
Ta Jewr�mata twn Dvoretzky
kai Krivine

Marianna Qartzoulakh

Metaptuqiakh Ergasia

Panepisthmio Krhthc
Tmhma Majhmatikwn

Aprilioc ����



�

�



�

H metaptuqiak� aut� ergas�a katat�jhke sto Tm�ma Majhmatik�n tou Panepisth�
m�ou Kr�thc ton Apr�lio tou ����� Epibl�pontec �tan oi A� Giann�pouloc kai E�
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Kef�laio �

To Je�rhma tou Dvoretzky

��� Eisagwg�

To Je�rhma tou Dvoretzky �Dv���� gia tic sqed�n sfairik�c tom�c summetrik�n
kurt�n swm	twn e�nai to pr�to asumptwtik� apot�lesma gia q�rouc peperasm�nhc
di	stashc me n�rma�

Je�rhma� Up�rqei ap�luth stajer� c � � t�toia �ste� gia k�je � � � kai k�je
summetrik� kurt� s�ma K ston Rn � up�rqoun k � c�� logn� k�di�statoc up�qwroc
F tou Rn kai r � �� pou ikanopoio�n thn

�� � ����rDn � F � K � F � �� � ��rDn � F�

�pou Dn h Eukle�deia monadia�a mp�la	

Ja d�soume pl�rh ap�deixh auto� tou apotel�smatoc� kai ja suzht�soume eidi�
k�c peript�seic kai epekt	seic tou� H m�jodoc thc ap�deixhc e�nai pijanojewrhtik�
��Mi�� �MS��� kai bas�zetai sto �fain�meno thc sugk�ntrwshc tou m�trou�� Tele�wc
sqhmatik	� ta b�mata e�nai ta ex�c


�a� Upoj�toume �ti to elleiyoeid�c m�gistou �gkou tou K e�nai h Dn �h �parxh
kai h monadik�thta en�c t�toiou elleiyoeido�c ja suzhthjo�n sthn Par	grafo ���
T�te� h sun	rthsh r 	 Sn�� � R me r�x� 
 kxkK e�nai Lipschitz suneq�c me
stajer	 ��

�b� Qrhsimopoi�ntac thn sfairik� isoperimetrik� anis�thta� sthn Par	grafo
� bl�poume �ti up	rqei jetik�c arijm�c Lr �o m�soc L�evy thc r� me thn idi�thta

�
�
x � Sn�� 	 jr�x� � Lrj � �Lr

� � c exp
��c���nL�

r

�
�

Dhlad�� oi tim�c thc r sugkentr�nontai me thn �nnoia tou m�trou g�rw ap� ton
m�so thc� �lo kai pi� �ntona kaj�c h di	stash n te�nei sto 	peiro�

�



�

�g� H sugk�ntrwsh aut� tou m�trou mac epitr�pei na bro�me up�qwro F tou
Rn di	stashc k � c��nL�

r� t�toion �ste

�� � ����Lr � kxkK � �� � ��Lr

gia k	je x sth monadia�a sfa�ra tou F �
�d� O m�soc Lr e�nai� an exair�soume ap�lutec stajer�c� isod�namoc me th m�sh

tim� thc r

M 


Z
Sn��

kxkK��dx��

T�loc� to L�mma twn Dvoretzky kai Rogers mac d�nei �na k	tw fr	gma gia to M 


M � c��
�
logn

n

����

�

Dhlad�� k � c�� logn�

Gia k	je n�di	stato q�ro me n�rma X � or�zoume k�X� ton megal�tero fusik�
k � n gia ton opo�o up	rqei k�di	statoc up�qwroc F tou X o opo�oc e�nai ��
is�morfoc me ton �k� � H ap�deixh tou Jewr�matoc tou Dvoretzky mac d�nei

k�X� � c

�
M

b

��

�

�pou b 
 maxfkxkK 	 x � Sn��g� Sthn Par	grafo �� upolog�zoume thn t	xh
meg�jouc thc param�trou k��np �� � � p � �� To par	deigma tou k�bou �k��n�� �
logn� de�qnei �ti h ekt�mhsh tou Jewr�matoc e�nai� se pl�rh genik�thta� b�ltisth�

�Otan � � p � �� isq�ei k�X� � n
 up	rqoun Eukle�deiec tom�c thc Bn
p me

di	stash an	logh tou n� Sthn Par	grafo 
 bl�poume �ti k	je s�ma pou �qei
mikr� l�go �gkwn �qei thn �dia idi�thta�

��� Kurt� s�mata

�Ena sumpag�c kurt� upos�nolo K tou Rn l�getai kurt� s�ma an �qei mh ken�
eswterik�� Ja l�me �ti to K e�nai summetrik�� an �qei k�ntro summetr�ac thn arq�
twn ax�nwn o�

������ �Estw K summetrik� kurt� s�ma ston Rn � H apeik�nish k 	 kK 	
 k 	 k 	
Rn � R� pou or�zetai ap� thn

kxk 
 minf� � � 	 x � �Kg
�qei tic ak�loujec idi�thtec


��� kxk � � me is�thta m�no an x 
 o�



�

��� k�xk 
 j�jkxk � x � Rn � � � R�
�	� kx� yk � kxk� kyk � x� y � Rn �

e�nai dhlad� n�rma ston Rn � O Rn efodiasm�noc me thn n�rma k	kK ja sumbol�zetai
me XK � Ant�strofa� an X 
 �Rn � k 	k� e�nai �nac q�roc me n�rma� t�te h monadia�a
tou mp�la KX 
 fx � Rn 	 kxk � �g e�nai summetrik� kurt� s�ma ston Rn � Aut�
de�qnei �ti h mel�th twn summetrik�n kurt�n swm	twn kai h mel�th twn q�rwn
peperasm�nhc di	stashc me n�rma sumbad�zoun�

Ap� ton orism� thc n�rmac �petai 	mesa �ti an K kai L e�nai d�o summetrik	
kurt	 s�mata ston Rn � t�te K 
 L an kai m�no an kxkL � kxkK gi	 k	je x � Rn �
Ep�shc� kxkrK 
 �

rkxkK gi	 k	je r � � kai k	je x � Rn �

������ �Estw X kai Y d�o n�di	statoi q�roi me n�rma �pwc parap	nw� An T 	
Rn � Rn e�nai �nac grammik�c metasqhmatism�c �ja gr	foume T � L�Rn �Rn ���
or�zoume th n�rma kT 	 X � Y k tou T wc telest
 ap� ton X ston Y wc ex�c


kT 	 X � Y k 
 maxfkT �x�kY 	 x � KXg�
Isod�nama� h n�rma tou T e�nai o mikr�teroc jetik�c arijm�c 
 gi	 ton opo�o

T �KX� 
 
KY �

O T 	 X � Y l�getai isomorfism�c an e�nai antistr�yimoc �dhlad�� an T � GLn��

H ap�stash Banach
Mazur twn X kai Y e�nai o arijm�c

d�X�Y � 
 minfkTk kT��k 	 T � GLng�
kai metr	ei p�so kal� is�morfoi e�nai oi X kai Y � Mi	 isod�namh gewmetrik�
ermhne�a e�nai h ex�c
 h d�X�Y � e�nai o mikr�teroc 
 � � gia ton opo�o up	rqei
T � GLn pou ikanopoie� thnKY 
 T �KX� 
 
KY � E�kola bl�poume �ti d�X�Y � 

d�Y�X� gia k	je X kai Y �h d e�nai summetrik��� kai d�X�Y � 
 � an kai m�no an
up	rqei T 	 X � Y isometr�a�

Jewro�me to s�nolo Bn �lwn twn kl	sewn isodunam�ac n�di	statwn q�rwn
me n�rma� �pou o X e�nai isod�namoc me ton X � an kai m�no an oi X kai X � e�nai
isometriko�� O Bn e�nai sumpag�c metrik�c q�roc� me metrik� thn log d
 h trigwnik�
anis�thta e�nai sun�peia thc

d�X�Y � � d�X�Z� d�Z� Y �

pou epalhje�etai e�kola gia k	je tri	da X�Y� Z � Bn�
O metrik�c q�roc �Bn� log d� sun�jwc l�getai Banach
Mazur compactum �

Minkowski compactum� Ant� gia thn log d� ja qrhsimopoio�me thn d san m�a pol�
laplasiastik� ap�stash ston Bn�
������ Upoj�toume �ti o Rn e�nai efodiasm�noc me m�a Eukle�deia dom� h	� 	i� kai
sumbol�zoume thn ant�stoiqh Eukle�deia n�rma me j 	 j� Gr	foume Dn gia thn Eu�
kle�deia monadia�a mp	la� kai Sn�� gia th monadia�a sfa�ra�
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H aktinik
 sun�rthsh 
K 	 Rnnfog � R� tou K or�zetai ap� thn


K�x� 
 maxf� � � 	 �x � Kg�
Parathr�ste �ti� gia k	je x �
 o


K�x� 
 kxk���

H sun�rthsh st
rixhc hK 	 Rn � R tou K or�zetai ap� thn

hK�x� 
 maxfhx� yi 	 y � Kg�
H sq�sh an	mesa sthn aktinik� sun	rthsh 
K kai th sun	rthsh st�rixhc hK gi	
dosm�nh die�junsh � � Sn�� e�nai 
K��� � hK����

To polik� s�ma K� tou K e�nai to

K� 	
 fy � Rn 	 jhx� yij � ���x � Kg�
Oi basik�c idi�thtec tou poliko� s�matoc perigr	fontai sthn ak�loujh pr�tash


Pr�tash �� �Estw K kai L summetrik� kurt� s�mata ston Rn 	 Isq�oun ta ex
c�
��� Gia k�je � � Sn��� 
K���� 
 ��hK���	
��� An K 
 L� t�te L� 
 K�	
��� An T � GLn� t�te �TK�� 
 �T�����K��	
��� �K��� 
 K	
��� jTKjj�TK��j 
 jKjjK�j	 �

������ H du�k
 n�rma k 	 k� thc k 	 k or�zetai ap� thn

kyk� 
 maxfjhx� yij 	 kxk � �g�
Ap� ton orism� e�nai faner� �ti

jhx� yij � kyk�kxk
gi	 k	je x� y � Rn � An X� e�nai o du�k�c q�roc tou X � t�te h monadia�a mp	la
KX� tou X� e�nai to polik� s�ma thc monadia�ac mp	lac KX tou X � Ja gr	foume
k 	 kK� � k 	 k�� kai k 	 kK � k 	 k qwr�c aut� na dhmiourge� s�gqush�

������ To �jroisma Minkowski twn A�B � Rn e�nai to A�B 
 fa� b 	 a � A� b �
Bg� An � � �� t�te �A 
 f�a 	 a � Ag�
H anis�thta Brunn
Minkowski sund�ei to 	jroisma Minkowski me ton �gko ston
Rn 


Je�rhma �� �Estw K kai T d�o mh ken� sumpag
 upos�nola tou Rn 	 T�te�

��� jK � T j��n � jKj��n � jT j��n�
Sthn per�ptwsh pou ta K kai T e�nai kurt	 s�mata� is�thta sthn ��� mpore� na
isq�ei m�no an ta K kai T e�nai omoiojetik	�



��

H ��� ekfr	zei me m�a �nnoia to gegon�c �ti o �gkoc e�nai ko�lh sun	rthsh
wc proc thn pr�sjesh kat	 Minkowski� Gia to l�go aut� suqn	 gr	fetai sthn
ak�loujh morf�
 An K�T e�nai mh ken	 sumpag� upos�nola tou Rn kai � � ��� ���
t�te

��� j�K � ��� ��T j��n � �jKj��n � ��� ��jT j��n�
Qrhsimopoi�ntac thn ��� kai thn anis�thta arijmhtiko��gewmetriko� m�sou� mpo�
ro�me ak�ma na gr	youme


��� j�K � ��� ��T j � jKj�jT j����
H asjen�sterh aut� morf� thc anis�thtac Brunn
Minkowski �qei to pleon�kthma
�ti e�nai anex	rthth thc di	stashc�

Up	rqoun poll�c kai endiaf�rousec apode�xeic thc ���� Ja d�soume ed� thn
ap�deixh thc sunarthsiak
c morf
c thc anis�thtac� pou ofe�letai stouc Pr�ekopa
kai Leindler �bl�pe �Pi��


Je�rhma �� �Estw f� g� h 	 Rn � R� treic metr
simec sunart
seic� kai � � ��� ��	
Upoj�toume �ti oi f kai g e�nai oloklhr�simec� kai �ti� gia k�je x� y � Rn

��� h��x � ��� ��y� � f�x��g�y�����

T�te� Z
Rn

h �
�Z

Rn

f

���Z
Rn

g

����
�

Ap�deixh� Ja de�xoume thn anis�thta me epagwg� wc proc thn di	stash n�

�a� n 
 �
 Mporo�me na upoj�soume �ti oi f kai g e�nai suneqe�c kai gn�sia jetik�c�
H ap�deixh pou ja d�soume bas�zetai sthn id�a thc metafor	c tou m�trou�

Or�zoume x� y 	 ��� ��� R m�sw twnZ x�t�

��
f 
 t

Z
f �

Z y�t�

��
g 
 t

Z
g�

Me b	sh tic upoj�seic mac oi x� y e�nai paragwg�simec� kai gia k	je t � ��� ��
�qoume

x��t�f�x�t�� 

Z

f � y��t�g�y�t�� 

Z

g�

Or�zoume z 	 ��� ��� R me

z�t� 
 �x�t� � ��� ��y�t��

Oi x kai y e�nai gn�sia a�xousec� �Epetai �ti h z e�nai ki aut� gn�sia a�xousa kai�
ap� thn anis�thta arijmhtiko��gewmetriko� m�sou�

z��t� 
 �x��t� � ��� ��y��t� � �x��t����y��t������



��

Mporo�me loip�n na ektim�soume to olokl�rwma thc h k	nontac thn allag� meta�
blht�c s 
 z�t�


Z
h 


Z �

�

h�z�t��z��t�dt

�
Z �

�

h��x�t� � ��� ��y�t���x��t����y��t�����dt

�
Z �

�

f��x�t��g����y�t��
� R

f

f�x�t��

��� R
g

g�y�t��

����
dt




�Z
f

���Z
g

����
�

�b� Epagwgik� b
ma� Upoj�toume �ti n � � kai �ti to Je�rhma �qei apodeiqje�
gia k � f�� � � � � n� �g� �Estw f� g� h �pwc sto Je�rhma� Gia k	je s � R or�zoume
hs 	 Rn�� � R� me hs�w� 
 h�w� s�� kai me an	logo tr�po or�zoume fs� gs 	
Rn�� � R� � Ap� thn ��� �petai �ti� an x� y � Rn�� kai s�� s� � R t�te

h�s�������s���x� ��� ��y� � fs��x�
�gs��y�

����

kai h epagwgik� up�jesh mac d�nei

H��s� � ��� ��s�� 	


Z
Rn��

h�s�������s�

�
�Z

Rn��

fs�

���Z
Rn��

gs�

����

	 F ��s��G

����s���

Efarm�zontac t�ra xan	 thn epagwgik� up�jesh gia n 
 � stic sunart�seic F�G
kai H � pa�rnoume

Z
h 


Z
R

H �
�Z

R

F

���Z
R

G

����



�Z
f

���Z
g

����
� �

Ap�deixh tou Jewr
matoc 
� �Estw K�T sumpag� mh ken	 upos�nola tou Rn � kai
� � ��� ��� Or�zoume f 
 
K � g 
 
T � kai h 
 
�K������T � E�kola el�gqoume �ti
ikanopoio�ntai oi upoj�seic tou Jewr�matoc �� op�te

j�K � ��� ��T j 

Z

h �
�Z

f

�� �Z
g

����

 jKj�jT j����

Aut� apodeikn�ei thn ��� gia k	je tri	da K�T� �� Gia na p	roume thn ��� jewro�me
K kai T �pwc sto Je�rhma � �me jKj � �� jT j � ��� kai or�zoume

K� 
 jKj���nK � T� 
 jT j���nT � � 

jKj��n

jKj��n � jT j��n �



��

Ta K� kai T� �qoun �gko �� op�te ap� thn ��� pa�rnoume

�
� j�K� � ��� ��T�j � ��

�Omwc�

�K� � ��� ��T� 

K � T

jKj��n � jT j��n �

epom�nwc h �
� pa�rnei thn morf�

jK � T j �
�
jKj��n � jT j��n

�n
� �

����	� Ston Rn or�zoume tic n�rmec

kxkp 

�

nX
i��

jxijp
���p

� � � p ��

kai
kxk� 
 max

��i�n
jxij�

Ja gr	foume �np gia ton �Rn � k 	kp�� kai Bn
p gia th monadia�a mp	la tou �np � � � p �

�� Stic peript�seic p 
 � kai p 
� ja qrhsimopoio�me to sumbolism� Dn 	
 Bn
�

kai Qn 	
 ���� ��n 
 Bn
� ant�stoiqa�

Gia tic apode�xeic twn parap	nw isqurism�n parap�mpoume ton anagn�sth sta
bibl�a twn R�J� Gardner �Gar�� V�D� Milman kai G� Schechtman �MS�� kai R� Sch

neider �Sch��

��� To Je�rhma tou John kai to L�mma twn Dvo�

retzky kai Rogers

Jewro�me �na summetrik� kurt� s�ma K ston Rn kai thn oikog�neia E�K� �lwn
twn elleiyoeid�n pou peri�qontai sto K� �Ena elleiyoeid�c ston Rn e�nai �na kurt�
s�ma thc morf�c

E 


�
x � Rn 	

nX
i��

hx� vii�
��
i

� �

	
�

�pou fvigi�n e�nai orjokanonik� b	sh tou Rn � kai ��� � � � � �n e�nai jetiko� pragma�
tiko� arijmo� �oi dieuj�nseic kai ta m�kh twn hmiax�nwn tou E ant�stoiqa�� E�kola
el�gqoume �ti E 
 T �Dn�� �pou T e�nai o grammik�c metasqhmatism�c tou Rn pou
or�zetai ap� tic T �vi� 
 �ivi� i 
 �� � � � � n� Epom�nwc� o �gkoc tou E iso�tai me

jEj 
 jDnj
nY
i��

�i�



��

O F� John ��Jo�� ����� �deixe �ti up	rqei monadik� elleiyoeid�c E pou peri�qetai
sto K kai �qei ton m�gisto dunat� �gko� Ja l�me �ti to E e�nai to elleiyoeid�c
m�gistou �gkou touK� Gia thn ap�deixh� bl�poume taut�qrona �ti up	rqei monadik�
elleiyoeid�c E pou peri�qei to K kai �qei el	qisto �gko


Pr�tash �� �Estw K summetrik� kurt� s�ma ston Rn 	 Up�rqei monadik� ellei�
yoeid�c E � K me el�qisto �gko	

Ap�deixh� Jewro�me ton arijm�

V 
 inffjEj 	 E � Kg � ��

Up	rqei akolouj�a Tm � GLn �ste Em 
 T��
m �Dn� � K kai

jEmj 
 jDnj
jdet�Tm�j � V�

Afo� kTm 	 XK � �n�k � �� m � N� mporo�me na bro�me upakolouj�a fTkmg kai
S � L�Rn �Rn � me Tkm � S� T�te�

jdet�S�j 
 jDnj�V � ��

epom�nwc� S � GLn� Or�zoume E 
 S���Dn�� �Eqoume

kS 	 XK � �n�k 
 lim kTkm 	 XK � �n�k � ��

	ra E � K� Afo� jEj 
 V � to E e�nai �na elleiyoeid�c pou peri�qei to K� kai �qei
ton el	qisto dunat� �gko�

De�qnoume t�ra �ti up	rqei �na m�no elleiyoeid�c me aut�n thn idi�thta� �Estw
�ti ta E� kai E� peri�qoun to K kai �qoun el	qisto �gko� Qwr�c periorism� thc
genik�thtac mporo�me na upoj�soume �ti E� 
 Dn e�nai h Eukle�deia monadia�a
mp	la� kai
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H Pr�tash � mac d�nei thn �parxh kai th monadik�thta tou elleiyoeido�c m�gi�
stou �gkou tou K


Je�rhma �� �Estw K summetrik� kurt� s�ma ston Rn 	 Up�rqei monadik� ellei�
yoeid�c E � E�K� me m�gisto �gko	

