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A�" )��
�' �
� 	
� �������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � "C
A�: > ������� Projected CG � � � � � � � � � � � � � � � � � � � � � � � � � � � � � "C

A�:�" ������� 	�� ������� Projected CG � � � � � � � � � � � � � � � � � � "C
A�:�: �����
���� 	�� ������� Projected CG � � � � � � � � � � � � � � � � � "D
A�:�A +���	�����
� �
� 	�� �����
��� 	�� ������� Projected CG � � � � � � "E

A�A > ������� Uzawa � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � :@
A�B > ������� Augmented Lagrangian � � � � � � � � � � � � � � � � � � � � � � � :@
A�F > ������� Simplified Augmented Lagrangian � � � � � � � � � � � � � � � � � � ::
A�C > ������� ��'!
�	�� ���������GMINRESH � � � � � � � � � � � � � � � � � � � :A
A�I > Preconditioned MINRES � � � � � � � � � � � � � � � � � � � � � � � � � � � :F

A�I�" &�	������ �
�� �
������
�� ��������
�	$� 	�� MINRES � � � � � � � :C
A�D 5����� ������� 	�� �����
��� ���	���	�� GMA57H � � � � � � � � � � � � � � � :D

+ ,��)����� ��������� - 
�����  �#� ��)��#� �.
B�" -� �����
�' ���	���	� ��� ��
������� � � � � � � � � � � � � � � � � � � � � � :E
B�: )��
�' �
� 	�� ��������� 	�� �������  ���	������	�� � � � � � � � � � � � � AF
B�A ��
���	
�' ���	������	� � � � � � � � � � � � � � � � � � � � � � � � � � � � � AF

B�A�" ���	������	� (������ Projected CG � � � � � � � � � � � � � � � � � AF
4.3.2 ���	������	� (������ Uzawa . . . . . . . . . . . . . . . . . . . . . 43
4.3.3 ���	������	� (������ Augmented Lagrangian . . . . . . . . . . . . 57
4.3.4 ���	������	� (������ Simplified Augmented Lagrangian . . . . . . 71
4.3.5 ���	������	� (������ MA57 . . . . . . . . . . . . . . . . . . . . . . 85
B�A�C ���	������	� (������ Preconditioned MINRES � � � � � � � � � � � E@
4.3.7 ���	������	� (������ MINRES . . . . . . . . . . . . . . . . . . . . 104
4.3.8 8�����	��	
�' ���	������	� . . . . . . . . . . . . . . . . . . . . . . 118
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�K�: &$�
��� �
� 	� ������ Uzawa � � � � � � � � � � � � � � � � � � � � � � � � � � "BC
�K�A &$�
��� �
� 	� ������ Augmented Lagrangian � � � � � � � � � � � � � � � � � "C@
�K�B &$�
��� �
� 	� ������ Simplified Augmented Lagrangian � � � � � � � � � � � "IB
�K�F &$�
��� �
� 	� ������ MA57 � � � � � � � � � � � � � � � � � � � � � � � � � � "DD
�K�C &$�
��� �
� 	� ������ Preconditioned MINRES � � � � � � � � � � � � � � � � :@@
�K�I &$�
��� �
� 	� ������ MINRES � � � � � � � � � � � � � � � � � � � � � � � � � :"F

31 3�)����� ������� ��*
9K�" (
� ��������� 	�� Preconditioned MINRES / MINRES � � � � � � � � � � � � ::C

9K�"�" > ������	��� MINRES� � � � � � � � � � � � � � � � � � � � � � � � � � ::C
9K�"�: 9����	
��� ������	���� �
� 	� MINRES� � � � � � � � � � � � � � � � � :B@
9K�"�A > ������	��� �
� 	�� ��	������ 	�� �������
�	� 	�� MINRES� � � � :BC

9K�: Wrappers �
� �����	���
� �����
��� ��������� ������� � � � � � � � � � � � � :BE
9K�:�" -� header file �
� 	��� Wrappers� � � � � � � � � � � � � � � � � � � � � :BE
9K�:�: 2�������� 	�� Wrappers� � � � � � � � � � � � � � � � � � � � � � � � � :F@
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(Re)
X � � A@
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 ����	�� ��	'�	���� 	�� �
�'��� K
(Re)
X � � A@

B�B ���	������	� �
� 	� ������ Projected CG � � � � � � � � � � � � � � � � � � � AC
B�F L����� ����'	�� ��
 ����� ��������� 	�� CG��
� 	� ������ Projected CG AI
B�C ���	������	� �
� 	� ������ Uzawa � � � � � � � � � � � � � � � � � � � � � � � BB
B�I L����� ����'	�� �
� 	� ������ Uzawa � � � � � � � � � � � � � � � � � � � � BF
B�D ���	������	� �
� 	� ������ Augmented Lagrangian � � � � � � � � � � � � � � FD
B�E L����� ����'	�� �
� 	� ������ Augmented Lagrangian � � � � � � � � � � � FE
B�"@ ���	������	� �
� 	� ������ Simplified Augmented Lagrangian � � � � � � � � I:
B�"" L����� ����'	�� �
� 	� ������ Simplified Augmented Lagrangian � � � � � IA
B�": ���	������	� MA57 (MeTiS ordering used) � � � � � � � � � � � � � � � � � � DC
B�"A L����� ����'	�� MA57 (MeTiS ordering used) � � � � � � � � � � � � � � � DC
B�"B ���	������	� MA57 (AMD ordering used) � � � � � � � � � � � � � � � � � � � DC
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���������� 	���#�� ��������
�� ���� �������	
���
����� ��� ��
�	
����� 	� ������� ��� 
�� ��#��
��� ������� �������
$ 	����	� 
�� ���%��� ��#���� ��#��
���� �����	�� ������"� 	�	
���
�� �� ���


�� �����	� 
���� ��� ����� ���� &�
���, ;
 
�
�	�	�� 	�� ������� 	�� ��� ����	� �����
���
���	���	�� ���$� ��
 	� ���%���� ��� 	� ����� �����!�	�
 	� ���	���� ������ ���� �����' 
0��� �����	
�' 	�� ������� 	�� �
����� �
����
��� ���������� ��������� '� ������
��
����
��	
��� 
�� �������
�� ��� 
� ����� �����
�� 
� ������� 	�	
���� 	���� ���
������� 	
�� ������� 
�� �����
���
��� ��#���� ��� 
� 	���������� ������� � �����

D



��� 	
�� ��
�	���� ���� �����
�
�
�' �	�� 	� �����
�� ���	��� �����!�	�
 ��� 	� �
���
	������� �'��
�� .����!���/

���%����	�� G��!� ���	��� ���
�$� �
���
�$� ��
�$����H ���	���� �� �'��
� ����
� �
���
	�
��'���� 	��� ����
 ���
�� ��
��� �� .����'��/ �	� �����
�� ���	��� ������ ��� 	
� 
�
�	�	��
	�� ��	��	�
!�� ����!��� ���%����	���

8	� ����	������
�� �
 ��
�$��
� Navier-Stokes ���
��'��� 	� ��� ���� (��
"�����
�	�����	
�� ��
 �!"���� ����	��� 8	� ����!�
� ��������� 	
� �������!�
�
�� )steady-
state* ��
�$��
� Navier-Stokes ��
 Stokes,

N��
�'�� �� 	
� �������!�
�
��� �	�����	
�� ��
�$��
� Navier-Stokes, 5��	� �	
 � �� 
�
�!� ���� 	�� ����	��� ����
 ��� ������� ��
 �����	
�� ������ Ω ⊂ R

d (d = 2, 3) �� ��	'
	����	� ���� ������ Γ = ∂Ω� 3�������� ���� ���	��
��� ������ ���'���� f : Ω −→ R

d

��
 �����
��$� ��������� g : Γ −→ R
d� 	� ���%���� ����
 �� %����� ��� �
������	
�� �����


���
�
�� u : Ω −→ R
d ��
 ��� %����	� ����� ���	�� p : Ω −→ R� �	�
 $�	�,

−νΔu +
(
u · ∇)

u+∇p = f �	� Ω,

divu = ∇ · u = 0 �	� Ω,

u = g, �	� Γ = ∂Ω,

���� ν > 0 ����
 	� ������
��� �!"��� 	�� ���� G��	
�	���� ��'���� �� 	�� ��#�� Reynolds
ReH� Δ ����
 � 	����	�� 	�� Laplace �	� R

d ��
 ∇ ����
 � 	����	�� %��������
�� ���������� �	
 � �� ����� +������� 
���
�
��, "	
� 
� %�������� ��
�%��� ��

������ �� �����#���� �
 ��
�$��
� Navier-Stokes ��'���	�
 �	
� ��������� ��
�$��
� Stokes,

−νΔu +∇p = f �	� Ω,

divu = ∇ · u = 0 �	� Ω,

u = g, �	� Γ = ∂Ω,

> �
���
	������� 	�� ��
�$���� Stokes �� �������� ������������ �
���$� � ������� 
����� �	�
!����� �!�
 �� ���	������ 	�� ������� ���� ������� ��
 �����  
���������
�����
��� ���	���	�� �������
����� ������

 �
�������� ��
�� 
�� ����	�� ���	��� ����� � 	����	� ���� 	������ ���
���� ��#���
�� ��� ����� 	���� ���#�	���� ��� 
�� ��#��
��� �����	� 
�� ������� ��� ���"� ����
���"� 	�	
���
�� ��� �����
��� ��� 
� �����
�����	� 
�� �!�	"	��� Stokes�

> �����'�� ����	� ��� ����
 	��� ���
��
�	
�� ��� ��!
�' ����	�
� ���$� � ���	���������
�
�� ����$��� ���%���'	�� ��	�����
 �	�� ��
���	
�� ������� �����
�$� ���	��'	�� ���� 
��
�� ������
$ ���#�	� 
�� ���	��� ���� �� �!��-
-� 4������� 2 ���
�' �� �
� ���
�� �����' �	
� ��
�$��
� Stokes ��
 ���
��'�	�
 �

����� ���$� ��
 �
'���� %��
��� 
�
�	�	�� 	�� �����
�$� ���	��'	��� �	� ����� ��	�����
 �
�
���
	������� 	���� )���	�
 	����	� �� �������
� ��� 
� ���
�	
�����	�� ��� ��	�������
�� �����
�' ���	���	� ��
�� �����, �� ����� �	
 � ��	� 
�� �������� 	�	
���
��� ���
�����
�� ��� 
� �����
�����	� 
�� �!�	"	��� Stokes� ��
�	
����� 	
� �������� 	����
���
	����� ���� �������
�� 
�
�������� ���
�	
�����	�� )�����	
�����	��* ��� �����	�����

8	� 4������� 3 ������
'0�	�
 ��
 ������	�
 �����	
�' ��� ������ ��� ��������	
���
�������� �������� 	�� �����
��� ���	���	��� ;
 ��������	
��� ������
 ��� ����	������
������� �� ��	����
���
����� �� ��� ��'���,

E



"� �()���� &���� ����� � GUzawa, Augmented Lagrangian, Simplified Augment-
ed LagrangianH G%���� OI� :F� :CPH

:� �()���� 
�����#� Krylov GProjected CG, Preconditioned MINRES, MINRESH
G%���� O"� A� B� C� DP ���$� ��
 	� ���� ��
����� %
%��� 	�� Greenbaum O"@PH

������ ������
'0�	�
 � ��������� ������� MA57 	�� %
%�
������ HSL� ���� ��� 
���
��� ���
����� �"����� ��� ����� ���#�	���� ��
� 
� 	
����� ��� ���	� �����	� 	����
��"�
��� �� ����� �� ��	����� ������"� 	�	
���
�� G%���� O"D� "E� :"PH�

8	� 4������� 4 ������
'0��	�
 �������� 
����"� ��� ��
 ���
��� 	�� ������� ��
������� �
����� �����$�� ��� ��	
�	�
!��� �� �
����	
��� �
���
	���
���
� 	�� ��
�$����
Stokes� (���	'	�
 ������ � �����
���
�
� 
�� ��#� ��#���� 	� 	���
�	� �� 
�� ��#��
Reynolds 
�� ����

8	�4������� 5 �������	�
 ������ 	�����	��
� ��� ���
��	���� ��� ������7�� ���
	�� �����'�� ������
�	
�� ����	� 	�� �
����� ��
���	
�$� ������� �������� ��
 ������
' 
0��	�
 ��
�	��� ��� ����
�� ����� ��� ����
��

-���� �	� �������� ,5 ������
'0��	�
 	� ����� ������� �"����� �	� ����� �!���
�����
���� ���� �
 ������
 ��� ����	������ �	�� ������� ������� ��
 �	� �������� 35
�'��
�
 %����	
��� �$�
��� ��� !���
����
�������

"@




���	�� �

������	�� ��� ������	���

��� �	 �	
�
	� Stokes

5��	� Ω ⊂ R
d (d = 2, 3) ��� ������� ��
 �����	
�� ������ �� ��	' 	����	� ���� ������

Γ = ∂Ω� #������� 	
� ��
�$��
� Stokes 	�� ����	������
���� �
 ������ ���
��'��� 	� ���
���� 6�
�����
7 � 
���� ��
7 �����
� ����	�� �	� Ω,

3������� �
�� �
������	
��� ���'�	���� f : Ω −→ R
d ��
 ��	'������ �����
��$� �� 

�������� 	� 0�	������ ����
 �� %����� �
� �
������	
�� ���'�	��� u : Ω −→ R
d ��
 �
�

%����	� ���'�	��� p : Ω −→ R� 	�	�
�� $�	�,

−νΔu+∇p = f , �	� Ω G:�"H

divu = ∇ · u = 0, �	� Ω G:�:H

+ ��	'������ �����
���� ��������

�����,

• � �
������	
�� ���'�	��� u : Ω −→ R
d ������
�	' 	� �
������	
�� ����� ���
�$�#�

	�� ����	���

• � %����	� ���'�	��� p : Ω −→ R ������
�	' 	� %����	� ����� ��� � 	�� ����	���

• � �
������	
�� ���'�	��� f : Ω −→ R
d ������
�	' 	� �
������	
�� ����� ��#-

������� �
����#� ��� ������	�
 �	� ����	��

• > �	����' ν ∼= 1
Re

> 0 ��	
���������
 	� ��������� ������ 	�� ����� ���� Re �
���)��� Reynolds 	�� �����

-� ������
��� �!"��� 	�� ���� ν ∼= 1
Re

> 0 ������	$��
 ���� 	�� ��������� ���&��
��� ��	' �!��� ��$	� ������
�	�� ��	' ���� ��� ��
 �!��� ���	�����
���� �� 	� %����
�
	�� ��
���� Reynolds� Re > 0 G%���� O:IPH�

> ������� G:�"H ������
�	' 	� �	�&���� 
�� ���� ��
 � ������� G:�:H G����	� �	� ����	� 
�����
�� �� �!�	�	� 	��������H� 	� ���
��	� 
�� ��&��� 8 ��� �� 
��)�  ��
���������� �7 "�� �� ���"#"$ �#� ��� � �#� Stokes ����� ���  ��$
����� ����$� ��������7 � �� �� ��������� ��������� �� ������� �� �"-
��)���� ;
 ��
�$��
� Stokes ���	����� �
� 	� ����	������
��� ��� #�����"��� ���
���
�!"���� ����

""



���� �����	��� 
�
������� 
�����	���� 
����	���

��� 	� ����
' 	�� ����	��� ��
����"� )calculus of variations*� �
 ��
�$��
� Stokes
G�����
����
������ �� ν = 1 ��$H ������� �� ����������� �� �
 ���
��� �
���
��� ��
�$��
�
Euler - Lagrange �
� 	� �������� ���%���� &���� ����� � 
�� ������� ����,

min J(u) =
1

2

∫
Ω

‖∇u‖22 dx−
∫
Ω

f · u dx G:�AH

��� 	�� ���
��
��� divu = 0

��� ��	� 	�� ��	
�� ����� � ���'�	��� ������ p ���0�
 	� ���� 	�� ���������
��	�
Lagrange G%���� O:APH�

��� �����	�� 
�
������ 
�����	��� 
������

> �
���
	������� 	�� ��
�$���� Stokes �� �������� ������������ �
���$� � ������� 
����� �	�
!���� ������ �	�� ������� ���'��� �����
�$� ���	��'	��� 	�� �����,

Kx = b, G:�BH

��,

K =

[
A B
BT O

]
∈ R

(N+q)×(N+q), x =

(
u
p

)
∈ R

N+q, b =

(
f
g

)
∈ R

N+q,

����

• N >> q�

• A ∈ R
N×N ����
 �����	�
��� ��
 ��	
�' ��
������ ������� GAT = A ��


(
Ax, x

)
2
>

0, ∀x ∈ R
N \ {0}H�

• B ∈ R
N×q �!�
 ������ %���� Grank(B) = qH�

• f ∈ R
N , g ∈ R

q� ������� �
������	��

; ������� A ��	
���������
 	� �
���
	������� 	�� ���� −νΔu ��
 �
5 ��	� ����
 ��	
�'
��
������� ; ���� Bp� ������	�
 ��� 	� �
���
	������� 	�� %������� 	�� ������ ��
 � �������
BTu = g ������	�
 ��� 	� �
���
	������� 	�� �
�	������ 	�� �'0�� Gg = 0 �	� �����
� 	��
��������	�� ��
�$���� StokesH�

; ������� B ������� �!�
 ���
�� %����� �
�	
 � ����� ������0�	�
 �� ������
��
�	��
�
�� �	����'�� )
� �� ��	��!���	������ 	�� ������ B �� ������ �� ����� %����� �����
 ��
�������������� �'��
� ��
����� ������� �
� 	�� ������ (
� ��� 	
� �������� ��� ��������
�� ��
%'������ ����
 �� ����������� 	�� 	
�� 	�� ������ �� �'��
� ������ 	�� !����� ���� Ω�

)����
�' ���	���	� 	�� ����� G:�BH �����0��	�
 ������ ��
� 
�� ���	� 
�� ��	����
	������ 	� �������
� 
�
�������� ���
�	
�����	�� ��� )���������* �����	���� G%����
OD� :APH,

#������� 	� �����'	� ���%���� %��	
�	�������� �� ���
��
����� �
� 	� �����	��
���
J : RN −→ R ,

min J(u) =
1

2

(
Au, u

)
2
− (

f, u
)
2
, G:�FH

��� 	�� ���
��
��� BTu = g,

":



���� �����	��� 
�
������� 
�����	���� 
����	���

����,

• A ∈ R
N×N � �������� �����	�
��� ��
 ��	
�' ��
������ ������� GAT = A ��


(
Ax, x

)
2
>

0, ∀x ∈ R
N \ {0}H�

• B ∈ R
N×q� �� N > q� �������� ������� �� ������ %���� Grank(B) = q H�

• f ∈ R
N , g ∈ R

q� ������� �
������	��

�� p ∈ R
q ����
 	� �
'����� 	�� ���������
��	$� Lagrange� � ���'�	��� Lagrange �
�

	� �����'�� ���%���� %��	
�	��������� ����
,

L(u, p) = J(u) +
(
BTu− g, p

)
2

=
1

2

(
Au, u

)
2
− (

f, u
)
2
+
(
BTu− g, p

)
2

)
� 	�� �����'�� ���'�	��� Lagrange� �!����,

∂L(u, p)

∂u
= Au− f +Bp,

∂L(u, p)

∂p
= BTu− g,

> ����� 	�� ���'�	���� Lagrange� ����
,

∇L(u, p) =
(∂L(u, p)

∂u
,
∂L(u, p)

∂p

)
=

(
Au− f +Bp,BTu− g

)
.

-� ����
�� ������ �
� 	� ���%���� %��	
�	�������� G:�FH� ������	��� ������0��	�� 	��
����� 	�� ���'�	���� Lagrange�

9������� ��
��� �	
� �
� 	�� ������ 	�� ����
��� ������� 	�� ���%����	�� 	�	�����
���
%��	
�	�������� G:�FH� �����
 �� ��
������� ��� �����
�� ���	��� 	�� ����� G:�BH�

5;��� �� ����� ������ �����'	�� ��� 
�� �����#�	� �
� � ������� B ���� ���� ��#��
G������� ��� �!�
 ����
 ��
 
�!��
 �
� ��� 	� ����!�
�H � ������� K 
�� �������� 	�	
���
��
).�/* ��� ���� 
� ����� ����
���� �� ����� �� ������%��� �������� 	� ���%���� G:�FH �!�

��� �����
�� ����
�� ������� ��� ����
 � �����
�� ���� 	�� �����
��� ���	���	�� G:�BH�

(����� �� �����
!��� G%���� OD� :APH �	
 	� �����
�� ��	� ����
�� ������ 	�� G:�FH� ����

 �"������ ������ 	�� ���'�	���� Lagrange L : RN ×R

q −→ R� �� L(u, p) = 1
2

(
Au, u

)
2
−(

f, u
)
2
+
(
BTu− g, p

)
2
.

)
� 	�� �����'�� ����� �����
�' ���	���	� 	�� ����� G:�BH �������	�
 �	� �!�	
�� %
% 
�
������ ��!�' �� 9���&�$����  �"�������  ����
: ;saddle point problems<
G%���� OD� :APH�

9������� ��
��� �	
 � �������� ��	� 
�� �������� 	�	
���
�� ).�/* ��� �����
��
��� 
� �����
�����	� 
�� �!�	"	��� Stokes ��
�	
����� 	
� �������� 	����
��� 	����� ����
�������
�� 
�
�������� ���
�	
�����	�� )�����	
�����	��* ��� �����	�����

8	� ����!�
� ������	���� �
� %��
�� ���	��� �!�	
�� �� 	�� ��
���
��	�	� 	�� �����
���
���	���	�� G:�BH ��
 �� 	� '��� 	�� 
�
�	
�$� 	�� �����	�
��� ������ K G%���� ODPH�

"A



���� � �� ��	
	������� ��� �����	���� 
�
�������
�

�����  �� 0�	
� 
� ������� 	�	
��� ).�/*� '�
� �	����� 
� ������#� ���
���	��
�-

1� 2 K ∈ R
(N+q)×(N+q) ����� �� ������%��� �� ��� ���� ��� � S = −BTA−1B ∈ R

q×q �����
�� ������%���

.� 2 K ∈ R
(N+q)×(N+q) ����� 	����
���� ��� �� ��	����� )indefinite* �� N #�
���� ���

q ���
���� ����
�����

 �����!�� ������ �������� �� ������������� �	
 � ������� K ��
��!�	�
 	�� �������� block
	�
���
�� �������	�������,

K =

[
A B
BT O

]
=

[
I O

BTA−1 I

] [
A O
O S

] [
I A−1B
O I

]
= PDP T

�����,

P =

[
I O

BTA−1 I

]
, D =

[
A O
O S

]
, ��
 S = −BTA−1B

)
� 	� G"H �!����,

detK 	= 0 ⇔ det(PDP T ) 	= 0 ⇔ detP detD detP T 	= 0detP=detPT=1
⇐⇒ detD 	= 0 ⇔

detA detS 	= 0detA �=0
⇐⇒ detS 	= 0�

)
� 	� G:H �!����,
;
 �����	�
��� ������� K ��
 D ����
 congruent� �������� ��� 	�� ���$ �� ���������

��
 Sylvester G%���� OD� "CPH� �!��� 	�� ��
� ��
��� ��	
�$�� ����	
�$� ��
 �����
�$� 
�
� 
	
�$�� 5��� � K �!�
 N ��	
��� ��
 q ����	
��� 
�
�	
���� ��� � A ����
 �����	�
��� ��
 ��	
�'
��
������ G��� ��	�������H ��
 � S ����
 �����	�
��� ��
 ����	
�' ��
������� ���� ��������
�� ����� ������, #������� ��� x ∈ R

q \ {0}� -�	� �!����,
(
Sx, x

)
2
= −(

BTA−1Bx, x
)
2
=

−(
A−1Bx,Bx

)
2
= −(

A−1y, y
)
2
, y = Bx� 5;���, −(

A−1y, y
)
2
< 0, ∀y ∈ R

N \ {0}� ��� A
��	
�' ��
������ G'�� ��
 A−1 ��	
�' ��
������H� ; ������� B �!�
 ������ %����� ��������
� ���
���
�� x → Bx ����
 1 − 1� '��

(
Sx, x

)
2
< 0, ∀x ∈ R

q \ {0}� ������ � ������� S ����

�����	�
��� ��
 ����	
�' ��
�������

��� � �� ��	
	������ ��� �����	��� 
�
��������

5;��� �������� ������� K 	�� �����
��� ���	���	�� G:�BH ����
 �����	�
��� ��
 �� ��
� 
������ �� N ��	
��� ��
 q ����	
��� 
�
�	
����

> �� ��
�
��	�	� 	�� �����
��� ���	���	�� G:�BH ����
 �����
$���, 5;�� 	� ������
�	
��
������ ����$��
� 	� ������� 	�� �����
��� ���	���	�� G:�BH �����$��
 ��
 	�	�� ������
�� 	� �����'��� 	��� 	� ������ 	�� ��	
�$� 
�
�	
�$�� ��� ��
 	� ������ 	�� ����	
�$� 
�
 
�	
�$� 	�� ������ K �����$��
� )
5 ��	�� ���
%$� 	� ����� ������� �� ��	' 	� !����	��
�	
�'
��!�' �������	�
 �� � �
�� � ��� �(��� ������� ;highly or strongly indefinite
matrices< G%���� OD� "CPH�

8	
� �������� � ������� K ����
 ���� ���'��� ��
 ���
��� ���	� 	� �����'�� �����
�'
���	���	� ������� �����	�
 �� !���� ��������	
�$� ������� ��
 ������ �� �������� ���
%���0��	�
 �� ���!����� Krylov� 3��	�!$�� ���
	��� 	�� ����	
�$� 
�
�	�	�� 	�� ������

�Δυο συμμετρικοί πίνακες R και S λέγονται congruent αν R = XSXT , για κάποιον μη ιδιόμορφο πίνακα
Χ. Η αρχή της αδράνειας του Sylvester λέει ότι οι congruent πίνακες έχουν τον ίδιο αριθμό θετικών, αρνητικών
και μηδενικών ιδιοτιμών.
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���� � �� ��	
	������� ��� �����	���� 
�
�������
�

K� ��� ���������� �����'��� �
 �
'���� ������
 Krylov ������� 	������ �� ����������
���'� )
5 ��	� 	� ���� � ��'��� �
� ������ �������
�	�� ����
 ���'�� ��
 � !���� 	��� ��
���'�� ���%����	� ��
%�%������ G%���� ODPH�

8	� ������� &�'��
� �� ������$ �� ��� ������ ���� ��������	
��� ������� ��������
�
� 	� ���� 	�� G:�BH�

"F




���	�� �

� !�"�� ��#���� ��� ��	�����$
������	���

��� ��	�� �	� �	� � �!���

)
� 	�� ������� 	�� �����
��� ���	���	�� G:�BH !���
����
������ �
 ��������� 6 ������-
����(� �()����,

"� Projected CG

:� Uzawa

A� Augmented Langrangian

B� Simplified Augmented Langrangian

F� Preconditioned MINRES

C� MINRES

������ !���
���������� �
� ���  �()���� ����
 � ��
 �
� �������
���� �
� ��� 
������ 	�� �����
�� Gauss �
� ���
��� �������� ��� 	� %
%�
����� HSL G%���� O:"PH�

8	� ����!�
� ������ �
� ���	��� ���
���� 	�� �'�� ������� ���$� ��
 	�� %��
�$�

�
�	�	�� 	���

��� � �" �!�� Projected CG

����� ����	�
 �� ������� Projected CG

> ������� Projected CG ���	'���� ��� 	�� Randall Bramley G%���� OC� I� :FPH� > %��
��

��� 	�� ������� �����	�	�
 �	�� �����
� 	�� ������� �� �	�!� 	� ��	�	���� 	�� �����
���
���	���	�� G:�BH �� ��� 
�������� ���	��� �� ������ �����	�
�� ��
 ��	
�' ��
������ 8	�
	����	��� �����
�� ���	��� ������ �� ������	�� � ������� 	�� ��0��$� ������� G%����
O"PH�

�����	
��	��� �!����, -� �����
�� ���	��� G:�BH ������ �� ����� 
�������� �� block
����,

Au+Bp = f GA�"H

BTu = g GA�:H

"C



���� � �������
 PROJECTED CG

Q����	�� 	�� GA�"H �� ���� p� �� 	�� ����
� 	�� ���!��	�� 	�	���$���� ���������, p =
B†(f − Au)����� B† ����
 � 7������	��	���� ��	' Moore-Penrose 	�� B G%���� OCPH� �� 
	
���
�	$�	�� 	�� ������ ��	� �
� 	� p� ���� �	�� GA�"H ���������,

Au+Bp = f ⇐⇒
Au+BB†(f − Au

)
= f ⇐⇒(

I − BB†)Au = f −BB†f ⇐⇒(
I − BB†)Au =

(
I −BB†)f. GA�AH

5;��� � 	����	�� P = I−BB†� ����
 � 	����	�� �����$�
�� ���%���� �'�� �	�� null(BT ) =
{x ∈ R

N : BTx = 0}� 5�	�
 � GA�AH ��'�	�
 
��������,

PAu = Pf. GA�BH

��
����� BTu = 0 ⇔ u = Pu� ���	� ��	
���
�	$�	�� �	�� GA�BH� ���������,

PAPu = Pf. GA�FH

8	�� �����	��� ��� � ������� B �!�
 ����� %����� � 7������	��	���� ��	' Moore-
Penrose 	�� B �!�
 	�� ������'�	���,

B† =
(
BTB

)−1
BT . GA�CH

5��	� M = PAP ∈ R
N×N � -�	� �!����,

P T =
(
I −BB†)T

=
(
I − B

(
BTB

)−1
BT

)T

= I − (
BT

)T[(
BTB

)−1
]T

BT

= I − B
[(
BTB

)T]−1

BT

= I − B
(
BTB

)−1
BT

= I − BB†

= P

�������� MT =
(
PAP

)T
= P TATP T = PAP = M � ��� A �����	�
��� ��
 P �����	�
����

���� '���� �����'��� �������� � ������� M ����
 �����	�
���� 5��	� ��� x ∈ R
N \ {0}�

-�	� �!����, (
Mx, x

)
2

=
(
PAPx, x

)
2

=
(
APx, Px

)
2
. GA�IH

�� ������� y = Px ∈ R
N � GA�IH ����	�
,

(
Mx, x

)
2
=

(
Ay, y

)
2
> 0, ∀y ∈ R

N \ {0}� ���
� A ����
 �����	�
��� ��
 ��	
�' ��
������� 8������������ ��
��� �	
 � ������� M = PAP
����
 �����	�
��� ��
 ��	
�' ��
�������

"I



���� � �������
 PROJECTED CG

8���7�0��	��� ������ �	
 � ������� 	�� �����
��� ���	���	�� G:�BH ����
 
�������� �� 	��
������� 	�� �����
��� ���	���	��,

PAPu = Pf ,

	� ����� �!�
 ������ ���	����	$�  
�������� ��� )����� ��� �(���
������ ������ �� �����
!��� G%���� OCPH �	
 �
 �
���	���� ��
 �
 ������	���� 
�
'0�����

	
��� 	�� �
�'��� A ��
 PAP 
������
���,

σmin

(
A
) ≤ σmin

(
PAP

)
,

σmax

(
A
) ≥ σmax

(
PAP

)
.

5���,

κ2

(
PAP

)
=

σmax

(
PAP

)
σmin

(
PAP

) ≤ σmax

(
A
)

σmin

(
A
) = κ2

(
A
)
.

3������ � �� ������� ������ ���� �� � ��
 PAP ��� ����� ����������
��� ��� �� ������ ����� ���� �� � ��
 A� �������� ��� ����
 ���� 
���� ��	�
�
� 	� �����
�� ���	��� G:�BH �� ������� 	� 
�������� �����
�� ���	���,

PAPu = Pf .

��
 �	� ����!�
� �� ����	������ 	�� ����� ��� 	� �!���,

p = B†(f −Au).

����� ��������� �� ������� Projected CG

������ �	
 � ������� 	�� �����
��� ���	���	�� G:�BH ����
 
�������� �� 	�� ������� 	��
�����
��� ���	���	��,

PAPu = Pf ,

	� ����� �!�
 ������ ���	����	$�  
�������� ��� )����� ��� �(�� ��
 �� �� ������
����� ���� �� � ��� ��������� ��� �� �� ������ ����� ���� �� � ��

A�

��������� �������� �� ���������� 	�� �����
��� 	�� 8�0��$� &������ GConjugate
Gradients - CGH �	� �����
�� ���	��� PAPu = Pf G%���� O"� C� I� :FPH� ������ �� 	��
��	'����� ��!
�������� ��� �� �'������ �� !��
�	�� �� �������0���� ���� �
� ���%��� ��'
����'��7� 	�� CG ��������

8	� ����!�
� ������� 	�� 7���������
��� 	�� �������,
"H ��!
��������,

�������	������� Cholesky, BTB = RTR

Q��� BTBz = g

��'���� u0 = Bz

��'���� d0 = r0 = P
(
f − Au0

)
ρ0 =

(
r0, r0

)
2

k = 0

"D



���� � �������
 PROJECTED CG

:H ��������	
�',

wk = PAdk

αk =
ρk(

dk, wk

)
2

uk+1 = uk + αkdk

rk+1 = rk − αkwk

ρk+1 =
(
rk+1, rk+1

)
2

if ρk+1 < TOL ‖Pf‖2 stop

βk+1 =
ρk+1

ρk

pk+1 = pk − αkB
†Adk

dk+1 = rk+1 + βk+1dk

����� �������
��� ��� ��� ��������� �� ������� Projected

CG

• ; ������� BTB ����
 �����	�
��� ��
 ��	
�' ��
������� ��� � B �!�
 ����� %�����
)
� 	�� ������
��� 	�� ���%���� w = Pv� �������� ���� �
������	�� v ∈ R

N �!���	� 
0���� 	� �'�� 	������ 	�� ������ BTB G��� ����
 �����	�
���H ��
 �'����� ��'����
Cholesky,

BTB = RTR,

���� R ∈ R
q×q '�� 	�
���
��� �������� �� ��	
�' �
��$�
� �	�
!���� 8	� ����!�
� �

������
���� 	�� ���%���� ����
,

w = Pv = v −BR−1R−TBTv,

��
 ���
	�� 	�� ������� ��� 	�
���
�$� �����
�$� ���	��'	�� 	'��� q� ��� �� 	�� ������
R ��
 ��� �� 	�� RT �

• 5;��� ������ �����'��� �� ������� 	�� ������� GA�"H �� ���� p �� 	�� ����
� 	��
���!��	�� 	�	���$���� ���������,

p = B†(f − Au
)
.

> �����'�� �!��� ���	����
 �� �����$����� 	�� ����� �	�� �����
��� 	�� CG �� 	��
������ 	����,

pk+1 = B†(f − Auk+1

)
= B†

(
f − A

(
uk + αkdk

))
= pk − αkB

†Adk

-� �
'����� B†Adk �!�
 ������
�	�� �� ���
'���� %��� ��	' 	�� ������
��� 	�� wk�

"E



���� � �������
 UZAWA

��� � �" �!�� Uzawa

> block ���� GA�"H GA�:H 	�� �����
��� ���	���	�� G:�BH ���	����
 �� ����� 	� �����
��
���	��� ��� ��� ���&��� &���� ����� � �� ������� ���� ;constrained opti-
mization problem< G%���� OIPH, Q������ �� ���� u� ��� 	�� ���
��
��� 	� u �� %�����	�

�	� ������, {u ∈ R

N : BTu = g}� (� ��	� 	� ���
�� �
 q 	����	���� ��
�$��
�, BTu = g
���	����� 	��� ���
��
����� ��
 	� �
'����� p ∈ R

q� ����
 	� �
'����� 	�� ���������
��	$�
Lagrange� �� ������� 	� GA�"H �� ���� u ��
 �	� ����!�
� ��	
��	��	������ �	� GA�:H
�!����,

u = A−1(f − Bp),

BTu = g ⇔ BTA−1
(
f − Bp

)
= g

⇔ A0p = f0, GA�DH

����,

A0 = BTA−1B,

f0 = BTA−1f − g.

-� ���%���� 	$�� ������ �� ����� �� ��� %���	�, +�$	� ������� 	� GA�DH� ��
 �	� ����!�
�
�������0���� 	� u �����	�� 	� Au = f − Bp� ; ������
���� 	�� A−1 �	�� ������ �
�
	� A0� ������ �� ���������� !���
����
$�	�� �
� ��������	
�� ������ �
� 	�� ������� 	��
GA�DH� +
� �������
���� � �����
���� Uzawa ����
 � �����'	� G%���� OI� :FPH,

Uzawa Algorithm

��'���� p = p0, ���� p0 ����
 � ��!
�� ������

��'���� Rp = BTu0 − g, ���� u0 ����
 � ��!
�� 	�!�	�	��

while (‖Rp‖2 > TOL)

Q��� Au = f −Bp

2�����
�� Rp = BTu− g

Q��� Aw = BRp

2�����
�� t =

(
Rp, Rp

)
2(

Rp, BTw
)
2

��'���� p = p+ tRp

endwhile

Q��� Au = f −Bp

��# � �" �!�� Augmented Lagrangian

; ������ �����
��� 	�� ���������� Uzawa ��� ������ �����'�� ������ �� %��	
����
�����	
�' �� 	�� ���������� �	� .����������/ ���	��� G%���� O:CPH,

:@



���� � �������
 AUGMENTED LAGRANGIAN[
A+ rBBT B

BT O

] (
u
p

)
=

(
f + rBg

g

)
, GA�EH

	� ����� ����
 
�������� �� 	� G:�BH� ������ 	� �����'�� ���	��� �!�
 ���
%$� 	�� ��
� ����
�� 	� G:�BH�

8�������, 8� �������� �� 	� �����
�� ���	��� G:�BH ������ ������ ������ �� ��� �	

	� �����'�� .����������/ ���	��� ��	
�	�
!�� �	� �����
��� 	�� ������ 	�� ���'�	����
Lagrange� �
� 	�� ������ 	�� ����
��� ������� 	�� �����'	� .�����������/ ���%����	��
%��	
�	�������� ��� G�����
����H ���
��
������ �
� 	� �����	��
��� J̃ : RN −→ R ,

min J̃(u) =
1

2

(
(A+ rBBT )u, u

)
2
− (

f + rBg, u
)
2
, GA�"@H

��� 	�� ���
��
��� BTu = g,

����,

• A ∈ R
N×N � �������� �����	�
��� ��
 ��	
�' ��
������ ������� GAT = A ��


(
Ax, x

)
2
>

0, ∀x ∈ R
N \ {0}H�

• B ∈ R
N×q� �� N > q� �������� ������� �� ����� %���� Grank(B) = q H�

• f ∈ R
N , g ∈ R

q� ������� �
������	��

• r ≥ 0� ������� �� ����	
�� ���'��	����

8�������, )
� r = 0� 	� �����'�� ���%���� %��	
�	�������� ��'��	�
 �	� ���%����
G:�FH�

�� p ∈ R
q ����
 	� �
'����� 	�� ���������
��	$� Lagrange� �������� �� ������ �� 

	��$�	�� 	
� ��'��
�� �	
 � ���'�	��� Lagrange �
� 	� �����'�� ���%���� %��	
�	���������
����
,

L̃(u, p) = J̃(u) +
(
BTu− g, p

)
2

=
1

2

(
Au, u

)
2
− (

f, u
)
2
+

r

2

(
BBTu, u

)
2
− r

(
Bg, u

)
2
+
(
BTu− g, p

)
2
.

)
� 	�� �����'�� ���'�	��� Lagrange� �!����,

∂L̃(u, p)

∂u
= Au− f + rBBTu− rBg +Bp,

∂L̃(u, p)

∂p
= BTu− g.

> ����� 	�� ���'�	���� Lagrange� ����
,

∇L̃(u, p) =
(∂L̃(u, p)

∂u
,
∂L̃(u, p)

∂p

)
=

(
Au− f + rBBTu− rBg +Bp,BTu− g

)
.

:"



���� � �������
 SIMPLIFIED AUGMENTED LAGRANGIAN

9������� ��
��� �	
� �
� 	�� ������ 	�� ����
��� ������� 	�� ����������� ���%����	��
%��	
�	�������� GA�"@H� �����
 �� ��
������� 	� �����
�� ���	��� GA�EH�

����� 	� �����
�' ���	���	� GA�EH ��
 G:�BH ����
 
��������� ������ �!��� ���
%$� 	��
��
� �����
�� ���� ��
 ������ ���� ������ �	� ����������� ��'��
�� 	� �����
�� ���	���
G:�BH ��	
�	�
!�� �	� �����
��� 	�� ���'�	���� Lagrange �
� 	� ���%���� %��	
�	��������
G:�FH� ������������� �	
 	� ���%����	� %��	
�	�������� GA�"@H ��
 G:�FH �!��� ���
%$� 	�
��
�� �����
��� ����
�� ������� 	� ����� �'�
�	� ����
 �����	
���

8	�� ���'��	�� r > 0 ������� ����	�
 �
� ���'�� 	
�� �
� �� %��	
$����� 	�� ��	'�	���
	�� ������ A� ��	� ������ �	�� �����'	� �����
��� Augmented Lagrangian G%����
OIP�O:FPH,

Augmented Lagrangian Algorithm

��'���� p = p0, ���� p0 ����
 � ��!
�� ������

��'���� Rp = BTu0 − g, ���� u0 ����
 � ��!
�� 	�!�	�	��

��'���� Ar = A+ rBBT ��
 fr = f + rBg

while (‖Rp‖2 > TOL)

Q��� Aru = fr − Bp

2�����
�� Rp = BTu− g

Q��� Arw = BRp

2�����
�� t =

(
Rp, Rp

)
2(

Rp, BTw
)
2

��'���� p = p+ tRp

endwhile

Q��� Aru = fr − Bp

��$ � �" �!�� Simplified Augmented Lagrangian

)
� ���'��� 	
��� 	�� r4� � �����
���� 	�� Augmented Lagrangian ������ �� ������
 
���� ���
���	���� ; ������
������ �����
���� ��� ������	�
 ����
 ����	�� �� �������
Simplified Augmented Lagrangian G%���� OI� :FPH,

; �����
���� 	�� Simplified Augmented Lagrangian ����
,

::



���� � �������
 �����	
��� �����	���MINRES�

Simplified Augmented Lagrangian Algorithm

��'���� p = p0, ���� p0 ����
 � ��!
�� ������

��'���� Rp = BTu0 − g, ���� u0 ����
 � ��!
�� 	�!�	�	��

��'���� Ar = A+ rBBT ��
 fr = f + rBg

while (‖Rp‖2 > TOL)

Q��� Aru = fr −Bp

2�����
�� Rp = BTu− g

��'���� p = p + rRp

endwhile

Q��� Aru = fr −Bp

��% � �" �!�� �&��	
��� �'�&��'��(MINRES)

> �()���� !���� ��
 
�������
 ;MINRES< ������	�
 �
� ��� 	
� �
� %��
��� ��

standard ��������	
��� �������� �
�  
�������� ��� � ��� �(�� �����
�' ���	���	��
+��	'���� 	� 1975 ��� 	��� Paige ��
 Saunders� ��0� �� 	�� SYMMLQ G%���� OAPH� 9��
��
!����	��
�	
�� 	�� ������� ����
 �	
 ���
	�� ���� ��� ���������
���� ������ �
'����� ��'
����'��7� ���$� ��
 ��� �
��� ��
��� ��'���� ��	��� �
�����'	�� G���	��
�' �
������
��
 �����$��
� �
�����'	��H� �
�
�' �	�� �����	��� ��� �!���� ���
� ������� 	� �
������
������ �
'����� ������ �� ������
���� �� ����	' �����	
�� 	�����

-� %��
�� 0�	��� ��
���� ��� 	� ����� ����	'	�
 '���� 	� �����
�� ������
�	
�� ��� 
	�� 	�� �������� �
� 	�� ��
���	
�� ������� ���� �����
��� ���	���	��� ����
 � ��
����
	�� �������7��� ��� ���
	���	�
 �
� �����
�� �	� ����� �� �'��
� �������� 
������
�	
��
����%�
��

8	� ����!�
� �� ���������� �� �$�� 	� %��
�� 
��� 	�� MINRES� ����������	�� 	�!�
���
���	�����
��, ; �����
��� !$��� Kk(K, r0) ��� ���0�	�
 ��,

Kk(K, r0) = span(r0, Kr0, K
2r0, . . . , K

k−1r0),

����
 ����	�� �� 
���#��� Krylov ��� ���'��	�
 ��� 	�� ������ K ��
 	� ��!
�� �
'�����
��������� r0�

)
� 	� �����	�
�� ��
 �� ��
����� �����
�� ���	��� G:�BH � MINRES �������0�
 �
�
��������� �
���!
�$� ������������ {xk}+∞

k=0 ∈ x0 +Kk(K, r0) 	�� ����� x �
� 	
� ������ 	�
��	��	�
!� �����
�� rk = b−Kxk� ����� ������� 	�� �������
� ����� ‖b−Kx̃k‖2 �
� ���
	� x̃k �'�� �	�� ���
�� ���!���, x0 +Kk(K, r0),

{xk}+∞
k=0 ∈ x0 +Kk(K, r0) : ‖rk‖2 = ‖b−Kxk‖2 = min

x̃k∈ x0+Kk(K,r0)
‖b−Kx̃k‖2, GA�""H

���� x0 ����
 �
� ��!
�� �������
�� 	�� ����� ��
 r0 	� ��	��	�
!� �����
��� -� ��	��	�
!�
�����
�� rk ������� �	�� ���
�� ���!���, r0 +Kk+1(K, r0)�

��� 	�� ��
��� 	�� ���!$��� Krylov �!���� �	
,

:A



���� � �������
 �����	
��� �����	���MINRES�

Kk(K, r0) ⊆ Kk+1(K, r0) GA�":H

Q��� 	�� �����
���� GA�":H� �!���� �	
,

‖rk+1‖2 = ‖b−Kxk+1‖2 = min
x̃k+1∈ x0+Kk+1(K,r0)

‖b−Kx̃k+1‖2 ≤ min
x̃k∈ x0+Kk(K,r0)

‖b−Kx̃k‖2 = ‖rk‖2,
GA�"AH

��� ��������� ��'!
�	� �� �'��
� ������	��� �������
> MINRES ��
��� �""
���� � ���������$ ���#  �� �
�������� ������

��
 
�������
 ���#  ��
� �"��&#�� �(��
� 
������
� Krylov7  ��
� �����
�
��$��
� �� ��������(� ��� �""� ��� �� �� � ��
 ����"���

; �����'�� ����
 ���� ��� 	��� %��
���� ������ ��� ������ ���� �'��
 	� MINRES
������ ��
����� �
� �����	�
�' ��
 �� ��
����� �����
�' ���	���	�� +����� ��	' � ����� 
���� ������� SYMMLQ� � ����� �!�
 �'��
� ��	��	�
!�� 	���� Petrov - Galerkin� 
�
�	�	��
���	
�'	�
 ������ ���� �
� ������ ���	'��
��� �
�
�' �	
� ���
�	$��
� ��� ���
	��	�
 ���'���
��
���� �������7��� G%���� O::PH�

��
����� �������� ���	��� �� ���
��'7���� ���� .�����/ ����
 �
 �
���!
��� ����������
�
	
� ������ {xk}+∞

k=0 ∈ x0+Kk(K, r0) ��� ���'��
 � MINRES� �
� 	� !�
��	��� ����	� �
'�����
���
�� ������ b� )
� ���
���	���� ���	�����
��� %���� 	� %
%��� 	�� Greenbaum GO"@PH� ���
rk ∈ r0 + Kk+1(K, r0) �!���� �	
 	� rk ������ �� �����, rk = Pk(K)r0� ���� Pk ����
 ���
�������
���� ����$���� k %������ �� Pk(0) = 1� )
� �'�� '��� 	�	�
� ����$���� qk �!����,

‖rk‖2 ≤ ‖qk(K)r0‖2 ≤ ‖qk(K)‖2‖r0‖2. GA�"BH

; ������� K ����
 �����	�
���� '�� �
�������
��	�
 ���� 	�� �����$�
�� ������ Q ��� �!�

�	���� 	�� 	� 
�
��
������	� 	�� K,

K = QΛQT ,

���� Λ = diag(λ1, . . . , λN+q)� ����
 ���� �
��$�
�� ������� �� 	
� 
�
�	
��� 	�� K� 5�!����
��
���,

‖qk(K)‖2 = ‖Qqk(Λ)Q
T‖2 = ‖qk(Λ)‖2,

��� � �������
� ����� ��������
 ��������	� �'	� ��� �����$�
��� ��	��!���	
������ >
GA�"BH 	$�� ����	�
,

‖rk‖2 ≤ ‖qk(Λ)‖2‖r0‖2. GA�"FH

)
� 	� ����	
�� ����� ‖qk(Λ)‖2 �!���� ��� 	�� ��
��� 	��,

‖qk(Λ)‖2 = max
λ∈σ(K)

|qk(λ)|.

