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Eu Goch)YY']

1.1 Kuptd couata

‘Eva ouunayég xuptd vnoolvoro K tou R Aéyetonw kuyptd owdua av €yel un xevo
eowTePS. Oo Aéue 6Tl o K elvon ouppetpiid, av €yel x€vtpo GLUUETPLIC TNV dpY T
v aZévev 0. O byxoc tou K cuufolileton pe K.

1. 'Eotw K cuppetpixd xvuptéd ooua otov R™. Hanewévion |||k = ||| : R* — R
mou opileton amd TNV
[lz|]| = min{A >0:2z € AK}

éxeL Tic e€nc WLoTNTES:

(@) [|z]| > 0 ue wéTTe ubvo av z = 0,

(B) [Az]| = |Alll=]| , = € R", X € R,

) llz +yll < llzll + llyll , =,y € R,
elvow dnhadY) vdppa otov R*. O R™ egodioouévog ue tny vopua ||-|| x Yot cuuBorileton
ve Xg. Avtlotpoga, av X = (R, ||-|]) elvon évag xodpog ue vopua, téte n povadiala
tov urdda Kx = {z € R" : ||z]| < 1} elvor cuuyuetpind xvptd oduo otov R™.
Ané tov oploud e vépuoc éneton dueca otL av K xou L elvon 800 cuuuetoixd

%xVpTd owuata otov R?, téte K C L av xow uévo av ||z||r < |||k yid xdde = € R™.
Eriong, [|z]lrx = *[lz]lx vi& e r > 0 xon x&de z € R™.

2. 'Eotw X xou Y 800 n-didotatol ydpeot e vopua 6nwe topandvew. Av T : R* — R?
elvon évog ypouuwxde petaoynuatiouds (Yo ypdgouue T € L(R™)), optlovue tnv
véoua [|[T : X = Y| tou T w¢ tedeotrj and tov X otov Y we elic:

IT:X = Y| =max{||T(z)|ly : x € Kx}.
Iood0vaua, n vépua tou T elvor o uixpdtepog Yetindg aplduog p Yid tov omolo

T(Kx) C pKy.
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OT:X =Y Myetouw toouopprouds av elvan avtiotpéduuog (Snhadh, av T' € GL,,).

H anéotaon Banach-Mazur twv X xou Y elvon o aprdude
d(X,Y) = min{||T|| |T~")|: T € GL,},

xou UeTpdel méoo kaAd 1oduoppor elvon ov X xon Y. M 100d0voun YEWUETELXN
epunvela elvon n e€hc: n d(X,Y) elvon o uixpdtepoc p > 1 v Tov onolo undpyet
T € GL,, mou wavonotel tnv Ky C T(Kx) C pKy. Edxolo Bhénovue 611 d(X,Y) =
d(Y, X) vy xdde X xon Y (n d elvon ovuuetpnry), xou d(X,Y) =1 av xaw uévo av
undpyer T : X =Y woouetpio.

BOewpolue 10 GOVOAO B, OAwY TwV XAJCEWY LoodUVOLNC N-BECTATWY YOEWY UE
vépua, 6mou o X elvor toodbvauoc ue tov X' av xor puévo av ov X xon X' elvon
woouetpwol. O By, elvon cuunayhc ueteds ydpog, Ue Leter Ty log d: 1 totywvixs
avio6TnToL Efvon CUVETELXL TNG

d(X,Y) <d(X,Z2) d(Z,Y)

mou emoahndeleton edxola yio xdde Tpdda X, Y, Z € B,,.

O petpwde xodpoc (By,logd) ocuvAdwe héyetor Banach-Mazur compactum ¥ Min-
kowski compactum. Avtl yia tnv logd, Yo ypnowwomnowlue ty d cav Ulo Tohha-
TAAOLAOTLXY andaTaon atov By,.

3. Trodétouue 6t o R* elvon egodiaouévog ue uto Ewaetdeta Sou (-, -), xon ouu-
BoAilouue v avtiotoyn Euxdheldeio vépua ue |-|. Tpdpouvue By, yio tnv Euxheldeia
uovadiadar pumdar, xon St yior t wovadiadlo ogaipa. O dyxoc e By, 9o cuuBolli-
Zeton Ue wy. Bbvor w, = 72 /T(2 +1). ILé yevixd, av ue €3 ovuPolicouue tov
xdpo (R™, [ - [l), p > 1, émou [lz][h = Y77, |as]?, téte n wovadiala undho By tou
) €xeL 6yxo

2r(1+ L)

n

B =
|5y 1“(1+p)

(yia Ty am6delln, Bréne [Pil]). Tpdpouue o yia to wétpo mdavétntac oty St
mou elvar avolholwto we Tpog Toug oploywvioug uetacynuatiouwols Tou R®. H
emupdveto tng S elvon tom ue nwy,.

4. 'Eotw K xvpté oodua otov R, ue 0 € int(K). H akuxn ouvdptnon pk :
R*\{0} = R" <ou K opiletor amd tnv

pr(x) =max{A>0: Az € K}.
Mopatnerote ot yia xdde z # 0
pr(x) = [|lz|| ="
H owvdptnon otipiéns hx : R* = R tou K oplleton and tnv

hi(z) = max{(z,y) : y € K}.



H oyéon avdueoa otny oxtvixs) cuvdiptnom px XL Ty cuvdptnon otheline hx yid
Soouévn Sievduvon 6 € S elvan p (0) < hi ().

To mAdrog evéc xuptol oduatoc K otny Siebduvon evéc 6 € S opileton and tny
wK(t‘)) = hK(G) + hK(—B)

To péoo mAdrog tou K elvon to
w(K) = / wic (0)o(d6) = 2 / hic (0)o(d6).
Sn—1 Sn—1

To emgaveiaxd pérpo ox v K opiletan ota Borel utocUvoha tne S ¢ elnc:
av A elvor Borel vnoctvolo tne S™71, 9étouue ox(A) 10 (n — 1)-Bidotato pétpo
v ¢ € bd(K) ta onola €youv eEwtepxd xddeto ddvuoua oto A. EZetdlovtoc
TpKTaL TNV TEpinTwon o To K elvar tohbtono (xvpth 9hxn tenepacuévwy 1o tAdog
onuelwy), ebxoha eAéyyovue 6TL

K= [ @)

n

xa
1

Pkl =5 [ 1@ Olon(ds)
Sn—l

6mou Pyu K 1 opdoymvia tpoBol| tou K otov xdeto utdywpo Ttou 6 € SP1

5. To moliké odpa K° tou K elvon o
K°:={yeR": [(z,y)| <1,Vx € K}.

Ot Baowxéc WLoTNTEC TOL TOAO) COUATOC TERLYEAPOVTAL OTNY axdloul TedTIoT:

Igdétaot. Eotw K kait L ouupetpikd kuptd odpata otov R*. Ioyvovr ta €€ng:
(1) Ia xdB 6 € S" L, pro(0) = 1/hk(6).
(2) Av K C L, ©dre L° C K°.
(3) Av T € GL,, téte (TK)° = (T"1)*(K°).
(4) (K°)° = K.
() [TK[|(TK)°| = |K||K°|. O

H bvixrj vépua || - ||« ™c || - || optletan amd v
lyll« = max{[{z, )| : [|l=[| < 1}.
Ané tov opioud elvar pavepd 6t
(@, )] < [lyll«[lll

Y& xdde z,y € R*. Av X* elvon o dvikdg ydpos touv X, tote 1 povadialo undha
Kx+ tou X* elvon 10 moAuxd odua tng wovadiatag undhag Kx tou X. Qo ypdpouue

[l Mece A 11 ey 2o [} [l A ] - || xopic owtd var Snuovpyet obyywon.
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6. Ocewpolue éva cuuueTEd xVPTd odua K otov R xou v owoyévela E(K)
OV TV eAdetpoelddy Tou nepéyovtal oto K. ‘Eva ehhewfoedéc otov R” elvan éva
XUPTO CWUA TNC LOPYTC

n '2
E:{xeﬂ&";zwg},
o

i=1 B

6mov {w; }i<n elvon oploxavovixr Bdon tou R, xon oy, . . ., ay, elvon Yetixol mparyuo-
Txol aprduol (ou dteudivoels xon tor uhixn Ty nuaiévey tou E avtiotorya). Edxola
ehéyyouvue 61t E =T(D,,), énou T elvor o ypouuixds wetaoynuatiopnds tou R nou
optletan and e T'(v;) = oy, i =1,...,m.

O F. John ([Jo], 1948) €deile 6T undpyet Lovadixd eMewoedéc E mou meptéyetar
oto K xon et tov uéytoto duvatd éyxo, xou 61t K C /nE. Tuvéneia autol Tov
amoTteAéoUATOS Elvan 1)

d(X,t3) < v/n

v xédde X € By, mou npoxvntel dueca and tov eyxhelopd E C K C /nE xo tov
oploud trg andotacns Banach-Mazur.

7. To dOpowpa Minkowski twv A,B C R" eivie to A+ B={a+b:a € A,b € B}.
Av A >0,t6te MA ={)a:a € A}

[ i anodelfels Twv Tapamdve LoYUPLoUOY TUPATEUTOUUE TOV VoY VMo TN oTo Bt
BMo twv R.J. Gardner [Gar], V.D. Milman xot G. Schechtman [MS], xot R. Schnei-
der [Sch].

1.2 H owucé'c'q'toc Brunn-Minkowski

H avieétnra Brunn-Minkowski cuvdéel to ddpoloua Minkowski ue tov éyxo otov
R™:

Ocwenua 1.2.1 Eow K kait T 600 un kevd ovunayr) vroovvoda tov R*. T,

(1) |K + T|"™ > |K|Y™ + |7

Ly neplntwon mov ta K xou T elvan xuptd ooduata, wétnra otny (1) unopel va
oyVel wovo av o K xon T' elvar opolodetixd.

H (1) exppdlel ue pia évvola to YeYovie 6Tl o dyxog elvon koidn cuVEPTNON WS TEOS
v npoodeon xatd Minkowski. I'a to Aoyo autd cuyvd yedgpetar otny axdhouidn
uopr: Av K, T elvon un xevd ovunayr unoctvoha tou R xou A € (0, 1), téte

(2) IAK + (1= NTY™ > AK Y™ + (1= \) [T/,
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Xpnowuonowdvtag Ty (2) xou Ty aviodthTa oprdunTixot-yewuetpxod uéoou, Uuno-
POUUE oxoUaL VoL Yedpouue:

3) IAK + (1= NT| > [T

H aocdevéotepn auth wopey tng avicdtntoc Brunn-Minkowski €yet 1o mheovéxtnua
ot elvon aveZdptnTn e StdoTaong.

Trdpyouv todkéc xar evdiagépovoec anodeilelc e (1). Ou Swoovue €30 TNy omnd-
deln g ouraptnolakng HopPris TN aviedntag, nou ogelleton otoug Prékopa xou
Leindler (BAéne [Pil]):

Ocopnua 1.2.2 FEoww f,g,h : R* — R tpag perpioyues ovvaptioas, kat X €
(0,1). YrmoO€éroupe 6tr ov f kat g elvar odokAnpdoiues, kat dti, ya kde x,y € R”

(4) h(Az + (1 - Ny) > f(z)g(y)' .

Lo (L) (L)

Anodedn: Oo del€ouue TNV aVoOTNTA UE ETUYWYY S TPOS TNV dLdoTaon n.

(o) n = 1: Mropolue va unodécovue 6t oL f xan g elvan cuveyeic xat yvrota Jetixée.
H anéder&n mov Yo Sdoouue Boaocileton otny WEa TNg UETAPORAS TOL UETPOU.

Oplloupe z,y : (0,1) = R uéow twv

[Lo=tfre [ oo

Me Bdion tic unodéoelc uac oL z,y elvon mopaywyiowues, xa yia x&de ¢ € (0,1)
EYOLUE

P06 = [1 . v = [
Oplloupe z: (0,1) = R e

z(t) = Az (t) + (L = N)y(t).

Ou z xou y elvon yvrowa adZovoes. ‘Eneton 6t 1 z elvan xu auth| yvrotor adZovoa xou,
amd TNV avedTNTA aELdUNTIXOU-YEWUETELXOV UETOUL,

(1) = A () + (1= Ny () > (2" () (' (1)

Mnopolue Aoimdy vo exTyIACOLUE To oAoxAfipwua TS h xdvovtac Ty odAkayn Ue-
aBAnTRY s = 2(t):

/h = /Olh(z(t))z'(t)dt
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v

/0 h(Az(t) + (1= Ny () (' () (v (1)~ Adt

/01 PO w®) (f({;({f))f (mié»)udt
([ ([

(B) Emaywyké Bripa: Yrodétouue bt n > 2 xou 6t 10 Oedpnua éxel anodeuydel
v k€ {1,...,n —1}. 'Eow f,g,h énwc oto Oedpnua. T'a xdde s € R opilovue
hs : R"1 — RY ue hs(w) = h(w,s), xu ye avdroyo tpéno opilovue fs,gs :
R — RT. Ané v (4) éneton 61, av z,y € R"™! xou 59,51 € R t61€

h)\sl—i-(l—)\)so (/\:L’ + (1 - A)y) Z fs1 (1‘))‘930 (y)liky

xou 1) eEmaywywer) unddeon vag Sivet

Y%

HOw o+ (1= Xs0) = [ hsaoae,
Rnfl

> ([n) ([s) = Peee

Egopudloviog tdpa Eavd tny enaywyixh) unddeon vy n = 1 otic ouvapthoeg F,G
xou H, malpvouue

[r=for= (L) (Le)=(fr) (Jo) o

Anodelgn touv Oewpfuatog 1.2.1: 'Eotw K,T cuunoyr un xevé unoclvora Tou
R®, xau A € (0,1). Opilovue f = XK, g = XT, x4 h = Xog4+(1-n7- BlOxoha
eAEyyOLUE OTL LxavoToloLVTaL oL UToYECELS Tou Oewpriuatoc 1.2.2, ondte

(=N = [n (/f)A (/g)H — KT

Auté anodeviet ty (3) yia xdde tpdda K, T, . T v tdpouue v (1) dewpodue

K xou T énwc oto Oedpnua 1.2.1 (ue |K| > 0, |T| > 0), xa opilovue

K|1/n

K= |K"YK L o=, oa= T
1= |K] , Ti=|T] ’ |K|*/m + |T|/n

To K7 xou Th éyouv byxo 1, ondte and v (3) malpvouue

(+) MK, +(1- T > 1.

Ove, K+T
_+_
AKl + (]. - A)Tl - W,
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eNOUEVLS 1) (%) TodpveL TNV Lopph
K +T| > (|K|/" + |T|1/n)" . O
Oewpolue éva xupTd owua K otov R”, xou otadeponotolue ula Sievduvon 8 € S
Optlovue f = frp: R = RT oc efhc:
f(t) =K N6+ +1t0)).

O 6byxoc €3 elvon (n — 1)-dudotatoc. Anhady, f(t) elvon 1o «euBadovy tne Tounc
tou K o elvan xéetn oto 8 xou o€ (tpoonuoouévn) ardotaon t ard Tov 6L

Ocwpnua 1.2.3 Eotww K kuptd odua, § € S"L, kar f(t) = |KN(0+ +18)|. Tére,
n fﬁ elvar koiAn otov gopéa tng.

Anodedn: Mnopolue vo utodécouue Ot 0 = ey, ondte tavtilovue Quotohoyxd
tov 0+ ue tov R*L. T xdde ¢ opilouue

K(t)={z e R | (z,t) € K}.

‘Eow I = {t | K(t) # 0}. Twxdde t € I, to K(t) elvor xuptd, xou av t,s € I,
A€ (0,1), téte
AK(t) + (1= XK (s) CT KA+ (1—XN)s).

Ané v avieétnra Brunn-Minkowski otov R,
KO+ (1= 0)3)| 77 2 MK (1) 7 + (1= N)|K (3)] 7.

‘Ouwc f(t) = |K N0+ +t0)| = |K(t)], x avtd diver o {ntoluevo. o

IHopatienorn. To Oedenua 1.2.3 nponyhdnxe tne aviodtntoc Brunn-Minkowski.
O Brunn é3eile 1o nopandve amotéleouo UE TV UEV0do TNne oUUMETPLXOTONONS,
xar o Minkowski édwoe uiar anddeign tou Oewpriuatog 1.2.1 ypnouuomowdviag to.

IMépropa 1.2.1 Me g vnoéoes tov Ocwpnuatos 1.2.3 n f elvar Aoyapifjukd wol-
An otov gopéa tng.

Anodedn: XoenoluonoldvTag Ty aviedTnTo aptdunTtixol-YEWUETE0) UEGOU, Talp-
VOLUE

FOE+(1=N)s) 2 fF(O ()
v xdde t,s € I xaw A € (0,1). Autd onuaiver 6t 1 log f elvar xolhn oto I. O

IIépiopa 1.2.2 Av to K elvar ovupetpikd pe kévtpo to 0, tote ||f|lec = f(0),
onAaon n péyotn toun tov K elvar n kevzpikn.

13



Anéderdn: And v unbddeon tne ouvuuetplog éneton ot K(—t) = —K(t) yio xdde
t € 1. An6 o [épioua 1.2.1 n f elvon dptiar xou hoyoprduixd xoikn oto I. Apa, yia
xdde t € 1,

10 =1 (“47) 2 VAV = 10 @

O ypeelaocTtobue dAAN ulo e@apuoyy tng aviobdtntoc Brunn-Minkowski, tnv avieo-
wnta Twv Rogers xou Shephard: To odua dtagopdy tou xvptol oduatoc K elvon
T0

K-K={z—-y|z,ye K}.
To K — K elvar ovuuetpind (ue xévtpo ouuuetplac to 0), xou |[K — K| > |K|. Ot

Rogers xou Shephard [RS] é8woav axpiBés dve gpdyuo yior Tov dYx0 ToU oOUITOS
Sropopdv:

Ocwpnua 1.2.4 Fotw K xuptd odua otov R*. Tdre,
2
|K—ms(”)m.
n

Andédden: H aviodtnia Brunn-Minkowski unoiver otny anddelln ue ) Lopph tou
eZhc MupoToc:

Afppa. Av K kar T elvar xuptd oduata orov R, n ouvvdptnon
= |KnN(z+T)Y"
elvar koiAn otov gpopéa tng.
[To Auua elvar GUECT) GUVETELDL TOU EYXAELGUOD
AMEN(@+T)+ (1 -=MNENy+T) CKN((Ar+ (1= Ny) +T).
‘Encton 61U
(KN (A2 + (1= Ay) + T)[ > ME N (2 +T)) + (1= N(EN(y+T)),
xoL and v (2) ovunepaivouvue 6Tt
KNz + 1= Ny+ D) >XNEN(@+T)M"+ (1= NKn(y+T)H"]
OpiZouue f(z) = |K N (z + K)|'/". ©étoviac T = K oto Afuua, Brénovue bt 1 f
elvar xolhn cuvdpTtnon otov Qopéa g, dnhadr oto K — K.
Optlovue uta dedtepn ouvdptnon g : K — K — RT wc effc: xdde z € K — K

Ypdpeton oty wopph = =1, énou B € S xou 0 < r < pr_k(6). Tore, Yétouue
g(x) = fO)(1 —r/px_K(F)). And tov tpémO WE TOV OO0 OploTnXE, N g Elvon
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Yeoutx| oo gudiypoppo Tuiua [0, pr -k (0)0)], undeviletat oto obvopo tou K — K,
xat g(0) = f(0). Agol n f elvor xolhn, talpvovue f > g oto K — K. Enouévwc,

|[KN(z+ K)|de = (z)dz > 9" (z)dx
e x /K RCCET
nwn/sn 1/pK Kw Y1 —r/p)"dro(d)

1
|K|nwn/ pﬁ,K(a)a(da)/ L1 — 1)t
Sn—1 0

L e S

Ané v AN mhevpd, To Yedenua tou Fubini pog divet

/ |[KN(z+ K)|de = /|Kﬂ(a:+K)|da:
K-K

/ /nXK Y)Xet i (y)dydz
/nXK(y) </an—K(x)dx> dy

- / ly — Kldy = | K.
K

Yuvdudlovtag Tig 300 TYECELS ONOXATPWVOUUE TNV ambdel&n. a

1.3  K-xvuptotnta

Oewpolue évay ywpeo mdavétnrag (12, A, P) otov onolo elvan oplouévn ulo axorouvdio
(9) avEZdpTNTWY TUTLXWY XAVOVIXGY TuYalwY LeTaBANTOY. Aniadn, Yo xdde n € N
xau x&de Borel unocivoro A tou R™ woylel

1 2
= _ —lz|
P({(g1,...,9n) € A}) = @) /Ae dzy ...dx,.
To uétpo tou Gauss 7y, nou Eyel TUXVOTNTA TNV

1
Yn(T) = We

—lz|?

elvar avohholwTto we TEog 0pUoYOVLOUE UETAGY NUATIONOVS, Xt auTo elvar LooSOvoUo
pe 1o e€hc: av U = (uy5) € O(n) xou

n
gzZE Uij9g5, Z:]-:"')n
=1

15



TOTE

(1) P({(g1,---,9n) € A}) = P({(91,- -, 9n) € A})

yia xdde Borel utocOvolo A tou R”. Mia cuvéneio tne (1) elvon 6tL, av t1,..., ¢, € R

TOTE N tigr + - -+ tagn ExEL TV Blo xotavour| we tny tgp 6mou t = (Et?)l/z.
Emouévee, yio xdde p > 0 €youvue

n n
IS tigill, = llaall (32 2) 2.
i=1 =1

Iood0vapua éyouue To e€c.

Adupa 1.3.1 TNa kdde p > 0 n araxdévion Jp : € — L, := Ly(Q, A, P) mov
opiletar arnd v Jp(e;) = gifllgillp €lvar wopetpirrj epugpitevon. O

Ané 1o Afuua 1.3.1 Brénovpe 6t N emdva e Jp, elvon aveldptntn tou p. Anhadi,
n it Mxn G = J(€2) g (gn) oTov L2 (2, A, P) elvon xhewoty| oe dbhoug toug L,
pre

£l = llgullollfl2
vy xdde f € G. Tpdgpovue Q1 yro Ty opdoywvia tpofory Q1 : Ly = G.

