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H metaptuqiak  aut  ergasÐa katatèjhke to Septèmbrio tou 2005 sto
Panepist mio Kr thc. Thn epitrop  axiolìghs c thc apotèlesan, ektìc tou
epiblèponta kajhght  k. Qr stou Ajanasi�dh, oi k. K¸stac Ajanasìpou-
loc kai Alèxhc Koubid�khc.

EuqaristÐec
H per�twsh thc metaptuqiak c mou ergasÐac den eÐnai mìno apotèlesma pro-
swpik c mou ergasÐac all� kai sunergasi�c me anjr¸pouc pou me bo jhsan
polÔ. Ja  jela na euqarist sw ton epiblèponta kajhg th mou k.Qr sto
Ajanasi�dh gia thn �yogh sunergasÐa mac kai thn susthmatik  prosp�jei�
tou na mou metad¸sei lÐgec apì tic gn¸seic tou. EpÐshc, poll� euqarist¸
qrwst¸ se ìlouc touc kajhghtèc mou gia ta th bo jeia kai thn katanìhs 
touc, kaj¸c kai stouc sunadèlfouc metaptuqiakoÔc foithtèc gia thn sumpa-
r�stash kai thn parèa touc.
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Kef�laio 1

EISAGWGH

H sunduastik  eÐnai ènac apì touc kl�douc twn majhmatik¸n pou ta teleu-
taÐa qrìnia shmeÐwsan almat¸dh exèlixh. Oi teqnikèc pou qrhsimopoioÔntai,
ektìc apì to ìti eÐnai arket� proqwrhmènec, sqetÐzontai se pollèc peript¸-
seic me �llec sÔgqronec perioqèc, ìpwc Algebrik  TopologÐa, Algebrik  Ge-
wmetrÐa, Metajetik  'Algebra, Diakrit  GewmetrÐa, JewrÐa Anaparast�se-
wn k.t.l.

Stìqoc aut c thc metaptuqiak c ergasÐac eÐnai na fèrei ton anagn¸sth
se epaf  me tètoiec mejìdouc (sthn perÐptws  mac eÐnai wc epÐ to pleÐston
gewmetrikèc). IdiaÐtera, ja parousiastoÔn k�poia apotelèsmata-merik� apì
aut� èqoun emfanisteÐ sqetik� prìsfata-pou aforoÔn th melèth twn sundua-
stik¸n idiot twn (ìpwc autèc pou sqetÐzontai me tic grammikèc epekt�seic
kai to polu¸numo tou Euler) twn merik¸c diatetagmènwn sunìlwn. KurÐarqo
rìlo ed¸ katèqei h jewrÐa twn P−diamerÐsewn, pou ofeÐletai ston Stanley
kai thn opoÐa anèptuxe sth didaktorik  tou diatrib .
Ta basik� ergaleÐa pou qrhsimopoioÔntai ent�ssontai ston eurÔtero tomè-

a thc gewmetrik c sunduastik c. Gi′autìn to lìgo, sta dÔo pr¸ta kef�laia
gÐnetai mÐa sÔntomh anaskìphsh orismènwn klassik¸n ennoi¸n kai apote-
lesm�twn apì th gewmetrÐa twn kurt¸n swm�twn, pou apoteloÔn to basikì
upìbajro gia th sunèqeia. Pio sugkekrimmèna, sto Kef�laio 2 perigr�fontai
k�poioi stoiqei¸deic orismoÐ kai prot�seic sqetik� me polÔtopa kai polue-
drik� sumplègmata, en¸ sto Kef�laio 3 melet¸ntai oi sunduastikèc domèc
aut¸n, mèsw thc jewrÐac twn apofloi¸sewn kai twn h−dianusm�twn.

To Kef�laio 4 skopeÔei sthn exoikÐwsh tou anagn¸sth me k�poiec stoi-
qei¸deic ènnoiec pou aforoÔn tic merikèc diat�xeic, ìpwc oi grammikèc epe-
kt�seic kai to polu¸numo Euler. Par�llhla, gia opoiod pote merik¸c diate-
tagmèno sÔnolo P orÐzetai to sÔmplegma thc di�taxhc kai apodeiknÔetai mÐa
basik  tou idiìthta, dhlad  to gegonìc ìti to h−di�nusma autoÔ tautÐzetai
me to polu¸numo Euler tou P .
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Sto Kef�laio 5 gÐnetai mÐa eisagwg  sth jewrÐa twn P−diamerÐsewn.
Prìkeitai gia apeikonÐseic pou orÐzontai se k�poio merik¸c diatetagmèno sÔ-
nolo P kai antistrèfoun th di�taxh. H shmasÐa touc ègkeitai sto ìti kajorÐ-
zoun kai kajorÐzontai apìluta apì to P kai, sunep¸c, h melèth twn idiot twn
touc sunteleÐ sthn melèth thc dom c tou Ðdiou tou P .

Me b�sh tic P−diamerÐseic, sto Kef�laio 6, gia tuqaÐo merik¸c diatetag-
mèno sÔnolo kataskeu�zetai èna polÔtopo, to polÔtopo thc di�taxhc, apì to
opoÐo prokÔptoun shmantikìtatec plhroforÐec gia to sÔnolo autì kai ousia-
stik�, gÐnetai h aparaÐthth proergasÐa pou apaiteÐtai gia na proqwr soume
sthn epìmenh enìthta.

Sto èbdomo kai teleutaÐo kef�laio, ja asqolhjoÔme apokleistik� me to
polu¸numo Euler miac eidik c kathgorÐac merik¸c diatetagmènwn sunìlwn,
aut c twn diabajmismènwn. Eidikìtera, ja doÔme mÐa aprosdìkhth idiìthta
tou poluwnÔmou Euler aut¸n: tautÐzetai me to h−di�nusma enìc monople-
ktikoÔ polutìpou, pou onom�zetai ishmerin  sfaÐra. Kat� sunèpeia, apì to
g−je¸rhma, prokÔptei ìti h akoloujÐa twn suntelest¸n tou poluwnÔmou
Euler eÐnai summetrik  kai monìtroph.
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Kef�laio 2

STOIQEIWDEIS
GEWMETRIKES ENNOIES

2.1 Kurt� polÔtopa

Poll� sunduastik� probl mata antimetwpÐzontai k�nontac qr sh k�poiwn
klassik¸n apotelesm�twn apì thn gewmetrÐa twn kurt¸n swm�twn tou eu-
kleÐdiou q¸rou. Ta basik� antikeÐmena melèthc eÐnai ta polÔtopa. Gia par�-
deigma, sto epÐpedo aut� eÐnai ta gnwst� mac polÔgwna. BebaÐwc, par′ìti ta
teleutaÐa eÐqan melethjeÐ  dh apì thn arqaiìthta, se megalÔterec diast�seic
oi gn¸seic mac sqetik� me ta polÔtopa eÐnai akìmh elleipeÐc. Xekin�me me
ton orismì.
Orismìc 2.1.1 'Ena (kurtì) polÔtopo P eÐnai h kurt  j kh peperasmènou
pl jouc shmeÐwn tou Rn.
H di�stash thc affinik c j khc tou P onom�zetai di�stash tou P kai sum-
bolÐzetai me dim P .

Profan¸c, k�je polÔtopo eÐnai sumpagèc uposÔnolo tou Rn.
Poll� tridi�stata polÔtopa eÐnai,  dh, gnwst� kai sunant¸ntai arket� su-
qn�, ìpwc p.q. o kÔboc, to tetr�dedro, h tetragwnik  puramÐda, ta prÐsmata
k.t.l.
Orismìc 2.1.2 'Ena uposÔnolo F enìc d−di�statou polutìpou P onom�ze-
tai pleur� tou P , an up�rqei uperepÐpedo H tou Rn, tètoio ¸ste:
a)V ∩ P = F
b)To P perièqetai ex′olokl rou ston ènan apì touc dÔo kleistoÔc hmiq¸rouc,
pou orÐzei to H.
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Fusiologik�, oi pleurèc di�stashc 0 tou P onom�zontai korufèc, oi pleurèc
di�stashc 1 akmèc kai oi pleurèc di�stashc d− 1 onom�zontai èdrec tou P .
Kat� sÔmbash, to kenì sÔnolo jewreÐtai kai autì pleur� tou P , di�stashc
−1, en¸ to Ðdio to P jewreÐtai pleur� di�stashc d.
K�je pleur� diaforetik  tou ∅ kai tou P onom�zetai gn sia pleur� tou P .
Oi gn siec pleurèc apartÐzoun to sÔnoro ∂P tou P .
H aploÔsterh morf  polutìpou dÐnetai apì ton parak�tw orismì.
Orismìc 2.1.3 An P = conv{a1, ..., ad} èna polÔtopo di�stashc d, ìpou ta
shmeÐa a1, ..., ad eÐnai affinik¸c anex�rthta, tìte to P onom�zetai d−monìplo-
ko.
EpÐshc, an ìlec oi èdrec enìc polutìpou eÐnai monìploka, tìte autì onom�zetai
monoplektikì.

Gia par�deigma, to 0−monìploko eÐnai to shmeÐo, to 1−monìploko to eujÔ-
grammo tm ma, to 2−monìploko to trÐgwno kai to 3−monìploko to tetr�e-
dro.
To epìmeno je¸rhma eÐnai jemeli¸dec sth jewrÐa twn polutìpwn (gia pe-
rissìterec plhroforÐec blèpe [26]).
Je¸rhma 2.1.4 'Estw P èna d−polÔtopo. IsqÔoun ta parak�tw:
a)An a1, a2, ..., ak eÐnai oi korufèc tou P , tìte P = conv{a1, a2, ..., ak}, dhla-
d  to P eÐnai h kurt  j kh twn koruf¸n tou .
b)K�je gn sia pleur� tou P eÐnai, epÐshc, polÔtopo tou Rn.
g)An F eÐnai pleur� tou P , tìte k�je pleur� tou polutìpou F eÐnai kai pleur�
tou polutìpou P .
d)H tom  dÔo pleur¸n F , G tou P eÐnai koin  pleur� twn F kai G (kai, su-
nep¸c, pleur� tou P ).
e)K�je gn sia pleur� tou P isoÔtai me thn tom  k�poiwn edr¸n tou.
st)K�je polÔtopo eÐnai fragmènh tom  peperasmènou pl jouc kleist¸n hmi-
q¸rwn tou Rn kai antÐstrofa.

'Ena gewmetrikì antikeÐmeno pou sqetÐzetai �mesa me thn ènnoia tou polutì-
pou eÐnai o poluedrikìc k¸noc, dhlad  k�poio sÔnolo thc morf c

pos({v1, v2, ..., vk}) := {λ1v1 + λ2v2 + ... + λkvk : λ1, ..., λk > 0} ⊂ Rn,

ìpou v1, ...vk dianÔsmata tou Rn.
Oi pleurèc tou k¸nou orÐzontai parìmoia me tic pleurèc tou polutìpou.
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Eidikìtera, oi monodi�statec pleurèc tou lème ìti eÐnai oi hmieujeÐec pou
par�goun ton k¸no. Profan¸c, k�je k¸noc eÐnai (mh fragmènh) tom  anoi-
qt¸n hmiq¸rwn kai, sunep¸c, h tom  thc kleistìthtac enìc k¸nou kai enìc
polutìpou eÐnai polÔtopo. Epiplèon, oi prot�seic (b)-(d) tou prohgoÔmenou
jewr matoc isqÔoun autoÔsia kai gia k¸nouc. Tèloc, lème ìti ènac k¸noc
eÐnai k¸noc−monìploko, an ta par�llhla dianÔsmata stic eujeÐec pou ton
par�goun eÐnai grammik¸c anex�rthta.

2.2 Monoplektik� sumplègmata

O parak�tw orismìc ousiastik� apoteleÐ mÐa genÐkeush thc ènnoiac tou po-
lutìpou.
Orismìc 2.2.1 'Ena poluedrikì sÔmplegma eÐnai mÐa peperasmènh sullog 
C apì polÔtopa tou Rn, gia thn opoÐa isqÔoun oi idiìthtec:
a)Gia k�je F ∈ C kai k�je pleur� G tou polutìpou F , isqÔei G ∈ C.
b)Gia k�je F , G ∈ C, h tom  F ∩G eÐnai koin  pleur� twn polutìpwn F kai
G (pijan¸c h ken ).

K�je stoiqeÐo tou C onom�zetai pleur� tou C. O arijmìc
d := max{dim F : F megistik  pleur� tou C wc proc th sqèsh tou egkleismoÔ }

onom�zetai di�stash tou C kai sumbolÐzetai me dim C. Kai, p�li, oi megisti-
kèc pleurèc tou C onom�zontai èdrec, oi pleurèc di�stashc 1 akmèc kai oi
0-di�statec pleurèc korufèc tou C.
Eidikìtera, an k�je megistik  pleur� èqei thn Ðdia di�stash d, to C onom�-
zetai agnì poluedrikì sÔmplegma.
Gia par�deigma, sto Sq ma 2.1 apeikonÐzetai èna agnì poluedrikì sÔmpleg-
ma, en¸ sto Sq ma 2.2 èna poluedrikì sÔmplegma to opoÐo den eÐnai agnì.
Antijètwc, sto Sq ma 2.3 den apeikonÐzetai k�poio poluedrikì sÔmplegma.
Ex�llou, to sÔnolo twn pleur¸n enìc polutìpou eÐnai, profan¸c, èna polue-
drikì sÔmplegma, pou onom�zetai sÔplegma twn pleur¸n tou P kai sumbolÐ-
zetai me C(P ), en¸ to sÔnolo twn gn siwn pleur¸n enìc polutìpou P eÐnai,
epÐshc, èna poluedrikì sÔmplegma, pou onom�zetai sunoriakì sÔmplegma tou
P kai sumbolÐzetai me C(∂P ).
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Orismìc 2.2.2 DÔo poluedrik� sumplègmata C, C ′ onom�zontai sunduasti-
k¸c isodÔnama (isìmorfa), an up�rqei mÐa amfÐrriyh f : C → C ′, pou diathreÐ
th di�taxh, dhlad  ∀F, G ∈ C, isqÔei F ⊂ G, an kai mìno an f(F ) ⊂ f(G).

Orismìc 2.2.3 An fi eÐnai to pl joc twn pleur¸n di�stashc i tou d-di�statou
poluedrikoÔ sumplègmatoc C, orÐzetai to di�nusma f(C) = (f−1, f0, ..., fd), pou
onom�zetai f−di�nusma tou C. EpÐshc, to polu¸numo f(C, x) := f−1 + f0x +
f1x

2 + ... + fdx
d+1 onom�zetai f−polu¸numo tou C.

Fusiologik� orÐzoume:
f(P ) := f(C(∂P )) kai f(P, x) := f(C(∂P ), x).

Epiplèon, dÔo polÔtopa lègontai sunduastik¸c isodÔnama, an ta sunoriak�
sumplègmat� touc eÐnai sunduastik¸c isodÔnama.
Parat rhsh 2.2.1 1)H sqèsh thc sunduastikhc isomorfÐac apoteleÐ mia
sqèsh isodunamÐac p�nw sthn kl�sh twn poluedrik¸n sumplegm�twn.
2)Profan¸c, duo monìploka eÐnai sunduastik¸c isodÔnama, an kai mìno an
èqoun thn Ðdia di�stash.

Lìgw thc prohgoÔmenhc parat rhshc (2) eÐnai logikì ìti ta pio apl� kai pio
eÔkola sth melèth touc poluedrik� sumplègmata eÐnai aut�, twn opoÐwn ta
stoiqeÐa eÐnai monìploka.
Orismìc 2.2.4 'Ena poluedrikì sÔmplegma, tou opoÐou ìlec oi pleurèc eÐnai
monìploka onom�zetai monoplektikì sÔmplegma.

Parat rhsh 2.2.2 Se apìluth antistoiqÐa me ta poluedrik� sumplègmata,
mporoÔme na orÐsoume sumplègmata poluedrik¸n k¸nwn, monoplektik� su-
mplègmata k¸nwn k.o.k.

'Ena monoplektikì sÔmplegma kajorÐzetai pl rwc apì ta sÔnola twn koru-
f¸n twn monoplìkwn apì ta opoÐa apoteleÐtai. Epomènwc, oi plhroforÐec
pou mac dÐnei den exart¸ntai apì to poia akrib¸c eÐnai aut� ta monìploka,
all� apì th di�taxh twn koruf¸n touc.
Apìroia autou tou gegonìtoc eÐnai o epìmenoc orismìc.
Orismìc 2.2.5 'Ena afhrhmèno monoplektikì sÔmplegma F eÐnai èna pepera-
smèno sÔnolo, k�je stoiqeÐo tou opoÐou eÐnai epÐshc peperasmèno sÔnolo kai
plhreÐtai h parak�tw sunj kh:

Gia opoiad pote F ∈ F kai G ⊂ F, isqÔei G ∈ F .
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Ta stoiqeÐa tou F kaloÔntai pleurèc tou F   afhrhmèna monìploka.
Kat′analogÐan mporoÔme na orÐsoume th di�stash, thn ènnoia thc agnìthtac
kaj¸c kai thn ènnoia thc isomorfÐac metaxÔ afhrhmènwn monoplektik¸n su-
mplegm�twn.
Profan¸c, k�je (gewmetrikì) monoplektikì sÔmplegma orÐzei monoshm�-
ntwc (me prosèggish isomorfÐac) èna afhrhmèno monoplektikì sÔmplegma
kai antÐstrofa. Epomènwc, den qrei�zetai na gÐnetai di�krish metaxÔ twn dÔo
aut¸n ennoi¸n.
An, t¸ra, C eÐnai èna d−di�stato poluedrikì sÔmplegma, k�je pleur� tou
opoÐou gr�fetai wc ènwsh stoiqeÐwn enìc monoplektikoÔ sumplègmatoc D,
lème ìti to D eÐnai ènac trigwnismìc tou C. An Q eÐnai èna d−polÔtopo, ènac
trigw-nismìc tou C(Q) onom�zetai, apl¸c, trigwnismìc tou Q.
ApodeiknÔetai ìti k�je poluedrikì sÔmplegma C diajètei ènan trigwnismì,
tou opoÐou oi korufèc eÐnai kai korufèc tou C. 'Ena aplì par�deigma eÐ-
nai o lexikografikìc trigwnismìc ∆(C). Gia thn kataskeu  tou, jewroÔme
k�poia arÐjmhsh twn koruf¸n tou C. Kataskeu�zoume, epÐshc ta mono-
plektik� sumplègmata ∆k, k = 1, ..., n, ìpou to ∆k eÐnai trigwnismìc tou
conv{v1, ..., vk} kai to ∆k prokÔptei apì to ∆k−1 me thn prosj kh twn mono-plìkwn conv({vi} ∪ F ) (ìtan aut� perièqontai sto C), gia tic pleurèc F tou
∆k−1 pou eÐnai oratèc apì thn koruf  vk (dhlad  den up�rqei koruf  tou C
  shmeÐo pleur�c tou ∆k−1, pou na perièqetai sto eswterikì tou polutìpou
conv({vi} ∪ F )). O lexikografikìc trigwnismìc ∆(C) orÐzetai na eÐnai to
monoplektikì sÔmplegma ∆n.'Ena �llo, shmantikì par�deigma eÐnai o antÐstrofoc lexikografikìc trigw-
nismìc [14], [18], [25] ∆τ (C), ìpou t=(v1, ..., vp) opoiad pote arÐjmhsh twn
koruf¸n tou C. O ∆τ (C) orÐzetai epagwgik� wc ex c:
∆τ (C) = v, an to C apoteleÐtai mìno apì thn koruf  v kai