��� � GA�"FH 
�!��
 �
� �'�� ����$���� qk� k %������ �� qk(0) = 1� �������� �	��
GA�"FH �� �'����� ��'!
�	� �'�� �� ��� 	� ����$���� %����� k� ��� �������� 	
�� 1 �	� 0,

‖rk‖2 ≤ min
qk, qk(0)=1

max
λ∈σ(K)

|qk(λ)| ‖r0‖2, GA�"CH

���� σ(K) = {λ1, . . . , λN+q} ����
 	� '��� 	�� 
�
�	
�$� 	�� ������ K�

:B



���� � PRECONDITIONED MINRES

������ �!�
 �����
!��� G%���� O"@PH� �	
 	� '�� �'��� GA�"CH �
� 	� ������� 	�� ���������
��� ����
 � �������
�� 	�� ����� ��� ���'��
 � MINRES �	� %��� k� ����
 &(��� ��� �������
"�� ��)� k 
������ (�� ���� �(��� b� "�� �� ����� �� ��# ���"�� )� ��)��=

�������� 	� ��$	��� �
� 	�� ��	����� 	�� �������� 	�� ��������� 	�� MINRES � 
	� %��� k� ��'��	�
 �� ��� ���%���� 	�� ������� ������������, 3�	� ���� ������� ��
��	����	���� 
� ������ ��� 
� 	����� 
�� ����
��"� 
�� ������ K� ��	������"�
�� ���
����"���� k ��#���� �� 
��� 1 	
� 0<

8������
����� ��	������� �
� 	� �����'�� ����$����� !���
����
$�	�� ����$���� Cheby-
shev� ������� �� ������ �
� ��� �����	�
�� ��
 �� ��
����� ������� �� �!���� ��
����� ����� 
����� �
� 	� �
��	���	� �	� ����� ���
�!��	�
 �
 
�
�	
��� 	�� G%���� O"@PH�

��� 	�� ��	����� GA�"CH ����	�
 ����� �	
 "�� (��  
�������� ������ K  �����-
��  �"��� � �� MINRES ��������� ������� ���� ��� ���� ��� ��� ����-
���(� ��
�

8	� ������ ��	� �����
 �� ����
���� �	
 �� ��� ��� �������� �����'��� ���������
�	
 �
 ������
���� �����	�
 �� ����&$ ���)����$� ����
 ����	� �	
  � ���)����$
������ �(�� ����&����  MINRES ;��#� ���� ����� ���  CG< �� &�� ���
� &(��� �� ��� (""�  ��� ��� 
���#�� Krylov  � ��)� &$��7 ���� ���
���� �����  � �
�$�== ('�
�	� ���� ��� 	��� %��
���� ������ ��� � CG ��!
�' � 
!��� �'	
 ��� 	�� ����� 	��� �	�� 	� ������� �	
 �	��� ������
����� ������������ ����%�
��
	�� ������
�	�� �� ������
���	�� �� 	�� 	����� ��� � ������ ��!� ���%��7�
 �� ���
%�
��
���	
��� 2�'�!��� �
'���� ������	
��� �������� �!�	
��� �� 	� ������
��' 	�� MIN-
RES G���� ��
 	�� CGH �� ��
���	
�� ������������ ����%�
�� G%���� O::PH� ����	' ���
!	'
���%����	� ���������� �	�� ���
�!� ��	��

��* � Preconditioned MINRES

5;��� ������ �����'�� 	� %��
�� 0�	���� ��� 	� ����� ����	'	�
 '���� 	� �����
�� ����� 
�
�	
�� ���	�� 	�� ������� MINRES� �
� 	�� ��
���	
�� ������� ���� �����
��� ���	���	���
����
 � ��
���� 	�� �������7��� ��� ���
	���	�
 �
� �����
�� �	� ����� �� �'��
� ��������

������
�	
�� ����%�
�� ������ ������ �	
 "�� (��  
�������� ������ K  �������
 �"��� � �� MINRES ��������� ������� ���� ��� ���� ��� ��� �������(�
��
�

(
� ���� 
��� ��
��� �
� �� ������������� �� ��
	�!������ 	� �����
�� 	�� �����
���
���	���	�� G:�BH ����
� �� ���� ����� �
�� �� "�������  � ��� ;��+<  �
(�� ���� � �������7 � ������� ��
 �����
 �� (��� ��������� �� �����(�
���������

> �������
�� �����	�	�
 �	�� ������� ���� �����
��� 	����	� G������H P �	� ��!
��
�����
�� ���	��� G:�BH $�	� �� �'����� 	� 
�������� ���	���,

P−1Kx = P−1b

-� �����'�� �����
�� ���	��� ����� ����
 ���
�' �  
��������� )��
�' ���	���� ����
���� ������ �� ��	��!���	������ 	� ��!
�� �����	�
�� �����
�� ���	���� �� ��� 
��������
��� ����
 �� �����	�
��, > ��
���	
�� ������� �� �����	�
�$� �����
�$� ���	��'	�� ����

���
�' ���� �
��	��� ��
��
�	� ��
 �� ���� �
� ���'�� ���	��� �� �����
�� �� ��	� 	��

�Η MINRES δίνει βέλτιστη προσέγγιση, σε κάθε βήμα, με την έννοια ότι το αντίστοιχο υπόλοιπο έχει τη
μικρότερη ευκλείδια νόρμα πάνω σε ολόκληρο τον αντίστοιχο υπόχωρο Krylov.
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���� � PRECONDITIONED MINRES

�����	�
�$� �����
�$� ���	��'	��� )
5 ��	� 	� ���� �� ��	�����'����� �������
�	�� ���
�
�	����� 	�� ��!
�� �����	��� 	�� �����
��� ���	���	���

)
� �� ��	�!���� 	� �����'�� �	�� MINRES )� ��(��� � ����
)�� �$� �� �����
 
��������� ��� )����� ��� �(��� �������� ��� ��
��� � P ����
 �����	�
���
��
 ��	
�' ��
������� �!�
 	�� �������	�������, P = LLT �
� �'��
�� ������ L G��!� � L
������ �� ����
 � ���'���	�� L ��� 	�� Cholesky � � 	�	�����
�� ��0� 	�� �����	�
��� ��

��	
�' ��
������ ������ P �H 8	� ������ ��	� �� 	�������� ��� � �����'�� �������	�������
	�� �������
�	� ����
 ���' �
� ������	
�� ��
����� �
� �� ����'����� 	� �������
�����
���	���� 8	�� ��'�� ��� ���
	��	�
 ����
' 	�	�
� �������	������� 	�� �������
�	��

> �������
����� MINRES ��
���� ���' �����	�	�
 �	�� ������� 	�� MINRES� �	�
�����	�
�� ���	���,

L−1KL−Ty = L−1b,

LTx = y.

> 	�!�	�	� �����
���� ���� ������ �	�� ����������� ���	�	�� ����	'	�
 ������
�	
�' ���
	
� 
�
�	
��� 	�� �����	�
��� ��
 �� ��
������ ������ L−1KL−T � 5�!���� ���� �	
,

L−TL−1KL−TLT = (LLT )−1K = P−1K GA�"IH

> GA�"IH ���0�
 ���� ����� �� ��������� �
 ��������,

σ(L−1KL−T ) = σ(P−1K).

8������������ ��
��� �	
 �
 �����	
��� 
�
�	
��� ����
 �
 
�
�	
��� 	�� ������, P−1K� 8�����
�� 	� �����'��� �
� 	� �����
�� 	�� �������
������ MINRES 
�!��
 � ��	����� GA�"CH ��
��	
��	��	������ 	� '��� 
�
�	
�$� σ(K) �� 	� '��� 
�
�	
�$�, σ(P−1K)�

����� ��������
 ��� ����������  ����������!� �� MIN-
RES

�������$�	�� �
� ���	��� � ����� ����	�
 �	� OB� FP ��	�����'0���� �
� �
������
� ����� 
��
�	$� �
� 	� MINRES �� ����,

; �������
�	�� ������� M �� ����
 �
� .�������
��/ 	�� ������ K� �� 	�� ��������
����
�,

; �������
�	�� ������� M � �� ����
 ���� ������� ��'�	��� � ������ �� �!�
 �
� �
��$�
��
	� �
��$�
� 	�� ������ K ��
 ����!������ ��
����� �����
�������� ��
 ����
�������� ���
��
�� 	
� ��	��	�
!�� 	�� K� ��� ��	� 	�� ��	������ ����	�
 �	
 � �������
�	�� ������� M ����

�����	�
���� ��� ����
 ���� ��
 ��	
�' ��
������� �� ����
� 5;��� ������ � ������� MINRES�
������
	�� 	� !���� ���� �����	�
��� ��
 ��	
�' ��
������ �������
�	�� +����'	� ��
���
���
��'���� ��� ��� 	� �����	�
�� ��	� ������ M � ��� ��������0�
 	�� K� �� �'����� ���
��	
�' ��
����� ������� ��� �!�	�0�	�
 �� 	�� M � �� 	� ��'!
�	� ����	� ���	���

&'�� �����	�
��� ��
 �� 
�
������ ������� M � ��
��!�	�
 	�� �������� �������	�������,

M = P TUTDUP,

���� P ����
 ���� ������� ��	'������ U ����
 '�� 	�
���
��� ��
 D ����
 block �
��$�
��
�������� �� �
��$�
� blocks �
'�	���� 1 � 2� > �����'�� �������	������� ���� �����	�
���

:C



���� � PRECONDITIONED MINRES

��
 �� 
�
������ ������� ����
 ����	� �� �������	������� Bunch-Parlett G%���� O:P H ��

���	���� 	� ��	��	�
!� 	�� ��'����� Crout G��'����� CholeskyH �
� �����	�
���� ���' ��
����
 �� ��
������� ��������

8	�� �����	��� ��� � ������� M ����
 �� ��
������� �'��
� ��� 	� �
��$�
� blocks 	��
D �� �!��� ����	
��� 
�
�	
���� ; ������� D ����
 �����	�
���� '�� �
�������
��	�
 ����
�����$�
�� ������� ��	� Q,

D = QΛQT ,Λ = diag(λj).

5��	� 	$�� � �������,

D̄ = QΛ̄QT , Λ̄ = diag(|λj|),
� ������ ������	�
 �	��' �� 	�� D ��
 ����
 �����	�
��� ��
 ��	
�' ��
������� ��
������ �
D̄ ������ �� ��	�������	�� ��� 	�� D� �� ��'!
�	� ���	��� ; ��������
�	�� ��� 	��
�'
��������� ����
 � �������,

M̄ = CCT = P TUT D̄UP, ���� C = P TUT D̄1/2.

; ������� M̄ ����
 �����	�
��� ��
 ��	
�' ��
������� �� ��	��������
8�������, ���
�� 	� (2, 2) block 	�� ������ K ����
 �����
��� 	� �����
�' ��� ��'�!���

�	� �
��$�
� 	�� �������
�	� ��� �� ��	�������	�� �� 	�� �����'�� 	����� 	�� �'���� ��
�!�
 ���� ��	'�	���� )
� 	� ���� ��	� ��	� �
� ����� �	� �
��$�
� 	�� (2, 2) block 	�� K�
%'0���� �
� ���'��	�� r� ��� ����
 ���� �
���� ��	
��� ��
����,

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗ ∗
∗ ∗ ∗ ∗
∗ � � � � � � � � � � � �

� � � � � � � � � � � � � � �
∗ ∗ ∗ ∗ ∗

� � � � � � r
� � � � � �

� � � � � � r
� � � ∗

� � � � � � � � � ∗
∗ ∗ r

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

���� 	� ��	��'�
� ���$���� 	� ��	��	�
!� �	�
!��� 	�� ������ K�
; �$�
��� ��� �!���� �����
���
 ��!�	�
 ��� ������	����, r ��
 band� > ���'��	���

r G�
���� ��	
��� ��
����H ����
 ��	� ��� ���
� ��������� �����'��� > ���'��	��� band
������
 	
��� �	� ������ {0, 1, 2, 3, . . . , N + q− 1} ��
 ������0�
 	� ����� 	�� ��'�	�� 	�� K
��� �� !���
����
������ �
� 	�� ��	������ 	�� �������
�	��

; �$�
��� ��� �!�
 �����
���� ������ �� ��!	�� 	
��� 	�� ������	��� band �	� ���� 
�� {0, 1, 2, 3}� ����
 ����	��� ���� ����
 �����
������ � �$�
�'� ���� �� ��!��� �����
������	���� 	
��� 	�� ������	��� band� �� 	������
����� ��	'����� 	� ���� �'��
�� �
 
�����'	��� Q��	�����
�� �
� 	� �$� ���
%$� �����
 �� ����
 ��	�� �����'� �	� ��	��	�
!�
��!��� �$�
�� ��� �!� �����
���
�

8� ��� 	� ��
���	
�' ��
�'��	� ��� ��
��� !���
�������� 	
� ���� 	
��� 	�� ������	���,

band = 2, r = 0.22
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�� � ����
� ��	��
� ��� �����	���� 
�
�������
 �MA57�

(
� ������� ���
�� ���
�� ��� ���'��� 	
��� 	�� r ������ �����	������	
���� ������ 
��
�	�� ���� ���' 	�� ���
	������ ������
�	
�� !����� > ������� 	�� �����
��� ���	� 
��	�� M̄x = y �� 	�� �������
�	�� �� �'�� ����'��7�� ����	�
 �� !���� 	�� �$�
�� MA27
G%���� O"IP H�

��+ ,-�
� '�&�
� ��� �����	��� 
�
������� (MA57)

)
� 	�� '���� ������� 	�� �����
��� ���	���	�� G:�BH !���
����
����� �
� ��������� 	��
�����
�� Gauss �
� ���'����� ���
���� �����	�
���� ��
 ��� ����
� �� ��
������� ��������
4���
����
������ �
 �$�
��� 	�� ������� MA57 ��� 	�� �����
�� ������	
�� %
%�
�����
��
�	����
�$� ������
��$� ���'��� ��������� HSL GHarwell Subroutine LibraryH G%����
O:"PH�

; �����
���� MA57 G%���� O"DPH ��	
���
�	' 	�� ��	��	�
!� ����
�	��� MA27��G%����
O"IPH� ;
 %��
��� �
����� 	���� ����
 � ������
�	
�� !���� ���	���� ��� 	� BLAS �
� ��'��
�
��	��� �
�����'	�� ��
 �
�'���� � ����� �� �
��	�� �	� MA27� ���$� ��
 � ��
���� �
� !����
�������
����� ���'�	���� 	�� �$�
�� 	�� �����'���	�� MeTiS G%���� O:@PH �
� 	� ���
�!�
GorderingH 	�� ������� > ���'�	��� ��	� ��� 	� MeTiS ������ ����� ���� ����
��� ���
�!���
��� 
�� ������%� ��� �
	� �!��������� ���
� 	� ����� ��� 	� �������	
��� ����� ������ ���
���� �������� ��������

+���������	�� 	
� �'�� ������ ��
 	�!�
��� ���	�����
��� � ������� ���� �����	�
��� ��

�� ����
 �� ��
������� �����
��� ���	���	�� �� 	�� �$�
�� MA57 ��������� 	
� �����'	�
'��
�,

"� ��!
�' �����	�
 � ���'�	��� MA57ID �� 	�� ����� ����	�
 ���������	� ���%���
�����
�� ��� �!��� �� �'���� �� 	�� �����
� ��
 	�� �������� ; !���	�� ������
�� ��	�%'���
 	
� default 	
��� 	�� ������	���� $�	� �� ����������
 ����� ����	���
	�� �����
��� �� �
� �������
����� 
�
�	�	�� 	�� �����
��� ���	���	�� ��� ��
���
�

:� 8	� ����!�
� �����	�
 � ���'�	��� MA57AD � ����� ��!�	�
 	� ��	�%� 	�� ������ G	
�
����
� 	�� �� �����
�$� 	�� �	�
!����H ��
 ��
����
 	��� ������� ��� �� !���
����
 
����� �	�� �����
�� > ��
���� 	�� ����$� %���0�	�
 ��	� �� MeTiS ordering ��	� ��
���
�!� ��
� ��	����	� �����	
�� ��#��� )approximate minimum degree ordering*�
�� ����	�	�	� ��
����� ��� 	� !���	�� > ��
���� 	�� ����$� ����
 ���� ����
�� ��

��� ��	�� ����	'	�
 '���� � ������� 	�� �$�
��� )��
�' � ������� ��� %���0�	�
 �	�
��������� MeTiS ����
 	� ����	��� ���	������	� �
� ���'���� ��
 ���
��� �������� �
5
��	� ��
 ���	����	�
 � !���� 	��� 4���
����
���	�
 ���	�� �����
�� �
� 	�� ������'� 
	��� 	�� �
��
������� > �����'�� �
��
����� ����
 ����	� ��  
�&����$ �������$
Gsymbolic eliminationH�

A� ������ ��	' �����	�
 � ���'�	��� MA57BD � ����� �'��
 	�� �����
� Gnumerical e-
liminationH� !���
����
$�	�� 	� �
'	��� ��� ������
�� � MA57AD � �'��
� 	������
� 
����� �� ��	� ��
��� ������	�	� �
� ������ ���������

B� -���� �����	�
 � ���'�	��� MA57CD � ����� !���
����
$�	�� 	� ���
�� 	�� �����
��
��� ����� � MA57BD ��
 	� ���� ������ ����
 	� ���	����

�Ο αλγόριθμος ΜΑ27 αποτελεί τον πρώτο κώδικα άμεσης επίλυσης συμμετρικών γραμμικών συστημάτων,
που βασίζεται σε multifrontal μέθοδο.
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���	�� %

&��!������ ������	�	 ' ����#���
��� ��!�"��

#�� .� �����	�� 
�
������ '�� '	&� ����

)
� 	�� �����
�� 	�� ������� ��� ������
'�	���� �	� ����������� ��'��
�� ��
�������
	�
$� �
����	
�$� �����$� �����
�' ���	���	� �� ������ K� �
� �'�� ������,

• 5��� .�
���/� �������� 832× 832

• 5��� .������/� �������� 3200× 3200

• 5��� .���'��/� �������� 12544× 12544

������ �
� �'�� ��	������ �������� ��
������� A �����
�' ���	���	� �� ������ K� �
� �'��
������,

• 5��� �����
�� ���	��� ��� ��	
�	�
!�� �� �
���
	������� �� ��
��� Reynolds� Re = 10

• 5��� �����
�� ���	��� ��� ��	
�	�
!�� �� �
���
	������� �� ��
��� Reynolds� Re = 100

• 5��� �����
�� ���	��� ��� ��	
�	�
!�� �� �
���
	������� �� ��
��� Reynolds�Re = 1000

8����
�' ������ ��
������� 9 �����
�' ���	���	� �
� �'�� ������� )
� �� ����������
�� ������ ��� 	� E �����
�' �����
�' ���	���	� ��� ��
�������� �
� �'�� ������� !���
 
����
���� 	�� �����'	� ���%��
��� �
� 	�� ������ K,

K
(Re)
X =

[
A

(Re)
X BX

BT
X O

]
∈ R

(N+q)×(N+q)

� ���� �
 ���'��	��
 X ∈ {S,M,L}� ��
 Re ∈ {10, 100, 1000} ��� �����
������� �� ��
�
��	������ �������� ����
 � ������� ��
 	�� 	
�� 	�� ��
���� Reynolds ��	��	�
!�� 5;��
 �

������� ��� ���
�'�	����� �!��� ����� �� !���� 	�� ���
��
��� IFISS G%���� O:BPH�

-� ���� ����� b ∈ R
N+q 	�� �'�� �����
��� ���	���	�� K(Re)

X x = b� �� �'�� �����	����
��
��!���� ��,

bi =

N+q∑
j=1

K
(Re)
Xij

, ∀i ∈ {1, . . . , N + q}, ∀X ∈ {S,M,L}, ∀Re ∈ {10, 100, 1000}
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���� �� �����	��� 
�
������� �� �	��������

5;���� �
'�	��� K
(Re)
X �
'�	��� A

(Re)
X �
'�	��� BX nz(A

(Re)
X ) nz(BX) nz(K

(Re)
X )

K
(10)
S ��� × ��� ��� × ��� ��� × ��� ���� ��	� ����

K
(100)
S ��� × ��� ��� × ��� ��� × ��� ���� ��	� ����

K
(1000)
S ��� × ��� ��� × ��� ��� × ��� ���� ��	� ����

K
(10)
M ��

 × ��

 ���� × ���� ���� × �
�� ����� ���� �����

K
(100)
M ��

 × ��

 ���� × ���� ���� × �
�� ����� ���� �����

K
(1000)
M ��

 × ��

 ���� × ���� ���� × �
�� ����� ���� �����

K
(10)
L ����� × ����� ���
 × ���
 ���
 × �
	� �
��
 ����� ���	��

K
(100)
L ����� × ����� ���
 × ���
 ���
 × �
	� �
��
 ����� ���	��

K
(1000)
L ����� × ����� ���
 × ���
 ���
 × �
	� �
��
 ����� ���	��

+������ B�", -� ������ ��
 	� ������ 	�� �� �����
�$� �	�
!���� 	�� �
�'���

A
(Re)
X λmax(A

(Re)
X ) λmin(A

(Re)
X ) κ1(A

(Re)
X ) κ2(A

(Re)
X ) κ∞(A

(Re)
X ) κFro(A

(Re)
X )

A
(10)
S 3.9493e-001 7.6367e-003 1.0090e+002 5.1714e+001 1.0090e+002 1.6705e+003

A
(100)
S 3.9493e-002 7.6367e-004 1.0090e+002 5.1714e+001 1.0090e+002 1.6705e+003

A
(1000)
S 3.9493e-003 7.6367e-005 1.0090e+002 5.1714e+001 1.0090e+002 1.6705e+003

A
(10)
M 3.9872e-001 1.9230e-003 4.0265e+002 2.0734e+002 4.0265e+002 1.2266e+004

A
(100)
M 3.9872e-002 1.9230e-004 4.0265e+002 2.0734e+002 4.0265e+002 1.2266e+004

A
(1000)
M 3.9872e-003 1.9230e-005 4.0265e+002 2.0734e+002 4.0265e+002 1.2266e+004

A
(10)
L 3.9968e-001 4.8162e-004 1.6097e+003 8.2986e+002 1.6097e+003 9.7218e+004

A
(100)
L 3.9968e-002 4.8162e-005 1.6097e+003 8.2986e+002 1.6097e+003 9.7218e+004

A
(1000)
L 3.9968e-003 4.8162e-006 1.6097e+003 8.2986e+002 1.6097e+003 9.7218e+004

+������ B�:, (�����	�����
���	��� 
�
�	
�� ��
 ����	�� ��	'�	���� 	�� �
�'��� A
(Re)
X

K
(Re)
X λmax(K

(Re)
X ) λmin(K

(Re)
X ) κ1(K

(Re)
X ) κ2(K

(Re)
X ) κ∞(K

(Re)
X ) κFro(K

(Re)
X )

K
(10)
S 5.1416e-001 -1.1924e-001 8.7164e+003 4.5868e+003 8.7164e+003 6.6995e+004

K
(100)
S 2.6814e-001 -2.2865e-001 7.3550e+002 2.4854e+002 7.3550e+002 6.8346e+003

K
(1000)
S 2.4959e-001 -2.4564e-001 4.5260e+003 1.2515e+003 4.5260e+003 5.5482e+004

K
(10)
M 4.3451e-001 -3.5788e-002 1.3629e+005 7.5662e+004 1.3629e+005 2.3586e+006

K
(100)
M 1.4622e-001 -1.0635e-001 5.4727e+003 2.5514e+003 5.4727e+003 7.5552e+004

K
(1000)
M 1.2671e-001 -1.2272e-001 8.8927e+003 2.4943e+003 8.8927e+003 1.5072e+005

K
(10)
L 4.0921e-001 -9.5343e-003 2.2669e+006 1.3429e+006 2.2669e+006 8.6264e+007

K
(100)
L 8.5565e-002 -4.5597e-002 4.8163e+004 2.8083e+004 4.8163e+004 1.5799e+006

K
(1000)
L 6.4493e-002 -6.0496e-002 1.7728e+004 5.0545e+003 1.7728e+004 5.6497e+005

+������ B�A, (�����	�����
���	��� 
�
�	
�� ��
 ����	�� ��	'�	���� 	�� �
�'��� K
(Re)
X

A@



���� �� �����	��� 
�
������� �� �	��������

$�	� 	� �
'����� x = (1, . . . , 1) ∈ R
N+q �� ����
 � �����
�� ���� ������� ��� 	� �����'��

�����
�' ���	���	��
8	�� ������ GB�"H �����	�
 	� ������ ��
 	� ������ 	�� �� �����
�$� �	�
!���� 	��

�
�'��� ��� ���
�'�	���� �� �'�� ������� ��� 	� ���� 	�� �
�'��� K
(Re)
X � ����
 ����� �	
,

nz(K
(Re)
X ) = nz(A

(Re)
X ) + 2 nz(BX),

���� nz(·) ����
 	� ������ 	�� �� �����
�$� �	�
!�����
8	�� ������ GB�:H �����	�
 � ������	��� 
�
�	
��� � �
���	��� 
�
�	
�� ���$� ��
 �
 ����	��

��	'�	���� �	
� ������ ‖ · ‖1, ‖ · ‖2, ‖ · ‖∞, ‖ · ‖Fro� �
� 	��� ������� A
(Re)
X �

8	�� ������ GB�AH �����	�
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TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

1.0e-04 10 832 1.014389760e-14 7.279948071e-15 1.248584408e-14 1 0.062000

1.0e-06 10 832 1.014389760e-14 7.279948071e-15 1.248584408e-14 1 0.047000

1.0e-08 10 832 1.014389760e-14 7.279948071e-15 1.248584408e-14 1 0.047000

1.0e-10 10 832 1.014389760e-14 7.279948071e-15 1.248584408e-14 1 0.046000

1.0e-12 10 832 1.014389760e-14 7.279948071e-15 1.248584408e-14 1 0.047000

1.0e-04 100 832 1.441544121e-15 1.048558021e-14 1.058420719e-14 1 0.031000

1.0e-06 100 832 1.441544121e-15 1.048558021e-14 1.058420719e-14 1 0.063000

1.0e-08 100 832 1.441544121e-15 1.048558021e-14 1.058420719e-14 1 0.047000

1.0e-10 100 832 1.441544121e-15 1.048558021e-14 1.058420719e-14 1 0.046000

1.0e-12 100 832 1.441544121e-15 1.048558021e-14 1.058420719e-14 1 0.047000

1.0e-04 1000 832 1.185068936e-15 5.677064603e-14 5.678301365e-14 1 0.047000

1.0e-06 1000 832 1.185068936e-15 5.677064603e-14 5.678301365e-14 1 0.062000

1.0e-08 1000 832 1.185068936e-15 5.677064603e-14 5.678301365e-14 1 0.047000

1.0e-10 1000 832 1.185068936e-15 5.677064603e-14 5.678301365e-14 1 0.047000

1.0e-12 1000 832 1.185068936e-15 5.677064603e-14 5.678301365e-14 1 0.047000

1.0e-04 10 3200 2.863078213e-14 1.817846619e-14 3.391427898e-14 1 0.764000

1.0e-06 10 3200 2.863078213e-14 1.817846619e-14 3.391427898e-14 1 0.765000

1.0e-08 10 3200 2.863078213e-14 1.817846619e-14 3.391427898e-14 1 0.764000

1.0e-10 10 3200 2.863078213e-14 1.817846619e-14 3.391427898e-14 1 0.765000

1.0e-12 10 3200 2.863078213e-14 1.817846619e-14 3.391427898e-14 1 0.780000

1.0e-04 100 3200 2.930937031e-15 1.921747525e-14 1.943969513e-14 1 0.749000

1.0e-06 100 3200 2.930937031e-15 1.921747525e-14 1.943969513e-14 1 0.779000

1.0e-08 100 3200 2.930937031e-15 1.921747525e-14 1.943969513e-14 1 0.764000

1.0e-10 100 3200 2.930937031e-15 1.921747525e-14 1.943969513e-14 1 0.765000

1.0e-12 100 3200 2.930937031e-15 1.921747525e-14 1.943969513e-14 1 0.765000

1.0e-04 1000 3200 8.319227723e-16 4.332554935e-14 4.333353577e-14 1 0.764000

1.0e-06 1000 3200 8.319227723e-16 4.332554935e-14 4.333353577e-14 1 0.764000

1.0e-08 1000 3200 8.319227723e-16 4.332554935e-14 4.333353577e-14 1 0.781000

1.0e-10 1000 3200 8.319227723e-16 4.332554935e-14 4.333353577e-14 1 0.764000

1.0e-12 1000 3200 8.319227723e-16 4.332554935e-14 4.333353577e-14 1 0.765000

1.0e-04 10 12544 1.811466551e-13 4.610326320e-14 1.869214315e-13 1 22.963000

1.0e-06 10 12544 1.811466551e-13 4.610326320e-14 1.869214315e-13 1 22.978000

1.0e-08 10 12544 1.811466551e-13 4.610326320e-14 1.869214315e-13 1 22.964000

1.0e-10 10 12544 1.811466551e-13 4.610326320e-14 1.869214315e-13 1 22.963000

1.0e-12 10 12544 1.811466551e-13 4.610326320e-14 1.869214315e-13 1 22.964000

1.0e-04 100 12544 1.798606392e-14 4.653238584e-14 4.988748769e-14 1 22.963000

1.0e-06 100 12544 1.798606392e-14 4.653238584e-14 4.988748769e-14 1 22.995000

1.0e-08 100 12544 1.798606392e-14 4.653238584e-14 4.988748769e-14 1 22.978000

1.0e-10 100 12544 1.798606392e-14 4.653238584e-14 4.988748769e-14 1 22.980000

1.0e-12 100 12544 1.798606392e-14 4.653238584e-14 4.988748769e-14 1 22.947000

1.0e-04 1000 12544 1.982953923e-15 5.445756579e-14 5.449365631e-14 1 22.995000

1.0e-06 1000 12544 1.982953923e-15 5.445756579e-14 5.449365631e-14 1 22.979000

1.0e-08 1000 12544 1.982953923e-15 5.445756579e-14 5.449365631e-14 1 22.978000

1.0e-10 1000 12544 1.982953923e-15 5.445756579e-14 5.449365631e-14 1 22.949000

1.0e-12 1000 12544 1.982953923e-15 5.445756579e-14 5.449365631e-14 1 22.979000

+������ B�B, ���	������	� �
� 	� ������ Projected CGAC
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TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞ CG ‖r‖2
1.0e-04 10 832 6.487121951e-11 4.678009807e-12 4.909406215e-13 1.011982918e-14

1.0e-06 10 832 6.487121951e-11 4.678009807e-12 4.909406215e-13 1.011982918e-14

1.0e-08 10 832 6.487121951e-11 4.678009807e-12 4.909406215e-13 1.011982918e-14

1.0e-10 10 832 6.487121951e-11 4.678009807e-12 4.909406215e-13 1.011982918e-14

1.0e-12 10 832 6.487121951e-11 4.678009807e-12 4.909406215e-13 1.011982918e-14

1.0e-04 100 832 1.480526812e-11 9.687975202e-13 1.174615960e-13 1.407125759e-15

1.0e-06 100 832 1.480526812e-11 9.687975202e-13 1.174615960e-13 1.407125759e-15

1.0e-08 100 832 1.480526812e-11 9.687975202e-13 1.174615960e-13 1.407125759e-15

1.0e-10 100 832 1.480526812e-11 9.687975202e-13 1.174615960e-13 1.407125759e-15

1.0e-12 100 832 1.480526812e-11 9.687975202e-13 1.174615960e-13 1.407125759e-15

1.0e-04 1000 832 2.120104092e-11 1.383995108e-12 6.059597268e-13 1.176040308e-15

1.0e-06 1000 832 2.120104092e-11 1.383995108e-12 6.059597268e-13 1.176040308e-15

1.0e-08 1000 832 2.120104092e-11 1.383995108e-12 6.059597268e-13 1.176040308e-15

1.0e-10 1000 832 2.120104092e-11 1.383995108e-12 6.059597268e-13 1.176040308e-15

1.0e-12 1000 832 2.120104092e-11 1.383995108e-12 6.059597268e-13 1.176040308e-15

1.0e-04 10 3200 1.917370041e-09 6.115695759e-11 2.653433029e-12 2.865800754e-14

1.0e-06 10 3200 1.917370041e-09 6.115695759e-11 2.653433029e-12 2.865800754e-14

1.0e-08 10 3200 1.917370041e-09 6.115695759e-11 2.653433029e-12 2.865800754e-14

1.0e-10 10 3200 1.917370041e-09 6.115695759e-11 2.653433029e-12 2.865800754e-14

1.0e-12 10 3200 1.917370041e-09 6.115695759e-11 2.653433029e-12 2.865800754e-14

1.0e-04 100 3200 2.444875413e-10 7.421832845e-12 3.208544541e-13 2.914642833e-15

1.0e-06 100 3200 2.444875413e-10 7.421832845e-12 3.208544541e-13 2.914642833e-15

1.0e-08 100 3200 2.444875413e-10 7.421832845e-12 3.208544541e-13 2.914642833e-15

1.0e-10 100 3200 2.444875413e-10 7.421832845e-12 3.208544541e-13 2.914642833e-15

1.0e-12 100 3200 2.444875413e-10 7.421832845e-12 3.208544541e-13 2.914642833e-15

1.0e-04 1000 3200 9.533474010e-11 2.278563203e-12 3.363975765e-13 7.949058430e-16

1.0e-06 1000 3200 9.533474010e-11 2.278563203e-12 3.363975765e-13 7.949058430e-16

1.0e-08 1000 3200 9.533474010e-11 2.278563203e-12 3.363975765e-13 7.949058430e-16

1.0e-10 1000 3200 9.533474010e-11 2.278563203e-12 3.363975765e-13 7.949058430e-16

1.0e-12 1000 3200 9.533474010e-11 2.278563203e-12 3.363975765e-13 7.949058430e-16

1.0e-04 10 12544 5.467366992e-08 9.679723537e-10 2.360178719e-11 1.811519130e-13

1.0e-06 10 12544 5.467366992e-08 9.679723537e-10 2.360178719e-11 1.811519130e-13

1.0e-08 10 12544 5.467366992e-08 9.679723537e-10 2.360178719e-11 1.811519130e-13

1.0e-10 10 12544 5.467366992e-08 9.679723537e-10 2.360178719e-11 1.811519130e-13

1.0e-12 10 12544 5.467366992e-08 9.679723537e-10 2.360178719e-11 1.811519130e-13

1.0e-04 100 12544 5.851620410e-09 1.017117592e-10 2.491340467e-12 1.798408788e-14

1.0e-06 100 12544 5.851620410e-09 1.017117592e-10 2.491340467e-12 1.798408788e-14

1.0e-08 100 12544 5.851620410e-09 1.017117592e-10 2.491340467e-12 1.798408788e-14

1.0e-10 100 12544 5.851620410e-09 1.017117592e-10 2.491340467e-12 1.798408788e-14

1.0e-12 100 12544 5.851620410e-09 1.017117592e-10 2.491340467e-12 1.798408788e-14

1.0e-04 1000 12544 1.018606421e-09 1.574565264e-11 1.077360423e-12 1.961803286e-15

1.0e-06 1000 12544 1.018606421e-09 1.574565264e-11 1.077360423e-12 1.961803286e-15

1.0e-08 1000 12544 1.018606421e-09 1.574565264e-11 1.077360423e-12 1.961803286e-15

1.0e-10 1000 12544 1.018606421e-09 1.574565264e-11 1.077360423e-12 1.961803286e-15

1.0e-12 1000 12544 1.018606421e-09 1.574565264e-11 1.077360423e-12 1.961803286e-15

+������ B�F, L����� ����'	�� ��
 ����� ��������� 	�� CG��
� 	� ������ Projected CGAI



���� ��	����	��� �������
����

8	� ����!�
� ������	���� �
� ��
�' ���
�$� �����	'���� �
� 	� ������ Projected CG,

10
−12

10
−10

10
−8

10
−6

10
−4

10
−15

10
−14

10
−13

log TOL

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: SMALL Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�I, (������ Projected CG: TOL vs ‖f −Au− Bp‖2 (SMALL Matrix)�

10
−12

10
−10

10
−8

10
−6

10
−4

10
−16

10
−15

10
−14

10
−13

log TOL

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: MEDIUM Matrix

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�D, (������ Projected CG: TOL vs ‖f − Au− Bp‖2 (MEDIUM Matrix)�

AD



���� ��	����	��� �������
����

10
−12

10
−10

10
−8

10
−6

10
−4

10
−15

10
−14

10
−13

10
−12

log TOL

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: LARGE Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�E, (������ Projected CG: TOL vs ‖f − Au− Bp‖2 (LARGE Matrix)�

10
1

10
2

10
3

10
−15

10
−14

10
−13

log Re

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: SMALL Matrix

 

 

TOL = 10−4

TOL = 10−8

TOL = 10−12

8!��� B�"@, (������ Projected CG: Re vs ‖f − Au− Bp‖2 (SMALL Matrix)�

AE



���� ��	����	��� �������
����

10
1

10
2

10
3

10
−16

10
−15

10
−14

10
−13

log Re

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: MEDIUM Matrix

 

 

TOL = 10−4

TOL = 10−8

TOL = 10−12

8!��� B�"", (������ Projected CG: Re vs ‖f − Au−Bp‖2 (MEDIUM Matrix)�

10
1

10
2

10
3

10
−15

10
−14

10
−13

10
−12

log Re

lo
g 

||f
 −

 A
u 

−
 B

p|
| 2

Projected CG: LARGE Matrix

 

 

TOL = 10−4

TOL = 10−8

TOL = 10−12

8!��� B�":, (������ Projected CG: Re vs ‖f − Au−Bp‖2 (LARGE Matrix)�

B@



���� ��	����	��� �������
����

0 2000 4000 6000 8000 10000 12000 14000
10

−2

10
−1

10
0

10
1

10
2

DOF

lo
g 

C
P

U
 ti

m
e 

(s
ec

)

Projected CG: TOL = 10−4

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"A, (������ Projected CG: DOF vs CPU time� �
� TOL = 10−4�

0 2000 4000 6000 8000 10000 12000 14000
10

−2

10
−1

10
0

10
1

10
2

DOF

lo
g 

C
P

U
 ti

m
e 

(s
ec

)

Projected CG: TOL = 10−8

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"B, (������ Projected CG: DOF vs CPU time� �
� TOL = 10−8�

B"



���� ��	����	��� �������
����

0 2000 4000 6000 8000 10000 12000 14000
10

−2

10
−1

10
0

10
1

10
2

DOF

lo
g 

C
P

U
 ti

m
e 

(s
ec

)

Projected CG: TOL = 10−12

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"F, (������ Projected CG: DOF vs CPU time� �
� TOL = 10−12�

B:



���� ��	����	��� �������
����

"���� � ���������� #������ Uzawa

8	��� ������� GB�C B�IH� ������	���� 	� ���	������	� �
� 	� ������ Uzawa� 8	� �!���	�
GB�"CHJGB�ACH %������� �
'���� !����	��
�	
��� ������
���� 	�� ������� Uzawa� ����

��
�������	�� �
 �����'	� ������
���� 	�� ������� Uzawa,

• 8� ���� 	
� ��	������� �
��	'���� 	�� �
�'��� ��
 �
� ���� 	
� 	
��� 	�� ���!�� TOL
��� ���
�'�	����� ��� ���'��
 � ��
���� Reynolds 	�� ����� ��
$��	�
 � ������
0�����
�������
� ����� ‖f −Au−Bp‖2� ��$ � �������
� ����� ‖g −BTu‖2� ��������
 �!����
���	'%��	� G%���� �!���	� GB�:FH J GB�:IH Re vs ‖f − Au − Bp‖2H�GB�"CH J GB�"DH
TOL vs ‖f − Au− Bp‖2� GB�:DH J GB�A@H Re vs ‖g − BTu‖2H�

• 8� ���� 	
� ��	������� �
��	'���� 	�� �
�'������
 �
� ���� 	
� 	
��� 	�� ���!�� TOL
��� ���
�'�	����� ��� ���'��
 � ��
���� Reynolds 	�� ����� ���'��
 ��
 � ���
	�������
������
�	
��� !����� G%���� �!���	� GB�A"H J GB�AAH Re vs CPU H�

• &��$� ���'��	�
 � �
'�	��� 	�� �����
��� ���	���	��� � ���
	������� ������
�	
���
!����� ���'��	�
 �����	
�'� �
� ���� 	
� 	
��� 	�� ��
���� Reynolds 	�� ���� ��
 �
�
���� 	
� 	
��� 	�� ���!�� TOL� ��� ���
�'�	���� G%���� �!���	� GB�ABH J GB�ACH DOF
vs CPU H� ����� �!�� ���%��� 
� ������� �
� ��� 
�� ������ ������ ��� ������	
���
������ runs ����	
���� ���� ��� 9.5 "�� ��#��� �������	
���� ������ 
� ��#���4
G%���� ������ B�CH�

BA



���� ��	����	��� �������
����

TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

1.0e-04 10 832 6.777894710e-06 1.002702929e-04 1.004991119e-04 1210 0.733000

1.0e-06 10 832 2.451799046e-08 1.003263334e-06 1.003562878e-06 4313 4.618000

1.0e-08 10 832 2.457191503e-10 1.009239522e-08 1.009538603e-08 7480 10.858000

1.0e-10 10 832 2.448822256e-12 1.003011920e-10 1.003310812e-10 10632 18.735000

1.0e-12 10 832 2.450433213e-14 1.003047182e-12 1.003346456e-12 13782 27.956000

1.0e-04 100 832 2.463985522e-07 1.002936930e-04 1.002939957e-04 2760 1.716000

1.0e-06 100 832 2.465137212e-09 1.010860098e-06 1.010863104e-06 5900 6.864000

1.0e-08 100 832 2.454858542e-11 1.008266739e-08 1.008269727e-08 9054 13.915000

1.0e-10 100 832 2.450756569e-13 1.005381531e-10 1.005384518e-10 12206 22.339000

1.0e-12 100 832 2.449201967e-15 1.005489077e-12 1.005492060e-12 15356 31.981000

1.0e-04 1000 832 2.457294326e-08 1.006654492e-04 1.006654522e-04 4321 3.120000

1.0e-06 1000 832 2.457851467e-10 1.009274166e-06 1.009274196e-06 7480 9.422000

1.0e-08 1000 832 2.448813595e-12 1.003018169e-08 1.003018199e-08 10632 17.051000

1.0e-10 1000 832 2.449143267e-14 1.002934722e-10 1.002934752e-10 13782 26.052000

1.0e-12 1000 832 2.636728096e-16 1.014611557e-12 1.014611591e-12 16928 36.130000

1.0e-04 10 3200 2.011378690e-05 9.994160141e-05 1.019455154e-04 2084 3.401000

1.0e-06 10 3200 2.212976808e-08 1.002641248e-06 1.002885436e-06 12721 66.503000

1.0e-08 10 3200 2.201470654e-10 1.000517570e-08 1.000759739e-08 28071 257.776000

1.0e-10 10 3200 2.202560694e-12 1.000960004e-10 1.001202306e-10 43503 518.267000

1.0e-12 10 3200 2.203387915e-14 1.000862347e-12 1.001104854e-12 58883 861.968000

1.0e-04 100 3200 7.950802825e-07 1.000312007e-04 1.000343604e-04 5144 13.213000

1.0e-06 100 3200 2.207573048e-09 1.003710647e-06 1.003713074e-06 20446 120.932000

1.0e-08 100 3200 2.201345324e-11 1.000278136e-08 1.000280558e-08 35757 345.807000

1.0e-10 100 3200 2.203159552e-13 1.001054951e-10 1.001057375e-10 51217 646.780000

