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Ke:cpo’c)\ou.o 1

To Oewpgnua tov Dvoretzky

1.1 Ewcaywyy

To Oedpnua tou Dvoretzky [DvL,2] yiol Tic o)XedOV OPUEXES TOUES GUUUETELXGY
HVPTWOV COUATWY VAL TO TEWTO ACLUTTOTIXG ATOTEAECUAL YLOL Y WEOUS TENEPAUOUEVNC
dudoTaong UE vopua.

Ocwpnua. Tndpye aréivtn otalepd ¢ > 0 térowa dote: ya kdbe € > 0 kar kdle
ouppetpicd kuptd odpa K otov R™, vrdpyowr k > ce?logn, k-Gidotatog vrdywpos
F zov R" wairr > 0, mov ikavonoolv tny

(1+e)"rD,NnFCKNFC(14+&)rD,NF,

érov D, n EvkAeldea povadiaia pmdla.

Oa droovue Thpn amddeldn autol Tou anoterécuatos, xat Yo GLLNTHCOVUE ELDL-
XEC MEPLITAOELS Xt EmexTdoels Tou. H uédodoc tne anddeline etvor mbavodewpntixn
([Mi], [MS]), xou Bactileton 6T0 «PUVOUEVO TNG CUYXEVTEWOTG TOL UETpouy. Tekelwe
oynuaTd, to Brivarta etvon to e€Rg:

(o) Trodétovue 6Tt o eENeLdoeldéc uéyiotou Gyxou tou K elvon 1 Dy, (1 Omopén
XolL 1) LovadxétnTa evoc Tétotou eMetoedoic Yo culntndody otny Mopdypago 3).
Téte, n ouvdptnon r : S* ' — R ue r(z) = ||z||x elvon Lipschitz cuveyhc ue
otodepd 1.

(B) Xenouyuomoudvtag TNy opatplx| LoOTEPLUETELXT aviobtnta, otny Ilapdypagpo
5 BAémouye 6Tt undpyet Yetixde apdude L, (o uéoog Lévy tne r) ue v iémnta

o(zr €S " :|r(x) — Ly| > eL,) < cexp (—c'e’nL?).

Anhadn, oL TWES TS T TUYKErTPOYOVTaL UE TNV EVVola ToU UETEOU Y0pw ond Tov
é€oo g, 6ho xou TiL6 évtova xodwg 1 Sudotoon n telvel oTo dmeLpo.
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(v) H ouyxévtpwon auty touv yétpou uag emttpénel vo Bpolue undywpo F tou
R" Sudotaone k > ce?nL?, tétolov wote

(1+e) 7' Ly < lellx < (1+¢e)Lr

ya xéde & ot povadiata opalpa Tou F.
(3) O uéooc L, elvan, av eZoupéoovyue anbhutes otodepés, LoodUVAUOS UE TN Uéon
T TG T

M :/ l|z|| ko (dz).
Sn—1

Téhog, to Afupo twv Dvoretzky xou Rogers poc iver éva xdtw gpdyua yia to M:

M <logn>1/2

- n
Anhodh, k > ce?logn.

T xdde n-Sidotato ywpo ue vopua X, opilovue k(X) tov peyahdtepo puoxd
k < n yw tov omolo umdpyet k-Sidotatoc undywpeosc F tou X o omnolog elvon 4-

tobuoppoc ue tov 5. H anédetin tou Oewpruatoc Tou Dvoretzky uoc Siver

B(X) > (%) ,

6mou b = max{||z||x : z € S"7'}. Ty Hopdypago 6, utohoyilovue v T8EN
ueyédouc tne mapapétpou k(£;), 1 < p < co. To mopdderyua tou xOBou (k(fL,) ~
logn) delyver étL n extiunon tou Oewphuarog elvan, oe TAfEN Yevdtna, Bértiot,.

Otav 1 < p < 2, woyber k(X) =~ n: vrdpyovv Euxheidelec touéc e By ye
didotaon avdhoyn touv n. Xtnyv Hoapdypagpo 7 BAénouvue 6t xdde odua Tou Exet
Uxpd Adyo dykwr €xel Ty (Ba WidTnToL

1.2 Kuptd copata

‘Eva ouunayéc xuptd vnooivoro K tou R Ayetonw xuptd odua ov €yel un xevéd
gowtepnd. Oa Aéue 6Tt 0 K elvon ouppetplrd, av €xeL x€vipo cuUUETplag TNV opyh
TV AEOVLY 0.

1.2.1. Eow K ocuuuetpixd xupté ooua otov R™. H anewxdvion || - ||k == || - ||
R" — R* nou optleton amd tnv

[lz]] = min{A >0:2z € AK}

€yeL Tic axdroudeg WLOTNTES:

(@) ||z]] > 0 pe wétTe ubvo av T = o.



(B) 1Azl = [All=]| , © € R*, A € R,
() [l +yll < ll=ll + lyll , =,y € R,

elvow dnAad” vdppa otov R™. O R egodiaouévoc e ty vopua ||-||x Yo cuuBorileton
ve Xx. Avtiotpoga, av X = (R", || -]|) elvon évac ydpoc ue vopua, téte n povadiala
tov undla Kx = {z € R" : ||z|]| < 1} elvor ouupetpnd xvptd ooua otov R?. Autd
delyvel OTL 1 MEAETN TWV GUUUETOLXWY XUPTWY COUATMDY XL 1] UEAETN TOV YOPWY
nenepacuUéVNS didotaong ue vopua cuufadilouv.

Ané tov oploud e vépuoac éneton dueca 6t av K xan L elvan S0o cuppetoixd
%VpTd owuata otov R, t6te K C L av xou uévo av ||z||r < |||k yid x&de © € R™.
Enlong, |lzll,x = L]|z|lx vid e r > 0 xon x&de z € R™.

1.2.2. Eow X xou Y 0o n-didotator ywpor Ue vopua 6nws mapandve. Av T :
R™ — R™ elvon évoc ypouuixds uetaoynuatiopoe (Ba yedgovue T € L(R™,R™)),
optlovue ) vopua [T : X —= Y| tou T wc tedeotri and tov X otov Y w¢ eZhc:

IT:X = Y| =max{||T(z)|ly : x € Kx}.
Iood0vaua, n vépua tou T elvar o utxpdtepoc Yetnds apdude p yid tov omolo
T(Kx) C pKy.

OT:X =Y Myetouw woopoppouds av elvon avtiotpéduuoc (dnhadr, av T € GLy,).

H anéotaon Banach-Mazur twv X xou Y efvar o aprdude
d(X,Y) =min{||T||||IT"||: T € GL,},

xou UETpdeL méoo kaAd oduoppor lvar ot X xou Y. Mid oodlvoun yewuetpixt
epunvela elvar 1 e€hc: n d(X,Y) elvar o uwpdrepog p > 1 yia Tov omolo undpyet
T € GL,, mou wavonotel tnv Ky CT(Kx) C pKy. Edxoha Brénovue 611 d(X,Y) =
d(Y, X) yw xdde X xou Y (n d elvon ovupetpnry), xou d(X,Y) = 1 av xaw ubvo av
undpyet T : X = Y woouetpla.

Oewpolue 0 cOvolo B, AV TwV XAdoewv tooduvouiag n-SldoTatwy YOpwy
ue vopua, 6mov o X elvan tood0vauog ue tov X' av xaw uévo av ou X xon X' elvon
woouetpixol. O B, elvon cuumayfig UeTpLoS Xpog, Ue Uetpixh Ty log d: n TpLywvin
aviedTnTa elvon cuVETELY TNG

d(X,Y) <d(X,Z) d(Z,Y)

nou enokniedetat evxoha yor xde totdda X, Y, Z € B,,.

O uetpixde yopoc (Bp,logd) cuvidwe Aéyetow Banach-Mazur compactum A
Minkowski compactum. Avtl yio tnv logd, Yo yenowsonotobue v d cav uia Tok-
ANATAAOLAOTIX T ATOCTAOY) OTOV B,

1.2.3. YTnod¥étouue 61t o R™ elvon egodioouévog ue ula Evxkeldeta Soud (-, ), xan
ovufoiilovue v avtiotoyn Euvxdeldeta vépua ue | - |. Tpdpovue Dy, yia tny Eu-
xhelderor wovadiadar umdha, xow S™1 yiar ) wovadiato ogalpar.
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H axtunikn ovvdptnon pi : R*\{o} = R" touv K op{letor and tny
pr(z) =max{\A >0: \x € K}.
Mapatnerote 6T, Yo xde = # o
pr () = ||z~
H ovvdptnon otipiéng hx : R* — R tou K opileton and my
hi(xz) = max{(z,y) :y € K}.

H oyéon avdueoa otny axtvix cuvdptnon px xou Tr cuvdptnon otielne hik yd
Socuévn Sievduvon 6 € S elvon pi (0) < hi ().

To moAwké odua K° tou K etvon o
K°:={yeR":|(z,y)] <1,Vz € K}.

O1 Baoxég WOTNTEC TOL TOAXOUD GOUATOS TEPLYPAPOVTAL GTNY axdloudT TpdtacT:

IMpétaon 1. Eotw K kat L ouvuuetpicd kuptd odpata otov R*. Ioyvovy ta e€ng:
(1) I'a xdO 6 € S" Y, pro(0) = 1/hk ().
(2) Av K C L, tdre L° C K°.

)
(3) Av T € GL,, tére (TK)® = (T 1)*(K°).
(4) (K°)° = K.
() ITK|(TK)°| = |K||K°]. O
1.2.4. H bvixrj vépua || - ||« e || - || opileton and tny

lyll« = max{[{z, y}| : ||| < 1}.

Ané tov oploud elvar @avepd dtu

[(z, )| < Nlyllllll

vid x&de z,y € R*. Av X* elvow o 6vikds ydpog tov X, t6te 1 uovodiodor undha
Kx« tou X* elvon 10 tohx6 atdua tng wovadialag undhag Kx tou X. O ypdpouue
[ Mlzee Al Tl o 1 [l A 11 ] xopls ctd v dnuovpyet obyyvon,

1.2.5. To d0powwua Minkowski wwv A,B C R" eivae o A+ B={a+b:a€ Abe
B}. Ay A >0, t6te MA ={)da:a € A}

H ovioétnra Brunn-Minkowski cuvdéer to didpoioua Minkowski ue tov 6yxo otov
R™:

Ocvpnua 1. Eotw K kar T dVo un kevd ovurayn vroovrola tov R™. Tdte,
(1) K+ T > K™ (T,

Ty neplntwon mov ta K xou T elvar xuptd ooduata, wbtnra otny (1) unopel va
oyVel wévo av to K xon T elvon ouotodetixd.
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H (1) exyppdlet ue ula évvola 10 yeyovoc 6t o dyxoc glval koidn cuvdptnon
¢ npog TNy mpdodeor xatd Minkowski. T to Adyo autd cuyvd yedgetar oty
axdhoudn uopph: Av K, T elvan un xevd oudnoyy| unocbvora tou R™ xaw A € (0,1),
ToTE

(2) IAK + (1= NT|HY™ > XK Y™+ (1= N7V

Xpnowuonoldvrag Ty (2) xou v aviodtnro optdunTixol-YEWUETEX00 UEGOU, UTO-
pOUUE oxoUa Vo Yedouue:

(3) AK + (1= T > (KT

H acdevéotepn auvth uopey tng avicdtntag Brunn-Minkowski €yet 1o mheovéxtnua
6Tt elvon aveZdptntn Tne ddoTaong.

Trdpyouv molkéc xau evdiagépouoes anodeiZec e (1). Oo ddoouvue €80 Vv
anddelln tng ovvapTnolakns HopPng Tne aviodtntoc, tou ogelhetar otouc Prékopa
xat Leindler (BAéne [Pi]):

Ocopnua 2. Eoto f,g,h: R" — RT tpag petpioyues ovvaptioas, kar X € (0,1).
YroOérouvpe 6nt o1 f kat g elvar ohokAnpdotyies, kat éut, ya kdle z,y € R*

(4) h(hz + (1= Ny) > f(z) g(y)' .

Lo (L) (L)

Anddeén: Ou del€ovue TNV aviodTNTA UE ETAYWYTH WS TPOS TNV dLdoTAoT N.

(o) n = 1: MropoUue vo unodécouue 6Tt ot f xan g elvon cuveyelc xou yvhota Yetixée.
H anédetln mov Yo dwoouue Booileton otny 3o TN UETAUPORES TOU UETPOL.

Opiloupe z,y : (0,1) = R uéow wwv

[Lo=ifse [Lomtfs

Me Bdon tic vnodéoeic yac ov ,y elvar moapaywylowes, xou v xdde ¢ € (0,1)
EYOLUE

P06 = [1 . v = [
Optloupue z: (0,1) = R ue

z(t) = Az (t) + (L = N)y(t).

Ou z xou y elvon yvAoror adZovoes. ‘Eneton 6t 1 2 elvan xu auth yvrotor adZovoa xou,
and TNV avleéTNTa apLiunTIX00-YEWUETEIXOU UEGOU,

(1) = A2 (t) + (L= Ny (1) > (2" () (y' (1)
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Mnopolue Aotmdy vo exTiUHGOUUE TOo ohoxhpwud TN h xdvovtag Ty ooy UETA-
BAntic s = 2(t):

J

/ h(z(t))2'(t)dt

; h(Az(t) + (1= Ny () (' () (' (1)~ Adt

/01 PO w®) (f(%)))A (mié»)udt
([ ([

(B) Enaywyikd Pripa: Trodétovue 61t n > 2 xou 61t 10 Oedpnua éyet amodetydet
v k€ {1,...,n —1}. Eow f,g,h énwc oto Oedpnua. T'a xdde s € R opilovue
hs : R"1 — Rt ue hs(w) = h(w,s), xu ye avdroyo tpéno opllovue fs,gs :
R — RT. Ané v (4) éneton 61, av 2,y € R %o 59,51 € R 161

v

Y%

h)\sl—i-(l—}\)so (/\iL’ + (1 - A)y) Z fs1 (1‘))‘930 (y)liky

xou 1) eEmaywywer) unddeon vag Sivet

H(si + (1— \)so) = / Frost (e,
Rn—1

> ([5) ([e)  =Pee 60

Egopudlovtag tédpa Eavd tny enaywyxh unédeon yia n = 1 otic ouvaptioec F,G
xou H, matpvouue

[r= L= (L) (L) = (/) ([o)

Anéoan tov Ocwpnuatog 1: 'Eow K, T cuunoyh un xevd unoctvola tou R, xon
A€ (0,1). Oplfovue f = XK, g = XT, x4 h = Xag+1—x71- EOx0ha ehéyyoupe 6T
avoToLoVVTOL oL UTOVEGELS Tou Bewprjuatoc 2, ondte

(-7 = [nz </f> (/g) = (KPP

Auté anodewxviel Ty (3) yo xdde tpuddo K, T, A, [ va ndpoupe tny (1) Sewpodue
K xou T bnwg oto Oedpnuo 1 (e | K| > 0, |T| > 0), xou optlovyue

|](P/n

_ —1/n _ —1/n _
Ky =|K|7Y"K |, Ty=|T|7/"T A= TR i
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Ta K xou Th €xouv 6yxo 1, ondte and v (3) nolpvouvue
(*) MK, +(1- N > 1.
Ouwg,

K+T

AKl + (]. - A)Tl - W,

enouéves 1 (x) molpver Ty Loppn

K +T) > ([P +1/m) " o

1.2.6. Ytov R" optlouue g vépuec

n 1/1)
el = (z w) Ci<peo
i=1

Xow
[#lloo = max |z].
1<i<n
O ypdgpouue £y yia tov (R, || -[[,), xou By yioe T povadiaio undho tou £y, 1 < p <

00. YTIC MEPLITWOEL p = 2 Xl p = 00 Yo Ypnotuonololue 10 cuufoiioud D, := BY
xat Qp == [—1,1]" = B avtiotoya.

[ g anodeilelc twv Tapandve LoYUPLOUKOY TOPATEUTOVUE TOV AVAYVMOOTY OTo
BBMa twv R.J. Gardner [Gar], V.D. Milman xou G. Schechtman [MS], xor R. Sch-
neider [Sch].

1.3 To Oewpnua Touv John xow o Auua Twv Dvo-
retzky xav Rogers

OewpolUE éva cLUUETEXG XUpTO owua K otov R™ xau tnv owoyévela E(K) 6wy
v elderpoerdcdr mou mepéyovion oto K. ‘Eva edewdoeldéc otov R™ elvon éva xuptd

ooua TNG Lop@hc
E = mE]R”'E 7< ’vi>2<1
’ a? ’

i=1 i
6mou {v; }i<n elvon oploxavovixr Bdon tou R, xou au, . . ., i elvan Yetixol mparyuo-
ol aprduol (ou Steudivoels xon Tor uiun Ty NuLeévey Tou E avtiotorya). Edxola
ehéyyoupe 6t E =T(D,,), 6mouv T elvar o ypopixds uetaoynuatiopds tou R nou
optletan anéd e T'(v;) = ayvs, i =1,...,n. Enouévwe, o 6yxoc tou E oobton ue

n
|| = |Dy| ] ] e
i=1
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O F. John ([Jo], 1948) édei&e 61 undpyet wovadind elhewoeldéc E mou meptéyetar
oto K xau éyel tov uéyioto duvatd 6yxo. Oa Aéue 6t 10 E elvan 10 eAdenpoerdég
pHéyrorov dyrov tou K. T'o tny anddelly), Brénouvpe toawtdypova 6Tt LTEEYEL LoVadLXO
eMewpoedéc E nou meptéyel 1o K xou €yel ehdiyloto 6yxo:

IMpotaon 1. Eoww K ouupetpiké kupté odua ooy R*. Trndpyel povadiks eAdet-
Yoerdés E DO K e eddyioro dyro.

Arnééaén: Bewpolue tov aprdud
V=inf{|E|: ED K} > 0.
Yrdpye. axorovdia Ty, € GL,, Bote By = Tl (Dy) D K xou

| Dn

Ep| = ——2n
Bl = et

- V.

Agol |T, : Xk = €3]] < 1, m € N, unopobue va Bpolue vraxoroudio {Tk,, } xou
S e L(R*,R*) ye Ty,, — S. Tore,

|det(S)| = |D.|/V > 0,
enouévwe, S € GL,. Opllovue E = S7H(D,,). Eyouue
IS X = €3]] = lim ||Tp, : Xxc — £ < 1,

doot E D K. Agol |E| =V, 1o E elvon éva eMewdoedéc mou teptéyel to I, xon €yet
Tov Ay LOTO duVATO GYXO.

Aelyvouue topa 6Tt uTdpyEet Evar u6vo ehherdoeldéc ue authy Ty WidtnTa. ‘Eotw
ottt By xan By mepéyouy 1o K xan €youv eAdyioto dyxo. Xwplc meploploud tng
yvevixotnrac unopobue va vrnodéoovue 6t By = D, elvar 1 Euxdeldela povadiola

UTAaL, xo
E, = {a: eR": Z(m,vi>2/a? < 1} .

i=1

Oewpolue éva tplto eMheloeldéc, ToV «UECO bpoy TOUC
1
F = {x eR": 25(1 + a; %) (z,v;)? < 1} .
i=1
Etvow gavepd 6tL F' D Ey N Ey O K, emouéveg
(%) |F| > |Er| = |Es|.

Agol Ey = Dy, n (%) maipvel 0 uopen
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ondte, agol 2a; < 1+ a? yiaxde i = 1,...,n, énetow 6Tt oy = 1,4 = 1,...,n.
,ApO(, E1 = E2. a

H Ipétaon 1 vag diver v Onapn xaw TN Lovadixotnto ToL eEANELPoELdOUEC UEYL-
otouv byxou tou K:

Ocwpnua 1. Eotw K ovupetpikd kupté odua otov R*. Yrndpyer povadiks eAder-
Yoeadés E € E(K) ue uéyoto dyxo.

Andoaén: Edaue étu undpyel povadixd ehhewpoedéc F' ehdyylotou dyxou tou K°.
Oewpolue 10 E = F°. Téwe E C K, xou av Ey elvan éva dhho ehheldoetdéc ue
E, C K, t6te E} D K°, dpa |EY| > |F|. Xenowonowdvtoag v Hpbdtoon 1(5) g
Iopaypdpou 2, BAémouvue 6T

Ané v Ilpétaon 1, wotnra unopel va toyler udvo av Ef = F, dn\adh E; = E.
"Apa, to E elvan t0 wovadind elherpoedéc uéyiotov dyxou tov K. O

Trodétovue 6t 10 ehherdoeldéc uéyiotou 6yxou tou K elvan n D,. To u € R?
Neyetaw onueio emagng v K xaw Dy, av u| = ||ul|lxk = 1, dnhadh av avixel otny
ToUuT| Twv ouVoprY touc. To Yewpnua tou John neptypdpet TNV xatavour Twy onueiwy
enapfic Tévew oty Lovadialo ogalpo ST

Ocevdpnua 2. Av n D, elvar to elerpoadés péyotov dykov tov K, tdte vndpyouvv
onueia enapnSuy, . .., Uy, twv K kat Dy, kat Jetirol mpaypatikol apitpol Ay, ..., Ay,

TETO10L WDOTE
m

x = Z Aj(z, uju;
j=1

yia kd0e x € R".

Iapatnpnoes. To Oedpnua 2 wog Agel 61t 1 Towtoter amewovior I tou R™ avoma-
plotaton otn LopeY
I= Z /\j’u]' S uj,
i=1
omov u; ® uj elvow N TEoBoli oty devduvon tov uj (u; ® uj)(x) = (T, u;)u;.
Mopatnpolue 6tL, yia xdde z € R
o = (@, z) = D A, uy)”.

Jj=1
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Enlong, nolpvoviac o = e;, i = 1,...,n, émov {e;} n ouvAdne opdoxavovixy| Bdon
Tou R*, éyouue

no= Y lel =300 Alenuy)?
i=1

i=1 j=1

= )N enu)? =) Ajluyl?
j=1 i=1 j=1

= D\
j=1

Anddeidn tov Ocwpripatos 2: And tic mopatnenoEs Tou Teony RNy, oV LUTdpPYEL
n {nroluevn avanapdotaoy Yo npéner va woylder Y (Aj/n) = 1. Autd lowndv nou
xpeLdleton va detZovue elvon bt n I /n ypdyeton ooy xVpTéS CUVBLAOUHS TVEXWY TNS
HOpPAS U ® u, 6Tou u onuelo enaprc Twv K xou Dy,. Opilovue Snhady

C={u®u:|ul = [jullx =1},

xau delyvoupe 6t I/n € co(C). Topatnpodue 61t 1o co(C) elvar xhetotd utocivolo
TL2 7 ’, ’. ’.

Tou R, o 6t C # 0: av 1 Dy, Sev axoupunoloe to oOvopo tou K, Yo unopovooyle

va Bpobue 1Dy C K e to r Ayo ueyahltepo and 1, ondte n Dy, Sev Yo Aoy T0

ehherdoetdéc uéytotou byxou tou K.

Trodétovue 6t I/n ¢ co(C). And Saywpronxd Yedpnua, unoplue va Bpodue
¢ € RV xour € R tétola Gote

(6,I/n) <1 < (¢, 4)
yia xdde A € co(C). Eldixdrepa, yio xdde onuelo emaphc u twv K xou Dy, éyovue
(¢,I/n) <r <(¢u@u).