∆τ (C) = ∆τ ′(C \ vp) ∪
⋃
F

{conv({vp} ∪G) : G ∈ ∆τ ′′(C(F ))} ,

ìpou to F diatrèqei ìlec tic èdrec, pou den perièqoun thn koruf  vp twn
megistik¸n pleur¸n tou C pou perièqoun thn vp kai t', t ′′ h sumbat  me thn
t arÐjmhsh tou sunìlou {v1, ..., vp−1} kai tou sunìlou twn koruf¸n thc F ,
antistoÐqwc.
'Estw, t¸ra, Q èna d−polÔtopo tou Rn, tou opoÐou oi korufèc èqoun akèraiec
suntetagmènec kai A h affinik  tou j kh. Se aut n thn perÐptwsh lème ìti
o trigwnismìc D tou Q eÐnai basikìc, an k�je megistikì stoiqeÐo autoÔ eÐnai
basikì monìploko, dhlad  to sÔnolo twn koruf¸n tou par�gei prosjetik�
thn om�da A∩Zn (eidikìtera, oi korufèc k�je tètoiou monoplìkou eÐnai akè-
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raiec). Gia par�deigma, to monìploko conv{(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0,
1)} eÐnai basikì, en¸ to conv{(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)} den eÐnai
basi-kì monìploko.
Parìmoia, orÐzontai kai oi basikoÐ k¸noi-monìploka, kaj¸c kai oi basikoÐ
trigwnismoÐ poluedrik¸n k¸nwn.
'Opwc eip¸jhke prin, k�je polÔtopo P diajètei trigwnismoÔc. Antijètwc,
den epidèqetai k�je akèraio polÔtopo basikoÔc trigwnismoÔc. Parìl′aut�,
h Ôparxh basik¸n trigwnism¸n dieukolÔnei th sunduastik  melèth tou polu-
tìpou, afoÔ ta basik� monìploka diajètoun idiìthtec pou den isqÔoun gia
tuqaÐa akèraia monìploka. P.q. eÐnai profanèc ìti k�je basikì monìploko
tou R2 èqei embadì Ðso me 1

2
. (H shmasÐa twn basik¸n trigwnism¸n ja faneÐ

sto epìmeno kef�laio.)
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Kef�laio 3

APOFLOIWSEIS KAI
h-DIANUSMATA

Se autì to kef�laio ja perigr�youme ènan trìpo di�taxhc twn edr¸n e-
nìc poluedrikoÔ sumplègmatoc, oÔtwc ¸ste k�je mÐa apì autèc na tèmnetai
”kat�l-lhla” me tic prohgoÔmenec (ìtan k�ti tètoio eÐnai dunatì) apì pleu-
r�c sunduastik c. O epìmenoc orismìc eÐnai klassikìc kai ofeÐletai kat�
kÔrio lìgo stouc Bruggester kai Mani.
Orismìc 3.0.6 'Estw C èna agnì k−di�stato poluedrikì sÔmplegma . MÐa
olik  di�taxh F1, F2, ..., Fs twn edr¸n tou onom�zetai apofloÐwsh an k = 0  
ikanopoieÐ tic ex c sunj kec:
(i) To sunorikì sÔmplegma C(∂F1) thc pr¸thc pleur�c F1 èqei mÐa apofloÐ-
wsh.
(ii) An j ∈ {1, ..., s}, tìte

Fj ∩ (

j−1⋃
i=1

Fi) = G1 ∪G2 ∪ ... ∪Gr,

gia k�poia apofloÐwsh G1, G2, ..., Gt tou C(∂F|), r ≤ t.
'Ena agnì poluedrikì sÔmplegma pou èqei mÐa apofloÐwsh onom�zetai apo-
floi¸simo.
(Eidikìtera, to sÔmplegma pou orÐzei to Fj∩(

⋃j−1
i=1 Fi) eÐnai apofloi¸simo kai,

sunep¸c agnì (k − 1)−di�stato kai sunektikì).

Gia par�deigma, h di�taxh twn edr¸n tou monoplektikoÔ sumplègmatoc pou
faÐnetai sto Sq ma 3.1 eÐnai mÐa apofloÐwsh. AntÐjeta, h di�taxh sto Sq ma
3.2 tou Ðdiou sumplègmatoc den eÐnai mÐa apofloÐwsh.
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ParathroÔme ìti an èna agnì poluedrikì sÔmplegma, me toul�qiston dÔo
èdrec eÐnai apofloi¸simo, tìte gia k�je èdra tou up�rqei k�poia �llh, tè-
toia ¸ste h tom  thc me thn pr¸th na eÐnai di�stashc k − 1. To antÐstrofo
den isqÔei. EntoÔtoic, apodeiknÔetai ìti k�je polÔtopo P eÐnai apofloi¸simo
(blèpe [9]), me thn ènnoia ìti to sunoriakì sÔmplegma C(∂P ) eÐnai apofloi¸-
simo.

s s s
s

�
�

�
��@

@
@

@@
1 2 s

HH
HHH

HHHH
3

Sq ma 3.1
s s s

s
�

�
�

��@
@

@
@@

1 3 s
HH

HHH
HHHH

2
Sq ma 3.2

PARADEIGMA: 'Estw C to poluedrikì sÔmplegma pou prokÔptei, afai-
r¸ntac apì to sunoriakì sÔmplegma tou n−di�statou kÔbou Cn dÔo (o-
poiesd pote) apènanti èdrec. An to C eÐqe mÐa apofloÐwsh F1, F2, ..., Fs kai
onom�soume Fs+1, Fs+2 tic èdrec pou upoleÐpontai, tìte profan¸c h arÐjmhsh
F1, F2, ..., Fs, Fs+1, Fs+2 ja  tan mÐa apofloÐwsh tou kÔbou Cn. 'Omwc, ìpwcja doÔme parak�tw, kai h antÐstrofh arÐjmhsh Fs+2, Fs+1, ..., F1 eÐnai mÐa
apofloÐwsh tou Cn, pr�gma �topo afoÔ Fs+2 ∩ Fs+1 = ∅, gia n > 1. 'Ara,
to C den mporeÐ na eÐnai apofloi¸simo gia n > 1.

Prìtash 3.0.1 K�je olik  di�tataxh twn edr¸n enìc d−monoplìkou D eÐnai
mÐa apofloÐwsh tou D.

APODEIXH
Me epagwg  p�nw sto d. Gia d = 0 h isqÔc èpetai apì ton orismì. An
upojèsoume ìti isqÔei gia ton fusikì d − 1 kai F1, ..., Fd tuqoÔsa arÐjmhsh
twn edr¸n tou d−monoplìkou D, tìte:
(i) H pr¸th pleur� F1 èqei mÐa apofloÐwsh apì thn upìjesh thc epagwg c
(gegonìc pou oÔtwc   �llwc eÐnai tetrimmèno, an jewr soume gnwstì ìti ta
polÔtopa eÐnai apofloi¸sima).
(ii)An j ∈ {1, ...d + 1}, tìte:

Fj ∩ (

j−1⋃
i=1

Fi) = G1 ∪G2 ∪ ... ∪Gr,

gia k�poiec èdrec G1, G2, ..., Gt tou monoplìkou Fj. Autì prokÔptei apì to
gegonìc ìti h tom  dÔo edr¸n enìc monoplìkou eÐnai koin  èdra aut¸n.
An, t¸ra, {G1, ..., Gd} to sÔnolo twn edr¸n tou (d − 1)−monoplìkou Fj,tìte h arÐjmhsh G1, ..., Gd eÐnai mÐa apofloÐwsh tou Fj apì thn epagwgik 

13



upìjesh, pr�gma pou oloklhr¸nei thn apìdeixh.2
Epomènwc, h sunj kh (i) tou orismoÔ 3.0.6 eÐnai peritt , en¸ sthn perÐptwsh
pou to C eÐnai monoplektikì sÔmplegma, apì th sunj kh (ii) kai se sun-
duasmì me thn prohgoÔmenh prìtash prokÔptei ìti h arÐjmhsh F1, ..., Fs twnedr¸n tou C eÐnai apofloÐwsh an kai mìno an:
Gia k�je j ∈ {1, ..., s}, h tom  Fj ∩ (

⋃j−1
i=1 Fi) gr�fetai wc ènwsh k�poiwn

edr¸n tou C. 'H isodÔnama:
Orismìc 3.0.7 H arÐjmhsh F1, ..., Fs twn edr¸n tou monoplektikoÔ sÔmpleg-
matoc C eÐnai mÐa apofloÐwsh tou C, an:
Gia k�je j ∈ {1, ..., s}, h tom  Fj∩ (

⋃j−1
i=1 Fi) orÐzei èna agnì (d−1)−di�stato

(monoplektikì) sÔmplegma.

Lìgw fusiologik c taÔtishc gewmetrik¸n kai afhrhmènwn monoplektik¸n
sum-plegm�twn, o orismìc thc apofloiwsimìthtac èqei nìhma kai stic dÔo
peript¸seic. Apì ed¸ kai sto ex c, gia eukolÐa ja jewroÔme k�je monople-
ktikì sÔmplegma afhrhmèno tautÐzontac ta monìploka (dhlad  tic pleurèc
twn monoplektik¸n sumplegm�twn) me ta sÔnola twn koruf¸n touc.
Orismìc 3.0.8 'Estw C èna apofloi¸simo monoplektikì sÔmplegma kai
F1, ..., Fs mÐa apofloÐwsh twn edr¸n tou. Gia tuqìn j ∈ {1, ..., s}, orÐzoume
ton periorismì thc pleur�c Fj:

Rj = {υ ∈ Fj : Fj \ {υ} ⊂ Fi gia k�poio 1 ≤ i < j}.

EpÐshc, orÐzoume (sqetik� me thn en lìgw apofloÐwsh) touc arijmouc:

hi := hi(C) := #{Rj : #Rj = i, i = 1, ..., s} ,i = 0, ..., d + 1.

To di�nusma h(C) = (h0, h1, ..., hd) onom�zetai h−-di�nusma kai to polu¸numo
h(x) =

∑d
i=0 hix

i onom�zetai h−polu¸numo tou C.
Fusiologik�, an P eÐnai èna monoplektikì polÔtopo, orÐzoume to h−di�nusma
kai to h−polu¸numo tou P na eÐnai to h−di�nusma kai to h−polu¸numo tou
sunoriakoÔ sumplègmatoc C(∂P ), antÐstoiqa.

Je¸rhma 3.0.9 An C eÐnai èna agnì (d− 1)−di�stato, apofloi¸simo mono-
plektikì sÔmplegma, isqÔoun oi tÔpoi:
a)

fk−1 =
k∑

i=0

hi

(
d− i
k − i

)
, k = −1, 0, 1, ..., d (3.1)
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b)

hk =
k∑

i=0

(−1)k−ifi−1

(
d− i
d− k

)
, k = 0, 1, ..., d (3.2)

g)
xdf(x−1) = (x + 1)dh((x + 1)−1), (3.3)

ìpou f = (f0, f1, ..., fd−1) , h = (h0, h1, ..., hd) to f−di�nusma kai to h−di�nusma
tou C kai f(x), h(x) to f -polu¸numo kai h-polu¸numo tou C, antÐstoiqa.
Eidikìtera, to h−di�nusma eÐnai anex�rthto thc ek�stote apofloÐwshc.

APODEIXH
a)'Estw F1, ..., Fs mÐa apofloÐwsh twn edr¸n tou C. Onom�zoume,

I1 := {G : G pleur� thc èdrac F1}

kai
Ij := {G : G pleur� thc èdrac Fj pou den perièqetai se kammÐa apì tic F1, ..., Fj−1},

j = 2, ..., s. Profan¸c, isqÔei C =
∐s

j=1 Ij. Ja deÐxoume ìti
Ij = {G : G pleur� thc Fj, me Rj ⊂ G ⊂ Fj},

ìpou Rj o periorismìc thc èdrac Fj sqetik� me thn apofloÐwsh F1, ..., Fs.Pr�gmati, an G ∈ Ij, tìte G ⊂ Fj, ex′orismoÔ. EpÐshc, oi gn siec pleurèc
thc Fj ja perièqontai se k�poia pleur� thc Fj, thc morf c Fj \ {v} , v ∈ Fj.'Omwc, Fj \{v} ⊂ Fi, gia k�poio i < j ann v ∈ Rj, dhlad  G ⊂ Fi, gia k�poio
i < j an kai mìno an up�rqei k�poia koruf  v ∈ Ij, me v ∈ G, opìte G ∈ Ijann h G perièqetai ston periorismì Rj.Epomènwc, oi pleurèc di�stashc k − 1, pou perièqontai sto Ij eÐnai pl jouc

s∑
j=1

(
d−#Rj

k −#Rj

)
=

k∑
i=0

∑
#Rj=i

(
d− i
k − i

)
,

apì ìpou èpetai to zhtoÔmeno.
g)Jètoume

F (x) :=
d∑

i=0

fi−1x
d−i = xdf(x−1)

H(x) :=
d∑

i=0

hix
d−i = xdh(x−1).
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Apì th sqèsh (3.1), èqoume:

F (x) =
[ d∑

i=0

k∑
j=0

hi

(
d− j
k − j

)]
xd−i = H(x + 1).

'Ara, isqÔei:
xdf(x−1) = (x + 1)dh((x + 1)−1).

b)H sqèsh (3.3) gÐnetai :
xdh(x−1) = (x− 1)df((x− 1)−1)

⇔ hd + hd−1 + ... + h0x
d = fd−1 + fd−2(x− 1) + ... + f−1(x− 1)d

⇔ hk =
k∑

i=0

(−1)k−i

(
d− i
d− k

)
fi−1,

k = 0, 1, ..., d. 2

Parat rhsh 3.0.3 Apì th Sqèsh 3.2 prokÔptei ìti to h−di�nusma enìc a-
pofloi¸simou monoplektikoÔ sumplègmatoc exart�tai mìno apì to f−di�nusma
autoÔ. Epiplèon, mèsw thc Ðdiac sqèshc, mporoÔme na genikeÔsoume ton ori-
smì tou h−dianÔsmatoc gia sumplègmata, ta opoÐa den eÐnai monoplektik�  
oÔte kan apofloi¸sima.

'Opwc faner¸nei to epìmeno Je¸rhma (gnwstì wc ”exis¸seic Dehn −
Sommer
ville”, pou apodeÐqthke sthn genik  perÐptwsh apì ton Sommerville [17], an
kai ìqi sth shmerin  tou morf ), merikèc forèc to h−di�nusma eÐnai polÔ pio
bolikì apì to f−di�nusma gia touc upologismoÔc.
Je¸rhma 3.0.10 To h−di�nusma enìc monoplektikoÔ d−polutìpou P eÐnai
summetrikì, dhladh:

hk = hd−k, k = 0, 1, ..., d.

Gia thn apìdeixh apaiteÐtai to epìmeno:
L mma 3.0.11 An h grammik  di�taxh F1, F2, ..., Fs eÐnai mÐa apofloÐwsh
twn edr¸n enìc monoplektikoÔ d−polutìpou Q, tìte kai h antÐstrofh di�taxh
Fs, Fs−1, ..., F1 eÐnai, epÐshc, mÐa apofloÐwsh autoÔ.
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APODEIXH
Me epagwg  p�nw sto d. Gia d = 0 den qrei�zetai na apodeÐxoume tÐpo-
ta. Sto b ma thc epagwg c, parathroÔme ìti gia j = 1, 2, ..., s h tom 
Fj ∩ (F1 ∪ ... ∪ Fj−1) isoÔtai me thn ènwsh G1 ∪ ... ∪ Gr, gia k�poia apo-
floÐwsh G1, ..., Gr tou (d−1)−polutìpou Fj, gia k�poio r < t. EpÐshc, eÐnai
profanèc ìti Fj ∩ (F1∪ ...∪Fj−1∪Fj+1∪ ...∪Fs) = G1∪ ...∪Gt kai, sunep¸c,isqÔei Fj ∩ (Fj+1 ∪ ...∪Fs) ⊃ Gr+1 ∪ ...∪Gt. Apì thn �llh, gia opoiad pote
èdra Gi thc Fj up�rqei monadik  èdra Fl tou Q, tètoia ¸ste Fj ∩ Fj = Gi.Autì, ìmwc, sunep�getai ìti Fj∩(Fj+1∪ ...∪Fs) = Gr+1∪ ...∪Gt. All�, apìthn epagwgik  upìjesh, kai h antÐstrofh di�taxh eÐnai apofloÐwsh, gegonìc
pou oloklhr¸nei thn apìdeixh.2
APODEIXH TOU JEWRHMATOS 3.0.10
'Estw F1, ..., Fs mÐa apofloÐwsh twn edr¸n tou P .Apì to prohgoÔmeno l mma
kai h antÐstrofh di�taxh Fs, Fs−1, ..., F1 eÐnai mÐa apofloÐwsh. Onom�zoume
Rj, R′

j ton periorismì thc èdrac Fj, j = 1, 2, ..., s wc proc thn pr¸th kai thn
deÔterh apofloÐwsh, antÐstoiqa. EÐnai profanèc ìti:

#Rj = d−#R′
j

kai to zhtoÔmeno èpetai apì to gegonìc ìti to h−di�nusma eÐnai anex�rthto
thc ek�stote apofloÐwshc.2
Ja orÐsoume, t¸ra, mÐa pr�xh metaxÔ monoplektik¸n sumplegm�twn, pou
emfanÐzetai polÔ suqn� sth GewmetrÐa.
An ∆1, ∆2 eÐnai dÔo afhrhmèna monoplektik� sumplègmata, orÐzetai to afhrh-mèno monoplektikì sÔmplegma

∆1 ∗∆2 := {σ1 ∪ σ2 : σ1 ∈ ∆1, σ2 ∈ ∆2}.

To sÔmplegma ∆1 ∗∆2 onom�zetai monoplektik  ènwsh twn ∆1 kai ∆2.Profan¸c, isqÔei:
fk(∆1 ∗∆2) =

∑
i+j=k

fi(∆1)fj(∆2).

Sunep¸c, èqoume:
f(∆1 ∗∆2, t) = f(∆1, t)f(∆2, t), (3.4)

opìte apì th sqèsh (3.3), paÐrnoume:
h(∆1 ∗∆2, t) = h(∆1, t)h(∆2, t). (3.5)
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KleÐnoume autì to kef�laio anafèrontac, qwrÐc apìdeixh dÔo klassik� jew-
r mata (to pr¸to ek twn opoÐwn eÐnai to di�shmo g−je¸rhma tou McMullen),
pou eÐnai aparaÐthta gia th sunèqeia. (Blèpe [5], [6], [13], [22] kai [23] gia to
pr¸to, [10], [11] gia to deÔtero).
Gia thn katanìhsh tou g− jewr matoc, ja qreiasteÐ mÐa genÐkeush thc èn-
noiac tou monoplektikoÔ sumplègmatoc.
Wc gnwstìn èna polusÔnolo A eÐnai mÐa peperasmènh akoloujÐa fusik¸n ari-
jm¸n, oi opoÐoi mporeÐ kai na epanalamb�nontai kai twn opoÐwn h seir� den
lamb�netai upìyh kai gi′autì gr�fontai sun jwc se fjÐnousa seir�. Dhla-
d , ja mporoÔse, apl¸c na orÐsei k�poioc to A wc mÐa fjÐnousa apeikìnish
φ : [n] → R.
'Ena polusÔmplegma C eÐnai mÐa oikogèneia upo-polusunìlwn tou A (dhlad 
periorism¸n thc φ), me thn idiìthta:

K ′ upo-polusÔnolo tou K kai K ∈ C ⇒ K ′ ∈ C.