1.0e-12 100 3200 2.216561925e-15 1.003185457e-12 1.003187906e-12 66590 1016.893000

1.0e-04 1000 3200 2.211359417e-08 1.000827439e-04 1.000827463e-04 12732 33.244000

1.0e-06 1000 3200 2.200755823e-10 1.000341536e-06 1.000341560e-06 28085 181.195000

1.0e-08 1000 3200 2.202554564e-12 1.000963704e-08 1.000963728e-08 43503 453.011000

1.0e-10 1000 3200 2.201730596e-14 1.000835693e-10 1.000835717e-10 58881 776.916000

1.0e-12 1000 3200 2.469124943e-16 1.013010298e-12 1.013010328e-12 74280 1168.183000

1.0e-04 10 12544 4.612854118e-05 9.997511913e-05 1.101038907e-04 654 17.004000

1.0e-06 10 12544 8.566217761e-08 1.000045697e-06 1.003707829e-06 21790 699.352000

1.0e-08 10 12544 2.019779845e-10 1.001754716e-08 1.001958314e-08 94036 5131.840000

1.0e-10 10 12544 2.019209163e-12 1.000449066e-10 1.000652814e-10 166448 13122.929000

1.0e-12 10 12544 2.031866257e-14 1.000181004e-12 1.000387369e-12 239046 24114.915000

1.0e-04 100 12544 2.288140835e-06 9.997111802e-05 9.999730010e-05 9239 42.994000

1.0e-06 100 12544 2.017737244e-09 1.000771411e-06 1.000773445e-06 57588 1730.987000

1.0e-08 100 12544 2.020005043e-11 1.001093584e-08 1.001095622e-08 130174 7512.884000

1.0e-10 100 12544 2.018836064e-13 1.000114786e-10 1.000116823e-10 202810 16937.293000

1.0e-12 100 12544 2.030392789e-15 1.002835123e-12 1.002837178e-12 275390 29213.184000

1.0e-04 1000 12544 8.565047412e-08 9.998544250e-05 9.998547918e-05 21783 217.809000

1.0e-06 1000 12544 2.015674211e-10 1.000743181e-06 1.000743201e-06 94350 3234.821000

1.0e-08 1000 12544 2.019098996e-12 1.000382872e-08 1.000382893e-08 166440 10293.165000

1.0e-10 1000 12544 2.018655301e-14 1.000002453e-10 1.000002473e-10 239148 21205.527000

1.0e-12 1000 12544 2.297681081e-16 1.009542694e-12 1.009542721e-12 311681 34635.202000

+������ B�C, ���	������	� �
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TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞

1.0e-04 10 832 9.213088453e+00 6.034756020e-01 5.169053623e-02

1.0e-06 10 832 9.858689804e-02 6.298288519e-03 5.155711921e-04

1.0e-08 10 832 9.893629180e-04 6.320605322e-05 5.174005657e-06

1.0e-10 10 832 9.859264779e-06 6.298639242e-07 5.156030858e-08

1.0e-12 10 832 9.861244676e-08 6.299903731e-09 5.157063665e-10

1.0e-04 100 832 1.107272025e+00 6.425087774e-02 6.579226870e-03

1.0e-06 100 832 1.112634097e-02 6.455200732e-04 6.606214198e-05

1.0e-08 100 832 1.110997026e-04 6.445656286e-06 6.597015638e-07

1.0e-10 100 832 1.109043400e-06 6.434282066e-08 6.585509693e-09

1.0e-12 100 832 1.109659120e-08 6.437825764e-10 6.589173651e-11

1.0e-04 1000 832 2.329667238e-01 1.426777699e-02 6.594422679e-03

1.0e-06 1000 832 2.330761026e-03 1.427459686e-04 6.597917612e-05

1.0e-08 1000 832 2.323157876e-05 1.422686111e-06 6.576325066e-07

1.0e-10 1000 832 2.323581716e-07 1.422938097e-08 6.577493106e-09

1.0e-12 1000 832 2.336771776e-09 1.431038372e-10 6.614830905e-11

1.0e-04 10 3200 1.164981074e+02 4.283455070e+00 1.872483464e-01

1.0e-06 10 3200 3.874442818e+00 1.232166492e-01 4.789136036e-03

1.0e-08 10 3200 3.871197543e-02 1.231094755e-03 4.784391134e-05

1.0e-10 10 3200 3.872190741e-04 1.231410599e-05 4.785618359e-07

1.0e-12 10 3200 3.871205762e-06 1.231097395e-07 4.784402652e-09

1.0e-04 100 3200 3.694404718e+01 1.168013318e+00 4.772307133e-02

1.0e-06 100 3200 3.978421421e-01 1.234130747e-02 4.791231640e-04

1.0e-08 100 3200 3.971518635e-03 1.231989019e-04 4.782914630e-06

1.0e-10 100 3200 3.973984522e-05 1.232753913e-06 4.785884111e-08

1.0e-12 100 3200 3.977882972e-07 1.233962643e-08 4.790585706e-10

1.0e-04 1000 3200 4.988650843e+00 1.353984745e-01 2.611865994e-02

1.0e-06 1000 3200 4.987270973e-02 1.353516821e-03 2.610450832e-04

1.0e-08 1000 3200 4.989507036e-04 1.354120824e-05 2.611608031e-06

1.0e-10 1000 3200 4.989231290e-06 1.354049880e-07 2.611481575e-08

1.0e-12 1000 3200 5.018127136e-08 1.361876286e-09 2.626558970e-10

1.0e-04 10 12544 3.454733922e+03 5.389571360e+01 1.132605809e+00

1.0e-06 10 12544 1.370125895e+02 2.198148231e+00 4.334770767e-02

1.0e-08 10 12544 1.467735241e+00 2.322422691e-02 4.358239634e-04

1.0e-10 10 12544 1.466753011e-02 2.320868476e-04 4.355322571e-06

1.0e-12 10 12544 1.466564468e-04 2.320570142e-06 4.354762695e-08

1.0e-04 100 12544 3.827210483e+02 7.119045621e+00 1.564825238e-01

1.0e-06 100 12544 1.475298093e+01 2.321394976e-01 4.356208330e-03

1.0e-08 100 12544 1.475500882e-01 2.321699504e-03 4.356642703e-05

1.0e-10 100 12544 1.474753057e-03 2.320522820e-05 4.354434696e-07

1.0e-12 100 12544 1.476807294e-05 2.323755280e-07 4.360500627e-09

1.0e-04 1000 12544 1.456181827e+02 2.212642801e+00 1.086564140e-01

1.0e-06 1000 12544 1.558259731e+00 2.334010694e-02 1.037130729e-03

1.0e-08 1000 12544 1.557953173e-02 2.333550577e-04 1.036925339e-05

1.0e-10 1000 12544 1.557656452e-04 2.333106332e-06 1.036728224e-07

1.0e-12 1000 12544 1.565120743e-06 2.344286601e-08 1.041696174e-09

+������ B�I, L����� ����'	�� �
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"���� � ���������� #������ Augmented Lagrangian

8	��� ������� GB�D B�EH� ������	���� 	� ���	������	� �
� 	� ������ Augmented La-
grangian� 8	� �!���	� GB�AIHJGB�FIH %������� �
'���� !����	��
�	
��� ������
���� 	��
������� Augmented Lagrangian� ����
 ��
�������	�� �
 �����'	� ������
���� 	�� �������
Augmented Lagrangian,
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TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

1.0e-04 10 832 1.536340585e-03 1.048607203e-04 1.539914986e-03 86 0.328000

1.0e-06 10 832 7.734857365e-06 6.160641425e-07 7.759352645e-06 274 1.528000

1.0e-08 10 832 1.853179028e-07 9.768797561e-09 1.855751990e-07 457 3.635000

1.0e-10 10 832 1.898461964e-09 9.911176522e-11 1.901047335e-09 647 6.739000

1.0e-12 10 832 1.895482066e-11 9.823360944e-13 1.898025844e-11 853 10.670000

1.0e-04 100 832 1.255508151e-03 9.333710013e-05 1.258972808e-03 28 0.266000

1.0e-06 100 832 1.077974158e-05 6.868375962e-07 1.080160055e-05 43 0.624000

1.0e-08 100 832 8.896344715e-08 7.419912886e-09 8.927233635e-08 63 1.185000

1.0e-10 100 832 1.301173575e-09 8.839910650e-11 1.304172947e-09 90 2.075000

1.0e-12 100 832 8.691576630e-12 7.628984051e-13 8.724993885e-12 106 2.964000

1.0e-04 1000 832 1.001104351e-03 7.672424851e-05 1.004040105e-03 22 0.265000

1.0e-06 1000 832 9.143040331e-06 8.196544160e-07 9.179706960e-06 52 0.921000

1.0e-08 1000 832 8.138028630e-08 7.110186275e-09 8.169030387e-08 41 0.936000

1.0e-10 1000 832 9.676390756e-10 9.189221562e-11 9.719925719e-10 23 0.795000

1.0e-12 1000 832 1.019792525e-11 7.768944682e-13 1.022747498e-11 45 1.701000

1.0e-04 10 3200 9.426386799e-04 9.943013937e-05 9.478681520e-04 465 6.349000

1.0e-06 10 3200 8.833105851e-06 9.980187237e-07 8.889308204e-06 2571 46.800000

1.0e-08 10 3200 8.831105375e-08 9.977633458e-09 8.887291705e-08 5589 171.789000

1.0e-10 10 3200 8.826093828e-10 9.971976740e-11 8.882248334e-10 8600 390.065000

1.0e-12 10 3200 8.834801594e-12 9.981531252e-13 8.891008315e-12 11612 647.919000

1.0e-04 100 3200 5.734865792e-04 9.176982235e-05 5.807827105e-04 156 5.553000

1.0e-06 100 3200 6.209024292e-06 9.552349986e-07 6.282074225e-06 537 30.670000

1.0e-08 100 3200 5.967129768e-08 9.752165726e-09 6.046295150e-08 929 78.625000

1.0e-10 100 3200 5.677229083e-10 9.557329269e-11 5.757113469e-10 1320 148.170000

1.0e-12 100 3200 5.332450628e-12 9.670488889e-13 5.419429237e-12 1697 244.547000

1.0e-04 1000 3200 4.151689315e-04 8.362197582e-05 4.235066428e-04 40 3.588000

1.0e-06 1000 3200 4.608912439e-06 8.616751201e-07 4.688769336e-06 77 11.778000

1.0e-08 1000 3200 3.182457381e-08 7.299792713e-09 3.265104090e-08 128 28.439000

1.0e-10 1000 3200 8.545602196e-10 9.866468844e-11 8.602371125e-10 169 47.502000

1.0e-12 1000 3200 4.405641244e-12 8.538148351e-13 4.487613457e-12 214 76.144000

1.0e-04 10 12544 4.538577036e-04 9.992932311e-05 4.647286141e-04 341 19.266000

1.0e-06 10 12544 4.424279947e-06 9.998108398e-07 4.535843336e-06 11045 964.554000

1.0e-08 10 12544 4.416955327e-08 9.998763533e-09 4.528713623e-08 47648 6690.244000

1.0e-10 10 12544 4.416838136e-10 9.998385529e-11 4.528590978e-10 84868 18402.720000

1.0e-12 10 12544 4.416737325e-12 9.998574371e-13 4.528496825e-12 122104 36440.976000

1.0e-04 100 12544 4.411399643e-04 1.000273287e-04 4.523382966e-04 906 108.857000

1.0e-06 100 12544 4.432481448e-06 9.990359398e-07 4.543673029e-06 5295 842.998000

1.0e-08 100 12544 4.433741912e-08 9.993192850e-09 4.544964948e-08 11668 3559.288000

1.0e-10 100 12544 4.431462135e-10 9.988046688e-11 4.542627810e-10 18111 7971.152000

1.0e-12 100 12544 4.433401634e-12 9.992338841e-13 4.544614219e-12 24497 14469.529000

1.0e-04 1000 12544 2.575198340e-04 9.809775359e-05 2.755714683e-04 260 92.587000

1.0e-06 1000 12544 2.857988542e-06 9.890004309e-07 3.024271873e-06 973 580.480000

1.0e-08 1000 12544 2.811456209e-08 9.430555343e-09 2.965407183e-08 1738 1631.021000

1.0e-10 1000 12544 3.158202371e-10 3.579603007e-10 4.773656869e-10 2467 3099.600000

1.0e-12 1000 12544 2.102885311e-12 9.615265579e-13 2.312284575e-12 3199 5131.309000

+������ B�D, ���	������	� �
� 	� ������ Augmented LagrangianFD
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TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞

1.0e-04 10 832 7.857631839e+00 4.965156204e-01 4.049820576e-02

1.0e-06 10 832 6.810107286e-02 4.301016610e-03 3.360576621e-04

1.0e-08 10 832 7.999635357e-04 5.064275380e-05 3.985733490e-06

1.0e-10 10 832 8.074191860e-06 5.112472594e-07 4.046229374e-08

1.0e-12 10 832 5.492889787e-08 3.435344807e-09 2.627793538e-10

1.0e-04 100 832 7.726836675e-01 4.140127675e-02 5.099374267e-03

1.0e-06 100 832 3.433609903e-03 1.829319864e-04 3.660429003e-05

1.0e-08 100 832 4.101803746e-05 2.133065358e-06 3.012566951e-07

1.0e-10 100 832 6.445251390e-07 3.750075211e-08 5.531159752e-09

1.0e-12 100 832 3.449096120e-09 1.796687360e-10 2.582467573e-11

1.0e-04 1000 832 6.283572882e+00 3.730737079e-01 4.520854474e-02

1.0e-06 1000 832 3.425291257e-02 1.940272005e-03 2.358714186e-04

1.0e-08 1000 832 6.483597601e-04 3.955160196e-05 5.479228448e-06

1.0e-10 1000 832 5.996604108e-06 3.266271432e-07 4.322697222e-08

1.0e-12 1000 832 5.764462374e-08 3.467107215e-09 4.494220551e-10

1.0e-04 10 3200 9.909450525e+01 3.826796809e+00 1.693476582e-01

1.0e-06 10 3200 3.816982607e+00 1.213471688e-01 4.709770459e-03

1.0e-08 10 3200 3.815922071e-02 1.213122641e-03 4.708256139e-05

1.0e-10 10 3200 3.813762175e-04 1.212435815e-05 4.705587413e-07

1.0e-12 10 3200 3.817271774e-06 1.213551952e-07 4.709944101e-09

1.0e-04 100 3200 3.143482585e+01 9.727906724e-01 3.788287105e-02

1.0e-06 100 3200 3.131742743e-01 9.700851890e-03 3.860094869e-04

1.0e-08 100 3200 3.079909585e-03 9.540980250e-05 3.712080025e-06

1.0e-10 100 3200 2.691607063e-05 8.319642135e-07 3.255197023e-08

1.0e-12 100 3200 2.919915448e-07 9.032290823e-09 3.498683565e-10

1.0e-04 1000 3200 9.401467146e+00 2.451602774e-01 1.455920194e-02

1.0e-06 1000 3200 4.414162811e-02 9.904206696e-04 1.272868991e-04

1.0e-08 1000 3200 3.389981899e-04 8.524729074e-06 5.037460358e-07

1.0e-10 1000 3200 5.209882127e-06 1.247964701e-07 2.561301471e-08

1.0e-12 1000 3200 5.174107864e-08 1.202306134e-09 9.390244138e-11

1.0e-04 10 12544 3.438255814e+03 5.363937259e+01 1.127788367e+00

1.0e-06 10 12544 1.370349633e+02 2.198055556e+00 4.332039094e-02

1.0e-08 10 12544 1.465851013e+00 2.319428071e-02 4.352480384e-04

1.0e-10 10 12544 1.465778745e-02 2.319313720e-04 4.352266002e-06

1.0e-12 10 12544 1.465877959e-04 2.319470691e-06 4.352559735e-08

1.0e-04 100 12544 3.637687282e+02 6.870174997e+00 1.523522247e-01

1.0e-06 100 12544 1.452728642e+01 2.285230619e-01 4.282662307e-03

1.0e-08 100 12544 1.453137010e-01 2.285874031e-03 4.284081509e-05

1.0e-10 100 12544 1.452390627e-03 2.284704395e-05 4.281373800e-07

1.0e-12 100 12544 1.453000760e-05 2.285660260e-07 4.283671751e-09

1.0e-04 1000 12544 1.350614750e+02 1.995993511e+00 9.548668972e-02

1.0e-06 1000 12544 1.455729090e+00 2.166797861e-02 9.858883330e-04

1.0e-08 1000 12544 1.346546831e-02 2.010291309e-04 9.053823119e-06

1.0e-10 1000 12544 1.420383921e-04 2.053315892e-06 9.218187480e-08

1.0e-12 1000 12544 1.374671217e-06 2.051165236e-08 9.254671474e-10

+������ B�E, L����� ����'	�� �
� 	� ������ Augmented Lagrangian
FE
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10
−12

10
−10

10
−8

10
−6

10
−4

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

log TOL

lo
g 

||g
 −

 B
T
 u

|| 2

Augmented Lagrangian: SMALL Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�B@, (������ Augmented Lagrangian: TOL vs ‖g −BTu‖2 (SMALL Matrix)�

C"



���� ��	����	��� �������
����

10
−12

10
−10

10
−8

10
−6

10
−4

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

log TOL

lo
g 

||g
 −

 B
T
 u

|| 2

Augmented Lagrangian: MEDIUM Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�B", (������ Augmented Lagrangian: TOL vs ‖g − BTu‖2 (MEDIUM Matrix)�
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8!��� B�BA, (������ Augmented Lagrangian: TOL vs CPU time� (SMALL Matrix)�
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8!��� B�BF, (������ Augmented Lagrangian: TOL vs CPU time� (LARGE Matrix)�
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� 	� ������ Simplified Aug-
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TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

1.0e-04 10 832 5.153625854e-04 1.120893950e-04 5.274112502e-04 152 0.078000

1.0e-06 10 832 9.226277294e-06 9.811682052e-07 9.278301771e-06 548 0.390000

1.0e-08 10 832 9.286979661e-08 9.815971728e-09 9.338711058e-08 961 1.123000

1.0e-10 10 832 1.002514001e-09 9.838343953e-11 1.007329948e-09 1375 2.480000

1.0e-12 10 832 9.844467997e-12 9.773862206e-13 9.892867833e-12 1788 4.743000

1.0e-04 100 832 7.233452259e-04 8.453422033e-05 7.282680483e-04 44 0.062000

1.0e-06 100 832 9.319230409e-06 8.429795320e-07 9.357278980e-06 83 0.218000

1.0e-08 100 832 9.027413269e-08 8.961105173e-09 9.071780663e-08 123 0.500000

1.0e-10 100 832 7.927265870e-10 7.122869021e-11 7.959202020e-10 175 0.967000

1.0e-12 100 832 6.533338787e-12 8.390314236e-13 6.586993961e-12 211 1.560000

1.0e-04 1000 832 9.168353996e-04 9.209560019e-05 9.214492658e-04 86 0.109000

1.0e-06 1000 832 9.289590122e-06 9.034193985e-07 9.333415840e-06 18 0.109000

1.0e-08 1000 832 1.126842680e-07 9.209103260e-09 1.130599480e-07 41 0.203000

1.0e-10 1000 832 9.632080146e-10 8.750715113e-11 9.671748451e-10 31 0.296000

1.0e-12 1000 832 6.685205232e-12 7.687066104e-13 6.729255446e-12 44 0.452000

1.0e-04 10 3200 2.245873994e-04 9.964279615e-05 2.456993829e-04 910 0.999000

1.0e-06 10 3200 3.955398960e-07 9.991631527e-07 1.074606354e-06 5943 8.127000

1.0e-08 10 3200 3.947792332e-09 9.994190426e-09 1.074564594e-08 13961 38.579000

1.0e-10 10 3200 3.946164429e-11 9.990224619e-11 1.074135939e-10 21983 104.599000

1.0e-12 10 3200 3.946486913e-13 9.992185357e-13 1.074330150e-12 30004 239.025000

1.0e-04 100 3200 3.701769078e-04 9.631555858e-05 3.825018038e-04 249 0.920000

1.0e-06 100 3200 3.186545803e-06 9.957491662e-07 3.338501244e-06 1018 5.226000

1.0e-08 100 3200 2.425355932e-08 9.712422457e-09 2.612596964e-08 1812 16.723000

1.0e-10 100 3200 3.714259194e-10 9.554750291e-11 3.835186291e-10 2639 42.792000

1.0e-12 100 3200 3.319535896e-12 9.932777979e-13 3.464955894e-12 3424 88.889000

1.0e-04 1000 3200 3.906597863e-04 8.790608810e-05 4.004279572e-04 69 0.920000

1.0e-06 1000 3200 3.102575081e-06 8.504377268e-07 3.217019810e-06 154 3.136000

1.0e-08 1000 3200 4.054668578e-08 8.177254718e-09 4.136304175e-08 242 7.956000

1.0e-10 1000 3200 4.005480733e-10 7.344289276e-11 4.072255119e-10 318 17.207000

1.0e-12 1000 3200 3.772335565e-12 9.046687146e-13 3.879296469e-12 401 31.247000

1.0e-04 10 12544 1.298132560e-04 9.968608180e-05 1.636728332e-04 88 4.602000

1.0e-06 10 12544 1.175424419e-07 9.999223308e-07 1.006807277e-06 37888 113.585000

1.0e-08 10 12544 1.414457252e-10 9.999599166e-09 1.000059950e-08 182567 924.914000

1.0e-10 10 12544 1.414385318e-12 9.999497309e-11 1.000049755e-10 333700 4034.014000

1.0e-12 10 12544 1.434795308e-14 9.999587592e-13 1.000061690e-12 484833 10802.508000

1.0e-04 100 12544 1.031914850e-04 9.990870576e-05 1.436322807e-04 1658 13.011000

1.0e-06 100 12544 3.007310389e-07 9.995477165e-07 1.043807834e-06 10700 89.685000

1.0e-08 100 12544 3.005375912e-09 9.994184004e-09 1.043628278e-08 25812 509.124000

1.0e-10 100 12544 3.005678284e-11 9.995197622e-11 1.043734053e-10 40927 1482.711000

1.0e-12 100 12544 3.006036466e-13 9.996804104e-13 1.043898211e-12 56042 3764.164000

1.0e-04 1000 12544 1.312457076e-04 9.840236982e-05 1.640379900e-04 437 11.263000

1.0e-06 1000 12544 1.226939614e-06 9.151888393e-07 1.530670254e-06 1877 69.702000

1.0e-08 1000 12544 1.232271433e-08 9.720437121e-09 1.569510071e-08 3359 257.058000

1.0e-10 1000 12544 1.342704675e-10 9.952731958e-11 1.671354115e-10 4876 684.236000

1.0e-12 1000 12544 1.416833129e-12 9.871098884e-13 1.726789521e-12 6415 1545.736000

+������ B�"@, ���	������	� �
� 	� ������ Simplified Augmented LagrangianI:
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TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞

1.0e-04 10 832 9.393372955e+00 5.983367146e-01 4.783724183e-02

1.0e-06 10 832 1.035994650e-01 6.552477064e-03 5.253641163e-04

1.0e-08 10 832 1.041084216e-03 6.594757853e-05 5.123459696e-06

1.0e-10 10 832 1.003461611e-05 6.338637295e-07 5.010152992e-08

1.0e-12 10 832 1.001951589e-07 6.332251651e-09 5.029390238e-10

1.0e-04 100 832 5.971495008e-01 2.738105488e-02 3.293404423e-03

1.0e-06 100 832 5.203762556e-03 2.800627115e-04 6.570244033e-05

1.0e-08 100 832 5.953221529e-05 3.429745595e-06 7.306506447e-07

1.0e-10 100 832 6.435222036e-07 4.208014275e-08 5.126203240e-09

1.0e-12 100 832 3.748988231e-09 2.118828587e-10 5.395384139e-11

1.0e-04 1000 832 1.949006560e+00 1.044334966e-01 1.165360428e-02

1.0e-06 1000 832 6.741889250e-02 3.864358180e-03 4.314464569e-04

1.0e-08 1000 832 5.634366434e-04 2.975777658e-05 3.865442891e-06

1.0e-10 1000 832 6.716697117e-06 3.944167019e-07 5.394590885e-08

1.0e-12 1000 832 6.018195053e-08 3.431899001e-09 4.710289936e-10

1.0e-04 10 3200 1.547706248e+02 5.349243748e+00 2.316124459e-01

1.0e-06 10 3200 5.457583294e+00 1.735565781e-01 6.744380935e-03

1.0e-08 10 3200 5.459372479e-02 1.736018250e-03 6.744443096e-05

1.0e-10 10 3200 5.457206093e-04 1.735329372e-05 6.741767657e-07

1.0e-12 10 3200 5.458272019e-06 1.735668311e-07 6.743085201e-09

1.0e-04 100 3200 4.000471928e+01 1.252587658e+00 5.108427633e-02

1.0e-06 100 3200 4.640902174e-01 1.430948079e-02 5.484386794e-04

1.0e-08 100 3200 5.057501630e-03 1.566418026e-04 6.033865178e-06

1.0e-10 100 3200 4.337572045e-05 1.343899305e-06 5.210675846e-08

1.0e-12 100 3200 4.850148493e-07 1.499815058e-08 5.861231500e-10

1.0e-04 1000 3200 7.684976612e+00 1.952134275e-01 1.192877694e-02

1.0e-06 1000 3200 3.030477160e-02 7.443302109e-04 4.223098583e-05

1.0e-08 1000 3200 2.969141038e-04 7.032914065e-06 5.135608010e-07

1.0e-10 1000 3200 3.161993708e-06 7.421203701e-08 4.452874625e-09

1.0e-12 1000 3200 3.656225867e-08 8.380774394e-10 1.590579890e-10

1.0e-04 10 12544 4.057338810e+03 6.323882359e+01 1.269150425e+00

1.0e-06 10 12544 1.668050940e+02 2.730309686e+00 5.606331777e-02

1.0e-08 10 12544 2.073948463e+00 3.281646884e-02 6.158339094e-04

1.0e-10 10 12544 2.073927310e-02 3.281613381e-04 6.158275929e-06

1.0e-12 10 12544 2.073949532e-04 3.281648541e-06 6.158341748e-08

1.0e-04 100 12544 5.059952229e+02 8.769621862e+00 1.866607661e-01

1.0e-06 100 12544 2.076250429e+01 3.266726242e-01 6.127776244e-03

1.0e-08 100 12544 2.076010444e-01 3.266310340e-03 6.126644048e-05

1.0e-10 100 12544 2.076221022e-03 3.266641622e-05 6.127265204e-07

1.0e-12 100 12544 2.076550894e-05 3.267160678e-07 6.128239360e-09

1.0e-04 1000 12544 1.534362235e+02 2.260989788e+00 1.098026244e-01

1.0e-06 1000 12544 1.808167565e+00 2.703307143e-02 1.225193379e-03

1.0e-08 1000 12544 2.005839638e-02 2.997500641e-04 1.317792077e-05

1.0e-10 1000 12544 2.011438759e-04 3.008800620e-06 1.376788742e-07

1.0e-12 1000 12544 1.852570870e-06 2.767964954e-08 1.248232517e-09

+������ B�"", L����� ����'	�� �
� 	� ������ Simplified Augmented Lagrangian
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"���$ � ���������� #������ MA57

8	��� ������� GB�": B�"AH� ������	���� 	� ���	������	� �
� 	� ������ MA57 �� !����
MeTiS Ordering G%���� O:@PH� 8	��� ������� GB�"B B�"FH������	�
 	� ���	������	� �
� 	�
������ MA57 �� !���� AMD Ordering� GApproximate Minimum Degree OrderingH� 8	�
�!���	� GB�IEHJGB�D:H %������� �
'���� !����	��
�	
��� ������
���� 	�� ������� MA57�
����
 ��
�������	�� �
 �����'	� ������
���� 	�� ������� MA57,

• 8� ���� 	
� ��	������� �
��	'���� 	�� �
�'��� ��� ���
�'�	����� ��� ���'��
 � ��
 
���� Reynolds 	�� ����� � ������������ 
����"� ����� ������ �����(���
 ��)���� G%���� �!��� GB�D"H Re vs CPUH�

• &��$� ���'��	�
 � �
'�	��� 	�� �����
��� ���	���	��� � ���
	������� ������
�	
���
!����� ���'��	�
� ���
����� �� ���� 	
� 	
��� 	�� ��
���� Reynolds 	�� ����� ���
���
�'�	���� G%���� �!��� GB�D:H DOF vs CPUH�

DF



���� ��	����	��� �������
����

Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 CPU time (sec)

10 832 7.158252447e-15 7.277573323e-16 7.195151759e-15 0.031000

100 832 8.895083896e-16 1.524615689e-15 1.765128373e-15 0.032000

1000 832 6.181741231e-16 1.464449901e-14 1.465754039e-14 0.046000

10 3200 2.553327950e-14 8.416037359e-16 2.554714580e-14 0.359000

100 3200 2.298193339e-15 1.076020880e-15 2.537619664e-15 0.359000

1000 3200 6.770477532e-16 7.473169406e-15 7.503776025e-15 0.359000

10 12544 5.980413670e-14 8.529707832e-16 5.981021924e-14 4.508000

100 12544 6.807948077e-15 1.159686971e-15 6.906014110e-15 4.508000

1000 12544 9.233647077e-16 4.044067941e-15 4.148142704e-15 4.509000

+������ B�":, ���	������	� MA57 (MeTiS ordering used)

Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞
10 832 5.828337812e-12 3.700567200e-13 4.207745263e-14

100 832 3.035238727e-12 1.533826449e-13 1.509903313e-14

1000 832 6.477485215e-12 3.507132152e-13 6.195044477e-14

10 3200 3.838973583e-10 1.203624776e-11 5.193623309e-13

100 3200 3.537881099e-11 9.233270557e-13 3.419486916e-14

1000 3200 2.137523492e-11 4.754166723e-13 6.405986852e-14

10 12544 9.502616583e-09 1.485057182e-10 2.738476113e-12

100 12544 3.323820108e-10 4.528505070e-12 1.213473766e-13

1000 12544 6.639047090e-10 1.093690097e-11 1.126210236e-12

+������ B�"A, L����� ����'	�� MA57 (MeTiS ordering used)

Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 CPU time (sec)

10 832 7.092991841e-15 7.199081525e-16 7.129432026e-15 0.031000

100 832 8.897276174e-16 1.263621925e-15 1.545430555e-15 0.047000

1000 832 5.571868293e-16 1.150738726e-14 1.152086883e-14 0.031000

10 3200 3.469883898e-14 8.386737684e-16 3.470897291e-14 0.344000

100 3200 2.889537128e-15 1.177088814e-15 3.120090205e-15 0.358000

1000 3200 6.858316951e-16 5.936309913e-15 5.975796223e-15 0.344000

10 12544 1.183663127e-13 9.985545094e-16 1.183705246e-13 4.446000

100 12544 1.098536760e-14 1.110214893e-15 1.104132593e-14 4.430000

1000 12544 1.366797946e-15 3.348224379e-15 3.616454496e-15 4.493000

+������ B�"B, ���	������	� MA57 (AMD ordering used)

DC



���� ��	����	��� �������
����

Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞
10 832 4.429123734e-12 3.015239422e-13 3.885780586e-14

100 832 2.328803816e-12 1.221606601e-13 2.708944180e-14

1000 832 4.945377441e-12 2.480480248e-13 6.727951529e-14

10 3200 5.956202198e-11 1.964621600e-12 1.936228955e-13

100 3200 4.287237232e-11 1.099282595e-12 6.339373471e-14

1000 3200 2.276923095e-11 5.794190360e-13 1.101341240e-13

10 12544 1.009146999e-08 1.553307740e-10 3.150257832e-12

100 12544 1.320733301e-09 2.489612498e-11 5.920819390e-13

1000 12544 6.902972638e-10 8.494027702e-12 1.277977724e-12

+������ B�"F, L����� ����'	�� MA57 (AMD ordering used)

DI
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8	� ����!�
� ������	���� �
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�' ���
�$� �����	'���� �
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"���% � ���������� #������ Preconditioned MINRES

8	��� ������� GB�"C B�"IH� ������	���� 	� ���	������	� �
� 	� ������ Preconditioned
MINRES �� (r = 0.22, band = 2)� 8	� �!���	� GB�DAHJGB�"@AH %������� �
'���� !����	��
� 
	
��� ������
���� 	�� ������� Preconditioned MINRES� ����
 ��
�������	�� �
 �����'	�
������
���� 	�� ������� Preconditioned MINRES,

• )
� 	� ������ ��
 	� ���'�� ������ ��
 �
� 	
��� 	�� ���!�� TOL= 10−4, 10−6, 10−8�
��� ���'��
 � ��
���� Reynolds 	�� ����� �
������� � ���
	������� ������
�	
���
!������ ��$ �
� 	
��� 	�� ���!�� TOL< 10−8���� ���'��
 � ��
���� Reynolds 	�� �����
��������� � ���
	������� ������
�	
��� !����� G%���� �!���	� GB�DEH J GB�E"H TOL
vs CPU�GB�EDH J GB�"@@H Re vs CPU�GB�"@"H J GB�"@AH DOF vs CPUH�

• &��$� ���'��	�
 � �
'�	��� 	�� �����
��� ���	���	��� � ���
	������� ������
�	
���
!����� ���'��	�
� �
� ���� 	
� 	
��� 	�� ��
���� Reynolds 	�� ���� ��
 �
� ���� 	
� 	
���
	�� ���!�� TOL� ��� ���
�'�	���� G%���� �!���	� GB�"@"H J GB�"@AH DOF vs CPUH�

E@



���� ��	����	��� �������
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TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

0.1E-03 10 832 0.118404458E-02 0.329546700E-02 0.350172304E-02 144 0.0468003

0.1E-05 10 832 0.227058724E-04 0.341573320E-04 0.410156064E-04 285 0.0624004

0.1E-07 10 832 0.295455975E-06 0.340925931E-06 0.451137145E-06 319 0.0780005

0.1E-09 10 832 0.434209493E-08 0.307610875E-08 0.532129998E-08 357 0.0780005

0.1E-11 10 832 0.314975368E-10 0.318310857E-10 0.447807195E-10 402 0.0780005

0.1E-03 100 832 0.203915871E-03 0.249751803E-02 0.250582880E-02 212 0.0780005

0.1E-05 100 832 0.892344500E-05 0.137714911E-04 0.164098092E-04 314 0.0624004

0.1E-07 100 832 0.828230361E-07 0.148355684E-06 0.169908988E-06 353 0.0780005

0.1E-09 100 832 0.885874475E-09 0.188678463E-08 0.208440156E-08 386 0.0780005

0.1E-11 100 832 0.854760774E-11 0.216734959E-10 0.232981120E-10 413 0.0936006

0.1E-03 1000 832 0.387611595E-03 0.192078921E-02 0.195950860E-02 236 0.0468003

0.1E-05 1000 832 0.460155773E-05 0.137909511E-04 0.145383860E-04 340 0.0780005

0.1E-07 1000 832 0.508400079E-07 0.205889855E-06 0.212073899E-06 415 0.0780005

0.1E-09 1000 832 0.580145557E-09 0.262413078E-08 0.268749534E-08 465 0.0936006

0.1E-11 1000 832 0.573338368E-11 0.288255163E-10 0.293901698E-10 538 0.1092007

0.1E-03 10 3200 0.215956140E-02 0.305852861E-02 0.374410239E-02 88 0.3432022

0.1E-05 10 3200 0.259734866E-04 0.842797934E-04 0.881913011E-04 599 0.6240039

0.1E-07 10 3200 0.404059467E-06 0.112777347E-05 0.119797206E-05 1074 0.8580055

0.1E-09 10 3200 0.540188307E-08 0.108829747E-07 0.121498757E-07 1222 0.9516063

0.1E-11 10 3200 0.611901161E-10 0.121147482E-09 0.135723774E-09 1387 1.0140066

0.1E-03 100 3200 0.397029435E-03 0.329554690E-02 0.331937671E-02 422 0.5304031

0.1E-05 100 3200 0.416432123E-05 0.503958957E-04 0.505676564E-04 924 0.7800050

0.1E-07 100 3200 0.107469429E-06 0.394506544E-06 0.408882735E-06 1031 0.8424053

0.1E-09 100 3200 0.122799669E-08 0.388442537E-08 0.407390922E-08 1085 0.8736057

0.1E-11 100 3200 0.134550853E-10 0.378894801E-10 0.402076115E-10 1137 0.9048061

0.1E-03 1000 3200 0.227072841E-03 0.268971990E-02 0.269928791E-02 452 0.5460033

0.1E-05 1000 3200 0.468464205E-05 0.143669351E-04 0.151114094E-04 896 0.7644043

0.1E-07 1000 3200 0.474188275E-07 0.196658768E-06 0.202294874E-06 1051 0.8580055

0.1E-09 1000 3200 0.500988090E-09 0.264628037E-08 0.269328589E-08 1159 0.9048061

0.1E-11 1000 3200 0.520124960E-11 0.240109796E-10 0.245678680E-10 1310 0.9828062

0.1E-03 10 12544 0.460568494E-02 0.509714475E-02 0.686973204E-02 144 4.4928293

0.1E-05 10 12544 0.185989576E-04 0.109659257E-03 0.111225330E-03 444 5.1480331

0.1E-07 10 12544 0.534822823E-06 0.248804306E-05 0.254487597E-05 2527 9.5316620

0.1E-09 10 12544 0.114309039E-07 0.301850873E-07 0.322770051E-07 4233 13.1040840

0.1E-11 10 12544 0.818587919E-10 0.339236697E-09 0.348973350E-09 4879 14.5080910

0.1E-03 100 12544 0.543855408E-03 0.200557689E-02 0.207800803E-02 207 4.6332283

0.1E-05 100 12544 0.674710093E-05 0.812792303E-04 0.815587926E-04 2069 8.5644531

0.1E-07 100 12544 0.924364595E-07 0.983559586E-06 0.987893698E-06 3099 10.7484741

0.1E-09 100 12544 0.135811843E-08 0.106510838E-07 0.107373214E-07 3959 12.5424805

0.1E-11 100 12544 0.190904836E-10 0.102713649E-09 0.104472677E-09 4303 13.2756805

0.1E-03 1000 12544 0.170236932E-03 0.389340448E-02 0.389712446E-02 1356 7.0356445

0.1E-05 1000 12544 0.454798389E-05 0.443292703E-04 0.445619609E-04 3145 10.8420715

0.1E-07 1000 12544 0.584252562E-07 0.245071962E-06 0.251940026E-06 3396 11.3568802

0.1E-09 1000 12544 0.611885241E-09 0.290103235E-08 0.296485956E-08 3552 11.6844635

0.1E-11 1000 12544 0.564063383E-11 0.359582845E-10 0.363980078E-10 3749 12.1212769

+������ B�"C, ���	������	� �
� 	� ������ Preconditioned MINRES(r = 0.22, band = 2)E"



���� ��	����	��� �������
����
TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞

0.1E-03 10 832 0.128523080E+03 0.790390550E+01 0.699391296E+00

0.1E-05 10 832 0.106004875E+01 0.676798921E-01 0.630215945E-02

0.1E-07 10 832 0.433923342E-03 0.263758168E-04 0.416858597E-05

0.1E-09 10 832 0.549153136E-05 0.261174269E-06 0.521103692E-07

0.1E-11 10 832 0.228367202E-07 0.116770967E-08 0.169366743E-09

0.1E-03 100 832 0.392223798E+02 0.226858952E+01 0.229352046E+00

0.1E-05 100 832 0.370859218E-01 0.198494360E-02 0.280286416E-03

0.1E-07 100 832 0.167886785E-03 0.918347591E-05 0.123427569E-05

0.1E-09 100 832 0.106849027E-05 0.561621035E-07 0.796896882E-08

0.1E-11 100 832 0.932334687E-08 0.497486269E-09 0.792549359E-10

0.1E-03 1000 832 0.104861317E+02 0.643941177E+00 0.114756505E+00

0.1E-05 1000 832 0.162204438E+00 0.110444884E-01 0.152876758E-02

0.1E-07 1000 832 0.118468280E-02 0.785009365E-04 0.118804410E-04

0.1E-09 1000 832 0.722561609E-05 0.411935369E-06 0.539067274E-07

0.1E-11 1000 832 0.995766776E-07 0.577133305E-08 0.746958939E-09

0.1E-03 10 3200 0.104158898E+04 0.321776500E+02 0.127852575E+01

0.1E-05 10 3200 0.110827682E+03 0.370165062E+01 0.167938696E+00

0.1E-07 10 3200 0.427117758E+00 0.142675856E-01 0.808885831E-03

0.1E-09 10 3200 0.161607706E-03 0.568440022E-05 0.541510151E-06

0.1E-11 10 3200 0.167154753E-05 0.589608953E-07 0.931269095E-08

0.1E-03 100 3200 0.394663495E+03 0.115814537E+02 0.769508600E+00

0.1E-05 100 3200 0.795387261E+01 0.243817753E+00 0.111008785E-01

0.1E-07 100 3200 0.146896256E-02 0.353940978E-04 0.264519509E-05

0.1E-09 100 3200 0.920330366E-05 0.221135421E-06 0.150033883E-07

0.1E-11 100 3200 0.954020849E-07 0.231127047E-08 0.200774508E-09

0.1E-03 1000 3200 0.201345510E+03 0.474562217E+01 0.865845674E+00

0.1E-05 1000 3200 0.162019586E+01 0.504033659E-01 0.319493368E-02

0.1E-07 1000 3200 0.741948909E-02 0.244122052E-03 0.205692706E-04

0.1E-09 1000 3200 0.672037904E-04 0.194127416E-05 0.127560940E-06

0.1E-11 1000 3200 0.357084179E-06 0.101926227E-07 0.745486117E-09

0.1E-03 10 12544 0.419909972E+04 0.641661560E+02 0.180801178E+01

0.1E-05 10 12544 0.408217262E+04 0.636331771E+02 0.126695731E+01

0.1E-07 10 12544 0.380308091E+03 0.602069886E+01 0.113313490E+00

0.1E-09 10 12544 0.146651282E+00 0.277557570E-02 0.934363456E-04

0.1E-11 10 12544 0.193589057E-03 0.348458693E-05 0.119741679E-06

0.1E-03 100 12544 0.434113614E+04 0.643268718E+02 0.120833221E+01

0.1E-05 100 12544 0.387298412E+03 0.624651226E+01 0.134963038E+00

0.1E-07 100 12544 0.131573781E+01 0.226969246E-01 0.694272378E-03

0.1E-09 100 12544 0.747227868E-03 0.108062738E-04 0.488381928E-06

0.1E-11 100 12544 0.310921829E-05 0.435748405E-07 0.228709673E-08

0.1E-03 1000 12544 0.183080674E+04 0.234633038E+02 0.353483476E+01

0.1E-05 1000 12544 0.566372268E+02 0.729480708E+00 0.312950813E-01

0.1E-07 1000 12544 0.420465454E-01 0.559111962E-03 0.248972199E-04

0.1E-09 1000 12544 0.363325725E-03 0.548425765E-05 0.246620208E-06

0.1E-11 1000 12544 0.338065856E-05 0.460640920E-07 0.144601220E-08

+������ B�"I, L����� ����'	�� �
� 	� ������ Preconditioned MINRES(r = 0.22, band = 2)
E:
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Prec MINRES(band = 2,r = 0.22): SMALL Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�DA, (������ Preconditioned MINRES: TOL vs ‖f −Au−Bp‖2 (SMALL Matrix)�
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix

 

 
Re = 10
Re = 100
Re = 1000
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 
Re = 10
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8!��� B�DF, (������ Preconditioned MINRES: TOL vs ‖f −Au−Bp‖2 (LARGE Matrix)�
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Prec MINRES(band = 2,r = 0.22): SMALL Matrix
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix
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8!��� B�DI, (������ Preconditioned MINRES: TOL vs ‖g − BTu‖2 (MEDIUM Matrix)�
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 
Re = 10
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Prec MINRES(band = 2,r = 0.22): SMALL Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�DE, (������ Preconditioned MINRES: TOL vs CPU time� (SMALL Matrix)�
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�E@, (������ Preconditioned MINRES: TOL vs CPU time� (MEDIUM Matrix)�
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 
Re = 10
Re = 100
Re = 1000

8!��� B�E", (������ Preconditioned MINRES: TOL vs CPU time� (LARGE Matrix)�
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Prec MINRES(band = 2,r = 0.22): SMALL Matrix

 

 

TOL = 10−4
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix

 

 

TOL = 10−4

TOL = 10−8
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8!��� B�EA, (������ Preconditioned MINRES: Re vs ‖f −Au−Bp‖2 (MEDIUM Matrix)�
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 

TOL = 10−4
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Prec MINRES(band = 2,r = 0.22): SMALL Matrix

 

 

TOL = 10−4
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8!��� B�EF, (������ Preconditioned MINRES: Re vs ‖g −BTu‖2 (SMALL Matrix)�
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 

TOL = 10−4
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8!��� B�EI, (������ Preconditioned MINRES: Re vs ‖g − BTu‖2 (LARGE Matrix)�

10
1

10
2

10
3

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

log Re

C
P

U
 ti

m
e 

(s
ec

)

Prec MINRES(band = 2,r = 0.22): SMALL Matrix
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Prec MINRES(band = 2,r = 0.22): MEDIUM Matrix

 

 

TOL = 10−4
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8!��� B�EE, (������ Preconditioned MINRES: Re vs CPU time� (MEDIUM Matrix)�
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Prec MINRES(band = 2,r = 0.22): LARGE Matrix

 

 

TOL = 10−4
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8!��� B�"@@, (������ Preconditioned MINRES: Re vs CPU time� (LARGE Matrix)�
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Prec MINRES(band = 2,r = 0.22): TOL = 10−4

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"@", (������ Preconditioned MINRES: DOF vs CPU time� �
� TOL = 10−4�
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Prec MINRES(band = 2,r = 0.22): TOL = 10−8

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"@:, (������ Preconditioned MINRES: DOF vs CPU time� �
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Prec MINRES(band = 2,r = 0.22): TOL = 10−12

 

 

Re = 10
Re = 100
Re = 1000

8!��� B�"@A, (������ Preconditioned MINRES: DOF vs CPU time� �
� TOL = 10−12�
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TOL Re DOF ‖f − Au−Bp‖2 ‖g − BTu‖2 ‖r‖2 #iter CPU time (sec)