Ap�deixh� E�dame �ti up	rqei monadik� elleiyoeid�c F el	qistou �gkou tou K��
Jewro�me to E 
 F �� T�te E 
 K� kai an E� e�nai �na 	llo elleiyoeid�c me
E� 
 K� t�te E�� � K�� 	ra jE�� j � jF j� Qrhsimopoi�ntac thn Pr�tash ���� thc
Paragr	fou �� bl�poume �ti

jE�j 
 jDnj�
jE�� j

� jDnj�
jF j 
 jEj�

Ap� thn Pr�tash �� is�thta mpore� na isq�ei m�no an E�� 
 F � dhlad� E� 
 E�
�Ara� to E e�nai to monadik� elleiyoeid�c m�gistou �gkou tou K� �

Upoj�toume �ti to elleiyoeid�c m�gistou �gkou tou K e�nai h Dn� To u � Rn

l�getai shme�o epaf
c twn K kai Dn an juj 
 kukK 
 �� dhlad� an an�kei sthn
tom� twn sun�rwn touc� To je�rhma tou John perigr	fei thn katanom� twn shme�wn
epaf�c p	nw sthn monadia�a sfa�ra Sn��


Je�rhma �� An h Dn e�nai to elleiyoeid�c m�gistou �gkou tou K� t�te up�rqoun
shme�a epaf
c u�� � � � � um twnK kaiDn� kai jetiko� pragmatiko� arijmo� ��� � � � � �m
t�toioi �ste
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mX
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�jhx� ujiuj

gia k�je x � Rn 	

Parathr
seic	 To Je�rhma � mac l�ei �ti h tautotik� apeik�nish I tou Rn anapa�
r�statai sth morf�
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�pou uj � uj e�nai h probol� sthn die�junsh tou uj 
 �uj � uj��x� 
 hx� ujiuj �
Parathro�me �ti� gia k	je x � Rn

jxj� 
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Ep�shc� pa�rnontac x 
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 �� � � � � n� �pou feig h sun�jhc orjokanonik� b	sh
tou Rn � �qoume
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Ap�deixh tou Jewr
matoc �� Ap� tic parathr�seic pou prohg�jhkan� an up	rqei
h zhto�menh anapar	stash ja pr�pei na isq�ei

P
��j�n� 
 �� Aut� loip�n pou

qrei	zetai na de�xoume e�nai �ti h I�n gr	fetai san kurt�c sunduasm�c pin	kwn thc
morf�c u� u� �pou u shme�o epaf�c twn K kai Dn� Or�zoume dhlad�

C 
 fu� u 	 juj 
 kukK 
 �g�

kai de�qnoume �ti I�n � co�C�� Parathro�me �ti to co�C� e�nai kleist� upos�nolo

tou Rn
�

� kai �ti C �
 �
 an h Dn den akoumpo�se to s�noro tou K� ja mporo�same
na bro�me rDn 
 K me to r l�go megal�tero ap� �� op�te h Dn den ja �tan to
elleiyoeid�c m�gistou �gkou tou K�

Upoj�toume �ti I�n �� co�C�� Ap� diaqwristik� je�rhma� mpor�me na bro�me

� � Rn
�

kai r � R t�toia �ste

h�� I�ni � r � h��Ai

gia k	je A � co�C�� Eidik�tera� gia k	je shme�o epaf�c u twn K kai Dn �qoume

h�� I�ni � r � h�� u� ui�

Oi p�nakec I�n kai u � u e�nai summetriko�� op�te pa�rnontac ton � 
 �� � �����
ant� tou � �qoume �ti o � e�nai summetrik�c kai exakolouje� na ikanopoie� thn

h�� I�ni � r � h�� u� ui

gia k	je u�u � C� �Estw � 
 tr����n� Afo� tr�I�n� 
 � kai tr�u�u� 
Pu�i 
 ��
bl�poume �ti

h� � �I� I�ni 
 h�� I�ni � �
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� h� � �I� u� ui

gia k	je u� u � C� Pa�rnontac B 
 � � �I � �qoume
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L
mma �� An I�n �� co�C�� t�te up�rqoun s � � kai B summetrik�c me tr�B� 
 ��
�tsi �ste

hB� u� ui � s

gia k�je u� u � C	 �
Gia � � � arket	 mikr�� jewro�me to elleiyoeid�c

E� 
 fx � Rn 	 h�I � �B�x� xi � �g�

�An M 
 maxfjhBx� yij 	 jxj 
 jyj 
 �g kai � � � � ��M � t�te o I � �B e�nai
summetrik�c kai jetik	 orism�noc� 	ra �qei summetrik� jetik� tetragwnik� r�za
S�� kai E� 
 S��

� �Dn���

Ja de�xoume �ti E� 
 K an to � e�nai mikr�� de�qnontac �ti 
E��v� � 
K�v� gia
k	je v � Sn��



h Per�ptwsh� �Estw U to s�nolo twn shme�wn epaf�c twn K�Dn� An u � U kai
v � Sn�� me ju� vj � s��M � t�te ap� to L�mma ��

h�I � �B�u� ui � � � �s�

en�

jhv � �Bv� vi � hu� �Bu� uij 
 �jhBv� vi � hBu� uij
� �jhBv� v � uij� �jhBu� u� vij
� �M�ju� vj � �s�

�Ara� an to v � Sn�� ap�qei ap�stash mikr�terh thc s��M ap� to U � t�te

h�I � �B�v� vi � � � �s� �s 
 ��

dhlad� v �� E� � �Omwc� v � Dn 
 K gia k	je v � Sn��� �Ara� s� aut�n thn
per�ptwsh isq�ei �ti


E��v� � � � 
K�v��

�h Per�ptwsh� �Estw V to s�nolo twn v � Sn�� pou ap�qoun toul	qiston s��M
ap� to U � T�te� to V e�nai sumpag�c kai r 
 maxfkvk 	 v � V g � �� J�toume
� 
 minfhBv� vi 	 v � V g� Parathr�ste �ti ta r� � den exart�ntai ap� to �
�exart�ntai m�no ap� ton B kai to U�� An � � � � ��� r���j�j� t�te

h�I � �B��v�kvk�� v�kvki 

� � �hBv� vi

kvk�

� � � ��
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dhlad� v�kvk �� E�� Aut� shma�nei �ti 
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K�v��

Sundu	zontac ta parap	nw katal�goume sto ex�c
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L
mma �� Up�rqei �� � � t�toio �ste E� 
 K gia k�je � � � � ��	 �

Mporo�me t�ra na katal�xoume se 	topo
 Pa�rnoume � � � arket	 mikr� �ste
o I��B na e�nai jetik	 orism�noc kai to elleiyoeid�c E� na peri�qetai stoK� Afo�
h Dn e�nai to elleiyoeid�c m�gistou �gkou tou K� �qoume jE� j � jDnj� �Omwc�

jE�j 
 jS��
� �Dn�j 
 jDnj�

p
det�I � �B��

�Ara� det�I � �B� � �� Ap� thn 	llh pleur	� h anis�thta arijmhtiko��gewmetriko�
m�sou mac d�nei

�det�I � �B��
�
n � tr�I � �B�
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tr�B�
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giat� tr�B� 
 �� Gia na isq�oun ta parap	nw� pr�pei na �qoume is�thta sthn
anis�thta arijmhtiko��gewmetriko� m�sou� T�te �mwc� �lec oi idiotim�c tou I��B
e�nai �sec� dhlad� I � �B 
 �I � �Epetai �ti o B e�nai pollapl	sio tou tautotiko�
p�naka� kai afo� tr�B� 
 � pa�rnoume B 
 ��

Aut� e�nai 	topo� giat� ap� to L�mma � �qoume hBu� ui � s � �� u � U �
Epom�nwc I�n � co�C�� kai h ap�deixh e�nai pl�rhc� �

H anapar	stash thc tautotik�c apeik�nishc pou mac d�nei to Je�rhma �� qara�
kthr�zei to elleiyoeid�c m�gistou �gkou me thn ex�c �nnoia �Ba�


Je�rhma �� �EstwK summetrik� kurt� s�ma ston Rn pou peri�qei thn Eukle�deia
monadia�a mp�la Dn	 Upoj�toume �ti up�rqoun shme�a epaf
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T�te� h Dn e�nai to elleiyoeid�c m�gistou �gkou tou K	

Ap�deixh� Or�zoume
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 L� op�te arke� na apode�xoume �ti h Dn e�nai to elleiyoeid�c m�gistou
�gkou tou L� �Estw
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Ap� thn anis�thta arijmhtiko��gewmetriko� m�sou �
Q
�i�

��n �P�i�n � �� epo�
m�nwc jEj � jDnj� Dhlad�� h Dn e�nai to elleiyoeid�c m�gistou �gkou tou L�
�

H pi� gnwst� sun�peia tou Jewr�matoc � �h opo�a anaf�retai suqn	 san to je�rhma
tou John� e�nai �ti� an K e�nai summetrik� kurt� s�ma ston Rn kai E e�nai to
elleiyoeid�c m�gistou �gkou tou K� t�te K 
 p

nE� Aut� prok�ptei 	mesa ap� to
ex�c


Pr�tash �� An Dn e�nai to elleiyoeid�c m�gistou �gkou tou K� t�te K � p
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Ap�deixh� Jewro�me thn anapar	stash thc tautotik�c apeik�nishc
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tou Jewr�matoc �� Afo� uj � Sn��� �qoume
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 kujkK� � j 
 �� � � � �m�

Ap� thn 	llh pleur	� se k	je uj taK kai Dn �qoun to �dio efapt�meno uperep�pedo
me k	jeto di	nusma to uj �gia thn mp	la� to efapt�meno uperep�pedo se k	je shme�o
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u � Sn�� �qei k	jeto di	nusma to u�� Epom�nwc� gia k	je x � K �qoume hx� uji �
�� kai l�gw summetr�ac tou K� jhx� ujij � �� Dhlad�� kujkK 
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jxj� 


mX
j��

�jhx� uji�

�
mX
j��

�j 
 n�
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To Je�rhma � mac l�ei me m�a �nnoia �ti up	rqoun poll	 shme�a epaf�c an	�
mesa se �na summetrik� kurt� s�ma kai to elleiyoeid�c m�gistou �gkou tou� �Enac
tr�poc posotik�c perigraf�c auto� tou isqurismo� e�nai o ex�c


Pr�tash �� An h Dn e�nai to elleiyoeid�c m�gistou �gkou tou K� t�te gia k�je
T � L�Rn �Rn � up�rqei shme�o epaf
c u twn K kai Dn me thn idi�thta�
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Ap�deixh� Ap� to Je�rhma �� an T � L�Rn �Rn � t�te

trT 
 hT� Ii 

mX
j��

�jhT� uj � uji�

Pa�rnontac up� �yin kai thn
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Oi Dvoretzky kai Rogers �DR� �deixan akrib� apotel�smata gi	 thn katanom�
twn shme�wn epaf�c sthn epif	neia tou elleiyoeido�c m�gistou �gkou� �Ola touc
ekfr	zoun me ton �nan � ton 	llo tr�po thn arq� �ti par�lo pou oi n�rmec j 	 j kai
k 	 k mpore� na diaf�roun wc kai

p
n gi	 k	poia x� up	rqoun poll�c kai �arket	

orjog�niec� dieuj�nseic stic opo�ec oi d�o n�rmec sugkr�nontai kal	� Ja de�xou�
me �na t�toio apot�lesma� pou ja pa�xei ousiastik� r�lo kai sthn ap�deixh tou
Jewr�matoc tou Dvoretzky


Pr�tash �� An Dn e�nai to elleiyoeid�c m�gistou �gkou tou K� up�rqei orjoka�
nonik
 akolouj�a y�� � � � � yn ston Rn t�toia �ste
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Ap�deixh� Or�zoume ta yi epagwgik	� San y� mporo�me na p	roume opoiod�pote
shme�o epaf�c twn K kai Dn� Ac upoj�soume �ti �qoun epilege� ta y�� � � � � yi���
J�toume Fi 
 spanfy�� � � � � yi��g� T�te� tr�PF�i � 
 n� i� �� kai ap� thn Pr�tash
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P�risma� Upoj�toume �ti h Dn e�nai to elleiyoeid�c m�gistou �gkou tou K	 An
k 
 �n��� � �� mporo�me na bro�me orjokanonik� dian�smata y�� � � � � yk t�toia �ste
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� kyjk � � � j 
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��� Anallo�wta m	tra se omogene�c q�rouc

�Estw �M�d� �nac sumpag�c metrik�c q�roc� kai G m�a sumpag�c topologik� om	da
thc opo�ac ta stoiqe�a dro�n san isometr�ec ston M 
 up	rqei suneq�c apeik�nish
� 	 G�M �M me �g� t� �� ��g� t� 
	 gt� pou ikanopoie� thn

d�gt� gs� 
 d�t� s�

gia k	je g � G kai t� s � M � Epipl�on� upoj�toume �ti ��e� t� 
 t gia k	je
t � M �pou e to oud�tero stoiqe�o thc G� kai ��gh� t� 
 ��g� ��h� t�� gia k	je
g� h � G kai t � M � E�kola el�gqoume �ti k	je �g 	 M � M me �g�t� 
 gt e�nai
omoiomorfism�c tou M � kai �ti �g � �h 
 �gh� �g � �g�� 
 IM �

Je�rhma �� Up�rqei kanonik� m�tro � sta Borel upos�nola tou M � to opo�o e�nai
anallo�wto wc proc thn dr�sh thc om�dac G	 Dhlad
� ��A� 
 ��gA� gia k�je
g � G kai k�je Borel A 
M 	 Isod�nama�Z

M

f�t�d��t� 
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M

f�gt�d��t�

gia k�je g � G kai k�je f � C�M�	

H ap�deixh pou ja d�soume ofe�letai ston Maak �bl�pe �Do�� �MS��� kai qrh�
simopoie� to je�rhma tou g�mou
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mma� �Estw B kai � d�o peperasm�na s�nola� kai R � B � � m�a sq�sh	
Upoj�toume �ti gia k�je k � N kai k�je B� � B me jB�j 
 k� to s�nolo

R�B�� 
 f	 � � j �� � B� 	 ��� 	� � Rg
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�qei toul�qiston k stoiqe�a	 T�te� up�rqei � � � sun�rthsh � 	 B � � me thn
idi�thta ��� ����� � R gia k�je � � B	 �

Ap�deixh tou Jewr
matoc� Gia k	je t � M kai � � �� h mp	la me k�ntro t kai
akt�na � e�nai to B�t� �� 
 fs � M 	 d�s� t� � �g� L�gw sump	geiac tou M � gia
k	je � � � up	rqei peperasm�no N 
M t�toio �ste

M 
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Or�zoume n� ton el	qisto plhj	rijmo en�c t�toiou ��dikt�ou gia ton M � kai epil��
goume �na ��d�ktuo N� me jN�j 
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Qrhsimopoi�ntac to N� or�zoume �� � �C�M��� me
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E�nai faner� �ti k	je �� an�kei sthn monadia�a mp	la tou �C�M���� h opo�a e�nai
w��sumpag�c kai metrikopoi�simh� Epom�nwc� up	rqoun � � �C�M��� ka� �i � �
t�toia �ste ��i � � me thn w��topolog�a� Dhlad�� gia k	je f � C�M��

��i�f�� ��f� � i���

E�kola el�gqoume �ti ���� 
 � kai �ti to � e�nai jetik� sunarthsoeid�c ston
C�M�� Ap� to je�rhma anapar	stashc tou Riesz� to � e�nai kanonik� Borel m�tro
pijan�thtac ston M �

Stajeropoio�me thn akolouj�a �i� kai de�qnoume �ti to � prosdior�zetai mono�
s�manta me thn ex�c �nnoia
 an gia k	je i � N or�soume ���i qrhsimopoi�ntac �na
	llo el	qisto �i�d�ktuo N �

�i � t�te

���i�f�� ��f�

gia k	je f � C�M�� Gia ton skop� aut� apodeikn�oume to ex�c


Isqurism�c	 Up	rqei �� � kai ep� �i 	 N�i � N �
�i t�toia �ste d�t� �i�t�� � ��i gia

k	je t � N�i �

�Or�zoume sq�sh R � N�i �N �
�i j�tontac �t� s� � R an B�t� �i� � B�s� �i� �
 ��

H R ikanopoie� tic upoj�seic tou L�mmatoc
 �Estw K � N�i kai L 
 R�K�� To
s�nolo L � �N�inK� e�nai �i�d�ktuo ston M 


Pr	gmati� an x � M � up	rqoun t � N�i kai s � N �
�i t�toia �ste d�x� t� � �i

kai d�x� s� � �i� An t � K� t�te afo� B�t� �i� � B�s� �i� �
 � pr�pei na �qoume
s � R�K� 
 L� �Ara� se k	je per�ptwsh up	rqei z � L � �N�inK� t�toio �ste
d�z� x� � �i�

�Epetai �ti jL � �N�inK�j � jN�i j� op�te jR�K�j 
 jLj � jKj� Ap� to L�mma�
up	rqei �i 	 N�i � N �

�i sun	rthsh ��� �	ra kai ep�� me thn idi�thta �t� �i�t�� � R
gia k	je t � N�i � Dhlad��

d�t� �i�t�� � ��i � t � N�i ��



��

Qrhsimopoi�ntac ton isqurism� bl�poume �ti� an f � C�M� kai i � N t�te

j��i�f�� ���i�f�j �
�

n�i

X
t�N�i

jf�t�� f��i�t��j � ����i��

�pou ���� 
 maxfjf�t�� f�s�j 	 d�t� s� � �g e�nai to m�tro sun�qeiac thc f � Afo�
����i�� � kaj�c i��� �petai �ti to lim���i�f� up	rqei kai e�nai �so me ��f��

T�loc� apodeikn�oume �ti to m�tro � e�nai anallo�wto wc proc th dr	sh thc G

An g � G� t�te to N �

�i 
 fgtgt�N�i
e�nai el	qisto �i�d�ktuo ston M � kai

Z
M

f�gt���dt� 
 lim
i��

�

n�i

X
t�N�i

f�gt�


 lim
i��

�

n�i

X
s�N ��i

f�s�


 lim
i��

���i�f�


 ��f� 


Z
M

f�t���dt�� �

Orismo�� �Estw M kai G �pwc parap	nw� H dr	sh thc G p	nw ston M l�getai
metabatik
 an gia k	je t� s �M up	rqei g � G me gt 
 s� An sumba�nei k	ti t�toio�
l�me �ti o M e�nai omogen
c q�roc thc G�

Je�rhma �� �Estw �M�d� omogen
c q�roc thc sumpago�c om�dac G	 T�te� up�r�
qei monadik� m�tro pijan�thtac � ston M to opo�o e�nai anallo�wto wc proc th
dr�sh thc G	

Ap�deixh� Or�zoume m�a yeudometrik� 
 sthn G� j�tontac


�g�� g�� 
 max
t�M

d�g�t� g�t��

H G� 
 fg � G 	 
�g� e� 
 �g e�nai kanonik� upoom	da thc G� h H 
 G�G� e�nai
sumpag�c me thn epag�menh metrik� 
�� kai ta stoiqe�a thc dro�n metabatik	 san
isometr�ec ston M �

H H dr	 ston eaut� thc me thn �h� g� �� g � h� Epom�nwc� to Je�rhma �
efarm�zetai gia thn H 
 up	rqei m�tro pijan�thtac � sta Borel upos�nola thc H
t�toio �ste
 Z

H

F �g � h���dg� 

Z
H

F �g���dg�

gia k	je h � H kai k	je F � C�H�� �Estw � m�tro pijan�thtac ston M � anal�
lo�wto wc proc th dr	sh thc H � Stajeropoio�me t� � M � Gia k	je t � M ap�
thn metabatik�thta thc dr	shc thc H up	rqei ht � H t�toio �ste t 
 htt�� An



��

f � C�M�� t�te gia k	je t �M h apeik�nish Ft�g� 
 f�gt� e�nai suneq�c sthn H �
Qrhsimopoi�ntac to anallo�wto twn � kai �� �qoumeZ