'Ena polusÔnolo F = {b1, ..., bk} lème, ìpwc kai sthn perÐptwsh tou mono-
plektikoÔ sumplègmatoc, ìti eÐnai di�stashc k−1, en¸ parìmoia orÐzetai kai
h di�stash tou C:

dim C = max{dim F : F ∈ C}.
Tèloc, akrib¸c ìmoia orÐzontai to f−di�nusma kai to f−polu¸numo tou C.
Je¸rhma 3.0.12 'Estw to di�nusma (h0, h1, ..., hd) ∈ Rd+1, to opoÐo upojè-
toume summetrikì, dhlad  hk = hd−k, k = 0, 1, ..., d.
To h eÐnai to h−di�nusma enìc monoplektikìu d−polutìpou P an kai mìno an
plhreÐtai mÐa (toul�qiston, �ra kai oi dÔo) apì tic parak�tw sunj kec:
i)To di�nusma g := (h0, h1 − h0, ..., hl+1 − hl) (to legìmeno g−di�nusma) eÐ-
nai to h−di�nusma enìc monoplektikoÔ apofloi¸simou l−sumplègmatoc, ìpou
l = xd/2y− 1.
ii)To di�nusma g = (g1, ..., gxd/2y) eÐnai to f−di�nusma enìc polusumplègma-
toc C.

Eidikìtera, epeid  gia ta apofloi¸sima poluedrik� sumplègmata isqÔei ì-
ti k�je mÐa apì tic sunist¸sec tou h−dianÔsmatoc eÐnai mh arnhtik , h a-
koloujÐa twn suntelest¸n tou h−poluwnÔmou h0, ..., hd tou monoplektikoÔ
polutìpou P eÐnai ektìc apì summetrik  kai monìtroph (unimodal), dhlad 
up�rqei k�poio l ∈ {0, ..., d} tètoio ¸ste

h0 ≤ h1 ≤ ... ≤ hl ≥ hl+1 ≥ ... ≥ hd.

Profan¸c, sthn perÐptws  mac, isqÔei l = xd/2y.
Epiplèon, apì to (ii) prokÔptei ìti h (k+1)−suntetagmènh tou g−dianÔsmatoc
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tou monoplektikoÔ polutìpou P eÐnai mikrìterh   Ðsh apì to pl joc twn upo-
polusunìlwn di�stashc k tou sunìlou ∪C. Epomènwc, afoÔ to C èqei g1 to
pl joc stoiqeÐa, prokÔptei eÔkola ìti:

gk ≤
(

g1 + k − 1
k

)
. (3.6)

M�lista, h isìthta sthn teleutaÐa anisìthta mporeÐ na epiteuqjeÐ, afoÔ oi
arijmoÐ tou dexioÔ mèlouc thc (3.6) antistoiqoÔn sto f−di�nusma enìc polu-
sumplègmatoc.To epìmeno Je¸rhma, gnwstì wc Je¸rhma tou �nw kai k�tw
fr�gmatoc, mporeÐ t¸ra na prokÔyei wc �mesh sunèpeia tou g−jewr matoc.
Je¸rhma 3.0.13 'Estw P èna monoplektikì d−polÔtopo, me n korufèc. I-
sqÔoun ta ex c:
a)H mègisth tim , pou mporeÐ na p�rei h (k + 1)−sunist¸sa fk tou f−
dianÔsmatoc tou P eÐnai:

xd/2y∑
j=0

(
n− d− 2

j

)( (
d + 1− j
d + 1− k

)
−

(
j

d + 1− k

))
kai lamb�netai an kai mìno an oi sunist¸sec gi tou g−dianÔsmatoc eÐnai mè-
gistec, dhlad  Ðsec me: (

n− d− 2
d + 1− i

)
,

gia i ≤ min{k, xd/2y}.
b) H el�qisth tim , pou mporeÐ na p�rei h (k + 1)−sunist¸sa fk tou f−
dianÔsmatoc tou P eÐnai: (

d + 1
d + 1− k

)
kai lamb�netai an kai mìno an oi sunist¸sec gi tou g−dianÔsmatoc eÐnai el�-
qistec, dhlad  gi = 0, gia 2 ≤ i ≤ min{k, xd/2y}.

APODEIXH
Katarq n apì th sqèsh 3.2 èqoume g1 = n − d − 1. Akìmh, gia aplìthta
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stouc upologismoÔc, jètoume gi = hi+1 − hi, gia i = xd/2y + 1, ..., d, me
hd+1 := 0. IsqÔoun:

fk−1 =
d∑

i=0

(
d− i
k − i

)
hi =

d∑
i=0

(
d− i
k − i

) i∑
j=0

gj

d∑
i=0

(
d− i
k − i

)
hi

=
d+1∑
j=0

d∑
i=j

(
d− i
k − i

)
gj =

d+1∑
j=0

(
d + 1− j
d + 1− k

)
gj

=

xd/2y∑
j=0

gj

( (
d + 1− j
d + 1− k

)
−

(
j

d + 1− k

))
.

Ta zhtoÔmena èpontai apì th sqèsh 3.6, apì to gegonìc ìti ta dianÔsmata

( (
n− d− 2

0

)
,

(
n− d− 2

1

)
, ... ,

(
n− d− 2

d

))
kai (1, 0, ..., 0)

eÐnai f−dianÔsmata k�poiwn polusumplegm�twn kai apì to g−je¸rhma.2

Par′ìti h apìdeixh eÐnai eÔkolh me b�sh to g−je¸rhma, to je¸rhma tou
�-nw fr�gmatoc kai to je¸rhma tou k�tw fr�gmatoc eÐnai progenèstera kai
oi apodeÐxeic touc (to pr¸to ofeÐletai ston McMullen [15] kai to deÔtero
ston Barnette [3], [4]) eÐnai idiaÐtera teqnikèc kai dÔskolec.
Je¸rhma 3.0.14 An D eÐnai ènac basikìc trigwnismìc enìc d−polutìpou
Q ⊂ Rd, isqÔei: ∑

m≥0

i(Q, m)tm =
h(∆, t)

(1− t)d+1
,

ìpou i(Q, m) := #(mQ∩Zn) (oi suntelestèc i(Q,m) onom�zontai suntelestèc
Ehrhart tou Q).
Kat� sunèpeia, ìloi oi basikoÐ trigwnismoÐ tou Q èqoun to Ðdio h−di�nusma.
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Kef�laio 4

MERIKWS DIATETAGMENA
SUNOLA

4.1 Eisagwgik�

MÐa merik  di�taxh <P orismènh se èna sÔnolo P eÐnai mÐa dimel c sqèsh, h
opoÐa èqei thn antisummetrik  (dhlad  ∀x, y ∈ P , isqÔei x <P y ⇒ y 6<P x)
kai thn metabatik  idiìthta (dhlad  ∀x, y, z ∈ P , me x <P y kai y <P z,
isqÔei x <P z).
'Ena sÔnolo efodiasmèno me mÐa merik  di�taxh onom�zetai merik¸c diatetag-
mèno (poset). 'Enac aplìc trìpoc na parastajoÔn oi merikèc diat�xeic eÐnai
ta diagr�mmata Hasse (blèpe Sq mata 4.1-4.6).
Se autì to kef�laio ja asqolhjoÔme mìno me peperasmèna sÔnola, pr�g-
ma pou ja ennoeÐtai kai den qrei�zetai k�je for� na to anafèroume. MÐa
sfairik  an�lush aut c thc jewrÐac emfanÐzetai sto [19]. ArqÐzoume me lÐgh
orologÐa.
Orismìc 4.1.1 DÔo merik¸c diatetagmèna sÔnola P kai Q leme ìti eÐnai
isìmorfa (kai sumbolÐzoume P ∼= Q), an up�rqei mÐa amfÐrriyh F:P → Q,
gia thn opoÐa na isqÔei:

x <P y ⇔ Φ(x) <Q Φ(y)

Orismìc 4.1.2 'Ena epigegrammèno merik¸c diatetagmèno sÔnolo eÐnai èna
zeÔgoc (P, γ), ìpou P èna (peperasmèno) merik¸c diatetagmèno sÔnolo kai
γ : P → N mia ènriyh, pou onom�zetai epigraf  tou en lìgw sunìlou.
IdiaÐtera, to (P, γ) onom�zetai fusik� epigegrammèno, an:

Gia k�je x, y ∈ P, me x < y, isqÔei γ(x) < γ(y).
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MÐa fusik  kai mÐa mh-fusik  epigraf  tou Ðdiou merik¸c diatetagmènou su-
nìlou apeikonÐzontai sta Sq mata 4.1 kai 4.2, antÐstoiqa.
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Orismìc 4.1.3 'Ena merik¸c diatetagmèno sÔnolo onom�zetai diabajmismè-
no, an h plhjikìthta k�je megistik c alusÐdac (dhlad  h plhjikìthta k�je
megistikoÔ olik� diatetagmènou uposunìlou tou P ) eÐnai stajerì.

Profan¸c, ta Sq mata 4.1-4.4 eÐnai diagr�mmata Hasse diabajmismènwn me-
rik¸c diatetagmènwn sunìlwn, en¸ ta sq mata 4.5 kai 4.6 antistoiqoÔn se
mh diabajmismèna.
An, t¸ra, P tuqìn merik¸c diatetagmèno sÔnolo kai x, y ∈ P , ja lème ìti
to x kalÔptei to y, an y <P x, en¸ den up�rqei kanèna stoiqeÐo z tou P
(di�foro twn x, y) tètoio ¸ste y <P z <P x.
EpÐshc, an c eÐnai tuqoÔsa alusÐda stoiqeÐwn tou P , x0 <P x1 <P ... <P xn,to m koc thc c orÐzetai wc:

l(c) = |c| − 1.

H alusÐda c onom�zetai koresmènh, an to xi+1 kalÔptei to xi,∀i ∈ {1, 2, ...n}.
Orismìc 4.1.4 An P eÐnai èna diabajmismèno merik¸c diatetagmèno sÔnolo,
h (monadik ) apeikìnish ρ : P → [n], me tic idiìthtec:
ρ(x) = 0, gia k�je elaqistikì stoiqeÐo x tou P kai
ρ(z) = ρ(y) + 1, opoted pote to z kalÔptei to y, ìpou y, z ∈ P ,
eÐnai kal¸c orismènh kai onom�zetai sun�rthsh t�xhc tou P .

An ρ(x) = i, lème ìti to x eÐnai t�xhc i. Sun jwc, h i−t�xh tou P sumbo-
lÐzetai me Pi, dhlad  Pi = {p ∈ P : ρ(p) = i}. An r h mègisth t�xh tou P ,
orÐzetai to polu¸numo

F (P, q) =
r∑

i=1

piq
i,

pou onom�zetai genn tria sun�rthsh twn t�xewn tou P .
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Gia tuqìn merik¸c diatetagmèno sÔnolo (P, <P ) kai Q ⊂ P , orÐzoume to
epag¸meno upo-sÔnolo (Q, <Q) tou (P, <P ) wc to zeÔgoc apoteloÔmeno apì
to sÔnolo Q kai ton periorismì thc sqèshc <P sto Q. Epomènwc, an to P
eÐnai diabajmismèno, k�je t�xh tou, jewroÔmenh wc epag¸meno upo-sÔnolo
tou P , eÐnai mÐa anti-alusÐda, dhlad  h sqèsh <P eÐnai to kenì sÔnolo.

s
s
s

s
s
s

,
,

,
,

,,
,

,
,

,
,,

Sq ma 4.3
s
s

s
s

s
s

s
s

�
�

�
��

�
�

�
��

�
�

�
��

PPPPPPPPPPPPP

Sq ma 4.4

s
s
s

s

s

�
�
�
�
�
�
�
�
�

Sq ma 4.5
ss
s
s

s
Sq ma 4.6

MÐa polÔ shmantik  (apì sunduastik c �poyhc) kl�sh merik¸c diatetag-
mènwn sunìlwn eÐnai ta legìmena plègmata.
Orismìc 4.1.5 'Ena merik¸c diatetagmèno sÔnolo P onom�zetai plègma, an
gia opoiod pote zeÔgoc stoiqeÐwn x, y up�rqoun to x∨y kai to x∧y, dhlad  to
kat¸tato �nw fr�gma (supremum) kai, antistoÐqwc, to an¸tato k�tw fr�gma
(infimum) twn x kai y, pou orÐzontai wc ex c:

z = x ∨ y an kai mìno an z ≥P x, y kai z ≤P w , ∀w ∈ P, me w ≥P x, y

kai

z = x ∧ y an kai mìno an z ≤P x , y kai z ≥P w , ∀w ∈ P me w ≤P x, y.

Eidikìtera, an se èna plègma P oi telestèc ikanopoioÔn tic epimeristikèc idiì-
thtec

x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z)
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kai
x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z),

tìte to P lègetai epimeristikì plègma.

EÐnai profanèc ìti k�je peperasmèno plègma èqei mègisto kai el�qisto stoi-
qeÐo, pou sumbolÐzontai me 1̂ kai 0̂ antÐstoiqa. Epiplèon, eÐnai eÔkolo na
apodeiqteÐ ìti to plègma P arkeÐ na ikanopoieÐ ton ènan apì touc dÔo epi-
meristikoÔc tÔpouc gia na eÐnai epimeristikì, epeid  k�je ènac apì touc dÔo
sunep�getai ton �llon. 'Ena par�deigma plègmatoc prokÔptei,episun�ptontac
to mègisto stoiqeÐo 1̂ kai to el�qisto stoiqeÐo 0̂ sth merik  di�taxh tou Sq -
matoc 4.4.

Orismìc 4.1.6 'Ena diataktikì ide¸dec (order ideal) enìc tuqìntoc merik¸c
diatetagmènou sunìlou P eÐnai èna uposÔnolo I tou P , gia to opoÐo isqÔei:
∀x ∈ I, y <P x ⇒ y ∈ I.
OmoÐwc, èna sÔnolo K ⊂ P , gia to opoÐo isqÔei:
∀x ∈ K, y >P x ⇒ y ∈ K onom�zetai duikì diataktikì ide¸dec   fÐltro tou
P .
An, m�lista, to I èqei mègisto stoiqeÐo, dhlad  isqÔei I = {x ∈ P : x ≤P

y}, gia k�poio y ∈ P , tìte to I onom�zetai kÔrio diataktikì ide¸dec kai
sumbolÐzetai me < y >. AntistoÐqwc, orÐzetai kai to kÔrio duikì diataktikì
ide¸dec tou P .

EÐnai profanèc ìti k�je fÐltro isoÔtai me to sumpl rwma k�poiou diata-
ktikoÔ ide¸douc kai antÐstrofa. Epomènwc, se èna merik¸c diatetagmèno
sÔnolo, to pl joc twn fÐltrwn isoÔtai me to pl joc twn diataktik¸n idew-
d¸n.
Gia tuqìnta x, y ∈ P , me x <P y, orÐzetai to kleistì di�sthma [x, y] wc to
epagìmeno uposÔnolo tou P , p�nw sto sÔnolo [x, y] = {z ∈ P : x ≤P z ≤P

y}. EÔkola prokÔptei ìti k�je kleistì di�sthma eÐnai h tom  enìc kurÐou
diataktikoÔ ide¸douc kai enìc kurÐou duikoÔ diataktikoÔ ide¸douc. AntistoÐ-
qwc, orÐzontai kai anoiqt�   hmianoiqt� diast mata.
SumbolÐzoume me J(P ) to sÔnolo ìlwn twn diataktik¸n idewd¸n tou P , e-
fodiasmèno me th merik  di�taxh tou egkleismoÔ.
Profan¸c, to J(P ) eÐnai èna diabajmismèno merik¸c diatetagmèno sÔnolo
me n t�xeic, ìpou n = card(P ). Pr�gmati, an A, B ∈ J(P ), me A ⊂ B kai
B 6= A, tìte to sÔnolo C = A ∪ {y}, eÐnai epÐshc stoiqeÐo tou J(P ), ìpou y
k�poio elaqistikì stoiqeÐo tou B \ A.
Autì, ìmwc, shmaÐnei ìti gia k�je megistik  alusÐda I1 ⊂ I2 ⊂ ... ⊂ It dia-taktik¸n idewd¸n tou P , isqÔei:
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card(Ik \ Ik−1) = 1
Apì thn �llh, P ∈ J(P ), �ra anagkastik� t = n.
Orismìc 4.1.7 To J(P ) onom�zetai epimeristikì plègma idewd¸n tou P .

Fusik�, to J(P ) eÐnai ìntwc epimeristikì plègma, afou se aut n thn perÐ-
ptwsh ton rìlo twn telest¸n ∨ kai ∧ paÐzoun oi sun jeic sunolojewrhtikèc
pr�xeic thc ènwshc kai thc tom c, oi opoÐec wc gnwstìn epimerÐzoun h mÐa
thn �llh, en¸ se aut n thn perÐptwsh isqÔei 0̂ = ∅ kai 1̂ = P .
Tèloc, qwrÐc apìdeixh, anafèroume ìti gia k�je epimeristikì plègma P, up�r-
qei akrib¸c èna merik¸c diatetagmèno sÔnolo P (blèpe [7] gia perissìterec
plhroforÐec), tètoio ¸ste Π = J(P ).

PARADEIGMATA MERIKWN DIATAXEWN:
1)To olik� diatetagmèno sÔnolo n, pou apoteleÐtai apo ta stoiqeÐa 1,2,...,n
kai eÐnai efodiasmèno me th sun jh di�taxh.
2)An P, Q dÔo merik¸c diatetagmèna sÔnola, orÐzetai h aposundet  ènwsh
aut¸n wc to merik¸c diatetagmèno sÔnolo
(P

⊔
Q,≺), ìpou:

∀x, y ∈ P
⋃

Q, x ≺ y ann x, y ∈ P kai x <P y   x, y ∈ Q kai x <Q y.(Pq
m

∐
n).

3)OmoÐwc, orÐzetai to eujÔ �jroisma twn P, Q,
(P

⊕
Q,≺), ìpou:

x ≺ y an kai mìno an x, y ∈ P kai x <P y   x, y ∈ Q kai x <Q y   x ∈ P kai
y ∈ Q.
4)Gia tuqon merik¸c diatetagmèno sÔnolo P orÐzetai to duikì tou (P,≺),
ìpou:
x ≺ y an kai mìno an y <P x.
Profan¸c, k�je fÐltro tou P eÐnai diataktikì ide¸dec tou duikoÔ tou.
5)K�je poluedrikì sÔmplegma D, ìpwc p.q. to sunoriakì sÔmplegma enìc
polutìpou, efodiasmèno me th sqèsh:
G <∆ F an kai mìno an G pleur� gn sia thc F , eÐnai merik¸c diatetagmèna
sÔnola.
6)Eidikìtera, to sÔnolo C(P ) ìlwn twn pleur¸n enìc polutìpou P eÐnai,
profanwc, èna plègma me 0̂ = ∅ kai 1̂ = P .
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4.2 Grammikèc epekt�seic kai to sÔmplegma thc
di�taxhc

Orismìc 4.2.1 'Estw p ∈ N kai tuqoÔsa met�jesh p= (α1, ..., αp) ∈ Sp.
OrÐzoume ta sÔnola

Dπ := {i : αi > αi+1}

kai
Aπ := {i : αi < αi+1}.

Ta stoiqeia touc onom�zontai k�jodoi kai �nodoi thc p, antistoÐqwc.

Profan¸c, ta sÔnola twn anìdwn kai t¸n kajìdwn thc p sundèontai me th
sqèsh:

Dπ = [p− 1] \ Aπ.