MropoUue vo. Lhonoioouue tov (2, A, P) taipvovtac 2 = RY é6mou N, 1o ohvoho
WV Puox@y apiuny, A tny Borel o-dhyeBpa, xar P 10 xavovixd uétpo Gauss Yoo.
Tére, oL ouvapthioec g; : R — R e z — z; oynuoatilouvv axohoudio aveEdptntwy
TUTIXOY XOVOVLXGY TUY WY LETOBANTOY.

Oa ypelaoTolUE TO YEYOVOC 6TL Tal ToAuvuuo Hermite amotehoby oploydvia Bdon
70U Lo (R 75) (Yt Tic AemTopépeLeg TopaméUToupe Tov avaryveHoTn oto Bi3iio tou
Bogachev [Bog]). To nohudvuua Hermite (h,) uide yetaBinthc opllovtar and tnv

oyéon
t2 X un
exp (ta: - 5) = Z Ehn(a:), reR
n=0

Ewdwoétepa, ho(z) = 1 xow hi(z) = z. H axohoudia (hy) oynuatiler opoydvia Bdon
TOoL LQ (]R, Y1 )
‘Enetar 611, yia xdde m € N 1 ouxoyéveila Tov ToAoVOUWY TS Uop@hc

pah"”am(xla"'axnﬁ = hg, (21) + * hay, (Tm)

OTOL a1, ..., am € N, oynuatiler opdoydvia Bdon tou La(R™, vy,).

T vor oploouye opdoydvia Bdon tou Ly (RN | 4, ), Sovkebouue we e€fc: Oewpolue
70 6UVONO A TV TENXS UNSEVLXDY axohoudY a = (a1, as, . ..) and otouyela Tou N,
xon av a € A Yétovue

00
|a| = Zai xou a! = 0,1!0,2!... .
i=1
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Me cop ouuBolilovue 10 GUVORO TWV TEMXE UNSEVIXDY aXOAOUTLOY TEOYUATIXDY
aptdudv. Av z = (zy,) xau t = (t,) € coo, V€TOLUE

oo
<t7 £L’> = Z tpTn,
n=1

xau Yo x8e a € A opllouue
ta i ta1 ta2
=7

Me awtédv tov cuuBoloud, yia xdde a € A €yovue to torvwvuuo Hermite
H,(z) = hg, (x1)hay(x2) ... .

Ta mohucdvoua Hermite H, opilovton and tny

exp ((t,l‘) - % Zti> = Z Z_U;Ha(x)) T = (zn), t = (tn) € coo,

a€A

o amoteholy opdoymvia Béon tou Lo (R, v,).

TCpdpouue Hy, yior v xAetoth ypauuxd 9hxn tov {H, : |a| = k} otov Ly (awtd elvon
10 xdos Wiener Baluov k) xou ewpodue v oploywvia npofor Qr @ Ly — Hy.
ok = 0 €yovue

() = [ fap.

evo yLo k = 1 mafpvouue tny TpoPolf Q1 tévew otov LTEYwEo Tou Lo (RN v,.) Tou
nopdyet n oxohoudio {zy, 1 > 1}.

Ilpétacn 1.3.1 FEotw (Q, A, P) dnws taparndve. Yrdpyer axoloviia oploydviwv

mpofoddy Qr, k > 0 otov Ly = Ly(, A, P) térowa dove I = Y, Q, n onola
wkavormotel ta €€ng:

1. Ia kde f € Lo,
Q) = [ sar.

2. Ia kde e € [-1,1], 0 teAeoTris
T(e) = Zstk
k=0

elvar Oetixr) ovotodn} otov Ls.

AnédeEn: Mropolue vo utodéocoupe 6t (2,4, P) = (RY, 7). Eotw S
span{H, : a € A} o Y®poc 6AWV TV TONWVOUWY UETIBANTES Z1,. .., Tn,. ... AT
0 Yewpnua twv Stone-Weierstrass, o S elvar tuxvog otov Ly, yio x&de p > 0.

O~
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‘Eow —1<e <1 Toxdde f € S opllovue

:/f(sx—l—(l—EQ)%y) P(dy).

Eivar gavepd amo tov optoud 6t o T'(e) uetaoynuatilel ToAUMYLUN OE TOAUGOVULL
%o VoL YROUULXOS AOY® TNC OAOXANPWTXNC Tou avamapdotaong. Axdun, yia xdde
1 < p < oo éyovue

1

@i, < ([ 15 (o + =) P ap@) arw) " =1k,

Bu6te 1 Tuyada ueTaBAnTH (z,y) = ex + (1 — )7y oplouévn otov R+ x RN éyel wc
xatavour to P. Eneton 6t n T'(e) f opileton 2-oyeddv mavton xou 6t [|T'(e) fllz, <
Ifllz,. Anhadh, o T'(e) elvan ypouuwxh) cucTtolf otov L, yia xdde p > 1. Emniéoy,
yia xde f > 0 wyber T'(e)f > 0, dnhadi o T'(e) elvon Yetxde. Méver vo Sel&ouue
6t T(e) = S pe X Q-

Ocwpolue TNV owoYEvels Twv ouvapThoewy {@},t = (t,) € coo oL opilovtar and

™mv
¢()—exp<tm——2t2>—z Ha(a:), x = (Tn)-

acA

H {¢:} mapdyet muxvéd undywpo touv Ly and 1o Yedpnua Stone-Weierstrass, cuvendg
av 300 ypouulxol telecTéC cuuTinTouy oE XddE ¢y, TOTE GuuUTinTOLY XL oTOV Lo.
Apxel howndv va Set€oupe ot

= (Zs’“czk> b
k=0

(o) Two xéde = € RN+ éyovue

1) = [o(co+1=Nhy) Play)
/exp ((t,sa:+ 1 —e2y) Zﬁ)
= exp(staz Zst2>
X/exp(( 1_52y——il—5 ) P(dy)
= exp(staz Zst2>

= ¢€t( ))
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bpa T(e)pr = Pt
(B) Ané v 8Ahn uepid, Yo x&de = € RN éyouue 6t

(Zstk> (d¢) () ZEka(@)(l“)
= ZSka (Za_ Hq(x ))

acA

= Z Zs’“an(Ha(w»

k=0a€cA

= Zs“‘— = ¢-4(),

a€A

Srhadh, (e €8Qr) bt = der. Apa, T(e) = Y peyy €¥Qr oTOV Lo. O

Opiomos. Eotw (Q, i) yopoc uétpou xou T : Ly — Ly pporyUéVos YeauuuLx6e Te-
Aeothg, 6mou Ly = La(Q, ). Eotw X ydpoc Banach xou Ix : X — X o towtotinde
TENEOTHC.

Ocewpolue Tov xdeo Ly ® X mou anoteAeltor and dha tor tenepacuéva adpolouota
S fi®m (k& fRx: Q= X oplletor and Ty (f @ z)(w) = f(w)z). Opllovue
TENEOTH

TRIx:Ly®X = Ly ® X

péow TN

m

T®IX (th ®xz> = Z(Tft)  x;.

i=1

Ytov Ly ® X dewpolue T vopua

Il = ([ ||<I><w>||%(du<w>)l/2

xa ypdipouue Lo (X) yia tnv mhpwon tou Lr ® X we npog auth T vépua.

Ilpétaon 1.3.2 Eotw T : Ly(Q, u) = La(Q, u) kar X xdpos Banach énws mapa-

ndvw. Av o T elvar Oetikdg tedeotis i av o X elvar 106popgog e xapo Hilbert, tote

0T ® Ix emextelvetal o€ gpayuévo tedeotri tov La(X). Av o T elvar Oetikds, 10xUet
1T ® Ix[| < |IT1,

evdy av o X elvar wdpoppos pe tov xapo Hilbert H, tdte

IT @ Ix|| < d(X, H)||T].
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Andden: EEetdlouvue mpodta tnv mepintwon mov o T' elvan detixdg. Ta xdde
axohoudia (1) otov Ly éyovue

sup |T' ()] < T (sup [5).
i i
Eotw ® =) ¢; ®2; € Ly ® X xou éotw ¢p(w) = ||P(w)||x. Tore,

¢(w) = sup{[(z*, (w))| : [|«"]| < 1},

dipot
1/2
(T e @) = (/ 1o @)eildate >>
2 1/2
- ( up (Z@ > ol <1} du(w)>
2 1/2
< ( sup { 3 e’ o) ||<1}> w))
- (/ IT¢|2du(w)> "’
< TN Wl acer = 171 1@ 2o,

Apa, 0 T ® Ix elvon gpayuévoc otov La(X) xou ||T ® Ix|| < ||T|.

Ac unotéoovue tpa 61t X = H. 'Eotw {e;} opdoxavovixy| Bdon tov H xou éotw
P = El¢z®mz €Ly H. Ay u; = (‘I>,ej>, t61E

(Tu))(w) = (Z@ w)
= Z(T¢i)(w)<eja5”i>

i

= (&[T @ Ia(®)]|(w))-

1/2
(ZI(TUj)(w)IQ) = [I[(T ® Ix)(®))(w)ll =
Ol

1/2
(le(w)lz) = [[®(w)lla-

J
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Enouévecg,

1/2
(T @ Ix) (@) |y = ZIITujII%Qm,u)
J

1/2

IN

I D sz
j

T (1] (-

Anhadn, o T ® Ig elvan gporyuévoc otov Lo(H) xou ||T Q Ikl < ||T]]. Av thpx 0o X
elvar toouop@dg ue tov H xon € > 0, Yewpolue toouopploud S : X — H tétolov
wote [|S||- IS = (1+e)d(X,H). Eow & =Y, ¢;®z; € Ly X. Avy; = S(z;),
W06 U =73 ¢;®y; € Ly ® H. EQopudloviac To TponyolUEVO AmOTENECUA Lo TNV
¥, nolpvouue

T @ L)@y < NSTH T @ L) ()| zageny < NTH- 1S 1|2y
< ANTI-ISTH- IS 1R llzy )
dnhadn
1T @ Ix |l < (1 +e)d(X, H)|[T].
Aol 10 £ > 0 Htav Tuydy, N anddelln elvon TATENG. |

Opiowée. Evoc yopoc Banach X Aéyetow K-xuptdc av o tehectic Q1 ® Ix enextel-
VETOL OE Qpayévo TeleoTh Tou Lo (X). Téte, n K-otadepd tou X elvon o aprdude

K(X) =|Q1 ® Ix||L,(x)—Lo(x)-

EiSoue 6t av o X elvon toduopgoc ue tov yweo Hilbert H, téte 0 X elvon K-xuptéc
xow K(X) < d(X,H). O Pisier anédetZe 61t toyVel mol toyvpdtepn extiunon.

Ocevpnua 1.3.1 Eotw dut 0 X elvar 10duoppos ue tov xapo Hilbert H. Tdte,
K(X) <clogld(X,H) +1]
émov ¢ > 0 andAvtn otalepd.

H anédeln tou Oewpruatog 1.3.1 Ya Boototel otic d00 nponyolUEVES TEOTAOELS Xou
oto e€hc Muua.

Adppa 1.3.2 Eotw X ydpos Banach kar {xy : k > 0} tedixd undevikn axolovia
otor X. TmoOérouue dut

o0

S et

k=0

max

<1
—1<e<1

Av D = maxy>o ||zk]|, tdre
[|z1]] < clog(D + 1)

émov ¢ > 0 andAven otalepd.
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H anédeln tou Afuuartoc 1.3.2 ypnowuomnolel ulo amhy) Uop@n e avloOTNTAS TOU

Bernstein.

Afupa 1.3.3 TNa kdOe tprywvopetpikd molvdvupo Q) = > ), ak
O1k0U§ TUVTEAEOTES, 10\ Vel

1Q oo < 2n/|Q]]cc-
AnodelEn: Oewpolue tov tuprva tou Féjer

n

Fu(t)= > (1—-E%§I>expujw

j=—n

xow VETouue
Yn(t) = 2n - sin(nt) F,_1 (t).

zkt pe pya-

O1 Baowée Wiotntee Twv Fy, xon 1y, divovtar amd toug mapoxdtew Loyuelouolc:

Ioxveiowodg 1. Av it ¢ 277, téte

. (ntD)t 2
Fo(t) = 1 sin —%
n+1 sin 5

Antadn, Fu(t) > 0 ya kdde t € R. Enfong, ||Falli = 5= fozn

Anodergn: Iopatnpolue mpodta OTL

n J

1226

7j=0 k=—

Oétouue z = et 2z # 1. Anhéc npdeic detyvouv 61t

1 1z 2(1 -2t
DF,(t) = —
(n+ 1) Fu(?) 1—z< 1-2 1-2 )
92— E"‘H _ ZnJrl
- 1 —z2[?
2
_ sin —(n'gl)t
sin%

Agol F,, > 0, elvar @avepd ot

1 2m

1l = n(t)dt

— | F

2 Jo
IR || /27r ikt

= = 1— it =1. O
2”kgjn< n—%l) ,

22
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Ioyveiowog 2. Av Q elvar tprywvopetpicé noAvdvupo fadpod n, tote

Q *"/}n = _Q,-

Anéder&n: Mropolue va ypddovue Q(t) = Y p__, are’t. Tote,

@) = 5 [ o ( 3 akeiw—s)) ( S (1— 'ni'> l) <in(ns)ds

k=—n l=—n+1

2 < KON Y /27r i(1—k)s g
el JR— 2 1 1t Ay s i
5 kzg_n ae E ( )] e sin(ns)ds

I=—n+1
To ohoxhipwua undevileton, extoc av |l — k| = n, ondte
2T 2m )
/ e sin(ns)ds = — / e " sin(ns)ds = im.
0 0

Agol k| <nxou |l| <n—1,npénetvaelvaw 1 <k <nxal=k—n,f4-n<k<-1
xou | =k + n. Enouéveg,

n (< ikt - _n—k ikt ; _k+n

- (Zake (—i)m (1 - > + Z are™im (1 p
k=1 k

= - Z akkieikt

k20, k| <n

= Q). D

(@ *Pn)(t)

Mrnopolue thpa va anodetfovue to Afuua 1.3.3. And tov mponyoduevo Loyuptouo,
1Q"loc = [IQ * ¥n|loo. Opec,

@@ < 3= [ 100 - 10 (s)ds,

1 2m
19+ bl < 51l [ u(o)lds

Ané tov oploud e ¥, xoL amd TOV TEWTO LY LELOUS,

1

27 2

1
— n(8)|dt < — 2nF,_ ds = 2n.
o /. [t (s)|dt < 271_/0 n 1(s)ds n

1Q"lse < 2nIQllo. B
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Anédeln tou Afupatog 1.3.2: Eotw P(t) = Y. _, zkt®, 21, € C éva nohuwvu-
uo ue uyadixole ouvtereotéc. Opilovue

Q(s)=P (“%) _ ;bk (si;kg)k-

To @ elvon TpLywvoueTpd Tohuwvuuo Boaduod n, xou

1
Q'(0) = 5 P'(0).
Ané v aviednto Tou Bernstein,

1Q'(0)] < 2n]|Qllcc = 2n max [P(s)|-

[s|<3
Apa,
(%) |z1] = |P'(0)| < 4n max |P(s)].
Is|<%

‘Eotw thpa {zr : k > 0} tehxd undevixry axohoudia oe évav ydpo Banach X, n
omnola avorotel Tic unoVécels Tou Afuuartoc 1.3.2. T xdde n € N Jewpolue o0
Tohutvuuo P, (t) = Y op_, zith. Xenowonowdvtoc to yeyovéc 6t

[zl = sup{|¢(21)] - ¢ € X7, IClle < 13,

nolpvouue

loall = sup{icteol s ¢ € X licl. < 1}
< 2-sup{C(Pa(E)] ¢ el < 5.C € X7, el < 1}
1
< 2 sup{l P el < 5

Yuveyilovtag, UEow TNG TELYWYLXNAS AVLGOTNTAS €)Y OVUE:

1
el < 2n-sup[Pa(e)l] : e] < 5}

n o0
1
k . —k
< insup{ Zs Ty, .|5|§§}+ Z 2 D]
k=0 k=n+1
< 2n (1 + DQ*”)
yia x8de n. Télog, av emhéZoupe n = [log D] + 1 éyouue to Intoduevo. O

Anddeln touv Oewpruatog 1.3.1: Opilovue tov tehE0TH
TE @) =Y Qulf @) = [ (24 VI=2) Pldy)
k=0

24



Edaue nponyouuévee 6t 0 S = span{H, : a € A} elvar Tuxvéc otov Ly, T xdde
feS®X ue||fllr,x) <1 opllouue:

(T(e)® Ix) (f) = Y e"(Qr ® Ix)(f)
k=0

Ané v Hpdtaon 1.3.2 éyovue ta e€nc:

W) [[(T(E) @ Ix) (HllLax) < 1.

@) @k @ Ix)(HllLa(x) < d(X, H).
Egapuélovtac to Afuua 1.3.2 yio tov yopo Banach Lo(X) ue D = d(X, H) xou
zr = (Qr @ Ix)(f), éxouvue

1(@1® Lx) (£l Lo x) < clog(l + d(X, H)).
Téhog, and v nuxvétnte o S ® X otov Ly (X) mpoxdnrtel ot

K(X) = 1Q1 ® IxllLo(x)—1o(x) < clog(1+d(X, H)). O

Xpnowuonowdvtag Ty K-xupTtdtnta Unopolue var So0ue Tov duloud avdueca oe oeL-
PEC D gnyn oTOV X xOU CEWES D gy otov X*: Eotw n € N T'pdgouvue A, vy
Vv g-unodhYERpa NS A TOL TUPAYETHL AO TUE g1, - - - , gn- LUMPOALoLUE ue Gy (X)
oV UTOYWEO T0U Lo (X) Tou Tapdyeton and dhec Tic ouvapThoE w — Y i gi(w) s,
omov x; € X. Eniong, cuuporilovue ue Ny (X) tov undyweo tou Ly (X) nou anote-
Aelton and Oheg g Ay -UeTpOLUES CUVAPTACELS Y Yia TS OTOlES

/gﬂ/}zo, i:1,2,....

Téhog, ypdypouvue Gry(X) yiot Tov X™ ue vépua tny

n
[l = inf{ > giwi+ ¢
i=1

Anadh, 0 Gpe(X) elvon toouetpind tobpoppoc ue tov Lo (Q, A,; X)/Gr(X*) L.

:Q/JENn(X)}.

La(X)

ITpétaom 1.3.3 Ot ydpor G (X*) kat (G (X))* elvar woopetpird wdpopgor. Apa,
ya kde x = (x1,...,2,) € X™ 10xVeal

[[||]] = sup {Z(a:;f,m :

i=1

n
Zgim;‘ < 1} .
i=1 La(X~)

Anéderdn: Ou ydpol Gp(X™*) xou (Gre(X))* unopodyv @uotohoyxd var TauToTody
te toug (X*)™ xou X™ avtiotoyo. H oyéon Sulouod LeTtald v yohpwy elvar 1)

<Z gim:) 1‘) = Z(l‘:, ml>
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omov x = (z;) € X"
‘Eotww ® A,-uetphioyn cuvdptnon otov La(X). T xdde i = 1,...,n opllovue

r; = E(gi®) = / s

Térte, n owdptnon o = ® — 31" | gix; € Ny (X) S

/gﬂ/} = /gj‘P—g[/gigj]xi

n
Tj — E 6ij£ﬂi:$j—$j:0,

i=1

xou amAés mpdigels delyvouy ot

E(() giei, @) = Y (af, ).

Aedouévou 6T

n

*
E 9iT;
=1

umopoluE vo ypdhouvue

n

*
E giT;
=1

Téhog, eneldr| woyLel

n
— sup {E@ giz?,B) 5 B € Lo( Ay, X), ]2 < 1},
=1

La(X~)

n

—sup{ S (et o) el < 1

Gn(X~) i=1

lz[Il = sup{(&, ) - [[IE]1" < 1}
Oétovtag 6mov € = Y11 giz BAémovue oTL

n

*
E 9iZ;
i=1

n

el =sup{2<x:,xi> :

i=1

< 1}. .
LQ(X*)

IMpétaon 1.3.4 Eotw X évag K-kuptds yopos Banach. Av xq,...,z, € X,

n n n
K(Xx)™! Zgimi < sup{Z(x}‘,m) : Zgla:: < 1}
i=1 L2(X) i=1 i—1 La(X*)
< Z gilq .
i=1 L2(X)




Anodedn: Aol (Q1 ® Ix)(¥) = 0 yua xdde ¢ € Np(X), and tov oploud g
K(X) nolpvouue

Zgil‘i < K(X) Zﬁh’%’*“/’
i=1 La2(X) i=1 La(X)
yia xdde ¢ € Np(X). Enouévoc,
n
9i%; < K(X)|[]=l]-
i=1 L2(X)

Ané v Ilpbdtoon 1.3.3 énetan 1 apotepry oviodtnto. H anddeln tne delide avioo-
TnTag etvon dueot. |

1.4 H l-vopuo

H {-vépua oplotnxe and toug T. Figiel xou N. Tomczak-Jaegermann [FT]. 'Ectw X
ywpoc Banach xou v : €5 — X ypouuwog teheotic. Opilovue

1/2
ttw) = ( [ In@)lBear(o))
6ToU ¥y, To WETpo Tou Gauss otov R™. Me tov cuufBoiioud Tne mponyoLUEVNS Topd-
Yedpou €yovue
n 1/2
( L Zlgi(w>u<ei>||2dp>

n
Zgi ® u(e;)
i=1

omou {e; }i; 1 xovovxt| Bdon tou R™.
O1 Baouée Wiotntee g £ divovton and tny enduevn npdtao.

t(u)

)

L2(X)

Igétaon 1.4.1 Eotw X kar Y yopor Banach.
1. H ¢ etvar véppua otov L(£5,X).
2. Ia kdOe T : L5 — L5 wyve L(uT) < L(w)||T].
3. Ia kd%e S : X = Y wyver £(Su) < ||S||€(w). o

Opiowds. Eotw X €vag n-dldotatog yhpog Ue VOpU Xl E0Tw o TUY0VGA VOPUA
otov L(€3,X). Mnopolue ndvta vo oploovpe o Suixry vépua o* otov L(X, 13),
Yétovtac

o (v) = sup{tr(vu) : a(u) < 1}.

