uEeS

18. Av Ey0(K) D Z2Z @ Z|6Z, n E éxer tny uappij:
E: Y +(1-¢)XY —bY =X?®-bX? beK* ce K — {1}

6mov b=c(1+c), c= (10 — 2a)(a® — 9)"'. H andluty avallolwtoc tnc E elvau:
{l(1=¢)* — 4 + 24b(1 — ¢) }3

)= (1 —¢)? —4b]> +8(1 — ¢)® — 270 — 9(1 — ¢)[(1 — ¢)? — 4b]}
onov ¢ = —2% xar b = —2%. Téte éyovue:
(1) u(2) <ula+3) <3u(2)+u3) YveS
(2) u2)<u(l@a—3)<u2)+v3) WYeS
JEO(S) <= 1q (3) vu(2) <u(a—1)<3u(2) YwesS
(4) v(2) <ula—5) < 3u(2) YwesS
(5) u(2) <ul@a—9)<3u(2)+vu3) YveS




. Av By (K) D Z|5Z, n E éyet tny uopyi :

E:Y? 4+ (1-bXY —bY = X?—-bX? beK*

(b2 —11b—1)2+5b(2((b% —11b—1)+b)>

Eyovue j = 1151 . Joyveu:
1) beU(S
jeO(S) = @ S)
(2) u(®—-11b—-1) <3u(5) YveS

. Ay By (K) D ZJ10Z, n E éyet eélowon tne uopyr:
E:Y 4+ (1-0)XY —bY =X*-bX? beK* ccK

orovb=cd, c=f(d—1),d=f*(f—(f -1, f e K*. Oérovuc e := 1. H
arnéAuty avarrolwtoc e B, elvar :

. {[(1 —¢)* — 4b]% + 24b(1 — ¢)}?
7= {[(1—¢)? —4b]> +8(1 —¢)? — 270 — 9(1 — ¢)[(1 — ¢)? — 4b]}

émov ta ¢, d — 1,b, divovraw and tic efic oyéoeic ( ouvaptioer Tov e ):

coemDe=2) (oD, (e=D(e=2)
ele—(1—e)?)’ e—(1—e)?’ ele — (1 —e)?)?

Ioyvouy ta eéijc :

(1) 0<wv(e) <u(2) Yve S
JEOS) =14 (2) 0<u(e—2)<u(2) YueS

3) (1—e)cU(S)
. Av By (K) D Z|TZ, 1 eéiowon tnc E éxer tnv uopylf :
E:YV2+(1-oXY —bY =X* b, beK' ceK

orov b =d*(d—1), c=d(d—1),d € K* — {1}. H andivty avadrolwroc tnc E,
elvau:
(d® —12d" + 42d° — 56d° + 35d* — 14d* + 4d + 1)3

d’(d—1)"(d® — 8d? +5d + 1)

j=
Téte €yovue :
(1) deU(sS)

jeO(S):>{
(2) d—1€U(S)
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17. Av Ey0.(K) D Z/11Z, 1 E éyet eélowon tnec uoppis:
E:X’+(1-0XY —-bY =X?>-bX? becK' ceK

omou:
1
b=cr, r=ri+1, ri=1/ry, 79=1/V, U:ZUQ
1 1
c=s(r—1), s=s1+1, s1=1/s9, so=U/V, V:ng—§

H aréAvty avarroiwtoc tne E, elvar :

. {l(1 = ¢)? — 4b)* + 24b(1 — ¢)}3
7= D{[(1 — )2 —4b]2 + 8(1 — ¢)® — 27b — 9(1 — ¢)[(1 — )2 — 4b]}

omou ta b, ¢, divovrar ovvaptiioel twy Vo, Uy and tic axdrovlec oyéoeic:

1
c (Vo —4+2U,) (Vo —4), b:§c(V2+4).

~ 160,

Ioyvouy ta eérjc :

(1) 0<vu(lUz) <2u(2) Yue S

(2) <u(Uy —4) <2u(2) Yue S

JEO(S) =9 (3) u(Vo—4)=2u(Us) YueS
(4)  u(Va+4) = 3u(Us) Yue S

| (0) u(Va—4+20) = 30(U;) YueS

Anédeln @ Oa arodelovue udvo tny mepintwon 3. Oheg oL GAAeC anodelxyiovTal Ue
6uoL0 TEOT0. Xnueldvovue OTL tepintdoeg 1 — 3, 5,6, 8 — 12, 14 xau 16 arodewxviovtal
oto [Mu], xou ot unéhotnec oo [Str].

Eotw E/K elewntind xounhn, 1 onola neptéyet o onuelo P = (0,0). Eotw de 61t o0
onuelo P elvar tééne 4. Tuvende 1 xaunidn E déyetal nopauétpion tne wopphc E(b, c).
Eyouue 6t 4P = 0, dnhadfy 2P = —2P < (b,bc) = (b,0). Ouwc b # 0, enouévoc ¢ = 0.
Apa n E éyel e€lowon g Lopgihc :

E:Y?+ XY —-bY =X —bX?% beK*

Av Béoouue e := b~!, t61e elxola utoloyilouue 6TL

_ (e(e +16) +16)°
B e(e + 16)
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Eotw tdpa 6t j € O(S). Ou anodetfovue 6L t61e Loybouv:

0 < u(e) < 8u(2) (1)

0 <vu(e+16) < 8u(2) (2)

v x4fe Béon v Tou S. Eotw 1L dev toylel 61t 0 < u(e) yia Gheg TIC EXTLUNOELS U TOU
oduatoc K, dnhadh undpyel extiunon u tou oduatoc K tétowa Hote u(e) < 0. Halpvouue
v Thpwon Tou couatog K, K, wg npog Ty daxplth extiunon u. Eotw T o yevvitopog
Tou wovadxol uéylotou Weddoug tou Saxtuhlou R. Téte 0 e ypdpetol otny Hopyt| e =
T u, 610U 0 k elvon puotxde apliube k> 1 xat o u Lovéda Tou daxTuliou TwY axepalwy Tou
oouoatoc K. Avtixafiotolue tov e oty elowon mou pag divel tny andluty availolwto

%Ol €Y OUUE:
(7 Fu(r*u+16) + 16)*>  (u(u + 167%) 4+ 167%F)3
T ku(r=*u 4 16) B w4 u(u + 167F)

j =
O apBunthc Tou j elvor wovdda tou daxTuilou Ty axepalny Tou cOUATOC K, XL 0 ToapEovo-
UAGTAC AVAXEL OTO UEYLOTO LOEMOES TOU YEVVATIL Ao TOV T, SNAAdT| 1 amdAUTY avaAlolwTog
J dev elvan axepala, u(j) < 0. Atono, dbtL j € O(S). Apa npdypatt 0 < u(e).

Enionc 0 < u(e+ 16), d6tt u(e + 16) > min{u(e), u(16)} > 0.

Anodewviouue thpa 6Tt av § € O(S), t6te u(e) < 8u(2). Eotw 6t dev oylet, dnhady
utdpyel extiunon u Tétowr Gote u(e) > 8u(2). Enouévac u(zs) > 0. Kdvouue mhfpwon tou
K w¢ mpoc tnv extlunon v xoL €6Tw T 0 YEVVATOPAC TOU UEYLOTOU LOEMSOUS Tou SaxTuAlou
R. Téte |55. Eyouue :

(e(e +16) +16)* (1 +e(% -2+ 1))
e(€+16) N 2_@8(2% .24_|_1)

j =

O aplbuntic Tou j elvon @avepd wovdda tou duxTtuilou Twv axepalny Tou couatos K,
EV( 0 TAPOVOUAOTAS aVAXEL 0TO UEYLoTO WEMdES Tou napdyetar and tov m. Apa u(j) < 0,
drono. Evtehde buota arodewxvietar 6t u(e + 16) < 8u(2).

Arnouéver howndy va amodelovue to avtiotpopo. Eotw 61l undpyel extiunon v tou
oduatoc K tétowr dote u(j) < 0. Tote avayxaotixd n xounvin E Oa éyel xaxh avayonyt
(modulo 7). Auté onuaivel 61t a3 = —b =0 (mod 7) ([Hus|, napatfpnon 7.1, oeh. 78),
dnhadh w|b = u(b) > 0. Ouwc e = b !, xu enopévwc u(e) < 0, atono. Apa woylet 7

Intovuevn tooduvaulo. 2
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Yoy anotéleoua Ty Dewpnudtwy 4.5, 4.6, éyovue to axdioubo:

Ocdpnua 4.7 Yrdpyouv uévo nermcpacuéves to mAnfoc eAdeintixnéc xaunilec optouéves
oe éva alyefpixd odua apiiudy K, ue S-axépata andAvty avarrolwto j xar oudda mene-

paouévne td@énc Ei,.(K), nou neptéyet toduoppa ula and tic axdlovbec ouddeg:
Z|AZ,Z|6Z, Z|3ZP Z|3Z
ZVL, Z|SZ, Z|TZ, Z |11 Z

Erionc undpyovy uévo nencpaouéves to nAjboc S-axépaiec andAvtes avarolwtor j € K,
térolec dote n avtiotoiyes eAhentixnée xaunidec E/K va éyouy oudda nemepaouévne

t4énc By (K) mou mepiéyet toduopya tnv oudda tov Klein Z[2Z @ Z |2 Z.

AnddelZn @ Ou tapouoldoovue U6vo TNy Teplntwon 6mou Ey,, O Z[5Z. Oleg oL dhheg
anodexviovtal ue 6uolo teono ([Str]). Agol Ey,(K) 2O Z/5Z, n xaunihn E éyel v
e&hc mapauétplon (Bedpnua 4.16, tepintwon 14):

E:Y? 4+ (1-b)XY —bY = X*-bX? beK*
Oétouue e :=b. Tote LoyveL 6Tu

S 0(S) = (1) ecU(S)
(2) 0<u(e?—1le—1)<3u(5) YweS
Apxel howmdy va anodellovue 6Tl undpyouy Ubvo Tenepacuévou TARboug e € K* mou va
wavorowoty Tic oyéoec (1) xau (2). Oewpolue 10 obua K' := K(v/5). Eoto C' éva
TenepaoUévo alvolo Béoewy tou K, mou mepléyel Tig enextdoelg Twv Béoewy tou K ot

omolec avixouy ato C xafde xo tic Béoeic tou K’ nou Sapody tov 5. Eotw 8¢ &' =

Y —C'. 310 odua K', éyouvue :

62—116—1:[6—(%—2 5)][6—(%4—;\/5)].

Ouwc Aéyw tne oyéoews (1), toydet 61t e € U(S'). Enlong e — & £ 25 € U(S'), Myo
e oyéoenc (2) ( doT to S dev mepiéyel Béoelc tou K’ mou Siapolyv tov 5 xat dpa
u(e? —1le — 1) = 0 ). Apa 7o e elvar WLdlovoa S'-povéda, wc tpoc L £ 3v/5 € (K')*.
Enouévog obupwva ue to Oedpnuo 4.5 énetal 6Tl undpyouy Udvo Tenepacuéva To TARbog

e, Tou v Lxavorotoly e oyéoels (1) xat (2). Apa toylel to {ntoduevo. 2
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2 9

4.4  ENeuntixéc xaundAeg oplouéveg o ” anhd ”’ xufuxd ocopota
apLOudv

Opiouds 4.8 Arndd xufixd oduata apiudy ovoudlovue ti¢ xuPixéc enextdoeic tou Q

¢ woppiic K := Q(Vab?), érnov ot a,b elvar Getixol axépatol, eAevbepor tetpaydvou xau

mpdtor uetaél Toug.