M

f�t���dt� 


Z
H

���dg�

Z
M

f�t���dt� 


Z
H

Z
M

f�gt���dt���dg�




Z
M

Z
H

f�gt���dg���dt�




Z
M

Z
H

f��g � ht�t����dg���dt�




Z
M

Z
H

Ft��g � ht���dg���dt�




Z
M

Z
H

Ft��g���dg���dt�




Z
M

Z
H

f�gt����dg���dt�




Z
H

f�gt����dg��

�Epetai �ti� an �� e�nai �na 	llo m�tro pijan�thtac sta Borel upos�nola tou M �
anallo�wto wc proc thn dr	sh thc G� t�te gia k	je f � C�M� isq�eiZ

M

f�t���dt� 


Z
H

f�gt����dg� 


Z
M

f�t����dt��

Dhlad�� � 
 ��� �

Pa�rnoume san G thn orjog�nia om	da O�n�� Stajeropoio�me orjokanonik�
b	sh fe�� � � � � eng tou Rn � kai taut�zoume ton U � O�n� me thn orjokanonik� b	sh
fUe�� � � � � Ueng� H O�n� e�nai sumpag�c om	da me metrik� thn


�U� V � 


�
nX
i��

jUei � V eij�
����

�

H O�n� dr	 metabatik	 ston eaut� thc� up	rqei loip�n monadik� anallo�wto wc
proc O�n� Borel m�tro pijan�thtac � sthn O�n�� H O�n� dr	 metabatik	 sthn
Sn��� dhlad�� h Sn�� e�nai omogen�c q�roc thc O�n�� �Estw � to monadik� m�tro
pijan�thtac sta Borel upos�nola thc Sn�� pou e�nai anallo�wto wc pr�c thn dr	sh
thc O�n�� Dhlad�� gia k	je suneq� f 	 Sn�� � R kai k	je U � O�n��Z

Sn��
f�Ux���dx� 


Z
Sn��

f�x���dx��

Ja qreiasto�me thn ex�c taut�thta


Pr�tash �� An A Borel upos�nolo thc Sn��� t�te gia dosm�no x� � Sn���

� �U � O�n� 	 Ux� � A� 
 ��A��



��

Ap�deixh� Gia k	je x � Sn�� up	rqei Vx � O�n� t�toioc �ste Vxx� 
 x� Gr	foume

��A� 


Z
Sn��


A�x���dx�




Z
O�n�

Z
Sn��


A�Ux���dx���dU�




Z
Sn��

Z
O�n�


A�UVxx����dU���dx�




Z
Sn��

� �U � O�n� 	 UVxx� � A���dx�




Z
Sn��

� �U � O�n� 	 Ux� � A� ��dx�


 � �U � O�n� 	 Ux� � A� � �

Amesh sun�peia thc Pr�tashc � e�nai h ex�c


Pr�tash �� �Estw f 	 Sn�� � R suneq
c� kai x� � Sn��	 T�te�Z
O�n�

f�Ux����dU� 


Z
Sn��

f�x���dx��

Ap�deixh� Mporo�me na upoj�soume �ti f � �� T�te� qrhsimopoi�ntac thn Pr�ta�
sh � pa�rnoumeZ

O�n�

f�Ux����dU� 


Z �

�

� �U � O�n� 	 f�Ux�� � t� dt




Z �

�

�
�
U � O�n� 	 Ux� � f����t����

�
dt




Z �

�

�
�
f����t����

�
dt




Z �

�

��x 	 f�x� � t�dt




Z
Sn��

f�x���dx�� �

H pollapl�thta Grassman Gn�k� � � k � n� apotele�tai ap� �louc touc k�
di	statouc upoq�rouc tou Rn � Or�zoume metrik� sthn Gn�k j�tontac

�
�F�� F�� 
 inf

�
kX
i��

jfi � f �i j�
����

�

�pou to inf pa�rnetai p	nw ap� �lec tic orjokanonik�c b	seic ffig� ff �ig twn F�� F�

ant�stoiqa�



��

H O�n� dr	 metabatik	 p	nw sthn Gn�k� op�te h Gn�k g�netai omogen�c q�roc
thc O�n�� �Ara� up	rqei monadik� m�tro pijan�thtac �n�k sta Borel upos�nola thc
Gn�k� to opo�o e�nai anallo�wto wc proc thn dr	sh thc O�n��

Pr�tash �� An f 	 Sn�� � R suneq
c� t�teZ
Sn��

f�x���dx� 


Z
Gn�k

Z
SF

f�x��F �dx��n�k�dF ��

�To m�tro �F or�zetai ap� thnZ
SF

f�x��F �dx� 


Z
Sk��

f�UFx���dx��

�pou UF � O�n� t�toioc �ste UF �Rk � 
 F � To olokl�rwma sto dexi� m�loc e�nai
anex	rthto ap� thn epilog� tou UF ��

Ap�deixh� Jewro�me to m�tro �� sthn Sn�� pou or�zetai ap� thnZ
Sn��

f�x����dx� 


Z
Gn�k

Z
SF

f�x��F �dx��n�k�dF � � f � C�Sn����

Arke� na de�xoume �ti� gia k	je f � C�Sn��� kai k	je U � O�n��Z
Gn�k

Z
SF

f�Ux��F �dx��n�k�dF � 


Z
Gn�k

Z
SF

f�x��F �dx��n�k�dF ��

dhlad� �ti to �� e�nai anallo�wto wc proc thn O�n�� T�te� �� 
 ��

Or�zoume

Af �F � 


Z
SF

f�x��F �dx��

Ap� thn sun�qeia thc f sthn Sn�� kai ton orism� twn �F kai �
 �petai �ti h Af

e�nai suneq�c sthn Gn�k� Ep�shc�

Af �UF � 


Z
SUF

f�x��UF �dx� 


Z
SF

f�Ux��F �dx��

Epom�nwc�Z
Gn�k

Z
SF

f�Ux��F �dx��n�k�dF � 


Z
Gn�k

Af �UF ��n�k�dF �




Z
Gn�k

Af �F ��n�k�dF �




Z
Gn�k

Z
SF

f�x��F �dx��n�k�dF �� �

An	logh ap�deixh �qei kai h ak�loujh Pr�tash


Pr�tash �� An B � O�n� kai F� � Gn�k� t�te

��B� 
 �n�k �U�F�� 	 U � B� � �



��

��
 To je�rhma tou Dvoretzky

H afethr�a gia to je�rhma tou Dvoretzky br�sketai sthn ergas�a �DR�� Oi Dvore

tzky kai Rogers �deixan thn ex�c


Pr�tash �� Upoj�toume �ti h Dn e�nai to elleiyoeid�c m�gistou �gkou tou sum�
metriko� kurto� s�matoc K	 Up�rqoun k � p

n kai y�� � � � � yk orjokanonik� dian��
smata ston Rn � t�toia �ste� gia k�je a�� � � � � ak � Rn �

�p
�
max
i�k

jaij �
�� kX
i��

aiyi
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�
kX
i��

a�i

����
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Ap�deixh� Epistr�foume sthn ap�deixh thc Pr�tashc ���� kai or�zoume wi 
 PF�i ui�
T�te� ui � wi � Fi� kai

jui � wij� 
 �� jwij� 
 �� jPF�i uij
�

� i� �

n
�

J�toume k 
 �
p
n���� kai de�qnoume me epagwg� �ti

kyikK� �
p
� � i 
 �� � � � � k�

An i 
 �� �qoume y� 
 u� shme�o epaf�c pou emfan�zetai sthn anapar	stash thc
tautotik�c� op�te �bl�pe Pr�tash ���� ky�kK� 
 ��

Upoj�toume �ti kyjkK� �
p
�� gia k	je j � i� � � k� T�te� an z 


Pi��
j�� tjyj �

��i��X
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�
i��X
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jtj jkyjkK� �
p
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�

i��X
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�
A
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Epom�nwc� kI 	 �Fi� j 	 j�� X�
Kk �

p
�k� �Omwc ui � wi � Fi� 	ra

kui � wikK� �
p
�kjui � wij �

p
�k

�
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����

�
p
�kp
n
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H trigwnik� anis�thta d�nei

kwikK� � kuikK� � kui � wikK� � � �

p
�kp
n
�
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op�te�

kyikK� 

kwikK�
jwij �
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p
�kp
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n�k��
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Ap� ta parap	nw prok�ptei �ti� gia k	je a�� � � � � ak � R�

k
kX
i��

aiyik � j
kX
i��

aiyij 

�

kX
i��

a�i

����

�

kai� gia k	je i 
 �� � � � � k�

jaij 
 jh
kX
i��

aiyi� yiij � k
kX
i��

aiyikKkyikK�

�
p
�k

kX
i��

aiyikK � �

Me aform� aut� to apot�lesma� o Grothendieck �Gr� �jese to er�thma an e�nai

dunat� na antikatast�soume to maxi�k jaij ap� to
�P

i�k a
�
i

����
sthn parap	nw

pr�tash� kai taut�qrona na �qoume k 
 k�n��� kaj�c n��� �Isod�nama� an
up	rqei k�di	statoc up�qwroc F tou Rn me thn idi�thta Dn�F 
 K�F 
 cDn�F �
�pou c � � ap�luth stajer	� kai to k na �megal�nei� me to n�� O Dvoretzky �Dv����
�dwse katafatik� ap	nthsh sto er�thma


Je�rhma �� �Estw � � � kai k fusik�c arijm�c	 Up�rqei N 
 N�k� �� me thn
ex
c idi�thta� An X e�nai q�roc me n�rma di�stashc n � N � mporo�me na bro�me
k�di�stato up�qwro F tou X me d�F� �k�� � � � �	

Se gewmetrik� gl�sa� to Je�rhma � m	c l�ei �ti k	je summetrik� kurt� s��
ma arket	 meg	lhc di	stashc �qei kentrik�c tom�c pou e�nai sqed�n elleiyoeid��
H akrib�c ex	rthsh tou N�k� �� ap� ta k kai � melet�jhke susthmatik	� kai to
je�rhma tou Dvoretzky p�re pol� pi� sugkekrim�nh posotik� morf�


Je�rhma �� �Estw X �nac n�di�statoc q�roc me n�rma� kai � � �	 Up�rqoun
ak�raioc k � c�� logn kai k�di�statoc up�qwroc F tou X o opo�oc ikanopoie� thn
d�F� �k�� � � � �	

Dhlad�� to Je�rhma � isq�ei me N�k� �� 
 exp�c���k�� H arqik� ap�deixh tou
Dvoretzky �dine thn ekt�mhsh N�k� �� 
 exp�c���k� log k�� Arg�tera� o Milman
�Mi� �deixe �ti arke� na p	roume N�k� �� 
 exp�c���j log �jk�� qrhsimopoi�ntac
diaforetik� m�jodo� Ton logarijmik� wc proc � par	gonta afa�rese o Gordon
�Go�� kai arg�tera o Schechtman �Sc��



��

�Ena ap� ta basik�tera stoiqe�a sthn ap�deixh tou Jewr�matoc � e�nai to le�
g�meno fain�meno thc sugk�ntrwshc tou m�trou sthn Sn��� to opo�o me th seir	
tou e�nai sun�peia thc sfairik�c isoperimetrik�c anis�thtac
 Jewro�me thn Sn��

san metrik� q�ro pijan�thtac� me th gewdaisiak� ap�stash 
 kai to anallo�wto
wc proc tic strof�c m�tro pijan�thtac �� Gia k	je Borel upos�nolo A thc Sn��

kai k	je � � �� or�zoume thn ��ep�ktash tou A


A� 

�
x � Sn�� 	 
�x�A� � �

�
�

H isoperimetrik� anis�thta gia th sfa�ra e�nai h ak�loujh pr�tash


An�mesa se �la ta Borel upos�nola A thc Sn�� pou �qoun dosm�no m�tro � �
��� ��� h mp�la B�x� r� gwniak
c akt�nac r � � gia thn opo�a ��B�x� r�� 
 �� �qei
el�qisth ��ep�ktash gia k�je � � �	

Aut� shma�nei �ti an A 
 Sn�� kai ��A� 
 ��B�x�� r�� gia k	poio x� � Sn��

kai k	poio r � �� t�te
��A�� � ��B�x�� r � ���

gia k	je � � �� Dedom�nou �ti to ��m�tro mi	c mp	lac upolog�zetai e�kola� mpo�
ro�me na d�soume k	tw fr	gma gia to m�tro thc ��ep�ktashc tuq�ntoc uposun�lou
thc sfa�rac� arke� na gnwr�zoume to m�tro tou� Endiafer�maste kur�wc gia thn
per�ptwsh ��A� 
 �

� � kai t�te apeuje�ac upologism�c de�qnei to ex�c


Pr�tash �� An A e�nai Borel upos�nolo thc Sn�� kai ��A� 
 ���� t�te

��A�� � ��
p
��� exp����n���

gia k�je � � �	

�H stajer	
p
��� mpore� na antikatastaje� ap� m�a akolouj�a stajer�n an

pou te�noun sto �
� kaj�c n����

Ap�deixh� S�mfwna me th sfairik� isoperimetrik� anis�thta� arke� na d�soume
k	tw fr	gma gia to ��B�x� �� � ���� �Omwc�

��B�x� ��� � ��� 
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J�toume loip�n h��� n� 
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cosn �d�� Met	 thn allag� metablht�c t 
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Sugkr�nontac ta anapt�gmata Taylor twn sunart�sewn cos s kai exp��s���� �qoume
cos s � exp��s����

sto ��� ����� epom�nwc
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� dt
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M�nei na do�me �ti
p
nIn � � gi	 k	je n � �� Gi	 to skop� aut� parathro�me �ti�

ap� thn anadromik� sq�sh �n� ��In�� 
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Aut� oloklhr�nei thn ap�deixh� �

H sfairik� isoperimetrik� anis�thta apodeikn�etai me teqnik�c sfairik�c sum�
metrikopo�hshc� Pr�sfata parathr�jhke �ABV��ti mpore� kane�c pol� apl	 na
d�sei ekt�mhsh an	logh m� aut�n thc Pr�tashc �� qrhsimopoi�ntac thn anis�thta
Brunn
Minkowski� H basik� id�a br�sketai sto parak	tw L�mma


L
mma �� �Estw K kai L mh ken�� kleist� upos�nola thc Dn� me ap�stash
d�K�L� 
 
 � �	 T�te�

minfjKj� jLjg � exp��
�n���jDnj�
Ap�deixh� �Estw x � K kai y � L� Ap� ton kan�na tou parallhlogr	mmou�

jx� yj� � jx� yj� 
 �jxj� � �jyj� � ��
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� � jx� yj�� epom�nwc����x� y
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���� �p�� 
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Dn�

Qrhsimopoi�ntac thn anis�thta Brunn
Minkowski gia ta sumpag� K�L pa�rnoume

minfjKj� jLjg �n � �

�
jKj �n �

�

�
jLj �n �

����K � L

�

����
�
n

� ��� 
���
���� jDnj �n �

	ra

minfjKj� jLjg � ��� 
���
�n
� jDnj � exp��
�n���jDnj� �

Ap�deixh thc Pr�tashc � �me asjen�sterec stajer�c�
 �Estw A kleist� upos�nolo
thc Sn�� me ��A� 
 ��� kai � � �� Or�zoume B 
 fx � Sn�� 	 d�x�A� � �g�
Stajeropoio�me � � ��� �� kai jewro�me ta upos�nola K 


SftA 	 � � t � �g kai
L 


SftB 	 � � t � �g thc Dn� Ta K kai L e�nai kleist	� x�na� kai h ap�stas�
touc e�nai �sh me

d�K�L� 
 �� sin����� � ��������

Efarm�zontac to L�mma �� pa�rnoume

jLj � exp������n�����jDnj�

Ap� thn 	llh pleur	� oloklhr�nontac se polik�c suntetagm�nec bl�poume �ti jLj 

��� �n���B�jDnj� Epom�nwc�

��A�� � �� �

�� �n
exp������n������

T�loc� epil�goume � 
 ��� � ��� ��� �

H anis�thta thc Pr�tashc � exhge� ton �ro �sugk�ntrwsh tou m�trou�
 �Oso
mikr� ki an e�nai to � � �� to m�tro tou sun�lou pou m�nei �xw ap� thn ��geitoni	
tuq�ntoc uposun�lou thc sfa�rac m�trou ���� fj�nei ekjetik	 sto � kaj�c h di	�
stash n aux	nei sto 	peiro� To gegon�c aut� �pou prokale� �kplhxh arqik	�
parathr�jhke gia pr�th for	 kai qrhsimopoi�jhke ap� ton P� L�evy


� �Estw f 	 Sn�� � R suneq�c� Me �f �	� sumbol�zoume to m�tro sun�qeiac thc f

�f �t� 
 maxfjf�x�� f�y�j 	 
�x� y� � t� x� y � Sn��g�

Up	rqei monadik�c arijm�c Lf � R t�toioc �ste

� �fx 	 f�x� � Lfg� � �

�
� � �fx 	 f�x� � Lfg� � �

�
�

O Lf onom	zetai m�soc L�evy thc f � Or�zoume

A�f 
 fx 	 f�x� � Lfg � A�
f 
 fx 	 f�x� � Lfg � Af 
 fx 	 f�x� 
 Lfg�



��

Ap� ton orism� tou Lf kai thn Pr�tash �� gia k	je � � � �qoume

�
�
�A�

f ��

�
� �

�
�A�f ��

�
� �� c�e

�c���n�

�Omwc�
�Af �� 
 �A�

f �� � �A�f ���

�Ara�

� ��Af ��� � �� �c�e
�c���n�

Afo� jf�x�� Lf j � �f ��� sto �Af ��� sumpera�noume to ex�c


L
mma �� Gia k�je suneq
 sun�rthsh f 	 Sn�� � R kai k�je � � ��

�
�
x � Sn�� 	 jf�x�� Lf j � �f ���

� � �c� exp��c���n�� �

An upoj�soume �ti h f 	 Sn�� � R e�nai Lipschitz suneq�c me stajer	 b�
dhlad� jf�x� � f�y�j � bjx � yj gia k	je x� y � Sn��� t�te gia k	je x � �Af ��
isq�ei jf�x�� Lf j � b�� Ap� to L�mma � pa�rnoume


Pr�tash �� �Estw f 	 Sn�� � R Lipschitz suneq
c me stajer� b	 T�te� gia k�je
� � ��

�
�
x � Sn�� 	 jf�x�� Lf j � b�

� � �c� exp��c���n�� �

H Pr�tash � m	c l�ei �ti k	je kal
 sun�rthsh f orism�nh sth monadia�a
sfa�ra meg	lhc di	stashc e�nai sqed�n stajer�� me thn �nnoia �ti oi tim�c thc
sugkentr�nontai g�rw ap� ton m�so L�evy thc Lf 
 to m�tro tou sun�lou sto opo�o
h f pa�rnei tim�c kont� ston Lf e�nai praktik	 �so me ��

Ap� th sugk�ntrwsh me thn �nnoia tou m�trou� ja per	soume se upoq�rouc
meg	lhc di	stashc� sth sfa�ra twn opo�wn h f e�nai sqed�n stajer�� Gia to skop�
aut� qreiaz�maste to ex�c L�mma


L
mma �� �Estw � � �	 Or�zoume ��d�ktuo thc Sk�� �na N � Sk�� me thn idi�thta�
gia k�je y � Sk�� up�rqei x � N t�toio �ste jx � yj � �	 T�te� up�rqei ��d�ktuo
thc Sk�� me

jN j �
�
� �

�

�

�k
�

Ap�deixh� �Estw �xi�
m
i�� �na megistik� upos�nolo thc Sk��� tou opo�ou ta shme�a

�qoun an	 d�o ap�stash megal�terh � �sh tou �� T�toio upos�nolo up	rqei l�gw
thc sump	geiac thc Sk���

T�te� to �xi�
m
i�� e�nai ��d�ktuo thc Sk��
 �Estw �ti den e�nai� T�te� up	rqei

y � Sk�� t�toio �ste jxi � yj � � gia k	je i � f�� � � � �mg� �Omwc t�te� to
fx�� � � � � xm� yg e�nai �na s�nolo tou opo�ou ta stoiqe�a an�koun sthn Sk�� kai oi
apost	seic touc an	 d�o e�nai megal�terec � �sec tou �� Aut� e�nai 	topo afo� to
�xi�

m
i�� e�nai �na megistik� upos�nolo thc Sk�� me thn parap	nw idi�thta�



��

Jewro�me ta s�nola xi �
�
��Dk� Aut	 �qoun an	 d�o x�na eswterik	� kai

xi �
�

�
Dk � Dk �

�

�
Dk

gia k	je i 
 �� � � � �m� Epom�nwc������
m

i��

�
xi �

�

�
Dk

������ �
����
�
� �

�

�

�
Dk

���� �
�Epetai �ti

mX
i��

������Dk

���� �
�
� �

�

�

�k
jDkj�

dhlad��

m

�
�

�

�k
jDkj �

�
� �

�

�

�k
jDkj�

�Ara�

m � �� �
�

�
�k� �

�Estw X 
 �Rn � k 	 k� q�roc me n�rma di	stashc n� H k 	 k e�nai isod�namh me
thn Eukle�deia n�rma j 	 j� dhlad� up	rqoun a� b � � t�toioi �ste

