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KEFALAIO 1

PerÐlhyh.

To basikì jèma aut c thc ergasÐac eÐnai to prìblhma an�kthshc enìc s matoc apì
elleip  gn¸sh gia tic suqnìthtec tou s matoc. Ja exet�soume poiec eÐnai oi proupojèseic
¸ste na anakt soume èna s ma apì merik  gn¸sh twn suntelestwn Fourier tou s matoc.
Pr¸ta ja exet�soume thn perÐptwsh ìpou to m koc tou s matoc eÐnai pr¸toc arijmoc
kai ja doÔme pìte mporoÔme na èqoume akrib  an�kthsh. Sthn perÐptwsh pou to m koc
den eÐnai pr¸toc ja proseggÐsoume to prìblhma pijanojewritik� ìpou ja anaptÔxoume
to montèlo pou ja doulèyoume kai ja doÔme ti prèpei na isqÔei gia na èqoume an�kthsh
tou s matoc me meg�lh pijanìthta. H ergasÐa basÐzetai se dÔo paper twn Terence Tao,
Emmanuel Candes kai Justin Romberg.

To pr¸to kef�laio thc ergasÐac anafèretai sthn perÐptwsh pou to m koc tou s matoc
eÐnai pr¸toc arijmìc. Ja doÔme thn (mia) arq  abebaiìthtac gia kuklikèc om�dec me t�xh
pr¸to arijmì, k�poiec efarmogèc ìpwc h anisìthta Cauchy Davenport kai sthn sunèqeia
to je¸rhma gia thn akrib  an�kthsh enìc s matoc. Pio analutik� an G mia peperasmènh

om�da kai f mia sun�rthsh tìte o forèac twn f kai f̂ (eÔkola) ja doÔme ìti sqetÐzontai
wc ex c

|supp(f)||supp(f̂)| ≥ |G|.
An t¸ra h G eÐnai mia Zp, me p pr¸to tìte ja doÔme ìti o forèac twn f kai f̂ sqetÐzontai
wc ex c (arq  thc abebaiìthtac)

|supp(f)|+ |supp(f̂)| ≥ p+ 1.

Mia �mesh sunèpeia aut c thc arq c thc abebaiìthtac eÐnai ìti an èqw èna polu¸numo∑k
j=0 cjz

nj me k + 1 mh mhdenikoÔc suntelestèc kai 0 ≤ n0 < ... < nk < p tìte an to
perioristoÔme stic p-ostèc rÐzec thc mon�dac, èqei to polÔ k rÐzec. Mia DeÔterh eÐnai h
anisìthta Cauchy-Davenport pou lèei ìti gia k�je dÔo peperasmèna mh ken� uposÔnola
tou Zp èqoume ìti gia to sÔnolo A+B = {a+ b : a ∈ A, b ∈ B} ìti

|A+B| ≥ min(|A|+ |B| − 1, p).

Tèloc ja doÔme ìti an èqoume èna s ma f m kouc P (P pr¸toc arijmìc), Ω ⊂ ZP ìpou
èqoume gn¸sh gia touc suntelestèc Fourier mìno p�nw sto Ω kai an o forèac thc f eÐnai
to sÔnolo T , tètoio ¸ste

|T | ≤ 1

2
|Ω|

tìte mporoume na anakt soume pl rwc kai me monadikì trìpo thn f apì ta Ω kai f̂ |Ω.
Gia thn genik  perÐptwsh (ìtan to m koc tou s matoc den eÐnai kat' an�gkh pr¸toc)

ja doÔme ìti an èqoume ìti
|T | ≤ CM(logN)−1|Ω|

ìpou CM eÐnai mia stajer�, tìte me meg�lh pijanìthta, toul�qiston 1−O(N−M), mporoume
na anakt soume pl rwc kai me monadikì trìpo thn f wc lÔsh tou parak�tw probl matoc

beltistopoÐhshc: ming∈CN ||g||l1 :=
∑

t∈ZN |g(t)|, tètoio ¸ste ĝ|Ω = f̂ |Ω gia k�je ω ∈ Ω.
To parap�nw apoteleÐ to basikì mac je¸rhma kai eÐnai to shmantikìtero apotèlesma thc

5



ergasÐac to opoÐo ousiastik� mac lèei ìti ìtan to o foreac T thc f eÐnai thc t�xhc
tou Ω mìntoulo mia stajer� kai èna logarijmikì par�gonta tìte ousiastik� den q�noume
plhroforÐec, dhlad  mporoÔme na èqoume akrib  an�kthsh thc f .

Gia na to deÐxoume autì ja doÔme ìti mia ikan  kai anagkaÐa sunj kh gia thn f ¸-
ste na eÐnai h lÔsh tou probl matoc beltistopoÐhshc eÐnai h Ôparxh enìc trigwnometri-
koÔ poluwnÔmou P tou opoÐou o forèac tou metasqhmatismoÔ Fourier eÐnai p�nw sto Ω,
P (t) = sgn(f) sto T kai sto sumpl rwma tou T eÐnai mikrìtero apì thn mon�da. Autì to
polu¸numo ja doÔme ìti eÐnai to ex c

P = F ∗ΩFT→Ω (F ∗T→ΩFT→Ω)−1 i∗sgn(f)

kai sthn sunèqeia ja prospaj soume na apodeÐxoume tic idiìthtec pou èqei. Gia na tic
apodeÐxoume ja qreiastoÔme ton parak�tw bohjitikì pÐnaka

Hf(t) = −
∑
ω∈Ω

∑
t′∈T :t′ 6=t

e2πi
ω(t−t′)
N f(t′)

kaj¸c epÐshc kai seirèc Neumann.
To teleutaÐo kef�laio eÐnai h apìdeixh tou jewr matoc 3.3 to opoÐo eÐnai mia ektÐmhsh

gia thn anamenìmenh tim  tou Ðqnouc tou bohjitikoÔ pÐnaka. Eidikìtera, h ektÐmhsh eÐnai h
ex c

•
E[Tr(H2n

0 )] ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n+1

ìtan n ≤ τN
4(a−τ)|T |

•
E[Tr(H2n

0 )] ≤ n

1− τ
(4n)2n−1|τN ||T |2n

diaforetik�.

Gia na thn apìdeixh, pou eÐnai arket� teqnik , ja qreiasteÐ na orÐsoume sqèseic isodunamÐac
gia na aplopoi soume k�poia ajroismata, na qrhsimopoi soume apì thn sundiastik  touc
arijmoÔc Stirling kai tèloc na qrhsimopoi soume thn gnwst  prosèggish Stirling. Ta
parap�nw eÐnai polÔ teqnik� kai sta plaÐsia thc perÐlhyhc thc ergasÐac den eÐnai dunatìn
na d¸soume parap�nw plhroforÐec. 'Opoioc jèlei na dei ta parap�nw mporeÐ na anatrèxei
sto teleutaÐo kef�laio thc ergasÐac pou eÐnai analutik� grammèna.
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KEFALAIO 2

H arq  thc abebaiìthtac gia kuklikèc om�dec me t�xh

pr¸to arijmì.[1]

Eisagwg .

Se autì to kef�laio ja deÐxoume thn sqèsh pou èqei o forèac miac migadik c su-
n�rthshc orismènh p�nw se mia peperasmènh abelian  prosjetik  om�da me ton forèa tou
metasqhmatismou Fourier thc. Sthn sunèqeia ja exet�soume ti gÐnetai sthn eidik  perÐptw-
sh pou èqoume thn kuklik  om�da Zp (ìpou p pr¸toc) kai ja d¸soume k�poiec efarmogèc.
Tèloc ja exet�soume tic proupojèseic pou qrei�zetai na plhroÔntai ¸ste na mporoÔme
na anakt soume pl rwc èna s ma, ìtan to m koc tou eÐnai pr¸toc arijmìc, kaj¸c kai èna
par�deigma ìpou apotugq�nei aut  h mèjodoc.

'EstwG mia peperasmènh abelian , prosjetik  om�da kai e : G×G→ {z ∈ C : |Z| = 1}
mia sun�rthsh pou oi timèc thc eÐnai p�nw ston monadiaÐo kÔklo kai isqÔei ìti

e(χ+ χ′, ξ) = e(χ, ξ)e(χ′, ξ)

e(χ, ξ + ξ′) = e(χ, ξ)e(χ, ξ′)

kai gia k�je χ 6= 0 up�rqei ξ ∈ G tètoio ¸ste e(χ, ξ) 6= 1, kai ìmoia gia thn deÔterh
metablht , gia k�je ξ 6= 0 up�rqei χ ∈ G tètoio ¸ste e(χ, ξ) 6= 1.

Gia par�deigma an p�roume thn om�da ZN tìte eÔkola mporoÔme na doÔme ìti h e(χ, ξ) :=
e2πiχξ/N ikanopoieÐ tic parap�nw apait seic. An t¸ra èqoume f : G → C mia migadik 

sun�rthsh sto G, mporoÔme na orÐsoume ton metasqhmatismì Fourier thc, f̂ : G→ C wc

f̂(ξ) :=
1

|G|
∑
x∈G

f(χ)e(χ, ξ)

ìpou |G| eÐnai eÐnai h t�xh thc peperasmènhc om�dac G. ParathreÐste ìti se aut n thn
perÐptwsh exakoloujoÔn na isqÔoun oi basikèc idiìthtec tou metasqhmatismoÔ Fourier,
ìpwc tic xèroume apì to R.[2][3]

An supp(f) = {x ∈ G : f(x) 6= 0} o forèac thc f tìte qrhsimopoi¸ntac ton tÔpo tou
metasqhmatismou Fourier kai thn trigwnik  anisìthta èqoume ìti

supξ∈G|f̂(ξ)| ≤ 1

|G|
∑
χ∈G

|f(χ)| = 1

|G|
∑

χ∈supp(f)

|f(χ)| = (1, ..., 1)√
|G|

(|f(χ1)|, ..., |f(χ|G|)|)√
|G|

ìpou ta dianÔsmata èqoun |supp(f)| suntetagmenec. Sthn sunèqeia apì thn anisìthta
Cauchy - Schwarz kai to je¸rhma tou Plancherel paÐrnoume ìti

sup
ξ
|f̂(ξ)| ≤ |supp(f)|1/2

|G|1/2

 1

|G|
∑

χ∈supp(f)

|f(χ)|2
1/2

=
|supp(f)|1/2

|G|1/2

(
1

|G|
∑
χ∈G

|f(χ)|2
)1/2

=
|supp(f)|1/2

|G|1/2

(
1

|G|
∑
ξ∈G

|f̂(ξ)|2
)1/2
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kai telik� èqw ìti

sup
ξ
|f̂(ξ)| ≤ |supp(f)|1/2||supp(f̂)|1/2

|G|1/2
supξ∈G|f̂(ξ)|

afoÔ ∑
ξ∈G

|f̂(ξ)|2 ≤ |supp(f̂)|supξ∈G|f̂(ξ)|2.

'Ara ìtan h f den eÐnai pantoÔ mhden èqw ìti

(1) |supp(f)||supp(f̂)| ≥ |G|

Axizei na parathr soume ìti aut  h prosèggish den eÐnai qondroeid c, kaj¸c an h f (  h

f̂) eÐnai h sun�rthsh tou Dirac tìte èqoume isìthta.
Sthn perÐptwsh pou h G eÐnai h Zp gia k�poio pr¸to arijmì p kai e(χ, ξ) = e2πiχξ/p,

èqoume ìti oi mìnec upoom�dec thc G eÐnai oi tetrimmènec, dhlad , {0} kai G. Autì shmaÐnei
ìti h anisìthta (1) eÐnai gn sia, opìte ja mporoÔsame na thn belti¸soume. To parak�tw

je¸rhma mac dÐnei mia aisjht� kalÔterh ektÐmhsh gia touc foreÐc twn f kai f̂ .

Je¸rhma 2.1. 'Estw p pr¸toc. An f : Zp → C eÐnai mia mh mhdenik , migadik 
sun�rthsh tìte

|supp(f)|+ |supp(f̂)| ≥ p+ 1.

AntÐstrofa, an A kai B eÐnai dÔo mh ken� uposÔnola tou Zp tètoia ¸ste |A|+ |B| ≥ p+ 1

tìte up�rqei mia sun�rthsh f tètoia ¸ste supp(f) = A kai supp(f̂) = B.

Gia na apodeÐxoume to je¸rhma ja qreiastoÔme k�poia l mmata.

L mma 2.2. 'Estw p ènac pr¸toc arijmìc, n ènac jetikìc akèraioc kai èstw P (z1, ..., zn) ∈
Z[z1, ..., zn] èna polu¸numo me akèraiouc suntelestèc. 'Estw ìti èqoume n to pl joc p-ostèc
rÐzec thc mon�dac (ìqi anagkastik� diaforetikèc), ω1, ..., ωn tètoiec ¸ste P (ω1, ..., ωn) = 0.
Tìte P (1, ..., 1) eÐnai pollapl�sio tou p.

Apìdeixh. 'Eqoume ω1, ..., ωn p-ostèc rÐzec thc mon�dac. Opìte an jèsoume ω = e2πi/p tìte
gia k�je 1 ≤ j ≤ n ja èqoume ìti ωj = ωkj gia k�poiouc akèraiouc me 0 ≤ kj < p. An
t¸ra orÐsoume to polu¸numo miac metablht c Q(z) = P (zk1 , ..., zkn) mod(zp − 1) (�ra
deg(Q(z)) ≤ p − 1) èqoume ìti Q(ω) = P (ωz1 , ..., ωzn) = 0 apì upìjesh kai Q(1) =
P (1, ..., 1). Opìte arkeÐ na deÐxw ìti to Q(1) eÐnai polaplasio tou p. AfoÔ ω mia rÐza tou
Q(z), deg(Q(z)) ≤ p− 1 kai to g(z) = 1 + z + z1 + ...+ zp−1 eÐnai to el�qisto monikì
Q -polu¸numo pou èqei rÐza to ω ja èqoume ìti g(z)|Q(z). 'Ara Q(z) = g(z)h(z) gia k�poio
h me suntelestèc en gènei sto Q. 'Omwc afoÔ to Q polu¸numo akèraiwn suntelest¸n kai
up�rqoun polu¸numa g, h rht¸n suntelestwn tètoia ¸ste Q = gh tìte apì to l mma
tou Gauss ta g, h eÐnai polu¸numa akèraiwn suntelestwn. Opìte gia z = 1 èqoume ìti
Q(1) = g(1)h(1), me g(1) = p, �ra to Q(1) eÐnai pollapl�sio tou p. �

Qrhsimopoi¸ntac to prohgoÔmeno L mma, mporoÔme na apodeÐxoume ìti ta minors tou
pÐnaka Fourier eÐnai mh mhdenik�.