Mèsw twn kajìdwn twn metajèsewn tou p, orÐzetai to (gnwstì apì thn klas-
sik  sunduastik ) p−ostì polu¸numo Euler Wp(t) :=

∑p−1
i=0 W (p, i)xi, ìpou

W (p, i) = #{π ∈ Sp : #Dπ = i}, i = 0, 1, ..., p− 1. Gia par�deigma, ta pr¸ta
okt¸ polu¸numa Euler katagr�fontai parak�tw.
W1(t) = 1
W2(t) = 1 + t
W3(t) = 1 + 4t + t2

W4(t) = 1 + 11t + 11t2 + t3

W5(t) = 1 + 26t + 66t2 + 26t3 + t4

W6(t) = 1 + 57t + 302t2 + 302t3 + 57t4 + t5

W7(t) = 1 + 120t + 1191t2 + 2416t3 + 1191t4 + 120t5 + t6

W8(t) = 1 + 247t + 4293t2 + 15619t3 + 15619t4 + 4293t5 + 247t6 + t7.
Sth sunèqeia ja perigr�youme mÐa genÐkeush tìso thc ènnoiac thc met�-
jeshc, ìso kai tou poluwnÔmou tou Euler, stoqeÔontac se èna susqetismì
me ta merik¸c diatetagmèna sÔnola.
Orismìc 4.2.2 'Estw P èna epigegrammèno merik¸c diatetagmèno sÔnolo,
p�nw sto sÔnolo [p], p ∈ N. MÐa grammik  di�taxh (α1, ..., αp) twn stoiqeÐwn
tou P , onom�zetai grammik  epèktash tou P , an isqÔei h sunepagwg :
αi <P αj ⇒ i < j.
To sÔnolo twn grammik¸n epekt�sewn tou P sumbolÐzetai me L(P ) kai ono-
m�zetai sÔnolo Jordan−Hölder (anaforik� me to P ).
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Tèloc, orÐzoume to polu¸numo

W (P, t) :=
∑

π∈L(P )

t#Dπ ,

pou onom�zetai polu¸numo Euler tou P .

EÐnai profanèc ìti o suntelest c tou monwnÔmou tk eÐnai, akrib¸c, to pl joc
twn grammik¸n epekt�sewn tou P me k to pl joc kajìdouc.
Eidikìtera, an to P eÐnai mÐa antialusÐda, to sÔnolo twn grammik¸n epe-
kt�sewn tou P tautÐzetai me thn om�da Sp kai to polu¸numo Euler autoÔ
tautÐzetai me to klassikì polu¸numo Euler Wp(t).
Sthn prosp�jeia na melet soume tic idiìthtec twn suntelest¸n tou W (P, t),
ja perigr�youme ènan trìpo na blèpoume ta merik¸c diatetagmèna sÔnola
wc gewmetrik� antikeÐmena, antistoiq¸ntac se k�je èna apì aut� èna mono-
plektikì sÔmplegma.
Orismìc 4.2.3 Se k�je alusÐda c tou P , antistoiqoÔme èna (afhrhmèno)
monìploko di�stashc Ðshc me l(c). To afhrhmèno monoplektikì sÔmplegma
pou dhmiourgeÐtai kat′autìn ton trìpo, onom�zetai sÔmplegma thc di�taxhc
tou P .

'Etsi, se opiad pote alusÐda I1 ⊂ I2 ⊂ ... ⊂ Ik mh ken¸n diataktik¸n idewd¸ntou P , antistoiqoÔme to monìploko {I1, ...Ik}. To monoplektikì sÔmplegma,
apoteloÔmeno apì ìla aut� ta monìploka (alusÐdec diataktik¸n idewd¸n)
eÐnai akrib¸c to sÔmplegma thc di�taxhc DJ(P ) tou J(P ).
EÐnai fanerì ìti P ∼= Q an kai mìno an J(P ) ∼= J(Q). Ja deÐxoume ìti to P
qarakthrÐzetai apì to sÔmplegma thc di�taxhc tou epimeristikoÔ plègmatoc
J(P ). 'Estw F : ∆J(P ) → ∆J(Q) mÐa sunduastik  isodunamÐa. Apì thn
upìjes  mac, an x1 <J(P ) x2 <J(P ) ... <J(P ) xn eÐnai mÐa megistik  alusÐda
tou J(P ), tìte kai to sÔnolo C = {F ({x1}), ..., F ({xn})} ofeÐlei na eÐnai
megistik  alusÐda tou J(Q). JewroÔme thn apeikìnish f : J(P ) → J(Q),
tètoia ¸ste, gia k = 1, 2, ..., n to f(xk) na isoÔtai me to stoiqeÐo t�xhc k
thc alusÐdac C. H f eÐnai kal� orismènh, lìgw tou ìti ta J(P ), J(Q) eÐnai
diabajmismèna kai profan¸c apoteleÐ mÐa sunduastik  isodunamÐa, gegonìc
pou apodeiknÔei to zhtoÔmeno.
Mèsw tou DJ(P ), ja mac epitrapeÐ na broÔme mÐa �llh èkfrash, polÔ qr -
simh gia th sunèqeia, gia touc suntestèc tou poluwnÔmou Euler (pou eÐnai
kai o telikìc stìqoc aut c thc paragr�fou), sthn perÐptwsh pou to P eÐnai
fusik� epigegrammèno.
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Katarq n, se k�je megistik  alusÐda ∅ = I0 ⊂ I1 ⊂ I2 ⊂ ... ⊂ In = P
dia-taktik¸n idewd¸n tou P antistoiqeÐ h akoloujÐa J1 = I1, J2 = I2 \
I1, ...Jn = In \ In−1 (twn legìmenwn alm�twn aut c). An, loipìn, jèsoume
Jk = {wk}, k = 1, ..., n, orÐzetai monoshm�ntwc mÐa met�jesh w = (w1, ..., wn) ∈
Sn. M�lista, an wk <P wj, tìte Ik ⊂ Ij, opìte k < j. 'Ara, w ∈ L(P ).
Antistrìfwc, k�je grammik  epèktash v = (v1, ...vn) tou P antistoiqeÐ se
k�poia alusÐda idewd¸n tou P , kai sugkekrimmèna sthn alusÐda < v1 >⊂<
v1 > ∪ < v2 >⊂ ... ⊂ ∪n

i=1 < vi >= P .
Epomènwc, h antistoiqÐa

{I1 ⊂ ... ⊂ In} 7→ (w1, ..., wn)

eÐnai mÐa amfÐrriyh metaxÔ tou sunìlou twn megistik¸n alusÐdwn diatakti-
k¸n idewd¸n kai tou sunìlou L(P ) twn grammik¸n epekt�sewn tou P .
Kat′autìn ton trìpo, orÐzetai mÐa grammik  di�taxh twn edr¸n tou DJ(P )
(dhlad  twn megistik¸n alusÐdwn idewd¸n tou P ), sÔmfwna me th lexiko-
grafik  di�taxh twn stoiqeÐwn tou L(P ), pou antistoiqoÔn se autèc.
'Estw, t¸ra F = {I0 ⊂ ... ⊂ In} mÐa megistik  alusÐda idewd¸n tou P , me
antÐstoiqh grammik  epèktash w ∈ L(P ). EÐnai eÔkolo na dei k�poioc ìti h
tom  thc F me k�poia prohgoÔmenh (sth di�taxh pou orÐsame) ja perièqetai
se k�poia alusÐda m kouc n thc morf c:

I0 ⊂ I1 ⊂ ... ⊂ Ik−1 ⊂ Ik+1 ⊂ ... ⊂ In

an kai mìno an k ∈ Dw. H teleutaÐa, ìmwc, perièqetai sthn megistik  alusÐda
G := I0 ⊂ I1 ⊂ ... ⊂ Ik−1 ⊂ Ik−1 ∪ {wk+1} ⊂ Ik+1 ⊂ ... ⊂ In,

pou prohgeÐtai thc F .
Kat� sunèpeia, h lexikografik  di�taxh twn grammik¸n epekt�sewn tou P
ep�gei me ton trìpo autìn mÐa apofloÐwsh tou DJ(P ). M�lista, apì ta
prohgoÔmena prokÔptei ìti:

#{#Ri = j} = #{Dw = j : w ∈}, j = 1, ..., n,

ìpou Ri o periorismìc thc i−èdrac tou DJ(P ), wc proc thn en lìgw apo-
floÐwsh.
ApodeÐxame, loipìn, ìti:
Je¸rhma 4.2.4 H lexikografik  di�taxh twn grammik¸n epekt�sewn tou
fusik� epigegrammènou merik¸c diatetagmènou sunìlou P ep�gei mÐa apof-
loÐwsh tou DJ(P ). Apì aut n thn apofloÐwsh prokÔptei:

W (P, t) = h(∆J(P ), t). (4.1)
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Kef�laio 5

P-DIAMERISEIS

5.1 Eisagwgik�

MÐa klassik  ènnoia thc sunduastik c eÐnai aut  twn diamerÐsewn enìc fusi-
koÔ arijmoÔ n. Wc gnwstìn, mÐa diamèrish tou n eÐnai mÐa fjÐnousa akoloujÐa
mh arnhtik¸n akeraÐwn (c1, c2, ..., cm), tètoia ¸ste ∑m

i=1 ci = n. IsodÔnama
an m eÐnai h alusÐda me m to pl joc stoiqeÐa, mporoÔme na doÔme k�je dia-
mèrish tou n wc mÐa apeikìnish f : m → N, h opoÐa ikanopoieÐ:

f(1) ≥ f(2) ≥ ... ≥ f(m) kai f(1) + f(2) + ... + f(m) = n.

MporoÔme na genikeÔsoume ton parap�nw orismì, antikajist¸ntac thn a-
lusÐda m me èna opoiod pote fusik� epigegrammèno merik¸c diatetagmèno
sÔnolo P . Se antistoiqÐa me ta prohgoÔmena, mÐa apeikìnish f : P → N ja
lègetai P−diamèrish tou n, an:

f(x) ≥ f(y), ∀ x, y ∈ P, me x <p y kai
∑
x∈P

f(x) = n.

Profan¸c, k�ti tètoio tautÐzetai me ton sun jh orismì thc diamèrishc enìc
arijmoÔ, ìtan to P eÐnai alusÐda, epomènwc èqei nìhma na proqwr soume se
mÐa tètoia melèth. EpÐshc, an gia par�deigma, to P eÐnai h antialusÐda me
m−stoiqeÐa, to pl joc twn P−diamerÐsewn tou n isoÔtai me to pl joc twn
mh arnhtik¸n lÔsewn thc diofantik c exÐswshc x1 + ... + xm = n, dhlad  me

(
n + m− 1

m− 1

)
.
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H melèth twn P−diamerÐsewn paÐzei polÔ shmantikì rìlo sth jewrÐa twn me-
rik¸c diatetagmènwn sunìlwn, afoÔ ìpwc eÐnai fanerì kajorÐzoun pl rwc th
merik  di�taxh, pou èqei oristeÐ p�nw sto P , en¸ ìpwc ja doÔme sqetÐzontai
me poll� pr�gmata pou aforoÔn se aut�, ìpwc p.q. to sÔnolo twn kajìdwn
kai to polu¸numo Euler. H jewrÐa, aut , anaptÔqjhke apì ton Stanley sthn
diadaktorik  tou diatrib  (blèpe [20], [21] kai [17]). Sthn epìmenh par�grafo
ja perigrafoÔn oi kuriìterec idiìthtec twn P−diamerÐsewn.

5.2 Basikèc idiìthtec

'Estw (P, γ) èna epigegrammèno merik¸c diatetagmèno sÔnolo p�nw sto sÔ-
nolo [p], p ∈ N kai n ∈ N. 'Estw, akìmh, f : P → R. Lème ìti h f antistrèfei
th di�taxh (ant. antistrèfei austhr� th di�taxh), an: ∀i, j ∈ P , me i ≤P j
(ant. i <P j ), isqÔei f(i) ≥ f(j) (ant. f(i) > f(j)).

Orismìc 5.2.1 MÐa P−diamèrish eÐnai mÐa apeikìnish f : P → R+, tètoia
¸ste gia opoiad pote x, y ∈ P me x <P y na plhroÔntai oi sunj kec:
i)f(x) ≥ f(y)
ii)f(x) > f(y), ìtan γ(x) > γ(y).
MÐa P−diamèrish (ant. austhr ) P−diamèrish, pou paÐrnei akèraiec timèc
kai ikanopoieÐ th sqèsh ∑

i∈P

f(i) = n,

onom�zetai P−diamèrish (ant. austhr  P−diamèrish) tou n.

Apì ed¸ kai sto ex c me P ja sumbolÐzoume èna fusik� epigegrammèno meri-
k¸c diatetagmèno sÔnolo, opìte to sÔnolo twn P−diamerÐsewn ja tautÐzetai
me to sÔnolo twn apeikonÐsewn pou antistrèfoun th di�taxh kai lamb�noun
mh arnhtikèc timèc.
Parat rhsh 5.2.1 To pl joc twn P -diamerÐsewn (ant. austhr¸n P -diame-
rÐsewn f : P → [m], isoÔtai me to pl joc twn apeikonÐsewn

f : P → [m],

oi opoÐec diathroÔn th di�taxh, dhlad  f(i) ≤ f(j),∀i, j ∈ P, me i ≤P j (ant.
diathroÔn austhr� th di�taxh, dhlad  f(i) < f(j), an i <P j).
Pr�gmati, eÐnai profanèc oti h f : P → [m] eÐnai P -diamèrish (ant. austhr 
P−diamèrish), an kai mìno an h g : P → [m], me g(x) = m+1−f(x) diathreÐ
(ant. diathreÐ austhr�) th di�taxh.
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SumbolÐzoume me A(P ), A(P ) to sÔnolo twn P -diamerÐsewn kai austhr¸n
P−diamerÐsewn (akeraÐwn) antÐstoiqa. Kat� fusiologikì trìpo, orÐzontai
oi genn triec sunart seic, pou aforoÔn stic P -diamerÐseic kai austhrèc P -
diamerÐseic (akeraÐwn), wc ex c:

FP (x1, ..., xp) :=
∑

σ∈A(P )

x1
σ(1)... xp

σ(p)

kai
F P (x1, ..., xp) :=

∑
τ∈A(P )

x
τ(1)
1 ... xτ(p)

p

Orismìc 5.2.2 'Estw p ∈ N, f : [p] → R tuqoÔsa apeikìnish kai π =
(α1, ..., αp) ∈ Sp, mÐa met�jesh tou [p]. Lème ìti h f eÐnai p-sumbat  (ant.duik¸c
p-sumbat ), an:
i)f(α1) ≥ ... ≥ f(αp)
ii)αi > αi+1 ⇒ f(αi) > f(αi+1) (ant. αi < αi+1 ⇒ f(αi) > f(αi+1)).

To epìmeno l mma susqetÐzei, kat� k�poio trìpo, thn ènnoia thc P−diamèrishc
kai thc diamèrishc enìc merik¸c diatetagmènou sunìlou.
L mma 5.2.3 'Estw f : [p] → R tuqoÔsa apeikìnish.
a)Up�rqei monadik  p∈ Sp, tètoia ¸ste h f na eÐnai p-sumbat .
b)Up�rqei monadik  r∈ Sp, tètoia ¸ste h f na eÐnai duik¸c p-sumbat .

APODEIXH
a)'Estw {β1, ..., βk} = f([p]), ìpou β1 < ... < βk. Onom�zoume Bi :=
{γ1

i , ..., γ
λi
i } =: f−1({βi}), ìpou γ1

i < ... < γλi
i kai jètoume:

π = (γ1
1 , ..., γ

λ1
1 , γ1

2 , ..., γ
λ2
2 , ..., γ1

k, ..., γ
λk
k ) ∈ Sp

.
H met�jesh p eÐnai h zhtoÔmenh.
Gia th monadikìthta, an p= (α1, ..., αp) kai p'= (b1, ...bp) mÐa met�jesh tou
[p], gia thn opoÐa h f eÐnai p-sumbat , tìte f(b1) = maxf ⇒ b1 ∈ B1.Pr�gmati,an b1 6= minB1, tìte ja up rqe bk ∈ B1, me bk < b1. Autì ja
s maine ìti ∃l ∈ {1, ..k}, me bl > bl+1, me f(bl) > f(bl+1), pr�gma �topo apì
thn upìjesh.
OmoÐwc, b2 = min(B1\{b1}), an B1 6= {b1}   b2 = minB2, an B1 = {b1}.'Ara, b2 = α2 k.o.k., epomènwc p=p'.
b)Profan¸c, an r= (α1, ..., αp) ∈ Sp), tìte h f(x) eÐnai duik¸c r-sumbat  an
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kai mìno an h f(p + 1− x) eÐnai (p + 1− α1, ..., p + 1− αp)-sumbat .To zhtoÔmeno èpetai. 2

To kentrikì l mma gia th sunèqeia eÐnai to exhc:
L mma 5.2.4 'Estw p= (α1, ..., αp) ∈ Sp , Sπ to sÔnolo twn p-sumbat¸n
apeikonÐsewn kai Sπ to sÔnolo twn duik¸c p-sumbatwn apeikonÐsewn. 'Estw,
akìmh f : [p] → N. Tìte:
a)An Fπ(x1, ..., xp) :=

∑
f∈Sπ

x
f(1)
1 ... x

f(p)
p , tìte

Fπ(x1, ..., xp) =

∏
j∈Dπ

xα1 ... xαj∏p
i=1(1− xα1 ...xαi

)
.

b)An F π(x1, ..., xp) :=
∑

f∈Sπ
x

f(1)
1 ... x

f(p)
p , tìte

F π(x1, ..., xp) =

∏
j∈Aπ

xα1 ... xαj∏p
i=1(1− xα1 ...xαi

)
.

APODEIXH
a)Gia tuqìn f ∈ Sπ, jètoume

ci =

{
f(αi)− f(αi+1), an αi < αi+1

f(αi)− f(αi+1)− 1, an αi > αi+1

,

i = 1, ..., p kai f(p + 1) = 0.
Profan¸c, oi prohgoÔmenec sqèseic orÐzoun mÐa amfÐrriyh metaxÔ twn p−�dwn
fusik¸n arijm¸n kai twn p-sumbat¸n apeikonÐsewn. Epiplèon, isqÔei:

x
f(1)
1 ...xf(p)

p =
( p∏

i=1

(xα1 ...xαi
)
)( ∏

j∈Dπ

xα1 ...xαj

)
kai, sunep¸c,

∑
f∈Sπ

x
f(1)
1 ...xf(p)

p =
( ∑

c1,...,cp≥0

p∏
i=1

(xα1 ...xαi
)
)( ∏

j∈Dπ

xα1 ...xαj

)
'Ara, arkeÐ na deiqteÐ ìti:

( ∑
c1,...,cp≥0

p∏
i=1

(xα1 ...xαi
)
)(

(1−
∏

j∈Dπ

xα1 ...xαj
)
)

= 1
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(wc rhtèc sunart seic).
ArkeÐ,m�lista na upojèsoume αi = i, i = 1, ..., p (anadiat�ssontac touc
ìrouc, an eÐnai anagkaÐo).
Me epagwg  p�nw sto p. Gia p = 1, eqoume∑

c1≥0

xc1
1 (1− x1) =

∑
c1≥0

(xc1
1 − xc1+1

1 ) = 1,

afoÔ to teleutaÐo �jroisma eÐnai thleskopikì.
Sto b ma thc epagwg c, èqoume:( ∑

c1,...,cp≥0

p∏
i=1

(xα1 ...xαi
)ci

)( p∏
i=1

(1− x1...xi)
)

=
∑
cp≥0

( ∑
c1,...,cp−1≥0

p∏
i=1

(xα1 ...xαi
)ci ·

p−1∏
i=1

(1− x1...xi)
)
· (x1...xp)

cp · (1− x1...xp)

=
∑
cp≥0

1 · (x1...xp)
cp · (1− x1...xp),

jètontac X = x1...xp kai efarmìzontac thn perÐptwsh p = 1.
b)An r= (p + 1 − α1, ..., p + 1 − αp), ìpwc kai sto prohgoÔmeno L mma (b),
h f eÐnai p-sumbat  ann h f(p + 1− x) eÐnai duik¸c r-sumbat . Sunep¸c,

F π(x1, ..., xp) =
∑

f∈ Sρ

x
f(1)
1 ...xf(p)

p =

∏
j∈Dρ

xα1 ...xαj∏p
i=1(1− xα1 ...xαi

)
.