Aéue téte 6Tt oL a xan a* elvar Sutxéc we mpoc to {yvoc. To Afuua tou Lewis [Le]
Loy e yia omotadinote vépua otov L(€3, X).
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Ilpértaom 1.4.2 Ia kdOe vépua a ovov L(0y,X), vrdpyer u € L(€5,05) tétoog
dote a(u) =1 kar a*(u™t) = n.

AnédelEn: Iopatnpolue tpdta 6Tt n < alv)a* (v™!) yo xdde v € L(€F, X), apold

a(v)
‘Eotw u — det(u) ouvdptnon opllovoas (we mpog xdmota otadept| Bdon tou X).
Moipvoupe v € L(45,X) ve a(u) < 1 étor wote |detu] = max{|detv| : v €
L(£5,X),a(v) < 1}. Térowog u undpyet, agol 1 optlovoa elvar cuveyhc cuvdp-
TNON WS TPOS THY PUGLOAOYWXT Vépua, dpa xar we Tpog xdle vépua otov L(€F, X).
Eivar enlong gpavepd 6t a(u) = 1. Eotw e > 0 apxetd uxpd, xar v € L(£F, X) tuyov.
Téte, o (u+ev)/a(u + ev) éyer a-vopua (on ue 1. Enouévoc,

| det(u + ev)| < (a(u + ev))" | det ul.

‘Encton 61U
| det[u™" (u + €v)]|'/™ < au + ev),

xou, ool N a elvon vopua,

|det(I,, + eu™"0)|"/" < a(u) + ca(v) = 1 + ca(v).

Anhody,
—1,\11/n _
[det(I, +eu~"v)] 1 < a(v),
€
xou aphvovtac to £ — 01 madpvouue
-1
tr(u=tv) < a(v)
n

Agol o v fTay TuydY, autd onualver 4t

a*(u!)y<n. O
Eotw X évac n-dudotatoc yodpog Ue vopua xau €otw v @ X — £y, Av 9éoouue
xf = v*(e;), téTE UE TOV CLUPBONGUS TNS TEONYOVUEVNC TAPAYEAPOL,

St < 1}.
i=1 La(X*)

n

(%) £(v") = sup {Z@::,m :

i=1

Apa, n Hpdtaon 1.3.4 uog diver to e€rc.
Aqppa 1.4.1 Ia kdOe n-didotato ydpo pe vépua X war kdOe v : X — L5, éxouvue

(v*) < K(X*)E(v).
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Anédergn: And tny Hpbroon 1.3.4 xaw v (),

n

*
9iT;
i=1

U(v*) = < K(X*)0(v). O

L2(X*)
Xpnowomowdvtag xou tny Hpdtaon 1.4.2 naipvouue to e€xc.

Ocwpnua 1.4.1 Eoww X évag n-0idotatog xdpos je vipua. Trdpyer woopoppr-
ouos u : 03 — X térowog dote

(u)l(u1)*) < enlogld(X, £5) + 1].

IoodVraua, vrdpyer diopoydvio ovotnua {xy1, ...,z C X kar {z7,...,25} C X*
TéT010 HOTE

< cnlogld(X, €5) + 1].

n
E giZq
i=1

n

*
E giZ;
i=1

L2(X) La(X*)

Aréderdn: And v mpdtaon 1.4.2 undpyet wwouoppioude u tétolog ote (u) =
*(u=") = /n. Enlonc,oné to AMuua 1.4.1 Oétovtac v = u™! éyouue

(™)) < KX (™).
Ané 1o Oedpnua 1.3.1 éyouue

K(X*) < clogld(X*, 63) + 1] = clog[d(X, £3) + 1],

K(X*)e(u) - £ (u™")
enlogld(X, €5) + 1].

C(u) - £((u™)")

<
<

HMoipvovtoc z; = u(e;) xou zf = (u™')*(e;), amd Tov opioud g l-vbpuog éxovue
Y toodlvaur SlatiTwoT) Tou YewpRUaToS. |
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Ke:cpo’c)\ou.o 2

H suxooia touv Mahler

Yy §2.1 anodewxviouue Tty aviobtnTa Tou Santald: yio xdde cuUUETELXS XUETO
ooua K otov R,
P(K) = |K| - |K°| < |Baf”.

H anddeiln Baolletar oty cuuuetpiconoinon xatd Steiner. Aev elvor yvwoto yia
TOLE GUUUETELXE XLPTE GWUATA EAayLoTOTOLE(TAL TO YvouEVo dyxwy P. H ewacta
Tou Mahler efvor 6t

P(K) > 4"/n!

yia xdde ouuuetpd xuptd ovdua K otov R, Snhad 6t 1o yvéuevo dyxwv P(K)
yiveton eAdytoto dtav to K elvan x0Bog. Xtig mapaypdpouc §2.2 xou §2.3 emain-
Yebouue tny eixacto tou Mahler péoo oe 3o eldixéc xAdoels owudtwy: ta LHVoeldn
X0l TOL COUATA TOL Elvat CUUUETPXE WS TPOog Taw XVpLal UTERETTESAL.

2.1 H avicotnTa Touv Santald

'Eotw K »x0ptéd ooua otov R? xor 6 € S~ Tpdgoupe Pyi (K) yio tnv opdoydvia

oo Tou K otov 64 xon opllouue dbo cuvapthoeic f, g : Pyi (K) — R ue
fz)=min{te R:z+t0 € K} xau g(z)=max{tcR:z+1t0 € K}.

Edxoha ehéyyovue 6t 1 f elvon xupty, n g elvar xolkn xou

1) K={o+10: z¢ Pu(K), f(x) <t<g(x)).

Oplloupe twpa tnv Steiner cuppetpixonolinon tov K oty xateduvon tov 8 e
e&nie:

(2) Se(K):{x%—tG:xePHl(K), MSM}‘
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Anhady), yi& xdde © € Pyr(K) Jewpobue éva evdiypauuo Tuhue TopdAAnio oo
0 ue urixoc g(z) — f(x) xou yéoo o T, xat TAEVOLUE TNV EVWOT OAWY AUTMY TWV
eVBUYEAUUWY TUNUATODV.

Ané Tov oploud, to Sy(K) elvon oupuetexd we tpog 8 (auth 1 Topathenon duxoto-
hoyel Tov bpo «ouuueTpixonoinony ). Ot Bacixée WdTnTeg Tou LetaoynuatTiopol Sy
TEQLYPAPOVTAL OTO EROUEVO AU

Afupe 2.1.1 Eoto K kupté odua otov R® kar § € S"~1. Tére, to Sp(K) elvar
kUptd odua kat |Sy(K)| = |K]|. O

‘Eow K, L un xevd, cuunayr unocbvoha tov R*. H andoraon Hausdorff twv K xou
L etvar o aprdude

(3) dg(K,L) =min{fA\ >0: K C L+ AB, xa LCK+\B,}.

Etvor ebxoho va Sobue 6t n dy elvon uetpe;. EmnAéov, Siadoyixéc Steiner ocuu-
UETPLXOTIOLACELS (PEPVOUV OTIOLOBHTOTE XVPTO CWOUA 0008V ToTE XovTd o Euxheldeia
TN

Ocwpnua 2.1.1 Eow K xuptdé odua otor R*. Ocwpolue ty kddon dAwv twy
dadoyixkddr Steiner ovuuetpikonotioewy tov K

(4) S(K)=1{Sy,, ...Sp,(K):0; € S" ' m e N}

Téte, yud kdle € > 0 pnopovue va Ppotue C € S(K) térowo dote d(C, pBy) < &,
z 1/n
émov p = (|K|/|Ba|)""". O

To Oedpnua 2.1.1 avdyet Ty anddel&n tng avicdTTag Tov Santald oto e€rc.

Ocdpnua 2.1.2 [MP] Eotw K cuppetpikd kupté odua orov R* kar § € S™1.
Av K1 = Sy(K) elvar n Steiner ouppetpixoroinon tov K otnr katevuvon tou 6,
TdTe

[KJ|K°| < |Kq || K7

Andden: Agol 1 ouypetpconolnon Steiner Satneet toug dyxoug, apxel vo del-
Eouue 6t |K°| < |K7).

T guxollar utodétouye 6t B = R~ Ané tov opoud tne cuuueTpLxonoinone
UTOpoUUE Vo EAEYEOLUE OTL

Sp(K) = K| = { <a: 2! §t2> cx € Py K, (2,t) € K, (2,1,) € K}

[é xdde A C R™ ypdpouue

At) = {z € R"™ : (2,1) € A}
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Ioyveiomog: I'd xdde s € R toylel

KO(S)+KO(_S) CKO(S)
2 =ren

Arédeldn: Eotw y1 € K°(s) xaw y2 € K°(—s). Autéd onualver 6 (y1,s) € K°
xat (y2,—s) € K°. Ofhouvue va delloupe 6t (Y1 + y2)/2 € K7 (s), dnhady ot
(Lt 5) € K7,

Eotw (z, B5%2) € Ky, dnhadf (z,t1) € K xou (z,t2) € K. Apxel va Setfouue 61t

(o 252) (B2 ) <.

‘Ouwe, n tocdna LT elvan {on ue

<Cl7, Y1 ';y2> + sty ;St? — <(1‘,t1), (y175)> +2<(1‘,t2), (y2>_5)> < 1. 0

Ané v avicétnta Brunn-Minkowski,
K7 (s)] > [K°(s)] /2| KO (—s)| /2.
Ané v ovupetpia tou K° éyovue |[K°(s)| = |K°(—s)|, dpa
[K7(s)] > [K°(s)|

yid x&de s € R. Me ohoxhpwoT GLUUTERAVOLUE 6TL

+oo +0o0
IKf|=/ IKf(S)Idsz/ [K°(s)|ds = |[K®°[. O

—00 — 00

H avicétnta tov Santalé. Eoww K ouujetpikd kuptd odua otov R*. Tore,

| K[|K°] < |Bnl.
Aréderdn: Eotw S(K) n xhdon 6hwv v Stadoyxdy Steiner cuUUETPIXOTOLACEWY
Tou K. Me ddoyxéc epapuoyéc Tou Oewpruatog 2.1.2 Brémovue 6T

[K|IK°| < [Cllce|

yé xdde C € S(K). And 1o Oedpnua 2.1.1 undpyet axohoudia {Cy, } otouyelwv g
S(K) e dr (Cpy pBy) — 0, 6700 p = (|K|/|By])"/". Téte, dir(CS, (pBy)°) = 0
xalL omd TNV GUVEYELA Tou byxou we tpog Ty Hausdorft uetpuer nafpvouue

|K|IK°| < 1im [Coa[[(Cm)°| = |pBul|(pBn)°| = |B|*. O
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To npdBAnua tou ehaylotou Tapauével avolyto. Lougwva Ue tny eikaotia tov Mah-
ler, yid xdde ouupeteLxd xvptd cwua K otov R™ woydel

4TL
5) IS

Av 10 ehdyoTo elvan dvtwe avtod, ToTE Exouue wdtnta oty (5) av to K elvar x0foc
(xow ot uepég axdua Teptttooeg). ‘Onwe Yo Sodue otic endueve Vo Topaypd-
poug, 1 ewxacto Tou Mahler loyet av Teploplotolue o€ dU0 ELBIES YNAOELS COUTWY:
ool LWVOELSY| X0l OTA GOUATI TOL EVOL CUUUETEXE WS TPOg T xVpLa Uepenineda.

2.2 H euxaocia tou Mahler yia {wvoetdn

o xdde x € R™ ypdpouue [—z, z] yio to eudiypauuo tuiua {te : —1 <t < 1}.
Tow cuuPETEXE XVPTE CWUATA TNS UOPPHC

A= Z[—Cﬂj,l'j]
j=1

Aeyovtaw Lwrdtona. Anhadn, {wvotorno elvon éva ddpotoua Minkowski evduypduuwy
Tunudtwy ue uéoo 1o 0. Av m = n xou ta z; elvon ypouuxd aveldptnta, toHte T0 A
Aeveton n-x0Boc (TopadAnheninedo).

Ta dprar axorouvdicyv and Lwvotona we tpog v Hausdorff uetpu Aéyovton lwroeon.
H >\don twv Lovoeddy yapaxtnpelletar and tnyv e€Ac npdtaon,.

IIpétaoy 2.2.1 Eva ovupetpiké kupté oodpa A otor R* elvar lwvoadés av kai
uévo av vrdpyea detikd, dptio uétpo Borel p otnr S™~1 ue wy bidtnta

1
lolla =5 [ Vo) duta)
Sn—l
ya kde y € R”. ad

To wétpo p e Hpdtaone 2.2.1 oplleton povoohuavta xar Aéyetan uétpo atipiéng
Tou A. Xpnotuonoudvtag 1o YEYovoS 0Tt

1
Peadl=3 [ l@6)dra®
Sn—l

6moL 04 To emavelaxd uétpo tou A, BAénouue ot

1 1
_/Sn71 |PILA|d,Uf(«T) %/Sn—l /STH1 |<$,9>|d0’A(9)du(m)
N TG

n
-1 / 161].40 o (6)
o n Jgn-1 A24oA
= |4,
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apol 1 TeleuTata lodTNTA Loy UEL Yial xdde cuUUETEIXS XxLETH ooua. ‘Eyouue ooy
Tov €7 «TUTOY YLal Tov &yYxo LwVOoELS®Y.

IMpdétaoy 2.2.2 Eotw A {wvoedés ue pétpo otipiéns to . Torte,

1
|A|:—/ P, Aldu(z). O
n Jgrn-1

To Baoxd Yedpnuo mov Yo anodelZovue oe avtrhv TV Tapdypapo elvar to e€fc (BAéne
[GMR], apyixd amodelyOnxe ahhide and tov Reisner [R]:

Ocdhpnua 2.2.1 Eoww A lwvoadés otov R™. Tdrte,
P(A) =|A|-|A°| > il
(4) = 4] |42 2 °

pe wdtnta av kar pévo av to A elvar n-kBog.

[ Ty anddelén tou Oewphuatog 2.2.1 Yo ypetactodue tplor AMuuata.

Adupa 2.2.1 Eoww A CR" lovoadés kar p to pétpo otripiéng tov A. Tore,

W @ [ [ eldidut) =200 [P Alduco)
Sn—1.J Ae Sn—1

Eibikdrepa, vrdpye xg € S™! téroro dote

@ (n+ DIAL [ o,y > 2147 |Pog Al

Anoden: And 1o Yewpnua tou Fubini éyovue

/Sn_l/Ao [z, y)|dy du(z) = /0 [/Sn_l |(:L“,y)|d,u(:r)] dy

o / lylaedy
Ao

_ 2/0 [/OIIZJIIAo 0

1
- 2/ {y € R 1 < llyllae < 1}]de
0

dy

1
- 2/ | A°\¢A°|dt
0
1
= 2/ (|4°| - [£A°])dt.
0
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St tA° C A° ya xdde t € [0,1]. H televtaia nocbnta toobtan e

2n

1 1
2 A°|(1 —¢t™)dt = 2|A° 1—t")dt = A°.
[ et = e =210 [ i = e
Mo mpddtn todtnTor howndy elvon 1 e€nig:
2n
3 ,y)|dyd = A°.
) [ ] @ ldidute) = 2100

And v AN ueptd, enewdy) to A elvon Lwvoeldée, and v Ipdtaon 2.2.2 woydet 61

(4) |A] = %/S_ |P, 1 Aldu(z).

An i (3) xon (4) mpoxdmter n (1).
H Onopén evée zp € S 1 oy va eavoroLel v (2) éneton and TO YEYOVOS OTL TO

o etvon Yetind uétpo. IMpdyuatt amd tnv (1) av tar UETUPEROLUE Gl OTO PLOTERD
uélog €youvue

[ [ [ iy 2100 sl duta) =0
dpor uTdipyeL Tp € St tétolo wote
(n+ DAL [ 1oo.)ldy =214°) - Py 2 0

Auté amodewxviel to {nrobuevo. o

Afppa 2.2.2 Eoto f: RY = RY pe £(0) =1 ka
/ f(z)dz > 0.
0

Trotéroupe axdua 6 ya kdrowo p > 0 n /P etvar kolkn oto {z : f(zx) # 0}. Tore,

[T a2 g0 dtr

pe wétnta av kai udvo av vrdpyet o > 0 téroiog dote f(t) = (1 — at)?.

Anédelin: Eneds [ f(z) dz > 0, undpyer @ > 0 tétolog Gote

(5) /0 £(1) dt:/o (1= anfdt =~

Oewpolue v cuvdpnon g(z) = f(z) — (1 — at)t. Tore,
9(0)=f(0)-1=0
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pde )

(6) /Ooog(a:) dm:/ooof(a:) dm—/ooo(l—aa:)’j_dm:&

Aol f1/P etvow xotn oto {x ¢ f(z) # 0} xoun (1—ax)s ypouuw, cuutepaivoue
6TL undipyeL ko > 0 ue my WibtnTa g(z) > 0 av @ € [0,z0] xon g(z) < 0 av z > zo.
‘Eneton 6t via xéde ¢ € RY

(7) /oo g(t) dt < 0.

Mparyuotixnd, vy xde © > zg woyber g(z) < 0 dpo [ g(t) dt < 0. Av md

- T

uthpye xdmoto 1 € [0, zg] TéTolo doTE f;lo g(t) dt > 0, and v (6) Yo naipvaue

/ / X{t>2} (1) f(t) dt dx
o Jo

o 9(t) dt <0 to onolo eivon dromo.
o0 [ee]
|10 [ a0 do
0 0

Topa,
/Ooo/moof(t) dt dz
_ /Ooof(t)/otda:dt

/ T ar,

onoTE, Ypnoudonowvtac ™y (7) ypdpouue

/Oootf(t)dt = /Om[/zoof(t)dt]dm

IN
s~
8
o
8
g
|
Q
=
=
Q
8]

Ouoc,
o0 o0 _ » _ 1 _p—l—l 1
/0 U (A —at) difde = T Da? ~ p+2 [+ Dal
= P e ’
B P+2[0 ®) ]

and v emAoyy| Tou a. ‘Apa,

[roast ][ e

Ané v anddelln yivetor gavepd OTL lodTnTar LoyUeL oy xou LOVO av

/:o f(t) dt = /:0(1 —at)h dt
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v x&de z € RY, dnhadh av f(t) = (1 — at)’ yio xdde t > 0. i

Appa 2.2.3 Eotw B ovupetpicd kupté odua otov R*. Ta kdde v € S"!
optlovue B(z) = {y € B : (z,y) = 0}. Tdre,

n P
[ Vi < 5 s

Iodtnta wyve av ka1 pévo av vrdpyet y € R® térowo dote B = conv(y, —y, B(z)).

ArnéderEn: Opllovue g(t) = |{y € B : (z,y) = t}], t € R. T v ouvdptnon g
toyvouy T e€ng:

(o) g(0) = | B(z)| and tov opioud touv B(z).

(B) H g eivon dpiar, dt6w {y € B : (z,y) = —t} = —{y € B : (z,y) = t}.

(v) g() =0 av

(8) H g/~ eivar xoihn 670 gopéa e (—||z||Be, ||| B ): awté mpoxintel and
v aviedtnta Brunn-Minkowski.

(e) Ané 1o Jedpnua tou Fubini (urnopolue va vnodécouue 6Tl © = e,,),

|B| = 2/ / xB(z,t)dzdt
0 Jrrt

— 2 [ e B () = tHosat
= 2/oog(t) dt.

(€) Evtehae buota,

/B|<w,y>|dy = 2/000/Rn1<(z,t),en>x3(z,t)dzdt

= 2/000 t{y € B : (z,y) = t}|p_1dt
2/00 tg(t)dt.

T v ouvdptnon f(t) = g(t)/g(0) éxovue 6t n f1/=1) eivon xoikn oo {z :
F() 0} e £(0) = 1

[ s [ GG gy [ o de = g >o

Egopudélovioe 1o Ajuua 2.2.2 ue p = n — 1 nalpvouyue

®) [Tuwa< 27 0 dtr
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UE LobTNTOL oy Yol U6Vo v uTdipyeL a > 0 tétotog dote f(t) = (1 —at)t™" yia xdide
t>0.
Ty neplntwot wag, n (8) naipver 0 Lopen

By .
y <
2|B )| 4(n+1) [B()P?

an’ 6Tov cuunepatvouue OTL

o IBp
[ Moty < 5t

dnAadt| to {ntoduevo.
Tdpar, av f xou p elvon o mapandvew, and 1o Afupa 2.2.2 €yovUe todTnTaL oV XoL
uovo av f(t) = (1 — at) yio xdde t > 0, Snhadh ov

(1 ;>

9(0) lzllBe / 4
yia xéde t > 0 (mopotnpriote 61t 1/a = ||z||ge StotL oL f(t) xon (1 — at)™" ovuni-
TTouy o €xouv opeic ta [0, ||z| o] xou [0,1/a] avtictouya).

Ané 1o Yedpnua Hahn-Banach undpyet y € B tétoto dote |(z, y>| = ||z||pe- Adyw
XUPTOTNTOC X cLUUETPlag Tou B éyovue B O By = conv(y, —y, B(x)). Av hotndy
oy el

__n |BP
[ Meldy = 5t s

2|B(x)| - |z||go >
31 2 3y = AP g [7 ) a1y
0

téte

onote B = B;.
O avtiotpogog toyuploude mpoxintel e anevdeiag unoloywoud. Av B = By xou h
70 TAdto¢ Tou B oty dtedduvon tou x, ToTE

h
/Bl(w,y>|dy 2/0 tg(t)dt

— 24(0) /Oht (1 - %)nldt

2g(0)h?
n(n+ 1)

n__ |BP
2(n+1) [B(o)]

du6t 2¢g(0)h = n|B]. o

Tdpa md elpaocte €toluot va anodeifovue to Yemdpnua.
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Anddein tou Jewpfuartog: H anddeiln do yivel ye emaywyn we npog n. Ia
n =1 éyovue A = [—c,c] xar A° =[—c L, 1], dpa P(A) = 4.