L mma 2.3. 'Estw p pr¸toc kai 1 ≤ n ≤ p, χ1, ..., χn diaforetik� stoiqeÐa tou Zp,
ξ1, ..., ξn diaforetik� stoiqeÐa epÐshc tou Zp. Tìte h orÐzousa tou pÐnaka (e2πiχjξk/p)1≤j,k≤n
eÐnai diaforetik  apì to mhdèn.
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Apìdeixh. An jèsoume ωj = e2πiχj/p, tìte k�je ωj eÐnai mia rÐza thc mon�dac kai epeid  ta
χ1, ..., χn eÐnai diaforetik� metaxÔ touc kai 1 ≤ n ≤ p ja èqoume n diaforetikèc rÐzec thc
mon�dac. Opìte arkeÐ na deÐxoume ìti h orÐzousa

det(ωξkj )1≤j,k≤n

eÐnai di�forh tou mhdèn. Gia na to apodeÐxoume ja qrhsimopoi soume to antijeto-antÐstrofo
apì to prohgoÔmeno L mma. 'Estw to polu¸numo

D(z1, ..., zn) = det(zξkj )1≤j,k≤k.

Ta ξk eÐnai diaforetik� stoiqeÐa tou Zp, opìte, dialègontac kat�llhlo antiprìswpo gia
k�je ξk, ta paÐrnw na eÐnai stoiqeÐa tou sunìlou

{0, 1, ..., p− 1} .
'Eqoume ìti to polu¸numo eÐnai akèraiwn suntelest¸n ìmwc D(1, ..., 1) = 0 kaj¸c paÐr-
noume mia orÐzousa me to stoiqeÐo 1 se ìlec tic jèseic, opìte h tim  thc orÐzousac eÐnai
mhdèn. Epiprosjètwc, to D eÐnai mhdèn ìtan zj = zj′ gia opoiad pote 1 ≤ j < j′ ≤ n
afoÔ h orÐzousa ja èqei dÔo grammèc Ðdiec kai �ra h tim  thc eÐnai mhdèn. Opìte, afoÔ ta
zj − zj′ eÐnai rÐzec tou D, paragontopoi¸ntac to D wc proc ta zj − zj′ ja èqoume ìti

D(z1, ..., zn) = P (z1, ..., zn)
∏

1≤j<j′≤n

(zj − zj′)

ìpou to P eÐnai to polu¸numo pou prokÔptei apì thn diaÐresh tou D me to ginìmeno
twn zj − zj′ paragìntwn. P�li, afoÔ to D eÐnai polu¸numo me akèraiouc suntelestèc kai
gr�fetai san ginìmeno duo poluwnÔmwn (en gènei, em�c mac endiafèrei to P ) me suntelestèc
sto Q apì to l mma tou Gauss to P eÐnai polu¸numo me akèraiouc suntelestèc. To pl joc

twn grammik¸n paragìntwn (zj − zj′) eÐnai akrib¸c n(n−1)
2

afou gia to z1 up�rqoun n− 1
to pl joc diaforetik� zj, gia to z2, n−1 kai suneqÐzontac ètsi, gia to zn−1 èna. 'Ara eÐnai

1+2+...+(n−1) = n(n−1)
2

par�gontec. Ja deÐxoume ìti to P (1, ..., 1) den eÐnai pollaplasio
tou p kai �ra apì to prohgoÔmeno L mma (ja efarmìsoume to antÐjeto-antÐstrofo tou
l mmatoc) to P (ω1, ..., ωn) eÐnai di�foro tou mhdenìc. Gia na upologÐsoume to P (1, ..., 1),
ja paragwgÐsoume to D. Pio sugkekrimèna ja exet�soume thn èkfrash

(2) (z1
d

dz1

)0(z2
d

dz2

)1...(zn
d

dzn
)n−1D(z1, ..., zn)|z1=...=zn=1.

Gia na upologÐsoume thn (2) ja qrhsimopoi soume ton tÔpo tou Leibniz. ParathroÔme ìti

efarmìzoume 0 + 1 + ...+n− 1 = n(n−1)
2

paragwgÐseic, dhlad  ìso eÐnai kai to pl joc twn
grammik¸n paragìntwn (zj−zj′) tou poluwnÔmouD. T¸ra, k�je zj

d
dzj

ja exaleÐfei k�poion

apì touc grammikoÔc par�gontec tou zj kai ja ton antikajist� me zj   ja paragwgÐzei to
P . Ta n − 1 antÐgrafa tou zn

d
dzn

mporoÔn na exaleÐyoun n − 1 grammikoÔc par�gontec
(zj − zn) kai se k�je ènan apì autoÔc touc par�gontec efarmìzoume mono mia for� ton
zn

d
dzn

. Sunolik� up�rqoun (n − 1)! trìpoi pou mporeÐ autì na sumbei. SuneqÐzontac thn

diadikasÐa gia ta n−2 antÐgrafa tou zn−1
d

dzn−1
, ja èqoume ìti exaleÐfoun n−2 grammikoÔc

par�gontec zj − zn−1 kai up�rqoun (n− 1)! trìpoi pou mporeÐ autì na sumbeÐ. K�nontac
thn Ðdia diadikasÐa gia ta upìloipa zk

d
dzk

ja èqoume ìti

(2) = (n− 1)!(n− 2)! · ... · 0!P (1, ..., 1)

'Eqoume ìti to (n−1)!(n−2)!·...·0! den eÐnai pollaplasio tou p kai �ra arkeÐ na deÐxoume ìti
h (2) den eÐnai pollapl�sio tou p. 'Omwc ex' orismoÔ to D eÐnai h orÐzousa enìc pÐnaka pou
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èqei to stoiqeÐo zξkj sthn jèsh (j, k). Dhlad D(z1, ..., zn) = det

zξ11 .. zξn1

.. .. ..
zξ1n .. zξnn

. Opìte gia
na upologÐsoume thn (2) ja pollaplasi�soume thn l+1 gramm  thc orÐzousac me (zl

d
dzj

)l−1,

gia 1 ≤ l ≤ n. To apotèlesma, ja eÐnai h orÐzousa det

 (z1
d
dz1

)0zξ11 .. (z1
d
dz1

)0zξn1

.. .. ..
(zn

d
dzn

)n−1zξ1n .. (zn
d
dzn

)n−1zξnn


ìtan z1 = ... = zn = 1 pou telika eÐnai Ðsh me det


1 .. 1
ξ1 .. ξn
.. .. ..

ξn−1
1 .. ξn−1

n

. Aut  h orÐzousa eÐnai

gnwst  wc h orÐzousa Vandermonde kai isoÔtai me

±
∏

1≤k<k′≤n

(ξk − ξk′)

'Omwc apì thn upìjesh èqoume ìti ta ξk eÐnai diaforetik� (modp) metaxÔ touc, �ra h
orÐzousa den eÐnai mhden opìte h (2) den eÐnai pollapl�sio tou p. 'Ara kai P (1, ..., 1)
den eÐnai pollapll�sio tou p kai opìte apì to prohgoÔmeno L mma P (ω1, ..., ωn) den eÐnai
mhdèn, dhlad 

det(ωξkj )1≤j,k≤n

eÐnai di�forh tou mhdèn. �

'Ena �meso pìrisma eÐnai to ex c.

To pìrisma 2.4.

Pìrisma 2.4. 'Estw p pr¸toc kai A, Ã mh ken� uposÔnola tou Zp me |A| = |Ã|. O

grammikìc metasqhmatismìc T : l2(A)→ l2(Ã) me Tf = f̂ |Ã eÐnai antistrèyimoc.

Apìdeixh. O pÐnakac T èqei thn morf  (e2πiχjξk/p)1≤j,k≤n wc proc th sunhjismènh b�sh kai
�ra apì to prohgoÔmeno L mma eÐnai antistrèyimoc. �

T¸ra eÐmaste ètoimoi na apodeÐxooume to je¸rhma.

Apìdeixh. (tou jewr matoc 2.1) 'Estw ìti up�rqei mia mh mhdenik  sun�rthsh f tètoia

¸ste |supp(f)| + |supp(f̂)| ≤ p. Tìte an jèsoume A = supp(f) mporoÔme na broÔme

èna sÔnolo Ã uposÔnolo Zp pou na eÐnai xèno wc proc ton forèa thc f̂ , supp(f̂) kai na

èqei t�xh Ðsh me thn t�xh thc A, dhlad  |A| = |Ã|. Autì gÐnete diìti f̂ : Zp → C kai

|Ã|+|supp(f̂)| ≤ p. 'Ara, èqoume ìti Tf = f̂ |Ã = 0 kai f ìqi h mhdenik , opìte katal xame
se antÐfash tou porÐsmatoc (2.4).
Gia to antÐstrofo, pr¸ta ja deÐxoume thn perÐptwsh ìpou |A| + |B| = p + 1. 'Opwc prin
dialègoume èna uposÔnolo tou Zp, èstw Ã (apì thn meri� tou f�smatoc) me |Ã| = |A|
tètoio ¸ste na tèmnei to B se èna mìno shmeÐo, èstw ξ. Tìte apì to pìrisma, o T eÐnai
antistrèyimoc, kai pio sugkekrimèna mporoÔme na broÔme mia f ∈ l2(A) mh mhdenik  ¸ste

o metasqhmatismoc Fourier thc, f̂ na mhdenizetai sto Ã− {ξ} kai eÐnai mh mhdenik  sto ξ
(Ã, B ⊆ Zp). 'Omwc apì upìjesh èqoume ìti |A| + |B| = p + 1 kai èqoume f ∈ l2(A) �ra

|supp(f)| ≤ |A|. EpÐshc èqoume ìti |supp(f̂)| ≤ p − |A|. Apì to eujÔ tou jewr matoc

èqoume ìti |supp(f)|+ |supp(f̂)| ≥ p+1 �ra anagkasthk� |supp(f)| = |A| kai |supp(f̂)| =
|B|.
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An èqoume ìti |A|+ |B| > p+ 1, tìte, an p�roume A′, B′ uposÔnola twn A kai B antÐ-
stoiqa, tètoia ¸ste |A′|+|B′| = p+1 ja up�rqei f me supp(f) = A, supp(f̃) = B. An t¸ra
ton grammikì sundiasmì twn fi (me kat�llhlec stajerèc) kaj¸c ta A′ kai B′ poikÐloun,

tìtè èpetai to apotèlesma. Dhlad  up�rqei f me |supp(f)| = |A| kai |supp(f̂)| = |B|. �

AxÐzei na shmei¸soume ìti emeÐc sthn sunèqeia ja qreiastoÔme to pìrisma 2.4 kai
ìqi to kurÐwc je¸rhma. To je¸rhma kaj¸c kai h apodeix  tou perilamb�nontai ed¸ gia
plhrìthta. Parak�tw dÐnontai merikèc efarmogèc tou jewr matoc.

Efarmogèc.

Efarmog  2.5. Mia �mesh sunèpeia tou jewr matoc eÐnai ìti an èqw èna polu¸numo∑k
j=0 cjz

nj me k + 1 mh mhdenikoÔc suntelestèc kai 0 ≤ n0 < ... < nk < p tìte an
perioristoÔme stic p-ostèc rÐzec thc mon�dac, èqei to polÔ k rÐzec. Pr�gmati ìtan perio-
ristoÔme stic p-ostèc rÐzec thc mon�dac, èna tètoio polu¸numo eÐnai o metasqhmatismìc
Fourier sto Zp k�poiac sun�rthshc, thc opoÐac oforèac èqei akrib¸c k + 1 stoiqeÐa. O-
pìte sÔmfwna me to prohgoÔmeno je¸rhma, o forèac tou poluwnÔmou ja èqei toul�qiston
p + 1 − (k + 1) = p − k p-ostèc rÐzec thc mon�dac. 'Ara to polu¸numo ja èqei to polÔ k
rÐzec.

Efarmog  2.6. Mia �llh efarmog  eÐnai h anisìthta Cauchy-Davenport.
Gia k�je dÔo peperasmèna mh ken� uposÔnola tou Zp èqoume ìti gia to sÔnolo A + B =
{a+ b : a ∈ A, b ∈ B} ìti

|A+B| ≥ min(|A|+ |B| − 1, p).

Apìdeixh. 'Estw dÔo mh ken� sÔnola A kai B. MporoÔme na broÔme dÔo uposÔnola X kai
Y tou Zp tètoia ¸ste |X| = p+1−|A|, |Y | = p+1−|B| kai |X∩Y | = max(|X|+|Y |−p, 1).
Apl� paÐrnoume X kai Y tètoia ¸ste |X|+ |A| = p+ 1 kai |Y |+ |B| = p+ 1 kai epÐshc na
èqoun   akrib¸c èna koinì stoiqeÐo   akrib¸c |X|+ |Y |−p, dhlad  me P +2−|A|−|B| (ta
A, B eÐnai mh ken�). O lìgoc pou to jèloume autì eÐnai gia na ikonopoihjeÐ to sumpèrasma
thc efarmog c.

