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�� EISAGWGH

To j�ma aut�c thc ergas�ac e�nai h eikas�a tou uperepip�dou gia kurt� s�mata
ston Rn � �Enac ap� touc pollo�c isod�namouc tr�pouc me touc opo�ouc mpore� na
diatupwje� e�nai o ex�c	

Eikas�a� Up�rqei ap�luth stajer� c � � t�toia �ste	 gia k�je kurt� s�ma K
ston Rn pou �qei �gko �
 up�rqei �n� ���di�stath tom� tou K pou pern�ei ap� to
k�ntro b�rouc tou kai �qei �n� ����gko megal�tero ap� c�

To kal�tero gnwst� apot�lesma gia to pr�blhma �qei apodeiqje� ap� ton J�
Bourgain ��Bou��
 �����	 An to K �qei k�ntro summetr�ac thn arq� twn ax�nwn o
kai �gko �
 t�te up�rqei �n����di�stath kentrik� tom� tou K me �gko megal�tero
ap� �c �

p
n logn���
 �pou c � � ap�luth stajer��

Gia thn ap�deixh tou jewr�matoc tou Bourgain apaito�ntai poll� ap� ta basik�
apotel�smata thc asumptwtik�c jewr�ac q�rwn peperasm�nhc di�stashc me n�rma	

�� H anis�thta Brunn�Minkowski kai efarmog�c thc sthn mel�th twn tom�n
en�c kurto� s�matoc �Kef�laio ���


� H anis�thta tou Pisier gia th n�rma thc Rademacher probol�c� Sun�peia	
k�je summetrik� kurt� s�ma �qei grammik� eik�na �gkou � me m�so pl�toc mikr��
tero ap� c

p
n logn �Kef�laio 
��

�� H anis�thta tou Sudakov gia touc arijmo�c k�luyhc en�c s�matoc ap�
mp�lec dedom�nhc akt�nac
 kai h di�spash Dudley�Fernique �Kef�laio ���

K�je kurt� s�ma K ston Rn me k�ntro b�rouc to o �qei grammik� eik�na TK
�gkou � me thn idi�thta Z

TK

hx� �i�dx � L�
K

gia k�je monadia�o di�nusma �
 �pou h�� �i to sunhjism�no eswterik� gin�meno ston
Rn � H eik�na TK e�nai monos�manta orism�nh an exair�soume orjog�niouc meta�
sqhmatismo�c
 kai l�getai isotropik� j�sh tou K� H stajer� LK e�nai monos��
manta orism�nh gia thn grammik� kl�sh tou K
 kai l�getai isotropik� stajer� tou
K� Sto Kef�laio � apodeikn�oume �ti h eikas�a tou uperepip�dou e�nai isod�namh
me thn �parxh ap�luthc stajer�c C � � me thn idi�thta	 LK � C gia k�je kurt�
s�ma K me k�ntro b�rouc to o�

Me mikr�c tropopoi�seic tou epiqeir�matoc tou Bourgain de�qnoume �ti LK �
c �
p
n logn gia k�je kurt� s�ma K ston Rn pou �qei k�ntro b�rouc to o� To apot��

lesma aut� genike�ei thn ekt�mhsh tou Bourgain gia thn eikas�a tou uperepip�dou
se mh�summetrik� kurt� s�mata� To prohgo�meno gnwst� apot�lesma �tan h ani�
s�thta LK � c

p
n �bl�pe S� Dar
 �D��
 �D	���

T�loc
 apodeikn�oume thn isodunam�a thc eikas�ac tou uperepip�dou me tic
asumptwtik�c ekdoq�c klasik�n problhm�twn thc Kurt�c Gewmetr�ac
 �pwc to pr��
blhma twn Busemann kai Petty
 kai to pr�blhma tou Sylvester�
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�� H ANISOTHTA BRUNN�MINKOWSKI

��� Kurt� s�mata�

Ena sumpag�c kurt� upos�nolo K tou Rn l�getai kurt� s�ma an �qei mh ken�
eswterik�� Ja l�me oti to K e�nai summetrik�
 an �qei k�ntro summetr�ac thn arq�
twn ax�nwn o�

�� Estw K summetrik� kurt� s�ma ston Rn � H apeik�nish k�kK 
� k�k 
 Rn � R�

pou or�zetai ap� thn
kxk � minf� � � 
 x � �Kg

�qei tic ak�loujec idi�thtec	

��� kxk � � me is�thta m�no an x � o�
��� k�xk � j�jkxk � x � Rn � � � R�
��� kx� yk � kxk� kyk � x� y � Rn 


e�nai dhlad� n�rma ston Rn � O Rn efodiasm�noc me thn n�rma k�kK ja sumbol�zetai
me XK � Ant�strofa
 an X � �Rn � k �k� e�nai �nac q�roc me n�rma
 t�te h monadia�a
tou mp�la KX � fx � R

n 
 kxk � �g e�nai summetrik� kurt� s�ma ston Rn �

Ap� ton orism� thc n�rmac �petai �mesa oti an K kai L e�nai d�o summetrik�
kurt� s�mata ston Rn 
 t�te K � L an kai m�no an kxkL � kxkK gi� k�je x � R

n �
Ep�shc
 kxkrK � �

rkxkK gi� k�je r � � kai k�je x � Rn �

�� Estw X kai Y d�o n�di�statoi q�roi me n�rma �pwc parap�nw� An T 
 Rn � Rn

e�nai �nac grammik�c metasqhmatism�c �ja gr�foume T � L�Rn �Rn ��
 or�zoume thn
n�rma kT 
 X � Y k tou T wc telest� ap� ton X ston Y wc ex�c	

kT 
 X � Y k � maxfkT �x�kY 
 x � KXg�

Isod�nama
 h n�rma tou T e�nai o mikr�teroc jetik�c arijm�c 	 gi� ton opo�o

T �KX� � 	KY �

O T 
 X � Y l�getai isomorfism�c an e�nai antistr�yimoc �dhlad�
 an T � GLn��

H ap�stash Banach�Mazur twn X kai Y e�nai o arijm�c

d�X�Y � � minfkTk kT��k 
 T � GLng�

kai metr�ei p�so kal� is�morfoi e�nai oi X kai Y � Mia isod�namh gewmetrik�
ermhne�a e�nai h ex�c	 h d�X�Y � e�nai o mikr�teroc 	 � � gia ton opo�o up�rqei
T � GLn pou ikanopoie� thnKY � T �KX� � 	KY � E�kola bl�poume oti d�X�Y � �
d�Y�X� gia k�je X kai Y �h d e�nai summetrik��
 kai d�X�Y � � � an kai m�no an
up�rqei T 
 X � Y isometr�a�

Jewro�me to s�nolo Bn �lwn twn kl�sewn isodunam�ac n�di�statwn q�rwn
me n�rma
 �pou o X e�nai isod�namoc me ton X � an kai m�no an oi X kai X � e�nai
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isometriko�� O Bn e�nai sumpag�c metrik�c q�roc
 me metrik� thn log d	 h trigwnik�
anis�thta e�nai sun�peia thc

d�X�Y � � d�X�Z� d�Z� Y �

pou epalhje�etai e�kola gia k�je tri�da X�Y� Z � Bn�
O metrik�c q�roc �Bn� log d� sun�jwc l�getai Banach�Mazur compactum �

Minkowski compactum� Ant� gia thn log d
 ja qrhsimopoio�me thn d san mia pol�
laplasiastik� ap�stash ston Bn�
�� Upoj�toume oti o Rn e�nai efodiasm�noc me mia Eukle�deia dom� h�� �i
 kai sum�
bol�zoume thn ant�stoiqh Eukle�deia n�rma me j � j� Gr�foume Dn gia thn Eukle�deia
monadia�a mp�la
 kai Sn�� gia th monadia�a sfa�ra� O �gkoc thc Dn ja sumbol��
zetai me 
n� E�nai 
n � �n�����n� � ��� Pi� genik�
 an me �np sumbol�soume ton
q�ro �Rn � k � kp�
 p � �
 �pou kxkpp �

Pn
i�� jxijp
 t�te h monadia�a mp�la Bn

p tou
�np �qei �gko

jBn
p j �

�	��� � �
p ��

n

��� � n
p �

�

�gia thn ap�deixh
 bl�pe �Pi���� Gr�foume 
 gia to m�tro pijan�thtac sthn Sn�� pou
e�nai anallo�wto wc proc touc orjog�niouc metasqhmatismo�c tou Rn � H epif�neia
thc Sn�� e�nai �sh me n
n�

�Estw K kurt� s�ma ston Rn 
 me o � int�K�� H aktinik� sun�rthsh 	K 

Rnnfog � R� tou K or�zetai ap� thn

	K�x� � maxf� � � 
 �x � Kg�
Parathr�ste oti
 gia k�je x �� o

	K�x� � kxk���

H sun�rthsh st�rixhc hK 
 Rn � R tou K or�zetai ap� thn

hK�x� � maxfhx� yi 
 y � Kg�
H sq�sh an�mesa sthn aktinik� sun�rthsh 	K kai thn sun�rthsh st�rixhc hK gi�
dosm�nh die�junsh � � Sn�� e�nai 	K��� � hK����

To pl�toc en�c kurto� s�matoc K sthn die�junsh en�c � � Sn�� or�zetai ap� thn

wK��� � hK��� � hK�����
To m�so pl�toc tou K e�nai to

w�K� �

Z
Sn��

wK���
�d�� � 	

Z
Sn��

hK���
�d���

To polik� s�ma K� tou K e�nai to

K� 
� fy � R
n 
 jhx� yij � ���x � Kg�
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Oi basik�c idi�thtec tou poliko� s�matoc perigr�fontai sthn ak�loujh pr�tash	

Pr�tash� Estw K kai L summetrik� kurt� s�mata ston Rn � Isq�oun ta ex�c�
��� Gia k�je � � Sn��	 	K���� � ��hK����
�	� An K � L	 t�te L� � K��
�
� An T � GLn	 t�te �TK�� � �T�����K���
��� �K��� � K�
��� jTKjj�TK��j � jKjjK�j� �


� H du
k� n�rma k � k� thc k � k or�zetai ap� thn

kyk� � maxfjhx� yij 
 kxk � �g�
Ap� ton orism� e�nai faner� oti

jhx� yij � kyk�kxk
gi� k�je x� y � R

n � An X� e�nai o du
k�c q�roc tou X 
 t�te h monadia�a mp�la
KX� tou X� e�nai to polik� s�ma thc monadia�ac mp�lac KX tou X � Ja gr�foume
k � kK� � k � k�
 kai k � kK � k � k qwr�c aut� na dhmiourge� s�gqush�

�� Jewro�me �na summetrik� kurt� s�ma K ston Rn kai thn oikog�neia E�K� �lwn
twn elleiyoeid�n pou peri�qontai sto K� Ena elleiyoeid�c ston Rn e�nai �na kurt�
s�ma thc morf�c

E �

�
x � R

n 


nX
i��

hx� vii�
��
i

� �

�
�

�pou fvigi�n e�nai orjokanonik� b�sh tou Rn 
 kai ��� � � � � �n e�nai jetiko� pragma�
tiko� arijmo� �oi dieuj�nseic kai ta m�kh twn hmiax�nwn tou E ant�stoiqa�� E�kola
el�gqoume oti E � T �Dn�
 �pou T e�nai o grammik�c metasqhmatism�c tou Rn pou
or�zetai ap� tic T �vi� � �ivi
 i � �� � � � � n�

O F� John ��Jo�
 ����� �deixe oti up�rqei monadik� elleiyoeid�c E pou peri�qetai
sto K kai �qei ton m�gisto dunat� �gko
 kai oti K 	 p

nE� Sun�peia auto� tou
apotel�smatoc e�nai h

d�X� �n� � �
p
n

gia k�je X � Bn
 pou prok�ptei �mesa ap� ton egkleism� E 	 K 	 p
nE kai ton

orism� thc ap�stashc Banach�Mazur�

�� To �jroisma Minkowski twn A�B 	 Rn e�nai to A�B � fa� b 
 a � A� b � Bg�
An � � �
 t�te �A � f�a 
 a � Ag�

Gia tic apode�xeic twn parap�nw isqurism�n parap�mpoume ton anagn�sth sta
bibl�a twn R�J� Gardner �Gar�
 V�D� Milman kai G� Schechtman �MS�
 kai R� Sch�
neider �Sch��

��� H anis�thta Brunn�Minkowski�

H anis�thta Brunn�Minkowski sund�ei to �jroisma Minkowski me ton �gko
ston Rn 	

�



Je�rhma �� Estw K kai T d�o mh ken� sumpag� upos�nola tou Rn � T�te	

��� jK � T j��n � jKj��n � jT j��n�
Sthn per�ptwsh pou ta K kai T e�nai kurt� s�mata
 is�thta sthn ��� mpore� na
isq�ei m�no an ta K kai T e�nai omoiojetik��

H ��� ekfr�zei me m�a �nnoia to gegon�c oti o �gkoc e�nai ko�lh sun�rthsh
wc proc thn pr�sjesh kat� Minkowski� Gia to l�go aut� suqn� gr�fetai sthn
ak�loujh morf�	 An K�T e�nai mh ken� sumpag� upos�nola tou Rn kai � � ��� ��

t�te

�	� j�K � ��� ��T j��n � �jKj��n � ��� ��jT j��n�

Qrhsimopoi�ntac thn �
� kai thn anis�thta arijmhtiko��gewmetriko� m�sou
 mpo�
ro�me ak�ma na gr�youme	

�
� j�K � ��� ��T j � jKj�jT j����

H asjen�sterh aut� morf� thc anis�thtac Brunn�Minkowski �qei to pleon�kthma
oti e�nai anex�rthth thc di�stashc�

Up�rqoun poll�c kai endiaf�rousec apode�xeic thc ���� Ja d�soume ed� thn
ap�deixh thc sunarthsiak�c morf�c thc anis�thtac
 pou ofe�letai stouc Pr�ekopa
kai Leindler �bl�pe �Pi���	

Je�rhma �� Estw f� g� h 
 Rn � R� treic metr�simec sunart�seic	 kai � � ��� ���
Upoj�toume oti oi f kai g e�nai oloklhr�simec	 kai oti	 gia k�je x� y � Rn