�

a
jxj � kxk � bjxj

gia k	je x � Rn � Sth sun�qeia ja upoj�toume �ti oi a� b e�nai oi mikr�teroi t�toioi
jetiko� arijmo��

H sun	rthsh r 	 Sn�� � R me r�x� 
 kxk� e�nai Lipschitz suneq�c me stajer	
b� Gr	foume Lr gia to m�so L�evy thc�

L
mma �� �Estw m � exp�c��
�n��� kai yi � Sn��� i 
 �� � � � �m	 T�te� up�rqei

B � O�n� me ��B� � �� �c� exp��c���n���� t�toio �ste� gia k�je U � B�

Lr � b� � kUyik � Lr � b�� i 
 �� � � � �m�

Ap�deixh� Me b	sh thn monadik�thta tou m�trou Haar� sthn par	grafo � e�dame
�ti an x� � Sn�� kai A � Sn��� t�te

��A� 
 �fU � O�n� 	 Ux� � Ag�
Or�zoume to s�nolo

A 
 fx � Sn�� 	 Lr � b� � kxk � Lr � b�g�
T�te� ap� thn Pr�tash ��

��A� � �� �c�e
�c���n�



��

Epom�nwc� an gia i 
 �� � � � �m j�soume

Bi 
 fU � O�n� 	 Lr � b� � kUyik � Lr � b�g�
t�te�

��Bi� � �� �c�e
�c���n�

�Ara� to B 

T
Bi �qei m�tro

��B� � ��
X

��Bc
i � � �� �c� exp��c���n����

T�loc� gia k	je U � B kai k	je i � m isq�ei

Lr � b� � kUyik � Lr � b�� �

Efarm�zoume to L�mma � sthn ak�loujh per�ptwsh
 �Estw �� � � ��� ��� Jew�
ro�me k � N t�toion �ste

�
� �

�

�

�k
� exp�c��

�n����

kai stajeropoio�me up�qwro F� tou Rn me di	stash dimF� 
 k�
Ap� to L�mma �� up	rqei ��d�ktuo y�� � � � � ym thc monadia�ac sfa�rac SF� 


Sn�� � F� tou F�� me m � �� � ����k�
Jewro�me to B � O�n� tou L�mmatoc �
 Gia k	je U � B kai k	je i � m�

Lr � b� � kUyik � Lr � b��

J�toume FU 	
 U�F�� kai xi 	
 Uyi i 
 �� � � � �m� Afo� o U e�nai orjog�nioc
metasqhmatism�c� to x�� � � � � xm e�nai ��d�ktuo thc SFU � gia to opo�o isq�ei

Lr � b� � kxik � Lr � b��

Epom�nwc� �qoume apode�xei thn ex�c


Pr�tash �� �Estw �� � � ��� ��	 An �� � ����k � exp�c��
�n���� t�te up�rqei

� � Gn�k me �n�k��� � ���c� exp��c���n���� t�toio �ste� gia k�je F � � up�rqei
��d�ktuo N thc SF me thn idi�thta

Lr � b� � kxk � Lr � b� � x � N �

Ap�deixh� J�toume � 
 fFU 	 U � Bg� kai parathro�me �ti

�n�k��� 
 �n�k�fU�F�� 	 U � Bg� 
 ��B�� �

Qrhsimopoi�ntac t�ra to gegon�c �ti h k 	 k e�nai n�rma� ja per	soume thn
ekt�mhsh thc Pr�tashc � ap� to ��d�ktuo N thc SF � F � �� se ol�klhrh thn SF 




��

Pr�tash �� �Estw �� � � ��� �� kai F � � �pwc sthn Pr�tash �	 T�te� gia k�je
y � SF isq�ei

�� ��

�� �
Lr � b�

�� �
� kyk � Lr � b�

�� �
�

Ap�deixh� �Estw y � SF � Up	rqei x� � N t�toio �ste jy � x�j 
 �� � �� T�te�
y�x�
��

� SF � 	ra up	rqei x� � N t�toio �ste

����y � x�
��

� x�

���� 
 �� � ��

T�te�
jy � x� � ��x�j 
 ���� � ���

Suneq�zontac epagwgik	� br�skoume x�� � � � � xn � N t�toia �ste������y �
nX
i��

�

 iY
j��

�j

�
Axi

������ � �n���

�pou �� 
 �� Afo� � � ��

y 


�X
i��

�

 iY
j��

�j

�
Axi�

�Omwc�
Qi

j�� �j � �i� 	ra

kyk 


������
�X
i��

�

 iY
j��

�j

�
Axi

������ �
�X
i��

�ikxik

� �Lr � b��
�X
i��

�i 

Lr � b�

�� �
�

Ep�shc�

kyk � kx�k �
������
�X
i��

�

 iY
j��

�j

�
Axi

������
� Lr � b�� �

�� �
�Lr � b��



�� ��

�� �
Lr � b�

�� �
�

�Ara� gia k	je y � SF �

�� ��

�� �
Lr � b�

�� �
� kyk � Lr � b�

�� �
� �



��

Epil�gontac kat	llhla ta �� �� pa�rnoume mi	 pr�th ekt�mhsh gia th di	stash
twn sqed�n sfairik�n tom�n tou K 
 KX 


Je�rhma �� �Estw X 
 �Rn � k 	 k� q�roc me n�rma r�x� 
 kxk pou ikanopoie� thn
kxk � bjxj� x � Rn � kai � � ��� ��	 An

k � kX��� 
 c��
��log��������n

�
Lr
b

��

�

t�te up�rqei F up�qwroc tou Rn me dimF 
 k t�toioc �ste� gia k�je x � SF �

�
� �� � ����Lr � kxk � Lr�� � ���

Ap�deixh� Ap� thn Pr�tash �� an �� � � ��� �� kai o k � N ikanopoie� thn �������k �
exp�c��

�n���� t�te gia ton tuqa�o k�di	stato up�qwro F tou Rn kai gia k	je x � SF
�qoume

�� ��

�� �
Lr � b�

�� �
� kxk � Lr � b�

�� �
�

Gia thn �
� arke� na epil�xoume ta �� � � ��� �� �tsi �ste

Lr � b�

�� �
� Lr�� � ��

kai
Lr
� � �

� �� ��

�� �
Lr � b�

�� �
�

E	n epil�xoume � 
 Lr�
b kai � 
 �

� � parathro�me �ti oi parap	nw sq�seic epalh�
je�ontai�

M�nei na prosdior�soume thn el	qisth tim� tou k h opo�a ikanopoie� th sq�sh

�
� �

�

�

�k
� exp

�
c�
��
��n

�
Lr
b

��
�
�

Zht	me

k log
�

�
� c���

�n

�
Lr
b

��

�

op�te to mikr�tero k pou mporo�me na jewr�soume e�nai to kX ���� �pou c� � �
kat	llhlh ap�luth stajer	� �

To Je�rhma � mac l�ei �ti h di	stash twn sqed�n sfairik�n tom�n en�c summetri�
ko� kurto� s�matoc K 
 KX exart	tai apo thn t	xh thc pos�thtac Lr

b � Or�zoume
�nan de�tero m�so thc r�x� 
 kxk� j�tontac

M 


Z
Sn��

kxk��dx��

T�te� oi Lr kai M sugkr�nontai an to K e�nai se kal
 j�sh




��

L
mma �� Upoj�toume �ti h r�x� 
 kxk ikanopoie� thn �
a jxj � kxk � bjxj� x � Rn �

kai ab � p
n	 T�te�

�

�
� M

Lr
� c�

�pou c � � ap�luth stajer�	

Ap�deixh� Qwr�c bl	bh thc genik�thtac mporo�me na upoj�soume �ti isq�ei jxj �
kxk � bjxj� �pou b � p

n�
Ap� thn Pr�tash �� gia k	je � � � isq�ei

�fx 	 jr�x� � Lrj � b�g � �c� exp��c���n��
Gr	foume

jM � Lrj �
Z
Sn��

jr�x� � Lrj��dx� 

Z �

�

�fx 	 jr�x� � Lrj � tgdt�

J�toume b� 
 t� Qrhsimopoi�ntac thn b � p
n� pa�rnoume

jM � Lrj �
Z �

�

�c� exp��c�t��dt 
 c��

Epom�nwc� ����MLr � �

���� � c�
Lr

�

�Omwc� an x � Sn��� t�te kxk � jxj � �� �Ara� Lr � �� �Epetai �ti M�Lr � c 

� � c��

Gia thn ant�strofh anis�thta� parathro�me �ti

M 


Z
Sn��

kxk��dx� �
Z
fx	 kxk�Lrg

kxk��dx� � �

�
Lr�

�Ara� M�Lr � ���� �

To teleuta�o l�mma pou qreiaz�maste e�nai �ousiastik	� m�a pijanojewrhtik�
anis�thta gia th m�sh tim� tou meg�stou peperasm�nwn to pl�joc anex	rthtwn
kanonik�n tuqa�wn metablht�n �bl�pe �LT�� �Pi��


L
mma 	� Gia k�je � � m � n isq�ei

Z
Sn��

max
j�m

jxj j��dx� � c


�
logm

n

����

�

�pou c
 � � ap�luth stajer�	

Ap�deixh� Jewro�me to m�tro tou Gauss 	n ston Rn me pukn�thta

�����n�� exp��jxj�����
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Oloklhr�nontac se polik�c suntetagm�nec bl�poume �tiZ
Rm

max
j�m

jtj jd	m�t� 


Z
Rn

max
j�m

jtj jd	n�t�


 �n

Z
Sn��

max
j�m

jxj j��dx��

�pou �n � p
n� �Omwc�

	m

�
t 	 max

j�m
jtj j � s

�

 �����m��

Z s

�s
� � �

Z s

�s
exp���

�

mX
j��

t�j �dt� � � � dtm




�
�p
��

Z s

�s
e�t

���dt

�m
� ��� ce�s

����m�

�Ara� an epil�xoume s � c�
p
logm� katal�goume sthn

	m

�
t 	 max

j�m
jtj j � c�

p
logm

�
� �

�
�

T�te� Z
Sn��

max
j�m

jxj j��dx� � �p
n

Z
Rm

max
j�m

jtj jd	m�t�

� c�
p
logmp
n

	m

�
t 	 max

j�m
jtj j � c�

p
logm

�

� c�
�

�
logm

n

����

� �

Je�rhma �� �Estw X q�roc me n�rma� di�stashc n� t�toioc �ste h Dn na e�nai
to elleiyoeid�c m�gistou �gkou tou KX 	 Gia k�je � � � up�rqei up�qwroc F tou X
di�stashc k � c���log�������� logn� me thn idi�thta� gia k�je x � SF �

�� � ����Lr � kxk � Lr�� � ���

Ap�deixh� Ap� to je�rhma tou John� �qoume �p
n
jxj � kxk � jxj� x � Rn � Efarm��

zetai epom�nwc to L�mma �� kai �qoume

�

�
� M

Lr
� c�

�pouM 

R
Sn��

kxk��dx�� Ap� to l�mmaDvoretzky
Rogers� up	rqei mia orjokano�
nik� b	sh fx�� � � � � xng� me kxik � �

� gia i 
 �� �� � � � � �n� �� Jewro�me tic sunart�seic
Rademacher ri 	 ��� ��� f��� �g me

ri�t� 
 sign sin���it��



��

T�te� o telest�c Tt 	 �n� � �n� me

Tt

�
nX
i��

aixi

�



nX
i��

ri�t�aixi

e�nai isometr�a� To � e�nai anallo�wto wc proc tic isometr�ec� op�te isq�ei �ti

�
� M 


Z
Sn��

k
nX
i��

aixik��da� 

Z
Sn��

Z �

�

k
nX
i��

ri�t�aixikdt��da��

Isqurism�c� Gia j 
 �� � � � n�

Z �

�

k
nX
i��

ri�t�yikdt � kyjk�

Pr	gmati� gia n 
 � e�nai faner�� op�te ac upoj�soume �ti

Z �

�

k
n��X
i��

ri�t�yikdt � kyjk � j 
 �� � � � � n� ��

Ap� thn trigwnik� anis�thta� gia k	je t � ��� ��

�k
n��X
i��

ri�t�yik � k
n��X
i��

ri�t�yi � ynk� k
n��X
i��

ri�t�yi � ynk�

op�te� oloklhr�nontac pa�rnoume

Z �

�

k
n��X
i��

ri�t�yikdt �
Z �

�

k
nX
i��

ri�t�yikdt�

Qrhsimopoi�ntac thn epagwgik� up�jesh �qoume �ti

Z �

�

k
nX
i��

ri�t�yikdt � kyjk � j 
 �� � � � � n� ��

kai h ap�deixh tou isqurismo� oloklhr�netai me kuklik� enallag� twn yj � �

Pa�rnontac yi 
 aixi� �qoumeZ �

�

k
nX
i��

ri�t�aixikdt � max
��i�n

kaixik�

Epistr�fontac sthn �
�� pa�rnoume

M �
Z
Sn��

max
��i�n

kaixik��da� �
Z
Sn��

max
��i��n

�
�
kaixik��da��



�	

T�ra� efarm�zontac to l�mma Dvoretzky
Rogers �qoume

M � �

�

Z
Sn��

max
��i��n

�
�
jaij��da��

kai ap� to L�mma � �petai �ti

M � c

r
log �n� �

n
� c�

r
logn

n
�

Afo� Lr � cM � ap� to Je�rhma � sumpera�noume �ti� an

k 
 �kX ���� 


�
c��

��log��������n

�
Lr
b

��
�

� c���
��log��������n

�
M

b

��

� c����
��log�������� logn�

t�te up	rqei F up�qwroc tou Rn me dimF 
 k t�toioc �ste
 gia k	je x � SF �

�� � ����Lr � kxk � Lr�� � ��� �

Ap�deixh tou Jewr
matoc �� �Estw X 
 �Rn � k 	 k� n�di	statoc q�roc me n�rma�
kai � � ��� ��� Epil�goume � 
 ���� op�te �� � ��� � � � ��

Up	rqei T � GLn t�toioc �ste to elleiyoeid�c m�gistou �gkou tou T �KX� na
e�nai h Dn� Or�zoume r�x� 
 kxkT �KX� kai jewro�me ton m�so L thc r� Ap� to
Je�rhma �� up	rqoun k � c��� logn 
 c��� logn kai F k�di	statoc up�qwroc tou
Rn � �tsi �ste

L

�� � ��
�Dn � F � � T �KX� � F � �� � ��L �Dn � F � �

T�te� pa�rnontac F� 
 T���F � �qoume d�F�� �
k
�� � �� � ��� � � � �� �

H gewmetrik� diat�pwsh tou Jewr�matoc � e�nai h ex�c
 Gia k	je summetrik�
kurt� s�ma K ston Rn kai k	je � � �� up	rqoun k � c�� logn� up�qwroc F tou
Rn di	stashc k� kai elleiyoeid�c E ston F � t�toia �ste

�
� E � K � F � �� � ��E�

Upodiplasi	zontac th di	stash k tou upoq�rou� mporo�me na upoj�soume �ti to E
sthn �
� e�nai Eukle�deia mp	la ston F �qwr�c kamm�a up�jesh gia thn arqik� j�sh
tou K�� To gegon�c aut� e�nai 	mesh sun�peia tou parak	tw L�mmatoc �bl�pe p�q�
�Z��


L
mma �� �Estw E elleiyoeid�c ston R�l�� me k�ntro to o	 Up�rqei l�di�statoc
up�qwroc F tou R�l�� t�toioc �ste to E � F na e�nai Eukle�deia mp�la ston F 	



��

Ap�deixh� Mporo�me na upoj�soume �ti

E 


�
x � R�l�� 	

�l��X
i��

a�i hx� eii� � �

	
�

�pou a� � a� � � � � � a�l�� � � kai feig orjokanonik� b	sh�
Afo� gia k	je i � l � � isq�ei ai � al � a�l�i� mporo�me na or�soume

b�� � � � � bl�� � � ap� tic exis�seic

a�i b
�
i � a��l�i 
 a�l �b

�
i � ���

Jewro�me ton up�qwro F pou or�zetai ap� tic exis�seic

hx� eii 
 bihx� e�l�ii � i 
 �� � � � � l� ��

Or�zoume vl 
 el kai vi� i 
 �� � � � � l � � m�sw twn

vi 

biei � e�l�ip

b�i � �
� i 
 �� � � � � l � ��

T�te� to fv�� � � � � vlg e�nai orjokanonik� b	sh tou F � Ep�shc� an x � F t�te

lX
i��

a�l hx� vii� 
 a�l hx� eli� �
l��X
i��

a�l
�bihx� eii� hx� e�l�ii��

b�i � �


 a�l hx� eli� �
l��X
i��

a�l �b
�
i � ��hx� e�l�ii�


 a�l hx� eli� �
l��X
i��

�a�i b
�
i � a��l�i�hx� e�l�ii�




�l��X
i��

a�i hx� eii��

Aut� apodeikn�ei �ti to E � F e�nai mp	la akt�nac a��
l ston F � �

Qrhsimopoi�same th sugk�ntrwsh tou m�trou sthn Sn�� gia thn ap�deixh tou
Jewr�matoc tou Dvoretzky� H �dia arq� br�skei efarmog�c se pl�joc diaforetik�n
katast	sewn� Gia na ton�soume aut� to gegon�c� d�noume �na ak�ma par	deigma


Ap�stash Banach�Mazur� S�mfwna me to je�rhma tou John� d�X� �n� � �
p
n

gia k	je n�di	stato q�ro me n�rma X � Epom�nwc� h pollaplasiastik� trigwnik�
anis�thta gia thn d de�qnei �ti d�X�Y � � n gia k	je zeug	ri q�rwn X kai Y � Ap�
thn 	llh pleur	� o Gluskin �Gl� �qei apode�xei �ti h di	metroc tou Banach
Mazur
compactum e�nai thc t	xhc tou n


Up�rqei ap�luth stajer� c � � t�toia �ste� gia k�je n mporo�me na bro�me
d�o n�di�statouc q�rouc Xn� Yn me d�Xn� Yn� � cn	



��

Oi q�roi Xn� Yn sto par	deigma tou Gluskin e�nai tuqa�oi kai tou �diou t�pou

tuqa�a summetrik	 pol�topa me �n koruf�c �� � ��� Ja de�xoume �ti q�roi pou oi
monadia�ec mp	lec touc e�nai pol� diaforetik	 gewmetrik	 antike�mena �qoun mikr�
ap�stash


Pr�tash 	� �Estw X kai Y d�o n�di�statoi q�roi me n�rma� me jExtr�KX�j � n�

kai jExtr�KY ��j � n� gia k�poiouc �� � � �� �pou me Extr�	� sumbol�zoume to s�nolo
twn akra�wn shme�wn	 T�te�

d�X�Y � � c
p
�� �

p
n logn�

�M� 	lla l�gia� an �na s�ma �qei l�gec koruf�c kai �na de�tero s�ma �qei l�gec
�drec� t�te h ap�stas� touc den xepern	 thn

p
n logn��

Ap�deixh� Mporo�me na upoj�soume �ti �p
n
Dn 
 KX 
 Dn 
 KY 
 p

nDn�

T�te� KY � 
 Dn� An U � O�n�� e�kola el�gqoume �ti kU�� 	 Y � Xk � n� Ja
de�xoume �ti h kU 	 X � Y k e�nai mikr� gia ton tuqa�o U �

Gia na ektim�soume th n�rma tou U ergaz�maste wc ex�c


kU 	 X � Y k 
 sup
x�KX

kUxkY 
 max
x�Extr�KX�

max
y��Extr�KY � �

jhUx� y�ij�

Parathro�me �ti an x � Extr�KX� kai y� � Extr�KY ��� t�te Ux� y� � Dn� �Epetai
�ti