T¸ra, afoÔ |A| + |X| = p + 1 kai |B| + |Y | = p + 1, apì to je¸rhma (2.1) up�rqoun

sunart seic f kai g me supp(f) = A, supp(f̂) = X, supp(g) = B kai supp(ĝ) = Y . Tìte o

forèac thc f ∗g perièqetai sto |A+B| kai epeid  èqoume ìti f̂ ∗ g = f̂ ·ĝ o foreac thc f̂ ∗ g
ja eÐnai Ðsoc me X ∩Y . Opìte apì to je¸rhma (2.1) èqoume ìti |A+B|+ |X ∩Y | ≥ p+ 1
ìpou an |X∩Y | = 1 tìte èqoume ìti |A+B| ≥ p. Apì thn �llh an |X∩Y | = |X|+ |Y |−p
tìte |A+B| ≥ p+ 1−|X|− |Y |+p = p+ 1−p−1 + |A|−p−1 + |B|+p = |A|+ |B|−1.
'Ara telik�, se k�je perÐptwsh èqoume ìti

|A+B| ≥ min(|A|+ |B| − 1, p).

�

Me tic parap�nw efarmogèc ousiastik� oloklhr¸same me ta eisagwgik� aut c ed¸
thc ergasÐac kai sthn sunèqeia ja anaptÔxoume tic mejìdouc akriboÔc an�kthshc enìc
s matoc ìtan to m koc tou s matoc eÐnai pr¸toc arijmìc.

Akrib  an�kthsh s matoc me m koc pr¸to arijmì.

Se autì to shmeÐo ja deÐxoume ìti an to m koc tou shmatoc mac f eÐnai pr¸toc arijmìc
kai o forèac T tou arket� mikrìc, tìte mporoÔme na èqoume akrib  an�kthsh tou s matoc.

'Estw f ∈ CN èna s ma me m koc N kai èstw ìti gnwrÐzoume touc suntelestec Fourier

thc f p�nw se èna sÔnolo Ω ⊂ ZN . Dhlad  f̂ |Ω eÐnai gnwstì. 'EpÐshc, èstw ìti T o forèac
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thc f eÐnai èna mikrì all� en gènei �gnwsto uposÔnolo tou ZN . Sthn perÐptwsh pou to
m koc N eÐnai pr¸toc mporoÔme na anakt soume thn f an to T eÐnai sqetik� mikro. 'Opwc
proeÐpame gia na apodeÐxoume to basikì mac je¸rhma sthn perÐptwsh pou to m koc tou
shmatìc mac eÐnai pr¸toc arijmìc ja qreiastoÔme apì ta parap�nw, to pìrisma 2.4.

Je¸rhma 2.7. 'Estw f èna s ma m kouc N me N na eÐnai pr¸toc arijmìc. EpÐshc,
èstw Ω ⊂ ZN kai ìti o forèac thc f eÐnai to sÔnolo T , tètoio ¸ste

|T | ≤ 1

2
|Ω|

Tìte mporoume na anakt soume pl rwc kai me monadikì trìpo thn f apì ta Ω kai f̂ |Ω.
AntÐstrofa, an to Ω eÐnai gn sio uposÔnolo tou ZN , dhlad  to Ω den perièqei ìlec tic

N suqnìthtec, tìte up�rqoun diaforetikèc sunart seic f ,g tètoia ¸ste na isqÔei ìti

|supp(f)|, |supp(g)| ≤ 1

2
|Ω|+ 1

kai f̂ |Ω = ĝ|Ω.

Apìdeixh. 'Estw ìti |T | ≤ 1
2
|Ω| kai ìti up�rqoun f, g tètoiec ¸ste f̂ |Ω = ĝ|Ω me

|supp(f)|, |supp(g)| ≤ 1

2
|Ω|

. Tìte o metasqhmatismìc Fourier thc f − g ja eÐnai mhdèn sto sÔnolo Ω. EpÐshc, ja
èqoume ìti |supp(f − g)| ≤ |Ω|. 'Ara apì to pìrisma (2.4) ja èqoume ìti Tsupp(f−g)→Ω eÐnai

1 − 1 me f̂ |Ω = ĝ|Ω. 'Opìte telik� ja èqoume ìti f − g = 0, dhlad  ìti f = g pou eÐnai
�topo.
AntÐstrofa, afoÔ èqoume ìti |Ω| < N , mporoÔme na broÔme dÔo xèna sÔnola, T, S, tètoia
¸ste na isqÔei ìti |T |, |S| ≤ 1

2
|Ω|+1 kai |T |+ |S| = |Ω|+1. 'Estw t¸ra ω0 mia suqnìthta

pou den an kei sto Ω. P�li, apì to pìrisma (2.4) ja èqoume ìti o TT∪S→Ω∪{ω0} eÐnai
1 − 1 kai epÐ. An p�roume t¸ra èna di�nusma h me forèa sto sÔnolo T ∪ S kai me ton
metasqhmatismì Fourier tou na eÐnai mhdèn sto Ω all� ìqi sto ω0, opìte to h den eÐnai
tautotik� mhdèn, tìte, gia f = h|T kai g = −h|s ja èqoume ìti

|supp(f)|, |supp(g)| ≤ 1

2
|Ω|+ 1

kai f̂ |Ω = ĝ|Ω, pou  tan kai to zhtoÔmeno. �

Me to parap�nw je¸rhma eÐdame poiec sunj kec ja prèpei na ikanopoioÔntai ¸ste na
èqoume monadik  an�kthsh enìc s matoc, ìtan to m koc tou s matoc eÐnai pr¸toc arijmìc.
Dustuq¸c h sugkekrimènh mèjodoc apotugq�nei sthn perÐptwsh pou to m koc tou s matoc
den eÐnai pr¸toc arijmìc, kaj¸c paÔei na isqÔei to pìrisma 2.4 kai �ra kai to je¸rhma 2.7.
Sthn sunèqeia ja doÔme èna antipar�deigma, ìpou to T eÐnai arket� mikrì all� to m koc
tou s matoc den eÐnai pr¸toc kai den mporoÔme na anakt soume to s ma.

Antipar�deigma 2.8. (o discrete Dirac comb.) 'Estw ìti to N eÐnai tèleio tetr�gwno
kai èstw èna s ma pou sta pollapl�sia tou

√
N paÐrnei thn tim  èna en¸ pantoÔ alloÔ

eÐnai mhdèn. To sugkekrimèno s ma onom�zetai discrete Dirac comb kai èqei thn idiìthta na
paramènei analloÐwto apì ton metasqhmatismì Fourier. 'Etsi, an p�roume gia Ω to sÔnolo

pou perièqei ìlec tic suqnìthtec ektìc ta pollapl�sia tou
√
N ja èqoume ìti f̂ |Ω ≡ 0 kai

�ra den mporoÔme na anakt soume to s ma.
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Sto epìmeno kef�laio ja anaptÔxoume tic mejìdouc akriboÔc an�kthshc enìc s matoc
gnwrÐzontac mìno èna mèroc twn suqnot twn. 'Opwc proanafèrame h prosèggish tou
probl matoc eÐnai pijanojewrhtik .
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KEFALAIO 3

Akrib c an�kthsh s matoc me meg�lh pijanìthta.

Eisagwg .

Parap�nw eÐdame ti gÐnetai ìtan to m koc tou shmatìc mac eÐnai pr¸toc arijmìc, all�
kai giatÐ apotugq�nei aut  h prosèggish, me èna par�deigma, ìtan to m koc den eÐnai pr¸toc
arijmìc. EÐnai eÔlogo na exet�soume an to pìrisma 2.4 exakoloujeÐ na isqÔei ìtan toN den
eÐnai pr¸toc arijmìc kai e�n ta T kai Ω den eÐnai upoom�dec tou ZN all� isqÔoun k�poiec
�llec proupojèseic. 'Opwc ja doÔme, an epilèxoume ta T kai Ω tuqaÐa kai omoiìmorfa,
tìte mporoÔme na anakt soume to s ma mac me meg�lh pijanìthta.

Genik�, o pio aplìc trìpoc gia na èqoume akrib  an�kthsh thc f eÐnai lÔnontac to
parak�tw prìblhma sunduastik c beltistopoÐhshc

(P0)ming∈CN ||g||l0 , ĝ|Ω = f̂ |Ω
ìpou ||g||lo eÐnai o arijmìc twn mh mhdenik¸n ìrwn, dhlad  to pl joc ìlwn twn stoiqeÐwn
t me g(t) 6= 0. 'Opwc eÐpame autì eÐnai èna prìblhma sunduastik c beltistopoÐhshc kai to
na prospaj soume apeujeÐac na lÔsoume to (P0) eÐnai upologistik� anèfikto akìma kai
gia mètriou megèjouc s mata. Ousiastik� autì pou ja prèpei na k�noume gia na lÔsoume
to (P0) eÐnai na af soume to T na poikÐllei p�nw apì ìla ta uposÔnola tou {0, ..., N − 1}
kai to pl joc twn stoiqeÐwn tou T na eÐnai to polÔ to misì tou Ω, dhlad  |T | ≤ 1

2
|Ω|.

Sthn sunèqeia gia k�je èna tètoio T ja prèpei na tsek�roume an h f̂ |ω antistrèfetai  
ìqi kai na p�roume ton antÐstrofo tou antistoiqou Fourier minor tou pÐnaka Fourier gia
na anakt soume thn f . 'Opwc eÐpame, aut  h prosèggish eÐnai praktik� anèfikth miac kai
èqei ter�stio ′′upologistikì kìstoc′′ lìgw tou meg�lou pl jouc twn dunat¸n sunìlwn T .

Mia pio apodotik  mèjodoc gia na anakt soume thn f apì ta Ω kai f̂ |Ω eÐnai na lÔsoume
to parak�tw prìblhma beltistopoÐhshc:

(P1) ming∈CN ||g||l1 :=
∑

t∈ZN |g(t)|, ĝ|Ω = f̂ |Ω

To krÐsimhc shmasÐac apotèlesma eÐnai ìti oi lÔseic (P0) kai (P1) eÐnai isodÔnamec
gia èna meg�lo posostì epilog¸n gia ta T kai Ω. Eidikìtera ja doÔme ìti gia |T | ≤
α|Ω|/ logN , ìpou α eÐnai mia stajer�, lÔnontac to (P1) mporoÔme na èqoume akrib  an�-
kthsh tou s matìc mac.

T¸ra ja parousi�soume to basikì je¸rhma aut c thc ergasÐac. Kat' arq n ja je-
wr soume ìti oi suntetagmènec Fourier pou gnwrÐzoume eÐnai tuqaÐa katanemhmènec kai
dedomènou tou arijmoÔ Nω twn suqnot twn pou gnwrÐzoume paÐrnoume to Ω dialègontac
tuqaÐa Nω suqnìthtec. Dhlad  sunolik� èqoume

(
N
Nω

)
pijan� uposÔnola ìpou k�je èna

apì aut� mporeÐ na epilegeÐ me thn Ðdia pijanìthta. T¸ra eÐmaste ètoimoi na parousi�soume
to basikì mac je¸rhma.

To basikì je¸rhma.

Je¸rhma 3.1. 'Estw f ∈ C èna diakritì s ma me forèa p�nw se èna �gnwsto sÔnolo
T kai èstw to sÔnolo Ω me |Ω| = Nω pou to epilègoume me tuqaÐa akolouj¸ntac thn
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omoiìmorfh katanom . Gia dedomènh par�metro akrÐbeiac M an

(3) |T | ≤ CM (logN)−1 |Ω|
tìte h lÔsh tou (P1) eÐnai monadik  kai Ðsh me thn f me pijanìthta toul�qiston 1 −
O
(
N−M

)
.

Parathr ste ìti h (3) ousiastik� mac lèei ìti ìtan o foreac T thc f eÐnai thc t�xhc
tou Ω ektìc apì mia stajer� kai èna logarijmikì par�gonta tìte ousiastik� den q�noume
plhroforÐec, dhlad  mporoÔme na èqoume akrib  an�kthsh thc f . EpÐshc, apì thn �llh to
je¸rhma epitrèpei na up�rqoun f tètoiec ¸ste akìma kai an o forèac |supp(f)| eÐnai polÔ
mikrìc sugkritik� me to |Ω| na mhn mporoÔme na tic anakt soume. 'Ena tètoio par�deigma
eÐnai to antipar�deigma 2.8 pou eÐdame sto prohgoÔmeno kef�laio.

Opìte, telik�, to je¸rhma 3.1 mac lèei ìti gia ta perissìtera sÔnola T pou èqoun
mègejoc sqedìn san to mègejoc tou Ω, den q�noume plhroforÐec sthn an�kthsh thc f .
T¸ra, gia na apodeÐxoume to parap�nw je¸rhma ja qreiastei na apodeÐxoume mia seir� apo
l mmata kai porÐsmata kaj¸c kai na qrhsimopoi soume di�fora ergaleÐa pou ja anaptÔ-
xoume sthn sunèqeia.

To trigwnometrikì polu¸numo P .

Se aut n thn par�grafo ja deÐxoume ìti h f eÐnai h monadik  mac lÔsh an kai mìno an
up�rqei èna trigwnometrikì polu¸numo me dedomènec idiìthtec, tic opoÐec ja anaptÔxoume
pl rwc.

'Estw T o forèac thc f kai èstw ìti gnwrÐzoume thn f̂ se èna sÔnolo Ω. To parak�tw
l mma ousiastik� mac lèei ìti mia ikan  kai anagkaÐa sunj kh gia thn f ¸ste na eÐnai h
lÔsh tou (P1) eÐnai h Ôparxh enìc trigwnometrikoÔ poluwnÔmou P tou opoÐou o forèac
tou metasqhmatismoÔ Fourier perièqetai sto Ω, P (t) = sgn(f) sto T kai sto sumpl rwma
tou T eÐnai mikrìtero apì thn mon�da.