Ou nivaxec I'/n xat v ® u elvon ouuuetpol, ondte nalpvovtag tov ¢ = (¢ + ¢*)/2
avtl Tou ¢ €youue 6TL 0 P elvor cLUUETEXXOS xa e€oxohoLTEL VoL LxavoTolel TNV

(W, I/n) <r < (P,u@u)

v xdde u@u € C. 'Eotw 3 = tr(y)/n. Agol tr(I/n) =1 xu tr(u®u) =Y u? =1,
BAémovue 6T
<1/}_ﬂ17]/n> = <1/}7I/n>_ﬁ
O<r—p
(Y —BI,u®u)

IN

vy xdde u @ u € C. Ialpvoviag B = ¢ — B1, éyouvyue:
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Adppa 1. Ay I/n ¢ co(C), tére undpyovr s > 0 kat B ouupetpikés ue tr(B) = 0,
€tot dote
(B,u®u) >s

ya kdbeu®@u € C. O

Lot 6 > 0 apxetd uxpod, Jewpolue to eMeldoedéc
Es ={x € R": (I +B)x,z) <1}.

[Av M = max{|(Bz,y)| : |z| = |y| = 1} xoe 0 < 6 < 1/M, t6t€c 0 I + IB elvor
CUUUETELXOC xo YeTnd oplouévos, dpa €xel cLUUETELXT VeTiny| TeTpaywvixr pila
Ss, xou Es = Sgl(Dn)]

Oa elZovue 6t Es C K av 1o § elvon wxpd, Selyvovtag 6t pg, (v) < pr(v) yLa
x&de v € S

In Hepintwon: ‘Eotww U 10 cbvoho twv onuelny enapic twv K, D,. Av u € U xou
ve S ue lu—v| <s/2M, t6te and 1o Afuua 1,

((I +0B)u,u) >1+ds,
EV&

|[{v 4+ 6Bv,v) — (u + dBu, u)]

6|<BU7U> - <BU,’U,>|
d|(Bv,v — u)| + 0|(Bu,u — v)]|
2Mé|lu — v| < ds.

IN N

Apa, av t0 v € S"1 améyel anbotaon updtepn e $/2M onb to U, téte
((I+0B)v,vy >1+ds—ds=1,

dadhy v ¢ Es. Ouwc, v € Dy C K vy xd0e v € S™ 1. Apa, o owthv Ty
neplntwon toylel 6t
pE; (V) <1< pr(v).

2n Hepintwon: Eotw V 10 cbvoro twv v € S tou anéyouv touldyiotov s/2M
and 1o U. Téte, 1o V elvow ovunayéc xouw r = max{||v|]| : v € V} < 1. ©étouvue
A = min{(Bv,v) : v € V}. Iapatnpriote 6t o 7, A dev eaptdvton and to §
(eZaptdvton udvo amd tov B xow 10 U). Av 0 < 6 < (1 —r?)/|)], té1e

(1 +3B) /ol ol = Lo

140X

z 3

> 1,
T

dnhadh v/||v|| ¢ Es. Autd onualver 6t pg, (v) < pr(v).

Yuvdudlovtag T Topandve XatohYOLUE oTo eENC:
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Afupa 2. Trdpyer 6o > 0 térowo dote Es C K ya kdle 0 < § < 6p. O

Mrnopolue téhpa va xataihgouue ot drorno: Ialpvouue § > 0 apxetd uixpd dote
o I4+6B va etvon Yetixd oplopévog xan o elketoetdéc Es va teptéyeton oto K. Agod
n Dy, elvor to ehheroedéc uéyiotou 6yxou tou K, éxouvue |Es| < |D,|. Ouwe,

|Bs| = |S5 ' (Dn)| = |Dnl/+/det(I + 6B).

Apar, det(I +9B) > 1. And tnv dAAn mhevpd, 1 oaviobtnTa aptdunTixo-YewUETELX00
uéoou uag dlvel

tr(I + 0B)

[det(I + 6B)]* < =146 =1

tr(B)
n )

yiatl tr(B) = 0. Tw va woydouy To Topamdve, TEETEL VoL €YOVUE LOGTNTA GTNV
aviooTnTaL aptdunTixol-yewueteold uécou. Toéte dung, dhec ol Wotyuég tou I +0B
elvan {oeg, dnAadh I + 0B = pl. Encton 61t 0 B elvon ToAATAIGLO TOL TAUTOTLXOV
nivaxar, xat ool tr(B) = 0 nofpvovue B = 0.

Auté elvar dromo, yatl and to Afuuo 1 éyovue (Bu,u) > s > 0, u € U.
Enouéveg I/n € co(C), xou 1 anddetln elvar mhieng. O

H avanopdotaon Tne TauToTinAc ametxovions Tou Jog divel to Osdpnua 2, yopo-
xtnpller To eMetdoedéc uéyiotou Gyxou ue Ty e€ric évvola [Bal:

Ocewpnua 3. Eotw K cuuuetpiks kupté odua otov R mov nepiéyer tny Evkleidea

povadata prdra Dy,. YrmoOérouue étt undpyouvv onuela €napng ui,. .., U, v K
kat D,, ka1 Oetikol mpayuatixol apifpol Ay, ..., Ay téTolor dote
m
I= E /\jUj D uj.
i=1

Tére, n D, elvar to eAdetpoerdés uéyrotov éykov tov K.
Anéoaén: Optlouvue
L= {y eR": |<u]7y>| S ]-7] = 17"')m}'

Téte K C L, ondte apxel va anodetfovue 6t n Dy, elvon 10 eMerdoetdéc uéytatou
6vYxou tou L. 'Eotw

n
E={yeR":Y a;*(y,v) <1},
i=1
6mou {v;} elvan opdoxavovixr| Bdon tov R™ xou a; > 0. Trodétoupe 61t E C L. T
x&e j =1,...,m éyouvue
n

n —1/2
y(u;) = (Z a?(“j,vi>2> > ai(uj,vi)vi € ECL,
i=1

i=1
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onéte N |{uj, y(u;)) < 1 3ivel

(*) Za?<ujyvi>2s]- ) ]Zlaam

MoMamhaoidlovtog ue Aj xou mpoodétoviag, BAénouue Ot

Aol |z]* = Y Nj(m,uj)? vy xdde z € R, xou T v; oynuatilouy opdoxavovixh
Bdom, yenowonoldvtag Ty (k) nolpvouue

n m
_ 2
E o = E j(vi, uj)
i=1 :

Aj ( a;( U“u])2>
i=1

172 , 1/2
j (ZO‘ Vi, uj) ) (Z(Uiauj>2>

1/2
Aj (Za (vs, uj) ) <n.

Ané v aviobtnta opriuntixol-yewuetptxol uéoou ([T ai)/™ < 3 a;/n < 1, eno-
uévee |E| < |Dyl. Anhadn, n D, elvon 10 elewdoedéc uéytotou éyxou tou L.
O

Dokyi
M:

IA
NE
>/

<.
Il
-

I
Ms

1

J

H 16 yvwoth cuvéneta Tou Oewpriuoatos 2 (1 onolo avapépeton oLy Ve ooy To Jedpnia
tov John) elvon 61, av K elvar ouupetpixd xvptd owua otov R* xau E elvor 10
eMeoetdéc uéyiotou dyxou tou K, téte K C /nE. Autd npoxdntel dueoa amd 1o
e&nie:

Ilpotaon 2. Av D, elvat to eAeupoeidés péyrotov dykov tov K, téte K C \/nD,,.
Andéderén: OewpolUe TNV avVanapdoTaoY TNG TUUTOTIXNAS OIELXOVLONG

m
x = Z)\j(w,uj>u]
=1
Tou Oewphuatoc 2. Agod u; € S" 1, éyouue
L= (uj, uj) < lujllgllujllee = llujllxe 7=1,...,m.

Ané v dhkn mhevpd, oe xdde uj ta K xan Dy, €youv to (dlo egantouevo unepeninedo
e xddeto Sidvuopia to u; (Yot Ty Undha, To epantéuevo unepeninedo oe xdde onuelo
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u € S"1 éyel xddeto Sidvuoua to u). Enouévec, yia xdlde z € K éyovue (z,uj) <
1, xou Aoy ouupetplog tov K, [{z, u;)| < 1. Anhadi, ||lujllx = ||lujllxe = |uj] =1,
j=1...,m.

‘Eotw tpa © € K. Torte,

S i/\j:n.

Anadh, |z| < v/n. ‘Apa, D,, C K C\/nD,,. O

To Oewpnua 2 pag Aéet pe ula évvola 6Tl UTdEYOLY TOAAS onuelo eraPhc avd-
UECO OE EVOL GUUMETPIXO XUPTO oMo Xat To EMELPOELdES UEYLOTOL OYX0oL Tou. Evog
TPOTOC TOGOTLXNAG TEPLYPAPTIC ALTOV ToL Loyuplomol efvan o e€hc:

ITpotacm 3. Av n D, €lvat to eldetpoetdés uéyiotov dykov tov K, téte ya kdle
T € L(R",R") vndpyer onueio enapris u twv K kar D, pe tnr ibidtnra:

trT
(u, Tu) > =
n
Andbaén: Anéd to Oewpnua 2, av T € L(R™,R™) téte

trT = <T, I> = E /\j(T,’LL]' ® Uj).

i=1
Hatpvovtag ur’ 6gwv xon TV D Aj = n, CLUTEPAVOLUE OTL LTPYEL U AVAUESH OTA
uj UE TV WLéTTAL

tr’l
—

(u,Tu) = (T,u @u) > O

Ou Dvoretzky xou Rogers [DR] é8etZav axpiBf amotehéouota YLd TNy xotavoun
Twv onuelwy enagphc otny entpdvela Tou eAeLpoedolc Uéyotou dyxou. ‘Ola toug
ex@EAlouy [E ToV Evay 1 Tov dAN0 TpéTo TNV dpyh 6TL TapOho oL oL VOPUES | - | xou
I| - || unopel v drapépouy we xar /n Y8 xdmolar &, LUTEPYOLY TOMNES XAl CUPXETE.
oploymviecy Slevdivoelc oTic onoleg oL d0O VopuEeS ouyxplivovto xahd. BOa del&ou-
ue éva tétolo anotéieoua, mov Yo talgel ouoLUoTIXG PORO XL oTNY AmOdELEN TOU
Ocewpruatoc tou Dvoretzky:

IMpotaocn 4. Av D, elvar to eAdewpoerdés péyrorov dyrov tov K, vndpyet opfoxa-
vovikn akolovdia yi,...,y, otov R" térowa dote

n—i+1\"’ _
(") <l <=1, i=1m
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Anéoeiln: Opilovue ta Y; EMAy®YXd. Xov Y1 UTOPOUUE Vo TEPOVUE OTOLOSHTOTE
onuelo enagrc v K xa D,. Ac¢ unodécouue 6Tl €youv emheyel o Y1, ..., Yi—1.
O¢tovue F; = span{y1, ..., yi—1}. Téte, tr(Ppr) =n —i+ 1, xou and tny Hpbdtoon
3 undpyet onuelo enaPAC u; TETOLO DOTE

n—it+1

|PFl.iui|2 = (ui,PFiiuQ Z n

‘Enetar 6t ||Pruil|lx < |Pryus| < /(i —1)/n. Opilovue y; = Ppiu;/|Ppru;l.
Tore,

. 1/2
n z+1> g

1= bl > e > il = 1Prs] > (2

IMépropa. Trobérovpe dut n D, elvar to eAdewpoeidés uéyiotov dykov tov K. Av
k =[n/2] + 1, urnopolue va Bpolue opdokavovikd Siavbouata yi, . ..,y Tétowa dote

1 .

1.4 Avollolwta LETPA OE OULOYEVELS YWEOUG

‘Eotw (M, d) évag ouunoyfic uetpnds xdpog, xat G ula cuunayhic TOTOAOYLXT opddo
nc omolag T oTouyela Spoly cav oouetplec oTov M: LTdPYEL CUVEYNC ATEXOVLON
7Gx M — M ue (g,t) = 7(g,t) =: gt, Tou xavorotel TV

d(gt,gs) = d(t, s)

vy x&e g € G xou t,s € M. Emnhéov, vnodétouue 6t m(e,t) = t yia x&de
t € M é6mou e 1o oudétepo otowyelo tne G, xou w(gh,t) = w(g,m(h,t)) yio x&de
g,h € G xan t € M. EOxoha ehéyyoupe 6t xdde my : M — M ue my(t) = gt elvon
OUOLOUOPPLOUOS TOU M, xou OTL Ty 0 Tp = Tgp, Ty 0 Wg—1 = Ipy.

Ocewpnua 1. Trdpyel kavoviks pétpo p ora Borel vroovrola tov M, to onolo elvai
avaddoiwto ws mpos tny dpdon tns opddas G. Anadn, p(A) = p(gAl) ya kdde
g € G kat kdO¢ Borel A C M. Ioodvaua,

/fmwmz/ﬂmww
M M

yia kdOe g € G ka1 kdOe f € C(M).

H onédetgn mou da ddocouvue ogeileton otov Maak (Bhéne [Do], [MS]), xat yen-
owonotel to Jecdpnua tov ydjou:

Adupa. Eotw B xar I' 6V0 memepaouéva ovvola, kat R C B x I' uia oyéon.
YroOérovpe ot yra kdde k € N ka1 kd By C B ue |By| =k, to ovvodo

R(Bi) ={yel |3 € Bi:(B,7) € R}
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éxet toukdytotov k otoyela. Tdre, vndpyet 1 — 1 ovvdptnon ¢ : B = ' ue wny
wwitnea (B, ¢(B)) € R ya kdde f € B. O

Anéoan tov Ocwprjparos: T xdde t € M xou € > 0, n undho Ue x€vipo t xon
axtiva € glvo to B(t,e) = {s € M : d(s,t) < €}. Abdyw ocuurdyelac tov M, yia
x&e € > 0 undpyel nenepacuévo N C M TtéTolo BOTE

M = | B(te).
teEN

Op(louue n. tov erdytoto TAnddprduo evéc tétolou e-0tkTiiov Yio tov M, xoun emLhé-
youue éva e-dixtuo N ue |N:| = ne.
Xpnotuonodvtag 1o N. opllovye pi- € [C(M)]* ue
tENE
Eivar govepd 61t xdlde p. avixel otny povadioder undha tou [C'(M)]*, n onola elvon

w*-ouunayig xou usrponnow’]OLpn Enouévac, undpyouv p € [C(M)]* xal g; = 0
TETOLL DOTE fLe; — f UE TNV w*-Tonohoylo. Anhadi, yio xdde f € C(M),

pre; (f) = pu(f) @ — oo,

EOxolo ehéyyouvue 6t p(l) = 1 xou 6t 10 o elvon Yetind ouvaptnooeldés otov
C(M). And 1o Yedpnuo avanapdotoaons tou Riesz, to p elvon xavovixd Borel uétpo
ndoavénroag otov M.

Ytadeponotobue v axoloudia g;, xar delyvouvue 6Tt T0 p Tpoodopileton Uovo-
ofjuavTa Ue Ty e€hc évvola: av vl x&de i € N oploouue pl, yenousonoidvtag éva
dAho ediyioto £;-dixtuo N, tote

pe, (f) = pu(f)

yia xdde f € C(M). T tov oxond autd anodetxvdouue 1o eEhc:

Toyvpopds. YTrdpyer 1 — 1 xou enl ¢; : Ne, = N/, tétowa dote d(t, ¢s(t)) < 2e; v
x&e t € Ng,.

[Opilouue oyxéon R C N, x N.. Oétovrac (t,s) € R av B(t,e;) N B(s,e;) # 0.
H R wavonotel tig unodéoeic tou AMuuatos: ‘Eotw K C N, xow L = R(K). To
obvoho L U (N, \K) elvar g;-3ixtuo otov M:

Mpdryuott, av z € M, unotpxouv t € N, xau s € N!, térowa wote d(z,t) < g
xou d(z,s) < g Avit € K, tote occpou B(t g;) N B(s, £ i) # 0 mpéner va éyouue
s € R(K) = L. "Apa, oe xoaf)s nepintwon undpyer z € LU (N, \K) tétowo dote
d(z,z) <e;.

‘Enetor 61t |LU (N, \K)| > |Ng,|, ondte |R(K)
undpyel ¢; : Ne; — N., ouvdptnon 1-1 (dpa xou et
yia xdde t € Ne,. Anhadr,

| =|L| > |K|. An6 to Afuua,
) pe v Wistnta (¢, ¢;(t)) € R

d(t,¢:(t)) < 2e; , teN.,]
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Xpnotuonotdvtag tov toyvplopd Brénovue 61, av f € C(M) xou i € N téte

1

D 1F®) = F(i1)] < w(2e9),

Ne,
gi tENEi

|e: (f) = w2, (O] <

omov w(e) = max{|f(t) — f(s)| : d(t,s) < e} elvor t0 pétpo ouvéyelac e f. Agoo
w(2e;) = 0 xaddg 1 — oo, énetan 6Tt To lim pl, (f) umdpyeL xou ebvon (G0 ue u(f).

Téhog, amodetxviovue 6Tt 1o uétpo 1 elvar avollolwto we npoc T Spdon tne G:
Av g € G, t6te 0 N, = {gt}ien., elvor ehdyioto €;-8ixtuo otov M, xou

/Mf(gt)u(dt) = lm = S fgn)

I
=
=

I

S
~
=
=

U
=

O

Opiouol. 'Eotw M xou G onwg napandve. H dpdon tne G ndvew otov M Aéyeton
petaBatikry av yia xde t, s € M vndpyet g € G ue gt = s. Av cuufaiver xdt tétoLo,
ANue 6t o M elvon opoyerng yapos s G.

Ocdenua 2. Eotw (M,d) opoyevng xdpos tns ovurnayols ouddas G. Tdte, vndp-
X€l povadikd pégpo mbavétnrag p otov M to omolo elvar avardolwto w§ mpog TN
dpdon g G.

Anddeén: Optlovue ulo Peuvdouetpuer p oty G, Yé€tovtag
plg1, g2) = maxd(gt, gat).

H Gy ={g9 € G: p(g,e) = 0} elvor xavovixry unooudda tne G, n H = G /Gy elvar
CLUTAYTC ME TNV ETAYOUEVT LeTpx p', xou Ta oTotyela Tng dpoly uetafatind cov
toouetpleg otov M.

H H 3pd otov eavtd e pe my (h,g) = g o h. Enouévwe, to Oedpnua 1
epapuoleton yia Ty H: undpyer uétpo miavétnioc v ot Borel unocOvoha e H
TETOLO OOTE:

/ Flg o hyw(dg) = / F(g)v(dg)
H H

v xdde h € H xou xdde F € C(H). 'Eotw p uétpo mdavétnrag otov M, avoh-
Molwto we mpog ) dpdon tne H. Xtadeponotobue to € M. T'a xdde t € M and
v uetoBatixotnta tng dpdong tne H undpyet hy € H tétowo wote t = hyty. Av
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f e C(M), t6te yio xde t € M n anewxdvion Fi(g) = f(gt) elvor ouveyhc oty H.
XoNnouomoLvTaS T0 AVOANOLWTO TWY [ XL V, £YOULUE

[ s [ s = [ [ ranuanv)

/ / Flgtyv(dg)uldt)
MJH

/ / £((g 0 he)to)v(dg)u(dt)
MJH

/ Fio (g 0 he)v(dg)p(dt)
M

/ one
M

H
/ Fio (9)v(dg) (dt)
M JH

/M /H f(gto)v(dg)n(dt)
- /Hf(gto)l/(dg),

‘Eneton 61, av p1 elvon éva dAlo pétpo mbavétntag ota Borel utocbvoha tou M,
avololwTo we Tpog TV dpdion e G, tote Yo xdde f € C(M) woydet

/M F(Ou(de) = /H f(gto)v(dg) = /M £ (6 (dt).

Anhod¥), pp = pp. O

Maipvovue cav Gty opdoywvia oudda O(n). Ltodeponololue opdoxavovixi
Bdon {e1,...,en} tou R?, xon towtilovue tov U € O(n) pe ty opdoxavovixn Bdon
{Uey,...,Uen}. H O(n) elvon ouumayhc ouddo ue UeTptxh TNV

n 1/2
p(U, V) = (Z |Ue; — Vei|2> .
=1

H O(n) 8pd uetofotind otov eautd e, UTdpyet AotV Uovadixd avohholnTo wg
npoc O(n) Borel uétpo mavétnrag v oy O(n). H O(n) dpd uetafotind otnv
S Inhadh, n S™ elvon opoyevic ydpoc tne O(n). Eotw o 10 uovadd uétpo
mavéTnTag ota Borel unocUvola tng S 1 oy elvon avedholwto we Tp6C TNV dpdom
e O(n). Anhady, yio xdde ouvey f: S = R xou xdde U € O(n),

/s fUz)o(dr) = /S  f(@)o(da).

Oa ypetaotolue TNy e€RAC TOWTOTNTAL

IMpétaon 1. Av A Borel vrootvolo tng S, téte ya Soouévo xg € S™71,

v(U € O(n) : Uz € A) = o(A).
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Anddeién: T xdde z € S™ ! undpyel V, € O(n) térolog ote Vyzg = . Tpdgovue
o(4) = / xa(z)o(dx)
Sn—1

- /O(n)/n1 xa(Uz)o(dz)v(dU)
/Sn_l /O(n) Xa(UVexo)v(dU)o(dz)

_ / v (U € O(n) : UV, € A)o(da)
Sn—l

= / v(U€O(n):Ux € A)o(dx)
Sn—1
= v(UeOm):UzspeA). O

Ayeon ouvénewo e Ilpdtooneg 1 elvon n e€he:

Ipétaon 2. Eotw f: S" ! — R ovveyrs, kat mg € S"~L. Tére,
| s = [ s,
O(n) Sn-1

Anddeién: Mnopolue vo unodécovue 6t f > 0. Téte, ypnowonowdvios ty Hoedta-
on 1 matpvovue

/ fUzo)v(dU) = /OO v(Ue€eOn): f(Uzxy)>t)dt
O(n) 0

- /OOOI/(U €0(n) : Uz € f~'([t,0))) dt

/Ooo o (f71([t, 00))) dt

= /°° o(x: f(z) > t)dt
0

= / fl@)o(dz). O
Sn—l

H molarmAétnta Grassman Gpp, 1 < k < n, anoteeltor and 6houvc toug k-
ddotorroug umoywpoug Tou R™. Optlovue petph oty Gy, 1 V€ToVTaC

A 1/2
F(Fy, Fy) = inf (Z i f£|2> ,
i=1

6mou o inf nalpvetar ndvew and dhec tic opdoxavovirée Bdoew {f;}, {f1} v F1, Fy
avtioTolya.
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H O(n) dpd petafBatind ndvew oty Gp i, ondte n Gy i YIVETUL OUOYEVAS YWPOS
e O(n). Apa, undpyet povadixd uétpo mdavéTNToS Yyt 0Tl Borel utocUvoha tng
Gk, T0 omolo elvar avahholwto we mpog Ty dpdon e O(n).