‘Eotww 6t n avicoétnta tou Oewpruatoc toylet yian— 1. Téte and ta Afupoato 2.2.1
xou 2.2.3 éyoupe 6L UTpyEL Tp € S™T! téTolo Wote

47 [Py Al < (e DIAT [ G,y

n |Ao|2
(n +1) [A°(o)|

IN

1)|A
(n+ 1)l
dipot

o n o
9) |Pog Al - |4%(o)| < 7 [4] - [47].

Enewdt) 6pwc (A°(20))” = P,1 (A), n (9) modpver t popen

(10) P(A) > %P (Px&A) .

Tpa enedr) to A elvon Lovoedée, 1 tpoBolr tou P%LA elvaw enlong Lwvoeldée did-
otaong n — 1. And v enaywywn undédeon yovue

4 4 4qrt 4n
> 2 > 2
Pi) 2 nP (P’EOLA) “n (n=-1! n!

Apa to Oedpnua oylet yio xdde n € N.
Av P(A) = 4™ /n!, t6te yio T0 ouyxexpuévo mg € S" e mapamdve amddeling
toyVeL P (Pxol A) =471 /(n —1)! dpa and v enorywyLh) utddeon to Ppi(A) elvon
(n — 1)-x0Boc. Autd onuaiver 61t A°(xo) = conv{ty;, xys,...,tyn_1} Yot xdnola
Yi,---,Yn—1 € R*. Emmiéov €yovue wodtnta otnv
n |Ao|2
[ Navlas < 5t

dpa udipyeL Yo € R™ yia to onolo

A° = conv(yo, —yo, A°(z0)}) = conv{tyo, ..., Lyn—1}-

Anhadr) to A elvor n-x0Boc. O

2.3 H ewxaocia tou Mahler yia copote cupreTeLxd
G TEOG TA XVELAL UTEPETLNESAL

To Baowd Yewdonua mov Yo anodetovue ogelleton otov Saint-Raymond [SR] xou
anavtd Yetixd otny euxaoio tou Mahler yia utar AN e xAdom COUATWY, AUTOY
7oL elvol CUUPETEE WS TEOS Tl xVpLa UTEPETINEDAL.
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Ocwpnua 2.3.1 Ta kdle kypté odua K otov R* to onolo elvar ouppetpixd wg
mpos kdUe kUplo vrmepeninedo wyvel dtt

4TL
P(K) = K| |K*| > —.

Anodedn: Aéyovtag 6t 10 K elvon cuuueTpnd wg mpds xdde xdplo unepeninedo,
evvooUue 6Tl undpyet Bdon {er, ..., e} Tou R® ue ty Wibtnta

(1) lerérer + ... +enbnenllx = S0, - -5 [€n])

yioo x&de emAOYH TEAYHATIXGY apudumy & xat Teoohuwy €;. Enedh to ywduevo
oYWV elvar oavoANOlWTO S TPOS AVTLOTREPLUOUS YRUUUIXOUS UETACY NUATIOMOUC,
yLoe Ty amédetgn tou Oewphuatos unopolue vo utodécovue 6t to {e1,. .., e, } elvor
N ouvHdNg opdoxavovixy Bdon tou R™. Téte, 10 cdua K elvor cuuuetpixd wg tpodg
x&de xVpLo urepeninedo. Anlody,

2) T(K)=K

yioe xdde Srorydovio ivaxa T ue ouvtetayuévee 1 ot dwrydovio. And v [T(K)]° =
(T71)*(K°) xow v (2) éneton 6L 0 Tohxd K° tou K elvon enfong oupuetpind wg
Tpoe xdde xOpLo unepeninedo. Aniady,

(3) lerérer + ..+ enbnenllxe = ¢ (|1, - .- [&nl)

yia %dde EMAOYT TEAYHOTIX®DY ApLdUGY & XAl TEOCHUWY £;.
Av howndy Yéoovue Ky = K Nint(R} ) xou K = K° Nint(RY}) éyouue 6T

K| = 2K |

pides
K% = 2"|K3).

To B0 axpLBde toydet Yo Tov wovadiato x0fo

W = {z € R" : max{|&1], &), ..., [} < 1}

XOL YLOL TO TOAXO TOL
n
we = {xG]R" D> 1G] 31}.
i=1
Ta W xow W° elvon cuuuetpxd wg mpog tar xOplar utepenineda, ondte av oploovue
Wi =W Nint(R} ) xon W = We Nint(R} ), éyouue
W] = 2| W | = 27

pigei on
o) = 273 = =
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Auté onualvel 6t yia v anodetgovue v {ntoduevn avicdtnta apxel va Selfouue
ot

(B |- || > (W] - W2

Kdvovue v odhayf ouvtetayuévoy ¢ = (&) — y = (1) émou & = e ™ xou
yedepoupe C1, Co, RY, T yioo tig ewcdveg twv Ky, K, W, , WP avtiotouyo.
Emedd ta K, K°, W, W*° elvar x0ptd 1o cLUUETOWXE ¢ Tpog Tar x0plar UTEpETTEda,
ebxola eAéyyouue 6t yia to C = Ky, K, Wy, W wavornoweiton 1 e€rc:

Isuotntae (U): Av z = (&1,6&2,. .., &) elvon éva onuelo tou cuvélou
C, t6te 0 ar = (&, abs, ..., an&,) avixel oto C yia xdde a =
(a17a27-"7a’ﬂ) € W+

Avth n Wdtnta pag Bondder emniéov va del&ouue o e€hc.

Afupa 2.3.1 Ioydovr ot 106TNTES
(a) Cl +Ri = Cl.
(B) C2 + R: = Co.
() T+Rp =T.

Anédelgn: Mo mopdderyua Yo dellouue 1o (o). Eotw n = (n1,...,1mn) € C1 %o
a=(ag,...,a,) € R}. Torte, éyouue

n+a=(log(1/&) +au,...,log(1/&n) + an)

omov = = (&,&,...,6n) € Ky, dpa & > 0. Axdun umopolue va ypdouue a; =
log B; xou B; > 1 ool o > 0. Apa,
n+a = (log(1/&) +1ogfi,. .., log(1/&n) + loghn)

= <log%,...,log%>

gL e n
( logﬂl,..., logﬂn>.

Topa, agod 1/8; < 1 xon (&1,&,...,&,) € K4, éneton 6w (§1/61,-.-,6n/Bn) € K+
ouvvenwe N+ a € C1. Auté anodewxvier v Cy + R} C C). T tov avtiotpogo
eyxhetoud, mapoatneolue 6t xdde n = (log(1/&1),. .., log(1/&xs)) Yedpeton otn LoppY

n = (log(1/r&) +logr,...,log(1/r&,) +1logr) € C1 + R}

av emAé€oue to T > 1 adld oA xovtd oto 1 (t6te logr > 0 xaw (ry,...,r,) €
K. ywri to (&1, ..., &) elvar eowtepixd onueio tou K ). a

Aqppa 2.3.2 Ta ovvoda C1,Cy, T elvar kuptd. EmnAéov, vndpyer o € R® pe Ty

widTnTa
017027T g CK+]R1
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Anodelgn: Ac unodéoouue yia nopdderyuo 6t nt,n? € Ch xon 0 < t < 1. Trdpyouy
&,¢% € Ky térowa wote ) = —logé&l, j =1,2. Tore,

tn; + (1= t)nf = —log[(&)"(€7)' "]

xon ([(1)H(E) ) i<n € K4 MNoyw tne cuuuetploc Tou K ¢ tpog to x0pLol UEpE-
nimeda xon e (E)H(EX) T < €l + (1 — )&, Apa tn' + (1 —t)n? € C1, xon awtd
delyvel 6Tt T0 C elvan xVpTH.

Axéun, enedn ta oduota K, W elvar cuumayt) -dpa @poryuéva- unopodue va Bpodue
éva b € R} étol wote to Ky, K, W2 va mepiéyoviar oto {z : 0 < x; < b;}.
Emouévee, oL edveg Toug UECw Tou UETAOYNUATIoON00 & = e~ mepléyovTal OTo
a+ R}, émou a n avtiotoym ewdva tou b. ad

Iopatnpodue 6t

K+ = / de = / e~ e dy
Ky C
= /R e W9xc, (y)dy
= L{xc))(®)
omov € = (1,...,1) xou L(f) elvor o uetaoynuatiouée Laplace tne f. To napandve

ohoxAfpwia oplletar xohd Adyw tou Afupartoc 2.3.2.
Me buoto tpdmo BrEnovue 6TL

|KY | = L(xc,)(€)
W4 | = L(xr=)(€)
W[ = L(xr)(e)

Ané ta nopandve BAénovue dtL ya Ty anddelln tou Yewpruatog apxel va Selfouvue
™mv

(4) L(xc,)(@) - L(xc,)(@) = L(xzy) (@) - L(xr)(@)-

Ou ypelaoTolue xdmotec amAég WLOTNTEC ToL UeTaoyNuatiouob Laplace tic onoleg
TapadETouUE Ywpls anddeldn:

Afupa 2.3.3 O L elvar Oeuikds ypaupixos tedeotnis: av f < g, tére ya kdle
y€eR

L(f)(y) < L(g)(y).

Eniong, av f * g elvar n owéhién twv f kar g tdte

L(f % g)(y) = L(f)(y) - L(g)(y)

ya kdle y € R™. O

43



Yougowva ue 1o Afuua 2.3.3, {ntdue va del€ovue ot

(5) (xcr * xe)(y) > (xre * x7)(y)

v xdde y € R*. Epeuvdvtag xdide uérhog g aviodTnTog TapatneolUE OTL

| xeiw - 2@z

/ xc, (y — 2)dz
Cy
= |(y—C1) NG|

(xcy * xc2) ()

xou UE axpL3we Tov (Blo TpdTo emakndebovue ot
(X *x7)(y) = |(y = RE) N T

Adupa 2.3.4 T = Cy + Cs.

Ano6degn: Eow y; € O xaw yo € Cy. Enedq C) = Im(K ) o Cp = Im(K9)
LECW TOL PEeTaoyNuUaTiowol § = e, urdpyouy 1 € K1 xou 73 € K} tétola )oTeE

1 = e Y1 xou x9 = e Y2,
Ané tov 0pLoud oL TOAXOU) GOUATOS EYOVUE

n

(1) (2

1 > (21,3 = Ze*("il +n7?)
i=1

= ey
6mou eV = (e™M,...,e7™) xon y = (11,...,7n). Autd onuaiver bt e~ Wrtv2) €
W2 xou and 1o yeyovég 6 T = Im(WS) yiveton goavepd bty +y2 € T. ‘Apoa,
Ci+C,CT.
Avtiotpoga, éotw t = (t1,...,t,) € T. Tndpyel s = (01,...,0,) € WS tét010 hoTE

s =e", xou oné tov oploud tou WS éyouue

©® 0 <= Yo <1
i=1

H ouvdptnon

P(@) = $(€1,&,- . ) = W
j=193

elvon avotned xolhn oto K, dpa undpyet uovadixd z1 = (
e v e K (dnhadhyy € C) ue

d(z1) = max{¢(z) :z € K} =: p.
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Tewuetpind, omd TNV OLXOYEVELL TWV UTERETLYAVELOY ¢(T) = a TOoU PpdocGouv T
xptd ywela ¢(x) > a tou int(RY), n ¢(x) = p (Inhadh auth mou oplleton Yo
a = p) epdnteton oto Ky o€ éva onuelo x1 pe v Wibtnta ¢(z1) = max{p(z) : z €
Ky} =p.

To egantouevo unepeninedo tne unepenipdvetas {d(x) = p} oto xq éxel eZlowon

A;

(7) & =1

0
n )

1 (Zj:l Uj) &

Enewdn 1o onuelo yeylotou z1 avrixel oto obvopo tou K, To unepeninedo autod elvon

xa umepeninedo othptEng Tou K, xou axdun neptocdtepo Tou K dOTL oL GUVTEAECTES
A; etvan 9etixol xou 1o K elvar cLUUETELXO WS TTPOC XAIE UTERETUTEDO GUVTETAYUEVMV.

n
1=

Ané v (7) Brérovue 6T To onuelo ﬁ 5‘{—11),,5"(—?)> avixer oto K2, xou
1= 1 n

, . ’ . _ o1 On — Y2 A o
and ™y (6) éneton 6Tl T0 onuelo zo = (E(l) e 5(1)> = e Y2 avixel xt autb oTo
1 n

K¢ . Tote duwc woybouv o e€hc:

rp=e " €Ky xuzy =€ ¥ €K

et
y2=t—1y1, y1 €Cy, y2 € Cy,
dipot
t=1y +y2 e C1 + Cs.
Anpodn, T C C1 + (5. Autéd anodewxviel tny wétnuo T = Cy + Cs. O

Tougwva ue to AMuua 2.3.4, yia v anddetin e (5) (xon tou Oewphiuatoc) apxel
vou del&ouue tny e€ic Mpdtaon.

IMpdétaon 2.3.1 Av C4,Cs bnwg maparndrw, ya kdle y € R™ wylea
(Xer * xXea) W) 2 (Xrz * Xr+02) ()

H anédeln e pdraone o yiver ue enaywyy| wg npog ) Sidotaon n.

BAupa 1: Trnodétovue 6t n = 1. Ané myv C; + Ry = C;, undpyouv 71,72 € R
tétotoL wote Cp = [y, +00),Ca = [y2, +00) xor C1 + Cy = [y1 + 72, +0). Térte,
[(y = C1) NGy

|(—OO,y - 71] n [72) -I-OO)|

= -+,

(xcy * xc2) ()

omou &y = max{¢, 0} 1o Yeuxd uépoc tou mpoaryuatxod aprduol £ € R
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Evtehde duota, yio to Cy + C2 = [y1 + 72, +00) €yovue

(Xey *xCi+c:)(y) = |y —Re)N(C1L+ C2)
= |(—00,y]ﬂ[’)/1 +72;+00)|
= (y—(n+m1),

Anhadn, yioo n = 1 1 aviodtnTa Loy Vel To LoyLpd Gav LooTNTA. o

BApa 2: Trodérovue ot n Hpdtaon woybel yio n = k xou Yo det€ouue dtL 1oy bet
vion =k + 1. T xdde xwptd odua L otov REFL = RE x R xow yia xdde ¢ € R,
optlovue

Lt)={y e RF : (y',t) € L}.

Torte,

(xer * xea) W' mesr) = /RI[(y’,nk+1)—Cl](t)ﬁCQ(t)ldt

/ ly" — Ci (g1 — )] N Ca(t)] dt,
R
ot v xde t € R,

[ 1) = C1l(#) = [ = CLOyr — 1))

XonoLomotdvTac Ty enaywyLx unddeon, yYpdpouue
(xer * X)W Meyr) = /R ly' = Cr(mesr — I N Co(t)] dt
= / (Xcl(m+1 —t) XC2(t)) (yl) dt
A

= / XR y _Z / XCl(TIk+1—t)+C2(t)(Z) dt| dz
RF* R

J

]R{" * XCy(Mrey1— t)+02(t)) ( I) dt

=

[/ Xt (Y = 2) " XC(mer—t)+Ca (1) (2) dz] dt

=

k

[/ Xt (Y = 2)  XCy(mgr —t+Ca(t) (2) dE| dz

ksl

H(z)

= / X (2) - H(y' = 2) dVi(2)
Rk

= <XR’; */R XC1(rt1—t)+C2(t) dt) (y’)
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Anhadn del&oaue ot

(8) (xer * xc) (' rg1) > <XR{1 * /R XC1 (i —)+Ca(1) dt) ).

‘Ouota uropolue vo ehéyEouue 6t

/R (XR’i“(nHrt) * X(01+Oz><t)) (y') dt
Nk+1 ,

= <XR’j_ */ X)) dt) (y')-
—00

QXR1+1*;XCH+CE)(y’7nk+1)

Anhodn,
Nke+1

9 (e *xC) (Y M) = (xm * / Xevten) dt) ).

— 00

Ané e (8) xan (9) paiveton bt To emaywyxd Bruo Yo ohoxinewlel av delfovue 61t

Me+1
(XR’j_ * /R XCi (g1 =t)+Cs(2) dt) (v') > (XR’j_ * / Xertaa) ) dt) (¥")

—00

v xéde ' € R* xon xdde Ne+1 € R Tdpo and tov oploud g cuvélEne dvo
CLUVAPTACEWY, dpxel va del€ouue:

Nk+1

(10) /R X1 (miegr—)+Ca(0) (y') dt 2/ Xerron (') dt

— 00
v %89 y' € RY xon xdde mpp1 € R Avahbovtoc xdde ohoxhfpwua Zeywptotd
TAEATNEOVUE OTL:
(o) Tt t0 aplotepd ohoXAHpwuUa, Topatnpolue 6t y' € Cr(nes1 — t) + Ca(t) av
xoL Uévo av (z2,t) € [(y',mk+1) — C1] N Ca, dnhadh av 10 t € R elvon otoryelo e
TPOBOMC k41, bk+1] TOL GUVONOUL [(Y, Met1) — C1]NCa oty eudela Tou elvor x&detn
ot €1, ..., ek Anlady,

(11) / XCr (mesr—t)+Co (1) (U') dt = by — gy
R

(B) T t0 3e€i6 ohoxhfpwua, mapotneotue 6t av y' € (Cr + Ca)(t) xan t < Mgy,
t6te UTdpyet (22, 5) € Cy tétowo BotE (Y — 20,t — s) € C1. And ¢ C; + ]R{“F =C;
o t < mpyr éneton 6Tl (Y — 2o, Mpr1 — ) € Cp xou (22,41 — t + 5) € Ca, dpa

(22,8) € ((¥'sme+1) — C1) N Cy xan (29,1 —t +5) € ((¥'smey1) — C1) N Co.
Erouévee agr1 <8 < (g1 —t) + 8 < by1, Orhadi

M1 — (Org1 — apg1) <t < Mgt

Téte 6uwe 10 de€Ld ohoxAHpwua YpdpeToL:

Mee+1 Me+1
/ Xy (y') dt < / dt = bpt1 — Qg1

—c0 M1~ (b1 —ary1)
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Anhadn anodelEoue 6Tt

Me+1
(12) / Xty ') dt <bpyr — apg

—00

Ané te (11) xou (12) mpoxinter n oyéon (10) mou Atay 0 tehxd poc {ntoduevo.
E3 Aoty teheidvel 1y anddelln tou Oewpruatog 2.3.1. o
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Ke:cpo’c)\ou.o 3

H ocvricr‘cpocpvq ocvmé‘w]‘coc
Santalo

‘Evoc amhdc umohoyloude Selyvel 6tL av 1) ewcacto tou Mahler efvon owoth, téte Yid
xdde cuUUETEWS xVPT6 odua K otov R* éyouue

c1 4 1 2 C2

—< < s(K) = ([K||K°])™ < |Bn" < =
6mou ci,cx > 0 elvon andluteg otadepés. Mtnv §3.2 Yo dolue 6tL 1 aodevéotepn
auTH LopY1| TNe ewxactog elvor cwoth: N tocbdtnta s(K) elvon tng téd€ng Touv 1/n v
x&e cuupEeTELXd xVPT6 odua K otov R™.

Ocdenua (Bourgain-Milman, [BM]) Eotw K ouupetpiké kupté odua otov R™.
Tore,
C1 ol L
L < (KIKD* <

3|8

omov c1, ¢y > 0 elvar dVo andlutes otalepés.

H anédeiln touv Oewpriuatoc Pactiletor otny «LoOU0pQLXT] GUUUETELXOTONOTY Xou
yenoruotoLel didpopa epyarelor TNE AOLUTTWTLXAC Vewplag Y WpwY TENEPACUEVNS SLd-
otoong (evrponia, extiunoels dyxwy, avicdtnra tou Pisier) ta onola napousidlovron
otnv §3.1. Ou (dieg d¥éeg 0dnyoly otny avtiotpopn avicdtnta Brunn-Minkowski, tnyv
omolo amodelxviovue 6Tny §3.3:

Oceopnuo (Milman, [Mil]) INa xd¥e ouppetpikd kuptd odpa K otov R™ vndpyet
Uk € SL, térows dote: av K, Ky elvar ouvuuetpicd kvptd oduata otov R* kai
t > 0, tote

Uk, () + U (Ko) [V < € (1B 4] E 7).

émov C' > 0 elvar pa apiunuikn otalepd aveEdptnn tng 01dotaons Tov Ywpov kat
v owpdtwr K;,i=1,2.
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3.1 Apuiupol xdhudng

Optouds Eotw X = (R, || - ||) évac n-didotatog yipoc ue vépua xau €otw K 1
uovadiatar Tou UTdAa. OewpolUE TNV ToCoTNTA

MX:MK:/

S’n

el dor(a)

OTOL 0 TO AVAANOIWTO WC TPOC TLC OTPOPES UETPO TIAVOTNTIC OTNY sn—1, Enloneg
optlovpe M*(X) = Mx+ = Mgo. Hopatnpriote 6t

W) = [ felledot@) = [ maxl@aldo(a) = w(K)/2
Aqppa 3.1.1 Ia kdOe ovupetpicsd kupté oopa K otor R™,
1) I= [ Nellwdu(a) = vadiy.
Ioobvvapa, €(I : 0y — X) ~ /nMk.
Anodergn: I'pdgouue

1= [ el )

NWy,

+00
BCHE /S _1/0 I8l 7" exp (—r?/2) drdo (6)

- {(;:)"% /O+Oor”exp (—r2/2) dr] US 1611 da(t‘))]
~ nMkg.

[ Tov deltepo Woyvploud TopaTnEodUE 6TL

w0 = ([ @)~ [ et o

Ané o AMuua 3.1.1 xou o Oedpnuo 1.4.1 tpoxintel t0 e€¥c Paoxd amotéhecua
(aviodtnTa Tou Pisier [Pi2]).

Oewpnpa 3.1.1 Eotw K ouupetpikd kupté odua orov R". Trdpyxer ypapjukn
etcéva K tov K térowa dote

(2) My - M. < clogld(Xu, £3) +1].
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Anodedn: And 1o Oedpnua 1.4.1 undpyet u : €5 — Xk pe v Wiotnta
(w)e((u™)") < enlogld(Xrc, ) +1].
Oétovue K = u~(K). Tére,
nMp-Mpo ~ I:05 = Xg)-I:05 = Xg.)