L mma 3.2. 'Estw Ω ∈ ZN , f ∈ CN kai T o forèac tou f . OrÐzoume sgn(f(t)) =
f(t)/|f(t)| ìtan t ∈ T kai sgn(f) = 0 diaforetik�. An upojèsoume epÐshc ìti up�rqei èna

di�nusma P tètoio ¸ste o forèac tou metasqimatismoÔ Fourier P̂ na eÐnai sto Ω kai

(4) P (t) = sgn(f)(t)

gia k�je t sto T kai

(5) |P (t)| < 1

gia k�je t sto sumpl rwma tou T
tìte
an o FT→Ω eÐnai 1− 1, tìte h lÔsh tou (P1) eÐnai monadik  kai Ðsh me f .
AntÐstrofa, an f eÐnai h monadik  lÔsh tou (P1), tìte up�rqei èna di�nusma P me tic

parap�nw idiìthtec. (O FT→Ω eÐnai ènac telest c apì to l2(T ) sto l2(Ω) me FT→Ω(f) = f̂ |Ω)
Apìdeixh. Arqik� ja upojèsoume ìti to Ω eÐnai mh kenì kai ìti h f ìqi pantoÔ mhden.
Diaforetik� h apìdeixh eÐnai profan c.
'Estw t¸ra ìti up�rqei èna tètoio polu¸numo P . An g eÐnai èna di�nusma me g 6= f kai

ĝ|Ω = f̂ |Ω kai jèsoume h = g − f , tìte ja èqoume ìti ĥ ≡ 0 sto Ω. Tìte gia k�je t ∈ T
ja èqoume ìti

|g(t)| = |f(t) + h(t)|

= ||f(t)|+ h(t)sgn(f(t))|
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≥ |f(t)|+Re(h(t)sgn(f(t)))

= |f(t)|+Re(h(t)P (t)).

H deÔterh isìthta bgaÐnei apl� tetragwnÐzontac, enw sth sunèqeia qrhsimopoioÔme stoi-
qei¸deic idiìthtec migadik¸n kai ìti gia t ∈ T èqoume ìti P (t) = sgn(f(t)).
T¸ra gia t /∈ T èqoume ìti f ≡ 0 kai P (t) < 1. 'Ara

|g(t)| = |h(t)| ≥ Re(h(t)P (t))

Opìte telik� ja èqoume ìti

||g||l1 ≥ ||f ||l1 +
N−1∑
t=0

Re(h(t)P (t)).

'Omwc apì ton tÔpo tou Parseval ja p�roume ìti

N−1∑
t=0

Re(h(t)P (t)) =
1

N

N−1∑
k=0

Re(ĥ(k)P̂ (k)) = 0

diìti o forèac tou P̂ eÐnai sto Ω en¸ ìpwc eÐpame parap�nw ĥ|Ω = 0. 'Ara èqoume
ìti ||g||l1 ≥ ||f ||l1 kai ja exet�soume pìte isqÔei h isìthta, dhlad  pìte èqoume ìti
||g||l1 = ||f ||l1 . Gurn¸ntac pÐsw blèpoume ìti gia na isqÔei h isìthta ja prèpei ìtan
t /∈ T na èqoume ìti |h(t)| = Re(h(t)P (t)). Epeid  ìmwc gia t /∈ T èqoume ìti |P (t)| < 1,

ja èqoume anagkastik� ìti h ≡ 0 sto sumpl rwma tou T . EpÐshc epeid  h ĥ eÐnai mhdèn
sto Ω kai epeid  o FT→Ω eÐnai 1-1 apì thn upìjesh mac, anagkastik� h h ja eÐnai mhdèn
pantoÔ kai opìte ja èqoume ìti g = f kai �ra h f eÐnai h monadik  mac lÔsh sto (P1).

AntÐstrofa, èstw ìti h f eÐnai h monadik  lÔsh tou (P1). QwrÐc bl�bh thc genikì-
thtac kai gia aplìthta ac upojèsoume ìti ||f ||l1 = 1. Tìte h kleist  monadiaÐa mp�la

B = {g : ||g||l1 ≤ 1} kai o afinikìc q¸roc V =
{
g : ĝ|Ω = f̂ |Ω

}
tèmnontai se èna a-

krib¸c shmeÐo, thn f . Apì to je¸rhma Hahn-Banach up�rqei mia sun�rthsh P tètoia

¸ste to uperepÐpedo Γ1 =
{
g :
∑
Re(g(t)P (t)) = 1

}
na perièqei ton V kai o hmÐqwroc

Γ≤1 =
{
g :
∑
Re(g(t)P (t)) ≤ 1

}
na perièqei thn mp�la B. Epeid  ta B kai V èqoun

mìno èna koinì shmeÐo mporoÔme na upojèsoume ìti h tom  Γ1 ∩ B perièqei mia akm  tou
polutìpou B pou perièqetai thn f to opoÐo eÐnai {g ∈ B : supp(g) ⊆ T}.
T¸ra, afoÔ to Γ≤1 perièqei to B ja èqoume ìti supt|P (t)| ≤ 1. EpÐshc epeid  f ∈ Γ1 ∩B
èqoume ìti P (t) = sgn(f(t)) gia t ∈ supp(f). Epeid  to Γ1 ∩B perièqetai sthn parap�nw
akm , ja èqoume ìti |P (t)| < 1 gia t /∈ T . Tèloc epeid  to V perièqetai sto Γ1, apì
Parseval ja èqoume ìti P̂ èqei forèa sto Ω. �

Parak�tw ja deÐxoume ìti mporoÔme na anakt soume thn f kataskeu�zontac èna sug-
kekrimmèno polu¸numo P (pou ja exart�tai apì ta T kai Ω) to opoÐo ja ikanopoieÐ thn
isìthta (4) sto T apì to parap�nw l mma, en¸ me meg�lh pijanìthta ja ikanopoieÐ kai
thn anisìthta (5) sto sumpl rwma tou T .
Epilègoume loipìn to polu¸numo P na eÐnai to ex c:

(6) P = F ∗ΩFT→Ω (F ∗T→ΩFT→Ω)−1 i∗sgn(f)

ìpou FΩ = FZN→Ω eÐnai o telest c F : l2(ZN) → l2(Ω) pou stèlnei mia sun�rthsh ston
metasqhmatismì Fourier thc, periorismènh sto Ω. (Me thn èkfrash l2(A) ennooÔme ìlec
tic sunart seic f pou eÐnai mhdèn èxw apì to A.)
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O telest c ι : l2(T ) → l2(ZN) epekteÐnei èna di�nusma apì to T sto ZN b�zontac
mhdenik� èxw apì to T en¸ ι∗ eÐnai h duik  apeikìnish tou ι pou periorÐzei thn eikìna tou
f sto T . Dhlad  ι∗f = f |T .
Me b�sh ta parap�nw kai an upojèsoume ìti o telest c FT→Ω eÐnai 1-1 (ja to apodeÐxoume
parak�tw) tìte to F ∗T→ΩFT→Ω antistrèfetai, opìte eÐnai eÔkolo na doÔme ìti to polu¸numo
P eÐnai kal� orismèno me P : l2(Ω) → l2(T ) kai opìte o forèac tou P̂ eÐnai sto Ω, opìte
to P ikanopoieÐ thn proupìjesh tou parap�nw l mmatoc. EpÐshc apì thn (6) èqoume ìti
ìtan perioristoÔme sto T èqoume ìti P (t) = sgn(f)(t) dhlad  ikanopoieÐtai h (4). Gia na
to doÔme autì arkeÐ na parathr soume ìti ι∗F ∗Ω = F ∗T→Ω opìte ja èqoume

i∗P (t) = F ∗T→ΩFT→Ω (F ∗T→ΩFT→Ω)−1 ι∗sgn(f)(t) = ι∗sgn(f)(t)

Gia na ikanopoihjoÔn oi proupojèseic tou parap�nw l mmatoc mènei na deÐxoume thn
antistreyimìthta tou F ∗T→ΩFT→Ω kaj¸c epÐshc kai thn sunj kh (5). Ta parap�nw, kaj¸c
kai to basikì mac je¸rhma ja ta apodeÐxoume pijanojewrhtik� wc ex c: Ja dialèxoume
to Ω me omoiìmorfh tuqaiìthta p�nw apì ìla ta sÔnola megèjouc Nω tètoio ¸ste Nω ≥
C−1
M · |T | · logN (ìpwc sto basikì je¸rhma, to (3.1) ), opìte ja deÐxoume ìti o F ∗T→ΩFT→Ω

eÐnai antistrèyimoc me pijanìthta 1 − O(N−M) kai h sunj kh (5), dhlad  P (t) < 1 sto
sumpl rwma tou T , isqÔei, p�li me pijanìthta 1−O(N−M).

To montèlo Bernoulli.

Mèqri t¸ra èqoume mil sei gia to montèlo omoiìmorfhc tuqaiìthtac ìpou to sÔnolo Ω
akoloujeÐ thn omoiìmorfh katanom . Wstoso sthn sunèqeia, gia aplìthta, ja akolouj -
soume to montèlo Bernoulli to opoÐo ja parousi�soume parak�tw, kaj¸c ja mac bohj sei
na xeper�soume kapoia probl mata pou emfanÐzontai sto montèlo thc omoiìmorfhc tuqaiì-
thtac ìpwc gia par�deigma o upologismìc thc pijanìthta miac suqnìthtac na eÐnai sto Ω,
kaj¸c exart�tai apì to e�n k�je �llh suqnìthta an kei sto Ω h ìqi.

Gia na p�roume to Ω′, to sÔnolo twn suntelest¸n Fourier me to montèlo Bernoulli
me par�metro 0 < τ < 1, ja prèpei pr¸ta na p�roume thn parak�tw gnwst  akoloujÐa:
Iω = 0 me pijanìthta 1− τ kai Iω = 1 me pijanìthta 1 kai sthn sunèqeia na jèsoume Ω′ =
{ω : Iω = 1}. To mègejoc tou Ω′ eÐnai tuqaÐo kaj¸c akoloujeÐ thn diwnumik  katanom 
kai epomènwc h anamenìmenh tim  tou Ω′ ja eÐnai E(|Ω′|) = τN .

Tèloc, apodeiknÔetai[4] ìti an isqÔoun aut� pou ja k�noume parak�tw me to montèlo
Bernoulli, tìte isqÔoun kai me to montèlo omoiìmorfhc tuqaiìthtac, opìte apì ed¸ kai
pèra ja doulèyoume me autì to montèlo.

Oi bohjhtikoÐ pÐnakec H kai H0.

Se autì to shmeÐo ja parousi�soume dÔo pÐnakec pou ja mac bohj soun na gr�youme
to polu¸numo P se mia diaforetik , pio apl  morf . 'Estw

Hf(t) = −
∑
ω∈Ω

∑
t′∈T :t′ 6=t

e2πi
ω(t−t′)
N f(t′)

kai orÐzoume H0 = ι∗H. 'Eqoume ìti

ι− 1

|Ω|
H =

1

|Ω|
F ∗ΩFT→Ω

kai pollaplasi�zontac me ι∗

IT −
1

|Ω|
H0 =

1

|Ω|
F ∗T→ΩFT→Ω
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ìpou IT = ι∗ι h tautìthta sto l2(T ). 'Ara to P gr�fetai:

(7) P =

(
ι− 1

|Ω|
H

)(
IT −

1

|Ω|
H0

)−1

ι∗sgnf.

Opìte gia thn antistreyimìthta tou F ∗T→ΩFT→Ω arkeÐ na deÐxoume ìti o pÐnakac IT − 1
|Ω|H0

eÐnai antistrèyimoc me meg�lh pijanìthta. Autì ja to k�noume deÐqnontac ìti k�poia nìrma
tou telest  H0 (gia par�deigma h megalÔterh idiotim ) eÐnai mikrìterh apì |Ω|.

Antistreyimìthta.

'Enac �mesoc trìpoc na to apodeÐxoume eÐnai fr�zontac thn nìrma tou H0 apì thn nìr-
ma tou Frobenius ||H0||F ) (H Frobenius nìrma orÐzetai wc ex c: ||H0||F = Tr(H0H

∗
0 ) =∑

t1,t2
|(H0)t1,t2|2, dhlad  eÐnai to �jroisma twn tetrag¸nwn ìlwn twn stoiqeÐwn tou pÐna-

ka.) 'Opwc eÐpame parap�nw o H0 eÐnai autosuzug c (kai �ra diagwniopoi simoc) ìpote ja
èqoume ||H0||2n = ||Hn

0 ||2 ≤ ||Hn
0 ||2F = Tr(Hn

0 (H∗0 )n) = Tr(H2n
0 ). 'Estw t¸ra 0 < α < 1.

Apì thn anisìthta tou Markov èqoume ìti:

(8) P (||Hn
0 ||F ≥ αn|τN |n) ≤ E||Hn

0 ||2F
α2n|τN |2n

Sthn sunèqeia ja parousi�soume èna je¸rhma to opoÐo ja mac faneÐ polÔ qr simo
all� epeid  h apìdeixh tou eÐnai polÔ teqnik  ja thn af soume gia to tèloc thc ergasÐac
kai pio sugkekrimèna to teleutaÐo kef�laio aut c thc ergasÐac èqei na k�nei me aut n thn
apìdeixh. Afor� mÐa ektÐmhsh h opoÐa ja paÐxei shmantikì rìlo parak�tw kai gi�utì to
lìgo kai ja thn onom�soume ektÐmhsh kleidÐ.

Je¸rhma 3.3. 'Estw ìti τ ≤ 1/(1 + e), tìte me to montèlo Bernoulli èqoume:

•
E[Tr(H2n

0 )] ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n+1

ìtan n ≤ τN
4(a−τ)|T |

•
E[Tr(H2n

0 )] ≤ n

1− τ
(4n)2n−1|τN ||T |2n

diaforetik�

'Estw t¸ra ìti τ ≤ 1/(1 + e) kai n ≤ τN/[4|T |(1 − τ)]. Apì to parap�nw je¸rhma
gia thn ektÐmhsh kleidÐ èqoume gia thn 2n rop  tou H0 ìti:

(9) E(Tr(H2n
0 )) ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n+1

Dedomènou ìti ||Hn
0 ||2F = Tr(H2n

0 ) kai qrhsimopoi¸ntac thn (9), h (8) gÐnetai:

(10) P (||Hn
0 ||F ≥ αn|τN |n) ≤ 2ne−n

(
4n

α2(1− τ)

)n( |T |
|τN |

)n
|T |

O mìnoc periorismìc pou èqoume gia to mègejoc tou T sthn parap�nw sqèsh eÐnai apì thn
(9). Sto parak�tw je¸rhma ja apodeÐxoume ìti o IT − 1

|Ω|H0 eÐnai antistrèyimoc me meg�lh
pijanìthta periorÐzontac kat�llhla to mègejoc tou T .