0.1E-03 10 832 0.119316776E-02 0.328010475E-02 0.349037770E-02 143 0.0468003

0.1E-05 10 832 0.173325220E-04 0.430915839E-04 0.464467536E-04 286 0.0624004

0.1E-07 10 832 0.309056174E-06 0.300731527E-06 0.431225197E-06 322 0.0624004

0.1E-09 10 832 0.320229188E-08 0.344797090E-08 0.470565369E-08 354 0.0624004

0.1E-11 10 832 0.385502093E-10 0.361720491E-10 0.528633689E-10 395 0.0624004

0.1E-03 100 832 0.157219267E-02 0.108062581E-02 0.190775835E-02 197 0.0312002

0.1E-05 100 832 0.221467351E-04 0.531432189E-05 0.227754230E-04 291 0.0624004

0.1E-07 100 832 0.222752708E-06 0.107033358E-06 0.247133382E-06 368 0.0624004

0.1E-09 100 832 0.237199064E-08 0.998601104E-09 0.257362464E-08 409 0.0624004

0.1E-11 100 832 0.262484674E-10 0.135981480E-10 0.295616587E-10 493 0.0780005

0.1E-03 1000 832 0.173145250E-02 0.556108668E-03 0.181856664E-02 176 0.0624004

0.1E-05 1000 832 0.204709001E-04 0.582315377E-05 0.212830184E-04 255 0.0468003

0.1E-07 1000 832 0.182911787E-06 0.102179784E-06 0.209517136E-06 395 0.0780005

0.1E-09 1000 832 0.277400031E-08 0.956502585E-09 0.293427588E-08 603 0.0780005

0.1E-11 1000 832 0.313509057E-10 0.125683319E-10 0.337763564E-10 733 0.0936006

0.1E-03 10 3200 0.199665174E-02 0.345862917E-02 0.399358660E-02 85 0.3432022

0.1E-05 10 3200 0.151607490E-04 0.855399839E-04 0.868731095E-04 598 0.5148033

0.1E-07 10 3200 0.371548312E-06 0.102669348E-05 0.109185514E-05 1072 0.7020044

0.1E-09 10 3200 0.489220946E-08 0.106993596E-07 0.117647783E-07 1215 0.7332048

0.1E-11 10 3200 0.579224880E-10 0.100041994E-09 0.115600238E-09 1338 0.7800047

0.1E-03 100 3200 0.161662739E-02 0.113475670E-02 0.197513465E-02 333 0.4368029

0.1E-05 100 3200 0.263420792E-04 0.987534549E-05 0.281323228E-04 751 0.5772038

0.1E-07 100 3200 0.266087704E-06 0.139160841E-06 0.300280545E-06 921 0.6240039

0.1E-09 100 3200 0.316255289E-08 0.102929693E-08 0.332583718E-08 1009 0.6708045

0.1E-11 100 3200 0.306599881E-10 0.195357402E-10 0.363549174E-10 1219 0.7332048

0.1E-03 1000 3200 0.142263199E-02 0.118189296E-02 0.184952771E-02 312 0.4368029

0.1E-05 1000 3200 0.232779360E-04 0.617864014E-05 0.240839759E-04 581 0.5148034

0.1E-07 1000 3200 0.299794218E-06 0.104336837E-06 0.317431486E-06 1028 0.6708040

0.1E-09 1000 3200 0.375825840E-08 0.458970425E-09 0.378618014E-08 1486 0.8268051

0.1E-11 1000 3200 0.416636560E-10 0.116652290E-10 0.432658965E-10 1959 0.9984064

0.1E-03 10 12544 0.457300363E-02 0.650520411E-02 0.795173206E-02 140 4.4148283

0.1E-05 10 12544 0.164240802E-04 0.107535409E-03 0.108782419E-03 399 4.7892313

0.1E-07 10 12544 0.576048678E-06 0.228603318E-05 0.235749438E-05 2496 7.8468494

0.1E-09 10 12544 0.108406104E-07 0.278139776E-07 0.298519042E-07 4076 10.1712646

0.1E-11 10 12544 0.950328523E-10 0.306241881E-09 0.320648301E-09 4802 11.2320747

0.1E-03 100 12544 0.818122987E-03 0.142546015E-02 0.164355160E-02 251 4.5708275

0.1E-05 100 12544 0.249446555E-04 0.271847849E-04 0.368950995E-04 1759 6.7704430

0.1E-07 100 12544 0.425274735E-06 0.194450709E-06 0.467621298E-06 3043 8.6580544

0.1E-09 100 12544 0.447347780E-08 0.186255637E-08 0.484573213E-08 3299 9.0324631

0.1E-11 100 12544 0.413855705E-10 0.294208378E-10 0.507774668E-10 3484 9.2976532

0.1E-03 1000 12544 0.144902867E-02 0.865760423E-03 0.168796481E-02 467 4.8828354

0.1E-05 1000 12544 0.264549575E-04 0.582719797E-05 0.270891309E-04 1402 6.2400360

0.1E-07 1000 12544 0.345649036E-06 0.784130531E-07 0.354431746E-06 2477 7.8312531

0.1E-09 1000 12544 0.389078216E-08 0.105456554E-08 0.403116538E-08 3254 8.9544601

0.1E-11 1000 12544 0.462025073E-10 0.111332105E-10 0.475249414E-10 4557 10.8732681
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TOL Re DOF ‖x− x∗‖1 ‖x− x∗‖2 ‖x− x∗‖∞

0.1E-03 10 832 0.127865210E+03 0.786552226E+01 0.694924877E+00

0.1E-05 10 832 0.140405228E+01 0.895793709E-01 0.824451440E-02

0.1E-07 10 832 0.338879598E-03 0.204909530E-04 0.378753303E-05

0.1E-09 10 832 0.425050565E-05 0.204317238E-06 0.373837514E-07

0.1E-11 10 832 0.353234763E-07 0.181492644E-08 0.332650352E-09

0.1E-03 100 832 0.186008321E+02 0.874927801E+00 0.788860417E-01

0.1E-05 100 832 0.167387348E+00 0.994617150E-02 0.103398522E-02

0.1E-07 100 832 0.589581247E-03 0.351235787E-04 0.540983195E-05

0.1E-09 100 832 0.547883069E-05 0.317682296E-06 0.431249174E-07

0.1E-11 100 832 0.621333727E-07 0.342835744E-08 0.436559455E-09

0.1E-03 1000 832 0.963659453E+01 0.610101460E+00 0.140165438E+00

0.1E-05 1000 832 0.657816905E+00 0.418773700E-01 0.550952547E-02

0.1E-07 1000 832 0.700469467E-02 0.441635884E-03 0.575374967E-04

0.1E-09 1000 832 0.684357170E-04 0.396151111E-05 0.438947060E-06

0.1E-11 1000 832 0.491371477E-06 0.290402806E-07 0.401603473E-08

0.1E-03 10 3200 0.104220224E+04 0.322084531E+02 0.129629750E+01

0.1E-05 10 3200 0.110862393E+03 0.369528961E+01 0.168000635E+00

0.1E-07 10 3200 0.354454566E+00 0.118515755E-01 0.689762056E-03

0.1E-09 10 3200 0.158764229E-03 0.581929306E-05 0.510046182E-06

0.1E-11 10 3200 0.140081034E-05 0.479997975E-07 0.705888858E-08

0.1E-03 100 3200 0.133081242E+03 0.487244063E+01 0.228840289E+00

0.1E-05 100 3200 0.264283708E+01 0.600843291E-01 0.206278609E-02

0.1E-07 100 3200 0.346507800E-02 0.964674048E-04 0.690400488E-05

0.1E-09 100 3200 0.562047539E-04 0.167407736E-05 0.106986116E-06

0.1E-11 100 3200 0.503038811E-06 0.125327684E-07 0.888491059E-09

0.1E-03 1000 3200 0.816405668E+02 0.207879325E+01 0.347796371E+00

0.1E-05 1000 3200 0.433008375E+01 0.139714636E+00 0.104692198E-01

0.1E-07 1000 3200 0.501646416E-01 0.160206920E-02 0.125449731E-03

0.1E-09 1000 3200 0.214931754E-02 0.639717606E-04 0.333989662E-05

0.1E-11 1000 3200 0.657421397E-05 0.192669549E-06 0.130895939E-07

0.1E-03 10 12544 0.421546747E+04 0.642154837E+02 0.191726021E+01

0.1E-05 10 12544 0.407975843E+04 0.635982422E+02 0.126896793E+01

0.1E-07 10 12544 0.380027937E+03 0.601481563E+01 0.113128600E+00

0.1E-09 10 12544 0.125454631E+00 0.236881658E-02 0.812673020E-04

0.1E-11 10 12544 0.175464609E-03 0.316572891E-05 0.108924664E-06

0.1E-03 100 12544 0.437463550E+04 0.660196871E+02 0.127590432E+01

0.1E-05 100 12544 0.408262936E+03 0.641253550E+01 0.121504941E+00

0.1E-07 100 12544 0.282831826E+00 0.373742794E-02 0.732080787E-04

0.1E-09 100 12544 0.674530970E-03 0.977242902E-05 0.286657552E-06

0.1E-11 100 12544 0.628733012E-05 0.812039961E-07 0.276910495E-08

0.1E-03 1000 12544 0.574167299E+03 0.831017140E+01 0.583788894E+00

0.1E-05 1000 12544 0.329781817E+02 0.517578860E+00 0.202440208E-01

0.1E-07 1000 12544 0.550969895E+00 0.867246585E-02 0.294683903E-03

0.1E-09 1000 12544 0.373185054E-02 0.580520062E-04 0.231482525E-05
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/∗ Author : Manos Psychar i s
∗ Purpose : Master Thes is
∗ Date : 03/03/2010
∗
∗ Compile gcc −Wall −ans i −pedant ic −o f i l e pro cg . c memory . c
∗ − l l a p a c k − l b l a s
∗/

#include <s t d i o . h>
#include <s t d l i b . h>
#include <math . h>
#include <time . h> /∗ because we use c l o c k () ∗/
#include <sys / t imes . h> /∗ because we use t imes () ∗/
#include <uni s td . h> /∗ because we use sys con f ( ) ∗/
#include <s t r i n g . h> /∗ becuase we use strcmp () ∗/
#include ”memory . h”

/∗−−−−−−−−−−−−−−−−−−−−−25 Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void b l a nk l i n e (void ) ;
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL) ;
void er ror norms (double ∗u , double ∗p , const int N, const int q ,

double ∗norm1 , double ∗norm2 , double ∗maxnorm ) ;
double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,

double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p ) ;

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u ) ;
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void CG(double ∗Bchol , int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N, const int q ,
double ∗u0 , double ∗p0 , double ∗d0 , double ∗ f , const double s t op t o l ,
const int max iter , double ∗ r e l r e s , int ∗ i t e r ) ;

void Init CG (double ∗Bchol , int ∗I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
const int q , double ∗u0 , double ∗p0 , double ∗d0 , double ∗ f ,
double ∗g ) ;

void p r o j e c t i o n (double ∗Bchol , int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int N, const int q , double ∗v , double ∗z , double ∗Pv ) ;

void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dnrm2 ( const int dim , double ∗x ) ;
double m ddot ( const int dim , double ∗x , double ∗y ) ;
void m dcopy ( const int dim , double ∗x , double ∗y ) ;
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r ) ;
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,

double ∗y , const int dimy , char t ranspose ) ;
void t r i a n g u l a r s o l v e (double ∗AP, double ∗ rhs , const int q , char t ranspose ) ;
void cho lesky (double ∗AP, const int q ) ;
void cho l e s ky so l v e (double ∗AP, const int q , double ∗ rhs ) ;
void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,

const int g l oba l nz , double ∗ f , double ∗g ) ;
void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,

int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void mat mult ( int ∗ I B , int ∗J B , double ∗B, const int nzB , double ∗Bmult ) ;
double m dasum( const int dim , double ∗x ) ;
int m idamax ( const int dim , double ∗x ) ;
double my maxnorm( const int dim , double ∗x ) ;
/∗−−−−−−−−−−−−−−−−3 Lapack Prototypes−−−−−−−−−−−−−−−−−−−−−−−∗/
void dppt r f (char ∗uplo , int ∗N, double AP[ ] , int ∗ i n f o ) ;
void dpptrs (char ∗uplo , int ∗N, int ∗nrhs , double AP[ ] , double b [ ] , int ∗ ldb ,

int ∗ i n f o ) ;
void d tp t r s (char ∗uplo , char ∗ trans , char ∗diag , int ∗N, int ∗nrhs ,

double AP[ ] , double b [ ] , int ∗ ldb , int ∗ i n f o ) ;
/∗−−−−−−−−−−−−−−−−7 BLAS Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void daxpy ( int ∗N, double ∗da , double dx [ ] , int ∗ incx , double dy [ ] ,

int ∗ incy ) ;
void d s c a l ( int ∗N, double ∗da , double dx [ ] , int ∗ incx ) ;
void dcopy ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double ddot ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double dnrm2 ( int ∗N, double x [ ] , int ∗ incx ) ;
double dasum ( int ∗N, double dx [ ] , int ∗ incx ) ;
int idamax ( int ∗N, double dx [ ] , int ∗ incx ) ;

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
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∗ Let the game beg in . . .
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int main ( )
{

int i , k , num mat , t o l v a l s ;
char f i l ename A [ 6 0 ] ;
char f i l ename B [ 6 0 ] ;
char f i lenameK [ 6 0 ] ;
char i n p u t f i l e [ ] = ” input data . dat” ;
double TOL;
double t 1 c l o ck , t 2 c l o c k ;
double t1 t imes , t2 t imes , cpu time ;
struct tms tb1 , tb2 ; /∗ t imes () needs them ∗/
double t i c s p e r s e c ;
FILE ∗ fp ;
fp = FOPEN( i n p u t f i l e , ” r ” ) ;
num mat = 9 ; /∗ Set the number o f d i f f e r e n t matr i ces ∗/
t o l v a l s = 5 ; /∗ Set the number o f d i f f e r e n t v a l u e s o f TOL ∗/
/∗ ca s t i n g because sys con f ( ) r e turns i n t ∗/
t i c s p e r s e c = (double ) sy scon f ( SC CLK TCK ) ;
p r i n t f ( ”\ t \ t \ t \ t \ t\ t\ t\ t\ t\tMethod : Pro jected CG\n” ) ;
b l a n k l i n e ( ) ;
p r i n t f ( ”TOL\tRe\tDOF\ t | | f−Au−Bp | | \ t | | g−BˆTu | | \ t\ t | | r | | \ t \ t

#i t e r \ t | | x−x ∗ | | 1 \ t \ t | | x−x ∗ | | 2 \ t \ t | | x−x ∗ | | sup \ t\ t CG | | r | |
\ t\tCPU time ( sec )\n” ) ;

b l a n k l i n e ( ) ;
for ( i =1; i<=num mat ; i++){

f s c a n f ( fp , ”%s” , f i l ename A ) ;
f s c a n f ( fp , ”%s” , f i l ename B ) ;
f s c a n f ( fp , ”%s” , f i lenameK ) ;
for ( k=1;k<=t o l v a l s ; k++){

f s c a n f ( fp , ”%l f ” ,&TOL) ;
/∗ ca s t i n g because t imes () r e turns ( long ) i n t ∗/
t 1 t imes = (double ) t imes(&tb1 ) ;
t 1 c l o c k = (double ) c l o ck ( ) ;
method ( fi lenameK , f i lename A , f i l ename B ,TOL) ;
t 2 c l o c k = (double ) c l o ck ( ) ;
t 2 t imes = (double ) t imes(&tb2 ) ;
cpu time = (double )
( ( tb2 . tms utime + tb2 . tms st ime ) −
( tb1 . tms utime + tb1 . tms st ime ) ) ;
p r i n t f ( ”\ t%f \n” , cpu time / t i c s p e r s e c ) ;

}
b l a nk l i n e ( ) ;

}
FCLOSE( fp ) ;
p r i n t f ( ”\nProjected CG runs ended s u c c e s s f u l l y !\n” ) ;
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return 0 ;
}

/∗ h o r i z o n t a l l i n e ∗/
void b l a nk l i n e (void )
{

p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−\n” ) ;

}

/∗ parame te r i za t i on o f the Pro jec ted CG method ∗/
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL)
{

int q ,N, nzB , nzA ,Re ;
int nBpack , max iter , i t e r , g l oba l n z ;
int ∗I K ,∗ J K ;
double ∗K;
int ∗I A ,∗ J A ,∗ I B ,∗ J B ;
double ∗A,∗B,∗Bmult ;
double ∗u0 ,∗ p0 ,∗ f ,∗ g ,∗ d0 ;
double r e l r e s , r a , r b ;
double norm1 , norm2 ,maxnorm ;
read whole mat ( fi lenameK ,&nzA,&nzB,&N,&q,&I K ,&J K,&K) ;
readmat ( f i lename A ,&N,&nzA,&I A ,&J A,&A) ;
readmat ( f i l ename B ,&q,&nzB,&I B ,&J B,&B) ;
nBpack = (q ∗ ( q + 1 ) ) / 2 ;
Bmult = (double ∗)CALLOC(nBpack , s izeof (double ) ) ;
u0 = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
f = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
p0 = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
d0 = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g l oba l n z = nzA + 2 ∗ nzB ;
c on s t ru c t rh s ( I K ,K,N, q , g l oba l nz , f , g ) ;
FREE( I K ) ;
FREE(J K ) ;
FREE(K) ;
/∗ Compute upper t r i a n g l e o f B∗∗T ∗B and s t o r e i t , in the vec to r
∗ Bmult in packed form ( columnwise ) ∗/

mat mult ( I B , J B ,B, nzB , Bmult ) ;
/∗ Compute the upper t r i a n g u l a r f a c t o r U from the Cholesky
∗ f a c t o r i z a t i o n o f B∗∗T ∗B = U∗∗T ∗ U and s t o r e i t , in the
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∗ vec to r Bmult in packed form ( columnwise ) ∗/
cho lesky (Bmult , q ) ;
/∗ I n i t i a l i z a t i o n o f u0 , p0 , d0 ∗/
Init CG (Bmult , I A , J A ,A, I B , J B ,B, nzA , nzB ,N, q , u0 , p0 , d0 , f , g ) ;
max i te r = 2 ∗ N;
/∗ CG method app l i e d to PAP u = Pf ∗/
CG(Bmult , I A , J A ,A, I B , J B ,B, nzA , nzB ,N, q , u0 , p0 , d0 , f ,TOL, max iter ,

&r e l r e s ,& i t e r ) ;
/∗ f o r ( k=1;k<=N; k++)

p r i n t f (”u[%d ] = %16.9e\n” , k−1,u0 [ k−1]) ;
f o r ( k=1;k<=q ; k++)

p r i n t f (”p[%d ] = %16.9e\n” , k−1,p0 [ k−1]) ; ∗/
/∗ compute error norms ∗/
er ror norms (u0 , p0 ,N, q,&norm1,&norm2,&maxnorm ) ;
/∗ compute r e s i d u a l norms ∗/
r a = mom norm( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, f , u0 , p0 ) ;
r b = comp norm( I B , J B ,B, nzB , q , g , u0 ) ;
i f ( ( strcmp ( f i lename A , ”MtrxA Re10 N578 nzA3826 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re10 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re10 N8450 nzA70450 . dat” ) == 0) )

Re = 10 ;
else i f ( ( strcmp ( f i lename A , ”MtrxA Re100 N578 nzA3826 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N8450 nzA70450 . dat” ) == 0) )

Re = 100 ;
else

Re = 1000 ;
p r i n t f ( ”%.1e\ t%d\ t%d\ t%16.9 e %16.9 e %16.9 e\ t%d\ t%16.9 e\ t%16.9 e\ t

%16.9 e\ t%16.9 e” ,TOL,Re ,N+q , r a , r b , s q r t ( r a ∗ r a + r b ∗ r b ) , i t e r − 1 ,
norm1 , norm2 ,maxnorm , r e l r e s ) ;
FREE( I A ) ;
FREE(J A ) ;
FREE(A) ;
FREE( I B ) ;
FREE(J B ) ;
FREE(B) ;
FREE(Bmult ) ;
FREE(u0 ) ;
FREE( f ) ;
FREE( g ) ;
FREE(p0 ) ;
FREE(d0 ) ;

}

/∗ Computation o f the error norm : | | x − x ∗ | | , where :
∗ x = (u , p ) the computed s o l u t i o n
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∗ x∗ = ( 1 , 1 , . . . , 1 ) the exac t s o l u t i o n
∗ v e c t o r s u and p remain unchanged on e x i t
∗ norm1 : re tu rns | | x − x ∗ | | 1
∗ norm2 : re tu rns | | x − x ∗ | | 2
∗ maxnorm : re turns | | x − x ∗ | | sup ∗/

void er ror norms (double ∗u , double ∗p , const int N, const int q ,
double ∗norm1 , double ∗norm2 , double ∗maxnorm)

{
int i , dim ;
double ∗ e r r ;
dim = N + q ;
e r r = (double ∗)MALLOC(dim ∗ s izeof (double ) ) ;
for ( i =1; i<=N; i++)

e r r [ i −1] = u [ i −1] − 1 . 0 ;
for ( i=N+1; i<=dim ; i++)

e r r [ i −1] = p [ i−N−1] − 1 . 0 ;
(∗norm1) = m dasum(dim , e r r ) ;
(∗norm2) = m dnrm2(dim , e r r ) ;
(∗maxnorm) = my maxnorm(dim , e r r ) ;
FREE( e r r ) ;

}

/∗ Computation o f the norm : | | f − Au − Bp | | 2 , where u and p are the
∗ computed v e l o c i t y and pre s sure s o l u t i on s , r e s p e c t i v e l y .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d momentum equat ion : Au + Bp = f ∗/

double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const int N, double ∗ f ,
double ∗u , double ∗p)

{
double s ca l a r , norm ;
double ∗Au,∗Bp;
Au = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Bp = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I A , J A ,A, nzA , u ,Au,N, ’N ’ ) ; /∗ Au = A ∗ u ∗/
mat vec ( I B , J B ,B, nzB , p ,Bp ,N, ’N ’ ) ; /∗ Bp = B ∗ p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f ,Au ) ; /∗ Au = f − Au ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r ,Au,Bp ) ; /∗ Bp = Au − Bp = ( f − Au) − Bp ∗/
norm = m dnrm2(N,Bp ) ; /∗ norm = | |Bp | | = | | f − Au − Bp | | ∗/
FREE(Au) ;
FREE(Bp ) ;
return norm ;

}
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/∗ Computation o f the norm : | | g − B∗∗T u | | 2 , where u i s the computed
∗ v e l o c i t y s o l u t i o n .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g ∗/

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u)

{
double s ca l a r , norm ;
double ∗Btu ;
Btu = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , u , Btu , q , ’T ’ ) ; /∗ Btu = B∗∗T ∗ u ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , g , Btu ) ; /∗ Btu = g − Btu ∗/
norm = m dnrm2(q , Btu ) ; /∗ norm = | | Btu | | = | | g − B∗∗T ∗ u | | ∗/
FREE(Btu ) ;
return norm ;

}

/∗ Implementation o f the Congugate Gradients (CG) method ( a l gor i thm )
∗ app l i e d to the symmetric p o s i t i v e d e f i n i t e l i n e a r system : PAPu = Pf
∗ The pre s sure p i s updated app rop r i a t e l y as sugge s t ed in the r e l e v a n t
∗ paper ∗/

void CG(double ∗Bchol , int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N, const int q ,
double ∗u0 , double ∗p0 , double ∗d0 , double ∗ f , const double s t op t o l ,
const int max iter , double ∗ r e l r e s , int ∗ i t e r )

{
double r o l d r o l d , rnew rnew , cg a lpha ;
double cg beta , dp , s ca l a r , norm r new , normb ;
double ∗r ,∗Ad;
double ∗z ,∗Pv ;
r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Ad = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
z = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
Pv = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
m dcopy (N, d0 , r ) ; /∗ r = d0 ∗/

/∗ p r i n t f ( ” | | r 0 | | = %16.9e\n” ,m dnrm2(N, r ) ) ; ∗/
/∗ Computes Pv = P ∗ f , w r i t t e n in Pv ∗/
p r o j e c t i o n ( Bchol , I B , J B ,B, nzB ,N, q , f , z , Pv ) ;
normb = m dnrm2(N,Pv ) ; /∗ Computes rhs norm : normb = | | Pf | | 2 ∗/
(∗ r e l r e s ) = 2 . 0 ;
(∗ i t e r ) = 1 ;
while ( ( (∗ r e l r e s ) > ( s t o p t o l ∗ normb ) ) && ((∗ i t e r ) <= max ite r ) ){

r o l d r o l d = m ddot (N, r , r ) ; /∗ r o l d r o l d = ( r0 , r0 ) ∗/
/∗ Computes Ad = A ∗ d0 , w r i t t e n in Ad ∗/
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mat vec ( I A , J A ,A, nzA , d0 ,Ad,N, ’N ’ ) ;
/∗ Pv = P ∗ Ad (= P ∗ Ad0 ) , z = B+ ∗ Ad = B+ ∗ Ad0 ,
∗ wr i t t en in z ∗/
p r o j e c t i o n ( Bchol , I B , J B ,B, nzB ,N, q ,Ad, z ,Pv ) ;
dp = m ddot (N, d0 ,Pv ) ; /∗ Computes dp = (d0 , wk) ∗/
cg a lpha = r o l d r o l d /dp ;
s c a l a r = cg a lpha ;
/∗ Computes u0 = cg a l p a ∗ d0 + u0 , update v e l o c i t y u ∗/
m daxpy (N, sca l a r , d0 , u0 ) ;
s c a l a r = − cg a lpha ;
/∗ Computes p0 = − cg a l pha ∗ z + p0 , update p re s sure p ∗/
m daxpy (q , s ca l a r , z , p0 ) ;
s c a l a r = − cg a lpha ;
/∗ Computes r = −cg a l pha ∗ Pv + r ∗/
m daxpy (N, sca l a r , Pv , r ) ;
rnew rnew = m ddot (N, r , r ) ; /∗ Computes rnew rnew = ( r , r ) ∗/
cg beta = rnew rnew/ r o l d r o l d ;
/∗ Computes d0 = r + cg b e t a ∗ d0 ∗/
mod daxpy (N, cg beta , r , d0 ) ;
/∗ Computes norm of new r e s i d u a l ∗/
norm r new = m dnrm2(N, r ) ;

/∗ p r i n t f ( ” | | r %d | | = %16.9e\n” ,(∗ i t e r ) , norm r new ) ; ∗/
(∗ r e l r e s ) = norm r new ;
(∗ i t e r )++;

}
FREE( r ) ;
FREE(Ad) ;
FREE( z ) ;
FREE(Pv ) ;
i f ( (∗ i t e r ) > max iter ){

f p r i n t f ( s tde r r , ”Maximum number o f i t e r a t i o n s
exceeded !\n” ) ;

e x i t ( 2 ) ;
}

}

/∗ I n i t i a l i z a t i o n o f i n i t i a l v e l o c i t y u0 , i n i t i a l search d i r e c t i o n d0
∗ and i n i t i a l p r e s sure p0 .
∗ 1 . I n i t i a l i z e u0 with the va lue : u0 = B ∗ (B∗∗T ∗B)ˆ−1 ∗ g
∗ a . So lve B∗∗T ∗B z = g
∗ b . Set u0 = B ∗ z
∗ 2 . I n i t i a l i z e d0 with the va lue : d0 = P ∗ ( f − A ∗ u0 )
∗ 3 . I n i t i a l i z e p0 with the va lue : p0 = B+ ∗ ( f − A ∗ u0 )
∗ where B+ i s the Moore−Penrose pseudo inverse o f the matrix B.
∗ I f the matrix B has f u l l rank ( t h i s i s the case ) B+ has the
∗ r e p r e s en t a t i on : B+ = (B∗∗T ∗B)ˆ−1 ∗ B∗∗T ∗/

void Init CG (double ∗Bchol , int ∗I A , int ∗J A , double ∗A, int ∗ I B ,
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int ∗J B , double ∗B, const int nzA , const int nzB ,
const int N, const int q , double ∗u0 , double ∗p0 , double ∗d0 ,
double ∗ f , double ∗g )

{
double s c a l a r ;
double ∗Ad,∗ rhs ;
Ad = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
rhs = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
m dcopy (q , g , rhs ) ; /∗ rhs = g , g remains unchanged ∗/
/∗ So lve BˆTB z = rhs , s o l z w r i t t e n in rhs ∗/
cho l e s ky so l v e ( Bchol , q , rhs ) ;
/∗ i n i t i a l i z a t i o n o f u0 : u0 = B ∗ rhs ∗/
mat vec ( I B , J B ,B, nzB , rhs , u0 ,N, ’N ’ ) ;
FREE( rhs ) ;
/∗ Computes Ad =Au0 , w r i t t e n in Ad ∗/
mat vec ( I A , J A ,A, nzA , u0 ,Ad,N, ’N ’ ) ;
s c a l a r = −1.0;
m daxpy (N, sca l a r , f ,Ad ) ; /∗ Ad = −f + Ad ∗/
s c a l a r = −1.0;
m dscal (N, s ca l a r ,Ad ) ; /∗ Ad = − Ad (= f − Ad ) = f − Au0 ∗/
/∗ i n i t i a l i z a t i o n o f d0 and p0 : d0 = P ∗ Ad (= P ∗( f − Au0))
∗ and p0 = B+ ∗ ( f − Au0) ∗/
p r o j e c t i o n ( Bchol , I B , J B ,B, nzB ,N, q ,Ad, p0 , d0 ) ;
FREE(Ad) ;

}

/∗ Given v in IRˆN, computes Pv in IRˆN. I f i t i s c a l l e d with v = Ad k ,
∗ on e x i t z = Bˆ+v = Bˆ+Ad k ∗/

void p r o j e c t i o n (double ∗Bchol , int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int N, const int q , double ∗v , double ∗z , double ∗Pv)

{
double s c a l a r ;
mat vec ( I B , J B ,B, nzB , v , z , q , ’T ’ ) ; /∗ Compute z = BˆT ∗ v ∗/
/∗ So lve RˆT w = z , s o l u t i o n wr i t t e n in z ∗/
t r i a n g u l a r s o l v e ( Bchol , z , q , ’T ’ ) ;
/∗ So lve R q = w , s o l u t i o n wr i t t e n in z ∗/
t r i a n g u l a r s o l v e ( Bchol , z , q , ’N ’ ) ;
/∗ Compute d = B ∗ q , d wr i t t e n in Pv , z remains unchanged ∗/
mat vec ( I B , J B ,B, nzB , z , Pv ,N, ’N ’ ) ;
s c a l a r = −1.0;
m daxpy (N, sca l a r , v ,Pv ) ; /∗ Pv = −v + Pv ∗/
m dscal (N, s ca l a r , Pv ) ; /∗ Pv = −Pv ∗/

}
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/∗ y = x + sca l a r ∗ y , x remains unchanged on e x i t ∗/
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

double alpha ;
m dscal (dim , sca l a r , y ) ; /∗ y = sca l a r ∗ y ∗/
alpha = 1 . 0 ;
m daxpy (dim , alpha , x , y ) ; /∗ Computes y = alpha ∗ x + y , y = x + y ∗/

}

/∗ Computes l 2 norm of x : | | x | | 2 ∗/
double m dnrm2 ( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dnrm2 (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ Computes the dot product ( x , y ) 2 ∗/
double m ddot ( const int dim , double ∗x , double ∗y )
{

int N, incx , incy ;
double r e s u l t ;
incx = 1 ;
incy = 1 ;
N = dim ;
r e s u l t = ddot (&N, x,& incx , y,& incy ) ;
return r e s u l t ;

}

/∗ Copies vec to r x to y , y = x , x remains unchanged on e x i t ∗/
void m dcopy ( const int dim , double ∗x , double ∗y )
{

int incx , incy ,N;
N = dim ;
incx = 1 ;
incy = 1 ;
dcopy (&N, x,& incx , y,& incy ) ;

}

/∗ On e x i t v e c to r = s ca l a r ∗ vec to r ∗/
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void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r )
{

int N, incx ;
double da = s c a l a r ;
incx = 1 ;
N = dim ;
d s c a l (&N,&da , vector ,& incx ) ;

}

/∗ y = sca l a r ∗ x + y , x remains unchanged on e x i t ∗/
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

int incx , incy ,N;
double da = s c a l a r ;
incx = 1 ;
incy = 1 ;
N = dim ;
daxpy (&N,&da , x,& incx , y,& incy ) ; /∗ y = da ∗ x + y ∗/

}

/∗ Computes matrix−vec to r product : y = mat x or y = matˆT x ,mat i s
∗ r ep re s en ted in coord ina te sparse format .
∗ dimy i s the dimension o f the output v ec to r y , x remains unchanged
∗ on e x i t ∗/

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose )

{
int k ;
for ( k=1;k<=dimy ; k++)

y [ k−1] = 0 . 0 ;
i f ( t ranspose == ’N ’ ){ /∗ Compute y = mat ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ I mat [ k−1]−1] += mat [ k−1] ∗ x [ J mat [ k−1]−1];

}
else i f ( t ranspose == ’T ’ ){ /∗ Compute y = matˆT ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ J mat [ k−1]−1] += mat [ k−1] ∗ x [ I mat [ k−1]−1];

}
else {

f p r i n t f ( s tde r r , ”Wrong opt ion f o r matrix−vec to r
mu l t i p l i c a t i o n !\n” ) ;

e x i t ( 2 ) ;
}

}

141



�#��� ����	��
 �	� �� ������� PROJECTED CG

/∗ So lu t i on o f a t r i a n g u l a r l i n e a r system . System matrix i s s to red in
∗ packed format .
∗ On entry : rhs ho l d s the r i g h t hand s i d e vec to r .
∗ On e x i t : rhs ho l d s the s o l u t i o n vec to r . ∗/

void t r i a n g u l a r s o l v e (double ∗AP, double ∗ rhs , const int q , char t ranspose )
{

int dim , nrhs , ldb , i n f o ;
char uplo = ’U ’ ;
char t r ans = transpose ;
char diag = ’N ’ ;
dim = q ;
nrhs = 1 ;
ldb = dim ;
d tp t r s (&uplo ,& trans ,&diag ,&dim,&nrhs ,AP, rhs ,& ldb ,& i n f o ) ;
i f ( i n f o < 0){

f p r i n t f ( s tde r r , ”The %d argument in d tp t r s ( ) had an
i l l e g a l va lue !\n”,− i n f o ) ;

e x i t ( 2 ) ;
}
else i f ( i n f o > 0){

f p r i n t f ( s tde r r , ”The %d diagona l element o f matrix i s
zero !\n” , i n f o ) ;

e x i t ( 2 ) ;
}

}

/∗ Choleksy f a c t o r i z a t i o n o f a symmetric p o s i t i v e d e f i n i t e matrix A.
∗ On entry : AP ho ld s the upper t r i a n g l e o f the matrix s to r ed in
∗ packed format ( columnwise )
∗ On e x i t : AP ho ld s the t r i a n g u l a r f a c t o r U from the Cholesky
∗ f a c t o r i z a t i o n o f A = U∗∗T ∗ U, s to red in packed format ( columnwise )

∗/
void cho lesky (double ∗AP, const int q )
{

int dim , i n f o ;
char uplo = ’U ’ ;
dim = q ;
dppt r f (&uplo ,&dim ,AP,& i n f o ) ;
i f ( i n f o < 0){

f p r i n t f ( s tde r r , ”The %d argument in dppt r f ( ) had an
i l l e g a l va lue !\n”,− i n f o ) ;

e x i t ( 2 ) ;
}
else i f ( i n f o > 0){

f p r i n t f ( s tde r r , ”The l ead ing minor o f order %d o f
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matrix i s not p o s i t i v e d e f i n i t e !\n” , i n f o ) ;
e x i t ( 2 ) ;

}
}

/∗ So l v e s a l i n e a r system Ax=b with a symmetric p o s i t i v e d e f i n i t e
∗ matrix A, s to red in packed format , us ing the Cholesky f a c t o r i z a t i o n
∗ A = U∗∗T ∗U, as computed p r e v i o u s l y by d p p t r f ( )
∗ On entry : AP ho ld s the t r i a n g u l a r f a c t o r U from the Cholesky
∗ f a c t o r i z a t i o n o f A = U∗∗T ∗U, s to red in packed format , as computed by
∗ d p p t r f ( ) .AP remains unchanged on e x i t .
∗ On entry : rhs ho l d s the r i g h t hand s i d e vec tor , on e x i t the s o l u t i o n
∗ vec to r ∗/

void cho l e s ky so l v e (double ∗AP, const int q , double ∗ rhs )
{

int dim , nrhs , ldb , i n f o ;
char uplo = ’U ’ ;
dim = q ;
nrhs = 1 ;
ldb = q ;
dpptr s (&uplo ,&dim,&nrhs ,AP, rhs ,& ldb ,& i n f o ) ;
i f ( i n f o < 0){

f p r i n t f ( s tde r r , ”The %d argument in dpptr s ( ) had an
i l l e g a l va lue !\n”,− i n f o ) ;

e x i t ( 2 ) ;
}

}

/∗ The r i g h t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed such
∗ t h a t i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 ) ∗/

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g )

{
int i , k , dim ;
double xsum ;
dim = N + q ;
for ( i =1; i<=N; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
f [ i −1] = xsum ;

}
for ( i=N+1; i<=dim ; i++){

xsum = 0 . 0 ;
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for ( k=1;k<=g loba l n z ; k++){
i f ( I K [ k−1] == i )

xsum += K[ k−1] ;
}
g [ i−N−1] = xsum ;

}
}

/∗ read ing o f the nonzero e lements o f the whole matrix , s to red in
∗ coord ina te format , in g l o b a l enumeration ∗/

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s )

{
int i , j , k , p ;
int non zero A , non zero B , dim A , rank B ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&non zero A ) ;
f s c a n f ( fp , ”%d” ,&non zero B ) ;
f s c a n f ( fp , ”%d” ,&dim A ) ;
f s c a n f ( fp , ”%d” ,&rank B ) ;
(∗nzA) = non zero A ;
(∗nzB) = non zero B ;
(∗N) = dim A ;
(∗q ) = rank B ;
p = non zero A + 2 ∗ non zero B ;
tmp1 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC(p ∗ s izeof (double ) ) ;
for ( k=1;k<=p ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}
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/∗ read ing o f the nonzero e lements o f matrix A or B, s to red in coord ina te
∗ format , in l o c a l enumeration ∗/

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s )
{

int i , j , k ;
int order , nzero ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&order ) ;
f s c a n f ( fp , ”%d” ,&nzero ) ;
(∗q ) = order ;
(∗nz ) = nzero ;
tmp1 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC((∗ nz ) ∗ s izeof (double ) ) ;
for ( k=1;k<=nzero ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ Sparse mu l t i p l i c a t i o n B∗∗T ∗B and columnwise s to rage o f the upper
∗ t r i a n g l e o f B∗∗T ∗B ∗/

void mat mult ( int ∗ I B , int ∗J B , double ∗B, const int nzB , double ∗Bmult )
{

int k , e l ;
int ki , kj , l i , l j , index ;
for ( k=1;k<=nzB ; k++){

k i = J B [ k−1] ;
k j = I B [ k−1] ;
for ( e l =1; e l<=nzB ; e l++){

l i = I B [ e l −1] ;
l j = J B [ e l −1] ;
i f ( k j == l i ){

i f ( k i <= l j ){
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index= k i + ( l j − 1 ) ∗ l j /2 − 1 ;
Bmult [ index ] += B[ k−1] ∗ B[ e l −1] ;

}
}

}
}

}

/∗ Computes l 1 norm of x : | | x | | 1 ∗/
double m dasum( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dasum (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ r e turns the index o f e lement o f v ec to r x , having max . a b s o l u t e va lue .
∗ −1 s h i f t i n g f o r C c ompa t i b i l i t y ∗/

int m idamax ( const int dim , double ∗x )
{

int N, incx ;
int pos ;
N = dim ;
incx = 1 ;
pos = idamax (&N, x,& incx ) ;
pos−−;
return pos ;

}

/∗ Computes maximum norm of x : | | x | | sup ∗/
double my maxnorm( const int dim , double ∗x )
{

int pos ;
double r e s u l t ;
pos = m idamax (dim , x ) ;
r e s u l t = fabs ( x [ pos ] ) ;
return r e s u l t ;

}

-4�� 5�!	�� �	� �� �" �!� Uzawa

8	� ����!�
� ������	���� 	��� �$�
��� ��� ����	�!����� �
� 	� ������ Uzawa�
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/∗ Author : Manos Psychar i s
∗ Purpose : Master Thes is
∗ Date : 03/03/2010
∗
∗ Compile gcc −Wall −ans i −pedant ic −o f i l e uzawa . c memory . c − l b l a s
∗/

#include <s t d i o . h>
#include <s t d l i b . h>
#include <math . h>
#include <time . h> /∗ because we use c l o c k () ∗/
#include <sys / t imes . h> /∗ because we use t imes () ∗/
#include <uni s td . h> /∗ because we use sys con f ( ) ∗/
#include <s t r i n g . h> /∗ becuase we use strcmp () ∗/
#include ”memory . h”

/∗−−−−−−−−−−−−−−−−−−−−−20 Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void b l a nk l i n e (void ) ;
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL) ;
void er ror norms (double ∗u , double ∗p , const int N, const int q ,

double ∗norm1 , double ∗norm2 , double ∗maxnorm ) ;
double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,

double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p ) ;

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int q , double ∗g , double ∗u ) ;

void uzawa ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const int N, const int q ,
double ∗ f , double ∗g , const double TOL, double ∗u , double ∗p ,
int ∗ n i t e r ) ;

void CG( int ∗I A , int ∗J A , double ∗A, const int nzA , double ∗x , double ∗ rhs ,
const double stop TOL , const int max iter , const int N,
double ∗ r e l r e s , int ∗ i t e r ) ;

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose ) ;

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g ) ;

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dnrm2 ( const int dim , double ∗x ) ;
double m ddot ( const int dim , double ∗x , double ∗y ) ;
void m dcopy ( const int dim , double ∗x , double ∗y ) ;
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r ) ;
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
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double m dasum( const int dim , double ∗x ) ;
int m idamax ( const int dim , double ∗x ) ;
double my maxnorm( const int dim , double ∗x ) ;

/∗−−−−−−−−−−−−−−−−7 BLAS Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void daxpy ( int ∗N, double ∗da , double dx [ ] , int ∗ incx , double dy [ ] ,

int ∗ incy ) ;
void d s c a l ( int ∗N, double ∗da , double dx [ ] , int ∗ incx ) ;
void dcopy ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double ddot ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double dnrm2 ( int ∗N, double x [ ] , int ∗ incx ) ;
double dasum ( int ∗N, double dx [ ] , int ∗ incx ) ;
int idamax ( int ∗N, double dx [ ] , int ∗ incx ) ;

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗ Let the game beg in . . .
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int main ( )
{

int i , k , num mat , t o l v a l s ;
char f i l ename A [ 6 0 ] ;
char f i l ename B [ 6 0 ] ;
char f i lenameK [ 6 0 ] ;
char i n p u t f i l e [ ] = ” input data . dat” ;
double TOL;
double t 1 c l o ck , t 2 c l o c k ;
double t1 t imes , t2 t imes , cpu time ;
struct tms tb1 , tb2 ; /∗ t imes () needs them ∗/
double t i c s p e r s e c ;
t ime t mytime ;
FILE ∗ fp ;
fp = FOPEN( i n p u t f i l e , ” r ” ) ;
num mat = 9 ; /∗ Set the number o f d i f f e r e n t matr ices ∗/
t o l v a l s = 5 ; /∗ Set the number o f d i f f e r e n t v a l u e s o f TOL ∗/
/∗ ca s t i n g because sys con f ( ) r e turns i n t ∗/
t i c s p e r s e c = (double ) sy scon f ( SC CLK TCK ) ;
p r i n t f ( ”\ t \ t \ t \ t \ t\ t\ t\ t\ t\tMethod : Uzawa\n” ) ;
b l a n k l i n e ( ) ;
p r i n t f ( ”TOL\tRe\tDOF\ t | | f−Au−Bp | | \ t | | g−BˆTu | | \ t\ t | | r | |

\ t\ t#i t e r \ t | | x−x ∗ | | 1 \ t\ t | | x−x ∗ | | 2 \ t\ t | | x−x ∗ | | sup
\ t\tCPU time ( sec )\n” ) ;

b l a n k l i n e ( ) ;
for ( i =1; i<=num mat ; i++){

f s c a n f ( fp , ”%s” , f i l ename A ) ;
f s c a n f ( fp , ”%s” , f i l ename B ) ;
f s c a n f ( fp , ”%s” , f i lenameK ) ;
for ( k=1;k<=t o l v a l s ; k++){
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mytime = time (NULL) ;
f p r i n t f ( s tde r r , ct ime(&mytime ) ) ;

f p r i n t f ( s tde r r , ”\nnum mat = %d\tTOL val = %d\n\n” , i , k ) ;
f s c a n f ( fp , ”%l f ” ,&TOL) ;
/∗ ca s t i n g because t imes () r e turns ( long ) i n t ∗/
t 1 t imes = (double ) t imes(&tb1 ) ;
t 1 c l o c k = (double ) c l o ck ( ) ;
method ( fi lenameK , f i lename A , f i l ename B ,TOL) ;
t 2 c l o c k = (double ) c l o ck ( ) ;
t 2 t imes = (double ) t imes(&tb2 ) ;

cpu time = (double ) ( ( tb2 . tms utime + tb2 . tms st ime ) −
( tb1 . tms utime + tb1 . tms st ime ) ) ;

p r i n t f ( ”\ t%f \n” , cpu time / t i c s p e r s e c ) ;
}
b l a nk l i n e ( ) ;

}
FCLOSE( fp ) ;
p r i n t f ( ”\nUzawa runs ended s u c c e s s f u l l y !\n” ) ;
return 0 ;

}

/∗ h o r i z o n t a l l i n e ∗/
void b l a nk l i n e (void )
{

p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−\n” ) ;