��� h��x� ��� ��y� � f�x��g�y�����

T�te	 Z
Rn

h �
�Z

Rn

f

�� �Z
Rn

g

����

�

Ap�deixh� Ja de�xoume thn anis�thta me epagwg� wc proc thn di�stash n�

�a� n � �	 Qrhsimopoi�ntac basik� apotel�smata ap� thn jewr�a tou oloklhr��
matoc Lebesgue
 mporo�me na upoj�soume oti oi f kai g e�nai suneqe�c kai gn�sia
jetik�c� H ap�deixh pou ja d�soume bas�zetai sthn id�a thc metafor�c tou m�trou�

Or�zoume x� y 
 ��� ��� R m�sw twnZ x�t�

��

f � t

Z
f �

Z y�t�

��

g � t

Z
g�

Me b�sh tic upoj�seic mac oi x� y e�nai paragwg�simec
 kai gia k�je t � ��� ��
�qoume

x��t�f�x�t�� �

Z
f � y��t�g�y�t�� �

Z
g�

�



Or�zoume z 
 ��� ��� R me

z�t� � �x�t� � ��� ��y�t��

Oi x kai y e�nai gn�sia a�xousec� Epetai oti h z e�nai ki aut� gn�sia a�xousa kai

ap� thn anis�thta arijmhtiko��gewmetriko� m�sou


z��t� � �x��t� � ��� ��y��t� � �x��t����y��t������

Mporo�me loip�n na ektim�soume to olokl�rwma thc h k�nontac thn allag� meta�
blht�n s � z�t�	Z

h �

Z �

�

h�z�t��z��t�dt

�
Z �

�

h��x�t� � ��� ��y�t���x��t����y��t�����dt

�
Z �

�

f��x�t��g����y�t��

� R
f

f�x�t��

��� R
g

g�y�t��

����

dt

�

�Z
f

���Z
g

����

�

�b� Epagwgik� b�ma� Upoj�toume oti n � 	 kai oti to Je�rhma �qei apodeiqje�
gia k � f�� � � � � n� �g� Estw f� g� h �pwc sto Je�rhma� Gia k�je s � R or�zoume
hs 
 Rn�� � R� me hs�w� � h�w� s�
 kai me an�logo tr�po or�zoume fs� gs 

Rn�� � R� � Ap� thn ��� �petai oti
 an x� y � Rn�� kai s�� s� � R t�te

h�s�������s���x � ��� ��y� � fs��x�
�gs��y�

����

kai h epagwgik� up�jesh mac d�nei

H��s� � ��� ��s�� 
�

Z
Rn��

h�s�������s�

�
�Z

Rn��

fs�

�� �Z
Rn��

gs�

����

�
 F ��s��G
����s���

Efarm�zontac t�ra xan� thn epagwgik� up�jesh gia n � � stic sunart�seic F�G
kai H 
 pa�rnoumeZ

h �

Z
R

H �
�Z

R

F

���Z
R

G

����

�

�Z
f

���Z
g

����

� �

Ap�deixh tou Jewr�matoc �� Estw K�T sumpag� mh ken� upos�nola tou Rn 
 kai
� � ��� ��� Or�zoume f � �K 
 g � �T 
 kai h � ��K������T � E�kola el�gqoume oti
ikanopoio�ntai oi upoj�seic tou Jewr�matoc 

 op�te

j�K � ��� ��T j �
Z

h �
�Z

f

�� �Z
g

����

� jKj�jT j����

�



Aut� apodeikn�ei thn ��� gia k�je tri�da K�T� �� Gia na p�roume thn ��� jewro�me
K kai T �pwc sto Je�rhma � �me jKj � �
 jT j � ��
 kai or�zoume

K� � jKj���nK � T� � jT j���nT � � �
jKj��n

jKj��n � jT j��n �

Ta K� kai T� �qoun �gko �
 op�te ap� thn ��� pa�rnoume

�
� j�K� � ��� ��T�j � ��

Omwc


�K� � ��� ��T� �
K � T

jKj��n � jT j��n �

epom�nwc h �
� pa�rnei thn morf�

jK � T j �
�
jKj��n � jT j��n

�n
� �

H anis�thta Brunn � Minkowski e�nai to jem�lio thc jewr�ac twn kurt�n sw�
m�twn� D�noume ed� merik�c m�no ap� tic efarmog�c thc
 aut�c pou �qoun sq�sh
me ta j�mata pou ja mac apasqol�soun	

�� H anis�thta twn Rogers kai Shephard�

To s�ma diafor�n tou kurto� s�matoc K e�nai to

K �K � fx� y j x� y � Kg�

To K �K e�nai summetrik� �me k�ntro summetr�ac to o�
 kai jK �Kj � jKj� Oi
Rogers kai Shephard �RS� �dwsan akrib�c �nw fr�gma gia ton �gko tou s�matoc
diafor�n	

Je�rhma �� Estw K kurt� s�ma ston Rn � T�te	

jK �Kj �
�
	n

n

�
jKj�

Ap�deixh� H anis�thta Brunn�Minkowski mpa�nei sthn ap�deixh me th morf� tou
ex�c l�mmatoc	
L�mma� An K kai T e�nai kurt� s�mata ston Rn 	 h sun�rthsh

x �� jK � �x � T �j��n

e�nai ko�lh ston for�a thc�

�To L�mma e�nai �mesh sun�peia tou egkleismo�

��K � �x� T �� � ��� ���K � �y � T �� � K � ���x � ��� ��y� � T ��

�	



Epetai oti
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Parat�rhsh� Exet�zontac pi� prosektik� thn ap�deixh
 kai pa�rnontac up�yh thn
sunj�kh is�thtac sthn anis�thta Brunn�Minkowski
 bl�poume oti isq�ei is�thta
sto Je�rhma � an kai m�no an to K �qei thn ak�loujh idi�thta	

�rK � x� � �sK � y� � tK � w

gia k�je r� s � � kai x� y � Rn 
 dhlad� an h tom� d�o �qi x�nwn omoiojetik�n
proc to K swm�twn e�nai ki aut� omoiojetik� proc to K� Oi Rogers kai Shephard
ap�deixan oti h idi�thta aut� qarakthr�zei to simplex�

��



H qrhsim�thta thc ekt�mhshc tou Jewr�matoc � �gkeitai sthn parat�rhsh oti
o �gkoc tou K �K den e�nai pol� megal�teroc ap� ton �gko tou K	

jK �Kj��n � �jKj��n�
dhlad�
 k�je kurt� s�ma �pou peri�qei to o� peri�qetai se �na summetrik� kurt�
s�ma me �per�pou� ton �dio �gko� H parat�rhsh aut� ja qrhsimopoihje� ousiastik�
sthn sun�qeia�

�� Tom�c en�c kurto� s�matoc me par�llhla uperep�peda�

Jewro�me �na kurt� s�ma K ston Rn 
 kai stajeropoio�me m�a die�junsh � �
Sn��� Or�zoume f � fK�� 
 R � R� wc ex�c	

f�t� � jK � ��� � t��j�
O �gkoc ed� e�nai �n � ���di�statoc� Dhlad�
 f�t� e�nai to �embad�n� thc tom�c
tou K pou e�nai k�jeth sto � kai se �proshmasm�nh� ap�stash t ap� ton ���

Je�rhma 
� Estw K kurt� s�ma	 � � Sn��	 kai f�t� � jK � ��� � t��j� T�te	 h
f

�
n�� e�nai ko�lh ston for�a thc�

Ap�deixh� Mporo�me na upoj�soume oti � � en
 op�te taut�zoume fusiologik� ton
�� me ton Rn�� � Gia k�je t or�zoume

K�t� � fx � R
n��

�� �x� t� � Kg�

Estw I � ft �� K�t� �� 
g� Gia k�je t � I 
 to K�t� e�nai kurt�
 kai an t� s � I 

� � ��� ��
 t�te

�K�t� � ��� ��K�s� � K��t� ��� ��s��

Ap� thn anis�thta Brunn�Minkowski ston Rn�� 


jK��t� ��� ��s�j �
n�� � �jK�t�j �

n�� � ��� ��jK�s�j �
n�� �

Omwc f�t� � jK � ��� � t��j � jK�t�j
 ki aut� d�nei to zhto�meno� �

Parat�rhsh� Istorik�
 to Je�rhma � prohg�jhke thc anis�thtac Brunn�Minkowski�
O Brunn �deixe to parap�nw apot�lesma me thn m�jodo thc summetrikopo�hshc
 kai
o Minkowski �dwse mia ap�deixh tou Jewr�matoc � qrhsimopoi�ntac to�

P�risma �� Me tic upoj�seic tou Jewr�matoc 
	 h f e�nai logarijmik� ko�lh ston
for�a thc�

Ap�deixh� Qrhsimopoi�ntac thn anis�thta arijmhtiko��gewmetriko� m�sou
 pa�r�
noume

f��t� ��� ��s� � f�t��f�s����

gia k�je t� s � I kai � � ��� ��� Aut� shma�nei oti h log f e�nai ko�lh sto I � �

P�risma �� An to K e�nai summetrik� me k�ntro to o	 t�te kfk� � f���	 dhlad�
h m�gisth tom� tou K e�nai h kentrik��

��



Ap�deixh� Ap� thn up�jesh thc summetr�ac �petai oti K��t� � �K�t� gia k�je
t � I � Ap� to P�risma �
 h f e�nai �rtia kai logarijmik� ko�lh sto I � Ara
 gia
k�je t � I 


f��� � f

�
t� ��t�

	

�
�
p
f�t�

p
f��t� � f�t�� �

�� Mia anis�thta tou Anderson�

Jewro�me mia �rtia
 logarijmik� ko�lh sun�rthsh f 
 Rn � R� � T�te
 gia
k�je t � � to s�nolo

fx � R
n
�� f�x� � tg

e�nai summetrik� kai kurt�� Opwc sto P�risma 

 e�kola el�gqoume oti kfk� �
f����

H anis�thta tou Anderson �And� afor� to olokl�rwma miac t�toiac sun�rthshc
p�nw se summetrik� kurt� s�mata	

Je�rhma �� Estw f 
 Rn � R� �rtia oloklhr�simh sun�rthsh me thn idi�thta
to fx �� f�x� � tg na e�nai kurt� gia k�je t � �� T�te	 gia k�je summetrik� wc proc
to o kurt� s�ma W kai k�je z � Rn isq�eiZ

W

f�x�dx �
Z
W�z

f�x�dx�

Ap�deixh� Qrhsimopoi�ntac thn sun�rthsh katanom�c thc f gr�foumeZ
W�z

f�x�dx �

Z �

�

jfx �� f�x� � tg � �W � z�jdt � z � R
n �

Afo� ta fx �� f�x� � tg kai W e�nai kurt�
 �petai oti

�

	

�fx �� f�x� � tg � �W � z�
�
�
�

	

�fx �� f�x� � tg � �W � z�
� � fx �� f�x� � tg �W

gia k�je t� Ap� thn anis�thta Brunn � Minkowski pa�rnoume

jfx �� f�x� � tg �W j � jfx �� f�x� � tg � �W � z�j���jfx �� f�x� � tg � �W � z�j����
Omwc h f e�nai �rtia kai to W summetrik�
 �ra

fx �� f�x� � tg � �W � z� � � �fx �� f�x� � tg � �W � z�
�
�

epom�nwc
jfx �� f�x� � tg �W j � jfx �� f�x� � tg � �W � z�j�

Oloklhr�nontac �qoumeZ
W

f�x�dx �

Z �

�

jfx �� f�x� � tg �W jdt

�
Z �

�

jfx �� f�x� � tg � �W � z�jdt

�

Z
W�z

f�x�dx� �

��




� To L�mma tou Borell�
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�� ELAQISTO MESO PLATOS
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Gia thn de�terh anis�thta t�ra
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E�kola el�gqoume oti h f e�nai kurt�
 epom�nwc h m�gisth tim� thc pa�rnetai se
koruf� tou ���� ��n� Ak�ma
 h f e�nai �rtia kai h tim� thc se �lec tic koruf�c e�nai
h �dia� Ara
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L�gw thc anexarths�ac kai summetr�ac twn hi
 oi hi kai rihi �qoun thn �dia katanom�
stouc � kai En
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qrhsimopoi�ntac p�li ton kan�na tou parallhlogr�mmou�
An t�ra o q�roc e�nai q�roc Banach
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Sundu�zontac tic d�o prot�seic
 pa�rnoume thn ekt�mhsh gia to el�qisto m�so
pl�toc	

Je�rhma �� An K e�nai summetrik� kurt� s�ma ston Rn 	 up�rqei grammik�
eik�na tou �K me �gko j �Kj � � kai m�so pl�toc
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To �dio isq�ei gia k�je grammik� eikona tou K kai to polik� thc �oi n�rmec b�baia
e�nai aut�c pou or�zontai ap� ta d�o s�mata�� An u h apeik�nish tou L�mmatoc tou
Lewis kai �K � u���K�
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w� �K� � c�

p
n lognkRadn�X�k� �

Parat�rhsh� H ekt�mhsh tou Pisier gia thn kRadn�X�k mac d�nei mia pol� kal�
ekt�mhsh gia to el�qisto m�so pl�toc	

P�risma� K�je summetrik� kurt� s�ma ston Rn �qei grammik� eik�na K me �gko
� kai m�so pl�toc w�K� � c

p
n log� n� �

Mpore� m�lista kane�c na de�xei �bl�pe �Pi��� oti o �nac ap� touc d�o logar�j�
mouc sto parap�nw P�risma den e�nai apara�thtoc� Aut� pou ja do�me sth sun�qeia
e�nai oti o�te kai h summetr�a tou K e�nai apara�thth	