'Omwc, Dρ = {i : p + 1 − αi > p + 1 − αi+1} = {i : αi < αi+1} = Aπ, apììpou prokÔptei to zhtoÔmeno.2
L mma 5.2.5 'Estw P èna fusik� epigegrammèno merik¸c diatetagmèno sÔ-
nolo p�nw sto [p] kai L(P ) to sÔnolo twn grammik¸n epekt�sewn tou P .
a)MÐa apeikìnish σ : P → N eÐnai mÐa P−diamèrish an kai mìno an:
Up�rqei π ∈ L(P ) (anagkastik� monadik  apì to L mma 5.2.3), tètoia ¸ste
h σ na eÐnai p-sumbat . IsodÔnama, isqÔei:

A(P ) =
⊔

π∈L(P )

Sπ

b)MÐa apeikìnish t: P → N eÐnai mÐa austhr  P−diamèrish an kai mìno an:
Up�rqei π ∈ L(P ) (anagkastik� monadik ), tètoia ¸ste h t na eÐnai duik¸c
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p-sumbat . IsodÔnama, isqÔei:

A(P ) =
⊔

π∈L(P )

Sπ .

APODEIXH
'Estw f : P → N, opoÐa eÐnai eÐte p-sumbat  eÐte duik¸c p-sumbat , gia
k�poia p= (α1, ..., αp) ∈ L(P ). Tìte,

f(a1) ≥ ... ≥ f(ap) . (5.1)
An αi <P αj, tìte i < j (lìgw tou ìti p∈ L(P ) kai f(αi) ≥ f(αj), lìgw thc
(5.1). 'Ara, h f eÐnai mÐa P−diamèrish.
Epiprosjètwc, an h f eÐnai duik¸c p-sumbat , tìte epeid  αi <P αj kai to P
eÐnai fusik� epigegrammèno, prokÔptei ìti αi < αj.Epomènwc, ∃k ∈ {i, ..., j − 1}, tètoio ¸ste αk < αk+1, opìte
f(αk) > f(αk+1) ⇒ f(α1) ≥ ... ≥ f(αi) ≥ ... ≥ f(αk−1 ≥ f(αk) >
f(αk+1) ≥ ... ≥ f(αj) ≥ ... ≥ f(αp) ⇒ f(αi) > f(αj).'Ara, h f eÐnai mÐa austhr  P−diamèrish.
AntÐstrofa, an h f eÐnai mÐa P−diamèrish, tìte (apì to L mma 5.2.3) up�rqei
p= (α1, ..., αp) ∈ Sp, tètoia ¸ste h f na eÐnai p-sumbat . An h p den eÐnai
stoiqeÐo tou L(P ), tìte ∃i, j, me i < j kai αj <P αi. Lìgw thc fusik c
di�taxhc, èqoume αj < αi, �ra ∃k ∈ {i, i + 1, ..., j − 1}, me αk > αk+1.Tìte, f(αk) > f(αk+1) (afoÔ h f eÐnai p-sumbat ) kai, sunep¸c, f(αi) ≥
f(αk) > f(αk+1) ≥ f(αj), pr�gma �topo afoÔ h f eÐnai P−diamèrish.
An h f eÐnai, epiplèon, austhr  P−diamèrish kai αi < αj, up�rqoun dÔo en-
deqìmena:
(i)αi <P αj, opìte exìrismoÔ isqÔei f(αi) > f(αi+1).
(ii)Ta αi, αi+1 den sugkrÐnontai sto P .
An, tìte, f(αi) = f(ai+1), h f ja  tan kai (α1, ..., αi−1, αi+1, αi, ..., αp)-sumbat , ektìc apì p-sumbath (�topo apì to L mma 5.2.3).
'Ara, f(αi) 6= f(αi+1), opìte f(αi) > f(αi+1), afoÔ h f eÐnai p-sumbat .
Epomènwc, se k�je perÐptwsh, h f eÐnai duik¸c p-sumbat .2
Apì ta dÔo prohgoÔmena L mmata èpetai �mesa to ex c:
Je¸rhma 5.2.6 'Estw P èna fusik� epigegrammèno, merik¸c diatetagmèno
sÔnolo p�nw [p]. Tìte, isqÔoun:

FP (x1, ..., xp) =
∑

π∈L(P )

∏
j∈Dπ

xπ(1)...xπ(j)∏p
i=1(1− xπ(1)...xπ(i))

34



kai

F P (x1, ..., xp) =
∑

π∈L(P )

∏
j∈Aπ

xπ(1)...xπ(j)∏p
i=1(1− xπ(1)...xπ(i))

.

Je¸rhma 5.2.7 (Je¸rhma antistrof c gia P−diamerÐseic.)
Gia tic rhtèc sunart seic FP kai F P , isqÔei o tÔpoc:

x1...xpF P (x1, ..., xp) = (−1)pFP (
1

x1

, ...,
1

xp

)

APODEIXH
H apìdeixh èpetai �mesa apì to epìmeno L mma, se sunduasmì me ta dÔo
prohgoÔmena.2
L mma 5.2.8 An p∈ L(P ), isqÔei:

x1...xpF π(x1, ..., xp) = (−1)pFπ(
1

x1

, ...,
1

xp

) .

APODEIXH
An p= (α1, ..., αp), èqoume:

Fπ(
1

x1

, ...,
1

xp

) =

∏
j∈Dπ

(xα1 ...xαj
)−1∏p

i=1(1− (xα1 ...xαi
)−1)

= xαp
1
xp−1

α2
...xαp

∏
j∈Dπ

(xα1 ...xαj
)−1∏p

i=1

(
(1− (xα1 ...xαi

)−1)(xα1 ...xαi
)
) .

Epomènwc, isqÔei:

Fπ(
1

x1

, ...,
1

xp

) = (−1)pxp
α1

xp−1
α2

...xαp

∏
j∈Dπ

(xα1 ...xαj
)−1∏p

i=1(1− xα1 ...xαi
)

. (5.2)
'Omwc, apì thn �llh:( ∏

j∈Dπ

xα1 ...xαi

)( ∏
k∈Aπ

xα1 ...xαk

)
= xp−1

α1
xp−2

α2
...xαp−1 . (5.3)

(Autì, prokÔptei apì to gegonìc ìti an to xαi
emfanÐzetai k−forèc sto

pr¸to ginìmeno, tìte to xαi+1
emfanÐzetai (k− 1)-forèc sto pr¸to ginìmeno

kai to xαi
emfanÐzetai (p − 1 − k)−forèc sto deÔtero ginìmeno.) Apo tic

(5.2) kai (5.3), prokÔptei to zhtoÔmeno.2
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Orismìc 5.2.9 Gia tuqìn n ∈ N, orÐzoume touc arijmoÔc α(n) kai α(n)
na eÐnai to pl joc twn P−diamerÐswn kai austhr¸n P−diamerÐsewn tou n,
antÐstoiqa.
Oi genn triec sunart seic, pou antistoiqoÔn sta α(n) kai α(n) eÐnai oi:

GP (x) := Σn≥0α(n)xn

kai
GP (x) := Σn≥0α(n)xn .

Profan¸c, GP (x) = FP (x, ..., x) kai GP (x) = F P (x, ..., x)
Epiplèon, gia tuqoÔsa p∈ Sn, orÐzoume ton prwteÔonta deÐkth thc p, wc exhc:
l(π) = Σj∈Dπj.

'Amesa, apì ta dÔo prohgoÔmena jewr mata prokÔptei to ex c:
Pìrisma 5.2.10 IsqÔoun:
(i)

GP (x) =

∑
π∈L(P ) xl(π)

(1− x)(1− x2)...(1− xp)

(ii)

xpGP (x) = (−1)pGP (
1

x
).

Pìrisma 5.2.11 IsqÔei o tÔpoc:∑
π∈SP

xl(π) = (1 + x)(1 + x + x2)...(1 + x + x2 + ... + xp−1).

APODEIXH
An P eÐnai h antialusÐda me p to pl joc stoiqeÐa, isqÔei:

α(n) = #{f : [p] → N
∣∣∣ p∑

i=1

= n},

dhlad  o arijmìc a(n) isoÔtai me to pl joc twn mh arnhtik¸n akèraiwn
lÔsewn thc exÐswshc x1 + x2 + ... + xp = n,  toi me:

(
n + p− 1

p− 1

)
.
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'Ara,

GP (x) =
∑
n≥0

(
n + p− 1

p− 1

)
xn

Epiplèon, èqoume:
1

(1− x)p−1
=

( ∞∑
i=0

xi
)p−1

=
∑
ij≥0

xi1+...+ip−1 .

'Omwc, o suntelest c tou xn, n ∈ N isoÔtai me to pl joc twn (p− 1)−�dwn
(i1, ..., ip−1), me i1 + ... + ip−1 = n, dhlad  me:

(
n + p− 1

p− 1

)
.

'Ara,

GP (x) =
∑
n≥0

(
n + p− 1

p− 1

)
xn =

1

(1− x)p−1
. (5.4)

Sunep¸c, apì to prohgoÔmeno Je¸rhma paÐrnoume:∑
π∈SP

xl(π) =
1

(1− x)p
(1− x)(1− x2)...(1− xp)

=
(1− x)[(1− x)(1 + x)][(1− x)(1 + x + x2)]...[(1− x)(1 + x + x2 + ... + xp−1)]

(1− x)p

= (1 + x)(1 + x + x2)...(1 + x + x2 + ... + xp−1).2
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Kef�laio 6

TO POLUTOPO THS
DIATAXHS

'Opwc kai sthn par�grafo 4.2, se autì to kef�laio ja epiqeir soume na doÔ-
me ta merik¸c diatetagmèna sÔnola apì mÐa gewmetrik  skopi�, antistoiq¸-
ntac se k�je èna apì aut� èna polÔtopo, to legìmeno polÔtopo thc di�taxhc.
H melèth tou teleutaÐou eÐnai proðìn thc ergasÐac tou Stanley ([24]).

6.1 Jemeli¸deic orismoÐ kai idiìthtec

'Estw èna merik¸c diatetagmèno sÔnolo P , me stoiqeÐa x1, x2, ..., xn. To
sÔnolo twn sunart sewn f : P → R, efodiasmèno me to eswterikì ginìmeno
< f, g >:=

∑n
i=1 f(i)g(i), eÐnai ènac eukleÐdioc n−di�statoc dianusmatikìc

q¸roc, o opoÐoc tautÐzetai fusiologik� me ton Rn, mèsw thc isometrÐac:
f 7→ (f(x1), ..., f(xn)).

Orismìc 6.1.1 To polÔtopo thc di�taxhc O(P ) tou merik¸c diatetagmènou
sunìlou P orÐzetai wc to sÔnolo twn sunart sewn f : P → R, pou plhroÔn
tic sunj kec:

(i) 0 ≤ f(x) ≤ 1 ,∀x ∈ P

(ii) f(x) ≥ f(y) , αν x ≤P y

To O(P ) eÐnai èna polÔtopo tou Rn, pr�gma pou prokÔptei apì to gegonìc
ìti af′enìc eÐnai fragmèno kai af′etaÐrou orÐzetai apì grammikèc anisìthtec
kai, sunep¸c, apì tomèc kleist¸n hmiq¸rwn. Gia par�deigma, to polÔtopo
thc di�taxhc mÐac antialusÐdac me n stoiqeÐa eÐnai, profan¸c, o n−kÔboc.
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Parat rhsh 6.1.1 i) An A(P ) eÐnai o k¸noc ìlwn twn P−diamerÐsewn kai
to P eÐnai fusik� epigegrammèno, tìte

O(P ) = A(P ) ∩ [0, 1]n.

ii) Epeid  O(P ) ⊂ Rn, isqÔei dim(O(P )) ≤ n. EpÐshc, an σ ∈ L(P )
mÐa grammik  epèktash tou P , profan¸c oi sunart seic f : P → R, me
f(σ(1)) ≥ f(σ(2)) ≥ ... ≥ f(σ(n)), perièqontai sto O(P ) kai sqhmatÐzoun
èna monìploko di�stashc n (m�lista, an upojèsoume ìti to P eÐnai fusik�
epigegrammèno, tìte h tautotik  met�jesh eÐnai grammik  epèktash tou P
kai to monìploko pou sqhmatÐzetai kat′autìn ton trìpo èqei wc korufèc tou
ta shmeÐa (0, 0, 0, ..., 0), (1, 0, 0, ..., 0), (1, 1, 0, ..., 0), ..., (1, 1, 1, ..., 1)) kai, su-
nep¸c, dim O(P ) ≥ n. 'Ara, dim O(P ) = n.

To polÔtopo thc di�taxhc eÐnai èna polÔ isqurì ergaleÐo sth melèth twn
merik¸c diatetagmènwn sunìlwn. Autì, epeid  af′enìc to O(P ) prosdiorÐzei
pl rwc to P kai af′etèrou èqei k�poiec eidikèc idiìthtec pou bohjoÔn sth
melèth tou.
Gia tou lìgou to alhjèc, sth sunèqeia ja dojeÐ mÐa pl rhc perigraf  twn
pleur¸n tou O(P ).
Katarq n, parathroÔme ìti oi èdrec tou O(P ) eÐnai akrib¸c ta sÔnola twn
f ∈ O(P ), oi opoÐec plhroÔn, tautìqrona,mÐa akrib¸c ek twn sunjhk¸n:
i) f(x) = 0, gia monadikì (anagkastik� megistikì) x ∈ P .
i) f(x) = 1, gia monadikì (anagkastik� elaqistikì) x ∈ P .
iii) f(x) = f(y), gia monadik� x, y ∈ P , tètoia ¸ste to y na kalÔptei to x.
Eidikìtera, an a to pl joc twn megistik¸n, b to pl joc twn elaqistik¸n
stoiqeÐwn tou P kai c(P ) to pl joc twn zeug¸n (x, y) ∈ P × P , tètoia ¸ste
to y na kalÔptei to x, tìte to pl joc twn edr¸n tou O(P ) eÐnai α+β +c(P ).
Ex�llou, h tuqoÔsa pleur� F tou O(P ) ja isoÔtai me thn tom  k�poiwn
edr¸n tou, epomènwc ja orÐzetai apì k�poiec isìthtec thc morf c f(x) =
f(y), x, y ∈ P , ìpou to y kalÔptei to x. Pio sugkekrimmèna, ja up�rqei k�-
poia diamèrish p= {B1, B2, ..., Bk} tou P se xèna an� dÔo uposÔnol� (mèrh),
tètoia ¸ste:

F = Fπ := {f ∈ O(P ) : f stajer  se k�je èna apì ta Bi}.

ArkeÐ, loipìn, na prosdiorÐsoume gia poiec diamerÐseic p tou P h Fπ eÐnai
pleur� tou P .
Orismìc 6.1.2 Lème ìti h diamèrish p= {B1, ..., Bk} tou P eÐnai sunektik ,
an k�je èna apì ta epagìmena uposÔnola Bi eÐnai sunektik� (dhlad , gia
opoiad pote stoiqeÐa x, y ∈ Bi, up�rqei k�poio z ∈ Bi, to opoÐo na sugkrÐnetai
me ta x kai y). EpÐshc, h p onom�zetai sumbat , an h sqèsh

Bi <π Bj ⇔ ∃x ∈ Bi , y ∈ Bj, me x ≤P y
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eÐnai antisummetrik  (dhlad  eÐnai sqèsh di�taxhc).

To epìmeno Je¸rhma ofeÐletai ston Geissinger (blèpe [12]).
Je¸rhma 6.1.3 Oi mh kenec pleurèc tou O(P ) eÐnai akrib¸c ta sÔnola Fπ,
ìpou p sunektik  sumbat  diamèrish tou P .
Kat� sunèpeia, to plègma twn pleur¸n tou O(P ) eÐnai isìmorfo me to sÔnolo
twn sunektik¸n kai sumbat¸n diamerÐsewn tou P , efodiasmèno me th merik 
di�taxh thc antÐstrofhc eklèptunshc (dhlad  π < π′ ⇔ π′ leptìterh thc p).

APODEIXH
Me epagwg  p�nw sto n = #P .
Gia n = 1 eÐnai profanèc. Sto b ma thc epagwg c, parathroÔme ìti to sÔ-
nolo Fπ, π = {B1, ..., Bk} eÐnai pleur� tou P ann eÐnai pleur� k�poiac èdrac
G = {f ∈ O(P ) : f(x) = f(y)}   {f ∈ A(P ) : f(z) = 0}  
{f ∈ A(P ) : f(z) = 1}, gia k�poia x, y, z ∈ P , ìpou to y kalÔptei to x.
'Omwc, eÐnai fanerì ìti G ∼= O(P/{x, y}) (antistoÐqwc, G ∼= O(P \ {z})) kai
Fπ

∼= Fπ, ìpou to phlikosÔnolo P/{x, y} jewreÐtai wc epag¸meno uposÔnolo
tou P kai
π = {B1/{x, y}, ..., Bn/{x, y}} (antistoÐqwc, h π = {B1 \ {z}, ..., Bn \ {z}})antÐstoiqh diamèrish tou P/{x, y} (antistoÐqwc, tou P \ {z}). Ex�llou,
#P/{x, y} = n − 1, en¸ h π eÐnai sumbat  kai sunektik  anaforik� me to
P/{x, y} an kai mìno an isqÔoun ta Ðdia kai gia thn p sto P .2
'Amesa apì to prohgoÔmeno Je¸rhma prokÔptei:
Pìrisma 6.1.4 Oi korufèc tou O(P ) eÐnai akrib¸c ta qarakthristik� dia-
nÔsmata (qarakthristikèc sunart seic) twn diataktik¸n idewd¸n tou P , dh-
lad  oi apeikonÐseic χI : P → {0, 1}, me tÔpo

χI(x) =

{
1, an x ∈ I

0, an x /∈ I
,

ìpou I diataktikì ide¸dec tou P .

Parat rhsh 6.1.2 Enallaktik�, ja mporoÔsame na orÐsoume to polÔtopo
thc di�taxhc tou P wc to polÔtopo Q ìlwn twn apeikonÐsewn f : P → [0, 1]
pou diathroÔn th di�taxh. Profan¸c, Q = 1 − O(p), epomènwc Q ∼= O(P ).
Se aut n thn perÐptwsh, oi korufèc tou eÐnai akrib¸c ta qarakthristik�
dianÔsmata twn fÐltrwn tou P .
Epiprosjètwc, eÐnai fanerì ìti Q = O(P >P ) ∼= O(P ).
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6.2 To polÔtopo thc di�taxhc kai grammikèc
epekt�seic

Sthn par�grafo 4.2 kai, sugkekrimmèna, sto Je¸rhma 4.2.4 eÐdame p¸c
sundè-ontai to sÔnolo twn Jordan − Hölder me to sÔnolo twn (akèraiwn)
P−dia-merÐsewn enìc fusik� epigegrammènou merik¸c diatetagmènou sunì-
lou P . Sth sunèqeia ja perigr�youme �llouc trìpouc susqètishc aut¸n,
mèsw kat�l-lhlwn trigwnism¸n, pou aforoÔn sto polÔtopo thc di�taxhc.
Gia tuqìn w = (w1, ..., wn) ∈ Sn, orÐzoume ton k¸no A(w) :=
{f : [n] → R|f(wi) ≥ f(wi+1), i = 1, 2, ..., n kai f(wj) > f(wj+1), j ∈ Dw}.Profan¸c, gia k�je w ∈ Sn, oi eujeÐec pou par�goun ton kleistì k¸no A(w)
eÐnai thc morf c
{f ∈ A(P ) : f(w1) = f(w2) = ... = f(wi) > f(wi+1) = f(wi+2) = ... = f(wn)},

pou eÐnai n to pl joc. 'Ara, k�je ènac apo touc k¸noucA(w) eÐnai k¸noc−monì-
ploko.
Prìtash 6.2.1 IsqÔoun ta parak�tw:

i) A(P ) =
∐

w∈L(P )

A(w).