}

/∗ parame te r i za t i on o f the uzawa method ∗/
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL)
{

int q ,N, nzB , nzA ,Re ;
int g l oba l nz , n i t e r , i ;
double r a , r b ;
double norm1 , norm2 ,maxnorm ;
int ∗I K ,∗ J K ;
double ∗K;
int ∗I A ,∗ J A ,∗ I B ,∗ J B ;
double ∗A,∗B;
double ∗ f ,∗ g ;
double ∗u ,∗p ;
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read whole mat ( fi lenameK ,&nzA,&nzB,&N,&q,&I K ,&J K,&K) ;
readmat ( f i lename A ,&N,&nzA,&I A ,&J A,&A) ;
readmat ( f i l ename B ,&q,&nzB,&I B ,&J B,&B) ;
u = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
f = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
g l oba l n z = nzA + 2 ∗ nzB ;
c on s t ru c t rh s ( I K ,K,N, q , g l oba l nz , f , g ) ;
FREE( I K ) ;
FREE(J K ) ;
FREE(K) ;
/∗ I n i t i a l l y u and p ho ld u 0 and p 0 r e s p e c t i v e l y ∗/
for ( i =1; i<=N; i++)

u [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e u ∗/
for ( i =1; i<=q ; i++)

p [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e p ∗/
/∗ Output the computed s o l u t i o n u and p ∗/
uzawa( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, q , f , g ,TOL, u , p,& n i t e r ) ;

/∗ f o r ( i =1; i<=N; i++)
p r i n t f (”u[%d ] = %16.9e\n” , i−1,u [ i −1]) ;

f o r ( i =1; i<=q ; i++)
p r i n t f (”p[%d ] = %16.9e\n” , i−1,p [ i −1]) ; ∗/

/∗ compute error norms ∗/
er ror norms (u , p ,N, q,&norm1,&norm2,&maxnorm ) ;
/∗ compute r e s i d u a l norms ∗/
r a = mom norm( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, f , u , p ) ;
r b = comp norm( I B , J B ,B, nzB , q , g , u ) ;
i f ( ( strcmp ( f i lename A , ”MtrxA Re10 N578 nzA3826 . dat” ) == 0) | |

( strcmp ( f i lename A , ”MtrxA Re10 N2178 nzA16818 . dat” ) == 0) | |
( strcmp ( f i lename A , ”MtrxA Re10 N8450 nzA70450 . dat” ) == 0) )

Re = 10 ;
else i f ( ( strcmp ( f i lename A , ”MtrxA Re100 N578 nzA3826 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N8450 nzA70450 . dat” ) == 0) )

Re = 100 ;
else

Re = 1000 ;
p r i n t f ( ”%.1e\ t%d\ t%d\ t%16.9 e %16.9 e %16.9 e\ t%d\ t%16.9 e\ t

%16.9 e\ t%16.9 e” ,TOL,Re ,N+q , r a , r b , s q r t ( r a ∗ r a + r b ∗ r b ) ,
n i t e r − 1 , norm1 , norm2 ,maxnorm ) ;

FREE( I A ) ;
FREE(J A ) ;
FREE(A) ;
FREE( I B ) ;
FREE(J B ) ;
FREE(B) ;
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FREE( f ) ;
FREE( g ) ;
FREE(u ) ;
FREE(p ) ;

}

/∗ Computation o f the error norm : | | x − x ∗ | | , where :
∗ x = (u , p ) the computed s o l u t i o n
∗ x∗ = ( 1 , 1 , . . . , 1 ) the exac t s o l u t i o n
∗ v e c t o r s u and p remain unchanged on e x i t
∗ norm1 : re tu rns | | x − x ∗ | | 1
∗ norm2 : re tu rns | | x − x ∗ | | 2
∗ maxnorm : re turns | | x − x ∗ | | sup ∗/

void er ror norms (double ∗u , double ∗p , const int N, const int q ,
double ∗norm1 , double ∗norm2 , double ∗maxnorm)

{
int i , dim ;
double ∗ e r r ;
dim = N + q ;
e r r = (double ∗)MALLOC(dim ∗ s izeof (double ) ) ;
for ( i =1; i<=N; i++)

e r r [ i −1] = u [ i −1] − 1 . 0 ;
for ( i=N+1; i<=dim ; i++)

e r r [ i −1] = p [ i−N−1] − 1 . 0 ;
(∗norm1) = m dasum(dim , e r r ) ;
(∗norm2) = m dnrm2(dim , e r r ) ;
(∗maxnorm) = my maxnorm(dim , e r r ) ;
FREE( e r r ) ;

}

/∗ Computation o f the norm : | | f − Au − Bp | | 2 , where u and p are the
∗ computed v e l o c i t y and pre s sure s o l u t i on s , r e s p e c t i v e l y .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d momentum equat ion : Au + Bp = f ∗/

double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p)

{
double s ca l a r , norm ;
double ∗Au,∗Bp;
Au = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Bp = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I A , J A ,A, nzA , u ,Au,N, ’N ’ ) ; /∗ Au = A ∗ u ∗/
mat vec ( I B , J B ,B, nzB , p ,Bp ,N, ’N ’ ) ; /∗ Bp = B ∗ p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f ,Au ) ; /∗ Au = f − Au ∗/
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s c a l a r = −1.0;
mod daxpy (N, sca l a r ,Au,Bp ) ; /∗ Bp = Au − Bp =( f − Au) − Bp ∗/
norm = m dnrm2(N,Bp ) ; /∗ norm = | |Bp | |= | | f − Au − Bp | | ∗/
FREE(Au) ;
FREE(Bp ) ;
return norm ;

}

/∗ Computation o f the norm : | | g − B∗∗T u | | 2 , where u i s the computed
∗ v e l o c i t y s o l u t i o n .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g ∗/

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u)

{
double s ca l a r , norm ;
double ∗Btu ;
Btu = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , u , Btu , q , ’T ’ ) ; /∗ Btu = B∗∗T ∗ u ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , g , Btu ) ; /∗ Btu = g − Btu ∗/
norm = m dnrm2(q , Btu ) ; /∗ norm = | |Btu | |= | | g − B∗∗T ∗ u | | ∗/
FREE(Btu ) ;
return norm ;

}

/∗ On entry : u and p ho ld u 0 and p 0 r e s p e c t i v e l y , a l l o c a t i o n and
∗ i n i t i a l i z a t i o n in main ()
∗ On e x i t : u and p ho ld the computed v e l o c i t y and pressure ,
∗ r e s p e c t i v e l y . ∗/

void uzawa ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const int N, const int q ,
double ∗ f , double ∗g , const double TOL, double ∗u , double ∗p ,
int ∗ n i t e r )

{
int max iter , i t e r ;
double s ca l a r , norm R p , stop TOL , r e l r e s , R pdotR p , R pdotz , t ;
double ∗Bvec ,∗ Btrans vec ,∗R p ,∗ rhs ,∗w,∗ z ;
Bvec = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Btrans vec = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
R p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
rhs = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
z = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
/∗ zero i n i t i a l guess f o r Aw = rhs , rhs = BR p , f o r the f i r s t time ∗/
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w = (double ∗)CALLOC(N, s izeof (double ) ) ;
m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u 0 ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u 0 − g ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r ) = 1 ;
while ( norm R p > TOL){
/∗ p r i n t f (”Uzawa i t e r a t i o n : %d\n\n” ,(∗ n i t e r ) ) ; ∗/

mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f , rhs ) ; /∗ rhs =f − rhs , rhs = f − B p ∗/
/∗ I n i t i a l guess f o r CG, u from prev ious i t e r a t i o n ,
∗ f i r s t time u 0 ∗/

stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve Au = rhs , rhs = f − Bp, s o l w r i t t e n to u ∗/

CG( I A , J A ,A, nzA , u , rhs , stop TOL , max iter ,N,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”CG1 I t e r a t i o n s = %d\n” , i t e r −1); ∗/

m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u − g ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
mat vec ( I B , J B ,B, nzB , R p , rhs ,N, ’N ’ ) ; /∗ rhs = B R p ∗/
/∗ I n i t i a l guess f o r CG,w from prev ious i t e r a t i o n ,
∗ f i r s t time w = 0 ∗/

stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve Aw = rhs , rhs = B R p ∗/

CG( I A , J A ,A, nzA ,w, rhs , stop TOL , max iter ,N,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”CG2 I t e r a t i o n s = %d\n\n” , i t e r −1); ∗/

R pdotR p = m ddot (q , R p , R p ) ; /∗ R pdotR p = (R p , R p) ∗/
mat vec ( I B , J B ,B, nzB ,w, z , q , ’T ’ ) ; /∗ z = BˆT w ∗/
R pdotz = m ddot (q , R p , z ) ; /∗ R pdotz = (R p , z ) ∗/
t = R pdotR p/R pdotz ;
s c a l a r = t ;
m daxpy (q , s ca l a r , R p , p ) ; /∗ p = t R p + p ∗/
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r )++;

}
mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
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s c a l a r = −1.0;
mod daxpy (N, sca l a r , f , rhs ) ; /∗ rhs = f − rhs , rhs = f − B p ∗/
/∗ I n i t i a l guess f o r CG, u from the l a s t l oop ∗/
stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve Au = rhs , rhs = f − Bp ∗/
CG( I A , J A ,A, nzA , u , rhs , stop TOL , max iter ,N,& r e l r e s ,& i t e r ) ;

/∗ p r i n t f (”Last CG I t e r a t i o n s = %d\n” , i t e r −1); ∗/
FREE(Bvec ) ;
FREE( Btrans vec ) ;
FREE(R p ) ;
FREE( rhs ) ;
FREE(w) ;
FREE( z ) ;

}

/∗ On entry x conta ins the i n i t i a l guess , on e x i t the s o l u t i o n ∗/
void CG( int ∗I A , int ∗J A , double ∗A, const int nzA , double ∗x , double ∗ rhs ,

const double stop TOL , const int max iter , const int N,
double ∗ r e l r e s , int ∗ i t e r )

{
double norm rhs , s ca l a r , Ap p , r o l d r o l d ;
double cg alpha , rnew rnew , cg beta , norm r new ;
double ∗r ,∗p ,∗Ap;
r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Ap = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
norm rhs = m dnrm2(N, rhs ) ; /∗ norm rhs = | | rhs | | 2 ∗/
mat vec ( I A , J A ,A, nzA , x , r ,N, ’N ’ ) ; /∗ r = A x ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , rhs , r ) ; /∗ r =rhs + sca l a r r , r = rhs − r ∗/
m dcopy (N, r , p ) ; /∗ p = r ∗/
(∗ r e l r e s ) = 2 . 0 ;
(∗ i t e r ) = 1 ;

while ( ( (∗ r e l r e s ) > ( stop TOL ∗ norm rhs ) ) && ((∗ i t e r ) <= max ite r ) ){
mat vec ( I A , J A ,A, nzA , p ,Ap,N, ’N ’ ) ; /∗ Ap = A p ∗/
Ap p = m ddot (N,Ap, p ) ; /∗ Ap p = (Ap, p ) ∗/
r o l d r o l d = m ddot (N, r , r ) ; /∗ r o l d r o l d = ( r , r ) ∗/
cg a lpha = r o l d r o l d /Ap p ;
s c a l a r = cg a lpha ;
/∗ x = cg a l pha p + x , update s o l u t i o n vec to r ∗/
m daxpy (N, sca l a r , p , x ) ;
s c a l a r = −cg a lpha ;
/∗ r = − cg a l pha Ap + r , update r e s i d u a l v e c to r ∗/
m daxpy (N, sca l a r ,Ap, r ) ;
rnew rnew = m ddot (N, r , r ) ; /∗ rnew rnew = ( r , r ) ∗/
cg beta = rnew rnew/ r o l d r o l d ;
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s c a l a r = cg beta ;
/∗ p = r (new) + cg b e t a p , update search d i r e c t i o n ∗/
mod daxpy (N, sca l a r , r , p ) ;
norm r new = m dnrm2(N, r ) ; /∗ norm r new = | | r (new ) | | ∗/
(∗ r e l r e s ) = norm r new ;
(∗ i t e r )++;

}
FREE( r ) ;
FREE(p ) ;
FREE(Ap) ;
i f ( (∗ i t e r ) > max iter ){

f p r i n t f ( s tde r r , ”Maximum number o f i t e r a t i o n s exceeded !\n” ) ;
e x i t ( 2 ) ;

}
}

/∗ Computes matrix−vec to r product : y = mat x or y = matˆT x ,mat i s
∗ r ep re s en ted in coord ina te sparse format .
∗ dimy i s the dimension o f the output v ec to r y ,
∗ x remains unchanged on e x i t ∗/

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose )

{
int k ;
for ( k=1;k<=dimy ; k++)

y [ k−1] = 0 . 0 ;
i f ( t ranspose == ’N ’ ){ /∗ Compute y = mat ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ I mat [ k−1]−1] += mat [ k−1] ∗ x [ J mat [ k−1]−1];

}
else i f ( t ranspose == ’T ’ ){ /∗ Compute y = matˆT ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ J mat [ k−1]−1] += mat [ k−1] ∗ x [ I mat [ k−1]−1];

}
else {

f p r i n t f ( s tde r r , ”Wrong opt ion f o r matrix−vec to r mu l t i p l i c a t i o n !\n” ) ;
e x i t ( 2 ) ;
}

}

/∗ The r i g h t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
∗ such tha t i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 ) ∗/

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g )

{
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int i , k , dim ;
double xsum ;
dim = N + q ;
for ( i =1; i<=N; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
f [ i −1] = xsum ;

}
for ( i=N+1; i<=dim ; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
g [ i−N−1] = xsum ;

}
}

/∗ read ing o f the nonzero e lements o f the whole matrix ,
∗ s to r ed in coord ina te format , in g l o b a l enumeration ∗/

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s )

{
int i , j , k , p ;
int non zero A , non zero B , dim A , rank B ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&non zero A ) ;
f s c a n f ( fp , ”%d” ,&non zero B ) ;
f s c a n f ( fp , ”%d” ,&dim A ) ;
f s c a n f ( fp , ”%d” ,&rank B ) ;
(∗nzA) = non zero A ;
(∗nzB) = non zero B ;
(∗N) = dim A ;
(∗q ) = rank B ;
p = non zero A + 2 ∗ non zero B ;
tmp1 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC(p ∗ s izeof (double ) ) ;
for ( k=1;k<=p ; k++){
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f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ read ing o f the nonzero e lements o f matrix A or B,
∗ s to r ed in coord ina te format , in l o c a l enumeration ∗/

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s )
{

int i , j , k ;
int order , nzero ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&order ) ;
f s c a n f ( fp , ”%d” ,&nzero ) ;
(∗q ) = order ;
(∗nz ) = nzero ;
tmp1 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC((∗ nz ) ∗ s izeof (double ) ) ;
for ( k=1;k<=nzero ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ y = x + sca l a r ∗ y , x remains unchanged on e x i t ∗/
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
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{
double alpha ;
m dscal (dim , sca l a r , y ) ; /∗ y = sca l a r ∗ y ∗/
alpha = 1 . 0 ;
m daxpy (dim , alpha , x , y ) ; /∗ Computes y = alpha ∗ x + y , y = x + y ∗/

}

/∗ Computes l 2 norm of x : | | x | | 2 ∗/
double m dnrm2 ( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dnrm2 (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ Computes the dot product ( x , y ) 2 ∗/
double m ddot ( const int dim , double ∗x , double ∗y )
{

int N, incx , incy ;
double r e s u l t ;
incx = 1 ;
incy = 1 ;
N = dim ;
r e s u l t = ddot (&N, x,& incx , y,& incy ) ;
return r e s u l t ;

}

/∗ Copies vec to r x to y , y = x , x remains unchanged on e x i t ∗/
void m dcopy ( const int dim , double ∗x , double ∗y )
{

int incx , incy ,N;
N = dim ;
incx = 1 ;
incy = 1 ;
dcopy (&N, x,& incx , y,& incy ) ;

}

/∗ On e x i t v e c to r = s ca l a r ∗ vec to r ∗/
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r )
{

int N, incx ;
double da = s c a l a r ;
incx = 1 ;
N = dim ;
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d s c a l (&N,&da , vector ,& incx ) ;
}

/∗ y = sca l a r ∗ x + y , x remains unchanged on e x i t ∗/
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

int incx , incy ,N;
double da = s c a l a r ;
incx = 1 ;
incy = 1 ;
N = dim ;
daxpy (&N,&da , x,& incx , y,& incy ) ; /∗ y = da ∗ x + y ∗/

}

/∗ Computes l 1 norm of x : | | x | | 1 ∗/
double m dasum( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dasum (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ r e turns the index o f e lement o f v ec to r x , having max . a b s o l u t e va lue .
∗ −1 s h i f t i n g f o r C c ompa t i b i l i t y ∗/

int m idamax ( const int dim , double ∗x )
{

int N, incx ;
int pos ;
N = dim ;
incx = 1 ;
pos = idamax (&N, x,& incx ) ;
pos−−;
return pos ;

}

/∗ Computes maximum norm of x : | | x | | sup ∗/
double my maxnorm( const int dim , double ∗x )
{

int pos ;
double r e s u l t ;
pos = m idamax (dim , x ) ;
r e s u l t = fabs ( x [ pos ] ) ;
return r e s u l t ;

}
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/∗ Author : Manos Psychar i s
∗ Purpose : Master Thes is
∗ Date : 03/03/2010
∗
∗ Compile
∗ gcc −Wall −ans i −pedant ic −o f i l e aug l a g . c memory . c − l b l a s − l g 2 c
∗/

#include <s t d i o . h>
#include <s t d l i b . h>
#include <math . h>
#include <time . h> /∗ because we use c l o c k () ∗/
#include <sys / t imes . h> /∗ because we use t imes () ∗/
#include <uni s td . h> /∗ because we use sys con f ( ) ∗/
#include <s t r i n g . h> /∗ becuase we use strcmp () ∗/
#include ”memory . h”

/∗−−−−−−−−−−−−−−−−−−−−−22 Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void b l a nk l i n e (void ) ;
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL, const double rho ) ;
void er ror norms (double ∗u , double ∗p , const int N, const int q ,

double ∗norm1 , double ∗norm2 , double ∗maxnorm ) ;
double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,

double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p ) ;

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int q , double ∗g , double ∗u ) ;

void c o n s t r u c t f r ( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int N, const double rho , double ∗ f ,
double ∗g , double ∗ f r ) ;

void aug lag ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const int N, const int q ,
double ∗ f r , double ∗g , const double rho , const double TOL,
double ∗u , double ∗p , int ∗ n i t e r ) ;

void CG( int ∗I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , double ∗x , double ∗ rhs ,
const double rho , const double stop TOL , const int max iter ,
const int N, const int q , double ∗ r e l r e s , int ∗ i t e r ) ;

void CG mat vec ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const double rho ,
const int N, const int q , double ∗x , double ∗Ar x ) ;

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
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double ∗y , const int dimy , char t ranspose ) ;
void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,

const int g l oba l nz , double ∗ f , double ∗g ) ;
void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,

int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dnrm2 ( const int dim , double ∗x ) ;
double m ddot ( const int dim , double ∗x , double ∗y ) ;
void m dcopy ( const int dim , double ∗x , double ∗y ) ;
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r ) ;
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dasum( const int dim , double ∗x ) ;
int m idamax ( const int dim , double ∗x ) ;
double my maxnorm( const int dim , double ∗x ) ;
/∗−−−−−−−−−−−−−−−−7 BLAS Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void daxpy ( int ∗N, double ∗da , double dx [ ] , int ∗ incx , double dy [ ] ,

int ∗ incy ) ;
void d s c a l ( int ∗N, double ∗da , double dx [ ] , int ∗ incx ) ;
void dcopy ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double ddot ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double dnrm2 ( int ∗N, double x [ ] , int ∗ incx ) ;
double dasum ( int ∗N, double dx [ ] , int ∗ incx ) ;
int idamax ( int ∗N, double dx [ ] , int ∗ incx ) ;

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗ Let the game beg in . . .
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int main ( )
{

int i , k , num mat , t o l v a l s ;
char f i l ename A [ 6 0 ] ;
char f i l ename B [ 6 0 ] ;
char f i lenameK [ 6 0 ] ;
char i n p u t f i l e [ ] = ” input data . dat” ;
double TOL, rho ;
double t 1 c l o ck , t 2 c l o c k ;
double t1 t imes , t2 t imes , cpu time ;
struct tms tb1 , tb2 ; /∗ t imes () needs them ∗/
double t i c s p e r s e c ;
t ime t mytime ;
FILE ∗ fp ;
fp = FOPEN( i n p u t f i l e , ” r ” ) ;
num mat = 9 ; /∗ Set the number o f d i f f e r e n t matr i ces ∗/
t o l v a l s = 5 ; /∗ Set the number o f d i f f e r e n t v a l u e s o f TOL ∗/
/∗ Set the parameter rho ( p o s i t i v e r e a l number ) o f the
∗ Augmented Lagrangian Method ∗/
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rho = 10 0 . 0 ;
/∗ ca s t i n g because sys con f ( ) r e turns i n t ∗/
t i c s p e r s e c = (double ) sy scon f ( SC CLK TCK ) ;
p r i n t f ( ”\ t \ t \ t \ t \ t\ t\ t\ t\ t\tMethod :

Augmented Lagrangian ( r = %f )\n” , rho ) ;
b l a n k l i n e ( ) ;
p r i n t f ( ”TOL\tRe\tDOF\ t | | f−Au−Bp | | \ t | | g−BˆTu | | \ t\ t | | r | |

\ t\ t#i t e r \ t | | x−x ∗ | | 1 \ t\ t | | x−x ∗ | | 2 \ t\ t | | x−x ∗ | | sup \ t\ t
CPU time ( sec )\n” ) ;

b l a n k l i n e ( ) ;
for ( i =1; i<=num mat ; i++){

f s c a n f ( fp , ”%s” , f i l ename A ) ;
f s c a n f ( fp , ”%s” , f i l ename B ) ;
f s c a n f ( fp , ”%s” , f i lenameK ) ;
for ( k=1;k<=t o l v a l s ; k++){

mytime = time (NULL) ;
f p r i n t f ( s tde r r , ct ime(&mytime ) ) ;

f p r i n t f ( s tde r r , ”\nnum mat = %d\tTOL val = %d\n\n” , i , k ) ;
f s c a n f ( fp , ”%l f ” ,&TOL) ;
/∗ ca s t i n g because t imes () r e turns ( long ) i n t ∗/
t 1 t imes = (double ) t imes(&tb1 ) ;
t 1 c l o c k = (double ) c l o ck ( ) ;
method ( fi lenameK , f i lename A , f i l ename B ,TOL, rho ) ;
t 2 c l o c k = (double ) c l o ck ( ) ;
t 2 t imes = (double ) t imes(&tb2 ) ;

cpu time = (double ) ( ( tb2 . tms utime + tb2 . tms st ime ) −
( tb1 . tms utime + tb1 . tms st ime ) ) ;

p r i n t f ( ”\ t%f \n” , cpu time / t i c s p e r s e c ) ;
}
b l a nk l i n e ( ) ;

}
FCLOSE( fp ) ;
p r i n t f ( ”\nAugmented Lagrangian runs ended s u c c e s s f u l l y !\n” ) ;
return 0 ;

}

/∗ h o r i z o n t a l l i n e ∗/
void b l a nk l i n e (void )
{

p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−\n” ) ;

}

/∗ parame te r i za t i on o f the Augmented Lagrangian Method ∗/
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void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,
const double TOL, const double rho )

{
int q ,N, nzB , nzA ,Re ;
int g l oba l nz , n i t e r , i ;
double r a , r b ;
double norm1 , norm2 ,maxnorm ;
int ∗I K ,∗ J K ;
double ∗K;
int ∗I A ,∗ J A ,∗ I B ,∗ J B ;
double ∗A,∗B;
double ∗ f ,∗ g ,∗ f r ;
double ∗u ,∗p ;
read whole mat ( fi lenameK ,&nzA,&nzB,&N,&q,&I K ,&J K,&K) ;
readmat ( f i lename A ,&N,&nzA,&I A ,&J A,&A) ;
readmat ( f i l ename B ,&q,&nzB,&I B ,&J B,&B) ;
u = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
f = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
f r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
g l oba l n z = nzA + 2 ∗ nzB ;
c on s t ru c t rh s ( I K ,K,N, q , g l oba l nz , f , g ) ;
FREE( I K ) ;
FREE(J K ) ;
FREE(K) ;
/∗ con s t ru c t i on o f f r = f + r B g ∗/
c o n s t r u c t f r ( I B , J B ,B, nzB ,N, rho , f , g , f r ) ;
/∗ I n i t i a l l y u and p ho ld u 0 and p 0 r e s p e c t i v e l y ∗/
for ( i =1; i<=N; i++)

u [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e u ∗/
for ( i =1; i<=q ; i++)

p [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e p ∗/
/∗ Output the computed s o l u t i o n u and p ∗/
aug lag ( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, q , f r , g , rho ,TOL, u , p ,

&n i t e r ) ;
/∗ f o r ( i =1; i<=N; i++)

p r i n t f (”u[%d ] = %16.9e\n” , i−1,u [ i −1]) ;
f o r ( i =1; i<=q ; i++)

p r i n t f (”p[%d ] = %16.9e\n” , i−1,p [ i −1]) ; ∗/
/∗ compute error norms ∗/
er ror norms (u , p ,N, q,&norm1,&norm2,&maxnorm ) ;
/∗ compute r e s i d u a l norms ∗/
r a = mom norm( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, f , u , p ) ;
r b = comp norm( I B , J B ,B, nzB , q , g , u ) ;
i f ( ( strcmp ( f i lename A , ”MtrxA Re10 N578 nzA3826 . dat” ) == 0) | |

( strcmp ( f i lename A , ”MtrxA Re10 N2178 nzA16818 . dat” ) == 0) | |
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( strcmp ( f i lename A , ”MtrxA Re10 N8450 nzA70450 . dat” ) == 0) )
Re = 10 ;

else i f ( ( strcmp ( f i lename A , ”MtrxA Re100 N578 nzA3826 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N8450 nzA70450 . dat” ) == 0) )

Re = 100 ;
else

Re = 1000 ;
p r i n t f ( ”%.1e\ t%d\ t%d\ t%16.9 e %16.9 e %16.9 e\ t%d\ t%16.9 e\ t

%16.9 e\ t%16.9 e” ,TOL,Re ,N+q , r a , r b , s q r t ( r a ∗ r a + r b ∗ r b ) ,
n i t e r − 1 , norm1 , norm2 ,maxnorm ) ;

FREE( I A ) ;
FREE(J A ) ;
FREE(A) ;
FREE( I B ) ;
FREE(J B ) ;
FREE(B) ;
FREE( f ) ;
FREE( f r ) ;
FREE( g ) ;
FREE(u ) ;
FREE(p ) ;

}

/∗ Computation o f the error norm : | | x − x ∗ | | , where :
∗ x = (u , p ) the computed s o l u t i o n
∗ x∗ = ( 1 , 1 , . . . , 1 ) the exac t s o l u t i o n
∗ v e c t o r s u and p remain unchanged on e x i t
∗ norm1 : re tu rns | | x − x ∗ | | 1
∗ norm2 : re tu rns | | x − x ∗ | | 2
∗ maxnorm : re turns | | x − x ∗ | | sup ∗/

void er ror norms (double ∗u , double ∗p , const int N, const int q ,
double ∗norm1 , double ∗norm2 , double ∗maxnorm)

{
int i , dim ;
double ∗ e r r ;
dim = N + q ;
e r r = (double ∗)MALLOC(dim ∗ s izeof (double ) ) ;
for ( i =1; i<=N; i++)

e r r [ i −1] = u [ i −1] − 1 . 0 ;
for ( i=N+1; i<=dim ; i++)

e r r [ i −1] = p [ i−N−1] − 1 . 0 ;
(∗norm1) = m dasum(dim , e r r ) ;
(∗norm2) = m dnrm2(dim , e r r ) ;
(∗maxnorm) = my maxnorm(dim , e r r ) ;
FREE( e r r ) ;

}
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/∗ Computation o f the norm : | | f − Au − Bp | | 2 , where u and p are the
∗ computed v e l o c i t y and pre s sure s o l u t i on s , r e s p e c t i v e l y .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d momentum equat ion : Au + Bp = f ∗/

double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p)

{
double s ca l a r , norm ;
double ∗Au,∗Bp;
Au = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Bp = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I A , J A ,A, nzA , u ,Au,N, ’N ’ ) ; /∗ Au = A ∗ u ∗/
mat vec ( I B , J B ,B, nzB , p ,Bp ,N, ’N ’ ) ; /∗ Bp = B ∗ p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f ,Au ) ; /∗ Au = f − Au ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r ,Au,Bp ) ; /∗ Bp = Au − Bp = ( f − Au) − Bp ∗/
norm = m dnrm2(N,Bp ) ; /∗ norm = | |Bp | | = | | f − Au − Bp | | ∗/
FREE(Au) ;
FREE(Bp ) ;
return norm ;

}

/∗ Computation o f the norm : | | g − B∗∗T u | | 2 , where u i s the computed
∗ v e l o c i t y s o l u t i o n .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g ∗/

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int q , double ∗g , double ∗u)

{
double s ca l a r , norm ;
double ∗Btu ;
Btu = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , u , Btu , q , ’T ’ ) ; /∗ Btu = B∗∗T ∗ u ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , g , Btu ) ; /∗ Btu = g − Btu ∗/
norm = m dnrm2(q , Btu ) ; /∗ norm = | | Btu | | = | | g − B∗∗T ∗ u | | ∗/
FREE(Btu ) ;
return norm ;

}
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/∗ Cons truc t ion o f the vec to r f r = f + r B ∗ g .
∗ Al l o ca t i on o f f r in main () ∗/

void c o n s t r u c t f r ( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int N, const double rho , double ∗ f , double ∗g ,
double ∗ f r )

{
double s c a l a r ;
mat vec ( I B , J B ,B, nzB , g , f r ,N, ’N ’ ) ; /∗ f r = B ∗ g ∗/
s c a l a r = rho ;
mod daxpy (N, sca l a r , f , f r ) ; /∗ f r = f + r f r = f + r B ∗ g ∗/

}

/∗ On entry : u and p ho ld u 0 and p 0 r e s p e c t i v e l y ,
∗ a l l o c a t i o n and i n i t i a l i z a t i o n in main ()
∗ On e x i t : u and p ho ld the computed v e l o c i t y and pressure ,
∗ r e s p e c t i v e l y . ∗/

void aug lag ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const int N, const int q ,
double ∗ f r , double ∗g , const double rho , const double TOL,
double ∗u , double ∗p , int ∗ n i t e r )

{
int max iter , i t e r ;
double s ca l a r , norm R p , stop TOL , r e l r e s , R pdotR p , R pdotz , t ;
double ∗Bvec ,∗ Btrans vec ,∗R p ,∗ rhs ,∗w,∗ z ;
Bvec = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Btrans vec = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
R p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
rhs = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
z = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
/∗ zero i n i t i a l guess f o r Aw = rhs , rhs = BR p , f o r the f i r s t time ∗/
w = (double ∗)CALLOC(N, s izeof (double ) ) ;
m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u 0 ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u 0 − g ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r ) = 1 ;
while ( norm R p > TOL){
/∗ p r i n t f (”AL i t e r a t i o n : %d\n\n” ,(∗ n i t e r ) ) ; ∗/

mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
/∗ rhs = f r − rhs , rhs = f r − B p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f r , rhs ) ;
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/∗ I n i t i a l guess f o r CG, u from prev ious i t e r a t i o n ,
∗ f i r s t time u 0 ∗/

stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve A r u = rhs , rhs = f r − B p ∗/
CG( I A , J A ,A, I B , J B ,B, nzA , nzB , u , rhs , rho , stop TOL ,

max iter ,N, q,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”CG1 I t e r a t i o n s = %d\n” , i t e r −1); ∗/

m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u − g ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
mat vec ( I B , J B ,B, nzB , R p , rhs ,N, ’N ’ ) ; /∗ rhs = B R p ∗/
/∗ I n i t i a l guess f o r CG,w from prev ious i t e r a t i o n ,
∗ f i r s t time w = 0 ∗/

stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve A r w = rhs , rhs = B R p ∗/
CG( I A , J A ,A, I B , J B ,B, nzA , nzB ,w, rhs , rho , stop TOL ,

max iter ,N, q,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”CG2 I t e r a t i o n s = %d\n\n” , i t e r −1); ∗/

R pdotR p = m ddot (q , R p , R p ) ; /∗ R pdotR p = (R p , R p) ∗/
mat vec ( I B , J B ,B, nzB ,w, z , q , ’T ’ ) ; /∗ z = BˆT w ∗/
R pdotz = m ddot (q , R p , z ) ; /∗ R pdotz = (R p , z ) ∗/
t = R pdotR p/R pdotz ;
s c a l a r = t ;
m daxpy (q , s ca l a r , R p , p ) ; /∗ p = t R p + p ∗/
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r )++;

}
mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f r , rhs ) ; /∗ rhs = f r − rhs , rhs = f r − B p ∗/
/∗ I n i t i a l guess f o r CG, u from the l a s t l oop ∗/
stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve A r u = rhs , rhs = f r − B p ∗/
CG( I A , J A ,A, I B , J B ,B, nzA , nzB , u , rhs , rho , stop TOL ,

max iter ,N, q,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”Last CG I t e r a t i o n s = %d\n” , i t e r −1); ∗/

FREE(Bvec ) ;
FREE( Btrans vec ) ;
FREE(R p ) ;
FREE( rhs ) ;
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FREE(w) ;
FREE( z ) ;

}

/∗ On entry x conta ins the i n i t i a l guess , on e x i t the s o l u t i o n ∗/
void CG( int ∗I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,

const int nzA , const int nzB , double ∗x , double ∗ rhs ,
const double rho , const double stop TOL , const int max iter ,
const int N, const int q , double ∗ r e l r e s , int ∗ i t e r )

{
double norm rhs , s ca l a r , Ap p , r o l d r o l d ;
double cg alpha , rnew rnew , cg beta , norm r new ;
double ∗r ,∗p ,∗Ap;
r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Ap = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
norm rhs = m dnrm2(N, rhs ) ; /∗ norm rhs = | | rhs | | 2 ∗/
CG mat vec ( I A , J A ,A, I B , J B ,B, nzA , nzB , rho ,N, q , x , r ) ; /∗ r =A r x ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , rhs , r ) ; /∗ r = rhs + sca l a r r , r = rhs − r ∗/
m dcopy (N, r , p ) ; /∗ p = r ∗/
(∗ r e l r e s ) = 2 . 0 ;
(∗ i t e r ) = 1 ;

while ( ( (∗ r e l r e s ) > ( stop TOL ∗ norm rhs ) ) && ((∗ i t e r ) <= max ite r ) ){
/∗ Ap = A r p ∗/
CG mat vec ( I A , J A ,A, I B , J B ,B, nzA , nzB , rho ,N, q , p ,Ap ) ;
Ap p = m ddot (N,Ap, p ) ; /∗ Ap p = (Ap, p ) ∗/
r o l d r o l d = m ddot (N, r , r ) ; /∗ r o l d r o l d = ( r , r ) ∗/
cg a lpha = r o l d r o l d /Ap p ;
/∗ x = cg a l pha p + x , update s o l u t i o n vec to r ∗/
s c a l a r = cg a lpha ;
m daxpy (N, sca l a r , p , x ) ;
/∗ r = − cg a l pha Ap + r , update r e s i d u a l v e c to r ∗/
s c a l a r = −cg a lpha ;
m daxpy (N, sca l a r ,Ap, r ) ;
rnew rnew = m ddot (N, r , r ) ; /∗ rnew rnew = ( r , r ) ∗/
cg beta = rnew rnew/ r o l d r o l d ;
/∗ p = r (new) + cg b e t a p , update search d i r e c t i o n ∗/
s c a l a r = cg beta ;
mod daxpy (N, sca l a r , r , p ) ;
norm r new = m dnrm2(N, r ) ; /∗ norm r new = | | r (new ) | | ∗/
(∗ r e l r e s ) = norm r new ;
(∗ i t e r )++;

}
FREE( r ) ;
FREE(p ) ;
FREE(Ap) ;
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i f ( (∗ i t e r ) > max iter ){
f p r i n t f ( s tde r r , ”Maximum number o f i t e r a t i o n s exceeded !\n” ) ;
e x i t ( 2 ) ;

}
}

/∗ Given x computes Ar x = A x + r B BˆT x ,
∗ x remains unchanged on e x i t ∗/

void CG mat vec ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , const double rho , const int N,
const int q , double ∗x , double ∗Ar x )

{
double s c a l a r ;
double ∗y ,∗w;
y = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
w = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , x , y , q , ’T ’ ) ; /∗ y = BˆT x ∗/
mat vec ( I B , J B ,B, nzB , y , Ar x ,N, ’N ’ ) ; /∗ Ar x = B y ∗/
mat vec ( I A , J A ,A, nzA , x ,w,N, ’N ’ ) ; /∗ w = A x ∗/
s c a l a r = rho ;
mod daxpy (N, sca l a r ,w, Ar x ) ; /∗ Ar x = w + r Ar x ∗/
FREE(y ) ;
FREE(w) ;

}

/∗ Computes matrix−vec to r product : y = mat x or y = matˆT x ,
∗ mat i s r ep re s en ted in coord ina te sparse format .
∗ dimy i s the dimension o f the output v ec to r y ,
∗ x remains unchanged on e x i t ∗/

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose )

{
int k ;
for ( k=1;k<=dimy ; k++)

y [ k−1] = 0 . 0 ;
i f ( t ranspose == ’N ’ ){ /∗ Compute y = mat ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ I mat [ k−1]−1] += mat [ k−1] ∗ x [ J mat [ k−1]−1];

}
else i f ( t ranspose == ’T ’ ){ /∗ Compute y = matˆT ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ J mat [ k−1]−1] += mat [ k−1] ∗ x [ I mat [ k−1]−1];

}
else {

f p r i n t f ( s tde r r , ”Wrong opt ion f o r matrix−vec to r mu l t i p l i c a t i o n !\n” ) ;
e x i t ( 2 ) ;
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}
}

/∗ The r i g h t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
∗ such tha t i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 ) ∗/

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g )

{
int i , k , dim ;
double xsum ;
dim = N + q ;
for ( i =1; i<=N; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
f [ i −1] = xsum ;

}
for ( i=N+1; i<=dim ; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
g [ i−N−1] = xsum ;

}
}

/∗ read ing o f the nonzero e lements o f the whole matrix ,
∗ s to r ed in coord ina te format , in g l o b a l enumeration ∗/

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s )

{
int i , j , k , p ;
int non zero A , non zero B , dim A , rank B ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&non zero A ) ;
f s c a n f ( fp , ”%d” ,&non zero B ) ;
f s c a n f ( fp , ”%d” ,&dim A ) ;
f s c a n f ( fp , ”%d” ,&rank B ) ;
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(∗nzA) = non zero A ;
(∗nzB) = non zero B ;
(∗N) = dim A ;
(∗q ) = rank B ;
p = non zero A + 2 ∗ non zero B ;
tmp1 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC(p ∗ s izeof (double ) ) ;
for ( k=1;k<=p ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ read ing o f the nonzero e lements o f matrix A or B,
∗ s to r ed in coord ina te format , in l o c a l enumeration ∗/

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s )
{

int i , j , k ;
int order , nzero ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&order ) ;
f s c a n f ( fp , ”%d” ,&nzero ) ;
(∗q ) = order ;
(∗nz ) = nzero ;
tmp1 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC((∗ nz ) ∗ s izeof (double ) ) ;
for ( k=1;k<=nzero ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;
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}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ y = x + sca l a r ∗ y , x remains unchanged on e x i t ∗/
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

double alpha ;
m dscal (dim , sca l a r , y ) ; /∗ y = sca l a r ∗ y ∗/
alpha = 1 . 0 ;
m daxpy (dim , alpha , x , y ) ; /∗ Computes y = alpha ∗ x + y , y = x + y ∗/

}

/∗ Computes l 2 norm of x : | | x | | 2 ∗/
double m dnrm2 ( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dnrm2 (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ Computes the dot product ( x , y ) 2 ∗/
double m ddot ( const int dim , double ∗x , double ∗y )
{

int N, incx , incy ;
double r e s u l t ;
incx = 1 ;
incy = 1 ;
N = dim ;
r e s u l t = ddot (&N, x,& incx , y,& incy ) ;
return r e s u l t ;

}

/∗ Copies vec to r x to y , y = x , x remains unchanged on e x i t ∗/
void m dcopy ( const int dim , double ∗x , double ∗y )
{

int incx , incy ,N;
N = dim ;
incx = 1 ;
incy = 1 ;
dcopy (&N, x,& incx , y,& incy ) ;
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}

/∗ On e x i t v e c to r = s ca l a r ∗ vec to r ∗/
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r )
{

int N, incx ;
double da = s c a l a r ;
incx = 1 ;
N = dim ;
d s c a l (&N,&da , vector ,& incx ) ;

}

/∗ y = sca l a r ∗ x + y , x remains unchanged on e x i t ∗/
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

int incx , incy ,N;
double da = s c a l a r ;
incx = 1 ;
incy = 1 ;
N = dim ;
daxpy (&N,&da , x,& incx , y,& incy ) ; /∗ y = da ∗ x + y ∗/

}

/∗ Computes l 1 norm of x : | | x | | 1 ∗/
double m dasum( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dasum (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ r e turns the index o f e lement o f v ec to r x , having max . a b s o l u t e va lue .
∗ −1 s h i f t i n g f o r C c ompa t i b i l i t y ∗/

int m idamax ( const int dim , double ∗x )
{

int N, incx ;
int pos ;
N = dim ;
incx = 1 ;
pos = idamax (&N, x,& incx ) ;
pos−−;
return pos ;

}
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/∗ Computes maximum norm of x : | | x | | sup ∗/
double my maxnorm( const int dim , double ∗x )
{

int pos ;
double r e s u l t ;
pos = m idamax (dim , x ) ;
r e s u l t = fabs ( x [ pos ] ) ;
return r e s u l t ;

}

-4�# 5�!	�� �	� �� �" �!� Simplified Augmented

Lagrangian

8	� ����!�
� ������	���� 	��� �$�
��� ��� ����	�!����� �
� 	� ������ Simplified Aug-
mented Lagrangian�

/∗ Author : Manos Psychar i s
∗ Purpose : Master Thes is
∗ Date : 03/03/2010
∗
∗ Compile
∗ gcc −Wall −ans i −pedant ic −o f i l e s im aug l ag . c memory . c − l b l a s
∗/

#include <s t d i o . h>
#include <s t d l i b . h>
#include <math . h>
#include <time . h> /∗ because we use c l o c k () ∗/
#include <sys / t imes . h> /∗ because we use t imes () ∗/
#include <uni s td . h> /∗ because we use sys con f ( ) ∗/
#include <s t r i n g . h> /∗ becuase we use strcmp () ∗/
#include ”memory . h”

/∗−−−−−−−−−−−−−−−−−−−−−22 Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void b l a nk l i n e (void ) ;
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL, const double rho ) ;
void er ror norms (double ∗u , double ∗p , const int N, const int q ,

double ∗norm1 , double ∗norm2 , double ∗maxnorm ) ;
double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,

double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p ) ;

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u ) ;

void c o n s t r u c t f r ( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int N,
const double rho , double ∗ f , double ∗g , double ∗ f r ) ;
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void s im aug lag ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
const int q , double ∗ f r , double ∗g , const double rho ,
const double TOL, double ∗u , double ∗p , int ∗ n i t e r ) ;

void CG( int ∗I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,
const int nzA , const int nzB , double ∗x , double ∗ rhs ,
const double rho , const double stop TOL , const int max iter ,
const int N, const int q , double ∗ r e l r e s , int ∗ i t e r ) ;

void CG mat vec ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const double rho ,
const int N, const int q , double ∗x , double ∗Ar x ) ;

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose ) ;

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g ) ;

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dnrm2 ( const int dim , double ∗x ) ;
double m ddot ( const int dim , double ∗x , double ∗y ) ;
void m dcopy ( const int dim , double ∗x , double ∗y ) ;
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r ) ;
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
double m dasum( const int dim , double ∗x ) ;
int m idamax ( const int dim , double ∗x ) ;
double my maxnorm( const int dim , double ∗x ) ;
/∗−−−−−−−−−−−−−−−−7 BLAS Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void daxpy ( int ∗N, double ∗da , double dx [ ] , int ∗ incx , double dy [ ] ,

int ∗ incy ) ;
void d s c a l ( int ∗N, double ∗da , double dx [ ] , int ∗ incx ) ;
void dcopy ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double ddot ( int ∗N, double dx [ ] , int ∗ incx , double dy [ ] , int ∗ incy ) ;
double dnrm2 ( int ∗N, double x [ ] , int ∗ incx ) ;
double dasum ( int ∗N, double dx [ ] , int ∗ incx ) ;
int idamax ( int ∗N, double dx [ ] , int ∗ incx ) ;

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗ Let the game beg in . . .
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int main ( )
{

int i , k , num mat , t o l v a l s ;
char f i l ename A [ 6 0 ] ;
char f i l ename B [ 6 0 ] ;
char f i lenameK [ 6 0 ] ;
char i n p u t f i l e [ ] = ” input data . dat” ;
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double TOL, rho ;
double t 1 c l o ck , t 2 c l o c k ;
double t1 t imes , t2 t imes , cpu time ;
struct tms tb1 , tb2 ; /∗ t imes () needs them ∗/
double t i c s p e r s e c ;
t ime t mytime ;
FILE ∗ fp ;
fp = FOPEN( i n p u t f i l e , ” r ” ) ;
num mat = 9 ; /∗ Set the number o f d i f f e r e n t matr i ces ∗/
t o l v a l s = 5 ; /∗ Set the number o f d i f f e r e n t v a l u e s o f TOL ∗/
/∗ Set the parameter rho ( p o s i t i v e r e a l number ) o f the
∗ S imp l i f i e d Augmented Lagrangian Method ∗/

rho = 10 0 . 0 ;
/∗ ca s t i n g because sys con f ( ) r e turns i n t ∗/
t i c s p e r s e c = (double ) sy scon f ( SC CLK TCK ) ;
p r i n t f ( ”\ t \ t \ t \ t \ t\ t\ t\ t\ t\tMethod :