= wi))
enlogld(X gk, 03) + 1],

A

an’ 6mou éneton 1) (2). m|

Adppa 3.1.2 Ay a(K),b(K) elvar o1 pukpdrepor Oetirol apidpol ya tous oroiovg
1
mllwllK < Jz| < a(K)||zl[x

ya kd9e x € R, wére Mg < b(K) < ey/nMg. Eibikérepa, av Mg = 1 éxouue
1 <b(K) < cey/n.

Anoédelgn: o v aplotepr| aviobTnTa TOEATNEOVUE OTL

1
m/gn_l ||| redor(z) < /Sn_l |z|do(z) = 1,

dnhadh Mg < b(K).
Tt de&ud aviodnra Yo ypnouuonoticovue o e€Rc.

Ioyveiowds 1. Av xy,...,x, € X kat k < n, tdre

k n
/Q I gl < /Q 13wl

Anodedn: Apxel va del€ouvue tnv avicétnta oty nepintwon n = k + 1. Tpdpouvue

k k k
2 Zgi(w)wi = (Z gi(w)z; + gk+1(w)$k+1> + (Z gi(w)w; — gk+1(w)$k+1>

X0 YENOLUOTOLOVTAS TNV TELYWVLXY| avlodTnTaL,
k+1

2 [ lz:gi(w)mi | s,
+/Q H (Zk:gi(w)l“i —gk+1(w)$k+1> Hdw

dw

IN

dw

Il
S~




doTL amd TNV cuUUETElY TNS i1 OL TUYOlES LETOBANTES

k
> (@) + g1 (@) Thia
i=1

xon
k
> gi@)mi — g1 W)k
i=1
€youv TNV {Ba XaTaUVouUR. |
Ioyvpiowmog 2. Av k <n kat ta x1, ...,z elvar oplokavorikd, téte
k
/ [ Zgi(w)miﬂdw ~Vk M (K nspan{z1,...,z:}).
Q=1
Anddelgn: ‘Aueon and to Ajuua 3.1.1. i

Ané toug B0o woyuptouols Ereton GTL vy xdle k-Sidotato undyweo F' tou R™ woylel
VEk M(KNF) < eyn M.
EWluétepa yio k = 1 BAénoupe 6t yia xdde z € S~ woyle [|z|| < ev/nMk, Snhadn
b(K) = max{||z| :z € S" '} <ey/nMg. O

Opioés ‘Eotww K, Ky xuptd oduata atov R”. O aprduds xdhudne tov Ky and
10 K> elvar o

N
N(Kl,KQ) = min {N EN:dxq...2ny € K1 .0 K1 C U(.Tl +K2)}.
i=1
OptCouue enlong
) N
N(K;,K,) = min{N eN:dz;...2y € R" .0 K; C U(a:, +K2)}.
=1

EOxoha eNéyyouue ot

N(K,K>) < N(K1, K»).

Ocopnua 3.1.2 Eotw K ouuuetpicé kuptd odpa otov R*. Téte, ya kdle t > 0
1w vovy ot anodTnTES

(3) N(Bo,tK) < exp @(%)2)
(4) N(K,tB,) < exp <cn(MtK° )2> .

H bevtepn aviodtnra elvar yvoot ws aviodtnta tov Sudakov xat n mpdtn elvar n
ovikn tns. H moodtnta ¢ elvar e Jetikri andlutn oradepd.
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Amnéderdn tng (3): [LT] Oewpolue uia ueylotxh emthoyh onueloy 21, ..., 2n € By

\
AR . . / , t
T |z — xjl|lk >t vy xdde i,j = 1,...,N ue i # j. Téte w zuvokoc i+ 5K
éyouv Zéva eowtepind. ‘Eneton 6t yia x&de b > 0 to {bx; + %K}izl €youv enionc
Eéva eowtepixd. T to uétpo tou Gauss 7y, malpvouue

bt N bt
N-min{vn (ba:m;K) 1<i < N} < Z;v <b$i+ 51{)
N
bt
=1
< 1.

. P P bt bt .

Exonde uac elvor var cuYxpvoudE 10 Yy (b + LK) ue 10 v, (LK) dote 1 mopa-
TV aVoOTITAL Vo amodevopeutel and ta x;. ot 1o Aoyo autd Yo anodelfouvue tny
e€Ng WLdTNTAL TOL Yy,

Afupa 3.1.3 Av A elvar ovppetpiké kupté vnootvodo tou R® kary € R*, tére

Tn(y + A) > exp(—|y[?/2) yn(A).

Anoédelgn: I'pdgouue

Wt ) = oo [ el dr
- (2;)% /A exp(—|y + 21%/2) dz
- (2;)3 /A exp(~ly - 2>/2) dz
_ L [ eyt e/ (-l -2/
B (QF)S/A 2 dz,

6mou yenowonotidnxe n ouuuetpla tov A. H  — exp(—z) elvon xvpti, dpa

1 Llly+z  |ly—=2
> _Z
Yy +A) > E /Aexp [ 5 ( 5 + 5 dz

= Gar [ eyl ) exp(—lsP2) s

@m?
= exp(—[y]’/2) m(4). ©
Aol ok T x; avhixouy oty By, éxovue |z;| <1, dpo yra xdde i =1,..., N
bt ba; |2 bt
Vn <bmi + 5K> > exp <—| 5 | >fyn (5K>
>

b2 bt
exp <—§> Yn <5K> .
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(5) N exp <—b—;> " (%K) <1

yia xdde b > 0.

Enéuevoc oxomdc uog elvar var emtAé€ouue to utxpdtepo duvatd b > 0 étol wote
\ \

Yn (%K) > 1. Ané tnv aviobtnta Tou Markov xon Tov oploué Tou I mpoxdnteL 6Tt

o (e slellae > 53) < 3.

Euelc 9éhovue 1o uixpdtepo b > 0 yLo to omolo

bt 1
Tn <{:r x|l > 5}) < 3

dLoTL ToTE ) ) )
t t
%(;Q—%(W|mm<5ﬂ :
Apxel Aoy vo emhé€ovue b = ==, xou ypnowwonoidvtas 1o Aduua 3.1.1 éyovue
y oo A VM
— T —_— f.

Téhog, and v (5) PAénovue 6Tt

N<2exp< ><2exp< MT)

Anb v (ueyiotinh g Teog ™V ||a; — x|k > t) emAOYH TV T; €YOUUE
B, C U z; +tK),
i=1
dInhady| anodelZoue ot

Mg

N(Bp,tK) < exp <cn(T)2> . O

IMopathenon. H (3) eivor woodlvoun ue ty
Ag = sup{t\/log N(Bp,tK) : t > 0} < ev/nMk.

Mpdryuate,

MK)
t

= t\/log N(B,,tK) < c/nMg

o4

N(Bp,tK) < exp (cn(%f) = t*log N(Bp,tK) < cn(



yioo xdde t > 0, dpo Ax < ¢y/nMg. O aviioTpogoc Loyuplou6s AmodeLXVUETOL
avéhoya. Av Aownév oploovyue

Br = sup{t\/log N(K,tB,) : t > 0}

618, AOYWL Sulouol, yio Ty anddelln tne (4) apxel vo anodetfovue v e€hc Ilpo-
Tao).
Ilpétaom 3.1.1 [T] Ia kd¥¢ ovuperpixd kuptd odua K otov R”,

Bgo <Ak

émov ¢ andlutn Jetikny otalepd.

Anoédelgn tng Ilpdtaong 3.1.1: Iapatnpolue mpwto 6TL Yo xdde ¢ > 0
t2
2K N <5K°> CtB,.

Tpé 2K N (L K°), w6 2 LA
pdyuatt, av T € N3 , 10t ||zl < 2 xou ||| re < 5. Apa,

t2
[o* = (z,2) < llzllxllzllxe <25 = ¢,
dnAadh = € tB,,.
Ané tov oploud v aprdudy xdhudne, av P C L t6te N(K,L) < N(K,P). Eno-
évog,
N(K,tB,) < N (K,2K N (t*/2)K°)).

Ioyverowodg Ia kdde t > 0,

N (K,2K N (*/2)K°)) < N(K, §K°).

Ano6deln: Eow 1,...,28y € K 1.0 K C Uf;l (a:l + gKo) ©éhovue vo del-
Eovue o1t K C Ufil (a:l + %Ko N 2K). "Eyovuue

yeK = yeU(mi—kEK")

i=1
t2
= Fe{l,....N}:y—x; € §K°

Emmiéov éyovue y € K xau z; € K = —z; € K Aoyw ovuuetplag tou K, ondte
y—x; € 2K yia xdmow i € {1,...,N}. Ouonc téte y € x; + %Ko N 2K y.o xdnolo
ie{l,...,N}, dnhadh to {nroduevo. O
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Av K, V,W cuypetpd xuptd ooduata, ToTe yia xdde r,s > 0 woydeL:
N(K,rsW) < N(K,rV)-N(V,sW).

Ye ouvduaoud Ue Tov LoyLELoPS TEoXVOTTEL 6TL av elodyovue ulo Bondntued ueta-
BAnTH s ToTE

N(K,tB,) < N (K,2Kn(t*/2)K®))
2
< N, DE)
t2
< N(K,an)-N(Bn,2—K°)
S

Enkéyovrtag s = 2t nodpvouue
t
N(K,tBy) < N(K,2tB,) - N(By, ZKO)’

(2t)?
4

2
t t
t*log N(K,tB,,) < log N(K,2tB,) + 16 (Z) log N (B, ZKO)

Tdpa av Tdpovue supremum we Tpog t > 0 €youue

B2
B% < TK +164%. = Bg < \/64/3Ak-.

‘Ouwe Ax < ey/nMg ondte Bdlovtac 6mov K 1o K° éyovue
BK S CAKo S c\/ﬁMKO

Srhad,

N(K,tB,) < exp <C"(Mf° )2>

and tov oploud tou Bi. O

Aqppa 3.1.4 Eotw K ouupetpicé kuptd odpa otov R . Tote, yra kdOe s > 0

(6) |K| < N(K,sBy) - |KNsByl.
Arnédetdn: And tov opoud tou apduol xdhudne N = N(K,sBy) undpyouv
T1...on € K tétow dote K CUN, (z; + sB,), Snhadn

N
K = |Jl(zi + sBn) N K].

i=1
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Oewpolue v ouvdptnon f(z) = |(z+sB,) NK|V/". H f eivor dptia xon xolhn otov
popéa e (dnhadr) oto K — K), dpat || flleo = f(0). Enecton 6t

|(z; + sBp) NK| < |sB,NK|, i=1,...,N.

Adpoilovtag we mpog i =1,..., N maipvouue

K| = |[J@i+sB.)NK]

_ ‘
i=1

N

2:|(:vZ + sB,) N K|

i=1

< N(K,sB,)-|KNsB,. O

IN

Afupa 3.1.5 Eoww K ovppetpicd kupté ooua ovov R*. Trobérovue éut By, C bK
yia kdmowo b > 1. Tére, yia kde s > 1

1 -
|conv (K U an> | < 2enb N(B,,sK)|K|.

AnédelEn: Eivow gavepd 6w N = N(B,,sK) = N((1/5)B,, K). Emmiéov, and
Tov oplou6 tou N urndpyouv z1,...,2Nn € R" tétola dote

1 N

i=1

(7)

Mrnopotue va vnodéoouue 6t (x; + K) N %Bn # P, ondte x; € %Bn + K xou arnd
v By, CbK émetan 6L x; € (l—l— %)KYLO( xei=1,...,N.
Avo<a<lxwwa+f=1,téte

N
« (%Bn> +BK C U(ami—l-aK)—l-BKg

i=1

N
= U (az; + (o + B)K)

i=1
N
= U (az; + K).

i=1

Ané tov oploud tne xupthc 9rixng €youvue oTu:
1 N

(8) conv <anUK> C U U (az; + K).

i=10<a<l

Oewpotue [bT] oto TAlog aprduole aj, ot onolol elvar Looxataveunuévol oto dLd-

otnua [0,1] ue T =2n xou j = 1,...,[bT]. Ané v oxéon (8) mpoxdntet 61l yio
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/ 1 / . . 1 1 /
x4e z € conv (1B, UK) undpyel aj t.0 |a — | < g (610U 3 elvon 0 Thdog
e dtaéplong) xoL ETLTAEOV

z€ar;+K = (a—oj)z; +ajz;+ K
= € + 1+%+1 K
z € ajz; o i

"Ouwc
1+% s4+b s+b 1

VI~ sbT  2nsb " n

ot b > 1 xou %b < sb, dpa

1
zEajmi+<1+—>K.
n

Emotpégoviac otny (8) BAémouue 61t
1 T 1
conv (;BnUK> - U U {aja:i+ <1+E> K}

i=1j=1

Enedn) o 6yxog moapopuéver avarlolntog and T UETAPORES xalt Elvar UTOTPOCVETLXGS
€Y OLUE:

1 n\"
|conv (;Bn U K) | < NbT <1 + ﬁ) |K|
< NbTe|K]|
= 2nbeN(B,,sK)|K]|,
dnrad”y to Intoduevo. O

Y10 enduevo Mjupo topadétovue ywplc anddelln emmiéov anhéc WLOTNTES TOV TO-
Ax00 EVOC GUUUETELXOV,XUPTO) CWUATOC.

Afupa 3.1.6 Eoww A kat B ovuuetpikd xuptd oduata ooy R™. Tore,
(a) [conv(AU B)]° = A° N B°
(B) (AN B)° = conv (A° U B®). |

Adupa 3.1.7 Eow D, K, P ovupetpikd kvptd odpara otov R*. Tore,
Iré%x|{(a:+D)ﬂK}+P| =|(DNK)+P|
cERn

Anladn to mazimum mdrvetal yua x = 0.
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Anédelgn: Oétovue T, = {(z + D)N K} + P. Anbd v ovuuetpla wwv D, K, P
gneton 6 Ty =T, Gpat |T_z| = |T|- Axdun, Aoyw xvptdtnrac Exovue:

T_o4+T, (z+D)NK+(—z+D)NK

+PC(KND)+P =T,

2 B 2
Ané v aviedémto Brunn-Minkowski tpoxOnter 61t
T, +T_
|Tx| < |%| < |T0|
yio x&e x € R™. a

Afupa 3.1.8 Ia kdOe ouupetpics kupté odpa P otor R w0y Vet
|K + P| < N(K,sBy) - |(sB,NK) + P|.

Anodedn: And tov opoubd tou N = N(K,sBy) éyovue: ylo xd0e cuUUETPLXO
xvptH otua P C R™, undpyouv z1,...,2n € K 1.0 K C UY,[(z; + sB,) N PJ.
Apa,

K+ P CUY [{(zi +sBy)NK}+ P].

Ané to Afuua 3.1.7 éneton OTL
|[K+P| < N(K,sB,) {(z;+sB,)NK}+ P|
< N(K,sBy) |(sB,NK)+P|. O

Adupa 3.1.9 Eow K,L ovupetpikd xuprd odpata ooy R* xar L C bK ya
kdmoto b > 1. Tore,

N (conv(K UL),(1+1/n)K) < 2bnN(L, K).

Andde&n: Ano tov oploud touv N = N(L,K), UTdPYOLY Z1,...,xN € R" tétola
oote L C Ui\il(mz + K). Mropolue vo urodécovue 6t LN (z; + K) # 0, dpa
€L+ KC(b+ K.

AvOo<a<lxwa+ =1,

=

-
Il
=

aL+ K C (aw; + aK) + K

N
C=

(az; + (o + B)K)

-
I
-

I
C=

(az; + K),

-
I
-

N
conv (LUK) C U U (az; + K).



BOewpolue toug apiuolc a; = ﬁ,j = 1,...,[2bn] woxataveunuévouc oto [0, 1].
T xdide 2 € conv (LU K) undpyet oy .. |a—aj| < 5= (610U 57 ebvon To TAdToC
e dtapéplone). Edxola ehéyyovue 6t 2 € ajz; + (b;,;—g + 1) K, cuvenog

[2bn] N b+l

C
j=1 i=1
[2bn] N 1

- LJl LJ1<aj1'i+ <E+I>K>,
j=1 i=

dot B < 1.Tehog, amd tov opLousd tou aprduold xdhudne éyouue:
N (conv(K UL),(1+1/n)K) < 2bnN(L,K). O

Afupa 3.1.10 Eoww éu B, C sbK ywa kdnowovs s,b > 1. I'a kdle ovupetpixd
kupté ovua P otov R™ woyda du

1 .
|conv (KU —Bn> + P| < 2ebnN(By, sK) - |K + P|.
s

Anddergn: And o Afuuo 3.1.9 ue L = 1B, éyouue

[2bn] N
1
conv (KU an> +PC U U (ajz; + (1 +1/n)K)+ P

j=1i=1

1
|conv<KUan>+P| < 2bnN - |(14 1/n)(K + P)|

- 1\"
= 2bnN(B,,sK) (1 + —) |K + P|
n

< 2bneN(B,,sK) - |[K+P|. O

3.2 Icop.opcpt.x'r'] cup.p.s'cpt.xorcof.'qc‘q xow ow'cf.c'cpo—
PN owt.cé'cn'coc Santalo
Yty mapdypago auty anodewxviouvue Ty avilotpogn aviedtnta Santald.

Ocwpnua 3.2.1 Trdpye ardlvtn otalepd ¢ > 0 t.w ya kdle n € N kat yia kdOe
OUHUETPIKS KUPpTO odpa K otov R* va wyvde:

s(K) > cs(By).
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Anodedn: [Mi2] Av X = (R”, ||-]]) elvar évac n-Sdotatoc yodpoc ue vopua, opilou-
ve dx = d(X,(5). Eexwdue ye évo ouupuetpxd xuptd oodua K otov R”. Ané 1o
Ocedpnua 3.1.1 yvwpllovue 6Tt uTdpyeL Ypouxos uetaoyndatiouos T € SLy, té-
T010¢ Ghote 10 xUpTh abua K = T(K) mou da mpoxiher va éyer Tic emmhéoy dubtntec
Mg =1%o Mg, < clog(dx, +1). Agot s(K) = s(K), unopolue va urodécouue
6t 1o K woavonotel tic Vo autéc aviodtnrec. And 1o Aduua 3.1.2 xau 1o YeYovog
6t Mg =1 mpoximteL 6T
1 < b(K) < cy/n.

Auto nou Ya xdvouyue elvon vo avtatacthoovue to K e éva xawvolpyto coua Ky
mou Yo £xeL Tov (BLo mepimou 6yxo ue to K xou 1 andotaon Banach-Mazur dy, Vo
elvor «mohd uixpdTeEPNy and Ty dx, . Enlong, o éyouue e€icou xahd ékeyyo yio Tov
6yxo tou K7, dpa ot nocdtnree s(K1) xaw s(K) Vo elvar ouyxplowec. H Stadicasio
AUTH AEYETOL KLOOUOPQLXY) CUUUETOLXOTONGTY .
T Sodév a > 1 (to onolo Yo emAéEouue apydTepa) Yewpolue toug aptduoic

AP = Mpoa xou N9 = Mo = a

xau opllouue

1
Kl = conv |:(K N AUPBn) U WBTL:| .
Ioyveiomog 1 Ioylel n avicétnta
cn
> —-——)-
[£61| > K] exp (- 55)

Anoden: And tov oploud tou K xan to Afuua 3.1.4,

K]

K| >|KNA**B,|> —————.
il 2 IWAXEE] 2 Ny,

Xpnowomoudvtag xou Ty aviedtnta tou Sudakov, talpvouue

Mo 2 cn
|K1|Z|K|.e:rp<—cn<>\up> >_|K|.exp(—?). a

Ioyvelomog 2 Ioylel n aviodTnTa

B < K exp (55).

AnédeEn: Ané tov opioud tou K, 1o Afuua 3.1.5 (tapatnehote 6t A0V = o >
1) xou Vv duixh avioétnTa Touv Sudakov,

1
|K1| S | |:COI’1V <KU WBTL>:|
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= | [com) <KU éBnﬂ |

2enb(K)N (B, aK) - |K]|

2enb(K)| K] - exp (cn (%)j

= 2enb(K)|K| - exp (Z—Z) .

IN

IN

OuotaoTixd UTopoOUE VoL EVOWUATOCOVUE Tov 6po 2enb(K) otny otadepd ¢ Tou exde-
o0 bpou, BLOTL GTNY AVASPOULXT| XATACXELT] oL Yo axoloudricovue Yo emAEyouue
x&0e Qopd TO o UE TETOLO TPOTO WOTE

a < clogn,

OTOTE

a2

!
2enb(K) < exp <c n)
aol yia To b(K) wyler 1 < b(K) < ¢y/n. Tuvenme, unopodue va ypdovue:

cn
| < K] exp (55). D
Yuvdudlovtag Toug 0o LoyLELooUS TAlEYOUUE
cn | K| cn
! (~2) <jmy <o (G3)
(1) exp(——3) < A <erp (5

Ané to Afuua 3.1.6, to toawd K7 touv K elvon 10 6Ovoro

1
K? = conv <K° U <W3n>> nAdownp,

Ioyvelonog 3 Ioybouy oL aviobTnTeg

) exp (— ) < K < exp ()
P\Taz) = wp| = T )

Anddeln: And tov oploud touv KY xow to Aduua 3.1.4,

[ K|

K?| > |K°n AR, | > )
| 1| fl | N | - N(KO’Ad()wan)

Xpnowomoldvtag xou Ty aviedtnta Tou Sudakov, nalpvouue

° ° Mk ? o cn
|K7| > |K°| - exp (-C" <W> ) =|K°|-exp (—?)
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IIdhL amé tov oploud touv K7, to Afjuua 3.1.5 (nopatnphote 6t AP = Mg Mgoa >
1) xou v duixn avioétnta Tou Sudakov,

o] o 1
K7 < | [conv <K UWB,L>} |
< 2enb(K°)N(Bn, \PK°) - |K°|
Mg \”
< 2enb(K°)|K°|-exp (cn < )\Z > )

2enb(K°)|K°| - exp (%) .