Ta anhd xuBxd odpata Q(vVab?) xar Q(va2b), mpopuves tautilovial, GuVERHS Yw-
olc meploploud TN yevxotntog, unopolue vo utobéoouvue 6t a > b. Ernilong to olvolo
{1, Vab?, Va2b}, etvor plo. Q-Béorn tne enéxtaone K/Q. Yuvende xéfe otoyelo © € K,

YedpeTol xatd Lovadixd TeOTO TNV UopQY:
T = + xQW"‘ xgm, 1, %9, T3 € Q.
Enilone n norm evéc otouyeiou = otny enéxtaon K/Q, elvaw:
N(z) := NK/Q(x) = 2% + 23ab® + r3a’b — 37 297300.
Optopég 4.9 Eva andd xufuxd odua apifudv K = Q(Vab?), Aéyetar:
1. Tvrov Dedekind I, étav a Z +b (mod 9)
2. Turov Dedekind 11, étav a = +b (mod 9)

Yxomog uag elval o TAfeng Tpoadloploudc GAMY TwY EARETTIXOY xoUTO WY F ue axé-
poLol amOALTH avahhOlwTO J Xal UN-TETPLUUEVY UTooUdda TenepaoUévns tdéne By, (K), o€
amhd xuPd ooduata aptbudy. Ilpog authy Ty xatedbuvorn Oa uac ypetaotel n Yvdon tng

aptBuNTXAc TV amAOY XUBXOY cwudtwy apltBudy. Ioylel to eZhc Bedpnua ([Na)):
Ochpnua 4.10 Eotw K = Q(Vab?) andd xufixd odua aptfudy. Tére:
1. Av 1o odua K elvar timov Dedekind I, téte to K €yet axecpala Bdon tnv:
{1, Vab?, Va2b}
Yvverndc xdbfle x € Ok, Eyet uovadixy éxppacn e Uopgn:
r =1 +xzm+x3m, X1,%0,X3 € Z
Erionc n diaxplvovoa tov oduatoc K, elvar A = —3(3ab)?.
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2. Av to odua K eivar tinov Dedekind 11, téte to K éyet axepaia Bdon tnv:
{, Vab?, Va?b},
drov to v Slvetar and Ty oxéon v = 3(1+avab® +bva®b). Yuverdc xdbe x € O,
Exel povaduey Exppaon tne Uopprs:

1
r = 5(371 + 22 \/3 ab? + x3 \/3 aZb)

Omov TA T1,T9, X3 € Z xat T1 = ary = bry (mod 3). Enlonc n Siaxpivovoa tou

oduatoc K, elvar A = —3(ab)>.
Arnodewxviouyue Tto e€ric:

Ocdpnua 4.11 Eotw K = Q(Vab?), éva andd xufixé odua apibudyv. Av p elvar évac
mpdétoc tov Q, 1ot avadletal w¢ s oto K :

1. Av o p dev Siaipel toy 3ab, tote:

(1) PP, avp=-1 (mod3)
pOxk =4 (2) PPP; avp=1 (mod 3), ab® xufixé vrdloiro modulo p

3) P avp=1 (mod 3) , ab* Syt xufixd vrdrotro modulo p

ornov otpv mepintwon (1) woyder 6t N(Py) = p, N(P) = p?, otnv repintwon (2),
toyvet 6tt N(Py) = N(P2) = N(Ps) = p, xat tédoc oty nepintwon (3) toyder ot
N(P) = p.

2. Avp | ab, téte p- O = P3, érnov N(P) = p.
3. Ay p =3 xat ab £ O0mod3, tdte:

(1) pr? av to K elvar timov Dedekind 1
(2) PP, av to K elvar tunov Dedekind IT

3.0 =

Ernionc éyovue avtiotoya étt N(P) =3 xat N(P) = N(P,) = 3.

Anddeln :
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1. Ayp=—1 (mod 3), t6te 0 3 dev dowpel tov p — 1, enouévwe d := (3,p — 1) = 1.
Ouwc 7 tooduvapia 28 — ab? = 0 (mod p), éye Aon awy (ab?)’T =1  (mod p)
([Ir-Ro], mpétaon 7.1.2, oek. 80), to onolo toylel Sttt d = 1. Emtnhéov 1 Looduvaula
2> —ab®> = 0 (mod p), éyer ula uévo Aiom, détt d = 1. Tuvende To TOALGVLUO
23 — ab?, avolvetar modulo p ot évay tpwTtoBdiuto xau ot évay deutepoBdbuio bpo.
Apa o mpdtoc apliudc p avaldetar oto odua K oe dVo npdta 18enddn Py, P, Tétowa

ote N(Py) = p xav N(P) = p°.

Eotw tdpa p =1 (mod 3). Téte npogavdc o mpdtog aptbBude p avalvetal oe dlo
rpdTa Weddn oTov duxtiho Zlw], (w = eF) éotw Q, Q. Enouévec 1 woduvauta
23 —ab® = Omodp elvon emhbouun avy elvar enthdoun modulo @, dnhadh avy To xUBLKG
oVupoho (%)3 tooUtat pe 1 ([Ir-Ro], mpétaon 9.3.3, oeh. 112). Ioodlvoua autd

E 7, 7 7
5 = 1modQ. Yuvende av 1o ab? elvar xuBixd uréhoiro

Loy Vel €4y xaL ubvo edy (ab?)
modulo p, Téte €youue Tpelg axpBig Aioelg Tng Looduvaulag, doTL d = 3, evd av To
ab? dev elvar xuBxd undhomo modulo p téHTe 7N Looduvapula dev elvar emdboun. Apa
4 2 ’ 7 4 7 ’, 4 ’

otav o ab” elvar xuBixd vndhoino modulo p t6Te 0 TPdTOC CPUGE p avaheTal o

Tpla TpdTa WEDdN Tou oduatoc K, evd dtav o ab® dev elvan xuPixd undhoro modulo

p, t61€ 0 p adpavel oto odua K ( ue Pafud adpavelac 3 ).

2. Av o mpdtog apliude p Sapel tov ab téte 2w otnv mepintwon tinou Dedekind I
xaL oTtny nepintwon tinou Dedekind 17, o p datpel v Staxplvouca tou cduatog K.

Yuvernde drodhadiletar oto odua K. Emniéov 22 — ab?® = 23

(mod p), agoV plab.
Yuverdyetar 61t 0 mpdTog apfude p Staxhadiletar TAfpwe (([Av3] ). Apa toylet To

{nrolyuevo.

3. Avp = 3 xaLab # 0mod3, tdte 0 p = 3 Srochadiletar StoTt Srarpel Tny Staxplvouca Tou
oouatog xol oTig dVo nepunt®oelg TUnou Dedekind 1 xou II. Ytnv neplntwon tinou
Dedekind I o 3 dev nepiéyetal 6Tov odnyd Ttou ovuatoc K, eved otny meplntwon
tonou Dedekind IT mepiéyetar otov odnyd tou K. Apa otnyv nepintwon Dedekind
I mpdyuatt 3- O = P?, 6mou 10 P elvar tpdhto Weddec tou oduatoc K. Ltny
nepintwon Dedekind I7 malpvouue to otougeto Oy := 5(1 + ab? + a?b®) € K, xou ue

amholc hoyaplacouols BAEToLUE 6TL TO AVAYWYO TOALOYLUO Tou By unép To Q elvon
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TO:

1 1
f(X)=X3 - X%+ §(1 —ab)X — 2—7(1 — 3ab + a’b + ab?)

xaL o delxtne tou By dev elva 0 modulo 3. Mdiiota avaydyovtag to f(X) modulo
3, eUxoha SLamLoTMGVOLUE OTL avalleTol o€ €vay TpwToPdluto dpo xal oe éva TEAELO
TeTedywvo. Apa mpdyuatl o TpdTog apliuds p, Exel Ty {ntoduevn avdiuon p- Ok =

P2P,, 6tou N(P) = N(P,) = 3. 2
Eavoryupvolue Topa 0TI eEAELTTIXES xaunUies. loylel To e€¥c Bedpnua :

Ocdpnua 4.12 Eotw E cAlewntins] xaunidn opiouévy oto andd xufixé odua aptfudy

K = Q(Vab?), ue axéoaia andéluty avallolwto j, tétoia dote:
u(j) >0, yia xdbe extiunon v tov K, v]2 7Ful3. (1)
Tote n oudda Euor(K), elvar toduopyn ue ula and tic axdlovbeg:
(OV, Z)2Z, Z)2Z & Z|2Z, Z|AZ, Z)3Z
ZI6Z,Z)2Z S L)L, Z)12Z, Z |5 Z

AnédelZn @ Eotw u Oéon tou oduatoc K. Eotw 8¢ 61t u|2 xou 7 o uniformizer mou
avtiotolyel oty Béon u (av xdvouue TNV TApwon tou oduatos K we mpog tny Béon v,
K, ). Aoyw tou Bewpfuatog 4.11 ndvta undpyel ula tétola Béon, tétola Hote N(m) = 2.
Ouola vy xdbe Oéon v mou emextelvel TV Oéom mou avtiotolyel oTov mpdTo aplbud 3,
natpvouue évay dhho uniformizer 7', tétolov dote N(n') = 3. Enouévwe to Oedpnua tou

Hasse (undfeon tou Riemann) uog divel 6t

#E(K,) <6 (%)

av 1 xaunvin E éyel xalf avoywyh modulo 7 yia 7|2. Enlong :

#E(K,) <8 (%)

av n E dyer xolf; avayoyh modulo 7 yur 7w|3. Emnkéov n undleon (1) touv mapdvtoc
fewpruatog pag Teplopilel oe EAAENTIXES XAUTUAES TOU €Y OUV XAAT| 1 TPOGOETIXY avaywY

modulo 7. ZEeywpeilovue Tic e€nc TEQITTOOELS:
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1. Eotw 6t n ehhewntinn xounihn E nepiéyel onuelo ue tdln npodto aplfud p > 5. Tote
1 xoumiin E éyel, Moyo tou Oewpruatog 4.1, xahy avaywyr 6tav o 7 Stapel Tov 2
f Tov 3. MdAtota Aoyw g oyéoews (*), éyouue 6T p = 5. Alahéyovtac hotndy 7|2
tétolov Bote N(m) = 2, 161e and To Gedpnua 4.1, éyovue 611 #E, (K)[5 - 2* (a).
Enlone dahéyovrac 7|3 tétoov Hote N(m) = 3 ), and to (8o Dedpnua xat and tny
oyéon (x*) éyouvue 6Tt #Ey,.(K)[5 - 3% (b). Ou oyéoec (a) xou (b), odnyodv otny
oot #Ey, (K) = 5.

2. Eoto topa 6TL 1 elhewmuixry xaunVin E Sev mepéyel onuelo téing mpdto oplbud

p > 5. Tote 1o Bedpnua 4.1, uog diver 67T

283  av n E éyel ntpocbhetixd avaywyh otov w2 (1)
#Etor (K)| .
22.3% av n E éyel tpochetixf; avaywyh otov |3 (i)

Yuvdidlovroag tic oyéoelg (%) , (k) , (1) xou (49) , éyouue NV axdéhouln oyéon
Sratpeonc # Eyer (K)|22 - 3. Kévovtag howrndy 6houg Tou duvatols cuvdLlacuols é)ouue

T0 {nroduevo. 2

Yo mopaxdtw Ha Siepeuvicouue molég amd TLC OUAdES TETMEQUOUEVNS TAENS TOL UOC
eCacpdhioe to Oedpnua 4,11 eugaviCovtol TedyUaTl WS UTOOUddeC TemepaoUévng TaEng
utag eMerntixic xauriine E/K, émouv K éva anhé xuPuxd odua aptbudy. Emmiéov Ha

7

Tpoodloploovue 6ha Tar Suvatd oduato K xou Tic eddeintixés xauniies E, ue Soouévn
UTOOUAdY TETEPAOUEVNS TEENS Bty (K).

Eotw C 10 6Uvolo 6hov Twv atelpov Béoewy Tou oduatog K xar S 1= Xk —C. Eotw 8¢
E elhewntind| xounOAn ue S-axépoia andohutn avadlolwTo j, oplouévn e eva anhd xubixd
odua apbudy K = Q(vVab?).

Kot apyfv ot cuviixeg axepardtntog yio TNy andluty avaAlolwTo j ToU TEOXVUTTOLY
amd to Dedpnua 4.6 , uetaoynuatiCovtol oe norm-eélotoels. Hpdyuatt, éotw p évag npdTtog
aplbude. Tote 0 p €yel uovadixy) avdhuon Ge YLYOUEVO TPOTOY WeWdOY Tou oduatos K.
Eotw howndy pOx = PP Ps? -+ Per N (P;) = p’i 5 norm tou 3eddouc P; xau f;, o Babude
adpavelac tou P;. Ioyler 6t Yefi = n = [K : Q). Ac ouuPolioovue ue up, TNV ur-
apytundeta extiunomn mou aviiotolyel 6To TEMTO We®dES F;, XAl UE Uy AUTHY TOU AVTLOTOLYEL

otov tpKhTo aptbud p. Ewval tpogavéc 6t toydel Ve € Q—{0}, up (e) = e;uy(e) (i). Enlong
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av e € K — {0}, t61e 10 x0pro W3eddec mou mapdyeton and tov e, Eyel Lovadixt avdhuon

O€ YLYOUEVO TPOTWY Wewd®Y Tou oduatog K. Eotw:

€O = Q3 ---Q3F

NK/Q(e) = NK/Q(QI)SI e NK/Q(Qk)Sk
Ny qle) = p2ih
Yuvende Up(NK/Q(e)) =Y fivg,(e) (i7). Ac xdvouue éva mapddetyua yio vo dovue Gtu
oL oyéoeic (i) xau (i1), odnyolv oe norm- eliodoelc. Ac ndpovue tnv Tepintwon 1. tou

Oewpriuatoc 4.6. Eyouvue:
J€0O(S) <= 0<up(e) <12up(2)

== 0 < up(Ng qle)) = fivgi(e) < D fil2ug,(2)
Ouwc Y fil2ug,(2) = 123 fie;uy(2), Moyw e oyéone (i), xar to teheutalo LoovTaL Ue
12nu,(2), 6mou v,(2) = 0 A 1, avdhoya Ye To av p # 2 1 p = 2. BUVETOS €YOUUE

Ny qla) = £2™,6m0u 0 < m < 12n.