Mpbtaom 3. Av f: 5" 1 — R gureyris, tdte
[ t@etin) = [ [ s@or(domap.
Sn—1 Gnk/SF
[To uétpo o oplleton and tny
[ t@ertn = [ Wt

6mov Up € O(n) tétowoc dote Up(R¥) = F. To ohoxhipwua oto de€Ld uéhog elvon
avegdptnto anb tny emthoyH| Tou Up .|

Ardda&n: Oewpolue t0 Uétpo a1 oty S~ ou oplleton amb Ty
/ f (@) (dr) = / f@)or(dn)vi(dF) , feC(sS"™).

Sn—1 Gn,k Sr
Apxel va Sel€ouue 61, yio xdde f € C(S™ 1) xou x&de U € O(n),

/ fUz)op(dx)v, i, (dF) :/ f(z)op(dx)v, ik (dF),

Gn,k SF Gn,k SF
dnhadh 6L 0 01 elvon avahholwto we mpog ty O(n). Téte, 01 = 0.
Opllouvue
As(F) = (x)op(dzx).
Sk

, , n—1 , ~ 4 ,
Ané v ouvéyewa e f oty S X0l TOV 0pLOUG TwV of ot p €neton OTL 1 Ay
elvar ouveyhc oty G ;. Enlong,

Ay(UF) = i (x)ourp(dz) = i f(Uz)op(dx).
Enopévoc,

/ F(U)op(dz)vn i (dF) = / A (UF)vp (dF)
Gn,k SF Gnk
= [ AEwnaar)
Gn ke

= / f(@)op(de)vy,(dF). O
Gn,x /SF

Avddoyrn anddelén €xet xan 1 axdhouvdn [pdtaon:
Ilpétaocn 4. Av B C O(n) kar Fy € Gy, téte
v(B) =vp, (U(Fp): U €B). O
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1.5 To Yewpnua touv Dvoretzky

H agetnpio yia to Yedpnua tou Dvoretzky Bploxetow otny epyaoia [DR]. Ot Dvore-
tzky xot Rogers é8et&av v e&ric:

IMedétacy 1. YTrodérouue éu n Dy, elvar to eAdetpoerdés puéyiotov dykou tov ouu-
peTptkoU kupTol odpatos K. Yrdpyouvr k ~ \/n kat yi, ..., yr opdokavovikd Savd-
opaza ovov R*, térowa dove, yia kdde ay,...,ar € R?,

1 ke k 1/2
. s 2
75 e el < ||;azyz|| < <;az> :

Arnddaén: Emotpépovue otny anddel&n e llpdtaong 3.4, xou optlovue w; = Ppiu;.
Tote, u; —w; € F;, xou
|ui—wi|2 = 1—|wi|2:1—|PFi¢ui|2
i—1
t

O¢rouvue k = [y/n/4], xou Selyvouue ue eraywyy| 6t
llyill g < V3 ., i=1,... k.

Av i =1, éyouvue y1 = u; onuelo enophc Tou eupavileTol OTNY AVUTAPAOTACT TNG
Tavtouxfc, ondte (Bréne Mpdtaon 3.2) ||y1||ke = 1.

Trodétouue 6Tt ||y;llxe < V3, Yo xdde j <i— 1< k. Téte, av z = E;;ll tiy;,

i—1 izl U v
I tiwillee < 3 illlysllce < V3E [ 322
j=1 j=1 =1
i—1
= VBE[Y_tiyl.

Jj=1

Enouévwe, || : (Fi,]-]) = X5l £ V3k. Oupowc u; —w; € F;, dpa

i1 1/2
\/?Ehj,i —wi| S \/@ (l >

V3k
< ok

IN

llu; — willxco

H tprywvue aviodtno dive

V3k
lwillre < fJuillre + [Jui —willgke <1+ —=

\/ﬁ Y
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onoé1E,
. 14 Y3k
W;l||Ke
|w;] [n—k+1
n
_ Vit VEk < V4 +/3n/4 <3
Vn—k+17 /n—/n/4+1
Ané to nopandve tpoxintet 6t Yo xdde aq, ..., a; € R
k k k 1/2
DITED PR o) B
i=1 i=1 i=1
xou, yea xde i =1,...,k,

k k
lail = 1O @iyl < 1D aayillxcllyill o
i=1 i=1

IN

k
\/§||Zaiyi||K- O
i=1

Me agopuny autd to anotéhecua, o Grothendieck [Gr] édeoe to gpdnua av elvor

SUVAITO Vol AVTIXOTAOTACOVUE TO maxi<j |a;| and to (Zigk a?) OTNY TAPAUTAVL

TEOTAOT, XoL TAVTOYpova va €youpe k = k(n) — oo xadde n — co. [IoodOvaua, ov
urdipyeL k-didotatoc undyweog F tou R® ue tnv Widtnta D,NEF C KNF C cD,NF,
6mou ¢ > 0 andhutn otadepd, xou To k va «ueyah@very ue to n.] O Dvoretzky [Dv1,2]
EdWOE HATAPATIXT) ATAVTNOT OTO EPAOTNUL

Qewpnuo 1. Eotw € > 0 kat k gpuoikds aprduds. Yrdpye N = N(k,e) pe tnr
ekng idtnra: Av X elvar yoopos pe vépua didotaons n > N, uropolue va Bpolue
k-tidorato vrdywpo F tou X pe d(F,05) <1 +e.

Ye yewuetpr YAWoo, To Osdenua 1 udc Aéel 6tL xdde cuuueted xUpTd GG~
Mo apxeTd UeYdAng dudoTtaong €xel xevtpxée Touéc mou elvan oyeddv elhelpoeldin.
H axpBric eZdptnon tou N(k,e) and to k xou € pehetidnxe ovotnuatixd, xoL To
Yewpnua tou Dvoretzky mipe mohd b CUYXEXPLUEVT TOGOTIXT| LOPQY:

Ocwpnua 2. FEotw X évag n-0wdotatos ywpos pe vépua, kat € > 0. Trdpyovv
axépaios k > ce?logn xar k-bidotaros vrdywpos F tov X o orolog tkavormoiel tnv
d(F, (%) <1+e.

Anhodi, To Oewpnua 1 woyder ue N(k,e) = exp(ce™2k). H apyuxh amb3elln tou
Dvoretzky é3we tnv extiunon N(k,e) = exp(ce~?k*logk). Apyétepa, o Milman
[Mi] €deile 6t apxet va ndpoupe N(k,e) = exp(ce 2|logelk), ypnowonoudvioc
drapopetinny wévodo. Tov hoyopuduixd we mpog € mapdyovta agpaipece o Gordon
[Go], xat apydtepa o Schechtman [Sc].




29

‘Eva and ta Bacixdtepa otovyeia otny anddeln tou Oewphuortog 2 elvar 10 Ae-
YOUEVO patvduervo tng ouykévtpwons tov uétpov otnv S"1, 1o onolo ue 1 oeLpd
ToL efvon GUVETELY TNG CPOLELXAC LOOTEPLUETELXAC avodTrTag: Oewpolue Ty S 1
ooV UETEWO Yo miavetnroc, UE TN YeEwdouotoxr andoTaoy p xol To avohholwto
WS TPOS T oTPoYES UéTpo miavotntac o. T'a xdde Borel unocivolo A tng sn—l1
xa xde € > 0, opllovue v e-enékraon tou A:

A.={zeS" " :p(x,A) <e}.

H woonepLuetpnh avicdta yiar t ogaipa etvon 1 axdloudr) tpdtaon:

Avdueoa oe 6Aa ta Borel vrnootvoda A tng S™ L nou éyour Soouévo uétpo a €
(0,1), n urdAa B(z,r) ywriaknis axtivas r > 0 ya tnr onola o(B(z,r)) = a, éye
erdyiotn e-eméktaon ya kdle € > 0.

Avuté onuaiver 6t av A C S*! xou 0(A4) = o(B(zo,r)) Yo xdmoto zg € ST
%o xdmoto 7 > 0, toTE

o(4.) > o(Bleo,r +2))

yio x&e € > 0. Aedouévou 6Tl 10 o-UéTpo Uidc Undhag urtoroyileton ebxola, UTo-
poVUE vaL SOCOUUE ®Tw PEdyUa YLoL TO UETEO TNG E-EMEXTACTC TUYOVTOC UTOCGLVOAOU
e ogalpag, apxel va yvwpllovue to pétpo tou. Evdagepduacte xuplng yia Ty
neplntwon o(A4) = %, xou téte amevlelac unoloyloude delyvel To e€rc:

Ilpétaon 2. Av A elvar Borel vnootrolo tng S™ kai o(A) = 1/2, tére

0(A.) > 1 —+/7/8exp(—&?n/2)
yia kdOe e > 0.

[H otoadepd /7/8 unopel va avtixatootodel and uic axohovda otadepdy ay,
TOU TEVOLY GTO % xadoe 1 — 00
Anddeén: TOUwvo UE TN CQAULELXT LOOTEPUUETELXY) aviedTnta, apxel va ddoouue
x8w @edyua v 1o o(B(z, § +¢)). ‘Ouwc,
s+e «n

Ji2 7 sin™ 0df
o(B(z,n/2+¢)) = Lr——.

(B, / ) [ sin™ 0d

O¢étouvue howndv h(e,n) =1 —o(B(z, 5 +¢)), xon {ntdue dvew gpdyo yLo Ty

f;-s sin” §df B ff cos™ pdg

h = =
(57 n) foﬂ' Sinn 9d9 2]n

o6nou I,, = f0”/2 cos™ pdgp. Metd tnv odhoryfy LeTaBAntic t = ¢y/n, BAémouue 6Tt

1 3vn
h(e,n) = = / cos™(t/y/n)dt.

2\/n v
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Yuyxpivovrac ta avamtiyuoata Taylor twv cuvapthoewy cos s xou exp(—s?/2) éyovue
cos s < exp(—s?/2)

oto [0,7/2], etouévee

e,n) < e zdt
2ynl, J.m
1 (5—=)vn )
= W/ exp(—(s +&v/n)*/2)ds
n Jo
< exp(—e2n/2)

2\/_7n1n/000 exp(—s?/2)ds
= \/_V;LT ;j exp(—e?n/2).

Méver va Solue 6tL /nl, > 1 y1d xdde n > 1. Té o oxond autd napatnpolue O,
and v avadpopx) oyéon (n + 2)Ints = (n+ 1)1,

n+1 n+1
Vit 2o =0+ 2——1I, = ———T, > /nl,,
nt 2y =V 2SI = el 2 V0

enouévewe apxel vo eAEYEovuEe Tig

w/2
I1:/ cospdp =1>1
0
xou P
V2I, = \/5/ cos? pdep = \/ig > 1.
0
Auté ohoxhnpidver Ty amddeln. O

H ogoupixt| LoomepLUE TR OVIOOTNTA ATOSEXVIETOL [UE TEYVLXEC CQAULELXAC CLUU-
uetpweonolnong. Ipbogarta napatnerhidnxe [ABV]otL unopel xavelc mohd amhd va
dwoel extiunon avdioyn u’ autiyv e Hpdtaong 2, yenoylonoldvTag Ty aviedTnTa
Brunn-Minkowski. H Baowr Wéa Bploxetar oto mopoxdtey Afuu:

Aqppo 1. Eotw K kar L un xevd, xdaotd vrnootdvoda tng Dy, ue amdotaon
d(K,L) = p > 0. Tére,

min{|K1, ||} < exp(—p*n/8)|Dal.
Anddeidn: Eow z € K xavy € L. Ané tov xavdva tou topalknhoyeduuov,
@+ gl + o — yf? = 2ol + 2yl < 4,
Ouwc p? < |z —y|*, enouévec

rT+y
2

‘ <WV1-p?/4
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Apa,
K+ L
2

Xpnowonowdvtag tny avioétnto Brunn-Minkowski yio tor cuunayt K, L natpvouue

c (1-p2/9"" D,.

1
n

K+L
2

1/2

. 1 1 i1 1 1
min{| K, L[} < K] + ZIL1* < Dl

< (1-p°/4)

n
2

min{|K[, ||} < (1- p/4)|Dal < exp(—p*n/8)|Dyl. O
Arédeén g Hpdraons 2 (ue aoVevéotepee otadepéc): ‘Eotw A xhetotd unochvoro
e S"1 ue 0(A) = 1/2 xon e > 0. Opllovue B = {z € S"! : d(z,A) > e}.
Yradepornotoue A € (0, 1) xou Yewpolue ta vtoctvora K = [J{tA : A <t < 1} xou
L=U{tB: X<t <1}t Dy. Ta K xau L elvon xhewotd, Eéva, xou 1 andotaot
Toug elvan {on ue

d(K,L) =2\sin(e/2) > (2/7)Ae.

Egapudlovtag 1o Afjuua 1, nalpvouvue
|L| < exp(—=A2e*n/27%)| Dyl

Ané T SN Thevpd, ONOXANEOVOVTOC GE TOAXES GUVTETAYUEVES BAénovue 6Tt |L| =
(1 =X")o(B)|D,|. Enouévac,

1
o(As) >1— Y exp(—A%e?n/27?).
Téhoc, emhéyovue A =1/2 € (0,1). O

H aviebétnra tne Ipdtaone 2 e&nyel tov dpo «ouyxévipwon tou pétpouy: ‘Oco
Hixpd o elvon 0 € > 0, T0 UETPO TOU GUVOAOU TOL HEVEL EEW amd TNV E-YELTOVLS,
TUYGYVTOS LTOCLVOAOU TG oalpas Uétpou 1/2, @iivel exdetixd oto 0 xodde 1 did-
otoon n owEdvel oto dnepo. To yeyovoc autd (mou mpoxahel éxmAnin cpyixd)
TapatnERINXE Yior TEWTN opd xat Yenotuonoltfinxe and tov P. Lévy:

e Eotww f: 5" 1 = R ouveyfic. Me wy(-) ouuPorilovue to pétpo cuvéyeloc tne f

wy(t) = max{|f(z) = f(y)] : pla,y) <t, 2,y € 5"}

Trdpyer wovadixog aprdudg Ly € R tétolog wote

N | =

1
o({z:fl@) <Le}) 25, o({z: fl@) > Ls}) >
O Ly ovoudleton péoog Lévy tng f. Opilouvue

Ay ={x: f(x) <Lg}y , Af ={z:f(x)>Ls} , Ap={z:f(x)=Ls}.



32

Ané tov oploud tou Ly xan tnv [pdtaon 2, ya xdde € > 0 éyovue

o ((A;)E) o ((A;)E) >1— e,
(Afp)e = (A7)- N (Af)-.

o ((Ap)e) > 1 —2¢ie72=m,
Aol |f(z) — Ly| <wy(e) oto (Ay)., ovunepaivouue 1o eZhc:

Adppa 2. TNa kdde ovvexr ovvdptnon f: S — R kat kdde e > 0,

o(z €S |f(z) — Ly| >wy(e)) <2¢1exp(—cee’n). O

Av urodéoouue 6t n f 1 S™7! — R elvon Lipschitz cuveyhc ue otodepd b,
dad |f(z) — fy)] < blz — y| i x80e =,y € S™1, té1e yio x&e x € (Ay)-
oylel |f(z) — Ly| < be. And to Afuua 2 nolpvouue:

IMpétaon 3. Eoww f: S"~1 — R Lipschitz ovvexnrs pe otadepd b. Tére, ya kdde
e >0,
o(zeS" " |f(z)— Ly| > be) < 2ciexp(—cee’n). O

H Ilpétaon 3 udc Aéev 6t xdde kadry ouvvdptnon f oplouévn otn uovadiofo
ogaipa eYdhng ddotaong elvon oyedov otadepr], Ue TNV €vvola 6Tl OL TUES TNS
ovykertpdrortat Yopw and tov Uéco Lévy tne Ly: 1o uétpo Tou cuvéiou 6To omolo
n f malpvel Twéeg kovtd otov Ly elvon mpoxtixd (oo ue 1.

And ) cuyxévipwon ue Y €vvola Tou UETEOU, Yo TEPACOUUE GE UTOYMPOUS
ueyding ddotaong, otn opalpa Twv onolwy 1 f elvon oyedov otodepn. I'a to oxond
autd yeetalduoote To €€ Afuua:

Afupo 3. Eotw § > 0. Optlovpe §-diktvo tng St éva N C S*~1 e wnv idiéenra:
ya kdfey € S¥1 vndpyer z € N térowo doe |z — y| < 6. Tdre, vrdpyer 5-dfkTvo

e SE1 e
k
V] < <1+ ;) .

Arnédaén: Eotw (z;)7, éva ueylotixd vrnochvoro tne S¥1, tou onolou ta onueta
€youv avd dVo andotaot ueyahltepn 1 {on tou 4. Tétolo utocbvolo undpyel AoYw
e ouundyetoc e SEL

Térte, 0 ()7, elvou §-3xtuo e SF~1: Eotww 6t dev elvor. Téte, undpye
y € SF1 této0 dote |7 —y| > 6 v x&de i € {1,...,m}. Ouwc téTE, TO
{@1,. .., Tm,y} elvor éva ohvolo Tou onolou ta oToLyeta avixouy otny ST xau oL
anooTdoELS ToUg avd dVo efvan ueyohltepes 1 {oeg tou §. Autd elvon dtomo aol to
(z;)™, elvor éva ueytotind utocstvoro e S¥1 ue Ty Tapamdve Wbt oL
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Oewpolue Ta GOVOAYL T; + £0Dy,. Autd éxouy avd 800 Zéva EcwTEPXE, Xt

4] 0
z; + =Dy, CDk+§Dk

2
vy xdde ¢ = 1,...,m. Enouévec,
" ) )
i+ =D <1+ =) Dyg|.
l:LJ1<a: +2 k) _‘( +2> k
‘Emeton 6Tt .
in: éDk < <1+é> |Dk|
4 2 - 2 ’
i=1
dnhadn,
a\" a\"
—) |[Dg| <14+ = |Dgl
m(3) i< (1+3) u
Apa,
2
Eotw X = (R", || - ||) x®poc ue vopua didotaonc n. H || - || elvor tood0Ovoun ue
v Ewdeldeta vopua | - |, Snhadh undpyouv a,b > 0 tétolol wote

1
—|z| < [l]| < bla]
a

yia xdde x € R*. Tt ouvéyela Yo unodétovue 61t ol a, b elvar oL uixpdtepot tTétolot
Yetxol apriuol.

H ouvdptnon r : "' — R ue r(z) = ||z||, etvor Lipschitz cuveyhc ue otodepd
b. I'odpovue L, yio to uéco Lévy tng.

Afppa 4. Eotw m < exp(c2e®n/2) kary; € S, i = 1,...,m. Tére, vndpyer
B C O(n) pe v(B) > 1 — 2c¢; exp(—cae?n/2), térowo dote: ya kde U € B,

L, —be <||Uyi]| <L, +be, i=1,...,m.

Anddeén: Me Bdon v vovadixdtnta tou uétpou Haar, otnv mapdypagpo 4 eldoue
6tLay zg € S xaw A C S”TL, totE
o(A) =v{U € O(n) : Uzy € A}.
Oplloupe o cbvoro
A={zeS" ' : L, —be<|z| <L, +be}.
Tére, and v Hpbtoon 3,

o(A)>1-— 2e1e7 ™,
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Enouévec, av yo i = 1,...,m Yéocovue
B;={U €O(n) : L, —be <||Uy;|| <L, + be},

ToTE,
2
v(B;) > 1—2cie ™.

Apa, 0 B =[] B; éyeL uétpo
v(B) >1-— Z v(Bf) > 1 — 2¢; exp(—cae’n/2).
Télog, yia xée U € B xow xdde ¢ < m woylet
L. —be <||Uyil]| < L,+be. O

Egapuélovue 1o Afuua 4 oty axdhovdn tepintwon: ‘Eotw d,¢ € (0,1). Ocw-
polue k € N tétolov wote

D) k
(1+5) < exp(ess®n/2),

xou otardeponolodue undyweo Fy tou R® ue didotaon dimFy = k.

Ané 1o Afupa 3, vrdpyer I-3ixtuo Y1, ..., Ym ™S Lovadaloc ogalpas Sk, =
SN Fy tou Fy, ue m < (1+2/8)*.

Ocwpolue t0 B C O(n) tov Afuuatoc 4: T xdde U € B xow xdde i < m,

L, —be < ||Uy;|| < L, + be.

O¢tovue Fy = U(Fp) xou x; := Uy; i = 1,...,m. Agob o U elvon opdoydviog
UETAOY NUATIOUOS, TO X1, - .- ., Ty Elvan §-8ixTuo TNg Sy, Yo To onolo oy le

L, - be < ||xt|| < L, - be.

Emouévwe, éyovue anodetlel tny e€nc:

Mpétaon 4. Foww §,e € (0,1). Av (1 +2/6)% < exp(ec2e®n/2), tére vrdpya
L C G pevni(T) > 1—2¢; exp(—coe®n/2), térowo dote: ya kdde F € T vndpye
d-dtctvo N tng Sp e v ibidtnta

L.—be<||z||<L.+bc , zeN.

Anddbaén: Oétovue I' = {Fyy : U € B}, xou TopatnpolUe Ot

(D) = vax({U(Fy) : U € B}) = v(B). O

Xpnowuomowdviog thpa To Yeyovée 6t n || - || elvan vopua, Vo mepdoovue tnv
extiunon tne Mpétaone 4 and 1o 6-dixtvo N e Sp, F € T, oe ohéxhnpr tny Sp:
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Ilpétaon 5. Eoww 6,¢ € (0,1) kat F € T énws oy Hpdraon 4. Tére, ya kdle
y € S wyva

1—26L b <yl < L+b5

1-6 -0~ - 1-4

Anédeién: Eotww y € Sp. Trdpyer zg € N tétot0 dote |y — xo| = §1 < §. Tore,
U=%0 ¢ Sp, dpo undpyet 21 € N tétol0 bote

-
‘y O | =6 <3
o1
Tore,
|y — Xg — (511‘1| = (51(52 < (52.
Yuveyilovtog enaywyxd, Bploxovue xo, ..., x, € N tétowa dote

i

-3 (1165 ) | < o,
i=0 \j=0
6mou dp = 1. Aol 6 < 1,
= Z H 0;
=0 7j=0

‘Ouog, H;:o §; < &%, dpa

lyll

I | < 2ol

Il
o

L,
< (L, +be) 26’— +b€
Eriorng,
lyll > ol = | D | [T 65 | @i
i=1 \j=0
> Ly —be— — (L, +be)
=TT TS ©
1-26 be
= L, — .
1-4 1-4
Apa, yio xdde y € Sr,
1-26 be L, + be
L,— <yl < .o
1-5 T S lll<=—;
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Emuéyovtag xatddnha ta 6, €, matpvouue uid mpedtn extiunomn yio tn didotaon
WY oYEdGY oPoLELX@Y Tou®y Tou K = Kx:
Oewpnuo 4. Eoto X = (R, || - ||) xdpos pe vépua r(z) = ||z|| mov ikavorowel Tnr
lz|]] < blz|, z € R*, kare € (0,1). Av

k< kx(e) = ese2llog~}(1/2)]n (%)2 ,
tdte vndpyel F' vndywpos tov R” pe dimF = k téroog dote: ya kdle x € Sp,
(*) (1+e) 'Ly <lz]l < Lr(1 + ).
Anédaén: Anéd tny Hpédraon 5, av ¢, 6 € (0,1) xow 0 k € N icavorotel v (1+2/6)F <

exp(c2¢?n/2), t6te yiotov Tuyaio k-SidoTato uTdyweo F tou R xou yia xde € Sk
€YOUUE

1-2¢ b¢ L, + b
L, — < <o
1-0 o Sl < =55
Tty (%) apxel v emhéZoupe ta d, ¢ € (0,1) étol dote
L, +b¢
<L, 1
1= skli+e)
o L, 1-2 be
LI gy J— .
1+~ 1-94 1-0
Edv emiéEovue ¢ = Lg‘s xou 0 = %, TUPATNPOUUE OTL OL TUPATVL OYECELS ETOAT-
Yebovtou.