‘Onwe Ty, UTOPOOUE Vo EVOWUATOOOVUE Tov 6po 2enb(K°) oty otaldepd ¢ tou
exdetxol 6pou, dnhadn

o o cn
|KT| < |K |‘9XP(§)- o

Me v avuxatdotaon tou K and 1o Ki autd mou xotapépvouue elvar vor Behtiod-
COUUE TNV am6oTaoT dx, @ Enedh) a > 1, éneton 611

1 S MKMKOOZZ — )\upAdown = < )\up’

Adown —
, , , , ,
OTOTE ATO TOV OPLCUO TOL Kl TEOXVUTITEL OTL:

1 U
dow Bn © K1 CA"B,.

Apa,
dx,, S ANPXPUN = Mg Mpoa® < o log(dx, +1).

Youpwva duwe ue to Yewdpnua tou John, yio xdie n-didotato ydeo X €yovue
dx < v/n = logdx < clogn.

Av howndy emhéEovue o ~ logn, to61e

(3) dxy, < c(log n)?

EVG TOPEAANAQL,

(4) exp (~) < ss((zl(i)) <ewp (7).

Eluaocte mAéov €towol va neprypdouue tnv avadpoutxy| Stadixaacta.

Avadpouixy| Stadixacio.
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Ocwpolue ™y axolouvdlo a; ue a1 = logn,as = log(logn) = log P n,... 0 =

log! n 6mou t elvor o UXEOTEPOC PUOLXOS UE TNV LBLOTNTAL:

= log(t) n < 2.
lo Brpo: Zexved ue tuydév ouuuetpixd xvptd oouo K C R™. 'Onwe e&nyrooue,
LEOW XATIAANAOL YoauUIX0) UETACY NUATLIOUO0) UTopoVUUE Vo uTtodécovue 6TL Mk =
1 xow Mgo < log(dx, +1) (oe 6hn v Stadixaoio, = onualvel < ¢- - - 6mou ¢ andAuTy
otodepd mou umopel vor emtheyel TEAXA).
[ 0 oy = log n matpvouue

AP = Mgoay xou MU = Mgay

oL avTixarhoToVUE To odpa K ue To
up 1
K1 = conv (Kn>\1 Bn) U WBn -
‘Onowce eldope,

dx,, < MgMg-ai < (logn)*(logn) = (logn)*.

Enniéov,

P (‘ <logcn>2> : iﬁ)) S (m) |

20 BAuo: Topa, 1o ooua ue to onolo Eexwvdue elvon to K, yio 10 onolo unopolue
emimhéov voutodécouue 6Tt Mk, = 1xow Mge <log(dx,, +1). T to ay = log® n
nolpvouue

AP = Moo xon A§°"™ = M, ay

%ol avTXahoToVUE To owuo K Ue To

K2 = conv (Kl N AngN) U )\down Bn
2
‘Onwe mply,
dx, < Mg, Mgza3 < (log®” n)*logdy
< (1og® n)? log](log n)°]
< (10g® n)*(log® n) = (log™® n)?.
ETC{O’Y]C)

exp | — ¢ < s(K1) < exp _c
(log® n)?2 ) — s(K2) — (log'® n)?
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2 s(K) 2
exp —02:&]72 < S(K) < exp cg:ozjf2
i=1 j=1

Yuveyilovtag ue tov (dlo tpdTo, YeTd antd t doBoyixd Britato xatohAYoUUE oE éva
OLUUETEXXS xLETSO oo Ky yia To omolo LoyleL:

dx, = (log(t) n)® <e¢.
Axéua woyupodTepa, N xotaoxeur| Selyver ot undpyet > 0 TéTolog HaTE
rB, C Ky C c1rB,.

Ané g WLOTNTES TOU TOAXOU COUATOS EYOUUE OTL:

1 1
_Bn g Kto g _Bn
er r
xoi amd Tov optoud tou s(Ky) Prémouue ot

1
— - 5(Bn) < s(Kt) < ey -s(By).
C1

Ané 6hn ) dodinacion ExoLUE ENEYYO YLa TOUS GYXOUG:

t
K
exp —cZaj_2 < 5( )Sexp CZC“;'_2

=1

Ané g duvo avtée aviobTnTES TPOXUTTEL HTL

t
C'exp —02062 -s(By) < s(K) < Cexp 02062 -$(Bp).
j=1 j=1
. t - r
I o ddpoloua ijl Q; ? = (logln)2 + (1og(1§g e +...+ m TOPUTNPOLUE OTL
yia x&e j < t,

Q41 = lOg a; = a5 = exp(aj+1)

= a; =exp(az) =---=exp(...exp(a)...)
70 onolo onualvel 6T
1 1 1
-2
o, =—+——-+...+ < (.
J a?  exp(a?) exp(...exp(a?)...) !

j=1

Mnopolue Aoty vo toduEe OTL:
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Trdpyet amohutn otadepd Cy > 0 tétowa dote Yo xde n € N xon Lo
xdde cuuuEeTEd xUET6 odua K otov R” va toylel:

c% -$(B) < s(K) < Cy - 5(B,). D

Mo tehevtaia mopathpnon elvon 6t uall ue v anddeln tov Oswpluatos 3.2.1
npoéxuPe xan éval dvw pedyua. H aviodtnia autr elvar acdevéotepn and v aviad-
o Santalé mou anodelfaue otny §2.1.

3.3 H avtlotpoyn avicotnta Brunn-Minkowski

Ye quThHY TNV Toedy pao amodexviouvue Ty aviiotpogr aviedtntac Brunn-Minkowski.
Baowée poc oxonde etvon va Set€ovue 1o €€rc.

Ocwpnua 3.3.1 Ia kde kupté odpa K otor R* vndpyer eldewpoerdés Ex jue
dyko
|Ex| = K],

To omnolo tkavonolel to €€ng: ya kdde kupté odua P otov R* woyver:
|K + P| < C"|Ek + P|

orov C' > 0 efvar a anélvrn otalepd.

IMapathenon. Apxel va Jewprioovue tny mepinttwon dmov ta oduata K, P elvon
CLUMETEXA WS Ttpog To 0.

Mpdryartt, yio xée xuptd omua Unopolue va oploouue 0 K = L(K — K), 6mou
K — K elvar 10 odua dtagpopwy tou K. Andé my avioétnta twv Rogers-Shephard
TEOXUTTEL OTL:

K| < |K| < 2"|K].

Av Seytolue To YedpnUa YLoL CUUUETEXE XUPTE CWUATY, LUTAEYEL EAAELpoEWES By
100 Gote |Eg| = | K| xou

|K + P| < C"|Ej + P|

v xdde oLUUETPLXS xLETO cwua P.
Enlonc undpye a € [$,1] o dote |[aEy| = |K|. Av oploouue

EK = CEEK,
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t6te |Ex| = |K|. T xdde xvptd odua P,

|K+P| < |K+P|<C"ol(E; + P)

1 . (C\" .
= Cn|—EK+P|S<—> |EK+QP|
[0 [0
c\" .
< (2) B, +P
< (£) 1+ p

ouE

{§(Ef( —Eg)+ %(P—P)} ‘
)

< <9>nzn|%(Ek+p)|

«a

cn
= —|Es+P
—|Eg + P

< (2C)'|Eg + P|.

1 1
§(E1‘<+P)—§(E1‘(+P)‘

And edd xou mépa howndy VYo Yewpolue 6t ta K, P 6t elvor cuUUETEXE XupTd
oouata otov R”.

Arédeldn touv Oewpfuatog 3.3.1: [Mi2] H xataoxevh tou elkewoedolic Ex
yiveton ue ) wédodo Tng loouopPXTic cuUUETEIXOTOINGNE ToL EldaUE oTNY anodelin
oL Oewpriuatog 3.2.1, ye xdmoteg duwe Bacixés TPOTONOLATELS.

Kdéde oopo W nouv Yo opilovue Yo éyel 6yxo mepinov (oo ue |B,|. To mpdro
Tpdyua Tou ypewalbuaote elvon EAeyyoc Yo Tov mapdyovia b(IW) mtou eugavileto
oto Mupa 3.1.10 (elvor o toobdtnta tov YéAouUe var elvon xahd gporyuévn). And
0 Muua 3.1.2 yvwpllovue 61 My < b(W) < ey/nMw bnouv b(W) o uwxpdtepoc
aptdude yia tov onolo B, C b(W)K. "Apa yio va éyouue gpdyuo yio to b(W)
yeetalouaote gedyua Yo 1o M. Xenowuonoldvtag tny aviootnta tou Pisier Yo
Yewpolue 1o W va wavorotel e |W| = | By| xou

My Mo < logn.
Ané v avicétnta tou Urysohn,

1
mw>n
Mwyo > ~1,
W—-(wu

dipot
My < My Mwy. < logn.
"Eneton 6L
b(W) < ev/nMy < v/nlogn.

IIepuypapn Tou lov BrApnartog: Eotw K = Ky cuuuetpxd xuptd coua ctov R?
ve |Ko| = |Bn|. Oewpolue ypouuixd uetaoynuatioud Ty : R” — R* ue |det Ty| =
1, tétolov wote yia to K| va loybouv ta eERc:
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c\/_ logn.

s < c-logn.

(a) 1
(b) 1

c) M M1y = logdx,, = logn.

|/\ I/\

lNoa; = logn Y€TouuE
)\11“) = M(Ké)oal now )\ilown = MK(I)Oél

xaot YewpoluE To odua

K, = conv [(K{,NA*B,)U B,

)\cliown
Tore,
dx,, < APAfY™ = My -M(K;)oaf < logn(logn)? = (logn)®.

Enlong, v xdde cuuuetpixd xuptd owua P yprowuonowdviag to Afuua 3.1.10 xon
v duixr aviobtnTa Tou Sudakov €youue:

1
|K1 +P| S | |:COI1V (K[’)U WBTL> +P:| |

< 2ebnN (B, \¥°v"K]) - |K} + P|
Mg \? .
< 2ebn-exp |cn )\upo - | Ky + P|
1
= 2ebn- exp( > |K{ + P
of
c !
< exp K+ P|.
of

Mmnopolue va anoleldpoupe tov dpo 2ebn aAldlovtag tny otadepd ¢ oTtov exdeTind
ropdryovta déTL b < ey/nlogn xon Gl Tor @ oTNY xortaoxevr| Tov Yol xdvovue Yo
elva T0 TOAL Tng tdEne tou logn.

Avtiotpoga, yenowonowwvtag to Auua 3.1.8 xou v aviedtnta Tou Sudakov, BAE-
TOLUE 6TL YL xde oupEeTEd xVPTd odua P otov R woylel xou to e€hc:

|K1 +P| = Bn} +P‘

conv |:(K(l) N )\qlian) U W
1

> |(KgNAPBy) + P
|Ko + P
> =
~ N(Kj,A"Bn)
Mo \ 2
> |K{+ P|-exp l—cn( ;\53) > ]
1

|K{ + P| - exp (—%) :
ai
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Yuvdudlovtag Tig duo aviedTnTee, Yo x&dE GUUUETEXXO XVETO oW P €youue
exp <—C—Z> |K!) + P| < |K, + P| < exp (C—Z> K} + P).
aq aq
"Apa ot %dde Briua umopolUEe var EAEYYOLUE TNV UETUBONT TwV OYXOV.
Edwértepa, yia P = {0} éyouue 6t
cn cn
oo (=55 ) 3] < 11| < exo (5 ) K1,
a7 a7
dnhadn
[ o'/ = [KG| " = B

O nopamdve aviedtnteg uog emtteénouy wior avadpoutxt| Stadixacio tavouoldtunn
HEe auTthAv Touv Bewpruatog 3.2.1 xau udAioTa Ye emhoyy) v oy axpBg Ty (B
Me oo tpémo Aowndy, yio xde j PTAVOULUE OF vl GUUUETELXG xUpTd cwua K
TETOLO MOTE: Ylo XAe oLUUETPXS LPTO cwua P otov R,

(%) exp(—cnozjﬁ)|KJ'-71 +P|<|K;+P|< exp(cna;2)|KJ'-71 + P|.

To K = Tj(K;) opileton oto téhoc xdie Bruaroc étol dote |Kj| = |Kj| xou
MKJI_M(K;_)O < lOngKj.

H Siadwxacto otopatder 6tav dx,, < 8. Enewdr 1o ddpoioua Ez-:l a;z elvor (owve-
EdptnTa amd To t) pparyuévo and ulo otadepd c1, naipvovtac P = {0} xon morhamAo-
odlovtag Tic (%) xotd UéENN, BAénouue ot

|Kt|1/n ~ |K0|1/n_

(o (o woyleL Yo xde Kj). Aol dx,, <8, éyovue ot

b
aB, CK; CbB,, ue — <8.
o
Ocewpolue T > 0 téT0l0 BGOTE
|7 Bn| = | K.

Ané v apywh unddeon 6t | Ko| = |By| xou and tov EAEYYO TOL €YOLUE YLOL TOUS
oyxoug, €netoL 6Tl a, r, b ~ 1.

Topa, and tn oyéon K; C bD, v xdde cuupeteind xvptéd odua P C R™ éyouvue
ot

|K; + P|'/™ < |bB, + P|*/"
b

(‘) B, + P/
r

8|rB, + P|'/"

IN

IN
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dLoTL ebxoha eéyyovue 6t b/r < 8. Oétovtac By = rB, éyovue Bpel elketoetdéc
ue |E¢| = | K| tétolo dote yio xdde cuuuetpind xuptéd odua P C R”,

|Ky + P| < 8"|E; + P|.

Topa, yia xdde P and v aviodmta yia Ty UeTaBol| Tou 6yxou xatd to (t — 1)-
0076 Briua €YouuE:

|Kt171 +P|1/n S exp % |Kt+P|1/n
ai

IN

8 -exp (%) |E; + P}/
Qi

6mou K| | = Ty 1(K;—1). Av dewphoouvue 1o ehherboedéc By 1 = T, Y (Ey), xor-

oLLOTOLOVTAS TO YEYOVOS 6Tt | det Ti—q1| = 1 ypdpoupe

c

Ty—1(Ki—1) + Ti—1 (P)|*/™ < 8-exp ( ) Ti—1(Eeo1) + -1 (P

Oz_%
C

= |Ti—1 (K1 + P)[M/™ < 8-exp <?> |Ty—1(Ey—y + P
t

Qi
Erione, napatnpodue 6t
|Ber] = T2 ()| = |
dnAad”) 0 byxog tou eEAkeldoedolc tapéuetve aueTtdBAntoc. Apa yia to Ky €youue
Beel enewpoedéc By ue g {nrodueveg Widtnrec.
Yuveyilovtag v o Staduracio ue Brivato mpog ta miow o apod oL dyxoL Twy

eMELPOELSOY ToL TEoXUTTOLY Elvor (ot ueTall Toug, PTdvouue TeEAxd oTto 1o Bua
XOL GE ULOL AVLGOTNTA TNS UOPPHC

t

|Ko + P|Y/™ < exp cZa;2 |Eo + P|M/™,
j=1

xon emEWdN 1o Tapamdve ddpoloua elvol OUOLOLOPQI QPEAYUEVD EYOUUE OTL:
|Ko + P|'/" < C|Ey + P|/™
yia xdde cUUUETEWO xLVPTO adua P otov R, 6nou Ey ehhefoeldéc ue
| Eo| = [Kol.

Me wia anhf (ouowdetinry) tpomonoinon tou Ey xou avtiotolyn tpomonolnomn tng
andivtne otadepdc C, Brémovue 6t oto K = Ky avuotolyel ehhewoedéc Ex ue
|K| = |Ek| mou wavonotel 1o cuunépacua tou Oewphuatos. O

Eluoote nhéov €towot va anodetgovue tny aviiotpogn avicotnta Brunn-Minkowski:
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Ocwpnua 3.3.2 I'a kdle ovppetpics kupté ovua K orov R* vndpyer Ux € SLy,
térotog wote: av K, Ky elvar ovppetpixd kuptd odpata otor R* kairt > 0, téte

Vs, () + U (B2) [ < C (1K - e [0

omov C > 0 elvar pa apidunukn owadepd aveEdpTnTn Tng SidoTaong tov xwpov kat
v owudtwy K, =1,2.

Anoden: And 1o Oeddpnua 3.3.1, oto cwua K;, ¢ = 1,2 aviiotoyel eletpoetdéc
Ek, tétowo dote

| =K
xat Yot x8e GUUUETELXO xVPT6 cwua P otov R™ woybet

|K; + P|Y/™ < C|Bk. + P|V/™.

Ocewpolue ypauuixols uetaoynuatiopols Uk, : R* — R® ue
Uk, (Ek,) = riBy,.
[ xde cuuuetpind xuptd cwua P éyouue
|K; + P|'/™ < C|Ek, + P|'/"

= Uk, (K;) + Uk, (P)|''" < C|Uk,(Ex,) + Uk, (P)['/"
= Uk, (K1) + P|Y" < Olr; By, + P.|/"

yia xdde ouupetpxd xptd oo P otov R, Haipvoviag i = 1 xou Py = tUk, (K3)
xou xatomy ¢ = 2 xau Py = r1 By, éyouvue 6tL

Clr1 By + tUg, (K)|Y/™
C?|r1 B, + tryB,|/"
O [ Bl 4t

|Use, (K1) + tUc, (K2)| /™

A IA

[|UK1 (Ex,)| 1/”+t|UK2(EK2)|1/”]
= 2 [|EK1|1/”+t|EK |1/n]
= o [ )

dnAadt| to {ntoduevo. a
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Ke:cpo’c)\ou.o 4

H pédodog tng puLyadLxhc
TOLEEUBOAAS

4.1 Apwiuol mpoceyyLong

‘Eoww X, Y ydpol Banach xar v : X = Y cuunoyrc yeauuwde tehectic. Ou apifuol
mpoo€yyong tou u optlovtan ya xde k > 1 and tny

ap(u) = inf{|lu —v|| : v: X =Y, rank(v) < k},

xaL UETPOLY OG0 Xkl mpooeyylleton 0 u and TEAECTEC SOOUEVNS TEMEPUCUEVNS
w¢éne. O apipol Gelfand tou u opllovtan yio x&de k > 1 and v

er(u) = inf{|lu|s]] : S <X, codim(S) < k}.

Tio xdde xhelotd undyweo S tou Y Yewpolue Ty anewdvion tniixo Qs : Y — Y/S.
Ou apifpotl Kolmogorov tou u opilovton yio xdde k > 1 and tnv

di(u) = inf{||Qsul| : S vrndywpoc tov Y, dim(S) < k}.

Me s ouuPorilovue onowovdfnote and Toug ak, ¢ xat di. H axohoudia {sk(u)}
elvon @dvovoa xon sg(u) = 0 dtav k — oo. Enlong, s1(u) = ||ull.

Ou oyéoec avdueca otoug apLduols TEPLYPAPOVTOL GTO EROUEVO AAUUAL.

Aqupa 4.1.1 Eotww X,Y ydpor Banach kat v : X — Y ouunayns ypappuikos
teAeotns. Ta kdOe k > 1 woyvour ta e€€ng:
(o) max{eg(u),dr(u)} < ap(u).
(B) ck(u) = di(u”).
() du(u) = e (u”).
() ar(u) = ag(u*).
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Afupa 4.1.2 Eow X,Y kar Z ydpor Banach. I'a kdOe k,n > 1 kar kd¥e Levydpt
ovunaywy tedeotwv u: X =Y, v:Y = Z,

Sktn—1(vu) < sg(v)s,(u).
Erniong, av uy,us : X =Y ouunayels tekeotés, éyovpe
Skn—1(u1 +uz) < sk(ur) + sn(us2)
yia kdOe k,n > 1.
Ou ap1pol eveponiag tou u opllovron yia xdde k > 1 and vy
ex(u) = inf{t > 0: N(u(Bx),tBy) < 2¥71}.
Ané tic otouyelddelg WidtnTeg
N(K1,K3) < N(K1, K3)N(K2, K3)

e
N(Ki+ K», K3+ K4) < N(IK, K3)N (K2, Ky)

TV apdudy xdAudng, cvurnepaivovue 6t av k,n > 1xawu: X =Y, v:Y = Z,
Tote
ekrn—1(vu) < eg(v)e,(u).
Eniong, av ui,uz : X = Y, éyovue
k+n—1(ur +uz2) < ex(ur) + en(uz).

Mpogavae N {ex(u)} elvon pivouoa xon e (w) — 0 av %o ubvo av o u elvar cupToyhc.

Appa 4.1.3 Eorw || - || vdppa orov R*. TI'pdpovue B kar S ya tnr povadala
pundda kar T povadaia ogaipa tov (R™,|| - ||) avtioroya. Ia kdde 6 > 0 vrdpyel
d-6iktvo A s S ws mpos Ty || - ||, ne mAnddpduo card(A4) < (1 +2/6)™.

Ano6deldn: Oewpolue UeYLoTind UTOoUVOAO A = (Y;)i<m ™S S WS TPOg TNV

i# 5 = lyi—yill 2 0.

To A elvow menepocuévo Aoyw tne cvundyetos tne S. Enlong,

SC| Jyi+6B),

lat

=1

dnhadh to A elvar -8ixtvo. IMopatnpotue 6w ta B; = y; + (6/2)B éyouv Eéva
E0WTEPLXS X OTL

Bi:yi+ngB+gB:(1+5/2)B
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yioe x&de i < m, aol y; € S C B. Apa,

m

> IBil = UL, Bi| < |[(1+6/2)B| = (1+4/2)"|B|.
=1
Erlong,
6 n
B =i+ 6728 = 16/281 = () 181,
dipo

w(5) 1BI=3 1B < (1+5/275.

Ané v teleutala avicdnTo PAETOVUE OTL

1+ (6/2)\" 2\"
< | —————= = - .
m < < 5/2 1+ 5
Agob 1o A elvon d-dixtuo yia vy S, 1 anddelln elvon TAKeNg. a

Afupa 4.1.4 Eotw X, X1,Y,Y; ydpor Banach. YrmoOérouue étt 0o X elvar woue-
TPIKGS e évay xapo mnAiko tov X kat oY elvai 10ouetpikds e évay vndywpo tov
Y:. Eoww q: X1 = X nareikdrion nnkixo kar j : Y — Y] n woopetpikny eppirevon.
Tére, yra kdOe tedeotriu : X =Y éxoupe
ex(u) = ex(uq)
Kat
ex(u)/2 < e (ju) < ex(u)
ya kdOe k > 1. EmnAéov, av X1 = €1(I) tote di(u) = ag(ugq) evedd av Yy = oo (1)

tote ag(ju) = cp(u).