Epiplèon, to sÔnolo twn kleist¸n k¸nwn A(w), w ∈ L(P ) orÐzei ènan basikì
trigwnismì tou k¸nou A(P ) ìlwn twn P -diamerÐsewn.

ii) O(P ) =
∐

w∈L(P )

A(w) ∩ [0, 1]n.

AntÐstoiqa, to sÔnolo ìlwn twn monoplìkwn A(w)∩ [0, 1]n orÐzei ènan basikì
trigwnismì tou polutìpou thc di�taxhc O(P ).

APODEIXH
To (ii) èpetai �mesa apì to (i), epomènwc arkeÐ na deiqteÐ mìno to (i).
Katarq n, parathroÔme ìti ∀w ∈ P , isqÔei:

A(w) = {f : P → R
∣∣∣f w − sumbat  } ,

opìte isqÔei A(P ) =
∐

w∈L(P )A(w), apì to L mma 5.2.3.
Ex�llou, h tom  dÔo k¸nwn A(w) kai A(w′) eÐnai akrib¸c h tom  tou A(w)

(�ra kai tou A(w′)) me k�poio sÔnolo thc morf c {f ∈ A(P ) : f(wi) =
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f(wi+1), i ∈ I}, epomènwc eÐnai koin  pleur� twn A(w) kai A(w′). 'Ara, to
sÔnolo {A(w) : w ∈ L(P )} orÐzei ènan trigwnismì tou A(P ).
Mènei, mìno, na deiqteÐ ìti ta dianÔsmata pou eÐnai par�llhla proc tic eujeÐec
pou par�goun ton tuqaÐo k¸no A(w), w ∈ L(P ) par�goun ton Zn. Autì,
ìmwc eÐnai fanerì ,afoÔ èna tètoio sÔnolo dianusm�twn eÐnai to: {ew1 , ew1 +
ew2 , ..., ew1 + ew2 + ... + ewn}, ìpou {e1, e2, ..., en} h kanonik  b�sh tou Zn.2
Orismìc 6.2.1 O parap�nw trigwnismìc onom�zetai kanonikìc trigwnismìc
tou polutìpou thc di�taxhc O(P ) kai, antistoÐqwc, tou k¸nou twn P−diame-
rÐsewn A(P ).

Stìqoc thc epìmenhc prìtashc eÐnai h susqètish tou polutìpou thc di�taxhc
O(P ) me to sÔmplegma DJ(P ).
Prìtash 6.2.2 i) K�je mh mhdenik  P−diamèrish f gr�fetai monoshm�-
ntwc sth morf 

f =
t∑

i=1

ciχIi
,

ìpou t ∈ {1, ..., n}, ci eÐnai jetikoÐ pragmatikoÐ kai I1 ⊂ I2 ⊂ ... ⊂ It mÐa
alusÐda diataktik¸n idewd¸n tou P . Sunep¸c, isqÔei:

A(P ) =
∐

ide¸dh I1⊂...⊂It

pos({χIi
}t

i=1).

ii) O kanonikìc trigwnismìc tou polutìpou thc di�taxhc O(P ) eÐnai isìmorfoc
(wc afhrhmèno monoplektikì sÔmplegma) me to diataktikì sÔmplegma DJ(P ).

APODEIXH
(i) Wc gnwstìn, gia opoiad pote P−diamèrish f 6= 0, f ∈ P , up�rqei mona-
dik  diamèrish {B1, B2, ..., Bk} tou P , tètoia ¸ste h f na eÐnai stajer  se
k�je èna apì ta uposÔnola Bi tou P kai tautìqrona na isqÔei:

f(B1) > f(B2) > ... > f(Bk).

ParathroÔme ìti gia k�je i ∈ {1, ..., k} to sÔnolo ∪i
j=1Bj eÐnai diataktikì

ide¸dec tou P .
Pr�gmati, an x ∈ ∪i

j=1Bj kai y <P x, tìte ex′orismoÔ isqÔei f(y) ≥ f(x).
'Ara, an x ∈ Bi1 kai y ∈ Bi2 , tìte i2 ≤ i1, opìte Bi2 ⊂ ∪i

j=1Bj, dhlad 
y ∈ ∪i

j=1Bj.OrÐzontac c1 = f(B1), ci = f(Bi)− f(Bi+1), i ∈ [2, k − 1], prokÔptei eÔkola
ìti

f =
k∑

i=1

ciχ∪i
j=1Bj

.
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H monadikìthta prokÔptei apì to gegonìc ìti an f =
∑λ

i=1 diχIi
, gia k�poia

diataktik� ide¸dh I1 ⊂ ... ⊂ Iλ kai jetikoÔc pragmatikoÔc d1, ..., dλ, tìte h f
eÐnai stajer  sta sÔnola I1, I2 \ I1, ..., Iλ \ Iλ−1 kai paÐrnei timèc d1, d2..., dλse k�je èna apì aut� antistoÐqwc.
ii)H antistoiqÐa

∆J(P ) 3 {I1 ⊂ ... ⊂ It} 7→ pos
(
{χIi

}t
i=1

)
∩ [0, 1]n

eÐnai profan¸c mÐa amfÐrriyh, pou diathrei th sqèsh tou egkleismoÔ. Epi-
plèon, isqÔei:

pos
(
{χIi

}t
i=1

)
= {f ∈ A(P ) : f stajer  sta I1, I2 \ I1, ..., It \ It−1},

pou eÐnai ex′orismoÔ pleur� k�poiou k¸nou A(w). 'Ara, mèsw aut c thc a-
ntistoiqÐac apeikonÐzontai pleurèc tou sumplègmatoc DJ(P ) se pleurèc tou
kanonikoÔ trigwnismoÔ.
Kat� sunèpeia, h en lìgw antistoiqÐa eÐnai mÐa sunduastik  isomorfÐa.2
'Amesh efarmog  autoÔ tou jewr matoc kai tou Jewr matoc 3.0.14 eÐnai to
epìmeno, polÔ qr simo gia th sunèqeia, pìrisma:
Pìrisma 6.2.2 IsqÔei:∑

m≥0

i(O(P ), m)tm =
h(∆J(P ), t)

(1− t)n+1
=

W (P, t)

(1− t)n+1
, (6.1)

ìpou i(O(P ), m) = #(mO(P ) ∩ Zn) oi suntelestèc Ehrhart tou O(P ).

6.3 To polu¸numo thc di�taxhc

MÐa akìmh sun�rthsh pou sqetÐzetai me tic (akèraiec) P−diamerÐseic eÐnai
aut  pou ”metr�ei” to pl joc twn P−diamerÐsewn (  apì thn parat rhsh
5.2.1 to pl joc twn apeikonÐsewn pou diathroÔn th di�taxh ) σ : P → [m],
m ∈ N.
Pio sugkekrimmèna, orÐzoume to polu¸numo thc di�taxhc tou fusik� epige-
grammènou merik¸c diatetagmènou sunìlou P (wc sun�rthsh tou m),

Ω(P, m) := #{f : P → [m] | f P − diamèrish}.

Ja kleÐsoume autì to kef�laio me th melèth k�poiwn basik¸n idiot twn tou
Ω(P, m) kai ja doÔme p¸c sqetÐzetai me to polÔtopo thc di�taxhc O(P ).
Katarq n, gia th dikaÐwsh thc orologÐac ja deÐxoume ìti ìntwc to Ω(P, m)
eÐnai polu¸numo.
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Prìtash 6.3.1 'Estw bi to pl joc twn alusÐdwn I1 ⊂ I2 ⊂ ... ⊂ Ii diata-
ktik¸n idewde¸n tou P , me i−stoiqeÐa, i ≥ 1. IsqÔei:

Ω(P, m) =
n∑

i=1

bi

(
m
i

)
APODEIXH
Pr�gmati, an f : P → [m] mÐa P−diamèrish, tìte apì thn prìtash 6.2.2,
up�rqei monadik  alusÐda I1 ⊂ I2 ⊂ ... ⊂ Ii diataktik¸n idewde¸n tou P kai
c1, ..., ci ∈ N (anagkastik�) me f =

∑i
j=1 cjχIj

kai c1 + c2 + ... + ci ≤ m,
opìte:

Ω(P, m) =
n∑

i=1

bi

(
m
i

)
,

ìpou o arijmìc
(

m
i

)
isoÔtai wc gnwstìn me to pl joc twn i−�dwn (c1, ..., ci)

me c1 + ... + ci ≤ m kai ci > 0.2
'Opwc sto kef�laio 5, pou upologÐsame th sun�rthsh GP =

∑
n≥0 xn, anti-

stoÐqwc kai ed¸ ja upologÐsoume th sqetik  genn tria sun�rthsh, dhlad 
th dunamoseir� pou èqei wc suntelest  tou ìrou xm to Ω(P, m).
Je¸rhma 6.3.1 IsqÔei o tÔpoc:∑

m≥0

Ω(P, m)xm =

∑
π∈L(P ) x1+#Dπ

(1− x)n+1

APODEIXH
'Estw f : P → [m] kai π = (a1, a2, ..., an) ∈ L(P ). H f eÐnai p-sumbat 
an kai mìno an f(a1) ≥ f(a2) ≥ ... ≥ f(an) kai f(ai) > f(ai+1) ,∀i ∈ Dπ.IsodÔnama:

f(a1) ≥ f(a2) ≥ ... ≥ f(an) kai f(ai) ≥ f(ai+1) + 1 ,∀i ∈ Dπ kai ∀j ≤ i.

EÔkola mporeÐ na dei k�poioc ìti autì eÐnai isodÔnamo me :
f(a1) ≥ f(a2) + d1 ≥ f(a3) + d2 ≥ ... ≥ f(an) + dn−1,

ìpou di = #{j : j ≥ i , j ∈ Dπ} (opìte d1 = #Dπ).Sunep¸c, h f eÐnai p-sumbat  an kai mìno an:
m−#Dπ ≥ f(a1)− d1 ≥ ... ≥ f(an)− dn−1 ≥ 1.
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'Ara, to pl joc twn π-sumbat¸n apeikonÐsewn f : [n] → [m] eÐnai Ðso me to
pl joc twn apeikonÐsewn f : [n] → [m − #Dπ], oi opoÐec antistrèfoun th
di�taxh.
T¸ra, ìpwc kai sthn prohgoÔmenh prìtash parathroÔme ìti k�je apeikìnish
f : [k] → [λ], pou antistrèfei th di�taxh gr�fetai monoshm�ntwc wc:

f =
i∑

j=1

cjχIj
,

ìpou ci ∈ N ,c1 + c2 + ... + ci ≤ m kai ck > 0.'Ara,

Ω(k, λ) =

(
λ− (−k)− 1
(k + 1)− 1

)
=

(
λ + k − 1

k

)
.

Epomènwc,

∑
m≥0

Ω(P, m)xm =
∑

m≥0,π∈L(P )

(
m−#Dπ − 1 + n

n

)
xm.

To zhtoÔmeno èpetai apì th sqèsh 5.4.2

Parat rhsh 6.3.1 AntistoÐqwc, orÐzetai to polu¸numo thc austhr c di�ta-
xhc Ω(P, m), twn austhr¸n P−diamerÐsewn f : P → [m]. ApodeiknÔetai ìti

∑
m≥0

Ω(P, m)xm =

∑
π∈L(P ) x1+#Aπ

(1− x)n+1
.

Epiplèon, ìpwc kai sta jewr mata 5.2.6 kai 5.2.10(ii), isqÔei kai ed¸ o tÔpoc
thc antistrof c, dhlad 

Ω(P, m) = (−1)nΩ(P,−m).

To epìmeno (kai teleutaÐo autou tou kefalaÐou) Je¸rhma prìkeitai gia mÐa
akìmh exairetik  idiìthta tou Polutìpou thc di�taxhc.
Je¸rhma 6.3.2 IsqÔei o tÔpoc:

i(O(P ), m) = Ω(P, m + 1) (6.2)
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APODEIXH
Ex′orismoÔ isqÔei:
i(O(P ), m) = #{mf : 0 ≤ f(x) ≤ 1 , f(x) ≥ f(y) ,∀x, y ∈ P , me x <P y}∩Zn

= #{h− 1| h : P → [m], h P -diamèrish} = Ω(P, m + 1).2

Parat rhsh 6.3.2 Apì th sqèsh 6.2 èpetai ìti:∑
m≥0

i(P, m)xm =
∑
m≥0

Ω(P, m + 1)xm,

�ra apì to Je¸rhma 6.3.1, èqoume:

∑
m≥0

i(P, m)xm =
1

x

∑
π∈L(P ) x1+#Dπ

(1− x)n+1
=

W (P, t)

(1− x)n+1
.

Apì to Je¸rhma 3.0.14 prokÔptei ìti W (P, t) = h(∆(P ), t) kai, ètsi, èqoume
mÐa enallaktik  apìdeixh tou Jewr matoc 4.2.4.
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Kef�laio 7

H ISHMERINH SFAIRA

7.1 Ishmerinèc sfaÐrec wc afhrhmèna monople-
ktik� sumplègmata

To polÔtopo thc di�taxhc kai to sÔmplegma thc di�taxhc ja eÐnai kai se
autì to kef�laio ta basik� ergaleÐa melèthc. Stìqoc eÐnai, gia opoiod po-
te fusik� epigegrammèno, diabajmismèno merik¸c diatetagmèno sÔnolo (apì
ed¸ kai sto ex c, me P ja sumbolÐzoume èna merik¸c diatetagmèno sÔnolo
me tic parap�nw idiìthtec ) na kataskeu�soume èna polÔtopo (to sÔnoro
tou opoÐou onom�zetai ishmerin  sfaÐra), tou opoÐou to h−di�nusma na isoÔ-
tai me to h−di�nusma tou sumplègmatoc thc di�taxhc ∆J(P ). Tìte, lìgw
tou g−jewr matoc èpetai ìti h akoloujÐa twn suntelest¸n tou poluwnÔmou
Euler eÐnai summetrik  kai monìtroph.
Ta parak�tw ofeÐlontai stouc Reiner kai Welker [16]. (M�lista, oi apodeÐ-
xeic eÐnai panomoiìtupec me autèc sto [16].)
Orismìc 7.1.1 'Estw ìti to P èqei stoiqeÐa 1, 2, .., n kai t�xeic P1, P2, ..., Pr.
MÐa P -diamèrish f onom�zetai P−diamèrish stajer c t�xhc, an eÐnai stajer 
se k�je t�xh, dhlad  f(p) = f(q),∀p, q ∈ Pj (j−t�xh tou P ), j ∈ [n].
H f onom�zetai ishmerin , an:
(i)minp∈P f(p) = 0
(ii)Gia k�je j ∈ {2, 3, ..., } , up�rqoun pj ∈ Pj kai pj−1 ∈ Pj−1 me pj−1 <P

pj, tètoia ¸ste
f(pj) = f(pj−1).

'Ena diataktikì ide¸dec I onom�zetai stajer c t�xhc (ant. ishmerinì ide¸dec),
an to qarakthristikì tou di�nusma χI eÐnai stajer c t�xhc (ant. ishmerin 
P−diamèrish).
Parìmoia, mÐa alusÐda diataktik¸n idewd¸n I1 ⊂ I2 ⊂ ... ⊂ It onom�zetai
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stajer c t�xhc (ant. ishmerin ), an h P -diamèrish χI1 + χI2 + ... + χIt , pouantistoiqeÐ sthn pr¸th eÐnai stajer c t�xhc (ant. ishmerin ).
Parat rhsh 7.1.1 1)An h P -diamèrish f = χI1 +χI2 + ...+χIt eÐnai staje-
r c t�xhc (ant. ishmerin ), tìte k�je èna apì ta I1, I2, ..., It eÐnai diataktikì
ide¸dec stajer c t�xhc (ant. ishmerinì). Sthn pr¸th perÐptwsh isqÔei kai
to antÐstrofo, antÐjeta me th deÔterh. Epiplèon, epeid  gia to tuqìn p ∈ Pj,
isqÔei :

f(p) = #{k : p ∈ Ik},

h f eÐnai stajer c t�xhc (ant. ishmerin  ) an kai mìno an opoiad pote dÔo
stoiqeÐa tou P emfanÐzontai sto Ðdio pl joc idewd¸n aut c thc alusÐdac (ant.
gia opoiad pote k ∈ [t] kai j ∈ {2, ..., r}, up�rqei k�poio zeÔgoc (pj−1, pj) ∈
Pj−1×Pj, me pj−1 <P pj, tètoio ¸ste ta pj−1 kai pj, tautìqrona, na an koun
sto Ik   sto sumpl rwma autoÔ).
Epomènwc, eÐnai profanèc ìti h f eÐnai stajer c t�xhc (ant. ishmerin  )
an kai mìno an k�je di�nusma tou k¸nou pos({χIj

}t
j=1) eÐnai stajer c t�xhc

(ant. ishmerinì).
2)Profan¸c ta mìna diataktik� ide¸dh stajer c t�xhc eÐnai ta stoiqeÐa thc

alusÐdac Irc
1 ⊂ Irc

2 ⊂ ... ⊂ Irc
r , ìpou Irc

k :=
⊔k

i=1 Pi.
Epiplèon, opoiod pote mh kenì diataktikì ide¸dec tou P eÐnai stajer c t�xhc
an kai mìno an den eÐnai ishmerinì.

'Opwc eÐdame, ta qarakthristik� dianÔsmata idewd¸n par�goun prosjetik�
ton k¸no twn P−diamerÐsewn. K�ti an�logo isqÔei kai gia tic P−diamerÐseic
pou orÐsame prin apì lÐgo.
Prìtash 7.1.1 K�je mh mhdenik  P−diamèrish mporeÐ na ekfrasteÐ mono-
s manta wc �jroisma mÐac ishmerin c kai mÐac stajer c t�xhc P−diamèrishc.

APODEIXH
'Estw f ∈ A(P ). OrÐzoume,
cj := min{f(pj)− f(pj+1) : pj ∈ Pj, pj+1 ∈ Pj+1, pj <P pj+1}, j = 1, ..., r − 1
kai
cr := min{f(pr) : pr ∈ Pr}.EpÐshc, jètoume

f rc :=
r∑

j=1

cjχIj

f eq := f − f rc.

Profan¸c, h f rc eÐnai stajer c t�xhc P−diamèrish, en¸ h f eq eÐnai ishmerin .
Pr�gmati afenìc ∃p ∈ P , me f eq(p) = 0 (paÐrnoume, p.q. p ∈ f−1(cr)) kai
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afetèrou ∀j ∈ [r − 1],∃po
j ∈ Pj , P o

j+1 ∈ Pj+1, me po
j <P po

j+1 kai f(pj)
o −

f(po
j+1) = cj. Tìte:

f eq(po
j)− f eq(po

j+1) = f(po
j)−

∑
i≥j+1

ci − f(po
j+1) +

∑
i≥j

ci

= f(po
j)− f(po

j+1) + cj = 0.

An, t¸ra, f =
∑r

j=1 djχIj
+ geq, ìpou dj ≥ 0 kai geq ishmerin  P−diamèrish,

tìte dialègoume po
j , p

o
j+1 ìpwc prin, opìte:

cj = f(po
j)− f(po

j+1) = dj + geq(po
j)− geq(po

j+1) j = 1, ..., r − 1.

EpÐshc, gia tuqaÐa pj ∈ Pj kai pj+1 ∈ Pj+1 me pj <P pj+1, isqÔei kai p�li:
cj ≤ f(pj)− f(pj+1) = dj + geq(pj)− geq(pj+1) , j = 1, ...r − 1.