Méver va ntpoodiopicovue TNy eAdytotn Tyh Tou k 1 omola txavorolel T oyéon
k 2
6 C2 o Lr
1+-) < —= — .
<+€> _exp<185n<b>>

6 L.\’
klog — < che’n | ==
0g = S GEm ( 5 )
om6TE To UXpbTEPO k mou umopoluEe va Yewprioovue elvor o kx (€), émou ¢z > 0
HOTEIAANAY amdhuTy otodepd. O

Znrdue

To Oedpnua 4 poag Aéet 6T 1) SAOTACT TWV GYESOV COAULPLUDY TOUWY EVOS CUUUETEL-
%00 xuptol cwuatoc K = Kx efaptdton ano tny tdEn tne TocoTnTog % Op(louue
évay deltepo péoo tne r(z) = ||z||, Vétovtac

M = /S 2]l (dz).

Téte, ou L, xau M ouyxpivovtar av to K elvon oe kadn Oéon:
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Afupa 5. Trodéroupe éu nr(z) = ||z|| wavoroel Ty Llz| < ||z]] < blz|, z € R,
kat ab < /n. Tére,

<+—<c

N | =
IS

érmov ¢ > 0 andAven otalepd.
Andbaén: Xwplc BB e yevixdtnrog unopoue vo vnodéoouue 6t woydet |z| <
[|z]] < blz|, émouv b < y/n.
Ané v Ilpbraon 2, yio xdde € > 0 oy et
of{z : |r(z) — L] > be} < 2¢; exp(—cae?n).

Fedpouue
M-pl< [ @) - Lot = [ oo re) - L] 2 e
O¢étovue be = t. Xpnowonowwviog ™y b < \/n, nolpvouue
|M - L,| < /OO 2¢; exp(—cot?)dt = cy.
0

Enouévecg,

‘Ouowc, av z € S t6te ||| > |a:| > 1. Apoc, L, > 1. Enetow 61t M/L, < ¢ =
1 + c4.

[ Ty avtioTtpogn aviodtnta, Tapatneolue 6Tt

M=/ HMMMZ/ lllo(dz) >
Sn—1 {z: ||z||>L~}
Apa, M/L, > 1/2. 0O

L.

N)I»—l

To tekevtaio Mupa tou ypewalduoote elvar (ovotaotind) ulo mdavodewpntixn
aviooTnTa YLoe T Wéon Tyn Tou WeyloTou TEnepacuEévwy to TAYog aveldpTniwy
XavovX@Y Tuyaiwy LetaAntdv (BAére [LT], [Pi]):

Afupa 6. I'a kdle 1 <m < n woyvde
1 1/2
/ max |z;|o(dz) > ¢ < 0gm> ,
5

n—1 j<m n

émov ¢ > 0 amdAvtn otalepd.

Anddeaén: Oewpolue to uétpo tou Gauss v, otov R* ue nuxvotnta

(2m) "% exp(—|z|*/2).
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OhoxAnpdvovTag GE TOAXES GUVTETAYUEVES BAETOUUE OTL

/ max [t]dym(t) = / max [t;]dyn(t)
7m JSm R 3<m
= A max |z;|o(dz),
gn—1 j<m

670V Ay, =~ y/n. 'Ouoc,

s s 1 m
. _ —m/2 2
7m<t.rjn<%7>lc|tj|<s> = (2m) //75”./756}(19(_5 Eltj)dtl...dtm
]:

]_ s t2/2 > m 2
= | —= e 2dt) < (1—cem /)M,
< Vv 2w /—s - ( )
Apa, av emtAéEovue s ~ c1v/logm, xatahyovue otny

1
Y <t : m<ax|t]-| > clx/logm> > 5
jsm

7

Torte,

1

1
a o (d — ax |t;|dym (t
[ maxlalotn) = o= [ maxlulda)

n—1 j<m
V1
wym t : max |t;| > c14/logm
\/ﬁ i<m

> ﬂ(logm>1/2. 0
- 2 n

v

Ocwenua 5. Eoww X xdpos ue vépua, oidotaong n, térows wote n D, va elvar
70 eAAeLoeldéS uéyrotou dykov tou Kx. Ia kdOe € > 0 vndpyer vndywpos F tov X
Sidoraons k > ce?[log * (1/e)]logn, e v bidtnra: ya kdde x € Sr,

(1+2)7'Ly < [l2]l < Lr(1 + ).

Anddaén: Anéd to Yedpnua touv John, éyovue ﬁ|m| <|lz|| < |z], x € R*. Egopué-
Ceton emopévwe to Afuua 5, xoL €xouvue

<+— =g

N | =
SIS

6mou M = [¢,_, ||z]|o(dx). Ané to Mupo Dvoretzky-Rogers, undpyet uta opdoxavo-
voch Bdon {z1, ..., zn}, ue ||zi|| > 5 i = 1,2,..., [2]. Oewpolue Tic cuVapTHOELC
Rademacher r; : [0,1] = {-1,1} ue

ri(t) = signsin(72°t).



Téte, o teheotic Ty : 0y — 05 ue

Tt (Z aia:i> = Zri(t)aixi

i=1 =1

elvow toouetpla. To o elvon avoahholwTto we mpog Tic LwoueTples, ondte LoyLeL 6T

n 1 n
5 M= / IS aizillo(da) = / / IS ri(tyaszidto(da).
Snot i=1 sr=tJo i=1
Ioxvpiouds: Ta j =1,...n,
1 n
|1 ol > .
0 =1
IMpdryuoart, Yo n = 1 elvar gavepd, ondte ag unodécovue oTL
1 n—1
[l 2l =1n -1,
0 =1

Ané v TV aviodtnta, yia xdde t € [0, 1]

n—1 n—1 n—1
20> riwill < 1Y riws +yall + 1D rit)yi = yall,
i=1 i=1 i=1

OTHTE, ONOXANPOYOVTIS TalPVOLUE

1 n—1 1 n
/0 1S ritwilde < / IS it
i=1 i=1

XpnowomoldvTag TNy enaywyLxy utédeon £yovue OTL

1 n
/Hzri(t)yilldtzllyjll , j=1...n—1,
0 i=1

%ol 1) AnOBELE N TOU LoYUELOUOU ONOXANPWVETAL UE XUXALXY VO Twv yj. O

IMaipvovtoc y; = a;x;, EYOVHE

1 n
) s > el
[ ST e e

i=1

Emotpégovtac otny (), naipvouue

= /g 22 llaizillo(da) 2 /S s flaszillo(da)

39
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Tdpa, epapudlovtac to AMjuua Dvoretzky-Rogers €youue

1
M > —/ max |a;|o(da),
2 Jgn-11<i<[2]

xow omd o Afuua 6 énetat 6Tt

M>e /log % llogn

Ago0 L, > cM, and 1o Oedpnua 4 cuunepaivouue 61L, av

[%ﬁmg%u@m<%)1

< llog ™ (1/)]n (%)

"n_2

cse’llog™ (1/¢)] logn,

k= [kx(e)]

v

Y%

téte undpyel F' undywpoc tou R™ ue dimF' = k tétoloc dote: yo xdde x € Sp,

(1+e) 'L, <|lz|| < L(1+¢). O

ArnddeiEn tov Oewpripatos 2: Eotw X = (R™, || - ||) n-Sidotatoc yodpoc ue vopua,
xou € € (0,1). Enhéyouue § = €/4, ondte (1+6)2 < 1+e.

Trdpyer T € GL,, tét0t0c HGoTE T0 eMeLPoedéc uéytotou 6yxou tou T'(Kx) va
elvow  Dy. Opilouue 7(x) = [|z|lr(x ) xou Yewpolue tov uéoo L tne r. And to
Ocwenua 5, vndpyovy k > c(d)logn = c(e)logn xa F k-didotatog undywpos Tou
R™, étol dote

10 PrNE)CTE)NF C1+)L(DaNF).

Tére, natpvovtag Fy = T H(F) éyouue d(F1,05) < (14+6)? <1+e. O

H yewuetpu dwatdnwon tou Oswerjuatog 2 etvon 1 e€hic: Ta xdde ocuuueteixd
x0pTh coua K otov R™ xou x&de € > 0, undpyouv k > c£2logn, undywpoc F Tou
R™ Sidotaons k, xow ehhewpoedéc B otov F, tétola hoTe

(*) ECKNFcC(l+¢)E.

Trodimhactdlovtag ) Sudotaon k Tou LToYKEOL, UTopoVUE va utodécouuEe 6TL 10 E
oty (x) etvor Euxdeldeta undho otov F' (ywplc xouplo unddeon yia tny apyixr 9éon
tou K). To yeyovéc autd elvon dueon cuvéneta Tou napaxdte Afuuatos (BAéne T.y.
[Z]):

Afupe 7. Eotw E eleapoardés otov R pe kévepo to 0. Yrdpyer I-didorazog
vndywpos F tov RE L téroiog dote to ENF va efvar Evketbera undda ooy F.
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Anddeén: Mnopolue vo utodécouue 6t

21
E= {x e R¥-1: Z a(z,e;)? < 1} ,

i=1

6moU ay > ay > ... > ay—1 > 0 xo {e;} opdoxavovixy| Bdon.
Agol yia xdde ¢ < I — 1 woylelt a; > a; > ay_;, UTopolUE Vo oplcouue
bi,...,b—1 > 0 and tic e€lowoelg

272 2 2.2
ai bl + an—i = al (bl + 1)
Oewpolue Tov LTGYWEo F' tou opileton and tic e€looele

<1‘,€i> = bi(l‘,egl,» s 1= ].,...,l — 1.

Optlovue v = e xou vy, i =1,...,1 — 1 yéow TV
bie; +esp_;
v = L2 -1
Vb3 +1
Torte, 1o {v1,..., v} elvan opdoxavovixn Bdon tou F. Ernlong, av & € F téte

l

A -1
(i, e0) + ,e-1))?
;a?<m,vi>2 B al2<m’61>2 +;GIQ l zb% +1 Z

[

= al{r,e)’ + Z ai (b7 + 1){(z, ex—;)*
i=1
[

= aj{r,e)’ + Z(a?b? + a3, ), ea_)?
i=1

21
= Z a%<$,6i>2.

i=1
Avuté anodewxviel 6t to E N F elvon undha axtivag al_l otov F'. O

Xpnowonothoole 11 cLYXEVTPLON oL LETeou otny S™T yia Ty anddein tou
Ocewpriuatoc tou Dvoretzky. H {dio apyni Beloxel epapuoyéc oe mhidog Siapopetixdy
xoraotdoewy. o vo tovicouvue awtd 1o yeyovode, divouue évar axdua Tapddelyuat:

Anbotaon Banach-Mazur. XOugwva pe to Yedpnua tou John, d(X,03) < /n
yia x&de n-ddotato ywpeo ue vopua X. Enouévwg, n moMAmAACLACTIX TRLYWVLXY
aviedtnra yia v d Selyvel ét d(X,Y) < n yio xdde Levydpt ydpwv X xar Y. And
Vv AN mhevpd, o Gluskin [Gl] éyer anodel&et 6tL 1 didueTpog Tou Banach-Mazur
compactum elvon Tne T8ENS Tou n:

Yrdpyet anddven oralepd ¢ > 0 térowa dove: ya kdle n unopolje va Ppolue
8o n-tidoratouvs xdpous X, Y, pe d(X,,Y,) > cn.
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O ydpor Xy, Y, oto napdderyua tou Gluskin etvor tuyalol xar tou (Stou tonoL:
Tuyalol cLUUETELXS TohUTOTAL UE e x0pLYES (o > 1). Oa del€ouue 6Tl Yol TOU oL
uovadiateg UTdAeg Toug efvor TOAD SLaOPETLXE YEWUETELXS avTLXelueva £Youy UxEh
andoTao:

Ilpéraom 6. Eotw X kar'Y 6Uo n-6idotator ydpor ue vépua, pe |Extr(Kx)| < n®
kar |[Extr(Ky+)| < n® ya kdrowovs o, B > 0, 6mov e Extr(+) oupporilove to avvoro
twv akpalwy onuelwy. Tote,

d(X,Y) <cv/a+ f/nlogn.

[M? dAhor AOyia, av évar oodua Exel Ayes xopugéc xon Eva SelTepo odua €xel Alyeg
€dpec, TOTE 1 andoTaot| Toug dev Eenepvd Ty v/nlogn.]
Anédaén: Mnopolue va unodéoouue 6T \/LﬁDn C Kx C D, C Ky C +/nD,.
Téte, Ky- C Dy. Av U € O(n), ebxoha ehéyyoupe 6t ||[UL : YV — X|| < n. Ou
detZoupue 6t 1 ||U : X — Y| elvon uixpn yia tov tuyaio U.

T va extyuioovue ) vépua touv U epyalduocte we e€ng:

max [(Uzx,y™)|.

lU:X —=Y]| = sup ||Uz|ly = max
zeKx z€Extr(Kx) y*€BExtr(Ky«)

Hopatnpoltue 6t av ¢ € Extr(Kx) xow y* € Extr(Ky-), téte Uz,y* € D,. Encto
ot

v(U € Om): |(Uz,y*)| >e) =0 (0 € S"" :|(8,y*)| > ) < cexp(—e’n/2).

Enouévee, av en®Pexp(—e?n/2) < 1, unopolue va Beolue U € O(n) ye tny
WiétnTa
[(Uz,y*)| <e, z€Extr(Kx),y" € Extr(Ky~),

dmhadh, U : X = Y| <e. Abvovtag we mpog €, Bhénouue 61t oL teptoptouol o

XOYOTIOLOVVTOL [UE
e~ a+ py/logn/n.

Apar, undpyer U € O(n) yia tov onolo

AX,V)||U: X YUY = X||<ce/a+ By/nlogn. O

1.6 H didotaoy twv Euxieldelwyv unoympny Tou KZ

H anédeln touv Yewpruatos tou Dvoretzky mou 360nxe otnv mponyoduevn mopd-
yeapo, elvar miavolewpnuxic @bone, o uag diver dtL tuyatog undyweog F tou
X = (R, || - ||) ue ddotaon dimF = [ce?n(M/b)?] etvor (1 + €)-Ewdetdetoc. Autéd
uog odnyel otov oploud Tne axolouvdng napauéTpou Tou X:
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Opiomos. Eoww X n-dudotatog ywpeog ue vépua. Optlovue k(X) tov ueyahltepo
axépono k < n yLa Tov omolo

1 k

M’ dhha Aoy, k(X)) elvon n ueyahbtepn Suvary Sudotaon k < n yia tny onola
n mietodmelo Twv k-Sidotatwy utoydewy tov X elvor 4-Euxdeldetor. H emhoyy tng
otadepdc M oToV TAPATAVEL 0pLoUs, AVTLOTOLYEL OTNV OWoTH Xavovixormolnot, apol
o uéooc tou M (F) ndve oty Gy i, loobtan ue M yio xdde 1 < k < n.

A6 7o Jedpnua tou Dvoretzky éneton 6t k(X) > en(M/b)?. 'Onwe Yo Solue,
Loy Vel xou 1 avtloTeon aviedTnTa:

Ipétaon 1. k(X) < 8n(M/b)%.

Aréden: Ttoadeponotolue opdoymdvioug ubywpeoug F1, ... Ft Sidotaonc dimF* <
k(X) téroouc wote R® = @ F? (radpvouue [n/k(X)] Sdotaonc k(X) xo, evdeyoué-
vog, évay ddotaons n — [n/k(X)]k(X), ondte t < 2n/k(X)). And tov oploud tou
kE(X), o neptocbtepes oployvies etxdvec xadevoc Fi eivon 4-Euxeldetec, enopévuc
(ropolue va Bpodue U € O(n) étol dote

1 :
oMlz| < izl < 2Mz| , = € U(F)

yio xdde ¢ = 1,...,t. Kd&de z € R ypdgeton otn vopph z = 22:1 x;, OTOL
z; € U(F"). Agol ta z; elvon xdeta avd S0o, nalpvouue

t
]l < 2M Y |ai| < 2M V.

i=1

Autéd onuaiver 6t b < 2MVt, xon ool t < 2n/k(X), ouurepaivouue 6t k(X) <
8n(M/b)?. O

M’ dha Aoyia, toyler o axdhovdog aoUURTWTIKGS TUTOG:

Ocewpnua 1. Ia kdde n-0idotazo xdpo pe vépua X éxoupe
E(X) ~n(M/b)?% O

Yn ovveyeta Yewpolue toug xhaotxole yopoug £y, 1 < p < 00, ot Tpoo-
Sroptlovue v TN ueyédouc (cav ouvdptnon twv p xou n) oL ky = ke (1), tne
peyohiTepnc Snhady Bidotaong uToyweou Tou £ oL elvor 4-lodUopPoc ue Tov (5
Ocopenua 2. Av 1 <p< 2, wve ky, ~n.

Arédeén: Toyter ky > en(M/b)?, énou b = max{||z||, : x € S"7'} xou

M = l]lpo (dz).
Sn—1
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Ané v avicétnro tou Holder, ue dedouévo 6t 1 < p < 2, yia xdde z € R™ éyouvue

2|, < |zln7"2,

i_1 , ; ,
dpa b < mr~ 2. Ioylel pdhiota wobtnTa. )
IIéhe and v aviodtnra tou Holder, naipvouue ||z|l1 < ||z||pne, z € R™, dpa

n
MZ/ n~i||z]io(dr) = n77 ) :/ |2;]0(dz) :nl—%/ |21 |0 (dz).
Sn—l i—1 Sn—l Sn—l

To tehevtalo ohoxhfpwua voloyiletar we e€hc: Vewpolue To

L n
dz = nw, "0y |dro(df) = n 61 |o(df),
/Dnlmllw nw /Sn_l/orlll ro(df) L /Sn_lllla( )

670V wy, = | Dy|. Apa,

11 2(n+ Dwpy [ ne
/ 01 j0(d0) = 222 [ (e )de = M/ H1— )" dt.
gn-1 n wnJ/p, Wy 0
Troloyllovtac 1o ohoxAfpwua, BAémovue bt

_ 2 I(&+
[ ilotan) = == T

XL YPNOLUOTIOLWVTAC TNV AVLCOTNTA

1 (n+1)\2 r(g+1) n4+1\?
il < < ,
vel 2 /) = D) —\ 2

XOTAAYOLUE OTNY
2 n+1
de > —
/Sv'nfl filde = vem ( 2 )
1

M > (2/67‘(’)1/2TL%7§.

(NI

Anhody,
Suvdudlovtag To TopATEvVL EYOVUE
M2
k, > cn <?> > c'n.

Aol (mpogpavix) ky < n, n anddelln elvor thiene. O

Ocwpnua 2. ks ~ logn.
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Anddeidn: Ano to Yedpnuo tou Dvoretzky énetan 6t koo > clogn. I v
avtiotpopn avio6TnTa, dely VOUUE TEMTA XATL O YEVLXO:

Mpétaon 2. Av P elvar éva molUroro otov R¥ e m édpes, xar Dy, C P C aDy,
TdTe
m > exp(k/2a?).
Anddaén: Tpdpouvue 1o P ot uopen
P={zeR":(z,v;) <1, j<m}.

Agob Dy, C P, mpénet va woyle |vj] < 1 (edhhds, vi/|vj] € Di\P) v xdde j =
1,...,m. Ané tov deltepo eyxheloud cuunepalvovue To e€hc:

Do xdde 0 € S™ 1, urdipyer j < m ue tny Wit (6, v;) > 1/a. [pdyuort, ov
r > a, 16t rf ¢ aDy. Enouévec rf ¢ P, Snhadt, undpyet j ue (rf,v;) > 1. Agot
T0 T > a fTo TUYOV, ENETOL O LoYLPLOUOC.]

O©¢touvue uj = v;/|v;|, j =1,...,m. Tére, agol |v;| <1,
{9851 (0,05) > 1/a} C{B€ "1+ (6,u) > 1/a},

dipo

() skt G {6 € SF=1 1 (8,u;) > 1/a}.

j=1

Kéde {6 € S*=1 : (0,u;) > 1/a} elvor wd unddha oy S¥=1, ue xévipo uj xou
yowvioxh oaxtiva 2arcsin(1/2a). To Afuuo mov axohoulel diver dvew @pdyua yia To
HETPO TNG:
Appa 1. Na xdde u € S¥=1 kare € (0,1) Oérovue Clu,e) = {0 € S¥1 : (u,0) >
e}. Tore,

o(C(u,e)) < exp(—e?k/2).

Anédaén: To o(C(u,e)) elvar {co ue To TocooTtd TnC D), Tou xaTahauBdveL o oeal-
) 1\

PLKdS Kkadvog Tou avtiotolyel oto C'(u, €). ‘Ouwe, aUTOS 0 GPALELXOS XWVOS TEPLEYETAL

oe o Euhetdeta undha axtivac (1 — e2)'/2, dpa

o(C(u,e)) < (1 —e2)*/? < exp(—®k/2). O

Mnopolue thpa vor ohoxAnpdoovue Ty anddelln tne Mpdtaons: and v (%) xow
0 AMyupa ue € = 1/a,
1=0(S*") < mo(C(u,e)) < mexp(—k/2a?). O

[ty amddelén e koo < ¢ logn, unodétovue 6t yio xdmotov k € N undpyet
k-didotatoc undywpoc tou £ tétoog Gote d(F), é’g) < 4. O %x0Boc @, €xeL 2n Edpec,
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eNOUEVWS TO TOAUTOTO Q) N F éyel xt autd m < 2n €dpeg xou undipyet ehheLoetdéc
E octwv F yuw t onolo B C @, NF C 4E. Me xatdAAnho Aonéy ypoduLxo
ueTaoY NUoTiond, Betoxouue tolltono P = T(P) C RF ue m édpec, mou wavorotel
™y

Dy C PL C4Dy.

Ané v Hpbroon 2, 2n > m > exp(k/32), dnhady
k < 32log(2n).