S imp l i f i e d Augmented Lagrangian ( r = %f )\n” , rho ) ;
b l a n k l i n e ( ) ;
p r i n t f ( ”TOL\tRe\tDOF\ t | | f−Au−Bp | | \ t | | g−BˆTu | | \ t\ t

| | r | | \ t \ t#i t e r \ t | | x−x ∗ | | 1 \ t \ t | | x−x ∗ | | 2 \ t \ t | | x−x ∗ | | sup \ t \ t
CPU time ( sec )\n” ) ;

b l a n k l i n e ( ) ;
for ( i =1; i<=num mat ; i++){

f s c a n f ( fp , ”%s” , f i l ename A ) ;
f s c a n f ( fp , ”%s” , f i l ename B ) ;
f s c a n f ( fp , ”%s” , f i lenameK ) ;
for ( k=1;k<=t o l v a l s ; k++){

mytime = time (NULL) ;
f p r i n t f ( s tde r r , ct ime(&mytime ) ) ;
f p r i n t f ( s tde r r , ”\nnum mat = %d\ t

TOL val = %d\n\n” , i , k ) ;
f s c a n f ( fp , ”%l f ” ,&TOL) ;
/∗ ca s t i n g because t imes () r e turns ( long ) i n t ∗/
t 1 t imes = (double ) t imes(&tb1 ) ;
t 1 c l o c k = (double ) c l o ck ( ) ;
method ( fi lenameK , f i lename A , f i l ename B ,TOL, rho ) ;
t 2 c l o c k = (double ) c l o ck ( ) ;
t 2 t imes = (double ) t imes(&tb2 ) ;

cpu time = (double ) ( ( tb2 . tms utime + tb2 . tms st ime ) −
( tb1 . tms utime + tb1 . tms st ime ) ) ;

p r i n t f ( ”\ t%f \n” , cpu time / t i c s p e r s e c ) ;
}
b l a nk l i n e ( ) ;

}
FCLOSE( fp ) ;
p r i n t f ( ”\ nS imp l i f i e d Augmented Lagrangian runs ended

s u c c e s s f u l l y !\n” ) ;
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return 0 ;
}

/∗ h o r i z o n t a l l i n e ∗/
void b l a nk l i n e (void )
{

p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−\n” ) ;

}

/∗ parame te r i za t i on o f the S imp l i f i e d Augmented Lagrangian Method ∗/
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ,

const double TOL, const double rho )
{

int q ,N, nzB , nzA ,Re ;
int g l oba l nz , n i t e r , i ;
double r a , r b ;
double norm1 , norm2 ,maxnorm ;
int ∗I K ,∗ J K ;
double ∗K;
int ∗I A ,∗ J A ,∗ I B ,∗ J B ;
double ∗A,∗B;
double ∗ f ,∗ g ,∗ f r ;
double ∗u ,∗p ;
read whole mat ( fi lenameK ,&nzA,&nzB,&N,&q,&I K ,&J K,&K) ;
readmat ( f i lename A ,&N,&nzA,&I A ,&J A,&A) ;
readmat ( f i l ename B ,&q,&nzB,&I B ,&J B,&B) ;
u = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
f = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
f r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
g l oba l n z = nzA + 2 ∗ nzB ;
c on s t ru c t rh s ( I K ,K,N, q , g l oba l nz , f , g ) ;
FREE( I K ) ;
FREE(J K ) ;
FREE(K) ;
/∗ con s t ru c t i on o f f r = f + r B g ∗/
c o n s t r u c t f r ( I B , J B ,B, nzB ,N, rho , f , g , f r ) ;
/∗ I n i t i a l l y u and p ho ld u 0 and p 0 r e s p e c t i v e l y ∗/
for ( i =1; i<=N; i++)

u [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e u ∗/
for ( i =1; i<=q ; i++)

p [ i −1] = 0 . 0 ; /∗ i n i t i a l i z e p ∗/
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/∗ Output the computed s o l u t i o n u and p ∗/
s im aug lag ( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, q , f r , g , rho ,TOL,

u , p,& n i t e r ) ;
/∗ f o r ( i =1; i<=N; i++)

p r i n t f (”u[%d ] = %16.9e\n” , i−1,u [ i −1]) ;
f o r ( i =1; i<=q ; i++)

p r i n t f (”p[%d ] = %16.9e\n” , i−1,p [ i −1]) ; ∗/
/∗ compute error norms ∗/
er ror norms (u , p ,N, q,&norm1,&norm2,&maxnorm ) ;
/∗ compute r e s i d u a l norms ∗/
r a = mom norm( I A , J A ,A, I B , J B ,B, nzA , nzB ,N, f , u , p ) ;
r b = comp norm( I B , J B ,B, nzB , q , g , u ) ;
i f ( ( strcmp ( f i lename A , ”MtrxA Re10 N578 nzA3826 . dat” ) == 0) | |

( strcmp ( f i lename A , ”MtrxA Re10 N2178 nzA16818 . dat” ) == 0) | |
( strcmp ( f i lename A , ”MtrxA Re10 N8450 nzA70450 . dat” ) == 0) )

Re = 10 ;
else i f ( ( strcmp ( f i lename A , ”MtrxA Re100 N578 nzA3826 . dat” ) == 0)

| | ( strcmp ( f i lename A , ”MtrxA Re100 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N8450 nzA70450 . dat” ) == 0) )

Re = 100 ;
else

Re = 1000 ;
p r i n t f ( ”%.1e\ t%d\ t%d\ t%16.9 e %16.9 e %16.9 e\ t%d\ t%16.9 e\ t

%16.9 e\ t%16.9 e” ,TOL,Re ,N+q , r a , r b , s q r t ( r a ∗ r a + r b ∗ r b ) ,
n i t e r − 1 , norm1 , norm2 ,maxnorm ) ;

FREE( I A ) ;
FREE(J A ) ;
FREE(A) ;
FREE( I B ) ;
FREE(J B ) ;
FREE(B) ;
FREE( f ) ;
FREE( f r ) ;
FREE( g ) ;
FREE(u ) ;
FREE(p ) ;

}

/∗ Computation o f the error norm : | | x − x ∗ | | , where :
∗ x = (u , p ) the computed s o l u t i o n
∗ x∗ = ( 1 , 1 , . . . , 1 ) the exac t s o l u t i o n
∗ v e c t o r s u and p remain unchanged on e x i t
∗ norm1 : re tu rns | | x − x ∗ | | 1
∗ norm2 : re tu rns | | x − x ∗ | | 2
∗ maxnorm : re turns | | x − x ∗ | | sup ∗/

void er ror norms (double ∗u , double ∗p , const int N, const int q ,
double ∗norm1 , double ∗norm2 , double ∗maxnorm)
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{
int i , dim ;
double ∗ e r r ;
dim = N + q ;
e r r = (double ∗)MALLOC(dim ∗ s izeof (double ) ) ;
for ( i =1; i<=N; i++)

e r r [ i −1] = u [ i −1] − 1 . 0 ;
for ( i=N+1; i<=dim ; i++)

e r r [ i −1] = p [ i−N−1] − 1 . 0 ;
(∗norm1) = m dasum(dim , e r r ) ;
(∗norm2) = m dnrm2(dim , e r r ) ;
(∗maxnorm) = my maxnorm(dim , e r r ) ;
FREE( e r r ) ;

}

/∗ Computation o f the norm : | | f − Au − Bp | | 2 , where u and p are the
∗ computed v e l o c i t y and pre s sure s o l u t i on s , r e s p e c t i v e l y .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d momentum equat ion : Au + Bp = f ∗/

double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p)

{
double s ca l a r , norm ;
double ∗Au,∗Bp;
Au = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Bp = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I A , J A ,A, nzA , u ,Au,N, ’N ’ ) ; /∗ Au = A ∗ u ∗/
mat vec ( I B , J B ,B, nzB , p ,Bp ,N, ’N ’ ) ; /∗ Bp = B ∗ p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f ,Au ) ; /∗ Au = f − Au ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r ,Au,Bp ) ; /∗ Bp = Au − Bp = ( f − Au) − Bp ∗/
norm = m dnrm2(N,Bp ) ; /∗ norm = | |Bp | | = | | f − Au − Bp | | ∗/
FREE(Au) ;
FREE(Bp ) ;
return norm ;

}

/∗ Computation o f the norm : | | g − B∗∗T u | | 2 , where u i s the computed
∗ v e l o c i t y s o l u t i o n .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g ∗/

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
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double ∗g , double ∗u)
{

double s ca l a r , norm ;
double ∗Btu ;
Btu = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , u , Btu , q , ’T ’ ) ; /∗ Btu = B∗∗T ∗ u ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , g , Btu ) ; /∗ Btu = g − Btu ∗/
norm = m dnrm2(q , Btu ) ; /∗ norm = | | Btu | | = | | g − B∗∗T ∗ u | | ∗/
FREE(Btu ) ;
return norm ;

}

/∗ Cons truc t ion o f the vec to r f r = f + r B ∗ g .
∗ Al l o ca t i on o f f r in main () ∗/

void c o n s t r u c t f r ( int ∗ I B , int ∗J B , double ∗B, const int nzB ,
const int N, const double rho , double ∗ f ,
double ∗g , double ∗ f r )

{
double s c a l a r ;
mat vec ( I B , J B ,B, nzB , g , f r ,N, ’N ’ ) ; /∗ f r = B g ∗/
s c a l a r = rho ;
mod daxpy (N, sca l a r , f , f r ) ; /∗ f r = f + r f r ∗/

}

/∗ On entry : u and p ho ld u 0 and p 0 r e s p e c t i v e l y ,
∗ a l l o c a t i o n and i n i t i a l i z a t i o n in main ()
∗ On e x i t : u and p ho ld the computed v e l o c i t y and pressure ,
∗ r e s p e c t i v e l y . ∗/

void s im aug lag ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
const int q , double ∗ f r , double ∗g , const double rho ,
const double TOL, double ∗u , double ∗p , int ∗ n i t e r )

{
int max iter , i t e r ;
double s ca l a r , norm R p , stop TOL , r e l r e s ;
double ∗Bvec ,∗ Btrans vec ,∗R p ,∗ rhs ;
Bvec = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Btrans vec = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
R p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
rhs = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u 0 ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u 0 − g ∗/
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s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r ) = 1 ;
while ( norm R p > TOL){
/∗ p r i n t f (” S imp l i f i e d AL i t e r a t i o n : %d\n\n” ,(∗ n i t e r ) ) ; ∗/

mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
/∗ rhs = f r − rhs , rhs = f r − B p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f r , rhs ) ;
/∗ I n i t i a l guess f o r CG, u from prev ious i t e r a t i o n ,
∗ f i r s t time u 0 ∗/

stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve A r u = rhs , rhs = f r − B p ∗/
CG( I A , J A ,A, I B , J B ,B, nzA , nzB , u , rhs , rho , stop TOL ,

max iter ,N, q,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”CG1 I t e r a t i o n s = %d\n” , i t e r −1); ∗/

m dcopy (q , g , R p ) ; /∗ R p = g ∗/
/∗ Btrans vec = BˆT u ∗/
mat vec ( I B , J B ,B, nzB , u , Btrans vec , q , ’T ’ ) ;
/∗ R p = Btrans vec − R p , R p = BˆT u − g ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , Btrans vec , R p ) ;
s c a l a r = rho ;
m daxpy (q , s ca l a r , R p , p ) ; /∗ p = r R p + p ∗/
norm R p = m dnrm2(q , R p ) ; /∗ norm R p = | | R p | | 2 ∗/
(∗ n i t e r )++;

}
mat vec ( I B , J B ,B, nzB , p , Bvec ,N, ’N ’ ) ; /∗ Bvec = B p ∗/
m dcopy (N, Bvec , rhs ) ; /∗ rhs = Bvec ∗/
/∗ rhs = f r − rhs , rhs = f r − B p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f r , rhs ) ;
/∗ I n i t i a l guess f o r CG, u from the l a s t l oop ∗/
stop TOL = TOL;
max i te r = 2 ∗ N;
/∗ So lve A r u = rhs , rhs = f r − B p ∗/
CG( I A , J A ,A, I B , J B ,B, nzA , nzB , u , rhs , rho , stop TOL , max iter ,

N, q,& r e l r e s ,& i t e r ) ;
/∗ p r i n t f (”Last CG I t e r a t i o n s = %d\n” , i t e r −1); ∗/

FREE(Bvec ) ;
FREE( Btrans vec ) ;
FREE(R p ) ;
FREE( rhs ) ;

}
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/∗ On entry x conta ins the i n i t i a l guess , on e x i t the s o l u t i o n ∗/
void CG( int ∗I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B , double ∗B,

const int nzA , const int nzB , double ∗x , double ∗ rhs ,
const double rho , const double stop TOL , const int max iter ,
const int N, const int q , double ∗ r e l r e s , int ∗ i t e r )

{
double norm rhs , s ca l a r , Ap p , r o l d r o l d ;
double cg alpha , rnew rnew , cg beta , norm r new ;
double ∗r ,∗p ,∗Ap;
r = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Ap = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
norm rhs = m dnrm2(N, rhs ) ; /∗ norm rhs = | | rhs | | 2 ∗/
/∗ r = A r x ∗/
CG mat vec ( I A , J A ,A, I B , J B ,B, nzA , nzB , rho ,N, q , x , r ) ;
/∗ r = rhs + sca l a r r , r = rhs − r ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , rhs , r ) ;
m dcopy (N, r , p ) ; /∗ p = r ∗/
(∗ r e l r e s ) = 2 . 0 ;
(∗ i t e r ) = 1 ;

while ( ( (∗ r e l r e s ) > ( stop TOL ∗ norm rhs ) ) && ((∗ i t e r ) <= max ite r ) ){
/∗ Ap = A r p ∗/
CG mat vec ( I A , J A ,A, I B , J B ,B, nzA , nzB , rho ,N, q , p ,Ap ) ;
Ap p = m ddot (N,Ap, p ) ; /∗ Ap p = (Ap, p ) ∗/
r o l d r o l d = m ddot (N, r , r ) ; /∗ r o l d r o l d = ( r , r ) ∗/
cg a lpha = r o l d r o l d /Ap p ;
/∗ x = cg a l pha p + x , update s o l u t i o n vec to r ∗/
s c a l a r = cg a lpha ;
m daxpy (N, sca l a r , p , x ) ;
/∗ r = − cg a l pha Ap + r , update r e s i d u a l v e c to r ∗/
s c a l a r = −cg a lpha ;
m daxpy (N, sca l a r ,Ap, r ) ;
rnew rnew = m ddot (N, r , r ) ; /∗ rnew rnew = ( r , r ) ∗/
cg beta = rnew rnew/ r o l d r o l d ;
/∗ p = r (new) + cg b e t a p , update search d i r e c t i o n ∗/
s c a l a r = cg beta ;
mod daxpy (N, sca l a r , r , p ) ;
norm r new = m dnrm2(N, r ) ; /∗ norm r new = | | r (new ) | | ∗/
(∗ r e l r e s ) = norm r new ;
(∗ i t e r )++;

}
FREE( r ) ;
FREE(p ) ;
FREE(Ap) ;
i f ( (∗ i t e r ) > max iter ){
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f p r i n t f ( s tde r r , ”Maximum number o f i t e r a t i o n s exceeded !\n” ) ;
e x i t ( 2 ) ;

}
}

/∗ Given x computes Ar x = A x + r B BˆT x ,
∗ x remains unchanged on e x i t ∗/

void CG mat vec ( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const double rho ,
const int N, const int q , double ∗x , double ∗Ar x )

{
double s c a l a r ;
double ∗y ,∗w;
y = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
w = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , x , y , q , ’T ’ ) ; /∗ y = BˆT x ∗/
mat vec ( I B , J B ,B, nzB , y , Ar x ,N, ’N ’ ) ; /∗ Ar x = B y ∗/
mat vec ( I A , J A ,A, nzA , x ,w,N, ’N ’ ) ; /∗ w = A x ∗/
s c a l a r = rho ;
mod daxpy (N, sca l a r ,w, Ar x ) ; /∗ Ar x = w + r Ar x ∗/
FREE(y ) ;
FREE(w) ;

}

/∗ Computes matrix−vec to r product : y = mat x or y = matˆT x ,
∗ mat i s r ep re s en ted in coord ina te sparse format .
∗ dimy i s the dimension o f the output v ec to r y ,
∗ x remains unchanged on e x i t . ∗/

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose )

{
int k ;
for ( k=1;k<=dimy ; k++)

y [ k−1] = 0 . 0 ;
i f ( t ranspose == ’N ’ ){ /∗ Compute y = mat ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ I mat [ k−1]−1] += mat [ k−1] ∗ x [ J mat [ k−1]−1];

}
else i f ( t ranspose == ’T ’ ){ /∗ Compute y = matˆT ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ J mat [ k−1]−1] += mat [ k−1] ∗ x [ I mat [ k−1]−1];

}
else {

f p r i n t f ( s tde r r , ”Wrong opt ion f o r matrix−vec to r mu l t i p l i c a t i o n !\n” ) ;
e x i t ( 2 ) ;

}
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}

/∗ The r i g h t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
∗ such tha t i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 ) ∗/

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int N, const int q ,
const int g l oba l nz , double ∗ f , double ∗g )

{
int i , k , dim ;
double xsum ;
dim = N + q ;
for ( i =1; i<=N; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
f [ i −1] = xsum ;

}
for ( i=N+1; i<=dim ; i++){

xsum = 0 . 0 ;
for ( k=1;k<=g loba l n z ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
g [ i−N−1] = xsum ;

}
}

/∗ read ing o f the nonzero e lements o f the whole matrix ,
∗ s to r ed in coord ina te format , in g l o b a l enumeration ∗/

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s )

{
int i , j , k , p ;
int non zero A , non zero B , dim A , rank B ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&non zero A ) ;
f s c a n f ( fp , ”%d” ,&non zero B ) ;
f s c a n f ( fp , ”%d” ,&dim A ) ;
f s c a n f ( fp , ”%d” ,&rank B ) ;
(∗nzA) = non zero A ;
(∗nzB) = non zero B ;
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(∗N) = dim A ;
(∗q ) = rank B ;
p = non zero A + 2 ∗ non zero B ;
tmp1 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC(p ∗ s izeof (double ) ) ;
for ( k=1;k<=p ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ read ing o f the nonzero e lements o f matrix A or B,
∗ s to r ed in coord ina te format , in l o c a l enumeration ∗/

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s )
{

int i , j , k ;
int order , nzero ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&order ) ;
f s c a n f ( fp , ”%d” ,&nzero ) ;
(∗q ) = order ;
(∗nz ) = nzero ;
tmp1 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC((∗ nz ) ∗ s izeof (double ) ) ;
for ( k=1;k<=nzero ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
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(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ y = x + sca l a r ∗ y , x remains unchanged on e x i t ∗/
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

double alpha ;
m dscal (dim , sca l a r , y ) ; /∗ y = sca l a r ∗ y ∗/
alpha = 1 . 0 ;
m daxpy (dim , alpha , x , y ) ; /∗ Computes y = alpha ∗ x + y , y = x + y ∗/

}

/∗ Computes l 2 norm of x : | | x | | 2 ∗/
double m dnrm2 ( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dnrm2 (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ Computes the dot product ( x , y ) 2 ∗/
double m ddot ( const int dim , double ∗x , double ∗y )
{

int N, incx , incy ;
double r e s u l t ;
incx = 1 ;
incy = 1 ;
N = dim ;
r e s u l t = ddot (&N, x,& incx , y,& incy ) ;
return r e s u l t ;

}

/∗ Copies vec to r x to y , y = x , x remains unchanged on e x i t ∗/
void m dcopy ( const int dim , double ∗x , double ∗y )
{

int incx , incy ,N;
N = dim ;
incx = 1 ;
incy = 1 ;
dcopy (&N, x,& incx , y,& incy ) ;

}
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/∗ On e x i t v e c to r = s ca l a r ∗ vec to r ∗/
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r )
{

int N, incx ;
double da = s c a l a r ;
incx = 1 ;
N = dim ;
d s c a l (&N,&da , vector ,& incx ) ;

}

/∗ y = sca l a r ∗ x + y , x remains unchanged on e x i t ∗/
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

int incx , incy ,N;
double da = s c a l a r ;
incx = 1 ;
incy = 1 ;
N = dim ;
daxpy (&N,&da , x,& incx , y,& incy ) ; /∗ y = da ∗ x + y ∗/

}

/∗ Computes l 1 norm of x : | | x | | 1 ∗/
double m dasum( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dasum (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ r e turns the index o f e lement o f v ec to r x , having max . a b s o l u t e va lue .
∗ −1 s h i f t i n g f o r C c ompa t i b i l i t y ∗/

int m idamax ( const int dim , double ∗x )
{

int N, incx ;
int pos ;
N = dim ;
incx = 1 ;
pos = idamax (&N, x,& incx ) ;
pos−−;
return pos ;

}

/∗ Computes maximum norm of x : | | x | | sup ∗/
double my maxnorm( const int dim , double ∗x )
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{
int pos ;
double r e s u l t ;
pos = m idamax (dim , x ) ;
r e s u l t = fabs ( x [ pos ] ) ;
return r e s u l t ;

}

-4�$ 5�!	�� �	� �� �" �!� MA57

8	� ����!�
� ������	���� 	��� �$�
��� ��� ����	�!����� �
� 	� ������ MA57�

/∗ Author : Manos Psychar i s
∗ Purpose : Master Thes is
∗ Date : 03/03/2010
∗
∗ Compile wi th MeTiS ( use l i b r a r y l i bm e t i s . a ) :
∗
∗ gcc −c −Wall −ans i −pedant ic d i r e c t s o l cma57 . c memory . c
∗ g95 −c ma57 . f ma57dp . f
∗ g95 −o s o l d i r e c t s o l cma57 . o memory . o ma57 . o ma57dp . o l i bm e t i s . a
∗ − l b l a s
∗
∗ Compile WITHOUT MeTiS ( use the rep lacement rou t ine metis . f ) :
∗
∗ gcc −c −Wall −ans i −pedant ic d i r e c t s o l cma57 . c memory . c
∗ g95 −c ma57 . f ma57dp . f metis . f
∗ g95 −o s o l d i r e c t s o l cma57 . o memory . o ma57 . o ma57dp . o metis . o − l b l a s
∗/

#include <s t d i o . h>
#include <s t d l i b . h>
#include <math . h>
#include <time . h> /∗ because we use c l o c k () ∗/
#include <sys / t imes . h> /∗ because we use t imes () ∗/
#include <uni s td . h> /∗ because we use sys con f ( ) ∗/
#include <s t r i n g . h> /∗ becuase we use strcmp () ∗/
#include ”memory . h”
#ifndef max

#de f i n e max( a , b ) ( ( ( a ) > (b ) ) ? ( a ) : (b) )
#endif

/∗−−−−−−−−−−−−−−−−−−−−−−−−18 Prototypes−−−−−−−−−−−−−−−−∗/
void b l a nk l i n e (void ) ;
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B ) ;
void er ror norms (double ∗u , double ∗p , const int N, const int q ,

double ∗norm1 , double ∗norm2 , double ∗maxnorm ) ;
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double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p ) ;

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u ) ;

void h o l d r h s s o l (double ∗RHS, double ∗ f i r s t , double ∗ second , const int N,
const int q ) ;

void construct HSL mat ( int ∗I K , int ∗J K , double ∗K, const int g l oba l nz ,
int ∗IRN , int ∗JCN, double ∗A) ;

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int NDIM, const int g l oba l nz ,
double ∗RHS) ;

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s ) ;
double m dnrm2 ( const int dim , double ∗x ) ;
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r ) ;
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y ) ;
void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,

double ∗y , const int dimy , char t ranspose ) ;
double m dasum( const int dim , double ∗x ) ;
int m idamax ( const int dim , double ∗x ) ;
double my maxnorm( const int dim , double ∗x ) ;
/∗−−−−−−−−−−−−−−−−−−−−−−−MA57 Prototypes−−−−−−−−−−−−−−−∗/
void ma57id (double CNTL[ ] , int ICNTL [ ] ) ;
void ma57ad ( int ∗N, int ∗NE, int IRN [ ] , int JCN [ ] , int ∗LKEEP,

int KEEP[ ] , int IWORK[ ] , int ICNTL [ ] , int INFO [ ] ,
double RINFO [ ] ) ;

void ma57bd ( int ∗N, int ∗NE, double A[ ] , double FACT[ ] , int ∗LFACT,
int IFACT [ ] , int ∗LIFACT, int ∗LKEEP, int KEEP[ ] , int IWORK[ ] ,
int ICNTL [ ] , double CNTL[ ] , int INFO [ ] , double RINFO [ ] ) ;

void ma57cd ( int ∗JOB, int ∗N, double FACT[ ] , int ∗LFACT, int IFACT [ ] ,
int ∗LIFACT, int ∗NRHS, double RHS [ ] , int ∗LRHS, double WORK[ ] ,
int ∗LWORK, int IWORK[ ] , int ICNTL [ ] , int INFO [ ] ) ;

/∗−−−−−−−−−−−−−−−−5 BLAS Prototypes−−−−−−−−−−−−−−−−−−−−−−−−−∗/
void daxpy ( int ∗N, double ∗da , double dx [ ] , int ∗ incx , double dy [ ] ,

int ∗ incy ) ;
void d s c a l ( int ∗N, double ∗da , double dx [ ] , int ∗ incx ) ;
double dnrm2 ( int ∗N, double x [ ] , int ∗ incx ) ;
double dasum ( int ∗N, double dx [ ] , int ∗ incx ) ;
int idamax ( int ∗N, double dx [ ] , int ∗ incx ) ;

/∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
∗ Let the game beg in . . .
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗/

int main ( )
{
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int i , num mat ;
char f i l ename A [ 6 0 ] ;
char f i l ename B [ 6 0 ] ;
char f i lenameK [ 6 0 ] ;
char i n p u t f i l e [ ] = ”ma57 input data . dat” ;
double t 1 c l o ck , t 2 c l o c k ;
double t1 t imes , t2 t imes , cpu time ;
struct tms tb1 , tb2 ; /∗ t imes () needs them ∗/
double t i c s p e r s e c ;
FILE ∗ fp ;
fp = FOPEN( i n p u t f i l e , ” r ” ) ;
num mat = 9 ; /∗ Set the number o f d i f f e r e n t matr i ces ∗/
/∗ ca s t i n g because sys con f ( ) r e turns i n t ∗/
t i c s p e r s e c = (double ) sy scon f ( SC CLK TCK ) ;
p r i n t f ( ”\ t \ t \ t \ t \ t\ t\ t\ t\ t\tMethod : MA57 ( Direct So lu t i on )\n” ) ;
b l a n k l i n e ( ) ;
p r i n t f ( ”Re\tDOF\ t | | f−Au−Bp | | \ t | | g−BˆTu | | \ t \ t | | r | | \ t\ t

| | x−x ∗ | | 1 \ t \ t | | x−x ∗ | | 2 \ t \ t | | x−x ∗ | | sup \ t \tCPU time ( sec )\n” ) ;
b l a n k l i n e ( ) ;
for ( i =1; i<=num mat ; i++){

f s c a n f ( fp , ”%s” , f i l ename A ) ;
f s c a n f ( fp , ”%s” , f i l ename B ) ;
f s c a n f ( fp , ”%s” , f i lenameK ) ;
/∗ ca s t i n g because t imes () r e turns ( long ) i n t ∗/
t 1 t imes = (double ) t imes(&tb1 ) ;
t 1 c l o c k = (double ) c l o ck ( ) ;
method ( fi lenameK , f i lename A , f i l ename B ) ;
t 2 c l o c k = (double ) c l o ck ( ) ;
t 2 t imes = (double ) t imes(&tb2 ) ;
cpu time = (double ) ( ( tb2 . tms utime + tb2 . tms st ime ) −

( tb1 . tms utime + tb1 . tms st ime ) ) ;
p r i n t f ( ”\ t%f \n” , cpu time / t i c s p e r s e c ) ;
i f ( ( i % 3) == 0 )

b l a nk l i n e ( ) ;
}
FCLOSE( fp ) ;
p r i n t f ( ”\nMA57 Direct So lu t i on runs ended s u c c e s s f u l l y !\n” ) ;
return 0 ;

}

/∗ h o r i z o n t a l l i n e ∗/
void b l a nk l i n e (void )
{

p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−” ) ;
p r i n t f ( ”−−−−−−−−−−−−−−−−−−−−−\n” ) ;
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}

/∗ parame te r i za t i on o f MA57 Direc t So lu t i on rou t i n e s ∗/
void method (char ∗ f i lenameK , char ∗ f i lename A , char ∗ f i l ename B )
{

int nzA , nzB ,N, q , g l oba l nz , Re ;
int max NDIM NE ;
int ∗I K ,∗ J K ;
double ∗K;
int ∗I A ,∗ J A ,∗ I B ,∗ J B ;
double ∗A mat ,∗B mat ;
double ∗ f ,∗ g ,∗u ,∗p ;
double r a , r b ;
double norm1 , norm2 ,maxnorm ;

/∗−−−−−−−−−−Metav lh tes MA57−−−−−−−−−−−−−−−−−−−∗/
/∗ MA57ID v a r i a b l e s ∗/
double ∗CNTL;
int ∗ICNTL ;
/∗ MA57AD v a r i a b l e s ∗/
int NDIM,NE,LKEEP;
int ∗IRN,∗JCN,∗KEEP,∗IWORK,∗ INFO ;
double ∗RINFO;
/∗ MA57BD v a r i a b l e s ∗/
int LFACT,LIFACT;
int ∗IFACT;
double ∗A,∗FACT;
/∗ MA57CD v a r i a b l e s ∗/
int JOB,NRHS,LRHS,LWORK;
double ∗RHS,∗WORK;

/∗−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−∗/
read whole mat ( fi lenameK ,&nzA,&nzB,&N,&q,&I K ,&J K,&K) ;
g l oba l n z = nzA + 2 ∗ nzB ;
NDIM = N + q ; /∗ dimension o f the whole matrix ∗/
LRHS = NDIM;
RHS = (double ∗)MALLOC(LRHS ∗ s izeof (double ) ) ;
/∗ con s t ru c t i on o f RHS ∗/
con s t ru c t rh s ( I K ,K,NDIM, g l oba l nz ,RHS) ;
/∗ NE i s the number o f nonzero e lements in the upper
∗ t r i a n g l e o f g l o b a l matrix , i n c l ud i n g the non−zero
∗ d iagona l e lements ∗/

NE = (nzA + N)/2 + nzB ;
IRN = ( int ∗)MALLOC(NE ∗ s izeof ( int ) ) ;
JCN = ( int ∗)MALLOC(NE ∗ s izeof ( int ) ) ;
A = (double ∗)MALLOC(NE ∗ s izeof (double ) ) ;
/∗ f i l l s arrays IRN,JCN and the g l o b a l matrix A ∗/
construct HSL mat ( I K , J K ,K, g l oba l nz , IRN ,JCN,A) ;
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FREE( I K ) ;
FREE(J K ) ; /∗ No more need f o r the g l o b a l matrix ∗/
FREE(K) ;
CNTL = (double ∗)MALLOC(5 ∗ s izeof (double ) ) ;
ICNTL = ( int ∗)MALLOC(20 ∗ s izeof ( int ) ) ;
/∗ Set d e f a u l t v a l u e s f o r c on t r o l parameters . ∗/
ma57id (CNTL, ICNTL ) ;
/∗ Request MeTiS order ing ∗/
ICNTL[6−1] = 4 ; /∗ ICNTL(6)= 4 ,−1 s h i f t i n g ∗/
/∗ Ask f o r f u l l p r i n t i n g from MA57 package ∗/

/∗ ICNTL[5−1] = 4; ∗/ /∗ ICNTL(5) = 4 ,−1 s h i f t i n g ∗/
max NDIM NE = max(NDIM,NE) ;
/∗ This i s the minimum l eng t h f o r i n t e g e r array KEEP ∗/
LKEEP = 5 ∗ NDIM + NE + max NDIM NE + 42 ;
/∗ LKEEP = LKEEP + 2 ∗ NDIM; a l l o c a t e 2∗N more space f o r s a f e t y ∗/
LKEEP += 2 ∗ NDIM;
KEEP = ( int ∗)MALLOC(LKEEP ∗ s izeof ( int ) ) ;
IWORK = ( int ∗)MALLOC((5 ∗ NDIM) ∗ s izeof ( int ) ) ;
INFO = ( int ∗)MALLOC(40 ∗ s izeof ( int ) ) ;
RINFO = (double ∗)MALLOC(20 ∗ s izeof (double ) ) ;
/∗ Analyse s p a r s i t y pa t t e rn ∗/
ma57ad (&NDIM,&NE, IRN ,JCN,&LKEEP,KEEP,IWORK, ICNTL , INFO,RINFO) ;

/∗ f p r i n t f ( s td e r r ,”INFO(36) = %d\n” ,INFO[36−1]) ; ∗/
i f (INFO[1−1] < 0){

f p r i n t f ( s tde r r , ”An e r r o r i s occured in MA57AD!\n” ) ;
e x i t ( 2 ) ;

}
/∗ LFACT = INFO(9) as output from ma57ad ()
∗ i s the minimun va lue requ i r ed f o r LFACT,−1 s h i f t i n g ∗/

LFACT = INFO[9 −1 ] ;
/∗ a l l o c a t e more space f o r s a f e t y
∗ ( sometimes LFACT requ i r e s a va lue
∗ more than tw i ce INFO(9) ) ∗/

LFACT = 2 ∗ LFACT + 2 ∗ NDIM;
FACT = (double ∗)MALLOC(LFACT ∗ s izeof (double ) ) ;
/∗ LIFACT = INFO(10) as output from ma57ad ()
∗ i s the minimun va lue requ i r ed f o r LIFACT,−1 s h i f t i n g ∗/

LIFACT = INFO[10−1 ] ;
/∗ a l l o c a t e more space f o r sa f e t y ,
∗ because numerical p i v o t i n g may
∗ i n c rea se s to rage requ i rements ∗/

LIFACT = 2 ∗ LIFACT + 2 ∗ NDIM;
IFACT = ( int ∗)MALLOC(LIFACT ∗ s izeof ( int ) ) ;
/∗ Fac to r i z e matrix ∗/
ma57bd (&NDIM,&NE,A,FACT,&LFACT, IFACT,&LIFACT,&LKEEP,KEEP,

IWORK, ICNTL ,CNTL, INFO,RINFO) ;
i f (INFO[1−1] < 0){
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f p r i n t f ( s tde r r , ”An e r r o r i s occured in MA57BD!\n” ) ;
e x i t ( 2 ) ;

}
f = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
g = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
h o l d r h s s o l (RHS, f , g ,N, q ) ; /∗ con s t ru c t s f and g ∗/
/∗ So lve the equa t i ons ∗/
JOB = 1 ;
NRHS = 1 ;
LWORK = NDIM ∗ NRHS;
WORK = (double ∗)MALLOC(LWORK ∗ s izeof (double ) ) ;
/∗ s o l u t i o n wr i t t e n in RHS ∗/
ma57cd (&JOB,&NDIM,FACT,&LFACT, IFACT,&LIFACT,&NRHS,RHS,&LRHS,

WORK,&LWORK,IWORK, ICNTL, INFO ) ;
i f (INFO[1−1] < 0){

f p r i n t f ( s tde r r , ”An e r r o r i s occured in MA57CD!\n” ) ;
e x i t ( 2 ) ;

}
/∗ f o r ( i =1; i<=NDIM; i++)

p r i n t f (” So l [%d]=%16.9e\n” , i−1,RHS[ i −1]) ; ∗/
u = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
p = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
h o l d r h s s o l (RHS, u , p ,N, q ) ; /∗ con s t ru c t s u and p ∗/
readmat ( f i lename A ,&N,&nzA,&I A ,&J A,&A mat ) ;
readmat ( f i l ename B ,&q,&nzB,&I B ,&J B,&B mat ) ;
/∗ compute error norms ∗/
er ror norms (u , p ,N, q,&norm1,&norm2,&maxnorm ) ;
/∗ compute r e s i d u a l norms ∗/
r a = mom norm( I A , J A , A mat , I B , J B , B mat , nzA , nzB ,N, f , u , p ) ;
r b = comp norm( I B , J B , B mat , nzB , q , g , u ) ;
i f ( ( strcmp ( f i lename A , ”MtrxA Re10 N578 nzA3826 . dat” ) == 0) | |

( strcmp ( f i lename A , ”MtrxA Re10 N2178 nzA16818 . dat” ) == 0) | |
( strcmp ( f i lename A , ”MtrxA Re10 N8450 nzA70450 . dat” ) == 0) )

Re = 10 ;
else i f ( ( strcmp ( f i lename A , ”MtrxA Re100 N578 nzA3826 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N2178 nzA16818 . dat” ) == 0)
| | ( strcmp ( f i lename A , ”MtrxA Re100 N8450 nzA70450 . dat” ) == 0) )

Re = 100 ;
else

Re = 1000 ;
p r i n t f ( ”%d\ t%d\ t%16.9 e %16.9 e %16.9 e\ t%16.9 e\ t%16.9 e\ t%16.9 e” ,

Re ,N+q , r a , r b , s q r t ( r a ∗ r a + r b ∗ r b ) , norm1 , norm2 ,maxnorm ) ;
/∗−−−−−−−−Memory d e a l l o c a t i o n −−−−−−∗/
/∗−−−−−−−−MA57 r e l e v a n t vec tors−−−−−∗/

FREE(A) ;
FREE(RHS) ;
FREE(IRN ) ;
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FREE(JCN) ;
FREE(CNTL) ;
FREE(ICNTL ) ;
FREE(KEEP) ;
FREE(IWORK) ;
FREE(INFO) ;
FREE(RINFO) ;
FREE(FACT) ;
FREE(IFACT) ;
FREE(WORK) ;

/∗−−−−−−−−Other vec tors−−−−−−∗/
FREE( I A ) ;
FREE(J A ) ;
FREE(A mat ) ;
FREE( I B ) ;
FREE(J B ) ;
FREE(B mat ) ;
FREE( f ) ;
FREE( g ) ;
FREE(u ) ;
FREE(p ) ;

}

/∗ Computation o f the error norm : | | x − x ∗ | | , where :
∗ x = (u , p ) the computed s o l u t i o n
∗ x∗ = ( 1 , 1 , . . . , 1 ) the exac t s o l u t i o n
∗ v e c t o r s u and p remain unchanged on e x i t
∗ norm1 : re tu rns | | x − x ∗ | | 1
∗ norm2 : re tu rns | | x − x ∗ | | 2
∗ maxnorm : re turns | | x − x ∗ | | sup ∗/

void er ror norms (double ∗u , double ∗p , const int N, const int q ,
double ∗norm1 , double ∗norm2 , double ∗maxnorm)

{
int i , dim ;
double ∗ e r r ;
dim = N + q ;
e r r = (double ∗)MALLOC(dim ∗ s izeof (double ) ) ;
for ( i =1; i<=N; i++)

e r r [ i −1] = u [ i −1] − 1 . 0 ;
for ( i=N+1; i<=dim ; i++)

e r r [ i −1] = p [ i−N−1] − 1 . 0 ;
(∗norm1) = m dasum(dim , e r r ) ;
(∗norm2) = m dnrm2(dim , e r r ) ;
(∗maxnorm) = my maxnorm(dim , e r r ) ;
FREE( e r r ) ;

}
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/∗ Computation o f the norm : | | f − Au − Bp | | 2 , where u and p are the
∗ computed v e l o c i t y and pre s sure s o l u t i on s , r e s p e c t i v e l y .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d momentum equat ion : Au + Bp = f ∗/

double mom norm( int ∗ I A , int ∗J A , double ∗A, int ∗ I B , int ∗J B ,
double ∗B, const int nzA , const int nzB , const int N,
double ∗ f , double ∗u , double ∗p)

{
double s ca l a r , norm ;
double ∗Au,∗Bp;
Au = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
Bp = (double ∗)MALLOC(N ∗ s izeof (double ) ) ;
mat vec ( I A , J A ,A, nzA , u ,Au,N, ’N ’ ) ; /∗ Au = A ∗ u ∗/
mat vec ( I B , J B ,B, nzB , p ,Bp ,N, ’N ’ ) ; /∗ Bp = B ∗ p ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r , f ,Au ) ; /∗ Au = f − Au ∗/
s c a l a r = −1.0;
mod daxpy (N, sca l a r ,Au,Bp ) ; /∗ Bp = Au − Bp = ( f − Au) − Bp ∗/
norm = m dnrm2(N,Bp ) ; /∗ norm = | |Bp | | = | | f − Au − Bp | | ∗/
FREE(Au) ;
FREE(Bp ) ;
return norm ;

}

/∗ Computation o f the norm : | | g − B∗∗T u | | 2 , where u i s the computed
∗ v e l o c i t y s o l u t i o n .
∗ This quan t i t y i s a measure o f how good the s o l u t i o n s a t i s f i e s the
∗ d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g ∗/

double comp norm( int ∗ I B , int ∗J B , double ∗B, const int nzB , const int q ,
double ∗g , double ∗u)

{
double s ca l a r , norm ;
double ∗Btu ;
Btu = (double ∗)MALLOC(q ∗ s izeof (double ) ) ;
mat vec ( I B , J B ,B, nzB , u , Btu , q , ’T ’ ) ; /∗ Btu = B∗∗T ∗ u ∗/
s c a l a r = −1.0;
mod daxpy (q , s ca l a r , g , Btu ) ; /∗ Btu = g − Btu ∗/
norm = m dnrm2(q , Btu ) ; /∗ norm = | | Btu | | = | | g − B∗∗T ∗ u | | ∗/
FREE(Btu ) ;
return norm ;

}

/∗ recover f and g or u and p from RHS ∗/
void h o l d r h s s o l (double ∗RHS, double ∗ f i r s t , double ∗ second , const int N,
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const int q )
{

int i , dim ;
dim = N + q ;
for ( i =1; i<=N; i++)

f i r s t [ i −1] = RHS[ i −1] ;
for ( i=N+1; i<=dim ; i++)

second [ i−N−1] = RHS[ i −1] ;
}

/∗ S to re s the nonzero e lements o f the upper t r i a n g l e o f the symmetric
∗ matrix ( i n c l ud i n g the nonzero d iagona l e lements ) in coord ina te
∗ sparse format ∗/

void construct HSL mat ( int ∗I K , int ∗J K , double ∗K, const int g l oba l nz ,
int ∗IRN , int ∗JCN, double ∗A)

{
int k , i , j ,m, p ;
p = g l oba l n z ;
m = 1 ;
for ( k=1;k<=p ; k++){

i = I K [ k−1] ;
j = J K [ k−1] ;
i f ( i <= j ){

IRN [m−1] = i ;
JCN[m−1] = j ;
A[m−1] = K[ k−1] ;
m++;

}
}

}

/∗ The r i g h t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
∗ such tha t i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 ) ∗/

void c on s t ru c t rh s ( int ∗I K , double ∗K, const int NDIM, const int g l oba l nz ,
double ∗RHS)

{
int i , k , p ;
double xsum ;
p = g l oba l n z ;
for ( i =1; i<=NDIM; i++){

xsum = 0 . 0 ;
for ( k=1;k<=p ; k++){

i f ( I K [ k−1] == i )
xsum += K[ k−1] ;

}
RHS[ i −1] = xsum ;

}
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}

/∗ read ing o f the nonzero e lements o f the whole matrix ,
∗ s to r ed in coord ina te format , in g l o b a l enumeration ∗/

void read whole mat ( char ∗ f i l ename , int ∗nzA , int ∗nzB , int ∗N, int ∗q ,
int ∗∗ I , int ∗∗J , double ∗∗ va l s )

{
int i , j , k , p ;
int non zero A , non zero B , dim A , rank B ;
double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&non zero A ) ;
f s c a n f ( fp , ”%d” ,&non zero B ) ;
f s c a n f ( fp , ”%d” ,&dim A ) ;
f s c a n f ( fp , ”%d” ,&rank B ) ;
(∗nzA) = non zero A ;
(∗nzB) = non zero B ;
(∗N) = dim A ;
(∗q ) = rank B ;
p = non zero A + 2 ∗ non zero B ;
tmp1 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC(p ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC(p ∗ s izeof (double ) ) ;
for ( k=1;k<=p ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ read ing o f the nonzero e lements o f matrix A or B,
∗ s to r ed in coord ina te format , in l o c a l enumeration ∗/

void readmat (char ∗ f i l ename , int ∗q , int ∗nz , int ∗∗ I , int ∗∗J , double ∗∗ va l s )
{

int i , j , k ;
int order , nzero ;
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double x ;
int ∗tmp1 , ∗tmp2 ;
double ∗tmp3 ;
FILE ∗ fp ;
fp = FOPEN( f i lename , ” r ” ) ;
f s c a n f ( fp , ”%d” ,&order ) ;
f s c a n f ( fp , ”%d” ,&nzero ) ;
(∗q ) = order ;
(∗nz ) = nzero ;
tmp1 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp2 = ( int ∗)MALLOC((∗ nz ) ∗ s izeof ( int ) ) ;
tmp3 = (double ∗)MALLOC((∗ nz ) ∗ s izeof (double ) ) ;
for ( k=1;k<=nzero ; k++){

f s c a n f ( fp , ”%d” ,& i ) ;
f s c a n f ( fp , ”%d” ,& j ) ;
f s c a n f ( fp , ”%l f ” ,&x ) ;
tmp1 [ k−1] = i ;
tmp2 [ k−1] = j ;
tmp3 [ k−1] = x ;

}
(∗ I ) = tmp1 ;
(∗J ) = tmp2 ;
(∗ va l s ) = tmp3 ;
FCLOSE( fp ) ;

}

/∗ Computes l 2 norm of x : | | x | | 2 ∗/
double m dnrm2 ( const int dim , double ∗x )
{

int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dnrm2 (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ y = sca l a r ∗ x + y , x remains unchanged on e x i t ∗/
void m daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

int incx , incy ,N;
double da = s c a l a r ;
incx = 1 ;
incy = 1 ;
N = dim ;
daxpy (&N,&da , x,& incx , y,& incy ) ; /∗ y = da ∗ x + y ∗/

}
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/∗ On e x i t v e c to r = s ca l a r ∗ vec to r ∗/
void m dscal ( const int dim , const double s ca l a r , double ∗ vec to r )
{

int N, incx ;
double da = s c a l a r ;
incx = 1 ;
N = dim ;
d s c a l (&N,&da , vector ,& incx ) ;

}

/∗ y = x + sca l a r ∗ y , x remains unchanged on e x i t ∗/
void mod daxpy ( const int dim , const double s ca l a r , double ∗x , double ∗y )
{

double alpha ;
m dscal (dim , sca l a r , y ) ; /∗ y = sca l a r ∗ y ∗/
alpha = 1 . 0 ;
m daxpy (dim , alpha , x , y ) ; /∗ Computes y = alpha ∗ x + y , y = x + y ∗/