Epomènwc, min{geq(pj) − geq(pj+1) : pj ∈ Pj, Pj+1 ∈ Pj+1, pj <P pj+1} =
geq(po

j)− geq(po
j+1) = cj − dj , j = 1, ..., r− 1. Epeid , ìmwc, h geq eÐnai ishme-

rin  ja prèpei autì to el�qisto na isoÔtai me 0, opìte dj = cj, j = 1, ..., r−1.
OmoÐwc, prokÔptei ìti dr = cr. 'Ara, h di�spash thc f se mÐa stajer c t�xhc
kai mÐa ishmerin  P−diamèrish eÐnai monadik .2

Profan¸c, o k¸noc pos({χIrc
j
}r

j=1) ìlwn twn P−diamerÐsewn stajer c t�xhc
eÐnai k¸noc−monìploko kai r-di�statoc, afoÔ ta qarakthristik� dianÔsma-
ta twn diataktik¸n idewd¸n stajer c t�xhc eÐnai grammik¸c anex�rthta kai
pl jouc r.
H epìmenh prìtash mac dÐnei mÐa eikìna tou poÔ brÐsketai autìc o k¸noc se
sqèsh me ton k¸no A(P ) ìlwn twn P−diamerÐsewn.
Prìtash 7.1.2 O k¸noc twn P−diamerÐsewn stajer c t�xhc den perièqetai
ex′olokl rou sto sÔnoro tou k¸nou A(P ).

APODEIXH
An o k¸noc, autìc, briskìtan sto sÔnoro tou k¸nou A(P ), tìte profan¸c ja
perieÐqeto se k�poia èdra tou teleutaÐou. Autì, ìpwc eÐdame ja s maine ìti
k�je èna apì ta dianÔsmata pou ton par�goun ja  tan stoiqeÐo enìc sunìlou
thc morf c F = {f ∈ A(P ) : f(p) = f(q)}, gia k�poia p, q ∈ P tètoia ¸ste
to p na kalÔptei to q. K�ti tètoio ìmwc eÐnai adÔnato, afoÔ ìpwc gnwrÐzoume
an j = rank(p), tìte χIrc

j
(p) = 1 kai χIrc

j (q) = 0 kai, sunep¸c, χIrc
j

/∈ F .2
Amèswc met� ja doÔme ènan aplì qarakthrismì twn ishmerin¸n alusÐdwn
diataktik¸n idewd¸n.
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Prìtash 7.1.3 a)MÐa alusÐda mh ken¸n diataktik¸n idewd¸n I1 ⊂ I2 ⊂
... ⊂ It eÐnai ishmerin  an kai mìno an ta �lmata (blèpe par�grafo 4.2)
J1, J2, ..., Jt, Jt+1 (ìpou apì ed¸ kai sto ex c, orÐzoume kat� sÔmbash Jt+1 =
P \ It) aut c plhroÔn thn akìloujh sunj kh:
Gia k�je j ∈ 2, ..., r, up�rqoun pj−1 ∈ Pj−1 kai pj ∈ Pj, me pj−1 <P pj kai
k�poio i ∈ [t + 1], tètoia ¸ste {pj−1, pj} ⊂ Ji.
b)Epiprosjètwc, h alusÐda aut  eÐnai megistik  sto sÔnolo twn ishmerin¸n
alusÐdwn an kai mìno an ta �lmata J1, J2, ..., Jt+1 aut c plhroÔn tic akìloujec
sunj kec:
(i) K�je èna apì ta Ji eÐnai koresmènh alusÐda tou P .
(ii)Se k�je t�xh Pj tou P up�rqei monadikì stoiqeÐo pj tètoio ¸ste na mhn
eÐnai mègisto se k�poio �lma thc Jk, k = 1, 2, ..., t thc alusÐdac.
Epomènwc, ìtan h alusÐda I1 ⊂ I2 ⊂ ... ⊂ It eÐnai megistik  wc ishmerin 
alusÐda, isqÔei t = n− r, afoÔ up�rqei mÐa èna proc èna kai epÐ antistoiqÐa
metaxÔ tou sunìlou twn mel¸n aut c kai tou sunìlou twn mègistwn stoiqeÐwn
twn alm�twn aut c, pou eÐnai n− r to pl joc.

APODEIXH
a)GnwrÐzoume ìti h P−diamèrish χI1 +χI2 + ...+χIt eÐnai stajer  sta �lmata
J1, ..., Jt+1 thc alusÐdac I1 ⊂ ... ⊂ It+1, h opoÐa eÐnai ishmerin  an kai mìno angia k�je j ∈ {2, ..., r} eÐnai stajer  se k�poio zeÔgoc thc morf c {pj−1, pj},ìpou pj−1 ∈ Pj−1, pj ∈ Pj kai to pj kalÔptei to pj−1, gegonìc pou apodeiknÔeiton isqurismì.
b)An plhroÔntai oi sunj kec (i) kai (ii), tìte h sunj kh (i) se sunduasmì
me to (a) exasfalÐzoun ìti h alusÐda eÐnai ishmerin . An, t¸ra, up�rqei
diataktikì ide¸dec I tou P kai k ∈ [t], tètoia ¸ste Ik ⊂ I ⊂ Ik+1 ,me
I 6= Ik, Ik+1, tìte apì th sunj kh (ii), up�rqei k�poio j ∈ {2, ..., r}, tètoio
¸ste k�je stoiqeÐo thc t�xhc Pj na eÐnai mègisto stoiqeÐo se k�poio �lma thcalusÐdac I1 ⊂ ... ⊂ Ik ⊂ I ⊂ Ik+1 ⊂ ... ⊂ It. Autì, ìmwc antÐkeitai sto (a),
�ra h teleutaÐa den eÐnai ishmerin  alusÐda kai, sunep¸c, h I1 ⊂ I2 ⊂ ... ⊂ IteÐnai megistik .
AntÐstrofa, an h I1 ⊂ I2 ⊂ ... ⊂ It eÐnai megistik  ishmerin  alusÐda, tìte
k�je �lma aut c ja prèpei na eÐnai alusÐda. An, antijètwc up rqe �lma
Jk aut c, alusÐda c tou P kai A mh kenì uposÔnolo tou P , tètoia ¸ste
Jk = c

∐
A kai, epiprosjètwc, gia kanèna elaqistikì stoiqeÐo x tou A na

mhn isqÔei maxc <P x, ja mporoÔsame na ekleptÔnoume thn c paÐrnontac
thn ishmerin  alusÐda

I1 ⊂ ... ⊂ Ik−1 ⊂ Ik−1 ∪ c ⊂ Ik ⊂ ... ⊂ It.

Epomènwc, kaje èna apì ta �lmata thc pr¸thc eÐnai alusÐdec kai, profan¸c,
koresmènec kai apodeÐxame th sunj kh (i). Me, akrib¸c, ìmoio trìpo apodei-
knÔetai ìti up�rqei mÐa ishmerin  alusÐda leptìterh thc I1 ⊂ I2 ⊂ ... ⊂ It,
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ìtan den isqÔei h sunj kh (ii).2
EÐmaste, t¸ra se jèsh na orÐsoume thn ishmerin  sfaÐra kai na deÐxoume
thn isìthta tou h−poluwnÔmou aut c me to polu¸numo Euler tou P . Gia to
skopì autì ja ergastoÔme ìpwc sto kef�laio 5, qrhsimopoi¸ntac kat�llhlo
trigwnismì tou polutìpou thc di�taxhc tou P .
Prìtash 7.1.4 H oikogèneia twn k¸nwn

pos
(
{χI : I ∈ R ∪ E}

)
,

ìpou R k�poia mh ken  alusÐda idewd¸n stajer c t�xhc kai E mÐa mh ken 
ishmerin  alusÐda idewd¸n tou P , orÐzei ènan basikì trigwnismì tou k¸nou
ìlwn twn P−diamerÐsewn.
Kat� sunèpeia, h tom  thc oikogèneiac aut c me to polÔtopo thc di�taxhc
apoteleÐ ènan basikì trigwnismì autoÔ.

APODEIXH
Katarq n, prokÔptei �mesa apì thn Prìtash 7.1.1 ìti k�je tètoioc k¸noc
eÐnai k¸noc−monìploko kai ìti h tom  twn kleistot twn opoiwnd pote dÔo
apì autoÔc touc k¸nouc eÐnai koin  touc pleur�. Epiplèon, anadiatup¸nontac
to gegonìc ìti k�je P− diamèrish gr�fetai monoshm�ntwc wc �jroisma mÐac
ishmerin c P−diamèrishc kai mÐac P−diamèrishc stajer c t�xhc prokÔptei
ìti:

A(P ) =
∐
R, E

pos
(
{χI : I ∈ R ∪ E}

)
,

ìpou R mÐa megistik  alusÐda stajer c t�xhc kai E mÐa megistik  ishmerin 
alusÐda diataktik¸n idewd¸n tou P . ArkeÐ na deÐxoume ìti oi k¸noi, autoÐ,
eÐnai basikoÐ, ìtan èqoun mègisth di�stash (Ðsh me n).
Profan¸c, h di�stash enìc tètoiou k¸nou eÐnai mègisth an kai mìno an eÐnai
megistikìc, dhlad  oi alusÐdec R kai E eÐnai megistikèc wc alusÐda stajer c
t�xhc kai ishmerin  alusÐda antistoÐqa kai, sunep¸c, to sÔnolo R ∪ E èqei
n−r+r = n to pl joc stoiqeÐa. Ja deÐxoume ìti k�je k¸noc mègisthc di�sta-
shc par�gei prosjetik� ton Zn, dhlad  ìti to sÔnolo twn qarakthristik¸n
dianusm�twn twn diataktik¸n idewd¸n, pou an koun eÐte sthn R eÐte sthn E
par�goun k�je èna apì ta dianÔsmata thc b�shc {e1, ..., en} tou Zn. IsodÔ-
nama, arkeÐ na deiqteÐ ìti aut� eÐnai stoiqeÐa thc prosjetik c om�dac, pou
par�goun ta qarakthristik� dianÔsmata twn alm�twn Jk, k = 1, 2, ..., n−r+1
thc E , se sunduasmì me ta qarakthristik� dianÔsmata ìlwn twn t�xewn tou
P .
Ja deÐxoume, isodÔnama, ìti an s ∈ [n− r + 1], tìte gia opoiod pote �lma J

51



thc alusÐdac E , me rank(maxJ) = s kai ∀p ∈ J , to ep eÐnai stoiqeÐo aut c
thc om�dac. An to J eÐnai monosÔnolo, o isqurismìc isqÔei kat� tetrimmèno
trìpo. MporoÔme, loipìn, na upojèsoume ìti #J ≥ 2.
Me epagwg  p�nw sto s:
Gia s = 1 eÐnai profanèc, epeid  ex′upojèsewc, to J den mporeÐ par� na eÐnai
monosÔnolo. Sto b ma thc epagwg c, an q = maxJ, p ∈ J me p <P q kai
j = rank(p) < s, apì thn prohgoÔmenh prìtash prokÔptei ìti k�je stoiqeÐo
a tou sunìlou Pj \ {p} eÐnai mègisto stoiqeÐo tou �lmatoc sto opoÐo an kei
(afoÔ to p den eÐnai) kai, sunep¸c, apì thn epagwgik  upìjesh, to antÐstoiqo
di�nusma eα an kei sthn om�da aut . Tìte ,ìmwc:

ep = χPj
−

∑
α∈Pj\{α}

eα,

�ra to ep an kei sthn om�da. All�, afoÔ to p eÐnai tuqaÐo stoiqeÐo tou J
kai isqÔei:

eq = χPs −
∑

p∈J\{q}

ep,

prokÔptei ìti to eq eÐnai stoiqeÐo thc om�dac, gegonìc pou apodeiknÔei ton
isqurismì.2
Orismìc 7.1.2 O parap�nw trigwnismìc tou polutìpou thc di�taxhc onom�-
zetai ishmerinìc trigwnismìc autoÔ. Epiplèon, to uposÔmplegma di�stashc
n − r − 1 ∆eq(P ) tou ∆J(P ), apoteloÔmeno apì ìla ta afhrhmèna monìplo-
ka pou antistoiqoÔn stic ishmerinèc alusÐdec mh ken¸n diataktik¸n idewd¸n
tou P onom�zetai ishmerinì sÔmplegma   ishmerin  sfaÐra (afoÔ ìpwc ja
deÐxoume eÐnai isìmorfo me èna polÔtopo kai, sunep¸c èqei thn omologÐa thc
sfaÐrac) tou P .

Gia par�deigma, mporeÐ na diapistwjeÐ eÔkola ìti h ishmerin  sfaÐra tou
merik¸c diatetagmènou sunìlou tou Sq matoc 4.1 eÐnai isìmorfh me èna pe-
nt�gwno.
Pìrisma 7.1.3 O ishmerinìc trigwnismìc tou polutìpou thc di�taxhc O(P )
eÐnai isìmorfoc (wc afhrhmèno monoplektikì sÔmplegma) me th monoplektik 
ènwsh (blèpe kef�laio 3) C(σr) ∗∆eq(P ), ìpou σr to r−monìploko, pou pa-
r�getai apì ta qarakthristik� dianÔsmata twn diataktik¸n idewd¸n stajer c
t�xhc tou P . Epipleìn, isqÔei:

h(∆eq(P ), t) = h(∆J(P ), t) = W (P, t)
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APODEIXH
O pr¸toc isqurismìc prokÔptei �mesa apì thn Prìtash 7.1.4. Gia ton deÔ-
tero, parathroÔme ìti:

h(C(σr) ∗∆eq(P )) = h(C(σr))h(∆eq(P )) = 1 · h(δeq(P ).

To zhtoÔmeno prokÔptei apì to Pìrisma 6.2.2, kaj¸c kai apì to gegonìc ìti
o ishmerinìc trigwnismìc eÐnai basikìc, apì thn prohgoÔmenh prìtash.2
Parat rhsh 7.1.2 EÐnai profanèc ìti an h t�xh Pj tou P eÐnai monosÔnolo,
isqÔei:

∆eq(P ) ∼= ∆eq

((j−1∐
i=1

Pi

) ⊕( r∐
k=j+1

Pk

))
.

Kat� sunèpeia, k�je ishmerin  sfaÐra di�stashc d eÐnai h ishmerin  sfaÐra
enìc diabajmismènou merik¸c diatetagmènou sunìlou Q me toul�qiston dÔo
stoiqeÐa se k�je t�xh tou. Epomènwc an n = card(Q), èqoume n ≥ 2r, dhlad 
2n ≥ 2r + n, �ra n ≤ 2n − 2r = 2(n − r) = 2d. Epeid  up�rqoun mìno pe-
perasmèna to pl joc merik¸c diatetagmèna sÔnola me to polÔ 2d−stoiqeÐa,
prokÔptei ìti up�rqoun mìno peperasmènou pl jouc ishmerinèc sfaÐrec di�-
stashc d.

7.2 Kurtìthta kai ishmerinèc sfaÐrec

Sthn teleutaÐa par�grafo aut c thc ergasÐac ja apodeiqteÐ ìti h ishmerin 
sfaÐra eÐnai sÔnoro enìc monoplektikoÔ polutìpou, �ra plhroÐ tic sunj kec
tou g−jewr matoc. Gia to skopì autì, arqik�, ja prob�loume to polÔtopo
thc di�taxhc p�nw se kat�llhlo dianusmatikì q¸ro.
Me ton ìro ”probol ” k�poiou uposunìlou Q tou Rn se k�poion dianu-
smatikì upìqwro V autoÔ, ennooÔme to sÔnolo

Q/V := {q + V : q ∈ Q},

pou onom�zetai sÔnolo-phlÐko. Profan¸c, an to Q eÐnai polÔtopo   k¸-
noc, tìte kai to phlÐlo Q/V eÐnai antistoÐqwc polÔtopo   k¸noc tou q¸rou,
jewr¸ntac ton wc eukleÐdio dianusmatikì q¸ro.
Orismìc 7.2.1 O r−di�statoc pragmatikìc dianusmatikìc q¸roc V rc ⊂
Rn, pou par�getai apì ta qarakthristik� dianÔsmata twn diataktik¸n idew-
d¸n stajer c t�xhc tou P onom�zetai dianusmatikìc q¸roc stajer c t�xhc.
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Prìtash 7.2.1 H sullog  twn k¸nwn-phlÐko{
CE := pos

(
{χI : I ∈ E}

)
/V rc : E ishmerin  alusÐda tou P

}
,

apoteleÐ èna agnì monoplektikì sÔmplegma mègisthc di�stashc, k¸nwn tou
Rn/V rc. Epiplèon, isqÔoun:
i)To en lìgw monoplektikì sÔmplegma eÐnai basikì sqetik� me thn phlikoo-
m�da Zn/(V rc ∩ Zn).

ii)Ta monìploka
(
CE ∩O(P )

)
/V rc sqhmatÐzoun ènan basikì trigwnismì tou

polutìpou-phlÐko Oeq(P ) := O(P )/V rc.
iii)O trigwnismìc, autìc, eÐnai isìmorfoc (me th sunduastik  ènnoia) me ton
k¸no 0 ∗∆eq(P ), ìpou wc gnwstìn 0Rn/V rc = Vrc.
Epomènwc, afoÔ to 0 = V rc eÐnai eswterikì shmeÐo tou Oeq(P ), h ishmeri-
n  sfaÐra ∆eq(P ) apoteleÐ ènan trigwnismì thc sfaÐrac ∂Oeq(P ), di�stashc
n− r − 1.

APODEIXH
Epeid  k�je ènac apì touc k¸nouc CE , ìpou E ishmerin  alusÐda tou P ,
par�getai apì ta qarakthristik� dianÔsmata χI + V rc, I ∈ E , ta opoÐa eÐnai
grammik¸c anex�rthta ston dianusmatikì q¸ro Rn/V rc (profanèc, apì thn
Prìtash 7.1.3) kai n−r to pl joc, prokÔptei ìti k�je ènac apì touc k¸nouc,
autoÔc, eÐnai monoplektikìc kai di�stashc n− r = dim Rn/V rc. Epiplèon, an
E ′, E ′′ dÔo ishmerinèc alusÐdec diataktik¸n idewd¸n, isqÔei :

CE ′ ∩ CE ′′ = CE ′∩E ′′ ,

gegonìc pou apodeiknÔei ìti h sullog , aut , eÐnai èna agnì monoplektikì
sÔmplegma apì k¸nouc, mègisthc di�stashc.
i)ParathroÔme ìti an R h (mègisth) alusÐda idewd¸n stajer c t�xhc Irc

1 ⊂
... ⊂ Irc

r kai E mÐa megistik  ishmerin  alusÐda, tìte
CE = pos

(
{χI : I ∈ R ∪ E}

)
/V rc.

Apì thn Prìtash 7.1.4 prokÔptei ìti k�je di�nusma thc morf c ep +V rc, p ∈
P par�getai prosjetik� apì ta dianÔsmata χI +V rc, I ∈ R∪E kai, sunep¸c,
apì ta dianÔsmata χI + V rc, I ∈ R, afoÔ χI = 0V rc , ∀I ∈ R. 'Ara, k�je
megistikìc k¸noc CE eÐnai basikìc sqetik� me thn om�da Zn/(V rc ∩ Zn).
ii)IsqÔei: (

CE ∩O(P )/V rc
)

=
(
CE/V

rc
)
∩

(
O(P )/V rc

)
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kai to zhtoÔmeno èpetai.
iii)'Eqoume:(

CE/V
rc

)
∩

(
O(P )/V rc

)
= conv

(
{0 + V rc} ∪ {χI + V rc : I ∈ E}

)
= 0 ∗ conv

(
{χI + V rc : I ∈ E}

)
.