‘Enetot 6t koo < 32l0g(2n), dpat koo ~ logn. O

Tty tepintwon mou anouével (2 < ¢ < 00) Yo YPELUCTOVUE TNV AVLGHTNTA TOU
Khintchine:

Oepnua 3. Ia kdfe 1 < p < oo vndpyovr Jetikés oralepés A, kar By, tétoieg
wote: ya kde n kar kdOe emdloyn mpayuatikdy aptiudv ai, . . ., ay,

n 1/2 1 n 1/p n 1/2
Ap (Z |a?|> < (/0 |Zaﬂ“i(t)|pdt> < B, (Z |a?|> :
i=1 =1 =1

Arddaén: Mropolue vo unodécovue 6t Y i a? = 1. Aelyvouue tnv defid avicd-

e mpwta v p = k € N Optlouue f(t) = D i, ari(t). Tére,
|F()|F < kle DI < k! (ef(t) n e—f(t)) _

‘Ouwc, Brénovtag Tic r; ooy aveldptntes tuyaiec wetaf3hntéc oto [0, 1], nodpvouue

1 1 m n 1 n
/ efMdt = / H exp(a;r;(t))dt = H/ exp(a;r;(t))dt = H cosh(a;).
0 0 =1 i=170 i=1

A6 v avioétnta cosh(z) < exp(z?/2), cuunepaivouue 6Tt

1 n
/ efDat < Hexp(a?/Q) = /e,
0

i=1

wou Moyw ovupetplag, [efMdt < \fe. Anhadi,

1 n 1/k n
(/ 1> airi(t)|kdt> < (2y/ek))"* (Z a§>

‘Eotw p > 2. Oewpdviac tov Quowd apdud k = [p] + 1 xon v avedtnta Tou
Hoélder Brénoupe 6Tt

1/2

1/ 1/2

1 n 1/p 1 n k n
airi(t)P airi(t)[* c a?
(/0 |; iri(t)] dt) < (/0 |; (t)] dt> < p(; z)
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Auté onuaiver 61t By < ep. Suumhnedvouue ty anddeign Selyvovtag tny aplotepy
aviedtnra oty mepintwon 1 < p < 2. Bploxovue 6 € (0,1) tétoo dote 2 =
pf +4(1 — ), dnpad) 6 = 2/(4 — p). Tore,

/ o = / OOt < (f 1 If(t)l”dt>0 (f 1 If(t)l“dt)l

Anéb tny 3eZid aviodnta (Yo p = 4),

—0

2(1-6)

/ P < (f 1 If(t)l”dt>031‘0 (f 1 HORO

70 onolo uog divel
1 1/2 1 1/p
([ 1rora) < ([ isora)
0 0

Ocdhpnua 4. Av 2 < g < o0, tlte ky ~ ne.

3 =

32~

1

Apa, Ap > 327%. 0

Andbaén: Av g > 2, t6te ||z|l; < |z|. ‘Eneton edxoha 61t b = 1. And tnv &M
TAELPA, 1 OAoXApwao TN anddeling tou Oewpruatog 1 delyvel 6Tt
M > naz.
"Apa,
k, > cn(n%_%)2 = cné.

[ v avtiotpogn aviedtnra, ag vnodécouue 6t undpyel utdywpog F tou R™ ue

dimF = k, o omofoc elvan 4-1o6uoppoc ue tov €5, Toodlvaua, urdpyovy u; =
(Uj1y -, Wjn) HE TNV WLETHTOE VLo x&OE ETAOYT TEAYLATIXOY apLdUY a1, . . ., Gk,
1/2 1/2
k / k k /
>l ) <UD aguglly <4 lagl?
j = iUille = J
j=1 j=1 j=1

Emuéyovtac a; = r;(t), éxovue: yia xdde t € [0, 1],

2
. a/

k n k
= 2 In®F | < I ri@uslly = 313 ri(@usil.

j=1 =1 j=1
Ohoxinpddvouue oto [0, 1] xar ypnowonoodue Ty aviodtnte tou Khinchine:

a/2

n k n k
(¥) ki< Z/l 1D ri@ugldt < BEY | D u
— i—1 \j—1

=170 =1
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‘Ouwe, Yo onowodfrote ¢ € {1,...,n}, nalpvovtac a; = uj; Brénovue bt
1
k k nok /e
- s e |®
E :sz’ = E :U’NU’N < E ,| E :U’NU’JZ|
j=1 Jj=1 =1 j=1
1/2

k k
1Y wjiuglly <4 (D,
j=1 j=1

‘Encton 6tL
1/2

k
douii)| <4,
j=1
xolL ETMOTPEPOVTAS oty (%) BAénovue bt
k% < (4B,)"n.

Anhadt, kg < 16B2n?/1. O

Kelvouue authv tnv napdrypopo Ue 300 e@apUoyés Twv Uedddwy Tou avantOEaue
(am6 to [FLM]).

() Av X = (R™, ||-]]) elvon évag ydpog Ue vépua, TOTE 1 dUix vopua opileton and
my |zl = sup{[{z,y)| : llyll < 1}. Av fla| < [l2]] < bla], <6te 32| < |lzll. < alal,
emouévac av oploovpe k* = k(X™*) xou M* = M(X™*), 10 Oedpnua 1 delyver b

k* ~n(M*/a)?.
Ané v dAAn mhevpd, and tny avicotnta Cauchy-Schwarz €yovue
2

e ([ ||x||é||w||%a<dw>)2 > ([ Meolfa) =1

OMATAAGLEALOVTAC TLC EXTULACELS UOC YLO TOUC o CULUTEPAVO ot
MoMamhaotdl ex el U uc k xou k¥, ovune VUE

MM* 2
kk* > chg > en?/(ab)?.

(ab)?

Tougwva ue to Yedpnua tou John, unopodue va emAégovue vy ¥éon tou K étot
Oote ab < \/n, dpa éyovue anodellel To e€hc:

Ocwenua 5. I'a kdfe n-didotaro xdpo pe vépua X,

E(X)E(X*) > en. O

Auté Adn delyver 6t yia xdde Leuydipl (X, X*), touldylotov ulo and tic mocd-
e k, k* elvon peyahltepn and ey/n.
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(B) H extiunon logn oto Yedpnua tou Dvoretzky elvon Béltiot dnwe eldaue
peketdvtog o Tapdderyua tou £ . To emyelpnua mou Swooue yior Tov x030 Selyvel
xdt o yevxd: Av P elvar éva cuuueTpind Toh0TOTO, Xou oV GLUPBOACOVUE TO
mAfdoc twy edpwy tou we f(P) xou to mARdoc twy xopupny tou ue v(P), ToTtE,
k(X) < log f(P) xou agol v(P) = f(P°), cvunepaivouue 6t k* < logv(P). And
0 Oedpnua 5 éyouue kk* > cn, xou autd amodetxviel 1o axdhovdo cLYBLACTIXG
amoTEAEOUAL:

Ocwpnua 6. Eotw P éva ovupetpikd moitoro otov R™. Tdrte,

log f(P)logv(P) > cn. O

1.7 Aoyog ovyxwv - to Jewpnua tou Kashin

'‘Eotw K cuvuuetpund xuptd odua otov R®. O Adyog dykwv tou K elvon 1 tocbdtTnta

or(K) = inf{ <%> . L EC K},

6mou To inf malpveton mévw amd dha T eMheldoeldn tou meptéyovton oto K. Ebdxola
eAEYYOLUE OTL 0 ANOYOC HYxwV elvar avohholwTog WS TEOS AVTLOTEEPLUOUS YEUULULXOS
METAOYNUATIOU0LE Tou R™.

IMopdderypo. Oewpolue apyxd TLYOV CUUUETEXO XUPTS ovua K otov R™*. Ay
|| - || n avtioTouyn vépua, téte

/ e 127 gy = / / pt? e ¥ dtdx
n n Sl
[ee]

_ / Pt e {2+ 2| < t}|dt

0
e P
= |K|/ pt" TP le T dt
0

= |K[T <ﬁ+1>.
P

Holpvovtag K = By, 1 < p < 0o, fAenovye 6Tt

/n eIl gy — (2 /Ooo e—t"dt>n — 2C(1/p+ 1)]".

20(5 + 1))

2 +1)

Enougvwg,

|By| =
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Hopatnpodue o1, av 1 < p < 2 t61e T0 eMherpoerdec ugyLotou oyxou tne By elvor n
n%_%Dn. Apa,

2r(L + (3 + )]~
n? 7 [D(2 +1)]% /7
6mou C' > 0 anéhutn otodepd. Anhadt|, ov povadialeg undhec twv £y, 1 < p < 2
€Y 0LV OUOLOUOPYA PEAYUEVO AOYO OYXWY.

vr(By) =

i <c,

Oa del€ouue 6L av éva odua K €yel uixpd Adyo dyxwy, T6Te 0 Yopoc Xk €xet
umoywpoug F' ue didotaon avdAoyn Tou n Tou £youy Uixpn anéotacr Banach-Mazur
ané tov (§mF (Brére [Sz], [STJ)):

Qewpnuo 1. Eotw K ovppetpixd kuptd odua otov R* ue vr(K) = A. Tdre, ya
kdOe k < n vndpyel k-0idotaros vndywpos F' tov X e tny 616tnta

d(F, (%) < 2(8A)7=1,
Arnddeién: Mnropolue vo utodécouue 6tL 1 Dy, elvon 10 eEMedoeldéc UEYLTTOL GYXOUL

touv K. Térte, ||z]|g < |z| yia x&de z € R”. Eow k < n. Yty nopdypago 3 eldoue
ot

/ /||x||—"op<dm>un,k<dF>= / e~ (de) = (or (K))".
Gnr /SF

Sn—1

Ané v aviedtna Tov Markov, to uétpo twv F' € Gy TOU LXAVOTIOLO0Y TNV
[ el (o) < o))" = 24y
Sp
elva peyohOtepo andé 1 — 27", 'Eotww F évag tétolog undywpog. Téte, ndhl and tny
aviobtnta tou Markov, yia xdde r € (0, 1) woydet
op{x € Sp : ||z|| <r} < (2r4)".
‘Eotww = € Sp. Téte, unopolue ye anhéc extiunoelg vo Sodue Ot

r/2)k-1
op(C(z,r/2)) > %
Auté onuabver 61, av (2rA)" < rk=1/22k=1 141e
Cla,r/2)N{y € Sp : [lyll = r} # 0.

Anhady), urnopobue va Bpolue y € S tétolo dote |z —y| < r/2 o ||y|| > r. And
Y TELYWVLX ovooTrTaL Talpvouue

=l > [lyll = llz —yll =2 7 — |z —y| > r/2.

Anhody,
d(F, t3) <

= IN
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Mével va Solue 1660 peydho unopolue va emthéEouue o i YéNoLUE

2n+2k71Anrnfk+l < 1’

70 on0l0 BIVEL Tax = (84) »—*+1. Emouévwce,

d(F, (%) < 2(8A4)==+F1. O

A € (0,1), t67€ 0 £ éyer unoywpous F Sdotaong k = [An] + 1 ue d(F, (5) < C/ >
6mou C > 0 anéhutn otadepd. To anotéheoua autod elvon LoyLPOTERO Amd TOL ATMOTE-
Aouata TS TEOTNYOUUEVNS Topayedpou, UE TNy évvola OTL €YoLUE TATpoQopla Yo
UTOYWEOUVS dLdoTaonS AN UE T0 A ocodhnote xovtd oto 1. BéBoua, n extiunon eivon
xooe) 6tay A — 1.

Iapatipnon: To Osdpnua 1 uoc Aéel ya mopddetypa 6tt, av 1 < p < 2 xou
1

Oa doliE Evor axOUNL ATOTEAECUA YO COUATO UE Utxpd AOYO Gyxwv (to Oedpnua
tou Kashin [Kal):

Ocevpnua 2. Eotw K ovppetpikd kupté ovua otor R . Trobérouue 6t n D, elvar
70 eAepoerdés péyrotov dyrov tov K, kar vr(K) = A. Tdrte, vndpyer opoydviog
petaoxnuatiopds U € O(n) pe tny 16idtnta

D, C KNU(K) C 842D

Anédeén: Tlpogavae, D, C KNU(K), U € O(n). Tlopoatnpodue 6tt, yior x&e
U € O(n)

Yzl knu ) = 1/ max{[[Uz]], |||}
Udyvouue howmdy U € O(n) tétolov dote max{||UG||, |10} > 1/842, 6 € S" 1, xdm
yio T0 omolo apxel 1

1o+l 1

5 >3 fesmt.

N(9) :=

Eyoupe

1 1 1
fo o T @@ = [ 1</o<n> T “””) R

- </S . ||¢||n (d¢)> ||91||n”(d0)

2
o (d )
Sn 1 ||e||n )
= a4

Ernouévwe, undpyet U € O(n) o onolog ixavornotel tny

2 n 1
—_— o(df </ — — 5(df) < A%,
/5n1<||U9||+||9||> @) < |, . Toerar @ <
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Eotw § € S 1, xou N(f) =t. Av ¢ € S %o |6 — ¢| < t, t61€ T0 YEYOVOC OTL 1)
N etvon vépua pe otodepd Lipschitz 1 pog Sivel

N(¢) S N(O)+N(¢p—0) <t+]|p—06| <2t

‘Ouwg, a(C(0,t)) > t"=1/27, dpa

A | 1
o (@pn < U(C(evt))(2t)2n
2 2n
< /.. <||Ue|| T ||0||> o)
S A2n_

Ané v mopamdve aviobdtnta elvor gavepd 6t t > 1/(8A4)%, xou 1 amddelin elvon
TAAene. O

Iapatiipnon: Ot anodeielc v do Oewpnudtwy elvar g (Stac @lone. Autd elvan
€vol TapddELYUa EVOC TOAND YEVLXOTEPOU (QOULVOUEVOL: TPOTACELS TOTLKOU XapakKtrpd
(6nwe 1o Oedpnuo 1) Tou aPopody TNV Sour TwY LTOYWEKY EVES YWEoL X e Vop-
U, €xouv Tl avtioTolyés Touc mpoTdoels odikoU yapaktipa (6mwe to Oedpnuo 2)
TOL APoEOVY TNV GUUTEELPORS OAOXANENG TNG Uovadialag undhac Tou X xou Twv
0pYOYMVLWDY UETAGY NUIATIOU®MY TNG.

I v tovicouue autryv tn oyéon, divouue uia anddelln tov Oewphuatog 2 yen-
owonodvtag 0 Oedpnua 1: ‘Eotw K cuuuetpixd xuptd ooua mou TepLéyel tny
D,, xou wavornotel v |K|/|Dy| < A" H anddeln tou Oewpfiuatos 1 delyvel 6t 1o
UETPO TV LToYGewY F tou Xk Sudotaone n/2 mou avoroody Ty

D,NFCKNF<cA’D,NF
elvar ueyaltepo and 1 — 27", Enouévwe, unopolue va Bpoldue F' tétolov dote
1
m|$|§”$||§|$| ’ J,'EF,FL.
Oplovue U = Pp — Ppi, 6n0ou Pr, Prpi oL opdoyoviec mpofBoréc otouc F, Ft+

avtiotorya. Téte U € O(n), xaw av & = 21 + &2 elvon 1 ypaph tov & ue 21 € F,
Ty € FL,

2lz| > 2flellkrvm) > llzll+ U]
= [ler + @2l + [ler — w2l| > 2max{{|z.], |||}
1
> ol + lleall 2 g (] + [
1
2 @le-

‘Apa, D, CKNU(K) C (cA?/2)D,,.

Oewpivtag tov £, Tatpvouue Lo ToAD evdlagpépouoa epapuoY T Tou Oewpruatog 2:
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Ocdpnua 3. Yrdpyovr daviouata yi,. .. ,Y2, € S 1 téroa dote
n
evn <Y |,y < 2v/n
j=1

ya kdle x € S, émov ¢ > 0 arélven oradepd.

Anddeén: To eMewoedéc uéyiotouv dyxov tne BT elvar 1 n_l/QDn, oL 0 AOYOG
O6Yxwv tNg elvon uxpdtepog and C. And v anddelln tou Oswpruatog 2, LTdPYEL
U € O(n) ue v Wdubtnta
n
2 > all + Ul > 2w
8C

v %80 x € S"TL Oétouue ¥ = €; xo Ypri = U¥ey, i = 1,...,n. Térte, n
TAPATAVW OYECT) TOlPVEL TN LoP®N

2n \/7—1
22 Y @) 2 oo D

j=1

Mopatrnerote 6Tt Ta y; elvar oA eduxic Lopghc: 1 Evwon ULde opdoxavovixic
Bdong pe wd otpoen tng. Ouwg, dev UTHPYEL CUYXEXPLUEVO THPABELYUO TETOLAS
emhoyhc davuoudtwv. H Onoapén tou U egaopaliotnxe, 6nwe eldaue, ue mdavo-
Yewentixég uedddouc.
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Ke:cpo’c)\ou.o 2

To @eo')pvnxoc tov Krivine

2.1 Evcaywnyy

‘Eotww X évoc ywpoc Banach dmeipne didotaong xan éotw (2,,)0%, ula oxoloudia

Yeouuxd aveZdpTntwy Stavuoudtwy otov X. Mla (tenepaopévn f dretpn) axorovdio
(Yn)n otov X ovoudleton block axodovlia tng (2, )n, v UTdE)EL oxohoudic PUOLXGDY
ky < ke < ..., ©otg, yia x&e n,

kny1
Yn = Z a; Ty,
i=k,+1
YLt XEmMOLOLE GUVTEAEGTEC Gy, @ = kp + 1, ... kpy1.
Ocwpolue thHpa dbo ywpouc Banach (X, || - ), (Z,]]] - ]l]) xou 800 axohouvdiec

Yoouuixd aveZdpTnTwy Stavuoudtwy (2,)52, otov X xou (2,)52, otov Z. Aéue 6t
(2n)n elvon memepaopéra avarapaotdoun katd block oty (x5 )n, v, yia xdde m € N
xow x&de € > 0, undpyer block axohoudia (y;); ™ (zp), TéTOL DOTE

m m m
L= azlll <1 awill < A+ )1 aizilll,
i=1 i=1 i=1

yio x8&de axolovdio cuvtereotdv (a;);.

Ewldwotepa, yio 1 < p < 00, Mue 61t o £, (avtiotowya, o ¢g) elvan nenepacuéva
avamapaotdotuos xotd block otny axohoudia (zy)n, av 1 xavovixs Bdon tou £, (av-
tloTouya, Tou ¢p) elvon memepacuéva avamapaotdolun xatd block 6Ty (x4, )y, dNAadh
av, v xdde m € N xau x&de € > 0, undpyer block oxohoudia (y;)2; ™c (Tn)n
TETOLNL WOTE

(1-¢) (Daiw)p <Y awill < (1 +e) (Zw)p

i=1 i=1 i=1

95
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(avttotoa, (1 — &) maxi=y,m |ail < |32, aigill < (1+ &) maxi=y,_m |ail),
yia x&de oxohovdio cuvteheotdv (a;), .

To Oewpnua tou Krivine [K] (1976) tou a nopovoidoovue elvor to axdrouvdo:

. , . , . ; . N .
Oetpnuo. Eotw (£,)02, ula akolovlia ypapuikd aveEdptntov Savvoudtowr oe
évay ypo Banach X. Téte eite vndpyel p, 1 < p < 00, dote o £y, va elvar memepa-
opéva avarnapaotdoyios katd block otny (x,)y €fte 0 ¢y elvar tenepaouéva avarapa-
otdouos katd block otny (zp)n.

To epdtnua av xdde ywpeoc Banach dnewpne didotaong mepléyel €vay LTOYWEO
1o6U0p@o UE xdmowov £y, 1 < p < 00, 1) UE TOV Cp, HTay Eval and To XEVTEXS TPOBAY-
uota e Yewploc ywewv Banach we tic apyéc e dexoetioc tou 70. Av o X elvan
x&poc Banach ue Bdon Schauder (z,,), xou undpyer UTdYWpoc Tou X Lo6UOPPOS UE
Tov £p, Yio xdmolo p € [1,00) (avtiotolya, UE TOV ¢g,), TOTE elvor YVwoTd OTL UTdPYEL
dmeten block axohoudia (yn )2, ™S (Zn)n TOU Elvar LOSOVOUN UE TNV XavoVLXY| Bdon
tou £, (avtioTtoya, ToL cg.) Autéd onualver 6t uTdpyouv otadepéc C,c > 0, dote,
yia xdde n € N xon xdde axorovdio cuvteheotdy (a;)P, va toydet

n n P

1
P n
[ Slalr) <1 amll <0 (S lail?
i=1

i=1 i=1
(OWTLOTOLXOC, CMaXi=1,....,n la;| <] Z?zl ayil| < Cmaxi—1,..n las]).
Me Bdon autd, o TponyolLuevo ep@tnua Utopel vo avodtatunwiel wg eZnc:

‘Eoww X yopoc Banach ue Bdon Schauder (z,)n. Tndpyel mdvro ulo dnepn
block oxohovdiot (Yn)n T (Zn)n moOU elte elvon 6030VaUN ue T Bdon tou £y, Yo
xdmolo p € [1,00), elte elvar toodOvoun ue T Bdon Tou cp;

To napdderyuo tou Tsirelson [T] (1974) édwoe apvnuind andvinon o€ avtd To
epodtnuo. To Yedpnuo tou Krivine unopel vo dewpendel cav to xokitepo duvatd
Yetixd anotéheoua oe aUTHY TNV xotebiuvon.

Mia dueor cuvénela Tou Yewprjuatog Tou Krivine efvon to axdroudo anotéreoua:

IMépropa. Eotw 1 <p < oo kat X ydpos Banach 106poppos e tov £,,. Tote, ya
kdOe n € N kat kdOe € > 0, vndpyet vndywpos F' tov X didotaons n mov elvar 1 + ¢
- 100p0ppos pe Tov L.

II&AL, av p > 1, 10 avdhoYO AmOTEAEGUA VLo UTOYWEOUS dnelenS dldoTaonc dev
elvar owotéd: T xdde C > 1, undpyel yopoc Banach X woéuoppoc ue tov £, ue
Ny axohouvdn Widtntor Kdte undywpog dmelpng didotaong tou X €yel andotaon
Banach-Mazur ané tov £, ueyahitepn tou C [OS].

Ynuewdvouue 61, av p = 1, oty nepintworn dnhadh mou o X elvan tobuoppoc
ue tov £y, éva Yedpnuo tou James [J] amodewvier 61, yia xdde € > 0, undpyet
UG WPOS dreleng didotaong Y tou X nou €yel andotaor Banach-Mazur and tov ¢;
wxpotepn tou 1+ €. To avdhoyo toylel xou av o X elvan toduopgog ue tov cg. Ty
an6detgn auvtold tou Yewpruatog Yo tr doduE TopoxdTe.
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Mepuypdipovue tdpa T doun tng anddeléng tou Yewpruatog tou Krivine nou
TapOLGLELOVUE.

XpnouwonololUEe ENAVELANUUEVY TO axohoudo AMjuua, 1 anddetln tou onolou etvon
dueon:

Afupra. H oxéon «nenepacuévr avanapaotactudtnta xatd blocky efvat petafatixn.
AnAadn, av ot ()i, (Yi)i, (2i)i €lvar akodovdies otovg xydpovus Banach X, Y, Z
avtiotowa, kar 1 (z;); €lval menepaopéva avarapactdoun kard block otny (y;); kat
n (yi)i €lvar menepaouéva avarapactdoun xatd block otny (x;);, tore n (2;); elvar
nenepaopéva avarapactdowun kard block otny (z;);. O

Me Bdon awtéd to Aduua n anddeln ywelletan oe dbo Baowxd otddia, Tar onola
TepLypdpovTaL amd To SUo eTOUEVE YEWPHLATAL.

Oceopnua A. Eotw X ydpos Banach kat (x,)%2, axoloviia ypaupkd aveEdptn-
v Oavvoudtwy otor X. Tdte vrndpyer pla 1 - unconditional kar avaldolwtn wg
mpos draomopd akodovlia (z;)52,, n omola elvar menepaouéva avarapaotdoiun katd
block otnv (x,)n.-

Oceopnua B. FEotw (2,)22, pla 1 - unconditional kat avaldolwtn wg mpog dia-
omopd akodovdia oe évav ydpo Banach X pe x, # 0 VYn. Tdte €lte, ya xkdmowo
p € [1,00), 0 £, elvar nenepaouéva avanapaotdouos katd block otny (xp)y, €lte o
co €lvar memepaouéva avarapaotdoyuos katd block otny (T )n.