Aréderdn: H npodtn wobdtnta npoxdntel dueoa and to yeyovos 6t g (Bx,) = Bx.
Enlong, yio xdde k > 1 woyder ot

ex(ju) < [ljllex(u) = ex(w).
Topa, av 0 oOvolo ju (Bx) xahugiel e k=1 2¢ A 0o¢ UTdAES axTivag € oTov
Y1, t6te t0 oOvoro u (Bx) elvor 1 évwon 2871 1o miAdoc utocuvérev Siauétpou 2e
détL 1 j elvon woouetpla, ondte and Tov oploud oL apELlUOY evipoTiag £YOUUE

er(u) < 2er(ju).

Tio tov teleutaio toyvptoud yenouuonotolue Ty «dibtnra liftingy tou €1 (1) xou tny
«dbtnTa eméxtaoncy tou Lo (I). O
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Afupa 4.1.5 Me s;, ovpforilovpe onotovdnmote and tous ay, ¢y kat di. I'a xdle
a > 0 vrdpyer otalepd p, tétowa dote: ya kdle u : X — Y kar kdOe n € N,

sup ke (u) < po sup k% sy, (u).
k<n k<n

Arnéderdn: Kdde ydpoc Banach X elvon oouetpinde pe éva mmiixo tou € (I) xou
xdde ywpoc Banach Y eugutetetar woouetpind otov fo () yiow xdmoto cbvoro I.
Ané 7o mponyoluevo AMuua, opxel vor anodelovue TNy aviedTnTa OTNY TERITTWON
S = Q.

Eotw u : X — Y. Mropolue va urodécouue 6t n = 2V yia xdmoo N > 0 xou
SUPj<, k¥ar(u) < 1. Téte, vy xdde m < N undpyet Teheotic vm * X — Y e
rank(v,,) < 2™ xou

| — v || <2779

©étovue Ty = vo, Th = v1 — o, ..., TN =vn —vn_1. Tote,
u= E T + (u—vpn),
m<N
XL EYOVUE

Tl < 20T127™ yean rank(Ty,) < 2™ 1.

O¢tovue K = u(Bx), Ky = Tin(Bx) xow Yewpodue t, > 0 ta onola Yo npocdio-

ptotoly ot ouvéyeta. Ané 1o AMuua 4.1.3 xow v Ky, C || T || By ovunepaivouue

ot
rank(7Ty,) 9 gm+l
Nty < (142) 7 < (142)
yia xdde t > 0.
Eotw r € (0,1). Xpnowonotdvroc ty (1+y)? < (14 y")¥" ypdpouue

2m+1

) (5

TCpdgovue N(t) := N(K,tBy). Eyovue

N
K C |J KmU (u—uvn)(Bx)

m=0

on6Te, Takpvovtac ut 6dn o T ||u — vn || < 27V matpvouue

A

N N
N (Z t | Tol| + 2N°“> < I NEum, tm||I T By)

m=0 m=0

N
2 r 2m+1
exp (3 (_) ) |
(mO tm r

IN
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Emuéyovue B > a xou r € (0,1) étot dote r < 1/5. To xdde s > 0 opilovue
tm = s2mP27NB Me authv v emthoy,

N
S bl Tl + 275 < 27V (05 4 1)

m=0

pde )

N
2 r 2m+1
Z (—) < cps 2N,
r

t
m=0 m

6TV ¢1, ¢y elvar oTadepéc Tou e€aptdvTon Ubvo and o a, B xou r. Téhoc, Stoléyovue
s apxeTd Ueydho (to omolo duwe eZaptdton ubvo and ta «, B xou 1), éTol Wote

2exp(cas "2N) < 22" = o,

Tore,
N2 N¥(¢s +1)) <2771,

dnhadn,
en(u) < 27N s +1) =n %(cys + 1).

Auté amodewviet 6tt, yioon = 2N,

n%en(u) < (18 + 1) sup k%ag (u),
k<n

70 omoto amodexvieL To Lntoluevo oty nepintwon n = 2N, H enéxtaon o tuydy
n elvow omhA. O

4.2 'Eva 9ewpnua twv Pajor xow Tomczak

To Baowd anotérecua auThC TN Topaypdpou elval to e€g.

Ocdpnua 4.2.1 [PT] Yrdpyer otalepd C > 0 pe wnr e&ig istnta. Ia kdOe
xopo Banach X, yia kd0e n > 1 ka1 yia kdOe tedeotij u : 5 — X,

sup (\/Eck(u*)) < Cl(u).

k>1
H anddelén yenotuomnotel tuyaioug nivaxeg xou Yo Boctotel oe ulo oelpd and Afuuata.
Aupa 4.2.1 Eotw (gi)k<m axodoviia aveEdptntwy Tumikdy kavovikdy tuyalomy

petaPAnTdv o€ évav xdpo mbavdtntas (2, A, P). Eotw X ydpos Banach kai éotw
Z1,--,2m € X. Oecwpolue tnr tuyala petafAntn

m
Z = Z Ik 2k
k=1
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kat optlovye
m 1/2
o(Z) = sup (Z |z*(zk)|2> e X IF|I <1 ;.
k=1
Téte, yia kdOe t > 0 10y Vet
P(|1ZI| - ENZ|| | > t) < 2exp(—ct®/o*(Z)),
omov ¢ > 0 andAvtn otalepd.

AndéderEn: Opllovue u: €8 — X e u(x) = Yy, Th2k, OTOV & = (T1,...,Tn) €
R™. Topatnpolue 6t (Z) = ||u*|| = |lul|, erouévwe n Intoluevn avicdtna ypd-
(PETOL OTY| [LOP®N

%n(xezﬁm:|uucwn—-/Wh4znuvm(a |>t) < 2exp(=ct?/|[ull®),

67OV Y, TO TUTUIXS PETpo Gauss otov R™.
BOcwpolue tov Yhpo mdavétnrac (R™ X R™, vy, X vp) ot Ypdpouue (z,y) yio To
tuy6v onuelo tou R™ x R™. T xdde 0 € [0, 27] opilovue

z(f) = zsinf + y cosf
H napdywyoc e z(6) we mpoc 0 elvar {on ue

z'(0) = xcosf — ysinb.
Tpdgovue F(z) = |lu(z)]]. H F elvar cuvdptnon Lipschitz, dpa oyedbv navtod
nopaywylown otov R™. ‘Eotw z,y € R™. Trodétouue 61t n F' elvon Siapopiowun

oto z(6) #-oyeddv Tavtod. Téte,

w/2
F@) - F) = Fla(/2) - Feo) = [ |5reo))

w/2
A (F((8)). 2" (6))d6.

‘Eotww A € R xot ¢y : R = R 1 ouvdptnon ¢a(t) = exp(At). And tnv xuptdTntar tne
@ oL amd Ty avioétnTa Jensen €youue

w/2
A(F(z) - Fly)) = ¢ (/0 (F’(x(&)),x’(ﬁ))dﬁ)
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Ohoxdknpyvouue v ¢ (F(z) — F(y)) 0 Tpog T0 Ym X Y. H F elvat oyed6v tovtod
nopaywylown, dea yior oyedév dho ta (z,y) n F'(x(8)) undpyet -oxedbv mavtol:

€Y OLUE
/ / or(F (1)) dom () (1)

%/0”/2//@ (gw'(l«(e)),x'(a))) Oy () dYm (y).-

And v xupTtéTHTA TNG ) TOPVOLUE

[ o (F(m— J RO )dvm < [ [ x(F@) - Fo)amm@dnn ).

Ané v & ueptd, yia xdde 8 1 anewdvion (z,y) — (z(6), 2 (0)) elvar opdoydviog
METAOYNUOTLOUOE ToU RE™ . AQoD T Y X Y ebvor avodholwTo we Tpog opdoymvioug
METAOY NUATLIOUOUC, EYOVUE

oG

o (5 (F' (@), 9} ) by (2)dym ().
- [ [ o Gr@m)

T x&de z,y € R™ éyouvue |F(z) — F(y)| < |Jul| - |z — y|, émou | - | n Euxdeldela
vépua, dpa |F'| < ||ul] oxeddv tavtod otov R™. ‘Evoc anhéc vnoloyoude Selyvet
oL

2(9)),2'(9)) ) b (2)dm (4)

w|=1

/ exp((0,9))dm () = exp((o? /2).
Apa,

e Gar @) dm) = e (5(3) 1F@E)

T 2
exo (5 (3) ulx?)
Enouéveg,

/QA (F(m) - /F(y)dvm(y)> dyim(z) < exp <% (g)Q ||u||2>\2> '

Ané v aviebta tov Markov, yio xdlde A > 0 éyovue

v (22 F@) = [ Faym >t) <exp (=2 (Z) ul2r2 = xt) .
(700~ [ P> 1) <o (5 (5) )

xor emhéyoviac A = (w||ul|/2) 72t Beloxouue

o (23 F@) = [P > 1) <exp (= (F) ).

Egapudlovtag v Bia avicotnta Yo Ty —F €youue to {nroduevo. O

IN
N~ N~
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Adupa 4.2.2 Eow g, ©+ < n, j < k owmAni axolovOila ave€dptntwy kai 106vo-
HwV TUTLKOY Kavovikdy tuyalwy petafAntdy oe évav ydpo mbavdtnrag (2, A, P).
Ocwpoljie tov Tuyaio tedeoth G = (g;5) : €5 — (3. Eoww X ydpos Banach xat
u: ) — X. Me mOavétnta peyalitepn and 2/3 wyvel
luG = €5 = X[ < O(¢(u) + VE|Jul]),
omov C > 0 andAvzn otalepd.
Anoédergn: Oewpolue éva 1/2-8ixtuo A e Spe. Amd o Afjuua 4.1.3, card(4) <
5k,
Ioyvpouds: Twa xdde v : 05 — X oyde
k
: X|| <2 .
lo s €y = X < 2max|lo(z)]|

Mpdrypatt, Yo xdde @ € Sy undpyer y € A ue |o —y| < 1/2, dpo

o)l lo(z —y) + o)l < llo(z =yl + o)
[oll - & =yl + llo(y)]l
|| I

IN

IN

+ max lo(y)l-
ye
[Tofpvovtog supremum wg ©pog T cuuTepatvouue GTL
[[v]
< —
vl < 57 + max{jo(y)ll,

am’ GTOU EMETOL O LOYVELOUOS. i
Oewpolue Tic Tuyaleg LeTaBANTES

n
Zj:Zgiju(ei), ]:1,,]{?
i=1

Ou Zy,...,Zy elvon aveEdptntes xoavovixée xou xadeulo €xer v (Bl xatovoun ue
n

mv Z =", giu(es).

Eotw x = (z1,...,2x) € A. Tore,

uG(z)

i=1

n k

S gijag | e
j=1
n

= Z Zgz]mg Uez

i=1

- Zm] (th] >

= Z l‘jZJ
j=1

kol
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Ao |z] =1, nuG(x) éyel v Bla xotavour| we ty Z. ‘Apa,
ElluG(z)]| = E[|Z]|
Enouévoc, yio xdde t > 0
P([luG(2)|| > ElluG(2)]| + ) = P(| 2] > Bl Z]| + ).
Ané to Afupa 4.2.1 xou Ty mapathpnon 6t o(Z) = ||ul| éxouue
P(IZ|l - ElIZ|| > t) < 2exp(—ct?/|lul®),

OTOTE

P (mg luG(a)]| > 1] + t) P (U (WG @) > E|Z]| + t})

T€EA

< Y P{IluG(x)|| > B|Z|| +t})
TrEA

< 5"P({lluG ()|l > El|Z|| +t})

< 25  exp(=Ct*/||ul?).

Trdpyer ¢ > 0 tétola Gote ¥étoviac t = ¢ VE||ul| va eEacporilovue Ty
2 5F exp(—Ct?/|Jul]*) < 1/3.
"Apar, ue mdavétnta ueyahltepn and 2/3 éyovue

JuG €5 — X[ < maxjo(y)
yEA

AN

2B\ Z|| + 2¢1VE||ul|.

Iafpvovtag umddy xon Ty

n

E||Z|| = Bl Y giu(e)|| < £(u),

i=1

BAénovue 6t ue mdavotnto weyahitepn and 2/3 woylet
[uG : 05 — X|| < C(¢(u) + VE[[ul)). O

Afupa 4.2.3 Eow X,G kat u énws oo mponyoluevo Anuua. Ia kdde e > 0
Oewpotue tov xdpo X, mov éyer povadiaia undla to B, = Bx + %U(ng). Tére, e

mdavdtnta peyaditepn and 2/3 wyvel

luG : 5 = X.|| < C(6(u) + VEke).
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Anddeign: Hoapatnpolue ot

dpo |lu: £y — X || <e.
Eniong, and tnv B: D Bx éyouue |u(z)||x, < |lu(z)||x v xdde € €3, dpa

Lu:ly = X)) < l(u:ly = X).

Egopudlovioc 1o Afupo 4.2.2 yio tov uw = €5 — X, xou ypnowsonowdvios g 300
avlo6TNTES, Talpvouue to {NToVUEVo. |

Mpétaon 4.2.1 Eotw G : 5 — (% 6nwg oto Ajupa 4.2.2. Twa kdde k,m,n € N
kat kdOe T C €5 pe card(T) < 2™ vrdpyer Q4 C Q pe P(Qy) > 3/4 térowo dote:
yia kd0e w € Oy ka1 kdOey € T

—m _ N my 1/2
2 Mlyles < K2 < (240 (5)") Wil

Anédder&n: Xowplic meploptoud tne yevixotntog unodétouue 6t |yllep = 1 yio xdde
yeT. Avy=(y1,...,Yn), TOTE
n k
G*(y) = Z 9ij€j
i=1 \j=1
Apat, n tuyaia wetaBAnth G*(y) éxel Ty (Bla xatavoun ue Ty 25:1 gjej. Ipdpouvue
20 = K 2|G gl
Ané v nponyoluevn Tapathenon, n ZY éyel tny (Blar xotavour| We Ty

. 1/2
—1/2 2
7= (S
j=1
Oa ypelaoToVUE Eva TEYVLXG AuuaL.

Adupa 4.2.4 Yrdpyovr ai,by > 0 téroior dote, yra kdde s > 0,
P(Z), < 5) < (a15)*

kat yia kdle t > 2
P(Zp > t) < exp(—bikt?).
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Me 3edouévo 1o Afuua 4.2.4 uropolue va tobue 6t vl xdde y € S™ 1 xou yia
xe 0 < s <tuet>2

P(2V ¢ [s,t]) = P(Zy ¢ [s,1])

P({Z < s} U {2 > 1))
P(Zy < s)+ P(Z > t)
(a18)* + exp(—by kt?).

IN A

Apa,
Py eT: 7Y ¢|[st]) <card(T)P(ZY ¢ [s,1]) < 2™[(a15)" + exp(—b; kt?)].

Av houmdy emhéEouue s = 1/8a;2™/% xau

(m +4)log2 L/2 my1/2
- AL - < i
t 2+< o _2+b(k) :

€youue
PRyeT:ZY ¢]s,t]) <1/4,

dnhadn ue mbavétnTo ueyolitepn and 3/4 éyovue: yia xdde y € T,
1/2
<K PIG W < (240 () ).

Auté anodeuxvier Ty Hpodtaon pe v unddeon ot |yllez = 1 yiaxdde y € 7. O

Anédelln tou Afuprartog 4.2.4: o Tov Tp®To Woyvploud yedgpouvue

P(Zy<s) = (27r)_k/2/ exp(—|z|*)dz . .. dxy,
|z|2<s%k

sVE

= (27r)*k/2kwk/ pk716702/2dp
0
sVk

< (27r)_k/2kwk/ p"tdp
gk k/2 ’

T PT(R/2+1)

< (als)k/Z

onou a; > 0 andiuty otadepd. ot tov debtepo, napatneodue ot

P(Z,>t) = (27r)_k/2/ exp(—|z|?)dz; ... dxy,
|z|2>t2k

IN

(2m)~F/% exp(—t2k/4) / exp(—|z|t)day ... dxy,.
Rk
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Kdvovroc tnv odhary# uetoBhnthc @ = v/2y xow umohoyilovtac To teheutaio ohoxhi-
PWUL TA{EVOUUE

k
P(Zp>t) < 2F2exp(—t2k/4) = exp (Z(QlogQ - t2)>
< exp(=bikt?)
6mouv by > 0 andiutn otadepd, xdvoviag tny emnAéov unddeon dtL t > 2. i

Anédeln tov Oewpfpartog 4.2.1: Eotw u : £ — X. Oétovue K = u*(Bx~).
Ané v aviedtnta Tov Sudakov,
N(K,exBey) < exp(enM*(K)?/e3)
exp(enM (u™'(Bx))*/et)
exp(c1((u)?/=3) < 2*

IN

apxet va emhéEouue ef, ~ £(u)/VE. Anhadh, undpyeL ¢z > 0 tétola Gote
N(u*(Bx-), (¢(u)/e2V'k) Byy) < 2"

v xéde k > 1. Tood0vaua, undpyer T C €3 ue card(T) < 2% tétowo dote: v xdde
x € K undpyety €T ue
{(u)

Cz\/E-

Avtxadiotdvrac 1o € HE 2e Umopolue emttAéoy vo urodéoouue 6t T C K: v
x&e y € T ue (y +exBep) NK # 0, emhéyouue x(y) € K ue |y —x(y)| < ex. Tote,

ly — | < ex

K C U (y +exBey) C U (z(y) + 2eBey ).
yeT yeT

Yrodétoupe howndy 6t T C K, card(T) < 2F xon

K C U (y + 2eByz).
yeT

Téte, yia xdde z € K undpyet y € T tétolo dote
y—x €2KN (QEkB[;).

Ané o AMupa 4.2.3 xou Ty Ipdtaon 4.2.1 (ue m = k) undpyet n x k nivaxog G mov
txavomolel Ty

(1) |uG : 05 — X., || < C(l(u) + VEey)

xou, yior x&e y € T', tnv

1
2 s < —=[G*W)lleg -
(2) allylley < \/EII @)llez
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Oétovue F' = Ker(G*u*). Téte, o F elvar undywpoc tou X* xou codim(F) <
dim (/%) = k.
‘Ectww z € Bp. Téte u*(z) € K, dpa undpyet y € T tétolo dote

u*(2) —y € 2(K NegByy).

Ewduétepa,
(=) = ylls < 225

Ané v SN uepid, (G*u*)(z) = 0 dpa

G*y € QG*(K r\ISkB[;) = G*u*(BX* ﬁsk(u*)_l(B,g;))
(G*u")(B),

6ToL, Amd TS BLOTNTES TOU TOAXOD GOUATOC,

B

<c0(BX U %U(B£5)> °

1 11 °

C -B ——u(Byn

- <2 X+2€ku( 62)>
1

= QBx-{——u(Bgn))o
€k

= 2Bx. )

Enouévwe, G*y € 4(G*u*)(B§(£k) XalL apov

G*u*|| = ||uG]|, and v (1) maipvouue
IG™ylly < 4C(0(w) + Vher).
Tpa amd v (2) xon and v enthoyy| Tou g €netar 6Tl
4C
loles < =2 () [V + 1) < 1)/ VR,

XpnouomoL)vTaS xaL T0 YEYovoe 6Tl u*(2) — y € 265 Byy, ovunepaivouue 6t

lu*(2)lleg < Mlu*(2) —ylleg + [1ylleg
< 2+ Cul(u)/VE
< Col(u)/VE.

Aol codim(F) < k, éyouue cg(u*) < Col(u)/Vk, Smadh

sup (Vkeg(u*)) < Col(u). O
k>1
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4.3  Muyadixy| IopepBoAy

Eotw Xy xou X7 800 ywpot Banach mdvew and to C. Aéue 6t ot Xy xou X elvon
«ouuPiBactoly av eyPantilovion cuveyde ot évay Ueyahitepo ywpo Banach, ondte
UTopoVUE Vo ULAGE YL Toug Ywpouc Xo+ X xow XoNX;. Ltny nepintwon nouv udc

evdiagépet, Yo éyovue X; = (C*, | -);), ¢ = 1,2 ondte 1 unddeon auth xavorotelton
AT TETPULUEVD TPOTO.
Opllovue

S = {#zeC: 0<Rez< 1}

S = {z€eC: 0<Rez<1}

So = {2€C: Rez=0}
S; = {ze€C: Rez=1}.

Ocwpolue Tov ypo F(Xo, X1) 6Awv twv cuvaptioewy f ue twée otov X+ X7 ot
omolec elvan pporyévec xan ouveyelc ot hwplda S, avahutiéc oTny avolyth hwplda
S xou, emniéoy, ot cuvaptioels flg, xat fls, mou opilovtor and v t — f(j + it)
(j = 0,1) elvor ouveyelc and 1o R otov X; xou telvouv oto 0 xaddg [t — oo. O
F(Xo, X1) elvor mpogoavdds ypouixds yopoc.

Ytov F(Xo, X1) opiloupe ) vopua

1£ll = max (sup 1£(i8)l1x0, sup 1 £(1 +it)||X1> .
teR teR

Aupa 4.3.1 O xdpos F(Xo, X1) elvar xdpos Banach. i

T xdde 6 € (0,1) opilouue twpa Tov ywpo moapeuforic Xy = (Xo, X1)p oav 10
oOvoho Ohwv twv z € Xo + X7 = C” v to onola undpyet f € F(Xo,X1) tétola
dote z = f(#). Evtov yopo Xg opillouvpe ) vépua

lzllo = inf{[|fllF7: f € F(Xo, X1), f(0) =2z}
Aqppo 4.3.2 Ta kdOe x € Xy,
(I, < 2/l 12|,
H anédelln autod tou woyvptouol eivon amhi. Av My = ||z||x,, M1 = ||z||x, xou av
fz) = My~" M{ (My ™ M7) ™,

tote f € F(Xo, Xq), |IfllF = M&fer xar f(8) = z. And tov opioud e || - Ils
éneton 10 {NTOVUEVO. O
Oua ypetaotobue enlone Ty duixh avioétnta. T xdde 6 € (0, 1) xan xdde ypouuixnd
ouvaptnooeéc u € (Xo N X1)* opilouue

[ulls = sup{lu(z)] : = € C", [lz]|x, <1}.