Je�rhma �� Estw K kurt� s�ma ston Rn me o � int�K�� Up�rqei grammik�
eik�na �K tou K me �gko �	 t�toia �ste

w� �K� � c
p
n logn�

Ap�deixh� Jewro�me to s�ma diafor�n K �K tou K� Up�rqei grammik�c meta�
sqhmatism�c T tou Rn t�toioc �ste jT �K �K�j � � kai

w�T �K �K�� � c
p
n logn�

Parathro�me oti T �K �K� � TK � TK
 kai
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�du�
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Ep�shc
 ap� thn anis�thta twn Rogers kai Shephard
 �qoume

jTKj � ��njTK � TKj � ��n�
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Ara
 up�rqei c� � � t�toia �ste to �K � c�TK na �qei �gko �� S�mfwna me ta
parap�nw


w� �K� � �w�TK� � 	c
p
n log n� �

Parat�rhsh� To m�so pl�toc en�c kurto� s�matoc e�nai anallo�wto wc proc orjo�
g�niouc metasqhmatismo�c
 mporo�me loip�n na upoj�soume oti o T sto Je�rhma

 e�nai summetrik�c kai jetik� orism�noc�

��� Qarakthrism�c thc j�shc elaq	stou m�sou pl�touc�

Estw K kurt� s�ma ston Rn �qwr�c periorism� thc genik�thtac mporo�me na
upoj�soume oti o � intK�� L�me oti to K �qei el�qisto m�so pl�toc an w�K� �
w�TK� gia k�je T � SLn� Ena apl� epiqe�rhma sump�geiac de�qnei �ti m�sa se
k�je kl�sh grammik� isod�namwn swm�twn me ton �dio �gko
 up�rqei antipr�swpoc
me el�qisto m�so pl�toc� Skop�c mac e�nai na bro�me anagka�a kai ikan� sunj�kh
�ste to K na �qei el�qisto m�so pl�toc� Gia apl�thta upoj�toume oti h hK e�nai
d�o for�c suneq�c paragwg�simh kai oti to K e�nai gn�sia kurt� �l�me t�te oti to
K e�nai le�o��

Je�rhma � �GM� Ena le�o kurt� s�ma K ston Rn �qei el�qisto m�so pl�toc an
kai m�no an
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gia k�je T � L�Rn �Rn �� Epipl�on	 aut� h j�sh el�qistou m�sou pl�touc e�nai
monadik� an exair�soume orjog�niouc metasqhmatismo�c�

Ap�deixh� Upoj�toume pr�ta oti to K �qei el�qisto m�so pl�toc� Estw T �
L�Rn �Rn � kai � � � arket� mikr�� T�te
 o �I��T ����det�I��T ����n diathre� touc
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 epom�nwcZ
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Antikajist�ntac ton T me �T sthn �
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Ant�strofa
 ac upoj�soume oti h �
� isq�ei� Jewro�me T � SLn
 kai qw�
r�c periorism� thc genik�thtac upoj�toume oti o T � e�nai summetrik�c kai jetik�
orism�noc� T�te
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Omwc
 rhK�u� e�nai to monadik� shme�o tou sun�rou tou K sto opo�o to u e�nai to
exwterik� k�jeto di�nusma touK �bl�pe �Sch�
 sel� ���� Eidik�tera
 rhK�u� � K

kai aut� �qei san sun�peia thn
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Aut� de�qnei oti to K �qei el�qisto m�so pl�toc� Epipl�on
 ap� thn anis�thta
arijmhtiko��gewmetriko� m�sou
 mporo�me na �qoume is�thta m�no an o T e�nai
h tautotik� apeik�nish� Aut� apodeikn�ei thn monadik�thta thc j�shc el�qistou
m�sou pl�touc an exair�soume U � O�n�� �

Jewro�me to m�tro �K sthn Sn�� me pukn�thta hK wc proc to 
� Ja apo�
de�xoume oti �na le�o kurt� s�ma K �qei el�qisto m�so pl�toc an kai m�no an
to �K e�nai isotropik�
 dhlad� an to
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� � Sn���

Gia ton skop� aut� d�noume pr�ta meriko�c orismo�c �bl�pe �Gr�� gia tic le�

ptom�reiec�	 Estw f pragmatik� sun�rthsh orism�nh sto Rnnfog� Gr�foume �f gia
ton periorism� thc f sthn Sn��� An mia sun�rthsh F e�nai orism�nh sthn Sn��
 h
aktinik� ep�ktash f thc F sto Rnnfog or�zetai m�sw thc f�x� � F �x�jxj�� An h F
e�nai d�o for�c paragwg�simh sun�rthsh sthn Sn��
 or�zoume

�oF � c�f ��� roF � crf�
�pou f e�nai h aktinik� ep�ktash thc F � O �o e�nai o telest�c Laplace�Beltrami�
Ap� ton t�po tou Green �qoumeZ
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Je�rhma �� Ena le�o kurt� s�ma K �qei el�qisto m�so pl�toc an kai m�no anZ
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gia k�je � � Sn�� �isod�nama	 an to �K e�nai isotropik���

Ap�deixh� �Perigraf�� E�kola el�gqoume oti h is�thta tou Jewr�matoc � isq�ei
gia k�je T � L�Rn �Rn � an kai m�no an

IK��� �
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gia k�je � � Sn��� To zhto�meno e�nai t�ra sun�peia tou Jewr�matoc � kai tou
L�mmatoc �� �
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�� ENTROPIA

��� Arijmo	 k�luyhc� h anis�thta tou Sudakov kai h duik� thc�

Estw K kai W d�o summetrik� kurt� s�mata ston Rn � Mac endiaf�rei o
el�qistoc arijm�c metafor�n tou �W 
 � � �
 pou arko�n gia na kal�youme to K�
Or�zoume loip�n ton ��arijm� k�luyhc N�K� �W � m�sw thc

��� N�K� �W � � minfN � N
�� �x�� � � � � xN � R

n 
 K � ��xi � �W �g�
an den mac endiaf�rei h j�sh twn k�ntrwn xi� An j�loume ta k�ntra xi na an�koun
sto K
 j�toume

�	� N�K� �W � � minfN � N
�� �x�� � � � � xN � K 
 K � ��xi � �W �g�

Parathr�seic� �i� Oi N�K� �W � kai N�K� �W � e�nai fj�nousec sunart�seic tou ��

�ii� Ap� touc parap�nw orismo�c e�nai saf�c oti

�
� N�K� �W � � N�K� �W ��

Mporo�me �mwc na do�me oti oi d�o arijmo� k�luyhc e�nai ousiastik� sugkr�simoi	

��� N�K� 	�W � � N�K� �W ��

Ap�deixh� J�toume N � N�K� �W �� Up�rqoun x�� � � � � xN � Rn t�toia �ste K �
��xi � �W �� Gia k�je i � �� � � � � N 
 pr�pei na isq�ei

K � �xi � �W � �� 
�
giat� alli�c ta xj � �W 
 j �� i ja k�luptan to K �kai ja �tan lig�tera ap�
N�� Epom�nwc
 gia k�je i � N up�rqei yi � K t�toio �ste kxi � yikW � �� Estw
x � K� Up�rqei i � N t�toio �ste kx�xikW � �
 kai ap� thn trigwnik� anis�thta

kx� yikW � 	�� Ara


K � �i�N �yi � 	�W ��

Dhlad�
 N�K� 	�W � � N � �

�iii� Oi arijmo� k�luyhc N ikanopoio�n thn ex�c pollaplasiastik� anis�thta	
An K�V kai W e�nai summetrik� kurt� s�mata kai �� � � �
 t�te

��� N�K� ��W � � N�K� �V �N�V� �W ��

Ap�deixh� J�toume N� � N�K� �V � kai N� � N�V� �W �� Up�rqoun x�� � � � � xN�
�

Rn t�toia �ste
K � �x� � �V � � � � � � �xN�

� �V ��

kai y�� � � � � yN�
� Rn t�toia �ste

V � �y� � �W � � � � � � �yN�
� �W ��

��



Jewro�me ta shme�a xi � �yj � To pl�joc touc e�nai to pol� N�N�
 kai

K � �i�N�
�xi � �V � � �i�N�

�xi � � �j�N�
�yj � �W ��

� �i�j�xi � �yj � ��W ��

Ara
 N�K� ��W � � N�N�� �

�iv� Enac tr�poc gia na ektim�soume ton N�K� �W � e�nai o ex�c	 Jewro�me to
m�gisto pl�joc shme�wn tou K pou an� d�o ap�qoun periss�tero ap� � wc proc
thn k � kW � Ena t�toio s�nolo l�getai ��d�ktuo wc proc thn k � kW �

Estw x�� � � � � xN �na maximal ��d�ktuo wc proc thn k � kW sto K� T�te


��� K � �i�N �xi � �W ��

Alli�c ja up�rqe x � K me thn idi�thta kx � xikW � �
 i � �� � � � � N 
 kai ta
x�� � � � � xN � x ja �dinan �na ��d�ktuo me periss�tera stoiqe�a�

Ap� thn ��� �petai oti N�K� �W � � N �

Skop�c mac e�nai na d�soume ektim�seic gia touc arijmo�c k�luyhc d�o sum�
metrik�n kurt�n swm�twn me b�sh to m�so pl�toc� S�mfwna me thn parat�rhsh
�iii�
 e�nai arket� na ektim�soume touc N�K� tDn� kai N�Dn� tK�	

Je�rhma � �Sudakov� Estw K summetrik� kurt� s�ma ston Rn � Gia k�je t � �
isq�ei

��� logN�K� tDn� � cn

�
w�K�

t

��

�

�pou c � � ap�luth stajer��

H arqik� ap�deixh thc anis�thtac tou Sudakov �Su� pro�rqetai ap� thn jewr�a
twn stoqastik�n anel�xewn� Arg�tera o Talagrand �bl�pe �LT�� �dwse m�a sqetik�
apl� ap�deixh thc du�k�c anis�thtac	

Je�rhma �� Estw K summetrik� kurt� s�ma ston Rn � Gia k�je t � � isq�ei

��� logN�Dn� tK� � cn

�
w�K��

t

��

�

�pou c � � ap�luth stajer��

Ja d�soume pr�ta thn ap�deixh tou Jewr�matoc 

 ap� to opo�o �petai kai to
Je�rhma � me b�sh �na epiqe�rhma du�smo� thc N� Tomczak�Jaegermann�
To epiqe�rhma tou Talagrand qrhsimopoie� to m�tro tou Gauss �n pou or�zetai sta
Borel upos�nola tou Rn ap� thn

��� �n�A� �
�

�	��n��

Z
A

exp��jxj��	�dx�

��



Qrhsimopoi�ntac thn ��� bl�poume oti to �n �qei d�o idi�thtec	 e�nai anallo�wto wc
proc orjog�niouc metasqhmatismo�c kai taut�qrona e�nai gin�meno twn ant�stoiqwn
monodi�statwn m�trwn ���

L�mma� Estw K summetrik� kurt� s�ma ston Rn � Gia k�je z � R
n isq�ei

���� �n�K� � �n�K � z� � exp��jzj��	��n�K��

Ap�deixh� H sun�rthsh x �� exp��jxj��	� e�nai �rtia
 oloklhr�simh
 kai gia k�je
t � � to s�nolo

fx �� exp��jxj��	� � tg
e�nai Eukle�deia mp�la� Ap� thn anis�thta tou Anderson �bl�pe Kef�laio �� �petai
oti
 gia k�je z � Rn 


�n�K� �
�

�	��n��

Z
K

exp��jxj��dx

� �

�	��n��

Z
K�z

exp��jxj��	�dx
� �n�K � z��

Gia thn de�terh anis�thta
 qrhsimopoi�ntac thn summetr�a tou K bl�poume oti

�n�K � z� �
�

�	��n��

Z
K

exp��jz � xj��	�dx �
�

�	��n��

Z
K

exp��jz � xj��	�dx�

�
 pa�rnontac to hmi�jroisma twn d�o oloklhrwm�twn


�n�K � z� �
�

�	��n��

Z
K

exp��jz � xj��	� � exp��jz � xj��	�
	

dx�

H ekjetik� sun�rthsh e�nai kurt�
 epom�nwc

�n�K � z� � �

�	��n��

Z
K

exp���jx� zj� � jx� zj�����dx

�
�

�	��n��

Z
K

exp��jxj��	� jzj��	�dx

� exp��jzj��	� �

�	��n��

Z
K

exp��jxj��	�dx

� exp��jzj��	��n�K�� �

Ap�deixh tou Jewr�matoc �� Estw x�� � � � � xN �na s�nolo shme�wn thcDn
 maximal
wc proc thn

kxi � xjkK � t � i �� j�

�	



Aut� shma�nei oti ta xi �
t
�K �qoun x�na eswterik�� Epetai oti
 gia k�je � � �


ta �xi �
�t
� K �qoun x�na eswterik�
 kai afo� to �n e�nai m�tro pijan�thtac


����

NX
i��

�n��xi �
�t

	
K� � �n

�
�Ni����xi �

�t

	
K�

�
� ��

K�je xi � Dn
 �ra j�xij � �
 i � �� � � � � N � Ap� to L�mma pa�rnoume

�n��xi �
�t

	
K� � exp�����	��n��t

	
K� � i � �� � � � � N�

Epom�nwc
 h ���� d�nei �na �nw fr�gma gia to N 	 Gia k�je � � �


��	� N � exp����	�

�n�
�t
� K�

�

Epil�goume to � � � wc ex�c	Z
Rn

kxkK�n�dx� � c
p
n

Z
Sn��

k�kK
�d��
� c

p
nw�K���

op�te h anis�thta tou Chebyshev d�nei

�n�kxkK � �t�	� � 	

�t

Z
Rn

kxkK�n�dx� � 	c
p
n

�t
w�K���

dhlad�

�� �n�
�t

	
K� � 	c

p
n

�t
w�K���

Pa�rnontac � � �c
p
nw�K���t
 �qoume

�n
�
	c
p
nw�K��K

� � �

	
�

kai ap� thn ��
�

N � 	 exp

�
�c�nw��K���t�

�
�

S�mfwna t�ra me tic parathr�seic �ii� kai �iv�


logN�Dn� tK� � logN�Dn� tK� � logN � �c�n

�
w�K��

t

��

� �

Enac �lloc tr�poc diat�pwshc tou Jewr�matoc 
 e�nai o ex�c	

sup
t	�

t
�
logN�Dn� tK�

���� � c
p
nw�K���

��



anis�thta pou an efarmoste� gia to K� pa�rnei th morf�

��
� A 
� sup
t	�

t
�
logN�Dn� tK

��
���� � c

p
nw�K��

H N� Tomczak�Jaegermann �bl�pe �PT�� parat�rhse mia akrib� sq�sh du�smo�
an�mesa stouc arijmo�c k�luyhc N�K� tDn� kai N�Dn� tK