Je¸rhma 3.4. 'Estw ìti τ ≤ (1 + e)−1 kai |T | ≤ α2
M (1−τ)

4
|τN |
n

me αM ≤ α ≤ 1 tìte

P (||Hn
0 ||F ≥ αn|τN |n) ≤ 1

2
α2e−n|τN |
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Opìte b�zontac gia n = (M + 1) logN to opoÐo antistoiqeÐ stic upojèseic tou basikoÔ
mac jewr matoc (je¸rhma 3.1) èqoume ìti o IT − 1

|Ω|H0 eÐnai antistrèyimoc me pijanìthta

toul�qiston 1− 1.25N−M .

Apìdeixh. 'An b�loume to fr�gma pou èqoume gia to T apì thn upìjesh mac sthn (10)
paÐrnoume to zhtoÔmeno fr�gma gia thn norma Frobenius tou H0

P (||Hn
0 ||F ≥ αn|τN |n) ≤ 1

2
α2e−n|τN |

T¸ra, apì to jewrhma meg�lhc apoklÐsewc[5] èqoume ìti P (|Ω| < E|Ω|−t) ≤ exp(−t2/2E|Ω|).
An jèsoume εM =

√
2M logN
|τN | kai t = εM |τN | apì to parap�nw ja èqoume ìti

P (|Ω| < E|Ω| − εM |τN |) ≤ exp(−(εM |τN |)2/2E|Ω|)
. K�nontac pr�xeic kai sta dÔo mèlh èqoume ìti

P (|Ω| < |τN | − εM |τN |) ≤ exp(−2M logN |τN |2

2|τN |2
)

opìte telik� ja èqoume

P (|Ω| < |τN | − εM |τN |) ≤ N−M

Jètoume t¸ra BM na eÐnai to endeqìmeno {|Ω| < (1− εM)|τN |} kai gia n = (M+1) logN

kai α = 1/
√

2 jètoume AM =
{
||H0|| ≥ |τN |

√
2
}
. Apì to je¸rhma meg�lhc apoklÐsewc

èqoume ìti

P (AM) ≤ 1

2

1
√

2
2 e
−(M+a) logN |τN | ≤ 1

4
|τN |N−(M+1) ≤ 1

4
N−M

kai sto AM ∪BM èqoume ìti

||H0|| < |τN |/
√

2 ≤ |Ω|√
2(1− εM)

kai �ra H0 ≤ |Ω| me meg�lh pijanìthta opìte o IT − 1
|Ω|H0 eÐnai antistrèyimoc me meg�lh

pijanìthta. �

Me thn apìdeixh tou parap�nw jewr matoc èqoume deÐxei ìti to P eÐnai kal� orismèno
kai mac mènei na deÐxoume ìti to P eÐnai mikrìtero thc mon�dac sto sumpl rwma tou T
kaj¸c epÐshc kai na apodeÐxoume to je¸rhma 3.3 gia thn ektÐmhsh kleidÐ. Prin ìmwc
proqwr soume ja d¸soume mia kalÔterh ektÐmhsh gia thn nìrma tou H0.

Pìrisma 3.5. 'Estw ìti |T | log |T | ≤ τN/(4(1− τ)) kai γ =
√

4/(1− τ). Giak�je ε > 0
èqoume ìti

P (||H0|| > (1 + ε)γ
√

log |T |
√
|T ||τN |)→ 0

kaj¸c |T |, |τN | → ∞

Apìdeixh. An jèsoume gia λ = γ
√

log |T |
√
|T ||τN | tìte apì thn anisìthta Markov èqoume

ìti

(11) P (||H0|| ≥ (1 + ε)λ) ≤ E[Tr(H2n
0 )]

(1 + ε)2nλ2n

kai gia n = log |T | èqoume ìti e−nnn|T | ≤ (log |T |n) opìte h (9) ja gÐnei

E[Tr(H2n
0 )] ≤ 2

(
4

1− τ

)n
n|τN |n|T |n (log T )n
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kai �ra
E[Tr(H2n

0 )] ≤ 2nλ2n

opìte h (11) gÐnetai:

P (||H0|| ≥ (1 + ε)λ) ≤ 2nλ2n

(1 + ε)2nλ2n
=

2n

(1 + ε)2n
→ 0

kaj¸c n = log |T | → ∞. �

Mia ektÐmhsh gia tic seirèc Neumann.

Se autì to shmeÐo ja deÐxoume ìti me me�lh pijanìthta |P (t)| < 1 sto sumpl rwma tou
T . Pr¸ta ja ekfr�soume to P (t) me ènan diaforetikì trìpo, qrhsimopoi¸ntac k�poiec
algebrikèc tautìthtec. Poio sugkekrimèna, gia èna pÐnaka M apì thn:

(I −Mn) = (I −M)
(
I +M + ...+Mn−1

)
prokÔptei ìti:

(I −M)−1 = (I −Mn)−1 (I +M + ...+Mn−1
)

EpÐshc, upojètontac sÔgklish se k�poia nìrma telest  èqoume ìti:

(I −Mn)−1 =
∞∑
k=0

Mnk

Apì tic dÔo parap�nw sqèseic èqoume ìti(
IT −

1

|Ω|n
Hn

0

)−1

= IT +R

'Opou

R =
∞∑
k=1

1

|Ω|kn
Hkn

0

kai �ra

(12)

(
IT −

1

|Ω|
H0

)−1

= (IT +R)
n−1∑
k=0

1

|Ω|k
Hk

0 .

Sthn sunèqeia ja deÐxoume gia ton ìro R ìti h nìrma Frobenius kai h �peiro nìrma eÐnai
sqetik� mikrèc. 'Estw ìti ||i∗H||F ≤ a|Ω| kai epeid  H0 = i∗H ja èqoume ìti

||R||F =
∞∑
k=1

∣∣∣∣∣∣∣∣ Hkn
0

|Ω|kn

∣∣∣∣∣∣∣∣ =
∞∑
k=1

∣∣∣∣∣∣∣∣(ι∗H)kn

|Ω|kn

∣∣∣∣∣∣∣∣ ≤ ∞∑
k=1

an =
a

1− a

'EpÐshc, ìpwc gnwrÐzoume, h �peiro nìrma enìc pÐnaka eÐnai ||M ||∞ = sup||x||≤1||Mx||∞ =
supi

∑
j |M(i, j)| opìte apì thn Cauchy-Schwarz kai k�nontac pr�xeic, ja èqoume ìti

||M ||2∞ ≤ supi|col(M)|
∑
j

|M(i, j)|2 ≤ |col(M)|
∑
i,j

|M(i, j)|2 = |col(M)| · ||M ||2F

ìpou |col(M)| eÐnai to pl joc twn sthl¸n tou M . 'Opote afoÔ o H0 (kai �ra kai o R)
èqei T st lec, qrhsimopoi¸ntac tic dÔo parap�nw sqèseic, èqoume ìti:

(13) ||R||∞ ≤ |T |1/2
a

1− a
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Autì pou mènei, eÐnai na broÔme èna kalì fr�gma gia thn kommènh seir� Neuman
1
|ΩH

∑n−1
k=0

1
|Ω|kH

k
0 . Gia na doÔme t¸ra ti gÐnetai sto sumpl rwma tou T , pou autì mac

endiafèrei, ja prèpei na gurÐsoume sthn (7), h opoÐa upenjumÐzoume ìti eÐnai h:

P =

(
ι− 1

|Ω|
H

)(
IT −

1

|Ω|
H0

)−1

ι∗sgnf.

kai na parathr soume ìti h (7) sto sumpl rwma tou T paÐrnei thn morf :

P =
1

|Ω|
H

(
IT −

1

|Ω|
H0

)−1

ι∗sgnf,

afoÔ to ι eÐnai mhdèn sto sumpl rwma tou T (sthn pragmatikìthta sthn parap�nw isìthta
leÐpei to prìshmo to opoÐo to paraleÐyame sunhdeit� gia aplìthta, miac pou den paÐzei
kanèna rìlo). An jèsoume t¸ra P0 = Snsgn(f) kai

P1 =
1

|Ω|
HRι∗(I + Sn−1)sgn(f)

ìpou

Sn =
n∑
k=1

|Ω|−k(Hι∗)m

tìte gia k�je t sto sumpl rwma tou T (met� apì pr�xeic) èqoume ìti P (t) = P0(t) +P1(t)
kai h idèa eÐnai na broÔme èna fr�gma gia ton k�je ìro xeqwrist�.

'Estw α0,α1 > 0 duo arijmoÐ tètoioi ¸ste α0 + α1 = 1. Tìte ja èqoume ìti

P (supt∈T c |P (t)| > 1) ≤ P (||P0||∞ > α0) + P (||P1||∞ > α1)

kai �ra arkeÐ na deÐxoume ìti to dexiì mèloc me meg�lh pijanìthta gÐnetai arket� mikro.
An jèsoume t¸ra Q0 = Sn−1sgn(f) (parathreÐste ìti to Q0 kai to P0 diafèroun kat� èna
ìro) ja èqoume ìti P1 = 1

|Ω|HR(ι∗sgn(f) + ι∗Q0) kai �ra

||P1||∞ ≤
1

|Ω|
||HR||∞(1 + ||ι∗Q0||∞)

opìte gia na elegxoume thn �peiro nìrma tou P1 arkeÐ na elègxoume ta ||HR||∞ kai
||ι∗Q0||∞. Autì to k�noume diìti ||ι∗Q0||∞ ≤ ||Q0||∞ miac kai to ι∗ periorÐzei to Q0 sto T
kai to Q0 me to P0 diafèroun kat� èna ìro, dhlad  èqoun sqedìn tic Ðdiec nìrmec telik�,
opìte arkeÐ na elegxoume tic �peiro nìrmec tou P0 kai tou HR. 'Estw t ∈ T c stajeropoih-
mèno. T¸ra ja xanagr�youme to P0(t) wc P0(t) =

∑n
k=1 |Ω|−kXk(t) meXk = (Hι∗)ksgn(f)

kai h idèa eÐnai na qrhsimopoi soume ektim seic gia tic ropèc gia na elègxoume to mègejoc
k�je enìc apì ta Xk(t)

L mma 3.6. [6] 'Estw n = km. Tìte ja èqoume ìti

E|Xm(t0)|2k ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n

Dhlad  èqoume thn Ðdia ektÐmhsh ìpwc sto je¸rhma 3.3 all� me thn mình diafor� ìti
t¸ra èqoume kai ton par�gonta |T |−1.

Apìdeixh. H apìdeixh eÐnai Ðdia me thn apìdeixh tou jewr matoc 3.3 kai ja thn paraleÐ-
youme. �
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L mma 3.7. 'Estw a0 = 0.91 kai èstw ìpwc sto je¸rhma 3.4 ìti

|T | ≤ α2
M(1− τ)

4

|τN |
n

.

EpÐshc èstw ìti BM to sÔnolo ìpou |Ω| < (a− εM)|τN | me εM =
√

2M logN/|τN |.
Gia k�je t ∈ ZN up�rqei èna sÔnolo At tètoio ¸ste
P (At) > 1− εn, me

εn = 2(1− εM)−2nn2e(−n)a2n(0.42)−2n

kai |P0(t)| < 0.91, |Q0(t)| < 0.91 sto At ∩Bc
M . 'Epomènwc ja èqoume ìti:

P (supt|P0(t)| > a0) ≤ N−M +Nεn

kai

P (supt|Q0(t)| > a0) ≤ N−M +Nεn

Apìdeixh. Gia aplìthta ja jewr soume ìti to n eÐnai thc morf c n = 2J − 1. Gia k�je m
kai k tètoia ¸ste km ≥ n kai apì tic

|T | ≤ α2
M(1− τ)

4

|τN |
n

(ìpwc sto je¸rhma 3.4) kai

E|Xm(t0)|2k ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n

èqoume ìti

(14) E|Xm(t)|2k ≤ 2ne−na2n|τN |2n

'Eqoume ìti |Ω| ≈ |τN | kai ìpwc parap�nw Bc
M to sÔnolo pou isqÔei ìti |Ω| ≥ (1 −

εM)|τN |. Se autì to sÔnolo, kai epeid  P0(t) =
∑n

m=1 |Ω|−mXm(t) kai |1−εM |−m|τN |−m <
1 ja èqoume ìti

|P0(t)| ≤
n∑

m=1

Ym,

ìpou

Ym =
1

(1− εM)m|τN |m
|Xm(t)|.

An stajeropoi soume t¸ra k�poia βj, 0 ≤ j ≤ J tètoia ¸ste
∑J−1

j=0 2jβj ≤ a0 ja èqoume
ìti

P (
n∑

m=1

Ym > a0) ≤
J−1∑
j=0

2j+1−1∑
m=2j

P (Ym > βj) ≤
J−1∑
j=0

2j+1−1∑
m=2j

β
−2Kj
j E|Ym|2Kj

(apì Markov) ìpou Kj = 2J−j. T¸ra, gia k�je m me 2j ≤ m ≤ 2j+1 gia to Kjm èqoume
ìti n ≤ Kjm < 2n opìte apì thn (14) ja èqoume ìti

E|Ym|2Kj ≤ (1− εM)−2mKj |τN |−2mKj2ne−na2n|τN |2n

opìte ja èqoume ìti

E|Ym|2Kj ≤ (1− εM)−2n|τN |−2n2ne−na2n|τN |2n

kai telik�
E|Ym|2Kj ≤ 2(1− εM)−2nne−na2n.
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An t¸ra jewr soume ìti ìla ta β
−Kj
j na eÐnai stajerèc gia k�je j p.q. β

−Kj
j = β−n0 tìte

ja èqoume ìti

P (
n∑

m=1

Ym > a0) ≤ 2(1− εM)−2nn2e−na2nβ−2n
0 .