Egapuélovtac hotmdy authv tny Stadixacta avd teplntwon xotakfyouue oc norm-e£L6GO0ELS,

oL omoleg Oa mpénel va emAvfoly oe ulo amhy xuPua) enéxtaon tou Q. Eyouvue:

1. Eotww 6t woyler By, (K) =2 Z/127Z.

Adyo tou Oewpruatog 4.12 €youue 6L dev uTdpyel EAAELTTIXY XoUTUAN E 0pLoUévn
oe amhd xUBxd oduo apliudy ue axépata ATOALTY AVIANOLWTO %ol UTOOUAdY TETE-
oaoUEVNS T8ENS # Eypr (K) > 12.

(a) Av to odua K eivar tonou Dedekind I, téte and to Bedpnua 4.6 nepintwon 12,
€youue 6Tl 1) Tapduetpog e € Ok . Enouévwe, Aoyw tou Oewpriuatog 4.10, toydet bt
10 e ypdpeTon xatd Hovadxd Tedmo oty wopeh e = x1 + x9v/ab? + x3v/ab, bmou

T1,%9,%3 € Z xor a Zb (mod 9). Odnyolunote Aowndy otic e€hc norm-eZloGoelc:

N(e) = 23 + 25ab® + x30°b — 3z 29230b = £2™ - 3™ (3)
N(e—1) = N(e) — 327 + 31 — 1 + 3wpx3ab = £1 (4)
N(e —2) = N(e) — 627 + 122, — 8 + bzyw30b = £2" (5)
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6mou n € {0,1,2,3} xau m € {0,1}. IloMarhaoidlovue v ellowon (4) ue 2 xat

™V agatpolue and Ty e&lowon (5) xaL TNV oLUVEYELL AOVOUUE KOS TPOS T
T = é(N(e C )+ N(e) = 2N(e — 1)+ 6) (%)
Enlonc Mvouue v e&lowon (2) we tpog xoxzab :
Toxzab = %(N(e —1) = N(e) + 327 — 32, +1) ()

Yy ouvéyela, v doouévec twéc twv N(e), N(e — 1), N(e — 2), unohoyilouue
T0 1 anb TV oyéon (*) xou anattodue o mp va elvan axépatoc.  Avtixabiotoldue

z 4 4 /7 4
ToV 1 0Ty oyéon (k) xar avahboLUE Tov Tarzab € Z xutd 6houg Toug Suvatolc
TPOTOUC OE TUPAYOVTES T, T3, @, b, xoL €£eTdlOVUE AV LXAVOTOLOUVTIL OL EELOGOOELS
(3) = (5). Méow autol tou alyopthuou nalpvouvue ubvo 8V NIGELS TOL LXAVOTOLOUY

T e€odoeg (3) — (B), yyran=m=1([Fu]):
e =2-V2 e=-V2-V4

Ouwg ov avtiotolyeg eAAETTIXES XAUTUAES EYOLY TNV (BLa un-axépata amOAUTY avoh-
AolwTo:
20. 32

J = "5 (7763956 + 6163452V/2 + 4892200V/4) ¢ O

Yuvendc dev umdpyel EAAELTTIXY XAUTUAT, 0plouévn o€ anmhd xUPxd ooduo aptiuody
tunou Dedekind I, ue axépota andAutn avalholwto xal UTooUdd TENERPAoUEVNS TAENC

Er(K) = Z)127Z.

(b) Av t0 odua K elvar timouv Dedekind 11, t6te 1 nopduetpoc e ypdpeton xatd
wovadixd tpbémo otny uopgtf € = x(z1 + xaVab? + x3Va?b), 6nov Ty, 29,135 € Z,
Ty = ary = bry (mod 3) xaw a = £b  (mod 9). Odnyoluacte howndv otic eZrc

norm-eLoMOOoELC:

N(e) = ﬁ(x? + x3ab® + r3a’b — 3w wow30b) = £2" - 3™ (6)
1
N(e—1)=N(e) + 5(—:&{ + 371 — 3 + z973ab) = £1 (7)
1
N(e—2) = N(e) + g(—2;;;3 + 1221 — 24 + 2xw30b) = £2" (8)
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6mou n € {0,1,2,3} xou m € {0,1}. Egapuélovtac tov ido alydpliiuo 6nwe otny
tepintwon tinou Dedekind I, xatalfyouue oo (8o cuunépacua. Anodelaue hotndy

v &g mpdTaon:

IMpébaom 4.13 Acey undpyet eAdeintins xaunidn E ue axépaia andAvty avadiolwro
J optouévy oe amdé xufuxd odua aptfudv K, ue urooudda memepaouévns taing

B (K) = Z/12Z.

. Eotww 6t woyler By (K) =2 Z2Z ® Z/6Z. And 1o Bedpnua 4.6, neplntwon 13,

odnyoluaote oTic axdioulec norm-eEloGOOELC:
N(e) = 42", N(e+4)==+2"-3" N(e—2)=42%.3™

N(e—4) =42 N(e—8) =+2".3™

6mou n,l € {3,---,9} xaw m € {0, 1,2,3}. Egapudélovtac tov alydplhuo mou eldoue

otny nepintwon 1., xatahiyovue oto e€rc cuuTépacua:

IMpbtaom 4.14 Aev undpyer eAdeintint) xaurnidn E ue axéoata andAuty avaiolwto
J optouévn oe anAd xvfixé odua aptfudy K xai urooudda memepacuévne tdéng

Eior(K) X Z)2Z D Z/6Z.

. Eotw By (K) = Z/6Z. Ané 7o Bedpnua 4.6 xou tic tpotdoeic 4.13 xat 4.14 | éyovue
6TL dev umdpyel ehhelnTiny) xauriin E oplouévn o anhd xuPuxd ooduo apliudy K, ue
axépatol amOAUTH avahholwTo j xal utooudda tenepaouévne t4ine By, (K) D Z /6 Z.

Ané 7o Bedpnua 4.6, tepintwon 11, éyovue Tic e€hic norm-e€Lodoelc:

N(e) = +3 9)
N(e+1) = £2m (10)
N(e+9) =+xN(e) - N(e+1) (11)

6mouv n € {0,1,---,6} xaue m € {0,1,---,9}. O akybpfuoc nov ypnowwonotfioaue
otny neplntwon 1, uag divel 6 xaunvieg, and Tig onoleg 2 elvar oplouéveg oto Q xou

oL utéhotreg 4 elvar oplouévec 670 odua Q(v/2) ([ Fu]).
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4. Eotww By (K) = Z[JAZ. Noyo tou Oewpriuatoc 4.6 xau g npdtaone 4.12, éyouue
OTL 8ev untdpyel EAAELTTIX xoUTOAN B ue axépata andAuth avarlolwTo j oplouévr oe

amhé xuPd odua aptBudy K xat vrooudda nenepaouévne e By, (K) D Z/AZ.
(a) Eotw 61t 10 odua K elvat tonou Dedekind I1. Téte and to Bedpnuo 4.6, tepl-
TtTtwon 3, odnyoluacte oTic axdhoulec norm-elodoeLc:
N(e) = 3 + zyab® + v3a’b — 3z 29730b = £2" (12)
N(e+16) = N(e) + 4877 + 768z + 4096 — 487y13ab = £2™ (13)

6mou n,m € {0,1,---,24}. ©étoupe A = =(N(e + 16) — N(e) — 4096). Téte ol
oyéoeic (12) xou (13), divouv:

Ty =—-8% \/A + 64 4+ xoxzab (%)
Towszab = 2 + 1613, — A (*%)
Ouwc 0ol x1, voxsab € Z, éneton oL
N(e+ 16) — N(e) — 4096 = 0mod48

Av zox3ab < 0, T61E anb Ty oyéon (%) éyovue 0 < |razzab] < A+ 64, xou zoxzab =
—(A+64) + 2% 6nov 2z € Z »xu 0 < 2 < VA + 64. Suvendg yio Soouévn tun tou
A, undpyouv tenepacuéva oto TANbog z, Tétoln Gote 0 < 2 < VA 4 64. Enouévoc

v SooUévn TWA Tou z, Loy YouV:

T, = -8+ \/A+ 64 + xoxzab (o)

ror3ab = —(A +64) + 2> (oo).

Egapuélovue tdpa tov akydelbuo tne nepintwone 1., étav zozzab < 0, étoL Hote va
weavorotodvtal ol elodoelg (12), (13) xafdeg xa ou (o), (0o). To anotéheoua elvat
OTL €youue TEeTepaoUéva 6To TARB0C amAd xuPBxd ohuata K %ol TETEQUCUEVES GTO

TARB0C TopaUETRPOUS € oL VoL ToEAUETELLOUY TNV EAAELTTIXT XUUTUAY E.

Eotw tdpa 611 x9230b > 0. ToTe €Youue oTu:
0 < (23ab® — 23ab)* = (v3ab® + x3ab)* — 4(wy230b)*
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— (z5ab® + x3a’b)* > 4(zow30b)? () 4(x7 + 167, — A)?

And v dAAn Thevpd duns, Aoy Twv eElohoewy (1) xat (x*), éyouue:
(z5ab® + 23a’b)? = (=23 + 3x,39230b + N(e))? = [2(2% + 4827 — 3Ax; + N(e))]?

= 4(aF + 162, — A)* — (227 + 4827 — 34z, + N(e))* <0
<= 768x] + (16348 — 4N (e) — 96A4)x> + (342 — 96N (e) — 3072A4)2?
+(1924% + 6AN (e))x; + (—4A4% — N?(e)) <0

[pogavde 1 teheutala aviodTnTo LxavoToleltal Uévo ylo menepaouéves 6To TARfog
TWéC Tou 71 € Z. T Soouévn Aotrdy tiun Tou 21, unoloyilovue To Tex3ab and TNV
oyéon (xx). Katahfyovue oe nenepacuévec oto mhffloc ehheintixée xaundies B, xat

nenepaouéva 6to TARfoc oduata K ([ Fu]).

(b) : Eotw 6t 10 odua K elvar tomou Dedekind (I7). ¥e authv tnv nepintwon

odnyoluaoTte 0TS axdAoubec Nnorm-eEloMOELS

1
N(e) = ﬁ(x? + z5ab® + x3a’b — 3z 19730b) = £2" (14)
1
N(e+16) = N(e) + 5(1635% + 768x1 + 12288 — 16x9x3ab) = £2™ (15)
6mou n,m € {0,1,---,24}. Yuveyllovtac xatd eviehdc duoto tpdéno 6nwe oTNy TE-

olnrtworn tonou Dedekind I, xatalfyouvue 0To cuunépacuo 6TL dev UTAEYOULY ENAEL-
TTIXEC XAUTUAES UE axépald ATOAUTY oVOAAOIWTO OPLoUEVES 0E amAd XUPBIX6 odua
tmou Dedekind 17 xav utooudda nenepacuévne t4éng By (K) = Z/AZ. Yuvende 1)
uévn TepltTwon 6Tou Talpyouue SeXTO ATOTEAECUA ELVAL 1) TERITTMON CWUATOY TUTOU
Dedekind 1. Méhiota 6ha T duvatd oduata elvar tne uoppic K = Q(+/D), émou
t0 D Satpéyel to olvolo {2,3,5,31} ([ Fu]).