��	

Je�rhma �� Estw K summetrik� kurt� s�ma ston Rn � Or�zoume

B � sup
t	�

t �logN�K� tDn��
���

�

T�te	 B � ��A�

Ap�deixh� Parathro�me pr�ta oti

	K � �
t�

	
K�� � tDn�

Giat�
 an x � 	K kai x � �t��	�K�
 t�te

jxj� � hx� xi � kxkKkxkK� � 	
t�

	
� t��

Epetai oti

���� N�K� tDn� � N�K� �	K� � �
t�

	
K����

H ep�menh parat�rhsh e�nai oti

���� N�K� �	K� � �
t�

	
K��� � N�K�

t�

	
K���

�O l�goc e�nai oti
 an x�� � � � � xN � K kai K � �i�N �xi � t�

� K
��
 t�te gia k�je

y � K up�rqei i � N t�toio �ste y � xi � t�

� K
�
 �mwc y � xi � 	K op�te

y � �xi � �	K� � � t
�

� K
���
 dhlad�

K � �Ni���xi � �	K� � �
t�

	
K�����

Pa�rnontac up�yin tic ����
 ���� kai tic arqik�c mac parathr�seic gia touc arijmo�c
k�luyhc
 pa�rnoume	

N�K� tDn� � N�K� tDn� � N�K�
t�

	
K��

� N�K�
t�

�
K�� � N�K� 	tDn�N�Dn�

t

�
K���

��



Pa�rnontac logar�jmouc kai k�nontac apl�c pr�xeic �qoume

t� logN�K� tDn� � �

�
�	t�� logN�K� 	tDn� � ���t���� logN�Dn�

t

�
K��

� �

�
�	t�� logN�K� 	tDn� � ��A��

kai pa�rnontac sup wc proc t � � katal�goume sthn


B� � 	��A�� �

Ap�deixh tou Jewr�matoc �� Ap� to Je�rhma � kai thn ����
 gia k�je t � � �qoume

t� logN�K� tDn� � ���A� � cnw��K��

�pou c � � ap�luth stajer�� �

H anis�thta tou Sudakov genike�etai gia mh�summetrik� kurt� s�mata� H
parat�rhsh aut� ja mac qreiaste� sth sun�qeia	

Pr�tash 
� Estw K kurt� s�ma	 me o � int�K�� Gia k�je t � � isq�ei

t� logN�K� tDn� � cnw��K��

�pou c � � ap�luth stajer��

Ap�deixh� Jewro�me to s�ma diafor�n K �K tou K� T�te


w�K �K� � 	

Z
Sn��

hK�K�u�
�du�

� 	

Z
Sn��

�hK�u� � h�K�u��
�du�

� 	

Z
Sn��

�hK�u� � hK��u��
�du�
� 	w�K��

Afo� o � int�K�
 �qoume K � K �K kai h anis�thta tou Sudakov mac d�nei

t� logN�K� tDn� � t� logN�K �K� tDn� � cnw��K �K� � �cnw��K�� �

��� H di�spash Dudley�Fernique�

Jewro�me �na kurt� s�ma K ston Rn � Upoj�toume oti o � K kai gr�foume
R gia thn di�metro tou K� Gia k�je j � N br�skoume peperasm�no upos�nolo Nj

tou K t�toio �ste
jNj j � N�K� �R�	j�Dn��

kai

K � �y�Nj
�y �

R

	j
Dn��

��



T�loc
 or�zoume

Zj � Nj �Nj�� � fy � y�
�� y � Nj � y

� � Nj��g�

L�mma� Gia k�je x � K kai k�jem � N mporo�me na bro�me zj � Zj��
R�	j�Dn	
j � �� � � � �m kai wm � �R�	m�Dn t�toia �ste

x � z� � � � �� zm � wm�

Ap�deixh� Estw x � K� Ap� ton orism� tou Nj 
 mporo�me na bro�me yj � Nj 

j � �� � � � �m
 t�toio �ste

jx� yj j � R

	j
�

Parathr�ste oti san N� mporo�me na p�roume to fog� Gr�foume
x � o� �y� � o� � �y� � y�� � � � �� �ym � ym��� � �x� ym��

J�toume y� � o kai

wm � x� ym � zj � yj � yj�� � j � �� � � � �m�

T�te
 jwmj � jx� ymj � R�	m
 kai zj � Nj �Nj�� � Zj � Ep�shc


jzj j � jx� yj j� jx� yj��j � R

	j
�

R

	j��
�


R

	j
�

T�loc

x � z� � � � �� zm � wm� �

Qrhsimopoi�ntac kai thn anis�thta tou Sudakov �Pr�tash ������ mporo�me na dia�
tup�soume to ak�loujo je�rhma �di�spash Dudley�Fernique�	

Je�rhma� Estw K kurt� s�ma ston Rn 	 me o � K kai di�metro R� Up�rqoun
peperasm�na s�nola Zj � j � N	 t�toia �ste

log jZj j � cn

�
	jw�K�

R

��

�

pou ikanopoio�n to ex�c� gia k�je x � K kai k�je m � N mporo�me na bro�me
zj � Zj � �
R�	j�Dn	 j � �� � � � �m kai wm � �R�	m�Dn t�toia �ste

x � z� � � � �� zm � wm�

H kataskeu� aut� e�nai apl�
 all� pol� qr�simh� Sto ep�meno kef�laio ja do��
me d�o efarmog�c thc sthn ekt�mhsh tou m�sou pl�touc kai thc stajer�c isotrop�ac
en�c kurto� s�matoc� Parathr�ste oti h summetr�a tou K den e�nai kaj�lou apa�
ra�thth	 h anis�thta tou Sudakov kai h di�spash Dudley�Fernique apodeikn�ontai

�pwc e�dame
 kai gia mh summetrik� s�mata�

��




� H EIKASIA TOU UPEREPIPEDOU


�� H isotropik� j�sh en�c kurto� s�matoc�

Jewro�me �na kurt� s�ma K ston Rn pou �qei k�ntro b�rouc to o� Dhlad�
Z
K

xidx � � � i � �� � � � � n�

O telest�c M 
 Rn � R
n pou or�zetai ap� thn

M�y� �

Z
K

hx� yixdx

e�nai summetrik�c kai jetik� orism�noc	

hM�y�� yi �
Z
K

hx� yi�dx � ��

gia k�je y � Rn 
 kai afo� to K �qei mh ken� eswterik�
 is�thta mpore� na isq�ei
m�no an y � o� O p�nakac M�K� pou antistoiqe� ston M l�getai p�nakac adrane�ac
tou K� Dhlad�


�M�K��ij � hM�ej�� eii
� h

Z
K

hx� ejixdx� eii

�

Z
K

hx� ejihx� eiidx

�

Z
K

xixjdx�

Afo� o M�K� e�nai summetrik�c kai jetik� orism�noc
 up�rqei summetrik�c kai
jetik� orism�noc S t�toioc �ste M � S�� Jewro�me thn grammik� eik�na �K �
S���K� tou K� To �K �qei ki aut� san k�ntro b�rouc to o
 kai gia k�je y � Rn

�qoume	 Z

K

hx� yi�dx � jdetSj��

Z
K

hS��x� yi�dx

� jdetSj��

Z
K

hx� S��yi�dx

� jdetSj��h
Z
K

hx� S��yixdx� S��yi
� jdetSj��hMS��y� S��yi � jdetSj��jyj��

Orism�c� Ena kurt� s�ma K ston Rn l�getai isotropik� an �qei �gko jKj � �

k�ntro b�rouc to o
 kai ikanopoie� thn isotropik� sunj�khZ

K

hx� yi�dx � Ajyj�

��



gia k�je y � Rn 
 �pou A � � stajer��

H suz�thsh pou prohg�jhke tou orismo� de�qnei oti k�je kurt� s�ma �qei a�ne
eik�na pou e�nai isotropik�� Den �qoume par� na p�roume metafor� tou me k�ntro
b�rouc to o
 thn grammik� thc eik�na pou perigr�yame
 kai na kanonikopoi�soume
ton �gko thc teleuta�ac� To Je�rhma pou akolouje� de�qnei oti h isotropik� j�sh
en�c s�matoc e�nai monos�manta orism�nh �an exair�soume orjog�niouc metasqh�
matismo�c� kai prok�ptei san l�sh en�c probl�matoc elaq�stou	

Je�rhma �� Estw K kurt� s�ma ston Rn me jKj � � kai k�ntro b�rouc to o� To
K e�nai isotropik� an kai m�no anZ

K

jxj�dx �
Z
TK

jxj�dx

gia k�je T � SLn� K�je kurt� s�ma ston Rn �qei a�ne isotropik� eik�na� Epi�
pl�on	 h isotropik� aut� eik�na e�nai monos�manta orism�nh an exair�soume orjo�
g�niouc metasqhmatismo�c�

Ap�deixh� Upoj�toume pr�ta oti to K e�nai isotropik�
 dhlad� up�rqei stajer�
A � � t�toia �ste

�
�
Z
K

hx� �i�dx � A � � � Sn���

E�kola el�gqoume oti h sunj�kh aut� e�nai isod�namh me thn

�

�
Z
K

hx� Txidx � A�trT �

gia k�je T � L�Rn �Rn �	 H �
� me � � ej kai � � �ei � ej��
p
	 d�neiZ

K

xixjdx � A�ij � i� j � �� � � � � n�

An T � �tij�
 t�te Z
K

hx� Txidx �
nX

i�j��

tij

Z
K

xixjdx

�

nX
i�j��

Atij�ij

�

nX
i��

Atii � A�trT ��

Ant�strofa
 an upoj�soume oti isq�ei h �

� kai thn efarm�soume gia ton Tx �
hx� �i�
 � � Sn��
 pa�rnoumeZ

K

hx� �i�dx �

Z
K

hx� Txidx � AtrT � Aj�j� � A�

��



Estw T � SLn� T�te
Z
TK

jxj�dx �

Z
K

jTxj�dx �

Z
K

hx� T �Txidx

� Atr�T �T � � nA �

Z
K

jxj�dx�

�pou qrhsimopoi�same thn anis�thta arijmhtiko��gewmetriko� m�sou sthn morf�

tr�T �T � � n�det�T �T ����n

�to �qnoc e�nai to �jroisma twn idiotim�n kai h or�zousa to gin�men� touc
 kai sthn
sugkekrimm�nh per�ptwsh oi idiotim�c e�nai jetiko� pragmatiko� arijmo��� Is�thta
mpore� na isq�ei m�no an T �T � I 
 dhlad� an T � O�n��

Ant�strofa
 ac upoj�soume oti to K e�nai l�sh tou probl�matoc elaq�stou
�t�toiec l�seic up�rqoun	 k�je isotropik� j�sh tou K e�nai �pwc e�dame mia t�toia
l�sh�� Estw T � L�Rn �Rn �� Gia mikr� � � �
 o I � �T e�nai antistr�yimoc
 op�te
o �I � �T ���det�I � �T ����n diathre� touc �gkouc� Ara


�
 
 
�
Z
K

jxj�dx �
Z
K

jx� �Txj�
�det�I � �T ����n

dx�

Parathro�me oti jx� �Txj� � jxj� � 	�hx� Txi�O���� kai

�det�I � �T ����n � � � 	�
trT

n
�O����

kaj�c �� ��� Etsi
 h �
 
 
� pa�rnei th morf�

�
trT

n

Z
K

jxj�dx � �

Z
K

hx� Txidx�O�����

kai pa�rnontac �rio kaj�c �� �� katal�goume sthn

trT

n

Z
K

jxj�dx �
Z
K

hx� Txidx�

Afo� o T �tan tuq�n
 h parap�nw anis�thta isq�ei kai gia ton �T 
 kai l�gw
grammik�thtac katal�goume sthn

trT

n

Z
K

jxj�dx �

Z
K

hx� Txidx� � T � L�Rn �Rn ��

H sunj�kh aut� exasfal�zei �pwc e�dame oti to K e�nai isotropik��
T�loc
 an �qoume d�o isotropik�c j�seic K
 K � tou �diou s�matoc
 t�te h m�a

e�nai orjog�nia eik�na thc �llhc� Aut� giat� an K � � TK
 t�te isq�ei is�thta
sthn Z

K

jxj�dx �
Z
TK

jxj�dx�

��



kai aut� shma�nei oti T �T � I 
 dhlad� T � O�n�� �

Parat�rhsh� H ap�deixh de�qnei oti �na s�ma ikanopoie� thn isotropik� sunj�kh
an kai m�no an o p�nakac adrane�ac tou e�nai pollapl�sio tou tautotiko��

To Je�rhma � �pi� sugkekrim�na
 h monadik�thta thc isotropik�c j�shc wc
proc orjog�niouc metasqhmatismo�c� exasfal�zei oti h stajer�

L�
K �

�

n
minf �

jTKj�� �
n

Z
TK

jxj�dx �� T � GLng

e�nai kal� orism�nh kai exart�tai m�no ap� thn grammik� kl�sh tou K an upoj��
soume oti �qei k�ntro b�rouc to o� Ep�shc
 an to K e�nai isotropik� t�te gia k�je
� � Sn�� �qoume Z

K

hx� �i�dx � L�
K �

H stajer� LK onom�zetai stajer� isotrop�ac tou s�matoc K �pi� kal�
 thc gram�
mik�c kl�shc tou K��

To pr�blhma pou ja mac apasqol�sei diatup�jhke ap� ton J� Bourgain	

Eikas	a	 Up�rqei ap�luth stajer� C � � t�toia �ste gia k�je kurt� s�ma K me
k�ntro b�rouc to o	 LK � C� Isod�nama	 an K e�nai �na isotropik� s�ma	 t�teZ

K

hx� �i�dx � C�

gia k�je � � Sn���

Parathr�ste oti zht�me h stajer� C na mhn exart�tai o�te ap� to s�ma K o�te
ap� thn di�stash n� Opwc ja do�me
 to pr�blhma aut� e�nai isod�namo me poll�
�lla gnwst� probl�mata thc jewr�ac twn kurt�n swm�twn�

Kle�noume aut�n thn par�grafo me thn parat�rhsh oti ant�strofh ekt�mhsh
isq�ei kai e�nai sqetik� apl�� Epom�nwc
 aut� pou isqur�zetai h eikas�a e�nai oti
oi isotropik�c stajer�c �lwn twn kurt�n swm�twn e�nai �omoi�morfa wc proc n�
thc t�xhc tou ��

Pr�tash � �MP� Gia k�je kurt� s�ma K ston Rn 	 isq�ei

LK � LDn
� c�

�pou c � � ap�luth stajer��

Ap�deixh� An r � 

���n
n 
 t�te jrDnj � �
 kai to rDn e�nai isotropik� kurt� s�ma�

Estw K tuq�n isotropik� kurt� s�ma� Parathr�ste oti jxj � r sto KnrDn kai
jxj � r sto rDnnK� Afo� ta K kai rDn �qoun ton �dio �gko
 �qoume jKnrDnj �

��



jrDnnKj� Qrhsimopoi�ntac ta parap�nw bl�poume oti

nL�
K �

Z
K

jxj�dx

�

Z
K	rDn

jxj�dx�
Z
KnrDn

jxj�dx

�
Z
K	rDn

jxj�dx�
Z
rDnnK

jxj�dx

�

Z
rDn

jxj�dx � nL�
Dn

�

Enac apl�c upologism�c de�qnei oti

L�
Dn

�
�

n

Z
rDn

jxj�dx �
�

n

n
n
n� 	

rn�� �


���n
n

n� 	
� c��

�pou c � � ap�luth stajer�
 op�te LK � LDn
� c� �


�� Basik�c idi�thtec isotropik�n swm�twn�

�a� Tom�c en�c isotropiko� s�matoc�

Estw K kurt� s�ma me k�ntro b�rouc to o
 kai � � Sn��� Opwc e�dame sthn
par�grafo ��
�

 h sun�rthsh

f�t� � jK � ��� � t��j

e�nai logarijmik� ko�lh ston for�a thc �h idi�thta aut� thc f e�nai sun�peia thc
anis�thtac Brunn�Minkowski
 kai aut� e�nai to pr�to shme�o sto opo�o h kurt�thta
mpa�nei ousiastik� sthn suz�thsh�� Opwc ja do�me
 up�rqei sten� sq�sh an�mesa
ston �gko thc kentrik�c tom�c jK � ��j kai se oloklhr�mata thc morf�cZ

K

jhx� �ijpdx � p � ��

H sq�sh aut� g�netai saf�c an
 qrhsimopoi�ntac to je�rhma tou Fubini
 gr�youme
to parap�nw olokl�rwma sth morf�Z

K

jhx� �ijpdx �

Z
R

jtjpf�t�dt�

L�mma ��Hardy�� Estw f� g 
 ��� b�� R oloklhr�simec sunart�seic t�toiec �steR b
�
f�t�dt �

R b
�
g�t�dt kai gia k�je s � ��� b�Z s

�

g�t�dt �
Z s

�

f�t�dt�

��



T�te	 gia k�je h 
 ��� b�� R� a�xousa kai metr�simh	 �qoumeZ b

�

h�t�g�t�dt �
Z b

�

h�t�f�t�dt�

Ap�deixh� Or�zoume ��t� � h�b��h�t�� H � e�nai fj�nousa
 mh arnhtik�
 kai up�rqei
a�xousa akolouj�a fjinous�n apl�n �n me �n � � sqed�n panto�� Pa�rnontac
up�yh to je�rhma mon�tonhc s�gklishc
 arke� na de�xoume otiZ b

�

�n�t�g�t�dt �
Z b

�

�n�t�f�t�dt�

Giat� t�te
 Z b

�

h�t�g�t�dt � h�b�

Z b

�

g�t�dt�
Z b

�

��t�g�t�dt

� h�b�

Z b

�

f�t�dt� lim
n
�

Z b

�

�n�t�g�t�dt

� h�b�

Z b

�

f�t�dt� lim
n
�

Z b

�

�n�t�f�t�dt

� h�b�

Z b

�

f�t�dt�
Z b

�

��t�f�t�dt

�

Z b

�

h�t�f�t�dt�

Up�rqoun � � t� � t� � � � � � tN � b kai a� � � � � � an � � t�toioi �ste

�n�t� �
NX
i��

ai�Ii�t��

�pou Ii � �ti��� ti�� Isod�nama
 mporo�me na gr�youme

�n�t� �

NX
i��

bi����ti��t��

�pou bi � ai � ai�� � �
 i � �� � � � � N � �
 kai bN � aN � Oloklhr�nontac �qoumeZ b

�

�n�t�g�t�dt �

NX
i��

bi

Z ti

�

g�t�dt

�
NX
i��

bi

Z ti

�

f�t�dt

�

Z b

�

�n�t�f�t�dt� �

�	



Pr�tash � �MP� Estw K kurt� s�ma me �gko � kai k�ntro b�rouc to o� Gia k�je
p � � kai k�je � � Sn�� isq�ei�Z

K

jhx� �ijpdx
���p

� �

	e�p� ����p
�

jK � ��j �

Ap�deixh� J�toume B �
R ��
� f�t�dt �pou f�t� � jK � ��� � t��j
 kai or�zoume

g�t� � kfk�����B�kfk�	�t��

T�te
 oi f kai g ikanopoio�n tic upoj�seic tou L�mmatoc ��qoun kai oi d�o for�a
k�poio di�sthma thc morf�c ��� b��
 kai pa�rnontac san a�xousa sun�rthsh thn
h�t� � tp sto ��� b� �qoumeZ �

�

tpf�t�dt �
Z B�kfk�

�

tpkfk�dt � Bp��

�p� ��kfkp� �

Tele�wc an�loga
 an A �
R �
��

f�t�dt
 pa�rnoumeZ �

��

jtjpf�t�dt � Ap��

�p� ��kfkp� �

Prosj�tontac kat� m�lh bl�poume otiZ
K

jhx� �ijpdx � Bp�� �Ap��

�p� ��kfkp� �

Omwc
 A�B � jKj � �
 epom�nwc

Ap�� �Bp�� � 	�p�

Ara
 �Z
K

jhx� �ijpdx
���p

� �

	�p� ����p
�

kfk� �

kai to apot�lesma �petai ap� to L�mma pou akolouje�� �

L�mma � �MM� EstwK kurt� s�ma me �gko � kai k�ntro b�rouc to o� An � � Sn��

kai f�t� � jK � ��� � t��j	 t�te

kfk� � ef��� � ejK � ��j�

Ap�deixh� Estw ��a� b� o for�ac thc f �pou a� b � �
 kai kfk� � f�t��� Ja
de�xoume oti

f��� �
�

n

n� �

�n��

f�t�� � �

e
f�t���

��



Antikajist�ntac to � me �� an qreiaste�
 mporo�me na upoj�soume oti � � t� � b�
Mporo�me ep�shc na upoj�soume oti f��� � f�t�� �alli�c
 den �qoume t�pota na
apode�xoume�� Afo� to K �qei k�ntro b�rouc to o
 �qoumeZ b

�a

t�f�t��dt �

Z
K

hx� �idx � ��

Epom�nwc
 Z �

�a

��t��f�t��dt �
Z b

�

t�f�t��dt �
Z t�

�

t�f�t��dt�

J�toume h � f
�

n�� kai jewro�me thn grammik� sun�rthsh g pou ikanopoie� tic
g��� � h��� kai g�t�� � h�t��� H h e�nai ko�lh �ap� thn anis�thtaBrunn�Minkowski�

�ra
 g � h sto ��a� �� kai g � h sto ��� t��� Afo� g��� � g�t��
 h g e�nai gn�sia
a�xousa kai mhden�zetai se k�poio �� � �a� Dhlad�
 g�t� � c�t � ��
 gia k�poio
c � �� T�te
 Z �

��

��t��g�t��n��dt �
Z �

�a

��t��g�t��n��dt

�
Z �

�a

��t��h�t��n��dt

�
Z t�

�

t�h�t��n��dt

�
Z t�

�

t�g�t��n��dt�

Aut� shma�nei oti

� �
Z t�

��

t�g�t��n��dt

� cn��

Z t�

��

t�t� ��n��dt

� cn��

Z ��t�

�

tn���t� ��dt

� cn��

�
�� � t��

n��

n� �
� �

�� � t��
n

n

�
�

to opo�o de�qnei oti

t� � �

n
�

Epom�nwc


f���

f�t��
�

�
g���

g�t��

�n��

�

�
�

� � t�

�n��

�
�

n

n� �

�n��

� �

��



Pr�tash � �MP� Estw K kurt� s�ma me �gko � kai k�ntro b�rouc to o� Gia k�je
p � � kai k�je � � Sn�� isq�ei�Z

K

jhx� �ijpdx
���p

� cp

jK � ��j �

�pou c � � ap�luth stajer��

Ap�deixh� Opwc kai sthn ap�deixh thc Pr�tashc �
 or�zoume

B �

Z �

�

f�t�dt � A �

Z �

��

f�t�dt�

Diakr�noume d�o peript�seic� Pr�th
 an up�rqei s � � me thn idi�thta f�s� �
f����	� Aut� gia par�deigma sumba�nei opwsd�pote an to K e�nai gn�sia kurt��
Parathro�me oti

a �

Z �

�

f�t�dt �
Z s

�

f�t�dt � sf�s� � sf����	�

giat� ap� to gegon�c oti h f e�nai logarijmik� ko�lh �petai e�kola oti f�t� � f�s�
sto ��� s�� Ap� thn �llh pleur�
 an t � s
 t�te gr�fontac s � �� � s

t �� �
s
t t

pa�rnoume
f�s� � �f������

s
t �f�t��

s
t �

to opo�o shma�nei oti f�t� � f���	�t�s� Dhlad�
 ap� to shme�o s kai p�ra
 h f
fj�nei ekjetik� wc proc t� Gr�foumeZ �

�

jtjpf�t�dt �

Z s

�

tpf�t�dt�

Z �

s

tpf�t�dt

� kfk�
Z s

�

tpdt�

Z �

s

tpf���	�t�sdt

� f���

�
e
sp��

p� �
� sp��

Z �

�

up	�udu

�
� �cp�pf���sp�� � �cp�pf���

�
	B

f���

�p��

� �c�p�
p��f����p�

afo� B � ��
An t�ra gia k�je s � � ston for�a thc f isq�ei f�s� � f����	
 t�te ton r�lo

tou s pa�zei to s� � maxfs � � 
 f�s� � �g� E�nai B � f���s��	 kaiZ �

�

jtjpf�t�dt �
Z s�

�

tpf�t�dt � ef���sp��
� ��p� ���

kai sundu�zontac tic d�o anis�thtec pa�rnoume thn �dia per�pou ekt�mhsh �pwc prin
�kai m�lista qwr�c na qrhsimopoi�soume to oti h log f e�nai ko�lh��

��



Me ton �dio akrib�c tr�po ektim�me to olokl�rwma sto ���� ��� Epetai otiZ
K

jhx� �ijpdx �

Z �

�

jtjpf�t�dt�
Z �

��

jtjpf�t�dt

�
�
c�p

f���

�p
� �

Sundu�zontac tic d�o Prot�seic bl�poume oti an � � q � p ��
 t�te gia k�je
K kai � �pwc parap�nw
�Z

K

jhx� �ijpdx
���p

� cp

�Z
K

jhx� �ijqdx
���q

�

�parathr�ste oti h �q � ����q e�nai makru� ap� to � kai to � sto �������
Eidik�tera
 an to K e�nai isotropik�
 to gegon�c otiZ

K

hx� �i�dx � L�
K

anex�rthta ap� to � � Sn�� mac odhge� sto ak�loujo je�rhma	

Je�rhma �� Estw K isotropik� kurt� s�ma� Gia k�je p � � kai k�je � � Sn��

isq�ei

c�LK �
�Z

K

jhx� �ijpdx
���p

� c�pLK �

�pou c�� c� � � ap�lutec stajer�c� �

Ep�shc
 efarm�zontac tic Prot�seic � kai 
 me p � 	
 pa�rnoume mia endiaf�rousa
idi�thta twn tom�n en�c isotropiko� s�matoc	

Je�rhma �� Estw K isotropik� kurt� s�ma� Gia k�je � � Sn�� isq�ei

c�
LK

� jK � ��j � c�
LK

�

�pou c�� c� � � ap�lutec stajer�c� �

Aut� shma�nei oti oi �n� ���di�statec tom�c en�c isotropiko� kurto� s�matoc
pou perno�n ap� to k�ntro b�rouc tou e�nai per�pou �sec	 o l�goc touc e�nai frag�
m�noc ap� ap�luth stajer�� E�nai m�lista �sec me ��LK �an exair�soume ap�lutec
stajer�c�
 kai aut� de�qnei oti h ak�loujh eikas�a e�nai isod�namh me thn eikas�a
thc isotropik�c stajer�c pou diatup�jhke sthn prohgo�menh par�grafo	

Eikas	a tou uperepip�dou	 Up�rqei ap�luth stajer� c � � t�toia �ste gia k�je
isotropik� kurt� s�ma K na isq�ei� gia k�je � � Sn��	

jK � ��j � c�

��



H anis�thta tou Jewr�matoc � suqn� diatup�netai sthn ex�c isod�namh morf�	

Je�rhma �� Estw K isotropik� kurt� s�ma� Gia k�je � � Sn�� isq�eiZ
K

exp�jhx� �ij�cLK�dx � 	�

�pou c � � ap�luth stajer��

Ap�deixh� Anapt�ssoume to olokl�rwma kai epil�goume thn stajer� c sto t�loc�
Ap� to Je�rhma � �qoumeZ

K

exp�jhx� �ij�cLK�dx �

�X
k��

�

k�

Z
K

jhx� �ijk
ckLkK

dx

� � �

�X
k��

�

k�

�
c�kLK
cLK

�k
� � �

�X
k��

�
c�k

c�k����k

�k
� � �

�X
k��

�

	k

� 	�

an epil�xoume c � 
ec�� �

Parat�rhsh� E�nai e�kolo na dei kane�c oti isq�ei kai to ant�strofo	 h dexi�
anis�thta sto Je�rhma � e�nai sun�peia tou Jewr�matoc �� H ap�deixh e�nai �mesh
sun�peia thc ex � xk�k�
 x � ��

H Orlicz n�rma kfkL�� 
 � � � thc f or�zetai ap� thn

kfkL�� � inff� � �
�� Z

K

exp��jf�x�j�����dx � 	g�

Aut� loip�n pou isqur�zetai to Je�rhma � e�nai oti	 up�rqei ap�luth stajer�
c � � t�toia �ste gia k�je isotropik� s�ma K kai k�je � � Sn�� h sun�rthsh
f�x� � hx� �i�LK sto K �qei Orlicz n�rma kfkL�� � c�

Ap� to Je�rhma � pa�rnoume pol� isqur�c ektim�seic gia thn sun�rthsh kata�
nom�c thc x �� hx� �i	
Je�rhma 
� Estw K isotropik� kurt� s�ma� Gia k�je � � Sn�� isq�ei

Prob �jhx� �ij � cLKt� � 	e�t

gia k�je t � �	 �pou c � � h stajer� tou Jewr�matoc ��

��



Ap�deixh� Ap� thn anis�thta tou Markov kai to Je�rhma �
 gia k�je � kai t � �
�qoume

	 �
Z
K

exp�jhx� �ij�cLK�dx

�
Z
fx�jhx��ij�cLKtg

exp�jhx� �ij�cLK�dx

� etProb �jhx� �ij � cLKt� � �

Parat�rhsh� H ex�rthsh thc stajer�c ap� to p kaj�c p�� sto Je�rhma � e�nai
b�ltisth� An
 gia par�deigma
 to K e�nai k�noc sthn die�junsh tou � �dhlad�
 an

h jK � ��� � t��j �
n�� 
 t � � e�nai grammik� ston for�a thc� t�te e�kola el�gqoume

oti h stajer� pou apaite�tai gia thn dexi� anis�thta e�nai grammik� sun�rthsh tou
p� Up�rqoun �mwc s�mata K �p�q� o k�boc� gia ta opo�a stajer� thc t�xhc toup
p e�nai arket� gia k�je die�junsh � � Sn��� L�me t�te oti to K ikanopoie�

���ekt�mhsh
 kai akrib�c �pwc sto Je�rhma � mporo�me na do�me oti

khx� �i�LKkL�� � c�

�b� H di�metroc en�c isotropiko� s�matoc�

Skop�c mac ed� e�nai na ektim�soume thn di�metro en�c isotropiko� kurto�
s�matoc K
 pa�rnontac san par�metro thn stajer� isotrop�ac LK 	

Je�rhma � �KLS� Estw K isotropik� kurt� s�ma� H di�metroc tou K ikanopoie�
thn diam�K� � 	�n� ��LK �

Ap�deixh� Estw x � K� Or�zoume h 
 Sn�� � R me

h�u� � maxft � � 
 x� tu � Kg�
T�te
 oloklhr�nontac se polik�c suntetagm�nec �qoume

� � jKj � n
n

Z
Sn��

Z h�u�

�

tn��dt
�du�

� 
n

Z
Sn��

�h�u��n
�du��

To K e�nai isotropik�
 epom�nwc gia k�je � � Sn�� gr�foume

L�
K �

Z
K

hy� �i�dy

� n
n

Z
Sn��

Z h�u�

�

tn��hx� tu� �i�dt
�du�

� n
n

Z
Sn��

Z h�u�

�

�
tn��hx� �i� � 	tnhx� �ihu� �i � tn��hu� �i�� dt
�du�

��



� n
n

Z
Sn��

�
�h�u��n

n
hx� �i� � 	

�h�u��n��

n� �
hx� �ihu� �i � �h�u��n��

n� 	
hu� �i�

�

�du�

� n
n

Z
Sn��

�h�u��n

n�n� ���
hx� �i�
�du�

�
hx� �i�
�n� ���


n

Z
Sn��

�h�u��n
�du�

�
hx� �i�
�n� ���

�

Dhlad�
 an x � K t�te gia k�je � � Sn�� �qoume

jhx� �ij � �n� ��LK �

Aut� shma�nei oti
jxj � max

��Sn��
jhx� �ij � �n� ��LK � �

Parat�rhsh� H ekt�mhsh pou d�nei to Je�rhma � den belti�netai� H monadia�a
mp�la tou �n� �qei �gko 	n�n�� An thn pollaplasi�soume me kat�llhlh stajer�
�ste na �qei �gko �
 t�te h stajer� e�nai thc t�xhc tou n
 dhlad� h isotropik� thc
monadia�ac mp�lac tou �n� �qei di�metro thc t�xhc tou n�

�g� ���ekt�mhsh gia thn Eukle�deia n�rma�

De�qnoume ed� oti an K e�nai isotropik� kurt� s�ma t�te h x �� jxj sumperi�
f�retai kal�tera ap� ta sunarthsoeid� x �� hx� �i� Jumhje�te otiZ

K

jxj�dx � nL�
K �

dhlad�
 o m�soc thc jxj e�nai per�pou pnLK � To Je�rhma pou akolouje� ofe�letai
ston S� Alesker �Al�	

Je�rhma 
� An K e�nai isotropik� kurt� s�ma ston Rn 	 t�teZ
K

exp��jxj�cpnLK���dx � 	�

�pou c � � ap�luth stajer��

Ap�deixh� Arke� na de�xoume oti
 gia k�je p � ��Z
K

jxjpdx
���p

� c�
p
p
p
nLK

gia k�poia ap�luth stajer� c� � � �kat�pin
 akoloujo�me thn ap�deixh tou Jew�
r�matoc ��� Ap� to Je�rhma � x�roume oti gia k�je � � Sn��Z

K

jhx� �ijpdx � cp�p
pLpK �

��



Oloklhr�nontac p�nw sthn Dn pa�rnoume	Z
Dn

Z
K

jhx� yijpdxdy � cp�p
pLpK

Z
Dn

jyjpdy

� cp�p
pLpK

n
n
n� p

�

All�zontac thn seir� thc olokl�rwshc �qoumeZ
Dn

Z
K

jhx� yijpdxdy �

Z
K

jxjp
�Z

Dn

jh xjxj � yij
pdy

�
dx

� Ap

Z
K

jxjpdx�

�pou

Ap �

Z
Dn

jh�� yijpdy � � � Sn���

To olokl�rwma aut� upolog�zetai
 kai e�nai �so me

Ap � 
n

R ���
�

sinp t cosn tdtR ���
�

cosn tdt
�

Epom�nwc
 Z
K

jxjpdx � n

n� p
cp�p

pLpK

R ���
�

cosn tdtR ���
�

sinp t cosn tdt
�

Me aplo�c upologismo�c katal�goume sthn�Z
K

jxjpdx
���p

� c


r
p�� �

p

n
�
p
nLK �

Dhlad�
 an p � n �qoume exasfal�sei thn

�
�
�Z

K

jxjpdx
���p

� c

p
	
p
p
p
nLK �

An p � n
 qrhsimopoio�me thn ekt�mhsh tou Jewr�matoc � gia thn di�metro tou
K� X�roume oti jxj � �n� ��LK gia k�je x � K
 epom�nwc

�

�
�Z

K

jxjpdx
���p

� �n� ��LK � 	
p
p
p
nLK �

Sundu�zontac tic �
� kai �

� bl�poume oti up�rqei ap�luth stajer� c� � � t�toia
�ste �Z

K

jxjpdx
���p

� c�
p
p
p
nLK

��



gia k�je p � �� �

�d� To m�so pl�toc en�c summetriko� isotropiko� s�matoc�

Estw K summetrik� isotropik� kurt� s�ma� To m�so pl�toc w�K� or�sthke
sthn Par�grafo 
�� m�sw thc

w�K� � 	

Z
Sn��

hK�u�
�du� � 	

Z
Sn��

max
x�K

jhx� uij
�du��

E�dame oti h di�metroc tou K fr�ssetai ap� 	�n � ��LK 
 �ra mia apl� pr�th
ekt�mhsh tou w�K� e�nai h

w�K� � cnLK �

Ja do�me ed� oti mia kal�terh ekt�mhsh e�nai p�nta dunat�� De�qnoume pr�ta �na
fr�gma gia arijmo�c k�luyhc	

L�mma �� Estw K kai W kurt� s�mata	 me to W summetrik� wc proc to o�
Upoj�toume ak�ma oti W � K� T�te	 gia k�je t � � �qoume

N�K� tW � �
�
� �

	

t

�n jKj
jW j �

Ap�deixh� Estw fx�� � � � � xNg maximal upos�nolo tou K wc proc thn idi�thta

kxi � xjkW � t � i �� j�

T�te
 K � �i�N �xi � tW �� Ep�shc
 ta xi �
t
�W �qoun x�na eswterik�
 op�te gia

k�je s � � kai i �� j ja �qoume

int

�
sxi �

ts

	
W

�
� int

�
sxj �

ts

	
W

�
� 
�

Epil�goume to s �tsi �ste s � st
� � �� T�te
 afo� W � K kai to K e�nai kurt�


bl�poume oti

sxi �
ts

	
W � K � i � �� � � � � N�

Epom�nwc


N

�
ts

	

�n
jW j �

NX
i��

jsxi � ts

	
W j

� j �i�N �sxi �
ts

	
W �j

� jKj�
Pa�rnontac up�yh kai thn epilog� tou s sumpera�noume oti

N �
�
	

ts

�n jKj
jW j �

�
� �

	

t

�n jKj
jW j � �

��



L�mma 
� Estw K isotropik� summetrik� kurt� s�ma ston Rn � Gia k�je s � �
isq�ei

N�K� sDn� � c exp

�
�n
��LK

s

�
�

Ap�deixh� To K e�nai isotropik�
 epom�nwcZ
K

jxj�dx � nL�
K �

kai h anis�thta tou Markov d�nei

Prob
�
x � K 
 jxj � 	

p
nLK

� � �

�
�

dhlad�
 jK � 	
p
nLKDnj � 
��� J�toume W � K � 	

p
nLKDn
 kai efarm�zoume

to L�mma �	 Gia k�je t � � e�nai

N�K� tW � � �




�
� �

	

t

�n
�

Epetai oti

N�K� 	t
p
nLKDn� � N�K� tW � � �




�
� �

	

t

�n
�

Pa�rnontac s � 	t
p
nLK 
 sumpera�noume oti

N�K� sDn� � �




�
� �

�
p
nLK
s

�n
� �



exp

�
�n
��LK

s

�
� �

Je�rhma �� Estw K isotropik� summetrik� kurt� s�ma ston Rn � T�te	

w�K� � cn
��LK �

�pou c � � ap�luth stajer��

Ap�deixh� Ja qrhsimopoi�soume thn di�spash Dudley�Fernique tou K� An R e�nai
h di�metroc tou K
 t�te
 gia k�je m � N
 k�je x � K gr�fetai sth morf�

x � z� � � � �� zm � wm�

�pou zj � Zj � 
R
�j Dn
 wm � R

�mDn
 kai Zj peperasm�no s�nolo me plhj�rijmo pou
ikanopoie� thn

log jZj j � logN�K� �R�	j�Dn� � logN�K� �R�	j���Dn��

anis�thta pou
 an p�roume up�yh to L�mma �
 gr�fetai sth morf�

log jZj j � c�
n
��LK	

j

R
�

�	



Ap� thn di�spash �petai �mesa oti
 gia k�je � � Sn��


max
x�K

jhx� �ij �
mX
j��

max
z�Zj	�
R��j �Dn

jhz� �ij� max
z��R��m�Dn

jhz� �ij

�

mX
j��

max
z�Zj	�
R��j �Dn

jhz� �ij� R

	m

�
mX
j��

max
z�Zj	�
R��j �Dn

jhz� �ij� 	�

an epil�xoume san m ton mikr�tero fusik� gia ton opo�o R � 	m���
Stajeropoio�me j � f�� � � � �mg
 kai gr�foume z gia to monadia�o di�nusma sthn

die�junsh tou z � Zj �mporo�me na upoj�soume oti k�je z � Zj e�nai mh mhdenik���
X�roume otiZ

Sn��
jhu� �ij
�d�� �

�Z
Sn��

hu� �i�
�d��
����

�
�p
n

� u � Sn��

kai ektim�ntac thn p�n�rma thc � �� hu� �i bl�poume oti up�rqei ap�luth stajer�
c
 � � t�toia �ste

khu� �ikL�� � c
khu� �ik��
dhlad�
 Z

Sn��
exp

�
njhu� �ij�

c�


�

�d�� � 	�

Qrhsimopoi�ntac thn anis�thta tou Markov katal�goume sthn




�
� � Sn�� 
 max

z�Zj
jhz� �ij � t

�
� 	 exp

�
�nt�

c�


�
jZj j�

Gia k�je A � � mporo�me na gr�youmeZ
Sn��

max
z�Zj

jhz� �ij
�d�� �

Z �

�




�
� � Sn�� 
 max

z�Zj
jhz� �ij � t

�
dt

� A�

Z �

A




�
� � Sn�� 
 max

z�Zj
jhz� �ij � t

�
dt

� A�

Z �

A

	 exp

�
�nt�

c�


�
jZj jdt

An epil�xoume A �plog jZj j�pn
 me apl�c ektim�seic katal�goume sthnZ
Sn��

max
z�Zj

jhz� �ij
�d�� � c�

p
log jZj jp

n
�

��



Ara
 Z
Sn��

max
z�Zj	�
R��j�Dn

jhz� �ij
�d�� � c�

R

	j

p
log jZj jp

n
�

T�ra mporo�me na fr�xoume to m�so pl�toc tou K wc ex�c	

w�K�

	
�

Z
Sn��

max
x�K

jhx� �ij
�d��

� 	 �

mX
j��

Z
Sn��

max
z�Zj	�
R��j �Dn

jhz� �ij
�d��

� 	 �

mX
j��

c�

R

	j

p
log jZj jp

n

� 	 �

mX
j��

c�

R

	j

p
c�n


��
p
LK	

j��

p
Rn

� 	 � c�
�
p
n
p
LK

p
R

mX
j��

�

	j��

� c�
�
p
n
p
LK

p
R�

Afo� R � 	�n� ��LK 
 pa�rnoume telik�

w�K� � cn
��LK � �


�� H ekt	mhsh tou Bourgain gia thn stajer� isotrop	ac�

H kal�terh wc t�ra ekt�mhsh gia to pr�blhma thc stajer�c isotrop�ac �qei
doje� ap� ton J� Bourgain	