}

/∗ Computes matrix−vec to r product : y = mat x or y = matˆT x ,
∗ mat i s r ep re s en ted in coord ina te sparse format .
∗ dimy i s the dimension o f the output v ec to r y ,
∗ x remains unchanged on e x i t ∗/

void mat vec ( int ∗ I mat , int ∗J mat , double ∗mat , const int nz , double ∗x ,
double ∗y , const int dimy , char t ranspose )

{
int k ;
for ( k=1;k<=dimy ; k++)

y [ k−1] = 0 . 0 ;
i f ( t ranspose == ’N ’ ){ /∗ Compute y = mat ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ I mat [ k−1]−1] += mat [ k−1] ∗ x [ J mat [ k−1]−1];

}
else i f ( t ranspose == ’T ’ ){ /∗ Compute y = matˆT ∗ x ∗/

for ( k=1;k<=nz ; k++)
y [ J mat [ k−1]−1] += mat [ k−1] ∗ x [ I mat [ k−1]−1];

}
else {

f p r i n t f ( s tde r r , ”Wrong opt ion f o r matrix−vec to r mu l t i p l i c a t i o n !\n” ) ;
e x i t ( 2 ) ;

}
}

/∗ Computes l 1 norm of x : | | x | | 1 ∗/
double m dasum( const int dim , double ∗x )
{
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int N, incx ;
double r e s u l t ;
N = dim ;
incx = 1 ;
r e s u l t = dasum (&N, x,& incx ) ;
return r e s u l t ;

}

/∗ r e turns the index o f e lement o f v ec to r x , having max . a b s o l u t e va lue .
∗ −1 s h i f t i n g f o r C c ompa t i b i l i t y ∗/

int m idamax ( const int dim , double ∗x )
{

int N, incx ;
int pos ;
N = dim ;
incx = 1 ;
pos = idamax (&N, x,& incx ) ;
pos−−;
return pos ;

}

/∗ Computes maximum norm of x : | | x | | sup ∗/
double my maxnorm( const int dim , double ∗x )
{

int pos ;
double r e s u l t ;
pos = m idamax (dim , x ) ;
r e s u l t = fabs ( x [ pos ] ) ;
return r e s u l t ;

}

-4�% 5�!	�� �	� �� �" �!� Preconditioned MIN-

RES

8	� ����!�
� ������	���� 	��� �$�
��� ��� ����	�!����� �
� 	� ������ Preconditioned
MINRES�

c234567
c ∗ Author : Manos Psychar i s
c ∗ Purpose : Master Thesis
c ∗ Date : 03/03/2010
c ∗
c ∗ Compile g95 −o f i l e MINRES prec . f minres . f minresb la s . f ma27 . f
c ma27dp . f syprec . f − l b l a s

program main
implicit none
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character∗30 f i l ename
character∗60 filenameK , fi lenameA , f i lenameB
character∗60 str ingK , str ingA , st r ingB
integer i , k , band , nummat , t o l v a l s
double precision r ,TOL
real t imebegin , timeend
f i l ename = ’ input data . dat ’
open (unit = 50 , f i l e = fi lename , status =’ old ’ )

c Set the number o f matr i ces
nummat = 9

c Set the number o f d i f f e r e n t va lue s o f TOL
t o l v a l s = 5

c Set the p r e c ond i t i o n e r parameter band = 0 ,1 ,2 ,3
c ( exp la ined in subroutine method )

band = 2
c Set the p r e c ond i t i o n e r parameter r

r = 0 .22 d0
write (6 ,100) ’Method : Prec MINRES ( r = ’ , r , ’ , band = ’ , band , ’ ) ’
ca l l b l ank l i n e ( )
write (6 ,200) ’TOL’ , ’DOF’ , ’ | | f−Au−Bp | | ’ , ’ | | g−BˆTu | | ’ , ’ | | r | | ’

$ , ’#i t e r ’ , ’ | | x−x ∗ | | 1 ’ , ’ | | x−x ∗ | | 2 ’ , ’ | | x−x ∗ | | sup ’
$ , ’CPU time ( sec ) ’ , ’ f i lenameA ’
ca l l b l ank l i n e ( )
do i =1,nummat

read ( 50 ,∗ ) f i lenameA
read ( 50 ,∗ ) f i lenameB
read ( 50 ,∗ ) f i lenameK
str ingA = trim ( ad j u s t l ( f i lenameA ) )
st r ingB = trim ( ad j u s t l ( f i lenameB ) )
str ingK = trim ( ad j u s t l ( f i lenameK ) )
do k=1, t o l v a l s

read ( 50 ,∗ ) TOL
ca l l cpu time ( t imebegin )

c ca l l method ( fi lenameK , fi lenameA , fi lenameB , band , r ,TOL)
ca l l method ( str ingK , str ingA , str ingB , band , r ,TOL)
ca l l cpu time ( timeend )
write (6 ,300 ,advance=”no” ) timeend − t imebegin
write (6 ,400) tr im ( f i lenameA )

enddo
ca l l b l ank l i n e ( )

enddo
close (50)
write ( 6 ,∗ )
write ( 6 ,∗ ) ’ Prec MINRES runs ended s u c c e s s f u l l y ! ’

100 format (80x , a , e16 . 9 , a , i1 , a )
200 format (1x , a , 7 x , a , 9 x , a , 7 x , a , 12x , a , 11x , a , 7 x , a ,

$15x , a , 15x , a , 9 x , a , 9 x , a )
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300 format (7x , f10 . 7 )
400 format (12x , a )

stop
end

c ho r i z on t a l l i n e
subroutine b l ank l i n e ( )
implicit none
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’

150 format ( a )
return
end

c pa ramete r i za t i on o f Precond i t ioned MINRES method
subroutine method ( fi lenameK , fi lenameA , fi lenameB , band , rpar , r t o l )
implicit none
character∗60 filenameK , fi lenameA , f i lenameB
integer band
double precision rpar , r t o l
integer LARGENZ

c LARGENZ : The maximum number o f nonzero elements
c o f the big matrix .
c The number o f nonzero elements o f the
c big matrix i s : nzA + 2∗nzB
c The b i g g e s t matr i ces in our t e s t s have :
c MAXNZA = 70450
c MAXNZB = 31746
c So we assign i t the value :
c LARGENZ = MAXNZA + 2∗MAXNZB
c = 70450 + 2∗31746
c = 133942

parameter (LARGENZ = 133942)
double precision K(LARGENZ)
integer IK(LARGENZ) ,JK(LARGENZ)
integer GLOBALNZ,LARGEDIM, i
double precision ra , rb
double precision norm1 , norm2 ,maxnorm

c func t i on s momnorm and compnorm compute 2 norms
double precision momnorm, compnorm

c−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c MA27 va r i a b l e s
c ∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
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c MA27ID va r i a b l e s
c

integer ICNTL(30)
double precision CNTL(5 )

c
c MA27AD va r i a b l e s
c

integer NDIM,NDIMPAR
integer NZ,NZPAR
integer LM,LMPAR
integer LIW,LIWPAR

c NZPAR : The maximum number o f non−zero e lements o f the
c upper t r i a n g l e ( i n c l ud i ng d iagona l ) o f the
c precond i t i oned matrix . For the s p e c i f i c
c p r e c ond i t i o n e r NZPAR = (band + 1) ∗ NDIMPAR i s ok
c ,where band i s 0 , 1 , 2 , . . . k
c band = 0 : Takes the d iagona l o f b ig matrix and
c on the d iagona l o f the (2 , 2 ) zero block
c submatr ice s e t s the value rpar
c band = 1 : Takes the d iagona l o f b ig matrix and
c the supe rd i agona l .On the d iagona l o f
c the (2 , 2 ) zero block submatr ice s e t s
c the value rpar
c band = 2 : Takes the d iagona l and the two super−
c d i agona l s o f the big matrix .On the
c d iagona l o f the (2 , 2 ) zero block
c submatr ice s e t s the value rpar
c e t c . .
c I f you want to work f o r band = 0 , 1 , 2 , . . . , k
c i n i t i a l i z e NZAPAR as :
c NZPAR = (k + 1) ∗ NDIMPAR
c In the f o l l ow ing we i n i t i a l i s e i t with band = 3 :
c NZPAR = 4 ∗ NDIMPAR = 4 ∗ 12544 = 50176
c This i n i t i a l i z a t i o n i s ok f o r va lue s o f band = 0 ,1 ,2 ,3
c In order to work f o r va lue s o f band l a r g e r than 3
c change the value o f NZPAR app rop r i a t e l y as shown
c above .
c
c LIWPAR : The length o f the array IW. I t must be at l e a s t :
c LIWPAR = 2∗NZPAR + 3∗NDIMPAR + 1
c I t i s recommended that t h i s l ength should be
c at l e a s t 20 % grea t e than t h i s .
c We take i t approximately 30% g r ea t e r f o r s a f e t y .
c
c For NZPAR = 50176 ,NDIMPAR = 12544 we have :
c NZPAR = 2∗50176 + 3∗12544 + 1 = 137985
c 0 . 3 ∗ 137985 = 41395.5
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c So 137985 + 41396 = 179381
c We take i t NZPAR = 180000
c
c NDIMPAR : The l a r g e s t dimension po s s i b l e .We assign the value
c NDIMPAR = N + q = 8450 + 4094 = 12544
c
c

parameter (NZPAR = 50176 ,LMPAR = 100000000 ,LIWPAR = 180000 ,
$ NDIMPAR = 12544 )
integer IRN(NZPAR) , ICN(NZPAR)
integer IW(LIWPAR)

c IKEEP must have length 3∗N.We assign i t 3∗NDIMPAR = 37632
integer IKEEP(37632)

c IW1 must have length 2∗N.We assign i t 2∗NDIMPAR = 25088
integer IW1(25088)
integer NSTEPS
integer IFLAG
integer INFO(20)
double precision OPS

c MA27BD va r i a b l e s
c

double precision M(LMPAR)
integer MAXFRT

c syprec v a r i a b l e s
c

integer neg1 , neg2

c MA27CD va r i a b l e s
c

double precision RHS(NDIMPAR)
c−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

logical checkA
logical precon
integer nout , i tn l im , i s top , i t n
double precision s h i f t
double precision Anorm , Acond , rnorm , ynorm
double precision r1 (NDIMPAR) , r2 (NDIMPAR) ,

$ v (NDIMPAR) , w (NDIMPAR) , w1(NDIMPAR) ,
$ w2(NDIMPAR) , x (NDIMPAR) , y (NDIMPAR)
external Aprod , Msolve

c pa ramete r i za t i on o f the l a r g e s t N and q
integer NPAR,QPAR
parameter (NPAR = 8450 ,QPAR = 4094)
double precision f (NPAR) , g (QPAR) , u (NPAR) , p (QPAR)
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integer MAXNZA,MAXNZB
parameter (MAXNZA = 70450 ,MAXNZB = 31746)
integer NZA,NZB,N,Q
double precision A(MAXNZA) ,B(MAXNZB)
integer IA (MAXNZA) ,JA(MAXNZA)
integer IB (MAXNZB) ,JB(MAXNZB)

c common block f o r A and B
common /MAT/ A,B
common /IND/ IA ,JA, IB , JB
common /PAR/ NZA,NZB,N,Q

c common block f o r p r e c ond i t i o n e r
common /prec / M
common / in tvec / IW, IW1 , ICNTL , INFO
common / in tva r / LM,LIW,MAXFRT,NSTEPS

c Assign va lue s
LM = LMPAR
LIW = LIWPAR

ca l l READWHOLEMAT(K, IK ,JK,NZA,NZB,N,Q, f i lenameK )
GLOBALNZ = NZA + 2 ∗ NZB
LARGEDIM = N + Q
ca l l CONSTRUCTRHS(IK ,K,LARGEDIM,GLOBALNZ,RHS)

c con s t ru c t i on o f the v e c t o r s f and g
ca l l ho ld rh s s o l (RHS, f , g ,N,Q)

c−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
c i n i t i a l i z e MA27

ca l l MA27ID(ICNTL ,CNTL)
c
c ask f o r f u l l p r i n t i ng from MA27 package
c ICNTL(3 ) = 2
c
c s e t IFLAG to i n d i c a t e p ivot sequence i s to be found by MA27AD

IFLAG = 0

c s e t the order o f the p r e cond i t i o n e r matrix , cons t ruc t the
c p r e c ond i t i o n e r and s e t the number o f nonzero elements o f
c the p r e c ond i t i on e r ( f i l l NDIM, IRN , ICN ,M,NZ)

NDIM = LARGEDIM

ca l l CONSTRUCTM(IK ,JK,K,GLOBALNZ, IRN , ICN ,M, band ,NZ,N,Q, rpar )
c
c ana lyse s p a r s i t y patte rn

ca l l MA27AD(NDIM,NZ, IRN , ICN ,IW,LIW, IKEEP, IW1 ,NSTEPS, IFLAG,
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+ ICNTL ,CNTL, INFO,OPS)
c write ( 6 ,∗ ) ’INFO(5)= ’ ,INFO(5 )
c write ( 6 ,∗ ) ’INFO(6)= ’ ,INFO(6 )
c
c f a c t o r i z e matrix

ca l l MA27BD(NDIM,NZ, IRN , ICN ,M,LM,IW,LIW, IKEEP,NSTEPS,MAXFRT,
∗ IW1 , ICNTL ,CNTL, INFO)

c modify e s s e n t i a l d iagona l b l o cks
ca l l syprec ( NDIM, LM, LIW, M, IW, neg1 , neg2 )

c read the matr i ces A and B
ca l l READMAT(IA , JA,A, f i lenameA )
ca l l READMAT(IB , JB ,B, f i lenameB )

c s e t e s s e n t i a l parameters f o r MINRES
checkA = . t rue .
precon = . t rue .
s h i f t = 0 .0 d0

c Set output unit number .
c s e t nout = 6 f o r s c r e en or
c s e t nout = 0 to suppress output

nout = 0
i tn l im = 2 ∗ LARGEDIM
ca l l minres ( LARGEDIM, RHS, r1 , r2 , v , w, w1 , w2 , x , y ,

$ Aprod , Msolve , checkA , precon , s h i f t ,
$ nout , i tn l im , r t o l ,
$ i s top , i tn , Anorm , Acond , rnorm , ynorm )

c do i =1,LARGEDIM
c write ( 6 ,∗ ) ’ s o l ( ’ , i , ’ )= ’ , x ( i )
c enddo

ca l l ho l d rh s s o l (x , u , p ,N,Q)
ca l l errornorms (u , p , norm1 , norm2 ,maxnorm)
ra = momnorm(IA , JA,A, IB , JB ,B, f , u , p )
rb = compnorm( IB , JB ,B, g , u )
write (6 ,500 ,advance=”no” ) r t o l ,N+Q, ra , rb ,

$dsqr t ( ra ∗ ra + rb ∗ rb ) , i tn , norm1 , norm2 ,maxnorm
500 format ( e8 . 1 , 1 x , i5 , 6 x , e16 . 9 , 2 x , e16 . 9 , 3 x , e16 . 9 , 5 x , i5 , 5 x , e16 . 9 ,

$9x , e16 . 9 , 9 x , e16 . 9 )
return
end

c Computation o f the e r r o r norm : | | x − x ∗ | | ,where :
c x = (u , p ) the computed s o l u t i o n
c x∗ = ( 1 , 1 , . . . , 1 ) the exact s o l u t i o n
c ve c t o r s u and p remain unchanged on exit
c norm1 : r e tu rns | | x − x ∗ | | 1

206



�#��� ����	��
 �	� �� ������� PRECONDITIONED MINRES

c norm2 : r e tu rns | | x − x ∗ | | 2
c maxnorm : r e tu rns | | x − x ∗ | | sup

subroutine errornorms (u , p , norm1 , norm2 ,maxnorm)
implicit none
double precision u (∗ ) , p (∗ )
double precision norm1 , norm2 ,maxnorm
integer dimen , i
integer NZA,NZB,N,Q
double precision mydasum ,mydnrm2 ,mymaxnorm
common /PAR/ NZA,NZB,N,Q
double precision err (N+Q)
dimen = N + Q
do i =1,N

err ( i ) = u( i ) − 1 . 0 d0
enddo
do i=N+1,dimen

err ( i ) = p( i−N) − 1 . 0 d0
enddo
norm1 = mydasum(dimen , err )
norm2 = mydnrm2(dimen , err )
maxnorm = mymaxnorm(dimen , err )
return
end

c Computes l ˆ1 norm o f x : | | x | | 1
double precision function mydasum(dimen , x )
implicit none
integer dimen
double precision x (∗ )
double precision dasum
mydasum = dasum(dimen , x , 1 )
return
end

c f i n d s the index o f element o f x , having max . abso lu t e va lue .
integer function myidamax( dimen , x )
implicit none
integer dimen
double precision x (∗ )
integer idamax
myidamax = idamax( dimen , x , 1 )
return
end

c Computes maximum norm o f x : | | x | | sup
double precision function mymaxnorm(dimen , x )
implicit none
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integer dimen
double precision x (∗ )
integer pos
integer myidamax
pos = myidamax( dimen , x )
mymaxnorm = dabs ( x ( pos ) )
return
end

c Computation o f the norm : | | f − Au − Bp | | 2 ,where u and p are the
c computed v e l o c i t y and pre s su r e s o l u t i on s , r e s p e c t i v e l y .
c This quant i ty i s a measure o f how good the s o l u t i o n s a t i s f i e s the
c d i s c r e t i z e d momentum equat ion : Au + Bp = f

double precision function momnorm(IA , JA ,A, IB , JB ,B, f , u , p )
implicit none
integer IA (∗ ) ,JA(∗ ) , IB (∗ ) , JB(∗ )
double precision A(∗ ) ,B(∗ ) , f (∗ ) , u (∗ ) , p (∗ )
integer NZA,NZB,N,Q
common /PAR/ NZA,NZB,N,Q
double precision Au(N) ,Bp(N)
double precision s c a l a r
double precision mydnrm2

c Au = A ∗ u
ca l l MATVEC(IA , JA,A,NZA, u ,Au,N)

c Bp = B ∗ p
ca l l MATVEC( IB , JB ,B,NZB, p ,Bp ,N)

c Au = f − Au
s c a l a r = −1.0d0
ca l l moddaxpy(N, sca l a r , f ,Au)

c Bp = Au − Bp = ( f − Au) − Bp
s c a l a r = −1.0d0
ca l l moddaxpy(N, sca l a r ,Au,Bp)

c return | |Bp | |= | | f − Au − Bp | |
momnorm = mydnrm2(N,Bp)
return
end

c Computation o f the norm : | | g − B∗∗T u | | 2 ,where u i s the computed
c v e l o c i t y s o l u t i o n .
c This quant i ty i s a measure o f how good the s o l u t i o n s a t i s f i e s the
c d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g

double precision function compnorm( IB , JB ,B, g , u )
implicit none
integer IB (∗ ) , JB(∗ )
double precision B(∗ ) , g (∗ ) , u (∗ )
integer NZA,NZB,N,Q
common /PAR/ NZA,NZB,N,Q
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double precision Btu(Q)
double precision s c a l a r
double precision mydnrm2

c Btu = B∗∗T ∗ u
ca l l TRANSMATVEC(IB , JB ,B,NZB, u , Btu ,Q)

c Btu = g − Btu
s c a l a r = −1.0d0
ca l l moddaxpy(Q, sca l a r , g , Btu)

c return | | Btu | |= | | g − B∗∗T ∗ u | |
compnorm = mydnrm2(Q, Btu)
return
end

c Computes l ˆ2 norm o f x : | | x | | 2
double precision function mydnrm2(dimen , x )
implicit none
integer dimen
double precision x (∗ )
double precision dnrm2
mydnrm2 = dnrm2(dimen , x , 1 )
return
end

c y = x + s c a l a r ∗ y , x remains unchanged on exit
subroutine moddaxpy(dimen , s ca l a r , x , y )
implicit none
integer dimen
double precision s c a l a r
double precision x (∗ ) , y (∗ )
double precision alpha

c y = s c a l a r ∗ y
ca l l mydscal ( dimen , s ca l a r , y )

c y = x + y
alpha = 1 .0 d0
ca l l mydaxpy ( dimen , alpha , x , y )
return
end

c On exit vec to r = s c a l a r ∗ vec to r
subroutine mydscal ( dimen , s ca l a r , vec to r )
implicit none
integer dimen
double precision s c a l a r
double precision vec to r (∗ )
ca l l dsca l ( dimen , s ca l a r , vector , 1 )
return
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end

c y = s c a l a r ∗ x + y , x remains unchanged on exit
subroutine mydaxpy ( dimen , s ca l a r , x , y )
implicit none
integer dimen
double precision s c a l a r
double precision x (∗ ) , y (∗ )
ca l l daxpy ( dimen , s ca l a r , x , 1 , y , 1 )
return
end

c r ecove r f and g or u and p from RHS or x
subroutine ho ld rh s s o l (RHS, f i r s t , second ,N, q )
implicit none
double precision RHS(∗ ) , f i r s t (∗ ) , second (∗ )
integer N, q
integer ndim , i
ndim = N + q
do i =1,N

f i r s t ( i ) = RHS( i )
enddo
do i=N+1,ndim

second ( i−N) = RHS( i )
enddo
return
end

c Msolve s o l v e s M∗y = x f o r some symmetric po s i t i v e−d e f i n i t e
c matrix M.

subroutine Msolve ( NDIM, x , y )
implicit none
integer NDIM
double precision x (NDIM) , y (NDIM)
double precision temprhs (NDIM)

c de c l a r a t i on o f common block va r i a b l e s
integer LMPAR
integer LIWPAR
parameter (LMPAR = 100000000 ,LIWPAR = 180000 )
integer LM,LIW,MAXFRT,NSTEPS
double precision M(LMPAR)
integer IW(LIWPAR)

c IW1 must have length 2∗N.Must dec l a r ed exac t ly as in main program .
integer IW1(25088)
integer ICNTL(30)
integer INFO(20)
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c common block f o r p r e c ond i t i o n e r
common /prec / M
common / in tvec / IW, IW1 , ICNTL , INFO
common / in tva r / LM,LIW,MAXFRT,NSTEPS

c
c l o c a l vec to r

double precision W(MAXFRT)
c temprhs = x

ca l l dcopy (NDIM, x , 1 , temprhs , 1 )

c s o l v e the equat ions
ca l l MA27CD(NDIM,M,LM,IW,LIW,W,MAXFRT, temprhs , IW1 ,NSTEPS, ICNTL ,

+ INFO)

c y = temprhs
ca l l dcopy (NDIM, temprhs , 1 , y , 1 )
return
end

c read ing o f the nonzero elements o f the whole matrix ,
c s t o r ed in coo rd ina t e format , in g l oba l enumeration

subroutine READWHOLEMAT(K, IK ,JK,NZA,NZB,N, q , f i l ename )
implicit none
integer IK (∗ ) ,JK(∗ )
double precision K(∗ )
integer NZA,NZB,N, q
character∗60 f i l ename
integer p
integer m, i , j
double precision x
open (unit = 10 , f i l e = fi lename , status =’ old ’ )
read ( 10 ,∗ ) NZA,NZB,N, q
p = NZA + 2 ∗ NZB
do m=1,p

read ( 10 ,∗ ) i , j , x
IK(m) = i
JK(m) = j
K(m) = x

enddo
close (10)
return
end

c The r i gh t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
c such that i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 )

subroutine CONSTRUCTRHS(IK ,K,LARGEDIM,GLOBALNZ,RHS)
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implicit none
integer IK (∗ ) ,LARGEDIM,GLOBALNZ
double precision K(∗ ) ,RHS(∗ )
double precision xsum
integer i ,m
do i =1,LARGEDIM

xsum = 0 .0 d0
do m=1,GLOBALNZ

i f ( IK(m) . eq . i ) then
xsum = xsum + K(m)

endif
enddo
RHS( i ) = xsum

enddo
return
end

c Construct ion o f the p r e c ond i t i on e r
subroutine CONSTRUCTM(IK ,JK,K,GLOBALNZ, IM,JM,M, band , nz ,N, q , r )
implicit none
integer IK (∗ ) ,JK(∗ ) , IM(∗ ) ,JM(∗ ) ,GLOBALNZ
double precision K(∗ ) ,M(∗ )
integer band , nz ,N, q
double precision r
integer e l , num, i , j , p
num = 1
do e l =1,GLOBALNZ

i = IK( e l )
j = JK( e l )
do p=0,band

i f ( j . eq . ( i + p ) ) then
IM(num) = i
JM(num) = j
M(num) = K( e l )
num = num + 1
goto 300

endif
enddo

300 continue
enddo
num = num − 1
do e l =1,q

IM(num + e l ) = N + e l
JM(num + e l ) = N + e l
M(num + e l ) = r

enddo
nz = num + q
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return
end

c read ing o f the nonzero elements o f matrix A or B,
c s to r ed in coo rd ina t e format , in l o c a l enumeration

subroutine READMAT(IMAT,JMAT,MAT, f i l ename )
implicit none
integer IMAT(∗ ) ,JMAT(∗ )
double precision MAT(∗ )
character∗60 f i l ename
integer N, nz , k , i , j
double precision x
open (unit = 20 , f i l e = fi lename , status =’ old ’ )
read ( 20 ,∗ ) N, nz
do k=1,nz

read ( 20 ,∗ ) i , j , x
IMAT(k ) = i
JMAT(k ) = j
MAT(k) = x

enddo
close (20)
return
end

c Computes matrix−vec to r product : y = mat x ,
c mat i s r ep re s ented in coo rd ina t e spa r se format .
c dimy i s the dimension o f the output vec to r y ,
c x remains unchanged on exit

subroutine MATVEC(IMAT,JMAT,MAT,NZ,X,Y,DIMY)
implicit none
integer IMAT(∗ ) ,JMAT(∗ ) ,NZ,DIMY
double precision MAT(∗ ) ,X(∗ ) ,Y(∗ )
integer k
do k=1,DIMY

Y(k ) = 0 .0 d0
enddo
do k=1,NZ

Y(IMAT(k ) ) = Y(IMAT(k ) ) + MAT(k ) ∗ X(JMAT(k ) )
enddo
return
end

c Computes the t ranspose matrix−vec to r product : y = matˆT x ,
c mat i s r ep re s ented in coo rd ina t e spa r se format .
c dimy i s the dimension o f the output vec to r y ,
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c x remains unchanged on exit
subroutine TRANSMATVEC(IMAT,JMAT,MAT,NZ,X,Y,DIMY)
implicit none
integer IMAT(∗ ) ,JMAT(∗ ) ,NZ,DIMY
double precision MAT(∗ ) ,X(∗ ) ,Y(∗ )
integer k
do k=1,DIMY

Y(k ) = 0 .0 d0
enddo
do k=1,NZ

Y(JMAT(k ) ) = Y(JMAT(k ) ) + MAT(k ) ∗ X(IMAT(k ) )
enddo
return
end

c Aprod computes y = A∗x f o r some matrix A.
subroutine Aprod ( ndim , x , y )
implicit none
integer ndim
double precision x (ndim ) , y (ndim )
double precision temp (ndim )
double precision da
integer i
integer MAXNZA,MAXNZB
parameter (MAXNZA = 70450 ,MAXNZB = 31746)
integer NZA,NZB,N,Q
double precision A(MAXNZA) ,B(MAXNZB)
integer IA (MAXNZA) ,JA(MAXNZA)
integer IB (MAXNZB) ,JB(MAXNZB)
common /MAT/ A,B
common /IND/ IA ,JA, IB , JB
common /PAR/ NZA,NZB,N,Q
double precision u(N) , p (Q) ,Au(N) ,Bp(N)

c temp = x
ca l l dcopy (ndim , x , 1 , temp , 1 )
do i =1,N

u( i ) = temp ( i )
enddo
do i=N+1,ndim

p( i−N) = temp ( i )
enddo

c Au = A ∗ u
ca l l matvec ( IA , JA,A,NZA, u ,Au,N)

c Bp = B ∗ p
ca l l matvec ( IB , JB ,B,NZB, p ,Bp ,N)

c Bp = da ∗ Au + Bp
da = 1 .0 d0
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ca l l daxpy (N, da ,Au, 1 ,Bp , 1 )
c p = BˆT ∗ u

ca l l transmatvec ( IB , JB ,B,NZB, u , p ,Q)
do i =1,N

y ( i ) = Bp( i )
enddo
do i =1,Q

y (N+i ) = p( i )
enddo
return
end

-4�* 5�!	�� �	� �� �" �!� MINRES

8	� ����!�
� ������	���� 	��� �$�
��� ��� ����	�!����� �
� 	� ������ MINRES�

c234567
c ∗ Author : Manos Psychar i s
c ∗ Purpose : Master Thesis
c ∗ Date : 03/03/2010
c ∗
c ∗ Compile g95 −o f i l e MINRES no prec . f minres . f minresb la s . f
c − l b l a s

program main
implicit none
character∗30 f i l ename
character∗60 filenameK , fi lenameA , f i lenameB
character∗60 str ingK , str ingA , st r ingB
integer i , k , nummat , t o l v a l s
double precision TOL
real t imebegin , timeend
f i l ename = ’ input data . dat ’
open (unit = 50 , f i l e = fi lename , status =’ old ’ )

c Set the number o f matr i ces
nummat = 9

c Set the number o f d i f f e r e n t va lue s o f TOL
t o l v a l s = 5
write (6 ,100) ’Method : MINRES ’
ca l l b l ank l i n e ( )
write (6 ,200) ’TOL’ , ’DOF’ , ’ | | f−Au−Bp | | ’ , ’ | | g−BˆTu | | ’ , ’ | | r | | ’

$ , ’#i t e r ’ , ’ | | x−x ∗ | | 1 ’ , ’ | | x−x ∗ | | 2 ’ , ’ | | x−x ∗ | | sup ’
$ , ’CPU time ( sec ) ’ , ’ f i lenameA ’
ca l l b l ank l i n e ( )
do i =1,nummat

read ( 50 ,∗ ) f i lenameA
read ( 50 ,∗ ) f i lenameB
read ( 50 ,∗ ) f i lenameK
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s t r ingA = trim ( ad j u s t l ( f i lenameA ) )
st r ingB = trim ( ad j u s t l ( f i lenameB ) )
str ingK = trim ( ad j u s t l ( f i lenameK ) )
do k=1, t o l v a l s

read ( 50 ,∗ ) TOL
ca l l cpu time ( t imebegin )

c ca l l method ( fi lenameK , fi lenameA , fi lenameB ,TOL)
ca l l method ( str ingK , str ingA , str ingB ,TOL)
ca l l cpu time ( timeend )
write (6 ,300 ,advance=”no” ) timeend − t imebegin
write (6 ,400) tr im ( f i lenameA )

enddo
ca l l b l ank l i n e ( )

enddo
close (50)
write ( 6 ,∗ )
write ( 6 ,∗ ) ’MINRES runs ended s u c c e s s f u l l y ! ’

100 format (80x , a )
200 format (1x , a , 7 x , a , 9 x , a , 7 x , a , 12x , a , 11x , a , 7 x , a ,

$15x , a , 15x , a , 9 x , a , 9 x , a )
300 format (7x , f10 . 7 )
400 format (12x , a )

stop
end

c ho r i z on t a l l i n e
subroutine b l ank l i n e ( )
implicit none
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150 ,advance=”no” ) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’
write (6 ,150) ’−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− ’

150 format ( a )
return
end

c pa ramete r i za t i on o f MINRES method
subroutine method ( fi lenameK , fi lenameA , fi lenameB , r t o l )
implicit none
character∗60 filenameK , fi lenameA , f i lenameB
double precision r t o l
integer LARGENZ,NDIMPAR

c LARGENZ : The maximum number o f nonzero elements
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c o f the big matrix .
c The number o f nonzero elements o f the
c big matrix i s : nzA + 2∗nzB
c The b i g g e s t matr i ces in our t e s t s have :
c MAXNZA = 70450
c MAXNZB = 31746
c So we assign i t the value :
c LARGENZ = MAXNZA + 2∗MAXNZB
c = 70450 + 2∗31746
c = 133942
c NDIMPAR : The l a r g e s t dimension po s s i b l e .We assign the value
c NDIMPAR = N + q = 8450 + 4094 = 12544

parameter (LARGENZ = 133942 ,NDIMPAR = 12544)
double precision K(LARGENZ) ,RHS(NDIMPAR)
integer IK(LARGENZ) ,JK(LARGENZ)
integer GLOBALNZ,LARGEDIM, i
double precision ra , rb
double precision norm1 , norm2 ,maxnorm

c func t i on s momnorm and compnorm compute 2 norms
double precision momnorm, compnorm
logical checkA
logical precon
integer nout , i tn l im , i s top , i t n
double precision s h i f t
double precision Anorm , Acond , rnorm , ynorm
double precision r1 (NDIMPAR) , r2 (NDIMPAR) ,

$ v (NDIMPAR) , w (NDIMPAR) , w1(NDIMPAR) ,
$ w2(NDIMPAR) , x (NDIMPAR) , y (NDIMPAR)
external Aprod

c paramete r i za t i on o f the l a r g e s t N and q
integer NPAR,QPAR
parameter (NPAR = 8450 ,QPAR = 4094)
double precision f (NPAR) , g (QPAR) , u (NPAR) , p (QPAR)

integer MAXNZA,MAXNZB
parameter (MAXNZA = 70450 ,MAXNZB = 31746)
integer NZA,NZB,N,Q
double precision A(MAXNZA) ,B(MAXNZB)
integer IA (MAXNZA) ,JA(MAXNZA)
integer IB (MAXNZB) ,JB(MAXNZB)

c common block f o r A and B
common /MAT/ A,B
common /IND/ IA ,JA, IB , JB
common /PAR/ NZA,NZB,N,Q
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ca l l READWHOLEMAT(K, IK ,JK,NZA,NZB,N,Q, f i lenameK )
GLOBALNZ = NZA + 2 ∗ NZB
LARGEDIM = N + Q

c cons t ruc t the r i gh t hand s i d e
ca l l CONSTRUCTRHS(IK ,K,LARGEDIM,GLOBALNZ,RHS)

c con s t ru c t i on o f the v e c t o r s f and g
ca l l ho ld rh s s o l (RHS, f , g ,N,Q)

c read the matr i ces A and B
ca l l READMAT(IA , JA,A, f i lenameA )
ca l l READMAT(IB , JB ,B, f i lenameB )
checkA = . t rue .
precon = . f a l s e .
s h i f t = 0 .0 d0

c Set output unit number .
c s e t nout = 6 f o r s c r e en or
c s e t nout = 0 to suppress output

nout = 0
i tn l im = 2 ∗ LARGEDIM
ca l l minres ( LARGEDIM, RHS, r1 , r2 , v , w, w1 , w2 , x , y ,

$ Aprod , Aprod , checkA , precon , s h i f t ,
$ nout , i tn l im , r t o l ,
$ i s top , i tn , Anorm , Acond , rnorm , ynorm )

c do i =1,LARGEDIM
c write ( 6 ,∗ ) ’ s o l ( ’ , i , ’ )= ’ , x ( i )
c enddo

ca l l ho l d rh s s o l (x , u , p ,N,Q)
ca l l errornorms (u , p , norm1 , norm2 ,maxnorm)
ra = momnorm(IA , JA,A, IB , JB ,B, f , u , p )
rb = compnorm( IB , JB ,B, g , u )
write (6 ,500 ,advance=”no” ) r t o l ,N+Q, ra , rb ,

$dsqr t ( ra ∗ ra + rb ∗ rb ) , i tn , norm1 , norm2 ,maxnorm
500 format ( e8 . 1 , 1 x , i5 , 6 x , e16 . 9 , 2 x , e16 . 9 , 3 x , e16 . 9 , 5 x , i5 , 5 x , e16 . 9 ,

$9x , e16 . 9 , 9 x , e16 . 9 )
return
end

c Computation o f the e r r o r norm : | | x − x ∗ | | ,where :
c x = (u , p ) the computed s o l u t i o n
c x∗ = ( 1 , 1 , . . . , 1 ) the exact s o l u t i o n
c ve c t o r s u and p remain unchanged on exit
c norm1 : r e tu rns | | x − x ∗ | | 1
c norm2 : r e tu rns | | x − x ∗ | | 2
c maxnorm : r e tu rns | | x − x ∗ | | sup

subroutine errornorms (u , p , norm1 , norm2 ,maxnorm)
implicit none
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double precision u (∗ ) , p (∗ )
double precision norm1 , norm2 ,maxnorm
integer dimen , i
integer NZA,NZB,N,Q
double precision mydasum ,mydnrm2 ,mymaxnorm
common /PAR/ NZA,NZB,N,Q
double precision err (N+Q)
dimen = N + Q
do i =1,N

err ( i ) = u( i ) − 1 . 0 d0
enddo
do i=N+1,dimen

err ( i ) = p( i−N) − 1 . 0 d0
enddo
norm1 = mydasum(dimen , err )
norm2 = mydnrm2(dimen , err )
maxnorm = mymaxnorm(dimen , err )
return
end

c Computes l ˆ1 norm o f x : | | x | | 1
double precision function mydasum(dimen , x )
implicit none
integer dimen
double precision x (∗ )
double precision dasum
mydasum = dasum(dimen , x , 1 )
return
end

c f i n d s the index o f element o f x , having max . abso lu t e va lue .
integer function myidamax( dimen , x )
implicit none
integer dimen
double precision x (∗ )
integer idamax
myidamax = idamax( dimen , x , 1 )
return
end

c Computes maximum norm o f x : | | x | | sup
double precision function mymaxnorm(dimen , x )
implicit none
integer dimen
double precision x (∗ )
integer pos
integer myidamax
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pos = myidamax( dimen , x )
mymaxnorm = dabs ( x ( pos ) )
return
end

c Computation o f the norm : | | f − Au − Bp | | 2 ,where u and p are the
c computed v e l o c i t y and pre s su r e s o l u t i on s , r e s p e c t i v e l y .
c This quant i ty i s a measure o f how good the s o l u t i o n s a t i s f i e s the
c d i s c r e t i z e d momentum equat ion : Au + Bp = f

double precision function momnorm(IA , JA ,A, IB , JB ,B, f , u , p )
implicit none
integer IA (∗ ) ,JA(∗ ) , IB (∗ ) , JB(∗ )
double precision A(∗ ) ,B(∗ ) , f (∗ ) , u (∗ ) , p (∗ )
integer NZA,NZB,N,Q
common /PAR/ NZA,NZB,N,Q
double precision Au(N) ,Bp(N)
double precision s c a l a r
double precision mydnrm2

c Au = A ∗ u
ca l l MATVEC(IA , JA,A,NZA, u ,Au,N)

c Bp = B ∗ p
ca l l MATVEC( IB , JB ,B,NZB, p ,Bp ,N)

c Au = f − Au
s c a l a r = −1.0d0
ca l l moddaxpy(N, sca l a r , f ,Au)

c Bp = Au − Bp = ( f − Au) − Bp
s c a l a r = −1.0d0
ca l l moddaxpy(N, sca l a r ,Au,Bp)

c return | |Bp | |= | | f − Au − Bp | |
momnorm = mydnrm2(N,Bp)
return
end

c Computation o f the norm : | | g − B∗∗T u | | 2 ,where u i s the computed
c v e l o c i t y s o l u t i o n .
c This quant i ty i s a measure o f how good the s o l u t i o n s a t i s f i e s the
c d i s c r e t i z e d i n c omp r e s s i b i l i t y cond i t i on : B∗∗T u = g

double precision function compnorm( IB , JB ,B, g , u )
implicit none
integer IB (∗ ) , JB(∗ )
double precision B(∗ ) , g (∗ ) , u (∗ )
integer NZA,NZB,N,Q
common /PAR/ NZA,NZB,N,Q
double precision Btu(Q)
double precision s c a l a r
double precision mydnrm2
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c Btu = B∗∗T ∗ u
ca l l TRANSMATVEC(IB , JB ,B,NZB, u , Btu ,Q)

c Btu = g − Btu
s c a l a r = −1.0d0
ca l l moddaxpy(Q, sca l a r , g , Btu)

c return | | Btu | |= | | g − B∗∗T ∗ u | |
compnorm = mydnrm2(Q, Btu)
return
end

c Computes l ˆ2 norm o f x : | | x | | 2
double precision function mydnrm2(dimen , x )
implicit none
integer dimen
double precision x (∗ )
double precision dnrm2
mydnrm2 = dnrm2(dimen , x , 1 )
return
end

c y = x + s c a l a r ∗ y , x remains unchanged on exit
subroutine moddaxpy(dimen , s ca l a r , x , y )
implicit none
integer dimen
double precision s c a l a r
double precision x (∗ ) , y (∗ )
double precision alpha

c y = s c a l a r ∗ y
ca l l mydscal ( dimen , s ca l a r , y )

c y = x + y
alpha = 1 .0 d0
ca l l mydaxpy ( dimen , alpha , x , y )
return
end

c On exit vec to r = s c a l a r ∗ vec to r
subroutine mydscal ( dimen , s ca l a r , vec to r )
implicit none
integer dimen
double precision s c a l a r
double precision vec to r (∗ )
ca l l dsca l ( dimen , s ca l a r , vector , 1 )
return
end

c y = s c a l a r ∗ x + y , x remains unchanged on exit
subroutine mydaxpy ( dimen , s ca l a r , x , y )
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implicit none
integer dimen
double precision s c a l a r
double precision x (∗ ) , y (∗ )
ca l l daxpy ( dimen , s ca l a r , x , 1 , y , 1 )
return
end

c r ecove r f and g or u and p from RHS or x
subroutine ho ld rh s s o l (RHS, f i r s t , second ,N, q )
implicit none
double precision RHS(∗ ) , f i r s t (∗ ) , second (∗ )
integer N, q
integer ndim , i
ndim = N + q
do i =1,N

f i r s t ( i ) = RHS( i )
enddo
do i=N+1,ndim

second ( i−N) = RHS( i )
enddo
return
end

c read ing o f the nonzero elements o f the whole matrix ,
c s t o r ed in coo rd ina t e format , in g l oba l enumeration

subroutine READWHOLEMAT(K, IK ,JK,NZA,NZB,N, q , f i l ename )
implicit none
integer IK (∗ ) ,JK(∗ )
double precision K(∗ )
integer NZA,NZB,N, q
character∗60 f i l ename
integer p
integer m, i , j
double precision x
open (unit = 10 , f i l e = fi lename , status =’ old ’ )
read ( 10 ,∗ ) NZA,NZB,N, q
p = NZA + 2 ∗ NZB
do m=1,p

read ( 10 ,∗ ) i , j , x
IK(m) = i
JK(m) = j
K(m) = x

enddo
close (10)
return
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end

c The r i gh t hand s i d e vec to r o f the l i n e a r system i s cons t ruc t ed
c such that i t s s o l u t i o n i s the vec to r ( 1 , 1 , . . . , 1 )

subroutine CONSTRUCTRHS(IK ,K,LARGEDIM,GLOBALNZ,RHS)
implicit none
integer IK (∗ ) ,LARGEDIM,GLOBALNZ
double precision K(∗ ) ,RHS(∗ )
double precision xsum
integer i ,m
do i =1,LARGEDIM

xsum = 0 .0 d0
do m=1,GLOBALNZ

i f ( IK(m) . eq . i ) then
xsum = xsum + K(m)

endif
enddo
RHS( i ) = xsum

enddo
return
end

c read ing o f the nonzero elements o f matrix A or B,
c s to r ed in coo rd ina t e format , in l o c a l enumeration

subroutine READMAT(IMAT,JMAT,MAT, f i l ename )
implicit none
integer IMAT(∗ ) ,JMAT(∗ )
double precision MAT(∗ )
character∗60 f i l ename
integer N, nz , k , i , j
double precision x
open (unit = 20 , f i l e = fi lename , status =’ old ’ )
read ( 20 ,∗ ) N, nz
do k=1,nz

read ( 20 ,∗ ) i , j , x
IMAT(k ) = i
JMAT(k ) = j
MAT(k) = x

enddo
close (20)
return
end

c Computes matrix−vec to r product : y = mat x ,
c mat i s r ep re s ented in coo rd ina t e spa r se format .
c dimy i s the dimension o f the output vec to r y ,
c x remains unchanged on exit
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subroutine MATVEC(IMAT,JMAT,MAT,NZ,X,Y,DIMY)
implicit none
integer IMAT(∗ ) ,JMAT(∗ ) ,NZ,DIMY
double precision MAT(∗ ) ,X(∗ ) ,Y(∗ )
integer k
do k=1,DIMY

Y(k ) = 0 .0 d0
enddo
do k=1,NZ

Y(IMAT(k ) ) = Y(IMAT(k ) ) + MAT(k ) ∗ X(JMAT(k ) )
enddo
return
end

c Computes the t ranspose matrix−vec to r product : y = matˆT x ,
c mat i s r ep re s ented in coo rd ina t e spa r se format .
c dimy i s the dimension o f the output vec to r y ,
c x remains unchanged on exit

subroutine TRANSMATVEC(IMAT,JMAT,MAT,NZ,X,Y,DIMY)
implicit none
integer IMAT(∗ ) ,JMAT(∗ ) ,NZ,DIMY
double precision MAT(∗ ) ,X(∗ ) ,Y(∗ )
integer k
do k=1,DIMY

Y(k ) = 0 .0 d0
enddo
do k=1,NZ

Y(JMAT(k ) ) = Y(JMAT(k ) ) + MAT(k ) ∗ X(IMAT(k ) )
enddo
return
end

c Aprod computes y = A∗x f o r some matrix A.
subroutine Aprod ( ndim , x , y )
implicit none
integer ndim
double precision x (ndim ) , y (ndim )
double precision temp (ndim )
double precision da
integer i
integer MAXNZA,MAXNZB
parameter (MAXNZA = 70450 ,MAXNZB = 31746)
integer NZA,NZB,N,Q
double precision A(MAXNZA) ,B(MAXNZB)
integer IA (MAXNZA) ,JA(MAXNZA)
integer IB (MAXNZB) ,JB(MAXNZB)
common /MAT/ A,B
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common /IND/ IA ,JA, IB , JB
common /PAR/ NZA,NZB,N,Q
double precision u(N) , p (Q) ,Au(N) ,Bp(N)

c temp = x
ca l l dcopy (ndim , x , 1 , temp , 1 )
do i =1,N

u( i ) = temp ( i )
enddo
do i=N+1,ndim

p( i−N) = temp ( i )
enddo

c Au = A ∗ u
ca l l matvec ( IA , JA,A,NZA, u ,Au,N)

c Bp = B ∗ p
ca l l matvec ( IB , JB ,B,NZB, p ,Bp ,N)

c Bp = da ∗ Au + Bp
da = 1 .0 d0
ca l l daxpy (N, da ,Au, 1 ,Bp , 1 )

c p = BˆT ∗ u
ca l l transmatvec ( IB , JB ,B,NZB, u , p ,Q)
do i =1,N

y ( i ) = Bp( i )
enddo
do i =1,Q

y (N+i ) = p( i )
enddo
return
end
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subroutine MINRES( n , b , r1 , r2 , v , w, w1 , w2 , x , y ,
$ Aprod , Msolve , checkA , precon , s h i f t ,
$ nout , i tn l im , r t o l ,
$ i s top , i tn , Anorm , Acond , rnorm , ynorm )

implicit none
external Aprod , Msolve
integer n , nout , i tn l im , i s top , i t n
logical checkA , precon
double precision s h i f t , r t o l , Anorm , Acond , rnorm , ynorm ,