. Eow By (K) = Z)2Z @ Z[2Z. Sy neplntwon 4, uvnoloyloaue dha to oduata
K xou tic mapauétpoug e mou txavorotoly g ouvlfixee (1) 1 0 < u(e), xaw u(e+16) <
8u(2). Ltnv npoxewwévn teplntwon Héhouue vo utoloyicouue dho to ooduota K xat
g mapauétpoug €, tétoec Hote (2) 1 0 < u(e') o u(e’ — 16) < 8u(2). Oétovtoag

¢’ := e+16, napatnpovue 6Tt utdpyetl 1 —1 avtiotoyla, uetal TV € ToL LXAVOTOLOVY
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Tic ouvBrixec (1) xat twv € mou wavornowly Tic ouviixec (2). Enouévoc éyovue
nenepaouéves 6to mAfloc mapauétpouc € xau menepacuéves oto mARoc andluteg
avohholdToug J. Anhadn mhavoy va ndpovue drelpeg To TARHOC ENAELTTINES XAUTVAES

E, mou a avtioTtolyoly oe menpacuévec To TAHBoc TS TS amdAUTNS AVOAAOLDOTOU

J- ([Fu]).
6. Eotw By (K) =2 Z)2Z ) By (K) = Z[3Z. Otay By, (K) =2 Z 27, t6te 0d1y00-
uaote oty e€¥c norm-elowon:

N(e) = £2"

6moun € {0,1,---,36}. O Moewc tne tapandve eiiowong divouv drelpec oTo TAfHoc
eMETTIXES xaunUAes E xat dretpa amhd xufBixd oduata K ([Ful). Av neproploovue to
TeéBAnua oto K = @ téte nalpvouue Tic mapapétpouc e = £2" n € {0,1,- -+, 12} xa
dpat TLS ATOAUTES AVOAAOLOTOUS ] = 22”(1 + 24*”)3. Evtehde duola dovievouue 6tay
Eior(K) = Z|3Z, %o xatohiyouue oTIc TEPLTTGOoELS 6mou K = Q oTic nopauétpoug
e=4+3",ne{0,1,---,6}.

7. Eotw By (K) =2 Z/5Z. OL norm-eZloGoels 6TLS onoleg xatahfiyouue elval ot e€nc:
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N(e) = +1 (16)

N(e® —1le—1) = £5" (17)

6mou n € {0,1,---,9}. Oétovue D := ab?, § := Vab?, § := v/a2b xa unohétouue 6L
a > b. Oa utohoyloovue dhec Tic duvatéc TWWES Tou D, Gote va LoyUouy oL OYECELS
(16) xou (17).

Eotw g(X) := X? —11X — 1 € Z[X]. Av e € Ug t6te 1) := —1 € Ug. Exnlong 1o
otowyeto g(n) = e 2 — 1le ! — 1, éyer norm N(g(n)) = —N(g(e)). Suvendc av 1 e
elvat Adom tov eZlodoeny (16) xou (17), téte elvan xou 1 1. Apa ywplc teploptoud tng

yevuxdtnrac unopolue va utofécouue 6t el > 1. Oa anodelZovue o e€fic Mupa:
Adppa 4.15 Ay |e| > 1950, tdte t0 e dev xavonoel tic e€iodoeic (16) xar (17).

An6deln - Eotw 6t |el > 1950, e € Uk. Av €' xou €, elval ta duo ouluyh tou e,
TOTE:

IN(e)| = le- e -

|

1
|=|€|'|€'I2=1:>|g|=\/|€|>44

Av toybouy ot eZiodoeic (16) xau (17) éyovue 6tL toyvel n oyéon [N (g(e))/N(e)| =5

n

6mou n € {0,1,---,9} xa etouévwg Loylel 6t
1 1 12 n
le—11—~|-|=+11-¢€]"=5", ne{0, --,9}. (18)
e e
O |11+1|<11+1<11+ =
D) ~ — — X
Hes, e =T e 1950

1 1 1 1
—11—-——- > — 11+ - - 11— - 1 - 11 - — .
e 11— | > el = |11+ || = | = 11— | > 1950 — 11 — —— (x

Emmhéov woyvet 6t [11 —¢/| <11+ || < 11+ 4, %o
1 / 1 !
|g—|—11—e| > ||g|—|11—e||. Apa:

1 1
|g +11—¢|>44—-11 - ﬂ(**)

Yuvdidlovtog tic avte6TnTes (%) xou (¥%), éyouue:
2

IN(g(e))/N(e)| > (1950 — 11 — ﬁ)m - 4—14 ) > 5
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T0 omolo elvar dtono Aoyw Tne oyéoewe (18). 2

Yougova ue to Muua 4.15, éyovue 611 dev undpyel Aon Ty eflodoeny (16) xat
(17) o€ Gvat anhd xuPB6 b aptBudy Tou el xavovixonolnuévn Heuehtddn uovida
ep(> 1), "apxetd” ueydin ((eo > 1950 ). And v dhhn ueptd 6unc o Cusick anédeile
OTL Yot x80e amh6 xuBxd odua aplfudy K ue Swaxplvouca Ak < 0, o regulator Tou

K wavoroel v e€hg aviedthTa:

1 A
R(K) =logey > 3 log(%) (% % %)

’ 1 7 .
Hpdyuatt, yio e 1= s EXOUUE :

e e2 e

Ale) = (e —€)(e—e)*(e —e)* = ()" (1 - )’ (1 — = )*(1 - =)*

e’ € e
6mou ta e, €, €, elvar Statetayuéva we eéic le] < |e’| = |e|. Tore:
log A(e) < log4 + 2(log&* + log¢'),
06Tl av Bécovue T = 5, y i= %', TOUEATNEOVUE OTL 1) GUVAETNOT
flz,y) =1 -2)1—-y)(1 —2xy), obmov |z|<1,|yl <1,

172 Yuverdc:

éxer uéytoto 10 2 ( f(z,y) <2 ). Exnlonc woylet e < || =le|=e
log A(e) < log27 + 2(_73 loge)
= log Ay <log27+ 3R(K)

Apa ixavoroteltan 1 aviobdtnTo (% * *).

OTEQ) /C 8 ’ 7 )\ 7 ’ /. 6 7, K ’ .
C YVWELLOLUE 1) OLAXPLYOUOU EVOC UATTAOU XUﬁLXOU OWUATOC APLTUWY , ELVOL:

(ab)? bron s — 1 6tav a# +b (mod 9)

AK == —27 2
s 3 6tava=+b (mod?9)

%L OLUVETASC MOYW TNS OYECEWC (* * %) €yovue To eEfC dvw ppdyua:

(

Enouévoc yua va toybouy ot oyéoeig (16) xat (17) oto odua K = Q(J) npénet va

ab
?)2 < e

Loy YOLY OL AVIGOTNTES:

ab < sed!? < 5(1950)*/> < 86110 - 5
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Ocdenua 4.16 Av R(K) eivar o regulator evéc ardol xufixod oduatoc aptbudy

K = Q(9), tdre:
30 —s

R(K) > 2log( )

Am6dein . Eotw n:i=e;' < 1. Agol n € Ok éyouue:

&t + Tg(s + ng
S

Omou 11,79, 73 € Z. Av » elvon mpwtapyxy plla g wovddog Loy vet:

o 1 —|—’I“2(JL)5 + 7"3(1)25

S

A+ T — 2020 4 r30d
s

77]:

Ané autéc i Tpelc elodoelc €youue:
3ry0 = s(n + 0’y + wn)

3r30 = s(n + wn' + 0’7

[atpvouue amdhuteg TLUES:

!

) ) .
3IT2|5,3|7"3|§ < Inl+ 10"+ 7] = |nl + 20| <1+ 2[7'|.

Ouwc 1=N(n)=n-|0|*= ‘ZIO‘Z, xou Gpa |1'| = y/eg. Luvendg:
s(1 4 2y/eq)

ralé, Irale” < SV

Av tdpa unobécouue 6t § > s(1+2,/eg)/3, 161e 9 = r3 = 0, TOL AVTH oNUAlVEL 6TL
ry = s xau 1 =1, éyouue dtomo. Apa \/eg > (30 — s)/2s. Enouévwc:

1 30 — s 30 — s
_ > - ) = >
5 logeg > log( 5 ) R(K) > 2log( 5

)

And to Gedpnua 4.16 xar to Muua 4.15, éyovue 6Tt av ol e€iodoes (16) xar (17)
éxouv Aiom ot xdmoto anhéd xuPxd odua aptbudy K = Q(4), § = ab?, téte wxavo-

motelton 1 e€hc aviodTnTAL:

30 =5 /1950

2s
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Yuverde edv D = ab?, éyouue 1o axdhoufo dvw ppdyu:
D < 26391s

Katadfaue howndv oe nenpacuévou tAfoug oduata K xal tenepaouéves oto mAnfog
TOPAUETPOUS €p, UE €y < 1950. Apa éyouue o ubvo edketntixh xourniin E/K, mou

nopapetplletal and to ey (dec | Fu], oeh. 44, npdtaon 6 ).
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5 EAMewntixés xounOAES OpLOUEVES GE OTOLYELMDELS 2-
oaffehavég enextdoelg Touv @

Eotw ehhewntind) xaunVin E opliouévn oto oodua Q. Xxondc autod Tou xegohailou elvol 1
elpeon 6AwY TV Thavdy ouddwy tou eugavilovtal ooy torsion ouddec Ei,, (F'), ehetnti-

21OV xaumVAwy E opiouévwy oto Q, 6mou F' elvar otolyetddng 2-aeiiav eméxtaon tou

Q.

5.1 Xuvouoloyla neENEPACUEVELY OUAdWY

Eotw G, ula menepaouévn oudda xar M ula aeiiovr ouddoa otnv onola dpa 1 oudda G.
YuuPohilouue Ny dpdon tou otouyelov s € G 6to otoyelo m € M ue m®. Téte to M

elvar éva ( de&l ) G-module, av:

1

m' =m, (m + m/)s — ms + (Tn/)s7 (ms)t — mst

Av M xou N eivar G-modules, évog G-uopgioude elvar évag ououoppioude ¢ @ M — N
aPellavidy ouddwy tétolog Bote p(m®) = p(m)®, Yo xdfe m € M xo s € G.
[o éva doocuévo G-module, ouyvd uac evllagépel 0 UTOAOYLOUOS TOU UEYOAITEPOU

vro-module 6to onolo 1 G dpa TETELUUEVD.

Oplowés 5.1 H 0-oudda ovvouodoyiac tou G-module M, ouufoliletar ue MY 5 adhidec
H°(G, M), xat opiletar:

H°(G, M) :={m € M/m® =m,Vs € G}
Eotw tdpa 1 uxpr) axp3rc axohoubia ard G-modules:
0—P -5 M2 N—0,

dnhadn ou ¢ xau ¢ elvar G-module popgiouot, 6mou o ¢ elvar uovouopploude, o P elvar
ETULOPYLOUOS XaL 1) EXEVAL TOU LoppLouol ¢, Im(y) Loodtal ue Tov tuphva tou ¢, Ker(y).

[apatnpodue téte 6TL 1 axorovbio Twv 0-ouddwy cuvouohoylag :
0— P9 — M9 — NY
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etvo axpUBhc, ald 1 amewcdvion MY — N9 dev etvar ev yével ent. Me oxoné va ehéyLoupe

T6c0 Slapépel 1 TeheuTala anewdvior and to va elvan ent, Slvouue Tov axdéiouvfo oploud.
Optouds 5.2 Eotw M éva G-module. H oudda twv 1-cuvadvoidwy tnc G oto M, opiletou:
CHG, M) = {£/§: G — M}.

H oudda twy 1-cuvxixiwy, opiletal:
ZNG, M) :={§ € CU(G, M) /6 = & + &, Vs, € G},

omov € = &(st).

H oudéba twv 1-ovvouvdpwy, oplletal:
BYG,M):={¢ecCYG,M)/Am e M t.0. & =m*—m,V¥s € G}
Op(lovue v 1-oudda ouvouoldoyiac touv G-module M w¢ tnv eéfic oudda tnAixwy:
HY(G, M) := Z'(G, M)/B'(G, M)

Me dAiho Aoyia, 1 1-oudda cuvouoroylog elval 1 ouddo Twv 1-cuvxdxiwy £ : G — M,
modulo v oyéon Looduvauiag 6Tl %o cuvxixhol Tautilovtol edv 1 Sagopd Toug elval
e woppric m® — m, ya xdnoo m € M.

[Topatneroeic:

1. Elvow mpogavég 6tL edv 1 8pdon tng ouddoc G, oto G-module M elvor tetplupévn,
ToTE!

H(G,M) =M, xo H(G,M)= Hom(G, M)

2. O avayviHotng mou evBLUQERETAUL YLo XATOLES ETULTAEOV TANPOYOPLES YlaL TNV GUVOUO-

Aoyl TV TEnepaoUévey ouddwy, unopel va avatpélel oto [Av4.