Opìte ja èqoume ìti P (supt|P0(t)| > a0) ≤ 2(1−εM)−2nn2e−na2nβ−2n
0 , dhlad  apodeÐxame

to zhtoÔmeno. H apìdeixh gia to Q0 eÐnai h Ðdia. ('Opwc èqoume parathr sh ta P0 kai Q0

diafèroun kat� mia stajer�.) �

Mènei na deÐxoume ìti h �peiro nìrma tou P1 eÐnai mikr  memeg�lh pijanìthta.

L mma 3.8. 'Estw a1 = 0.91 kai èstw ìti ta a, n upakoÔoun sthn sqèsh

|T |3/2 an

1− an
≤ a1/2

. Tìte, sto endeqìmeno A ∩ {||ι∗H||F ≤ a|Ω|}, gia k�poio A tètoio ¸ste P (A) ≥ 1 −
O(N−M) èqoume ìti

||P1||∞ ≤ a1.

Apìdeixh. 'Opwc eÐdame prohgoumènoc, ||P1||∞ ≤ 1
|Ω| ||H||∞||R||∞(1 + ||Q0||∞). EpÐshc

apì to parap�nw l mma, (3.7) èqoume èna fr�gma gia to Q0. 'Estw t¸ra to endeqìmeno
{||Q0||∞ ≤ 1} . Se autì to endeqìmeno èqoume ìti ||P1||∞ ≤ a1 ean

1
|Ω| ||H||∞||R||∞ ≤ a1/2.

Opìte arkeÐ na deÐxoume ìti 1
|Ω| ||H||∞||R||∞ ≤ a1/2. Gia ton pÐnaka H èqoume ìti èqei |T |

st lec kai k�je stoiqeÐo tou pÐnaka eÐnai fragmèno apì to |Ω| �ra ||H||∞ ≤ |Ω||T |. Opìte
apì thn (13) pou upenjumÐzoume ìti eÐnai h ||R||∞ ≤ |T |1/2 an

1−an èqoume ìti

||H||∞||R||∞ ≤ |T |3/2
an

1− an
me pijanìthta toul�qiston 1 − O(N−M). Opìte arkeÐ na dialèxoume kat�llhla ta a kai
n ¸ste

|T |3/2 an

1− an
≤ a1/2

kai epomènwc gia aut� ta a kai n ja èqoume to zhtoÔmeno, dhlad  ìti ||P1||∞ ≤ a1. �

Me thn apìdeixh autoÔ tou l mmatoc oloklhr¸same thn apìdeixh tou jewr matoc 3.1
kai kat' epèktash tou basikoÔ jewr matoc aut c thc ergasÐac. To mìno pou mènei gia na
eÐnai pl rhc eÐnai na parousi�soume kai thn apìdeixh tou jewr matoc 3.3 pou thn eÐqame
af sei gia to tèloc aut c thc ergasÐac. Sto epìmeno kef�laio parousi�zoume b ma b ma
aut n thn dÔskolh kai polÔ teqnik  apìdeixh.
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KEFALAIO 4

H apìdeixh tou jewr matoc 3.3.

Eisagwg .

Se autì to kef�laio ja parousi�soume thn apìdeixh tou jewr matoc 3.3. 'Opwc pro-
anafèrame h apìdeixh autoÔ tou jewr matoc eÐnai dÔskolh kai teqnik . Giautì ja eÐnai
protimìtero na skiagraf soume thn strathgik  mac prin proqwr soume sth apìdeixh.
Sthn arq  ja xekin soume dÐnontac ènac pr¸to tÔpo gia thn posìthta E(Tr(H2n

0 )). Autì
ja mac epitrèyei na fti�xoume ènan deÔtero pio qr simo tÔpo gia thn E(Tr(H2n

0 )). Sthn
sunèqeia ja apodeÐxoume to je¸rhma ektimìntac kai fr�zontac k�poiec posìthtec pou ja
emfanistoÔn kaj¸c efarmìzoume ton deÔtero tÔpo sthn apìdeix  mac.

O pr¸toc tÔpoc gia thn anamenìmenh tim  tou Tr(H2n
0 ).

'Opwc gnwrÐzoume o pÐnakac H0 = ι∗H eÐnai di�stashc |T | × |T | me k�je stoiqeÐo tou
pÐnaka na paÐrnei timèc

H0(t, t′) = µ(t− t′)
ìpou

µ(t− t′) =
∑
ω∈Ω

e
2πi
N
ω(t−t′)

ìtan t 6= t′ kai eÐnai mhdèn diaforetik�. Opìte qrhsimopoi¸ntac ìti t2n+1 = t1, èna stoiqeÐo
thc diagwnÐou tou pÐnaka H2n

0 ja eÐnai thc morf c

H2n
0 (t1, t1) =

∑
t2,...,t2n:tj 6=tj+1

µ(t1 − t2)...µ(t2n − t1)

Opìte gia thn ektÐmhsh tou E[Tr(H2n
0 )] ja èqoume ìti

E(Tr(H2n
0 )) =

∑
t1,t2,...,t2n:tj 6=tj+1

E

[ ∑
ω1,...,ω2n∈Ω

e
2πi
N

∑2n
j=1 ωj(tj−tj+1)

]
.

Qrhsimopoi¸ntac thn grammikìthta thc ektÐmhshc kai apì to montèlo Bernoulli ìti Ω′ =
{ω : Iω=1} ja èqoume

(15) E(Tr(H2n
0 )) =

∑
t1,t2,...,t2n:tj 6=tj+1

∑
0≤ω1,...,ω2n≤N−1

e
2πi
N

∑2n
j=1 ωj(tj−tj+1)E

[
2n∏
j=1

I{ωj∈Ω}

]
.

O skopìc mac eÐnai na qrhsimopoi soume thn anexarthsÐa twn Iωj∈Ω gia na aplopoi -
soume thn parap�nw sqèsh. To prìblhma ìmwc egkeitai sto ìti k�poia apì ta ωj Ðswc eÐnai
ta Ðdia, me apotèlesma na q�netai h anexarthsÐa. Gia na xeper�soume aut n th duskolÐa
ja prèpei na eis�goume ènan kainoÔrgio sumbolismì.

'Estw ZN = {0, 1, ..., N − 1} to sÔnolo ìlwn twn suqnot twn kai A = {1, 2, ..., 2n}.
Gia k�je ω = (ω1, ..., ω2n) orÐzoume mia sqèsh isodunamÐac ∼ω sto A wc ex c. Ja lème
ìti dÔo deÐktec j kai j′ eÐnai isodÔnamoi j ∼ ωj′ sto A an kai mìno an ωj = ωj′ kai estw
t¸ra P (A) na eÐnai to sÔnolo ìlwn twn kl�sewn isodunamÐac sto A. Parathr ste ìti
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me aut n thn sqèsh isodunamÐac èqoume merik  di�taxh, dhlad , ∼1≤∼2 an h ∼1 eÐnai pio
qondroeid c apì thn ∼2 pou shmaÐnei ìti an a ∼2 b tìte a ∼1 b, gia k�je a, b ∈ A. Opìte
h pio qondroeid c sqèsh isodunamÐac eÐnai aut  ìpou ìla ta stoiqeÐa tou A eÐnai isodÔnama
metaxÔ toue en¸ h pio lept  eÐnai aut  ìpou k�je stoiqeÐo tou A apoteleÐ kai mia kl�sh
isodunamÐac. Se aut n thn perÐptwsh eÐnai profanèc ìti ja èqoume akrib¸c |A| kl�seic
isodunamiac.

T¸ra, gia k�je sqèsh isodunamÐac ∼ sto P orÐzoume ta sÔnola Ω(∼) kai Ω≤(∼) wc
ex c: Ω(∼) :=(ω ∈ Z2n

N : ωa = ωb ìtan a ∼ b kai ωa 6= ωb, ìtan den isqÔei a ∼ b) dhlad 
qwrÐzei to Z2n

N se diaforetikèc kl�seic an�loga me poia sqèsh isodunamÐac paÐrnoume.
EpÐshc orÐzoume Ω≤(∼) :=(ω ∈ Z2n

N : ωa = ωb ìtan a ∼ b) Gia par�deigma, an p�roume gia
n = 2 kai thn sqèsh isodunamÐac ìpou 1 ∼ 4 kai 2 ∼ 3 tìte ja èqoume

Ω(∼) =
{
ω ∈ Z4

N : ω1 ∼ ω4, ω2 ∼ ω3 ∧ ¬ω1 ∼ ω2

}
kai

Ω(∼) =
{
ω ∈ Z4

N : ω1 ∼ ω4, ω2 ∼ ω3

}
.

Me b�sh ton parap�nw sumbolismo kai epeid  ta In eÐnai anex�rthta kai akoloujoÔn thn

Ðdia katanom , o upologismìc thc E
[∏2n

j=1 I{ωj∈Ω}

]
èqei na k�nei mon�qa me thn sqèsh

isodunamÐac ∼ω. Opìte telik� ja èqoume ìti

E

[
2n∏
j=1

Iωj∈Ω

]
= τ |A/∼|

ìpou A/ ∼ eÐnai oi kl�seic isodunamÐac thc ∼. 'Ara h (15) telik� gÐnetai

(16) E(Tr(H2n
0 )) =

∑
t1,t2,...,t2n:tj 6=tj+1

∑
∼∈P (A)

τ |A/∼|
∑

ω∈Ω(∼)

e
2πi
N

∑2n
j=1 ωj(tj−tj+1)

'Opou to ∼ paÐrnei timèc apì to P (A), kai gia k�je tètoia sqèsh isodunamÐac ajroÐzoume
ta ω pou eÐnai sumbata me thn ∼ kai pollaplasi�zoume me thn mèsh tim  tou I, dhlad 
me τ sthn dÔnamh |A/ ∼ |. O tÔpoc (16) eÐnai o pr¸toc tÔpoc gia thn anamenìmenh
tim  tou Tr(H2n

0 ). To prìblhma me thn parap�nw èkfrash eÐnai ìti kaj¸c paÐrnoume ta
ω ∈ Ω(∼) mac emfanÐzontai k�poia ajroÐsmata thc morf c

∑
ω:ωi 6=ωj pou eÐnai dÔskolo na

upologÐsoume. Prin suneqÐsoume ja doÔme èna par�deigma ¸ste na gÐnei katanohtì giatÐ
o tÔpoc (16) den eÐnai tìso eÔqrhstoc.

Gia par�deigma gia n = 1 èqoume mìno dÔo sqèseic isodunamÐac sto {1, 2}, ìtan ta
ω1, ω2 eÐnai isodÔnama metaxÔ touc kai ìtan ta ω1, ω2 den eÐnai. Opìte to dexiì mèloc thc
(16) ja gÐnei

∑
t1,t2:t1 6=t2

 ∑
(ω1,ω2)∈Z2

N :ω1=ω2

e
2πi
N
ω1(t1−t1) + τ 2

∑
(ω1,ω2)∈Z2

N :ω1 6=ω2

e
2πi
N
ω1(t1−t2)+ω2(t2−t1)


O stìqoc mac eÐnai na xanagr�youme thn èkfrash pou eÐnai mèsa sthn agkÔlh me �llon
trìpo ¸ste na mhn emfanÐzetai sto �jroisma to ω1 6= ω2. 'Enac trìpoc na to k�noume autì
eÐnai na ajroÐsoume gia ìla ta (ω1, ω2) ∈ Z2

N kai sthn sunèqeia na afairèsoume ìla ekeÐna
ta stoiqeÐa pou p rame sthn perÐptwsh pou ω1 = ω2. Sumbolik� autì gr�fetai wc ex c∑

(ω1,ω2)∈Z2
N :ω1 6=ω2

=
∑

(ω1,ω2)∈Z2
N

−
∑

(ω1,ω2)∈Z2
N :ω1=ω2
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Sthn sunèqeia eÐnai eÔkolo na upologÐsoume to
∑

(ω1,ω2)∈Z2
N
kaj¸c èqoume ìti∑

ω1,ω2

e
2πi
N
ω1(t1−t2)+ω2(t2−t1) =

∑
ω1

e
2πi
N
ω1(t1−t2) ·

∑
ω2

e
2πi
N
ω2(t2−t1)

kai k�je èna apì ta ajroÐsmata sto dexiì mèloc isoÔtai me 0   N an�loga me to an t1 = t2
  ìqi.

Sthn sunèqeia ja genikeÔsoume autèc tic idèec kai ja anaptÔxoume mia tautìthta pou
ja mac epitrèyei an gr�youme ajroÐsmata p�nw apì to Ω(∼) se ajroÐsmata p�nw apì to
Ω≤(∼).

Inclusion-Exlusion formula.

L mma 4.1. [7](H Inclusion-Exlusion formula gia isodÔnamec kl�seic.) 'Estw A kai G
dÔo mh ken� peperasmèna sÔnola. Gia k�je kl�sh isodunamÐac ∼∈ P (A) sto ω ∈ G|A|,
èqoume ìti

(17)
∑

ω∈Ω(∼)

f(ω) =
∑

∼1∈P :∼1≤∼

(−1)|A/∼|−|A/∼1|

 ∏
A′∈A/∼1

(|A′/ ∼ | − 1)!
∑

ω∈Ω≤(∼1)

f(ω)

 .