Loty amdden touv Oewprjuatog A, axohovdolue xupiwe Ty epyaocio tou Ro-
senthal [R2]. H anédeln npoxintel cuvdudlovtag tar axdrouda aroteréoupata: To
Yedpnuo tov Rosenthal [R1] yia tov £, to Yedpnuo Brunel - Sucheston [BS1,2],
0 Yewpnua Tou James [J] yio Toug yWpouc mou elvon wWdUoppoL UE Tov £1 1 TOV
co o évar Mjupo tou Krivine [K] yia unconditional axohoudies. Aivouue mhipeig
anodeiZelc yia to Tplor TeAeuTaia amoteAécuata, aANd dev amodexviouue To Yedpnua
tou Rosenthal.

[ 1o Oedpnua B, axohoudolue v anddeiln tou Lemberg [Lem], 6nwe outh
napovotdletar oto B3Alo Twv Milman - Schechtman [MS]. O Lemberg Beltinwoe to
apyx6 amotéleouo tou Krivine xou amhonoince v andden tou. O Krivine elye
anodelEet apynd o axdhoudo: Av (2, )y elvon ula axohouvdio ypouuixd aveldptnwy
Stavuoudtwy oe évay yopo Banach X, téte elte undpyet p € [1, 00) wote o £, va elvor
TENEPACUEVDL avamopaotdotoc xatd block oty (2,)y, Elte 0 ¢ elvar enepacuéva
avamapaotdotuos xatd block oe pia avadidraén tne (,,).

2.2 Opiopol - IIpoxatapxTLxXd ANOTEAECULATE

Yuupoiiouog.

Ou Savuouatixol ywpol mov Yewpolue elvar mparypatixol xau dnepng Sidotaong,
extoc av dnhodveton to avtideto. Av to {z; : i € I} elvor urtoolvolo evde Stavu-
ouatxol yweov X, cuuPBohilovue Ue [2;]icr T Yoouuixh 9fixn autol Tou cuvélou.
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Tuupolilouvue UE cop TO DLAVUGUATING YWOEO TWV TROYUATIXGY axohoudLidy Tou eivar
tehxd loeg pe 0.
T xde p € [1, 00), oupPolilovue Ue £, To Savuouatixd Yweo

o0
(ai){’il ta; €ER, Z |ai|p <00,
i=1
. . 1
egodLaouévo ue 0 vopua [|(a;) 2 || = (Yo, lailP) /?,
Yuppohilouvue Ue co T0 Stavuouatind ywpeo

{(ai)?il ta; €R, lim a; = 0} ,
11— 00

gpodlacuévo ue T vopua ||(a;)2, || = sup; |as|.
Ouv4,, 1 <p< oo, xm o cyeivon ywpol Banach.

Bdoeig Schauder.

Mio axohoudio ()52, oe évav ywpo Banach X Aéyetouw Bdon Schauder tou
X, av, vy x&e ¢ € X, undpyet uovadixf] axoloudict CUVTEAESTOV (G, )5%, OOTE
oo
T =) App.
Mio axohovdia (x,)5, o€ évay ywpo Banach X Ayeton Baoikrj akodovdia, ov

7 2 7, 0
elvar Bdomn Schauder tou LTOYOEOU [T4],,_; -

To enduevo Yewdpnua Sivel €vay yapaxtneloud Twv Baotudy axoloudioy.

Oedpnua 1. Eotw (z,)52, pla akodovdia o€ évav xdpo Banach X. H (x,)n €lvar
Paoikn akodovdia av kair pdévo av wydouvv ta akddovia:

(1) &y #0, yra kdde n.

(13) Trdpyer otallepd K > 1 dote, yia kde m,n € N pe m < n kar kdde axolovdia
ourtedeotdy (a;),, va wxvel

m n
Zaixi <K Z a;x;|| .0
i=1 i=1

‘Eotww (2n)n %ot (Yn)n 800 Baoixés axohovdies. Aéue 6t ot (zy,)n Xt (Yn ) lvor
1wodlvaueg, av LTdpyetl Loopoppouds T : m:;l — W;o:l, ve T(2n) = yn, Yn =
1,2,.... ¥ authv v neplntwon, Mue 6Tl oL (2,)n Xt (Yn)n elvor C' - 1ood0voueg
(C>0),av |TIT ]| < C.

Me dhha Aéyiar, ou Baoixés axohoVHes (@n)n %ot (Yn )y elvar C - 1ood0vaues, av
urdipyouy otadepéc a,b > 0 ue ab < C, dote v xde n € N xou xdde axolouvdia
OLVTEAESTWY (), Vol Loy Vel

1 n n n
o > aiill < 1D aill <l ai.
i=1 i=1 i=1
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Unconditional oaxolovdieg.

Eotw C > 1. Mia axorovdia (z;)2, oc évav yopo Banach X Aéyetow C -
unconditional av, yia xde n € N, xdde axohovdia cuvieheotdv (a;)f, o xdde
axohoudia TpocHULY (£5)f,, LoYUEL

(1) 1) eiaims|| < C D aiwil.
i=1 i=1

Ilpétaon 1. Eotw (zp), pla axolovdia oe évar ydpo Banach X. Ta axdlovda
elvar 1w0o0dVvaua:

(i) H akodovdia (z,,), €lvar unconditional.

(i7) Yrdpyer otalepd M > 1 dote, yia kdle n € N, kdfe F' C {1,...,n} xar kd0e
akolovdia ouvtedeotdr (a;)iy, va wxvel

(2) 1> aiwil] <MIIX:CL |-

ieF

EminAéov, av C ka1 M elvar o1 kadUtepes otalepés yra tig omoles wyvour ot (1) kat
(2) avtiotowa, téte M < C < 2M.

Anédeén: (i) = (i1). Boww F C{1,...,n}.Twxddei=1,...,n, ¥tovue g; = 1,
avi€ F,e;=—1,avi ¢ F. 'Eyovue

1D aiwill < 5 (IIZG :L‘z||+||Z€ a%ll) <CIIZCL |-

i€l
(i7) = (i). Boww (g:)f; € {—1,1}". Oéwovue F = {i € {1,...,n} :g; = 1}. Téte:

||Zeza wll < I aiall + | aei] < 2M||Za il

EF i¢F

Ewwdtepa éneton 6t xdde unconditional axohovdia (2y,)n UE 2, # O Vn, elvon
Boowe.
Ilpétaom 2. Eoww (e;); pla C - unconditional axodovdia, m € N xar (a;)7q, (b)),
axodovdies mpaypatikdy apiiudv. Av |a;| < |b;| Vi, tére

m m
1> aieill < CID bieall.
i=1 =1

Andbaén: 'Eotww a; = pib;, 6mou |p;| < 1. Oewpolue éva cuvaptnooedéc z* tétolo
wote ||z¥]| = 1 xow z* (31, pibies) = || Yoie, pibies||. Tére,

|| Z Utbtez” * (Z lffibiei>
i=1 i=1
x|l 3 bila* ()] < 3 e (e
=1 i=1

m

Z |33 |2* (e4)]

IN
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Emuiéyouue axoloudio mpoohuwy (€;)i, tétola dote g;b;2*(e;) > 0, ondrte
m m m m
|| Z,u,blelﬂ S Z |bll‘* (6,)| = Zgibix*(ei) = :L‘* (Z 5ibiei>
i=1 i=1 i=1 i=1
m m
I Zfibiein <l Z bieil|-
i=1 i=1

IN

m m
1) " aieill < CIID_ biesl|. O
i=1 =1

Axolovdieg avarlolwTeg wg Mpog dtaoTopd.

Mio axorovdia (zy,), oe évav ywpeo Banach X Myetaw avardolwtn wg mpog
diaormopd (spreading), ov, yioa xdde m € N, xdde {n1,...,np}t C Nyue ng < ng <
oo < My, o1 x80e axohoudior cuVTEAESTOY (@)™, Loy Ve

m m
1Y aiwn | = 11> aiill.
i=1 i=1

Ocewpolue v axohoudia (€;)3°, otov coo ue e;(j) = 0i; Vi, j. Elvon gavepd
6t 1 (e;); elvon Bdion Schauder tou ywpov £y, yia xdde p € [1,00), xodds xou ToL
co. Emtnhéov, oe xadévay and autolc touc yodpoue, 1 (e;); glvon 1 - unconditional
xa ovodholwtn we mpog donopd. H (e;);, Yewpoluevn we axoloudio otov £y,
1 < p < o0, (avtiotowya, otov ¢p), ovoudleton ouvring f kavovikny Pdon tou £,
(avtioToLya, Tou ¢p).

2.3 Anddelén tou Oewpruatog A

[Mapovoidlovue mpwta o Baoixd Yewpruate Tov Yo YeNoLLOTOGOVUE GTNHY ono-

delén.
(o) To Oeddpnuo Tov Rosenthal yia tov /.

Mo axohovdio (z,)52; oe évav yopo Banach X Aéyetow aoevds Cauchy (w -
Cauchy) av, yio xdde z* € X*, n axohoudia (z*(x,))52; ovyxhivet. Eivow ebxoho
var dolue 6Tt av o Sulxde X* tou X elvon Staywplowwog, tdte xdde @poryuévn axo-
houdia (2,,)n otov X é€xel vmoxoloudio mou elvan aodevie Cauchy: Oewpolue éva
aprdurioluo mtuxvéd vtootvoho D = {z} : k € N} tng Bx-«. H axohouvdia (27 (2,))52,
elvan pparyuévn, dpa €xel suyxhivouoo axoloudio. Y dpyel Aotndy éva dmeLpo LTO-
obvoho N1 tou N dote 1 axoroudia (27 (Tn))nen, Vo cuyxiivet. Me tov (8to tpdmo
Bploxovue Ny C Ny dote n axohovdio (x5 (2y))nen, Vo ouyxAlvel. Enayoywd xa-
taoxevdlouue ula axohouvdia (V)32 dnepwy utocuvérwy tou N ue Ny D Ny D ...
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oote, yia xdde k = 1,2,..., n axorovdio (2} (2n))nen, Vo oLyxAvel. Eniéyouue
ny < ny < ...ueng € N, yia xdde k. Téte n vrnaxohovdio (25, )k ™S (Tn)n elvor
aovevie Cauchy.

Anb v SN ueptd, n ouviRdne Bdon (en)n TOL YWpPoL £ dev €xel xauulo W -
Cauchy vroxohoudio: o onotadrimote axohovda (1;)52,, Y€tovue * = (a,)52; €
loo UE Qpy; = 1, yiot x&0€ 4, xou an, = —1, yio x80e n # na;, H (2% (en;))i amoxhivel.
O Rosenthal [R1] anédeiie to axdhovdo Yeuehiddes Yewpnuo duyotouiac:

Oceopenua 1 (Rosenthal) [R1]. Eotw (x,)%2, pla akodovdia Siavvoudrwv vépuag
1 o€ évav ydpo Banach X. Tdte efre vndpyer vrakodovdia tng (zy), mov elvar w
- Cauchy efre vrdpyer vraxolovdia tns (zy), TOU €lvar 10odUvaun pe tny kavoviki
Bdon tov ¢,. O

H amhototepn anddeln tou Oewphiuatoc auvtol ogeileton otov Farahat [F], o
omoloc ouwdlaoe Ti¢ Weéeg Tou Rosenthal ue to yevixevuévo Yedpnua Ramsey tou
Nash-Williams. H anédet&n autf napovoidleton ota [D] xou [O].

(B) To Oetpnuo Tou James yLoL XWOEOUG LOOLOPPOLS E TOY {1 H TOV Cp.

Ocdenua 2 (James) [J]. (1) Eoww X yxdpos Banach kar (z,)5, ula axoloviia
otor X n omola elvar w0odUvaun ue tnv kavovikn fdon tov €1, dniadn vrdpyovy
C,c>0 dote

n n n
e lail <Y aiw]| <C Y ai| ¥, Y(ai)i,.
i=1 i=1 i=1

Téte, yia kdde € > 0, vrdpyer block axolovdia (yn)n TS (Tn)n, N onola elvar
1wodUvaun e tny kavovikn Pdon tov 4.

(2) Eotw X xdpos Banach kar (x,)5, pla akodovdia orov X n omola elvar
wodvaun ue tny kavovikiy Bdon tou co, 6nAadr vrdpyovr C,c > 0 dote

14¢
1—¢

n
¢ max |a;] </ ZaimiH < C max |a;| Yn, V(a;),.
1=1,...,n 1=1,...,n
i=1
Tére, ya kde € > 0, vndpyer block axokovdia (Yn)n ™S (Tn)n, n omola efvar 1= -
1wobUvaun e tny kavovikn Pdon tov cy.

Andédeén. (1) T xdde n € N, ¥étouue

o0 o0
An = inf{”ZaixiH > ai| = 1} .
i=n i=n

‘Exouvue ¢ < Ay, < C Vn xou 1 axohoudial (A )y, elvon adZovoa, dpa lim, o0 Ap = A,
pmec< A< CL

Eotw € > 0 xor ng € N tétoioc wote A(1 —¢) < Ay < A, yio xdde n >
no. Emiéyovue plo axohoudia guowdy (kp)n xon i block axolouvdio (yn)n e
(Tp)n, TéTOlEC OOTE Ng < k1 < ko < ... xou, v x&de n, y, = Ef;;giA a;T; UE

S ag] = e [fyall < Ak, (1+2) <AL +e).
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Téte, vy %80 (bn)o; ue >0, |bu| = 1, anb tov oploud tou A, xon v
TELYwVLY| aviodTnTa, Talpvouue

ML =8) < Ao < 1D bayall < supllyall < A(L +2).

14
1—¢

‘Ereton 61t 1) oxohoudiar (5yn)n etvo - wood0vaurn e Ty xovovixr Bdorn tou £ .

(2) H anddelln yia v neplntonon tou ¢ elvor avdhoyn. Oétovue

oo
Pn = SUD {H Zaiﬂ?iH : (ai); € co, I?eaNX|ai| = 1} ,

i=n

v x&de n € N. Téte n axorovdior (pn)n lvon @divovoa xou yiot to p = limy, pp
éyovue ¢ < p < C. Onwe mpy, urnopodue va emhéEouue block axohoudia (yn)n e
(0 )n, TéTOLL OOTE (1 —€) < ||yn| xon

|| anyn“ < /1'(1 + 5)7

yiat x&0e (by)n € ¢o ue max |b,| = 1.
Loty xdtew extiunon e || D0 buyall éxovue: ‘Eotw ng ue by, | = max |by| = 1.
Téte

I anynll > 2lbroynell = |l Z bnyn = bnoYno |

n#no
> 2u(l—¢e)—pu(l+e)=u(l—3e).

1+e _
1-3e

Yuunepatvouue 6t 1 axohovdia (%yn)n elvow
ToL co. O

LloodUvouT Ue Ty xavovixr Bdon

To eptdtnua av 10 avdhoyo arotéAecua elvor cwotéd oe xdde Yoo £, 1 < p <
00, EUELVE aVOLXTO Yiol apXETEC DEXOETIES XoL HTay YVwoTd UEe To dvoua distortion
problem. To 1993 ou Odell xou Schlumprecht [OS] é8woav apynuxd| andvinon oe
awtd 0 gpwTnuUa. Amédeilov udhota 6T, av 1 < p < oo, totE, Yoo xdde C > 1,
urdpyet yweoc Banach X oéuopgog ue tov £, ue v axdhoudn Widtrra: Kdde
umoywpog Y tou X dmelpnc ddotaong €yel andotacn Banach - Mazur oand tov £,
ueyohitepn tou C.

(v) H évvoia tov spreading model xou to Ocdpnua twv Brunel xouw Suche-
ston.

To Oedpnua twv Brunel xau Sucheston mou napovsidlovue ce auThY TNV Tapd-
yeapo Baclletar ot éva xhaoxd cuvdLaoTd anotéhecua: To Oedpnua Tou Ram-
sey.

T xdde dmetpo abvoro M C N ouufolilovue ue [M]; 10 oOvolo twv LTOGU-
volwv Tou M mou €youv k cTolyela.

Oedpnuoa 3 (Ramsey) [Ra]. Eoww k € N ka1 A, B C [Ny dote [N, = AU B.
Tére vrdpyer drewpo vroovvoro M tou N dote efre [M];, C A efre [M];, C B.
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Anddaén. Alvouue mpdta v anddelén yio tny nepintwon k = 2. Eotw N= AU B.
Mrnopolue va unodécovue 61t AN B = 0.

‘Eotww my € N. Xowpilouvue to N\ {m;} ota 0o olvora {n € N: {m,n} € A}
xow {n € N: {mq,n} € B}. Eva and avtd to obvora elvon dnewpo, dnhadr undpyet
dmetpo vnoobvoro My tou N dote

elte Vm € My {my1,m} € A eite Vm € My {m,,m} € B.
Aépe 6t to Cevydpl (ma, My) elvar kadd av wyder 1 TpodT) TEP(TTHOT, EVH TO
(ma, My) elvar kaxd av woylel n debtepn neplntwon.

Emiéyovue mo € My ye ma > my. Oewpolue to obvora {n € My : {ma,n} €
A} xou {n € My : {mo,n} € B}. Apo0 to M; elvon dneipo, éva and ta dlo autd
olUvoha elvon dmeLpo, dnAady) utdpyet drelpo unocbvoho My tov My dote

elte Vm € My {ma,m} € A eite Vm € My {my,m} € B.
Onwc mpty, ovoudlouue to Levydpt (ma, Ma) kald otny tpmdtn neplntwon xat kakd
otn deltepn neplntwon,.

Suveyilovrog enaywyind, xatooxgudlovue axohoudio Levyopldy (Mg, My), n =
1,2,...,yemy <me < .., NDM DM D...»xuVn myy1 € My, Gote xdde
Ceuydipt (Mg, My,) va elvon xahé 1 xoxd Ue TNy mapamdve évvola. Eve and to obvola

Ly ={n € N: 1o (my, M,) evor xahé}, L = {n € N: 10 (my, M,) elvon xaxd}
elvon dmewpo. Av to Ly elvan dmetpo, Bétovue M = {m; : | € L1} xou elvar povepd 61t
[M]2 C A. Av 1o Ly elvar dmerpo, Oétovue M = {my : | € Ly} xon elvon povepd 6t
[M]2 C B. Autd ohoxhnpdover Ty anddetln yio tny tepintwon k = 2.

Me enaywy? to anotéleoua yevixevetow yia xdde k. H anddetén tou enaywmyixol
Bruartog elvon tehelwe avdhoyn ue authyv tng tepintwong k = 2 xou TNy napaAeltouye.
a

Opiowds. Eotw (zy), pla akodovdia oe évay ydpo Banach X. Mia avaldoiwtn
g mpog daomopd akodovllia (z;); o€ evav ydpo Banach Z Aéyetar spreading model
yia y (Ty)n, av wyve to e&rg:

Ia kd9e m € N ka1 y1a xdOe € > 0, vrdpyer n dote, av n < ny < npg < ... < Ny,
Tlte

m m
A=Y szl < 1S asan,
i=1 i=1

ya kdOe axodovila ouvteeotdr (a;)™, .

m
| <@+l aizl,
i=1

IogatneRoers. 1. Eivaw govepd 61t av 1 oxohouda (zy,), elvow spreading model
yioe ubar uroohoutiar TS (Yn)n, TOTE M (2n)n Elvon TMETEPUOUEVA AVATOPAUCTAOLUN
xatd block oty (Yn)n-

2. Trodétouue 6Tt |lyn|l = 1 Vn xou 61, yio xdde k xou yio xdde oxohovdio cuvte-
Aeotov (a;)F_,, to

k

lim [ E @i Yn;
n—oo0, n<n1<...<ng —
1=
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uTdipyEL oL WeavoTotel TN oyéon

k
(%) max |a;| < lim [| Z aiYn;||-
i=1,....k =

yeens n—o00, n<n1 <...<ng

‘Eotw ()52, 1 xavovxh Bdon tou co. Opllovue

k k
(+%) [DSCETTES N ) ST
Toéte n ||| - ||| elvon vopua otov coo xow 1 axohoudia (2;); oto YWeo (coo, ||| - |||) etvor
spreading model yiot Ty (Yn)n-
Mpdyuat. Eivar goavepd and tic (x) xou (xx) 6t n ||| - ||| elvon vopuo xon bt n
axohoudia (2;); elvan avahholwtn we mpog dtaonopd 6To YWeo (coo, ||| - |1]). Enttiéoy,

1 OVLGOTN T
k

||SZ|ai—bi|

i=1

k
||| Z QiYn;
i=1

eCaoanilet ot yio xdde k, to

k
- || Z biyn,
i=1

k

lim HE AiYn;
n—oo, n<ny <...<ng —
1=

ebvar ouotb6uoppo oto obvoro {(a;)f, : S0, a;| < 1}. ‘Eneton 611, yio xdde k xon
x&de € > 0, undpyeL n dote, v n <Ny < Ny < ... < N, TOTE

k k
A=)l azlll < 1Y aiyn,
i=1 i=1

Yo xée axoroudia cuvtereotay (a;)b_,.

k
<L+l Y aizll,
i=1

Ochdpnua 4 (Brunel - Sucheston) [BS1,2]. Eoww X ydpos Banach kat (vy),
pia aoevds undevikn akodovdia otov X e ||vp|| = 1 yia kd9e n. Tére vrdpyer
pia 2 - unconditional ka1 avaAlolwtn ws mpog daomopd axolovdia (z,), mou elvar
spreading model yia uia vraxodovdia (v),)n s (vn)n.

Arndbalén. Ou delZovue 6t undpyer vraxoroudia (v)), ™S (Vn)n TéTOLW DOTE, Yia
%&de k xou xdde (a;)¥_,, va undpyer to

k
i o
n—00, nl<lrr{11<...<n,c ” 2; iU, ”
1=

Hopotnpolue 6t apxel va Beobue vroxolouvdio (v))r ™S (Vn)n GOTE TO

k
i o
n—ro0, nl<lr7?1<...<nk H 2; aivy, ”
i=
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vou umtdpyet yLot x&e k xor x&de oxohoudio cuvtereoTtodv (a)¥ | ue a; € Q, i =
1,...,k xou Zle la;] = 1. Oewpolue howndy ulo aptdunon {b; : i = 1,2,...} tou

oLVOAOL
k
{(ai)fl 1k € N) a; € Q) Z |az| = 1} .
i=1
Eotww by = (al,ab,...,ak). Tére 0 < || X8, alv,, || < 1, yio xdde ny < ny <

... < ng. Oewpolye T GUVOAA

k
A, = {{nl,...,nk}:nl <ng < ... < ng, ||Zal1vnl.
=1

<o}
[}

Egapudlovtac 1o Yedpnua tou Ramsey nolpvovue éva dmewpo cOvoho M; C N,
tétowo wote elte [Miy]r C Ay elte [Mi]r, € Bi. Ac vnod¥éoovue 6t [Mi]r C Aj.
Xwpllovue to [M1]y ota dbo chvola
1
€ 0,-],,
&)

< [24))

o Bploxoupe éva dnetpo ohvoro My C My tétoto wote elte [Ma]r C Aj elte [Ma]y, C
Bs. Enoywywd xaraoxeudlovue pla axorovdia (J;)72; xwtiouévey Saotudtwy
e wopphc J; = [, £5H], 6mou 0 < 55 < 28—1, xon ula gdivouca axohoudia (M;)52,
dmelpwy UTocLYOAWY Tou N, Tétoleg dote, Yo x&de ¢ xou xdde ny < ... < ny oTO
, k 1

M;, vouwoye || 3252, ajun, || € J;.