5.2 KAdoeig Loopopplog EANELTTIXGV XAUTOAGY

Eoto k éva téheto obdua xau k n alyeBpixh Bixn tou cduatoc k. Eotw 8¢ E ulo ehketttixd

xaumOAn oplouévn oto odua k xar P = (z,y) éva onuelo tne xauniine E. H enéxtaon
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k/k elvar e dreipn eméxtaon tou Galois (Sec [Kov], mapdptnua, oeh. 99 — 122). H
oudda Gal(k/k), dpo xatd puolohoyixd tpéno o€ xdfe onueto P = (z,y) tng ehelntixhc
xauniine E, P* = (2%, y°).

Ocewpolue tdpa Ty oudda Auty(E), Twv autouop@loudy tTne eMeLTTiXiS xourniing E
mévew and To odua k, Ttou anexovilouv To en’dmelpo onueto O otov eautd Tou. loylel To

axdlovbo:

Ocdpnua 5.3 Eotw E/k eldetntixsf xaunidy. Tote n oudda avtouoppioudy tov od-

uatoc k (O — O ) elvar nenepaouévy oudda mov n t@én tne drapel to 24. Avadvtixd

€yovue:
(- cav j(E) #0,1728
4 eav j(E) = 1728 xat char(k) # 2,3
|Auti(E)| =4 6 eav j(E) = 0 xa char(k) # 2,3
12 eav j(E) = 0= 1728 xat char(k) =3
| 24 cav J(E) =0=1728 xat char(k) =2

An6deln - Eotw 6t char(k) # 2,3 ( Ou nepintdoelc yapaxtnplotxic 2 xat 3 yivovrat

buota ). Téte n ehhewntixd) xaunvin E Slvetar and eiowon tng uopphc:

E:Y?=X*+ AX + B.

Kdbe avtouoppioude tne xaunvine E elvon tne uopwic x = u?x’, y = uy’, énouv u € k*.
Enouévwe avuxabiotdvrag otny ellowon tne E, éyovue 6Tl u A = Axu u®B = B.
Yuvende eav AB # 0 (dnhady| j(E) # 0,1728) énetow 61t u = 1. Av B =0 (j(£) = 1728),

tote ut =1 xaveav A =0 (j(E) =0) t6te u® = 1. 2

IMopiopa 5.4 Eotw E uia eAdeintiny xoaunildy, opiouévy oe odua k yapaxtnototixis,
char(k) # 2,3. Av ouuforioovue ye p, tic n-pilec tic uovddoc tou oduatoc k, yian = 2
(avtiotoryan =4, avtiototyan =6), dtay j # 0,1728 (avtiotoiya j = 1728, avtiotoiya

j =0), téte éyovue tov axdrovbo toouoppioud Gal(k/k)-modules:

Autp(E) = pin.
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Anddeln : Katd tnv anodewxtiny Staduxactio Tou fewpruatog 5.3, delaue 6L 1) amewxd-
VLo

[ ] — Autg(E),  [C](z,y) = (C°z,CPy),

elval LoouopgLoudc ouddwy. Oumg 1 Tapandve anetxovior), avtiuetatifetal ye Ty dpdon
e ouddoc tou Galois xau enouévec etvan toopoppioude Gal(k/k)-modules. 2
Eotw tdpa E'/k elMewntinh xaunihn twist tne E. Enouévec undpyet toouopploude
¢ : E' - E, optouévoc 610 odua k. SuufBorilovue ue Twisty(E), To 6Uvoho TV twist
e xounvine E (modulo wouoppla utép to odua k). Oewpolue tdpa TRy anexbvion:
G(k/k) — Autg(E)
s & =90
Oa anodeiovue 6Tl 0 &, 6Twe oplotnxe, elval 1-ouvxUxhog xolL 1 GuvoUohoYLIXT XAdOT)
Tou § oplletar wovadxd xdtw and toouopploud. Emmiéov xdbe cuvouolroylaxy xhdon
TpoépyeTol and xdmota twist tne xauniing E/k. Kot’ autdy tov tpémo hotndy unopolue
va Tautioouue To 6Uvoho Ty twist Tng xaunding E, ue v medTn oudda cuvouoiroyiag

HY(G(k/k), Autp(E)). Suvodbilovye %ot amodeixviouUe T Topamdve oto axdéloubo Bed-

e

Ocdenua 5.5 Eotw E eAletntixtj xaunidn optouévy oto (téew) odua k. I'a xdbe twist
E'/k tn¢ xaunvdnc E dtadéyovue k-toopoppioud ¢ : E' — E xau opilovue tnv aneixdvion
& = P! € Autg(F), droc mponyouuévws. Tore:

1. O € elvar 1-ovvxtxdoc, dnAady yia xdbe s,t mov avixouy otpv oudda Gal(k/k)
toyver 61t € = (&)'&. YvuBorilovue ue {&} v ouvouoroyiaxii xAdon tou & otny
npdsty oudda ouvouoroyiag H (Gal(k/k), Auty(E)).

2. Opilovue tnv anetxdvion:
T : Twisty(E) — H'(G(k/k), Auty(E))
Tote n anewxcdvion T, elvar 1 — 1 xau ent.

Me dAda Adyta ot twist tn¢ xauniine E/k (xdtw and k-ioouoppioud ) fpioxovrar oe 1—1
xau enl avtiotoryla ue ta ototyela ¢ ouddac HY (Gal(k/k), Autz(E)).
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Anédeiln @ Eyouue & = oo™ = (¢ ) (ple™h) = €4, yio x40e s,t € Gal(k/k).
Apa o £ elvan mpdryuatt 1-cuvxdxog.

Eotw tdpa E" [k wa 40 twist tne xaundine E/k mou va elvan k-tobuopen ue ty
E'/k. Ou anodetZouue 6L o 1-cuvxixhol o™ xau 5! avhxouy oty B xAhdom
ouvouoloyiag. EE unobécewe, undpyetl k-toouoppioude 8 : B — E'. Opilouue to oTotyelo

o= php ! € Auty(E). Eyouue:
(W 0Y) = (e ) () = =

=@"0p " = (9" ) (@) = ("¢ o,
10 omolo amodewviel 6Tt Ta oTowyeta PPt YIY T avAxouy oty (Bl xAd&dn Guvouolo-
yiog o emouévog 1 amewdvor T elval xahdS opLouévn,.

Anodewevbouue tdhpa btL  anewdvion T, eivon 1—1. Eotw E'/k xau E"' [k, 800 twist tne
xapriing E/k mou Stvouy ty idla xhdon cuvouoroyiag otny HY (Gal(k/k), Auti(E)). Autd
onualvel 61L undpyouy k-toouoppiouol ¢ 1 E' — E, 1) : E" — E' xou k-autopoppLouée a,
TETOLOL DOTE:!

o (Y7 = (9o, Vs € Gal(k/k)
OptZouue v amewévion 0 : E" — E', 0 = p~taw). Tpogavee o 0 elvor k- 1oouoppiouic.

Emnhéov, yio x80e s € Gal(k/k), éyouye:
0% = (")) = (¢) (¢ o) = 9"y = 0.

Enouévee, n anewxdvion 0 etvar k-loouopgioude, dSnhadh ou xourdhee E' xor E” elvon k-
LGOUOPYES XaL GUYVETHS dlvouy To dto otouyelo 6to alvolo Twisty(E). Apa n anewdvion
T elvow 1 — 1.

Eoto tépa € : Gal(k/k) — Autp(E) évag 1-ouvxtnhoc. T va arodetfouue 6Tu 1 anel-
xowion T etvow ent, apxel va xataoxeudoouue xauniin E'/k xau k-.oopoppioud ¢ : B — E,
Tétolov Gote & = PPt TIpog autdy Tov 6%0T6 BewpoUUE T0 GOUL GUVIPTAGEWY TN EA-
hewntichc xourvine B, k(E). Me l_c(E)g, ouuPorilovue to odua To omolo elval LoOUoPYO UE
10 66ua k(E), é0tw uéow tou k-ioouoppiopot Z : k(E) — k(E),, 6mou duns n dgopd
avdueosa ota dYo oouata evroniletor oty dpdor tne ouddoc Galois, Gal(k/k). Suyxexpl-

uéva opllovue Z(h)* = Z(h*€,), v xébe s € Gal(k/k) xar h € k(E). Ye auté 10 onueto
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Stvouue xdmotec eEnyfoeic yia To mdc dpa 1 oudda Galois Gal(k/k) ota otolyeto Tou 66-
UaTOC GLYVAPTAGEWY TN xouTUANG B, k(E). Eoto h € k(E) = Quot(k[z,y]/ < f(z,y) >),
eav N E éyel eZlowon f(x,y) = 0. Eivaw mpogavéc 6tL 1 h endyel xahd oploUévr anetxdion
mou Ty ouyPorilovue extong h and Ty xauniln E oto odua k, h : E — k mou anexovilel
10 onueto P € E(k), otnv twA tou h(P) € k. H opdda Galois Gal(k/k) Spé oo ctoLyeto
h, Spdvtag otoug cuvteleotég Tou. Enlong, agol n xouriin E elvar opltouévn oto odua k,
aghvel To Weddec < f(z,y) > avalholwto. Enouévec xat’ autdy tov tpémo natpvovue ula
ouyxexpévn dpdor oto adua cuvapthoewy k(E). Exlong opilovue [h(P)]* := h*(P?).

Optoaue howmdy v Spdon tne ouddoc Galois 610 odua k(E) xor cuvende oL tTny
dpdon oto oBdUA I%(E)g. Eotw G = Gal(k/k). Ocwpolue 10 6tabepd obua tou E(E)g,
F = E(E)? Oa anodel&ouue to {nrovuevo oe Tpla BAuoTa :

1. FNk==F.

Eotw g € F N k. Téte Moyw toouopplac tne Z, undpyer h € k(E) tétolo Gote
g = Z(h), dnadh g = Z(h) € k. Eneldf, duwc n Z elva tautétnra o7o k, énetal 611

t0 h € k xou ETOUEVLC elvol oTalepd. Yuvendg:
Z(h) = Z(h)® = Z(h*&) = Z(h?),

3oL, aol n h elvon otabepd, Oa elvar otalepd xau n A%, dnhadh h*E; = h*. Erouévwc
Z(h) = Z(h*), ywa xdbe s € G. Enewdf duwc n Z elvon tautétnra o7o k, cuvendyetot
otL h? = h, dnhadt| to {nroduevo, h € k.

2. k- F = k(B),.

[oe Ty amodelén autol Tou Loy LELeUoy, amodexviovue To eEAC AAUuL:

Afppa 5.6 Eotw V évac k-dtavuouatixdc ydpoc xat éotw 6t n oudda Galois G =
Gal(k/k) Spa ouveydc atov V, xatd tpdro ouufaté ue ty Spdon tne G oto odua
k. Ay V, ==V, tére:

V = k®kVi.

Anddelln : Apxel va anodetfoupe 6Tt xdfe v € V) elvar k-ypouuxde ouvdloouée
otolyelwyv Tou Vi. Kat’ apynv 1o yeyovdg 6t n oudda G Spo cuvey®dc oTtov Slo-

voouatixd yoeo V, onuaivel 6t n vnooudda tne G, H := {s € G/v° = v} éyel
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TenepaoUEVOo delxtn otny oudda G. H H aviiotolyel oTny TEREQUGUEVT ETEXTACT] TOU
Galois L/k. Eotw 8¢ [L : k] = n xou {ay,- -, a,}, plo Pdon e enéxtaone L/k. Av
Gal(L/k) = {s1, -, Sn}, T0T€ Yo x40 i € {1,---,n} opilovue 1o Stavdouota:

n n
wi =Y (aw) =Y a;’ v,
1 i=1

=
omou 1 tedeutala Lo6TNTA LoyUel SLOTL 1) dpdon tng G otov V' elvar cuuPaty ue tnv
Spdon e G oto odua k. oupatnpodue 6t T Staviouata w; elvar G-avalholwTa.
Enouévog w; € Vi, Emniéov énwe yvwpllovue and tny Oewpla cwudtov o rivoaxag
(a3'), elvon un-d1dlwv. Yuvende xdbe v*7 ypdpetar v L-ypauuix6c cuvSlaou6s Tov

w; € Vi xau dpa to (8to ouuPaiver xat v to otowyeto v € V. 2

Egapuélovtog howndy 1o Muua yua V= IE(E)g, Vi = F, éyouue 611 k@ F = I_c(E)g.
Ouwc k®yF = kF, xou dpo LoyleL To 2.