Gia na katal�boume ti lèei autì to l mma ac doÔme to parak�tw aplì par�deigma. An
A = {1, 2, 3} kai ∼ eÐnai h isìthta, dhlad  j ∼ k an kai mìno an j = k, tìte h (17) ja
gÐnei ∑

ω1,ω2,ω3∈Gn:ω1 6=ω2 6=ω3

f(ω1, ω2, ω3) =
∑

ω1,ω2,ω3∈G

f(ω1, ω2, ω3)−
∑

ω1,ω2,ω3∈G:ω1=ω2

f(ω1, ω2, ω3)

−
∑

ω1,ω2,ω3∈G:ω2=ω3

f(ω1, ω2, ω3)−
∑

ω1,ω2,ω3∈G:ω3=ω1

f(ω1, ω2, ω3) + 2
∑

ω1,ω2,ω3∈G:ω1=ω2=ω3

f(ω1, ω2, ω3).

Oi arijmoÐ Stirling.

'Opwc proeÐpame o stìqoc mac eÐnai na gr�youme thn (16) san èna �jroisma p�nw apì
to Ω≤(∼). Gia na to k�noume autì ektìc apì to parap�nw l mma ja qreiastoÔme �llo
èna ergaleÐo apì thn sunduastik , touc arijmoÔc Stirling, oi opoÐoi ja mac fanoÔn polÔ
qr simoi sthn sunèqeia.

O arijmìc Stirling deÔterou eÐdouc S(n, k) orÐzetai wc ex c. Gia k�je n, k ≥ 0, S(n, k)
eÐnai o arijmìc twn sqèsewn isodunamÐac p�nw apì èna sÔnolo me n stoiqeÐa to opoÐo èqei
akrib¸c k kl�seic isodunamÐac. Dhlad 

S(n, k) = # {∼∈ P (A) : |A/ ∼ | = k} .
'Etsi me autìn ton orismì èqoume ìti S(0, 0) = S(1, 1) = S(2, 1) = S(2, 2) = 1 en¸
S(3, 2) = 3 diìti p�nw apì èna sÔnolo me treÐa stoiqeÐa mporoÔme na broÔme treic sqè-
seic isodunamÐac ¸ste na èqei dÔo kl�seic isodunamÐac. Apl� xeqwrÐzoume k�je for�
èna stoiqeÐo se sqèsh me ta �lla dÔo stic kl�seic isodunamÐac kai èqoume akrib¸c treic
trìpouc.

An t¸ra èqoume èna stoiqeÐo a tou A kai ∼ eÐnai h sqèsh isodunamÐac sto A me k
kl�seic isodunamÐac, tìte to a eÐte den ja eÐnai isodÔnamo me kanèna �llo stoiqeÐo kai
�ra ja èqoume ìti h sqèsh isodunamÐac ∼ ja èqei akrib¸c k − 1 kl�seic isodunamÐac sto
A/ {a}, eÐte ja eÐnai isodÔnamo me k�poio �llo stoiqeÐo kai �ra ja anoÐkei se mÐa apì tic k
kl�seic isodunamÐac, dhlad  ja èqoume k epilogèc. Dhlad  gia k�je n, k ≥ 0 èqoume ìti
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(18) S(n+ 1, k) = S(n, k − 1) + kS(n, k).

Aut  h sqèsh metaxÔ twn arijm¸n Stirling ja mac faneÐ qr simh sthn sunèqeia. Pa-
rak�tw ja doÔme mia tautìthta gia touc arijmoÔc Stirling.

L mma 4.2. Gia k�je n ≥ 1 kai 0 ≤ τ < 1/2 èqoume ìti

(19)
n∑
k=1

(k − 1)!S(n, k)(−1)n−kτ k =
∞∑
k=1

(−1)n−k
τ kkn−1

(1− τ)k

ParathreÐste ìti h seir� sugklÐnei epeid  τ/(1− τ) < 1, afoÔ τ < 1/2.

Apìdeixh. Ja apodeÐxoume to parap�nw l mma me epagwg  wc proc n.
Gia n = 1 èqoume ìti to aristerì mèloc thc tautìthtac eÐnai Ðso me 0!S(1, 1)(−1)0τ = τ ,
en¸ to dexÐ mèloc ja gÐnei

∞∑
k=1

(−1)k+1 τ k

(1− τ)k
= −

∞∑
k=0

(
τ

τ − 1
)k + 1 =

−1

1− τ
τ−1

+ 1 = τ − 1 + 1 = τ.

'Ara gia n = 1 isqÔei h isìthta. 'Estw t¸ra ìti h parap�nw isìthta isqÔei gia èna n me
n ≥ 0. An efarmìsoume ton telest  (τ 2 − τ) d

dτ
sthn (19) ja èqoume ìti to dexÐ mèloc

gÐnetai

(τ 2 − τ)
d

dτ

∞∑
k=1

(−1)n+k τ
kkn−1

(1− τ)k
=

= (τ 2 − τ)
∞∑
k=1

(−1)n+kkn−1 kτ k−1

(1− τ)k+1

= −τ
∞∑
k=1

(−1)n+kkn
τ k−1

(a− τ k)

=
∞∑
k=1

(−1)n+k+1 knτ k

(1− τ)k
.

An t¸ra efarmìsoume ton telest  sto aristerì mèloc ja èqoume ìti

(τ 2 − τ)
d

dτ

n∑
k=1

(k − 1)!S(n, k)(−1)n−kτ k =

=
n∑
k=1

(k − 1)!S(n, k)(−1)n−kkτ k+1 −
n∑
k=1

(k − 1)!S(n, k)(−1)n−kkτ k

=
n∑
k=1

k!S(n, k)(−1)n−kτ k−1 +
n∑
k=1

k!S(n, k)(−1)n−k+1τ k.

All�zontac sto pr¸to �jroisma thn metablht  ¸ste na xekin�ei apì k = 2 kai sthn
sunèqeia epeid  o ìroc pou antistoiqeÐ gia k = 1 eÐnai mhdèn afoÔ S(n, 0) = 0, to �jroisma
ja eÐnai apì k = 1 mèqri n + 1. Gia to deÔtero �jroisma to gr�foume wc �jroisma apì

28



k = 1 mèqri n+ 1 kai afairoÔme ton ìro pou antistoiqeÐ gia k = n+ 1 pou ìmwc ja eÐnai
mhdèn epeid  ja emfanisteÐ o par�gontac S(n, n+1) pou eÐnai mhdèn. 'Ara telik� ja èqoume

n+1∑
k=1

(k − 1)!S(n, k − 1)(−1)n−k+1τ k +
n+1∑
k=1

k!S(n, k)(−1)n−k+1τ k

paragontopoi¸ntac kai qrhsimopoi¸ntac thn (18) telik� ja èqoume ìti

n+1∑
k=1

(k − 1)!(S(n, k − 1) + kS(n, k))(−1)n−k+1τ k =
n+1∑
k=1

(k − 1)!S(n+ 1, k)(−1)n−k+1τ k

kai �ra isqÔei gia n+ 1, opìte telei¸same me thn apìdeixh tou l mmatoc. �

An t¸ra jèsoume wc Fn(τ) thn posìthta (19), dhlad 

(20) Fn(τ) =
n∑
k=1

(k − 1)!S(n, k)(−1)n−kτ k =
∞∑
k=1

(−1)n−k
τ kkn−1

(1− τ)k

ja èqoume ìti F1(τ) = τ , F2(τ) = −τ + tau2, F3(τ)τ − 3τ 2 + 2τ 3, F4(τ) = −τ + 7τ 2 −
32τ 3 + 6τ 4 kai ta loip�. Sthn sunèqeia ja jèlame na broÔme èna fr�gma gia thn Fn. To
parak�tw l mma mac deÐnei èna kalì fr�gma.

L mma 4.3. 'Estw n 6= 1 kai 0 ≤ τ < 1/2. An τ
1−τ ≤ e1−n, tìte èqoume ìti

|Fn(τ)| ≤ τ

1− τ
.

An antijètwc τ
1−τ > e1−n, tìte èqoume ìti

|Fn(τ)| ≤ e[(n−1)(log(n−1)−log log 1−τ
τ
−1)].

Apìdeixh. An p�roume gia g(x) = τxxn−1

(1−τ)x
, tìte apì stoiqei¸dh apeirostikì logismì ja

èqoume ìti h g parousi�zei olikì mègisto sto x0 = (n − 1)/ log 1−τ
τ
. Opìte, an τ

1−τ ≤
e1−n ja èqoume ìti x0 ≤ n−1

n−1
= 1. Opìte kai gia thn enall�ssousa seir� Fn(τ) =∑∞

k=1 (−1)n+kg(k) ja èqoume ìti eÐnai to polÔ g(1) = τ
1−τ .

Diaforetik�, an dhlad  τ
1−τ ≥ e1−n, tìte èqoume ìti x0 = n−1

log( 1−τ
τ

)
< 1 me g(x0) =

e[(n−1)(log(n−1)−log log 1−τ
τ
−1)] kai h seir� -ìpwc prin- eÐnai fragmènh apì to g(x0). �

Ja mac faneÐ qr simo gia thn sunèqeia na gr�youme to fr�gma thc Fn wc ex c.

(21) Fn(τ) ≤ G(n)

ìpou G(n) = τ
1−τ gia log τ

1−τ ≤ 1− n kai

G(n) = e[(n−1)(log(n−1)−log log 1−τ
τ
−1)] gia log τ

1−τ > 1− n.
ParathreÐste ìti gr�yame thn G san sun�rthsh tou n kai ìqi tou τ diìti ètsi ja mac
qrhsimeÔsei sthn sunèqeia. Me b�sh ìla ta parap�nw, t¸ra eÐmaste ètoimoi na d¸soume
ènan deÔtero tÔpo gia thn anamenìmenh tim  E[TrH2n

0 ].
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O deÔteroc tÔpoc gia thn mèsh tim  tou Tr(H2n
0 ).

Ac xanajumhjoÔme thn (17), h opoÐa eÐnai h ex c

E(Tr(H2n
0 )) =

∑
t1,t2,...,t2n:tj 6=tj+1

∑
∼∈P (A)

τ |A/∼|
∑

ω∈Ω(∼)

e
2πi
N

∑2n
j=1 ωj(tj−tj+1).

To eswterikì �jroisma thc (17) mporoÔme na to gr�youme wc∑
∼∈P (A)

τ |A/∼|
∑
ωΩ(∼)

f(ω)

me f(ω) = e
2πi
N

∑2n
j=1 ωj(tj−tj+1). Parak�tw ja apodeÐxoume mia tautìthta pou emplèkei a-

jroÐsmata aut c thc morf c.

L mma 4.4. IsqÔei h parak�tw isìthta

∑
∼∈P (A)

τ |A/∼|
∑

ω∈Ω(∼)

f(ω) =
∑

∼1∈P (A)

 ∑
ω∈Ω≤(∼1)

f(ω)

 ∏
A′∈A/∼1

F|A′|(τ).

Apìdeixh. Efarmìzontac thn (17) sto aristerì mèloc kai anadiat�ssontac ja èqoume∑
∼1∈P (A)

T (∼1)
∑

ω∈Ω≤(∼1)

f(ω)

ìpou

T (∼1) =
∑

∼∈P (A):∼≥∼1

τ |A/∼|(−1)|A/∼|−|A/∼1|
∏

A′∈A/∼1

(|A′/ ∼ | − 1)!.

DiaqwrÐzontac t¸ra to A stic kl�seic isodunamÐac A′ wc proc thn sqèsh ∼1, dhad  tic
kl�seic A′ tou A/ ∼1 ja èqoume

T (∼1) =
∏

A′∈A/∼1

∑
∼′∈P (A′)

τ |A
′/∼′|(−1)|A

′/∼′|−|A′|(|A′/ ∼′ | − 1)!.

Ousiastik� autì pou k�name  tan na enall�xoume to �jroisma me to ginìmeno paÐrnontac
pr¸ta to ginìmeno apì tic kl�seic A′ tou A/ ∼1 kai sthn sunèqeia to �jroisma. Para-
threÐste ìti se aut n thn perÐptwsh gia k�je sqèsh ∼′∈ P (A′) èqoume ìti ∼′≥∼1 kaj¸c
epÐshc kai ìti o deÔteroc ìroc tou ekjèth tou (−1) eÐnai |A′/ ∼1 | pou eÐnai |A′| opìte
telik� mporoÔme na k�noume aut n thn enallag .

DiaqwrÐzontac t¸ra thn ∼′ me b�sh ton arijmì twn isodÔnamwn kl�ssewn |A′/ ∼′ |
ja èqoume ∏

A′∈A/∼1

|A′|∑
k=1

S(|A′|, k)τ k(−1)k−|A
′|(k−1)!

'Opou to k eÐnai to pl joc twn kl�sewn, dhlad  k = |A′/ ∼′ | kai S(|A′|, k) eÐnai ìpwc
gnwrÐzoume to pl joc twn isodÔnamwn kl�sewn tou A′ pou èqoun akrib¸c |A′/ ∼′ |
kl�sseic isodunamÐac. Opìte pollaplasi�zontac me S(|A′|, k) den èqoume q�sei kammÐa
sqèsh kai diathreÐtai h isìthta. Tèloc apì thn (20) ja èqoume to zhtoÔmeno, dhlad 

T (∼1) =
∏

A′∈A/∼1

|A′|∑
k=1

S(|A′|, k)τ k(−1)k−|A
′|(k−1)! =

∏
A′∈A/∼1

F|A′|(τ)
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kai �ra

∑
∼∈P (A)

τ |A/∼|
∑

ω∈Ω(∼)

f(ω) =
∑

∼1∈P (A)

 ∑
ω∈Ω≤(∼1)

f(ω)

 ∏
A′∈A/∼1

F|A′|(τ).

�

Efarmìzontac t¸ra to parap�nw l mma, L mma 4.4, sthn (17) èqoume ìti

(22) E[Tr(H2n
0 )] =

∑
∼∈P (A)

∑
t1,...,t2n∈T :tj 6=tj+1

∑
ω∈Ω≤(∼)

e
2πi
N

∑2n
j=1 ωj(tj−tj+1)

∏
A′∈A/∼

F|A′|(τ).