Emuiéyovue todpa ulo Staydvior oxohoudior (m;)52,, dnhadh m; € M; Vi xau
my < mg < ...xo 9étovue Ly = {m; :i=1,2,...}. Elvaw @avepd 61t 10

k
B, = {{nl,...,nk}:nl <ng < ...<ny, ||Za%vnl.
i=1

k
Ay = {{nl,...,nk} CMi:ni <ny<...<ny, ||Za}vm
i=1

k
B, = {{nl,...,nk}CMl inp <ng <...<ng, ||Zazlvni
i=1

k

H 1

o tm Y agon |l
T yeeny "kELl ]‘:1

UTdpPYEL.

EnavolouBdvouue tny (o Stadixaciar yior tny axohouvdiar (Up)ner, oL THY axo-
houdol cuVTEAEGTOY by = (a?)ézl xat Bploxovue Ly C Ly (oTE 10

l

H 2

o dim Yy D adnl
T yeeny np€ELg ]‘_1
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va undpyet. Enayoywd xotaoxevdlovue pia gdivouoa axorouvdio (L;)52, o’msLEo)v
unocLYOALY tou N, dote, yia xdde i, Yo TNV axoloudio GUVTEAEST®Y b; = (a;)j"zl,
T0

ki
1 i
n— oo, nllnr?<...<nki ” ZU/]-’UnJ. ||
Jj=1

vor undpyet. Téhog emhéyouue ulo Stayddvia axohoudia (1;)52,, Snhadi I; € L; Vi xou
li <ly <....0¢étouuev] := vy, 1 =1,2,...xuéxovue T {ntoduevn voxorouvdio.

‘Eotw (2;); 1 xavovixh Bdon tou coo. Opilovue

k k
L — 1 !
|||Za121||| naoo,n1<1%11<...<nk||zazvm

i=1 i=1

Ou detfouue 6T, v xde k € N, yio xde axohovdio cuvieheotdv (a;)k | xon yio
xdde F' C {1,...,k}, woylel n oyéon

k

(%) 11D aszill] < 1Y azill-

iEF =1

Xpnowuonotdvrag v Hapathpnon 2 BAénovue 6t 1 (2;); elvon spreading model yio
™y (V],)n- Emtniéoyv, and my (x) xou v pbtaon 1.1 éneton étL 1 axoroudia (2;);
elvar 2 - unconditional.

Arédaén g (x): Eowo (a;)k, xouig € {1,...,k}. Apxel va delfouyue 6t

k k
> aszlll < 11D azill-
i=1 i=1

i#ig

Aol n axohoudia (v)), Telver aolevie oto 0, undpyet block oxoloudio xvpT®Y

OLVBLACUADY Uy, TNE (V))p UE limy, [|um || = 0. Eotw
Pm+41
Uy = Z Aol
1=pm+1

6oL p; < P2 < ..., A" >0Vm, Vi xo Zf;";ﬂiﬂ A" = 1Vm.

‘Eotw € > 0. Emtiéyovue ng € N té€tol0 ote, av ng < np < ... < ng, TOTE

k k
(1) 1D awn Il = 1D aizlll| <&
i=1 i=1

o

k k
(2) 1> ain, =111 aizlll| <.
i=1 i=1

i#tig i#tig
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Eniéyouue m € N tétoio Gote ng + ip < pm Xt ||uy|| < €. T xd&de j =

Pm + 1, .., Dmt1, 0pllovue

io—1
wj = Z a;v noﬂ +a10v] + Z a;v pm+1+z.
=1 i=ip+1
‘Eyouue
Pm+1 i0—1
m
E /\wJ—E iUy 4i + QigUm + E azpﬂﬂ
J=pm+1 i=ip+1

Ané n oyéon (1) nodpvoupe 6t [|w;|| < ||| Zle a;z|| + €, yia xdde j, ondte

Pm+1

Z A will < |||Zazzz||| +e.

=pm+1

Ané n oyéon (2) nalpvouue 6t

Pm+1 io—1
Yo Awill >l Z iV, 4+ Z vy, 4o il = @i |||
J=pPm+1 i=ip+1
> |||Zai2i|||—5—|aio|5-
i;io

k k
1Y aizilll < 1D aizilll + 2 + |ag |e
= i=1

xou, ool To € ATAY TUY OV, CUUTEPAVOLUE OTL

k k
11D~ @izl < 1Y aizl]l. O
i= =1

i#ig

(8) Avo Mjppata touv Krivine.

[ Ty anddelén touv Oewpriuatoc A ypewalOUaoTe axdua €va MU, To oTolo
ogelheton otov Krivine [Kr] xou poc emtpénet vo nepvdpue and pio C - unconditional
xat avahholwtn we mpog dtaomopd axolovdia (z,), ot ula 1 - unconditional xou

avodolwtn we Teog dtaomopd axolouvdial (en)n (Afuua 2).

To mptdto AMjuua autig tne apaypedpou eEacpaliler 6T, xdtw and dpxeTtd Ye-
vixéc tpobnodéaele, umopolue va tepdoovue and ulo oxoroudia i, n € N, block

axohouddy i, = (M) e (2,)n oe o oprax oxohoudio ()2, mou elvow
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TENEPAoUEVY avamapaotdouun xatd block ot (2,)n. Tnv teyvixn auth Yo tn yen-
OLUOTIOLACOVUE T600 otny anddelln tou Afuuatog 2 600 xou oty anddel&n Tou
Oewphuatoc B.

Adppo 1. FEow k, €N, n = 1,2,..., pe k, — oo kar axolovdies (ul)i, oe
évav ydpo Banach X pe ||[ul|| = 1 yia kdOe n war i < ky, kat pe v axdlovin
widtnza: Yrdpyer § > 0 dote

Fon
dmax [a;| < || auf|,
i=1

yia kdfe n kar ya xdde (a;)kn, Tore, vndpyer axolovdia (nk)?i dote ya kdle

tenepacuévn axolovdia (a;)™, pe a; € R, va vrdpye to limy, || Y0 azul™*||.

Emmn)\éov, n oxéon
l|(ai)ill := lim I Zaiu?k”

optler vépua owov cop.

Anddeidn: Oewpolue 0 6OVORO TV axoloutidy Tou ot dpot Toug elvon pnTol xou
uoévo menepaocuévol To TAKdog etvon Sudpopol Tou undevédc. Bewpolue uio apldunon
(b;)$2, awtol Tou cUYOIOU.

, (o1 1 1 (2 2 2 .
Eow b1 = (a1,0a3,-..,a,,,,0,...), b» = (ai,a3,...,a;,,,0,...), .... Eyouue

my my
0< (1D ajuf <) lail
i=1 i=1

Yoo xdde n, dpa n oxohoudia (|| o7 a%u?”)n elval paryUévr), OTOTE EYEL OLY-
xhivouvoa unaxoloudia. Anhadn undpyet dnelpo chvoro Ni C N tétoo wote 10
. mi 1, n 4
limpen, [| 3252 aguil] ve UW@XEL-
, ’ m ul , . , . ,

Topo 1 axohovdior (|| Y02 ||)n€N elvow poryuévn, omdte Eyel oL
vouoa uTaxohoudia. An)«xSn UTEO(pXEL dnewpo oOvoho Ny C Np tét0l0 (OOTE TO
. ma2 2
limpen, || 20,07 ajul|| va umdpyet. Suveyilouue emorywyd xou dNULoUEYOLUE ULa

pdivouca axolouvdio LTOGLYOAWY TwV QuoxdY N1 D Ny D ... D Ni D ... tétow
’ . M k., n Z Z
®ote 1o limpen, || 20,05 aful|] va urdpyet, Yo xdde k.
: _ ok
‘Eotw Ny = {nl,nQ,n3,. 3y No = {n?,n3,nk, ...}, .... Otovue ny = nk xou

N (ng)x elvar n Lnroduevn. ‘Etou éyouvue 1o amotéheoua yia pntole a;.
Ocewpolue topa (a;)™, ue a; € R Eow € > 0. Eméyovue (¢;)7, ue ¢; € Q
xou Yot |ai — qi| < e. Téte

m m m m
1D agufll = 1Y aufll| < {11 agufll = 1Y awuf
i=1 i=1 i=1 i=1

m m m m
1D @l = 1) aiwfll| + {11 D af Il = 1Y aqf
i=1 i=1 i=1 i=1
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<2+

m m m m m
<23 e — @l + |1 gupl = 11D giwd| 1D gl =1 au?ll|-
i=1 i=1 i=1 i=1 i=1

Abyo tou ot n (|| D070 qiug*]), evon Cauchy maipvouue bt xan n (|| Y200 aul™||),
elvon Cauchy, dpa ouyxAiveL.

Téhog, and ™ oyéon dmax;=1.___x, |a;| <|| Ef;l a;ult||, éneton b
d max |a;| < lim || Zalufﬂ
n
yioexdde (a;); € coo, dpat ) oyéon ||(a;)il| == limyg || Y-, asui™|| opller vopua otov cop-
O

IogatAenon. YTrodétovue ét 1 (z;); elvon pla oxohoudia otov X xou 61, Yo

%8 n, 0 (ul)k tou mponyoluevou Muuotoc elvor block axoloudia e (x;);.

‘Eotww (e;); n xovovuxt| Bdon tou coo. Téte 1 (e;); otov xdpo coo HE Vopua TV

I(a:)i]| = limyg || Y a;u™ || elvor menepoouéva avarapaotdolun xatd block ot (z;);.
Mpdryuartt. And tn oyéon

1Y (@ = ba)up )| <D Jai = bil,

éneton 6TL, Yo xdde m, to limy, || Y07, ul* || elvon ouotéuopgo oto Givoro
m
{(ai)i2y = Y Jail = 1}
i=1

Apa, yioe xdde m € N xan xdde € > 0, undpyeL n; OoTe

m m m m
(1 =) Y aaul | < lim | Y acuf | = 13 asel] < (1 4+2)1Y s,
i=1 i=1 i=1 i=1

yia x&de axolovdo cuveheotdv (a;), .

Adppa 2. Eorw C > 1 kat (z,)n pla C - unconditional kar avaAlolwtn wg mpog
daonopd akodovllia oe évav yxdpo Banach ue ||z,|| = 1 VYn. Trdpyer tére pla 1
- unconditional xair avallolwtn ws mpos Saomopd axolovdia (en), n omola elvar
remepaopéva avarapaotdowun katd block otny (zp)n.

Arédatn. Oewpolue v axohoudla dy, = || Y1 2|, n = 1,2,.... Exouue 800
TEPLTTWOOELS:

In Hepittwon. H oxolovdia (dp), elvon @poyuévn, Snhadf vndpyer M > 0 tétolo
wote || Yo, 2l < M Vn.
Aol n (2;); elvar C' - unconditional, éyouyue

n n
‘max |a;| < ||Zalzz|| < C max |az|||Zzl|| <CM max la;,
i=1,...,n = i=1,...,n = i=1,...,n

Q=
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v xde n € N xou yia xdde (a;)7;. Eneton 6t 0 (2;); elvon toodbvaun ue v
xocvovw’] Bdion tou cp. And 10 Yedpnua tou James yio Tov co nodpvoupa TP 6TL 1)
xavovux!| Bdom (e;); Tov ¢p elvon Tenepacuéva avanapaotdoyun xatd block ot (2;);.

2n Hepittwon. H axolovdia (dy,), dev elvon gpayuévn. Téte d,, — oo.
Eow n e N. Taxdde i =1,...,n, opllovue

T = Z(_l)Jzi(n-i-l)-i-j‘
n j:l

Aol 1 (#:); elvar avohholwtn we tpog Staomopd, woyVet |zl = ||z5]| = - - = |||

Emmiéoy,
1
— < ||z <C Vi=1,...,
C_uxln_ i "

H owoyévera (2)nen, i=1,...n Xovomolel Tig Unoﬁéoug Tou Aduuartog 1, dpa
urdpyet axohovdia (ky,), GoTE TO hm,HOO >0, a;x; ko | var undipyet, yio xdde neme-
pacuévn axohoudia cUVTENESTOY (@), . Xwpls ﬁ)\o@n ™C YEVOTnToC oéTouUE
7 . m 7 7
6t o limy, o0 || D01ty @iz} |] undpyet, xou opllovue

m m
I wedll = T 13w,
i=1 i=1
m

yio xdde (a;)™,, 6mou (e;); elvon 1 xavowxt| Bdomn Tou cop.

Aol n (z;); elvon ocvot)\)\ow)m ¢ TPog dlaoTopd o, Yo xde 1 oToepd, To
Swavbouartar zf, ¢ = 1,...,n elvar ooxataveunuéva wg mpog Ty (z;);, €metan OTL
n axohoudia (e;); elvan enlone avalholwtn we mpog Saonopd. Oa delZouvue 6L 7
axoroudia (e;); elvar 1 - unconditional. H anddeién Baoiletor oto yeyovic étL to
ddvuoua 7 Sopépel amd €va didvuoua Tou EYEL TNV (BLal XATAVOUT UE TO —TF XOTd
évay 6po e vopua e T4ENG Tou -

Yuyxexpuuuéva, é0tw n € N. Tloxddei=1,...,n, opllovue
=
yit = d, Z Zz (n41)+;-
j=0
[Mapatnpolue 6t yia xdde ¢ = 1,...,n, 10 Y exeL Ty S xatavoun ue o —zj.
Apa, yia xdde u,v ye u € [zJ]l(nH) 1 L U € [Zj];').;(i+1)(n+1)’ Loy LeL
(1) [l — 2t +ol| = flu+yi* + ],
Enlong éyouvue
1 2
(2) ll27" = vi'll < - (zim+ 0l + 2ins1)+all) < i

Ocwpolue éva m € N, ulo axoloudia TpoyUaTix®y cuvtekeot®dv (a;)T, xou ula
axohoudio Tpochuwy (g;)1,. Oétovue Fi = {i € {1,...,m} : g; = 1} xou Fy =
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{ie{l,...,m}:e; = —1}. Xpnowonobvroc my (1), éouue

m
1> ciaa?| =11 awf + D ai(=a)l = | Y aia? + Y aiy?||.
i=1

i€EF i€ Fo i€EFy i€ F>

Xpnotuonoldvtag Ty (2), nolpvouue Aolndy,

m m m
2
1> a?l = 1) sl < 1D ai(zf -yl < I > ail.
i=1 i=1 oi=1

i€ F>

Ialpvovtag n — 0o, cuunepaivouue GTL
m m
1) " eiaieil| = 1> aiesl. O
i=1 i=1

(e) Anddegn tov OewpRuatog A.
Ocdenua A. Eotw X ydpos Banach kat (x,)52, akolovlia ypaupikd aveEdptn-

n=1
v Oavvoudtwy otor X. Tdte vrndpyer pla 1 - unconditional kar avaldoiwtn wg
mpos daomopd axolovdia (z;)$2,, n omola elvar memepaouéva avarnapaotdoiun katd

block otnv (xy)n.-

Anédeaén: Kot apyde nepviue oe block oxohovdio (Yn)n ™ (Tn)n HE ||yn]| = 1
OOTE ||Yn — Yml| > L Vn,m, n # m. H emhoyn tov ¥y, Yiveton He enaywyr, wg e€hc:

Optlouvue y; := z1. Trodétovue 6T éyovue emAECeL T Y1,Y2, . . ., Yn block tng
Tp)n, UE TIC Tapondve Wiotntes. Eow p € N dote y; € [zi]h_;, vy xdde @ =
se ey ALONEYOUUE YT, . . .,y oTov X ¥ tétola dote ||y = 1 xon y) (ys) = ||yil| =
. Téte undpyel Ynt1 € [Tk )11 €010 OOTE [|ynt1l = 1 xon y; (yny1) = 0 Vi =
yene T

[ xdde m < n toydel

—~

—_

lyn+1 = ymll > Y Wntt = Ym)| = [Wm WUnt1) = YmYm)| = Ui (Ym) = 1.

Apa, yia xéde m <, [lynst — yull > 1.

Egpopuélouvue tdpa 1o Yedpnua tou Rosenthal oty axoloudia (Y, )n. Exyovue
dlo mEPLTTHOOoEL:

In Iepintwon: Yrdpyer vrnaxorovdia (y,,)n ™S (Yn)n TOUL elvar 0OdOVOUN UE TN
Bdon tou £1. A 1o Yedpnua tou James nalpvouue toTE OTL 0 ¢ ElvoL TENEQUCUEVOL
avomapaotdotuog xatd block oty (yl,), dpo xar oty (z5).

2n Hepintwon: Yrdpyer vroxolouda (y5,)n ™S (Yn)n mov elvar w - Cauchy. Opl-
Covue toTE
_ yénJrl B yén —1.2

U, = =
" Y — Uil T
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H axoroudia (uy) telver acdevde oto 0 xat ||uy|| = 1 Vn. And to Yedpnua Brunel
- Sucheston €neton 6t undpyer ula 2 - unconditional xar avaAiolwtn we Tpog dua-
onopd axohoudia (v,) N omola elvor menepacuéva avanapaotdolun xatd block otny
(urn). Térog ypnowtonoodue to Afuua 2 yio va tepdooupe ot ia 1 - unconditio-
nal xou avodlolwtn we Tpoc daonopd oxorouda (z,) 1 omola elvon TENEpUOUEVDL
avanapaotdotun xotd block oty (vy,), dea xat oty (z,). O

2.4 Andédelén touv Oewpruatog B

Axohoudolue v anddelZn tou Lemberg [L]. O Lemberg anlomoince tny anddetén
Tou Krivine ypnowuonowdvtag éva xatdhinio Levydpt teheotdv. Khewdl yior tnv and-
dei&n tou Lemberg eivon n Ilpdtaon 1, otny omola anodewxvietar 6t av o X elvon
utyodinée ydpog Banach xow oo T, S € L(X) elvon éva Leuydpl tTeheatdy nov av-
Tetatilevton, Téte UTdEYOLY xaTd TEocéY Yo WoTlée A Tou T xou p Tou S oTig
omolec avuotouyel ulo xown axoroudo xatd Tpocéyyon WodLavLoUdTwY (Uy)n.-

To Afuua 1 elvar éva yvwotd anotéhecua tne Yewplag TeEAecT®Y, oL Aéel dTL
xde teheotic T € L(X), (X uryadixde yodpoc Banach) éyer uio xotd npocéyyt-
on Wotwn. Télog, yenowuomotobue éva enlone Yvwotd amotéleoua tne Yewplog
aprdudv: To civoro Twv aprumy e wopphc 2% /31 k,1 € N, elvon tuxvé oto RT
(Afupo 2).

Aqppa 1. Eotw X pyadicos xadpos Banach kar T : X — X gpayuévos ypap ko
tedeotiis, kat éotw A € 0o (T). Tote to A elvar kard mpocéyyion Wt tov T'.

ArnddeiEn: Apod A € 9o(T'), vndpyet (A\n)n € C\o(T) tétola dote A, — A Ioyupt-
Louaote 6t ||(T — AuI) ™| = oc.

Eoto 61t 1) oxohoudia ||(T'— Ap ) 71| Sev telver oto dnerpo. Téte undpyer M > 0
o vraoroudiar (Mg, ) tne (An) tétowa dote ||(T — Mg, I) || < M. ‘Eneton 61

T = X, D)7 HlIAR, = Al =0,

dpor yion peydhar n éyouue 6 ||(T — A, 1) 7 I Ak, — A| < 1. Ioyle 6t av A € L(X)
xon ||A]] < 1 t6te o T — A elvon avtiotpéduuos. Eyoupe

(T = X, )T = A, T =T+ AD)|| = (T = M, ) Ok, = N

= (T = X, DT, = Al <1

Spo 0 I — (T — X, I)™H(T =g, I =T+ I avtotpégeton, Snhadh o (T — Ay, 1)~ (T -
AI) avtiotpépetar, Snhadh o T — AT avtiotpégetor. Autd elvon dromo, agol A € o(T).
Apa ||(T — Ap) || — 00, dnhadA undpyer axorouvdia (vy,)y, otov X ue |lv,]] =1
TETOLNL WOTE
(T = AnD) ™ (va)]| = oo
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OPKOUH& Yn = (T - /\n)il(vn)' Torte, (T - AnI)(yn) = Un, ||yn|| — 00 Xoi
(T — A1) (yn)|| = 1. Optlovue u,, = ”3;—:” Téte |Jupl| = 1 xon

(T = A1) ()l

(T = AnD)un|l =
lyall

Cio v (4n,), Loyler 6t
(T = AI)(un)|| = | Tun — Antin + Antin — Aup || < [|Tun — Apunl| + |An — AlfJun|| — 0,

dpo to A elvon xatd npocéyyion Wotup tou T . O

IMeoétaon 1. Eoww X uryadikés xdpos Banach kar éotw T,S : X — X 6vo
ppayuévor ypaupixol tedeotés ue T'S = ST. Eotw A pua katd npooéyyion 1610Tiun
tov T'. Tdte undpyovr p € o(S) kar akodovdia (v,), otor X, térowa dote ||vy|| =1
kat ||Tv, — Avy|| = 0 kat ||Sv, — pvy,|| — 0.

Anddeln : Oewpolue €va GUVEYES YEuUUIXO GLUVUETNOOEWES GToV fog, TO OTOlO
ouuBoAilovue ue LIM xou €yel tnv Wdiotnta

(%) liminf a, < LIM ((ay)n) <limsupa, Y(an)n € foo-

Eva tétolo cuvaptnooedéc Ayeton Banach limit xon Bploxetor Yewpddvtag 6To yeo ¢
TWY GLYXAVOLOWY aXOAOLILGY TO cLVaETNooeWés [ ue f((an)n) = lima, Y(ap), €
¢. Metd epapudlovue 1o Yewpnuo Hahn - Banach yia vo enextelvouue to f oe éva
ouvaptnooeés LIM otov Lo mou wxavorotel Ty aviebrnra ().

Hopotnpotue 6t [|[LIM|| = 1 xou 6 1o LIM elvon detixd cuvaptnooeldéc,
dnhadh av a, > 0 Vn tote liminf a,, > 0 dpo LIM ((ay)yn) > 0. Enlong, av n (an)n
elvaw ouyxhivouvca axohovdia, téte LIM ((an)y) = lim ay,.

OewpoVUE TO SLAVUOUATIXG YDPO

(2 @X)oo = {(@n)n : 2n € X Vn xou ([|an|)n peoyuévn }.
Y10 Yhpo autd 0pllovue TNV NUVOEUA

l(@n)nZalll = LIM ((lznll)n) ,

6mou (2,)5%2, € (O BX)so. Oewpolue tov Lndywpeo N = {(x,)n : LIM]||z,|| = 0}

xau opllouue To YHpo
Z=(3 ®X)x / N.