Eva dueco ouurépaoua mou €yovue and To 2, elvat 6Tt To odua F éyel Balud urepa-
wx6TnToc 1 Tévew and 1o odua k. Tuvende awold FNk = k, cuvendyetol 6L undpyet
xaunihn E'/k tétow Gdote F = k(E') ([Sil], fedpnua 2.4, ceh. 25). Enuéov to 2
uac dlvel otL:

R(E') = kF = k(E),

112

k(E).

Apa oL xaunilec E xou E' elvar toduoppec téve and to ooua k, dnhadh n B’ elvo
twist tnc . Anouével Aoindy va anodel&ovue 61l pog divouy tny i8ta xAdon cuvouo-

hoylag {&}.

. Amodelln tou enl:

Eotw ¢ : E' — E, 0 k-Loouop@Louéc Tou avTloToLyEl 6TOV LGOU0pOLOLS TWY GOUITWY
ouvapthoewy Z : k(E) — l_ﬁ(E)6 > kF = k(E'"). Anady ¢* = Z (6mou ¢* 10
pullback tnc ¢, dec [Sil], oeh. 23). Tuvende n oyéon Z(h)® = Z(h*Es), ypdpetat:

Z(h)* = ¢*(h)” = (h@)” = W& = h*@" = W&o = ¢©° = Lo,

! ’
mou uog dlvel to {ntovuevo. 2
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5.3 Kdnowa teyvixd Mjupota

Eotw tdpa K yla menepacuévn enéxtaon tou oduoatos k. Av E/k elvon pio edhetmund
xapmihy o E'/k twist tne xoundine E, téte undpyel k-loouopplouds ¢ @ B — B,
étoloc Hote y xdbe 1-ouvxixho & = & e G mou naipver Twéc oty Auty(E), woylel
6Tl ©° = &0 ¢ v xdbe s € G = Gal(k/k). Idaltepa autd oyler Yo xdhe 1-cuvrinho

e G mou malpvel twéc oty Auti (E). Enouévoc yia xdbe P € E'(K), éyouye:

(p(P"))" = (&0 9)(P)
Ioyel 6T

p(E'(k)) ={P € BE(K)/P* =¢&(P),Vs € G} (x).

[pdyuatt, ac ndpovue P € p(E'(k)). Tote undpyer povadixé Q@ € E'(k), tétolo dote
P = ¢(Q). Exouue:

P = 0(Q) = (60 0)(Q") = & 0 p(Q) = £(P).

Anadi o(E'(k)) C {P € E(K)/P* = &(P),Vs € G}. T tov avtiotpogo eyxleloud
Thpa, ac mdpouvue P € E(K), tétolo dote P* = &(P),Vs € G. Téte Moy k-toouopoiog
e amebwong ¢ éyouue 6L undpyet otowyelo Q € E'(k) tétoo dote P = p(Q). Enoué-
voe p(Q)° = &p(QF), xat emmhéoy woylel 6L p(Q)* = P = & (P) = & 0 p(Q). Yuvende
£ 0 0(Q) = & 0 p(Q°), dadi p(Q) = p(Q°). Apa Q = Q°, yio x4 s € G. Emouévac

Q € E'(k), dSnhadf éxouue xo To avtiotpogo eYxAeloud.

Appa 5.7 Eotw G = Gal(K/k) xat éotw ot n tdén e ouddoc G elvar n, evd o
Babudc tne G elvar e :== e(G). Ay n oudda TV autouopPLoUdY TNS EAAELTTIXTC XaUTUARS
E/k, Autp(E) repiéyer pia e-pila tnc povddac téte vrdpyovv E* twist tnc xauriinc E
xar K-toouopgiouol @; : E* — E, drov to i Siatpéyer to odvodo {1,---,n}, térowr dote

0 TUPHVAS ot 0 OUV-TUPHVAS TNS ATELXOVIONG:
nooioy 99
D" Ei(k) 25 B(K),

va undevilovrar ané tov n.
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AnddelZn @ Eotw o € Autp(E), npotapyxt e-pila g pwovédac xat R = Zw| C
Endy(E). Hpopavéde o R eivan axepala meployh. Emmiéov 1 dpdorn tne ouddoc G otny
E(K), endyer xatd guolohoyixd tpomo dpdon tou Sdaxtuhlou ouddoc R[G| otny oudda

E(K). Enlong éyouue n Sdlagopetixolc ououopplouolc ( yapaxthpes ) tne ouddoc G :
Xi:G—><w>CR, 6nouv i€ {l,--- ,n}
T xdbe @ € {1,---,n} opllovue ta e€hic otolyeta:
ei =Y xi(s')s € R[G]

seG

Eniong Oewpolue to civolo:
E(K)' :={P € E(K)/P*= xi(s)P, Vs € G}

Mapatnpotue 6t ¢; E(K) C E(K)'. Tpdyuatt, ;P = Y ,cq xi(s™H)P*. Suvende apxet va
anodelfouue 6tL (€;P)" = x;(t)(e; P), vy x4be t € G. Eyoupe:

Xi() (€ P) = xi(t) D xi(s HP* = > xilts )P,

seG sEG

Oétouue ¢! = ts7!, dnhadh s = tg. Enouévoc:

xi()(e:P) =3 xilg™)P".
9€G
Ané v 4 Theupd buwe t(e;P) = Y cq xi(sTH P, Apa mpdypatt woylel 6t e, E(K)
reptéyeton oty oudda F(K)Y, vy xdbe i € {1,---,n}.
Enilong Moyw tov oyéoewy oployovdtntac Twv Yopaxthewy, oylel 6Tl Y1 e, = n.
YUVETOC :
Y eE(K)CY E(K) = n-E(K)C)Y E(K)". (19)
i=1 i=1 i=1
H dpdion x&he otoryelou e; ota otouyela tc ouddoc E(K)', dlveton ue ToANamAAGLAGUS UE
Seca Xi(s ) x;(s) = ndi; (Moyw Ty oyéoewy ophoywwdtnrac Twv yopaxthewny). Eroué-
vog vl xdfe i € {1, -, n}, éyouvue:
n (B(R) (1 E(KY) =0 (20

J#
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Emnnléov mopatnpolue 6t xdbe x;, i € {1,---,n}, elvar évac 1-cuvxixdog e ouddac G
ue Twéc oty oudda Autk(E). Lougpwva ue to Bedpnua 5.5, otov 1-ouvxixho x; avii-
otouyel ula edherntind xouniln, éotw EY, 1 omola elvan twist tng E xow cuvende undpye
k-.oouoppioude ¢; : B — E, tétolog Gote p;(Ei(k)) = E(K)' Myw Trg oyéone ().
Anhadr umopolUE EVTEADS QUOLOAOYLXE VA 0pLOOUUE TNV ATEXOVLOT):
. 1 B (k) — E(K) |
im1 @i = ity pi(as)

6mou a; € E'(k) xau ¢;(a;) € E(K)'. EZetdlouue tdpa av o n undevilel Tov muphva xou
TOV GUVTUPNVA TNG ATEXOVLONG D ¥;.

O ovvruprivac e ¢ undeviletan and Tov n, Aoyw tne oyéoews (19) xat o tuphvac Adyw
e oyéong (20). 2

HMapatfpnon : H oudda p;(E'(k)) = E(K)', elvaw ex xataoxeuic G-avalhototr. Emi-

mhéov av toylel 6T x;(G) C {£1}, ( =y e = 2 ) t6Te bhec o vnoouddec e E(K)
elvar G-avalhotwtee. Tpdypat,, av H elvor yla urooudda tne E(K)" xou a € H, t6Te

a® = +a € H, dhadh 1 H elvar G-avalholwtn utooudda e E(K)".
IMépiopa 5.8 Me ¢ mpoumobiéocic Tov Afjuuatoc 5.7, toydouy ta axdlovba:

1. rk[E(K)] = X0, rk[E*(k)], érov ue rk[E(K)] ouuBoiilovue tov rank tnc eAevfepnc
afehiaviic ouddac E(K).

2. Eotw p évac mpdtoc apibudc tov Q. XvuPforilovue ue n, to p-uépoc tou n (Snrady
v axpifB7 duvaun ue tny onola eupaviletar o npdtog dptbudc p oTny avdAuon Tou n
oe mpdtoug napdyovres oto Q ). Tote o n, undevilel tov nupliva xar tov ouyruplva
TNG AMELXOVIONG:

@?:1Ei(k)(p) — E(K),,

7 Z 7 n . 7 e Z
n omola exdyetar and Ty DI AV TNV TEQIOPIOOUUE OTA P-TPWTEVOYTA XOUUATI

TV avT(OTOLYWY OUdOWY.

Anddeln :
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1. Toybet 6t Y0 | B(K)' =2 @ | E'(k)/Ker(®! ;). Exlonc o nuprvac tng anetxbviong
D7, pi, undeviletor and tov n. Luvende o nuphvac ker (DI, p;), teptéyel ubvo onueia
Tenepaouévne TéEnc Tne ouddac BT E'(k) xou enouévac dev ennpedlel xabdhou tov
rank otnv ouddo Tnhixwy. Apa toyvel 6tL Yr rk[E(K)'] = X1, rk[E'(k)]. Exlong
Tpogavie oyvel 6t Y, B(K)' C E(K), enouévoc S0 rk[E(K)Y] < rk[E(K)).
Ouwc nE(K) C ¥, B(K)'. Apa:

n

n-rh[E(K)] < 3. rk[BE(K)] = rk[E(K)] < irk[E(K)i]

i=1
= rk[E(K)] =Y rk[E(K)] = rk[E'(k)).
i=1 i=1
2. Av topa meploploTolUE 0Ta p-xouudTia Tev ouddwy @ E'(k) xou F(K), t6te o
TUPMVIC XAl O OUV-TIUPHVIC TNS ATEWOVIONS DI @i elval td&ng SVvaun Tou p xou

1=

OLVETKOS UOVO TO P-XOUUdTL Tou n, n, Tollel pdho. Apa toylel to {ntoduevo. 2

EZetdlouue tdpa v edixt| tepintwon 6mou 1 ouddo Galois G = Gal(K/k), elvat 7
Aeyouevn otolyelddne 2-afekiavi oudda G = CJ" = @\ Z[2Z, btov 1) yopaxtnploTixy
Tou oouatog k elvan Swapopetixt Tou 2. Tote undpye k-Bdon {0,605, -+, 6, } énov n = 2™,
Tou oouatoc K tétow Gote 07 = £60; v xdfe s € G xu yw xdfe i € {1,---,n}.
Optlouue z; := 60?7 € k. Apol e = (@) = 2, oL yapaxthpec X; : G — {1} mou opllovtar
s+ 02071 elvan dhot dtagopeTixol petald Toug. Ty twist tne E ue z; O tnv oupgBorilouyue
ue BG4 € {1,2,--- n}. Téhoc vy toug K-loouoppiouotc fi, fi: EG) — E| oydel
ot

(f%(a))® = xi(s)f'(a),Vs € G,Va € E(Zi)(K).

[ %xdbe afehiav oudda V, opllouvue t0 6Uvoho V(,) := U;>1V,i. Atodewxviouue 1o g

AMuuo:

\

Adppa 5.9 Eotw dtt to odua k éyer yapaxtnoiote] char(k) # 2 xaw n oudda G =
Gal(k/k) elvar aroryeiddne 2-afediavy oudda. Téte toyvouv ta elic:

1. Ay E(K)@) # (0), téte E(k)s # 0.
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2. I'la xdfe i # 1, n anetxdvion f; endyet toouopprous uetall 1wy 2-onuelwy Sialpeonc
twv xaurniiwy E xa E®) nave and to odua k, Sndadn EF)(k)y =2 E(k),. Erxionc
n amewxovion :
id® f': B(k) ® E¥)(k) — B(K),
Exer nupiva toduoppo ue tyyv oudda E(k)s.
Anddeln :

1. Ay E(K)@g) # {0}, t61e 1 E(K)y # {0} elvow un-undevixdé Fy[Gl-module. Eneldr
buwe N G elval 2-oudda, cuvendyetat 6Tt dpa teTpLuuéva oo uto-module e E(K)s.

Apa autd ta uno-module nepiéyovtar oty E(k),.