Téte, oylel to e€hc.
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Afupa 4.3.3 TNa kdde u € (Xo N X1)*,

1-0 4
llullg < (lelle)™ " (Jullt)” -

H anédeiln autold tou oyLetouol elvo amhf) GUVETELR TOL KAAUUATOS TWY TELOY
evdeL®dvy:

Adupa 4.3.4 FEotww g : S — C owdptnon gpaypévn, ouvexis kat avalvtiki oo
S. Tére, yia kde 0 € (0,1) kat kdOe t € R

1-60 [/
90)] < (sup|g|) (sup|g|) |
So Sl

Anéddeldn: Oétovue My = supg, |g| xa My = supg, |g|. Eotw r > 0 xou s € R.
Opilovue
F,(2) = exp(rz® + s2)F(2).

Torte,
F.(2) = 0 xadd¢ Imz — +o0

pigei
|F,(it)| < Mo, |F.(1+it)| < Mye™>.

Ané v apyf Phragmén-Lindeldf éneton 61t
|F.(2)] < max{Mo, Mie"t5},

dnhadn

|F(6 +it)| < exp(—r(8* — t%)) maX{MOe*("’, Mle(lfe)err}-
H aviobétnta aut woyler yio xdde otadepd § xou t. Agrvovtoac to r — 0 BAénovue
oTL

[F(8 +it)] < max{Mop *, Myp" )}

omou p = €®. To 8e&d uéhoc ehaytotomoLeiton dtay Mop_9 = Mlpl_e, dnhadn dtav
p = Moy/M;. TV authv v ©ur tou p naipvouue

FO+it) <M~M!. O
| 0 1

Egapudlovtas o Muuo twy tpLdv eVdetdy yia Ty

9(2) = (u, f(2))
nolpyvouue
[, 2)] = 19(O)] < (lllg) =" (Ilull)”,
T0 onolo amodewxviel to Afupa 4.3.3. ad

‘Eotw topa Y évag dhhog utyadixde ydpoc Banach o éotw T Xo + X1 — Y xou
R:Y — XoNX; gpayuévor C-ypopuuixol tehectéc. Tote, o T : Xy — Y xan o
R:Y — Xj elvou gpayuévol teheotés. Luufolilouvue auvtols toug tedectés ue Ty
xou Ry.
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Afupa 4.3.5 Ioyxvovr ot aviodtnTeg
cr(Rg) < [|Roll" " (cx(R1))’

di(Tp) < ||Toll" =" (di(T1))"

Andden: H npdytn avicdtnta elvon dueon ouvérnela tou Ajuuatog 4.3.2. T
deltepn aviabTnToL Unopolue Yia amAdTHTA Vo urtodéoouue 6Tt oL teleotég Ty, T
elvon oupmayelc xow 6t 0 XN Xy elvar tuxvéde téoo otov Xy 6oo xaw otov X (otny
TEP(MTWOoTN TOU UaS EVBLAUPEPEL, TA TIUPATAVE LXAVOTOLOVVTAL XATS, TETPLUUEVD TPOTO).
Topa, and ¢ wotnres di(Th) = cp(Ty) xon di(Th) = ci(TT) n debtepn aviodTTa
npoxVnTeL and to Afuua 4.3.3. O

To Baowd arotéheouo aUTHSC TNG Tapayedpou elval To etdUEvo Fewpnua. Oa avit-
XATAOTHOEL TNV aviedntaL Tou Pisier 1 onola énange Baoixd pdho oo mponyolLuevo
XEQAAALO.

Oedpnua 4.3.1 Eotw (Xo, X1) Levyos ovppifactdr uyadikdy xdpwv Banach.
Av o X efvar xydpog Hilbert, téte yia kdOe 0 € (0,1) 10xver

K(Xp) < ¢(6)

omou ¢(0) otallepd mov efaprdrar udvo ardé to 0. EmmAéov, ¢(0) = O(1/6) kadds
6 —0.

[l Ty anddetgn Yo ypetaotolUe €vor AMUUAL.

Adppa 4.3.6 Ta kdle z € C ovpPorilovue pe Arg(z) to dpwoua tov z mov Lka-

vorotel tny —m < Arg(z) < m. FEotw Dy = [-1,1], Dy = {z € C: |z| = 1}
Kal ) o
z+ T
Dg:{ZE(C: ‘Arg(z_1> ‘:7}, 6 € (0,1).

Tére, ya kde u € Dy vrdpya G : S — C avalvnixi oo S, téroia dore G(Sp) C
Dy, G(S1) C D1 ka1 G(6) = u.

Anodergn: Ilopatnpolue 6t 10 Dy elvar 10 6Ovolo Twv onuelwy Tou ULyadixol
emédou ta onola oynuatilouvy ue to eudiypauuo Tufue [—1,1] yovio axpBos ton
ue ™ — 7wl /2.
Eow u € Dy. Av Imu > 0, undpyel npayuotixde apduog ¢ t€tolog Oote u =
itan(ZL + it). Opilouue

G(z) =itan (%z + it)

xow ehéyyouue 6Tl xavorotelton to {nroduevo. Av Imu < 0, undpyel mpoyUatixde
aprdude t tétoloc Gote u = —itan(ZL + it). Téte, opllouue

G(z) = —itan (gz + it) .0
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Amnédeldn tov Oewpruatog 4.3.1: [Pi3] Xenowonoobue 1o cuufoiioud tng
§1.3. T x&e z € C ue |z| < 1 opilouvue

T(z)= Zz’”Qk

k>0

O T(z) elvor teheothc vopuac 1 otov L? = L?(Q, A, P). Eotw 0 < 6§ < 1. O
Beotue 0 = §(F) > 0 tétoo dote: v xdde z € C e |z| <6

IT(2) ® Ixy L2 (x0)—L2(xs) < 1-

O¢étouue Ty(z) = T(2) @ Ix, xu Q19 = Q1 ® Ix,. Anb tov tOno tou Cauchy
BAénouvye 6TL

12 . ds
[ —is is\ 2
Ql 6/0 € (66 )271"
X0l OuoLL
1 (% is . ds
= ~IT, (§e') .
Qi 5/0 e~ ¥Ty(de )27r

Ané v avicoétnTa Tou Jensen,

K(Xg) = [|Quollrz(xe)»r2(x5) < 5 sup [|To(2)l|22(x0)—12(x5)-

=5

| =

Mével howndy va det€ouue 611 uTdpyet TéTow .
Ané v Hpdraon 1.3.2, ya xde ydpo Banach xou xdde z € Dy €yovue

(1) IT(2) @ Ix, |22 (x0) 22 (x0) < 1.

Enlone, agol o X elvon ydpoc Hilbert, yio xdde z € Dy éyouue

(2) 1T(2) ® Ix, l|2(x1)—»L2(x1) < 1.

Xpnowonowdvtag o Afuua 4.3.6 Yo anodeifouvue étL yio xdde 2z € Dy oylet
17'(2) ® Ix, l|2(xp)—L2(x) < 1-

Afppa 4.3.7 O ydpor (L*(Xo), L2(X1))g xat L?(Xy) efvat wopetpird 10duopgo.

Ané to Mupa, yio xdde ¢ € L?(Xy) ue ||¢]| < 1, vndpyer f € F(L*(Xo), L*(X1))

o Hote || fllF < 1 xou f(0) = ¢. Ttodeponowolue z € Dy xou Yewpodue tny

ouvdptnon G tou Afuuaroc 4.3.6. Eduxétepa, G(0) = 2.
Oewpolue v W : S — L2(Xy) + L*(X1) ue

H W elvorw avedutin oto S xaw W(0) = T'(2) .
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Av Yy = L3(Xp) xou Y7 = L3(X7), 61

IT(2)0ll(vo,v1)s < max{[[Wllz.(so,v0)5 W llz w5171 }-

Ané e (1), (2) xon and to Aduua 4.3.6,

1T (2)¢l(vo,v2)s < 1.

Ané to Afuua 4.3.7 éneton ot yia x&de z € Dy,

(3) ||T(Z)||L2(Xs)*>L2(X9) S L

Hopatnpotue 6t T(z122) = T'(21)T (22). Auvth n nopathenon poll ue te (1) xon (3)
delyvel 6tL 1 (3) toylel yio xdde 2z oto ywplo mou nepuxheler to Dy. Ewdixdtepa, 7
(3) wyleL yio x&e z € C ue |z| < tan(wh/4). Enouévec,

K(Xy) < (tan(w8/4))"".

Auté amodexviel To Oedpnuo. O

IMopatAenon. H avicénra tou Pisier (md ocuyxexpuuuéva, to Oedpnuo 1.3.1)
elvon ouvénelo Tou Bewpuatog 4.3.1. Ac unodéoouue 6t X = C* (n mporyuotixy
neplntwon énetar). Mnopolue eniong vo urtodécovue 6Tl 0 TaUTOTUXGS TEAEOTAS
I:05 — X wovoroel tic [[I|| = d(X,€5) xou [|[I71]] = 1. Oewpolue tov ybpo
napeuforic Xo = (X, €5)p. And to AMuua 4.3.5 ue k =1, éyouue

(X, Xy) < [d(X, ).
An6 1o Oedpnua 4.3.1 éyovue K (Xy) < (). Apa,

K(X) <d(X,X)K (Xg) < ¢(O)[d(X, 63)) < Z[d(X, 3)]°.

O

Emiéyovtag to Béhtioto O(~ 1/ log[d(X, £F) + 1]), nodpvoupe

K(X) < ¢y logld(X, £5) +1].

4.4 To Baocwxo Yenpnua

Oewpnua 4.4.1 INa kdde o > 1/2 vrdpyer pia owadepd C = Cla) > 0 pe wnr
wistnta: ya kdde n € N, ya kdle n-tidotato (mpayuatiké 1 pryadikd) xopo pe
vépua X, vrdpyel wopoppiouds u : €5 — X téroiog vote

dy(u) < C(n/k)* xat cx(ut) < C(n/k)*

yia kdde k = 1,...,n. Emm\éov, n owadepd C(a) etvar O((a — 1/2)71/?) kadds
a—1/2.
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IMapatienon. Av vnodéoouue 6t 1 K-otodepd tou X elvar gparyuévn, 1o {ntoo-
pevo mpoxOntel dueoa. [atl, undpyel lwouopgioude u : €5 — X tétolog hote

U(u) < vnoxow (((u™)") < K(X)v/n
ondte to Oewpnua 4.2.1 uoc dtver

di(u) = cp(u*) < Cr(n/k)? xaou e (u™t) < CLK(X)(n/k)'/2.

Amnéderdn Touv Yewpfuatog 4.3.1: [Pid] Oewpodyue tpdta Ty Liyodix teplntwon
xou ypdpouue L5 yior Tov Pryadixd n-didotato Euxdkeldelo ywpo. Xtodepomoiolue
a > 1/2 xou ovufohilovue ue C v uixpdtepn Yetn| otadepd yio Ty onola Loy Vet
T0o ouuTEpacUN ToU YewpRUATOC.

Ané tov opioud e C, yia xdde n-dudotato utyadxd yopeo He vopua X umdpyet
C-ypauuinde loouoppouds u : £y — X tétolog Hote

dr(u) < C(n/k)* xou cp(u™t) < C(n/k)*

vy xdde k = 1,...,n. Mnopolue enione va unodéoovue 61t X = (C*, || - ||) xon u
elvow 0 TawToTINGC TENECTHC.

Optlovue 8 = (a—1/2)/a € (0, 1) xou Yewpolue Tov Yoeo tapeuBoric Xy = (X, €5)g
mou avtotowyel oto Levydpr (X, €8). Tpdgpouue ug @ Xp — X yia Tov Towtouxd
TeleoTY|, 0 onolog thpa Tyalvel and tov Xy otov X. And tny mopathenon xou and
T0 Oetdpnua 4.2.1, undpyel lwouopgLoude v : Iy = Xy tétolog dote

di(v) = cx(u*) < CL(n/E)Y? %o e (v™r) < CLop(8) (n/k)/?

v xdde k =1,...,n.
Mofpvovtag 8 = 0,1, éyovue up =1 : X = X xow ug =u : €5 = X. Ano to Afjuua
4.3.5,

di (ug) < |uol|' " di(ur)” = d(u)’

HOolL
er(ug ') < Jlug ' Per(ur)? = cp(u™)?.

Ané tov opioud e C €neton 6L
di(ug) < (Cn/B)®)! xan ex(ug?) < (Cln/k)*)?

viaxdde k=1,...,n.
OewpoluE Tov Tehecth w = ugv : £ — X. And g WBidtnrec Twv aptdudy Tpocéy-
yiong €yovue

dop—1(w) dr.(ug)dy,(v)
o) 00 (n/k_)a9+1/2

= C.C%n/k)*

INIA
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o

ck(ue_l)ck(v*l)
C16(0)C% (n/k)°.

cop—1(wt) <
<

Av opioouue r = 29C1C?, oL aviodtnrec autéc poc Sivouy

di(w) < r(n/k)* xou cp(w™) < rp(0)(n/k)*

1/2

vy xdde k=1,...,n. Av Oéoovue wy = ¢(6)'/?w, naipvovue

di(w1) < rp(0)' (n/k)™ o cx(wi") < rg ()" (n/k)™
vy xdde k =1,...,n. Anb tov opioud e C,
C <rp(0)'* = C10%2%9(9)' /2,
dipot
¢ <o) = (Cuzeoey) ™,

6mov 0 = (a —1/2)/a. Hapatneriote 6t amd v extiunomn mou €youvue yio Ty ¢(6)
x06c 8 — 0 éneton 6t Ca) = O((a — 1/2) 1) xaddc o — 1/2.

[epvdyue tohpa otny mparyuatixh nepintwon. ‘Eotw X évag n-dudotatog npayuotindg
xOpoc ue vopua. Trdpyet pryadixée n-didotatoc ydpoc X tétotoc dote o X va
EUQUTEVETOL LOOUETPIXG OE évay TpayUotixd n-didotato unbyweo wou X (av Tov
Solue oav 2n-didotato mpayuaTixd yweo) xoL vo udpyel R-ypouuixr| tpoohf P :
X — X vépuac 1. Two mopdderypa, utopolue va tdpovue X = CR X, tov xhpo GAeov
TV R-ypouuwdy tekeotodv and 1o C otov X. Mropolue entong va unodéoovue 6t
X C X av toutioouue tov X e Y €X6VA T0U U€GK TNE TOpATVe EUQUTEUOTC.
Ané v uryaduol wopeh Tou Yewphuatog, utdpye. wouoppoube up ¢ €3(C) — X
TETOLOC WOTE
dr(u1) < C(n/k)® xou cx(uyt) < C(n/k)®

v xéde k = 1,...,n. Oétouue H = u; (X). Tére, unopolue va Tauticouue
tov H ue tov £5(R). Av oploovue v = Pui|lg : H — X, o u elvor R-ypopuixde
LOOUOPPLOUOS XoL

~1 -1
dog—1(w) < dg(u1) xon cop—1 (v ) < cp(uy )

6mou oL apipol Tpocéyylone YewpolvToL UE TNV Teay Lot évvola Yol Toug u, u ™!

wou U TNV Wuyaduer évvola Yo Toug ug, uy . "Enetar 6TL 0 u wavoTotel To ouunépo-

oua tou Yewphuartog ue otadepd Ty C' = 2*C. H otodepd 2% npootideton yio va

TEPAoOLUE amd Toug dag—1, Cag—1 OTOUC dy, Ck. O
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4.5 E@oapuoyeg

‘Eotw K xau T cuuuetoixd xuptd couata otov R*. Oewpolue tny nocodtnta

K +T| |K°+T°|\""
| .

M(K,T) =
(&, T) <|KmT| |[KenTe

Ocwpnua 4.5.1 Trdpye anéiven oralepd C' > 0 pe tr e&ng didenra: Ia kdde
n € N kat yia kd0e ovppetpikd kupté odua K otov R* vrdpyer eAdewpoeidés E otov
R™ térowo dote

M(K,E) < C.

Anoden: Eotw X o n-dudotatog ydpog ue vépua mou oplletar and 1o K xot u o
LooU0pPLoU6S Tou Oewpruatos 4.4.1. And to Afuua 4.1.5 éyouvue

max{en(u), en(u™"), en(u’), en((u™)")} <t = paCla).
Oétouue E = u(Byy). Tére,
max{N(K,tE),N(E,tK), N(K°,tE°), N(E°,tK°)} < 2" '.
Adppa 4.5.1 Av A, B ka1 C elvar ovppetpicd xuptd oduata otov R, tdte
|A+C| < N(A,B)|B+C|

- N(A,2(ANB)) < N(A4,B). O

Ané o Afuua 4.5.1 ue A=K, B=1E,
|K + B['/™ < 2(t + 1)|E|*/"

X0l OuoLL
|Ko _+_E0|1/n < 2(t+1)|E0|1/n‘

Ané o B0 AMuua,
N(E,2(tKNE)) <2"!

dipot
|E|"" < 4(t+ 1)|K n E|Y"
xoL GuoLa,
|E°|Y/™ < 4(t +1)|K° N E°|/™,
‘Eneton 611

M(K,E) < 64(t + 1)

Enéyovtog, yia nopddetyua, a = 1 xot Yewpdvtac tov avtiotolyo 4 = u, €YOLUE
0 {nroduevo. O

IMpcytn ouvénea tou Bewpriuatog 4.5.1 elvan 1 aviodtnta Santalé xaw 1 avtiotpopy
™me.
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Ocwpnua 4.5.2 I'a kdle n € N ka1 kdle oupperpixé kupté odpa K ovov R”,

wyvel
L _ (K]
(2 1 <C
C‘( | By |? -

émov C' n otalepd tov Ocwpnuatog 4.5.1.

ArnéderEn: To ywbuevo bdyxwv K| - |K°| elvon avahholwTto w¢ mpog avTtoTpédLuous
YOOUULXOUC UETACYNUATIOUOUC, EMOUEVWS UTOPOVUE Vo utodéoovue 6tL B = B,
07O TPONYOLUEVO VEWENUAL.

[Mopatnpodue 6t

K] |K°|
B, < |K+By,| |K°+B | :
|Ba|® < |K + Byl |K° + n|X|KﬂBn| [K° N By
= M(K, Bn)"|K]- |K°|
xou
|Bal |Bal
K|-|K°| < . x |K + By|-|K°+ B,
= M(K, By)"|Bn|,
an’ 6mou éneton o {NTodUEvO. O

Egopudéloviog méd npocextind to Oewenua 4.4.1 oe cuvduacud ue 1o Afupa 4.1.5,
nalpvouue to e€RC.

Appa 4.5.2 Ta kdde a > 1/2 vrdpye pia otadepd C; = Ci(a) > 0 térowa
wote: ya kdle n € N kat kdOe n-6idotato ywpo e vépua X vrndpyel 1000pPLojLoS
w0 — X térolog dote

max{ex (u), ex (u"), ex(u™), ex((u™)")} < Ci(n/k)*

ya kdde k =1,...,n. EmnAéor, C1(a) = O((a — 1/2)7 1) kaldg oo — 1/2. O
H yewuetpu dtatdnwon tou AMjupatos elvon 1 e€ig.

Afupa 4.5.3 T'a kdOe p < 2 vndpyet oralepd A, térota dote yra kde ovppetpLro
kupté oua K orov R™ va umopovie va Bpolje eAdewpoerdés E arov R™ mov tkavomolel
™y

max{N(K,tE), N(E,tK), N(K°,tE°), N(E°,tK°)} < exp(A,n/t?)

yia kdOe t > 1. ad
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Opiomos. Eoww a > 1/2. Aéue bt éva cupuetpind xuptd odua K elvon a-kavovikd
av o ywpog Xk wavornotel to Afuua 4.5.1 ue u v Towtotixy anewoévior. Tote,
undpyet r > 0 tétolog WoTE

max{N (K, tBy), N(Bn,tK), N(K°,tB,), N(B,,tK°)} < exp(A,n/t?)

yiaxdde t > 1, 6mouv p = 1/a. To Oedpnuo 4.4.1 Selyver 6L xdde cvuueTELxd xLETO
COUA EYEL YPUUULXT ELXOVA TTOL EIVAL Q-XAVOVLXY.

Do tar a-xavovixd cwuota €YovuE [lo LoyLeY| Lop@T| TS avTioTeoPNng AvieOTNTAC
Brunn-Minkowski.

Ocdenua 4.5.3 Fotw a > 1/2 kat Ky,..., Ky, a-kavorikd ovupetpikd kuptd
oduata otov R*. Tore,

m
Ky A+ 4 K|V < b()m™ Y K [
Jj=1

émou b(a) otabepd mov ekaptdrar udvo and to a.
Anodedn: And oV 0ploUd TOU a-XxAVOVLXOU GOUATOS, Yo xdde ¢ > 1 woylel
max{N(Kj,tr;B,), N(rjBn,tK;)} < exp(Apn/tP)

6nou p = 1/a. Enouévoc,
N(Ey + -+ K, t(r1 By + -+ + 1 By)) < [[ N(Kj, tr;By) < exp(A,nm /tF).
j=1

‘Ereton 611
Ky + -+ K" < texp(Apm/t?)ry By + -+ + ry By |'/"
= texp(A,m/tP) (|7«an|1/" TR |rmBn|1/") .
Ané tnv N(r; By, Kj) < exp(Apn) BAénovue 6t
i Bul'/™ < exp(A,)K;]'"
dipot
K1+ 4 Ko [V/™ < texp(Ay + Apm/t?) (|K1|1/" Fot |Km|1/") .
Av emhéZouue t = m® = m'/P naipvouue o Lntoluevo. a
Me avdloyo tpémo anodexvietar to €1 dUixd anotéAecua.

Ocdenua 4.5.4 Fotw a > 1/2 kat Ky, ..., Ky, a-kavorikd ovupetpikd kuptd
owuata otov R*. Tdre,

|Kin-- N Kyl > 8(a)ym™ inf{|K1|1/n, s |Km|1/n}

émov §(a) oralepd mov e&aptdrar pudvo and o a. o
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