Sthn sunèqeia ja upologÐsoume to

I(∼) =
∑

ω∈Ω≤(∼)

e
2πi
N

∑2n
j=1 ωj(tj−tj+1)

all� pr¸ta ja aplopoi soume ton sumbolismì. Gia k�je kl�sh A′ ∈ A/ ∼ orÐzoume
tA′ =

∑
a∈A′(ta− ta+1), kai ωA′ = ωa gia k�je a ∈ A′ (ìla aut� ta a eÐnai isodÔnama afoÔ

èqoume ìti ω ∈ Ω≤(∼) kai �ra ωb = ωc ìtan ta b kai c eÐnai isodÔnama). Tìte ja èqoume

I(∼) =
∑

(ωA′ )A′∈A/∼∈Z
|A/∼|
N

e
2πi
N

∑
A′∈A/∼ ωA′ tA′ =

∏
A′∈A/∼

∑
ωA′∈ZN

e
2πi
N
ωA′ tA′

k�nontac to �jroisma sto ekjetikì ginìmeno. ParathreÐste ìti to �jroisma eÐte eÐnai Ðso
me |ZN | = N , ìta tA′ = 0, eÐte Ðso me mhdèn diaforetik�. 'Etsi sthn ousÐa èqoume apodeÐxei
to parak�tw l mma.

L mma 4.5. Gia k�je kl�sh A′ ∈ A/ ∼, orÐzoume tA′ :=
∑

a∈A′ (ta − ta+1). Tìte

(23) E[Tr(H2n
0 )] =

∑
∼∈P (A)

∑
t∈T 2n:tj 6=tj+1∧∀A′tA′=0

N |A/∼|
∏

A′∈A/∼

F|A′|(τ)

Autìc o tÔpoc ja apotelèsei to basikì ergaleÐo mac gia tic ektim seic pou ja k�noume
kat� thn apìdeixh tou jewr matoc (3.1). Kai autì epeid  sto deÔtero �jroisma to tj 6= tj+1

mac exasfalÐzei ìti an to A/ ∼ perièqei k�poia kl�sh isodunamÐac pou na eÐnai monosÔnolo
tìte to �jroisma ja isoÔte me mhdèn.

H apìdeixh tou jewr matoc 3.1.

'Estw ∼ mia isodunamÐa ìpou kamÐa apì tic kl�seic isodunamÐac thc den eÐnai monosÔ-
nolo. Tìte ja èqoume ìti

#
{
t ∈ T 2n : tA′ = 0∀A′ ∈ A/ ∼

}
≤ |T |2n−|A/∼|+1

Diìti an doÔme ta tj − tj+1 san grammikì sunduasmì twn t1, ..., t2n, tìte eÐnai grammik¸c
anex�rthta ektìc apì to

∑2n
j=1 tj − tj+1 pou k�nei mhdèn. Opìte ja èqoume |A/ ∼ | − 1

anex�rthtouc ìrouc sto parap�nw �jroisma kai �ra to pl joc twn diaforetik¸n t pou eÐnai
sto parap�nw �jroisma eÐnai to polÔ |T |2n−|A/∼|+1. Opìte qrhshmopoi¸ntac to parap�nw
fr�gma kai thn (21) sthn (23) telik� ja èqoume ìti

E[Tr(H2n
0 )] ≤

n∑
k=1

Nk|T |2n−k+1
∑

∼∈P (A,k)

∏
A′∈A/∼

G(|A′|)

ìpou to P (A, k) dhl¸nei ìlec tic sqèseic sto A me k kl�seic ek twn opoÐwn kamÐa den eÐnai
monosÔnolo. H parap�nw anisìthta prokÔptei diìti to k eÐnai to pl joc twn kl�sewn miac
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isodunamÐac, dhlad  k = |A′/ ∼ | opìte o deÐkthc tou deÔterou ajroÐsamtoc ∼∈ P (A, k)
mac exasfalÐzei ìti gia k�je sqèsh paÐrnoume ìlec tic kl�seic qwrÐc ta monosÔnola, ìpwc
akrib¸c kai prin, mìno pou prèpei na pollaplasi�soume me |T |2n−|A/∼|+1. H allag  pou
k�name sto ginìmeno ofeÐletai sthn anisìthta (21).

Ton parap�nw tÔpo gia thn anamenìmenh timh ja ton gr�youme wc exhc

(24) E[Tr(H2n
0 )] ≤

n∑
k=1

Nk|T |2n−k+1Q(n, k)

ìpou
Q(n, k) =

∑
∼∈P (A,k)

∏
A′∈A/∼

G(|A′|)

kai ja broÔme kat�llhlo fr�gma gia thn posìthta Q(n, k). Prin apì autì ja d¸soume
ènan tÔpo gia thn G pou ja mac qrhsimeÔsei sthn sunèqeia. Gia τ ≤ 1/(1 + e) èqoume

(25) G(n+ 1) ≤ nG(n)

gia k�je n ≥ 1. Gia na doÔme ìti isqÔei o parap�nw tÔpoc arkei na doÔme ìti h G eÐnai
kurt  opìte

logG(n+ 1) ≤ logG(n) +
d

dn
logG(n+ 1)

kai sth sunèqeia arkei na doÔme ìti d
dn

logG(n+ 1) ≤ log n ìtan log(log 1−τ
τ

) ≥ 1.
T¸ra, to fr�gma pou mac boleÔei gia thn Q(n, k) eÐnai to ex c: Gia k�je n ≥ 2, k ≥ 1

èqoume

(26) Q(n, k) ≤ (n− 1)Q(n− 1, k) + (n− 1)G(2)Q(n− 2, k − 1)

to opoÐo prokÔptei wc ex c. 'Estw ìti to a eÐnai èna stoiqeÐo tou A kai ∼ mia sqèsh
isodunamÐac sto P (A, k). Tìte ja èqoume dÔo epilogèc. Pr¸twn, to a ja an kei se mia
kl�sh isodunamÐac, thn A′, h opoÐa èqei èna akìma stoiqeÐo, to b kai èqoume akrib¸c n− 1
epilogèc gia to b afoÔ èqoume sunolik� n stoiqeÐa. 'Ara paÐrnontac thn A′ emfanÐzetai o
ìroc (n− 1)G(2)Q(n− 2, k− 1) kaj¸c èqoume n− 1 epilogèc gia to b, |A′/ ∼ | = 2 opìte
G(|A′/ ∼ |) = G(2) kai tèloc afoÔ bg�loume thn kl�sh A′ ja èqoume n − 2 stoiqeÐa se
k − 1 kl�seic isodunamÐac �ra giautì èqoume to Q(n− 2, k − 1). Gia thn deÔterh epilog 
èqoume ìti to a ja an kei se mia kl�sh isodunamÐac me perissìtera apì dÔo stoiqeÐa, opìte
an p�roume to a apì to A ja dhmiourg soume mia kl�sh isodunamÐac sto P (A/ {a} , k).
'Estw t¸ra ∼′ na eÐnai mia sqèsh isodunamÐac apì to P (A/ {a} , k) kai èstw A1,A2...Ak oi
antÐstoiqec kl�seic thc ∼′. An b�loume to stoiqeÐo a se mia apì autèc tic kl�seic, èstw
sthn Ai tìte, sÔmfwna me ton parap�nw tÔpo gia thn G, (25), to G(|Ai|) ja auxhjeÐ to
polÔ kat� |Ai|. Opìte gia aut n thn perÐptwsh h Q ja eÐnai mikrìterh apì∑

∼′∈P (A/{a},k)

k∑
i=1

|Ai|
∏

A′∈A/∼

G(|A′|).

'Omwc
∑k

i=1 |Ai| = n−1 afoÔ |A/ {a} | = n−1 opìte telik� h parap�nw èkfrash ja gÐnei

(n− 1) ·
∑

∼′∈P (A/{a},k)

∏
A′∈A/∼

G(|A′|) = (n− 1)Q(n− 1, k)

kai �ra ètsi prokÔptei h anisìthta gia to Q(n, k).

32



T¸ra me epagwg  kai me thn bo jeia thc (26) ja deÐxoume ìti

(27) Q(n, k) ≤ G(2)k(2n)n−k

H anisìthta isqÔei gia Q(1, k). 'Estw t¸ra ìti isqÔei gia ìla ta (m, k), me m < n.
Apì thn (26) èqoume ìti

Q(n, k) ≤ (n− 1)Q(n− 1, k) + (n− 1)G(2)Q(n− 2, k − 1)

kai qrhsimopoi¸ntac thn epagwgik  upìjesh, paragontopoi¸ntac kai aplopoi¸ntac kai
k�nontac tetrimmènec ektim seic ja èqoume ìti

Q(n, k) ≤ G(2)k
(
2n−k−1(n− 1)n−k−1 + 2n−k−2(n− 1)n−k−1

)
≤ G(2)k(2n)n−k.

Sthn sunèqeia, me b�sh to fr�gma gia to Q(n, k) pou mac deÐnei h (27) (ousiastik� qrhsi-
mopoioÔme mia pio qondroeid  ektÐmhsh) gia thn anamenìmenh tim , ja èqoume

E[Tr(H2n
0 )] ≤

n∑
k=1

Nk|T |2n−k+1G(2)k(4n)2n−k

An jèsoume me b ìlouc touc par�gontec pou èqoun ston ekjèth touc to k, dhladh b =
NG(2)/(4n|T |), tìte to dexiì mèloc ja gÐnei

|T |2n+1(4n)2n

n∑
k=1

bk

kai afoÔ to n ·max(b, bn) eÐnai èna fr�gma gia to �jroisma, telika gia thn anamenomenh
tim  ja èqoume ìti

E[Tr(H2n
0 )] ≤ nNn|T |n+1G(2)n(4n)n

ìtan n ≤ NG(2)/4|T |, dhlad  ìtan b ≥ 1 kai �ra max(b, bn) = bn, en¸ diaforetik� ja
èqoume

E[Tr(H2n
0 )] ≤ nN |T |2nG(2)(4n)2n−1

Epeid  G(2) = τ/(1 − τ) èqoume sqedon telei¸sei me thn apodeixh tou jewr matoc. To
mìno problhma pou èqoume eÐnai ìti ìtan to n eÐnai mikro (pr¸th anisothta) mac leÐpei o
par�gontac e−n kai eÐnai to mìno plèon pou mènei na diorj¸soume gia na oloklhr¸soume
thn apìdeixh tou jewr matoc 3.3.

Gia na diorj¸soume autì to prìblhma, ja qreiastoÔme mia kalÔterh prosèggish. An
b�loume sthn (24) n = 2k ja èqoume

Q(2k, k) ≤ (2k−1)Q(2k−1, k)+(2k−1)G(2)Q(2k−2, k−1) = (2k−1)G(2)Q(2k−2, k−1)

afoÔ Q(n, k) = o gia n < 2k opìte suneqÐzontac epagwgik�, ja èqoume ìti

Q(2k, k) ≤ (2k − 1)(2k − 3)G(2)2Q(2(k − 2), k − 1)

kai telik�

Q(2k, k) ≤ (2k − 1)(2k − 3)...3G(2)k =
(2k − 1)!

2k−1(k − 1)!
G(2)k

Gia na doume ìti isqÔei h teleutaÐa isìthta arkeÐ na parathr soume ìti sto aristerì
mèloc èqoume ìlouc touc perittoÔc ìrouc tou (2k − 1)! en¸ ston paranomast  tou dexioÔ
mèlouc an pollaplasi�soume k�je par�gonta tou paragontikoÔ me 2 ja p�roume ìlouc
touc �rtiouc. Sthn sunèqeia p�li me epagwg  mporoÔme na deÐxoume ìti

Q(n, k) ≤ (n− 1)(n− 2)...2k2n−kQ(2k, k) =
(n− 1)!

(k − 1)!
2n−2k+1G(2)k
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pou eÐnai kalÔterh ektÐmhsh apì thn (27). Opìte qrhsimopoi¸ntac to parap�nw sthn (24)
ja èqoume ìti

E[Tr(H2n
0 )] ≤

n∑
k=1

B(2n, k)

ìpou

B(2n, k) =
(2n− 1)!

(k − 1)!
Nk|T |2n−k+122n−2k+1G(2)k.

T¸ra, me aploÔc upologismoÔc mporoÔme na doÔme ìti

B(2n, k)

B(2n, k − 1)
=

NG(2)

4|T |(k − 1)
.

Parathr ste, ìti gia stajerì n me n ≤ NG(2)/(4|T |) ìti h B(2n, k) eÐnai aÔxousa wc
proc k opìte ja èqoume ìti

n∑
k=1

B(2n, k) ≤ nB(2n, n)

kai �ra h ektÐmhsh ja gÐnei

(28) E[Tr(H2n
0 )] ≤ nB(2n, n) = n

(2n)!

n!
G(2)n|T |n+1Nn.

Gia na aplopoi soume to kl�sma (2n)!/n! ja qrhsimopoi soume thn parak�tw prosèg-
gish Stirling √

2πnn+1/2e−n+1/(12n+1) < n! <
√

2πnn+1/2e−n+1/12n.

'Opìte k�nontac tic aplopoi seic, gia to kl�sma ja èqoume ìti

(2n)!

n!
≤ 22n+1nne−n.

Tèloc, k�nontac thn antikat�stash sthn (28) ja èqoume ìti

E[Tr(H2n
0 )] ≤ 2nNn|T |n+1G(2)n(4n)ne−n

kai �ra telei¸same me thn apìdeixh tou jewr matoc 3.3 kaj¸c jumÐzoume ìti G(2) =
τ/(1− τ). Dhlad  deÐxame ìti gia n ≤ τN

4(a−τ)|T | èqoume ìti

E[Tr(H2n
0 )] ≤ 2

(
4

e(1− τ)

)n
nn+1|τN |n|T |n+1

pou  tan kai to zhtoÔmeno sto teleuat�io komm�ti thc apìdeixhc tou jewr matoc 3.3.
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Sqìlia.
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