2. T xdfe a € B (k)y, fi(a) € E(K)y . e opiopot (fi(a))® = xi(s)fi(a) Vs €
G. Ouoc x;(s)fi(a) = fi(a), 36t xi(s) = 1. Enouévoe fi(a) € E(k)y yio x80e
a € EC)(k)y. Ouotan (f1)~* amewoviler tny E(k)s otnv B (k)y. Exlong av népouue
10 otouyeto (a,a;) € E(k) ® B (k), téte autd avixel 6Tov TUphva TS ATelxdwLong
id® f*, eav xar ubvo edv a+ f(a;) =0 = (a+ f(a;))* = a— f*(a;), 670U T0 GTOLYELD
s € G xau glvon tétoo Bote x;(s) = —1. Autd buwe elval Loodlvauo ue To yeyovic
6t 2f4(a;) = 0. Téte buwe (xar pévo téH1e ) Loylel 6t xau 2a = 0. Exlonc a = f*(a;),

dSnhadh a; = (fi) " (a). Apa:
ker(id @ f') = {(a, (f')"'(a))/a € E(k)2} = E(k)a,
duotL (f1) L B(k)y = EC)(k)y, bnwe anodeiaue oto epdtnua 1. 2
Eotw E elewtnuxt| xauniln opiouévn oto odua Q xat éotw K/Q nenepaouévn otol-
YeLddne 2-ofBehav enéxtaot. Tote 6nwe elval Yvwotd uropodue ndvta vo SLahéEovue uLa
Q-pdon tou K, {0y,---,0,}, tétowa Gote 07 = 2z; € Z. Av 1 xaundhn E éyel eZlowon tou
Weierstrass:
E:Y?=X*+AX+B,ABe Z,
t61E oL twist g E, E) €youv ellowon:

EC) V2 = X3 + A22X + 2B

xat ot loopoppiouol i EF) — E| tétowol Gote (fi(e))® = xi(s)fi(e) yia xdbe s € G xan

e € EG)(Q), 6mou e = (x,y), dvovtar and v oyéon fi(x,y) = (z; 'z, 0; 12 y).
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5.4 Avtouopyiouol

e aut) TV Tapdypago Oo aoyolnfolue ue ouddeC AUTOUOPPLOUGY TOU EYOUV TNV EWBLXY
wopl Aut(Z[2°Z & Z/2°Z), émou a,b € Z héyw Tou 6L Ho poc ypelaotody oTny
ouvvéyeln. Eotw R évac avtiuetaletinds SaxtOAlog o omolog va €yel éva undevoduvauo
uéyloto Weddec M, dnhadr urdpyer a € Z tétowo dote M = (0) evdr M # (0). Eoto
S¢ I := M éva un-tetpuiuévo Weddec tou daxtuliou R émou 0 < b < a. Oewpolue 10
R-module V := R® R/I. Téte 0 daxtihloc Ty evd0U0ppLou®y Tou V elval tobuoppoc e

TOV YEVLXEUUEVO Tlvoxa-0axTOALO:

Endg(V) > ( R Anng(I) ) ,

R/I R/I

dLoTL av ue [r] ouuBoiicouue Tvy xhdon Tou otolyelou  otov daxtUiio R/I téte o nivoxac:
T R Anng(I)
€ ;
[s] [f] R/T  R/I
u
) €V, oc enc:

[U]
( r ] ) . ( U ) ( Tu - jU ) ‘
[8] [t] [U] [SU + t’U]

Eniong av ouuBolicovue ye I' v ouddo twv R-autouopgiouoy tou V, téte 1 I' Oo elvan

dpa oT0 oToLyElo (

1 oudda TwV UovAdwY Tou Tapandvew nivaxa-Suxtuliou. Av howndv cuvuPoiilovue ue U(+)
TIC 0uddec UovAdwy, TOTE elval Tpogavég OTL Loy VeL:

U(R) Anng(I)
R/T U(R/I)

I' =

Oewpolue Tdpa TV Teptntwon énou R = Z[2°Z . I = 2°R, 610u 0 < b < a. Anodet-

xvbouue To axdioulo hiuuo:

Afppo 5.10 Eoto Uay = Aut(Z[2°Z & Z|2°Z), érov ot a,b elvar fetixol axépatol

tétowol dote a > b xaw R=Z[2°Z. Tore:
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1. H oudda Uy éyer tdln 2073072 Ypy nepintwon dnov b =1, n Ty elvar 1o quievdy

dbpotoua twv ouddwy N xar U, drou:

( 1+2R 2R
N =

) ~ (142R,)® (2 'R, +)
(0] [1]

[ )
xa U ~ Z /27,
R/2R [1]

elvar o mupivag e anexdvions avaywyrc modulo 2R.

2. Olec ot oroyetddeis 2-afehiavéc vroouddes e Iy, A C Tyq éxovy tdén to modd
8 ((xat to moAU 4 yia o =2 ), xou xdbfe vmooudda A ue déixtn uxpdrepo 1 (oo Tou

2 otny Uyq, meptéyetar otny Siaydvia oudda-nivoxa

1+2R 0
D = .
( [0] [1] )

3. Télog edva =2 7 3, t6te n oudda-nivaxac A elvar dvw 1§ xdtw ToLywvixdc niva-

xoc.
Anddeln :
1. Avuxabiotolue R = Z/2°Z o I = 2°R oty oyéon (1) :

( U(Z/2°Z) Anng(2'R) )

ab = Z/2°Z U(Z/Z“Z)

20R

20R

Eyouvue #U(Z/2°Z) = ©(2%) = 27!, émou ¢ elvan 1 ouvdptnon Tou Euler.

Z|2Z
/ =2" you, #U(R/2°R) = p(2") =21,

En _SE 2
TELGY]C; #2() . Z/2G'Z

Téhoc o undeviothc tou 2°R elvar 1oduopyoc ue v oudda tnhixev Z/2°Z, xo
enouévac #Anng(2°R) = 2°. Apa:

#Fa p = 2&—1 . 2() . 2b—1 . 2b — 2a+3b—2‘
Eotw b =1. Téte
I =2R, R/2R=Z/2Z, U(R/2R) = [1], Anng(I) =2""'R.
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Emouévwg €youue:

N (e
"\ zpz vazpz

Avaydyouue tdhpa tov I'y 3 modulo 2R xat matpvouue tov e€hic mivaxa-daxtihio:

- 1 0
Fa,l mod2R
R/2R 1]

Anadh Ty = Umod2R. O muphvag tne ametxdwione avaywyfic modulo 2R efva o

14+2R 2°°'R
N = .
( [0 [1] )

Apa €yovue v uxpn axplBr axdéioudia:

112

Tlvaxoc:

00— N-—Iy —U—0,

Tou elval LoodVvauo ue To Yeyovog 6t Iy 1, elvat .oduopgn ue to nuievdi dbpoloua

twv N xou U. Enlong elvol npogovég i

Lo

xou U = Z[2Z, evé o yevvhtopac tov U elvae o

1+2R 2°7'R .
N = = (142R,-)® (2 'R, +)

. Hapatnpotue 61t o xevipornontic ( centralizer ) Tov u € U otov N, elvat o dtaydviog

1+2R 0
D =
( [0] [1] )

Av tdpa A elvon otouyelddng 2-afehiovi utooudda tng 'y 1, ToTE:

Tlvaxoc:

(a) Edv A C N, t6te n A o €xer 14&n to ok 8 duotu:
UR) 21 +2R2Z)2Z © Z)2°*Z, evé 2°'R=Z[27Z, Srhadh;
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Z2Z & Z)2 2L  Z)2Z
[0] [1]

Yuvenide n A C N elvan otolyelddng 2-ofehavy) oudda uévo ywr a = 2 ¥ a = 3.

N

1

Méhiota nopatnpolue 6TL Yo a = 2 1 t8&n tne A elvat to Toh) 4.

(b) Av thpa A Z N t6te 1 unoouddo A fa nepléyer otolyelo e wopyiic g = nu,
omoun € N xau A=< NNA,g>.Erlonc noudda N N A xeviponoel To oToiyelo
g doTL g € A xau n A elvon oTolyelddng 2-afehovy oudda. Emouéveoc n N N A
xevtporolel xat to u 86Tt N N elvon affehiov) oudda we evdd dfpotoua xuUXAXDY
ouddwy. Luvendyetol Aotmdv 6Tl 1 ouddo N N A TEpLEYETAL GTOV XEVIPOTOLNTY TOL U
oto N dnhad?| nepléyetol otov dtay®dvio oudda-nivaxa D mou oploaue Teonyouuévng.

Apo mpdypatt 0 A éyel 18En to okl 8 (( xau 4, y a =2 ).
Emnniéov mopatnpolue, ot oe xdfe mepintwon [A 1 AN D] < 2, dott #A < 8,
4D < 4.
. Téhoc yiwa =2, 1 a = 3 xdle otoyelo g € [y, 18Enc 2 elvon dvw ¥ xdtw
Torywvixd. Av o g elval o mivaxog:
1+i j
o 1]

T6TE 0 ¢ elval 00TwC B SAALKC dve ToLywvixos. Oa atodelovue GTL €dv 0 g Sev elval

b

0 Topandve Tivaxag, TOTE elval xdtw Terywvixdc. [lpdyuatt edv éva otoyelo g € I'

€yeL Té&n 2,
t+1 g , ] L
g= , 6mouv 1 € 2R, j €2 R, totE:
1] [1]
ol =1
[v] [v]
u
v x8be xou dpa ot Yoo u = 1, v = 0. Eyouue :
[v]
2
147 1 1+ 1+
] [ [0] ] [ 1]
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(1+4)2+7 1

2+ 0]
Yuvende (1+14)2+75 =1 xu [2+1] = [0] . To dedtepo woylel dot i € 2R. H oyéon
(144)%+7 =1, uag dlver 611 2 +2i+j = 0 = i(1+2)+j = 0. Tdpa, enedf 101 € 2R
Yedwetar oty woph i = 2iy, 6mou iy € R xat enouévwe i(i +2) = 44y (i; + 1) € 8R,
ouott elte 73 € 2R elte 44 € 2R + 1 mou xou ot dVo meplmtdoelc Uoc dlvouv 6T
i(i+2) € 8R. Yuvendyetaw Aonéy 6Tt j € 8R. Ouwc a < 3 xat enouévwe j = 0. Apa

o mivaxag g elval x4Te TELYwixog, dnhadt Loyvel To {ntoluevo. 2

5.5 Xtouyewddeilg 2-affehavég enextdoels Tou Q

Eotw E ula ehhewntixy) xauniin oplouévr oto odua @ xou €otw F' D Q n uéywotn 2-
afehavh enéxtaon tou Q, dnhadf F = Q(vz | z € Z). Lxonde autic tne mopoypd-
oL ELVAL 0 TPOGOLOPLOUOS OGAWY TWY BUVITHOY UTOOUGdWY TenepaoUévne T8Ene By (F)) tne
ouddoc E(F). To enbuevo Bedpnua elvar Beuehddouc onuaciog ylo To Topaxdte xdl To

avapépouue yweic anodeln ( [Ke 1], [Ke 2], [Ke 3], [Ke 4], [Ke 5], [Ke 6], [Ke 7], [Maz] ):
Ocodpnua 5.11 Eotw E uia eAdeintixy xoaunvin opiouévy oto obua Q.
1. ( Mazur ) H oudda Ey,(Q), elvar toduopyn ue ula and tic napaxdtw 15 ouddec:
Z|mZ 6rmov 1 <m <10 Fm =12
ZRZ S Z2nZ  drnov 1 <n <A4.

2. ( Kenku ) Eav n oudda Ey.(Q) éyet pnti ( Sniads Gal(Q/Q)-averlolwty )
vmooudda toduopyn ue tny Z|nZ, tite:

n<19 4 ne{21,2527,37,43,67,163}.

[Tpdta Ba meptypddouue dheg T SUVUTOHTNTES YiaL TNV LTOOUASA TEREQACUEVNS TAENS

E(F)y :={e€ E(F)/ne=0, vy xdnolov n teptttod}.
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Ocdpnua 5.12 H oudda E(F)y clvar toduopyn ue uia and tic axdlovbec ouddec:
Z/mZ avme (1,357,915, fZ/3Z®Z/3Z.