� �U � O�n� 	 jhUx� y�ij � �� 
 �
�
� � Sn�� 	 jh�� y�ij � �

� � c exp����n����
Epom�nwc� an cn��� exp����n��� � �� mporo�me na bro�me U � O�n� me thn
idi�thta

jhUx� y�ij � �� x � Extr�KX�� y
� � Extr�KY ���

dhlad�� kU 	 X � Y k � �� L�nontac wc proc �� bl�poume �ti oi periorismo� mac
ikanopoio�ntai me

� �
p
�� �

p
logn�n�

�Ara� up	rqei U � O�n� gia ton opo�o

d�X�Y � � kU 	 X � Y k kU�� 	 Y � Xk � c
p
�� �

p
n logn� �

��� H di�stash twn Eukle�deiwn upoq�rwn tou �np

H ap�deixh tou jewr�matoc tou Dvoretzky pou d�jhke sthn prohgo�menh par	�
grafo� e�nai pijanojewrhtik�c f�shc� kai mac d�nei �ti tuqa�oc up�qwroc F tou
X 
 �Rn � k 	 k� me di	stash dimF 
 �c��n�M�b��� e�nai �� � ���Eukle�deioc� Aut�
mac odhge� ston orism� thc ak�loujhc param�trou tou X 




��

Orism�c� �Estw X n�di	statoc q�roc me n�rma� Or�zoume k�X� ton megal�tero
ak�raio k � n gia ton opo�o

�n�k

�
F � Gn�k 	

�

�
M jxj � kxk � �M jxj� x � F

�
� �� k

n� k
�

M� 	lla l�gia� k�X� e�nai h megal�terh dunat� di	stash k � n gia thn opo�a
h pleioyhf�a twn k�di	statwn upoq�rwn tou X e�nai ��Eukle�deioi� H epilog� thc
stajer	c M ston parap	nw orism�� antistoiqe� sthn swst� kanonikopo�hsh� afo�
o m�soc tou M�F � p	nw sthn Gn�k iso�tai me M gia k	je � � k � n�

Ap� to je�rhma tou Dvoretzky �petai �ti k�X� � cn�M�b��� �Opwc ja do�me�
isq�ei kai h ant�strofh anis�thta


Pr�tash �� k�X� � �n�M�b���

Ap�deixh� Stajeropoio�me orjog�niouc up�qwrouc F �� � � � � F t di	stashc dimF i �
k�X� t�toiouc �ste Rn 
 �F i �pa�rnoume �n�k�X�� d	stashc k�X� kai� endeqom��
nwc� �nan di	stashc n � �n�k�X��k�X�� op�te t � �n�k�X��� Ap� ton orism� tou
k�X�� oi periss�terec orjog�niec eik�nec kajen�c F i e�nai ��Eukle�deiec� epom�nwc
mporo�me na bro�me U � O�n� �tsi �ste

�

�
M jxj � kxk � �M jxj � x � U�F i�

gia k	je i 
 �� � � � � t� K	je x � Rn gr	fetai sth morf� x 

Pt

i�� xi� �pou
xi � U�F i�� Afo� ta xi e�nai k	jeta an	 d�o� pa�rnoume

kxk � �M

tX
i��

jxij � �M
p
tjxj�

Aut� shma�nei �ti b � �M
p
t� kai afo� t � �n�k�X�� sumpera�noume �ti k�X� �

�n�M�b��� �

M� 	lla l�gia� isq�ei o ak�loujoc asumptwtik�c t�poc


Je�rhma �� Gia k�je n�di�stato q�ro me n�rma X �qoume

k�X� � n�M�b��� �

Sth sun�qeia jewro�me touc klasiko�c q�rouc �np � � � p � �� kai pros�
dior�zoume thn t	xh meg�jouc �san sun	rthsh twn p kai n� tou kp 
 k�np ���� thc

megal�terhc dhlad� di	stashc upoq�rou tou �np pou e�nai ��is�morfoc me ton �dimF� �

Je�rhma �� An � � p � �� t�te kp � n	

Ap�deixh� Isq�ei kp � cn�M�b��� �pou b 
 maxfkxkp 	 x � Sn��g kai

M 


Z
Sn��

kxkp��dx��



��

Ap� thn anis�thta tou H�older� me dedom�no �ti � � p � �� gia k	je x � Rn �qoume

kxkp � jxjn �
p
� �
� �

	ra b � n
�
p
� �
� � Isq�ei m	lista is�thta�

P	li ap� thn anis�thta tou H�older� pa�rnoume kxk� � kxkpn �
q � x � Rn � 	ra

M �
Z
Sn��

n�
�
q kxk���dx� 
 n�

�
q

nX
i��

Z
Sn��

jxij��dx� 
 n��
�
q

Z
Sn��

jx�j��dx��

To teleuta�o olokl�rwma upolog�zetai wc ex�c
 jewro�me to

Z
Dn

jx�jdx 
 n�n

Z
Sn��

Z �

�

rnj��jdr��d�� 
 n

n� �
�n

Z
Sn��

j��j��d���

�pou �n 
 jDnj� �Ara�Z
Sn��

j��j��d�� 
 n� �

n

�

�n

Z
Dn

jx�jdx 

��n� ���n��

n�n

Z �

�

t��� t��
n��
� dt�

Upolog�zontac to olokl�rwma� bl�poume �ti

Z
Sn��

j��j��dx� 
 �

n
p
�

��n� � ��

��n� � �
� �
�

kai qrhsimopoi�ntac thn anis�thta

�p
e

�
n� �

�

� �
�

� ��n� � ��

��n��
� �

�
�
n� �

�

� �
�

�

katal�goume sthn

Z
Sn��

jx�jdx � �p
e�

�
n� �

�

� �
� �

n
�

p
�p
e�

�p
n
�

Dhlad��

M � ���e�����n
�
p
� �
� �

Sundu	zontac ta parap	nw �qoume

kp � cn

�
M

b

��

� c�n�

Afo� �profan�c� kp � n� h ap�deixh e�nai pl�rhc� �

Je�rhma �� k� � logn�



��

Ap�deixh� Ap� to je�rhma tou Dvoretzky �petai �ti k� � c logn� Gia thn
ant�strofh anis�thta� de�qnoume pr�ta k	ti pi� genik�


Pr�tash �� An P e�nai �na pol�topo ston Rk me m �drec� kai Dk � P � aDk�
t�te

m � exp�k��a���

Ap�deixh� Gr	foume to P sth morf�

P 
 fx � Rk 	 hx� vji � � � j � mg�
Afo� Dk � P � pr�pei na isq�ei jvj j � � �alli�c� vj�jvj j � DknP � gia k	je j 

�� � � � �m� Ap� ton de�tero egkleism� sumpera�noume to ex�c


Gia k	je � � Sn��� up	rqei j � m me thn idi�thta h�� vji � ��a� �Pr	gmati� an
r � a� t�te r� �� aDk� Epom�nwc r� �� P � dhlad� up	rqei j me hr�� vji � �� Afo�
to r � a �tan tuq�n� �petai o isqurism�c��

J�toume uj 
 vj�jvj j� j 
 �� � � � �m� T�te� afo� jvj j � ��

f� � Sk�� 	 h�� vji � ��ag 
 f� � Sk�� 	 h�� uji � ��ag�
	ra

�
� Sk�� �
m

j��

�
� � Sk�� 	 h�� uji � ��a

�
�

K	je f� � Sk�� 	 h�� uji � ��ag e�nai mi	 mp	la sthn Sk��� me k�ntro uj kai
gwniak� akt�na � arcsin����a�� To L�mma pou akolouje� d�nei 	nw fr	gma gia to
m�tro thc


L
mma �� Gia k�je u � Sk�� kai � � ��� �� j�toume C�u� �� 
 f� � Sk�� 	 hu� �i �
�g	 T�te�

��C�u� ��� � exp����k����

Ap�deixh� To ��C�u� ��� e�nai �so me to posost� thc Dk pou katalamb	nei o sfai�
rik�c k�noc pou antistoiqe� sto C�u� ��� �Omwc� aut�c o sfairik�c k�noc peri�qetai
se mia Eukle�deia mp	la akt�nac ��� ������� 	ra

��C�u� ��� � ��� ���k�� � exp����k���� �

Mporo�me t�ra na oloklhr�soume thn ap�deixh thc Pr�tashc
 ap� thn �
� kai
to L�mma me � 
 ��a�

� 
 ��Sk��� � m��C�u� ��� � m exp��k��a��� �

Gia thn ap�deixh thc k� � c� logn� upoj�toume �ti gia k	poion k � N up	rqei
k�di	statoc up�qwroc tou �n� t�toioc �ste d�F� �k�� � �� O k�boc Qn �qei �n �drec�



��

epom�nwc to pol�topo Qn � F �qei ki aut� m � �n �drec kai up	rqei elleiyoeid�c
E ston F gia to opo�o E � Qn � F � �E� Me kat	llhlo loip�n grammik�
metasqhmatism�� br�skoume pol�topo P� 
 T �P � � Rk me m �drec� pou ikanopoie�
thn

Dk � P� � �Dk�

Ap� thn Pr�tash �� �n � m � exp�k����� dhlad�

k � �� log��n��

�Epetai �ti k� � �� log��n�� 	ra k� � logn� �

Gia thn per�ptwsh pou apom�nei �� � q ��� ja qreiasto�me thn anis�thta tou
Khintchine


Je�rhma �� Gia k�je � � p � � up�rqoun jetik�c stajer�c Ap kai Bp t�toiec
�ste� gia k�je n kai k�je epilog
 pragmatik�n arijm�n a�� � � � � an�

Ap

�
nX
i��

ja�i j
����

�
�Z �

�

j
nX
i��

airi�t�jpdt
���p

� Bp

�
nX
i��

ja�i j
����

�

Ap�deixh� Mporo�me na upoj�soume �ti
Pn

i�� a
�
i 
 �� De�qnoume thn dexi	 anis��

thta� pr�ta gia p 
 k � N
 Or�zoume f�t� 

Pn

i�� airi�t�� T�te�

jf�t�jk � k�ejf�t�j � k�
�
ef�t� � e�f�t�

�
�

�Omwc� bl�pontac tic ri san anex	rthtec tuqa�ec metablht�c sto ��� ��� pa�rnoume

Z �

�

ef�t�dt 


Z �

�

mY
i��

exp�airi�t��dt 

nY
i��

Z �

�

exp�airi�t��dt 

nY
i��

cosh�ai��

Ap� thn anis�thta cosh�x� � exp�x����� sumpera�noume �ti

Z �

�

ef�t�dt �
nY
i��

exp�a�i ��� 

p
e�

kai l�gw summetr�ac�
R
e�f�t�dt � p

e� Dhlad��

�Z �

�

j
nX
i��

airi�t�jkdt
���k

� ��pek����k
�

nX
i��

a�i

����

�

�Estw p � �� Jewr�ntac ton fusik� arijm� k 
 �p� � � kai thn anis�thta tou
H�older bl�poume �ti

�Z �

�

j
nX
i��

airi�t�jpdt
���p

�
�Z �

�

j
nX
i��

airi�t�jkdt
���k

� cp

�
nX
i��

a�i

����

�
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Aut� shma�nei �ti Bp � cp� Sumplhr�noume thn ap�deixh de�qnontac thn arister�
anis�thta sthn per�ptwsh � � p � �� Br�skoume � � ��� �� t�toio �ste � 

p� � ���� ��� dhlad� � 
 ����� p�� T�te�

Z �

�

jf�t�j�dt 

Z �

�

jf�t�jp	jf�t�j����	�dt �
�Z �

�

jf�t�jpdt
�	 �Z �

�

jf�t�j�dt
���	

�

Ap� thn dexi	 anis�thta �gia p 
 ���

Z �

�

jf�t�j�dt �
�Z �

�

jf�t�jpdt
�	

���	
�Z �

�

jf�t�j�dt
�����	�

�

to opo�o mac d�nei

�
�
�
� �
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�Z �
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jf�t�j�dt
����

�
�Z �
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jf�t�jpdt
���p

�

�Ara� Ap � �
�
�
� �
p � �

Je�rhma �� An � � q ��� t�te kq � n
�
q 	

Ap�deixh� An q � �� t�te kxkq � jxj� �Epetai e�kola �ti b 
 �� Ap� thn 	llh
pleur	� h olokl�rwsh thc ap�deixhc tou Jewr�matoc � de�qnei �ti

M � n
�
q
� �
� �

�Ara�

kq � cn�n
�
q
� �
� �� 
 cn

�
q �

Gia thn ant�strofh anis�thta� ac upoj�soume �ti up	rqei up�qwroc F tou Rn me
dimF 
 k� o opo�oc e�nai ��is�morfoc me ton �k� � Isod�nama� up	rqoun uj 

�uj�� � � � � ujn� me thn idi�thta
 gia k	je epilog� pragmatik�n arijm�n a�� � � � � ak��


 kX
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Epil�gontac ai 
 ri�t�� �qoume
 gia k	je t � ��� ���
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 kX
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A
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Oloklhr�noume sto ��� �� kai qrhsimopoio�me thn anis�thta tou Khinchine
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�Omwc� gia opoiod�pote i � f�� � � � � ng� pa�rnontac ai 
 uji bl�poume �ti

kX
j��

u�ji 


kX
j��

ujiuji �
�

 nX

l��

j
kX

j��

ujiujljq
�
A
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kX

j��
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 kX
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u�ji
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�Epetai �ti �

 kX
j��

u�ji

�
A
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kai epistr�fontac sthn �
� bl�poume �ti

k
q
� � ��Bq�

qn�

Dhlad�� kq � ��B�
qn

��q� �

Kle�noume aut�n thn par	grafo me d�o efarmog�c twn mej�dwn pou anapt�xame
�ap� to �FLM���

�a� AnX 
 �Rn � k	k� e�nai �nac q�roc me n�rma� t�te h du�k� n�rma or�zetai ap�
thn kxk� 
 supfjhx� yij 	 kyk � �g� An �

a jxj � kxk � bjxj� t�te �
b jxj � kxk� � ajxj�

epom�nwc an or�soume k� 
 k�X�� kai M� 
M�X��� to Je�rhma � de�qnei �ti

k� � n�M��a���

Ap� thn 	llh pleur	� ap� thn anis�thta Cauchy
Schwarz �qoume

MM� �
�Z

Sn��
kxk ��� kxk ����dx�

��

�
�Z

Sn��
jhx� xij �� ��dx�

��


 ��

Pollaplasi	zontac tic ektim�seic mac gia touc k kai k�� sumpera�noume �ti

kk� � cn�
�MM���

�ab��
� cn���ab���

S�mfwna me to je�rhma tou John� mporo�me na epil�xoume thn j�sh tou K �tsi
�ste ab � p

n� 	ra �qoume apode�xei to ex�c


Je�rhma �� Gia k�je n�di�stato q�ro me n�rma X �

k�X�k�X�� � cn� �

Aut� �dh de�qnei �ti gia k	je zeug	ri �X�X��� toul	qiston m�a ap� tic pos��
thtec k� k� e�nai megal�terh ap� c

p
n�



��

�b� H ekt�mhsh logn sto je�rhma tou Dvoretzky e�nai b�ltisth �pwc e�dame
melet�ntac to par	deigma tou �n�� To epiqe�rhma pou d�same gia ton k�bo de�qnei
k	ti pi� genik�
 An P e�nai �na summetrik� pol�topo� kai an sumbol�soume to
pl�joc twn edr�n tou me f�P � kai to pl�joc twn koruf�n tou me v�P �� t�te�
k�X� � log f�P � kai afo� v�P � 
 f�P ��� sumpera�noume �ti k� � log v�P �� Ap�
to Je�rhma � �qoume kk� � cn� kai aut� apodeikn�ei to ak�loujo sunduastik�
apot�lesma


Je�rhma 	� �Estw P �na summetrik� pol�topo ston Rn 	 T�te�

log f�P � log v�P � � cn� �

��� L
goc 
gkwn � to je�rhma tou Kashin

�Estw K summetrik� kurt� s�ma ston Rn � O l�goc �gkwn tou K e�nai h pos�thta

vr�K� 
 inf
n� jKj

jEj
���n

	 E 
 K
o
�

�pou to inf pa�rnetai p	nw ap� �la ta elleiyoeid� pou peri�qontai sto K� E�kola
el�gqoume �ti o l�goc �gkwn e�nai anallo�wtoc wc proc antistr�yimouc grammiko�c
metasqhmatismo�c tou Rn �

Par�deigma� Jewro�me arqik	 tuq�n summetrik� kurt� s�ma K ston Rn � An
k 	 k h ant�stoiqh n�rma� t�teZ

Rn

e�kxk
p

dx 


Z
Rn

Z �

kxk
ptp��e�t

p

dtdx




Z �

�

ptp��e�t
p jfx 	 kxk � tgjdt


 jKj
Z �

�

ptn�p��e�t
p

dt


 jKj�
�
n

p
� �

�
�

Pa�rnontac K 
 Bn
p � � � p ��� bl�poume �ti

Z
Rn

e�kxk
p

dx 


�
�

Z �

�

e�t
p

dt

�n

 ������p� ���n�

Epom�nwc�

jBn
p j 


���� �p � ���n

��np � ��
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Parathro�me �ti� an � � p � � t�te to elleiyoeid�c m�gistou �gkou thc Bn
p e�nai h

n
�
�
� �
pDn� �Ara�

vr�Bn
p � 


��� �p � �����n� � ���
�
n

n
�
�
� �
p ���np � ���

�
n

p
�
� C�

�pou C � � ap�luth stajer	� Dhlad�� oi monadia�ec mp	lec twn �np � � � p � �
�qoun omoi�morfa fragm�no l�go �gkwn�

Ja de�xoume �ti an �na s�ma K �qei mikr� l�go �gkwn� t�te o q�roc XK �qei
upoq�rouc F me di	stash an	logh tou n pou �qoun mikr� ap�stash Banach
Mazur
ap� ton �dimF� �bl�pe �Sz�� �STJ��


Je�rhma �� �Estw K summetrik� kurt� s�ma ston Rn me vr�K� 
 A	 T�te� gia
k�je k � n up�rqei k�di�statoc up�qwroc F tou XK me thn idi�thta

d�F� �k�� � ���A�
n

n�k�� �

Ap�deixh� Mporo�me na upoj�soume �ti h Dn e�nai to elleiyoeid�c m�gistou �gkou
tou K� T�te� kxkK � jxj gia k	je x � Rn � �Estw k � n� Sthn par	grafo � e�dame
�ti Z

Gn�k

Z
SF

kxk�n�F �dx��n�k�dF � 

Z
Sn��

kxk�n��dx� 
 �vr�K��n�

Ap� thn anis�thta tou Markov� to m�tro twn F � Gn�k pou ikanopoio�n thnZ
SF

kxk�n�F �dx� � ��vr�K��n 
 ��A�n

e�nai megal�tero ap� �� ��n� �Estw F �nac t�toioc up�qwroc� T�te� p	li ap� thn
anis�thta tou Markov� gia k	je r � ��� �� isq�ei

�F fx � SF 	 kxk � rg � ��rA�n�

�Estw x � SF � T�te� mporo�me me apl�c ektim�seic na do�me �ti

�F �C�x� r���� � �r���k��

�k
�

Aut� shma�nei �ti� an ��rA�n � rk�����k�� t�te

C�x� r��� � fy � SF 	 kyk � rg �
 ��
Dhlad�� mporo�me na bro�me y � SF t�toio �ste jx � yj � r�� kai kyk � r� Ap�
thn trigwnik� anis�thta pa�rnoume

kxk � kyk � kx� yk � r � jx� yj � r���

Dhlad��

d�F� �k�� �
�

r
�
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M�nei na do�me p�so meg	lo mporo�me na epil�xoume to r
 j�loume

�n��k��Anrn�k�� � ��

to opo�o d�nei rmax 
 ��A��
n

n�k�� � Epom�nwc�

d�F� �k�� � ���A�
n

n�k�� � �

Parat
rhsh� To Je�rhma � mac l�ei gia par	deigma �ti� an � � p � � kai

� � ��� ��� t�te o �np �qei upoq�rouc F di	stashc k 
 ��n� � � me d�F� �k�� � C
�

���

� �
�pou C� � � ap�luth stajer	� To apot�lesma aut� e�nai isqur�tero ap� ta apote�
l�smata thc prohgo�menhc paragr	fou� me thn �nnoia �ti �qoume plhrofor�a gia
upoq�rouc di	stashc �n me to � osod�pote kont	 sto �� B�baia� h ekt�mhsh e�nai
kak� �tan �� ��

Ja do�me �na ak�ma apot�lesma gia s�mata me mikr� l�go �gkwn �to Je�rhma
tou Kashin �Ka��


Je�rhma �� �Estw K summetrik� kurt� s�ma ston Rn 	 Upoj�toume �ti h Dn e�nai
to elleiyoeid�c m�gistou �gkou tou K� kai vr�K� 
 A	 T�te� up�rqei orjog�nioc
metasqhmatism�c U � O�n� me thn idi�thta

Dn � K � U�K� � �A�Dn�

Ap�deixh� Profan�c� Dn � K � U�K�� U � O�n�� Parathro�me �ti� gia k	je
U � O�n�

��kxkK	U�K� 
 ��maxfkUxk� kxkg�
Y	qnoume loip�n U � O�n� t�toion �ste maxfkU�k� k�kg � ���A�� � � Sn��� k	ti
gia to opo�o arke� h

N��� 	

kU�k� k�k

�
� �

�A�
� � � Sn���

Eqoume

Z
O�n�

Z
Sn��

�

kU�knk�kn��d����dU� 


Z
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 A�n�

Epom�nwc� up	rqei U � O�n� o opo�oc ikanopoie� thnZ
Sn��

�
�

kU�k� k�k
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��d�� �
Z
Sn��

�

kU�knk�kn��d�� � A�n�
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�Estw � � Sn��� kai N��� 
 t� An � � Sn�� kai j� � �j � t� t�te to gegon�c �ti h
N e�nai n�rma me stajer	 Lipschitz � mac d�nei

N��� � N��� �N��� �� � t� j�� �j � �t�

�Omwc� ��C��� t�� � tn����n� 	ra

tn��

�n
�

��t��n
� ��C��� t��

�

��t��n

�
Z
Sn��

�
�

kU�k� k�k
��n

��d��

� A�n�

Ap� thn parap	nw anis�thta e�nai faner� �ti t � ����A��� kai h ap�deixh e�nai
pl�rhc� �

Parat
rhsh� Oi apode�xeic twn d�o Jewrhm	twn e�nai thc �diac f�shc� Aut� e�nai
�na par	deigma en�c pol� genik�terou fainom�nou
 prot	seic topiko� qarakt
ra
��pwc to Je�rhma �� pou aforo�n thn dom� twn upoq�rwn en�c q�rou X me n�r�
ma� �qoun tic ant�stoiq�c touc prot	seic oliko� qarakt
ra ��pwc to Je�rhma ��
pou aforo�n thn sumperifor	 ol�klhrhc thc monadia�ac mp	lac tou X kai twn
orjog�niwn metasqhmatism�n thc�

Gia na ton�soume aut�n th sq�sh� d�noume m�a ap�deixh tou Jewr�matoc � qrh�
simopoi�ntac to Je�rhma �
 �Estw K summetrik� kurt� s�ma pou peri�qei thn
Dn kai ikanopoie� thn jKj�jDnj � An� H ap�deixh tou Jewr�matoc � de�qnei �ti to
m�tro twn upoq�rwn F tou XK di	stashc n�� pou ikanopoio�n thn

Dn � F � K � F � cA�Dn � F

e�nai megal�tero ap� �� ��n� Epom�nwc� mporo�me na bro�me F t�toion �ste

�

cA�
jxj � kxk � jxj � x � F� F
�

Or�zoume U 
 PF � PF� � �pou PF � PF� oi orjog�niec probol�c stouc F� F


ant�stoiqa� T�te U � O�n�� kai an x 
 x� � x� e�nai h graf� tou x me x� � F �
x� � F
�

�jxj � �kxkK	U�K� � kxk� kUxk

 kx� � x�k� kx� � x�k � �maxfkx�k� kx�kg
� kx�k� kx�k � �

cA�
�jx�j� jx�j�

� �

cA�
jxj�

�Ara� Dn � K � U�K� � �cA����Dn�

Jewr�ntac ton �n� � pa�rnoume mia pol� endiaf�rousa efarmog� tou Jewr�matoc �
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Je�rhma �� Up�rqoun dian�smata y�� � � � � y�n � Sn�� t�toia �ste

c
p
n �

nX
j��

jhx� yjij � �
p
n

gia k�je x � Sn��� �pou c � � ap�luth stajer�	

Ap�deixh� To elleiyoeid�c m�gistou �gkou thc Bn
� e�nai h n����Dn� kai o l�goc

�gkwn thc e�nai mikr�teroc ap� C� Ap� thn ap�deixh tou Jewr�matoc �� up	rqei
U � O�n� me thn idi�thta

�
p
n � kxk� � kUxk� �

p
n

�C�

gia k	je x � Sn��� J�toume yi 
 ei kai yn�i 
 U�ei� i 
 �� � � � � n� T�te� h
parap	nw sq�sh pa�rnei th morf�

�
p
n �

�nX
j��

jhx� yjij �
p
n

�C�
� �

Parathr�ste �ti ta yj e�nai pol� eidik�c morf�c
 h �nwsh mi	c orjokanonik�c
b	shc me mi	 strof� thc� �Omwc� den up	rqei sugkekrim�no par	deigma t�toiac
epilog�c dianusm	twn� H �parxh tou U exasfal�sthke� �pwc e�dame� me pijano�
jewrhtik�c mej�douc�



��



Kef�laio �

To Je�rhma tou Krivine

��� Eisagwg�

�Estw X �nac q�roc Banach 	peirhc di	stashc kai �stw �xn�
�
n�� m�a akolouj�a

grammik	 anex	rthtwn dianusm	twn ston X�M�a �peperasm�nh � 	peirh� akolouj�a
�yn�n ston X onom	zetai block akolouj�a thc �xn�n� an up	rqei akolouj�a fusik�n
k� � k� � � � � � �ste� gia k	je n�

yn 


kn��X
i�kn��

aixi�

gia k	poiouc suntelest�c ai� i 
 kn � �� � � � � kn���

Jewro�me t�ra d�o q�rouc Banach �X� k 	 k�� �Z� jk 	 jk� kai d�o akolouj�ec
grammik	 anex	rthtwn dianusm	twn �xn��n�� ston X kai �zn��n�� ston Z� L�me �ti h
�zn�n e�nai peperasm�na anaparast�simh kat� block sthn �xn�n� an� gia k	jem � N

kai k	je � � �� up	rqei block akolouj�a �yi�
m
i�� thc �xn�n t�toia �ste

��� ��jk
mX
i��

aizijk � k
mX
i��

aiyik � �� � ��jk
mX
i��

aizijk�

gia k	je akolouj�a suntelest�n �ai�mi���
Eidik�tera� gia � � p � �� l�me �ti o �p �ant�stoiqa� o c�� e�nai peperasm�na

anaparast	simoc kat	 block sthn akolouj�a �xn�n� an h kanonik� b	sh tou �p �an�
t�stoiqa� tou c�� e�nai peperasm�na anaparast	simh kat	 block sthn �xn�n� dhlad�
an� gia k	je m � N kai k	je � � �� up	rqei block akolouj�a �yi�

m
i�� thc �xn�n

t�toia �ste

��� ��

�
mX
i��

jaijp
� �

p

� k
mX
i��

aiyik � �� � ��

�
mX
i��

jaijp
� �

p

��



��

�ant�stoiqa� ��� ��maxi���


�m jaij � kPm
i�� aiyik � �� � ��maxi���


�m jaij��

gia k	je akolouj�a suntelest�n �ai�mi���

To Je�rhma tou Krivine �K� ���
�� pou ja parousi	soume e�nai to ak�loujo


Je�rhma� �Estw �xn�
�
n�� m�a akolouj�a grammik� anex�rthtwn dianusm�twn se

�nan q�ro Banach X 	 T�te e�te up�rqei p� � � p � �� �ste o �p na e�nai pepera�
sm�na anaparast�simoc kat� block sthn �xn�n e�te o c� e�nai peperasm�na anapara�
st�simoc kat� block sthn �xn�n�

To er�thma an k	je q�roc Banach 	peirhc di	stashc peri�qei �nan up�qwro
is�morfo me k	poion �p� � � p ��� � me ton c�� �tan �na ap� ta kentrik	 probl��
mata thc jewr�ac q�rwn Banach wc tic arq�c thc dekaet�ac tou 
�� An o X e�nai
q�roc Banach me b	sh Schauder �xn�n kai up	rqei up�qwroc tou X is�morfoc me
ton �p� gia k	poio p � ����� �ant�stoiqa� me ton c���� t�te e�nai gnwst� �ti up	rqei
	peirh block akolouj�a �yn��n�� thc �xn�n pou e�nai isod�namh me thn kanonik� b	sh
tou �p �ant�stoiqa� tou c��� Aut� shma�nei �ti up	rqoun stajer�c C� c � �� �ste�
gia k	je n � N kai k	je akolouj�a suntelest�n �ai�ni��� na isq�ei

c

�
nX
i��

jaijp
� �

p

� k
nX
i��

aiyik � C

�
nX
i��

jaijp
� �

p

�ant�stoiqa� cmaxi���


�n jaij � kPn
i�� aiyik � Cmaxi���


�n jaij��

Me b	sh aut�� to prohgo�meno er�thma mpore� na anadiatupwje� wc ex�c


�Estw X q�roc Banach me b	sh Schauder �xn�n� Up	rqei p	nta m�a 	peirh
block akolouj�a �yn�n thc �xn�n pou e�te e�nai isod�namh me th b	sh tou �p� gia
k	poio p � ������ e�te e�nai isod�namh me th b	sh tou c��

To par	deigma tou Tsirelson �T� ���
�� �dwse arnhtik� ap	nthsh se aut� to
er�thma� To je�rhma tou Krivine mpore� na jewrhje� san to kal�tero dunat�
jetik� apot�lesma se aut�n thn kate�junsh�

M�a 	mesh sun�peia tou jewr�matoc tou Krivine e�nai to ak�loujo apot�lesma


P�risma� �Estw � � p �� kai X q�roc Banach is�morfoc me ton �p� T�te� gia
k�je n � N kai k�je � � �� up�rqei up�qwroc F tou X di�stashc n pou e�nai � � �
� is�morfoc me ton �np �

P	li� an p � �� to an	logo apot�lesma gia upoq�rouc 	peirhc di	stashc den
e�nai swst�
 Gia k	je C � �� up	rqei q�roc Banach X is�morfoc me ton �p� me
thn ak�loujh idi�thta
 K	je up�qwroc 	peirhc di	stashc tou X �qei ap�stash
Banach
Mazur ap� ton �p megal�terh tou C �OS��

Shmei�noume �ti� an p 
 �� sthn per�ptwsh dhlad� pou o X e�nai is�morfoc
me ton ��� �na je�rhma tou James �J� apodeikn�ei �ti� gia k	je � � �� up	rqei
up�qwroc 	peirhc di	stashc Y tou X pou �qei ap�stash Banach
Mazur ap� ton ��
mikr�terh tou � � �� To an	logo isq�ei kai an o X e�nai is�morfoc me ton c�� Thn
ap�deixh auto� tou jewr�matoc ja th do�me parak	tw�



��

Perigr	foume t�ra th dom� thc ap�deixhc tou jewr�matoc tou Krivine pou
parousi	zoume�

Qrhsimopoio�me epaneilhmm�na to ak�loujo l�mma� h ap�deixh tou opo�ou e�nai
	mesh


L
mma� H sq�sh �peperasm�nh anaparastasim�thta kat	 block� e�nai metabatik
	
Dhlad
� an oi �xi�i� �yi�i� �zi�i e�nai akolouj�ec stouc q�rouc Banach X� Y� Z
ant�stoiqa� kai h �zi�i e�nai peperasm�na anaparast�simh kat� block sthn �yi�i kai
h �yi�i e�nai peperasm�na anaparast�simh kat� block sthn �xi�i� t�te h �zi�i e�nai
peperasm�na anaparast�simh kat� block sthn �xi�i� �

Me b	sh aut� to L�mma h ap�deixh qwr�zetai se d�o basik	 st	dia� ta opo�a
perigr	fontai ap� ta d�o ep�mena jewr�mata�

Je�rhma A� �Estw X q�roc Banach kai �xn�
�
n�� akolouj�a grammik� anex�rth�

twn dianusm�twn ston X 	 T�te up�rqei m�a 
 � unconditional kai anallo�wth wc
proc diaspor� akolouj�a �zi�

�
i��� h opo�a e�nai peperasm�na anaparast�simh kat�

block sthn �xn�n�

Je�rhma B� �Estw �xn�
�
n�� m�a 
 � unconditional kai anallo�wth wc proc dia�

spor� akolouj�a se �nan q�ro Banach X me xn �
 � �n� T�te e�te� gia k�poio
p � ������ o �p e�nai peperasm�na anaparast�simoc kat� block sthn �xn�n� e�te o
c� e�nai peperasm�na anaparast�simoc kat� block sthn �xn�n�

Gia thn ap�deixh tou Jewr�matoc A� akoloujo�me kur�wc thn ergas�a tou Ro

senthal �R��� H ap�deixh prok�ptei sundu	zontac ta ak�louja apotel�smata
 To
je�rhma tou Rosenthal �R�� gia ton ��� to je�rhma Brunel 
 Sucheston �BS�����
to je�rhma tou James �J� gia touc q�rouc pou e�nai is�morfoi me ton �� � ton
c� kai �na l�mma tou Krivine �K� gia unconditional akolouj�ec� D�noume pl�reic
apode�xeic gia ta tr�a teleuta�a apotel�smata� all	 den apodeikn�oume to je�rhma
tou Rosenthal�

Gia to Je�rhma B� akoloujo�me thn ap�deixh tou Lemberg �Lem�� �pwc aut�
parousi	zetai sto bibl�o twn Milman 
 Schechtman �MS�� O Lemberg belt�wse to
arqik� apot�lesma tou Krivine kai aplopo�hse thn ap�deixh tou� O Krivine e�qe
apode�xei arqik	 to ak�loujo
 An �xn�n e�nai m�a akolouj�a grammik	 anex	rthtwn
dianusm	twn se �nan q�ro BanachX� t�te e�te up	rqei p � ����� �ste o �p na e�nai
peperasm�na anaparast	simoc kat	 block sthn �xn�n� e�te o c� e�nai peperasm�na
anaparast	simoc kat	 block se m�a anadi�taxh thc �xn�


��� Orismo� � Prokatarktik� apotel	smata

Sumbolism�c�

Oi dianusmatiko� q�roi pou jewro�me e�nai pragmatiko� kai 	peirhc di	stashc�
ekt�c an dhl�netai to ant�jeto� An to fxi 	 i � Ig e�nai upos�nolo en�c dianu�
smatiko� q�rou X� sumbol�zoume me �xi�i�I th grammik� j�kh auto� tou sun�lou�



��

Sumbol�zoume me c�� to dianusmatik� q�ro twn pragmatik�n akolouji�n pou e�nai
telik	 �sec me ��

Gia k	je p � ������ sumbol�zoume me �p to dianusmatik� q�ro�
�ai�

�
i�� 	 ai � R�

�X
i��

jaijp ��
	
�

efodiasm�no me th n�rma k�ai��i��k 

�P�

i�� jaijp
���p

�
Sumbol�zoume me c� to dianusmatik� q�ron

�ai�
�
i�� 	 ai � R� lim

i��
ai 
 �

o
�

efodiasm�no me th n�rma k�ai��i��k 
 supi jaij�
Oi �p� � � p ��� kai o c� e�nai q�roi Banach�

B�seic Schauder�

M�a akolouj�a �xn�
�
n�� se �nan q�ro Banach X l�getai b�sh Schauder tou

X � an� gia k	je x � X� up	rqei monadik� akolouj�a suntelest�n �an�
�
n�� �ste

x 

P�

n�� anxn�
M�a akolouj�a �xn�

�
n�� se �nan q�ro Banach X l�getai basik
 akolouj�a� an

e�nai b	sh Schauder tou upoq�rou �xn�
�
n���

To ep�meno je�rhma d�nei �nan qarakthrism� twn basik�n akolouji�n�

Je�rhma �� �Estw �xn�
�
n�� m�a akolouj�a se �nan q�ro Banach X 	 H �xn�n e�nai

basik
 akolouj�a an kai m�no an isq�oun ta ak�louja�
�i� xn �
 �� gia k�je n	
�ii� Up�rqei stajer� K � � �ste� gia k�je m�n � N me m � n kai k�je akolouj�a
suntelest�n �ai�

n
i��� na isq�ei�����

mX
i��

aixi

����� � K

�����
nX
i��

aixi

����� � �

�Estw �xn�n kai �yn�n d�o basik�c akolouj�ec� L�me �ti oi �xn�n kai �yn�n e�nai

isod�namec� an up	rqei isomorfism�c T 	 �xn�
�
n�� � �yn�

�
n��� me T �xn� 
 yn� �n 


�� �� � � � � S� aut�n thn per�ptwsh� l�me �ti oi �xn�n kai �yn�n e�nai C � isod�namec
�C � �� � an kTkkT��k � C�

Me 	lla l�gia� oi basik�c akolouj�ec �xn�n kai �yn�n e�nai C � isod�namec� an
up	rqoun stajer�c a� b � � me ab � C� �ste gia k	je n � N kai k	je akolouj�a
suntelest�n �ai�

n
i��� na isq�ei

�

a
k

nX
i��

aixik � k
nX
i��

aiyik � bk
nX
i��

aixik�



��

Unconditional akolouj�ec�

�Estw C � �� M�a akolouj�a �xi�
�
i�� se �nan q�ro Banach X l�getai C �

unconditional an� gia k	je n � N� k	je akolouj�a suntelest�n �ai�
n
i�� kai k	je

akolouj�a pros�mwn ��i�ni��� isq�ei

��� k
nX
i��

�iaixik � Ck
nX
i��

aixik�

Pr�tash �� �Estw �xn�n m�a akolouj�a se �nan q�ro Banach X 	 Ta ak�louja
e�nai isod�nama�
�i� H akolouj�a �xn�n e�nai unconditional	
�ii� Up�rqei stajer� M � � �ste� gia k�je n � N� k�je F � f�� � � � � ng kai k�je
akolouj�a suntelest�n �ai�

n
i��� na isq�ei

��� k
X
i�F

aixik �Mk
nX
i��

aixik�

Epipl�on� an C kai M e�nai oi kal�terec stajer�c gia tic opo�ec isq�oun oi ��� kai
��� ant�stoiqa� t�te M � C � �M�

Ap�deixh� �i� � �ii�� �Estw F � f�� � � � � ng� Gia k	je i 
 �� � � � � n� j�toume �i 
 ��
an i � F� �i 
 ��� an i �� F� �Eqoume

k
X
i�F

aixik � �

�

�
k

nX
i��

aixik� k
nX
i��

�iaixik
�
� Ck

nX
i��

aixik�

�ii� � �i�� �Estw ��i�
n
i�� � f��� �gn� J�toume F 
 fi � f�� � � � � ng 	 �i 
 �g� T�te


k
nX
i��

�iaixik � k
X
i�F

aixik� k
X
i��F

aixik � �Mk
nX
i��

aixik� �

Eidik�tera �petai �ti k	je unconditional akolouj�a �xn�n me xn �
 � �n� e�nai
basik��

Pr�tash �� �Estw �ei�i m�a C � unconditional akolouj�a�m � N kai �ai�
m
i��� �bi�

m
i��

akolouj�ec pragmatik�n arijm�n	 An jaij � jbij �i� t�te

k
mX
i��

aieik � Ck
mX
i��

bieik�

Ap�deixh� �Estw ai 
 �ibi� �pou j�ij � �� Jewro�me �na sunarthsoeid�c x� t�toio
�ste kx�k 
 � kai x� �

Pm
i�� �ibiei� 
 kPm

i�� �ibieik� T�te�

k
mX
i��

�ibieik 


�����x�
�

mX
i��

�ibiei

������ �
mX
i��

j�ijjbijjx��ei�j

� max j�ij
mX
i��

jbijjx��ei�j �
mX
i��

jbix��ei�j�



�	

Epil�goume akolouj�a pros�mwn ��i�mi�� t�toia �ste �ibix��ei� � �� op�te

k
mX
i��

�ibieik �
mX
i��

jbix��ei�j 

mX
i��

�ibix
��ei� 
 x�

�
mX
i��

�ibiei

�

� k
mX
i��

�ibieik � Ck
mX
i��

bieik�

�Ara�

k
mX
i��

aieik � Ck
mX
i��

bieik� �

Akolouj�ec anallo�wtec wc proc diaspor��

M�a akolouj�a �xn�n se �nan q�ro Banach X l�getai anallo�wth wc proc
diaspor� �spreading�� an� gia k	je m � N� k	je fn�� � � � � nmg � N me n� � n� �
� � � � nm kai k	je akolouj�a suntelest�n �ai�mi��� isq�ei

k
mX
i��

aixnik 
 k
mX
i��

aixik�

Jewro�me thn akolouj�a �ei�
�
i�� ston c�� me ei�j� 
 �ij �i� j� E�nai faner�

�ti h �ei�i e�nai b	sh Schauder tou q�rou �p� gia k	je p � ������ kaj�c kai tou
c�� Epipl�on� se kaj�nan ap� auto�c touc q�rouc� h �ei�i e�nai � � unconditional
kai anallo�wth wc proc diaspor	� H �ei�i� jewro�menh wc akolouj�a ston �p�
� � p � �� �ant�stoiqa� ston c��� onom	zetai sun
jhc � kanonik
 b�sh tou �p
�ant�stoiqa� tou c���

��� Ap
deixh tou Jewr�matoc A

Parousi	zoume pr�ta ta basik	 jewr�mata pou ja qrhsimopoi�soume sthn ap��
deixh�


a� To Je�rhma tou Rosenthal gia ton ���

M�a akolouj�a �xn�
�
n�� se �nan q�ro Banach X l�getai asjen�c Cauchy �w 


Cauchy� an� gia k	je x� � X�� h akolouj�a �x��xn���n�� sugkl�nei� E�nai e�kolo
na do�me �ti an o du�k�c X� tou X e�nai diaqwr�simoc� t�te k	je fragm�nh ako�
louj�a �xn�n ston X �qei upakolouj�a pou e�nai asjen�c Cauchy
 Jewro�me �na
arijm�simo pukn� upos�nolo D 
 fx�k 	 k � Ng thc BX� � H akolouj�a �x���xn��

�
n��

e�nai fragm�nh� 	ra �qei sugkl�nousa upakolouj�a� Up	rqei loip�n �na 	peiro upo�
s�nolo N� tou N �ste h akolouj�a �x���xn��n�N�

na sugkl�nei� Me ton �dio tr�po
br�skoume N� � N� �ste h akolouj�a �x���xn��n�N�

na sugkl�nei� Epagwgik	 ka�
taskeu	zoume m�a akolouj�a �Nk�

�
k�� 	peirwn uposun�lwn tou N me N� � N� � � � �



��

�ste� gia k	je k 
 �� �� � � � � h akolouj�a �x�k�xn��n�Nk
na sugkl�nei� Epil�goume

n� � n� � � � � me nk � Nk� gia k	je k� T�te h upakolouj�a �xnk �k thc �xn�n e�nai
asjen�c Cauchy�

Ap� thn 	llh meri	� h sun�jhc b	sh �en�n tou q�rou �� den �qei kamm�a w 

Cauchy upakolouj�a
 Gia opoiad�pote akolouj�a �ni�

�
i��� j�toume x

� 
 �an�
�
n�� �

�� me an�i 
 �� gia k	je i� kai an 
 ��� gia k	je n �
 n�i� H �x��eni��i apokl�nei�
O Rosenthal �R�� ap�deixe to ak�loujo jemeli�dec je�rhma diqotom�ac


Je�rhma � 
Rosenthal� �R��� �Estw �xn�
�
n�� m�a akolouj�a dianusm�twn n�rmac


 se �nan q�ro Banach X 	 T�te e�te up�rqei upakolouj�a thc �xn�n pou e�nai w
� Cauchy e�te up�rqei upakolouj�a thc �xn�n pou e�nai isod�namh me thn kanonik

b�sh tou ��� �

H aplo�sterh ap�deixh tou Jewr�matoc auto� ofe�letai ston Farahat �F�� o
opo�oc sund�ase tic id�ec tou Rosenthal me to genikeum�no je�rhma Ramsey tou
Nash
Williams� H ap�deixh aut� parousi	zetai sta �D� kai �O��


b� To Je�rhma tou James gia q�rouc is�morfouc me ton �� 
 ton c��

Je�rhma � 
James� �J�� ��� �Estw X q�roc Banach kai �xn�
�
n�� m�a akolouj�a

ston X h opo�a e�nai isod�namh me thn kanonik
 b�sh tou ��� dhlad
 up�rqoun
C� c � � �ste

c

nX
i��

jaij � k
nX
i��

aixik � C

nX
i��

jaij �n� ��ai�ni���

T�te� gia k�je � � �� up�rqei block akolouj�a �yn�n thc �xn�n� h opo�a e�nai ���
��� �

isod�namh me thn kanonik
 b�sh tou ���
��� �Estw X q�roc Banach kai �xn�

�
n�� m�a akolouj�a ston X h opo�a e�nai

isod�namh me thn kanonik
 b�sh tou c�� dhlad
 up�rqoun C� c � � �ste

c max
i���


�n

jaij � k
nX
i��

aixik � C max
i���


�n

jaij �n� ��ai�ni���

T�te� gia k�je � � �� up�rqei block akolouj�a �yn�n thc �xn�n� h opo�a e�nai ���
��� �

isod�namh me thn kanonik
 b�sh tou c��

Ap�deixh	 ��� Gia k	je n � N� j�toume

�n 
 inf

�
k
�X
i�n

aixik 	
�X
i�n

jaij 
 �

	
�

�Eqoume c � �n � C �n kai h akolouj�a ��n�n e�nai a�xousa� 	ra limn�� �n 
 ��
me c � � � C�

�Estw � � � kai n� � N t�toioc �ste ��� � �� � �n � �� gia k	je n �
n�� Epil�goume m�a akolouj�a fusik�n �kn�n kai m�a block akolouj�a �yn�n thc

�xn�n� t�toiec �ste n� � k� � k� � � � � kai� gia k	je n� yn 

Pkn����

i�kn
aixi mePkn����

i�kn
jaij 
 � kai kynk � �kn�� � �� � ��� � ���



��

T�te� gia k	je �bn�
�
n�� me

P�
n�� jbnj 
 �� ap� ton orism� tou �n kai thn

trigwnik� anis�thta� pa�rnoume

���� �� � �n� � k
X

bnynk � sup kynk � ��� � ���

�Epetai �ti h akolouj�a � ��yn�n e�nai ���
��� � isod�namh me thn kanonik� b	sh tou ���

��� H ap�deixh gia thn per�ptwsh tou c� e�nai an	logh� J�toume

�n 
 sup

�
k
�X
i�n

aixik 	 �ai�i � c�� max
i�N

jaij 
 �

	
�

gia k	je n � N� T�te h akolouj�a ��n�n e�nai fj�nousa kai gia to � 
 limn �n
�qoume c � � � C� Opwc prin� mporo�me na epil�xoume block akolouj�a �yn�n thc
�xn�n� t�toia �ste ���� �� � kynk kai

k
X

bnynk � ��� � ���

gia k	je �bn�n � c� me max jbnj 
 ��
Gia thn k	tw ekt�mhsh thc kP bnynk �qoume
 �Estw n� me jbn� j 
 max jbnj 
 ��

T�te

k
X

bnynk � �kbn�yn�k � k
X
n��n�

bnyn � bn�yn�k

� ����� ��� ��� � �� 
 ���� ����

Sumpera�noume �ti h akolouj�a � ��yn�n e�nai ���
���� � isod�namh me thn kanonik� b	sh

tou c�� �

To er�thma an to an	logo apot�lesma e�nai swst� se k	je q�ro �p� � � p �
�� �meine anoikt� gia arket�c dekaet�ec kai �tan gnwst� me to �noma distortion
problem� To ���� oi Odell kai Schlumprecht �OS� �dwsan arnhtik� ap	nthsh se
aut� to er�thma� Ap�deixan m	lista �ti� an � � p � �� t�te� gia k	je C � ��
up	rqei q�roc Banach X is�morfoc me ton �p me thn ak�loujh idi�thta
 K	je
up�qwroc Y tou X 	peirhc di	stashc �qei ap�stash Banach 
 Mazur ap� ton �p
megal�terh tou C�


g� H �nnoia tou spreading model kai to Je�rhma twn Brunel kai Suche�
ston�

To Je�rhma twn Brunel kai Sucheston pou parousi	zoume se aut�n thn par	�
grafo bas�zetai se �na klasik� sunduastik� apot�lesma
 To Je�rhma tou Ram

sey�

Gia k	je 	peiro s�nolo M 
 N sumbol�zoume me �M �k to s�nolo twn uposu�
n�lwn tou M pou �qoun k stoiqe�a�

Je�rhma � 
Ramsey� �Ra�� �Estw k � N kai A�B 
 �N�k �ste �N�k 
 A � B�
T�te up�rqei �peiro upos�nolo M tou N �ste e�te �M �k 
 A e�te �M �k 
 B�



��

Ap�deixh	 D�noume pr�ta thn ap�deixh gia thn per�ptwsh k 
 �� �Estw N 
 A�B�
Mporo�me na upoj�soume �ti A � B 
 ��

�Estw m� � N� Qwr�zoume to N n fm�g sta d�o s�nola fn � N 	 fm�� ng � Ag
kai fn � N 	 fm�� ng � Bg� Ena ap� aut	 ta s�nola e�nai 	peiro� dhlad� up	rqei
	peiro upos�nolo M� tou N �ste

e�te �m �M� fm��mg � A e�te �m �M� fm��mg � B�

L�me �ti to zeug	ri �m��M�� e�nai kal� an isq�ei h pr�th per�ptwsh� en� to
�m��M�� e�nai kak� an isq�ei h de�terh per�ptwsh�

Epil�goume m� � M� me m� � m�� Jewro�me ta s�nola fn � M� 	 fm�� ng �
Ag kai fn � M� 	 fm�� ng � Bg� Afo� to M� e�nai 	peiro� �na ap� ta d�o aut	
s�nola e�nai 	peiro� dhlad� up	rqei 	peiro upos�nolo M� tou M� �ste

e�te �m �M� fm��mg � A e�te �m �M� fm��mg � B�

Opwc prin� onom	zoume to zeug	ri �m��M�� kal� sthn pr�th per�ptwsh kai kak�
sth de�terh per�ptwsh�

Suneq�zontac epagwgik	� kataskeu	zoume akolouj�a zeugari�n �mn�Mn�� n 

�� �� � � � � me m� � m� � � � �� N � M� � M� � � � � kai �n mn�� � Mn� �ste k	je
zeug	ri �mn�Mn� na e�nai kal� � kak� me thn parap	nw �nnoia� Ena ap� ta s�nola
L� 
 fn � N 	 to �mn�Mn� e�nai kal�g� L� 
 fn � N 	 to �mn�Mn� e�nai kak�g
e�nai 	peiro� An to L� e�nai 	peiro� j�toume M 
 fml 	 l � L�g kai e�nai faner� �ti
�M �� 
 A� An to L� e�nai 	peiro� j�toume M 
 fml 	 l � L�g kai e�nai faner� �ti
�M �� 
 B� Aut� oloklhr�nei thn ap�deixh gia thn per�ptwsh k 
 ��

Me epagwg� to apot�lesma genike�etai gia k	je k� H ap�deixh tou epagwgiko�
b�matoc e�nai tele�wc an	logh me aut�n thc per�ptwshc k 
 � kai thn parale�poume�
�

Orism�c� �Estw �xn�n m�a akolouj�a se �nan q�ro Banach X 	 M�a anallo�wth
wc proc diaspor� akolouj�a �zi�i se enan q�ro Banach Z l�getai spreading model

gia thn �xn�n� an isq�ei to ex
c�

Gia k�je m � N kai gia k�je � � �� up�rqei n �ste� an n � n� � n� � � � � � nm�
t�te

��� ��k
mX
i��

aizik � k
mX
i��

aixnik � �� � ��k
mX
i��

aizik�

gia k�je akolouj�a suntelest�n �ai�
m
i���

Parathr
seic� �� E�nai faner� �ti an h akolouj�a �zn�n e�nai spreading model
gia m�a upakolouj�a thc �yn�n� t�te h �zn�n e�nai peperasm�na anaparast	simh
kat	 block sthn �yn�n�

�� Upoj�toume �ti kynk 
 � �n kai �ti� gia k	je k kai gia k	je akolouj�a sunte�
lest�n �ai�ki��� to

lim
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spreading model gia m�a upakolouj�a �v�n�n thc �vn�n�

Ap�deixh	 Ja de�xoume �ti up	rqei upakolouj�a �v�n�n thc �vn�n t�toia �ste� gia
k	je k kai k	je �ai�ki��� na up	rqei to

lim
n��� n�n��


�nk

k
kX
i��

aiv
�
nik�

Parathro�me �ti arke� na bro�me upakolouj�a �v�n�n thc �vn�n �ste to

lim
n��� n�n��


�nk

k
kX
i��

aiv
�
nik



��

na up	rqei gia k	je k kai k	je akolouj�a suntelest�n �ai�
k
i�� me ai � Q� i 


�� � � � � k kai
Pk

i�� jaij 
 �� Jewro�me loip�n m�a ar�jmhsh fbi 	 i 
 �� �� � � �g tou
sun�lou �

�ai�
k
i�� 	 k � N� ai � Q�

kX
i��

jaij 
 �

	
�

�Estw b� 
 �a��� a
�
�� � � � � a

�
k�� T�te � � kPk

i�� a
�
i vnik � �� gia k	je n� � n� �

� � � � nk� Jewro�me ta s�nola

A� 


�
fn�� � � � � nkg 	 n� � n� � � � � � nk� k

kX
i��

a�i vnik �
�
��
�

�

�	
�

B� 


�
fn�� � � � � nkg 	 n� � n� � � � � � nk� k

kX
i��

a�i vnik �
�
�

�
� �

�	
�

Efarm�zontac to je�rhma tou Ramsey pa�rnoume �na 	peiro s�nolo M� 
 N�
t�toio �ste e�te �M��k 
 A� e�te �M��k 
 B�� Ac upoj�soume �ti �M��k 
 A��
Qwr�zoume to �M��k sta d�o s�nola

A� 


�
fn�� � � � � nkg �M� 	 n� � n� � � � � � nk� k

kX
i��

a�i vnik �
�
��
�

�

�	
�

B� 


�
fn�� � � � � nkg �M� 	 n� � n� � � � � � nk� k

kX
i��

a�i vnik �
�
�

�
�
�

�

�	

kai br�skoume �na 	peiro s�noloM� 
M� t�toio �ste e�te �M��k 
 A� e�te �M��k 

B�� Epagwgik	 kataskeu	zoume m�a akolouj�a �Ji�

�
i�� kibwtism�nwn diasthm	twn

thc morf�c Ji 
 � si�i �
si��
�i �� �pou � � si � �i��� kai m�a fj�nousa akolouj�a �Mi�

�
i��

	peirwn uposun�lwn tou N� t�toiec �ste� gia k	je i kai k	je n� � � � � � nk sto

Mi� na isq�ei kPk
j�� a

�
jvnjk � Ji�

Epil�goume t�ra m�a diag�nia akolouj�a �mi�
�
i��� dhlad� mi � Mi �i kai

m� � m� � � � � kai j�toume L� 
 fmi 	 i 
 �� �� � � �g� E�nai faner� �ti to

lim
n��� n�n������nk

n������nk�L�

k
kX

j��

a�jvnjk

up	rqei�

Epanalamb	noume thn �dia diadikas�a gia thn akolouj�a �vn�n�L� kai thn ako�
louj�a suntelest�n b� 
 �a�j �

l
j�� kai br�skoume L� 
 L� �ste to

lim
n��� n�n������nl

n������nk�L�

k
lX

j��

a�jvnjk



��

na up	rqei� Epagwgik	 kataskeu	zoume m�a fj�nousa akolouj�a �Li�
�
i�� 	peirwn

uposun�lwn tou N� �ste� gia k	je i� gia thn akolouj�a suntelest�n bi 
 �aij�
ki
j���

to

lim
n��� n�n������nki

n������nk�Li

k
kiX
j��

aijvnjk

na up	rqei� T�loc epil�goume m�a diag�nia akolouj�a �li��i��� dhlad� li � Li �i kai
l� � l� � � � � � J�toume v�i 	
 vli � i 
 �� �� � � � kai �qoume th zhto�menh upakolouj�a�

�Estw �zi�i h kanonik� b	sh tou c��� Or�zoume

jk
kX
i��

aizijk 
 lim
n��� n�n��


�nk

k
kX
i��

aiv
�
nik�

Ja de�xoume �ti� gia k	je k � N� gia k	je akolouj�a suntelest�n �ai�ki�� kai gia
k	je F 
 f�� � � � � kg� isq�ei h sq�sh

�
� jk
X
i�F

aizijk � jk
kX
i��

aizijk�

Qrhsimopoi�ntac thn Parat�rhsh � bl�poume �ti h �zi�i e�nai spreading model gia
thn �v�n�n� Epipl�on� ap� thn �
� kai thn Pr�tash ��� �petai �ti h akolouj�a �zi�i
e�nai � 
 unconditional�

Ap�deixh thc �
�� �Estw �ai�
k
i�� kai i� � f�� � � � � kg� Arke� na de�xoume �ti

jk
kX
i��

i��i�

aizijk � jk
kX
i��

aizijk�

Afo� h akolouj�a �v�n�n te�nei asjen�c sto �� up	rqei block akolouj�a kurt�n
sunduasm�n um thc �v�n�n me limm kumk 
 �� �Estw

um 


pm��X
i�pm��

�mi v
�
i�

�pou p� � p� � � � �� �mi � � �m� �i kai Ppm��

i�pm�� �
m
i 
 � �m�

�Estw � � �� Epil�goume n� � N t�toio �ste� an n� � n� � � � � � nk� t�te

���

�����k
kX
i��

aiv
�
nik � jk

kX
i��

aizijk
����� � �

kai

���

�������k
kX
i��

i��i�

aiv
�
nik � jk

kX
i��

i��i�

aizijk

������� � ��



��

Epil�goume m � N t�toio �ste n� � i� � pm kai kumk � �� Gia k	je j 

pm � �� � � � � pm��� or�zoume

wj 


i���X
i��

aiv
�
n��i � ai�v

�
j �

kX
i�i���

aiv
�
pm���i�

�Eqoume
pm��X

j�pm��

�mj wj 


i���X
i��

aiv
�
n��i � ai�um �

kX
i�i���

aiv
�
pm���i�

Ap� th sq�sh ��� pa�rnoume �ti kwjk � jkPk
i�� aizijk� �� gia k	je j� op�te

k
pm��X

j�pm��

�mj wjk � jk
kX
i��

aizijk� ��

Ap� th sq�sh ��� pa�rnoume �ti

k
pm��X

j�pm��

�mj wjk � k
i���X
i��

aiv
�
n��i �

kX
i�i���

aiv
�
pm���ik � jai� jkumk

� jk
kX
i��

i��i�

aizijk � �� jai� j��

�Ara�

jk
kX
i��
i ��i�

aizijk � jk
kX
i��

aizijk� ��� jai� j�

kai� afo� to � �tan tuq�n� sumpera�noume �ti

jk
kX
i��
i��i�

aizijk � jk
kX
i��

aizijk� �


d� D�o l
mmata tou Krivine�

Gia thn ap�deixh tou Jewr�matoc A qreiaz�maste ak�ma �na l�mma� to opo�o
ofe�letai ston Krivine �Kr� kai mac epitr�pei na pern	me ap� m�a C � unconditional
kai anallo�wth wc proc diaspor	 akolouj�a �zn�n se m�a � � unconditional kai
anallo�wth wc proc diaspor	 akolouj�a �en�n �L�mma ���
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e� Ap�deixh tou Jewr
matoc A�

Je�rhma A� �Estw X q�roc Banach kai �xn�
�
n�� akolouj�a grammik� anex�rth�

twn dianusm�twn ston X 	 T�te up�rqei m�a 
 � unconditional kai anallo�wth wc
proc diaspor� akolouj�a �zi�

�
i��� h opo�a e�nai peperasm�na anaparast�simh kat�

block sthn �xn�n�

Ap�deixh� Kat� arq	c pern	me se block akolouj�a �yn�n thc �xn�n me kynk 
 �
�ste kyn � ymk � � �n�m� n �
 m� H epilog� twn yn g�netai me epagwg�� wc ex�c


Or�zoume y� 	
 x�� Upoj�toume �ti �qoume epil�xei ta y�� y�� � � � � yn block thc
�xn�n� me tic parap	nw idi�thtec� �Estw p � N �ste yi � �xk �

p
k��� gia k	je i 


�� � � � � n� Dial�goume y�� � � � � � y
�
n ston X� t�toia �ste ky�i k 
 � kai y�i �yi� 
 kyik 


�� T�te up	rqei yn�� � �xk�
�
k�p�� t�toio �ste kyn��k 
 � kai y�i �yn��� 
 � �i 


�� � � � � n�
Gia k	je m � n isq�ei

kyn�� � ymk � jy�m�yn�� � ym�j 
 jy�m�yn���� y�m�ym�j 
 y�m�ym� 
 ��

�Ara� gia k	je m � n� kyn�� � ymk � ��

Efarm�zoume t�ra to je�rhma tou Rosenthal sthn akolouj�a �yn�n� Eqoume
d�o peript�seic



h Per�ptwsh� Up	rqei upakolouj�a �y�n�n thc �yn�n pou e�nai isod�namh me th
b	sh tou ��� Ap� to je�rhma tou James pa�rnoume t�te �ti o �� e�nai peperasm�na
anaparast	simoc kat	 block sthn �y�n�� 	ra kai sthn �xn��

�h Per�ptwsh� Up	rqei upakolouj�a �y�n�n thc �yn�n pou e�nai w 
 Cauchy� Or��
zoume t�te

un 

y��n�� � y��n
ky��n�� � y��nk

� n 
 �� �� � � � �



��

H akolouj�a �un� te�nei asjen�c sto � kai kunk 
 � �n� Ap� to je�rhma Brunel

 Sucheston �petai �ti up	rqei m�a � � unconditional kai anallo�wth wc proc dia�
spor	 akolouj�a �vn� h opo�a e�nai peperasm�na anaparast	simh kat	 block sthn
�un�� T�loc qrhsimopoio�me to L�mma � gia na per	soume se m�a � � unconditio

nal kai anallo�wth wc proc diaspor	 akolouj�a �zn� h opo�a e�nai peperasm�na
anaparast	simh kat	 block sthn �vn�� 	ra kai sthn �xn�� �

��� Ap
deixh tou Jewr�matoc B

Akoloujo�me thn ap�deixh tou Lemberg �L�� O Lemberg aplopo�hse thn ap�deixh
tou Krivine qrhsimopoi�ntac �na kat	llhlo zeug	ri telest�n� Kleid� gia thn ap��
deixh tou Lemberg e�nai h Pr�tash �� sthn opo�a apodeikn�etai �ti an o X e�nai
migadik�c q�roc Banach kai oi T� S � L�X� e�nai �na zeug	ri telest�n pou an�
timetat�jentai� t�te up	rqoun kat	 pros�ggish idiotim�c � tou T kai � tou S stic
opo�ec antistoiqe� m�a koin� akolouj�a kat	 pros�ggish idiodianusm	twn �vn�n�

To L�mma � e�nai �na gnwst� apot�lesma thc jewr�ac telest�n� pou l�ei �ti
k	je telest�c T � L�X�� �X migadik�c q�roc Banach� �qei m�a kat	 pros�ggi�
sh idiotim�� T�loc� qrhsimopoio�me �na ep�shc gnwst� apot�lesma thc jewr�ac
arijm�n
 To s�nolo twn arijm�n thc morf�c �k��l� k� l � N� e�nai pukn� sto R�

�L�mma ���

L
mma �� �Estw X migadik�c q�roc Banach kai T 	 X � X fragm�noc grammik�c
telest
c� kai �stw � � ���T �	 Tote to � e�nai kat� pros�ggish idiotim
 tou T 	

Ap�deixh� Afo� � � ���T �� up	rqei ��n�n � C n��T � t�toia �ste �n � �� Isquri�

z�maste �ti k�T � �nI�
��k � ��

Estw �ti h akolouj�a k�T��nI���k den te�nei sto 	peiro� T�te up	rqeiM � �

kai upakolouj�a ��kn� thc ��n� t�toia �ste k�T � �knI�
��k �M� �Epetai �ti

k�T � �knI�
��kj�kn � �j � ��

	ra gia meg	la n �qoume �ti k�T � �knI�
��kj�kn ��j � �

� � Isq�ei �ti an A � L�X�
kai kAk � � t�te o I �A e�nai antistr�yimoc� Eqoume

k�T � �knI�
��
�T � �knI � T � �I�k 
 k�T � �knI�

����kn � ��k


 k�T � �knI�
��kj�kn � �j � �

	ra o I��T��knI����T��knI�T��I� antistr�fetai� dhlad� o �T��knI����T�
�I� antistr�fetai� dhlad� o T��I antistr�fetai� Aut� e�nai 	topo� afo� � � ��T ��

�Ara k�T ��n�
��Ik � �� dhlad� up	rqei akolouj�a �vn�n ston X me kvnk 
 �

t�toia �ste

k�T � �nI�
���vn�k � ��



��

Or�zoume yn 
 �T � �n�
���vn�� T�te� �T � �nI��yn� 
 vn� kynk � � kai

k�T � �nI��yn�k 
 �� Or�zoume un 
 yn
kynk � T�te kunk 
 � kai

k�T � �nI�unk 
 k�T � �nI��yn�k
kynk � ��

Gia thn �un�n isq�ei �ti

k�T ��I��un�k 
 kTun��nun��nun��unk � kTun��nunk� j�n��jkunk � ��

	ra to � e�nai kat	 pros�ggish idiotim� tou T � �

Pr�tash �� �Estw X migadik�c q�roc Banach kai �stw T� S 	 X � X d�o
fragm�noi grammiko� telest�c me TS 
 ST 	 �Estw � mia kat� pros�ggish idiotimh
tou T 	 T�te up�rqoun � � ��S� kai akolouj�a �vn�n ston X � t�toia �ste kvnk 
 �
kai kTvn � �vnk � � kai kSvn � �vnk � �	

Ap�deixh � Jewro�me �na suneq�c grammik� sunarthsoeid�c ston ��� to opo�o
sumbol�zoume me LIM kai �qei thn idi�thta

�
� lim inf an � LIM��an�n� � lim sup an ��an�n � ���

Ena t�toio sunarthsoeid�c l�getai Banach limit kai br�sketai jewr�ntac sto q�ro c
twn sugklinous�n akolouji�n to sunarthsoeid�c f me f��an�n� 
 lim an ��an�n �
c� Met	 efarm�zoume to je�rhma Hahn 
 Banach gia na epekte�noume to f se �na
sunarthsoeid�c LIM ston �� pou ikanopoie� thn anis�thta �
��

Parathro�me �ti kLIMk 
 � kai �ti to LIM e�nai jetik� sunarthsoeid�c�
dhlad� an an � � �n t�te lim inf an � � 	ra LIM��an�n� � �� Ep�shc� an h �an�n
e�nai sugkl�nousa akolouj�a� t�te LIM��an�n� 
 lim an�

Jewro�me to dianusmatik� q�ro
�
P�X�� 
 f�xn�n 	 xn � X �n kai �kxnk�n fragm�nh g�

Sto q�ro aut� or�zoume thn hmin�rma

jk�xn��n��jk 
 LIM ��kxnk�n� �
�pou �xn�

�
n�� � �

P�X��� Jewro�me ton up�qwro N 
 f�xn�n 	 LIMkxnk 
 �g
kai or�zoume to q�ro

Z 
 �
X

�X��
�
N�

Sto q�ro aut� h hmin�rma pou or�same prohgoum�nwc ep	gei m�a n�rma� thn opo�a
sumbol�zoume p	li me k 	 k� �Estw Z h pl�rwsh tou Z� Or�zoume T 	 �

P�X�� �
�
P�X�� �c ex�c


T �x�� x�� � � �� 
 �Tx�� Tx�� � � ���

O T e�nai grammik�c telest�c� O T ep	gei �nan telest� T 	 Z � Z giat�� an
LIMkxnk 
 �� t�te ap� th jetik�thta tou T �qoume �ti

jkT ��xn�n�jk 
 LIMkT �xn�k � LIM�kTkkxnk� 
 kTkLIMkxnk



��

	ra jkT ��xn�n�jk 
 ��

O T e�nai grammik�c kai fragm�noc telest�c� s�mfwna me thn prohgo�menh ani�
s�thta� 	ra epekte�netai kat	 monadik� tr�po se fragm�no telest� sthn pl�rwsh
tou Z� Omo�wc or�zoume S 	 �

P�X�� � �
P�X�� me

S�x�� x�� � � �� 
 �Sx�� Sx�� � � ��

kai ton epekte�noume me ton �dio tr�po ston Z�
Gnwr�zoume ap� thn up�jesh �ti h � e�nai kat	 pros�ggish idiotim� tou T � 	ra

up	rqei akolouj�a �un�n t�toia �ste kunk 
 � kai lim kTun � �unk 
 �� Op�te
LIMkTun � �unk 
 �� dhlad� jk�Tun � �un�njk 
 �� J�tontac u 
 �u�� u�� � � ��
�qoume �ti jkTu � �ujk 
 �� 	ra Tu 
 �u� �Ara to � e�nai idiotim� tou T kai to
u 
 �un�n e�nai idiodi	nusma tou�

�Estw Y 
 Z o idi�qwroc tou T pou antistoiqe� sthn idiotim� �� Afo� T S 

S T � pa�rnoume �ti S�Y � 
 Y� Pr	gmati� �Estw v � Y� T�te� ap� ton orism� tou
Y � �qoume �ti Tv 
 �v� �Ara�

T �Sv� 
 S�Tv� 
 S��v� 
 ��Sv��

Dhlad�� Sv � Y�
Jewro�me ton periorism� tou S ston Y� To f	sma tou telest� �SjY � e�nai mh

ken�� 	ra up	rqei toul	qiston �na � t�toio �ste � � ���SjY �� T�te� efarm�zontac
to prohgo�meno l�mma� �qoume �ti to � e�nai kat	 pros�ggish idiotim� tou SjY�

�Estw �ui�i m�a akolouj�a kat	 pros�ggish idiodianusm	twn tou SjY pou anti�
stoiqe� sto �� dhlad� jkSui � �uijk � ��

An ui 
 �ui�n�n� �qoume limi jkS�ui��� ui��� ����� ��ui��� ui��� � � ��jk 
 �� dhlad�

lim
i
LIMnkSui�n � �ui�nk 
 ��

Ta ui e�nai stoiqe�a tou Y� op�te �qoume �ti kTui � �uik 
 �� dhlad�

LIMnkTui�n � �ui�nk 
 � �i�
Afo� limi LIMnkSui�n � �ui�nk 
 �� �qoume �ti up	rqei i� t�toio �ste

LIMkSui��n � �ui��nk � �� kai gia k	je i isq�ei �ti LIMnkTui�n � �ui�nk 
 ��
Ap� tic parap	nw sq�seic �qoume �ti

LIMn�kTui��n � �ui��nk� kSui��n � �ui��nk� � ��

Epom�nwc�
lim inf �kTui��n � �ui��nk� kSui��n � �ui��nk�

� LIM �kTui��n � �ui��nk� kSui��n � �ui��nk� � ��

�Ara up	rqei n� t�toio �ste

kTui��n� � �ui��n�k� kSui��n� � �ui��n�k � ��



��

Suneq�zoume me ton �dio tr�po kai dhmiourgo�me akolouj�a �uik�nk �
�
k��� h opo�a

ikanopoie� th sq�sh

kTuik�nk � �uik�nkk� kSuik�nk � �uik�nkk �
�

k
�

�Ara limk kTuik�nk � �uik �nkk 
 � kai limk kSuik�nk � �uik�nkk 
 ��

Or�zoume vk 
 uik�nk � op�te �qoume �ti
limk kTvk � �vkk 
 � kai limk kSvk � �vkk 
 �� �

L
mma �� �Estw � jetik�c �rrhtoc	 To s�nolo fn� �m 	 n�m � Ng e�nai pukn�
sto R�

Ap�deixh� Apodeikn�oume pr�ta ton ak�loujo isqurism��

Isqurism�c	 Gia k	je � � � up	rqei n � N t�toio �ste � � n� � �n� � � ��
�Ap�deixh tou isqurismo�� Arke� na de�xoume �ti up	rqei n �ste

� � n� � �n� � �
�

�
�

Met	� epagwgik	� de�qnoume �ti gia k	je m � N up	rqei n t�toio �ste � � n� �
�n� � � 


�m �
Upoj�toume �ti � � � � �� Diaforetik	 doule�oume me to � � �� �� �Estw n�

t�toio �ste n�� � � � �n� � ���� An isq�ei �ti �n� � ��� � � � 

� � t�te �qoume

telei�sei� Diaforetik	� an den isq�ei to parap	nw� �qoume �ti � � n�� � 

� �

Or�zoume � 
 �� n��� op�te �qoume �ti � �


� kai �ti

�

�
� � � � 
 �n� � ��� � ��

�Estw k o mikr�teroc fusik�c �ste � � � � k� � 

� � T�te isq�ei �ti

� � �kn� � ��� � k �
�

�
�

op�te �qoume telei�sei� afo� gia m 	
 kn� � �� �qoume �ti � � m� � �m� � � 

� ��

H pukn�thta apodeikn�etai t�ra wc ex�c
 �Estw x� y d�o pragmatiko� arijmo�
me � � x � y� J�toume � 	
 y � x� T�te up	rqoun m�n � N t�toia �ste � �

n� �m � �� Isq�ei �ti �n� � m�k
k� �� op�te jewro�me to mikr�tero k gia to

opo�o x � �n� �m�k� T�te �n� �m��k � �� � x� 	ra

x � �n� �m�k � x� �n� �m� � x� � 
 y�

dhlad� x � kn� � km � y�
�Ara� oi arijmo� thc morf�c n� �m� n�m � N e�nai pukno� sto R� � E�nai t�ra

faner� �ti e�nai pukno� kai sto R� �

Je�rhma B� �Estw X q�roc Banach kai �xj�
�
j�� akolouj�a ston X � h opo�a e�nai

��unconditional kai anallo�wth wc proc diaspor� me xj �
 � �j� T�te up�rqei p me
� � p �� me thn ak�loujh idi�thta�



��

Gia k�je � � � kai gia k�je n � N up�rqoun y�� y�� � � � � yn block twn �xj�
�
j��

t�toia �ste

��� ��

�
nX
i��

jaijp
���p

� k
nX
i��

aiyik � �� � ��

�
nX
i��

jaijp
���p

�

gia k�je akolouj�a suntelest�n �ai�
n
i���

Ap�deixh� Metafer�maste kat� arq	c ap� thn akolouj�a �xj�j�N se m�a akolouj�a
�er�r�Q arijmhm�nh ap� to s�nolo Q twn jetik�n rht�n me ton ak�loujo tr�po


Jewro�me to dianusmatik� q�ro Y �lwn twn sunart�sewn a 	 Q� R� oi opo�ec
�qoun peperasm�no for�a� Sumbol�zoume me �ar�r�Q m�a t�toia sun	rthsh kai me
supp��ar�r�Q� to for�a thc� dhlad� supp��ar�r�Q� 
 fr � Q 	 ar �
 �g�

�Estw �er�r � Q h algebrik� b	sh tou Y me er�q� 
 � �tan q 
 r kai er�q� 
 �
�tan q �
 r� Or�zoume m�a n�rma k 	 k ston Y wc ex�c


k
nX
i��

aierik 
 k
nX
i��

aixik�

gia k	je r� � r� � � � � � rn sto Q kai gia k	je akolouj�a suntelest�n �ai�ni��� O
orism�c thc n�rmac e�nai sunep�c afo� h �xi�i e�nai anallo�wth wc proc diaspor	�

�Epetai �ti k	je peperasm�nh akolouj�a �eri�
n
i�� me r� � r� � � � � � rn� e�nai

��isod�namh me thn �xi�ni��� 	ra arke� na de�xoume �ti up	rqei p �ste o �p na e�nai
peperasm�na anaparast	simoc kat	 block sthn �er�r�Q� Epipl�on� afo� h �xi�i
e�nai anallo�wth wc proc diaspor	 kai ��unconditional� �petai �ti h �er�r e�nai
anallo�wth wc proc diaspor	 kai ��unconditional� dhlad�� an r� � r� � � � � � rn
kai s� � s� � � � � � sn�

k
nX
i��

aierik 
 k
nX
i��

�iaiesik

gia opoiad�pote epilog� suntelest�n �ai�ni�� kai pros�mwn ��i�
n
i��� Ja l�me �ti ta

dian�smata x� y � Y e�nai isokatanemhm�na� an x 

Pn

i�� aieri kai y 

Pn

i�� aiesi �
�pou r� � r� � � � � � rn� s� � s� � � � � sn kai ai � R� i 
 �� � � � � n�

Jewro�me t�n pl�rwsh Y tou Y � Epekte�noume touc Y kai Y se migadiko�c
q�rouc or�zontac kPr�Q arerk 
 kPr�Q jarjerk �pou ar � C �

Or�zoume t�ra d�o grammiko�c telest�c T kai S ston Y wc ex�c

Gia k	je j 
 �� �� � � � kai gia q � Q � �j� j � �� me q 
 j � r� � � r � �� j�toume

T �eq� 
 T �ej�r� 
 ej� r
�
� ej� r��

�

kai
S�eq� 
 S�ej�r� 
 ej� r

�
� ej� r��

�

� ej� r��
�

�

Parathro�me �ti oi T kai S e�nai fragm�noi telest�c� Eidik�tera� qrhsimo�
poi�ntac to gegon�c �ti h �er�r e�nai ��unconditional kai anallo�wth wc proc dia�
spor	� �qoume �ti

kxk � kTxk � �kxk



��

kai
kxk � kSxk � �kxk�

Oi T kai S epekte�nontai monadik	 se fragm�nouc telest�c sthn pl�rwsh tou
Y � Ak�ma� apodeikn�etai e�kola �ti TS 
 ST �

Jewro�me t�ra ton up�qwro Y� tou Y� �pou

Y� 
 �er�r�Q	������

Sumbol�zoume me T� kai S� ant�stoiqa ton periorism� tou T kai tou S ston Y��
�Estw � m�a kat	 pros�ggish idiotim� tou T�� T�toia up	rqei toul	qiston

m�a� afo� ���T�� �
 � kai k	je � � ���T��� s�mfwna me to L�mma �� e�nai kat	
pros�ggish idiotim� tou T�� �Eqoume loip�n �na q�ro Banach Y�� d�o fragm�nouc
grammiko�c telest�c T�� S� 	 Y� � Y�� kai m�a kat	 pros�ggish idiotim� � tou
T�� Epipl�on� oi T� kai S� sund�ontai me th sq�sh T�S� 
 S�T�� Efarm�zontac
thn Pr�tash � �qoume �ti up	rqoun � � ��S�� kai akolouj�a �yn�

�
n�� t�toia �ste


yn � Y �� kynk 
 �� limn kT�yn � �ynk 
 � kai limn kS�yn � �ynk 
 �� �Ara gi�
aut�n thn �yn�n isq�ei �ti

limn kTyn � �ynk 
 � kai limn kSyn � �ynk 
 ��
Qwr�c bl	bh thc genik�thtac mporo�me na jewr�soume �ti �yn�n 
 Y�� afo� an

�yn�n 
 Y�� t�te up	rqei �xn�n 
 Y� t�toia �ste kxn � ynk � �
n � op�te gi� aut� th

�xn�n isq�ei �ti kTxn � �xnk � � kai �ti kSxn � �xnk � ��

Parathro�me ak�mh �ti� qwr�c bl	bh thc genik�thtac� mporo�me na jewr�soume
�ti� t�so o �� �so kai oi suntetagm�nec tou k	je yn� n � N� e�nai jetiko� arijmo��
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