Y10 YWpo auTtd N NUIVORUL oL 0plCaUE TEONYOLUEVKG ETdYEL Ula vépua, TNy omola
ouuBorilouue méh ue || - ||. Eotw Z 1 nhfpwon tou Z. Optlovue T : (3. ®X)oo —
(> ®X) oo Oc e€hc: B

T(Z’l,l’g, .. ) = (T:L’l,Tl’g, .. )
O T elvar ypopuuxée teheotiic. O T endyer évay teheot T : Z — Z yuotl, av
LIM||zy,|| = 0, t61€ and tn Yeuxdtnra tou T €youue 6Tt

T ((zn)n)lll = LIM||IT (z)|| < LIM(IT|[||znll) = | T LIM |||
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Spot [[[T((zn)n)ll| = 0.

O T etvor ypoupids xo PeoryUévog TENEOTAS, GULOWYIL LIE TNV TEOTYOVUEVT CvL-
o0t e, dipoL ETEXTEIVETOL XATA UOVABLXO TPOTO OE QPaYILEVO TENECTH OTNY TAfjpwon
Tou Z. Ouolwc opllovue S : (3 X )oo = (O BX) oo UE

?(5[71,5[72, .. ) = (Swl,SxQ, .. )

X0l TOV ETEXTEVOULE UE ToV (Blo TpdTo oToV Z.

Ivopilouue and tny unddeon 6t n A elvar xatd tpocéyyion Wotr tou T', dpo
undpyet axohouvda (un)n Té‘EOLO( Oote ||up|| = 1 xou lim ||[Tuy, — Auy|| = 0. Ondre
LIM||Tun (Tup, — Auy)nll| = 0. Oéroviac U = (uy,u,...)
éyouvue ot |||Ta — )\u||| =0, dpo Tu = Xu. Apa 10 A ebvor ot tou T xou t0
T = (up)p eblvor Wrodudvuoua tou.

__Eotw Y C Z o Wubywpoc tou T nou avtiotolyel otny Wotuh A. Agol
ST, nodpvoups ot S(Y) C Y. Hpdypoatt. ‘Eotw T € Y. Téte, and tov opo
Y, éxouus ot T7 = A\v. Apa,

T §
u6 1o
T(S7) = S(Tv) = S(\v) = \(SD).

Anhadh, ST € Y.

Ocwpolue Tov TepLoptod tou S otov Y. To gdoua tou teheoth (S|Y) etvon un
xevb, dpo UTdPYEL TOLASYLOTOY évar 1 TéTolo Wote pu € Do (S|Y). Tére, epapudloviog
T0 TIPONYOVUEVO NAUUE, €XOUUE 6TL TO  elvar xotd Tpocéyylom ot Tou S|Y.

Eoto (1;); uio oxohoudio xatd npocéyyion odtavuoudtwy tou S|Y ou avii-
otouyet oo p, Snhadi |||Sw; — paz||| — 0.

Avu; = (Uz’,n)na éXOUpE lim; |||S(’U,i71,U,i72, ) — u(ui71,ui72, .. )||| =0, 8‘!])\0(8'1/]

lim LIM,||Su; n — psi || = 0.
(2
To 5 ebvor otouyeio Tou Y, ondte éyouue ot ||Tu; — A || = 0, Snhadh

LIMp||Tuipn — Aujpn|| =0 Vi.

Ago0 lim; LIM,||Swin — pusnl| = 0, éxouue 61t undpyet 41 T€TOL0 WOTE
LIM||Sui, n — ptiy n]| < 1, xou yio %8¢ i woyler 61t LIM,||Tw;n — Aui || = 0.
Ané g nopandvew oyéoelg €xouue Ot

LIM (1T w0 — Aiy || + [1S@iy 0 — gty nl]) < 1

Enopévoc,
lminf (|| 7w, 0 — Mgyl + [1Swig 0 — gty nl])

< LIM (|| Twiy n = Mtiy | + 1Sty 0 — ptiy nll) < 1.

Apa undpyeL n1 €00 WOTE

||T’U‘i1,n1 - Aui1,n1” + ||Sui1,n1 - Mui17n1|| <L
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Tuveytlovue e tov (dlo tpdTO o dnutovpyolue axoroudior (Ui, n, )ee,, N omola
wavornoLel Tr oyéon

||Tuik,nk - Auik,'ﬂk” + ||Su1k7nk - Nuik,nk” < E
,APO( limg, ||Tuikynk - /\’u‘ikJLk || =0 xou limg, ||Sulkynk — MUy, ny, || =0.

Optlouue vk, = wjy, n,, , OTOTE EYOLUE OTL
limg [|Tvr — Avg|| = 0 xou limg, ||Sv, — pvg|| = 0. O

Adppa 2. Eotow T Jetkds dppntog. To ovvodo {nT —m :n,m € N} elvar nukvé
oto R

Anddeaén:  Amnodewviouue mpddta 1oV axdhovdo LoyUELoUO.

Ioxvpiouds. T xdde € > 0 vndpyer n € N tétot0 wote 0 < nt — [n7] < €.
[Anddeién Tov wyvptopov: Apxel vo delfovue 6Tt LTdPYEL N BOTE

-
0<nr—[n7] < 7
Metd, emaywywd, delyvouue dtL yio xdde m € N vndpyet n tétowo dote 0 < nr —

1] < 5.

Trodétovue 6Tt 0 < 7 < 1. Atagopetind doukebouue ue to 7 — [7]. 'Eotw ng
tétoo wote neT < 1 < (ng + 1)7. Av woyler 6T (ng + 1)7 — 1 < Z, t61€ €youue
TEAELOOEL.  ALaopeTixd, av dev woyleL To mapamdvw, €xouue 6Tl 1 — neT < 3.
Opilovue 8 = 1 — noT, ondte €xouue 6L 6 < 5 xou 6Tt

%<7‘—0:(n0+1)7'—1.

‘Eotw k o pwpdtepoc guoxds hote 0 < 7 — kb < 7. Tote woyler 6t
0< (knog+ 1)1 -k < %,

oméTE €YOUUE TERELWOEL, ol yio m := kng + 1, éxyovue 6T 0 < mT — [m7] < 7]
H nuxvétnro amodewvieton topa we e€hc: ‘Eotw z,y 300 mpayuatixol aprduot
ne 0 < & < y. ©étouue € = y — x. Tote undpyovy m,n € N t€tola dote 0 <
re k, / . /
nt —m < e. Ioybel 6t (nT — m)k = o0, ondte Yewpolue t0 Uxpdtepo k yia to
onolo & < (nT —m)k. Téte (nT —m)(k — 1) < z, dpa

z<(ntr—m)k<z+(nr—m)<zx+e=y,

dnhadh © < knt — km < y.
"Apa, oL apriuot tne wopphc nT —m, n,m € N elvor tuxvol oto RT. Elvor tdpa
pavepd 6L elva Tuxvol xou oto R. O

Ocipnua B. Eotw X ydpos Banach kat ()52, axoloviia otov X, n orofa efvar
I-unconditional kai avaAloiwtn ws mpog Owaomopd pe x; # 0 Vj. Tdére vndpyet p pe
1 < p < oo pe my axérovin 6ié6tnra:
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oo

Ia xde e > 0 ka1 yua kde n € N vrdpxow y1,Yz,...,yn block v (z;)52,

térola HoTe

n 1/p n n 1/p
(1-¢) (ZIGiI”) <D awill < (1 +e) (Z Iail”> :

i=1 i=1 i=1
ya kdOe axodoviia ourtedeotdv (a;)t ;.

Anddaén: Metagepbuaote xat’ apydc and tny axolouvdio (2;) en o€ ula axorovdio
(er)req aprdunuévn ané 1o cbvoro @ twy YeTx®dy pNntody Ue tov axdrovdo tpdTo:
OewpoluE 10 dlavuoUaTd Yweo Y Ghwv Twv cuvapthoewy a : () = R, ot onoleg
€y oLy METEPACUEVD Popta. LuufBolilovue Ue (ar)req Uia TéTOl CLVEPTNON Xou UE
supp((ar)req) T0 Qopéa tng, dnhadh supp((ar)req) = {r € Q : a, # 0}.
‘Eow (e,)r € Q n olyeBpux Bdon tov Y ue er(q) =1 6tav ¢ =1 xou e,(q) =0
étav g # r. Optlovue ulo vépua || - || otov YV we e€he:

n n
1Y aienll =11 aill,
i=1 i=1

v xdde r < 1o < ... < T 070 @ xou Yo x&de axoloudo cuvtereoTdY (a;) . O
optoude e vépuac elvon cuvenhic aol 1 (x;); elvor avohholwtn we TPog daoTopd.

‘Eneton 6t xde nenepocuévn oaxohoudia (e, )i, ve 11 < 1o < ... < 1y, elvan
1-tood0voun ue my (z;)%, dpo apxel va delfovue 6Tt undpyel p HoTe o £ Vo elvar
nenepaoUéve avanapaotdoluos xatd block oty (er)req. Emmiéov, agod n (;);
elvon avahholwtn we mpog dtaomopd xou 1-unconditional, énetor éw 0 (ey), elvon
avolholwtn we Tpog dtaonopd xou 1-unconditional, SnAady, av r < re < ... <1y

noL s1 < s9 < ... < Sp,
n n
1Y asenll = 1> iaies,
i=1 i=1

YLoL OTOLUBATOTE ETLAOYH) GUVTERESTAV (@) oL TPOCHUWY (€)1 ;. Oa Aéue bt Ta
Staviouarta z,y € Y elva LoOXOTaVEUnUEVDL, oy & = Y1 | Giep, XOL Y = D1 | i€y,
OToL Ty < 1rg < .. < Ty, S1 < S2 < ...8,xba; ER, i =1,...,n.

Ocwpolue thY Thfpwon Y tou Y. Erextelvouue toug YV xau Y o€ uryodixolc
xopoug opllovtag || 32, cq arer|l = || 32, cq larler|| 6mou a, € C.

Oplloupe tdpa 3o ypauuwxole teheotés T xou S otov Y we ehc:

T xdde j =0,1,...xuyiog € QN[j,j+1)ueg=7+r 0<r <1, dtovue

T(eq) =T(ej4r) = €j4y + €j it

Ol
S(eq) = S(€j+7«) =éjyr + e]’+% + €j+#.

Iopatneotue 6Tt ou T' xou S elvon gpayuévol tereotés. Ewdudtepa, ypnoudo-
TOLWOYTAC TO YEYOVOC 6Tt 1) (€,), elvar 1-unconditional xou avadholwtn we tpog Sto-
omopdl, EYOVUE 6TL

llz]] < [|Tf] < 2[]]]
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pdeih
2]l < [[Sz]| < 3]|=]-

Ou T xou S emextelvovtan povadixd ot QpoyEVOUS TEAECTES OTNY TAYPWOT] TOU
Y. Axbua, anodewxvieton edxola 6t T'S = ST.

OewpoluE TWpa Tov LTOYWEO Yy Tou Y, dTou
Yo = [er]reqnio)-

YuuBohilouue ue Ty xor Sp avtioTtolya tov nepoptond tou T' xow tou S otov Yp.

‘Eotw A ula xatd npocéyyion Wwotun tou Ti. Tétowa undpyel Toukdylotov
ula, agot Ao (T1) # 0 xou xdde X € do(T1), obugwva ue to Afuua 1, elvor xatd
npocéyyion Wioth tou Ty. ‘Eyouue hownév éva ydpeo Banach Yy, 800 gpoyuévouc
Yoouuwole teheotéc 11,51 @ Yy — Yo, xou pio xotd mpocéyylon diotiun A Tou
Ti. Emnmhéov, ot T1 xou Si ouvdéovton ue ) oyéon 1151 = SiTi. Egopudlovroc
v Ilpbraon 1 éyouvue bt undpyouv pu € o(S1) xou axohoudia (Yn)ne; TéTOLL WOTE:
Yn € Yo, llynll = 1, limy, ||T1yn — Aynll = 0 xon limy, |[S1yn — pynl| = 0. Apa vV’
TAY ™V (Y )n LOYVEL OTL

lim, ||Tyn — Aynl| = 0 xou limy, || Syn — pyn|| = 0.

Xowplc BAEBN e yevixbdTntog UnopolUe va DewpooVUE 6Tt (Yn)n C Yo, 0ol av
(yn)n C Yo, T61E UTSipYEL (Tn)n C Yo TéT0L OOTE |27 — yn|| < £, ombTE YU QUTH TN
(n)n toyle 6t || Txy — Azp|| = 0 xou 6T ||Szy — pzy|| — 0.

Mapartneolue oxdun ot ywelc BASSEN tne yevixdtntag, unopodue vo Yewpricouvue
6T, 1600 0 A, 600 XL OL CUVTETAYMEVES TOU X3V Yp, 1 € N, elvan Yetixol aprduol.
Mpdyport. ‘Eotw yn = ) ageq. Téte Ty, = Y ages + ane%. Apa,

||Zaqe% + Zaqe% —)\ZaqeqH
||Z|aq|e% + Z|aq|eqT+1 - |>‘|Z|aq|eq||
1T (3 lagles) = IA1Y lagle -

[ tov (o Aéyo, umopolue va Yewprioovue 6Tt o p elvon VeTinds aprdude.
Adyw e oxéone ||[ynll < | Tynll < 2|lynl] xou tov 61 ||Typn — Ayn|| — 0, ebxoha
amodetxvieToL 6Tt

||Tyn - AynH

vl

1<A<2.

Ouolwe, Myw tng oxéonc (|ynll < [ISyall < 3llynll xon tou 6t [|Sy, — pyn|l — 0,
ATOdEXVVETOL OTL
1<p<3.

Avonbouyue xde Y, wc mpoc ™ Bdon (&), Eow yn = Y[ ajeqn, 6mov
{at'- - . } € [0,1). Opilovye, yia xdde j = 1,2,...,

My

n __ n, .

u; = E Ay €jtqp -
k=1
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HMoparneodue ot [[uf|| = 1 Vi, Vn. Emmdéoy, yia xdde j toyler 6t
1TYn = Aynl| = [|Tuf = Aujl],

apol tor d0o dtavbouarta uéoa oTLS VopUES Exouv Ty (Bla xatavoun xot 1 (er)req@
ebvor avohholwtn ¢ tpog Slaonopd. Tt tov (8io A6yo, [|Syn — pynll = ||Su} — pul||.

‘Eneton 6t yro xdde j, n (uw )n 1 Elvon oxohoudiar xatd Tpocéyyiom LWlodlavuoud-
v tou T’ Tou avtieToLyel oTo )\ X TOUTOYEOVWES Elvar oxohoulio xatd TpocEyyLon
Wodtavuoudtwy tou S, ToU AVTLOTOLYEL GTO [i.

‘Eotw i € N. Enewdr| to StoavOouarta ufl + ugl; xou Tujl elvon ooxataveunuéva,
gneton 6T, yioo xdde u, v tétowa wote supp(u) C [0,4) xou supp(v) C [i + 2, 00] %o
v x&de n, woydel 6T

lu +ui +uiyy +v|| = |lu+ Tui + vl
EOxoha BAénovue dtL Loy bet
[|lu+ Tul + || = [Ju+ Aui +v]| = 0.
Yuvdudlovtag T Topandve oyEoeLs EoLUE OTL
lu+ui +uiyy + || — [Ju+ Au +v|| = 0.

Tougwva pe to Afuua 2.1, undpyet utoxohoudia (ng) tétola Gote yia xdde
TENEPACUEVT axoloudia (az) 2ova UTEO(pXEL o limy, | 327 agul™|| xou n ouvo’(prnon
l(a)™ || = limyg || Y7, aui™|| vo elvar vépua oTov coo. OEwpolUE TO YOpo TwY
TEAXS UNBEVIXDY ocxo)\om‘)w)v pe authv T vépua. ‘Eotw (z;); n xavovixh Bdon
QUTOV TOL XOPOL, OTOTE, Yia xde (a;); € coo,

1Y aizill = ll(@ill = tim || Y awui* ||
12 12

Hopotnpotue 6t ||zl = 1. H (2;); elvor avahholwtn we mpog dtaomopd xa 1-
unconditional, agol 1 (e,), elvor avahholwtn we tpog Staomopd xon 1-unconditional
, Yo xde moxon @ # J, o SaviouoTar uyl xon uf €xouv ZEvoug popeic xou ebvar
LOOXATAVEUNUEVAL.
’ ’ / . _ i—1 n _ m n ’ /
Eyouvpe deilel 61t Vi € Noxor u =) 37 bruy xou v =) 30, 1o cpuy toyleL OTL

||Zbkuk+u +uly, + Z ckuk||—||Zbkuk+)\u + Z crul|l = 0

k=i+2 k=i+2
dpa,
i—1
lim || Y brug® +u” +ul, + Z cruy” | _11m||2bku + ]+ Z crug” .
P k=1 k=i+2 k=i+2
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"Ereton 6t

i—1 m i—1 m
||Zbkzk+zi+zi+1 + Z CkaH = ||Zbk2’k+>\2’i+ Z CkaH.
k=1 k=1

k=i+2 k=1i+2

Me enaywyf nalpvouue 61, yia xde k,n € N, xou u,v € Z ue u € [z, xou
v e [zl e
n+2k
et 37 2ol = llut Xz + o]l
i=n-+1

Tekelos avdhoya, talpvouue 6T, yia xdde I, n € N, xou u, v € Z ue u € [z],
xou v € (2], gy,
n+3l
lut D7 2+l =+ iz + ol

i=n+1

Ewdwodtepa, youvue, yio xdde k xon I,

2k

1Dzl = A
i=1
3[

1> =il = u'
i=1

2k 3!

1Y zill = Al
i=1

Ou del€ouue tpa 6Tl N (2;); elvon 1- l0odbvoun ue T Bdomn Tou £p yia xdmolo p
pe 1 < p < oo 1 ue ) Bdor Tou cp.

|2 il = 1V

In Heptrtwon: A = 1, SnAadn

Tére, yion < 2%, Aéyw tou é1L 1 (24); elvow 1-unconditional éyouue 6t

n 2k
1=max ||zl <Dzl <1 zll=1
i=1 i=1

Spa || Sor zill =L yian <28 VEeN, dpa || >0, 2| =1Vn e N

Ané v pbdtaon 1.2, apol n (z;) elvow 1 - unconditional, éneton thpa dTL Yot
x&e n wyler | Yoi, aizi]| = max|a;|. Apa 1 (2i); elvon LoodOvaun ue T cLVADN
Bdon tou cp.

2n Hepintwon: A # 1.
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/ , log2 __ log )
Ioxupiopuds. Téte p # 1 xou Tog3 = —g—logu.

I . ’ ’ ’ ’ ’ log 2 .
[ATEOO€l§T] Tov IO'XUplO'}.lOU. APXEL Ol PNTOL OV ELVAL ULXPOTEQOL ATO TO Tog 3 Vol gLvolL

log A
logp”

axpLBwe exelvol Tou elvar UixpdTEROL amd TO
v x&e k, 1 € N,

Oélouvue dnhady| va del€ovue ot

1) LoodUvaua,
‘Eotw 6t 3! < 2%, Tére

3t 2k
ph= 1Dzl <Dzl = Ak,
i=1 =1

Avtiotpoga, unodétouue 6t 3! > 2k, Taipvoviag m dote 2mE+HL < 3™ ¢youue

2mk+1 3ml
A=Y Al <Yzl = wm
i=1 i=1

xon ool A # 1, matpvouue AF < pl]

log2

@étouug p = Togx — log 3

: — 9l _ al , ,
Togp> OTOTE A =27 you p = 3P TV autd o p, da
delZoupe 6t 1 (%) elvon 1-1oodUvaun UE TNV xavovix Bdon tou £y, dnhadni 6tL, yia
%30E 1 o YLl OTOLOUGOATOTE CUVTENEDTECS ()i,

n n 1/p
(%) ||Zai2i|| = (Z |Gi|”> :

"Hdn &€pouvue 61t yia xdde k,1 € N, toylel

2k3!

1D =il = (263177
i=1

[ var tepdioouue ot YEVIXY TERITTWOY YENOLUIOTIOOUUE TNV ax6houdn tpdTaoT:
A k 7. z
To ovvodo {37 | k,1 € N} elvar mukvd oo RF .
H mpéraon auth elvae dueon cuvénela tou Afuuatog 2. Yougwva UE To Muud, To

’ log 2 . ’ ’ r ’ ’ ok .
oUvVoAo {kE§—3 —1:k,l € N} efvow tuxvé oto R. ‘Eneton 611 10 odvoro {log 1 : k, 1 €

’ z ’ 7 k 7 4
N} etvor tuxvé oto R. Apa, 0 oivoho {%r : k,1 € N} elvon tuxvéd oto R .

Arnodewxvbouue thpa TV (x) oe tpla Prucato:



Brjua 1. I'a kd0¢ k € N,

‘Eotww I € N. Adyw tng muxvotntag twv aptdudy e uopghc g—:

2n3l < k_3l+m

n,m € N tétola wote g—m <k
"Eneton 61t
(2°3)"
2"3N) =
<
Apa,
1
2n3l ;

Xpnoluomolvtag T oyéon

43"

||Zbk2k+ > a+ Z

k=i+3"+1

k=i+1
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k 1
1> zill = k.
i=1

oto RT, urndpyouv
< 20 (1 4371, S

< on3l 4 2m,

2n3! k3itm 2m3l4om
I Zzi“ <l Z zil| <] Z zi|
i=1 i=1 i=1
2n3!
||Zzz||+||zzz“_ 2n3l +2p
3l+m
< Z 2| < 2"3’ +25

cezill = || Zbkzk + pzig1 + Z

k=i+3"+1

cr 2kl

xat 10 Ot 1) (2;); elvon avahholwtn we Tpoc SlacTopd €xouue GTL

L

2535 <37

k
|| <2535 +2%

i=1

Kdwvovtag npdéewc nalpvouue 6t

1 1 k 1
k E 2"\ ? 2"\ r 1
— ) < (=) < I<(55) (1+=0) <k (1+377).
() < (&) —”;Z’”—(Bm> (1+37) !
IMatpvovtog I — oo €youvue 6T
k 1
13 =l = ks
i=1
Bhjua 2. Av ta a;, i =1,...,1, elvar tngs popeng a; = 20 , TOTe

HZ%M—(

m4
P

1/p
|aﬂp> :

w

>

i=1
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©¢tovue M = maxm;. Eyouvue

M—

! 1 ni Mom YR 1 .
1Y aizill = = 1> 27377 zill = = I > zill = = N7,
i=1 3 i=1 37 i=1 37

6rou N = Zi:l 2nigM—mi_‘Agqy,

=

l

! onigM—m; i ! oni
1Y aizill = (Z 37]\4) = (Z 3ml—>
i=1

i=1 =1
Brua 3.
1 ! 1/p
et~ (L)
i=1 i=1
yia kdOe emroyn ouvtedeotadv a; € R, i =1,... k.

Enedh n axohoudla (z;) elvon 1 - unconditional, apxel var Yewprioouue (a;)f_; ue
a; > 0. Trdpyouv (b}); tnc popwric bi = 2 tétowr dote limy b} = a?, yia xdde

Togmi
i1=1,...,k Torte,

1 1

k k k P k P
. iy L . i
13 @il = lim || S0 )% 24 = lim <§:bl> =<§:a§’> . D
i=1 i=1 i=1 i
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