Anodeln 1 Kot apyfv elval mpogavéc 6tu apxel va anodellouue to {nroduevo vl
6hec Tic menepaouéves enextdoerc K/Q tétotec dote K C F. Ac otafeponotioovue ula
enéxtaon K/Q, ue oudda Galois G = @ | Z /27 6mouv m évac puoxds aptBude. Tote

amd to mHploua 5.8 €youue OTL:
E(K)y 2 E"(Q)y & -+ & B (Q)a,

3L6TL amd To ev Aoy mopLoud €youue OTL v X80 TpdTo apliud p o TUpHvac XoL O GUV-
nuphvac e areévione EGD(Q) () o4 E(K) ) undevilovto and tov aplbud n, mou elvou
To p-xouudTL Tou n = #G. Ouwe 1 G elvar 2-oudda xat cuvende yia xd0e tpdto aplbud
P, D # 2 €yovue 6Tl n, = 1. EmnAéov ta onuela tenepacuévng tding mou mepLéyel 1) oudda
E(F)y elval uévo meptttol Pafuod. Enouévewc o tuphvac xat o ouv-tuprivac (Yo xdbe i)
undevilovtar and to 1, dnhadn elvan Loouoppiouotl. Ilalpvovtag howndy to eubi dbpotoua we
Teog 6ha ToL @ €Y ouue To {nTovuevo. Liugova Ue TNV Tapathpnon Tng Seutépag Tapaypdpou
(oeh. 89), xdfe eubic npocbetaioc tne E(K)y, elvar pntd unooudda tou Q. Iapatnpolue
udhota 6Tt x8fe subic mpoohetaiog, EG)(Q)y, slvar woéuoppoc ue ula anéd Tic ouddeg
Z|mZ 6mov m € {1,3,5,7,9}, SibtL ahhide Oa elyaue dtomo and to Hedpnua tou Mazur.
Ynuetdvouue entone 6t xdbe ula and tic opddec Z/mZ, m € {5,7,9} unopel va eupaviotel
T0 TOAD WL U6vo @opd ws eufic npoohetaioc otny E(K)y, di6tt €dv epgpavilotay xdmola
and autéc dUo gopéc téte to K Ou meptelye ulo m-pilo tne wovddoc ([Shi|, npbtaon 4.2,
oeh. 101) to onolo elvar dromo, SbtL 1 oudda Galois G €yet Babud 2. Eniong to mold dvo
ané tic ouddec B (Q)y Oa mepiéyouv "aviiypapo” tne ouddoc Z/3Z. Eietdlovye téhog
ToLol amd ToUC GLYBLUCUOVC TWY TAPUTAVE® OUASWY UTOPOUY Vo EUQAVIOTOVV.

Kat’ apyfiv oL ouddec Z/5Z xow Z |TZ, dev elvar duvatdy vo eupaviotoly ouyypdves
w¢ eufeic npoohetalol oty oudda E(K)y 6Tt oe authv v mepintwon 1 oudde E(K)
Ba meptelye pnt vnooudda toduopyn ue Ty Z/35Z mpdyue mou elvat dtono AoYw Tou
Bewpriuatoc tou Kenku. Katd evtehdc 6uolo tpémo ocvurepalvouue 6t oL ouddec Z/5Z,

xov Z[9Z wobde xa ow ouddec Z [TZ wow Z [9Z dev eugavilovtal wg evbeic npoohetalot
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e ouddoc E(K)y. Anouéver Snhady| va eetdoovue ta (edyn ouddwy ( Z/9Z , Z/3Z )
wou ( Z)3Z , Z|TZ ).

Loyvplouaote 6t oL ouddec Z/IZ xav Z | 3Z Sev umopoly VoL EUQAVLETONY GUYYPOVWS
w¢ unoouddec tne E(K )y . Eotw 6t dev loyve o toyvploude. Téte Ha unhpyov unoouddec
ECN(Q)y &2 Z)IZ xa. EF)(Q)y = Z/3Z e ouddoc E(K)y. Avtixabiotdvrag tdpa
v B ue tny E unopodue va utobécouue 61t E(Q)y = Z/IZ xow EF%)(Q)y = Z/3Z.
Téte duwe Ha unrpye tooyevic g xaurtiing E nou Ba elye onti xuxixr utooudda td&ng
27. Ivopllovue 6uwe 6t xdbe onuelo e modular xaumnding X0(27)|Q avtiotolyel oe
eMhewnTix] xoUTOAY UE OLVTEAEOTES 0TO owua @ mou TeplEyel ENTH XUXALXT UToOUAdA
té&ne 27 ([Sil], oek. 353). Ouwc n modular xaurdhn Xo(27) éyel uévo éva pntd onueio
mou dev elvar axida ( cusp ) xou autd to onuelo aviiotolyel oe eAhelmTiX xounvin E
mou éyel Uyadixd Tolamhaolaousd, duxtiho evdouoppLoudy Tov Z(y/—3) ot amdhuth
avalolwto j = —(12)% - (40)%/9 ([Ku], Muua [I2.2, ceh. 213). Atono dibtt xauuia
eMNELTTLXT) xoUTOAT) opLlouévn oto o®dua @ dev €yel Tétolo amdAUTY avaAlolwTo %ol onuelo
taénc 9.

Tehoc woyuptlbuacte 6Tt oL ouddec Z/[3Z xou Z[TZ dev unopody vo eu@avieTody
oLYYPOVKS WS uToouddes g E(K)y. Eotw 61t dev loyue o toyvptoudes. Téte ot dbo autée
uToouddec Ha yevvolouy uwa et xuxhixh utooudda tne E(Q) té&ne 21. Ouwe n modular
xaumOhn Xo(21) éyer 4 ontd onuela mou xavéva and autd dev elvar axida ( cusp ) ot
xabéva amd autd to onuela aviioTtolyel oe eEMelTTX xauniln oto @ ue 0dnyé ( conductor
) Tnc uopphc 2% - 3%, émou a, b puowxol aptbuot ( [MF TV], oeh. 80 xar 124). Ernopévec n
xaumOry E ol avayeyrh modulo 5. Eotw ECD(Q)y & Z/3Z wa B (Q)y & Z/TZ.
Eoto d¢ E n aviyuévn xourdln modulo 5. Téte Nos := #E(IFg5) = 21. Mpdyuat é076
Ki = Q(/7), i = 1,2 xai éotw gp; mpdTo Wemddec tou oduatog K; mou Supel tov 5.
Optlovue F,,, = Ok, /i, 6mou ue O, ouufolilovue tov SuxTOAO TV axepdiwy TOU
oduatoc K;. Kdvouue avaywyh modulo p; xau naipvouue tnv e eugitevon (npdtaon
3.7, oeh. 36):

E(Ky)ior < E(F,,) C E(TFys).

i

Yuvende 3| Nos xat 7| Nos. And tny dhhn mheupd duwe to fedpnua tou Hasse (undleon tou

Riemann), yoc dtver 61t Nos < (5+1)% = 36, xou cuvendc Nos = 21. Ouwe Nos = 26 — ass,
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OTOU ags = T2 + T2, Yl xdmotov T uyadixd TéTolov GoTe TT =5 oL as =T+ T € Z.

Téte 6uwg 21 = 26 — ags dNhadn ags = 5. Apa:
ags = (T +7)* =21 -F=a2 —2-5=al = 15,

mou elvat dromo SoTL as € Z. Apa mpdyuatt ol ouddes Z/3Z waw Z |TZ dev eupoavilovtal

w¢ unoouddec e E(F)y. 2

Mpétaon 5.13 H oudda E(F) dev neptéyet pntif unooudda toduopyn ue ula and tic axd-
Aovle¢ ouddeg:

Z|SZ ®Z|2Z & 737, ZIAZ S Z)2Z S Z/5Z
ZIAZ S ZRZ S Z|3Z & Z|3Z, Z|RZ S Z2Z.

Ané6deln - [La-Lo], oeh. 169 — 170. 2

Ocdpnua 5.14 Eotw E ula eAdeiwtoesj xaunidn optouévn oto odua Q xat F' n uéyioty
otoyelddne 2-afetiavy enéxtaon tou Q. Tore n oudda E(F ), elvar toduopyn ue ula

and ti¢ axdlovlec ouddec:
Z|2"Z S Z|2°Z b=1,2,3 xarr =0,1,2,3,

ZITZ o Z)Z S Z)3Z b=1,2,3 xarr=0,1,
Z|Z & Z|Z © Z/5Z b=1,2,3,
Z|ZSZ|Z O ZI3ZSZI3Z b=1,2,3.
h, {O}, Z|3Z, Z|3Z & Z|3Z, Z|5Z, Z|TZ, Z|VZ, Z]|15Z.
Anodeldn : Ilepiypdpouue xot’ apyrv 6hec Tic Suvatdnteg tng urnoouddug E(F)).
Av woylel 61t E(F) () # {0} téte and Mjuua 5.9 éyovue 6t E(Q), # {0} xou enouévwe to
2-oGuo Satpeone e E elval tepaywvixd utép To Q, dnhadh nepiéyetol oto odua F. Ao
™V dAAn Thevpd to 16-0dua dwipeong e B dev mepéyetor 6o odua F( déTL av vou

T6Te To odua F' Oa mepielye ula mpotapyx 81 plla tne wovddog mou elvat dtomo, agou N

enéxtoon F/Q elvar otouyetddne 2-afehavh, dec [Shi], mpdtaon 4.2, oeh. 101). Enouévoc
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av E(F) ) # {0}, t6te 1 oudda E(F )2y elvow tng wopoiic Z /2" Z & Z 2" Z pe r > 0 xou
b=1,2,3. Exlonc r < 4 361 oty avtibetn tepintwon n oudda 2°E(F) () ba nepielye onth
xUXAXT uTooudda ou 1 Td&n Tne Bo dtapodvtay ue 32, mou elval dTomo and To HBedhpnua
tou Kenku. Téloc epboov 1 ouddo Z [32Z dev nepiéyetal otny E(F), énetan 6t oL ouddeg
Z[2" e Z[2°Z v b =1,2,3 dev nepiéyovian otny E(F). Anhadf Sextéc elvan uévo ol
13 ouddec {O}, Z)2"7"Z & Z[2°Z 6mov b=1,2,3 xawr =0,1,2,3.

E&etdlovue tdhpa motol elvar ot mhavol cuvdiaouol auTdY TwY 0Uddwy Ue TIC dLdpopeS
ETLAOYEC TOU UTOPOVUE Va €xouUe yia Tng oudda E(F)y. Koat’ apyfv edv E(F)y = Z/mZ
ue m = 7,9,15 té6te E(F)@ = {0}, d6t av E(F) g # {0}, t6t€ av m = 15 n E(Q)
Oa meptelye wa pnth xUXAY) utooudda tédéne 30, To omolo elval dtomo amd To Bedpnua
tou Kenku. Av m = 7,9, agol E(F)s) # {O} ovvendyetow 6Tt yioo xdbe twist E®),
e B, woyder 61t G (Q)e # {0} (Muua 5.9, oeh. 90) xou cuvernde o umhpye xuxhixd
unooudda utép to Q Té&ng 14 xau 18 avticTtouya, dtono Adyw tou Oewpruatoc Tou Mazur.
Enouévoc av E(F)y # {0}, t6te meptéyet uto pnth xuxhixry utoouddo téd&ne 3 f 5 xou
ouvende N E(F)y dev umopel va mepiéyel uio emmhéov pnth xuxhixr urtooudda tééne 8
(Oedpnua 5.11). Emouévwe ov mbavdtntes va eugaviotoly ouddes tng wopprc E(F) ) =
Z|2"BH D Z)2°Z, anoppirtoviar. Katd duoto tpémo av n E(F) éyel onueto té&ng 5 t1e
n ' Sev unopel va €yel uua onth xuxhixr| utooudda td&ng 4 xau dpa oL tepinthoelg E(F)g) =
Z|2VZ®Z)2°Z v b = 1,2, 3 anoppintoviar. Emmiéov ol tpelc autéc nepintdoele dev
uropoly eupaviotoly uall ue uto pnth xuxhxt utooudda t8&ne 3 (Dedpnua 5.11). Anhady
anodelZaye 6Tt oL 6 nepintdoes E(F) o) = Z/ 2 Z S Z)2"Z, v b =1,2,3 xou 1 = 2,3,
uac divouy 6t E(F)y = {0}.

Ac unobécouue tdpa 6t E(F) o) = Z/2"Z & Z /2" Z, y10. b = 1,2,3. Téte 1 oudda
E(F)g) Ba mepelye pnth umoouddo woouopen ue v Z[/AZ & Z/2Z »o dpa anb To
Bedpnua 5.11 éyovue ot 1 ouddo E(F)y dev umopel va elval tobuopyn ue v Z/5Z
N ue Ny Z/3Z ® Z]3Z. To yeyovéc autéd pac aghver mfavéc uévo Tic TEQLTTOOELS
E(F)oy =2 Z[3Z 1, {0}. Apa éyouue to {ntoduevo. 2
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