$ b(n ) , r1 (n ) , r2 (n ) ,
$ v (n ) , w(n ) , w1(n ) , w2(n ) , x (n ) , y (n )

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
!
! MINRES i s des igned to s o l v e the system of l i n e a r equa t i ons
!
! Ax = b
!
! or the l e a s t−squares problem
!
! min | | Ax − b | | 2 ,
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!
! where A i s an n by n symmetric matrix and b i s a g iven vec to r .
! The matrix A may be i n d e f i n i t e and/or s i n g u l a r .
!
! 1 . I f A i s known to be p o s i t i v e d e f i n i t e , the Conjugate Gradient
! Method might be p re f e r r ed , s ince i t r e qu i r e s the same number
! o f i t e r a t i o n s as MINRES but l e s s work per i t e r a t i o n .
!
! 2 . I f A i s i n d e f i n i t e but Ax = b i s known to have a s o l u t i o n
! ( e . g . i f A i s nons ingu lar ) , SYMMLQ might be p re f e r r ed ,
! s ince i t r e qu i r e s the same number o f i t e r a t i o n s as MINRES
! but s l i g h t l y l e s s work per i t e r a t i o n .
!
! The matrix A i s in tended to be l a r g e and sparse . I t i s accessed
! by means o f a subrou t ine c a l l o f the form
! SYMMLQ development :
!
! c a l l Aprod ( n , x , y )
!
! which must re turn the product y = Ax f o r any g iven vec to r x .
!
!
! More g ene r a l l y , MINRES i s des igned to s o l v e the system
!
! (A − s h i f t ∗ I ) x = b
! or
! min | | (A − s h i f t ∗ I ) x − b | | 2 ,
!
! where s h i f t i s a s p e c i f i e d s c a l a r va lue . Again , the matrix
! (A − s h i f t ∗ I ) may be i n d e f i n i t e and/or s i n g u l a r .
! The work per i t e r a t i o n i s very s l i g h t l y l e s s i f s h i f t = 0.
!
! Note : I f s h i f t i s an approximate e i g en va l u e o f A
! and b i s an approximate e i g envec to r , x might prove to be
! a b e t t e r approximate e i g envec to r , as in the methods o f
! i n v e r s e i t e r a t i o n and/or Rayle igh−quo t i en t i t e r a t i o n .
! However , we ’ re not ye t sure on tha t −− i t may be b e t t e r
! to use SYMMLQ.
!
! A f u r t h e r op t ion i s t h a t o f p r econd i t i on ing , which may reduce
! the number o f i t e r a t i o n s requ i r ed . I f M = C C’ i s a p o s i t i v e
! d e f i n i t e matrix t h a t i s known to approximate (A − s h i f t ∗ I )
! in some sense , and i f sys tems o f the form My = x can be
! s o l v e d e f f i c i e n t l y , the parameters precon and Msolve may be
! used ( see be low ) . When precon = . t rue . , MINRES w i l l
! i m p l i c i t l y s o l v e the system of equa t i ons
!
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! P (A − s h i f t ∗ I ) P’ xbar = P b ,
!
! i . e . Abar xbar = bbar
! where P = C∗∗(−1) ,
! Abar = P (A − s h i f t ∗ I ) P’ ,
! bbar = P b ,
!
! and re turn the s o l u t i o n x = P’ xbar .
! The a s s o c i a t e d r e s i d u a l i s rbar = bbar − Abar xbar
! = P ( b − (A − s h i f t ∗ I ) x )
! = P r .
!
! In the d i s cu s s i on below , eps r e f e r s to the machine p r e c i s i on .
! eps i s computed by MINRES. A t y p i c a l va l ue i s eps = 2.22d−16
! f o r IEEE doub le−p r e c i s i on a r i t hme t i c .
!
! Parameters
! −−−−−−−−−−
!
! n input The dimension o f the matrix A.
!
! b (n) input The rhs vec to r b .
!
! r1 (n) workspace
! r2 (n) workspace
! v (n) workspace
! w(n) workspace
! w1(n) workspace
! w2(n) workspace
!
! x (n) output Returns the computed s o l u t i o n x .
!
! y (n) workspace
!
! Aprod e x t e r n a l A subrou t ine d e f i n i n g the matrix A.
! For a g iven vec to r x , the s ta tement
!
! c a l l Aprod ( n , x , y )
!
! must re turn the product y = Ax
! wi thout a l t e r i n g the vec to r x .
!
! Msolve e x t e r n a l An op t i ona l sub rou t ine d e f i n i n g a
! p r e cond i t i on i ng matrix M, which shou ld
! approximate (A − s h i f t ∗ I ) in some sense .
! M must be p o s i t i v e d e f i n i t e .
! For a g iven vec to r x , the s ta tement
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!
! c a l l Msolve ( n , x , y )
!
! must s o l v e the l i n e a r system My = x
! wi thout a l t e r i n g the vec to r x .
!
! In genera l , M shou ld be chosen so t ha t Abar has
! c l u s t e r e d e i g en va l u e s . For example ,
! i f A i s p o s i t i v e d e f i n i t e , Abar would i d e a l l y
! be c l o s e to a mu l t i p l e o f I .
! I f A or A − s h i f t ∗ I i s i n d e f i n i t e , Abar might
! be c l o s e to a mu l t i p l e o f d iag ( I −I ) .
!
! NOTE. The program c a l l i n g MINRES must d e c l a r e
! Aprod and Msolve to be e x t e r n a l .
!
! checkA input I f checkA = . t rue . , an ex t ra c a l l o f Aprod w i l l
! be used to check i f A i s symmetric . Also ,
! i f precon = . t rue . , an ex t ra c a l l o f Msolve
! w i l l be used to check i f M i s symmetric .
!
! precon input I f precon = . t rue . , p r e c ond i t i on ing w i l l
! be invoked . Otherwise , sub rou t ine Msolve
! w i l l not be r e f e r enced ; in t h i s case the
! a c t ua l parameter correspond ing to Msolve may
! be the same as t h a t correspond ing to Aprod .
!
! s h i f t input Should be zero i f the system Ax = b i s to be
! s o l v e d . Otherwise , i t cou ld be an
! approximation to an e i g en va l u e o f A, such as
! the Ray le i gh quo t i en t b ’Ab / ( b ’ b )
! correspond ing to the vec to r b .
! I f b i s s u f f i c i e n t l y l i k e an e i g en v e c t o r
! correspond ing to an e i g en va l u e near s h i f t ,
! then the computed x may have very l a r g e
! components . When normalized , x may be
! c l o s e r to an e i g en v e c t o r than b .
!
! nout input A f i l e number .
! I f nout . g t . 0 , a summary o f the i t e r a t i o n s
! w i l l be p r in t ed on un i t nout .
!
! i t n l im input An upper l im i t on the number o f i t e r a t i o n s .
!
! r t o l input A user−s p e c i f i e d t o l e r anc e . MINRES terminates
! i f i t appears t h a t norm( rbar ) i s sma l l e r than
! r t o l ∗ norm(Abar ) ∗ norm( xbar ) ,
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! where rbar i s the transformed r e s i d u a l vec tor ,
! rbar = bbar − Abar xbar .
!
! I f s h i f t = 0 and precon = . f a l s e . , MINRES
! terminates i f norm( b − A∗x ) i s sma l l e r than
! r t o l ∗ norm(A) ∗ norm( x ) .
!
! i s t o p output An i n t e g e r g i v i n g the reason f o r terminat ion . . .
!
! −1 be ta2 = 0 in the Lanczos i t e r a t i o n ; i . e . the
! second Lanczos vec to r i s zero . This means the
! rhs i s very s p e c i a l .
! I f t h e r e i s no precond i t i oner , b i s an
! e i g en v e c t o r o f A.
! Otherwise ( i f precon i s t rue ) , l e t My = b .
! I f s h i f t i s zero , y i s a s o l u t i o n o f the
! g e n e r a l i z e d e i g en va l u e problem Ay = lambda My,
! wi th lambda = alpha1 from the Lanczos v e c t o r s .
!
! In genera l , (A − s h i f t ∗ I ) x = b
! has the s o l u t i o n x = (1/ a lpha1 ) y
! where My = b .
!
! 0 b = 0 , so the exac t s o l u t i o n i s x = 0.
! No i t e r a t i o n s were performed .
!
! 1 Norm( rbar ) appears to be l e s s than
! the va lue r t o l ∗ norm(Abar ) ∗ norm( xbar ) .
! The s o l u t i o n in x shou ld be a c c e p t a b l e .
!
! 2 Norm( rbar ) appears to be l e s s than
! the va lue eps ∗ norm(Abar ) ∗ norm( xbar ) .
! This means t h a t the r e s i d u a l i s as sma l l as
! seems rea sonab l e on t h i s machine .
!
! 3 Norm(Abar ) ∗ norm( xbar ) exceeds norm( b )/ eps ,
! which shou ld i n d i c a t e t h a t x has e s s e n t i a l l y
! converged to an e i g en v e c t o r o f A
! correspond ing to the e i g en va l u e s h i f t .
!
! 4 Acond ( see be low ) has exceeded 0.1/ eps , so
! the matrix Abar must be very i l l −cond i t i oned .
! x may not conta in an ac c ep t a b l e s o l u t i o n .
!
! 5 The i t e r a t i o n l im i t was reached b e f o r e any o f
! the p rev i ous c r i t e r i a were s a t i s f i e d .
!
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! 6 The matrix de f ined by Aprod does not appear
! to be symmetric .
! For c e r t a i n v e c t o r s y = Av and r = Ay , the
! produc ts y ’ y and r ’ v d i f f e r s i g n i f i c a n t l y .
!
! 7 The matrix de f ined by Msolve does not appear
! to be symmetric .
! For v e c t o r s s a t i s f y i n g My = v and Mr = y , the
! produc ts y ’ y and r ’ v d i f f e r s i g n i f i c a n t l y .
!
! 8 An inner product o f the form x ’ M∗∗(−1) x
! was not p o s i t i v e , so the p r e cond i t i on i ng matrix
! M does not appear to be p o s i t i v e d e f i n i t e .
!
! I f i s t o p . ge . 5 , the f i n a l x may not be an
! a c c ep t a b l e s o l u t i o n .
!
! i t n output The number o f i t e r a t i o n s performed .
!
! Anorm output An es t ima te o f the norm of the matrix opera tor
! Abar = P (A − s h i f t ∗ I ) P’ , where P = C∗∗(−1).
!
! Acond output An es t ima te o f the cond i t i on o f Abar above .
! This w i l l u s u a l l y be a s u b s t a n t i a l
! under−e s t ima te o f the t rue cond i t i on .
!
! rnorm output An es t ima te o f the norm of the f i n a l
! transformed r e s i d u a l vec tor ,
! P ( b − (A − s h i f t ∗ I ) x ) .
!
! ynorm output An es t ima te o f the norm of xbar .
! This i s s q r t ( x ’Mx ) . I f precon i s f a l s e ,
! ynorm i s an e s t ima te o f norm( x ) .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
!
!
! MINRES i s an implementat ion o f the a lgor i thm de s c r i b e d in
! the f o l l ow i n g r e f e r en c e :
!
! C. C. Paige and M. A. Saunders (1975) ,
! So lu t i on o f sparse i n d e f i n i t e sys tems o f l i n e a r equat ions ,
! SIAM J . Numer . Anal . 12(4) , pp . 617−629.
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
!
!
! MINRES development :
! 1972: F i r s t vers ion , s im i l a r to o r i g i n a l SYMMLQ.
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! Later l o s t @#%∗!
! Oct 1995: Tried to r e c on s t r u c t MINRES from
! 1995 ve r s i on o f SYMMLQ.
! 30 May 1999: Need to make i t more l i k e LSQR.
! In middle o f major overhau l .
! 19 Ju l 2003: Next attempt to r e c on s t r u c t MINRES.
! Seems to need two v e c t o r s more than SYMMLQ. (w1 , w2)
! Lanczos i s now at the top o f the loop ,
! so the opera tor Aprod i s c a l l e d in j u s t one p l ace
! ( not count ing the i n i t i a l check f o r symmetry ) .
! 22 Ju l 2003: Success a t l a s t . Precond i t i on ing a l s o works .
! minres . f added to h t t p ://www. s tan fo rd . edu/group/SOL/.
!
! FUTURE WORK: A s topp ing ru l e i s needed f o r s i n g u l a r systems .
! We need to e s t ima te | |Ar | | as in LSQR. This w i l l be
! j o i n t work with Sou Cheng Choi , SCCM, Stan ford .
! Note t h a t | | Ar | | sma l l => r i s a nu l l v e c to r f o r A.
!
!
! Michael A. Saunders na . msaunders@na−net . o rn l . gov
! Department o f MS&E saunders@stanford . edu
! S tan ford Un ive r s i t y
! Stanford , CA 94305−4026 (650) 723−1875
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
!
!
! Subrout ines and f unc t i on s
!
! USER Aprod , Msolve
! BLAS1 daxpy , dcopy , ddot , dnrm2 } These are a l l in
! U t i l i t i e s daxpy2 , dload2 , d s ca l 2 } the f i l e minresb las . f

! Functions

external ddot , dnrm2
double precision ddot , dnrm2

! Local v a r i a b l e s

double precision a l f a , beta , beta1 , cs ,
$ dbar , d e l t a , denom , diag ,
$ eps , epsa , ep s ln , epsr , epsx ,
$ gamma , gbar , gmax , gmin ,
$ oldb , o ldeps , qrnorm , phi , phibar ,
$ rhs1 , rhs2 , s , sn , t ,
$ tnorm2 , ynorm2 , z
integer i
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logical debug , prnt

double precision zero , one , two , ten
parameter ( zero = 0 .0d+0, one = 1 .0d+0,

$ two = 2 .0d+0, ten = 10 .0d+0 )

character∗16 enter , exit
character∗52 msg(−1:8)

data ente r / ’ Enter MINRES. ’ / ,
$ exit / ’ Exit MINRES. ’ /

data msg
$ / ’ beta2 = 0 . I f M = I , b and x are e i g enve c t o r s o f A ’ ,
$ ’ beta1 = 0 . The exact s o l u t i o n i s x = 0 ’ ,
$ ’ Requested accuracy achieved , as determined by r t o l ’ ,
$ ’ Reasonable accuracy achieved , g iven eps ’ ,
$ ’ x has converged to an e i g enve c t o r ’ ,
$ ’Acond has exceeded 0 .1/ eps ’ ,
$ ’The i t e r a t i o n l im i t was reached ’ ,
$ ’Aprod does not d e f i n e a symmetric matrix ’ ,
$ ’Msolve does not d e f i n e a symmetric matrix ’ ,
$ ’Msolve does not d e f i n e a pos−de f p r e c ond i t i on e r ’ /

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

debug = . f a l s e .

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! Compute eps , the machine p r e c i s i on . The c a l l to daxpy i s
! in tended to f o o l compi l e r s t h a t use extra−l e n g t h r e g i s t e r s .
! 31 May 1999: Hardwire eps so the debugger can s t ep thru e a s i l y .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

eps = 2 .22d−16 ! Set eps = zero here i f you want i t computed .

i f ( eps . l e . ze ro ) then
eps = two∗∗(−12)

10 eps = eps / two
x (1 ) = eps
y (1 ) = one
ca l l daxpy ( 1 , one , x , 1 , y , 1 )
i f ( y (1 ) . gt . one ) go to 10

eps = eps ∗ two
end i f

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! Print heading and i n i t i a l i z e .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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i f ( nout . gt . 0) then
write ( nout , 1000) enter , n , checkA , precon ,

$ i tn l im , r t o l , s h i f t
end i f
i s t op = 0
i t n = 0
Anorm = zero
Acond = zero
rnorm = zero
ynorm = zero
ca l l dload2 ( n , zero , x )

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! Set up y and v f o r the f i r s t Lanczos vec to r v1 .
! y = be ta1 P’ v1 , where P = C∗∗(−1).
! v i s r e a l l y P’ v1 .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

ca l l dcopy ( n , b , 1 , y , 1 ) ! y = b
ca l l dcopy ( n , b , 1 , r1 , 1 ) ! r1 = b
i f ( precon ) ca l l Msolve ( n , b , y )
beta1 = ddot ( n , b , 1 , y , 1 )

i f ( beta1 . l t . ze ro ) then ! M must be i n d e f i n i t e .
i s t op = 8
go to 900

end i f

i f ( beta1 . eq . zero ) then ! b = 0 e x a c t l y . Stop with x = 0.
i s t op = 0
go to 900

end i f

beta1 = sq r t ( beta1 ) ! Normalize y to ge t v1 l a t e r .

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! See i f Msolve i s symmetric .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i f ( checkA . and . precon ) then
ca l l Msolve ( n , y , r2 )
s = ddot ( n , y , 1 , y , 1 )
t = ddot ( n , r1 , 1 , r2 , 1 )
z = abs ( s − t )
epsa = ( s + eps ) ∗ eps ∗∗0.33333d+0
i f ( z . gt . epsa ) then

i s t op = 7
go to 900

end i f
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end i f

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! See i f Aprod i s symmetric .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i f ( checkA ) then
ca l l Aprod ( n , y , w )
ca l l Aprod ( n , w, r2 )
s = ddot ( n , w, 1 , w, 1 )
t = ddot ( n , y , 1 , r2 , 1 )
z = abs ( s − t )
epsa = ( s + eps ) ∗ eps ∗∗0.33333d+0
i f ( z . gt . epsa ) then

i s t op = 6
go to 900

end i f
end i f

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! I n i t i a l i z e o ther q u a n t i t i e s .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

oldb = zero
beta = beta1
dbar = zero
eps ln = zero
qrnorm = beta1
phibar = beta1
rhs1 = beta1
rhs2 = zero
tnorm2 = zero
ynorm2 = zero
cs = − one
sn = zero
ca l l dload2 ( n , zero , w ) ! w = 0
ca l l dload2 ( n , zero , w2 ) ! w2 = 0
ca l l dcopy ( n , r1 , 1 , r2 , 1 ) ! r2 = r1

i f ( debug ) then
write (∗ ,∗ ) ’ ’
write (∗ ,∗ ) ’b ’ , b
write (∗ ,∗ ) ’ beta ’ , beta
write (∗ ,∗ ) ’ ’

end i f

! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! Main i t e r a t i o n loop .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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100 i t n = i tn + 1 ! k = i t n = 1 f i r s t time through
i f ( i s t op . ne . 0) go to 900

!−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! Obtain q u a n t i t i e s f o r the next Lanczos vec to r vk+1, k = 1 , 2 , . . .
! The genera l i t e r a t i o n i s s im i l a r to the case k = 1 with v0 = 0:
!
! p1 = Operator ∗ v1 − be ta1 ∗ v0 ,
! a lpha1 = v1 ’ p1 ,
! q2 = p2 − alpha1 ∗ v1 ,
! be ta2 ˆ2 = q2 ’ q2 ,
! v2 = (1/ be ta2 ) q2 .
!
! Again , y = be tak P vk , where P = C∗∗(−1).
! . . . . more d e s c r i p t i o n needed .
!−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
s = one / beta ! Normalize p rev i ous vec to r ( in y ) .
ca l l dsca l 2 ( n , s , y , v ) ! v = vk i f P = I

ca l l Aprod ( n , v , y )
ca l l daxpy ( n , (− s h i f t ) , v , 1 , y , 1 )
i f ( i t n . ge . 2) then

ca l l daxpy ( n , (− beta /oldb ) , r1 , 1 , y , 1 )
end i f

a l f a = ddot ( n , v , 1 , y , 1 ) ! a lphak

ca l l daxpy ( n , (− a l f a / beta ) , r2 , 1 , y , 1 )
ca l l dcopy ( n , r2 , 1 , r1 , 1 )
ca l l dcopy ( n , y , 1 , r2 , 1 )
i f ( precon ) ca l l Msolve ( n , r2 , y )

oldb = beta ! o l d b = be tak
beta = ddot ( n , r2 , 1 , y , 1 ) ! be ta = be tak+1ˆ2
i f ( beta . l t . ze ro ) then

i s t op = 6
go to 900

end i f

beta = sq r t ( beta ) ! be ta = be tak+1
tnorm2 = tnorm2 + a l f a ∗∗2 + oldb ∗∗2 + beta ∗∗2

i f ( i t n . eq . 1) then ! I n i t i a l i z e a few th i n g s .
i f ( beta /beta1 . l e . ten∗ eps ) then ! be ta2 = 0 or ˜ 0 .

i s t op = −1 ! Terminate l a t e r .
end i f
! tnorm2 = a l f a ∗∗2
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gmax = abs ( a l f a ) ! a lpha1
gmin = gmax ! a lpha1

end i f

! Apply p rev i ous r o t a t i on Qk−1 to ge t
! [ d e l t a k ep s lnk +1] = [ cs sn ] [ dbark 0 ]
! [ gbar k dbar k+1] [ sn −cs ] [ a l f a k be tak +1].

o ldeps = eps ln
de l t a = cs ∗ dbar + sn ∗ a l f a ! d e l t a 1 = 0 d e l t a k
gbar = sn ∗ dbar − cs ∗ a l f a ! gbar 1 = a l f a 1 gbar k
eps ln = sn ∗ beta ! eps ln2 = 0 eps lnk+1
dbar = − cs ∗ beta ! dbar 2 = beta2 dbar k+1

! Compute the next p lane ro t a t i on Qk

gamma = sq r t ( gbar ∗∗2 + beta ∗∗2 ) ! gammak
cs = gbar / gamma ! ck
sn = beta / gamma ! sk
phi = cs ∗ phibar ! ph ik
phibar = sn ∗ phibar ! ph ibark+1

i f ( debug ) then
write (∗ ,∗ ) ’ ’
write (∗ ,∗ ) ’ v ’ , v
write (∗ ,∗ ) ’ a l f a ’ , a l f a
write (∗ ,∗ ) ’ beta ’ , beta
write (∗ ,∗ ) ’gamma ’ , gamma
write (∗ ,∗ ) ’ d e l t a ’ , d e l t a
write (∗ ,∗ ) ’ gbar ’ , gbar
write (∗ ,∗ ) ’ ep s ln ’ , ep s ln
write (∗ ,∗ ) ’ dbar ’ , dbar
write (∗ ,∗ ) ’ phi ’ , phi
write (∗ ,∗ ) ’ phiba ’ , phibar
write (∗ ,∗ ) ’ ’

end i f

! Update x .

denom = one/gamma

do i = 1 , n
w1( i ) = w2( i )
w2( i ) = w( i )
w( i ) = ( v ( i ) − o ldeps ∗w1( i ) − de l t a ∗w2( i ) ) ∗ denom
x ( i ) = x( i ) + phi ∗ w( i )

end do
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! Go round again .

gmax = max( gmax , gamma )
gmin = min ( gmin , gamma )
z = rhs1 / gamma
ynorm2 = z∗∗2 + ynorm2
rhs1 = rhs2 − de l t a ∗ z
rhs2 = − eps ln ∗ z

! Estimate var i ous norms and t e s t f o r convergence .

Anorm = sqr t ( tnorm2 )
ynorm = sq r t ( ynorm2 )
epsa = Anorm ∗ eps
epsx = Anorm ∗ ynorm ∗ eps
epsr = Anorm ∗ ynorm ∗ r t o l
d iag = gbar
i f ( diag . eq . zero ) diag = epsa

qrnorm = phibar
rnorm = qrnorm

! Estimate cond (A) .
! In t h i s v e r s i on we look a t the d iagona l s o f R in the
! f a c t o r i z a t i o n o f the lower Hessenberg matrix , Q ∗ H = R,
! where H i s the t r i d i a g o n a l matrix from Lanczos with one
! e x t ra row , be ta ( k+1) e k ˆT.

Acond = gmax / gmin

! See i f any o f the s topp ing c r i t e r i a are s a t i s f i e d .
! In rare cases , i s t o p i s a l r eady −1 from above (Abar = cons t∗ I ) .

i f ( i s t op . eq . 0) then
i f ( i t n . ge . i t n l im ) i s t op = 5
i f (Acond . ge . 0 . 1d+0/eps ) i s t op = 4
i f ( epsx . ge . beta1 ) i s t op = 3
i f ( qrnorm . l e . epsx ) i s t op = 2
i f ( qrnorm . l e . epsr ) i s t op = 1

end i f

! See i f i t i s time to p r i n t something .

i f ( nout . gt . 0) then
prnt = . f a l s e .
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i f (n . l e . 40 ) prnt = . t rue .
i f ( i t n . l e . 10 ) prnt = . t rue .
i f ( i t n . ge . i t n l im − 10) prnt = . t rue .
i f (mod( itn , 1 0 ) . eq . 0) prnt = . t rue .
i f ( qrnorm . l e . ten ∗ epsx ) prnt = . t rue .
i f ( qrnorm . l e . ten ∗ epsr ) prnt = . t rue .
i f (Acond . ge . 1 . 0d−2/eps ) prnt = . t rue .
i f ( i s t op . ne . 0 ) prnt = . t rue .

i f ( prnt ) then
i f ( i t n . eq . 1) write ( nout , 1200)
write ( nout , 1300) i tn , x ( 1 ) , qrnorm , Anorm, Acond
i f (mod( itn , 1 0 ) . eq . 0) write ( nout , 1500)

end i f
end i f

go to 100
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
! End o f main i t e r a t i o n loop .
! −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

! D i sp lay f i n a l s t a t u s .

900 i f ( nout . gt . 0) then
write ( nout , 2000) exit , i s top , i tn ,

$ exit , Anorm , Acond ,
$ exit , rnorm , ynorm

write ( nout , 3000) exit , msg( i s t op )
end i f

return

1000 format (// 1p , a , 5x , ’ So lu t i on o f symmetric Ax = b ’
$ / ’ n =’ , i7 , 5x , ’ checkA =’ , l4 , 12x ,
$ ’ precon =’ , l 4
$ / ’ i t n l im =’ , i7 , 5x , ’ r t o l =’ , e11 . 2 , 5x ,
$ ’ s h i f t =’ , e23 . 1 4 )

1200 format (// 5x , ’ i t n ’ , 8x , ’ x (1 ) ’ , 10x ,
$ ’norm( r ) ’ , 3x , ’ norm(A) ’ , 3X, ’ cond (A) ’ )

1300 format (1p , i8 , e19 . 1 0 , 3 e10 . 2 )
1500 format (1 x )
2000 format (/ 1p , a , 5x , ’ i s t op =’ , i3 , 14x , ’ i t n =’ , i 8

$ / a , 5x , ’Anorm =’ , e12 . 4 , 5x , ’Acond =’ , e12 . 4
$ / a , 5x , ’ rnorm =’ , e12 . 4 , 5x , ’ ynorm =’ , e12 . 4 )

3000 format ( a , 5x , a )
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end ! s ub rou t ine MINRES

)*���� )�������� � �����,�� ��� �� MINRES�

8	� ����!�
� ������	���� �'��
�� %����	
��� ������	����� 	
� ������ ����� � ������	���
MINRES�

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
∗
∗ minresb las . f
∗
∗ This f i l e contains Level 1 BLAS from net l i b , Thu May 16 1991
∗ ( with d e c l a r a t i o n s o f the form dx (1 ) changed to dx ( ∗ ) ) :
∗ daxpy dcopy ddot
∗ Also
∗ dnrm2 ( from NAG, I think ) .
∗
∗ Also a few u t i l i t i e s to avoid some o f the
∗ l o op s in MINRES ( so the debugger can step past them qu i ck ly ) :
∗ daxpy2 dload2 dsca l 2
∗
∗ 15 Jul 2003 : dnrm2 i s now the NAG ve r s i on .
∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

subroutine daxpy (n , da , dx , incx , dy , incy )
c
c constant t imes a vec to r p lus a vec to r .
c uses unro l l ed l oops f o r increments equal to one .
c jack dongarra , l inpack , 3/11/78 .
c

double precision dx (∗ ) , dy (∗ ) , da
integer i , incx , incy , ix , iy ,m,mp1 , n

c
i f (n . l e . 0 ) return
i f ( da . eq . 0 . 0 d0 ) return
i f ( incx . eq . 1 . and . incy . eq . 1 ) go to 20

c
c code f o r unequal increments or equal increments
c not equal to 1
c

ix = 1
iy = 1
i f ( incx . l t . 0 ) i x = (−n+1)∗ incx + 1
i f ( incy . l t . 0 ) i y = (−n+1)∗ incy + 1
do 10 i = 1 ,n

dy ( iy ) = dy( iy ) + da∗dx ( ix )
i x = ix + incx
iy = iy + incy

10 continue
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return
c
c code f o r both increments equal to 1
c
c
c c lean−up loop
c

20 m = mod(n , 4 )
i f ( m . eq . 0 ) go to 40
do 30 i = 1 ,m

dy ( i ) = dy ( i ) + da∗dx ( i )
30 continue

i f ( n . l t . 4 ) return
40 mp1 = m + 1

do 50 i = mp1 , n , 4
dy ( i ) = dy ( i ) + da∗dx ( i )
dy ( i + 1) = dy ( i + 1) + da∗dx ( i + 1)
dy ( i + 2) = dy ( i + 2) + da∗dx ( i + 2)
dy ( i + 3) = dy ( i + 3) + da∗dx ( i + 3)

50 continue

end ! s ub rou t ine daxpy

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

subroutine dcopy (n , dx , incx , dy , incy )
c
c cop i e s a vector , x , to a vector , y .
c uses unro l l ed l oops f o r increments equal to one .
c jack dongarra , l inpack , 3/11/78 .
c

double precision dx (∗ ) , dy (∗ )
integer i , incx , incy , ix , iy ,m,mp1 , n

c
i f (n . l e . 0 ) return
i f ( incx . eq . 1 . and . incy . eq . 1 ) go to 20

c
c code f o r unequal increments or equal increments
c not equal to 1
c

ix = 1
iy = 1
i f ( incx . l t . 0 ) i x = (−n+1)∗ incx + 1
i f ( incy . l t . 0 ) i y = (−n+1)∗ incy + 1
do 10 i = 1 ,n

dy ( iy ) = dx( ix )
i x = ix + incx
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i y = iy + incy
10 continue

return
c
c code f o r both increments equal to 1
c
c
c c lean−up loop
c

20 m = mod(n , 7 )
i f ( m . eq . 0 ) go to 40
do 30 i = 1 ,m

dy ( i ) = dx ( i )
30 continue

i f ( n . l t . 7 ) return
40 mp1 = m + 1

do 50 i = mp1 , n , 7
dy ( i ) = dx ( i )
dy ( i + 1) = dx ( i + 1)
dy ( i + 2) = dx ( i + 2)
dy ( i + 3) = dx ( i + 3)
dy ( i + 4) = dx ( i + 4)
dy ( i + 5) = dx ( i + 5)
dy ( i + 6) = dx ( i + 6)

50 continue

end ! s ub rou t ine dcopy

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

double precision function ddot (n , dx , incx , dy , incy )
c
c forms the dot product o f two ve c t o r s .
c uses unro l l ed l oops f o r increments equal to one .
c jack dongarra , l inpack , 3/11/78 .
c

double precision dx (∗ ) , dy (∗ ) , dtemp
integer i , incx , incy , ix , iy ,m,mp1 , n

c
ddot = 0 .0 d0
dtemp = 0 .0 d0
i f (n . l e . 0 ) return
i f ( incx . eq . 1 . and . incy . eq . 1 ) go to 20

c
c code f o r unequal increments or equal increments
c not equal to 1
c
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i x = 1
iy = 1
i f ( incx . l t . 0 ) i x = (−n+1)∗ incx + 1
i f ( incy . l t . 0 ) i y = (−n+1)∗ incy + 1
do 10 i = 1 ,n

dtemp = dtemp + dx( ix )∗dy ( iy )
i x = ix + incx
iy = iy + incy

10 continue
ddot = dtemp
return

c
c code f o r both increments equal to 1
c
c
c c lean−up loop
c

20 m = mod(n , 5 )
i f ( m . eq . 0 ) go to 40
do 30 i = 1 ,m

dtemp = dtemp + dx( i )∗dy( i )
30 continue

i f ( n . l t . 5 ) go to 60
40 mp1 = m + 1

do 50 i = mp1 , n , 5
dtemp = dtemp + dx( i )∗dy( i ) + dx ( i + 1)∗dy ( i + 1) +

∗ dx( i + 2)∗dy( i + 2) + dx ( i + 3)∗dy( i + 3) + dx( i + 4)∗dy ( i + 4)
50 continue
60 ddot = dtemp

end ! f unc t i on ddot

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

double precision function dnrm2 ( n , x , incx )

implicit double precision ( a−h , o−z )
integer incx , n
double precision x (∗ )

∗ ==================================================================
∗ dnrm2 re tu rns the Eucl idean norm o f a vec to r v ia the function
∗ name , so that dnrm2 := sq r t ( x ’ ∗x ) .
∗
∗ 15 Jul 2003 : dnrm2 obtained from SNOPT sr c ( probably from NAG) .
∗ s1 f lmx rep la ced by s a f e l a r g e number .
∗ ==================================================================
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∗ double p r e c i s i o n s1f lmx
parameter ( one = 1 .0d+0, zero = 0 .0d+0 )
double p r e c i s i o n norm
i n t r i n s i c abs

∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∗ f lmax = s1f lmx ( )

flmax = 1 .0d+50

i f ( n . l t . 1) then
norm = zero

e l s e i f (n . eq . 1) then
norm = abs ( x (1 ) )

e l s e
s c a l e = zero
ssq = one

do 10 , i x = 1 , 1+(n−1)∗ incx , incx

i f ( x ( i x ) . ne . zero ) then
absx i = abs ( x ( i x ) )

i f ( s c a l e . l t . absx i ) then
ssq = one + ssq ∗( s c a l e / absx i )∗∗2
s c a l e = absx i

e l s e
ssq = ssq + ( absx i / s c a l e )∗∗2

end i f
end i f

10 cont inue

sqt = sq r t ( ssq )
i f ( s c a l e . l t . f lmax/ sqt ) then

norm = s c a l e ∗ sqt
e l s e

norm = flmax
end i f

end i f

dnrm2 = norm

end ! func t i on dnrm2

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

subrout ine daxpy2 ( n , a , x , y , z )
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imp l i c i t none
i n t e g e r n
double p r e c i s i o n a , x (n ) , y (n ) , z (n )

∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∗ daxpy2 s e t s z = a∗x + y .
∗ 31 May 1999 : F i r s t v e r s i o n wr i t t en f o r MINRES .
∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i n t e g e r i

do i = 1 , n
z ( i ) = a∗x ( i ) + y( i )

end do

end ! subrout ine daxpy2

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

subrout ine dload2 ( n , const , x )

imp l i c i t none
i n t e g e r n
double p r e c i s i o n const , x (n )

∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∗ dload2 l oads a l l e lements o f x with const .
∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i n t e g e r i

do i = 1 , n
x ( i ) = const

end do

end ! subrout ine dload2

∗++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

subrout ine dsca l 2 ( n , a , x , y )

imp l i c i t none
i n t e g e r n
double p r e c i s i o n a , x (n ) , y (n )

∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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∗ dsca l 2 s e t s y = a∗x .
∗ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

i n t e g e r i

do i = 1 , n
y ( i ) = a∗x ( i )

end do

end ! subrout ine dsca l 2

)*���� + � �����,�� ��� ��� ��������
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c234567
subroutine syprec ( n , la , l iw , a , iw , neg1 , neg2 )
implicit double precision ( a−h , o−z )
double precision a ( l a )
integer iw ( l iw )
integer neg1 , neg2

C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
C syprec ( SYmmetric PREConditioner ) takes the f a c t o r s
C A = U” D U
C from Duff and Reid”s Harwel l subroutine MA27BD and changes the
C block−diagona l matrix D to be a po s i t i v e−d e f i n i t e matrix Dbar with
C the same 1x1 and 2x2 block−diagona l s t r u c tu r e .
C
C The eigensystem D = Q E Q” i s used to de f i n e Dbar = Q |E | Q”,
C where |E | contains the abso lu t e va lue s o f the e i g enva l u e s o f D.
C The matrix
C Abar = U” Dbar U
C i s then an exact p r e c ond i t i o n e r f o r A, in the sense that SYMMLQ
C would take only 2 i t e r a t i o n s to s o l v e Ax = b ( or 1 i t e r a t i o n i f
C D = Dbar i s a l r eady p o s i t i v e d e f i n i t e ) .
C
C I f the o r i g i n a l matrix A i s close to some other matrix K,
C Abar should be a good p r e cond i t i o n e r f o r s o l v i ng K x = b .
C
C Note that MA27 s t o r e s the e lements o f D( i nve r s e ) and ( − U )
C within A and IW. However , modifying a 2x2 block o f D( i nve r s e )
C looks the same as modifying the 2x2 block i t s e l f .
C
C 10 Mar 1989 : F i r s t v e r s i o n .
C Systems Optimizat ion Laboratory , Stanford Un ive r s i t y .
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C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
intr ins ic abs , s q r t
integer alen , apos
logical s i n g l e
parameter ( zero = 0 .0d+0, one = 1 .0d+0, two = 2 .0d+0 )

neg1 = 0
neg2 = 0
nblk = abs ( iw ( 1 ) )
ipo s = 2
apos = 1

do 100 , i b l k = 1 , nblk
nco l s = iw ( ipo s )

i f ( nco l s . l t . 0) then
nrows = 1
nco l s = − nco l s

else
i po s = ipo s + 1
nrows = iw ( ipo s )

end i f

C Process the d i agona l s in t h i s block .

a l en = nco l s
s i n g l e = . t rue .

do 50 , k = ipo s + 1 , ipo s + nrows
i f ( s i n g l e ) then

alpha = a ( apos )
j = iw (k )
s i n g l e = j . gt . 0

i f ( s i n g l e ) then
i f ( alpha . l t . zero ) then

C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
C The 1x1 d iagona l i s nega t i ve .
C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

neg1 = neg1 + 1
a ( apos ) = − alpha

end i f
else

beta = a ( apos+1)
gamma = a ( apos+a len )

i f ( alpha ∗ gamma . l t . beta ∗∗2 ) then
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C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
C The 2x2 d iagona l i s i n d e f i n i t e .
C Find i t s e igensystem in the form
C
C ( alpha beta ) = ( c s ) ( e1 ) ( c s )
C ( beta gamma ) ( s −c ) ( e2 ) ( s −c )
C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

tau = ( gamma − alpha ) / ( two ∗ beta )
t = abs ( tau ) + sq r t ( tau∗∗2 + one )
t = − one / t
i f ( tau . l t . ze ro ) t = − t
c = one / sq r t ( t ∗∗2 + one )
s = t ∗ c
e1 = alpha + beta ∗ t
e2 = gamma − beta ∗ t

C Change e1 and e2 to t h e i r abso lu t e va lue s
C and then mult ip ly the th r ee 2x2 matr i ce s
C to get the modi f ied alpha , beta and gamma .

i f ( e1 . l t . ze ro ) then
neg2 = neg2 + 1
e1 = − e1

end i f
i f ( e2 . l t . ze ro ) then

neg2 = neg2 + 1
e2 = − e2

end i f

alpha = c∗∗2 ∗ e1 + s ∗∗2 ∗ e2
beta = c∗ s ∗( e1 − e2 )
gamma = s ∗∗2 ∗ e1 + c∗∗2 ∗ e2
a ( apos ) = alpha
a ( apos+1 ) = beta
a ( apos+a len ) = gamma

end i f
end i f

else
s i n g l e = . t rue .

end i f

apos = apos + a len
a len = alen − 1

50 continue

i po s = ipos + nco l s + 1
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100 continue

C end o f syprec
end

64�� Wrappers �	� 
������
	� !����	��� !"
��
��
�������

8	� ����!�
� ������	���� �'��
��� wrappers �
� �����	���
� �����
��� ��������� ������
	�� ��$���� ���������	
���� C� ��� �����
������ ��!
�' ��� 	�� Michael Plexousakis
G%���� OA"PH�

)*���� -� header file ��� ��� Wrappers�

/∗
∗ F i l e : memory . h
∗ Author : Michael P lexousak i s , plex@tem . uoc . gr
∗ Purpose : Wrappers f o r the memory a l l o c a t i o n /de−a l l o c a t i o n rou t i n e s
∗ ∗/

/∗ Modi f i ca t i on : Wrappers f o r f i l e p roce s s ing were added
∗ Author : Manos Psycharis ,
∗ epsychar@math . uoc . gr , epsychar@tem . uoc . gr
∗ Date : 02/06/09
∗ ∗/

#ifndef MEMORYINCLUDED
#define MEMORYINCLUDED

#define MALLOC( nbytes ) m malloc ( ( nbytes ) , FILE , LINE )
#define CALLOC( count , nbytes ) m ca l l o c ( ( count ) , ( nbytes ) , FILE , LINE )
#define FREE( ptr ) m free ( ( ptr ) , FILE , LINE )
#define REALLOC( ptr , nbytes ) m rea l l o c ( ( ptr ) , ( nbytes ) , FILE , LINE )
#define STRDUP( s ) m strdup ( ( s ) , FILE , LINE )
#define FOPEN( f i lename , type ) m fopen ( ( f i l ename ) , ( type ) , FILE , LINE )
#define FCLOSE( fp ) m fc l o se ( ( fp ) , FILE , LINE )

extern void ∗m malloc ( int nbytes , const char ∗ f i l e , int l i n e ) ;
extern void ∗m ca l l o c ( int count , int nbytes , const char ∗ f i l e , int l i n e ) ;
extern void m free (void ∗ptr , const char ∗ f i l e , int l i n e ) ;
extern void ∗m rea l l o c (void ∗ptr , int nbytes , const char ∗ f i l e , int l i n e ) ;
extern char ∗m strdup ( const char ∗ src , const char ∗ f i l e , int l i n e ) ;
extern FILE ∗m fopen (char ∗ f i l ename , char ∗ type , const char ∗ f i l e , int l i n e ) ;
extern void m fc l o se (FILE ∗ fp , const char ∗ f i l e , int l i n e ) ;

#endif

249



$#��� WRAPPERS �	� 
�������
�	
 �����	���
 ���
���
�
 ������
�

)*���� .�� �,��� �	� Wrappers�

#include <s t d l i b . h>
#include <s t d i o . h>
#include <s t r i n g . h>
#include ”memory . h”

void ∗m malloc ( int nbytes , const char ∗ f i l e , int l i n e )
{

void ∗ptr = 0 ;

i f ( nbytes <= 0) {
f p r i n t f ( s tde r r , ” I nva l i d argument to MALLOC( ) in f i l e %s ,

l i n e %d\n” , f i l e , l i n e ) ;
e x i t ( 2 ) ;

}

ptr = mal loc ( nbytes ) ;
i f ( ! ptr ) {

f p r i n t f ( s tde r r , ”MALLOC( ) f a i l e d in f i l e %s , l i n e %d\n” ,
f i l e , l i n e ) ;

e x i t ( 2 ) ;
}

return ptr ;
}

void ∗m ca l l o c ( int count , int nbytes , const char ∗ f i l e , int l i n e )
{

void ∗ptr ;

i f ( count <= 0 | | nbytes <= 0) {
f p r i n t f ( s tde r r , ” I nva l i d argument ( s ) to CALLOC( ) in

f i l e %s , l i n e %d\n” , f i l e , l i n e ) ;
e x i t ( 2 ) ;

}

ptr = c a l l o c ( count , nbytes ) ;
i f ( ! ptr ) {

f p r i n t f ( s tde r r , ”CALLOC( ) f a i l e d in f i l e %s , l i n e %d\n” ,
f i l e , l i n e ) ;

e x i t ( 2 ) ;
}

return ptr ;
}
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void m free (void ∗ptr , const char ∗ f i l e , int l i n e )
{

i f ( ptr ) f r e e ( ptr ) ;
}

void ∗m rea l l o c (void ∗ptr , int nbytes , const char ∗ f i l e , int l i n e )
{

void ∗newptr ;

i f ( ! ptr | | nbytes <= 0) {
f p r i n t f ( s tde r r , ” I nva l i d argument ( s ) to REALLOC( ) in

f i l e %s , l i n e %d\n” , f i l e , l i n e ) ;
e x i t ( 2 ) ;

}

newptr = r e a l l o c ( ptr , nbytes ) ;
i f ( ! newptr ) {

f p r i n t f ( s tde r r , ”REALLOC( ) f a i l e d in f i l e %s , l i n e %d\n” ,
f i l e , l i n e ) ;

e x i t ( 2 ) ;
}

return newptr ;
}

char ∗m strdup ( const char ∗ src , const char ∗ f i l e , int l i n e )
{

char ∗dst = mal loc ( s t r l e n ( s r c )+1) ;

i f ( ! dst ) {
f p r i n t f ( s tde r r , ”STRUDP( ) f a i l e d in f i l e %s , l i n e %d\n” ,

f i l e , l i n e ) ;
e x i t ( 2 ) ;

}

return s t r cpy ( dst , s r c ) ;
}

FILE ∗m fopen ( char ∗ f i l ename , char ∗ type , const char ∗ f i l e , int l i n e )
{

FILE ∗ fp ;
fp=fopen ( f i l ename , type ) ;
i f ( fp == NULL){

f p r i n t f ( s tde r r , ”FOPEN( ) f a i l e d in f i l e %s , l i n e %d\n” ,
f i l e , l i n e ) ;

e x i t ( 2 ) ;
}
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return fp ;
}

void m fc l o se (FILE ∗ fp , const char ∗ f i l e , int l i n e )
{

i f ( fp ) f c l o s e ( fp ) ;
}
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