Je�rhma �Bou��AnK e�nai summetrik� kurt� s�ma ston Rn 	 t�te LK � c �
p
n logn	

�pou c � � ap�luth stajer��

Ja do�me oti h up�jesh thc summetr�ac den e�nai apara�thth� Akolouj�ntac
se genik�c gramm�c to epiqe�rhma tou Bourgain
 ja de�xoume oti

LK � c �
p
n logn

gia k�je kurt� s�ma K�

Ap�deixh� Estw K isotropik� kurt� s�ma� To m�so pl�toc e�nai anallo�wto
wc proc orjog�niouc metasqhmatismo�c tou s�matoc
 epom�nwc
 s�mfwna me to
Kef�laio 

 up�rqei summetrik�c
 jetik� orism�noc T � SLn t�toioc �ste

w�TK� � c
p
n logn�

Sthn ap�deixh tou Jewr�matoc ����� e�dame oti �na isotropik� s�ma ikanopoie� thnZ
K

hx� Sxidx �
trS

n

Z
K

jxj�dx

��



gia k�je S � L�Rn �Rn �� O T �qei jetik�c pragmatik�c idiotim�c kai or�zousa �

�ra trT � n� Epom�nwc


nL�
K �

Z
K

jxj�dx � trT

n

Z
K

jxj� �
Z
K

hx� Txidx�

Omwc
 gia k�je x � K �qoume

hx� Txi � max
y�TK

jhx� yij�

Ara


nL�
K �

Z
K

max
y�TK

jhy� xijdx�
Qrhsimopoio�me t�ra thn di�spash Dudley�Fernique tou TK� An R e�nai h

di�metroc tou TK
 e�dame oti gia j � �� � � � �m
 m � N up�rqoun peperasm�na
s�nola Zj t�toia �ste

log jZj j � cn

�
w�TK�	j

R

��

�

kai k�je y � TK gr�fetai sth morf�

y � z� � � � �� zm � wm�

�pou zj � Zj � �
R�	j�Dn kai wm � �R�	m�Dn� Epetai oti

max
y�TK

jhy� xij �
mX
j��

max
z�Zj	�
R��j�Dn

jhz� xij� max
w��R��m�Dn

jhw� xij

�
mX
j��


R

	j
max

z�Zj	�
R��j�Dn

jhz� xij � R

	m
jxj�

�pou z to monadia�o di�nusma sthn die�junsh tou z� Qrhsimopoi�ntac to parap�nw

kaj�c kai thn

R
K
jxjdx � p

nLK 
 bl�poume oti

�
� nL�
K �

mX
j��


R

	j

Z
K

max
z�Zj	�
R��j�Dn

jhz� xijdx � R

	m

Z
K

jxjdx

�
mX
j��


R

	j

Z
K

max
z�Zj	�
R��j�Dn

jhz� xijdx � R

	m
p
nLK �

Gia na ektim�soume kaj�na ap� ta oloklhr�mata sto �jroisma
 qrhsimopoio��
me thn plhrofor�a pou par�qei to Je�rhma ��
�� gia ta grammik� sunarthsoeid�
se isotropik� kurt� s�mata� Gia k�je j � �� � � � �m kai k�je t � � isq�ei

Prob

�
x � K 
 max

z�Zj
jhz� xij � t

�
� jZj jProb �x � K 
 jhu� xij � t�

� 	jZj j exp
�
� t

cLK

�
�

��



Gia k�je A � � mporo�me na gr�youmeZ
K

max
z�Zj

jhz� xijdx �

Z �

�

Prob

�
x � K 
 max

z�Zj
jhz� xij � t

�
dt

� A�

Z �

A

Prob

�
x � K 
 max

z�Zj
jhz� xij � t

�
dt

� A�

Z �

A

	jZj j exp
�
� t

cLK

�
dt�

Epil�gontac A � LK log jZj j
 katal�goume sthnZ
K

max
z�Zj

jhz� xijdx � c�LK log jZj j � c��nLK

�
w�TK�	j

R

��

�

Epistr�fontac sthn �
� pa�rnoume

nL�
K �

mX
j��


R

	j
c��nLK

�
w�TK�	j

R

��

�
R

	m
p
nLK

� c�	
mnLKw

��TK�

R
�
R
p
nLK
	m

�

Eqoume to dika�wma na epil�xoume to m
 kai h b�ltisth epilog� e�nai �tan

	mnLKw
��TK�

R
� R

p
nLK
	m

�

dhlad�
 R�	m � �
p
nw�TK�� Me aut�n thn epilog� tou m bl�poume oti

nL�
K � c�

�
p
nw�TK�

p
nLK �

kai afo� w�TK� � c

p
n logn
 �qoume nL�

K � cn��� lognLK 
 dhlad�

LK � c �
p
n logn� �


�
 Isod�namec diatup�seic thc eikas	ac tou uperepip�dou�

�a� To pr�blhma tou Sylvester�

Jewro�me �na kurt� s�ma K ston Rn me �gko �
 kai epil�goume tuqa�a kai
anex�rthta
 omoi�morfa m�sa ap� to K
 �n��� to pl�joc shme�a x�� � � � � xn��� H
kurt� touc j�kh co�x�� � � � � xn��� e�nai �na tuqa�o simplex m�sa sto K� Gia k�je
p � � or�zoume

mp�K� �

�Z
K

� � �

Z
K

jco�x�� � � � � xn���jpdxn�� � � � dx�

���p

�

��



Gia K me auja�reto �gko
 kanonikopoio�me or�zontac

mp�K� �

�
�

jKjn�p��

Z
K

� � �

Z
K

jco�x�� � � � � xn���jpdxn�� � � � dx�

���p

�

H pos�thta m��K� e�nai h m�sh tim� tou �kanonikopoihm�nou� �gkou en�c tuqa�ou
simplex m�sa sto K� Parathr�ste ak�ma oti h mp�K� e�nai anallo�wth wc proc
a�ne metasqhmatismo�c pou diathro�n ton �gko	 an T � SLn kai u � R

n 
 t�te
mp�K� � mp�TK � u�� p � ��

To pr�blhma tou Sylvester e�nai to ex�c	 na brejo�n eke�nec oi a�ne kl�seic
swm�twn gia tic opo�ec elaqistopoie�tai � megistopoie�tai h mp�K�� E�nai gnwst�
oti
 gia k�je p � �


mp�K� � mp�rDn�

�pou rDn h mp�la �gkou � ston Rn 
 me is�thta an kai m�no an to K e�nai ellei�
yoeid�c �Gr	�� To pr�blhma tou meg�stou e�nai anoikt� an n � 
	

Eikas	a tou simplex� Gia k�je kurt� s�ma K me �gko �	 isq�ei

m��K� � m��Sn��

�pou Sn simplex ston Rn me �gko ��

H eikas�a e�nai swst� an n � 	� Sthn par�grafo aut� ja do�me oti to pr�blhma
tou Sylvester sqet�zetai me thn eikas�a tou uperepip�dou	 an h eikas�a tou simplex
isq�ei
 t�te LK � C gia k�je kurt� s�ma K�

Gia to skop� aut� or�zoume mia parallag� thc mp�K�	

Sp�K� �

�
�

jKjn�p
Z
K

� � �

Z
K

jco�o� x�� � � � � xn�jpdxn � � � dx�
���p

�

Pr�tash �� An to K �qei �gko � kai k�ntro b�rouc to o	 t�te gia k�je p � �
isq�ei

Sp�K� � mp�K� � �n� ��Sp�K��

Ap�deixh� Gia k�je x � K or�zoume

Sp�K�x� �

�Z
K

� � �

Z
K

jco�x� x�� � � � � xn�jpdxn � � � dx�
���p

�

X�roume oti jco�x� x�� � � � � xn�j � jdet��x� �x�� � � � � �xn�j�n� �pou �z � �z� �� � Rn��

an z � Rn 
 kai aut� h or�zousa e�nai a�ne sun�rthsh tou x� Epom�nwc
 h
jco�x� x�� � � � � xn�jp e�nai kurt� sun�rthsh stoK� Oloklhr�nontac wc proc x�� � � � � xn
bl�poume oti h Spp�K�x� e�nai ep�shc kurt�� Afo� to o e�nai to k�ntro b�rouc tou
K kai jKj � �
 sumpera�noume oti

Spp�K� o� �
Z
K

Spp�K�x�dx�

��



dhlad�
Spp�K� � mp

p�K��

Aut� apodeikn�ei thn arister� anis�thta� Gia thn dexi� anis�thta parathro�me oti

an x�� � � � � xn�� � K
 t�te

jco�x�� � � � � xn���j � �

n�
jdet��x� � � � � �xn���j

�pou �xj � �xj � �� � Rn�� 
 op�te anapt�ssontac thn or�zousa wc proc thn st�lh
��� � � � � �� kai pa�rnontac trigwnik� anis�thta �qoume

jco�x�� � � � � xn���j �
n��X
j��

jco�o� xi 
 i �� j�j�

Epetai oti

mp�K� �

�Z
K

� � �

Z
K

jco�x�� � � � � xn���jpdxn�� � � � dx�

���p

�
��Z

K

� � �

Z
K

��n��X
j��

jco�o� xi 
 i �� j�j

Ap

dxn�� � � � dx�


A��p

�
n��X
j��

�Z
K

� � �

Z
K

jco�o� xi 
 i �� j�jpdxn�� � � � dx�

���p

� �n� ��Sp�K�� �

Parat�rhsh� H sun�rthsh fi 
 K � R me xi �� det�x�� � � � � xn� gia stajer� xj � j ��
i sto K
 e�nai grammik� sunarthsoeid�c� Pa�rnontac up�yh mac tic ant�strofec
anis�thtec H�older thc paragr�fou ��
�a�
 den e�nai d�skolo na el�gxoume oti	

Pr�tash �� Gia k�je kurt� s�ma K me �gko � kai k�ntro b�rouc to o	 �qoume

S��K� � cnS��K��

�pou c � � ap�luth stajer�� �

H sq�sh aut�n twn posot�twn me thn stajer� isotrop�ac tou K g�netai faner�
ap� thn parak�tw Pr�tash	

Pr�tash � �Blaschke�� An to K �qei �gko � kai k�ntro b�rouc to o	 t�te

S�
��K� �

det�M�K��

n�
�

Ap�deixh� S�mfwna me ton orism� mac


S�
��K� �

Z
K

� � �

Z
K

jco�o� x�� � � � � xn�j�dxn � � � dx��

��



Gr�foume xi � �xij�� j � �� � � � � n� T�te


jco�o� x�� � � � � xn�j � jdet�x�� � � � � xn�j
n�

�

epom�nwc

�n���S�
��K� �

Z
K

� � �

Z
K

jdet�x�� � � � � xn�j�dxn � � � dx��

Anapt�ssontac thn or�zousa pa�rnoume
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Z
K

� � �

Z
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nY
i��

xi�
�i�
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�
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nY
i��

xi���i�



dxn � � � dx�

�

Z
K

� � �

Z
K
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��

�
��

nY
i��

xi�
�i�xi���i�



dxn � � � dx�

�

Z
K
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� n� �det�M�K���� �

Parat�rhsh� Estw K kurt� s�ma me �gko � kai k�ntro b�rouc to o� Den e�nai
d�skolo na de� kane�c oti
 an T � SLn t�te M�TK� � TM�K�T �
 epom�nwc

det�M�TK�� � det�M�K���

Epil�gontac ton T �tsi �ste to TK na e�nai isotropik�
 bl�poume oti

det�M�K�� � L�n
K �

Pa�rnontac up�yh mac thn Pr�tash �
 �qoume apode�xei to ex�c	

Je�rhma �� An to K �qei �gko � kai k�ntro b�rouc to o	 t�te

L�n
K � n� S�

��K�� �

P�risma �� Gia k�je kurt� s�ma K ston Rn isq�ei LK � c
p
n�

Ap�deixh� Mporo�me na upoj�soume oti to K e�nai isotropik�
 epom�nwc �ti �qei
�gko �� To qwr�o sto opo�o oloklhr�noume �qei m�tro �
 kai h kurt� j�kh shme�wn
tou K �qei �gko to pol� �� Ara


LK � �n
p
n� � c

p
n�

Opwc e�dame sthn prohgo�menh par�grafo
 mporo�me na d�soume kai kal�terh
ekt�mhsh
 h paro�sa �mwc ap�deixh den qrhsimopoie� kan�na �bar�� ergale�o� �

��



P�risma �� An h eikas�a tou simplex e�nai swst�	 t�te

LK � C

gia k�je kurt� s�ma K ston Rn �

Ap�deixh� Jewro�me to simplex

Sn � fx � R
n 
 � �

n� �
� xi � n

n� �
�

nX
i��

xi � �

n� �
g�

To S�n � �n����nSn �qei �gko � kai k�ntro b�rouc to o� Enac apl�c upologism�c
de�qnei oti Z

S�n

x�i dx �
�n����

�
n

�n� 	��
�

kai epeid� o M�K� e�nai summetrik�c kai jetik� orism�noc
 h anis�thta tou Hada�
mard d�nei
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Estw K isotropik� kurt� s�ma ston Rn � T�te
 m��K� � m��S
�
n�
 kai sundu�zon�

tac tic Prot�seic �

 kai �
 pa�rnoume	

LnK �
p
n� S��K� �

p
n� cnS��K�

�
p
n� cnm��K� �

p
n� cnm��S

�
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�
p
n� cn�n� ��S��S

�
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p
n� cn�n� ��S��S

�
n�

� �n� ��cn�

Epetai oti LK � 	c� �

�b� O t�poc tou Busemann�

Estw K kurt� s�ma ston Rn � Upoj�toume oti o � int�K�� Gia k�je � � Sn��

jewro�me thn tom� K � �� tou K
 kai thn kanonikopo�hsh thc S����

S��K � ��� �
�

jK � ��jn
Z
K	��

� � �

Z
K	��

jco�o� x�� � � � � xn���jdxn�� � � � dx�

�ste na mhn �qei shmas�a o �gkoc thc K � ��	 me aut�n ton tr�po
 h S���� g�netai
anallo�wth wc proc antistr�yimouc grammiko�c metasqhmatismo�c�

��



O H� Busemann �deixe �nan t�po pou sund�ei ton �gko tou K me ta embad� twn
�n� ���di�statwn tom�n K � ��
 � � Sn��	

Je�rhma �� An K e�nai kurt� s�ma ston Rn me o � int�K�	 t�te

jKjn�� �
n� 
n
	

Z
Sn��

jK � ��jnS��K � ���
�d���

Ap�deixh� Jewro�me ton Rn�n��� � R
n
� � � � � � R

n
n�� 
 kai to �K � K � � � � �K 	

Rn�n��� � Gia eukol�a ja gr�foume tic suntetagm�nec en�c xi � Rni sth morf�
xi � �x�i � � � � � x

n
i �� T�te


�
� jKjn�� �

Z
K

� � �

Z
K

dxn�� � � � dx�

�

Z
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dx�n�� � � � dx
n
n�� � � � dx

�
� � � � dx

n
� �

Gia dosm�na x�� � � � � xn��
 or�zoume a�� � � � � an�� san th l�sh tou grammiko� su�
st�matoc

xni �
n��X
j��

ajx
j
i � i � �� � � � � n� ��

kai jewro�me tic n�ec suntetagm�nec x��� � � � � x
n��
� � a�� � � � � x

�
n��� � � � � x

n��
n��� an�� ston

Rn�n��� � H Iakwbian� tou metasqhmatismo� suntetagm�nwn e�nai

�

� J � det��xji �i�j�������n����

�To s�nolo sto opo�o J � � �qei m�tro � kai den ephre�zei to olokl�rwma sthn
�
�
 kai �xw ap� to s�nolo aut� o metasqhmatism�c e�nai kal� orism�noc��

Pa�rnontac b � �� �
P

a�j �
����
 bl�poume oti to monadia�o k�jeto di�nusma �

tou uperepip�dou xn � a�x
� � � � � an��x

n�� perigr�fetai e�te ap� thn

�j � baj � j � �� � � � � n� �� � �n � �b�
� ap� thn

�j � �baj � j � �� � � � � n� �� � �n � b�

An � e�nai h gwn�a pou sqhmat�zei to � me ton xn��xona
 t�te b � j cos�j
 epom�nwc
d� � �

bd�
� � � � d�n��� P�li
 mporo�me na agno�soume eke�na ta uperep�peda pou

e�nai par�llhla ston xn��xona� Mporo�me t�te na do�me oti

det����j��ai�i�j�������n��� � bn���

epom�nwc

d� �
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b
d�� � � � d�n�� � bnda� � � � dan��

� j cosn �jda� � � � dan���
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Parathr�ste ak�ma oti gia to uperep�pedo xnj � a�x
�
j � � � �� an��x
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j �qoume

dxj � j sec�jdx�j � � � dxn��
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Pa�rnontac up�yh mac �lec tic parap�nw sq�seic gr�foume
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bl�pontac ta x�� � � � � xn�� san shme�a tou ��� Ap� thn �

�
 h probol� tou simplex
co�o� x�� � � � � xn��� sto ep�pedo xn � � �qei �gko jJ j��n � ���� Afo� �la aut� ta
shme�a an�koun ston ��
 �qoume
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Epetai oti
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Parathr�ste oti
 ap� to Je�rhma ����� �qoume

S��K � ��� � S��K � ��� � Ln��
K	��

�
p
�n� ����

An loip�n deqto�me oti h stajer� isotrop�ac opoioud�pote kurto� s�matoc e�nai
mikr�terh ap� k�poia stajer� C
 t�te katal�goume sthn
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Z
Sn��

jK � ��jn
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� �cC�n
Z
Sn��

jK � ��jn
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Dhlad�
 o t�poc tou Busemann mac d�nei to ex�c	

Je�rhma �� An up�rqei stajer� C � � me thn idi�thta LW � C gia k�je kurt�
s�ma W 	 t�te gia k�je kurt� s�ma K ston Rn me o � int�K� isq�ei

jKjn��n � cC max
��Sn��

jK � ��j�

�pou c � � ap�luth stajer�� �

�	



Parat�rhsh� O t�poc tou Busemann
 se sunduasm� me to gegon�c �ti LW � c gia
k�je W 
 �qei san sun�peia thn anis�thta

jKjn��n � c�
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�pou c� � � ap�luth stajer�� Arke� na parathr�soume oti
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Amesh sun�peia twn parap�nw e�nai h isodunam�a thc eikas�ac thc stajer�c
isotrop�ac me thn ak�loujh genikeum�nh eikas�a tou uperepip�dou	

Eikas	a� Up�rqei ap�luth stajer� c � � t�toia �ste gia k�je kurt� s�ma K me
k�ntro b�rouc to o kai �gko � na isq�ei

max
��Sn��

jK � ��j � c�

Pr�gmati
 h suz�thsh pou �qei prohghje� apodeikn�ei to ex�c	

Je�rhma �� Estw C � �� Ta ex�c e�nai isod�nama�
�a� Gia k�je kurt� s�ma K ston Rn isq�ei LK � c�C	 �pou c� � � ap�luth

stajer��
�b� Gia k�je kurt� s�ma K ston Rn pou �qei k�ntro b�rouc to o kai �gko �	

up�rqei � � Sn�� t�toio �ste jK � ��j � c��C	 �pou c� � � ap�luth stajer��

Ap�deixh� An upoj�soume to �a�
 t�te to �b� prok�ptei �mesa ap� to Je�rhma 


me c� � ���cc��� Ant�strofa
 an upoj�soume to �b� kai an K e�nai tuq�n isotropik�
kurt� s�ma
 t�te br�skoume � � Sn�� t�toio �ste jK � ��j � c��C
 kai ap� thn
Pr�tash ��
�a��
 �qoume

L�
K �

Z
K

hx� �i�dx � c�

jK � ��j� �
�
cC
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dhlad�
 LK � c�C me c� � c�c�� �

�g� To asumptwtik� pr�blhma twn Busemann kai Petty�

To pr�blhma twn Busemann kai Petty diatup�jhke arqik� gia summetrik� kurt�
s�mata wc ex�c	
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Upoj�toume oti K� kai K� e�nai kurt� s�mata ston Rn me koin� k�ntro summe�
tr�ac to o	 kai

jK� � ��j � jK� � ��j
gia k�je � � Sn��� Rwt�me an jK�j � jK�j�
H ap�nthsh e�nai jetik� an n � � kai arnhtik� gia �lec tic megal�terec diast��
seic� Aut� �mwc pou param�nei anoikt� e�nai h ak�loujh asumptwtik� �kdosh tou
probl�matoc	

Eikas	a� Up�rqei ap�luth stajer� c � � t�toia �ste	 an K� kai K� e�nai kurt�
s�mata ston Rn me k�ntro b�rouc to o	 kai jK����j � jK����j gia k�je � � Sn��	
t�te jK�j � cjK�j�

Den e�nai d�skolo na de� kane�c oti h parap�nw eikas�a e�nai isod�namh me thn
eikas�a thc stajer�c isotrop�ac� Ac upoj�soume pr�ta oti up�rqei C � � t�toia
�ste LW � C gia k�je kurt� s�ma W � An ta K� kai K� ikanopoio�n thn

jK� � ��j � jK� � ��j
gia k�je � � Sn��
 t�te to Je�rhma 
 kai h parat�rhsh pou akolouje� de�qnoun
oti
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jK�j

�pou c
 � � ap�luth stajer�� Ant�strofa
 ac upoj�soume oti h eikas�a isq�ei
 kai
ac jewr�soume �na isotropik� kurt� s�ma K� Estw �� � Sn�� t�toio �ste

jK � ��� j � max
��Sn��

jK � ��j�

Epil�goume r � � �tsi �ste rn��
n�� � jK � ��� j� T�te

jK � ��j � rn��
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gia k�je � � Sn��
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Afo� jKj � �
 bl�poume oti
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�pou c � � ap�luth stajer�� Omwc to K e�nai isotropik�
 �ra jK � ��j � ��LK
gia k�je � � Sn��� Epom�nwc
 LK � C gia k�poia ap�luth stajer� C � ��

Olh h suz�thsh pou k�name sunoy�zetai sto ak�loujo Je�rhma	

Je�rhma� Ta parak�tw e�nai isod�nama�
�a� Up�rqei stajer� c� � � t�toia �ste	 gia k�je kurt� s�ma K ston Rn na isq�ei

LK � c��

�b� Up�rqei stajer� c� � � t�toia �ste	 gia k�je kurt� s�ma K ston Rn me k�ntro
b�rouc to o na isq�ei

jKjn��n � c� max
��Sn��

jK � ��j�

�g� Up�rqei stajer� c
 � � t�toia �ste	 an K� kai K� e�nai kurt� s�mata ston Rn

me k�ntro b�rouc to o pou ikanopoio�n thn

jK� � ��j � jK� � ��j
gia k�je � � Sn��	 na isq�ei

jK�j � c
jK�j�
�d� Up�rqoun stajer�c c�� c� � � t�toiec �ste	 gia k�je kurt� s�ma K ston Rn me
k�ntro b�rouc to o na isq�ei

c�p
n
� �m��K����n � c�p

n
� �

O kat�logoc twn isod�namwn diatup�sewn tou probl�matoc e�nai makr�c	 gia
ton l�go aut�
 to er�thma jewre�tai kentrik�� An kane�c koit�xei me prosoq� tic
apode�xeic twn Jewrhm�twn aut�c thc paragr�fou
 ja de� oti h ex�rthsh an�mesa
stic c� wc c� e�nai grammik� � ant�strofa grammik��


�� Tuqa	a shme	a se isotropik� kurt� s�mata�

Jewro�me �na isotropik� kurt� s�ma K ston Rn � X�roume oti gia k�je y �
Sn�� isq�ei Z

K

hx� yi�dx � L�
K �

To er�thma pou ja mac apasqol�sei ed� e�nai to ex�c	 D�nontai �� � � ��� ��� Na
doje� ekt�mhsh gia ton el�qisto fusik� arijm� m� pou �qei thn idi�thta	 gia k�je
m � m�
 m tuqa�a shme�a x�� � � � � xm � K ikanopoio�n me pijan�thta megal�terh
ap� �� � thn

��� ��L�
K � �

m

mX
j��

hxj � yi� � �� � ��L�
K

gia k�je y � Sn��� Ja do�me thn ap�nthsh tou Bourgain �Bou	�	 Mporo�me na
p�roume to m� thc t�xhc tou n�logn���
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L�mma �� Estw ffjgj�m anex�rthtec tuqa�ec metablht�c me m�so �� An kfjk� � 	
kai kfjk� � B	 t�te gia k�je � � ��� �� �qoume

��� Prob

��j mX
j��

fj j � �m


A � 	 exp����m��B�� �

Ap�deixh� Qrhsimopoi�ntac thn arijmhtik� anis�thta ex � � � x � x�� x � �
 kai
to gegon�c oti k�je fj �qei m�so �
 bl�poume oti
 an �B � � t�teZ

e�fj � � � ��
Z
f�j � � � ��kfjk�kfjk�

� � � 	B�� � exp�	B����

Epetai oti Z
exp

��� mX
j��

fj


A � exp�	Bm����

kai h anis�thta tou Markov mac d�nei

Prob

�� mX
j��

fj � �m


A � exp�	Bm�� � ��m��

Epil�gontac � � ���B �parathre�ste oti �B � ��
 pa�rnoume

Prob

�� mX
j��

fj � �m


A � exp����m��B��

K�nontac ta �dia gia tic �fj oloklhr�noume thn ap�deixh� �

L�mma �� Estw K isotropik� kurt� s�ma ston Rn � Stajeropoio�me �� �� � �
��� ��� An B � c��� logn kai m � c���n log� �

�� ��
B

c�LK
��	 t�te m tuqa�a shme�a

x�� � � � � xm � K ikanopoio�n me pijan�thta megal�terh ap� �� � thn

��� ��L�
K � �
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X
fj�jhxj �yij�Bg

hxj � yi� � �� � ��L�
K

gia �la ta y se �na ��d�ktuo thc Sn���

Ap�deixh� Up�rqei ��d�ktuo N gia thn Sn��
 me plhj�rijmo jN j � �
���n�

Stajeropoio�me y � N 
 kai or�zoume f 
 K � R me

f�x� �
�

L�
K

hx� yi��fz�jhz�yij�Bg�x��
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L�gw tou Jewr�matoc ��
��
 an epil�xoume B � c��� logn
 t�te
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�poio ki an e�nai to y � Sn��� Or�zoume fj�x�� � � � � xm� � f�xj� �
R
K f sto Km�

E�kola el�gqoume oti

kfjk� � 	 � Efj � � � kfjk� �
�

B
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Efarm�zontac to L�mma � pa�rnoume
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A � 	 exp����m���B�LK�
�� � �jN j���

an epil�xoume

m � c��� log
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Aut� shma�nei oti me pijan�thta megal�terh ap� � � � ta x�� � � � � xm ikanopoio�n
thn
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m

X
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gia k�je y � N � Ap� tic �
� kai �

� �petai to zhto�meno� �

L�mma �� Estw K isotropik� kurt� s�ma	 � � ��� ��	 m � n	 kai x�� � � � � xm
tuqa�a shme�a sto K� Me pijan�thta megal�terh ap� �� � �qoume

j
X
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xij � c���LK
p
logm

�p
jEjpn�

p
logmjEj

�
gia k�je E � f�� � � � �mg�
Ap�deixh� Ap� to Je�rhma ��
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 ta x�� � � � � xm ikanopoio�n thn

jxj j � C�

p
nLKt � j � �� � � � �m

me pijan�thta megal�terh ap� � � 	m exp��t��� An t � c����
p
logm
 t�te aut�

h pijan�thta e�nai � � � �
� � Epom�nwc
 mporo�me na upoj�soume oti �la ta xj
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jxj j � c����
p
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p
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