Epomènwc, up�rqei mÐa (fusik� orismènh) sunduastik  isomorfÐa metaxÔ tou
0 ∗∆eq(P ) kai tou en lìgw trigwnismoÔ tou polutìpou Oeq(P ). 2

Eidikìtera, apì thn prohgoÔmenh prìtash prokÔptei ìti h ishmerin  sfaÐra
eÐnai ìntwc mÐa monoplektik  sfaÐra. Gia na deÐxoume ìti eÐnai isomorfik  me
to sÔnoro k�poiou polutìpou, ja par�goume èna monoplektikì polÔtopo apì
to (en gènei) mh monoplektikì Oeq(P ), ”sp�zontac” tic èdrec tou me tètoio
trìpo, ¸ste oi èdrec tou ∆eq(P ) na eÐnai (èqontac metakinhjeÐ lÐgo), akrib¸c
oi èdrec tou nèou polutìpou. Gia to skopì, autì, ja qrhsimopoi soume th
mèjodo tou trab gmatoc twn koruf¸n enìc polutìpou.
Orismìc 7.2.2 'Estw Q èna d−polÔtopo kai v mÐa koruf  autoÔ. Lème
ìti trab�me thn koruf  v tou Q, an thn antikatast soume me mÐa koruf 
v̂ ∈ Rn, h opoÐa afenìc eÐnai polÔ kont� sthn v (tìso ¸ste na mhn ephre�zei
kammÐa apì tic pleurèc stic opoÐec den an kei) kai afetèrou gia k�je èdra F
tou Q, pou perièqei thn v, h v̂ brÐsketai se ekeÐnon ton anoiqtì hmiq¸ro pou
orÐzei h F , o opoÐoc den perièqei to Q.

ProkÔptei, loipìn, to polÔtopo conv
(
{w : w koruf  tou Q,w 6= v} ∪ {v̂}

)
,

pou sumbolÐzetai me pullv(Q).

'Enac aplìc trìpoc na epitÔqoume to tr�bhgma thc v, ìtan p.q. 0 ∈ Qo,
eÐnai h antikat�stash thc v me thn v̂ := (1 + ε)v, gia e polÔ mikrì. P�ntwc,
asqètwc me to poia ja eÐnai h epilog  thc v̂, eÐnai fanerì ìti to polÔtopo
pullv(Q) ja èqei p�nta thn Ðdia sunduastik  dom .
Epiplèon, apì kataskeu c, gia opoiad pote pleur� F tou Q, me F 3 v h
koruf  v den an kei sthn affinik  j kh thc F . To gegonìc, autì, se sun-
duasmì me to ìti h v̂ eÐnai kont� sthn v shmaÐnei ìti oi èdrec tou pullv(Q), oi
opoÐec perièqoun thn v̂ eÐnai akrib¸c thc morf c v̂ ∗G, ìpou G èdra k�poiac
èdrac tou Q, tètoia ¸ste h v na mhn perièqetai sthn G. Sunep¸c, an ìlec
oi èdrec tou Q pou perièqoun thn v eÐnai monìploka, tìte pullv(Q) ∼= Q.
Eidikìtera, trab¸ntac ìlec tic korufèc tou Q, to polÔtopo pou prokÔptei
eÐnai monoplektkì. H epìmenh prìtash ja aposafhn sei thn kat�stash.
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Prìtash 7.2.2 'Estw Q̂ to polÔtopo pou prokÔptei trab¸ntac ìlec tic ko-
rufèc tou polutìpou Q me k�poia seir� v1, v2, ..., vs.

An onom�soume v̂1, ..., v̂s tic antÐstoiqec korufèc tou polutìpou Q̂, pou prokÔ-

ptei, tìte dÔo korufèc v̂j, v̂k den perièqontai se koin  akm  tou Q̂ an kai mìno
an h el�qisth pleur� F tou Q pou perièqei tic vj kai vk eÐnai eÐte to Ðdio to
Q eÐte perièqei k�poia koruf  vi, me i < j, k.

APODEIXH
'Estw, p.q. , ìti j < k. An upojèsoume ìti h el�qisth pleur� F tou Q, pou
perièqei tic vj, vk eÐnai to Ðdio to Q, tìte gia k�je uperepÐpedo V tou Rn, pou
perièqei tic vj, vk, to Q èqei shmeÐa kai stouc dÔo anoiqtoÔc hmiq¸rouc tou
V , gegonìc pou den all�zei met� apì mikrèc diataraqèc twn koruf¸n tou,
afoÔ autoÐ oi dÔo hmiq¸roi eÐnai anoiqt� uposÔnola tou Rn. 'Ara, oi vj kai
vk den an koun se koin  akm  tou Q̂. An, t¸ra, deqtoÔme ìti ∃vi ∈ F me
i < j, k, mporoÔme na upojèsoume ìti i = min{l : vl ∈ F, l < j, k}.
Tìte, h pleur� F mènei anephrèasth apì to tr�bhgma twn koruf¸n v1, ...vi−1,en¸ trab¸ntac thn koruf  vi tou polutìpou pullvi−1

(...pullvi−2
(Q)...) oi koru-

fèc vj, vk den an koun se kammÐa koin  èdra tou pullvi
(...pullvi−1

(Q)...), opìte
anagìmaste sthn prohgoÔmenh perÐptwsh.
Pr�gmati, an oi vj, vk perièqontai se k�poia koin  èdra tou teleutaÐou, h
opoÐa perièqei thn koruf  v̂i, tìte aut  ja eÐnai thc morf c v ∗ G, ìpou
G pleur� tou pullvi−1

(...pullvi−2
(Q)...). 'Omwc, G ⊃ F 3 vi, �topo afoÔ

vi /∈ pullvi
(...pullvi−1

(Q)...).
An, antÐjeta, h èdra aut  den perièqei thn v̂i, shmaÐnei ìti èmeine anephrèasthapì to tr�bhgma thc vi, epomènwc eÐnai kai èdra tou pullvi−1

(...pullvi−2
(Q)...)

kai, sunep¸c, perièqei thn F , pr�gma �topo, ìpwc eÐdame.
AntÐstrofa, an oi korufèc v̂j, v̂k den an koun se k�poia koin  akm  kai h
el�qisth pleur� F tou Q pou perièqei tic vj, vk den eÐnai olìklhro to Q,
tìte up�rqei i < j, k me vi ∈ F . Alli¸c, h F ja èmene analloÐwth mèqri na
trabhqteÐ h koruf  vj, en¸ trab¸ntac thn teleutaÐa, to eujÔgrammo tm ma
vj ∗ vk ja  tan pleur� tou pullvj

(...pullvj−1
(Q)...), opìte profan¸c kai tou

Q̂.2
Je¸rhma 7.2.3 To ishmerinì sÔmplegma ∆eq(P ) eÐnai isìmorfo me to su-
noriakì sÔmplegma enìc polutìpou.

APODEIXH
Kataskeu�zoume èna polÔtopo Q̂, trab¸ntac tic korufèc vi := χI+V rc (ìpou
χI ishmerinì ide¸dec tou P ) tou Q = Oeq(P ), me tètoia seir�, ¸ste korufèc
pou antistoiqoÔn se ishmerin� diataktik� ide¸dh me mikrìterh plhjikìthta,
na èrqontai prin apì autèc pou antistoiqoÔn se ide¸dh megalÔterhc plhjikì-
thtac. Ja deÐxoume ìti ∆eq(P ) ∼= ∂Q. ArkeÐ na deÐxoume (me to sumbolismì
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thc prohgoÔmenhc Prìtashc) ìti an to sÔnolo {v̂I1 , ..., v̂Ik
} eÐnai oi korufèc

k�poiac pleur�c tou Q̂, tìte to sÔnolo {I1, ..., Ik} eÐnai mÐa ishmerin  alusÐda
tou P . Pr�gmati, tìte ja èqoume deÐxei ìti ìti to ∂Q̂ eÐnai uposÔmplegma tou
∆eq(P ). 'Omwc, tìso to ∂Q̂, ìso to ∆eq(P ) eÐnai trigwnismoÐ tou ∂Oeq(P ),
�ra ja prèpei na tautÐzontai. ArkeÐ, loipìn, na deiqteÐ ìti ìtan to sÔnolo ide-
wd¸n {I1, ..., Ik} tou P den eÐnai ishmerin  alusÐda, tìte oi korufèc v̂I1 , ..., v̂Ikden an koun se koin  pleur� tou Q̂.
'Estw, t¸ra, F h mikrìterh pleur� tou Oeq(P ), tètoia ¸ste F ⊃ {vI1 , ..., vIk

}.
Upojètoume ìti h F den eÐnai olìklhro to Oeq(P ), giatÐ alli¸c ja eÐqame
 dh telei¸sei, afoÔ oi korufèc v̂I1 , ..., v̂Ik

den ja �nhkan se koin  èdra tou Q̂.
Tìte, wc gnwstìn, up�rqei uperepÐpedo tou Rn/V rc, pou na ef�ptetai thc
F kai o ènac apì touc dÔo kleistoÔc hmiq¸rouc, pou orÐzei na perièqei to
Oeq(P ). Me �lla lìgia, up�rqei grammik  morf  f : Rn/V rc → R, pou na
megistopoieÐtai stic korufèc thc F kai na paÐrnei timèc austhr� mikrìterec
tou M := maxf sto sÔnolo Oeq(P ) \ F . Shmei¸netai ìti epeid  to 0 = V rc

eÐnai eswterikì shmeÐo tou Oeq(P ), prokÔptei ìti 0 /∈ F , �ra 0 = f(0) < M .
Gia to mh ishmerinì sÔnolo idewd¸n {I1, ..., Ik}, up�rqoun oi ex c dÔo peri-
pt¸seic:
1. Up�rqoun j, l ∈ {1, ..., k} tètoia ¸ste Ij 6⊂ Il kai Il 6⊂ Ij. Tìte, profan¸cisqÔei:

χIj
+ χIl

= χIj∩Il
+ χIj∩Il

,

opìte:
f(vIj

) + f(vIl
) = f(vIj∩Il

) + f(vIj∩Il
).

'Omwc, èqoume f(vIj
) = f(vIl

) = M kai f(vIj∩Il
), f(vIj∩Il

) ≤ M , �ra
vIj∩Il

, vIj∩Il
∈ F . Apì kataskeu c, epeid  #Ij ∩ Il < #Ij, #Il, prokÔptei ìtih koruf  vIj∩Il

èqei trabhqteÐ prin apì tic vIj
kai vIl

, �ra lìgw thc prohgoÔ-
menhc Prìtashc, oi korufèc v̂Ij

kai v̂Il
den an koun se koin  akm  tou Q̂ kai,

sunep¸c, oi korufèc vI1 , ..., vIk
den mporeÐ na an koun se koin  pleur� tou Q

(afoÔ to Q̂ eÐnai monoplektikì).
2. To sÔnolo {I1, ...Ik} eÐnai olik� diatetagmèno wc proc th sqèsh tou e-
gkleismoÔ, all� den eÐnai ishmerin  alusÐda. Tìte, up�rqei mÐa tim  j ∈
{1, ..., r−1}, tètoia ¸ste kanèna zeÔgoc (pj, Pj+1) ∈ Pj×Pj+1, me pj <P pj+1,na mhn perièqetai se k�poio apì ta �lmata Ji , i = 1, 2, ..., k, k + 1 thc alusÐ-
dac I1 ⊂ ... ⊂ Ik.Gia l = 1, 2, ..., k − 1, orÐzoume ta sÔnola

I ′l := (Il+1 − Irc
j ) ∪ Il.

Ja deÐxoume ìti k�je èna apì ta I ′l eÐnai diataktikì ide¸dec tou P . Pr�gmati,
an den  tan, ja up rqan p ∈ Il+1\Il, me rank(p) ≤ j+1 kai p′ ∈ Il+1, to opoÐo
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na kalÔptei to p. Epeid  to Il eÐnai diataktikì ide¸dec kai p /∈ Il, prokÔpteiìti p′ /∈ Il. 'Ara, {p, p′} ⊂ Il+1 \ Il = Jl+1, �topo apì thn upìjes  mac.
Ja deÐxoume, t¸ra, ìti:

χI1 + ... + χIk
= χIr

j c + χI′1
+ ... + χI′k−1

. (7.1)
ArkeÐ na deÐxoume ìti to tuqìn p ∈ P emfanÐzetai tìsec forèc sta diataktik�
ide¸dh, ìsec kai sta Irc

j , I ′1, ..., I
′
k−1. OrÐzoume,

i0 := min{i : p ∈ Ii}.

'Ara, p ∈ Ii0 , Ii0+1, ..., Ik kai p /∈ I1, ..., Ii0−1 (jètoume I0 := ∅, gia na kalÔ-
youme kai thn perÐptwsh i0 = 1), en¸ p ∈ I ′i0 , ..., I

′
k−1 kai p /∈ I ′1, ..., I

′
i0−2.DiakrÐnoume dÔo peript¸seic:

a)rank(p) ≥ j +1. Tìte, p /∈ I1 = J1, alli¸c to �lma J1 ja perieÐqe stoiqeÐa
q, q′ me q <P q′ kai rank(q′) = j + 1 = rank(q) + 1. Epiplèon, eÐnai profanèc
ìti p /∈ Irc

j kai p ∈ I ′i0−1, �ra to p tìso sto aristerì, ìso kai sto dexÐ mèloc
emfanÐzetai (i + 1− i0)-forèc.b)rank(p) ≤ j. Tìte, profan¸c, p ∈ Irc

j kai p /∈ I ′i0−1, �ra kai p�li isqÔei to
zhtoÔmeno.
Ja deÐxoume, t¸ra, ìti to sÔnolo v̂I1 , ..., v̂Ik

den mporeÐ na perièqetai se kam-
mÐa gn sia pleur� tou Q̂. Alli¸c, h el�qisth pleur� F tou Oeq(P ), me
F ⊃ {v̂I1 , ..., v̂Ik

} ja  tan gn sia pleur� tou Oeq(P ), opìte ja Ðsque:
f(vI1) = ... = f(vIk

) = M > 0.

All�, apì th sqèsh 7.1, prokÔptei �mesa ìti:
f(vI1) + ... + f(vIk

) = f(vIrc
j

) + f(I ′v1
) + ... + f(I ′vk−1

)

⇒ kM = f(vIrc
j

) + f(I ′v1
) + ... + f(I ′vk−1

).

'Omwc, vIrc
j

= Irc
j + V rc = 0, opìte f(vIrc

j
) = 0 kai

f(I ′v1
), ..., f(I ′vk−1

) ≤ M . 'Eqoume, loipìn,
kM ≤ (k − 1)M ⇒ M ≤ 0.

Katal goume, loipìn, se antÐfash �ra to sÔnolo {v̂I1 , ..., v̂Ik
} den mporeÐ

na perièqetai se kammÐa gn sia pleur� tou Q̂, gegonìc pou oloklhr¸nei thn
apìdeixh.2
To epìmeno eÐnai �meso.
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Pìrisma 7.2.4 i)H ishmerin  sfaÐra eÐnai apofloi¸simh.
ii)H akoloujÐa twn suntelest¸n tou poluwnÔmou Euler ikanopoieÐ tic sunj -
kec tou g−jewr matoc. Eidikìtera, eÐnai summetrik  kai monìtroph.

SHMEIWSH
To epìmeno je¸rhma apoteleÐ mÐa genÐkeush tou Jewr matoc 7.2.3, h opoÐa
dìjhke apì ton Q. Ajanasi�dh [1] kai brÐskei efarmog  se kl�sh polutìpwn
polÔ genikìterh apì aut n tou O(P ).
Je¸rhma 7.2.5 'Estw P èna akèraio m−polÔtopo kai τ = (vp, ..., v1) mÐa
arÐjmhsh twn koruf¸n tou, tètoia ¸ste:
i)O antÐstrofoc lexikografikìc trigwnismìc ∆τ (P ) eÐnai basikìc.
ii)Gia k�poio n ∈ [p], to sÔnolo {v1, ..., vn} eÐnai to sÔnolo koruf¸n enìc
monoplìkou S, to opoÐo èqei thn idiìthta ìti opoiad pote èdra tou P perièqei
akrib¸c n−1 korufèc tou S (tètoio monìploko onom�zetai Eidikì Monìploko
anaforik� me to P ).
Tìte, ∑

r≥0

i(P, r)tr =
h(t)

(1− t)m+1

kai to h(t) eÐnai to h−di�nusma enìc monoplektikoÔ polutìpou Q, di�stashc
d = m− n + 1 kai, sunep¸c, ikanopoieÐ tic sunj kec tou g−jewr matoc.
Epiplèon, h epilog  tou Q mporeÐ na gÐnei ètsi ¸ste to teleutaÐo na eÐ-
nai isìmorfo me ton antÐstrofo lexikografikì trigwnismì tou sumplègmatoc
C(P ) \ {v1, ...vp}, sqetik� me thn arÐjmhsh (vp, vp−1, ..., v1).

O Ðdioc apèdeixe sto [2] ìti, an P eÐnai èna fusik� epigegrammèno merik¸c
diatetagmèno sÔnolo, tìte gia touc suntelestèc qi tou poluwnÔmou Euler
W (P, t) isqÔoun oi parak�tw sqèseic:
qi ≥ qd−i, gia 1 ≤ i ≤ xd/2y, qxd/2y ≥ qxd/2y+1 ≥ ... ≥ qd kai qj = 0, gia
j = d + 1, ..., n,
ìpou d := n − e kai e o mègistoc arijmìc, gia ton opoÐo up�rqei alusÐda
I0 ⊂ I1 ⊂ ... ⊂ Ie idewd¸n tou merik¸c diatetagmènou sunìlou P o, pou pa-
r�getai episun�ptontac sto P èna el�qisto stoiqeÐo 0̂, me thn idiìthta:
Gia k�je α ∈ Ii−1, to sÔnolo twn stoiqeÐwn tou P , pou kalÔptoun to α eÐnai
mh kenì uposÔnolo tou Ii, i = 1, ..., e.
To sumpèrasma, autì, enisqÔei thn eikasÐa ìti h akoloujÐa twn suntelest¸n
tou poluwnÔmou Euler eÐnai monìtroph, akìmh kai an to P den eÐnai diabaj-
mismèno. Par′ìla aut�, se aut n thn perÐptwsh, to teleutaÐo den eÐnai en
gènei summetrikì, afoÔ p.q. to polu¸numo Euler tou fusik� epigegrammè-
nou merik¸c diatetagmènou sunìlou 1

∐
3 (Sq ma 4.6) eÐnai to 1 + 4x, to

opoÐo den eÐnai summetrikì.
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EpÐshc, o P. Branden genÐkeuse to Pìrisma 7.2.4(ii) (h apìdeix  tou a-
pofeÔgei th qr sh tou g−jewr matoc) [8], apodeiknÔontac summetrikìthta
kai monotropÐa twn poluwnÔmwn Euler mÐac megalÔterhc kl�shc merik¸c
diatetagmènwn sunìlwn, ta legìmena diabajmismèna wc proc to prìshmo
(sign− graded). Tètoia sÔnola qarakthrÐzontai apì thn ex c idiìthta:
To pl joc twn anìdwn meÐon to pl joc twn kajìdwn k�je megistik c a-
lusÐdac -jewroÔmenh wc epagìmeno uposÔnolo tou P -eÐnai p�nta stajerì.
(Profan¸c, an to P eÐnai diabajmismèno kai fusik� epigegrammèno, plhroÐ
thn parap�nw sunj kh, afoÔ aut  h diafor� isoÔtai p�nta me thn t�xh tou
P meÐon èna.)
Tèloc, axÐzei na anaferjeÐ ìti to Pìrisma 7.2.4(ii) den isqÔei ìtan to P
eÐnai diabajmismèno, all� ìqi fusik� epigegrammèno. Gia par�deigma, to sÔ-
nolo {1, 2, 3, 4} efodiasmèno me th merik  di�taxh 1, 3 < 2, 3 < 4 (Sq ma
4.2) eÐnai diabajmismèno, all� to polu¸numo Euler autoÔ eÐnai to 3x + 2x2,
pou den eÐnai summetrikì.
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